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We computationally investigate the excitation of 
subradiant modes and Fano resonances of arrays of 
simple antenna elements with subwavelength 
dimensions. We show that periodic arrangements of 
dipoles on a flat surface provide a highly flexible 
approach for developing a range of metasurfaces with 
high sensitivity to both the wavelength of the incident 
radiation and angle of incidence. This provides a 
platform for the development of a range of 
metasurfaces with a wavelength-tunable sensitivity to 
phase gradients in an incident field. 
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Over the past decade, scattering of visible and near-infrared light by metallic nanoparticles has been one of the cornerstones of the field of plasmonics [1]. More recently, ‘metasurfaces’ consisting of periodic arrangements of nanoparticles acting as optical antennas that take advantage of the resonant properties of the constituent nanoparticles [2, 3] have been proposed and demonstrated. These arrays of antennas with subwavelength dimensions can be used as the basis for a wide variety of photonic devices [4]. Arrays of simple dipoles can be used as the basis for filters and polarizers, pairs of antennas (dimers) have been used as sensors and various arrangements of three wires (trimers) have been shown to act as plasmonic ‘rulers’ or to perform information processing operations [5-12]. Frequency-selective surfaces also have a long history as spectral filters and other optical elements for use with far-infrared and millimetre waves [13-15] and many metasurface designs can be considered as optical analogs of these devices.  Both metasurfaces and frequency-selective surfaces exhibit complex resonant behavior as a result of coupling between the particles and interference between different modes of the unit cell and diffracting plane waves. Here we investigate metasurfaces for sensing optical phase differences. Previous research in this area has shown that arrays of dolmen structures [16] are sensitive to the component 

of the phase gradient in an incident plane wave along a specific direction. This was extended to a metasurface where the unit cell consisted of an expanded arrangement of nanoparticles [17] that sensed phase difference along both directions in the plane of the surface. A wavevector-selective metasurface for THz radiation has also been demonstrated [18]. The fundamental resonance mode of a localized surface plasmon on a metal nanoparticle is usually dominated by the dipole moment of the oscillating charge providing a motivation for representing LSP resonances as simple dipole antennas. Here we consider scattering from two-dimensional, periodic arrangements of perfectly electrically conducting (PEC) wires where the unit cell is composed of three dipole antennas, a trimer, that can have various sizes, locations and orientations. The problem of scattering by multiple parallel conducting plates in a unit cell has been considered previously [19] with a view to producing frequency-selective surfaces with multiband operation. More recently the influence of the substrate on the optical properties of metasurfaces with unit cells composed of multiple antenna elements that exhibit Fano resonances  was investigated [20]. Here we computationally demonstrate that periodic ensembles of subwavelength dipoles can be arranged to be sensitive to phase variations in the incident field. The unit cells consist of nanoparticle trimers which are shown to exhibit plasmonic dark modes and Fano resonances. We look at unit cells consisting of three parallel antennas (Fig. 1(b)) and three dipoles arranged in a triangle (Fig. 1(c)). Both these structures exhibit dark modes, including magnetic modes, that can be excited using an off-normally incident plane wave.  We also revisit metasurfaces composed of dolmen arrangements of antennas (Fig. 1(d)) and demonstrate scattering into a cross-polarized field component that is sensitive to angle of incidence, i.e. to phase differences in the incident field [16]. Although a wide variety of methods, including full-field techniques, exist for studying scattering by nanostructures, the computational approach used here follows a conventional modal method [13, 14, 20, 21], also known as the modal-matching technique, that has been used with considerable success to describe a range of frequency selective surfaces [21]. A complete description of the modal method can be found in [21-23], its extension to the role played by substrates in  [24] 



and its use with multi-element unit cells in [20], so the technique is only summarized here for completeness. The electric and magnetic fields above and below a periodic array of subwavelength structures are written as a discrete sum over transverse electric (TE) and transverse magnetic (TM) Floquet modes. If we assume that the structures are infinitesimally thin and PEC, the surface currents excited on these structures can be written as a sum over orthonormal functions of two variables satisfying the appropriate boundary conditions at the edges of the plates. By looking at the coupling between each of these modes and the diffracted plane wave Floquet components, a series of linear equations for the modal amplitudes can be derived and solved using standard computational methods. Once these modal amplitudes are known, the amplitudes of all propagating and evanescent plane waves can be determined, along with the total reflected and transmitted power.  Specifically, we consider here an infinite, square two-dimensional array of period, d, occupying the x-y plane where each unit cell consists of ensembles of infinitesimally thin, PEC dipoles lying in the plane. The assumption of perfect conductivity is widely used when considering frequency-selective surfaces for use in the far-infrared and millimeter wave regions of the electromagnetic spectrum. The wires are all identical, having length a and width b and we assume that the substrate has a refractive index of 1. The methodology, however, is easily extended to include antennas of different lengths, the presence of a finite thickness [25] or  semi-infinite substrates [24, 26] or for  arrays not exhibiting square symmetry.  The surface is illuminated by a monochromatic plane wave of wavenumber k0 = 2π/λ where λ is the wavelength incident from vacuum at an angle to the surface normal of θ.  

 
Fig. 1. The surface under consideration is an infinite square array of period d with unit cells composed of several dipoles of length a and width b . Specific unit cells considered here comprise (b) three identical parallel wires with distances between their centers given by s, (c) three wires arranged in a symmetric triangular configuration with the distance from the center of the wire to the geometric center of the ensemble given by s and (d) a dolmen structure as shown. In many cases, the currents on the antennas are well-described by the lowest order current mode so that the monomodal approximation [24, 27], referred to as the ‘minimal model’ in [20], can be used, thereby  facilitating theoretical interpretation, significantly enhancing numerical performance and, thus, extending the range of problems and parameter space that can be investigated. Although each antenna is assumed to carry a current with the same spatial distribution, they each 

have a different amplitude due to variations in coupling of each wire to the incident field and to differences in intra-cell coupling between wires. We, therefore, write the standing-wave surface current on the wires in terms of a simple sinusoidal expression enforcing the condition that the current goes to zero at the ends of the wire and is uniform across the direction perpendicular to the direction of the current. Assuming the wire is oriented parallel to a unit vector α̂  and is centered on the point in the x-y plane Tmx
 , the current on antenna m will have a spatial dependence on transverse coordinates, ( ),Tx x y=  given by: 
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(1) Assuming the dipoles do not overlap, the total surface current 
( )TK x

  across one unit cell can then be written as a sum over each antenna: 
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      (2) where Bm is the amplitude of the current distribution on wire m.  By applying the boundary conditions requiring: (i) continuity of the transverse component of the electric field across the boundary defined by the surface, (ii) vanishing amplitude of this field on the PEC antennas, and (iii) that the discontinuity in the transverse component of the magnetic field is related to the surface current, gives rise to a set of linear equations that can be solved for the amplitudes Bm: 
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D E C= −     (5) In Eqs (4) and (5) the index r denotes either TE (r = 1) or TM (r = 2) polarization and the indices p and q characterize the transverse spatial frequencies of each diffracted Floquet mode. The quantity 0

00rE is the amplitude of the incident Floquet mode with polarization r, and rpqZ is the mode impedance of mode rpq [21]. In Eqs. (4) and (5) the asterisk denotes complex conjugation and the terms m
rpqC in Eq. (4) describe the coupling of the current on antenna m to the plane wave mode rpq and depend on the specific arrangement of wires under consideration. The off-diagonal terms in mMQ characterize coupling between particles m and M, whereas the diagonal terms describe direct coupling of each particle to the fields. Note that the array, QmM depends only on the geometry of the problem and the dielectric environment whereas DM also depends on the incident field. Once these quantities are known, it is possible to find the amplitudes Bm using eqn (3) and then the amplitudes of each Floquet (plane-wave) mode, Erpq, using an expression obtained from the boundary conditions: 
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produced that is sensitive to angle of incidence through the phase gradient of the excitation field. The reflectance spectra for a plane wave at normal and at 30° to normal incidence are shown in Fig. 4(a) and 4(c) respectively. In Fig. 4(a), a broad peak in reflectance centered on a wavelength of 1.36d is apparent corresponding to excitation of the horizontal dipole mode of the ensemble. The amplitudes shown in Fig. 4(b) confirm that no current is excited on the vertical (as defined in the inset) wire. As the angle of incidence increases to 30° (TE-polarization), a Fano resonance in the reflectance spectrum (Fig. 4(c)) appears at 1.65d. Looking at the amplitudes of the current on the wires as defined in the inset (Fig. 4(d)), it is apparent that the longer wavelength resonance is associated with excitation of current on the vertical wire. This excitation introduces a cross-polarized component into both the reflected and transmitted fields. To further highlight this, Fig. 4(e) shows the reflectance spectrum of the cross-polarized (y-) component of the transmitted power as a function of angle of incidence. The feature in the spectrum near a wavelength of 1.55d is associated with excitation of a current on the y-oriented dipole and increases with angle of incidence up to an angle of about 15° beyond which the Wood anomaly red-shifts this resonance and reduces its strength. Fig. 4(f) shows the average cross-polarized intensity transmitted through a bandwidth delimited by wavelengths of 1.5d and 1.7d as a function of angle of incidence. Despite the small transmission, the dependence on spatial frequency is apparent. Tests indicate that the calculated spectral location of the peak transmission is (within the stated approximations) is accurate to better than 1%. In conclusion, dark modes of arrangements of dipoles forming the unit cell of a metasurface exhibit a wavelength-dependent sensitivity to angle of incidence. Three examples of trimeric metasurfaces were considered and their reflectance properties calculated. The sensitivity of these modes to angle of incidence and the associated phase gradient in the incident field raises the prospect of their use in various information processing applications [30]. The periodicity of the surface is integrated into the model so Wood anomalies associated with diffractive effects and their interference with localized resonances can also be seen. Furthermore, interference between radiant and subradiant modes producing Fano resonances lead to rich and complex spectra that can be tailored to create surfaces with specific properties for use as sensing elements, filters and other optical devices. Although quantitative predictions arising from this research are confined to the millimeter wave part of the spectrum, where assumptions about the high conductivity of metals is reasonable, the strategy presented here provides an intuitive approach to designing metasurfaces across the electromagnetic spectrum. Any results involving real materials and structures would need to be confirmed with a full field solver, but approximate, quasi-analytic approaches such as the electrostatic approximation and the methods proposed here, form the basis for rapid testing of concepts and structures.  
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