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Abstract

Lanthanide Single Molecule Magnets (SMMs) are a class of metal complexes, behaving
like tiny ferromagnets in spite of negligible intermolecular interactions, thus becoming
the focus of intensive investigation for the study of single–molecule memory units, due to
their much smaller size and to better chemical control over their synthesis. The highest
blocking temperature reported in literature is of 60K for a di–cyclopentadienyl complex
of Dy, only 17K lower than the boiling temperature of liquid N2. The design of SMMs
able to display hysteresis of their magnetization under liquid N2 refrigeration would be a
major scientific breakthrough, as molecular memories based on this effect would become
commercially viable, thus sparking a huge interest in this field. In this Thesis, the de-
velopment of an efficient ab initio software for the calculation of magnetic properties of
lanthanide complexes, offering a tool to interpret experimental magnetic data and thus
also to screen molecules with favorable electronic structure properties to display high
blocking temperature SMM behavior, is presented.

Ab initio calculations are a very useful tool for investigating the magnetic properties
of SMM candidates, thus requiring the development of efficient algorithms for perfor-
ming these calculations. In the currently most used algorithm, called Complete Active
Space Self–Consistent Field / Restricted Active Space State Interaction with Spin–Orbit
coupling (CASSCF / RASSI–SO), which has been used to study many properties of lant-
hanide complexes such as the energy and angular momentum decomposition of crystal
field states and the orientation and magnitude of their magnetic anisotropy, the wave
functions of a manifold of spin states arising from excitations of 4f electrons within
the ligand field space are optimized and subsequently used to represent the Spin–Orbit
Coupling (SOC) operator. While this approach has proved very useful and sufficiently
accurate to describe ground–state magnetic properties and a few low–energy crystal field
excitations relevant to describe slow magnetic relaxation in these systems, the approach
requires separate CASSCF orbital optmizations for different spin states, which makes the
method scale unfavourably, especially for ions like Dy or Tb where several spin manifolds
can be mixed by strong spin–orbit coupling.

Assuming that, in lanthanide complexes, the 4f–like valence orbitals are not changing
significantly when optimized for different spin states, and based on the fact that the total
spin is not a good quantum number because of the strong spin–orbit coupling, I contri-
buted here to develop an alternative computational strategy, in which a Configurational–
Averaged Hartree–Fock (CAHF) calculation is first performed by variationally optimizing
the set of 4f orbitals that minimizes the average energy of the entire manifold of ligand
field states, irrespective of their spin, followed by a Complete Active Space Configura-
tion Interaction with Spin–Orbit (CASCI–SO) calculation in which both the electronic
CI and the SOC Hamiltonian are built in the complete spin states basis generated from
the common set of CAHF–optimized orthogonal 4f orbitals, thereby overcoming one of
the computational limitations of the CASSCF / RASSI–SO approach.

CAHF / CASCI–SO is predicted to be a more efficient algorithm, albeit conceptually
different, than CASSCF / RASSI–SO and, in order to both test its performance and
provide a platform for its application to the magnetic characterization of lanthanide com-
plexes, it has been implemented in an efficient ab initio software, named Computational
Emulator of Rare Earth Systems (CERES), whose structure is presented and discussed.



ii

Ceres implements an efficient direct HF procedure, coupled with efficient integral calcu-
lation and screening and a robust mixed first–second order convergence algorithm based
on, respectively, Direct Inversion in the Iterative Subspace (DIIS) and Quasi–Newton
(QN) methods. Ceres also features some new algorithms, tailor–suited to lanthanide
complexes, such as an efficient initial CAHF guess based on the Superposition of Atomic
Densities (SOAD) method, where partial charges can be added so as to improve the guess,
and an efficient method, based on Population Analysis (PA) for single orbitals during the
configurational–averaged SCF cycle, in which the wave function is transformed at every
CAHF iteration so as to present an active space with the highest 4f character possible.

The efficiency of CAHF / CASCI–SO, as implemented in our in–house ab initio code
Ceres, has then been tested by comparing timings and accuracy for the calculation of
the resulting magnetic properties of a set of lanthanide complexes using Ceres with
those of the well–known software Molcas, which features an efficient implementation of
the CASSCF/RASSI–SO method. The results show that the CAHF/CASCI-SO strategy,
despite being a conceptually different method, is significantly more efficient than CASSCF
/ RASSI–SO, while not leading to any systematic loss of accuracy. The effectiveness of the
PA method is also tested, with the resulting data showing that the PA method introduces
big improvements in both reliability and efficiency of the calculation.

Moreover, I have carried out further work on the theoretical modelling of the electronic
structure of strongly anisotropic open–shell molecules, such as lanthanide complexes, in
the context of the optimization of chiral paramagnetic systems which are suitable can-
didates to achieve direct chiral discrimination in Nuclear Magnetic Resonance (NMR)
spectroscopy. In this Thesis, in fact, the generalization of direct chiral discrimination
theory in NMR spectroscopy for open–shell molecules is also presented. Chirality plays a
fundamental role in biological processes, therefore the development of new experimental
techniques which are capable to directly discriminate between the two enantiomers of a
chiral molecule is a very active research field. Among the experimental techniques avai-
lable for performing direct chiral discrimination, that is discrimination achieved within
an achiral environment by probing molecular observables that have different values for
the two enantiomers of a chiral molecule (typically same magnitude but opposite sign,
i.e. they are odd under spacial inversion), NMR spectroscopy would be an ideal choice
because of its non–invasive character, of its high measurement speed and of its sensitivity
to tiny details of the electronic and geometric structure of the molecule. Due to the even
character under space inversion of the shielding tensor and of the spin–spin coupling ten-
sor, however, two enantiomers will not be distinguishable in a typical NMR experimental
set up.

Recently, Buckingham and Fischer predicted that, in a pulsed NMR experiment, the
external magnetic field and the rotating nuclear magnetic moments generate a macrocopic
rotating chiral electric polarization which can be detected as an AC–voltage between
the plates of a capacitor. In a subsequent publication, Buckingham described a second
contribution to the chiral NMR experiment arising from the rotation of the permanent
electric dipole of the molecule under the torque generated by the external magnetic field
and the rotating nuclear moment. Although this contribution has been predicted to be
stronger, computational tests on a wide range of closed–shell molecules predicted this
effect to be too small to be detectable at room temperature.

By applying third–order perturbation theory to the electronic free energy, following
the approach proposed by Soncini and Van den Heuvel for the NMR chemical shifts in
paramagnetic molecules, based on Feynman free–energy perturbation theory, the chiral
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effect described by Buckingham has been generalized to molecules with an arbitrary elec-
tronic structure. The new property, named generalized shielding polarizability tensor,
features additional contributions with respect to Buckingham's theory, which are non–
zero only in open–shell molecules. One of these new temperature–dependent contributions
describes a combined orientational mechanism, whereby the external magnetic field par-
tially orients the paramagnetic molecules along their magnetic anisotropy axis, while the
combined effect of the external field and of the perpendicular rotating nuclear magnetic
dipole coupled to the dipolar field generated by the paramagnetic ion at the NMR–probed
nuclear site exerts a torque on the molecular permanent electric dipole, thus inducing a
rotation of the latter, resulting in a rotating macroscopic electric polarization which is
predicted to be detectable at room temperature in some lanthanide complexes.

Since the new predicted mechanism is particularly relevant for strongly anisotropic
molecules, such as lanthanide SMMs, two sets of calculations of this property for a range
of Dy SMMs have been performed. In the first study, Thermally Isolated Ground State
(TIGS) approximation is employed by assuming only the ground state energy level is
thermally populated at room temperature so as to estimate the magnitude of the novel
physical mechanism. Results show that, for all complexes, room temperature detectability
is indeed achievable, predicting that direct chiral discrimination via NMR spectroscopy is
possible. In the second study, excited states are also included so as to estimate the relative
magnitude of the three physical mechanisms. Results show that our proposed physical
mechanism is indeed the most relevant component for strongly anisotropic molecules,
with the presence of thermally populated excited states not hindering room temperature
detectability.
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Introduction

Ferromagnets are materials that can be magnetized by an external magnetic field and
partially retain their magnetization after the external field is removed. The origin of
this phenomenon is complex and dependent on the detailed microscopic structure of the
ferromagnet. Particles with unpaired electrons, e.g. atoms with partially filled angular
momentum subshells in their Hund's rule high–spin ground state, possess a magnetic di-
pole induced by their electronic spin and angular momenta which, in a solid ensemble
of identical particles, will tend to interact with neighbouring magnetic dipoles through
a number of competing interactions, such as dipole–dipole interactions, direct (poten-
tial) ferromagnetic exchange or magnetic exchange mediated through virtual transitions
(superexchange or kinetic exchange, antiferromagnetic for isotropic non–degenerate sys-
tems) [1, 2]. In high–temperature ferromagnetic materials, dipole–dipole magnetic inte-
ractions are too weak to explain magnetic ordering, and only electrostatic–based quantum
mechanical exchange interactions can account for a large enough force driving spins on
neighbouring atoms parallel to each other in a broken–symmetry thermodynamical phase
at room temperature.

When all interactions are taken into account, the most energetically favourable confi-
guration features a division of the ferromagnetic material in small magnetic domains [3]
in which atomic magnetic dipoles are aligned, with different magnetic domains having, in
general, a different coherent dipole orientation, thus netting a null magnetization of the
material. The behavior of the ferromagnetic, unmagnetized material under the influence
of an external magnetic field can be represented by a plot, named hysteresis cycle, which
is peculiar to ferromagnetic systems:

a
b

c

d
e

f

H

B

Figure 1: Hysteresis cycle of a ferromagnetic material.

When an external magnetic field is applied (red curve), the magnetic domains will
align their magnetizations with the external field, with the topology of the domains in the
material changing under the influence of the magnetic field, and the material will produce
a non–zero magnetization along the direction of the external magnetic field (point b.).
After removal of the magnetic field (point c.), the perturbed topology will not return to
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its original state, thus retaining a non–zero magnetization. The material is, thus, said
to be magnetized, and remains so unless the sample is heated above a certain tempera-
ture, named Curie temperature, which allows the thermal redistribution of the magnetic
domains or unless an external field of opposite direction is applied (path c–d).

The partial retention of the magnetization, peculiar to ferromagnetic materials, is
crucial for their widespread applicability as permanent magnets or building blocks for
hard–drives.

Single Molecule Magnets

In 1991, magnetic measurements on a dodecametallic manganese–acetate cage, Mn12Ac
([Mn12O12(CH3COO)16(H2O)4] · 2 CH3COOH · 4 H2O), showed that, at liquid helium tem-
peratures, this molecule retained its magnetization at zero–field, thus acting like a mole-
cular ferromagnet despite showing negligible intermolecular interaction [4–6]. Since then,
a wide range of molecules displaying retention of the magnetization at similar temperatu-
res, named SMMs, have been synthesized and characterized, sparking a huge interest in
the development of molecule–based memories [7] and, ambitiously, to play an important
role in the development of spintronic devices [8, 9] and quantum computers [10].

In order to understand the origin of single–molecule magnetism, it is of paramount
importance to analyze and understand the details of the low–energy quasi–degenerate
electronic structure of the complex. Assuming axial symmetry, and a metallic core with a
degenerate ground state multiplet with total spin S arising from ferromagnetically (or fer-
rimagnetically) exchange–coupled on–site spins, the magnetic anisotropy induced by the
interactions with the surrounding ligands will generate a zero–field splitting, thus creating
several states with different values of MS, corresponding to different spin orientation, each
state (orientation) with a different energy. The ground state will, then, be doubly dege-
nerate with its two states exhibiting the maximum value of MS along a specific direction
(the so–called ”easy axis” for the magnetization of the molecule):

Figure 2: Generic Mechanism of Magnetic Relaxation [11]. In the three plots, the hori-
zontal and the vertical axes represent, respectively, MS and energy of the zero–field split
states.

As shown in Fig. 2, after applying an external magnetic field the energy of the states will
be modified by the Zeeman splitting, thus breaking all degenerations between ±MS states
and causing an enrichment in the population of the lower–energy MS = −S state, which
will generate the magnetization of the sample. After removing the magnetic field, the
population difference between the two degenerate components of the ground state will
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cause the retention of the magnetization, which is retained until the sample thermally
relaxes through the energy barrier, computed as:

Ueff = |D|S2 (1)

where D is the zero–field splitting parameter which describes the axial magnetic aniso-
tropy of the SMM. In order to study the timescale of the spin relaxation process, the
energy curve shown in Fig. 2 is described by an Arrhenius–like equation [7]:

τ = τ0e
Ueff
kBT (2)

where τ is the lifetime of a spin–polarized state, or magnetic relaxation characteristic
time, and τ0 is a pre–exponential factor representing the high–temperature limit of the
relaxation time. The main conclusion which can be drawn from Eq. 2 is that the higher
Ueff , the slower the spin relaxation phenomenon will be at a given temperature, and the
longer the molecule will retain its magnetization.

The effectiveness of a SMM can be estimated on the basis of several parameters.
Firstly, the height of the energy barrier Ueff , which corresponds to the energy required
to transform the molecule into a paramagnet. Secondly, the blocking temperature TB,
defined as the highest temperature at which the SMM displays hysteresis of the mag-
netization. It has to be noted that, according to Eq. 2, the definition of TB is strongly
dependent on the timescale of the experiment used to measure it and, in particular, of the
sweeping rate of the magnetic field for the measurement of the hysteresis cycle. Over the
last decades, different conventions have been proposed for the blocking temperature, such
as defining TB as the temperature at which τ = 100s, as indicated by Gatteschi, Villain
and Sessoli [7]. In recent years, however, it has become common practice to perform
TB measurements using a sweeping rate of ≈ 20 Oe s−1, which is slow enough to be of
interest for technological applications [12]. Lastly, the coercive magnetic field Hc, defined
as the strength of the magnetic field required to remove the magnetization. Among these
parameters, Ueff is the most used because of its independence from the timescale of the
measurements and from quantum tunneling processes.

The archetypes of two of the most studied families of complexes displaying SMM
behavior, respectively Mn12Ac [4] and [Fe8O2(OH)12(tacn)6Br8] (Fe8Br8) [13], with tacn
= 1,4,7–triazacyclononane, both present a total spin S = 10, Ising–type magnetic ani-
sotropy and anisotropy barriers of, respectively, Ueff = 51cm−1 and Ueff = 19cm−1.
Furthermore, one of the largest anisotropy barriers in a 3d–SMM has been reported
for the hexametallic MnIII cage [Mn6O2(sao)6(O2CPh)2(EtOH)4] (Mn6), with saoH2 =
2–hydroxybenzaldehye oxime, which possessed a total spin S = 12 and an anisotropy
barrier of Ueff = 62cm−1 [14]. According to these results and Eq. 1, therefore, a high
value of the total spin quantum number S appears to be a desirable feature for a higher
Ueff . When a cage composed by 19 Mn atoms, [Mn19O8(N3)8(H3L)12(MeCN)6]2

+, (Mn19),
with H3L = 2,6–bis(hydroxymethyl)–4–methylphenol, which has a total spin of S = 83/2,
was tested, however, a very small anisotropy barrier, corresponding to Ueff = 4cm−1, was
observed [15]. It was later argued that larger metal cages ferromagnetically–coupled tend
to possess a higher symmetry, thus causing a reduction in the value of the zero–field split-
ting parameter D [11]. For this reason, the creation of metallic cages containing a large
amount of 3d ions does not seem to be a promising strategy.

7



Introduction

Lanthanide SMMs

In recent years, the development of complexes which displayed SMM behavior at higher
temperatures started to feature more prominently lanthanide ions [16–20] because of their
large magnetic anisotropy. Since, however, these complexes feature a very large spin–
orbit coupling, S will not be a good quantum number anymore and the anisotropy model
discussed in the previous Section is not applicable.

Figure 3: Energy diagram of the lowest energy states of a lanthanide complex. Image
used with permission from Dr. A. Soncini.

In lanthanide complexes, as shown in Fig. 3, the magnetic bistability which is cru-
cial to give rise to SMM behavior is induced by the weak splitting of the quasi–atomic
spin–orbit states 2S+1LJ by the ligand field (from now on referred to as the crystal field)
into a set of states that can be described in terms of linear combinations of quasi–atomic
4f states with well defined total angular momentum quantum numbers (J , MJ). While
the crystal field is weak with respect to electron–electron and spin–orbit interactions, its
effect on the splitting of the J spin–orbit multiplet is much stronger than the equivalent
splitting of spin states in transition metal based SMMs, and for this reason the effective
reorientation barrier in Ln–based SMMs can in principle be expected to be of the order
of hundreds of wavenumbers, while in transition metal cluster it achieved few tens of wa-
venumbers at most. Ideally, to achieve a high reorientation barrier axial symmetry would
be desirable, so that each crystal field state would be characterised by sharp MJ quantum
number, quenching fast–relaxation due to barrier tunneling events, and forcing termal
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relaxation through the crossing of the whole range of crystal field enegries, which can
easily exceed room temperature for these systems. However, synthesizing high–symmetry
systems proves difficult for these compounds. The detailed understanding of how the
ligands interact with the 4f electrons producing the crystal field levels is thus crucial for
the design of efficient Ln–SMMs, with higher blocking temperatures, and this is one of the
main reasons why ab initio calculations of these states have proven extremely valuable in
the area [21–34].

There is now a significant amount of evidence that due to the large magnetic aniso-
tropy induced by the splitting of the spin–orbit states by the crystal field, between one
and two orders of magnitude larger than what was possible for transition metal clusters,
Ln complexes have been able to provide much larger anisotropy barriers, thus becoming
prominent targets for the development of new SMMs with higher blocking temperatu-
res. Until very recently, the highest reported blocking temperature for a SMM, given a
sweeping field of ≈ 20 Oe s−1, was of 14K, with a Ueff estimated to be of of 224cm−1

for a Tb dimer, with the two terbium ions mediated by a N3−
2 non–innocent bridging

ligand [35], to be compared with TB = 3K for Mn6. However, a University of Manchester
group led by Mills and Chilton has recently reported a new record blocking temperature,
at a sweeping field of 22 Oe s−1, obtained in a di–cyclopendadienyl Dy–complex, which
featured an astonishing blocking temperature of 60K [12], less than 20K lower than that
of liquid N2. This discovery sparked a huge interest in designing complexes able to display
SMM behavior in presence of liquid N2 so as to allow the development of a multitude of
devices, ranging from molecular memories [7] to spintronic devices [8, 9], which employ
these molecules.

Scope of the Research Projects

The remarkable advances in the development of lanthanide SMMs with a high blocking
temperature have been accompanied (and facilitated) by equally remarkable advances
in our theoretical understanding of these systems, including (i) our improved under-
standing of the role played by low–symmetry harmonics in the crystal field potential
in inducing fast relaxation [23], (ii) the development of microscopic models rationalising
new mechanisms contributing to magnetic exchange between Ln ions [36–39], (iii) our
much improved ability to computationally simulate via ab initio methods their electronic
structure [21–34, 40–42], (a notable example is the CASSCF / RASSI–SO method, as
implemented in the Molcas [43] package, which features the first ab initio methodology
for the evaluation of the crystal field Hamiltonian, developed by Chibotaru and Ungur at
the University of Leuven in the module SINGLE ANISO [34]) (iv) an improved under-
standing of the role of electrostatic effects in determining the magnetic properties of Ln
SMMs [22, 41]. Also, increasing attention from the community of theoreticians is being
dedicated to the theoretical and computational simulation of the coupling between the
magnetic electrons in Ln SMMs and the enviromental perturbations, such as the effect of
the crystal phonons [12, 44] and the explicit simulation of the hysteretic dynamics of the
Ln SMM magnetisation [45].

Despite these theoretical and computational advances, due to the sheer complexity
of the electronic structure problem for Ln complexes in which several small effects such
as covalency, dynamical correlation or accurate representation of spin–orbit effects can
all significantly affect the splitting of the ground spin–orbit multiplet of the Ln ion [22],
calculations involving more than one lanthanide ions have so far proven intractable. A
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model for the description of the exchange interaction between lanthanide ions has been
proposed by Iwahara and Chibotaru [36–38], who derived the exchange interaction contri-
bution to the Hamiltonian, which was shown to be dependent on parameters obtainable
from first principle calculations, from the complete electronic Hamiltonian. This model
has also been employed in a subsequent work [39] to model the exchange interaction be-
tween Ln ions in a set of compounds isostructural to Tb2N2 [35], which was found to
be of the same order of magnitude of the energy difference between crystal field levels.
In this work, exchange interaction parameters and the details of the electronic struc-
ture and the magnetic properties of the lowest–energy crystal field states were computed
using, respectively, Density Functional Theory (DFT) calculations and ab initio fragment
CASSCF calculations, in which one of the two ions in the dimer was substituted with a
diamagnetic LaIII ion. The analysis of the computational results by means of the exchange
Hamiltonian previously defined [38] allowed to attribute the giant exchange interaction to
the kinetic contribution to the Ln–N3−

2 exchange coupling. Given the computational ap-
proximations introduced in the calculations, however, a more quantitative understanding
of this coupling and how it leads to higher blocking temperatures would be desirable, and
to date impossible with current ab initio methods.

The intricacy of the electronic structure of Ln complexes requires, therefore, the deve-
lopment of new ab initio tools to efficiently and accurately approach calculations for larger
molecules or simply polynuclear complexes is desirable, as these would be useful to study
the properties of Ln complexes which are key for many applications, such as SMMs or
Magnetic Resonance Imaging (MRI) contrast agents. In this Ph.D., I have contributed to
the investigation of the properties of Ln complexes in two different areas: SMMs (project
1) and direct chiral discrimination in paramagnetic NMR spectroscopy (project 2).

Project 1: Study of the Electronic Structure of Lanthanide SMMs

As evidenced in the previous Sections, an accurate description of the details of the elec-
tronic structure of Ln complexes is of paramount importance to correctly predict their
magnetic properties. When studying these molecules, however, the interplay between
many electronic factors has to be taken into consideration, thus rapidly increasing the
computational demand of the calculation. For this reason, the development of faster ab
initio approches can be useful to try to extend the domain of applicability of ab initio
calculations.

In this Project, therefore, an ab initio method providing an alternative computational
strategy for the calculation of magnetic properties of lanthanide SMMs has been developed
and implemented into an efficient software, which is shown to allow for faster calculations
of the electronic structure and magnetic properties of lanthanide complexes than those
achievable with current softwares. It is also expected to serve as a platform to develop ab
initio calculation of exchange coupling in Ln–dimers.

Project 2: Chiral Discrimination in Paramagnetic NMR

In this Project, the theory of direct chiral discrimination via NMR spectroscopy [46, 47]
has been generalized for open–shell molecules and, in particular, for lanthanide SMMs. It
is well–known that, outside of the absolute spatial orientation of their atoms, enantiomers
possess identical properties, thus requiring diastereomeric interactions with other chiral
entities so as to be discriminated successfully. Although a NMR experiment as is cannot
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perform direct chiral discrimination, that is without the addition of a chiral molecule in
the sample, previous works by Buckingham [47] and Fischer [46] predicted that chiral
closed–shell molecules could potentially be distinguished in a pulsed NMR experiment.
Calculations on a wide range of closed–shell molecules, however, predicted that this pro-
perty could not be detected at room temperature. Based on the observation, arising from
the theory of generalized shielding tensors developed in the research group [48–50], that
the antisymmetric component of the shielding tensor for open–shell molecules depends
on the magnetic anisotropy of the system, we were interested in studying the behavior of
DyIII SMMs, which are known to possess strong ground–state magnetic anisotropy, in a
pulsed NMR experiment, so as to achieve detection of this property at room temperature,
using molecular parameters obtained from ab initio calculations, namely the magnetic
moment, the electric dipole and the hyperfine coupling. Since the calculation of the latter
tensor is not trivial for Ln complexes [33, 51], dipolar approximation [52] has been used
for all computational estimations. It has to be noted, however, that an ab initio method
for the rigorous calculation of the hyperfine tensor has been recently reported by Aut-
schbach and coworkers [33] by performing Restricted Active Space Self–Consistent Field
(RASSCF) calculations with an expanded the active space so as to account for spin pola-
rization contributions, which would allow for more rigorous estimations of the generalized
shielding polarizability tensor.

Outline of the Thesis

This Section will present the structure of the Thesis and the content of each Chapter.
Since this Ph.D. featured two separate projects, the Thesis is split in two Parts, each one
devoted to a specific project.

In Part I, the development and implementation of an alternative ab initio method,
more efficient than what currently available, for the calculation of the magnetic properties
in strongly spin–orbit coupled lanthanide complexes is presented. In Chapter 1, prelimi-
nary knowledge on Schrödinger equation, its solution via iterative Hartree–Fock (HF)
method, including a detailed overview of the approximations introduced by this model,
the algorithms required to improve the convergence of HF calculations and the limits of
this method.

In Chapter 2, algorithms which constitute an improvement over the HF model, namely
Configuration Interaction methods and, most importantly, CASSCF / RASSI–SO, are
introduced and discussed. At the end of the Chapter, the limits of the latter method
when computing the magnetic properties of lanthanide SMMs are introduced.

Chapter 3 opens with a discussion of some well–known peculiar lanthanide SMM
properties which suggest the possibility of developing an alternative method, which we
named CAHF / CASCI–SO, for their description. The theory of the CAHF step of
this method, in which a configurationally–averaged HF calculation [53] is performed, is
presented in the remainder of the Chapter using second quantization formalism.

Chapter 4 presents the structure of Ceres, an efficient dedicated software for CAHF /
CASCI–SO calculations. The details of all its main sections are presented and discussed,
with specific attention devoted to novel algorithms or crucial steps for the efficiency or the
accuracy of the calculations. In particular, a new method, called the population analysis
method, is presented to improve the convergence of CAHF calculations.

In Chapter 5, the efficiency of the CAHF / CASCI–SO method with respect to the
CASSCF / RASSI–SO method is tested by comparing the timings and accuracy of the
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results obtained by, respectively, CAHF / CASCI–SO calculations performed with Ceres
and CASSCF / RASSI–SO calculations performed with Molcas. Analysis of the timings
shows that our method is more efficient, while analysis of the results show that CAHF /
CASCI–SO does not introduce any significant systematic loss of accuracy, thus confirming
its goodness for the calculation of lanthanide complexes magnetic properties. At the end
of the Chapter, the performance of the population analsis method is tested by comparing
CAHF calculations, respectively, with and without such method. The results show that
the population analysis method constitutes a significant improvement, while still requiring
further study.

In Chapter 6, finally, the conclusions drawn from this project are presented, along
with an overview of the future directions of this project.

Two publications have been based on the theoretical and computational results pre-
sented, respectively, in Chapter 3 [42] and in Chapters 3, 4, 5 and Appendix B [54].

In Part II, the generalization of a theory for the direct chiral discrimination via NMR
spectroscopy, first presented by Buckingham [55] and Fischer [46], for open–shell mo-
lecules is presented. In Chapter 1, preliminary knowledge on the principles of NMR
spectroscopy are presented, followed by a thorough discussion of Buckingham’s theory
and the connected physical effects.

In Chapter 2, the theory of the generalized shielding polarizability tensor, a third–rank
response tensor defined as the third order mixed derivative of the electronic free energy
with respect to the external perturbations, is presented and thoroughly derived, showing
that new terms arise which, for strongly anisotropic molecules, suggest the possibility of
room temperature detectability.

In Chapter 3, the results of two sets of ab initio calculations on strongly anisotropic
lanthanide complexes are used to estimate the new contributions of the generalized shiel-
ding polarizability tensor by employing different approximations of the crystal field states
as systems with pseudospin of, respectively, S = 1

2
and S = 3

2
. Analysis of the resulting

data allows us to predict that it is indeed possible to perform direct chiral discrimination
via NMR spectroscopy. We also discuss the relative magnitude of the terms of the ten-
sor according to their temperature dependence, and we confirm our prediction that our
contribution is the most relevant for strongly anisotropic molecules.

In Chapter 4, finally, the conclusions drawn from this project are presented, along
with an overview of the future directions of this project.

Two publications have been based on the theoretical and computational results pre-
sented, respectively, in Chapter 2, in the first Section of Chapter 3 and in Appendix D [56]
and in Chapter 2, in the second Section of Chapter 3 and in Appendix E [57].

Finally, this Thesis features several Appendices in which data and additional informa-
tions are presented. In Appendix A, a quick formulary of second quantization is presen-
ted. In Appendix B, the geometries of the complexes on which CAHF / CASCI–SO and
CASSCF / RASSI–SO calculations have been performed and the entire set of results for
the two methods are presented. In Appendix C, the extensive derivation of the double
and triple integrals required to calculate the generalized shielding polarizability tensor is
presented. In Appendix D, finally, the results of the calculations of the tensor are pre-
sented, along with details on the derivation of the formula of the tensor as function of
generalized g–tensors, hyperfine and electric dipole coefficients within the spin projector
formalism.
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Chapter 1

State-of-the-Art Calculation
Methods on Lanthanide Complexes

In this Chapter, I will provide a quick overview of the principles of ab initio calculations
useful for calculating the electronic structure. The theory presented below is well known,
thus only a quick review of the Hartree–Fock theory will be given, mostly focusing on
the core features, the approximations introduced and the most important formulae, while
skipping many derivation steps, which can however be recovered from the main references
consulted [58–60]. In Section 1.7, then, more refined methods for the calculation of the
electronic structure and magnetic properties of Ln complexes are presented.

1.1 Schrödinger Equation

A cornerstone concept in quantum mechanics is that of wave function, that is the mat-
hematical function which describes the quantum state of a particle, and a mathematical
device for the calculation of statistical predictions concerning the outcomes of measure-
ments performed on the system. The knowledge of the wave function Ψ (x,X, t) of a given
system, which depends on time t, on the coordinates of n electrons x = {xi} (i = 1 · · ·n,
xi = RI·σi, with RI and σi being electronic spatial and spin coordinates) and to those of N
nuclei X = {XI} (I = 1 · · ·N , XI = RI ·σI , with RI and σI being nuclear spatial and spin
coordinates), allows full understanding of its properties, including molecular properties
and predictions concerning chemical reactivity. Within non-relativistic quantum mecha-
nics, the most general equation for calculating a wave function is the time–dependent
Schrödinger equation [61]:

i~
∂

∂t
Ψ (x,X, t) = ĤΨ (x,X, t) (I.1.1)

which describes the time evolution of the wave function of a given system under the action
of the Hamiltonian operator Ĥ. When, however, the Hamiltonian is time–independent,
the wave function can be factorized into space–dependent and a time–dependent compo-
nents, describing a stationary state of the system:

Ψ (x,X, t) = ψ (x,X) e−
iEt
~ (I.1.2)

where the spatial part of the wavefunction ψ (x,X) and its associated energy E, defining
the oscillation frequency of the stationary state, are determined via the time–independent
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Schrodinger equation [61]:
Ĥψ (x,X) = Eψ (x,X) (I.1.3)

The eigenfunctions of the Hamiltonian ψ (x,X), the spatial part of the stationary states
introduced in Eq. I.1.2, are time–independent and, if they describe the state of a single
electron (i.e. the wave function is expressed as ψ (xi,X), where X can represent any
number of nuclei), within a bound atomic or molecular state, it is also known as (atomic
or molecular) orbital.

When Eq. I.1.3 is applied to atoms or molecules, neglecting relativistic effects which
would also include the electron spin, the Hamiltonian only contains contributions from
the electrons and the nuclei, thus assuming the form:

Ĥ = T̂ + V̂ (I.1.4)

with T̂ and V̂ being, respectively, the kinetic and the potential component, defined as:

T̂ = T̂e + T̂N = −
∑
i

~2

2me

∇2
ri
−
∑
p

~2

Mp

∇2
Rp (I.1.5)

V̂ = V̂eN + V̂ee+ V̂NN = −
∑
i,p

Zpe
2

4πε0 |Rp −RI|
+
∑
i

∑
j>i

e2

4πε0 |RI − rj |
+
∑
p

∑
q>p

ZpZqe
2

4πε0 |Rp −Rq|
(I.1.6)

where electrons (described by indices i and j) are defined by their mass me and position
r, nuclei (described by indices p and q) are defined by their mass M , charge Z and position
R, ∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 is the Laplace operator, ~ = h
2π

the reduced Planck constant and
ε0 the vacuum permittivity.

The molecular Hamiltonian presented in Eqs. I.1.4–I.1.6 has been expressed in the SI
unit system. In atomic and molecular physics, as in quantum chemistry, it is customary
to introduce atomic units. The atomic unit of energy is the hartree, defined in terms of
fundamental constants as

Eh =
me4k2

e

~2
, (I.1.7)

while the atomic unit of distance is the bohr, given by

a0 =
~2

keme2
. (I.1.8)

This can be formally achieved by setting to unity the following physical constants:

• Electron mass me;

• Elementary charge e;

• Reduced Planck constant ~;

• Coulomb constant ke = 1
4πε0

.

The atomic unit system allows to simplify the formulation of the molecular Hamiltonian
as:

Ĥ = −
∑
i

1

2
∇2
ri−

∑
p

1

2Mp
∇2
Rp−

∑
i,p

Zp
|Rp −RI|

+
∑
i

∑
j>i

1

|RI − rj |
+
∑
p

∑
q>p

ZpZq
|Rp −Rq|

(I.1.9)

Throughout the remainder of the Thesis, atomic units will be employed.
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Analytical solutions of Eq. I.1.3 can be obtained only for simple (typically one-electron)
systems, such as hydrogen or hydrogenoid atoms. The introduction of non-separable
two–body interactions terms, i.e. coulomb repulsion potentials, makes the mathematics
intractable, and the description of these interactions in theoretical physics and chemistry
is normally achieved via a set of approximations described in what follows.

1.2 Born-Oppenheimer Approximation

In the potential energy operator introduced in Eq. I.1.6, both electronic (x) and nu-
clear (X) coordinates are dynamical variables, which will result in a wave function also
dependent in general on x and X.

The time–independent molecular wave function Ψ (x,X) obtained from the time–
independent Schrödinger equation is dependent on the position of both electrons and
nuclei, which are treated as quantum objects. Since nuclei are much heavier than elec-
trons (mp ≈ 1836 me and mn ≈ 1839 me, with mp and mn being, respectively, the proton
and the neutron mass), it is plausible to assume that the electrons motion adjusts instan-
taneously to the position of nuclei, so that the Schrödinger equation can be separated into
an equation for electrons only (i.e only electronic coordinates are dynamical variables),
while the nuclei are frozen in a fixed configuration and source of a classical electrostatic
attractive potential. The electronic energy as function of nuclear positions provides then
a potential energy surface in which the nuclear dynamics can be solved via a nuclear
Schrödinger equation. Within that framework, therefore, a plausible assumption would
be that the wave function can be factorized into an electronic and a nuclear part:

Ψ (x,X) = ψ (x)χ (X) (I.1.10)

with an effective decoupling of the electronic and nuclear solutions of Eq. I.1.3. The
presence of the electron–nuclear potential component V̂eN in the molecular Hamiltonian,
however, prevents such factorization.

The electronic–nuclear decoupling can be achieved through the use of a well–known
approximation, named Born–Oppenheimer approximation [62], according to which a dif-
ferent factorization of the wave function is employed:

Ψ (x,X) = ψ (x; X)χ (X) (I.1.11)

where the electronic component of ψ (x; X) depends parametrically on the nuclear coor-
dinates. This particular dependence descends from the assumption that, given the slow
relative motion of the nuclei with respect to electrons, their degrees of freedom will be
fixed, in other words throughout the nuclear motion electrons will always instantly adjust
their quantum state to the classical electrostatic attractive potential generated by the
frozen nuclei, seen as point charges.

According to the Born–Oppenheimer approximation, therefore, it is possible to expli-
citly derive the electronic wave function via the electronic time–independent Schrödinger
equation:

Ĥeψ (x; X) = Ee (X)ψ (x; X) (I.1.12)

where Ee (X) is the electronic energy and Ĥe = T̂e+V̂eN+V̂ee is the electronic Hamiltonian.
This eigenvalue equation will, thus, describe the properties of the electrons of the system
immersed in the external electric field created by the nuclei, with the set of eigenvalues
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Chapter I.1.3. MULTIELECTRON WAVE FUNCTION

representing the electronic energy levels of the molecule. Since the difference between
electronic energy levels is relatively large, furthermore, it will be assumed that the system
will always be in its electronic ground state throughout the nuclear motion.

After having solved Eq. I.1.12 and obtained the electronic energy levels, then, the
nuclear time–independent Schrödinger equation is solved by computing the nuclear energy
states influenced by an effective electric field caused by the electronic cloud:

ĤNχ (X) = ENχ (X) (I.1.13)

where EN ≈ E is an approximate eigenvalue of the full time–independent Schrödinger
equation, ĤN = T̂N + V̂NN +E0

e (X) is the nuclear Hamiltonian and E0
e (X) is the ground

state electronic electronic potential energy surface, obtained in principle by solving the
electronic Schrödinger equation for all positions of the nuclei.

The Born–Oppenheimer approximation is assumed throughout our work.

1.3 Multielectron Wave Function

The simplest definition of a multi–electron wave function which satisfies the antisymmetry
principle is the Slater determinant, introduced in 1929 by John. C. Slater:

Ψ (x1,x2, ...,xn) =
1√
N !

∣∣∣∣∣∣∣∣∣
χ1 (x1) χ2 (x1) · · · χN (x1)
χ1 (x2) χ2 (x2) · · · χN (x2)

...
...

. . .
...

χ1 (xN) χ2 (xN) · · · χN (xN)

∣∣∣∣∣∣∣∣∣ (I.1.14)

where χi (xj) is the spin orbital i for electron j in a system with N electrons. Using
second quantization formalism (introduced in App. II.A), it is possible to define a Slater
determinant as:

|Ψ (x1,x2, ...,xn)〉 → |k〉 =

(∏
u,σ

a†uσ

)(∏
i

a†iαa
†
iβ

)
|vac〉 (I.1.15)

with k being the occupation number vector in the Fock space, containing the occupation
numbers of the spin orbitals, and the first product involving only orbitals occupied by
valence electrons, while the second product always features double occupation of each
Molecular Orbital (MO). In this formulation, the antisymmetry is guaranteed by the an-
ticommutation rules between creation and annihilation operators shown in Eqs. A.3–A.4.
The spin orbitals describing the one–particle wave functions used to build a multi–electron
wave function such as in Eq. I.1.14, form the orthonormal one–electron basis defining the
multi–electron Fock space in second quantizaation, in which all possible occupations of
the one–electron basis can be realized, including the one–electron occupation implemented
by Eq. A.1.

In Hartree–Fock theory, the exact molecular wave function is approximated as a single
Configuration State Function (CSF), a fixed symmetry adapted linear combination of
Slater determinants:

|CSF 〉 =
∑
i

wi |ki〉 (I.1.16)

where the coefficient set w is defined by the symmetry of the wave function, the spin
orbitals are all real and orthonormal and the set {k} consists of all possible occupation

17



Chapter I.1.3. MULTIELECTRON WAVE FUNCTION

number vectors produced keeping fixed the total number of electrons and that of the set
of valence orbitals. CSFs, furthermore, are designed so as to be eigenfunctions of the
total spin S2 and of its z component Sz. In order to distinguish the spin orbitals based
on their occupation, finally, the following convention is used from here on out:

• Orbitals which are doubly occupied in all determinants are called inactive, and are
associated with indices i, j, k, l;

• Orbitals which have partial occupation are called active, and are associated with
indices u,w, x, y;

• Orbitals which are always unoccupied are called virtual, and are associated with
indices a, b, c, d;

• Orbitals with unspecified occupation are associated with indices p, q, r, s.

A complete set of orbitals with the same occupation will define a space, thus partitioning
the set of MOs into an inactive, an active and a virtual space. Orbital space X will be
composed of nX electrons distributed in mX orbitals, with an average occupation number
defined as νX = nX

mX
.

1.3.1 Orbital Rotations

The Fock space is defined by a specific choice of an orthormal basis of one–electron
spin orbitals. If such basis was complete (i.e infinite), the description of the molecular
wavefunction in terms of linear combinations of CFSs (or also of Slater determinants)
would be independent of the choice of spin orbitals. In reality, however, a truncation of
the spin orbital basis is clearly necessary. For this reason, the description of the multi–
electron wave function can be greatly improved by a choice of spin orbitals according to
some specific criterion, i.e. minimization of ground state energy. Thus, it is essential
in quantum chemistry to change the basis of orthonormal spin orbitals, i.e. to perform
orbital rotations. If such rotations are forced to be unitary, then the preservation of
the orthonormality condition is ensured, so that any variational optimization procedure
could be performed as unconstrained (i.e. the orthonormality condition is automatically
ensured):

ψ̃p =
∑
q

ψqUpq (I.1.17)

where the unitary matrix U can be written as the exponential of an anti–Hermitian
matrix:

U = e−κ (I.1.18)

It can be demonstrated, furthermore, that creation operators of the rotated spin orbital
are obtained as rotations of the original creation operators:

ã+
pσ = e−κ̂a†pσe

κ̂ (I.1.19)

with the multi–electron rotation operator κ̂ defined as [58]:

κ̂ =
∑
p>q

κpq (Epq − Eqp) =
∑
p>q

κpqE
−
pq (I.1.20)
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with Epq being the excitation operator in second quantization presented in Eq. A.7 and
κpq being the matrix elements of the anti–symmetric matrix presented in Eq. I.1.18.
Substitution of Eq. I.1.19 into Eq. I.1.15, finally, shows how to perform a rotation of the
multi–electron wave function |0〉:

e−κ̂ |0〉 = e−κ̂
∏

a†pσ |vac〉 =
∏(

e−κ̂a†pσe
κ̂
)
|vac〉 =

∏
ã+
pσ |vac〉 =

∣∣0̃〉 (I.1.21)

where the product
∏

is performed on all occupied spin orbitals and we have used the
rotation invariance property of the vacuum state eκ̂ |vac〉 = |vac〉 for any rotation operator
eκ̂.

The rotation operator defined in Eq. I.1.20 allows rotations between orbitals belonging
to any orbital space, generating orbital mixing also within active, inactive and virtual
orbitals, thus describing any general unitary transformation of a MO. The application of
such operator on a multi–electron wave function for the purpose of minimizing an energy,
however, does not necessarily require the entire set of κpq, therefore allowing a partition
between redundant and non–redundant rotations. Redundant rotations can, for instance,
be defined as rotations which do not generate a first–order change in the wave function,
thus defined by the following property:

E−pq |CSF 〉 = 0 (I.1.22)

A simple analysis of Eq. I.1.22 shows that redundancy is an orbital space property, in
other words either all rotations between two spaces are redundant or none are. From
the analysis of all possible rotations, therefore, it is possible to conclude that rotations
between orbitals belonging to different inactive, active or virtual spaces are always non–
redundant, whereas rotations between orbitals of the same space are redundant, with the
only exception being the active–active rotations, whose non–redundancy depends on the
specific active space of the system considered, thus requiring dedicated analysis.

1.3.2 Definition of Molecular Energy Gradient and Hessian as
Analytical Derivatives

If we insist for simplicity that the ground state wave function of system be described by
a single CSF, then the energy of the system can be computed as an expectation value
which will only depend on the specific choice of one–electron spin orbital basis via the
rotation coefficients κ:

E (κ) =
〈
CSF (κ)

∣∣∣Ĥ∣∣∣CSF (κ)
〉

(I.1.23)

where we assume that |CSF (0)〉 is the CSF evaluated using some known set of spin
orbitals, while the rotated CSF, |CSF (κ)〉 = e−κ̂ |CSF (0)〉.

Since the variational principle assures that any aproximate energy, such as that in
Eq. I.1.23, is always an upper bound to the true ground state energy of the system, the
optimization of the spin orbitals can be carried out by minimizing the energy with respect
to orbital rotations. For this reason, it is useful to explicitly expose the dependence of
Eq. I.1.23 on orbital rotations, and expand the energy in a Taylor series:

E (κ) = E(0) + κE(1) +
1

2
κ†E(2)κ+O

(
κ3
)

(I.1.24)

where E(0) is the zeroth-order energy, E(1) is a column vector representing the molecular
gradient, E(2) is a matrix representing the molecular Hessian and O (κ3) includes all terms
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of higher order in κ. In this formulation, the orbital rotation parameters are arranged in
a column vector, and it will always be made clear whenever introduced whether they are
arranged as above or as an antisymmetric matrix as in Eq. I.1.20. Gradient and Hessian
can be defined in a more explicit way by expanding rhs of Eq. I.1.23 in a Baker-Campbell-
Hausdorff (BCH) series:〈

CSF (κ)
∣∣∣Ĥ∣∣∣CSF (κ)

〉
=
〈
CSF

∣∣∣eκ̂Ĥe−κ̂∣∣∣CSF〉 =〈
CSF

∣∣∣Ĥ∣∣∣CSF〉+
〈
CSF

∣∣∣[κ̂, Ĥ]∣∣∣CSF〉+
1

2

〈
CSF

∣∣∣[κ̂, [κ̂, Ĥ]]∣∣∣CSF〉+O
(
κ3
)

(I.1.25)

Collection of terms of same order in κ̂ gives the following definitions:

E(0) =
〈
CSF

∣∣∣Ĥ∣∣∣CSF〉 (I.1.26)

E(1)
pq =

∂E (κ)

∂κpq
=
〈
CSF

∣∣∣[E−pq, Ĥ]∣∣∣CSF〉 (I.1.27)

E(2)
pqrs =

∂2E (κ)

∂κpq∂κrs
=

1

2
(1 + Ppqrs)

〈
CSF

∣∣∣[E−pq, [E−rs, Ĥ]]∣∣∣CSF〉 (I.1.28)

where Ppqrs is a permutation operator which swaps the indices pq with rs, and both
molecular gradient and Hessian only include non–redundant rotation terms. For a real
wave function, the gradient and the Hessian expressions can be further simplified, giving:

E(1)
pq = 2

〈
CSF

∣∣∣[Epq, Ĥ]∣∣∣CSF〉 (I.1.29)

E(2)
pqrs = (1 + Ppqrs)

〈
CSF

∣∣∣[Epq, [E−rs, Ĥ]]∣∣∣CSF〉 (I.1.30)

It has to be noted that Eq. I.1.29 and Eq. I.1.30 are computed at κ = 0, therefore
particular care has to be taken when using such formulae for stationary point analysis.

1.4 Hartree–Fock Theory

Minimization of the energy functional introduced in Eq. I.1.23 can only occur via varia-
tion of the one–electron spin orbital basis, via optimization of the rotational parameters
κ. Such a process clearly defines an effective one–electron theory, in which the multi–
electron energy is minimized by optimizing the one–particle states. The Hartree Fock
theory, a cornerstone of ab initio electronic–structure theory, follows from turning the mi-
nimization of the energy functional in Eq. I.1.23 into an effective one–electron problem,
where the optimal one–electron spin orbitals can be obtained by iterative diagonalization
of a mean–field one–electron Hamiltonian known as the Fock Hamiltionian. Since one of
our simplifications of state–of–the–art ab initio methods used for Ln complexes consists
of defining an average Hartree–Fock theory that is meaningful to efficiently optimize 4f
orbitals interacting with ligand orbitals (see Chapter I.2), in the following we rehearse in
some detail the second quantization formulation of closed–shell Hartree–Fock theory.
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1.4.1 Closed Shell Hartree–Fock Theory

Closed shell wave functions can be defined as:

|CSF 〉 =
∏
i

a†iαa
†
iβ|vac〉 (I.1.31)

where the product of creation operators is performed over all inactive orbitals i. In this
framework, the effective one–electron operator defining an eigenvalue equation for the
optimal spin orbitals must be defined in the most general way as:

f̂ =
∑
pq

fpqEpq (I.1.32)

with fpq being an element of the symmetric Fock matrix. A plausible formulation of the
Fock matrix can be achieved by first noting that the molecular gradient, introduced in
Eq. I.1.27, will be zero in a minimum of the potential energy surface. In order to build a
Hamiltonian that ensures its eigenfunctions constitute the set of orbitals which minimize
the energy of the system, therefore, the off–diagonal blocks can be defined by the gradient
elements:

fai ∝
〈
CSF

∣∣∣[Eai, Ĥ]∣∣∣CSF〉 (I.1.33)

where the definition is currently restricted to inactive–virtual terms since these are the
only non–redundant rotations. Given this definition of the Fock matrix, its diagonali-
zation will be a sufficient condition for its off–diagonal blocks to be zero, hence giving
a null gradient. Since this formulation is not symmetric, however, it has to be further
manipulated [58], giving an appropriate definition of the Fock matrix:

fpq =
1

2

∑
σ

〈
CSF

∣∣∣∣[a†qσ, [apσ, Ĥ]]
+

∣∣∣∣CSF〉 (I.1.34)

where [A,B]+ represent the anticommutator of the two operators. After substitution in
Eq. I.1.32, we get a more explicit formula of the Fock operator:

f̂ =
1

2

∑
pq,σ

〈
CSF

∣∣∣∣[a†qσ, [apσ, Ĥ]]
+

∣∣∣∣CSF〉Epq (I.1.35)

which, using second quantization rules, can be easily proved to be Hermitian and sym-
metric.

In second quantization, the electronic Hamiltonian is written as:

Ĥ =
∑
pq

hpqEpq +
1

2

∑
pqrs

gpqrsepqrs +Hnuc (I.1.36)

where hpq and gpqrs are, respectively, the one–electron

hpq =

∫
dr1ψp (r1)

[
−1

2
∇2 −

∑
J

ZJ
rJ

]
ψq (r1) (I.1.37)

and the two–electron integrals

gpqrs =

∫∫
dr1dr2

ψp (r1)ψr (r2)ψq (r1)ψs (r2)

r12

(I.1.38)

21



Chapter I.1.4. HARTREE–FOCK THEORY

and Hnuc is the nuclear–nuclear Coulomb repulsion. Note that, because nuclei are fixed
in agreement with Born–Oppenheimer approximation, the latter only contains nuclear
Coulomb repulsion. Substitution of Eq. I.1.36 into Eq. I.1.35 gives, after application of
second quantization commutation rules:

fpq = hpq +
1

2

∑
rs

(2gpqrs − gprsq)Drs (I.1.39)

where Drs is the one–electron density matrix defined in Eq. A.9. For a closed shell system,
the density matrix has the simple form:

Dpq =

{
2δpq if p is inactive

0 if p is virtual
(I.1.40)

thus giving the final result:

fpq = hpq +
∑
i

(2gpqii − gpiiq) (I.1.41)

Finally, the Hartree–Fock energy is calculated as the expectation value of the electronic
Hamiltonian:

E = 〈CSF | Ĥ |CSF 〉 (I.1.42)

Substituting Eq. I.1.36 gives:

E =
∑
pq

hpqDpq +
1

2

∑
pqrs

gpqrsdpqrs + Enuc (I.1.43)

The two–electron density matrix can be simplified for closed shell systems as [58]:

dijkl = DijDkl −
1

2
δilDkj = 4δijδkl − 2δilδkj (I.1.44)

given that the only non–zero elements have four inactive indices. Substituting Eq. I.1.40
and Eq. I.1.44 into Eq. I.1.43 gives:

E =
∑
i

[
2hii +

∑
j

(2giijj − gijji)

]
+ Enuc (I.1.45)

Implementation of a Hartree–Fock Algorithm

The Fock operator introduced in Eq. I.1.41 has been defined as an effective one–electron
Hamiltonian whose eigenvectors are a set of real and orthonormal MOs which are used
to build the variationally optimized wave function. Given that, however, Fock matrix is
built from the same orbital set, the eigenvalue equation has to be solved iteratively. It also
has to be noted that the exact Hartree–Fock orbitals can only be obtained in principle
if an infiite (complete) set of molecular orbitals is considered. The operative procedure
consists, in fact, in making an initial choice of a finite set of guess molecular orbitals.
A first Fock matrix is, then, built and diagonalized, with the resulting eigenvectors used
to build another Fock matrix in an iterative procedure which continues until the matrix
built with this procedure is diagonal. At this stage, the calculation is finished and this
solution is said to be self–consistent. For this reason, such an approximate (i.e. truncated)
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representation of the Hartree–Fock problem is known as a Self–Consistent Field (SCF)
calculation, whose solution is indeed self–consistent.

A diagonal Fock matrix is a sufficient condition for the definition of a stationary point
in the energy surface, but it is not necessary. Because of the formulation of the Fock matrix
in terms of the molecular gradient given in Eq. I.1.33, any set of orbitals which builds a
block–diagonal Fock matrix, for which Fai = 0 for any inactive orbital i and virtual orbital
a, will represent a stationary point. The only important feature of the Hartree–Fock wave
function, therefore, is the correct separation into occupied and virtual subspaces, since
the particular formulation of an orbital space can be obtained by a redundant rotation
which, as discussed in Sec. 1.3.1, does not change the energy of our system. By explicitly
writing the definition of a stationary point as a set of orbitals describing a point of the
potential energy surface with a null gradient, defined in Eq. I.1.27, it is possible to derive
the condition satisfied by a stationary point, named variational condition:

〈CSF (κvar)|
[
E−pq, Ĥ

]
|CSF (κvar)〉 = 〈CSF |

[
E−pq, e

κ̂varĤe−κ̂var
]
|CSF 〉 = 0 (I.1.46)

where e−κ̂stat represents the orbital rotation which transforms the wave function to that
of a stationary point.

1.4.2 Roothaan–Hall Self–Consistent Field Equations

Computationally, the most expensive step in an SCF algorithm is the calculation of bie-
lectronic integrals in the MO basis. This step is overcome in the so–called Roothaan–Hall
formulation [63, 64], in which the set of MOs is expressed as a Linear Combination of
Atomic Orbitals (LCAO):

|ψj〉 =
∑
α

Cαj |χα〉 (I.1.47)

where the Atomic Orbitals (AOs) are generally constructed as contracted Gaussian orbi-
tals and the matrix C contains all LCAO expansion coefficients. Substitution of the AO
expansion into the Fock eigenvalue equation

f̂ |k〉 = εk |k〉 (I.1.48)

followed by premultiplication by 〈χβ| gives:∑
α

Cαj

〈
χβ

∣∣∣f̂ ∣∣∣χα〉 = εj
∑
α

Cαj 〈χβ|χα〉 (I.1.49)

The two integrals featured in Eq. I.1.49 are, respectively, the matrix elements of the Fock
matrix in the AO basis and the overlap between the two AO functions. It is, therefore,
possible to write Fock equations within the Roothaan–Hall formulation as:

FC = SCε (I.1.50)

The simplifications introduced by Roothan–Hall theory become even more evident
when writing the HF energy in the AO basis. Substitution of Eq. I.1.47 into Eq. I.1.45,
thus, gives:

E =
∑
αβ

RI
βα

[
2hαβ +

∑
γδ

RI
δγ (2gαβγδ − gαδγβ)

]
+ Enuc (I.1.51)
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where we have introduced the inactive density matrix, expressed in the AO basis, as:

RI
αβ =

∑
i

CiαC
†
iβ (I.1.52)

It is evident that, by restricting the MO sum over other orbital spaces, it is possible to
also define an active

RA
αβ =

∑
u

CuαC
†
uβ (I.1.53)

and a virtual
RV
αβ =

∑
A

CaαC
†
aβ (I.1.54)

density matrix. The density matrices just defined have several important properties,
directly demonstrable from Eqs. I.1.52–I.1.54, such as symmetry

RX = RX†, (I.1.55)

trace
νX Tr

(
RXS

)
= N, (I.1.56)

and idempotency condition
RXSRX = RX (I.1.57)

with N the total number of electrons in the orbital space X with average occupation
νX [65]. It is possible to define the Roothaan–Hall energy for a closed–shell systems in a
more compact format as:

E = νI Tr

[
RI

(
h +

1

2
G
(
RI
))]

(I.1.58)

where

Gαβ = νI

∑
δγ

RI
δγ

(
gαβγδ −

1

2
gαδγβ

)
(I.1.59)

The main advantage of the Roothaan–Hall formulation of the Fock equation is that all
integrals are calculated in the AO basis, avoiding the transformation to the MO basis, thus
making it more efficient for the computation of approximate Hartree–Fock wave functi-
ons called SCF wavefunctions. Furthermore, while Eq. I.1.48 is an integro–differential
equation, Eq. I.1.50 is a matricial problem, thus being much easier to solve. Within this
theoretical framework, given an initial guess of the LCAO coefficient matrix, the Fock
matrix is built via Eq. I.1.41, then introduced in Eq. I.1.50 in an iterative procedure
which continues until the LCAO matrix is self–consistent.

1.5 Convergence Acceleration for Self-Consistent Field

methods

SCF theory is a powerful method for investigating the electronic structure of simple mo-
lecules. Throughout the entire discussion of this model, however, it has always been
assumed that any calculation performed will smoothly achieve self–consistence, that is
reach a minimum in the potential energy surface described by all possible sets of ortho-
normal LCAO coefficients. A simple implementation of the SCF method, in which the
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Fock matrix is iteratively built and diagonalized, does not implement any algorithm to
ensure convergence, with the risk of achieving convergence only after many iterations,
making the calculation unnecessarily slow, or even of not achieving convergence at all,
which is a well–known problem, especially for large molecules [58]. In order to improve
robustness and efficiency, specific algorithms have been developed, with one of the most
efficient and easy to implement being the DIIS method, developed by Pulay [66,67]. Other
approaches to accelerate convergence, and ensure robustness of the search algorithm lea-
ding to a minimum on the energy surface, are based on second–order convergence criteria,
which are in general more involved to implement, but very efficient. My main contribution
to the development of the Ceres code for efficient calculation of the electronic structure
and magnetic properties of Ln complexes consisted in the development and implementa-
tion of robust and efficient first– and second–order techniques to converge a special SCF
problem featuring an average variational energy surface (as described in Chapter I.2). In
what follows I will briefly review known formulations of these convergence–acceleration
techniques for the case of closed–shell SCF problems. The discussion will be instrumental
to present my modifications and implementations of these techniques and algorithms in
the program Ceres, as described in Chapter I.3.

1.5.1 DIIS

During a SCF calculation, a new Fock matrix is built at every iteration, which defines a
sequence of matrices {Fi}. At every iteration, it is also possible to define an error ei which
describes, in general, the discrepancy between variational conditions at iteration i with
those fulfilled at convergence (vide infra for a definition of such error for closed–shell SCF,
and see Chapter I.2 for more general definitions). Given a definition of an error vector
at each iteration, we can define a Hilbert space spanned by the sequence of errors at all
iterations, and expand a general error vector on the basis of the error vectors calculated
at all iterations:

ẽ =
∑
i

ciei (I.1.60)

with the linear combination coefficients satisfying the additional property∑
i

ci = 1 (I.1.61)

This assumption is demonstrable by writing each Fock matrix as the sum of the exact
Fock matrix and an error, Fi = Fexact + εi, and substituting it in Eq. I.1.63:

F̃ =
∑
i

ci (Fexact + εi) = Fexact +
∑
i

ciεi. (I.1.62)

The second term on rhs is similar to Eq. I.1.60 and can be minimized by the choice of
the coefficients ci, thus at convergence, since econv = 0 and F̃ = Fexact, Eq. I.1.61 is
verified. Among all possible choices of linear coefficients, the most effective would ensure
the extrapolated error is minimized, thus defining the most similar wave function to that
of a minimum out of all wave fuctions definable from different choices of {ci}. When
sufficiently close to convergence, a near-linear relationship between error and Fock matrix
is satisfied, therefore Eq. I.1.60 implies that the extrapolated Fock matrix associated to
the wave function most similar to that of the energy minimum can be computed as:

F̃ =
∑
i

ciFi (I.1.63)
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Following these premises, this procedure aims at minimizing the norm of the error
subject to the normalisation constraint introduced in Eq. I.1.61:

〈ẽ|ẽ〉 =
∑
i,j

cicj 〈ei|ej〉 (I.1.64)

This goal can be achieved via the usual method of Langrange multipliers:

L = c†Bc− λ

(
1−

∑
i

ci

)
(I.1.65)

with respect to all coefficients ci, where B is the matrix of error overlaps:

Bij = 〈ei|ej〉 (I.1.66)

and λ is the Lagrange multiplier. After performing the minimization ∂L
∂ci

with respect to
the entire set of DIIS coefficients, a linear system of equations is obtained:

B1,1 B1,2 · · · B1,m −1
B2,1 B2,2 · · · B2,m −1

...
...

. . .
...

...
Bm,1 Bm,2 · · · Bm,n −1
−1 −1 · · · −1 0




c1

c2
...
cm
λ

 =


0
0
...
0
−1

 (I.1.67)

whose solution is the set of DIIS coefficients which minimize the norm of the extrapolated
error and are introduced in Eq. I.1.63 to build the new Fock matrix to be diagonalized.

The only aspect of this method which has not yet been described is the formula of the
error used in the extrapolation. A first definition of the DIIS error has been introduced
by Pulay [67] as:

ei =
[
Fi,R

I
]
S

= FiR
IS− SRIFi (I.1.68)

This choice of error has become the most widely used in most applications, however in
a subsequent work Ionova and Carter [68] proved that Eq. I.1.68 does not constitute the
only plausible choice. In their work, they provided several alternative promising error
choices, such as the molecular gradient and the step vector, which will be defined in the
following Section, and demonstrated that the best error choice is not performable a priori,
thus being heavily dependent on the particular system studied.

1.5.2 Second Order Hartree–Fock

Although first order methods like DIIS are a major improvement in Hartree–Fock effi-
ciency, they have a major drawback in not being able to discriminate between minima,
maxima and saddle points of any order, which might severely limit their applicability to
complex systems. A solution to this problem revolves around the use of second order
methods, based on the study of the molecular Hessian to discriminate the critical points
in the potential energy surface.

While the Fock Hamitlonian, whose iterative formation and diagonalisation defines
first–order methods, only represents the gradient of the electronic energy expansion, in
the definition of second order methods the energy, which depends on the orbital rotation
coefficients defined in Eq. I.1.20, is expanded in a Taylor series around κ = 0 [58, 69]:

E (κi) = E(0) + κiE
(1)
i +

1

2
κ†iE

(2)
i κi +O

(
κ3
i

)
(I.1.69)
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where all quantities, defined in Sec. 1.3, are computed at iteration i. Minimization of the
energy, truncated to second order, with respect to κ leads to the linear system, whose
iterative solution until a condition of zero–gradient is achieved defines so–called Newton
optimization methods:

E
(2)
i κi = −E

(1)
i (I.1.70)

whose solution is the vector of non-redundant rotation coefficients used to perform the
orbital rotation described in Eq. I.1.21 so as to update the SCF orbitals in an itera-
tive procedure which is stopped when the gradient norm becomes smaller than a chosen
threshold.

Although the solution of Eq. I.1.70 minimizes the energy expansion truncated to second
order E2 (κi), it is not guaranteed to minimize E (κi) unless we are sufficiently close to
a minimum [58, 69]. The reason for this behavior is that the second order truncation of
the energy is an acceptable description of the real energy surface only in a small region
around the minimum, called trust region, defined as an hypersphere of radius h around
the expansion point. If the algorithm finds a minimum of E2 (κi), it is expected to be
a good approximation of the minimizer of E (κi). That being so, the main algorithm
performable in this model is the restricted step method (for a detailed description of this
method see, for example, Chapter 5, Page 96 of Ref. [69]), in which the step calculated
from Eq. I.1.70 is retained only if its norm is smaller than the trust radius:

‖κi‖ ≤ h (I.1.71)

If this condition is not fulfilled, a new step will be generated with a modified set of Newton
equations: (

E
(2)
i − γ1

)
κi = −E

(1)
i (I.1.72)

where the parameter γ must satisfy the condition

‖κk (γ)‖ = h (I.1.73)

In other words, if the step generated from the unrestricted Newton equations lies outside of
the trust region, the algorithm will move to the lowest–energy point on the boundary of the
trust region. In order not to fall into this scenario, many SCF programs implement a mixed
first-second order optimization scheme, in which first–order optimization is performed
until the orbitals fall inside the trust radius, with the second–order algorithm becoming
the choice. From now on such scheme will be considered, therefore the linear system to
be solved in every second–order method from now on is the one presented in Eq. I.1.70.

The most simplistic way to solve Eq. I.1.70 involves building the Hessian, inverting
it and multiplying it by the gradient. Although this method can be used for small–scale
problems, in Hartree–Fock calculations the Hessian roughly scales as n4, where n is the
number of MOs, thus making his full computation highly uneffective. In order to solve
Eq. I.1.70 more efficiently, therefore, we have to resort to iterative procedures, such as the
Jacobi [69–71] or the Gauss-Seidel method [69–72], which will be briefly described below
following the previously reported references.

Jacobi

The Jacobi method is an iterative algorithm to calculate the solutions of a linear system

Ax = b (I.1.74)
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in which the matrix A is either diagonally dominant, thus satisfying the condition

|Aii| >
∑
j

|Aij| (I.1.75)

for every row, or symmetric and positive definite, that is the Hessian. When such con-
dition is satisfied, the matrix is decomposable into, respectively, the diagonal, the lower
triangular and the upper triangular part:

A = D + L + U (I.1.76)

which, substituted in Eq. I.1.74, gives:

Dx = b− (L + U) x (I.1.77)

Since the triangular elements are smaller than the diagonal ones, it is possible to consider
them as perturbations, thus giving an iterative procedure for the linear system solution:

xn+1 = D−1 [b− (L + U) xn] (I.1.78)

or, as an element-based formula:

xn+1
i =

1

Dii

[
bi −

∑
j 6=i

(Lij + Uij)x
n
i

]
(I.1.79)

The standard convergence criterion for an iterative procedure of the type xn+1 =
c + Mxn is that the spectral radius of the matrix is less than 1:

ρ
[
D−1 (L + U)

]
< 1 (I.1.80)

One of the sufficient conditions for the fulfillment of this requirement is diagonal domi-
nance, therefore as long as Eq. I.1.75 is satisfied the Jacobi method is guaranteed to
converge.

Gauss-Seidel

An efficiency improvement over the Jacobi method is granted by the Gauss-Seidel iterative
procedure, in which the update of the solution xn is performed by forward substitution.
In order to derive the iterative equation, we start from Eq. I.1.77, and we rewrite it as

(D + L) x = b−Ux (I.1.81)

After rearranging the equation in a similar fashion to the Jacobi method, we obtain the
working equation for the Gauss-Seidel procedure:

xn+1
i =

1

Dii

(
bi −

i−1∑
j=1

Lijx
n+1
i −

nH∑
j=i+1

Uijx
n
i

)
(I.1.82)

with nH the dimension of the Hessian matrix. The reason why this method constitutes
an improvement lies in the fact that as soon as a term of the x vector is computed, it
is used to improve the description of successive terms, in other words new informations
about the solution vector are immediately used in the iterative procedure.

This procedure is reportedly more efficient than the Jacobi method, thus being more
feasible for the solution of large linear systems of equations.
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1.5.3 Quasi-Newton Method

As previously evidenced, computation of matrix elements of the molecular Hessian is the
major bottleneck in any direct second order optimization. In order to allow an efficient
solution of Eq. I.1.70, therefore, a different procedure, named Quasi-Newton, has been
developed, with its basic theory introduced below (for a full theoretical explanation see,
for example, Ref. [73]).

Quasi-Newton methods use a quadratic expansion of the energy similar to Eq. I.1.69:

E (κi) ≈ E(0) + κiE
(1)
i +

1

2
κ†iBiκi (I.1.83)

where Bi is an approximation to the molecular Hessian E
(2)
i which satisfies the secant

condition
Bi

(
κi+1 − κi

)
= E

(1)
i+1 − E

(1)
i (I.1.84)

Minimization of the energy in Eq. I.1.83 leads to the linear equation system

Biκi = −E
(1)
i (I.1.85)

After every iteration, using the informations provided by the gradient and the orbital
rotation vector, Bi is updated so as to become a better approximation of the exact Hessian,
with each Quasi-Newton algorithm featuring a specific update scheme. Furthermore, each
method allows to update Bi to better approximate E

(2)
i or Hi = B−1

i to better approximate(
E

(2)
i

)−1

, with the latter being the most useful because it removes the necessity to invert

the approximate Hessian in Eq. I.1.85.
The first update scheme proposed was the Davidon-Fletcher-Powell (DFP) formula [74],

which maintains the approximate Hessian symmetric, positive definite and closest to the
matrix from the previous iteration:

Hk+1 = Hk −
Hkyky

†
kHk

y†kHkyk
+

sks
†
k

y†ksk
(I.1.86)

with yk = E
(1)
k+1−E

(1)
k and sk = κk+1−κk. Although this method is fairly effective and is

still scarcely used, it has been supplanted by a very similar scheme, the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) algorithm [75–78], for which

Hk+1 = Hk +

(
s†kyk + y†kHkyk

)(
sks
†
k

)
(
s†kyk

)2 − Hkyks
†
k + sky

†
kHk

s†kyk
(I.1.87)

Later, this scheme has been further manipulated into a Limited Memory Broyden-Fletcher-
Goldfarb-Shanno (L–BFGS) [79] algorithm, which is optimized for computers with limited
memory or for very large systems, for which the approximate Hessian is too big to be sto-
red. Instead of the whole Hessian, the only stored quantities are the initial guess, which is
usually the unity matrix H0 = 1, and the last m set of gradient and orbital rotation vec-
tors, with m definable by the user. At every iteration, then, the Hessian is built through
an iterative procedure and directly multiplied by the latest gradient, thus yielding the
new vector κk+1 without ever building or storing the approximate Hessian matrix:

q = E
(1)
k
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for i = k − 1, k − 2, ..., k −m do
αi = ρis

†
iq

q = q− αiyi
end for
r = H0q
for i = k −m, k −m+ 1, ..., k − 1 do

βi = ρiy
†
ir

r = r + si (αi − βi)
end for

with ρk = 1

y†ksk
, and with the final result of the algorithm being rk+1 = HkE

(1)
k .

1.5.4 Orbital Rotation in Second–Order HF

After having solved Eq. I.1.70, the set of non–redundant orbital parameters κ, arranged as
an anti–symmetric matrix, is used to perform the orbital rotation presented in Eq. I.1.21
which, within the Roothaan–Hall formalism, is performed on the LCAO matrix:

C̃(n+1)
pα =

∑
q

UpqC
(n)
qα (I.1.88)

where the unitary rotation matrix U has been introduced in Eq. I.1.18. Since κ is not
diagonal, its exponential cannot be trivially computed, requiring a preliminary diagona-
lization:

e−κ = We−τW† (I.1.89)

where W and τ represent, respectively, eigenvectors and eigenvalues of κ. Since both
eigenvalues and eigenvectors are, in general, complex, due to the antisymmetry of the
matrix κ, an alternative approach has been developed [58], based on the Taylor expansion
of the exponential:

e−κ =
∑
n

(−κ)n

n!
=
∑
n

1

(2n)!
(−κ)2n +

∑
n

1

(2n+ 1)!
(−κ)2n(−κ)

= W cos (τ ) W† −Wτ−1 sin (τ ) W†κ (I.1.90)

1.6 Limits of Hartree–Fock Theory

Hartree–Fock theory provides the best multi–electron wave function that can be obtained
within an almost independent particle model. In particular, while the orbitals are optimi-
zed so as to minimize mean–field repulsion energy, dynamical correlation between opposite
spin electrons is completely lacking in HF theory, while correlations between same–spin
electrons are in fact described to some extent. A simple demonstration of the limits of
the Hartree–Fock theory comes from the analysis of the ground state of H2, whose wave
function Ψ1s is composed by two orthonormal spin orbitals χ1s,α (r) and χ1s,β (r):

Ψ =
1√
2

[χ1s,α (r1)χ1s,β (r2)− χ1s,α (r2)χ1s,β (r1)] (I.1.91)

with the two spin orbitals obviously sharing the same spatial part but differing in the spin
component, therefore χ1s,α (r) = χ1s (r)α (s) and χ1s,β (r) = χ1s (r) β (s). We can calcu-
late the pair–probability (or conditional probability) density P (r1, r2, s1, s2), expressing
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the probability of finding an electron at r2 with spin s2, given an electron at position r1

with spin s1, which is in general coincident with the diagonal elements of the two–electron
reduced density matrix (see Chapter 4 of Ref. [65]), but in this particularly simple case
featuring only two electrons corresponds to the square of the two–electron wavefunction:

P (r1, r2, s1, s2) = Ψ†1sΨ1s =
1

2
[(χ1s,α (r1)χ1s,β (r2))2 + (χ1s,α (r2)χ1s,β (r1))2

− χ1s,α (r1)χ1s,β (r2)χ1s,α (r2)χ1s,β (r1) (I.1.92)

− χ1s,α (r2)χ1s,β (r1)χ1s,α (r1)χ1s,β (r2)]

Integration of Eq. I.1.92 over the spin variables s1 and s2 gives the probability of finding
one electron at r1 and the other at r2 regardless of their angular momentum:

Pα,β (r1, r2) = [χ1s (r1)]2 × [χ1s (r2)]2 (I.1.93)

In this equation, the two electronic probabilities are totally uncorrelated, thus implying
there is a non-zero probability for both electrons to be in the same position even though
this scenario is physically impossible, given that two samely charged bodies will repel
each other as described by the Coulomb law. This major shortcoming is due to the main
approximation of the Hartree–Fock model, that is the description of the molecular wave
function as a single CSF, which does not include electron–electron correlation, thus not
allowing the correct description of multi–electron systems.

An interesting result arises, however, when the pair probability of two electrons with
the same spin, such as for the excited state of H2 arising from the excitation of one electron
to the 2s orbital with s1 = s2, is analyzed. After having performed a similar procedure
to that outlined in Eqs. I.1.91–I.1.93 (for the complete procedure and a more detailed
discussion, see Chapter 4.8 of Ref. [65], particularly Eqs. 4.8.5–4.8.6), the resulting pair
probability is:

Pα,α (r1, r2) = χ1s (r1)χ2s (r2) [χ1s (r1)χ2s (r2)− χ2s (r1)χ1s (r2)] (I.1.94)

The most important conclusion obtainable from the analysis of Eq. I.1.94 is that the pair
probability is not simply the product of the two one–particle probabilities as in Eq. I.1.93,
but is corrected by an off–diagonal element of the one–electron density matrix which makes
it vanish for r1 = r2. The optimized SCF wave function, therefore, correctly describes
same–spin electronic correlation, which is particularly desirable for our method, where
configurationally–averaged HF calculations are performed on atoms with a ground state
electronic structure described by Hund's rule, where we have a maximal unpairing of spins
in the ground state, thus providing a good description of electron correlation effects.

From the previous discussion, we can conclude that Hartree–Fock can be used as a
starting point, but more refined approaches based on multiconfigurational wave functions,
in which more Slater determinants or more CSFs enter as linear combinations describing
the multi–electron states of the system and their amplitudes is optimized in the calcula-
tion, such as in Configuration Interaction (CI), or Multi–Configurational Self–Consistent
Field (MCSCF) where both one–electron orbitals and the amplitudes of the multi–electron
CSFs are simultaneously optimized.

1.7 Post-HF Methods

LnIII SMMs, as already outlined in the Introduction, are molecules at the center of in-
tensive invesitigation in the field of Molecular Magnetism, thus making the theoretical
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and computational study of many known systems, and the design of new and improved
ones a major focus of research. In particular, ab initio calculations have revealed to be
very useful tools to study new lanthanide complexes [21–32, 40, 41, 80] because they offer
a powerful experiment–independent way to extract magneto–structural correlations from
experimental measurements, a task which, when carried out via phenomenological models,
can easily be hampered by overparameterisation.

The best compromise between accuracy and efficiency that can be achieved to date to
compute the magnetic properties of lanthanide complexes is a combination of the Com-
plete Active Space Self–Consistent Field method and the State Interaction with Spin-Orbit
coupling method, shortened with the algorithm CASSCF / RASSI–SO, a computational
strategy that was pioneered and extended to the first ab initio methodology for the eva-
luation of the crystal field Hamiltonian by Chibotaru and Ungur at the University of
Leuven, via the development of the module SINGLE ANISO [34], as implemented in the
Molcas [43] package.

1.7.1 Configuration Interaction Method

The main limit of the Hartree–Fock theory, as already discussed in Sec. 1.6, consists
in its inability to describe electron correlation, including dynamical correlation, but in
its simplest mono–determinant or single–CSF form, also including the inherent multi–
configurational character of states arising from weakly split degeneracies, such as the the
split spin–orbit multiplet manifold describing the crystal field levels in lanthanide com-
plexes. The obvious way to describe electron correlation effects is to allow for the mixing
of several CFSs (or even simple Slater determinants) via electron–electron Coulomb re-
pulsion, which gives rise to the conceptually simplest correlated method known as CI [58],
which expands the wave function in a set of CSFs:

|Ψ〉 =
∑
i=0

ci |Ψi〉 (I.1.95)

where |Ψi〉 includes the lowest energy CSF for which a set of spin orbitals have been
optimized, but also CSFs corresponding to electronic excitations from occupied to virtual
orbitals.

The set of configurations |Ψi〉 are related to the zeroth–order wave function by a given
number of electronic excitations from occupied to virtual spin orbitals. If the sum in
Eq. I.1.95 includes all possible occupations of a given basis of orthogonal one–electron
orbitals giving rise to CSFs of a given symmetry, then the method is known as Full
Configuration Interaction (FCI), and orbital optimization becomes completely inessential
to calculate the best correlated energies within the chosen truncated one–particle Hilbert
space. Methods in which the sum in Eq. I.1.95 is not complete are, instead, named
Restricted Configuration Interaction (RCI) methods, in which the choice of the particular
set of CSFs retained defines the particular method, with some of the most common ones
being CIS, CID and CISD, in which, respectively, single excitations, double excitations
and both single and double excitations are included. The equation to be solved in CI
method is an eigenvalue equation akin to Eq. I.1.50:

HCIC = εC (I.1.96)

where C is the matrix containing the eigenvectors of the CI Hamiltonian, ε is the energy

of the CI states, HCI =
〈

Ψi

∣∣∣Ĥ∣∣∣Ψj

〉
is the representation of the Hamiltonian defined in
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Eq. I.1.36 in the {Ψ} basis. The most efficient implementations of the CI method are
nowadays based on the representation of the electronic Hamiltonian on a basis of Slater
determinants stored as strings of alpha and beta electrons, and are based on iterative
algorithms pioneered by the direct CI method of Roos [81], which are aimed at optimizing
only a small number of low energy eigenvalues and eigenstates of the CI matrix.

1.7.2 Complete Active Space SCF Method

While, in principle, a CI calculation which includes a large number of excitations re-
presents a conceptually simple and systematically improvable way to estimate correlated
energies and wavefunctions, in practice the choice of a rapidly converging excitation space
is a highly non–trivial matter, and the computational demands of the approach grow
non–polynomially with the number of electrons to correlate. As a matter of fact, only
the smallest molecules are amenable to Full CI. One way to achieve the optimization of a
meaningful multi–configurational wave function (a necessity in quasi–degenerate systems
such as transition metal or lanthanide ion complexes), using a relatively small number
of excitations obtained by performing a Full CI calculation within a small active space
of one–particle orbitals, consists of introducing the simultaneous relaxation of the one–
particle orbitals, so that orbitals and CI coefficients are simultaneously optimized in an
iterative procedure. Such approach is known as CASSCF [82, 83], which is a special rea-
lization of MCSCF methodologies, in which a manifold of zeroth–order CSF, differing in
the occupation pattern of the active space, is chosen, with a set of orbitals for each initial
configuration and the CI coefficients for the entire manifold simultaneously optimized.
In its most advanced implementation, the convergence of both SCF and CI is improved
via second–order convergence algorithms [69]. In CASSCF calculations, after dividing
the occupied orbitals in inactive, active and virtual, the CAS expansion is performed by
including all configurations with a given number of active electrons, spin and symmetry in
the CASSCF problem, with a set of orbital for each configuration and the CI coefficients
being optimized simultaneously.

The algorithm currently implemented in Molcas, RASSCF [43], is a generalization
of the CASSCF algorithm, where the active space is divided in three subspaces:

• RAS1, doubly occupied except for a maximum number of holes allowed;

• RAS2, which is allowed to have variable occupation across all configurations;

• RAS3, unoccupied except for a maximum number of electrons allowed.

After having optimized the wave functions of the relevant states in the CASSCF (or
RASSCF) step, these are used to build the representation matrix of many operators in
a subsequent step, named Restricted (Complete) Active Space State Interaction, shor-
tened as RASSI (or CASSI, which is a special kind of RASSI) [84, 85]. In particular,
it is possible to build the representation matrix of the SOC operator in the basis of
the CASSCF(RASSCF)–optimized wave functions and, after diagonalizing it, obtain the
wave functions and the energies of the spin–orbit states, which are crucial to compute the
magnetic properties of both transition metal ion and lanthanide complexes.

This method has been proposed for lanthanide complexes by the Leuven group, and
the same group also developed a set of methods based on the CASSCF / RASSI–SO wave
functions and energies to compute the ab initio crystal field Hamiltonian and various
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magnetic properties such as g–tensors, magnetic susceptibilty and equilibrium magne-
tisation, all implemented in the module SINGLE ANISO in Molcas [21–24, 34]. The
method has been widely tested in many applications by molecular magnetism commu-
nity [25–32, 34, 40, 41, 86–90], and was indeed adopted as the state–of–the–art ab initio
approach for these systems. For this reason, despite the presence of other codes being
able to perform CASSCF / RASSI–SO calculations and compute magnetic properties and
crystal field energies of lanthanide complexes, Molcas will be the software of choice for
such calculations throughout this work. Any future reference to the efficiency or accuracy
of CASSCF / RASSI–SO calculations or of any part of them, therefore, will implicitly
revolve around their implementation in the Molcas program.

1.7.3 Limits of CASSCF/RASSI-SO for Lanthanide SMM Cal-
culations

Although CASSCF / RASSI–SO has proven to be an effective algorithm for the magnetic
characterization of LnIII SMM properties, it also presents several limits.

As discussed above, this method optimizes both orbitals and CI coefficients of all
(

14
n

)
configurations arising from the disposition of n electrons in 14 4f spin orbitals, which
are then used to represent the SO Hamiltonian. Since spin–orbit coupling is a very im-
portant energy effect for lanthanide complexes, it would be desirable to include as many
CASSCF optimized wave functions as possible to build the SOC matrix, with the best
accuracy arising from the inclusion of the entire manifold of optimized spin states. The
wave functions of different configurations optimized separately via CASSCF, however,
are built on different orbital bases which are, in general, non–orthogonal. When compu-
ting matrix elements of the SOC operator between such wave functions, therefore, the
intervening density matrices will have to be converted to a common orthogonal basis
in a time–consuming step which limits the efficiency of RASSI calculations. When the
RASSI algorithm was first implemented in Molcas, furthermore, given the limited com-
putational resources available at the time, the maximum number of configurations which
could be mixed was hard–coded to 300 (see, for example, Ref. [34]), thus not allowing
the straightforward application of this method to most lanthanide ions, such as Dy3+, the
most studied lanthanide in the SMM field, which has a 4f 9 configuration and 735 spin
states. It is worth noting, however, that while such limit was retained up to Molcas
8.0, still used to date, it has been removed in the most recent versions, namely Molcas
8.1–dev and Molcas 8.2, in which it is possible to mix all spin states for any lantha-
nide ion, albeit the calculation will be more time–consuming due to the larger size of the
orthogonalization problem previously described.
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Proposal of an Alternative Ab Initio
Strategy for Lanthanide Complexes:
CAHF/CASCI-SO

The customary application of the CASSCF / RASSI–SO approach to LnIII complexes
consists of performing a State–Averaged Complete Active Space Self–Consistent Field
(SA–CASSCF) calculation, in which an active space of quasi–atomic 4f orbitals is opti-
mized so as to variationally minimize the average energy of all eigenfunctions (or CI roots)
of the CASSCF problem having the same total spin quantum number S, and is expressed
as a linear combination of all CSFs that can arise from all possible distributions of the
active electrons in the 4f active orbitals. In a general SA-CASSCF method, the energy
functional averaging is performed with equal weights on a chosen number of CASSCF
eigenfunctions or CI roots.

In general, SA–CASSCF gives rise to an iterative optimization procedure in which
both molecular orbitals and CI expansion coefficients are simultaneously optimized, in
that orbital rotations are in general coupled to CI coefficients rotations. If the number of
CI roots entering the average energy functionals equals the number of CSF basis functions
entering the CI expansion, however, i.e. if the averaging space covers the full space of
configurations of a given symmetry, then the orbital optimization problem becomes exactly
decoupled from the CI optimization problem. In the case of CASSCF application to LnIII

complexes, we have recently noted [42] that a SA–CASSCF calculation including all CI
roots of a given spin, as is customarily applied to Ln complexes, corresponds to a trivial
SA–CASSCF in which orbital optimization is decoupled from the CI problem. This can
be easily seen by noting that the average energy functional is the trace of the CI matrix
taken on the basis of as many CASSCF eigenfunctions, or CI roots, as chosen to include
in the state–averaged procedure. If the number of CI roots equals the number of CSF
states of a given spin symmetry, however, the average energy becomes the trace of the full
CI matrix therefore, given the invariance of the trace under a change of basis, the trace
of the CI matrix on the eigenfunction basis becomes equal to the trace taken on the CSF
basis: ∑

i

εi = Tr[HCI] (I.2.1)

where ε are the CI Hamiltonian eigenvalues. In other words, when performing a spin–
averaged calculation, we are minimizing the trace of the CI Hamiltonian matrix with
respect to the molecular orbitals. Since the trace is basis–independent, therefore, it is not
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necessary to perform a CI optimization at every iteration like in CASSCF procedure, but
it is sufficient to perform a SCF calculation in which Tr[HCI] is minimized, followed by a
single CI optimization so as to obtain the configuration energies and wave functions.

The main reason behind the applicability of state–averaged procedures is that, among
all 4fn configurations, molecular orbitals have strong similarities because of the almost
absent mixing between the seven 4f LnIII orbitals and ligand orbitals, with the active
space being an almost pure atomic space composed by the 4f orbitals, so that multiplet–
specific ligand–metal interactions, which of course exist, can be averaged in the orbital
optimization problem in a SA–CASSCF calculation without a significant loss of accuracy.
It should be noted that in the usual CASSCF / RASSI–SO applications to Ln complexes,
SA–CASSCF is carried out within each given spin manifold, so that one needs to run
a SA–CASSCF calculation for each value of the spin quantum number. Different spin
manifold will thus feature different sets of molecular orbitals, non–orthogonal to each
other, and when SOC operator is represented on the basis of the SA–CASSCF spin states
in the RASSI module, the non–orthogonality of the orbital basis makes the calculation
less efficient, so much so that for several relevant Ln ions for molecular magnetism studies
it is not possible to include all roots from all spin manifolds in the SOC problem, resulting
in an under–representation of the spin–orbit interaction.

On the other hand, our understanding of the electronic structure of LnIII complexes
suggests that SOC interactions are stronger than crystal field interactions. Hence, it would
be desirable to overcome the current CASSCF / RASSI–SO limitations related to under–
representation of the SOC operator. These considerations have prompted us to propose a
new computational strategy, which extends the ideas and simplifications behind the SA–
CASSCF spanning the full space of CSF basis functions with same spin to the full basis of
Slater determinants spanning the whole combinatorial space defined by the combinations
of n active electrons in 14 spin-orbitals, i.e. a

(
14
n

)
dimensional space. Thus, also inspired

by previous work by Roothaan and McWeeny in this area which was not related to the
details of the electronic structure of lanthanide complexes [53,65,91], we have recently pro-
posed a new computational strategy for Ln complexes, named Configurational–Averaged
Hartree–Fock (CAHF) followed by Complete Active Space Configuration Interaction with
Spin–Orbit coupling (CASCI-SO) [42].

The strategy we propose consists of two steps. The first step consists of a CAHF cal-
culation, which has the same computational cost of a normal SCF calculation, in which
we extend the same-spin SA–CASSCF strategy adopted in Ln complexes calculations so
far by building an average energy functional including all

(
14
n

)
eigenfunctions. By vir-

tue of Eq. I.1.95, this is of course tantamount of building an average energy functionals
consisting of the trace of the electronic Hamiltonian on the basis of the

(
14
n

)
Slater de-

terminants. Such functional is clearly independent of the CI coefficients of the problem,
and thus completely decouples the quasi–atomic 4f orbital optimization problem from
the CI problem. This occurs at the expense of the accuracy of the representation of the
ligand–metal interactions, which are bound to have some spin–state specific character.
We can, however, expect these effects to be small, not compromising the accuracy of the
calculation. Also, since strong spin–orbit coupling implies that total spin is not conserved,
simulatenous averging of the orbitals over all spin states does not break any fundamental
symmetry for these systems. The results presented in Chapter I.4 of this Thesis confirm
these expectations are correct. The great advantage in determining a common set of
molecular orbitals for all spin states is that we can now simultaneously diagonalise the
CI and the SOC problems, as the CI+SOC problem can be set up on a basis of Slater
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METHOD

determinants with all allowed MS quantum numbers, with all determinants sharing a
common set of orthogonal spin orbitals, which makes the handling of matrix elements
much quicker. This defines the second step of our proposed computational strategy, the
CASCI-SO step.

Again, the concept of configurational averaging is well–known in literature, with
McWeeny famously discussing its application to excited states of systems with multiple
open shells [53, 65]. Additionally, the concept of CASCI based on previously determined
MOs as a cheaper alternative to CASSCF has already been discussed, for example Visser et
al. [92] applied the idea of configuration–averaged orbitals to a lanthanide crystal–impurity
problem in the context of relativistic four–components calculations, which already contain
spinorbit coupling. To the best of our knowledge, however, no work has been made to-
wards the development of a method where the application of these strategies is defined in
the particular order and combination proposed here, i.e. CAHF calculation without any
spin–orbit coupling in the first step, followed by a full diagonalization of the CI+SOC pro-
blem in the CASCI–SO step, allowing for a full representation of the spin–orbit operator
within the ligand field space and, especially, no work has been made towards the creation
of a code, implementing such features, for the systematic calculation of lanthanide com-
pound properties. This implementation, including a number of convergence–acceleration
techniques adapted to the problem at hand, or at times newly developed, represents my
main contribution to this project and the original research results described in the first
part of this Thesis.

2.1 Advantages and Limitations of CAHF / CASCI–

SO method

The main advantage of the CAHF / CASCI–SO algorithm for the calculation of magnetic
properties of LnIII SMMs is that its computational cost is expected to be significantly lower
than that of a CASSCF / RASSI–SO calculation. The CAHF step does, in fact, scale
as a single HF calculation and the CASCI diagonalization is fast for a single lanthanide
ion, with the CI matrix having a maximum size of

(
14
7

)
= 3432 for a 4f 7 ion while,

on the other hand, both CASSCF and RASSI steps also scale with the number of spin
states included in the calculation. For this reason, the CAHF / CASCI–SO method might
prove fundamental to extend this methodology to the calculation of exchange coupling in
multi–lanthanide complexes. Furthermore, the CI+SO diagonalization step can be made
efficient by avoiding explicit diagonalization, implementing iterative algorithms aiming at
the determination of the lowest eigenvalues and eigenfunctions of the CI+SO problem,
i.e. the crystal field states. Such improvements are underway, with the results presented
in this Thesis based on a full diagonalization algorithm.

Since, however, we are employing only one set of optimized molecular orbitals to des-
cribe the entire manifold of configurations, the results of CAHF / CASCI–SO calculations
will certainly differ from CASSCF / RASSI–SO results, although it has to be noted that
the latter also introduces approximations that are less reliable than what achieved in
CAHF / CASCI–SO, namely the under–representation of the SOC operator in RASSI
calculations for important ions such as Dy, Tb and Ho.

One of the potential computational pitfalls in implementing a CAHF optimisation
algorithm is that, in general, the potential energy surface, being an average of potential
energy surfaces for different configurations, will in general be badly defined, potentially
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featuring many shallow minima, therefore difficult to explore with simple convergence
algorithms, requiring more refined methods to reliably reach the correct minimum. These
considerations provided strong motivations for the work I will present in the remainder
of this Chapter and in the following two Chapters.

2.2 CAHF Equations

The purpose of the CAHF step is to optimize a set of MOs which minimize the average
energy of a manifold of 4fn states:

Ē (κ) = N−1
∑
i

〈
CSFi (κ)

∣∣∣Ĥ∣∣∣CSFi (κ)
〉

(I.2.2)

where N is the size of the manifold. In a CAHF calculation, we can select the manifold
of states in two different ways. The first possibility is to include all configurations with
the same MS = 1

2
(nα − nβ), where nα is the number of spin–up electrons and nβ is

the number of spin–down electrons, with a total size of NMS
=
(

7
nα

)(
7
nβ

)
. It has to be

noted that, when MS = Smax, this procedure provides the same results of a SA–CASSCF
calculation performed by averaging over all S = Smax spin states. Alternatively, the
CAHF averaging can be performed among all configurations, in the spirit of McWeeny
proposal [53].

Substitution of Eq. I.1.36 allows to write the CAHF energy as:

Ē =
∑
pq

hpqD̄pq +
1

2

∑
pqrs

gpqrsd̄pqrs + Enuc (I.2.3)

where we have defined CAHF one– and two–electron density matrices as:

Dpq = N−1

N∑
i

∑
σ

〈
Φi

∣∣a†pσaqσ∣∣Φi

〉
(I.2.4)

dpqrs = N−1

N∑
i

∑
σ,σ′

〈Φi| a†pσa
†
rσ′asσ′aqσ |Φi〉 (I.2.5)

which will have to be derived in order to calculate an explicit expression for the CAHF
energy. We also note that, regardless of the manifold choice, only one set of orbitals is
optimized in this step of the calculation, thus there will be no change in the one– and
two–electron integrals and in the creation and annihilation operators, with a constant
molecular Hamiltonian for all states in the manifold.

2.2.1 CAHF Density Matrices

One–Electron Density Matrix

The average one–electron density matrix is defined, from Eq. I.2.4 and Eq. A.9, as:

D̄pq =
∑
σασβ

〈
σασβ

∣∣∣a†pαaqα + a†pβaqβ

∣∣∣σασβ〉
NSD

(I.2.6)
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where σα and σβ are vectors representing, respectively, the occupation pattern of the spin
up and down electrons in the set of MOs and NSD =

(
mA

nα

)(
mA

nβ

)
. Given the orthogonality

of the wave function, 〈σασβ|σασβ〉 is null unless p = q, therefore Eq. I.2.6 can be simplified
to:

D̄pq = δpq

∑
σασβ

(
Kα
q +Kβ

q

)
NSD

(I.2.7)

where

Kα
q =

〈
σασβ

∣∣a†qαaqα∣∣σασβ〉 (I.2.8)

From Eq. I.2.7 it becomes evident that, in order to have a non–zero contribution to the
density matrix, the orbital q must be occupied. For this reason, the density matrix is
calculated by finding which orbitals are occupied in each configuration and averaging
their contribution.

Inactive orbitals are doubly occupied in all configurations, therefore for q inactive
Kα
q = Kβ

q = NSD and

D̄ij = 2δij (I.2.9)

where δij is the Kronecker delta, which is defined as:

δij =

{
1 if i = j

0 if i 6= j
(I.2.10)

Given an active spin orbital ψuδ, instead, the number of configurations in which it is
occupied is calculated combining the combination of all electrons with opposite spin within
the active space orbitals and all electrons with same spin but the one considered within
all active space orbitals but ψuδ:∑

σδσδ′

Kδ
u =

(
mA − 1

nδ − 1

)(
mA

nδ′

)
=

nδ
mA

NSD (I.2.11)

Substituting Eq. I.2.11 into Eq. I.2.7 the active density matrix is obtained:

D̄uv = δuv
nA

mA

= δuvνA (I.2.12)

Finally, since virtual orbitals are unoccupied in all configurations, they will provide no
contribution to the density matrix.

Two–Electron Density Matrix

The two–electron average density matrix is defined, from Eq. I.2.5 and Eq. A.10, as:

d̄pqrs =
∑
σασβ

〈
σασβ

∣∣∣a†pαa†rαasαaqα + a†pαa
†
rβasβaqα + a†pβa

†
rαasαaqβ + a†pβa

†
rβasβaqβ

∣∣∣σασβ〉
NSD

(I.2.13)

Eq. I.2.13 features two contributions to the density matrix, respectively same spin and
opposite spin, which will be explicitly solved below.

Same Spin Contributions
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A same spin contribution assumes the form

d̄ss
pqrs =

〈
σασβ

∣∣a†pγa†rγasγaqγ∣∣σασβ〉 (I.2.14)

with δ = α, β. As already outlined when discussing the one–electron density matrix,
the orthogonality of the CSFs introduces restrictions on the orbital indices p, q, r, s for
non–zero contributions, which only arise in two cases:

• p = q and r = s, for which Eq. I.2.14 becomes:

d̄ss
pqrs = δpqδrs

〈
σασβ

∣∣a†pγa†rγarγapγ∣∣σασβ〉 (I.2.15)

After using the anticommutation rules in Eq. A.4 and Eq. A.3, Eq. I.2.15 is reduced
to:

d̄ss
pqrs = δpqδrs

(〈
σασβ

∣∣a†pγapγa†rγarγ∣∣σασβ〉− δpr 〈σασβ ∣∣a†pγapγ∣∣σασβ〉)
= δpqδrs

(
Kγ
pK

γ
r − δprKγ

p

)
(I.2.16)

with Kγ
p defined in Eq. I.2.8.

• p = s and r = q, for which Eq. I.2.14 becomes:

d̄ss
pqrs = δpsδrq

〈
σασβ

∣∣a†pγa†rγapγarγ∣∣σασβ〉 (I.2.17)

After using the anticommutation rules in Eq. A.4 and Eq. A.3, Eq. I.2.17 is reduced
similarly to Eq. I.2.16:

d̄ss
pqrs = δpsδrq

(
δprK

γ
p −Kγ

pK
γ
r

)
(I.2.18)

Opposite Spin Contributions

An opposite spin contribution assumes the form

d̄os
pqrs =

〈
σασβ

∣∣∣a†pγa†rγ′asγ′aqγ∣∣∣σασβ〉 (I.2.19)

with γ 6= γ′. For this term, the only non–zero contribution comes from p = q and r = s,
for which Eq. I.2.19 becomes:

d̄os
pqrs = δpqδrs

〈
σασβ

∣∣∣a†pγa†rγ′arγ′apγ∣∣∣σασβ〉 = δpqδrsK
γ
pK

γ′

r (I.2.20)

Final Formulation of the Two Electron Density Matrix

Substitution of Eqs. I.2.16, I.2.18 and I.2.20 in Eq. I.2.13 yields:

d̄pqrs =
∑
σασβ

(δpqδrs − δpsδrq)
(
Kα
pK

α
r +Kβ

pK
β
r

)
+ δpqδrs

(
Kα
pK

β
r +Kβ

pK
α
r

)
NSD

(I.2.21)

First, it can be noted that, if at least one index is virtual, the density matrix will be
zero, because virtual orbitals are not populated in any configuration. The only non–zero
contributions, therefore, will arise from combinations of index couples between inactive
and active spaces:
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• All indices inactive. In this scenario, Eq. I.2.21 becomes:

d̄ijkl =
∑
σασβ

(δijδkl − δilδkj)
(
Kα
i K

α
k +Kβ

i K
β
k

)
+ δijδkl

(
Kα
i K

β
k +Kβ

i K
α
k

)
NSD

(I.2.22)

Each inactive orbital is occupied in all configurations, therefore
∑

σασβ
Kγ
i = NSD

for each γ and i. The final result, therefore, is:

d̄ijkl = 4δijδkl − 2δilδkj (I.2.23)

• One couple of inactive and one couple of active indices. In this scenario, there are
two non–zero terms, differentiated by the choice of the inactive and active indices. In
the first contribution, here called the Coulomb term, p and q belong to the inactive
space:

d̄ijuv =
∑
σασβ

δijδuv

(
Kα
i K

α
u +Kβ

i K
β
u +Kα

i K
β
u +Kβ

i K
α
u

)
NSD

(I.2.24)

Among the set of configurations with a given MS, inactive orbitals will be always
occupied, while active orbitals will be populated in nγ

m
NSD configurations, as in

Eq. I.2.11. Eq. I.2.24, therefore, becomes:

d̄ijuv = δijδuv

(
2
nα
mA

+ 2
nβ
mA

)
= 2δijδuvνA (I.2.25)

In the second contribution, here called the exchange term, p and s belong to the
inactive space:

d̄iuvj = −
∑
σασβ

δijδuv

(
Kα
i K

α
u +Kβ

i K
β
u

)
NSD

(I.2.26)

The population of inactive and active orbitals is the same of the Coulomb contribu-
tion, thus giving the final result:

d̄iuvj = −δijδuvνA (I.2.27)

• All indices active. In this scenario, Eq. I.2.21 becomes:

d̄uvwx =
∑
σασβ

(δuvδwx − δuxδwv)
(
Kα
uK

α
w +Kβ

uK
β
w

)
+ δuvδwx

(
Kα
uK

β
w +Kβ

uKα
w

)
NSD

(I.2.28)
This term features two different contributions, respectively same spin and opposite

spin, which will have to be solved separately. Firstly, the number of configurations
in which both orbitals u and w are occupied by two electrons with the same spin is
equal to ∑

σασβ

Kγ
uK

γ
w =

(
mA

nγ′

)(
mA − 2

nγ − 2

)
=

nγ (nγ − 1)

mA (mA − 1)
NSD (I.2.29)
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Secondly, the number of configurations in which orbitals u and w are occupied by
two electrons with opposite spin is equal to

∑
σασβ

Kγ
uK

γ′

w =

(
mA − 1

nγ′ − 1

)(
mA − 1

nγ − 1

)
=
nγnγ′

m2
A

NSD (I.2.30)

Substitution of Eqs. I.2.30–I.2.29 in Eq. I.2.28 yields:

d̄uvwx = δuvδwx

(
nα (nα − 1) + nβ (nβ − 1)

mA (mA − 1)
+ 2

nαnβ
m2

A

)
− δuxδwv

nα (nα − 1) + nβ (nβ − 1)

mA (mA − 1)
(I.2.31)

with the two terms corresponding to, respectively, the Coulomb and exchange con-
tributions. In order to write Eq. I.2.31 in a neater form, the Coulomb and exchange
coefficients are simplified as follows:

nα (nα − 1) + nβ (nβ − 1)

mA (mA − 1)
+2

nαnβ
m2

A

= νAλJ with λJ =
mAnA (nA − 1)− 2nαnβ

nAmA (mA − 1)
(I.2.32)

nα (nα − 1) + nβ (nβ − 1)

mA (mA − 1)
= νAλK with λK =

nA (nA − 1)− 2nαnβ
nA (mA − 1)

(I.2.33)

Eq. I.2.31 is, finally, written as:

d̄uvwx = νA (δuvδwxλJ − δuxδwvλK) (I.2.34)

2.2.2 CAHF Energy

Summarization of the results of Sec. 2.2.1 gives the explicit formulation of the CAHF
density matrices:

D̄pq =


2δpq if p is inactive

νAδpq if p is active

0 if p is virtual

(I.2.35)

d̄pqrs =


νI (2δpqδrs − δpsδrq) if p and r are inactive

νIνA

(
δpqδrs − 1

2
δpsδrq

)
if p is inactive and r is active or viceversa

νA (λJδpqδrs − λKδpsδrq) if p and r are active

0 otherwise.

(I.2.36)

Substitution of CAHF density matrices in Eq. I.2.3 gives the desired explicit equation
for the CAHF energy:

Ē = νI

∑
i

[
hii +

∑
j

(
giijj −

1

2
gijji

)]
+ νIνA

∑
i,u

(
giiuu −

1

2
giuui

)

+ νA

∑
u

[
huu +

1

2

∑
v

(λJguuvv − λKguvvu)

]
+ Enuc (I.2.37)
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If the CAHF calculation is performed over the entire set of configurations, the active
space coefficients λJ and λK will have different values for different MS, thus requiring to
be averaged over the entire set of configurations:

λ̄J =

∑
MS

NMS
λJ∑

MS
NMS

= 2
nA − 1

2mA − 1
(I.2.38)

λ̄K =

∑
MS

NMS
λK∑

MS
NMS

=
nA − 1

2mA − 1
(I.2.39)

and the energy functional can be written as

Ē = νI

∑
i

[
hii +

∑
j

(
giijj −

1

2
gijji

)]
+ νIνA

∑
i,u

(
giiuu −

1

2
giuui

)

+ νA

∑
u

[
huu + λ

∑
v

(
guuvv −

1

2
guvvu

)]
+ Enuc (I.2.40)

where λ = nA−1
2mA−1

is the average active space electron–electron repulsion weight.
Eq. I.2.37 can also be written in the AO basis by using the LCAO expansion:

Ē = νI Tr

[
RI

(
h +

1

2
G1

)]
+ νA Tr

[
RA

(
h +

1

2
G2

)]
(I.2.41)

where RI and RA are the inactive and active density matrices in the AO basis introduced,
respectively, in Eqs. I.1.52 and I.1.53, h is the one–electron integral matrix in the AO basis
and where we have defined the two–electron matrices

G1 = G
(
νIR

I
)

+ G
(
νARA

)
(I.2.42)

G2 = G
(
νIR

I
)

+ G′
(
νARA

)
(I.2.43)

with the Coulomb–exchange matrices defined as

G
(
νXRX

)
= J

(
νXRX

)
− 1

2
K
(
νXRX

)
(I.2.44)

G′
(
νXRX

)
= λ′JJ

(
νXRX

)
− λ′KK

(
νXRX

)
(I.2.45)

with λ′J = λJ

νA
, λ′K = λK

νA
and the Coulomb and exchange terms being, respectively,

Jαβ
(
νXRX

)
= νXR

X
δγgαβγδ (I.2.46)

and

Kαβ

(
νXRX

)
= νXR

X
δγgαδγβ (I.2.47)

2.2.3 Variational Conditions for CAHF Calculations

The goal of the CAHF step is the variational minimization of Eq. I.2.41 with respect
to the LCAO coefficients or, analogously, to the density matrices. For this reason, we
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can calculate a first–order variation of the energy with respect to the inactive and active
density matrices [42, 53]:

δĒ = νI Tr

[
δRI

(
h +

1

2
G1

)]
+ νA Tr

[
RA

(
h +

1

2
G2

)]
+ νI Tr

[
RI

(
1

2
G
(
νIδR

I
)

+
1

2
G
(
νAδR

A
))]

+ νA Tr

[
RA

(
1

2
G
(
νIδR

I
)

+
1

2
G′
(
νAδR

A
))]

(I.2.48)

From the definition of Coulomb and exchange terms in Eqs. I.2.46–I.2.47, it is possible to
define the following property:

Tr[AG (B)] = Tr[BG (A)] (I.2.49)

Substitution of Eq. I.2.49 into Eq. I.2.48 gives the final formula for the energy variation:

δĒ = νI Tr
[
δRIF1

]
+ νA Tr

[
RAF2

]
(I.2.50)

where we have introduced the symmetric Fock matrices

F1 = h + G1 (I.2.51)

F2 = h + G2 (I.2.52)

From this analysis, after some rearrangement, it is possible to find the variational condi-
tions which are satisfied by a stationary point in the energy surface:

RVF1R
I = 0

RVF2R
A = 0 (I.2.53)

RA (νIF1 − νAF2) RI = 0

(I.2.54)

McWeeny [65] showed that such variational conditions can be satisfied by diagonalizing
an effective Fock Hamiltonian defined as:

F̄eff = aR̃AF1R̃
A + bR̃IF2R̃

I + cR̃V (νIF1 − νAF2) R̃V (I.2.55)

where we have defined the projectors of a given orbital space R̃X = 1 − RX and we
have introduced the real coefficients a, b and c, which can be varied so as to improve the
convergence. The main drawback of the use of Eq. I.2.55 is that, although the eigenvectors
of the effective Hamiltonian correspond to the Fock matrix ones, the eigenvalues lose their
physical meaning because of the arbitrariness introduced by the real coefficients, thus
not allowing a unique definition of the orbital energies, as discussed by McWeeny and
Dodds [93].

2.2.4 CAHF Gradient

When Hartree–Fock theory is generalized to systems with an active space, Eq. I.1.41 and
Eq. I.1.45 are not valid anymore, thus requiring a new definition for the Fock matrix. In
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order to accomplish this task, Eq. I.1.29 is further manipulated to give:

E(1)
pq = 2 〈CSF |

[
Epq, Ĥ

]
|CSF 〉

= 2
∑
σ

(
〈CSF | a†pσ

[
aqσ, Ĥ

]
|CSF 〉 − 〈CSF | a†qσ

[
apσ, Ĥ

]
|CSF 〉

)
(I.2.56)

where no further general simplifications are possible. We can, however, define the gene-
ralized Fock matrix as:

Fpq =
∑
σ

〈CSF | a†pσ
[
aqσ, Ĥ

]
|CSF 〉 (I.2.57)

which, when substituted into Eq. I.2.56, gives:

E(1)
pq = 2 (Fpq − Fqp) (I.2.58)

The gradient is, thus, proportional to the antisymmetric part of the off–diagonal blocks
of the generalized Fock matrix, which is a sensible feature given that a symmetric Fock
matrix is a sufficient condition for the definition of a stationary point in the energy surface.
A more explicit formula for the generalized Fock matrix can be obtained substituting
Eq. I.1.36 into Eq. I.2.57:

Fmn =
∑
q

hnqDmq +
∑
qrs

gnqrsdmqrs (I.2.59)

Substitution of closed shell densities returns Eq. I.1.39, thus confirming that this choice
of the generalized Fock matrix is indeed correct.

In this section, the generalized Fock matrix will be calculated within the CAHF /
CASCI–SO approximation, subsequently allowing the definition of the averaged gradient.
Firstly, the generalized Fock matrix is reported below:

F̄mn =
∑
q

hnqD̄mq +
∑
qrs

gnqrsd̄mqrs (I.2.60)

Noting that both density matrices are only defined for specific choices of the orbitals,
Eq. I.2.60 has to be solved by cases depending on the orbital space m belongs to.

Firstly, for m inactive:

F̄in =
∑
q

hnqD̄iq +
∑
qrs

gnqrsd̄iqrs

= νI

∑
q

hnqδiq +
∑
qrs

gnqrs

[
νI (2δiqδrs − δisδrq)in,in + νIνA

(
δiqδrs −

1

2
δisδrq

)
in,ac

]

= νI

[
hni +

∑
j

(2gnijj − gnjji) + νA

∑
u

(
gniuu −

1

2
gnuui

)]
(I.2.61)

After expanding this expression in the AO basis, Eq. I.2.61 becomes:

F̄in = νI

∑
α,β

CiαF̄1,αβCnβ = F̄MO
1,in (I.2.62)
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The generalized Fock matrix, when its first index is inactive, corresponds to the F1 matrix,
defined in Eq. I.2.51, transformed in the MO basis. Secondly, for m active:

F̄un =
∑
q

hnqD̄uq +
∑
qrs

gnqrsd̄uqrs

= νA

∑
q

hnqδuq +
∑
qrs

gnqrs

[
νA (λJδuqδrs − λKδusδrq)ac,ac + νIνA

(
δuqδrs −

1

2
δusδrq

)
ac,in

]

= νA

hnu + νI

∑
j

(
gnujj −

1

2
gnjju

)
+ νA

∑
v

(λJgnuvv − λKgnvvu)

 (I.2.63)

After expanding in the AO basis, Eq. I.2.63 becomes:

F̄un = νA

∑
α,β

CuαF̄2,αβCnβ = F̄MO
2,un (I.2.64)

The generalized Fock matrix, when its first index is active, corresponds to the F2 matrix,
defined in Eq. I.2.52, transformed in the MO basis. Lastly, for m virtual, F̄an is always
zero due to the lack of density matrix element contributions.

Substituting the expressions for the generalized Fock matrix in the gradient definition
in Eq. I.2.58 allows the definition of the energy gradient in the MO basis:

Ē(1)
pq =


2
(
νIF̄

MO
1,pq − νAF̄

MO
2,qp

)
for p inactive and q active

4F̄MO
1,pq for p inactive and q virtual

2νAF̄
MO
2,pq for p active and q virtual

(I.2.65)

2.2.5 CAHF Hessian

The computation of the average Hessian requires the solution of Eq. I.1.30 within the
configurational averaging approximation. The Hessian expression has been greatly sim-
plified by Olsen, Jørgensen and Helgaker [58], which derived the following expression for
the Hessian:

Ē(2)
pq,rs = (1− Ppq) (1− Prs)

[
2D̄prhqs −

(
F̄pr + F̄rp

)
δqs + 2Ȳpq,rs

]
(I.2.66)

with the matrix Y defined as

Ȳpq,rs =
∑
mn

[(
d̄pmrn + dpmnr

)
gqmns + dprmngqsmn

]
(I.2.67)

Application of the index permutation operators in Eq. I.2.66 gives:

Ē(2)
pq,rs = 2D̄H

pq,rs − F̄H
pq,rs + 2Ȳ H

pq,rs (I.2.68)

with the three Hessian matrices defined as:

D̄H
pq,rs = D̄prhqs + D̄qshpr − D̄pshqr − D̄qrhps (I.2.69)

F̄H
pq,rs =

(
F̄pr + F̄rp

)
δqs +

(
F̄qs + F̄sq

)
δpr −

(
F̄ps + F̄sp

)
δqr −

(
F̄qr + F̄rq

)
δps (I.2.70)

Ȳ H
pq,rs = Ȳpq,rs + Ȳqp,sr − Ȳpq,sr − Ȳqp,rs (I.2.71)
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Substitution of Eqs. I.2.35–I.2.36 in Eq. I.2.68 allows the derivation of the full Hessian.
Given the block structure of the Hessian:

Ē(2) =

iu, jv iu, jb iu, vb
ia, jv ia, jb ia, vb
ua, jv ua, jb ua, vb

 (I.2.72)

and of the density matrices, the formula of every block has to be calculated explicitly. For
simplicity, the block matrices DH , FH and YH will be computed first, and the final results
will then be substitutable in Eq. I.2.68 to give the final result. Given the symmetry of all
matrices computed below, only the upper triangular block elements will be presented.

Density Contribution to the Hessian

• Inactive, active – inactive, active block:

D̄H
iu,jv = D̄ijhuv + D̄uvhij − D̄ivhuj − D̄ujhiv = νIδijhuv + νAδuvhij (I.2.73)

• Inactive, active – inactive, virtual block:

D̄H
iu,jb = D̄ijhub + D̄ubhij − D̄ibhuj − D̄ujhib = νIδijhub (I.2.74)

• Inactive, active – active, virtual block:

D̄H
iu,vb = D̄ivhub + D̄ubhiv − D̄ibhuv − D̄uvhib = −νAδuvhib (I.2.75)

• Inactive, virtual – inactive, virtual block:

D̄H
ia,jb = D̄ijhab + D̄abhij − D̄ibhaj − D̄ajhib = νIδijhab (I.2.76)

• Inactive, virtual – active, virtual block:

D̄H
ia,vb = D̄ivhab + D̄abhiv − D̄ibhav − D̄avhib = 0 (I.2.77)

• Active, virtual – active, virtual block:

D̄H
ua,vb = D̄uvhab + D̄abhuv − D̄ubhav − D̄avhub = νAδuvhab (I.2.78)

Fock Contribution to the Hessian

• Inactive, active – inactive, active block:

F̄H
iu,jv =

(
F̄ij + F̄ji

)
δuv +

(
F̄uv + F̄vu

)
δij −

(
F̄iv + F̄vi

)
δuj −

(
F̄uj + F̄ju

)
δiv

= 2
(
νIF̄

MO
1,ij δuv + νAF̄

MO
2,uvδij

)
(I.2.79)

• Inactive, active – inactive, virtual block:

F̄H
iu,jb =

(
F̄ij + F̄ji

)
δub +

(
F̄ub + F̄bu

)
δij −

(
F̄ib + F̄bi

)
δuj −

(
F̄uj + F̄ju

)
δib

= νAF̄
MO
2,ubδij (I.2.80)
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• Inactive, active – active, virtual block:

F̄H
iu,vb =

(
F̄iv + F̄vi

)
δub +

(
F̄ub + F̄bu

)
δiv −

(
F̄ib + F̄bi

)
δuv −

(
F̄uv + F̄vu

)
δib

= −νIF̄
MO
1,ib δuv (I.2.81)

• Inactive, virtual – inactive, virtual block:

F̄H
ia,jb =

(
F̄ij + F̄ji

)
δab +

(
F̄ab + F̄ba

)
δij −

(
F̄ib + F̄bi

)
δaj −

(
F̄aj + F̄ja

)
δib

= 2νIF̄
MO
1,ij δab (I.2.82)

• Inactive, virtual – active, virtual block:

F̄H
ia,vb =

(
F̄iv + F̄vi

)
δab +

(
F̄ab + F̄ba

)
δiv −

(
F̄ib + F̄bi

)
δav −

(
F̄av + F̄va

)
δib

=
(
νIF̄

MO
1,iv + νAF̄

MO
2,vi

)
δab (I.2.83)

• Active, virtual – active, virtual block:

F̄H
ua,vb =

(
F̄uv + F̄vu

)
δab +

(
F̄ab + F̄ba

)
δuv −

(
F̄ub + F̄bu

)
δav −

(
F̄av + F̄va

)
δub

= 2νAF̄
MO
2,uvδab (I.2.84)

Two–Electron Contribution to the Hessian

• Inactive, active – inactive, active block:

Ȳ H
iu,jv =Ȳiu,jv + Ȳui,vj − Ȳiu,vj − Ȳui,jv

=2
[
δijḠ1,uv + νAδuvḠ2,ij + (νI − νA)G4i

iu,vj − νAG
′4i
iu,vj

]
(I.2.85)

• Inactive, active – inactive, virtual block:

Ȳ H
iu,jb = Ȳiu,jb + Ȳui,bj − Ȳiu,bj − Ȳui,jb = 2δijḠ1,ub + (νI − νA)G4i

iu,jb (I.2.86)

• Inactive, active – active, virtual block:

Ȳ H
iu,vb = Ȳiu,vb + Ȳui,bv − Ȳiu,bv − Ȳui,vb = −νAδuvḠ2,ib + νA

(
G4i
iu,vb −G′4iiu,vb

)
(I.2.87)

• Inactive, virtual – inactive, virtual block:

Ȳ H
ia,jb = Ȳia,jb + Ȳai,bj − Ȳia,bj − Ȳai,jb = νI

(
δijḠ1,ab +G4i

ia,jb

)
(I.2.88)

• Inactive, virtual – active, virtual block:

Ȳ H
ia,vb = Ȳia,vb + Ȳai,bv − Ȳia,bv − Ȳai,vb = νAG

4i
ia,vb (I.2.89)

• Active, virtual – active, virtual block:

Ȳ H
ua,vb = Ȳua,vb + Ȳau,bv − Ȳua,bv − Ȳau,vb = νAδuvḠ2,ab + νAG

′4i
ua,vb (I.2.90)

where
G4i
pq,rs = 4gpqrs − gpsrq − gprqs (I.2.91)

and
G′4ipq,rs = 2λJgpqrs − λKgpsrq − λKgprqs (I.2.92)
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Hessian Elements

• Inactive, active – inactive, active block:

Ē
(2)
iu,jv = 2

[
δij
(
νIF̄

MO
1,uv − νAF̄MO

2,uv

)
− δuv

(
νIF̄

MO
1,ij + νAF̄

MO
2,ij

)
+ (νI − νA − νAλ)G4i

iu,vj

]
(I.2.93)

• Inactive, active – inactive, virtual block:

Ē
(2)
iu,jb = δij

(
2νIF̄

MO
1,ub − νAF̄

MO
2,ub

)
+ 2 (νI − νA)G4i

iu,jb (I.2.94)

• Inactive, active – active, virtual block:

Ē
(2)
iu,vb = 2

[
δuv
(
F̄MO

1,ib − νAF̄
MO
2,ib

)
+ νA (1− λ)G4i

iu,vb

]
(I.2.95)

• Inactive, virtual – inactive, virtual block:

Ē
(2)
ia,jb = 2νI

(
δijF̄

MO
1,ab − δabF̄MO

1,ij +G4i
ia,jb

)
(I.2.96)

• Inactive, virtual – active, virtual block:

Ē
(2)
ia,vb = 2νAG

4i
ia,vb − δab

(
νIF̄

MO
1,iv + νAF̄

MO
2,iv

)
(I.2.97)

• Active, virtual – active, virtual block:

Ē
(2)
ua,vb = 2νA

(
δuvF̄

MO
2,ab − δabF̄MO

2,uv + λG4i
ua,vb

)
(I.2.98)

All terms of the Hessian feature so–called four index transformed integrals, that is two–
electron integrals on the MO basis which are not computable as contractions between
density matrices and two–electron integrals in the AO basis, requiring instead the full
contraction

gpqrs =
∑
αβγδ

CpαCqβCrγCsδgαβγδ (I.2.99)

which is a highly computational demanding step. For this reason, the calculation of the
whole Hessian is considered a very slow and inefficient process.
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Chapter 3

Structure of the CERES Ab Initio
Program: Implementation of the
CAHF/CASCI-SO Method

To the best of our knowledge, no software is available for the calculation of magnetic
properties of LnIII using the CAHF / CASCI–SO algorithm, thus prompting us to develop
a dedicated code for such task. Recently, we became aware that the group of Prof.
van Slageren has implemented our proposal, based on Ref. [42], in a local version of
the MOLPRO software [94] which, however, is not accessible to us, so we are not in
a position to discuss the efficiency of that implementation. Firstly, a pilot version of
Ceres was developed within our research group, based on the open–shell version [95] of
the Hartree–Fock code SYSMO [96], which allowed to verify the accuracy of our method
for a small selection of systems [42]. That first pilot Fortran implementation, however,
was not efficient, much slower than state–of–the–art implementations of the CASSCF /
RASSI–SO algorithm in the Molcas code (in particular: the code was not direct but
needed all integrals stored on disk to be read at each iteration, the DIIS algorithm was less
efficient than in the current implementation, and it featured only a first–order convergence
algorithm, with no second–order or Quasi–Newton approaches). My work consisted of
writing a direct CAHF code, implementing efficient convergence acceleration algorithms
for an SCF calculation, including (i) a refined DIIS algorithm, (ii) second order methods
and (iii) taylor–made guess procedures. The result of my work is implemented in the ab
initio code Ceres (Computational Emulator of Rare Earth Systems), which has been
fully developed and implemented within the Soncini research group at the University of
Melbourne, and specifically designed for the ab initio study of lanthanide complexes [54].

Ceres is written in C++11, taking advantage of object-oriented programming, and
features open-source C++ Boost libraries [97] and an efficient parallelization procedure,
developed by the use of openMP Application Programming Interface (API) specification
for parallel programming. All matrix operations are performed using the fast and efficient
C++ Eigen template library for linear algebra [98].

In Fig. 3.1 a scheme of the structure of the current version of Ceres is presented,
followed by a detailed explanation of all features included in each section of the code.
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Figure 3.1: Flow chart of Ceres. Picture adapted from Ref. [54].

3.1 Initialization

The informations required to perform a CAHF / CASCI–SO calculation on a lanthanide
complex are the cartesian coordinates of the atomic positions in the Ln complex, a chosen
Gaussian basis set for each atom in the molecule and specifications of its active space,
namely the number of active electrons and orbitals, and the multiplicity, thus allowing
the user to perform calculations by either averaging over a MS subspace or over the entire
set of configurations.

Ceres implements an efficient Python user interface for parsing the input file contai-
ning all the aforementioned informations regarding the target molecule, initializing the
required module of the calculation and providing it all the necessary input parameters.

3.2 Calculation of 1-electron integrals

After input processing, Ceres computes all relevant one–electron integrals to be used
throughout both CAHF and CASCI calculations using an efficient C++ library, named
LIBINT [99], modified by other members of the research group [100] to obtain the relevant
integrals for the calculation of the scalar relativistic contributions within the Douglas–
Kroll–Hess (DKH) theory [101].

3.3 Initial Guess

The efficiency of every iterative procedure, including SCF, is dependent on the guess for
the density matrices (or LCAO matrices) that are used to build the mean–field repulsion
part of the first Fock Hamiltonian. Guess orbitals which correctly grasp the essential
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chemical features of the studied system lead to a lower number of iterations necessary in
order to reach convergence. Clearly, the initial choice of LCAO coefficients is crucial in
order to maximize the efficiency of a CAHF calculation.

In order to both grant maximum flexibility and accelerate convergence for any system,
Ceres features several initial guess choices.

3.3.1 Core Hamiltonian

The simplest, and the rawest, model which can be designed to approximate the molecular
wave function is one in which electronic repulsion effects are totally neglected, thus having
each electron interacting with atomic nuclear point charges only. Practically, this is
achieved by diagonalizing the one–electron integral matrix, which accounts for the basis
set representation of the kinetic energy operator and the nuclear attraction operator, in
the DKH representation, and using the resulting orbitals to build the first density matrix.

3.3.2 Generalized SOAD

The SOAD guess, proposed by Van Lenthe et. al. [102], is a relatively useful methodology
for computing an initial guess for HF calculations, which accounts for the fact that most
electrons are localized on the atoms in a optimized wave function arising from a SCF
calculation. The idea behind this method is to create the initial density matrices as the
direct sum of a set of density matrices obtained from SCF calculations on the single atoms.
This method has proven to be more effective than a Huckel–type guess, and we decided to
adopt here a simplified version of it as our default guess algorithm, with some additional
modifications made to address more specifically the structure of Ln complexes.

In particular, in our implementation of the SOAD guess the electrons of each atom are
assigned to the respective AOs described by the basis set functions, following the Made-
lung aufbau principle but allowing for partial orbital occupations, achieved by filling the
diagonal elements of the guess density matrix D with each orbital occupation number ν,
defined as follows for an orbital with principal quantum number n and angular momentum
l:

νn,l =
Nn

4l + 2
(I.3.1)

where Nn is the number of electrons in the angular momentum shell. The occupation
number νn,l, as introduced in Eq. I.3.1, can only assume values between 0 and 1, with
the two extrema occurring for, respectively, an empty orbital (for which Nn = 0) and a
fully occupied orbital (for which Nn = 4l + 2), and with intermediate values for partially
occupied shells.

In our implementation, we take advantage of the lack of mixing between LnIII 4f and
ligands orbitals so as to easily separate inactive and active electrons, with the latter being
the LnIII 4f electrons. The active density matrix RA is, thus, a zero–valued matrix, except
for the seven 4f orbitals, whose diagonal density matrix elements are set to 1, given that
the effective population of the active space is described by the average occupation of the
active space νA. The inactive density matrix RI is instead filled following the usual SOAD
procedure described above. The major advantage of this generalized SOAD guess is that
the user can easily introduce partial charges into selected atoms or groups of atoms by
simply changing the values of Nn for the frontier orbitals of the desired atoms.

Such a diagonal density matrix represents an approximation to an ideal system in
which all electrons occupy atomic eigenstates which, ideally, should be described by lo-
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calised but orthogonal functions. In order to re–introduce the non–orthogonality of the
basis set, we apply an inverse Löwdin transformation:

Dnon−orth = S−
1
2 DSOADS−

1
2 (I.3.2)

Convergence tests performed in the presence and in the absence of the transformation
introduced in Eq. I.3.2 suggest that this transformation leads to an improved guess and,
thus, to an accelerated convergence (i.e. less iterations required).

3.3.3 SOAD projection

Well–known strategies to accelerate convergence consists of performing calculations on
small basis sets, followed by a projection of the results on larger basis sets. This can
be done in several ways, the simplest of which consists in building the SOAD matrices
on the smallest basis set possible for the target system, from now onwards defined as
the minimal basis set, subsequently projecting these matrices on a larger basis set by
calculating mixed–basis two–electron integrals as:

gαβ,pq =

∫∫
dx1dx2χα(x1)χp(x2)

1

r12

χβ(x1)χq(x2) (I.3.3)

where the integral convention outlined in section 1.4 is followed, Greek letters represent
basis functions of the minimal basis set and Roman letters represent basis functions of
the bigger one. Such integrals are, then, contracted with the minimal basis SOAD density
matrices to build the initial guess Fock matrix. This method is implemented in Ceres.

3.3.4 CAHF projection

A more thorough and efficient way to gradually improve the basis set quality in a calcula-
tion, that has been implemented in Ceres, consists of performing a proper projection of
the result of a previous SCF calculation performed on a smaller basis set on a larger basis
set, on which the density is further optimised (see, for example, Ref. [102]). In order to
carry out the projection, we first consider the definition of density operator in the minimal
basis set |α〉:

D̂ =
∑
α,β

|α〉Dα,β 〈β| (I.3.4)

By using the resolution of identity in the bigger basis set, remembering to introduce the
overlap term because of its non-orthogonality:

Dlarge,pq =
∑
α,β

∑
r,s

S−1
large,pr 〈r |α〉Dsmall,αβ 〈β| s〉S−1

large,sq (I.3.5)

By defining the mixed overlap matrix Smix,rα = 〈r|α〉, we can find the projection formula
for our initial guess:

Dlarge = S−1
largeSmixDsmallSmixS

−1
large (I.3.6)

3.3.5 On-the-fly Selection of the 4f Active Space Orbitals

After the initial guess is produced there is still no guarantee that during the iterative
calculation, especially during the initial phase, the active space MOs will have a predomi-
nant LnIII 4f character. To ensure this fundamental property of the active space for LnIII
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complexes, we have developed and implemented an algorithm in Ceres, in which the
orbitals with the highest 4f character are forced into the active space at each iteration,
until a chosen convergence threshold is achieved. Firstly, the user chooses which basis set
functions should maximize their overlap with the active orbitals, with the default choice
being all the lanthanide f basis functions. Secondly, the density matrix is calculated for
each molecular orbital separately as:

Di = CiC
†
i (I.3.7)

where Ci is the LCAO matrix column which describes the ith MO. Thirdly, the density
matrices are transformed in the orthogonal basis by either a Mulliken [103]

PMi = DiS (I.3.8)

or a Löwdin [104]

PLi = S
1
2 DiS

1
2 (I.3.9)

transformation, according to the user’s choice.
The population of the 4f quasi–atomic orbitals, finally, is computed for each MO

by summing the diagonal elements of the Mulliken or Löwdin matrices corresponding to
an appropriate selection of basis functions. The most straightforward choice would be
the summation of contributions from all Ln f basis functions, because the active space
orbitals are built as their linear combination. If the basis set is able to correctly describe
higher energy orbitals with the same angular momentum, such as 5f orbitals, they will be
expected to be represented as a different linear combination of the same basis functions,
therefore it would not be possible to discriminate them. Since 4f orbitals are supposed
to be localized closer to the nucleus than 5f , however, we can expect them to possess a
higher linear combination contribution from the most contracted basis function. For this
reason, a plausible choice would be to only include this basis function in the calculation
of the population.

Once the above steps have been performed for the entire set of orbitals, they are
ordered according to increasing population value. Later, a new LCAO matrix is built, in
which the active space is filled with the orbitals with the highest population, while the
inactive and virtual spaces are built with the remaining MOs, arranged with increasing
corresponding eigenvalue.

3.4 Calculation of two-electron integrals and Fock

matrix

The calculation of bi-electronic integrals and their contraction with the density matrices
is the most time consuming step in a SCF iteration, therefore their optimization is crucial
to maximise efficiency. Together with the shellpair list screening previously discussed,
therefore, Cauchy-Schwarz screening is employed [105]. This technique takes advantage
of the Cauchy-Schwarz inequality:

|gαβγδ| ≤
√
gαβαβ

√
gγδγδ (I.3.10)

to approximate the integral–density matrix product as:

|Dγδgαβγδ| ≤ |Dγδ|
√
gαβαβ

√
gγδγδ (I.3.11)
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If rhs of Eq. I.3.11 is lower than a chosen threshold, then the integral is not contributing
significantly to the Fock matrix and can be discarded. In order to improve the efficiency
of this algorithm, LIBINT performs shell screening, where the entire basis set shell which
contains the atomic orbital δ is simultaneously screened, thus discarding the entire batch
of integrals if the highest shell contribution is lower than the threshold.

Since the accuracy of the contraction depends on the size of the Cauchy-Schwarz
threshold, Ceres has a dynamic choice of the screening threshold, with an increasing
contraction accuracy when closer to the minimum:

δ = min

(
min

(
1

Scond
, 10−9

)
,max

(∥∥Ē(1)
∥∥
∞

10−7
, ε

))
(I.3.12)

where Scond is the condition number of the overlap matrix, ε is the machine precision, and
‖x‖∞ = max (|x1| , |x2| , · · · ).

Additionally, this code implements an incremental Fock build algorithm [106], which
employs the difference between the current and the previous density matrix

∆D = Dn −Dn−1 (I.3.13)

for all contractions instead of the full density matrices. The justification behind this
method lies in the identity∑

rs

gpqrsD
n
rs =

∑
rs

(gpqrs∆Drs) +
∑
rs

(
gpqrsD

n−1
rs

)
(I.3.14)

where only the first term on rhs has to be computed at each iteration. The main ad-
vantage of the incremental Fock build method lies in the smaller elements of ∆D, which
ensures more integrals are discarded by Cauchy-Schwarz screening, thus speeding up the
contraction step. Since not all of these integrals would be discarded in a non–incremental
Fock build calculation, however, errors in the energy and in the Fock matrix are intro-
duced. In order to remove these errors, therefore, Ceres has a reset algorithm which,
every eight iterations, performs a non–incremented contraction. In order to avoid errors
in the final results, finally, incremental Fock build is removed when convergence parame-
ters, described below, are less than an order of magnitude higher than the corresponding
thresholds.

Once the matrices G1 and G2, defined in Section 2.2, have been computed they are
used to calculate the CAHF energy, introduced in Eq. I.2.37, and, if using a first–order
optimization scheme, the effective Fock Hamiltonian. Ceres also allows the use of first–
order level shifters [107], named λA and λV to artificially increase the energy of the active
and virtual spaces, so as to improve the convergence stability of the algorithm:

F̄ (λA, λV) = F̄ + λARA + (λA + λV) RV (I.3.15)

where F̄ is the effective Fock Hamiltonian presented in Eq. I.2.55 and RA and RV are,
respectively, the active and virtual density matrices in the AO basis, defined in Eqs. I.1.53
and I.1.54.

3.5 Convergence Control

A minimum in the potential energy surface has null gradient and a positive definite
Hessian, i.e. with positive eigenvalues only, thus allowing a fairly diverse set of convergence
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criteria to check if the CAHF calculation has reached convergence. In our implementation,
we have chosen to employ the same convergence control used in the RASSCF module
of Molcas. After every iteration, therefore, Ceres computes ∆Ē = Ēk+1 − Ēk and∥∥Ē(1)

∥∥
∞. If all these quantities are smaller than a set of given thresholds, customizable

by the user, CAHF calculation has successfully converged and Ceres saves the converged
LCAO matrix to be used in the CASCI module.

3.6 First Order Optimization

As already discussed in Section 1.5.2, when far from convergence a first–order algorithm
is required. The pilot version of the code featured a DIIS algorithm with the gradient
on the AO basis originally proposed by Pulay [67] as the error choice, but there defined
using the effective Fock Hamiltonian proposed by McWeeny [65]. Since the majority of
the tests performed evidenced a fairly poor DIIS performance for CAHF calculations, my
first task has been to implement a more suitable alternative. Following the results of
previous studies [68], I implemented a DIIS algorithm based on the molecular gradient
as the error choice, whose working equations will be derived in Appendix 2.2.4. Some
preliminary tests on simple systems confirmed that this choice was indeed appropriate for
CAHF calculations.

The DIIS matrix, defined in Eq. I.1.66, is built with a finite number of the latest error
vectors, customizable by the user, so as to retain contributions from wave functions which
are, when approaching convergence, more similar to that of the minimum. A damping
factor is also added to the matrix by multiplying all diagonal elements by a term d = 1.02
in order to remove linear dependencies when solving the linear system in Eq. I.1.67.

The DIIS extrapolated Fock Hamiltonian is, then, diagonalized, with population ana-
lysis being performed on the resulting LCAO matrix in order to maximise the 4f character
of the active space of its wave function.

3.7 Second Order Optimization

Although the DIIS algorithm implemented in Ceres has proven to be very effective in
rapidly approaching a minimum in the potential energy surface regardless of the initial
guess choice, it is not very effective in the near–minimum region. This behavior can be
explained by noting that, as already explained in Sec. 2.1, the CAHF potential energy sur-
face is obtained as the average of the energy surfaces of all configurations in the averaging
manifold and potentially characterised by shallow minima. The extrapolation procedure
which characterises DIIS is unable to efficiently reach such minima, thus requiring more
precise algorithms, such as second–order methods.

The first algorithm tested and implemented has been a direct solution of the linear
system introduced in Eq. I.1.70 via Jacobi method, as described in Sec. 1.5.2. Even though
the efficiency of the Jacobi method is lower than Gauss–Seidel, it possesses one major
advantage in the ability to compute the product (L + U) xn without building explicitly
each single term [58], thus only requiring the explicit calculation of diagonal elements and
giving a big efficiency improvement. The implemented iterative procedure, therefore, is:

κn+1
pq = − 1

E
(2)
pqpq

[
λ2E

(2)
pqpq + E(1)

pq + σpq
]

(I.3.16)
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where pq is the super–index corresponding to the non–redundant rotation from the orbital
p to the orbital q, λ2 is a real positive parameter named second–order level shifter and
σpq is the product of the non–diagonal part of the Hessian with the trial rotation vector:

σpq =
∑
rs 6=pq

E(2)
pq,rsκ

n
rs = 2(F κ

pq − F κ
qp) +

∑
r

[
κnrp(Frq − Fqr)− κnqr(Fpr − Frp)

]
(I.3.17)

where F κ is the one–index transformed generalized Fock matrix, whose dependence on
the rotation vector lies in the MO one– and two–electron integrals:

hκpq =
∑
r

(
κnprhrq + κnqrhpr

)
(I.3.18)

gκpqrs =
∑
m

(
κnpmgmqrs + κnqmgpmrs + κnrmgpqms + κnsmgpqrm

)
(I.3.19)

This vector has the same computational cost of the gradient. The effect of the second–
order level shifter in Eq. I.3.16 is to strengthen the convergence of the Jacobi linear system
at the cost of a damped step size, thus requiring a fine balance in order to maximise the
efficiency of this procedure.

The procedure has been tested for several small systems, but the resulting algorithm
has not shown great efficiency. This result is explained by noting that the Hessian elements
presented in Eqs. I.2.93–I.2.98 require the calculation of bi-electronic integrals in the MO
basis, thus demanding a four-index transformation [108], which is an extremely time-
consuming step, thus making it unfeasible for CAHF calculations.

In order to improve the performance of the second order algorithm, a L-BFGS [79]
algorithm has been introduced. Even though most softwares use the unity matrix as
the initial Hessian approximation, we have chosen to use the diagonal elements of the
one–electron Hessian as the first guess, which is a more effective approximation because
it does not require line–search algorithms [109]. After some testings, the algorithm has
proven to be highly effective, with an average improvement on the energy precision of one
significant digit per two iterations.

After having computed κ, the rotation discussed in Sec. 1.5.4 is performed to calculate
the LCAO matrix which is used to build the density matrices for the following iteration.

3.8 CASCI

Once CAHF convergence has been achieved, Ceres initializes the CASCI module by
transforming the molecular intergals from the atomic to the active MO basis using the con-
verged CAHF–LCAO matrix, which are needed for the calculation of the matrix elements
of the electronic CI plus SOC interactions on the basis of the

(
14
n

)
Slater determinants. In

the current version of Ceres, spin–orbit contributions can be either computed using the
bare one-electron SOC operator [110], or via the Atomic Mean–Field Integrals (AMFI)
approximation [111], either by contracting the full converged CAHF density matrix with
one– or two–center SOC bielectronic integrals represented via a newly proposed Cholesky
representation proposed by our group [112], or they can be read from the files produced
by Molcas to adopt the special representation adopted in that code. The latter op-
tion is adopted in the present thesis, both because it has been extensively debugged, and
for ease of comparison of our results with those obtained using Molcas, as presented in
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Chapter I.4. Bi–electronic integrals are transformed into the active space via a four–index
transformation [108] which, as explained before, is a slow process despite the restriction
to a very small MO subspace. After having performed the transformation, then, these
quantities are used to build the CASCI–SO Hamiltonian, the implementation of which is
based on the σ–algorithm developed by Olsen [113] in an algorithm which was written by
other members of our research group and interfaced to Ceres by me.

After having diagonalized the CASCI Hamiltonian, its eigenvalues correspond to the
crystal field energies and its eigenvectors are used to compute g–tensors and the orientation
of the corresponding anisotropy axes. Other properties, such as the Van Vleck magnetic
susceptibility as function of temperature, the magnetisation as function of a magnetic field,
and the projection of the ab initio crystal field levels onto a crystal field Hamiltonian,
functionalities available e.g. in the SINGLE ANISO module of Molcas [22, 34, 43], are
currently under development.
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Analysis of Ceres Performance

CAHF / CASCI–SO method has been specifically developed for the computation of crystal
field levels and magnetic properties of LnIII more efficiently than currently available met-
hods, and our implementation in the software Ceres features several algorithms, which
we have discussed in Chapter I.3, to maximize its computational efficiency while retaining
its accuracy. It is, therefore, crucial to investigate whether the current efficient imple-
mentation of the CAHF / CASCI–SO method is competitve with respect to the current
state–of–the–art ab initio CASSCF/RASSI–SO method without sacrificing the accuracy
of the calculation. In order to test both the efficiency and accuracy of CAHF / CASCI–SO
with respect to the currently employed CASSCF / RASSI–SO, I have performed calcu-
lations with Ceres and Molcas 8.0 [43], comparing the results of such calculations to
study the performance of Ceres. I have also performed tests on the population analysis
method with Ceres to test this new feature and understand the improvements it provides
to CAHF calculations.

4.1 Calculation Details

Calculations have been performed on the following ten complexes of TbIII, DyIII, HoIII and
ErIII, listed in Table 4.1. Experimental geometries, obtained from X–ray crystallographic
measurements, have been used for all Dy compounds [114–120] and, whenever available,

Number Ligand Number of Basis Functions
1 [Ln(acac)3(H2O)2] 473
2 [Ln(acac)3(dppz)] 675
3 [Ln(acac)3(dpq)] 635
4 [Ln(acac)3(phen)] 589
5 [Ln(hfac)3(dme)] 647
6 [Ln(paaH∗)2(NO3)2(MeOH)]+ 603
7 [Ln(tfpb)3(dppz)] 885
8 [Ln(tta)3(bipy)] 754
9 [Ln(tta)3(phen)] 772
10 [Ln(tta)3(pinene−bipy)] 837

Table 4.1: List of complexes for which CAHF / CASCI–SO and CASSCF / RASSI–SO
calculations have been performed.
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Abbreviation Extended Name
acac acetylacetonate
dppz dipyridophenazine
dpq dipyridoquinoxaline
phen 1,10-phenanthroline
hfac hexafluoroacetylacetone
dme dimethoxyethane

paaH* N-(2-Pyridyl)acetoacetamide
tfpb 4,4,4-trifluoro-1-phenyl-1,3-butandionate
tta tetradecylthioacetate

bipy 2,20-bipyridine
pinene−bipy 4,5-pinene bipyridine

Table 4.2: List of abbreviations employed in the ligand names in Table 4.1.

for other ions as well [114, 117, 118]. For the remaining complexes, for which a structure
is not present in literature, geometries have been obtained by substituting the lanthanide
ion without introducing structural changes. The magnetic properties computed with
such geometries are not necessarily useful for comparison with experimental data, but are
clearly instrumental to compare the two alternative methodologies. All geometries have
been reported in the Supplementary Informations of Ref. [54].

Calculations have been performed on four similar virtual machines from the NeCTAR
research cloud [121], each with 16 GB RAM and 2.3 GHz Intel CPUs. In order to speed
up this study while fully retaining the comparison legitimacy, complexes have been split
among virtual machines so that on each one all calculations on both Molcas and Ceres
featuring the same lanthanide ion have been performed, thus retaining the legitimacy of
all comparisons and analyses.

The active space for both calculations on all molecules is made of the seven LnIII 4f
orbitals occupied by, respectively, 8 electrons in Tb, 9 electrons in Dy, 10 electrons in Ho
and 11 electrons in Er. Since LIBINT is unable, in its current version, to efficiently handle
generally contracted basis sets, we have chosen segmented basis sets. All calculations have
been, thus, performed using SARC2–QZVP–DKH basis set for LnIII [122], Ahlrichs–PVDZ
for all atoms of the same type of the ones coordinating the lanthanide ion and Ahlrichs–
VDZ for others [123]. I have computed the energies of all crystal field levels arising from
the ground state spin–orbit term, and computed g–tensors and anisotropy axes between
two consecutive crystal field states.

All calculations performed with Molcas feature an Cholesky decomposition algo-
rithm, with a cut–off threshold of 10−8. In order to obtain the most accurate results
possible, as many spin states as possible have been introduced in the RASSI calculation
(see Table 4.3 for the number of CI roots used for each spin symmetry in each CASSCF
and RASSI calculations). For that purpose, one SA–CASSCF calculation for each possible
total spin quantum number S has been performed by averaging over the entire manifold of
states with the same spin. The only exception consists of the Tb S = 3/2 spin states (588
states), which was too big to be handled by the virtual machine. In order to perform the
calculation, therefore, the number of spin states which are included in the SA–CASSCF
calculation has been determined by selecting all spin states with the correct total spin
belonging to some of the lowest–energy Russell–Saunders terms. The total number of SA–
CASSCF calculations performed for each lanthanide complex is, respectively, four for Tb,
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2S = 0 2S = 1 2S = 2 2S = 3 2S = 4 2S = 5 2S = 6

Tb
RASSCF 490 195 140 7
RASSI 86 91 105 7

Dy
RASSCF 490 224 21
RASSI 130 128 21

Ho
RASSCF 196 210 35
RASSI 31 99 35

Er
RASSCF 112 35
RASSI 112 35

Table 4.3: Number of states included in the RASSCF and the RASSI steps of CASSCF
/ RASSI–SO calculations.

three for Dy and Ho and two for Er. Subsequently, in the RASSI step, all spin–orbit states
arising from some of the lowest Russell–Saunders terms for each S have been selected and
included in the calculation, while not exceeding the overall limit of 300 roots [34]. An
overview of the number of states used in each step is presented in Table 4.3.

All Ceres calculations have been performed by averaging over all spin states in the
CAHF step. The initial guess employed is the generalized SOAD with inverse Löwdin
transformation. McWeeny coefficients in the effective Fock Hamiltonian have been set
to (a, b, c) = (1, 0.5, 0.2), with first–order level shift coefficients of λA = λV = 0.4. The
DIIS extrapolation procedure used in this study has an unlimited dimension of the linear
system, thus always including contributions from all previous iterations. Population ana-
lysis is performed for all first–order iterations by computing the Löwdin population of the
first Ln f basis function for the entire set of MOs. L–BFGS QN algorithm has been used
for the second–order part of the CAHF calculation, which starts when

∥∥E(1)
∥∥
∞ ≤ 0.2 and

‖∆D‖∞ ≤ 10−2.

4.2 Presentation and Analysis of Results

The performance of the CAHF / CASCI–SO method and of its implementation in Ceres
will be evaluated on the basis of its timings and of the accuracy of the computation of
magnetic properties of the ground spin–orbit state.

4.2.1 Timings

Timings for the CAHF / CASCI–SO and CASSCF / RASSI–SO methods are obtained,
respectively, by summing the timings for the CAHF and the CASCI calculations for the
former and timings for all CASSCF and RASSI calculations for the latter, and are reported
in Table B.41. For completeness, a breakdown of such timings into the CAHF/CASSCF
and CASCI/RASSI steps is presented in Table B.42 although it has to be noted that,
since the two methods are conceptually different, it is not possible to draw any direct
comparison between the timings of the single steps. In order to allow a more immediate
comparison between the timings for CAHF/CASCI–SO and CASSCF/RASSI–SO, the
results have been collected in four plots in Fig. 4.1.

The conclusion which can be drawn from the analysis of Table 4.1 is that CAHF
/ CASCI–SO ab initio strategy is more efficient for all but two complexes, for which
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Figure 4.1: Plot of timings, expressed in hours, for the crystal field level calculations
of the chosen complexes with CASSCF/RASSI-SO and CAHF/CASCI–SO. The ligand
number is reported in accordance to Table 4.1.

CASSCF / RASSI–SO performs similarly. It can also be noted that the latter method
becomes less efficient ranging from Er to Tb. These results can be rationalized by noting
that the computational cost for CASSCF / RASSI–SO calculations depends on the total
number of spin states which are optimized. Consequently, we expect calculations to
become increasingly more time–consuming as the total number of configurations increases.

It might be argued that an improvement of the efficiency of CASSCF / RASSI–SO cal-
culations is achieved by only including the states with the highest spin in the calculation,
which, for some systems, is predicted not to introduce significant errors in the resulting
crystal field states and magnetic properties [34]. In order to test the efficiency of this
typology of CASSCF/RASSI–SO and of the CAHF / CASCI–SO ab initio strategy, we
have compared the timings for the SA–CASSCF calculation on the highest spin manifold
and for a complete CAHF / CASCI–SO calculation for [Ln(tfpb)3(dppz)], in which the
spin–orbit states are also computed, in order to estimate the relative efficiency for the
optimization of the multi–reference wave function, which have been reported in Fig. 4.2.

Analysis of the results in Fig. 4.2 shows that the CAHF/CASCI–SO ab initio strategy
is more efficient than CASSCF / RASSI–SO even when only the states with highest spin
are included in the calculation, confirming the prediction that our proposed method is

62



Chapter I.4.2. PRESENTATION AND ANALYSIS OF RESULTS

Tb Dy Ho Er
0

10

20

30

40

50

tLn

MOLCAS
CERES

Figure 4.2: Plot of timings, expressed in hours, for the calculation on [Ln(tfpb)3(dppz)]
with CASSCF and CAHF/CASCI–SO.

more efficient for the calculation of the electronic structure and magnetic properties of
lanthanide complexes.

4.2.2 Accuracy

As just discussed, CAHF / CASCI–SO provides a significant speed–up over the currently
employed CASSCF / RASSI–SO. It is still not clear, however, if the lack of flexibility
introduced by the averaging over the entire manifold of spin states, which is instrumental
to its efficiency, will lead to any significant loss of accuracy in the computed magnetic
properties. I have, thus, estimated the discrepancy between crystal field energies, g–
tensors and orientation of the magnetic anisotropy axes obtained with the two methods.

The parameter used to analyze the accuracy of the first two sets of parameters is the
relative difference between crystal field energies and between the largest components of
the g–tensors, defined as:

∆ε
% =

|εMolcas − εCeres|
max (εMolcas, εCeres)

· 100

∆g
% =

|gMolcas − gCeres|
max (gMolcas, gCeres)

· 100.

It has to be noted that, in our analysis, we have not included relative differences for the
higher energy state in the ground state Ising doublet for even–electron complexes because
of its very low energy, which is not statistically relevant because of the quasi–degeneracy
with the ground state level. The accuracy on the magnetic anisotropy axes, named ∆◦,
has been computed as the angle between the main anisotropy axes obtained with the two
methods. The entire set of data has been reported in App. B.1, with several data subsets
collected into plots to highlight the most important conclusions which can be drawn.

The first set of results which will be analyzed is presented in Fig. 4.3, in which the
highest errors for crystal field energy levels, g–tensors and anisotropy axes for the ground
state spin–orbit multiplet of all molecules have been reported. Firstly, it can be no-
ted that there is very good agreement between the crystal field energies computed with
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Figure 4.3: Plots for the accuracy study of CAHF / CASCI–SO calculations. The three
plots showcase the accuracy of, respectively, crystal field levels (left), g–tensors (middle)
and anisotropy axes (right). Ligand number on the x axis is extracted from Table 4.1.
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CASSCF / RASSI–SO and CAHF / CASCI–SO, with no notable outliers. The hig-
hest relative difference, which arises for [Er(tfpb)3(dppz)], is equal to ∆ε

% = 2.47%, with
an average difference of approximately 1% across the entire set of molecules. Secondly,
analysis of the relative differences in the highest values of g–tensors between the two
methods shows a generally good agreement, despite the presence of three marked out-
liers in [Tb(acac)3(H2O)2], [Tb(tfpb)3(dppz)] and [Ho(tta)3(pinene−bipy)]. The average
relative errors for this data set are higher than those of crystal field energies because of
their lower absolute value, despite still being small enough to provide a good agreement.
We can also notice that, out of the entire set of molecules, the best agreement between
methods is displayed by odd–electron systems. Lastly, a very good agreement is found
in the direction of the main magnetic anisotropy axes calculated by CAHF / CASCI–SO
and CASSCF / RASSI–SO, with only one notable outlier in [Tb(acac)3(H2O)2]. Unlike
for g–tensors, there does not seem to be a noticeable difference in accuracy between odd–
and even–electron systems.
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Figure 4.4: Plots of the relative error for the g–tensor computation for the ground state
and the first two excited Kramers doublets, for odd–electron systems, or Ising doublets,
for even–electron systems, between the CASSCF/RASSI-SO, and CAHF / CASCI–SO
methods. The four plots represent, respectively, the g–tensors for Tb (top left), Dy (top
right), Ho (bottom left) and Er (bottom right). Ligand number on the x axis is extracted
from Table 4.1.
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Figure 4.5: Plots of the relative error of the energy of the first excited Kramers doublet,
for odd–electron systems, or of the lower energy state of the first excited Ising doublet,
for even–electron systems, between the CASSCF/RASSI-SO, and CAHF / CASCI–SO
methods. Ligand number on the x axis is extracted from Table 4.1.

Overall, Fig. 4.3 shows that CAHF / CASCI–SO is generally able to reproduce the
magnetic properties computed with CASSCF / RASSI–SO for our set of lanthanide com-
plexes with very good agreement. The presence of some outliers, however, in the data
prompted us to analyze it more in detail to gain further understanding. For this reason,
relative errors for the g–tensor of the ground crystal field state and of the first two exci-
ted states for all forty molecules have been reported in Fig. 4.4, separated according to
the lanthanide ion included in them. The reason behind the choice of the data subset is
inspired by the common notion that the magnetic behavior of LnIII SMMs is significantly
influenced by the lowest–energy crystal field states, therefore their accurate description is
desirable. The relative errors for such low energy states show that the agreement between
these two different ab initio computational strategies is extremely good, with an average
deviation of approximately 1% and the presence of a single outlier in [Tb(tfpb)3(dppz)],
for which the second excited Ising doublet shows a relative error of ∆g

% = 8.07%.

As a final comparison, relative errors for the crystal field energy of the second excited
state, which corresponds to a state in the first excited Kramers doublet for odd–electron
systems and to the lower energy state in the first excited pseudo–Kramers doublet for
even–electron systems, have been collected in Fig. 4.5, in order to understand if the
improved agreement between g–tensors for low energy crystal field states is also shown
for crystal field energies.

Analysis of the data presented in Fig. 4.5 only shows a slight decrease of relative
differences between the two methods, not as marked as in Fig. 4.4. The overall agreement
between methods, however, is still very good, thus supporting the claim that our proposed
CAHF / CASCI–SO is an efficient and effective ab initio strategy for understanding the
magnetic behavior of LnIII SMMs.

4.3 Population Analysis

In order to gain a deeper understanding of the population analysis convergence–acceleration
strategy we have introduced in Section 3.3.5, CAHF calculations have been performed on
[Tb(acac)3(H2O)2], [Dy(acac)3(H2O)2], [Ho(acac)3(H2O)2] and [Er(acac)3(H2O)2]. The
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experimental structure has been used for Dy [114], substituting all remaining ions in
order to obtain the set of structures. In order to investigate how improvement of the
description of the first coordination shell and of the lanthanide ion impacts convergence,
CAHF calculations have been performed with three different basis set. The smallest cal-
culations are performed with basis set SARC–DKH for Ln [124] and AHLRICHS–VDZ
for all other atoms [123], with the other basis sets being formed by using, respectively,
AHLRICHS–PVDZ for the first coordination shell and SARC2–QZVP–DKH for the lant-
hanide ion [122]. For the latter basis set, population analysis performed including all f
basis functions is performed on the 200 lowest energy MOs so as not to include 5f orbitals.

All calculations have been performed using Ceres [54] and averaging over all spin
states, with coefficients (a, b, c) = (1, 0.5, 0.2), level shifters for active and virtual space
of 0.4, convergence criterions set to ∆E ≤ 10−8 and

∥∥E(1)
∥∥
∞ ≤ 10−4 and Quasi–Newton

thresholds of
∥∥E(1)

∥∥
∞ ≤ 0.2 and ‖∆D‖∞ ≤ 10−2. Throughout the entire set of calcu-

lations, the number of first– and second–order iterations required to reach convergence
have been recorded. Since the improvement in the energy precision produced by our QN
algorithm is fairly constant, a high number of second–order iterations can be associated
to a suboptimal description of the active space provided by the first–order part of the
calculation, thus requiring more iterations to reach convergence.

The complete set of results have been reported in Tables B.43–B.45, and have been
collected in three plots (reported, respectively, in Figs. 4.6, 4.7 and 4.8) in order to allow
a more immediate analysis of the data.
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Figure 4.6: Plots of the number of iterations required for the convergence of CAHF
calculations, with and without population analysis, with SARC–DKH basis set for Ln
and AHLRICHS–VDZ for all other atoms.

The analysis of CAHF calculations performed with the smallest basis set, reported in
Fig. 4.6, shows that the population analysis method provides a significant improvement in
both robustness and efficiency with respect to bare CAHF calculations. Löwdin transfor-
mation is slightly more efficient than Mulliken, however they display similar efficiencies,
therefore this data does not allow to draw definitive conclusions on the goodness of the
two transformations. For this basis set, finally, it can be concluded that using the first
f basis functions only for the calculation of the population is the more effective choice.
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Further investigations are currently under way to investigate CAHF calculations which
failed to converge.
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Figure 4.7: Plots of the number of iterations required for the convergence of CAHF
calculations, with and without population analysis, with SARC–DKH basis set for Ln,
AHLRICHS–PVDZ for O and AHLRICHS–VDZ for all other atoms.

Improving the description of the first coordination shell, as displayed in Fig. 4.7, does
not provide any significant change in the relative results. Bare CAHF calculations are
only able to reach convergence for two complexes out of four. Löwdin transformation still
performs slightly better than Mulliken, and use of the first f basis functions to compute
the population is still the most effective choice.
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Figure 4.8: Plots of the number of iterations required for the convergence of CAHF
calculations, with and without population analysis, with SARC2–QZVP–DKH basis set
for Ln, AHLRICHS–PVDZ for O and AHLRICHS–VDZ for all other atoms.

Finally, analysis of Fig. 4.8 shows that, even with an improved description of the
lanthanide ion, population analysis is the more efficient method for the entire set of
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molecules. For this basis set, furthermore, Löwdin transformation is the most effective
orthogonalizing method. We can also note that, for this basis set, choosing only the first
f function to compute the population is the most effective choice.

The final conclusion which can be drawn from the data presented in this section is
that the population analysis method does indeed provide a significant improvement on
the robustness and efficiency of the convergence of CAHF calculations, with the Löwdin
transformation being the most effective transformation method for such task. Further
studies are underway to gain a deeper understanding on the choice of projectors most
effectively representing the desired active space.
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Conclusions and Future Work

Lanthanide SMMs are very important systems for a wide range of applications, ranging
from magnetic resonance imaging contrast agents [125] to building blocks for molecular
memories [20] and spintronic devices [8], which can be ascribed to their high single–ion
magnetic moment and stronmg magnetic anisotropy. As described in the Introduction,
this peculiar property is directly descendent from the weak character of covalent interacti-
ons between lanthanide ion and ligands. In the energy spectrum of a lanthanide complex,
this feature ensures that the ligand crystal field, acting on the atomic spin–orbit states,
splits them into crystal field states which maintain their atomic identity, at the same
time providing potential to achieve magnetic moment reorientation barriers much higher
than in transition metal complexes. Since the lowest energy crystal field levels are the
most significant to define such reorientation barriers, i.e. to define the molecular magnetic
anisotropy, any computational method which wants to correctly simulate the magnetic
properties of lanthanide complexes has to be able to accurately describe the crystal field
levels arising from the ground state spin–orbit multiplet.

In Chapter 1, a review of ab initio methods that are relevant for the current work
has been presented, including CASSCF / RASSI–SO. After having presented some of the
efficiency limits of this method when applied to lanthanide complexes, in Chapter 2 an
alternative method for computing the crystal field levels and the magnetic properties of
Ln complexes (CAHF/CASCI–SO), which has been proposed and developed in our group,
is presented [42], and a theoretical derivation of its equations is reviewed. The proposed
CAHF/CASCI–SO ab initio stratergy, which features the optimization of a set of average
orbitals which variationally minimize the average energy of the entire set of spin states
of a lanthanide complex followed by the simultaneous diagonalization of electronic CI
and spin–orbit Hamiltonian, has been implemented in an efficient ab initio code, named
Ceres [54], whose structure has been presented in Chapter 3 along with a detailed des-
cription of its main features, including several algorithms for accelerating convergence,
some of which, such as the population analysis method, have been specifically designed
to improve the convergence efficiency for Ln complexes. In Chapter 4, finally, we have
compared the efficiency and accuracy of the CAHF / CASCI–SO method, as implemented
in Ceres, with the performance of CASSCF/RASSI–SO as implemented in the most effi-
cient and widely used software for such task, Molcas [43]. Our results demonstrate that
our proposed CAHF/CASCI–SO strategy provides a significant computational speed–up
without any significative loss of accuracy for most systems. We have also analyzed the per-
formance of the population analysis method and provided preliminary evidence that this
algorithm significantly improves the reliability and the efficiency of CAHF calculations.
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Ceres still has considerable improvement margins in terms of its computational ef-
ficiency, specifically in the CASCI section. Firstly, work is being currently performed in
our research group to interface Ceres with an even more efficient C++ integral library,
named LIBCINT [126], which allows the direct computation of relativistic intergals, such
as DKH integrals. Secondly, this software still lacks interfacing with an efficient Cholesky
decomposition algorithm [127], which will provide further speed–up for both CAHF and
CASCI, with work currently underway to implement efficient Cholesky decompostion of
both ERI and two–electron SOC integrals [112]. The four–index transformation on the
active space performed prior to the CASCI step which is currently implemented is very
slow and inefficient, as discussed in Chapter 3, currently requiring approximately 80% of
the total time of a CASCI calculation, thus more efficient algorithms for such task would
dramatically increase the efficiency of Ceres. Techniques to avoid full diagonalisation of
the CASCI problems are also being explored in the group. Population analysis method,
finally, still requires development in order to discover its most effective implementation
so as to maximize the efficiency and reliability of CAHF convergence.
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Chapter 1

Introduction

1.1 Introduction to NMR Spectroscopy

NMR spectroscopy is a very useful and commonly employed technique for the characteri-
zation of a wide range of molecules ranging from simple organic systems to proteins and
DNA strands. The first reported application of this technique was in 1938 by Rabi [128],
where he measured the nuclear magnetic moments of Li and Cl in a beam of LiCl molecu-
les under the influence of two orthogonal magnetic fields, being awarded the Nobel Prize
in Physics in 1944 for this discovery. This technique was later expanded by Bloch and
Purcell so as to perform measurements on liquids and solids, earning the Nobel Prize in
Physics in 1952 in the process. Since then, the technique has been enormously developed,
and still today represents a very sensitive tool to probe even the tiniest details of low–
energy molecular motions, such as the electronic spin relaxation dynamics in SMMs [129].
In the remainder of this Section, an overview of NMR spectroscopy and of its physical
principles will be provided. The theory presented below is well–known, and is mostly
based on Refs. [130,131].

All subatomic particles which are part of an atomic nucleus, namely protons and neu-
trons, possess an intrinsic spin angular momentum with an associated quantum number
of 1

2
, which will couple to other spins to give a total nuclear spin quantum number I.

Since protons and neutrons are both fermions, they will fulfill the Pauli exclusion princi-
ple [132], hence the most energetically favored coupling between same–type particles will
be the formation of pairs with an anti–parallel nuclear spin alignment, which explains the
lack of nuclear spin in atoms with an even number of protons and of neutrons, such as 12C
and 16O. Since Pauli exclusion principle does not work for different particles, the lowest
energy state for the interaction between a proton and a neutron will feature a parallel
coupling, therefore atoms with an odd number of both particles, such as 14N, will have
a non–zero integer spin quantum number. When a nucleus has a non–zero value of I,
however, no systematic rules are available for assessing its value for the nuclear ground
state, thus making the value of I for such nucleus an intrinsic property. A summary of
the rules above presented is summarized in Table 1.1.

Each nucleus with a non–zero spin quantum number will have a nuclear spin angular
momentum vector which can be described by its magnitude:

‖L‖ = ~
√
I (I + 1) (II.1.1)

and its direction mI , conventionally defined as its projection along the z axis:

Lz = mI~ (II.1.2)
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Nuclear Mass Proton
Number

Neutron
Number

I Value Sample Atom

Even
Even Even 0 12C
Odd Odd Integer 14N

Odd
Even Odd Half–Integer 13C
Odd Even Half–Integer 15N

Table 1.1: Summary of rules for assessing the ground state value of I for any nucleus.

with mI = −I,−I+1, ..., I−1, I. For each given value of I, therefore, there will be 2I+1
angular momentum vectors, described by Eqs. II.1.1–II.1.2) for all values of mI , which
are all energetically equivalent when the sample is not perturbed.
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2
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z

Figure 1.1: Angular momentum vectors for, respectively, I = 1
2

(left), I = 1 (left) and
I = 2 (left).

When the sample is immersed in a magnetic field B0 along the z axis, the angular mo-
mentum vectors will generate a magnetic moment defined as:

µ = γL (II.1.3)

where γ is a dimensionless quantity known as the gyromagnetic ratio, which takes a
constant value for each nucleus. This quantity is calculated as:

γ =
µBgN
~

(II.1.4)

with µB the Bohr magneton and gN the g–factor of the nucleus. Eq. (II.1.3) shows that the
magnetic moment vector differs from the angular momentum vector by a scaling factor,
therefore it will be also described according to Fig. 1.1. Under the influence of the torque
generated by the magnetic field, Larmor precession of the magnetic moment will take
place, with the magnetic moment precessing around the magnetic field direction in the
orbits previously defined with a constant frequency called the Larmor frequency:

ω = γB0 (II.1.5)

and direction of precession determined by the sign of the gyromagnetic ratio, with a
positive (negative) value corresponding to a clockwise (counterclockwise) precession. The
overall magnetization of the sample is subsequently defined as:

M =
∑
i

µ (II.1.6)
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In an unperturbed sample, M = 0 because of the random orientations of the nuclei, but
when the external magnetic field is applied all magnetic moments will align and M 6= 0.

The magnetic field B0 will also cause an energy shift of the energy levels of the dege-
nerate spin states manifold due to the Zeeman effect:

Eze = −µ ·B0 = −µzB0 (II.1.7)

where we have simplified the Zeeman expression based on the orientation of the magnetic
field along the z axis. Substitution of Eqs.(II.1.2) and (II.1.3) gives:

Eze = −γmI~B0 (II.1.8)

where we note that nuclei with positive mI , which align their magnetic moment with
the external magnetic field, will be stabilized by B0 while nuclei with negative mI will
be destabilized. The energy difference between two consecutive spin states, for which
∆mI = 1, is equal to:

∆Eze = EmI − EmI+1 = γ~B0 (II.1.9)

B0

E

B0 = 0

E− 1
2

E 1
2

∆Eze

Figure 1.2: Energy levels for the two spin states for a nuclear spin I = 1
2

atom as function
of the external magnetic field B0.

The population of spin states is now described by a Boltzmann distribution, with the
probability of a nucleus to be in the i–th state being:

pi =
e
Ei
kT∑2I+1

j=1 e
Ej
kT

(II.1.10)

Under these circumstances, it is possible to provoke the excitation of a nucleus from a
lower energy spin state to a higher energy one by irradiating the sample with a radiation
of the correct wavelength, which is computed according to the Planck–Einstein relation:

E = hν (II.1.11)

where ν is the frequency of the radiation, which can be explicitly calculated by equaling
Eq. (II.1.9) and Eq. (II.1.11) as:

ν =
γB0

2π
(II.1.12)
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Such transitions, being induced by an electromagnetic radiation, will have a selection
rule of ∆mI = ±1, thus limiting the possible transitions for any nucleus with I > 1

2
.

Given the magnitude of the magnetic fields currently applicable in a NMR experiment,
the range of transition frequencies is associated to radiofrequencies in the electromagnetic
spectrum. It has to be noted that the frequency of the radiation required for the spin state
excitation corresponds to the frequency of the Larmor precession. In its most primitive
implementation, therefore, the NMR experiment could be devised as a tool to study the
atomic composition of a sample by irradiating it with a wide range of radiofrequencies
and analyzing the resulting absorption spectrum.

When a NMR experiment is carried out to probe even the simplest systems, such
as rarefied noble gases, where atoms interact with nothing but the external magnetic
field, the resulting spectrum cannot be interpreted by means of Eq. (II.1.12), because it
does not take into consideration the effect of the electron cloud. Whenever no unpaired
electrons are present, the effect of B0 on the rotation of the electrons around their spin
can be described as an additional magnetic field of opposite direction with respect to the
external field which lowers the magnitude of the magnetic field felt by the nuclei as:

BN =
(
1− σN

)
B0, (II.1.13)

thus effectively shielding it from the external perturbation and lowering the energy gaps
between spin states, in turn requiring a lower frequency radiation for the transition. In
a closed–shell molecule, however, where the electronic cloud will still have a diamagnetic
behavior and shield the nuclei from the external magnetic field, identical nuclei will,
in general, have different local electronic densities, experience different shieldings and
absorb different radiofrequencies. The sensitivity of NMR spectroscopy to the electronic
surroundings of each nucleus explains why it has become a prominent method for studying
the details of the structure and interactions of molecules. In Eq. (II.1.13), σN is the
absolute shielding for nucleus N in the specific electronic environment of the studied
system, defined as:

σN =
νbare − νS
νbare

(II.1.14)

where νbare and νS represent, respectively, the frequency of the radiation absorbed by the
naked nucleus and that absorbed by the nucleus in the molecular electronic environment.

For a NMR experiment, chemical shift is expressed as parts per million, or ppm, and
computed as:

δN = 106σref − σS
1− σref

= 106νS − νref
νref

(II.1.15)

where σS (νS) and σref (νref ) are, respectively, the absolute shielding constants for (the
frequency of the radiation absorbed by) a given nucleus in the sample and a reference
molecule. Since the shielding provided by electrons is dependent on the angular momen-
tum quantum number value of the orbital to which they belong, the frequency absorption
window might not overlap for different nuclei, thus allowing to selectively probe a nu-
cleus. Unless the symmetry of the electron cloud is particularly high, the value of the
chemical shift will depend on the orientation of the molecule with respect to B0, thus
making σ a second–rank tensor instead of a scalar. While molecular motion in fluids is
faster than the typical timescales of a NMR experiment, thus effectively averaging the
contributions from all orientations, samples which can only be measured in the solid phase
will require different experimental setups to damp the effects of chemical shift anisotropy
on the NMR signal. The most effective setups include applying the magnetic field to a
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Figure 1.3: Scheme of a NMR instrument. Picture taken from Ref [133].

specific angle with respect to the solid and the use of the so–called magic angle spinning
technique, in which the solid sample is set to a specific angle with respect to B0, equal to
θm = arctan

√
2, and spun to a fixed frequency. It has to be noted that the latter method

gives the best results when spin 1
2

nuclei are studied.

NMR experiments on solutions are performed on dedicated instruments, sketched in
Fig. 1.3, which will be briefly described below. The sample is placed in a sample tube,
which is placed on between the poles of a strong magnet and rotated during the measu-
rement, so as to average imperfections in the magnetic field or in the glass of the tube.
The sample is irradiated with radiofrequencies via an antenna coil (red in Fig. 1.3) and
the resulting signal is collected by the receiver coil and analyzed by softwares. NMR
experiments can be carried out using two main techniques, which differ in the characte-
ristics of the radiofrequency and the handling of the signal: Continuous Wave (CW) and
pulsed methods. In the former method, the sample is irradiated with a radiofrequence
of given frequency and exposed to an external magnetic field, then either one is swept
and all response signals are collected and used to create the absorption spectrum. Since
the sweeping rate has to be slow enough to allow relaxation of the sample, this met-
hod actually requires a fairly long time to record a spectrum, thus making the pulsed
technique ubiquitous in current applications. In the pulsed NMR experiment, the sam-
ple is perturbed by an appropriate radiosignal, which flips the magnetization Mz in the
xy–plane perpendicular to the external magnetic field. The time–dependent signal corre-
sponding to the evolution of Mxy is, then, collected by the pick–up coil and the complex
time–dependent absorption spectrum is decomposed via Fourier transform to extract the
absorption frequencies which generate such spectrum. Solid state NMR instruments fea-
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ture a similar experimental setup, however a different sample–holding chamber is present,
with the apparatus for performing magic angle spinning measurements also introduced.

Given the energy difference between Zeeman–split states, the difference in population
arising from the Boltzmann distribution is very small. For a sample of 1H nuclei exposed
to an external magnetic field B0 = 18.8T , for example, the difference in population
between the two spin states will be of, approximately, 64ppm. When a sufficient number
of nuclei is excited so as to reduce this difference to zero, however, the sample is saturated,
and no more excitations will take place until some of the higher energy spin states return
to the lower energy one, restoring a population difference. It is, therefore, important
to understand the mechanisms and timescales of relaxation mechanism by which the
excited nuclei return to the lower energy state. Since the probability of the spontaneous

re–emission of the radiation is proportional to
(
ν
c

)3
, where c is the speed of light, this

process will be negligible in NMR spectroscopy, therefore the most prominent relaxation
mechanism will be non–radiative.

The first relaxation mechanism is the spin–lattice relaxation, which is of interest in
CW NMR experiments, which describes the return of the component of the magnetization
along the magnetic field axis z to the equilibrium value M z

eq:

Mz (t) = M eq
z − [M eq

z −Mz (0)] e
− t
T1 (II.1.16)

This mechanism is responsible for the conversion of higher energy spin states to lower
energy ones. This is due to the vibro–rotational motion of nuclei in the sample which
creates a magnetic field made of multiple time–dependent components, some of which will
possess the same frequency and phase of the nuclei Larmor precession, thus provoking
its de–excitation and the increase of the vibro–rotational energy of the lattice, slightly
increasing its temperature. The relaxation time T1, which describes the average life of
excited state nuclei, depends on the gyromagnetic ratio of the nucleus and the mobility
of the lattice, and is fundamental for defining the timescale of the NMR measurement.

The second relaxation mechanism is the spin–spin relaxation, which describes the
decay of the magnetization on the plane perpendicular to B0 in a pulsed NMR experiment:

MN
x (t) = −

〈
MN

z

〉
sinωt e

− t
T2 (II.1.17)

MN
y (t) =

〈
MN

z

〉
cosωt e

− t
T2 (II.1.18)

where ω is the Larmor precession frequency defined in Eq. II.1.5. The decay is due to
the interaction between nuclei with the same precession frequency but different values of
mI , which causes the mutual exchange of energy, with no net population change. This
mechanism will cause broadening of the NMR signal.

1.2 Chiral Discrimination in NMR Spectroscopy

1.2.1 Chirality and Direct Chiral Discrimination

The term ”chirality” has first been introduced by Lord Kelvin in 1893 in the second
Robert Boyle Lecture at the Oxford University Junior Scientific Club [134], during which
he famously said: ”I call any geometrical figure, or group of points, ’chiral’, and say
that it has chirality if its image in a plane mirror, ideally realized, cannot be brought
to coincide with itself”. As evidenced from the previous definition, chirality is not solely
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relevant in chemistry, but has important applications in physics, such as in the definition
of the electronic spin of an elementary particle moving along a defined direction or in
the rotation of a polarized electromagnetic radiation. The most important application
of this concept, however, lies in the biological field, where the specific chirality of all the
biologically–relevant molecules is a fundamental feature for understanding their behavior,
thus making it crucial to reliably detect the chirality of target molecules in order to
accurately mimic biological systems.

In the last century, many chiral discrimination methods have been developed, mostly
relying on diastereomeric interaction, that is interaction between the two enantiomers
and a chiral perturbation. Chiral discrimination methods can be divided in indirect and
direct, where the perturbation is, respectively, of chemical or physical nature. An example
of the former is constituted by chiral High–Performance Liquid Cromatography (HPLC),
in which either a chiral mobile phase or a chiral stationary phase are employed so as to
provoke diastereomeric interactions with the two enantiomers in the sample, thus causing
different retention times and, subsequently, different signals.

Direct chiral discrimination methods represent an improvement because the sample
interacts with electromagnetic fields, which do not require the contamination of the sample
with additional molecules and ensure the reproducibility of such measurements. The first
method developed is the Bijvoet method [135], in which the X–rays anomalous dispersion
principle, that is the dependence of the diffracted radiation on the absolute position of the
atoms in a chiral crystal, is employed. After having measured the diffraction spectrum
of the chiral sample, it is then compared with that of the pure chiral species and its
chiral composition is extracted. This method is extremely powerful and still constitutes
the ultimate proof of an absolute structure, however it possesses several disadvantages,
namely the requirement that the sample forms enantiomerically pure crystals, that its
cell parameters are measurable via X–ray diffraction and that at least one heavy atom
(Z > 16) is present in the molecule, thus not being suitable for most organic molecules.
An alternative method is, therefore, constituted by Circular Dichroism (CD) [136], which
takes advantage of the different absorption spectra for the two enantiomers when exposed
to circularly–polarized electromagnetic radiations in the visible region. In order to absorb
such radiation, however, the molecule requires the presence of a chromophore, which limits
the applicability of CD measurements to chiral discrimination of organic systems. For this
reason, Vibrational Circular Dichroism (VCD) technique has been developed [137–139],
in which the chiral sample is irradiated with circularly–polarized infrared radiations and
the resulting absorption spectrum is collected. This technique vould be ideal for organic
molecules, however the low signal–to–noise ratio does not allow to accurately measure the
enantiomeric composition of chiral samples.

1.2.2 Direct Chiral Discrimination via NMR spectroscopy

In 2004 and 2006, two papers have been published by Buckingham [55] and Fischer [46] in
which direct chiral discrimination of closed–shell molecules via pulsed NMR spectroscopy
is discussed. NMR spectroscopy would be an ideal candidate technique for achieving
direct chiral discrimination because of the availability of high field instruments, of the
non–destructive nature of the experiment, of the quickness of measurements and of the
sensitivity of NMR experiments to tiny details of the geometrical and electronic structure
of the molecule. In the following Sections, we will present an overview of Ref. [46] and of
its main results, also based on the review in Ref. [140].
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The total energy in the presence of the external magnetic field and of the rotating
nuclear magnetic moments can be perturbatively expanded as:

W = W0 +mN
α σ

N
αβBβ + · · · (II.1.19)

where

σNαβ =
∂2W

∂mN
α ∂Bβ

∣∣∣∣
0

(II.1.20)

and Einstein summation convention is used, according to which repeated indices in the
expression are summed. It has to be noted that, in the above expansion, the electronic
energy is employed, thus neglecting nuclear energetic contributions. The reason behind
this choice is that Ramsey’s model [141] is used, according to which the nuclear magnetic
moment can be treated as a classical vector because it is much slower in its dynamics than
the electrons. For this reason, at every moment the electrons will be in the ground state
that corresponds to the instantaneous orientation of the nuclear moments and Born–
Oppenheimer approximation, presented in Sec. 1.2, can be introduced, thus effectively
making the dependence of W on nuclear spins parametric.

The physical effect of the shielding tensor on the corresponding nucleus is to either
reduce the magnetic field felt by the nucleus because of the surrounding electronic cloud:

∆BN
α = − ∂W

∂mN
α

= −σNαβB0,β (II.1.21)

or to reduce the magnetic moment of the molecule because of the current induced in the
electronic cloud by the magnetic moment of the nucleus N [142–144]:

∆mN
α = − ∂W

∂Bα

= −σNαβmN
β (II.1.22)

For samples in which the molecular tumbling is faster than the timescale of a NMR
experiment, such as in a solution, it will not be possible to measure specific components
of the tensor. For these samples, which will from now on be referred to as isotropic media,
Eqs. II.1.21–II.1.22 become:

∆BN = −σNB0 (II.1.23)

∆mN = −σNmN (II.1.24)

where σN is the isotropic part of the shielding tensor, computed as:

σN =
1

3
σNαα (II.1.25)

Given the space–parity of both the external magnetic field and the rotating nuclear mo-
ment, however, the shielding tensor will be space–even as well, therefore it will be identical
for the two enantiomers, not allowing direct chiral discrimination via NMR spectroscopy
as is.

Shielding Polarizability Tensor

In order to introduce a space–odd perturbation in the experiment, Buckingham and Fis-
cher decided to study the response of the system when an external electric field perpen-
dicular to the NMR magnetic field is added to the sample. The electronic energy of a
molecule under the additional perturbation can, therefore, be written as:

W = W0 +mN
α σ

N
αβBβ +mN

α σ
(1)
αβγ

N
BβEγ + · · · (II.1.26)
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where an additional contribution introduces a third–rank tensor, named shielding polari-
zability and defined as the perturbation to the shielding tensor arising from the external
electric field:

σ
(1)
αβγ

N
=

∂3W

∂mN
α ∂Bβ∂Eγ

∣∣∣∣
0

(II.1.27)

By performing a similar procedure to that employed in Eqs. II.1.21–II.1.22, it can be noted
that the combined effect of a magnetic field B0 and a nuclear magnetic moment mN can
induce an electric dipole moment in the molecule, provided the appropriate component
of the third–rank tensor shielding polarizability is non–zero:

∆µNγ = − ∂W
∂Eγ

= −σ(1)
αβγ

N
mN
αB0,β (II.1.28)

Additionally, the shielding polarizability tensor is responsible for an induced magnetic
field at the nucleus N under the action of the external electric and magnetic fields:

∆BN
α = − ∂W

∂mN
α

= −σNαβBβ − σ(1)
αβγ

N
BβEγ (II.1.29)

and for the induction of a magnetic moment caused by a nuclear moment in the presence
of an external electric field:

∆mN
β = − ∂W

∂Bβ

= −σNαβmN
α − σ

(1)
αβγ

N
mN
α Eγ (II.1.30)

Crucially, in an anisotropic medium, such as for tumbling molecules in solution, the only
observable consists of the isotropic average of this third–rank tensor which, given the time–
reversal and space–parity properties of its defining operators, results in a pseudoscalar
which, crucially, changes sign under a space parity transformation, and hence (i) can be
non–zero only in chiral molecules, (ii) it has equal magnitude but opposite sign for the
two enantiomers of chiral molecule, and hence can lead to direct chiral discrimination.
Thus we have:

∆µN = −σ(1)
N

mN ×B0 (II.1.31)

∆BN = −σNB0 − σ(1)
N

B0 × E0 (II.1.32)

∆mN = −σNmN − σ(1)
N

mN × E0 (II.1.33)

where we have defined the isotropic component of a third–rank tensor as its pseudoscalar:

σ(1)
N

=
1

6
εαβγσ

(1)
αβγ

N
(II.1.34)

where εαβγ is the skew–symmetric Levi–Civita tensor.
After application of perturbation theory on the wave function and the energy with

respect to the external fields and the rotating nuclear moments, Buckingham and Fischer
derived explicit expressions for the diamagnetic and paramagnetic components of the
shielding polarizability tensor:

σ
(1)
αβγ

N
= σ

(1)
αβγ

N

,dia
+ σ

(1)
αβγ

N

,para

= 2
∑
m

{Re(〈0
∣∣∣σ̂Ndia,αβ∣∣∣m〉 〈m|µ̂γ |0〉)

Em − E0
+
∑
ρ∈S3

∑
l

〈0|m̂α|m〉
〈
m
∣∣∣B̂N

β

∣∣∣l〉 〈l|µ̂γ |0〉
(El − E0) (Em − E0)

}
(II.1.35)
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where
∑

ρ∈S3
sums over all permutations of the three operators,

σ̂Ndia,αβ =
e

2mec2

∑
i

(
ri,γÊ

iN
γ δαβ − ri,αÊiN

β

)
(II.1.36)

is the diamagnetic component of the shielding operator,

ÊiN
γ =

e

4πε0

1

|riγ −RNγ|3
(II.1.37)

is the operator representing the electric field induced at the nucleus N by the electrons,

m̂α = − e~
2me

∑
i

li,α (II.1.38)

is the magnetic moment operator dependent on the electronic angular momentum operator
~liα for the electron i, and

B̂N
β = − eµ0

4πme

∑
i

lNi,β

|riβ −RNβ|3
(II.1.39)

is the magnetic field operator induced at nucleus N by the electronic cloud, with µ0 being
the vacuum permittivity and

lNi,β =
[(

RI −RN

)
× pi

]
β

(II.1.40)

is the electronic angular momentum operator with respect to the position of nucleus N .
In a later work [47], Buckingham introduced an additional contribution to the shielding

polarizability tensor:

σNαβγ = σ
(1)
αβγ

N
+
Pαβγ
kBT

(II.1.41)

where this new temperature–dependent contribution is defined as the antisymmetric com-
ponent of the product between the shielding tensor and the permanent electric dipole of
the molecule:

Pαβγ = σNαβµγ (II.1.42)

This effect is responsible for the rigid rotation of the molecule during a pulsed NMR
experiment, induced by the torque that the induced rotating electric field σ

(
B×mN

)
exerts onto the electric dipole, forcing it to follow the magnetic dipole rotation induced
by the radiofrequency pulse, and, because of its temperature–dependence, was predicted
to be stronger, thus being more promising for its detection at room temperature. Several
studies have been performed on a wide range of closed–shell molecules, however the re-
sulting contributions to the shielding polarizability tensor were too small to allow room
temperature detection of this property [140,145,146]

Physical Observables

After having presented the shielding polarizability tensor and discussed the potential as-
sociated physical effects, Buckingham and Fischer [46] presented the physical observables
corresponding to each physical effect, thus providing a guide for the practical detection
of this property.
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Rotating Chiral Electric Polarization. The precessing magnetization M on the xy–
plane generates a rotating chiral electric polarization PN , which is given by:

PN
i ≈ −σ(1)

N

ijkM
N
j ×B0,k (II.1.43)

If the sample is sandwiched between the plates of the capacitor along either one of the axes
perpendicular to the external magnetic field (in accordance with the convention employed
in the Paper, y axis is chosen), the component of the rotating electric polarizability along
said direction will generate an rf–voltage which can be collected by such plates:

V N = PN
y

d

(ε− 1)ε0
(II.1.44)

where d is the distance between the plates, ε is the dielectric constant of the medium and
ε0 is the permittivity of free space. Substitution of the equation for the magnetization
along the y axis from Eq. II.1.18 dependent on:〈

MN
z

〉
= NN

(
1− σN

)
~γI

〈
INz
〉

(II.1.45)

where NN is the number density of equivalent nuclei N in the sample, expresses as number
of atoms per volume unit, and

〈
INz
〉
≈ ~γIB0,zI

N(IN + 1)

3kT
(II.1.46)

gives an explicit formula for the rf–voltage:

V N =
NNσ(1)

N
(~γIBz)

2IN(IN + 1)

3kT

d

(ε− 1)ε0
(II.1.47)

Chiral Chemical Shifts. A change of the magnetic field at the nuclei induced by σ(1)
N

is expected to cause a chirality–dependent change of the chemical shifts of the nucleus.
According to Eq. II.1.29, however, such effect would not be detectable to first order
because the induced magnetic field is perpendicular to the external magnetic field. If,
however, the sample is irradiated with a laser in the xy–plane, chiral chemical shifts
would arise from a chiral variation of the magnetic field as:

∆BN = −σ(1)
N

Bl × El (II.1.48)

where Bl and El are, respectively, the magnetic and electric fields of the laser. According
to the authors, however, this effect is believed to be too small to be practically measurable.

Oscillating Chiral Magnetization. According to Eq. II.1.30, an external electric field
will induce a transient magnetization in the sample:

∆MN = −σ(1)
N

MN × E0 (II.1.49)

By applying an electric field in the xy–plane, therefore, it might be possible to detect a
transient magnetization along the z axis, which can be detected by the NMR instrument.
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Chapter 2

Theory of Direct Chiral
Discrimination for Ground States of
Arbitrary Degeneracy

When an ensemble of molecules with a degenerate ground state is perturbed by an external
magnetic field in a pulsed NMR experiment, the degeneracy will be partially split because
of the Zeeman effect. Because of this splitting, more than one energy level is expected to
be appreciably populated at room temperature, requiring molecular response theory to
account for both energetic and entropic contributions [48–50,52,56,95,147–151].

For this reason, the rotating electric polarizability induced by the external fields in
a pulsed paramagnetic NMR experiment in an open–shell chiral molecule will feature
additional contributions:

P i = P d,i + P p,i ≈ −
∂F

∂Ei
= −ΦijkBjm

N
k (II.2.1)

where the generalized rotating electric polarization is defined as the derivative of the
electronic free energy F , which is crucial to correctly describe paramagnetic molecules,
i, j, k = x, y, z and the corresponding response tensor is the third rank tensor Φijk, named
generalized shielding polarizability tensor and defined as

Φijk =
∂3F

∂Ei∂Bj∂mN
k

∣∣∣∣
0

(II.2.2)

In order to calculate an explicit expression for F , we can proceed to define a pertur-
bative expansion of the electronic free energy [152] following the procedure outlined on
recent work, developed in our research group, aimed at presenting the theory of pNMR
chemical shifts [48–50].

2.1 Electronic Free Energy Perturbation Theory: the

Generalised Shielding Polarizability

Following the statistical mechanics perturbative approach, the electronic free energy for
an ensemble of tumbling molecules at temperature T = 1

kBβ
is defined as:

F = − 1

β
ln 〈Tr ρ〉rot (II.2.3)
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where ρ = e−β H is the equilibrium statistical operator for the molecular ensemble in
the presence of (i) a magnetic field B, (ii) a nuclear magnetic dipole moment mN and
(iii) and an electric field E, β = (kBT )−1 and 〈Tr ρ〉rot is the rotational average of the
partition function for an ensemble of non-interacting tumbling molecules. The molecular
Hamiltonian in the presence of these fields is:

H(B,mN ,E) = H0 + λV1(B,mN ,E) + λ2V2(B,mN ). (II.2.4)

where H0 is the molecular Hamiltonian in the absence of external fields and V1 and V2

are, respectively, the first and second order perturbations, defined as:

V1 = Vze + Vhf + Vel = −M ·B + F ·mN − µ ·E
V2 = VD = B ·D ·mN (II.2.5)

In Eq. II.2.5, V1 is the sum of the Zeeman Vze, hyperfine Vhf and electric dipole/field
interaction Vel linear Hamiltonians, and V2 is the perturbation bilinear in B and mN ,
responsible for the diamagnetic contribution to the nuclear shielding tensor [153]. Furt-
hermore, M = −µB (L+ 2S) is the electronic magnetic dipole operator (with µB being
the Bohr magneton, in atomic units α/2, with α the fine structure constant), µ is the
electric dipole operator, F is the hyperfine field induced by the electrons at the site of
nucleus N , further split into Fermi contact, spin–dipolar and nuclear spin–electron orbit
contributions [153], and D is the diamagnetic shielding operator.

The first step in the perturbative solution of Eq. (II.2.3) is the expansion of the
partition function ρ in a power series:

ρ =
∞∑
n=0

λnρn (II.2.6)

where λ is a parameter representing the perturbation order. Substituting this perturba-
tory series into Eq. (II.2.3) gives:

F = − 1

β
ln

〈
Tr

(
ρ0 + λρ1 + λ2ρ2 + λ3ρ3 +

∞∑
n=4

λnρn

)〉
rot

= F0 −
1

β
ln

〈
Tr

(
λ
ρ1

ρ0

+ λ2ρ2

ρ0

+ λ3ρ3

ρ0

+

∑∞
n=4 λ

nρn
ρ0

)〉
rot

= F0 + λF1 + λ2F2 + λ3F3 +
∞∑
n=4

λnFn (II.2.7)

with ρ0 = e−β H0 and F0 = −β−1 ln Tr ρ0. Since we are performing a perturbative treat-
ment of ρ, we can expect higher order terms in its power series expansion to have smaller
magnitude than ρ0, thus justifying the expansion of the logarithm in Eq. (II.2.7) in a
Taylor series, collecting terms of equal power in λ, in the last step of Eq. II.2.7. We
have also collected terms of the perturbative power series of the electronic free energy of
fourth order or higher in a summation because they will be set to zero by the derivative
in Eq. II.2.2, thus not contributing to the generalized shielding polarizability tensor.

Eq. II.2.2 allows us to further simplify Eq. II.2.7 by noting that the only contributing
free energy term is F3, which we can explicitly write as:

F3 =
1

β

[〈
Tr ρ1

Tr ρ0

〉
rot

〈
Tr ρ2

Tr ρ0

〉
rot

− 1

3

(〈
Tr ρ1

Tr ρ0

〉
rot

)3

−
〈

Tr ρ3

Tr ρ0

〉
rot

]
(II.2.8)
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Within the timescales of this pulsed NMR experiment, furthermore, 〈Tr ρ1〉rot = 0, be-
cause the rotational averaging of the time–odd operators M and F is zero. The only
surviving term in Eq. II.2.8, therefore, is the one dependent on ρ3:

F3 = − 1

β

〈
Tr ρ3

Tr ρ0

〉
rot

(II.2.9)

where Tr ρ0 =
∑

nν e
−βEn is the partition function. In this expression, the sum is perfor-

med over a complete set of H0 eigenstates |nν〉, where ν represents the component of the
degenerate manifold with energy En. In order to derive an explicit expression for ρ3, we
resort to iteratively solving the Bloch equation

∂ρ

∂β
= −Hρ (II.2.10)

by substituting Eq. II.2.6 and collecting terms of equal power in λ. To third order, the
result is:

ρ3 =

β∫
0

dω

ω∫
0

dω′ e(ω−β)H0V2e
(ω′−ω)H0V1e

−ω′H0

+

β∫
0

dω

ω∫
0

dω′ e(ω−β)H0V1e
(ω′−ω)H0V2e

−ω′H0

−
β∫

0

dω

ω∫
0

dω′
ω′∫

0

dω′′[e(ω−β)H0V1e
(ω′−ω)H0V1e

(ω′′−ω′)H0V1e
−ω′′H0 ] (II.2.11)

A detailed solution of Tr ρ3 has been presented in App. II.C. After substitution of the
explicit formula of the double and triple integrals in Eq. II.2.9, we get the final expression
for the electronic free energy:

F3 = F d
3 + F

p(2)
3 + F

p(1)
3 + F

p(0)
3 + F

p(−1)
3 (II.2.12)

with:

F d3 = − 1

Z0

∑
nν

e−β En

(
β
∑
ν′

〈nν|V2|nν′〉 〈nν′|V1|nν〉+
∑
mµ

〈nν|V2|mµ〉 〈mµ|V1|nν〉+ c.c.

Em − En

)
(II.2.13)

F
p(2)
3 =

β2

6Z0

∑
nνν′ν′′

e−β En 〈nν|V1|nν ′〉 〈nν ′|V1|nν ′′〉 〈nν ′′|V1|nν〉 (II.2.14)

F
p(1)
3 =

β

Z0

∑
nνν′

e−β En
∑
mµ

〈mµ|V1|nν〉 〈nν|V1|nν ′〉 〈nν ′|V1|mµ〉
Em − En

(II.2.15)

F
p(0)
3 = F

p(0),nm
3 + F

p(0),nml
3 =

1

Z0

∑
nν

e−βEn
∑
mµ

[∑
µ′

〈nν|V1|mµ〉 〈mµ|V1|mµ′〉 〈mµ′|V1|nν〉
(Em − En)

2

−
∑
ν′

〈nν|V1|mµ〉 〈mµ|V1|nν′〉 〈nν′|V1|nν〉
(Em − En)

2 +
∑
lλ

〈nν|V1|mµ〉 〈mµ|V1|lλ〉 〈lλ|V1|nν〉
(El − En) (Em − En)

]
(II.2.16)
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F
p(−1)
3 =

1

β Z0

∑
nν

∑
mµ

∑
lλ

e−β En
〈nν|V1|mµ〉 〈mµ|V1|lλ〉 〈lλ|V1|nν〉+ c.c.

(Em − En)(El − En)(Em − El)
(II.2.17)

where Z0 = Tr ρ0, with the apex number indicating the dependence of each term in β.

In order to derive an explicit expression for Φijk, we perform the derivatives defined
in Eq. II.2.2, obtaining the full expression of the generalized shielding tensor:

Φijk = Φd
ijk + Φ

p(2)
ijk + Φ

p(1)
ijk + Φ

p(0)
ijk + Φ

p(−1)
ijk (II.2.18)

with:

Φdijk =
1

Z0

∑
nν

e−β En

(
β
∑
ν′

〈nν|Dij |nν′〉 〈nν′|µk|nν〉+
∑
mµ

〈nν|Dij |mµ〉 〈mµ|µk|nν〉+ c.c.

Em − En

)
(II.2.19)

Φ
p(2)
ijk =

β2

6Z0

∑
nνν′ν′′

e−β En
∑
ρ∈S3

〈
nν
∣∣Mi

∣∣nν ′〉 〈nν ′∣∣Fj∣∣nν ′′〉 〈nν ′′∣∣µk∣∣nν〉 (II.2.20)

Φ
p(1)
ijk =

β

Z0

∑
nνν′

e−β En
∑
mµ

∑
ρ∈S3

〈mµ|Mi|nν〉 〈nν|Fj |nν ′〉 〈nν ′|µk|mµ〉
Em − En

(II.2.21)

Φ
p(0)
ijk = Φ

p(0),nm
ijk + Φ

p(0),nml
ijk =

1

Z0

∑
nν

e−βEn
∑
mµ

∑
ρ∈S3

[∑
µ′

〈nν|Mi|mµ〉 〈mµ|Fj |mµ′〉 〈mµ′|µk|nν〉
(Em − En)

2

−
∑
ν′

〈nν|Mi|mµ〉 〈mµ|Fj |nν′〉 〈nν′|µk|nν〉
(Em − En)

2 +
∑
lλ

〈nν|Mi|mµ〉 〈mµ|Fj |lλ〉 〈lλ|µk|nν〉
(El − En) (Em − En)

]
(II.2.22)

Φ
p(−1)
ijk =

1

β Z0

∑
nν

∑
mµ

∑
lλ

e−β En
∑
ρ∈S3

〈nν|Mi|mµ〉 〈mµ|Fj |lλ〉 〈lλ|µk|nν〉+ c.c.

(Em − En)(El − En)(Em − El)
(II.2.23)

where
∑

ρ∈S3
sums over all permutations of Mi, Fj and µk.

Since Eq. II.2.18 is derived for a system with an arbitrary electronic structure, it can
be used to study a closed-shell molecule with an isolated, non-degenerate ground state
|0〉:

σijk = β 〈Dij〉 〈µk〉+
∑
m

{
2

[
Re (〈0|Dij |m〉 〈m|µk|0〉)

Em − E0
+ β 〈µk〉

Re (〈0|Mi|m〉 〈m|Fj |0〉)
Em − E0

]
+
∑
ρ∈S3

[
〈0|Mi|m〉 〈m|Fj |m〉 〈m|µk|0〉 − 〈m|Mi|0〉 〈0|Fj |0〉 〈0|µk|m〉

(Em − E0)
2

+
∑
l

〈0|Mi|m〉 〈m|Fj |l〉 〈l|µk|0〉
(El − E0) (Em − E0)

+
1

β

∑
l

〈0|Mi|m〉 〈m|Fj |l〉 〈l|µk|0〉
(El − E0) (Em − E0) (Em − El)

]}
(II.2.24)

This closed–shell expression of the shielding polarizability tensor is consistent with pre-
vious proposals, with the most recent contribution by Buckingham [47] being featured
as the first and third terms and the diamagnetic (paramagnetic) contributions previously
introduced by Buckingham and Fischer [46] featured as the second (fifth) term.
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2.2 Physical Mechanism of Chiral Discrimination

In Sec. 1.2.2 we have discussed the physical mechanisms associated to the closed–shell
shielding polarizability tensor, involving the reorientation of, respectively, temporary elec-
tric dipoles induced by the nuclear electric fields arising during the pulsed NMR expe-
riment and the permanent electric dipole of the target molecule, under the effect of the
torque B×mN driven by the antisymmetric part of the diamagnetic shielding tensor σ̄.
While these contributions are featured in the generalized shielding polarizability tensor
expression in Eq. II.2.18, with the open–shell analogues introducing additional effects
induced by the paramagnetic component of the shielding tensor, an additional physical
mechanism, only observable in paramagnetic systems, is also present [56,57].

This new temperature–dependent effect is based on the anisotropy of the first–order
Zeeman energy in the NMR magnetic field. In other words, this contribution to the gene-
ralized shielding polarizability is induced by the tendency of the molecule to partially align
its main magnetic axis (if present) along the external field. Following this temperature–
dependent orientation effect, then, the electric dipole component perpendicular to the
external magnetic field will rotate under the influence of the torque previously described.
Since this is a first order effect, it is expected to be the dominant contribution to the
isotropic average of the generalized shielding polarizability tensor, thus being potentially
amenable to be detected in an appropriately set up NMR experiment.
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Chapter 3

Generalized Shielding Polarizability
Calculations

As discussed in the previous Chapter, a new prominent contribution to the shielding
polarizability tensor, the chirality–dependent observable which could be detected in NMR
direct chiral discrimination, arises in the presence of a degenerate ground state. Since
this term is expected to be particularly relevant for strongly anisotropic molecules, for
which the reorientation effect is stronger, LnIII SMMs are a natural target to achieve
room temperature detectability of this property. For this reason, calculations on a set
of low–symmetry lanthanide complexes have been performed so as to understand if these
systems are actually capable of displaying an observable chiral discrimination effect at
room temperature.

3.1 Thermally Isolated Ground State

In the first study [56], the magnitude of our proposed physical mechanism has been esti-
mated on a set of ten Dy3+ complexes through use of the TIGS approximation, according
to which only the ground state Kramers Doublet (KD) is populated at room temperature.
Within this framework, as can be seen from Eq. II.2.20, the corresponding component of
the generalized shielding tensor becomes:

Φ
p(2)
ijk =

β2

6

∑
νν′ν′′

∑
ρ∈S3

〈0ν|Mi|0ν ′〉 〈0ν ′|Fj|0ν ′′〉 〈0ν ′′|µk|0ν〉 (II.3.1)

In order to further simplify this expression, we resort to the concept of fictitious spin [50,
154,155] by expressing the ground state KD as an energy level with a pseudospin S̃ = 1

2
.

In this simplified description of the electronic structure of the molecule, the time–odd
magnetic moment and hyperfine coupling operators can be expressed in terms of the
simple 2× 2 spin operators as:

Mi = −µBgijS̃j (II.3.2)

Fi = (gNµN)−1ANji S̃j (II.3.3)

where gij and ANij are, respectively, the Zeeman g–tensor and hyperfine A–tensor for the
nucleus N computed in the basis of ab initio optimized wave functions. It has to be
noted that Einstein summation convention has been used in such definitions and will be
employed from this moment on. The time–even electric dipole operator µ is represented,
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instead, as a scalar multiplying the 2 × 2 identity matrix. Substition of these operators
in Eq. II.3.1 gives:

Φ̄p(2) = − β2µB
24gNµN

εabcµcgadA
N
db (II.3.4)

where εabc is the Levi–Civita tensor. While the g–tensor and the electric dipole for the
ground state KD can be easily computed with ab initio methods such as CASSCF /
RASSI–SO or CAHF / CASCI–SO, the calculation of the hyperfine tensors is not trivial
for energy states with strong multiconfigurational character [33, 51]. For this reason,
we choose to avoid their direct calculation by employing the dipolar approximation [52],
according to which ANij can be expressed as the dipolar magnetic field induced to the
nucleus N by the lanthanide ion, thus being proportional to the g–tensor and to the
distance between the lanthanide ion and the nucleus:

ANij ≈
µBµNgN
R5
N

gik
(
δkjR

2
N − 3RN,kRN,j

)
(II.3.5)

After substitution into Eq. II.3.4, we get:

Φ̄p(2) ≈ β2µ2
B

8R5
N

[
µx
(
g2
yy − g2

zz

)
RyRz +µy

(
g2
zz − g2

xx

)
RxRz +µz

(
g2
xx − g2

yy

)
RxRy

]
(II.3.6)

As evidenced by this formulation, this effect is stronger for strongly anisotropic systems.
If the system is magnetically isotropic, in fact, (gzz ≈ gxx ≈ gyy), Φ̄p(2) ≈ 0. If, instead,
it features a large easy–axis magnetic moment M0 (gzz ≈ 2M0, gxx ≈ gyy ≈ 0), the effect

is maximal, with Φ̄p(2) ≈ β2µ2
B

2R5
N
M2

0Rz (Rxµy − µxRy). From this expression, it can also be

noted how a large component of the molecular electric dipole perpendicular to the easy–
axis magnetic moment is crucial to achieve a large value of the pseudoscalar. Finally, the
spatial position of the NMR–active nucleus influences the value of the pseudoscalar, with
higher values arising for nuclei close to the paramagnetic ion and which are not oriented
along either the easy–axis magnetic moment or the electric dipole.

In order to estimate Eq. II.3.6, we have performed CASSCF / RASSI–SO calculations
on the ten DyIII complexes, whose experimental geometries are reported in the Supplemen-
tary Informations of Ref. [56], which are known to possess a strongly anisotropic ground
state KD. Calculations have been performed with Molcas 8.0 [43], using the module SIN-
GLE ANISO [22,34] to determine the values of the g–tensors, the orientation of the main
magnetic axes and the electric dipole moment components with respect to such coordinate
system within the CASSCF / RASSI–SO approximation [34]. The basis set employed for
all calculations was ANO–RCC with the following contractions: VTZP on Dy, VTZ on
N and O and VDZ on other nuclei. One SA–CASSCF calculation has been performed
by averaging over all roots with S = 5

2
, with the RASSI module mixing all CASSCF

optimized wave functions. Electric dipole components are also computed in this step,
with g–tensors and anisotropy axes computed in the subsequent SINGLE ANISO [34]
module. It has to be noted that, for non–neutral complexes such as complex 6 [118],
[Dy(paaH∗)2(NO3)2(MeOH)]+ (paaH∗ = N–(2–pyridyl)acetoacetamide), the electric di-
pole µ̄ is origin dependent, thus requiring it to be translated into the center of mass for
the evaluation of the pseudoscalar:

µ′ = µ−QCmass (II.3.7)

where Q is the total charge of the molecule and Cmass is the coordinate of the center of
mass expressed in atomic units.
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All calculations are performed in atomic units, with conversion factors extracted from
the latest CODATA compilation [156] reported hereafter. 1 ppm au of Φ̄ = 1.944690397 ·
10−18m V−1, µB = α

2
, with α = 7.2973525664·10−3, 1 au of µ = 8.478353552·10−30C m−1 =

2.541746231D, 1 au of magnetic dipole moment = 1.854801999·10−23J T−1, β = (kBT )−1 =
1077.730816919 for T = 293K, with kB = 1.38064852 · 10−23J K−1, 1 au of length =
0.52917721067Å and 1cm−1 = 4.556335252767 · 10−6Eh. In the calculation of the voltage
presented in Eq. II.1.44, we have set d

ε−1
= 0.016, Bz = 14.1T and C = 0.1M .

The entire set of calculation results has been reported in App. D.1, with the highest
pseudoscalar value for a hydrogen atom for each molecule reported in Table 3.1 so as to
understand if room temperature is achievable for 1H–NMR experiments.

Complex Atom Φ
p(2)
ijk |P | |V |

1 H24 1.12·106 1.28·10−15 2.310
2 H11 1.65·106 1.89·10−15 3.418
3 H9 -1.29·106 1.48·10−15 2.666
4 H1 -1.65·106 1.89·10−15 3.413
5 H8 2.43·106 2.79·10−15 5.037
6 H22 7.33·106 8.39·10−15 15.16
7 H12 2.26·106 2.58·10−15 4.670
8 H16 -2.94·106 3.36·10−15 6.078
9 H20 -4.51·106 5.17·10−15 9.338
10 H18 3.67·106 4.20·10−15 7.587

Table 3.1: Highest values of Φ̄p(2), expressed in ppm au, of the rotating electric polari-
zation, expressed in C m−2, and of the induced voltage, expressed in µV, for hydrogen
atoms.

Given a room temperature limit of detection of 1µV, it can be noticed that all ten
complexes produce a higher voltage for at least one hydrogen atom, with the highest
value obtained for complex 6 [118] because of its large electric dipole, µ⊥ ∼ 20 D. Our
estimated values of the pseudoscalar, furthermore, are approximately 104 times larger
than the largest previous estimation for the closed–shell pseudoscalar for hydrogen atoms,
corresponding to σ(1) = 8.75 · 102 ppm au in (2R)–2–methyloxirane [146]. When other
NMR–active nuclei are considered, our highest estimate is Φ̄p(2) = 2.74 · 107 ppm au for
O1 in complex 6, which induces a voltage of 12.15µV. These results are still more than 100
times larger than the largest previous estimate for closed–shell molecules, corresponding
to σ(1) = 8.28 · 104 ppm au for 125Te in 1–2–M–tellurin [140].

The same procedure can be employed to estimate Φ̄p(2) for even–electron lanthanide
complexes by introducing the g–tensor and electric dipole components of the ground
state Ising doublet in Eq. (II.3.6). As an example, TbIII and HoIII analogues of the
ten dysprosium complexes analyzed in this work (whose ab initio ground state g–tensor
components are reported in App. B.1) have gxx = gyy = 0 and gzz ≈ 16−18, therefore they
could be expected to achieve room temperature chiral discrimination. It is worth noting,
however, that for such complexes TIGS is not a good approximation due to the presence
of low–energy excited states, which are appreciably populated at room temperature. A
more accurate estimation of Φ̄ for such systems, therefore, would require methods such
as the spin projection technique, introduced in the following Section.
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3.2 Pseudo–spin S = 3
2

In the previous Section, we have predicted that the generalized shielding polarizability
tensor gives rise to room detectable physical effects for strongly anisotropic molecules un-
der the TIGS approximation. In order to understand if the presence of room temperature
populated excited states hinders the detectability of this phenomenon, we have performed
a second study [57], in which we have considered a degenerate TIGS |0γ〉 with degeneracy
η = 2S + 1, where S is the fictitious spin of the TIGS, in thermal equilibrium with the
environment, with no thermally occupied excited states. 〈M〉0 and 〈F〉0 are identically
zero. We, then, account for a time–even zero–field splitting perturbation H1, whose pro-
jection on the ground state degenerate manifold P0H1P0, with P0 =

∑
γ |0γ〉 〈0γ|, splits it

in two KDs. After diagonalizing the perturbation P0H1P0, the resulting eigenset |Ψχ,p〉,
with χ labelling the degenerate manifold considered and p the component of a given ma-
nifold, describes the split states and is used as the basis set for the representation of the
matrices required to calculate the generalized shielding tensor.

The effect of excited states on Φ̄ has been studied for [Dy(acac)3(H2O)2] [41, 114]
using the same ab initio results obtained for the TIGS approximation. According to the
crystal field energy spectrum, only the two lowest energy KDs are thermally populated
at room temperature, effectively allowing us to describe this molecule using the same
fictitious spin formulation, where the populated energy levels can be treated as an effective
fourfold–degenerate S = 3

2
TIGS split by the crystal field in two KDs with, respectively,

MS = ±3
2

and MS = ±1
2

and with an energy separation of E± 1
2
−E± 3

2
= 167.1cm−1. In all

subsequent calculations, we have also assumed the diagonality of the electric dipole matrix,
thus neglecting any dipole transition between states belonging to different manifolds, since
dipole elements between components of the same KD are forced to be zero by time-reversal
symmetry. This assumption is justified by remembering that electric dipole transitions
between different components of the same orbitals are forbidden by the corresponding
selection rules. Since, in the studied molecule, the lowest energy KDs have a predominant
4f character, any transition between such states will be driven by their small ligand
character, which in turn leads to negligible off–diagonal electric dipole elements.

In order to simplify Eq. II.2.18 for our fictitious S = 3
2

system, we thus define the spin
projectors for, respectively, the ground KD Θ± 3

2
= |3

2
〉〈3

2
|+ |− 3

2
〉〈−3

2
| and the excited KD

Θ± 1
2

= |1
2
〉〈1

2
|+ |− 1

2
〉〈−1

2
| and introduce them into the generalized shielding polarizability

tensor expression, which can then be written as:

Φp
ijk =

1

Z0

∑
χ

∑
ρ∈S3

{
β2

6
e−β Eχ Tr(ΘχMiΘχFjΘχµkΘχ)

+
∑
χ′ 6=χ

[
β

e−β Eχ

Eχ′ − Eχ
Tr (Θχ′MiΘχFjΘχµkΘχ′)

+
e−β Eχ

(Eχ′ − Eχ)2
Tr(ΘχMiΘχ′FjΘχ′µkΘχ −Θχ′MiΘχFjΘχµkΘχ′)

]}
(II.3.8)

In this Study, we choose not to evaluate the pseudoscalar of the tensor shown in
Eq. II.3.8 by directly introducing the matrix elements of the corresponding operators be-
cause, as already mentioned in Sec. 3.1, the computation of the hyperfine coupling matrix
is not a trivial task for lanthanide complexes, resorting instead to the concept of spin
projectors [154, 155]. As it is well known [50, 86, 154], the set of matrix representations
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S
(p)
q in the zero–field split fictitious spin multiplet basis |S,MS〉 of the irreducible ten-

sor operators S
(p)
q , of rank p = 0, · · · , 2S and component q = −p, · · · , p, constitutes a

complete basis set for any complex n × n (n = 2S + 1) matrix. Within this framework,

therefore, any matrix X can be expanded in the set of spin matrices S
(p)
q , with expansion

coefficients X
(p)
q dependent on the operator X and on the choice of the basis set in which

both X and S
(p)
q are calculated:

XS =
2S∑
p=0

q=p∑
q=−p

(−1)qX(p)
q S

(p)
−q (II.3.9)

For any matrix X, computed in the basis |S,MS〉, therefore, the set of coefficients X
(p)
q

can be determined by orthogonal projection:

X(p)
q = tr

(
S(p)
q XS

) 2p+ 1

|〈S||S(p)||S〉|2
(II.3.10)

We can use Eq. (II.3.9), therefore, to represent Mi, F j and µk in the basis of spin
matrices as:

Mi = −µB
2S∑
p

q=p∑
q=−p

(−1)qg
(p)
q,iS

(p)
−q (II.3.11)

F j =
1

gNµN

2S∑
p

q=p∑
q=−p

(−1)qA
(p),N
q,j S

(p)
−q (II.3.12)

µk =
2S∑
p

µ
(p)
0,kS

(p)
0 (II.3.13)

where the sum over p is restricted to odd (even) values for time–odd (time–even) operators.
It has to be noted that, in accordance with our assumption of a diagonal electric dipole
matrix, the only spin contributions to µk in Eq. II.3.13 are the ones with q = 0. The
coefficients g

(p)
q,i are complex numbers obtainable as:

g(p)
q = − 1

µB
tr
(
S(p)
q M

) 2p+ 1

|〈S||S(p)||S〉|2
(II.3.14)

while we employ the dipolar approximation [52] to calculate the complex A
(p),N
q,i coeffi-

cients, thus not requiring the calculation of the hyperfine matrix:

A
(p),N
q,i ≈ µBµNgN

R3
N

g
(p)
q,j

(
δij − 3

RN,iRN,j

R2
N

)
(II.3.15)

Substitution of Eqs. II.3.11–II.3.13 into Eq. II.3.8, then, gives:

Φijk = − µB
gNµNZ0

∑
ρ∈S3

∑
p,p′,p′′

q,q′,q′′

(−1)q+q
′+q′′g

(p)
q,iA

(p′),N
q′,j µ

(p′′)
q′′,kR

p,p′,p′′

q,q′,q′′ (T ) (II.3.16)

where the permutation summation
∑

ρ∈S3
is performed while keeping frozen all the rank in-

dices p and q, and the temperature-dependent spin factors Rp,p′,p′′

q,q′,q′′ (T ) =
∑3

i=1R
(i)
pq,p′q′,p′′q′′ :

R
(1)
pq,p′q′,p′′q′′ =

β2

6

∑
χ

e−β Eχ Tr
(

ΘχS
(p)
−qΘχS

(p′)
−q′ΘχS

(p′′)
−q′′Θχ

)
(II.3.17)
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R
(2)
pq,p′q′,p′′q′′ = β

∑
χχ′

e−β Eχ

Eχ′ − Eχ
Tr
(

Θχ′S
(p)
−qΘχS

(p′)
−q′ΘχS

(p′′)
−q′′Θχ′

)
(II.3.18)

R
(3)
pq,p′q′,p′′q′′ =

∑
χχ′

e−β Eχ

(Eχ′ − Eχ)2
Tr
(

ΘχS
(p)
−qΘχ′S

(p′)
−q′ Θχ′S

(p′′)
−q′′ Θχ −Θχ′S

(p)
−qΘχS

(p′)
−q′ ΘχS

(p′′)
−q′′ Θχ′

)
(II.3.19)

Φ̄ = 1
6
εijkΦijk, the generalized shielding polarizability pseudoscalar, can be written as:

Φ̄ =− µB
gNµNZ0

∑
pp′p′′

∑
qq′q′′

(−1)q+q
′+q′′Rp,p

′,p′′

q,q′,q′′ (T )[(g(p)
q,xA

(p′),N
q′,y − g(p)

q,yA
(p′),N
q′,x )µ

(p′′)
q′′,z

+(g(p)
q,yA

(p′),N
q′,z − g(p)

q,zA
(p′),N
q′,y )µ

(p′′)
q′′,x + (g(p)

q,zA
(p′),N
q′,x − g(p)

q,xA
(p′),N
q′,z )µ

(p′′)
q′′,y] (II.3.20)

In App. D.2.1 the full derivation of the pseudoscalar in terms of the coefficients g
(p)
q,i ,

A
(p),N
q,j and µ

(p)
q,k is presented. Using the 4×4 ab initio magnetic moment and electric dipole

computed in the
∣∣3

2
,MS

〉
basis, the pseudoscalar has been computed for all non–lanthanide

atoms and has been reported in Tables 3.2-3.3.

3.2.1 Discussion of Results

Analysis of Φ̄ and |V |

The main conclusion which can be drawn from the results presented in the last Section is
that, for our test molecule, Φ̄p(2) and Φ̄p(1) are the dominant contributions in the descrip-
tion of the pseudoscalar. For all but two atoms, furthermore, the former is the dominant
contribution. The remaining term of the paramagnetic component of the pseudoscalar,
Φ̄p(0), is several orders of magnitude smaller, which can be understood by noting that this
term has no temperature dependence and an inverse quadratic dependence on the energy
level difference.

The highest value of the pseudoscalar among all atoms is |Φ̄O2| = 6.71 · 106 ppm au,
which is of the same order of magnitude of the estimate for the same atom performed
approximating the complex as a TIGS, equal to 8.52 · 106 ppm au [56], thus confirming
the room temperature detectability of the generalized shielding polarizability. The corre-
sponding voltage is, then, |VO2| = 2.98µV, which is still higher than the limit of detection
of 1µV. The inclusion of excited states, therefore, still allows the direct detection of chiral
discrimination via NMR spectroscopy at room temperature.

Lastly, generalization of this pseudospin framework to DyIII complexes with more than
one excited KD will not feature additional contributions to the pseudoscalar. This result is
understood by noting that both Φ̄p(0),nml and Φ̄p(−1) feature only operator matrix elements
between different energy levels and, since the off–diagonal component of the electric dipole
matrix are assumed to be zero, they will not provide any contribution.

Analysis of ground and excited state contributions

Generalized shielding polarizability tensor from Eq. II.2.18 can be written in a more
compact form by highlighting the Boltzmann averaging:

Φ̄ =
1

Z0

(
Φ̄

3
2 + e−β εΦ̄

1
2

)
=

1

Z0

[(
Φ̄

3
2
2 + e−β εΦ̄

1
2
2

)
+
(

Φ̄
3
2
1 + e−β εΦ̄

1
2
1

)
+
(

Φ̄
3
2
0 + e−β εΦ̄

1
2
0

)]
(II.3.21)

94



Chapter II.3.2. PSEUDO–SPIN S = 3
2

Atom Φ̄p Φ̄p(2) Φ̄p(1) Φ̄p(0) |PN
y |

(C m−2)
|V | (µV)

H1 -4.70·105 -5.25·105 5.50·104 6.07 5.38·10−16 0.973
H2 -9.19·104 -1.04·105 1.25·104 -6.46·10−1 1.05·10−16 0.190
H3 -4.75·105 -5.25·105 5.01·104 1.70·101 5.43·10−16 0.982
H4 5.90·105 6.49·105 -5.95·104 -2.19·101 6.76·10−16 1.221
H5 6.45·105 7.15·105 -6.99·104 -1.59·101 7.39·10−16 1.335
H6 6.17·105 6.81·105 -6.49·104 -2.04·101 7.06·10−16 1.276
H7 7.39·105 8.18·105 -7.92·104 -2.48·101 8.46·10−16 1.529
H8 -3.67·103 -4.99·102 -3.17·103 -4.53·10−1 4.21·10−18 0.008
H9 2.89·105 3.20·105 -3.13·104 -1.36·101 3.31·10−16 0.598
H10 4.78·105 5.31·105 -5.25·104 -1.92·101 5.48·10−16 0.989
H11 3.43·105 3.77·105 -3.36·104 -2.12·101 3.93·10−16 0.710
H12 -7.08·104 -8.53·104 1.45·104 -7.98 8.11·10−17 0.147
H13 7.00·104 7.31·104 -3.17·103 -9.86 8.01·10−17 0.145
H14 4.36·103 3.29·103 1.07·103 -3.30·10−1 5.00·10−18 0.009
H15 8.46·105 9.31·105 -8.55·104 -3.50·101 9.69·10−16 1.750
H16 3.45·105 3.78·105 -3.26·104 -1.72·101 3.95·10−16 0.714
H17 5.37·105 5.93·105 -5.60·104 -1.57·101 6.15·10−16 1.111
H18 -2.53·105 -2.87·105 3.41·104 -4.25 2.89·10−16 0.523
H19 -7.19·105 -7.95·105 7.66·104 1.98·101 8.23·10−16 1.488
H20 -4.95·105 -5.51·105 5.62·104 8.32 5.67·10−16 1.024
H21 -6.70·105 -7.45·105 7.50·104 1.26·101 7.67·10−16 1.387
H22 -6.69·105 -7.57·105 8.84·104 4.40·10−1 7.66·10−16 1.384
H23 3.44·105 3.91·105 -4.72·104 -1.77·101 3.93·10−16 0.711
H24 7.39·105 8.19·105 -8.00·104 -8.38 8.46·10−16 1.529
H25 -1.57·105 -1.66·105 8.27·103 1.92·101 1.80·10−16 0.326

Table 3.2: Values of Φ̄ and of its components, expressed in ppm au, of the rotating electric
polarization and of the induced voltage for hydrogen atoms of [Dy(acac)3(H2O)2]
.

Because of this factorization, it is thus possible to analyze the contribution of each KD to
the pseudoscalar. All contributions have been reported in App. D.2.2, and the behavior
for each term, according to their temperature dependence, will be discussed below.

The first conclusion is that the relative signs of the two components of Φ̄2 are not
predictable a priori, although they have the tendency to have the same sign. This beha-
vior can be understood by noting that each term depends on the relative position of the
atom with respect to the magnetic anisotropy axis and the electric dipole moment. In this
molecule, the ground and excited state magnetic axes have a relative angle of 7.1◦ [41],
therefore only the atoms which are placed between the two axes will have opposing contri-
butions. We can also note that Φ̄1 ground and excited state contributions will always have
opposite sign. This result originates from the different sign of the energy denominator in
Eq. II.2.21, with the temperature–independent terms also following a similar trend.
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Chapter II.3.2. PSEUDO–SPIN S = 3
2

Atom Φ̄p Φ̄p(2) Φ̄p(1) Φ̄p(0) |PN
y |

(C m−2)
|V | (µV)

C1 -3.69·105 -4.12·105 4.26·104 7.23 2.67·10−17 0.048
C2 -1.04·105 -1.25·105 2.11·104 -8.08 7.53·10−18 0.014
C3 1.12·106 1.24·106 -1.14·105 -4.01·101 8.12·10−17 0.147
C4 2.43·106 2.69·106 -2.57·105 -7.49·101 1.76·10−16 0.318
C5 8.88·105 9.83·105 -9.47·104 -2.72·101 6.43·10−17 0.116
C6 3.12·105 3.48·105 -3.57·104 -1.41·101 2.26·10−17 0.041
C7 6.93·105 7.73·105 -7.93·104 -3.41·101 5.02·10−17 0.091
C8 5.57·105 6.12·105 -5.54·104 -3.42·101 4.03·10−17 0.073
C9 2.81·105 3.00·105 -1.92·104 -2.85·101 2.03·10−17 0.037
C10 2.83·104 2.62·104 2.21·103 -8.58 2.05·10−18 0.004
C11 6.80·105 7.47·105 -6.79·104 -2.75·101 4.92·10−17 0.089
C12 9.90·105 1.08·106 -9.16·104 -4.92·101 7.16·10−17 0.129
C13 -5.52·105 -6.23·105 7.12·104 -3.31 3.99·10−17 0.072
C14 -2.07·106 -2.31·106 2.32·105 4.18·101 1.50·10−16 0.271
C15 -8.19·105 -9.10·105 9.06·104 1.75·101 5.93·10−17 0.107
O1 -3.90·106 -4.34·106 4.41·105 8.42·101 9.58·10−16 1.731
O2 6.71·106 7.43·106 -7.22·105 -1.89·102 1.65·10−15 2.977
O3 -4.90·105 -5.06·105 1.60·104 1.49·101 1.20·10−16 0.218
O4 7.87·103 -1.35·104 2.14·104 -1.33·101 1.93·10−18 0.003
O5 5.35·106 5.91·106 -5.56·105 -1.63·102 1.31·10−15 2.374
O6 -6.67·106 -7.39·106 7.12·105 1.80·102 1.64·10−15 2.961
O7 -9.90·104 -1.23·105 2.44·104 9.48 2.43·10−17 0.044
O8 9.81·104 1.27·105 -2.87·104 5.89·10−1 2.41·10−17 0.044

Table 3.3: Values of Φ̄ and of its components, expressed in ppm au, of the rotating electric
polarization and of the induced voltage for other atoms of [Dy(acac)3(H2O)2]
.

96



Chapter 4

Conclusion and Future Work

The direct detection of chirality, that is without the addiction of external chiral agents, and
the quantification of enantiomers has always been challenging [157], therefore a significant
effort has been devoted, over the last decades, to the development of experiments able to
fulfill this task [46,47,55,158–162].

NMR spectroscopy would be an ideal candidate to directly detect chirality because of
its availability, its high sensitivity to the tiniest details of the geometrical and electronic
structure of molecules and the presence of at least one non–zero spin nucleus in the tar-
get complex as the only mandatory requirement to allow measurement. The molecular
response tensors associated with NMR, however, namely the chemical shift and the nu-
clear spin–spin coupling constant, are even under application of the parity operator P̂ ,
thus not allowing direct chiral discrimination. Recently, Buckingham [55] and Fischer [46]
demonstrated that, for a diamagnetic chiral molecule during a pulsed NMR experiment,
the external magnetic field and the rotating nuclear magnetic moments generate small
nuclear electric fields which induce temporary electric dipoles which tend to follow the
rotating nuclear moments, thus generating a chiral rotating electric polarizability potenti-
ally detectable in a slightly modified NMR experiment in which the sample is sandwiched
between the plates of a capacitor. Later, Buckingham [47] discussed a stronger contribu-
tion to this physical effect, corresponding to the rigid rotation of the permanent molecular
electric dipole under the influence of the external field and the rotating nuclear moments.
Calculation of this property for a pool of closed–shell molecules, however, has proven that
this property is not detectable at room temperature [145], thus prompting the curiosity of
generalizing this theory for open–shell molecules to understand whether it becomes more
relevant for such molecules.

In Chapter 1, an introduction to the topic has been presented, including a brief over-
view of the theory of NMR spectroscopy, an introduction to chirality and its detection
and, most importantly, the presentation of the theory of chiral discrimination described
by Buckingham, including the corresponding physical observables. In Chapter 2, the ge-
neralization of the theory of shielding polarizability to open–shell molecules is presented.
The generalized shielding polarizability tensor features additional contributions, with the
most important one being the orientation of the magnetic anisotropy axis along the di-
rection of the external magnetic field, which acts as a pre–orientation effect for the further
rotation of the perpendicular component of the electric dipole. This novel effect is pre-
dicted to be a stronger contribution for strongly anisotropic molecules and was believed
to provide room temperature detectability of this property. In Chapter 3, two studies
on the value of the generalized shielding polarizability tensor have been performed. In
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Chapter II.

the first study, ten strongly anisotropic DyIII complexes have been investigated under the
TIGS approximation, according to which only the ground state KD is populated at room
temperature, and the results obtained predict that all molecules present strong enough
contributions to the property to allow room temperature direct chiral discrimination via
NMR spectroscopy. In the second study, one strongly anisotropic DyIII complex has been
studied by assuming only the two lowest energy KDs to be thermally populated at room
temperature, thus allowing to treat this molecule as an effective S = 3

2
system and inves-

tigate the effect of higher energy states on the tensor values and the relative magnitude
of its different terms. Results show that, in strongly anisotropic open–shell complexes,
direct chiral discrimination should be amenable to room temperature detection, and that
the inclusion of higher energy levels does not significantly change this prediction.

The main future direction of this project is to establish collaborations with NMR
experimentalists, both via the identification of suitable chiral target molecules, but also
via further refinement of our prediction of how the predicted property depends on various
experimental conditions, so as to develop modified NMR instruments to allow for the
measurement of this property, thus experimentally performing direct chiral discrimination
via NMR spectroscopy.
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Appendix A

Second Quantization Formulary

Second quantization theory is based on two operators, respectively of creation (a†pσ) and
annihilation (apσ). Those operators act on a Slater determinant by creating or destroying
an electron in the spin–orbital p:

a†pσ |vac〉 = |ψpσ〉 (A.1)

apσ |ψpσ〉 = |vac〉 (A.2)

The application, however, of a creation operator to a full orbital or of an annihilation ope-
rator to an empty one will give a zero result because of Pauli exclusion principle. Fermion
creation and annihilation operators also give rise to characteristic anticommutators:

{a†pσ, aqσ′} = δpqδσ,σ′ (A.3)

{apσ, aqσ′} = {a†pσ, a
†
qσ′} = 0 (A.4)

Second quantization also allows to define one– and two–electron classical operators as,
respectively:

f̂ =
∑
pq,σ,σ′

fσσ
′

pq a
†
pσaqσ′ (A.5)

and:
ĝ =

∑
pqrs,σ,σ′,δ,δ′

gσσ
′δδ′

pqrs a†pσa
†
rδasδ′aqσ′ (A.6)

with fσσ
′

pq = 〈ψpσ|f̂ |ψqσ′〉 and gσσ
′δδ′

pqrs = 〈ψpσψrδ|ĝ|ψsδ′ψqσ′〉
Second quantization theory, finally, provides the definition of monoelectronic excitation

operators

Epq =
∑
σ

a†pσaqσ (A.7)

which move an electron from the orbital q to the orbital p, and bielectronic excitation
operators

epqrs =
∑
σ,σ′

a†pσa
†
rσ′asσ′aqσ (A.8)

which move two electrons with spin σ from the orbitals q and s to p and r. The expectation
value of excitation operators with respect to a general CSF yields mono– and bi–electronic
density matrices:

Dpq = 〈CSF |Epq|CSF 〉 (A.9)

dpqrs = 〈CSF |epqrs|CSF 〉 (A.10)
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Appendix B

Full Results of Ceres Analysis Study

B.1 Magnetic Properties

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 16.090

0.000
0.000 0.000 16.058 0.20

2 0.307 0.315 2.54
3 17.374

0.000 0.000 13.788
17.211

0.000 0.000 13.784
0.94

0.03
4 19.298 19.084 1.11
5 62.968

0.000 0.000 11.374
63.941

0.000 0.000 11.379
1.52

0.04
6 74.378 75.498 1.48
7 93.756

0.000 0.000 8.027
94.818

0.000 0.000 8.055
1.12

0.35
8 125.756 127.751 1.56
9 129.871

0.000 0.000 4.472
131.908

0.000 0.000 4.250
1.54

4.96
10 162.621 163.257 0.39
11 163.235

0.000 0.000 3.324
163.991

0.000 0.000 3.735
0.46

11.00
12 440.417 444.412 0.90
13 440.470 444.453 0.90

Table B.1: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(acac)3(H2O)2].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.005 0.007 19.512 0.000 0.005 0.007 19.505 0.04
2 132.776 0.319 0.519 15.649 133.655 0.310 0.503 15.635 0.66 0.09
3 205.330 2.478 3.391 11.069 207.531 2.417 3.296 11.097 1.06 0.25
4 257.083 7.219 5.694 2.950 259.824 7.084 5.789 2.869 1.05 1.87
5 289.377 1.700 3.050 15.488 291.422 1.749 3.220 15.399 0.70 0.57
6 374.458 0.006 0.070 17.266 376.974 0.003 0.075 17.281 0.67 0.09
7 466.346 0.022 0.032 19.196 469.545 0.022 0.030 19.205 0.68 0.05
8 500.097 0.010 0.022 19.038 503.579 0.010 0.021 19.045 0.69 0.04

Table B.2: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(acac)3(H2O)2].
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Chapter II.B.1. MAGNETIC PROPERTIES

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 16.931

0.000
0.000 0.000 17.046 0.67

2 4.668 4.545 2.63
3 30.728

0.000 0.000 13.806
31.081

0.000 0.000 13.897
1.14

0.65
4 41.720 41.949 0.55
5 92.871

0.000 0.000 12.481
93.217

0.000 0.000 12.598
0.37

0.93
6 116.809 117.090 0.24
7 134.814

0.000 0.000 9.399
135.107

0.000 0.000 9.390
0.22

0.10
8 148.971 149.437 0.31
9 167.744

0.000 0.000 8.515
167.716

0.000 0.000 8.553
0.02

0.44
10 202.750 202.547 0.10
11 211.593

0.000 0.000 12.723
211.407

0.000 0.000 13.038
0.09

2.42
12 213.954 213.963 0.00
13 223.110

0.000 0.000 4.266
222.680

0.000 0.000 4.264
0.19

0.05
14 251.862 251.921 0.02
15 259.725

0.000 0.000 5.066
259.538

0.000 0.000 5.052
0.07

0.28
16 281.302 280.977 0.12
17 283.406 283.044 0.13

Table B.3: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(acac)3(H2O)2].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.960 3.729 12.680 0.000 0.962 3.786 12.635 0.35
2 22.671 0.888 4.194 11.079 22.278 0.851 4.220 11.103 1.73 0.22
3 67.381 1.690 4.478 9.456 67.196 1.730 4.499 9.486 0.27 0.32
4 83.148 0.287 2.729 12.498 82.833 0.304 2.801 12.496 0.38 0.02
5 135.957 0.193 4.026 9.841 135.459 0.188 4.042 9.839 0.37 0.02
6 175.204 1.033 3.734 11.065 174.681 1.037 3.728 11.129 0.30 0.58
7 242.611 0.145 2.861 11.169 241.743 0.112 2.848 11.259 0.36 0.80
8 284.054 0.712 2.519 14.871 283.330 0.705 2.492 14.969 0.25 0.65

Table B.4: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(acac)3(H2O)2].
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Chapter II.B.1. MAGNETIC PROPERTIES

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.613

0.000
0.000 0.000 17.602 0.06

2 0.114 0.125 8.80
3 68.345

0.000 0.000 16.652
68.881

0.000 0.000 16.636
0.78

0.10
4 68.865 69.438 0.83
5 92.773

0.000 0.000 11.488
93.819

0.000 0.000 11.469
1.11

0.17
6 97.627 98.694 1.08
7 135.539

0.000 0.000 7.783
137.442

0.000 0.000 7.757
1.38

0.33
8 160.210 162.574 1.45
9 167.672

0.000 0.000 4.067
170.083

0.000 0.000 4.081
1.42

0.34
10 192.768 194.839 1.06
11 193.473

0.000 0.000 2.159
195.478

0.000 0.000 2.113
1.03

2.13
12 399.524 404.892 1.33
13 399.933 405.291 1.32

Table B.5: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(acac)3(dppz)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.006 0.012 19.405 0.000 0.006 0.011 19.399 0.03
2 126.190 0.209 0.353 15.212 127.028 0.199 0.333 15.216 0.66 0.03
3 194.270 1.567 2.073 11.578 196.489 1.548 2.037 11.586 1.13 0.07
4 232.716 2.540 4.752 10.822 234.966 2.462 4.679 10.975 0.96 1.39
5 268.183 3.284 3.792 11.831 270.820 3.319 3.869 11.753 0.97 0.66
6 337.813 0.019 1.159 17.210 340.884 0.050 1.178 17.190 0.90 0.12
7 374.946 0.347 1.189 18.668 378.155 0.345 1.176 18.666 0.85 0.01
8 495.373 0.010 0.018 19.782 499.473 0.010 0.017 19.775 0.82 0.04

Table B.6: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(acac)3(dppz)].
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Chapter II.B.1. MAGNETIC PROPERTIES

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.850

0.000
0.000 0.000 17.868 0.10

2 1.106 1.089 1.54
3 60.429

0.000 0.000 12.583
60.586

0.000 0.000 12.653
0.26

0.55
4 67.357 67.390 0.05
5 87.020

0.000 0.000 12.500
87.536

0.000 0.000 12.579
0.59

0.63
6 111.780 111.845 0.06
7 140.086

0.000 0.000 12.345
139.940

0.000 0.000 12.355
0.10

0.08
8 146.375 146.319 0.04
9 181.621

0.000 0.000 7.708
181.598

0.000 0.000 7.645
0.01

0.82
10 192.709 192.377 0.17
11 223.265

0.000 0.000 16.965
223.372

0.000 0.000 16.967
0.05

0.01
12 223.853 223.984 0.06
13 231.828

0.000 0.000 5.808
231.520

0.000 0.000 5.855
0.13

0.80
14 257.094 256.744 0.14
15 272.773

0.000 0.000 12.054
272.133

0.000 0.000 12.075
0.23

0.17
16 275.645 275.040 0.22
17 282.249 281.674 0.20

Table B.7: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(acac)3(dppz)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 3.091 5.677 10.808 0.000 3.063 5.662 10.847 0.36
2 22.820 0.814 3.636 12.556 22.634 0.800 3.585 12.640 0.82 0.66
3 53.815 0.779 1.352 10.969 53.523 0.788 1.388 10.986 0.54 0.15
4 68.861 1.715 3.113 10.919 68.384 1.734 3.099 10.886 0.69 0.30
5 134.979 0.813 2.825 9.340 134.426 0.838 2.818 9.321 0.41 0.20
6 174.649 0.548 3.883 10.752 174.057 0.499 3.825 10.829 0.34 0.71
7 217.162 1.899 5.312 9.198 216.365 1.878 5.237 9.259 0.37 0.66
8 283.068 0.190 0.506 15.851 282.117 0.188 0.503 15.854 0.34 0.02

Table B.8: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(acac)3(dppz)].
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Chapter II.B.1. MAGNETIC PROPERTIES

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.428

0.000
0.000 0.000 17.419 0.05

2 0.252 0.272 7.35
3 89.672

0.000 0.000 12.998
90.197

0.000 0.000 12.982
0.58

0.12
4 94.989 95.748 0.79
5 151.679

0.000 0.000 9.119
152.825

0.000 0.000 9.093
0.75

0.29
6 170.474 172.188 0.99
7 187.240

0.000 0.000 7.805
188.913

0.000 0.000 7.746
0.89

0.76
8 213.616 215.961 1.09
9 226.191

0.000 0.000 3.949
228.730

0.000 0.000 3.878
1.11

1.80
10 296.320 299.197 0.96
11 300.217

0.000 0.000 2.235
303.142

0.000 0.000 2.190
0.96

2.01
12 466.255 470.963 1.00
13 467.129 471.841 1.00

Table B.9: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(acac)3(dpq)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.006 0.015 19.324 0.000 0.005 0.014 19.320 0.02
2 107.141 0.290 0.339 15.812 107.809 0.284 0.330 15.783 0.62 0.18
3 169.005 2.127 3.008 12.528 170.906 2.150 3.081 12.414 1.11 0.91
4 205.505 7.713 5.991 3.145 207.454 7.652 6.053 3.281 0.94 0.79
5 244.039 1.159 3.281 11.453 246.043 1.147 3.113 11.590 0.81 1.18
6 277.419 0.805 2.022 17.589 279.602 0.750 1.893 17.660 0.78 0.40
7 374.706 0.016 0.040 19.555 377.313 0.014 0.035 19.548 0.69 0.04
8 555.378 0.000 0.004 19.859 559.260 0.000 0.004 19.852 0.69 0.04

Table B.10: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(acac)3(dpq)].
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Chapter II.B.1. MAGNETIC PROPERTIES

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.563

0.000
0.000 0.000 17.585 0.13

2 1.363 1.326 2.71
3 49.886

0.000 0.000 12.222
50.092

0.000 0.000 12.236
0.41

0.11
4 56.744 56.911 0.29
5 75.154

0.000 0.000 8.177
75.487

0.000 0.000 8.238
0.44

0.74
6 114.696 114.511 0.16
7 127.778

0.000 0.000 11.674
127.361

0.000 0.000 11.640
0.33

0.29
8 131.784 131.494 0.22
9 172.517

0.000 0.000 8.353
172.383

0.000 0.000 8.277
0.08

0.91
10 188.653 188.580 0.04
11 226.465

0.000 0.000 7.966
226.076

0.000 0.000 7.855
0.17

1.39
12 230.876 230.348 0.23
13 238.894

0.000 0.000 11.413
238.577

0.000 0.000 11.451
0.13

0.33
14 254.600 254.008 0.23
15 267.005

0.000 0.000 7.371
266.302

0.000 0.000 7.344
0.26

0.37
16 295.418 295.004 0.14
17 296.378 295.902 0.16

Table B.11: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(acac)3(dpq)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.379 0.478 15.902 0.000 0.367 0.465 15.944 0.26
2 31.297 2.672 5.107 8.906 31.333 2.669 5.158 8.877 0.11 0.33
3 61.844 0.031 3.555 11.074 61.800 0.000 3.548 11.040 0.07 0.31
4 87.938 0.362 1.828 7.837 87.697 0.384 1.822 7.797 0.27 0.51
5 165.393 2.006 4.103 8.657 164.974 2.000 4.121 8.631 0.25 0.30
6 183.647 1.043 2.244 11.317 183.390 1.030 2.239 11.337 0.14 0.18
7 239.712 2.929 4.974 9.379 239.022 2.933 4.939 9.385 0.29 0.06
8 295.189 0.461 0.861 15.564 294.485 0.454 0.852 15.570 0.24 0.04

Table B.12: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(acac)3(dpq)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.394

0.000
0.000 0.000 17.380 0.08

2 0.275 0.289 4.84
3 57.928

0.000 0.000 14.239
58.223

0.000 0.000 14.221
0.51

0.13
4 58.820 59.115 0.50
5 100.251

0.000 0.000 10.182
100.991

0.000 0.000 10.150
0.73

0.31
6 108.373 109.414 0.95
7 142.359

0.000 0.000 6.902
143.787

0.000 0.000 6.877
0.99

0.36
8 186.509 188.982 1.31
9 198.283

0.000 0.000 3.894
200.883

0.000 0.000 3.843
1.29

1.31
10 248.711 251.067 0.94
11 252.462

0.000 0.000 2.566
254.859

0.000 0.000 2.490
0.94

2.96
12 409.027 413.678 1.12
13 410.125 414.801 1.13

Table B.13: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(acac)3(phen)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.005 0.005 19.379 0.000 0.005 0.006 19.371 0.04
2 113.991 0.115 0.184 15.733 114.326 0.111 0.177 15.720 0.29 0.08
3 182.943 0.790 1.067 12.515 184.410 0.765 1.042 12.491 0.80 0.19
4 231.967 2.944 4.528 8.896 234.320 3.006 4.520 8.847 1.00 0.55
5 269.921 3.601 4.794 11.522 272.337 3.564 4.819 11.496 0.89 0.23
6 336.788 0.520 0.555 18.401 339.179 0.496 0.526 18.417 0.70 0.09
7 395.836 0.060 0.265 18.638 398.610 0.053 0.236 18.646 0.70 0.04
8 504.284 0.007 0.015 19.543 507.953 0.007 0.014 19.541 0.72 0.01

Table B.14: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(acac)3(phen)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.819

0.000
0.000 0.000 17.830 0.06

2 1.104 1.093 1.00
3 61.278

0.000 0.000 12.795
61.290

0.000 0.000 12.834
0.02

0.30
4 70.934 70.753 0.26
5 94.227

0.000 0.000 11.075
94.549

0.000 0.000 11.100
0.34

0.23
6 121.971 121.953 0.01
7 144.448

0.000 0.000 11.569
143.991

0.000 0.000 11.569
0.32

0.00
8 154.758 154.468 0.19
9 181.934

0.000 0.000 6.899
181.960

0.000 0.000 6.872
0.01

0.39
10 196.403 196.327 0.04
11 214.826

0.000 0.000 16.447
214.759

0.000 0.000 16.420
0.03

0.16
12 216.759 216.647 0.05
13 241.450

0.000 0.000 4.748
241.185

0.000 0.000 4.710
0.11

0.80
14 255.128 254.491 0.25
15 276.757

0.000 0.000 7.421
276.004

0.000 0.000 7.420
0.27

0.01
16 286.424 285.861 0.20
17 289.602 288.974 0.22

Table B.15: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(acac)3(phen)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 2.799 5.574 11.029 0.000 2.800 5.589 11.014 0.14
2 22.051 8.404 5.688 2.328 21.811 8.433 5.683 2.324 1.09 0.34
3 63.516 0.708 1.962 8.199 63.030 0.723 1.970 8.172 0.77 0.33
4 78.060 0.518 2.220 11.241 77.543 0.527 2.228 11.229 0.66 0.11
5 135.260 1.217 3.662 8.637 134.725 1.211 3.685 8.610 0.40 0.31
6 170.213 0.186 1.788 10.361 169.608 0.133 1.775 10.407 0.36 0.44
7 219.427 2.019 3.775 10.283 218.694 1.996 3.728 10.319 0.33 0.35
8 287.811 0.188 0.533 15.764 286.819 0.186 0.531 15.765 0.34 0.01

Table B.16: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(acac)3(phen)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.603

0.000
0.000 0.000 17.597 0.04

2 0.153 0.159 3.77
3 78.628

0.000 0.000 13.004
79.755

0.000 0.000 12.995
1.41

0.07
4 83.329 84.441 1.32
5 110.083

0.000 0.000 13.356
111.105

0.000 0.000 13.476
0.92

0.89
6 114.093 114.890 0.69
7 130.216

0.000 0.000 6.598
132.344

0.000 0.000 6.668
1.61

1.05
8 163.179 165.721 1.53
9 171.186

0.000 0.000 4.405
174.022

0.000 0.000 4.399
1.63

0.14
10 220.355 222.934 1.16
11 221.948

0.000 0.000 2.375
224.512

0.000 0.000 2.325
1.14

2.11
12 347.426 351.181 1.07
13 347.840 351.580 1.06

Table B.17: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(hfac)3(dme)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.005 0.011 19.465 0.000 0.004 0.010 19.461 0.02
2 95.564 0.214 0.276 15.992 96.449 0.202 0.264 15.973 0.92 0.12
3 143.374 3.444 5.085 10.638 145.154 3.403 5.051 10.701 1.23 0.59
4 171.062 1.319 5.462 9.679 172.976 1.253 5.498 9.604 1.11 0.77
5 212.485 2.678 3.288 11.101 215.001 2.641 3.364 10.953 1.17 1.33
6 240.035 2.167 5.017 13.477 242.377 2.159 5.101 13.471 0.97 0.04
7 287.277 0.272 0.825 18.815 290.044 0.256 0.778 18.836 0.95 0.11
8 441.869 0.005 0.006 19.806 444.913 0.004 0.006 19.799 0.68 0.04

Table B.18: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(hfac)3(dme)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.732

0.000
0.000 0.000 17.754 0.12

2 0.778 0.764 1.80
3 52.283

0.000 0.000 13.852
52.566

0.000 0.000 13.821
0.54

0.22
4 62.756 63.146 0.62
5 67.609

0.000 0.000 8.802
67.652

0.000 0.000 8.766
0.06

0.41
6 99.984 99.881 0.10
7 135.640

0.000 0.000 11.951
135.478

0.000 0.000 11.989
0.12

0.32
8 142.760 142.457 0.21
9 164.737

0.000 0.000 7.223
164.524

0.000 0.000 7.186
0.13

0.51
10 170.802 170.565 0.14
11 197.751

0.000 0.000 18.827
198.028

0.000 0.000 18.773
0.14

0.29
12 197.853 198.141 0.15
13 216.648

0.000 0.000 4.831
216.317

0.000 0.000 4.859
0.15

0.58
14 228.553 227.935 0.27
15 251.110

0.000 0.000 10.460
250.302

0.000 0.000 10.535
0.32

0.71
16 254.946 254.150 0.31
17 259.038 258.269 0.30

Table B.19: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(hfac)3(dme)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 8.754 7.437 3.536 0.000 8.813 7.424 3.506 0.67
2 22.872 1.380 2.616 11.244 22.865 1.337 2.546 11.345 0.03 0.89
3 55.854 0.278 1.111 14.238 55.197 0.242 1.042 14.535 1.18 2.04
4 63.191 0.672 2.687 7.436 62.701 0.721 2.773 7.120 0.78 4.25
5 133.375 0.140 1.469 10.826 132.910 0.153 1.481 10.802 0.35 0.22
6 170.651 2.420 3.954 8.048 170.036 2.383 3.949 8.080 0.36 0.40
7 217.972 2.185 4.005 10.359 217.061 2.179 4.014 10.330 0.42 0.28
8 270.860 0.281 0.541 15.461 269.863 0.276 0.534 15.464 0.37 0.02

Table B.20: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(hfac)3(dme)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.840

0.000
0.000 0.000 17.833 0.04

2 0.063 0.059 6.35
3 70.509

0.000 0.000 14.877
70.167

0.000 0.000 14.880
0.49

0.02
4 71.262 70.918 0.48
5 124.038

0.000 0.000 11.079
123.475

0.000 0.000 11.080
0.45

0.01
6 128.057 127.886 0.13
7 164.399

0.000 0.000 7.652
164.399

0.000 0.000 7.609
0.00

0.56
8 205.052 204.315 0.36
9 217.814

0.000 0.000 4.813
217.202

0.000 0.000 4.778
0.28

0.73
10 277.856 279.540 0.60
11 284.623

0.000 0.000 1.802
286.118

0.000 0.000 1.780
0.52

1.22
12 394.300 396.957 0.67
13 397.775 400.414 0.66

Table B.21: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(paaH∗)2(NO3)2(MeOH)]+.

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.006 0.012 19.668 0.000 0.006 0.012 19.668 0.00
2 102.156 0.385 0.635 16.452 103.311 0.376 0.620 16.444 0.05 1.12
3 178.039 3.474 4.237 11.504 180.050 3.430 4.206 11.523 0.16 1.12
4 242.362 3.669 4.455 9.638 244.252 3.741 4.469 9.593 0.47 0.77
5 322.477 0.252 0.906 15.042 323.571 0.236 0.862 15.131 0.59 0.34
6 352.280 0.371 1.204 17.070 353.247 0.328 1.189 17.024 0.27 0.27
7 403.503 1.231 1.424 17.085 405.128 1.212 1.383 17.183 0.57 0.40
8 438.819 0.462 1.377 17.465 440.213 0.452 1.327 17.528 0.36 0.32

Table B.22: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(paaH∗)2(NO3)2(MeOH)]+.
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.284

0.000
0.000 0.000 17.324 0.23

2 5.362 5.250 2.09
3 41.966

0.000 0.000 11.864
42.371

0.000 0.000 11.914
0.96

0.42
4 73.309 73.294 0.02
5 87.450

0.000 0.000 7.254
87.746

0.000 0.000 7.300
0.34

0.63
6 119.184 119.177 0.01
7 125.175

0.000 0.000 5.671
125.014

0.000 0.000 5.766
0.13

1.65
8 167.359 167.167 0.11
9 170.583

0.000 0.000 3.706
170.081

0.000 0.000 3.638
0.29

1.83
10 193.834 193.186 0.33
11 204.300

0.000 0.000 8.458
203.440

0.000 0.000 8.501
0.42

0.51
12 214.371 213.626 0.35
13 233.205

0.000 0.000 6.579
232.052

0.000 0.000 6.524
0.49

0.84
14 266.513 265.197 0.49
15 284.487

0.000 0.000 5.307
282.966

0.000 0.000 5.282
0.53

0.47
16 318.329 316.671 0.52
17 321.603 319.937 0.52

Table B.23: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(paaH∗)2(NO3)2(MeOH)]+.

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 1.592 2.945 12.906 0.000 1.593 2.951 12.898 0.06
2 45.301 1.210 4.209 8.633 44.923 1.187 4.200 8.651 0.83 0.21
3 108.668 1.885 3.276 9.839 107.841 1.868 3.288 9.854 0.76 0.15
4 131.850 1.261 2.197 8.442 130.887 1.272 2.157 8.437 0.73 0.06
5 168.482 0.170 2.306 10.010 167.360 0.159 2.326 9.993 0.67 0.17
6 224.750 0.733 1.502 11.306 223.196 0.743 1.514 11.312 0.69 0.05
7 261.491 7.097 6.206 3.831 259.845 7.094 6.208 3.841 0.63 0.04
8 327.055 1.551 2.730 14.269 325.192 1.530 2.706 14.299 0.57 0.21

Table B.24: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(paaH∗)2(NO3)2(MeOH)]+.
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.491

0.000
0.000 0.000 17.483 0.05

2 0.156 0.168 7.14
3 92.259

0.000 0.000 12.649
93.227

0.000 0.000 12.639
1.04

0.08
4 98.300 99.420 1.13
5 144.175

0.000 0.000 3.006
146.146

0.000 0.000 3.270
1.35

8.07
6 163.398 164.559 0.71
7 163.645

0.000 0.000 3.500
164.917

0.000 0.000 3.546
0.77

1.30
8 179.403 182.072 1.47
9 194.430

0.000 0.000 5.232
197.277

0.000 0.000 5.227
1.44

0.10
10 248.282 251.243 1.18
11 250.478

0.000 0.000 2.375
253.423

0.000 0.000 2.289
1.16

3.62
12 379.948 385.000 1.31
13 380.127 385.180 1.31

Table B.25: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(tfpb)3(dppz)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.015 0.031 19.330 0.000 0.014 0.028 19.329 0.01
2 107.910 0.621 1.034 14.892 109.063 0.606 1.013 14.888 1.06 0.03
3 142.680 1.511 2.339 16.483 144.064 1.431 2.251 16.592 0.96 0.66
4 172.802 8.016 7.009 1.629 174.654 8.099 6.914 1.753 1.06 1.02
5 207.665 0.807 4.724 10.698 210.288 0.571 4.771 10.603 1.25 0.89
6 227.999 1.273 3.757 15.408 230.896 1.328 3.964 15.260 1.25 0.96
7 273.308 0.039 0.106 19.585 276.145 0.045 0.122 19.561 1.03 0.12
8 484.375 0.002 0.003 19.879 488.264 0.001 0.003 19.870 0.80 0.05

Table B.26: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(tfpb)3(dppz)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.133

0.000
0.000 0.000 17.176 0.25

2 1.844 1.802 2.28
3 37.131

0.000 0.000 13.709
37.322

0.000 0.000 13.746
0.51

0.27
4 42.621 42.831 0.49
5 49.749

0.000 0.000 7.203
50.018

0.000 0.000 7.241
0.54

0.52
6 96.056 95.747 0.32
7 118.103

0.000 0.000 12.961
117.617

0.000 0.000 12.919
0.42

0.32
8 123.349 122.861 0.40
9 146.084

0.000 0.000 4.938
145.781

0.000 0.000 4.935
0.21

0.06
10 161.704 161.572 0.08
11 205.202

0.000 0.000 7.783
204.742

0.000 0.000 7.698
0.22

1.09
12 211.190 211.047 0.07
13 214.077

0.000 0.000 9.448
214.138

0.000 0.000 9.614
0.03

1.73
14 226.989 226.648 0.15
15 244.887

0.000 0.000 11.338
244.180

0.000 0.000 11.438
0.29

0.87
16 252.292 251.635 0.26
17 254.680 253.958 0.28

Table B.27: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(tfpb)3(dppz)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 3.601 4.351 11.368 0.000 3.593 4.326 11.381 0.11
2 18.634 1.410 4.375 11.331 18.174 1.448 4.428 11.288 2.47 0.38
3 44.775 0.452 0.823 13.648 44.507 0.423 0.849 13.593 0.60 0.40
4 67.968 1.101 3.145 5.248 67.643 1.122 3.144 5.251 0.48 0.06
5 135.887 7.327 4.870 1.545 135.394 7.300 4.879 1.553 0.36 0.37
6 161.100 0.937 2.999 10.070 160.763 0.906 2.981 10.109 0.21 0.39
7 217.244 2.953 4.488 10.897 216.404 2.946 4.480 10.894 0.39 0.03
8 254.847 0.339 0.849 15.424 254.089 0.333 0.837 15.434 0.30 0.06

Table B.28: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(tfpb)3(dppz)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.756

0.000
0.000 0.000 17.745 0.06

2 0.046 0.045 2.17
3 88.040

0.000 0.000 15.221
88.390

0.000 0.000 15.203
0.40

0.12
4 91.062 91.466 0.44
5 117.459

0.000 0.000 10.584
118.552

0.000 0.000 10.540
0.92

0.42
6 123.387 124.582 0.95
7 170.242

0.000 0.000 8.997
172.126

0.000 0.000 8.918
1.09

0.88
8 207.708 210.921 1.52
9 223.704

0.000 0.000 4.228
226.941

0.000 0.000 4.205
1.43

0.54
10 237.003 239.584 1.08
11 250.166

0.000 0.000 2.342
252.779

0.000 0.000 2.257
1.03

3.63
12 319.363 323.941 1.41
13 323.336 327.960 1.41

Table B.29: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(tta)3(bipy)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.004 0.008 19.579 0.000 0.004 0.008 19.573 0.03
2 118.727 2.290 3.670 14.438 119.998 2.340 3.853 14.137 1.06 2.08
3 131.289 9.532 5.109 0.618 132.168 0.751 5.079 9.373 0.67 1.67
4 172.738 4.090 6.052 9.186 174.620 4.218 6.104 9.070 1.08 1.26
5 218.696 0.487 1.519 13.609 221.237 0.364 1.624 13.535 1.15 0.54
6 263.865 0.750 1.482 15.696 266.203 0.716 1.425 15.730 0.88 0.22
7 340.412 0.099 0.350 18.605 343.337 0.089 0.325 18.624 0.85 0.10
8 424.604 0.019 0.058 19.458 427.941 0.018 0.055 19.457 0.78 0.01

Table B.30: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(tta)3(bipy)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.886

0.000
0.000 0.000 17.905 0.11

2 0.094 0.091 3.19
3 47.794

0.000 0.000 15.595
47.800

0.000 0.000 15.614
0.01

0.12
4 52.780 52.875 0.18
5 67.778

0.000 0.000 12.404
67.608

0.000 0.000 12.433
0.25

0.23
6 87.126 86.806 0.37
7 128.979

0.000 0.000 12.040
128.929

0.000 0.000 12.084
0.04

0.36
8 141.119 140.746 0.26
9 175.155

0.000 0.000 10.790
174.624

0.000 0.000 10.606
0.30

1.71
10 192.231 191.735 0.26
11 198.929

0.000 0.000 14.371
198.735

0.000 0.000 14.882
0.10

3.43
12 200.811 200.747 0.03
13 228.214

0.000 0.000 6.460
227.433

0.000 0.000 6.459
0.34

0.02
14 237.191 236.169 0.43
15 257.920

0.000 0.000 10.585
256.734

0.000 0.000 10.596
0.46

0.10
16 266.773 265.833 0.35
17 272.418 271.444 0.36

Table B.31: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(tta)3(bipy)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 2.567 5.400 11.480 0.000 2.556 5.436 11.469 0.10
2 28.105 1.294 3.794 9.502 27.997 1.256 3.768 9.549 0.38 0.49
3 61.028 1.224 3.383 8.103 60.672 1.291 3.371 8.107 0.58 0.05
4 73.788 0.594 0.913 14.095 73.115 0.599 0.941 13.972 0.91 0.87
5 133.763 0.657 2.173 10.795 133.178 0.642 2.175 10.789 0.44 0.06
6 187.784 0.731 4.230 10.634 187.214 0.719 4.249 10.626 0.30 0.08
7 225.225 1.381 3.181 12.731 224.244 1.375 3.200 12.707 0.44 0.19
8 275.450 0.123 0.167 15.996 274.422 0.119 0.163 16.003 0.37 0.04

Table B.32: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(tta)3(bipy)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.620

0.000
0.000 0.000 17.611 0.05

2 0.218 0.226 3.54
3 93.100

0.000 0.000 13.177
94.006

0.000 0.000 13.164
0.96

0.10
4 99.072 100.048 0.98
5 145.403

0.000 0.000 9.411
147.101

0.000 0.000 9.440
1.15

0.31
6 159.991 161.632 1.02
7 172.714

0.000 0.000 6.264
174.761

0.000 0.000 6.233
1.17

0.49
8 225.209 228.242 1.33
9 230.459

0.000 0.000 4.194
233.633

0.000 0.000 4.248
1.36

1.27
10 296.177 299.807 1.21
11 299.267

0.000 0.000 2.679
302.826

0.000 0.000 2.566
1.18

4.22
12 407.637 412.594 1.20
13 409.267 414.234 1.20

Table B.33: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(tta)3(phen)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.001 0.004 19.539 0.000 0.001 0.003 19.530 0.05
2 103.693 0.430 0.540 15.885 104.435 0.406 0.510 15.860 0.71 0.16
3 142.750 2.276 2.910 12.248 144.980 2.333 2.947 12.173 1.54 0.61
4 176.534 4.570 5.570 8.314 178.791 4.651 5.513 8.328 1.26 0.17
5 211.518 0.456 2.694 12.886 213.918 0.363 2.548 12.838 1.12 0.37
6 251.237 0.812 1.282 16.203 253.650 0.796 1.261 16.183 0.95 0.12
7 336.154 0.108 0.268 18.916 339.058 0.103 0.254 18.920 0.86 0.02
8 508.011 0.006 0.011 19.762 511.932 0.006 0.011 19.757 0.77 0.03

Table B.34: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(tta)3(phen)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.700

0.000
0.000 0.000 17.715 0.08

2 0.866 0.857 1.04
3 52.648

0.000 0.000 12.000
52.784

0.000 0.000 12.023
0.26

0.19
4 62.701 62.751 0.08
5 73.962

0.000 0.000 11.775
74.162

0.000 0.000 11.865
0.27

0.76
6 103.625 103.544 0.08
7 139.161

0.000 0.000 11.271
139.091

0.000 0.000 11.318
0.05

0.42
8 149.223 149.024 0.13
9 173.507

0.000 0.000 7.341
173.325

0.000 0.000 7.306
0.10

0.48
10 188.446 188.066 0.20
11 223.624

0.000 0.000 15.199
223.196

0.000 0.000 14.850
0.19

2.30
12 227.640 227.310 0.14
13 236.445

0.000 0.000 7.590
236.018

0.000 0.000 7.912
0.18

4.07
14 239.926 239.754 0.07
15 264.684

0.000 0.000 7.905
263.919

0.000 0.000 7.919
0.29

0.18
16 283.017 282.340 0.24
17 283.699 282.998 0.25

Table B.35: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(tta)3(phen)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 2.069 2.695 13.564 0.000 2.206 2.669 13.594 0.22
2 26.399 4.470 5.581 8.286 26.042 4.474 5.585 8.313 1.35 0.32
3 52.944 0.441 1.142 14.577 52.531 0.474 1.143 14.486 0.78 0.62
4 78.287 0.676 3.092 7.417 77.894 0.696 3.090 7.419 0.50 0.03
5 136.974 0.384 2.919 9.646 136.465 0.391 2.928 9.630 0.37 0.17
6 182.762 8.104 5.627 1.402 182.200 8.157 5.583 1.378 0.31 0.65
7 225.819 8.171 6.960 2.190 224.966 8.119 7.001 2.179 0.38 0.64
8 282.923 0.188 0.485 15.737 281.975 0.185 0.481 15.739 0.34 0.01

Table B.36: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(tta)3(phen)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.893

0.000
0.000 0.000 17.886 0.04

2 0.064 0.062 3.13
3 94.567

0.000 0.000 16.156
94.954

0.000 0.000 16.116
0.41

0.25
4 98.731 99.239 0.51
5 126.154

0.000 0.000 11.401
127.137

0.000 0.000 11.335
0.77

0.58
6 134.508 135.789 0.94
7 194.617

0.000 0.000 8.996
196.315

0.000 0.000 8.918
0.86

0.87
8 215.983 219.062 1.41
9 235.904

0.000 0.000 5.447
239.058

0.000 0.000 5.417
1.32

0.55
10 280.727 283.388 0.94
11 301.439

0.000 0.000 2.273
304.641

0.000 0.000 2.210
1.05

2.77
12 312.040 315.839 1.20
13 327.526 331.732 1.27

Table B.37: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Tb(tta)3(pinene−bipy)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 0.009 0.055 19.629 0.000 0.012 0.058 19.620 0.05
2 57.389 0.199 0.649 18.480 58.200 0.201 0.634 18.492 1.39 0.06
3 115.150 4.051 5.035 11.474 115.825 3.975 4.830 11.638 0.58 1.41
4 141.575 2.464 4.099 11.689 142.575 2.757 4.226 11.531 0.70 1.35
5 188.817 0.769 1.045 14.604 191.069 0.816 0.980 14.500 1.18 0.71
6 223.248 0.716 1.844 16.017 225.184 0.683 1.781 16.072 0.86 0.34
7 373.701 0.175 1.811 15.528 376.796 0.165 1.789 15.507 0.82 0.14
8 392.830 0.101 1.956 15.924 395.508 0.097 1.926 15.900 0.68 0.15

Table B.38: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Dy(tta)3(pinene−bipy)].
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CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%State ε gxx gyy gzz ε gxx gyy gzz

1 0.000
0.000 0.000 17.555

0.000
0.000 0.000 17.566 0.06

2 0.357 0.347 2.80
3 38.298

0.000 0.000 16.915
38.001

0.000 0.000 16.958
0.78

0.25
4 42.762 42.433 0.77
5 55.397

0.000 0.000 14.373
54.975

0.000 0.000 14.413
0.76

0.28
6 58.915 58.517 0.68
7 97.367

0.000 0.000 13.984
97.136

0.000 0.000 14.021
0.24

0.26
8 112.423 111.786 0.57
9 179.356

0.000 0.000 8.314
178.444

0.000 0.000 8.372
0.51

0.69
10 201.108 200.418 0.34
11 202.866

0.000 0.000 5.550
202.224

0.000 0.000 5.954
0.32

6.79
12 219.352 218.237 0.51
13 225.848

0.000 0.000 9.413
224.430

0.000 0.000 9.307
0.63

1.13
14 235.910 234.628 0.54
15 250.124

0.000 0.000 6.605
249.049

0.000 0.000 6.596
0.43

0.14
16 267.489 266.093 0.52
17 271.599 270.276 0.49

Table B.39: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Ho(tta)3(pinene−bipy)].

CASSCF / RASSI–SO CAHF / CASCI–SO
∆ε

% ∆g
%KD ε gxx gyy gzz ε gxx gyy gzz

1 0.000 1.041 2.076 14.716 0.000 1.054 2.102 14.714 0.01
2 28.997 1.479 5.138 10.140 28.851 1.462 5.146 10.112 0.50 0.28
3 54.181 6.453 3.657 0.498 53.850 6.399 3.781 0.291 0.61 0.84
4 71.110 9.269 5.867 1.822 70.564 9.042 5.965 1.790 0.77 2.45
5 165.738 0.377 1.680 12.545 164.980 0.383 1.664 12.566 0.46 0.17
6 217.946 0.022 1.671 13.115 217.184 0.019 1.682 13.120 0.35 0.04
7 239.331 0.600 0.796 14.964 238.295 0.587 0.806 14.966 0.43 0.01
8 279.017 0.004 0.072 15.741 277.849 0.002 0.067 15.748 0.42 0.04

Table B.40: Crystal field state energies, expressed in cm−1, g–tensors and their relative
errors for the ground spin–orbit multiplet of [Er(tta)3(pinene−bipy)].
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B.2 Timings

Molecule
CASSCF/ CAHF/
RASSI–SO CASCI–SO

[Tb(acac)3(H2O)2] 06:55 02:00
[Dy(acac)3(H2O)2] 08:57 02:55
[Ho(acac)3(H2O)2] 09:59 03:37
[Er(acac)3(H2O)2] 03:06 03:02
[Tb(acac)3(dppz)] 26:45 06:12
[Dy(acac)3(dppz)] 28:01 08:20
[Ho(acac)3(dppz)] 34:02 09:21
[Er(acac)3(dppz)] 13:42 07:36
[Tb(acac)3(dpq)] 22:15 05:17
[Dy(acac)3(dpq)] 21:33 09:12
[Ho(acac)3(dpq)] 25:17 08:08
[Er(acac)3(dpq)] 09:51 06:05

[Tb(acac)3(phen)] 20:29 05:11
[Dy(acac)3(phen)] 18:47 07:15
[Ho(acac)3(phen)] 21:52 07:39
[Er(acac)3(phen)] 06:57 06:59
[Tb(hfac)3(dme)] 20:46 04:29
[Dy(hfac)3(dme)] 23:20 06:08
[Ho(hfac)3(dme)] 27:46 07:29
[Er(hfac)3(dme)] 11:35 04:53

[Tb(paaH∗)2(NO3)2(MeOH)]+ 18:48 04:10
[Dy(paaH∗)2(NO3)2(MeOH)]+ 17:18 05:46
[Ho(paaH∗)2(NO3)2(MeOH)]+ 19:05 07:12
[Er(paaH∗)2(NO3)2(MeOH)]+ 09:01 04:22

[Tb(tfpb)3(dppz)] 99:35 13:44
[Dy(tfpb)3(dppz)] 88:26 18:43
[Ho(tfpb)3(dppz)] 97:53 13:39
[Er(tfpb)3(dppz)] 42:03 12:15
[Tb(tta)3(bipy)] 50:41 10:09
[Dy(tta)3(bipy)] 45:04 09:34
[Ho(tta)3(bipy)] 40:06 08:46
[Er(tta)3(bipy)] 20:07 08:30
[Tb(tta)3(phen)] 52:23 09:09
[Dy(tta)3(phen)] 48:54 13:27
[Ho(tta)3(phen)] 39:04 08:55
[Er(tta)3(phen)] 26:20 09:54

[Tb(tta)3(pinene−bipy)] 71:41 11:49
[Dy(tta)3(pinene−bipy)] 74:26 14:19
[Ho(tta)3(pinene−bipy)] 55:27 11:58
[Er(tta)3(pinene−bipy)] 35:25 10:57

Table B.41: Timings, expressed as hh:mm, for the crystal field level calculations of the
chosen complexes with CASSCF/RASSI-SO and CAHF / CASCI–SO.
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Molecule CASSCF RASSI–SO CAHF CASCI–SO
[Tb(acac)3(H2O)2] 04:50 02:05 01:30 00:30
[Dy(acac)3(H2O)2] 05:16 03:41 02:20 00:35
[Ho(acac)3(H2O)2] 08:40 01:19 02:53 00:44
[Er(acac)3(H2O)2] 02:33 00:33 02:33 00:29
[Tb(acac)3(dppz)] 20:19 06:26 05:02 01:10
[Dy(acac)3(dppz)] 20:39 07:22 06:44 01:36
[Ho(acac)3(dppz)] 30:14 03:48 07:50 01:31
[Er(acac)3(dppz)] 11:29 02:13 06:25 01:11
[Tb(acac)3(dpq)] 17:57 04:18 04:17 01:00
[Dy(acac)3(dpq)] 15:40 05:53 07:29 01:43
[Ho(acac)3(dpq)] 22:43 02:34 06:50 01:18
[Er(acac)3(dpq)] 07:50 02:01 04:52 01:13

[Tb(acac)3(phen)] 15:52 04:37 04:16 00:55
[Dy(acac)3(phen)] 12:59 05:48 06:04 01:11
[Ho(acac)3(phen)] 19:59 01:53 06:11 01:28
[Er(acac)3(phen)] 05:59 00:58 05:55 01:04
[Tb(hfac)3(dme)] 15:32 05:14 03:32 00:57
[Dy(hfac)3(dme)] 16:45 06:35 04:39 01:29
[Ho(hfac)3(dme)] 24:18 03:28 06:08 01:21
[Er(hfac)3(dme)] 09:25 02:10 03:59 00:54

[Tb(paaH∗)2(NO3)2(MeOH)]+ 14:38 04:10 03:25 00:45
[Dy(paaH∗)2(NO3)2(MeOH)]+ 11:53 05:25 04:41 01:05
[Ho(paaH∗)2(NO3)2(MeOH)]+ 17:19 01:46 05:51 01:21
[Er(paaH∗)2(NO3)2(MeOH)]+ 07:19 01:42 03:32 00:50

[Tb(tfpb)3(dppz)] 87:20 12:15 11:07 02:37
[Dy(tfpb)3(dppz)] 73:33 14:53 14:46 03:57
[Ho(tfpb)3(dppz)] 91:44 06:09 11:04 02:35
[Er(tfpb)3(dppz)] 37:33 04:30 09:42 02:33
[Tb(tta)3(bipy)] 42:27 08:14 08:14 01:55
[Dy(tta)3(bipy)] 34:42 10:22 07:41 01:53
[Ho(tta)3(bipy)] 35:26 04:40 06:52 01:54
[Er(tta)3(bipy)] 17:21 02:46 06:41 01:49
[Tb(tta)3(phen)] 42:28 09:55 07:12 01:57
[Dy(tta)3(phen)] 37:12 11:42 10:42 02:45
[Ho(tta)3(phen)] 34:13 04:51 07:03 01:52
[Er(tta)3(phen)] 22:48 03:32 08:03 01:51

[Tb(tta)3(pinene−bipy)] 60:04 11:37 09:43 02:06
[Dy(tta)3(pinene−bipy)] 59:51 14:35 11:40 02:39
[Ho(tta)3(pinene−bipy)] 49:45 05:42 09:27 02:31
[Er(tta)3(pinene−bipy)] 31:45 03:40 08:37 02:20

Table B.42: Timings, expressed as hh:mm, for the main steps of the calculations required
to compute the crystal field levels of the chosen complexes using the CASSCF / RASSI–SO
and CAHF / CASCI–SO methods.
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B.3 Population Analysis

In all tables, the following convention is employed:

• CAHF calculations without population analysis will be named bare CAHF calcula-
tions;

• CAHF calculations involving either Löwdin and Mulliken transformations will be
referred to as, respectively, L and M calculations;

• CAHF calculations where the 4f population is computed either by including the
first f basis function or all of them will be identified by, respectively, the subscripts
”1” and ”all”;

• CAHF calculations which failed to converge will be represented by the ”N.C.” sym-
bol.

Tb Dy Ho Er
Bare 25/27 23/12 N.C. 32/13
L1 22/12 18/12 26/13 15/17
Lall 25/12 23/11 N.C. 22/12
M1 22/12 19/12 26/13 23/11
Mall 25/12 28/12 23/12 25/13

Table B.43: Iterations required for the convergence of CAHF calculations, with and wit-
hout population analysis, with SARC–DKH basis set for Ln and AHLRICHS–VDZ for
all other atoms.

Tb Dy Ho Er
Bare 22/12 N.C. N.C. 21/42
L1 20/12 21/13 16/16 19/13
Lall 22/12 20/12 20/12 22/13
M1 20/12 25/12 16/16 19/13
Mall 23/13 20/12 24/12 47/18

Table B.44: Iterations required for the convergence of CAHF calculations, with and wit-
hout population analysis, with SARC–DKH basis set for Ln, AHLRICHS–PVDZ for O
and AHLRICHS–VDZ for all other atoms.

Tb Dy Ho Er
Bare 35/13 N.C. 46/14 39/12
L1 20/14 26/12 24/12 26/13
Lall 34/12 35/12 42/12 45/13
M1 25/11 30/15 25/13 24/13
Mall 35/12 38/12 33/12 43/13

Table B.45: Iterations required for the convergence of CAHF calculations, with and wit-
hout population analysis, with SARC2–QZVP–DKH basis set for Ln, AHLRICHS–PVDZ
for O and AHLRICHS–VDZ for all other atoms.
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Appendix C

Extensive Derivation of Integrals in
Generalized Shielding Polarizability
Tensor

In this Appendix, an expression for Tr ρ3, with ρ3 defined in Eq. II.2.11, will be derived
by explicitly solving the integrals.

C.1 Double Integral

The solution of double integrals of the same form of

β∫
0

dω

ω∫
0

dω′ Tr
[
e(ω−β)H0V2e

(ω′−ω)H0V1e
−ω′H0

]
(C.1)

and
β∫

0

dω

ω∫
0

dω′ Tr
[
e(ω−β)H0V1e

(ω′−ω)H0V2e
−ω′H0

]
(C.2)

has been thoroughly presented and discussed in Ref. [48]. In this Section, the procedure
will be reported and applied to Eqs. C.1–C.2. Since both integrals can be solved via the
same procedure, we will manipulate their sum in order to simplify their discussion.

Using the cyclic property of the trace, we first rearrange the integrands as:

Tr ρ
(2)
3 =

β∫
0

dω

ω∫
0

dω′ Tr
[
e−β H0V2e

(ω′−ω)H0V1e
(ω−ω′)H0

]

+

β∫
0

dω

ω∫
0

dω′ Tr
[
e−β H0V1e

(ω′−ω)H0V2e
(ω−ω′)H0

]
(C.3)

where the apex in ρ3 is used to explicit that only its double integral term is being con-
sidered. In this formulation, it can be easily noted that the integrand only depends on
ω′ − ω, thus suggesting the following advantageous variable substitution:

u = ω
v = ω − ω′ (C.4)

124



Chapter II.C.1. DOUBLE INTEGRAL

which gives:

Tr ρ
(2)
3 =

β∫
0

du

u∫
0

dv Tr
[
e−β H0V2e

−vH0V1e
vH0
]

+

β∫
0

du

u∫
0

dv Tr
[
e−β H0V1e

−vH0V2e
vH0
]

(C.5)

Since the two double integrals feature the same integration domain and very similar
integrands, it is advisable to further manipulate them in order to simplify the expression.
For this reason, we apply the following variable transformation to the second integral on
rhs in Eq. C.5:

u → β − u
v → β − v (C.6)

and, after transforming the integration domains, we obtain:

Tr ρ
(2)
3 =

β∫
0

du

u∫
0

dv Tr
[
e−β H0V2e

−vH0V1e
vH0
]

+

β∫
0

du

β∫
u

dv Tr
[
e−β H0V2e

−vH0V1e
vH0
]

(C.7)

After the transformation, we notice that the two double integrals now feature the same
integrand but different integration domains, thus allowing the collection in a single inte-
gral:

Tr ρ
(2)
3 =

β∫
0

du

β∫
0

dv Tr
[
e−β H0V2e

−vH0V1e
vH0
]

(C.8)

Using a well–known result of statistical mechanics [152]:

β∫
0

Tr
[
e−β H0F

]
= β 〈F 〉0 Tr ρ0 (C.9)

where

〈F 〉0 =
Tr (Fρ0)

Tr ρ0

=

∑
nν Fnνe

−βEn∑
nν e

−βEn
(C.10)

is the thermal average of F in the canonical ensemble corresponding to H0 computed in
the basis of H0 eigenstates described in Sec. 2.1, we can further simplify Eq. C.5:

Tr ρ
(2)
3 = β Tr ρ0

〈 β∫
0

dv V2e
−vH0V1e

vH0

〉
0

(C.11)
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In order to solve the integral, we carry out the ensemble averaging first:

β∫
0

dv
〈
V2e

−vH0V1e
vH0
〉

0
=

1

Z0

β∫
0

du

[∑
nν

〈
nν
∣∣V2e

−vH0V1

∣∣nnu〉 e(v−β)En

]

=
1

Z0

∑
nν,mµ

〈nν|V2|mµ〉 〈mµ|V1|nnu〉 e−βEn
β∫

0

du ev(En−Em)

(C.12)

where Z0 =
∑

nν e
−βEn is the partition function. In the last step, the resolution of identity

Î =
∑

mµ |mµ〉 〈mµ| has been applied. The remaining integral in Eq. C.12 can be readily
evaluated as:

β∫
0

du ev(En−Em)


β if l=m

eβ(En−Em) − 1

En − Em
if l 6= m

(C.13)

where δmn is the Kronecker delta. Since the integral is not defined for En = Em, its
solution has been partitioned into two terms to account for the specific solution at dis-
continuity. The final solution of the double integral component, therefore, is:

Tr ρ
(2)
3 = β

∑
nν

e−βEn

β∑
ν′

〈
nν
∣∣H2

∣∣nν ′〉 〈nν ′∣∣H1

∣∣nν〉+
∑
m 6=n,µ

〈nν|H2|mµ〉 〈mµ|H1|nν〉+ c.c.

Em − En


(C.14)

C.2 Triple Integral

The solution of the triple integral

β∫
0

dω

ω∫
0

dω′
ω′∫

0

dω′′Tr
[
e(ω−β)H0V1e

(ω′−ω)H0V1e
(ω′′−ω′)H0V1e

−ω′′H0

]
(C.15)

is not soluble using the same integral domain symmetrization discussed in Sec. C.1, the-
refore it has to be solved directly by applying variable transformations and resolution of
identity. In the first step of the solution, resolution of identity is introduced twice to give:

Tr ρ
(3)
3 =

∑
nν

∑
mµ

∑
lλ

β∫
0

dω

ω∫
0

dω′
ω′∫
0

dω′′ e−βEneωEn 〈nν|V1|mµ〉 e(ω
′−ω)Em 〈mµ|V1|lλ〉 e(ω

′′−ω′)El 〈lλ|V1|nν〉 e−ω
′′En

=
∑
nν

∑
mµ

∑
lλ

e−βEn 〈nν|V1|mµ〉 〈mµ|V1|lλ〉 〈lλ|V1|nν〉
β∫

0

dω eω(En−Em)

ω∫
0

dω′ eω
′(Em−El)

ω′∫
0

dω′′ eω
′′(El−En)

(C.16)

In order to obtain the explicit expression for Tr ρ
(3)
3 , therefore, we have to solve the triple

integral
β∫

0

dωeω(En−Em)

ω∫
0

dω′ eω
′(Em−El)

ω′∫
0

dω′′ eω
′′(El−En) (C.17)
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The first step in the solution of Eq. C.17 is the treatment of the integral dependent on
the variable ω′′, as already discussed in Sec. C.1:

ω′∫
0

dω′′ eω
′′(El−En) =


ω′ if n=l

eω
′(El−En) − 1

El − En
if n 6= l

(C.18)

which, after substitution in Eq. C.17, gives:

β∫
0

dω eω(En−Em)

ω∫
0

dω′ eω
′(Em−El)

ω′
l=n

+
eω
′(El−En) − 1

El − En
l 6=n



=

β∫
0

dω


ω∫

0

dω′ ω′eω
′(Em−El)

n=l

+

ω∫
0

dω′
eω
′(Em−En)

El − En

n6=l

−
ω∫

0

dω′
eω
′(Em−El)

El − En

n6=l

 (C.19)

The three components of the integral dependent on ω′ are easily solved as:

ω∫
0

dω′ ω′eω
′(Em−El)

l=m

=
ω′2

2
n=l,m=l

∣∣∣∣ω
0

+
eω
′(Em−El)

(Em − El)2 [ω′ (Em − El)− 1]

n=l,m6=l

∣∣∣∣ω
0

=
ω2

2
n=l,m=l

+
ωeω(Em−El)

Em − El
n=l,m6=l

− e
ω(Em−El) − 1

(Em − El)2

n=l,m6=l

(C.20)

ω∫
0

dω′
eω
′(Em−En)

El − En

n6=l

=
ω

El − En
n6=l,n=m

+
eω(Em−En) − 1

(El − En) (Em − En)

n6=l,n6=m

(C.21)

ω∫
0

dω′
eω
′(Em−El)

El − En

n6=l

=
ω

El − En
n 6=l,m=l

+
eω(Em−El) − 1

(El − En) (Em − El)
n6=l,m6=l

(C.22)

where we have used the well–known integral solution

∫
dx xecx =


x2

2
if c = 0

ecx

c2
(cx− 1) if c 6= 0

(C.23)
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Substituting these results in Eq. C.19 gives:

β∫
0

dω

[
ω2eω(En−Em)

2
n=l,m=l

+ω
eω(En−El)

Em − El
n=l,m6=l

− eω(En−El)

(Em − El)2

n=l,m6=l

+
eω(En−Em)

(Em − El)2

n=l,m6=l

− eω(En−Em) − 1

(El − En) (Em − En)

n6=l,n6=m

+ω
eω(En−Em)

El − En
n6=l,n=m

− eω(En−El)

(El − En) (Em − El)
n6=l,m6=l

+
eω(En−Em)

(El − En) (Em − El)
n6=l,m6=l

−ωe
ω(En−Em)

El − En
n 6=l,m=l

]
(C.24)

The remaining integral in Eq. C.24 can be easily solved, thus giving the final result:

β3

6
n=l,m=l

+
β2

2

 1

(Em − El)
n=l,m 6=l

+
1

(El − En)

n=m,n 6=l



+β

− 1

(Em − El)2

n=l,m 6=l

+
1

(El − En) (Em − En)

n 6=m,n 6=l

−
eβ(En−Em)

(En − Em) (El − En)

m=l,n 6=l

+
1

(El − En) (Em − El)
n 6=m,m 6=l,n=m


+

eβ(En−Em) − 1

(En − Em) (Em − El)2

m 6=l,n=l

+
eβ(En−Em) − 1

(El − En) (Em − En)2

n 6=m,n 6=l

+
eβ(En−El) − 1

(Em − El) (El − En)2

n 6=l,m 6=l

(C.25)

+
eβ(En−Em) − 1

(En − Em) (Em − El) (El − En)

n 6=m,n 6=l,m 6=l

+
eβ(En−Em) − 1

(El − En) (En − Em)2

n 6=l,m=l

Substitution of these results in Eq. C.16 gives the final solution of the triple integral.
For clarity purposes, the solution will be partitioned in several contributions according to
their temperature dependence.

• β3 contribution:

Tr
(

3ρ
(3)
3

)
=
β3

6

∑
nνν′ν′′

e−βEn 〈nν|V1|nν ′〉 〈nν ′|V1|nν ′′〉 〈nν ′′|V1|nν〉 (C.26)

• β2 contribution:

Tr
(

2ρ
(3)
3

)
= β2

∑
nνν′

∑
m6=n,µ

e−βEn
〈nν|V1|mµ〉 〈mµ|V1|nν ′〉 〈nν ′|V1|nν〉

Em − En
(C.27)

From now on, all inequalities in the summations will be omitted, introducing the
convention that different indices will not be allowed to represent the same energy
level.

• β contribution:

Tr
(
1ρ

(3)
3

)
=β
∑
nν

e−βEn
∑
mµ

[∑
µ′

〈nν|V1|mµ〉 〈mµ|V1|mµ′〉 〈mµ′|V1|nν〉
(Em − En)

2

−
∑
ν′

〈nν|V1|mµ〉 〈mµ|V1|nν′〉 〈nν′|V1|nν〉
(Em − En)

2 +
∑
lλ

〈nν|V1|mµ〉 〈mµ|V1|lλ〉 〈lλ|V1|nν〉
(El − En) (Em − En)

]
(C.28)

• Temperature–independent contributions:

Tr
(

0ρ
(3)
3

)
=
∑
nν

e−βEn
∑
mµ

∑
lλ

〈nν|V1|mµ〉 〈mµ|V1|lλ〉 〈lλ|V1|nν〉+ c.c.

(Em − En) (El − En) (Em − El)
(C.29)
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Appendix D

Results of Ψ̄ Calculations

D.1 TIGS

Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 -5.24·106 1.29·10−15 2.325 H1 -6.26·105 7.16·10−16 1.295
O2 8.52·106 2.09·10−15 3.782 H2 -1.54·105 1.76·10−16 0.318
O3 -2.63·105 6.46·10−17 0.117 H3 -6.27·105 7.19·10−16 1.298
O4 -2.11·104 5.17·10−18 0.009 H4 6.84·105 7.84·10−16 1.416
O5 6.30·106 1.55·10−15 2.795 H5 8.19·105 9.38·10−16 1.694
O6 -8.19·106 2.01·10−15 3.634 H6 7.65·105 8.76·10−16 1.583
O7 1.11·105 2.72·10−17 0.049 H7 9.49·105 1.09·10−15 1.965
O8 1.55·105 3.81·10−17 0.069 H8 3.20·104 3.66·10−17 0.066
C1 -5.13·105 3.72·10−17 0.067 H9 3.76·105 4.30·10−16 0.778
C2 -2.94·105 2.13·10−17 0.039 H10 6.37·105 7.29·10−16 1.317
C3 1.30·106 9.42·10−17 0.170 H11 4.18·105 4.79·10−16 0.865
C4 3.00·106 2.17·10−16 0.392 H12 -9.76·104 1.12·10−16 0.202
C5 1.12·106 8.09·10−17 0.146 H13 7.39·104 8.46·10−17 0.153
C6 4.26·105 3.09·10−17 0.056 H14 2.30·103 2.63·10−18 0.005
C7 9.29·105 6.72·10−17 0.122 H15 1.02·106 1.17·10−15 2.107
C8 6.82·105 4.94·10−17 0.089 H16 3.89·105 4.45·10−16 0.805
C9 3.11·105 2.25·10−17 0.041 H17 6.33·105 7.25·10−16 1.310
C10 2.29·104 1.66·10−18 0.003 H18 -3.73·105 4.27·10−16 0.772
C11 7.94·105 5.74·10−17 0.104 H19 -8.85·105 1.01·10−15 1.832
C12 1.06·106 7.66·10−17 0.138 H20 -6.25·105 7.16·10−16 1.294
C13 -7.99·105 5.78·10−17 0.105 H21 -8.15·105 9.33·10−16 1.686
C14 -2.64·106 1.91·10−16 0.345 H22 -7.70·105 8.82·10−16 1.594
C15 -1.02·106 7.37·10−17 0.133 H23 4.95·105 5.67·10−16 1.024

H24 1.12·106 1.28·10−15 2.310
H25 -2.01·105 2.31·10−16 0.417

Table D.1: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 1. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 -2.11·104 5.18·10−18 0.009 H1 1.49·104 1.71·10−17 0.031

O2 9.43·106 2.32·10−15 4.183 H2 -2.65·103 3.04·10−18 0.005

O3 -6.06·106 1.49·10−15 2.687 H3 1.11·106 1.27·10−15 2.292

O4 7.34·106 1.80·10−15 3.258 H4 3.85·105 4.41·10−16 0.796

O5 -1.35·106 3.31·10−16 0.599 H5 6.78·105 7.77·10−16 1.403

O6 -1.02·107 2.50·10−15 4.513 H6 -5.96·103 6.82·10−18 0.012

N1 1.48·106 2.36·10−17 0.043 H7 2.88·104 3.30·10−17 0.060

N2 7.94·105 1.27·10−17 0.023 H8 1.26·105 1.44·10−16 0.261

N3 2.63·104 4.19·10−19 0.001 H9 4.97·105 5.69·10−16 1.028

N4 -1.35·104 2.16·10−19 <0.001 H10 2.18·105 2.49·10−16 0.450

C1 1.92·105 1.39·10−17 0.025 H11 1.65·106 1.89·10−15 3.418

C2 8.06·103 5.83·10−19 0.001 H12 2.81·103 3.22·10−18 0.006

C3 5.95·103 4.31·10−19 0.001 H13 3.47·105 3.97·10−16 0.718

C4 1.32·105 9.58·10−18 0.017 H14 3.04·105 3.48·10−16 0.629

C5 -2.59·103 1.88·10−19 <0.001 H15 -1.92·104 2.20·10−17 0.040

C6 8.34·105 6.04·10−17 0.109 H16 5.63·104 6.45·10−17 0.117

C7 -7.64·105 5.53·10−17 0.100 H17 -6.48·103 7.42·10−18 0.013

C8 3.10·106 2.24·10−16 0.405 H18 -8.10·105 9.28·10−16 1.677

C9 4.81·105 3.48·10−17 0.063 H19 -2.29·105 2.62·10−16 0.473

C10 -5.49·103 3.97·10−19 0.001 H20 -7.27·105 8.32·10−16 1.504

C11 -1.71·104 1.24·10−18 0.002 H21 8.45·105 9.67·10−16 1.748

C12 -2.40·104 1.74·10−18 0.003 H22 7.06·105 8.08·10−16 1.460

C13 4.84·104 3.50·10−18 0.006 H23 1.01·106 1.15·10−15 2.084

C14 1.99·105 1.44·10−17 0.026 H24 1.26·106 1.44·10−15 2.606

C15 -3.38·106 2.45·10−16 0.442 H25 -1.11·106 1.27·10−15 2.290

C16 2.40·104 1.74·10−18 0.003 H26 -8.88·105 1.02·10−15 1.838

C17 -5.08·104 3.67·10−18 0.007 H27 -8.79·105 1.01·10−15 1.820

C18 1.01·106 7.30·10−17 0.132 H28 -5.90·105 6.76·10−16 1.221

C19 -6.50·103 4.71·10−19 0.001 H29 -1.58·105 1.80·10−16 0.326

C20 2.35·105 1.70·10−17 0.031 H30 1.29·105 1.48·10−16 0.268

C21 1.02·106 7.37·10−17 0.133 H31 5.59·105 6.40·10−16 1.157

C22 2.67·105 1.93·10−17 0.035

C23 9.10·105 6.59·10−17 0.119

C24 1.92·103 1.39·10−19 <0.001

C25 5.23·105 3.79·10−17 0.068

C26 3.96·105 2.87·10−17 0.052

C27 2.62·104 1.89·10−18 0.003

C28 -6.75·105 4.89·10−17 0.088

C29 1.13·106 8.19·10−17 0.148

C30 1.06·106 7.64·10−17 0.138

C31 -1.26·106 9.15·10−17 0.165

C32 -1.20·106 8.68·10−17 0.157

C33 2.23·105 1.61·10−17 0.029

Table D.2: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 2. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 2.16·106 5.31·10−16 0.959 H1 -4.39·105 5.03·10−16 0.909
O2 -9.22·106 2.26·10−15 4.091 H2 -1.45·105 1.67·10−16 0.301
O3 3.98·104 9.76·10−18 0.018 H3 -6.42·104 7.36·10−17 0.133
O4 5.56·106 1.36·10−15 2.466 H4 -2.17·103 2.49·10−18 0.004
O5 -9.70·106 2.38·10−15 4.303 H5 1.55·103 1.78·10−18 0.003
O6 1.21·107 2.96·10−15 5.350 H6 2.33·104 2.67·10−17 0.048
N1 -7.10·105 1.13·10−17 0.020 H7 3.88·104 4.45·10−17 0.080
N2 1.72·105 2.74·10−18 0.005 H8 -1.64·105 1.88·10−16 0.339
N3 -8.96·103 1.43·10−19 <0.001 H9 -1.29·106 1.48·10−15 2.666
N4 5.98·103 9.54·10−20 <0.001 H10 -5.97·105 6.83·10−16 1.235
C1 -4.55·105 3.29·10−17 0.059 H11 -8.70·105 9.96·10−16 1.800
C2 -1.86·105 1.34·10−17 0.024 H12 3.45·105 3.95·10−16 0.713
C3 -9.78·104 7.08·10−18 0.013 H13 1.25·106 1.43·10−15 2.585
C4 -6.00·104 4.34·10−18 0.008 H14 8.55·105 9.80·10−16 1.770
C5 -9.71·103 7.03·10−19 0.001 H15 1.29·106 1.47·10−15 2.660
C6 -1.97·103 1.43·10−19 <0.001 H16 -9.41·105 1.08·10−15 1.948
C7 1.83·103 1.32·10−19 <0.001 H17 -9.20·105 1.05·10−15 1.904
C8 8.84·103 6.40·10−19 0.001 H18 -9.11·105 1.04·10−15 1.885
C9 3.78·104 2.74·10−18 0.005 H19 -1.25·106 1.43·10−15 2.591
C10 3.80·104 2.75·10−18 0.005 H20 3.55·105 4.07·10−16 0.735
C11 5.01·104 3.63·10−18 0.007 H21 4.04·105 4.63·10−16 0.836
C12 2.94·104 2.13·10−18 0.004 H22 -2.37·105 2.72·10−16 0.491
C13 7.69·104 5.56·10−18 0.010 H23 7.06·104 8.09·10−17 0.146
C14 -1.06·105 7.68·10−18 0.014 H24 5.61·105 6.42·10−16 1.161
C15 -1.11·106 8.02·10−17 0.145 H25 3.85·105 4.41·10−16 0.798
C16 -1.94·106 1.40·10−16 0.253 H26 9.64·105 1.10·10−15 1.996
C17 6.50·105 4.70·10−17 0.085 H27 7.73·103 8.85·10−18 0.016
C18 3.33·106 2.41·10−16 0.436 H28 -3.25·104 3.72·10−17 0.067
C19 1.45·106 1.05·10−16 0.189 H29 3.89·104 4.45·10−17 0.081
C20 -1.28·106 9.24·10−17 0.167
C21 -3.90·106 2.82·10−16 0.510
C22 -2.43·106 1.76·10−16 0.318
C23 -1.31·106 9.51·10−17 0.172
C24 5.49·104 3.98·10−18 0.007
C25 6.02·105 4.36·10−17 0.079
C26 1.70·106 1.23·10−16 0.223
C27 -1.54·104 1.11·10−18 0.002
C28 8.00·105 5.79·10−17 0.105
C29 -5.77·102 4.18·10−20 <0.001

Table D.3: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 3. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 -1.03·107 2.53·10−15 4.565 H1 -1.65·106 1.89·10−15 3.413
O2 1.36·107 3.34·10−15 6.030 H2 -1.79·105 2.05·10−16 0.371
O3 4.48·106 1.10·10−15 1.988 H3 3.26·103 3.74·10−18 0.007
O4 -1.46·103 3.58·10−19 0.001 H4 1.83·104 2.10·10−17 0.038
O5 5.20·106 1.28·10−15 2.309 H5 -2.72·104 3.11·10−17 0.056
O6 -1.17·107 2.88·10−15 5.200 H6 -1.21·105 1.39·10−16 0.251
N1 -7.73·105 1.23·10−17 0.022 H7 -2.33·105 2.67·10−16 0.482
N2 -1.24·106 1.98·10−17 0.036 H8 -8.31·105 9.52·10−16 1.720
C1 -8.61·105 6.23·10−17 0.113 H9 -8.00·105 9.16·10−16 1.656
C2 -1.82·105 1.32·10−17 0.024 H10 -5.82·105 6.67·10−16 1.205
C3 -8.56·103 6.20·10−19 0.001 H11 -1.47·106 1.69·10−15 3.049
C4 4.31·104 3.12·10−18 0.006 H12 6.55·105 7.50·10−16 1.356
C5 1.87·104 1.35·10−18 0.002 H13 1.45·106 1.67·10−15 3.011
C6 -2.61·104 1.89·10−18 0.003 H14 1.05·106 1.20·10−15 2.177
C7 -1.33·105 9.61·10−18 0.017 H15 1.37·106 1.57·10−15 2.844
C8 -1.87·105 1.36·10−17 0.025 H16 -4.96·105 5.68·10−16 1.026
C9 -3.21·105 2.32·10−17 0.042 H17 2.89·104 3.31·10−17 0.060
C10 -8.08·105 5.85·10−17 0.106 H18 4.56·105 5.22·10−16 0.944
C11 -2.13·105 1.54·10−17 0.028 H19 -4.46·105 5.11·10−16 0.923
C12 7.01·104 5.07·10−18 0.009 H20 -2.35·103 2.69·10−18 0.005
C13 -1.11·106 8.04·10−17 0.145 H21 -1.64·105 1.87·10−16 0.339
C14 -1.55·106 1.12·10−16 0.203 H22 5.68·104 6.50·10−17 0.117
C15 1.28·106 9.24·10−17 0.167 H23 5.62·105 6.44·10−16 1.164
C16 4.14·106 3.00·10−16 0.542 H24 -1.06·105 1.21·10−16 0.218
C17 1.68·106 1.21·10−16 0.220 H25 4.11·105 4.70·10−16 0.850
C18 -2.51·104 1.82·10−18 0.003 H26 -1.19·106 1.36·10−15 2.456
C19 -1.94·105 1.41·10−17 0.025 H27 -1.25·106 1.43·10−15 2.586
C20 -7.19·105 5.20·10−17 0.094 H28 -1.02·106 1.17·10−15 2.119
C21 -6.06·105 4.39·10−17 0.079 H29 -1.19·106 1.36·10−15 2.466
C22 -9.50·104 6.88·10−18 0.012
C23 2.68·105 1.94·10−17 0.035
C24 -4.73·105 3.43·10−17 0.062
C25 -2.25·106 1.63·10−16 0.294
C26 -4.26·106 3.09·10−16 0.558
C27 -1.54·106 1.11·10−16 0.201

Table D.4: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 4. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 -6.45·105 1.58·10−16 0.286 C1 5.41·104 3.92·10−18 0.007
O2 1.46·106 3.59·10−16 0.648 C2 -1.30·106 9.44·10−17 0.171
O3 5.70·106 1.40·10−15 2.527 C3 1.34·104 9.67·10−19 0.002
O4 -8.47·106 2.08·10−15 3.758 C4 1.97·106 1.42·10−16 0.257
O5 -4.20·106 1.03·10−15 1.865 C5 2.41·105 1.74·10−17 0.031
O6 9.79·106 2.40·10−15 4.342 C6 -1.37·106 9.92·10−17 0.179
O7 -2.32·106 5.71·10−16 1.031 C7 -3.18·106 2.30·10−16 0.416
O8 -6.36·106 1.56·10−15 2.819 C8 4.74·105 3.43·10−17 0.062
F1 2.70·105 2.74·10−16 0.495 C9 -1.27·106 9.18·10−17 0.166
F2 7.88·104 8.00·10−17 0.145 C10 -1.22·106 8.84·10−17 0.160
F3 8.76·105 8.89·10−16 1.607 C11 2.25·105 1.63·10−17 0.029
F4 -6.90·105 7.00·10−16 1.265 C12 2.34·106 1.69·10−16 0.306
F5 -1.09·106 1.11·10−15 2.005 C13 -7.91·105 5.72·10−17 0.103
F6 -6.67·105 6.77·10−16 1.223 C14 9.87·105 7.14·10−17 0.129
F7 -1.09·106 1.10·10−15 1.993 C15 -1.84·106 1.33·10−16 0.241
F8 -3.55·105 3.60·10−16 0.650 C16 -2.02·106 1.46·10−16 0.264
F9 -3.10·105 3.14·10−16 0.568 C17 -3.01·106 2.18·10−16 0.394
F10 7.20·105 7.31·10−16 1.320 C18 -4.17·105 3.02·10−17 0.055
F11 9.78·105 9.92·10−16 1.793 C19 -1.02·106 7.39·10−17 0.134
F12 3.62·105 3.67·10−16 0.663 H1 2.27·105 2.60·10−16 0.469
F13 -2.67·104 2.71·10−17 0.049 H2 3.07·104 3.52·10−17 0.064
F14 -1.62·105 1.64·10−16 0.297 H3 -1.81·104 2.07·10−17 0.037
F15 -3.58·105 3.63·10−16 0.656 H4 -2.29·106 2.63·10−15 4.748
F16 -2.20·105 2.24·10−16 0.404 H5 -4.24·105 4.86·10−16 0.878
F17 -1.01·106 1.02·10−15 1.848 H6 -4.14·105 4.74·10−16 0.857
F18 -6.52·105 6.61·10−16 1.195 H7 1.06·106 1.21·10−15 2.191

H8 2.43·106 2.79·10−15 5.037
H9 1.87·106 2.14·10−15 3.862
H10 5.33·105 6.11·10−16 1.103
H11 -7.55·105 8.65·10−16 1.563
H12 1.95·104 2.24·10−17 0.040
H13 -1.06·106 1.21·10−15 2.186

Table D.5: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 5. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 2.74·107 6.72·10−15 12.15 H1 1.32·106 1.51·10−15 2.734
O2 1.92·107 4.71·10−15 8.504 H2 -1.46·106 1.67·10−15 3.018
O3 -1.23·107 3.03·10−15 5.470 H3 1.63·105 1.87·10−16 0.338
O4 -2.46·106 6.05·10−16 1.093 H4 -1.36·106 1.56·10−15 2.821
O5 -2.21·106 5.42·10−16 0.980 H5 6.64·105 7.61·10−16 1.374
O6 -1.86·107 4.58·10−15 8.273 H6 -1.58·106 1.81·10−15 3.275
O7 -4.83·106 1.19·10−15 2.143 H7 -1.42·106 1.63·10−15 2.939
O8 9.28·106 2.28·10−15 4.118 H8 -2.66·106 3.04·10−15 5.501
O9 -1.52·107 3.73·10−15 6.737 H9 -5.30·105 6.07·10−16 1.097
O10 -1.45·106 3.57·10−16 0.645 H10 2.18·105 2.49·10−16 0.451
O11 -1.63·106 4.01·10−16 0.724 H11 1.73·106 1.99·10−15 3.590
N1 2.72·106 4.34·10−17 0.078 H12 8.70·105 9.96·10−16 1.801
N2 2.71·106 4.32·10−17 0.078 H13 -1.08·105 1.24·10−16 0.224
N3 6.76·105 1.08·10−17 0.019 H14 -8.14·105 9.32·10−16 1.684
N4 -4.74·106 7.55·10−17 0.136 H15 -6.01·106 6.88·10−15 12.44
N5 -3.89·106 6.20·10−17 0.112 H16 -2.62·106 3.00·10−15 5.418
N6 3.99·106 6.36·10−17 0.115 H17 -1.46·106 1.67·10−15 3.017
C1 6.04·104 4.37·10−18 0.008 H18 1.34·106 1.54·10−15 2.782
C2 -9.18·105 6.65·10−17 0.120 H19 6.84·105 7.83·10−16 1.415
C3 7.23·106 5.23·10−16 0.946 H20 6.43·105 7.36·10−16 1.330
C4 5.03·106 3.64·10−16 0.658 H21 1.80·106 2.06·10−15 3.730
C5 6.96·105 5.04·10−17 0.091 H22 7.33·106 8.39·10−15 15.16
C6 -2.42·106 1.75·10−16 0.316 H23 7.68·105 8.79·10−16 1.589
C7 -5.51·106 3.99·10−16 0.721 H24 1.69·106 1.93·10−15 3.494
C8 1.45·106 1.05·10−16 0.189
C9 -8.77·105 6.35·10−17 0.115
C10 2.92·105 2.11·10−17 0.038
C11 3.42·106 2.48·10−16 0.448
C12 2.71·106 1.96·10−16 0.355
C13 1.26·106 9.14·10−17 0.165
C14 8.21·103 5.94·10−19 0.001
C15 -2.34·105 1.69·10−17 0.031
C16 -3.93·106 2.85·10−16 0.515
C17 1.84·106 1.33·10−16 0.240
C18 1.04·106 7.52·10−17 0.136
C19 9.48·105 6.87·10−17 0.124

Table D.6: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 6. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 -1.22·106 3.00·10−16 0.542 C1 -2.60·105 1.89·10−17 0.034
O2 1.24·107 3.04·10−15 5.500 C2 -8.26·104 5.98·10−18 0.011
O3 6.69·106 1.64·10−15 2.968 C3 -3.42·105 2.47·10−17 0.045
O4 -9.17·105 2.25·10−16 0.407 C4 -1.07·105 7.78·10−18 0.014
O5 -1.12·107 2.76·10−15 4.987 C5 1.67·105 1.21·10−17 0.022
O6 -8.51·106 2.09·10−15 3.775 C6 -4.11·105 2.97·10−17 0.054
N1 2.66·105 4.24·10−18 0.008 C7 -1.04·105 7.51·10−18 0.014
N2 1.57·106 2.51·10−17 0.045 C8 -8.26·104 5.98·10−18 0.011
N3 -5.43·104 8.67·10−19 0.002 C9 3.82·104 2.77·10−18 0.005
N4 -5.89·104 9.39·10−19 0.002 C10 1.60·106 1.16·10−16 0.209
F1 -9.03·105 9.16·10−16 1.656 C11 -1.04·105 7.56·10−18 0.014
F2 -1.01·106 1.02·10−15 1.844 C12 6.07·104 4.40·10−18 0.008
F3 -1.12·106 1.14·10−15 2.061 C13 -2.02·106 1.46·10−16 0.264
F4 -2.92·105 2.96·10−16 0.535 C14 2.17·105 1.57·10−17 0.028
F5 -7.59·104 7.70·10−17 0.139 C15 5.99·105 4.34·10−17 0.078
F6 7.84·104 7.95·10−17 0.144 C16 -3.12·104 2.26·10−18 0.004
F7 -6.26·105 6.35·10−16 1.148 C17 6.50·104 4.70·10−18 0.009
F8 -1.23·106 1.25·10−15 2.254 C18 -2.76·104 1.99·10−18 0.004
F9 -7.37·105 7.47·10−16 1.351 C19 -1.42·104 1.02·10−18 0.002
H1 -3.91·105 4.47·10−16 0.808 C20 -4.77·104 3.45·10−18 0.006
H2 2.45·104 2.81·10−17 0.051 C21 4.08·106 2.95·10−16 0.533
H3 -1.08·106 1.23·10−15 2.230 C22 1.54·106 1.11·10−16 0.201
H4 2.00·105 2.30·10−16 0.415 C23 6.04·104 4.37·10−18 0.008
H5 -2.65·104 3.04·10−17 0.055 C24 7.91·105 5.73·10−17 0.104
H6 -2.07·104 2.37·10−17 0.043 C25 -5.66·104 4.10·10−18 0.007
H7 -5.08·104 5.81·10−17 0.105 C26 -4.41·106 3.19·10−16 0.577
H8 7.81·105 8.94·10−16 1.615 C27 -4.57·104 3.31·10−18 0.006
H9 5.08·104 5.81·10−17 0.105 C28 -1.60·106 1.16·10−16 0.210
H10 6.67·105 7.64·10−16 1.381 C29 1.50·106 1.09·10−16 0.197
H11 -3.73·104 4.27·10−17 0.077 C30 1.38·105 1.00·10−17 0.018
H12 2.26·106 2.58·10−15 4.670 C31 9.90·104 7.16·10−18 0.013
H13 -7.89·104 9.03·10−17 0.163 C32 6.50·105 4.71·10−17 0.085
H14 5.68·104 6.50·10−17 0.117 C33 -8.82·105 6.39·10−17 0.115
H15 9.46·105 1.08·10−15 1.958 C34 3.63·104 2.63·10−18 0.005
H16 2.77·104 3.17·10−17 0.057 C35 3.77·105 2.73·10−17 0.049
H17 2.55·105 2.92·10−16 0.527 C36 1.05·106 7.62·10−17 0.138
H18 1.06·106 1.21·10−15 2.183 C37 -9.26·105 6.70·10−17 0.121
H19 2.70·105 3.09·10−16 0.558 C38 4.61·105 3.34·10−17 0.060
H20 3.70·105 4.24·10−16 0.767 C39 4.24·105 3.07·10−17 0.055
H21 5.85·104 6.70·10−17 0.121 C40 -2.82·105 2.04·10−17 0.037
H22 1.59·106 1.82·10−15 3.285 C41 7.98·104 5.78·10−18 0.010
H23 -1.78·104 2.03·10−17 0.037 C42 9.85·105 7.13·10−17 0.129
H24 -1.91·104 2.18·10−17 0.039 C43 -2.28·104 1.65·10−18 0.003
H25 3.32·105 3.80·10−16 0.687 C44 -2.40·104 1.73·10−18 0.003
H26 8.84·104 1.01·10−16 0.183 C45 4.57·105 3.31·10−17 0.060
H27 2.01·105 2.30·10−16 0.416 C46 1.68·105 1.22·10−17 0.022
H28 4.55·105 5.22·10−16 0.943 C47 2.68·105 1.94·10−17 0.035

C48 4.98·105 3.61·10−17 0.065

Table D.7: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 7. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 1.94·106 4.77·10−16 0.862 C1 2.13·104 1.54·10−18 0.003
O2 -8.17·106 2.00·10−15 3.622 C2 -1.02·105 7.41·10−18 0.013
O3 -1.30·107 3.19·10−15 5.773 C3 -3.52·105 2.55·10−17 0.046
O4 1.89·107 4.65·10−15 8.399 C4 -5.22·105 3.78·10−17 0.068
O5 1.29·106 3.16·10−16 0.571 C5 -2.43·106 1.76·10−16 0.318
O6 -1.08·107 2.64·10−15 4.774 C6 -3.95·106 2.86·10−16 0.517
N1 -7.13·106 1.14·10−16 0.205 C7 -5.64·106 4.09·10−16 0.738
N2 1.39·106 2.21·10−17 0.040 C8 -2.09·106 1.51·10−16 0.273
F1 -1.41·106 1.43·10−15 2.580 C9 -1.14·106 8.28·10−17 0.150
F2 -5.59·105 5.67·10−16 1.024 C10 -9.90·105 7.17·10−17 0.130
F3 -1.91·106 1.94·10−15 3.503 C11 -1.36·106 9.82·10−17 0.177
F4 1.35·106 1.37·10−15 2.467 C12 -2.79·106 2.02·10−16 0.365
F5 6.93·105 7.03·10−16 1.271 C13 -4.07·106 2.94·10−16 0.532
F6 1.86·106 1.89·10−15 3.408 C14 5.02·105 3.64·10−17 0.066
F7 -1.89·106 1.92·10−15 3.469 C15 5.22·106 3.78·10−16 0.683
F8 -4.38·105 4.45·10−16 0.803 C16 2.00·106 1.45·10−16 0.262
F9 -1.20·106 1.21·10−15 2.192 C17 -2.32·105 1.68·10−17 0.030
S1 1.64·105 5.56·10−18 0.010 C18 2.01·103 1.45·10−19 <0.001
S2 -2.42·106 8.18·10−17 0.148 C19 1.55·104 1.12·10−18 0.002
S3 2.89·105 9.78·10−18 0.018 C20 -2.21·105 1.60·10−17 0.029
H1 5.10·104 5.84·10−17 0.105 C21 -5.94·105 4.30·10−17 0.078
H2 -8.25·104 9.45·10−17 0.171 C22 -2.66·106 1.92·10−16 0.348
H3 -4.32·105 4.95·10−16 0.894 C23 -1.41·106 1.02·10−16 0.184
H4 -2.28·106 2.61·10−15 4.720 C24 -1.29·106 9.37·10−17 0.169
H5 -8.28·105 9.48·10−16 1.713 C25 -1.75·106 1.26·10−16 0.228
H6 -6.83·105 7.82·10−16 1.413 C26 -3.81·106 2.76·10−16 0.498
H7 -9.57·105 1.10·10−15 1.980 C27 2.65·104 1.92·10−18 0.003
H8 5.57·104 6.38·10−17 0.115 C28 -1.74·105 1.26·10−17 0.023
H9 -1.85·106 2.12·10−15 3.831 C29 -5.58·105 4.04·10−17 0.073
H10 -8.74·104 1.00·10−16 0.181 C30 -6.39·105 4.63·10−17 0.084
H11 2.39·102 2.74·10−19 <0.001 C31 -2.65·106 1.91·10−16 0.346
H12 -3.26·105 3.73·10−16 0.674 C32 -3.73·106 2.70·10−16 0.488
H13 -8.40·105 9.62·10−16 1.738 C33 -5.36·106 3.88·10−16 0.701
H14 -8.38·105 9.60·10−16 1.735 C34 -1.90·106 1.38·10−16 0.249
H15 -1.15·106 1.32·10−15 2.379
H16 -2.94·106 3.36·10−15 6.078
H17 7.56·104 8.66·10−17 0.157
H18 -1.38·105 1.58·10−16 0.286
H19 -6.71·105 7.69·10−16 1.389
H20 -2.11·106 2.42·10−15 4.369

Table D.8: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 8. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 3.52·106 8.64·10−16 1.561 C1 2.55·105 1.85·10−17 0.033
O2 -1.30·107 3.20·10−15 5.780 C2 1.34·105 9.73·10−18 0.018
O3 6.14·106 1.51·10−15 2.723 C3 4.00·104 2.90·10−18 0.005
O4 -9.23·106 2.27·10−15 4.094 C4 3.84·105 2.78·10−17 0.050
O5 -1.42·107 3.48·10−15 6.284 C5 5.01·102 3.63·10−20 <0.001
O6 2.31·107 5.67·10−15 10.25 C6 -1.60·106 1.16·10−16 0.209
N1 -6.12·106 9.76·10−17 0.176 C7 -4.22·106 3.06·10−16 0.552
N2 1.22·106 1.94·10−17 0.035 C8 -1.68·106 1.21·10−16 0.219
F1 -4.69·105 4.75·10−16 0.859 C9 3.85·105 2.79·10−17 0.050
F2 -8.54·105 8.66·10−16 1.566 C10 1.32·105 9.53·10−18 0.017
F3 -2.02·106 2.05·10−15 3.711 C11 -9.30·104 6.73·10−18 0.012
F4 -1.22·106 1.24·10−15 2.244 C12 2.59·105 1.87·10−17 0.034
F5 -3.24·105 3.29·10−16 0.595 C13 -1.10·106 7.98·10−17 0.144
F6 -1.62·106 1.65·10−15 2.976 C14 -3.34·106 2.42·10−16 0.437
F7 1.76·106 1.79·10−15 3.231 C15 -5.08·106 3.68·10−16 0.664
F8 1.59·106 1.61·10−15 2.918 C16 -1.76·106 1.27·10−16 0.230
F9 2.68·106 2.72·10−15 4.910 C17 -9.15·105 6.63·10−17 0.120
S1 6.55·105 2.21·10−17 0.040 C18 -5.93·105 4.29·10−17 0.078
S2 1.10·106 3.71·10−17 0.067 C19 -4.28·105 3.10·10−17 0.056
S3 -2.16·106 7.29·10−17 0.132 C20 -1.44·106 1.04·10−16 0.189
H1 2.06·105 2.36·10−16 0.427 C21 -1.03·106 7.44·10−17 0.134
H2 8.52·104 9.75·10−17 0.176 C22 3.31·106 2.40·10−16 0.434
H3 -9.11·104 1.04·10−16 0.189 C23 8.18·106 5.92·10−16 1.070
H4 -7.40·105 8.47·10−16 1.530 C24 3.14·106 2.27·10−16 0.410
H5 3.30·105 3.78·10−16 0.683 C25 -4.92·105 3.56·10−17 0.064
H6 5.79·104 6.63·10−17 0.120 C26 -4.79·104 3.47·10−18 0.006
H7 -3.58·105 4.10·10−16 0.740 C27 1.79·105 1.29·10−17 0.023
H8 -2.02·106 2.31·10−15 4.175 C28 3.89·105 2.81·10−17 0.051
H9 -7.18·105 8.22·10−16 1.486 C29 8.25·105 5.97·10−17 0.108
H10 -3.98·105 4.56·10−16 0.823 C30 2.11·105 1.53·10−17 0.028
H11 -7.99·104 9.15·10−17 0.165 C31 9.73·104 7.04·10−18 0.013
H12 1.74·106 2.00·10−15 3.605 C32 -1.83·105 1.32·10−17 0.024
H13 -1.72·106 1.97·10−15 3.554 C33 -3.97·105 2.87·10−17 0.052
H14 -1.60·105 1.83·10−16 0.330 C34 -4.61·105 3.34·10−17 0.060
H15 1.12·105 1.28·10−16 0.231 C35 -1.11·106 8.04·10−17 0.145
H16 1.53·105 1.75·10−16 0.316 C36 -3.63·106 2.63·10−16 0.475
H17 5.28·104 6.05·10−17 0.109
H18 -2.65·105 3.03·10−16 0.548
H19 -8.44·105 9.66·10−16 1.746
H20 -4.51·106 5.17·10−15 9.338

Table D.9: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 9. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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Atom Φ̄p(2) |P | |V | Atom Φ̄p(2) |P | |V |
O1 -4.71·106 1.16·10−15 2.087 C1 2.62·106 1.90·10−16 0.343
O2 6.28·106 1.54·10−15 2.787 C2 5.93·105 4.29·10−17 0.078
O3 -7.83·106 1.92·10−15 3.475 C3 4.05·105 2.93·10−17 0.053
O4 1.60·107 3.92·10−15 7.088 C4 1.58·105 1.14·10−17 0.021
O5 1.87·107 4.59·10−15 8.300 C5 -6.45·103 4.67·10−19 0.001
O6 -2.63·107 6.46·10−15 11.68 C6 4.25·106 3.08·10−16 0.556
N1 -3.66·105 5.84·10−18 0.011 C7 5.03·106 3.65·10−16 0.659
N2 7.47·106 1.19·10−16 0.215 C8 1.65·106 1.20·10−16 0.216
F1 1.31·106 1.33·10−15 2.408 C9 2.33·106 1.68·10−16 0.304
F2 4.52·105 4.59·10−16 0.829 C10 6.12·105 4.43·10−17 0.080
F3 1.15·106 1.16·10−15 2.105 C11 6.54·105 4.73·10−17 0.086
F4 -2.16·106 2.19·10−15 3.956 C12 2.11·105 1.52·10−17 0.028
F5 -2.09·106 2.12·10−15 3.826 C13 -1.39·105 1.01·10−17 0.018
F6 -3.05·106 3.10·10−15 5.593 C14 4.80·106 3.47·10−16 0.628
F7 1.26·106 1.28·10−15 2.317 C15 7.14·106 5.17·10−16 0.934
F8 1.53·106 1.55·10−15 2.806 C16 2.65·106 1.92·10−16 0.347
F9 2.41·106 2.45·10−15 4.424 C17 1.63·106 1.18·10−16 0.213
S1 -1.87·105 6.33·10−18 0.011 C18 1.72·106 1.25·10−16 0.225
S2 -7.39·105 2.50·10−17 0.045 C19 3.71·105 2.69·10−17 0.049
S3 2.54·106 8.59·10−17 0.155 C20 5.40·105 3.91·10−17 0.071
H1 4.62·105 5.29·10−16 0.956 C21 9.61·105 6.96·10−17 0.126
H2 1.37·105 1.57·10−16 0.284 C22 -3.84·106 2.78·10−16 0.502
H3 -5.27·104 6.03·10−17 0.109 C23 -9.29·106 6.72·10−16 1.215
H4 2.61·106 2.99·10−15 5.402 C24 -3.75·106 2.71·10−16 0.490
H5 7.83·105 8.97·10−16 1.621 C25 7.73·105 5.60·10−17 0.101
H6 1.91·105 2.19·10−16 0.396 C26 7.99·104 5.78·10−18 0.010
H7 -1.73·105 1.98·10−16 0.358 C27 8.87·103 6.42·10−19 0.001
H8 2.83·106 3.24·10−15 5.850 C28 2.15·105 1.56·10−17 0.028
H9 -1.85·105 2.12·10−16 0.383 C29 6.83·105 4.94·10−17 0.089
H10 3.20·105 3.67·10−16 0.662 C30 2.26·106 1.64·10−16 0.296
H11 7.64·105 8.75·10−16 1.581 C31 1.19·106 8.60·10−17 0.155
H12 -2.20·106 2.52·10−15 4.559 C32 9.88·105 7.16·10−17 0.129
H13 2.61·106 2.99·10−15 5.402 C33 1.55·106 1.12·10−16 0.203
H14 1.30·105 1.49·10−16 0.270 C34 3.94·106 2.85·10−16 0.516
H15 6.67·103 7.64·10−18 0.014 C35 5.25·105 3.80·10−17 0.069
H16 2.81·105 3.22·10−16 0.582 C36 4.60·105 3.33·10−17 0.060
H17 7.51·105 8.60·10−16 1.554 C37 8.30·105 6.01·10−17 0.109
H18 3.67·106 4.20·10−15 7.587 C38 8.66·105 6.27·10−17 0.113
H19 2.14·105 2.45·10−16 0.443 C39 1.68·105 1.22·10−17 0.022
H20 6.37·105 7.29·10−16 1.318 C40 1.29·106 9.37·10−17 0.169
H21 3.24·105 3.71·10−16 0.670 C41 5.60·105 4.05·10−17 0.073
H22 7.57·105 8.66·10−16 1.566
H23 1.01·105 1.16·10−16 0.210
H24 -1.37·105 1.56·10−16 0.283
H25 1.41·106 1.61·10−15 2.910
H26 1.78·106 2.04·10−15 3.691
H27 9.19·105 1.05·10−15 1.902
H28 4.47·105 5.12·10−16 0.926
H29 3.95·105 4.52·10−16 0.817
H30 6.59·105 7.55·10−16 1.364

Table D.10: Values of Φ̄p(2), expressed in ppm au, of the rotating electric polarization,
expressed in C m−2, and of the induced voltage, expressed in µV, for non-lanthanide
atoms of complex 10. 1ppm au of Φ̄p(2) = 1.94469097 · 10−18m V−1.
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D.2 Pseudo-spin S = 3
2

D.2.1 Details of spin projection calculations

In Sec. 3.2, spin projection technique [154] has been used to expand the matrix repre-
sentations of the magnetic moment, hyperfine coupling and electric dipole in the basis of

KDs |S,MS〉 on the basis of spin matrices S
(p)
q . In this Section, as an example to illustrate

the procedure used to obtain a compact formula for the generalized shielding tensor as

function of generalized EPR tensors g
(p)
q,i and A

(p)
q,i and of the generalized electric dipole

components µ
(p)
q,i , we derive the final formula of the tensor element Φ

p(2)
ijk :

Φ
p(2)
ijk = − µB

gNµN

β2

6Z0

∑
χ

e−β Eχ
∑
P

∑
p,p′,p′′

q,q′,q′′

(−1)q+q
′+q′′g
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(p′),N
q′,j µ

(p′′)
q′′,k〈χ|S

(p)
−q |χ〉〈χ|S

(p′)
−q′ |χ〉〈χ|S

(p′′)
−q′′ |χ〉

(D.1)
where χ represents a degenerate manifold. Further development of Eq. D.1 yields:
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(D.2)

We then recall Wigner-Eckart theorem to factor spin matrix elements into a 3j symbol
and a reduced matrix element

〈S,MS|S(p)
q |S,M ′

S〉 = (−1)S−M〈S||S(p)||S〉
(

S p S
−M q M ′

)
(D.3)

where the triangular inequality of the 3j symbol p ≤ 2S proves the maximum rank of the
spin tensors in any spin projection. The reduced matrix elements up to order 3 are:

〈S||S(0)||S〉 =
√

2S + 1

〈S||S(1)||S〉 =
√
S(2S + 1)(S + 1)

〈S||S(2)||S〉 =
√

1
6
(2S − 1)S(2S + 1)(S + 1)(2S + 3)

〈S||S(3)||S〉 =
√

(S − 1)(2S − 1)S(2S + 1)(S + 1)(2S + 3)(S + 2)

(D.4)
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Plugging Eq. D.4 into Eq. D.3, we obtain the following matrix representations for the spin
operators:
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where I is the 4× 4 identity matrix.
Plugging in spin matrix elements into Eq. D.2, we obtain:
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with
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After carrying out a similar procedure for the remaining terms in Eq. (P45), we obtain a
compact formula for the generalized shielding tensor:
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where we define
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D.2.2 Analysis of ground and excited state contributions

Ground state

Atom Φ̄
3
2 Φ̄

3
2
2 Φ̄

3
2
1 Φ̄

3
2
0

H1 -9.68·105 -1.25·106 2.83·105 3.12·101

H2 -2.43·105 -3.08·105 6.43·104 -3.32
H3 -9.97·105 -1.25·106 2.58·105 8.74·101

H4 1.06·106 1.37·106 -3.06·105 -1.13·102

H5 1.28·106 1.64·106 -3.60·105 -8.19·101

H6 1.20·106 1.53·106 -3.34·105 -1.05·102

H7 1.49·106 1.90·106 -4.08·105 -1.27·102

H8 4.76·104 6.39·104 -1.63·104 -2.33
H9 5.90·105 7.52·105 -1.61·105 -6.97·101

H10 1.00·106 1.27·106 -2.70·105 -9.87·101

H11 6.63·105 8.36·105 -1.73·105 -1.09·102

H12 -1.21·105 -1.95·105 7.44·104 -4.11·101

H13 1.31·105 1.48·105 -1.64·104 -5.07·101

H14 1.01·104 4.59·103 5.52·103 -1.70
H15 1.60·106 2.04·106 -4.40·105 -1.80·102

H16 6.10·105 7.78·105 -1.68·105 -8.86·101

H17 9.78·105 1.27·106 -2.88·105 -8.10·101

H18 -5.71·105 -7.46·105 1.75·105 -2.19·101

H19 -1.38·106 -1.77·106 3.94·105 1.02·102

H20 -9.62·105 -1.25·106 2.89·105 4.28·101

H21 -1.24·106 -1.63·106 3.86·105 6.51·101

H22 -1.09·106 -1.54·106 4.55·105 2.26
H23 7.46·105 9.89·105 -2.43·105 -9.12·101

H24 1.82·106 2.23·106 -4.12·105 -4.31·101

H25 -3.60·105 -4.03·105 4.26·104 9.89·101

Table D.11: Values of Φ̄ and of its components, expressed in ppm au, for the ground state
for hydrogen atoms of [Dy(acac)3(H2O)2]. Atom labels are consistent with Table ??.
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Atom Φ̄
3
2 Φ̄

3
2
2 Φ̄

3
2
1 Φ̄

3
2
0

C1 -8.07·105 -1.03·106 2.19·105 3.72·101

C2 -4.80·105 -5.89·105 1.08·105 -4.16·101

C3 2.02·106 2.60·106 -5.85·105 -2.07·102

C4 4.67·106 5.99·106 -1.32·106 -3.86·102

C5 1.75·106 2.24·106 -4.87·105 -1.40·102

C6 6.69·105 8.53·105 -1.84·105 -7.23·101

C7 1.45·106 1.86·106 -4.08·105 -1.75·102

C8 1.08·106 1.36·106 -2.85·105 -1.76·102

C9 5.23·105 6.22·105 -9.88·104 -1.47·102

C10 5.72·104 4.59·104 1.13·104 -4.41·101

C11 1.24·106 1.59·106 -3.49·105 -1.41·102

C12 1.64·106 2.12·106 -4.71·105 -2.53·102

C13 -1.23·106 -1.60·106 3.66·105 -1.70·101

C14 -4.08·106 -5.27·106 1.19·106 2.15·102

C15 -1.57·106 -2.03·106 4.66·105 9.01·101

O1 -8.21·106 -1.05·107 2.27·106 4.33·102

O2 1.33·107 1.70·107 -3.72·106 -9.72·102

O3 -4.44·105 -5.26·105 8.24·104 7.66·101

O4 6.79·104 -4.22·104 1.10·105 -6.84·101

O5 9.74·106 1.26·107 -2.86·106 -8.37·102

O6 -1.27·107 -1.64·107 3.67·106 9.26·102

O7 3.48·105 2.22·105 1.26·105 4.88·101

O8 1.63·105 3.10·105 -1.47·105 3.03

Table D.12: Values of Φ̄ and of its components, expressed in ppm au, for the ground state
for other atoms of [Dy(acac)3(H2O)2]. Atom labels are consistent with Table ??.
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Excited state

Atom Φ̄
1
2 Φ̄

1
2
2 Φ̄

1
2
1 Φ̄

1
2
0

H1 -8.76·105 -5.93·105 -2.83·105 -3.12·101

H2 -4.85·104 1.57·104 -6.43·104 3.32
H3 -8.40·105 -5.82·105 -2.58·105 -8.74·101

H4 1.45·106 1.14·106 3.06·105 1.13·102

H5 1.32·106 9.58·105 3.60·105 8.19·101

H6 1.32·106 9.83·105 3.34·105 1.05·102

H7 1.45·106 1.04·106 4.08·105 1.27·102

H8 -1.32·105 -1.48·105 1.63·104 2.33
H9 5.50·105 3.89·105 1.61·105 6.97·101

H10 8.51·105 5.80·105 2.70·105 9.87·101

H11 7.39·105 5.66·105 1.73·105 1.09·102

H12 -1.89·105 -1.15·105 -7.44·104 4.11·101

H13 1.59·105 1.43·105 1.64·104 5.07·101

H14 5.59·103 1.11·104 -5.51·103 1.70
H15 1.91·106 1.47·106 4.40·105 1.80·102

H16 8.71·105 7.03·105 1.68·105 8.86·101

H17 1.29·106 1.01·106 2.88·105 8.10·101

H18 -3.57·105 -1.81·105 -1.75·105 2.19·101

H19 -1.58·106 -1.18·106 -3.94·105 -1.02·102

H20 -1.05·106 -7.63·105 -2.89·105 -4.28·101

H21 -1.56·106 -1.17·106 -3.86·105 -6.51·101

H22 -1.91·106 -1.46·106 -4.55·105 -2.26
H23 5.52·105 3.09·105 2.43·105 9.12·101

H24 7.00·105 2.88·105 4.12·105 4.31·101

H25 -2.12·105 -1.69·105 -4.27·104 -9.89·101

Table D.13: Values of Φ̄ and of its components, expressed in ppm au, for the excited state
for hydrogen atoms of [Dy(acac)3(H2O)2]. Atom labels are consistent with Table ??.
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Atom Φ̄
1
2 Φ̄

1
2
2 Φ̄

1
2
1 Φ̄

1
2
0

C1 -5.83·105 -3.64·105 -2.19·105 -3.72·101

C2 4.10·105 5.19·105 -1.08·105 4.16·101

C3 2.76·106 2.18·106 5.85·105 2.07·102

C4 5.30·106 3.98·106 1.32·106 3.86·102

C5 1.84·106 1.35·106 4.87·105 1.40·102

C6 5.24·105 3.41·105 1.84·105 7.23·101

C7 1.24·106 8.35·105 4.08·105 1.75·102

C8 1.19·106 9.08·105 2.86·105 1.76·102

C9 6.48·105 5.49·105 9.89·104 1.47·102

C10 5.56·104 6.69·104 -1.13·104 4.41·101

C11 1.63·106 1.29·106 3.49·105 1.41·102

C12 2.74·106 2.27·106 4.72·105 2.53·102

C13 -8.11·105 -4.45·105 -3.66·105 1.70·101

C14 -4.31·106 -3.11·106 -1.19·106 -2.15·102

C15 -1.80·106 -1.33·106 -4.66·105 -9.01·101

O1 -6.87·106 -4.60·106 -2.27·106 -4.33·102

O2 1.36·107 9.91·106 3.72·106 9.72·102

O3 -2.20·106 -2.12·106 -8.25·104 -7.66·101

O4 -1.03·105 7.29·103 -1.10·105 6.84·101

O5 1.29·107 1.00·107 2.86·106 8.37·102

O6 -1.48·107 -1.11·107 -3.67·106 -9.26·102

O7 -1.44·106 -1.31·106 -1.26·105 -4.88·101

O8 2.72·105 1.25·105 1.47·105 -3.03

Table D.14: Values of Φ̄ and of its components, expressed in ppm au, for the excited state
for other atoms of [Dy(acac)3(H2O)2]. Atom labels are consistent with Table ??.
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mieri, D. Peng, K. Pflüger, R. Pitzer, M. Reiher, T. Shiozaki, H. Stoll, A. J. Stone,
R. Tarroni, T. Thorsteinsson, and M. Wang. Molpro, version 2015.1, a package of
ab initio programs, 2015. see http://www.molpro.net.

[95] A. Soncini. Charge and Spin Currents in Open–Shell Molecules: A Unified Des-
cription of NMR and EPR Observables. J. Chem. Theory Comput., 3:2243–2257,
2007.

[96] P. Lazzeretti, R. Zanasi, and M. Malagoli. N/a. Sistemi Informatici e Calcolo
Parallelo, 1991.

[97] B. Schling. The Boost C++ Libraries. XML Press, 2011.

[98] G. Guennebaud, B. Jacob, et al. Eigen v3. http://eigen.tuxfamily.org, 2010.

[99] Edward F. Valeev. Libint – efficient computation of quantum mechanical matrix
elements over Gaussian basis sets.

[100] The pVp integrals necessary for the calculation of the DKH2 scalar relativistic
Hamiltonian were obtained by a modification of the LIBINT libraries performed by
S. V. Rao, M. Piccardo and A. Soncini, see Ph.D. thesis of S. V. Rao for further
details, in preparation.

[101] M. Douglas and N. M. Kroll. Quantum electrodynamical corrections to the fine
structure of helium. Ann. Phys., 82:89–155, 1974.

[102] J. H. Van Lenthe, R. Zwaans, H. J. J. Van Dam, and M. F. Guest. Starting SCF
Calculations by Superposition of Atomic Densities. J. Comp. Chem., 27:926–932,
2006.

[103] R. S. Mulliken. Electronic population analysis on LCAO-MO molecular wave functi-
ons. J. Chem. Phys., 23:1841–1846, 1955.

152



Chapter II.BIBLIOGRAPHY
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