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Abstract
A mathematical model which captures how the immune response controls in-

fluenza infection is essential for predicting the effects of pharmaceutical interven-
tions, and alleviating the public health burden of the disease. However, current
models do not agree on how immune response components work together to con-
trol infection. Hence, the predicted effects of existing treatments differ between
models, implying that predictions of the effects of novel treatments may be unre-
liable. The discrepancies between models arise because many models are only fit
to viral load data from a single infection, from which it is difficult to distinguish
between competing models.

This study focuses on the construction of a viral dynamics model which repro-
duces experimental observations of the protection conferred by a primary infec-
tion against a subsequent infection. Incorporating observations from multiple ex-
perimental conditions enables more accurate extraction of the timing and strength
of cross-immunity, and thus quantification of the roles of each component of the
immune response.

Following a literature review and mathematical preliminaries (Chapters 1–4),
Chapter 5 details the analysis of data from experiments where ferrets are sequen-
tially infected with two different influenza strains. The analysis shows that the
protection conferred by a primary infection against a subsequent infection de-
pends on the time between exposures as well as the strains used. Chapters 6
and 7 then present the construction of a viral dynamics model to show that the
innate immune response can explain the delay of a secondary infection by a pri-
mary infection, and that both cross-reactivity and memory in the cellular adaptive
immune response are required to explain the shortening of a secondary infection
by a primary infection. The model also reproduces qualitative observations from
a range of knockout experiments.

To quantify the roles of each immune component, the model must be fitted
to experimental data. However, because of the large number of model parame-
ters, a simulation estimation study is first conducted in Chapters 8 and 9. The
study shows that rather than examining marginal posterior distributions, using
a fitted model to make predictions more clearly elucidates the role of each im-
mune component in controlling infection. Moreover, a model fitted to sequential
infection data accurately recovers the timing and extent of cross-protection be-
tween strains, whereas insufficient information is available from single infection
data to enable inference of these quantities. This represents significant progress
in ensuring that results of data fitting are interpreted appropriately, such that the
fitted model provides a sound foundation upon which to explore the effects of
interventions.

Lastly, Chapter 10 addresses the observation that under identical experimen-
tal conditions, some ferrets become infected when exposed to a second virus and
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some do not. Equations are derived for the extinction probability of the second
virus for a stochastic version of one of the models in the study. The numerical
solutions to these equations show that the dependence of the extinction proba-
bility on the inter-exposure interval is consistent with experimental observations.
Thus, stochasticity in viral dynamics alone is a viable hypothesis for the difference
in observed infection outcomes.
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Preface
Chapter 5 summarises a publication authored by Karen L. Laurie (KLL), Tea-

gan A. Guarnaccia (TAG), Louise A. Carolan (LAC), myself (Ada W. C. Yan; AWCY),
Malet Aban (MA), Stephen Petrie (SP), Pengxing Cao (PC), Jane M. Heffernan
(JMH), Jodie McVernon (JM), Jennifer Mosse (JMo) , Anne Kelso (AK), James M.
McCaw (JMM), and Ian G. Barr (IGB) [120]. In this study, I performed a statistical
analysis on data from animal experiments. I wrote the section in the publica-
tion detailing how this analysis was performed, as well as contributing to editing
of the publication. The animal experiments were conceived, designed and per-
formed by my collaborators, who collected and collated the data which I analysed
with their input.

Chapter 6 summarises a publication authored by PC, AWCY, JMH, SP, Robert
G. Moss (RGM), LAC, TAG, AK, IGB, JM, KLL, and JMM [31]. I made major
contributions to the conception and design of the models in this publication, as
well as performing simulations and interpreting simulation results. In particular,
I worked with PC and JMM to determine the innate immune mechanisms to be
included in the model, as well as the mathematical forms taken by these mecha-
nisms in the model. The work showing that the innate immune response could
explain the delay of a subsequent infection by a primary infection was also carried
out collaboratively.

Chapter 6 also summarises a publication authored by PC, Zhongfang Wang
(ZW), AWCY, JM, Jianqing Xu (JX), JMH, Katherine Kedzierska (KK) and JMM [30].
In this study, I provided input in interpretation of simulation results, as well as
modelling the effect of memory CD8+ T cells on infection clearance, although
this result is not referenced in the chapter. Nevertheless, the main results of the
study are included in the chapter because I build upon them in the next chapter to
construct a model which incorporates cross-reactivity and memory in the cellular
adaptive immune response.

A publication authored by AWCY, PC, JMH, JM, Kylie M. Quinn (KMQ),
Nicole L. La Gruta (NLLG), KLL and JMM is included in Chapter 7 [220]. I was
the primary author of the publication and contributed to approximately 75% of
the work. Each of the authors contributed to the following facets of the published
work:

• Conceived the study: AWCY, PC, JMM.

• Conceived and designed the experiments modelled: JMH, JM, KLL, JMM.

• Performed the experiments: KLL.

• Developed the model: AWCY, PC, JMM, with input from JMH.

• Performed the analysis: AWCY, with input from PC, JMH, JM, JMM.
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• Provided virological and immunological insight: KMQ, NLLG, KLL.

• Drafted the manuscript: AWCY, with input from PC, JMH, JM, KMQ, NLLG,
KLL and JMM.

A corrigendum for the above publication was also published [219], the con-
tent of which is included in Chapter 7. I authored this corrigendum, which was
approved by all authors of the original publication.

Chapters 8 and 9 consist of an unpublished simulation estimation study by
AWCY, Sophie G. Zaloumis (SGZ), Julie A. Simpson (JAS) and JMM.

I was the primary author of this study; I designed the in silico experiments,
performed the experiments and analysed the results with input from my collabo-
rators, with whom I conceived the study.

Each of the authors contributed to the following facets of the work:

• Conceived the study: AWCY, SGZ, JAS, JMM.

• Developed the model used in the simulation estimation study: AWCY, JMM.

• Performed the simulation estimation and analysed results: AWCY, with in-
put from SGZ, JAS, JMM.

A publication authored by AWCY, PC and JMM is included in Chapter 10 [221].
I was the primary author of the publication and contributed to approximately 90%
of the work. Each of the authors contributed to the following facets of the pub-
lished work:

• Conceived the study: AWCY, PC, JMM.

• Derived analytic results of the study: AWCY.

• Compared analytic results with simulations: AWCY, with input from PC,
JMM.

• Wrote the manuscript: AWCY, with input from PC, JMM.

All other work in the thesis is my own. None of the work in the thesis has been
submitted for other qualifications. None of the work in the thesis was carried out
prior to enrolment in the degree. No third party editorial assistance was pro-
vided in preparation of the thesis. I am supported by an Australian Government
Research Training Program (RTP) Scholarship (formerly Australian Postgradu-
ate Award).Computational support was provided by Melbourne Bioinformatics
at the University of Melbourne, grant number VR0274.
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Chapter 1

Introduction

1.1 The public health impact of influenza

Influenza is a highly contagious respiratory disease, affecting 5%–10% of adults
and 20%–30% of children globally each year [216]. Among high-risk groups, such
as children and the elderly, influenza is linked to 250,000–500,000 deaths annually.

In uncomplicated cases of influenza, the influenza virus infects epithelial cells
in the respiratory tract of the host [153]. The host then experiences respiratory
symptoms such as coughing and sneezing, and systemic symptoms such as fever,
although a proportion of infected hosts are asymptomatic [34]. The respiratory
symptoms of influenza aid the transmission of the virus via respiratory droplets
in the air, and direct and indirect contact with mucosa [113]. In uncomplicated
cases, influenza infection is resolved by the host immune response, such that it
only lasts for about seven days; hence, it is known as an acute infection.

In temperate regions, influenza causes a seasonal epidemic during the winter
months in each hemisphere [65]. In addition, influenza pandemics occur when a
new strain emerges, and the lack of prior immunity in certain age groups in the
population causes the infection to spread to a large number of individuals [2, 101].
If a pandemic occurs with a strain which causes severe disease, it can cause an ex-
ceptionally large disease burden, as seen with the 1918 H1N1 pandemic [201]. In-
terventions to limit the impact of epidemics include public health measures such
as school closure and social isolation [63], as well as the development and distri-
bution of pharmaceuticals.

1.2 Influenza viral dynamics models

Influenza viral dynamics models have been developed to explore the mechanisms
underlying the establishment and clearance of a natural infection. One of the sim-
plest models of influenza viral dynamics, the target cell-infected cell-virus (TIV)
model, incorporates four key processes in viral replication: binding of a virion
(virus particle) to an uninfected cell, leading to infection; production of virions

1



2 Chapter 1. Introduction

Figure 1.1: A schematic depiction of key processes in viral replica-
tion. Reproduced from Heldt et al. [95] under the Creative Com-

mons Attribution License.

from an infected cell; apoptosis (death) of an infected cell; and clearance of viri-
ons through non-specific mechanisms such as mucus production [8]. These key
processes are depicted in Fig. 1.1.

More complex models build upon this simple model to understand the roles
of different components of the immune response in controlling infection [82, 161,
179]. Innate immunity, cellular adaptive immunity (T cells), and humoral adap-
tive immunity (antibodies) constitute the three major components of the immune
response; Fig. 1.2a shows the timing of innate and adaptive immunity relative to
the time course of a primary infection. This picture of innate and adaptive im-
munity is simplified; each immune component involves many processes, some
of which are illustrated in Fig. 1.2b. This study aims to construct models which
reflect the complexity of the system studied, but simple enough for insight to be
gained by analysing model equations.

Other models have been used to understand the spread of infection between
different sites within the host [53] as well as the spatial spread of virions from
cell to cell [11]. Additionally, models have characterised the relationship between
the amount of virus shed by an individual and the severity of symptoms [27,
29], finding that symptomatic individuals make a greater contribution to disease
transmission through increased viral shedding.

Further, models have been used to quantify the rates at which infection pro-
cesses, such as the four processes depicted in Fig. 1.1, occur in the host. This
quantification enables comparison of the replicative fitness of different influenza
strains (genetic variants) [144, 160, 164, 166]. A strain’s replicative fitness influ-
ences its ability to compete against other strains and spread within the host, in
turn influencing its spread at the population level.

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
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Figure 1.2: (a) The timing of innate and adaptive immunity rela-
tive to the viral load for a primary infection. An uncomplicated
influenza infection lasts for about seven days [8]; innate immunity
is most active 2–7 days post-exposure [33, 169]; antibodies begin
to be detectable in serum 7–14 days post-infection [109, 119, 141];
and T cell levels peak at about 8 days post-infection [106]. Note
that for simplicity, the figure depicts the dynamics of type I inter-
feron (see (b)) as representative of innate immunity. (b) A more
comprehensive illustration of immune processes. Reprinted by
permission from Macmillan Publishers Ltd: Nature Reviews Im-
munology [102], copyright (2014), license number 4093470749997.

1.3 Modelling the role of each immune component in con-
trolling a primary infection

An important application of within-host infectious disease models is to assess the
effect of the use of pharmaceuticals on the time course of infection. To assess the
effects of treatments, a model which accurately reflects the role of each immune
component in controlling infection in the absence of treatment is required.

To enable understanding of the effects of vaccines and antivirals for influenza,
we will outline the structure of the influenza virus. The influenza virus is a single-
stranded RNA virus with seven/eight RNA segments, which encode for the pro-
teins within virions [151] (Fig. 1.3a). A large number of strains have circulated in
human and animal populations; these strains can be classified into four types, A,
B, C and D, according to their core proteins. Of the four types, only influenza A

http://www.nature.com/nri/index.html
http://www.nature.com/nri/index.html
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Figure 1.3: (a) Illustration of the influenza A virus. The epitopes
primarily targeted by the humoral adaptive immune response,
which is induced by conventional vaccines, are on the haemagglu-
tinin protein, circled in blue. The neuraminidase protein, which
is targeted by neuraminidase inhibitors, is circled in red. The
epitopes primarily targeted by the cellular adaptive immune re-
sponse, which some next-generation vaccines aim to induce, are
on internal proteins, circled in green. The eight RNA segments
are shown in the centre. Adapted from Cox et al. [49] under John
Wiley and Sons license number 4095041048009. (b) Structure of
the haemagglutinin protein. The highly variable epitopes, which
dominate the humoral adaptive immune response induced by nat-
ural infection and conventional vaccines, are in the head region
(red). The more conserved epitopes, which some next-generation
vaccines aim to target, are in the stalk region (blue). Reproduced
from Hai et al. [83] with permission from American Society for Mi-

crobiology.

and B viruses cause epidemics. Strains are further named according to their host
of origin, geographical origin, strain number and year of isolation. Influenza A
viruses are then classified into subtypes according to their haemagglutinin and
neuraminidase proteins. These proteins are known as antigens — regions of the
pathogen which induce an immune response. The subtypes are denoted HxNy,
where x ranges from 1 to 18, representing the 18 known haemagglutinin antigens
and y ranges from 1 to 11, representing the 11 known neuraminidase antigens [35].
However, of the influenza A viruses, only a fraction of possible subtypes (H1N1,
H2N2 and H3N2) have circulated extensively in human populations.

The specific aspects of a pathogen recognised by the host immune response are
known as epitopes. Current influenza vaccines induce humoral adaptive immu-
nity in the form of epitope-specific antibodies which target epitopes in the head
region of the haemagglutinin protein (circled in blue in Fig. 1.3a; the red region
in Fig. 1.3b). Haemagglutinin allows the virus to bind to receptors on the sur-
face of an uninfected cell and enter the cell, causing infection [214]. By binding to
epitopes on the haemagglutinin protein, antibodies inhibit virus entry into target
cells, neutralising the virus.
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The other main pharmaceutical intervention is the usage of antivirals, which
are drugs administered either pre-exposure as prophylaxis (that is, as a preventa-
tive measure), or post-exposure as prophylaxis or treatment. The most common
current antivirals are neuraminidase inhibitors, which act by inhibiting the action
of the neuraminidase protein in the influenza virus [91] (circled in red in Fig. 1.3a).
As a result, release of the virus from infected cells, which is an integral part of the
influenza virus’ replication cycle, is blocked.

In the context of influenza, models have been used to quantify drug efficacy
(e.g. [12, 13, 107]). Models have also contributed to understanding factors, such
as the timing, dosage and number of drugs used in treatment, influencing the rate
at which treatment drives the emergence of drug-resistant strains (e.g. [12, 28, 87,
98]). However, although the main biological mechanisms of the immune response
have been identified, current mathematical models of influenza do not agree on
the contribution of each immune component to resolution of an infection in the
absence of treatment [54]. This discrepancy is because such models are often fitted
to viral load data from a single infection only, and usually in naive experimental
systems; on the basis of such data, it is difficult to select from competing models.
The various models subsequently predict different qualitative results of the effects
of existing pharmaceuticals [54].

If mathematical models could be used to consistently, accurately predict the
effects of existing pharmaceuticals, a further application would be to predict the
effects of novel pharmaceuticals. The development of novel pharmaceuticals,
and in particular vaccines, is ongoing because of mutation of the influenza virus,
which arises through two processes: antigenic drift and antigenic shift [153]. Anti-
genic drift is caused by replication errors in the RNA of the virus. Such errors can
change the amino acids for which the virus encodes, which in turn changes the
properties of the resultant protein. Not only can these errors affect the virus’ abil-
ity to replicate in the host, they can also cause mutation of its epitopes. On the
other hand, antigenic shift can occur when two influenza strains co-infect a sin-
gle host. If these two strains infect the same cell, during replication, the RNA
segments can combine to form new strains. In particular, this process (known
as reassortment) can lead to a novel combination of haemagglutinin and neu-
raminidase proteins from strains originally circulating in different host species; a
host species with a degree of prior immunity against circulating strains may have
little immunity against the novel combination. Hence, a reassortment event can
potentially lead to a pandemic with a novel strain.

As a result of antigenic drift, the dominant strains circulating in a population
change each season, and the haemagglutinin protein is a surface protein whose
head region, which is the target of conventional vaccines, mutates particularly
quickly [211]. As a result, vaccines based on recently circulating strains may not
be the best antigenic match to viruses circulating at the peak of a given season,
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lowering vaccine efficacy [178]. This mismatch necessitates the annual update
of seasonal vaccine strains through prediction of the dominant strains circulat-
ing in the coming season. In the case of antigenic shift, the novel strain is unre-
lated to recently circulating viruses, necessitating a complete update of vaccines.
The formulation and production of a targeted vaccine after a pandemic strain has
emerged would severely delay control measures [44].

The specificity of current antibody-based vaccines has prompted research into
next-generation vaccines, which aim to induce a broad spectrum adaptive im-
mune response. Some of these vaccines aim to induce broadly neutralising anti-
bodies [59], such as those which target epitopes on the stalk region of the haemag-
glutinin protein (the blue region in Fig. 1.3b); these epitopes tend to be more con-
served between strains [193] . Other next-generation vaccines, rather than induc-
ing the humoral adaptive immune response, aim to induce the cellular adaptive
immune response [25], which mainly targets epitopes on internal proteins (circled
in green in Fig. 1.3a); these epitopes are also more conserved between strains [23,
110, 114, 225].

Even in the absence of widespread drug administration, drug resistant strains
of influenza have been observed to emerge and spread. Moreover, these strains
can be transmitted to other individuals and persist at a population level [111].
These drug resistant strains have motivated the development of next-generation
antivirals, including immunomodulators [118, 140, 154, 198]. These immunomod-
ulators act by boosting the innate immune response.

As next-generation pharmaceuticals are developed, modelling has the poten-
tial to help us understand the effects of these treatments, and use them optimally.
For example, we would like to know whether boosting cellular adaptive immu-
nity through vaccination could lead to prevention of an infection, or whether it
would only result in a reduction in shedding and infection duration. Mathe-
matical models could guide the design of treatment and vaccination regimes to
maximise the effect of pharmaceuticals; for example, experiments have shown
that certain immunomodulators have synergistic effects with neuraminidase in-
hibitors [118]. In addition, treatment regimes for influenza could be designed to
minimise the risk of emergence of drug resistance [163]. However, before mod-
elling the effects of each of these novel treatments, a model which accurately re-
flects the role of each immune component in controlling infection is required.

In this study, we will construct such a model. The model will reproduce a
range of observations in murine experiments where components of the immune
response are inactivated. Moreover, as we will discuss in the next section, we
will distinguish the roles of each immune component by exploring the related
question of how a primary infection protects against a subsequent infection. This
protection conveys information about the timing and strength of cross-immunity
conferred by each immune component, whereby the immune response stimulated
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by one strain also protects against infection with another.

1.4 Modelling the effect of a primary infection on the time
course of a subsequent infection

Humans commonly become infected with influenza more than once during their
lifetime; studies have also shown that animals can be infected with successive in-
fluenza strains when only weeks separate exposures. Despite this, prior to this
study, most influenza viral dynamics models focused on a single infection. In
many of these models (such as the TIV model [8]), a primary infection resolves
due to the depletion of cells susceptible to infection. This depletion, without re-
plenishment, implies that a second infection cannot become established; hence,
such models are unsuitable for modelling successive infections.

The few studies modelling the effect of a primary influenza infection on the
time course of a subsequent influenza infection focus on the case where the pri-
mary infection has subsided by the time exposure to the secondary virus oc-
curs [86, 226]. However, if the time between exposures is short, the transient
immune dynamics induced by the first infection affect the time course of the sec-
ond. Modelling this interaction requires careful consideration of cross-immunity,
which is beyond the scope of the aforementioned studies.

In this study, I will construct a model which reflects observations of temporary
protection conferred by a primary infection against a subsequent infection, taken
from animal experiments. Previous studies have shown that when a long time pe-
riod separates exposures, a primary influenza A infection can reduce the amount
and duration of virus shedding of a second infection with a different influenza A
virus [19, 194]. However, for shorter inter-exposure intervals (on a timeframe of
days), protection against subsequent infection has been observed even between
influenza strains of different types [182], as well as infection with different res-
piratory viruses [47]. This temporary protection conferred by an ongoing viral
infection against another is known as viral interference.

Until recently, viral interference between influenza strains on a short timescale
(days) had not been systematically investigated experimentally, or modelled math-
ematically. This thesis will analyse viral load data from novel experiments where
ferrets are sequentially infected with different influenza strains. We hypothesise
that these data will enable us to build a model which more accurately reflects the
role of each immune component (broadly represented as innate, cellular adaptive
and antibodies) in controlling infection. This increased understanding is because
the primary infection changes the initial conditions within the host for the sub-
sequent infection, such that one gains information about the system by changing
the strains used and the interval between exposures.
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In theory, given an individual’s history of exposure to influenza strains and a
model for the effect of a primary infection on a subsequent infection, one should
be able to predict the time course of subsequent infection with a given strain.
The ability to relate prior exposures in representative cohorts of individuals to
population-level susceptibility to a given strain would be useful for predicting
the likely disease burden of emerging strains. A more robust understanding of the
population’s immune profile would aid seasonal vaccine selection and pandemic
preparation measures, as well as enabling the rapid identification of risk groups
in a pandemic situation.

1.5 Thesis outline

The overarching aim of this study is to build a mathematical model to quantify
how each broad component of the immune response contributes to clearance of a
primary influenza infection, and protection against a subsequent infection. Such a
quantified model would then be a basis upon which to build more complex mod-
els predicting an individual’s infection outcomes given their previous exposure
history, and explore the effects of novel pharmaceuticals.

Chapter 2 outlines aspects of the biology of influenza infection which are rele-
vant to this thesis, as well as experimental evidence for the roles of each immune
component in controlling a primary infection and protecting against a subsequent
infection. Following this review of the biological literature, Chapter 3 discusses
how existing viral dynamics models incorporate the mechanisms and observa-
tions described in Chapter 2. Chapter 4 then provides the mathematical and sta-
tistical background for the thesis.

Following the background information in Chapters 2–4, Chapter 5 summarises
the experiments which inform the exploration of the roles of innate and adaptive
immunity in controlling infection in the remainder of the thesis. To better under-
stand the temporary immunity conferred by a primary infection against subse-
quent infection, we have conducted experiments where ferrets are sequentially
infected with two influenza strains either of different types, or of different sub-
types [120]. The statistical analysis of these experiments shows that temporary
immunity due to viral interference depends on the time interval between expo-
sures as well as the strains used. In addition, for some inter-exposure intervals
and strain combinations, upon exposure to the second virus, some ferrets become
infected while others do not, despite identical experimental conditions.

Chapters 6 and 7 detail the construction a multi-strain within-host influenza
viral dynamics model which can reproduce both the qualitative results of the
sequential infection experiments, and observations from a range of experiments
where immune components are inhibited. In Section 6.2, a model including the
innate and humoral adaptive immune responses is constructed. According to the
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model, when exposures to strains of different types are separated by a short time
interval (days), stimulation of the innate immune response can explain a delayed
secondary infection. Furthermore, a number of hypotheses are posited regarding
parameter differences between strains which lead to the different temporal pat-
terns in viral interference observed for different strain combinations. Section 6.3
outlines the extension of this model to include the cellular adaptive immune re-
sponse, and shows that the model can reproduce observations from a range of
experiments where immune components are disabled. In Chapter 7, I then show
that when exposures are separated by a time interval of 10 days or greater, both
cross-reactivity and memory in the cellular adaptive immune response are re-
quired to explain the shortening of a secondary infection. This finding suggests
high cross-reactivity in cellular adaptive immunity between the strains of differ-
ent influenza A subtypes used in the experimental study, and low cross-reactivity
in cellular adaptive immunity between the influenza A and B strains, because the
shortening is observed only in the former case.

By constructing the models in Chapters 6 and 7, I will generate hypotheses
for the role of each immune component in controlling infection. To test the valid-
ity of the model structure and hence the above hypotheses, and to quantify the
role of each immune component in controlling infection, fitting the model to the
experimental data is the next priority. However, because of the large number of
parameters, fitting the model to the data and interpreting its biological implica-
tions is not straightforward. A simulation estimation study in Chapters 8 and 9
investigates how best to extract the quantitative roles of each immune component
from a model fitted to sequential infection data. The results of the study show that
rather than examining the marginal posterior distributions of the fitted parame-
ters alone, predictions from the fitted model can be used to accurately recover
the timing of each immune component during a primary infection, as well as the
timing and extent of cross-immunity between successive infections.

Chapter 10 addresses the observation that under identical experimental condi-
tions, upon exposure to a second virus, some ferrets become infected while others
do not. It is hypothesised that stochasticity in viral dynamics alone can explain
this observation. To show the viability of this hypothesis, I derive equations for
the probability of infection with a second virus given an exposure event, using a
stochastic version of the model developed in Section 6.2. The equations are used
to show that the primary virus can prevent a second infection altogether via the
depletion of susceptible cells and induction of the immune response, and that this
prevention is dependent on the inter-exposure interval. This finding is consistent
with experimental observations.

To conclude, Chapter 11 discusses the advances made in this study, the study’s
limitations, and future research directions.





Chapter 2

The biology of within-host
influenza infection

2.1 Introduction

This chapter outlines aspects of the biology of influenza infection relevant to this
thesis, as well as experimental evidence for the roles of each component of the
immune response in controlling a primary infection and protecting against a sub-
sequent infection.

2.2 The biology of influenza infection

2.2.1 Viral replication

As outlined by Heldt et al. [96] and illustrated in Fig. 1.1, viral replication for
influenza begins with the attachment of a virion to a target cell (a susceptible cell,
which in the case of uncomplicated influenza infection is an epithelial cell in the
respiratory tract) by binding to sialic acid residues on the cell’s surface. Upon
entry, the viral envelope fuses with the endosomal membrane, enabling the viral
ribonucleoproteins to enter the nucleus of the cell. The viral ribonucleoproteins
then synthesise viral RNAs within the nucleus of the cell, and the synthesised
RNAs undergo translation into proteins. Finally, the proteins are assembled into
new virions at the plasma membrane, and the new virions are released from the
cell.

Infection causes programmed death of the cell, known as apoptosis [64]. Free
virions (outside cells) also decay due to loss of infectivity and non-specific clear-
ance such as mucociliary clearance [188].

I will focus on models of viral replication at the extracellular level, which aim
to capture the processes of target cell entry, release of virions by target cells, death
of infected cells, and decay of virions. Models at the intracellular level (such as
the model by Heldt et al. [96]) delve deeper into the processes between target cell
entry and production of virions by target cells, but are not the focus of this thesis.

11
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2.2.2 Components of the immune response

The immune response can be divided into three main components: the innate im-
mune response, the humoral adaptive immune response, and the cellular adap-
tive immune response.

The innate immune response

The innate immune response is a non-specific immune response which protects
the host against a wide range of pathogens once stimulated. For an uncompli-
cated influenza infection, innate immunity is most active 2–7 days post-exposure [33,
169].

As reviewed by Iwasaki et al. [102], the innate immune response is triggered
by the recognition of infected cells by pattern recognition receptors. This stimula-
tion leads to the secretion of a range of pro-inflammatory cytokines and chemokines.
Of particular interest is type I interferon, which is produced both by infected cells
and other cells involved in innate immunity, such as macrophages and dendritic
cells. Type I interferon activates a number of signalling pathways, which together
upregulate the expression of several hundred genes in infected cells and sur-
rounding cells [172]. This upregulation causes the expression of antiviral proteins
such as PKR and Mx proteins, inducing an antiviral state in these cells, where key
processes of viral replication including entry into cells and RNA transcription are
blocked [102, 222].

In addition to cytokines and chemokines, the innate immune response also
includes immune cells such as natural killer cells, which are attracted to the respi-
ratory tract during infection. Natural killer cells recognise infected cells, bind to
them and mediate cytolysis, thus killing the cells [105].

Apart from directly controlling infection, one of the roles of innate immunity is
to induce humoral and cellular adaptive immunity [102]. A range of cytokines are
required to produce robust antibody and T cell responses, and specific cytokines
have been shown to enhance the cytolytic activity of effector CD8+ T cells [102].
Chemokines induce the migration of antigen-presenting dendritic cells from the
site of infection to the lymph node, where they activate the cellular adaptive im-
mune response [209].

The models in this thesis will include three antiviral effects of type I inter-
feron: rendering target cells temporarily resistant to infection (as entry of virus
into cells is blocked); lowering the production rate of virions from infected cells
(as RNA transcription is impacted); and increasing the decay rate of infected cells
through the activation of natural killer cells. Modelling the induction of adaptive
immunity by innate immunity is the subject of future work.
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The humoral adaptive immune response

As outlined in Section 1.3, the humoral adaptive immune response controls in-
fection via antibodies which recognise and bind to specific epitopes on the virus.
Antibodies which target epitopes from the head region of the haemagglutinin
protein dominate the immune response [149, 158] (circled in blue in Fig. 1.3a; red
region in Fig. 1.3b). These antibodies bind to the haemagglutinin protein and
inhibit the virion’s attachment and entry into a target cell, thus neutralising it.

The immunodominant epitopes on the head of the haemagglutinin protein
are subject to the strongest evolutionary pressure, and are often not conserved
between strains in successive seasons [189]. Because of this rapid immune es-
cape, much recent work has been devoted to developing vaccines to stimulate
antibodies which target other parts of the haemagglutinin protein, such as the
stalk region [46, 58, 112, 157] (blue region in Fig. 1.3b). These regions are physi-
cally shielded from the adaptive immune response, and so are subject to weaker
evolutionary pressure. As such, they are often broadly reactive between different
influenza A subtypes, as well as between influenza A and B strains. However,
cross-reactive antibodies constitute a very small proportion of influenza antibod-
ies in human hosts [196].

Antibodies begin to be detectable in serum 7–14 days post-infection [109, 119,
141]. The antibodies targeting each epitope are present in several variations (iso-
types), the most prominent being IgA, IgG and IgM. It is hypothesised that the
main role of short-lived antibodies such as IgM is to control a primary infection,
while the role of long-lived antibodies such as IgA and IgG is to protect against
subsequent infection [138].

As reviewed by Minges Wols [142], the production of antibodies begins with
the stimulation of antigen-specific naive B cells. Upon stimulation, naive B cells
proliferate as plasmablasts, which secrete small amounts of antibody. At the end
of proliferation, plasmablasts can differentiate into short-lived plasma cells, long-
lived plasma cells or memory B cells. Both short-lived and long-lived plasma cells
produce antibodies; the latter of these contributes to the persistence of antibody
levels after an exposure, leading to protection against a subsequent infection with
the same strain. In addition, long-lived plasma cells undergo affinity maturation
to secrete antibodies which are more effective against the antigen which stimu-
lated them. Memory B cells also undergo affinity maturation but do not produce
antibodies themselves. Instead, upon a second infection with the same strain,
they can quickly become high-affinity short-lived plasma cells [133].

The continued presence of memory B cells and long-lived plasma cells from a
primary infection also leads to increased protection against infection with strains
sharing the epitopes targeted by these cells. This increased protection exerts a se-
lection pressure within the host which favours strains which do not share these
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epitopes. This selection pressure leads to the accumulation of mutations via anti-
genic drift, driving the evolution of the virus [175]. Within-host selection leads to
population-level evolutionary pressure which favours strains which do not share
immunodominant epitopes with previously circulating strains.

In this study, it will be assumed that the humoral adaptive immune response
is directed towards epitopes which are not conserved between the strains used.
I will model the stimulation of naive B cells by virus, leading to proliferation
and ultimately differentiation into plasma cells which produce antibodies. These
antibodies will then neutralise virus, effectively increasing the viral decay rate.

The cellular adaptive immune response

Cellular adaptive immunity is mediated by CD4+ and CD8+ T cells, the lat-
ter of which clear infected cells through several mechanisms, including lysis via
the release of cytotoxic granules, induction of apoptosis, and production of pro-
inflammatory cytokines [78]. Unlike antibodies, T cells predominantly target
epitopes on internal proteins (circled in green in Fig. 1.3a), which are subject to
weaker evolutionary pressure. In humans, T cells which are cross-reactive be-
tween different influenza A subtypes have been detected [79, 104]. Specific epi-
topes conserved between strains of the same subtype and strains of different sub-
types have also been identified [21, 79].

Major histocompatibility complex (MHC) class I molecules on infected cells
form complexes with peptides (sequences of amino acids) from viral proteins. If
a naive CD8+ T cell recognises the peptide as a T cell epitope, it will bind to the
peptide-MHC complex. Upon this stimulation, naive CD8+ T cells proliferate and
differentiate into effector CD8+ T cells; these effector CD8+ T cells then bind to
infected cells to which they are specific and destroy them. Effector CD8+ T cells
also produce a range of cytokines, such as tumour necrosis factor and interferon-
γ, which have antiviral effects. The clearance rate of infected cells by effector
CD8+ T cells in an individual has been shown to correlate negatively with the
amount of virus shed upon infection [134], while individuals whose CD8+ T cells
produce a greater amount of cytokines have a decreased risk of infection [132].

The number of CD8+ T cells peaks at about 8 days post-exposure [106]. After
an infection, some effector CD8+ T cells remain as memory CD8+ T cells. Upon a
subsequent infection with another strain with the same T cell epitope, these mem-
ory CD8+ T cells can be restimulated to become effector CD8+ T cells. Because
of this ability to be restimulated, the immune response against a subsequent in-
fection can be induced more quickly, such that the subsequent infection can be
prevented [182], or the amount of virus reduced [19].

Peptide-MHC complexes also stimulate CD4+ T cells; although traditionally
the focus has been on CD4+ T cells’ role in directing B cell and CD8+ T cell re-
sponses, recent research suggests that CD4+ T cells can also directly clear infected
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cells [190].
This study will focus on CD8+ T cells, leaving the modelling of CD4+ T cells

to future work. I will model the stimulation of naive T cells by infected cells,
leading to their differentiation into effector CD8+ T cells which clear infected cells.
The final model will also include the proliferation and decay of effector CD8+ T
cells, followed by the establishment of a pool of memory CD8+ T cells which can
be reactivated by a second infection to differentiate into effector CD8+ T cells.
The model will have the flexibility to portray varying degrees of cross-reactivity
between the CD8+ T cell responses to two strains; cross-reactivity will be varied
by including multiple epitopes which may or may not be shared between strains,
and by varying the strengths of the CD8+ T cell immune response to each epitope.

2.2.3 The role of each immune component in resolving a primary in-
fection

Although the main mechanisms of the immune response have been elucidated, in
humans it is difficult to disentangle the contributions of each immune component
to control of an infection.

The mouse model provides an opportunity to explore these contributions, be-
cause mice can be bred or treated such that certain components of the immune
response are absent. Moreover, the inbreeding of mouse strains ensures their ge-
netic similarity, such that mice of the same strain react similarly to a given virus.

A review by Dobrovolny et al. [54] summarises some experiments where mice
with disabled immune responses are infected with influenza (Fig. 2.1).

Inhibiting the humoral adaptive immune response

In the left column of Fig. 2.1 are viral titre curves from experiments where mice
are deficient for all or specific immunoglobulin isotypes [103]. When mice are de-
ficient for all immunoglobulin isotypes (top left), the first peak of the viral load is
unchanged, but instead of decaying, the viral load rebounds and a second peak
is observed. Whether the infection eventually resolves is unclear. Removing the
short-lived antibody IgM (second from top) and the long-lived antibody IgA (bot-
tom) have the same qualitative effect as removing all immunoglobulin isotypes,
but removing the long-lived antibody IgG (third from top) has no effect. It is thus
hypothesised that IgG primarily protects against a subsequent infection rather
than helping resolve a primary infection.

In this thesis, the main data set will include neither measurements of the time
course of different immunoglobulin isotypes nor the time course of the total anti-
body level. Due to the biological importance of the antibody response to control-
ling infection, as demonstrated in these experiments, antibodies will nonetheless
be included in the models; however, the lack of antibody data will limit us, with
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Figure 2.1: The viral load in mice infected with influenza where
(left) various antibodies are inhibited; (centre) CD8+ T cells are
deficient, and the antibody response is partially inhibited; (right)
the innate immune response is inhibited. Reproduced from Do-

brovolny et al. [54] with permission.

one exception, to consider the total effect of antibody as opposed to the effect of
each isotype. Hence, the main aim will be to qualitatively reproduce experimental
observations when all antibodies are inhibited. One of the models in the study (in
Section 6.3) will be calibrated to data including short- and long-lived antibodies;
this model will be able to reproduce the observation that the viral load rebounds
when long-lived antibodies are absent.

Inhibiting the CD8+ T cell response and/or the humoral adaptive immune re-
sponse

The centre column of Fig. 2.1 shows viral titre curves from experiments where
the production or function of CD8+ T cells is disabled [117, 152, 212, 224]. The
latter three experiments show that recovery is delayed in the absence of CD8+ T
cells, while measurements are not taken for long enough in the Neff-LaFord et al.
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[152] study for results to be conclusive. None of the studies observe whether the
infection eventually resolves.

In all of these studies, the methods used to inhibit CD8+ T cell immunity have
been shown to also impair the humoral adaptive immune response. For example,
the experiments by Kris et al. [117], Wells et al. [212] and Yap et al. [224] use nude
mice, where the thymus is removed. Removing the thymus also removes the
CD4+ T cell response, which facilitates differentiation of B cells into long-lived
plasma cells and memory B cells which produce IgG and IgA. Accordingly, IgG
and IgA levels are found to be lower in nude mice, although IgM levels remain
the same [126, 143]. The impaired antibody response is evidenced by negative
seroconversion measurements after infection in the experiments by Wells et al.
[212] and Yap et al. [224].

Other studies (not shown in the figure) use different methods of inhibiting
the CD8+ T cell response, such as introducing a β2-microglobulin (β2-m) gene
disruption. In these studies (by Eichelberger et al. [57] and Bender et al. [15]),
clearance of infection is observed, albeit delayed.

I conclude from these studies that when only the CD8+ T cell response is re-
moved, the recovery time is delayed, while when both the CD8+ T cell and (part
of) the antibody responses are inhibited, recovery is severely delayed if not ab-
sent.

Inhibiting the innate immune response

On the right of Fig. 2.1 are experiments where the interferon response is inhib-
ited [67, 99, 181]. This inhibition is induced through different experimental meth-
ods: disrupting the STAT1 gene which is necessary for interferon-mediated gene
induction [67]; treatment with anti-interferon serum [99]; and using a recombi-
nant virus with a gene which confers resistance to the effects of cytokines [181].
Only the experiment by Seo et al. [181] records the full time course of infection.
This study indicates that when innate immunity is inhibited, the peak viral load
and the recovery time increase. The measurements by Hoshino et al. [99] appear
to support this conclusion, although the post-peak viral load is not recorded. The
experimental results by García-Sastre et al. [67] appear to differ by the influenza
strain used (PR8 versus WSN), but the number of measurements taken is small,
such that a clear picture is not given.

Inconsistencies between experimental results are possibly due to different meth-
ods of disabling the immune response, which have different levels of effective-
ness. Also, some methods lead to collateral effects on other immune compo-
nents. For example, since CD8+ T cells produce interferon-γ, inhibiting the cellu-
lar adaptive immune response could also affect innate immunity [54]. Quantita-
tive differences between experimental results may also be attributed to the differ-
ent murine strains and/or influenza strains used in the experiments. If qualitative



18 Chapter 2. The biology of within-host influenza infection

differences arise due to the murine strains and/or influenza strains used, caution
should be exercised when using these observations to inform mathematical mod-
els of influenza infection in other host species or with other influenza strains;
however, the contribution of strain differences to the qualitative results is unclear.

For the purposes of this thesis, the results of the experiments can be sum-
marised as follows:

• when the innate immune response is removed, the peak viral load and re-
covery time increase;

• when the humoral adaptive immune response is removed, the viral load
rebounds after the first peak;

• when the CD8+ T cell immune response is removed, the recovery time in-
creases; and

• when both the CD8+ T cell immune response and (part of) the humoral
adaptive immune response are removed, either recovery is severely de-
layed, or the infection becomes chronic.

I will aim to reproduce these observations using mathematical models, to pro-
vide new insight into the roles of innate and adaptive immunity in controlling a
primary infection.

2.2.4 The protection conferred by a primary infection against a subse-
quent infection

In humans, prior infection with an influenza A strain has been shown to decrease
the probability of becoming infected with a different influenza A strain. These
strains can be of different subtypes, such as a seasonal H1N1 infection protecting
against a pandemic A(H2N2) infection in 1957 [61, 130, 185]. Alternatively, these
strains can be of the same subtype, such as prior exposure to 1918-like A(H1N1)
strains protecting against A(H1N1)pdm09 infection [85].

In the latter case, protection may be mediated by cross-reactive antibodies, as
cross-reactive antibodies to the 2009 virus are present in older individuals who
are likely to have been exposed to 1918-like strains, and this age group is less
susceptible to the 2009 virus [85]. Moreover, it has been shown that the level of
antibodies against a given strain in an individual’s serum is negatively correlated
with the individual’s risk of infection with a given strain [48, 213].

Where individuals have no pre-existing cross-reactive antibodies, disease sever-
ity is inversely correlated with the frequency of cross-reactive T cells [192]. This
relationship suggests that pre-existing T cells reduce the severity of infection with
strains sharing epitopes targeted by those T cells.
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Observational studies in humans only show a correlation between prior in-
fection and decreased susceptibility. Animal experiments provide an avenue to
directly demonstrate cross-protection conferred by a prior infection. These exper-
iments are generally conducted by exposing animals to influenza strains sequen-
tially, with a long time interval (three weeks or more) separating exposures. In
the case of homologous re-infection (exposure to the same strain twice), complete
prevention of a second infection has been demonstrated [119]. In the case of expo-
sures to different strains of the same subtype (seasonal and pandemic A(H1N1)
viruses) or different subtypes, the first infection has been observed to either pre-
vent the second infection [194] or lower its viral load [19, 119, 182]. Christensen
et al. [40] and Laurie et al. [119] have further shown that two prior exposures
to different heterologous strains decrease the duration and viral load of a third
infection.

Some of the above studies have aimed to identify the immune components
responsible for this cross-immunity. In the study by Bodewes et al. [19], although
antibodies which are cross-reactive with A(H5N1) were not detected in ferrets in-
fected with A(H3N2), A(H3N2) infection induced a strong cross-reactive CD8+

T cell response with A(H5N1). This study by Bodewes et al. [19] was the first
time that cross-reactivity in the CD8+ T cell response had been demonstrated in
the ferret model. Seo et al. [182] showed that chickens receiving CD8+ T cells
from chickens previously infected with A(H9N2) virus were protected against
A(H5N1) infection, while chickens receiving CD4+ T cells or B cells from chick-
ens previously infected with A(H9N2) virus were not protected. Christensen et al.
[40] showed that when mice were successively infected with A(H1N1), A(H3N2)
and A(H7N7) viruses, the number of CD8+ T cells specific to the DbNP366

+ epi-
tope was boosted with each exposure, and that removal of CD8+ T cells before
exposure to the A(H7N7) virus removed the protection conferred by previous in-
fection. The evidence from these three studies suggests that when a long time
separates exposures, protection against subsequent infection by a strain with a
different influenza A subtype is mediated by CD8+ T cells.

Although T cell epitopes conserved between influenza A and B strains have
been identified [202], the degree of cross-reactivity of T cells between influenza
A and B strains, as well as the degree of cross-protection conferred, are yet to be
determined [116]. However, in contrast to the previous studies using heterolo-
gous influenza A strains, Epstein et al. [60] and Benton et al. [16] showed that
exposure to influenza B did not protect against infection with influenza A weeks
later in mice. This suggests a low level of cross-reactivity in the cellular adaptive
immune response between influenza A and B strains.

In contrast to the previous studies where the first infection had subsided be-
fore challenge with the second virus, systematic investigation of cross-protection
between influenza strains when a short time interval separates exposures has not
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been conducted. However, studies of sequential infection with unrelated respira-
tory viruses have led to the observation of viral interference, which is the block-
ing of replication of one virus by infection with another [47]. In studies by Van
Reeth et al. [206] and Costa-Hurtado et al. [47], when three days separated expo-
sures to unrelated respiratory viruses, a primary infection was observed to delay
a subsequent infection. This delay was thought to be mediated by interferons and
cytokines produced in response to a primary infection, which cause uninfected
cells to enter an antiviral state. There is also evidence that the nucleoprotein of in-
fluenza B can directly inhibit replication of influenza A [210]; however, the focus
in this study will be on interferon-mediated innate immunity.

Varying the time between exposures to influenza strains using short inter-
exposure experiments is expected to enable inference of the timing of innate im-
munity and its effect on the time course of infection. This hypothesis is because
the first infection would stimulate the innate immune response, changing the time
course of the second.

2.3 Summary

This chapter has outlined the biological background required to understand mod-
els of influenza viral dynamics. I have described the process of viral replication,
as well as the major components of the immune response: the innate immune
response, the cellular adaptive immune response and the humoral adaptive im-
mune response. I have also presented evidence for the role of each major immune
component in controlling a primary infection, as well as the protection conferred
by a primary infection against a subsequent infection. The next chapter will dis-
cuss the extent to which existing mathematical models capture these observations,
before improving upon these models in the following chapters.



Chapter 3

Previous mathematical models of
within-host influenza infection

3.1 Introduction

Now that I have outlined the biology of influenza infection and evidence for the
role of each immune component in controlling an infection, I will discuss how
existing viral dynamics models incorporate the mechanisms and observations de-
scribed above.

I begin by describing models of viral replication only (without a time-dependent
immune response); although these models are suitable for depicting infection in
vitro, they do not capture the mechanisms driving infection resolution in vivo.
This deficiency motivates the construction of models incorporating the immune
response. Common approaches to modelling each immune component are sum-
marised, and it is shown that existing models disagree on the roles of each com-
ponent in controlling infection, as the models predict different outcomes when a
given part of the immune response is removed. Furthermore, few existing stud-
ies have modelled the protection conferred by a primary infection against a subse-
quent infection; those which do so have only modelled infection with one strain at
a time, such that the effect of an ongoing infection on the outcome of a secondary
exposure could not be captured.

Next, limitations in previous studies which arise from fitting a model to vi-
ral load data from a single infection only are discussed. Specifically, using this
type of data, it is difficult to select the most appropriate model from candidate
models either without a time-dependent immune response or with different time-
dependent immune responses; also, for a given model, parameters may not be
structurally or practically identifiable. Hence, particular care must be taken when
drawing biological inferences from model fitting.

Lastly, although most models of influenza viral dynamics are deterministic,
stochastic models are required to capture some phenomena, such as the possibil-
ity that an infection does not become established due to chance. I discuss previous
work towards numerical evaluation of the extinction probability during early in-
fection, which will enable efficient fitting of a stochastic model to data.

21
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Figure 3.1: A compartmental diagram illustrating the TIV model.
Solid arrows denote transitions/decays, while dotted arrows de-

note production.

3.2 Models of viral replication

3.2.1 The TIV model

One of the simplest models for within-host influenza viral dynamics is the target
cell-infected cell-virus (TIV) model [12]. It is a compartmental model, with target
cells, infected cells, and virions (virus particles) forming three homogeneous com-
partments. The model can be implemented deterministically as a set of ordinary
differential equations in conjunction with initial conditions and parameter values:

dT

dt
= −βTV, (3.1a)

dI

dt
= βTV − δII, (3.1b)

dV

dt
= pV I − δV V − βTV. (3.1c)

T , I , and V are the numbers of target cells, infected cells and free virions re-
spectively. Virions infect target cells at rate βT ; infected cells produce virions at
rate pV ; infected cells decay at rate δI ; and virions decay at rate δV (Fig. 3.1; pro-
cesses illustrated qualitatively in Fig. 1.1). The infection starts with a number of
virions entering the respiratory tract, leading to T (0) > 0, I(0) = 0, V (0) > 0. All
constants in this thesis are real and greater than or equal to zero.

The model is similar to predecessor models for chronic infection such as HIV [155],
but neglects target cell production and natural cell death. The absence of these
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Figure 3.2: Kinetics of the TIV model. The parameter values used
to generate the trajectories are β = 5×10−7 virion−1 day−1, δI = 3
day−1, pV = 14 virion infected cell−1 day −1, δV = 20 day−1. The
initial conditions are T (0) = 7× 107 cells, I(0) = 0 cells, V (0) = 10

virions.

processes results in an acute rather than chronic infection.
Typical behaviour of the model is shown in Fig. 3.2. After an initial dip in

the number of virions due to the time taken for the first infected cells to produce
progeny, both the number of virions and the number of infected cells rises expo-
nentially. The spread of the infection causes the number of target cells available
for infection to decrease. When target cells are sufficiently depleted such that
βTV < δII , the number of infected cells peaks, then begins to drop. This decline
in the number of infected cells in turn reduces the total rate of virion production
by infected cells (pV I), resulting in a decrease in the number of virions.

For a deterministic model, the number of infected cells and virions never
reaches zero; however, the infection is considered resolved once these numbers
are so small as to not be meaningful. Stochastic models, such as those discussed
in Chapter 4, take into account that the number of cells and virions can only take
integer values. The infection is then considered resolved once both the number of
infected cells and virions reaches zero.

The mathematical properties of the TIV model are further discussed in Chap-
ter 4.

3.2.2 Extensions to the TIV model

Mechanical processes must occur in an infected cell before it can begin to produce
virions; accounting for these processes leads to the target cell-eclipse-infectious
cell-virus (TEIV) model, which includes an additional compartment for latent
cells which are yet to produce virus [8]. The additional transition thus introduced
leads to a delay in viral kinetics.
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Moreover, the assumption thus far is that the lifetimes of infectious cells (and
the latent period where applicable) are exponentially distributed. This assump-
tion has been criticised as unrealistic, because the mode of the exponential dis-
tribution being at 0 implies that infectious cells most commonly decay instantly
(and latent cells most commonly become infectious instantaneously). An alterna-
tive is to model the lifetime of an infectious cell and the latent period as Erlang-
distributed, which can be implemented by splitting the latent and infectious stages
into multiple sequential stages with equal mean periods spent in each compart-
ment [97].

If the loss of free virions due to infection of target cells is neglected, the term
−βTV in Eq. 3.1c is ignored [8]. A common justification for neglecting this term is
that it is small during most of the infection; however, it may be significant during
early infection, especially contributing to the probability that the infection does
not become established in the stochastic implementation of the model. Hence, in
the models in this thesis, we include the loss of free virions due to infection of
target cells.

3.2.3 Application of the model to in vitro studies

As reviewed by Boianelli et al. [20], variations of the TIV model have been used to
model various in vitro experiments, as the immune response is largely absent in
these experiments (although certain cell-mediated parts of innate immunity, such
as the induction of cytokines, may still have an effect [144]). One application is to
quantify the in vitro fitness of influenza strains [144], especially the relative fitness
of wild-type and mutant strains [160, 166]. If mutations are assumed to affect viral
replication only, rather than affecting the immune response to the strain, then in
vitro experiments are well-suited to quantifying differences between strains which
are also relevant in vivo.

Another application of in vitro studies is to model the effect of drug treatment
on viral dynamics. In a study by Beauchemin et al. [12], amantadine was assumed
to affect the infectivity parameter β only, such that its effect could be quantified
in vitro. The reduction in β due to amantadine could then be incorporated into an
in vivo model to assess the effect of drug in this context.

3.2.4 Limitations of target cell depletion models for in vivo studies

In the TIV model, resolution of a single infection occurs due to target cell deple-
tion. Target cell depletion implies that the proportion of epithelial cells which die
during infection is very high (over 90% according to parameter estimates by Bac-
cam et al. [8]). However, direct measurements of the destruction of the respiratory
tract suggest a much lower proportion of dead cells at the end of the infection, at
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around 27% [179]. Hence, resolution of in vivo infection should be due to mecha-
nisms other than target cell depletion by infection. This conclusion is supported
by studies which show that mathematical models incorporating only target cell
depletion cannot explain inoculum dose-dependent patterns of the viral load and
number of infected cells during infection [1, 123].

The proportion of dead cells after in vivo infection is an important quantity
because it is interpreted as a measure of disease severity [54]. Even though the TIV
model has been used to calculate the proportion of dead cells [81], its assumption
that resolution of an infection is due to target cell depletion is likely to lead to
overestimation of this quantity [179].

Moreover, the experiments where various immune components are disabled
(as detailed in Chapter 2) attribute the peak in viral load to innate immunity, and
the resolution of a primary infection to adaptive immunity. On the other hand,
the TIV model attributes both of these behaviours to target cell depletion by in-
fection rather than the induction of the immune response. As a result, when in
silico experiments to disable immune components are conducted using the TIV
model, results are inconsistent with experimental observations. If the decay rates
δI and δV in the TIV model are interpreted as including the innate and adaptive
immune responses (in a time-independent manner), then removing the immune
response would decrease these decay rates, changing the initial viral load growth
rate (as will be shown in Chapter 4). This change is not observed experimentally.
Moreover, decreasing δI and δV cannot produce the chronic infection observed
when the adaptive immune response is inhibited. On the other hand, if δI and δV
are interpreted as non-specific decay rates independent of the immune response,
then the immune response is entirely absent from the model and disabling it has
no effect, contrary to experimental observations.

Because the mechanisms driving infection resolution in vivo are not captured
by the TIV model, the interpretation of studies quantifying fitness by fitting vari-
ants of the TIV model to in vivo data [164, 165] is unclear. Although the differences
between strain parameters uncovered by such studies may reflect an overall dif-
ference in replicative fitness, the neglect of crucial mechanisms driving clearance
may lead to incorrect qualitative and/or quantitative attribution of these differ-
ences to specific processes. Similar problems are faced by in vivo studies which fit
target cell depletion models to experimental data to investigate the effects of drug
treatment [159].

3.3 The role of each immune component in controlling a
primary infection

Because of the limitations of target cell depletion models in vivo, a large number
of models have been developed which incorporate different components of the
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immune response. However, as foreshadowed, existing models disagree on the
roles of each major immune component — innate, humoral adaptive, and cellular
adaptive immunity — in controlling a primary infection.

This discrepancy was demonstrated in the study by Dobrovolny et al. [54]
discussed in Section 2.2.3. In this study, different components of the immune
response were removed from eight existing models; the viral load was then com-
pared to that observed in the in vivo experiments shown in Fig. 2.1.

For each immune component, I will first outline common approaches to mod-
elling the component in previous studies, then discuss whether the eight models
reviewed by Dobrovolny et al. [54] reproduce experimental observations when
the component is disabled.

3.3.1 The innate immune response

A common approach to modelling the innate immune response is to include a
compartment for interferon, which then encompasses all effects of innate immu-
nity. In these models, interferon is produced in proportion to the number of
infected cells (the simplest form being dF/dt = pF I − δFF [27, 161]), and, de-
pending on the model used, has a number of possible antiviral effects. These
effects include decreasing the production rate of virions from infected cells (pV →
pV /(1 + cF ) in Eq. 3.1) [8, 27, 144]; making target cells less susceptible to infection
(β → β/(1 + cF )) [82, 179]; rendering target cells completely resistant to infec-
tion, which may be permanent [179] or temporary [82]; increasing the mean la-
tent period of infected cells before they can produce virions [8]; and inducing the
clearance of infected cells by natural killer cells (δI → δI + κNN ) [27, 82, 161]. Of
the last of these effects, natural killer cells can either be modelled as proportional
to type I interferon (N = cF ) [82, 161], or produced in proportion to interferon
(dN/dt = pNF−δNN ) [27]. Minor variations in the models include the attribution
of these antiviral effects to type I or type II interferon (with type I interferon being
used in most models).

In models including the innate immune response only, its role can be under-
stood by examining model equations. Due to the short lifetime of interferon, there
is a tight feedback loop between the viral load and innate immunity [88]. In other
words, as the viral load increases, the innate immune response is activated, but
as the viral load decreases, the innate immune response also subsides. Because of
this relationship, while stimulation of innate immunity contributes to controlling
infection in these models by suppressing the peak viral load, it only leads to a
transient decrease in viral load. As such, resolution of the infection is still due
to infection-induced target cell depletion. (Dobrovolny et al. [54] have explicitly
shown for the model by Baccam et al. [8] that removing the innate immune re-
sponse does not change the fraction of dead cells.) Exceptions include the model
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by Canini et al. [27], where natural killer cells are assumed to have a longer life-
time than the type I interferon which induces their production, so the clearance
of infected cells by natural killer cells contributes to resolution of the infection;
and the model by Saenz et al. [179], where target cells are rendered permanently
resistant to infection, such that resolution of the infection is partly due to target
cell depletion by these cells becoming resistant, rather than by infection and sub-
sequent death.

Only some models reproduce the increase in peak viral load when the innate
immune response is removed

Dobrovolny et al. [54] demonstrated that when the innate immune response is
disabled in the models by Baccam et al. [8], Saenz et al. [179] and Pawelek et al.
[161], the peak viral load increases, consistent with experimental observations.
The models make this prediction because innate immunity slows the exponential
rise in the viral load trajectory through decreasing the production rate of virions
from infected cells [8], rendering target cells temporarily or permanently resistant
to infection [161, 179], and/or increasing the decay rate of infected cells [161].

However, for the models by Bocharov et al. [18] and Hancioglu et al. [84],
the peak viral load only changes very slightly in the absence of innate immunity,
despite similar model equations governing interferon dynamics. I hypothesise
that the result for these two models differs from that of the aforementioned three
models because the parameters in these two models are chosen such that innate
immunity has little effect on the viral load. (Preliminary investigation shows that
if the rate at which interferon renders target cells resistant to infection is increased
in the model by Hancioglu et al. [84], then inhibiting the innate immune response
increases the peak viral load.) It is possible that if different parameter values were
chosen, the model structures could reproduce the effects of experiments where
immune components are disabled; parameter selection will be further discussed
in Section 3.3.4.

Removing the innate immune response does not decrease the viral load at all
times in the reviewed models

For the models by Baccam et al. [8], Saenz et al. [179] and Pawelek et al. [161], it
is difficult to evaluate whether disabling the innate immune response increases
or decreases the recovery time. This difficulty arises because in contrast to the
data by Hoshino et al. [99] (bottom right of Fig. 2.1), the viral load is not reduced
at all times when the innate immune response is removed. This leads to ambi-
guity where changing the definition for recovery changes whether the recovery
time increases or decreases in the absence of innate immunity. This ambiguity is
illustrated in Fig. 3.3 using the model by Baccam et al. [8].
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Figure 3.3: Changing the threshold below which an infection is de-
fined to be resolved changes whether disabling the innate immune
response increases or decreases the recovery time in the model by
Baccam et al. [8]. The black solid line shows the viral load for the
full model (scaled to its maximum value), while the green dashed
line shows the viral load when the innate immune response re-
moved. The red dotted line shows a threshold of 1% of the max-
imum viral load for the full model; the blue dotted line shows a
threshold of 0.01% of the maximum viral load for the full model.

Adapted from Dobrovolny et al. [54] with permission.

For the full model (black solid line), the viral load decreases rapidly around
2 days post-exposure due to stimulation of innate immunity. Hence, if resolution
is defined as the viral load dropping below 1% of the maximum viral load for
the full model (red dotted line, as per Dobrovolny et al. [54]), then removing the
innate immune response (green dashed line) is deemed to increase the recovery
time. However, the viral load for the full model stays below 1% of the maximum
for a long time before target cell depletion occurs and there is a second drop in
the viral load. Hence, if the threshold is defined to be 0.01% of the maximum
viral load for the full model (blue dotted line), then removing the innate immune
response instead decreases the recovery time.

In the other two models reviewed by Dobrovolny et al. [54] which include the
innate immune response (by Bocharov et al. [18] and Hancioglu et al. [84]), the
recovery time remains unchanged when the innate immune response is removed.
Innate immunity has little effect, once again possibly due to the chosen parameter
values.

3.3.2 The humoral adaptive immune response

The general approach to modelling humoral adaptive immunity is to include a
term in Eq. 3.1c for the neutralisation of virions by antibodies (δV → δV + κAA).
The dynamics of the antibodies themselves are modelled with various levels of
complexity, depending on whether the aim is to capture the biological intrica-
cies of each immune component, or to construct a simple model which can ex-
plain specific observations. One of the simplest models is by Handel et al. [87];
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this model depicts antibodies as exponentially growing independent of antigen
(dA/dt = rA). At the other end of the spectrum, Lee et al. [121] modelled the
antibody production process in much more detail, including maturation and mi-
gration of dendritic cells, which present antigen triggering the replication and
differentiation of CD4+ and B cells. Upon differentiation, which can be CD4+-
dependent or CD4+-independent, B cells then take the form of short-lived and
long-lived plasma cells which produce antibodies.

An alternative to modelling the humoral adaptive immune response mecha-
nistically is to use smoothed curves of experimentally measured antibody levels
as model inputs [138].

Only one model reproduces the rebound in viral load when the humoral adap-
tive immune response is removed

Of the models reviewed by Dobrovolny et al. [54], only the one by Handel et
al. [88] reproduces the observation that when the humoral adaptive immune re-
sponse is removed, the viral load rebounds after the first peak, and a higher sec-
ond peak is observed. The authors of this study found that they were unable
to reproduce this observation using a mechanistic model for the innate immune
response, because innate immunity would suppress the second peak. Instead,
a phenomenological model was used where the innate immune response expo-
nentially increases then decreases. In line with this finding, the other models re-
viewed by Dobrovolny et al. [54] only produce a chronic infection where the viral
load approaches a constant value (Bocharov et al. [18], Hancioglu et al. [84], and
Miao et al. [138]) or a delay in recovery time (Lee et al. [121]) when the humoral
adaptive immune response is removed.

3.3.3 The cellular adaptive immune response

The primary effect of the cellular adaptive immune response on influenza infec-
tion is the clearance of infected cells by effector CD8+ T cells, most often modelled
via a mass-action term (δI → δI + κEE), the form of which has been verified ex-
perimentally to be appropriate [66]. Variations include modelling the binding of
CD8+ T cell and infected cells into complexes which are then cleared, and includ-
ing saturation and competition effects in the clearance rate [37, 123].

The dynamics of the effector CD8+ T cell compartment are modelled in vari-
ous ways, as reviewed by Wodarz [215]. Mechanistic models for effector CD8+ T
cells can be divided into two categories: those with a single compartment for
CD8+ T cells, and those which explicitly model the differentiation of effector
CD8+ T cells from their precursors. In the former category, Li et al. [123] con-
trasted two models of T cell growth — a predator-prey model (originally used
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in the viral dynamics context by Nowak et al. [155]) and a model with antigen-
dependent growth at low levels of antigen and antigen-independent growth at
high levels (developed by De Boer et al. [51]). It was shown that the latter model
reproduces the observation that the inoculum size is correlated with the peak vi-
ral load, while the former does not. In the latter category, Zarnitsyna et al. [226]
explicitly modelled the antigen-dependent conversion of precursor CD8+ T cells
into proliferating CD8+ T cells, which then migrate to the site of infection and
become capable of killing infected cells. As with the antibody response, some
models incorporate cellular adaptive immunity in a non-mechanistic manner. For
example, Pawelek et al. [161] modelled the effector CD8+ T cell level using a step
function, such that it is only active after the peak of infection.

Only some models reproduce a delay in recovery time when the cellular adap-
tive immune response is removed

Of the models reviewed by Dobrovolny et al. [54] which include both the cel-
lular and humoral adaptive immune responses, three reproduce a delay (albeit
small) in recovery time when the cellular adaptive immune response is disabled
(Hancioglu et al. [84], Miao et al. [138] and Lee et al. [121]). For the remaining
model (Bocharov et al. [18]), the recovery time is unchanged. In fact, for this
model, the viral load trajectory remains unchanged, suggesting that the param-
eters for this model were chosen such that cellular adaptive immunity has little
effect.

On the other hand, in the model by Pawelek et al. [161], which does not in-
clude humoral adaptive immunity, chronic infection ensues when cellular adap-
tive immunity is disabled. This result suggests that stimulation of the cellular
adaptive immune response alone is responsible for resolving an infection in this
model, which contradicts experimental observations.

3.3.4 The importance of in silico experiments in quantifying the role of
each immune component in controlling infection

The models by Pawelek et al. [161], Bocharov et al. [18] and Hancioglu et al. [84]
incorporate the same mechanism of the innate immune response (type I interferon
rendering target cells temporarily resistant to infection); moreover, the equation
for the conversion of target cells to resistant cells is the same. Despite these sim-
ilarities, only the model by Pawelek et al. [161] reproduces the increase in peak
viral load and recovery time when innate immunity is disabled. Furthermore,
all models reviewed incorporate the humoral adaptive immune response as neu-
tralisation of virions by antibodies via a mass action term. However, removing
humoral adaptive immunity in the model by Lee et al. [121] only results in a de-
lay in the resolution of the infection, whereas for other models chronic infection
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ensues. This discrepancy may partially be because the production of antibodies
is modelled differently in each of the studies, but the effect of these differences is
not apparent from examining the model equations. The cause of different in silico
experimental outcomes using different models is similarly unclear for the cellular
adaptive immune response.

It is possible that despite the similar model equations, the parameter values
chosen for each of the models lead to different qualitative/quantitative roles of
each immune component in a way which is difficult to discern without explicitly
testing the effects of removing immune components. This conflation of influences
can occur even if parameter estimates are chosen to be consistent with previous
studies, in part because previous parameter estimates may have been obtained
using different experimental hosts and/or different strains of the virus. More
subtly, parameters taken to have the same biological meaning in different models
may be estimated to have different values even when fitting to the same data. For
example, Handel et al. [87] showed that when a version of their model with the
adaptive immune response removed was fitted to the same data, the rates of non-
specific decay of infected cells and virions were overestimated to compensate for
the absence of immune control.

The model by Bocharov et al. [18] is an example where despite the parameter
values being consistent with previous studies, the innate and cellular adaptive
immune responses have little effect on viral dynamics.

The difficulty in discerning the quantitative roles of different immune com-
ponents by inspecting model equations, and the caution with which parameter
values must be chosen, highlight the importance of ensuring that a model can
reproduce observations from a variety of experimental conditions. While it is
possible that models which can reproduce all of the results of the reviewed exper-
iments already exist in the literature, the in silico experiments to demonstrate this
capability have not been conducted in the publications reporting on these models.

3.4 Modelling the protection conferred by a primary infec-
tion against a subsequent infection

Most existing studies have focused on modelling a primary infection; few have
addressed the protection conferred by a primary infection against a subsequent
infection. Of those studies which have modelled such protection, the limitations
are that

1. models without a time-dependent immune response do not allow a second
infection to become established;

2. existing models with a time-dependent immune response can only model
infection with one strain at a time;
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3. existing models of cellular adaptive immunity assume complete cross-reactivity
between the strains modelled; and

4. existing models with the potential to model different degrees of cross-reactivity
greatly simplify viral dynamics.

I now discuss each of these limitations in turn.

3.4.1 Models without a time-dependent immune response do not allow
a second infection to become established

Pinky et al. [167] used a two-strain version of the TIV model to study the case
where a short time interval (0–48 hours) separates exposures to unrelated respira-
tory viruses in vitro. It was shown that parameter estimates obtained from single-
strain in vitro data could be used to predict the time course of infection when both
viruses were introduced to the system at the same time, or with a 12–48 hour inter-
exposure interval. Although these results showed that competition for target cells
alone can explain the time course of sequential infection in vitro without a need
for immune-mediated viral interference, this explanation is unlikely to be true in
vivo. In particular, the model by Pinky et al. [167] predicts that if 36 hours or more
separate the two exposures, then infection with the second virus does not become
established, because the first infection has largely depleted the target cell pool
by the time of exposure to the second strain. Contrary to this prediction, experi-
ments by Laurie et al. [119] have shown that a second infection by heterologous
virus can become established weeks after the resolution of a primary infection;
the experiments analysed in the thesis will show that this result is still true when
only days separate exposures [120].

3.4.2 Existing models with a time-dependent immune response can only
model infection with one strain at a time

The few existing models for successive influenza infections which incorporate the
immune response are only suited to modelling infection with one strain at a time.
For example, a study by Handel et al. [86] modelled the effect of a primary in-
fection on a subsequent infection by changing the initial number of CD8+ T cells,
such that simulations of a primary infection had fewer initial CD8+ T cells than
simulations of a secondary infection. However, the model is not suitable when
the inter-exposure interval is sufficiently short, such that the first infection is on-
going at the time of the second exposure. This deficiency arises because other
inter-strain interactions, such as competition for target cells and the induction of
the immune response by an ongoing first infection, are neglected. Moreover, the
formation of these additional T cells before a second infection, which represent
memory CD8+ T cells from the first infection, is not modelled mechanistically;
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rather, the initial number of CD8+ T cells for a secondary infection is predeter-
mined in an ad hoc manner.

Zarnitsyna et al. [226] developed a model to investigate the role of CD8+ T
cells in sequential influenza infections in vivo. In this study, the generation of
memory CD8+ T cells was modelled mechanistically. Precursor CD8+ T cells are
activated by antigen to become proliferating CD8+ T cells, which then replicate at
an antigen-dependent rate. Proliferating CD8+ T cells can either become resident
CD8+ T cells which induce the death of infected cells and decay at a constant
rate; or, in the absence of antigen (after the end of a primary infection), some can
remain as central memory CD8+ T cells, whose lifespan is assumed to be much
greater than the timescale of a single infection.

In this model, protection by a prior infection against subsequent infection is
due to two effects. Firstly, the resident CD8+ T cells remaining from the first infec-
tion are immediately able to clear infected cells during the second infection. Sec-
ondly, upon the next exposure to antigen, the central memory CD8+ T cells from
the first infection are able to proliferate and eventually become resident CD8+ T
cells.

According to this model, a primary infection can decrease the peak viral load
and duration of a subsequent infection. Moreover, if the level of resident CD8+ T
cells from the first infection is high enough, the second infection can be prevented
altogether.

Although this model mechanistically generates memory CD8+ T cells from a
primary infection, it is still not suitable for modelling sequential infections where
the inter-exposure interval is short. This deficiency arises because the effect of
a primary infection on a subsequent infection is modelled using the number of
CD8+ T cells after the primary infection in the initial conditions for the subsequent
infection, once again neglecting other inter-strain interactions.

3.4.3 Existing models of cellular adaptive immunity assume complete
cross-reactivity between the strains modelled

The model by Zarnitsyna et al. [226] assumes complete cross-reactivity between
the cellular adaptive immune response to the two strains. As a result, it lacks the
flexibility to model both successive infections with influenza strains of different
types, where cross-reactivity is low, and influenza A strains of different subtypes,
where cross-reactivity is high.

One way of modelling different levels of cross-reactivity in the cellular adap-
tive immune response is to introduce multiple pools of T cells, each of which
recognises a single epitope. These epitopes may be shared across strains. Dif-
ferent degrees of cross-reactivity can then be induced by changing the strength
of the response by each T cell pool to each strain. Such a model, which also in-
cludes memory in the cellular adaptive immune response, has been developed
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for lymphocytic choriomeningitis virus by Chao et al. [37]. In practice, the study
only used the model to explore the case of homologous re-infection, with similar
results to Zarnitsyna et al. [226]. (Note that this model neglects the antibody re-
sponse, and so cannot be directly applied to influenza infection.) Similarly, the
model by Handel et al. [86] incorporates multiple epitopes, but only considers
homologous re-infection.

3.4.4 Existing models with the potential to model different degrees of
cross-reactivity greatly simplify viral dynamics

Handel et al. [86] and Luciani et al. [125] proposed influenza-specific models
which consider multiple T cell pools, and as such have the capacity to model dif-
ferent degrees of cross-reactivity. However, these models focus on understanding
the immunodominance hierarchy, that is, the domination of the cellular adaptive
immune response by responses towards a select few epitopes. The viral dynamics
models are very simplified, consisting of exponential growth of virus and clear-
ance of virus by CD8+ T cells only. There are no compartments for target cells or
infected cells, nor innate or humoral adaptive immunity. As such, they are un-
suitable for modelling sequential infections with a short inter-exposure interval,
where the innate immune response stimulated by the first infection, as well as
competition for target cells, may affect the time course of the second.

3.5 Model complexity versus identifiability

A trade-off to be considered when constructing a model is its complexity versus
its identifiability. As the number of biological processes modelled, and the detail
in which they are captured, increases, the number of parameters to be estimated
from data or from prior knowledge increases. Given available data, a model may
be non-identifiable, that is, parameter values cannot be uniquely determined from
available data. Models with a large number of parameters are more likely to face
this problem.

Identifiability can be broadly divided into structural identifiability and practi-
cal identifiability. Structural identifiability occurs when, even if the data available
were measured exactly, one would still not be able to uniquely determine the
value of each parameter. An example is if one can rewrite the model such that
only a function of two variables (such as their product) appears in the model.
Structural identifiability can be assessed using analytic methods, such as the im-
plicit function method [139], as reviewed by Chis et al. [39].

On the other hand, practical identifiability occurs when the parameters could
be recovered if the data were measured perfectly, but measurement error leads to
a large degree of uncertainty in parameter values. Practical identifiability can be
analysed computationally, such as using the profile likelihood method [174], and
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by examining the posterior distributions obtained when fitting synthetic or ‘real’
data using Markov chain Monte Carlo methods [184]. The posterior distributions
can also be analysed formally by performing a principal component analysis on
an ensemble of parameter sets drawn from the posterior distribution. Such an
analysis identifies directions in parameter space to which observables from the
model are most sensitive [145].

In lieu of an identifiability analysis, some studies perform a sensitivity analy-
sis by varying the values of fitted parameters one at a time, to examine the effect
of changing these parameters [84, 138, 161, 179]. The purpose of such a sensi-
tivity analysis is dual. Firstly, it enables assessment of the biological significance
of each parameter/mechanism. Secondly, where the sensitivity analysis is per-
formed by predicting the time course of measured compartments (usually the
viral load) when a single parameter is varied, it gives an indication of the cer-
tainty in parameter estimates. However, varying a single parameter at a time
may not accurately indicate the precision of parameter estimates if parameter sets
which fit the data well are highly correlated. Compared to varying a single pa-
rameter at a time, Latin hypercube sampling is a more reliable way to explore
parameter space. Reperant et al. [176] used this approach to show that their fitted
parameter values belong to a region in parameter space which produces robust
predictions of viral dynamics. Moreover, Latin hypercube sampling can be used
in conjunction with a partial rank correlation coefficients analysis to determine
the sensitivity of model outputs to given parameters [17, 128].

If parameters are unidentifiable, extra care must be taken when making model
predictions to ensure that they are robust across all plausible parameter sets given
the data. Interpretation of the best-fitting parameter values also becomes less
straightforward. As reviewed by Boianelli et al. [20], parameter identifiability
varies between data from different experimental settings, complicating compar-
isons of parameter values between influenza strains. This point will be further
discussed in Section 3.5.3. Note that if the goal of model fitting is to make pre-
dictions rather than to estimate the values of model parameters themselves, then
as long as the model makes consistent predictions for all sets of parameter values
which are plausible given the data, parameter identifiability itself may not be an
issue.

3.5.1 Limitations in experimental data

A common source of non-identifiability for within-host viral dynamics models is
that only viral load data for a single infection is available. This is because viral
load data is relatively easy to collect, for example from samples of nasal wash
from infected hosts. By contrast, measurements from other compartments often
require sacrificing of the hosts (such as measuring the number of infected cells
by examining the lung lesions in dissected hosts [179], and harvesting CD8+ T
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(a) The two-phase approximation for the
TIV model

(b) The likelihood confidence region for δI
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Figure 3.4: (A) For the TIV model, the viral load can be approxi-
mated by an exponential growth phase and an exponential decay
phase. Reproduced from Smith et al. [186] under Springer license
number 4079170217759. (B) For the TIV model with an additional
latent infected cell phase, if the infectious viral load is measured
while the initial number of target cells T0 is fixed, the likelihood
confidence region (LCR) for δI and δV is L-shaped, confirming
Smith et al. [186]’s analysis that only the minimum of these two
parameters can be identified. The inner contour shows the 68%
LCR, while the outer contour shows the 95% LCR. Reproduced
from Petrie et al. [165] under the Creative Commons Attribution
License; note that δI is denoted as δ in this study, while δV is de-

noted c.

cells from the lungs of infected mice [138]). The large number of hosts required
for these studies not only causes ethical and practical issues, but also leads to
problems for model fitting due to inter-host variability.

Miao et al. [139] have shown that for the TIV model, if only the viral load for
a single infection is measured, then only the parameters β, δI and δV are iden-
tifiable, and the parameter pV is not identifiable. Fixing the initial number of
target cells, as performed by Baccam et al. [8], restores structural, but not prac-
tical, identifiability. This lack of practical identifiability is because for the TIV
model, the viral load can be approximated by an exponential growth phase and
an exponential decay phase [186] (Fig. 3.4a). The exponential growth rate is a
function of the sum of δI and δV , while the decay rate is the smaller of δI and
δV ; hence, only min(δI , δV ) can be identified from the data. Petrie et al. [165] con-
firmed this analysis by showing that for the TIV model with an additional latent
infected cell phase, if the infectious viral load is measured while the initial num-
ber of target cells T0 is fixed, the likelihood confidence region (LCR) for δI and δV
is L-shaped (Fig. 3.4b). Petrie et al. [165] proceeded to show that the LCRs can be
constrained by extending the model to include measurements of both infectious
and non-infectious virions, but even then, LCRs for some parameters still span
orders of magnitude.

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
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Also, the optimal compartments and conditions under which data should be
collected to best determine parameter values are usually not determined a pri-
ori. Instead, many studies use data collected for other purposes. This mismatch
between data collection and optimal experimental design for model fitting may
decrease identifiability of model parameters; for example, when measurements of
the viral load are concentrated during the exponential growth phase of infection,
there may be insufficient time points to determine the rate of viral decay [160].

In general, a model with a larger number of parameters will require more mea-
sured compartments to estimate all parameters. Miao et al. [139] assert that for the
model by Hancioglu et al. [84], which has 27 parameters, almost all ten compart-
ments in the model have to be measured, which is impractical due to technical
and ethical issues. Hence, many models are kept simple to avoid overparame-
terisation. Identifiability analysis provides an avenue for simplifying models by
guiding the elimination of processes inessential to model observables [41].

Few studies have performed identifiability analysis on their models before
fitting them to data. Wu et al. [218] retrospectively performed an identifiability
analysis for the model by Miao et al. [138] to show that all parameters except one
are structurally identifiable. This finding was previously suspected by Miao et
al. [138], but not analytically verified. Apart from this model and the model by
Baccam et al. [8], identifiability analyses have not been performed for the models
reviewed thus far.

3.5.2 Dealing with non-identifiability

Where parameters cannot be determined from data, they are often fixed at values
estimated by previous models, otherwise obtained from biological literature, or
obtained by simulating different parameter sets until the known qualitative be-
haviour of the system is replicated. In fact, some modelling studies have relied
entirely on such parameter estimates [18, 121, 226]; these studies are generally
only interested in the qualitative behaviour of the system. As previously dis-
cussed, fixing such parameter values often requires combining information from
different studies, using different host systems, strains, and experimental methods.
Although such pragmatic compromises may be unavoidable, it implies that care
should be taken when interpreting fitted parameter values, and the quantitative
predictions made by models with such fixed parameter values.

To increase the number of identifiable parameters, some of the models re-
viewed above were fitted to data where more than one component in the model
is measured. Pawelek et al. [161] fitted their models to the viral load and the fold
change in type I interferon. Miao et al. [138] fitted their model to the viral load, an-
tibody level, and the number of CD8+ T cells in mice sacrificed at different time
points during infection. The above studies used multiple data sets from a sin-
gle experiment; other studies amalgamated data from different experiments with
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different influenza strains, inoculum size, and/or host species [121, 176]. The reli-
ability of parameter estimates obtained by fitting the model to these amalgamated
data is unclear.

Another way to overcome non-identifiability is by conducting measurements
under multiple sets of conditions to increase the amount of information available.
For example, Handel et al. [88] fitted their model to data from both wild-type mice
and mice where the adaptive immune response was disabled.

3.5.3 Model fitting methods and reporting of results

Where non-identifiability is likely to be an issue, the choice of model fitting meth-
ods becomes particularly important, whether the goal is to estimate model pa-
rameters or to draw biological inferences and make predictions.

Reporting of estimated parameter values

Many studies use model fitting methods which result in a point estimate for pa-
rameter values. These include non-linear least squares regression performed us-
ing different minimisation methods (used by [8, 87, 88, 123, 138, 147, 161, 165,
179]) and the stochastic approximation expectation maximisation algorithm (used
by [27]).

Some of these methods, such as the stochastic approximation expectation max-
imisation algorithm and the genetic algorithm for least squares minimisation, also
provide distributions for parameter estimates. Other studies computed distribu-
tions for parameter estimates using methods such as bootstrap replication (used
by [8, 138, 144, 166]), although in some of these cases only confidence intervals,
rather than distributions, were reported. Markov chain Monte Carlo methods,
due to their Bayesian nature, forego point estimates altogether in favour of poste-
rior distributions for parameter values (as used by [81, 160]).

If only a point estimate is reported, and the identifiability of model parame-
ters is questionable, other parameter sets may fit the data (almost) equally well;
even if confidence intervals are reported, if the estimates of certain parameters
are highly correlated, then the region in parameter space where parameter sets
can reproduce the data well is unclear.

As a result, the reporting of marginal parameter distributions and two-parameter
correlations is essential for appropriate interpretation of the confidence intervals
obtained.

Drawing biological inferences from model fitting

Although many studies use a point estimate for parameter values to make predic-
tions and draw biological inferences, if the region in parameter space which fits
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the data well is unclear, similarly well-fitting parameter sets may produce diver-
gent predictions.

Robust model fitting methods become particularly important when drawing
quantitative comparisons. For example, Moxnes et al. [147] asserted that the in-
nate immune response against H1N1 viruses is weaker than that against H3N2
viruses. This conclusion was drawn based on fitting a model with six parameters
to viral load data only (albeit for two different initial conditions), then comparing
the point estimates of parameter values for models fitted to data from different
strains. It is unclear whether this conclusion would still hold when the uncer-
tainty in parameter values due to non-identifiability is taken into account. In-
terestingly, the study acknowledged that some model parameters were not iden-
tifiable — for example, that only the sum of the natural death rate of infected
cells and the clearance rate of infected cells by innate immunity enters into model
equations — yet, both quantities were fitted independently. This lack of parame-
ter identifiability directly impacts the validity of the biological assertions above.

To ensure robustness of inferences from model fitting, conclusions should be
checked to be consistent across regions of parameter space where the model fits
the data well. This type of robust analysis was performed by Petrie et al. [164],
who determined confidence intervals for the relative fitness of a wild-type and a
drug-resistant strain using likelihood confidence regions for parameter estimates.
Model predictions, such as the effect of removing a component of the immune re-
sponse, should also be conducted using the joint distribution of model parameters
rather than point estimates.

3.5.4 Model selection

In addition to the parameter identifiability issues discussed thus far, it is also dif-
ficult to choose between competing models using viral load data from a single
infection only. A common approach to model selection is to fit multiple models
to the same data, then select the most appropriate model using information cri-
teria (such as the Akaike Information Criterion [4] and the Deviance Information
Criterion[191]) or the F-test, which balance goodness of fit against model com-
plexity. For example, Pawelek et al. [161] used the Akaike Information Criterion
and the F-test to show that their model which includes clearance of infected cells
by natural killer cells is preferred to a simplified version of the model omitting
this mechanism. However, there are occasions where viral load data from a single
infection is insufficient to justify one model over another, despite the former be-
ing more biologically plausible. For example, Baccam et al. [8] compared the TIV
model to a model including a latent stage before infected cells begin to produce
virions, and found that the latter was not favoured by statistical tests despite its
greater biological plausibility.
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Figure 3.5: The dots show the viral load data for a single human in-
fluenza infection; the shape of the viral load trajectory is bimodal.
The line shows the viral load of a model fitted to this data [8],
which fits fairly well. Reproduced from Smith et al. [186] under

Springer license number 4079170217759.

There are few features in the viral load for a single infection which enable us
to distinguish between a model without a time-dependent immune response and
models with different time-dependent immune responses. As shown by Baccam
et al. [8], the TIV model produces a two-phase viral load where an exponential
increase in viral load is followed by an exponential decrease, which fits the viral
load data for a single infection fairly well (Fig. 3.5). A feature of the viral load for a
single infection which cannot be reproduced by the TIV model, but can be repro-
duced by some models including an immune response (such as that by Pawelek
et al. [161]), is its bimodal shape (Fig. 3.5). However, if data from multiple experi-
mental scenarios is available, the viral load may have more features to distinguish
between competing models.

In this study, models will be constructed to reproduce observations from se-
quential infection experiments as well as a range of experiments where immune
components are disabled. I hypothesise that when competing versions of the
model are fitted to sequential infection data, the larger number of features in the
viral load trajectories (compared to single infection data) will enable us to distin-
guish between these models.

3.6 Deterministic and stochastic models

Although the majority of studies reviewed thus far have modelled disease dy-
namics deterministically, the processes underlying infection (infection of a target
cell, the production of virions from infected cells, and the decay of infected cells
and virions) are inherently stochastic. The use of a deterministic approximation
to a stochastic model may obviate key phenomena in disease dynamics; in partic-
ular, a deterministic model cannot capture the possibility that an infection does
not become established due to chance, or that when the mean number of virions
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is low in a transient stage of infection, the infection could become extinct due to
stochastic variability.

Stochastic models of within-host viral dynamics have generally been used
in a simulation context, and mostly in the context of chronic infections such as
HIV [94, 108, 199, 204]. These studies have used simulations of either multi-type
branching processes [94, 108, 199], or stochastic differential equations where the
infection and death processes are diffusion processes [204], to explore the effects
of stochasticity in the biological processes. However, such simulation-based ap-
proaches are computationally intensive. This computational cost affects the feasi-
bility of such approaches in situations such as a detailed sensitivity analysis where
many parameters are varied. Moreover, without an expression for the likelihood
of observing the data given model parameters, only likelihood-free approaches
can be used when fitting the model to data, potentially affecting computational
efficiency.

Analytic results for stochastic models of within-host infection have been lim-
ited to calculating the probability that an infection does not become established
(conditioning on exposure). Some of these results apply to models treating in-
fection as a single-type branching process, either only tracking the number of in-
fected cells [135] or the number of virions [205]. A more appropriate approach
for influenza, where the dynamics of infected cells and virions are on similar
timescales, is to use a multi-type branching process tracking both the number
of infected cells and virions. Pearson et al. [162] used this approach to derive ana-
lytic expressions for the probability of extinction during early infection for the TIV
model. However, this approach cannot be used when the rates of the infection
processes change during early infection, such as through vaccination, prophy-
laxis, or a recent previous infection. To cover this case, Conway et al. [45] derived
expressions for the extinction probability when the infection parameter β and the
viral production rate pV are explicitly time-dependent. These results were used to
analyse the effects of pre- and post-exposure prophylaxis for HIV. However, the
case where the rates of the infection processes change due to a mechanistic model
has not been examined.

3.7 Gaps in within-host influenza modelling that are ad-
dressed in this work

The roles of each immune component in controlling a primary infection vary be-
tween the myriad within-host influenza dynamics models; the review by Dobro-
volny et al. [54] showed that none of the reviewed models could qualitatively
reproduce all of the experimentally observed effects of removing innate, cellu-
lar adaptive and/or humoral adaptive immunity. The models constructed in this
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study will incorporate these three major components of the immune response,
and will be able to reproduce observations from a range of such experiments.

Moreover, there is a paucity of studies modelling successive infections in vivo,
due to a lack of experimental data. Although studies have measured the viral load
of a secondary influenza infection when a long time interval separates exposures,
the case where a short time interval separates exposures has not been explored
systematically. In Chapter 5, I will perform a statistical analysis on a set of novel
experiments where ferrets are sequentially exposed to two influenza strains, ei-
ther of different types or different influenza A subtypes. Results of the analysis
will show that protection by a primary influenza infection against a subsequent
infection depends on the time interval between exposures as well as the strains
used.

The statistical analysis in Chapter 5 will inform the construction of models in
Chapters 6 and 7 which can qualitatively reproduce the protection conferred by
a primary influenza infection against subsequent infection, and how this protec-
tion varies with the inter-exposure interval and the strains used. To the best of my
knowledge, no existing influenza viral dynamics models incorporate both mem-
ory and varying degrees of cross-reactivity in the adaptive immune response,
which are important factors dictating cross-protection; these factors will be in-
corporated into the models.

Although many models in the literature are fitted to experimental data, only a
few models have been subject to identifiability analysis, such that the parameter
estimates obtained can be appropriately interpreted. Moreover, many studies use
point estimates obtained for parameter values to make predictions and infer bio-
logical conclusions; it is unclear whether such predictions are consistent across the
region in parameter space which fits the data well. In Chapters 8 and 9, I will con-
duct a simulation estimation study to determine how to best extract the roles of
different immune components using data from sequential infection experiments
such as those in Chapter 5. First, the model will be rewritten to be structurally
identifiable. Then, I will use Markov chain Monte Carlo methods to obtain joint
posterior distributions for model parameters, and use the posterior distributions
to make model predictions. The results of the study will show that the roles of
each immune component in controlling infection are reliably extracted by making
predictions using a model fitted to sequential infection data, even though many
parameters are not practically identifiable.

Finally, few models in the literature incorporate stochasticity in viral dynam-
ics, and fewer studies still analyse the stochastic behaviour of such models analyt-
ically. Of such studies, the main focus is on the probability that the infection takes
off in the absence of any time-dependent immune response. In Chapter 10, I will
derive equations for the probability that a subsequent infection is prevented by a
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primary infection due to stimulation of the innate immune response and/or tar-
get cell depletion. The ability to calculate the extinction probability numerically
is an important step to developing a method to fit a stochastic model to data.





Chapter 4

Mathematical and statistical
background

4.1 Introduction

This chapter outlines mathematical and statistical methods used in the study.
First, I provide background on continuous-time Markov chain (CTMC) mod-

els for viral dynamics (Section 4.2.1), illustrated using the TIV model. Such a
CTMC can be approximated by a branching process under appropriate condi-
tions, enabling expressions for the probability that the infection does not become
established to be derived; this probability is known as the extinction probability.
Algorithms for simulating a CTMC are also outlined. Then I show that the mean
field dynamics of a CTMC can be represented by a set of ordinary differential
equations (Section 4.2.2).

Second, using the differential equation version of the TIV model, I illustrate
the calculation of key viral dynamics quantities (Section 4.3): the basic reproduc-
tion numberR0, the effective reproduction numberRe and the initial viral growth
rate r. In Chapter 6, I will discuss the behaviour of the models in terms of the
effective reproduction number Re; the final model in Chapter 7 will be reparame-
terised in terms of R0 and r, before it is fitted to synthetic data.

Last, I outline methods to fit models to experimental data (Section 4.4). First,
I describe the Bayesian statistical framework (Section 4.4.1), where the poste-
rior distribution for model parameters is a function of both a prior distribution,
and the likelihood of observing the data given model parameters. Then, I out-
line Markov chain Monte Carlo (MCMC) methods for sampling from the pos-
terior distribution, focusing on the Metropolis algorithm (Section 4.4.2). Sec-
tions 4.4.3 and 4.4.4 discuss methods to improve convergence and mixing when
using MCMC methods.

Chapters 6 and 7 will detail the construction of a deterministic influenza viral
dynamics model by extending upon the TIV model. In Chapter 10, equations are
derived for the extinction probability for a stochastic version of the model in Sec-
tion 6.2, where the immune response is time-dependent. The derived equations

45



46 Chapter 4. Mathematical and statistical background

will be used to show that the extinction probability depends on the interval be-
tween exposures, as observed experimentally. The simulation estimation study
in Chapters 8 and 9 will use MCMC methods to fit the model to synthetic data,
then determine how best to extract information about the role of each immune
component in controlling infection.

4.2 Stochastic and deterministic models for viral dynamics

4.2.1 Continuous-time Markov chain models

Definitions

A CTMC is a process {X(t) : t ∈ R+ ∪ {0}} which takes values on a set of states,
collectively known as the state space Ω. The states in this thesis take integer vector
values, such that X ∈ (Z+ ∪ {0})J ; the state vector x = [x1, . . . , xJ ] denotes the
number of individuals of types (compartments) 1 to J .

We define P (X(s) = x) to be the probability that at time s, the CTMC is in
state x. A CTMC possesses the Markov property (memoryless property), where
the probability distribution of future states only depends on the current state,
formally stated as

P (X(t+ s) = y|X(u) : 0 ≤ u ≤ s) = P (X(t+ s) = y|X(s)) ∀ s, t ≥ 0,y ∈ Ω.

(4.1)
In order for the Markov property to be satisfied, all holding times in each state are
exponentially distributed [177].

A time-homogeneous Markov chain is one where the transition probability
from a state x at time s to state y at time t + s is the same for all s. This property
is formally stated as

P (X(t+ s) = y|X(s) = x) = P (X(t) = y|X(0) = x) ∀ s, t ≥ 0,x,y ∈ Ω. (4.2)

Under minimal conditions which are satisfied for all of the CTMCs in this
thesis, the evolution of the probability mass function (when the state space is dis-
crete) or the probability density function (when the state space is continuous) of
the CTMC can be described using Kolmogorov equations, which take a forward
and backward form [177]. Here, the backward Kolmogorov equations are given
as they are more relevant to the extinction probability calculations to be detailed
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shortly. For a time-homogeneous Markov chain, the backward Kolmogorov equa-
tion is

dP (X(t+ s) = y|X(s) = x)

dt
=
∑

z∈Ω

q(x, z)P (X(t+ s) = y|X(s) = z) where

(4.3a)

q(x, z) =





limt→0
P (X(t+s)=z|X(s)=x)

t if x 6= z

−∑y∈Ω\{x} q(x,y) if x = z.
(4.3b)

Intuitively, q(x, z) for when x 6= z is the rate at which transitions from state x to
state z occur, while −q(x,x) is the total rate at which transitions out of the state x

occur.
For example, the TIV model, as introduced in Chapter 3, can be described as

a time-homogeneous CTMC {X(t)} which takes values (T, I, V ) from the three-
dimensional lattice

Ω =
{

[T, I, V ] ∈ (Z+ ∪ {0})3 : T + I ≤ T (0) + I(0)
}
, (4.4)

where T , I , and V are the numbers of target cells, infected cells and virions re-
spectively, which take non-negative values only. The state space Ω is discrete and
three-dimensional, where the total number of cells is bounded from above but the
number of virions is unbounded from above. The transitions in the CTMC are

[T, I, V ]
βTV→ [T − 1, I + 1, V − 1] (virion infects cell), (4.5a)
δII→ [T, I − 1, V ] (death of infected cell), (4.5b)
pV I→ [T, I, V + 1] (production of virion), (4.5c)
δV V→ [T, I, V − 1] (death of virion), (4.5d)

where the mean time for a given transition to occur, conditioning on its occur-
rence, is the inverse of the rate indicated above its arrow. In other words,

q(x,y) =





βx1x3 if y = x + [−1, 1,−1]

δIx2 if y = x + [0,−1, 0]

pV x2 if y = x + [0, 0, 1]

δV x3 if y = x + [0, 0,−1]

−(βx1x3 + δIx2 + pV x2 + δV x3) if y = x

0 otherwise,

(4.6a)
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where y = x+ z denotes that the state y takes the sum of the vector values of the
states x and z.

Simulating a time-homogeneous CTMC

Trajectories for a time-homogeneous CTMC can be simulated using the direct al-
gorithm popularised by Gillespie [74], but first used for epidemic modelling by
Bartlett [10]. Given a current state x, the rate at which the next transition oc-
curs, rtot, is the sum of the rates for all of the transitions from state x, so the
time to the next transition is sampled from an exponential distribution with mean
1/rtot. Once the time at which the next transition occurs is determined, the specific
transition which occurs is determined by sampling from a uniform distribution,
where each transition occurs with a probability proportional to its rate. Equiv-
alently, trajectories can be simulated using the first reaction method [74], which
yields the same result but is less computationally efficient.

The computing time of the direct method scales linearly with the initial num-
ber of target cells, making it infeasible for realistic numbers of cells in vivo (of
order 108 for the experiments in this thesis). More efficient methods, such as the
family of tau-leap methods (reviewed by Gillespie [75]), have been developed to
increase simulation efficiency at the expense of some accuracy. In these models, a
small time interval is chosen such that the number of times each transition occurs
in this interval is drawn from a Poisson distribution with a mean equal to the ex-
pected number of transitions during that interval (the length of the time interval
multiplied by the transition rate). The simulation is then advanced along many
such time intervals.

More precisely, we define the state vector xi at time step i to be an 1×n vector.
The stoichiometric matrix A is anm×nmatrix, wherem is the number of different
transitions; each row corresponds to a single transition, and contains the change
in the state vector if that transition were to occur. The propensity function a(x)

returns a m× 1 vector which contains the rate of each transition given the current
state x, that is, the concatenation of q(x,y) for all y where q(x,y) > 0. For the TIV
model, these definitions lead to

xi = [Ti, Ii, Vi], (4.7a)

A =




−1 1 −1

0 −1 0

0 0 1

0 0 −1



, (4.7b)

a(x) =
[
βTV δII pV I δV V

]T
. (4.7c)
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Pseudocode for the basic tau-leap algorithm [73], in the style of MATLAB
code, is then as follows:

1 initialise state vector x0 and time scalar t0;
2 initialise i = 1;
3 while end condition not reached do
4 calculate transition rates r = a(xi−1);
5 for j = 1:m do
6 sample bj (the number of times each transition j occurs in time ∆t)

from a Poisson distribution with mean rj∆t;

7 end
8 set xi = xi−1 + bA;
9 set ti = ti−1 + ∆t;

10 set i = i+ 1;

11 end

Algorithm 1: Tau leap algorithm
The end condition can be time-based, that is, a timespan for which to run the

simulation; or it can be based on reaching a given state, such as an absorbing state
(to be defined in the next section).

∆t is fixed a priori for the most basic tau-leap algorithm. The time step should
be small enough that the rate at which transitions occur remains approximately
constant during the time step. More precisely, the change in each component of
the propensity function should be smaller than a fraction ε of the total transition
rate [76]:

∆aj(x) ≤ ε
m∑

i=1

ai(x), j = 1, . . . ,m, (4.8)

where ε is a tuning parameter which can take values between 0 and 1. The larger
the time step (the larger the ε), the higher the efficiency, at the expense of accu-
racy. Conditions on the maximum time step ∆t satisfying Eq. 4.8 are derived by
Gillespie et al. [76]. In Chapter 10, the time step is chosen such that the quan-
tity of interest, the extinction probability, remains constant when the step size is
decreased.

Simulations of CTMCs are often used in contexts where the state vector x de-
notes the number of individuals of each type. When using the tau-leap algo-
rithm, it is possible for the number of a given type to drop below zero, as the
Poisson random variable is unbounded. The probability of negative numbers of
a type occurring can be reduced by decreasing the time step; however, there will
always be some non-zero probability that this occurs. In the simulations in Chap-
ter 10, after each time step, the number of the type is set to zero for any type
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whose number has dropped below zero. More sophisticated methods to incorpo-
rate non-negativity include binomial tau-leaping methods where the number of
transitions occurring in each time step is sampled from a binomial distribution
rather than a Poisson distribution [38, 203]; and hybrid methods which simulate
reactions likely to bring type numbers to below zero using the direct algorithm,
and other reactions using the tau-leap algorithm [32]. While these algorithms are
in principle more appropriate, for the purposes of the calculations performed in
this thesis, they are not required.

Absorbing states of a CTMC

An absorbing state is a state where once the CTMC arrives in that state, it cannot
leave [177]; that is, w ∈ Ω is an absorbing state if

P (X(t+ s) = w|X(s) = w) = 1 ∀s, t ≥ 0. (4.9)

The absorbing states of the TIV model satisfy I = V = 0. Absorbing states in
viral dynamics models are of interest because they correspond to extinction of the
infection.

We will assume that the CTMC only has one absorbing state w. Then, if the
state space is finite, the CTMC reaches the absorbing state w with probability 1;
if the state space is infinite, for some CTMCs there is some probability that the
absorbing state is never reached.

The probability that a time-homogeneous CTMC reaches the absorbing state
w starting from the state x is limt→∞ P (X(t + s) = w|X(s) = x) := ε(x). We
take the limit of Eq. 4.3 as t → ∞, set the final state y = w, and substitute
limt→∞ P (X(t + s) = w|X(s) = x) = ε(x), to obtain a system of equations for
ε(x):

dε(x)

dt
=
∑

z∈Ω

[q(x, z)ε(z)] . (4.10)

For a time-homogeneous CTMC, ε(x) is time-independent, so the left-hand side
of Eq.4.10 can be set to 0. We can then separate out the terms where x = z and
x 6= z to yield

−q(x,x)ε(x) = −
∑

y∈Ω\x

q(x,y)ε(x) =
∑

z∈Ω\x

[q(x, z)ε(z)] . (4.11)

We denote the probability that, given that the CTMC is in state x, the next
transition is to state z by

p(x, z) :=
q(x, z)∑

y∈Ω\x q(x,y)
, (4.12)
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where x 6= z.
By dividing Eq. 4.11 by

∑
y∈Ω\x q(x,y) and substituting Eq. 4.12, we obtain

the set of algebraic equations

ε(x) =
∑

z∈Ω\x

[p(x, z)ε(z)] . (4.13)

Branching processes

A Markovian branching process is a Markov chain where the state vector x =

[x1, . . . , xJ ] denotes the number of individuals of types 1 to J in a population,
and each individual behaves independently of all other individuals. Each indi-
vidual has a lifetime during which they produce progeny. Formally, the follow-
ing requirements must be satisfied, in addition to the requirements for a Markov
chain [6]:

• the lifetime of each individual is independent of the lifetimes of all other in-
dividuals, as well as the times at which these individuals produce progeny;

• the times at which each individual produces progeny are independent of
the lifetimes of all other individuals, as well as the times at which these
individuals produce progeny;

• the lifetimes of individuals of type j are identically distributed for all j =

1, . . . , J ; and

• the times at which individuals of type j produce individuals of type k are
identically distributed for all j = 1, . . . , J , k = 1, . . . , J .

If a time-homogeneous CTMC is a branching process, the only absorbing state
is 0, and the probability of reaching this absorbing state from state x is identifiable
as ε(x) from the previous section; this probability is referred to as the extinction
probability. The extinction probabilities satisfy the property

ε(x) =
J∏

j=1

ε
xj
j , (4.14)

where εj denotes the extinction probability of a branching process starting with
one individual of type j, and xj is the value of the jth entry of x [162]. In other
words, the extinction probability from a given state is the product of the extinction
probabilities from each of the constituents of that state. This relationship reduces
Eq. 4.13 to J equations:

εj =
∑

z∈Ω\ej

[
p(ej , z)

(
J∏

k=1

εzkk

)]
. (4.15)
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In these equations, ej is the jth standard basis vector in state space, that is, the
state where there is one individual of type j only. Equation 4.15 is recognisable as
the fixed-point equation ε = P(ε), where ε = [ε1, . . . , εJ ] and P(ε) is the proba-
bility generating function of the offspring distribution [89].

The extinction probabilities are the minimal non-negative solutions to Eq. 4.15.
For the models in this thesis, the summation in Eq. 4.15 involves only a small
number of terms, as each state can only directly transition to a small number of
other states.

The extinction probability of a time-inhomogeneous CTMC

In the previous section, we derived equations to calculate the extinction probabil-
ity for a time-homogeneous CTMC. In this section, we will derive the equivalent
calculations for a time-inhomogeneous CTMC.

The backward Kolmogorov equations for a time-inhomogeneous CTMC are [62]

∂P (X(t) = y|X(s) = x)

∂s
= −

∑

z∈Ω

q(x, z, s)P (X(t) = y|X(s) = z) where

(4.16a)

q(x, z, s) =





limt→0
P (X(t+s)=z|X(s)=x)

t if x 6= z

−∑y∈Ω\{x} q(x,y, s) if x = z.
(4.16b)

Once again, we will assume that the CTMC only has one absorbing state w.
The probability that a time-inhomogeneous CTMC reaches the absorbing state w

starting from the state x at time s is limt→∞ P (X(t) = w|X(s) = x) := ε(x, s).
We take the limit of Eq. 4.16 as t → ∞, set the final state y = w, and substitute
limt→∞ P (X(t) = w|X(s) = x) = ε(x, s), to obtain a system of equations for
ε(x, s):

dε(x, s)

ds
= −

∑

z∈Ω

q(x, z, s)ε(z). (4.17)

If a time-inhomogeneous CTMC is a branching process, the extinction proba-
bilities satisfy the property

ε(x, s) =

J∏

j=1

εj(s)
xj , (4.18)

where εj(s) denotes the extinction probability of a branching process starting with
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one individual of type j at time s, and xj is the value of the jth entry of x. Substi-
tuting Eq. 4.18 into Eq. 4.17 yields

dεj(s)

ds
= −

∑

z∈Ω

[
q(ej , z, s)

J∏

k=1

εk(s)
zk

]
. (4.19)

In Chapter 10, Eqs. 4.19 and 4.15 will be used to calculate the extinction prob-
ability of viral dynamics models with and without a time-dependent immune
response.

4.2.2 Ordinary differential equation model

When the number of individuals of each type is large, a CTMC can be approxi-
mated by a stochastic differential equation (SDE), as reviewed by Allen et al. [5].
The mean field dynamics are then obtained by omitting the stochastic term in the
SDE to obtain an ordinary differential equation (ODE).

The final state of a CTMC starting from state x after an elapsed time ∆t is

x(t+ ∆t) = x(t) + ∆x where (4.20a)

∆x :=
m∑

i=1

ri∆t. (4.20b)

We define the Poisson random variable vi to be the change in x during time ∆t

due to transition i (for example, the four transitions for the TIV model are listed
in Eq. 4.6). In Section 4.2.1, we defined Aij to be the change in compartment j
due to transition i and ai(x) to be the rate at which transition i occurs given the
current state x; we now relate these to vi.

The expected value of the jth component of vi is

E(vij) = Aijai(x)∆t, (4.21a)

and the variance is

Var(vij) = A2
ijai(x)∆t. (4.22a)

If we approximate the Poisson random variables vi using independent normal
random variables, and define ηi

i.i.d.∼ N (0, 1), then we can make the approximation

∆xj =

m∑

i=1

[Aijai(x)] ∆t+
m∑

i=1

[
Aijai(x)1/2η

1/2
i

]
∆t1/2. (4.23)
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If we define the drift vector f(x) and the diffusion matrix G(x) to be

fj(x) = Aijai(x), (4.24a)

Gij(x) = Aijai(x)1/2 (4.24b)

respectively, then as ∆t→ 0, Eq. 4.23 converges to the SDE model

dx(t) = f(x)dt+ G(x)dW(t) (4.25)

where W(t) = [W1(t), . . . ,Wm(t)]T is a vector of m independent Wiener pro-
cesses.

For the TIV model,

f(x) =




−βTV
βTV − δII

pV I − δV V − βTV


 (4.26a)

G(x) =



−(βTV )1/2 0 0 0

(βTV )1/2 −(δII)1/2 0 0

−(βTV )1/2 0 (pV I)1/2 −(δV V )1/2


 . (4.26b)

The mean field dynamics for the SDE model are obtained simply by replacing
the vector W(t) with the zero vector, leaving the ODEs

dx

dt
= f(x). (4.27)

For the TIV model, this replacement yields

dT

dt
= −βTV, (4.28a)

dI

dt
= βTV − δII, (4.28b)

dV

dt
= pV I − (δV + βT )V, (4.28c)

identical to Eq. 3.1.
In Chapters 6 and 7, ODEs are solved using the ode15s solver provided by

MATLAB R2014b [131], which is a variable order method used to solve stiff differ-
ential equations. (Although Eq. 4.28 is not a stiff equation, including the immune
response results in stiff differential equations.) In Chapters 8 and 9, to increase the
efficiency of solving the ODEs for model fitting, the CVODEs wrapper for MAT-
LAB [207] is used, which precompiles the files required to solve the ODEs. The
wrapper uses the CVODE solvers developed by Cohen et al. [43]. Of the available
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solvers, a backward differentiation formula method in variable order, variable
step, fixed leading coefficient form is chosen.

An advantage of ODE models is that they are computationally efficient to
solve, and more amenable to analysis. Hence, differential equation models for
influenza viral dynamics are used in Chapters 6 and 7. Moreover, due to the diffi-
culty in evaluating the likelihood function (defined in Section 4.4.1) for a stochas-
tic model, the simulation estimation study in Chapters 8 and 9 will also use a
deterministic model for viral dynamics.

The mean field dynamics may not capture the full behaviour of a stochastic
model, such as when the number of individuals in each compartment is small.
For viral dynamics models in particular, deterministic models do not capture the
process of extinction — because each compartment is modelled continuously, the
number of infected cells and virions can become arbitrary small without reaching
zero.

In the simulation estimation study, extinction is enforced by defining an in-
fection to have resolved if both the number of infected cells and virions is be-
low a threshold. We set this threshold to 0.1. On the other hand, the prob-
lem of interest in Chapter 10 is how the extinction probability varies with the
time between exposures, so either time-homogeneous CTMC models or coupled
stochastic-deterministic models can be used, as discussed in the next section.

4.2.3 Coupled stochastic and deterministic models

In some situations, it may be desirable to model some compartments in the model
stochastically, and some compartments deterministically. One situation is when
some compartments are auxiliary to the outcomes of interest. For example, the
viral load may be of more interest than compartments encapsulating the immune
response. If it is hypothesised that stochasticity in these auxiliary compartments
does not influence the dynamics of interest, they can be modelled deterministi-
cally.

In Chapter 10 and Appendix F, to evaluate the extinction probability of the
infection, stochastic dynamics are used for the virion and infected cell compart-
ments. However, it is hypothesised that stochastic dynamics in the immune com-
partments do not have a large effect on the dynamics of infected cells and virions.
Therefore, the immune compartments are modelled deterministically.

In Appendix F, the coupled stochastic and deterministic equations are simu-
lated using a method similar to that introduced by Haseltine et al. [90]; the al-
gorithm is fully detailed in the supplementary material by Cao et al. [31]. Chap-
ter 10 examines a special case where the deterministic compartments influence
the dynamics of the stochastic compartments, but not vice-versa. The stochas-
tic compartments can then be treated as a time-inhomogeneous CTMC, i.e. one
where the rate of each reaction is time-dependent (through its dependence on the



56 Chapter 4. Mathematical and statistical background

states of the deterministic compartments). A time-inhomogeneous CTMC can be
simulated using a modified tau-leap algorithm:

1 initialise the stochastic states x0, deterministic states z0 and time scalar t0;
2 initialise i = 1;
3 while end condition not reached do
4 calculate reaction rates for the stochastic transitions r = a(xi−1, zi−1);
5 for j = 1:m do
6 sample bj (the number of times each stochastic transition j occurs

in time ∆t) from a Poisson distribution with mean rj∆t;

7 end
8 set xi = xi−1 + bA;
9 set zi by integrating the ODEs dz

dt = c(z, t) for time ∆t starting from
the state zi−1;

10 set ti = ti−1 + ∆t;
11 set i = i+ 1;

12 end

Algorithm 2: Tau leap algorithm for a time-inhomogeneous CTMC where
the rate of each reaction for the stochastic model is a function of the val-
ues of deterministic compartments; in turn, the values of the deterministic
compartments are the solution to a set of ODEs dz/dt = c(z, t). A and
a are as defined in Section 4.2.1, except a is now a function of both the
deterministic and stochastic components of the state.

4.3 Important quantities in viral dynamics models

This section demonstrates how to calculate three basic quantities in viral dynam-
ics models: the basic reproduction number R0, the effective reproduction number
Re, and the initial viral growth rate r, also known as the Malthusian parameter.

The basic reproduction number R0 is the mean number of secondary infec-
tious individuals due to a single infectious individual in a completely susceptible
population. In population-level studies, R0 indicates the degree of intervention
required to control an epidemic; the total number of individuals ever infected is
also a function ofR0 [52]. In the context of the TIV model, where there are both in-
fected cells and virions, R0 is either the mean number of secondary infected cells
due to (the virions produced by) a single infected cell, or the mean number of sec-
ondary virions produced by an initial virion through the possibility of infecting a
cell. (The two definitions yield the same value.)

The basic reproduction number is a bifurcation parameter for the deterministic
TIV model, and for all models building on the TIV model in this study. In a
deterministic model, if R0 > 1, the infection becomes established (the viral load
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Figure 4.1: Viral load trajectories for the (a) deterministic and (b)
stochastic TIV model for R0 = 2 and R0 = 0.8. R0 is varied by
changing pV ; the remaining parameters are β = 5× 10−7 virion−1

day−1, δI = 3 day−1, δV = 20 day−1, T0 = 7 × 107 cells, V0 =
5 virions. For the stochastic model, when R0 = 2, one sample
trajectory where the infection becomes established and one sample
trajectory where the infection fades out during its early stages are

shown.

exponentially increases before decaying and approaching either a disease-free or a
chronic equilibrium); otherwise, the viral load decays, as illustrated in Figure 4.1a.

Moreover, for all stochastic or coupled stochastic-deterministic models in this
study, the branching process approximation can be made during early infection
to calculate the extinction probability during this early stage. When R0 ≤ 1, the
extinction probability according to the branching process approximation is unity,
while if R0 > 1, the extinction probability is less than unity but positive. Fig-
ure 4.1b shows, for R0 = 2, one sample trajectory where the infection becomes
established and one sample trajectory where the infection fades out during its
early stages. For R0 = 0.8, a sample trajectory where the infection fades out is
shown.

For the TIV model, the basic reproduction number can be derived from first
principles. The rate at which a virion infects a cell when all cells are susceptible is
βT0, and the decay rate of virions is δV , so the mean number of cells infected by a
virion is βT0/(βT0 + δV ) — the probability that a virion infects a cell rather than
decaying. The rate at which a cell produces virions is pV , and the decay rate of
infected cells is δI , so the mean number of cells infected by a virion is pV /δI (the
difference from the previous expression arises because producing a virion does
not result in the removal of the infected cell). The basic reproduction number is
then the product of these two quantities [12]:

R0 =
βT0pV

(δV + βT0)δI
. (4.29)

The effective reproduction number Re is the equivalent of the basic repro-
duction number when the host is not in a completely susceptible state. We de-
rive Re by substituting time-dependent versions of the infection rate, the pro-
duction rate of virions, and the decay rates of infected cells and virions for the
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time-independent versions in R0. The time dependency in these quantities arises
due to target cell depletion and/or the immune response. For the TIV model, Re
is derived simply by replacing the initial number of target cells by the number of
target cells at a given time:

Re(t) =
βT (t)pV

(βT (t) + δV )δI
. (4.30)

As the viral load exponentially increases, the number of target cells decreases
such that the effective reproduction number drops below 1. At this point, one
virion produces fewer than one secondary virion, so the viral load decays and
the infection resolves. For models including the immune response, Re may drop
below 1 due to the immune response rather than target cell depletion; the immune
response then drives resolution of the infection.

Although R0 dictates the number of secondary virions produced by a single
virion, it does not dictate the rate at which replication occurs. The initial growth
phase of the viral load trajectory can be approximated by

V = V0 exp(rt), (4.31)

where r is the Malthusian parameter. Arenas et al. [7] has shown using a simula-
tion estimation study that this parameter is well estimated even when only viral
load data is available.

To derive r, we linearise the TIV model ODEs (Eq. 4.28) around the disease-
free equilibrium [T0, 0, 0] [121, 156], resulting in

dI

dt
= βT0V − δII, (4.32a)

dV

dt
= pV I − (δV + βT0)V. (4.32b)

To obtain r we find the positive eigenvalue for these equations, which is the
positive solution of the characteristic equation

∣∣∣∣∣
−δI − λ βT0

pV −(βT0 + δV )− λ

∣∣∣∣∣ = 0, (4.33)

such that

r = −δV + βT0 + δI
2

+

√
(δI − δV − βT0)2 + 4βT0pV

2
. (4.34)

As the influenza virus can cause a productive infection within the host, R0 is
assumed to be greater than 1 throughout the study. In Chapter 8, the model will
be reparameterised in terms of R0 and r before it is fitted to synthetic data.
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4.4 Fitting a model to data

4.4.1 Bayesian statistics

This study will use a Bayesian approach to fit models to data, as such an approach
incorporates prior information about parameters into the estimation process.

In Bayesian statistics, parameter estimates are described using the joint pos-
terior distribution of the parameters, which is the probability density function of
parameter values given the data.

More precisely, p(y,θ), the joint probability distribution of a given set of data
y and parameter values θ, is given by the product of the probability of the data
given the parameters, p(y|θ), and the prior distribution of parameter values, p(θ).
p(y|θ) is also known as the likelihood function for the variable θ, where y is con-
sidered to be fixed. Notation in this section is taken from Gelman et al. [68]. Con-
ditioning on the observed data y gives an expression for the probability of the
parameter values given the data, also known as the posterior distribution:

p(θ|y) =
p(θ,y)

p(y)
=
p(θ)p(y|θ)

p(y)
. (4.35)

Because the denominator on the right-hand side of Eq. 4.35 does not depend
on θ, the unnormalised posterior density function can be obtained:

p(θ|y) ∝ p(θ)p(y|θ). (4.36)

Sampling from the normalised and unnormalised posterior distributions is equiv-
alent.

The prior distribution is an estimate of the probability distribution of the pa-
rameters before examining the data. For example, the prior distribution may be
chosen to include parameter estimates from previous studies. In the absence of
prior information, an uninformative distribution, such as a uniform distribution,
can be used. On the other hand, unless there is a specific reason to choose a tight
prior distribution, the data should be the main influence on the posterior distri-
bution.

The probability of obtaining a given set of data for a set of parameter values
is specified by the likelihood function. In this study, the likelihood function com-
bines a deterministic viral dynamics model, which maps parameter values to the
true viral load at a given time, and an observation model, which accounts for
measurement noise and maps the true viral load to the probability of measuring
a given viral load. The posterior distribution is then the result of combining the
prior distribution and the likelihood function to infer information about model
parameters.



60 Chapter 4. Mathematical and statistical background

In many applications, it is useful to make predictions using a fitted model.
The distribution of predictions for a quantity z, given the data y, is known as the
posterior predictive distribution. It is given by

p(z|y) =

∫
p(z|θ)p(θ|y)dθ, (4.37)

where the integral is taken over the entire parameter space. Note that z can simply
be another replicate of data from the same model, in which case it has the same
form as y, but more broadly it can be any quantity which can be predicted using
the values for θ. An example of the former would be fitting a viral dynamics
model to viral load data from infection in one host, then predicting the viral load
for another replicate of the experiment, assuming identical host parameters and
initial conditions. An example of the latter would be using the parameter values
to instead predict the time course of the number of infected cells in that host.

4.4.2 Sampling from the posterior distribution

In this study, the posterior distribution is analytically intractable, but samples can
be drawn from the posterior distribution, which only requires computation of the
prior distribution p(θ) and likelihood function p(y|θ) for any given value of θ.

MCMC methods are a class of methods to draw samples from a target distri-
bution. One application in Bayesian statistics is sampling from a posterior dis-
tribution. In these methods, a Markov chain is specified such that if the states of
successive steps in the Markov chain are interpreted as draws from a distribution,
that distribution eventually converges to the target distribution [24, 68].

One of the most basic MCMC algorithms is the Metropolis algorithm [136,
137]. A random walk is taken through parameter space, with each step proposed
according to a proposal distribution. The proposed step is accepted or rejected
according to the ratio between the posterior densities of the new and original
positions. If the proposed step is accepted, the proposed position becomes the
new state of the chain; if rejected, the chain stays at its current position. In either
case, the position of the chain after each step is taken as a sample from the chain.
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The following pseudocode illustrates this algorithm.

1 sample starting point in parameter space θ0 from the starting distribution
p0(θ);

2 for i = 1 : n // n is the number of MCMC iterations

3 do
4 sample a proposal θ∗ from the proposal distribution Ji(θ∗|θi−1);
5 calculate the ratio between the posterior densities of the proposed and

original parameter values, r = p(θ∗|y)
p(θi−1|y) ;

6 set θi =




θ∗ with probability min(r, 1)

θi−1 otherwise
;

7 end

Algorithm 3: Metropolis algorithm
Note that as the number of parameters increases, the unnormalised posterior

density becomes extremely small, so for computational accuracy, the log likeli-
hoods rather than the likelihoods are evaluated, such that r = exp [log p(θ∗|y)− log p(θi−1|y)].

The Metropolis algorithm can be embedded within a Gibbs sampler struc-
ture [71], where each parameter is updated in turn according to the univariate
proposal distributions Jij , where j = 1, . . . ,m and m is the number of parame-
ters.

The algorithm then becomes

1 sample starting point in parameter space θ0 from the starting distribution
p0(θ);

2 set θcurr = θ0;
3 for i = 1 : n // n is the number of MCMC iterations

4 do
5 for j = 1 : m // m is the number of parameters

6 do
7 set θ∗ = θcurr;
8 sample the jth component of θ∗ from the proposal distribution

Jij(θ
∗
j |θcurr,j);

9 calculate the ratio between the posterior densities of the proposed
and original parameter values, r = p(θ∗|y)

p(θcurr|y) ;

10 set θcurr = θ∗ with probability min(r, 1);

11 end
12 set θi = θcurr;

13 end

Algorithm 4: Metropolis algorithm embedded in a Gibbs sampler
The Metropolis algorithm requires the specification of a starting distribution,

a proposal distribution, and the number of iterations for which to run the al-
gorithm. There are no formal requirements for the starting distribution; for the
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Metropolis algorithm (but not for some other MCMC algorithms), the proposal
distribution must be symmetric, such that Ji(θa|θb) = Ji(θb|θa)∀θa,θb, i. More-
over, it must be constructed such that all states of the Markov chain can be reached
with non-zero probability.

Note that although the proposal distribution can depend on the iteration num-
ber i, in this study, the proposal distribution as a function of the current position
is chosen to be constant across all iterations. Regardless of the choice of start-
ing and proposal distributions, the chain will eventually converge to the target
distribution, but an appropriate choice of these distributions will aid in improv-
ing the efficiency of the algorithm and determining when convergence occurs, as
discussed in the next section.

4.4.3 Mixing and convergence

When running an MCMC algorithm, the number of iterations must be large enough
that the chain converges to the target distribution. Moreover, because samples
from the chain are generated from a random walk procedure, they are correlated,
such that the number of independent samples, referred to as the effective sample
size, is fewer than the total number of computed samples. Hence, the number of
iterations must be large enough to ensure a large effective sample size. An ap-
propriate choice of starting and proposal distributions enables efficient mixing —
decreasing the number of iterations required for convergence and to reach a large
effective sample size — as well as assessment of convergence.

To assess convergence, three chains are run in parallel using different starting
parameter values θ0 drawn from a starting distribution which is overdispersed
with respect to the posterior distribution. In this study, the prior distribution is
used as the starting distribution, with minimal additional constraints to increase
computational efficiency, as detailed in Section 8.3.4.

First, the trace plots of the log likelihood for each chain are examined to ensure
that they converge to a similar value. Then, the potential scale reduction factor
(PSRF) [70] for the parameters is calculated using the gelman.diag function in
the coda package version 0.18-1 [168] in R version 3.3.2 [170].

The PSRF compares the between- and within-chain variances of scalar esti-
mated quantities of interest when more than one MCMC chain is run in parallel;
these estimated quantities are known as estimands. In this study, for the purposes
of assessing convergence, the parameters are regarded as the scalar estimands of
interest, although this approach can also be applied to summary statistics and
model predictions.

For each scalar estimand, we label the draw from each iteration and each chain
as φij where i = 1, . . . , n is the iteration number and j = 1, . . . ,m is the chain
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number. The between- and within-chain variances (B and W respectively) are
then

B =
n

m− 1

m∑

j=1

(φ̄·j − φ̄··)2, where φ̄·j =
1

n

n∑

i=1

φij , φ̄·· =
1

m

m∑

j=1

φ̄·j ,

(4.38a)

W =
1

m

m∑

j=1

s2
j , where s2

j =
1

n− 1

n∑

i=1

(φij − φ̄·j)2. (4.38b)

We would like to estimate the variance of the scalar estimand give the data,
var(φ|y). A weighted average of W and B,

ˆvar+(φ|y) =
n− 1

n
W +

1

n
B, (4.39)

gives an overestimate of var(φ|y) (assuming that the starting distribution is overdis-
persed with regard to the target distribution), while W gives an underestimate
(because each chain has not had time to explore the target distribution). How-
ever, both quantities approach var(φ|y) as n→∞.

Hence, the ratio

R̂ =

√
ˆvar+(φ|y)

W
(4.40)

approaches 1 as n→∞. We define R̂ to be the potential scale reduction factor —
how much the scale of the current distribution of φ could be reduced by further
sampling. Gelman et al. [68] recommend that the PSRF be below 1.1 for all scalar
estimands of interest. Note that convergence tests such as the PSRF cannot guar-
antee that draws from MCMC chains have converged to the target distribution.
For example, if there are regions in the target distribution which are difficult to
reach, the PSRF may indicate convergence even though none of the chains have
reached these regions.

As early iterations in each MCMC chain are influenced by the starting distri-
bution, they are discarded; this practice is known as burn-in. Gelman et al. [68]
recommend discarding the first half of a given MCMC chain. The procedure for
determining the number of iterations for which to run the chains is then as fol-
lows.

The three MCMC chains are truncated at k iterations, starting at k = 104. The
first half of the chains are discarded as burn-in, and the 95% confidence interval
for the PSRF for each parameter is calculated. If the upper bound of the 95% confi-
dence interval for the PSRF is below 1.1 for all parameters, the chains are declared
to have converged, and the process ends. All iterations of the three chains from
k/2 + 1 onwards are then taken as draws from the joint posterior distribution.
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Otherwise, k is increased by 104, and the process is repeated (with the original
chains starting from the end of the calibrating stage). If the full number of itera-
tions in the chain is reached and convergence still has not occurred, the chains are
run for more iterations.

Once convergence is reached, the effective sample size is calculated for each
chain (using the iterations which are kept following the burn-in process) using
the effectiveSize function in the coda [168] package in R [170].

There are multiple definitions of the effective sample size; the one imple-
mented by the effectiveSize function is

neff =
n

τa
, (4.41)

where n is the number of steps in the MCMC chain and τa is the autocorrelation
time (the spectral frequency of a chain of values for the MCMC chain at frequency
zero, divided by the variance of the values). The effectiveSize function esti-
mates the spectral frequency at frequency zero by fitting an autoregression func-
tion to a chain of values, using the spectrum0.ar function in the coda package.
The effective sample size when multiple independent MCMC chains are run in
parallel is then simply the sum of the effective sample sizes of each of the chains.

The marginal posterior distributions in this study are plotted as histograms
using all samples from the MCMC chains (after burn-in). Although a common
practice is to only keep every ith iteration, known as thinning, this practice de-
creases precision of parameter estimates and its benefit is largely to decrease re-
quired computer storage [124], which we do not lack. However, when using the
joint posterior distribution to make predictions, we use 104 parameter sets corre-
sponding to uniformly spaced iterations in each of the chains, because solving the
model equations is computationally intensive.

For efficient mixing, the proposal distributions should be tuned such that the
proportion of accepted proposals is not too low or too high. To implement this
tuning, a calibration period is introduced where the widths of the proposal dis-
tributions are adjusted. Initially, the proposal distribution for each parameter is
set to be a uniform distribution centred at the current value of the parameter, of
width equal to the bounds of the marginal prior distribution for that parameter
(in this thesis, all priors are bounded). During calibration, the proposal distribu-
tion remains centred at the most current value of the parameter; only the width
of each distribution changes. Every 100 iterations, the proportion of acceptance
events during those 100 iterations for each parameter is checked. If the accep-
tance proportion is too low (a threshold is set at 0.3), the width of the proposal
distribution is multiplied by 0.75; if the acceptance proportion is too high (above
0.5), the width of the proposal distribution is multiplied by 1.5. These thresh-
olds are chosen because when each parameter is sampled in turn, for specific
classes of likelihood functions, the optimal acceptance rate has been shown to be
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0.44 [69]. However, we emphasise that tuning the acceptance rate merely enables
convergence to occur within fewer iterations; attaining the optimal acceptance
rate precisely is not essential. The calibration stage lasts for 104 iterations. The
widths of the proposal distributions then stay fixed, and the initial 104 iterations
are discarded.

Parallel tempering

If the target distribution has a number of local maxima, the Metropolis algorithm
does not explore parameter space efficiently. Parallel tempering (as developed
by Geyer [72] and reviewed by Earl et al. [56]), otherwise known as Metropolis
coupled MCMC, is a method which can be applied to the Metropolis algorithm to
improve exploration of parameter space. It involves running multiple chains in
parallel using the Metropolis algorithm, each from a random starting position θ0

drawn from the starting distribution. Each chain is assigned a different ‘tempera-
ture’, with the lowest temperature being 1. (Details on temperature selection will
shortly follow.)

As illustrated in Algorithm 5, when running each chain, the ratio of posterior
densities (r) is exponentiated by the inverse of the temperature for each accep-
tance/rejection step, such that the higher the temperature, the higher the proba-
bility of acceptance when r < 1. The higher acceptance probability enables chains
at higher temperatures to escape from local maxima. The chains are then cou-
pled by an acceptance-rejection step every few iterations, where the position of
each chain in parameter space can be swapped with an adjacent chain (where
the chains are ordered from lowest to highest temperature). Only the successive
states from the chain with the lowest temperature are taken as samples from the
target distribution. In the simulation study conducted in Chapters 8 and 9, the
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number of iterations before testing whether to swap chains will be set to s = 10.

1 initialise c = 0; // c = 0, 1 tracks which chains to swap

2 initialise i = 1; // i is the iteration number

3 for k = 1 : w // w is the number of parallel chains

4 do
5 sample starting point in parameter space θ0,k from the starting

distribution p0(θ);

6 end
7 for u = 1 : n // n× s is the number of MCMC iterations

8 do
9 for v = 1 : s// test to swap chains every s iterations

10 do
11 for k = 1 : w do
12 set θcurr = θi−1,k;
13 for j = 1 : m // m is the number of parameters

14 do
15 set θ∗ = θcurr;
16 sample the jth component of θ∗ from the proposal

distribution Jij(θ∗j |θcurr,j);
17 calculate the ratio between the posterior densities of the

proposed and original parameter values, r = p(θ∗|y)
p(θcurr|y) ;

18 set θcurr = θ∗ with probability min(r1/Tk , 1);

19 end
20 set θi,k = θcurr;

21 end
22 set i = i+ 1;

23 end
24 set k = c+ 1;
25 while k < w do
26 calculate the ratio between the posterior densities of the parameter

values for chains k and k + 1, r =
p(θi,k+1|y)
p(θi,k|y) ;

27 swap θi,k+1 and θi,k with probability min[r(1/Tk−1/Tk+1), 1];
28 set k = k + 2;

29 end
30 set c = 1− c;
31 // alternate between swapping chains 1↔ 2, 3↔ 4, . . .

and swapping chains 2↔ 3, 4↔ 5, . . .

32 end

Algorithm 5: Metropolis algorithm with parallel tempering and embedded
Gibbs sampler
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During the calibration period for the proposal distributions, the temperatures
are also calibrated [115]. For each simulation, w = 7 parallel chains are used, with
temperatures between 1 and 50 evenly spread in log space. Every 100 iterations,
for each pair of chains k, k + 1 for k = 1, . . . , w − 1, the proportion of proposed
swaps during those 100 iterations which were accepted is checked. If the accep-
tance proportion is too low (below 0.1), the difference in temperatures Tk and
Tk+1 is multiplied by a factor of 0.75 (the temperatures for chains k + 1, . . . , w are
shifted along), and if the acceptance proportion is too high (above 0.4), the differ-
ence in temperatures is multiplied by a factor of 1.5. This procedure is based on
an optimal acceptance proportion of 20–23% [115, 173].

An advantage of parallel tempering is that the chains can be simulated in par-
allel, such that provided sufficient computing resources, conducting parallel tem-
pering comes only at a small loss of computing time per iteration.

4.4.4 Other MCMC algorithms

Although parallel tempering enables the Metropolis algorithm to explore parame-
ter space more efficiently when the posterior distribution has local maxima, when
implemented such that each parameter is sampled in turn, the algorithm is still
forced to take small steps in orthogonal directions in parameter space. This walk
through parameter space is inefficient if the posterior distribution is highly corre-
lated between parameters. The algorithm can be adjusted such that parameters
which are suspected to be highly correlated are sampled jointly, but it is difficult
to determine a priori which of all the possible combinations should be chosen.

Alternatives to the Metropolis algorithm which enable efficient exploration of
the parameter space include the Hamiltonian Monte Carlo algorithm [55] and the
affine invariant MCMC algorithm [77]. If the complexity of the model increases
in future work (such as when inter-host differences in parameter values are in-
cluded), the use of these algorithms may become necessary.

4.5 Summary

In this chapter, I have shown how CTMCs can be used to model viral dynamics.
Methods to simulate CTMCs, and to calculate the extinction probability using
the branching process approximation, have been outlined. In Chapter 10, I will
calculate the extinction probability for the TEIV model (where cells undergo a
latent period after virus entry before they begin to produce virions) with multiple
latent and infectious stages.

I then showed that the mean field dynamics of a CTMC can be expressed as
the solution of a set of ordinary differential equations. In Chapters 6 and 7, ODE
models will be constructed to explain observations of a primary infection protect-
ing against a secondary infection (detailed in Chapter 5), as well as observations
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from experiments where different immune components are inhibited. In Chap-
ter 10, to calculate the extinction probability of an infection when the immune re-
sponse is time-dependent, I will use a coupled model where some compartments
are modelled deterministically and others stochastically.

Next, the basic reproduction number R0, the effective reproduction number
Re, and the initial viral growth rate r were defined. In Chapter 6, I will use the
change in Re over time to understand how each immune component contributes
to the resolution of an infection. In Chapters 8 and 9, the model used for the
simulation estimation study will be reparameterised in terms of R0 and r.

Lastly, MCMC methods to fit a model to data were outlined. I will use these
methods in the simulation study in Chapters 8 and 9.



Chapter 5

Viral interference experiments to
inform model construction: a
statistical analysis

5.1 Introduction

This chapter outlines a study where ferrets are sequentially infected with two
influenza strains either of different types, or different influenza A subtypes, and
the interval between exposures is varied. In the following chapters, observations
from this study will guide the construction of a model reflecting the roles of each
immune component in protecting against subsequent infection. My role in this
study was to conduct a statistical analysis showing how temporary immunity
due to viral interference varies with the strains used and the interval between
exposures. Full details are provided in a peer-reviewed journal article which I
co-authored [120], the manuscript of which is provided as Appendix E.

5.2 Experimental methods

This study is conducted using the ferret model of human influenza. The ferret
is a suitable small-animal model to study human influenza [14] because it can be
readily infected by human influenza strains upon inoculation, whereas for other
animals such as mice, human influenza strains must be adapted in the labora-
tory before they can become infected. Moreover, ferrets exhibit many of the same
symptoms as humans when infected, such as sneezing, fever and weight loss.

As illustrated in Fig. 5.1, the ferrets are sequentially exposed to two different
viruses, with an inter-exposure interval of 1, 3, 5, 7, 10 or 14 days. These inter-
exposure intervals are chosen to correspond to the start (1 day), peak (3 days),
decline (5 days) and resolution (7-14 days) of a primary infection.

The three strains used in the experiment are A/Tasmania/2004/2009 (A[H1N1]-
pdm09), A/Perth/16/2009 (A[H3N2]) and B/Brisbane/1/2007. For each virus

69



70
Chapter 5. Viral interference experiments to inform model construction: a

statistical analysis

Figure 5.1: Illustration of the viral interference experimental pro-
cedure, showing the six different timings of a primary (white
star) and secondary (black star) exposure. The viral load is sam-
pled daily (triangles). Reproduced from Laurie et al. [120] (Ap-

pendix E).

pair (of which, when the order of infection is considered, there are six) and inter-
exposure interval, three ferret replicates are used. In addition, a control experi-
ment is conducted simultaneously, where ferrets are exposed to the second virus
only. Exposure constitutes 103.5 TCID50 of virus in 0.5 mL into the nostrils, where
1 TCID50 unit of virus is defined as the amount of virus required to cause cyto-
pathic effects in 50% of inoculated tissue cultures [171].

After exposure, the ferrets are housed separately; nasal wash samples are
taken daily, and stored as described by Guarnaccia et al. [80]. Each ferret is kept
for nine days after exposure to the second virus. These nasal wash samples are
used to quantify the viral load of the ferret on each experimental day, as well as
the amount of cytokines and chemokines on selected days. This study will focus
on the viral load only; the results on cytokines and chemokines are reported by
Carolan et al. [33].

The concentration of total virus for each strain is quantified in each nasal wash
sample using a real-time RT-PCR assay which measures the total amount of viral
RNA in each sample, as described by Guarnaccia et al. [80]. This measurement
includes both infectious and non-infectious virions, the latter of which arise due
to defects introduced during the viral replication process, as reviewed by Nayak
et al. [150] and Marriott et al. [129]. The detection limit of the RT-PCR assay is 10
copies/100µL.

Moreover, for a subset of the control ferrets, the infectious viral load is quan-
tified using a TCID50 assay. A subset of ferrets is chosen as the cost of this as-
say makes it prohibitive for analysis of all samples. In addition, blood samples
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are taken on the day of challenge with the second virus, and nine days after-
wards. These samples are used to assess seroconversion to each of the strains in
the study. The results of the TCID50 and seroconversion assays are not presented
in this chapter, as only the total viral load will be used during model construction
and fitting.

Ferrets are classified as infected if the viral load exceeds 106 copies/100 µL of
nasal wash for at least 1 measurement; the infection is considered to be prevented
if the viral load is less than 106 copies/100 µL of nasal wash for all measurements.
This definition is used because in the inoculum, an RNA copy number of 106

corresponds to 1 TCID50. Although the actual ratio of total to infectious virus
changes throughout the time course of infection [165], in the absence of TCID50

measurements for all ferrets or a model of how this ratio changes, this heuristic
threshold is used to define summary statistics such as the start time and duration
of infection. We do not imply that infectious virions are absent when the total
viral load is below this threshold. The sensitivity of the qualitative results in this
chapter to the precise threshold chosen remains a topic for future investigation.

All animal experiments summarised here were conducted with appropriate
ethical clearance as described in the publication which presents the data ([120],
Appendix E).

5.3 Results

Figure 5.2 shows the types of qualitative behaviour observed when ferrets are
sequentially infected with two influenza strains. Each type of behaviour is illus-
trated with viral load data from a representative ferret.

Figure 5.2a shows a typical viral load curve for a control ferret infected with a
single virus. The infection lasts for approximately 8 days, and the viral load curve
has two peaks, which is consistent with other studies (such as Baccam et al. [8]).

5.3.1 A primary influenza infection can delay a secondary influenza in-
fection with a different type for short inter-exposure intervals

For short inter-exposure intervals (1–3 days), co-infection can occur (Fig. 5.2b). In
the event of co-infection, the ferret is simultaneously infected with both viruses,
and both infections resolve simultaneously.

However, another type of behaviour can occur when the ferret is exposed to
two influenza strains of different types, for short to medium inter-exposure inter-
vals (1–5 days), where the second infection can be delayed (Fig. 5.2c). In this ex-
ample, the second strain does not emerge from below the infection threshold until
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Figure 5.2: The types of qualitative behaviour observed when fer-
rets are sequentially infected with two influenza strains. Each type
of behaviour is illustrated with viral load data from a representa-
tive ferret. The red circles and blue triangles indicate the viral load
for the first and second virus respectively, with the arrows indi-
cating the time of exposure. The grey area indicates where the
viral load is below the infection threshold defined in Section 5.2;
the dotted line indicates the detection limit of the RT-PCR assay.
Filled markers indicate measurements above the detection thresh-
old, while open markers indicate measurements below the detec-

tion threshold. Adapted from Laurie et al. [120] (Appendix E).
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the first virus falls below this threshold, as if the presence of the first virus sup-
presses infection with the second. Hence, we hypothesise that continued shed-
ding of the primary virus when the host is exposed to the second virus correlates
with temporary immunity.

We perform a statistical analysis using R version 2.15.1 [170] where ferrets suc-
cessfully infected with the second virus are split into two groups: those in which
primary infection persisted following challenge and those in which primary in-
fection subsided and was below the threshold for all days following challenge.
The times from challenge to the start of shedding of the second virus and the
peak of shedding are calculated for each ferret, and the group median values are
determined. The difference in median values between groups is analysed using
the Wilcoxon rank sum test, with the statistical significance level set at α = 0.05.

Figure 5.3a shows that there is a statistically significant difference between the
median times from challenge to the start of shedding of the second virus for the
two groups (P-values indicated in the figure). Depending on the strains used,
this difference ranges from 1–3 days. There is also a statistically significant dif-
ference between the median times from challenge to the peak of shedding of the
second virus (Fig. 5.3b), with the exception of the case where primary A(H3N2)
exposure is followed by influenza B exposure. The lack of statistical significance
in this case may be due to the small number of samples for this virus pair (three
in each group). Depending on the strains used, this difference ranges from 3–6
days. These two results provide evidence that the presence of a primary infection
confers temporary immunity against infection with a different influenza type.

Rather than only comparing the presence or absence of the primary virus at
the time of exposure to the second virus, we can also examine the correlation be-
tween the duration of primary virus shedding after exposure to the second virus
and the start and peak time of shedding of the second virus. This analysis is per-
formed using a linear regression, where the gradient represents the number of
days for which the start/peak of secondary virus shedding is delayed per addi-
tional day of primary virus shedding. The null hypothesis (that there is no cor-
relation between the two quantities) was tested, with the statistical significance
level set at α = 0.05.

When testing the time to the start of secondary virus shedding (Fig. 5.4a),
where infection is with different influenza types, the point estimate for the gra-
dient obtained by the linear regression is positive for all but one virus pair, indi-
cating a positive correlation between continued shedding with the primary virus
and the delay to the start of the second infection. Of these, the results are only
statistically significant for one virus pair (A(H1N1)pdm09 → B), and the gradi-
ent is also the steepest for this virus pair. The variation in results suggests that
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the inter-exposure intervals for which temporary immunity against a second in-
fection arises differs with the strains used. Results are very similar when exam-
ining the time to peak (Fig. 5.4b), although this time the gradient for the B →
A(H1N1)pdm09 is steeper and also statistically significant.
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(a) Time to start (b) Time to peak

Figure 5.3: The presence of the primary virus delays the start and peak
infection time with the secondary virus. The median time from ex-
posure to the second virus to the (a) start and (b) peak of the sec-
ond infection, for (left) ferrets where primary infection persisted
following challenge with the second virus (at least one measure-
ment above the infection threshold), and (right) ferrets where the
primary infection is cleared by the time of challenge with the sec-
ond virus. P-values are shown for the Wilcoxon rank-sum test;
α = 0.05. The horizontal lines indicate the medians of the data

points.
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(a) Time to start
(b) Time to peak

Figure 5.4: The duration for which the primary virus is present after
exposure to the second virus has a linear relationship with the (a) start
(b) peak time of infection with the second virus for certain virus pairs.
The linear regression P-values are shown; α = 0.05. Plotted lines

are lines of best fit for the data points.
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Proportion of ferrets protected, by interval be-
tween primary infection and challenge (days)

Virus pair 1 3 5 7 10 14 control

A(H1N1)pdm09→ B 1/3 2/3 1/3 2/3 0/3 0/3 0/3
B→ A(H1N1)pdm09 0/3 0/3 0/3 0/3 0/3 0/3 0/3
B→ A(H3N2) 0/3 1/3 0/3 0/3 0/3 0/3 0/3
A(H3N2)→ B ND 0/3 ND ND 0/3 ND 0/3
A(H1N1)pdm09→ A(H3N2) 0/3 3/3 3/3 3/3 2/3 0/3 0/6
A(H3N2)→ A(H1N1)pdm09 0/3 0/3 2/3 2/3 0/3 0/3 0/6

Table 5.1: Outcome of the second infection for virus pairs evalu-
ated in the study (number of prevented infections/number of fer-
rets used). ND denotes combinations of inter-exposure intervals
and strains for which experiments were not conducted due to lab-
oratory logistic constraints. Reproduced from Laurie et al. [120]

(Appendix E).

5.3.2 A primary influenza infection can prevent a secondary infection
for short to medium inter-exposure intervals

When exposure is to either two influenza strains of different types, or to two in-
fluenza A strains of different subtypes, for short to medium inter-exposure in-
tervals, the second strain can be prevented from reaching the infection threshold
altogether (Fig. 5.2d). By contrast, all control ferrets are successfully infected, and
all ferrets are also successfully infected with the primary strain. This result indi-
cates that unsuccessful infection events are likely due to interactions between the
primary and secondary infections, and not simply failure of the second exposure
to initiate infection.

Table 5.1 shows that the proportion of ferrets in which infection is prevented
depends on the interval between exposures as well as the strains used.

Note that the outcome of an exposure for a given virus pair and inter-exposure
interval is not always consistent across ferrets. For example, for a one-day inter-
exposure interval, when exposure is to A(H1N1)pdm09 virus followed by in-
fluenza B virus, two out of three ferrets become infected with influenza B while
infection is prevented in the third. Chapter 10 will explore hypotheses for these
differing infection outcomes under identical experimental conditions.

5.3.3 A primary influenza A infection can shorten a secondary influenza
A infection with a different subtype for long inter-exposure inter-
vals

When exposure is to two influenza strains of different types, for long inter-exposure
intervals (10–14 days), the first infection has no effect on the second (Fig. 5.2e). On
the other hand, when exposure is to two influenza A strains of different subtypes,
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Figure 5.5: When infection is with heterologous influenza A strains, for
long inter-exposure intervals, the median duration of a secondary infec-
tion is 5 days shorter than that for control ferrets. The duration of infec-
tion with the second virus for long inter-exposure intervals (10–14
days) when infection is with heterologous influenza A strains is

shown on the left, compared to control ferrets (right).

for long inter-exposure intervals, the second infection is shortened (Fig. 5.2f).
Quantitatively, the median duration of secondary infection is 5 days shorter than
that for control ferrets (Wilcoxon rank sum test, P-values in Fig. 5.5).

5.4 Results of the study to be incorporated into viral dy-
namics models

This chapter has presented the results of an experiment where ferrets are suc-
cessively exposed to two different influenza strains. This experiment is the first
systematic study of temporary immunity due to viral interference between in-
fluenza strains. The results of the study show that the time between exposures
and the strains used determine how a primary infection confers temporary im-
munity against subsequent infection.

These results will inform the construction of a model in the next two chapters.
The two main observations to be incorporated are that:

• when a short time interval separates exposures to different influenza viruses,
the second infection can be delayed; and
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• when a long time interval separates exposures to influenza A viruses of the
same subtype (which are known to have a high degree of cross-reactivity in
the cellular adaptive immune response for humans and mice), the second
infection is shortened.

Based on previous virological and immunological knowledge, we will form
hypotheses regarding the immune components responsible for each of these ob-
servations, and incorporate them into models of viral dynamics to test their via-
bility.

Moreover, the results show that the inter-exposure intervals for which tempo-
rary immunity conferred by a primary infection against a subsequent infection
is observed differ between virus pairs. In Chapter 6, we will use our model to
explore hypotheses for different timings of temporary immunity.

It was also observed that under identical experimental conditions, some fer-
rets become infected with the second virus, while others do not. We hypothesise
that stochasticity in viral dynamics and/or individual variability between hosts
are responsible for these differing infection outcomes. In Chapter 10, it will be
shown that stochasticity in viral dynamics alone can explain how the proportion
of infected hosts varies by inter-exposure interval.





Chapter 6

Constructing a viral dynamics
model to explore the roles of
innate and adaptive immunity

6.1 Introduction

In the previous chapter, we showed that a primary influenza infection can confer
temporary immunity against a subsequent infection. In this chapter, we begin to
construct a viral dynamics model to reproduce these observations. The model will
also be able to qualitatively reproduce experimental results when components of
the immune response are disabled, as reviewed in Chapter 2.

Section 6.2 summarises a study constructing a multi-strain influenza viral dy-
namics model incorporating innate and humoral adaptive immunity. The three
mechanisms of the innate immune response included in the model can each ex-
plain the delay of a subsequent infection by a primary infection at short inter-
exposure intervals. We also propose hypotheses for parameter differences be-
tween strains which lead to differences in the timing of cross-protection between
strain combinations.

The material presented in this section is selected from a peer-reviewed jour-
nal article which I co-authored [31]. I contributed to model construction and the
interpretation of simulation results, as detailed in the Preface. Full details can be
found in the article, which is included as Appendix F.

Section 6.3 outlines a model developed by Pengxing Cao and colleagues in a
study which I co-authored [30]. The study was designed to explore the correla-
tion between the recovery time for a primary infection and the number of CD8+

T cells during infection. Although I did not directly contribute to the construction
of the model presented in this section (my contributions to the study are stated
in the Preface), the model builds upon that which was presented in the previous
section; in turn, the model in Chapter 7, which I did develop, extends and mod-
ifies this model. Importantly, the model includes all three major components of
the immune response (innate, humoral adaptive and cellular adaptive), and can
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reproduce a range of observations from experiments where immune components
are disabled. Hence, I describe the structure of the model, and outline the role of
each immune component in controlling infection in this model, to give context to
the development of the model in Chapter 7. The full publication is included as
Appendix G.

6.2 Incorporating the innate and humoral adaptive immune
responses

Motivated by the results of the experimental study in Chapter 5, we construct a
multi-strain influenza viral dynamics model including innate and humoral adap-
tive immunity. As reviewed in Chapter 2, the innate immune response is antigen-
independent, such that once triggered by one influenza strain, it can protect the
host against an unrelated strain. Furthermore, the amount of type I interferon
reaches its peak about 2 days after exposure to influenza virus [33], making it a
likely candidate for mediating temporary immunity at short inter-exposure inter-
vals. Moreover, the time it takes for type I interferon to build up may explain why
temporary immunity is sometimes not observed for very short inter-exposure in-
tervals.

6.2.1 Model structure
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Figure 6.1: Compartmental diagram of the model, illustrated using
a single influenza strain. Dashed arrows indicate up-regulation
while dashed lines with bars indicate down-regulation. Repro-

duced from Cao et al. [31] (Appendix F).

Figure 6.1 shows a compartmental diagram of the model, illustrated using a
single influenza strain. The model equations are as follows, where Q denotes the
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number of strains (modifications in notation from Cao et al. [31] have been made
for consistency with other models presented in the thesis):

dVq
dt

=
pV qIq

1 + sqF
− δV qVq − κAqVqAq − βqVqT, q = 1, . . . , Q, (6.1a)

dT

dt
= g(T +R)

(
1−

T +R+
∑Q

q=1 Iq

T0

)
−

Q∑

q=1

β′qVqT + ρR− φFT, (6.1b)

dIq
dt

= β′qVqT − δIqIq − κFqIqF, (6.1c)

dR

dt
= φFT − ρR− δRR, (6.1d)

dF

dt
=

Q∑

q=1

pFqIq − δFF, (6.1e)

dBq
dt

= pBqVq(1−Bq)− δBqBq, (6.1f)

dAq
dt

= pAqBq − δAqAq − κV qVqAq. (6.1g)

As per the TIV model (Eq. 3.1), in the absence of an immune response, target
cells T become infected by virions of strain q (Vq) at rate β′q; cells infected with
strain q (Iq) produce virions of the same strain at rate pV q; and infected cells and
virions decay at rates δIq and δV q respectively. Each target cell can only be in-
fected with one virion, such that the strains compete for target cells. Although
the A(H1N1)pdm09 strain used in this experiment can infect both the upper and
lower respiratory tract, while the A(H3N2) strain and the B strain can only infect
the upper respiratory tract [33], we will assume that all viruses share a target cell
pool. Relaxation of this assumption should not change the qualitative results of
the study, as will be discussed in Section 6.2.4.

We assume that infected cell and virion lifetimes are exponentially distributed,
and do not model the latent stage of infected cells before they begin to produce
virions. A simple model for viral replication is chosen because the study focuses
on modelling the immune response; the sensitivity of the study’s conclusions to
these simplifications is the subject of future work.

Note that because virus is measured in arbitrary units in this model, the amount
of virus lost to infect a single target cell, β/β′, is not necessarily equal to 1. (The
model can be rescaled such that β/β′ = 1, as illustrated in the supplementary
material to the journal article [31], but for consistency with the table of model
parameters in the main text of the article, we present the unscaled model.)

In the model, the innate immune response is mediated by type I interferon F ,
which is produced in proportion to the number of infected cells of each strain at
a rate pF , and decays at a rate δF . Three effects of type I interferon are modelled
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(as labelled in Fig. 6.1):

1. Target cells are rendered temporarily resistant to infection. Target cells be-
come resistant cells (R) at a rate proportional to both the number of target
cells and the amount of interferon, with a rate constant φ; resistant cells then
either return to their susceptible state at a rate ρ, or die at a rate δR;

2. the production rate of virions from cells infected with strain q decreases by
the factor 1 + sqF ;

3. the decay rate of cells infected with strain q increases due to clearance by
natural killer cells (an additional term κFqIqF ). Natural killer cells are not
modelled explicitly; rather, their number is assumed to be in proportion to
type I interferon.

In addition, we model the regrowth of target cells as being proportional to
both the number of uninfected cells (T + R) and the proportion of dead cells
(1 − (T + R +

∑Q
q=1 Iq)/T0). The first term models the proliferation of healthy

cells, while the second term imposes a carrying capacity of T0. Modelling the
regrowth of target cells enables their numbers to be restored when a long time
interval separates exposures to two strains.

Strain-specific B cells (Bq) are produced in proportion to the number of virions
of that strain, with a saturation term such that the maximum amount of B cells is 1
uBq and the maximum production rate is pBq (because the number of B cells is not
measured in the experimental study, the units of Bq can be rescaled such that the
maximum amount of B cells is 1 uBq, where uBq is a dimensionless unit). B cells
decay at a rate δBq. They produce strain-specific antibodies at a rate pAq, which
bind to virions and neutralise them in a manner captured by the mass-action term
κAqAqVq. Antibodies decay at a rate δA; by binding to virions, they are also lost at
a rate κV qVq.

A table of all parameters in the model and their values is presented in the
article in Appendix F [31]. Because the scope of this section is to reproduce the
observations in Chapter 5 qualitatively rather than quantitatively, the parameter
values are chosen according to estimates in previous studies.

6.2.2 The three innate immune response mechanisms can each explain
the delay of a subsequent infection by a primary infection

Figure 6.2 shows solutions of the model incorporating the first innate immune
mechanism only (setting sq = κFq = 0) for different inter-exposure intervals, for
the parameters specified in Table 1 and Fig. 7 in Appendix F [31] (note that the
parameters are the same for both viruses). The initial conditions for solving the
ODEs are T (0) = T0, V1(0) = 1 uV (where uV is an arbitrary unit for the viral
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Figure 6.2: Innate immunity rendering target cells temporarily resistant
to infection can explain a delayed second infection. Solutions of the
model incorporating the first innate immune mechanism, for dif-
ferent inter-exposure intervals (indicated below each figure). From
top: the viral load for each of the two strains; the amount of type
I interferon; the number of target and resistant cells; and the ef-
fective reproduction number. All times are relative to the time of
exposure to the second strain. Adapted from Cao et al. [31] (Ap-

pendix F); parameters are as per Fig. 7 in the published article.

load), and zero for all other compartments; at the time of exposure to the second
virus, a jump discontinuity in the amount of the second virus occurs, such that
V2 = 1 uV .

For a very short inter-exposure interval (1 day; Fig. 6.2a), co-infection occurs,
as the viral load for the two strains rises and falls synchronously (top panel). (The
small drop shortly after exposure to each strain arises because there are initially
no infected cells, so the initial entry of virions into target cells causes a brief drop
in the viral load.) The successful establishment of the second infection can be ex-
plained by examining the effective reproduction number Re for the second strain,
which is given by

Re(t) =
β′2T (t) pV 2

1+s2F (t)

[δI2 + κF2F (t)] [β2T (t) + δV 2 + κA2A2(t)]
. (6.2)

If only the first innate immune mechanism is included, this equation reduces
to

Re(t) =
β′2T (t)pV 2

δI2 [β2T (t) + δV 2 + κA2A2(t)]
. (6.3)

Because the innate immune response stimulated by the first virus is not yet
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active at the time of exposure to the second virus (indicated by the vertical dot-
ted line), the amount of type I interferon is low at this time (second panel from
top). Moreover, target cells are yet to be depleted via either infection (T → I) or
protection (T → R) (third panel from top). As a result, the effective reproduc-
tion number of the second strain is above one and close to its initial value at the
time of exposure (fourth panel from top), such that the second strain can replicate
effectively.

On the other hand, for a medium inter-exposure interval (3 days; Fig. 6.2b),
the second virus only grows when the innate immune response from the first in-
fection subsides. This delay occurs because the first infection has stimulated the
production of a large amount of type I interferon by the time of exposure to the
second virus. Interferon then renders a large number of target cells resistant to
infection, decreasing the effective reproduction number to below 1. As one virion
produces fewer than one secondary virion on average, the viral load drops. How-
ever, because target cells only become temporarily resistant to infection, when
the first infection subsides, the amount of interferon drops, and resistant cells re-
turn to their susceptible state; thus, the effective reproduction number increases
to above 1, and infection with the second virus becomes established.

Lastly, for a long inter-exposure interval (14 days; Fig. 6.2c), the second in-
fection is unaffected by the first. The initial growth of the second strain is unin-
hibited because the innate immune response stimulated by the first infection has
subsided by the time of exposure to the second. As a result, target cells have been
replenished, so the effective reproduction number for the second strain is above
one and close to its initial value.

Appendix F shows similar results for models incorporating the second and
third innate immune mechanisms, demonstrating that each proposed mechanism
can independently explain the delay of a second infection by a first [31].

Note that in Fig. 6.2b, the viral load for the second strain temporarily drops
to a very low value shortly after exposure. As the viral load in this figure is mea-
sured in arbitrary units, this low value is not necessarily unphysical. However,
it is possible for the parameter values for the model to be chosen such that the
viral load at the trough corresponds to very few virions. In this situation, the
low numbers of virions may lead to extinction of the infection due to stochastic
fluctuations; this possibility is not captured by a deterministic model. Chapter 10
will revisit this situation using a hybrid stochastic-deterministic model, and show
that the extinction probability due to early infection is highest for medium inter-
exposure intervals.
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Figure 6.3: Differing rates at which cells infected with the first strain
induce interferon production (pF1) can explain different temporal pat-
terns in viral interference between strain combinations. Solutions of
the model incorporating the second innate immune mechanism,
for one- and three-day inter-exposure intervals, when pF1 is var-
ied. The ‘large’ value is 5× 10−6 uF cell−1 day−1; the ‘small’ value

is 10−7 uF cell−1 day−1.

6.2.3 Differing innate immune parameters between viruses can explain
different timings of temporary immunity across virus pairs

The results in Chapter 5 showed that the inter-exposure intervals for which the
second infection is delayed depends on the strains used. We will now show that
differing innate immune parameters between viruses can explain these different
timings.

Figure 6.3 shows viral load trajectories for one- and three-day inter-exposure
intervals, varying the rate at which cells infected with the first strain induce inter-
feron production (pF1) as labelled under each plot. The ‘large’ value is 5 × 10−6

uF cell−1 day−1; the ‘small’ value is 10−7 uF cell−1 day−1. As the purpose of
this part of the study is to show that changing pF1 can change the inter-exposure
intervals for which a delayed infection occurs, the precise parameter values are
not important. To produce these plots, only the second innate immune mecha-
nism is included in the model; Appendix F discusses the equivalent results for
the remaining mechanisms [31].

For a one-day inter-exposure interval, when pF1 is large (Fig. 6.3a), interferon
is produced in time to delay the second infection; this is also true for a three-day
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inter-exposure interval (Fig. 6.3b). On the other hand, when pF1 is small, co-
infection occurs for a one-day inter-exposure interval (Fig. 6.3c), as the level of in-
terferon produced is still small at the time of exposure to the second strain. How-
ever, for a three-day inter-exposure interval (Fig. 6.3d), the infection is delayed.
Hence, differing induction rates for interferon production can explain differing
timings of temporary immunity conferred by a primary strain. (Changing pF2

does not change the viral load trajectories qualitatively, so results are not shown
for this case.)

However, differing pF1 is not the only possible explanation for varying levels
of temporary immunity. Figure 6.4 shows that when the factor by which inter-
feron decreases the production rate of the second virus (s2) is varied, the outcome
of the second infection also qualitatively changes. In this case, a delayed second
infection is observed for a large value of s2 for both one- and three-day inter-
exposure intervals. On the other hand, when s2 is small, co-infection is observed
for both of these inter-exposure intervals. Note that to preserve the qualitative
features of a single infection, the rate at which cells infected by the second strain
induce interferon production (pF2) is also changed, as detailed in the figure cap-
tion. We previously mentioned that changing pF2 in isolation has no effect on the
qualitative outcome of the second infection.

A more systematic way of exploring hypotheses surrounding the relationship
between model parameters and the qualitative outcome of a second infection, by
decomposing the viral load trajectories into qualitative phases, was developed by
Pengxing Cao and is detailed in Appendix F [31].

6.2.4 Contribution of this model towards the goals of the study

We have so far constructed a model incorporating the innate and humoral adap-
tive immune responses. This model can reproduce the delay of a subsequent in-
fection by a primary infection at short inter-exposure intervals, as observed in
Chapter 5. As the innate immune response is non-specific, this model can explain
temporary immunity across a range of influenza strains. We have also explored
factors which could influence the timing of temporary immunity, which was ob-
served to differ between virus pairs in Chapter 5.

In addition, it is shown in Appendix F that when stochasticity in viral dy-
namics is considered, stochastic fadeout can explain why under identical experi-
mental conditions, infection with the second virus is delayed for some ferrets but
prevented in others. The effects of stochasticity will be explored in much greater
detail in Chapter 10.

In this study, we assumed that the viruses share a target cell pool. If the viruses
had separate pools of target cells, we would not expect the qualitative results of
the study to change as long as the effects of innate immunity are modelled as
uniform across target cell pools. Target cell depletion due to the infection and
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Figure 6.4: Different factors by which interferon decreases the produc-
tion rate of the second virus can also explain the different temporal pat-
terns in viral interference for different strain combinations. Solutions of
the model incorporating the second innate immune mechanism,
for one- and three-day inter-exposure intervals, when the factor
by which interferon decreases the production rate of the second
virus, s2, is varied. The ‘large’ value is s2 = 1 u−1

F ; the ‘small’
value is s2 = 0.1 u−1

F . Note that to preserve the qualitative fea-
tures of a single infection, the rate at which cells infected with
the second strain induce the production of interferon (pF2) is also
changed. For s2 = 1, pF2 = 5× 10−6 uF cell−1 day−1; for s2 = 0.1,

pF2 = 5× 10−5 uF cell−1 day−1.

subsequent death of cells is not a major contributor to competition between strains
in this model; instead, competition arises indirectly due to innate immunity. If
innate immunity is modelled such that immunity arising in one target cell pool
spreads and protection arises in all target cell pools, the qualitative patterns in the
viral load should be the same as for the shared target cell pool case. The impact
of localisation of the innate immune response, or different-sized target cell pools
(such as when the target cell pool for one strain is a subset of that for another
strain), remains the subject of future study.

The model presented thus far cannot explain the shortening of a second in-
fluenza A infection following a primary infection with an influenza A strain of
a different subtype. We hypothesise that cross-reactive cellular adaptive immu-
nity, which has not been included in the model thus far, is responsible for this
shortening of the second infection. The next section will outline a single-strain
influenza viral dynamics model incorporating cellular adaptive immunity; in the
next chapter, it will be shown that cross-reactivity and memory in the cellular
adaptive immune response are required to reproduce this shortening.
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It has also not been shown that the model can reproduce the results of exper-
iments where immune components are removed, as detailed in Chapter 2. We
will do so for the models to follow, thus determining the role of each immune
component in controlling infection.

6.3 Incorporating the cellular adaptive immune response

This section outlines a model developed by Pengxing Cao and colleagues in a
study which I co-authored ([30], Appendix G). This model builds on the model in
the previous section to include cellular adaptive immunity. The model includes
three major immune components (innate, humoral adaptive and cellular adap-
tive) and is able to reproduce the results of a number of experiments where im-
mune components are removed. In the next chapter, we extend this model by
including cross-reactivity and memory in the cellular adaptive immune response,
enabling it to reproduce observations from sequential infection experiments.

6.3.1 Model structure

Figure 6.5 shows a simplified compartmental diagram of the single-strain model,
which is expressed as a set of delay differential equations (the notation is once
again modified for consistency):
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Figure 6.5: Compartmental diagram showing the processes of viral
replication and each immune component. Reproduced from Cao

et al. [30] (Appendix G).
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dV

dt
= pV I − δV V − κSV AS − κLV AL − βV T, (6.4a)

dT

dt
= g(T +R)

(
1− T +R+ I

T0

)
− β′V T + ρR− φFT, (6.4b)

dI

dt
= β′V T − δII − κF IF − κEIE, (6.4c)

dF

dt
= pF I − δFF, (6.4d)

dR

dt
= φFT − ρR, (6.4e)

dCn
dt

= −βC
V

V + kC
Cn, (6.4f)

dE

dt
= βC

V (t− τC)

V (t− τC) + kC
Cn(t− τC) exp(pCτC)− δEE, (6.4g)

dBn
dt

= −βB
V

V + kB
Bn, (6.4h)

dP

dt
= βB

V (t− τB)

V (t− τB) + kB
Bn(t− τB) exp(pBτB)− δPP, (6.4i)

dAS
dt

= pSP − δSAS , (6.4j)

dAL
dt

= pLP − δLAL. (6.4k)

As with the previous model in Eq. 6.1, this model includes the four viral repli-
cation processes from the TIV model. As the focus of the study is on cellular
adaptive immunity, the innate immune response is simplified by omitting the
death term for resistant cells, δRR, and omitting the second innate immune mech-
anism, where interferon decreases the production rate of virions from infected
cells.

In this model of cellular adaptive immunity, naive CD8+ T cells (Cn) are stim-
ulated by virions. This stimulation takes the form of a Hill function, such that
half-maximal stimulation is reached when the viral load is equal to kC , and βCn

is the maximal rate of stimulation. The stimulated naive CD8+ T cells proliferate
and differentiate, and emerge as effector CD8+ T cells (E) after a delay of time τC .
One stimulated naive CD8+ T cell produces exp(pCτC) effector CD8+ T cells. The
effector CD8+ T cells then decay at a rate δE . They also bind to infected cells and
induce cell death, which is modelled by a mass-action term κEIE.

The humoral adaptive immune response is modelled similarly to the cellular
adaptive immune response. The model explicitly considers the stimulation of
naive B cells (Bn) by virions, where half-maximal stimulation is reached when
the viral load is equal to kB , and βBn is the maximal rate of stimulation. The
stimulated naive B cells proliferate and differentiate, and emerge as plasma cells
(P ) after a delay of time τB . One stimulated naive B cell produces exp(pBτB)

plasma cells. The plasma cells then decay at a rate δP . The model incorporates
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both short-lived and long-lived antibodies (AS and AL respectively). These are
produced by plasma cells at rates pS and pL respectively, and decay at rates δS
and δL respectively. Both short-lived and long-lived antibodies neutralise virions
via a mass-action term, at rates κSAS and κLAL respectively. To simplify the
model, the loss of antibodies due to binding to virions is neglected.

The model was calibrated to the viral load, the amount of short-lived and
long-lived antibodies, and the number of CD8+ T cells in infected mice; this
data has been presented previously by Miao et al. [138]. Note that although the
amount of long-lived antibodies is calibrated to IgG data, this compartment rep-
resents the total number of long-lived antibodies, which is implicitly assumed to
be proportional to that of the IgG subtype. As detailed in the publication in Ap-
pendix G [30], model calibration is initially conducted by eye, then refined using
a least-squares fitting procedure. This level in model fitting rigour is appropriate
because the study only qualitatively explores the roles of each immune compo-
nent in controlling a primary infection.

6.3.2 Results

In the model, innate immunity controls the peak viral load while adaptive im-
munity resolves a primary infection

The viral load trajectory for the calibrated model is shown in Fig. 6.6b (solid lines;
parameters and initial conditions are detailed in Appendix G [30]). Three phases
are observed: an exponential growth phase, a plateau phase and a decay phase
(conceptualised in Fig. 6.6a). These phases are in line with the experimental data
presented by Miao et al. [138] and reproduced in Fig. 2 in Appendix G [30].

When all components of the immune response are disabled (dashed line in
Fig. 6.6c), the peak viral load and recovery time increase compared to when all
immune components are present (solid line). The exponential growth phase of the
infection (grey area) is unaffected when the immune response is absent, indicating
that only viral replication contributes to the exponential growth phase. When
the adaptive immunity is absent (dashed line in Fig. 6.6c), the infection becomes
chronic. The plateau phase of the infection (grey area) is unaffected when the
adaptive immune response is removed, indicating that only viral replication and
the innate immune response contribute to the plateau phase. In other words,
adaptive immunity is responsible for resolution of the infection while the innate
immunity controls the peak viral load.

The recovery time is negatively correlated with the number of CD8+ T cells

The main result of the study is that as the average number of CD8+ T cells dur-
ing an infection increases (such as by increasing the initial number of naive CD8+

T cells, as shown in Fig. 6.7), the recovery time decreases exponentially. This
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Figure 6.6: (a) The viral load for a single infection can be di-
vided into three phases: an exponential growth phase; a plateau
phase where the innate immune response is active; and a decay
phase where the innate and adaptive immune responses are active.
(b) When all components of the immune response are removed
(dashed line), the peak viral load and recovery time increase com-
pared to when all immune components are present (solid line).
The grey area shows the exponential growth phase of the infec-
tion. (c) When the adaptive immune response is removed (dashed
line), the infection becomes chronic. The grey area shows the
plateau phase of the infection. Reproduced from Cao et al. [30]

(Appendix G).

result is supported by clinical evidence showing the relationship between a pa-
tient’s mean level of CD8+ T cells over the course of infection and their recovery
time ([30], Appendix G). The relationship is also consistent with the experimen-
tal observation that recovery is delayed when the CD8+ T cell response is sup-
pressed [15, 57, 100].

The model can reproduce a range of observations from experiments where the
immune response is inhibited

Figure 6.8a shows viral load trajectories for the full model and when long-lived
antibodies are removed (left). The viral load rebounds, which is consistent with
experimental observations when the production of IgA, a long-lived antibody, is
inhibited (right; data from Iwasaki et al. [103]). However, the model cannot re-
produce the observation that the second peak is higher than the first. A possible
reason for this failure is provided in a study by Handel et al. [88], who show that
using a mechanistic model for the innate immune response leads to control of
both viral load peaks, as the interferon level rebounds along with the viral load.
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Figure 6.7: The recovery time decreases exponentially with the number
of naive CD8+ T cells present at the start of the infection. Reproduced

from Cao et al. [30].

If instead, a phenomenological model for innate immunity is used, where the in-
terferon level exponentially increases then decreases, the model can reproduce
the higher second peak, as the innate immune response is not active when the vi-
ral load rebounds. Although the lack of rebound in interferon levels is consistent
with measurements by Iwasaki et al. [103] in the engineered mice, the biological
mechanisms driving this lack of rebound are unknown, so a mechanistic model
which can reproduce a higher second peak is left to future study.

Figure 6.8b shows the viral load for the full model and when both CD8+ T cells
and long-lived antibodies are removed (left). In the latter case, the viral load does
not drop to as low a level after the peak, and the infection becomes chronic. This
prediction is consistent with experimental observations that recovery is severely
delayed if not prevented in nude mice (data by Kris et al. [117] shown on right),
as well as results by Wells et al. [212] and Yap et al. [224].

6.3.3 Contribution of this model towards the goals of the study

This model includes all three major components of the immune response (innate,
humoral adaptive and cellular adaptive), and qualitatively reproduces a range of
observations in experiments where immune components are suppressed.

In the published article ([30], Appendix G), progress is made towards using
this model to address the protection against a subsequent infection by a prior
infection; this is one of my main contributions to the study. However, as sequen-
tial infections are not the main focus of the study, protection by a prior infection
is modelled by manually changing the number of CD8+ T cells available at the
start of the infection, rather than modelling the induction of a memory T cell re-
sponse by the viral dynamics of a primary infection. The model in the next section
will explicitly include protection against a subsequent infection by CD8+ T cells
produced during a primary infection. This explicit approach will enable a better
understanding of the factors which drive the number of CD8+ T cells available to
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Figure 6.8: The model can reproduce experimental observations when the
effect of either long-lived antibodies, or CD8+ T cells and long-lived an-
tibodies, are inhibited. (a) When long-lived antibodies are removed
from the model, the viral load declines after the first peak, then
rebounds (left), which is qualitatively consistent with experimen-
tal results by Iwasaki et al. [103] (right; IgA is a long-lived anti-
body). However, the model cannot reproduce the observation that
the second peak is higher than the first. (b) When CD8+ T cells
and the long-lived antibody response are removed, recovery is
severely delayed if not prevented (left), which is qualitatively con-
sistent with results comparing wild-type and nude mice by Kris
et al. [117] (right; IgA and IgG are long-lived antibodies), as well
as results by Wells et al. [212] and Yap et al. [224]. Adapted from

Cao et al. [30].
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protect against a subsequent infection; it will also enable us to model the protec-
tion conferred by an ongoing immune response from a primary infection when
the inter-exposure interval is short.

Moreover, when studying secondary infection, the model presented in this
section assumes that the cellular adaptive immune response is completely cross-
reactive between the primary and secondary infection, while the humoral adap-
tive immune response is completely non-cross-reactive. As the strains used in the
experiment in Chapter 5 are either of different types or different influenza A sub-
types, we will continue to assume that cross-reactivity in the humoral adaptive
immune response is negligible. However, in the next chapter, varying degrees of
cross-reactivity in the cellular adaptive immune response between strains will be
considered.



Chapter 7

Modelling cross-reactivity and
memory in the cellular adaptive
immune response to influenza
infection in the host

7.1 Introduction

This chapter presents a peer-reviewed journal article which adapts the models in
the previous chapter to include cross-reactivity and memory in the cellular adap-
tive immune response [220]. We show that both cross-reactivity and memory are
required to explain the shortening of a subsequent infection by a prior infection
when a long interval separates exposures. This shortening was observed in Chap-
ter 5 for sequential infections with heterologous influenza A viruses, but not for
influenza A and B viruses. Hence, we hypothesise that the cellular adaptive im-
mune response is sufficiently cross-reactive between the influenza A viruses used
in the experiment, but not between the influenza A and B strains, and that this
factor leads to the difference in infection outcomes for long inter-exposure inter-
vals.

The article also explores three biological factors which influence the strength
of the cellular adaptive immune response to each epitope: the precursor fre-
quency of naive CD8+ T cells, the avidity of each pool of T cells for each epitope,
and the epitope abundance on cells infected with each strain.

I was the primary author of the publication and contributed to approximately
75% of the work. In collaboration (as detailed in the Preface), I developed the viral
dynamics model, analysed the behaviour of the model when applied to sequential
infections, and drafted the manuscript.

The article is supplemented with the following information. First, the differ-
ences between the model in Section 6.3 and the model in this chapter (aside from
the inclusions of cross-reactivity and memory which are discussed in the article)
are outlined. For clarity, minor errors in the journal article are highlighted; these

97
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have no bearing on the results of the study. Lastly, we show that similar to the
model in Section 6.3, this model can reproduce the results of experiments where
immune components are inhibited.

7.2 Modifications from the model in Section 6.3

• Once again, because the focus is on cellular adaptive immunity, the innate
immune response is simplified; thus, the model only includes the third in-
nate immune mechanism from Section 6.2, where natural killer cells elimi-
nate infected cells.

• Because of the lack of antibody time series data for the ferret experiments
in Chapter 5, the model does not distinguish between short- and long-lived
plasma cells and antibodies.

• Naive CD8+ T cells are activated by infected cells rather than virions, to
reflect that CD8+ T cells are stimulated by binding to antigen-presenting
cells which include infected cells.

• Instead of modelling the proliferation and differentiation of naive B/T cells
using delay differential equations, ordinary differential equations are used,
where plasmablasts and effector CD8+ T cells go through nB and nE repli-
cation stages respectively. At the end of each stage a B/T cell divides into
two, such that cell division is explicitly modelled [215]; B cells and T cells
also have a constant death rate during division. We had previously assumed
that differentiation of naive B/T cells into plasma cells and effector CD8+ T
cells respectively only occurs after the proliferation stage; the revised model
reflects that CD8+ T cells can eliminate infected cells while they are still
proliferating. The change is also partly to increase computational efficiency,
as solving the delay differential equations in Section 6.3 is computationally
intensive, and may make model fitting infeasible.

7.3 Published article

There are a number of typographical errors in the published article, which have
no influence on the results of the study. In Fig. 2a of the manuscript, effector
CD8+ T cells originating from memory CD8+ T cells (Ê1) were mislabelled as E2.
Figure 2 should be replaced by Fig. 7.1; the caption remains unchanged.

Moreover, there is a typographical error in Eq. 1c, where the parameter κFq
(the clearance rate of infected cells by natural killer cells) was mistyped as κNq.
κNq does not represent any quantity in this article.

A corrigendum correcting these errors has been published in Journal of Theo-
retical Biology [219].
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Figure 7.1: The within-host influenza model illustrated using two
strains and one CD8+ T cell pool. (A) Viral dynamics and in-
nate immune response; (B) Humoral adaptive immune response
(shown for virus 1 only; an identical, independent set of compart-
ments exist for virus 2); (C) Cellular adaptive immune response.
Solid arrows indicate transitions between compartments or death
(shown only for immune-enhanced death processes); dashed ar-
rows indicate production; plus signs indicate an increased transi-

tion rate due to the indicated compartment.
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A B S T R A C T

The cellular adaptive immune response plays a key role in resolving influenza infection. Experiments where
individuals are successively infected with different strains within a short timeframe provide insight into the
underlying viral dynamics and the role of a cross-reactive immune response in resolving an acute infection. We
construct a mathematical model of within-host influenza viral dynamics including three possible factors which
determine the strength of the cross-reactive cellular adaptive immune response: the initial naive T cell number,
the avidity of the interaction between T cells and the epitopes presented by infected cells, and the epitope
abundance per infected cell. Our model explains the experimentally observed shortening of a second infection
when cross-reactivity is present, and shows that memory in the cellular adaptive immune response is necessary
to protect against a second infection.

1. Introduction

The immune response plays an important role in the resolution of
primary acute influenza infection and prevention of subsequent infec-
tion in an individual. It can be divided broadly into three parts: the
innate immune response, which is fast-acting and non-specific in that it
protects the host against a wide range of pathogens (Kreijtz et al.,
2011); the humoral adaptive immune response, which is slower-acting
but required to clear infection (Iwasaki and Nozima, 1977); and the
cellular adaptive immune response, which shortens infection and
prevents severe disease (Sridhar et al., 2013).

The adaptive immune response is antigen-specific. The host has a
diverse repertoire of B cells (for the humoral response) and T cells (for
the cellular response); these target short peptide fragments, or
epitopes, presented by infected cells and professional antigen-present-
ing cells (Rammensee et al., 1993). Only B cells and T cells specific to

presented epitopes are stimulated by infection, and the protective
effects of the adaptive immune response, such as neutralisation of
infectious virus and lysis (killing) of infected cells, are directed at those
viral epitopes. In practice, the immune response to a pathogen is
directed at a small number of epitopes, which are termed immunodo-
minant (Yewdell and Bennink, 1999). Cross-reactivity in the adaptive
immune response occurs when epitopes are shared between virus
strains, such that B cells and T cells stimulated by one virus strain can
protect against infection with another.

Although antibodies form the first line of defence in protection
against influenza infection, immunodominant epitopes targeted by the
humoral adaptive immune response appear on the hemagglutinin and
neuraminidase proteins, surface proteins which rapidly mutate be-
tween strains, such that individuals with previous immunity are no
longer immune to the mutated strain (Brown and Kelso, 2009). As a
result, in the very common occurrences of antigenic drift and antigenic
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shift which respectively result in epidemics and pandemics, significant
evidence is accumulating to suggest that CD8+ T cells play a critical
protective role. This is by virtue of the fact that immunodominant
epitopes targeted by the cellular adaptive immune response are
typically found in internal viral proteins, which are highly conserved
between different influenza A subtypes (Braciale, 1977; Kees and
Krammer, 1984; Yewdell et al., 1985; Komadina et al., 2016).
Consequently, cross-reactive memory T cells which remain from
previous influenza A infections can be re-activated upon subsequent
infection with other influenza A viruses.

In humans, T cells which are cross-reactive between different
influenza A subtypes have been detected (Jameson et al., 1999; Boon
et al., 2004; Greenbaum et al., 2009). The capacity to induce a strong
cellular adaptive immune response (McElhaney et al., 2006), the
presence of cross-reactive T cells (McMichael et al., 1983) and previous
influenza A infection (Epstein, 2006) are all correlated with protection
against subsequent infection, as reviewed by Tscharke et al. (2015). In
the context of the 2009 A(H1N1) influenza pandemic, where indivi-
duals had no pre-existing cross-reactive antibodies, disease severity
was inversely correlated with the frequency of cross-reactive T cells
(Sridhar et al., 2013). However, direct causal evidence for protection
from infection due to cross-reactive T cells is limited in human studies.
Animal studies provide an opportunity to directly observe the impact of
recent previous infections on a subsequent infection, including inves-
tigation of the role of the cross-reactive cellular adaptive immune
response.

Mice infected with influenza A viruses (H3N2 and/or H1N1), then
exposed to a virulent H7N7 strain cleared the H7N7 infection more
quickly than naive mice, and this was shown to be mediated by the
recall of virus-specific CD8+ T cell memory (Christensen et al., 2000).
Ferrets recently infected with a seasonal strain of influenza A, then
exposed to a pandemic strain, had reduced symptoms and viral loads
compared to ferrets without prior exposure (Bodewes et al., 2011);
similar results were found in guinea pigs regarding reduced viral load
and transmission (Steel et al., 2010). Laurie et al. (2010) further
showed that two prior infections were more effective than one at
preventing infection and onward transmission.

Natural infection with influenza in humans is typically separated by
a period of years; on the other hand, animal experiments can be
conducted where infections are separated by days, leading to the
observation of viral interference, where very recent/ongoing infection
with a first strain impacts the time course of infection with a second
strain. These studies provide an opportunity to observe the effect of the
cross-reactive cellular adaptive immune response. Our recent experi-
mental study (Laurie et al., 2015) showed that when ferrets are
inoculated with two influenza strains with a 1–14 day interval separat-
ing the two exposures, the second infection can be delayed, prevented,
or shortened by the presence of the first infection. The experimental
data showed that the effects of this temporary immunity depended not
only on the interval between exposures to the two viruses, but also on
the strains used; delay and prevention of the second infection were
observed whether the two infections were with different types of
influenza virus (A and B) or different subtypes of influenza A, but
shortening of the second infection was only observed for infection with
different subtypes of influenza A. We have previously developed within-
host viral dynamics models that demonstrated how the innate immune
response could be responsible for a delayed or prevented second
infection (Cao et al., 2015). Those models were then extended by
incorporating the cellular adaptive immune response to investigate the
relationship between CD8+ T cells and recovery time (Cao et al., 2016).
However, due to its focus on primary viral infection, the model by Cao
et al. (2016) included neither the formation of memory T cells nor
cross-reactivity of memory T cells for serologically distinct influenza
strains, leaving the effect of those factors on secondary viral infection
unexplored.

Within-host viral dynamics models for the cellular adaptive im-

mune response to multiple infections have been developed for a range
of pathogens. For example, in the case of homologous challenge with
lymphocytic choriomeningitis virus, Chao et al. (2004) showed that the
peak viral load and the recovery time are reduced for the second
infection due to the formation of a large pool of memory T cells after
primary infection. The model included the generation of a T cell
repertoire through thymic selection, and allowed for avidity to vary
between T cells. However, the model did not extend to multiple viral
strains, and cannot be directly applied to influenza infection due to the
lack of an antibody response. An influenza model by Zarnitsyna et al.
(2016) showed that a second infection is shortened by the presence of
resident T cells and/or central memory T cells; however, this study
assumes complete cross-reactivity between the two exposures. Other
within-host influenza dynamics models of cross-reactive cellular adap-
tive immunity have focused on the emergence of an immunodominance
hierarchy for a primary infection (Luciani et al., 2013), and how
decreased viral load during a second infection changes the immuno-
dominance hierarchy (Handel and Antia, 2008), rather than focusing
on infection outcomes. However, these models did not include the
innate or humoral adaptive immune response, and did not model the
formation of memory T cells.

In this work, we develop a viral dynamics model for cross-reactive
cellular adaptive immune responses induced by multiple infections,
including the formation of memory T cells. We examine three factors
for changing the strength of the cross-reactive immune response (
Fig. 1):

1. Changing the precursor frequency (initial number) of epitope-
specific CD8+ T cells.

2. Changing the avidity of the interaction between CD8+ T cells and the
peptide-MHC complex (pMHC) which presents the epitope.

3. Changing the epitope abundance per infected cell (the number of
epitope-specific pMHC on the surface of the cell).

We use the model to explain the observation by Laurie et al. (2015)
that a shortened second infection only occurs when infection is with
heterosubtypic influenza A strains, and only at inter-exposure intervals
of sufficient length for memory in the cellular adaptive immune
response to develop. The results show that under the assumption of
negligible cross-reactivity in the humoral adaptive immune response,
both cross-reactivity in the cellular adaptive immune response and the

Fig. 1. Changing the strength of the cross-reactive cellular adaptive immune response.
Circles represent cells infected with strains 1 and 2; triangles on top of rectangles
represent pMHC complexes; hexagons represent CD8+ T cells. The red epitope is shared
between strains while the blue and yellow epitopes are not. Relative to the baseline case
(A), we can change the number of infected cells required for half-maximal stimulation of
naive/memory CD8+ T cells (kCjq, kCjq) and the lysing rate of infected cells by effector

CTL (κEjq, κE jq). This is accomplished by changing (B) the initial number (precursor

frequency) of naive CD8+ T cells C (0)j ; (C) the avidity of the interaction between the

CD8+ T cell and the pMHC complex which presents the epitope aj; or (D) the epitope
abundance (the number of pMHC complexes on the surface of the cell) djq. (For
interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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formation of a memory CD8+ T cell pool are required to reproduce this
shortening of the second infection. We also examine the boosting of the
immune response due to multiple infections which induce cross-
reactive immune responses.

The model for the cellular adaptive immune response is integrated
into a viral dynamics model which also includes the innate and
humoral adaptive immune responses. There are a large number of
existing within-host influenza viral dynamics models which well
describe the viral load for a single infection, but disagree on the
importance of different components of the immune response (as
reviewed by Smith and Perelson (2011), Beauchemin and Handel
(2011), Dobrovolny et al. (2013)), due to identifiability issues which
arise when fitting such models to viral load data from a single infection
(Smith et al., 2010; Miao et al., 2011; Boianelli et al., 2015). Knockout
experiments, where some components of the immune response are
removed by genetic modification, provide one way to quantify the
components of the immune response separately; our recent study (Cao
et al., 2016) developed a model which reproduces the viral dynamics of
three knockout experiments which removed CD8+ T cell and/or anti-
body responses (Kris et al., 1988; Iwasaki and Nozima, 1977). The
model in our current study is based on this previous model, but
includes the formation of memory CD8+ T cells as well as multiple
pools of CD8+ T cells which are used to model cross-reactivity between
strains. Although successive infections within a short timeframe rarely
arise in natural infection, experiments on this short timeframe allow us
to change the initial conditions of the second infection by changing the
inter-exposure interval. This enables independent assessment of the
impact of effector and memory CD8+ T cell subsets which are generated
during distinct time periods after infection, as well as distinction of the
roles of the early innate immune response and subsequent adaptive
immune response.

2. Materials and methods

2.1. The model

We model infection by Q influenza strains and the cellular adaptive
immune response to J epitopes across the Q strains. The dynamics of
the multi-strain model (Fig. 2A) are described by a set of ordinary

differential equations:
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When target cells (T) are infected by virions of strain q (Vq), they
become infected cells (Iq) which produce virions of the same strain.
Both infected cells and virions decay at a constant rate, in addition to
infected cell death mediated by natural killer cells and effector CD8+ T
cells (also known as CTL), and virion neutralisation due to antibodies.
The model assumes that the total number of cells is constant, such that
⎛
⎝⎜

⎞
⎠⎟1 − T I

T

+ ∑q
Q

q=1
0 is the proportion of dead cells; target cells are then

replenished at a rate proportional to the product of the number of
uninfected cells and dead cells (Hancioglu et al., 2007). Cao et al.
(2015) modelled three possible mechanisms for the innate immune
response, but as the present study concentrates on the cellular adaptive
immune response, we use one innate immune mechanism only
(mechanism 3 in Cao et al. (2015)), namely natural killer cells which
kill infected cells. We note that the qualitative results presented in this
study are unchanged if a different innate immune mechanism is chosen
(results not shown). We assume that natural killer cells are present in
proportion to type I interferon (F), which is produced in response to
infected cells. Effects of natural killer cells other than cytolysis (such as
production of type II interferon) are not modelled, but may be included
in future studies.

The model also captures the role of antibodies (Aq), responsible for
strain-specific viral clearance and induction of long-term sterilising
immunity (Fig. 2B). We assume that any cross-reactive humoral
immunity between the strains plays a subdominant part in the immune
response (Terajima et al., 2013; Grebe et al., 2008), such that there is a
one-to-one correspondence between antibodies and the strains upon
which they act. The equations which describe the production of
antibodies are given by Eq. (2):
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The stimulation of naive B cells (B0q) takes the form of a saturating
function, as shown in Eq. (2a). Once stimulated, naive B cells become
plasmablasts (Biq where i denotes the stage of plasmablast) (Minges
Wols, 2015), as shown in Eq. (2b). In Eqs. (2b) and (2c), the
plasmablasts undergo programmed proliferation for time τBq, passing
through nBq divisions/stages, until reaching the terminal stage –

plasma cells (Pq). The proliferation process can alternatively be
modelled using delay differential equations, where the equivalent

Fig. 2. The within-host influenza model illustrated using two strains and one CD8+ T cell
pool. (A) Viral dynamics and innate immune response; (B) Humoral adaptive immune
response (shown for virus 1 only; an identical, independent set of compartments exist for
virus 2); (C) Cellular adaptive immune response. Solid arrows indicate transitions
between compartments or death (shown only for immune-enhanced death processes);
dashed arrows indicate production; plus signs indicate an increased transition rate due to
the indicated compartment.
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number of plasma cells appears after some delay (Cao et al., 2016); the
two models give qualitatively similar results, but the ordinary differ-
ential equation approach here makes the divisions explicit. Plasma cells
(Pq) produce antibodies (Aq) which bind to virions and neutralise
them. Plasmablasts can also produce antibodies, but at a lower rate
(Minges Wols, 2015), which we neglect in our model.

The cellular adaptive immune response, which is responsible for
lysis of infected cells by effector CTL (Fig. 2C), is described in Eqs. (3)
and (4). Eq. (3) describes the proliferation and differentiation of naive
CD8+ T cells into effector CTL and the subsequent formation of
memory CD8+ T cells.
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We assume that there are J pools of naive CD8+ T cells, and that
each of these recognises a single viral epitope, although it is possible for
cells infected with different strains to present the same epitope. The
value for J sufficient to model specific viruses is virus-dependent. For
example, if the cellular adaptive immune response is completely cross-
reactive between strains, a single CD8+ T cell pool (J=1) may be
sufficient; for partial cross-reactivity, at least three CD8+ T cell pools
are required.

We assume that within each pool, all CD8+ T cells are identical; the
possibility that pools may consist of CD8+ T cells with different
responsiveness to the epitope is discussed in Section 4. Epitopes are
presented to CD8+ T cells by MHC class I molecules on the surface of
either directly infected cells or on the surface of dendritic cells that
have taken up the antigen and cross-presented it. Cross-presentation
can greatly influence the overall level of epitope presentation in
influenza infection (Crowe et al., 2003), but under a common model-
ling assumption (see e.g. Chao et al. (2004)) that both direct presenta-
tion and cross-presentation are proportional to the number of infected
cells, the model need not explicitly model cross-presentation.

Naive CD8+ T cell pool j (Cj) is stimulated by interaction with the
pMHC, as shown in Eq. (3a); the stimulation function is a saturating
function, such that kCjq is the number of cells infected with strain q
required for (direct- and cross-) presentation of epitopes which yields
half-maximal stimulation of the cellular adaptive immune response (De
Boer et al., 2001; Davenport et al., 2002; Chao et al., 2004). Once
stimulated, naive CD8+ T cells divide to become effector CTL of the first
stage (E1j), as shown in Eq. (3b); the effector cells then undergo
programmed proliferation (Kaech and Ahmed, 2001; van Stipdonk
et al., 2001; Wodarz and Thomsen, 2005) for time τEj, passing through
nEj divisions, as shown in Eqs. (3b), (3c) and (3d). The subscript i
denotes the stage of effector CTL (1 to nEj).

When effector CTL reach their last stage (the dynamics of which are
described by Eq. (3d)), they no longer divide; instead, some fraction ϵj
survive to become memory CD8+ T cells (Mj). These memory CD8+ T
cells are refractory in the sense that they cannot be restimulated for
some time (Kaech et al., 2002), which we model as exponentially

distributed with mean τMj. After this time, the memory CD8+ T cells
can be restimulated, and we relabel them Cj, where (^ ) indicates
memory. Upon restimulation, memory CD8+ T cells once again become
effector CTL Ej, which can become refractory memory CD8+ T cells Mj;
the process is the same as in Eq. (3).
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All effector CTL, E and E , kill infected cells according to the law of
mass action (Nowak and Bangham, 1996), at rates κEjq and κE jq
respectively. Unlike antibodies, effector CTL are not lost during the
binding and killing process.

The number of cells infected with strain q required for half-
maximal stimulation of naive CD8+ T cells from pool j, kCjq, and the
lysing rate of cells infected with strain q by effector CTL from pool j,
κEjq, are both measures of cross-reactivity. We model kCjq and κEjq as
functions of the avidity of the T cell-pMHC interaction, aj, and the
epitope abundance per infected cell, djq (see Fig. 1); these will be
elaborated upon in Section 3.2. We assume that the killing rate is
directly correlated with both avidity and epitope abundance, while the
number of infected cells required for half-maximal stimulation is
inversely correlated with avidity and epitope abundance. Hence,

k k
a d

=
∼

Cjq
C

j jq (5a)

κ κ a d= ∼
Ejq E j jq (5b)

where k∼C and κ∼E are baseline values (similar equations hold for the
memory (^ ) versions of these parameters).

2.2. Model parameters and solution

In Section 3.2, to model immune responses of different strengths,
we vary kC and kC , the number of infected cells for half-maximal
stimulation of naive and memory CD8+ T cells respectively. We will
also vary κE and κE , the lysing rate of infected cells by effector CTL
which originate from naive and memory CD8+ T cells respectively. All
other parameters are chosen to be identical for all strains. These
parameters are listed in Tables 1–3. The initial values which are the
same between the strains are listed in Table 4. In addition, we define a
baseline value C (0)∼

for the initial number of naive CD8+ T cells which
respond to a particular epitope.

Given the outstanding immunological uncertainties surrounding
the differences between naive and memory CD8+ T cells (see Section 4),
we assume that memory CD8+ T cells C are identical to naive CD8+ T
cells C, such that the effects of memory are purely due to an increased
number of CD8+ T cells after a primary infection. In other words, we set
the parameters kC, κE, βC, nE, τE and δE to be equal to kC , κE , βC , nE ,
τE and δE . In consequence, the change between a primary and
secondary infection is due to initial conditions: C after a primary
infection is greater than C (0), which is true as long as the number of
divisions for effector CTL and the proportion of effector CTL which
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become memory CD8+ T cells is not too low, and the death rate of
effector CTL is not too high (results not shown).

Because we are interested in the qualitative behaviour of the model,
most parameters are chosen based on existing literature. Of these, a
large number are taken from Cao et al. (2016), where a similar model
for single-strain infection was calibrated to viral load, antibody and
CTL data; we use these model-derived parameters for our study. Other
parameters are chosen such that the time course of a single infection
fits the following criteria based on experimental observations:

1. The peak viral load occurs at about 2 days post-infection (Laurie
et al., 2015)

2. The innate immune response is most active 2–7 days post-infection
(Carolan et al., 2015; Pawelek et al., 2012).

3. Antibodies appear after 5 days post-infection and peak at about 20
days post-infection (Miao et al., 2010).

4. CD8+ T cells peak at about 8 days post-infection (Kaech et al., 2002).
5. When both humoral and cellular adaptive immune responses are

removed, chronic infection occurs (Iwasaki and Nozima, 1977; Kris
et al., 1988).

6. When the cellular adaptive immune response is removed, resolution
of the infection is delayed (Hou et al., 1992).

The ordinary differential equations are solved using
MatlabR2014b's ode15s, with default integration settings. To avoid
infections rebounding from unrealistically low numbers of virions/
infected cells, infections are truncated by setting V I= = 0 when both
the number of virions and infected cells drops below 1.

Code to reproduce all of the figures in the study is available at
〈https://ada_yan@bitbucket.org/ada_yan/cross-reactivity.git〉.

3. Results

Before presenting detailed results, we first outline the main results
of the paper. The effect of a cross-reactive immune response which
allows for effector CTL to differentiate into memory CD8+ T cells
depends on the interval between exposures to the two viruses. For short
inter-exposure intervals (1–3 days), the innate immune response
delays a second infection and reduces shedding relative to a first
infection, independent of whether cross-reactivity and/or memory are
present in the cellular adaptive immune response (Fig. 3). For medium
inter-exposure intervals (5–10 days), delayed infection and reduced
shedding are instead due to the cellular adaptive immune response,
such that cross-reactivity is required to delay infection and reduce
shedding. For long inter-exposure intervals (10–14 days), both cross-
reactivity and memory are required to decrease the recovery time of the
second infection relative to the first, and to boost the number of CD8+ T
cells after a second infection to numbers much larger than for a first
infection. The inter-exposure intervals for which delaying of a second
infection, reduced shedding, reduced recovery time and boosting of
CD8+ T cell numbers are observed for the four scenarios explored in
this section are summarised in Fig. 3. We will now discuss each of these
effects in detail.

Table 1
Parameter values relating to infection and the innate immune response. uF is an
arbitrary unit for the amount of interferon.

Parameter Description Value Units

β infection rate of
target cells by virions

5 × 10−7 (Cao et al.,
2016)

virion−1 day−1

g target cell regrowth
rate

0.8 (Cao et al., 2016) day−1

pV viral production rate 12.6 (Cao et al., 2016) virion infected
cell−1 day−1

pF interferon production
rate

1 × 10−5 (Cao et al.,
2016)

uF infected cell−1

day−1

δI infected cell decay
rate

2 (Bocharov and
Romanyukha, 1994)

day−1

δV virion decay rate 5 (Cao et al., 2016) day−1

δF interferon decay rate 2 (Pawelek et al.,
2012)

day−1

κF killing rate of infected
cells by natural killer
cells

2.5 (Cao et al., 2016) uF
−1 day−1

Table 2
Parameter values relating to the humoral adaptive immune response. uB is an arbitrary
unit for the number of B cells.

Parameter Description Value Units

pA antibody production rate 0.8 uB
−1 day−1

δA antibody decay rate 0.04 (Bocharov and
Romanyukha, 1994; Lee
et al., 2009)

day−1

δB plasmablast and plasma
cell decay rate

0.1 (Bortnick and
Allman, 2013)

day−1

κA neutralisation rate of
virions by antibodies

3 (Miao et al., 2010) (pg/mL)−1

day−1

kB number of virions for half-
maximal stimulation of
naive B cells

2 × 105 virion

βB maximal stimulation rate
of naive B cells

1 day−1

τB total proliferation time of
plasmablasts

3 (Marchuk et al., 1991;
Sze et al., 2000)

day

nB number of plasmablast
division cycles

5 (Marchuk et al., 1991;
Sze et al., 2000)

division

Table 3
Parameter values relating to the cellular adaptive immune response. ua is an arbitrary
unit for avidity; ud is an arbitrary unit for epitope abundance.

Parameter Description Value Units

k∼C number of infected cells
required for half-maximal
stimulation of naive/
memory CD8+ T cells
(baseline value)

5 × 106 infected cells
u ua d

κ∼E lysing rate of infected cells
by effector CTL (baseline
value)

3 × 10−5 effector
cell−1 day

u ua d
−1 −1 −1

βC, βC maximal stimulation rate of
naive/memory CD8+ T cells

1 day−1

δE, δE decay rate of effector CTL 0.6 (Veiga-Fernandes
et al., 2000)

day−1

τM mean refractory time for
memory CD8+ T cells

14 (Kaech et al.,
2002)

day

τE, τE total proliferation time of
effector CTL

6 (Lehmann-Grube
et al., 1985)

day

nE, nE number of effector CTL
division cycles

20 (van Stipdonk
et al., 2001)

division

ϵ proportion of effector CTL
which become (refractory)
memory CD8+ T cells

0.02 (Murali-Krishna
et al., 1998; De Boer
et al., 2001; Chao
et al., 2004)

Table 4
Initial values. All unlisted initial values are zero. uB is an arbitrary unit for the number of
B cells.

Parameter Description Value Units

V (0) virion 10 virion
T (0) target cell 7 × 107 (Cao et al., 2015; Petrie

et al., 2013)

target cell

B (0)0 naive B cell 10 uB

C (0)∼ naive CD8+ T cell 100 (Blattman et al., 2002) CD8+ T cell
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3.1. The effect of the inter-exposure interval on the outcome of a
second infection depends on the cross-reactivity between strains

In this section, we compare scenarios where there is cross-reactivity
between two strains to scenarios where there is no cross-reactivity. The
former is modelled using a single CD8+ T cell pool which equally
responds to the two strains. The parameters are
k k k k k= = = = ∼

C C C C C11 12 11 12 and κ κ κ κ κ= = = = ∼
E E E E E11 12 11 12 ; the in-

itial number of naive CD8+ T cells is C C(0) = (0)∼
1 . The latter is

modelled using two CD8+ T cell pools, each of which only responds
to one strain. The parameters are k k k k k= = = = ∼

C C C C C11 22 11 22 and
κ κ κ= = ∼E E E11 22 ; k k k k= = = = ∞C C C C12 21 12 21 and κ κ κ κ= = = = 0E E E E12 21 12 21 ; the
initial number of naive CD8+ T cells is C C C(0) = (0) = (0)∼

1 2 . For each
scenario (presence or absence of cross-reactivity), we compare the sub-
cases where effector CTL can become memory CD8+ T cells and where
effector CTL decay without becoming memory CD8+ T cells. The latter
is modelled by setting ϵ = 0E .

Fig. 4 shows the viral load for two successive infections under three
different sets of assumptions, as detailed in the figure captions. For
short inter-exposure intervals (1–3 days), the innate immune response
delays viral kinetics under all three sets of assumptions. For medium
inter-exposure intervals (5–10 days), cross-reactivity further delays a
second infection and reduces shedding. For long inter-exposure inter-
vals (10–14 days), both cross-reactivity and memory are needed to
shorten the second infection. Fig. 5 shows the summary statistics for
Fig. 4, which we will now analyse.

3.1.1. For medium inter-exposure intervals, cross-reactivity further
delays a second infection and reduces shedding

For medium inter-exposure intervals (5–10 days), the time to peak
viral load is delayed when there is cross-reactivity between the strains,
due to the presence of cross-reactive effector CTL during the exponen-
tial growth phase of the second infection. The growth rate is also
slowed down, such that the viral load reaches a smaller value before the
adaptive immune response clears the infection (Fig. 5B), resulting in a

smaller area under the viral load curve (Fig. 5D). The violet and yellow
bars in Fig. 3 indicate that when the cellular adaptive immune response
is cross-reactive, the second infection is delayed and shedding is
reduced for a larger range of inter-exposure intervals.

3.1.2. For long inter-exposure intervals, cross-reactivity and memory
shorten the recovery time for a second infection and reduce shedding

When there is no cross-reactivity, for long inter-exposure intervals
(>10 days), the recovery time for the second infection approaches that
of a primary infection (Fig. 5C). This is due to the temporary nature of
the innate immune response, and the cellular adaptive immune
response approaching a steady state. However, when cross-reactivity
and memory CD8+ T cells are present, the recovery time is shortened
relative to that for a primary infection (Fig. 5C). This is consistent with
the experimental observations of Laurie et al. (2015) and Christensen
et al. (2000). The area under the viral load curve is also reduced
(Fig. 5D). These results are indicated by the orange bar in Fig. 3. Under
our model where memory cells are functionally identical to naive CD8+

T cells, the advantage is conferred by having extra memory CD8+ T
cells, such that the number of effector CTL is higher for a second
infection, and the lysis rate of infected cells κ E κ E∑ ( + )j

J
Ejq j E jq j=1 in Eq.

(1c) increases.
In the absence of memory CD8+ T cells (but when cross-reactivity is

present), the recovery time for the second infection is in fact slightly
longer than for the first infection, due to the partial depletion of naive
CD8+ T cells by the first infection. This confirms the crucial role of
memory CD8+ T cells in shortening the second infection. At initiation
of the second infection, prior to recall of memory CD8+ T cells, the
virus is able to replicate effectively. Then upon recall of memory CD8+

T cells, effector CTL levels grow to higher levels than the first infection,
resulting in faster clearance. For this to be due to residual effector CTL
from the first infection, the time at which the number of effector CTL
peaks would have to be longer than the inter-exposure interval; as CTL
peak at about eight days post-exposure (Kaech et al., 2002), this is not
true for longer inter-exposure intervals. Hence, it is more plausible that
a second growth phase of effector CTL occurs following recall of
memory CD8+ T cells.

The result that for long inter-exposure intervals, cross-reactivity
and memory are required to shorten the recovery time for a second
infection is robust to changes in model parameters. A sensitivity
analysis for Fig. 5C is presented in Fig. A.10 in A.1. The parameters
varied are pV, the production rate of virions from cells infected with
either virus; pF, the production rate of interferon from cells infected
with either virus; and κA, the neutralising rate of virions of either strain
by antibodies. These parameters vary viral replication (in the absence
of the immune response), the innate immune response, and the
humoral adaptive immune response respectively. Across biologically
plausible ranges of these parameters, both cross-reactivity and memory
are required to shorten the recovery time for a second infection.

3.1.3. A second infection boosts CD8+ T cell numbers when cross-
reactivity and memory are present

When the model does not include memory CD8+ T cells, the total
number of CD8+ T cells is slightly less after an infection than before,
due to the decay of the CD8+ T cells which responded to the infection
(Fig. 6A). On the other hand, when the model includes effector CTL
which can become memory CD8+ T cells, infection greatly boosts the
number of CD8+ T cells. When there is no cross-reactivity between the
strains, a separate pool of CD8+ T cells expands and contracts upon the
second infection, such that the final number of cells is roughly twice
that for a single infection. On the other hand, when there is cross-
reactivity between the strains, memory cells generated by the first
infection are restimulated, so the CD8+ T cell response to the second
infection is much larger (two orders of magnitude larger than for a
single infection).

Fig. 3. Summary of the effect of the inter-exposure interval, cross-reactivity and memory
on the outcome of the second infection. The bars indicate the inter-exposure intervals for
which the labelled effects are observed, for each scenario on the vertical axis. The
scenarios are (from top) (1) cross-reactivity between the two strains and memory CD8+ T
cells present; (2) cross-reactivity but no memory CD8+ T cells; (3) no cross-reactivity but
memory CD8+ T cells present; (4) no cross-reactivity or memory CD8+ T cells. The yellow
bar corresponds to a decrease in shedding; the violet bar corresponds to a delay in the
time to peak viral load relative to a primary infection; the orange bar corresponds to a
decrease in recovery time, as well as an increase in the number of CD8+ T cells after the
second infection relative to the first. The same colours are used for the axis labels of the
relevant quantities in Figs. 5 and 6. For short inter-exposure intervals (1–3 days),
reduced shedding and delayed infection are due to the innate immune response, and are
thus independent of whether cross-reactivity and/or memory are present. For medium
inter-exposure intervals (5–10 days), cross-reactivity is required to reduce shedding and
delay infection. For long inter-exposure intervals (10–14 days), only the model with
cross-reactivity and memory reduces the recovery time and boosts the number of CD8+ T
cells. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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In this case, as the inter-exposure interval increases, the number of
CD8+ T cells after the second infection increases (Fig. 6B) – the larger
the inter-exposure interval, the more effector CTL from the first
infection have differentiated into memory CD8+ T cells, and so the
larger the pool of memory CD8+ T cells which can be induced to
proliferate by a second infection. As indicated by the orange bar in
Fig. 3, the number of CD8+ T cells after the second infection is at least
an order of magnitude larger than for the first infection if (and only if)
both cross-reactivity and memory are present, for inter-exposure
intervals 10 days or longer.

For long inter-exposure intervals, the precise duration of the inter-
exposure interval becomes less important because the system ap-
proaches a steady state after resolution of the first infection. The total
number of T cells approaches this maximum if the inter-exposure
interval is long enough such that by the second infection, most of the
CD8+ T cells stimulated by the first infection have differentiated into
memory cells which are capable of being restimulated. This time

roughly corresponds to the sum of the mean time until naive CD8+ T
cell stimulation, the mean total time for effector CD8+ T cell expansion,
the mean time that effector CD8+ T cells spend in their final stage, and
the mean refractory period of memory CD8+ T cells.

The result that the final number of CD8+ T cells after two
heterologous infections is greater when there is cross-reactivity be-
tween the two strains is robust to changes in model parameters, as
shown in Fig. A.11 in A.2.

3.2. Increasing the strength of the cross-reactive response decreases
the recovery time for the second infection, and increases the final
number of CD8+ T cells

In the previous section, in the presence of memory CD8+ T cells, we
looked at two simplifying cases:

1. Where a single shared epitope is immunodominant for two strains;

Fig. 4. Viral load for a second infection for three cases: (1) cross-reactivity between the two strains and memory CD8+ T cells present (black dashed line); (2) cross-reactivity but no
memory CD8+ T cells (magenta dashed line); (3) no cross-reactivity between the strains (green dashed line). Note: in the case where there is no cross-reactivity between strains, the time
course of the second infection is not changed by the presence of memory CD8+ T cells. These are compared to what the viral load would have been had the primary infection been absent
(grey area). The grey dotted line indicates the viral load for the primary infection. Captions indicate inter-exposure intervals. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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and
2. Where the immunodominant epitopes for two strains are distinct

(i.e. not shared), resulting in no cross-reactivity.

However, the overall strength of the cellular adaptive immune
response to a single strain is the sum of the contributions from all of its
epitopes. In the context of protection against subsequent heterologous
infection, we are therefore interested in the immune response to shared
epitopes, as the effects of non-shared epitopes are limited to a single
infection.

Accordingly, we now consider the effect of three immunological
factors which change the strength of the immune response for the
shared epitope. We model variation in

1. The initial naive T cell number, also known as the precursor
frequency (C (0)j );

2. The avidity of the pMHC-T cell interaction (aj); and
3. The epitope abundance per cell infected with either the first or

second virus (djq).

Fig. 5. The effect of changing the inter-exposure interval on (A) the time to peak viral load (B) the peak viral load (C) the recovery time (D) the area under the viral load curve for the
second infection. We show the results for three cases: (1) cross-reactivity between the two strains and memory CD8+ T cells present (black line with crosses); (2) cross-reactivity but no
memory CD8+ T cells (magenta line with circles); (3) no cross-reactivity between the strains (green line with triangles). These are compared to the baseline values obtained from a single
infection (shaded area). The recovery time is defined as the time from inoculation to when both the number of infected cells and the number of virions drops below 1. Note: our definition
of recovery time is different to that by Laurie et al. (2015), where the recovery time was defined as the duration for which the second virus exceeds an experimental threshold. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. (A) Time course of the total number of CD8+ T cells for a 100-d inter-exposure interval for four cases: (1) cross-reactivity between the two strains and memory CD8+ T cells
present (black line); (2) cross-reactivity but no memory CD8+ T cells (magenta line); (3) no cross-reactivity but memory CD8+ T cells (brown line); (4) no cross-reactivity or memory
CD8+ T cells (green line). Note: for the cases without memory CD8+ T cells, the difference between the cross-reactive and non-cross-reactive case is due to the choice of initial conditions,
whereby the number of CD8+ T cells in each pool is kept constant, rather than the total number of CD8+ T cells. (B) The total number of CD8+ T cells 100 days after the second infection,
varying the inter-exposure interval. The total number of CD8+ T cells is defined as C E M C E∑ + + + +j

J
j j j j j=1 . (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)
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These immunological concepts are illustrated in Fig. 1.
These parameters can also be changed for the non-shared epitopes,

but this only affects infection with a single strain. To focus on the effect
of changing the immune response to the shared epitope, we examine
the case where there is a single immunodominant epitope which is
shared between the strains (i.e. J=1), and omit the non-shared
epitopes.

3.2.1. Factor 1: The precursor CD8+ T cell frequency
We model the situation where the epitope abundance per infected

cell is the same for both strains, and we vary the initial number of naive
CD8+ T cells C (0)1 which respond to the epitope. The avidity of the
pMHC-T cell interaction is kept constant, i.e. a = 11 , d d= = 111 12
(Fig. 1B).

As the precursor frequencyC (0)1 increases, the recovery time for the
first infection decreases in an exponential-like manner (Fig. 7A), in
agreement with the findings of Cao et al. (2016). The recovery time for
the second infection also decreases in an exponential-like manner. The
decrease in recovery time is initially greater for the second infection,
but levels out as the number of precursor CD8+ T cells increases even
further, because the time required for proliferation and differentiation
of effector cells becomes a limiting factor. The recovery time for the
second infection is always shorter than that for the first infection.

For such a long inter-exposure interval, the innate immune
response has subsided by the time of the second infection, so the only
difference between the initial conditions for the two infections is the
number of CD8+ T cells available for proliferation and differentiation
into effector CTL.

As the number of precursor CD8+ T cells increases, the total
number of CD8+ T cells after the second infection increases sublinearly
(Fig. 7B). This can be analysed in terms of the expansion ratio
(Fig. 7C), defined as the number of CD8+ T cells 100 days after an
infection divided by the number of CD8+ T cells before the infection.
For example, when there are initially 10 CD8+ T cells, each CD8+ T cell
results in approximately 120 CD8+ T cells at the end of the first
infection; after the second infection, each of these progeny result in
approximately 110 CD8+ T cells (i.e. the total expansion ratio is
120 × 110 ≈ 104). The expansion ratio is less for the second infection

because the shortened infection decreases the duration and degree of
CD8+ T cell stimulation by infected cells, such that a smaller proportion
of initial CD8+ T cells proliferate and differentiate. This result suggests
that the boosting of the immune response by successive infections
yields diminishing returns in terms of the proportion of new CD8+ T
cells, if not their absolute number. This is consistent with the
experimental results of Christensen et al. (2000).

3.2.2. Factor 2: The avidity of the pMHC-T cell interaction
We now model the situation where the epitope abundance per

infected cell is the same for both strains, but we vary the avidity of the
pMHC-T cell interaction a1. The initial number of naive CD8+ T cells
which respond to the epitope is kept constant, i.e. d d= = 111 12 and
C C(0) = (0)∼

1 (Fig. 1C).
As the avidity a1 increases, the recovery time for both the first and

second infections decrease (Fig. 8A), in a similar manner to Fig. 7A.
The increase in CD8+ T cells which can respond to the second

infection relative to the first is responsible for the decrease in recovery
time for a second infection relative to the first. An additional effect
which decreases the recovery time of both the first and second infection
is the increased killing rate of effector CTL (κE12 and κE 12 are directly
proportional to a1).

The total number of CD8+ T cells after the second infection
increases superlinearly with avidity (Fig. 8B). This is because the
expansion ratios for both infections increase sublinearly (Fig. 8C), due
to two opposing effects on the stimulation rate: a decrease in the
number of infected cells required for half-maximal stimulation (kC12
and kC12), and a decrease in the recovery time which decreases the
number of infected cells available to stimulate CD8+ T cells. The latter
causes the expansion ratio to once again be lower for the second
infection than the first.

3.2.3. Factor 3: The epitope abundance per infected cell
Increasing the epitope abundance per infected cell d1q equally for

cells infected with both viruses (i.e. increasing both d11 and d12) has the
same effect as increasing the avidity a1. The difference between
increasing the epitope abundance and increasing the avidity is that
we have assumed that the avidity of the pMHC-T cell interaction

Fig. 7. The effect of changing the precursor frequency C (0)1 on (A) the recovery time, (B) the total number of CD8+ T cells 100 days after infection and (C) the expansion ratio, for the

first and second infection. The total number of CD8+ T cells is defined as C E M C E+ + + +1 1 1 1 1. The expansion ratio is the ratio between the number of CD8+ T cells 100 days after an

infection, and the number of CD8+ T cells just before the infection. The inter-exposure interval is fixed at 100 days, chosen to ensure that the number of CD8+ T cells has settled to a
steady state after the first infection. Results are robust for inter-exposure intervals greater than 20 days (not shown).

Fig. 8. The effect of changing the avidity a1 on (A) the recovery time, (B) the total number of CD8+ T cells 100 days after infection and (C) the expansion ratio, for the first and second
infection.
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remains the same regardless of strain, whereas the epitope abundance
per infected cell can be unequal for cells infected with different viruses.
This is most obviously true when an epitope is not shared between the
two viruses, but even when two strains share an epitope, epitope
abundance per infected cell may differ between strains (Crowe et al.,
2003).

We model the situation where the epitope abundance per infected
cell d1q differs between strains, and we keep both the avidity of the
pMHC-T cell interaction and the initial number of naive CD8+ T cells
constant, i.e. a a= = 11 2 and C C(0) = (0)∼

1 (Fig. 1D). In the first
instance, we vary the epitope abundance per cell infected with strain
1 (d11) while keeping the epitope abundance per cell infected with
strain 2 (d12) constant; then, we vary d12 while keeping d11 constant,
which can be thought of as reversing the order in which the host is
infected.

When the epitope abundance per cell infected with strain 1 (d11)
increases, the recovery time for both the first and second infections
decrease (Fig. 9A), in a similar manner to Fig. 7A. Because all
parameters for the second virus are held constant, the only difference
for the second infection is the increase in CD8+ T cells available for
proliferation and differentiation due to the first infection (Fig. 9C).

The total number of CD8+ T cells increases sublinearly with the
epitope abundance per cell infected with strain 1 (d11) (Fig. 9B), as a
result of the changes in expansion ratios (Fig. 9C). The expansion ratio
for the first infection increases sublinearly as the epitope abundance
d11 increases, because changing d11 has the same effect on the number
of cells required for half-maximal stimulation of CD8+ T cells (kC11) as
changing the avidity a1. The expansion ratio for the second virus
decreases as d11 increases, because the recovery time, and hence the
number of infected cells, decreases, but kC12 and kC12 are constant.

As the epitope abundance per cell infected with the second virus
(d12) increases, the recovery time for the first infection stays constant,
since nothing has changed for that virus. However, the recovery time
for the second infection decreases (Fig. 9D) due to increased stimula-
tion of naive and memory CD8+ T cells (increased kC12 and kC12) and
an increased killing rate for effector CTL (κE12 and κE 12).

Changing d12 instead of d11 does not change the total number of
CD8+ T cells after two infections (Fig. 9E vs. Fig. 9B), but changes the
expansion ratio (Fig. 9F). As d12 is increased, nothing changes for the
first infection, while the expansion ratio for the second infection
increases sublinearly.

Summarising Sections 3.2.1–3.2.3, when there is a cross-reactive
cellular adaptive immune response, for long inter-exposure intervals,

the recovery time for the second infection is always less than that of the
first. Whether we increase the precursor frequency C (0)1 , avidity a1 or
epitope abundance per infected cell d1q, the recovery time for the
second infection decreases, and the total number of CD8+ T cells after
the second infection increases; however, the change in expansion ratio
for each infection depends on the factor changing the immune
response. Furthermore, if the strength of the cellular immune response
is increased equally for both strains (such as by increasing the
precursor frequency or avidity for a common epitope), the expansion
ratio for a subsequent infection is less than for a primary infection.

The result that the recovery time for the second infection decreases
as the strength of the cross-reactive cellular adaptive immune response
increases is robust to changes in model parameters, as shown in Fig.
A.12 in A.3.

4. Discussion

We have constructed a multi-strain model of influenza infection
within the host including the innate, humoral and cellular adaptive
immune responses. The model for the cellular adaptive immune
response includes variable cross-reactivity between strains and a
mechanistic model for differentiation of memory CD8+ T cells. We
have used this model to explain our finding (Laurie et al., 2015) that a
shortening of the second infection was observed when a long interval
(10 days or more) separated exposures to heterosubtypic influenza A
strains. As summarised in Fig. 3, both cross-reactivity of the cellular
adaptive immune response and the differentiation of effector CTL into
memory CD8+ T cells are required to reproduce this shortening of
secondary infection. Our experimental design of successive exposures
with heterologous virus with a short inter-exposure interval enables
exploration of the roles of the early innate immune response and the
subsequent adaptive immune response, as well as the roles of transient
effector CD8+ T cells and longer-living memory CD8+ T cells. We
anticipate that some of the identifiability issues which have arisen in
previous modelling studies (Smith et al., 2010; Miao et al., 2011;
Boianelli et al., 2015) will be ameliorated with this approach; quantify-
ing cross-reactivity and other parameters by fitting our model to the
data is the subject of our work in the immediate future.

We also showed that cross-reactivity in the cellular adaptive
immune response delays the second infection when there is a short
interval between exposures. However, in the case of delayed infection,
stochasticity should be taken into account when comparing the model
to experimental data, as suppression of the second virus can manifest

Fig. 9. The effect of changing the epitope abundance d1q on (A,D) the recovery time, (B,E) the total number of CD8+ T cells 100 days after infection and (C,F) the expansion ratio, for the
first and second infection.
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as extinction rather than a delay (Cao et al., 2015; Yan et al., 2016), in
line with the prevented infections observed by Laurie et al. (2015).

In our model, the strength of the immune response can be changed
by modifying the precursor frequency of CD8+ T cells specific to an
epitope, the avidity of the pMHC-T cell interaction and the epitope
abundance per infected cell. When an individual is successively
infected with two virus strains which share epitopes recognised by
the cellular adaptive immune response, changing the strength of the
immune response in these three ways impacts the recovery time for
both the first and second infection.

Our model predicts that successive infections with heterologous
influenza A strains boost the number of epitope-specific CD8+ T cells,
such that cellular adaptive immunity is strengthened and the recovery
time for successive infections decreases. This is supported by data from
mouse experiments (Christensen et al., 2000), but experiments in other
animal systems are lacking. In a previous experiment, Laurie et al.
(2010) measured the viral load time course of up to three successive
infections with heterologous influenza A strains in ferrets; similar
experiments including T cell measurements would be of great benefit in
testing our predictions experimentally.

In the case of homologous challenge, the antibodies stimulated by
the first exposure are equally effective against virus introduced by
either exposure, resulting in simultaneous clearance of the virions
generated by the first and second exposures (results not shown). To
model this situation, only a single-strain model is needed; the addition
of the second strain manifests as a jump discontinuity in the viral load.

Our model has the flexibility to include multiple shared and non-
shared epitopes. This enables investigation of the emergence of
immunodominance, the phenomenon by which CD8+ T cells specific
to one or two epitopes dominate the immune response. We can either
model the expansion of CD8+ T cells specific to epitopes which are
experimentally determined to be dominant, or generate a large range of
epitopes with different CD8+ T cell avidities and abundances. In the
latter case, the model would have to be expanded to take into account
that there are many different CD8+ T cell clones which can respond to a
particular epitope with different avidities, as modelled by Chao et al.
(2004).

Our work could also be extended to model the changes in epitope-
specific CD8+ T cell numbers over an individual's lifetime (Quinn et al.,
2016), either due to natural infection or vaccination. Much ongoing
work is devoted to the development of next-generation T cell vaccines
which would confer immunity against a wider range of strains than
current antibody based vaccines (Brown and Kelso, 2009). The model
would then need to be adapted to take into account the long-term
competition of CD8+ T cell clones following repeated infections over an
individual's lifetime. The number of CD8+ T cells in the host is limited,
and the total number of memory CD8+ T cells is governed by home-
ostasis (Tanchot and Rocha, 1995), causing memory cells produced by
new infections to displace those which are no longer stimulated (Selin
et al., 1999). However, in our model where such considerations are not
relevant, increasing the number of infections increases the number of
CD8+ T cells without bound. We could incorporate a saturation term
(such as that used by Wodarz and Nowak (2000)) into the programmed
proliferation stage, or explicitly model homeostatic regulation (Antia
et al., 2005).

Many uncertainties remain about the differences between naive and
memory CD8+ T cells in terms of the stimulation threshold required for
proliferation and differentiation into effector CTL, and in terms of how
the effector CTL originating from naive and memory CD8+ T cells differ
in parameters such as division rate, total number of divisions, death
rate and functionality. It is clear that memory CD8+ T cells are present
in higher numbers than naive CD8+ T cells after primary infection; they
also display lysing ability within hours of re-exposure to antigen, in
contrast to naive CD8+ T cells which gradually gain functionality over
days (Barber et al., 2003; Badovinac and Harty, 2006). However, the
classic assumption that memory CD8+ T cells have a lower stimulation

threshold than naive CD8+ T cells has been questioned (Mehlhop-
Williams and Bevan, 2014; Carpenter et al., 2016). Conventionally, it is
also thought that the division rate of memory CD8+ T cells is faster
than that of naive CD8+ T cells (Veiga-Fernandes et al., 2000; Veiga-
Fernandes and Rocha, 2004; Badovinac and Harty, 2006), and that a
greater proportion of effector CTL originating from memory CD8+ T
cells survive the contraction phase than do those originating from naive
CD8+ T cells (Grayson et al., 2002). However, other studies have found
that when naive and memory CD8+ T cells are co-transferred into naive
hosts before antigen stimulation, naive CD8+ T cells proliferate more
quickly than memory CD8+ T cells (Martin et al., 2012), and that as
CD8+ T cells are repeatedly stimulated, their ability to proliferate
decreases (Wirth et al., 2010). It was also found that a greater
proportion of effector CTL originating from naive CD8+ T cells survive
the contraction phase than those originating frommemory CD8+ T cells
(Martin et al., 2012).

As a result of this uncertainty it is unclear how the number of
infected cells required for half-maximal stimulation of naive and
memory CD8+ T cells, kC and k∼C, and the lysing rates by naive and
memory CD8+ T cells, κE and κ͠E , should differ. Given that one of the
hypotheses for the conflicting results regarding differences between
naive and memory T cells is that the experiments transfer different
numbers of naive and memory CD8+ T cells to the hosts (making initial
CD8+ T cell numbers a confounding factor (Martin et al., 2012)),
modelling could potentially resolve the differences between naive and
memory T cell characteristics.

Furthermore, we have assumed that the lysing rate (κE, κE ) is
directly proportional to avidity, while the number of infected cells
required for half-maximal stimulation of naive/memory CD8+ T cells
(kC, kC ) is inversely proportional to avidity. Biologically, the stimula-
tion threshold for cytolysis is much lower than that for proliferation
and differentiation (Faroudi et al., 2003); we do not know whether the
ratio between the two remains fixed between epitopes, such that they
can be described with a single avidity parameter, as assumed by some
previous models (Chao et al., 2004). Furthermore, because low-avidity
CD8+ T cells can still be recruited into the immune response but cease
proliferation prematurely (Zehn et al., 2009), we can model the effect of
avidity by changing the number of proliferation stages nEj rather than
the number of infected cells required for half-maximal stimulation of
naive/memory CD8+ T cells (kC, kC ). This does not change the
conclusion that increasing the avidity decreases the recovery time of
the second infection and increases the total number of CD8+ T cells
after the second infection (results not shown).

There are other aspects of the cross-reactive cellular adaptive
immune response which we have not modelled. For example, we have
not taken into account different types of memory CD8+ T cells and their
migration patterns in the host. This could not only influence their
activation rate and lysing rate (Shin and Iwasaki, 2013), but could also
introduce delays in lysing activity due to migration time. In fact, a
recent study by Zarnitsyna et al. (2016) has shown that a model
including two types of CD8+ T cells – resident T cells and central
memory T cells – can explain the shortening of a second infection with
strains inducing a cross-reactive immune response, with resident T
cells being more effective on a shorter timescale, and central memory T
cells acting on a longer timescale. The delay introduced by migration in
the model by Zarnitsyna et al. (2016) has very similar effects to the
refractory memory T cell state in our model, while resident T cells in
the aforementioned model are very similar to effector CD8+ T cells in
our model; consequently, our model which does not explicitly include
the location of T cells delivers similar qualitative results to the location-
dependent model. However, quantification of parameters of different
types of T cells, including migration parameters, may prove important
for quantitative prediction of infection outcomes and immune boost-
ing. Moreover, it is of great interest to identify situations in which
location dependence of T cells is essential.
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We could also model differing avidity within a pool of CD8+ T cells,
and/or extend our model to include CD4+ T helper cells, which have
effects ranging from maintenance of T cell function (Wherry and
Ahmed, 2004) to lysis of infected cells (Brown et al., 2012). Because
CD4+ cells are stimulated by peptide-MHC class II complexes, they are
only activated by professional antigen-presenting cells (Luckheeram
et al., 2012); hence, they are stimulated by different epitopes from
CD8+ T cells (Bui et al., 2007), and may be stimulated to different
extents. Our model could be extended to capture different types of
cross-reactivity and their net effect on infection outcomes.

Acknowledgements

Ada W. C. Yan is supported by an Australian Postgraduate Award;
Pengxing Cao is supported by a National Health and Medical Research
Council (NHMRC) funded Centre for Research Excellence in Infectious
Diseases Modelling to Inform Public Health Policy (1078068); Jane M.
Heffernan is supported by the Natural Sciences and Engineering
Research Council of Canada and the York Research Chair program;
J. McVernon is supported by an NHMRC Career Development
Fellowship (CDF1061321); Nicole L. LaGruta is a Sylvia and Charles
Viertel Senior Medical Research Fellow and is funded by an NHMRC
Program grant (AI1071916); James M. McCaw is supported by an
Australian Research Council Future Fellowship (FT110100250). The
Melbourne WHO Collaborating Centre for Reference and Research on
Influenza is supported by the Australian Government Department of
Health.

Appendix A. Sensitivity analysis

We wish to see whether the qualitative relationships between the
recovery time for a second infection and the degree of cross-reactivity
in the cellular adaptive immune response as presented in the main text
still hold when model parameters are changed. To investigate this, we
vary chosen parameters one at a time, and reproduce selected figures
from the main text for different values of these parameters (Figs. A.10,
A.11 and A.12). The parameters varied are

1. pV, the production rate of virions from cells infected with either
virus.

2. pF, the production rate of interferon from cells infected with either
virus, and

3. κA, the neutralising rate of virions of either strain by antibodies.

These parameters vary three major features of the system: viral
replication in the absence of the immune response, the innate immune
response, and the humoral adaptive immune response. The system
features can be varied using other choices of parameters, although
some of these are equivalent in terms of their effect on the viral load.
For example, changing κF while keeping pF constant is equivalent to

changing pF while keeping κF constant; changing pA while keeping κA
constant is equivalent to changing κA while keeping pA constant.

The parameters pV, pF and κA are varied over the ranges [5.0, 101]
virion infected cell−1 day−1, [10 , 10 ]−7 −4 uF infected cell−1 day−1 and
[3 × 10 , 3 × 10 ]−1 7 (pg/mL)−1 day−1 respectively. The lower bound for
pV corresponds to R ≈ 20 , which is the lower limit of experimentally
obtained values of R0 for within-host influenza infection (Smith and
Ribeiro, 2010). Above the upper bound for pV, the number of target
cells drops below one for a single infection, indicating that the
probability of target cells becoming extinct would be high if stochas-
ticity of target cell dynamics were to be taken into account. Because
target cell regrowth is proportional to the number of target cells in the
model, if the number of target cells drops to zero, regrowth does not
occur, and a second infection is not possible. This indicates a likely
breakdown in validity of the model in this region of parameter space.
To increase pV while avoiding target cell depletion, we could simulta-
neously increase pF, the production rate of interferon from cells
infected with either virus; however, for the purposes of this single-
parameter sensitivity analysis, we exclude this region of parameter
space.

Below the lower bound for pF, the number of target cells drops
below one for a single infection, such that a second infection is not
possible. (To decrease pF while avoiding target cell depletion, we could
simultaneously decrease pV.) Above the upper bound for pF, the innate
immune response decreases the infected cell and viral load equilibrium
to the point where effective cellular and humoral adaptive immune
responses are not induced, resulting in chronic infection. As we are
interested in the dynamics of acute infection, we consider this region of
parameter space biologically implausible and exclude it from our
analysis.

Below the lower bound for κA, the humoral adaptive immune
response is not strong enough to resolve the infection in the absence of
the cellular adaptive immune response, which is at odds with experi-
mental results (Kris et al., 1988; Wells et al., 1981; Yap et al., 1979).

A.1. For a long inter-exposure interval, cross-reactivity and memory
shorten the recovery time for the second infection

In the main text, we observed that for a long inter-exposure interval
(10–14 days), cross-reactivity and memory are required to shorten the
recovery time of a second infection relative to that of a first infection
(Fig. 5C). For the purposes of the sensitivity analysis, we will keep the
inter-exposure interval constant at 100 days as pV, pF and κA are
varied.

For all values of pV (Fig. A.10A), pF (Fig. A.10B) and κA (Fig.
A.10C), both cross-reactivity and memory are required to shorten the
recovery time of the second infection relative to the first infection,
which indicates that our primary findings are robust to uncertainty.
However, this effect is smaller in some regions of parameter space,
such as when pV, the production rate of virions from infected cells, is

Fig. A.10. Recovery time for the second infection for a 100-d inter-exposure interval as the parameter on the x-axis is varied, for four cases: (1) cross-reactivity between the two strains
and memory CD8+ T cells present (black line with crosses); (2) cross-reactivity but no memory CD8+ T cells (magenta line with circles); (3) no cross-reactivity between the strains (green
line with triangles); (4) no CD8+ T cells (orange line with crosses). The vertical line indicates the value used for Fig. 5C of the main text. For a 100-d inter-exposure interval, the recovery
time for a single infection is the same as that for the case without cross-reactivity (green line with triangles). (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
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high. In this region of parameter space, the recovery time is hardly
affected if the cellular adaptive immune response is removed (orange
line with crosses); this is because the number of infected cells becomes
so large for large values of R0 that target cell depletion becomes the
dominant factor in resolving infection. Similarly, for high values of κA,
the recovery time for the cases with cross-reactivity converge to that for
the case without cross-reactivity because the humoral adaptive immune
response efficiently resolves the infection, such that the role of the

cellular adaptive immune response is small. This is evidenced by the
little change in recovery time when the cellular adaptive immune
response is removed altogether. However, in the regions of parameter
space where the cellular adaptive immune response does have a
significant effect in resolving infection, cross-reactivity decreases the
recovery time, leaving our conclusions intact.

Fig. A.11. Total number of CD8+ T cells 100 days after the second infection, for a 100-d inter-exposure interval as the parameter on the x-axis is varied, for four cases: (1) cross-
reactivity between the two strains and memory CD8+ T cells present (black line with crosses); (2) cross-reactivity but no memory CD8+ T cells (magenta line with circles); (3) no cross-
reactivity but memory CD8+ T cells present (brown line with triangles); (4) no cross-reactivity or memory CD8+ T cells (black line with triangles). The vertical line indicates the value
used for Fig. 6A of the main text. The total number of CD8+ T cells is defined as C E M C E+ + + +1 1 1 1 1. (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of this article.)

Fig. A.12. Recovery time for the second virus for a 100-d inter-exposure interval, as (from top) the precursor frequency C (0)1 , the avidity a1, the epitope abundance on cells infected

with the first virus d11 and the epitope abundance on cells infected with the second virus d12 are varied along the x-axes. Different lines correspond to different values of (left) the
production rate of virions from infected cells pV, (centre) the production rate of interferon from infected cells pF and (right) the neutralisation rate of virions by antibodies κA, as
indicated by the legend. pV, pF and κA are given in units of virion infected cell−1 day−1, uF infected cell−1 day−1 and (pg/mL)−1 day−1 respectively.
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A.2. For a long inter-exposure interval, cross-reactivity and memory
are required to boost the total number of CD8+ T cells after the second
infection

In the main text, we observed that for a long inter-exposure interval
(10–14 days), both cross-reactivity and memory are required to boost
the total number of CD8+ T cells after the second infection (Fig. 6A).

For all values of pV (Fig. A.11A) and pF (Fig. A.11B), the total
number of CD8+ T cells after the second infection is boosted when both
cross-reactivity and memory are present, which indicates that our
primary findings are robust to uncertainty in these two parameters.

For low values of κA (Fig. A.11C), the total number of CD8+ T cells
after the second infection is greater when both cross-reactivity and
memory CD8+ T cells are present. However, for high values of κA, the
total number of CD8+ T cells after the second infection is marginally
greater when the two strains are not cross-reactive. We may under-
stand this as follows. We have chosen to keep the initial number of
naive CD8+ T cells per pool the same (100 cells) in both situations, but
in the cross-reactive case, there is one pool of CD8+ T cells whereas in
the non-cross-reactive case, there are two pools of CD8+ T cells. Hence,
the total initial number of CD8+ T cells is greater in the non-cross-
reactive case. For low values of κA, the increased expansion of CD8+ T
cells in the cross-reactive case compensates for this initial difference.
However, when κA is high, the humoral adaptive immune response
efficiently clears the infection, such that only a small number of CD8+ T
cells is stimulated to proliferate and differentiate. Hence, the initial
difference in the total number of CD8+ T cells dominates, and the total
number of CD8+ T cells 100 days after the second infection is less in the
cross-reactive case. However, in this region of parameter space, the
expansion of CD8+ T cells in response to infection, and their effect on
the viral load, is unrealistically limited. In contrast, in the region of
parameter space where the cellular adaptive immune response has a
significant effect in resolving infection, our conclusions are robust to
parameter uncertainty.

We note that as pV (the production rate of virions from infected
cells) increases, the total number of CD8+ T cells for the second
infection increases, then decreases (Fig. A.11A). This is because as pV
increases, the number of infected cells at equilibrium increases, but the
recovery time decreases; the play-off of the two effects causes the areas
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to first increase,

then decrease. The areas under the curves are directly proportional to
the number of naive/memory T cells which proliferate and differentiate
during the course of the second infection (following from Eqs. (3a) and
(4a)). This results in the total number of CD8+ T cells for the second
infection increasing, then decreasing as pV increases.

Similarly, as pF (the production rate of interferon) increases, the
total number of CD8+ T cells for the second infection decreases (Fig.
A.11B) due to a decrease in the number of infected cells at equilibrium
which is not completely offset by a simultaneous increase in recovery
time.

A.3. The effect of changing the strength of the cross-reactive immune
response on the recovery time for the second infection

In the main text, we described three factors which determine the
strength of the cellular adaptive immune response: the precursor CD8+

T cell frequency, the avidity of the pMHC-T cell interaction, and the
epitope abundance on infected cells. We then showed that increasing
the strength of the cellular adaptive immune response by increasing the
parameters corresponding to these three factors (C (0)1 , a1, d11 and d12)
decreases the recovery time for the second infection (Section 3.2).

The conclusion that the recovery time decreases as the strength of
the cellular adaptive immune response is increased is robust to changes
in the production rate of virions (pV) (Figs. A12A–D), although the
reduction in recovery time decreases, and finally becomes negligible,

for large values of pV. This is because for large values of pV, resolution
of the infection is driven by target cell depletion rather than the cellular
adaptive immune response. Nevertheless, our conclusions hold in the
region of parameter space where the cellular adaptive immune
response has a significant effect on the resolution of the infection.

The conclusion that the recovery time decreases as the strength of
the cellular adaptive immune response is increased is robust to changes
in the production rate of interferon from infected cells (pF) (Figs.
A12E–H). The same conclusion is also robust to changes in the
neutralisation rate of virus by antibodies (κA) (Figs. A12I–L), although
for a fixed cellular adaptive immune response parameter value (e.g.
C (0)1 ), the relationship between κA and the recovery time is not
monotonic; the shapes of the curves also change as κA increases.

In detail, in Figs. A12I and K, we see that for a constant non-zero
value of C (0)1 and d11, for low values of κA, the recovery time does not
change much as κA is changed; for κ = 3 × 10A

5 (pg/mL)−1 day−1, the
recovery time jumps to a much higher value; and for κ = 3 × 10A

7 (pg/
mL)−1 day−1, the recovery time decreases again. This is because for
high values of κA, the humoral adaptive immune response dominates
the resolution of the infection, preventing sufficient stimulation of the
cellular adaptive immune response. Consequently, for high numbers of
precursor CD8+ T cells, increasing κA can actually increase the recovery
time of the second infection, which is consistent with the ‘bump’ shown
in Fig. A.10C. The ordering of the lines in Figs. A12I and K is similar
because the parametersC (0)1 (the precursor CD8+ T cell frequency) and
d11 (the epitope abundance on cells infected with the first virus) both
only change the initial conditions for the second virus rather than rate
parameters; the ordering is different for the other two parameters a1
and d12, but the cause of the non-monotonic ordering is the same.
Regardless, for each line representing an individual value of κA,
increasing each of the cellular adaptive immune response parameters
C (0)1 , a1, d11 and d12 decreases the recovery time, which is consistent
with the findings in the main text.
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7.4 Outcome of experiments where immune components
are inhibited

This section shows that the presented model can reproduce observations from a
range of experiments where immune components are inhibited.

Time (days)
0 5 10 15 20

V
ir
a
l
lo
a
d
(v
ir
io
n
s)

10
0

10
2

10
4

10
6

10
8

10
10

baseline
no innate

(a) innate immunity absent

Time (days)
0 5 10 15 20

V
ir
a
l
lo
a
d
(v
ir
io
n
s)

10
0

10
2

10
4

10
6

10
8

10
10

baseline
no antibody
no CD8+

no adaptive

(b) antibodies, the CD8+ T cell response,
or both antibodies and the CD8+ T cell re-

sponse absent

Figure 7.2: The model incorporating cross-reactivity and memory
in the cellular adaptive immune response can reproduce observa-
tions when (a) the innate immune response is suppressed; (b) anti-
bodies, the CD8+ T cell response, or both antibodies and the CD8+

T cell response are suppressed.

When the innate immune response is removed from the model (Fig. 7.2a), the
peak viral load increases, which is consistent with observations by Seo et al. [181]
and Hoshino et al. [99], as reviewed in Chapter 3.

However, similar to the models reviewed in Section 3.3.1, whether the recov-
ery time increases or decreases depends on the viral load threshold chosen below
which the infection is defined to be resolved. This ambiguity is contradictory to
observations by Seo et al. [181]. A possible explanation is that in this model, when
innate immunity is suppressed, the increase in viral load leads to the induction
of a stronger adaptive immune response. We have sought to weaken the depen-
dence of the strength of adaptive immunity on the viral load by introducing a
saturation term in the stimulation of naive B/T cells, but further refinements are
the subject of future work.

Another possible reason for the discrepancy is that in the biological system,
the innate immune response aids in inducing the adaptive immune response, as
discussed in Section 2.2.2. As adaptive immunity is responsible for resolution of
the infection, if adaptive immunity is not induced to the same extent due to the
innate immune response being disabled, the recovery time is expected to increase.
Future work will examine the effect of including interactions between innate and
adaptive immunity on the results of these in silico experiments.



Chapter 7. Modelling cross-reactivity and memory in the cellular adaptive
immune response to influenza infection in the host 117

When antibodies are removed from the model (Fig. 7.2b), the viral load re-
bounds after a primary infection, consistent with observations by Iwasaki et al.
[103]. However, unlike experimental observations, the second peak is not higher
than the first. This discrepancy also occurred for the model in Section 6.3, for
similar reasons.

When the CD8+ T cell response is removed, the recovery time increases, which
is consistent with observations by Eichelberger et al. [57] and Bender et al. [15].

When both the CD8+ T cell response and antibodies are removed, the infection
becomes chronic. Experiments have shown that when the CD8+ T cell response
is removed and the production of IgG and IgA antibodies is impaired [117, 212,
224], recovery is severely delayed if not prevented. These results suggest that if,
in addition to the CD8+ T cell response, the production of all antibodies were
disabled, experimental observations would match those in the model.

7.5 Contribution of this model towards the goals of the
study

We have constructed a model which includes all three major components of the
immune response. The model can qualitatively reproduce the observations of
temporary immunity observed in Chapter 5, and attribute this cross-protection to
components of the immune response. In particular, the model suggests that the
shortening of the second infection when infection is with heterologous influenza
A strains is due to a high degree of cross-reactivity in the cellular adaptive im-
mune response, and that this shortening is not observed when infection is with
an influenza A strain followed by an influenza B strain (or vice-versa) because of
low cross-reactivity. The model can also reproduce a range of observations from
experiments where immune components are suppressed.





Chapter 8

Simulation estimation study of
sequential infection experiments

8.1 Motivation for simulation estimation study

In Chapter 5, it was observed that when a short time interval separates exposures
to influenza strains of different types or influenza A strains of different subtypes,
infection with the second strain can be delayed. Chapter 6 then constructed a
two-strain viral dynamics model to show qualitatively that the innate immune re-
sponse is a viable candidate mechanism for explaining this temporary immunity.
We also proposed several hypotheses for parameter differences between strains
leading to different temporal patterns of cross-immunity between strain combi-
nations.

Experimental results also showed that when a longer (10–14 days) inter-exposure
interval separates exposures to influenza A strains of the same subtype, the sec-
ond infection is shortened, but this was not observed when exposures were to
strains of different types. In Chapter 6, the previous model was extended to in-
clude the cellular adaptive immune response; it was then shown in Chapter 7
that both cross-reactivity in the cellular adaptive immune response, and the prop-
erty that some effector CD8+ T cells remain after a primary infection as memory
CD8+ T cells, are required for the model to reproduce this observation. Hence, we
hypothesise that high cross-reactivity in the cellular adaptive immune responses
between influenza A strains, and low cross-reactivity between influenza A and B
strains, led to the different infection outcomes.

The biological validity of these conclusions remains to be tested, as it remains
uncertain whether the models are able to quantitatively reproduce the experimen-
tal observations. Moreover, the sequential infection experiments were motivated
by the hypothesis that, compared to experiments where the host is infected only
once, they would provide more information on how each immune component
contributes to control of a primary infection and protection against a subsequent
infection. This hypothesis is also yet to be tested. Hence, developing methods to
fit the models in Chapters 6 and 7 to experimental data is a priority. Furthermore,
it is essential to determine how to extract the roles of each immune component
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in controlling infection from a fitted model — whether these contributions can
be determined from marginal posterior distributions of the parameters alone, or
whether the predictive capabilities of a fitted model need to be investigated.

Sections 8.2 and 8.3 describe the construction of the synthetic data sets used
in the simulation estimation study. First, we propose four in silico experimen-
tal scenarios (Section 8.2). These scenarios are chosen such that fitting the viral
dynamics model to each data set, and comparing predictions from each of the
fitted models, furthers understanding of the additional information gained by
performing sequential infection experiments compared to single infection experi-
ments. Then, we note several modifications to the model presented in Chapter 7;
reparameterise the viral dynamics model to maximise structural identifiability
(Section 8.3.1); and specify an observation model linking the underlying viral dy-
namics to the measured viral load (Section 8.3.2). Model parameters are then
chosen to generate the synthetic data (Section 8.3.3), and priors for estimating the
model parameters are selected (Section 8.3.4). The generated data is shown in
Section 8.4.

Section 8.5 evaluates the performance of Markov chain Monte Carlo methods
in estimating the parameter values used to generate the synthetic data. Despite
the apparent lack of information in the marginal posterior distributions of some
parameters, the viral load predicted using the fitted model agrees with the syn-
thetic data. This finding suggests that rather than only examining marginal pos-
terior distributions for parameters, predictions using the fitted model could po-
tentially be used to investigate quantities of interest when the model is fit to real
experimental data. The next chapter will investigate which predictions should
be made with a fitted model to extract the roles of each immune component in
controlling infection.

8.2 Design of in silico experiments

The four in silico experiments are summarised in Table 8.1; the data generated for
each experiment will be shown in Section 8.4.

The first experiment, which we will refer to as the ‘single infection, single
replicate’ experiment, models the situation where a single ferret is exposed to a
single strain, which activates two T cell pools.

The second experiment (the ‘single infection, multiple replicates’ experiment)
models the same situation, but with thirteen ferrets (the number will be explained
shortly). The parameters for each ferret are identical, such that the data sets differ
only by measurement error.

The third experiment (‘sequential infection, low cross-reactivity’) mimics the
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set-up by Laurie et al. [120] (Chapter 5) for investigating viral interference be-
tween strains of different types, with a single replicate per inter-exposure inter-
val. Six ferrets are exposed first to a primary strain, then to a secondary strain,
with the interval between exposures varying between 1 and 14 days. In addi-
tion, one ferret is exposed to the second strain only. This corresponds to thirteen
exposures in total, the same number as for the single infection, multiple repli-
cates data set. The parameters for each ferret, and each strain, are the same as
for the single infection, single replicate data set, except there are now three T cell
pools, and the cross-reactivity parameters kCjq and κEjq differ between strains.
The cross-reactivity parameters are chosen such that there is low cross-reactivity
in the cellular adaptive immune response to the two strains. As a result, delayed
infection with the second virus is observed for short inter-exposure intervals.

The fourth experiment (‘sequential infection, high cross-reactivity’) models
the same situation as the sequential infection, low cross-reactivity data set, but
with high cross-reactivity in the cellular adaptive immune response to the two
strains, mimicking two influenza A strains of different subtypes. As a result, co-
infection with both viruses is observed for very short inter-exposure intervals; the
second infection is prevented for medium inter-exposure intervals; and a short-
ened second infection is observed for long inter-exposure intervals.

Comparing model fits to the single infection, multiple replicates and sequen-
tial infection data sets (with low and high cross-reactivity) will enable investi-
gation of the additional information gained by conducting sequential infection
experiments compared to single infection experiments. When parameters are not
accurately recovered by model fitting, comparing model fits to the single infec-
tion, single replicate and single infection, multiple replicates data sets will indi-
cate whether the problem can be remedied by increasing the number of replicates.

Experiment Number of
ferrets

Inter-exposure
interval (days)

Degree of cross-
reactivity

Single infection, single
replicate

1 control n/a

Single infection, multi-
ple replicates

13 control ×13 n/a

Sequential infection,
low cross-reactivity

7 control, 1, 3, 5, 7,
10, 14

low

Sequential infection,
high cross-reactivity

7 control, 1, 3, 5, 7,
10, 14

high

Table 8.1: Summary of the four in silico experiments.
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8.3 Construction of synthetic data sets

Several modifications to the model presented in Chapter 7 are made to produce
the final viral dynamics model for the simulation estimation study (Section 8.3.1),
before defining an observation model (Section 8.3.2), selecting model parameters
(Section 8.3.3) and selecting priors for parameter estimation (Section 8.3.4).

8.3.1 Modifications to the model in Chapter 7

Simplification of memory CD8+ T cell compartments

We continue with the assumption in Chapter 7 that parameter values for central
memory CD8+ T cells are identical to those of naive CD8+ T cells, and that effec-
tor CD8+ T cells originating from central memory CD8+ T cells are identical to
effector CD8+ T cells originating from naive CD8+ T cells. Hence, Eqs. 1, 3 and 4
in Chapter 7 simplify such that Eqs. 3a and 3f now read

dCj
dt

=
Mj

τMj
−

∑Q
q=1 Iq/kCjq

1 +
∑Q

q=1 Iq/kCjq
βCjCj , (8.1a)

dMj

dt
= εjδEjEnEj − δEjMj −

Mj

τMj
. (8.1b)

respectively; Eq. 4 is omitted; and Eq. 1c now reads

dIq
dt

= βqVqT −


δIq + κFqF +

J∑

j=1

κEjqEj


 Iq, q = 1, . . . , Q. (8.2)

Reinstatement of three innate immune mechanisms

One of the aims of the simulation estimation study is to see whether fitting the
model to experimental data will allow us to quantify the effect of each of the three
innate immune mechanisms summarised in Section 6.2 [31]. Hence, we reinstate
the first two mechanisms (target cells becoming temporarily resistant to infection,
and decreasing the production rate of virions from infected cells) to the model in
Chapter 7. Equations 1a and 1d now read

dT

dt
= g(T +R)

(
1−

T +R+
∑Q

q=1 Iq

T0

)
−


φF +

Q∑

q=1

βqVq


T + ρR, (8.3a)

dVq
dt

=
pV q

1 + sqF
Iq − (δV q + κAqAq + βqT )Vq, (8.3b)
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respectively, and there is an additional equation

dR

dt
= φFT − ρR. (8.4)

Parameter definitions and the biological interpretation of the equations are as per
Section 6.2 [31].

Experimental measurements of viral load: total versus infectious

As discussed in Section 5.2, an infected cell produces both infectious and non-
infectious virions, the latter of which arise due to defects introduced during the
viral replication process [129, 150]. In Chapter 7, we excluded non-infectious viri-
ons, assuming that they played no part in viral dynamics. However, both infec-
tious and non-infectious virions contribute to the activation of B cells. To account
for this contribution by non-infectious virions, we will assume that the activation
rate of B cells is a function of the total viral load, rather than the infectious vi-
ral load as assumed for models in the previous chapters. This change will have
a subtle effect on viral dynamics, as the ratio of total to infectious virions is not
constant over the course of an infection [165].

Moreover, in the experiments conducted by Laurie et al. [120], the total viral
load, rather than the number of infectious virions, is measured (although there are
also limited measurements of the infectious viral load, which could be integrated
into the study in the future). Hence, incorporating the total viral load into the
model is essential to fitting.

To incorporate the total viral load into the model, we introduce the following
constants (adapted from Petrie et al. [165]):

• pR, the ratio of total to infectious virions produced by an infected cell;

• α, the conversion factor from the total viral load concentration in nasal wash
to the total number of virions in the respiratory tract (i.e. the RNA copy
number/100µL which corresponds to one virion in the respiratory tract);

• δV R, the decay rate of the total number of virions; and

• γ, the initial ratio of total to infectious virions.

The first three of these parameters will feature in the model equations, while γ
only pertains to the initial conditions. Moreover, the decay rate of infectious viri-
ons δV is now interpreted as the rate at which infectious virions become non-
infectious. An equation for the total virion concentration VR is then added to the
system of equations in Chapter 7 which reads

dVRq
dt

=
pV qpRqαq
(1 + sqF )

Iq − δV RqVRq − αqβqTVq. (8.5)
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The presence of Vq rather than VRq in the last term in Eq. 8.5 reflects that only
infectious virions can infect cells. Note that neutralisation by antibodies is absent
from this equation, reflecting that antibodies only render infectious virions non-
infectious.

The concentration of total virus in nasal wash (VRq) upon exposure (as mea-
sured in RNA copy number/100µL) is VR(0) = γαV0, where the parameter V0 is
the number of infectious virions in the respiratory tract upon exposure.

The majority of the equations in Chapter 7 still hold, reflecting that the innate
and cellular adaptive immune responses act only on infected cells, not virions.
However, both infectious and non-infectious virions activate B cells, so Vq is re-
placed by VRq in Eqs. 2a–b, such that the equations become

dB0q

dt
= − VRq

kBq + VRq
βBqB0q, (8.6a)

dB1q

dt
=

VRq
kBq + VRq

βBqB0q −
nBqB1q

τBq
− δBqB1q. (8.6b)

Reparameterising the viral dynamics model to maximise structural identifiabil-
ity

The only compartment in the model for which time series data is available for all
ferrets is the total viral load VRq. This limitation compromises the identifiability of
model parameters. Some of the parameters are practically unidentifiable; practi-
cal identifiability will be assessed in Section 8.5.3. However, some parameters are
structurally unidentifiable, in that even with perfect measurements, their values
cannot be determined [42]. By inspection, we find parameter combinations which
are identifiable, and re-write the model in terms of these composite parameters.

First, note that in Chapter 7, the strength of cellular adaptive immunity was a
function of the avidity aj and the epitope abundance djq, but these two quantities
only appeared in the combinations

kCjq =
k̃C
ajdjq

, (8.7a)

κEjq = κ̃Eajdjq, (8.7b)

where k̃C and κ̃E are baseline values for the number of infected cells required
for half-maximal stimulation of naive CD8+ T cells and the clearance rate of in-
fected cells by effector CD8+ T cells respectively. Hence, we need only specify
kCjq rather than aj and djq separately. Furthermore, of the parameters κEjq, we
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need only specify κE11, from which the remaining values κEjq can be obtained
from the relation κEjq = κE11

kC11
kCjq

.
The compartments F , B, P , A, C, E and M are not measured directly, so the

substitutions B̄0q :=
B0q

B0q(0) , P̄q :=
Pq

B0q(0) , Āq :=
Aq

pAqB0q(0) , C̄j :=
Cj

Cj(0) , Ēij :=
Eij

Cj(0) ,

M̄j :=
Mj

Cj(0) , F̄ := F
pF1

, φ̄ := φpF1, ¯pFq :=
pFq

pF1
, ¯κFq := κFqpF1, s̄q := sqpF1,
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κ̄Aq := pAqκAqB0q(0), κ̄Ejq := Cj(0)κEjq can be made to obtain

dT

dt
= g(T +R)

(
1−

T +R+
∑Q

q=1 Iq

T0

)
−

Q∑

q=1

βqVqT + ρR− φ̄F̄ T, q = 1, . . . , Q,

(8.8a)
dR

dt
= φ̄F̄ T − ρR, (8.8b)

dF̄

dt
=

Q∑

q=1

p̄FqIq − δF F̄ , (8.8c)

dIq
dt

= βqVqT −


δIq + κ̄FqF̄ +

J∑

j=1

κ̄EjqĒj


 Iq, q = 1, . . . , Q, (8.8d)

dVq
dt

=
pV q

1 + s̄qF̄
Iq − (δV q + κ̄AqĀq + βqT )Vq, (8.8e)

dVRq
dt

=
pV qpRqαq
1 + s̄qF̄

Iq − δV RqVRq − αqβqTVq, (8.8f)

dB̄0q

dt
= − VRq

kBq + VRq
βBqB̄0q, (8.8g)

dB̄1q

dt
=

VRq
kBq + VRq

βBqB̄0q −
nBqB̄1q

τBq
− δBqB̄1q, (8.8h)

dB̄iq
dt

=
nBq(2B̄i−1,q − B̄iq)

τBq
− δBqB̄iq, i = 2, ..., nB, (8.8i)

dP̄q
dt

=
2nBqB̄nB ,q

τBq
− δBqP̄q, (8.8j)

dĀq
dt

= P̄q − δAqĀq, (8.8k)

dC̄j
dt

=
M̄j

τMj
−

∑Q
q=1 Iq/kCjq

1 +
∑Q

q=1 Iq/kCjq
βCjC̄j , (8.8l)

dĒ1j

dt
=

∑Q
q=1 Iq/kCjq

1 +
∑Q

q=1 Iq/kCjq
βCjC̄j − (

nEj
τEj

+ δEj)Ē1j , (8.8m)

dĒij
dt

=
nEj(2Ēi−1,j − Ēij)

τEj
− δEjĒij , i = 2, ..., nE − 1, (8.8n)

dĒnEj

dt
=

2nEjĒnE−1,j

τEj
− δEjĒnEj , (8.8o)

Ēj =

nE∑

i=1

Ēij , (8.8p)

dM̄j

dt
= εjδEjĒnEj − δEjM̄j −

M̄j

τMj
. (8.8q)

This is the final model for the simulation estimation study. The compartments
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whose values at the time of exposure to the first strain are estimated are T , the
number of target cells; and V , the number of infectious virions. The initial value
of V and the parameters γ and α dictate the initial value of VR, the concentration
of total virions. The initial values of B0q and Cj are normalised to 1. All other
initial values are zero.

Instead of fitting the infectivity (β) and the production rate of infectious viri-
ons from an infected cell (pV ), we fit the basic reproduction number R0 (Eq. 4.29)
and the initial viral load growth rate r (Eq. 4.34), as we hypothesise that these
parameters are more intimately linked to features of the viral load curve. In Sec-
tion 8.5.3, it will be shown that while r is accurately recovered when fitting the
model to the synthetic data (as previously shown by Arenas et al. [7]), R0 is not,
indicating that R0 is in fact less linked to features of the viral load curve than we
hypothesised before the simulation estimation study was conducted.

8.3.2 Observation model

The measured viral load yqfk for each virus q = 1, 2, . . . , Q, ferret f = 1, 2, . . . , F

and measuring time point tqfk where k = 1, 2, . . . ,Kqf is given by

yqfk =




mq(tqfk, uf ,βf )10eqfk when mq(tqfk, uf ,βf )10eqfk ≥ Θ

0 otherwise

(8.9a)

where eqfk
i.i.d.∼ N (0, σ). (8.9b)

βf is a vector of parameter values for ferret f , uf is an input scalar indicating
the inter-exposure interval, eqfk is the measurement error, and Θ is a detection
threshold. eqfk is i.i.d. ∀ q, f, k with zero mean and standard deviation σ (a con-
stant for all viruses, ferrets and measurement times). mq(tqfk,uf ,βf ) maps the
parameter values and inter-exposure interval for each ferret to the total viral load
at a given time, VRqf (tqfk). More precisely, the function output is the solution to
Eq. 8.8 for the VRq compartment at time tqfk for the given parameter values and
inter-exposure intervals. Θ takes the value 10 RNA copies/100µL in the experi-
ments by Laurie et al. [120]. A measured viral load of 0 denotes that the viral load
is below the detection threshold.

To account for individual-level differences, the vectors βf would be drawn
from a population-level distribution. However, to investigate the ‘best-case sce-
nario’ in which individual-level differences are negligible, we set βf = β ∀f .
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Therefore the likelihood of the model given the data is

P (y|θ) =

Q∏

q=1

F∏

f=1

Kqf∏

k=1

P (yqfk|θ) where (8.10a)

P (yqfk|θ) =





1√
2σ2π

exp

{
− [log10 yqfk−log10mq(tqfk,uf ,β)]

2

2σ2

}
if yqfk ≥ Θ∫

Θ

0

1√
2σ2π

exp

{
− [log10 x−log10mq(tqfk,uf ,β)]

2

2σ2

}
dx if yqfk = 0

0 otherwise.

(8.10b)

In the second line of Eq. 8.10b, the likelihood when the data is below the detection
threshold is obtained by integrating the probability density function from 0 to the
detection threshold, i.e. treating the data below the threshold as censored [3].
The vector θ contains the parameters β, the inter-exposure intervals uf , the time
points tqfk, and the measurement error σ.

8.3.3 Choice of model parameters for generating synthetic data

To ensure that model behaviour is qualitatively in line with prior knowledge of
the time course of an influenza infection, parameter values are chosen such that
the following criteria are satisfied for a single infection:

• the time for the total viral load to drop below the detection threshold is less
than 15 days [120];

• the peak total viral load occurs between 1–6 days post-exposure [120];

• the peak in interferon occurs between 2–7 days post-exposure [33];

• the peak in antibodies occurs between 10–40 days post-exposure [138];

• the peak in CD8+ T cells occurs between 5–15 days post-exposure [138];

• when the humoral adaptive immune response is absent, the viral load re-
bounds [103];

• when the cellular adaptive immune response is absent, resolution of the
infection is delayed [223]; and

• when both arms of the adaptive immune response are absent, chronic infec-
tion ensues [117].

As Laurie et al. [120] only reports on the viral load, only the first two criteria
are taken from that study. The third criterion is based on a publication by Carolan
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et al. [33] which uses data from the same ferrets. The remaining criteria are taken
from studies using different animal models of human influenza, and different
influenza strains. Because of these multiple sources of information, instead of in-
corporating the specific trajectories of the immune compartments in these studies,
we focus on qualitative features of compartment trajectories and the approximate
timing of various immune components, which we expect to be consistent across
strains and host species. Importantly, the simulation estimation study does not
aim to make biological inferences using the specific timings in the above studies;
hence, the baseline model only needs to reproduce the approximate qualitative
behaviour of the experimental data. The values of the parameter set chosen must
also have a non-zero probability in the joint prior distribution specified in the next
section.

The final parameters chosen to generate the synthetic data are given in Ta-
bles 8.2–8.5. Note that because all parameters are equal between strains, to sim-
plify notation, subscripts are dropped except in the cross-reactivity terms in the
cellular adaptive immune response.

8.3.4 Specifying the priors for estimation of parameters

We fix two parameters — the number of plasmablast division cycles (nB) and
the number of effector CD8+ T cell division cycles (nE) — to be 5 [127, 197] and
20 [195] respectively. These parameters are fixed for computational convenience,
as changing these two parameters changes the number of differential equations
in the system. Testing how changing these two parameters affects the goodness
of fit of the model to the data is the subject of future work.

For the remaining parameters, the joint prior distribution reflects the range of
values found in the literature. We begin with a uniform distribution in parameter
space whose bounds along each dimension are given in Tables 8.2–8.5. Note that
parameter estimation is performed in a parameter space where all parameters ex-
cept for the measurement error σ are log transformed. Then, we exclude regions
of parameter space where the parameters log10 β and log10 pV , which are not di-
rectly estimated but are instead recovered from Eqs. 4.29 and 4.34, are outside the
bounds given in Table 8.2.

The priors are deliberately chosen to be wide because, as discussed in Sec-
tion 3.5.2, previous parameter estimates come from a range of experimental sys-
tems, and parameters with similar physical definitions can vary in value depend-
ing on the model used. The bounds for viral replication parameters are based
on those by Petrie et al. [164] where the equivalent parameters exist. Otherwise,
where multiple estimates exist in the literature (as cited in the tables), the bounds
are chosen to encompass all of them. Where we can only find a single estimate,
bounds around that estimate spanning at least an order of magnitude are chosen
(unless the parameter is a pure rate parameter, as discussed shortly). Where no
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estimate was found in the literature, we choose a value based on the criteria out-
lined in Section 8.3.3, and assign very wide bounds spanning much more than
one order of magnitude around this value. In general, the bounds for pure rate
parameters (those with units day−1 only) can be chosen to be narrower as the or-
der of magnitude of the rate at which these processes occur is known, whereas
bounds for parameters such as R0 are much wider.

Furthermore, for computational efficiency, some minimal constraints on the
behaviour of the viral load and timing of various immune components are in-
corporated into the prior distribution. These constraints are imposed because
parameter sets which generate ‘unreasonable’ viral load trajectories for a single
infection cause large delays in numerical integration of the two-strain differential
equations. The criteria by which these parameter sets are excluded are much less
stringent than those used to select the parameter set with which to generate the
synthetic data. They are that for a single infection,

• the total viral load rises by at least one order of magnitude during infection;

• the total viral load peaks 0–7 days post-exposure;

• the humoral adaptive immune response is not active too early (five days
post-exposure, the neutralisation rate of virus by antibodies, κ̄A1A1, does
not exceed 103 day−1); and

• the cellular adaptive immune response is not active too early (five days
post-exposure, the clearance rate of infected cells by effector CD8+ T cells,∑J

j=1 κ̄Ej1Ej , does not exceed 103 day−1).

If the viral load trajectory (in the absence of measurement noise) predicted
by a parameter set does not fulfil all of these conditions, the value of the prior
distribution is zero at that point in parameter space.
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Parameter Description Value Prior bounds Units

log10R0 Basic reproduction number log10 4.9 [0, 3] [8, 87, 138, 161, 179, 187]
log10 r Initial viral growth rate log10 6.56 [0, 2] [8, 87, 138, 161, 179, 187] day−1

log10 δI Infected cell decay rate log10 2 [−1, 2] [164] day−1

log10(δV − δV R) Difference between infectious and total virion
decay rates

log10 2 [−2, 2] [165] day−1

log10 δV R Total virion decay rate log10 8 [0, 2] [164] day−1

log10 T0 Initial number of target cells log10(7× 107) [7, 8] [165] target cell
log10 g Target cell regrowth rate log10 0.8 [−10, 0.5] [18, 84, 88, 121, 146] day−1

log10 pR Ratio of production of total to infectious virions log10(4× 104) [0, 6]
log10 α The number of RNA copies/100µL of nasal

wash corresponding to one virion
log10 0.01 [−3,−1] RNA

copies/100µL
virion−1

log10 γ The initial ratio of total to infectious virions log10(4× 104) [0, 5]
log10 V0 The number of infectious virions upon expo-

sure
log10 1 [0, 3] virion

log10 β Infectivity parameter log10(5× 10−7) [−12,−4] [164] virion−1 day−1

log10 pV Production rate of infectious virions by infected
cells

log10 12.6 [−6, 6] [164] virion infected
cell−1 day−1

Table 8.2: Viral replication parameter values. Note that the value and prior bounds are given in logarithmic space. For example, the
value of log10R0 is log10 4.9 and the prior bounds are [0, 3]. Hence, the value of R0 is 4.9 and the prior bounds of R0 are [1, 1000]. β
and pV are not directly fitted, but their values as recovered from Eqs. 4.29 and 4.34 may not exceed the bounds given. The difference
between the infectious and total virion decay rates δV − δV R, rather than the infectious virion decay rate δV , is fitted to ensure that
the former quantity is positive, as infectious virions decay into non-infectious virions. Notes on biologically plausible ranges for the

parameters pR, α and γ are given in Appendix A.
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Parameter Description Value Prior bounds Units

log10 p̄F normalised interferon production rate log10 1 fixed infected cell−1 day−1

log10 δF interferon decay rate log10 2 [−1, 2] [18, 161] day−1

log10 φ̄ (scaled) rate at which target cells become resis-
tant to infection

log10(3.3× 10−5) [−10, 0] [161, 179] day−1

log10 ρ rate at which resistant cells become susceptible
to infection

log10 2 [0, 2] [18, 36, 84, 92, 161] day−1

log10 s̄ (scaled) factor by which the production rate of
virions is decreased by type I interferon

5× 10−4 [−10, 0] day−1

log10 κ̄F (scaled) clearance rate of infected cells by natu-
ral killer cells

log10(2.5× 10−3) [−10, 0] [161] day−1

Table 8.3: Innate immune response parameter values. Note that p̄F is equal to 1 by default because p̄Fi := pFi/pF1, and we are
assuming that all parameters are equal between strains.
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Experiment Parameter Value Prior bounds units

Single infection, single replicate/ log10 kC11 5.05 [−1, 10]
single infection, multiple replicates log10 kC12 6 [−1, 10]

log10 κ̄E11 log10 0.0081 [−10, 3] [9] day−1

Sequential infection, low cross-reactivity
log10 kC11 = log10 kC22 5.05 [−1, 10]
kC12 = kC21 ∞ fixed
log10 kC13 = log10 kC23 6 [−1, 10]
log10 κ̄E11 log10 0.0081 [−10, 3] [9] day−1

Sequential infection, high cross-reactivity
log10 kC11 = log10 kC22 6 [−1, 10]
kC12 = kC21 ∞ fixed
log10 kC13 = log10 kC23 5.05 [−1, 10]
log10 κ̄E11 log10 0.0009 [−10, 3] [9] day−1

Table 8.4: Values for the cross-reactivity parameters in the cellular adaptive immune response: the number of infected cells for
half-maximal stimulation of naive/memory CD8+ T cells kCjq and the (scaled) clearance rate of infected cells by effector CD8+ T
cells κ̄E11. Note that κ̄E11 is chosen such that κ̄E11 in the sequential infection, low cross-reactivity data set is equal to κ̄E12 in the

sequential infection, high cross-reactivity data set.
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Parameter Description Value Prior bounds Units

log10 kB concentration of viral RNA for half-maximal
stimulation of naive B cells

log10(2× 108) [1, 10] RNA copy no./100µL

log10 βB maximal stimulation rate of naive B cells log10 1 [−5, 5] day−1

log10 τB total proliferation time of plasmablasts log10 4 [0, 1] [127, 197] day
log10 κ̄A (scaled) neutralisation rate of virions by anti-

bodies
log10 360 [−10, 10] [138] day−1

log10 δA antibody decay rate log10 0.04 [−2,−1] [18, 121] day−1

log10 δB plasmablast and plasma cell decay rate log10 0.11 [−1, 0] [22, 142] day−1

log10 βC maximal stimulation rate of naive/memory
CD8+ T cells

log10 1 [−5, 5] day−1

log10 τE total proliferation time of effector CD8+ T cells log10 5 [0.5, 1] [122] day
log10 δE decay rate of effector CD8+ T cells log10 0.6 [−1, 0] [208] day−1

log10 ε proportion of effector CD8+ T cells which be-
come memory CD8+ T cells

log10 0.02 [−3,−1] [37, 50, 148]

log10 τM mean refractory time for memory CD8+ T cells log10 14 [1, 1.5] [106] day
σ measurement error 0.5 [0, 2]

Table 8.5: Adaptive immune response and measurement model parameter values.



Chapter 8. Simulation estimation study of sequential infection experiments 135

8.4 Generated data
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Figure 8.1: The single infection, single replicate and single infec-
tion, multiple replicates data sets. The black dots indicate the vi-
ral load in the absence of measurement noise; the coloured mark-
ers indicate the viral loads for each ferret in the multiple repli-
cates data set, of which the red squares correspond to the single
replicate data set. The dashed line shows the detection thresh-
old. Data below the detection threshold is plotted at 1 RNA copy

number/100µL.

Figure 8.1 shows the single infection, single replicate and single infection, mul-
tiple replicate data sets, while Figures 8.2 and 8.3 show the sequential infection,
low cross-reactivity data set and the sequential infection, high cross-reactivity
data set respectively.
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(b) 1 day
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(c) 3 days
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Figure 8.2: The sequential infection, low cross-reactivity data set.
The red and blue markers correspond to the first and second strain
respectively. The dots indicate the viral load in the absence of
measurement noise, while the crosses indicate the viral load with
measurement noise. The dashed line shows the detection thresh-
old; data below the detection threshold is plotted at 1 RNA copy

number/100µL. The caption shows the inter-exposure interval.
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Figure 8.3: The sequential infection, high cross-reactivity data set
(description as per Fig. 8.2).

8.5 Performance of Markov chain Monte Carlo methods in
estimating model parameters

This section evaluates the performance of Markov chain Monte Carlo methods in
estimating the parameter values used to generate the synthetic data, as detailed
in Section 4.4.

8.5.1 Convergence diagnostics

To assess convergence, we examine the trace plots of the log likelihood and calcu-
late the effective sample size and potential scale reduction factor (PSRF) [70] for
the parameters using the coda package in R, as described in Section 4.4.3.

Figure 8.4 shows trace plots for the log likelihood of an MCMC chain starting
at a random point in parameter space for the single infection, single replicate
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Figure 8.4: Log likelihood trace plots for the single infection, sin-
gle replicate data set, for (a) the first 100 iterations during the cali-
bration period; (b) the iterations after burn-in. The horizontal line
shows the log likelihood for the parameter values used to generate

the data.

data set. Fig. 8.4a shows the first 100 iterations during the calibration period; the
likelihood of the random parameter values at the start of the chain is much lower
than that of the values used to generate the synthetic data (horizontal line), but
the likelihood quickly increases with the number of iterations. Fig. 8.4b shows
the iterations after burn-in; the log likelihood fluctuates about its value for the
parameters used to generate the synthetic data. (Because noise was added to
the simulated data, we do not expect the true parameters to have the maximum
likelihood.) This suggests that convergence has occurred. Log likelihood trace
plots for the remaining data sets can be found in Appendix B.

Note the jump in the log likelihood approximately 5 × 104 iterations after the
burn-in period. This jump is because a local maximum has been reached. In
detail, when noise is added to the simulated data, there may be parameter sets
whose likelihood given the noisy data points is greater than that for the ‘true’ pa-
rameters used to generate the data; these best-fitting parameters become a local
maximum for the log likelihood. If a parameter set generates viral load trajec-
tories which fit the noisy data well, a standard deviation parameter σ which is
much smaller than the ‘true’ value is still consistent with the data. In this case, as
σ collapses, the log likelihood can increase greatly even when the viral dynamics
parameters are fixed.

The existence of local maxima due to the particular values of noise on each
data point is only potentially a problem when the number of ferrets is small; as the
number of ferrets increases, the probability that there exists a parameter set which
enables the model to fit the noisy data much better than the ‘true’ parameters
decreases. Figure B.1 in Appendix B shows that there are no large jumps in the log
likelihood for the single infection, multiple replicates data set, nor the sequential
infection data sets. Moreover, if the burn-in period is lengthened to exclude the
jump in the log likelihood for the single infection, single replicates data set, the
marginal posterior distributions do not change qualitatively (results not shown).

Table 8.6 shows the potential scale reduction factor and effective sample size
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for each of the parameters for the single infection, single replicate data set, af-
ter the burn-in iterations are discarded. The potential scale reduction factors are
below 1.1 for every parameter, suggesting convergence; the effective sample size
for each parameter is also large. The potential scale reduction factor and effec-
tive sample sizes for the remaining data sets can be found in Tables B.1–B.3 in
Appendix B.

Point est. Upper C.I. Effective sample size
log10 g 1.00 1.00 77134.34

log10 δF 1.01 1.02 8491.29
log10 φ̄ 1.00 1.01 21150.34

log10 T0 1.00 1.00 39066.40
log10 ρ 1.00 1.00 49888.37
log10 α 1.01 1.02 12932.79

log10R0 1.01 1.03 2734.65
log10 r 1.01 1.01 2794.29

log10 δI 1.01 1.03 2568.39
log10(δV − δV R) 1.00 1.00 26700.14

log10 δV R 1.01 1.03 5688.35
log10 κ̄F 1.01 1.02 10877.53

log10 s̄ 1.00 1.00 7776.21
log10 κ̄A 1.00 1.01 9756.72
log10 δA 1.00 1.00 131648.51
log10 δB 1.00 1.00 29531.59
log10 kB 1.00 1.00 24749.62
log10 βB 1.00 1.01 25198.17
log10 τB 1.00 1.00 25669.92
log10 pR 1.01 1.02 4910.70
log10 γ0 1.00 1.00 178326.55
log10 V0 1.00 1.01 22173.77
log10 βC 1.02 1.05 4680.92
log10 δE 1.02 1.07 9538.19
log10 τM 1.00 1.00 120642.05
log10 τE 1.01 1.03 6146.75

log10 ε 1.00 1.00 45510.04
log10 kC11 1.01 1.03 5980.10
log10 kC12 1.03 1.09 6420.80
log10 κ̄E11 1.02 1.06 3308.50

σm 1.00 1.01 6647.30

Table 8.6: Potential scale reduction factor (point estimate and up-
per bound of 95% confidence interval) and effective sample size
for each parameter, for the model fitted to the single infection, sin-
gle replicate data set. The first 10,000 iterations of each chain are
discarded, leaving 190,001 samples from each chain and 570,003

samples across the three chains.
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8.5.2 The model accurately recovers the viral load for a single infection
whether it is fitted to single infection or sequential infection data

Figure 8.5 shows 95% prediction intervals for the viral load in the absence of noise,
for (a) the single infection, single replicate data set; (b) the single infection, mul-
tiple replicates data set; (c) the sequential infection, low cross-reactivity data set;
and (d) the sequential infection, high cross-reactivity data set. The 95% prediction
intervals include the true viral load (dots), indicating that the model is able to
discern the true viral load trajectory.

The 95% prediction intervals are considerably narrower for the single infec-
tion, multiple replicates data set (Fig. 8.5b) compared to the single infection, sin-
gle replicate data set (Fig. 8.5a), indicating that the increased number of replicates
narrows down the joint posterior distribution. The narrower joint posterior distri-
bution enables the model to make more precise predictions about the viral load.
On the other hand, the joint posterior distributions obtained by fitting the model
to the sequential infection data sets (Figs. 8.5c–d) do not predict the viral load
for a single infection more precisely than that for the single infection, multiple
replicates data set with the same number of exposures (Fig. 8.5b).

For the models fitted to sequential infection data, the 95% prediction inter-
vals for the viral load for different inter-exposure intervals are shown in Figs. B.2
and B.3 in Appendix B.

8.5.3 Marginal posterior distributions alone do not describe how the
model explains clearance of a primary infection or prevention of
a subsequent infection

This section shows histograms of samples from the marginal posterior distribu-
tions of each parameter by combining all iterations (after burn-in) of the three
MCMC chains. We emphasise that the aim of the study is not to estimate model
parameters, but to quantify the roles of each immune component in controlling
infection; we will do so in the next chapter by using the fitted models to make pre-
dictions, such as regarding the outcomes of knockout experiments. Nonetheless,
the marginal posterior distributions do provide a way to gauge the additional
information provided by sequential infection experiments over single infection
experiments.

Furthermore, if the parameter values used to generate the synthetic data can
be re-estimated, then fitting the model to real experimental data will reveal in-
formation about the rates at which processes occur in the system, which may be
useful when determining reasonable parameter values for future models. On the
other hand, if the marginal posterior distributions do not reflect the true parame-
ter values, this cautions against relying on them for accurate parameter estimates.
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Figure 8.5: The model fitted to each of the data sets accurately recov-
ers the viral load, but the 95% prediction intervals are wider for the
single infection, single replicate experiment. 95% prediction intervals
for the viral load of a single infection in the absence of noise, for
(A) the single infection, single replicate data set; (B) the single in-
fection, multiple replicates data set; (C) the sequential infection,
low cross-reactivity data set; and (D) the sequential infection, high
cross-reactivity data set. The dots indicate the true viral load in the

absence of noise, while the crosses indicate the noisy data.
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Figure 8.6: Some parameters are recovered accurately by fitting to se-
quential infection data. Leftmost column: the marginal prior distri-
bution of the parameter in the x-axis label. Remaining columns:
the marginal posterior distributions of the same parameter for the
model fitted to the data sets indicated. The parameter values used

to generate the data sets are marked by the vertical line.

Because of the large number of parameters, particular parameters are selected
as examples of qualitative behaviours observed; the full set of marginal posterior
distributions is presented in Figs. B.4–B.7 in Appendix B.

Some parameters are estimated accurately by the fitted models. Figure 8.6
shows two examples of these parameters: the initial viral load growth rate r and
the total viral decay rate δV R. To assess whether the data are informative, the
marginal posterior distributions are compared to the prior distributions (leftmost
column). The prior distributions are obtained by sampling from the joint prior
distribution using the Metropolis algorithm as outlined in Section 4.4, but setting
P (y|θ) to a constant.

The remaining columns show the marginal posterior distributions of the same
parameter for the model fitted to (from left to right) the single infection, sin-
gle replicate data set; the single infection, multiple replicates data set; the se-
quential infection, low cross-reactivity data set; and the sequential infection, high
cross-reactivity data set. The parameter values used to generate the data sets are
marked by the vertical line.

The marginal posterior distributions indicate that the value of r can be esti-
mated from each of the data sets, which is perhaps unsurprising because r is the
initial slope of the viral load trajectory (Section 4.3). However, the models fitted
to the sequential infection data (Figs. 8.6d–e) estimate r much more precisely. In
particular, the models fitted to single infection data only (Figs. 8.6b–c) cannot ex-
clude the possibility that r is orders of magnitude larger than its true value. For
the predicted viral load trajectory to fit the data given these large values of r, its
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Figure 8.7: Some parameters are poorly estimated by fitting to sequential
infection data. Figure descriptions are as per Fig. 8.6.

growth rate must slow down very early on due to target cell depletion or innate
immunity. The models fitted to sequential infection data are able to exclude this
possibility.

Similarly, the value of the total viral load decay rate, δV R, is estimated accu-
rately from the data. The accurate recovery of this parameter value is because
in the absence of infected cells and infectious virions, the total viral load decays
at rate δV R, so the steepest negative gradient of the viral load curve during the
resolution phase (on a log scale) provides a lower bound for δV R. In this case, in-
creasing the number of replicates (from Fig. 8.6g to Fig. 8.6h) decreases the spread
of the marginal posterior distribution, but conducting sequential infection exper-
iments (from Fig. 8.6h to Figs. 8.6i–j) does not.

At the other end of the spectrum, Figs. 8.7a–e show that the marginal poste-
rior distributions for the antibody decay rate, δA, are the same as the marginal
prior distribution. The lack of improvement when the model is fitted to the sin-
gle infection, multiple replicates data (Fig. 8.7c) compared to the single infection,
single replicate data (Fig. 8.7b) indicates that the lack of information is not due to
insufficient replicates. Instead, it is because the continued growth of antibodies
after the end of a primary infection does not impact its viral load, and also does
not impact a second infection due to the lack of cross-reactivity in the antibody
response.

However, even if the marginal posterior distribution remains unchanged from
the prior distribution, such that a parameter is not practically identifiable by it-
self, the data could contain information about a combination of parameters. Fig-
ures 8.7f–j show that the marginal posterior distributions for the B cell decay rate,
δB , are also the same as the prior distribution. However, when the value of δB is
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changed while holding all other parameters constant, the likelihood changes dras-
tically (Fig. 8.8b), whereas there is no such change for δA (Fig. 8.8a). Hence, one
cannot determine the identifiability of a parameter in combination with others by
examining the marginal posterior distributions alone.
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Figure 8.8: The log likelihood remains roughly constant as the value of
δA is changed in isolation, but changes drastically when δB is changed.
The log likelihood for the sequential infection, low cross-reactivity
data set given the model parameters as (a) δA and (b) δB are varied
while the other parameters are kept at the values used to generate
the synthetic data. The vertical line indicates the true parameter
value, and the horizontal line indicates the log likelihood of the

data given the true set of parameter values.

To better quantify the practical identifiability of each parameter, one could use
the profile likelihood method [174]. For each parameter, as the value of the pa-
rameter is changed, the likelihood over all remaining parameters would be max-
imised. The maximised likelihood would only change if the target parameter can
be identified from the data independently from all others. However, maximising
over the large number of parameters in this model is extremely computationally
costly.

Despite the lack of information in the marginal posterior distribution of some
parameters (Fig. 8.7 as well as many parameters in Figs. B.4–B.7), the model can fit
the viral load data well (Fig. 8.5). As the estimation of parameter values is not our
ultimate goal, rather than relying on the marginal posterior distributions only, we
will use prediction methods, such as in silico knockout experiments, to directly
investigate how each model quantitatively attributes control of an infection to
each immune component, as shown in the next chapter.

Assessing bias in marginal posterior distributions

Further reason to use prediction methods, rather than only the marginal posterior
distributions, is the apparent bias in the marginal posterior distributions for some
parameters. Figure 8.9 shows that the marginal posterior distributions for the
basic reproduction number R0 are biased towards much lower values than the
value used to construct the synthetic data sets.

The discrepancy between the value of R0 used to generate the synthetic data
and the estimated values is of interest because previous studies have shown that
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Figure 8.9: The marginal posterior distributions for R0 are biased to-
wards low values. Figure descriptions are as per Fig. 8.6.

R0 for the TIV model can be written as a function of the initial viral growth rate
r, the infectious cell decay rate δI and the infectious virion decay rate δV [156]
— each of which are estimated in an unbiased manner (Fig. B.4 in Appendix B).
Moreover, in the population-scale equivalent of the TIV model — the SIR model
— R0 can be inferred reliably from data [93].

We hypothesise that contrary to initial beliefs, the estimated value of R0 has
a lesser effect in an immune-driven model than in either the TIV model, where
clearance is driven by target cell depletion, or the SIR model, where similarly,
the epidemic ends through depletion of susceptibles. This difference between the
effects of R0 in different models arises because in the models where resolution is
driven by depletion of susceptibles (cells/individuals), the decay rate towards the
end of the infection curve is either the removal rate of infectious individuals (SIR
model) or a function of the non-specific decay rates of virions and infected cells
(δI and δV in the TIV model). These quantities appear in R0. On the other hand,
if resolution is driven by the immune response, the decay rate at the end of the
infection is a combination of adaptive immune parameters and non-specific decay
of infected cells and virions, the former of which do not appear in R0. Hence,
although the underlying reason for the bias in the marginal posterior distribution
of R0 remains to be investigated, this parameter has less influence on the viral
load than may be expected, and the viral load is nonetheless recovered accurately.
This example again highlights the caution required when interpreting marginal
posterior distributions.

One possible source of the bias may be that for the particular values of the
measurement error eqfk which were generated for each data point, a lower R0

genuinely fits the data better. A priori, this explanation is unlikely given the large
number of ferrets in both the single infection, multiple replicate data sets and
the sequential infection data sets. Nevertheless, we check whether the particular
values of the measurement error biased the estimation of R0 by generating two
additional sets of noisy data for each experiment (using the same distribution
for the measurement error, that is, the same value of σ), and repeating the same
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Figure 8.10: The marginal posterior distributions for R0 are biased to-
wards low values for all data sets. The models are fitted separately
to three data sets for each experimental scenario, which differ only

by measurement noise.

model fitting procedure. Figure 8.10 shows the marginal posterior distributions
thus generated. The bias in estimated parameter values is consistent in direction
and magnitude across all data sets within each experimental scenario, making
measurement error per se an unlikely cause of this observed bias.

8.6 Summary

This chapter has begun a simulation estimation study to investigate how sequen-
tial infection experiments help quantify control of a primary infection and protec-
tion against a subsequent infection by each immune component. Four in silico ex-
periments were set up to investigate this question systematically, varying whether
the ferrets are exposed to a single strain or sequentially to two strains; the number
of replicates; and the degree of cross-reactivity in the cellular adaptive immune
response. The model parameters used to generate the synthetic data, as well as
the prior distributions used to estimate the data, were specified using biological
knowledge from existing literature.

After generating the data for each experiment, we fitted the model to each data
set. Models fitted to either single infection or sequential infection data accurately
recovered the viral load data, and increasing the number of hosts tightened the
95% prediction intervals for the viral load. However, if one only considers the
marginal posterior distributions when evaluating the fitted models, it is difficult
to infer the role of each immune component. For some parameters such as the
initial viral growth rate, the marginal posterior distributions recovered the values
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used to construct the synthetic data, while for other parameters, the marginal
posterior distributions were either uninformative or consistently biased.

In the next chapter, we will use the joint posterior distributions obtained in
this chapter to predict the outcomes of additional in silico experiments which were
not used in the parameter estimation procedure. If the outcomes predicted by the
fitted models are consistent with those predicted using the ‘true’ parameters, then
we will be able to accurately recover information about each immune component
from a model fitted to synthetic data. If this is the case, fitting the model to real
experimental data should enable accurate inference of the role of each immune
component in controlling infection.





Chapter 9

Extracting the role of each
immune component from a model
fitted to sequential infection data

9.1 Introduction

In Chapter 8, we began a simulation estimation study fitting the model developed
in previous chapters to synthetic data mimicking single infection and sequential
infection experimental scenarios. Although the model fitted the total viral load for
each experiment well, the marginal posterior distributions for many parameters
contained little information. As these parameters dictate the strength and timing
of each immune component, their non-identifiability is anticipated to present a
challenge when using real data to quantify the role of each immune component
in controlling infection. It is hypothesised that methods other than examining the
marginal posterior distributions, such as using the fitted models to make predic-
tions, may be more fruitful for extracting key immunological quantities.

This chapter uses samples from the joint posterior distributions obtained in
the previous chapter to predict, within the simulation estimation framework, the
outcomes of in silico experiments which were not used when generating the pos-
terior samples. These new experiments are designed to extract information about
each immune component given a set of parameters. For example, the outcomes
predicted using samples from the joint posterior distribution when certain im-
mune components are disabled convey information about the timing of innate
and adaptive immunity according to the fitted model.

We compare predictions by the model fitted to each of the data sets to the
outcomes of the same experiments according to the ‘true’ parameters, where the
‘true’ parameters are defined as the ones used to generate the synthetic data in the
previous chapter. If the fitted model captures the predictions by the ‘true’ param-
eters, then information about each immune component can be reliably extracted
from the synthetic data.

149
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The results show that a model fitted to sequential infection data predicts the
same outcomes as the ‘true’ parameters for the following experiments:

• sequential infection experiments for inter-exposure intervals not included
in the data (Section 9.3);

• sequential infection experiments using models where the mechanisms me-
diating cross-protection are restricted (Section 9.4); and

• single infection experiments where either the adaptive immune response
only, or both the innate and adaptive immune response, are inhibited (Sec-
tion 9.5).

The model makes accurate predictions in the first two scenarios because the joint
posterior distribution enables reconstruction of the initial growth rate of the sec-
ond virus for different inter-exposure intervals (Section 9.6).

This consistency between predictions by the fitted model and the ‘true’ param-
eters suggests that one can reliably extract from the synthetic data information
about

• the timing and extent of cross-protection between strains (Section 9.3);

• the combined roles of target cell depletion and innate immunity, as well as
the role of cellular adaptive immunity, in this cross-protection (Section 9.4);
and

• the timing of innate and adaptive immunity during a primary infection (Sec-
tion 9.5).

These findings suggest that if the model adequately captures the biological
mechanisms of the immune response, we will be able to infer these immunologi-
cal quantities when fitting the model to real experimental data.

9.2 Procedure to extract immunological quantities from a
model fitted to synthetic data

As an overview, we outline the procedure to determine which immunological
quantities can be extracted from a model fitted to synthetic data, which includes
steps already taken in the previous chapter as well as the next three sections. The
procedure is as follows:

Step 1: Choose a set of parameters (Section 8.3.3) for each of

• the single infection, multiple replicates data set;

• the sequential infection, low cross-reactivity data set; and
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• the sequential infection, high cross-reactivity data set.

Step 2: Generate synthetic data for each of the scenarios (Section 8.4; the dots
in Fig. 9.1a show the viral load without measurement noise, while the
crosses indicate the observations).

Step 3: Choose a set of priors, and fit the model to the data for each scenario to
obtain joint posterior distributions for the model parameters (Section 8.5;
shaded areas in Fig. 9.1a).

Step 4: Use the ‘true’ parameters in step 1 to predict the viral load for each of the
three scenarios in step 1 for

• sequential infection experiments for inter-exposure intervals not in-
cluded in the data (Section 9.3);

• sequential infection experiments using models where the mechanisms
mediating cross-protection are restricted (Section 9.4); and

• single infection experiments where either the adaptive immune re-
sponse only, or both the innate and adaptive immune response, are
inhibited (Section 9.5).

The ‘true’ viral load for a new experiment is shown as dots in Fig. 9.1b.

Step 5: Use the joint posterior distributions in step 3 to obtain the 95% predic-
tion intervals for the same quantities (shaded area in Fig. 9.1b). Note the
absence of observations (denoted as crosses in Fig. 9.1a) from Fig. 9.1b, in-
dicating that the model is not re-fitted according to the new experiments.

Step 6: Compare the ‘true’ viral load trajectories in step 4 to the 95% prediction
intervals in step 5 (dots v.s. shaded area in Fig. 9.1b).
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Figure 9.1: Illustration of the procedure to determine which im-
munological quantities can be extracted from a model fitted to syn-
thetic data. (a) The viral load generated by the ‘true’ parameters
for the sequential infection, low cross-reactivity data set is shown
as dots (without measurement noise), and the observations are
shown as crosses. The complete data set includes inter-exposure
intervals of 1, 3, 5, 7, 10 and 14 days, as well as data for a single
exposure; here, the data is shown for a one-day inter-exposure in-
terval. The 95% prediction interval for the viral load using the joint
posterior distribution is shown as a shaded area. (b) The ‘true’ pa-
rameters are used to predict the viral load for a sequential infection
experiment with a 20-day inter-exposure interval (dots). Samples
from the joint posterior distributions are also used to predict the
viral load for the new experiment (95% prediction interval shown
as shaded area). Note the absence of observations (crosses), indi-
cating that the model is not re-fitted according to the new experi-
ment. The viral load simulated using the ‘true’ parameters is then
compared to the predictions using the fitted model for the new
experiment. In this case, the fitted model can accurately predict
the viral load for a 20-day inter-exposure interval, which was not

included in the data.

9.3 The timing and extent of cross-protection between strains

This section demonstrates that within the simulation estimation study frame-
work, a model fitted to sequential infection data accurately captures the timing
and extent of cross-protection between strains, as it can predict the viral load for
inter-exposure intervals other than those for which data was provided. By con-
trast, a model fitted to single infection, multiple replicates data does not accu-
rately capture the timing and extent of cross-protection between strains since it
cannot make such predictions accurately.

First, viral load trajectories are simulated for inter-exposure intervals of 2, 6
and 20 days, using the parameters for the single infection, low cross-reactivity
data set (markers in Figs. 9.2a–c). Then, samples from the joint posterior dis-
tribution obtained in Chapter 8 for this data set are used to predict the viral
load for these inter-exposure intervals (the 95% prediction intervals are shown
in Figs. 9.2a–c as shaded areas). In both cases, the ‘true’ viral load rather than the
measured viral load is considered. Note that the model was not re-fitted to the
viral load for the new inter-exposure intervals.
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(c) sequential infection,
low cross-reactivity data set:

20 days
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multiple replicates data set:

2 days
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multiple replicates data set:

6 days
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(f) single infection,
multiple replicates data set:

20 days

Figure 9.2: The model fit to sequential infection, low cross-reactivity
data (top) can predict the viral load for inter-exposure intervals absent
from the data, while the model fitted to single infection, multiple repli-
cates data (bottom) cannot. (a–c): The parameters used to generate
the sequential infection, low cross-reactivity data set in Chapter 8
are used to simulate the viral load for inter-exposure intervals of 2,
6 and 20 days (markers; shown without measurement noise). Sam-
ples from the joint posterior distribution obtained in Chapter 8 for
this data set are then used to predict the viral load (without mea-
surement noise) for these inter-exposure intervals (95% prediction
intervals shaded). (d–f): as per above, but for the single infection,

multiple replicates data set.

The model fitted to the sequential infection, low cross-reactivity data set ac-
curately recovers the strength of cross-protection between strains over time, as
the 95% prediction intervals agree well with the ‘true’ viral load. This accuracy
comes despite the parameter marginal posterior distributions being wide and the
correlations between parameters in the joint posterior distribution being difficult
to disentangle.

In detail, in Fig. 9.2a, for a two-day inter-exposure interval, the fitted model
accurately captures the viral load trajectory for the second virus, where the infec-
tion is delayed. For longer inter-exposure intervals (Figs. 9.2b and 9.2c), the model
accurately predicts that the second infection is unaffected by the first virus.

Significantly, the fitted model is not only able to predict infection outcomes for
inter-exposure intervals between those included in the original data (1, 3, 5, 7, 10
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Figure 9.3: Same as Fig. 9.2d, except instead of representing predic-
tions from the joint posterior distribution as shaded areas, trajec-
tories are simulated using 100 uniformly sampled parameter sets
from the MCMC chains after burn-in. The darker trajectories are

referred to in the main text.

and 14 days), but also inter-exposure intervals outside this range.
Repeating this procedure with the sequential infection, high cross-reactivity

data set yields similar results, as shown in Fig. C.1 in Appendix C. Also, repeating
the entire procedure with different noisy data sets (with the same ‘true’ parame-
ters) does not change the findings in this section (results not shown).

However, if we apply a similar procedure to the model fitted to the single
infection, multiple replicates data set (Figs. 9.2d–f), the predicted trajectories do
not agree well with the ‘true’ viral load. These prediction failures demonstrate
the value of fitting a model to sequential infection experiments to quantify cross-
protection between strains.

To investigate the prediction failures in detail, Fig. 9.3 shows trajectories sim-
ulated using 100 uniformly sampled parameter sets from the MCMC chains after
burn-in, for the same scenario as Fig. 9.2d. The darker trajectories are examples of
three different types of prediction failure. Firstly, some samples underestimate
the strength of cross-protection, such that the second infection is less delayed
than for the ‘true’ model. Secondly, some samples overestimate the strength of
cross-protection, such that the delay is more pronounced than for the ‘true’ model.
Lastly, some samples overestimate the strength of cross-protection so much that
infection with the second strain does not become established.

Note that to predict the outcomes of sequential infection using the model fit-
ted to the single infection, multiple replicates data set, which only has one strain,
the model was extended to two strains, assuming that the parameters for the two
strains were the same. The issue arises as to how to treat the cross-reactivity pa-
rameters in the cellular adaptive immune response, as the single infection, multi-
ple replicates data set contains no information about cross-reactivity. To address
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this deficiency, before generating the results in this chapter, the model was re-
fitted to the data in Fig. 8.1, but with a fixed proportion of the cellular adaptive
immune response attributed to each T cell pool. Fixing this proportion ensured
that when the model was extended to two strains, the proportion of cellular adap-
tive immunity which was cross-reactive in the fitted model was consistent with
the ‘true’ parameters.

In detail, fixing this proportion was implemented by fixing the numbers of
infected cells for half-maximal stimulation of naive CD8+ T cells kCj1 to their
‘true’ values, which are the same as for the first strain in the sequential infection,
low cross-reactivity data set. Then when we extend the model to two strains, we
set kCjq to these same ‘true’ values. The scaled clearance rates of infected cells by
effector CD8+ T cells κ̄Ejq were then obtained by taking the fitted value of κ̄E11,
and applying the formula κ̄Ejq = κ̄E11kC11/kCjq.

To summarise, this section has shown that a model fitted to data from sequen-
tial infection experiments accurately quantifies the degree of cross-protection be-
tween strains over time, while a model fitted to single infection, multiple repli-
cates data does not.

9.4 The roles of target cell depletion, innate immunity, and
cellular adaptive immunity in cross-protection

The cross-protection between strains, as discussed in the previous section, is me-
diated through three direct effects of the first infection:

• target cell depletion due to the infection and subsequent death of cells;

• innate immunity; and

• cross-reactive cellular adaptive immunity.

These mechanisms each lower the effective reproduction number of the second
strain. Note that because this model includes target cell regrowth, a second in-
fection can become established despite target cell depletion due to the death of
infected cells.

Other factors also change the time-dependent cross-protection between strains
— for example, the humoral adaptive immune response changes the viral load,
which in turn affects the three factors listed above — but do so indirectly. Hence,
the three aforementioned direct factors are the focus of this section.

9.4.1 Determining the contribution of cellular adaptive immunity to
cross-protection

This section will demonstrate that a model fitted to sequential infection data cor-
rectly identifies the degree to which cross-protection in the ‘true’ model is due
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to cellular adaptive immunity. In contrast, a model fitted to the single infection,
multiple replicates data set cannot consistently determine the contribution of cel-
lular adaptive immunity. This hypothesis is tested by modifying the models such
that either

• cross-protection is only mediated by cellular adaptive immunity, and not
target cell depletion or innate immunity (model XC); or

• cross-protection is mediated by target cell depletion and/or innate immu-
nity, but not cellular adaptive immunity (model XIT).

These models are illustrated in Fig. 9.4, and will be detailed shortly. Models
XC and XIT are used to simulate viral load trajectories using the ‘true’ param-
eters. These are compared to the viral load for models XC and XIT simulated
using the joint posterior distribution from the baseline model fitted to the original
synthetic data in Chapter 8. If the trajectories agree for models XC and XIT, it sug-
gests that the fitted model correctly determines the proportion of cross-protection
attributable to cellular adaptive immunity on the original baseline model.

To explain model XC in detail (Fig. 9.4a), type I interferon Fq are now strain-
specific. Cells infected with strain q induce the production of interferon specific
to that strain. The effects of interferon Fq — rendering target cells temporarily
resistant to infection; lowering the production rate of virions; and increasing the
death rate of cells — only apply to strain q. In addition, each strain now targets a
separate pool of uninfected cells; the size of each target cell pool is T0 (identical for
both strains). This alternative model is not meant to reflect a biologically realistic
situation; however, it enables in silico thought experiments to determine, for a
given set of parameters, the contribution of each immune component to cross-
protection.
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Figure 9.4: (a) A model where cross-protection is only mediated by
cellular adaptive immunity (model XC). (b) A model where cross-
protection is only mediated by target cell depletion and/or innate

immunity (model XIT).

Explicitly, the changed equations (relative to Eq. 8.8) for model XC are given
by

dTq
dt

= g (Tq +Rq)

(
1− Tq +Rq + Iq

T0

)
− βqTqVq − φ̄qF̄qTq + ρqRq, q = 1, . . . , Q,

(9.1a)
dRq
dt

= φ̄qF̄qTq − ρqRq, (9.1b)

dF̄q
dt

= p̄FqIq − δFqF̄q, (9.1c)

dIq
dt

= βqVqTq −


δIq + κ̄FqF̄q +

J∑

j=1

κ̄EjqĒj


 Iq, (9.1d)

dVq
dt

=
pV q

1 + s̄qF̄q
Iq −

[
δV q + κ̄AqĀq + βqTq

]
Vq, (9.1e)

dVRq
dt

=
pV qpRqαq
1 + s̄qF̄q

Iq − δV RqVRq − αqβqTqVq. (9.1f)
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The parameters which are newly strain-specific in model XC, such as φ̄q, have
identical values for each strain, which are the previously fitted values. The equa-
tions for B̄iq, P̄q, Āq, C̄j , Ēij and M̄j remain unchanged.

In the model where cross-protection is mediated by target cell depletion and/or
innate immunity, but not cellular adaptive immunity (model XIT, Fig. 9.4b), the
cellular adaptive immune response is no longer cross-reactive. The model is al-
tered from the original such that the number of T cell pools is J = 4. T cell pools 3
and 4 have the same parameters as pool 3 in the original model, but T cell pool 3
is stimulated by, and targets, cells infected with strain 1 only, while T cell pool 4 is
stimulated by, and targets, cells infected with strain 2 only. (Explicitly, the cross-
reactivity parameters for T cell pools 3 and 4 are kC31 = kC42 equal to kC31 = kC32

in the original model; kC32 = kC41 = ∞; κ̄E31 = κ̄E42 equal to κ̄E31 = κ̄E32 in the
original model; and κ̄E32 = κ̄E42 = 0.) The cross-reactivity parameters for pools 1
and 2 remain the same.

We will now show that a model fitted to the sequential infection, low cross-
reactivity data set accurately predicts the viral load for the modified models. For
reference, Figs. 9.5a–c show the viral load for different inter-exposure intervals
using the unmodified baseline model (Eq. 8.8) and the ‘true’ parameter values
(markers). The shaded areas show the 95% prediction intervals for the viral load
using the joint posterior distribution.

In Figs. 9.5d–f, we simulate the viral load using the ‘true’ parameter values
when cross-protection is mediated by cellular adaptive immunity only (model
XC). For the control case (Fig. 9.5d), model XC generates the same viral load as
the baseline model (markers). This is because the strength of each immune com-
ponent stays the same even though its cross-reactivity with another virus changes.
Moreover, the separation of the target cell pools does not change the infection dy-
namics when infection is with one strain only.

For a one-day inter-exposure interval, model XC predicts that the delay which
was observed in the baseline model (Fig. 9.5b) does not occur for the ‘true’ pa-
rameters (markers in Fig. 9.5e); in other words, cellular adaptive immunity is
not responsible for delayed infection with the second strain. For a 14-day inter-
exposure interval, model XC predicts a very similar viral load to the baseline
model (markers in Fig. 9.5f).

Recall that the trajectories indicated by the markers in Figs. 9.5d–f were gen-
erated using the ‘true’ parameters. If the model fitted to the sequential infection,
low cross-reactivity data set makes the same predictions, one can be confident that
it captures the contribution of cellular adaptive immunity to cross-protection. The
shaded areas in Figs. 9.5d–f show the 95% prediction intervals for the viral load
using the joint posterior distribution (from fitting to the baseline data) and model
XC. The areas match the markers well, indicating that the fitted model does not
attribute the delay of the second infection at a one-day inter-exposure interval to
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Time (days)
-20 -10 0

V
R
(R

N
A

co
p
y
n
o
./
1
0
0
µ
L
)

10
0

10
5

10
10

(e) Model XC, 1 day
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(f) Model XC, 14 days
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(g) Model XIT, control
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(h) Model XIT, 1 day

Time (days)
-20 -10 0

V
R
(R

N
A

co
p
y
n
o
./
1
0
0
µ
L
)

10
0

10
5

10
10

VR1

VR2

(i) Model XIT, 14 days

Figure 9.5: The joint posterior distribution obtained by fitting the base-
line model to sequential infection, low cross-reactivity data can predict
the viral load for a model where cross-protection is only mediated by cellu-
lar adaptive immunity, and not target cell depletion or innate immunity
(model XC); and a model where cross-protection is mediated by target
cell depletion and/or innate immunity, but not cellular adaptive immu-
nity (model XIT). Top: The viral load for the control experiment
and for inter-exposure intervals of 1 and 14 days for the baseline
model (markers). Middle: The ‘true’ parameters for the sequential
infection, low cross-reactivity data set are used to simulate the vi-
ral load (markers) for model XC. Bottom: The same parameters are
used to simulate the viral load (markers) for model XIT. For each
row, the shaded areas show the 95% prediction intervals for the
viral load generated using the joint posterior distribution obtained

in Chapter 8.

cellular adaptive immunity, which is consistent with the ‘true’ model.
The above procedure is repeated with model XIT, where target cell deple-

tion and innate immunity, but not cellular adaptive immunity, can mediate cross-
protection. Of particular note, for a one-day inter-exposure interval and the ‘true’
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parameters, model XIT predicts a similar delay in the second infection as the base-
line model (markers in Fig. 9.5h). The 95% prediction intervals match the markers
well, confirming that the fitted model attributes the delay of the second infection
at a one-day inter-exposure interval to target cell depletion and/or innate immu-
nity rather than cellular adaptive immunity.

Figures C.2 and C.3 in Appendix C show a similar result for the sequential
infection, high cross-reactivity data set: the fitted model recovers the contribution
of cellular adaptive immunity to cross-protection.
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(e) Model XC, 1 day
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(f) Model XC, 14 days
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(h) Model XIT, 1 day
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Figure 9.6: The joint posterior distribution obtained by fitting the base-
line model to single infection, multiple replicates data cannot predict the
viral load for models XC and XIT. The figure description is as per

Fig. 9.5, but for the single infection, multiple replicates data set.

In contrast, Figs. 9.6a–c show that the model fitted to the single infection, mul-
tiple replicates data set does not accurately recover the viral load even for the
baseline model. Nevertheless, we will use the same approach to assess the pro-
portion of cross-protection attributed to cellular adaptive immunity in this model.

For a one-day inter-exposure interval, the ‘true’ parameters predict that in
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model XC (where only cellular adaptive immunity mediates cross-protection),
the delay observed in the baseline model does not occur (markers in Fig. 9.6e).
Interestingly, even though the fitted model could not recover the viral load for
the baseline model (shaded area in Fig. 9.6b), it accurately recovers the viral load
for model XC (shaded area in Fig. 9.6e). This result implies that the model does
not accurately recover the viral load for the baseline model because it does not
accurately capture the effects of target cell depletion and innate immunity; this
is confirmed by the imprecise predictions for model XIT in Fig. 9.6h. However,
the model correctly determines that the cross-reactive cellular adaptive immune
response has yet to take effect shortly after the first exposure.

On the other hand, the viral load for model XC for a 14-day inter-exposure in-
terval is not accurately recovered (the shaded area in Fig. 9.6f does not correspond
to the markers). This implies that the fitted model does not accurately capture the
effects of cross-reactive cellular adaptive immunity at long inter-exposure inter-
vals. Figure 9.6i shows that the fitted model also does not accurately capture
the combined effects of target cell depletion and innate immunity at long inter-
exposure intervals.

9.4.2 Distinguishing between target cell depletion and innate immu-
nity

The previous section demonstrated that a model fitted to sequential infection data
can distinguish whether cross-protection observed for a given inter-exposure in-
terval is due to cellular adaptive immunity, or due to target cell depletion and/or
innate immunity. This section shows that, unfortunately, the contributions to
cross-protection by target cell depletion and innate immunity cannot be reliably
disentangled.

To do so, we construct a model where only innate immunity mediates cross-
protection — the target cell pool is not shared between strains, and the cellular
adaptive immune response is not cross-reactive (model XI, Fig. 9.7). If the fitted
model accurately recovers the viral load for model XI (in addition to model XIT),
then it can distinguish between the contributions by target cell depletion and in-
nate immunity to cross-protection in the synthetic data.
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Figure 9.7: A model where the two strains generate innate immune
responses which are not cross-reactive (model XI).

The equations for model XI which are altered relative to Eq. 8.8 are

dTq
dt

= g (Tq +Rq)

(
1− Tq +Rq + Iq

T0

)
− βqTqVq − φ̄qF̄ Tq + ρqRq, q = 1, . . . , Q

(9.2a)
dRq
dt

= φ̄qF̄ Tq − ρqRq (9.2b)

dIq
dt

= βqVqTq −


δIq + κ̄FqF̄ +

J∑

j=1

κ̄EjqĒj


 Iq (9.2c)

dVq
dt

=
pV q

1 + s̄qF̄
Iq −

[
δV q + κ̄AqĀq + βqTq

]
Vq (9.2d)

dVRq
dt

=
pV qpRqαq
(1 + s̄qF̄ )

Iq − δV RqVRq − αqβqTqVq. (9.2e)

In addition, the same alterations to cellular adaptive immunity as model XIT
are applied to model XI (the number of T cell pools in model XI is J = 4).

Figure 9.8a shows the viral load for model XI generated using the ‘true’ pa-
rameters (markers) for a one-day inter-exposure interval; the delay seen in the
baseline model is present, indicating that it is due to innate immunity rather than
infection-induced target cell depletion. The shaded areas show the 95% predic-
tion intervals for the viral load generated using the joint posterior distribution
obtained in Chapter 8; the 95% prediction interval for the second strain is quite
broad, suggesting that the fitted model may not correctly attribute the delay to in-
nate immunity. To investigate this further, Fig. 9.8b shows trajectories generated
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(b) 100 trajectories, model XI
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Figure 9.8: The joint posterior distribution obtained by fitting the base-
line model to sequential infection, low cross-reactivity data cannot predict
the viral load for a model where cross-protection is mediated by innate
adaptive immunity only (model XI). (a) The viral load for model XI
generated using the ‘true’ parameters is shown as markers for a
one-day inter-exposure interval. The shaded areas show the 95%
prediction intervals for the viral load generated using the joint pos-
terior distribution obtained in Chapter 8. (b) The markers are the
same as (a); the trajectories are generated using 100 uniformly sam-
pled parameter sets from the MCMC chains after burn-in. The
darker trajectories incorrectly attribute the delay observed in the
baseline model to target cell depletion rather than innate immu-
nity. (c) Trajectories simulated using the same parameter sets as

(b), but for model XIT.

using 100 uniformly sampled parameter sets from the MCMC chains after burn-
in. The majority of the trajectories show a delay, thus correctly attributing cross-
protection in the baseline model to innate immunity; however, a small number
of trajectories (darker in colour) do not demonstrate this delay, thus incorrectly
attributing cross-protection to target cell depletion. (Figure 9.8c shows that if the
parameter sets for the darker trajectories are instead used to simulate trajectories
for model XIT, the delay is recovered, confirming that target cell depletion causes
the delay for these trajectories.) This inconsistency suggests that the contributions
of target cell depletion and innate immunity to cross-protection cannot be consis-
tently distinguished. Note, however, that draws from the MCMC chains which
incorrectly attribute the delay to target cell depletion constitute only a small pro-
portion of samples, the implications of which are discussed in Section C.2.2 of
Appendix C.

The equivalent result for a model fitted to the sequential infection, high cross-
reactivity data set is shown in Fig. C.4 in Appendix C.

It can similarly be shown that a model fitted to sequential infection data can-
not consistently distinguish between the contributions of different innate immune
mechanisms (Section C.2.3 in Appendix C).

To summarise this section, a model fitted to sequential infection data can accu-
rately identify the contribution of cellular adaptive immunity to cross-protection
observed in synthetic data. However, a model fitted to single infection, multiple
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replicates data cannot do so consistently. On the other hand, a model fitted to
sequential infection data cannot distinguish between the protective effects of tar-
get cell depletion and innate immunity, nor the effects of different innate immune
mechanisms.

9.5 The timing of innate and adaptive immunity during a
primary infection

The single-strain model in Section 6.3, which includes innate, humoral adaptive
and cellular adaptive immunity, was previously shown to produce a viral load
trajectory whose behaviour can be split into three phases (Fig. 6.6, [30]). In this
section, this three-phase construct will be used to show that a model fitted to
sequential infection data captures the timing of innate and adaptive immunity
during a primary infection.

First, we will confirm that the model used to generate the synthetic data (Eq. 8.8)
exhibits the same three-phase behaviour as the model in Section 6.3. Figure 9.9
shows the viral load for the ‘true’ parameters when all immune compartments
are intact (squares). The viral load when (a) the adaptive immune response is
removed, and (b) all immune components are removed, are shown as dots. The
↗, → and↘ arrows indicate the exponential growth, plateau and decay phases
respectively. The vertical lines demarcate the timing of the phases.
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Figure 9.9: The ‘true’ parameters for the sequential infection, low
cross-reactivity data set are used to generate viral load trajectories
(dots) for (a) a model where the adaptive immune response is re-
moved, and (b) a model where the innate and adaptive immune re-
sponses are removed. The viral load for the baseline model where
all immune components are intact is shown for reference (squares).
The↗,→ and↘ arrows indicate the exponential growth, plateau
and decay phases respectively. The vertical lines demarcate the
timing of the phases, that is, the time at which the two trajectories

diverge in each of the figures.

Figure 9.9a shows that when the adaptive immune response is disabled, the in-
fection does not resolve, but the exponential growth (↗) and plateau (→) phases
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of the infection remain unchanged. This indicates that, like the model in Sec-
tion 6.3, adaptive immunity is only active late in infection and is responsible for
its resolution. In Fig. 9.9b, when both the innate and adaptive immune responses
are disabled, the peak viral load increases, and the infection resolves not due to
the immune response, but due to target cell depletion. Hence, innate immunity
controls the peak viral load and inhibits target cell depletion. However, the ex-
ponential growth (↗) phase of the infection is unaffected, indicating a delay be-
tween exposure to the virus and the effects of innate immunity.

We will now show that within the simulation estimation framework, a model
fitted to sequential infection data exhibits the same three-phase behaviour and
accurately recovers the timing of the three phases, whereas a model fitted to single
infection, multiple replicates data does not.

First, for the sequential infection, low cross-reactivity data set, the joint pos-
terior distribution is used to calculate the 95% prediction intervals for the viral
load when the adaptive immune response is removed (Fig. 9.10a) and when the
innate and adaptive immune responses are removed (Fig. 9.10b). The 95% pre-
diction intervals are shown as shaded areas; the markers represent the ‘true’ viral
load (identical to Fig. 9.9). The vertical lines continue to indicate the timing of the
three phases in the ‘true’ model (taking the same values as Fig. 9.9).

Figure 9.10a shows that the fitted model accurately recovers the ‘true’ viral
load when the adaptive immune response is absent. Hence, it captures the timing
of the decay phase of the infection, and attributes resolution of the infection cor-
rectly to adaptive immunity. When the innate and adaptive immune responses
are both removed (Fig. 9.10b), the fitted model accurately predicts that the viral
load is unaffected up to the end of the exponential growth phase. Hence, it cap-
tures the time at which innate immunity comes into effect. However, the viral
load in the absence of the immune response is not predicted accurately after the
first phase, even though the peak viral load is consistently predicted to be higher
than in the baseline model.

As discussed previously, in the absence of the immune response, the infec-
tion resolves due to target cell depletion only. The inability of the fitted model
to predict the viral load after the exponential growth phase indicates that it lacks
information on how target cells would become depleted, and how this depletion
would affect the viral load, in the absence of the immune response. One is thus
cautioned against using the fitted parameter values to make predictions in situa-
tions where target cells may become severely depleted, such as if individuals are
immunocompromised. This limitation is perhaps to be expected, as target cell de-
pletion does not cause resolution of the infection in any of the sequential infection
data sets.

The results in Figs. 9.10a–b also hold for the high cross-reactivity data set
(Fig. C.9 in Appendix C).
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Figure 9.10: The model fitted to the sequential infection, low cross-
reactivity data set captures the timing of innate and adaptive immunity,
and correctly predicts that infection becomes chronic in the absence of
adaptive immunity; the model fitted to the single infection, multiple repli-
cates data set only captures the timing of adaptive immunity. Top: The
‘true’ parameters for the sequential infection, low cross-reactivity
data set in Chapter 8 are used to generate the viral load (markers)
for (a) a model where the adaptive immune response is absent, and
(b) a model where the innate and adaptive immune responses are
absent. Samples from the joint posterior distribution are then used
to obtain the 95% prediction intervals for these quantities (shaded
area). Bottom: as per above, but for the single infection, multiple

replicates data set.

Figures 9.10c–d show the corresponding results for the single infection, multi-
ple replicates data set. When the adaptive immune response is removed (Fig. 9.10c),
the 95% prediction interval accurately captures the viral load during the early and
middle phases of the infection, indicating that the fitted model recovers the tim-
ing of adaptive immunity. However, the model cannot consistently predict that
the infection does not resolve in the absence of adaptive immunity. Furthermore,
when both the innate and adaptive immune responses are removed (Fig. 9.10d),
the trajectories predicted by samples from the joint posterior distribution incor-
rectly estimate the slope of the early phase. This finding indicates that the model
does not accurately capture the timing of innate immunity.

Results when the humoral and cellular adaptive immune response are dis-
abled separately, and when the innate immune response alone is disabled, are
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shown in Fig. C.10 in Appendix C. In brief, both the model fitted to sequential in-
fection data and the model fitted to single infection, multiple replicates data cap-
ture the timing of humoral and cellular adaptive immunity, although they do not
accurately predict the viral load when these immune components are removed
separately. This finding implies that more data is required to disentangle how
humoral and cellular adaptive immunity each contribute to resolution of a single
infection. The results for removing the innate immune response alone are simi-
lar to those when both the innate and adaptive immune responses are absent: a
model fitted to sequential infection data captures the timing of innate immunity,
while a model fitted to single infection, multiple replicates data does not.

9.6 Estimating the initial growth rate of the second virus
for different inter-exposure intervals

Sections 9.3 and 9.4.1 showed that a model fitted to sequential infection data
captures the timing and strength of cross-protection between strains, and cor-
rectly distinguishes the contribution of cellular adaptive immunity to this cross-
protection. We will now demonstrate that the model is able to do so partly through
capturing the effect of a first infection on the initial growth rate of the second.

Analogous to Eq. 4.34, we define the initial growth rate for the second strain
when there is a time-dependent immune response to be

r2(t) = − δ̂I2 + δ̂V 2

2
+

√
(δ̂I2 − δ̂V 2)2 + 4β2T (t)p̂V 2

2
where (9.3a)

p̂V 2 =
pV 2

1 + s̄2F̄ (t)
, (9.3b)

δ̂V 2 = β2T (t) + δV 2 + κ̄A2Ā2(t), (9.3c)

δ̂I2 = δI2 + κ̄F2F̄ (t) +
J∑

j=1

κ̄Ej2Ēj(t). (9.3d)

This equation is derived from Eq. 4.34 by making all parameters specific to
strain 2, then replacing the number of target cells, T , the production rate of viri-
ons from infected cells, pV 2, the decay rate of virions, δV 2, and the decay rate of
infected cells δI2, with their time-dependent versions when the immune response
is active.

The value of r2(t) at (and shortly after) the time of exposure to the second virus
dictates the initial growth of the second virus — whether it grows rapidly (as if
the first virus were not present), or whether it is suppressed. Hence, it measures
the timing and strength of cross-protection between strains. Accurate prediction
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of r2(t) across a wide timespan enables prediction of the early time course of the
second virus for different inter-exposure intervals, as examined in Section 9.3.

Note that by construction, the trajectories for T (t), F̄ (t), Ēj(t) and Ā2(t) are
assumed to be changing due to the first virus only, which is approximately true
during early infection. (Hence, Ā2(t) is zero at all times; T (t), F̄ (t) and Ēj(t) are
the solutions to the model equations for a single infection.)

9.6.1 The timing and extent of cross-protection between strains (Sec-
tion 9.3)

This section will show that a model fitted to sequential infection data accurately
recovers r2(t), and thus captures the timing and strength of cross-protection. On
the other hand, a model fitted to single infection, multiple replicates data does not
accurately recover r2(t).

In Fig. 9.11a, the ‘true’ parameters for the sequential infection, low cross-
reactivity data set are used to evaluate r2(t) (markers). The ‘true’ value of r2(t)

is close to zero for 2–5 days after the first exposure. This reflects suppression of
the growth of the second strain if it is introduced shortly before or during this pe-
riod. Conversely, the high value of r2(t) before and after this period suggests that
for shorter or longer inter-exposure intervals, the viral load of the second strain
initially grows exponentially.

Samples from the joint posterior distribution are then used to predict the same
quantity (95% prediction interval shown). The model accurately recovers r2(t),
enabling it to predict the time course of early infection with the second virus for
different inter-exposure intervals.

Results for the sequential infection, high cross-reactivity data set are similar to
those for the low cross-reactivity data set (Fig. C.11a in Appendix C).

On the other hand, the model fit to the single infection, multiple replicates
data set does not accurately recover r2(t) (Fig. 9.11d), despite capturing a single
infection viral load curve well. This suggests that the model does not attribute the
features of the viral load trajectory for a single infection to the correct components
of the immune response.

Note that r2(t) does not capture the shortening of the second infection due to
re-stimulation of memory CD8+ T cells. This is because r2(t) only influences the
initial growth of the second virus, and we have assumed that Ēj(t) changes due
to the first virus only. A measure of cross-protection which captures memory in
the cellular adaptive immune response is the subject of future work.
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Figure 9.11: The model fitted to sequential infection, low cross-reactivity
data captures the initial growth rate of the second virus (r2(t)), but
the model fitted to single infection, multiple replicates data does not.
Top: The ‘true’ parameters for the sequential infection, low cross-
reactivity data set are used to evaluate r2(t) for the second strain
(markers) for (a) the baseline model; (b) model XC; (c) model XIT.
Samples from the joint posterior distribution are then used to pre-
dict the same quantity (95% prediction intervals shown). The x-
axis indicates time after the first exposure. Bottom: as per above,

but for the single infection, multiple replicates data set.

9.6.2 Determining the contribution of cellular adaptive immunity to
cross-protection (Section 9.4.1)

This section will show that a model fitted to sequential infection data accurately
predicts how r2(t) changes when the baseline model is modified. The first mod-
ification is such that cross-protection is only mediated by cellular adaptive im-
munity, but not target cell depletion or innate immunity (model XC); the second
modification is such that cross-protection is only mediated by target cell depletion
and innate immunity, but not cellular adaptive immunity (model XIT). As a result,
the model recovers the degree to which cross-protection in the ‘true’ model is due
to cellular adaptive immunity. On the other hand, a model fitted to the single
infection, multiple replicates data set poorly captures the contribution of cellular
adaptive immunity to cross-protection.

For model XC, the expression for r2(t) is obtained by substituting F̄ (t) → 0

and T (t) → T0 in Eq. 9.3. For model XIT, the expression for r2(t) is obtained by
substituting Ēj(t)→ 0.
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First, for the sequential infection, low cross-reactivity data set, we analyse how
r2(t) changes for the ‘true’ parameter values in models XC and XIT (markers in
Fig. 9.11b–c) compared to the baseline model (markers in Fig. 9.11a). When cross-
reactivity is mediated by cellular adaptive immunity only (model XC), r2(t) is
roughly constant; by contrast, when cross-reactivity is mediated by target cell
depletion and innate immunity only (model XIT), r2(t) is close to that for the
baseline model. These changes to r2(t) confirm that for the ‘true’ parameters, the
baseline model attributes little cross-protection to cellular adaptive immunity.

Figures 9.11b–c show that the model fitted to the sequential infection, low
cross-reactivity data set accurately recovers r2(t) for models XC and XIT. This
enables it to capture the low contribution of cellular adaptive immunity to cross-
protection.

Similarly, a model fitted to the sequential infection, high cross-reactivity data
set captures the contribution of cellular adaptive immunity to r2(t) (Figs. C.11b
and C.11c in Appendix C). In this case, cross-protection is mediated by cellular
adaptive immunity for longer inter-exposure intervals (approximately 5–10 days),
but not shorter inter-exposure intervals (approximately 1–5 days).

On the other hand, the joint posterior distribution from the model fitted to the
single infection, multiple replicates data set does not accurately recover r2(t) for
models XC and XIT (Figs. 9.11e–f). Figure 9.11e shows that the fitted model cap-
tures r2(t) for model XC (where cross-protection is mediated by cellular adaptive
immunity only) for short inter-exposure intervals, but not long inter-exposure in-
tervals. This result is consistent with the finding in Section 9.4.1 that the model
fitted to the single infection, multiple replicates data correctly infers that cellular
adaptive immunity has little effect shortly after the first exposure, but does not
capture its longer term effects. By contrast, Fig. 9.11f shows that the combined
effects of target cell depletion and innate immunity on the early growth of the
second virus are not captured by the model fitted to the single infection, multiple
replicates data at any time.

9.7 Discussion

9.7.1 Findings of the simulation estimation study

Three main results summarise the above study.
The first finding is that within the simulation estimation study framework,

a model fitted to sequential infection data can predict outcomes of further se-
quential infection experiments using the same strains (Section 9.3). Significantly,
this result shows that such a model correctly elucidates the timing and extent
of cross-protection. The accurate recovery of these quantities is in contrast to a
model fitted to single infection data, which cannot recover the timing and extent
of cross-protection accurately.
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The second finding is that a model fitted to sequential infection data can dis-
tinguish between the combined contributions of target cell depletion and innate
immunity, and the contribution of cellular adaptive immunity, to cross-protection
(Section 9.4). This result implies that the model both recovers the viral load tra-
jectories in the data and attributes their features to the correct cross-protection
mechanisms.

The last finding is that a model fitted to sequential infection data captures
the timing of innate and adaptive immunity during the three phases of a sin-
gle infection, and can thus predict the outcomes of some in silico experiments
where immune components are removed (Section 9.5). This finding shows that
the model provides information not only on protection against subsequent infec-
tion, but also on control of a primary infection.

Importantly, although the parameters used to generate the synthetic data in-
corporate knowledge of the outcomes of experiments where immune components
are absent, this knowledge was not used during model fitting — the fitted model
is able to recover the outcomes of these experiments from the sequential infection
data alone.

The above findings suggest that it will be possible to extract key immunolog-
ical quantities by fitting the model to real experimental data — the fitted model
will have both explanatory and predictive ability.

9.7.2 Limitations of sequential infection experiments identified by the
study

This study has highlighted some limitations in quantifying this model of the
immune response using sequential infection experiments. Firstly, even under
simulation estimation study conditions, the contributions of target cell depletion
and innate immunity to protection against a subsequent infection cannot be re-
liably disentangled (Section 9.4.2). The roles of the three proposed innate im-
mune mechanisms also cannot be distinguished (Section C.2.3). The contribu-
tions of each innate immune mechanism to controlling infection are of interest for
proposed future work modelling the effect of treatments which modulate the in-
nate immune response. These treatments include the toll-like receptor-2 agonist
Pam2Cys which has been shown to stimulate innate immune signals and reduce
influenza-associated mortality and morbidity in animal studies [198]. Whether
different parameter sets predict the same effects of treatment will depend on how
treatment is modelled as well as the parameter sets; quantifying the roles of each
mechanism (separately or collectively) may be necessary.

Secondly, the study has shown that the effects of removing humoral adaptive
immunity and cellular adaptive immunity in a primary infection cannot be disen-
tangled (Fig. C.10 in Appendix C). This limitation may affect the model’s ability
to predict the effects of vaccines which boost these components separately.
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Thirdly, the fitted model does not accurately recover the trajectories for com-
partments which are not measured. These compartments include the number of
target cells, the number of infected cells, and the infectious viral load (Fig. C.12 in
Appendix C). Although the main aim of the study is to quantify the contributions
of innate and adaptive immunity to protection against a subsequent infection, the
values of some compartments may be of intrinsic value; for example, the number
of dead cells is an indication of disease severity.

Future work to address these limitations will be discussed in Chapter 11.

9.8 Summary

This chapter has built upon the results in Chapter 8 to show that a model fitted
to sequential infection data captures the timing and strength of cross-protection
between sequential infections; the degree to which cross-protection is due to cel-
lular adaptive immunity; and the timing of innate and adaptive immunity during
a primary infection. If the constructed model adequately captures the role of each
immune component in controlling infection, then we will be able to recover these
quantities when fitting the model to experimental data.

However, the deterministic viral dynamics model used in the study cannot
explain some observations in Chapter 5. In particular, the model cannot explain
how a second infection becomes established in some ferrets and not others under
identical experimental conditions. Therefore, the next chapter investigates the
viability of stochastic viral dynamics as a hypothesis for differences in infection
outcomes between individuals.



Chapter 10

On the extinction probability in
models of within-host infection:
the role of latency and immunity

10.1 The role of stochasticity in the infection outcome of
an individual

The experimental results in Chapter 5 showed that ferrets subject to identical ex-
perimental conditions can have different infection outcomes. For example, a sec-
ond infection may become established in some ferrets and not others. We hy-
pothesise that these different outcomes are due to stochasticity in viral dynam-
ics and/or inherent inter-host variability. This chapter concentrates on the role
of stochasticity. The option of inter-host variability, which can be modelled by
drawing the parameters for each host from a population-level distribution, is left
to future work.

The effects of stochasticity are explored using the model in Section 6.2, which
includes innate and humoral adaptive immunity. This fully deterministic model
is modified by modelling the infected cell and virion compartments for the second
virus stochastically. The infected cell and virion compartments for the first virus,
the target cell compartment and the immune compartments remain deterministic.
This stochastic-deterministic approach is detailed in the supplementary material
by Cao et al. [31] and recapped in Section 10.2.

This work resulted in an article published in the Journal of Mathematical Bi-
ology [221], which forms the bulk of this chapter. I was the primary author of
the publication and contributed to approximately 90% of the work. As detailed in
the Preface, with input from collaborators, I conceived the study, derived analytic
results, compared the results with simulations, and wrote the manuscript.

The article derives equations for the extinction probability of the second virus
as a function of: the time between exposures, model parameters, and the initial
number of virions for the second virus. These equations are derived from first
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principles. For the same parameter values as Section 6.2, the extinction probabil-
ity is highest for medium inter-exposure intervals (2–8 days), which is consistent
with experimental observations (Table 5.1).

The article also derives equations for the extinction probability for models
where infected cells pass through a latent stage before they begin to produce viri-
ons. The extinction probability is shown to vary with the assumed form of the
distribution of the infectious and latent periods, suggesting that measuring the
extinction probability in conjunction with the viral load could be a way to charac-
terise these distributions in a biological system.

10.2 Published article

To place the study in the context of the technical background provided in this
thesis, I outline how the methods used in the article to calculate the extinction
probabilities are equivalent to those in Section 4.2.1.

• Equations (6) and (17) in the published article reproduced here [221] are
the model-specific versions of Eqs. 4.14 and 4.18 respectively. These state
that the extinction probability of a branching process starting from a given
state is the product of the extinction probabilities of the branching processes
starting from each of the constituents of that state.

• Equation (13) is the model-specific version of Eq. 4.15, which is a set of
algebraic equations for the extinction probabilities of a time-independent
branching process.

• Equation (19), which is a set of differential equations for the extinction prob-
abilities from each of the states in a continuous-time Markov chain (CTMC),
is the same as Eq. 4.17 with different notation.

• Equation (20) is the model-specific version of Eq. 4.19, which is a set of
differential equations for the extinction probabilities of a time-dependent
branching process.

Also note that on page 191, q1 should read pF1, the rate at which cells infected
with the first strain induce the production of interferon. Moreover, some of the
units in Tables 1 and 2 are incorrect; for example, the units for p in Table 1 should
be virion infected cell−1 day−1. These minor errors have no bearing on the results
of the study.

The supplementary material for this article is provided as Appendix D.
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1 Introduction

A host viral infection can be established with just one introduced virion. However,
there is a chance that deaths of virions and infected cells occur such that the infection
fails and the virus population becomes extinct. As a result, not every exposure to
virus leads to systemic infection; there is a chance element in the number of times
an individual is exposed to a pathogen before systemic infection is established, as
demonstrated by animal studies in diseases such as SIV (Keele et al. 2009). Factors
which lead to viral extinction before systemic infection is established include the
innate and adaptive immune responses, spatial heterogeneity in infection processes,
and the stochastic nature of processes such as infection of cells by virions, production
of virions from cells and death of virions and infected cells.

The extinction probability when a number of virions is introduced to the host is
of interest, not only because it reflects important information about the reproduction
characteristics of the virus and the effectiveness of the mode of transmission, but also
because theremaybeways tomanipulate this extinction probability anddefend the host
against infection. Many studies of the host immune response and of pre/post-exposure
drug prophylaxis have concentrated on their effect on the viral load (Beauchemin
and Handel 2011; Dobrovolny et al. 2013; Smith and Ribeiro 2010) rather than the
extinction probability, but the ability to induce stochastic extinction is another way to
quantify the effectiveness of the immune response or intervention.

Studies of successive respiratory viral infections in animals have shown thatmorbid-
ity and mortality are reduced when infections are separated by days or weeks (Seo and
Webster 2001; Walzl et al. 2000; Bodewes et al. 2011; Laurie et al. 2010); in the case
of different influenza A subtypes, the subsequent infection can be prevented altogether
(Laurie et al. 2015). The reduction of viral shedding can be attributed to cross-reactive
adaptive immunity and a heightened innate immune response.Wehypothesise that sub-
sequent infections are prevented altogether when the immune response is so effective
that stochastic extinction of the virus becomes likely (Cao et al. 2015). The propor-
tion of prevented subsequent infections depends on the interval between primary and
subsequent exposures, so the effect is time-dependent. Studies have also shown that
pre-exposure interferon treatment in animals can prevent infection with pandemic
influenza (Steel et al. 2010), and that both pre- and post-exposure prophylaxis reduce
the probability of HIV infection (Cardo et al. 1997; Baeten et al. 2012; Grant et al.
2010; Thigpen et al. 2012). Because infection is often initiated by only one or a few
virions (Keele et al. 2008), stochasticity plays an important role in the effectiveness
of prophylaxis. The short timeframe within which post-exposure prophylaxis must be
administered suggests that the extinction probability is time-dependent.

In the absence of a time-dependent immune response, stochastic models for HIV
incorporating target cells and virions have been studied using Monte Carlo simula-
tions of the multi-type branching process (Heffernan and Wahl 2005; Kamina et al.
2001; Tan and Wu 1998), or by simulating solutions to stochastic differential equa-
tions where the infection and death processes are diffusion processes, represented by
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noise terms in the equations (Tuckwell and Corfec 1998). Kamina et al. (2001) has
shown that branching process simulations estimate the extinction probability more
accurately than diffusion approximations. However, estimation of the extinction prob-
ability using simulations can be computationally costly; this makes the procedure
infeasible for certain situations. For example, when conducting sensitivity analyses,
sampling procedures generate many different parameter sets for which the extinction
probability must be simulated. In addition, when fitting models to experimental data
using methods such as maximum likelihood estimation, the likelihood of the observed
data given model parameters at each point in parameter space depends on the extinc-
tion probability at that point. Analytic results for the extinction probability have been
obtained, but most of these have either only kept track of the number of infected cells
(Merrill 2005) or the number of virions (Tuckwell et al. 2008).

Pearson et al. (2011) derived analytic expressions for the extinction probability
when an arbitrary number of infected cells and/or virions is introduced to the host.
This method provides a fast, accurate calculation of the extinction probability, but it is
assumed that the rates of target cell infection by a single virion, death of a single virion,
production of a virion by a single cell, and death of a single cell are constant throughout
the early stage of infection, when the extinction probability is non-negligible. This is
not necessarily the case if the immune response is changing during the early stage
of infection, such as through vaccination, prophylaxis or previous infection. Conway
et al. (2013) extended the work of Pearson et al. (2011) to cover the case when there is
explicit time-dependence of the infection rate and viral production rate, and used the
results to analyse the effect of pre- and post-exposure prophylaxis for HIV. In general,
the time dependence of the model parameters may not be explicit; the parameters may
be functions of other model compartments, which may be time-varying.

Both Pearson et al. (2011) and Conway et al. (2013) have assumed that infected
cells are immediately able to produce virus, whereas biologically there is a delay, often
termed the latent period, caused by intracellular events which must happen before the
production of virions. In addition, both Pearson et al. (2011) and Conway et al. (2013)
have assumed that the mean lifetime of an infected cell is exponentially-distributed,
such that the most likely mean lifetime is zero. Since this is biologically unlikely,
models with different latent and infectious periods have been developed. Adding these
complexities into the model lead to more realistic viral dynamics (Jensen 1948; Gross-
man et al. 1998; Lloyd 2001), andmakesmodel parametersmore biologically plausible
(Baccam et al. 2006; Beauchemin et al. 2008).

We apply the method presented by Pearson et al. (2011) to calculate the extinc-
tion probability at different stages of infection for a within-host viral model with a
time-dependent immune response modelled by ordinary differential equations, with
multiple latent and infectious stages. We take a different approach to Conway et al.
(2013) by directly solving for the probability function for extinction from a given state
and time, rather than using the probability generating function. Using a case where
the viral infection is strongly affected by the time dependence of the immune response
(Laurie et al. 2015; Cao et al. 2015),we show that the calculations agree with the
results obtained using Monte Carlo simulations, and examine the change in extinction
probability when the number of latent and infectious stages, and the mean duration of
these stages, changes.
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2 Derivation of the extinction probability

2.1 The TIV model with continuous production of virions

A common model for within-host viral infection is the TIV model (Perelson 2002).
The transitions are

V + T
β→ I (1a)

I
δ→ ∅ (1b)

I
p→ I + V (1c)

V
c→ ∅ (1d)

where T is the number of uninfected target cells, I is the number of infected cells,
V is the number of infectious virions, and →∅ denotes transition to the empty set
i.e. clearance. Homogeneous mixing between uninfected cells and virions is assumed.
Uninfected cells become infected by virus at rate β per target cell per virion. Infected
cells produce infectious virions at a rate p per cell and die at a rate δ per cell, where 1/δ
is the mean life span of a productively infected cell; they also produce noninfectious
virions, but as these do not contribute to the infection dynamics, they are ignored.
Free virus is cleared at rate c per virion, as well as being lost to entry into target cells.
This model is considered ‘continuous’ because the infected cells continually produce
virions during their lifetime, in contrast to the ‘burst’ model where all virions are
released when a cell dies. In this study, we will focus on the continuous production
stochastic model, but the same methods can be applied to the burst model. The mean-
field kinetics of both models are given by the deterministic equations

dT

dt
= −βT V (2a)

d I

dt
= βT V − δ I (2b)

dV

dt
= pI − cV − βT V . (2c)

Some versions of the above deterministic model have a scaling factor in front of
the βT V term in Eqs. 2a and 2b; this is because the number of infectious virions
in the host usually cannot be measured in absolute terms, but only in terms of units
such as plaque forming units (PFU), 50% egg infectious doses (EID50) or 50% tissue
culture infectious doses (TCID50). Often, even these cannot be measured directly, and
one only knows the concentration of these units in samples drawn from the host. The
scaling factor is the ratio between the number of virions required to infect a cell and the
number of virions corresponding to one measurement unit; if we assume that V is the
absolute number of virions, and each cell is infected by exactly one virion, the scaling
factor is not required. We will consider the most commonly modelled case, where
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infection of a target cell requires only one virion. A detailed study of the feasibility
of different binding processes is beyond the scope of this paper and is left for future
work.

The basic reproduction number R0 is given by

R0 = βpT0
δ(c + βT0)

= γα (3)

where γ = βT0/(c + βT0) is the probability that a virion infects a cell and α = p/δ
is the mean number of virions produced by an infected cell in its lifetime. It is defined
as the number of secondary infected cells due to a single infected cell in a population
of uninfected cells of size T0, i.e. the number of cells infected by virions produced
directly by the first infected cell.

2.2 The extinction probability for the TIV model

For a time-independent immune response (constant β,δ,p,c), the system is most sus-
ceptible to stochastic extinction in early infection, when virion and infected cell
numbers are small. At this stage, the change in target cell numbers due to infec-
tion is small, so T is approximately constant (T ≈ T0) and we can simplify Eq. 1 to

V
βT→ I (4a)

I
δ→ ∅ (4b)

I
p→ I + V (4c)

V
c→ ∅. (4d)

The continuous-time Markov chain becomes a multi-type branching process. The
extinction probabilities when the system is initiated with a single virion or a single
infected cell are given respectively by (Pearson et al. 2011)

ρV = min

(
1 − R0 − 1

α
, 1

)
(5a)

ρI = min(1/R0, 1). (5b)

If the system is initiated with nV virions and nI infected cells, because the extinc-
tions of the lineages of each virus and infected cell are independent, the extinction
probability is given by

ε(nV , nI ) = ρ
nV
V ρ

nI
I . (6)

In natural infection or inoculation experiments where the hosts are initially naive
to infection, the initial condition is nI = 0, nV > 0.

123179



A. W. C. Yan et al.

It is worth noting that for acute diseases such as influenza where the viral load peak
is orders of magnitude higher than the initial value, many studies neglect the loss of
virions due to entry into target cells to initiate infection (Lee et al. 2009; Miao et al.
2010; Baccam et al. 2006; Saenz et al. 2010; Pawelek et al. 2012). By neglecting virion
loss due to cell entry, the transitions for the model become

V
βT→ I + V (7a)

I
δ→ ∅ (7b)

I
p→ I + V (7c)

V
c→ ∅. (7d)

This simplification assumes that βT � c, which becomes more valid as the infec-
tion progresses and target cell depletion occurs. As the aforementioned studies are not
focussed on the very early stages of infection, the assumption is used to simplify the
form of the model. However, for very early infection where the target cells have not
been depleted, the assumption is not necessarily valid. The extinction probabilities
become

ρV = min

(
c(δ + p)

p(βT + c)
, 1

)
(8a)

ρI = min

(
δ(βT + c)

βT (δ + p)
, 1

)
. (8b)

By rewriting Eq. 5 as

ρV = min

(
c(δ + p) + δβT

p(βT + c)
, 1

)
(9a)

ρI = min

(
δ(βT + c)

βT p
, 1

)
, (9b)

one can see that neglecting loss of virus due to entry into cells underestimates the
extinction probability, as virions have the opportunity to infect more than one cell.

2.3 Extension to more realistic models with time-independent parameters

The continuous production TIVmodel has been extended to include an exponentially-
distributed latent stage where infected cells do not yet produce virions, reflecting the
delay in virion production due to biological processes which must happen in the cell
to induce virion production. For many diseases, such as influenza and HIV, the length
and form of the latent phase affect parameter estimates (Herz et al. 1996; Mittler et al.
1998; Nelson et al. 2000), and the parameters in the model take on more realistic
values when fit to data if a latent stage is included (Baccam et al. 2006; Beauchemin
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et al. 2008). The extinction probability in this case is a function of the initial number
of virions, latently infected cells and actively infected cells, and the absorbing state is
when all of these quantities are zero.

In the general case there are multiple latent and infectious stages, each with
exponentially-distributed transition times, and the simplest model recovered as a spe-
cial case with one latent and one infectious stage. These models use the method of
stages to make the distribution of the total time spent in the latent and infectious period
more realistic (Jensen 1948; Grossman et al. 1998; Lloyd 2001), such that the most
likely transition time is no longer zero, as in the case of the exponential distribu-
tion. The resulting distributions for the total latent and infectious period distributions
are Erlang distributions with means 1/δL and 1/δI , and modes (K − 1)/(K δL) and
(M − 1)/(MδI ) respectively, where K and M are the number of latent and infec-
tious stages respectively. This is analogous to having gamma-distributed latent and
infectious periods in an epidemic model (Anderson and Watson 1980). Because the
transition times for each stage are exponentially-distributed, the resultingmodel is still
a Markov chain, and the procedure by Pearson et al. (2011) can be used to calculate
the extinction probability. The extinction probability is then a function of the initial
number of virions, latently infected cells in each stage, and actively infected cells in
each stage, and the absorbing state is when these 1 + K + M quantities are all zero.

The transitions for the continuous production model with K latent stages and M
infectious stages are given by

V
βT→ L1 (10a)

Lk
K δL→ Lk+1, k = 1, 2, . . . , K − 1 (10b)

LK
K δL→ I1 (10c)

Im
MδI→ Im+1, m = 1, 2, . . . , M − 1 (10d)

IM
MδI→ ∅ (10e)

Im
p→ Im + V, m = 1, 2, . . . , M (10f)

V
c→ ∅ (10g)

for K > 0 and

V
βT→ I1 (11a)

Im
MδI→ Im+1, m = 1, 2, . . . , M − 1 (11b)

IM
MδI→ ∅ (11c)

Im
p→ Im + V, m = 1, 2, . . . , M (11d)

V
c→ ∅ (11e)

for K = 0.
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The independence of virion/cell lineage extinction can be written in this case as

ε(nV , nL1, . . . , nLK , nI1, . . . , nIM ) = ρ
nV
V

K∏
k=1

ρ
nLk
Lk

M∏
m=1

ρ
nIm
Im . (12)

Following the procedure of Pearson et al. (2011), we obtain the following set of
simultaneous equations for the extinction probabilities:

ρV = 1

βT + c
(βTρI1 + c) (13a)

ρL1 = ρL2 = . . . = ρLK = ρI1 (13b)⎡
⎢⎢⎢⎢⎣

χ η

. . .
. . .

. . . η

χ

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

ρI1
ρI2
...

ρI M

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

0
...

0
−η

⎤
⎥⎥⎥⎦

where η = MδI

p + MδI

χ = pρV

p + MδI
− 1. (13c)

The M-by-M matrix in Eq. 13c is a Toeplitz tridiagonal matrix (with zeros in the
diagonal below the main diagonal); inverting it yields (Huang and McColl 1997)

⎡
⎢⎢⎢⎣

ρI1
ρI2
...

ρI M

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

min((−η/χ)M , 1)
min((−η/χ)M−1, 1)

...

min((−η/χ), 1)

⎤
⎥⎥⎥⎦ . (14)

Note that η/χ < 0. Equation 13a can be solved simultaneously with the first row of
Eq. 14 to obtain a numerical result for ρV and ρI1, which can then be substituted into
Eqs. 13b and 14 to find the remaining extinction probabilities.

The extinction probability for a latent cell in any stage is equal to the extinction
probability for an infectious cell in the first stage, because for each latent stage, there is
only one possible transition. Thus, the latent cell transitions to an infectious cell in the
first stage, with an unchanged number of virions, with probability 1, and the latency
does not affect the extinction probability. The extinction probability of an infected cell
in stageM−m is equal to the extinction probability in stageM , to the power ofm. This
is because the infected cell is guaranteed to pass through each stage, and the stages
are identical. Consequently, the probability mass function for the number of virions
produced by an infected cell in m stages is the same as the probability mass function
for the number of virions produced by m infected cells in one of those stages, and the
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extinction probability is the same in both cases. The independence of extinction of
each infected cell leads to the aforementioned result.

2.4 Extension to a time-dependent immune response

For a time-dependent immune response, we focus on the case where during early
infection, when virion and infected cell counts are low and stochastic extinction is
most likely, the contribution to the immune response by the low number of virions and
infected cells is small; rather, the immune response is mainly induced by factors such
as a pre-existing infection or prophylaxis. The pre-existing infection or prophylaxis
may also change the number of target cells over time, such that the assumption in the
previous subsections that T is constant is no longer valid. The unidirectional interaction
between immune response and virus/infected cells allows a generalisation of the TIV
model parameters to be explicit functions of time.

We use ε(
−→m , t) to denote the extinction probability when the system starts from

the state−→m at time t . We need the probabilities pi (
−→m , t, t+τ) that at time t , given the

state−→m , the i th reaction (infection of a target cell, death of an infected cell, production
of a virion, or death of a virion) is the next reaction, and it occurs at time t + τ . We
must integrate over all possible times to next event τ to find the extinction probability
at time t .

This is summarised by the equation

ε(
−→m , t) =

∫ ∞

0

R∑
i=1

pi (
−→m , t, t + τ)ε(

−→m + d−→m i , t + τ)dτ,
−→m �= −→

0 , (15)

where R = 4 is the total number of possible reactions, and the boundary condition

ε(
−→
0 , t) = 1. (16)

This is a time-dependent generalisation of Eqs. 8 and 9 in Pearson et al. (2011).
Equations 6 and 12 still hold, but the probabilities are now time-dependent:

ε(nV , nL1, . . . , nLK , nI1, . . . , nIM , t) = ρV (t)nV
K∏

k=1

ρLk(t)
nLk

M∏
m=1

ρIm(t)nIm .

(17)
The time-dependent event probabilities pi (

−→m , t, t+τ) are given by (Lu et al. 2004)

pi (
−→m , t, t + τ) = ri (t + τ) exp

[
−

R∑
s=1

∫ t+τ

t
rs(τ

′)dτ ′
]

. (18)
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Combining Eqs. 18 and 15, we obtain (after some algebra, including differentiating
on both sides to turn the integral equation into a differential equation)

d

dt

[
ε(

−→m , t)
] =

R∑
i=1

ri (t)
[
ε(

−→m , t) − ε(
−→m + d−→m i , t)

]
. (19)

For the TIVmodel, substituting−→m = (nV , nI ) = (1, 0) and−→m = (0, 1) separately
into Eq. 19 yields the two simultaneous equations

dρV

dt
= β(t)T (t) [ρV − ρI ] + c(t) [ρV − 1] (20a)

dρI

dt
= δ(t) [ρI − 1] + p(t) [ρI − ρV ρI ] . (20b)

Similarly, for the model with multiple latent and/or infectious stages, substitut-
ing −→m = (nV , nL1, . . . , nLK , nI1, . . . , nIM ) = (1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . ,
(0, . . . , 0, 1) in turn, we obtain the following set of simultaneous equations for the
extinction probabilities:

dρV

dt
= β(t)T (t) [ρV − ρL1] + c(t) [ρV − 1] (21a)

dρLk

dt
= K δL(t)[ρLk − ρLk+1], k = 1, . . . , K − 1 (21b)

dρLK

dt
= K δL(t)[ρLK − ρI1] (21c)

dρIm

dt
= MδI (t)[ρIm − ρIm+1] + p(t)[ρIm − ρV ρIm], m = 1, . . . , M − 1

(21d)

dρI M

dt
= MδI (t) [ρI M − 1] + p(t) [ρI M − ρV ρI M ] . (21e)

Equations 20 and 21 are a set of coupled ordinary differential equations which
can be solved given initial conditions; in other words, if we know the extinction
probabilities for introduction of one virion, introduction of one latent cell at each
stage and introduction of one infected cell at each stage at any particular time, we can
solve for the extinction probabilities at any time. Often, the time-dependent immune
response is such that the parameters approach a constant value as t → ∞, so ρV (t),
ρLk(t) and ρIm(t) approach their time-independent values as given in Eq. 13. We
can thus set the values of ρV (t), ρLk(t) and ρIm(t) at some time t much longer
than the timescale of the infection, and solve backwards in time to find the values
of ρV (t), ρLk(t) and ρIm(t) when the immune response is changing most. For the
time-dependent case, it is no longer true that ρL1(t) = · · · = ρLK (t) = ρI1(t), or
that the extinction probability is independent of the mean and distribution of the latent

123 184



On the extinction probability in models of within-host infection…

Table 1 Parameter values for
the TIV model with multiple
infectious stages, adapted from
Cao et al. (2015)

Parameter Value Units

p 14 Infected cell−1 day−1

c 20 Day−1

β 5 × 10−7 Target cell−1 virion−1 day−1

T0 7 × 107 Target cell

V0 10 Virion

period, because changing the time spent in the latent period shifts the period for which
the cell is infectious, and the immune response during that period will be different.

3 Dependence of the extinction probability of virions on the number and
mean duration of latent and infectious stages

Having developed a method for calculating the extinction probability, we examine
how the extinction probability of introduced virions depends on the form of the model
chosen, i.e. the number of latent and infectious stages and themean latent and infectious
periods, for both the TIVmodel and a model with a time-dependent immune response.
We focus on the extinction probability when virions rather than infected cells or latent
cells are introduced, because this is the route of transmission for both natural infection
and inoculation experiments.

3.1 TIV model

From Eq. 13, we can see that the extinction probability of virions is independent of
the number and duration of latent stages, but is dependent on the number of infectious
stages and the mean infectious period. We vary the number of infectious stages and
the mean infectious period, and fix the remaining parameters, to show the effect of
these parameters. The fixed parameter values are taken from Cao et al. (2015), which
are chosen to be typical values for influenza infection (Table 1).

Figure 1 shows the extinction probability when introducing ten virions, varying the
mean infectious period 1/δI and the number of infectious stages M , indicated in the
legend. The number of virions is chosen to be 10 to mimic the number of infectious
virions introduced to the upper respiratory tract in an influenza infection; justification
is given in Online Resource 1. The results for different numbers of virions can be
obtained using Eq. 12. The simultaneous equations 13a and the first row of Eq. 14
are solved for ρI1 numerically using Matlab 2014b’s fzero function, with a starting
guess of ρI1 = 0; the result is substituted into Eq. 13a to solve for ρV . The code
for generating all the figures in this paper is provided at https://bitbucket.org/prism2/
extinction_probability_ayan.

We see that when the number of infectious stages is held constant, the extinction
probability decreases as the mean infectious period increases. This is because as the
expected number of virions produced by an infected cell (p/δI ) increases, the basic
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Fig. 1 Extinction probability when introducing ten virions, varying the mean infectious period 1/δI and
the number of infectious stages M , indicated in the legend. Parameters are given in Table 1

reproduction number R0 increases. As the mean infectious period increases to infinity,
the extinction probability of one virion approaches c/(βT + c), because in this limit
once the virion infects a cell, the cell lives forever and so the conditional extinction
probability is zero; thus, the extinction probability is equal to the probability that the
virion dies before infecting a cell. On the other hand, as the mean infectious period
decreases such that R0 approaches 1, the extinction probability approches 1. When
the mean infectious period is held constant, the extinction probability decreases as the
number of stages increases. If we can determine the parameters p, c, β, T0, V0 and one
of δI and M accurately using data such as viral load measurements, then data on the
extinction probability can help us determine the remaining parameter. The distribution
of the latent period, on the other hand, cannot be determined experimentally using the
extinction probability, but nevertheless affects other aspects of infection such as the
viral load time course.

3.2 A model of re-infection with a time-dependent immune response

We will now apply the method of calculating the extinction probability with a time-
dependent immune response to the scenario detailed by Cao et al. (2015), in which the
host is sequentially infected with two different influenza viruses. In the experiment
which motivated this model, it was observed that when ferrets were infected sequen-
tially with different strains of influenza virus, infection with the second virus was
prevented in some ferrets and not others, depending on the strains used and the inter-
val between primary and secondary exposures (the inter-exposure interval) (Laurie
et al. 2015). Moreover, for some combinations of strains and inter-exposure intervals,
infection with the second virus was only seen in a subset of ferrets, suggesting that
stochastic effects are important for this temporary immunity. For those ferrets where
infection with the second virus was eventually established, the level of the second
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Fig. 2 Induction of a time-dependent immune response by the first virus. Reproduced from Cao et al.
(2015)

virus stayed low for up to days after infection; this supports the hypothesis that sto-
chastic extinction, which is most likely for low virion numbers, was responsible for
the prevented infections. Motivated by the results of this experiment, Cao et al. (2015)
developed a mechanistic model for strain-dependent and strain-independent compo-
nents of the immune response to influenza in ferrets, and showed through numerical
simulation that stochastic extinction was likely for certain numbers of initial virions,
and a chosen inter-exposure interval and set of parameter values. Here, we explore
extinction in this model systematically, and evaluate how changing the inter-exposure
interval, initial number of virions, mean latent and infectious periods, and number
of latent and infectious stages changes the extinction probability. This will lead to a
better understanding of the phenomenon of temporary immunity.

The early kinetics of the first virus strain, when extinction ismost likely to occur, are
not affected by the second strain (which is not yet present), so the infection parameters
can be treated as time-independent and the extinction probability is given by Eqs. 6
and 5. However, given the large inoculum and naive state of the host, extinction is
unlikely to occur, and indeed was never observed in the experiments. Our interest lies
in the early kinetics of the second strain, where the time-dependent immune response
initiated by the first strain affects the extinction probability. Figure 2 shows the ways
by which the first virus induces a time-dependent immune response [reproduced from
Cao et al. (2015)].

The target cell pool, T , is shared by the two viral strains. The time-dependent innate
immune response is mediated by type I interferon F , which is produced in response
to infected cells. It acts in three ways to modify infection kinetics, through:
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1. Introduction of a temporary resistant state R in target cells;
2. Inhibition of the production of virions from infected cells; and
3. Direct killing of infected cells.

The model also captures the role of antibodies (A), responsible for strain-specific
viral clearance and induction of long-term sterilising immunity, mediated by stimu-
lation of B cells (B). In addition, target cells are replenished at a rate proportional to
the product of the number of target and dead cells. Cao et al. (2015) has explored the
dynamics of all three mechanisms; to aid exposition, we focus on one mechanism,
which we choose to be the second mechanism (inhibition of the production of virions
from infected cells). However, the extinction probability can be calculated for each of
the mechanisms using the same method.

The equations for the dynamics of virus 1, the target cells and the induced immune
response (for the second mechanism) are

dV1
dt

= pV 1

1 + s1F
I1 − δV 1V1 − κA1V1A1 − β1V1T (22a)

dT

dt
= gT T

(
1 − T + I1

T0

)
− β1V1T (22b)

d I1
dt

= β1V1T − δI1 I1 (22c)

dF

dt
= pF1 I1 − δF F (22d)

dB1

dt
= m11V1(1 − B1) − m21B1 (22e)

d A1

dt
= m31B1 − r1A1 − κ ′

A1V1A1 (22f)

The solution of Eq. 22 for the number of target cells and amount of type I interferon
is shown in Fig. 3 for the parameters in Table 2, which are adapted from Cao et al.
(2015) and will be used for the remainder of the study. The time dependence of the
extinction probability of the second virus is then entirely due to these two functions.

The second virus and infected cell equations can be written in the form of the TIV
model with time-dependent parameters which are functions of the two time courses
shown in Fig. 3:

dV2
dt

= pV 2

1 + s2F
I2 − (δV 2 + β2T )V2

= p(t)I2 − (δV 2 + β2T (t))V2

where p(t) ≡ pV 2

1 + s2F(t)
(23a)

d I2
dt

= β2V2T (t) − δI2 I2. (23b)
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Fig. 3 The number of target cells, T (t), and the amount of type I inferferon, F(t)

Table 2 Parameter values for the two-strain model

Parameter Value Units

pV 1, pV 2 14 Infected cell−1 day−1

δV 1, δV 2 20 Day−1

κA1 0.2 Antibody unit−1 virion−1 day−1

κ ′
A1 1 × 10−3 Antibody unit−1 virion−1 day−1

β1, β2 5 × 10−7 Target cell−1 virion−1 day−1

g 0.8 Day−1

δF 2 Day−1

m11 2.5 × 10−6 Virion−1 day−1

m21 10−2 Day−1

m31 1.2 × 104 Day−1

r1 0.2 Day−1

δI1 3 Day−1

s1, s2 1 Interferon unit−1

pF1 10−7 Infected cell−1 day−1

pF2 5 × 10−6 Infected cell−1 day−1

V01 10 Virion

T0 7 × 107 Target cell

Parameters are identical to those presented in Cao et al. (2015), adjusting for differences in units. The
interferon and antibody are measured in arbitrary units, while the B cell compartment is unitless, as it is
normalised to the highest measured value; see Cao et al. (2015) for justification. All initial values, except
V01 and T0, are zero

We substitute the time courses T (t) and p(t) into Eq. 20. β(t), δ(t) and c(t) in Eq.
20 are constants, equal to β2, δI2 and δV 2 in Eq. 23 respectively. We solve the coupled
ODEs in Eq. 20 for the extinction probability when one virion of V2 is introduced
at time t after the introduction of a fixed number of virions of V1, then use Eq. 6 to
calculate the extinction probability when nV virions of V2 are introduced. To solve
the ODEs, we use our knowledge that as t → ∞, T (t) → T0 and p(t) → pV 2,
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Fig. 4 Calculated versus simulated extinction probabilities when introducing ten virions of the second
strain a number of days after primary inoculation (the inter-exposure interval), indicated on the x-axis.
Parameters are as per Table 2. The simulated probabilities are obtained over 1000 simulations for each
scenario. The grey area indicates the 95% prediction interval for the proportion of extinction events out
of 1000, assuming that the number of extinction events follows a binomial distribution where the event
probability is the calculated extinction probability

so ρV (t) and ρI (t) approach the values given in Eq. 5. Thus, we set the initial
values

ρV (te) = min

(
1 − R02 − 1

α2
, 1

)
(24a)

ρI (te) = min(1/R02, 1), (24b)

where te is a predetermined time much further than the end of the primary infection
such that T (te)/T0, p(te)/pV 2 and δ(t)/δI2 are all approximately equal to one. The
subscript 2 indicates that R0 and α are to be calculated using the parameters of the
second virus.

The ODEs are solved using MATLAB R2014b’s ode15s ODE solver (The Math-
Works, Natick, MA), with absolute tolerance of 10−12 and relative tolerance of 10−6.
We set te = 50, which is much longer than the time course of a single infection.
For numerical stability of the ODE solver, we substitute t ′ = −t , then integrate
from t ′ = −te to t ′ = 0. We validate the results against stochastic simulations con-
ducted using Gillespie’s tau-leap algorithm (Gillespie 2001) conducted with timestep
dt = 10−3.

Figure 4 shows the calculated versus simulated extinction probabilities when intro-
ducing ten virions of the second strain a number of days after primary inoculation
(the inter-exposure interval), as indicated on the x-axis, with the time-dependent para-
meters in Fig. 3. The simulated probabilities are obtained over 1000 simulations for
each scenario. The grey area indicates the 95% prediction interval for the proportion
of extinction events out of 1000, assuming that the number of extinction events fol-
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Fig. 5 Calculated versus simulated extinction probabilities when introducing different numbers of virions
of the second strain (as indicated on the x-axis) with a 3.5-day inter-exposure interval. Parameters are as per
Table 2. The simulated probabilities are obtained over 1000 simulations for each scenario. The grey area
indicates the 95% prediction interval for the proportion of extinction events out of 1000, assuming that the
number of extinction events follows a binomial distribution where the event probability is the calculated
extinction probability

lows a binomial distribution where the event probability is the calculated extinction
probability. We get excellent agreement between the calculated and simulated results.

Figure 5 shows the calculated versus simulated extinction probabilities when intro-
ducing different numbers of virions of the second strain (as indicated on the x-axis)
with a 3.5-day inter-exposure interval. We get excellent agreement between the cal-
culated and simulated results over a wide range of initial virion numbers.

We can modify the model to include K latent stages and M infectious stages for the
cells infected with the second virus. Although one may be biologically motivated to
do the same for the first virus, for ease of comparison we leave our model for the first
virus unchanged with no latent stages and one infectious stage for the first virus, such
that T (t) and p(t) are the same as for the previous case. Equation 23 then becomes
[with the same definitions of T (t) and p(t)]

dV2
dt

= p(t)
M∑

m=1

Im2 − (δV 2 + β2T (t))V2 (25a)

dL12

dt
= β2V2T (t) − K δL2L12 (25b)

dLk2

dt
= K δL2Lk−1,2 − K δL2Lk2, k = 2, . . . , K − 1 (25c)

dLK2

dt
= K δL2LK−1,2 − K δL2LK2 (25d)

d I12
dt

= K δL2LK2 − MδI2 I12 (25e)
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Fig. 6 Extinction probabilitieswhen introducing ten virions of the second strainwith varying inter-exposure
intervals, for different values of 1/δL2 as indicated by the legend. Parameters are as per Table 2

d Im2

dt
= MδI2 Im−1,2 − MδI2 Im2, m = 2, . . . , M − 1 (25f)

d IM2

dt
= MδI2 IM−1,2 − MδI2 IM2. (25g)

The initial values at t = te are given by Eq. 13, where all parameter values are
for the second virus. We will investigate how changing the mean latent and infectious
periods of the second virus, 1/δL2 and 1/δI2, and the number of latent and infectious
stages, K and M , changes the extinction probability. All other parameters will be
fixed, and are listed in Table 2.

First, we assume that for cells infected with the second virus, there is one latent
stage, and one infectious stage with δI2 = 3.

Figure 6 shows the calculated extinction probabilities when introducing ten virions
of the second strain with varying inter-exposure intervals, for different values of 1/δL2
as indicated by the legend. Parameters are as per Table 2.We see that for this particular
model and set of initial conditions, if the second virus is introduced in the early stage of
infection, increasing 1/δL increases the extinction probability. This is because increas-
ing the mean latent period increases the chance that a cell infected with the second
virus soon after introduction becomes infectious when the innate immune response
is most active, so the expected number of virions it produces decreases. However, if
the second virus is introduced in the middle stage of the first infection (2–5 days),
when the innate immune response is most active, then increasing 1/δL2 decreases the
extinction probability. This is because increasing 1/δL2 increases the chance that a
cell infected with the second virus soon after introduction becomes infectious when
the innate immune response is much less active, so the expected number of virions it
produces increases. Moreover, as the mean latent period approaches 0, the extinction
probability curve approaches that of the model without a latent stage, as shown in

123 192



On the extinction probability in models of within-host infection…

Inter-exposure interval (days)

0 2 4 6 8 10 12 14

E
xt

in
ct

io
n 

pr
ob

ab
ili

ty

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.2 days
0.5 days
1.0 days
1.5 days
2.0 days
2.5 days
3.0 days

Fig. 7 Extinction probabilitieswhen introducing ten virions of the second strainwith varying inter-exposure
intervals, for different values of 1/δI2 as indicated by the legend. Parameters are as per Table 2, with δL2 = 3
and one latent stage

Fig. 4. A comparison with simulation results for this figure and subsequent figures is
given in Online Resource 1, and agreement is excellent.

By contrast, Fig. 7 shows the calculated extinction probabilities when 1/δI2 is
changed. ten virions of the second strain are introduced with varying inter-exposure
intervals, for different values of 1/δI2 as indicated by the legend. Parameters are as per
Table 2, with δL2 = 3 and one latent stage. In contrast to increasing 1/δL2, increasing
1/δI2 always decreases the extinction probability. This is because increasing 1/δI2
increases the basic reproduction number R02 by increasing the expected number of
virions produced by an infected cell (p2/δI2) in the absence of the immune response.
In the presence of the immune response, increasing 1/δI2 still increases the expected

number of virions produced by a cell which becomes infected at time t ,
∫ ∞

t
p2/(1+

s2F(t)) exp(−δI2(t
′)) dt ′.

Figure 8 shows the extinction probabilities when introducing ten virions of the
second strain with a 3.5-day inter-exposure interval, for different values of 1/δL2 and
1/δI2 as indicatedby the x- and y-axes,when there is one latent stage andone infectious
stage. We see that as 1/δI2 is increased, for the extinction probability to be conserved,
1/δL2 must be decreased. 1/δL and 1/δI cannot both be determined by measurements
of extinction probability at one time point alone, but when considered with additional
data, such as viral load data, the degeneracy in parameter values is less than if each
type of data were considered separately. Measurements of extinction probability for
different inter-exposure intervals, then fitting parameters to be consistent with the data
at all time points, is another way of decreasing the degeneracy.

We now look at how changing the number of latent and/or infectious stages changes
the extinction probability. First, we consider a model with no latent stages and M
infectious stages. We hold δI2 constant at 3.
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Fig. 8 Extinction probabilities when introducing ten virions of the second strain with a 3.5-day inter-
exposure interval, for different numbers of 1/δL2 and 1/δI2 as indicated by the x- and y-axes, when there
is one latent stage and one infectious stage. Parameters are as per Table 2

Inter-exposure interval (days)
0 2 4 6 8 10 12 14

E
xt

in
ct

io
n 

pr
ob

ab
ili

ty

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1
2
3
4
5
6
7

Fig. 9 Extinction probabilitieswhen introducing ten virions of the second strainwith varying inter-exposure
intervals, for different numbers of infectious stages as indicated by the legend. Parameters are as per Table
2, and δI2 is held constant at 3

Figure 9 shows the extinction probabilities when introducing ten virions of the
second strain with varying inter-exposure intervals, for different numbers of infectious
stages as indicated by the legend. We see that for short inter-exposure intervals (0–1
days) and long inter-exposure intervals (6 days or more), increasing the number of
infectious stages decreases the extinction probability, but for medium inter-exposure
intervals (2–5 days), increasing the number of infectious stages increases the extinction
probability. For long inter-exposure intervals, the number of target cells at the time
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Fig. 10 Extinction probabilities when introducing ten virions of the second strain with varying inter-
exposure intervals, for different numbers of infectious stages as indicated by the legend. Parameters are as
per Table 2 except q1 = 5 × 10−6, and δI2 is held constant at 3

of introduction is close to T0 and the immune response F is close to zero, so the
dependence of the extinction probability on the number of infectious stages is like that
of the TIV model in Fig. 1. For short inter-exposure intervals, the initial conditions
suggest that exponential growth of infected cells and virions is likely (as target cells
have not been depleted and the immune response is not yet active), so if extinction
has not occurred by the time the temporary depletion of target cells and the immune
response occur, the number of virions and infected cells will have grown large enough
to survive the immune response. Hence, the dependence of the extinction probability
on the number of infectious stages is once again like that of the TIVmodel. Formedium
inter-exposure intervals, it appears that the dependence of the extinction probability on
the number of infectious stages depends on the parameter functions. For example, if we
change q1 to 5×10−6 in the model, thus changing T (t) and F(t) such that the immune
response is stronger and target cells do not become as depleted, we see in Fig. 10 that
increasing the number of infectious stages decreases the extinction probability for all
inter-exposure intervals. Compared to changing the mean infectious period, changing
the number of infectious stages only has a small effect on the extinction probability
for our model and parameters; this is because the chosen mean latent and infectious
periods, which lie within the biologically realistic parameter ranges for influenza,
are short compared to the timeframe within which the immune response changes
significantly, so the distributions of latent and infectious periods do not have a large
effect on the immune response experienced by an infectious cell. However, since the
biologically realistic parameter ranges for the mean latent and infectious period are
large, changing their values within this range has a large effect on the immune response
experienced by an infectious cell.

Finally, we consider a model with K latent stages and one infectious stage. Both
δL2 and δI2 are held constant at 3.
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Fig. 11 Extinction probabilities when introducing ten virions of the second strain with varying inter-
exposure intervals, for different numbers of latent stages as indicated by the legend. Parameters are as per
Table 2, and both δL2 and δI2 are held constant at 3

Figure 11 shows the extinction probabilities when introducing ten virions of the sec-
ond strain with varying inter-exposure intervals, for different numbers of latent stages
as indicated by the legend. As the number of latent stages increases, the extinction
probability increases slightly for short inter-exposure intervals, but decreases slightly
for long inter-exposure intervals (the difference is too small to be seen in the fig-
ure). Increasing the number of latent stages decreases the variance in the time taken
for an infected cell to become infectious. As a result, for short inter-exposure inter-
vals, the first infected cells are more likely to become infectious when the immune
response is strong, rather than before or after the time at which there is a strong
immune response. For long inter-exposure intervals, the immune response exponen-
tially decays, so decreasing the variance in the time the first infected cells become
infectious decreases the mean immune response experienced by the infectious cells.
Overall, for this particular model of the immune response and initial values, the dif-
ference in extinction probability for different numbers of latent and infectious stages
is small, suggesting that the number of latent and infectious stages may be difficult to
determine from experimental measurements of extinction probability. However, the
number of latent and infectious stages chosen will affect the viral load time course
given a set of parameters, so when the extinction probability data is combined with
other data such as viral load measurements, the number of latent and infectious stages
chosen will impact parameter estimates.

4 Discussion

In this study, we have calculated the extinction probability of a disease upon intro-
duction of a number of virions and/or infected cells to the host. Previous studies have
derived these expressions for the TIV model, both with time-independent parameters
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(Pearson et al. 2011) and time-dependent parameters (Conway et al. 2013) which
reflect the effects of prophylaxis on viral reproduction. We have generalised these
expressions to models where cells have multiple latent and/or infectious stages, such
that the times spent in the latent and infectious stages are Erlang-distributed. We have
also shown howmechanistic models of the immune response can bewritten in terms of
time-dependent viral parameters, such that the extinction probability given the number
of initial virions and/or infected cells can be calculated.

For a time-dependent immune response, we have shown that the extinction prob-
ability depends on the time of introduction and the initial number of virions; these
results are verified by full stochastic simulations, and excellent agreement is obtained.
We have also demonstrated how the extinction probability changes when the mean
latent and infectious periods are changed, andwhen the number of latent and infectious
stages are changed. This suggests that the extinction probability at different times of
introduction can be used to help determine the parameters of the model. Because the
mapping of extinction probability to parameter values is not one-to-one, additional
information, such as the viral load time course, is also needed.

The methods used in this study are applicable to many situations where the viral
dynamics cannot be describedwith a simple TIVmodel. One of these situations, which
we have used as a case study, is when the host has prior immunity due to a previous
infection. We have shown that given a time-dependent immune response induced by
the first virus, changing the introduction time of the second virus changes the prob-
ability that infection is established. This helps explain experimental observations by
Laurie et al. (2015) that immunity conferred by a primary infection against subse-
quent infection is temporary, and is only observed in a subset of hosts under identical
experimental conditions.

Otherwithin-host influenza studies have constructed differentmodels incorporating
the effects of the immune response (Beauchemin and Handel 2011; Smith and Ribeiro
2010); the viral loads predicted by these models have been compared qualitatively
(Dobrovolny et al. 2013), and different models have been fitted to the same viral load
data to determine the best-fitting model (Pawelek et al. 2012). However, the effective-
ness of the immune responses in these models in preventing subsequent infection have
not been compared systematically. Our approach to calculating the extinction proba-
bility given a mechanistic model provides the tools to examine how different modelled
components of the immune response work together to prevent subsequent infection.
The emergence of drug-resistant viral strains during prophylaxis is an increasingly
important issue, and several models, both deterministic and stochastic, have been
developed to study the conditions for the emergence and survival of these strains
(Handel et al. 2007; Canini et al. 2014; Haeno and Iwasa 2007; Moghadas 2011), but
only some of these models take the immune response into account. Extinction prob-
ability calculations enable the study of how both stochasticity and a time-dependent
immune response affect the proliferation of drug-resistant strains.

The effect of prophylaxis on the viral load had been studied using various deter-
ministic models (Baccam et al. 2006; Beauchemin et al. 2008; Canini et al. 2014;
Dobrovolny et al. 2011, 2013); our methods can be used to evaluate how different pre-
and post-exposure drug prophylaxis regimes not only reduce the severity of infection,
but prevent infection altogether. Conway et al. (2013) analysed how pre- and post-
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exposure prophylaxis affects the probability of HIV infection becoming established.
In their model, prophylaxis has an explicit time-dependent effect on the infectivity of
virus; we have shown how these time-dependent effects can be generated by mecha-
nistic models.

A limitation of the extinction probability calculation method used in our study is
that it can only calculate the probability of extinction given that the time-dependent
immune response is independent of viral and infected cell dynamics. For example,
some models predict that the viral load oscillates before reaching a steady state, such
as due to delayed cellular immune responses (Canabarro et al. 2004); onewould expect
the extinction probability to be largest at these troughs. In these cases, extinction is
due to target cell depletion and/or immune responses which vary greatly with the
stochastic time courses of the virions and infected cells. Because of this feedback loop,
the parameters in Eq. 20 are no longer functions known a priori, and themethod cannot
be used. Also, there are experimental difficulties in obtaining the extinction probability
because extinction can only be observed once in each replica of the experiment. This
makes it difficult to determine the effect of inter-host differences on the obtained
extinction probability across hosts.

Moreover, when estimating parameters using extinction probability data, the initial
number of virions must either be known or be included as an estimated parameter.
The number of virions transmitted may be fewer than the number which reach the
infected body parts, and it is often impractical to measure the viral load immediately
after transmission. As a result, the initial viral load is often an unknown parameter
which is fitted to the data. Even if the initial viral load can be thus estimated accurately,
viral load is usually measured in units such as PFU, TCID50 or EID50, and as a sample
concentration rather than as the total number of virions in the host. There can be much
uncertainty in the conversion factor between measurement units and the number of
virions (Handel et al. 2007). If we could experimentally determine the conversion
factor between measurement units such as TCID50 and virions, this would enable a
better understanding of the impact of extinction on infection outcomes.

Our study has looked at the effect of gamma-distributed latent and infectious peri-
ods, but somemodels have used other distributions, such as a constant infectious/latent
period, a normal distribution or a log-normal distribution (Holder and Beauchemin
2011). In this case, the inter-event times are no longer Markovian, and the extinction
probability from a given state is no longer only dependent on the number of virions
and infected cells, but also on their ages. Hence, the method used in our study cannot
be directly applied in these cases. Extension to general distributions for latent and
infectious periods is the subject of future work.

Themethods used in our study can also be used in an epidemic context; for example,
where two viruses are co-circulating in the population and infection with one confers
immunity to the other, depletion of susceptibles by one virus affects the extinction
probability when another virus is introduced into the population. This is analogous to
the within-host two-strain model presented in Sect. 3.2. Exploration of the application
of our study to epidemic contexts is left for future research.
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Chapter 10. On the extinction probability in models of within-host infection: the

role of latency and immunity

10.3 Contribution of this study to the thesis

This chapter has developed a coupled stochastic-deterministic version of the model
in Section 6.2. For the parameter values chosen, the extinction probability has
been shown to vary with the inter-exposure interval, and is highest for medium
inter-exposure intervals (2–8 days). This finding is consistent with experimen-
tal observations. Hence, stochasticity in viral dynamics alone (in the absence of
inter-host variability) is a viable hypothesis for differing infection outcomes un-
der identical experimental conditions.

The relationship between the inter-exposure interval and the extinction prob-
ability is expected to be the same for the final model presented in Chapter 8. This
hypothesis would be verified by substituting the solutions for T (t), p(t) and δI(t)
for the aforementioned model into Eq. 21 in the published article, then solving
this equation for the extinction probability.

To determine whether stochasticity in viral dynamics alone can explain the
differing infection outcomes for the specific data set by Laurie et al. [120], one
would fit the model to the data. To do so, one would need an expression for
the likelihood of observing the data given model parameters, or use likelihood-
free model fitting methods. Comparing these two options is the subject of future
study.

In the former case, because the model state space is large (I2 and V2 can take
values of order 108), numerically integrating the CTMC to find the probability
mass function, and hence the likelihood for the viral load, is computationally
infeasible. We hypothesise that the likelihood of the data given model parame-
ters can be approximated using the mean field dynamics conditioning on either
extinction or non-extinction. The likelihood would then be the sum of the likeli-
hood of observing the data given the mean field dynamics conditioning on either
extinction or non-extinction, weighted by the probabilities of extinction or non-
extinction. We would calculate these probabilities using the methods developed
in this chapter. The effects of using this approximation for the likelihood would
be evaluated using a simulation estimation study.



Chapter 11

Discussion

11.1 Introduction

In this study, I have constructed a model of influenza viral dynamics which in-
cludes the three major components of the immune response (innate, humoral
adaptive and cellular adaptive). The model is able to reproduce a range of ob-
servations from sequential infection experiments, and from experiments where
immune components are suppressed.

The subsequent sections will discuss the advances made in this study (Sec-
tion 11.2); the limitations of the study thus far (Section 11.3); future research
to quantify the roles of each immune component in controlling infection (Sec-
tion 11.4); and the applications of the study in the longer term (Section 11.5).

11.2 Advances made in this study

11.2.1 The models reproduce experimental observations of protection
conferred by a primary infection against a subsequent infection

Prior to the broader study of which this thesis forms a part, systematic investiga-
tions of temporary immunity conferred by a primary influenza infection against
a subsequent infection were conducted on long timescales (weeks to months). A
lack of data on temporary immunity on short timescales (days) led to a paucity of
modelling studies in this area.

In Chapter 5, I performed a statistical analysis on sequential infection experi-
ments (published in Journal of Infectious Diseases [120]), which showed that tem-
porary immunity depends both on the interval between exposures and the strains
used. In particular, for short inter-exposure intervals (1–5 days), a primary infec-
tion can either delay or prevent infection with another influenza strain; the precise
timing and extent of such cross-protection is strain-dependent. Moreover, under
identical experimental conditions, the second infection is prevented in some fer-
rets but not others. For longer inter-exposure intervals (10–14 days), the second
infection is shortened only when infection is with two influenza A strains.
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I then incrementally built a model which can reproduce the above observa-
tions qualitatively. Section 6.2 details the construction of a model including in-
nate and humoral adaptive immunity (published in PLoS Computational Biol-
ogy [31]). This model was used to show that innate immunity can explain how
a primary infection delays a subsequent infection when the time between expo-
sures is short (1–5 days; Section 6.2.2). This delay occurs because innate immunity
stimulated by a primary infection is most active 2–7 days post-exposure, during
which it suppresses replication of all strains through three mechanisms mediated
by type I interferon: the rendering of target cells temporarily resistant to infection;
a decrease in the production rate of virions from infected cells; and an increase in
the death rate of infected cells through the induction of natural killer cells. As a
result, the effective reproduction number of the second strain is decreased during
early infection for short inter-exposure intervals.

Furthermore, Section 6.2.3 showed that a number of innate immune param-
eter differences between strains can lead to differences in the timing and extent
of temporary immunity. For example, increasing the rate at which cells infected
by the first strain induce interferon production leads to a delayed second infec-
tion occurring for shorter inter-exposure intervals; changing the factor by which
interferon decreases the production rate of the second virus also changes the qual-
itative infection outcome for a given inter-exposure interval.

In Section 6.3, this model was modified to include the cellular adaptive im-
mune response, whereby naive CD8+ T cells proliferate and differentiate into ef-
fector CD8+ T cells which trigger the death of infected cells, shortening the re-
covery time for a primary infection. Then, in Chapter 7, I incorporated memory
CD8+ T cells and cross-reactivity between strains into the model. When memory
CD8+ T cells are incorporated, a small proportion of effector CD8+ T cells from a
primary infection remain as memory CD8+ T cells. Consequently, the number of
CD8+ T cells in the host is greater than pre-exposure levels. Cross-reactivity en-
ables these memory CD8+ T cells to be re-stimulated by a second infection, such
that more effector CD8+ T cells are available for clearance of infected cells, and the
recovery time decreases. I showed that both cross-reactivity and memory in the
cellular adaptive immune response are required to explain how a primary infec-
tion shortens a subsequent infection when a longer time interval separates expo-
sures (published in Journal of Theoretical Biology [220]). This result is consistent
with observations that the second infection is shortened only when infection is
with two influenza A strains, between which the antigenic distance is sufficiently
short to expect cross-protection.

In Chapter 10, I derived equations for the extinction probability of the sec-
ond virus for a coupled stochastic-deterministic model based on the model in
Section 6.2 (published in Journal of Mathematical Biology [221]). For the model
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parameters in Section 6.2, the extinction probability is highest for medium inter-
exposure intervals, which is consistent with experimental observations in Chap-
ter 5. This agreement between theory and experiment suggests that stochasticity
in viral dynamics alone can explain differences in infection outcomes between
individuals. As stated previously, the model in Section 6.2 includes innate and
humoral adaptive immunity only; however, similar results are expected for the
model including cellular adaptive immunity.

11.2.2 The models reproduce experimental observations when compo-
nents of the immune response are suppressed

As discussed in Chapter 3 and reviewed by Dobrovolny et al. [54], the role of each
immune component in a model can be tested using in silico experiments to predict
the viral load when various immune components are disabled. It was shown that
existing models exhibit different qualitative behaviours when the same immune
component is removed. This variability implies that the timing and strength of
each immune component differs between models, and hence the contribution of
each component to control of the infection changes. To address this discrepancy,
our model has been constructed such that it not only reproduces observations of
sequential infection experiments, but also a variety of observations from experi-
ments where immune components are suppressed.

The model in Chapter 7 reproduces observations that the peak viral load of
a primary infection increases when the innate immune response is inhibited [99,
181]. This increase occurs because innate immunity is most active during the in-
termediate plateau phase of the infection, where it suppresses viral replication
and thus decreases the effective reproduction number. The model can also re-
produce the observation that recovery is delayed when the CD8+ T cell adaptive
immune response is inhibited [15, 57]. Cellular adaptive immunity increases the
decay rate of infected cells during the late stage of infection, due to clearance by
effector CD8+ T cells. In the absence of the cellular adaptive immune response,
the antibody response is strong enough to resolve infection, although resolution
occurs more slowly.

The model in Chapter 6.3, which includes short- and long-lived antibodies, is
well-placed to reproduce observations in studies where the production of some,
but not all, antibodies is suppressed. The model can reproduce the observation
that the viral load rebounds when the production of long-lived, but not short-
lived, antibodies is inhibited [103]. Antibodies increase the decay rate of infec-
tious virions during the late stage of infection. In particular, long-lived antibodies
are essential to the resolution of an infection; in their absence, the cellular adaptive
immune response and short-lived antibodies alone are not sufficient to control in-
fection. On the other hand, the model in Chapter 7, which does not distinguish
between short-lived and long-lived antibodies, reproduces the observation that
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the viral load also rebounds when all antibodies are suppressed [103]. Further,
the model predicts that recovery is severely delayed, if not prevented, when both
the humoral and cellular adaptive immune responses are inhibited [117, 212, 224].

11.2.3 The model accurately recovers the roles of different immune com-
ponents when fitted to synthetic sequential infection data

As the next aim of the study was to quantify the contribution of each immune
component to controlling infection, I first conducted a simulation estimation study
to verify that the model can accurately recover the roles of different immune com-
ponents from synthetic sequential infection data. In Chapter 8, I generated syn-
thetic data mimicking sequential infection experimental data, which qualitatively
incorporates observations of cross-protection at different inter-exposure intervals.
I then used Markov chain Monte Carlo methods to obtain the joint posterior dis-
tribution of the parameter values given the data.

The simulation estimation study showed that a model fitted to sequential in-
fection data accurately captures (relative to the model used to generate the data)
the timing and extent of cross-protection between strains (Section 9.3); the role of
cellular adaptive immunity in this cross-protection (Section 9.4); and the timing
of innate and adaptive immunity during a primary infection (Section 9.5). This
was established using new in silico experiments designed to extract the above key
immunological quantities. The ‘true’ parameters used to generate the synthetic
data were used to simulate the outcomes for these new experiments. The model
fitted to the data was able to predict the same outcomes for these new experi-
ments, implying that it accurately recovers these immunological quantities from
the synthetic data.

The simulation estimation study also demonstrated that data from sequential
infection experiments enables more accurate extraction of these immunological
quantities compared to data from single infection experiments. Although a model
fitted to single infection data could reproduce the viral load accurately, the tim-
ing and extent of cross-protection between infections, and the timing of innate
immunity during a primary infection, could not be accurately recovered.

The study also revealed some limitations of the sequential infection experi-
ments. For example, models fitted to sequential infection data cannot separately
quantify the roles of target cell depletion and innate immunity to cross-protection
(Section 9.4.2). The models also cannot distinguish the roles of each of the three
modelled innate immune mechanisms in controlling infection (Section C.2.3). This
finding cautions against overinterpreting results when the model is fitted to the
experimental data.

Compared to fitting the model directly to experimental data, the simulation
estimation study established that the recovered immunological quantities agree
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with the ‘ground truth’. Using Bayesian methods for parameter estimation en-
abled assessment of whether samples from the joint posterior distribution make
consistent predictions. These methods led to an improvement over previous stud-
ies which only reported a point estimate and confidence intervals for each param-
eter (such as [8, 138]). In these previous studies, it was unclear how the uncer-
tainty in parameter estimation affects study conclusions.

11.2.4 Methods have been developed to extract the roles of different
immune components from a fitted model

The simulation estimation study showed that for some parameters, the marginal
posterior distributions accurately recover the values used to generate the data.
For other parameters, the marginal posterior distributions contain little informa-
tion. In some cases, the marginal posterior distributions even exhibit bias. These
results indicate that when the model is fitted to the experimental data, the analy-
sis should not be limited to examining the marginal posterior distributions of the
parameters; indeed, such a focus would overlook valuable information contained
in the highly correlated joint posterior distribution about the role of each immune
component in controlling infection.

However, as discussed in the previous section, key immunological quantities
can be extracted by using the fitted model to predict the viral load in new in
silico experimental situations. These new experiments include modification of the
model to restrict the mechanisms mediating cross-protection (Section 9.4); and the
removal of specific immune components (Section 9.5). These results suggest that
when the model is fitted to real experimental data, model predictions will be a
useful tool for extracting the roles of immune components in controlling infection.

11.3 Limitations of the study

11.3.1 The models omit some details of the immune response

Although the models in Section 6.3, 7 and Eq. 8.8 include three major antiviral
effects of the innate immune response, neutralising antibodies, and the cytotoxic
effects of the CD8+ T cell immune response, they do not include all biologically
known components of the immune response to influenza. For example, as dis-
cussed in Chapter 7 [220], CD4+ T cells, which facilitate the development of the
B cell and CD8+ T cell responses as well as directly eliminating infected cells, are
not included.

Moreover, the models assume no cross-reactivity in the antibody response be-
tween strains. Although there is little cross-reactivity in the antibody response for
the strains used in the experiment, incorporating cross-reactivity in the antibody
response would enable us to model sequential infection with very closely related
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strains (such as immune escape variants), and next-generation vaccines aiming to
boost antibodies targeting cross-reactive epitopes [59].

To simplify the models, some details in the three modelled components of
the immune response were also omitted. For example, as discussed in Chap-
ter 7 [220], migration of CD8+ T cells between the lymph node and the site of
infection [183], which has been previously modelled by Wu et al. [217] and Zar-
nitsyna et al. [226], was not explicitly included. However, our incorporation of
a delay between the stimulation of naive CD8+ T cells and the establishment of
a substantial effector CD8+ T cell response may reproduce some effects of this
migration. Once again, the appropriate amount of detail in which to model each
immune component depends on both the research question and the data avail-
able.

11.3.2 The models cannot reproduce some observations from experi-
ments where immune components are suppressed

Although the model in Chapter 7 can reproduce a variety of observations from
experiments where immune components are disabled, it cannot reproduce the
observed increase in recovery time when the innate immune response is inhib-
ited [181]. Instead, in the model, whether the recovery time increases or decreases
in the absence of innate immunity depends on the viral load threshold below
which the infection is declared to be resolved. This discrepancy may be because
in the biological system, stimulation of the adaptive immune response is depen-
dent on the innate immune response [102], but this dependency has not been
incorporated into the model. If such a dependence were modelled, one would
expect the induction of adaptive immunity to be delayed and/or the strength of
adaptive immunity to decrease if innate immunity were suppressed. As adaptive
immunity is responsible for resolution of an infection, the recovery time would
subsequently increase.

The models also cannot reproduce the observation that when the production
of antibodies is disabled, the infection peaks and begins to resolve, but then re-
bounds to a higher level [103]. Instead, the viral load rebounds to the same level
as the first peak. This disparity may arise because existing mechanistic models of
the innate immune response, including the models in this study, predict that the
interferon level also rebounds with the viral load, leading to suppression of the
second peak in the same manner as the first. Further investigation of the mech-
anisms underlying the difference in interferon levels during the first and second
peaks warrants future work in both the experimental and modelling spheres.
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11.3.3 The model has not yet been verified by fitting to experimental
data

A simulation estimation study alone does not enable biological claims to be made
about the validity of the final model, or the properties of the strains in the study.
The study has also not yet quantified the contribution of each immune component
to control of a infection by fitting the model to the experimental data by Laurie
et al. [120].

However, by conducting a simulation estimation study, significant progress
has been made in ensuring that results are interpreted appropriately when the
model is fitted to experimental data. The results of the study suggest that if the
model adequately captures the mechanisms of the immune response, one will be
able to extract from the fitted model the quantitative roles of immune compo-
nents. Given the discrepancies in the roles of immune components in existing
viral dynamics models, the establishment of a reliable model of natural infection
which quantitatively reproduces a wide range of observations would be a major
advance towards the longer-term goal of predicting the effects of pharmaceutical
interventions.

11.4 Future research for model quantification

This section outlines future work which would lead to quantitative answers to
the questions posed by this study, for which qualitative hypotheses have been
generated.

11.4.1 The role of each immune component in resolving a primary in-
fection and protecting against a subsequent infection

The simulation estimation study has identified aspects of the model which cannot
be quantified by fitting the model to viral load data from sequential infection
experiments only (Section 9.7.2). These aspects include the separate contributions
by target cell depletion and innate immunity to cross-protection; the contributions
of each innate immune mechanism to cross-protection; and the time course of
compartments other than the total viral load. These quantities could be identified
by incorporating other available data from the sequential infection experiments.
Such data includes infectious viral load measurements for control ferrets, and
serological responses and cytokine levels at limited time points. One could use a
simulation estimation study to assess the additional information gained by fitting
the model to this type of data.

Furthermore, new experiments could be conducted to improve parameter es-
timates and quantify the roles of immune components more accurately. Previous
studies have measured viral decay rates in vitro and incorporated these estimates
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into model fitting [160, 166]. As certain immune components are active in vitro –
such as the inhibition of viral production from infected cells [144] – in vitro studies
may offer a way to directly measure the time course of these mechanisms.

11.4.2 The differences between strains leading to differing timings and
extents of temporary immunity

In Chapters 6 and 7, we generated a number of hypotheses for the differences be-
tween strains leading to different timings and extents of cross-protection. How-
ever, the differences which are present for the strains used in the experiments, and
the quantitative contributions of these differences, are unknown.

One could answer this question by fitting the model to the data. However, I
have shown that not all model parameters can be identified uniquely even if they
are known to be the same across the strains used in the experiment (Section 8.5.3).
In addition, solely examining the marginal posterior distributions may not be the
best way to identify differences between strains.

Because of the above challenges, the first required step is to develop a method
to accurately extract information about strain differences from data before fitting
the model. A first step would be to generate a data set where a single parameter
differing between two strains leads to different outcomes for the second infection
when the order of exposure to the strains is reversed. Then, a model would be
fitted where it is known a priori which parameter differs between the two strains,
to see whether the difference in parameter values can be recovered.

At least two different approaches could then be taken to establish whether pa-
rameter differences can be recovered if the parameters which differ are unknown
a priori. The first approach would be to construct a series of models where the
parameter which differs between strains varies from model to model, as demon-
strated by Petrie et al. [164]. One would then fit these models in turn, and compare
them using information criteria such as the deviance information criterion [191],
to determine whether the optimal model correctly identifies the parameter differ-
ing between strains. If this were not the case, one would then determine whether
models which attribute strain differences to the correct component of the immune
response are preferred over those which attribute strain differences incorrectly.

The second approach would be to fit a single model where all parameters
vary between strains. In this case, it is likely that strain differences would not be
attributed to a single parameter. Hence, one would need to develop a method,
perhaps using in silico experiments altering cross-reactivity (Section 9.4) or exper-
iments where immune components are removed (Section 9.5), to quantify how
the strength and timing of each immune component differs between strains.

The above work would provide a strong foundation upon which to extend the
simulation estimation study to the full set of combinations of three strains. One
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would then assess the effect of simultaneously fitting the model to data from mul-
tiple strain combinations, compared to fitting the model to data from one strain
combination only.

11.4.3 The roles of individual-level variation and stochasticity in dif-
fering infection outcomes between individuals

In Chapter 10, I showed that stochasticity in viral dynamics alone can explain
how the extinction probability of the second strain varies with the inter-exposure
interval. However, this study has also shown that varying model parameters in a
deterministic model can change the outcome of the second infection; thus, inter-
host variability in model parameters is another hypothesis for different infection
outcomes.

To simplify the problem of determining the roles of each of these factors in
variation in infection outcomes, two competing models could be fitted to the data.
In the first model, viral dynamics would be deterministic, and individual varia-
tion in parameters would be entirely responsible for variation in experimental
outcomes. In this model, the parameters for each ferret would be drawn from
a population-level distribution. In the second model, the parameters would be
the same for all ferrets, but viral dynamics would be stochastic, as discussed in
Chapter 10.

Extension of the simulation estimation study would also shed light on whether
the roles of each immune component in controlling infection can still be extracted
quantitatively when inter-strain variability, inter-host variability and stochasticity
in viral dynamics are taken into account.

11.5 Applications of the study in the longer term

As discussed in the Introduction (Chapter 1), applications of influenza viral dy-
namics models include exploring the effects of next-generation vaccines and an-
tiviral drugs, and predicting an individual’s infection outcome from previous ex-
posures. Once the model developed in this study is fitted to data and adjusted
according to fitting results, it will provide a solid foundation upon which to pur-
sue these goals.

The model developed thus far would have to be modified for these purposes.
To model the effects of antiviral treatment, the uptake of drug by the host (phar-
macokinetics), as well as the effects of treatment on viral dynamics (pharmaco-
dynamics) would need to be incorporated; an example of such a model is given
by Canini et al. [28]. To predict an individual’s infection outcome from previous
exposures, immune dynamics would have to be considered on longer timescales;
as discussed in Chapter 7, factors such as competition between T cell pools [180,
200] may also have to be considered.
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The simulation estimation framework could be applied in these future stud-
ies to determine suitable experimental designs to test model predictions. More
broadly, simulation estimation studies provide a framework to assess how novel
experiments lead to improved quantification of the dynamics of a system, with
applications beyond influenza viral dynamics.
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Biologically plausible ranges for
the unit conversion parameters α,
γ and pR

Section 8.3.1 modified the model in Chapter 7 to incorporate the total viral load
as well as the infectious viral load. This added three parameters to the model:

• α, the number of RNA copies/100µL of nasal wash corresponding to one
virion in the respiratory tract;

• γ, the initial ratio of total to infectious virions in the respiratory tract; and

• pR, the ratio of production of total to infectious virions.

The initial concentration of RNA in nasal wash, VR(0), is then the initial num-
ber of infectious virions in the respiratory tract (V0), multiplied by the initial ratio
of total to infectious virions (γ), multiplied by the number of RNA copies/100µL
of nasal wash corresponding to one virion in the respiratory tract (α). This ap-
pendix establishes biologically plausible ranges for the parameters α, γ and pR.

First, we examine the parameter α. The concentration of virions in nasal wash
is lower than the concentration of virions in the respiratory tract by a factor of a =

1−100 [87]. The volume of the ferret upper respiratory tract, which is assumed to
be the site of infection, is approximately v = 1mL [165], while the concentration of
nasal wash is reported per b = 0.1mL [120]. We assume that 1 RNA copy number
corresponds to one (infectious or non-infectious) virion. Hence, the number of
RNA copies/100µL of nasal wash corresponding to one virion in the respiratory
tract (α) is (b/v)/a. Based on the bounds for a and b, the bounds for α are then
[10−3, 10−1].

Next, we examine the parameter γ. Petrie et al. [164] use the bounds [100, 105]

to fit the initial ratio of total to infectious virions. These bounds are in units of
RNA copy number/TCID50 (f ), where 1 TCID50 is the amount of virus required
to produce a cytopathic effect in 50% of cultured cells. These bounds are based on
the variability across different inocula given to donor ferrets in the experiments
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by Butler et al. [26]; the study by Petrie et al. [164] analyses data from these ex-
periments. However, in this study, γ is required to be in units of RNA copy num-
ber/virion. Assays to measure the amount of infectious virus cannot measure
the number of virions directly; hence, we must estimate the conversion factor be-
tween TCID50 and virions (h). At the minimum, one virion is required to establish
an infection; hence, the lower bound for the number of virions corresponding to 1
TCID50 is 1 virion. Handel et al. [87] estimate that 1 TCID50 corresponds to 1–100
virions, so the bounds for h are [1, 100]. Hence, the initial ratio of total to infectious
virions in the respiratory tract in units of RNA copy number/virion (γ), which by
definition has a lower bound of 1, is γ = f/h. Based on the bounds for f and h,
the bounds for γ are then [100, 105].

Lastly, we tackle the parameter pR. Petrie et al. [164] use the bounds [100, 106]

to fit the ratio of production of total to infectious virions, in units of RNA copy
number/TCID50 (q). Thse bounds are based on the variability of this ratio in the
data provided by Butler et al. [26]. The ratio of production of total to infectious
virions in units of RNA copy number/virion (pR), which also by definition has a
lower bound of 1, is then pR = q/h. Based on the bounds for h and q, the bounds
for pR are then [100, 106].
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Simulation estimation study of
sequential infection experiments:
supplementary material

B.1 Convergence diagnostics (Section 8.5.1)

In Section 8.5.1, we assessed the convergence of the MCMC chains for the single
infection, single replicate data set by examining the log likelihood trace plots.
In Fig. B.1, we show the trace plots for the single infection, multiple replicates
data set; the sequential infection, low cross-reactivity data set; and the sequential
infection, high cross-reactivity data set. The left-hand column shows the first 100
iterations during the calibration period; the likelihood of the random parameter
values at the start of the chain is much lower than that of the values used to
generate the synthetic data (horizontal line), but the likelihood quickly increases
with the number of iterations. The right-hand column shows the iterations after
burn-in; the log likelihood fluctuates about the likelihood for the parameters used
to generate the synthetic data. This suggests that convergence has occurred.

In Section 8.5.1, we also examined the potential scale reduction factor and
effective sample size for each of the parameters for the single replicate data set,
after the burn-in iterations are discarded. Tables B.1–B.3 show the same quantities
for the remaining three data sets.

The potential scale reduction factors are below 1.1 for every parameter, sug-
gesting convergence; the effective sample size for each parameter is also large.
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Figure B.1: Log likelihood trace plots for (a–b) the single infec-
tion, multiple replicates data set; (c–d) the sequential infection, low
cross-reactivity data set; (e–f) the sequential infection, high cross-
reactivity data set. (Left) the first 100 iterations during the calibra-
tion period; (right) the iterations after burn-in. The horizontal line
shows the log likelihood for the parameter values used to generate

the data.
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Point est. Upper C.I. Effective sample size
log10 g 1.01 1.02 33489.45

log10 δF 1.03 1.06 3362.64
log10 φ̄ 1.00 1.01 6406.14

log10 T0 1.01 1.03 12985.63
log10 ρ 1.00 1.00 13369.35
log10 α 1.01 1.04 2794.93

log10R0 1.01 1.04 1761.98
log10 r 1.01 1.02 1746.50

log10 δI 1.01 1.04 2111.28
log10(δV − δV R) 1.00 1.00 10832.54

log10 δV R 1.01 1.03 2852.71
log10 κ̄F 1.01 1.02 2924.47

log10 s̄ 1.00 1.01 3969.04
log10 κ̄A 1.02 1.06 5733.21
log10 δA 1.00 1.00 89073.27
log10 δB 1.00 1.01 14395.79
log10 kB 1.00 1.01 20623.89
log10 βB 1.01 1.02 17314.07
log10 τB 1.00 1.00 12118.84
log10 pR 1.01 1.01 2197.54

log10 γ 1.00 1.00 163188.01
log10 V0 1.01 1.03 5144.37
log10 βC 1.03 1.09 2310.76
log10 δE 1.01 1.04 2312.18
log10 τM 1.00 1.00 70616.30
log10 τE 1.01 1.03 2094.07

log10 ε 1.00 1.01 49030.16
log10 kC11 1.01 1.04 2526.07
log10 kC12 1.00 1.00 3935.25
log10 κ̄E11 1.00 1.00 1871.31

σ 1.00 1.00 75156.71

Table B.1: Potential scale reduction factor (point estimate and up-
per bound of 95% confidence interval) and effective sample size for
each parameter, for the model fitted to the single infection, multi-
ple replicates data set. The first 40,000 iterations of each chain are
discarded, leaving 160,001 samples from each chain and 480,003

samples across the three chains.
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Point est. Upper C.I. Effective sample size
log10 g 1.00 1.00 57516.88

log10 δF 1.02 1.03 1562.40
log10 φ̄ 1.00 1.01 5594.52

log10 T0 1.00 1.00 56969.74
log10 ρ 1.00 1.00 16452.61
log10 α 1.00 1.01 1131.78

log10R0 1.02 1.04 1265.93
log10 r 1.00 1.00 2302.62

log10 δI 1.01 1.03 1105.30
log10(δV − δV R) 1.02 1.05 3195.79

log10 δV R 1.00 1.00 1900.44
log10 κ̄F 1.00 1.01 2637.09

log10 s̄ 1.03 1.09 1779.18
log10 κ̄A 1.00 1.01 1422.04
log10 δA 1.00 1.00 53183.26
log10 δB 1.02 1.06 2116.52
log10 kB 1.00 1.01 2762.82
log10 βB 1.01 1.02 2199.81
log10 τB 1.01 1.05 2084.04
log10 pR 1.01 1.02 1170.29

log10 γ 1.00 1.00 41403.96
log10 V0 1.04 1.10 1362.61
log10 βC 1.01 1.04 2190.01
log10 δE 1.00 1.01 2008.77
log10 τM 1.00 1.00 115893.32
log10 τE 1.00 1.00 2541.83

log10 ε 1.00 1.00 108813.04
log10 kC11 1.00 1.00 4252.99
log10 kC12 1.00 1.01 8291.25
log10 κ̄E11 1.02 1.07 1454.08

σ 1.00 1.00 31165.24

Table B.2: Potential scale reduction factor (point estimate and up-
per bound of 95% confidence interval) and effective sample size
for each parameter, for the model fitted to the sequential infec-
tion, low cross-reactivity data set. The first 85,000 iterations of each
chain are discarded, leaving 115,001 samples from each chain and

345,003 samples across the three chains.
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Point est. Upper C.I. Effective sample size
log10 g 1.00 1.00 277619.60

log10 δF 1.00 1.01 2779.47
log10 φ̄ 1.00 1.00 11764.16

log10 T0 1.00 1.00 189830.02
log10 ρ 1.00 1.00 39818.62
log10 α 1.00 1.00 3355.39

log10R0 1.00 1.00 1852.94
log10 r 1.00 1.00 5850.69

log10 δI 1.00 1.01 1988.32
log10(δV − δV R) 1.00 1.02 8772.12

log10 δV R 1.01 1.01 5047.81
log10 κ̄F 1.02 1.07 2732.79

log10 s̄ 1.01 1.03 6855.86
log10 κ̄A 1.00 1.01 6610.12
log10 δA 1.00 1.00 265297.86
log10 δB 1.00 1.00 21159.05
log10 kB 1.00 1.01 21344.73
log10 βB 1.00 1.00 20430.18
log10 τB 1.00 1.00 19410.03
log10 pR 1.00 1.00 3233.65

log10 γ 1.00 1.00 323329.35
log10 V0 1.01 1.02 9031.35
log10 βC 1.02 1.08 2769.30
log10 δE 1.00 1.01 2482.62
log10 τM 1.00 1.00 31620.14
log10 τE 1.03 1.08 2639.30

log10 ε 1.02 1.07 3083.04
log10 kC11 1.00 1.00 2723.35
log10 kC12 1.01 1.02 2861.42
log10 κ̄E11 1.02 1.03 2958.55

σ 1.00 1.00 73985.73

Table B.3: Potential scale reduction factor (point estimate and up-
per bound of 95% confidence interval) and effective sample size
for each parameter, for the model fit to the sequential infection,
high cross-reactivity data set. The first 285,000 iterations of each
chain are discarded, leaving 315,001 samples from each chain and

945,003 samples across the three chains.
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B.2 The model accurately recovers the viral load for a sin-
gle infection whether it is fitted to single infection or
sequential infection data (Section 8.5.2)

Section 8.5.2 showed that a model fitted to either single infection or sequential
infection data accurately recovers the viral load for a single infection. Figures B.2
and B.3 show 95% prediction intervals for the viral load for different inter-exposure
intervals in the absence of noise, for the sequential infection, low cross-reactivity
data set and the sequential infection, high cross-reactivity data set respectively.
The model fitted to sequential infection data also accurately recovers the viral
load for different inter-exposure intervals.
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Figure B.2: The model fitted to the sequential infection, low cross-
reactivity data set accurately recovers the viral load for different inter-
exposure intervals. The shaded areas show 95% prediction inter-
vals for the viral load for different inter-exposure intervals in the
absence of noise, for the sequential infection, low cross-reactivity
data set. The dots indicate the true viral load in the absence of

noise, while the crosses indicate the noisy data.
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Figure B.3: The model fitted to the sequential infection, high cross-
reactivity data set accurately recovers the viral load for different inter-
exposure intervals. As per Fig. B.2, but for the sequential infection,

high cross-reactivity data set.
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B.3 Marginal posterior distributions (Section 8.5.3)

Section 8.5.3 showed that while the marginal posterior distributions of some pa-
rameters reflect the value used to generate the synthetic data, the marginal poste-
rior distributions of other parameters are wide. The marginal posterior distribu-
tions of yet other parameters provide a biased estimate. Figures B.4–B.7 show the
posterior distributions for the full set of parameters.
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Figure B.4: Leftmost column: the marginal prior distribution of the
parameter in the x-axis label. Remaining columns: the marginal
posterior distributions of the same parameter for the model fitted
to the data sets indicated. The parameter values used to generate

the data sets are marked by the vertical line.



Appendix B. Simulation estimation study of sequential infection experiments:
supplementary material 223

Prior

Single Single Sequential Sequential
infection, infection, infection, infection
single multiple low cross- high cross-
replicate replicates reactivity reactivity

log10 pR

0 2 4 6F
re
q
u
en

cy

×10
4

0

5

10

log10 pR

0 2 4 6F
re
q
u
en
cy

×10
5

0

1

2

log10 pR

0 2 4 6F
re
q
u
en
cy

×10
5

0

1

2

log10 pR

0 2 4 6F
re
q
u
en
cy

×10
5

0

2

4

log10 pR

0 2 4 6F
re
q
u
en
cy

×10
5

0

2

4

log10 α
-3 -2 -1F

re
q
u
en
cy

×10
4

0

5

10

log10 α
-3 -2 -1F

re
q
u
en
cy

×10
5

0

1

2

log10 α
-3 -2 -1F

re
q
u
en
cy

×10
5

0

1

2

log10 α
-3 -2 -1F

re
q
u
en
cy

×10
5

0

2

4

log10 α
-3 -2 -1F

re
q
u
en
cy

×10
5

0

2

4

log10 γ
0 2 4F

re
q
u
en

cy

×10
4

0

5

10

log10 γ
0 2 4F

re
q
u
en

cy

×10
5

0

1

2

log10 γ
0 2 4F

re
q
u
en

cy
×10

5

0

1

2

log10 γ
0 2 4F

re
q
u
en

cy

×10
5

0

2

4

log10 γ
0 2 4F

re
q
u
en

cy

×10
5

0

2

4

log10 V0

0 1 2 3F
re
q
u
en

cy

×10
4

0

5

10

log10 V0

0 1 2 3F
re
q
u
en
cy

×10
5

0

1

2

log10 V0

0 1 2 3F
re
q
u
en
cy

×10
5

0

1

2

log10 V0

0 1 2 3F
re
q
u
en
cy

×10
5

0

2

4

log10 V0

0 1 2 3F
re
q
u
en
cy

×10
5

0

2

4

log10 δF

-1 0 1 2F
re
q
u
en

cy

×10
4

0

5

10

log10 δF

-1 0 1 2F
re
q
u
en
cy

×10
5

0

1

2

log10 δF

-1 0 1 2F
re
q
u
en
cy

×10
5

0

1

2

log10 δF

-1 0 1 2F
re
q
u
en
cy

×10
5

0

2

4

log10 δF

-1 0 1 2F
re
q
u
en
cy

×10
5

0

2

4

log10 φ̄
-10 -5 0F

re
q
u
en

cy

×10
4

0

5

10

log10 φ̄
-10 -5 0F

re
q
u
en
cy

×10
5

0

1

2

log10 φ̄
-10 -5 0F

re
q
u
en
cy

×10
5

0

1

2

log10 φ̄
-10 -5 0F

re
q
u
en
cy

×10
5

0

2

4

log10 φ̄
-10 -5 0F

re
q
u
en
cy

×10
5

0

2

4

log10 ρ
0 1 2F

re
q
u
en

cy

×10
4

0

5

10

log10 ρ
0 1 2F

re
q
u
en
cy

×10
5

0

1

2

log10 ρ
0 1 2F

re
q
u
en
cy

×10
5

0

1

2

log10 ρ
0 1 2F

re
q
u
en
cy

×10
5

0

2

4

log10 ρ
0 1 2F

re
q
u
en
cy

×10
5

0

2

4

log10 s̄
-10 -5 0F

re
q
u
en

cy

×10
4

0

5

10

log10 s̄
-10 -5 0F

re
q
u
en
cy

×10
5

0

1

2

log10 s̄
-10 -5 0F

re
q
u
en
cy

×10
5

0

1

2

log10 s̄
-10 -5 0F

re
q
u
en
cy

×10
5

0

2

4

log10 s̄
-10 -5 0F

re
q
u
en
cy

×10
5

0

2

4

log10 κ̄F

-10 -5 0F
re
q
u
en

cy

×10
4

0

5

10

log10 κ̄F

-10 -5 0F
re
q
u
en
cy

×10
5

0

1

2

log10 κ̄F

-10 -5 0F
re
q
u
en
cy

×10
5

0

1

2

log10 κ̄F

-10 -5 0F
re
q
u
en
cy

×10
5

0

2

4

log10 κ̄F

-10 -5 0F
re
q
u
en
cy

×10
5

0

2

4

Figure B.5: Leftmost column: the marginal prior distribution of the
parameter in the x-axis label. Remaining columns: the marginal
posterior distributions of the same parameter for the model fitted
to the data sets indicated. The parameter values used to generate

the data sets are marked by the vertical line.
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Figure B.6: Leftmost column: the marginal prior distribution of the
parameter in the x-axis label. Remaining columns: the marginal
posterior distributions of the same parameter for the model fitted
to the data sets indicated. The parameter values used to generate

the data sets are marked by the vertical line.
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Figure B.7: Leftmost column: the marginal prior distribution of the
parameter in the x-axis label. Remaining columns: the marginal
posterior distributions of the same parameter for the model fitted
to the data sets indicated. The parameter values used to generate

the data sets are marked by the vertical line.
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C.1 The timing and extent of cross-protection between strains
(Section 9.3)

Section 9.3 showed that a model fitted to the sequential infection, low cross-
reactivity data set accurately predicts the viral load for inter-exposure intervals
which were not included in the data (Fig. 9.2a–c). Figure C.1 shows the same
result for a model fit to the sequential infection, high cross-reactivity data set.
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Figure C.1: The model fit to sequential infection, high cross-reactivity
data can predict the viral load for inter-exposure intervals absent from
the data. The parameters used to generate the sequential infection,
high cross-reactivity data set are used to simulate the viral load for
inter-exposure intervals of 2, 6 and 20 days (markers; shown with-
out measurement noise). Samples from the joint posterior distribu-
tion are then used to predict the viral load (without measurement
noise) for these inter-exposure intervals (95% prediction intervals

shaded).
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The model correctly predicts that for a short inter-exposure interval (Fig. C.1a),
the second strain remains at a low viral load while the first infection is ongoing;
both infections then resolve simultaneously. For a medium inter-exposure inter-
val (Fig. C.1b), the fitted model correctly predicts that the second infection does
not become established. For a long inter-exposure interval (Fig. C.1c), the model
predicts the shortening of the second infection quantitatively.

C.2 The roles of target cell depletion, innate immunity, and
cellular adaptive immunity in cross-protection (Section 9.4)

C.2.1 Determining the contribution of cellular adaptive immunity to
cross-protection (Section 9.4.1)

Section 9.4.1 showed that a model fit to the sequential infection, low cross-reactivity
data set correctly identifies the degree to which cross-protection in the ‘true’ model
is due to cellular adaptive immunity. This result is demonstrated by the model’s
ability to predict the viral load for models where the mechanisms mediating cross-
protection are restricted. These models are one where cross-protection is only me-
diated by cellular adaptive immunity, but not target cell depletion or innate im-
munity (model XC, Fig. 9.4a); and one where cross-protection is only mediated by
target cell depletion and/or innate immunity, but not cellular adaptive immunity
(model XIT, Fig. 9.4b). The results for the model fitted to the sequential infection,
low cross-reactivity data were shown in Fig. 9.5; Figure C.2 shows the correspond-
ing result for a model fitted to the sequential infection, high cross-reactivity data
set. The fitted model correctly identifies the contribution of cellular adaptive im-
munity to cross-protection as the shaded areas match the markers well.

We will now go through the results in this figure in detail.
For reference, Figs. C.2a–c show the viral load for different inter-exposure in-

tervals using the unmodified baseline model (Eq. 8.8) and the ‘true’ parameter
values (markers). The shaded areas show the 95% prediction intervals for the
viral load using the joint posterior distribution.

In Figs. C.2d–f, we simulate the viral load using the ‘true’ parameter values
when cross-protection is mediated by cellular adaptive immunity only (model
XC). For the control case (Fig. 9.5d), model XC generates the same viral load as
the baseline model (markers). This is because the strength of each immune com-
ponent stays the same even though its cross-reactivity with another virus changes.
Moreover, the separation of the target cell pools does not change the infection dy-
namics when infection is with one strain only.

For a one-day inter-exposure interval, model XC predicts that the suppression
of the second infection which was observed in the baseline model (Fig. 9.5b) does
not occur for the ‘true’ parameters (markers in Fig. 9.5e). In other words, for this
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(h) Model XIT, 1 day
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Figure C.2: The joint posterior distribution obtained by fitting the base-
line model to sequential infection, high cross-reactivity data can predict
the viral load for modified models where the mechanisms mediating cross-
protection are restricted (models XC and XIT). Top: The viral load for
the control experiment and for inter-exposure intervals of 1 and 14
days for the baseline model (markers). Middle: The ‘true’ param-
eters for the sequential infection, high cross-reactivity data set are
used to simulate the viral load (markers) for model XC. In model
XC, cross-protection is only mediated by cellular adaptive immu-
nity, and not target cell depletion or innate immunity. Bottom: The
same parameters are used to simulate the viral load (markers) for
model XIT. In model XIT, cross-protection is mediated by target
cell depletion and/or innate immunity, but not cellular adaptive
immunity. For each row, the shaded areas show the 95% predic-
tion intervals for the viral load generated using the joint posterior

distribution obtained in Chapter 8.

very short inter-exposure interval, cellular adaptive immunity is not responsible
for suppressed infection with the second strain. For a 14-day inter-exposure in-
terval, model XC predicts a very similar viral load to the baseline model, where a
shortening of the second infection was observed (markers in Fig. 9.5f). This result
indicates that the baseline model attributes shortening of the second infection to
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cellular adaptive immunity.
Recall that the trajectories indicated by the markers in Figs. 9.5d–f were gen-

erated using the ‘true’ parameters. If the model fitted to the sequential infection,
high cross-reactivity data set makes the same predictions, one can be confident
that it captures the contribution of cellular adaptive immunity to cross-protection.
The shaded areas in Figs. 9.5d–f show the 95% prediction intervals for the viral
load using the joint posterior distribution and model XC. The areas match the
markers well. Consistent with the ‘true’ model, the fitted model does not attribute
the suppression of the second infection at a one-day inter-exposure interval to cel-
lular adaptive immunity, and attributes the shortening of the second infection at
a 14-day inter-exposure interval to cellular adaptive immunity.

The above procedure is repeated with model XIT, where target cell deple-
tion and innate immunity, but not cellular adaptive immunity, mediate cross-
protection. For a one-day inter-exposure interval and the ‘true’ parameters, model
XIT predicts a similar suppression in the second infection as the baseline model
(markers in Fig. 9.5h). However, the baseline model predicts that the second in-
fection resolves at the same time as the first, while model XIT predicts that reso-
lution of the second infection is also delayed. This discrepancy indicates that the
cellular adaptive immune response induced by the first strain contributes to the
timely resolution of the second infection for a one-day inter-exposure interval.
For a 14-day inter-exposure interval and the ‘true’ parameters, model XIT pre-
dicts that the second infection is of the same duration as the first, confirming that
cellular adaptive immunity is responsible for shortening of the second infection.
The 95% prediction intervals match the markers well. This result confirms that
the fitted model correctly attributes the suppression of the second infection for a
one-day inter-exposure interval to target cell depletion and/or innate immunity
rather than cellular adaptive immunity; the timely resolution of the second infec-
tion for a one-day inter-exposure interval to cellular adaptive immunity; and the
shortening of the second infection for a 14-day inter-exposure interval to cellular
adaptive immunity.

Note that for the sequential infection, low cross-reactivity data set, the only
effect of temporary immunity was a delayed second infection for short inter-
exposure intervals — hence our focus on the results for a one-day inter-exposure
interval. On the other hand, for the sequential infection, high cross-reactivity data
set, temporary immunity results in a suppressed viral load for the second infec-
tion for short inter-exposure intervals; a prevented second infection for medium
inter-exposure intervals; and a shortened second infection for high inter-exposure
intervals. Figure C.2 has covered the low and high inter-exposure interval cases;
Fig. C.3 will now examine the medium inter-exposure interval case.

For reference, Fig. C.3a shows the viral load for a seven-day inter-exposure
interval using the unmodified baseline model (Eq. 8.8) and the ‘true’ parameter
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(d) Model XC, 100 trajectories

Figure C.3: Top: As per Fig. C.2, but for a seven-day inter-exposure
interval. Bottom: 100 trajectories for the same scenario as Fig. C.3b.
The darker trajectories incorrectly predict that the viral load re-

bounds instead of fading out during early infection.

values (markers). In this case, the second infection does not become established.
In Fig. C.3b, we simulate the viral load using the ‘true’ parameter values

when cross-protection is mediated by cellular adaptive immunity only (model
XC). Model XC predicts a very similar viral load as the baseline model for the
‘true’ parameters; in other words, cellular adaptive immunity is responsible for
preventing the second infection in the baseline model. The fitted model also pre-
dicts that cellular adaptive immunity greatly decreases the early viral load for the
second virus. However, some samples predict incorrectly that the viral load re-
bounds. To see this more clearly, Fig. C.3d shows trajectories simulated using 100
uniformly-spaced samples from the MCMC chains. While most trajectories cor-
rectly predict that the second infection is prevented, a few (the darker trajectories)
predict that the viral load rebounds. The parameter sets for these trajectories still
predict that the viral load remains low during the first two days of infection, cor-
rectly inferring suppression due to cellular adaptive immunity during this time.
The difference in infection outcomes for the two groups of trajectories could be
because of the way in which extinction is enforced for the deterministic model
— the viral load and the number of infected cells are set to zero if they are both
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Figure C.4: The joint posterior distribution obtained by fitting the base-
line model to sequential infection, high cross-reactivity data can predict
the viral load for a model where cross-protection is mediated by innate
adaptive immunity only (model XI). The viral load for model XI gen-
erated using the ‘true’ parameters is shown as markers for a one-
day inter-exposure interval. The shaded areas show the 95% pre-
diction intervals for the viral load generated using the joint poste-

rior distribution.

below a predefined threshold, set at 0.1. Hence, a small variation in the viral load
at the trough of the viral load curve can result in either a prevented or delayed
infection. We hypothesise that if instead of enforcing extinction using a threshold,
a stochastic model is fitted to the data, the sampled parameter sets would predict
qualitatively similar results.

In Fig. C.3c, we simulate the viral load using the ‘true’ parameter values when
cross-protection is mediated by target cell depletion and/or innate immunity only
(model XIT). The ‘true’ parameters predict that the second infection is unaffected
by the first in model XIT, confirming that the baseline model attributes prevention
of the infection to cellular adaptive immunity. The fitted model predicts the same
results.

C.2.2 Distinguishing between target cell depletion and innate immu-
nity (Section 9.4.2)

Section 9.4.2 showed that a model fitted to sequential infection, low cross-reactivity
data cannot consistently distinguish between the roles of target cell depletion and
innate immunity in cross-protection.

In this section, we show that a model fitted to sequential infection, high cross-
reactivity data appears to accurately disentangle the contributions of target cell
depletion and innate immunity to cross-protection. We hypothesise that this is not
due to fundamental differences between the low cross-reactivity and high cross-
reactivity data sets, but due to the stochastic nature of the MCMC algorithm; this
stochasticity can lead to local maxima being found for some fitting runs and not
others.

Figure C.4 shows predictions using model XI (Fig. 9.7), for the sequential in-
fection, high cross-reactivity data set and a one-day inter-exposure interval. In
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model XI, cross-protection is mediated by innate immunity only, rather than tar-
get cell depletion or cellular adaptive immunity. The ‘true’ parameters predict a
delayed infection for model XI which is similar to that for model XIT (Fig. C.2h).
This consistency suggests that the baseline model attributes the delayed infection
to innate immunity rather than target cell depletion. The 95% prediction intervals
generated using the fitted model recover this consistency, showing that the fitted
model accurately attributes suppression of the viral load for the second infection
to innate immunity rather than target cell depletion.

This result appears to be inconsistent with the result in Fig. 9.8 that the model
fitted to the sequential infection, low cross-reactivity data set does not consistently
contribute a delayed infection to either target cell depletion or innate immunity.
We hypothesise that this inconsistency is not due to differences between the low
cross-reactivity and high cross-reactivity data sets, but due to stochasticity in the
fitting process. In particular, we hypothesise that it is difficult to reach the local
maximum where target cell depletion, rather than innate immunity, is responsi-
ble for cross-protection; as a result, the MCMC chains fitting the model to the
sequential infection, high cross-reactivity data set never reached this local max-
imum. This hypothesis is supported by the results of repeating the simulation
estimation study with three different sets of noisy data generated using the same
‘true’ parameters. Each subfigure in Figure C.5 shows trajectories simulated us-
ing 100 samples from the joint posterior distribution obtained by fitting the model
to a different sequential infection, low cross-reactivity data set. Each trajectory is
simulated using model XI and a one-day inter-exposure interval. The number of
trajectories which attribute cross-protection in the baseline model to target cell de-
pletion rather than innate immunity varies across the three joint posterior distri-
butions. Of note, in Fig. C.5b, none of the 100 sampled parameter sets incorrectly
attribute cross-protection in the baseline model to target cell depletion. The differ-
ing results across the three joint posterior distributions suggest that it is possible
for a model fitted to sequential infection data to accurately recover the contribu-
tions of target cell depletion and innate immunity to cross-protection. However,
they also caution that when fitting the model to the experimental data, the MCMC
chains may not be able to find all local maxima. If the chains are run for more iter-
ations, this may overcome the effect of stochasticity in the fitting process, enabling
more reliable prediction.

C.2.3 Distinguishing between mechanisms of the innate immune re-
sponse

Section 9.4.2 showed that a model fit to the sequential infection, low cross-reactivity
data set cannot consistently distinguish between the contributions of target cell
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(c) Data set 3

Figure C.5: The joint posterior distributions obtained by fitting the
baseline model to three sets of sequential infection, low cross-reactivity
data differ in their predictions of the viral load for a model where cross-
protection is mediated by innate adaptive immunity only (model XI). The
viral load for model XI generated using the ‘true’ parameters is
shown as markers for a one-day inter-exposure interval. Trajecto-
ries simulated using 100 uniformly sampled parameter sets from
the MCMC chains are shown. The three figures show samples
from MCMC chains obtained by fitting the model to three different

noisy data sets.

depletion and innate immunity to cross-protection. This section further demon-
strates that a model fitted to sequential infection data cannot consistently deter-
mine the roles of each of the hypothesised innate immune mechanisms in con-
trolling infection. To recap, these innate immune mechanisms are rendering tar-
get cells temporarily resistant to infection (mechanism 1); decreasing the rate at
which infected cells produce virions (mechanism 2); and increasing the clearance
rate of infected cells (mechanism 3).

We define the models XI1–XI3 (Fig. C.6) such that in each model, cells infected
with strain q induce the production of interferon specific to strain q. In model XIy,
cross-protection is only mediated by innate immune mechanism y, and not by
the other innate immune mechanisms, target cell depletion, or cellular adaptive
immunity. Eqs. C.1–C.3 show the equations which are changed in models XI1–XI3
relative to the baseline model (Eq. 8.8).
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(a) Model XI1: cross-protection mediated by interferon rendering target cells temporarily
resistant to infection
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(b) Model XI2: cross-protection mediated by interferon decreasing the production rate of
virions from infected cells
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(c) Model XI2: cross-protection mediated by interferon increasing the clearance rate of
infected cells

Figure C.6: Three alternative models, where in model XIy, cross-
protection is only mediated by innate immune mechanism y, and
not by the other innate immune mechanisms, target cell depletion,

or cellular adaptive immunity.
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Figure C.7 shows the viral load predicted by the ‘true’ parameters for each of
models XI1–XI3 (markers), for the sequential infection, low cross-reactivity data
set and a one-day inter-exposure interval. The markers for model XI1 show no
delay in the second infection, while those for models XI2–XI3 show a slight de-
lay; hence, the delay in the baseline model occurs due to a combination of innate
immune mechanisms 2 and 3. The trajectories in Fig. C.7 are simulated using
100 uniformly sampled parameter sets from the MCMC chains after burn-in (the
same parameter sets as Fig. 9.8). The discrepancy between the trajectories and
the markers indicates that the fitted model cannot attribute cross-immunity to the
correct mechanisms of the innate immune response. In particular, some trajecto-
ries simulated using each of models XI1–XI3 show a marked delay in the second
infection, incorrectly attributing the delay in the baseline model fully to a single
innate immune mechanism.

It was previously shown that a model fitted to sequential infection, low cross-
reactivity data cannot consistently disentangle the roles of target cell depletion
and innate immunity. It is possible that the predictions for models XI1–XI3 using
the fitted model are contaminated by parameter sets where the role of innate im-
munity alone is not accurately recovered. Hence, in Fig. C.7, the trajectories sim-
ulated using parameter sets which cannot distinguish the role of innate immunity
in cross-protection are shown in a darker colour. These trajectories correspond to
the darker trajectories in Fig. 9.8. We see that the conflation of the contributions
of different innate immune mechanisms is not restricted to the darker trajectories.
Therefore, even parameter sets which accurately characterise the combined con-
tributions of innate immune mechanisms cannot separate out the contributions
by each mechanism.
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Figure C.7: The model fitted to sequential infection, low cross-reactivity
data cannot predict the viral load for models where cross-protection is me-
diated only by one innate immune mechanism (models XI1–XI3). The
viral load for models XI1–XI3 simulated using the ‘true’ param-
eters for the sequential infection, low cross-reactivity data set is
shown as markers for a one-day inter-exposure interval. The tra-
jectories are simulated using 100 uniformly sampled parameter
sets from the MCMC chains after burn-in (the same parameter sets
as Fig. 9.8). The discrepancy between the trajectories and the mark-
ers indicates that the fitted model cannot attribute cross-immunity
to the correct mechanisms of the innate immune response. The
darker trajectories are simulated using the same parameter sets as

the darker trajectories in Fig. 9.8.

Figure C.8 shows the same results for the sequential infection, high cross-
reactivity data set.
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Figure C.8: The model fitted to sequential infection, high cross-reactivity
data cannot predict the viral load for models where cross-protection is
mediated only by one innate immune mechanism (models XI1–XI3). As
per Fig. C.7, but for the sequential infection, high cross-reactivity

data set.

C.3 The timing of the innate and adaptive immune responses
(Section 9.5)

Section 9.5 showed that a model fitted to sequential infection data captures the
timing of innate and adaptive immunity during a primary infection. Figure C.9
shows the same result for the sequential infection, high cross-reactivity data set.
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To recap, Fig. 9.9 showed the three-phase behaviour of the model with the
‘true’ parameters. Figure 9.9a showed that when the adaptive immune response
is disabled, the infection does not resolve, but the exponential growth and plateau
phases of the infection remain unchanged. In Fig. 9.9b, when both the innate and
adaptive immune responses are disabled, the peak viral load increases, and the
infection resolves not due to the immune response, but due to target cell deple-
tion. Hence, innate immunity controls the peak viral load and inhibits target cell
depletion. However, the exponential growth phase of the infection is unaffected,
indicating a delay between exposure to the virus and the effects of innate immu-
nity.

Figure C.9a shows that the model fitted to the sequential infection, high cross-
reactivity data accurately recovers the ‘true’ viral load when the adaptive immune
response is absent. Hence, it captures the timing of the decay phase of the in-
fection, and attributes resolution of the infection correctly to adaptive immunity.
When the innate and adaptive immune responses are both removed (Fig. C.9b),
the fitted model accurately predicts that the viral load is unaffected up to the end
of the exponential growth phase. Hence, it captures the time at which innate im-
munity comes into effect. However, the viral load in the absence of the immune
response is not predicted accurately after the first phase, even though the peak
viral load is consistently predicted to be higher than in the baseline model.
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Figure C.9: The model fit to the sequential infection, high cross-reactivity
data set captures the timing of the innate and adaptive immune re-
sponses. The ‘true’ parameters for the sequential infection, high
cross-reactivity data set are used to generate the viral load (mark-
ers) for (a) a model where the adaptive immune response is absent,
and (b) a model where the innate and adaptive immune responses
are absent. Samples from the joint posterior distribution are then
used to obtain the 95% prediction intervals for these quantities
(shaded area). The ↗, → and ↘ arrows indicate the exponential
growth, plateau and decay phases respectively. The vertical lines
demarcate the timing of the phases, that is, the time at which the

two trajectories diverge in each of the figures.
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(b) sequential infection,
low cross-reactivity data set:
cellular adaptive immunity
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(c) sequential infection,
low cross-reactivity data set:
innate adaptive immunity
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Figure C.10: Models fit to sequential infection data cannot predict how
the viral load trajectory for the decay phase changes when the humoral
adaptive immune response or the cellular adaptive immune response is
removed. Moreover, they cannot predict how the infection resolves when
the innate, but not the adaptive immune response, is removed. (a–
c): The parameters used to generate the sequential infection, low
cross-reactivity data set are used to generate viral load trajectories
(markers) for a model where (a) the humoral adaptive immune
response, (b) the cellular adaptive immune response, and (c) the
innate immune response is removed. (d–f): As per (a–c), but for

the sequential infection, high cross-reactivity data set.

Given that a model fitted to sequential infection data accurately recovers the
viral load when the adaptive immune response is removed, it is natural to ask
whether such a model would still recover the viral load accurately if only the hu-
moral adaptive immune response or only the cellular adaptive immune response
were removed. Figure C.10 shows that a model fit to sequential infection data
cannot predict how the viral load for the decay phase changes when (a,d) the hu-
moral adaptive immune response or (b,e) the cellular adaptive immune response
is removed. This implies that it cannot distinguish the contributions of antibodies
and cellular adaptive immunity to resolution of the infection.

In detail, the ‘true’ parameters predict that when humoral adaptive immunity
is disabled, the viral load rebounds instead of continuing to decrease (markers



Appendix C. Extracting the role of each immune component from a model fitted
to sequential infection data: supplementary material 241

in left panels of Fig. C.10). Trajectories simulated from the joint posterior distri-
bution for the model fitted to the sequential infection, low cross-reactivity data
set cannot consistently recover this result (Fig. C.10a). Some trajectories predict
that resolution of the infection is delayed, while others predict that the viral load
stays at a constant level. Some trajectories simulated from the joint posterior dis-
tribution for the model fitted to the sequential infection, high cross-reactivity data
set do predict that the viral load rebounds; however, others predict that the in-
fection resolves (Fig. C.10d). We hypothesise that the differences between the
models fitted to each data set arise because the fitted models classify the adaptive
immune response into cross-reactive and non-cross-reactive components, rather
than humoral and cellular adaptive components. The proportion of the non-cross-
reactive component of adaptive immunity which is due to humoral adaptive im-
munity varies between the low cross-reactivity and high cross-reactivity data sets.
This difference could change the amount of information each fitted model con-
tains about humoral adaptive immunity. Further exploration of this hypothesis is
left to future work.

The ‘true’ parameters also predict that when cellular adaptive immunity is
disabled, resolution of the infection is delayed (markers in Fig. C.10b and e). The
fitted models’ predictions range from no delay to a chronic infection (trajectories
in Fig. C.10b and e). Hence, they do not capture the contribution of cellular adap-
tive immunity to resolution of the infection.

Section 9.5 also explored whether a model fitted to sequential infection data
predicts the viral load when both innate and adaptive immunity are disabled
(right panels in Fig. 9.10). The findings showed that when both innate and adap-
tive immunity are removed, a fitted model captures the viral load during the
exponential growth phase of the infection, but not thereafter. Hence, the fitted
model captures the timing of innate immunity, but not how the infection would
resolve quantitatively in the absence of the immune response. We now explore
whether the fitted model predicts the viral load when innate immunity, but not
adaptive immunity, is disabled.

The ‘true’ parameters predict that when only innate immunity is disabled, the
peak viral load increases, but the exponential growth phase of the infection is
unaffected (markers in right panels of Fig. C.10). These properties are recovered
by the fitted models (trajectories in right panels), but the fitted models do not
quantitatively predict how the infection resolves in the absence of innate immu-
nity. These conclusions are very similar to those when both innate and adaptive
immunity are absent.
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C.4 Estimating the initial growth rate of the second virus
for different inter-exposure intervals (Section 9.6)

Section 9.6.1 showed that a model fit to the sequential infection, low cross-reactivity
data set accurately recovers the initial viral growth rate of the second virus as a
function of the inter-exposure interval, r2(t) (Fig. 9.11a). This ability to recover
r2(t) enables it to capture the timing and strength of cross-immunity, and pre-
dict the time course of early infection with the second virus for different inter-
exposure intervals.

Figure C.11a shows that a model fit to the sequential infection, high cross-
reactivity data set also accurately predicts r2(t), enabling it to capture the timing
and strength of cross-immunity. Note that for the sequential infection, high cross-
reactivity data set, the ‘true’ parameters result in a low value for r2(t) at 2–5 days
after exposure to the first strain, which is the same as for the sequential infection,
low cross-reactivity data set. However, a second drop is observed at 5–10 days
post-exposure, which arises due to the cross-protective effects of cellular adap-
tive immunity. In fact, this growth suppression period for the second virus is so
long, and the second trough so much below zero, that for medium inter-exposure
intervals, the second strain reaches very low numbers and fades out before the
infection has the opportunity to become established.

Section 9.6.2 showed that a model fit to the sequential infection, low cross-
reactivity data set accurately captures how r2(t) changes when the baseline model
is modified such that the mechanisms mediating cross-protection are restricted
(models XC and XIT). This ability to capture the changes in r2(t) enables it to
identify the contribution of cellular adaptive immunity to cross-protection.

Figures C.11b and C.11c show that a model fit to the sequential infection,
high cross-reactivity data set also accurately predicts r2(t) for models XC and
XIT. For the sequential infection, high cross-reactivity data set, r2(t) for model XC
exhibits a drop at 5–10 days post-exposure (Fig. C.11b). This confirms that for
the high cross-reactivity data set, cellular adaptive immunity is responsible for
cross-protection at these longer inter-exposure intervals. On the other hand, the
‘true’ parameters for the sequential infection, low cross-reactivity data set and the
sequential infection, high cross-reactivity data set predict very similar values for
r2(t) for model XIT (where cross-protection is mediated by target cell depletion
and/or innate immunity). In both cases, cross-protection at short inter-exposure
intervals is due to target cell depletion and/or innate immunity. The model fit-
ted to the sequential infection, high cross-reactivity data accurately recovers these
causes of cross-protection.
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Figure C.11: The model fitted to sequential infection, high cross-
reactivity data captures the initial growth rate of the second virus (r2(t)).
The ‘true’ parameters for the sequential infection, high cross-
reactivity data set are used to evaluate r2(t) for the second strain
(markers) for (a) the baseline model; (b) model XC; (c) model XIT.
Samples from the joint posterior distribution are then used to pre-
dict the same quantity (95% prediction intervals shown). The x-

axis indicates time after the first exposure.

C.5 Models fit to sequential infection data cannot predict
the trajectory of compartments other than the viral load

Section 9.7 mentioned a limitation of fitting a model to sequential infection data:
that the fitted model cannot predict the trajectory of compartments other than the
total viral load. As this limitation is not directly linked to the immune response,
it is explored in this Appendix rather than the main text. Figure C.12 shows
(left) the number of target cells, (centre) the number of infected cells, and (right)
the infectious viral load for a single infection, for the ‘true’ parameters (mark-
ers). The shaded areas show the 95% prediction intervals generated using the
joint posterior distribution from (top) a model fitted to sequential infection, low
cross-reactivity data; (middle) a model fitted to sequential infection, high cross-
reactivity data; and (bottom) a model fitted to single infection, multiple replicates
data.

Models fit to sequential infection data sets accurately predict that target cells
do not become depleted during the course of infection (Figs. C.12a and C.12d),
but the model fit to the single infection, multiple replicates data set does not con-
sistently do so (Fig. C.12g). This result indicates that the model fit to the single
infection, multiple replicates data set may attribute resolution of the infection to
target cell depletion rather than the immune response. However, the 95% predic-
tion intervals for the number of target cells are wide for all of the models.

Furthermore, all of the models have very wide 95% prediction intervals for
the number of infected cells (Figs. C.12b, C.12e and C.12h), as well as the number
of infectious virions (Figs. C.12c, C.12f and C.12i). As discussed in Chapter 9,
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this uncertainty may become an issue if one is intrinsically interested in the time
course of these compartments. However, it may not affect the main aim of the
study, which is to quantify the role of each immune component in controlling
infection.
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Figure C.12: The 95% prediction intervals for the number of target cells,
the number of infected cells and the number of infectious virions are wide
regardless of whether the model is fitted to sequential infection or sin-
gle infection data. (a–c): The ‘true’ parameters for the sequential
infection, low cross-reactivity data set are used to simulate the tra-
jectories (markers) for (a) the number of target cells, (b) the num-
ber of infected cells, and (c) the infectious viral load for a single
infection. The shaded area shows the 95% prediction interval gen-
erated using the joint posterior distribution from the fitted model.
(d–i): As per (a–c), but for (d–f) the sequential infection, high cross-
reactivity data set, and (g–i) the single infection, multiple replicates

data set.
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1 The choice of number of initial virions
The choice of an initial 10 virions in our simulations is to mimic the initial conditions for an influenza infection
in ferrets via inoculation, as per the experiment by Laurie et al. (2015). The inoculum used by Laurie et al.
(2015) was 103.5 TCID50. This does not correspond to the initial amount of virus in the respiratory tract, due
to loss of virions during travel to the respiratory tract. Petrie et al. (2013) found that for the same experimental
system, an initial inoculum of 104.699 TCID50 resulted in an initial nasal wash concentration of approximately
5× 10−2 TCID50/mL (we take the geometric mean of the estimated initial nasal wash concentrations across
all inoculated ferrets in the study). Adjusting for the smaller inoculum, we estimate that the initial nasal wash
concentration for Laurie et al. (2015)’s experiment would be 3× 10−3 TCID50/mL . It has previously been
estimated that the concentration of virions in the respiratory tract is higher than that in nasal wash by a factor
of 1-100 (Handel et al., 2007), so we estimate that the initial concentration in the respiratory tract is between
3×10−3 TCID50/mL and 3×10−1 TCID50/mL. The volume of the upper respiratory tract of the ferret has been
estimated to be about 1 ml (Petrie et al., 2013), so the initial amount of virus in the upper respiratory tract is
estimated to be between 3× 10−3 TCID50 and 3× 10−1 TCID50. Finally, the number of infectious virions per
TCID50 is between 1 and 100 (Handel et al., 2007), leading to an order of magnitude estimate of 10−3 to 102

initial virions. There must be at least one virion in the upper respiratory tract for the infection to take off, and
Laurie et al. (2015) have shown that for an inoculum of 103.5 TCID50, the infection always takes off for the first
virus, indicating that the lower bound for the number of initial virions should be 1. We choose 10 virions as it is
between 1 and 102 virions, which are the final lower and upper bounds for our estimate for the initial number of
virions.
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2 Comparison of calculated and simulated extinction probabilities for a
time-dependent immune response, changing the mean latent and in-
fectious period, and number of latent and infectious stages
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Figure 6: Calculated vs. simulated extinction probabilities when introducing 10 virions of the second strain with
varying inter-exposure intervals, for different values of 1/δL2 as indicated by the figure titles. Parameters are as
per Table 2 of the main text.
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Figure 7: Calculated vs. simulated extinction probabilities when introducing 10 virions of the second strain with
varying inter-exposure intervals, for different values of 1/δI2 as indicated by the figure titles. Parameters are as
per Table 2 of the main text, with δL2 = 3 and one latent stage.
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Figure 9: Calculated vs. simulated extinction probabilities when introducing 10 virions of the second strain
with varying inter-exposure intervals, for different numbers of infectious stages as indicated by the figure titles.
Parameters are as per Table 2 of the main text, and δI2 is held constant at 3.
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Figure 10: Calculated vs. simulated extinction probabilities when introducing 10 virions of the second strain
with varying inter-exposure intervals, for different numbers of infectious stages as indicated by the figure titles.
Parameters are as per Table 2 of the main text except q1 = 5×10−6, and δI2 is held constant at 3.
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Figure 11: Calculated vs. simulated extinction probabilities when introducing 10 virions of the second strain with
varying inter-exposure intervals, for different numbers of latent stages as indicated by the figure titles. Parameters
are as per Table 2 of the main text, and both δL2 and δI2 are held constant at 3.
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Interval Between Infections and Viral Hierarchy
Are Determinants of Viral Interference Following
Influenza Virus Infection in a Ferret Model

Karen L. Laurie,1,4 Teagan A. Guarnaccia,1,4 Louise A. Carolan,1 Ada W. C. Yan,2 Malet Aban,1 Stephen Petrie,2
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(See the editorial commentary by Schultz-Cherry on pages 1690–1.)

Background. Epidemiological studies suggest that, following infection with influenza virus, there is a short pe-
riod during which a host experiences a lower susceptibility to infection with other influenza viruses. This viral in-
terference appears to be independent of any antigenic similarities between the viruses. We used the ferret model of
human influenza to systematically investigate viral interference.

Methods. Ferrets were first infected then challenged 1–14 days later with pairs of influenza A(H1N1)pdm09,
influenza A(H3N2), and influenza B viruses circulating in 2009 and 2010.

Results. Viral interference was observed when the interval between initiation of primary infection and subse-
quent challenge was <1 week. This effect was virus specific and occurred between antigenically related and unrelated
viruses. Coinfections occurred when 1 or 3 days separated infections. Ongoing shedding from the primary virus
infection was associated with viral interference after the secondary challenge.

Conclusions. The interval between infections and the sequential combination of viruses were important determi-
nants of viral interference. The influenza viruses in this study appear to have an ordered hierarchy according to their ability
to block or delay infection, which may contribute to the dominance of different viruses often seen in an influenza season.

Keywords. temporary immunity; viral interference; A(H1N1)pdm09; seasonal influenza; hierarchy; ferret;
influenza; pandemic; influenza B; A(H3N2).

Viral interference, whereby infection with one virus
limits infection and replication of a second virus, has

been described in humans [1–7]. Within populations,
different respiratory viruses reach their epidemic
peaks at different times [8–11]. In 2009, separate
peaks of rhinovirus, influenza A(H1N1)pdm09 virus,
and respiratory syncytial virus (RSV) infections were
observed in Norway and France, although all 3 viruses
were cocirculating at low levels [10–12]. Separate peaks
of infection with different influenza virus (sub)types
were also observed in 2009. Influenza A(H3N2) viruses
were followed by A(H1N1)pdm09 viruses in South
Africa [13], while A(H3N2), A(H1N1)pdm09, and in-
fluenza B viruses circulated sequentially in Beijing [14].

Viral interference, defined as a state of temporary im-
munity from infection, is proposed to be induced by
viral infection [7].By preventing infection with seasonal
influenza viruses, influenza vaccination may prevent
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induction of temporary immunity that could protect against
subsequent respiratory infections [7, 15, 16]. Epidemiological
studies have shown that preventing seasonal influenza virus infec-
tion by vaccination increased the risk of infection with A(H1N1)
pdm09 virus in Canada and Japan [17–19]. Similarly, in a ran-
domized controlled trial, influenza vaccine recipients displayed
higher rates of infection with noninfluenza respiratory viruses,
compared with unvaccinated subjects [20, 21]. This effect is ob-
served only within specific periods [7, 16], estimated to be weeks
to months [20,22].The interval between initial infection and sub-
sequent exposure may explain the different findings between ep-
idemiological studies [7, 17].

Limited animal studies provide evidence for viral interference.
Separation of a primary infection and a secondary challenge with
different respiratory viruses by 3 days delayed shedding of the
second virus in pigs and poultry [23, 24] or reduced mortality
in chickens [25].When infections of different respiratory viruses
were separated by weeks in mice, morbidity and mortality were
reduced [26]. Cross-protective adaptive immunity directed to
common epitopes between influenza A virus subtypes has been
associated with protection in the ferret and guinea pig models,
with intervals of at least 21 days between infections [27–29].

Overall, epidemiological, modeling and animal studies provide
observational and inferential support for the existence of viral in-
terference. However, the duration and extent of this state of tem-
porary immunity is unclear, as is the importance of the antigenic
relationship between respiratory viruses. In this study, we used the
ferret model of human influenza to investigate viral interference
and its effect on the probability and kinetics of subsequent infec-
tion. We assessed the potential for viral interference between
antigenically unrelated influenza virus types (A and B), for which
few T and B lymphocyte epitopes are similar [30], and between
influenza virus subtypes that share T and B lymphocyte epitopes
(A[H3N2] and A[H1N1]pdm09 viruses). Of direct relevance to
recent epidemiological reports, combinations of influenza viruses
that circulated in 2009 and 2010 were assessed.

MATERIALS AND METHODS

Ferrets
Adult ferrets (weight, 500–1500 g) were housed at bioCSL
under a Support Services Agreement with the Victorian Infec-
tious Diseases Reference Laboratory. Ferrets were seronegative
(hemagglutination inhibition [HI] titer, <10) to currently circu-
lating influenza virus strains before use. Experiments were con-
ducted with approval from the CSL Limited/Pfizer Animal
Ethics Committee, in accordance with the National Health
and Medical Research Council, Australia, code of practice for
the care and use of animals for scientific purposes.

Viruses and Cells
A/Tasmania/2004/2009 (A[H1N1]pdm09), A/Perth/16/2009
A(H3N2) and B/Brisbane/1/2007 (B/Florida/4/2006-like;

B/Yamagata lineage) viruses were passaged in the allantoic cav-
ityof embryonated hen eggs and stored at−80°C. Infectious virus
was measured by 50% tissue culture infectious doses (TCID50)
assays [31], using hemagglutination as the read-out.

Virus Infection, Sampling, and Monitoring of Ferrets
Ferrets were anaesthetized (12.5 mg/kg ketamine and 2.5 mg/kg
Ilium Xylazil-20 in a 1:1 [v/v] mixture; Troy Laboratories) and in-
oculated by dropwise delivery of 103.5 TCID50 of virus in 0.5 mL
into the nostrils. After infection, ferrets were housed individually
in a high-efficiency particulate arrestance (HEPA)-filtered iso-
lation unit. Blood samples were obtained from ferrets before the
primary virus infection and at the termination of the experiment.
Animals were weighed and visually inspected, and their temper-
ature was measured daily by using implanted temperature tran-
sponders fitted to identification chips (LifeChip Bio-Thermo,
Digivet). Nasal wash specimens were collected and stored as
previously described [32]. On the day of collection, RNA was ex-
tracted from 140 µL of nasal wash for real-time reverse transcrip-
tion–polymerase chain reaction (RT-PCR) analysis.

Real-Time RT-PCR Quantification of Viral Load in Ferret Nasal
Wash Samples
RNA was extracted from nasal wash as previously described
[32]. A total of 4 µL RNA was assayed by real-time RT-PCR
with influenza virus–specific primers and probes, using the Sen-
siFAST Probe Lo-ROX One-Step Kit, according to the manu-
facturer’s instructions (Bioline), on the 7500 Fast Real-Time
system (Applied Biosystems). Primers and probes were from
the Centers for Disease Control and Prevention (CDC) Influen-
za Virus Real-Time RT-PCR Influenza A (H1/H3/H1pdm09)
Subtyping Panel and the CDC Influenza B Lineage Genotyping
Panel, obtained from the Influenza Reagent Resource (available
at: http://www.influenzareagentresource.org/).

Definitions of Infection Measurements and Statistical Analyses
Viral kinetics were assessed using real-time RT-PCR data. In-
fection was defined as a challenge virus load of >106 copies/
100 µL of nasal wash for at least 1 measurement, blocking/
prevention was defined as a challenge virus load of <106

copies/100 µL of nasal wash for all measurements, and coinfec-
tion was defined as primary virus and challenge virus loads of
>106 copies/100 µL of nasal wash for at least 1 day.

For statistical analysis, ferrets infected with the challenge
virus were split into 2 groups: those in which primary infection
persisted following challenge and those in which primary infec-
tion subsided and was below the threshold for all days following
challenge. Control ferrets were excluded. The times from chal-
lenge to (1) the start of shedding of challenge virus and (2) the
peak of shedding were calculated for each ferret, and the group
median value was determined. The difference in median values
between groups was analyzed using the Wilcoxon rank sum test,
with the significance level set at an α of 0.05.
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Linear regression was performed on the number of days from
challenge to the start/peak of shedding for the challenge virus
versus the number of days for which the primary infection

persisted following challenge, and a 95% confidence interval
(CI) for the gradient was obtained; this indicates the interval
that the start/peak of shedding for the challenge virus was

Figure 1. Experimental plan. A, Ferrets were infected intranasally with the primary virus and then challenged intranasally with a second virus. Virus
shedding was assessed daily in nasal washings (Δ) as a measure of upper respiratory tract infection. B, Six intervals between primary infection and chal-
lenge were assessed. Primary infections were staggered to allow challenge of all animals on the same day, enabling direct comparison of virus shedding
after challenge. C, Examples of virus shedding patterns after primary infection and challenge. Each graph represents data from an individual ferret. Shedding
patterns were compared to those for controls that were infected with the challenge virus only on day 14 (bottom row).
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delayed for each day that the primary infection persisted follow-
ing challenge. The null hypothesis, that there is no delay, was
tested, with the significance level set at an α of 0.05.

The duration of infection with the challenge virus was com-
pared for ferrets first infected and challenged with heterosub-
typic influenza A viruses (when challenge was successful) and
corresponding control ferrets; the difference in the median
value was analyzed using the Wilcoxon rank sum test, with
the significance level set at an α of 0.05. Statistical analysis
was conducted using R, version 2.15.1 [33].

RESULTS

Infection With Influenza Virus Can Prevent Subsequent
Infection With a Different Influenza Type Within Short Intervals
To investigate viral interference following infection with influ-
enza virus, we systematically assessed the influence of a primary
virus infection on the kinetics of a secondary virus challenge in
the ferret model (Figure 1A). Two intervals (1 day and 3 days)
represented the start and peak of virus shedding, respectively, in
the upper respiratory tract (URT); one interval (5 days) corre-
sponded to decreased virus shedding; and one interval (7 days)
reflected the end of virus shedding. Seroconversion typically oc-
curs 7–12 days following infection (data not shown); thus, the
7-day interval and 2 later intervals (10 days and 14 days) repre-
sented the adaptive immune response (Figure 1B).

We determined whether prior infection could prevent shed-
ding of a different virus type. Test ferrets were first infected with
influenza A virus and then challenged with influenza B virus, or
vice versa (primary infection→ challenge: A[H1N1]pdm09→ B,
B→ A[H1N1]pdm09, A[H3N2]→ B, and B→ A[H3N2]).
Control ferrets had no primary infection.

Infectious virus shedding was defined by a real-time RT-
PCR–determined value of 106 copies/100 µL of nasal wash for
all assays (Flu A M, Flu B NS, H1 HA, and H3 HA), correlating
to the minimum amount of detectable infectious virus in in
vitro TCID50 assays (Supplementary Figure 1) and infectivity
measured previously by transmission [32]. Various patterns of
shedding were observed after challenge: (1) prevention of sec-
ondary infection, (2) coinfection, (3) shortened secondary in-
fection, (4) delayed secondary infection, and (5) no effect as
compared to the control group (Figure 1C). Individual virus
shedding data for all ferrets are shown in Supplementary Fig-
ures 3–6. No clinical signs (weight loss, fever, or symptoms)
were associated with any virus shedding pattern (data not
shown). As virus shedding was measured for only 9 days after
challenge, seroconversion could not reliably be used as a mea-
sure of infection (data not shown).

Different outcomes were observed with different combinations
and sequences of virus infections (Figure 2, Supplementary
Figure 2, and Table 1). Primary infection with A(H1N1)pdm09
virus 1 or 3 days prior prevented secondary infection with

influenza B virus in half of the ferrets (Figure 2A and Table 1).
In contrast, in all animals first infected with influenza B virus and
then challenged with A(H1N1)pdm09 virus, coinfection with
shedding of both viruses was observed (Figure 2B and Table 1).
Prior infection with influenza B virus protected 1 ferret from sub-
sequent infection with A(H3N2) virus, while 2 ferrets were coin-
fected (Figure 2C and Table 1). Ferrets first infected with
A(H3N2) virus and then challenged with influenza B virus
were not protected and shed both viruses after challenge (Fig-
ure 2D and Table 1).

Figure 2. Shedding of the challenge virus is prevented, or coinfections
may occur in short intervals. Ferrets were infected with virus and then chal-
lenged with a different virus type (primary virus→ challenge virus). Data
indicate the outcome of the challenge infection, in which ferrets were in-
fected with challenge virus (black), protected from infection with challenge
virus (white), or coinfected with challenge and primary virus (striped;
n = 3–6).
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Similar patterns were observed for 5- or 7-day intervals (Fig-
ure 2 and Table 1). Prior infection with A(H1N1)pdm09 virus
prevented infection with influenza B virus in half of the ferrets
(Figure 2A and Table 1). Interference was not observed if the
order of viruses was reversed; coinfections occurred in the ma-
jority of animals (Figure 2B and Table 1). Prior infection with
influenza B virus did not protect any ferrets from challenge with
A(H3N2) virus 5 or 7 days later (Figure 2C and Table 1). For
longer intervals of 10 or 14 days, no protection from challenge
was observed in any groups (Figure 2 and Table 1).

Continued Shedding From the Primary Virus Infection Correlates
With a Delay in Shedding Following Challenge With a Different
Influenza Virus Type
Because prevention of challenge virus infection occurred only
for intervals of ≤7 days and primary virus was detected for
5–7 days (Supplementary Figures 3–6), a temporary state of im-
munity that affects challenge outcome may require the presence
of primary virus. Animals shedding secondary virus after
challenge (Figure 2) were grouped according to whether the
primary infection virus could be detected in URT samples
after challenge, as a proxy for the presence of virus on the
day of challenge. The kinetics of challenge virus shedding
were compared between the groups (Figures 3 and 4 and
Supplementary Figure 2).

When A(H1N1)pdm09 or influenza B were the primary in-
fection viruses, their continued shedding on the day of chal-
lenge correlated with a delay to the start (Figure 3A–C) and
peak (Figures 4A–C) of shedding of the challenge viruses. On-
going shedding of A(H1N1)pdm09 virus delayed the start of
shedding of the influenza B challenge virus for a longer period
(Figure 3A) than was observed when the order of the viruses
was reversed (Figure 3B). Ferrets first infected with A(H3N2)
virus displayed no significant delay to the start (Figure 3D) or
peak (Figure 4D) of shedding of the challenge influenza B virus.

We next examined how the duration of primary virus shed-
ding after challenge modified the challenge virus kinetics. When
ferrets were first infected with A(H1N1)pdm09 virus, for every
day that A(H1N1)pdm09 virus was detected following chal-
lenge, the start of B virus shedding was delayed by 1.82 days
(95% CI, .31–3.33; P = .031; Figure 5A), and the peak of B
virus shedding was delayed by 1.68 days (95% CI, .66–2.69;
P = .014; Figure 6A). When ferrets were first infected with influ-
enza B virus, this effect was reduced. For every day the primary
influenza B virus infection continued after A(H1N1)pdm09

Table 1. Outcome of Challenge Infection for Virus Pairs
Evaluated in the Study

Virus Pair

Ferrets Protected, Proportion,
by Interval Between Primary
Infection and Challenge, d

Control1 3 5 7 10 14

A(H1N1)pdm09→B 1/3 2/3 1/3 2/3 0/3 0/3 0/3

B→A(H1N1)pdm09 0/3 0/3 0/3 0/3 0/3 0/3 0/3

B→A(H3N2) 0/3 1/3 0/3 0/3 0/3 0/3 0/6
A(H3N2)→B ND 0/3 ND ND 0/3 ND 0/3

A(H1N1)pdm09→A(H3N2) 0/3 3/3 3/3 3/3 2/3 0/3 0/6

A(H3N2)→A(H1N1)pdm09 0/3 0/3 2/3 2/3 0/3 0/3 0/6

Data are no. of ferrets in which challenge infection was prevented from
secondary challenge/no. evaluated.

Abbreviation: ND, not done.

Figure 3. The presence of primary virus shedding immediately after
challenge can delay the start of shedding of the challenge virus between
influenza virus types. Each ferret was categorized as shedding (present) or
not shedding (cleared) primary virus on the day after challenge, and the
interval to the start of challenge virus shedding was determined. Line in-
dicates median values.
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virus challenge, the peak of A(H1N1)pdm09 virus shedding was
delayed by 0.68 days (95% CI, .10–1.25; P = .025; Figure 6B),
with some evidence for a delay to start of A(H1N1)pdm09
virus shedding (Figure 5B). There was no evidence of delay
when ferrets were first infected with influenza B virus and
then challenged with A(H3N2) virus, or vice versa (Figure 5C
and 5D and Figure 6C and 6D). These data show that temporary
immunity depends on the continued presence of the pri-
mary virus and the respective virus (sub)types. There was no

statistical support for an impact on the kinetics of the primary
virus infection (shedding was not shortened), regardless of the
timing of the secondary virus challenge (Supplementary
Figures 3–6).

Infection With Influenza A Virus May Block, Delay, or Allow
Coinfection With a Different Influenza A Virus Subtype
We assessed viral interference between influenza A viruses that
have common antigenic epitopes. Ferrets were infected with

Figure 4. The presence of primary virus shedding immediately after chal-
lenge can delay the peak of shedding of the challenge virus between influ-
enza virus types. Each ferret was categorized as shedding (present) or not
shedding (cleared) primary virus the day after challenge, and the interval to
the peak of challenge virus shedding was determined. Line indicates median.

Figure 5. The delay of the start of virus shedding after challenge is var-
iable between influenza virus types. For each ferret that was shedding pri-
mary virus on the day after challenge, the number of days after challenge
during which the primary virus shedding was still detected (x-axis) was
plotted against the interval to the start of challenge infection (y-axis).
A line of best fit yielded by linear regression analysis was plotted for
every virus pair to determine the delay for an infection to begin. Abbrevi-
ation: CI, confidence interval.
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A(H1N1)pdm09 virus and challenged with A(H3N2) virus, and
vice versa (Supplementary Figures 2, 7, and 8). At the shortest
interval of 1 day, there was no prevention of the challenge infec-
tion; coinfections occurred in all animals, irrespective of the
order of infection (Supplementary Figure 9 and Table 1). How-
ever, infection with A(H1N1)pdm09 virus completely prevent-
ed infection with A(H3N2) virus 3–7 days later (and, for 2 of 3

ferrets, at a 10-day interval; Supplementary Figure 9A and
Table 1). Infection with A(H3N2) virus 3 days prior to
A(H1N1)pdm09 virus challenge resulted in coinfection (Sup-
plementary Figure 9B and Table 1), while for intervals of 5 or
7 days, infection with A(H3N2) virus prevented infection with
A(H1N1)pdm09 virus in 2 of 3 ferrets (Supplementary Fig-
ure 9B and Table 1). There was no significant delay to the
start or peak of shedding for either combination of influenza
A virus, but this may reflect the small number of ferrets (Sup-
plementary Figure 10).

When ferrets were challenged 10 or 14 days after the primary
infection, prior infection with A(H3N2) virus did not prevent
infection with A(H1N1)pdm09 (Supplementary Figure 9B
and Table 1). However, the challenge virus was cleared more
rapidly (Figure 1C and Supplementary Figure 8); ferrets shed
A(H1N1)pdm09 virus for a median duration of 1 day, com-
pared with 5 days for control ferrets (Figure 7B). Similarly, fer-
rets that were first infected with A(H1N1)pdm09 virus and then
infected with A(H3N2) virus 10–14 days later, shed A(H3N2)
virus for a median of 3 days, compared with 8 days for control
ferrets (Figure 7A).

For all animals first infected with A(H3N2) virus and then
infected with A(H1N1)pdm09 virus, at all intervals, there was

Figure 6. The delay of the peak of virus shedding after challenge is var-
iable between influenza virus types. For each ferret that was shedding pri-
mary virus on the day after challenge, the number of days after challenge
during which the primary virus shedding was still detected (x-axis) was
plotted against the interval to the peak of challenge infection (y-axis).
A line of best fit yielded by linear regression analysis was plotted for
every virus pair to determine the delay for an infection to peak. Abbrevia-
tion: CI, confidence interval.

Figure 7. The duration of virus shedding is reduced when ferrets are
infected with different influenza A subtypes within 10–14-day intervals.
The number of days of shedding of the challenge virus was determined
for each ferret within the 10–14-day intervals and for the control group.
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a statistically significant delay before reaching the peak of
virus shedding of 0.3 days (Supplementary Figure 11D), but
there was no statistical support for a delay to the start of shed-
ding (Supplementary Figure 11B). No delays were seen when
A(H1N1)pdm09 virus infection preceded A(H3N2) virus chal-
lenge (Supplementary Figure 11A and 11C).

DISCUSSION

Using a ferret model of human influenza, we demonstrated that
infection with influenza virus can prevent or modify a subse-
quent infection with a different influenza virus (sub)type. Out-
comes varied according to both virus combination and the
interval between primary infection and challenge. Prior infec-
tion with both antigenically related and unrelated viruses pro-
vided protection from subsequent infection or modified the
infection kinetics of the challenge virus. For relatively short ex-
posure intervals, these effects required the continued presence
of the primary virus following challenge. For heterosubtypic in-
fluenza A viruses, when primary infection and challenge were
separated by at least 1 week, the challenge virus was rapidly
cleared. The outcome depended on the virus combinations, in-
dicating a hierarchy of influenza viruses inducing different lev-
els of temporary immunity. In this study, the A(H1N1)pdm09
virus was most effective at inducing a temporary state of immu-
nity, followed by influenza B virus, and, last, the A(H3N2) virus.
These data may explain why viral interference is observed only
in some epidemiological studies and during some influenza sea-
sons [7, 8, 17], but further studies using other influenza strains
are required to confirm these observations.

A key finding of this study is that coinfection was a consistent
outcome in the ferret (5 of 6 virus pairs) when exposure to both
influenza viruses occurred within 3 days. Human coinfections
with influenza viruses are rarely detected [34–38], probably re-
flecting the low prospect of sequential exposure to different circu-
lating strains within the short window of opportunity. Given that
only a subset of laboratories routinely subtype influenza Aviruses,
there is a potential for missed identification of coinfections [36,
38]. Coinfections with influenza A viruses may give rise to
novel reassortants, so understanding their true frequency and like-
lihood of occurrence is important for public health reasons.

Multiple mechanisms may contribute to establishing a tem-
porary state of immunity. At intervals of <1 week, innate im-
mune antiviral mechanisms may prevent or delay secondary
viral infections. These mechanisms are antigen independent,
so they may be common to both influenza A and B viruses.
Upon infection with influenza virus, expression of type I inter-
ferons is upregulated in infected epithelial cells, and proinflam-
matory cytokines and chemokines are released from cells of the
innate immune system [39]. Intrinsic antiviral factors, such as
the IFITM and IFIT families and MxA, inhibit influenza virus
fusion and replication by directly interacting with viral proteins

or viral RNA [40, 41]. Recent studies have also demonstrated
that nucleoprotein from influenza B virus can interact with nu-
cleoprotein from influenza A virus and limit its polymerase ac-
tivity [42, 43], suggesting that viral intermediates may also
inhibit coinfections. Together, these mechanisms may limit the
amount of virus shed by making epithelial cells refractory to in-
fection, mopping up free virus, phagocytosing infected cells, or
preventing/reducing viral replication. Many of these antigen-
independent mechanisms reach their peak levels at the peak of
virus shedding (L. Carolan and K. Laurie, unpublished observa-
tions); in this study, virus shedding peaked 2–3 days after infec-
tion and persisted for 5–6 days, consistent with the timing
observed for temporary immunity. This timing also implies a
lag of 1–2 days following primary infection before innate immu-
nity and intrinsic antiviral factors reach maximum levels, provid-
ing a possible explanation for the observed window of coinfection.

Cross-reactive immune responses may limit infection by vi-
ruses that share epitopes [44].A shortened period of virus shed-
ding was seen only when ferrets were infected with consecutive
influenza A viruses. Neutralizing antibodies were only detected
7–12 days after inoculation, consistent with our observation of
shortened challenge infection 10 and 14 days after the first in-
fection (data not shown). Previous studies, in which infections
with heterosubtypic influenza A viruses were separated by 8
weeks, showed a similar shortening of the duration of virus
shedding [28]. Cross-reactive epitopes between influenza A
and B viruses have been reported in the fusion peptide of hem-
agglutinin (HA) and the enzymatic region of neuraminidase
[30]. Generation of cross-reactive T cells has yet to be investigat-
ed, but we observed no protection, or change in kinetics, when
ferrets were infected with influenza A virus and then challenged
with influenza B virus 8 weeks later, and vice versa (data not
shown). The rapid clearance observed in ferrets consecutively
infected with influenza A viruses at 10- and 14-day intervals
was not detected in ferrets consecutively infected with influenza
A and B viruses, suggesting that cross-reactive lymphocytes do
not play a major role in viral clearance in this experiment.

Understanding why some challenge viruses can still infect the
respiratory epithelium of ferrets with an established influenza
virus infection is of interest. Viral fitness, whereby one virus
can outgrow another and even successfully be transmitted to
a new host, may be important [45]. In another study, when
ferrets were coinfected with A(H1N1)pdm09/A(H1N1) or
A(H1N1)pdm09/A(H3N2) viruses, only the A(H1N1)pdm09
virus was transmitted to naive contact ferrets, showing a clear
fitness advantage [46]. HA receptor specificity may also con-
tribute. The A(H1N1)pdm09 virus in our study can infect
cells of both the URT and lower respiratory tract, whereas the
A(H3N2) and influenza B viruses used in this study infect
only the URT following intranasal infection (data not shown).
This suggests a broader receptor specificity for the HA of
A(H1N1)pdm09, compared with the H3 or influenza B HA
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proteins. Experiments are planned to investigate these aspects
on our model.

Our findings imply that temporary immunity between unre-
lated viruses lasts for 1 week or less in the ferret. While this pe-
riod is short in comparison with observed interference in
epidemiological or modeling studies [20, 22], individual level in-
fluences on susceptibility and transmissibility will predictably
have consequences over longer time frames at the level of pop-
ulations. We used a direct inoculation model to ensure that the
challenge was controlled and that the dose of virus was consis-
tent. A low dose of virus was used to mirror the kinetics of a
natural infection, but the duration of temporary immunity
may be different in an aerosol transmission model and more
closely match those periods seen in humans. Live attenuated in-
fluenza vaccines (LAIVs) have been shown to induce the innate
immune response [47], and thus the ability of LAIV to induce
viral interference to homologous and hetero(sub)typic viruses
in rapid time frames is also of interest.

Overall, our study provides insight into the phenomenon of viral
interference and provides the first experimental evidence for a hi-
erarchy among influenza viruses in inducing a temporary state of
immunity, as previously suggested by surveillance studies [13, 14].
In humans, a lack of adaptive immunity in specific age groups was
most likely the major mechanism behind the dominance of the
A(H1N1)pdm09 virus upon its emergence in 2009 [48]. However,
our study suggests that temporary immunity may also have con-
tributed to the observed dominance of A(H1N1)pdm09 virus
and higher levels of infection seen in many countries in 2009. In-
duction of a nonspecific localized temporary state of immunity
may provide a strategy to control infection with emerging influenza
viruses in the absence of an antigen-matched inactivated vaccine.

Supplementary Data

Supplementary materials are available at The Journal of Infectious Diseases
online (http://jid.oxfordjournals.org). Supplementary materials consist of
data provided by the author that are published to benefit the reader. The
posted materials are not copyedited. The contents of all supplementary
data are the sole responsibility of the authors. Questions or messages regard-
ing errors should be addressed to the author.

Notes

Acknowledgments. We thank L. Redman, N. Hearne, C. Agpasa,
M. Spiteri, R. Murphy, A. Hageman, J. Moody, and P. Franchina from bi-
oCSL, for excellent technical assistance with animal handling and husband-
ry; and A. C. Hurt, for a critical reading of the manuscript.
Financial support. This work was supported by the Australian Govern-

ment, Department of Health (to the Melbourne WHO Collaborating Centre
for Reference and Research on Influenza).
Potential conflicts of interest. K. L. L., T. A. G., L. A. C., M. A., A. K.,

and I. A. B. are affiliated with the WHO Collaborating Centre for Reference
and Research on Influenza, which has or has had collaborative agreements
with the International Federation of Pharmaceutical and Manufacturers As-
sociations, Novartis Vaccines and Diagnostics, and CSL for work unrelated
to this study. All other authors report no potential conflicts.

All authors have submitted the ICMJE Form for Disclosure of Potential
Conflicts of Interest. Conflicts that the editors consider relevant to the con-
tent of the manuscript have been disclosed.

References

1. Duffy CE. Interference between St. Louis encephalitis virus and equine
encephalomyelitis virus (Western Type) in the chick embryo. Science
1944; 99:517–8.

2. HenleW, Henle G. Interference of inactive virus with the propagation of
virus of influenza. Science 1943; 98:87–9.

3. Isaacs A, Lindenmann J. Virus interference I. The interferon. Proc R Soc
Lond B Biol Sci 1957; 147:258–67.

4. Lindenmann J. From interference to interferon: a brief historical intro-
duction. Philos Trans R Soc Lond B Biol Sci 1982; 299:3–6.

5. Greer RM, McErlean P, Arden KE, et al. Do rhinoviruses reduce the
probability of viral co-detection during acute respiratory tract infec-
tions? J Clin Virol 2009; 45:10–5.

6. DaPalma T, Doonan BP, Trager NM, Kasman LM. A systematic
approach to virus-virus interactions. Virus Res 2010; 149:1–9.

7. Kelly H, Barry S, Laurie K, Mercer G. Seasonal influenza vaccination
and the risk of infection with pandemic influenza: a possible illustration
of nonspecific temporary immunity following infection. Eurosurveil-
lance 2010; 15:pii:19722.

8. Linde A, Rotzen-Ostlund M, Zweygberg-Wirgart B, Rubinova S,
Brytting M. Does viral interference affect spread of influenza? Eurosur-
veillance 2009; 14:pii:19354.

9. Wang W, Cavailler P, Ren P, et al. Molecular monitoring of causative
viruses in child acute respiratory infection in endemo-epidemic situa-
tions in Shanghai. J Clin Virol 2010; 49:211–8.

10. Anestad G, Nordbo SA. Virus interference. Did rhinoviruses activity
hamper the progress of the 2009 influenza A(H1N1) pandemic in Nor-
way? Med Hypotheses 2011; 77:1132–4.

11. Casalegno JS, Ottmann M, Bouscambert Duchamp M, et al. Rhinovi-
ruses delayed the circulation of the pandemic influenza A(H1N1)
2009 virus in France. Clin Microbiol Infect 2010; 16:326–9.

12. Casalegno JS, Ottmann M, Bouscambert-Duchamp M, Valette M,
Morfin F, Lina B. Impact of the 2009 influenza A(H1N1) pandemic
wave on the pattern of hibernal respiratory virus epidemics, France,
2009. Eurosurveillance 2010; 15:pii:19485.

13. Van Kerkhove MD, Mounts AW. 2009 versus 2010 comparison of in-
fluenza activity in southern hemisphere temperate countries. Influenza
Other Respir Viruses 2011; 5:375–9.

14. Yang Y, Wang Z, Ren L, et al. Influenza A/H1N1 2009 Pandemic and Re-
spiratory Virus Infections, Beijing, 2009–2010. PLoS One 2012; 7:e45807.

15. Mathews JD, McCaw CT, McVernon J, McBryde ES, McCaw J. A biolog-
ical model for influenza transmission: pandemic planning implications of
asymptomatic infection and immunity. PLoS One 2007; 2:e1220.

16. Mercer GN, Barry SI, Kelly H. Modelling the effect of seasonal influenza
vaccination on the risk of pandemic influenza infection. BMC Public
Health 2011; 11:S11.

17. Skowronski DM, De Serres G, Crowcroft NS, et al. Association between
the 2008–09 seasonal influenza vaccine and pandemic H1N1 illness
during Spring-Summer 2009: four observational studies from Canada.
PLoS Med 2010; 6:e1000258.

18. Janjua NZ, Skowronski DM, Hottes TS, et al. Seasonal influenza vaccine
and increased risk of pandemic A/H1N1-related illness: first detection
of the association in British Columbia, Canada. Clin Infect Dis 2010;
51:1017–27.

19. Tsuchihashi Y, Sunagawa T, Yahata Y, et al. Association between sea-
sonal influenza vaccination in 2008–2009 and pandemic influenza
A(H1N1) 2009 infection among school students from Kobe, Japan,
April-June 2009. Clin Infect Dis 2012; 54:381–3.

20. Cowling BJ, Fang VJ, Nishiura H, et al. Increased risk of noninfluenza
respiratory virus infections associated with receipt of inactivated influ-
enza vaccine. Clin Infect Dis 2012; 54:1778–83.

Temporary Immunity in Ferrets • JID 2015:212 (1 December) • 1709



21. Cowling BJ, Nishiura H. Virus interference and estimates of influenza
vaccine effectiveness from test-negative studies. Epidemiology 2012;
23:930–1.

22. Ferguson NM, Galvani AP, Bush RM. Ecological and immunological
determinants of influenza evolution. Nature 2003; 422:428–33.

23. Van Reeth K, Nauwynck H, Pensaert M. Dual infections of feeder pigs
with porcine reproductive and respiratory syndrome virus followed by
porcine respiratory coronavirus or swine influenza virus: a clinical and
virological study. Vet Microbiol 1996; 48:325–35.

24. Costa-Hurtado M, Afonso CL, Miller PJ, et al. Virus interference be-
tween H7N2 low pathogenic avian influenza virus and lentogenic New-
castle disease virus in experimental co-infections in chickens and
turkeys. Vet Res 2014; 45:1.

25. Seo SH, Webster RG. Cross-reactive, cell-mediated immunity and pro-
tection of chickens from lethal H5N1 influenza virus infection in Hong
Kong poultry markets. J Virol 2001; 75:2516–25.

26. Walzl G, Tafuro S, Moss P, Openshaw PJM, Hussell T. Influenza virus
lung infection protects from respiratory syncytial virus-induced immu-
nopathology. J Exp Med 2000; 192:1317–26.

27. Bodewes R, Kreijtz JH, Geelhoed-Mieras MM, et al. Vaccination against
seasonal influenza A/H3N2 virus reduces the induction of heterosub-
typic immunity against influenza A/H5N1 virus infection in ferrets. J
Virol 2011; 85:2695–702.

28. Laurie K, Carolan L, Middleton D, Lowther S, Kelso A, Barr I. Multiple
infections with seasonal influenza A virus induce cross-protective im-
munity against A(H1N1) pandemic influenza virus in a ferret model.
J Infect Dis 2010; 202:1011–20.

29. Steel J, Staeheli P, Mubareka S, Garcia-Sastre A, Palese P, Lowen AC.
Transmission of pandemic H1N1 influenza virus and impact of prior
exposure to seasonal strains or interferon treatment. J Virol 2010; 84:
21–6.

30. Terajima M, Babon JAB, Co MDT, Ennis FA. Cross-reactive human B cell
and T cell epitopes between influenza A and B viruses. Virol J 2013; 10:244.

31. Oh DY, Barr IG, Mosse JA, Laurie KL. MDCK-SIAT1 cells show im-
proved isolation rates for recent human influenza viruses compared to
conventional MDCK cells. J Clin Microbiol 2008; 46:2189–94.

32. Guarnaccia T, Carolan LA, Maurer-Stroh S, et al. Antigenic drift of the
pandemic 2009 A(H1N1) influenza virus in a ferret model. PLoS Pathog
2013; 9:e1003354.

33. R: A language and environment for statistical computing. Vienna, Aus-
tria: R Core Team, R Foundation for Statistical Computing, 2012.

34. Toda S, Okamoto R, Nishida T, et al. Isolation of influenza A/H3 and B
viruses from an influenza patient: confirmation of co-infection by two
influenza viruses. Jpn J Infect Dis 2006; 59:142–3.

35. Takao S, Hara M, Kakuta O, et al. Eleven cases of co-infection with in-
fluenza type A and type B suspected by use of a rapid diagnostic kit and

confirmed by RT-PCR and virus isolation [in Japanese]. Kansenshoga-
ku Zasshi 2005; 79:877–86.

36. Falchi A, Arena C, Andreoletti L, et al. Dual infections by influenza A/
H3N2 and B viruses and by influenza A/H3N2 and A/H1N1 viruses
during winter 2007, Cor- sica Island, France. J Clin Virol 2008;
41:148–51.

37. Eshaghi A, Blair J, Burton L, et al. Characterization of an influenza A
and influenza B co-infection of a patient in a long-term care facility
with co-circulating influenza A and influenza B. Int J Infect Dis 2009;
13:e127–8.

38. Peacey M, Hall RJ, Sonnberg S, et al. Pandemic (H1N1) 2009 and sea-
sonal influenza A (H1N1) co-infection, New Zealand, 2009. Emerg In-
fect Dis 2010; 16:1618–20.

39. Braciale TJ, Sun J, Kim TS. Regulating the adaptive immune response to
respiratory virus infection. Nat Rev Immunol 2012; 12:295–305.

40. Yan N, Chen ZJ. Intrinsic antiviral immunity. Nat Immunol 2012;
13:214–22.

41. Diamond MS, Farzan M. The broad-spectrum antiviral functions of
IFIT and IFITM proteins. Nat Rev Immunol 2013; 13:46–57.

42. Jaru-ampornpan P, Narkpuk J, Wanitchang A, Jongkaewwattana A.
Nucleoprotein of influenza B virus binds to its type A counterpart
and disrupts influenza A viral polymerase complex formation. Biochem
Biophys Res Commun 2014; 443:296–300.

43. Wanitchang A, Narkpuk J, Jaru-ampornpan P, Jengarn J, Jongkaewwat-
tana A. Inhibition of influenza A virus replication by influenza B virus
nucleoprotein: an insight into interference between influenza A and B
viruses. Virology 2012; 432:194–203.

44. Greenbaum JA, Kotturi MF, Kim Y, et al. Pre-existing immunity against
swine-origin H1N1 influenza viruses in the general human population.
Proc Natl Acad Sci U S A 2009; 106:20365–70.

45. Butler J, Hooper KA, Petrie SM, et al. Estimating the fitness advantage
conferred by permissive neuraminidase mutations in recent oseltami-
vir-resistant A(H1N1)pdm09 influenza viruses. PLoS Pathog 2014;
10:e1004065.

46. Perez DR, Sorrell E, Angel M, et al. Fitness of pandemic H1N1 and
seasonal influenza A viruses during co-infection. PLoS Curr 2009; 1:
RRN1011.

47. Fischer WA II, Chasond KD, Brighton M, Jaspers I. Live attenuated
influenza vaccine strains elicit a greater innate immune response
than antigenically-matched seasonal influenza viruses during
infection of human nasal epithelial cell cultures. Vaccine 2014; 15:
1761–7.

48. Kelly H, Peck HA, Laurie KL, Wu P, Nishiura H, Cowling BJ. The age-
specific cumulative incidence of infection with pandemic influenza
H1N1 2009 was similar in various countries prior to vaccination. PLoS
One 2011; 6:e21828.

1710 • JID 2015:212 (1 December) • Laurie et al





Appendix F

Innate immunity and the
inter-exposure interval determine
the dynamics of secondary
influenza virus infection and
explain observed viral hierarchies

267



RESEARCH ARTICLE

Innate Immunity and the Inter-exposure
Interval Determine the Dynamics of
Secondary Influenza Virus Infection and
Explain Observed Viral Hierarchies
Pengxing Cao1, AdaW. C. Yan1, Jane M. Heffernan1,2,3, Stephen Petrie1, Robert G. Moss1,
Louise A. Carolan4, Teagan A. Guarnaccia4, Anne Kelso4, Ian G. Barr4, Jodie McVernon1,5,
Karen L. Laurie4, James M. McCaw1,5,6*

1Centre for Epidemiology and Biostatistics, Melbourne School of Population and Global Health, The
University of Melbourne, Melbourne, Australia, 2Modelling Infection and Immunity Lab, Centre for Disease
Modelling, York Institute for Health Research, York University, Toronto, Ontario, Canada, 3Mathematics and
Statistics, York University, Toronto, Ontario, Canada, 4WHOCollaborating Centre for Reference and
Research on Influenza at the Peter Doherty Institute for Infection and Immunity, Parkville, Victoria, Australia,
5Modelling and Simulation, Infection and Immunity Theme, Murdoch Childrens Research Institute, The
Royal Children’s Hospital, Parkville, Victoria, Australia, 6 School of Mathematics and Statistics, The
University of Melbourne, Melbourne, Australia

* jamesm@unimelb.edu.au

Abstract
Influenza is an infectious disease that primarily attacks the respiratory system. Innate immu-

nity provides both a very early defense to influenza virus invasion and an effective control of

viral growth. Previous modelling studies of virus–innate immune response interactions have

focused on infection with a single virus and, while improving our understanding of viral and

immune dynamics, have been unable to effectively evaluate the relative feasibility of differ-

ent hypothesised mechanisms of antiviral immunity. In recent experiments, we have applied

consecutive exposures to different virus strains in a ferret model, and demonstrated that

viruses differed in their ability to induce a state of temporary immunity or viral interference

capable of modifying the infection kinetics of the subsequent exposure. These results imply

that virus-induced early immune responses may be responsible for the observed viral hier-

archy. Here we introduce and analyse a family of within-host models of re-infection viral

kinetics which allow for different viruses to stimulate the innate immune response to differ-

ent degrees. The proposed models differ in their hypothesised mechanisms of action of the

non-specific innate immune response. We compare these alternative models in terms of

their abilities to reproduce the re-exposure data. Our results show that 1) a model with viral

control mediated solely by a virus-resistant state, as commonly considered in the literature,

is not able to reproduce the observed viral hierarchy; 2) the synchronised and desynchro-

nised behaviour of consecutive virus infections is highly dependent upon the interval

between primary virus and challenge virus exposures and is consistent with virus-depen-

dent stimulation of the innate immune response. Our study provides the first mechanistic

explanation for the recently observed influenza viral hierarchies and demonstrates the
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importance of understanding the host response to multi-strain viral infections. Re-exposure

experiments provide a new paradigm in which to study the immune response to influenza

and its role in viral control.

Author Summary

Infection with the influenza virus is responsible for serious morbidity and mortality. In
otherwise-healthy individuals, infection is usually acute, lasting between 5 to 10 days. Over
this time, the virus initially replicates rapidly, before peaking and then being cleared from
the body. Despite extensive study, we do not yet fully understand the processes which lead
to viral control and viral clearance from the host. Experimental and modelling studies of
single infections have previously indicated that both the innate and adaptive immune
responses play an important role in combating infection. Here we study a novel dataset on
how the host responds to sequential exposure to two different strains of influenza. We
introduce a family of mathematical models of the within-host dynamics of influenza infec-
tion which allow for re-infection. Our models allow us, for the first time, to differentiate
between alternative hypothesised mechanisms by which the innate immune response acts
to control viral replication. This study improves our understanding of the innate immune
response to influenza and demonstrates that re-exposure studies provide a new paradigm
for further experimental research. Our findings may contribute to the development of
next-generation treatment and vaccination strategies which rely upon an understanding of
the host’s immunological response to influenza infection.

Introduction
Influenza is an infectious respiratory disease affecting and threatening millions of people
worldwide [1]. The invasion of the influenza virus into a host’s upper respiratory tract (URT)
starts from a sufficient number of virions (single viral particles) entering the URT and infecting
healthy epithelial cells (henceforth referred to as target cells) [2]. The infected cells then pro-
duce progeny virions, leading to further infection of target cells and inter-host transmission.

Immune responses are activated during influenza virus infection, and contribute to the con-
trol of infection and viral clearance from the host [3]. The innate immune response, initiated in
the early stage of infection, involves production of a variety of antiviral cytokines, which pro-
vide immediate non-specific protection to the target cells against infection [4, 5]. Of particular
importance is the cytokine interferon (IFN, type 1), whose protective functions include induc-
ing a virus-resistant state in target cells, reducing viral replication, and activating natural killer
(NK) cells to induce apoptosis in infected cells [6–9]. The adaptive immune response, once
stimulated by presentation of viral epitopes to lymphocytes, plays an important role in viral
control. B lymphocytes (or B cells) produce antibodies that neutralise free virus, and cytotoxic
T lymphocytes (or T cells) produce cytotoxic granules that kill infected epithelial cells and
other leukocytes [3]. Following viral clearance, a portion of those B cells and T cells become
long-lived memory cells which can be activated rapidly to form a defense upon re-exposure to
the same or an antigenically related virus.

Due to its non-specific nature, the innate response induced by an initial exposure (hence-
forth “primary infection”) would be expected to modify the host environment and provide
some protection to subsequent exposure (henceforth “challenge”). We have experimentally
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studied this phenomenon in detail by examining the behaviour of consecutive influenza infec-
tions as a function of the delay between exposures [10]. By varying influenza virus types and
subtypes (three viruses, A(H1N1)pdm09, A(H3N2) and influenza B, were investigated) and
the delay between the exposures (henceforth the “inter-exposure interval” (IEI)), we found that
a state of temporary immunity induced by A(H1N1)pdm09 was able to block or delay infection
with influenza B virus (Fig 1). Conversely, influenza B virus showed little or no inhibitory effect

Fig 1. Re-exposure experimental data for primary exposure with A(H1N1)pdm09 (black dots) and challenge with influenza B virus (red triangles),
for IEI between 1 and 14 days. Viral RNA copy number (per 100 μl) was measured to indicate the level of viral load in ferret nasal washes. By varying the IEI
from 1 to 14 days as indicated in each subfigure we see that A(H1N1)pdm09 virus could block (i.e. the influenza B viral load was never above the defined
threshold of 106 vRNA copies indicated by the horizontal dashed lines) or delay the infection induced by influenza B virus for� 7 days. The threshold of 106 is
the limit of detection for the TCID50 assay which measures infectious virus [10]. For a clearer view, data are presented here such that the time of challenge
(exposure to the second virus) is fixed at day 14 (indicated by the dashed lines) whereas the primary exposure occurs an appropriate number of days earlier
(indicated by arrows and the exposure interval numbers). Missing data points in the curves indicate undetectable levels of viral load and no sample was
collected on the day of challenge. Each graph represents the data from a single ferret, so that two ferrets within each interval are shown here. Data used from
[10].

doi:10.1371/journal.pcbi.1004334.g001
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on subsequent infection with A(H1N1)pdm09 (Fig 2). See [10] for all available data and a full
exposition of the experimental observations.

Although such experimental studies have improved our understanding of temporary immu-
nity and viral interference, the underlying mechanisms of how a virus is controlled and cleared
by the immune system are still not fully understood. In particular, the re-exposure experimen-
tal data revealed a number of novel properties and phenomena:

• Viruses differed in their ability to induce a state of temporary immunity or viral interference
capable of modifying the infection kinetics of the subsequent exposure. For example, follow-
ing primary infection with A(H1N1)pdm09 virus, subsequent challenge with influenza B
virus was strongly inhibited (Fig 1), whereas the latter showed a very limited ability to inhibit
the former (Fig 2; only weak delays for an IEI of 1–3 days are observed). These data suggest
the existence of a “viral hierarchy” [10]. What are the mechanisms accounting for the inter-
actions between the two different viruses and the induced hierarchy for different primary–
challenge virus combinations?

• By looking at the details of viral kinetic time series, four types of patterns were identified (see
Fig 3), which suggest some dynamical interactions between the two viruses. For example, an
initial period of synchronised viral growth was often observed for short exposure intervals
(� 3 days, see Figs 1–3). In addition to this, an initially synchronised decrease of the primary
and challenge viruses was also frequently observed (Fig 3). What are the underlying mecha-
nisms accounting for these phenomena?

Virus dynamics modelling has been employed to great success to gain insight into the host-
pathogen interaction. For HIV in particular, mathematical models have proven invaluable in
uncovering the mechanisms of immunity, anti-retroviral drug action and developing strategies
to avoid or combat drug-resistance [11–15]. For influenza, due largely to a paucity of data and
the difficulty in working with a short-lived transient infection, models have traditionally had
less of an impact on our understanding of the immune response to influenza and the mecha-
nism of viral control. In recent years however, both qualitative and quantitative modelling
studies [16–33] have begun to probe these interactions more deeply, as recently reviewed by
Beauchemin et al. [34] and Dobrovolny et al. [35]. While some studies have focused on the role
of antiviral drugs in viral control (e.g. [30]) and others on the immune response, the majority
have considered only a single viral infection. Exceptions include the development of models of
multi-strain infection that have been used to study the within-host emergence of drug-resistant
[20] and pandemic influenza [33] viruses and the relative fitness of drug-resistant variants [31,
32]. Here, with our focus on the immune response, it is immediately obvious that the classic
Target cell–Infected cell–Virus (TIV) model, with control solely mediated by target-cell deple-
tion and with no allowance for cell re-growth, is unable to explain re-infection with a different
challenge virus. This provides the motivation to study experiments in which re-infection occurs
as a means to explore the role of the immune response in influenza viral dynamics. Our data
affords us the opportunity to examine the relative importance and feasibility of different
hypothesised mechanisms of the innate immune response, complementing the work of others
who have studied how immunity may influence viral kinetics using data from single viral infec-
tions [17, 18, 23, 24, 28].

In this paper we introduce and analyse a family of within-host models of re-infection viral
kinetics which allow for different viruses to stimulate the innate immune response to different
degrees. The proposed models differ in their hypothesised mechanisms of the non-specific
innate immune response. We evaluate the models’ capability in terms of their ability to repro-
duce the patterns observed in the re-exposure data, including co-infection with and
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suppression, delay or blocking of the challenge virus (Figs 1–3). Our analyses demonstrate that
the occurrence of those phenomena is highly dependent upon the inter-exposure interval and
consistent with virus-dependent stimulation of the innate immune response. Our paper pro-
vides the first mechanistic explanation for the recently observed influenza viral hierarchies.

Materials and Methods
In this section, we first introduce a single virus model with different mechanisms utilised by
innate immunity to control viral infection, and then extend the model to allow for consecutive
exposures to two virus strains (henceforth the re-exposure model). Due to the well-established

Fig 2. Re-exposure experimental data for primary exposure with influenza B virus followed by challenge with A(H1N1)pdm09. In contrast to Fig 1,
changing the IEI does not block the infection of A(H1N1)pdm09 virus for any infection period. It does, however, result in a reduced growth rate and delayed
time to peak virus titre for A(H1N1)pdm09 at short IEIs. Missing data points in the curves indicate undetectable levels of viral load and no sample was taken
on the day of challenge. Each graph represents the data from a single ferret, so that two ferrets within each interval are shown here. All symbols are the same
as those in Fig 1. Data used from [10].

doi:10.1371/journal.pcbi.1004334.g002
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Fig 3. Re-exposure experimental data showing the four dominant patterns observed in the viral kinetics for primary–challenge virus pairs. The
data shown here are distinct from those shown in Figs 1 and 2, where the same phenomena may also be observed, and a subset of the full data presented in
[10]. Top panels show the case of co-infection, whereby both the primary (H1N1) and challenge (H3N2) viruses experience a synchronised increase in the
very early stage of infection, followed by a synchronised decrease. Panels in the second row show examples of delayed infection, in which an initial
synchronised decrease gives way to growth and successful infection with the challenge virus. The undetectable points between days 15 and 19 for the
challenge virus in the right figure (second row) show a rapid decrease to undetectable viral level followed by a rapid upstroke back to a detectable level.
Desynchronised viral kinetics in the early stage of infection are also observed for short IEIs, with examples shown in the third row of panels. The last well-
observed pattern is that of a complete block, whereby the challenge virus is unable to replicate to a productive infection level (bottom panel). All symbols are
the same as those in Fig 1. Data used from [10].

doi:10.1371/journal.pcbi.1004334.g003
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importance of IFN in mediating the innate immune response, this study focuses on modelling
IFN-induced antiviral functions. However, the conceptual formulation of IFN-mediated innate
immune dynamics is broadly applicable and suitable for describing similar non-specific
immune processes, therefore not limiting the generality of the model results.

Three mechanisms for the IFN-induced control of viral infection
Three possible antiviral mechanisms of IFN are allowed for in our model: 1) induction of a
virus-resistant state for target cells; 2) a reduction in the viral production rate from infected
cells; and 3) activation of NK cells to induce apoptosis in infected cells (Fig 4). With the addi-
tional inclusion of a strain-specific antibody response, the following equations describe the

Fig 4. Schematic diagram showing the three major functions of IFN. The three major functions of IFN labelled by 1�, 2� and 3� correspond to Models
1–3 defined in the main text. Dashed curves with arrows indicate up-regulation while those with bars indicate down-regulation. Binding of virus to target cells
leads to infected cells which then produce new virions. Infected cells produce IFN which hinders viral infection via three different hypothesised mechanisms:
Model 1� converting target cells to virus-resistant state; Model 2� decreasing the viral production rate; and Model 3� inducing killing of infected cells by
activation of NK cells. Virus activates B cells which produce antibodies to inactivate free virus.

doi:10.1371/journal.pcbi.1004334.g004
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single virus-strain system:

dV
dt

¼ pI
1þ sF

� cV � mVA� bVT; ð1Þ

dT
dt

¼ gðT þ RÞ 1� T þ Rþ I
Ct

� �
� b0VT þ rR� �FT; ð2Þ

dI
dt

¼ b0VT � dI � kIF; ð3Þ

dR
dt

¼ �FT � rR� xR; ð4Þ

dF
dt

¼ qI � dF; ð5Þ

dB
dt

¼ m1Vð1� BÞ �m2B; ð6Þ

dA
dt

¼ m3B� rA� m0VA: ð7Þ

The change in viral load (dV/dt) includes four components, the production term (pI/(1
+sF)) in which virions are produced by infected cells (I) at a rate p subject to an IFN-dependent
scaling factor of (1/(1+sF)) [17, 23, 28], the viral natural decay/clearance (cV) with a decay rate
of c, the neutralisation term (μVA) by antibody (A), and a consumption term (βVT) due to
binding to and infection of target cells (T). s indicates the sensitivity of the production rate to
IFN. The term g(T + R)(1 − (T + R + I)/Ct) models target cell (re-)growth by both target cells
and resistant cells (those protected by the IFN) but limited by a maximum cell number Ct (e.g.
due to the spatial capacity, [18]). Target cells (T) are consumed by virus (V) due to binding (β0

VT), the same process as βVT, where β 6¼ β0 allows for different measurement units of assays
used to detect virus. IFN (F) induces the protective transition from T to R at rate ϕFT and resis-
tant cells (R) lose protection, reverting to susceptible target cells at a rate ρ [28].

Infected cells (I) increase due to the infection of target cells by virus (β0 VT) and die at a
(base) rate δ. The term κIFmodels the killing of infected cells by IFN-activated NK cells [28].
IFN (F) is modelled using simple dynamics that only include production (qI) and natural
decay (dF) [36]. Antibodies (A) are produced by activated B cells. We model the proportion of
activated B cells by state B. The activation of B cells is induced by an increase in V. Parameter
values and their justification are given in Table 1.

For a clearer comparison between the different hypothesised mechanisms by which the
innate response contributes to viral control, we consider three models of single virus, each of
which includes only one of the mechanisms shown in Fig 4:

• Model 1: including an IFN-induced virus-resistant state of the target cells (by letting s = 0
and κ = 0),

• Model 2: including an IFN-induced diminished viral production rate (by letting ϕ = ρ = ξ = 0
and κ = 0),
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• Model 3: including killing of infected cells by IFN-activated NK cells (by letting s = 0 and ϕ =
ρ = ξ = 0).

Most importantly, for these three models, the terms of antiviral action appear in different equa-
tions. The virus-resistant terms appear directly in the equation for dT/dt and thus modulates
the viral load (V) in an indirect way (Model 1). Similarly, killing of infected cells by NK cells
(κIF) exerts an indirect control on viral production by changing the infected cell kinetics
(Model 3). In contrast, Model 2 assumes direct control of viral production by IFN (due to the
term pI/(1+sF)). Thus, we capture the diversity of plausible viral control mechanisms, in partic-
ular both indirect and direct pathways.

Models for re-exposure viral kinetics
In order to capture the kinetics of primary–challenge infection experiments, we introduce a re-
exposure model in which we assume that the two different viruses share the same source of

Table 1. Parameter values for the three models. The units of V, F and A are denoted as uv, uF and uA
respectively. T, I, and R have the same unit of uT; the number of cells. Time (t) has a unit of days (d). Some
units are symbolised, as our study is highly qualitative and thus substantially independent of the choice of
units. Such units would need to be transformed for different experimental protocols. “varied” indicates that the
parameter was assigned different values for different simulations, with the value/s specified whenever neces-
sary. Other parameters are taken or estimated from the literature (references are provided beside those
parameter values), and others chosen such that 1) the viral load during infection experiences at least a three
orders of magnitude increase and peaks at around the second day post infection [10, 17, 22, 28]; 2) IFN is
maximally activated at around 2–4 days post infection [28]; and 3) antibodies are observable (i.e. rise above a
lower detection threshold limit) later than six days post infection [24, 35].

Par. Description Model
1

Model
2

Model
3

Units

p viral production rate 0.35 uVu
�1
T d�1

c viral clearance rate 20 [28] d−1

μ rate of viral neutralisation by binding of antibodies 0.2 u�1
A d�1

μ0 rate of antibody consumption by binding to virions 0.04 u�1
V d�1

β rate of viral consumption by binding to target cells 5 × 10−7 u�1
T d�1

β0 rate of conversion from target cells to infected cells by
viral infection

2 × 10−5 u�1
V d�1

g basal growth rate of healthy cells 0.8 d−1

Ct total number of epithelial cells in the ferret URT 7 × 107 [29] uT
δ death/removal rate of infected cells 3 d−1

ϕ rate of IFN-induced conversion from target cells to virus-
resistant cells

0.14 0 0 u�1
F d�1

ρ rate of recovery from virus-resistant cells to target cells 0.05 0 0 d−1

ξ death rate of virus-resistant cells 0.1 0 0 d−1

s sensitivity of viral production rate to IFN 0 varied 0 ——

κ killing rate of infected cells by NK cells 0 0 varied u�1
F d�1

q IFN production rate varied uFu
�1
T d�1

d IFN degradation rate 2 [28, 36] d−1

m1 rate of virus-induced B cell activation 1 × 10−4 u�1
V d�1

m2 rate of B cell deactivation 0.01 d−1

m3 antibody production rate 12000 uA d−1

r antibody degradation rate 0.2 [16, 24] d−1

doi:10.1371/journal.pcbi.1004334.t001
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target cells and IFN, but induce distinct and non-crossreactive antibody responses:

dT
dt

¼ gðT þ RÞ 1� T þ Rþ I1 þ I2
Ct

� �
� b0

1V1T � b0
2V2T þ rR� �FT; ð8Þ

dR
dt

¼ �FT � rR� xR; ð9Þ

dF
dt

¼ q1I1 þ q2I2 � dF; ð10Þ

dV1

dt
¼ p1I1

1þ s1F
� c1V1 � m1V1A1 � b1V1T; ð11Þ

dI1
dt

¼ b0
1V1T � d1I1 � k1I1F; ð12Þ

dB1

dt
¼ m11V1ð1� B1Þ �m21B1; ð13Þ

dA1

dt
¼ m31B1 � r1A1 � m0

1V1A1; ð14Þ

dV2

dt
¼ p2I2

1þ s2F
� c2V2 � m2V2A2 � b2V2T; ð15Þ

dI2
dt

¼ b0
2V2T � d2I2 � k2I2F; ð16Þ

dB2

dt
¼ m12V2ð1� B2Þ �m22B2; ð17Þ

dA2

dt
¼ m32B2 � r2A2 � m0

2V2A2: ð18Þ

An additional subscript (1 or 2, following the existing ones if there is already a subscript like
m1,m2 andm3) has been introduced for all the relevant variables and parameters to indicate
the primary and challenge viruses. Due to a paucity of experimental data, all parameters for the
two viruses are assumed to be equal unless otherwise specified.

As for the single-virus model, we also extend the re-exposure model to three models, each
of which includes only one of the innate immune response mechanisms:

• Model R1: including an IFN-induced virus-resistant state of the target cells (by letting s1 = s2
= 0 and κ1 = κ2 = 0),

• Model R2: including an IFN-induced diminished viral production rate (by letting ϕ = ρ = ξ =
0 and κ1 = κ2 = 0),

• Model R3: including killing of infected cells by IFN-activated NK cells (by letting ϕ = ρ = ξ =
0 and s1 = s2 = 0).
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Methods for numerical simulations and statistical analyses
The ordinary differential equation (ODE) models were solved using MATLAB’s ode15s ODE
solver (The MathWorks, Natick, MA). We set an absolute tolerance of 10−12 on all variables for
accuracy. For the single-exposure models (e.g. Eqs 1—7), initial conditions were V = 1, T = Ct

with all other variables set to zero at t = 0. For the re-exposure models (e.g. Eqs 8—18), initial
conditions were V1 = 1, T = Ct with all other variables set to zero at t = 0. V2 = 1 was then intro-
duced at the time of challenge. The resolution of the simulated time series shown in the figures
was set to be one hundred points per day. When analysing the re-exposure model results, we
introduced an indicator, the moving-correlation (MC) coefficient, defined to be the correlation
coefficient of a subset of the time series within a moving window, to indicate the periods where
the rates of change of the two viral loads were either synchronised or desynchronised. The
moving-window was set to be 0.2 days (corresponding to 20 points based on the time series res-
olution), which we found was sufficient to correctly capture both the relationships and the
turning points (smaller values do not further improve the determination of phase-transition
points). Determination of these critical phase-transition times was also confirmed by observa-
tion based on the time course of solutions. The first peak of the secondary viral infection sepa-
rating Phase 1 and 2 (defined in the Results) was determined by finding the points where dV2/
dt = 0. MATLAB code is provided in the Supporting Information.

Results
We first explore the dynamics of single virus infection. We study howModels 1–3 differ in
their explanations of immune-mediated viral control, through both numerical simulation and
consideration of the structural properties of the models. Based on these analyses, we then move
on to study the re-exposure data using Models R1–R3. With our emphasis on exploring how
different viruses’ abilities to stimulate the innate-immune response may induce viral hierar-
chies, we keep the underlying kinetic properties of the primary and challenge viruses equal.

IFN-mediated induction of a resistive state for target cells still results in
viral control via target-cell depletion
The level of IFN should significantly influence the kinetics of viral infection based on the
(three) model formulations. The control of the level of IFN is achieved by using different IFN
production rates (q). Here we examine how the behaviour of the three models changes for dif-
ferent rates of IFN production and how the models compare to one another.

For Model 1, a higher rate of IFN production (and thus a higher attained IFN level) is able
to maintain a considerable level of healthy cells in the virus-resistant state, which in turn facili-
tates a relatively rapid replenishment of target cells immediately following the control of viral
infection. However Model 1 fails to prevent the occurrence of a temporary depletion of target
cells (see S1 Fig in the Supporting Information). Indeed, target-cell depletion remains the
underlying mechanism for control. This is not a surprising result, as in Model 1 increasing IFN
leads to a decrease of the term −ϕFT in Eq 2, which facilitates the consumption of target cells.

A detailed study of the change in viral load for both low and higher levels of IFN production
(q) is shown in Fig 5A and 5B, where the change of viral load (dV/dt in Eq 1) is decomposed
into its four components (appearing on the right-hand side of Eq 1), whose relative contribu-
tions to the change in viral load vary by the stage of infection. Both figures show that the single
virus infection may be deconstructed into three distinct stages. In the first (“early”) stage of
infection (0–2 days) virions are primarily consumed by binding to the target cells (due to an
almost full target cell pool) and natural decay, whereas the contribution from antibody is
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Fig 5. Stage analysis of the three models with different antiviral mechanisms. For each model, we compute the solutions for two different IFN
production rates, q = 10−7 and q = 5 × 10−6 (shown in S1–S3 Figs in the Supporting Information). Focusing on understanding the mechanisms of control of
viral load, we present here the time series for the four terms on the right-hand side of Eq 1, pI/(1+sF) (viral growth), cV (viral natural decay), μAV (killed by
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negligible. The second stage (3–5 days) features a significant drop in the term for binding to
target cells, which confirms that high IFN levels do not prevent a temporary depletion of the
target cells for Model 1. In the last stage, starting around day 5, antibodies begin to dominate
the removal of virions.

In contrast to Model 1 in which target-cell depletion is the primary mechanism of viral con-
trol, both Model 2 and Model 3 are able to maintain a relatively high level of target cells when a
sufficiently high IFN production rate is assumed (S2B and S3B Figs). The conservation of a
high level of target cells is also clearly reflected by Fig 5D and 5F wherein the curve represent-
ing binding to target cells (βVT) does not show the quick drop evident in Model 1’s dynamics
during the second stage post infection. This implies that the decrease in viral load in the second
stage for Models 2 and 3 with a larger IFN production rate is driven by mechanisms other than
effective limitation in the number of target cells.

When the IFN production rate is small (q = 10−7), as shown in Fig 5A, 5C and 5E, all three
models converge (as expected) to generate qualitatively the same dynamical behaviours as
from the simplest TIV model lacking an explicit, time-dependent innate immune response (see
S4 Fig).

To study how target-cell depletion varies with the IFN production rate (q) in greater detail,
we now explore model behaviour as q increases from 10−8 to 5 × 10−5. With increasing q, both
Model 2 and Model 3 gradually prevent a temporary depletion of target cells (measured by the
minimum of target cell number within the first 7 days post-infection) whereas Model 1 fails to
do so (Fig 6; S5–S7 Figs show examples of full time courses for relevant model compartments).
Even when allowing the transition rates for the production (ϕ) and decay (ρ) of IFN to be sam-
pled from the space {(ϕ, ρ) 2 [0, 10] × [0, 100]}, we find the minimum target cell number for
Model 1 is restricted to lie within the grey region in Fig 6. Note that for some intermediate val-
ues of q the models may lose their ability to completely clear virus (see S6 and S7 Figs), likely
due to a lack of immune components or incorporation of only one innate immune mechanism
for each case (see Discussion for further comments). These results confirm that Model 1 pri-
marily utilises target cell depletion for viral control and demonstrate that Models 2 and 3 may
also have different dynamical properties depending on the IFN production rate.

Challenge virus kinetics are strongly influenced by the inter-exposure
interval
Having established the mechanisms Models 1–3 use to control viral infection, we now move
onto an examination of the behaviours of the re-exposure models, in which two viruses (the
primary and challenge viruses) are introduced consecutively with an inter-exposure interval
(IEI). We first study Model R1 in detail, focusing on how the model recaptures the clear depen-
dence upon the IEI shown in the experimental data (Figs 1 and 2). We then present the results
of the other two re-exposure models based on that analysis, and through a comparison evaluate
the differences between the three models.

Fig 7 shows that the solutions of Model R1, in particular the viral kinetics of the second
virus (red curves), change dramatically as the IEI increases from 1 day (A) to 14 days (F).
These changes are summarised and can be explained as follows:

antibody), and βVT (binding to target cells), which are calculated based on the model solutions and represent the contribution of each term to the change of
viral load (dV/dt). Model 1: panels (A) and (B); Model 2: panels (C) and (D); Model 3: panels (E) and (F). For each of the cases shown, we use black trangles
to roughly indicate three consecutive phases, which are characterised by the dominant factors involved in controlling the change of viral load.

doi:10.1371/journal.pcbi.1004334.g005
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• For a 1 day interval (Fig 7A), the two viruses undergo an initially synchronised increase fol-
lowed by a synchronised decrease (i.e. co-infection). The synchronised increase occurs in the
very early stage of infection when target cell numbers remain sufficiently high, corresponding
to the first stage of single-virus infection as examined in the previous section. Following tar-
get cell depletion, both viruses decrease and are eventually cleared by strain-specific antibody.
The dynamics are akin to those for a single virus infection.

• For a 2 day interval (Fig 7B), a short period of synchronised increase is followed by a syn-
chronised decrease (indicated by the MC coefficient of 1). However, this is then followed by a
desynchronised period (MC coefficient of -1) wherein the primary virus is cleared while the
challenge virus grows once more. During the initial period of synchronised growth the chal-
lenge virus’ load is two orders of magnitude smaller than that of the primary virus and the
challenge virus in Fig 7A. This may be understood by the strong depletion of target cells by
this time. Such a low viral load does not effectively activate antibody production for that
virus so that following the brief drop (synchronised with the first virus due to temporary
depletion of target cells) the challenge virus increases again with the replenishment of the tar-
get cell population.

• For a 3 day interval (Fig 7C) there is no period of synchronised growth. Rather, a synchro-
nised decrease appears immediately following challenge with the second virus due to the
temporary depletion of target cells, which is the key feature of the second stage for the single-
virus infection (recall Fig 5). Challenge with the second virus during this second stage of the
primary virus infection (around 3–5 days) leads to qualitatively the same behaviours (shown
later). Similar to Fig 7B, after the initial drop, the second virus experiences a full cycle of
infection.

Fig 6. Dependence of target cell depletion on IFN production rate q for Models 1–3. For each single
virus-strain model, we vary the value of q and record the minimum level of target cells (value of T) within 7
days post-infection. Models 2 and 3 show a sigmoidal increase as q increases from 10−8 to 10−4, as opposed
to Model 1 which always gives a nearly depleted target cell pool. For Model 1, if we allow q, ϕ and ρ to vary
(e.g. using a mesh grid of (q, ϕ, ρ) = [0,10−8:0.2:−4] × [0,10−3:0.4:1] × [0,10−3:0.5:2] in this simulation), we find all of
the cases give minimum levels of target cells within the grey area. Note that s = 1 for Model 2 and κ = 3 for
Model 3.

doi:10.1371/journal.pcbi.1004334.g006
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• For an IEI over 6 days (Fig 7E and 7F) the primary virus has essentially been cleared at the
time of challenge (stage three of the primary virus infection). During this stage target cell
numbers are increasing, enabling immediate infection by the second virus.

Fig 8 summarises all the observed behaviours of Model R1 and indicates the different phases
including productive co-infection (Phase 1, grey), an early synchronised decrease (Phase 2,
red), a desynchronised phase (Phase 3, green) and final removal of the challenge virus (Phase
4, blue). Importantly, all four phases can be easily mapped to experimental data (Figs 1–3), and
always appear in the described order. We will see later that the other two re-exposure models,

Fig 7. Solutions of Model R1 for different IEI. Primary and challenge viral kinetics, target (and resistant) cell kinetics and the moving-correlation (MC)
coefficient for Model R1 as a function of the exposure interval varied from 1 day (A) to 14 days (F). Initial conditions are V1 = 1, T = Ct with all other variables
set to zero at t = 0. V2 = 1 is then introduced at t = 14 days indicated by the vertical dashed lines. We assume q1 = q2 = 5 × 10−6. The MC coefficient,
facilitating an overall understanding of the vial load time series, is used to indicate synchronisation (+1)/desynchronisation (−1) of the two simulated viral
loads and more importantly to identify where the synchronous trend changes (see the “Methods for numerical simulations and statistical analyses” section for
details).

doi:10.1371/journal.pcbi.1004334.g007

Immune Response and Viral Hierarchy

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004334 August 18, 2015 15 / 28



although exhibiting qualitative differences fromModel R1, do not alter the order established
here.

As we have analysed, the infection dynamics are closely related to the stage of the primary
virus infection at the time of challenge with the second virus, explaining the strong influence of
the exposure interval in both the experimental observations and model outputs. All of our
observations can be summarised in a single figure (Fig 9A). Reading horizontally, we see that

Fig 8. Phase decomposition of the re-exposure behaviours. The representative cases selected from Fig
7 correspond to (from top to bottom) the IEI of 1 day, 2 days, 3 days and 7 days respectively. Dashed curves
indicate the viral load of the primary virus infection and solid curves indicate the viral load of the second
challenge. Four phases are observed in order. Phase 1 (grey) is the co-infection phase. Phase 2 (red) is a
phase where a synchronised drop is observed (the similar case also spotted in the data, see Fig 1). Phase 3
(green) is a desynchronised phase where the first virus experiences a decrease due to antibody
neutralisation whereas the second virus increases due to the replenishment of the target cell pool. Phase 4
(blue) is the final period where both viruses are neutralised by their specific antibodies. A scale bar of 5 days
indicates the length of time.

doi:10.1371/journal.pcbi.1004334.g008
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the four phases (separated by colours) appear in order through time. Viewed vertically, the fig-
ure shows that the choice of the IEI strongly affects the qualitative behaviours of the re-expo-
sure model (distinguished by dashed lines). Importantly, all regions of this plane may be
classified as one of the four phases, suggesting a complete picture has been obtained through
this classification procedure. Because of the concise nature of this method of showing re-expo-
sure results, this type of figure will be used to show further results for the alternative re-expo-
sure models (Models R2 and R3).

Fig 9. Re-exposure behaviour of Model R1 for different IFN production rates. A smaller IFN production for the primary virus for Model R1 does not lead
to any qualitative difference, in terms of the dependence of model behaviours for the challenge virus on the IEI, from the case of very large IFN production
rate of the first virus. The pattern is also independent of the choice of q2. The meaning of each colour is explained in Fig 8. They all exhibit four types of
behaviours (seen vertically, separated by dashed lines) and within each type the phase decomposition and their order are preserved.

doi:10.1371/journal.pcbi.1004334.g009
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The hierarchy of viral infection is reproduced by the re-exposure models
and provides new insight into model selection
Continuing with the study of Model R1, we now examine whether it can generate qualitatively
different re-exposure behaviours (i.e. generate patterns different from that in Fig 9A) by only
changing the IFN production rates of the two viruses, q1 and q2. As shown in the previous sec-
tion on single infection, different IFN production rates drive different model behaviours. A
very small IFN production (e.g. 10−7) resembles a model that lacks any IFN-induced protective
effect whereas a model with a relatively large IFN production rate (e.g. 5 × 10−6) shows a signif-
icant conversion of target cells to the virus-resistant state. Results are given in Fig 9 where four
different combinations of values for q1 and q2 are examined. S10 Fig presents further combina-
tions of values for q1 and q2 drawn from a wider range. All sub-figures (Fig 9; S10 Fig) show a
qualitatively similar pattern. In particular, regardless of the level of IFN production (and thus
regardless of whether the resistant state is introduced or not), all show the existence of Phase 2
(red) which characterises the inhibitory effect of the primary virus infection on the challenge
virus. Based on our previous analyses of a single viral infection, this is a result of target cell
depletion which cannot be avoided by solely introducing the virus-resistant state. Thus, Model
R1 (with all other parameters fixed and equal for the two viruses) fails to reproduce the hierar-
chy of viral infection shown in the data; e.g. primary infection with A(H1N1)pdm09 strongly
inhibited influenza B virus challenge dynamics (Fig 1), whereas the latter showed a very limited
ability to inhibit the former (Fig 2). The subtle quantitative differences visible in Fig 9 and S10
Fig are understood by considering that a larger q1 (regardless of q2) induces a larger virus-resis-
tant cell population (R) and so more rapid replenishment of the target cell pool. Consequently,
an increased q1 leads to a shorter duration of Phase 2 (IEI of day 3–5) as also shown in S1 Fig.

Moving on to consider Models R2 and R3, two different patterns emerge when varying the
IFN production rate, as demonstrated by comparing the top row to the bottom row in Figs 10
and 11 for Models R2 and R3 respectively (also see S8 and S9 Figs for examples of time courses
of the solutions). These patterns successfully reproduce the hierarchy of viral infection
observed from the experimental data (Figs 1 and 2), as we now illustrate. Consider the case that
A(H1N1)pdm09 strongly stimulates the immune response (high q) and influenza B provides
weaker stimulation (low q). Then if we take the primary virus to be A(H1N1)pdm09 (q1 =
5 × 10−6) and the challenge virus to be influenza B (q2 = 10−7) we observe that A(H1N1)pdm09
delays infection with influenza B for short IEIs (Fig 10B and S8 Fig). Conversely, if influenza B
is administered first (q1 = 10−7), then challenge with A(H1N1)pdm09 (q2 = 5 × 10−6) results in
co-infection for short IEIs (Fig 10C). Results for more combinations of values for q1 and q2
drawn from a wider range are provided in S11 Fig (for Model R2) and S12 Fig (for Model R3).
In all scenarios for Models R2 and R3, high q1 prevents depletion of the target cell pool during
the primary virus infection (see Fig 6). While exerting a weak delay on the challenge virus for
an IEI of 1–3 days (seen in both data and simulation results), the continued availability of tar-
get cells allows for productive replication, preventing the system from displaying Phase 2
dynamics. Similar to Model R1, we observe that the patterns are primarily dominated by the
IFN production rate of the first virus but nearly independent of that of the second virus (S10–
S12 Figs).

In summary, our three models—with their alternative hypothesised mechanisms for the
action of the innate response leading to viral control—are each capable of capturing the
dynamics of a single virus infection and the main features of primary–challenge experiments.
However, Model R1, with its reliance upon the virus-resistant state fails to reproduce the hier-
archy of viral infection (i.e. it always produces Phase 2 dynamics). For the other two mecha-
nisms—a decreasing viral production rate (Model R2) or an induced killing of infected cells by
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NK cells (Model R3)—we have shown that both are able to reproduce all the behaviours includ-
ing the hierarchy of viral infection observed in the experimental data. We have made these
observations based on the assumption that the viruses’ underlying kinetic properties are the
same and that their differing ability to induce IFN production is the mediator of observed dif-
ference. In the Supporting Information (S13 and S14 Figs), we extend our study by exploring
some alternative models in which other virus-immunity parameters are allowed to vary (in
addition to the IFN production rate), and demonstrate that Models R2 and R3 can still repro-
duce the observed hierarchies, while Model R1 remains reliant upon target-cell depletion and
so is less capable of capturing the observations.

Fig 10. Re-exposure behaviour of Model R2 for different IFN production rates.Different IFN productions of the first virus for Model R2 lead to
qualitatively different patterns of re-exposure simulation. The pattern is independent of the choice of q2. The meaning of each colour is explained in Fig 8. In
spite of different patterns, the order of phase is preserved for any cases. We assume here that s1 = s2 = 1.

doi:10.1371/journal.pcbi.1004334.g010

Immune Response and Viral Hierarchy

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004334 August 18, 2015 19 / 28



Stochasticity may explain the complete blocking of the challenge virus at
short inter-exposure intervals
We have shown that the re-exposure model can successfully reproduce the phenomena of co-
infection and delay (Fig 3). However, we also observe complete blocking of the challenge virus
following primary infection in some circumstances (Fig 1, IEIs of 3 and 7 days, and Fig 3).
Although the reason for complete inhibition remains unclear, that it only occurs in some of the
experimental replicates [10] suggests that stochastic effects in terms of viral dynamics may be
important. We hypothesise that failure of the challenge virus may occur when the number of
virions (V2num) drops to a sufficiently low value such that stochastic effects become dominant

Fig 11. Re-exposure behaviour of Model R3 for different IFN production rates.Different IFN productions of the first virus for Model R3 lead to
qualitatively different patterns of re-exposure simulation. The pattern is independent of the choice of q2. The meaning of each colour is explained in Fig 8. In
spite of different patterns, the order of phase is preserved for any cases. We assume here that κ1 = κ2 = 3.

doi:10.1371/journal.pcbi.1004334.g011
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Fig 12. Stochastic simulations show an initial decrease in viral load down to a relatively low level could lead to stochastic extinction, which cannot
be explained by deterministic models.With an initial 700 virions (which are far larger than an initial number of 40 virions used in the deterministic model,
because V2 = 1 is equivalent to V2num = 40 virions) in the second viral inoculation, the virus could survive (A) or go extinct (B). V2num denotes the number of
virions for the second inoculation and I2 is the number of cells infected by the second type of virus. The stochastic model used here is derived from the model
used to simulate Fig 6C with an IEI of 3 days (see the Supporting Information for details). The horizontal axes indicate the days after the infection with the
second virus (i.e. 0 here corresponds to day 14 in Fig 7C). Panel (C) shows dependence of failure rate of the second viral infection on the initial number of re-
challenged virions. A success event is defined to be an event where the viral number can exceed 10000 within 10 days following the re-challenge. The
control case indicates the single-virus infection with an initial number of 40 virions (i.e. a stochastic simulation of Model 1). The IEI is still fixed to be 3 days.

doi:10.1371/journal.pcbi.1004334.g012
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[37]. For example, the case of an initially synchronised decrease (see Fig 3 and Fig 7C) makes
our hypothesis possible. Here we examine this by using a stochastic model derived from the
deterministic model used to generate Fig 6C (see the Supporting Information for details on the
stochastic model, its implementation and parameterisation). Fig 12 shows that, although the
solution of the deterministic model shows a rebound in viral load, the stochastic model results
in two possible classes of solution: delayed infection with the second virus (“success”) or
blocked infection with the second virus (“failure”).

To quantify this stochastic phenomenon, we investigate the dependence of the success/fail-
ure rate on the initial number of virions (see Fig 12C). Results show that the failure rate
increases as the initial number of virions decreases in the presence of an innate immune
response. Although the control case shows a 0% chance (0 out of 1000 simulations) of failure
for the primary virus infection with an initial number of 40 virions, the same number of virions
in the challenge inoculum is insufficient to generate any re-infection events. However, as the
initial number of virions (for both the primary and challenge viruses) increases from 40 to
5000, the chance of generating successful re-infection events increases to 100%, with a half
chance of success when approximately 700 virions are present in the inoculum (as used to gen-
erate Fig 12A and 12B). This implies that failure could be due to an insufficient number of suc-
cessfully infecting virions in the challenge virus inoculum, even if this number is sufficient to
reliably induce infection with the primary virus.

Discussion
In this paper, we have investigated the role of innate immunity and its possible mechanisms of
action based on both experimental data and mathematical models. Experimental data show
that infection with one virus prior to challenge with a second strain can delay/block the second
viral infection (Figs 1 and 2 and [10]). We interpret these findings as evidence for a hierarchy
in different viruses to induce an innate immune response, and in the role of innate immunity
in controlling viral infection [10]. To better understand the possible mechanisms accounting
for the hierarchy and some interesting (a)synchronised infections observed experimentally (Fig
3), we constructed and analysed several mathematical models with different IFN-induced
immune response mechanisms. Our results show that 1) without other (virus specific) mecha-
nisms at play, a model solely with a virus-resistant state is not able to reproduce the hierarchy
of viral infection; and 2) the occurrence of synchronised and desynchronised phenomena is
highly dependent upon both the hierarchy of viral infectious ability and the time interval
between the consecutive viral inoculations.

In more detail, we have shown that the model solely with a virus-resistant state (Model 1)
primarily utilises target cell depletion to control viral growth, independent of the IFN produc-
tion rate (Fig 6, black curve). The temporary depletion of target cells will strongly limit the
growth of any other virus, resulting in the failure to observe a viral hierarchy (Fig 9). In con-
trast, for the other two mechanisms (Models 2 and 3), sufficient production of IFN efficiently
prevents target cells from depletion (Fig 6, green and red curves), providing a foundation for
another virus to rapidly replicate (Figs 10 and 11).

Alternative mechanisms for the action of the innate immune response have been adopted
by many models in the literature [16–19, 21–24, 26, 28, 38]. Although each has achieved suc-
cess in unveiling important kinetic parameters of viruses and immunity, their focus on infec-
tion with a single virus has not allowed for the investigation of the relative importance of the
different immune mechanisms and the hierarchical interaction between virus strains. Based on
re-exposure experiments [10], here we have re-examined the immune mechanisms proposed
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by previous studies and showed that different proposed mechanisms have differing capabilities
and limitations in reproducing the re-exposure data.

Our mathematical analysis, in conjunction with re-exposure experiments, not only demon-
strates the importance of studying experiments involving multi-strain viral infections but also
opens a new paradigm in which to study the immune response to influenza and its role in viral
control. We can now expand the ways in which to systematically evaluate the feasibility and rel-
ative importance of different hypothesised mechanisms of innate immunity, a knowledge gap
highlighted in recent reviews [34, 35]. In this context, our work complements and extends the
current literature on the use of co-infection and re-exposure studies, in combination with
mathematical modelling, to investigate a range of biological phenomena such as assessment of
fitness (e.g. for drug-resistant strains of influenza [32], virulent strains of malaria [39], and
escape mutant virus for SIV [40]).

In the main text we have focused on the role of IFN production in generating the viral hier-
archy, assuming other parameters are strain independent. Our results suggested that the level
of target cells was critical in determining the formation of re-infection patterns as shown in
Figs 10 and 11. However, this is not always true when we increase the dimension of model vari-
ability. For example, if we assume that the primary and challenge viruses have different sensi-
tivities in their replication rate to IFN (s), we may see again the exhibition of Phase 2 dynamics
for Model R2 (S13 Fig in the Supporting Information). Similar results are also applicable to
Model R3 and are shown in S14 Fig, where using different killing rates of infected cells by IFN-
activated NK cells (κ) yields different re-infection patterns without depleting target cells. We
also note that the behaviours of Models 2 and 3 for the simulations of single-virus infection
shown in Fig 5 are not continuously dependent upon the IFN production rate. As q increases
from q = 10−7 to q = 5 × 10−6, both models lose their ability to control infection, resulting in a
sustained and high viral load for some intermediate values of q (see S6 and S7 Figs). On the one
hand, this may be due to omission of some key mechanisms (e.g. CD8 T cells dynamics and
other specific cytokine functions). On the other hand, since the question of whether the depen-
dence should be continuous or otherwise has not yet been evaluated experimentally, no reliable
criterion can be used to judge this mathematical observation. Of course, since each of the mod-
els incorporates only one of the innate immune response mechanisms, as per the focus and
requirements of our theoretical study, a detailed examination of overall model stability, in
which several of the hypothesised mechanisms may be active, was not performed. As such we
do not over-elaborate on this issue but leave it to be determined by future work.

Due to a paucity of experimental data, we have assumed throughout this paper that the pri-
mary and challenge viruses had the same parameter values except for those parameters directly
related to the activity of the innate immune response (i.e. the IFN production rate (q); the sen-
sitivity of the viral production rate to IFN (s); and the killing rate of infected cells by NK cells
(κ)). While this simplifying assumption has allowed us to explore the possible drivers of behav-
iour, and demonstrate the fundamental differences in dynamical properties of the alternative
hypotheses, it emphasises again the need for both further experimental data to be collected
(e.g. time courses of markers of the immune response) and even tighter coupling of theoretical
analyses to those based on more detailed data [10]. In ongoing work, we are applying hierarchi-
cal statistical techniques to fit our full models to the available re-exposure data. Through this
process, we aim to explore the relative importance of different elements of the innate immune
response and how they differ between strains, and furthermore, the contribution, if any, of dif-
ferences in viral kinetic parameters by strain. Additionally, the observation of delays to peak
for the challenge virus in some ferrets [10] may be in principle due to stochastic variation in
the effective size of the initial inoculum. While the statistical analyses conducted in [10] suggest
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that this effect is unlikely to be dominant, variation in the initial conditions of each inoculum
will be considered in the statistical study of the re-exposure data.

The models in this paper have been constructed, as have previous models [16, 18, 19, 21, 25,
28, 33], by incorporating both innate and adaptive immune responses into the classic Target
cell–Infected cell-Virus model structure. We have made only the minimum extensions neces-
sary to enable re-capture of the observed re-infection kinetic behaviour [10]. Although the
models are demonstrably successful in reproducing those data, they by no means capture all of
the host-immune interactions observed experimentally for influenza, and for those interactions
that they do capture, alternative structural forms may be more appropriate. For example, many
studies have shown that CD8 T cells play an important role in the removal of infected cells
[41–43]. While the cellular adaptive response is not explicitly captured in our models, we have
slightly increased the value of δ from the estimated natural death rate of 0.5 − 2 day−1 [16, 18,
19] to 3 day−1 to (partially) correct for this effect. In addition, part of the NK cell killing effect
(κIF) could also be considered as a CD8 T cell mediated process. In terms of structure, we have
considered only one particular functional description of the innate immune response (e.g. a
first-order stimulatory response for IFN) and one form for each of the hypothesised actions of
the IFN-mediated response. Alternative structural forms for these, and other, immunological
processes may in principle result in different dynamics. In general, any missing components
(e.g. CD8 T cells) or mis-specification of the detailed form of how processes act (e.g. IFN-medi-
ated processes) may influence the reliability of our models and their interpretation, and thus
further work to collect sufficient data to increase the biological fidelity of models is warranted.

Supporting Information
S1 Text. Equations and MATLAB code for stochastic simulations.
(PDF)

S2 Text. MATLAB code for deterministic model simulation and generating figures shown
in the paper.
(PDF)

S1 Fig. Solutions of Model 1. Solution of Model 1 for two different IFN production rates,
q = 10−7 and q = 5 × 10−6, under the initial condition of V(0) = 1, T(0) = Ct and zeros for all
other variables.
(PDF)

S2 Fig. Solutions of Model 2. Solutions of Model 2 for two different IFN production rates,
q = 10−7 and q = 5 × 10−6, under the initial condition of V(0) = 1, T(0) = Ct and zeros for all
other variables. We set s = 1 here, which will be treated as a benchmark value for later compari-
sons.
(PDF)

S3 Fig. Solutions of Model 3. Solutions of Model 3 for two different IFN production rates,
q = 10−7 and q = 5 × 10−6, under the initial condition of V(0) = 1, T(0) = Ct and zeros for all
other variables. We use a benchmark value of κ = 3, which lies around the middle of the range
estimated from the paper by Pawelek et al. (see reference 28 in the main text)
(PDF)

S4 Fig. Solution of a model without innate immunity. A solution of Eqs 1–7 in the main text
for zero IFN production, q = 0 mimicking no time-dependent innate immunity, under the ini-
tial condition of V(0) = 1, T(0) = Ct and zeros for all other variables. (A) shows time courses of
important variables. (B) shows the time series of the four terms on the right-hand side of Eq 1,
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pI/(1+sF) (viral growth), cV (viral natural decay), μAV (killed by antibody), and βVT (binding
to target cells), are calculated based on the solution and plotted in each panel. They represent
the contribution of each term to the change of viral load (dV/dt).
(PDF)

S5 Fig. Dependence of Model 1 behaviour on IFN production rate. Time series show that a
temporary depletion of the target cell pool occurs for four different IFN production rates (q).
(PDF)

S6 Fig. Dependence of Model 2 behaviour on IFN production rate. Time series show that a
temporary depletion of the target cell pool occurs for a small IFN production rate (q = 10−7)
but not for a large one (q = 5 × 10−6). However, for some intermediate values of q, the model
loses the ability to clear virus, resulting in a sustained elevation of viral load. Possible reasons
are explored in the Discussion. We use s = 1.
(PDF)

S7 Fig. Dependence of Model 3 behaviour on IFN production rate. Time series show that a
temporary depletion of the target cell pool occurs for a small IFN production rate (q = 10−7)
but not for a large one (q = 5 × 10−6). However, for some intermediate values of q, the model
loses the ability to clear virus, resulting in a sustained elevation of viral load. Possible reasons
are explored in Discussion. We use κ = 3.
(PDF)

S8 Fig. Dependence of Model R2 behaviour on the IEI. Simulations are done by using Model
R2. Initial conditions are V1 = 1, T = Ct and zeros for all other variables at t = 0 day and V2 = 1
is then introduced at t = 14 days indicated by dashed lines. We use s1 = s2 = 1, q1 = 5 × 10−6 and
q2 = 10−7. The moving-correlation (MC) coefficient is used to indicate synchronisation/desyn-
chronisation of the two viral loads.
(PDF)

S9 Fig. Dependence of Model R3 behaviour on the IEI. Simulations are done by using Model
R3. Initial conditions are V1 = 1, T = Ct and zeros for all other variables at t = 0 day and V2 = 1
is then introduced at t = 14 days indicated by dashed lines. We use κ1 = κ2 = 3, q1 = 5 × 10−6

and q2 = 10−7. The moving-correlation (MC) coefficient is used to indicate synchronisation/
desynchronisation of the two viral loads.
(PDF)

S10 Fig. Re-exposure behaviour of Model R1 for four different IFN production rates. The
value of the IFN production for the primary virus for Model R1 does not lead to any qualitative
different patters of infection upon re-exposure. Both small and large values of q1 result in tar-
get-cell depletion. The pattern is also independent of the choice of q2. The model does not sup-
port the observed viral hierachy. The meaning of each colour is explained in Fig 8 in the main
text. This figure is an extension of Fig 9 where only two intermediate q values are presented.
(PDF)

S11 Fig. Re-exposure behaviour of Model R2 for four different IFN production rates. Dif-
ferent IFN production rates for the primary virus for Model R2 lead to qualitatively different
patterns of infection upon re-exposure. The pattern is driven by q1 and independent of the
choice of q2. The meaning of each colour is explained in Fig 8 in the main text. This figure is an
extension of Fig 10 where only two intermediate q values are presented. We assume here that s1
= s2 = 1.
(PDF)
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S12 Fig. Re-exposure behaviour of Model R3 for four different IFN production rates. Dif-
ferent IFN production rates for the primary virus for Model R3 lead to qualitatively different
patterns of infection upon re-exposure. The pattern is driven by q1 and independent of the
choice of q2. The meaning of each colour is explained in Fig 8 in the main text. This figure is an
extension of Fig 11 where only two intermediate q values are presented. We assume here that
κ1 = κ2 = 3.
(PDF)

S13 Fig. Dependence of re-infection pattern on IFN-sensitivity parameter s. Varying the
IFN-sensitivity parameter s in Model R2 leads to different patterns from that with the same
IFN-sensitivity shown in Fig 9 in the main text. Note that q needs also to change accordingly
for large s to maintain the change of viral load qualitatively similar to experimental observa-
tions. Thus, we choose q = 5 × 10−6 when s = 1 and q2 = 5 × 10−7 when s = 10. Dashed lines sep-
arate different model behaviours in terms of the timing of the second virus challenge.
(PDF)

S14 Fig. Dependence of re-infection pattern on killing rate of virus by IFN-activated NK
cells κ. Varying the killing rate of virus by IFN-activated NK cells κ in Model R3 leads to differ-
ent patterns from that with the same IFN-sensitivity shown in Fig 10 in the main text. Note
again that q needs also to change accordingly for large κ to maintain the change of viral load
qualitatively similar to experimental observations. Thus, we choose q = 5 × 10−6 when κ = 3
and q2 = 1 × 10−6 when κ = 15. Dashed lines separate different model behaviours in terms of
the timing of the second virus challenge.
(PDF)
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Myriad experiments have identified an important role for CD8+ T cell response mecha-
nisms in determining recovery from influenza A virus infection. Animal models of influenza
infection further implicate multiple elements of the immune response in defining the
dynamical characteristics of viral infection. To date, influenza virus models, while capturing
particular aspects of the natural infection history, have been unable to reproduce the
full gamut of observed viral kinetic behavior in a single coherent framework. Here, we
introduce a mathematical model of influenza viral dynamics incorporating innate, humoral,
and cellular immune components and explore its properties with a particular emphasis
on the role of cellular immunity. Calibrated against a range of murine data, our model
is capable of recapitulating observed viral kinetics from a multitude of experiments.
Importantly, the model predicts a robust exponential relationship between the level of
effector CD8+ T cells and recovery time, whereby recovery time rapidly decreases to a
fixed minimum recovery time with an increasing level of effector CD8+ T cells. We find
support for this relationship in recent clinical data from influenza A (H7N9) hospitalized
patients. The exponential relationship implies that people with a lower level of naive CD8+

T cells may receive significantly more benefit from induction of additional effector CD8+

T cells arising from immunological memory, itself established through either previous viral
infection or T cell-based vaccines.

Keywords: influenza, viral dynamics, mathematical model, cellular immunity, recovery time

1. INTRODUCTION

Invasion of influenza virus into a host’s upper respiratory tract leads to infection of healthy epithelial
cells and subsequent production of progeny virions (1). Infection also triggers a variety of immune
responses. In the early stage of infection, a temporary non-specific response (innate immunity)
contributes to the rapid control of viral growth, while in the late stage of infection, the adaptive
immune response dominates viral clearance (2). The early immune response involves production of
antiviral cytokines and cells, e.g., type 1 interferon (IFN) and natural killer cells (NK cells), and is
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independent of virus type (3–7). In the special case of a first
infection in a naive host, the adaptive immune response, mediated
by the differentiation of naive T cells and B cells and subsequent
production of virus-specific T cells and antibodies (2, 8), leads to
not only a prolonged killing of infected cells and virus but also
the formation of memory cells that can generate a rapid immune
response to secondary infection with the same virus (9, 10).

CD8+ T cells, which form a major component of adaptive
immunity, play an important role in efficient viral clearance (11).
However, available evidence suggests that they are unable to
clear virus in the absence of antibodies (12, 13) except in hosts
with a very high level of preexisting naive or memory CD8+

T cells (14–16). Some studies indicate that depletion of CD8+

T cells could decrease the viral clearance rate and thus prolong
the duration of infection (17–20). Furthermore, a recent study of
human influenza A (H7N9) hospitalized patients has implicated
the number of effector CD8+ T cells as an important driver of the
duration of infection (21). These diverse experimental and clinical
data, sourced from a number of host species, indicate that timely
activation and elevation of CD8+ T cell levels may play a major
role in the rapid and successful clearance of influenza virus from
the host. These observations motivate our modeling study of the
role of CD8+ T cells in influenza virus clearance.

Viral dynamics models have been extensively applied to the
investigation of the antiviral mechanisms of CD8+ T cell immu-
nity against a range of pathogens, with major contributions
for chronic infections such as HIV/SIV (22–27), HTLV-I (28),
and chronic LCMV (29, 30). However, for acute infections
such as measles (31) and influenza (32–42), highly dynamical
interactions between the viral load and the immune response
occur within a very short-time window, presenting new chal-
lenges for the development of models incorporating CD8+ T cell
immunity.

Existing influenza viral dynamics models, introduced to study
specific aspects of influenza infection, are limited in their ability
to capture all major aspects of the natural history of infection,
hindering their use in studying the role of CD8+ T cells in viral
clearance. Some models show a severe depletion of target cells
(i.e., healthy epithelial cells susceptible to viral infection) after
viral infection (34, 36–38, 40). Depletion may be due to either
infection or immune-mediated protection. Either way, thesemod-
els are arguably incompatible with recent evidence that the host
is susceptible to reinfection with a second strain of influenza,
a short period following primary exposure (43). Furthermore,
as reviewed by Dobrovolny et al. (39), target cell depletion in
these models strongly limits viral expansion so that virus can
be effectively controlled or cleared at early stage of infection
even in the absence of adaptive immunity, which contradicts the
experimental finding that influenza virus remains elevated in the
absence of adaptive immune response (44).While a fewmodels do
avoid target cell depletion (32, 33), they assume either immediate
replenishment of target cells (32) or a slow rate of viral invasion
into target cells resulting in a much delayed peak of virus titer at
day 5 postinfection (rather than the observed peak at day 2) (33).
Moreover, models with missing or unspecified major immune
components, e.g., no innate immunity (24, 25, 36, 38), no antibod-
ies (24, 25, 33, 41, 42), or unspecified adaptive immunity (40), also
indicate the need for further model development. For an in-depth

review of the current viral dynamics literature on influenza, we
refer the reader to the excellent article by Dobrovolny et al. (39).

In this article, we construct a within-host model of influenza
viral dynamics in naive (i.e., previously unexposed) hosts that
incorporates the major components of both innate and adaptive
immunity and use it to investigate the role of CD8+ T cells
in influenza viral clearance. The model is calibrated against a
set of published murine data by Miao et al. (38) and is then
validated through demonstration of its ability to qualitatively
reproduce a range of published data from immune-knockout
experiments (12, 13, 17, 18, 38, 44). By using the model, we
find that the recovery time—defined to be the time when virus
titer first drops below a chosen threshold in the (deterministic)
model—is negatively correlated with the level of effector CD8+

T cells in an approximately exponential manner. To the best
of our knowledge, this relationship, with support from both
H3N2-infected mice and H7N9-infected humans (21), has not
been previously identified. The exponential relationship between
CD8+ T cell level and recovery time is shown to be remarkably
robust to variation in a number of key parameters, such as viral
production rate, IFN production rate, delay of effector CD8+ T
cell production, and the level of antibodies. Moreover, by using
themodel, we predict that people with a lower level of naive CD8+

T cells may receive significantly more benefit from induction
of additional effector CD8+ T cells. Such production, arising
from immunological memory, may be established through either
previous viral infection or T cell-based vaccines.

2. MATERIALS AND METHODS

2.1. The Model
The model of primary viral infection is a coupled system of
ordinary and delay differential equations, consisting of three
major components (see Figure 1 for a schematic diagram).
Equations (1)–(3) describe the process of infection of target cells
by influenza virus and are amajor component in almost all models
of viral dynamics in the literature. Equations (4) and (5) model
IFN-mediated innate immunity (45, 46). Third, adaptive immu-
nity including CD8+ T cells and B cell-produced antibodies for
killing infected cells and neutralizing influenza virus, respectively,
are described by equations (6)–(11).

dV
dt = pVI − δVV − κSVAS − κLVAL − βVT, (1)

dT
dt = gT(T + R)

(
1 − T + R + I

T0

)
− β′VT + ρR − ϕFT,

(2)
dI
dt = β′VT − δII − κNIF − κEIE, (3)

dF
dt = pFI − δFF, (4)

dR
dt = ϕFT − ρR, (5)

dCn

dt = −βCn

(
V

V + hC

)
Cn, (6)

dE
dt = βCn

(
V(t − τC)

V(t − τC) + hC

)
Cn(t − τC)e(pCτC) − δEE, (7)
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FIGURE 1 | Schematic diagram showing the major components of viral
infection and the immune response. Infection starts when virus binds to
healthy epithelial cells (target cells). Infected cells release new virus and
produce cytokines such as IFN. IFN is a major driver of innate immunity,
responsible for effective control of rapid viral growth and expansion. Virus
further stimulates naive CD8+ T cells and B cells to produce effector CD8+

T cells and antibodies, responsible for final clearance of virus.

dBn

dt = −βBn

(
V

V + hB

)
Bn, (8)

dP
dt = βBn

(
V(t − τB)

V(t − τB) + hB

)
Bn(t − τB)e(pBτB) − δPP, (9)

dAS

dt = pSP − δSAS, (10)

dAL

dt = pLP − δLAL. (11)

In further detail, equation (1) indicates that the change in viral
load (V) is controlled by four factors: the production term (pVI)
in which virions are produced by infected cells (I) at a rate of pV
(37, 45, 47); the viral natural decay/clearance (δVV) with a decay
rate of δV; the viral neutralization terms (κSVAS and κLVAL)
by antibodies (both a short-lived antibody response AS driven
by, e.g., IgM, and a longer-lived antibody response AL driven by,
e.g., IgG and IgA (12, 38)), and a consumption term (βVT) due
to binding to and infection of target cells (T). In equation (2),
the term gT(T+R)(1− (T+R+ I)/T0) models logistic regrowth
of the target cell pool (46). Both target cells (T) and resistant
cells (R, those protected due to IFN-induced antiviral effect) can
produce new target cells, with a net growth rate proportional
to the severity of infection, 1− (T+R+ I)/T0 (i.e., the fraction
of dead cells). T0 is the initial number of target cells and the
maximum value for the target cell pool (34). Target cells (T) are
consumed by virus (V) due to binding (β′VT), the same process
as βVT. Note that β and β′ have different measurement units
due to different units for viral load (V) and infected cells (I). As
mentioned earlier, the innate response may trigger target cells (T)

to become resistant (R) to virus at a rate ϕFT. Resistant cells lose
protection at a rate ρ (45). This process also governs the evolution
of virus-resistant cells (R) in equation (5).

Equation (3) describes the change of infected cells (I). They
increase due to the infection of target cells by virus (β′VT) and
die at a (basal) rate δI. Two components of the immune response
increase the rate of killing of infected cells. IFN-activated NK
cells kill infected cells at a rate κNIF (6, 45, 46, 48). Effector
CD8+ T cells (E)—produced through differentiation from naive
CD8+ T cells Cn in equation (6)—kill at a rate κEIE. Of note, our
previous work has suggested that models of the innate response
containing only IFN-induced resistance for target cells (state R;
equation (5)), while able to maintain a population of healthy
uninfected cells, still control viral kinetics through target cell
depletion.While it remains possible that thesemodelsmay be able
to reproduce features of the viral reexposure data (43, 46), that
work also demonstrated that inclusion of IFN-activated NK cells
(term κNIF) provides a natural explanation for the observed viral
reexposure data.

Equation (4) models the innate response, as mediated by IFN
(F). IFN is produced by infected cells at a rate pF and decays at a
rate δF (46).

Equation (6) models stimulation of naive CD8+ T cells (Cn)
into the proliferation/differentiation process by virus at a rate
βCnV/(V+ hC), where βCn is the maximum stimulation rate and
hC indicates the viral load (titV) at which half of the stimulation
rate is achieved. Note that this formulation does not capture the
process of antigen presentation and CD8+ T cell activation, but
rather is a simple way to establish the essential coupling between
the viral load and the rate of CD8+ T cell activation in the model
(49). In equation (7), the production of effector CD8+ T cells (E)
is assumed to be an “advection flux” induced by a delayed virus
stimulation of naive CD8+ T cells [the first term on the right-
hand side of equation (7)]. The delayed variables, V(t− τC) and
Cn(t− τC), equal zero when t<τC. The introduction of the delay
τC is to phenomenologically model the delay induced by both
naive CD8+ T cell proliferation/differentiation and effector CD8+

T cell migration and localization to the site of infection for antivi-
ral action (42, 50, 51). The delay also captures the experimental
finding that naive CD8+ T cells continue to differentiate into
effector T cells in the absence of ongoing antigenic stimulation
(49, 52). The multiplication factor epCτC indicates the number of
effector CD8+ T cells produced from one naive CD8+ T cell, where
pC is the average of effector CD8+ T cell production rate over
the delay period τC. The exponential form of the multiplication
factor is derived based on the assumption that cell differentiation
and proliferation follow a first-order advection–reaction equation.
Effector CD8+ T cells decay at a rate δE.

Similar to CD8+ T cells, equations (8) and (9) model the pro-
liferation/differentiation of naive B cells, stimulated by virus pre-
sentation at rate βBnV/(V+ hB). Stimulation subsequently leads
to the production of plasma B cells (P) after a delay τB. The
multiplication factor epBτB indicates the number of plasma B cells
produced from one naive B cell, where pB is the production rate.
Plasma B cells secrete antibodies, which exhibit two types of
profiles in terms of experimental observation: a short-lived profile
(e.g., IgM lasting from about day 5 to day 20 postinfection) and a
longer lived profile (e.g., IgG and IgA lasting weeks to months)
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(12, 38). These two antibody responses are modeled by equations
(10) and (11), wherein different rates of production (PS and PL)
and consumption (δS and δL) are assumed.

2.2. Model Parameters and Simulation
Themodel contains 11 equations and 30 parameters (seeTable 1).
This represents a serious challenge in terms of parameter estima-
tion and clearly prevents a straightforward application of standard
statistical techniques. To reduce uncertainty, a number of param-
eters were taken directly from the literature, as per the citations
in Table 1. The rest were estimated (as indicated in Table 1)
by calibrating the model against the published data from Miao
et al. (38) who measured viral titer, CD8+ T cell counts, and IgM
and IgG antibodies in laboratory mice (exhibiting a full immune
response) over time during primary H3N2 A/Hong Kong/X31
influenza A virus infection (see Ref. (38) for a detailed description
of the experiment). The approach to estimating the parameters
based on Miao et al.’s data is provided in Supplementary Material,
and the estimated parameter values are given in Table 1. Note
that the data were presented in scatter plots in the original paper
(38), while we presented the data here in mean± SD at each data
collection time point for a direct comparison with our mean-field
mathematical model.

For model simulation, the initial condition is set to be (V, T,
I, F, R, Cn, E, Bn, P, AS, AL)= (V0, T0, 0, 0, 0, 100, 0, 100, 0, 0,
0) unless otherwise specified. The initial target cell number (T0)
was estimated by Petrie et al. (53). We estimate that of order 100
cells (resident in the spleen) are able to respond to viral infection
(Cn) (personal communication, N. LaGruta, Monash University,
Australia). Note that 100 naive CD8+ T cells might underestimate
the actual number of naive precursors that could respond to all
the epitopes contained within the virus but does not qualitatively
alter themodel dynamics and predictions (see Section 3 where the
naive CD8+ T cell number is varied between 0 and 200, where
the upper bound is sufficient to show the model’s full range of
behaviors). In the absence of further data, we also use this value
for the initial naive B cell number (Bn), but again this choice
does not qualitatively alter the model predictions. The numerical
method and code (implemented inMATLAB, version R2014b, the
MathWorks, Natick,MA,USA) for solving themodel are provided
in Supplementary Material.

2.3. Analysis of Clinical Influenza A (H7N9)
Data
Clinical influenza A (H7N9) patient data were used to test our
model predictions on the relationship between CD8+ T cell

TABLE 1 | Model parameter values obtained by fitting the model to experimental data.

Parmeter Description Value and unit Reference

V0 Initial viral load 104 [uV] Estimated
T0 Initial number of epithelial cells in the URT 7×107 cells (53)
gT Base growth rate of healthy cells 0.8 d−1 Fixed
pV Viral production rate 210 [uV]cell

−1 d−1 Estimated
pF IFN production rate 10−5 [uF ]cell

−1 d−1 Estimated
pC Naive CD8+ T cell proliferation rate 1.2 d−1 (32)
pB Naive B cell proliferation rate 0.52 d−1 Estimated
pS Short-lived antibody production rate 12 [uA]cell

−1 d−1 Estimated
pL Long-lived antibody production rate 4 [uA]cell

−1 d−1 Estimated
δV Non-specific viral clearance rate 5 d−1 (47)
δI Non-specific death rate of infected cells 2 d−1 (32)
δF IFN degradation rate 2 d−1 (45)
δE Death rate of effector CD8+ T cells 0.57 d−1 (54)
δP Death rate of plasma B cells 0.5 d−1 Estimated
δS Short-lived antibody consumption rate 2 d−1 Estimated
δL Long-lived antibody consumption rate 0.015 d−1 Estimated
β Rate of viral consumption by binding to target cells 5×10−7 cell−1 d−1 Estimated
β′ Rate of infection of target cells by virus 3×10−8 [uV]

−1 d−1 Estimated
ϕ Rate of conversion to virus-resistant state 0.33 [uF]

−1 d−1 (45)
ρ Rate of recovery from virus-resistant state 2.6 d−1 (45)
κS Rate of viral neutralization by short-lived antibodies 0.8 [uA]

−1 d−1 Estimated
κL Rate of viral neutralization by long-lived antibodies 0.4 [uA]

−1 d−1 Estimated
κN Killing rate of infected cells by IFN-activated NK cells 2.5 [uF]

−1 d−1 (45)
κE Killing rate of infected cells by effector CD8+ T cells 5×10−5 cell−1 d−1 Estimated
βCn Maximum rate of stimulation of naive CD8+ T cells by virus 1 d−1 (9)
βBn Maximum rate of stimulation of naive B cells by virus 0.03 d−1 Estimated
hC Half-maximal stimulating viral load for naive CD8+ T cells 104 [uV] Estimated
hB Half-maximal stimulating viral load for naive B cells 104 [uV] Estimated
τC Delay for effector CD8+ T cell production 6 days (51)
τB Delay for plasma B cell production 4 days Estimated

[uV ], [uF ], and [uA ] represent the units of viral load, IFN, and antibodies respectively. [uV ] and [uA ] are measured as EID50/ml (50% egg infective dose) and pg/ml, consistent with the
units of data. IFN is assumed to be a non-dimensionalized variable in the model, and therefore, [uF ] can be ignored. Some parameters are obtained from the literature, and the rest are
obtained by fitting the model to experimental data in the study by Miao et al. (38), except gT, which is of minor importance when considering a single infection and is thus fixed to reduce
uncertainty.
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number and recovery time. The data were collected from 12
surviving patients infected with H7N9 virus during the first wave
of infection inChina in 2013. (Rawdata are provided inData Sheet
S1 in SupplementaryMaterial; see the paper ofWang et al. (21) for
details of data collection; this study was reviewed and approved by
the SHAPHC Ethics Committee.) Note that the clinical data were
scarce for some patients. For those patients, we have assumed that
the available data are representative of the unobserved values in
the neighboring time period. For each patient, we took the average
IFNγ+ CD8+ T cell number in 106 peripheral blood mononuclear
cells (PBMC) for the period from day 8 to day 22 (or the recovery
day if it comes earlier) postadmission as a measure of the effector
CD8+ T cell level. This period was chosen a priori as it roughly
matches the duration of the CD8+ T cell profile, and clinical
samples were frequently collected in this period. The average
CD8+ T cell count was given by the ratio of the total area under the
data points (using trapezoidal integration) to the number of days
from day 8 to day 22 (or the recovery day if it comes earlier). For
those patients for whom samples at days 8 and/or 22 weremissing,
we specified the averageCD8+ T cell level at themissing time point
to be equal to the value from the nearest sampled time available.

3. RESULTS

3.1. Model Properties and Reproduction
of Published Experimental Data
We first analyze the model behavior to establish a clear under-
standing of the model dynamics. Figure 2 shows solutions (time
series) for the model compartments (viral load, CD8+ T cells, and
IgM and IgG antibody) calibrated against the murine data from
the study by Miao et al. (38). Solutions for the remaining model
compartments are shown in Figure 3. The model (with both
innate and adaptive components active) prevents the depletion of

FIGURE 2 | The model with estimated parameters (solid curves)
captures the murine data from the study by Miao et al. (38). The data
are shown as error bars (mean±SD). Note that due to the limit of detection
for the viral load (occurring after 10 days postinfection as seen in viral load
data), the last three data points in the upper left panel were not taken into
consideration for model fitting.

target cells (see Figure 3 wherein over 50% of target cells remain
during infection) and results in a minor loss of just 10–20% of
healthy epithelial cells (i.e., the sum of target cells (T) and virus-
resistant cells (R); see Figure S1 in Supplementary Material). We
note the important difference between prevention of target cell
depletion on the one hand and maintenance of healthy cells on
the other hand. To be compatible with heterologous reexposure
studies (43, 46), a model must not only maintain the population
of healthy cells (as many of the aforementioned models do) but
must also prevent depletion of target cells to enable infection on
rapid reexposure. Otherwise, if T is driven low and R high, while
the healthy cell population will be maintained, infection on reex-
posure may still be blocked. In our model, the primary driver for
themaintenance of the target cell pool during acute viral infection
is a timely activation of the innate immune response (Figure S2
in Supplementary Material), indicating that our model improves
upon previous models where viral clearance was only achieved
through depletion of target cells (a typical solution shown in
Figure S2B in Supplementary Material).

The modeled viral dynamics exhibits three phases, each dom-
inated by the involvement of different elements of the immune
responses (Figure 4). Immediately following infection (0–2 days
postinfection) and prior to the activation of the innate (and
adaptive) immune responses, virus undergoes a rapid exponential
growth (Figure 4A). In the second phase (2–5 days postinfec-
tion), the innate immune response successfully limits viral growth
(Figure 4A). In the third phase (4–6 days postinfection), adaptive

FIGURE 3 | Model solution for non-fitted variables. T, I, and R represent
the numbers of target cells, infected cells, and resistant cells, respectively.
F represents the level of IFN (a dimensionless variable). Cn and Bn represent
the numbers of naive CD8+ T cells and naive B cells, respectively. P
represents the number of antibody-secreting plasma cells. Parameter values
used to generate the results are given in Table 1. Note that model solutions
for fitted variables are shown in Figure 2.
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A

B C

FIGURE 4 | The model solution exhibits three-phase behavior
following influenza virus infection. (A) Schematic representation of three
phases of behavior based on involvement of immune responses. Following
infection, virus first undergoes rapid exponential growth before the innate
immune response is activated (on day 2). Innate immunity controls rapid viral
expansion to form a plateau in viral load. Adaptive immunity starts to take
effect 4–6 days postinfection and is responsible for viral clearance.
(B,C) demonstrate that the model dynamics follow the three-phase theory.
Viral kinetics in the presence of a full immune response is shown by the solid
line (B,C). (B) The dashed line shows viral kinetics in the complete absence of
immunity (innate and adaptive; by letting pF =0 and βCn =βBn = 0 in the
model). The trajectories overlap prior to the activation of the innate response,
before diverging due to target cell depletion. The shaded region highlights the
first phase (exponential growth). (C) The dashed line shows viral kinetics in the
absence of adaptive immunity (by letting βCn =βBn = 0; innate immunity
remains active). The trajectories overlap prior to the activation of the adaptive
response. The shaded region highlights the second phase (innate response).
Note: changes in model parameters shifts where the three phases occur, but
does not alter the underlying three-phase structure, i.e., existence of the three
phases is robust to variation in parameters (see Supplementary Material and
Figure S3 in Supplementary Material in particular).

immunity (antibodies andCD8+ T cells) is activated and viral load
decreases rapidly, achieving clearance. Figures 4B,C demonstrate
the dominance of the different immune mechanisms at differ-
ent phases. In Figure 4B, models with and without immunity
are indistinguishable until day 2 (shaded region), before diverg-
ing dramatically when the innate and then adaptive immune
responses influence the dynamics. In Figure 4C, models with and
without an adaptive response only diverge at around day 4 as
the adaptive response becomes active. We have further shown
that this three-phase property is a robust feature of the model,
emergent from its mathematical structure and not a property
of fine tuning of parameters (see Figure S3 in Supplementary
Material). Importantly, it clearly dissects the periods and effect of
innate immunity, extending on previous studies of viral infection
phases where the innate immune response was either ambiguous
or ignored (12, 38, 55).

As reviewed by Dobrovolny et al. (39), a number of in vivo
studies have been performed to dissect the contributions of CD8+

T cells and antibodies (12, 17, 18, 44, 56). We use the findings
of these studies to validate our model, by testing how well it is
able to reproduce the experimental findings (without any further
adjustment to parameters). Although the determination of the
role of CD8+ T cells is often hindered by co-inhibition of both

CD8+ T cells and the long-lived antibody response (e.g., using
nude mice), it is consistently observed that antibodies play a
dominant role in final viral clearance, while CD8+ T cells are
primarily responsible for the timely killing of infected cells and
so indirectly contribute to an increased rate of removal of free
virus toward the end of infection (13, 17, 18). Furthermore, exper-
imental data demonstrate that a long-lived antibody response is
crucial for achieving complete viral clearance, while short-lived
antibodies are only capable of driving a transient decrease in
viral load (12, 44). We find that our model (with parameters
calibrated against Miao et al.’s data (38)) is able to reproduce these
observations:

• Virus can rebound in the absence of long-lived antibody
response (see Figure 5; Figure S4 in Supplementary Material).

• Both the CD8+ T cell response and short-lived antibody
response only facilitate a faster viral clearance and are incapable
of achieving clearance in the absence of long-lived antibody
response (see Figure 5; Figure S4 in Supplementary Material).

• A lower level of CD8+ T cells (modulated by a decreased level
of initial naive CD8+ T cells,Cn) significantly prolongs the viral
clearance (see Figure S4 in Supplementary Material).

In addition, the model also predicts a rapid depletion of naive
CD8+ T cells after primary infection (see Figure 3), which rep-
resents a full recruitment of naive CD8+ T cell precursors. This
result may be associated with the experimental evidence suggest-
ing a strong correlation between the naive CD8+ T cell precursor
frequencies and effector CD8+ T cell magnitudes for different
pMHC-specific T cell populations (57). Note that in Figure 5, no
adjustments to the model (e.g., to the vertical scale) were made;
its behavior is completely determined by the calibration to the
aforementioned murine data (38), and so these findings represent
a (successful) prediction of the model.

In summary, we have demonstrated that our model—with
parameters calibrated against murine data (38)—exhibits three
important phases characterized by the involvement of various
immune responses. Advancing on previous models, our model
does not rely on target cell depletion and successfully reproduces a
multitude of behavior from knockout experiments where particu-
lar components of the adaptive immune response were removed.
This provides us with a well-tested platform, in which all major
components of the immune response have been included and
tested, with which to now make predictions on the effect of the
cellular adaptive response on viral clearance.

3.2. Dependence of the Recovery Time
on the Level of Effector CD8+ T Cells
Having established that our model is (from a structural point
of view) biologically plausible and that our parameterization is
capable of reproducing varied experimental data under different
immune conditions (i.e., knockout experiments), we now study
how the cellular adaptive response influences viral kinetics in
detail. We focus on the key clinical outcome of recovery time,
defined in the model as the time when viral titer first falls below
1 EID50/ml, the minimum value detected in relevant experiments
(e.g., Figure 2).
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A

B

FIGURE 5 | Consistency between mice data (left panels) and model results (right panels) shows that short-lived antibody response (e.g., IgM) is only
capable of generating a transient decrease in viral load while long-lived antibody response (e.g., IgA) plays a more dominant role in late-phase viral
clearance. (A) Data are from the paper of Kris et al. (44). Normal or nude BALB/c mice were infected with H3N2 virus. External antibodies were given at day 5 and
had waned by about day 21. The model simulation mimics the passive antibody input by introducing an extra amount of IgM (in addition to antigen-stimulated IgM),
whose time course faithfully follows the experimental measurement (see Figure 2A in the paper of Kris et al. (44)). “CD8+ T-, IgA-, IgG-” was modeled by letting
βCn = 0 and pL = 0. “External IgM” (in addition to the IgM produced by plasma cells) was modeled by adding a new term−κSVAe (t) to equation (1), where Ae(t)
follows a piecewise function Ae(t)= 0 for t<5, Ae(t)= 100(t−5) for t∈ [5, 7], Ae(t)= 200−14(t−7) for t∈ [7, 21], and Ae(t)= 0 for t≥21. (B) Data are from the
paper of Iwasaki and Nozima (12). The data indicate that the long-lasting IgA response, but not the long-lasting IgG response or the short-lasting IgM response, is
necessary for successful viral clearance. “No long-lived antibody response” was modeled by letting pL =0. Note that Miao et al. only measured IgM and IgG, but not
IgA. As such, our model’s long-lived antibody response was calibrated against IgG kinetics (see Figure 2). Therefore, we emphasize that we can only investigate the
relative contributions of short-lived and long-lived antibodies.

Time series of the viral load show that the recovery time
decreases as the initial naive CD8+ T cell number (Cn) increases
(Figure S4 in Supplementary Material). With that in mind, we
now examine how recovery time is associated with the clin-
ically relevant measure of effector CD8+ T cell level during
viral infection. With an increasing initial level of naive CD8+

T cells, the average level of effector CD8+ T cells over days
6–20 increases linearly (Figure 6A), while the recovery time
decreases in an approximately exponential manner (Figure 6B).
Combining these two effects gives rise to an approximately
exponential relation between the level of effector CD8+ T cells
and recovery time (Figure 6C). Note that the exponential/linear
fits shown in the figures are simply to aid in interpretation
of the results. They are not generated by the viral dynamics
model.

If varying the delay for naive CD8+ T cell activation and dif-
ferentiation, τC, while keeping the naive CD8+ T cell number
fixed (at the default value of 100), we find that the average level
of effector CD8+ T cells is exponentially related to the delay, while
the recovery time is dependent on the delay in a piecewise linear
manner (see Figure S5 in Supplementary Material). Nevertheless,
the combination still leads to an approximately exponential rela-
tionship between the level of effector CD8+ T cells and recovery
time (Figure S5C in Supplementary Material), which is almost

identical to that of varying naive CD8+ T cells (Figure 6D). We
also examine the sensitivity of the exponential relationship to
other model parameters generally accepted to be important in
influencing the major components of the system, such as the
viral production rate pV, IFN production rate pF, and naive B cell
number. We find that the exponential relationship is robust to
significant variation in all of these parameters (see Figures S6 and
S7 in Supplementary Material; the result for varying naive B cell
number is shown in the last section of Section 3). These results
suggest that a higher level of effector CD8+ T cells is critical for
early recovery, consistent with experimental findings (58).

Finally, and perhaps surprisingly given our model has been
calibrated purely on data from the mouse, a strikingly similar
relationship as shown in Figure 6C is found in clinical data from
influenza A (H7N9) virus-infected patients (Figure 7). Excluding
one patient (No. a79 in Data Sheet S1 in Supplementary Material;
the exclusion is considered further in Section 4), average IFNγ+

CD8+ T cells and recovery time are negatively correlated (Spear-
man’s ρ=− 0.8368, p= 0.0013) andwell captured by an exponen-
tial fit with an estimated offset (see Figure 7 caption for details).
The exponential relationship (observed in both model and data)
has features of a rapid decay for relatively low/intermediate levels
of effector CD8+ T cells and a strong saturation for relatively high
CD8+ T levels, implying that even with a very high level of naive
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A B

C D

FIGURE 6 | The level of effector CD8+ T cells plays an important role in determining recovery time. Recovery time is defined to be the time when viral load
falls to 1 EID50/ml. (A) shows that the average effector CD8+ T cell number over days 6–20 is linearly related to the naive CD8+ T cell number (i.e., Cn(0)). (B) shows
that the recovery time is approximately exponentially related to the initial naive CD8+ T cell number. Combined, these results give (C), wherein an approximately
exponential relationship is observed between the average CD8+ T cell number and recovery time, both of which are experimentally measurable. Note that the
exponential/linear fits shown in the figures are not generated by the viral dynamics model but are used to indicate the trends (evident visually) in the model’s behavior.
(D) shows that varying the delay τC (in a similar way to that shown in Figure S5 in Supplementary Material), rather than the naive CD8+ T cell number, does not alter
the exponential relationship. In (D), the crosses represent the results of varying τC and the empty circles are the same as those in (C) for comparison.

FIGURE 7 | Clinical influenza A (H7N9) data exhibit an exponential
relationship between the average CD8+ T cell number and recovery
time. The x-axis is the average level of functional effector CD8+ T cells (i.e.,
IFNγ+ CD8+ T cells) over the period from day 8 to day 22 (or the recovery day
if it comes earlier). Spearman’s rank correlation test indicates a significant
negative correlation between the average CD8+ T cell numbers and recovery
time (ρ=−0.8368, p= 0.0013). Excluding one of the patients (No. a79 in
Data Sheet S1 in Supplementary Material; discussed in Section 4), all other
data points (solid dots) are fitted by an offset exponential function
y= 24.8755e−0.0073x + 17.5356, indicating that the best achievable recovery
time for individuals with a high CD8+ T cell response is approximately
17.5356days.

CD8+ T cells, recovery time cannot be reduced below a certain
value (in this case, estimated to be approximately 17 days).Of note,
the exponential relationship (i.e., the scale of CD8+ T cell level

or recovery time) is only a qualitative one, as we have no way
to determine the scaling between different x-axis measurement
units, nor adjust for particular host and/or viral factors that differ
between the two experiments (i.e., H3N2-infection in the mouse
(38) versus H7N9 infection in humans (21)).

3.3. Dependence of the Recovery Time on
the Level of Memory CD8+ T Cells
In addition to naive CD8+ T cells, memory CD8+ T cells (estab-
lished through previous viral infection) may also significantly
affect recovery time due to both their rapid activation on antigen
stimulus and faster replication rate (54, 59–61). To study the
role of memory CD8+ T cells, we must first extend our model.
As we are only concerned with how the presence of memory
CD8+T cells influences the dynamics, as opposed to the devel-
opment of the memory response itself, the model is modified
in a straightforward manner through addition of two additional
equations that describe memory CD8+ T cell (Cm) prolifera-
tion/differentiation:

dCm

dt = −βCm

(
V

V + hCm

)
Cm, (12)

dEm
dt = βCm

(
V(t − τCm)

V(t − τCm) + hCm

)
Cm(t − τCm)e(pCmτCm)− δEEm.

(13)
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Accordingly, the term κEIE in equation (3) is modified to
κEI(E+Em). The full model and details on the choice of the
additional parameters are provided in Supplementary Material.
Note that the model component, Cm, may include different popu-
lations of memory CD8+ T cells, including those directly specific
to the virus and those stimulated by a different virus but which
provide cross-protection (62, 63).

Figure 8A shows how the preexisting memory CD8+ T cell
number (Cm) changes the exponential relationship between naive
CD8+ T cells and recovery time. Importantly, as the number of
memory CD8+ T cells increases, the recovery time decreases for
any level of naive CD8+ T cells and the exponential relationship
remains. For patients with a relatively low level of naive CD8+

T cells (i.e., on the left of Figure 8A), the extent of reduction in
the recovery time is greater than that for patients with a relatively
high level of naive CD8+ T cells (i.e., on the right of Figure 8A).
This suggests that people with a lower level of naive CD8+ T cells
may benefit more through induction of memory CD8+ T cells,
emphasizing the potential importance for taking prior population
immunity into consideration when designing CD8+ T cell-based
vaccines (64).

The above result is based on the assumption that the initial
memory CD8+ T cell number upon reinfection is independent of
the number of naive CD8+ T cells available during the previous
infection. However, it has also been found that the stationary level
of memory CD8+ T cells is usually maintained at about 5–10% of
the maximum antigen-specific CD8+ T cell number during pri-
mary viral infection (8, 65). This indicates that people with a low
naive CD8+ T cell numbermay also develop a low level ofmemory
CD8+ Tcells following infection. In consequence, such individuals
may be relatively more susceptible to viral reinfection (66). This
alternative and arguably more realistic relationship between the
numbers of naive and memory CD8+ T cells is simulated in
Figure 8B where memory CD8+ T cell levels are set to 5% of the
maximum of the effector CD8+ T cell level. Results suggest that,
on viral reinfection, preexisting memory CD8+ T cells are able to
significantly improve recovery time except for hosts with a very
low level of naive CD8+ T cells (Figure 8B). This is in accordance

with the assumption that a smaller naive pool leads to a smaller
memory pool and in turn a weaker shortening in recovery time.
Although the model suggests that the failure of memory CD8+

T cells to protect the host is unlikely to be observed (because of
the approximately 30-fold increase in the size of the memory pool
relative to the naive pool), the failure rangemay be increased if the
memory pool size is much smaller (modulated by, say, changing
5 to 1% in the model). Therefore, for people with a low naive
CD8+ T cell number, the level of memory CD8+ T cells may be
insufficient and prior infection may provide very limited benefit,
further emphasizing the opportunity for novel vaccines that are
able to induce a strong memory CD8+ T cell response to improve
clinical outcomes.

3.4. Dependence of the Recovery Time on
Antibody Level
Antibodies appear at a similar time as effector CD8+ T cells during
influenza viral infection and may enhance the reduction in the
recovery time in addition to CD8+ T cells. By varying the naive
B cell number Bn (as a convenient, but by no means unique, way
to influence antibody level), we find that increasing the antibody
level shortens the recovery time regardless of the initial naive
CD8+ T cell number, leaving the exponential relation largely intact
(Figure 9). A slight saturation occurs for the case in which levels
of both naive B cells and CD8+ T cells are low.Moreover, variation
in naive B cell number also results in a wider variation in recovery
time for a lower naive CD8+ T cell level, suggesting that people
with a lower level of naive CD8+ T cells may, once again, receive
a more significant benefit (in terms of recovery time) through
effective induction of an antibody response via vaccination.

4. DISCUSSION

In this article, we have studied the role of CD8+ T cells in clearing
influenza virus from the host using a viral dynamics model. The
model was calibrated on a set of published murine data from the
study by Miao et al. (38) and has been further shown to be able to

A B

FIGURE 8 | Effects of naive and memory CD8+ T cells on viral clearance. Recovery time is defined to be the time when the viral load falls to 1 EID50/ml. (A)
demonstrates that varying the number of memory CD8+ T cells (Cm) reduces the recovery time for any naive CD8+ T cell number (i.e. Cn(0)). Note that saturation is
observed for Cm >100 where the recovery time is about 6 days, independent of the naive cell numbers. (B) demonstrates how the presence of preexisting memory
CD8+ T cells (solid dots) leads to a shorter recovery time when compared to the case where no memory CD8+ T cells are established (open circles). Note the time
scale difference in (A,B). This simulation is based on the assumption that the level of preexisting memory CD8+ T cells is assumed to be either 1 or 5% (as indicated
in the legend) of the maximum effector CD8+ T cell number due to primary viral infection. The memory cell number (which is not shown in this figure) is about 30
times as many as the naive cell number shown in the figure, i.e., 30 naive cells result in about 900 memory cells before reinfection.
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FIGURE 9 | Influence of antibody level on the relationship between the
naive CD8+ T cell number and recovery time. Recovery time is defined to
be the time when viral load falls to 1 EID50/ml. Different antibody levels are
simulated by varying the initial number of naive B cells (i.e., Bn at t= 0).

reproduce a range of published data from experiments with dif-
ferent immune components knocked out. By avoiding target cell
depletion, ourmodel is also compatible with reinfection data (43),
providing a strong platform onwhich to examine the role of CD8+

T cells in determining recovery time from infection. Our primary
finding is that the time of recovery from influenza viral infection
is negatively correlated with the level of effector CD8+ T cells
in an approximately exponential manner. This robust property
of infection has been identified from the model when calibrated
against low pathogenic influenza A (H3N2) infection data inmice
(38), but also observed in clinical case series of (severe) influenza
A (H7N9) infection in humans (Figure 7) (21). Our findings,
in conjunction with conclusions on the potential role for a T
cell vaccine that stimulates and/or boosts the memory response,
suggest new directions for research in both non-human species
and further studies in humans on the association between CD8+

T cell levels and clinical outcomes. Further research, including
detailed statistical fitting of our model to an extensive panel of
infection data (as yet unavailable) from human and non-human
species, is required to establish the generality of these relationships
and provide quantitative insights for specific viruses in relevant
hosts.

The non-linear relationship between effector CD8+ T cell level
and recovery time may be useful in clinical treatment. The satu-
rated property of the relation implies that a linear increase in the
effector CD8+ T cell level may result in diminishing incremen-
tal improvements in patient recovery times. With evidence of a
possible age-dependent loss of naive T cells (67–69), our model
results imply that boosting the CD8+ T cell response via T cell
vaccination may be particularly useful for those with insufficient
naive CD8+ T cells. The population-level consequences of such
boosting strategies, while beyond the scope of this work, have
previously been considered by the authors (64).

We also investigated the effect of memory CD8+ T cell level on
viral clearance and found unsurprisingly that a high preexisting
level of memory CD8+ T cells was always beneficial. However,
our results suggest that preexisting memory CD8+ T cells may be
particularly beneficial for certain groups of people. For example,
if the memory CD8+ T cell number induced by viral infection
or vaccination is assumed to be relatively constant for everyone,

people with less naive CD8+ T cells would benefit more on viral
reinfection (see Figure 8A). On the other hand, if assuming
preexisting memory CD8+ T cell number is positively correlated
with the number of naive CD8+ T cells (simulated in Figure 8B),
people with more naive CD8+ T cells would benefit more on
viral reinfection. Emerging evidence suggests that the relationship
between the level of memory CD8+ T cells and naive precursor
frequencies is likely to be deeply complicated (57, 70–72). In
that context, our model predictions emphasize the importance
for further research in this area and the necessity to take prior
population immunity into consideration when designing CD8+ T
cell vaccines (64).

We modeled both short-lived and long-lived antibody
responses. Experimental data and model predictions consistently
show that the short-lived antibody response results in a temporary
reduction in virus level, whereas the long-lived antibody response
is responsible for complete viral clearance (Figure 5). We
emphasize here that although the model is able to capture the
observed short-lived and long-lived antibody responses (to study
the virus–immune response interactions), it is not designed
to investigate the mechanisms inducing different antibody
responses. The observed difference in antibody decay profile may
be a result of many factors including the life times of different
antibody-secreting cell types (73, 74), different antibody life
times (75), and antibody consumption through neutralizing
free virions. Detailed study of these phenomena requires a more
detailed model and associated data for parameter estimation and
model validation and is thus left for future work. Similarly, CD4+

T cells are also known to perform a variety of functions in the
development of immunity, such as facilitation of the formation
and optimal recall of CD8+ T cells or even direct killing of
infected cells during viral infection (9, 10, 76, 77). Their depletion
due to, say, HIV infection has also been associated with more
severe clinical outcomes following influenza infection (78). Some
of the major functions of CD4+ T cells may be considered to be
implicitlymodeled through relevant parameters such as the rate of
recall of memory CD8+ T cells (modeled by the delay τCm) in our
extended model that includes memory CD8+ T cells. However,
a detailed viral dynamics study of the role of CD4+ T cells in
influenza infection, including in HIV-infected patients with
depleted CD4+ T cells, remains an open and important challenge.

In a recent theoretical study, it was found that spatial hetero-
geneity in the T cell distribution may influence viral clearance
(42). Resident CD8+ T cells in the lungs have a more direct and
significant effect on timely viral clearance than do naive andmem-
ory pools resident in lymph nodes. Although this factor has been
partially taken into consideration in our model by introducing a
delay for naive/memory CD8+ T cells, lack of explicit modeling
of the spatial dynamics limits a direct application of our model to
investigate these spatial effects.

Finally, as noted in the results, one of the influenza A (H7N9)-
infected patients (patient a79) was not included in our analysis of
the clinical data (Figure 7). Although our model suggests some
possibilities for the source of variation due to possible variation
in parameter values, large variations in recovery time are only
expected to occur for relatively low levels of naive CD8+ T cells,
nominally incompatible with this patient’s moderate CD8+ T cell
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response but a relatively long recovery time. However, we note
that IFNγ+ CD8+ T cell counts for this patient were only collected
at days 10 and 23 and that the count at day 10 was particularly
low and much lower than that at day 23 (see Data Sheet S1 in
Supplementary Material). We suspect that delayed, rather than
weakened, production (to at least day 10) of the IFNγ+ CD8+ Tcell
response in this patient substantially contributed to the observed
delay in recovery. Further investigation of this patient’s clinical
course and clinical samples is currently being undertaken.
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