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Abstract

The discounted penalty function introduced by Gerber and Shiu
(1998) is considered in the stationary renewal risk model, where it
is expressed in terms of the same discounted penalty function in the
ordinary renewal risk model. This relationship unifies and generalizes
known special cases. An invariance property between the stationary
renewal risk model and the classical Poisson model with respect to the
ruin probability is also generalized as a result.
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1. Introduction and background

“

Various properties associated with the stationary renewal risk or stationary
Sparre Andersen process are examined in this paper.

We begin by introducing the (ordinary) renewal risk model. The num-
ber of claims process {N;;t > 0} is assumed to be a renewal process where
the independent and identically distributed (iid) sequence {V;, V4, ...} of ab-
solutely continuous positive random variables represents the interclaim times.
That is, V; is the time until the first claim occurs, and V; is the time between
the (¢ — 1)-th and the -th claim for ¢ = 2,3,4,.... Let V; have distribution
function (df) K(t) = 1 — K(t) = Pr(V < t) where V is an arbitrary V;.
Let k(t) = K'(t) be the associated probability density function (pdf) and
E(V) = [3° K(t)dt < o0. :



The individual claim amounts {Y,Y5,...} are assumed to be iid positive
random variables with df H(y) = 1—H(y) = Pr(Y < y), with Y an arbitrary
Y;, itself representing the i-th claim. Let E(Y) = [° H(y)dy < E(V),
and h(s) = E(e™) = [®e *%dH(y). It is convenient to introduce the
equilibrium or 1ntegrated tail df as Hy(y) = 1 — Hi(y) = J§ H(t)dt/E(Y),
and hy(s) = [5° e*¥dHi(y) = {1 — h(s)}/{sE(Y)}.

Premlums are paid continuously at rate ¢ = (1 + 6)E(Y)/ E(V) per unit
time, where 6 > 0 in the relative security loading. The i msurer s surplus at

time t is defined as {U;;t > 0}, where U; = u + ¢t — E Y;,and u > 0 is

the initial surplus. The time of ruin is T' = inf{t : U, < 0} where T = oo
if Uy > 0 for all £ > 0. If ruin occurs, the deficit at ruin is |Ur| and the
surplus immediately before ruin is Uy_. The probability of ruin is 9(u) =
Pr(T < oo) = E{I(T < o)} where I(A) = 1 if A occurs and I(A) = 0
otherwise. See Grandell (1991, Section 3.1), Embrechts et al (1997, Chapter
1), Rolski et al (1999, Section 6.5), Asmussen (2000, Chapter V), Willmot
and Lin (2001, Chapter 11), and references therein for details on this well
known model.

The stationary or equilibrium renewal process is identical in all respects
to the (ordinary) renewal risk model except that the time until the first claim
occurs has pdf K(t)/E(V) rather than k(t). For this process, let T, denote
the time of ruin, and ¥,(u) = Pr(T. < o) = E{I(T. < o0)} the ruin
probability. It is well known that

. (u) = i-b/o"gb(u—t)dm(t) + ligﬁl(u), w>0.  (L1)

See Grandell (1991, pp. 67-9) or Willmot and Lin (2001, p. 231), for
example. If ruin occurs, let |Ur,| and Ur._ denote the deficit at ruin and
the surplus immediately before ruin, respectively. In this paper we shall
generalize (1.1) by replacing the expectation of the indicator function by that
of the Gerber-Shiu discounted penalty function, to be introduced below.

The classical Poisson model is a special case of each of the above two
models obtained with K(t) = 1 — e, and E(V) = 1/). In this case we
let T, denote the time of ruin, ¢,(u) = Pr(T, < o0) = F{I(T. < o0)} the
ruin probability, and if ruin occurs |Ur, | and Ur, _ the deficit at ruin and the
surplus immediately before ruin, respectively It is well known that

0.0 = 4.0 = 155

an invariance property between the stationary renewal risk and classical
models. This result will also be generalized via the Gerber-Shiu discounted
penalty function, which is now discussed.

(1.2)
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Let 6 > 0 be a discount factor, and w(z;,z2),z; > 0,22 > 0, a non-
negative function. Then Gerber and Shiu (1998) introduced the so-called
Gerber-Shiu discounted penalty function

my(u) = E{e"""w(Ur.-, |Ur,)[(T. < o)}, (1.3)

viewed as a function of the initial surplus u. The terminology is unnecessarily
restrictive, since § may also be viewed as a Laplace transform argument, and
w a convenient function of the surplus and deficit at ruin, rather than simply
a penalty at ruin. See Lin and Willmot (1999, 2000), for example. Many
properties of the surplus process may be obtained from this very general
function m,(u), and m.(u) reduces to 9, (u) if § = 0 and w(z;, z2) = 1.

Let p = p(6) be the unique nonnegative solution of the equation

cp+ Mh(p) = A+ 6, (1.4)

where p(0) = 0. The Gerber and Shiu (1998) demonstrated that m,(u)
satisfies a defective renewal equation. That is, let

_ ill(P)
=110 (1.5)

so that 0 < ¢ < 1, and the df B(z) = 1 — B(z) be defined by

_ J e Pt H(z + t)dt

B(z) = e d z > 0. (1.6)
Then u
ma(u) = ¢ /0 ma(u — t)dB() + a(u), u>0, (1.7)
where o - -
alu) = (1—+Z—)E(—Y) /u et /t w(t,y — t)dH(y)dt. (1.8)

See also Lin and Willmot (1999).
The Gerber-Shiu discounted penalty function in the (ordinary) renewal
risk model is defined by

m(u) = E{e~*Tw(Ur_, |Ur|)I(T < o)}, (1.9)

and this may be obtained for certain choices of K(t) and/or w(z,,s). For
example, Dickson and Hipp (2001) demonstrate how m(u) may be evaluated
if K(t) is from the Coxian-2 or phase type-2 class when w(z;,z3) = 1. The
case with § = 0 and w(z1,z,) = z§ is discussed by Drekic et al (2002).
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For the stationary renewal risk model, (1.9) is replaced by
me(u) = E{e Tw(Ur,_, |Ur|)I(T. < o0)}. (1.10)

In the next section we express m.(u) in terms of m(u), an expression which
reduces to (1.1) as a special case. Other useful relationships between the
deficit at ruin and surplus prior to ruin are also obtained, and these are
examined in Section 3, where it is shown that considerable simplification
occurs when 6 = 0.

Finally, the original Gerber-Shiu result is recovered easily in Section 4,
and the invariance relation (1.2) is substantially generalized.

2. The general relationship

The following property of Laplace transforms will be used repeatedly in what
follows.

Proposition 2.1 If a(s) = f;° e~**a(u)du, then for r # s,
a(’f') - 5,(3) _ b —su{ U /oo —ri }
- /0 e fem [T ea(t)dt | du. (2.1)

Proof: Straightforward by integration by parts on the right side of (2.1).

Next, we condition on the time and amount of the first claim to obtain
an integral equation satisfied my m(u) in the (ordinary) renewal risk case,
namely

m(u) = /0 * e Sty(u + ct)k(t)dt, (2.2)
where
t o)
1) = [ mit—dHE) + [ty - HAHE). (2.3
A change in the variable of integration in (2.2) results in
L e C (t““)
m(u) = - /u ek (——=) (). (2.4)

The integral equation (2.4) may be used to solve for m(u) for some choices
of k(-) using the approach of Dickson and Hipp (2001).
For the stationary process, (2.2) is replaced by
* _ K(t)
8t
(u) = t, :
me(u) /0 e y(u+ Ct)E(V)d (2.5)
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since the stationary renewal risk process behaves like the (ordinary) renewal
risk process upon the occurrence of the first claim. A similar change of
variable in (2.5) implies that

mew) = - Etv) [t (f:c—“) ()t (2.6)

By noting that

e () Lo () o (52
du c c c c ’

it follows using (2.4) that (2.6) may be differentiated to give

mi ) = gmo(u) + PAZBZE VIO ()
where, since cE(V) = (1+ 6)E(Y),
1 0o
") = BT /u w(u,y — u)dH(y). (2.8)

We remark that 7(u) does not depend on K (t) and is thus the same function
for any choice of K(t). This invariance property is relevant for what follows
in Section 4.
Also, (2.7) is a straightforward first order linear differential equation in
me(u). We shall solve it by taking Laplace transforms in order to take ad-
00 ,—su

vantage of the convolution terms. Thus, let m.(s) = [;° e~ **m,(u)du,
m(s) = fo° e **m(u)du, and 7(s) = [5° e **1(u)du.

Then from (2.7), it follows that

m(s) — m(s)h(s) .
CE(V) — 7(s). (2.9)

Equation (2.9) may be used to derive the Gerber-Shiu defective renewal equa-
tion in the classical Poisson model, as is discussed in Section 4.

The following theorem, expressing m.(u) in terms of m(u), is a general-
ization of (1.1), but retains the same basic structure.

s1ie() — me(0) = gﬁze(s) +

Theorem 2.1 The Gerber-Shiu discounted penalty function m.(u) in the
stationary renewal risk model may be expressed in terms of that of the (or-
dinary) renewal risk model m(u) as

me(u) = i%é [ i~ ) @) + o), (2.10)
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g(u) = e /u et {T(t) _ méTo“) /0 “mit —y)dHl(y)} dt.  (2.11)

Proof: For notational convenience, we introduce the function
o(u) = /0 m(u — t)dH, (t), (2.12)

and its Laplace transform

a(s) = /Ooo e~ %o (u)du = m(s)hi(s) = m(s) 13;;'(}1;‘;) (2.13)
Then, since E(Y)/{cE(V)} =1/(1 + 6), (2.9) may be expressed as
<s - g) Me(s) = me(0) + T 03&(3) — 7(s). (2.14) ~
Put s = é/c in (2.14) to obtain
(6 5 _[6
me(0) =7 (E) - 2(1—4-—9)0 (E) . (2.15)

Substitution of (2.15) into (2.14) results in

-t + s ({10 e ()

G PO ) WIS G O IO
= G(s)+7 (2) —7(s) — ((150) :

In other words,

1 HO-He) 8 58 -dls)

110 s—f T di+6) s-% (2.16)

By Proposition 2.1 with r = §/¢, (2.15) may be inverted to give

1 8y [® _84 6 gy [P _s
et c dt — c"/ -t
T oa(u) +e /u e <t (t) g 0)6 e o(t)dt,

which is (2.10). 0

me(u) =

The general expression (2.10) is somewhat complicated, but is neverthe-
less useful because its many special cases all have the same basic structure.
This will become apparent in the next section.
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3. The discount free case

Considerable simplification occurs in the results of the previous section if
6 = 0. Thus, define

B(u) = E{w(Ur-, |[Ur|) (T < o)}, (3.1)

and
Be(u) = E{w(Ur.-, |Ur.)I(T. < 00)}, (3:2)

for the ordinary and stationary renewal risk processes respectively. We have
the following corollary.

Corollary 3.1 The functions 3.(u) and B(u) defined by (3.2) and (3.1)
respectively, are related by

1 u 1 00 pOO
=— - t) + ——— —t .
Belw) = 75 f, A= 0AH) + i [ [ wlty — dH ()
(3.3)
Proof: The result follows from Theorem 2.1 with § = 0, since in this case
q(u) in (2.11) becomes [° 7(¢)dt, with 7 given by (2.8). O

The case with 6 = 0 is simpler because the term on the right side of (3.3)
does not depend on K(t) or S(u). Moreover, the result is sufficiently general
to accommodate arbitrary functions of the surplus prior to ruin and the deficit
at ruin. It is easy to see that (3.3) reduces to (1.1) when w(z;,z,) = 1.

Define

F(u,z,2) = Pr{T < o0,Ur_ < z,|Ur| < 2}, (3.4)
and
Fe(u,z,2) = Pr{T. < 00,Ur,- < ,|Ur,| < 2}, (3.5)

to be the defective joint distribution functions of the surplus prior to ruin
and the deficit at ruin in the ordinary and stationary renewal risk models
respectively. Their relationship is given in the following corollary.

Corollary 3.2 The functions Fe(u,z, z) and F(u,z, z) defined by (3.5) and
(3.4) respectively are related by

Fuu,z,2) = ﬁlfé [ Fa=t,2,2)m)

I{u < z)

ST

{Fi(uw) — Hy(2) — Hy(u+2) + Hy(z + 2)}
(3.6)



Proof: If w(zy,z2) = wy(z1)ws(z2), then

/uoo /too w(t,y — t)dH (y)dt = /uoo wy(t) /too wy(y — t)dH (y)dt.

Clearly, F(u,z,z) = E{I(T < o0)I(Ur- < z)I(|Ur| £ 2)}, and similarly
for Fo(u,z,2). Thus choose wi(z;) = I(z, < z) and wa(z2) = I(z2 < 2).
Therefore, wa(y —t) = I(y < ¢t + 2), and it follows that for u <

(—1—;% /uoo /too w(t,y — t)dH (y)dt
= (l—{—_Gl)Em /:o wy (t) /t°° wa(y — t)dH (y)dt

_ (Tm [ ’ / ™ AH () dt

- m@ JTUE@) - B+ 2)ar

1 - _ _ _
= m{Hl(u) — Hy(z) — Hi(u+2) + Hi(z + 2)}.
The integral is clearly 0 if u > z. ' 0

The defective marginal distribution function of the surplus prior to ruin
is obtained with z = oo, and for the deficit at ruin with z = oo. The latter
distribution is implicit in Willmot et al (2002).

Moments of the deficit at ruin are easily obtained with the choice w,(z) =
1 and wy(z) = z*. In this case the right hand term in (3.3) may be expressed
in terms of higher order equilibrium distributions of the df H(y) as in Lin
and Willmot (2000). The details are omitted. For a different approach, see
Willmot et al (2002).

In the next section we consider the classical model and its relationship to
the stationary model.

4. The classical Poisson model revisited
In the special case with K (t) =1 — e™*, one has E(V) = 1/, and m,(u) =

m(u) = m,(u), where m,(u) is given by (1.3). Let m.(s) = [5° e~ **m,(u)du,
and (2.9) becomes

{s + %B(s) - 5j—5} Fa(s) = ma(0) — 7(s). (4.1)
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Now, from (1.4) the left side of (4.1) vanishes when s = p. Therefore
m.(0) = 7(p)- (4.2)

Also, the Laplace transform of the df B(z) defined by (1.6) is (e.g. Willmot
and Lin, 2001, p.164)

~

s P hlp)—h(s)
o) = = T, (4.3)

Therefore, again using (1.4)

s+ %ﬁ(s) _2 1_ d
_ cs+t Ah(s) — cp — Ah(p)
_ @_m@_%hﬁzg@}
A

_ (s—p){l—-c— L‘@z(s)}.

But ¢ = AE(Y)(1 + 6), and from (1.5) one has

s+ 2h(s) = 20 = (s — p){1 - g(s)}. (4.4

Therefore, using (4.2) and (4.4), (4.1) may be expressed as
(8 = P){1 — ¢b(s)}ru(5) = 7(p) — 7(s),

1.e.

M (8) = P (s)b(s) + %—(%E—::@ (4.5)
Inversion of (4.5) using Proposition 2.1 yields
ma(u) = ¢ /0 * ma(u — )dB(t) + & /  erir(t)dt. (4.6)

Clearly, from (2.8) and (1.8), it follows that (4.6) is the Gerber-Shiu defective
renewal equation (1.7).
Next, define

B.(v) = E{w(Ur.-, |Ur. )I(T\ < 00)}. (4.7)
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Thus 8, (u) = m.(u) when 6§ = 0, and 8,(uv) = B.(u) = B(u) when K(t) =
1 — e~*. Therefore, (3.3) is a defective renewal equation for 3,(u) when
K(t) =1 - e ™. Similarly, when § = 0,p = 0,¢ = 1/(1 + ), and B(z) =
Hy(z) from (1.6). This implies that (1.7), (4.6), and (3.3) are all the same
defective renewal equation when § = 0 and K (t) = 1 — e~**. However, when
8 > 0, (2.10) differs from (1.7) and (4.6) when K (t) = 1 — e~, since in this
case q(u) in (2.11) depends on m,(u).

The following corollary gives an invariance property which generalizes
(1.2).

Corollary 4.1 Let f.(u) defined by (3.2) and 8,(u) defined by (4.‘7) be
the Gerber-Shiu penalty function with no discount factor in the stationary
renewal risk models and classical Poisson models respectively. Then

5.0)=8.00= G pEws b wEy-DaHGE  (28)

Proof: The outer equality in (4.8) follows from (3.3) with u = 0. Also, when
6 = 0,p = 0, and thus when § = 0, (4.2) implies that 3,(0) = m.(0) =
7(0) = fo° 7(t)dt, and the result follows from (2.8). O

We remark that (4.8) does not depend on K(t). Also, (1.2) is recovered
when w(-) = 1. Furthermore, m.(0) is given by (2.15) and m.(0) by (4.2), so
that m.(0) # m.(0) unless § = 0, in which case both equal 7(0). Thus, (4.8)
may not be extended to the discounted case.

Also, let the defective joint distribution function of the surplus prior to
ruin and the deficit at ruin in the classical Poisson model be

Fi(u,z,2) = Pr{T. < o0,Ur,_ < z,|Ur,| < z}. (4.9)

Then from (3.6) with u = 0 and (4.8), it follows that (3.5) and (4.9) are
related for z > 0 and z > 0 by

1-— }_Il(.fﬂ) - .Hl(Z) + ﬁl(m + Z)
1+6 '
As in the case with (3.6), corresponding relationships with u = 0 for the

defective marginal distribution functions of the surplus prior to ruin and the
deficit at ruin follows from (4.10) with z = 0o and = = oo respectively.

F.(0,z,2) = F,(0,z,2) = (4.10)
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