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Abstract

THE process of natural disaster evacuation presents numerous problems for author-

ities and residents to address, such as evacuation participation, departure time de-

cisions, exit selection, route choice, resource allocation and network design. This thesis

comprises of three main topics related to natural disaster evacuation modelling, namely

the role of information and communication in emergency evacuations, strategic depar-

ture time decision-making with congestion and the comparison of congestion perception

with reality in exit selection models.

The first topic examines the importance of information and communication in emer-

gency evacuations. We investigate exit times for agents with different levels of informa-

tion travelling through a ring network. The differing levels of information lead to differ-

ent heuristics used to determine their exit direction. We then allow for communication

and observe how information propagates through the network as the communication

broadcast range widens and the number of agents in the system increases. Our findings

show that communication can benefit substantially when information is imperfect and

that evacuation efficiency can be improved with a larger broadcast range and a denser

population of agents in the system.

The second topic in this thesis introduces the concept of congestion into evacuation

departure time decision-making. We extend a game-theoretic bottleneck model of con-

gestion (discussed in the context of peak-hour traffic in previous works) to examine the

implications of strategically interacting agents. Our findings, along with previous re-

search, show that individuals acting in self-interest do not necessarily result in socially

optimal outcomes. Interestingly, cheaper absolute per unit penalties for congestion and

schedule delay do not necessarily lead to lower overall costs, but rather it is the relative
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costs of congestion and schedule delay that influence departure time behaviour the most.

Finally, if the deadline for evacuation is considered to be a soft deadline by permitting

lateness, evacuees will delay evacuation, however overall costs are reduced due to in-

creased flexibility.

The last major topic in this dissertation is a comparison of exit selection models with

and without the consideration of congestion. In the model that accounts for congestion,

we again use game theory to model the agents’ strategic interactions. In our baseline

model, agents simply travel to their nearest exit regardless of the level of congestion.

Our major contribution in this chapter is the novel analysis regarding the perception of

congestion versus reality. Analysis of these two perspectives produce interesting results

as the two views do not always align. We use a free, open source traffic simulator (known

as Simulation of Urban Mobility) to simulate our models’ trip distribution solutions as a

measure of “reality”. Three network types are investigated, a Manhattan grid, a wheel

network and a real-world map of Yarra Glen in Victoria, Australia. We found that by

considering congestion, clearance times can be improved significantly. The incorpora-

tion of strategic interactions brings exit selection models closer to reality, but only if the

assumptions regarding congestion are realistic. If perception differs substantially from

reality, strategic interactions can produce worse outcomes than if a simple, naı̈ve strategy

were used.

The findings from this thesis demonstrate the scope for policy to play a role in dis-

seminating information and facilitating communication to improve coordination in the

complex process of evacuation.
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Chapter 1

Natural Disaster Trends and Models of
Evacuation

IT’S the twenty-first century and technology and innovation have improved the aver-

age standard of living for people all over the world. Through medical breakthroughs

that now cure previously fatal diseases, new communication pathways to better connect

with loved ones across the globe and advanced resource management to produce sus-

tainable energy and food production, we have been successful at advancing the human

race. Yet there is one aspect that humans have not been able to maintain ascendency

over—the environment.

This dissertation explores the role of information and communication during natu-

ral disaster evacuations by examining three common problems. In the first chapter, we

analytically assesses the effect of information on evacuation outcomes and the factors

that facilitate communication around a simple ring network. The second chapter inves-

tigates how self-interested and strategically interacting individuals make departure time

decisions in the presence of congestion. We also examine how these outcomes compare

with the social optimum. The final chapter deals with the problem of exit selection with

congestion and also evaluates evacuation outcomes for selfish and strategic agents. We

compare two models of exit selection: a naı̈ve model where congestion plays no part in

each agent’s decision-making and a game-theoretic model where the perception of con-

gestion can vary. The results from these two models are then simulated using a micro-

scopic traffic simulator on three network types: a Manhattan grid, a wheel network and

a real-world map of Yarra Glen in Victoria, Australia. Section 1.5 outlines each chapter in

more depth and also discusses the main contributions of this dissertation.

1



2 Natural Disaster Trends and Models of Evacuation

For the remainder of this chapter, we motivate our research by reviewing natural

disaster trends and environmental changes over time in Section 1.1. We investigate the

reported costs to society through loss of life, property and livestock as well as through

prevention and post-disaster recovery programs. In Section 1.2, we discuss the main

problems faced by residents and authorities in the event of a large-scale emergency evac-

uation. Section 1.3 presents a literature review on how evacuation modelling has evolved

over the last few decades and Section 1.4 summarises past and current simulation meth-

ods and commonly used software packages.

1.1 Natural Disaster Trends

Natural disasters continue to plague our cities and disrupt our way of life despite ma-

jor advancements in prevention, mitigation and post-disaster recovery strategies. These

technological advances include improved forecasting models, new and innovative build-

ing materials and better structural and environmental designs. Guha-Sapir et al. [2] re-

port the death toll from natural disasters between 1974–2003 to be in excess of two mil-

lion lives with over five billion people affected worldwide, as recorded in the Emergency

Events Data-base (EM-DAT).1 Direct economic damages are estimated at more than US$1

trillion with the consensus that this figure is underestimated due to the lack of reporting

on economic losses from natural disasters.

The collection of natural disaster data has improved over the last few decades as the

importance of this area of research becomes increasingly clear. Recent studies have found

an increasing trend in the reports of natural disasters [3, 4]. More than 9,000 natural

disasters were recorded in EM-DAT since 1900 with 80% of these disasters occurring

in the last 30 years [2]. Despite the disturbing nature of this trend, care needs to be

taken when interpreting these statistics. There are numerous reasons for the increase

in recorded natural disasters, not all of which imply an increase in the occurrence of

disasters over time.

Strömberg [5] suggests three main reasons for the sharp increase in the number of

1EM-DAT is an international disaster database maintained by the Centre for Research on the Epidemiol-
ogy of Disasters (CRED). More details can be found at http://www.emdat.be.

http://www.emdat.be
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natural disasters recorded in the last three decades. Firstly, reporting and data collection

have become more complete in recent years. Improved telecommunications technology

and media coverage has increased public awareness of natural disasters and their impact.

Secondly, an expanding global population and increased urbanisation means that more

people are likely to be affected when a natural disaster occurs, thus also increasing the

number of reported disasters. Finally, recent research by the Intergovernmental Panel

on Climate Change (IPCC) has shown a positive relationship between climate change

and extreme weather events [6, 7].2 Van Aalst [8] used the conclusions drawn by the

IPCC to discuss the increased risk of natural disasters due to climate change. The rise in

the number of extreme weather events are thought to be correlated with the increase in

droughts and cyclones observed worldwide. These wild weather patterns often lead to

further destruction by wildfires and floods.

Neither of the first two reasons suggested by Strömberg necessarily imply that the

occurrence of natural disasters is on the rise. A more concerning and relevant trend to

focus on however, is the number of people affected by natural disasters. Degg [9] noted

in his comparison of studies conducted by Sheehan and Hewitt [10] and Swiss Re. [11]

covering the 20-year periods between 1947–1967 and 1969–1989 respectively, that average

deaths per disaster rose from 617 to 1,412 people. However, there is no general consensus

regarding the direction of this trend which can differ depending on the dataset used. For

example, Figure 1.1 shows the global average deaths (blue) and average victims (red) per

disaster, per year between 1900 and 2014.3 This graph is generated using data from EM-

DAT and the trendlines have been created using the polyfit() function of MATLAB®

with a second degree polynomial. Notice that there is in fact a downward trend in av-

erage deaths per disaster over this time period when using EM-DAT which contradicts

Degg’s conclusion. As we have already mentioned, Strömberg made an argument that

data recording was much poorer in the earlier part of the twentieth century than it is to-

day. It is possible that for this reason, disasters may have been underreported resulting

in higher deaths per disaster.

2A full definition of an “extreme weather event” can be found in the glossary provided by IPCC [6].
3Victims are calculated as the sum of deaths and people affected by a disaster as recorded by CRED in

EM-DAT.
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Figure 1.1: Average deaths and victims per disaster, per year between 1900 and 2014
using data from EM-DAT.

Although the trend in the death toll from natural disasters remains contentious, the

figure regarding the number of people affected by natural disasters is generally accepted

as being on the rise. As the red plot in Figure 1.1 shows, unlike with average deaths per

disaster, the average number of victims (defined as the number of deaths plus affected

individuals) per disaster has been, on average, on the rise over the same 1900–2014 pe-

riod. This plot has also been generated using data from EM-DAT. Other studies have

also concluded the same trend using alternative datasets [12, 13]. With infrastructure

across the world unable to keep up with urbanisation and population growth, many re-

searchers have supported Strömberg’s findings that this upward trend is partly due to

a larger proportion of the global community becoming more exposed and vulnerable to

disaster [2, 9, 13–17].

It should be noted that these figures are not distributed uniformly across countries.

As Kahn [18] found, geography may provide some protection from natural disasters for

more fortunate countries, but at the same time, expose others to the full force of Na-
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ture’s fury. This aspect is largely driven by chance and there are few feasible solutions

short of relocating humanity to less natural disaster-prone regions, which for obvious

reasons, would be highly impractical. More concerning is the relationship between in-

come, institutions and natural disaster deaths. Both Kahn and Degg found that richer

countries, though not necessarily experiencing fewer disasters, do however, experience

lower death tolls and faster economic recovery. Kahn’s research also found that more

democratic states with stronger institutions suffer fewer deaths. He speculated on causes

for this from corruption to a lack of infrastructure regulation. Toya and Skidmore [19]

also used data from EM-DAT and performed regression analyses on the relationship be-

tween the level of development of an economy and the human and economic losses from

natural disasters. The authors found that, on average, countries with higher levels of

income, educational attainment, cultural and political openness and stronger financial

institutions experience lower death tolls and economics losses.

In the last decade, we have observed a movement away from natural disaster pre-

vention and seen a preference for reallocating resources to impact mitigation strategies,

rehabilitation programs and risk assessment studies [20]. This trend is occurring because

researchers have learnt from past experience that protection through prevention is lim-

ited and that no matter how small the chance, an extreme event will eventually occur for

which our preventative measures are not designed to withstand. An example of this is the

2011 Tohoku earthquake disaster which generated numerous tsunamis off the northeast

coast of Japan. One of these tsunamis caused the meltdown of the Fukushima Daiichi

Nuclear Power Plant (also known as the Fukushima I Nuclear Power Plant). Previous

estimates based on historical data produced by Tokyo Electric Power Company (TEPCO)

planners suggested that the maximum height of a wave to hit Fukushima Daiichi would

be no taller than 5.7 metres [21]. The protective wall surrounding the plant had a large

margin for error, standing at ten metres in height [22]. Sadly, even this preparation was

not enough, for the wave that hit Fukushima Daiichi was 13–15 metres high upon impact,

with the tallest wave caused by the initial earthquake peaking at a staggering 21.1 metres

[21–23].

This example indicates that it may not be cost efficient to focus resources on preven-
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tion, as unexpected extreme events may still occur no matter the extent to which we

prepare [24]. Rather, turning our focus on recovery and strategies during a disaster may

be a better use of resources to more effectively save lives and reduce economic damages.

For this reason, this dissertation focuses on the evacuation aspect of natural disaster man-

agement and modelling. In the next section, we discuss some common decision-making

problems faced by evacuees and authorities during mass evacuations. We follow this

section with a discussion of how natural disaster evacuation modelling has evolved over

time.

1.2 Problems in Natural Disaster Evacuation Management

In the realm of natural disaster evacuation management, there are several problems faced

by government bodies and emergency services, namely evacuation participation, depar-

ture time decisions, exit selection, route choice, resource allocation and network design.

It is imperative that accurate estimates are gathered for key measures, such as the total

number of evacuees, departure time distributions and so forth, as they allow researchers

to more realistically predict network demand and evacuation time estimates (ETEs).

These models can then be used to inform the decisions of emergency management

teams when developing contingency, resource allocation and evacuation plans. For ex-

ample, authorities might have an estimate as to how long a town has to fully evacuate

before a fire or flood will engulf the area, cutting off escape routes [25–28]. By accurately

predicting ETEs and evacuee behaviour, different evacuation plans can be simulated to

find the most desirable policy which minimises loss of life and damage to the commu-

nity. Alsnih and Stopher [20], Pel et al. [29] and Murray-Tuite and Wolshon [30] all pro-

vide comprehensive reviews of these evacuation problems and how they have developed

over time. Van Hentenryck [31] provides two cases studies and discusses in detail the role

of computational disaster management from catering for multiple objectives and stake-

holders to handling the computational complexity of such problems.
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1.2.1 Evacuation Participation

This “stay-or-go” problem refers to whether or not individuals or households participate

in an evacuation. When an evacuation order is issued, what are the driving factors that

determine whether individuals and families adhere to the advice? This question has

been studied extensively over the last century [32–41] with Drabek [42] providing a good

summary of the compliance literature pre-1990’s.

Newer works include Dow and Cutter [43] and Dash and Gladwin [44] who found

that the perception of personal risk is the strongest motivating factor for people to evacu-

ate, not the awareness of a warning or an evacuation order as previously thought. Baker

[45] provides an empirical study of hurricane survivors between 1961 and 1989 support-

ing Dash and Gladwin’s findings. Other empirical studies have been published citing

that perceived trustworthiness of information [46], the quality and detail provided in

warnings [47], the amount of warning time [48] and whether households have any chil-

dren or pets [43, 49] are all key factors that affect the probability of evacuation.

Perry [50] reviewed human behaviour in emergency evacuations and noted that it

is essential for incentives to be designed around known behaviours to ensure evacuation

plans have the highest chance of success. Furthermore, Perry noted that mandatory evac-

uation might seem an easy resolution to evacuate uninformed or uncooperative individ-

uals, however the logistical inefficiencies of such a policy, i.e. the dedication of already-

stretched resources to coax disagreeable individuals from their homes, in addition to the

extra traffic congestion which would be caused, prevents mandatory evacuation from

being a realistic solution for most governments. Arguably, for many westernised coun-

tries, such a paternalistic policy would also be viewed highly unfavourably, politically

speaking. Perry’s view is also supported by many other authors [51–55]. Other general

discussions on evacuation compliance are provided in [52, 56–58] with a more sophisti-

cated model recently proposed by Hasan et al. [59].

Calibrating models to incorporate evacuation participation can be difficult, especially

without an underlying behavioural model or empirical evidence to support the figures

chosen. Radwan et al. [60] assumed all registered vehicles were used in evacuations,

while Cova and Johnson [61] used a Poisson distribution to estimate the number of evac-
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uating vehicles per residential household (EVHHR). Several post-hurricane surveys re-

ported differing values for EVHHR. The range of findings was broad, with values falling

between 1.10–2.15 vehicles per household [62–66]. The percentage of residents who com-

ply with an evacuation order has also been taken for granted in the past with Hobeika

et al. [67] assuming an ideal 100% compliance rate with a 0% spontaneous evacuation

rate.4 Miller Consulting Inc. [68] and Chen et al. [69] used compliance rate figures of 95%

for those with mobile homes, 100% for tourists and between 60–85% for the remaining

population dependent upon their evacuation zone. It is not clear how these numbers

were constructed and no mention was made regarding spontaneous evacuation rates.

Other survey studies reported compliance rates from as low as 11.7% [66, 70] to as high

as 97% [45] varying across different locations and hurricane events. Again, this broad

range makes calibrating evacuation models difficult.

1.2.2 Departure Time Decisions

Once participants have decided to evacuate, their next major decision will be when to

depart. Desired departure time can be affected by many factors such as when an evac-

uation warning is received, circumstances affecting preparation time and any strategic

considerations, such as congestion. Desired departure time can differ from actual depar-

ture time due to unexpected holdups through a lack of organisation and communication

or indecision over the best course of action. Studies vary in the level of detail when mod-

elling departure time decisions, from simply measuring the moment of departure to the

incorporation of warning notification delays and mobilisation time.5

Departure time behaviour is complex and driven by a diverse range of variables. Data

and anecdotal evidence suggests that the severity of the threat may influence how quickly

information is disseminated and also the speed of mobilisation [71, 72]. Evidently, the less

time there is before the threat impacts, the quicker people tend to respond to evacuation

warnings. Research has shown that the type of warning mechanism, such as media,

4Compliance refers to those who evacuate when provided with an evacuation order and spontaneous
evacuation refers to those who evacuate even when they have not been specifically advised to do so.

5Mobilisation time refers to the amount of time it takes to begin evacuation after deciding to evacuate. It
is often also referred to as preparation time.
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social networks or sirens, will affect the swiftness of threat notification [73]. In terms of

the effectiveness of different warning mechanisms, mass media has typically been the

most effective [74, 75], however having multiple information channels can increase the

broadcast reach even more [73, 76].

Other factors that increase the chance of a warning reaching a resident include closer

proximity to the impact site [47, 77], community involvement [76, 78, 79], prior disaster

experience [76, 80], the maintenance of close relationships with family and friends [81],

having children in one’s care [76] and good socioeconomic status [39, 76]. Factors that

reduce the likelihood of hearing a warning include increased age [36, 81–84], belonging

to non-English speaking groups [85] and being male [76].

We can separate evacuations into two types based on the amount of warning time

available before the disaster hits. The first is a no-notice evacuation where the impact

of the disaster occurs extremely suddenly and gives little or no time for preparation be-

fore evacuation becomes vital. Examples of such types of disasters include earthquakes

and volcanic eruptions or sudden, strong changes in wind direction during a bushfire

or a cyclone. The second type is a short-notice or advance-notice evacuation where evac-

uees have time to prepare before departure. The types of natural disasters that allow for

short-notice evacuations include tsunamis, anticipated bushfires, hurricanes and floods.

Wolshon [86, Chapter 2] provides an in-depth discussion of these definitions with some

examples.

Early models tended not to consider the distribution of departure times or were in-

consistent in their treatment of notification and mobilisation times. For example, Barrett

et al. [14] provided no insights or data regarding the distribution of departure times,

despite acknowledging the complexity of the factors that affect departure time choice.

Other authors considered the notification time required for a warning to reach all citi-

zens, but did not discuss the distribution [87], whilst some included the preparation time

required before departure, but not notification time [88]. Uniform [89, 90], normal [60],

exponential [91], logistic [92], Poisson [61], Rayleigh [88] and Weibull distributions [93]

have all been used to describe the dispersion of departure times. Tufekci and Kisko [94]

described a generic “S-shaped” curve for their distribution with no further details.
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Post-disaster surveys have revealed that for short-notice evacuations, evacuees do not

leave simultaneously [72, 95, 96]. In fact, from empirical data, researchers have concluded

that for short-notice evacuations, actual cumulative departure times tend to follow sig-

moid distributions [97–99]. In [99], the authors also found no studies which considered

whether some proportion of the population might have already evacuated before an offi-

cial warning was issued, despite Lindell et al. [66] finding that almost 60% of their survey

respondents had already left the area before evacuation orders were formally announced.

This natural dispersion of departure times by evacuees has been found to alleviate

congestion, thus improving clearance times. For this reason, different staged evacua-

tion strategies have been investigated. Chen and Zhan [100] used agent-based modelling

to examine the differences between a simultaneous evacuation and a staged evacuation

where departure times were separated by geographical zones. The authors measured

evacuation effectiveness using clearance times and simulated their models on two vir-

tual networks and a real-world road network of San Marcos, Texas in the United States.

They found that neither evacuation strategy dominated the other across all network types

and performance depended upon the network structure and the population distribution

and density. Specifically for a square-lattice grid network, the authors found that alter-

nating non-adjacent zones in a staged evacuation can significantly reduce clearance times

if population densities in the affected area are high enough.

Mitchell and Radwan [101] tested multiple heuristics for ordering evacuation priority

in a staged evacuation. They cited population density, exit capacities, travel distance,

distance to a major highway and the number of regions required to transit as factors that

influence the risk of a region, then used this to construct their priority heuristics. For

the heuristics that were considered, the authors found that by staggering evacuations

across different at-risk areas, clearance times can be significantly reduced relative to a

simultaneous evacuation. They also found that higher population densities allowed for

larger improvements when a staged evacuation strategy was employed. Other empirical

studies of mobilisation and departure times during natural disasters that might be of

interest can be found in [98, 102, 103].
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1.2.3 Exit Selection

Exit selection, also known as the destination choice problem, involves the allocation of

evacuees to locations of safety. Like many of the problems we have discussed, solutions

to the exit selection problem can be modelled as individuals or households self-selecting

based on their own self-interest or a central planner can be employed to find the socially

optimal allocation.

Trip distribution models are typically used to solve exit selection problems. Solutions

come in the form of origin-destination (O-D) pairs for each evacuating unit. In the past,

gravity models were commonly used to generate these results. Isaac Newton first de-

veloped the gravity equation relating the force between two objects with their mass and

their distance from one another. Since its inception, the gravity concept has been used in

many different contexts from international trade [104–107] to migration [108–111] to ecol-

ogy [112, 113] and of course, trip distribution [114–120]. Empirical studies undertaken by

the USACE [25] support the use of a gravity equation for trip distribution modelling.

Their findings suggest that during hurricane evacuations, evacuees allocate themselves

proportionally to the destination’s population, weighted by the travel distance.

Major factors that affect the selection of evacuation destinations include socioeco-

nomic status and demographics. Whitehead et al. [121], Brodie et al. [122] and Deka and

Carnegie [123] all found that evacuees with higher income and education tend to choose

hotels and motels over public shelters. Characteristics of the destination also determine

its demand. Cuéllar et al. [124] found that availability and presumed occupancy rates

both play a large part in the attractiveness of hotels and motels, while the existence of

a gymnasium increased demand for public shelters that were located at schools. Cheng

[125], Cheng et al. [126] and Cheng and Wilmot [127] found that the population size of

a metropolitan destination, the proximity to an interstate highway and the percentage of

“white” people at the destination all positively correlate with demand. Negative corre-

lates include the risk that the destination will be impacted by the threat and the distance

of the location from the evacuee.
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1.2.4 Route Choice

It is often argued that simply considering departure time decisions or exit selection is not

as informative or reflective of the real world as modelling route choice, both static and

especially dynamic. Static models (also known as “pre-trip” route choice models) refer to

route choice decisions where evacuees make their route selection prior to evacuating and

do not update their choice once evacuation has begun, disregarding any new information

that arises [128, 129]. Dynamic (or “en-route”) route selection is more realistic, where

evacuees update their route as they go, taking into account changes in their surrounding

conditions or any new information, such as the level of congestion along their chosen

route. Many authors have provided evidence that a large proportion of evacuees either

anticipate having to change routes or actually alter their course during an evacuation

[130, 131]. However, dynamic route selection rapidly grows in computational complexity

as the number of evacuees and the size of the region increases. Therefore, models in this

space are often found to use iterative algorithms and other approximation techniques

to find solutions [132–136]. Hybrid models are also considered where evacuees have a

preplanned route, but are able to alter their course along the way as conditions change

[137, 138].

Dynamic traffic assignment (DTA) [139–142] is a model which is often used for solv-

ing route selection problems. DTAs are usually divided into system optimal (SO) and

user equilibrium (UE) formulations [29]. SO models [143–151] usually feature a central

planner who assigns routes to agents such that some overall system objective is met, for

example minimising clearance times, total travel costs or expected loss of life. There ex-

ists a large body of work dedicated to improving computational algorithms to solve such

models. Some recent examples include [152–157]. However, as Pel et al. [29] point out,

for system optimal solutions to actually be implemented, it is necessary to assume that

evacuees will fully comply. As was discussed in Section 1.2.1, this assumption is almost

certainly too presumptuous.

User equilibrium models assume agents are non-cooperative, self-interested and de-

cide for themselves their optimal route [158–165]. UE solutions ensure that no individual

can be made better off by unilaterally switching their route given what other agents have
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selected. Equilibrium is defined using Wardrop’s first principle [166]. This law states that

the cost to users along any utilised route must be equal and also less than or equal to the

cost of unilaterally switching to an unused route. Equilibrium traffic patterns that are

derived in this way tend to be inefficient due to congestion externalities [167]. This is in

contrast to system optimal allocations which are, by definition, efficient.

There also exist papers in which authors consider both SO and UE formulations to

compare whether a particular version of a UE model, e.g. stochastic UE, might align

closer to the system optimum or to reality [167–171]. In this way, researchers are able to

measure how far from optimal a realistic outcome might be. For a comprehensive review

of DTA models, see Peeta and Ziliaskopoulos [172] and Boyce et al. [173].

Aside from the standard factors determining route choice, such as distance, estimated

travel demand and capacity constraints, Dow and Cutter [65] and Chiu and Mirchan-

dani [174] found that familiarity of the route also significantly affected route choice be-

haviour. The authors surveyed South Carolina residents about their experiences of Hur-

ricane Floyd in 1999. They discovered that despite there being heavy congestion along

some evacuation routes, evacuees were reluctant to switch to alternative, smaller roads

that were unfamiliar. The authors conjectured that this behaviour might have arisen due

to uncertainty surrounding communication and access to assistance if evacuees got lost

or their vehicle broke down. Lindell and Prater [175] found similar results in response to

Hurricane Katrina in 2005. Unlike Dow and Cutter, they suggested that the preference

for familiar routes over prevailing traffic conditions was perhaps due to a lack of traffic

information.

1.2.5 Other Evacuation Problems

Other natural disaster evacuation problems include resource allocation and network de-

sign. Although these areas of research do not directly relate to evacuation, insights from

solutions to these problems can often work hand-in-hand with the ideas discussed above

to improve evacuation outcomes and increase the chances of survival for all evacuees.

Optimising the locations of shelters and the deployment of emergency response staff and

humanitarian aid can be critical resource allocation problems when anticipating a natural
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disaster. Papers that model these types of problems include [176–187]. Also for authority-

assisted or mandatory evacuations, studying the type of evacuation vehicle used can also

minimise loss of life. For example, vertical evacuation via say, a helicopter, was found to

result in less loss of life for simulated flood scenarios in The Netherlands when the area

requiring evacuation was large or if there was only a small time window before impact

[188]. A review of the literature relating to optimisation models used in emergency re-

source allocation planning and logistics is provided by Caunhye et al. [189].

Network design is often debated when discussing emergency response preparedness.

This area of research covers many topics, one of which is urban planning. This includes

designing new transportation infrastructure and also building design. However, net-

work design is by no means a simple problem to solve given the vast solution space.

Problems range from the configuration of contraflow lanes [190–195] to network relia-

bility [196] and efficient network design [149]. Yang and H. Bell [197] present a review

of mathematical models for the network design problem (NDP) covering the selection

of link improvements and the placement of additional links, whilst considering travel

demand and minimising the total travel cost of the system. Abdelgawad and Abdulhai

[198] also provide a critical review of the current schools of thought regarding NDPs and

the different techniques used to solve them.

In the next section, we provide a high-level overview of the types of natural disas-

ter evacuation models developed over the last century and how they have evolved in

sophistication.

1.3 Natural Disaster Evacuation Modelling

Designing evacuation models is a complex process and resulting models can differ vastly

depending on the situation being considered. For example, evacuation models are usu-

ally designed for one of two categories: small-scale, e.g. buildings or aircraft or large-

scale, e.g. cities or small communities. The key difference between the two types is the

modeller that is used. For small-scale evacuations, simulations are based on pedestrian

egress dynamics, whereas large-scale evacuations often utilise traffic simulations.
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In addition to these two types of problems, models can be further categorised into

three approaches: macroscopic, microscopic and mesoscopic. Macroscopic approaches

do not identify individual evacuees and their decision-making behaviour from within

the group. With macroscopic approaches, solutions to problems such as departure time,

route selection or exit selection are found via optimisation of the entire system, usually

using dynamic network flow or fluid models [199].

Microscopic approaches model each evacuee individually. This allows agents to be

heterogeneous, meaning that each agent may vary in preferences and characteristics. For

small-scale models, such characteristics might be walking speed, patience, level of panic

or the inclination to follow the group (a.k.a. herding), all of which can lead to different

behavioural patterns. For large-scale evacuations, agents are often represented as vehi-

cles, hence their individual characteristics may include aspects such as average speed,

minimum car-following distance, the level of driver aggression or the ability to learn

from their environment. Models of traffic also exist which employ both macroscopic and

microscopic strategies concurrently [200, 201].

A third type of modelling is occasionally observed and is known as a mesoscopic ap-

proach. Mesoscopic approaches refer to models where the level of detail lies somewhere

between microscopic and macroscopic, i.e. agents are not considered individually, how-

ever smaller regions of the whole area are recognised with elements within these areas

treated as homogeneous. Southworth [202] and Pidd et al. [203] provide reviews of these

different modelling approaches, while Haberman [204] and Hamacher and Tjandra [199]

summarise the different mathematical models that have been developed to solve these

problems over the years.

Evacuation models have progressed in sophistication over the last few decades with

a steady increase in the number and types of parameters accounted for when simulating

evacuation behaviour. Zheng et al. [205] split evacuation modelling into seven method-

ological approaches. These approaches are cellular automata, lattice-gas, social force,

fluid dynamics, agent-based modelling, game theory and animal experimentation. Al-

though the authors mostly discuss small-scale evacuations with pedestrians, many large-

scale modellers also use these modelling techniques. In this section, we summarise and
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examine some of the different modelling approaches that have evolved over time.

1.3.1 Early Physical and Environmental Models

Early models of evacuation focused solely on the physics of bodies moving through their

environment and did not account for behavioural considerations. These models primar-

ily used capacity constraints and physical dimensions to determine the outcomes of evac-

uations with evacuees treated as homogeneous, heteronomous entities flowing either as

a fluid [206–218] or as particles moving as a group [219, 220]. These are macroscopic

models.

Daganzo [221, 222] developed the commonly used cell transmission model where a

one-way length of road is divided into sections of equal length known as “cells”. He

showed that his model is in fact a discretised version of the hydrodynamic model of one-

dimensional wave motion and traffic flow on long and crowded roads as described by

Lighthill and Whitham [223, 224] and updated by Newell [225].

These types of macroscopic models did not provide scope for heterogeneity amongst

the agents in their movement or preferences, such as walking speed or patience levels.

This led to the development of microscopic models which track each individual’s charac-

teristics and progress during the evacuation [214, 226–229]. In Helbing [230] and Helbing

and Molnar [231], the authors developed a social force model of pedestrian movement

where individuals are treated as gas particles and obey the laws of physics with the addi-

tion of sociological rules which govern collision avoidance, group formation and herding

behaviour. Through computer simulations, they verified that this model did indeed ex-

plain some pedestrian evacuation behaviours, such as lane formation or obstacle avoid-

ance.

1.3.2 Behavioural Models

Extensive studies have shown that psychological and sociological factors play a large

part in determining emergent evacuation behavioural patterns [46, 232–246]. A review by

Santos and Aguirre [247] highlights the shortcomings of existing models that do not con-
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sider these social norms or adaptations and the importance of including this behaviour

when modelling. The authors cite two examples of collective social behaviour: Turner

and Killian’s emergent norm theory [248, 249] and Goffman’s theory regarding the iden-

tification of relevant information and the incorporation of emergency situations into the

group’s existing social structure [250]. As a result of the social psychology literature,

evacuation models are now developed to incorporate behavioural considerations such as

impatience, aggression, learning and adaptation, panic and herding [251–256].

Many early models of evacuation failed to incorporate behavioural aspects leading to

imprecise measures of ETEs [247]. For example, some authors assumed a simple shortest-

path heuristic for evacuation route choice [61, 94], while others solved route assignment

problems with user-equilibria models, yet no assessment was provided of how well their

results compared with reality [91, 203]. Prater et al. [64] and Dow and Cutter [65] at-

tempted to provide more behavioural insights by testing the effect of route or destination

familiarity on demand. They found that more familiar routes were preferred. Since famil-

iar routes are often also commonly used routes, this familiarity bias creates inefficiencies

through the congestion of main highways and underutilisation of alternative routes. The

lack of behavioural inclusions also held true for small-scale models until researchers de-

cided that to accurately predict pedestrian egress times and behaviour, the incorporation

of behavioural aspects was fundamental. Some of these behavioural considerations in-

clude patience levels [257], the level of panic [253, 258] and the inclination to follow the

group [252, 259]. All of these attributes can lead to very different behavioural patterns

[199, 260].

These days, inclusion of behavioural characteristics is a must. For example, EM-

BLEM2 is a macroscopic, large-scale ETE model developed by Lindell [93]. To improve

ETEs, the model includes many behavioural factors derived from [64, 99, 261]. These

factors include the effect of hurricane intensity on compliance rates [45] and differences

between permanent residents, transients and special facility populations, such as prison-

ers and hospital patients [262, 263].
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1.3.3 Game-Theoretic Models

Over time, the sophistication of these evacuation models incorporating behavioural as-

pects improved and although they were able to more accurately predict ETEs, they were

unable to explain the observed behaviours. These models often produced collective and

emergent behaviours such as herding and group formation, but the existing models at the

time did not have an answer as to why these phenomena were being observed. This is

where game theory came in to fill the void.6 Game-theoretic methods of problem solving

allow users to logically and rationally predict the outcomes of strategic interactions and

in combination with agent-based simulations are now providing researchers with more

insight into human behaviour.

Mostly, game theory has been used for small-scale exit selection problems. For ex-

ample, Lo et al. [265] treated building exit selection as a two-player game where the

evacuating crowd is treated as a single entity whose aim is to minimise expected egress

time. Their opponent is a malevolent virtual entity which exists solely to impose conges-

tion and maximise expected egress time. Once the game-theoretic model has determined

each agent’s exit choice, the evacuation process is simulated using SGEM [228], a spatial-

grid evacuation modeller. The authors found that by considering strategic interactions,

clearance times were improved significantly since evacuees distributed themselves more

evenly between the available exits.

Kirchner et al. [266] combined a game-theoretic model of evacuee competitiveness

with a cellular automata model to simulate movement towards exits and predict egress

times. The authors evaluated their model by comparing their simulated results with real-

world experimental data and found that if competitive frictions were not considered, the

simulated results could not replicate the key aspects seen in the experimental results.

Another small-scale game-theoretic model of exit selection is Ehtamo et al. [267] who

developed a novel iterative process to arrive at their Nash equilibrium. They also proved

that a pure strategy Nash equilibrium would always exist under specific conditions.

Braglia et al. [268] designed a multi-stage, repeated game for exit selection. The authors

6For an introduction to game theory, see Chapter 3, Section 3.1.2 in this thesis and Osborne [264] for an
external reference.
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introduced many behavioural inclusions to increase decision-making complexity, such as

familiarity with the building and their level of obedience towards an evacuation coordi-

nator. Their results showed that the presence of a leader is highly effective at improving

clearance times, thus highlighting the need to have trained staff to coordinate evacuees

during evacuations.

These types of explanatory behavioural models are not only used for small-scale prob-

lems, although most have been used in this context in the literature. Lämmel et al. [260]

applied game theory to a hypothetical large-scale flood evacuation in the real-world re-

gion of Sihlsee Dam near Zürich, Switzerland. Despite the use of a real road network,

simulation of agent movement was still pedestrian-based. However, with today’s avail-

able technology, the authors’ model can easily be reconfigured for vehicles. Lämmel et

al. compared the results from two different models; one where agents chose the shortest

route to exit and the other where agents decided on their evacuation route by strategically

accounting for congestion. Their results suggested that even a basic model of behaviour

can significantly improve evacuation outcomes and is not only suitable for small-scale

evacuations, but also those on a larger scale.

1.4 Simulation Techniques and Software Packages

In Section 1.2, we discussed some of the optimisation techniques used to solve mass-

evacuation problems, particularly for route choice, resource allocation and network de-

sign. We also discussed other problems which were often analysed using simulation-

based models. This section reviews some of these different simulation techniques and

the software packages which implement them. We also discuss the pros and cons of

some of the current pedestrian and traffic simulation software packages.

Over the recent decades, simulation software has seen basic physical models evolve to

now incorporate much more sophisticated behavioural characteristics. Since controlled

experiments in this field are virtually impossible to conduct, simulations play a vital

role in assessing the efficiency and viability of hypotheses in this area. Via simulations,

researchers and authorities are able to compare contingency plans, identify bottlenecks,
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assess the impact of congestion and reduce the computational complexity that is inherent

in solving such large-scale mathematical optimisation models. Despite these advantages,

simulated solutions still have their drawbacks. These models are often unable to direct

authorities to the “best” model without a great deal of trial-and-error which can be com-

putationally intensive. Also, the results are merely descriptive rather than prescriptive,

giving planners an idea of the traffic patterns that might eventuate, but incapable of find-

ing the optimal strategy [269].

Large-scale evacuation models used for simulations can be separated into evacuation-

specific models and general traffic models which have been applied to evacuation sce-

narios. Although models that are designed specifically for large-scale evacuations cater

better for emergency behaviours, these models tend to make several limiting assump-

tions. For example, evacuation-specific models tend to limit the routes evacuees can use

or restrict them to obeying a central planner’s instructions. These restrictions imply a

100% compliance rate, which has never been observed in any data. In contrast, general

traffic models, though better at realistically modelling urban traffic movements, are not

designed for evacuation. Hence they do not, in general, include a suitable underlying

traffic generation model or reflect differences in evacuee driving behaviour compared

with day-to-day driving.

1.4.1 Evacuation-Specific Simulation Models

The following are examples of past and current evacuation-specific simulation models.

Some of the earliest large-scale evacuation modellers developed in the 1980’s include

NETVAC1 [270], CLEAR [271] and DYNEV [272], all of which were mostly employed to

simulate evacuations from nuclear power plants and their surrounding areas. Although

nuclear meltdowns are not natural disasters, they can occur through naturally occurring

phenomena, such as the 2011 earthquake which triggered the tsunami, which in turn,

caused the Fukushima Daiichi Nuclear Power Plant disaster [21]. Most of these early

evacuation modellers were deterministic and did not consider any behavioural reactions

of evacuees.

Developed in the 1990’s, but regularly updated since, MASSVAC is a slightly newer
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evacuation modeller that is still used by researchers today. It employs a macroscopic

approach for its simulations and was originally designed for hurricane evacuations [91].

The most recent version, MASSVAC 4.0, calculates maximum ETEs by simulating vehi-

cles travelling along a network composed only of major roads. It has the ability to iden-

tify congested links and intersections under different disaster severity settings and traffic

conditions. MASSVAC 4.0 uses a deterministic UE model to find its solutions which al-

lows the simulator to provide more dynamic traffic assignment options across different

scenarios. Some disadvantages of MASSVAC 4.0 include the underestimation of evacu-

ation times due to its exclusion of the time taken for evacuees to reach a major road in

the network and also the deterministic nature of the model, which is often seen as rather

unrealistic.

The Oak Ridge Evacuation Modeling System (OREMS) is another macroscopic evac-

uation simulation model. Originally designed for hurricanes, OREMS was developed

in the 1990’s with constant revisions since then to remain up-to-date with new develop-

ments [273]. The underlying traffic flow model used in OREMS is more simplistic than

the one implemented in MASSVAC 4.0. However, the simplification allows OREMS to be

more computationally efficient, enabling deployment on a much larger scale. The other

major advantage of this computational efficiency is the ability of OREMS to integrate

new information provided in real-time. Like MASSVAC 4.0, OREMS is also used for esti-

mating evacuation times, identifying congested routes and assessing various evacuation

plans to improve outcomes for the community.

Other evacuation-specific modellers include TEDSS [176], DYMOD [274], CEMPS

[203], IMDAS [275], TRANSIMS [276] and EMBLEM2 [93], with the last of these hav-

ing been discussed in more detail in Section 1.3.2. Stepanov and Smith [277], Zhang et al.

[269] and Pel et al. [29] all provide comprehensive reviews and summaries of these mod-

ellers.

1.4.2 General Traffic Simulation Models

In this section, we discuss some of the generic traffic simulators currently in use. These

modellers have not been specifically designed to model evacuation behaviour, however
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due to their ability to deftly handle large-scale traffic flows, these simulators have also

been used in evacuation research.

One of the earliest traffic modellers is NETSIM [278], with its updated version now

called TRAF-NETSIM [279]. Originally developed in the 1970’s and revised during the

late 1980’s, NETSIM is a microscopic, stochastic traffic simulation model used to track

individual vehicles in the system. By tracking vehicles on a microscopic level, NETSIM

is able to incorporate individualised details regarding vehicle characteristics and driver

behaviour. Due to its early development during a time when computing power was a

significant limitation, NETSIM is only able to handle small urban road networks and

only major highways were considered. Route selection is static and there are no traffic

demand models embedded within NETSIM, hence O-D pairs are required as an exter-

nal input [280]. Like with many of the evacuation-specific modellers, NETSIM was also

mainly used to compare contingent plans and assess the performance of different control

strategies when the network is experiencing heavy traffic demand.

One of the most commonly used traffic modellers of the 1990’s is DYNASMART [281].

It is a deterministic, microsimulation tool designed for dynamic traffic assignment. It

has also been through many phases of improvement with DYNASMART-X being the

most recent iteration used for real-time analysis [282] and DYNASMART-P for planning

[283]. Similar to NETSIM, DYNASMART has been used to evaluate different evacuation

plans, the response of drivers to new information and alternative system control strate-

gies. DYNASMART-X has the power to be used during a real-time emergency response

as a result of its advanced dynamic network modelling capabilities. DYNASMART-X is

able to update predicted traffic flows as conditions change such that congested routes

can be identified and better alternatives can be suggested to drivers. Kwon and Pitt [284]

employ DYNASMART-P to assess the effects of road closures, contraflow operations and

different emergency signal configurations on a sudden emergency evacuation of down-

town Minneapolis. The study showed that by using a dynamic network model such

as DYNASMART-P, we can indeed predict evacuation times under differing conditions

from ideal to highly congested.

A more recent traffic modeller that is becoming increasingly popular for simulating
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large-scale evacuations is the Multi-Agent Transport Simulation (MATSim) [285]. MAT-

Sim is based on a microscopic, multi-agent simulation framework originally designed to

model ordinary traffic movements. These days, MATSim is often used to simulate evacu-

ation scenarios with some researchers modifying this technology to simulate large-scale

pedestrian evacuations. The following are some selected works where MATSim is used

for evacuation research: [260, 286–290].

Other large-scale general traffic simulation models that have been used in an evacu-

ation context include VISSIM [291–293], Paramics [61, 294, 295], CORSIM [191, 296, 297],

SimTraffic [298], AIMSUN2 [299], SUMO [300] and ITSUMO [301]. Reviews of these sim-

ulators can be found in Barceló et al. [302] and Kotusevski and Hawick [303]. SUMO is

the simulator used for our research in Chapter 4 and is therefore discussed in more detail

in Section 4.4.1.

1.4.3 Small-Scale Evacuation Modellers

Our main focus in this thesis is on large-scale evacuations. However, small-scale models,

mainly used to predict pedestrian flows, have proven informative in the past in helping to

improve all evacuation modelling, for example, through the development and inclusion

of behavioural considerations and social psychology. Therefore, in this section, we will

briefly provide a list of small-scale evacuation modellers and some of their characteristics.

Similar to large-scale modellers, small-scale evacuation models can be broken down

into optimisation models and simulation models. As was previously discussed, opti-

misation models search for the ideal solution to the problem, whether it is minimising

total egress time for all evacuees or maximising expected survivors through route or exit

assignment. These models tend to be macroscopic, treating the evacuees as a single ho-

mogeneous entity. In this manner, individual behavioural characteristics are not able to

be incorporated. EVACNET+ [210] and the Takahashi fluid model [212] are examples of

this type of model.

Simulation models, as discussed earlier, refer to models which attempt to describe

predicted behaviours as a result of parameter inputs, unlike optimisation models which

prescribe inputs for generating the optimal outcome. These models often involve a high
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degree of complexity given that human beings are intricate creatures. Early models only

included physical and environmental variables, but over time, evacuation models be-

gan to incorporate more and more parameters. More recent models derive individual

behaviours from underlying sub-models. As a result, the predictive power of these mod-

els has increased significantly. To deal with the increased complexity, we require more

computing power. Fortunately, computing systems have also advanced during this time,

making it feasible to efficiently solve these more complicated models. Examples of small-

scale simulation models include EXITT [304], EXIT89 [214], BGRAF [305], EGRESS [251],

VEGAS [306], EvacSim [307], PAXPORT [308], SIMULEX [227, 309], EXODUS [310, 311]

and SGEM [228].

As discussed in Section 1.3, evacuation modellers have evolved to incorporate be-

havioural characteristics of evacuees in an attempt better align simulation results with

reality. Small-scale evacuation modellers that incorporate these behavioural aspects in-

clude BFIRES-II [312], EXITT [304], VEGAS [306], EvacSim [307], buildingEXODUS [310,

311] and FDS+Evac [313–315]. Gwynne et al. [316] and Kuligowski et al. [317] provide

comprehensive reviews of these and other models comparing and contrasting their fea-

tures and categorising their modelling methods, targeted purpose, and behavioural rep-

resentation.

1.5 Outline and Main Contributions

The focus of this thesis is on the mathematical contributions made towards modelling

complex disaster management problems using game theory. As such, much of our analy-

sis is geared towards the mathematical implications of our results rather than the practi-

cal ones. Having said that, we do also suggest possible practical directions in which our

results might be used for future work.

This dissertation is split into three main chapters, each with its own distinct research

topic and novel results. In Chapter 2, we analyse the effect of information and commu-

nication on the evacuation efficiency of agents within a ring network. Our work in this

chapter is split into three parts. The first part explores the effect of knowledge through
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differing information levels on a single agent’s evacuation time from our ring network.

The second part introduces a second agent into the network and allows for communica-

tion between the agents. This allows us to observe the impact of information propagation

and the effectiveness of localised broadcasting capabilities. The final part in Chapter 2 in-

vestigates the relationship between the density of agents in the system and the average

evacuation time.

The main contribution of the chapter is the derivation of an analytical model and

results. The majority of past studies use agent-based simulation techniques to predict

evacuation outcomes. In this chapter, we aim to provide some analytical backing to

those results found in the behavioural simulation literature. By developing an analytical

model, albeit in a simplified network, we make some headway towards understanding

the importance and magnitude of each driving factor on evacuation outcomes.

In Chapter 3, we investigate the effect of congestion on departure time decisions for

self-interested, cost-minimising individuals. We use a flow-based bottleneck model with

a linear slowdown relationship between speed and density to predict equilibrium depar-

ture time distributions under varying conditions regarding lateness and the relative costs

of schedule delay and travel. This model is mainly based on the work of Vickrey [318],

Henderson [319], Hendrickson and Kocur [320] and Mahmassani and Herman [321].

Our contributions to the literature from this chapter include extending the model to

better reflect reality and solutions to key timing points using new boundary conditions

which provide more informative results that show start, end and transition times over

the course of the departure process.

In our final research chapter, Chapter 4, we explore a game-theoretic model of exit

selection in the presence of congestion for self-interest, utility-maximising agents. In this

game-theoretic model, agents take into account perceived congestion and the distance re-

quired to travel when choosing their desired exit for evacuation. This model is compared

with results from a baseline model where agents simply evacuate via their nearest exit.

Exit selection in this model is static, meaning that agents do not change their mind once

evacuation has begun and each agent will continue to head towards their chosen exit re-

gardless of any new information. Our results are simulated using the software package
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SUMO and implemented for three different network types: a Manhattan grid, a wheel

network and a real-world map of the shire of Yarra Glen in Victoria, Australia.

The major contribution from this chapter is the introduction of perception versus re-

ality. Across our simulations, we allow our agents to vary their perception of congestion

in the system. This view can differ greatly from the level of congestion in reality. We

compare results across these differing degrees of congestion and observe what happens

when agents either under- or overestimate true congestion.

Lastly, Chapter 5 summarises our work and findings and concludes this dissertation

with a discussion of possible future research directions.
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A Ring Model of Communication

IN this chapter, we explore the benefits of information and communication for agents

in a simple ring network. The majority of the existing literature focuses on using

agent-based simulation models to predict outcomes. One of the major benefits of using

agent-based simulations is that it allows many different factors that drive evacuation

outcomes to be incorporated into the model; however, simulation-only techniques lack

power when attempting to explain the relationship between these factors. We provide an

analytical framework to derive closed-form solutions for relationships between various

driving factors of evacuation outcomes.

We investigate results varying across three dimensions: (a) the agent’s knowledge

of their environment, (b) the broadcast range for communication and (c) the density of

agents in the system. We find implications similar those seen in the agent-based simula-

tion study conducted by Richter et al. [322], discussed further below in Section 2.1. Our

results show that

i. on average, increased information improves evacuation efficiency,

ii. communication is beneficial when information is imperfect,

iii. localised communication can be improved by increasing the broadcast range,

iv. as the density of agents in the system increases, evacuation time decreases (up to a

point), and

v. factors of improvement in evacuation efficiency can be substantial.

Specific results for the parameters we analyse are discussed further in Sections 2.3–2.5.

27
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The remainder of this chapter is organised as follows: Section 2.1 explores past studies

in this area and provides some background to our work. Section 2.2 introduces and

defines our model of information flow using a simple discrete ring network with a single

exit and a single static disruption. Section 2.3 introduces a single agent into the network

and analyses the effect of having different levels of information on the distance travelled

by the agent to escape the network. After determining that information matters, Section

2.4 looks at the value of communicating new information by introducing a second agent

into the network. Section 2.5 generalises the results to many agents and extends the

analysis to a continuous system. Finally, Section 2.6 discusses extensions for future work

and summarises our findings.

2.1 Background

Information and communication can play a crucial part in assisting evacuees to survive

an emergency. Corlett et al. [323] discussed the role of information and communication in

the context of signage for direction-finding. They reviewed behavioural findings by Best

[324] to redesign the University of Birmingham’s sign-posting system for the Engineering

of Production Department. They validated the success of their new design by running a

comparison study between the new system and the old system.

Others have also looked at what happens when signage is incorrect or misleading.

Levine et al. [325] used laboratory and field experiments to show that “you-are-here”

maps can lead users to choose the wrong direction if they are misaligned with the envi-

ronment. Klippel et al. [326] extended this work by establishing a framework for evalu-

ating and designing these types of maps.

Whether or not evacuees heed evacuation instructions and the factors that affect their

level of obedience have also been studied. Fischer et al. [327] performed a case study in

Pennsylvania, U.S.A. and showed that the clarity, consistency and frequency of a warning

message, the accuracy of past warnings, the type of authority providing the evacuation

order and whether or not children were present were the driving factors in the likelihood

of compliance. Benthorn and Frantzich [328] noted that people preferred to use a familiar
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exit rather than travel to an emergency exit even if the normal exit is further away unless

the emergency exit was open and they could see outside. Dombroski et al. [57] studied

some of the factors that affect compliance in emergency evacuations. Their approach

was heavily based on past social science research regarding how people respond to their

location and the media. After speaking to many subject matter experts and performing a

case study in Pittsburgh, Pennsylvania, U.S.A., they found that people were much more

likely to comply with orders to evacuate their workplace than if asked to shelter at home.

People were less likely to comply if asked to stay at work or leave their homes or if media

outlets showed scepticism rather than support of the chosen policy. They also found that

preparatory policies could improve compliance by up to 30%.

As mentioned at the start of this chapter, Richter et al. [322] ran an agent-based simu-

lation study on what would happen if centralised communications broke down leaving

only localised communication available. Their work extended results by Winter et al.

[329] and analysed the effect on evacuation outcomes across four different dimensions,

namely (a) the level of knowledge of the environment, (b) the density of the network

structure, (c) the density of the agents in the network and (d) the wayfinding heuristic.

They confirmed many intuitive results, such as communication and cooperation reduce

evacuation time, as do denser networks with more exits due to more alternatives being

available. Having more agents in the network helps to facilitate collaboration and thus

improves outcomes, but only up to a point. Beyond this point, improvements cannot

be gained with additional agents as all agents in the network will already have com-

plete knowledge. Finally, increased wayfinding intelligence can compensate for a lack of

knowledge of the environment and reduce average evacuation times.

Our research also analyses how passing on new knowledge can help others escape.

Our main contribution however, is the presentation of an analytical model with analyt-

ical results that can be used to explain some of the driving factors behind the findings

observed in simulated studies. These insights provide us with a better understanding of

the level of importance of each factor and how they relate to one another, which can be

used in cost-benefit analysis to determine the most cost effective direction for technolog-

ical improvements.



30 A Ring Model of Communication

2.2 A Ring Network Model

In this section, we introduce our analytical model. Consider a ring network containing

a single agent. The network has n nodes, a single entry/exit point and a single static

disruption at an edge. The nodes are numbered 1 to n in a clockwise direction, with the

entry/exit node, E, at the nth node. The nodes are connected by edges of unit length

which are labelled using the midpoint between nodes; e.g. the edge between nodes 1 and

2 is situated at location 1.5. The disruption, X, occurs on an edge located at k and is static,

that is, it does not move or spread from this location. The agents are located on nodes

with Agent i located at ai, for i = 1, 2, . . . , m. Figure 2.1 shows an example scenario with

one agent in the network when the disruption occurs.

n 

1 

2 

n-1 

a1-1 

a1 

k-0.5 

k+0.5 

... 

... 

... 

E 

k X 

Figure 2.1: A single agent with one disruption in a ring network.

We assume that agents move through the network at the same rate. The agents en-

ter the network from the entry/exit node and initially travel in a clockwise direction.

Performance is measured by the distance travelled to exit the network. Since agents are

assumed to travel at the same speed, the distance travelled is proportional to travel time.



2.3 A Single Agent Without Communication 31

2.2.1 Levels of Information

The level of information available to the agent will determine the heuristic used to find

the exit. Three information levels and their associated heuristics are explored. There

are obviously infinitely many other heuristics that can be examined, however we believe

the ones discussed cover a suitable range of knowledge from complete information to

having only minimal information. The information levels and their associated heuristics

are described below.

1. Complete information (C): With complete information, the agent knows the size

and structure of the network and the location of the disruption. The agent will choose the

direction that avoids the disruption. An example of such a situation is a security guard

who has access to video surveillance and is familiar with the layout of the building.

2. Network information (N): Under network information, the agent knows the size

and structure of the network, but not the location of the disruption. The agent will choose

the direction closest to the exit, however they might encounter the disruption and be

required to turn back. If the agent is exactly halfway through the network, hence equal

distance from the exit, then the agent will choose their direction randomly. An example of

this information type is an employee who works in the building and knows the building

layout, but has no information as to where the disruption occurred.

3. Historical information (H): With only historical information, the agent does not

know the location of the disruption and only recalls the path they have already travelled.

The agent will opt to backtrack in the event of an emergency rather than to explore new

nodes unless stopped by the disruption. An example of this information level is a visitor

who is unfamiliar with the layout of the building. This visitor might prefer to exit via the

way they entered rather than explore unknown territory.

2.3 A Single Agent Without Communication

In this section, we derive expressions for the expected (average) distance travelled to exit

by a single agent as a function of the size of the network, n, the location of the disruption,

k, the initial location of the agent when the disruption occurs, a1 and the agent’s infor-
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mation level, I. We also perform a worst case analysis in terms of the maximum possible

distance travelled for the agent to exit given each information level.

2.3.1 Key Findings

We summarise our results for a single agent below. Sections 2.3.2–2.3.4 prove the results

shown in the following lemmas. Let dI
a1

denote the distance travelled by the agent to

reach the exit given a starting location of a1 ∈ {1, 2, . . . , n} and information level I ∈

{C, N, H}.

Lemma 2.1. As the network size grows to infinity and the locations of the agent and the disrup-

tion are randomised, the expected distance travelled by the agent to exit the network is 25% larger

with network information than with complete information.

lim
n→∞

(
E
[
dN

a1

]
E
[
dC

a1

]) = 1.25. (2.1)

Lemma 2.2. As the network size grows to infinity and the locations of the agent and the disrup-

tion are randomised, the expected distance travelled by the agent to exit the network is twice as

large with historical information than with complete information.

lim
n→∞

(
E
[
dH

a1

]
E
[
dC

a1

]) = 2. (2.2)

Lemma 2.3. As the network size grows to infinity and the locations of the agent and the disrup-

tion are randomised, the expected distance travelled by the agent to exit the network is 60% larger

with historical information than with network information.

lim
n→∞

(
E
[
dH

a1

]
E
[
dN

a1

]) = 1.6. (2.3)

Lemma 2.4. Having only network information will, at worst, cause the agent to travel three

times the distance relative to having complete information.

lim
n→∞

[
max
a1, k

(
E
[
dN

a1

]
E
[
dC

a1

])] = 3. (2.4)
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Lemma 2.5. Having historical information will, at worst, cause the agent to travel 2(n − 1)

times the distance relative to having complete information, where n is the number of nodes in the

network.

lim
n→∞

[
max
a1, k

(
E
[
dH

a1

]
E
[
dC

a1

])] = 2(n− 1). (2.5)

2.3.2 Expected Distance Travelled to Exit

Since no communication is available to a lone agent, we make the assumption that the

agent will only turn back if they reach the disruption and no sooner. This implicitly

assumes that the agent does not notice the disruption until they are at the location of the

incident.

To calculate the expected distance travelled, we assume that the location of the disrup-

tion and the agent’s position at the time of the disruption are both uniformly distributed

and independent.

Complete Information

With complete knowledge of the network structure and the location of the disruption,

an agent with complete information will head directly away from the disruption. This

creates two possible cases for the distance travelled to exit,

dC
a1
=

{
a1, a1 < k, (2.6a)

n− a1, a1 > k. (2.6b)

Equation (2.6a) arises when the disruption is ahead of the agent and so, the agent

backtracks in an anticlockwise direction to exit. Equation (2.6b) is for the situation where

the disruption has occurred behind the agent and hence the agent will travel in a clock-

wise direction to exit. There is no need to account for when a1 = k since we have assumed

that agents are located at nodes when the disruption occurs and that disruptions only oc-

cur along edges. Even if we relax this assumption, any agent located at the disruption as

it occurs is presumed to have perished.
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Averaging over the possible starting locations of the agent and the disruption, we can

calculate the expected distance to exit for a single agent with no communication. Since

the starting location of the agent and the disruption are assumed to be independent, we

can first average over a1 taking k as given, then average over k. We introduce k̂ = k + 1
2

to facilitate summation over whole indices rather than using half-positions.

E
[
dC

a1
| k
]
=

1
n

 k− 1
2

∑
a1=1

a1 +
n

∑
a1=k+ 1

2

(n− a1)

 , (2.7)

E
[
dC

a1
| k̂
]
=

1
n

 k̂−1

∑
a1=1

a1 +
n

∑
a1=k̂

(n− a1)

 , (2.8)

E
[
dC

a1

]
=

1
n2

 n

∑
k̂=1

 k̂−1

∑
a1=1

a1 +
n

∑
a1=k̂

(n− a1)


=

1
n2

[
n

∑
k̂=1

(
k̂2 − k̂− nk̂ +

n2

2
+

n
2

)]

=
n2 − 1

3n
, (2.9)

where k̂ = k + 1
2 .

Equation 2.9 gives us an expression for the expected distance an agent must travel to

exit a network of size n with complete information, but no communication. In Section

2.3.3, we use this expression as the benchmark to compare the performance of lower

levels of knowledge.

Network Information

With network information, the agent knows the network structure, but not the location

of the disruption and thus will head towards the exit simply via the shortest route. If

the disruption is encountered, the agent will turn around. Given this heuristic, the be-

haviour of the agent will depend on the half of the network they are located in when the
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disruption occurs. Whether the disruption is encountered will also determine whether

or not the agent will need to double back. We assume that if the agent is exactly halfway

along the network, they will choose their direction randomly with equal probability. This

creates six possible scenarios.

dN
a1
=



a1, a1 < n
2 and a1 < k, (2.10a)

a1 + n− 2k, a1 < n
2 and a1 > k, (2.10b)

2k− a1, a1 > n
2 and a1 < k, (2.10c)

n− a1, a1 > n
2 and a1 > k, (2.10d)

n
2
I(e = 0) +

(
2k− n

2

)
I(e = 1), a1 = n

2 and a1 < k, (2.10e)(
3n
2
− 2k

)
I(e = 0) +

n
2
I(e = 1), a1 = n

2 and a1 > k, (2.10f)

where I is an indicator variable for the event e where e = 0 represents the agent choosing

to exit anticlockwise and e = 1 is when the agent attempts to exit in a clockwise direction.

Equation (2.10a) represents the situation where the agent attempts to exit by travelling

in an anticlockwise direction and is not impeded by the disruption. In Equation (2.10b),

the agent also initially travels anticlockwise, but encounters the disruption and is forced

to turn around. The agent first travels a distance of a1 − k anticlockwise to reach the

disruption, then must travel another n − k units clockwise to exit resulting in a total

distance travelled of a1 + n− 2k.

Equations (2.10c) and (2.10d) begin with the agent travelling clockwise. The agent

avoids the disruption in (2.10d) and continues travelling in a clockwise direction to the

exit. In Equation (2.10c), the agent initially travels a distance of k− a1 before encountering

the disruption, then must travel a distance of k anticlockwise to exit. This results in a total

distance travelled of 2k− a1 for the agent.

Equations (2.10e) and (2.10f) represent the cases where the agent is at the mid-point

of the network when the disruption occurs. We have assumed that the agent will attempt

to exit clockwise with probability 1
2 and anticlockwise with probability 1

2 . In Equation

(2.10e), the disruption has occurred behind the agent, while in Equation (2.10f) the dis-

ruption is ahead of the agent.
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Figure 2.2: An example of the disruption being located in the first half of the network.

Due to symmetry, we can construct the expected distance travelled simply by looking

at half the network. We consider the case where k ≤ n
2 . An example of this is illustrated

in Figure 2.2. Recall that if the agent is located at the midpoint of the network, they will

choose their initial direction randomly with equal probability.

E
[
dN

a1
| k
]
=

1
n

 k− 1
2

∑
a1=1

a1 +

n
2−1

∑
a1=k+ 1

2

(a1 + n− 2k) +
1
2

(
3n
2
− 2k

)
+

1
2

(
n− n

2

)

+
n

∑
a1=

n
2 +1

(n− a1)

 , (2.11)

E
[
dN

a1
| k̂
]
=

1
n

 k̂−1

∑
a1=1

a1 +

n
2−1

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))
+

1
2

(
3n
2
− 2

(
k̂− 1

2

))

+
1
2

(
n− n

2

)
+

n

∑
a1=

n
2 +1

(n− a1)

 , (2.12)
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E
[
dN

a1

]
=

1
n2

 n

∑
k̂=1

 k̂−1

∑
a1=1

a1 +

n
2−1

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))

+
1
2

(
3n
2
− 2

(
k̂− 1

2

))
+

1
2

(
n− n

2

)
+

n

∑
a1=

n
2 +1

(n− a1)


=

1
n2

[
n

∑
k̂=1

(
n− 2nk̂ +

1
2
− 2k̂ + 2k̂2 +

3n2

4

)]

=
5n2 − 2

12n
. (2.13)

By symmetry, the expression found in (2.12) is the same for k > n
2 . Therefore, in (2.13),

when averaging over the location of the disruption, it is unnecessary to recalculate the

average distance travelled given k for k > n
2 and we can simply sum over the expression

given by (2.12).

Historical Information

Of the three levels of information that we investigate, historical information provides the

agent with the least amount of knowledge regarding their environment. Our heuristic

assumes that an agent with historical information will always choose to backtrack first,

hence there are only two possible scenarios for the distance travelled to exit,

dH
a1
=

{
a1, a1 < k, (2.14a)

a1 + n− 2k, a1 > k. (2.14b)

In (2.14a), the disruption is not encountered and the agent continues in an anticlock-

wise direction until they exit. In (2.14b) however, the disruption is found and the agent

must turn back. Such an agent will travel a distance of a1 − k anticlockwise to the dis-

ruption and then a further distance of n− k clockwise to the exit. This agent will travel a

total distance of a1 + n− k. Again, we can ignore the case when a1 = k since the agent is

assumed never to be at the location of the disruption.

We assume that if the agent is at the exit, they will simply leave the network rather
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than go back the way they came. This gives us the following expression for the expected

distance travelled under historical information,

E
[
dH

a1
| k
]
=

1
n

 k− 1
2

∑
a1=1

a1 +
n−1

∑
a1=k+ 1

2

(a1 + n− 2k) +
n

∑
a1=n

0

 , (2.15)

E
[
dH

a1
| k̂
]
=

1
n

 k̂−1

∑
a1=1

a1 +
n−1

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))
+

n

∑
a1=n

0

 , (2.16)

E
[
dH

a1

]
=

1
n2

 n

∑
k̂=1

 k̂−1

∑
a1=1

a1 +
n−1

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))
+

n

∑
a1=n

0


=

1
n2

[
n

∑
k̂=1

(
n
2
− 3nk̂− k̂ + 2k̂2 +

3n2

2

)]

=
4n2 − 3n− 1

6n
. (2.17)

2.3.3 Comparison of Information Levels

In this section, we analyse the effect of information on the expected travel distance. In

and of themselves, the expressions given in Section 2.3.2 are not all that enlightening. For

a more meaningful interpretation, we take a ratio of these expressions with respect to one

another. We also look at the value of these ratios as the size of the network gets very large

by taking the limit as n→ ∞.

Network Information Versus Complete Information

Using complete information as a baseline, we compare how much worse network infor-

mation is by dividing Equation (2.13) by Equation (2.9) and taking the limit as n→ ∞,

lim
n→∞

E
[
dN

a1

]
E
[
dC

a1

] = lim
n→∞

(
5n2 − 2

12n
× 3n

n2 − 1

)
,

= lim
n→∞

(
5n2 − 2
4n2 − 4

)
= 1.25. (2.18)
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On average, as the network size gets large, only having network information is 25%

worse than having complete information. Figure 2.3 shows the convergence of this ratio

as the network size increases.
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Figure 2.3: Expected distance travelled of network versus complete information.

Historical Information Versus Complete Information

For historical information versus complete information, we divide Equation (2.17) by

Equation (2.9) and again take the limit as n→ ∞, giving us the result,

lim
n→∞

E
[
dH

a1

]
E
[
dC

a1

] = lim
n→∞

(
4n2 − 3n− 1

6n
× 3n

n2 − 1

)
,

= lim
n→∞

(
4n + 1
2n + 2

)
= 2. (2.19)

As the network size gets large, only having historical information will, on average,

cause the agent to travel twice the distance compared to having complete information.

Figure 2.4 shows this ratio as it converges from below. This implies that historical infor-

mation becomes worse as the network size increases.
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Figure 2.4: Expected distance travelled of historical versus complete information.

Historical Information Versus Network Information

For completeness, we do the same comparison for historical information versus network

information. We divide Equation (2.17) Equation (2.13) and take the limit as n → ∞,

resulting in

lim
n→∞

E
[
dH

a1

]
E
[
dN

a1

] = lim
n→∞

(
4n2 − 3n− 1

6n
× 12n

5n2 − 2

)
,

= lim
n→∞

(
8n2 − 6n− 2

5n2 − 2

)
= 1.6. (2.20)

On average, only having historical information is 60% worse than having network

information as the network size tends to infinity. Figure 2.5 shows this convergence oc-

curring from below, again illustrating that historical information becomes worse as the

network size increases.

We note that the magnitude of these results depend heavily upon the assumptions

that the agent’s starting location and the disruption are distributed uniformly through-

out the network. Despite this, we would still expect the rankings of performance across

information levels to remain the same for arbitrary probability distributions.
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Figure 2.5: Expected distance travelled of historical versus network information.

2.3.4 Worst Case Analysis

Alongside looking at averages, we also analyse how detrimental having incomplete in-

formation is to the distance travelled in the worst case. These results are calculated by

choosing a location for the disruption and a starting location for the agent that would re-

sult in the largest disadvantage by only having the comparison information level rather

than having complete information. We calculate the relative distances travelled in the

worst case using Equations (2.6), (2.10) and (2.14) from Section 2.3.2.

Network Information Versus Complete Information

For us to determine what the worst case scenario is for an agent with network informa-

tion versus complete information, we need to analyse the worst case in each of the four

situations identified in Equation (2.10).

(a) a1 < n
2 and a1 < k: This case represents the situation where the agent backtracks

and does not encounter the disruption. The distance travelled is exactly the same re-

gardless of whether the agent has network information or complete information. In this

scenario, the agent performs just as well with network information as with complete in-

formation. An example of this situation is shown in Figure 2.6a. Mathematically, we can
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see this by taking the ratio of distances travelled given by Equations (2.10a) and (2.6a),

dN
a1

dC
a1

=
a1

a1
= 1. (2.21)

(b) a1 ≤ n
2 and a1 > k: In this scenario, the agent backtracks and encounters the dis-

ruption. Using Equations (2.10b) and (2.6b), we can derive the relative distance travelled

for an agent in this situation,

dN
a1

dC
a1

=
a1 + n− 2k

n− a1

=
n− a1 + 2a1 − 2k

n− a1

= 1 +
2(a1 − k)

n− a1
> 1. (2.22)

Since a1 > k and n > a1 in this scenario, then 2(a1−k)
n−a1

> 0 results in a distance ratio

that is greater than 1 as seen in Equation (2.22). This means that having only network

information compared to having complete information will make our agent worse off in

this situation.

So what is the maximum value this ratio can take? We can find an upper bound to

Equation (2.22). This occurs when the distance between the agent and the disruption

is maximised and the distance between the disruption and the exit is minimised. This

scenario is achieved when a1 = n
2 and k = 1

2 . This is depicted in Figure 2.6b. Substituting

these values into Equation (2.22) and taking the limit as n→ ∞, we can derive the upper

bound in this scenario,

lim
n→∞

[
max
a1, k

(
dN

a1

dC
a1

)]
= lim

n→∞

[
max
a1, k

(
1 +

2(a1 − k)
n− a1

)]

= lim
n→∞

(
1 +

2( n
2 −

1
2 )

n− n
2

)
= 3. (2.23)

As the number of nodes in the network gets large, network information will lead to

the agent travelling, at most, three times the distance to exit as compared with having

complete information.
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(c) a1 ≥ n
2 and a1 < k: This situation is a reflection of Case (b) where the agent

attempts to exit, but encounters the disruption and must turn back. We again calculate

the ratio of distances travelled under network information versus complete information,

this time using Equations (2.10c) and (2.6a), obtaining

dN
a1

dC
a1

=
(k− a1) + k

a1

=
2(k− a1) + a1

a1

= 1 +
2(k− a1)

a1
> 1. (2.24)

Note that in this situation, the number of nodes in the network does not explicitly

affect how the two information levels compare, rather only the distance between the dis-

ruption and the agent’s starting location matter. However, the largest possible distance

between the disruption and the agent implicitly depends on the size of the network. The

larger the network, the larger this distance can be.

The upper bound to Equation (2.24) is found when the distance between the agent and

the disruption is maximised and the agent has travelled minimally through the network.

In this scenario, this occurs when a1 = n
2 and k = n− 1

2 . This is depicted in Figure 2.6c.

lim
n→∞

[
max
a1, k

(
dN

a1

dC
a1

)]
= lim

n→∞

[
max
a1, k

(
1 +

2(k− a1)

a1

)]

= lim
n→∞

(
1 +

2(n− 1
2 −

n
2 )

n
2

)
= 3. (2.25)

Due to symmetry, we arrive at the same upper bound as in Equation (2.23). Again,

as the number of nodes in the network gets large, network information will lead to the

agent travelling, at most, three times the distance as compared with having complete

information.

(d) a1 > n
2 and a1 > k: This final case corresponds to the situation where the agent

continues to travel clockwise and does not encounter the disruption. Similarly to Case

(a), the agent travels the same distance regardless of whether the agent has network in-

formation or complete information. This can be seen by taking the ratio of distances
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travelled using Equations (2.10d) and (2.6b),

dN
a1

dC
a1

=
n− a1

n− a1
= 1. (2.26)

An example of this scenario is shown in Figure 2.6d.

After analysing each of these four cases, we can see that in the worst case, network

information will cause our agent to travel three times the distance than with complete

information.
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Figure 2.6: Worst case scenarios with network information.
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Historical Information Versus Complete Information and Network Information

Since we have already compared network information with complete information in the

worst case, we can discuss our results for historical information against both complete

information and network information at the same time. We need to once again evaluate

the four possible scenarios considered in the previous section.

(a) a1 < n
2 and a1 < k: This situation is the same as in Case (a) with network in-

formation. Only having historical information rather than complete information does

not hinder the agent from evacuating efficiently. The ratio of distances travelled can be

calculated using Equations (2.14a) and (2.6a),

dH
a1

dC
a1

=
a1

a1
= 1. (2.27)

What we notice here is that if the agent has traversed no more than half the network

when the disruption occurs, then having historical information leads the agent to perform

just as well as if they had complete information or network information.

(b) a1 ≤ n
2 and a1 > k: This scenario is exactly the same as Case (b) for network

information. Using Equations (2.14b) and (2.6b), we can show that the distance ratio for

historical information versus complete information is exactly the same as Equation (2.22),

dH
a1

dC
a1

=
a1 + n− 2k

n− a1

=
n− a1 + 2a1 − 2k

n− a1

= 1 +
2(a1 − k)

n− a1
> 1. (2.28)

Once again, the further the agent is from the disruption, the more they will have to

double back, hence the worse historical information is for the agent compared with com-

plete information. The worst case arises in the same way as with network information

with a1 = n
2 and k = 1

2 , therefore we achieve the same upper bound for historical infor-

mation as in Equation (2.23).
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lim
n→∞

[
max
a1, k

(
dH

a1

dC
a1

)]
= lim

n→∞

[
max
a1, k

(
1 +

2(a1 − k)
n− a1

)]

= lim
n→∞

(
1 +

2( n
2 −

1
2 )

n− n
2

)
= 3. (2.29)

As with network information, historical information can also cause our agent to travel

up to three times further than with complete information in the worst case.

(c) a1 ≥ n
2 and a1 < k: In this scenario, the agent chooses to backtrack with historical

information which means that they will not encounter the disruption. This implies that in

this situation, the distance travelled by an agent with historical information is the same as

an agent with complete information. This gives rise to the same ratio found in Equation

(2.27).

Recall the result from Equation (2.24) in Case (c) of the previous section. An agent

with network information would travel towards the disruption initially and have to dou-

ble back. Therefore, in this scenario, having only historical information is in fact better

for the agent than having network information.

(d) a1 > n
2 and a1 > k: In this final case, an agent with historical information will

encounter the disruption and need to double back. We saw previously that an agent with

network information would choose to travel in a clockwise direction to exit. Such an

agent would therefore not encounter the disruption and only travel the same distance as

an agent with complete information.

Comparing historical information with complete information, we find the same rela-

tionship as given by Equation (2.28). The main difference between this scenario and Case

(b) is how the ratio behaves in the worst case. With historical information, the worst case

now occurs when a1 = n− 1 and k = 1
2 . The upper bound is given by

max
a1, k

(
dH

a1

dC
a1

)
= max

a1, k

(
1 +

2(a1 − k)
n− a1

)

= 1 +
2(n− 1− 1

2 )

n− n + 1

= 2(n− 1). (2.30)
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This time, the upper bound worst case factor grows linearly with the number of nodes

in the network. This worst case is unbounded in n. An agent in this situation is one step

from the exit, but doesn’t know it and thus backtracks all the way to the start, only to

discover they are blocked by the disruption. They must then traverse almost the entire

network again to reach the exit. Figure 2.7 depicts this scenario.

After comparing the upper bounds in each of the four scenarios above, we can see that

the worst case performance of historical information relative to complete information is

by a factor of twice the number of nodes in the network. Although these factors appear

to be quite detrimental, it should be noted that these worst case scenarios only occur with
1
n2 probability.
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n-3 
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Figure 2.7: Worst case scenario for historical information—Case (d).

2.3.5 Implications of Information

What we have discovered in Section 2.3 is that information matters, on average. There

are situations where having more information is worse than having less information,

however, on average, the more knowledge one has, the easier it is for them to evacuate.

In this section, we also found that complete information will always be at least as
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good as the other information levels that were examined. As the network size grows

large, network information will perform 25% worse than complete information, whilst on

average, historical information will require twice the distance to exit than with complete

information. Also, compared to network information, historical information performs,

on average, 60% worse as the network size grows large.

In our worst case analysis, we found that with network information, an agent will

take three times the distance to exit than with complete information. If an agent only

has historical information, the agent will travel 2(n − 1) times the distance than with

complete information. This factor clearly worsens linearly with the size of the network,

therefore the larger the network, the more detrimental it is for an agent with only his-

torical information in the worst case. We should note, however, that these worst case

scenarios only occur with 1
n2 probability, so despite their undesirable implications, their

occurrences are fortunately rare.

We should also reiterate that the magnitudes of our results depend heavily upon the

assumption of a uniform distribution for our agent’s initial location and the location of

the disruption. Although the size of our results are not robust to changes in the distri-

bution of these variables, the performance rankings across the information levels should

remain unchanged.

Now that we’ve ascertained that information is important, how might sharing this

information benefit the agents in our network? Section 2.4 introduces a second agent into

the network as we examine how communication between these two agents can reduce

the distance travelled to evacuate.

2.4 Communication Between Two Agents

In Section 2.3, we discussed the impact of having differing levels of information on an

agent’s efficiency in exiting a ring network with a single exit point. We found that having

more information will, on average, allow the agent to exit the network more efficiently.

Given this intuitive result, it is natural to hypothesise that the communication of new

information between agents will either reduce, or at least not adversely affect, the average
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distance to exit per agent. Therefore, this section will look at which agents can benefit

from communication and how much does increasing the communication broadcast range

help to reduce the distance to exit for these agents in a simple ring network. In the

remainder of this section, Section 2.4.1 expands on the model presented in the previous

section, Section 2.4.2 summarises the results of this section, Section 2.4.3 proves these

results and Section 2.4.4 discusses the implications of these findings.

2.4.1 Model Extensions

In this extension, we introduce a second agent into the network. For simplicity, we will

analyse historical information only in this section.7 Recall that this means that agents

will choose to retrace their steps first in the event of an emergency. If they encounter

the disruption during their backtracking, they will then turn around and double-back

in order to exit. In addition to this assumption, we will continue to assume that both

the agents are initially travelling through the network in a clockwise direction prior to

the disruption occurring, and hence will both attempt to backtrack in an anticlockwise

direction once the disruption occurs.

Let the two agents be known as “Agent 1” and “Agent 2” with Agent 1 initially lo-

cated at node a1 and Agent 2 initially located at a2. We call the agent who discovers the

disruption the “discoverer” and the other agent is known as the “receiver”. The dis-

coverer will immediately broadcast the location of the disruption upon discovery. The

broadcast range is a distance α to either side of the agent. This range of communication is

defined as “α-hop communication”. The discoverer continues to broadcast until they exit

the network. We assume that this broadcast range does not wrap around the network at

the exit node.

Given this definition of α-hop communication, this implies that when α = 0, the

agents need to meet in order to communicate. When α = n, the broadcast range is large

enough to cover the entire network such that wherever the other agent is in the network,

they become aware of the location of the disruption the instant the disruption is discov-

7Note that with complete information, communication does not benefit (nor impede) the agents since
they already have all the information required to avoid the disruption and find the quickest route to exit.
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ered. Hence the relevant range for α is α ∈ {0, 1, 2, . . . , n}.

We also introduce the concept of a “communication zone”. This is the section of the

network where communication is potentially beneficial. Similarly, we define the “non-

communication zone” to be the portion of the network where communication will not

benefit the agents. The separation of these zones depends on the information level of the

agents.

With historical information, an agent ai is in the communication zone if k < ai < n,

since any agent in this region will first backtrack towards the disruption and therefore

can potentially benefit from communication. If 0 < ai < k, then this agent is in the

non-communication zone since even if they learn of the location of the disruption, they

are already heading away from the disruption and towards the exit in the most efficient

manner possible. The additional information will not change their behaviour nor reduce

their travel distance required to exit. Figure 2.8 highlights the communication zone in

orange for agents with historical information.
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Figure 2.8: The communication zone with historical information.
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2.4.2 Key Findings

A summary of our results for two agents with communication is provided below. Sec-

tion 2.4.3 proves these results. Let dI,α
ai denote the distance travelled by Agent i for

i ∈ {1, 2}, to reach the exit given a starting location of ai ∈ {1, 2, . . . , n}, information

level I ∈ {C, N, H} and α-hop communication where α ∈ {0, 1, 2, . . . , n}. Also, for nota-

tional convenience, let gi(β) = lim
n→∞

E
[
dH,β

ai

]
E[dH

ai ]
for i ∈ {1, 2} where β = α

n and β ∈ [0, 1].

Lemma 2.6. When the locations of the agents and the disruption are randomised, the expected

distance travelled by each agent to exit the network with α-hop communication is a decreasing

function of α.

∂E
[
dH,α

ai

]
∂α

< 0, for i ∈ {1, 2}, α ∈ {0, 1, 2, . . . , n}. (2.31)

Lemma 2.7. As the network size grows to infinity and the locations of the agents and the disrup-

tion are randomised, the ratio of the expected distance travelled by each agent to exit the network

with α-hop communication versus without communication is a decreasing function of β, where

β = α
n and β ∈ [0, 1].

∂gi(β)

∂β
≤ 0, for i ∈ {1, 2}, β ∈ [0, 1]. (2.32)

Lemma 2.8. As the network size grows to infinity and the locations of the agents and the disrup-

tion are randomised, the expected distance travelled by an agent to exit the network is 6.25% less

when agents must meet to communicate compared with no communication.

gi(0) = 0.9375. (2.33)

Lemma 2.9. As the network size grows to infinity and the locations of the agents and the disrup-

tion are randomised, the expected distance travelled by an agent to exit the network is 12.5% less

when the communication broadcast range is at a maximum compared with no communication.

gi(1) = 0.8750. (2.34)
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2.4.3 Expected Distance Travelled to Exit with α-hop Communication

In this section, we will analyse the expected distance travelled to exit with historical

information and α-hop communication. We will derive our expressions from the point of

view of Agent 1. Since the agents are symmetric, all expressions derived for Agent 1 will

also hold for Agent 2. Recall that with historical information the agents will choose to

backtrack first, therefore they will initially choose to travel in an anticlockwise direction

to exit.

To incorporate the broadcast range into our notation, let dI,α
ai denote the distance trav-

elled by Agent i given information level I and the ability to use α-hop communication.

There are four possible cases to consider,

dH,α
a1

=



a1, a1 < k, (2.35a)

a1 + n− 2k, k < a1 < a2 ≤ n

or a2 < k < a1, (2.35b)

a2 + n− 2k−min {α, (a1, a2)} , k < a2 < a1 < n, (2.35c)

0, a1 = n. (2.35d)

Equation (2.35a) represents the case where Agent 1 exits without encountering the

disruption. The distance travelled in this case does not depend on the location of Agent

2. In Equation (2.35b), Agent 1 discovers the disruption before Agent 2, hence Agent

1 will need to backtrack and cannot benefit from communication (although Agent 2 will

benefit if they are in the communication zone). Equation (2.35c) represents the case where

Agent 1 can benefit from communication since Agent 2 discovers the disruption first and

can communicate this to Agent 1 before Agent 1 reaches the disruption. Finally, Equation

(2.35d) represents the case where Agent 1 is already at the exit when the disruption occurs

and hence will simply leave the network immediately. Figure 2.9 depicts examples of

these four scenarios where Agent 1 is in blue and Agent 2 is in pink.

Now that we have expressions for the distance travelled to exit in each scenario, we

can average over the locations of the two agents and the disruption in order to find an ex-

pression for the expected distance travelled to exit with α-hop communication. Again, we
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Figure 2.9: Communication will only benefit Agent 1 in (c).

will assume that the locations of the agents and the disruption are uniformly distributed.

Recall that we are deriving our expressions from the point of view of Agent 1. Since

the agents are symmetric in this problem, our expressions for Agent 1 are equivalent to

those for Agent 2. Calculating for Agent 1, we first average over a1 and a2. As in Section

2.3.2, we will let k̂ = k + 1
2 to allow our summation indices to be over integer values,

E
[
dH,α

a1
| k̂
]

=
1
n2

 n

∑
a2=1

k̂−1

∑
a1=1

a1 +
k̂−1

∑
a2=1

n−1

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))

+
n−1

∑
a2=k̂

a2

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))
+

n

∑
a2=n

n−1

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))
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+
n−2

∑
a2=k̂

n−1

∑
a1=a2+1

(
a2 + n− 2

(
k̂− 1

2

)
−min{α, (a1 − a2)}

)

+
n

∑
a2=1

n

∑
a1=n

0

]
. (2.36)

The minimum function requires some processing before it can be evaluated. This

term is only dependent upon the magnitude of the difference between a1 and a2, not

the specific starting locations of the agents. This means that we can count the number

of times each of these differences occur and deconstruct the double sum into two single

sums without using the minimum function. By using the two single sums, a piecewise

function is generated. The terms in the function are dependent upon whether or not the

broadcast range is large enough to immediately reach the receiver no matter their location

in the communication zone.

We can now rewrite Equation (2.36) as this piecewise function without the minimum

function. To reduce unnecessary terms, we have also excluded the term where Agent 1 is

at the exit and the distance travelled is zero. This gives us,

E
[
dH,α

a1
| k̂
]

=
1
n2

 n

∑
a2=1

k̂−1

∑
a1=1

a1 +
k̂−1

∑
a2=1

n−1

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))

+
n−1

∑
a2=k̂

a2

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))
+

n

∑
a2=n

n−1

∑
a1=k̂

(
a1 + n− 2

(
k̂− 1

2

))

+
n−2

∑
a2=k̂

n−1

∑
a1=a2+1

(
a2 + n− 2

(
k̂− 1

2

))

−


α

∑
i=0

i
(

n− k̂− i
)
+

n−k̂

∑
j=α+1

α
(

n− k̂− j
)

, α ≤ n− k̂

n−k̂

∑
i=0

i
(

n− k̂− i
)

, α > n− k̂

 . (2.37)

The first line of the piecewise component in Equation (2.37) refers to when the broad-

cast range is not large enough to immediately cover the entire communication zone. The

indices i and j represent the possible distances between the agents, namely (a1− a2), with
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(
n− k̂− i

)
and

(
n− k̂− j

)
representing the number of occurrences for each distance i

and j. When the broadcast range is large enough such that the receiver becomes aware

of the disruption immediately as it is discovered, i.e. α ≥ (a1 − a2), the receiver will save

a distance of (a1 − a2), which is given by i. This is seen through the first term in the first

line of the piecewise component. When the broadcast range is not large enough for the

receiver to be immediately aware of the disruption as it is discovered, then the distance

the receiver saves is only equal to α. This is represented by the second term in the first

line of the piecewise component. The second part of the piecewise component represents

the case where the broadcast range is larger than the communication zone. In this situa-

tion, the receiver will always be immediately aware of the disruption as it is discovered

and hence will save a distance of (a1 − a2), which again is given by i.

We can now average over the location of the disruption to get an expression for the

expected distance travelled to exit as a function of n and α. Rearranging the conditions

in the piecewise function to give k̂ ≤ n− α and k̂ > n− α, respectively, we use these as

the bounds on our summation indices when averaging over k̂,

E
[
dH,α

a1

]
=

n−α

∑
k̂=1

E
[
dH,α

a1
| k̂ ≤ n− α

]
+

n

∑
k̂=n−α−1

E
[
dH,α

a1
| k̂ > n− α

]
=

α4 − 4α3n + 2α3 + 6α2n2 − 6α2n− α2 − 4αn3

24n3

+
6αn2 + 2αn− 2α + 15n4 − 10n3 − 3n2 − 2n

24n3 . (2.38)

We can analyse how the broadcast range affects the expected distance travelled by

partially differentiating Equation (2.38) with respect to α,

∂E
[
dH,α

a1

]
∂α

= −
[
(2(n− α) + 1)

(
(n− α)2 − (n− α)− 1

)
12n3

]
< 0, for α < (n− 1). (2.39)

As we would expect, the average distance travelled per agent decreases as the broad-

cast range increases. We can see this from Equation (2.39). Given that α ∈ {0, 1, . . . , n},

we know that (n − α) ≥ 0. Equation (2.39) is negative as long as (n − α) > 1. This

condition can be better expressed as a restriction on the size of the broadcast range, i.e.
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α < (n− 1). For α ≥ (n− 1), the derivative with respect to α is no longer strictly negative.

Increasing the broadcast range from α = (n − 1) to α = n does not affect the expected

distance travelled. This can be seen by substituting α = (n− 1) and α = n into Equation

(2.38) and noting that they give the same result. Intuitively, this is because a broadcast

range of (n − 1) is no worse than a broadcast range of n. Any agent not immediately

covered by a broadcast range of (n− 1) must either be in the non-communication zone

and hence would not benefit from communication anyway or at node n, in which case,

the agent would simply exit.

Now that we have an expression for the expected distance travelled per agent, we

can compare our results by taking the ratio of the expected distance travelled with α-hop

communication on the expected distance travelled without any communication,

E
[
dH,α

a1

]
E
[
dH

a1

] =
α4 − 4α3n + 2α3 + 6α2n2 − 6α2n− α2 − 4αn3

4n2(4n + 1)(n− 1)

+
6αn2 + 2αn− 2α + 15n4 − 10n3 − 3n2 − 2n

4n2(4n + 1)(n− 1)
. (2.40)

For more insight into this expression, we can also observe the behaviour of Equation

(2.40) as the network size gets large. To do this, we need to consider the broadcast range

as a proportion of n. If we simply use the absolute value of α, then as n approaches in-

finity, the effect of α will become negligible and our results will approach those achieved

when α = 0.8 Let β = α
n for 0 ≤ α ≤ n9 and rewrite Equation (2.40) in terms of β,

E
[
dH,β

a1

]
E
[
dH

a1

] =
(βn)4 − 4n(βn)3 + 2(βn)3 + 6n2(βn)2 − 6n(βn)2 − (βn)2 − 4n3(βn)

4n2(4n + 1)(n− 1)

+
6n2(βn) + 2n(βn)− 2(βn) + 15n4 − 10n3 − 3n2 − 2n

4n2(4n + 1)(n− 1)

=
β4n4 − 4β3n4 + 2β3n3 + 6β2n4 − 6β2n3 − β2n2 − 4βn4

4n2(4n + 1)(n− 1)

+
6βn3 + 2βn2 − 2βn + 15n4 − 10n3 − 3n2 − 2n

4n2(4n + 1)(n− 1)
. (2.41)

8Remember that for α = 0, agents are still able to communicate, but they must meet in order to do so.
9Note that the actual proportion of the network that is covered by the broadcast range is at most 2α

n , not
α
n , since the communication range of α exists on both sides of the broadcasting agent.
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We can now take the limit as n→ ∞,

lim
n→∞

E
[
dH,β

a1

]
E
[
dH

a1

] =
15− 4β + 6β2 − 4β3 + β4

16
. (2.42)

For notational convenience, let gi(β) = lim
n→∞

E
[
dH,β

ai

]
E[dH

ai ]
. Partially differentiating Equation

(2.42) with respect to β, we find,

∂g1(β)

∂β
=

(β− 1)3

4
≤ 0, for β ∈ [0, 1]. (2.43)

Unsurprisingly, (2.43) shows that as the broadcast range increases as a proportion of

the network size, the ratio of the expected distance travelled with α-hop communication

on the expected distance travelled without communication decreases. This implies that

as the broadcast range increases as a proportion of the network size, communication

becomes more valuable. This relationship can be clearly seen in Figure 2.10.
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Figure 2.10: α-hop communication versus no communication as β increases.

Plugging β = 0 into Equation (2.42), we find that when the agents must meet in order

to communicate, an agent with communication will, on average, travel 6.75% less than

an agent without communication. When β = 1 and communication is guaranteed imme-
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diately, then communication reduces the average distance travelled by 12.5% compared

with when communication is unavailable.

2.4.4 Implications of Communication

In summary, communication matters. We have shown in Section 2.4 that by allowing two

agents to communicate, we can reduce the expected distance travelled by each agent to

exit the network. Also, by increasing the broadcast range, we can improve the effective-

ness of communication and thus further reduce the expected distance travelled to exit.

We saw that having to meet before communicating reduced the expected distance

travelled to exit by 6.25% compared with when communication was unavailable. We also

found that when the broadcast range was expanded to its maximum, the agents reduced

their expected distance travelled by 12.5% compared with when they were not able to

communicate. Note that again, the magnitude of these results are highly dependent upon

our assumption that the agents and the disruption are uniformly distributed around our

network, but the implication that communication is beneficial remains.

From this two-agent problem, a new question naturally arises: what happens when

there are many agents in the network? How does the effectiveness of communication

change as we increase the number of agents in the network? Section 2.5 explores this

new variable and provides us with some results and insights.

2.5 Generalisation to Many Agents

In Section 2.4, we analysed how communication affected two agents in our network and

found that it reduced the expected distance travelled to exit for each of our agents. Now

consider what would happen if we had many agents in the network. We will show in

this section that the denser the spread of agents is throughout the network, the more

effectively communication propagates. This allows for further reductions in the expected

distance travelled per agent as the number of agents in the network increases.
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2.5.1 Model Extensions

As we increase the number of agents in the model, the combinations to consider under

a discrete system becomes increasingly unwieldy. Therefore, when analysing communi-

cation outcomes with m agents for m ≥ 3, we alter our model to consider an interval of

unit length on [0, 1] with agents distributed based on a Poisson process with arrival rate

λ. The exit is now simultaneously located at 0 and 1 and agents are assumed to enter

the interval at position 0 and initially travel from left to right at a constant pace. This

process continues until the disruption occurs, after which arrivals cease. In addition to

this process, we also assume that communication is propagated instantaneously; that is,

any agent within the range of a broadcasting agent will automatically begin to broadcast

the information themselves without delay.

A useful property of the Poisson process is that it maintains the uniform distribu-

tion of agents around the network allowing us to maintain some consistency to compare

results across our models. The Poisson process’s memorylessness property is also con-

venient for dealing with the two zones of communication as independent intervals. The

significance of this feature will be discussed further in Section 2.5.3.

We begin our analysis from the time the disruption occurs. At this point, Agent i

is located on the interval at ai ∈ [0, 1] for all i ∈ {1, 2, . . . , m} and has access to α-hop

communication for α ∈ [0, 1]. The disruption also sits on this interval, but is assumed not

to be at the exit. It is located at k ∈ (0, 1). Let there be mC agents in the communication

zone and mNC agents in the non-communication zone such that mC + mNC = m. Again

for simplicity, we will only consider historical information in this section.

0 k 1 

communication zone 

E X E 

non-communication zone 

Figure 2.11: An interval representation with historical information.

Figure 2.11 shows a graphical representation of the model in its interval form. Moving

from left to right is the equivalent of travelling clockwise around the previous network.
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If the agents have historical information, they will attempt to exit by initially travelling

to the left. For any agent i located at ai ∈ (k, 1), they would ordinarily encounter the

disruption and be forced to backtrack if communication was unavailable. Since com-

munication can potentially benefit these agents, the communication zone is given by the

interval (k, 1] and the non-communication zone is the remaining interval [0, k).

2.5.2 Key Findings

Provided below is a summary of our results when there are m agents with communication

in the system. These results are proven in Sections 2.5.3–2.5.4. Let dI,α
ai ,m be the distance

travelled by Agent i for i ∈ {1, 2, . . . , m} to reach the exit given a starting location of

ai ∈ [0, 1], information level I ∈ {C, N, H}, a broadcast range of α ∈ [0, 1], mC agents in

the communication zone and mNC agents in the non-communication zone, where m =

mC + mNC. Let Ê
[
dI,α

ai ,m

]
denote the approximated expected distance travelled by Agent

i to reach the exit given α-hop communication and an intensity rate of λ.

Lemma 2.10. When the locations of the agents and the disruption and the number of agents in

the system are randomised, the approximate expected distance travelled by each agent to exit with

α-hop communication is a decreasing function of α, given an intensity rate of λ.

∂Ê
[
dH,α

ai ,m

]
∂α

< 0, for i ∈ {1, 2, . . . , m}, α ∈ [0, 1], λ ≥ 1. (2.44)

Lemma 2.11. When the locations of the agents and the disruption and the number of agents in

the system are randomised, the approximate expected distance travelled by each agent to exit with

α-hop communication is a decreasing function of λ, given an intensity rate of λ.

∂Ê
[
dH,α

ai ,m

]
∂λ

< 0, for i ∈ {1, 2, . . . , m}, α ∈ [0, 1], λ ≥ 1. (2.45)

Lemma 2.12. When the locations of the agents and the disruption and the number of agents in

the system are randomised and λ = 10, the expected distance travelled by an agent to exit is
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23.2% less when agents must meet to communicate compared with full broadcast range coverage.

Ê
[
dH,1

ai ,m

]∣∣∣
λ=10

Ê
[
dH,0

ai ,m

]∣∣∣
λ=10

= 0.768, for i ∈ {1, 2, . . . , m}. (2.46)

Lemma 2.13. When the locations of the agents and the disruption and the number of agents in

the system are randomised and α = 0.2, the expected distance travelled by an agent to exit is

46.8% less when λ = 1 compared with λ→ ∞.

lim
λ→∞

Ê
[
dH,0.2

ai ,m

]
Ê
[
dH,0.2

ai ,m

]∣∣∣
λ=1

= 0.532, for i ∈ {1, 2, . . . , m}. (2.47)

2.5.3 Expected Distance Travelled for m Agents

To calculate the expected distance travelled for an agent to exit the system, we first need

to find expressions for the expected total distance travelled by all agents, given the loca-

tion of the disruption k and there being m agents in the system. We start by decomposing

our interval into its communication and non-communication zones. We then work out

expressions for the expected total distance travelled in each zone conditional on k, mC

and mNC, where mC is the number of agents in the communication zone and mNC is the

number of agents in the non-communication zone. We are able to treat these zones sepa-

rately due to the memorylessness of the Poisson process.

Non-Communication Zone

Firstly consider the non-communication zone and let DH,α
mNC be the total distance travelled

by all the mNC agents in the zone given historical information, a broadcast range of α

and an intensity rate of λ. Since communication does not play a part in this zone and

the agents are identical and independent, the total expected distance travelled by the

agents is equivalent to the expected distance travelled by a single agent multiplied by the
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number of agents in the zone. This results in the following expression,

E
[

DH,α
mNC
| k, mNC

]
= mNC

∫ k

0

1
k

a da

=
mNC × k

2
. (2.48)

In Equation (2.48), a is the location of a representative agent when the disruption oc-

curs such that 0 < a < k. It also represents the distance travelled by this agent to reach

the exit given that with historical information, the agent will simply backtrack without

encountering the disruption. Since our agents are distributed along the interval accord-

ing to a Poisson process, each agent’s location is uniformly distributed in our system and

by extension, on the interval of the non-communication zone, [0, k). Therefore, when av-

eraging over a, we weight the integral by one on the length of the non-communication

zone, i.e. 1
k .

Communication Zone

To calculate the total expected distance travelled by agents in the communication zone,

let DH,α
mC be the total distance travelled by all the mC agents in the zone given histori-

cal information and a broadcast range of α. We need to consider the behaviour of the

agent closest to the disruption separately, since they will become the discoverer of the

disruption and communication will not benefit them. We separate our expression into

the expected distance travelled when there is one agent in this zone versus when there

are multiple,

E
[

DH,α
mC
| k, mC

]
=

E
[

DH,α
mC
| k, mC = 1

]
, mC = 1, (2.49a)

E
[

DH,α
mC
| k, mC > 1

]
, mC > 1. (2.49b)

Expanding Equation (2.49a), we average over the possible locations for a single agent

in the communication zone to calculate the expected distance travelled by that agent,

E
[

DH,α
mC
| k, mC = 1

]
=
∫ 1

k

1
1− k

[(a− k) + (1− k)] da
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=
3(1− k)

2
. (2.50)

Equation (2.50) simply says that if there is only one agent in the communication zone

who is located at position a in the network, where k < a < 1, then this agent will travel a

distance of (a− k) to the disruption, then have to double back a distance of (1− k), hence

travelling a total distance of (a− k) + (1− k). This total distance is then averaged over

the possible locations of a in the communication zone and weighted by the length of the

zone, i.e. 1
1−k .

We can similarly deconstruct Equation (2.49b) to calculate the expected distance trav-

elled when there is more than one agent in the communication zone,

E
[

DH,α
mC
| k, mC > 1

]
=
∫ 1

k
E
[

DH,α
mC
| k, mC > 1, y

]
fY(y) dy

=
∫ 1

k
E
[

DH,α
mC
| k, mC > 1, y

] mC (1− y)mC−1

(1− k)mC
dy. (2.51)

where y represents the location of the discoverer and fY(y) is the probability den-

sity function for the minimum order statistic with mC observations and uniformly dis-

tributed, independent random variables.

We can expand the expectation in Equation (2.51) into the distance travelled to the exit

by the discoverer, i.e. (y− k) + (1− k), and the total distance travelled by the receivers.

To do this, we need to analyse the behaviour of the receivers.

E X 
y z1 z2 z3 z4 z5 

k 1 
α α 

α 
α 

α 
α v1 v2 v3 

Figure 2.12: Vacancy representation of agents in the communication zone.

Figure 2.12 shows an example set up of agents in the communication zone. We have

the discoverer at location y and receivers at locations z1 through to z5. Each agent has

a broadcast range of α to either side. With historical information, only the broadcast

range to the right of each agent will affect uninformed agents, therefore only the effective
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half is depicted. The gaps between agents and their effective broadcast ranges are called

vacancies, shown as v1, v2 and v3.

Let V
(
zi, zj

)
be the vacancy between two agents i and j located at zi and zj, respec-

tively. Consider two adjacent agents located at zi and zi+1. If the distance between these

two agents is less than or equal to α, then the vacancy between them is zero, otherwise

the vacancy is equal to zi+1 − (zi + α), that is,

V (zi, zi+1) =

 zi+1 − (zi + α), if (zi+1 − zi) > α,

0, otherwise.
(2.52)

For two non-adjacent agents zi and zj where i < (j− 1) and i, j ∈ {1, 2, . . . , (mC − 1)},

V
(
zi, zj

)
is equal to the sum of the vacancies between them, which can be expressed as

V(zi, zj) =
j−1

∑
=i
V(zp, zp+1), for i, j ∈ {1, 2, . . . , (mC − 1)}. (2.53)

As an example, the total vacancy between the discoverer and, say, the third receiver

in Figure 2.12 would be V(y, z3) = v1 + v2.

It turns out that the distance travelled for each receiver depends only on their initial

location, the time it takes for the discoverer to find the disruption and the total vacancy

between themselves and the discoverer. The expression for the distance travelled to exit

by a receiver located at zi is

dH,α
zi

= 2(y− k) + (1− zi) + V (y, zi) , (2.54)

where y is the location of the discoverer when the disruption occurs, k is the location of

the disruption, zi is the location of the ith receiver when the disruption occurs and V (y, zi)

is the size of the vacancy between the discoverer and Receiver i.

The receiver initially travels y− k units to the left at which point the discoverer en-

counters the disruption. If there is a vacancy of size v1 between the discoverer and the

first receiver, the two agents must travel a distance of 1
2 v1 towards each other for the first

receiver to be within the discoverer’s broadcast range. Receiver 1 will then start travel-
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ling to the right whilst broadcasting the newfound information. By induction, Receiver

i will hear of the disruption after travelling a distance of 1
2V (y, zi) to the left from the

time the disruption is discovered, where V (y, zi) is the sum of all vacancies between the

discoverer and Receiver i. Receiver i now turns around and travels rightwards a distance

of 1
2V (y, zi) + (y − k) to return to their starting position at zi. They must then travel a

further 1− zi to reach the exit.

Due to the nature of the Poisson process, we can calculate the expected vacancies

over any interval. This means we can simply consider the expected distance travelled for

a random receiver in the communication zone rather than each receiver individually. Let

z denote the location of this representative receiver such that y ≤ z < 1. We multiply this

expected distance travelled by the number of receivers in this zone, i.e. (mC − 1), for the

total expected distance travelled by receivers. By doing this, we arrive at the following

expression,

E
[

DH,α
mC
| k, mC > 1, y

]
= (y− k) + (1− k) + (mC − 1) E

[
DH,α

mC
| k, mC ≥ 2, y

]
= (y− k) + (1− k) + (mC − 1)

∫ 1

y
(2(y− k) + (1− z) + E [V(y, z) | z]) fZ(z) dz

= (y− k) + (1− k) + (mC − 1)
∫ 1

y

(
2(y− k) + (1− z) + (z− y) e−αλ

) 1
1− y

dz

= (y− k) + (1− k) +
(mC − 1)

2

[
3y− 4k + e−αλ(1− y) + 1

]
. (2.55)

The distribution of z is uniform due to the agents being distributed according to a

Poisson process, therefore fZ(z) = 1
1−y . The derivation of E [V(y, z)] = (z− y) e−αλ for

a given Poisson process with an intensity rate of λ and a coverage length of α over the

interval [y, z] is explained in Hall [330, Chapter 3].

Substituting (2.55) into (2.51), we can now average over all possible locations of the

discoverer, which results in the following expression,

E
[

DH,α
mC
| k, mC > 1

]
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=
∫ 1

k

[
(y− k) + (1− k) +

(mC − 1)
2

[
3y− 4k + e−αλ(1− y) + 1

]] mC (1− y)mC−1

(1− k)mC
dy

=
mC(1− k)

[
e−αλ (mC − 1) + mC + 5

]
2 (mC + 1)

. (2.56)

Combining Both Zones

We now have expressions for the total expected distance travelled by agents in each zone.

To calculate the expected distance travelled per agent, we average over the number of

agents in each zone, conditioning on there being at least one agent in the system. Since

the agents are assumed to be distributed uniformly over the interval and are therefore

symmetric, each agent will have the same expression for the expected distance travelled,

which is given by

E
[
dH,α

ai ,m | k, m ≥ 1
]

, ∀ i ∈ {1, 2, . . . , m}

=
1

P(m ≥ 1)

 ∞

∑
mNC=1

P(MC = 0)P(MNC = mNC)

E
[

DH,α
mNC | k, mNC

]
mNC


+

∞

∑
mNC=0

P(MC = 1)P(MNC = mNC)

E
[

DH,α
mC | k, mC = 1

]
+ E

[
DH,α

mNC | k, mNC

]
1 + mNC


+

∞

∑
mC=2

∞

∑
mNC=0

P(MC = mC)P(MNC = mNC)

E
[

DH,α
mC | k, mC > 1

]
+ E

[
DH,α

mNC | k, mNC

]
mC + mNC

 .

(2.57)

The memorylessness property of the Poisson process gives rise to the independent

increments property which states that the probability that n events occur over an interval

of length t is independent of the probability that m events occur over another interval

of length s, provided that the intervals do not overlap [331, Chapter 2]. Therefore, the

probabilities of there being mNC agents in the non-communication zone and mC agents

in the communication zone are given by

P (MNC = mNC) =
(kλ)mNC e−kλ

mNC!
and (2.58)

P (MC = mC) =
[(1− k)λ]mC e−(1−k)λ

mC!
, (2.59)
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respectively, where λ is the arrival rate of the Poisson process. A derivation of this ex-

pression can be found in Hall [330, p. 82]. Due to the independence of these two zones,

when averaging over the number of agents in Equation (2.57), we can simply multiply

the probabilities of there being mC agents in the communication zone and mNC agents in

the non-communication zone.

Also due to the Poisson distribution, we can condition on there being at least one

agent in the system by dividing by P(m ≥ 1), where m = mC + mNC. This probability is

given in Equation (2.60) for when the interval length is equal to 1.

P(m ≥ 1) = 1− P(MC = 0)P(MNC = 0)

= 1− e−λ, for t = 1, (2.60)

where t is the interval length.

Equation (2.57) can be evaluated analytically by substituting in Equations (2.48), (2.50)

and (2.56) along with the probabilities provided in Equations (2.58) and (2.59). Unfortu-

nately this result is ungainly and difficult to interpret. This also restricts our ability to

average over the location of the disruption. We will instead depict the result using plots

as α and λ vary for a given interval size and disruption location.
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Figure 2.13: Expected distance to exit per agent varying α when k = 0.5 and λ = 10.

In Figures 2.13 and 2.14, the interval size is fixed to n = 1 with the disruption located

in the middle of the interval at k = 0.5. In Figure 2.13, we fix λ = 10 and show that as α
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increases, the expected distance travelled decreases, but at a decreasing rate. This result

is similar to what we found in Section 2.4. Intuitively, as the broadcast range increases,

agents learn of the disruption sooner and hence can travel a shorter distance to exit.

In reality, it might be costly to increase or maintain a large broadcast range, whether

this is across space or time. Further work could involve modelling a trade-off between

a larger broadcast range or lengthier broadcast duration and, say, a shorter battery life.

By maintaining a large broadcast range, one could envisage a heavier drain on our com-

munication device and if it failed, could lead to an increase in the distance travelled to

exit. This might generate a U-shaped curve for the expected distance travelled as α in-

creases, which would imply that there is potentially an “optimal” broadcast policy which

specifies different ranges as time elapses.
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Figure 2.14: Expected distance to exit per agent varying λ when k = 0.5 and α = 0.2.

In Figure 2.14, we fix α = 0.2 and show that the expected distance travelled per agent

drops as the intensity rate of the Poisson process increases. That is, as the average number

of agents in the system increases at the time the disruption occurs, the expected distance

travelled per agent to escape decreases. The intuition behind this result lies in the way

agent communication is modelled here. The denser the agents, the easier communication

is propagated as agents are likely to be closer to each other and therefore are able to pass

on information sooner, allowing agents to determine the direction of the exit earlier.

Obviously it seems unrealistic to suggest that the more people there are in a confined
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space, the quicker it is for each of them to get out. One could imagine adding congestion

to this model which would have a counteracting effect on escape time as the number of

agents in the system increased. This could again lead to a U-shaped curve as we increase

λ, thus allowing us to find an “optimal” allowable flow rate of people into the system.

2.5.4 Approximation for the Expected Distance Travelled

We saw in the previous section that although an analytic result could be found for the

expected distance travelled per agent, the equation was unwieldy and difficult to analyse.

In this section, we will provide an approximation to Equation (2.57) which will allow us

to display a more manageable result, average over the location of the disruption and

draw further conclusions regarding our agents. This approximation involves taking the

total expected distance travelled by all agents and dividing it by the expected number of

agents in the system as the disruption occurs.

We first need to calculate the total expected distance travelled by all agents in the

system. Due to the independence of the two communication zones, we can average over

each subinterval separately. This is shown in Equation (2.61).

E
[

DH,α
m | k

]
=

∞

∑
mC=0

∞

∑
mNC=0

P(MC = mC)P(MNC = mNC)
(

E
[

DH,α
mC
| k, mC

]
+ E

[
DH,α

mNC
| k, mNC

])
=

∞

∑
mC=0

P(MC = mC)E
[

DH,α
mC
| k, mC

] ∞

∑
mNC=0

P(MNC = mNC)

+
∞

∑
mC=0

P(MC = mC)
∞

∑
mNC=0

P(MNC = mNC)E
[

DH,α
mNC
| k, mNC

]
=

∞

∑
mC=0

P(MC = mC)E
[

DH,α
mC
| k, mC

]
+

∞

∑
mNC=0

P(MNC = mNC)E
[

DH,α
mNC
| k, mNC

]
= E

[
DH,α

mC
| k
]
+ E

[
DH,α

mNC
| k
]

. (2.61)

Using Equations (2.48) and (2.58), we can average over the number of agents in the
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zone to calculate the total expected distance travelled by all agents in this region,

E
[

DH,α
mNC
| k
]
=

∞

∑
mNC=0

P (MNC = mNC)E
[

DH,α
mNC
| k, mNC

]
=

∞

∑
mNC=0

(kλ)mNC e−kλ

mNC!
× mNC × k

2

=
λk2

2
. (2.62)

Similarly, we can use Equations (2.50), (2.56) and (2.59) to find the total expected dis-

tance travelled by agents in the communication zone,

E
[

DH,α
mC
| k
]

= P(MC = 1)E
[

DH,α
mC
| k, mC = 1

]
+

∞

∑
mC=2

P(MC = mC)E
[

DH,α
mC
| k, mC > 1

]
= kλe−kλ × 3(1− k)

2
+

∞

∑
mC=2

(kλ)mC e−kλ

mC!
×

mC(1− k)
[
e−αλ (mC − 1) + mC + 5

]
2 (mC + 1)

=
4e−(1−k)λ − 2e−(1−k+α)λ + e−αλ

[
λ2(1− k)2 − 2λ(1− k) + 2

]
2λ

+
λ2(1− k)2 + 4λ(1− k)− 4

2λ
. (2.63)

Let Ê
[
dH,α

ai ,m | k
]

for i ∈ {1, 2, . . . m} be the approximated expected distance travelled for

Agent i when there are m agents in the system with α-hop communication and historical

information. We can calculate this result by substituting (2.62) and (2.63) into (2.61) and

dividing by the expected number of agents on the interval. The expected number of

agents along an interval of unit length given a Poisson distribution with intensity rate λ

is simply λ. The resulting expression is

Ê
[
dH,α

ai ,m | k
]

, ∀ i ∈ {1, 2, . . . , m}

=
1
λ

E
[

DH,α
m | k

]
=

1
λ

(
E
[

DH,α
mC
| k
]
+ E

[
DH,α

mNC
| k
])

=
4e−(1−k)λ − 2e−(1−k+α)λ + e−αλ

[
λ2(1− k)2 − 2λ(1− k) + 2

]
2λ2
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+
λ2(2k2 − 2k + 1) + 4λ(1− k)− 4

2λ2 . (2.64)

Figures 2.15 and 2.16 show the graphs of the approximated results overlaid on top

of the actual results. We again fix n = 1 and k = 0.5 and set α = 0.2 when varying

λ and λ = 10 when varying α. Figures 2.17 and 2.18 show the percentage error of the

approximation from the actual results.
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Figure 2.15: Approximate v. actual expected distance travelled per agent as α increases.
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Figure 2.16: Approximate v. actual expected distance travelled per agent as λ increases.

As α increases, the percentage error also increases, but at a decreasing rate and tapers

off at just over 2.0%. As λ increases, the percentage error initially increases, but then
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Figure 2.17: Percentage error as α increases.
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Figure 2.18: Percentage error as λ increases.

sharply declines and approaches zero. The peak occurs at just under 3.5% for our given

parameters. We argue that these percentage errors are small enough to use the approx-

imation as a more concise and tractable formulation for describing the behaviour of m

agents with communication.

With this approximation, we can average over all possible locations of the disrup-

tion using Equation (2.64). Again, the location of the disruption is assumed to be uni-

formly distributed over the interval, therefore the probability density function is given
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by fK(k) = 1. From our calculations, we arrive at the expression,

Ê
[
dH,α

ai ,m

]
=
∫ 1

0
Ê
[
dH,α

ai ,m | k
]

fK(k) dk, ∀ i ∈ {1, 2, . . . , m}

=
1

6λ3

[
λ3
(

2 + e−αλ
)
+ 3

(
2− e−αλ

) (
λ2 − 2λ + 2

)
+ 6e−(1+α)λ − 12e−λ

]
.

(2.65)
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Figure 2.19: Approximate expected distance to exit per agent varying α when λ = 10.
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Figure 2.20: Approximate expected distance to exit per agent varying λ when α = 0.2.

Figures 2.19 and 2.20 show the behaviour of the approximated expected distance trav-

elled per agent after averaging over the possible locations of the disruption. These figures

are consistent with the behaviour seen previously with the expected travel distance de-
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creasing as α and λ increase.

From our approximated values, when we fix λ = 10 and set α = 0, an agent will on

average, travel a distance of 0.541 units to exit an interval of unit length. If we increase

the broadcast range to cover the whole network, i.e. α = 1, then an agent will, on average,

travel 0.415 units to exit. This is a reduction in distance travelled of 23.2%.

Similarly, we can see that when α = 0.2 and λ = 1, an agent will, on average, travel

a distance of 0.626 units to exit an interval of unit length. Notice the decreasing rate of

improvement in Figure 2.20. Improvements from having more agents in the system are

bounded. Once the system is saturated, all agents will know of the disruption’s location

the moment an agent encounters it and hence there are no further benefits from increasing

the number of agents in the system. We can see this from the asymptotic behaviour as λ

increases. By taking the limit of Equation (2.65) as λ→ ∞, we can show that at saturation,

an agent will travel on average, 0.333 units to exit. This is an improvement of 46.8%.

lim
λ→∞

Ê
[
dH,α

ai ,m

]
= lim

λ→∞

1
6λ3

[
λ3
(

2 + e−αλ
)
+ 3

(
2− e−αλ

) (
λ2 − 2λ + 2

)
+ 6e−(1+α)λ − 12e−λ

]
=

1
3

. (2.66)

2.5.5 Implications for m Agents

We have seen in Section 2.5 the effect of increasing the number of agents in the system

on their ability to escape in the event of an emergency. As the density of agents in the

system increases, the easier it becomes for communication to propagate. The increased

effectiveness in the flow of communication in turn reduces the distance travelled for the

average agent to exit.

As in Section 2.4, we found reductions in the expected distance travelled as the broad-

cast range increased, but again at a decreasing rate. For a fixed intensity rate of λ = 10,

we found that increasing the broadcast range from α = 0 to 1 reduced the expected dis-

tance travelled by 23.2%. The majority of these reductions occurred between α = 0 and

0.2, after which the benefits from communication diminished significantly.
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For a fixed broadcast range of α = 0.2 along an interval of unit length, we found

that increasing the intensity rate from λ = 1 to infinity reduced the expected distance

travelled by 46.8%. The rate of this reduction also falls rapidly as λ increases and most of

the gains occurred between λ = 1 and 20.

We also discussed that it is unrealistic to assume that this behaviour would persist

indefinitely as we increased the flow of agents into the network. At some point, conges-

tion would play a role in reducing the agents’ ability to exit. Congestion however, was

not modelled here and is a natural direction in which to pursue further work. Chapters 3

and 4 introduce congestion and look at its effects on evacuation decisions and outcomes.

2.6 Conclusions and Further Work

In this chapter, we introduced a simple model of information and communication in the

event of an emergency. We have investigated the importance of information and some

factors that impact the effectiveness of communication using analytical results.

This research has shown that different levels of information can impact an agent’s

ability to escape an emergency situation. Unsurprisingly, the more information an agent

has regarding their surroundings and the disruption, the easier it is for the agent to find

the optimal path to exit the system.

Given that information matters, it is natural to ask: what if we can pass this informa-

tion on? We found that communication between agents could further reduce the distance

travelled to exit. Agents were able to broadcast the location of the disruption once they

discovered it so other agents did not need to discover the disruption themselves to deter-

mine the best direction to exit.

We also found that the average distance travelled decreased as the available broadcast

range increased. This is intuitive, since the larger the communication range, the sooner

other agents will hear about new information, saving them from potentially wasting time

by travelling in the wrong direction. In reality, increasing or maintaining the size of the

broadcast range can be costly and further work could be done on modelling the trade-off

between the range or duration of the broadcast and its cost, e.g. limited battery life on
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the communication device. This could lead to an “optimal” broadcast policy that could

be employed.

We also explored the effect of having many agents in the system on the effectiveness

of communication. We found that the denser the agents were in the system, the easier it

was for information to propagate and hence allowed the agents to exit more efficiently.

Again, this continued improvement as we pack more agents into the system seems un-

realistic. As further work, congestion and panic can be introduced into the model to

counteract the benefits of communication propagation, which could suggest there might

be an “optimal” number of agents to be allowed in the system at any one time. This has

implications for setting capacity restrictions in buildings and population limits in natural

disaster prone communities.

The ring model developed in this chapter is obviously simplistic and could be ex-

tended to a larger, more connected network with multiple exits and dynamic disruptions.

Despite its simplicity, many high-rise buildings and store layouts have been known to

mimic this ring design with a single exit, albeit with a layered approach for each storey.

This research has shown that information can be invaluable in helping agents escape

in an emergency situation. Increasing the ability to communicate and facilitating the

propagation of information can also increase the chances of survival. Mobile apps that

improve localised communication in the event of centralised communication failure are

one way of achieving this. This work highlights the importance of assessing the technol-

ogy available today and ensuring we are making the most of the capabilities on offer in

order to maximise evacuation success and minimise the risk to individuals due to a lack

of information.



Chapter 3

A Bottleneck Model of Departure Time
Decisions

IN the previous chapter, we explored the role of information in helping agents evac-

uate in an emergency. We found that, in general, having more information would

reduce the amount of time taken to exit the network. We also analysed how communica-

tion was able to propagate this information to facilitate more efficient decision-making,

helping our agents to exit the network in a more timely manner.

The next effect to consider is that of congestion in emergency evacuations. In this

chapter, we explore departure time decisions, an evacuation problem where evacuees

must decide when to begin evacuation. They balance the need to evacuate in a timely

manner against the desire to have more time to prepare their home’s defences. We in-

corporate congestion into our evacuees’ decision-making by using a model known as the

bottleneck model. This area of agent behaviour and equilibrium features frequently in

economics and is often discussed in the context of peak hour traffic management. These

notions are easily extensible to emergency evacuation situations.

We discuss and extend the work of existing models by Vickrey [318], Henderson [319],

Hendrickson and Kocur [320] and Mahmassani and Herman [321], so that we better rep-

resent the reality of departure time decisions and their outcomes. Our results show that

i. self-interested behaviour does not necessarily lead to socially optimal outcomes,

ii. individuals’ departure time behaviour hinges heavily on the relative costs of travel

versus schedule delay (i.e. evacuating either late or early),

iii. permitting lateness causes agents to delay evacuation, however this reduces overall

77
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costs due to increased flexibility,

iv. higher relative early evacuation penalties can lead to more congestion, thus increas-

ing the cost of evacuation, and

v. it is the relative costs of travel versus schedule delay that drives the overall evacu-

ation cost, not necessarily the absolute per unit penalties.

3.1 Background

In this section, we discuss the existing literature and the shortcomings of the models

introduced by the authors above. We then highlight our additions to the literature and

summarise the structure of the rest of this chapter.

Following this review, Section 3.1.2 provides some background on game theory and

the concept of Nash equilibria before we launch into discussion of the models.

3.1.1 Related Works

The bottleneck model of congestion involves a short segment of road in which a bottle-

neck forms. We consider different congestion mechanisms and compare the Nash equi-

librium outcome with the social optimum.10 This problem was first posed by Vickrey

[318] in 1969. His seminal paper used a queuing mechanism to model congestion. The

bottleneck exhibited a constant service rate and if the arrival rate of vehicles to the bot-

tleneck exceeded this service rate, a queue formed. Vickrey also performed a cost-benefit

analysis on the value of different modes of investment in relieving congestion. He noted

that increasing the capacity at the bottleneck without the appropriate pricing scheme, for

example by applying tolls, might not reduce congestion, but rather divert traffic from

alternative routes to the bottleneck, thus increasing the queuing time back to the level

prior to expanding the capacity. This is an example of the Pigou-Knight-Downs Paradox

discovered by Downs [332]. Other paradoxes where an increase in capacity can in fact

lead to an increase in travel time for all commuters include the Downs-Thomson Paradox
10For an introduction to game theory and the concept of Nash equilibria, see Section 3.1.2.
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[332, 333] and the Braess Paradox [334–336]. These three paradoxes are discussed in de-

tail with illustrative examples in Arnott and Small [337]. Many have noted that network

design is crucial to avoiding these paradoxes [338–343], but as Roughgarden [344] points

out, proper network design for self-interested users is a non-trivial problem.

Henderson [319, 345, Chapter 8] reformulated Vickrey’s model as a flow model rather

than a queuing model. Travel time became dependent on the density of vehicles in

the bottleneck and was governed by a Greenshields’ model [346], meaning that average

speed decreased linearly as density increased. Due to this assumption, the outflow rate

from the bottleneck is not necessarily constant in contrast to Vickrey’s model. Henderson

made a strong and crucial assumption that overtaking does not occur and hence flows

within the bottleneck did not interact. This assumption allowed Henderson to use aver-

age speeds to simplify his calculations. He demonstrated his model using a numerical

example.

Several years later, Hendrickson and Kocur [320] took Vickrey’s queuing model and

extended it to incorporate schedule delay. Their analysis focused on departure time de-

cisions by individuals based on the cost of waiting in a queue versus arriving to work

either early or late. They maintained Vickrey’s assumption of a constant service rate and

defined an equilibrium departure pattern as a set of times chosen, one per individual, to

depart from their origin such that no individual would be able to reduce their personal

cost by choosing a different departure time given what all other individuals had chosen.

They found that when agents optimised selfishly, this Nash equilibrium was not socially

optimal. This is an example of the result found by Dubey [347] where non-cooperative

agents with smooth payoff functions generally generate Nash equilibria which are not

Pareto efficient. The departure from social optimality was due to the effect of congestion

on other individuals in the system not accounted for by individual agents when they

optimised alone. Hendrickson and Kocur showed that tolls could be used to align an in-

dividual’s private cost with the social cost of congestion faced by the system. This would

then allow selfish individuals to reach a socially optimal outcome. A few different pric-

ing schemes were discussed to allow for more realistic policy options, since the optimal

tolling policy was to charge a different price at every point in time.
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Mahmassani and Herman [321] built upon Henderson’s flow model with a Green-

shields speed-density relationship to extend the analysis of Hendrickson and Kocur.

They applied the definition of equilibrium defined by Wardrop’s first principle [166]

which states that in equilibrium, the cost to users along any of the utilised routes must

be equal and less than or equal to the cost of an individual unilaterally changing to a

currently unused route. However, the authors did not consider limiting the number of

travellers or setting a deadline. This meant that they were unable to provide insights into

transition behaviours or the dissipation dynamics of the bottleneck.

Chu [348, 349] pointed out that when lateness is not permitted, Henderson’s solutions

are not in fact equilibria. This disequilibrium also arises for the solutions discussed by

Mahmassani and Herman. Chu resolved this aberration by reformulating Henderson’s

model to relate speed with the outflow rate from the bottleneck rather than the inflow

rate to the bottleneck. He then compared the reformulated Henderson model with the

Vickrey model both analytically and numerically and found that over a certain range for

the responsiveness of travel delay to the outflow rate, the two models differed vastly in

behaviour. However, as the elasticity of travel delay approached infinity, the behaviour

of the reformulated Henderson model approached that of the Vickrey model.

This chapter focuses on discussing some of the shortcomings of Hendrickson and

Kocur’s results and extends Mahmassani and Herman’s paper to numerically solve for

key timing points and allow for lateness. Section 3.2 introduces the bottleneck model

using flows as described by Henderson and extended by Mahmassani and Herman. Sec-

tion 3.3 discusses the results of the model with a constant service rate when no lateness

is permitted as presented by Hendrickson and Kocur. We extend the previous authors’

analysis by performing comparative statics on the results. We then compare and contrast

the Nash equilibrium outcome with the socially optimal outcome in order to discuss the

policy implications of these differences. Section 3.4 discusses the results of Hendrick-

son and Kocur’s extended model which permits lateness whilst Section 3.5 introduces

a Greenshields’ linear slowdown model for the service rate. New work is presented in

Sections 3.5 and 3.6 which extends Mahmassani and Herman’s model and solves for the

key timing points of the evacuation process with and without lateness being permitted.
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In Section 3.7, we discuss the difficulties surrounding attempts to model flows more pre-

cisely by allowing speeds and densities to vary whilst vehicles are still in the bottleneck.

We also discuss the shortcomings of this model, scope for future work and the implica-

tions of our results. Finally, Section 3.8 summarises the findings of this chapter.

3.1.2 An Introduction to Game Theory and Nash Equilibria

In decision theory, as opposed to game theory, a single agent makes choices to optimise

their objective function for a given situation. Information may not always be perfect and

randomness can be involved. The key is that there are no other agents involved whose

actions would affect our agent’s objective function. In contrast, game theory problems

consist of multiple rational, welfare-maximising agents who are able to strategically in-

teract with one another. The defining feature of a game is the notion of strategic inter-

action. Choices made by agents can potentially affect other agents’ welfare, hence the

concept of interaction. This interaction is strategic since each agent is assumed to be ratio-

nal and welfare-maximising, hence each will attempt to predict how their own choices

will affect the other agents’ choices and also their reaction.

To define a game, we require the following three elements: (a) players, (b) strategies

and (c) payoffs. Below, we define and explain each of these components as well as intro-

duce some notation and other definitions used in this chapter.

Definition 3.1. “Utility” is a measure of happiness or welfare. Higher utility correlates to better

welfare.

Definition 3.2. The “players” of a game are the decision-makers. They are assumed to be rational

and utility-maximising. Players are denoted by i ∈ {1, 2, . . . , n}.

Definition 3.3. A “pure strategy” is an option available to the player. Let si,j be the jth strategy

for player i.

The nature of our game-theoretic model is described further in Section 4.2.3. Our

game consists of a finite number of discrete strategies for each player. For the purposes

of this dissertation, we restrict our definition of a strategy to pure strategies; however we

note that in general, a game-theoretic strategy can have a much broader definition.
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Definition 3.4. A player’s “strategy set” is the set of pure strategies for the player. Let Si =

{si,1, si,2, . . . , si,mi} denote the strategy set for player i where mi is the number of pure strategies

available to player i.

Definition 3.5. A “mixed strategy” is a probability distribution across a player’s strategy set.

Definition 3.6. A “strategy profile” is a vector of strategies, one for each player. Let σ =

[σ1, σ2, . . . , σn] where σi ∈ Si for i = 1, 2, . . . , n.

Definition 3.7. A “payoff” is the level of utility a player achieves for a given outcome dictated

by the strategy profile. The more positive the payoff, the higher the utility to the player.

We denote player i’s payoff given strategy profile σ with ui (σ). Each strategy profile is

associated with a payoff vector corresponding to the utility achieved for each player, u (σ) =

[u1 (σ) , u2 (σ) , . . . , un (σ)].

We use the famous concept of a Nash equilibrium as the solution method for our

model [350].

Definition 3.8. A strategy profile σ∗ is a “Nash equilibrium” if and only if

ui (σ
∗) = max

σi
ui
(
σi, σ∗−i

)
∀ i ∈ {1, 2, . . . , n}, (3.1)

where σi ∈ Si and σ∗−i is the vector of strategies from σ∗ excluding player i’s strategy, σi. The

asterisk denotes the strategy profile is a Nash equilibrium.

What Equation (3.1) says is that a strategy profile is a Nash equilibrium if and only

if no player can be made better off by switching strategies given the strategies of the

other players in the strategy profile.11 It should be noted that although Nash equilibria

can give us some useful insights into self-interested behaviour, it does not always help

us to perfectly predict outcomes. As Osborne [264, pp. 23–24] points out, games can

have no pure strategy Nash equilibria or multiple Nash equilibria, in which case, new

techniques are required to gain further insights from such games. Experimental evidence

has also shown that for various reasons, our usual view of individual rationality may

11For further details regarding game theory and the concept of Nash equilibria, see Osborne [264].
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not hold; whether this is because as humans, even if we had perfect information, we of-

ten lack the processing power to quickly analyse these vast quantities of data presented

in real life situations or because the underlying assumptions of well-defined preferences

and rationality simply do not hold, it is clear that the Nash equilibrium solution con-

cept has its limitations [351]. Despite these drawbacks, the concept of Nash equilibria is

still frequently used in many areas of research and can prove useful in gaining insights

into human behaviour due to the structured solution-finding process derived from the

assumption of welfare-maximising agents with individual rationality. Myerson [352] in

his history of the Nash equilibrium provides a good argument for its continued use as a

solution concept.

Given the definitions above, we can now explore the models discussed in Section 3.1.1

in further detail. We begin by defining the original bottleneck model in the next section.

3.2 The Bottleneck Model

As was discussed in the Section 3.1.1, many different versions of the bottleneck model

exist in the literature. For this chapter, we base our model on those presented by Vickrey

[318] and Henderson [319] and extended by Hendrickson and Kocur [320] and Mahmas-

sani and Herman [321]. We also discuss the model in the context of a natural disaster

emergency evacuation rather than a peak hour traffic commute.

Consider a scenario where a natural disaster strikes a network of small communities,

for example a bushfire or a flood. Residents are evacuating the area, however there are

only a few main roads out of the area. This creates bottlenecks as evacuees attempt to

leave via the most direct routes. The residents are faced with what is known as a depar-

ture time decision. They must decide when to leave their homes to minimise their cost of

evacuation. To avoid confusion, we clarify the terms “arrival” to mean the time a vehicle

arrives at a bottleneck and “departure” to mean the time a vehicle exits the bottleneck,

unless otherwise stated. A summary of notation used in this chapter is provided in Table

3.1.
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3.2.1 The Model

Let us examine one such stretch of road of length L, in kilometres, which we will call the

bottleneck. The disaster hits at time t0 = 0 and there are N evacuees who need to travel

through this stretch of road in order to escape the disaster by time T > 0. We define being

“late” to mean escaping the area after the critical evacuation time, T.

Let t ≥ 0 be the time an agent arrives at the bottleneck. For convenience, we treat

the time it takes for an agent to leave their home and arrive at the bottleneck as constant.

This time will later be simplified to zero since our analysis is focused on the behaviour at

the bottleneck. The agents are assumed to be identical and each face a cost of evacuating

governed by the equation

c(t) =

 α0 + α1 τ(t) + α2 ξ(t), if td ≤ T;

α0 + α1 τ(t) + α3 λ(t), otherwise,
(3.2)

where td = t + τ(t) is the time the agent leaves the bottleneck and evacuates the area,

τ(t) ≥ 0 is the amount of time spent in the bottleneck, ξ(t) = T − td ≥ 0 is the amount

of time prior to the evacuation deadline that the agent evacuates and λ(t) = td − T ≥ 0

is the amount of time after the evacuation deadline before the agent clears the area. The

variables τ(t), ξ(t), and λ(t) are functions of the arrival time to the bottleneck and are

measured in minutes. The parameter α0 ≥ 0 is the fixed cost of travelling to the bottleneck

from home, while α1, α2, α3 > 0 are parameters measuring the unit costs of congestion,

evacuating the area prematurely and evacuating the area late, respectively.

Studies have shown that delays due to congestion can cause stress and displeasure

[353–355]. Naturally, during an emergency, evacuees will experience degrees of stress

and panic [237, 356, 357]. These “emotional costs” can be exacerbated if agents are held

up at a bottleneck [257]. This emotional cost, as well as the more tangible monetary

costs of travelling through the bottleneck, are captured by α1. We call this parameter the

“congestion penalty”. Also, evacuees do not wish to evacuate their homes earlier than

required since this reduces their preparation time to set up protection for their home. This

cost is represented by α2. The risk of not making it to safety in time or without injury is

measured by the per unit cost of being late in evacuating, α3. Note that at most, one of
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ξ(t) and λ(t) can be positive for each agent, since agents cannot be both simultaneously

early and late.

The density along the bottleneck is represented by k(t) in vehicles per kilometre and

the average speed along the bottleneck upon entering is given by v(t) in kilometres per

hour. The outflow rate of the bottleneck in vehicles per hour is approximated by

φ(t) = k(t) v(t). (3.3)

All of the above characteristics of the bottleneck are functions of t, the time the agent

chooses to arrive at the bottleneck. More realistic relationships between k(t), v(t) and

φ(t) are discussed in Sections 3.3 and 3.5 when different congestion mechanisms are ex-

amined.

3.2.2 Assumptions

We make some simplifying and necessary assumptions below. Some of these assump-

tions are needed for a Nash equilibrium to exist. The concept of equilibrium is discussed

further in Section 3.2.3.

It is a necessary condition that α1 > α2 for there to be an equilibrium [319–321]. This

implies that the unit cost of waiting in the bottleneck is higher than the unit cost of evac-

uating early. It is a common assumption that individuals are risk averse in the event of

an evacuation [358], therefore they would prefer a timely escape rather than be caught in

heavy congestion with the risk of not surviving.

To simplify the analysis, we set α0 = 0 since this is a fixed cost and does not affect the

agents’ departure time decisions. This implicitly assumes that once the agent leaves their

home, they immediately arrive at the bottleneck. Time t now simultaneously describes

the time the agent arrives at the bottleneck and the time the agent departs from home.

The outflow rate given by Equation (3.3) is actually an approximation of reality. This

equation implies that the outflow rate for a vehicle entering the bottleneck at time t is de-

termined by the density and speed within the bottleneck at the time the vehicle entered.

In reality, this is not the case. While the vehicle is travelling through the bottleneck, the
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Symbol Description

α0 fixed cost of travelling to the bottleneck (dollars per minute)
α1 per unit cost of travelling through the bottleneck (dollars per minute)
α2 per unit cost of evacuating early (dollars per minute)
α3 per unit cost of evacuating late (dollars per minute)

ξ(t) early evacuation (minutes)
λ(t) late evacuation (minutes)
τ(t) time spent in the bottleneck (minutes)
c(t) cost of evacuating (dollars)
γ(t) inflow rate (vehicles per hour)
φ(t) average outflow rate (vehicles per hour)
A(t) cumulative arrivals to the bottleneck (vehicles)
D(t) cumulative departures from the bottleneck (vehicles)
k(t) density in the bottleneck (vehicles per kilometre)
k j jamming density where speed is zero (vehicles per kilometre)

K(t) relative density (proportion of jamming density)
L length of bottleneck (kilometres)
N total number of evacuees
p total process time from first arrival to final departure (minutes)
r range of arrival times from the first agent to the last agent (minutes)
t arrival time to the bottleneck (minutes)
t0 time the disaster strikes (minutes)
t1 arrival time of the first agent to the bottleneck (minutes)
td time an agent departs the bottleneck (minutes)
tD time the last agent departs the bottleneck (minutes)
tN arrival time of the last agent (minutes)
tT arrival time of the agent departing the bottleneck at time T (minutes)
T critical evacuation deadline (minutes)

v(t) average speed upon entering the bottleneck (kilometres per hour)
vm maximum average speed (kilometres per hour)

Table 3.1: Summary of notation.

density and speed will change depending on the flow of cars that arrive, hence the actual

outflow rate by the time the vehicle reaches the exit will not be derived from the density

and speed it faced upon arrival. The implicit assumption in Equation (3.3) is that density

and speed remain constant for a vehicle once it enters the bottleneck until it exits. This

assumes that flows of traffic entering at different times do not interact. This assumption

allows us to simplify the relationships given in the next section. The repercussions of

relaxing this assumption are discussed in Section 3.7.
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Incorporating the above assumptions, we arrive at the simplified cost equation,

c(t) =

 α1 τ(t) + α2 ξ(t), if td ≤ T;

α1 τ(t) + α3 λ(t), otherwise,
(3.4)

for t ≥ t0.

3.2.3 Equilibrium

In order to perform some meaningful analysis on this model, it is important to consider

possible arrival patterns, that is, a set of arrival times to the bottleneck, one for each

vehicle. Specifically, we are looking for equilibrium patterns where no agent has any

incentive to change their current arrival time given the times chosen by the other agents.

In the field of game theory, this type of equilibrium is known as a Nash equilibrium.

To find this equilibrium, the cost to all users must be the same regardless of their

arrival time [319–321], that is,

c(t) = c ≥ 0, for t1 ≤ t ≤ tN , (3.5)

where c is a constant, t1 is the time the first agent arrives at the bottleneck and tN is the

time the final agent arrives. If these costs are not equal across agents, there would exist an

agent who could reduce their cost by departing at a different time, hence the departure

pattern would not be a Nash equilibrium.

There is an implicit assumption that the cost function (3.2) is continuous, hence if

costs are equalised across all agents, then the change in cost over arrival times must be

zero between t1 and tN and higher than c otherwise. Therefore, we have the following

necessary conditions in equilibrium:

c(t) > c, for t < t1 and t > tN , and (3.6)

dc(t)
dt

= 0, for t1 ≤ t ≤ tN . (3.7)

Equation (3.7) is our first-order equilibrium condition. We rearrange this condition to
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solve for our equilibrium arrival pattern. Sections 3.3–3.6 show these calculations under

different restrictions. Sections 3.3 and 3.4 use a queuing system with a constant service

rate. The former analyses the scenario with a hard deadline where lateness is not permit-

ted, while the latter introduces a positive and finite penalty for every minute the agent is

“late”. Sections 3.5 and 3.6 relax the constant service rate assumption and instead uses a

Greenshields linear slowdown model of service for the bottleneck.

3.3 Constant Service Rate with No Lateness Permitted

Let us first explore the basic queuing model introduced by Vickrey [318] and extended

by Hendrickson and Kocur [320]. These authors used a pure queuing system with a zero-

length bottleneck. To keep our analysis consistent across all our extensions, we remodel

the bottleneck so that it has length L > 0. We show that our results are still consistent

with their findings.

For the entirety of Section 3.3, we assume that no lateness is permitted, meaning that

if agents do not evacuate by time T, they will not survive. We also assume a constant

service rate and rewrite the outflow rate as φ(t) = φ, where φ is constant. Later in Section

3.4, when we allow our agents to evacuate after the critical deadline, T, we show that the

solutions derived in this section are equivalent to taking the limit of α3 to infinity.

3.3.1 Solving for Equilibrium

Since agents cannot be late, we can now further simplify Equation (3.4) to

c(t) = α1 τ(t) + α2 ξ(t), for t1 ≤ t ≤ tN (3.8)

with the boundary condition that td ≤ T for all agents.

We can rewrite the early evacuation time as

ξ(t) = T − td

= T − τ(t)− t, for t1 ≤ t ≤ tN . (3.9)
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Substituting (3.9) into (3.8), we obtain

c(t) = α1 τ(t) + α2 (T − τ(t)− t)

= (α1 − α2) τ(t) + α2 T − α2 t, for t1 ≤ t ≤ tN . (3.10)

Differentiating (3.10) with respect to t and setting the result equal to zero gives us the

first-order condition from Equation (3.7),

dc(t)
dt

= (α1 − α2)
dτ(t)

dt
− α2 = 0

dτ(t)
dt

=

(
α2

α1 − α2

)
, for t1 ≤ t ≤ tN . (3.11)

Equation (3.11) tells us that the time spent in the bottleneck increases with t at a constant

rate in equilibrium.

The service rate of the bottleneck is otherwise known as the average outflow rate. We

can rewrite Equation (3.3) for a constant flow rate φ as

φ(t) = k(t) v(t) = φ. (3.12)

Given our assumption of a fixed average speed upon entering the bottleneck, we can

calculate the time spent in the bottleneck as distance over speed,

τ(t) =
L

v(t)
. (3.13)

We note that in Vickrey and Hendrickson and Kocur’s queuing models, L = 0 and

τ(t) was calculated by the service rate of the bottleneck and the length of the queue. In

their equilibrium, there existed an agent who incurred no queuing cost, namely the first

agent, for whom τ(t) = 0. In our model, we have assumed that L > 0 and we acknowl-

edge that when τ(t) = 0, v(t) is unbounded. Although it is obviously unrealistic for our

vehicles to be experiencing infinite speed, we argue that our model is still theoretically

relevant and is only impractical at the extremes.

Rearranging Equation (3.12) for v(t) and substituting it into (3.13), we arrive at the
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expression,

τ(t) =
L
φ

k(t). (3.14)

Differentiating both sides of (3.14) with respect to t, we find the relationship,

dτ(t)
dt

=
L
φ

dk(t)
dt

. (3.15)

Recall that we are solving for the equilibrium arrival pattern. We find this by solving

for the equilibrium arrival rate γ∗(t), where the asterisk is used to denote variables in

equilibrium. The arrival rate is synonymous with the inflow rate to the bottleneck. Notice

that L dk(t)
dt is a measure of the change in the number of vehicles in the bottleneck at a

given time t. This is simply the difference between the inflow rate and the outflow rate

of the bottleneck. Therefore,

L
dk(t)

dt
= γ(t)− φ. (3.16)

Substituting (3.16) into (3.15), we arrive at the following relationship between travel time

and the inflow and outflow rates,

dτ(t)
dt

=
1
φ

(
γ(t)− φ

)
=

γ(t)
φ
− 1. (3.17)

Equating our equilibrium condition (3.11) with (3.17), we find the following expression

for the equilibrium arrival rate γ∗(t),

γ∗(t)
φ
− 1 =

α2

α1 − α2

γ∗(t) = φ

(
α1

α1 − α2

)
= γ∗, for t∗1 ≤ t ≤ t∗N . (3.18)

Equation (3.18) tells us that the equilibrium arrival rate is constant. Agents choose to

arrive at the bottleneck in a steady stream dependent upon the outflow rate of the bottle-
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neck and the relative difference between the cost of evacuating early and waiting in the

bottleneck.
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Figure 3.1: Equilibrium cumulative arrivals, A∗(t) and cumulative departures, D∗(t)
when the outflow rate is constant and no lateness is permitted.

The equilibrium scenario is depicted in Figure 3.1 where A∗(t) is the equilibrium

cumulative arrivals to the bottleneck and D∗(t) is the equilibrium cumulative departures

from the bottleneck. A∗(t) has a constant slope of γ∗ and D∗(t) has a constant slope of φ.

We find the beginning of the evacuation process t∗1 , by looking at the boundary con-

ditions of the problem. We start by considering the behaviour of the last agent to arrive

at the bottleneck. As argued by Hendrickson and Kocur, no agent is allowed to complete

evacuation after time T, so the final agent must have evacuated by time T or earlier. This

last agent has no incentive to complete their evacuation before time T, since they would

be able to reduce their cost by simply arriving to the queue later. This would result in

less time spent in the bottleneck, since some of the congestion will have dissipated and
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the agent will not incur any early evacuation penalty. Therefore, the last agent to leave

home will evacuate the area exactly at time T.

With this information and solving a simple linear equation, we find t∗1 , the time the

first agent arrives at the bottleneck in equilibrium to be

N − 0
T − t∗1

= φ

t∗1 = T − N
φ

. (3.19)

We can now also solve for t∗N , the time the last agent arrives at the bottleneck in equilib-

rium, since we know t∗1 and the slope of A∗(t). We find,

N − 0
t∗N − t∗1

= γ∗

N

t∗N −
(

T − N
φ

) = φ

(
α1

α1 − α2

)

t∗N = T − α2

α1

N
φ

. (3.20)

Using the above equations, we can also determine the bottleneck density k∗(t), travel

time τ∗(t), average speed v∗(t), early schedule delay ξ∗(t), cumulative arrivals A∗(t),

cumulative departures D∗(t) and evacuation cost c∗(t) functions in equilibrium. Rear-

ranging Equation (3.16), integrating both sides from t∗1 to t and substituting our results

from (3.18) and (3.19), we find k∗(t) is equal to

dk∗(t)
dt

=
1
L
(
γ∗ − φ

)
∫ t

t∗1

dk∗(u)
du

du =
∫ t

t∗1

1
L
(
γ∗ − φ

)
du

k∗(t) =
1
L
(
γ∗ − φ

)
(t− t∗1)

=
φ

L

(
α2

α1 − α2

)(
t− T +

N
φ

)
, for t∗1 ≤ t ≤ t∗N . (3.21)
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Substituting (3.21) into Equation (3.14), we find τ∗(t) is equal to

τ∗(t) =
L
φ

k∗(t)

=

(
α2

α1 − α2

)(
t− T +

N
φ

)
, for t∗1 ≤ t ≤ t∗N . (3.22)

Rearranging Equation (3.13) and substituting in (3.22), we can also solve for v∗(t),

v∗(t) =
L

τ∗(t)

= L
(

α1 − α2

α2

)(
t− T +

N
φ

)−1

, for t∗1 ≤ t ≤ t∗N . (3.23)

From Equations (3.9) and (3.22), the equilibrium early evacuation function is given by

ξ∗(t) = T − τ∗(t)− t

= T −
(

α2

α1 − α2

)
(t− t∗1)− t

= T −
(

α2

α1 − α2

)(
t− T +

N
φ

)
− t

=

(
α1

α1 − α2

)
(T − t)−

(
α2

α1 − α2

)
N
φ

, for t∗1 ≤ t ≤ t∗N . (3.24)

The cumulative arrival and departure functions are simply the integral of the arrival and

departure rates, respectively. Therefore, A∗(t) is simply

A∗(t) =
∫ t

t∗1
γ∗(u)du

= φ

(
α1

α1 − α2

)
(t− t∗1)

= φ

(
α1

α1 − α2

)(
t− T +

N
φ

)
, for t∗1 ≤ t ≤ t∗N . (3.25)

The equilibrium cumulative departures function also begins from time t∗1 . We can see this

from Equation (3.22) where τ∗ (t∗1) = 0 implying that the travel time for the first evacuee

is zero, hence after their arrival to the bottleneck they immediately depart. Therefore,

the departure process also begins at time t∗1 . We ascertained earlier that the evacuation
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process completes at time T, therefore the equilibrium cumulative departures function is,

D∗(t) =
∫ t

t∗1
φ du

= φ (t− t∗1)

= φ

(
t− T +

N
φ

)
, for t∗1 ≤ t ≤ T. (3.26)

Finally, we calculate the cost to each agent in equilibrium using the definition of cost from

Equation (3.8),

c∗(t) = α1 τ∗(t) + α2 ξ∗(t)

= (α1 − α2) τ∗(t) + α2 T − α2 t

= (α1 − α2)

(
α2

α1 − α2

)
(t− t∗1) + α2 T − α2 t

= (α1 − α2)

(
α2

α1 − α2

)(
t− T +

N
φ

)
+ α2 T − α2 t

= α2 t− α2 T + α2
N
φ

+ α2 T − α2 t

= α2
N
φ

= c∗, for t∗1 ≤ t ≤ t∗N . (3.27)

The equilibrium results from Section 3.3.1 are consistent with those from Hendrickson

and Kocur despite the move from a queuing model to a flow model. In addition, we now

have equilibrium relationships for the average speed and density in the bottleneck as a

function of arrival time, v∗(t) and k∗(t).

3.3.2 Comparative Statics

Here we perform some comparative statics. It is clear that as the outflow rate φ increases,

the equilibrium arrival rate also increases as agents put off evacuating knowing that the

bottleneck has a larger capacity. This can be seen from

dγ∗(t)
dφ

=

(
α1

α1 − α2

)
> 0. (3.28)
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This can also be seen in Equations (3.29) and (3.30) through the increase in t∗1 and t∗N as φ

increases,

dt∗1
dφ

=
N

φ
2 > 0 (3.29)

dt∗N
dφ

=
α2

α1

N

φ
2 > 0. (3.30)

This shows that agents are leaving home later as the outflow rate increases.

As φ increases, agents spend less time in the bottleneck and complete evacuation a

little earlier by the same amount of time. Since α1 > α2, this reduces the equilibrium cost

for each agent. We can see this by differentiating Equations (3.22), (3.24) and (3.27) with

respect to φ,

dτ∗(t)
dφ

= −
(

α2

α1 − α2

)
N

φ
2 < 0 (3.31)

dξ∗(t)
dφ

=

(
α2

α1 − α2

)
N

φ
2 > 0 (3.32)

dc∗(t)
dφ

= −α2
N

φ
2 < 0. (3.33)

An increase in the relative cost of congestion, α1, has the effect of reducing the equi-

librium arrival rate, γ∗,

dγ∗(t)
dα1

= −φ

(
α2

(α1 − α2)
2

)
< 0. (3.34)

This in turn delays the arrival time of the last agent t∗N . However, the arrival time of the

first agent is unaffected,

dt∗1
dα1

= 0 (3.35)

dt∗N
dα1

=
α2

α2
1

N
φ

> 0. (3.36)

An increase in α1 does not have an impact on the equilibrium cost per agent. This can be

seen from Equation (3.27) where α1 does not appear. The decreased arrival rate means
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that there is less congestion and agents spend less time in the bottleneck, as shown by

dτ∗(t)
dα1

= −
(

α2

(α1 − α2)
2

)(
t− T +

N
φ

)

= −
(

α2

(α1 − α2)
2

)
(t− t∗1) < 0. (3.37)

However, this cost reduction in time is offset by the increase in α1 and an increase in

schedule delay as can be seen below,

dξ∗(t)
dα1

=

(
α2

(α1 − α2)
2

)(
t− T +

N
φ

)

=

(
α2

(α1 − α2)
2

)
(t− t∗1) > 0. (3.38)

Therefore, the agents still face the same total cost of evacuation as compared with a lower

α1. That is,

dc∗(t)
dα1

= 0. (3.39)

An increase in α2 causes the equilibrium arrival rate to increase, as shown by

dγ∗(t)
dα2

= φ

(
α1

(α1 − α2)
2

)
> 0. (3.40)

Holding all else constant, an increase in α2 increases the relative cost of evacuating early

compared with travelling through the bottleneck, hence agents are willing to spend more

time in the bottleneck. This can be seen by,

dτ∗(t)
dα2

=

(
α1

(α1 − α2)
2

)(
t− T +

N
φ

)

=

(
α1

(α1 − α2)
2

)
(t− t∗1) > 0. (3.41)

The first agent’s arrival time is unaffected, however the increase in the arrival rate means

that the remaining agents spend more time waiting in the bottleneck and therefore choose
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to arrive at the bottleneck earlier to ensure they can depart by the deadline. This is shown

by,

dt∗1
dα2

= 0 (3.42)

dt∗N
dα2

= − N
α1 φ

< 0. (3.43)

Despite all agents but the first arriving at the bottleneck earlier, agents are not evacuating

earlier due to the increased congestion that is created, hence schedule delay is reduced,

as can be seen from

dξ∗(t)
dα2

= −
(

α1

(α1 − α2)
2

)(
t− T +

N
φ

)

= −
(

α1

(α1 − α2)
2

)
(t− t∗1) < 0. (3.44)

This has the net effect of increasing the equilibrium cost of evacuation,

dc∗(t)
dα2

=
N
φ

> 0. (3.45)

One of the major shortcomings of this model is the argument for equilibrium pro-

posed by Hendrickson and Kocur. The definition of equilibrium used by the authors is

that of a Nash Equilibrium, where no agent has any incentive to choose a different ar-

rival time given what all other agents have chosen. However, consider the last agent to

arrive at the bottleneck. Currently, this agent arrives at time t∗N , spends τ∗(t∗N) = α2
α1

N
φ

minutes in the bottleneck, incurs a cost of α2
N
φ

and evacuates the area at precisely time

T with no early evacuation penalty. Agent N can reduce their overall cost of evacuation

by simply waiting until the congestion along the bottleneck has alleviated before leaving

home. This way, the agent can arrive at the bottleneck at time T, spend effectively no time

travelling through the bottleneck (we can see this from Equation (3.14) when k(t) = 0)

and evacuating just in time. In this case, the agent would incur zero cost, since τ(T) = 0

and ξ(T) = 0. Hence, the last agent to evacuate has no incentive to arrive at time t∗N , but

rather they would choose to arrive at time T and incur zero cost instead.
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The same arrival pattern instability occurs in Henderson’s results. The cause, how-

ever, is due to conflicting assumptions regarding overtaking along the bottleneck rather

than the behaviour of the last evacuee. Henderson assumes the speed of travel is deter-

mined by the density of the bottleneck upon arrival and that this speed is constant for

the duration of travel along the bottleneck. He also assumes that no overtaking occurs,

however this is in direct conflict with the first assumption. Chu [348, 349] discusses this

disequilibrium and reformulates the flow model such that the average speed through the

bottleneck depends upon a power speed-flow function of the outflow rate rather than the

inflow rate to resolve this issue.

For Hendrickson and Kocur, this issue regarding disequilibrium is resolved in the

next iteration of the bottleneck model when lateness is permitted (see Section 3.4).

3.3.3 Social Optimality

Does a better outcome for society exist and if so, how can it be achieved? With no lateness

allowed, the arrival pattern that minimises the total cost to society is for agents to spread

out their arrival times such that the arrival rate exactly equals the outflow rate of the

bottleneck, φ [320]. This scenario is depicted in Figure 3.2.

By spreading out their arrival times, the agents are able to avoid causing congestion

along the bottleneck and hence reduce their travel time to zero. Although this is a so-

cial optimum, it is not a Nash equilibrium. Self-interested agents have no incentive to

maintain this arrival pattern. Any agent arriving at the bottleneck earlier than time T

can reduce their total cost by incurring a little extra time in the bottleneck to reduce their

early evacuation cost. In fact, any single agent can reduce their total cost to zero by shift-

ing their arrival time to T, assuming all other agents maintain the socially optimal arrival

pattern. However, clearly it is not an equilibrium for all agents (or even a single agent) to

shift their arrival time to T, since the moment multiple agents enter the bottleneck at time

T, it will take each of them τ(T) > 0 minutes to travel through the bottleneck, in which

case, these agents will not be able to evacuate by the deadline. These agents must there-

fore evacuate earlier. Through this behaviour, congestion forms along the bottleneck.

In order to maintain the socially optimal arrival pattern, each agent’s incentives must
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Figure 3.2: Socially optimal cumulative arrivals, A(t) and cumulative departures, D(t)
when the outflow rate is constant and no lateness is permitted.

be aligned with society’s best interests. The main reason why the social optimum is

not stable is due to the differing costs for each agent. Policies that help equalise these

costs across agents would then remove the incentive to choose a different arrival time.

The example of such a policy suggested by Hendrickson and Kocur is a time-dependent

congestion toll, which effectively acts as a tax on the agents for causing congestion.

Hendrickson and Kocur’s model is discussed in the context of peak hour traffic man-

agement, where the agents are workers who must decide when to leave home in order

to get to work on time. A congestion toll does not suit the context of evacuation man-

agement, however, other strategies have been used to deal with misaligned incentives

caused by externalities. One such strategy is the “benevolent central planner” [359]. Au-

thorities can impose their ideal arrival pattern by evacuating certain areas in the com-

munity at staggered times. This effectively takes the departure time decision out of the
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agents’ hands.

Social optimality can be an important goal to achieve, however authorities must also

consider fairness when designing policies so that realistically, they will be accepted by the

public. Such policies often require a redistribution of wealth or utility to create a sense of

fairness. A policy whereby a government intervenes and dictates the arrival pattern of

agents can be unpopular as some agents will have to evacuate earlier or later than would

be individually optimal for them. Politically, excessively paternalistic intervention can

also be met with strong community resistance [55]. The government can consider mit-

igating any unpopular policies by compensating those who are bearing the relatively

higher costs with the savings had by those lucky enough to evacuate at a time that gen-

erates a lower cost. Interesting discussions on the ethics of mandatory evacuation can be

found in [52–55].

3.4 Constant Service Rate with a Lateness Penalty

Hendrickson and Kocur [320] extended their model to explore what happens if agents

were permitted to be “late”. In the context of evacuation, we can consider time T to now

represent a suggested evacuation time, rather than the hard deadline from Section 3.3.

The service rate remains constant at φ for this section.

3.4.1 Solving for Equilibrium

We can solve for the equilibrium arrival rate in the same manner as in the previous sec-

tion. The cost function (3.4) is piecewise dependent on whether an agent evacuates be-

fore or after time T. As before, we can differentiate c(t) with respect to t and set the

first derivative equal to zero to obtain the first-order condition as was shown in Equation

(3.11).

Let us again define t1 and tN to be the arrival times of the first and last agents, respec-

tively. Let us also introduce tT to be the time of arrival to the bottleneck for the agent who

evacuates at exactly time T.

We now need to distinguish the functions for those who evacuate early from those
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who evacuate late which we do by using the subscripts ξ and λ, respectively. For those

agents who complete their evacuation prior to time T, their equilibrium arrival rate is ex-

actly the same as when no lateness is permitted. That is, the arrival rate of early evacuees

is given by

γ∗ξ (t) = φ

(
α1

α1 − α2

)
= γ∗ξ , for t∗1 ≤ t∗T. (3.46)

Although the arrival rate remains the same, the arrival times of the agents will change.

These new timing points are solved below in Section 3.4.2.

Recall that the cost function from Equation (3.8) when no lateness was permitted. This

function now only applies to early evacuees. We distinguish this early cost function from

the cost function for late evacuees using the subscript ξ, hence we have

cξ(t) = α1 τξ(t) + α2 ξ(t), for t1 ≤ t ≤ tT, (3.47)

where τξ(t) is the travel time function for early evacuees. The cost for an agent who

completes their evacuation late is now given by

cλ(t) = α1 τλ(t) + α3 λ(t), for tT < t ≤ tN , (3.48)

where τλ(t) is the travel time function for late evacuees and λ(t) is the number of minutes

after time T before the agent evacuates.

We can rewrite λ(t) in terms of τλ(t) and T as

λ(t) = td − T

= t + τλ(t)− T, for tT < t ≤ tN . (3.49)

Substituting (3.49) into (3.48), we can differentiate with respect to t and set the first deriva-

tive equal to zero to obtain the first-order condition for late agents,

cλ(t) = α1 τλ(t) + α3 (t + τλ(t)− T)

= (α1 + α3) τλ(t) + α3 t− α3 T, for tT < t ≤ tN (3.50)
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dcλ(t)
dt

= (α1 + α3)
dτλ(t)

dt
+ α3 = 0

dτλ(t)
dt

= −
(

α3

α1 + α3

)
, for t∗T < t ≤ t∗N . (3.51)

Note that dτλ(t)
dt < 0. This implies that late agents will incur progressively less travel time

as they delay their arrival to the bottleneck.

The relationship between travel time and the inflow and outflow rates given by Equa-

tion (3.17) still holds and is provided again below for convenience.

dτ(t)
dt

=
γ(t)

φ
− 1. (3.52)

Setting Equation (3.52) equal to (3.51), the equilibrium arrival rate for late agents, denoted

by γ∗λ(t), is

γ∗λ(t)
φ
− 1 = −

(
α3

α1 + α3

)
γ∗λ(t) = φ

(
α1

α1 + α3

)
= γ∗λ, for t∗T < t ≤ t∗N . (3.53)

3.4.2 Key Timing Points

To solve for the key timing points t∗1 , t∗T, and t∗N , Hendrickson and Kocur assumed that

the final agent to arrive at the bottleneck faces an empty bottleneck and hence will incur

no evacuation time. They argue that it is optimal for this final agent to behave in this

manner given what all other agents have chosen to do, since arriving later at the bottle-

neck will only increase this agent’s lateness penalty and arriving any earlier will increase

the agent’s overall cost through congestion whilst in the bottleneck. For this section, we

apply the same assumption made by Hendrickson and Kocur, however in Section 3.6, we

relax this assumption.

We begin with our fixed outflow rate, which gives us the equation,

N − 0
tN − t1

= φ
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tN = t1 +
N
φ

. (3.54)

Next, we know that in equilibrium, costs are equal for every agent, therefore the cost for

the first and last agents to arrive must be the same. This gives us the condition,

cξ(t∗1) = cλ(t∗N). (3.55)

We also know that the density of the bottleneck at these times is zero, hence no travel

time is incurred by these two agents, that is,

τξ(t∗1) = τλ(t∗N) = 0. (3.56)

Substituting the condition given by Equation (3.56) into Equations (3.47) and (3.48), we

obtain

cξ(t∗1) = α1 τξ(t∗1) + α2 ξ(t∗1)

= α1 τξ(t∗1) + α2
(
T − τξ(t∗1)− t∗1

)
= α2 (T − t∗1) , (3.57)

cλ(t∗N) = α1 τλ(t∗N) + α3 λ(t∗N)

= α1 τλ(t∗N) + α3 (t∗N + τλ(t∗N)− T)

= α3 (t∗N − T) . (3.58)

Equation (3.55) tells us that Equations (3.57) and (3.58) are equal in equilibrium, hence

we arrive at the relationship,

cξ(t∗1) = cλ(t∗N)

α2 (T − t∗1) = α3 (t∗N − T)

t∗N =

(
α2 + α3

α3

)
T −

(
α2

α3

)
t∗1 . (3.59)
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Setting (3.59) equal to (3.54), we find the following equilibrium solution to t∗1 ,

(
α2 + α3

α3

)
T −

(
α2

α3

)
t∗1 = t∗1 +

N
φ(

α2 + α3

α3

)
t∗1 =

(
α2 + α3

α3

)
T − N

φ

t∗1 = T −
(

α3

α2 + α3

)
N
φ

. (3.60)

Substituting (3.60) back into (3.54), we obtain

t∗N = t∗1 +
N
φ

= T −
(

α3

α2 + α3

)
N
φ

+
N
φ

= T +

(
α2

α2 + α3

)
N
φ

. (3.61)

Now we can solve for t∗T by finding the solution to either cξ(t∗T) = cξ(t∗1) or cλ(t∗T) =

cλ(t∗N). Let us use the former since it involves simpler calculations.

cξ(t∗T) = cξ(t∗1)

α1 τξ(t∗T) + α2 ξ(t∗T) = α2 T − α2 t∗1 . (3.62)

Note that the agent who leaves at time t∗T evacuates the area at exactly time T, so

ξ(t∗T) = λ(t∗T) = 0. (3.63)

Also, τξ(t) remains the same as in Equation (3.22), therefore by combining Equations

(3.62), (3.63) and (3.22), we find

α1 τξ(t∗T) + α2 ξ(t∗T) = α2 T − α2 t∗1

α1

(
α2

α1 − α2

)
(t∗T − t∗1) = α2 (T − t∗1)

t∗T =

(
α1 − α2

α1

)
T +

(
α2

α1

)
t∗1
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= T −
(

α2

α1

)(
α3

α2 + α3

)
N
φ

. (3.64)

Figure 3.3 summarises this scenario. The equilibrium cumulative arrivals function,

A∗(t) has a slope of γ∗ξ for agents who evacuate on or before time T and γ∗λ for agents who

evacuate after time T. The equilibrium cumulative departures function, D∗(t) maintains

a fixed slope of φ. Note that γ∗λ < φ < γ∗ξ . This occurs due to the assumptions regarding

the relative magnitudes of α1, α2 and α3 such that a unique equilibrium solution exists.
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Figure 3.3: Equilibrium cumulative arrivals, A∗(t) and cumulative departures, D∗(t)
when the outflow rate is constant and lateness is permitted.

Substituting our results back into Equation (3.57), we find that in equilibrium, the cost

to each agent is now equal to

c∗λ(t) = cξ(t∗1) = cλ(t∗N)

= α2 (T − t∗1)
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= α2

(
α3

α2 + α3

)
N
φ

= c∗λ. (3.65)

Compare this to the cost per agent when no lateness was permitted (3.27). Notice that

c∗λ < c∗. This means that by permitting agents to evacuate after the suggested deadline,

the total cost per agent in equilibrium is reduced.

These results are consistent with those found by Hendrickson and Kocur despite the

use of a flow model rather than a queuing model. Notice that if we allow α3 → ∞, we are

left with the same results as in Section 3.3 where lateness was not permitted. The Nash

equilibrium found in this section still differs from the social optimum, however. Similarly

to the social optimum discussed in Section 3.3.3, the welfare-maximising departure rate

is again γ∗ξ = γ∗λ = φ with all arrivals departing the bottleneck immediately. The socially

optimal evacuation process would maintain a start and end time for arrivals of t∗1 =

T −
(

α3
α2+α3

)
N
φ

and t∗N = T +
(

α2
α2+α3

)
N
φ

, respectively.

3.5 Greenshields’ Model with no Lateness Permitted

The assumption of a constant outflow rate from the bottleneck can be seen as somewhat

simplistic. Mahmassani and Herman [321] introduce a more sophisticated method for

modelling how the outflow rate of the bottleneck evolves. They use what is known as

the Greenshields’ model. Greenshields et al. [346] looked at how traffic density reduced

speeds along a stretch of road. They found evidence to suggest that there is a negative

linear relationship between density and speed.

For simplicity, let us begin by going back to the scenario where lateness was not per-

mitted. This will be extended in Section 3.6 to allow for lateness. For the density-speed

relationship, we will use the formula specified by Mahmassani and Herman,

v(t) = vm

(
1− k(t)

k j

)
, (3.66)

where v(t) is again the average speed upon entering the bottleneck at time t and is as-

sumed to be constant throughout travel along the bottleneck. We discuss relaxing this

assumption in Section 3.7. As in the previous section, the density of the bottleneck for an
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agent who departs home and arrives at the bottleneck at time t is denoted by k(t). We in-

troduce two new parameters: vm, the maximum average speed that can be obtained along

the bottleneck when the density is zero and k j, the maximum density or the “jamming”

density of the bottleneck when speed is zero.

The outflow rate remains the same, but is no longer constant, rather it is now also

dependent upon t and given by

φ(t) = k(t) v(t). (3.67)

The equivalent of equation (3.16) is now

L
dk(t)

dt
= γ(t)− φ(t). (3.68)

Substituting (3.66) and (3.67) into Equation (3.68), we obtain

dk(t)
dt

=
1
L

(
γ(t)− vm k(t) + vm

k2(t)
k j

)
. (3.69)

Equation (3.13) for τ(t) still holds, but we can now substitute in (3.66) for v(t), giving us

τ(t) =
L

v(t)

=
L

vm

(
1− k(t)

k j

)−1

. (3.70)

Differentiating (3.70) with respect to t, we arrive at

dτ(t)
dt

=
L

vm k j

(
1− k(t)

k j

)−2 dk(t)
dt

. (3.71)

3.5.1 Solving for Equilibrium

The cost function for the agents has not changed and thus Equation (3.10) remains the

same. Therefore, our first-order condition in (3.11) remains as
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dτ(t)
dt

=

(
α2

α1 − α2

)
, for t∗1 ≤ t ≤ t∗N . (3.72)

Setting (3.71) equal to (3.11) yields the first-order ordinary differential equation,

dk(t)
dt

=

(
vm k j

L

)(
α2

α1 − α2

)(
1− k(t)

k j

)2

. (3.73)

To simplify calculations, let us discuss our equations in terms of the proportional

density, which we will call the “relative density”. Let K(t) = k(t)
k j

be the relative density

along the bottleneck. Using the chain rule, we have dK(t)
dt = dK(t)

dk ×
dk(t)

dt . Substituting

this into Equation (3.73) we obtain

dK(t)
dt

=
(vm

L

)( α2

α1 − α2

)
(1− K(t))2 . (3.74)

Rearranging (3.74) and integrating both sides, we have

∫ K

K1

1

(1− x)2 dx =
(vm

L

)( α2

α1 − α2

) ∫ t

t1

dy, (3.75)

where t1 is the time the first agent arrives at the bottleneck and initiates the evacuation

process and K1 = K(t1).

To reduce the complexity of this problem, it is easier to begin by finding a time-shifted

solution where we initiate the process at time t̃1 = 0. Also let t̃N be the end of the time-

shifted arrivals process. After solving for t̃N , we can shift the time scale back to find t∗1
and t∗N as a function of the evacuation deadline, T and the per unit costs of congestion

and evacuating early, α1 and α2, respectively. The method for solving for t̃N is discussed

by Mahmassani and Herman and requires numerical analysis, however the results are

not shown in their paper. We perform this numerical analysis and the results are shown

in Section 3.5.4.

Let all time-shifted functions be denoted by a tilde, hence K̃(t) is the time-shifted

relative density function for t̃1 ≤ t ≤ t̃N . The bottleneck is assumed to be empty to

begin with when the evacuation process commences, hence K̃1 = K̃(t̃1) = 0. So, after
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time-shifting, we now have

∫ K̃

K̃1=0

1

(1− x)2 dx =
(vm

L

)( α2

α1 − α2

) ∫ t

t̃1=0
dy. (3.76)

The simplified time-shifted scale will be used for the rest of the solutions in this section.

In Section 3.5.2 we will show how to revert back to the true equilibrium process start and

end times, t∗1 and t∗N .

Solving Equation (3.76), we obtain the following solution for K̃(t),

K̃(t) = 1−
[(vm

L

)( α2

α1 − α2

) (
t− t̃1

)
+

(
1

1− K̃1

)]−1

. (3.77)

We tidy up the solution by letting β0 =
(

1− K̃1

)−1
and β1 =

( vm
L

) (
α2

α1−α2

)
, thus giving

the result,

K̃(t) = 1−
[
β1
(
t− t̃1

)
+ β0

]−1
. (3.78)

Setting t̃1 = 0, we arrive at the simplified solution for K̃(t),

K̃(t) = 1− [β1 t + β0]
−1 , for t̃1 ≤ t ≤ t̃N . (3.79)

We find γ̃(t) by rearranging Equation (3.69) and substituting in for K̃(t),

γ̃(t) = k j

(
L

dK̃(t)
dt

+ vm K̃(t)− vm K̃(t)2

)
. (3.80)

Substituting Equation (3.74) and (3.78) into Equation (3.80), we obtain the equilibrium

solution for the arrival rate under a Greenshields’ model,

γ̃(t) = k j

(
1− K̃(t)

) [
vm

(
α2

α1 − α2

)(
1− K̃(t)

)
+ vm K̃(t)

]
= k j

(
1− K̃(t)

) [
(vm − L β1) K̃(t) + L β1

]
(3.81)

= k j
[
β1
(
t− t̃1

)
+ β0

]−1
[[

β1
(
t− t̃1

)
+ β0

]−1
(L β1 − vm) + vm

]
. (3.82)
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Simplifying for t̃1 = 0, our equilibrium arrival rate function is given by

γ̃(t) = k j [β1 t + β0]
−1
[
[β1 t + β0]

−1 (L β1 − vm) + vm

]
, for t̃1 ≤ t ≤ t̃N . (3.83)

Now that we have the time-shifted equilibrium arrival rate function γ̃(t), we can

solve for the time-shifted equilibrium cumulative arrivals function Ã(t) by integrating

the arrival rate,

Ã(t) =
∫ t

t̃1=0
γ̃(u)du

=
k j

β1

[
vm log

(
β1 t + β0

β0

)
+

β1 (L β1 − vm) t
β0 (β1 t + β0)

]
, for t̃1 ≤ t ≤ t̃N . (3.84)

The time-shifted evolution of the travel time through the bottleneck, τ̃(t), is therefore

derived by integrating Equation (3.72) with respect to t from t̃1 to t,

τ̃(t) =
∫ t

t̃1=0

(
α2

α1 − α2

)
du

=

(
α2

α1 − α2

)
t, for t̃1 ≤ t ≤ t̃N . (3.85)

We can also find the equilibrium speed function by using the speed-density relation-

ship from Equation (3.66) and substituting in Equation (3.79),

ṽ(t) = vm

[
1− K̃(t)

]
= vm

[
1− (1− β1 t + β0)

−1
]

= vm (β1 t + β0)
−1 . (3.86)

Similarly, we can solve for the equilibrium outflow rate by substituting in Equations

(3.79) and (3.86) into Equation (3.67),

φ̃(t) = k̃(t) ṽ(t)

= k j vm K̃(t)
[
1− K̃(t)

]
= k j vm (β1 t + β0)

−1
[
1− (β1 t + β0)

−1
]

. (3.87)
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3.5.2 Key Timing Points

In this section we extend the work of Mahmassani and Herman by solving for the key

timing points of the process. The authors do not discuss the time the process begins rel-

ative to the evacuation deadline T, nor do they cap the number of vehicles that travel

through the bottleneck. They simply look at a continuous process beginning at the arbi-

trary time t̃1 = 0, with a bottleneck which starts empty, i.e. k̃1 = K̃1 = 0.

To find the time the first agent arrives at the bottleneck in equilibrium t∗1 , we need to

consider the total number of agents passing through the bottleneck, N and the evacuation

deadline, T. We know that at time t∗N , all agents will have arrived at the bottleneck, so the

cumulative arrivals at this time is A∗(t∗N) = N. Now that we have Ã(t) from Equation

(3.84), we can numerically solve for t̃N , the time-shifted arrival time of the last agent,

Ã(t̃N)− Ã(t̃1) = N

Ã(t̃N)− Ã(0) = N

Ã(t̃N) = N

k j

β1

[
vm log

(
β1 t̃N + 1

)
+

β1 t̃N (L β1 − vm)

β1 t̃N + 1

]
= N. (3.88)

Solving (3.88) numerically, we find our equilibrium solution for t̃N .

When no lateness penalty is permitted, we solve for the equilibrium first and last

arrival times, t∗1 and t∗N , by shifting our cumulative arrivals and departures functions

such that the departure time from the bottleneck of the last agent, t∗D, coincides with time

T. Hence,

t̃D = t̃N + τ̃
(
t̃N
)

, (3.89)

t∗1 = T − t̃D, (3.90)

t∗N = T − τ̃
(
t̃N
)

, (3.91)

t∗D = T. (3.92)

The relative density function, K̃(t), changes behaviour once arrivals cease. To calcu-
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late this function for t > t̃N , we take Equation (3.80) and set γ̃(t) = 0,

0 = k j

(
L

dK̃(t)
dt

+ vm K̃(t)− vm K̃(t)2

)
. (3.93)

Rearranging Equation (3.93), we can easily solve this first-order differential equation,

dK̃(t)
dt

= −
(vm

L

)
K̃(t)

[
1− K̃(t)

]
1

K̃
(

1− K̃
) dK̃ = −

(vm

L

)
dt

∫ K̃

K̃N

1
K̃(1− K̃)

dK̃ = −
(vm

L

) ∫ t

t̃N

dt

log

(
K̃

1− K̃

)
− log

(
K̃N

1− K̃N

)
= −

(vm

L

) (
t− t̃N

)
K̃(t) =

K̃N

K̃N +
(

1− K̃N

)
e(

vm
L )(t−t̃N)

, for t̃N < t ≤ t̃D, (3.94)

where K̃N = K̃(t̃N) = 1−
[
β1 t̃N + β0

]−1
.

Hence, the piecewise time-shifted relative density function is

K̃(t) =


1− [β1t + β0]

−1 , 0 ≤ t ≤ t̃N , (3.95a)

K̃N

K̃N +
(

1− K̃N

)
e(

vm
L )(t−t̃N)

, t̃N < t ≤ t̃D, (3.95b)

0, otherwise. (3.95c)

3.5.3 Finding a Consistent Approximation

In Section 3.2.1, we mentioned that measuring the outflow rate using Equation (3.3),

φ(t) = k(t) v(t), is an approximation. This equation implies that the density and speed of

each vehicle remains constant from the time the vehicle enters the bottleneck until it exits.

This necessary simplification allowed us to find a solution to this model by enabling the

use of the expression for travel time given by Equation (3.13), τ(t) = L
v(t) . However the

approximation leads to a contradiction when using the outflow rate to define the cumula-

tive departures function, D̃(t) =
∫ t

L
vm

φ̃(u)du compared with using the arrival time plus
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travel time, D̃(t+ τ̃(t)) = Ã(t). We discuss the consequences of relaxing this assumption

in Section 3.7.

To reconcile these differences, we apply an iterative process to obtain versions of γ(t)

and K(t) that produce consistent solutions which do not contradict our model’s defini-

tions. By integrating Equation (3.68) with respect to t, we observe that the relative density

is given by

K(t) =
1

L k j
[A(t)− D(t)] . (3.96)

Note that this is different to the equilibrium relative density function found in (3.95).

Let functions with a hat denote the time-shifted solutions derived using our conver-

gence technique. Since we have functions for Ã(t) and D̃(t) for 0 ≤ t ≤ t̃D from Section

3.5.2, we are able to calculate a new γ̂(t) by substituting Equation (3.96) into Equation

(3.81). Using the newly derived γ̂(t), we generate a new cumulative arrivals function,

Â(t) =
∫ t

0 γ̂(u)du, which in turn determines our new cumulative departures function,

D̂ (t + τ̃(t)) = Â(t).

To calculate these functions, we split our timeline into a fine, equally-spaced, discrete

vector. Due to this discretisation, generating D̂(t) requires interpolation between the

points determined by Â(t) and τ̃(t). We do this by using the interp1() function of

MATLAB® with the spline option selected. Finally, we substitute Â(t) and D̂(t) back

into Equation (3.96) to obtain a new K̂(t).

We repeat this process until we find convergence to some given level of tolerance of

K̂(t) and Â(t) or the maximum number of iterations is exceeded. For the purposes of this

dissertation, we used a tolerance of 0.001 with the maximum number of iterations set to

1,000. We found these figures to be sufficient in providing convergence to a consistent

result.

Next, we time-shift our functions such that the evacuation process completes at time

T, applying the same solution process for the key timing points as in Equations (3.89)–

(3.92) to our converged time-shifted functions. This allows us to solve for t̂∗1 and t̂∗N , the

arrival time of the first and last agents under our convergence method. Having found

t̂∗1 , we can now also solve for our equilibrium converged functions: Â∗(t), D̂∗(t), γ̂∗(t),
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φ̂∗(t), K̂∗(t) and v̂∗(t) by relocating our time-shifted functions appropriately. That is,

F̂ ∗(t) =

 F̂
(
t− t̂∗1

)
, for t̂∗1 ≤ t ≤ t̂∗N ,

0, otherwise,
(3.97)

where F ∈ {A, D, γ, φ, K, v}.

A summary of the steps in our iteration technique is provided below.

1. γ̂(t) = k j

(
1− K̂(t)

) [
(vm − Lβ1)K̂(t) + Lβ1

]
.

2. Â(t) =
∫ t

0 γ̂(u)du.

3. D̂ (t + τ̃(t)) = Â(t) and interpolate.

4. K̂(t) = 1
L k j

[
Â(t)− D̂(t)

]
.

5. Check for convergence of K̂(t) and Â(t). If converged, continue; otherwise repeat

from Step 1.

6. Time shift the entire process such that the final agent completes evacuation at time

T and solve for the starting time of the evacuation process, t̂∗1 .

7. Solve for converged versions of Â∗(t), D̂∗(t), γ̂∗(t), φ̂∗(t), K̂∗(t) and v̂∗(t) by time-

shifting to the equilibrium key timing points.

We show these results in Section 3.5.4. It turns out that convergence occurs in every

scenario that we discuss and requires very few iterations.

3.5.4 Numerical Results

Mahmassani and Herman provide three numerical examples which we replicate and ex-

tend in this section. The length of the bottleneck used is 1 kilometre long, i.e. L = 1 and

has a jamming density of k j = 220 vehicles per kilometre.12

Three cases are considered. The first is used as the benchmark case, the second in-

volves a higher maximum speed and the third case reduces the congestion penalty such

12The authors use miles as their measure of distance, but the unit choice is arbitrary, hence we will discuss
our results in terms of kilometres to remain consistent with the rest of this chapter.
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that the relative cost of evacuating early is now higher. These are the parameters used in

each of the three scenarios:

(a) vm = 30 km/h, α1 = $1.00/min and α2 = $0.20/min,

(b) vm = 40 km/h, α1 = $1.00/min and α2 = $0.20/min, and

(c) vm = 30 km/h, α1 = $0.30/min and α2 = $0.20/min.13

Scenario (a) is used as the benchmark case with the per unit congestion penalty being

five times larger than the penalty for evacuating early and the maximum speed through

the bottleneck is 30 km/h. In Scenario (b), the maximum speed allowed is increased to 40

km/h, while the relative costs remain the same. This increase in vm effectively increases

the capacity of the bottleneck. In Scenario (c), the maximum speed is returned to 30

km/h, but the relative penalty for congestion is reduced to 1.5 times the penalty for early

evacuation. This is achieved by reducing the absolute penalty for congestion from $1.00

per minute to $0.30 per minute. Evacuees in this situation are not as worried about being

stuck in traffic along the bottleneck relative to those in Scenario (a), however they find

early evacuation more costly.

Figures 3.4–3.7 show the replicated results from Mahmassani and Herman. These

results begin from t̃1 = 0 and are unrestricted, meaning that they do not take into account

N, the total number of vehicles evacuating nor T, the deadline time. Scenario (a) is shown

in blue, Scenario (b) in red and Scenario (c) in green.

Figure 3.4 shows the original unrestricted equilibrium cumulative arrivals function,

Ã(t), as given by Equation (3.84). The extra capacity from the increased maximum speed

in Scenario (b) allows for more arrivals to the bottleneck in equilibrium at every point

in time compared with Scenario (a). The behaviour in Scenario (c) differs greatly as the

relative cost of evacuating early rises. There is an initial burst of arrivals which then

slows down dramatically.

Figure 3.5 shows the unrestricted equilibrium arrival rate, γ̃(t) as given by Equation

(3.83). This is the first derivative of Figure 3.4. Consistent with the cumulative arrivals

13We also scale and adjust α1 and α2 such that the units are in dollars per minute rather than the original
dollars per hour used by the authors. We keep the ratio of α1

α2
unchanged such that departure time decisions

are unaffected by this scaling and only the level of the equilibrium cost is affected.
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Figure 3.4: Mahmassani and Herman’s original equilibrium cumulative arrivals func-
tions, Ã(t), for Scenarios (a) (blue), (b) (red) and (c) (green) using a Greenshields speed-
density relationship with no lateness permitted.

behaviour, we observe at first an increase in the arrival rates in Scenarios (a) and (b)

followed by a peak and then a decline towards zero. The behaviour in Scenario (c) is

once again distinctly different with a large arrival rate initially which is then followed by

a sharp decline towards zero. This rapid slowdown of the arrival rate accounts for the

lengthier process time seen in Scenario (c). This is discussed further below with respect

to our convergence results.

Figure 3.6 shows the unrestricted equilibrium relative density function, K̃(t), as given

by Equation (3.79). Scenario (b) is proportionally more congested than the benchmark

case due to its larger capacity encouraging evacuees to cluster their arrival times to the

bottleneck. Interestingly, Scenario (c) almost reaches jamming capacity in a relatively

short period of time. The behaviour occurs due to the agents being more willing to incur

congested travel time relative to evacuating early. Knowing other agents are willing to

do the same, agents now need to arrive even earlier at the bottleneck in order to evacuate
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Figure 3.5: Mahmassani and Herman’s original equilibrium arrival rates, γ̃(t), for Sce-
narios (a) (blue), (b) (red) and (c) (green) using a Greenshields speed-density relationship
with no lateness permitted.

on time due to the higher congestion.

Finally, Figure 3.7 shows the unrestricted equilibrium average speed along the bot-

tleneck, ṽ(t). It has an inverse relationship with the relative density, K̃(t). This figure is

characterised by Equation (3.86). Scenario (b), depicted in red, has an intercept showing

the maximum speed of the bottleneck at 40 km/h while the other two scenarios inter-

sect the y-axis at 30 km/h. Despite the higher maximum speed in Scenario (b), due to

the higher congestion, the average speed slows down faster than in the benchmark case.

Consistent with what we have seen in Figures 3.4–3.6, Scenario (c) exhibits the sharpest

decrease in average speed due to the quick build up of congestion along the bottleneck.

We extend our analysis to cater for the key timing points of the evacuation process

by incorporating the number of evacuees, N and the evacuation deadline, T. We use an

evacuation deadline of T = 200 minutes and there are N = 500 residents to evacuate.

We also apply our convergence technique to the problem. Figures 3.8–3.11 show our
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Figure 3.6: Mahmassani and Herman’s original equilibrium relative density functions,
K̃(t), for Scenarios (a) (blue), (b) (red) and (c) (green) using a Greenshields speed-density
relationship with no lateness permitted.

convergence results time-shifted back to allow for the evacuation process to end at time

T for each of Mahassani and Herman’s three scenarios.

Figure 3.8 depicts the final converged cumulative arrivals and departures functions.

The solid lines represent the cumulative arrivals for each scenario while the dotted lines

are the cumulative departures. Again, Scenario (a) is shown in blue, Scenario (b) in red

and Scenario (c) in green.

The first vehicle to depart the bottleneck in each scenario does so L
vm
× 60 minutes after

entering the bottleneck, which is the minimum time required to travel through an empty

bottleneck. This explains the gap between Â∗(t) and D̂∗(t) when n = 0. The horizontal

distance between the Â∗(t) and D̂∗(t) curves represents the travel time τ̃(t̃) = τ∗(t) for a

vehicle arriving at the bottleneck at time t, where t̃ = t− t∗1 . With no lateness permitted

in these scenarios, all three cumulative departure functions reach N = 500 at time T =

200 minutes with no vehicles evacuating after the imposed deadline. Convergence is
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Figure 3.7: Mahmassani and Herman’s original equilibrium average speed functions,
ṽ(t), for Scenarios (a) (blue), (b) (red) and (c) (green) using a Greenshields speed-density
relationship with no lateness permitted.

achieved for all scenarios with very few iterations using a tolerance of 0.001 difference in

the level of K̂(t). For Scenarios (a) and (b), convergence was achieved after six iterations,

whilst for Scenario (c) convergence occurred after 35 iterations.

With an increased maximum speed in Scenario (b), we see that vehicles delay their

arrival to the bottleneck to reduce their early evacuation costs knowing that their travel

time will be reduced given the larger capacity. The result of this is a shorter duration for

the whole evacuation process and a lower equilibrium cost of evacuation.

Interestingly, the higher early evacuation cost relative to the congestion cost in Sce-

nario (c) means that evacuees need to arrive at the bottleneck much earlier than in Sce-

nario (a) due to the congestion caused. Evacuees spend significantly more time in the

bottleneck in Scenario (c) than in either of the other two scenarios due to the increased

congestion. Ironically, most evacuees complete evacuation even earlier than in the other

two scenarios despite the higher cost of evacuating early. The relatively cheaper cost of
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T 

Figure 3.8: Converged equilibrium cumulative arrivals functions (solid lines), Â∗(t) and
cumulative departures functions (dotted lines), D̂∗(t), for Scenarios (a) (blue), (b) (red)
and (c) (green) using a Greenshields speed-density relationship with no lateness permit-
ted.

travel along the bottleneck boosts the level of congestion and increases the travel time

along the bottleneck. This causes evacuees to start arriving earlier to the bottleneck in

order to ensure they evacuate on time. The equilibrium cost of evacuation in this case is

higher than in Scenario (a).

Figure 3.9 shows the corresponding converged equilibrium arrival and departure

rates, γ̂∗(t) and φ̂∗(t), for each scenario. The solid lines represent the arrival rates for

each scenario while the dotted lines are the departure rates. Again, Scenario (a) is shown

in blue, Scenario (b) in red and Scenario (c) in green.

Scenarios (a) and (b) follow similar shapes of arrival and departure rates. With the

relative penalties being the same in these two scenarios, the only difference arises in the

total process time. Evacuees in Scenario (b) face a bottleneck with a larger capacity, hence

they are able to delay the beginning of their evacuation process and still evacuate on time.

We can see this from the rightward shift and the higher arrival and departure rates of the
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T 

Figure 3.9: Converged equilibrium arrival rates (solid lines), γ̂∗(t) and departure rates
(dotted lines), φ̂∗(t), for Scenarios (a) (blue), (b) (red) and (c) (green) using a Greenshields
speed-density relationship with no lateness permitted.

red curves compared with Scenario (a).

The behaviour in Scenario (c) changes dramatically once the relative cost of conges-

tion is reduced. The initial spike in the arrival rate confirms the evacuees’ willingness

to contend with more congestion to ensure that they evacuate on time and not too early

given the higher relative cost of early evacuation. The evacuation process stretches out

over a much longer period of time compared with Scenarios (a) and (b) with the arrival

and departure rates dropping sharply after the initial burst due to the built up congestion

in the bottleneck. This behaviour differs greatly from that seen in the first two scenarios

where the arrival and departure rates build up gradually then slow down.

Notice that the shapes of the converged cumulative arrival and arrival rate functions

in Scenarios (a) and (b) are very similar to those seen in Figures 3.4 and 3.5 during the

relevant time frame. Our convergence technique achieves a similar result for these two

scenarios as was seen in Mahmassani and Herman. The shape of the curves in Scenario
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(c) differ somewhat, however. In our convergence results, there exists an extra peak in

our arrival and departure rates which does not occur in Mahmassani and Herman’s re-

sults. This peak occurs due to our convergence technique which aims to keep our results

consistent across the definitions of travel time and density such that D̂∗(t+ τ̃(t̃)) = Â∗(t)

and K̂∗(t) = 1
L k j

[
Â∗(t)− D̂∗(t)

]
.

T 

Figure 3.10: Converged equilibrium relative density functions, K̂∗(t), for Scenarios (a)
(blue), (b) (red) and (c) (green) using a Greenshields speed-density relationship with no
lateness permitted.

Figure 3.10 shows the converged equilibrium relative density functions for each sce-

nario. The drop off in these functions occur when new arrivals cease and the congestion

in the bottleneck is dissipating. The behaviour in Scenarios (a) and (b) are again very

similar to that seen in Mahmassani and Herman. In Scenario (c), the initial sharp rise of

the relative density curve occurs due to the lag in departures as evacuees require time

to travel through the bottleneck. Once departures begin, the gap between cumulative

arrivals and departures decreases, hence the relative density also declines temporarily.

As congestion builds and travel time increases, the relative density increases once more.
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Despite these extra peaks in Scenario (c) caused by our convergence algorithm, the gen-

eral shape of our results match the behaviour shown in Mahmassani and Herman with

the equilibrium arrival rate starting very large and declining sharply and the equilibrium

relative density increasing rapidly to almost full capacity, then flattening out. Our results

then diverge once N is reached as Mahmassani and Herman’s results did not cap the total

number of travellers.

T 

Figure 3.11: Converged equilibrium average speed functions, v̂∗(t), for Scenarios (a)
(blue), (b) (red) and (c) (green) using a Greenshields speed-density relationship with no
lateness permitted.

Figure 3.11 shows the evolution of the average speed through the bottleneck over the

course of the evacuation process. The inverse relationship with the relative density is

maintained even with the use of our convergence technique. Again, the shapes of our

results broadly match those seen in Mahmassani and Herman with the average speed

being the lowest in Scenario (c) after a sharp decline and a higher, but faster declining

average speed in Scenario (b) compared with the benchmark case.

Table 3.2 at the end of Section 3.6 on page 137 shows a summary of the key timing
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points for each scenario and the equilibrium cost when N = 500, T = 200, L = 1 and

k j = 220. Let p∗ = t∗D − t∗1 represent the total time taken for the evacuation process to

complete from the time of the first arrival to the time of the last departure. Let τ∗ be

the average equilibrium travel time along the bottleneck and τ∗N be the travel time of the

last evacuee. We measure the range of agent arrivals by observing the time difference

between the first arrival and the last arrival to the bottleneck given by r∗ = t∗N − t∗1 .

Also recorded are the quartiles for each distribution of cumulative arrivals, Qi(Â∗) for

i ∈ {1, 2, 3}, measured between times t∗1 and t∗N as a percentage of the total number of

evacuees.

We can see that the increase in the maximum allowable speed in Scenario (b) both

delays the start of the evacuation process from t∗1,(a) = 179.29 minutes to t∗1,(b) = 184.47

minutes and reduces the total process time from p∗(a) = 20.71 minutes to p∗(b) = 15.53

minutes. We can also see that the average travel time through the bottleneck is lower in

Scenario (b) than Scenario (a) due to the extra capacity with τ∗(b) = 2.87 minutes com-

pared to τ∗(a) = 3.82 minutes. The arrivals are more clustered in Scenario (b) with the

range being r∗(b) = 11.22 minutes compared with r∗(a) = 14.97 minutes in Scenario (a), but

average travel time through the bottleneck is not adversely impacted due to the larger

capacity. The equilibrium cost to each agent is therefore also lower in Scenario (b) with

c∗(b) = $4.31 < $5.74 = c∗(a).

In Scenario (c) where congestion is relatively less costly, agents must enter the bot-

tleneck earlier in order to evacuate on time knowing that they will face heavier conges-

tion whilst in the bottleneck. This is apparent from the first agent’s arrival time at the

bottleneck at time t∗1,(c) = 144.08 minutes and the longer average travel time along the

bottleneck of τ∗(c) = 13.07 minutes compared with t∗1,(a) = 179.29 minutes and τ∗(a) = 3.82

minutes in Scenario (a). The total evacuation process in Scenario (c) takes p∗(c) = 55.92

minutes to complete, which is 35.21 minutes longer than in Scenario (a). Despite the

larger range of arrival times r∗(c) = 17.97 minutes compared with r∗(a) = 14.97 minutes,

nearly 55% of evacuees enter the bottleneck in the first quarter of the arrivals process.

The arrivals slow significantly during the latter stages of the process with less than 12%

of evacuees entering the bottleneck in the last quarter. Compare this with Scenarios (a)
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and (b) where the spread of arrivals is almost uniform. Overall, the reduction in the rel-

ative cost of congestion has significantly impacted departure behaviour and has led to a

higher equilibrium cost of c∗(c) = $11.38 per agent, despite the reduction in the absolute

value of the congestion penalty.

The last agent in each scenario departs at exactly time T, hence they do not incur

any early evacuation penalty. Therefore, in Scenarios (a) and (b) where the congestion

penalty is α1 = $1.00 per minute, the travel time of the last agent equals the equilibrium

cost, i.e. τ∗N,(a) = 5.74 minutes and τ∗N,(b) = 4.31 minutes. In Scenario (c), the final agent

incurs a much larger travel time of τ∗N,(c) = 37.95 minutes, however the equilibrium cost

incurred is lower due to the smaller congestion penalty of α1 = $0.30 per minute. In all

three scenarios, t∗D = T = 200.00 minutes since no lateness is permitted and there is no

incentive for the final agent to evacuate any earlier.

What we see from these results is that the efficiency and cost of the evacuation process

depend heavily on the behaviour of the agents which is driven primarily by the relative

costs of congestion and schedule delay. In the next section, we allow our agents to evacu-

ate after the critical time T to explore how this affects the timeliness of evacuation as well

as the equilibrium cost to each agent.

3.6 Greenshields’ Model with a Lateness Penalty

In this section, we relax the assumption that agents must evacuate by time T. Agents are

now permitted to evacuate after time T, however they incur a penalty of α3 dollars for

every minute they are late.

Solutions to the functional forms of our key variables are calculated in a similar man-

ner to the procedure described in Section 3.4 where the cost function is once again piece-

wise dependent on whether the agent evacuates before or after the deadline as given by

Equation (3.4). However, the departure rate from the bottleneck is no longer constant

and is allowed to vary as in Section 3.5.
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3.6.1 Solving for Equilibrium

Again, we need to distinguish those who evacuate early from those who evacuate after

the deadline. Let t1, tN and tT once again denote the arrival times of the first agent, the last

agent and the agent who departs the bottleneck at exactly time T, respectively. Equations

(3.66)–(3.71) from Section 3.5 which govern the average speed v(t), the departure rate

φ(t), the evolution of density over time dk(t)
dt and the travel time τ(t), all remain the same.

No alterations have been made to the relative penalties between congestion and early

evacuation, hence the form of the time-shifted equilibrium functions for early evacuees,

Ãξ(t), γ̃ξ(t), K̃ξ(t), ṽξ(t) and φ̃ξ(t) for t̃1 ≤ t ≤ t̃T, are unchanged from the case where no

lateness is permitted, where the subscript ξ denotes the function holds only for on-time

evacuees and we assume t̃1 = 0. For their functional forms see Equations (3.79), (3.83)–

(3.84) and (3.86)–(3.87). However, as we saw in Section 3.4, the form of our equilibrium

functions change for our late evacuees.

The cost function for late evacuees was previously shown in Equation (3.50) and is

repeated below for convenience,

cλ(t) = (α1 + α3) τλ(t) + α3 t− α3 T, for tT < t ≤ tN . (3.98)

Since the cost function for late evacuees is unchanged, the first-order condition for late

agents also remains the same as in Equation (3.51),

dτλ(t)
dt

= −
(

α3

α1 + α3

)
< 0, for tT < t ≤ tN . (3.99)

Again, this result implies that late evacuees will incur less travel time the longer they

delay their arrival to the bottleneck.

To simplify our calculations, we also time-shift our solutions for late evacuees such

that these functions begin at time t̃T,λ = 0. Once we find the key timing points of our

process, we shift our late functions such that they begin at time tT, which is the arrival

time of the last on-time evacuee. Hence this leads to a time-shifted bottleneck travel time
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function for late evacuees of

τ̃λ(t) =
[∫ t

t̃T,λ=0
−
(

α3

α1 + α3

)
du
]
+ τ̃T

= τ̃T −
(

α3

α1 + α3

)
t, (3.100)

where τ̃T = τ̃ξ(t̃T,ξ) is the travel time for the last on-time evacuee. Since nothing has

changed regarding the arrival pattern for early evacuees, τ̃ξ(t) = τ̃(t) =
(

α2
α1−α2

)
t for

0 ≤ t ≤ t̃T,ξ from Section 3.5 where t̃T,ξ is the time-shifted arrival time for this agent.

Following the procedure outlined in Section 3.5.1, we find the time-shifted equilib-

rium relative density function for late evacuees corresponding to Equation (3.78) is

K̃λ(t) = 1− [β3 t + β2]
−1 , for t̃T,λ < t ≤ t̃N,λ, (3.101)

where β3 = −
( vm

L

) ( α3
α1+α3

)
, β2 =

(
1− K̃T

)−1
and K̃T = K̃ξ(t̃T,ξ), that is, the relative

density in the bottleneck when the last on-time evacuee arrives after time-shifting.

Derived in a similar manner to Equation (3.82) and substituting in Equation (3.101),

we obtain the simplified time-shifted equilibrium arrival rate for late evacuees,

γ̃λ(t) = k j

(
1− K̃λ(t)

) [
vmK̃λ(t)− vm

(
α3

α1 + α3

)(
1− K̃λ(t)

)]
= k j (β3 t + β2)

−1
[
(β3 t + β2)

−1 (L β3 − vm) + vm

]
, for t̃T,λ < t ≤ t̃N,λ. (3.102)

Integrating Equation (3.102), we find the functional form of the time-shifted equilib-

rium cumulative arrivals function for late evacuees, which is given by

Ãλ(t) =
[∫ t

t̃T,λ=0
γ̃λ(u)du

]
+ ÃT

=
k j

β3

[
vm log

(
β3 t + β2

β2

)
+

β3 (L β3 − vm) t
β2 (β3 t + β2)

]
+ ÃT, (3.103)

where ÃT = Ãξ

(
t̃T,ξ
)

is the cumulative number of evacuees who have already arrived at

the bottleneck by time t̃T,ξ .

Notice that the sign on the term β3(L β3−vm)t
β2(β3 t+β2)

in Equation (3.103) depends on the mag-
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nitude of the parameters β2, β3, vm, L and the value of t. If left unrestricted, Ãλ(t) can

exhibit a local maximum near the origin of the function as t increases. Since the cumu-

lative arrivals function cannot decline, we restrict our solution for Ãλ(t) to values of t

where the function is strictly non-decreasing. To incorporate this restriction, let Ãmax,λ

represent the number of cumulative arrivals at the local maximum of Ãλ(t) and t̃max,λ be

the corresponding time-shifted arrival time of this agent. After taking into account this

monotonicity restriction, the time-shifted cumulative arrivals function for late evacuees

is therefore better represented as

Ãλ(t) =


k j

β3

[
vm log

(
β3 t + β2

β2

)
+

β3 (L β3 − vm) t
β2 (β3 t + β2)

]
+ ÃT, for 0 ≤ t ≤ t̃max,λ,

Ãmax,λ, otherwise.

(3.104)

Now that we have the functional forms for our equilibrium functions for both early

and late evacuees, we require a method for piecing together the two functions and finding

the key timing points of the evacuation process. We step through this process in the next

section.

3.6.2 Key Timing Points

To solve for the final piecewise equilibrium solutions, we need to identify tT, the arrival

time of the agent who will evacuate exactly at time T. We know that the cost is constant

for all agents in equilibrium, hence

cξ (t∗1) = cξ (t∗T) = cλ (t∗T) = cλ (t∗N) (3.105)

where cξ(t) and cλ(t) are defined the same as in Equations (3.47) and (3.48) and the as-

terisk denotes equilibrium solutions in the original time scale.

We wish to avoid Henderson and Kocur’s assumption described in Section 3.4.2 that

the last agent to arrive faces an empty bottleneck. Their assumption implied that the last

evacuee experiences zero travel time through the bottleneck under the queuing version
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of this model. It is not apparent that the corresponding assumption would also be the

case under the flow model used by Mahmassani and Herman, which would imply that

the last agent to evacuate would be facing an empty bottleneck and therefore be able to

travel through the bottleneck at maximum speed incurring a travel time of L
vm

. Without

this assumption, however, it is not possible to solve for the key timing points analytically.

Therefore, in the rest of this section, we outline a linear search method for numerically

finding tT in equilibrium and hence all other key timing points.

Let variables with a prime denote intermediate values during our search for the equi-

librium solution. We initialise our linear search by setting t′T = T− L
vm

as this is the latest

time this agent can arrive at the bottleneck and still feasibly evacuate by time T. We

evaluate the cost at this time, which is given by

cξ(t′T) = α1 τξ(t′T) + α2 ξ(t′T)

= α1
(
T − t′T

)
= c′T, (3.106)

where the schedule delay is ξ(t′T) = 0 since the agent evacuates at exactly time T and the

travel time through the bottleneck is just the difference between the agent’s departure

time and arrival time, τξ(t′T) = T − t′T.

Using the condition that all costs are equalised in equilibrium, we obtain

cξ(t′1) = c′T

α1 τξ(t′1) + α2 ξ(t′1) = c′T

α1 τξ(t′1) + α2
(
T − t′1 − τξ(t′1)

)
= c′T. (3.107)

Rearranging Equation (3.107) and noting that the first evacuee faces an empty bottleneck

and hence can travel through at maximum speed, we find t′1 is equal to

t′1 = T − τξ(t′1)−
(

cT − α1 τξ(t′1)
α2

)
= T +

L
vm

(
α1 − α2

α2

)
− c′T

α2
, (3.108)
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where τξ(t′1) =
L

vm
.

Now that we have a proposed process start time, we are able to relocate our time-

shifted functions to the correct key timing points. Therefore, our piecewise cumulative

arrivals function with lateness permitted takes the form,

A(t) =



0, for t < t′1
Ãξ (t− t′1) , for t′1 ≤ t ≤ t′T,

Ãλ (t− t′T) , for t′T < t ≤ t′N

Ãmax,λ, otherwise.

(3.109)

Given the plateauing behaviour of Ãλ(t), our equilibrium t∗T must be sufficiently ear-

lier than T such that there is enough time for all N agents to evacuate before Ãmax,λ is

reached. That is, if Ãmax,λ < N, then this cannot be an equilibrium for our process. The

earlier that tT occurs, the more agents that can pass through the bottleneck and the higher

Ãmax,λ can be.

Our equilibrium t∗T also cannot occur too early, otherwise N agents will have evacu-

ated before time T. This also cannot be an equilibrium since agents can lower their cost

by arriving later to the bottleneck which reduces their early evacuation penalty.

Mathematically, this implies that the following boundary conditions on tT must hold

in equilibrium,

Ãξ (t∗T − t∗1) ≤ N, and (3.110)

Ãλ

(
t̃∗max,λ − t∗T

)
≥ N. (3.111)

From these two boundary conditions, we can find a range to limit our search. By the

same argument that t∗T cannot be too small in equilibrium because agents can reduce their

costs by delaying arrival, it turns out that the latest tT that satisfies conditions (3.110) and

(3.111) will generate the lowest cost in equilibrium as costs monotonically increase with

decreasing tT. Therefore, our equilibrium t∗T must be the largest possible tT that satisfies

(3.111).

To find t∗T, we perform a linear search by systematically decreasing t′T, where initially
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t′T = T− L
vm

, until the above conditions on cost and evacuee throughput are satisfied. The

finer the granularity of the search, the more accurate the solution found. Our increment

size depends on the magnitude of T and the number of segments we wish to split our

time interval into. We use an increment size of 0.0044 minutes for our simulations.

Once t∗T has been found, we can apply the same iterative technique presented in Sec-

tion 3.5.3 to find a solution consistent with the system of equations in our model. A

summary of the linear search procedure described in this section is provided below with

our results shown in Section 3.6.3.

1. Initialise t′T = T − L
vm

.

2. Calculate cξ (t′T).

3. Solve for t′1 using our equilibrium condition on costs being equalised.

4. Stitch together Ãξ(t) and Ãλ(t) and time-shift the function using t′1 as a starting

point for the evacuation process to obtain A(t).

5. Check whether Ãλ

(
t̃max,λ − t′T

)
≥ N. If not, decrease t′T by one increment and

repeat from Step 2.

6. Check all equilibrium conditions are satisfied. If so, our linear search is complete

and t∗T has been found.

7. Appropriately time-shift the equilibrium functions to solve for A∗(t), γ∗(t), and

K∗(t).

8. Apply the convergence technique described in Section 3.5.3 to solve for our final

Â∗(t), D̂∗(t), γ̂∗(t), φ̂∗(t), K̂∗(t) and v̂∗(t).

3.6.3 Numerical Results

We consider the same three scenarios as seen in Section 3.5.4 with an additional lateness

penalty of α3 = $1.00 per minute. We refer to these cases as Scenarios (d)–(f). We also
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include two extra scenarios which vary the lateness penalty in comparison to the bench-

mark case. Scenario (g) sets a lower relative lateness penalty of α3 = $0.10 per minute,

whilst Scenario (h) increases the lateness penalty to α3 = $10, 000.00 per minute.

(d) vm = 30 km/h, α1 = $1.00/min, α2 = $0.20/min and α3 = $1.00/min,

(e) vm = 40 km/h, α1 = $1.00/min, α2 = $0.20/min and α3 = $1.00/min,

(f) vm = 30 km/h, α1 = $0.30/min, α2 = $0.20/min and α3 = $1.00/min,

(g) vm = 30 km/h, α1 = $1.00/min, α2 = $0.20/min and α3 = $0.10/min, and

(h) vm = 30 km/h, α1 = $1.00/min, α2 = $0.20/min and α3 = $10, 000.00/min.

These scenarios allow us to analyse the overall effect of permitting lateness on the out-

comes of our process as well as determine the effects of the magnitude of the lateness

penalty.

T 

Figure 3.12: Converged equilibrium cumulative arrivals functions (solid lines), Â∗(t) and
cumulative departures functions (dotted lines), D̂∗(t), for Scenarios (d) (blue), (e) (red)
and (f) (green) using a Greenshields speed-density relationship with lateness permitted.
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Figure 3.12 shows the cumulative arrivals and departures functions for Scenarios (d)–

(f) which correspond to relaxing the lateness constraint on Scenarios (a)–(c), respectively.

Once again, the solid lines represent cumulative arrivals and the dotted lines represent

cumulative departures. Scenario (d) is depicted in blue, Scenario (e) in red and Scenario

(f) in green. The lateness penalty in these cases is set to α3 = $1.00 per minute which is a

one-to-one ratio with the congestion penalty, α1.

Similar to the results seen in Section 3.4, the relaxation of the lateness constraint al-

lows evacuees to delay their arrival to the bottleneck and reduces the cost incurred in

equilibrium. This can be seen by comparing Figure 3.12 to Figure 3.8 and by observing

the numerical results shown in Table 3.2. The start time for our equilibrium processes are

2.28 minutes earlier for Scenario (d) compared with Scenario (a), 1.69 minutes earlier for

Scenario (e) compared with Scenario (b), and 32.86 minutes earlier for Scenario (f) com-

pared with Scenario (c). Despite the later completion time of these new scenarios with

t∗D,(d) = 201.85 minutes, t∗D,(e) = 201.37 minutes and t∗D,( f ) = 202.79 minutes, the total

process time for each scenario is reduced. This can be seen by comparing p∗(d) = 20.28

minutes with p∗(a) = 20.71 minutes, p∗(e) = 15.21 minutes with p∗(b) = 15.53 minutes, and

p∗( f ) = 25.85 minutes with p∗(c) = 55.92 minutes. Agents from Scenario (f) benefit the

most from lateness being permitted with a reduction of cost from c∗(c) = $11.38 per agent

to c∗( f ) = $4.81 per agent, saving each agent $6.57. Agents in Scenario (d) each save $0.45

while agents in Scenario (e) each save $0.34. The main driver of these cost savings is

the reduction in average travel time with τ∗(d) = 3.70 minutes, τ∗(e) = 2.78 minutes, and

τ∗( f ) = 8.33 minutes, which is a reduction of 0.12 minutes, 0.09 minutes and 4.74 minutes

in comparison with Scenarios (a), (b) and (c), respectively. Since α1 = α3 in Scenarios (d)–

(f), there is a dollar-for-dollar trade-off between the minutes the agent spends travelling

through the bottleneck and the minutes the agent is late.

We can also see the impact of allowing for lateness via the quartiles of the cumulative

arrivals. In comparison to their counterparts when lateness is not permitted, Scenarios

(d) and (e) show an increase in the proportion of evacuees arriving in each of the first

three quartiles of the evacuation process. This implies that arrivals prefer to arrive earlier

on in the evacuation process when lateness is permitted compared to when lateness is
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not permitted. For Scenario (f), the proportion of agents arriving in the first quartile also

increases, however this is explained by the slight lowering of the proportion of arrivals

for the second and third quartiles. There is no large difference to the quartiles between

Scenarios (c) and (f) with agents arriving in a similar pattern, albeit at very different times.

T 

Figure 3.13: Converged equilibrium cumulative arrivals functions (solid lines), Â∗(t)
and cumulative departures functions (dotted lines), D̂∗(t), varying α3, for Scenarios (a)
(black), (d) (blue), (g) (red) and (h) (green) using a Greenshields speed-density relation-
ship with lateness permitted.

Figure 3.13 shows a comparison of four scenarios with varying values for α3. All four

scenarios use vm = 30 kilometres per hour, α1 = $1.00 per minute and α2 = $0.20 per

minute as per the benchmark case of Scenario (a). Scenario (a), depicted in black, does

not permit lateness and is the equivalent of setting α3 = ∞. Scenario (d) is also included

for comparison with α3 = $1.00 per minute and is depicted in blue. The red plots refer to

Scenario (g) where the lateness penalty is lowered relative to both the congestion penalty

and the early evacuation penalty with α3 = $0.10 per minute. Finally, the green plots

relate to Scenario (h) where the lateness penalty is very large with α3 = $10, 000.00 per
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minute.

As discussed above, when the benchmark case is relaxed to allow for lateness, this

delays the arrival of the first agent and reduces the total process time and cost for agents.

This can be seen by comparing the black plots of Scenario (a) with the blue plots of Sce-

nario (d). A lower relative lateness penalty in Scenario (g) causes the agents to delay

their arrival time even further since being late is now cheaper than evacuating early. This

can be seen by the rightward shift of the red plot lines in comparison with the black and

blue plots. Table 3.2 also shows this with t∗1,(g) = 189.29 minutes, the latest start time of

all the scenarios. Our table of results also shows that the average travel time along the

bottleneck is lowered from τ∗(d) = 3.70 minutes to τ∗(g) = 3.06 minutes when lateness

is permitted and the penalty is reduced from α3 = $1.00 per minute to α3 = $0.10 per

minute. The equilibrium cost is therefore also, unsurprisingly, lower at c∗(g) = $3.74 in

comparison with c∗(d) = $5.29 in Scenario (d) and c∗(a) = $5.74 in Scenario (a). Although

the average travel time and equilibrium cost is less in Scenario (g), the evacuation pro-

cess occurs over a longer period of time with p∗(g) = 23.20 minutes versus p∗(a) = 20.71

minutes and p∗(d) = 20.28 minutes. The quartiles of Scenario (g) show a strong preference

for agents to arrive early on in the evacuation process with the first two quartiles more

than ten percentage points higher than in the benchmark case and Scenario (d). The third

quartile is also higher than the benchmark case by more than ten percentage points and

is similarly higher than in Scenario (d), but to a lesser degree.

In Scenario (h), the lateness penalty is set to α3 = $10, 000.00 per minute. As we

saw in Section 3.4, as α3 → ∞, our results approach the findings from Scenario (a) when

lateness is not permitted. This can be seen by comparing the green plots against the black

plots in Figure 3.13. In Table 3.2, we can see that the final evacuee leaves the bottleneck at

time t∗D,(h) = 200.00 minutes, which is the deadline time, T, hence the lateness penalty in

this scenario is large enough to cause all agents to avoid evacuating late. The remaining

discrepancies between Scenarios (a) and (h) occur due to the discretisation of our problem

which is necessary so that a solution can be found computationally. In fact, for α3 >

$5, 725.00 per minute, convergence of Scenario (h) to Scenario (a) is not improved any

further by increasing α3 under our simulation parameters.
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Recall that we applied a linear search algorithm to find the equilibrium t∗T in order to

avoid making the assumption that the last evacuee faces an empty bottleneck and hence

travels through at maximum speed. Our results show that the last evacuee does not in

fact face an empty bottleneck upon arrival even when lateness is permitted. This is un-

surprising, since arrivals to the bottleneck is fluid with no large gaps in arrival times to

allow evacuees time to exit the bottleneck before another agent arrives. The minimum

travel time through the bottleneck is L
vm

= 2.00 minutes for Scenarios (d), (g) and (h). We

can see from Table 3.2 that the travel time for the last evacuee is τ∗N,(d) = 3.44 minutes,

τ∗N,(g) = 2.49 minutes and τ∗N,(h) = 4.42 minutes, for Scenarios (d), (g) and (h), respec-

tively.

Our results show that by allowing our evacuees to evacuate after time T, we allow

them more flexibility in their decision-making and hence they are able to reduce their

equilibrium cost, even if the lateness penalty per minute is larger than both the con-

gestion penalty and the early evacuation penalty. Equilibrium behaviour is still heavily

dictated by the relative costs of congestion and schedule delay, however we observe less

dramatic differences between scenarios when evacuees are permitted to be late due to

their newfound flexibility.

3.7 Discussion and Further Work

In this section we discuss some of the shortcomings of the bottleneck model and further

work that can be done with regards to this research.

There are numerous shortcomings with this model including the point made by Chu

[349] that when lateness is not permitted, the solution suggested by Henderson is not in

fact a Nash equilibrium. This instability also occurs in the solution delivered by Hen-

drickson and Kocur when lateness is not permitted. This instability is avoided in Hen-

drickson and Kocur when lateness is allowed. Similarly in our research, when lateness

is permitted under a Greenshields’ model for traffic flow, the final evacuee does not face

an empty bottleneck upon arrival, however they have no incentive to delay arrival any

further since it increases their lateness penalty in a way that is not outweighed by the
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Scenarios

No Lateness Permitted Lateness Permitted

α3 = ∞ α3 = 1 α3 = 0.1 α3 = 10, 000

(a) (b) (c) (d) (e) (f) (g) (h)

t∗1 (mins) 179.29 184.47 144.08 181.57 186.16 176.94 189.29 179.70

t∗N (mins) 194.26 195.69 162.05 198.37 198.74 196.03 210.11 195.54

t∗D (mins) 200.00 200.00 200.00 201.85 201.37 202.79 212.49 200.00

r∗ (mins) 14.97 11.22 17.97 16.80 12.58 19.09 20.82 15.84

p∗ (mins) 20.71 15.53 55.92 20.28 15.21 25.85 23.20 20.30

τ∗ (mins) 3.82 2.87 13.07 3.70 2.78 8.33 3.06 3.81

τ∗N (mins) 5.74 4.31 37.95 3.44 2.60 6.75 2.49 4.42

c∗ ($) 5.74 4.31 11.38 5.29 3.97 4.81 3.74 5.66

Q1(Â∗) (%) 25.96 25.96 54.59 29.30 29.23 56.61 36.53 27.56

Q2(Â∗) (%) 52.56 52.55 75.30 58.82 58.70 75.05 65.64 55.56

Q3(Â∗) (%) 77.33 77.32 88.14 85.91 85.75 87.61 87.67 81.46

Table 3.2: A comparison of results.

savings gained by reducing their congestion costs.

Another criticism of this model is the fact that solutions involving Nash equilibria

do not provide a mechanism for determining which agent arrives at what point in the

arrival pattern. What we have found in our solutions is a stable pattern of arrivals that

if agents adhered to, no agent would have any incentive to deviate from their choice of

arrival time. However, in reality, determining which agent will arrive at which particular

time is not so straightforward. Models that can assist in addressing this problem include

searching for mixed strategy Nash equilibria, allowing for repetition and learning over

time and considering Bayesian rationality as the basis for decision-making.

One significant shortfall in this model is the assumption of a fixed average speed

whilst travelling through the bottleneck. The use of this assumption was discussed in

Section 3.5.3. To provide a more accurate model of reality, the outflow rate, φ(t), should

evolve over time as an agent travels through the bottleneck. In the research presented

above, we have remained consistent with previous research and assumed that the speed

at which an agent enters the bottleneck is constant throughout the duration of travel
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along the bottleneck. During the course of our research, we attempted to relax this as-

sumption and solve our system using a varying speed. We were unable to find solutions

as the ordinary differential equations encountered required us to predict into the future

in order to solve variables in the present.

Other possible extensions to this work include heterogeneous agents with different

cost functions, stochastic congestion such that agents do not know exactly how long the

evacuation will take, such as in Xin and Levinson [360], and introducing uncertainty and

increased costs into the cost function to reflect a higher risk of failure to escape with de-

layed evacuation past the recommended deadline. This is a well-studied area of research

that has much room to grow. With time, hopefully we are able to model departure time

decisions with more accuracy to improve the effectiveness of our evacuation procedures.

3.8 Conclusions

Our research extends the work of numerous authors including Vickrey [318], Henderson

[319], Hendrickson and Kocur [320] and Mahmassani and Herman [321]. We take Vick-

rey’s bottleneck model of congestion and apply Henderson’s flow adaptation to analyse

the departure time decisions of self-interested individuals during an emergency evacua-

tion.

In Sections 3.2–3.4, we described the model and results developed by Hendrickson

and Kocur where the service rate of the bottleneck is constant. They found that by allow-

ing for lateness, agents began the evacuation process later and this reduced their cost in

equilibrium. Section 3.5 began by outlining Mahmassani and Herman’s extended flow

model where the service rate was now linearly dependent on the density of vehicles in

the bottleneck. They solved for the equilibrium cumulative arrivals, arrival rate, relative

density and average speed functions over time when lateness was not permitted, how-

ever they did not limit the behaviour of their functions to a fixed number of evacuees or a

given deadline time. They showed that the relative cost of congestion versus early sched-

ule delay played a large part in determining the behavioural outcomes in equilibrium.

In this dissertation, we extended the work of Mahmassani and Herman by introduc-
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ing a limit to the number of evacuees in the system and provided a deadline time for

the process. This extension better models the true behaviour of the system by allowing

our equilibrium functions to taper off as agents complete evacuation. We also introduced

a convergence technique to account for discrepancies in the model caused by using an

approximation for travel time in the bottleneck. In both the papers by Henderson and

Mahmassani and Herman, an assumption was made that no interaction occurs between

vehicles in the bottleneck, hence the speed at which an agent enters the bottleneck is con-

sidered the average speed along the entire bottleneck. Our convergence method finds

a stable solution by beginning with the approximation then iterating over the equilib-

rium functions without the approximation until the functions converge. We found that

convergence exists in all scenarios we attempted and occurred with very few iterations.

Numerical results confirmed the implications drawn by Mahmassani and Herman

that behaviour in equilibrium hinged heavily on the relative costs of congestion and early

evacuation. We also discovered that with a relatively higher early evacuation penalty,

agents in fact increased their early evacuation time and average travel time by arriving

at the bottleneck together in a shorter space of time. So despite the cheaper absolute con-

gestion and early evacuation penalties, the equilibrium cost for these agents was higher

than in the benchmark case.

We then further extended Mahmassani and Herman’s model to incorporate a lateness

penalty. We used a linear search technique to find the time the last on-time evacuee

arrives at the bottleneck. This was done to avoid making the assumption that the final

evacuee faces an empty bottleneck upon arrival, since this is not necessarily the case. We

found similar results to Hendrickson and Kocur when they applied lateness to a constant

service rate where agents delayed arrival to the bottleneck, departed the bottleneck later

and reduced their equilibrium cost. We also found that the last agent to evacuate does not

in fact face an empty bottleneck. This agent has no incentive to delay their arrival to the

bottleneck, since for every minute they delay, they incur a penalty of $α3 and only save(
α3

α1+α3

)
minutes of travel time, which in dollars per minute is equal to $α3

(
α1

α1+α3

)
< $α3

for 0 < α3 < ∞. As the lateness penalty approaches infinity, our solution converges to

the solution when lateness is not permitted.
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This research has shown that agent decisions can greatly influence the outcome of an

evacuation. In particular, varying the relative costs to agents for congestion and schedule

delay can wildly change the behaviour of evacuees. Allowing more flexibility by permit-

ting lateness is both more realistic and improves outcomes for our agents. We also saw

that when individuals are self-interested, they do not have any incentive to maintain a

socially optimal behavioural pattern. This implies that there is much scope for policy de-

sign to focus on directing behaviour towards a more socially optimal outcome whether

this is achieved via more information and direction by authorities or pricing schemes that

increase the non-monetary (or even monetary) costs to evacuees such that their private

costs align with society.



Chapter 4

A Game-Theoretic Model of Exit
Selection

THE story so far has been about the value of information and communication in

assisting people to make better-informed decisions when evacuating during an

emergency. We have discussed how individuals might choose when to evacuate and

found that the optimal outcome for society may not be achieved if individuals are al-

lowed to make choices purely out of self-interest. This result provides scope for govern-

ment authorities to play a role by setting policies that assist communities to evacuate in

a safer and more timely manner.

What we have not yet discussed is the where decision, that is, once an individual has

decided when to evacuate, the next question is via which exit? This problem is known as

an exit selection problem and will be the focus of this chapter. In reality, the decisions of

when and where to evacuate are not strictly distinct choices. Often these decisions are in-

tertwined. However, for the purposes of this dissertation, we separate the two decisions

in order to reduce modelling complexity so that clearer conclusions can be drawn regard-

ing the key drivers of evacuation outcomes. We also abstract away from route choice by

choosing the shortest route to the desired exit and focus our analysis on exit selection

only.

In this chapter, we compare evacuation outcomes of exit selection for two types of

individuals. The first type evacuate using a naı̈ve strategy whereby they simply choose

to escape via their nearest exit. The second type of individual takes into account their

perceived level of congestion and chooses their exit accordingly. Moreover, we allow

individuals’ perception of congestion to change in order to analyse the effect of misper-

141
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ceived congestion. Individuals who perceive congestion to be higher than in actual fact

might result in them choosing an exit further away than is optimal since they will try to

avoid the perceived congestion which in fact is non-existent. To incorporate congestion

considerations, we employ Nash equilibria as our solution concept. By introducing game

theory into our modelling, we allow for strategic interactions between our individuals,

that is, we incorporate our agents’ considerations of others into their exit choice. For an

introduction to game theory and Nash equilibria, see Chapter 3, Section 3.1.2.

Our scenario is assumed to be a “no-notice” evacuation where all evacuees desire

to depart immediately. We first determine each agent’s origin-destination (O-D) pair

using the two trip distribution models described above. We then simulate these trip

distributions across three different network types using the microscopic traffic simulator,

Simulation of Urban Mobility (SUMO)14. We analyse (a) a Manhattan grid, (b) a wheel

network and (c) a real-world map of Yarra Glen in Victoria, Australia. Our results show

that

i. taking into account congestion can vastly improve clearance times, despite larger

distances travelled to avoid congestion,

ii. the relationship between congestion perception and evacuation time is U-shaped,

implying that overestimating the true level of congestion can reduce evacuation

efficiency, and

iii. more densely populated and clustered regions, such as real-world towns, receive

more benefit from strategic considerations than artificially constructed networks

with randomly assigned starting locations and exits.

Our analysis concludes that information can help individuals make better decisions

leading to improved outcomes, however the magnitude of improvements depends on

the distribution of exits and starting locations of evacuees for a given network.

For the remainder of this chapter, we provide a literature review of exit selection

models in Section 4.1, Section 4.2 explains the set up of our models, whilst Section 4.3

14I’d like to acknowledge DLR—Institute of Transportation Systems for their work on SUMO and for mak-
ing this software freely available and open-source. Please visit http://www.sumo-sim.org for detailed
documentation, downloads and projects involving SUMO.

http://www.sumo-sim.org
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discusses our traffic simulator’s data requirements, the parameters used in our simula-

tions and the output generated. Our methodology and implementation are discussed in

Section 4.4. We also comment on the computational difficulties that arise when solving

for Nash equilibria and the solution methods that we trialled along with their limitations.

Section 4.5 reports our results, whilst Section 4.6 discusses their implications along with

current limitations and possible extensions. Finally, Section 4.7 summarises the findings

of this chapter.

4.1 Background

In this section, we focus our literature review on the problem of exit selection. For a

deeper discussion of other evacuation problems and a review of the evacuation models

and software currently in use, see Section 1.3 in Chapter 1.

In this chapter, we discuss both small-scale (e.g. building or aircraft) evacuation mod-

els as well as large-scale (e.g. towns and cities) models. Though we are primarily in-

terested in the evacuation of small communities in this chapter, small-scale pedestrian

models can help to inform us of behavioural considerations that are also relevant to large-

scale evacuation models of traffic such as competitive behaviour, congestion avoidance

or herding.

Exit (or destination) selection involves individuals either self-selecting or a central

planner allocating evacuees to exits in an emergency situation, whether the environment

is a building, an aircraft, a stadium or even a township.

Exit selection is only one of numerous evacuation problems faced by authorities,

building managers, town planners and emergency services. Other problems in the realm

of natural disaster evacuation include evacuation participation [41, 43–50, 56–58], depar-

ture time decisions [95, 98, 100–102, 275, 361] and route selection [153, 277, 362–367]. Exit

selection abstracts from both route selection and departure time decisions [72], though

often these problems are tackled concurrently [99, 368–374]. Resource allocation [176,

177, 179–187] and network design [149, 190–194] problems are often also addressed when

analysing evacuation strategies. Though they may not directly relate to evacuation, pre-
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planning of shelter locations and well-designed road networks can increase evacuation

effectiveness. Alsnih and Stopher [20], Pel et al. [29], and Caunhye et al. [189] provide

in-depth reviews of the types of models used in these evacuation problems and their

development over time.

Trip distribution models are conventionally used to solve exit selection problems.

These models result in origin-destination (O-D) pairs for each evacuating vehicle after

taking into account environmental and behavioural considerations. To generate these O-

D pairs, gravity models are typically employed. The gravity equation, first developed

by Isaac Newton, originally calculated the force between two objects depending on their

mass and the distance between them. Since then, the gravity concept has been expanded

to model a variety of phenomena, from international trade [104–107] to migration [108–

111] to ecology [112, 113] and of course, trip distribution [114–120]. The use of gravity

models for trip distribution modelling is supported by empirical work performed by the

USACE [25]. In their technical report on guidelines for hurricane evacuations, they found

that data suggest that evacuees allocate themselves to locations proportional to the size

of the destination’s population, adjusted by a weighted function of the travel distance.

Socioeconomic and demographic factors, such as income, education, age and gender,

have been found to affect evacuees’ destination choices [121–123]. Characteristics of the

destination also impact on exit selection. These factors include the distance from the

origin, the threat risk, population size, level of urbanisation, proximity to a highway and

the percentage of the population that is “white” at the proposed destination [125–127].

The inclusion of behavioural considerations into these large-scale evacuation models

began to take hold as the inadequacy of assumptions used in previous models regarding

compliance, destination choice and route selection became increasingly apparent [247].

Lindell and Prater [99] pointed out that previous work made questionable assumptions

regarding route and destination selection behaviour. For example, some authors have

simply assumed that individuals exhibit shortest-path behaviour [61, 94]. Others solved

for route assignments using user-equilibria models [91, 203] which provide user-optimal

evacuation plans, however the authors do not provide any self-assessment of how well

their model portrays reality. In an attempt to provide more behavioural insights, Prater
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et al. [64] and Dow and Cutter [65] found evacuees preferred more familiar routes over

unfamiliar ones. This familiarity bias causes inefficiencies as main highways are over-

loaded while alternative routes are under underutilised. Barrett et al. [14] reiterated the

factors discussed above that affect destination choice, such as distance from the origin,

socioeconomic characteristics, risk level, destination population and demographics, etc.,

however they do not provide any data to support their claims.

In contrast to many previous models discussed above and in Chapter 1, Section 1.3,

Lindell’s [93] design of EMBLEM2—a macroscopic, large-scale evacuation time estimate

(ETE) model—aspires to improve evacuation time estimation by incorporating more be-

havioural factors derived from his work with Prater in [99]. For instance, EMBLEM2

considers the effect of hurricane intensity on evacuation compliance rates, as researched

by Baker [45]. The model also distinguishes between residents, transients and special

facility populations. Residents are locals who live or work in the risk area, transients

refer to tourists or short-term business and conference visitors and special facility pop-

ulations generally include those in the community who are extra vulnerable or whose

mobility is restricted such as school children, hospital patients, the elderly or the incar-

cerated. Drabek [262] and Urbanik [263] noted the obvious differences between these

three groups in their willingness and ability to evacuate. The evacuation participation

estimators used in EMBLEM2 are based on the work of Drabek [261] and Prater et al.

[64].

Lindell [93] used a Weibull distribution to model response and mobilisation (depar-

ture) times in preference over Safwat and Youssef’s [90] simplistic fixed delay assump-

tion. Sigmoid curves are generally accepted in this field as the most appropriate and re-

alistic shape for the cumulative distribution of departure times [99]. Finally, EMBLEM2

also considers how evacuees select routes and destinations by analysing the relationship

between the time and distance of households from primary evacuation routes.

A strong push towards agent-based simulations has occurred since the turn of the

century [375–378]. Microscopic approaches to modelling, a class in which agent-based

simulation belongs, is widely acknowledged to produce more enlightening emergent

behaviours and accurate results through the capture of individual evacuee behaviour
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compared with macroscopic models, such as EMBLEM2 [376, 379]. The downside of

microscopic approaches is the computing power required to simulate such complex sys-

tems. In the past, the use of macroscopic models was a compromise, trading accuracy for

speed and feasibility. However, with the vast improvements in computing capabilities

over the last two decades, microsimulations have become more and more viable as a tool

for evacuation planning.

For example, Sinuany-Stern and Stern [380] used a microscopic traffic simulation

model, based on their work in [381], to examine the effects of behavioural, traffic and

route choice factors on network clearance times in the town of Dimona in Israel. They

found that given uniformly distributed preparation times, this dispersion of departure

times led to less congestion compared with a no-notice evacuation where all evacuees

chose to leave immediately, however, the incorporation of preparation time increases the

total clearance time required for evacuation. The authors also assessed other parame-

ters that affected the reality of simulations and found that dynamic route selection that

is based on maximising the distance between vehicles provides more realistic results.

The match between real-world observations and their simulation results were improved

even further when pedestrian interactions were incorporated and a uniform distribution

for intersection traversal times was assumed.

Pidd et al. [203] also used microsimulation to develop a prototype spatial decision

support system (SDSS) which allowed evacuation planners to evaluate and find the best

emergency evacuation plan by running various contingency scenarios. To achieve this,

the authors linked ARC/INFO, a geographic information system (GIS), to a specially

written, object-oriented traffic simulator. Their work demonstrated that developing such

a system is in fact feasible, however their model does not account for interactions between

vehicles and cannot explain emergent or collective behaviours.

Chen and Zhan [100] used agent-based simulation in a very similar manner to the

methodology used in this chapter. The authors investigated the impact of simultane-

ous versus staged evacuations on clearance times using the microscopic traffic simulator,

Paramics.15 They trialled their two models on three different network structures: (a) a

15The Paramics software package was developed by the company Quadstone. Details on the development
and usage of Paramics can be found in [382].
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grid structure, (b) a ring road structure and (c) a real-world network of the city of San

Marcos in Texas, U.S.A. Instead of using behavioural interactions to determine desti-

nation selection or route choice, Chen and Zhan relied on Paramics’ default settings to

generate their required trips. Their results suggested that neither evacuation strategy can

be considered strictly dominant across the different network structures. Performance of

the two strategies depend both on the network configuration as well as the population

density in the system. For further examples of agent-based natural disaster evacuation

studies, see Cova and Johnson [61] and Chen et al. [69].

Simply by incorporating behavioural considerations in and of themselves was soon

also deemed to be insufficient for providing a true and comprehensive model of reality

by some researchers. They believed that this addition lacked explanatory power for the

outcomes they derived. To resolve this explanatory void, these researchers turned to

game theory as a means of finding answers to why the behavioural factors mentioned

previously are observed in empirical studies.

In just the last decade, game-theoretic models have become increasingly attractive

to researchers for solving small-scale evacuation problems. They have been used to ex-

plain various emergent and collective behaviours that previous models without strategic

interactions had been unable to explain. Researchers have investigated many games in-

volving non-cooperative agents in a competitive framework during evacuation scenarios.

These games aim to predict and explain agent behaviour when they encounter conflict

during egress, such as analysing what happens when two agents contest the same phys-

ical space. Different authors may give different names to these behavioural strategies of

competition and submission, such as “vying” versus “polite” [383], “impatient” versus

“patient” [257] or simply “compete” versus “cooperate” [266, 384]. Through a number

of simulations, these papers all came to the same conclusions, that (a) emergency situa-

tions increase self-interested behaviour which reduces evacuation efficiency and (b) this

hyper-rational behaviour leads to herding and clogging of escape routes and exits. These

findings are consistent with other game-theoretic papers that show that allowing self-

interested agents to individually optimise does not necessarily lead to a socially optimal

outcome [320].
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Game theory has also been used specifically in small-scale exit selection problems. Lo

et al. [265] modelled exit selection as a two-player game between the evacuating crowd,

treated as a single entity, whose objective is to minimise their expected travel time to

exit and a malevolent virtual entity that imposes congestion in an attempt to maximise

expected egress travel time. The expected travel time to an exit depends on the queue

length at the exit and the distance of the evacuee from that exit. The authors imple-

mented their game-theoretic model into a spatial-grid evacuation model (SGEM) [228]

and found that incorporating strategic interactions improved clearance times by more

evenly dividing the distribution of evacuees to each exit, thus reducing congestion. Their

work, however, does not consider other environmental factors such as exit familiarity or

social grouping behaviours on the exit selection process.

Ehtamo et al. [267] also used a game-theoretic formulation to model exit selection.

The authors used an iterative process to find their Nash equilibria. Due to the nature

of the iterative process, an ordering of agents for the update process must be deter-

mined. The authors selected three agent selection algorithms to test. They were: (a) a

parallel update algorithm (PUA), (b) a round robin algorithm (RRA) and (c) a random

polling algorithm (RPA). They simulated their model using each algorithm implemented

in FDS+Evac [313], an agent-based emergency egress simulation model. The authors’

findings included a proof for the existence of a Nash equilibrium under certain condi-

tions which exist in their model and found that the RRA resulted in the most consistent

convergence to a solution with the fewest iterations.

Braglia et al. [268] modelled the exit selection problem as a repeated, sequential game.

In each simulation time step, a sequential game is played where players select their de-

sired exit one at a time. The order in which they do so is randomised at the start of each

iteration. Many behavioural parameters are introduced to increase decision-making com-

plexity for the agents, thus aligning better with reality. Standard factors such as distance

to exit, queue length at the exit and familiarity with the building are included, however,

the authors also introduced a new factor—an evacuation coordinator. Agents make their

own decision about which exit best suits them based on their payoff function. They then

must decide whether to follow their own instincts or adhere to the exit suggested by the
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evacuation coordinator. The authors used NetLogo [385], a multi-agent modelling en-

vironment to simulate their model. Their results demonstrated that the presence of an

evacuation coordinator is in fact effective at improving evacuation outcomes and high-

lights the importance of having trained staff to coordinate evacuees during emergency

situations.

Although these models have all been for small-scale problems, much can be learned

from their approaches and applied to large-scale evacuations. For example, Lämmel et al.

[260] modelled pedestrians evacuating from a hypothetical flood using a microsimulation

approach on a large-scale network designed for vehicular traffic. Agents in this paper

aimed to minimise their evacuation time by choosing their optimal route. The authors

compared the results of two models, one where agents chose the shortest route to escape,

while the other is a game-theoretic model where congestion is taken into account. They

applied their analysis using real geographic and population data to a hypothetical no-

notice evacuation resulting from a burst dam in the region surrounding Sihlsee Dam

near Zürich, Switzerland. Simulations were performed using a reimplemented version

of the MATSim toolkit [386, 387], which is a multi-agent transport simulation framework

written in Java. The results from this paper suggested that even a simple behavioural

model that considers only strategic interactions and congestion can improve evacuation

outcomes significantly and is well-suited to a large-scale approach.

Our research in this chapter applies a similar methodology to Lämmel et al. [260]

where we compare two models of exit selection using real-world data for the region of

Yarra Glen in Victoria, Australia. The two models examined are a simple nearest-exit

model and a game-theoretic congestion model. Both comparison models are identical in

concept to those used in [260], however the two models differ in the specifics of imple-

mentation. In contrast to the work of Lammel et al., our focus is on exit selection rather

than route selection. We also simulate the evacuation of vehicular traffic rather than

pedestrian traffic since it is more reasonable to assume evacuees would opt to evacuate

using vehicles when covering such large areas.

Finally, the key difference in the research found in this chapter in contrast to previous

studies is the inclusion of the concept of perception. We acknowledge that the assump-
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tion of perfect information that is often assumed in many of these game-theoretic models

is somewhat unrealistic, especially as the area covered by the affected population in-

creases and communication becomes increasingly difficult. For this reason, though we

also assume that our agents have perfect knowledge when solving our game-theoretic

model, it is our interpretation which differs. Our agents exhibit a congestion penalty in

their payoff function which is a measure of perceived congestion. The level of congestion

in reality may be vastly different. We simulate our models using the traffic simulator

SUMO and consider the results provided as our measure of “reality”. The purpose of

our analysis is to examine (a) whether taking into account congestion can aid evacuation

efficiency and (b) whether misperceived congestion can in fact be more detrimental to

evacuees than simply taking a naı̈ve approach.

4.2 Models of Exit Selection

By benchmarking and comparing different models, we are able to examine the driving

factors which cause differences in evacuation outcomes. Identifying these factors allows

us to discuss and implement policies that can improve evacuation outcomes for residents

and the community.

There are many models of exit selection as discussed in Section 4.1. Some are more

sophisticated and more realistic than others, while other more simplistic models are used

to highlight particular behaviours of interest. For our purposes, we wish to consider

the role that information plays in affecting how our individuals select their evacuation

point. Since our focus is on comparing an individual’s perception of congestion, we set

our benchmark to be a very simplistic model where no congestion is taken into account

and only the distance to exit is considered.

Our comparison model is a game-theoretic model where individuals strategically

choose their exit based on the perceived behaviour of the other individuals. This adapta-

tion allows our agents to estimate the level of congestion along the route to their chosen

exit. If a route is believed to be highly congested, the individual might consider opting

for a different exit though it may be further away.
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The key to our comparison model is in the way the concept of congestion is han-

dled. Our agents have a perception of the level of congestion in the system. They do not,

however, have perfect information on the reality of the situation. An agent’s perception

of congestion is taken into account in their payoff function and influences their choice

of exit. Once an exit has been selected for each agent, we use SUMO to simulate the

resulting traffic pattern to see how these choices affect outcomes in reality. If the level

of congestion is significantly different from what the agents perceive, it is possible that

agents will either get caught along highly congested routes or they might go out of their

way to avoid non-existent congestion. Both of these situations would increase the overall

evacuation time.

This result provides evidence that the implementation of policies that encourage the

dissemination of information can help improve evacuation outcomes for disaster-prone

communities. The rest of this section discusses the assumptions we make and the details

of our benchmark and comparison models.

4.2.1 Assumptions

In our problem, we wish to monitor the time it takes for families to evacuate an area that

is under threat from a natural disaster. Since road congestion is one of the main factors

of concern, our analysis focuses on the number of vehicles leaving the area rather than

the number of individual people. Our evacuees are assumed to have perfect information

and be homogeneous in how they assess cost and their perception of congestion.

It is important to note that our models are for exit selection, not route selection. This

means that each vehicle considers which exit to head towards whilst abstracting away

from the choice of how to get there. In our models, our vehicles always choose the short-

est route to exit. In reality, route selection is also an important consideration. Locals

might have extra knowledge of the possible routes to an exit that tourists do not. These

routes might be lengthier, however they might also be less congested due to fewer people

having knowledge of them and hence allow the evacuee to exit in a more timely manner.

We also assume that evacuees do not change their mind once they have chosen their

exit. In reality, evacuation decisions are made dynamically. Individuals constantly re-



152 A Game-Theoretic Model of Exit Selection

assess their situation and update their choices based on new information. For example,

if they discover that a tree has fallen and blocked off their chosen route, the individual

would most likely turn back and select a different course. Perhaps the evacuee discovers

that their selected route is too congested and decides not to wait in the queue. Again, this

agent may wish to turn around and select a different route.

Finally, we assume a “no-notice” evacuation situation where all evacuees wish to

depart at the same time, i.e. immediately. This situation can occur in real-life with earth-

quakes or bushfires and hurricanes where there is a sharp change in direction of the fire

or storm front.

These assumptions open up a wide range of extensions to be explored. Some ex-

tensions include incorporating route selection and the dynamic updating of exit choice.

These extensions are discussed further in Section 4.6.2.

4.2.2 Naı̈ve Model

Our benchmark model of exit selection, which we call the “naı̈ve model”, instructs every

vehicle to simply evacuate via their nearest exit. The vehicles do not take into account

congestion or any other factors, only the distance from their starting location to the exit.

Recall that to simplify our problem, we ignore route choice and focus only on exit se-

lection. Therefore, in our models, we use the shortest route between the vehicle’s starting

location and their chosen exit in all cases.

4.2.3 Nash Equilibrium Model

In Chapter 3, Section 3.1.2, we provided an introduction to game theory and the concept

of Nash equilibria. Here we discuss in further detail how we use game theory to construct

our comparison model and introduce some additional definitions.

For the purposes of our model, evacuating vehicles are the players in our game. Each

vehicle chooses which exit they wish to use. These exits represent the pure strategies

available to each player. We assume that all vehicles can access every exit. This implies

that our network is connected and contain no sections that can only be accessed via one-
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way streets.

As for the structure of the game, given the relatively infrequent nature of natural dis-

aster evacuations and the lack of communication between so many individuals, our evac-

uation scenario is modelled as a non-repeated, non-cooperative, strategic-form game.

These terms are defined below.

Definition 4.1. A “strategic-form” or “simultaneous” game is one in which the players make

their decision prior to observing what others have chosen to do.

As noted in the assumptions above, exit selection is decided by the individual before

leaving their residence, hence they are unable to observe others’ choices and are assumed

not to change their mind at any point along their route.

Definition 4.2. A “non-cooperative” game is one in which the players cannot collude. They

simply maximise their own payoff given what they believe other players have chosen.

The game is considered non-cooperative since players are unlikely to be able to ne-

gotiate effectively with other players. Although in reality, we might imagine that close

neighbours will be able to coordinate their choices, any coordination beyond their few

immediate neighbours will be unlikely as this is difficult and costly to organise.

Definition 4.3. A “repeated” game is one where players play a base game (or “stage” game)

some number of times, possibly infinitely, such that players are able to observe the outcomes from

previous games before entering the next stage.

We consider our game to be a “non-repeated” or “once-off” game. Although natural

disasters can occur cyclically, for example seasonal bushfires and floods, an important

feature of repeated games is that players have the ability to punish or reward other play-

ers over time. Realistically, with so many players, it is improbable that a player will be

able to tell whether another player has cheated on an agreement. Moreover, enforce-

ment of any punishment will be difficult and most likely have very little impact given

the number of other players involved.

In this dissertation, we analyse pure strategies. This means that players select a single

exit as their strategy. An alternative is to allow for mixed strategies where players select
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a probability distribution over their exit choice as their strategy. Incorporating mixed

strategies complicates the model unnecessarily for the qualitative implications we wish to

analyse. As for the quantitative differences, the inclusion of mixed strategies along with

relaxing the assumptions stated above can be extended as further work and is discussed

in more depth in Section 4.6.2.

The payoff function for each player is dependent on the number of other vehicles

travelling along the route segment at the same time. A route is broken down into several

connected edges where the direction of travel matters; that is, if a road segment is a two-

way street, then it is made up of two different edges, one for each direction of travel.

We define “at the same time” to mean the following:

Definition 4.4. Let xp
i be the pth edge along player i’s selected route and yq

j be the qth edge along

player j’s selected route. If x = y, i.e. they are the same edge (including direction of travel) and

p = q, then players i and j are considered to be travelling along the edge “at the same time”.

We note that this definition is a significant simplification of reality, however given

that what we are measuring is an individual’s perception of congestion prior to them

departing, this approximation is appropriate and sufficient.

Therefore, vehicle i’s payoff function is calculated as

ui (σ) = −
Ri

∑
x

(
Lx + c

vx

Lx

)
, (4.1)

where x is an edge in vehicle i’s route Ri, Lx is the length of edge x, vx is the number of

additional vehicles travelling on Edge x at the same time (excluding vehicle i) and c is an

exogenous congestion penalty.

The payoff function consists of two components. The first term, Lx, we call the “dis-

tance effect” and reflects the reduction in utility for the player the further he or she needs

to travel. The second term in the payoff function, c vx
Lx

, we call the “congestion effect”.

The congestion penalty has a multiplicative effect on the number of additional vehicles

travelling along the edge, however the term is divided by the length of the edge to rep-

resent the fact that a shorter piece of road will suffer more congestion than a longer piece

of road for a given number of vehicles. Finally, the payoff is negative since both the dis-
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tance effect and the congestion effect reduce utility as their magnitudes increase. A Nash

equilibrium is found when no agent can improve their payoff by selecting a different exit

given what all other agents have chosen, as stated in Definition 3.8.

Now that we have defined our benchmark and comparison models, we discuss the

data and input parameter requirements for our simulations in the next section.

4.3 Data and Simulations

In order to explore the implications of the Nash equilibrium model of exit selection with

perceived congestion, we simulate our models on three different types of road networks:

a Manhattan grid, a wheel grid and a map of Yarra Glen in Victoria, Australia. Testing on

these three networks allows us to identify differences due to network structure and it is

often considered that Manhattan and wheel grids are common structures in urban road

networks [388]. The Yarra Glen implementation provides realistic results for an area that

is prone to bushfires and at high risk of being evacuated.

Each simulation requires the following parameters:

• network type,

• number of vehicles,

• number of exits, and

• congestion penalty.

Additional optional parameters can be specified for specific locations of exits and starting

positions for vehicles.

One of the aims of our simulations is to examine how changes in the perception of

congestion affect the behaviour and outcomes for our evacuees. To do this, we vary the

congestion penalty across different values between c = 0 to c = 2× 106. The specific

parameters simulated for each network are discussed below. Note that when c = 0,

congestion does not matter to the evacuees and hence their behaviour is exactly the same

as in the naı̈ve model and all vehicles simply choose their nearest exit.
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Below, we discuss the specifics of each network type: its structure, the way it was

constructed, what simulation parameters were used and any implications of the network

type.

4.3.1 Manhattan Grid

To begin our analysis, we wish to see how our models compare on a standard Manhattan

grid. A Manhattan grid, named after the city of Manhattan in New York, is recognisable

by the square structure of its roads which intersect only at 90° angles. This grid is a

good starting point for our analysis due to the simplicity of its structure which allows

us to abstract away from many distortions that may be created by idiosyncrasies in the

network.

The grid is made up of six-by-six blocks with a distance from north to south of 8.4 km

and east to west of 8.2 km resulting in a total area of approximately 69 km2. We use 49

nodes to represent the intersections and 168 edges for the roads of the network. These

roads are two-way highways with a single lane in each direction. Each edge is a directed

arc joining two nodes, therefore between every connected pair of nodes there exists two

edges, one for each direction of travel. We make a distinction between “external” and

“internal” nodes. External nodes are ones which sit on the border of the network. Con-

versely, “internal” nodes are all the remaining nodes not on the border of the network.

Figure 4.1 depicts this network.

For the purposes of our simulations, three exits are chosen at random from the exter-

nal nodes. The starting positions of the vehicles are then uniformly distributed amongst

the remaining nodes, i.e. vehicles can start from any node, external or internal, as long

as the node is not an exit. One thousand vehicles were used for simulations on the Man-

hattan grid. To maintain repeatability, a seed was used when randomly generating the

exit nodes and vehicle starting positions such that vehicle starting locations and exits

remained fixed for every simulation even as the congestion constant varied.
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Figure 4.1: Manhattan grid with three exits highlighted.

4.3.2 Wheel Network

We also investigate a wheel or “spider web” network to see its effect on our two models.

Our wheel network is octagonal in shape with four concentric rings and eight spokes. The

spokes cross the centre of the grid, however they do not create a junction here, rather they

act as overpasses across each other, i.e. each spoke is only connected with its opposing

spoke. The longest pair of opposing spokes running from outer edge to outer edge is

9.1 km long with the corresponding perpendicular pair of spokes being 9.0 km in length.

The approximate area of this map is 62 km2.

This grid construction contains 32 nodes and 120 edges. Eight of these nodes are

external and the remaining 24 are internal. Each edge is again a two-way highway with

a single lane in each direction. See Figure 4.2 for a depiction of this network.

As with the Manhattan grid simulations, three exits are chosen at random from the set
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Figure 4.2: Wheel network with three exits highlighted.

of external nodes with 1,000 vehicles uniformly distributed across the remaining nodes

in the network. Again, a seed is used so that consistency is maintained across simulations

when varying the congestion penalty.

4.3.3 Yarra Glen

Yarra Glen is a region found in the Shire of Yarra Ranges, Victoria, Australia covering a

land area of approximately 122 km2.16 The population of Yarra Glen is predicted to be

3,485 by 2016 with the number of households reaching 1,293.17 This small region on the

16Statistics for the Shire of Yarra Ranges are provided by .id using census data from the Australian Bureau
of Statistics. Summaries of the data can be ordered as reports from http://www.profile.id.com.au/
yarra-ranges.

17Demographic forecasts are also provided by .id and reports can be ordered from http://www.
forecast.id.com.au/yarra-ranges. More information regarding assumptions and forecasting pro-
cedure can also be found at this website.

http://www.profile.id.com.au/yarra-ranges
http://www.profile.id.com.au/yarra-ranges
http://www.forecast.id.com.au/yarra-ranges
http://www.forecast.id.com.au/yarra-ranges
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outskirts of Greater Melbourne is located south of Kinglake National Park, an area that

was heavily affected by the Black Saturday Bushfires that occurred in 2009.18 According

to the Yarra Glen Community Information Guide for bushfires, the township of Yarra

Glen is at risk of being impacted by grass fires that can start due to spot fires originating

from the neighbouring national park.19

Given these characteristics, Yarra Glen was deemed a suitable region to analyse due

to its population size, land area, the number of major roads out of the area and its fire

danger risk.

The Map

We obtained a freely available geocoded map of the Yarra Glen region from OpenStreet-

Map (OSM). We removed all elements that are not roads (e.g. rivers, train tracks, land

boundaries, etc.) as well as roads that are not accessible by vehicles. This left us with only

roads which vehicles are able to travel upon. Our map is made up of 298 nodes, three

of which are selected to be external with the remainder internal. There are 612 edges, all

of which are considered internal. The three external nodes refer to the exit points on the

map which are discussed further below. Figure 4.3 shows the suburb boundary of the

Yarra Glen region in orange with the population centre highlighted in blue [389].

Starting Locations

In order to realistically select starting locations for our vehicles, we use address data to

help us distribute our population across the region. As one can imagine, the town centre

would be more densely populated compared to the outer regions of the map. Address

data can be downloaded freely from the Victorian Government Data Directory.20 This

data comes in the form of a shape file with the relevant fields exportable into spreadsheet

format.
18A description of the conditions, events and losses of Black Saturday can be found at http://www.

blacksaturdaybushfires.com.au/.
19The information guide can be found at http://cfaonline.cfa.vic.gov.au/mycfa/Show?

pageId=publicDisplayDoc&fname=2013/CIG-W-EMR-Yarra_Glen-1_00_2147.pdf.
20The Victorian Government Data Directory can be found at https://www.data.vic.gov.au/data/

dataset/address-points-vicmap-address.

http://www.blacksaturdaybushfires.com.au/
http://www.blacksaturdaybushfires.com.au/
http://cfaonline.cfa.vic.gov.au/mycfa/Show?pageId=publicDisplayDoc&fname=2013/CIG-W-EMR-Yarra_Glen-1_00_2147.pdf
http://cfaonline.cfa.vic.gov.au/mycfa/Show?pageId=publicDisplayDoc&fname=2013/CIG-W-EMR-Yarra_Glen-1_00_2147.pdf
https://www.data.vic.gov.au/data/dataset/address-points-vicmap-address
https://www.data.vic.gov.au/data/dataset/address-points-vicmap-address
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Figure 4.3: The Yarra Glen region shown in orange and its population centre shown in
blue. (Source: OpenStreetMap, 2015.)

The dataset contains 1,557 addresses. We removed 117 addresses which had house

numbers recorded as zero and nine addresses for Jasmin Close which cannot be found

by either OpenStreetMap or Google Maps. Of the addresses that remain, some refer to

shops, restaurants, function centres and the Yarra Valley Racing Centre, amongst other

amenities. Since these are somewhat difficult to identify and it is not unimaginable that

vehicles may wish to evacuate from these locations, we have kept these addresses in our

dataset.

We make the assumption that one vehicle evacuates from each address. This leaves

1,431 vehicles for use in our simulations. This number aligns well with the household
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forecast of 1,293 by 2016 and gives allowance for some households to take multiple ve-

hicles when evacuating. Doubling the number of evacuating vehicles is discussed as

further work in Section 4.6.2.

Exit Locations

There are four main highways out of Yarra Glen, one towards each of the compass di-

rections (see Figure 4.4). The pale green roads to the north and the east are minor roads

and hence are not considered to be viable exits. Additionally, the minor northern route

leads into bushland and the minor eastern route joins up with the main eastern highway

as discussed below. The northern roads are unlikely to act as feasible exits for evacua-

tion since any bushfire threat will most likely come from this direction. Therefore, for the

purposes of this thesis, we focus our attention on the exits to the east, south and west,

namely Healesville–Yarra Glen Road (C726), Melba Highway (B300) and Eltham Road

(C726), respectively.

The original map downloaded from OSM was cropped such that it did not include

the junction where Old Healesville Road and Healesville–Yarra Glen Road meet. This

junction can be found along the eastern edge of the map (see Figure 4.5). Given that in

reality, these two roads merge to become one bottleneck, we would like to treat these

roads as a single exit. For this reason, we extended our map eastwards to incorporate the

junction where these two roads meet such that, if individuals so choose, they are able to

traverse the northern of these two routes (Old Healesville Road) to reach the eastern exit,

not just the southern route (Healesville–Yarra Glen Road) as this behaviour more closely

resembles reality.

The exits for the simulations were placed along these three highways. We ran two

sets of simulations, one with the exits located at the the border of the map and another

with the exits located equidistant from the town centre. The distance each exit is located

from the town centre in our original map is 3.13 km for the southern exit, 6.24 km for the

western exit and 10.50 km for the eastern exit. With these locations for the exits, there

is a strong bias against the performance of the naı̈ve model as the southern exit is far

closer to the population centre than either the western or eastern exits. Under the naı̈ve
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Figure 4.4: Yarra Glen main highway exits. (Source: OpenStreetMap, 2015.)

model, most evacuees opt to escape via the southern exit, causing heavy congestion. In

comparison, our game-theoretic model therefore appears to offer much better outcomes

than we would otherwise observe due to this bias.

To resolve this effect, a second set of simulations is run with the exits equidistant from

the centre of town. We extend the locations of the southern and western exits such that

all exits are now 10.50 km from the town centre. We present results for the equidistant

exits map only as we believe this produces more insightful results.

In the next section, we explain in detail our methodology and also the technological

requirements for our simulations.
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Figure 4.5: Inclusion of Old Healesville Road and Healesville–Yarra Glen Road junction.
(Source: OpenStreetMap, 2015.)

4.4 Implementation and Technology

In this section, we discuss how we implemented our two models to select exits for each

evacuating vehicle. We used the following technologies to complete this project:

• Simulation of Urban Mobility (SUMO) traffic simulator,

• Java OpenStreetMap (JOSM) editor, and

• Python 3.4 programming language.

Section 4.4.1 explains SUMO’s input requirements, what output we use from SUMO and
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some limitations of the software. Section 4.4.2 describes how our comparison models are

implemented using Python scripts and Section 4.4.3 discusses some of the issues which

arose, our solutions for them and other limitations faced during implementation.

4.4.1 Simulation of Urban Mobility (SUMO)

SUMO is a free, open source traffic simulation software.21 By using SUMO, we are able

to abstract away from the implementation and modelling of traffic flows, allowing us

to focus on the mathematical modelling of exit selection during evacuation which is the

objective of this chapter. SUMO’s input requirements, output and idiosyncrasies are ex-

plored further below. This section is not designed to be a comprehensive manual on

SUMO’s capabilities, but rather we focus only on explaining the role that SUMO played

in our simulations for replication purposes and integrity.

Definitions

Below are some definitions of terms used by SUMO.

• Edge: These are the roads of the network. Each direction of travel on a two-way

highway is considered a separate edge. Some long continuous stretches of road can

be broken into several edges.

• Junction: Junctions are the intersections of the network and are the connection

points between edges. They correspond to the nodes of a graph.

Inputs

SUMO requires the following two components to run a simulation:

• network file (*.net.xml), and

• route file (*.rou.xml).

21SUMO can be downloaded for free from http://www.sumo-sim.org along with documentation,
tutorials and examples.

http://www.sumo-sim.org
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Network files are XML files which contain information relating to the structure of

the network, i.e. the location of roads in relation to one another, intersections between

roads, directions of travel and the number of lanes involved. Network files can be created

from numerous different sources. For the purposes of this dissertation, we used JOSM

to produce our simulation maps, as mentioned in Section 4.3 and further discussed in

Section 4.4.2. These maps are OSM XML files which are passed to NETCONVERT, a

tool found in the SUMO suite for converting map data to a network file compatible with

SUMO.

Route files are XML files which contain data on the route each vehicle takes. This

includes the vehicle ID, their desired departure time and the edges that make up the

vehicle’s chosen route. To create a route file, a further input file is required:

• trips file (*.trips.xml).

SUMO specifies a trip for each vehicle using origin and destination pairs of edges, rather

than nodes. These pairs are stored as XML in the trips file along with their desired

departure time from the start of the simulation in seconds. The trips file is passed to

DUAROUTER to create the required route file. DUAROUTER is also included in the

SUMO suite. How we create the trips files using Python scripts is explained in Section

4.4.2 and depends on the model being implemented.

Figure 4.6 shows a summary of the inputs and outputs of SUMO used in our simula-

tions. We discuss the output used in the next section.

Outputs

SUMO provides vast amounts of output data from vehicle timing information to simula-

tion state statistics. SUMO collates this information and delivers it via differing types of

output file formats. Each file type contains a different set of fields. For our analysis, we

use the following output data file from SUMO:

• trip information file (*.tripinfo.xml).

From this XML file, we use Python scripts to extract the following information:
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Figure 4.6: SUMO input and output dependencies.

• vehicle ID,

• origin node,

• destination node,

• departure time (seconds),

• arrival time (seconds),

• duration of trip (seconds),

• delay to departure (seconds), and

• distance travelled (metres).

Each row of data corresponds to a vehicle in each simulation. Distances are given in

metres and the default time step is one second. SUMO records the vehicle ID, the node

where the vehicle originated and its destination node. The departure time refers to the

time at which the vehicle was able to begin evacuation. It is measured as the number of
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seconds after the vehicle’s desired departure time. The departure time can be specified as

an input in the *.trips.xml file. We assume that for our scenario, an evacuation order

has been issued and all residents choose to heed the instruction at the same time, hence

all vehicles desire to depart at the simulation start time. We use the default simulation

start time which is zero. Delays can be caused by congestion blocking the vehicle from

commencing evacuation. If there is not enough room to leave their driveway, the vehicle

must wait until space is made for them to depart.

The arrival time is the number of seconds after the simulation start time that the ve-

hicle arrives at its destination. Since a delay to departure can occur, this time is split into

the duration of the trip, measured in seconds, and the delay to departure, also measured

in seconds. The duration of the trip measures only the time spent travelling after the

vehicle departs. Therefore, it is always the case that duration + delay = arrival time.

The total distance travelled by each vehicle in the evacuation is also measured. This

is useful when comparing our two models to observe whether there is substitution oc-

curring between the distance to an exit and the perceived level of congestion to that exit.

How these outputs are used in our results is discussed further in Section 4.5.

Idiosyncrasies

SUMO comes with its own idiosyncratic behaviour, some of which we were able to con-

trol via configuration settings, however there were some that we were not able to alter.

The first of these behaviours is that vehicles travel on the right-hand side of the road in

all simulations. There does not appear to be a setting for the user to toggle this feature.

However, whether our vehicles travel on the left or the right side of the road does not

have much impact on the outcome of the simulation, therefore we do not believe any

adjustments need to be made to correct for this fact.

We also noticed that when there is heavy congestion, vehicles “teleport” themselves

if they are forced to wait too long. This behaviour can be seen in the simulation log

where vehicles generate the message “Warning: Teleporting vehicle...”. According to the

developers of SUMO, vehicles teleport into the first space along their designated route if

they are forced to wait too long. This represents cars in reality choosing either to break the
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road rules or driving aggressively and not adhering to the right of way. The developers

suggest that in real life, drivers will not wait indefinitely, hence this is one mechanism

that allows our simulation to break the road rules in a realistic manner [390]. The default

threshold wait time is 300 seconds. This can be reconfigured in SUMO’s settings. We

have elected to use the default time for our simulations. An extension to this study could

be to perform sensitivity analysis by varying this threshold. In an evacuation, individuals

would most likely be less patient, hence this threshold time could be lowered.

4.4.2 Methodology

In this section, we discuss the implementation methodology for our two exit selection

models using JOSM and Python scripts. JOSM is an OpenStreetMap editor written using

Java. This software is open source, free to download and use, and includes access to a

database of real-world map data provided by OpenStreetMap.22

Python is a high-level programming language designed to be simple to use and easily

readable. It supports a wide variety of programming paradigms, including imperative,

object-oriented, and functional, making the language a powerful tool due to its flexibil-

ity. The Python interpreter and its vast selection of libraries are all free to download

with excellent documentation support provided.23 For these reasons, we deemed it the

ideal language for coding our data generation and post-simulation processing scripts for

SUMO’s inputs and outputs.

Map Generation

We begin by explaining in further detail the construction of our three networks types. Re-

ferring to Figure 4.6, recall that our XML map data is generated via JOSM. The Manhattan

and wheel grids were generated by hand to the specifications described in Sections 4.3.1

and 4.3.2, though it should be noted that SUMO also has in-built capabilities to generate

22JOSM and its documentation and tutorials can be downloaded for free from http://wiki.
openstreetmap.org/wiki/JOSM.

23Python and all its necessary components can be downloaded for free from http://www.python.
org/. Documentation and tutorials can also be found here.

http://wiki.openstreetmap.org/wiki/JOSM
http://wiki.openstreetmap.org/wiki/JOSM
http://www.python.org/
http://www.python.org/
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Manhattan and spider grids via NETGENERATE.24 Each of the roads in our Manhattan

and wheel grids are two-way highways with one lane in each direction. Each direction

of travel is represented by a separate edge on the map. These maps were then saved as

OSM XML files (*.osm) and passed to NETCONVERT for conversion into network files

(*.net.xml) suitable for SUMO.

The handmade OSM maps create node and edge IDs with a leading ‘–’ symbol. This

creates problems for NETCONVERT during the conversion phase. Therefore these lead-

ing negative signs must be removed before the OSM file is passed to NETCONVERT.

For our Yarra Glen map, we downloaded a OSM file for the region from the Open-

StreetMap database via JOSM. We extended the eastern edge of the map such that Old

Healesville Road and Healesville–Yarra Glen Road merged, as per the discussion in Sec-

tion 4.3.3—Exit Locations. To simplify our map, we removed all elements that were not

vehicle-accessible, i.e. land boundaries, rivers, train tracks, pedestrian paths, etc. This

OSM file did not suffer the same issues as our handmade maps and therefore could be

passed directly to NETCONVERT without further alterations.

It should be noted that the node and edge IDs change every time a new network file

is generated via NETCONVERT. For this reason, we will refer to the exit nodes presented

in our results simply as “Exit 1”, “Exit 2”, and “Exit 3” for the Manhattan and wheel

networks. The Yarra Glen map does not experience this variation, however, the node IDs

are long and ungainly, hence we will use the terms “West”, “South”, and “East” to refer

to the exit nodes for this map.

Starting Locations and Exits

The selection of exits and vehicle starting locations for the Manhattan and wheel maps

is automated and assigned randomly with exit nodes selected from external nodes and

vehicle origins selected from all nodes excluding the ones chosen as exits. This process

is controlled via the use of seeds so that each simulation is replicable. For each map and

congestion penalty level, c, 30 simulations were run with the results presented in Section

4.5 being averages for each vehicle across the suite of simulation replicates.

24See http://sumo.dlr.de/wiki/NETGENERATE for more details.

http://sumo.dlr.de/wiki/NETGENERATE
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For the map of Yarra Glen, starting locations and exits are set according to real-world

address data. To achieve this, we created two text files, one with the starting node ID for

each vehicle (*.start) and the other with the corresponding exit node IDs (*.exits).

Each ID in the file is separated by a single space. The position of the node ID in the list

corresponds to the vehicle ID, where the first ID is considered to be in position one. These

two files are passed to our Python scripts for trip file generation via the command line.

We generate the starting node locations by matching up each address used from The

Victorian Government Data Directory to the closest node on our geocoded map of Yarra

Glen. Exits for Yarra Glen were originally selected by where a highway meets the map

boundary in each of the relevant compass directions (West, South and East). However,

as discussed in Section 4.3.3—Exit Locations, this method skews our results due to the

heavy bias towards the southern exit and against the western exit. To account for this

effect, we extend the map in the southerly and easterly directions until we are able to

select an exit node for each direction that is 10.50 km from the town centre. The results

for Yarra Glen discussed in Section 4.5 use this revised map with equidistant exits.

Trips File Generation

Now that we have network files that SUMO can work with and lists of starting locations

and exits, we need to generate SUMO’s second required input which is the route file. To

do this, a trips file needs to be passed to DUAROUTER which converts the set of trips

into the required route file. In this section, we discuss how our trips files are created.

A trips file is an XML file that contains information of each vehicle’s trip. The required

attributes for each trip are given below.

• id: vehicle ID,

• from: origin edge ID,

• to: destination edge ID, and

• depart: desired departure time (seconds).
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The desired departure time is specified as seconds after the start of the simulation. In our

case, we have assumed a “no-notice” evacuation, hence all evacuees will desire to leave

at time zero.

A truncated example of trips file is shown below.

<trips>

<trip id="10" from="12#0" to="10#0" depart="0.00"/>

<trip . . . />

. . .

</trips>

The numbers after the hash symbol in the from and to attributes refer to the lane num-

bers the vehicle departs and arrives on.

Recall that we are abstracting away from route selection and have assumed that vehi-

cles choose the shortest route between two nodes. SUMO requires the origin and destina-

tion inputs for each trip to be edges, however the algorithms used in our trip distribution

models are designed to select nodes. To work around this feature of SUMO, we search

for and use the pair of edges connected to the origin and destination nodes that gener-

ates the shortest route. SUMO automatically returns the shortest route given any pair of

origin and destination edges, hence we can exhaustively test each edge combination for

any given pair of nodes to find the origin and destination edges that correspond to the

shortest path.

Our method for selecting the origin and destination edges ensures our vehicles do

not start from an edge that is facing away from their desired direction of travel. If this

occurred, the vehicle would require a detour which would result in a longer route. Figure

4.7a shows the appropriate edges selected to generate the shortest route, whilst Figure

4.7b shows what can happen if we do not perform this extra step of edge selection. In the

event that the pair of O-D edges that generates the shortest route is non-unique, the first

pair found is used.

For the naı̈ve model, once the shortest route to each exit is found for every vehicle,

we simply select the nearest exit for each vehicle and record this in the trips file. For the

Nash equilibrium model, exit selection is more complicated. We first need to find a Nash
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Figure 4.7: Origin and destination edge selection.

equilibrium. There is no guarantee that a pure strategy Nash equilibrium exists or that

there is a unique one.

The most difficult issue to contend with when implementing a game-theoretic model

is the computational complexity associated with solving for Nash equilibria. Due to this

complexity, we opted to use a greedy algorithm as our solution method for finding a

Nash equilibrium. Given a starting strategy profile, the algorithm loops through the

strategy set of a player whilst holding all other players’ strategies constant to see if an

improvement to the current player’s payoff can be made. If the player can improve his or

her payoff by switching strategies, this new strategy is used to create an updated strategy

profile and we repeat the process. We do not restart the process from the first player,

but rather continue on from where we left off to avoid cycles. We iterate from the first

player again only if we reach the end of our players list and have not yet found a Nash

equilibrium. We also avoid cycles by keeping track of the strategy profiles which have

already been checked. Once we find a strategy profile where no player can improve their

payoff by switching strategies, we have found a Nash equilibrium. We use the naı̈ve

model’s solution as our starting point for the greedy algorithm. In all scenarios, a Nash
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equilibrium was found. In Section 4.4.3, we discuss the issues we came across when

solving our game-theoretic model and the limitations of our solution method.

Python scripts are used to solve the two models as well as generate the necessary trips

file. Once solutions to the naı̈ve and game-theoretic models have been found and their

exit selections stored into the trips file, the file is passed to DUAROUTER for conversion

into a route file (*.rou.xml).

Configuration File Generation

Having created the necessary network and route files for SUMO, a further optional XML

configuration file can be created:

• configuration file (*.sumocfg).

This configuration file incorporates the filenames of the network (*.net.xml) and route

(*.rou.xml) files as well as the output location for storing the trip information file. We

are also able to specify the simulation start time here, although for our purposes, we

simply use the default time of zero for all our simulations as discussed previously. An

example configuration file is shown below.

<configuration>

<input>

<net-file value="wheel.net.xml"/>

<route-files value="wheel.rou.xml"/>

</input>

<time>

<begin value="0"/>

</time>

<output>

<tripinfo-output value="wheel.tripinfo.xml"/>

</output>

</configuration>
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This file is automatically generated via our Python scripts. SUMO requires only this

configuration file to run a simulation, therefore the generation of our results can be easily

automated using batch files.

Trip Information Extraction

We request from SUMO a trip information file (*.tripinfo.xml) as output after each

simulation. This file comes in XML format with an example shown below.

<tripinfos>

<tripinfo id="10" depart="0.00" arrival="311.00"

duration="299.00" departDelay="12.00"

routeLength="8010.82" . . . />

<tripinfo . . . />

. . .

</tripinfos>

Each tripinfo element contains many different attributes. The ones we require for the

purposes of this dissertation are listed below.

• id: vehicle ID,

• depart: actual departure time (seconds),

• arrival: exit time (seconds),

• duration: travel time ignoring delay (seconds),

• departDelay: delay from desired departure (seconds), and

• routeLength: distance travelled (metres).

In addition to the above fields, we also keep track of and extract the origin and destination

node IDs. We automate this process using Python scripts and store the resulting data in a

CSV file (*.tripinfo.csv). The results analysed in Section 4.5 are derived from these

output files.
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4.4.3 Complications and Limitations

As mentioned in Section 4.4.2—Trips File Generation, computational complexity presents

a strong barrier to increasing the scale of game-theoretic models. In our particular case,

as the number of players (vehicles) in our game increases, the time complexity grows

exponentially when searching for all pure strategy Nash equilibria.

Our initial attempts to solve our model failed to complete due to insufficient memory

when more than five vehicles were in the system. Our first strategy was a brute force

method. With three exits and N vehicles, we were presented with 3N possible outcomes

to evaluate, though for the Manhattan and wheel grids, some of these outcomes could

be removed due to symmetry. Although this method returned all pure strategy Nash

equilibria that existed, we were not able to solve the model for more than five vehicles.

Having so few vehicles is evidently not sufficient for our simulations of the real

world. Not only is the number an unrealistic representation of a true evacuation sce-

nario, but there are too few vehicles to create any congestion to test our main hypothesis.

This meant that for all levels of the congestion penalty, the naı̈ve model and the game-

theoretic model would always return the same solution. Therefore, our next attempt was

to try an existing open source Nash equilibrium solver that employs more sophisticated

algorithms. We chose to use the software package Gambit [391]. Gambit offers various

equilibrium solving algorithms, including a global Newton method [392], iterated poly-

matrix approximation [393] and a heuristic search method [394]. The evolution of Nash

equilibrium solving algorithms is discussed further in Section 4.6.2—Improved Solution

Algorithms. The use of Gambit allowed us to improve the scale of our model from five

vehicles to ten vehicles. This improvement is obviously still not sufficient as a real-world

evacuation scenario would entail hundreds, if not thousands, of vehicles. We therefore

needed to find a new approach.

Since the focus of this dissertation is not on developing state-of-the-art Nash equilib-

rium solution algorithms, we opted to implement a simple greedy algorithm as discussed

in the previous section. This algorithm proved successful in allowing us to scale our

model to a realistic size, completing calculations for almost 1,500 vehicles in only one or

two days. The algorithm also successfully found a Nash equilibrium in all the scenarios
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that we trialled.

Although the algorithm suffices for the purposes of this research, it comes with sev-

eral downsides. The algorithm is a significant improvement on the exponential-time

brute force method, however it still only completes in polynomial-time, which means

that increasing the number of vehicles past 1,500 becomes infeasible rather rapidly. We

tried to perform some sensitivity analysis by doubling the number of vehicles in the Yarra

Glen region from 1,431 to 2,862, to reflect two-car households who wish to evacuate with

both vehicles. After a week of running the solver, a solution still had not yet been found

and only relatively few iterations had been completed.

The greedy algorithm also only returns a single Nash equilibrium if one is found,

though it is possible for multiple equilibria to exist. We initialised the algorithm with

different strategy profiles in an attempt to seek out alternative equilibria. What we dis-

covered was that although other Nash equilibria existed, those that we found were, in

practice, all equivalent due to symmetry. That is, each equilibrium was simply a permu-

tation of one another with the distribution of vehicles across the chosen exits remaining

unchanged across the equilibria for each group of vehicles that departed from the same

starting node. For example, consider ten vehicles all departing from Node 1 with vehicle

IDs 1–10. Suppose in equilibrium Vehicles 1–4 elect to exit from Exit 1, Vehicles 5–7 from

Exit 2 and Vehicles 8–10 from Exit 3. Now consider the same strategy profile, but with

Vehicle 1 and 8’s exit choice swapped, i.e. Vehicle 1 chooses Exit 3 and Vehicle 8 chooses

Exit 1 with all other vehicles’ selections unchanged. This would still be an equilibrium

and in practice, the two strategy profiles are indistinguishable and system outcomes are

unaffected since Vehicles 1 and 8 both depart from the same node. However, our solver

treats these two profiles as distinct equilibria simply because individual vehicle IDs are

tracked. For this reason, in practice, we can ignore symmetric equilibria since they offer

no further insight.

It should be noted that the combination of our greedy algorithm and the sampling of

different starting values does not guarantee that all distinct Nash equilibria are found.

So although symmetric equilibria can be ignored, one shortcoming of this method is that

some distinct Nash equilibria might be missed. Without knowing what other possibilities
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can arise from our model, we are unable to make comparisons as to which equilibrium

might be more realistic or whether one equilibrium produces better outcomes for our

agents than another.

Lastly, due to the computational intensity required to solve our models, we focused

on varying only the congestion penalty whilst keeping exits and starting locations fixed

so as to reduce the number of simulations that needed to be run. Restricting our simu-

lations in this way does not pose a problem for our Yarra Glen map, since the exits and

house addresses are fixed in real life, however the exits and starting locations for the

Manhattan and wheel maps are generated randomly, hence by not rerunning our simula-

tions across different samples of exits and starting locations, our results and implications

for these two maps may be skewed by the specific nature of the chosen locations. We do,

however, argue that since these two maps are artificially constructed for preliminary in-

sights only, it is more important that our real-world map adheres to reality and therefore,

the lack of variation across exits and starting locations for the Manhattan and wheel grids

is an acceptable compromise given resource constraints.

4.5 Results

The main focus of this chapter of research is to determine the effect of misaligned con-

gestion perception on evacuation outcomes and to evaluate the benefits of considering

strategic interactions. By investigating the behavioural effects of differences in the per-

ception of reality, we may be able to design evacuation policies which better disseminates

information to improve evacuation outcomes.

We vary the congestion penalty, c, across our simulations for each network type. The

congestion penalty reflects an agent’s perception of congestion and how adversely they

believe congestion will affect them along a particular route. When c = 0, agents do not

care about congestion and simply evacuate via their nearest exit. There is a trade off for

agents between the distance travelled and the amount of congestion they believe they

will encounter. The higher their perceived congestion, the further they will be willing

to travel to avoid heavy congestion. The congestion penalty is kept constant across all
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agents for each simulation.

An agent’s perception does not necessarily align with reality. The congestion penalty

affects how our agents make their exit selection based on their view of the system. How-

ever, “reality” is reflected by the SUMO simulation outcomes and this can be misaligned

with our agents’ beliefs. If our agents underestimate the congestion along their route,

we would expect agents to cluster around exits nearer to their starting location causing

congestion to build up and delaying evacuation completion. If the agents overestimate

the congestion penalty, the agents may choose to travel further out of their way than

necessary, once again increasing evacuation time. This makes it possible for the game-

theoretic model to produce outcomes that are in fact worse than the naı̈ve model. We

aim to show that if perception and reality can be aligned by providing the agents with

accurate information, we can improve evacuation outcomes.

In this section, we discuss our results for each network type. For each map, we first

present some descriptive statistics of the simulation outcomes. We also present some

simple regression results for our Yarra Glen map with equidistant exits to see if we can

identify any factors that are strongly correlated with our evacuation outcomes. In Section

4.6.1 we discuss the implications of these results.

4.5.1 Manhattan Grid

We used the Manhattan and wheel grids as test cases for our Yarra Glen map as well as

to identify any idiosyncrasies arising from differences in the networks. As mentioned in

Section 4.3.1, the Manhattan grid is made up of perpendicular two-way highways broken

up into six-by-six blocks with the total size of the network measuring approximately 8.2

km by 8.4 km across, covering an area of approximately 69.0 km2. We randomly selected

three nodes on the boundary as the exits for the network (see Figure 4.1) and designated

the remaining nodes as possible starting locations for the 1,000 evacuating vehicles which

were also randomly assigned.
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Equilibrium Exit Distributions

Figure 4.8 shows the equilibrium distribution of selected exits for each value of the con-

gestion penalty, c. The listed exits are colour-coded and correspond to the matching

nodes in Figure 4.1. When c = 0, results represent the naı̈ve model where evacuees sim-

ply travel to their nearest exit. We can see that the distribution of starting locations is

skewed towards Exit 3 with 46.8% of evacuees finding it to be their nearest exit and only

17.2% opting to travel to Exit 2. Exit 1 accounted for the remaining 36.0% of evacuees.

Figure 4.8: Exit distributions under the Nash equilibrium model whilst varying conges-
tion penalties using a Manhattan grid.

As the agents’ concern regarding congestion increases, we observe a change in the

equilibrium exit distributions. Although there are many for whom Exit 3 is the closest,

we see that the proportion of evacuees selecting this exit declines as c increases. Also

the proportion of evacuees who choose Exit 2 increases with c. These results do not

necessarily imply that all agents are moving from Exit 3 to Exit 2. It is possible that there

might still be inflow to Exit 3 from agents who had previously selected a different exit.

Our results simply show the net inflow or outflow to an exit.
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To better understand the impact of these changes in exit selection behaviour as c in-

creases, we next analyse evacuee exit times, overall clearance time and the distances trav-

elled.

Exit and Clearance Times

We are primarily concerned with how system clearance times are affected by decisions

made through strategic interactions that incorporate perceived congestion. Figure 4.9

shows the minimum, maximum, median, and first and third quartiles of the vehicle exit

times whilst varying the congestion penalty, c. The blue lines correspond to the naı̈ve

model outcomes where all evacuees select their nearest exit, hence these lines are flat and

do not vary with the congestion penalty. The red lines correspond to our Nash equilib-

rium results.

Figure 4.9: Distribution of exit times for the naı̈ve model versus the Nash equilibrium
model using a Manhattan grid.

The maximum exit time for each model, otherwise known as the “clearance time”

of the simulation, is represented by the top blue and red lines in the figure. They show
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that by taking into account some congestion and strategic interactions, the evacuation

process can be expedited by 19.0%. However, if evacuees are excessively concerned about

congestion, they may overpredict the impact of congestion along their route and end

up travelling a farther distance than necessary or causing excess congestion along their

newly chosen route. This can lead to clearance times that are worse than that of the naı̈ve

model. We observe that this in fact does occur when c = 500, 000. This implies that being

overly pessimistic or cautious regarding road congestion is not necessarily beneficial.

Note also the additional distributional information provided. We see that for early

evacuees, there is not much difference in exit times between the naı̈ve solution and the

Nash equilibrium solution. This is shown by the fact that the blue and red lines for

the minimum, first quartile, and median sit practically on top of one another. It is only

from the third quartile that the two lines separate significantly with the game-theoretic

solution allowing the agents in this quartile to evacuate up to 14.8% faster than with the

naı̈ve solution.

Since our game-theoretic model aims to account for congestion, it makes sense that

agents who are able to escape earlier are not as seriously impacted as their less fortunate

counterparts, since congestion requires some time to build up. Once this congestion is

given the chance to intensify and take hold, we see that our game-theoretic model does

provide better outcomes for our agents as long as c is predicted accurately.

Distances Travelled

Finally, we analyse the relationship between the congestion penalty and the distance trav-

elled to escape. Similar to Figure 4.9, Figure 4.10 also shows the minimum, maximum,

median, and first and third quartiles, but for the evacuation distance travelled by agents.

Using the game-theoretic model, we observe a positive relationship between the max-

imum distance travelled and the congestion penalty up to a point, after which the dis-

tance travelled plateaus. This reflects evacuees’ increased willingness to travel out of

their way to avoid perceived congestion. The plateauing behaviour is likely to be caused

by agents having only three exits to choose from so the furthest they can travel is capped.

It is interesting to notice that for all other quantiles other than the maximum, the dis-
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Figure 4.10: Distribution of distances travelled to evacuate for the naı̈ve model versus the
Nash equilibrium model using a Manhattan grid.

tances travelled are virtually the same between the naı̈ve solution and the game-theoretic

solution. There are slight variations in these lower quantiles with the Nash equilibrium

solutions resulting in distances 0.2% to 1.8% larger than the naı̈ve distances travelled (see

Table A.1 in Appendix A for numerical results).

For a clearer view of the relationship between exit times and the distance travelled,

Figure 4.11 plots the average exit time for each level of c with the corresponding average

distance travelled by the agents. We notice a distinct inverse relationship up to c =

200, 000, after which the average exit time creeps up again slightly. Although the U-shape

is not as distinct as compared with the clearance time, this figure still shows that even as

the average distance travelled remains high, the average exit time can still increase as c

increases. The average distance travelled, in contrast, is monotonically increasing. This

result, in combination with the U-shaped exit times imply behaviour that is consistent

with our hypothesis that misperceived congestion can be detrimental. Travelling too far

out of one’s way to avoid non-existent congestion is not only a wasteful activity, but can
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potentially cause congestion at more distant locations resulting in increased exit times.

Figure 4.11: Comparison of average exit times and average distances travelled under the
Nash equilibrium model as the congestion penalty increases using a Manhattan grid.

4.5.2 Wheel Grid

The wheel grid is an octagonal spider web with four concentric rings and eight spokes as

discussed in Section 4.3.2. The network is approximately 9.1 km across in diameter at its

widest point with the entire map covering approximately 62 km2. As with the Manhattan

grid, we randomly selected three exit nodes from those on the boundary of the network

(see Figure 4.2) and randomly allocated starting locations from the remaining nodes for

the 1,000 evacuating vehicles.

Equilibrium Exit Distributions

As with the Manhattan grid, the equilibrium distribution of selected exits is shown in

Figure 4.12. Again, the exit nodes are colour-coded according to those shown in Figure
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4.2 and when c = 0, agents are operating under the naı̈ve model and evacuating via their

nearest exit. Starting locations are coincidentally skewed towards Exit 3 once again with

39.7% of evacuees selecting this exit as their closest evacuation point. Exit 1 catered for

34.8% of evacuees while the remaining 25.5% started closest to Exit 2.

Figure 4.12: Exit distributions under the Nash equilibrium model whilst varying conges-
tion penalties using a wheel network.

Again, we observe a redistribution of vehicles between the three exits. As the conges-

tion penalty increases, there is a net outflow away from Exit 3 and net inflows to Exits 1

and 2. For c > 40, 000, there appears to be little change in the proportion of cars opting

for each exit.

For further analysis, we next compare exit time distributions and the distances trav-

elled to evacuate.

Exit and Clearance Times

Once again, the minimum, maximum, median, and first and third quartiles of the vehicle

exit times as a function of c are shown in Figure 4.13 for the wheel network.
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Figure 4.13: Distribution of exit times for the naı̈ve model versus the Nash equilibrium
model using a wheel network.

Focusing firstly on the top two lines in blue and red which represent the clearance

times of the evacuation simulation, we see that the Nash equilibrium model only re-

duced clearance times at low values of c. For the majority of the values of c that were

simulated, the game-theoretic model actually performed worse than the naı̈ve model,

which is contrary to what we observed with the Manhattan network. Admittedly, this

behaviour could simply be a matter of scale where the U-shaped relationship still holds

for values of c up to 200, 000. After that, clearance times plateau as there are only three

exits to alternate between. This result could also have arisen due to the specific nature of

the wheel network’s web-like structure. With our current set of results, we are unable to

test these hypotheses without running further simulations that contain variation in exit

locations and vehicle starting positions.

For the lower quantiles, we again observe that there is little difference between the the

minimum exit times, the first quartile, and the median. The median of the Nash equilib-

rium solution only varies from being 2.7% quicker than the naı̈ve solution to 5.1% slower.
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The third quartile varies a little more between the two models, which is consistent with

what was observed from the Manhattan grid results. Again, this is due to the larger im-

pact of congestion, both perceived and actual, on later-evacuating vehicles. However,

instead of the Nash equilibrium model producing shorter exit times than the naı̈ve so-

lution as was seen with the Manhattan grid, our results show that the Nash equilibrium

model produces less efficient exit times for the third quartile for the wheel network. For

the specific exit times taken during the simulations, see Table A.2 in Appendix A.

Distances Travelled

From Figure 4.14, we see that there is also a positive relationship between the distance

travelled and the congestion penalty when using the Nash equilibrium model with the

wheel network. In fact, the wheel network’s distance results show a clearer difference in

distances travelled as c increases for the lower quartiles, not just the maximum distance

travelled, as was the case with the Manhattan grid.

At its greatest, the maximum distance travelled under the Nash equilibrium solution

is 34.9% further than the maximum distance generated by the naı̈ve solution. Unlike

the Manhattan grid, even the third quartile exhibits significant differences for the wheel

network with the Nash equilibrium solution generating distances travelled that are, at

their peak, 23.0% larger than the naı̈ve solution’s. The plateaus in the distance travelled

shown by each of the quartiles represent behavioural holding patterns as there are only

three exits to select from. The distance travelled to evacuate cannot increase indefinitely

as the maximum possible distance between any origin and destination pair is capped.

As the concern over congestion increases, evacuees are once again more willing to

travel further to avoid any perceived congestion. Figure 4.15 shows the relationship be-

tween the average exit time per simulation against the average distance travelled as the

congestion penalty increases. From this figure, we can deduce that these greater distances

travelled are at least partly contributing to the increased evacuation times.

These figures go some of the way to explaining the poor performance of our game-

theoretic model in the wheel network. However, another possibility is that the shortest

path for this network will, in general, be through the spokes, then around the innermost
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Figure 4.14: Distribution of distances travelled to evacuate for the naı̈ve model versus the
Nash equilibrium model using a wheel network.

Figure 4.15: Comparison of average exit times and average distances travelled under the
Nash equilibrium model as the congestion penalty increases using a wheel network.
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ring of the network, irrespective of which exit is chosen. Therefore, choosing a different

exit is unlikely to alleviate congestion as agents will still most likely opt to travel through

the centre of the network. A possible extension to this project that may test this theory

is to allow agents to travel via any route to their exit and not just the shortest path. The

values discussed above can be found in Table A.2.

4.5.3 Yarra Glen

The results presented for the Manhattan and wheel networks are simple, fictional test

cases. It is important to observe how our model performs in the real world, therefore we

apply our method to the region of Yarra Glen in Victoria, Australia and examine these

results. As explained in Section 4.3.3, Yarra Glen is a bushfire prone region in Victoria

which covers an area of approximately 122 km2. The results presented in this section

are based on the Yarra Glen map with equidistant exits (explained in Section 4.3.3—Exit

Locations) so as not to bias our results through arbitrarily designated digital map bound-

aries. We simulate our results for 1,431 vehicles, each representing a single household

with their starting locations generated from real-world address data.

Equilibrium Exit Distributions

There are four main highways out of Yarra Glen, one in each compass direction. The

northern exit, however, is unlikely to be a viable option in the event of a bushfire as the

fire front has historically threatened from the North. Therefore, for the purposes of our

simulations, we have chosen the three remaining compass directions as our exits, setting

each of them to be 10.5 km from the town centre. Despite the equidistantly located exits,

the population itself is skewed to the East, as can be seen in Figure 4.16 when c = 0 and

evacuees are simply choosing their nearest exit. More than half the town’s population

(53.1%) find the eastern exit to be their nearest evacuation point with 24.0% opting for

the western exit and 22.9% for the southern exit.

Notice that the size of the congestion penalty are approximately two orders of magni-

tude smaller than those required by the Manhattan and wheel networks to obtain visible
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Figure 4.16: Exit distributions under the Nash equilibrium model whilst varying conges-
tion penalties for Yarra Glen.

results. The clustered starting locations of the Yarra Glen map means that congestion

affects the network almost immediately and hence even at low levels of concern over

congestion, large improvements can be made.

As the congestion penalty increases, we see a sharp decline in the proportion of evac-

uees who choose the eastern exit. By c = 1, 000, only 31.1% of residents are evacuating

via this exit. In contrast, we observe an increase in the number of evacuees opting for

the western exit as c increases. By c = 1, 000, the western exit is catering for 43.7% of

the evacuees, the largest proportion of the population. The southern exit exhibits some

fluctuation as the congestion penalty increases. At first, there is a net outflow away from

the southern exit, however for values of c > 40, a net inflow to the southern exit can be

observed. When c = 1, 000, the southern exit is accommodating 25.2% of the evacuees.

These numerical results can be viewed in Table A.3 in Appendix A.

These observations imply that eastern residents anticipate the heavy congestion on

route to their nearest exit, hence those closer to the West and South will opt for a slightly
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further exit that has less congestion. Even those nearest to the South at first opt for the

western exit as their concern for congestion increases. However, as residents begin to

factor in congestion even more, the result is a net outflow from the eastern exit and net

inflows to the western and southern exits.

To further understand the behaviour and the impact on evacuation outcomes, we

again look at exit and clearance times as well as the distances travelled by the evacuees.

Exit and Clearance Times

As with the Manhattan and wheel networks, we measure the minimum, maximum, me-

dian, and first and third quartiles of the vehicle exit times for each simulation whilst

varying the level of the congestion penalty. Focusing on Figure 4.17, we again represent

the naı̈ve model results with blue lines and our game-theoretic Nash equilibrium results

with red lines. Since congestion does not play a part in the naı̈ve model, there are no

fluctuations in the naı̈ve results as the congestion penalty varies.

Figure 4.17: Distribution of exit times for the naı̈ve model versus the Nash equilibrium
model for Yarra Glen.
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We can see from this figure that the congestion penalty is highly effective at reducing

clearance times for our Yarra Glen residents. The top two lines in blue and red represent

the clearance times for our simulations. The Nash equilibrium results sit significantly

below those of the naı̈ve model with its largest difference being 24.4% less than the naı̈ve

results. In contrast to the Manhattan and wheel networks where there was not a dis-

tinguishable difference between the naı̈ve results and the Nash equilibrium results for

the quartiles below the third, the Yarra Glen results show visible divergence between the

two from the median upwards. This implies that vehicles are experiencing congestion

proportionally earlier than in the other two networks and that the congestion penalty is

having an effect on reducing vehicle exit times.

Notice that unlike the Manhattan grid results, we do not observe the U-shaped re-

lationship between clearance times and the congestion penalty. Instead, the Nash equi-

librium solution’s clearance time improvements taper off and plateau. We tested larger

values of c (up to two million) and found no change in the behaviour. It is not necessary

for the game-theoretic model to always produce worse results following the initial im-

provements as the congestion penalty increases. It is possible that even as the perceived

congestion rises far above the reality, given that only three exits exist, the equilibrium

state will be no worse off than if a more realistic value of c was chosen.

For the numerical results, see Table A.3. These results are consistent with what we

conjectured from the equilibrium exit distributions (Figure 4.16) that the more densely

clustered population of Yarra Glen suggests that congestion plays a larger role in evacu-

ation and by taking into account this externality, evacuation outcomes can be improved.

Distances Travelled

Finally, we discuss the distances travelled to evacuate. Figure 4.18 shows the minimum,

maximum, median, and first and third quartiles of the distances travelled to evacuate by

our simulated vehicles.

As with the other two network types, we see that as the congestion penalty increases,

the maximum distance travelled also increases up to a point, then plateaus. This is true

for the first, second and third quartiles as well. At its height, the maximum distance trav-
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Figure 4.18: Distribution of distances travelled to evacuate for the naı̈ve model versus the
Nash equilibrium model for Yarra Glen.

elled under the Nash equilibrium solution is 16.1% further than the maximum distance

resulting from the naı̈ve model. The third quartile does not exhibit as large a gap with

the Nash equilibrium solution eliciting distances that are at most 6.7% further than the

naı̈ve solution’s. For the specific numerical results, see Table A.3.

Recall that we do not observe the U-shaped clearance time curve that we saw in our

Manhattan grid results. Figure 4.19 plots the average exit times (blue) and average dis-

tance travelled (red) as a function of c. We confirm that there is no U-shaped relationship

for the average exit time and that there is the expected inverse relationship between the

average exit time and the average distance travelled as c increases. These results again

imply that evacuees are willing to travel further to avoid congestion and that this strategy

is proving to be effective at reducing evacuation times for the residents of Yarra Glen.
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Figure 4.19: Comparison of average exit times and average distances travelled under the
Nash equilibrium model as the congestion penalty increases in Yarra Glen.

Regression Results

We examined 16 different regression models to assess the key factors related to a vehicle’s

exit time. We tested the significance of the number of vehicles starting from the same

location, the distance to a vehicle’s nearest exit, the level of perceived congestion, and

interactions between these factors. Of the models we examined, the one presented in

Equation (4.2) rendered the best fit. Each observation in our dataset relates to a single

vehicle’s trip characteristics. We include all observations with congestion penalties up to

and including c = 1, 000 giving us a total of 28,620 observations. We present the fitted

equation below with the results of this model in Table 4.1.

̂LOG EXIT = −15.5275 + 0.1216 LOG START

+ 2.3753 LOG NEAREST − 0.0150 LOG CON

+ 0.0033 LOG CON SQ− 0.0069 (D CON × LOG CON)

− 0.0051 (LOG START × LOG CON) (4.2)



194 A Game-Theoretic Model of Exit Selection

SUMMARY OUTPUT

Dependent Variable LOG EXIT

REGRESSION STATISTICS

Multiple R 0.4786
R Square 0.2290
Adjusted R Square 0.2289
Standard Error 0.3632
Observations 28620

ANOVA

df SS F Signficance F

Regression 6 1121.1719 1416.5212 0.0000
Residual 28613 3774.5159
Total 28619 4895.6877

Coefficients Standard Error t-Stat p-Value

Intercept -15.5275 0.2536 -61.2218 0.0000
LOG START 0.1216 0.0090 13.4802 0 0000
LOG NEAREST 2.3753 0.0271 87.7726 0.0000
LOG CON -0.0150 0.0075 -1.9946 0.0461
LOG CON SQ 0.0033 0.0010 3.4408 0.0006
D CON × LOG CON -0.0069 0.0022 -3.1723 0.0047
LOG START × LOG CON -0.0051 0.0018 -2.8284 0.0015

Table 4.1: Regression results for Yarra Glen.

The dependent variable, LOG EXIT, is the natural logarithm of a vehicle’s total time

taken to evacuate, i.e. travel time plus any delays to evacuation. LOG START is the

natural logarithm of the number of cars starting from the same location as the relevant

vehicle. LOG CON is equal to ln(c + 1) where c is the congestion penalty. The value of

one is added to c so as to avoid taking the log of zero. LOG CON SQ is the square of

LOG CON and is used to identify any non-monotonicity in exit times associated with

perceived congestion. We also separate our data into two groups by their perceived con-

gestion. The variable D CON is a dummy variable with the value of one if c > 100 and

zero otherwise. This allows our congestion penalty to have differing effects on exit times

depending on the strength of the concern over congestion. All variables interacted with

D CON are interpreted against the base case of vehicles with 0 ≤ c ≤ 100. The results for
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the base case can be viewed when D CON = 0. Finally, we interact LOG START with

LOG CON to observe their effect on one another in relation to exit times.

We found that a log-log model fit the data best. This can be seen from the signifi-

cance levels of the coefficients in Table 4.1. For the independent variables LOG CON and

LOG START, we performed Wald tests to test their overall significance due to their in-

teractions with each other and the categorical variable, D CON. We found that they too

are highly significant (with both p-values being 0.00).

The positive coefficient on LOG START implies a positive relationship between the

number of vehicles starting from the same location and their exit time. This makes in-

tuitive sense, as the more cars that attempt to depart from the same location, the longer

these evacuees must wait before starting their evacuation. The negative interaction be-

tween LOG START and LOG CON implies that a higher number of cars starting from

the same location increases the effectiveness of the congestion penalty. Again, this is

expected, since the congestion penalty is most effective at reducing exit times when ac-

tual congestion exists. The more cars that are clustered together to begin with, the larger

this congestion and the more efficient evacuation becomes for agents that recognise its

existence.

Our results also show a positive relationship between the distance to the nearest exit

and the vehicle’s exit time. This can be seen from the positive coefficient on the variable,

LOG NEAREST. Again, this result is quite intuitive, as the further away an evacuee

needs to travel to find their nearest exit, the further away all other exits must be. Purely

based on a distance relationship with time, these evacuees would take longer to escape

than an evacuee with a closer exit.

The negative coefficient on the interaction of the dummy variable, D CON, with

LOG CON shows us that the effect of the congestion penalty on exit times is stronger

at low levels of c (namely 0 ≤ c ≤ 100) versus higher levels of c (c > 100). We also note

that our regression results support our hypothesis that the relationship between the con-

gestion penalty and exit times is in fact U-shaped. This result is not visibly obvious from

our graphs, however we can observe this effect from the positive coefficient estimate on

LOG CON SQ. Note that values for the variable LOG CON SQ is obtained by first tak-
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ing the natural logarithm of the congestion penalty then squaring those values such that

when the relationship between the actual exit times and the congestion penalty is un-

packed (as opposed to the log of these variables), we achieve the U-shape as conjectured.

This U-shape relationship confirms our suggestion that both the underestimation and

overestimation of the true level of congestion can be detrimental to evacuation efficiency.

4.6 Discussion and Further Work

In this section, we discuss our findings and their implications. We also discuss the limi-

tations of our work and some possible directions for extending this research.

4.6.1 Implications

Through our results, we observed that the incorporation of strategic interactions can im-

prove modelling accuracy and thus provide more efficient clearance times. However, if

perception and reality do not align, it is possible that by attempting to take into account

congestion and others’ actions, evacuees can actually be worse off than if they had simply

headed towards their nearest exit.

This result implies that information is crucial in determining the success and effi-

ciency of an evacuation. In order to better align perception with reality, policies can be

developed to aid in the dissemination of information for this purpose. For example, fur-

ther radio announcements or mobile app alerts naming congested roads or destinations

to avoid and suggesting alternatives.

One problem with such a policy of communication is that information is broadcast to

the entire evacuating community. If all evacuees are provided with this information, it is

possible that an overcorrection can occur, leading to a new congestion problem along the

alternative route. One possible solution to this is to provide multiple alternatives if they

exist. However, this might not always be possible as towns often only have a few main

highways out.

Another policy that is often suggested for congestion mitigation is staged evacuation

[100, 101, 146, 395, 396]. This occurs when departure times are staggered based on geo-
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graphical zones. In the event of a no-notice evacuation order, staged evacuations plans

are no longer feasible as they require planning, coordination, and patience. When con-

ditions allow for staged evacuation policies to be enacted, ethical and political consid-

erations can often diminish their effectiveness at reducing clearance times. Often there

can exist resistance towards mandatory evacuation policies due to anxiety and uncer-

tainty regarding the welfare of property, family, livestock, etc. or a cultural reluctance

to cooperate with overly paternalistic governance [52–55, 397]. This resistance can cre-

ate inefficiencies through the need to dedicate further manpower towards evacuation

enforcement or rescuing imperilled residents. These activities can in turn create further

congestion along evacuation paths.

For these reasons, mandatory evacuations are not often observed in westernised coun-

tries. Evacuation compliance is therefore often voluntary and hence needs to be encour-

aged to optimise clearance times and increase the likelihood of success. Information accu-

rately conveying the risks and hazards of the emergency can play a vital role in achieving

this goal and can be implemented via intelligent policy design.

4.6.2 Extensions

As mentioned throughout this chapter, there are several limitations to our research which

can be expanded upon for further work. These following ideas are by no means exhaus-

tive, but rather highlight some natural directions that can be explored.

Route Selection

Our current models abstract away from the route selection problem and only focuses

on exit choice. It uses SUMO’s pathfinding algorithms to find the shortest path between

each origin-destination pair. This implies that vehicles who depart from the same starting

node and head towards the same exit will travel along the same route. In reality, this is

unlikely to be the case for all vehicles with the same start and exit nodes as we would

expect some cars to select alternative routes in order to avoid the congestion created.

A major extension to this model would be to include route selection. We would expect
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to see further improvements to our performance measures if our agents are given more

scope to plan their route and spread out to reduce congestion.

Incorporating route selection is no mean feat. The additional complexity would re-

quire a great deal more computational power and some more sophisticated solution al-

gorithms. Moreover, SUMO’s default route selection is to use the shortest path. SUMO

produces alternative routes which can be used, however implementation of this detail

would need to be investigated further.

Dynamic Decision-Making

One assumption of our current models is that individuals do not change their exit choice

once they have begun evacuating. In reality, evacuees would update their information on

a continuous basis given their surroundings and any broadcasts available. To incorporate

this information-updating behaviour, our model could be extended to become a dynamic

route selection problem. Not only would our model be converted to a route selection

problem as discussed in the previous section, but at each time step, the payoff matrix

would be updated and our agents would be able to update their exit choice and route

selection accordingly.

Again, this dynamic problem is computationally intensive and would require the

implementation of some sophisticated optimisation algorithms in order to solve it in a

timely manner. Some simplifications of this dynamic problem use a proxy for measur-

ing congestion when selecting routes on-the-fly. For example, evacuees in Sinuany-Stern

and Stern [380], when faced with an intersection, select the next leg of their route by

choosing the direction that gives the greatest distance between themselves and the car

ahead. For other examples of papers which deal with dynamic decision-making, see

[139, 143, 163, 398].

Varying Departure Times

In this research, we assumed a “no-notice” evacuation scenario such that all agents de-

sired to depart at the same time and immediately. In reality, evacuees would receive more
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forewarning such that they are able to better plan their departure and hence staggered

departure times are often observed. These staggered departures can occur whether the

decision is made by individual households or the evacuees are directed by authorities via

a staged evacuation [100, 101].

By allowing for staggered departure times, we envisage that this would reduce ini-

tial congestion at the starting points leading to more efficient evacuation outcomes. In

turn, this would reduce the relative average effectiveness of our game-theoretic model

compared with the naı̈ve model.

Randomising Starting Locations and Exits

Due to the computational complexity of solving for Nash equilibria in our game-theoretic

model and our limited resources, we did not simulate multiple scenarios with various

randomised exits and starting locations for the Manhattan grid and the wheel network.

For our Yarra Glen map, the starting locations and exits are determined by real world

data and therefore it would have been inappropriate to randomise their locations.

Had we been able to randomise the starting locations and exits in our two test net-

works, the Manhattan and wheel grids, we would have been able to average out any

biases associated with the specific start and exit positions leaving only systematic differ-

ences resulting from variability in the network designs. In this way, we would have been

able to compare how the different network compositions impact upon the effectiveness

of our congestion perception model on evacuation outcomes.

Heterogeneous Congestion Penalty

Another extension we considered was to allow heterogeneity amongst our agents, in

particular, with respect to their congestion penalty. Individuals do not necessarily all

perceive congestion in the same manner nor do they place the same weight on its impor-

tance. By varying the congestion penalty between agents, this would allow us to gain

insights into which group of agents achieve better outcomes and how their perception of

congestion affects their ability to evacuate in a timely manner.
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This extension can initially be implemented by considering two different groups of

agents: one with a congestion penalty of zero, i.e. they do not account for congestion

at all, and the second group with a higher congestion penalty. The proportions between

these two groups can be varied to evaluate the effect on our evacuation statistics. Are

there improvements for our agents? If so, for which group? Is it necessary for everyone

to perceive congestion at the same level in order for improvements to be realised or is

only a small proportion necessary to realise these gains?

The distribution for the congestion penalty can also be extended to a continuous dis-

tribution rather than two discrete groups.

Mixed-Strategy Nash Equilibria

As discussed in Section 4.2.3, our current model examines only pure strategy Nash equi-

libria where each vehicle will choose a single exit as their strategy. Mixed strategies are

ones where each player chooses a probability distribution over their pure strategies. For

example, with the three exits of our Yarra Glen map (West, South and East), a player’s

strategy might be (West: 0.4; South: 0.4; East: 0.2). This is interpreted as the player

chooses the western exit with 40% probability, the southern exit with 40% probability

and the eastern exit with 20% probability.

The interpretation of a mixed strategy Nash equilibrium remains the same as a pure

strategy Nash equilibrium (see Definition 3.8), except that payoffs are now based on ex-

pected utilities and strategies are probability distributions. Formally, this is written as

E [ui (σ
∗)] = max

σi
E
[
ui
(
σi, σ∗−i

)]
for all σi ∈ Si and i ∈ {1, 2, . . . , n} (4.3)

where the asterisk once again denotes the strategy profile is a Nash equilibrium and σ∗−i

is the vector of strategies from σ∗ excluding player i’s strategy, σi. However, strategies

are now vectors of probabilities, i.e. σi = [αi,1, αi,2, . . . , αi,mi ] | ∑mi
j=i αi,j = 1 and αi,j ≥ 0

for all j ∈ {1, 2, . . . , mi} and i ∈ {1, 2, . . . , n} where αi,j is the probability that player i will

play pure strategy j with probability α. We now call Si the “strategy space” of player i as

it is no longer a discrete set.
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A strategy profile is a mixed strategy Nash equilibrium if no player can increase his or

her expected payoff by changing their chosen probability distribution holding constant

what all other players have chosen. This is the same interpretation as with pure strategy

Nash equilibria.

An example of the structure and complexity of a mixed strategy routing game with

self-interested agents is given by Fotakis et al. [399]. They examine the computational

complexity of finding Nash equilibria when players can select which of m parallel links

they direct their traffic load on to. The complexity of solving for Nash equilibria and

some of the algorithms used in this area are discussed further below in Section 4.6.2—

Improved Solution Algorithms.

Imperfect Information

Our model assumes that every player has full information on every other player’s pay-

off function. This allows us to find Nash equilibria based on perfect information. In

reality, agents would not have perfect information regarding the state of the system or

what strategies other agents are employing. To make our model more realistic, we can

introduce stochasticity by randomising the starting locations of our vehicles. This repre-

sents our individuals having a general idea of how the population is distributed over the

network without knowing specifically where vehicles are starting from.

Agents maximise their expected utility based on the expected congestion faced. Nash

equilibria are defined in the same way as in Equations (3.1) and (4.3). They can be solved

in pure strategies or for added complexity, can also be extended to mixed strategies.

Improved Solution Algorithms

As discussed in Section 4.4.3, a major limitation to this project was the computational

complexity faced when solving for our Nash equilibria. The brute force solution to find-

ing Nash equilibria grew exponentially with the number of players involved. So although

this method found all pure strategy Nash equilibria in the game, we were only able to use

this method for up to five players before computing memory limits were exceeded. This
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obviously was not sufficient to run realistic evacuation simulations nor was this number

of players large enough to allow congestion to play an active role in the simulation.

Further investigation led to a body of literature dedicated to improving Nash equilib-

rium solution algorithms and their complexity. In general, determining whether a Nash

equilibrium even exists is an NP-complete problem, even under some restrictions that

simplify the game [400].25 Searching for all Nash equilibria that exist in a game is often

also NP-hard [402]. However, searching for one Nash equilibrium of a finite, strategic-

form game has been shown to be of the PPAD-complete (polynomial parity arguments

on directed graphs) class [403, 404]. This complexity class was first introduced by Pa-

padimitriou [405]. Conitzer and Sandholm [406] show that even using approximation

techniques that find equilibria that are approximately optimal, these solutions cannot be

found in polynomial time (unless P = NP). They also show that to count the number of

Nash equilibria in these strategic-form games is a #P-hard problem.

The Lemke-Howson algorithm [407] had been the benchmark for many decades until

recently. Even though this algorithm dominated the literature for so long, it still incurred

exponential running times in some circumstances [408]. Other more recent advancements

in Nash equilibrium solving algorithms include Dickhaut and Kaplan [409], Govindan

and Wilson [392, 393], Sandholm et al. [410], Porter et al. [394] and Widger and Grosu

[411]. Fotakis et al. [399], Fabrikant et al. [412] and Sperber [413] investigate Nash equi-

librium solving algorithms and their complexity specifically in the context of congestion

games, of which our model is a special case.

Von Stengel [414] and Nisan et al. [415] provide an excellent and comprehensive re-

view on the complexity issues faced when computing Nash equilibria as well as the evo-

lution of algorithms used in this area of research.

Since the focus of this thesis is not on inventing new state-of-the-art Nash equilibrium

solution algorithms, we opted to use a greedy algorithm approach to solve our model,

similar to Fotakis et al. [399] (see Section 4.4 for more details). The greedy algorithm

operates in polynomial-time. The speed increase gained by using such an algorithm

compared to a brute force method meant that solving for one thousand or more vehi-

25For more on computational complexity classes including definitions and notation, see Arora and Barak
[401, Part I].
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cles became feasible allowing us to run more realistic simulations. However, a major

limitation to using such an algorithm is that for a given starting strategy profile, the al-

gorithm will converge to the same Nash equilibrium every time. This means that we lose

out on assessing different Nash equilibria within the same game. Although the greedy al-

gorithm provided a significant speed increase to finding a Nash equilibrium, it still took

a matter of days to find a solution for our Yarra Glen map with 1,431 vehicles. There-

fore, it was not feasible to re-run the solver multiple times using different initial strategy

profiles. Doing this would still not have guaranteed that we would have found all Nash

equilibria.

We also argue that finding all pure strategy Nash equilibria might not have been a

productive use of our limited resources as many of the Nash equilibria that exist within

the same game are symmetric. This is due to having a number of vehicles which all start

from the same location and are heading to the same exit. With homogeneous players,

these vehicles are interchangeable in the game and would give the same result. With

only three exits on each of the maps analysed, there would exist many symmetric Nash

equilibria.

Improvements to the Nash equilibrium solver used in this project would allow us

to solve and simulate for a larger number of vehicles and exits, which can be useful

for larger maps or more densely populated regions. A quicker and more sophisticated

solver might also be able to find all pure strategy (and perhaps also mixed strategy) Nash

equilibria allowing us to compare and discuss the equilibria in terms of “best case” and

“worst case” scenarios.

4.7 Conclusions

The research in this chapter investigates how the incorporation of strategic interactions

using a game-theoretic model of exit selection affects evacuation outcomes. We also com-

pare evacuees’ perception of congestion versus reality, where “reality” is simulated using

the traffic simulator, SUMO.

We implemented two models of exit selection: (a) a naı̈ve model and (b) a game-
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theoretic model. The naı̈ve model involves agents simply evacuating via their nearest

exit destination. The game-theoretic model applies strategic considerations whereby each

agent makes their destination choice based on what all other agents have chosen such

that they are not able to reduce their evacuation costs any further by switching their own

selection. If this is true for all agents, then this assignment of origin-destination pairs

results in a Nash equilibrium. We abstracted away from the route choice problem and

simply directed agents via the shortest route between any O-D pair. We also assumed

that agents have perfect information and do not change their minds as to their selected

exit once evacuation has commenced.

Our hypothesis was that by taking into account congestion, agents would be able to

reduce the clearance time for any given evacuation by detouring to an exit that is further

away to avoid heavily congested roads and destinations. However, we also proposed

that if perceived congestion misaligned with reality, it is possible that agents may either

under- or overcompensate for crowding, leading to worse clearance times than if they

simply took the naı̈ve approach.

We implemented our models and tested them on three network types: (a) a Man-

hattan grid, (b) a wheel grid and (c) a map of Yarra Glen in Victoria, Australia. We ran

simulations using three exits and 1,000 vehicles for the Manhattan and wheel networks.

For Yarra Glen, we used three exits equidistant from the town centre and 1,431 vehicles

based on main highways and geocoded household data. The Manhattan and wheel net-

works were simple test cases to assess the feasibility of our models and simulations. We

therefore simply randomly selected exits from boundary nodes and also randomly as-

signed vehicle starting locations from the remaining non-exit nodes. We found that in all

three network types, as the congestion penalty grew very large, the equilibrium exit dis-

tributions stabilised in a fixed pattern where the proportions headed towards each exit

evened out, though not completely, compared with the naı̈ve model’s equilibrium exit

distribution.

We found that for the Manhattan grid, clearance times improved up to a point, then

worsened again as the congestion penalty increased. We separated our exit times into

quartiles which showed that quicker cars to evacuate do not benefit much from taking
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into account congestion, most likely because they were lucky enough to be close to an exit

and therefore did not face much congestion. It is in the third quartile of exit times and

above that we begin to see stark differences between the naı̈ve model’s results and our

game-theoretic model’s results. This skewing of the exit times implies that poor clearance

times are driven mostly by the last few vehicles to exit.

Interestingly, the wheel network’s game-theoretic model performance only outper-

formed the naı̈ve model at low values of the congestion penalty in terms of clearance

times. For the majority of the values of c, the game-theoretic model actually performed

worse. This behaviour could be due to the specific web-like structure of the wheel net-

work. We would only be able to test this conjecture by running more simulations with

alternative exits and starting locations.

For Yarra Glen, we found the congestion penalty extremely effective at reducing clear-

ance times and average exit times. In fact, we did not observe the same clear U-shaped

relationship between congestion penalty and clearance time or average exit time as we

did with the Manhattan grid. As the congestion penalty got very large, improvements to

clearance times and average exit times tapered off and stabilised at 24.4% less than the

naı̈ve model for clearance times and 14.2% less for average exit times. In this real world

scenario, taking into account congestion is more beneficial than in our test cases since

population groups tend to be more clustered in real life. By travelling a little further and

avoiding others, it is therefore possible to break up this congestion and greatly improve

exit times.

We can see this by looking at the relationship between the congestion penalty and the

average distance travelled. As expected, as the congestion penalty increases, evacuees

are more willing to go out of their way to avoid congestion. This can be observed from

the positive relationship between c and the average distance travelled, at least up to a

point. With only three exits available, the average distance travelled plateaus as the con-

gestion penalty gets large. For Yarra Glen, as the congestion penalty increased, average

exit time declined, but the average distance travelled increased. This shows that evac-

uees are willing to travel further to avoid congestion and that this strategy is effective at

reducing exit times on this map. For the Manhattan grid, the increasing average distance
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travelled is associated with a slight U-shaped average exit time curve as c increases im-

plies that as c gets large, evacuees are overcompensating for congestion and travelling

further than is necessary to avoid the perceived congestion. The average distance results

for the wheel network tells us that congestion is grossly misperceived and is leading to

evacuees travelling unnecessarily long distances to avoid non-existent congestion.

We also ran several simple regression models to ascertain the correlating factors with

exit times. We found that the more cars starting from the same location, the longer

these evacuees must wait before beginning evacuation, which in turn increases exit times.

However, when there are more cars in the same starting location, this increases the effec-

tiveness of the congestion penalty. The congestion penalty is most effective when there

is congestion at play. The more congestion, the more important it is to take into account

congestion. With more cars starting from the same position, more congestion will be cre-

ated along their chosen routes, hence when congestion is taken into account, exit times

will be more heavily impacted. We also discovered a positive relationship between the

distance to the nearest exit and the exit time. This is logical, as the further away the near-

est exit is from an evacuee, the further away all other exits are and hence the evacuee

will need to travel farther to reach an exit which increases their exit time. Finally, our

regression results also revealed that the relationship between exit times and congestion

perception is U-shaped. This was not obvious from our graphs, however we found a

negative relationship between exit times and the linear covariates of congestion in con-

junction with a positive relationship with the squared congestion term. This confirms

that both underestimated and overestimated congestion can in fact reduce evacuation

efficiency.

These results show the importance of assessing the state of one’s environment ac-

curately during an evacuation. It highlights the fact that being overly cautious may in

fact be detrimental to one’s chances of survival. These results provide scope for policy-

makers to reassess the information currently being disseminated and to find ways to

better convey new and useful information to communities which are under threat.



Chapter 5

Conclusions and Future Directions

THE main purpose of this thesis is to examine the role that information and com-

munication play in natural disaster evacuations. Due to population growth and

increased urbanisation, natural disasters are having an increasingly large impact on so-

ciety [2, 5, 8]. We have learnt from past experience that prevention can only go so far

to protect us and that whatever our predictions are for the worst case scenario, there is

always the chance that an extreme event will occur for which we are not prepared [23].

For this reason, it is crucial to investigate impact mitigation strategies for when a disaster

strikes and rehabilitation programs to expedite post-disaster recovery.

This dissertation examines three specific problems that occur during emergency evac-

uations. The first is the importance of information and how communication can assist in

reducing evacuation clearance times. The second is the effect of congestion and self-

interest on departure time decisions and outcomes. Finally, the third problem is one of

exit selection, where we compare evacuation outcomes for naı̈ve versus strategically in-

teracting agents whilst varying their perception of congestion.

During the course of this research, we found that agent-based simulation was cur-

rently the most common method for evaluating evacuation models and their outcomes

[322, 329, 375–378]. We noticed that there was a distinct lack of analytical relationships

in the literature between physical and environmental factors and the resultant evacua-

tion measures. Therefore, in Chapter 2, we presented a simple model of information and

communication which allowed us to derive analytical results. These results form a new

avenue for future research as they give us an indication of the shape and magnitudes of

the relationships between these key factors.
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To achieve this, we introduced a simple ring network with a single entry and exit

point. Agents entered the system and after some time, a static disruption occurred which

led to the evacuation of the occupants. We analysed the effect of having differing levels

of information on each agent’s ability to escape. We evaluated three information levels,

each of which led to a different wayfinding heuristic. In descending order of knowledge

regarding the system, these information levels were complete information, network in-

formation and historical information. We found that, unsurprisingly, more information

meant more efficient evacuation, on average.

Next, we focused on the value of communication within this ring network by al-

lowing our agents to share information locally via devices which were limited by their

broadcast range. We found that communication was indeed constructive, but only when

information was imperfect. With complete information, there are no more gains to be

made from communication. We also found that information can be propagated more ef-

fectively as the number of agents in the network increased. The denser the population

is within the system, the easier it became for agents to communicate and pass on new

information. This led to a reduction in the average exit time per agent.

We noted that it was unrealistic to expect gains from communication to be unbounded

as the number of agents in the network increased. As further work, a model incorporat-

ing congestion effects could be explored using this model. This will allow for more ac-

curate estimates of exit times and perhaps inform policy regarding capacity constraints

such as population limits in a region. We also pointed out that in reality there are also lim-

itations to the expansion of the broadcast range. Further research can be conducted into

the “optimal” broadcast policy if agents must trade-off between their range and duration

of communication and say, the battery life of their device.

From our review of the literature, we noticed that over time, behavioural aspects of

evacuee decision-making have attracted an increasing amount of attention [93, 99, 247].

These behavioural characteristics were mainly incorporated into models as parameters

calibrated from empirical studies. Although these models included behavioural features

that previous models did not consider, they still lacked explanations for the observed

behaviours. For this reason, researchers turned to game theory in an attempt to explain
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these behaviours by modelling strategic interactions between evacuees [228, 257, 260,

267, 268, 383, 384]. In Chapters 3 and 4, we continued the work of our contemporaries by

exploring the outcomes generated by game-theoretic models of evacuation.

For Chapter 3, we examined the effects of congestion on departure time decisions.

Originally, departure time models were developed to solve morning peak-hour traffic

problems and to evaluate any inefficiencies caused by the behaviour of self-interested

agents. Another aim of these models was to find solutions which aligned the incentives

of individuals with those of society. In this chapter, we primarily built upon the work of

Vickrey [318], Henderson [319], Hendrickson and Kocur [320] and Mahmassani and Her-

man [321]. We employed game-theory, in particular Nash equilibria, in our extensions to

the existing models for a more accurate representation of reality and offered innovative

numerical solutions to difficult analytical problems that were not previously addressed.

The previous authors modelled this problem as either a queue [318, 320] or as flows along

a bottleneck [319, 321]. For our work, we opted to model flows rather than a queue, how-

ever we showed that the queuing model can in fact be derived as a special case of the flow

model. Our extensions involved using a Greenshields’ linear slow down model [346] to

govern the relationship between density and speed within the bottleneck, as well as de-

riving boundary conditions for this more complex model. We then permitted lateness in

this extended model and analysed the results.

Consistent with results found in previous studies, we found that self-interested be-

haviour does not necessarily lead to system optimal outcomes. Permitting flexibility in

the evacuation deadline can reduce the overall cost of evacuation for participants. De-

parture time behaviour hinged heavily on the relative costs of congestion and schedule

delay, where schedule delay is the amount of time between successfully evacuating and

the specified deadline, regardless of whether this is early or late.

Further investigations can be made into comparing the social optimum with individ-

ually optimal equilibrium results using our extended model. A criticism of Nash equi-

libria is that the solution does not provide any explanation as to how individuals might

assign themselves to the equilibrium arrival pattern. All that is presented in the solution

is merely the arrival pattern itself. New solution concepts could be developed to assist
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with the assignment of individual agents to the equilibrium solution. In our model, speed

through the bottleneck was assumed to be constant for each agent from the moment they

entered the bottleneck. However, in reality, this is not the case and thus, inconsistencies

arose in the equations of our model. We attempted to rectify this issue by allowing speed

to vary along the bottleneck. We were then presented with a set of ordinary differential

equations which we found to be unsolvable analytically, hence the results we presented

are based on a numerical approach. Further work on this matter could be explored to

find an analytic solution to this problem. Finally, other extensions can be introduced

into the model, such as heterogeneous agents with differing cost functions or stochastic

congestion and travel times.

In Chapter 4, our last major chapter of research, we once again employed game-theory

to analyse the effects of strategic interaction on evacuation outcomes in the presence of

congestion for the problem of exit selection. This research involved a comparison of a

naı̈ve model of exit selection, whereby agents simply travelled to their nearest exit via

the shortest route, with a game-theoretic model that considered the distance travelled as

well as perceived congestion. We simulated our models using SUMO and performed our

analysis on three network types: a Manhattan grid, a wheel network and a real-world

map of Yarra Glen in Victoria, Australia. This research provided a novel contribution to

the literature by considering the difference between perception and reality.

We found that the incorporation of strategic interactions can in fact improve mod-

elling accuracy and thus also evacuation outcomes. However, this was only true as long

as assumptions regarding congestion levels were realistic. If perception strayed signifi-

cantly from reality, considering what other agents had chosen can in fact produce worse

outcomes than by simply using more naı̈ve strategies.

Our models, though thought-provoking in their conclusions, are rather simple in their

current state. There is much scope for further work in this area, including extending the

model to solve a route selection problem with dynamic decision-making, allowing evac-

uees to be heterogeneous in their departure times or perception of congestion and devel-

oping improved Nash equilibrium solution algorithms for finding more comprehensive

solutions in a more timely manner.
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The results from this dissertation imply that there is a great deal of scope for policy to

play a role in improving evacuation outcomes through the dissemination of information.

Improving clearance times and other evacuation measures in turn, can save lives. Despite

these compelling results, it can be difficult in practice to implement such policies. There

are many political and ethical considerations that can hinder the uptake of the sugges-

tions found in this thesis, whether it be an inherent cultural resistance towards an overly

paternalistic government or the moral dilemma of putting one individual at risk over an-

other for the good of society. Overall, what we have discovered is that human behaviour

is extremely complex and there is still much that we can learn about ourselves that can

help us to coexist with the uncertain and volatile forces of nature.





Appendix A

Simulation Results for the
Game-Theoretic Model of Exit

Selection

This appendix contains the simulation results from SUMO. Each table provides the min-

imum, first quartile, median, third quartile, maximum, and mean for both exit times and

distances travelled by vehicles in each simulation. We also include the number and per-

centages of vehicles that travel to each exit in equilibrium. Each row refers to a different

level of congestion perception given by the congestion penalty, c. Table A.1 gives our

Manhattan grid results, Table A.2 are the wheel network results, and finally Table A.3

provides our Yarra Glen results for a real-world comparison.

213



214 Simulation Results for the Game-Theoretic Model of Exit Selection

c
ExitTim

es
D

istances
Travelled

ExitD
istributions

(secs)
(m

)
(#)

(%
)

M
in

Q
1

Q
2

Q
3

M
ax

M
ean

M
in

Q
1

Q
2

Q
3

M
ax

M
ean

Exit1
Exit2

Exit3
Exit1

Exit2
Exit3

0
56.00

134.50
228.00

420.00
716.00

285.00
1331.70

2709.20
4066.70

6741.40
9577.30

4359.20
360

172
468

36.00
17.20

46.80

100
56.00

134.50
228.00

420.00
716.00

285.00
1331.70

2709.20
4066.70

6741.40
9577.30

4359.20
360

172
468

36.00
17.20

46.80

5000
55.00

135.00
227.00

380.50
681.00

269.92
1331.70

2709.20
4066.70

6741.40
9586.00

4365.70
418

172
410

41.80
17.20

41.00

8000
55.00

135.00
226.00

374.00
673.00

267.18
1331.70

2709.20
4066.70

6741.40
9586.00

4366.10
422

172
406

42.20
17.20

40.60

10000
55.00

137.00
229.00

376.00
669.00

267.89
1331.70

2709.20
4066.70

6741.40
9586.00

4366.40
424

172
404

42.40
17.20

40.40

20000
56.00

135.00
227.50

369.00
664.00

263.94
1331.70

2709.20
4066.70

6741.40
10819.00

4394.50
422

188
390

42.20
18.80

39.00

30000
55.00

134.00
229.50

366.50
623.00

260.31
1331.70

2709.20
4072.10

6757.10
12155.00

4471.30
406

207
387

40.60
20.70

38.70

40000
56.00

135.00
229.00

367.00
600.00

258.86
1331.70

2709.20
4072.10

6757.10
12155.00

4534.30
393

220
387

39.30
22.00

38.70

50000
56.00

136.00
228.00

367.00
589.00

256.99
1331.70

2709.20
4072.10

6782.50
12251.00

4588.30
384

234
382

38.40
23.40

38.20

60000
56.00

133.00
225.50

365.00
580.00

254.97
1331.70

2709.20
4076.90

6782.50
12251.00

4624.80
380

239
381

38.00
23.90

38.10

65000
56.00

135.00
226.50

365.00
590.00

255.48
1331.70

2709.20
4081.80

6782.50
13588.00

4643.90
377

245
378

37.70
24.50

37.80

70000
56.00

133.00
226.50

366.50
595.00

255.30
1331.70

2709.20
4081.80

6782.50
13588.00

4658.70
374

248
378

37.40
24.80

37.80

80000
56.00

134.00
225.50

365.50
594.00

254.31
1331.70

2709.20
4081.80

6824.00
13588.00

4685.80
372

250
378

37.20
25.00

37.80

90000
56.00

136.00
230.00

366.50
595.00

257.09
1331.70

2709.20
4081.80

6824.00
13588.00

4699.30
369

256
375

36.90
25.60

37.50

100000
55.00

133.50
227.50

365.50
596.00

255.31
1331.70

2709.20
4081.80

6824.00
13588.00

4718.10
368

256
376

36.80
25.60

37.60

120000
55.00

135.50
230.00

364.00
598.00

255.60
1331.70

2709.20
4081.80

6833.40
13588.00

4749.00
361

263
376

36.10
26.30

37.60

150000
56.00

135.50
229.00

361.00
604.00

255.24
1331.70

2709.20
4081.80

6833.40
13588.00

4785.60
360

266
374

36.00
26.60

37.40

200000
56.00

133.00
229.00

358.00
635.00

254.44
1331.70

2709.20
4081.80

6843.60
13588.00

4855.90
358

272
370

35.80
27.20

37.00

300000
56.00

133.50
231.00

367.00
668.00

258.16
1331.70

2712.60
4092.00

6844.30
13588.00

4940.80
353

275
372

35.30
27.50

37.20

400000
56.00

135.00
233.50

364.50
639.00

259.14
1331.70

2715.90
4092.00

6844.30
13588.00

5000.10
350

277
373

35.00
27.70

37.30

500000
56.00

134.00
232.00

367.00
781.00

259.61
1331.70

2715.90
4092.00

6859.60
13588.00

5042.10
347

278
375

34.70
27.80

37.50

Table
A

.1:M
anhattan

grid
sim

ulation
results.



215

c
Ex

it
Ti

m
es

D
is

ta
nc

es
Tr

av
el

le
d

Ex
it

D
is

tr
ib

ut
io

ns

(s
ec

s)
(m

)
(#

)
(%

)

M
in

Q
1

Q
2

Q
3

M
ax

M
ea

n
M

in
Q

1
Q

2
Q

3
M

ax
M

ea
n

Ex
it

1
Ex

it
2

Ex
it

3
Ex

it
1

Ex
it

2
Ex

it
3

0
53

.0
0

18
2.

00
27

6.
50

41
3.

50
69

2.
00

30
7.

02
12

54
.0

0
34

06
.8

0
38

10
.8

0
42

78
.3

0
68

58
.3

0
37

28
.3

0
34

8
25

5
39

7
34

.8
0

25
.5

0
39

.7
0

10
0

53
.0

0
18

2.
00

27
6.

50
41

3.
50

69
2.

00
30

7.
02

12
54

.0
0

34
06

.8
0

38
10

.8
0

42
78

.3
0

68
58

.3
0

37
28

.3
0

34
8

25
5

39
7

34
.8

0
25

.5
0

39
.7

0

50
00

53
.0

0
18

0.
00

26
9.

00
41

6.
00

66
4.

00
30

3.
34

12
54

.0
0

34
06

.8
0

38
10

.8
0

42
78

.3
0

69
30

.1
0

37
40

.6
0

35
4

26
6

38
0

35
.4

0
26

.6
0

38
.0

0

80
00

54
.0

0
18

9.
00

29
0.

50
44

4.
00

68
1.

00
31

9.
47

12
54

.0
0

34
06

.8
0

38
10

.8
0

42
78

.3
0

69
30

.1
0

37
55

.6
0

35
9

27
5

36
6

35
.9

0
27

.5
0

36
.6

0

10
00

0
53

.0
0

18
1.

50
27

7.
00

42
6.

00
67

3.
00

30
7.

85
12

54
.0

0
34

06
.8

0
38

10
.8

0
42

78
.3

0
69

30
.1

0
37

69
.2

0
36

2
27

9
35

9
36

.2
0

27
.9

0
35

.9
0

20
00

0
52

.0
0

18
0.

00
27

2.
00

40
6.

00
65

3.
00

30
0.

25
12

54
.0

0
34

06
.8

0
38

10
.8

0
43

48
.5

0
69

30
.1

0
38

45
.3

0
37

3
28

7
34

0
37

.3
0

28
.7

0
34

.0
0

30
00

0
53

.0
0

18
1.

50
28

0.
50

41
2.

50
67

2.
00

30
4.

59
12

54
.0

0
34

06
.8

0
38

10
.8

0
45

91
.9

0
73

99
.5

0
38

95
.1

0
37

9
28

9
33

2
37

.9
0

28
.9

0
33

.2
0

40
00

0
53

.0
0

18
3.

00
27

9.
00

42
0.

00
68

7.
00

30
6.

36
12

54
.0

0
34

06
.8

0
38

12
.3

0
47

59
.1

0
73

99
.5

0
39

23
.0

0
38

1
29

0
32

9
38

.1
0

29
.0

0
32

.9
0

50
00

0
53

.0
0

18
2.

00
28

4.
00

43
7.

00
69

1.
00

31
4.

17
12

54
.0

0
34

06
.8

0
38

13
.8

0
48

15
.4

0
73

99
.5

0
39

44
.2

0
38

2
29

0
32

8
38

.2
0

29
.0

0
32

.8
0

60
00

0
53

.0
0

18
3.

00
28

3.
00

42
6.

50
68

2.
00

31
0.

12
12

54
.0

0
34

06
.8

0
38

13
.8

0
48

64
.6

0
78

13
.1

0
39

65
.6

0
38

4
29

2
32

4
38

.4
0

29
.2

0
32

.4
0

65
00

0
53

.0
0

18
0.

50
28

0.
00

42
8.

00
69

0.
00

31
0.

10
12

54
.0

0
34

06
.8

0
38

13
.8

0
49

61
.4

0
78

13
.1

0
39

78
.9

0
38

3
29

1
32

6
38

.3
0

29
.1

0
32

.6
0

70
00

0
53

.0
0

18
2.

00
28

1.
00

42
6.

00
69

5.
00

30
9.

67
12

54
.0

0
34

06
.8

0
38

13
.8

0
50

58
.2

0
78

13
.1

0
39

85
.1

0
38

3
29

1
32

6
38

.3
0

29
.1

0
32

.6
0

80
00

0
53

.0
0

18
6.

00
27

9.
50

43
5.

00
67

6.
00

31
3.

29
12

54
.0

0
34

06
.8

0
38

13
.8

0
50

72
.9

0
78

13
.1

0
40

00
.5

0
38

0
29

4
32

6
38

.0
0

29
.4

0
32

.6
0

90
00

0
53

.0
0

18
0.

50
28

0.
50

43
8.

00
70

1.
00

31
3.

19
12

54
.0

0
34

06
.8

0
38

13
.8

0
50

72
.9

0
78

13
.1

0
40

15
.1

0
38

2
29

4
32

4
38

.2
0

29
.4

0
32

.4
0

10
00

00
53

.0
0

18
4.

00
27

5.
50

42
7.

50
67

8.
00

30
7.

90
12

54
.0

0
34

06
.8

0
38

13
.8

0
50

72
.9

0
78

13
.1

0
40

24
.5

0
38

3
29

4
32

3
38

.3
0

29
.4

0
32

.3
0

12
00

00
52

.0
0

18
7.

00
28

3.
00

43
3.

00
68

6.
00

31
2.

31
12

54
.0

0
34

06
.8

0
38

13
.8

0
50

74
.7

0
78

13
.1

0
40

48
.4

0
38

2
29

4
32

4
38

.2
0

29
.4

0
32

.4
0

15
00

00
53

.0
0

18
5.

00
28

5.
00

44
7.

50
70

5.
00

31
9.

45
12

54
.0

0
34

06
.8

0
38

13
.8

0
51

38
.6

0
78

13
.1

0
40

68
.1

0
38

3
29

3
32

4
38

.3
0

29
.3

0
32

.4
0

20
00

00
53

.0
0

18
1.

00
28

2.
00

44
5.

50
70

3.
00

31
6.

35
12

54
.0

0
34

06
.8

0
38

33
.1

0
52

02
.5

0
78

13
.1

0
40

92
.1

0
38

2
29

4
32

4
38

.2
0

29
.4

0
32

.4
0

30
00

00
53

.0
0

18
5.

00
28

4.
00

44
5.

00
70

4.
00

31
7.

07
12

54
.0

0
34

06
.8

0
38

33
.1

0
52

03
.5

0
78

13
.1

0
41

27
.4

0
38

3
29

3
32

4
38

.3
0

29
.3

0
32

.4
0

40
00

00
53

.0
0

18
5.

00
28

3.
50

44
7.

00
70

0.
00

31
8.

63
12

54
.0

0
34

06
.8

0
38

33
.1

0
52

35
.8

0
78

13
.1

0
41

56
.3

0
38

4
29

1
32

5
38

.4
0

29
.1

0
32

.5
0

50
00

00
53

.0
0

18
6.

00
28

5.
50

44
7.

50
69

2.
00

31
8.

35
12

54
.0

0
34

06
.8

0
39

85
.2

0
52

44
.5

0
78

13
.1

0
41

79
.6

0
38

4
29

4
32

2
38

.4
0

29
.4

0
32

.2
0

60
00

00
53

.0
0

18
1.

50
28

0.
50

43
9.

50
69

7.
00

31
3.

26
12

54
.0

0
34

06
.8

0
39

85
.2

0
52

49
.6

0
92

55
.1

0
42

08
.3

0
38

8
29

1
32

1
38

.8
0

29
.1

0
32

.1
0

70
00

00
53

.0
0

18
2.

50
28

1.
00

44
8.

50
70

8.
00

31
6.

42
12

54
.0

0
34

06
.8

0
39

85
.2

0
52

49
.6

0
92

55
.1

0
42

16
.5

0
38

7
29

2
32

1
38

.7
0

29
.2

0
32

.1
0

80
00

00
53

.0
0

18
2.

00
28

0.
00

45
0.

00
72

9.
00

31
8.

16
12

54
.0

0
34

06
.8

0
39

85
.2

0
52

62
.4

0
92

55
.1

0
42

26
.9

0
38

7
29

2
32

1
38

.7
0

29
.2

0
32

.1
0

Ta
bl

e
A

.2
:W

he
el

ne
tw

or
k

si
m

ul
at

io
n

re
su

lt
s.



216 Simulation Results for the Game-Theoretic Model of Exit Selection

c
ExitTim

es
D

istances
Travelled

ExitD
istributions

(secs)
(m

)
(#)

(%
)

M
in

Q
1

Q
2

Q
3

M
ax

M
ean

M
in

Q
1

Q
2

Q
3

M
ax

M
ean

W
est

South
East

W
est

South
East

0
312.00

688.00
1025.00

1507.80
2127.00

1107.90
7858.20

10617.00
10935.00

11241.00
14298.00

10862.00
344

328
759

24.04
22.92

53.04

10
309.00

676.25
987.00

1327.50
1898.00

1014.20
7858.20

10617.00
10940.00

11353.00
14298.00

10980.00
562

200
669

39.27
13.98

46.75

20
310.00

668.00
976.00

1306.50
1811.00

997.36
7858.20

10617.00
10977.00

11449.00
15002.00

11045.00
605

179
647

42.28
12.51

45.21

30
311.00

665.00
972.00

1303.80
1825.00

996.44
7858.20

10617.00
11022.00

11542.00
15002.00

11077.00
612

170
649

42.77
11.88

45.35

40
309.00

663.50
972.00

1301.00
1823.00

996.78
7858.20

10627.00
11026.00

11542.00
15002.00

11096.00
621

165
645

43.40
11.53

45.07

50
310.00

674.25
976.00

1309.80
1812.00

1000.50
7858.20

10633.00
11038.00

11600.00
15002.00

11121.00
618

176
637

43.19
12.30

44.51

60
309.00

678.00
974.00

1299.00
1808.00

998.85
7858.20

10682.00
11181.00

11667.00
15127.00

11146.00
619

191
621

43.25
13.35

43.40

70
309.00

679.25
972.00

1298.80
1779.00

994.71
7858.20

10683.00
11245.00

11760.00
15127.00

11181.00
622

206
603

43.46
14.40

42.14

80
310.00

678.25
972.00

1285.50
1763.00

988.90
7858.20

10683.00
11251.00

11774.00
15127.00

11213.00
621

222
588

43.40
15.51

41.09

90
311.00

680.00
960.00

1264.80
1733.00

978.81
7858.20

10701.00
11266.00

11774.00
15127.00

11231.00
620

232
579

43.33
16.21

40.46

100
310.00

695.00
991.00

1316.80
1794.00

1013.20
7858.20

10701.00
11266.00

11780.00
15127.00

11250.00
623

237
571

43.54
16.56

39.90

200
311.00

675.00
951.00

1228.50
1630.00

957.02
7858.20

10773.00
11336.00

11890.00
16593.00

11345.00
622

291
518

43.47
20.33

36.20

300
310.00

681.00
966.00

1249.80
1617.00

964.16
7858.20

10784.00
11342.00

11953.00
16593.00

11381.00
624

316
491

43.61
22.08

34.31

400
313.00

681.25
962.00

1249.00
1636.00

964.24
7858.20

10784.00
11347.00

11985.00
16593.00

11402.00
626

331
474

43.75
23.13

33.12

500
311.00

678.00
951.00

1233.00
1628.00

955.16
7858.20

10829.00
11348.00

11985.00
16593.00

11414.00
625

341
465

43.68
23.83

32.49

600
309.00

682.50
964.00

1244.50
1608.00

961.35
7858.20

10885.00
11348.00

11985.00
16593.00

11425.00
627

347
457

43.81
24.25

31.94

700
311.00

671.25
951.00

1228.50
1640.00

950.56
7858.20

10885.00
11348.00

11985.00
16593.00

11428.00
626

351
454

43.74
24.53

31.73

800
310.00

679.25
959.00

1241.00
1643.00

961.15
7858.20

10885.00
11353.00

11985.00
16593.00

11434.00
626

356
449

43.74
24.88

31.38

900
308.00

682.50
963.00

1243.00
1644.00

961.65
7858.20

10885.00
11353.00

11989.00
16593.00

11439.00
626

357
448

43.74
24.95

31.31

1000
311.00

677.00
958.00

1240.00
1649.00

958.67
7858.20

10885.00
11353.00

11990.00
16593.00

11441.00
626

360
445

43.74
25.16

31.10

Table
A

.3:Yarra
G

len
sim

ulation
results.



Bibliography

[1] F. Eng, H. S. Gan, and O. Jones, “The role of communication in emergency evacua-

tions: an analysis of a ring network with a static disruption,” in Proc. 17th IEEE Int.

Conf. Intelligent Transportation Systems. IEEE, 2014, pp. 1186–1193.

[2] D. Guha-Sapir, D. Hargitt, and P. Hoyois, “Thirty years of natural disasters 1974–

2003: the numbers,” Dept. Public Health, CRED, Brussels, Belgium, Tech. Rep.,

2004.

[3] W. H. Hooke, “U.S. participation in International Decade for Natural Disaster Re-

duction,” Natural Hazards Review, vol. 1, no. 1, pp. 2–9, 2000.

[4] R. T. Newkirk, “The increasing cost of disasters in developed countries: a challenge

to local planning and government,” Journal of Contingencies and Crisis Management,

vol. 9, no. 3, pp. 159–170, 2001.
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