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Abstract

Steiner tree problems in graphs, as a group of network optimization problems, are tradi-

tionally applied to design minimum-cost physical networks. Recently, with the eruption

of big data, more and more applications of network data analysis have been explored us-

ing a Steiner tree approach. These newly explored applications present serious challenges

to conventional Steiner tree techniques. Hence, more powerful Steiner tree techniques are

urgently required to support the further exploration of Steiner tree problems in graphs.

In this thesis, I explore three Steiner tree problems in graphs: the classical Steiner Tree

Problem in Graphs, the Prize-Collecting Steiner Tree Problem, and the Node-Weighted

Steiner Tree Problem.

First, I explore the classical Steiner Tree Problem in Graphs. I conduct some theo-

retical analyses on the currently popular Physarum-inspired algorithms to reveal their

potential to compute Steiner trees. Based on these analyses, I propose two Physarum-

inspired algorithms to solve the classical Steiner Tree Problem in Graphs. These two al-

gorithms demonstrate a more competitive performance than the Genetic algorithm, Dis-

crete Particle Swarm Optimization algorithm and Shortest Path Heuristic algorithm for

both randomly generated benchmark instances and real-world Very-Large-Scale Integra-

tion instances.

Second, I explore the Prize-Collecting Steiner Tree Problem. I propose a Physarum-

inspired algorithm to solve this problem in pharmaceutical networks for drug reposi-

tioning. This algorithm manifests a more competitive performance than the widely-used

Goemans-Williamson algorithm for this newly explored application, where significant

costs and risks of drug development can be avoided by identifying drugs with similar

therapeutic effects. In addition, I propose several post-processing techniques and two fast

iii



heuristic algorithms to design large and low-cost communication networks. These post-

processing techniques improve the previous best known solution of one of the largest ex-

isting benchmark instances, while these fast heuristic algorithms successfully challenge

some newly generated benchmark instances that are tens of times larger than the largest

existing ones.

Third, I explore the Node-Weighted Steiner Tree Problem. I propose two Physarum-

inspired algorithms to solve this problem for instances with multiple compulsory ter-

minals. These two algorithms evince a more competitive performance than the popular

Genetic algorithm and Discrete Particle Swarm Optimization algorithm. Furthermore,

I modify two simple reduction tests and a fast heuristic algorithm to identify elements

of cancer-related signaling pathways in large protein-protein interaction networks. The

identification results provide us a deeper understanding towards two important cancer-

related signaling pathways. Ultimately, I propose several sophisticated reduction tests,

an exact algorithm and a fast heuristic algorithm for constrained relay node placement in

cost-aware wireless sensor networks. This newly explored application enables us to indi-

vidually quantify the costs of relay nodes and transmission routes in designing wireless

sensor networks for the first time.

In summary, I explore some new applications for three Steiner tree problems in

graphs, and more powerful Steiner tree techniques are developed to support this explo-

ration. This work contributes to the promotion of Steiner tree problems in graphs as an

important network optimization approach for network data analysis and communication

network design.
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Preface

In this thesis, I explore three Steiner tree problems in graphs: the classical Steiner Tree

Problem in Graphs, the Prize-Collecting Steiner Tree Problem, and the Node-Weighted

Steiner Tree Problem.

Initially, I explore the classical Steiner Tree Problem in Graphs. I conduct some the-

oretical analyses on the currently popular Physarum-inspired algorithms to reveal their

potential to compute Steiner trees. Based on these analyses, I propose two Physarum-

inspired algorithms to solve this problem. Subsequently, I explore the Prize-Collecting

Steiner Tree Problem. I propose a Physarum-inspired algorithm to solve this problem

in pharmaceutical networks for drug repositioning. Moreover, I propose several effec-

tive post-processsing techniques and two fast heuristic algorithms to design large and

low-cost communication networks. Ultimately, I explore the Node-Weighted Steiner Tree

Problem. I propose two Physarum-inspired algorithms to solve this problem with multi-

ple compulsory terminals. Then, I modify two simple reduction tests and a fast heuris-

tic algorithm to identify elements of cancer-related signaling pathways in large protein-

protein interaction networks. In addition, I propose some sophisticated reduction tests,

an exact algorithm and a fast heuristic algorithm for constrained relay node placement in

cost-aware wireless sensor networks.

Several papers have arisen from this exploration. They are listed as follows.

Published:

• Sun, Y., Hameed, P., Verspoor, K. and Halgamuge, S. “A Physarum-inspired Prize-

Collecting Steiner Tree approach to identify subnetworks for drug repositioning”,

BMC Systems Biology, 10(S5), 25-38, 2016 (in Section 4.2)
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• Sun, Y. and Halgamuge, S. “Fast algorithms Inspired by Physarum Polycephalum
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on Evolutionary Computation (CEC), 3254-3260, 2016 (in Section 5.2)

• Sun, Y., Ma, C. and Halgamuge, S. “The node-weighted Steiner tree approach

to identify elements of cancer-related signaling pathways”, BMC Bioinformatics,

18(S16), 53-65, 2017 (in Section 5.3)

Submitted:

• Sun, Y., Brazil, M., Thomas, D. and Halgamuge, S. “The fast heuristic algorithms

and post-processing techniques to design large and low-cost communication net-

works”. IEEE/ACM Transactions on Networking (in Section 4.3)
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Chapter 1

Introduction

1.1 Background & motivation

The Steiner tree problem, which is named after Jakob Steiner, a 19th-century mathemati-

cian at the University of Berlin, is an umbrella term for a class of problems in network

optimization. The oldest Steiner tree problem can be formulated as follows:

• Given three points A, B and C in the plane, find a point S such that the sum of its

distances to the three given points is minimal.

Even though this problem sounds somewhat simple, it provides the basic consider-

ation of a most comprehensive treatment of various network optimization problems in

the literature. Currently, there are two major classes of Steiner tree problems, which are

geometric Steiner tree problems and Steiner tree problems in graphs. The Steiner points,

such as the point S, can be placed anywhere in the given metric space in geometric Steiner

tree problems, while they can only be placed at predetermined candidate locations in the

given graph in Steiner tree problems in graphs. In this thesis, I focus on Steiner tree

problems in graphs.

Many Steiner tree problems in graphs have been proposed in the last few decades.

Specifically, three of them are studied in detail: the classical Steiner Tree Problem in

Graphs (STPG), the Prize-Collecting Steiner Tree Problem (PCSTP), and the Node-

Weighted Steiner Tree Problem (NWSTP). All of them were originally applied to design

physical networks. For example, STPG was applied to design Very-Large-Scale Integra-

tion (VLSI) circuits [1]; PCSTP was applied to design telecommunication networks [2];
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2 Introduction

NWSTP was applied to design pipeline networks in oil extraction areas [3].

Nevertheless, with the eruption of big data [4–6], an increasing number of applica-

tions of network data analysis have recently been explored using a Steiner tree approach.

For instance, Faust et al. (2010) [7] discovered signaling pathways in metabolic networks;

Bailly et al. (2011) [8] found undetected protein associations in cells; Russakovsky and

Ng (2010) [9] sped up object detection in images; Vijayanarasimhan and Grauman (2011)

[10] detected non-boxy objects in images; Hegde et al. (2014) [11] removed image noises;

Schmidt et al. (2015) [12] extracted seismic features in images; Lee et al. (2012) [13]

designed search engines; Chen and Zhuge (2016) [14] generated related paper through

citations; and Rozenshtein et al. (2014) [15] detected events in social networks. More-

over, it is fair to say that there are still many new applications waiting to be explored

for Steiner tree problems in graphs. On the other hand, these new applications present

serious challenges to traditional Steiner tree techniques. For example, very fast heuristic

algorithms are required to remove image noises [11]. Hence, more powerful Steiner tree

techniques should be developed simultaneously to support this exploration.

1.2 Aim and scope

The aim of this thesis is to promote Steiner trees problems in graphs as an important

network optimization approach for network data analysis and communication network

design.

Three Steiner trees problems in graphs, that are STPG, PCSTP, and NWSTP, are in the

scope of this thesis.

1.3 Problem definitions

Here, the formal definitions of STPG, PCSTP, and NWSTP are presented.

Definition 1.1 (The classical Steiner Tree Problem in Graphs). Let G(V, E, T, c) be a con-

nected undirected graph, where V is the set of vertices, E is the set of edges, T is a subset of V

called compulsory terminals, and c is a function which maps each edge in E to a positive value
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called the edge cost. The purpose is to find a connected subgraph G′(V ′, E′), T ⊆ V ′ ⊆ V, E′ ⊆ E

with the minimum cost c(G′) = ∑e∈E′ c(e).

Definition 1.2 (The Prize-Collecting Steiner Tree Problem). Let G(V, E, T, w, c) be a con-

nected undirected graph, where V is the set of vertices, E is the set of edges, T is a subset of V

called compulsory terminals, w is a function which maps each vertex in V to a non-negative value

called the node weight, and c is a function which maps each edge in E to a positive value called

the edge cost. The purpose is to find a connected subgraph G′(V ′, E′), T ⊆ V ′ ⊆ V, E′ ⊆ E

with the minimum net-cost c(G′) = ∑v∈V\V′ w(v) + ∑e∈E′ c(e) or the maximum net-weight

w(G′) = ∑v∈V′ w(v)−∑e∈E′ c(e).

Definition 1.3 (The Node-Weighted Steiner Tree Problem). Let G(V, E, T, w, c) be a con-

nected undirected graph, where V is the set of vertices, E is the set of edges, T is a subset of

V called compulsory terminals, w is a function which maps each vertex in V to a real value

called the node weight, and c is a function which maps each edge in E to a positive value called

the edge cost. The purpose is to find a connected subgraph G′(V ′, E′), T ⊆ V ′ ⊆ V, E′ ⊆ E

with the minimum net-cost c(G′) = ∑v∈V\V′ w(v) + ∑e∈E′ c(e) or the maximum net-weight

w(G′) = ∑v∈V′ w(v)−∑e∈E′ c(e).

Clearly, STPG can be considered as a special case of PCSTP where all the node weights

are 0, and PCSTP can be considered as a special case of NWSTP where all the node

weights are nonnegative. Their optimal solution is called Steiner Minimum Tree (SMT).

Since STPG is NP-hard [16], PCSTP and NWSTP are also NP-hard.

Notably, we consider NWSTP as a problem first proposed by Duin and Volgenant in

1987 [3], where they named it as the Node-weighted Steiner Problem. Nevertheless, some

researchers consider NWSTP as a special case of the Single Point Weighted Steiner Tree

problem, which was proposed by Segev at the same time [17]. Their NWSTP is different

from ours in that all the weights are on vertices and nonnegative, and it has been well

studied in the last few decades, such as the close approximations achieved by Guha and

Khuller [18].
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1.4 Main publications

Several papers have arisen from this thesis. They are listed as follows.

Published:

• Sun, Y., Hameed, P., Verspoor, K. and Halgamuge, S. “A Physarum-inspired Prize-

Collecting Steiner Tree approach to identify subnetworks for drug repositioning”,

BMC Systems Biology, 10(S5), 25-38, 2016 (in Section 4.2)

• Sun, Y. and Halgamuge, S. “Fast Algorithms Inspired by Physarum Polycephalum

for Node Weighted Steiner Tree Problem with Multiple Terminals”. IEEE Congress

on Evolutionary Computation (CEC), 3254-3260, 2016 (in Section 5.2)

• Sun, Y., Ma, C. and Halgamuge, S. “The node-weighted Steiner tree approach

to identify elements of cancer-related signaling pathways”, BMC Bioinformatics,

18(S16), 53-65, 2017 (in Section 5.3)

Submitted:

• Sun, Y., Brazil, M., Thomas, D. and Halgamuge, S. “The fast heuristic algorithms

and post-processing techniques to design large and low-cost communication net-

works”. IEEE/ACM Transactions on Networking (in Section 4.3)

1.5 Abbreviations

• ADA: the Adapted Dijkstra’s Algorithm

• ATC: the Anatomical Therapeutic Chemical classification system

• C01-C10: the cardiovascular subclasses of drugs in the Anatomical Therapeutic

Chemical (ATC) classification system

• DPSO: the Discrete Particle Swarm Optimization algorithm

• DSN: the Drug Similarity Network
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• FGW: the Fast implementation of the unrooted Goemans-Williamson algorithm

• FGW′: the improved Fast implementation of the unrooted Goemans-Williamson

algorithm

• FGW′′: the proposed Fast implementation of the rooted Goemans-Williamson algo-

rithm

• FSMT: Full Steiner Minimum Tree

• GA: the Genetic Algorithm

• GPrA: the General Pruning Algorithm

• GW: the Goemans-Williamson algorithm

• HMS3-PO: the Hierarchical Multiple Sources Single Sink Physarum Optimization

algorithm

• LNPO: the Lowest-cost Network Physarum Optimization algorithm

• LP: Linear Programming

• LPP: the Lowest-cost Path Problem

• MIP: Mixed Integer Programming

• MS3-PO: the Multiple Sources Single Sink Physarum Optimization algorithm

• MST: Minimum Spanning Tree

• MSTG: the MSTG algorithm (MST+GPrA)

• NWPFSTP: the Node-Weighted Partial Full Steiner Tree Problem

• NWSTP: the Node-Weighted Steiner Tree Problem

• NWSTPT: the Node-Weighted Steiner Tree Problem in Trees

• PA: the Physarum-inspired Algorithm
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• PCSTP: the Prize-Collecting Steiner Tree Problem

• PS: the Physarum Solver

• PSIA: the Physarum-inspired Subnetwork Identification Algorithm

• P3: the proposed Post-Processing Procedure

• SCCG: the Single-tiered Cost-aware Communication Graph

• SMRCG: the Single-tiered Multi-type Relay Communication Graph

• SPH: the Shortest Path Heuristic algorithm

• SPA: the Strong Pruning Algorithm

• SPP: the Shortest Path Problem

• SPrA′: the adapted Strong Pruning Algorithm

• SMT: Steiner Minimum Tree

• STPG: the classical Steiner Tree Problem in Graphs

• STPMSPBEL: the Steiner Tree Problem with Minimum number of Steiner Points

and Bounded Edge-Length

• TCCG: the Two-tiered Cost-aware Communication Graph

• TGA: the Tree Growing Algorithm

• VLSI: Very-Large-Scale Integration

• WSN: Wireless Sensor Network

1.6 Notation

• Aij: a value associated with edge (i, j), which equals Dij/cij and is used in the

theoretical analyses on PAs
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• B: the set of base stations

• b: the betweenness degree

• C(i, j): the composite cost for edge (i, j)

• cij or c(i, j): the cost of edge (i, j)

• con: the score reflecting the confidence of the existence of protein-protein interac-

tions

• c(G): the net-cost of graph G

• CTj: the Concrete Tree j

• D: the graph density

• Dij: the conductivity of edge (i, j)

• d(i, j): the Euclidean distance between i, j

• e: edge

• ep(i, j): edge part (i, j) in the GW algorithms

• G(V, E, T, TL, w, c): a connected undirected graph, where V is the set of vertices, E

is the set of edges, T is a subset of V called compulsory terminals, TL is a subset of

T called compulsory leaf terminals, w is a function which maps each vertex in V to

a real value called the node weight, and c is a function which maps each edge in E

to a positive value called the edge cost.

• I0: the quantity of flux

• Ic: the number of non-terminal vertices that represent drugs that are in both the

identified subnetwork and the cardiovascular class in Equation (4.3)

• Ie: the edge set in the proposed implementation method of reduction tests

• L: the set of candidate locations of relay nodes
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• l(i): the total length of edges incident to vertex i

• Nnc: the number of vertices that represent drugs that are neither in the identified

subnetwork nor in the cardiovascular class in Equation (4.3)

• nw: the value attached to vertices in the pruning algorithms

• P: a simple path

• P(i): the probability of selecting compulsory terminal i to be the sink node in Algo-

rithm 1

• pi: the pressure at vertex i

• Qij: the flux in edge (i, j)

• R: the set of candidate relay nodes

• RI: the Rand Index

• r: the root

• ri: the transmission range of device i

• S: the set of sensor nodes

• SPij: the shortest path between i and j

• s: the edge splitting ratio in the proposed fast implementation of GW algorithm

• t: the time value

• Vi: the set of vertices that are adjacent to vertex i

• v: vertex

• wi or w(i): the node weight of vertex i

• w(G): the net-weight of graph G

• κij: the radius of edge (i, j)
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• ξ: the viscosity coefficient

• ε: the threshold value of edge conductivity

• τi: the feature vector of drug i

• σi: the degree of vertex i

• Θ: a tree

• b′(i, j): the new bottleneck Steiner distance between vertices x, y

• b′(i, j)−(i,j): b′(i, j) in G \ (i, j).

• bl′(P): the new bottleneck length of a simple path P

• Gb′(Vi): the complete graph where the set of vertices is Vi, the cost of edge (p, q) is

b′(p, q)

• d2(i, j): the length of the shortest path between vertices i, j in graph G2, which is

defined in Chapter 5.4.3

• Gd2(Vi): the complete graph where the set of vertices is Vi, the cost of edge (p, q) is

d2(p, q)

• α,β, γ, η, µ, δ, M, m, N, n, K, k, x, y: widely-used constants





Chapter 2

Steiner tree problems in graphs: a
literature review

2.1 Introduction

STPG, PCSTP and NWSTP were proposed decades ago to design minimum-cost net-

works. Many applications and techniques have been developed for them since then. In

this chapter, we respectively review these applications and techniques to give a picture

of their current development.

2.2 Real-life applications: from physical network design to data
analysis

STPG, PCSTP and NWSTP were originally proposed to design physical networks. Re-

cently, with the eruption of big data, more and more applications of network data anal-

ysis have been explored using a Steiner tree approach. Here, we review the applications

that have been explored to date.

STPG was originally applied to design physical topologies of telecommunication net-

works [19] and VLSI circuits [20], where vertices represent communication spots, edges

represent transmission routes between spots, and edge costs represent costs of trans-

mission routes. Moreover, STPG has also been applied to design non-physical networks,

such as the routing topologies of IP-based LEO satellite networks [21], where vertices rep-

resent satellites, edges represent transmission routes between satellites, and edge costs

represent bandwidths. Unlike the traditional applications above, network data analysis

11
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has recently been explored for STPG. For example, Gubichev and Neumann [22] searched

keywords in graphs, where vertices represent words, edges represent relationships be-

tween words, and all the edge costs are equal; Yosef et al. [23] reconstructed functional

protein networks, where vertices represent proteins, edges represent Protein-Protein In-

teractions (PPIs), and edge costs represent in-confidence scores of PPIs.

Similar to STPG, PCSTP was originally proposed to design physical topologies of

telecommunication networks [19, 24], where vertices represent communication spots,

edges represent transmission routes between spots, nonnegative node weights represent

profits from communication spots, and edge costs represent costs of transmission routes.

In this application, PCSTP has advantages over STPG since it considers not only costs of

transmission routes, but also profits from customers. Moreover, Ljubić et al. [25] have

reported a similar application in the planning of heating networks, where customers

have an estimated heat demand and the street network provides the underlying graph

where pipes can be laid down. Recently, PCSTP has also been applied to knowledge

management. For instance, Rozenshtein et al. [15] detected events in activity networks,

where vertices represent sensors, edges connect each pair of vertices; nonnegative node

weights represent sensing informations, and edge costs represent distances between

sensors. Another recent application of PCSTP is image processing. For instances, Hegde

et al. [11] removed noises in images; Schmidt et al. [12] extracted features in 2D seismic

images; Vijayanarasimhan and Grauman [10] detected non-boxy objects in images, where

vertices represent superpixels, edges connect adjacent superpixels, nonnegative node

weights represent contributions of superpixels to the classifier scores, and edge costs

represent strengths of intervening contours between adjacent superpixels. Ultimately,

PCSTP has also been applied to biological network data analysis. For example, Marc et

al. [8] found undetected protein associations in cell signaling pathways, where vertices

represent proteins, edges represent PPIs, nonnegative node weights represent confidence

scores of proteins in cell signaling pathways, and edge costs represent in-confidence

scores of PPIs.

On the other hand, NWSTP was first proposed to design pipeline networks in oil ex-

traction areas [3], where vertices represent equipments, edges represent connections be-
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tween equipments, real node weights represent the differences between equipment costs

and expected revenues, and edge costs represent costs to connect equipments. Recently,

NWSTP has also been applied to biological network data analysis. For example, Scott et

al. [26] identified regulatory subnetworks for a set of genes. Nevertheless, their appli-

cation only uses a special case of NWSTP, where all the edge costs are 0. Compared to

STPG and PCSTP, few applications have been explored for NWSTP to date, even though

it is more general and thus could be applied in a broader area.

2.3 Solving the Steiner tree problems in graphs

The techniques for Steiner tree problems in graphs can be divided into three groups:

pre-processing techniques; Steiner tree algorithms; and and post-processing techniques.

Pre-processing techniques, which are also called reduction tests [27], are used to trans-

form large instances into smaller equivalent instances. Steiner tree algorithms, which

include exact and heuristic algorithms [28], are used to find feasible solutions: exact al-

gorithms aim to find the optimal solutions, but their running times do not scale well for

large instances; heuristic algorithms cannot guarantee optimality, but they can find fast

feasible solutions in large instances. Post-processing techniques are used to improve the

obtained suboptimal solutions. To solve Steiner tree problems in graphs, we may first ap-

ply pre-processing techniques to reduce instance sizes, then apply Steiner tree algorithms

to obtain feasible solutions, and ultimately apply post-processing techniques to improve

these solutions if they are not optimal. Here, we respectively review these techniques for

STPG, PCSTP, and NWSTP in the literature.

2.3.1 The classical Steiner Tree Problem in Graphs

STPG has been intensively studied in the last few decades. Many exact and heuristic al-

gorithms have been proposed. The exact and heuristic solvers developed by Fischetti et

al. [29], which are based on Mixed-Integer Linear Programming (MIP) models that only

involve node variables, are the winners in most of the categories for STPG in the latest DI-

MACS Implementation Challenge on Steiner tree problems [30]. Therefore, these solvers
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can be considered as the state-of-the-art algorithms for STPG. Nonetheless, they have

high demands on machines and may not be fast enough for large instances. Hence, it may

be preferable to use other simpler and faster Steiner tree algorithms in some cases, such

as the Shortest Path Heuristic algorithm (SPH) [31–34], which approximates Steiner Min-

imum Trees (SMTs) by assembling and concatenating the shortest paths between compul-

sory terminals. Furthermore, some nature-inspired algorithms can also solve STPG, such

as the Genetic Algorithm (GA) [35], the Discrete Particle Swarm Optimization algorithm

(DPSO) [36,37], and the currently popular Physarum-inspired Algorithm (PA) [38], which

will be discussed in detail in Chapter 3. These nature-inspired algorithms may have ad-

vantages over exact and heuristic algorithms by finding high-quality solutions on simple

devices in a reasonable amount of time.

Similar to Steiner tree algorithms, abundant pre-processing techniques for reducing

the complexity of the given graph have been developed for STPG [39–41]. Beasley [42]

first proposed some simple reduction tests in 1984, such as the least-cost test and the de-

gree test. Subsequently, a lot of work was done later to propose more powerful tests. For

example, Duin and Volgenant [43] proposed the special distance test and the bottleneck

degree test [44]; Polzin and Daneshmand [45] presented an extended reduction test that

extends the scope of test targets from vertices and edges to more complex patterns, such

as trees. Generally speaking, it is fast to implement simple tests, but simple tests may

not be powerful enough to reduce instance sizes to a satisfactory degree. On the other

hand, sophisticated tests may be more powerful, but they often have large time complex-

ities and are slow for large instances. Thus, it is important to consider both simple and

sophisticated reduction tests to fully meet the demands of various applications.

In comparison to Steiner tree algorithms and pre-processing techniques, very little

work has been done to propose post-processing techniques for STPG. The Minimum

Spanning Tree (MST) technique, which was proposed by Aragão et al. [46] and some-

times referred to as the MST-Prune technique [34], is the only technique to date that can

post-process sub-optimal solutions to STPG. In many cases, this technique is not pow-

erful enough to improve suboptimal solutions to a satisfactory degree. Thus, there is a

need to explore more powerful post-processing techniques for STPG.
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2.3.2 The Prize-Collecting Steiner Tree Problem

The earliest version of PCSTP was proposed by Segev in 1987 [17], while the term “Prize-

Collecting Steiner Tree” was first used by Bienstock et al. in 1993 [47]. The state-of-the-art

exact algorithms solve PCSTP using various MIP models. For example, Ljubić et al. [25]

formulated a branch-and-cut model in 2006, and they successfully solved PCSTP to opti-

mality in some instances with thousands of vertices. Later, Fischetti et al. [29] proposed a

node-based model. They combined the branch-and-cut model above and the node-based

model together as a Steiner tree solver, which won most of the categories for PCSTP in

the latest DIMACS Implementation Challenge on Steiner tree problems. Recently, Leitner

et al. [48] proposed a dual-ascent-based branch-and-bound algorithm, which performs

even better than Fischetti’s solver in popular benchmark instances. These exact algo-

rithms can generally find optimal or near-optimal solutions to PCSTP. However, they

have high computational demands and are slow for large instances (as are MIP-based

heuristic algorithms). In particular, they consume a lot of memory and may not be able

to solve large instances when there are limits on computation resources. Moreover, so-

phisticated MIP solvers, such as SCIP [49] and Gurobi (http://www.gurobi.com/),

are needed to implement these algorithms; it may not be easy to embed these algorithms

into some platforms. Therefore, the use of simple, fast heuristic algorithms is required in

some cases.

The first heuristic algorithm for PCSTP was proposed by Bienstock et al. [47] in

1993. Their algorithm solves PCSTP using the Linear Programming (LP) relaxation of

a modified MIP model which was originally developed for the prize collecting travel-

ing salesman problem, and it achieved an approximation ratio of 3. In 1995, Goemans

and Williamson [50] proposed a primal-dual algorithm using Bienstock’s LP relaxation

model, which is referred to as the GW algorithm, and their algorithm achieved an ap-

proximation ratio of 2− 1/(|V| − 1). This algorithm deals with instances in which there

is exactly one compulsory terminal, the root. For instances with multiple compulsory ter-

minals, this algorithm can be implemented by selecting one compulsory terminal to be

the root and giving other compulsory terminals large node weights; for instances with-

out compulsory terminal, this algorithm can be implemented by trying all the possible

http://www.gurobi.com/
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roots. Consequently, the time complexity of the rooted GW algorithm is O(|V|2log|V|)

for instances with nonempty compulsory terminal sets, and O(|V|3log|V|) for instances

with empty compulsory terminal sets [51]. There are two phases in the rooted GW al-

gorithm, which are called GW-growth and GW-pruning. A raw solution tree is obtained

in the GW-growth phase, while the GW-pruning phase improves the raw solution tree

by deleting expensive edges and vertices. Johnson et al. [51] improved the rooted GW

algorithm in 2000 by proposing the Strong Pruning algorithm to replace the original GW-

pruning algorithm. The Strong Pruning algorithm is more effective in practice since,

unlike the original GW-pruning algorithm, it does not need any knowledge in the GW-

growth phase [51], and its known theoretical guarantees are the same [2]. Therefore, the

Strong Pruning algorithm is recommended to replace the original GW-pruning algorithm

by many researchers [11, 51]. Moreover, they proposed an unrooted version of the GW

algorithm, which has a time complexity of O(|V|2log|V|) for instances with an arbitrary

number of compulsory terminals, and its approximation ratio is 2 [52]. The unrooted GW

algorithm is much faster than the rooted GW algorithm for instances with no compulsory

terminal.

Besides the early work mentioned above, Archer et al. [2] proposed an improved

approximation algorithm in 2011 by combining the rooted GW algorithm with an MIP-

based approximation algorithm for STPG [53]. The approximation ratio of their algo-

rithm is less than 1.9672. To our knowledge, this is the smallest approximation ratio

obtained for PCSTP to date, which is useful from a theoretical perspective. Neverthe-

less, this algorithm may not be fast enough in large instances, especially when consid-

ering the fact that implementing this algorithm in a rooted graph still needs to run the

rooted GW algorithm twice and the MIP-based approximation algorithm once. Hence, it

may be preferable to use the fast implementation of GW algorithms in some cases. The

most important work to accelerate GW algorithms was that of Cole et al. in 2001 [54].

They introduced the idea of dynamic edge splitting, which induces a time complexity

of O(|E|log2|V|) for unrooted instances. Based on this idea, Hegde et al. [11] further

accelerated the unrooted GW algorithm in 2014 by employing priority queues; their al-

gorithm has a time complexity of O(|E|log|V|). This algorithm can be considered as a
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state-of-the-art heuristic algorithm for PCSTP.

On the other hand, pre-processing and post-processing techniques may be required

to assist Steiner tree algorithms to solve PCSTP in some cases. Uchoa [27] and Rehfeldt et

al. [55] did some pioneering work on pre-processing techniques for PCSTP. Like STPG,

the MST technique is the only technique to date that can post-process sub-optimal solu-

tions to PCSTP. Thus, it would be worthwhile to explore more powerful post-processing

techniques for PCSTP.

2.3.3 The Node-Weighted Steiner Tree Problem

NWSTP was first proposed by Duin and Volgenant [3] in 1987 (an earlier version pro-

posed by Segev [17], which was also named as NWSTP, is actually the rooted version of

PCSTP). Work has rarely been done to propose algorithms for NWSTP so far, and most

existing algorithms for other Steiner tree problems in graphs cannot solve NWSTP di-

rectly. For example, the state-of-the-art algorithms for PCSTP, such as the Steiner tree

solver proposed by Fischetti et al. [29], a dual-ascent-based branch-and-bound algorithm

proposed by Leitner et al. [48], and a fast implementation of the unrooted GW algorithm

proposed by Hegde et al. [11] cannot be applied to instances with negative node weights.

Therefore, new algorithms are required for NWSTP. Similarly, hardly any work has been

done to propose pre-processing and post-processing techniques for NWSTP so far. To

our knowledge, the paper of Duin and Volgenant [3] is the only existing exploration for

pre-processing techniques for NWSTP, and the MST technique is the only technique to

date that can post-process sub-optimal solutions to NWSTP. Hence, new pre-processing

and post-processing techniques are also required for NWSTP.

2.4 Summary

With the eruption of big data, more and more applications of network data analysis have

recently been explored for STPG, PCSTP, and NWSTP. These new applications present

serious challenges to traditional Steiner tree techniques. Hence, more powerful Steiner

tree techniques are desperately required for their further development.





Chapter 3

Exploring the classical Steiner Tree
Problem in Graphs

3.1 Introduction

STPG is NP-hard [16]. Like other NP-hard problems, the algorithms for STPG can be di-

vided into two groups: exact and heuristic. The state-of-the-art exact algorithms (eg. [29])

can produce optimal solutions for some difficult instances, but they generally are slow

and have high demands on machines; the state-of-the-art heuristic algorithms (eg. [11])

can produce fast suboptimal solutions for extremely large instances, but their solutions

may not be good enough for some applications. Hence, the nature-inspired algorithms

may have advantages over the state-of-the-art exact and heuristic algorithms by finding

high-quality solutions on simple devices in a small amount of time.

The emerging Physarum-inspired Algorithms (PAs) are such nature-inspired algo-

rithms that are inspired by Physarum polycephalum, which is a slime mold that inhabits

shady, cool and moist areas (see Figure 3.1a). Physarum polycephalum has exhibited

many intelligent behaviors including learning [56, 57], maze solving [58], and efficient-

network building [59–62]. To exploit its intelligent behaviors, people have studied it

intensively over the last few years (eg. those in the preprinted survey: [63]), and sev-

eral PAs have been proposed to challenge various network optimization problems, such

as the shortest path problem [64, 65] and the traveling salesman problem [66]. Since

the tubular structures of Physarum polycephalum are often analogous to that of SMTs

[67–69], PAs may have the potential to solve STPG in a better way than the other algo-

rithms.

19
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(a) The tubular structure of Physarum polycephalum

(b) Physarum polycephalum finds the shortest path between two
agar blocks in a maze [58]

Figure 3.1: Photographs of Physarum polycephalum (provided by Professor Toshiyuki
Nakagaki from Hokkaido University).

Nevertheless, hardly any work has been done to reveal this potential from a theo-

retical perspective. Moreover, none of the existing PAs has shown a more competitive

performance than any of the most widely-used Steiner tree algorithms so far. In partic-

ular, no PA has been tested on well-known benchmark instances to date [70–72]. In this

chapter, we will fill this gap by first conducting some theoretical analyses on PAs to re-

veal their potential to compute Steiner trees, and then proposing two new PAs for STPG.

Below are the main contributions in this chapter.

• We conduct some theoretical analyses on PAs to reveal their potential to compute

Steiner trees.

• We propose two new PAs, the Multiple Sources Single Sink Physarum Optimization

algorithm (MS3-PO) and the Hierarchical Multiple Sources Single Sink Physarum

Optimization algorithm (HMS3-PO), to solve STPG.

• We apply MS3-PO to well-known benchmark instances from the OR-library [72]. It

shows a better performance than the Genetic Algorithm (GA), the Discrete Particle
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Swarm Optimization algorithm (DPSO) and the Shortest Path Heuristic algorithm

(SPH) for these benchmark instances. Moreover, we generate new benchmark in-

stances with different graph densities and terminal-vertex ratios to verify that MS3-

PO performs better for instances that are sparse and have small terminal-vertex

ratios.

• We apply MS3-PO and HMS3-PO to VLSI design instances from SteinLib [71]. MS3-

PO shows a better performance than GA, DPSO and SPH for VLSI design instances

with hundreds of vertices. HMS3-PO shows a better performance than SPH for

large VLSI design instances with up to tens of thousands of vertices, where GA and

DPSO are too slow to be applied.

3.2 The theoretical analyses on Physarum-inspired algorithms

In this section, we first introduce the popular Physarum Solver (PS) [64], which is a PA

developed to solve the Shortest Path Problem (SPP): finding the shortest path between

two terminals in an undirected graph. PS is the basis of most PAs [38, 73]. After intro-

ducing it, we conduct some theoretical analyses on these PAs to reveal their potential to

compute Steiner trees.

In a biological experiment, Physarum polycephalum demonstrated the ability to find

the shortest path between two agar blocks in a maze [58]. This ability is attributed to an

underlying physiological mechanism: the tube of Physarum polycephalum thickens as

the protoplasmic (or nutritional) flux through it increases [74, 75]. PS is inspired by this

mechanism. In PS, the graph is considered as a network with a value associated with

each edge modeling the protoplasmic flux in this edge. The two terminals in SPP repre-

sent two agar blocks containing nutrient, which are food for Physarum polycephalum.

Like Physarum polycephalum, PS finds the shortest path between these two terminals by

maximizing the protoplasmic flux in this path. One terminal is called the source node,

and the other terminal is called the sink node. The protoplasmic flux flows into the graph

from the source node and out of the graph from the sink node (note that, for the real

Physarum polycephalum, this flux does not flow out of the body; instead, it periodically
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reverses the flow direction as a result of shuttle streaming [76]). There is pressure at each

vertex, and the quantity of flux in each edge is proportional to the pressure difference

between two ends of this edge. Specifically, the flux Qij in edge (i, j) is given by the

following Hagen-Poiseuille equation [77].

Qij =
Dij

cij
(pi − pj) (3.1)

Dij =
πκ4

ij

8ξ
(3.2)

where Dij is the edge conductivity, cij is the edge length/cost, pi and pj are pressures at

vertices i and j, κij is the edge radius, and ξ is the viscosity coefficient. Equation (3.2)

shows that the conductivity increases with the tube thickness (rij). Thus, the change of

tube thickness can be described by the conductivity update equation as follows [64].

d
dt

Dij = η|Qij| − µDij (3.3)

where η and µ are two positive constants. The conductivity update equation implies that

conductivities tend to increase in edges with big flux. Therefore, PS exploits the physio-

logical mechanism that the tube of Physarum polycephalum thickens as the protoplasmic

flux through it increases.

To calculate the flux and update edge conductivities, we first need to calculate the

pressures. By considering the conservation law of flux at each vertex, the pressures can

be calculated using the network Poisson equation below.

∑
i∈Vj

Dij

cij
(pi − pj) =


−I0, j = source

I0, j = sink

0, otherwise

(3.4)

where Vj is the set of vertices linked to vertex j, I0 is the quantity of flux flowing into the

source node and out of the sink node.

Let the pressure at the sink node be 0, and give each edge conductivity an initial value,
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then the other pressures can be calculated using Equation (3.4). Subsequently, the flux in

each edge can be calculated using Equation (3.1), and the conductivity of each edge can

be updated using Equation (3.3). Clearly, the pressures (excluding the pressure at the sink

node) and the fluxes will also change after the update of edge conductivities. Use ε to

signify the threshold value of edge conductivity. Edges with conductivities smaller than

ε will be cut from the network. Ultimately, if there is a unique shortest path between

the source and sink nodes, then this path can be found by iteratively updating edge

conductivities and cutting edges [78]. Most existing PAs are based on PS. We conduct

some theoretical analyses on them to reveal their potential to compute Steiner trees.

First, we observe that isolated subgraphs with no source or sink node inside may

exist after cutting edges. For example, in Figure 3.2a, if Q > ε > Q/n, then all the edges

except (i, j) and (k, l) will be cut. Thus, edge (k, l) will become such an isolated subgraph.

Suppose GA, GB are two connected subgraphs after cutting edges in an iteration, and they

are isolated from each other. Without loss of generality, we assume that both the source

and sink nodes are in GA. Then, the network Poisson equation in the next iteration is

A 0

0 B

PA

PB

 =

C

0

 (3.5)

where A, B, C are non-zero sub-matrices, and PA, PB are the sets of pressures of vertices

in GA, GB. Clearly, PB = 0. Consequently, all the fluxes in GB are 0 in the next iteration.

Suppose (k, l) is an edge in GB. Then, its conductivity in the next iteration is (1− µ)D0
kl ,

where µ is in Equation (3.3), D0
kl is its conductivity in this iteration. If µ = 1, then edge

(k, l) will be cut. Thus, the following observation can be made.

Observation 3.1. Isolated subgraphs with no source or sink node inside may exist in an iteration

of PAs. If µ = 1, then they will disappear in the next iteration.

We next analyze the fluxes between the source and sink nodes. Suppose there is a

triangular graph with three vertices i, j, k (see Figure 3.2b), where vertices i, k are respec-
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(a) (b)

Figure 3.2: Two connected undirected graphs. In (a), vertices i, j are respectively the
source and sink nodes; the quantity of flux in edges (i, j) and (k, l) is Q, while that in
other edges is Q/n, where n is the number of disjoint paths between i, k or l, j, and n > 1.
In (b), vertices i, k are respectively the source and sink nodes, the quantities of flux in
edges (i, j), (i, k), (j, k) are respectively Qij, Qik, Qjk.

tively the source and sink nodes. Then

Qij =
Dij

cij
(pi − pj) = Qjk =

Djk

cjk
(pj − pk) (3.6)

Define

Aij :
Dij

cij
(3.7)

Aij ⊗ Ajk :
Aij Ajk

Aij + Ajk
=

DijDjk

cijDjk + cjkDij
(3.8)

The flux in path {(i, j), (j, k)} is

Q1 = Qij = Qjk =
Aij+Ajk
Aij+Ajk

Q1

= 1
Aij+Ajk

(AjkQij + AijQjk)

= 1
Aij+Ajk

[Aij Ajk(pi − pj) + Aij Ajk(pj − pk)]

=
Aij Ajk

Aij+Ajk
(pi − pk)

= Aij ⊗ Ajk(pi − pk)

(3.9)



3.2 The theoretical analyses on Physarum-inspired algorithms 25

The flux in path {(i, k)} is

Qik =
Dik

cik
(pi − pk) (3.10)

If

Aij ⊗ Ajk =
DijDjk

cijDjk + cjkDij
=

Dik

cik
(3.11)

then the fluxes in these two path are equal. If all the initial edge conductivities are equal

and cij + cjk = cik, i.e. both of these two paths are the shortest paths, then the fluxes in

them will be equal after each iteration, and both of them will survive to the end. In a

more general case where m disjoint paths between i, k exist, assume the vertices on path

x are i, v1, v2 · · · , vn, k. It can be seen from Equation (3.9) that the flux in path x is

QPx = Aiv1 ⊗ Av1v2 ⊗ · · · ⊗ Avnk(pi − pk) (3.12)

If all the edge conductivities on this path are equal, then

QPx =
DPx

cPx

(pi − pk) (3.13)

where DPx is the edge conductivity on this path, cPx is the total cost of this path. If the

initial edge conductivities on each of these paths are equal and these paths meet the

following condition

DP1

cP1

=
DP2

cP2

= · · · = DPm

cPm

(3.14)

then the fluxes in these paths will always be equal. Consequently, all these paths will

survive to the end. Thus, we have the following observation.

Observation 3.2. The solutions of PAs may not be trees.

Clearly, to compute Steiner trees, additional techniques are required to guarantee that

the solutions of PAs are always trees. We will use a Minimum Spanning Tree (MST)

technique in the later proposed PAs to guarantee this.
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Subsequently, we analyze the ability of PAs to compute shortest paths in an undi-

rected graph. Bonifaci et al. [78] have provided the rigorous proof of this ability under

the condition that η = 1 and µ = 1 in Equation 3.3. Here, we will prove it from a more

general perspective in that η is not constrained to 1, and we indicate for the first time that

multiple shortest paths may survive at the same time in PAs.

Suppose there are two disjoint paths between the source node i and sink nodes k

(note that, since a sub-path of a shortest path is itself a shortest path, the conclusions

below also hold true for joint paths). Suppose their edge conductivities and costs are

Dik1, Dik2, cik1, cik2 respectively. Since pk = 0, we have

Q1
ik1 =

D1
ik1

cik1
p1

i (3.15)

Q1
ik2 =

D1
ik2

cik2
p1

i (3.16)

Q1
ik1

Q1
ik2

=
D1

ik1

D1
ik2
· cik2

cik1
(3.17)

where Q1
ik1, Q1

ik2, D1
ik1, D1

ik2 are respectively the fluxes and edge conductivities of paths 1, 2

in the first iteration (the superscripts on Q and D correspond to the iteration number), p1
i

is the pressure at the source node i in the first iteration. Suppose µ = 1 in Equation (3.3).

Since Qik > 0, we have

D2
ik1 = (1 +

ηp1
i

cik1
− µ)D1

ik1 =
ηp1

i
cik1

D1
ik1 (3.18)

D2
ik2 = (1 +

ηp1
i

cik2
− µ)D1

ik2 =
ηp1

i
cik2

D1
ik2 (3.19)

Q2
ik1 =

D2
ik1

cik1
p2

i =
ηD1

ik1
(cik1)2 p1

i p2
i (3.20)
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Q2
ik2 =

D2
ik2

cik2
p2

i =
ηD1

ik2
(cik2)2 p1

i p2
i (3.21)

Q2
ik1

Q2
ik2

=
D1

ik1

D1
ik2
· ( cik2

cik1
)2 (3.22)

Similarly, we conclude that in general

Qm
ik1

Qm
ik2

=
D1

ik1

D1
ik2
· ( cik2

cik1
)m (3.23)

If there are multiple paths between i, k, then the fluxes in paths x, y in the mth iteration

meet the following condition.

Qm
ikx

Qm
iky

=
D1

ikx

D1
iky
· (

ciky

cikx
)m (3.24)

where Qm
ikx, Qm

iky are the fluxes of paths x, y in the mth iteration, cikx, ciky are the costs of

paths x, y. If cikx < ciky for any path y (y 6= x), then

lim
m→∞

Qm
ikx

Qm
iky

= ∞ (3.25)

which means that the shortest path x will survive to the end, and all the other paths will

be cut. This proves that PAs can compute shortest paths. However, if cikx = ciky, then

lim
m→∞

Qm
ikx

Qm
iky

=
D1

ikx

D1
iky

(3.26)

which means that the ratio of their fluxes will always equal that of their initial edge

conductivities. Hence, multiple shortest paths may survive at the same time in PAs.

Therefore, the following observation can be made.

Observation 3.3. PAs can find the shortest path, and may find multiple shortest paths at the

same time.

Steiner trees are low-cost networks connecting multiple compulsory terminals to-

gether, and PAs have the potential to compute them. In fact, some PAs have already



28 Exploring the classical Steiner Tree Problem in Graphs

Figure 3.3: A graph comprising of two subgraphs. The number of edges directly con-
necting subgraphs GA and GB is y (the red edges). GA contains exactly x source nodes;
GB contains the sink node and the other source node(s). The flux flowing into the graph
from each source node is I0, while all the fluxes flow out of the graph from the sink node.
The net flux flowing from GA to GB is xI0.

solved some Steiner tree problems in graphs [38, 79]. However, there is currently no rig-

orous proof that the compulsory terminals will always be connected in the solutions of

PAs. The theorem below fills this gap by proving that PAs can always find a subgraph

connecting multiple compulsory terminals together by selecting them to be source and

sink nodes.

Theorem 3.1. Let G(V, E) be a connected undirected graph with multiple source nodes and a

single sink node. Assume that every source node has an identical flux I0 > 0. Consider a PA

acting on G satisfying Equation (3.3), and with a threshold value ε for cutting edges. If µ = 1

and ε ≤ 4η I0
|V|2 , then the source and sink nodes will always remain connected under the action of

this PA.

Proof. Consider any partition of G into two subgraphs GA and GB such that GA contains

at least one source node of G and GB contains the sink node and the other source node(s)

(see Figure 3.3). Let x be the number of source nodes in GA and let n be the total number

of vertices in GA. We show that the action of a PA satisfying the conditions of the theorem

above cannot cut all the edges directly connecting GA and GB. Let the number of edges

directly connecting GA and GB be y, and observe that y ≤ n(|V| − n). The net flux from

GA to GB is xI0. There is an edge between GA and GB with flux at least xI0
y ≥

xI0
n(|V|−n) .

Let g(x, n) = xI0
n(|V|−n) . Clearly, the minimum possible value of g occurs when x = 1 and

n = |V|/2, in which case g(x, n) = 4I0
|V|2 . Let µ = 1 in Equation (3.3), then Dij(k + 1) =

η|Qij(k)|, where k is the number of conductivity update times, and k ≥ 1. If ε ≤ 4η I0
|V|2 ,
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then there is at least one edge directly connecting GA and GB where the conductivity is

not smaller than the threshold value ε. Hence, the theorem holds.

Notably, the preference of setting µ = 1 has already been observed in previous com-

putational trials to compute shortest paths. For example, Tero et al. [74] showed that PS

always finds the shortest path when µ = 1, regardless of the other parameter settings,

while it may not find the shortest path when µ 6= 1. Our theorem above shows that it is

also preferable to set µ = 1 when computing Steiner trees.

The source and sink nodes will always be connected if the conditions of Theorem

3.1 are met. Thus, it is recommended to select each compulsory terminal to be either

a source node or a sink node. In this case, the compulsory terminals will always be

connected in the solutions of PAs. Note, however, that the compulsory terminals may

still be connected in the solutions of PAs when the conditions of Theorem 3.1 are not met.

We next observe that PAs tend to find low-cost networks to connect source and sink

nodes together. Assume there are n disjoint paths between a pair of vertices i, j, and the

initial edge conductivities on these paths are equal. We have

Q1
x =

D1
x

cx
(p1

i − p1
j ) (3.27)

n

∑
x=1

Q1
x = I1 (3.28)

where Q1
x, D1

x are respectively the flux and edge conductivity of path x in the first itera-

tion, cx is the cost of path x, I1 is the flux flowing from i to j in the first iteration. Then,

the flux in path x in the first iteration is

Q1
x =

D1
x

cx
D1

1
c1

+···+ D1
n

cn

I1 =
D1

x ∏k 6=x ck

D1
1 ∏k 6=1 ck+···+D1

n ∏k 6=n ck
I1

=
∏k 6=x ck

∏k 6=1 ck+···+∏k 6=n ck
I1

(3.29)
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Suppose µ = 1 in Equation (3.3). Then,

D2
x = ηQ1

x = η
∏k 6=x ck

∏k 6=1 ck + · · ·+ ∏k 6=n ck
I1 (3.30)

Q2
x =

D2
x

cx
D2

1
c1

+···+ D2
n

cn

I2 =
(∏k 6=x ck)

2

(∏k 6=1 ck)2+···+(∏k 6=n ck)2 I2 (3.31)

Similarly, we have

Qm
x =

(∏k 6=x ck)
m

(∏k 6=1 ck)m+···+(∏k 6=n ck)m Im (3.32)

If cx = min(ck)k=1,··· ,n, which means that path x is the shortest path between vertices i, j,

then

∏
k 6=x

ck = max(∏
k 6=y

ck)|y=1,··· ,n (3.33)

Hence,

lim
m→∞

Qm
x = Im (3.34)

lim
m→∞

Qm
k |k 6=x = 0 (3.35)

Thus, PAs tend to find the shortest path between each pair of vertices in the graph. Con-

sequently, by selecting multiple compulsory terminals to be source and sink nodes, PAs

tend to find a low-cost network to connect them. Hence, the following observation can

be made.

Observation 3.4. PAs can find low-cost networks to connect multiple compulsory terminals

together.

Note that, this observation does not prove that PAs can find SMTs. However, the

computational trials in Section 3.4 show that our later proposed PAs can find SMTs in
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some cases.

3.3 The proposed Physarum-inspired algorithms

3.3.1 The first proposed Physarum-inspired algorithm

PAs have already show the ability to solve the Shortest Path Problem (SPP), which can be

seen as a special case of STPG. The major difference between STPG and SPP is that there

may be more than two compulsory terminals in STPG. Therefore, one of the challenges

of using PAs to solve STPG is how to select compulsory terminals to be source or sink

nodes. There are two ways to do this. One way is to select two compulsory terminals

to be a single source node and a single sink node [80–82]. The other way is to select one

compulsory terminal to be a single sink node and then select all the other compulsory

terminals to be multiple source nodes [38, 83]. It can be seen from Theorem 3.1 that PAs

can keep compulsory terminals connected by selecting them in the second way.

Algorithm 1 The proposed Multiple Sources Single Sink Physarum Optimization algo-
rithm
Input: graph G(V, E, T, c), and parameter M, K, Dij(0), δ, η, µ, ε
Output: Steiner tree G′ ⊂ G

1: Initialize G′ = G
2: for m = 1 : M do
3: Initialize G and the edge conductivities
4: for k = 1 : K do
5: Select multiple source nodes and a single sink node using Equation (3.36)
6: Calculate the pressure at each vertex using Equation (3.37)
7: Calculate the flux through each edge using Equation (3.1)
8: Update the conductivities using Equations (3.39) & (3.40)
9: Cut edges whose conductivities are smaller than the threshold value ε

10: Cut edges which are disconnected with the compulsory terminals
11: end for
12: if c(G′) > c(G) then
13: G′ = G
14: end if
15: end for
16: G′ = MST(G′)

The Multiple Sources Single Sink Physarum Optimization algorithm (MS3-PO) is pro-
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Figure 3.4: An instance for the classical Steiner Tree Problem in Graphs [84], where ver-
tices 1, 2, 3 are compulsory terminals; vertex 4 is a non-compulsory vertex; the edge costs
are c12 = c13 = c23 = 2; c14 = c24 = c34 = 1.

posed here to solve STPG. In MS3-PO, a compulsory terminal is selected probabilistically

from all the compulsory terminals at a time to be the sink node, and all the other compul-

sory terminals will be selected to be source nodes. The MS3-PO algorithm is presented as

Algorithm 1. In MS3-PO, we propose a probabilistic method to select one compulsory ter-

minal at a time to be the sink node based on the relative lengths of incident edges. Let l(i)

be the total length of edges incident to compulsory terminal i. We label the compulsory

terminals using the natural numbers in such a way that l(1) ≤ l(2) ≤ · · · ≤ l(|T|), where

|T| is the number of compulsory terminals. Then, the probability of selecting compulsory

terminal i to be the sink node is defined to be

P(i) =
l(|T| − i + 1)

∑|T|j=1 l(j)
(3.36)

For example, in Figure 3.4, there are four vertices in the graph, in which vertices 1, 2, 3

are compulsory terminals, and vertex 4 is not a compulsory terminal. The total length of

edges incident to each compulsory terminal is l(1) = c12 + c13 + c14, l(2) = c12 + c23 + c24,

l(3) = c13 + c23 + c34, where c12 is the length of edge (1,2), etc., and we assume l(1) ≤

l(2) ≤ l(3). Then the probability of selecting each vertex to be the sink node is: P(1) =

l(3)/[l(1)+ l(2)+ l(3)]; P(2) = l(2)/[l(1)+ l(2)+ l(3)]; P(3) = l(1)/[l(1)+ l(2)+ l(3)].

Whichever vertex is selected to be the sink node, the other two compulsory terminals will

become the two source nodes.

It can be seen from Equation (3.36) that the larger the total edge length incident to a
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compulsory terminal, the smaller the probability that it is selected to be the sink node.

The logic is that a compulsory terminal associated with a larger total edge length is more

likely to join unwanted edges. Moreover, because the flux in each source node is I0 and

the flux in the sink node is (|T| − 1)I0, it is easier to cut edges incident to a source node

than to cut edges incident to the sink node ((|T| − 1)I0 ≥ I0; we assume that their degrees

are similar). Therefore, it is preferable to select compulsory terminals associated with

large total edge lengths to be source nodes.

After selecting a single sink node and |T| − 1 source nodes, we set the pressure at

the sink node to 0, and all the other pressures can be calculated by solving the following

equation.

∑
i∈Vj

Dij

cij
(pi − pj) =


−I0, j = so.

(|T| − 1)I0, j = si.

0, otherwise

(3.37)

Then, the flux through each edge can be calculated using Equation (3.1). Ultimately,

feasible solutions to STPG can be found by iteratively updating edge conductivities and

cutting edges in the same way as Physarum Solver.

Due to the randomness in selecting the sink node, MS3-PO has the ability to find dif-

ferent feasible solutions for a single STPG instance. Therefore, it is recommended to find

as many solutions as possible and then select the best one as the final solution. How-

ever, it is impossible to obtain more than one solution without retrieving the edges that

have already been cut from the initial graph. Thus, the graph and the edge conductivities

need to be initialized after a certain number of conductivity update times. In MS3-PO, a

parameter K is used as the upper limit of k, which is the number of conductivity update

times. After K times of conductivity update, a feasible solution can be found. Then, the

graph and the edge conductivities will be initialized to find another feasible solution. A

parameter M is used as the upper limit of m, which is the number of initialization times.

The iteration of conductivity update is called the inner iteration process, and the iteration

of graph initialization is called the outer iteration process.
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In PS, the conductivity update equation can also be written as

Dij(k + 1) = Dij(k) + η|Qij(k)| − µDij(k) (3.38)

where k is the number of conductivity update times, and k ≥ 1. While in MS3-PO, we

propose an evolutionary computation technique to update edge conductivities, and two

new equations are used in this technique,

Dij(k + 1) = (1 + δ)× [Dij(k) + η|Qij(k)| − µDij(k)] (3.39)

Dij(k + 1) = (1− δ)× [Dij(k) + η|Qij(k)| − µDij(k)] (3.40)

where δ is a positive value. MS3-PO can find different feasible solutions through different

outer iterations, and the solution network with the smallest total edge length is saved

as the best network found so far (initially, the saved network is graph G). If edge (i, j)

belongs to the saved network, its conductivity will be updated using Equation (3.39),

or its conductivity will be updated using Equation (3.40). It can be seen that Equation

(3.39) gives edge (i, j) a bigger conductivity and makes it survive longer, while Equation

(3.40) gives edge (i, j) a smaller conductivity and makes it survive less long. The new

parameter δ advantages the edges belonging to the saved network, which will change or

evolve during the outer iterations. The computational trials show that this technique can

accelerate the optimization process of MS3-PO.

It can be seen from Theorem 3.1 that all the compulsory terminals belong to a single

connected component after each inner iteration. However, there is no guarantee that all

the not-cut-yet edges belong to the same component. Therefore, it is necessary to cut

edges which are not connected with the compulsory terminals after each inner iteration.

Moreover, there is also no guarantee that the solution network of MS3-PO is a tree. There

are two ways to ensure that the solution network of MS3-PO is a tree. One way is to

find the MST of the solution network found in each outer iteration. The other way is to

find the MST of the saved network after the outer iteration process. In the computational
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trials, we observe that the solution network found in each outer iteration is always a tree.

Moreover, it is computationally too expensive to find the MST of the solution network

found in each outer iteration. To make MS3-PO as fast as possible, we find the MST of the

saved network after the outer iteration process to guarantee that the solution network of

MS3-PO is a tree.

3.3.2 The second proposed Physarum-inspired algorithm

The proposed MS3-PO can find SMTs or close approximations to SMTs in graphs with

hundreds of vertices. However, many applications involve large graphs with thousands

or even tens of thousands of vertices [71]. In large graphs, MS3-PO is unable to finish

in a reasonable amount of time due to the long time required to calculate the pressures

using Equation (3.37). Therefore, a faster PA is needed to solve STPG in large graphs. The

Hierarchical Multiple Sources Single Sink Physarum Optimization algorithm (HMS3-PO)

is proposed here, and it can find close approximations to SMTs in large graphs within a

reasonable amount of time.

There are three steps in the proposed HMS3-PO algorithm, which is presented as

Algorithm 2. In Step 1, the large graph is partitioned into several smaller subgraphs,

and each subgraph contains at least one compulsory terminal. The graph-partitioning

algorithm used in HMS3-PO is adapted from an algorithm proposed by Leitner et al. [34].

In the adapted algorithm, |T| subsets of connected vertices are first identified from the

graph, where |T| is the number of compulsory terminals. Each of these subsets contains

a compulsory terminal. Then, these subsets are merged together as N subsets, where

N is the number of partitioned subgraphs and N ≤ |T|. Each of these merged subsets

contains no more than γ|V|/n vertices, where γ is the imbalance parameter and γ ≥ 1,

|V| is the number of vertices, n is the target number of partitioned subgraphs, and n ≤

|T|. At last, subgraphs are constructed based on these subsets of vertices. Notably, to

maintain the connectivity of each subgraph, the vertices on the shortest path between

two subsets are also merged when the two subsets are merged together. Therefore, it is

possible that a vertex belongs to multiple subgraphs at the same time. Moreover, since

there is a limitation to the number of vertices in each subgraph, the number of partitioned
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Algorithm 2 The proposed Hierarchical Multiple Sources Single Sink Physarum Opti-
mization algorithm
Input: graph G(V, E, T, c), and parameters M, K, Dij(0), δ, η, µ, ε, γ, n
Output: Steiner tree G′ ⊂ G

1: Let each compulsory terminal be a subset
2: while there are vertices not included by the subsets do
3: Calculate the shortest distance between each subset and each not-included-yet

vertex
4: Find the smallest shortest distance and the corresponding subset and vertex
5: if the subset contains no more than γ|V|/n− 1 vertices then
6: Add the vertex to the subset
7: else
8: Break
9: end if

10: end while
11: while there are more than n subsets do
12: Find the subset with the least number of vertices and its closest neighbor (subset)
13: if the total number of vertices in these two subsets and the shortest path between

them is no more than γ|V|/n then
14: Merge these two subsets and the vertices on the shortest path as a new subset
15: else
16: Break
17: end if
18: end while
19: Construct subgraphs using the subsets obtained above
20: Use MS3-PO to solve STPG in each subgraph
21: Mark all the solution networks in G as connected networks
22: Find the MST of each connected network
23: Merge the vertices in each connected network as a new compulsory terminal
24: Construct a new graph using the new compulsory terminals and the vertices that are

not in the MSTs above
25: Randomly choose a new compulsory terminal as the start vertex of the SPH tree
26: while not all the new compulsory terminals have been added do
27: Find the new compulsory terminal which is closest to the SPH tree
28: Add the shortest path between the new compulsory terminal and the SPH tree to

the SPH tree
29: end while
30: Combine the MSTs and the SPH tree together as G′

subgraphs (N) may not be equal to the target number of partitioned subgraphs (n).

In Step 2, each subgraph is considered as an independent instance of STPG, and MS3-

PO is used to find SMTs or close approximations to SMTs in these subgraphs. If a sub-
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graph contains just one compulsory terminal, then the SMT in this subgraph is this com-

pulsory terminal.

In Step 3, all the solution networks obtained in Step 2 are marked as connected net-

works in graph G. Remarkably, since a vertex may belong to different solution networks,

the connected network above may not be a tree. Thus, the MST of each connected net-

work is found. To connect these MSTs together, the vertices in each MST are merged to-

gether as a new compulsory terminal. A new graph is constructed using these new com-

pulsory terminals and the non-terminal vertices that are not in any of the MSTs above.

In the new graph, a non-terminal vertex is connected with a new compulsory terminal

when this vertex is connected with at least one vertex in the corresponding MST in the

initial graph, and the edge length between this vertex and the new compulsory/ termi-

nal is the shortest edge length between this vertex and the vertices in the corresponding

MST. Ultimately, a widely-used Steiner tree algorithm, SPH, is used to connect these new

compulsory terminals together in the new graph. The final solution network of HMS3-PO

contains both the edges in the MSTs and the edges that are used to connect them.

HMS3-PO is the combination of the graph-partitioning algorithm, MS3-PO, and SPH.

Due to the NP-completeness of STPG, the time required by MS3-PO to solve STPG in

the partitioned subgraphs is exponentially decreased. Therefore, HMS3-PO solves STPG

much faster than MS3-PO in large graphs.

3.4 Experiments

3.4.1 Application to well-known benchmark instances

Here, we compare the proposed MS3-PO algorithm with three popular algorithms in the

literature: GA [32, 35], DPSO [36, 85] and SPH [31, 33, 34]. Both the solution error and the

running time are used as metrics for the comparison. The error is defined as the difference

between the cost of the obtained solution and the cost of the SMT. The running time is

measured by the fitness evaluation times, which are the number of conductivity update

times in MS3-PO (approximately equal to M× K), the number of crossover times in GA,

and the number of particle position update times in DPSO. Note that, since there is no
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fitness evaluation in SPH, only the solution error is used as the metric in the comparison

between SPH and other algorithms. Notably, the running times of MS3-PO, GA and

DPSO for a single fitness evaluation are different. For example, in the B1 instance (see

Table 3.1), the running times of MS3-PO, GA and DPSO for a single fitness evaluation are

respectively 6.3ms, 6.9ms and 4.1ms on a commonly used personal computer from 2014

(Intel Core i7 with 3.40GHz).

The fitness evaluation times needed by MS3-PO, GA and DPSO to find an SMT have

been recorded, and the upper limit of fitness evaluation times is 1 million. If an algo-

rithm has not found an SMT in 1 million fitness evaluation times, the recorded fitness

evaluation times of this algorithm will be 1 million. Remarkably, in MS3-PO, the MST of

the saved network is only found after 1 million fitness evaluation times (the last step of

MS3-PO). If an SMT has already been found by MS3-PO within 1 million fitness evalua-

tion times, which means that the saved network in MS3-PO is an SMT, then there is no

need to find the MST of the saved network any more. In the comparison, an algorithm

has a better performance than the other algorithms when it needs a shorter running time

to find an SMT, or when its solution has a smaller error/cost than the solutions of the

other algorithms.

There are several STPG databases available at present, such as OR-library [72], Stein-

Lib [71], and a new series of STPG instances from the telecommunication applications

[70]. Here, the B instances from OR-library, which are used as benchmarks by many re-

searchers [35, 71, 86, 87], are used for the comparison. The SMTs of B instances can be

found in SteinLib [71]. Note that, the state-of-the-art algorithms can easily solve B in-

stances and our later applied instances in Table 3.9 to optimality within seconds, such

as the algorithms in the 2014 DIMACS implementation challenge [30]. Our MS3-PO and

HMS3-PO are too slow to solve more challenging instances. Nevertheless, it may still

be preferable to apply them in some cases since they have lower demands on machines.

Moreover, they may inspire the development of new PAs to solve more challenging in-

stances in the future.

The comparison results are listed in Table 3.1, in which |V| is the number of vertices,

|E| is the number of edges, and |T| is the number of compulsory terminals. The parameter
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Table 3.1: Comparison of MS3-PO, GA, DPSO and SPH in the B instances

Instance |V| |E| |T| Fitness Evaluation Times Error/%
MS3-PO GA DPSO MS3-PO GA DPSO SPH

B1 50 63 9 23 549 125490 0 0 0 0
B2 50 63 13 300 17696 6451 0 0 0 8.43
B3 50 63 25 3978 156 2174 0 0 0 1.45
B4 50 100 9 588 11385 8566 0 0 0 0
B5 50 100 13 1136 487 22828 0 0 0 4.92
B6 50 100 25 5250 128 10258 0 0 0 4.10
B7 75 94 13 2304 3532 565720 0 0 0 0
B8 75 94 19 2080 720 167061 0 0 0 0
B9 75 94 38 14896 450 26912 0 0 0 1.82
B10 75 150 13 7258 101694 826078 0 0 0 13.95
B11 75 150 19 44591 159459 131341 0 0 0 5.68
B12 75 150 38 121880 366 4879 0 0 0 0
B13 100 125 17 100848 197863 1000000 0 0 39.39 6.06
B14 100 125 25 28084 1000000 1000000 0 1.28 60.43 0.85
B15 100 125 50 1000000 102418 1000000 0 0 0.63 1.26
B16 100 200 17 36960 1000000 1000000 0 5.51 17.32 7.87
B17 100 200 25 14405 1436 1000000 0 0 3.05 1.53
B18 100 200 50 1000000 1014 351238 0.46 0 0 2.29

settings of MS3-PO, GA and DPSO are: in MS3-PO, I0 = 1, ε = 0.001, α = 0.15, µ = 1,

δ = 0.2; in GA, the population size is 10, the mutation probability of each chromosome

is 0.2; in DPSO, the population size is 10, the neighborhood radius is 2, and the mutation

probability of the best position is 0.1. The parameter settings above are the best settings

found in the experiments. Notably, the compulsory terminals are always connected in

the solutions of MS3-PO with the parameter settings above, even though the conditions

of Theorem 1 are not met (ε > 4αI0
|V|2 ; we give ε a large value to make MS3-PO fast).

It can be seen from Table 3.1 that MS3-PO finds SMTs in 17 instances (B1-B17). On

the contrary, GA finds SMTs in 16 instances (B1-B13, B15, B17, B18), DPSO finds SMTs in

13 instances (B1-B12, B18), while SPH can only find SMTs in 5 instances (B1, B4, B7, B8,

B12). Therefore, MS3-PO has an advantage over GA, DPSO and SPH by finding SMTs

in more instances. Note that, the SMT in B15 is not found by MS3-PO within 1 million

fitness evaluation times, but is found by MS3-PO as the MST of the saved network after 1

million fitness evaluation times. As to the fitness evaluation times, MS3-PO has a better

performance than both GA and DPSO in 9 out of 18 instances (B1, B2, B4, B7, B10, B11,

B13, B14, B16), and in another 6 instances (B5, B6, B8, B9, B15, B17), MS3-PO has a better

performance than DPSO. On the other hand, GA has a better performance than DPSO in

15 out of 18 instances (B1, B3, B5-B10, B12-B18). Thus, in these instances, the speed of

MS3-PO is close to that of GA, and both MS3-PO and GA are faster than DPSO.
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Table 3.2: Comparison of fitness evaluation times of MS3-PO using different conductivity
update equations

Eq. B1 B2 B3 B4 B5 B6
(3.39) & (3.40) 23 300 3978 588 1136 5250

(3.38) 36 301 258778 594 1820 205983

In respect of the errors, MS3-PO has an average error of 0.03% in these instances,

while that of GA, DPSO, and SPH are respectively 0.38%, 6.71%, and 3.35%. Hence, MS3-

PO also has an advantage over GA, DPSO and SPH by finding closer approximations to

SMTs in these instances. The conclusion below can be made from Table 3.1.

Conclusion 3.1. The proposed MS3-PO can produce good solutions to STPG. In the well-known

B instances, MS3-PO generally has a better performance than GA, DPSO and SPH.

To show the effectiveness of the proposed evolutionary computation technique

(Equation (3.39) & (3.40)) to update edge conductivities, each of B1-B6 has been sim-

ulated 22 times using different conductivity update equations. In the first 11 times of

simulation, the proposed Equation (3.39) & (3.40) are used, and δ = 0.2. In the second

11 times of simulation, the standard Equation (3.38) is used. All the other parameters, η

and µ, have the same value in different equations.

The first 11 simulation results are sequenced from the smallest number of fitness eval-

uation times to the biggest number of fitness evaluation times. Then, the second 11 sim-

ulation results are sequenced in the same way. The median number in each sequence

is considered as the average fitness evaluation times required by MS3-PO to find SMTs

using the corresponding equation. Two average fitness evaluation times in each instance

have been compared in Table 3.2. In each of B1, B2, B4 and B5, the two average fitness

evaluation times have similar values, which means that MS3-PO has similar speeds to

find SMTs using different conductivity update equations. However, in each of B3 and B6,

the average fitness evaluation times using the proposed Equation (3.39) & (3.40) is much

smaller than the average fitness evaluation times using the standard Equation (3.38),

which means that MS3-PO finds SMTs much faster using Equation (3.39) & (3.40) than

using Equation (3.38). Therefore, the conclusion below is obtained from this comparison.

Conclusion 3.2. The proposed Equations (3.39) and (3.40) accelerate the optimization process of



3.4 Experiments 41

Table 3.3: Winners in instance groups with different terminal-vertex ratios

|T|/|V| G1 (|V|=50 |E|=63) G2 (|V|=50 |E|=100) G3 (|V|=75 |E|=94)

Small |T|/|V|=0.180 |T|/|V|=0.180 |T|/|V|=0.173
B1 MS3-PO B4 MS3-PO B7 MS3-PO

Medium |T|/|V|=0.260 |T|/|V|=0.260 |T|/|V|=0.253
B2 MS3-PO B5 GA B8 GA

Large |T|/|V|=0.500 |T|/|V|=0.500 |T|/|V|=0.507
B3 GA B6 GA B9 GA

|T|/|V| G4 (|V|=75 |E|=150) G5 (|V|=100 |E|=125) G6 (|V|=100 |E|=200)

Small |T|/|V|=0.173 |T|/|V|=0.170 |T|/|V|=0.170
B10 MS3-PO B13 MS3-PO B16 MS3-PO

Medium |T|/|V|=0.253 |T|/|V|=0.250 |T|/|V|=0.250
B11 MS3-PO B14 MS3-PO B17 GA

Large |T|/|V|=0.507 |T|/|V|=0.500 |T|/|V|=0.500
B12 GA B15 GA B18 GA

Table 3.4: Fitness evaluation times of MS3-PO in instance groups with different numbers
of edges

|E| G1 (|V|=50 |T|=9) G2 (|V|=50 |T|=13) G3 (|V|=50 |T|=25)
Small B1 23 B2 300 B3 3978
Large B4 588 B5 1136 B6 5250
|E| G4 (|V|=75 |T|=13) G5 (|V|=75 |T|=19) G6 (|V|=75 |T|=38)

Small B7 2304 B8 2080 B9 14896
Large B10 7258 B11 44591 B12 121880
|E| G7 (|V|=100 |T|=17) G8 (|V|=100 |T|=25) G9 (|V|=100 |T|=50)

Small B13 100848 B14 28084 B15 1000000
Large B16 36960 B17 14405 B18 1000000

MS3-PO.

Moreover, 18 instances are distributed into 6 groups in Table 3.3. There are 3 instances

in each group, and they have the same numbers of vertices and edges, but different num-

bers of compulsory terminals. We define the terminal-vertex ratio to be |T|/|V|. The

three instances in the same group are marked respectively as the instance with a small

terminal-vertex ratio, the instance with a medium terminal-vertex ratio and the instance

with a large terminal-vertex ratio. The performances of MS3-PO, GA and DPSO are com-

pared in each instance. It can be seen that MS3-PO is the winner (highlighted in bold),

which means that it has a better performance than the other algorithms, in all the in-

stances with small terminal-vertex ratios, and GA is the winner in all the instances with

large terminal-vertex ratios. Thus, the conclusion below can be made from Table 3.3, and

a conjecture is proposed based on this conclusion.

Conclusion 3.3. In B instances with the same numbers of vertices and edges, MS3-PO has a

better performance than GA and DPSO when the terminal-vertex ratio is small.
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Conjecture 3.1. MS3-PO has a better performance in graphs with small terminal-vertex ratios

than in graphs with large terminal-vertex ratios.

Furthermore, 18 instances are distributed into 9 different groups in Table 3.4. There

are two instances in each group, and the instances in the same group have the same

numbers of vertices and compulsory terminals, but different numbers of edges. Two

instances in the same group are marked respectively as the instance with a small edge

number and the instance with a large edge number. The fitness evaluation times of MS3-

PO have been compared in each group. In Table 3.4, the bold font is used to highlight

instances in which MS3-PO has a better performance than the other instance in the same

group. In 7 out of 9 groups (G1-G6, G9), MS3-PO has a better performance in instances

with a small edge number than in instances with a large edge number (even though

there are two same fitness evaluation times in G9, MS3-PO has a better performance in

B15 than in B18 because of the smaller error). Therefore, the conclusion below is obtained

from Table 3.4.

Conclusion 3.4. In B instances with the same numbers of vertices and compulsory terminals,

MS3-PO generally has a better performance when the edge number is small.

Graphs with a small number of edges are called sparse graphs, and graphs with a

large number of edges are called dense graphs. a conjecture is proposed based on this

conclusion.

Conjecture 3.2. MS3-PO has a better performance in sparse graphs than in dense graphs.

3.4.2 Application to newly generated benchmark instances

Before the experiments, the definition of graph density is introduced as:

D =
2|E|

|V|(|V| − 1)
(3.41)

Clearly, for connected graphs, the minimum and maximum graph densities are re-

spectively 2/|V| and 1.
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Table 3.5: Comparison of MS3-PO, GA, DPSO and SPH in N01-10 instances

Instance |V| |E| |T| D Fitness Evaluation Times Error/%
MS3-PO GA DPSO MS3-PO GA DPSO SPH

N01 100 120 10 0.024 23 1351 1000000 0 0 26.32 0
N02 100 300 10 0.061 114 2324 1000000 0 0 25.00 10.00
N03 100 400 10 0.081 220 1838 1000000 0 0 23.53 11.76
N04 100 500 10 0.101 210 1232 1000000 0 0 28.57 7.14
N05 100 700 10 0.141 176 1723 1000000 0 0 25.00 18.75
N06 100 1000 10 0.202 800 2358 1000000 0 0 40.00 20.00
N07 100 2000 10 0.404 1548 1390 1000000 0 0 26.67 0
N08 100 3000 10 0.606 1400 341 1000000 0 0 23.08 15.38
N09 100 4000 10 0.808 2070 671 1000000 0 0 15.38 15.38
N10 100 4500 10 0.909 4836 2556 1000000 0 0 27.27 18.18

Table 3.6: Comparison of MS3-PO, GA, DPSO and SPH in N11-20 instances

Instance |V| |E| |T| D Fitness Evaluation Times Error/%
MS3-PO GA DPSO MS3-PO GA DPSO SPH

N11 100 120 15 0.024 16 1627 1000000 0 0 14.29 0
N12 100 300 15 0.061 42 11980 1000000 0 0 22.22 3.70
N13 100 400 15 0.081 825 2228 1000000 0 0 17.86 3.57
N14 100 500 15 0.101 396 1727 1000000 0 0 14.29 19.05
N15 100 700 15 0.141 2090 8074 1000000 0 0 13.64 4.55
N16 100 1000 15 0.202 2691 445 1000000 0 0 4.76 9.52
N17 100 2000 15 0.404 3053 783 1000000 0 0 10.00 15.00
N18 100 3000 15 0.606 57482 4862 1000000 0 0 5.56 11.11
N19 100 4000 15 0.808 1000000 345 1000000 5.88 0 11.76 29.41
N20 100 4500 15 0.909 1000000 44292 1000000 5.88 0 5.88 23.53

Table 3.7: Comparison of MS3-PO, GA, DPSO and SPH in N21-30 instances

Instance |V| |E| |T| D Fitness Evaluation Times Error/%
MS3-PO GA DPSO MS3-PO GA DPSO SPH

N21 100 120 20 0.024 30 1170 1000000 0 0 6.90 0
N22 100 300 20 0.061 66 783 1000000 0 0 6.45 9.68
N23 100 400 20 0.081 1012 1640 1000000 0 0 15.63 6.25
N24 100 500 20 0.101 1022 1183 1000000 0 0 3.70 14.81
N25 100 700 20 0.141 2331 8903 1000000 0 0 13.79 10.34
N26 100 1000 20 0.202 5848 5008 1000000 0 0 4.00 8.00
N27 100 2000 20 0.404 1000000 11301 1000000 8.00 0 4.00 16.00
N28 100 3000 20 0.606 496096 248 306565 0 0 0 0
N29 100 4000 20 0.808 1000000 195 1000000 9.09 0 4.55 9.09
N30 100 4500 20 0.909 1000000 21163 1000000 9.52 0 4.76 14.29

It is conjectured that MS3-PO may have a better performance in graphs that are sparse

and have small terminal-vertex ratios. It is necessary to test this conjecture by comparing

MS3-PO’s performances in graphs with different graph densities and terminal-vertex ra-

tios. However, most of the existing STPG benchmark instances are in sparse graphs, and

there are not enough existing benchmark instances in dense graphs [70–72]. Therefore,

new benchmark instances with different graph densities and terminal-vertex ratios are

generated below.
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(a) N01-N10 (corresponds to Table 3.5)

(b) N11-N20 (corresponds to Table 3.6)

(c) N21-N30 (corresponds to Table 3.7)

Figure 3.5: The relationship between graph densities and fitness evaluation times (FET)
of MS3-PO in the N instances. In each subgraph, the x-axis measures the graph density
of each instance, and the y-axis measures the natural logarithm of the recorded fitness
evaluation times of MS3-PO in that instance. Each red dot corresponds to the simulation
result of MS3-PO in an instance. Each blue line fits the simulation results of MS3-PO in a
group of instances (N1-N10, N11-N20, or N21-N30).

We propose a new graph generation algorithm, in which random lengths between

1 and 10 are first assigned to the edges of a complete graph with |V| vertices. Then, the

MST of this complete graph is found, and edges are randomly added to the MST until the

number of edges is increased to |E|. Ultimately, |T| compulsory terminals are randomly
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selected from the vertices in the graph. Note that, since many Steiner tree applications

are not in metric spaces (e.g. [21–23]), we do not limit our generated instances into metric

spaces here.

There are 30 benchmark instances generated in total, and these instances are dis-

tributed into three groups: N01-N10, N11-N20, and N21-N30. In N01-N10, there are 100

vertices in each graph, in which 10 vertices are terminals, and the edge number changes

from 120 to 4500. In N11-N20 and N21-N30, the terminal number is increased respec-

tively to 15 and 20, while the vertex number and edge number are the same as N01-N10.

The computational results of MS3-PO, GA, DPSO and SPH in N01-N30 are listed in Ta-

bles 3.5 - 3.7. The upper limit of fitness evaluation times is still 1 million. The error is

defined as the difference between the cost of the solution found by each algorithm and

the cost of the best solution found by all four algorithms. In each of these instances, the

MST of the saved network is found in MS3-PO after 1 million fitness evaluation times.

If the MST is not better than the saved network in MS3-PO, and the saved network is

the best solution found by all four algorithms, then the fitness evaluation times required

by MS3-PO to find the saved network will be recorded. Otherwise, the recorded fitness

evaluation times of MS3-PO will be 1 million.

It can be seen that MS3-PO finds the best solution faster than GA and DPSO in 16

out of 30 instances (highlighted in bold). All of these 16 instances have smaller graph

densities than the other instances in the same group. Moreover, Figure 3.5 is used to

visualize the relationship between graph densities and the recorded fitness evaluation

times of MS3-PO. In each subgraph of Figure 3.5, a blue line is used to fit the simulation

results of MS3-PO in a group of instances (N01-N10, N11-N20 or N21-N30). It can be seen

from these blue lines that the fitness evaluation times required by MS3-PO to find the best

solution generally increases as the graph density increases. Therefore, MS3-PO shows a

better performance in sparse graphs than in dense graphs. The conclusion below is made

from this comparison, which supports Conjecture 3.2

Conclusion 3.5. In the N instances with the same numbers of vertices and compulsory terminals,

MS3-PO generally has a better performance when the graphs are sparse.

The reason why MS3-PO has a better performance in sparse graphs is that small edge
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Table 3.8: Fitness evaluation times of MS3-PO in instance groups with different terminal-
vertex ratios

|T|/|V| G1 (|V|=100 |E|=120) G2 (|V|=100 |E|=300) G3 (|V|=100 |E|=400)
Small (0.10) N01 23 N02 114 N03 220

Medium (0.15) N11 16 N12 42 N13 825
Large (0.20) N21 30 N22 66 N23 1012
|T|/|V| G4 (|V|=100 |E|=500) G5 (|V|=100 |E|=700) G6 (|V|=100 |E|=1000)

Small (0.10) N04 210 N05 176 N06 800
Medium (0.15) N14 396 N15 2090 N16 2691

Large (0.20) N24 1022 N25 2331 N26 5848
|T|/|V| G7 (|V|=100 |E|=2000) G8 (|V|=100 |E|=3000) G9 (|V|=100 |E|=4000)

Small (0.10) N07 1548 N08 1400 N09 2070
Medium (0.15) N17 3053 N18 57482 N19 1000000

Large (0.20) N27 1000000 N28 496096 N29 1000000
|T|/|V| G10 (|V|=100 |E|=4500)

Small (0.10) N10 4836
Medium (0.15) N20 1000000

Large (0.20) N30 1000000

numbers in sparse graphs lead to few types of edge combination. Thus, it is easier for

MS3-PO to cut the ‘right’ edges and select the ‘right’ type of edge combination, which is

an SMT or a close approximation to SMT, in sparse graphs than in dense graphs. Note

that, MS3-PO may not have a better performance in large sparse graphs than in small

dense graphs, and the influence of graph size (the vertex number) on MS3-PO could be a

topic for further research in the future.

It can also be seen from Table 3.5 -Table 3.7 that GA finds the best solutions faster in

some dense graphs (N08, N09, N16, N17, N19, N28, N29) than in sparse graphs. The

reason is that GA solves STPG by constructing the MST of the subgraph spanning the

selected Steiner vertices and compulsory terminals. In sparse graphs, the subgraph span-

ning the selected Steiner vertices and compulsory terminals is more likely to be discon-

nected than in dense graphs. Thus, GA may be fast in some dense graphs. However, GA

could be more easily trapped in the local optimal solutions in dense graphs as there are

more feasible solutions. Therefore, GA may be slow in some dense graphs as well (N10,

N20, N30).

Furthermore, the simulation results of MS3-PO in these new instances have been di-

vided into 10 groups in Table 3.8. There are three instances in each group, and these

instances have the same numbers of vertices and edges, but different numbers of com-

pulsory terminals. The three instances in the same group are marked respectively as the

instance with a small terminal-vertex ratio, the instance with a medium terminal-vertex
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ratio and the instance with a large terminal-vertex ratio. The fitness evaluation times of

MS3-PO have been compared in each group. The bold font is used to highlight instances

in which MS3-PO has a better performance than in the other instances in the same group.

In 8 out of 10 groups (G3-G10), MS3-PO finds the best solution faster in the instances with

small terminal-vertex ratios than in the other instances. The conclusion below is made

from this comparison, which supports Conjecture 3.1.

Conclusion 3.6. In the N instances with the same numbers of vertices and edges, MS3-PO

generally has a better performance when the graphs have small terminal-vertex ratios.

The reason why MS3-PO has a better performance in graphs with small terminal-

vertex ratios is that, in MS3-PO, the sink node is selected probabilistically from com-

pulsory terminals in every inner iteration, and graphs with small terminal-vertex ra-

tios have comparatively small numbers of compulsory terminals and few types of sink-

source combination. Therefore, it is easier for MS3-PO to select the ‘right’ type of sink-

source combination in graphs with small terminal-vertex ratios than in graphs with large

terminal-vertex ratios. By selecting the ‘right’ type of sink-source combination, MS3-PO

can cut the ‘right’ edges to find an SMT or a close approximation to SMT. Hence, MS3-PO

has a better performance in graphs with small terminal-vertex ratios than in graphs with

large terminal-vertex ratios.

3.4.3 Application to VLSI design instances

An important application of STPG is VLSI design [20, 41, 88]. There are several series

of benchmark instances in SteinLib which come from VLSI design applications, such as

DIW, DMXA, GAP, MSM and TAQ. We observe that all of these VLSI design instances

are sparse and have small terminal-vertex ratios. Therefore, MS3-PO may have a good

performance in VLSI design instances. To prove it, MS3-PO has been applied to real-

world VLSI design instances.

Instances with around hundreds of vertices have been selected from SteinLib, and

there are 17 instances in total. It can be seen that all of these instances have small terminal-

vertex ratios and small graph densities. The comparison results of MS3-PO, GA, DPSO
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Table 3.9: Comparison of MS3-PO, GA, DPSO and SPH in VLSI design instances

Instance |V| |E| |T| Gd Fitness Evaluation Times Error/%
MS3-PO GA DPSO MS3-PO GA DPSO SPH

DIW0393 212 381 11 0.017 1634 1000000 1000000 0 37.75 232.12 0
DIW0460 339 579 13 0.010 230868 1000000 1000000 0 55.07 432.46 14.20
DIW0540 286 465 10 0.011 4224 1000000 1000000 0 49.73 326.47 2.14
DMXA0296 223 386 12 0.016 6251 1000000 1000000 0 44.48 259.88 8.72
DMXA0628 169 280 10 0.020 5236 1000000 1000000 0 7.64 200.36 8.00
DMXA1109 343 559 17 0.010 73324 1000000 1000000 0 27.31 307.93 7.49
DMXA1304 298 503 10 0.011 94300 1000000 1000000 0 49.84 415.11 7.40
GAP1307 342 552 17 0.009 33150 1000000 1000000 0 28.42 256.28 4.19
GAP1500 220 374 17 0.016 180600 1000000 1000000 0 13.78 351.57 0
MSM0580 338 541 11 0.009 62086 1000000 1000000 0 58.46 314.35 9.42
MSM1707 278 478 11 0.012 1000000 1000000 1000000 0.89 5.85 164.36 1.77
MSM1844 90 135 10 0.034 1960 108362 1000000 0 0 32.98 4.26
MSM4224 191 302 11 0.017 8964 1000000 1000000 0 11.90 201.93 7.07
MSM4414 317 476 11 0.010 1000000 1000000 1000000 0.74 23.04 349.26 0
TAQ0891 331 560 10 0.010 1000000 1000000 1000000 1.57 26.02 438.87 1.57
TAQ0910 310 514 17 0.011 4255 1000000 1000000 0 48.92 367.03 5.68
TAQ0920 122 194 17 0.026 3775 9786 1000000 0 0 92.86 2.38

and SPH in these instances are listed in Table 3.9. The upper limit of fitness evaluation

times is still 1 million, and the error is defined as the difference between the cost of the

solution found by each algorithm and the cost of the SMT, which can be found in SteinLib

[71]. It can be seen from Table 3.9 that MS3-PO finds SMTs in 14 out of 17 instances. On the

contrary, GA finds SMTs in 2 instances, SPH finds SMTs in 3 instances, and DPSO cannot

find an SMT in any instance. Therefore, MS3-PO has an advantage over GA, DPSO and

SPH by finding SMTs in more instances. As to the errors, MS3-PO has an average error

of 0.19% in these instances, while that of GA, DPSO, and SPH are respectively 28.72%,

279.05%, and 4.96%. Thus, MS3-PO also has an advantage over GA, DPSO and SPH by

finding closer approximations to SMTs in these instances. The conclusion below can be

made from this comparison.

Conclusion 3.7. MS3-PO can produce good solutions to STPG in VLSI design instances with

hundreds of vertices, and it has a better performance than GA, DPSO and SPH.

Even though MS3-PO has a better performance than GA, DPSO and SPH in VLSI de-

sign instances with hundreds of vertices, it is not recommended to use MS3-PO in larger

VLSI design instances due to the large computation requirement. In contrast, HMS3-PO

can find close approximations to SMT in large graphs. Considering MS3-PO’s good per-

formance in VLSI design instances and the fact that MS3-PO is included in HMS3-PO,

HMS3-PO may have a good performance in VLSI design instances as well. To prove it,
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Table 3.10: Comparison of HMS3-PO and SPH in large VLSI design instances

Instance |V| |E| |T| |T|/|V| Gd N Error/%
HMS3-PO SPH

ALUE2087 1244 1971 34 0.027 0.003 3 3.62 8.58
ALUE2105 1220 1858 34 0.028 0.002 3 3.59 3.88
ALUE6951 2818 4419 67 0.024 0.001 10 4.32 9.22
DIW0234 5349 10086 25 0.005 0.001 5 1.65 4.71
DIW0445 1804 3311 33 0.018 0.002 5 3.89 6.82
DIW0459 3636 6789 25 0.007 0.001 15 2.42 3.16
DIW0473 2213 4135 25 0.011 0.002 5 2.19 7.10
DIW0487 2414 4386 25 0.010 0.002 15 4.63 7.30
DIW0523 1080 2015 10 0.009 0.003 2 0 0
GAP2740 1196 2084 14 0.012 0.003 7 8.86 8.86
GAP3128 10393 18043 104 0.010 0.0003 20 4.85 7.97
MSM0654 1290 2270 10 0.008 0.003 7 4.74 6.32
MSM1477 1199 2078 31 0.026 0.003 4 4.87 10.49
MSM2525 3031 5239 12 0.004 0.001 5 1.01 2.40
MSM2601 2961 5100 16 0.005 0.001 10 6.53 9.03
MSM2705 1359 2458 13 0.010 0.003 3 1.82 8.68
MSM2802 1709 2963 18 0.011 0.002 3 3.46 3.56
MSM3277 1704 2991 12 0.007 0.002 4 0 1.15
MSM3727 4640 8255 21 0.005 0.001 8 2.18 5.09
TAQ0014 6466 11046 128 0.020 0.001 20 4.81 7.29
TAQ0431 1128 1905 13 0.012 0.003 2 5.80 8.36
TAQ0751 1051 1791 16 0.015 0.003 3 5.86 11.18

HMS3-PO has been applied to large VLSI design instances from SteinLib. Instances with

thousands or tens of thousands of vertices have been selected from SteinLib, and there

are 22 instances in total. Because GA and DPSO need a very long time to solve STPG

in large graphs, HMS3-PO is only compared with SPH in these instances. The compari-

son results are listed in Table 3.10, in which N is the number of partitioned subgraphs in

HMS3-PO. In these large VLSI design instances, HMS3-PO has an average error of 3.69%.

On the contrary, the average error of SPH is 6.42%. Thus, HMS3-PO provides closer ap-

proximations to SMTs than SPH in these instances. Moreover, HMS3-PO will degenerate

into SPH when N equals the terminal number |T|. Therefore, HMS3-PO can always find

a solution at least as good as the SPH solution in any instance. The conclusion below can

be made from this comparison.

Conclusion 3.8. HMS3-PO can produce good solutions to STPG in large VLSI design instances

with up to tens of thousands of vertices, and its solutions are better than or equal to those of SPH.



50 Exploring the classical Steiner Tree Problem in Graphs

3.5 Summary

In this chapter, we first conduct some theoretical analyses on PAs to reveal their potential

to compute Steiner trees. Then, we propose two new PAs for STPG. The first proposed

PA, MS3-PO, can find SMTs or close approximations to SMTs in graphs with hundreds

of vertices. Well-known benchmark instances from OR-library are used to test its perfor-

mance. Moreover, new benchmark instances with different graph densities and terminal-

vertex ratios are generated to verify that MS3-PO has a better performance in graphs that

are sparse and have small terminal-vertex ratios. Due to the fact that most VLSI design

instances are sparse and have small terminal-vertex ratios, MS3-PO shows a better per-

formance than GA, DPSO and SPH in VLSI design instances with hundreds of vertices.

The second proposed PA, HMS3-PO, is the combination of a proposed graph-partitioning

algorithm, MS3-PO, and SPH. HMS3-PO can find close approximations to SMTs in large

graphs, and it has been applied to large VLSI design instances with up to tens of thou-

sands of vertices. In these large instances, where GA and DPSO are too slow to be used,

HMS3-PO provides better solutions than SPH. In summary, the PAs proposed in this

chapter have been shown to be the first PAs that perform better than some widely-used

Steiner tree algorithms.



Chapter 4

Exploring the Prize-Collecting Steiner
Tree Problem

4.1 Introduction

PCSTP was originally proposed to design communication networks. However, many

new applications of network data analysis have recently been explored for it, and they

present serious challenges to traditional Steiner tree techniques. Hence, more powerful

Steiner tree techniques are urgently required to meet this challenge. In this chapter, we

first propose a PA to reposition drugs. Then, we propose some fast heuristic algorithms

and post-processing techniques to design large and low-cost communication networks.

4.2 Pharmaceutical network data analysis: drug repositioning

This work was collaboratively explored with Ms. Pathima Nusrath Hameed in the Uni-

versity of Melbourne, and it is published as [89].

4.2.1 Introduction & background

Drug repositioning aims to identify new therapeutic effects for known drugs. By repo-

sitioning known drugs, drug development time, costs and risks can be reduced signifi-

cantly [90–92]. There are mainly two challenges to reposition drugs. First, pharmacolog-

ical data is usually big and difficult to analyze [93, 94]. Second, pharmacological data is

highly complex and involves various drug characteristics, including their chemical struc-
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tures, molecular targets and induced gene expression signatures [95].

Existing drug repositioning methods can be divided into three categories: data-driven

methods [90–92, 95], text-mining methods [96, 97], and network-based methods [92, 98–

100]. The data-driven methods reposition drugs by analyzing pharmacological data us-

ing statistical and machine learning concepts such as statistical estimations, classification

and clustering [90, 95, 99]. Because of the overlapping nature of pharmacological data

[92, 100], the evaluation process of the data-driven methods is complicated [100]. On the

other hand, text mining methods use efficient text analytics and semantic inference ap-

proaches to reposition drugs [96, 97], but their application is limited by the availability

of relevant biomedical publications and reports. Network-based methods are emerg-

ing methods that use networks to represent pharmacological data [99]. These methods

typically reposition drugs by identifying drug candidates in multiple decomposed sub-

networks [99–101]. Even though multiple therapeutic effects are expected to be found, it

requires a long time to analyze these multiple decomposed subnetworks.

Subnetwork identification is a technique to identify a single small subnetwork from

a large network. It differs from previous network-based methods in that we only need

to analyze a single identified subnetwork. This method has already been proven to be

efficient to simplify the visualization and interpretation of protein-protein interaction

networks [23, 33, 102, 103], protein-DNA interaction networks [26], gene-regulatory net-

works [104] and metabolic networks [7]. However, to our knowledge, no one has applied

subnetwork identification to pharmacological networks so far. We will fill this gap by

exploring the application of subnetwork identification to drug repositioning for the first

time.

The prize-collecting Steiner tree approach is gaining traction in subnetwork identifi-

cation, but it has not been tried with pharmacological data to date. Existing methods are

slow and non-deterministic, chance based. This method is heuristic, i.e. it is not an exact

solution, but it is deterministic. The Drug Similarity Networks (DSNs) we generated are

large graphs with 548 vertices and thousands of edges. Thus, it may be preferable to

use fast heuristic algorithms to identify subnetworks in them. Many heuristic algorithms

have been proposed for PCSTP; the GW algorithm (named for Michel X. Goemans and
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David P. Williamson) is the most popular one [2, 50, 51, 54]. However, we observe that

GW algorithm does not perform well in DSNs. On the other hand, PAs are emerging

heuristic algorithms that may have better performances in DSNs [79]. In this section, we

propose a new PA called the Physarum-inspired Subnetwork Identification Algorithm

(PSIA) to identify subnetworks in DSNs. In the computational trials, PSIA outperforms

the popular GW algorithm by identifying more suitable subnetworks for drug reposition-

ing. Furthermore, by analyzing the identified subnetworks, we find evidence to support

previous discoveries that some drugs could be repositioned for cardiovascular diseases.

These discoveries show that our proposed Prize-Collecting Steiner Tree approach is ef-

fective and efficient to reposition drugs.

4.2.2 Generation of Drug Similarity Networks

We propose DSNs to represent the similarities between drugs. There are several pharma-

cological databases at present, such as PharmGKB [105], DrugBank [94,106], SIDER [107],

etc. We generate DSNs using the data following the work of Zhang et al. [108], which

includes data from DrugBank and SIDER. Similarities between drugs are quantified in

DSNs based on their chemical, therapeutic, protein and phenotype features. There are

881 chemical features, 719 therapeutic features, 775 protein features, and 1385 phenotype

features considered for each drug. Therefore, 3760 (881+719+775+1385) features in total

are considered for each drug.

The DSNs we generated have five components:

vertex: Each vertex represents a drug. There are 548 drugs included in each of our

generated DSNs [108]. Each drug is associated with a 1 × 3760 feature vector where

binary numbers represent the presence or absence of each individual feature that we

consider. Note that, binary numbers have already been widely used to describe drug

features [95, 108, 109].

edge: Each edge represents the association between two drugs.

compulsory terminal: Each compulsory terminal represents a vertex which must be

contained in the identified subnetworks of DSNs. In each DSN, the compulsory terminal

set represents a cardiovascular subclass of drugs in the Anatomical Therapeutic Chemical
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(ATC) classification system [110]. ATC is used for the classification of active ingredients

of drugs according to the organ or system on which they act and their therapeutic, phar-

macological and chemical properties. There are 9 subclasses in the cardiovascular class

(C); cardiac therapy (C01), antihypertensives (C02), diuretics (C03), peripheral vasodila-

tors (C04), vasoprotectives (C05), beta blocking agents (C07), calcium channel blockers

(C08), agents acting on the renin-angiotensin system (C09), and lipid modifying agents

(C10). There are 104 drugs in total in these subclasses. (Notably, there is no C06 in the

ATC classification system.)

edge cost: Each edge cost represents the quantified dissimilarity between two drugs.

The bigger the edge cost is, the more dissimilar the two drugs are. The edge cost is

calculated using the Jaccard coefficient, as shown in the formula below.

cij = 1− ∑n
k=1 τi(k) ∩ τj(k)

∑n
k=1 τi(k) ∪ τj(k)

(4.1)

where i and j are indexes of two different drugs, cij is the cost of edge (i, j), n is the total

number of features considered for each drug, which is 3760, and τi is the feature vector

of drug i.

vertex prize: A prize is associated with each vertex to signify the similarity between

the drug represented by this vertex and all the drugs represented by compulsory termi-

nals. The vertex prize is calculated using the following equation.

wi =

∑j∈T,j 6=i
1

1 + cij

|T| (4.2)

where wi is the prize of vertex i, T is the set of compulsory terminals.

The objective of PCSTP is to minimize the net-cost of edge costs and vertex prizes.

Thus, the subnetwork identified using the prize-collecting Steiner tree approach tends to

include edges with small costs and vertices with big prizes. In our generated DSNs, edges

with small costs connect drugs with big similarities, and vertices with big prizes repre-

sent drugs that are similar to the drugs represented by compulsory terminals. Hence, a

subnetwork of DSN that includes drugs similar to the drugs represented by compulsory
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Algorithm 3 The first proposed sparse graph generation algorithm
Input: a complete graph Gc(V, E′′, w, c), parameters |Et|, γ
Output: a sparse graph G(V, E, w, c)

1: G = MST(Gc)
2: while |E| < |Et| do
3: for i = 1 to |V| − 1 do
4: for j = i + 1 to |V| do
5: if rand(1) ≤ γ then
6: Add edge (i, j) to G
7: Break
8: end if
9: end for

10: if |E| = |Et| then
11: Break
12: end if
13: end for
14: end while

terminals is expected to be identified using the prize-collecting Steiner tree approach.

Complete graphs with different sets of compulsory terminals can be generated using

the five graph components defined above. Since the sets of vertices are identical, the sets

of edge costs are also the same in different complete graphs. However, the sets of ver-

tex prizes are different as the sets of terminals are different in different complete graphs.

Applying Steiner tree algorithms directly to complete graphs may induce the identifica-

tion of subnetworks with only compulsory terminals. Moreover, Steiner tree algorithms

perform better in sparse graphs than in complete graphs [50]. Therefore, we propose

two sparse graph generation algorithms to prune the complete graphs to produce sparse

graphs for DSNs.

In our first proposed algorithm, the MST of the complete graph is found using Prim’s

algorithm [111]. Then, edges are added probabilistically to the MST until the total num-

ber of edges is increased to the desired number. This algorithm is presented as Algorithm

3, in which |E| is the number of edges in the sparse graph, |V| is the number of vertices,

|Et| is the desired number of edges in the sparse graph, γ is the probability of adding

edges to MST.

Our second proposed algorithm generates a sparse graph by deleting edges from a

complete graph. The challenge of generating a sparse graph by deleting edges is to delete
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Algorithm 4 The second proposed sparse graph generation algorithm
Input: a complete graph Gc(V, E′′, w, c), parameters m, n
Output: a sparse graph G(V, E, w, c)

1: Gc = G
2: for i = 1 to |V| − 1 do
3: for j = i + 1 to |V| do
4: if cij < m then
5: Delete edge (i, j) from G
6: end if
7: end for
8: end for
9: for i = 1 to |V| − 1 do

10: for j = i + 1 to |V| do
11: if cij < n then
12: if G is still connected without edge (i, j) then
13: Delete edge (i, j) from G
14: end if
15: end if
16: end for
17: end for

as many edges as possible while maintaining the graph connectivity. The graph connec-

tivity can be checked using Tarjan’s algorithm, which has the complexity of O(|V|+ |E|)

[112]. It takes a long time to generate a sparse graph if the connectivity is checked every

time after an edge is deleted (since the number of edges that need be deleted can be ex-

tremely large, it is still true when applying faster algorithms to check graph connectivity,

such as the dynamic graph algorithms [113]). In our second proposed algorithm, two

threshold values, m and n, are used to delete edges in two steps. In the first step, all the

edges which have a cost below m are deleted from the complete graph. In the second

step, all the edges which have a cost below n are deleted from the graph when deleting

the edge will not make the graph disconnected. Set m < n, and make sure m is small

enough to maintain the graph connectivity. The purpose of deleting edges in two steps

is to make the algorithm fast by only checking the graph connectivity in the second step.

Our second proposed algorithm is presented as Algorithm 4.

Two sparse graphs can be generated from each complete graph using the two algo-

rithms proposed above. These two algorithms generate sparse graphs by only consider-

ing the edge costs. Since the sets of edge costs are the same in different complete graphs,
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(a) The first type of sparse graphs (b) The second type of sparse graphs

Figure 4.1: Visualization of two types of sparse graphs. (a) shows the first type of sparse
graphs, which are generated using the first proposed algorithm. (b) shows the second
type of sparse graphs, which are generated using the second proposed algorithm.

the sparse graphs generated using the same proposed algorithm will have the same set of

edges. Therefore, sparse graphs with two different sets of edges are generated using the

two proposed algorithms, and these two types of sparse graphs are visualized in Figure

4.1, in which Figure 4.1a visualizes the sparse graphs generated using the first proposed

algorithm, and there are 548 vertices and 1500 edges in each of them, Figure 4.1b visual-

izes the sparse graphs generated using the second proposed algorithm, and there are 548

vertices and 1391 edges in each of them.

The distributions of edge costs in the complete graphs and two types of sparse graphs

are shown in Figure 4.2. It can be seen from Figure 4.2a that most edges in the complete

graphs have costs between 0.5 and 0.9. It can be seen from Figure 4.2b that most edges in

the first type of sparse graphs also have costs between 0.5 and 0.9. The reason why the

complete graphs and the first type of sparse graphs have similar distributions of edge

costs is that, in the first proposed algorithm, edges are randomly added to the MST of

the complete graphs without considering their costs. However, it can be seen from Fig-

ure 4.2c that most edges in the second type of sparse graphs have costs between 0.9 and

1. The reason is that m and n are set respectively to be 0.9 and 0.95 in the second pro-
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(a) Edge cost distribution in the complete
graphs

(b) Edge cost distribution in the first type of
sparse graphs

(c) Edge cost distribution in the second type of
sparse graphs

Figure 4.2: The distributions of edge costs in complete and sparse graphs. (a) shows the
distribution of edge costs in the complete graphs. (b) shows the distribution of edge costs
in the first type of sparse graphs, which are generated using the first proposed algorithm.
(c) shows the distribution of edge costs in the second type of sparse graphs, which are
generated using the second proposed algorithm.

posed algorithm, and all the edges which have a cost below 0.9 have been deleted. In the

computational trials, it takes the second proposed algorithm 29.24 seconds to generate

a sparse graph when m = 0.9 and n = 0.95. In contrast, it takes the second proposed

algorithm 7870.69 seconds to generate a sparse graph when m = 0.5 and n = 0.95. More-

over, the graph becomes disconnected when m = 0.95. Therefore, the computational

trials prove that a big m makes the second proposed algorithm fast, but at the risk of ru-

ining the graph connectivity, and a big n makes the graph sparse, but at the cost of long

running time.

DSNs are generated using the two proposed algorithms. Because no vertex has been
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deleted in any of these sparse graphs, subnetworks containing similar drugs can be iden-

tified in the sparse graphs generated by both proposed algorithms. Nevertheless, in our

simulations we find that Steiner tree algorithms have better performances in DSNs gen-

erated using the second proposed algorithm than in DSNs generated using the first pro-

posed algorithm.

4.2.3 The proposed Physarum-inspired algorithm

The Physarum-inspired Subnetwork Identification Algorithm (PSIA) is proposed to iden-

tify subnetworks in DSNs. The proposal of PSIA is inspired by the later proposed Lowest-

cost Network Physarum Optimization algorithm (LNPO) for NWSTP, which will be in-

troduced in the next chapter. There are two iteration processes in LNPO, the inner iter-

ation process and the outer iteration process. A feasible solution can be found in each

inner iteration process. The outer iteration process is used to find multiple feasible solu-

tions and choose the solution which is closest to the SMT as the final solution. However,

SMTs or close approximations to SMTs may not be suitable for drug repositioning. There

is no need to apply the outer iteration process in PSIA. Thus, only the inner iteration

process is included in PSIA. Moreover, the subnetwork identified in the inner iteration

process may not be a tree. Hence, the MST technique is used in PSIA to ensure that the

identified subnetwork is a tree.

The proposed PSIA is presented as Algorithm 5. Since the sink node is chosen proba-

bilistically in PSIA, different subnetworks can be identified in a single DSN by employing

PSIA multiple times. To reposition drugs, we employ PSIA multiple times in each DSN

to identify multiple subnetworks. Then, we select the most suitable subnetwork from

them for drug repositioning.

4.2.4 Subnetwork evaluation for drug repositioning

As described above, we select each of the 9 cardiovascular subclasses individually as

the compulsory terminal set, and all the other drugs in the DSN are considered as non-

terminal vertices. We then apply two sparse graph generation algorithms to generate
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Algorithm 5 The proposed Physarum-inspired Subnetwork Identification Algorithm
Input: graph G(V, E, T, w, c)
Output: the identified subnetwork G′(V ′, E′)

1: Give each edge conductivity a random initial value
2: for k = 1 to K do
3: Choose the sink node and the source nodes using Equation (3.36)
4: Calculate the pressure at each vertex using Equation (5.4)
5: Calculate the flux through each edge using Equation (5.1)
6: Update the conductivities using Equations (3.39) & (3.40)
7: Cut any edge whose conductivity is smaller than the threshold value ε
8: end for
9: Find MST of the subnetwork found above as G′

two sparse graphs for each cardiovascular subclass, resulting in 18 DSNs. We name each

DSN as D i a or D i b, in which i represents the origin of the compulsory terminal set

(subclass C01, C02, C03, C04, C05, C07, C08, C09, or C10), a or b represents the first or the

second sparse graph generation algorithm that is used to generate that particular DSN.

Both PSIA and GW algorithm have been applied to each of the 18 DSNs to identify

subnetworks. PSIA can identify multiple subnetworks in each DSN, while GW algorithm

can only identify a single subetwork in each DSN. Each identified subnetwork contains

all the compulsory terminals and may also contain some non-terminal vertices. In DSNs,

the drugs represented by compulsory terminals are in a certain cardiovascular subclass,

while the drugs represented by non-terminal vertices may or may not be in the other car-

diovascular subclasses. The aim of subnetwork identification is to reposition drugs for

cardiovascular diseases. Drugs in the cardiovascular class are closely related to cardio-

vascular diseases. Moreover, the identified subnetwork is supposed to contain drugs that

are closely related to each other. Therefore, a subnetwork that is suitable for drug repo-

sitioning for cardiovascular diseases may contain a high percentage of drugs that are in

the cardiovascular class and a low percentage of drugs that are not in the cardiovascular

class. Hence, we propose Rand Index (RI) [114] as the metric to evaluate the identified

subnetworks, and it is defined as

RI =
Ic + Nnc

|V| − |T| × 100% (4.3)
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where Ic is the number of non-terminal vertices that represent drugs that are in both the

identified subnetwork and the cardiovascular class (C; including drugs in all 9 cardio-

vascular subclasses), Nnc is the number of vertices that represent drugs that are neither in

the identified subnetwork nor in the cardiovascular class, |V| is the number of vertices in

DSN (|V| = 548 in this application), |T| is the number of terminals in DSN. Notably, our

computational trials show that identifying true positives (Ic) and true negatives (Nnc) are

both important to subnetwork identification for drug repositioning.

We evaluate all the subnetworks identified by PSIA and GW algorithm. Then, we

select the subnetworks with high RIs as the suitable subnetworks for drug repositioning.

Most drugs in these selected subnetworks have already been classified into the cardio-

vascular class. However, there may still be drugs in these selected subnetworks that have

not been classified into the cardiovascular class yet. We consider the ‘not-classified-yet’

drugs that have frequently occurred in these selected subnetworks as candidates for drug

repositioning.

4.2.5 Experiments

There are two groups of DSNs generated in this application. Each group contains 9

DSNs that are generated using 9 cardiovascular subclasses (C01, C02, C03, C04, C05,

C07, C08, C09, C10). The DSNs in the first group (D 01 a to D 10 a) are generated

using the first proposed sparse graph generation algorithm (Algorithm 3), while the

DSNs in the second group (D 01 b to D 10 b) are generated using the second proposed

sparse graph generation algorithm (Algorithm 4). These DSNs are publicly available at

https://github.com/YahuiSun/Drug-Similarity-Network.

Both PSIA and the GW algorithm are used to identify subnetworks in two groups of

DSNs. Since PSIA can identify multiple subnetworks in a single DSN, we employ PSIA

for three times in each DSN to identify three subnetworks. In each DSN, the subnetwork

with the highest RI identified by PSIA is selected to compare with the subnetwork iden-

tified by the GW algorithm. The comparison results are shown in Tables 4.1-4.2, in which

ID is the name of DSN, |V|, |E|, |T| are the numbers of vertices, edges, compulsory termi-

nals in each DSN, T-Origin is the origin of the compulsory terminal set in each DSN, |V ′|

https://github.com/YahuiSun/Drug-Similarity-Network
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Table 4.1: Subnetwork identification results in D 01 a to D 10 a

DSN Identified subnetwork
ID |V| |E| |T| T-Origin Algorithm |V’| |E’| Ic Rand Index

D 01 a 548 1500 22 C01 PSIA 60 59 7 79.8
GW 354 353 53 41.4

D 02 a 548 1500 12 C02 PSIA 37 36 10 81.9
GW 339 338 62 45.0

D 03 a 548 1500 13 C03 PSIA 35 34 4 80.4
GW 330 329 61 46.5

D 04 a 548 1500 4 C04 PSIA 9 8 1 81.1
GW 322 321 66 47.4

D 05 a 548 1500 9 C05 PSIA 25 24 4 80.9
GW 281 280 52 51.2

D 07 a 548 1500 15 C07 PSIA 25 24 1 81.8
GW 301 300 55 50.3

D 08 a 548 1500 8 C08 PSIA 23 22 2 80.2
GW 320 319 63 47.8

D 09 a 548 1500 16 C09 PSIA 29 28 4 82.5
GW 322 321 56 47.0

D 10 a 548 1500 8 C10 PSIA 18 17 1 80.7
GW 354 353 66 42.6

Table 4.2: Subnetwork identification results in D 01 b to D 10 b

DSN Identified subnetwork
ID |V| |E| |T| T-Origin Algorithm |V’| |E’| Ic Rand Index

D 01 b 548 1391 22 C01 PSIA 41 40 2 81.6
GW 32 31 1 82.9

D 02 b 548 1391 12 C02 PSIA 22 21 2 81.7
GW 25 24 1 80.8

D 03 b 548 1391 13 C03 PSIA 18 17 2 82.8
GW 20 19 1 82.1

D 04 b 548 1391 4 C04 PSIA 9 8 2 81.4
GW 10 9 1 80.9

D 05 b 548 1391 9 C05 PSIA 12 11 1 82.2
GW 17 16 1 81.3

D 07 b 548 1391 15 C07 PSIA 23 22 2 82.6
GW 24 23 1 82.0

D 08 b 548 1391 8 C08 PSIA 19 18 1 80.6
GW 19 18 0 80.2

D 09 b 548 1391 16 C09 PSIA 22 21 1 82.7
GW 26 25 1 82.0

D 10 b 548 1391 8 C10 PSIA 54 53 5 75.6
GW 14 13 1 81.5

and |E′| are the numbers of vertices and edges in each identified subnetwork. The iden-

tified subnetwork with a higher RI in each DSN has been highlighted in Tables 4.1-4.2. It

can be seen that every highlighted subnetwork has a smaller number of vertices than the

other subnetwork in the same DSN. Thus, we observe that

Observation 4.1. In each DSN, the identified subnetwork which has a higher RI is generally

smaller than the other identified subnetwork.

It is preferable to choose small subnetworks than large subnetworks for drug repo-
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sitioning as analysis can be done more efficiently in small subnetworks. Most drugs in-

cluded in our generated DSNs are not in the cardiovascular class. Hence, it is important

for subnetworks to identify true negatives (Nnc in Equation (4.3)), and then avoid false

positives (drugs that are not in the cardiovascular class). One counter-example is that

the large subnetworks identified by the GW algorithm in D 01 a to D 10 a contain many

false positives, and thus are not suitable for drug repositioning.

In D 01 a to D 10 a, all the highlighted subnetworks are identified by PSIA. In D 01 b

to D 10 b, 7 out of 9 highlighted subnetworks are identified by PSIA. In 18 DSNs, the av-

erage RI of the subnetworks identified by PSIA is 81.1%, while that of the GW algorithm

is 64.1%. Therefore, the conclusion below can be made.

Conclusion 4.1. In the generated DSNs, PSIA generally outperforms the GW algorithm in iden-

tifying subnetworks for drug repositioning.

D 01 a to D 10 a are generated using the first proposed sparse graph generation al-

gorithm, while D 01 b to D 10 b are generated using the second proposed sparse graph

generation algorithm. 8 out of 9 highlighted subnetworks in D 01 b to D 10 b (except

D 02 b) have higher RIs than the corresponding highlighted subnetworks in D 01 a to

D 10 a (two DSNs corresponds to each other when they use the same cardiovascular

subclass as the terminal set; see Tables 4.1-4.2). Hence, the conclusion below can be made.

Conclusion 4.2. The second proposed sparse graph generation algorithm is more suitable than

the first proposed sparse graph generation algorithm for the generation of DSNs.

We select the nine highlighted subnetworks in D 01 b to D 10 b for drug reposition-

ing. These subnetworks are visualized in Figure 4.3, in which S01-S09 are IDs of the high-

lighted subnetworks in D 01 b to D 10 b, the numbers in the visualized subnetworks rep-

resent the drug index (see drug names in Additional file 1 at https://bmcsystbiol.

biomedcentral.com/articles/10.1186/s12918-016-0371-3), the green-color

vertices represent drugs that are in the cardiovascular class, and the white-color vertices

represent drugs that are not in the cardiovascular class. Drug candidates are selected

from the frequently occurring drugs that are not in the cardiovascular class. These drug

https://bmcsystbiol.biomedcentral.com/articles/10.1186/s12918-016-0371-3
https://bmcsystbiol.biomedcentral.com/articles/10.1186/s12918-016-0371-3
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(a) Subnetwork S01 (b) Subnetwork S02 (c) Subnetwork S03

(d) Subnetwork S04 (e) Subnetwork S05 (f) Subnetwork S06

(g) Subnetwork S07 (h) Subnetwork S08 (i) Subnetwork S09

Figure 4.3: Visualization of the highlighted subnetworks in D 01 b to D 10 b. S01-S09 are
IDs of the highlighted subnetworks in D 01 b to D 10 b. The numbers in the visualized
subnetworks represent the indexes of drugs. The green-color vertices represent drugs
that are in the cardiovascular class. The white-color vertices represent drugs that are not
in the cardiovascular class.

candidates are closely related to the cardiovascular system, and they could be reposi-

tioned for cardiovascular diseases.

4.2.6 Discussion

Due to the long time, large costs and high risks to develop new drugs, drug reposition-

ing is important since it finds new therapeutic effects for known drugs. In this section,

we propose subnetwork identification as a new method to reposition drugs. Because

cardiovascular health contributes significantly to the burden of illness and injury in the
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Australian community [115], and the prize-collecting Steiner tree approach is a good way

to identify subnetworks, we focus on using the prize-collecting Steiner tree approach to

reposition drugs for cardiovascular diseases.

To identify subnetworks for drug repositioning, we generate DSNs including five

components, which are vertices, vertex prizes, edges, edge costs, and compulsory termi-

nals. The Steiner tree algorithm tends to identify a subnetwork constructed by vertices

with big prizes and edges with small costs. In our DSNs, the vertex prizes represent

similarities between drugs, and the edge costs represent dissimilarities between drugs.

Moreover, compulsory terminals represent drugs in the cardiovascular class. Therefore,

a subnetwork of drugs that are closely related to the cardiovascular system is expected

to be identified. 18 DSNs are generated using 9 cardiovascular subclasses and 2 sparse

graph generation algorithms. After generating DSNs, Steiner tree algorithms are used

to identify subnetworks. The GW algorithm is one of the most popular algorithm for

PCSTP. However, the GW algorithm can only identify a single subnetwork in each DSN,

and this subnetwork may not be suitable for drug repositioning. Hence, we propose a

new Steiner tree algorithm, PSIA, to identify subnetworks in DSNs as well, and PSIA can

identify multiple subnetworks in each DSN. We employ both PSIA and GW algorithm

in 18 DSNs. In each DSN, one subnetwork is identified by GW algorithm, and three

subnetworks are identified by PSIA. Since RI gives equal weight to the identification of

true positives and true negatives, it can be used to select suitable subnetworks for drug

repositioning. Thus, we evaluate these subnetworks using their RIs. Furthermore, the

subnetwork identified by the GW algorithm and the best subnetwork identified by PSIA

are compared with each other in each DSN. Based on the comparison results shown in

Tables 4.1 - 4.2, we first observe that smaller subnetworks always have higher RIs than

larger subnetworks in the same DSN. Then, we conclude that PSIA outperforms the GW

algorithm in DSNs. Moreover, we conclude that the second proposed sparse graph gen-

eration algorithm is more suitable for the generation of DSNs.
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Table 4.3: Newly identified drugs in the selected subnetworks

Index Drug Name Freq S01 S02 S03 S04 S05 S06 S07 S08 S09
368 nitroglycerin 7 X X X X X X X
496 theophylline 5 X X X X X
32 arsenic trioxide 3 X X X
261 isocarboxazid 3 X X X
287 lincomycin 3 X X X
2 acarbose 2 X X
7 adapalene 2 X X
239 haloperidol 2 X X
298 malathion 2 X X
359 neomycin 2 X X
10 alclometasone 1 X
14 amcinonide 1 X
39 azathioprine 1 X
70 caffeine 1 X
74 carbachol 1 X
93 ceftazidime 1 X
135 desflurane 1 X
165 droperidol 1 X
217 formoterol 1 X
241 hexachlorophene 1 X
367 nitrofurantoin 1 X
417 pramipexole 1 X
422 prednisone 1 X
429 procyclidine 1 X
449 repaglinide 1 X
466 selegiline 1 X
497 thiabendazole 1 X
513 topiramate 1 X
518 tranexamic acid 1 X
526 triiodothyronine 1 X

Drug repositioning for cardiovascular diseases

After the evaluation of all the identified subnetworks, we select nine most suitable sub-

networks to reposition drugs for cardiovascular diseases. These nine subnetworks are

visualized in Figure 4.3. The drugs contained in these subnetworks are supposed to be

closely related to the cardiovascular system. There are 134 drugs contained in these sub-

networks, in which 104 drugs are already in the cardiovascular class, while 30 drugs are

not in the cardiovascular class yet. Therefore, we consider these 30 drugs as newly iden-

tified drugs for drug repositioning. These 30 drugs are listed in Table 4.3, in which Index

is the drug index, Freq is the number of times each drug has been identified for, S01-S09

are IDs of the nine selected subnetworks.

It can be seen that ten newly identified drugs have occurred more than once in the

selected subnetworks, while the other 20 drugs have occurred only once. We consider
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the ten drugs which have occurred more than once as candidates for drug reposition-

ing. These ten drug candidates are nitroglycerin, theophylline, arsenic trioxide, isocar-

boxazid, lincomycin, acarbose, adapalene, haloperidol, malathion, and neomycin. We

believe that these ten drug candidates could be repositioned for cardiovascular diseases.

Thus, we evaluate each drug candidate using published pharmacological discoveries.

The existing discoveries on three candidates (nitroglycerin, theophylline and acarbose)

are introduced below.

As to nitroglycerin, Koch et al. [116] found that nitroglycerin can produce a sharp

fall in the cardiac filling pressures and the pulmonary arterial pressures. Moreover, the

vasodilatory effects of nitroglycerin also have the potential to be used in cardiovascular

therapeutics [117]. As to theophylline, Sollevi et al. [118] found that theophylline can

act as an adenosine antagonist to antagonize cardiovascular responses. As to acarbose,

Chiasson et al. [119] found that treating impaired glucose tolerance patients with acar-

bose is associated with a significant reduction in the risk of cardiovascular diseases and

hypertension. It can be seen from these discoveries that nitroglycerin, theophylline and

acarbose have already been suspected for their potential therapeutic effects for cardiovas-

cular diseases. Therefore, we provide evidences to support these previous discoveries.

As to the other seven drug candidates, we believe that they may also interact with the

biological cardiovascular system. These evidences have shown the effectiveness and ef-

ficiency of our proposed prize-collecting Steiner tree approach for drug repositioning.

Different types of drug similarities

There are different types of drug similarities, such as chemical similarity, therapeutic

similarity, phenotype similarity, and similarity based on their interacting targets (such as

proteins) [120]. In our generated DSNs, drug similarities are calculated using four types

of drug features, which are the chemical, therapeutic, protein, and phenotype features.

Here, we generate new DSNs based on new drug similarities, and show that the initial

drug similarities calculated using four types of drug features are more suitable for drug

repositioning.

We generate four new types of DSNs, and in each of them the drug similarities are
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Table 4.4: Standard deviations of vertex prizes and edge costs

DSN C DSN T DSN Pr DSN Ph DSN 01 a/b to DSN 10 a/b
SD VP 3.68 3.34 2.32 2.24 2.42
SD EC 15.63 7.72 7.43 8.90 10.14

Table 4.5: The running time of PSIA and GW algorithm in DSNs with different sizes

DSN 100 DSN 548 DSN 1000 DSN 3000
GW 0.001 min 0.039 min 0.196 min 7.345 min
PSIA 0.036 min 0.638 min 2.102 min 19.169 min

calculated using a single type of drug features. The used drug features are chemical, ther-

apeutic, protein, and phenotype features. We compare the standard deviations of vertex

prizes and edge costs in the initial type of DSNs and four new types of DSNs. The com-

parison results are demonstrated in Table 4.4, in which SD VP is the average standard

deviation of vertex prizes, SD EC is the standard deviation of edge costs in the corre-

sponding complete graphs, DSN C, DSN T, DSN Pr, DSN Ph are respectively the type

of DSNs where drug similarities are calculated using the chemical, therapeutic, protein

and phenotype features, DSN 01 a/b to DSN 10 a/b are the initial type of DSNs used for

drug repositioning, where drug similarities are calculated using all the four types of drug

features. It can be seen that SD VP and SD EC of DSN 01 a/b to DSN 10 a/b are also

relatively high. Moreover, many drugs undergo complex and largely uncharacterized

metabolic transformations, and it is not appropriate to only consider any other homoge-

neous drug similarity [100]. The initial drug similarities are heterogeneous as they are

calculated using multiple types of drug features. Therefore, the initial heterogeneous

drug similarities calculated using four types of drug features are more suitable for drug

repositioning.

The running time in large Drug Similarity Networks

PCSTP is NP-hard [121], which means that the time required to solve it may increase

exponentially as the graph size increases. Large DSNs with thousands of vertices can be

generated using the existing pharmacology data. Thus, it is necessary to ensure that we

can use the prize-collecting Steiner tree approach to identify subnetworks in large DSNs.

Here, random DSNs with different sizes are generated. We employ both PSIA and GW
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algorithm in these DSNs using MATLAB R2014a on a computer with 16 GB RAM and

the Intel(R) Core(TM) i7-4770 CPU. The running time of PSIA and GW algorithm in these

DSNs is demonstrated in Table 4.5, in which DSN X means a DSN with X vertices. The

unit of the running time is minute. It can be seen that both PSIA and GW algorithm can

identify subnetworks in large DSNs with up to 3000 vertices in a reasonable amount of

time. Moreover, the running time above can be further shortened by using a low-level

programming language. Thus, we can use the prize-collecting Steiner tree approach to

identify subnetworks in large DSNs. Notably, even though the running time of PSIA is

longer than that of the GW algorithm, PSIA is considered better as it can identify more

suitable subnetworks for drug repositioning.

4.2.7 Section summary

Drug repositioning is important for drug development. In this section, the subnetwork

identification method is used to reposition drugs for the first time. A new PA is proposed

to identify subnetworks. DSNs are generated, in which vertex prizes and edge costs re-

spectively represent the similarities and dissimilarities between drugs, and compulsory

terminals represent drugs in the cardiovascular class, as defined in the ATC classification

system. In the generated DSNs, our proposed algorithm identifies subnetworks with

higher RIs than the popular GW algorithm. Furthermore, nine most suitable subnet-

works are selected for drug repositioning, and ten drug candidates are identified from

these subnetworks. We find evidence to support previous discoveries that nitroglycerin,

theophylline and acarbose may be able to be repositioned for cardiovascular diseases.

Moreover, we identify seven previously unknown drug candidates that also may inter-

act with the biological cardiovascular system. Therefore, our proposed prize-collecting

Steiner tree approach is shown to be a promising strategy for drug repositioning.
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4.3 Designing large and low-cost communication networks

4.3.1 Introduction & background

The emerging next-generation communication networks, including the 5G wireless net-

works [122], the cognitive radio networks [123], and the interplanetary Internet [124], are

envisioned to have a great impact on our future society, economy, and quality of life.

These networks are expected to have an unprecedented large scale. However, designing

low-cost communication networks to cope with this increasing scale is a challenge that

still remains to be addressed.

Mathematically, the challenge of designing large and low-cost communication net-

works can be formulated as PCSTP. In fact, the techniques on PCSTP have already been

applied fruitfully by AT&T to the optimization of real-world telecommunication net-

works [2]. Nevertheless, these existing techniques may not have a good performance in

emerging larger communication networks. For example, the largest benchmark instance

they have ever challenged has only 169,800 vertices and 338,551 edges [11], which may

not be large enough to represent emerging next-generation communication networks.

Hence, new techniques that still perform well in larger networks will be highly valued.

The techniques on PCSTP can be applied to various areas, such as processing images

[10,11], detecting events in social networks [15], finding drug repositioning candidates in

pharmacological networks [89], or identifying functional interactions in protein-protein

interaction networks [33]. All of these applications may involve large networks that are

difficult to solve for the existing techniques. Nevertheless, in this section, we only focus

on designing large and low-cost communication networks. In the communication net-

work, vertices represent communication devices, edges represent wire or wireless con-

nections between devices, node weights represent profit from devices, edge costs repre-

sent costs to connect devices, and compulsory terminals represent special devices that

must be connected in this network, such as base stations. Therefore, by solving PCSTP

we can minimize the cost of communication networks [19, 24].

PCSTP is NP-hard, which means that there may not be an algorithm to solve large

instances to optimality in polynomial time. Therefore, since next-generation commu-
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nication networks are expected to have a large scale, the use of heuristic algorithms to

find fast feasible solutions is highly recommended. Some additional techniques can be

used to assist heuristic algorithms to meet the challenge above, such as pre-processing

and post-processing techniques. Many pre-processing techniques are available right now

[121, 125]. However, post-processing techniques have so far been rarely explored. Thus,

we first propose some more effective post-processing techniques, and then combine them

together as an effective post-processing procedure. Based on the new post-processing

techniques, we propose a heuristic algorithm which is faster and consumes less memory

than other algorithms. Then, we improve a state-of-the-art heuristic algorithm: a fast im-

plementation of the unrooted GW algorithm. Moreover, we propose a fast implementa-

tion of the rooted GW algorithm. To indicate the competitiveness of the proposed heuris-

tic algorithms, we apply them to the largest existing benchmark instances. Furthermore,

we generate new larger communication network design instances to show their advan-

tages over the state-of-the-art exact algorithms. Ultimately, we show that the proposed

post-processing techniques can improve sub-optimal solutions of not only the proposed

heuristic algorithms, but also the state-of-the-art exact algorithms (exact algorithms may

not be able to find optimal solutions in large instances due to the long running time).

4.3.2 The proposed post-processing techniques

The adapted Strong Pruning algorithm

Steiner tree problems in graphs are generally NP-hard. However, some special cases of

them are polynomially solvable, such as the Shortest Path Problem [126] and the Mini-

mum Spanning Tree Problem [127]. Here, we propose the Node-Weighted Steiner Tree

Problem in Trees (NWSTPT) for the first time. NWSTPT is closely related to PCSTP, and

it is polynomially solvable. The Strong Pruning Algorithm (SPA) proposed by Johnson

et al. in 2000 [51] can solve NWSTPT to optimality in trees with a single compulsory

terminal. In this subsection, we adapt it to trees with multiple compulsory terminals.

There are two equivalent definitions of a tree: 1) a tree is a connected network with no

cycle; 2) a tree is a connected network such that the removal of any edge in this network
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will make it disconnected. NWSTPT is defined as follows: Let Θ(V, E, T, w, c) be a tree,

where V is the set of vertices, E is the set of edges, T is a (possibly empty) subset of

V called compulsory terminals, w is a function which maps each vertex in V to a real

number called the node weight, and c is a function which maps each edge in E to a

positive number called the edge cost. The purpose of NWSTPT is to find a subtree Θp =

(Vp, Ep), T ⊆ Vp ⊆ V, Ep ⊆ E with the maximum net-weight w(Θp) = ∑v∈Vp
w(v) −

∑e∈Ep
c(e). Note that, when all the node weights are non-negative, NWSTPT is a special

case of PCSTP.

We adapt Johnson’s SPA to solve NWSTPT to optimality in trees with multiple com-

pulsory terminals. The new algorithm is abbreviated as SPrA′. Suppose T is nonempty.

In SPrA′, we first associate each vertex with an nw value. The initial nw values of non-

compulsory vertices equal their node weights, while that of compulsory terminals are

M = ∑(j,k)∈E |c(j, k)|+ ∑j∈V |w(j)|, which ensures that all the compulsory terminals are

included in the solution of SPrA′. The nw values will be updated in the pruning process.

Note that, these nw values are different from the similar values in Johnson’s SPA. With

the new nw values above, SPrA′ can solve NWSTPT to optimality in trees with multiple

compulsory terminals.

We define the processing degree of a vertex as the number of adjacent vertices that

have not been processed. Initially, only leaves of the tree have a processing degree of 1. In

SPrA′, we first randomly select a compulsory terminal to be the root. For non-root vertex

i which has not been processed and whose processing degree is 1, assume vertex j is its

adjacent vertex that has not been processed. If nw(i) < c(i, j), we remove edge (i, j) and

the subtree rooted at vertex i, or we update the nw value of vertex j using the following

equation,

nw(j) = nw(j) + nw(i)− c(i, j) (4.4)

We keep processing all the non-root vertices until all of them have been processed.

The remaining subtree is the solution of SPrA′. The theorem below is proposed to prove

that SPrA′ can solve NWSTPT to optimality in trees with nonempty compulsory terminal

sets.
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Figure 4.4: A subtree rooted at vertex q. CTα|α=1,··· ,x are x Concrete Trees that are succes-
sors to vertex q. Vertex q is connected to vertex mj in Concrete Tree CTj.

Theorem 4.1. Let Θ be a tree with a nonempty compulsory terminal set, and let Θ′ be any subtree

of Θ that contains all the compulsory terminals. If Θp is the subtree obtained from Θ by SPrA′,

then Θp contains all the compulsory terminals, and w(Θp) ≥ w(Θ′).

Proof. Use SPrA′ to prune Θ. Assume a compulsory terminal r has been selected to be

the root. Since the root will never be processed, the compulsory terminal r will not be

removed from Θ by SPrA′. Assume there is a subtree Θi in Θ which contains at least

one compulsory terminal other than r and such that vertex i is the last vertex processed

by SPrA′ in this subtree. Let vertex j be the predecessor of vertex i (vertex j is not in

this subtree). We call Θi a successor of j. It can be seen from Equation (4.4) that, after

processing all the other vertices in Θi (excluding vertex i), nw(i) > c(i, j). Thus, this

subtree will be kept in Θ. As a result, Θp contains all the compulsory terminals.

We define a tree that is a successor of a given vertex j as a Concrete Tree if it is maximal

under the condition that no vertices can be removed from it by SPrA′ (i.e. there is no other

successor of j satisfying this condition which contains this tree as a subtree). Assume

there is a subtree in Θ that has a root at vertex q, and there are x Concrete Trees in this

subtree that are successors to q (see Figure 4.4). Vertex q is connected to vertex mj in

Concrete Tree CTj. After processing all the vertices in these Concrete Trees, let nw(mα) ≥

c(q, mα), ∀α = 1, · · · , j, and nw(mα) < c(q, mα), ∀α = j + 1, · · · , x, where mα is the vertex

in Concrete Tree CTα. It is easy to see that

w(q ∪∑
j
α=1[(q, mα) ∪ CTα]) ≥ w(q ∪∑x

α=1 zα[(q, mα) ∪ CTα]|zα=0,1) (4.5)

The Concrete Trees CTα|α=j+1,··· ,x will be removed from Θ by SPrA′, and the remain-
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ing part, q ∪ ∑
j
α=1[(q, mα) ∪ CTα], is also a Concrete Tree. Hence, after processing all the

non-root vertices in Θ, the successor of any vertex will be a Concrete Tree. If vertex q

is the root r, then q ∪ ∑
j
α=1[(q, mα) ∪ CTα] is Θp. It can be seen from Equation (4.5) that

w(Θp) ≥ w(Θ′). If the initial nw values are considered as the node weights, then, after

the pruning process of SPrA′, nw(r) = w(Θp).

Note that, in instances with multiple compulsory terminals, the path between a non-

root compulsory terminal and the root is always in the optimal solution to NWSTPT.

There is no need to process vertices on this path. Thus, we can accelerate SPrA′ by mark-

ing all the vertices between a non-root compulsory terminal and the root as processed.

The final version of SPrA′ is presented as Algorithm 6. Clearly, its time complexity is

O(|V|). SPrA′ can also be applied to trees with empty compulsory terminal sets. In this

case, we need to try all the possible roots, and the resulting time complexity is O(|V|2).

Johnson et al. [51] suggested that we can select a fixed number of possible roots to keep

the time complexity of O(|V|). However, the resulting pruning solution is not guaran-

teed to be optimal. Precisely speaking, at least one vertex in the optimal pruning tree

needs to be selected to be the root to maintain the optimality of SPrA′. Later, we propose

a more general pruning algorithm that can solve NWSTPT to optimality in trees with an

arbitrary number of compulsory terminals, and its time complexity is still O(|V|).

The proposed General Pruning Algorithm

SPrA′ can solve NWSTPT to optimality in trees with nonempty compulsory terminal sets.

However, there are many instances with empty compulsory terminal sets [25]. Here, the

General Pruning Algorithm (GPrA) is proposed to solve NWSTPT to optimality in trees

with a possibly empty compulsory terminal set.

Suppose Θ(V, E, T, w, c) is a tree. If T is not empty, then GPrA immediately calls

SPrA′ to prune Θ; otherwise GPrA adds a non-compulsory vertex to T, and then calls

SPrA′ to prune Θ. GPrA is presented as Algorithm 7. The aim of Steps 2-10 is to add

a non-compulsory vertex to T: we first initialize the nw values, and keep processing all

the vertices that have a processing degree of 1 in the same way as SPrA′; the process
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Algorithm 6 The adapted Strong Pruning algorithm (SPrA′)
Input: tree Θ(V, E, T, w, c)
Output: subtree Θp ⊆ Θ

1: Initialize nw values, Θp = Θ
2: Mark all the vertices as unprocessed
3: Randomly select a compulsory terminal as the root
4: while there is more than one unprocessed vertex do
5: for unprocessed non-root vertex i whose processing degree is 1 do
6: if nw(i) ≥ M then
7: Mark vertices between i and the root as processed
8: else
9: Find the unprocessed adjacent vertex j

10: if c(i, j) > nw(i) then
11: Remove edge (i, j) and the subtree rooted at i from Θp
12: else
13: Update nw(j) using Equation (4.4)
14: end if
15: end if
16: Mark vertex i as processed
17: end for
18: end while

above ends when there is only one vertex left unprocessed; the vertex associated with the

biggest nw value is added to T. The time complexity of GPrA is still O(|V|). The theorem

below is proposed to prove that GPrA can solve NWSTPT to optimality in trees with an

arbitrary number of compulsory terminals.

Theorem 4.2. Let Θ be a tree with a possibly empty compulsory terminal set, and let Θ′ be any

subtree of Θ that contains all the compulsory terminals. If Θp is the subtree obtained from Θ by

GPrA, then Θp contains all the compulsory terminals, and w(Θp) ≥ w(Θ′).

Proof. Assume Θopt is a subtree of Θ that contains all the compulsory terminals, and

w(Θopt) ≥ w(Θ′). Therefore, adding any vertex to Θopt or removing any vertex from

Θopt will decrease its net-weight. It can be seen from Theorem 4.1 that Θp = Θopt when

the compulsory terminal set is not empty. We prove Θp = Θopt when the compulsory

terminal set is empty as follows.

After Steps 2-9 (Algorithm 7), there will be one vertex left unprocessed. There are two

possible cases:
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Algorithm 7 The proposed General Pruning Algorithm (GPrA)
Input: tree Θ(V, E, T, w, c)
Output: subtree Θp ⊆ Θ

1: if T is empty then
2: Initialize nw values
3: Mark all the vertices as unprocessed
4: while there is more than one unprocessed vertex do
5: for unprocessed vertex i whose processing degree is 1 do
6: Find the unprocessed adjacent vertex j
7: if c(i, j) < nw(i) then
8: Update nw(j) using Equation (4.4)
9: end if

10: Mark vertex i as processed
11: end for
12: end while
13: Add the vertex with the biggest nw value to T
14: end if
15: Θp =SPrA′(Θ)

Case 1: the unprocessed vertex is not in Θopt. Assume vertex i is the last processed

vertex in Θopt. It can be seen from Theorem 4.1 that Θopt will be obtained as the subtree

rooted at vertex i in the process of Steps 2-9 (assume the expensive vertices and edges are

deleted in the same way as SPrA′), and nw(i) = w(Θopt).

Case 2: the unprocessed vertex is in Θopt. Assume vertex i is that vertex. Considering

vertex i as the root of Θ, it can be seen from Theorem 4.1 that Θopt will be the remaining

tree after Steps 2-9, and nw(i) = w(Θopt).

Therefore, in either of these cases, there is a vertex i in Θopt for which nw(i) = w(Θopt),

and nw(i) ≥ w(Θ′). It is easy to see that, after Steps 2-9, the net-weight of a subtree rooted

at any vertex j must be bigger than or equal to nw(j). If there is a vertex j for which

nw(j) > nw(i), then the net-weight of the subtree rooted at vertex j must be bigger

than w(Θopt), which conflicts with the assumption. Thus, nw(i) ≥ nw(j), ∀j ∈ V. By

setting the vertex with the biggest nw value as the root of Θ (Step 10 in Algorithm 7),

Θp = Θopt.
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Algorithm 8 The proposed Tree Growing Algorithm (TGA)
Input: graph G(V, E, w, c), tree Θ ⊆ G, parameter n
Output: tree Θg ⊆ G

1: Initialize Θg = Θ
2: Mark all the vertices in Θ as unchecked
3: while there is at least one unchecked vertex do
4: for unchecked vertex i do
5: if there is a path candidate rooted at i that has a non-negative value and a

length not bigger than n then
6: Add this path to Θg
7: Mark the newly added vertices as unchecked
8: else
9: Mark i as checked

10: end if
11: end for
12: end while

The proposed Tree Growing Algorithm

SPrA′ and GPrA can improve sub-optimal solutions to PCSTP by deleting expensive ver-

tices and edges. The Tree Growing Algorithm (TGA) is proposed here, and it improves

sub-optimal solutions to PCSTP by adding profitable vertices and edges.

A path is a tree that only contains two leaves. Given the initial graph G and a sub-

optimal solution tree Θ, we define a path candidate as a path in G that contains only one

vertex in Θ. The length of a path candidate is the number of vertices it contains that are

not in Θ. The value of a path candidate is the net-weight of this path minus the node

weight of the vertex that is in Θ. It is obvious that sub-optimal solutions to PCSTP can be

improved by adding path candidates with positive values.

If G has |V| vertices and Θ has |VΘ| vertices, the maximum number of possible path

candidates is

Nmax = |VΘ| × [ (|V|−|VΘ|)!
0! + (|V|−|VΘ|)!

1! + (|V|−|VΘ|)!
2! · · ·+ (|V|−|VΘ|)!

(|V|−|VΘ|−2)! +
(|V|−|VΘ|)!

(|V|−|VΘ|−1)! ] (4.6)

The number of possible path candidates in large graphs may be quite large. In the

worst case, we need to check every path candidate to find one with a positive value.

However, it is computationally too expensive to check the values of all the path candi-
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Algorithm 9 The proposed Post-Processing Procedure (P3)
Input: graph G(V, E, T, w, c), tree Θ ⊆ G, parameter n
Output: tree Θ′ ⊆ G

1: Initialize Θ′ = Θ
2: while Θ′ can be improved do
3: Θ′ =TGA(Θ′, G, n)
4: Θ′ =MST(Θ′)
5: Θ′ =GPrA(Θ′)
6: end while

dates in large graphs. In TGA, a parameter n is used as the upper bound of the length of

possible path candidates that are checked, and n ≥ 1. We consistently find and add all

the possible path candidates that have a non-negative value and a length not bigger than

n. It is easy to see that TGA with a larger n may have a bigger probability of improving

a sub-optimal solution, but at the cost of a longer running time. The time complexity of

TGA is O(|V|n+1). TGA is presented as Algorithm 8.

The proposed Post-Processing Procedure

It is hard to find optimal solutions to PCSTP in large instances. Therefore, post-processing

techniques may be required to improve sub-optimal solutions in some cases. The MST

technique is the only technique to date that can post-process sub-optimal solutions to

PCSTP. This technique improves a sub-optimal solution by finding the MST that spans

all the vertices in that solution. Here, we combine the MST technique with the proposed

GPrA and TGA together as the Post-Processing Procedure (P3). P3 can improve sub-

optimal solutions of not only our heuristic algorithms, but also the state-of-the-art exact

algorithms, as indicated in Section 4.3.5.

Given the initial graph G and a sub-optimal solution tree Θ, we iteratively improve

Θ until Θ cannot be improved any more: use TGA to improve Θ; find the MST of Θ; use

GPrA to prune Θ. Note that, in the iteration above, the MST technique can improve the

result of TGA, but it cannot improve the pruning result of GPrA. The following theorem

is well-known and proves this.

Theorem 4.3. Any subtree of an MST is an MST that spans all the vertices in that subtree.
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Figure 4.5: The illustration of the process of P3. Each circle represents a domain. Each
dot represents a solution tree. P3 improves the solution from Θ1 to Θ5.

Proof. Let Θ be an MST in graph G, Θs be a subtree of Θ, and Θs be the part of Θ excluding

Θs. Let Θm be an MST in graph G that spans all the vertices in Θs. If c(Θm) < c(Θs), then

c(Θs ∪ Θm) < c(Θ), which conflicts with the assumption that Θ is an MST in graph G.

Therefore, Θs is an MST in graph G that spans all the vertices in itself.

It can be seen from the theorem above that there is no need to find the MST of the

pruning result of GPrA any more. P3 is presented as Algorithm 9. The MST can be

found using Prim’s algorithm [111], which has a time complexity of O(|E|+ |V|log|V|).

Therefore, the time complexity of P3 is O(|V|n+1), where n ≥ 1 is the parameter in TGA.

We define the domain of Θ as a domain that contains all the subtrees of Θ. A solution

tree is considered as the subtree of itself. It is easy to see that a solution tree may belong

to different domains, and a domain may belong to another domain. Using GPrA to prune

Θ is to find the best solution tree in the domain of Θ. Using TGA to grow Θ is to find a

better solution tree in a domain that contains the domain of Θ. While finding the MST

of Θ is to find a better solution tree in a different domain which may or may not share

common trees with the domain of Θ. The process of P3 is illustrated in Figure 4.5.

It is easy to see that P3 can be applied to instances with an arbitrary number of com-

pulsory terminals. Note that, since STPG is a special case of PCSTP, P3 can also be used

to post-process sub-optimal solutions to it. However, since all the node weights are zero
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in STPG, TGA (Step 3 in Algorithm 9) can then be removed from P3. In this case, the

time complexity of P3 is O(|E| + |V|log|V|). Moreover, it is worth mentioning that P3

can even be applied to instances with negative node weights, which widely exist in some

applications [10, 79].

4.3.3 The proposed fast heuristic algorithm

It is challenging to design large and low-cost communication networks since solving PC-

STP in large instances may take a long time and consume a lot of memory. Therefore, it

is preferable to propose algorithms that are fast and consume little memory to meet this

challenge. Here, we propose a heuristic algorithm based on the proposed post-processing

techniques above. This new algorithm is faster and consumes less memory than other al-

gorithms.

In this new algorithm, we first find the MST of the input graph, then we use GPrA to

prune that MST to obtain a feasible solution. We refer to this new algorithm as the MSTG

algorithm (MST+GPrA). The smallest time complexity to find MST is O(|E|+ |V|log|V|)

[111], while the time complexity of GPrA is O(|V|). Therefore, the MSTG algorithm has

a time complexity of O(|E|+ |V|log|V|), which is smaller than that of other algorithms.

Moreover, the computational trials show that it consumes much less memory than other

algorithms. Nevertheless, its disadvantage is that there is no theoretical guarantee on its

solution quality, even though it can obtain reasonably high-quality solutions in practice.

We prove that the MSTG algorithm has an approximation ratio of ∞ as follows.

Theorem 4.4. The MSTG algorithm has an approximation ratio of ∞.

Proof. Consider the example instance in Figure 4.6. The MST of this graph is the tree

constructed by all the black edges. Since the node weight of each red vertex is ∞, no edge

can be removed by GPrA from this MST. Thus, the solution of the MSTG algorithm in this

graph is this MST. Use ΘMSTG to signify this solution, and c(ΘMSTG) = mny. Use Θopt to

signify the optimal solution. Suppose γ(m− 1) < mn, then Θopt is the tree constructed

by all the red edges. Therefore, c(Θopt) = (m− 1)x. We have the approximation ratio of
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Figure 4.6: An instance showing the approximation ratio of the MSTG algorithm. The
node weight of each red vertex v1n to vmn is ∞, while that of each black vertex is 0. The
cost of each red edge (v1n, v2n) to (v(m−1)n, vmn) is x, while that of each black edge is y.
y < x < γy and γ > 1.

the MSTG algorithm as follows,

lim
n→∞

ratio =
mny

(m− 1)x
>

mn
γ(m− 1)

= ∞ (4.7)

Thus, the MSTG algorithm has an approximation ratio of ∞. Note that, it is still true

when we replace GPrA with P3 in the MSTG algorithm.

The MSTG algorithm is fast and consumes little memory. Moreover, even though it

has an approximation ratio of ∞, computational trials show that it can find reasonably

high-quality solutions in large instances. Hence, it may be preferable to use the MSTG

algorithm to design large and low-cost communication networks in some cases.

4.3.4 The improved Goemans-Williamson algorithms

The improved GW algorithms are the state-of-the-art heuristic algorithms for PCSTP.

Thus, they are good candidates to design large and low-cost communication networks.

The improvements on the original GW algorithm can be divided into two groups: one is

to improve the approximation ratio, the other one is to accelerate the optimization pro-

cess. The improvements with better approximation ratios help us to understand PCSTP
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in a different way. Nevertheless, these algorithms may not be fast enough in large in-

stances. Moreover, these algorithms may not be able to find high-quality solutions, even

though they can guarantee the absence of low-quality solutions. In this subsection, we

focus on the latter group of improvements. We propose an improved fast implementation

of the unrooted GW algorithm, and a fast implementation of the rooted GW algorithm.

Finally, we analyze the solution certainty of GW algorithms for the first time.

The improved fast implementation of the unrooted Goemans-Williamson algorithm

Much work has been done to accelerate GW algorithms [128]. Based on the “dynamic

edge splitting” idea proposed by Cole et al. in 2001 [54], Hegde et al. [11] recently pro-

posed a fast implementation of the unrooted GW algorithm. We refer to this algorithm

as the FGW algorithm. It is currently the fastest heuristic algorithm for PCSTP. We use

GPrA to improve its solution while maintaining its speed, and the resulting algorithm is

referred to as the FGW′ algorithm.

There are two phases in the FGW′ algorithm: GW-growth and GW-pruning. In the

GW-growth phase, we split each edge (i, j) into two edge parts ep(i, j) and ep(j, i) corre-

sponding to the endpoints i and j. The edge splitting method is not clear in Hegde’s FGW

algorithm in that it has not been specified how the edge is split. In the FGW′ algorithm,

we define the edge splitting ratio s (s ≥ 1) as follows.

slack{ep(i, j)} =

 c(i, j)/s, i < j

(s− 1)c(i, j)/s, i > j
(4.8)

The two edge parts ep(i, j) and ep(j, i) share the slack (or cost) of edge (i, j) at the ratio of

1 : (s− 1). We will later discuss the influence of s on the final solution.

The total number of edge parts is 2|E|, and the number of edge parts associated with

each vertex equals the degree of this vertex. An edge part is active when the vertex it

associates with is in an active cluster, otherwise the edge part is inactive. Initially, we set

each vertex as a cluster, and the slack of each cluster equals its node weight (compulsory

terminals have infinite node weights). All the clusters with positive slack are active.
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There are two types of events, the edge event and the cluster event. The initial slacks

of all the active clusters and edge parts are considered as their event time. We maintain a

global time value tg. As tg increases, the slacks of active edge parts and clusters decrease.

At any time, the remaining slack of an active cluster is the gap between its event time and

tg; the remaining slack of an inactive cluster is 0; the remaining slack of an active edge

part is the gap between its event time and tg; the remaining slack of an inactive edge part

is the gap between its event time and the deactivation time of its cluster.

The edge and cluster events are triggered in the order of their event time. In the

cluster event, we simply deactivate the responsible cluster. In the edge event, the slack

of the responsible edge part is 0 (eg. slack{ep(i, j)} = 0). However, the total slack of the

responsible edge may not be 0 yet (eg. slack{ep(i, j)}+ slack{ep(j, i)} > 0). Assume edge

part ep(i, j) is the responsible edge part for an edge event. Let γ be the slack of edge part

ep(j, i). If γ = 0, then we merge the two clusters connected by edge (i, j) and their edge

parts (to maintain the speed, even the edge parts between these two clusters are being

merged). The slack of the new cluster equals the sum of slacks of the two merged clusters.

Suppose the slack of the new cluster is sl, we set the event time of the new cluster to be

tg + sl. Note that, an inactive cluster may be merged into an active cluster in an edge

event. In that case, we need to increase the event time of edge parts in the inactive cluster

by the gap between tg and its deactivation time. If γ > 0, then we distinguish two cases

to update the event time of these two edge parts:

Case 1: the cluster containing edge part ep(j, i) is active. Since we expect the slacks of

these two edge parts (ep(i, j) and ep(j, i)) to become 0 at the same time to trigger a merge

event, we split γ, and update the event time of ep(i, j) and ep(j, i) to tg + γ/2.

Case 2: the cluster containing edge part ep(j, i) is inactive. We assume that the cluster

containing edge part ep(j, i) stays inactive until a merge event is triggered by edge (i, j).

Then, for the same reason, we update the event time of ep(i, j) to be tg + γ, and the event

time of ep(j, i) to be the deactivation time of its cluster.

Crucially, we update the event time of these two edge parts in the above way so

that the two corresponding clusters would be merged in the next event on edge (i, j),

assuming both clusters maintain their current activity status. If one of the two clusters
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Algorithm 10 The proposed FGW′ algorithm
Input: graph G(V, E, T, w, c), parameter s
Output: Steiner tree Θ ⊆ G

1: Initialize Θ = ∅, the global time tg
2: Split edges into edge parts using Equation (4.8)
3: Initialize edge parts, cluster and edge events
4: while there are more than one active cluster do
5: Find the closest edge event time te and the edge part ep1
6: Find the closest cluster event time tc and the cluster cl
7: if te ≤ tc then
8: Update tg to te
9: Identify the corresponding edge part ep2 to ep1

10: if ep1 and ep2 are in the same cluster then
11: Continue
12: else
13: Calculate γ
14: if γ > µ then (µ is a small value close to 0)
15: Update the event time of ep1 and ep2
16: else
17: Add the corresponding edge to Θ
18: Merge the two clusters and their edge parts
19: end if
20: end if
21: else
22: Update tg to tc
23: Deactivate cl
24: end if
25: end while
26: Remove edges not in the last active cluster from Θ
27: Θ =GPrA(Θ)

changes its activity status, this will not hold. An extreme situation is that both clusters

were active and the cluster containing edge part ep(j, i) becomes inactive since. As a

result, the next event on edge (i, j) will still have γ > 0, and we need to split the slack γ

again. In the worst case, the slack splitting case may keep happening endlessly. However,

if we specify a precision value α, which means the slack on an edge can be split for at

most α times, then there are at most O(α) events that can be triggered on each edge.

Notably, the value α is only a theoretical safeguard to maintain the speed. Practically

speaking, there are only two events that can be triggered on each edge in most cases. This

phenomenon has been observed in both our computational trials and Hegde’s work. In
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our FGW′ algorithm, a small value µ is used. µ is close to 0. If γ < µ, we trigger the

merge event. The functions of α and µ are the same, but µ is simpler to implement. We

end the optimization process above when there is only one active cluster left. The subtree

in this cluster is the raw solution tree we obtained in the GW-growth phase.

In the GW-pruning phase, we prune the raw solution tree above. SPA is used in the

GW-pruning phase of the FGW algorithm. However, SPA can only find optimal pruning

solutions in the rooted instances. The proposed GPrA is an improvement of SPA. It can

find optimal pruning solutions in both rooted and unrooted instances (see Theorem 2).

Thus, GPrA is used in the GW-pruning phase of the FGW′ algorithm. The FGW′ algo-

rithm has a time complexity of O(|E|log|V|) and an approximation ratio of 2. The steps

of the FGW′ algorithm are shown in Table 10. Its solutions satisfy the following stronger

approximation guarantee [129],

c(Θ) + 2w(Θ) ≤ 2c(Θopt) + 2w(Θopt) (4.9)

where Θ is the solution of the FGW′ algorithm, Θopt is the optimal solution to PCSTP,

c(Θ) and c(Θopt) are the total edge costs in Θ and Θopt, w(Θ) and w(Θopt) are the total

node weights not in Θ or Θopt. Given a solution of the FGW′ algorithm, a lower bound

can be obtained using Equation (4.9). Since large instances that have not been solved to

optimality are used in the experiments, it is preferable to use this lower bound to evaluate

the solution quality.

The proposed fast implementation of the rooted Goemans-Williamson algorithm

The unrooted GW algorithms are faster than their rooted versions. However, it may still

be preferable to use the rooted versions in some cases since their solutions are generally

better [51]. The FGW′ algorithm proposed above is a fast implementation of the unrooted

GW algorithm. Here, we propose its rooted version, which is named as the FGW′′ algo-

rithm.

In the FGW′′ algorithm, we iteratively select a vertex to be the root. The edge splitting

technique is still used in the GW-growth phase, but the cluster containing the root is
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always inactive. The GW-growth phase terminates when there is no active cluster left.

Then, in the GW-pruning phase, GPrA is used to prune the subtree in the root cluster.

In previous work, researchers implemented the rooted GW algorithm in instances

with nonempty compulsory terminal sets by selecting a compulsory terminal to be the

root [51]. However, we observe that it may be preferable to consider all the vertices to

be the possible roots, not just compulsory terminals. Consider a triangular graph con-

structed by vertices i, j, k. Vertices i and k are non-compulsory vertices, and vertex j is a

compulsory terminal. Suppose w(i) = 3, w(j) = 20, w(k) = 20, c(i, j) = 6, c(i, k) = 10,

c(j, k) = 11. Select compulsory terminal j as the root, then the solution is {e(i, j), e(i, k)}.

However, we can obtain the optimal solution {e(j, k)} by selecting the non-compulsory

vertex i as the root (the raw solution {e(i, j), e(j, k)} is obtained in the GW-growth phase,

and edge {e(i, j)} is pruned in the GW-pruning phase). Thus, even in the instances with

nonempty compulsory terminal sets, we may prefer to consider every vertex as a possi-

ble root. Therefore, the FGW′′ algorithm has a time complexity of O(|E||V|log|V|), and

an approximation ratio of 2− 1/(|V| − 1).

The FGW′′ algorithm can find better solutions than the FGW′ algorithm in many cases

[51]. However, it is currently too slow to apply the FGW′′ algorithm to large instances.

For example, the computational trials show that the FGW′ algorithm needs around 30

seconds to find a feasible solution in a large instance with 1 million vertices and 10 million

edges. Thus, the FGW′′ algorithm may need half a million minutes to solve the same

instance, which is obviously impractical. Since we focus on designing large and low-

cost communication networks, the FGW′′ algorithm will not be implemented in Section

4.3.5. Nevertheless, it may be preferable to use the FGW′′ algorithm in small instances

in some cases. Moreover, the optimization process (to try multiple possible roots) of the

FGW′′ algorithm suits parallel-computing perfectly. Since machines with more and more

computing cores are being developed, a parallel FGW′′ algorithm could be applied to

design large communication networks in the future.
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Solution certainty of Goemans-Williamson algorithms

The solution certainty of GW algorithms has never been discussed before. Using a par-

ticular version of the GW algorithm and a particular implementation method, we always

get the same solution of the same instance. Here, we further explain why different solu-

tions can be obtained by the same GW algorithm for the same instance when it is imple-

mented differently.

In any version of the GW algorithm, cluster or edge events are triggered in the GW-

growth phase. The condition where multiple events are triggered at the same time oc-

curs quite often, and different orders of processing these events may induce different

solutions. Consider a triangular graph constructed by vertice i, j, k. All of them are

non-compulsory vertices. Suppose w(i) = 2, w(j) = 9, w(k) = 7, c(i, j) = c(i, k) = 5,

c(j, k) = 6. Let us use the FGW algorithm to solve this instance. There is a step in which

vertex i is inactive, vertices j and k are active, and all the three edge events are triggered

at the same time. If we process the events on edges (i, j) and (i, k) at first, then we obtain

the solution {j}. If we process the event on edge (j, k) at first, then we obtain the so-

lution {e(j, k)}. Therefore, different sequences of triggered events may induce different

solutions.

The proposed FGW′ algorithm is an improvement of the FGW algorithm. Suppose

these two algorithms are implemented on the same instance, and the triggered events

are sequenced in the same way, then the outcomes in their GW-growth phase will be the

same. However, since GPrA can guarantee the pruning optimality in any instance while

SPA cannot, the GW-pruning outcome of our proposed FGW′ algorithm is always better

than or equal to that of the FGW algorithm. Therefore, the following theorem can be

obtained.

Theorem 4.5. When the triggered events are sequenced in the same way, the solution of the

proposed FGW′ algorithm always dominates that of the FGW algorithm.

In the FGW and FGW′ algorithm, the cluster and edge events are stored in priority

queues. Thus, it is impossible to manipulate the sequence of triggered events since the

time complexity would be ruined. In this application, we give my own code for the FGW′
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algorithm, and the triggered events are sequenced differently from those in the FGW

algorithm in Hegde’s work [11]. Consequently, although the proposed FGW′ algorithm

almost always obtains better solutions, the solutions of the FGW algorithm are better

than those of the proposed FGW′ algorithm in a few benchmark instances. However, we

consider this as acceptable since the solutions of our proposed FGW′ algorithm are still

better than those of the FGW algorithm in the large majority of benchmark instances.

Furthermore, it must be mentioned that computational rounding errors may induce

different solutions by changing the sequence of triggered events. For example, Equation

(4.8) is used to split edges in the FGW′ and FGW′′ algorithm, and small computational

rounding errors may be produced in this process. Let us consider the triangular graph

above. In the step where all the three edge events are triggered at the same time, suppose

the total slacks on the edges are respectively 0 + δ(i, j), 0 + δ(i, k), 0 + δ(j, k), where δ

is the error of the slack on each edge. If δ(i, j) = min{δ(i, j), δ(i, k), δ(j, k)}, then we

will process the event on edge (i, j) first. Different values of s in Equation (4.8) may

cause different errors, and then induce different solutions. In this application, we have

tried several values of s in the well-known Hand instance to obtain more competitive

solutions to those in Hegde’s work, while in all the other instances, we set s as 2. We will

later explain why 2 is chosen in most of our computational trials.

4.3.5 Experiments

It is challenging to design large and low-cost communication networks. The proposed

heuristic algorithms and post-processing techniques can meet this challenge. In this sub-

section, we first apply the proposed FGW′ and MSTG algorithm to the largest existing

benchmark instances to indicate their competitiveness. Then, we generate new large

communication network design instances to further show their advantages over the state-

of-the-art exact algorithms. Moreover, we show that the proposed post-processing tech-

niques can improve sub-optimal solutions of not only the proposed heuristic algorithms,

but also the state-of-the-art exact algorithms.

Remarkably, even though large instances with millions of vertices and edges are used,

all the computational trials are conducted on a commonly used personal computer from
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Table 4.6: The computational trials in the largest existing benchmark instances

Instance |V| |E| Previous Best FGW′ MSTG
Solu. Time P3 Solu. P3 Time Solu. Time P3 Solu. P3 Time

handbd01 169800 338551 728.9636 729.1703 0.9008s 729.1703 0.1003s 730.1109 0.2616s 729.3935 0.2292s
handbd02 169800 338551 296.4965 297.6176 0.1933s 297.5826 0.2389s 2227.5098 0.2611s 2143.6177 0.2490s
handbd03 169800 338551 135.0706 135.0717 1.0619s 135.0717 0.0979s 135.0973 0.2623s 135.0790 0.2398s
handbd04 169800 338551 1813.9592 1831.115 0.5186s 1830.7270 0.2276s 3019.4724 0.2631s 2957.8595 0.2242s
handbd05 169800 338551 105.4747 105.4747 1.0309s 105.4747 0.1032s 105.4992 0.2626s 105.4946 0.2073s
handbd06 169800 338551 1528.7654 1541.225 0.4457s 1540.7989 0.2404s 3250.2024 0.2613s 3129.1386 0.2125s
handbd07 169800 338551 77.8620 77.8625 1.0938s 77.8625 0.1262s 77.8879 0.2681s 77.8865 0.2290s
handbd08 169800 338551 1368.1668 1378.4139 0.3968s 1378.2385 0.2322s 3414.5311 0.2597s 3276.3112 0.2122s
handbd09 169800 338551 62.7172 62.718 0.9482s 62.7180 0.2016s 62.7403 0.2593s 62.7337 0.2141s
handbd10 169800 338551 1137.4297 1143.9666 0.3541s 1143.8244 0.2760s 3555.8536 0.2616s 3258.9696 0.2162s
handbd11 169800 338551 46.7725 46.7725 1.1291s 46.7725 0.0990s 46.779 0.2609s 46.779 0.1056s
handbd12 169800 338551 321.2047 321.4255 0.4371s 321.4225 0.2395s 2663.0152 0.2638s 2656.4811 1.4940s
handbd13 169800 338551 13.1889 13.2111 0.9330s 13.2111 0.0991s 13.2241 0.2634s 13.2210 0.2167s
handbd14 169800 338551 4379.1042 4379.1857 0.0903s 4379.1857 0.0991s 4428.7641 0.2604s 4379.3222 0.2263s
handbi01 158400 315808 1358.5634 1358.8473 0.8572s 1358.8439 0.1995s 1360.1763 0.2458s 1359.9244 0.2131s
handbi02 158400 315808 531.8109 533.3078 0.1439s 533.3078 0.1203s 4128.3691 0.2462s 4004.8070 0.2120s
handbi03 158400 315808 243.1342 243.1342 1.0093s 243.1342 0.0953s 243.2072 0.2473s 243.1851 0.2190s
handbi04 158400 315808 3202.1857 3240.0417 0.4180s 3239.7863 0.2574s 5498.7375 0.2579s 5436.0946 0.2186s
handbi05 158400 315808 184.4673 184.4673 0.9796s 184.4673 0.1017s 184.4973 0.2489s 184.4782 0.2109s
handbi06 158400 315808 2921.5447 2951.0213 0.3455s 2950.7282 0.2414s 5817.5678 0.2470s 5744.2290 0.2102s
handbi07 158400 315808 150.9743 150.977 0.8789s 150.977 0.1083s 151.0203 0.2482s 151.0184 0.2142s
handbi08 158400 315808 2270.2846 2284.5631 0.2917s 2284.3594 0.2623s 6055.4094 0.2461s 5888.0953 0.2145s
handbi09 158400 315808 107.7688 107.77 0.9563s 107.77 0.0961s 107.7905 0.2467s 107.7860 0.2065s
handbi10 158400 315808 1874.2930 1880.8317 0.2429s 1880.6951 0.2644s 6375.8028 0.2575s 4545.9725 0.2283s
handbi11 158400 315808 68.9447 68.9447 1.1048s 68.9447 0.1027s 68.9493 0.2536s 68.9493 0.1074s
handbi12 158400 315808 138.2570 138.3002 0.1409s 138.3002 0.1426s 1202.2414 0.2513s 1202.2414 0.6716s
handbi13 158400 315808 4.2745 4.3139 0.8567s 4.3139 0.1026s 4.4289 0.2544s 4.4289 0.1124s
handbi14 158400 315808 7881.7687 7881.9025 0.0798s 7881.9025 0.1198s 8029.2983 0.2498s 7881.9582 0.2707s
handsd01 42500 84475 171.6368 171.6382 0.1331s 171.6382 0.0259s 171.7438 0.0689s 171.6638 0.0566s
handsd02 42500 84475 159.7514 161.1133 0.0492s 161.1133 0.0311s 580.9579 0.0687s 576.5816 0.0547s
handsd03 42500 84475 31.3063 31.3063 0.1560s 31.3063 0.0258s 31.3215 0.0676s 31.3209 0.0587s
handsd04 42500 84475 491.7332 496.4121 0.0680s 496.4121 0.0296s 784.0524 0.0716s 780.1176 0.0577s
handsd05 42500 84475 21.9376 21.9387 0.1794s 21.9387 0.0257s 21.951 0.0703s 21.9434 0.0649s
handsd06 42500 84475 279.9031 280.9884 0.0692s 280.9884 0.0304s 850.0455 0.0695s 813.0007 0.0554s
handsd07 42500 84475 11.8041 11.8041 0.1869s 11.8041 0.0277s 11.8065 0.0689s 11.8065 0.0130s
handsd08 42500 84475 143.2377 143.336 0.0353s 143.336 0.0297s 913.7864 0.0700s 611.2809 0.0722s
handsd09 42500 84475 3.8187 3.8187 0.1905s 3.8187 0.0261s 3.8192 0.0724s 3.8192 0.0316s
handsd10 42500 84475 1034.7674 1034.7674 0.0251s 1034.7674 0.0283s 1044.0143 0.0691s 1034.8327 0.0574s
handsi01 39600 78704 295.4536 295.5013 0.1336s 295.4908 0.0410s 295.6767 0.0644s 295.4893 0.0474s
handsi02 39600 78704 125.4294 125.5538 0.0330s 125.5538 0.0291s 971.3768 0.0628s 824.3563 0.0542s
handsi03 39600 78704 56.1494 56.1494 0.1961s 56.1494 0.0262s 56.2308 0.0638s 56.2304 0.0463s
handsi04 39600 78704 722.5082 729.1257 0.0505s 729.1257 0.0283s 1353.3911 0.0647s 1344.8666 0.0436s
handsi05 39600 78704 35.0435 35.0435 0.1866s 35.0435 0.0206s 35.0494 0.0639s 35.0494 0.0225s
handsi06 39600 78704 452.9536 454.5956 0.0479s 454.5956 0.0277s 1462.0777 0.0662s 1396.0978 0.0466s
handsi07 39600 78704 18.4101 18.4101 0.1650s 18.4101 0.0224s 18.4176 0.0660s 18.4132 0.0457s
handsi08 39600 78704 229.5299 229.6429 0.0282s 229.6429 0.0245s 1603.4522 0.0658s 420.9894 0.0636s
handsi09 39600 78704 5.9622 5.9622 0.1507s 5.9622 0.0247s 5.9819 0.0657s 5.9819 0.0228s
handsi10 39600 78704 1803.6975 1805.629 0.0198s 1805.4473 0.0546s 1833.9684 0.0665s 1831.6729 0.0437s

2014 (Intel Core i7 with 3.40GHz), and the consumed memory in the largest instance is

less than 7 GB. The reported running times are averaged over 10 trials after removing the

slowest run and the fastest run (in comparison, Hegde et al. [11] only removed the slow-

est run; we believe it is more reasonable to remove both the slowest run and the fastest

run). The time spent on inputting and outputting data is excluded from the reported

running time, but the time spent on all the other processes is included.

Application to the largest existing benchmark instances

The proposed FGW′ and MSTG algorithm can find fast feasible solutions to PCSTP in

large instances. Here, we apply them to the largest existing benchmark instances to indi-
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cate their competitiveness. We also use P3 to post-process their solutions.

The Hand instances are generated by Hegde et al. in 2014 [11], and they are available

at http://dimacs11.zib.de/downloads.html. These instances are currently the

largest benchmark instances for PCSTP. There are 48 Hand instances in total. The detailed

computational results of the proposed heuristic algorithms are shown in Table 4.6, in

which |V| is the number of vertices, |E| is the number of edges, Previous Best is the

previous best-known solution [48] (We will show a new best-known solution we obtained

in Section 4.3.5), Solu. is the solution obtained by each algorithm, Time is the running

time of each algorithm, P3 Solu. is the post-processed solution for each algorithm (bold

font is used to highlight the improved solutions), and P3 Time is the running time of P3.

It can be seen from Table 4.6 that the longest time taken by the FGW′ algorithm to

solve these instance is 1.1291s (for instance handbd11), while that for the MSTG algo-

rithm is 0.2681s (for instance handbd07). The reported running time for these instances

is shorter than that in all the other previous papers. Furthermore, the solutions of the

FGW′ algorithm are better than or equal to those of Hegde’s FGW algorithm in 44 in-

stances (33 better and 11 equal; please refer to the solutions of Hegde’s FGW algorithm

in Table 4 in [11]; the reason why the solutions of the FGW′ algorithm are worse than

those of Hegde’s FGW algorithm in the other 4 instances lies in the fact that different se-

quences of triggered events may induce different solutions, which is explained in Section

4.3.4).

The parameter n is set to be 2 in P3 in these instances. The average gaps between

the best-known solutions and the FGW′, FGW′+P3, MSTG, MSTG+P3 solutions are re-

spectively 0.2501%, 0.2467%, 137.5803%, and 114.8507%. P3 has respectively improved

the FGW′ and MSTG solutions in 14 and 40 instances. The running time of P3 in these

instances is around 0.2s. Thus, it is reasonable to conclude that P3 can post-process sub-

optimal solutions in the Hand instances in a short time.

Note that, the solutions of the FGW′ algorithm are better than those of the MSTG

algorithm in these instances. The reason is that the FGW′ algorithm has an approximation

ratio of 2, while the MSTG algorithm has an approximation ratio of ∞. Nevertheless, the

MSTG algorithm has two advantages over the FGW′ algorithm as follows:

http://dimacs11.zib.de/downloads.html
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1) the MSTG algorithm consumes less memory than the FGW′ algorithm. In the large

Hand instances (handbd & handbi), the memory consumed by the MSTG algorithm is

270 MB, while the memory consumed by the FGW′ algorithm is 325 MB. This advantage

enables the MSTG algorithm to design larger communication networks than the FGW′

algorithm with the same computation resources.

2) the MSTG algorithm is faster than the FGW′ algorithm. In the large Hand instances,

the running time of the MSTG algorithm is around 0.25s, while that of the FGW′ algo-

rithm is around 1s. Therefore, in the cases where speed is highly valued, such as consis-

tently designing communication networks in dynamic environments, it may be prefer-

able to use the MSTG algorithm.

Furthermore, both the proposed heuristic algorithms have advantages over the state-

of-the-art exact algorithms. Staynerd [29] and DA BB [48] are the state-of-the-art exact

algorithms for PCSTP (Staynerd is the winner of most of the categories for PCSTP in

the 2014 DIMACS Implementation Challenge on Steiner tree problems; the recently pro-

posed DA BB performs even better than Staynerd in popular benchmark instances). The

proposed FGW′ and MSTG algorithm have two advantages over Staynerd and DA BB:

1) they consume much less memory; 2) they are much faster (the state-of-the-art exact al-

gorithms such as Staynerd and DA BB may run out of time and hence give sub-optimal

solutions). The computational trials in the Hand instances have demonstrated the speed

of the proposed algorithms. As to the memory consumption, the proposed FGW′ and

MSTG algorithm need respectively 325 MB and 270 MB to solve the Hand instances,

while Staynerd and DA BB need 16 GB to do the same job. Since the RAM sizes of

most machines in the market are currently below 16 GB, it is reasonable to say that the

Hand instances are the largest instances Staynerd and DA BB can solve at present. How-

ever, since the memory consumed by the proposed FGW′ and MSTG algorithm is much

smaller, they can design large next-generation communication networks that Staynerd

and DA BB cannot design. We will prove this as follows.
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Table 4.7: The computational trials in the newly generated larger instances

Instance |V| |E| FGW′ MSTG
Solu. Time GW LB P3 Solu. P3 Time Solu. Time P3 Solu. P3 Time

M1A 1000000 10000000 5481.632 39.4357s 5460.6945 5481.2040 2.9633s 5493.5729 6.2146s 5490.3174 3.0481s
M2A 1000000 10000000 5488.2152 33.2305s 5466.5515 5487.8637 3.0491s 5499.5815 6.1749s 5496.7685 3.0452s
M3A 1000000 10000000 5482.244 42.9311s 5461.1391 5481.8221 2.9373s 5493.1467 6.0303s 5490.0110 2.9128s
M4A 1000000 10000000 5486.2692 40.6779s 5464.7241 5485.9517 2.9172s 5497.0325 5.9257s 5494.0865 2.9449s
M5A 1000000 10000000 5486.4498 43.6296s 5465.042 5486.0817 2.8895s 5497.1304 5.9682s 5494.4981 2.9563s
M6A 1000000 10000000 5483.5598 39.3237s 5461.4035 5483.2009 2.9770s 5494.292 5.9785s 5491.6260 2.9933s
M7A 1000000 10000000 5483.2707 36.2131s 5461.3939 5482.9075 2.9128s 5493.7591 5.9335s 5490.8884 2.9472s
M8A 1000000 10000000 5488.9202 41.9314s 5466.709 5488.5406 3.0231s 5500.0362 5.9107s 5497.1859 3.0668s
M9A 1000000 10000000 5489.3345 41.2403s 5467.2073 5488.9733 2.9640s 5500.1045 5.9180s 5497.4085 2.9705s

M10A 1000000 10000000 5483.7009 42.7836s 5461.8778 5483.3028 2.7313s 5493.9648 5.9489s 5491.2744 2.8694s
M11A 1000000 10000000 5484.0537 43.6898s 5462.7545 5483.6038 2.8800s 5494.972 5.9215s 5492.1123 2.9523s
M12A 1000000 10000000 5485.794 44.9585s 5464.3387 5485.3847 2.8575s 5497.0247 5.9714s 5493.6634 2.9534s
M13A 1000000 10000000 5481.4431 45.3292s 5459.5761 5481.0153 2.8890s 5492.5614 5.9947s 5489.9386 3.0155s
M14A 1000000 10000000 5481.7078 43.5719s 5460.3079 5481.4068 2.8980s 5492.144 6.0070s 5489.0575 2.5978s
M15A 1000000 10000000 5484.1881 45.1148s 5462.8524 5483.7696 2.9711s 5494.7691 6.0751s 5492.5581 2.7413s
M16A 1000000 10000000 5487.2783 45.3817s 5465.2008 5486.8723 3.1696s 5497.5028 6.3825s 5494.3715 2.6584s
M17A 1000000 10000000 5483.7476 41.4345s 5461.9474 5483.3123 3.1644s 5494.721 6.4571s 5492.2295 2.8002s
M18A 1000000 10000000 5486.6117 42.2919s 5465.2081 5486.3287 2.7381s 5498.0079 5.9988s 5494.6275 2.6329s
M19A 1000000 10000000 5483.9695 44.4799s 5462.1784 5483.5960 2.7078s 5495.2559 6.0774s 5492.3760 2.6995s
M20A 1000000 10000000 5487.5651 44.8807s 5465.6964 5487.1075 2.7334s 5498.6258 6.0763s 5495.8071 2.8152s

M1B 1000000 10000000 66.1832 32.2680s 53.3145 66.0466 1.8983s 92.4365 5.9214s 79.3268 2.0114s
M2B 1000000 10000000 66.0174 20.0122s 52.5769 65.8882 1.9379s 94.1092 5.9899s 80.0447 2.1071s
M3B 1000000 10000000 65.7068 30.0081s 52.816 65.5986 1.9075s 92.9147 6.0270s 82.2103 2.2017s
M4B 1000000 10000000 65.394 25.3260s 52.3969 65.2567 1.9161s 93.8008 5.9649s 81.0745 2.1510s
M5B 1000000 10000000 65.6691 27.7985s 52.3289 65.5881 1.9238s 93.0645 5.9961s 80.7955 2.1034s
M6B 1000000 10000000 65.8336 30.3198s 52.6452 65.7684 1.9022s 92.6384 5.9981s 79.4922 2.0806s
M7B 1000000 10000000 65.5447 28.8906s 52.5285 65.3970 1.8721s 92.0847 5.9763s 79.7433 2.0657s
M8B 1000000 10000000 66.1815 27.2334s 52.9914 66.0255 1.9336s 92.4475 6.0036s 78.1951 2.0006s
M9B 1000000 10000000 65.4242 30.3762s 52.2148 65.3305 1.9322s 92.4493 6.0251s 79.6682 2.0638s

M10B 1000000 10000000 65.5444 31.0790s 52.5864 65.4162 2.1150s 93.9597 5.9514s 82.2695 2.2040s
M11B 1000000 10000000 65.5277 25.5027s 52.5764 65.3598 1.9037s 92.2234 6.3691s 78.3228 1.9871s
M12B 1000000 10000000 66.1085 30.2014s 52.8355 65.9770 1.9473s 93.8467 6.4033s 78.6274 2.0315s
M13B 1000000 10000000 65.7772 30.1737s 52.5653 65.6787 1.9554s 93.9122 6.2357s 81.4700 2.1170s
M14B 1000000 10000000 65.6772 29.7820s 52.3993 65.6211 1.9743s 93.316 6.5306s 79.6478 2.0882s
M15B 1000000 10000000 65.4123 29.2073s 52.5718 65.3125 1.9799s 92.1817 6.6250s 79.5161 2.0832s
M16B 1000000 10000000 65.9965 30.6293s 52.4984 65.9059 1.9458s 92.6824 6.0618s 81.2880 2.1669s
M17B 1000000 10000000 65.7602 28.4652s 52.582 65.6592 1.9304s 94.4974 6.4251s 81.5226 2.1460s
M18B 1000000 10000000 65.3016 28.3561s 52.3314 65.1425 1.9334s 92.8887 6.7193s 81.3532 2.1435s
M19B 1000000 10000000 65.5194 32.5220s 52.5215 65.4110 2.0702s 93.1059 6.5563s 82.7996 2.1830s
M20B 1000000 10000000 66.0804 32.6166s 52.7985 65.9690 2.0863s 92.8594 6.4882s 80.8396 2.0902s

Application to the new large communication network design instances

The emerging next-generation communication networks are envisioned to have a large

scale. For example, the telecommunication network in a big city like Melbourne may

need to cover millions of buildings, and a local 5G wireless network may connect millions

of mobile devices. Nevertheless, there is no benchmark instance to reflect such a large

scale so far (the largest Hand instance only has 169,800 vertices and 338,551 edges). As a

consequence, the state-of-the-art algorithms that can solve the largest existing benchmark

instances may not be able to design emerging next-generation communication networks.

Here, we generate large communication network design instances with millions of

vertices and edges. We show that the proposed algorithms are still fast in these instances.

Since large communication data is often confidential and hard to obtain, we randomly

generate these instances. In each instance, vertices represent communication devices,

edges represents connections between devices, edge costs represent connection costs, and
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node weights represent profit from devices. Since next-generation communication net-

works are expected to have the ability to self-organize with decentralized intelligence

[130], there is no compulsory terminal in these instances.

These newly generated instances are named as the M instances, and they can be

downloaded at https://github.com/YahuiSun/M_instances. There are 40 M in-

stances in total. In each of the M instances, there are 1 million vertices and 10 million

edges. In each of M1A to M20A, all the vertices have positive node weights, while in

each of M1B to M20B, only 10,000 vertices have positive node weights, and the node

weights of other vertices are 0.

The detailed computational results in these instances are shown in Table 4.7, in which

GW LB is the lower bound calculated using Equation (4.9). The running time of the FGW′

algorithm in these instances is around 40s, while that of the MSTG algorithm is around

6s. In P3, n is set to be 1. Remarkably, P3 has improved the solutions of both the FGW′

and MSTG algorithm in all these instances. The running time of P3 in these instances is

around 2s. Thus, P3 is both effective and fast in these instances.

The average gaps between GW LB and the FGW′, FGW′+P3, MSTG, MSTG+P3 so-

lutions are respectively 12.6778%, 12.5646%, 38.7678%, and 26.7087%. Unlike the Hand

instances, the MSTG algorithm has found reasonably high quality solutions in these in-

stances. Moreover, since GW LB may be far from the optimal solution, the average gaps

between the optimal solutions and the FGW′, FGW′+P3, MSTG, MSTG+P3 solutions may

be even lower. Note that, a smaller net-cost of the solution represents a lower-cost of the

communication network. Even though P3 has only improved the FGW′ solutions slightly

by percentage, high costs may still be saved due to the large costs of large communication

networks.

Moreover, in these large instances, the memory consumed by the MSTG algorithm

is 4 GB, while the memory consumed by the FGW′ algorithm is 7 GB. In comparison,

the state-of-the-art exact algorithms, such as Staynerd and DA BB, may need at least

hundreds of GB memory to solve these instances, which is beyond the ability of most

machines in the market, let alone their speed. Therefore, the computational trials in the M

instances show the advantages of the proposed heuristic algorithms over the state-of-the-

https://github.com/YahuiSun/M_instances
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art exact algorithms. Thus, we can conclude that the proposed heuristic algorithms and

post-processing techniques can help design large and low-cost communication networks.

The impact of edge splitting ratio on the FGW′ algorithm

The edge splitting idea is essential to the FGW′ algorithm and several other algorithms.

However, the impact of the edge splitting ratio s (see Equation (4.8)) on these algorithms

has not been discussed so far. Theoretically, the value of s does not affect the solutions

(as we have discussed above, changing the sequence of triggered events does change the

solutions in practice). Nevertheless, we observe that it significantly affects the total num-

ber of triggered events in the FGW′ algorithm. Here, we implement the FGW′ algorithm

300 times in an example instance using different values of s. There are 5,864 vertices and

645,254 edges in this instance. The relationship between s and the numbers of triggered

events are shown in Figure 4.7.

It can be seen that the number of triggered events is minimized when s = 2. The

reason is that the slack of an edge is split at the ratio of 1 : (s − 1). When s = 2, the

slack of an edge is split evenly, while other values of s split the slack unevenly. When

the slack of an edge is split unevenly, the events on the edges with big slacks may be

triggered before the merge events on the edges with small slacks, which means there

are more “invalid” edge events. However, since the remaining slack on an edge will

be evenly split after the corresponding edge event, the number of these “invalid” edge

events is limited. Consequently, the total number of edge events that may be triggered

is also limited, which explains why the number of triggered events does not increase

further when s > 40. Hence, in the FGW′ algorithm, the total number of triggered events

is minimized when s = 2.

Post-process sub-optimal solutions of the state-of-the-art exact algorithms

The state-of-the-art exact algorithms may only be able to find sub-optimal solutions in

large instances due to their long running time. Staynerd (based on the branch-and-cut

idea) [29] and DA BB (based on the branch-and-bound idea) [48] are the state-of-the-
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Figure 4.7: The total number of triggered events in the FGW′ algorithm in an example
instance.

Table 4.8: The improved solutions of Staynerd and DA BB in the Hand instances

Solver Instance Solu. P3 Solu. P3 Time
Staynerd handbd04 1820.073 1819.8188 0.2509s
Staynerd handbd06 1533.5899 1533.4144 0.2496s
Staynerd handbi02 532.6165 532.4787 0.2519s
Staynerd handbi04 3226.9192 3226.8756 0.2343s
Staynerd handbi06 2930.6424 2930.5869 0.2333s
Staynerd handbi13 4.2682 4.2676 0.2105s
Staynerd handsd02 160.3458 160.3386 0.0638s
Staynerd handsd04 494.554 494.5349 0.0621s
DA BB handbi13 4.274497 4.274367 0.2051s

art exact algorithms for PCSTP. Here, we show that P3 can improve their sub-optimal

solutions in the Hand instances.

The total numbers of Hand instances where the solutions of Staynerd and DA BB

have not been proven to be optimal are respectively 21 and 3. We implement P3 to im-

prove the sub-optimal solutions of Staynerd and DA BB in these instances (these solu-

tions are provided by Ivana Ljubić and Martin Luipersbeck). The improved solutions are

shown in Table 4.8. It can been seen that P3 has improved 8 sub-optimal solutions of

Staynerd and 1 sub-optimal solution of DA BB. The running time of P3 in these instances

is around 0.25s. Therefore, we can conclude that P3 can improve sub-optimal solutions of

not only the proposed heuristic algorithms, but also the state-of-the-art exact algorithms.

Note that, the Staynerd solution of handbi13 we received from Ivana Ljubić and Martin

Luipersbeck is better than that in their previously published paper [29]. However, P3 can
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still improve it. The improved solution (4.2676) is the new best-known solution for this

instance.

Furthermore, since PCSTP is NP-hard, it may not be possible to design large and

minimum-cost communication networks in polynomial time. Therefore, it may be prefer-

able to combine P3 with the state-of-the-art exact algorithms together to design large and

low-cost communication networks in some cases.

4.3.6 Section summary

It is challenging to design large and low-cost communication networks. In this section,

we formulate this challenge as PCSTP. We first propose some post-processing techniques

that can improve sub-optimal solutions to PCSTP. Then, based on these techniques, we

propose two heuristic algorithms for PCSTP. We show the competitiveness of the pro-

posed heuristic algorithms in the largest existing benchmark instances. Moreover, we

generate new larger communication network design instances to show the advantages of

the proposed heuristic algorithms over the state-of-the-art exact algorithms. Ultimately,

we show that the proposed post-processing techniques can improve not only sub-optimal

solutions of the proposed heuristic algorithms, but also those of state-of-the-art exact al-

gorithms in the instances that are too large for them to find optimal solutions. In sum-

mary, we demonstrate that the proposed heuristic algorithms and post-processing tech-

niques can help design large and low-cost communication networks.

4.4 Summary

In this chapter, we explore new applications and techniques for PCSTP. Initially, we pro-

pose the prize-collecting Steiner tree approach to reposition drugs in pharmaceutical net-

works. A new PA is proposed, and it identifies more suitable drugs than the popular GW

algorithm. Then, we propose some post-processing techniques and two fast heuristic al-

gorithms to design large low-cost communication networks. Based on these techniques,

we improve the previous best known solutions of one of the largest existing benchmark

instances. Moreover, we challenge some newly generated benchmark instances that are
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tens of times larger than the largest existing ones. In conclusion, we explore two appli-

cations for PCSTP, and more powerful Steiner tree techniques are developed to support

this exploration.





Chapter 5

Exploring the Node-Weighted Steiner
Tree Problem

5.1 Introduction

NWSTP is more general than STPG and PCSTP, and thus can be applied in a broader

area. However, work has rarely been done for NWSTP to date. In this chapter, we explore

the applications and techniques for NWSTP. First, we propose two PAs to solve NWSTP

with multiple compulsory terminals. Then, we propose the node-weighted Steiner tree

approach to identify elements of cancer-related signaling pathways. Ultimately, we pro-

pose the node-weighted Steiner tree approach to place relay nodes in cost-aware Wireless

Sensor Networks (WSNs).

5.2 Fast algorithms inspired by Physarum polycephalum

This work is published as [79].

5.2.1 Introduction & background

PAs are nature-inspired algorithms that have the potential to solve Steiner tree problems.

In 2006, Tero, A. et al. [64] proposed a PA, Physarum Solver, to solve SPP, which can be

seen as STPG with only two terminals. Physarum Solver treats the graph as the tubular

structure of the plasmodium of Physarum polycephalum, and it finds the shortest path

by imitating Physarum’s behavior to connect two food points. Beyond SPP, Tero, A. et al.

99
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[73] further adapted Physarum Solver in 2008 to connect more than two terminals, and

they have found close approximations to SMT in graphs without node weights. Recently,

Liu, L. et al. [38] developed a new PA, Physarum Optimization, to solve STPG. This

algorithm has low complexity and high parallelism, and it has a similar performance with

several other algorithms in graphs with equal edge lengths. Therefore, PAs have already

shown the ability to solve STPG to some degree. NWSTP is a more general version of

Steiner tree problems in graphs than STPG [33]. Nevertheless, no attempt has been made

to use PAs to solve NWSTP so far. To cover this shortage, we propose two new PAs in

this section and show their ability to provide faster and better solutions to NWSTP than

other nature-inspired algorithms.

5.2.2 The first proposed Physarum-inspired algorithm

In a special case of NWSTP where there are only two compulsory terminals, SMT is the

lowest-cost path between these two compulsory terminals. We define the Lowest-cost

Path Problem (LPP) as a problem of finding a path P(V ′, E′), V ′ ⊆ V, E′ ⊆ E to connect

two compulsory terminals while minimizing the objective function c(P) = ∑e∈E′ c(e)−

∑v∈V′ w(v). LPP can be seen as NWSTP with two compulsory terminals. There is no

algorithm specially designed for LPP so far, and the lowest-cost path in node weighted

graphs can only be found using algorithms for NWSTP. However, algorithms for NWSTP

may not be able to solve LPP fast. Here, the Lowest-cost Path Physarum Optimization

algorithm (LPPO) is proposed to solve LPP fast, and it is the basis of the second proposed

algorithm for NWSTP with multiple compulsory terminals.

The proposed algorithm LPPO is adapted from Physarum Solver [64]. Same as

Physarum Solver, the two compulsory terminals in LPPO are also called the source node

and the sink node. But the difference between LPPO and Physarum Solver is that LPPO

is used in node weighted graphs, while Physarum Solver can only be used in graphs

without node weights.

In LPPO, the graph is also considered as the tubular structure of the plasmodium of

Physarum polycephalum. There is protoplasmic flow in every edge, and each edge has a

conductivity value. In Physarum Solver, the flux Qij in edge (vi, vj) is given by Equation
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Algorithm 11 The Lowest-cost Path Physarum Optimization algorithm (LPPO)
Input: graph G(V, E, T, w, c) where |T| = 2
Output: path P ⊂ G

1: Initialize graph G, the edge conductivities, and the conductivity update time k
2: while k ≤ K do
3: k = k + 1
4: Calculate the pressure at each vertex using Equation (5.3)
5: Calculate the flux through each edge using Equation (5.1)
6: Update the conductivities using Equation (3.3)
7: Cut edges with conductivity smaller than the threshold value ε
8: end while
9: The remaining network is path P

(3.1), where only the edge cost is considered, while the node weight is not. Therefore

Physarum Solver cannot find the lowest-cost path in node weighted graphs. A new flux

equation is proposed in LPPO to consider both the edge cost and the node weight, and it

is described by Equation (5.1) and (5.2).

Qij =
Dij

Cij
(pi − pj) (5.1)

Cij = cij −
wi

σi
−

wj

σj
+ 2M (5.2)

where Cij is a composite cost for edge (i, j), wi is the weight of node i, σi is the degree of

node i, and M = max(wk), k ⊆ V. The node weights in Equation (5.2) can be positive or

negative.

After the calculation of flux, edge conductivities can be updated using Equation (3.3).

By considering the conservation law of flux at each vertex, the network Poisson equation

is described below.

∑
i∈V(j)

Dij

Cij
(pi − pj) =


−I0, j = source

+I0, j = sink

0, otherwise

(5.3)

where V(j) is the set of vertices linked to vertex j, and I0 is the flux flowing into the source
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node and out of the sink node. Let the pressure at the sink node be 0, and other pressures

can be calculated by solving the network Poisson equation. Then the new fluxes can be

obtained and the conductivities will be updated again using the new fluxes. Edges with

conductivities smaller than the threshold value ε will be cut from the network. In LPPO,

a parameter K is used as the upper limit of k. After K times of conductivity update, the

lowest-cost path between the source node and the sink node will be found. LPPO is

presented as Algorithm 11.

5.2.3 The second proposed Physarum-inspired algorithm

The major difference between LPP and NWSTP is that there may be more than two com-

pulsory terminals in NWSTP. However, in LPPO, there are only one source node and one

sink node. Therefore, the biggest challenge of using PA to solve NWSTP is how to choose

multiple terminals to be source node or sink node. The Lowest-cost Network Physarum

Optimization algorithm (LNPO) is proposed to solve NWSTP, where we choose the sink

node in the same way as in the previously proposed MS3-PO. If terminal i is chosen to be

the sink node, other terminals will become source nodes. With one sink node and T − 1

source nodes, the network Poisson equation can be adapted as

∑
i∈V(j)

Dij

Cij
(pi − pj) =


−I0, j = source

+(T − 1)I0, j = sink

0, otherwise

(5.4)

Let the pressure at the sink node be 0, all the other pressures can be calculated. Ulti-

mately, a feasible solution can be found by iterating the conductivity-update process in

the same way as LPPO. Similar to MS3-PO, LNPO may find different solutions for one

instance due to the randomness in choosing the sink node. Therefore, we give LNPO

the same outer iteration process as in MS3-PO. The final version of LNPO is presented as

Algorithm 12.
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Algorithm 12 The Lowest-cost Network Physarum Optimization algorithm (LNPO)
Input: graph G(V, E, T, w, c)
Output: subgraph G′ ⊂ G

1: while m ≤ M do (the outer iteration process)
2: m = m + 1
3: Initialize graph G, the edge conductivities, and the conductivity update time k
4: while k ≤ K do (the inner iteration process)
5: k = k + 1
6: Choose the sink node and the source nodes using Equation (3.36)
7: Calculate the pressure at each vertex using Equation (5.4)
8: Calculate the flux through each edge using Equation (5.1)
9: Update the conductivities using Equations (3.39) & (3.40)

10: Cut edges with conductivity smaller than the threshold value ε
11: end while
12: Calculate the cost of the network found in the last inner iteration process
13: Update the saved network
14: end while
15: The saved network is graph G′

5.2.4 Experiments

In this subsection, the cost of the solution tree G′ is defined as c(G′) = ∑e∈E′ c(e) −

∑v∈V′ w(v), which is different from that in other places in this thesis.

The first proposed algorithm LPPO is designed to solve LPP, which is NWSTP with

two compulsory terminals. Other nature-inspired algorithms such as GA and DPSO can

also solve LPP. Therefore, LPPO is compared with GA and DPSO in this subsection.

Moreover, the Adapted Dijkstra’s Algorithm (ADA) is proposed to provide the optimal

solutions for LPP in graphs with negative node weights. The solutions of ADA are used

to prove that LPPO can find the optimal solutions to LPP in all the benchmark instances

with negative node weights. In ADA, the node weighted graph G = (V, E, w, c) is first

transformed to a graph without node weight G′′ = (V, E, c′′), where the edge cost can be

calculated using the equation below.

c′′ij =


cij − wi/2− wj/2, i, j /∈ T

cij − wi − wj/2, i ∈ T, j /∈ T

cij − wi − wj, i, j ∈ T

(5.5)
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Table 5.1: Comparison of LPPO, GA, DPSO and ADA in benchmark instances

Instance V E T NW Range EC Range ADA Sol LPPO Sol GA Sol DPSO Sol Fitness Evaluation Times
LPPO GA DPSO

LP1 100 120 2 (1, 10) (5, 50) N/A 6 -81 -35 1000000 491054 1000000
LP2 100 120 2 (1, 10) (10, 100) N/A 122 79 472 1000000 30923 1000000
LP3 100 120 2 (1, 10) (20, 200) N/A 29 29 799 3 4000 1000000
LP4 100 300 2 (1, 10) (5, 50) N/A -6 -106 -53 1000000 26955 1000000
LP5 100 300 2 (1, 10) (10, 100) N/A 54 41 196 1000000 3030 1000000
LP6 100 300 2 (1, 10) (20, 200) N/A 97 153 382 86 1000000 1000000
LP7 100 500 2 (1, 10) (5, 50) N/A -16 -126 -73 1000000 142439 1000000
LP8 100 500 2 (1, 10) (10, 100) N/A 1 1 71 5 112871 1000000
LP9 100 500 2 (1, 10) (20, 200) N/A 98 123 369 43 1000000 1000000

LP10 100 750 2 (1, 10) (5, 50) N/A 7 -89 -47 1000000 93232 1000000
LP11 100 750 2 (1, 10) (10, 100) N/A 40 31 128 1000000 2220 1000000
LP12 100 750 2 (1, 10) (20, 200) N/A 43 43 322 24 3511 1000000
LP13 100 1000 2 (1, 10) (5, 50) N/A 6 -62 -56 1000000 122416 1000000
LP14 100 1000 2 (1, 10) (10, 100) N/A 28 40 110 205 1000000 1000000
LP15 100 1000 2 (1, 10) (20, 200) N/A 107 89 314 1000000 188969 1000000
LP16 100 120 2 (-10, -1) (5, 50) 90 90 121 804 23 1000000 1000000
LP17 100 120 2 (-10, -1) (10, 100) 207 207 212 1261 89 1000000 1000000
LP18 100 120 2 (-10, -1) (20, 200) 249 249 249 2248 4 10723 1000000
LP19 100 300 2 (-10, -1) (5, 50) 42 42 42 177 63 2063 1000000
LP20 100 300 2 (-10, -1) (10, 100) 95 95 147 418 20 1000000 1000000
LP21 100 300 2 (-10, -1) (20, 200) 78 78 78 433 28 245180 1000000
LP22 100 500 2 (-10, -1) (5, 50) 43 43 43 161 61 950 1000000
LP23 100 500 2 (-10, -1) (10, 100) 85 85 90 328 142 1000000 1000000
LP24 100 500 2 (-10, -1) (20, 200) 135 135 135 560 13 1664 1000000
LP25 100 750 2 (-10, -1) (5, 50) 19 19 19 175 4 1835 1000000
LP26 100 750 2 (-10, -1) (10, 100) 58 58 58 179 7 1024 1000000
LP27 100 750 2 (-10, -1) (20, 200) 76 76 76 342 12 2937 1000000
LP28 100 1000 2 (-10, -1) (5, 50) 61 61 61 158 136 30225 1000000
LP29 100 1000 2 (-10, -1) (10, 100) 67 67 67 231 19 1279 1000000
LP30 100 1000 2 (-10, -1) (20, 200) 129 129 129 380 875 907 1000000

in which c′′ij is the edge cost in G′′, cij is the edge cost in G, and wi is the node weight in G.

It can be proved by Equation (5.6) that for any path P (t1, m1, . . . , mk, t2), the cost of P in

G′′ is always equal to the cost of P in G. Therefore LPP in G is equal to the Shortest Path

Problem in G′′.

CP in G′′ = (ct1m1 − wt1 − wm1 /2) + (cm1m2 − wm1 /2− wm2 /2) + . . .+

(cmkt2 − wmk /2− wt2)

= (ct1m1 + cm1m2 + . . . + cmkt2)− (wt1 + wm1 + . . . + wmk + wt2)

= CP in G

(5.6)

After the transformation, Dijkstra’s algorithm [131] can be used to find the shortest

path in G′′, which is the lowest-cost path in G. As Dijkstra’s algorithm can only be used in

graphs with positive edge costs, ADA can only find the lowest-cost path in graphs with

negative node weights, where the new edge cost c′′ij is positive. The solutions of ADA are

always the optimal solutions to LPP. Therefore, it is still meaningful to use ADA to show

the solution qualities of LPPO, GA and DPSO.

There is no existing benchmark instances for LPP so far. Thus, new benchmark in-

stances have been generated in this subsection. The generation method is the most pop-
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ular graph generation method proposed by Aneja, Y. P in 1980 [132]. LPPO, GA, DPSO

and ADA are compared in these new benchmark instances, and the comparison results

are listed in Table 5.1, in which NW Range is the range of node weights, EC Range is the

range of edge costs, and ADA Sol, LPPO Sol, GA Sol, DPSO Sol are respectively the costs

of the solutions of ADA, LPPO, GA and DPSO.

Besides the cost of solutions, the running time of LPPO, GA and DPSO are also com-

pared with each other. In the comparison, the running time is measured by the fitness

evaluation times, which is the number of conductivity update times in LPPO, the num-

ber of crossover times in GA, or the number of particle position update times in DPSO.

The upper limit of fitness evaluation times is 1 million. If an algorithm has not found the

best solution found by all four algorithms, the recorded fitness evaluation times of this

algorithm will be 1 million, or the fitness evaluation times needed by this algorithm to

find the best solution will be recored. In LPPO, GA and DPSO, an algorithm is the best

algorithm when it needs a shorter running time to find the best solution than the other

two algorithms, or when its solution has a smaller cost than the solutions of the other

two algorithms. The solution and fitness evaluation time of the best algorithm in each

instance have been highlighted in Table 5.1.

There are 30 benchmark instances in Table 5.1 (LP1-30). Node weights are positive

in the first half of instances (LP1-15), and LPPO has a better performance than GA and

DPSO in 6 of these instances (LP3, 6, 8, 9, 12, 14). On the contrary, node weights are

negative in the second half of instances (LP16-30), and LPPO has a better performance

than GA and DPSO in all of them. Moreover, it can be seen from the solutions of ADA

that LPPO can find the optimal solution in all the instances with negative node weights,

while GA can only find the optimal solution in part of these instances (LP18, 19, 21, 22,

24-30), and DPSO cannot find the optimal solution in any instance. Furthermore, in all

the instances where both LPPO and GA can find the best solution (LP3, 8, 12, 18, 19, 21,

22, 24-30), LPPO finds the solution much faster than GA. Thus it can be concluded that

LPPO can find the optimal solutions to NWSTP with two compulsory terminals in graphs

with negative node weights, and its performance is better than GA and DPSO.

Moreover, there is no benchmark instance for NWSTP until now. Therefore, new
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Table 5.2: Comparison of LNPO, GA and DPSO in benchmark instances

Instance V E T NW Range EC Range LNPO Sol GA Sol DPSO Sol Fitness Evaluation Times
LNPO GA DPSO

NG1 100 120 5 (1, 10) (5, 50) 8 -32 18 1000000 22050 1000000
NG2 100 120 10 (1, 10) (5, 50) -3 -72 -23 1000000 16293 1000000
NG3 100 120 5 (1, 10) (10, 100) 78 78 450 84 2453 1000000
NG4 100 120 10 (1, 10) (10, 100) 137 146 391 177905 1000000 1000000
NG5 100 120 5 (1, 10) (20, 200) 353 353 1271 360 2787 1000000
NG6 100 120 10 (1, 10) (20, 200) 595 739 1394 2380 1000000 1000000
NG7 100 500 5 (1, 10) (5, 50) -14 -103 -71 1000000 46884 1000000
NG8 100 500 10 (1, 10) (5, 50) -1 -80 -52 1000000 58201 1000000
NG9 100 500 5 (1, 10) (10, 100) 86 91 144 225 1000000 1000000

NG10 100 500 10 (1, 10) (10, 100) 114 119 151 171490 1000000 1000000
NG11 100 500 5 (1, 10) (20, 200) 192 211 409 216 1000000 1000000
NG12 100 500 10 (1, 10) (20, 200) 453 457 530 267731 1000000 1000000
NG13 100 1000 5 (1, 10) (5, 50) 6 -92 -59 1000000 2563 1000000
NG14 100 1000 10 (1, 10) (5, 50) -17 -90 -72 1000000 1711 1000000
NG15 100 1000 5 (1, 10) (10, 100) 56 56 117 26983 362387 1000000
NG16 100 1000 10 (1, 10) (10, 100) 128 138 145 53160 1000000 1000000
NG17 100 1000 5 (1, 10) (20, 200) 174 198 401 23900 1000000 1000000
NG18 100 1000 10 (1, 10) (20, 200) 297 297 382 752896 21857 1000000
NG19 100 120 5 (-10, -1) (5, 50) 130 130 775 38 1891 1000000
NG20 100 120 10 (-10, -1) (5, 50) 281 281 815 40 1072 1000000
NG21 100 120 5 (-10, -1) (10, 100) 167 167 1266 8 2876 1000000
NG22 100 120 10 (-10, -1) (10, 100) 371 390 643 2132 1000000 1000000
NG23 100 120 5 (-10, -1) (20, 200) 419 431 2187 349569 1000000 1000000
NG24 100 120 10 (-10, -1) (20, 200) 959 1048 2177 12529 1000000 1000000
NG25 100 500 5 (-10, -1) (5, 50) 114 114 177 99 116235 1000000
NG26 100 500 10 (-10, -1) (5, 50) 205 206 255 122 1000000 1000000
NG27 100 500 5 (-10, -1) (10, 100) 198 198 343 22 333508 1000000
NG28 100 500 10 (-10, -1) (10, 100) 324 324 417 230332 11527 1000000
NG29 100 500 5 (-10, -1) (20, 200) 321 382 633 32 1000000 1000000
NG30 100 500 10 (-10, -1) (20, 200) 583 583 675 4342 115101 1000000
NG31 100 1000 5 (-10, -1) (5, 50) 74 74 127 2184 5192 1000000
NG32 100 1000 10 (-10, -1) (5, 50) 180 180 226 61768 349499 1000000
NG33 100 1000 5 (-10, -1) (10, 100) 164 164 292 56 517 1000000
NG34 100 1000 10 (-10, -1) (10, 100) 280 280 331 374473 7557 1000000
NG35 100 1000 5 (-10, -1) (20, 200) 214 214 433 810 11317 1000000
NG36 100 1000 10 (-10, -1) (20, 200) 488 488 610 2970 56709 1000000

benchmark instances are generated in this subsection to cover the shortage of existing

benchmark instances. The generation method is also the method proposed by Aneja, Y.

P in 1980 [132]. After the generation, LNPO is compared with GA and DPSO in these

benchmark instances. The comparison results are listed in Table 5.2, in which the solu-

tion and fitness evaluation time of the best algorithm in each instance have also been

highlighted. It can be seen that there are 36 benchmark instances in total (NG1-36). In

18 instances with positive node weights (NG1-18), LNPO can find the best solution in 12

instances (NG3-6, 9-12, 15-18), while GA can only find the best solution in 10 instances

(NG1-3, 5, 7, 8, 13-15, 18), and DPSO cannot find the best solution in any instance. In 18

instances with negative node weights (NG19-36), LNPO can find the best solution in all

the instances, while GA can only find the best solution in 13 instances (NG19-21, 25, 27,

28, 30-36), and DPSO cannot find the best solution in any instance. Furthermore, in the

17 instances where both LNPO and GA can find the best solution (NG3, 5, 15, 18-21, 25,

27, 28, 30-36), LNPO finds the solution faster than GA in 14 instances (NG3, 5, 15, 19-21,

25, 27, 30-33, 35, 36). Hence, it can be concluded that LNPO can provide faster and better
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solutions to NWSTP than GA and DPSO.

5.2.5 Section summary

Two new PAs are proposed for NWSTP in this section. The first proposed algorithm,

LPPO, can solve NWSTP with two compulsory terminals. The second proposed algo-

rithm, LNPO, can solve NWSTP with multiple compulsory terminals. We randomly

generate new benchmark instances to compare these two proposed PAs with GA and

DPSO. Moreover, an adapted Dijkstra’s algorithm is proposed to find the optimal solu-

tions to NWSTP with two compulsory terminals in graphs with negative node weights.

Simulation results show that LPPO can also find the optimal solutions to NWSTP with

two compulsory terminals in graphs with negative node weights, and LNPO can find

close approximate solutions to NWSTP with multiple compulsory terminals in any node

weighted graphs. Both proposed algorithms provide faster and better solutions than GA

and DPSO. This work shows for the first time that PAs can solve NWSTP, and it is recom-

mended to research further on PAs to solve NWSTP more efficiently.

5.3 Biological network data analysis: cancer-related signaling
pathways

This work was collaboratively explored with Mr. Chenkai Ma in the University of Mel-

bourne, and it is published as [133].

5.3.1 Introduction & background

Cancer is a collection of diseases characterized by uncontrolled growth and spread of

abnormal cells. It constitutes a major health burden in our society. For example, in 2012,

approximately 14.1 million new cancer cases were diagnosed globally, and 8.2 million

deaths or 14.6% of human deaths were caused [134]. Even though a large amount of

money has been spent on cancer research [135], cancer-related signaling pathways have

not been completely understood to date [136]. Hence, new work towards a complete
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understanding of cancer-related signaling pathways is highly recommended.

Some signaling pathways are already known to be cancer-related [137, 138]. Never-

theless, these existing signaling pathways may not be complete. Furthermore, most of

them are recorded and analyzed at the level of genes and genomes, while that at the level

of proteins have so far been rarely explored, although critical information may be hidden

in them. In this section, we aim to identify important elements of cancer-related signaling

pathways at the level of proteins.

There are mainly three types of approaches to identify signaling pathways, which

are the experimental approach [139], the systematic approach [140], and the data-driven

approach [141–144]. The experimental approach identifies signaling pathways by discov-

ering biomedical evidences through experiments; the systematic approach identifies sig-

naling pathways by integrating biomedical experiments with data analysis techniques;

the data-driven approach identifies signaling pathways by purely processing previous

biomedical data. All the three approaches have been successfully applied to identify

signaling pathways for various human diseases. However, due to the slowness of exper-

iments in the experimental and systematic approach, the data-driven approach may be

the only one that is fast in large networks.

Protein-protein interaction networks are often very large. Therefore, it may be prefer-

able to use the data-driven approach to identify cancer-related signaling pathways at the

level of proteins. The Steiner tree approach is an efficient data-driven approach that has

been applied to process biomedical data [33,89,145]. It can identify smaller subnetworks

from large networks while keeping all the potentially important information, and investi-

gators can then perform a more detailed, experimental-evidence-based analysis on these

subnetworks. Thus, in this work, we use the Steiner tree approach to identify important

elements of cancer-related signaling pathways.

There are different types of Steiner tree approaches. Researchers have already applied

the classical Steiner tree approach [23] and the prize-collecting Steiner tree approach [102]

to biomedical networks. However, as to protein-protein interaction networks, the clas-

sical Steiner tree approach fails to consider the properties of different proteins, while

the prize-collecting Steiner tree approach may identify irrelevant proteins. Therefore,
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neither of them is suitable for processing protein-protein interaction networks. In this

section, we apply the node-weighted Steiner tree approach to protein-protein interaction

networks for the first time. It advantages the classical Steiner tree approach and the prize-

collecting Steiner tree approach since it considers the properties of different proteins by

attaching them with node weights and it can avoid irrelevant proteins by attaching them

with negative node weights.

In our application to protein-protein interaction networks, vertices represent proteins,

edges represent protein-protein interactions, compulsory terminals represent important

proteins to cancer signal transduction, edge costs represent in-confidence scores of the

existence of protein-protein interactions, and node weights represent confidence scores

of the existence of proteins in cancer-related signaling pathways. Under these represen-

tations, we can identify subnetworks containing important elements of cancer-related

signaling pathways by solving NWSTP. Nevertheless, it is still challenging to solve NW-

STP at present. Therefore, in this work, we first modify two preprocessing techniques

to reduce the sizes of node-weighted Steiner tree instances. Then, we modify a state-of-

the-art algorithm for PCSTP [11] to solve NWSTP. Our modified algorithm is fast in large

networks. For instance, on a commonly used personal computer with a 4.2 GHz i7-7700K

CPU, our modified algorithm only takes 0.05 second to identify a subnetwork in our gen-

erated large protein-protein interaction network for Homo sapiens (see Figure 5.1), which

has 16,843 vertices and 1,736,922 edges. Therefore, our modified algorithm can be applied

to areas where fast processing of large protein-protein interaction networks is required.

The subnetwork identified by our node-weighted Steiner tree techniques contains im-

portant elements of cancer-related signaling pathways. It is necessary to select these im-

portant elements from the subnetwork for a further, more detailed analysis. There are

many metrics to evaluate the importance of network elements [146, 147], among which

betweenness centrality [148] is probably the most popular one. However, the original

betweenness centrality fails to consider different functions of proteins in cancer-related

signaling pathways. Thus, we propose new metrics that overcome this weakness to eval-

uate the importance of proteins and protein-protein interactions in the identified sub-

network. The important ones are then selected as the identified important elements of
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Figure 5.1: Topology of the generated node-weighted protein-protein interaction network
for Homo sapiens. Each blue dot represents a protein, and each gray line represents a
protein-protein interaction. There are 16,843 vertices and 1,736,922 edges in total.

cancer-related signaling pathways.

In summary, our main contributions are as follows: we propose a method to gener-

ate protein-protein interaction networks with both positive and negative node weights;

we modify two preprocessing techniques and a state-of-the-art heuristic algorithm to

identify subnetworks in them; we propose two new metrics to select important elements

of cancer-related signaling pathways from the identified subnetworks; we apply our

node-weighted Steiner tree approach to identify important elements of two well-known

cancer-related signaling pathways: PI3K/Akt and MAPK; we conduct an experimental-

evidence-based analysis on the identified important elements, and a deeper understand-

ing towards these two signaling pathways is gained in this process.

5.3.2 The proposed node-weighted protein-protein interaction network

Protein-protein interaction networks are often very large, and critical information on

cancer is hidden in them. In this subsection, we propose a method to generate node-
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weighted protein-protein interaction networks for the identification of important ele-

ments of cancer-related signaling pathways. We define a node-weighted protein-protein

interaction network as a connected network with the following five types of elements:

• vertex: each vertex represents a protein.

• edge: each edge represents a protein-protein interaction.

• compulsory terminal: each compulsory terminal represents a protein that must be

contained in the identified subnetwork. Since the purpose is to identify important ele-

ments of cancer-related signaling pathways, proteins that are well known to be important

to cancer signal transduction are selected to be compulsory terminals.

• edge cost: edge cost is a positive value attached to each edge. Since the node-

weighted Steiner tree technique tends to minimize the total edge cost in the identified

subnetwork, we use edge costs to represent in-confidence scores of the existence of

protein-protein interactions. As a result, the identified subnetwork tends to contain the

most credible protein-protein interactions for cancer signal transduction. The quantified

edge cost is calculated using the equation below,

c(i, j) =
α

conβ
(5.7)

where i and j are indexes of two different proteins, c(i, j) is the cost of edge (i, j), α, β are

positive constant values, and con is a score reflects the confidence of the existence of this

protein-protein interaction.

• node weight: node weight is a real value attached to each vertex. The identified sub-

network tends to contain proteins with big positive node weights while avoid proteins

with big negative node weights. Hence, we use node weights to represent confidence

scores of the existence of proteins in cancer-related signaling pathways. The quantified

node weight is calculated using the equation below,

w(i) =

 −γ/σi, i /∈ T

+∞, i ∈ T
(5.8)

where w(i) is the node weight of vertex i, γ is a positive constant value, σi is the degree
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of vertex i in the protein-protein interaction network, and T is the compulsory terminal

set. Note that, the degree centrality has been widely used to quantify the importance

of vertices in networks [149], and proteins with low degrees are less likely to be impor-

tant to cancer signal transduction. Furthermore, +∞ ensures all the important proteins

represented by compulsory terminals are contained in the identified subnetwork.

Node-weighted protein-protein interaction networks with these five types of ele-

ments can be generated using existing information on protein-protein interactions and

cancer-related signaling pathways. An example is our generated node-weighted protein-

protein interaction network for Homo sapiens (see Figure 5.1). After the generation,

we can use node-weighted Steiner tree techniques to identify subnetworks containing

important elements of cancer-related signaling pathways.

5.3.3 The modified node-weighted Steiner tree techniques

NWSTP is NP-hard, which means that there may not be an algorithm to solve large in-

stances to optimality in polynomial time. Two types of Steiner tree techniques can deal

with large instances efficiently. One is preprocessing technique, the other one is heuris-

tic algorithm. In this subsection, we first modify two preprocessing techniques, then we

modify a state-of-the-art heuristic algorithm for PCSTP to solve NWSTP.

The modified preprocessing techniques

Many preprocessing techniques have been proposed for various Steiner tree problems

[25,121]. However, most of them cannot be used in instances with negative node weights,

and thus cannot reduce sizes of node-weighted Steiner tree instances. In this subsection,

we modify two preprocessing techniques to node-weighted Steiner tree instances.

• Terminal degree 1 test: if |T| ≥ 2, the edge adjacent to a compulsory terminal with degree

1 is in the optimal solution.

The initial version of this test was proposed by Koch et al. in 1998 [40] for STPG. In

the initial version, the condition |T| ≥ 2 does not exist since it is implicitly met in STPG.

However, in NWSTP, |T|may be 0 or 1. When |T| = 1, the edge adjacent to a compulsory
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terminal with degree 1 may not be in the SMT. An example is a node-weighted Steiner

tree instance where the optimal solution is the only compulsory terminal with degree 1.

Therefore, by adding this condition, we modify this test to NWSTP.

• Non-terminal degree 1 test: for any vertex i /∈ T with degree 1, if |T| ≥ 1 and w(i) ≤

c(i, j) (vertex j is its adjacent vertex), then vertex i and edge (i, j) can be eliminated.

The initial version of this test was proposed by Beasley in 1984 [42] for STPG. Nev-

ertheless, this test cannot be applied to NWSTP without two conditions |T| ≥ 1 and

w(i) ≤ c(i, j). We modify this test to NWSTP by adding these two conditions.

Note that, these two tests are similar to the degree 1 test proposed by Rehfeldt et

al. [55] for PCSTP, which does not consider the existence of compulsory terminals and

negative node weights. Nevertheless, it may be easier to implement our modified tests

for NWSTP. The time complexity of these two tests is O(|V|). Therefore, they can be

conducted in large protein-protein interaction networks in a short time. Note that, more

sophisticated preprocessing techniques can also be modified to NWSTP, and they may re-

duce instance sizes more significantly than these two techniques. However, sophisticated

preprocessing techniques may be too slow in large protein-protein interaction networks.

Hence, we only modify these two simple techniques for this application. We will propose

some more sophisticated preprocessing techniques in the next section.

The modified node-weighted Steiner tree algorithm

Many Steiner tree algorithms have been proposed in the last decades. However, most of

them cannot be applied to networks with negative node weights, while the ones that can

may be too slow to process large protein-protein interaction networks. In this subsection,

we modify a fast implementation of the unrooted GW algorithm proposed by Hegde et al.

[11] in the 2014 DIMACS Implementation Challenge on Steiner tree problems (the initial

version of this algorithm cannot be applied to networks with negative node weights).

Our modified algorithm can be applied to networks with both positive and negative node

weights, and it is fast to process large protein-protein interaction networks.

There are two phases in this algorithm: the growing phase and the pruning phase.
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In the growing phase, we split each edge (i, j) into two edge parts ep(i, j) and ep(j, i)

corresponding to the endpoints i and j. These two edge parts evenly share the slack (or

cost) of edge (i, j). The total number of edge parts is 2|E|, and the number of edge parts

associated with each vertex equals the degree of this vertex. An edge part is active when

the vertex it associates with is in an active cluster, otherwise the edge part is inactive.

Initially, we set each vertex as a cluster, and the slack of each cluster equals its node

weight (compulsory terminals have positive infinite node weights). All the clusters with

positive slack are active. Since the node weights in NWSTP can be negative, the slack of

an inactive cluster may be negative.

There are two types of events, the edge event and the cluster event. The initial slacks

of all the active clusters and edge parts are considered as their event time. We maintain a

global time value tg. As tg increases, the slacks of active edge parts and clusters decrease.

At any time, the remaining slack of an active cluster is the gap between its event time

and tg; the remaining slack of an inactive cluster is the gap between its event time and

its deactivation time (in Hegde’s algorithm, the remaining slack of an inactive cluster is

always 0, while it can be negative in our algorithm); the remaining slack of an active edge

part is the gap between its event time and tg; the remaining slack of an inactive edge part

is the gap between its event time and the deactivation time of its cluster.

The edge and cluster events are triggered in the order of their event time. In the

cluster event, we simply deactivate the responsible cluster. In the edge event, the slack

of the responsible edge part is 0 (eg. slack{ep(i, j)} = 0). However, the total slack of the

responsible edge may not be 0 yet (eg. slack{ep(i, j)}+ slack{ep(j, i)} > 0). Assume edge

part ep(i, j) is the responsible edge part for an edge event. Let γ be the slack of edge part

ep(j, i).

If γ = 0, then we merge the two clusters connected by edge (i, j) and their edge parts

(to maintain the speed, even the edge parts between these two clusters are being merged).

The slack of the new cluster equals the sum of slacks of the two merged clusters. Suppose

the slack of the new cluster is sl, we set the event time of the new cluster to be tg + sl.

Note that, an inactive cluster may be merged into an active cluster in an edge event. In

that case, we need to increase the event time of edge parts in the inactive cluster by the
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gap between tg and its deactivation time. Furthermore, the most significant difference

between our algorithm and Hegde’s algorithm is that the newly merged cluster may be

inactive in our algorithm since the slack of the inactive cluster being merged may be

negative.

If γ > 0, then we distinguish two cases to update the event time of these two edge

parts:

Case 1: the cluster containing edge part ep(j, i) is active. Since we expect the slacks of

these two edge parts (ep(i, j) and ep(j, i)) to become 0 at the same time to trigger a merge

event, we split γ, and update the event time of ep(i, j) and ep(j, i) to tg + γ/2.

Case 2: the cluster containing edge part ep(j, i) is inactive. We assume that the cluster

containing edge part ep(j, i) stays inactive until a merge event is triggered by edge (i, j).

Then, for the same reason, we update the event time of ep(i, j) to be tg +γ, and we update

the event time of ep(j, i) to be the deactivation time of its cluster.

Note that, the slack splitting case may keep happening endlessly. We use a small

value µ to deal with this situation. If γ < µ, we trigger the merge event. The optimization

process of the growing phase terminates until there is no more than one active cluster left.

The subtree in the last active cluster is the raw solution tree we obtained in the growing

phase. Remarkably, since the newly merged cluster may be inactive, there may be no

active cluster in the end of our growing phase, while there is always one active cluster

left in Hegde’s algorithm.

In the pruning phase, we prune the raw solution tree above using SPA [51]. The time

complexity of this algorithm is O(|E|log|V|). Thus, it is fast in large networks. Since the

steps of this algorithm is similar to those in Algorithm 10 (except the edge splitting and

pruning processes), we will not present its steps separately.

5.3.4 New metrics for the selection of important elements

We use node-weighted Steiner tree techniques to identify a protein-protein interaction

subnetwork. After the identification, we evaluate the importance of proteins and protein-

protein interactions in it. The important ones are selected as the identified important

elements of cancer-related signaling pathways.
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There are many metrics to evaluate the importance of network elements, among

which betweenness centrality is the most popular one [150]. The original betweenness

centrality was proposed by Bavelas in 1948 [151]. He suggested that in a group of people,

the person who is strategically located on the shortest communication path connecting

pairs of others is considered important since he can influence the group by withhold-

ing, coloring or distorting information. Nevertheless, the original betweenness centrality

assumes signals transduce evenly between each pair of vertices, while in cancer-related

signaling pathways, signals mainly transduce from source to terminal proteins. Thus, the

original betweenness centrality fails to consider different functions of proteins in cancer-

related signaling pathways. Here, we propose two new metrics to evaluate the impor-

tance of proteins and protein-protein interactions in the identified subnetwork. These

new metrics overcome the weakness of the original betweenness centrality by only con-

sidering signals transducing between source and terminal proteins.

Let T′ and T′′ be respectively the sets of source and terminal proteins of cancer-related

signaling pathways, then we define the betweenness degree of protein m as

b(m) = ∑
i∈T′,j∈T′′

SPij(m) (5.9)

where SPij is the shortest path between source protein i and terminal protein j in the

identified subnetwork (since the identified subnetwork is always a tree, there is only one

shortest path between i and j), and SPij(m) = 1 if protein m is in this path, or SPij(m) = 0.

A protein with a high betweenness degree is considered important.

Similar to betweenness degree of proteins, we define the betweenness degree of

protein-protein interaction emn as

b(emn) = ∑
i∈T′,j∈T′′

SPij(emn) (5.10)

where emn is the interaction between protein m and protein n, SPij(emn) = 1 if emn is in

SPij, or SPij(emn) = 0. A protein-protein interaction with a high betweenness degree is
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considered important. The following inequality is always met.

b(m) ≥ b(emn)| ∀m, n ∈ V (5.11)

Therefore, proteins connected by interactions with high betweenness degrees will also

have high betweenness degrees, which is reasonable since proteins connected by impor-

tant interactions are important too.

Calculating betweenness degrees needs to find the shortest path multiple times. Since

the time complexity of finding the shortest path is O(|V|2) [131], it is tremendously slow

to apply these new metrics directly to large node-weighted protein-protein interaction

networks (even though they are much faster than the original betweenness centrality).

On the contrary, since the identified subnetwork is often small (for example, there are

only 29 proteins and 28 protein-protein interactions in the identified subnetwork in our

generated node-weighted protein-protein interaction network for Homo sapiens; see Fig-

ure 5.3), it is fast to calculate betweenness degrees of all the proteins and protein-protein

interactions in the identified subnetwork. After the calculation, we select the ones with

high betweenness degrees as the identified important elements of cancer-related signal-

ing pathway. A further experimental-evidence-based analysis can be conducted on them.

5.3.5 Experiments

The PI3K/Akt and MAPK signaling pathways are widely known to account for the

causes of various cancers [152–154]. Nevertheless, the existing information on them may

not be complete. Therefore, we apply our node-weighted Steiner tree approach to iden-

tify their important elements. After the identification, we analyze the roles of the identi-

fied elements in cancer signal transduction by exploring previously reported experimen-

tal evidences.
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Application to identify important elements of PI3K/Akt and MAPK signaling path-
ways

First, we generate a node-weighted protein-protein interaction network using existing

information on protein-protein interactions and PI3K/Akt and MAPK signaling path-

ways. There are many databases on protein-protein interactions, such as BIND [155],

BioGRID [156], DIP [157], OPHID [158] and String [159]. Similarly, there are many

databases on signaling pathways, such as KEGG [137], Reactome [160], PANTHER [161],

and Pathway Commons [162]. Since String is one of the most comprehensible databases

of protein-protein interactions (there are 2031 organisms, 9.6 million proteins, and 184

million protein-protein interactions in String to date) and KEGG is one of the most

comprehensible databases of signaling pathways [163], we use String and KEGG data to

generate the node-weighted protein-protein interaction network.

String data can be directly used in the generation process. On the contrary, KEGG

data cannot be directly used since it is recorded at the level of genes and genomes, not at

the level of proteins. We need to transform the genes and genomes in the PI3K/Akt and

MAPK signaling pathways in KEGG to the corresponding proteins. After the transfor-

mation, we obtain the PI3K/Akt and MAPK signaling pathways at the level of proteins,

which are shown in Figure 5.2. Note that, only protein-protein interactions that are jus-

tified by the experimental evidences in String are recorded in them. Moreover, these

KEGG pathways may not be complete. Evidences of their unknown elements may ex-

ist in String, but not in KEGG. Thus, the identification of their important elements still

needs to be conducted in our node-weighted protein-protein interaction network, which

is generated using both String and KEGG data.

Our node-weighted protein-protein interaction network contains proteins in the

full collection of Homo sapiens data in String, where protein-protein interactions are

recorded based on multiple types of evidences. We select the protein-protein interactions

based on experimental evidences to generate edges in this network. Note that, these

experimental evidences record multiple types of protein-protein interactions, such as

protein binding and transcription regulation. The parameters to generate edge costs and

node weights are α = 2× 106, β = 2, γ = 5. Note that, con is the experimental score in
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Figure 5.2: The protein-based PI3K/Akt and MAPK signaling pathways in KEGG. The
green and red nodes respectively represent source and terminal proteins for cancer signal
transduction, while the blue nodes represent junction proteins. These signaling pathways
are generated by transforming genes and genomes in the signaling pathways in KEGG
to the corresponding proteins. They are used to further generate our node-weighted
protein-protein interaction network.

String that reflects the confidence of the existence of protein-protein interactions. Since

protein-protein interactions in the PI3K/Akt and MAPK signaling pathways in KEGG

are more likely to exist and be important, we increase their confidence scores by 50%

while calculating edge costs. Moreover, in the PI3K/Akt and MAPK signaling pathways,

signals transduce from source proteins to terminal proteins. Since these source and

terminal proteins (see Figure 5.2) are well known to be important to cancer signal trans-

duction, we mark them as compulsory terminals. There are 22 compulsory terminals in

total. The topology of our generated node-weighted protein-protein interaction network
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Figure 5.3: The identified protein-protein interaction subnetwork. The diameters of
nodes and widths of edges are in scale with the betweenness degrees of the correspond-
ing proteins and protein-protein interactions.

is illustrated in Figure 5.1. There are 16,843 vertices and 1,736,922 edges in total. On

a commonly used personal computer with a 4.2 GHz i7-7700K CPU, the running time

of its generation is around 1.5 seconds (excluding the running time to input String and

KEGG data).

After the generation, we apply our modified node-weighted Steiner tree techniques

to identify a subnetwork. On the same computer, the running time of our modified

preprocessing techniques and node-weighted Steiner tree algorithm are respectively

0.003 and 0.05 second. Our modified preprocessing techniques reduce the size of our

node-weighted protein-protein interaction network to 15,715 vertices and 1,735,794

edges, which is significant when considering their short running time.

The identified subnetwork, which is shown in Figure 5.3, contains important elements

of PI3K/Akt and MAPK signaling pathways. All the proteins and most of the protein-

protein interactions in the identified subnetwork are already in the PI3K/Akt and MAPK

signaling pathways in KEGG (see Figure 5.2). However, two protein-protein interactions

((EP300, RELA) and (β-catenin, AR)) in the identified subnetwork are not in these KEGG
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Table 5.3: The betweenness degrees of proteins in the identified subnetwork

Protein Betweenness Protein Betweenness Protein Betweenness
AKT1 112 PDGFRβ 14 LEF1 8
PIK3R1 112 IGF1R 14 TCF7L1 8
p53 64 ERBB2 14 BAD 8
MDM2 64 INSRR 14 Caspase9 8
EP300 56 FGFR1 14 TCF7 8
HER1 56 FGFR2 14 mTOR 8
Grb2 42 IκBα 8 AR 8
β-catenin 40 NF-κB 8 FOXO1 8
RELA 16 p27 8 TCF7L2 8
PDGFRα 14 p21 8

Table 5.4: The betweenness degrees of protein-protein interactions in the identified sub-
network

Protein 1 Protein 2 Betweenness Protein 1 Protein 2 Betweenness
AKT1 PIK3R1 112 Grb2 FGFR2 14
AKT1 MDM2 64 IκBα NF-κB 8
p53 MDM2 64 IκBα RELA 8
EP300 p53 56 p27 AKT1 8
PIK3R1 HER1 56 p21 AKT1 8
HER1 Grb2 42 LEF1 β-catenin 8
EP300 β-catenin 40 AKT1 BAD 8
EP300 RELA 16 AKT1 Caspase9 8
PDGFRα PIK3R1 14 AKT1 mTOR 8
PDGFRβ PIK3R1 14 AKT1 FOXO1 8
IGF1R PIK3R1 14 TCF7L1 β-catenin 8
ERBB2 Grb2 14 TCF7 β-catenin 8
PIK3R1 FGFR1 14 β-catenin AR 8
Grb2 INSRR 14 β-catenin TCF7L2 8

pathways. These newly identified protein-protein interactions may also be important to

cancer signal transduction (an experimental-evidence-based analysis is later conducted

on them).

To select important elements of PI3K/Akt and MAPK signaling pathways from the

identified subnetwork, we calculate betweenness degrees of all the proteins and protein-

protein interactions in it using Equations (5.9) and (5.10). The results are shown in Tables

5.3 and 5.4. On the same computer, the running time of the calculation process is around

0.3 second. Since 8 source proteins and 14 terminal proteins are distinguished in the

calculation process, we set 14 as the threshold value, and select proteins and protein-

protein interactions with a betweenness degree larger than 14 as the identified important

elements of PI3K/Akt and MAPK signaling pathways.
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Analysis of the identified important elements of PI3K/Akt and MAPK signaling path-
ways

There are 9 proteins and 8 protein-protein interactions (the ones that are marked in bold

in Tables 5.3-5.4) that have been identified as important elements of PI3K/Akt and MAPK

signaling pathways. We analyze their roles in cancer signal transduction by exploring

previously reported experimental evidences.

The PI3K/Akt pathway contributes to tumorigenesis of various cancers by regulating

cell cycles, survival, growth and proliferation [164]. In brief, PI3K, as the downstream

of growth factor receptor tyrosine kinases (RTKs), catalyzes Phosphatidylinositol(3,4,5)-

trisphosphate (PIP3) to activate the downstream molecular Akt. Previous experiments

have shown that all RTKs have the ability to activate the PI3K/Akt pathway [165]. Nev-

ertheless, our identification indicates HER1 plays a major role in them. As a matter

of fact, Akt isoforms also play important roles in the activation of PI3K/Akt pathway

[166]. Our identification confirms that Akt1 is a key factor in Akt family as well as

the whole PI3K/Akt pathway. Interestingly, PI3KR1 has been identified as important

as Akt1, which suggests it may be responsible for most protein-protein interactions of

PI3K [167]. On the other hand, TP53, as a common tumor suppressor gene, was widely

found to be mutant in many cancers [168]. Thus, the identification of p53 indicates the

PI3K/Akt pathway affects cells mainly by inhibiting p53 and then inducing the loss of

cell cycles control. As an inhibitor of p53 [169], it is unsurprising that MDM2 has also

been identified as important. Similarly, the identification of EP300, a negative regulator

of p53, confirms the significance of p53 to the PI3K/Akt pathway. Furthermore, since

β-catenin affects p53 by inactivating EP300 [170], it is understandable that it has also

been identified as important. Remarkably, we have identified the interaction between

EP300 and RELA as important, even though it is not in the PI3K/Akt pathway in KEGG.

Recent experiments have shown the existence of this interaction in cancer signal trans-

duction [171, 172], while our identification indicates that this interaction may induce a

even stronger crosstalk between p53 and NF-κB pathway than we had expected. More-

over, its identification provides a theoretical support for previous discovery that p53 has

an effect on the activation of NF-κB pathway after irradiation [173]. Ultimately, Grb2,
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which mediates RTKs and SOS [174], is the only protein that has been identified in the

MAPK signaling pathway, which indicates the MAPK signaling pathway may play a less

significant role in cancer signal transduction than the PI3K/Akt pathway.

In summary, the significance of most of these identified elements to the PI3K/Akt

and MAPK signaling pathways have already been indicated by previous experimental

evidences. Nevertheless, our identification provides a deeper understanding towards

them. Moreover, new findings are indicated in this process, such as the strong crosstalk

between p53 and NF-κB pathway that may be underestimated before. To ensure our

predications are real, new experiments are suggested to conduct in the future, such as

the ones using the Co-immunoprecipitation technique [175] to identify physiologically

relevant protein-protein interactions.

5.3.6 Discussion

We propose the node-weighted Steiner tree approach to identify important elements of

cancer-related signaling pathways at the level of proteins. This new approach is fast in

processing large protein-protein interaction networks. Moreover, it overcomes the weak-

nesses of previous Steiner tree approaches by attaching vertices with both positive and

negative node weights.

Since the PI3K/Akt and MAPK signaling pathways are well known to account for

the causes of various cancers, we take them as an example, and apply our approach

to identify their important elements. We first generate a node-weighted protein-protein

interaction network. There are five types of elements in this network, which are ver-

tex, edge, compulsory terminal, edge cost, and node weight. Each vertex represents a

protein; each edge represents a protein-protein interaction; each compulsory terminal

represents an important protein to cancer signal transduction; each edge cost represents

an in-confidence score of the existence of protein-protein interaction; each node weight

represents a confidence score of the existence of protein in cancer-related signaling path-

ways. Under these representations, we can identify a subnetwork containing important

elements of PI3K/Akt and MAPK signaling pathways by solving the node-weighted

Steiner tree problem.
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Since String and KEGG are the most comprehensible databases of protein-protein in-

teractions and signaling pathways, we use String and KEGG data to generate this net-

work. After the generation, we use Steiner tree techniques to identify a subnetwork in it.

Most existing Steiner tree techniques cannot be applied to networks with negative node

weights, while the ones that can may be too slow in large protein-protein interaction

networks. Two types of Steiner tree techniques can deal with large networks efficiently,

which are preprocessing technique and heuristic algorithm. Therefore, we first modify

two preprocessing techniques to reduce sizes of node-weighted Steiner tree instances.

Then, we modify a state-of-the-art heuristic algorithm for PCSTP to solve NWSTP. Our

modified algorithm can be applied to networks with both positive and negative node

weights, and it is fast in large protein-protein interaction networks. We apply our modi-

fied techniques to identify a subnetwork in our generated node-weighted protein-protein

interaction network.

Subsequently, we use network evaluation metrics to evaluate the importance of pro-

teins and protein-protein interactions in the identified subnetwork. Betweenness central-

ity is widely used to evaluate the importance of vertices and edges in networks. How-

ever, the original betweenness centrality assumes signals transduce evenly between each

pair of vertices, while in cancer-related signaling pathways, signals mainly transduce

from source to terminal proteins. Hence, the original betweenness centrality fails to con-

sider different functions of proteins in cancer-related signaling pathways. We propose

two new metrics to evaluate the importance of proteins and protein-protein interactions.

These new metrics overcome the weakness of the original betweenness centrality by only

considering signals transducing between source and terminal proteins. We use them to

calculate betweenness degrees of all the proteins and protein-protein interactions in the

identified subnetwork. Then, we select the ones with high betweenness degrees as the

identified important elements of PI3K/Akt and MAPK signaling pathways. A further

experimental-evidence-based analysis is conducted to demonstrate their significance to

cancer signal transduction.
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Table 5.5: The percentages of identified proteins that are in the PI3K/Akt and MAPK
signaling pathways in KEGG

γ = 1 γ = 5 γ = 10 γ = 100 γ = 1000 γ = 10000
β = 1 74.07% 74.07% 74.07% 74.07% 74.07% 74.07%
β = 2 92.86% 92.86% 92.86% 92.86% 82.14% 82.14%
β = 3 89.29% 82.14% 82.14% 82.14% 82.14% 82.14%

Parameter settings in the generation of node-weighted protein-protein interaction net-
work

There are three parameters in the generation of node-weighted protein-protein interac-

tion network, which are α, β in Equation (5.7) and γ in Equation (5.8). α, β determine the

values of edge costs, while γ determines the values of node weights of non-compulsory

proteins. We first set the value of β. For two edges e1, e2, if their confidence scores (refer

to Equation (5.7)) are respectively cone1 , cone2 , then the ratio of their edge costs (e1 to e2)

is (cone2 /cone1)
β. Thus, a small β induces a small variance between edge costs, while

a large β induces a large variance between edge costs. Since the experimental scores in

String reflect, but not accurately reflect the confidence of the existence of protein-protein

interactions, it is not recommended to set β too small or too big. In this application, we set

β = 2 to show our “moderate” confidence in these scores. After β, we set the value of α,

which does not affect the ratios of costs of different edges. From the aesthetic perspective,

we set α = 2× 106 to make the edge costs distributed around 100 to 300. After α, β, we set

the value of γ. A small γ gives small negative node weights to non-compulsory proteins,

while a large γ gives large negative node weights to them. Hence, a small γ may result in

the identification of unrelated proteins, while a large γ may result in the missed identifi-

cation of proteins in possible new cancer-related signaling pathways. In this application,

we set γ = 5 to make a balance between removing unrelated proteins and keeping in-

terested ones. Furthermore, we apply our node-weighted Steiner tree approach multiple

times with different values of β, γ (α is fixed at 2× 106), and the resulting percentages of

identified proteins that are in the PI3K/Akt and MAPK signaling pathways in KEGG are

shown in Table 5.5. It can be seen that β has a bigger impact on the identification result

than γ, and with the parameter settings above, the identification result overlaps the most

with KEGG data.
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Table 5.6: The running time of the modified Steiner tree algorithm

Network PPI Hand M
|V| 16,843 158,400 1,000,000
|E| 1,736,922 315,808 10,000,000
Running time 0.05s 0.3s 30s

Advantages of our node-weighted Steiner tree approach

We aim to identify important elements of cancer-related signaling pathways at the level

of proteins. There are mainly three types of approaches to identify signaling pathways

for human diseases, which are the experimental approach, the systematic approach, and

the data-driven approach. Protein-protein interaction networks are often very large, and

only the data-driven approach is fast enough to process them. The Steiner tree approach

is an efficient data-driven approach. Two types of Steiner tree approaches have already

been applied to biomedical networks, which are the classical Steiner tree approach and

the prize-collecting Steiner tree approach. However, as to protein-protein interaction

networks, the classical Steiner tree approach fails to consider the properties of different

proteins, while the prize-collecting Steiner tree approach may identify irrelevant pro-

teins. Therefore, neither of them is suitable for processing protein-protein interaction

networks. On the contrary, our node-weighted Steiner tree approach advantages these

two approaches since it considers the properties of different proteins by attaching them

with node weights and it can avoid irrelevant proteins by attaching them with negative

node weights.

Furthermore, our node-weighted Steiner tree approach is fast in processing protein-

protein interaction networks. To our knowledge, our generated node-weighted protein-

protein interaction network is the largest single protein-protein interaction network that

has ever been generated and analyzed as a whole. Even so, on a commonly used personal

computer, our approach only takes less than 2 seconds to identify important elements of

PI3K/Akt and MAPK signaling pathways (the running time to generate this large node-

weighted protein-protein interaction network is also included). Especially, our modified

node-weighted Steiner tree algorithm only takes around 0.05 second to identify a sub-

network. As a matter of fact, this algorithm is still fast in much larger networks. The

running time of this algorithm in three networks of different sizes is shown in Table 5.6,
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in which the PPI network is our generated node-weighted protein-protein interaction

network; the Hand network is a network generated by others for image processing [11];

the M network is a network randomly generated by ourselves. All the experiments are

conducted on a commonly used personal computer with a 4.2 GHz i7-7700K CPU. It

can be seen that our modified node-weighted Steiner tree algorithm is still reasonably

fast in the largest network with 1 million vertices and 10 millions edges. Therefore, our

node-weighted Steiner tree approach can be used to process large biomedical networks

in scenarios where fast computation is required. Moreover, the speed of our algorithm,

which is fast enough to process thousands of networks in a reasonable amount of time,

opens up the possibility of an exploratory approach in which putative new source nodes

(e.g. proteins of genes with recurrent mutations in cancer) are explored in turn to search

for possible novel cancer drivers.

5.3.7 Section summary

Cancer is a major health problem in our society. A complete understanding of cancer-

related signaling pathways will greatly benefit its prevention, diagnosis, and treatment.

In this section, we propose the node-weighted Steiner tree approach to identify impor-

tant elements of cancer-related signaling pathways at the level of proteins. In this new

approach, we first generate a node-weighted protein-protein interaction network using

existing information on protein-protein interactions and cancer-related signaling path-

ways. Then, we modify two preprocessing techniques and a state-of-the-art Steiner tree

algorithm to identify a subnetwork in it. After that, we propose two new metrics to select

important elements of cancer-related signaling pathways from this subnetwork. We ap-

ply this new approach to identify important elements of two well-known cancer-related

signaling pathways: the PI3K/Akt and MAPK signaling pathways. On a commonly

used personal computer, this new approach takes less than 2 seconds to identify their im-

portant elements in the full-scale node-weighted protein-protein interaction network for

Homo sapiens. We analyze and demonstrate the significance of these identified elements

to cancer signal transduction by exploring previously reported experimental evidences.

A deeper understanding towards the PI3K/Akt and MAPK signaling pathways is gained
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in this process. In conclusion, our node-weighted Steiner tree approach is shown to be

both fast and effective to identify important elements of cancer-related signaling path-

ways. Hence, it can be applied to areas where fast processing of large protein-protein

interaction data is required.

5.4 Constrained relay node placement in cost-aware wireless
sensor networks

5.4.1 Introduction & background

Wireless Sensor Networks (WSNs) are multi-hop ad hoc network systems consisting

of spatially distributed autonomous devices using sensors to monitor physical or en-

vironmental conditions, such as temperature, sound, pressure, and vehicular movement.

These sensors are generally powered by batteries [176], and it is often difficult or im-

possible to replace or recharge them in harsh environments [177]. Thus, sensors are not

energy efficient for long distance transmission. Instead, relay nodes are often deployed

to reduce their energy requirements. Consequently, relay node placement is essential in

minimizing the cost of WSNs.

Based on the routing structures, relay node placement problems can be classified into

two groups: single-tiered [178] and two-tiered [179]. Both sensor and relay nodes are ex-

pected to route data within their own tier (cluster), while relay nodes can route data

between tiers if necessary. On the other hand, relay node placement problems can also be

classified into two groups based on the relay node placement regions: constrained [180]

and unconstrained [181]. Relay nodes can only be placed in predetermined candidate loca-

tions in constrained relay node placement problems, while they can be placed anywhere

in unconstrained relay node placement problems (constrained relay node placement may

be more realistic in some cases since they permit the capture of possible constraints on

relay node placement regions). In this section, we focus on both single-tiered and two-

tiered constrained relay node placement problems.

A lot of work has been done for constrained relay node placement problems [177,180,

182–185]. Nonetheless, most of the existing constrained relay node placement models
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may not be “cost-aware” enough since they assume that the costs to place relay nodes

are the same. As a result, they all aim to minimize the number of deployed relay nodes.

However, in reality, minimizing the number of relay nodes may not corresponds to min-

imizing the cost of WSNs since the costs to place relay nodes may vary between loca-

tions; the cost of WSNs includes both the relay node production/placement costs and

the transmission costs, such as the outage probabilities or energy consumption costs of

transmission routes (high outage probabilities may induce short network lifetimes and

low qualities of service [186]; high energy consumption costs may need more energy

harvesting devices in the emerging energy harvesting WSNs [187, 188]).

In this section, we cover the weaknesses mentioned above by proposing two new re-

lay node placement models. First, we formulate the single-tiered constrained relay node

placement problem as the Node-Weighted Steiner Tree Problem (NWSTP). In NWSTP,

we are given a connected undirected graph with vertices, edges and some special ver-

tices called compulsory terminals. Each vertex is associated with a real node weight,

each edge is associated with a positive cost, and the objective is to find the subgraph with

the minimum net-cost to connect all the compulsory terminals together. By using com-

pulsory terminals to represent sensor nodes and base stations; using non-compulsory

vertices with negative node weights to represent candidate relay nodes with produc-

tion/placement costs; using edge costs to represent outage probabilities or energy con-

sumption costs of transmission routes, we can place relay nodes to minimize the cost of

single-tiered WSNs. Subsequently, we formulate the two-tiered constrained relay node

placement problem as the Node-Weighted Partial Full Steiner Tree Problem (NWPFSTP).

The difference between NWPFSTP and NWSTP is that some special compulsory termi-

nals should be leaves of the solutions to NWPFSTP. Since sensor nodes are leaves of

two-tiered WSNs, we can place relay nodes to minimize the cost of two-tiered WSNs by

using these special compulsory terminals to represent sensor nodes. These two models

are more “cost-aware” than existing constrained relay node placement models in that

they allow us to individually quantify the costs of relay nodes and transmission routes.

Nevertheless, it is still challenging to solve NWSTP and NWPFSTP. Since both of

them are more general versions of STPG, which is NP-hard [16], they are also NP-hard.
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Therefore, there may not be an algorithm to solve them to optimality in polynomial time.

Various techniques have been proposed to solve their special cases, such as STPG [43]

and PCSTP [55]. However, most of them cannot solve NWSTP and NWPFSTP directly.

Hence, new techniques are required for this application.

The main contributions in this section are listed as follows:

• We propose the Single-tiered Cost-aware Communication Graph (SCCG) and the

Two-tiered Cost-aware Communication Graph (TCCG) to model the single-tiered

and two-tiered constrained relay node placement problems as NWSTP and NWPF-

STP respectively. Then, we propose two tests to check the solvability of NWPFSTP.

Moreover, we prove that NWPFSTP can be transformed to NWSTP by changing

edge costs.

• We propose several reduction tests, an exact algorithm and a fast heuristic algo-

rithm for NWSTP. We indicate the competitiveness of these techniques for both

existing and randomly generated benchmark instances. Furthermore, we generate

and apply some SCCGs and TCCGs as new benchmark instances for future chal-

lenges.

• We demonstrate the effectiveness of the proposed node-weighted Steiner tree ap-

proach for both single-tiered and two-tiered constrained relay node placement in

an example of cost-aware WSNs.

5.4.2 Definitions and problem formulations

Here, we first formally define NWPFSTP. Then, we propose the Single-tiered Cost-aware

Communication Graph (SCCG) and the Two-tiered Cost-aware Communication Graph

(TCCG) to model the single-tiered and two-tiered constrained relay node placement

problems as NWSTP and NWPFSTP respectively. Moreover, we propose two tests to

check the solvability of NWPFSTP in general connected graphs and TCCGs. Ultimately,

we prove that NWPFSTP can be transformed to NWSTP.
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(a) A Single-tiered Cost-aware Communication
Graph

(b) A Two-tiered Cost-aware Communication
Graph

Figure 5.4: Examples of Single-tiered and Two-tiered Cost-aware Communication
Graphs, in which yellow blocks, green dots, blue triangles and gray lines respectively
represent base stations, sensor nodes, relay nodes, and transmission routes.

Definitions and problem formulations

Definition 5.1 (The Node-Weighted Partial Full Steiner Tree Problem). Let G(V, E, T, TL, w, c)

be a connected undirected graph, where V is the set of vertices, E is the set of edges, T is a sub-

set of V called compulsory terminals, TL is a subset of T called compulsory leaf terminals,

w is a function which maps each vertex in V to a real value called the node weight, and

c is a function which maps each edge in E to a positive value called the edge cost. The

purpose is to find a connected subgraph G′(V ′, E′), TL ⊆ T ⊆ V ′ ⊆ V, E′ ⊆ E with

the minimum net-cost c(G′) = ∑e∈E′ c(e) − ∑v∈V′ w(v) or the maximum net-weight

w(G′) = ∑v∈V′ w(v)−∑e∈E′ c(e), and all the compulsory leaf terminals are leaves of G′.

NWPFSTP is the node-weighted version of the recently proposed Partial Terminal

Steiner Tree Problem [189]. The optimal solution to NWPFSTP is called Full Steiner Min-

imum Tree (FSMT). Note that, c(G′) = ∑v∈V\V′ w(v) + ∑e∈E′ c(e) in a lot of previous

work for Steiner tree problems in node-weighted graphs [11,48]. This is equivalent to the

c(G′) in Definition 5.1. Nevertheless, for the convenience of the later work on reduction

tests, we define c(G′) as in Definition 5.1. There are typically three types of devices in

WSNs, which are sensor nodes, relay nodes, and base stations. To respectively formulate

the single-tiered and two-tiered constrained relay node placement problems as these two

Steiner tree problems, we propose and define SCCG and TCCG as follows.

Definition 5.2 (The Single-tiered Cost-aware Communication Graph). Let B, S, R be the

sets of base stations, sensor nodes and candidate relay nodes. The Single-tiered Cost-aware Com-
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munication Graph is an undirected graph with vertex set V = B ∪ S ∪ R and edge set E defined

as follows: for any two devices i, j ∈ V, E contains the undirected edge (i, j) if they are within the

transmission range of each other.

Definition 5.3 (The Two-tiered Cost-aware Communication Graph). Let B, S, R be the sets

of base stations, sensor nodes and candidate relay nodes. The Two-tiered Cost-aware Communi-

cation Graph is an undirected graph with vertex set V = B ∪ S ∪ R and edge set E defined as

follows: for any pair of devices i ∈ S, j ∈ R, or for any pair of devices i, j ∈ B ∪ R, E contains the

undirected edge (i, j) if they are within the transmission range of each other.

Two simple examples of SCCGs and TCCGs are illustrated in Figure 5.4. Clearly, if

we make sensor nodes and base stations compulsory terminals; make candidate relay

nodes non-compulsory vertices; give candidate relay nodes negative node weights pro-

portional to their production/placement costs; give edges positive costs proportional to

their outage probabilities or energy consumption costs, then we can solve the single-

tiered constrained relay node placement problem by solving NWSTP in SCCGs. On the

other hand, if we further make sensor nodes compulsory leaf terminals, then we can

solve the two-tiered constrained relay node placement problem by solving NWPFSTP in

TCCGs. Consequently, G′, which is the optimal solution and the designed WSN, will

have the minimum cost. Note that, if there is no base station or we allow sensor nodes

to connect base stations, then we can also solve the two-tiered constrained relay node

placement problem by solving NWPFSTP in SCCGs. However, since TCCGs are smaller

than SCCGs with the same collection of devices, it is still preferable to use TCCGs for

two-tiered constrained relay node placement.

Furthermore, we observe that several previous relay node placement problems are

special cases of our problems. They are listed as follows: 1) Misra et al. [180] aimed to

place a minimum number of relay nodes to ensure that each sensor node is connected

with a base station through a bidirectional path. We can also achieve this by associating

relay nodes with equal large negative values. 2) Misra et al. [183] later aimed to place a

minimum number of relay nodes to achieve connectivity while ensuring that relay nodes

can harvest a large amount of ambient energy. Suppose the energy harvesting capability

of relay node i is eh(i). We can also achieve this by associating relay node i with a negative
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value eh(i)−M, where M is a large positive value. 3) Bagaa et al. [186] aimed to place a

minimum number of relay nodes to achieve connectivity while ensuring that the outage

probabilities on the routing tree is minimized. We can also achieve this by associating

relay nodes with equal large negative values and associating edges with positive values

proportional to their outage probabilities. Note that, even though we can achieve these

previous objectives, it may not be appropriate to compare the proposed node-weighted

Steiner tree techniques with previous techniques since the proposed techniques are de-

signed for a more complex scenario: relay node placement in cost-aware WSNs. In fact,

it may still be preferable to use previous techniques in their own scenarios, such as relay

node placement in cost-unaware WSNs.

The solvability of the Node-Weighted Partial Full Steiner Tree Problem

Different from NWSTP, there may not be a feasible solution to NWPFSTP in some con-

nected graphs. The solvability of NWPFSTP is the same as that of the recently proposed

Partial Terminal Steiner Tree Problem [189]. Nevertheless, their solvability has not been

analyzed to date. Here, we propose two tests to check the solvability of NWPFSTP.

Solvability Test 5.1 (General solvability test). Given a connected undirected graph

G(V, E, T, TL, w, c), if there is a vertex i ∈ V \ TL such that i is connected with every compulsory

leaf terminal j ∈ TL in graph G \ (TL \ j), then there is a feasible solution to NWPFSTP in G.

This test can be easily proven by assembling the paths between i and every j in graph

G \ (TL \ j) to form a feasible solution to NWPFSTP. Note that, NWPFSTP may still be

solvable when such an i does not exist and |TL| = 2. For example, in a simple connected

graph with two vertices, NWPFSTP is still solvable when both these vertices are com-

pulsory leaf terminals. On the other hand, since we need to check every vertex i (time

complexity O(|V|)), every compulsory leaf terminal j (time complexity O(|TL|)) and the

connectivity of graph G \ (TL \ j) (time complexity O(|V|+ |E|); Tarjan’s algorithm [112]),

the time complexity of this test is O(|TL||V|2 + |TL||V||E|). Hence, it may be too slow to

implement this test in large graphs with a lot of compulsory leaf terminals, such as large

TCCGs. Instead, we observe that there is an easier way to check the solvability of TCCGs
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Algorithm 13 The proposed algorithm to generate random SCCGs and TCCGs
Input: parameters |B|t, |S|t, |R|t, wmin, wmax, xmin, xmax, ymin, ymax
Output: SCCG(V, E, T, w, c), TCCG(V, E, T, TL, w, c)

1: while 0 < 1 do
2: Randomly place devices V = B ∪ S ∪ R
3: Generate TCCG(V, E, T, TL, w, c) as in Definition 5.3
4: Solvability Test 5.2(TCCG)
5: if TCCG(V, E, T, TL, w, c) is solvable then
6: Generate SCCG(V, E, T, w, c) as in Definition 5.2
7: Break
8: end if
9: end while

10: Output SCCG(V, E, T, w, c), TCCG(V, E, T, TL, w, c)

for the application, which is proposed as follows.

Solvability Test 5.2 (TCCG solvability test). Given a connected Two-tiered Cost-aware Com-

munication Graph G(V, E, T, TL, w, c) where TL = S, if G \ TL is connected, then there is a

feasible solution to NWPFSTP in G.

The proof of this test is trivial and thus is omitted. Since we need to check the con-

nectivity of G \ TL (time complexity O(|V| + |E|)), the time complexity of this test is

O(|V|+ |E|). Therefore, it is faster to implement this test in TCCGs for the application.

Note that, this test may not hold true in general connected graphs. For example, in a

simple graph G where there are four concatenated vertices and only a leaf vertex is not a

compulsory leaf terminal, G \ TL is connected, but there is no feasible solution to NWPF-

STP in G.

The proposed algorithm to generate random SCCGs and TCCGs

Based on the definitions and tests mentioned above, we propose an algorithm to generate

random SCCGs and TCCGs for the application. It is presented as Algorithm 13, in which

|B|t, |S|t, |R|t are the target numbers of base stations, sensor nodes, and relay nodes, wmin,

wmax are the minimum and maximum node weights of relay nodes (since base stations

and sensor nodes are compulsory terminals, their node weights do not matter), xmin,

xmax, ymin, ymax are the boundaries of a two-dimensional Euclidean space where devices



5.4 Constrained relay node placement in cost-aware wireless sensor networks 135

are placed (note that, relay nodes can be placed in any type of spaces in the proposed

model). In this algorithm, we first randomly place devices in this region. Each location

can only contain a single device. Then, we construct TCCG(V, E, T, TL, w, c), in which

V = B ∪ S ∪ R; T = B ∪ S; TL = S; for each relay node i ∈ R, wi ∈ [wmin, wmax];

there is an edge between two devices i, j ∈ V if they meet the conditions in Defini-

tion 5.3 and d(i, j) ≤ min{ri, rj}, where d(i, j) is the Euclidean distance between them,

ri, rj are their transmission ranges (for the sake of simplicity, we assume the same type

of devices have the same transmission range in this application), and the cost associ-

ated with this edge is α · d(i, j)4, where α is a positive constant (this cost represents the

transmission energy consumption cost; we assume that devices can adjust their trans-

mission power according to the distances). Subsequently, we apply Solvability Test 5.2

to check the solvability of TCCG(V, E, T, TL, w, c). If it is not solvable, we randomly

generate TCCG(V, E, T, TL, w, c) again until it is solvable. Then, we randomly generate

SCCG(V, E, T, w, c) as in Definition 5.2. Ultimately, we output both SCCG(V, E, T, w, c)

and TCCG(V, E, T, TL, w, c). We will later implement this algorithm to generate and ap-

ply some SCCGs and TCCGs as new benchmark instances for future challenges.

The transformation from the Node-Weighted Partial Full Steiner Tree Problem to the
Node-Weighted Steiner Tree Problem

Here, we prove that NWPFSTP can be transformed to NWSTP by changing edge costs.

In this section, we will solve NWPFSTP by solving NWSTP. First, we propose a theorem

below.

Theorem 5.1. Given a connected undirected graph G(V, E, T, TL, w, c). Suppose there are fea-

sible solutions to NWPFSTP in G. Then, c(ΘSMT) ≤ c(ΘFSMT), where ΘSMT and ΘFSMT are

respectively the SMT and FSMT in G.

Since a feasible solution to NWPFSTP is also a feasible solution to NWSTP, this theo-

rem can be easily proven. It is used in the proof of the following theorem, which proves

that NWPFSTP can be transformed to NWSTP.

Theorem 5.2. Given two connected undirected graphs G(V, E, T, TL, w, c) and G′(V, E, T, TL, w, c′).
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Suppose there are feasible solutions to NWPFSTP in them, and for any edge (i, j),

c′(i, j) = c(i, j) + τB where τ = |TL ∩ {i, j}|, B = 2 ∑v∈V |w(v)| + 2 ∑e∈E |c(e)|.

Then, the topology of the SMT in G′ is the same as that of the FSMT in G.

Proof. Assume Θ′FSMT(V
′
FSMT, E′FSMT) is an FSMT in G′; Θ′SMT(V

′
SMT, E′SMT) is an SMT in

G′, and there is a compulsory leaf terminal i ∈ TL such that its degree δi = x > 1 in

Θ′SMT. Then, c(Θ′SMT) ≥ (|TL|+ x − 1)B + ∑e∈E′SMT
c(e)− ∑v∈V′SMT

w(v) > c(Θ′FSMT) =

|TL|B + ∑e∈E′FSMT
c(e) − ∑v∈V′FSMT

w(v), which is not possible (see Theorem 5.1). Thus,

δ(i) = 1, and Θ′SMT is also a feasible solution to NWPFSTP in G′. On the other hand, since

c(Θ′SMT) ≤ c(Θ′FSMT) (see Theorem 5.1), c(Θ′SMT) = c(Θ′FSMT). Therefore, every topol-

ogy that induces Θ′SMT also induces Θ′FSMT. Moreover, since c(Θ′FSMT) = c(ΘFSMT) +

|TL|B, every topology that induces Θ′FSMT also induces ΘFSMT. Hence, every topology

that induces Θ′SMT also induces ΘFSMT, vice versa. This theorem is therefore proven.

Note that, this theorem also holds true for some existing Steiner tree problems in

graphs that are special cases of NWPFSTP, such as the Full/Terminal Steiner Tree Prob-

lem [190,191], and the Partial Terminal Steiner Tree Problem [189]. However, we will later

indicate some shortcomings of this transformation through computational trials. We sug-

gest that direct techniques for the full/terminal Steiner tree problems in graphs are still

recommended for future work.

5.4.3 The proposed reduction tests

Steiner tree problems in graphs are typically NP-hard. Consequently, it may not be possi-

ble to find the optimal solutions in a reasonable amount of time in large instances. Reduc-

tion tests are widely used to transform large instances into smaller equivalent instances

for STPG and PCSTP [43, 55]. However, most existing reduction tests cannot be applied

to NWSTP. For example, in STPG and PCSTP, edge (i, j) can be eliminated if the length of

the shortest path between i, j is smaller than c(i, j), while in NWSTP, edge (i, j) may not

be eliminated under this condition since vertices in this shortest path may contain large

negative node weights. In this subsection, we first introduce some existing reduction

tests that can be applied to NWSTP. Then, we propose several new reduction tests for
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NWSTP. Ultimately, we propose a new implementation method of these reduction tests

(Algorithm 14) through which the reduced small instances can be transformed back to

their original topologies. To simplify the introduction and implementation of these re-

duction tests, we assume all the compulsory terminals have a large positive node weight

M = ∑i∈V |w(i)|+ ∑e∈E |c(e)|.

Notation

We present some notation that is used in the following reduction tests.

• Vi: the set of vertices that are adjacent to vertex i, i.e., Vi = {j ∈ V|(i, j) ∈ E}.

• σi: the degree of vertex i, i.e., |Vi|.

• bl′(P): the new bottleneck length of a simple path P. Suppose P(x, y) is a subpath of

P between two vertices x, y. bl′(P) = maxx,y∈P{∑e∈P(x,y) c(e)−∑i∈P(x,y)\{x,y} w(i)}.

• b′(i, j): the new bottleneck Steiner distance between two vertices x, y (the origi-

nal bottleneck Steiner distance was proposed by Duin et al. [43] for the classical

Steiner tree problem in graphs; this new bottleneck Steiner distance was proposed

by Uchoa [27] for the prize-collecting Steiner tree problem). It is the minimum new

bottleneck length of all the simple paths between i, j, i.e., b′(i, j) = min{bl′(P)},

where P is a simple path between i, j. Consider graph G as a road network, vertex

i represents a petrol station where you obtain w(i) units of fuel (it is to deposit fuel

at this station when w(i) < 0), c(i, j) represents the number of units of fuel con-

sumed to drive from i to j, then b′(i, j) is the minimum tank capacity (in units of

fuel) required to drive from i to j starting with a full tank.

• b′(i, j)−(i,j): b′(i, j) in G \ (i, j).

• Gb′(Vi): the complete graph where the set of vertices is Vi, the cost of edge (p, q) is

b′(p, q).

• d2(i, j): the length of the shortest path between vertices i, j in graph G2, which has
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the same sets of vertices and edges as G and where the cost of edge (u, v) is

c2(u, v) = c(u, v)− β(u)
w(u)

2
− β(v)

w(v)
2

(5.12)

in which β(u) = 1 when w(u) < 0 and u /∈ {i, j}, otherwise β(u) = 0; the same

goes for β(v). Clearly, d2(i, j) is an upper bound of the minimum net-cost of the

simple paths between i, j in G. The defined c2(u, v) is inspired by c′′ij in my previous

work [79], which was independently proposed to find the lowest-net-cost path in

node-weighted graphs. However, we observe that a similar value, ĉij, was proposed

much earlier [3]. The proposed c2(u, v) is tighter than ĉij since d̂ij > d2(i, j) when

min{wi, wj} < 0. Therefore, we will not introduce or use previous tests based on ĉij

in this application since they are dominated by the proposed tests based on c2(u, v).

• Gd2(Vi): the complete graph where the set of vertices is Vi, the cost of edge (p, q) is

d2(p, q).

The existing reduction tests for the Node-Weighted Steiner Tree Problem

We observe that five existing reduction tests can be applied to NWSTP. They are intro-

duced as follows. First, we discuss the application of Reduction Tests 5.1-5.3 to NWSTP.

Then, we correct the previous incorrect formulation of Reduction Test 5.4. Moreover, we

prove Reduction Tests 5.4-5.5 for the first time.

Reduction Test 5.1 (Degree 1 test [55]). For vertex i such that σi = 1, suppose vertex j is

adjacent to i. 1) if c(i, j) ≥ w(i) and there is a vertex k such that w(k) ≥ w(i), then vertex i and

edge (i, j) can be eliminated; 2) if w(i) > c(i, j) and there is a vertex k such that w(k) ≥ w(i),

then vertex i and vertex j can be merged into a new vertex, and its node weight is w(i) + w(j)−

c(i, j).

Reduction Test 5.2 (Degree 2 test [55]). For vertex i such that σi = 2, suppose vertices j, k

are adjacent to i. If w(i) ≤ min{c(i, j), c(i, k)} and there is a vertex k such that w(k) ≥ w(i),

then vertex i and its two adjacent edges can be replaced by adding an edge (j, k) with the cost

min{c(j, k), c(i, j) + c(i, k)− w(i)}.
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Reduction Tests 5.1 & 5.2 were proposed by Rehfeldt et al. [55] for PCSTP. Clearly,

their time complexity is O(|V|). The reason to put the condition “there is a vertex k such

that w(k) ≥ w(i)” into these two tests is that there may be no compulsory terminal, and

the single vertex i may be the SMT. Note that, it is implied that there is at least one vertex

with positive node weight in NWSTP (otherwise the SMT is simply the single vertex with

the biggest node weight), which means that the condition that there is a vertex k such that

w(k) ≥ w(i) is always met when w(i) < 0.

Reduction Test 5.3 (New bottleneck Steiner distance test [27]). Eliminate edge (i, j) if

b′(i, j) < c(i, j).

This test was initially proposed and proven by Uchoa [27] for PCSTP. It originates

from the special distance test for STPG [39]. Since calculating b′(i, j) is NP-hard [27], it is

recommended to find upper bounds of b′(i, j) to relax this test. Uchoa proposed a method

to find such an upper bound by enumerating all the simple paths between i, j that contain

at most two vertices with positive node weights [27]. However, this method may not suit

NWSTP since it does not consider the existence of negative node weights. Instead, we

will later propose Reduction Test 5.8 as a new relaxed version of this test.

Furthermore, it may be worth mentioning that we can also eliminate edge (i, j) when

b′(i, j)−(i,j) = c(i, j). However, it is not recommended to do so for the following rea-

son. If b′(i, j) < c(i, j), then edge (i, j) is not responsible for the new bottleneck Steiner

distance of any pair of vertices, and the elimination of edge (i, j) will not change the

new bottleneck Steiner distances of any pair of vertices. Thus, we may calculate the

new bottleneck Steiner distances of all pairs of vertices in some way and then elimi-

nate all the edges that meet the condition above at the same time. On the contrary, if

b′(i, j)−(i,j) = c(i, j), then b′(i, j) = c(i, j), and edge (i, j) could be responsible for the new

bottleneck Steiner distances of some pairs of vertices. In this case, the elimination of edge

(i, j) may change some new bottleneck Steiner distances. Consequently, we cannot elim-

inate multiple edges at the same time. For instance, in Figure 5.5, b′(i, j)−(i,j) = c(i, j) =

b′(k, l)−(k,l) = c(k, l) = c1, and we can only eliminate edge (i, j) or (k, l), but we cannot

eliminate both of them.
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Figure 5.5: A simple graph composed of four vertices i, j, k, l and four edges
(i, j), (j, k), (k, l), (l, i). All these vertices are compulsory terminals. The edge costs
c(i, j) = c(k, l) = c1 > c(j, k) = c(l, i) = c2.

Reduction Test 5.4 (Triangle test). For vertices i, j, k, suppose edges (i, j), (i, k), (j, k) exist. If

c(i, j) ≥ max{c(i, k), c(j, k), c(i, k) + c(j, k)− w(k)}, then edge (i, j) can be eliminated.

Clearly, this test is dominated by Reduction Test 5.3. Since we need to check every

edge (i, j) (time complexity O(|E|)) and every vertex k (time complexity O(|V|)), the

time complexity of this test is O(|V||E|). Cunha et al. [121] first attempted to propose it

for PCSTP (they named this test as the net weight gain cardinality two path test). How-

ever, in their paper, the condition c(i, j) ≥ max{c(i, k), c(j, k)} was incorrectly written as

c(i, j) ≥ min{c(i, k), c(j, k)}. We correct it here. Moreover, there is no proof of this test to

date. We prove it as follows.

Proof. Let Θ be an SMT with edge (i, j) in it. We distinguish three different scenarios: 1)

vertex k is not in Θ. There is a solution tree Θ′ = (i, k) ∪ (j, k) ∪ Θ \ (i, j), and w(Θ′) ≥

w(Θ). Thus, edge (i, j) can be eliminated. 2) vertex k is in Θ, and either (i, k) or (j, k)

is in Θ. Without loss of generality, suppose (i, k) is in Θ. There is a solution tree Θ′ =

(j, k) ∪ Θ \ (i, j), and w(Θ′) ≥ w(Θ). Thus, edge (i, j) can be eliminated. 3) vertex k is

in Θ, and neither (i, k) nor (j, k) is in Θ. Without loss of generality, assume vertices i, k

are in the same subtree after removing edge (i, j) from Θ. Then, there is a solution tree

Θ′ = (j, k) ∪Θ \ (i, j), and w(Θ′) ≥ w(Θ). Thus, edge (i, j) can be eliminated.

Reduction Test 5.5 (Minimum adjacency test [25]). For edge (i, j) such that c(i, j) =

min{c(i, k)|k ∈ Vi}, if min{w(i), w(j)} ≥ c(i, j), then vertices i, j can be merged into a new

vertex i′, and its node weight is w(i) + w(j)− c(i, j).
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The initial version of this test was proposed by Duin [44] for STPG (the earlier V\K

Reduction Test [3] is a special case of this test). Then, Ljubić et al. [25] adapted it to

PCSTP. Since we need to check every vertex i (time complexity O(|V|)) and its closest

neighbor j (time complexity O(|V|)), the time complexity of this test is O(|V|2). There is

no proof of this test to date. We prove it as follows.

Proof. Clearly, when one of vertices i, j is in the SMT, the other one is also in the SMT.

There are two different scenarios: 1) neither i nor j is in the SMT. Then, i, j can be merged.

2) both i and j are in the SMT. Assume Θ is the SMT, and edge (i, j) is not in it (otherwise

i, j can be merged). There is a vertex k (k 6= j) in Θ that is adjacent to i such that j, k

are in the same subtree after removing edge (i, k) from Θ. Then, there is a solution tree

Θ′ = (i, j) ∪Θ\(i, k), and w(Θ′) ≥ w(Θ). Thus, edge (i, j) is in the SMT, and i, j can be

merged.

New reduction tests for the Node-Weighted Steiner Tree Problem

The existing reduction tests mentioned above are far from sufficient for NWSTP. Here,

we propose several new tests. Most of these new tests (except Reduction Test 5.6) are

proposed by incorporating the proposed d2(i, j) into the existing tests for the classical

Steiner Tree Problem in Graphs [44].

Reduction Test 5.6 (Terminal-terminal test). For two adjacent compulsory terminals i, j, if

c(i, j) = min{c(i, k)|k ∈ Vi}, then edge (i, j) is in the SMT.

Since compulsory terminals have large positive node weights, this test is dominated

by Reduction Test 5.5. Nevertheless, since we only need to check every compulsory ter-

minal i (time complexity O(|T|)) and its distance to every adjacent vertex k (time com-

plexity O(|V|)), it has a smaller time complexity of O(|T||V|). Thus, it may be preferable

to use this test in some cases.

Reduction Test 5.7 (Bottleneck degree 3 test). For non-compulsory vertex i with neighbors

Vi = {k1, k2, k3}, suppose w(i) ≤ min{c(i, kl)|l ∈ {1, 2, 3}}; there is a vertex k such that

w(k) ≥ w(i); and for every V ′ ⊆ Vi, the cost of the MST on Gb′(V ′) satisfies c(MST) ≤
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Figure 5.6: The illustration of the proof of Reduction Test 5.7, in which i, k1, k2, k3, x, y
signify vertices; S1, S2, S3 signify subtrees; the two purple arcs signify two paths that
correspond to b′(k1, k2), b′(k1, k3).

∑j∈V′ c(i, j)− w(i). Then the subgraph induced by i, k1, k2, k3 can be replaced by edge (kl , km)

with c(kl , km) = min{c(kl , km), c(kl , i) + c(km, i)−w(i)} for each pair of l, m ∈ {1, 2, 3} (l 6=

m).

This test is modified from a similar test proposed by Duin [43] for STPG. We prove

this test as follows.

Proof. Suppose graph G′ is constructed by adding edge (kl , km) with c(kl , km) =

min{c(kl , km), c(kl , i) + c(km, i) − w(i)} for each pair of l, m ∈ {1, 2, 3} (l 6= m) into

the initial graph G. Clearly, the net-cost of an SMT in G′ is not larger than that in

G. Moreover, for any tree in G′ which does not include i but includes at most one

of the new edges, there is a corresponding tree in G that has the same cost. Thus, if

there is an SMT in G′ which does not include i but includes at most one of the new

edges, then the subgraph induced by i, k1, k2, k3 can be replaced by edge (kl , km) with

c(kl , km) = min{c(kl , km), c(kl , i)+ c(km, i)−w(i)} for each pair of l, m ∈ {1, 2, 3} (l 6= m).

Assume Θ is an SMT in G′ such that i is in it; V ′ is the set of vertices adjacent to i

in Θ. Since it is trivial to prove this test when σi = 1, 2, we assume that σi = 3 in Θ

(see Figure 5.6). Removing i from Θ induces 3 subtrees: S1, S2, S3 (eg. the three green

circles in Figure 5.6). Let ΘM be an MST on Gb′(V ′) (eg. the two purple arcs in Figure

5.6). For edge (k1, k2) in ΘM, its cost equals b′(k1, k2). Since w(i) ≤ min{c(i, kl)|l ∈

{1, 2, 3}}, there is a simple path P (eg. the purple arc (k1, k2) in Figure 5.6) in G′ such

that bl′(P) = b′(k1, k2) and i /∈ P. Suppose P(x, y) is a subpath of P between vertices x, y
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(see Figure 5.6), and x, y are in two different subtrees S1, S2, while the vertice between

them are not in S1, S2. bl′(P(x, y)) ≤ bl′(P) = b′(k1, k2). By adding P(x, y), S1, S2 can be

connected at a cost smaller than or equal to b′(k1, k2) (S3 may also be connected in the

meanwhile if P(x, y) contains vertices in it). Thus, we can connect all the three subtrees

by adding such subpaths, and the total cost of these subpaths is smaller than or equal

to c(ΘM). Since Gb′(V ′) in G′ is the same as that in G and c(ΘM) ≤ ∑j∈V′ c(i, j)− w(i),

all the 3 subtrees can be connected as a new solution tree Θ′ in G′, and c(Θ′) ≤ c(Θ).

Hence, there is an SMT in G′ without i. Suppose this SMT includes two of the new edges,

for example, (k1, k2) and (k2, k3). Since w(i) ≤ min{c(i, kl)|l ∈ {1, 2, 3}}; c(k1, k2) =

c(k1, i) + c(k2, i)− w(i); c(k2, k3) = c(k2, i) + c(k3, i)− w(i), there is a solution tree Θ′′ =

(k1, i)∪ (k2, i)∪ (k3, i)∪Θ′\{(k1, k2), (k2, k3)} such that c(Θ′′) ≤ c(Θ′). Thus, Θ′ includes

at most one of the new edges. This test is proven.

Since calculating b′(i, j) is NP-hard [27], it is recommended to find upper bounds of

b′(i, j) to relax this test. We will later propose Reduction Test 5.12 as its relaxed version.

Reduction Test 5.8 (New least cost test). Edge (i, j) can be eliminated when d2(i, j) < c(i, j).

Since b′(i, j) ≤ d2(i, j), this test is a relaxed version of Reduction Test 5.3. Since

we need to check every edge (i, j) (time complexity O(|E|)) and the time complexity

to find d2(i, j) is O(|V|2) (Dijkstra’s algorithm [131]), the time complexity of this test is

O(|E||V|2). Note that, if d2(i, j) < c(i, j), then eliminating edge (i, j) does not change d2

of other edges. Thus, it is recommended to delete all the edges that meet this condition

at the same time.

Reduction Test 5.9 (Mandatory vertex test). Non-compulsory vertex i is in the SMT if w(i) ≥

min{d2(i, j)|j ∈ T}.

Since we need to check d2 (time complexity O(|V|2)) between every non-compulsory

vertex i (time complexity O(|V|)) and every compulsory vertex j (time complexity

O(|T|)), the time complexity of this test is O(|T||V|3). Its proof is trivial and thus is

omitted. Note that, this test does not reduce the number of vertices or edges. However,

by identifying more compulsory terminals, new reductions may be available for other

tests.
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Reduction Test 5.10 (Nearest vertex test). For compulsory terminal i, if vertex j /∈ T, c(i, j) =

min{c(i, l)|l ∈ Vi}, and there is a vertex k ∈ T\i such that c(i, j) + d2(j, k) − w(j) ≤

min{c(i, m)|m ∈ Vi\j}, then edge (i, j) is in the SMT.

This test is modified from a test with the same name [3] using the proposed d2(i, j).

Since we need to check every compulsory terminal i (time complexity O(|T|)), vertex j

(time complexity O(|V|)), compulsory terminal k (time complexity O(|T|)), and d2(j, k)

(time complexity O(|V|2)), the time complexity of this test is O(|T|2|V|3). Reduction Test

5.6 can be considered as a special case of this test. We prove this test as follows.

Proof. Assume Θ is an SMT without vertex j and edge (i, j). Vertices i, k are in Θ. There

is an edge (i, m) in Θ such that removing it from Θ disconnects i, k into two components.

Suppose P is the simple path in graph G that corresponds to d2(j, k), and P(x, y) is a

subpath of P such that x, y are in these two components. There is a solution tree Θ′ =

P(x, y) ∪ (i, j) ∪Θ \ (i, m) such that w(Θ′) ≥ w(Θ). Thus, vertex j and edge (i, j) are in

the SMT.

Reduction Test 5.11 (Vertices nearer to k Test). Edge (i, j) can be eliminated if there is a

compulsory terminal k such that max{d2(i, k), d2(k, j)} < c(i, j).

Since we need to check every edge (i, j) (time complexity O(|E|)), compulsory termi-

nal k (time complexity O(|T|)), and d2(i, k), d2(k, j) (time complexity O(|V|2)), the time

complexity of this test is O(|T||E||V|2). Its proof is trivial and thus is omitted.

Reduction Test 5.12 (New bottleneck degree 3 test). For non-compulsory vertex i with neigh-

bors Vi = {k1, k2, k3}, suppose w(i) ≤ min{c(i, kl)|l ∈ {1, 2, 3}}; there is a vertex k such

that w(k) ≥ w(i); for every V ′ ⊆ Vi, the cost of the MST on Gd2(V ′) satisfies c(MST) ≤

∑j∈V′ c(i, j)− w(i). Then the subgraph induced by i, k1, k2, k3 can be replaced by edge (kl , km)

with c(kl , km) = min{c(kl , km), c(kl , i) + c(km, i)−w(i)} for each pair of l, m ∈ {1, 2, 3} (l 6=

m).

Clearly, this test is a relaxed version of Reduction Test 5.7. Since we need to check

every vertex i (time complexity O(|V|)) and Gd2(V ′) (time complexity O(|V|2)), the time

complexity of this test is O(|V|3).
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The proposed implementation method of reduction tests

Previous implementations of reduction tests only reduce instance sizes. However, in the

application, we need not only to reduce instance sizes, but also to transform the reduced

instances back to their original topologies. To achieve this, we propose a new implemen-

tation method for the reduction tests. In this method, we attach each vertex and edge

with a set that includes edges that have been merged into this vertex or edge to record

the reduction “trace”. Initially, the edge set of each vertex is empty, while that of each

edge contains itself. Use Ie(i) to signify the edge set of vertex i; use Ie(eij) to signify

the edge set of edge (i, j); use Ie(V) to signify the set of edge sets of vertices in V; use

Ie(E) to signify the set of edge sets of edges in E. Clearly, if V ′ ⊆ V and E′ ⊆ E, then

Ie(V ′) ⊆ Ie(V) and Ie(E′) ⊆ Ie(E). We propose four types of actions below.

Action 5.1. (Eliminate edge (i, j)) Remove edge (i, j); clear Ie(eij); if vertex i or j is isolated,

remove it.

Action 5.2. (Merge two adjacent vertices i, j) For vertex k which is adjacent to i but not to j

(k 6= j), add edge (j, k), c(j, k) = c(i, k), Ie(ejk) = Ie(eik), eliminate edge (i, k) as in Action

5.1; for vertex k which is adjacent to i, j and c(i, k) < c(j, k), clear Ie(ejk), Ie(ejk) = Ie(eik),

c(j, k) = c(i, k), eliminate edge (i, k) as in Action 5.1; for vertex k which is adjacent to i, j and

c(i, k) ≥ c(j, k), eliminate edge (i, k) as in Action 5.1; w(j) = w(i) + w(j)− c(i, j); Ie(j) =

Ie(i)∪ Ie(eij)∪ Ie(j), eliminate edge (i, j) as in Action 5.1; if i is a compulsory terminal, then j is

also a compulsory terminal.

Action 5.3. (Replace vertex i) For vertices j, k which are adjacent to i and edge (j, k) does not

exist, add edge (j, k), c(j, k) = c(i, j) + c(i, k) − w(i), Ie(ejk) = Ie(eij) ∪ Ie(eik) ∪ Ie(i); for

vertices j, k which are adjacent to i and edge (j, k) exists, if c(j, k) > c(i, j) + c(i, k) − w(i),

then c(j, k) = c(i, j) + c(i, k)− w(i), clear Ie(ejk), Ie(ejk) = Ie(eij) ∪ Ie(eik) ∪ Ie(i); for vertex

j which is adjacent to i, eliminate edge (i, j) as in Action 5.1.

Action 5.4. (Mark vertex i compulsory) Give i the large positive node weight M; mark i compul-

sory.

Reduction tests trigger the actions above. The proposed implementation method of
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Algorithm 14 The proposed implementation method of reduction tests
Input: graph G(V, E, T, w, c)
Output: graph Gr(Vr, Er, Tr, wr, cr), edge sets Ie(Vr), Ie(Er)

1: Initialize Ie(Vr), Ie(Er), Gr = G
2: while new actions can be triggered on Gr do
3: Reduction Test 5.4 (Triangle test; Action 1)
4: Reduction Test 5.5 (Minimum adjacency test; Action 2)
5: Reduction Test 5.1 (Degree 1 test; Actions 1 & 2)
6: Reduction Test 5.2 (Degree 2 test; Action 3)
7: Reduction Test 5.8 (New least cost test; Action 1)
8: Reduction Test 5.9 (Mandatory vertex test; Action 4)
9: Reduction Test 5.10 (Nearest vertex test; Action 2)

10: Reduction Test 5.11 (Vertices nearer to k test; Action 1)
11: Reduction Test 5.12 (New bottleneck degree 3 test; Action 3)
12: end while

reduction tests is presented as Algorithm 14. The logic behind the selection and sequence

of reduction tests is listed as follows:

• Since Reduction Test 5.6 is dominated by Reduction Test 5.5 and it is NP-hard to

implement Reduction Tests 5.3 & 5.7, Reduction Tests 5.3, 5.6, 5.7 are not imple-

mented.

• Since the time complexities of Reduction Tests 5.1, 5.2, 5.4, 5.5 are smaller than

those of Reduction Tests 5.8-5.12, we put Reduction Tests 5.1, 5.2, 5.4, 5.5 ahead of

Reduction Tests 5.8-5.12.

• Since Reduction Tests 5.4-5.5 can trigger actions in both dense and spare graphs,

and since Reduction Tests 5.1-5.2 can barely trigger actions in dense graphs, we put

Reduction Tests 5.4-5.5 ahead of Reduction Tests 5.1-5.2.

After implementing Algorithm 14, the original topology of any subgraph in the re-

duced graph can be obtained by releasing the edge sets of all the vertices and edges in

this subgraph, eg. Ie(Vr), Ie(Er). Moreover, it may be worth mentioning that different

sequences of reduction tests may induce different reduction effects in some instances.

Future work is recommended to analyze and compare different sequences of reduction

tests to achieve possibly more significant reduction effects.
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Algorithm 15 The proposed exact algorithm for NWSTP
Input: graph Gr(Vr, Er, Tr, wr, cr), edge sets Ie(Vr), Ie(Er)
Output: SMT

1: Initialize Θopt(Vopt, Eopt)=MST(Gr)
2: for any possible scenario do
3: if the induced subgraph Gs is connected then
4: Θm(Vm, Em)=MST(Gs)
5: if c(Θm) < c(Θopt) then
6: Θopt(Vopt, Eopt) = Θm(Vm, Em)
7: end if
8: end if
9: end for

10: SMT = Ie(Vopt) ∪ Ie(Eopt)

The proposed simple exact algorithm for the Node-Weighted Steiner Tree Problem

After implementing Algorithm 14, the instance sizes may be reduced to such a degree

that SMTs can be easily obtained. Here, we propose a simple exact algorithm to obtain

SMTs in the reduced small instances.

Suppose Gr(Vr, Er, Tr, wr, cr) is the reduced instance. For each non-compulsory vertex,

there are two possible scenarios, namely that it is in the SMT or it is not in the SMT.

Therefore, the total number of possible scenarios is 2|Vr |−|Tr |. In each possible scenario, if

the induced subgraph is connected, we find its MST. Such an MST is a feasible solution

to NWSTP. We find the MSTs in all scenarios. The MST with the minimum net-cost is

the SMT of the reduced small instance. To obtain the original topology of this SMT, we

release all the edge sets of vertices and edges in it. For example, if the sets of vertices and

edges in this SMT are respectively Vopt and Eopt, then we release Ie(Vopt) and Ie(Eopt).

The proposed exact algorithm above is presented as Algorithm 15. Unlike the tra-

ditional exact algorithms for other Steiner tree problems in graphs, this algorithm has

a low demand on machines, and thus can be implemented on simple devices in WSNs.

Nevertheless, it is slow in large instances (the number of possible scenarios grows expo-

nentially as |Vr| − |Tr| grows; the time complexity of Prim’s algorithm [111] to find MST

is O(|E| + |V|log|V|)). Faster exact algorithms, such as the ones based on the branch-

and-cut [29] or branch-and-bound [48] idea, are recommended for future work.
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5.4.4 The proposed fast heuristic algorithm

WSNs may be quite large. In this case, we need heuristic algorithms to find fast feasi-

ble solutions to NWSTP. Hegde et al. [11] proposed a fast implementation of the un-

rooted Goemans-Williamson algorithm in the latest DIMACS Implementation Challenge

on Steiner tree problems (in 2014; http://dimacs11.zib.de). This algorithm is one

of the state-of-the-art heuristic algorithms for the prize-collecting Steiner tree problem.

However, it cannot be directly applied to instances with negative node weights, and thus

cannot solve NWSTP. In this subsection, we modify several steps of this algorithm to

solve NWSTP.

Similar to the modified node-weighted Steiner tree algorithm in Chapter 5.3.3, there

are two phases: the growing phase and the pruning phase. The growing phase in this

algorithm is the same to that of the modified node-weighted Steiner tree algorithm above.

In the pruning phase, we prune the raw solution tree above by deleting expensive vertices

and edges. The Strong Pruning Algorithm (SPA) proposed by Johnson et al. [51] is widely

used in the pruning phase of the initial GW algorithm [11,51,89]. In SPA, we need to select

a root. If the compulsory terminal set is not empty, we can randomly select a compulsory

terminal as the root, and prune the raw solution tree just once. If the compulsory terminal

set is empty, we need to select every vertex in the raw solution tree to be the possible root

and prune the raw solution tree multiple times [51]. Therefore, SPA is slow in instances

with an empty compulsory terminal set. In the application, we may prefer to use non-

compulsory vertices to represent sensor nodes and base stations in some cases, when

there will be no compulsory terminal in SCCGs and TCCGs. Therefore, SPA may be slow

for the application. However, we observe that if a vertex has already been included in an

obtained pruning result, there is no further need to select it to be the root since its pruning

result will be the same as the previous one. Thus, when the compulsory terminal set is

empty, we only select vertices that have not been included in the obtained pruning results

as roots. The best obtained pruning result is the solution to NWSTP. This new pruning

process is faster than SPA in instances with an empty compulsory terminal set.

Similar to Hegde’s algorithm, the time complexity of this algorithm is O(|E|log|V|).

Thus, it running time scales well for large instances (Hegde’s algorithm is well-known

http://dimacs11.zib.de
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for its high speed in solving the Prize-Collecting Steiner Tree Problem). Note that, since

the net-costs of solutions to NWSTP may be negative or zero, there is no approximation

ratio for this heuristic algorithm. We will later show the high quality of its solutions by

implementing it in existing benchmark instances.

5.4.5 Experiments

In this subsection, we first indicate the competitiveness of the proposed Steiner tree tech-

niques for both existing and randomly generated benchmark instances. Then, we gen-

erate and apply some SCCGs and TCCGs as new benchmark instances for future chal-

lenges. Ultimately, we apply the proposed node-weighted Steiner tree approach for both

single-tiered and two-tiered constrained relay node placement in an example of cost-

aware WSNs. All the computational trials are conducted on a commonly used personal

computer from 2016 (Intel Core i7-4790 CPU with 3.60GHz). Note that, for the conve-

nience of possible comparisons with future work, we define c(G′) = ∑v∈V\V′ w(v) +

∑e∈E′ c(e) in this subsection (this c(G′) is more widely used than that in Definition 5.1

since it ignores the irrelevant node weights of compulsory terminals).

The running time of the proposed Steiner tree techniques

We provide the running time of the proposed Steiner tree techniques in randomly gener-

ated instances with different sizes in Table 5.7. All the reported running times have been

averaged over 10 trials. It can be seen that the proposed reduction tests are reasonably

fast in instances with hundreds of vertices and hundreds of thousands of edges. Interest-

ingly, they are faster in dense graphs than in sparse graphs with the same number of ver-

tices. The reason is that the conditions in some time-consuming reduction tests, such as

the degree 3 condition in Reduction Test 5.12, are harder to be met in dense graphs. Con-

sequently, these time-consuming reduction tests trigger fewer actions in dense graphs.

Note that, it may not be appropriate to compare the running time of the proposed reduc-

tion tests with that of existing ones in previous work since the reduction tests are imple-

mented in such a way that the reduced instances can be transformed back to their origi-
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Table 5.7: The running time of the proposed Steiner tree techniques

Algorithm |V| |E| Time

The proposed reduction tests

100 495 0.525s
100 4950 0.089s
250 3113 4.213s
250 31125 1.497s
500 12475 10.336s
500 124750 10.297s

The proposed exact algorithm

15 32 0.287s
15 105 0.816s
20 57 16.986s
20 190 44.136s
25 90 754.547s
25 300 1903.242s

The proposed heuristic algorithm

1000 49950 0.005s
1000 499500 0.037s
1500 112425 0.013s
1500 1124250 0.074s
2000 199900 0.023s
2000 1999000 0.156s

(a) The percentages of reduced vertices (∆|V|%;
averaged over 10 trials) in instances with 100
vertices, varied numbers of relay nodes (|R|;
vertices with negative node weights) and graph
densities (D).

(b) The percentages of reduced edges (∆|E|%;
averaged over 10 trials) in instances with 100
vertices, varied numbers of relay nodes (|R|;
vertices with negative node weights) and graph
densities (D).

Figure 5.7: The performance of the proposed reduction tests in randomly generated in-
stances.

nal topologies, which differs from all the previous work [43, 55]. In practice, the instance

sizes may be reduced to dozens of vertices and edges. In this case, the proposed exact

algorithm can be implemented on simple devices to find SMTs in a reasonable amount

of time. On the other hand, when the instances are too large for the proposed reduction

tests and exact algorithm, the proposed heuristic algorithm can be implemented as it can

solve instances with thousands of vertices and millions of edges within milliseconds.
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Table 5.8: Application of the proposed Steiner tree techniques to existing benchmark
instances

Instance |V| |E| |Vr | |Er | PREV-Best SMT H-SOL1 Instance |V| |E| |Vr | |Er | PREV-Best SMT H-SOL1
NG1 100 120 1 0 462 460 460 NG19 100 120 1 0 -407 -407 -407
NG2 100 120 1 0 465 456 458 NG20 100 120 1 0 -300 -300 -281
NG3 100 120 10 14 598 598 598 NG21 100 120 21 32 -356 -356 -356
NG4 100 120 6 8 738 738 757 NG22 100 120 11 15 -178 -178 -166
NG5 100 120 1 0 882 882 882 NG23 100 120 9 15 -132 -132 -132
NG6 100 120 8 11 1134 1134 1134 NG24 100 120 20 28 431 431 498
NG7 100 500 24 41 497 493 495 NG25 100 500 99 334 -455 N/A -451
NG8 100 500 24 41 488 486 492 NG26 100 500 96 299 -282 N/A -270
NG9 100 500 88 221 645 N/A 672 NG27 100 500 95 293 -344 N/A -344
NG10 100 500 83 201 702 N/A 743 NG28 100 500 92 256 -248 N/A -195
NG11 100 500 82 196 739 N/A 739 NG29 100 500 92 235 -174 N/A -147
NG12 100 500 85 197 1003 N/A 1045 NG30 100 500 96 244 94 N/A 198
NG13 100 1000 38 90 487 N/A 490 NG31 100 1000 99 519 -499 N/A -499
NG14 100 1000 60 152 446 N/A 457 NG32 100 1000 100 483 -360 N/A -325
NG15 100 1000 99 326 575 N/A 614 NG33 100 1000 100 459 -384 N/A -353
NG16 100 1000 99 347 640 N/A 720 NG34 100 1000 99 369 -284 N/A -260
NG17 100 1000 99 354 714 N/A 771 NG35 100 1000 100 377 -306 N/A -301
NG18 100 1000 94 292 854 N/A 895 NG36 100 1000 100 362 -4 N/A 40

The performance of the proposed reduction tests in randomly generated instances

We analyze the performance of the proposed reduction tests in randomly generated in-

stances. These instances are generated by randomly adding edges and node weights to

randomly generated spanning trees. The computational results are illustrated in Figure

5.7. It can be seen that the percentages of reduced vertices and edges are higher in in-

stances with lower percentages of vertices with negative node weights (relay nodes have

negative node weights). The reason is that it is harder to meet the conditions in some re-

duction tests in instances with higher percentages of vertices with negative node weights.

For example, the condition min{w(i), w(j)} ≥ c(i, j) in Reduction Test 5.5 cannot be met

when min{w(i), w(j)} < 0; the condition c(i, j) ≥ max{c(i, k), c(j, k), c(i, k) + c(j, k) −

w(k)} in Reduction Test 5.4 is harder to be met when w(k) < 0.

Application of the proposed Steiner tree techniques to benchmark instances

First, we indicate the competitiveness of the proposed Steiner tree techniques for exist-

ing benchmark instances: 36 NG instances (they can be accessed at https://github.

com/YahuiSun/benchmark-NG) [79]. The computational results for these instances are

shown in Table 5.8, where |V|, |E| are respectively the numbers of vertices and edges in

the initial instances, |Vr|, |Er| are respectively the numbers of vertices and edges in the

reduced instances, PREV-Best is the net-cost of the previous best known solution (these

solutions were obtained by the Lowest-cost Network Physarum Optimization algorithm,

https://github.com/YahuiSun/benchmark-NG
https://github.com/YahuiSun/benchmark-NG
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the Genetic Algorithm, and the Discrete Particle Swarm Optimization algorithm after 1

million times of fitness evaluation; it took hours to days for them to obtain these solu-

tions; note that, the definition of the net-cost in [79] is different from that in this section),

SMT is the net-cost of the SMT to NWSTP, H-SOL1 is the net-cost of the heuristic solution

to NWSTP. The bold font is used to highlight the obtained SMTs and the heuristic solu-

tions that are better than or equal to the previous best known solutions. There are 5 or

10 compulsory terminals in each NG instance. All the non-compulsory vertices in NG1-

18 have positive node weights, while all the non-compulsory vertices in NG19-36 have

negative node weights. It can be seen that the proposed reduction tests have reduced 14

NG instances to such a degree that the proposed exact algorithm can be implemented

(we only implement it when |Vr| ≤ 25). Remarkably, five instances (NG1-2, 5, 19-20)

have been reduced to a single vertex, which means that the proposed reduction tests

alone have found the SMTs. Moreover, the proposed heuristic algorithm has found so-

lutions better than or equal to the previous best known solutions in 12 instances. Hence,

these computational trials have indicated the competitiveness of the proposed Steiner

tree techniques.

Furthermore, we apply Algorithm 13 to generate and apply some SCCGs and TCCGs

as new benchmark instances for future challenges. These instances can be accessed at

https://github.com/YahuiSun/SCCG_TCCG. The computational results for these

instances are presented in Table 5.9, where RT-TM and H-TM are respectively the run-

ning times of our proposed reduction tests and heuristic algorithm, H-SOL1 and H-SOL2

are respectively the net-costs of the heuristic solution to NWSTP and NWPFSTP. It can be

seen that the proposed heuristic algorithm generally takes milliseconds to find feasible

solutions in these instances. Since Reduction Tests 5.6, 5.9-5.11 are slow in instances with

a lot of compulsory terminals, we give all sensor nodes large positive node weights, but

mark them as non-compulsory vertices in these instances to make the proposed reduction

tests fast. Furthermore, these de facto compulsory terminals make our proposed reduc-

tion tests faster in these instances than in randomly generated instances by triggering

more actions of simple reduction tests, such as Reduction Test 5.5.

Note that, the proposed reduction tests can reduce these SCCGs significantly within

https://github.com/YahuiSun/SCCG_TCCG
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Table 5.9: Application of the proposed Steiner tree techniques to SCCGs and TCCGs

No. |V| |E| |Vr | |Er | RT-TM H-SOL1 H-TM No. |V| |E| |Vr | |Er | RT-TM H-SOL2 H-TM
SCCG1 1000 26882 166 390 10.751s -514.89 0.017s TCCG1 1000 10133 962 8306 8.247s 2407.988 0.005s
SCCG2 1000 26514 181 450 10.638s -460.663 0.011s TCCG2 1000 10543 884 8307 8.372s 2118.238 0.005s
SCCG3 1000 25832 203 500 11.930s -568.035 0.012s TCCG3 1000 10227 967 8353 8.322s 1880.449 0.005s
SCCG4 1000 27198 154 366 11.677s -414.799 0.017s TCCG4 1000 10516 915 8346 8.603s 2304.405 0.004s
SCCG5 1000 27179 148 356 8.881s -576.4 0.010s TCCG5 1000 10276 925 8231 8.402s 2027.404 0.004s
SCCG6 1000 26581 164 397 12.098s -448.342 0.011s TCCG6 1000 10381 942 8396 8.310s 1380.926 0.004s
SCCG7 1000 27542 166 415 10.289s -593.496 0.012s TCCG7 1000 10220 943 8218 8.089s 1582.535 0.004s
SCCG8 1000 26750 144 364 10.382s -433.322 0.011s TCCG8 1000 10413 966 8487 8.566s 2099.99 0.004s
SCCG9 1000 26824 154 351 11.110s -447.98 0.011s TCCG9 1000 10613 906 8322 9.261s 1935.296 0.005s
SCCG10 1000 26485 144 361 11.767s -487.227 0.011s TCCG10 1000 10314 959 8378 8.250s 1567.668 0.005s

seconds. On the other hand, we observe that Reduction Tests 5.8, 5.10, 5.11 are tremen-

dously slow in these TCCGs: Algorithm 14 including these three tests runs for hours

without stopping. These three tests calculate the shortest path d2(i, j) more frequently

than other tests, while calculating the shortest paths in TCCGs is computationally more

expensive than that in SCCGs since the numbers of edges in the shortest paths in TC-

CGs may be much larger than those in SCCGs. The reason is that only relay nodes or

base stations can be in the shortest paths between sensor nodes in TCCGs. For example,

the existing algorithms, such as Dijkstra’s algorithm [131], calculate the shortest path by

searching the space between two terminals (the process of Dijkstra’s algorithm is well

illustrated at https://en.wikipedia.org/wiki/Dijkstra%27s_algorithm). If

both TCCGs and SCCGs are in k-dimensional spaces and the average number of edges

in the shortest paths in TCCGs is x times larger than that in SCCGs, then the size of the

space between two terminals may be xk times larger in TCCGs than that in SCCGs. Con-

sequently, it may be xk times slower to calculate a shortest path in TCCGs than in SCCGs.

To make things even worse, in TCCGs, the transformation in Theorem 5.2 induces a lot of

edges with large costs. These edges consume time in the process of calculating the short-

est paths, even though they barely contribute to the solutions (i.e. the shortest paths).

Hence, we do not implement Reduction Tests 5.8, 5.10, 5.11 in these TCCGs. As a result,

the reduction effects in these TCCGs are not so significant as those in these SCCGs. It

can be seen that, it may be harder to solve NWSTP in the instances transformed from

NWPFSTP than in the normal instances. Therefore, it may still be preferable to explore

direct techniques for NWPFSTP in future work.

https://en.wikipedia.org/wiki/Dijkstra%27s_algorithm
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Constrained relay node placement in cost-aware Wireless Sensor Networks

Here, we apply the proposed node-weighted Steiner tree approach for both single-tiered

and two-tiered constrained relay node placement in an example of cost-aware WSNs.

This WSN is modified from the WSN deployed across the first floor of the NIMBUS Cen-

tre for Embedded Systems Research building at Cork Institute of Technology in Ireland

[192]. There is a base station, 18 sensor nodes, and 9 candidate relay nodes. Their loca-

tions are predetermined in such a way that the two-tiered constrained relay node place-

ment problem is solvable (see Solvability Test 5.2). We first construct the SCCG and TCCG

as in Definitions 5.2 and 5.3. In this application, the transmission ranges of base station,

sensor nodes, and relay nodes are 50, 30, and 50 (see the circles in Figure 5.8a). The node

weight associated with each candidate relay node is−103 + δ, where−103 represents the

production cost, δ represents the varied placement cost and −102 ≤ δ ≤ 102. The costs

associated with edges are the same as those in Algorithm 13. The SCCG and TCCG are

illustrated in Figures 5.8b and 5.8d. There are 28 vertices and 86 edges in the SCCG; there

are 28 vertices and 60 edges in the TCCG.

We first apply the proposed reduction tests to the SCCG for single-tiered constrained

relay node placement. The graph size has been reduced to a single vertex within mil-

liseconds, which means that the proposed reduction tests alone have solved NWSTP to

optimality. The designed single-tiered WSN is then obtained by releasing the edges in

Ie(Vr), and it is illustrated in Figure 5.8c. Subsequently, we transform NWPFSTP in the

TCCG to NWSTP through Theorem 5.2. We further apply the proposed reduction tests

to the transformed instance for two-tiered constrained relay node placement. The graph

size has also been reduced to a single vertex within milliseconds. The designed two-

tiered WSN is illustrated in Figure 5.8e. The placed relay nodes through the above way

ensures that the designed single-tiered and two-tiered WSNs have the minimum costs.

5.4.6 Section summary

In this section, we propose the node-weighted Steiner tree approach for constrained relay

node placement in cost-aware WSNs. First, we propose SCCGs and TCCGs to model the
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(a) The devices and their trans-
mission ranges (b) The SCCG (c) The single-tiered WSN

(d) The TCCG (e) The two-tiered WSN

Figure 5.8: Application of the proposed node-weighted Steiner tree approach to place
relay nodes in an example of cost-aware WSNs. Orange, green and blue dots respectively
represent base stations, sensor nodes and relay nodes, while colored circles and gray lines
respectively represent their transmission ranges and transmission routes.

single-tiered and two-tiered constrained relay node placement problems as NWSTP and

NWPFSTP respectively. We analyze the solvability of NWPFSTP and prove that NWPF-

STP can be transformed to NWSTP. Second, we propose several reduction tests, an exact

algorithm and a fast heuristic algorithm for NWSTP. We indicate the competitiveness of

these techniques for both existing and randomly generated benchmark instances. More-

over, we generate and apply some SCCGs and TCCGs as new benchmark instances for

future challenges. Ultimately, we demonstrate the effectiveness of the proposed node-

weighted Steiner tree approach for both single-tiered and two-tiered constrained relay

node placement in an example of cost-aware WSNs.



156 Exploring the Node-Weighted Steiner Tree Problem

5.5 Summary

In this chapter, we first propose two PAs to solve NWSTP with multiple compulsory

terminals. These two PAs demonstrate a more competitive performance than GA and

DPSO in some randomly generated benchmark instances. Then, we modify two sim-

ple reduction tests and a fast heuristic algorithm to identify elements of cancer-related

signaling pathways in large protein-protein interaction networks. The identification re-

sults provide us a deeper understanding towards two important cancer-related signaling

pathways. Ultimately, we propose several sophisticated reduction tests, an exact algo-

rithm and a fast heuristic algorithm to place relay nodes in cost-aware WSNs. This new

approach allows us to individually quantify the costs of relay nodes and transmission

routes when designing WSNs.



Chapter 6

Conclusions and future work

6.1 Conclusions

Steiner tree problems in graphs, as well-known network optimization problems to design

minimum-cost physical networks, have recently been applied for network data analysis.

In this thesis, I explore three Steiner tree problems in graphs: the classical Steiner Tree

Problem in Graphs, the Prize-Collecting Steiner Tree Problem, and the Node-Weighted

Steiner Tree Problem.

First, I explore the classical Steiner Tree Problem in Graphs. I conduct some theoretical

analyses on the currently popular Physarum-inspired algorithms to reveal their potential

to compute Steiner trees. Based on these analyses, I propose two Physarum-inspired al-

gorithms to solve the classical Steiner Tree Problem in Graphs. These two algorithms

demonstrate a more competitive performance than several widely-used algorithms for

both randomly generated benchmark instances and real-world Very-Large-Scale Integra-

tion design instances.

Second, I explore the Prize-Collecting Steiner Tree Problem. I propose a Physarum-

inspired algorithm to solve this problem in pharmaceutical networks for drug reposi-

tioning. This algorithm shows a better performance than the widely-used GW algorithm

for this newly explored application, where drug development time, costs and risks can

be reduced by identifying drugs with similar therapeutic effects. Moreover, I propose

several powerful post-processsing techniques and two fast heuristic algorithms to solve

this Steiner tree problem in large networks. These techniques perform better than the

state-of-the-art ones in designing large and low-cost communication networks.
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Third, I explore the Node-Weighted Steiner Tree Problem. I propose two Physarum-

inspired algorithms to challenge this problem with multiple compulsory terminals. Their

performance is better than some other nature-inspired algorithms for randomly gener-

ated benchmark instances. Then, I modify two simple reduction tests and a fast heuris-

tic algorithm to identify elements of cancer-related signaling pathways in large protein-

protein interaction networks. A deeper understanding towards two important cancer-

related signaling pathways is achieved in this process. Furthermore, I propose some

sophisticated reduction tests, an exact algorithm and a fast heuristic algorithm for relay

node placement in cost-aware wireless sensor networks. This new approach is better

than the existing ones in that it allows us to individually quantify the costs of relay nodes

and transmission routes in designing wireless sensor networks.

In conclusion, I explore some applications and techniques for three Steiner tree prob-

lems in graphs. This work contributes to the promotion of Steiner tree problems in graphs

as an important network optimization approach for network data analysis and commu-

nication network design.

6.2 Future work

There are multiple types of Steiner tree problems in graphs, and each of them has abun-

dant applications. The current exploration of Steiner tree problems in graphs is still far

from sufficient. Here, I present some recommended future research directions in this

area.

6.2.1 Multi-type relay node placement in wireless sensor networks

Relay node placement is crucial in minimizing the cost of wireless sensor networks. In

practice, there may be multiple types of relay nodes with different costs and transmission

ranges. However, it is still challenging to place multi-type relay nodes in wireless sensor

networks. This problem can be formulated as a Steiner tree problem in graphs. Hence, it

is recommended to explore the Steiner tree approach to place multi-type relay nodes in

wireless sensor networks.
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6.2.2 Sensor node placement in target-aware wireless sensor networks

The existing sensor node placement models may not be “comprehensive” enough in that

they barely consider the fact that the costs to place sensor nodes may be different at

different locations. It is challenging to minimize the cost of sensor node placement while

ensuring all the target areas are covered. This problem can be formulated as a Steiner

tree problem in graphs. Thus, it is recommended to explore the Steiner tree approach to

place sensor nodes in target-aware wireless sensor networks.

6.2.3 Non-boxy object detection in large images

Most existing techniques use boxes to detect objects in images. However, most objects

in images have a non-boxy shape. Vijayanarasimhan and Grauman [10] recently pro-

posed the prize-collecting Steiner tree approach to detect non-boxy objects in images.

Nevertheless, their techniques are slow and not suitable for large images. Therefore, it

is recommended to develop more powerful Steiner tree techniques for non-boxy object

detection in large images.
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