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Abstract

Serial X-ray crystallography has quickly developed as an approach for the determination

of crystal structures from proteins that do not form crystals of su�cient size or quality

for conventional X-ray crystallography experiments. The opening of X-ray free-electron

lasers sources has spurred developments in experimental and analytical techniques in this

�eld and has motivated the use of similar approaches at microfocused synchrotron sources.

In these experiments, �nal data-sets are typically formed from collections of di�raction

images from single exposures of individual protein micro- and nano- crystals. Variations in

crystal and beam characteristics and in crystal orientations may be expected from image

to image. Data processing and analysis methods have developed in response to the unique

requirements posed by the experimental approach of serial X-ray crystallography. This

thesis presents and examines a new analysis approach for the extraction of structure factor

amplitudes from serial X-ray crystallography data.

Crystal size and crystal disorder can a�ect the distribution of intensities between Bragg

peak positions in the regime of crystals as �nite di�racting objects. This thesis examines

the di�racted intensity distributions formed from the merging of data from such protein

crystals. A general procedure for the extraction of structure factor amplitudes from these

distributions is presented that is based on an approach of whole-pattern �tting analysis.

This approach holds similarities to intensity extraction techniques used in powder di�rac-

tion, yet is given a higher dimensionality in this work due to the collection of di�raction

data from individual protein crystals that is achieved in serial X-ray crystallography ex-

periments.

This thesis demonstrates that the modeling and whole-pattern �tting analysis of con-

tinuous di�racted intensities distributions can improve the accuracy of extracted structure

factor amplitudes. Simulation studies are presented to examine the feasibility of whole-

pattern �tting for the analysis of merged di�raction data from �nite protein crystals under

several conditions, including two simple models of crystal disorder. Signi�cant stages in the

treatment of serial X-ray crystallography data occurs prior to the extraction of structure

factor amplitudes. These include the sorting of di�raction images, the indexing of images
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from unconstrained orientations and the merging of images to form a single data-set for

the determination of the crystal structure. These steps are shown in this thesis for two

separate serial X-ray crystallography experiments performed using synchrotron radiation.

Finally, the application of the whole-pattern �tting analysis to an experimental data-set is

presented and protein crystal structures are determined.

A general framework for the processing, merging and analysis of serial X-ray crystal-

lography data is presented in this thesis. The applicability of this analysis framework can

be regarded to be most relevant for the nanoscale protein crystals, for which extended

intensity distributions around Bragg locations may be expected. In such cases, a three-

dimensional powder di�raction analysis approach as presented here may be valuable for

the determination of new protein structures.
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1 | Introduction and review

Proteins are active in biological processes within cells. The investigation of the roles of

di�erent proteins within these processes is often approached through the study of their

atomic structure. This is the underlying idea of the �eld of structural biology � that

the function of a biological structure is de�ned by its three-dimensional arrangement [14].

A variety of techniques have been developed for the study of three-dimensional protein

structures. X-ray crystallography is overwhelmingly the most common method currently

in use. This method is limited, however, to the analysis of di�raction data from macroscopic

well-ordered protein crystals. A variety of alternative methods are developing, including

structure determination techniques using X-ray free-electron lasers.

The development of X-ray free-electron lasers has driven the advancement of a new �eld

in structural biology known as serial X-ray crystallography. The work presented in this the-

sis is primarily focused on the use of serial X-ray crystallography for the determination of

protein structures which are inaccessible through established conventional crystallographic

methods. This chapter provides a brief overview of the current �eld of X-ray free-electron

laser (XFEL) science and structure determination methods. This chapter's discussion of

X-ray free-electron lasers is limited to their application to structural biology. Other ap-

plications, such as non-biological materials science, are beyond the scope of this chapter

and this thesis. The chapter begins with a broad view of structure determination in the

�eld of XFEL science, particularly considering the development of single-particle imaging

techniques using X-ray free-electron lasers. This is a signi�cant area within XFEL sci-

ence that aims to determine high-resolution protein structures without the requirement

of crystal samples. Serial femtosecond X-ray crystallography (SFX) is an application of

XFELs that still requires crystal samples, yet can use those that are much smaller in size

than can be employed in conventional X-ray crystallography. The development of SFX is

discussed, including the implementation of similar techniques at synchrotron radiation fa-

cilities. Alternative techniques in structural biology, including nuclear magnetic resonance

spectroscopy and electron microscopy and di�raction, are then overviewed. The chapter

closes by discussing recent developments in experimental and analytical techniques in serial

X-ray crystallography.

1



2 CHAPTER 1. INTRODUCTION AND REVIEW

The analysis of serial X-ray crystallography data for the accurate estimation of structure

factor amplitudes is the chief focus of this thesis. This task is routine in conventional X-

ray crystallography, yet requires renewed consideration due to the nature of serial X-ray

crystallography experiments. A new analysis technique for this undertaking is introduced

in this thesis. This technique will be referred to as a whole-pattern �tting approach for

the analysis of serial X-ray crystallography data. The requirements imposed on structure

factor data analysis by the mode of serial X-ray crystallography experiments are discussed

in this chapter and examined further throughout this thesis. Finally in this chapter, current

developments in the area of data analysis of serial X-ray crystallography data are outlined

and the need for further development is emphasised.

1.1 X-ray free-electron lasers

The recent development of X-ray free-electron lasers (XFELs) has been predominantly

aimed at the task of determining biological structures through the use of single particle or

micro- and nano- crystal samples. XFEL light sources, such as the Linac Coherent Light

Source (LCLS) and the SPring-8 Angstrom Compact free-electron LAser (SACLA), provide

a much greater intensity of X-rays (∼ 9 orders of magnitude) than that of third generation

synchrotrons in femtosecond pulses [15]. A comparison of the peak brightness available

from XFEL and third generation synchrotron sources is provided in Fig.1.1. The increase

in brightness with XFELs is achieved by passing relativistic electrons through a long,

tunable undulator. The length of undulator allows for a process known as self-ampli�ed

spontaneous emission (SASE) to occur [16] in which coherent microbunches of electrons

are formed that produce bright femtosecond X-ray pulses with laser properties [17]. A

comprehensive introduction to the generation of XFEL pulses is given by Margaritondo

and Rebernik Ribic [18].

XFELs o�er unprecedented beam characteristics for the investigation of matter on the

atomic-scale. Other methods, such as the long-established �eld of X-ray crystallography,

typically approach this through the use of large crystals to amplify X-ray scattering and

cryo-cooling to circumvent the e�ects of radiation damage while using synchrotron sources.

The technical characteristics of XFELs, however, o�er new solutions to these problems �

speci�cally, the elevation in incident beam intensity to increase X-ray scattering from small

crystals or particles and the femtosecond time-scale of pulses to �outrun� radiation damage

at room-temperature. The �eld of XFEL science is still developing and is not limited to

these applications. The potential for molecular movies and the imaging of single particles

are exciting areas that are also progressing with XFEL technology. The following section

brie�y introduces some aspects of the current �eld of XFEL science, particularly focusing
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on single-particle imaging. The �eld of serial femtosecond crystallography, a chief focus of

this thesis, is reviewed in the subsequent section as a component of a variety of techniques

for structural determination in structural biology.

Figure 1.1: Peak brightness against photon energy for currently operational hard X-
ray free-electron laser (XFEL) sources (LCLS and SACLA) and planned XFEL sources
(European XFEL, SwissFEL and PAL-XFEL). Soft X-ray free-electron laser sources are
also shown (FLASH and FERMI@Elletra). Peak brightnesses from third-generation syn-
chrotron sources (PETRA III, ESRF, SPring-8, APS, SLS and BESSY) are provided for
comparison. Reprinted from Schmüser et al. [3]. Used with permission; copyright Springer
International Publishing Switzerland 2014.

1.1.1 Single-particle imaging

The potential of XFELs for the imaging of single biomolecules is a driving force in the

development of these light sources. Such imaging cannot be achieved at synchrotron sources

due both to insu�cient brightness providing poor scattering and due to radiation damage.

X-ray free-electron lasers hold great appeal in the combination of the intensity and brevity
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of X-ray pulses that may ultimately remove the requirement of crystal formation for the

determination of high-resolution biomolecular structures.

Coherent di�ractive imaging (CDI) is a lensless microscopy technique developed for

imaging of noncrystalline objects, including the imaging of biological samples and other

applications such as materials science. Put simply, this involves extending the ideas used

in X-ray crystallography to the imaging of non-periodic objects, as suggested by Sayre

[19, 20]. Unlike standard X-ray crystallographic di�raction patterns with sharp Bragg

peaks, the collected di�raction patterns are continuous in their distribution. This can

be used for the estimation of the phase contribution of the di�raction. The estimation

of phases is discussed in this thesis in more detail speci�cally from crystallographic data

in Chapters 2 and 3. However, the continuity of the di�raction in the CDI case can be

exploited to iteratively estimate the phases using knowledge of the incident coherent X-ray

�eld and constraints imposed by the sample and measured distribution. Iterative phase

retrieval techniques are performed in which the description of the X-ray �eld is propagated

between spaces de�ned by the sample and by the continuous di�ractive distribution [20].

In other words, computational methods act as the lens here [21].

The feasibility of single-particle CDI imaging was demonstrated by Miao et al. [22]

with a reconstruction of a test object composed of an array of gold nano-dots. This was

the �rst demonstration of the CDI reconstruction technique from experimental X-ray data.

Another signi�cant step towards this goal was made by Neutze et al. [23] with simulation

studies upon the dynamics of biomolecules illuminated with XFEL pulses. This indicated

that it would be possible to obtain di�raction patterns with XFEL pulses from a protein

test case (lysozyme) in single molecule and nanocrystal form, despite the intensity of the

source. The modelling of Neutze et al. showed that the brightness of the pulse would

quickly cause photoionisation of the illuminated sample, followed by an imbalance of net

positive charge and the destruction of the sample by Coulomb explosion. However, it was

indicated that for short periods of illumination of the order of 10 fs, di�raction patterns

could be obtained before signi�cant atomic motion in the sample occurred. Soon after, the

sample would disintegrate. This became representative of XFEL imaging experiments, in

which the destructive nature of the incident radiation and the requirement of data from all

orientations of the sample necessitates the use of many duplicate samples illuminated with

short pulses to outpace radiation damage and sample destruction. The phrase `di�raction

before destruction' [24] is often used to describe the nature of XFEL imaging experiments

as a consequence.

More progress was made when this was �rst experimentally tested by Chapman et

al. [25] at FLASH, the �rst soft-x-ray XFEL to become operational. Chapman et al.

reported that di�raction images could be successfully obtained with 25 fs soft-x-ray pulses
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from an aperiodic, microscale pattern on a silicon nitride membrane. It was also con�rmed

that the sample was destroyed by the illumination. Signi�cantly, it was found that the

di�racted signal gained was su�cient to be able to reconstruct the sample without being

distorted by damage e�ects.

The operation of hard XFEL sources allowed for the study of non-crystalline biological

structures. It was demonstrated by Seibert et al. in 2011 [26] that X-ray scattering from

single biological particles could be detected in individual di�raction images in an XFEL

experiment. In this study, virus particles were injected in a �owing stream across the

XFEL beam at LCLS and di�raction images were collected to reconstruct two-dimensional

projections to resolutions of 32 nm. This serial method of sample delivery is characteristic

of the majority of single-particle imaging, crystallography and solution scattering exper-

iments at XFELs. Developments in sample delivery are discussed in more detail later in

Section 1.2.1 of this chapter. The work of Seibert et al. was a signi�cant demonstration of

the feasibility of both the experimental approach of single-particle imaging at XFELs and

of the CDI analysis of the data. The former is, perhaps, more signi�cant here � it was

crucial to establish that the serial delivery of single biological particles and the collection

of the resultant di�raction data was possible. Mimivirus particles were used in this exper-

iment. The mimivirus falls within the class of giant viruses [27] and holds single particle

dimensions of approximately 0.75 µm. The large size of the mimivirus made this a good

candidate for the initial testing of this mode of imaging experiments. Further work on the

imaging of mimivirus particles using XFEL sources was reported in 2015 by Ekeberg et

al. [28]. This work showed the �rst three-dimensional reconstruction of a biological par-

ticle from XFEL data. While the structure was determined to low (125 nm) resolution,

this was a demonstration of an important requirement in the three-dimensional imaging

of non-crystalline objects from XFEL data � the estimation of the particle orientations

during illumination with the XFEL pulse to provide a three-dimensional structure. This

task is much more straightforward in the analysis of crystalline data, for which conven-

tional crystallographic indexing software can be used (see Section 3.2.2). Instead, the

expansion-maximization-compression (EMC) algorithm [29] was modi�ed for use with the

experimental data. Previously, this approach had been applied to simulated data [29] and

for non-biological arti�cial targets [30]. The work of Ekeberg et al. [28] showed that this

could feasibly be used on experimental data from XFEL sources for the reconstruction

of three-dimensional biological structures. Further optimisation of orientation algorithms

may be required to improve the resolutions of obtained structures, yet this indicated that

it is feasible to do so. The EMC algorithm has also recently been extended to the anal-

ysis of crystallography data by Wierman et al. [31] for cases in which the conventional

crystallographic indexing of data fails. This is attractive for the analysis of very weakly

di�racting crystals.
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Considerable success has been made with the imaging of non-crystalline samples using

XFELs. A variety of issues remain that require improvement, including technical devel-

opments such as the improvement of sample delivery methods and of detectors [32] and

the improvement of data analysis developments such as the treatment of the orientation of

single particles, the heterogeneity of samples and radiation damage. In response to the cur-

rent limitations to single-particle imaging at XFEL sources, a cooperative group spanning

international XFEL research groups was established in 2015 , the single-particle initiative

(SPI) [33]. The provision of dedicated beamtime at LCLS to this group to collectively

develop experimental and analytical techniques in single-particle imaging may be expected

to produce signi�cant improvements in this �eld in the future.

1.1.2 Fast solution X-ray scattering

Fast solution X-ray scattering is another developing application of X-ray free-electron laser

science for the investigation of biological structures. Experimental and analytical tech-

niques for the fast solution X-ray scattering are currently progressing with the goal of

performing experiments at X-ray free-electron lasers similarly to single-particle imaging

experiments and with �owing sample injection, as described later in Section 1.2.1, yet with

multiple particles simultaneously illuminated. The experimental approach holds some sim-

ilarities to small-angle X-ray scattering (SAXS) and wide-angle X-ray scattering (WAXS)

experiments performed at synchrotron facilities [34]. SAXS and WAXS di�raction data

su�er from the loss of the dimensionality of two-dimensional di�raction images to one-

dimension due to the averaging of contributions from particles of di�ering orientations.

Similar obstacles are faced in powder di�raction experiments, as discussed later in Sec-

tion 3.3. Analysis of one-dimensional SAXS/WAXS data can provide information such as

the shapes, sizes and links between high-resolution and low-resolution structural models

from collections of protein molecules in solution [35]. In contrast to SAXS and WAXS,

fast solution X-ray scattering experiments at XFELs bene�t from the brevity of the X-

ray pulses. This has the several outcomes including that particles do not rotate during

the collection of a di�raction image, which lessens the degree of orientational averaging

and increases the amount of information retained in the di�raction data [34]. The idea

to exploit this was �rst proposed by Kam [36] in 1977, before the development of hard

X-ray free-electron lasers. Kam recognised that angular variation in solution scattering

images would be retained if the di�raction images were collected from �xed, constrained

targets [37] or on timescales shorter than the rotational time of the particles. The analysis

approach proposed by Kam for these data involves the angular correlation analysis of the

measured scattered intensities. The angular correlation is independent of the orientation

of particles and, as a result, the angular correlation of data collected from the multiple
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particles converges to that of a single one [38].

This idea has been recently revived in the �eld of X-ray free-electron laser science. For

example, Saldin et al. [39�41] performed several studies on the feasibility of fast solution

X-ray scattering using XFELs. These studies present algorithms for the reconstruction of

structural information, following the correlation analysis of the di�raction data. Several

reconstructions of test objects from experimental XFEL data have been performed [42�44]

to develop structural determination techniques for fast X-ray solution scattering data.

Further experimental demonstrations are currently lacking due to technical limitations.

For example, higher incident �ux is required for experiments to be readily performed for

protein molecules, with 1013 photons per pulse needed to obtain su�cient signal-to-noise in

the data [45]. Recent theoretical work by Donatelli et al. [46] has presented a new iterative

technique for estimation of phases for these experiments. This provides a general approach

for the determination of three-dimensional structures, without previous requirements such

as particle symmetry [41].

Fast solution X-ray scattering is a promising approach for the determination of bi-

ological structures. Advantages of this approach include signi�cant improvement in the

collection rate of detector images containing di�raction data and improvement in the scat-

tering strength due to the use of multiple particles in comparison to single-particle imaging

experiments. This approach also avoids any requirement of crystal samples. Further op-

timisation of the fast solution X-ray scattering method is required, however, such as the

minimisation and treatment of scattering contributions from sample delivery media [38].

1.2 X-ray crystallography

X-ray crystallography is a well-established method for the study of protein structures

and by far the most commonly used for determining protein structures to high-resolution.

Approximately 90% of structures deposited in the Protein Data Bank [47] have been deter-

mined by this method at the time of writing. The weak scattering of X-rays by electrons

in protein structures means that large, highly ordered protein crystals are necessary to

essentially amplify the di�racted intensities with its periodically repeated structure. Anal-

ysis of the resulting pattern is performed to estimate the intensities and phases of the

scattered X-rays. Points of local maxima in the pattern, or Bragg re�ections, can be in-

terpreted as the result of interference between waves scattered from sets of periodic lattice

planes in the crystal. Greater detail in the theoretical background of X-ray scattering is

provided in Chapter 2 and in the analysis of X-ray di�raction for the solution of protein

crystal structures is provided in Chapter 3 of this thesis. A simple schematic of an X-ray

crystallography experiment is provided in Fig. 1.2.
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Figure 1.2: Schematic of X-ray protein crystallography experiment. A beam of X-rays are
incident on a single macroscopic protein crystal. The di�racted X-rays are measured on a
two-dimensional detector as the crystal is rotated.

X-ray crystallography has quickly developed in the one hundred years since the begin-

ning of the modern method (for a recent account, see [48]). Although simple inorganic

structures were studied in early stages, conventional crystallographic techniques are now

routinely applied to complex crystals. X-ray di�raction images from hydrated proteins

were obtained as early as 1934 [49], which were followed decades later by the determina-

tion of the �rst protein structure, myoglobin, in 1958 [50]. A great increase in the number

of solved protein structures has arisen from technological development with progress par-

ticularly in X-ray sources, detectors and computing power and progress with experimental

and computational techniques for phase estimation.

X-ray crystallography remains a powerful method with which to determine protein

structures to high-resolution, yet has its own substantial limitations. As discussed, these

are di�culties involved in forming suitable crystal samples for experiments and radia-

tion damage occurring during data collection. The former can be severely limiting to

this method and as a result has driven the development of alternatives that do not re-

quire crystals, as in single-particle imaging as described in Section 1.1.1, or can utilise

smaller crystals, such as in serial X-ray crystallography methods as discussed later in Sec-

tions 1.2.1 � 1.2.3. A review of background material to protein crystallography is provided

in this thesis in Chapter 3. Chapter 3 provides some of the basic mathematical framework

used in crystallography and discusses topics relevant to conventional protein crystallogra-

phy and its serial crystallography variations.
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1.2.1 Serial femtosecond X-ray crystallography experiments

An emerging �eld in structural biology is the extension of conventional X-ray crystallogra-

phy to its application with protein micro- and nano- crystals. The development of XFEL

sources has driven this method in crystal structure determination, known as serial fem-

tosecond X-ray crystallography (SFX). The principal appeal of this approach is that the

crystal size limitations usually present in X-ray protein structure determination studies are

substantially lowered due to the intensity and brevity of XFEL radiation. Unlike single-

particle imaging experiments at X-ray free-electron lasers (Section 1.1.1), the occurrence of

repeated structural arrangements within the crystals provides su�ciently resolved di�rac-

tion patterns with the current experimental conditions of operational XFELs. This has

the potential to signi�cantly widen the range of protein structures that can be structurally

determined. This is particularly the case for the study of membrane proteins, where the

di�culties involved in forming large crystals cannot be overemphasised. This method pro-

vides greater opportunity to study such structures, but also allows for this to be performed

at room temperature and for studies in structural dynamics due to the shortness of XFEL

pulses.

The �rst experimental trial of serial femtosecond X-ray crystallography (SFX), came

in 2011 with the work of Chapman et al. [5] at the newly operational XFEL at LCLS. This

involved a liquid jet stream of millions of micro- and nano- crystals of the membrane protein

photosystem I being passed through the XFEL beam. Signi�cantly, it was shown that the

large number of individual di�raction patterns gained from the individual nanocrystals

of varying size and orientation could be categorised, indexed and assembled into a three-

dimensional data set. It was then possible to reconstruct the structure of the membrane

protein from this data to 8 Å resolution. The achievable resolution was limited by the

wavelengths available at the time (6.9Å), yet has improved since the experiment. The key

signi�cance of the study [5] lies in its nature as a proof-of-principle study � demonstrating

that di�raction patterns could indeed be obtained from protein micro- and nano- crystals

under XFEL conditions. Moreover, the e�ects of radiation damage upon the di�racted

signal from protein nanocrystals with respect to XFEL pulse length were also investigated.

It was indicated that for short pulse lengths, such as 10 fs and 70 fs, radiation damage

had a negligible e�ect upon the collected patterns. For 200 fs pulses, however, radiation

damage was observed with decreased scattering corresponding to structure �ner than the

molecular envelope of the protein.

Achieving measured di�racted signal from longer pulses (∼ 200-300 fs) has been inves-

tigated in terms of a self-terminating e�ect [51]. This can be understood by the crystal

becoming more disordered throughout illumination. After the crystal becomes signi�cantly

disordered, the di�racted signal is sharply cut o� due to the loss of the ampli�cation e�ect



10 CHAPTER 1. INTRODUCTION AND REVIEW

of crystalline order. Barty et al. [51] postulated that this produces a self-gating e�ect in

which the e�ective illumination time is less than the illumination time itself.

To date, SFX has shown a variety of successful applications in crystal structure de-

termination. Early work by Boutet et al. [52] demonstrated that near atomic-resolution

(1.9 Å) structural information could be obtained from small protein microcrystals under

XFEL pulses. This was found to be in agreement with data taken at a microfocused syn-

chrotron beamline, supporting the feasibility of the SFX method. While Boutet et al.'s

study involved a commonly used test crystal structure, recent work has also been made with

structures of current interest. This includes studies made on the in vivo crystal structures

of cathepsins (protein degrading enzymes) involved in human African trypanosomias, or

sleeping sickness [53,54]. The structure of a photosynthetic reaction centre in a membrane

protein complex, Blastochloris viridis, has also been investigated [55, 56]. Further success

has been made with the application of SFX to the structural study of G protein-coupled

receptors (GPCRs) [57�60]. GPCR structures are of signi�cant interest for their roles in

mediating signalling in cells. The crystal structure of a human serotonin receptor was de-

termined by Liu et al. [57] to 2.8 Å, while also demonstrating the applicability of a viscous

medium injector system. Sample injection is discussed in more detail later in this section.

Using a similar injection method, Zhang et al. [58] determined the structure of a human

Angiotensin receptor, a regulator of blood pressure, to 2.9 Å. This provided insight into the

functional relationship between these GPCRs and clinical drugs currently in use for hyper-

tension. Kang et al. [59] also reported the structure of a human rhodopsin GPCR bound

to a visual arrestin protein. This constituted the second crystal structure determined of

GPCR in complex determined by any structure determination method. Other prominent

work has included the structure of a transmembrane protein in complex with a neuronal

SNARE (soluble N-ethylmaleimide sensitive factor attachment protein receptor) protein

reported by Zhou et al. [61]. Signi�cantly, this study demonstrated an improvement in the

determination of protein side chains from room-temperature SFX data in comparison to

conventional X-ray crystallography data collected in cryo-cooling conditions.

The estimation of the complex phases of a di�raction pattern is signi�cant task in the

determination of a protein crystal structure. This is discussed in more detail in Chapter 3.

The majority of crystal structures determined from SFX experiments to date have used the

phase estimation method of molecular replacement [62]. This approach uses a previously

determined crystal structure as an initial model with su�cient similarity to the target

structure for the estimation of phases. Alternative methods have been pursued that do

not require an initial structural model. This is particularly important for the determina-

tion of protein structures that have previously been inaccessible in X-ray crystallography

and hence may not have appropriate models available for molecular replacement methods.
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The feasibility of some alternative methods frequently used in conventional X-ray crys-

tallography has been demonstrated with SFX data. This includes the use of anomalous

di�raction arising from heavy atom additives including gadolinium [63] and selenium [64]

and isomorphous replacement methods [65, 66]. Phase estimation from the anomalous

di�raction from heavy atoms native to the target structure have also recently been re-

ported [60, 67, 68]. Whilst demonstrating the use of alternative phase estimation methods

to molecular replacement, some studies have also reported signi�cant structures including

a human GPCR [60] and a mosquito larvicide structure [66].

A recent breakthrough in SFX studies was made by Ayyer et al. [69]. This work reported

the results of an SFX experiment using sub-micron photosystem II crystals. Notably, fol-

lowing the merging of di�raction data from a collection of crystals, continuous di�racted

intensity characteristics resembling speckle distributions were observed to extend beyond

the resolution of the observed Bragg re�ections. Ayyer et al. interpreted this as the result

of translational structural disorder introduced into the crystals during sample preparation,

which involved the dehydration of the crystals. This was supported through simulations of

the e�ect of lattice disorder in test crystals. Under the assumption that the content of each

unit cell is identical, the encoded information of the unit cell is retained to high resolution

in the di�raction distribution while the Bragg peak intensities reduce due to translational

disorder. The loss of high resolution Bragg peaks makes this information accessible at

sampling points that are �ner than the Bragg condition. The resultant continuous di�rac-

tion distributions hold similarities to single-particle di�raction. This study is distinct from

previous work in that it demonstrates that high resolution continuous di�raction distri-

butions from crystals can be used for structure determination through iterative methods

based in coherent di�ractive imaging. It was shown that this approach could be used to

improve the attainable resolution of the �nal protein structure from the 4.5 Å resolution

of the observable Bragg peaks to 3.5 Å resolution. Perhaps an even stronger advantage is

that the continuous di�racted intensity distribution could be iteratively phased with CDI

methods using a low resolution structural model derived from the Bragg di�raction data.

The sampling conditions for CDI phasing must be �ner than the Bragg condition. As a

consequence, the application of CDI phasing is restricted for the analysis of conventional

X-ray crystallography data due to the di�culties in recovering signal between Bragg posi-

tions with current detector technology. However, this limitation might be expected to shift

with further improvement of the dynamic range in pixel array detectors. The resolution

of solved structures in X-ray crystallography have, until this work, been assumed to be

critically limited by the quality of crystal order. This work suggests that with appropriate

X-ray sources and tailored data analysis that a particular form of structural disorder is not

a critical restriction for the solution of high resolution structures. It might be expected that

future work will test the applicability of this approach with other forms of crystal disorder
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and the transferable nature of this to other protein structures. This study is revisited in

this thesis in Section 4.6.

1.2.2 Time-resolved SFX

One of the most promising applications of SFX experiments is the study of dynamics

of protein crystal structures [70]. The brevity of XFEL pulses provides the capacity of

examining dynamics on femtosecond timescales that are not accessible by other methods

in structural biology. Such studies hold signi�cance in terms of allowing the combined

insight into the function of a protein, as suggested by its structure, and into the dynamics

of the structure as its function is executed. This dual understanding might be expected to

have signi�cant implications for the success of rational drug design e�orts [71].

Aquila et al. reported the �rst time-resolved SFX experiment in 2012 [72]. It was

shown that a pump-probe style of SFX experiment could be performed in which an optical

pump laser induces the photoactivation of the crystal samples whose structures are later

probed at di�erent time delays by XFEL pulses. The collection of di�raction data from

photosystem I crystals in di�erent photoactivated states was demonstrated. Photosystem

I and II are membrane protein complexes of signi�cant interest due to their roles in photo-

synthesis. Further work on these photoactive complexes was made with the investigation

of the time-resolved structural dynamics of photosystem II by Kupitz et al. [73], which

reported conformational changes of the complex under photoactivation. The reported re-

sults were of some contention, however, with interpretations of the SFX data later refuted

by Sauter et al. [74].

Subsequent work in time-resolved SFX was made with studies of the photoactive yel-

low protein, including the determination of new intermediate states on the nanosecond

timescale [75] and the identi�cation of structural changes during isomerisation of the pro-

tein's chromophore on the femtosecond timescale [76]. Other work involves the study of

the femtosecond timescale dynamics of ligand dissociation in myoglobin [77] and photoac-

tivated states of bacteriorhodopsin [78, 79], providing insight into the operation of this

structure as a proton pump.

Recently, time-resolved SFX has further expanded to the study of dynamics that need

not be induced by photoactivation. This departs from the pump-probe style of data col-

lection present in the studies described above. Instead, this approach involves soaking the

protein crystals in solution with a catalysing substrate immediately prior to sample deliv-

ery and the collection of di�raction images. This relies upon the di�usion of the agents in

solution throughout the crystals to drive conformational change in the protein molecules

within the crystals. Such an experimental approach explicitly requires the study of micro-



1.2. X-RAY CRYSTALLOGRAPHY 13

and nano-crystal structures given that the di�usion time of the substrate throughout the

crystals should be shorter than the timescale of the dynamical processes studied. In 2016,

the feasibility of using mixing injectors for such time-resolved SFX studies was demon-

strated by Kupitz et al. [80]. Kupitz et al. demonstrated this approach with the analysis

of the structural changes induced in Mycobacterium tuberculosis β-lactamase microcrys-

tals by the di�usion of an antibiotic solution. The time-resolution was limited by the

di�usion rate and crystal size. As a consequence, the structures determined were inter-

preted to correspond to the steady state formed after mixing of the substrate rather than

an intermediate state. A similar mixing injection approach was also reported by Stagno

et al. [81] in which multiple structures of the aptamer domain of the adenine riboswitch

were indicated, including one intermediate ligand-binding state. Both studies demonstrate

the potential of extending time-resolved SFX studies beyond photoactivated processes to

other biologically signi�cant processes. This approach involves additional considerations

from that of pump-probe photoactivated studies, however, given the di�usion processes at

play. The probing of intermediate conformation structures is likely to be performed when

protein molecules are in di�erent states of activation, depending on their distance from the

crystal surface. Further development may be required in this approach for the analysis of

di�raction data in such cases.

1.2.3 Serial X-ray crystallography at synchrotron sources

As introduced throughout this chapter, the introduction of XFEL technology has driven

the rapid development of technical approaches for SFX experiments and their analysis.

It has recently been recognised that some of these techniques developed for use at XFEL

sources can be brought across to experiments performed at synchrotron facilities. In 2014,

Gati et al. [82], Stellato et al. [83] and Heymann et al. [84] demonstrated the determi-

nation of protein crystal structures through the use of synchrotron radiation and of SFX

techniques. Several serial X-ray crystallography studies performed at synchrotron sources

have subsequently followed (e.g. [85�95]), making this a promising new approach for the

determination of biological structures.

As discussed in Sections 1.2.1 and later in 1.4.3, the serial nature of SFX experiments

imposes experimental and analytical requirements that di�er signi�cantly to conventional

X-ray crystallography methods in structural biology. Many of these are also relevant

in serial X-ray crystallography using synchrotron radiation due to the large numbers of

individual protein microcrystals used, followed by the merging and analysis of di�raction

data to form a single average crystal structure. Whilst the X-ray beam characteristics

do not o�er the same temporal characteristics as XFELs and thus limit the potential for

studies in structural dynamics, serial X-ray crystallography using synchrotron radiation
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presents some new opportunities for the study of protein microcrystals without the di�cult

requirement of receiving access to XFEL sources.

Several key considerations that need to be made in serial micro-crystallography experi-

ments involve the optimisation of the experimental setup to record high-quality di�raction

images from weakly scattering micro-crystals. This is a�ected by several factors, prompting

e�orts to minimise background scattering contributions and to provide crystals of su�cient

quality to the X-ray beam. It has been indicated that matching beam and crystal sizes pro-

vides the best outcomes to minimise non-crystalline scattering contributions [96]. High �ux

of the incident beam is also critical in providing di�raction data from micro-crystals due to

the lower number of unit cells present and the dependence of the scattered intensity on the

square of the number of units. The reduction of scattering from sample mounting and air

within the experimental hutch (e.g. [97]) has also been attempted to reduce noncrystalline

contributions within the di�raction data. Detector quality and readout speed also a�ect

the quality of di�raction data and the temporal resolution and speed of the collection of

experimental data. Di�raction data can be collected in a shutterless fashion in these ex-

periments, making the exposure time of crystals e�ectively limited to the readout time of

the detector. Some recently developed detectors provide microsecond readout times and

small pixel sizes, presenting improvements for serial micro-crystallography experiments in

both the speed of data acquisition and the di�raction data quality from small crystals [98].

On the other hand, crystal quality can be a limiting factor in the signal strength and

resolution of di�raction data regardless of the beam and detector characteristics. Crystal

quality is a�ected by a variety of factors, many of which are uncontrollable due to limited

knowledge regarding protein crystal growth. However, some e�orts to maintain crystal

quality and limit crystal consumption have been made with the engineering of a variety of

sample delivery methods.

Current studies in serial micro-crystallography using synchrotron radiation might be

divided into two main approaches to sample delivery � that of �owing delivery and that of

�xed-target delivery. The former follows developments outlined in Section 1.2.1 for XFEL

experiments with the use of the continual replenishment of crystal samples to the X-ray

beam through �owing suspensions. Stellato et al. �rst demonstrated such an approach us-

ing synchrotron radiation with the hydrated delivery of lysozyme crystals in a crystal slurry

inside a capillary at room-temperature [83]. A large number of di�raction images were in-

dexed (∼ 104) to determine the crystal structure to 2.1 Å resolution. The crystal structure

was found to be very similar to that solved with conventional X-ray crystallography under

cryo-cooled conditions. This method of sample delivery allowed for the partial rotation of

the crystals during exposure due to movement within the capillary during the collection

of di�raction images. Signi�cant subsequent studies include the �rst demonstrations of
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lipidic cubic phase delivery of protein crystals at synchrotron sources by Botha et al. [86]

and Nogly et al. [85]. As in similar SFX studies, lipidic cubic phase delivery provides the

bene�ts of being well-suited to the delivery of membrane protein crystals and lowering con-

sumption of crystal samples due to the viscosity limiting the delivery speed. Fixed-target

mounting of crystal samples is also an area of development. The signi�cant work of Gati

et al. [82] provided a demonstration of the feasibility of serial micro-crystallography at

synchrotron sources through the mounting of Trypanosoma brucei cathepsin B crystals on

crystallographic loops. Di�raction data were collected during helical scans of crystals and

later merged from multiple crystals. This allowed for the collection of several di�raction

images from single crystals by the 5 µm translation of the sample presenting regions of

the crystal with low damage at each scanning step. The crystal structure was determined

to 3 Å resolution with close similarities to the structure found from the previous SFX

study [54]. Alternative �xed-target approaches have been reported, including the raster-

scanning of silicon nitride windows demonstrated by Coquelle et al. [87] and also reported

with the patterning of windows to encourage the deposition of crystals in predictable posi-

tions [88,90] and using micro�uidics [89]. The deposition of crystals in lipidic cubic phase

on �xed-target plates has also been reported [91]. A variety of approaches for sample

delivery for serial micro-crystallography using synchrotron radiation are being developed.

These enable both the collection of data under cryo-cooling conditions [82, 88, 92, 95, 99]

and at room-temperature [83�86,89�91].

Serial micro-crystallography using synchrotron radiation is an area of structural biology

that is quickly developing. Unlike conventional X-ray crystallography, the determination of

an average protein crystal structure can be made through the analysis of di�raction from

a large number of protein microcrystalline samples. Di�erences from SFX experiments

lie predominantly in the temporal characteristics of the X-ray sources. The femtosecond

timescale resolution of XFEL sources makes structural dynamics studies on this timescale

accessible and provides the possibility of reducing radiation damage. Millisecond timescale

resolution is now possible in serial micro-crystallography experiments using synchrotron

radiation [85,94]. While optimisation of the experimental design must be carefully consid-

ered to record di�raction from protein micro-crystals, this experimental approach presents

great potential with the current structural studies achieved and with further expansion to

be expected with future technical and analytical developments.
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1.3 Alternative methods in structural biology

1.3.1 Nuclear magnetic resonance spectroscopy

Nuclear magnetic resonance (NMR) spectroscopy uses the resonance properties of atomic

nuclei with spin in an external magnetic �eld to probe the structure of an object. This

method is based on application of an external magnetic �eld causing shifts in the energies

of spin states. The response of the sample to irradiation with pulse frequencies is recorded,

with frequencies corresponding to the energy separation causing excitation. The structural

environment of atoms a�ects their resonant frequencies, thereby providing structural infor-

mation. The application of NMR spectroscopy to the analysis protein structure was �rst

driven by Wüthrich et al. [100]. This extension of NMR spectroscopy was enabled with

progress in multi-dimensional NMR spectroscopy (wherein the spectra are measured as

functions of multiple pulse frequencies and sequences) and in isotopic labelling (commonly

using 13C and 15N isotopes).

Solution NMR spectroscopy is particularly attractive in terms of membrane protein

structure determination. This technique removes the challenging requirement for solid

crystal samples and also allows for the collection of structural data from proteins in environ-

ments that are relevant to their physiological functions. Although there is the underlying

assumption that the isolated structure of a protein de�nes its functions, the environment of

the protein may also play a signi�cant role. This is of particular signi�cance for membrane

proteins with specialised orientations across lipid bilayers [101]. In solution NMR studies,

membrane proteins are embedded in solutions that seek to mimic the natural environment

of the protein. The choice of membrane-mimicking systems can be challenging, together

with di�culties involved in expressing su�cient quantities of membrane proteins and in

puri�cation [102]. Membrane-mimicking systems must be chosen to maintain the structure

and function of the membrane protein and also to produce clear resonance peaks [103].

Until recently, the application of NMR spectroscopy to the determination of protein

structures appeared to be restrictively limited to smaller protein sizes. This limitation

arises in that this technique relies upon the tumbling of the molecule of interest to provide

an averaging of dipolar interactions. The size of large molecules can limit this tumbling

rate and, as a consequence, provide broad resonance peaks such that structural information

is lost [104]. Some small proteins have been solved with this method � for example,

glucagon [105].

Some methods have been used to extend the applicability of solution NMR to larger

biomolecules. Transverse relaxation optimised spectroscopy (TROSY) is such a tech-

nique [106]. The TROSY method is based on exploiting the di�ering relaxation rates



1.3. ALTERNATIVE METHODS IN STRUCTURAL BIOLOGY 17

of multiplet components to improve resolution. The success of this technique was demon-

strated with the solution of such biomolecules as the E. coli outer membrane protein X

(OmpX) [107]. This structure was found to be very similar to a prior result for OmpX

using X-ray crystallography [108]. The TROSY method has been shown to be e�ective in

the determination of some large protein structures, yet it has been noted that this tech-

nique is best suited to β-barrel membrane proteins (like OmpX) [104] and may be limited

in its application to large α-helical proteins. It should also be noted that there are di�-

culties retaining the proteins in functional states while in the high concentrations needed

for well-resolved spectra.

Solid-state NMR spectroscopy is a more recently developed technique for the structural

determination of protein structures. The term refers to the proteins being contained in

media restricting their movement, such as liquid-crystalline bilayers. Bacteriorhodopsin

and the peptide channel gramicidin A were among the �rst protein structures to be solved

by this method [109, 110]. Solid-state NMR is limited in resolution and by complexity of

the patterns for analysis. Due to these problems, solid-state NMR spectroscopic studies of

protein structures have generally involved two main variations. Oriented-sample solid-state

NMR methods is one of these; this involves creating simpli�ed spectra due to the proteins

being �xed in a common orientation. Sample preparation is very di�cult in these exper-

iments; further developments are needed in the methodology of sample alignment before

this approach can be readily used for the solution of protein structures [104]. Magic-angle-

spinning (MAS) techniques are also utilised to improve solid-state NMR spectra. In this

method, the fast spinning of unoriented samples in a magnetic �eld around a constrained

angle suppresses dipolar coupling and produces narrower resonance peaks [111]. In 2002,

this approach notably allowed for the determination of the α-spectrin SH3 domain [112].

This extended the feasibility of this approach for the determination of small protein struc-

tures. Several membrane protein structures have been subsequently studied with this

method [113]. An advantage of this approach is that a variety of forms of samples can

be used including protein precipitates, small protein crystals and proteins in membrane

mimicking environments [114]. While solid-state NMR spectroscopy with MAS can be a

successful technique to solve protein structures, the loss of dipolar coupling in MAS meth-

ods has been thought to reduce the accuracy of the internuclear distance information that

can be gained [115]. This would limit the complexity of structures to which this technique

could currently be successfully applied [116]. It has recently been shown, however, that an

increase in the rate of the spinning of the sample results in narrower resonance peaks [117].

This may extend the applicability of this technique to larger protein structures in complex

environments.

The �eld of the structural study of proteins by NMR spectroscopy is developing with the
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emergence of several di�erent techniques. Some considerable obstacles currently remain

with di�culties involved in expression systems, puri�cation and isotopic labeling. The

resolution, molecular sizes and complexities of structures can also be restricted by the

techniques used.

1.3.2 Cryo-electron microscopy and micro electron di�raction

Recent developments in the �eld of cryo-electron microscopy (cryo-EM) have made this a

powerful technique for the study of protein structures. Cryo-EM has been established for

some time, with advantages such as the avoidance of three-dimensional protein crystals.

Until recently, however, near-atomic resolution structures were thought to be unattainable

by this approach. The historical background and recent breakthroughs in cryo-EM are

discussed here.

Early work in electron microscopy for the study of biological structures began with

the use of thin crystal samples. The �rst demonstration of a three-dimensional structure

was achieved by De Rosier and Klug in 1968 [118] with the solution of the tail of a virus,

bacteriophage T4, through the assembly of a collection of two-dimensional projections of

the structure. Negative staining of the sample was used to increase the signal-to-noise ratio

of the collected images. This would also limit the resolution of structures solved by the same

approach due to the size of the necessary staining agents and the distortions to molecular

arrangements that could be induced during sample preparation [119]. Developments in

sample preparation that involved the cryogenic cooling of biomolecular samples in vitreous

ice [120�122] improved the attainable resolution of biomolecular structures by reducing

radiation damage during data collection. Such an approach removed the need for negative

staining and can be seen as beginning the �eld of cryo-EM [123].

Work that followed involved samples with high degrees of order or symmetry, such

as viruses, two-dimensional crystals and three-dimensional micro-crystals. The prominent

work of Henderson et al. [124] demonstrated in 1990 that the structure of bacteriorhodopsin

could be solved in its naturally formed two-dimensional crystal to 3.5 Å resolution. Fur-

ther successes included the solution of lens-speci�c aquaporin-0 [125] to 1.9 Å resolution in

2005. Recent work on three-dimensional protein micro-crystals by Gonen et al. [126�128]

has spurred a new approach, known as micro electron di�raction (microED). MicroED

involves the collection of electron di�raction images from rotating protein micro-crystals.

Very small crystal dimensions (hundreds of nanometres) are necessary to limit multiple

scattering events during the collection of data [129] and to allow for the use of standard

X-ray crystallography processing software, with appropriate modi�cations made with their

use [129]. This has yielded the determination of several structures, including demon-

strations of the techique with lysozyme [126, 127] and catalase structures [130] and new



1.3. ALTERNATIVE METHODS IN STRUCTURAL BIOLOGY 19

structures reported of peptide chains [131]. MicroED is a promising approach for the

determination of protein structures. High resolution data and structures can be attained

with this method from submicron protein crystals. However, further demonstrations of this

technique remain to be made for the determination of new structures with greater complex-

ity than peptides. It has also been noted that the �gures of merit assessing the agreement

between structural models and experimental data tend to be relatively poor [132] in com-

parison to other techniques. Further development of specialised data processing software

and improvements in the experimental approach may assist in the development of microED

as a widespread techique.

An alternative to this approach is single particle cryo-EM. This route uses large quan-

tities of single non-crystalline molecules and was �rst demonstrated by Frank et al. [133]

with the three-dimensional solution of the 70S E. coli ribosome in 1991. This approach

involves the classi�cation and analysis of two-dimensional images collected from a large

number of individual molecules to form a three-dimensional structure. A key issue in the

use of electron sources for the imaging of non-crystalline biomolecules is radiation damage.

The radiation dose must be limited during the collection of images to avoid the degradation

of the structure. Low dose images provide poor signal-to-noise ratios (SNR), however, and

e�ectively limit the attainable structural resolution. To counteract this, tens to hundreds

of thousands of images are collected from a large collection of molecules of the structure of

interest. This approach improves the SNR and may allow the extraction three-dimensional

information, similarly to single particle imaging and serial X-ray crystallography experi-

ments at XFELs. Some problems may still exist, however, with the issue of model bias, as

demonstrated by Henderson [134].

The �rst reported single particle cryo-EM structure was solved to 40 Å resolution [133],

yet the resolutions achieved were improved over the following decades. For example, in 2008

the structure of the rotavirus inner capsid particle was reported to 3.8 Å resolution [135]

and the structure of the cytoplasmic polyhedrosis virus was reported to 3.88 Å resolution

[136]. In this period, the attainable resolution for single particle cryo-EM appeared to be

limited to poorer than 3 Å [123,137]. This resolution barrier has since been overcome with

signi�cant developments in the detector technology and data analysis methods.

The development of direct electron detectors has been a signi�cant factor in the recent

improvements in resolutions of solved structures. Previously, CCD detectors and photo-

graphic �lm were used. CCD detectors provided advantages of digital readout, convenience

and good dynamic range, yet a�ected the resolution of collected images poorly as the de-

tection method relies upon the conversion of electrons to photons. Multiple scattering

events occur during this conversion that limit the resolution of the detected signal [138].

The poor performance of CCDs in recording cryo-EM signal is exacerbated at high resolu-
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tions. In comparison, photographic �lm provides improved detected signal at resolutions

beyond 7 Å, yet each image requires manual processing and digitisation. As recently as

2011, photographic �lm was noted to be preferred by some for cryo-EM structural studies

due to resolution considerations [139].

The need for better detection methods was identi�ed with the engineering of direct

electron detection devices pursued by several groups [140�142] across the early 2000s.

Electrons are detected with these devices using CMOS sensors, which reduces the spread of

signal into neighbouring detector pixels. Studies of the commercial direct electron detectors

have shown improved detection e�ciency under cryo-EM experimental conditions [143].

The �rst single particle cryo-EM biomolecular structure solved from images collected with

a direct electron detector was reported in 2011 [144]. This work used GroEL as a test

structure with which to compare the performance of a direct electron detector with a

CCD detector for the collection of high resolution cryo-EM images. It was noted that

experimental and sample preparation conditions could be further optimised in future work.

Most notably, the collected images were measured to show features out to ∼ 4 Å in the case

of the direct electron detector, in contrast to ∼ 5 Å with the CCD detector under the same

conditions. The quick readout rate of the direct electron detectors makes it possible to

record several images in quick succession - i.e. a `stroboscopic movie' of the single particle

sample [145]. This feature can be exploited to improve the e�ective image resolution for

structural analysis with a data analysis approach put forward by Brilot et al. [146]. Brilot

et al. noted that the translational and rotational movement of single particles induced

by interaction with the electron beam between the collection of successive images can

be tracked and estimated. Accurate estimation of the beam-induced movement can be

made under appropriate conditions such as particle size. This allows for the averaging of

successive images to improve the signal-to-noise ratio and the resolution of the data for

structural analysis after corrections due to three-dimensional movement are applied. The

�rst demonstrations of this technique were made with virus samples [146, 147]. This was

soon followed with ribosomes [148], for which it was shown that the data analysis techique

decreased the number of particles needed by up to two orders of magnitude to �nd a

three-dimensional structure to 4.5 Å resolution. This was also a signi�cant development in

that the ribosome particles lack internal symmetry. The symmetry of a structure typically

improves the resolution of the cryo-EM structure. It was seen as a breakthrough [145]

that near atomic resolution of a ribosome structure could be found due to the increase in

the SNR arising from the data processing of direct electron detector images. Figure 1.3

reproduces a schematic made by Fernandez-Leiro and Scheres of the signi�cant stages in the

determination of a protein structure using recent developments in single-particle cryo-EM.

Three-dimensional cryo-EM structures that have been determined have typically been



Figure 1.3: Schematic of sample preparation, experimental data collection, data pro-
cessing and structure determination for single particle cryo-EM by Fernandez-Leiro and
Scheres. Reprinted by permission from Macmillan Publishers Ltd: Nature, Fernandez-
Leiro & Scheres [4], copyright (2016). Nature Publishing Group: http://www.nature.

com/nature/index.html
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in the large size range for biolmolecular structures [149]. Larger particle sizes provide

higher signal in the detector images, which improves that accuracy to which beam-induced

movements of particles can be estimated and corrected, thus improving the resolution of

�nal structures. It was recently shown, however, that further modi�cations to this data

processing approach can be made to correct for the movements of small biomolecular parti-

cles [150]. This approach seeks to estimate the movements of small particles by considering

ensembles of neighbouring particles, rather than applying single particle corrections. This

was used to study the three-dimensional structure of human γ-secretase complex to 4.5 Å

resolution [151], which has been related to Alzheimer's disease. The molecular weight of

the complex was much less than previously studied to near atomic resolution with single

molecule cryo-EM. There remains room for improvement of data processing methods of

direct electron detector images, particularly with the treatment of the initial particle move-

ments [150, 152], yet combined developments in detector technology and data processing

techniques are opening the �eld of structures that are within the scope of cryo-EM.

A key di�culty that remains is the heterogeneity between protein molecules during

data collection [153], given the use of single particles. The classi�cation of images into

subsets relating to separate structural conformations is often approached using maximum-

likelihood based methods [154] and other methods of statistical analysis (e.g. [155, 156]).

These classi�cation approaches assume a discrete set of conformational states, which may

not be physically realistic for �exible protein molecules. Other work has considered the

development of approaches using continuous conformational ranges [157�159]. Further

development of analytical methods in response to sample heterogeneity may be required

to improve the resolution of the structures and for the study of new structures with single-

particle cryo-EM.

Several high resolution three-dimensional structures have recently be reported using the

developments of recent work in cryo-EM. Signi�cantly, several non-viral structures with

structural resolutions higher than 3 Å have been reported [160�162] in recent years. Recent

work has suggested the cryo-EM and X-ray crystallography might act as complementary

techniques for the determination of new structures [163].

1.4 Development in serial X-ray crystallography techniques

1.4.1 Sample screening and characterisation

Crystallisation of a protein can involve the trialling of a vast number of crystallisation

conditions. The crystallisation of protein molecules requires that all protein molecules

are in the same state, which is a common assumption throughout all molecular imaging
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techniques. A large number of crystallisation conditions are typically trialled to ensure

molecular homogeneity and to �nd conditions in which it is energetically favourable for

crystallisation to occur. The adjustment of aqueous conditions, including pH and bu�er

agents, is performed to achieve this. As a consequence, it is very useful to have capabilities

within the laboratory to check for the presence of possible crystal formation. This is often

performed with in-house optical microscopes to visualise crystals (>50 µm) used in con-

ventional crystallography. A key di�culty in the preparation of nano- and micro- crystal

samples for serial X-ray crystallography is the di�raction limit in optical microscopy re-

stricting the observation of matter on these scales. Whilst microcrystals may be detected,

the visualisation of nanocrystals is not accessible by this method. Alternative approaches

have been developed to meet this requirement. These include the second order nonlinear

imaging of chiral crystals (SONICC), which relies on the chiral nature of protein molecules

to produce signal from second harmonic generation [164�166]. This technique has been

reported to have detected large quantities of crystal conditions in which nanocrystals are

present for proteins that have not yet formed larger crystals [167]. Methods of crystal

screening at synchrotrons [168�170] and through short XFEL screening experiments have

also been developed to indirectly observe the presence of crystals and their di�raction qual-

ity by the detection of crystal di�raction. A recent approach that does not require access

to radiation sources was proposed by Dörner et al. [171], which relies on the reversible

nature of crystallisation. A key observation for this technique is that the nanocrystals

will be observable as precipitate that is indistinguishable from denatured protein material

under an optical microscope. Increasing the dilution of the hydrated crystal growth en-

vironment may then be expected to reverse the crystallisation of protein crystals making

this precipitate no longer visible, yet would not change the appearance of the denatured

protein material. This simple method was used to identify a series of possible nanocrystal

conditions, 90% of which where then con�rmed by SONICC [171]. This presents a valuable

approach for the optimisation of nanocrystal conditions that can be performed within a

standard laboratory.

Alternatively, transmission electron-microscopy (TEM) techniques have been used to

identify nanocrystals and assess their quality for serial crystallography [172] and dynamic

light scattering (DLS) has been employed for the characterisation of crystal sizes [170,

172, 173]. Within the nano- and micro-crystal size regime, crystal size and morphology

distributions can hold signi�cance in the success of SFX experiments in terms of both the

sample delivery and the nature of the di�raction data. The latter is a chief consideration

made within this thesis and is discussed in more detail throughout Chapters 3 and 4.

These factors have encouraged the development of approaches to control and constrain

these distributions, such as microseeding crystallisation protocols [173] and the sorting of

crystal sizes using micro�uidics techniques [174,175].
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1.4.2 Sample delivery

The delivery of crystals during SFX experiments is directed towards the rapid collection

of data from a large number of separate single crystal samples. Several considerations are

required in the optimisation of this, including the contribution of background scattering

from the sample delivery media and the consumption of crystal samples. The typical

SFX experiment approaches this with a �owing delivery of hydrated crystals at room-

temperature across the path of the XFEL beam. The �rst model used for this was the

gas dynamic virtual nozzle (GDVN) injector [176, 177], which provides a �owing stream

of crystals in crystal bu�er that is focused by an external layer of high pressure gas to

widths of typically a few micrometres. This approach allows for the collection of data from

protein crystals that has some resemblance to their biological environment (i.e., hydrated

and at room-temperature) and minimises the contribution of scattering from the delivery

liquid by the narrow focusing of the stream. Other continuous injection methods using

electric �elds to provide focused streams have also been proposed [178]. These delivery

approaches has been used extensively in SFX experiments (e.g. [5,52,73,179]) and are also

used within single-particle imaging experiments at XFELs (Section 1.1). However, some

shortcomings exist including the high consumption of sample, the clogging of the injector

and the possible damage of the sample during injection. The former can be particularly

restricting in that it imposes the requirement of large quantities of crystal samples to be

produced for an SFX experiment to be viable, in which the majority of the sample will then

not be exposed to the X-ray beam due to its pulsed nature. This also presents di�culties

in the analysis of data from SFX experiments, which is discussed later in Section 1.4.3.

Alternative sample delivery approaches have been designed, including the injection of

droplets [180, 181] rather than continuous streams. Ideally to minimise crystal consump-

tion, the delivery of droplet containing a crystal should coincide with an XFEL pulse [182].

This is a di�cult engineering task. The timing of electric pulses to trigger piezo-driven

nozzles [180] and of acoustic pulses to trigger droplets [181] with XFEL pulses have re-

cently been demonstrated to provide nearly complete synchronicity with XFEL beams for

pulse rates of 60 Hz. The removal of larger microcrystals is necessary to prevent injector

clogging with droplet injection, which has been anticipated as a possible pitfall of such

techniques [183].

Other approaches for the improvement of crystal exposure during SFX experiments

have involved the use of continuous streams composed of highly viscous media. The vis-

cosity of the delivery media serves to slow the speed of the sample delivery and hence for

less crystals to pass across the XFEL beam during pulsed gaps in illumination. This was

�rst demonstrated with lipidic cubic phase (LCP) as a delivery medium [184�187]. This

approach is well-suited to experiments involving membrane proteins given their propen-
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sity to crystallise in LCP [188] and has been used to solve membrane protein struc-

tures [57,185]. Other highly viscous media have also been proposed, including agarose [189]

and grease [190]. High viscosity sample delivery methods are attractive in terms of the

potential for the determination of membrane protein structures and for the substantial

reduction in crystal consumption. Some limitations are present in the contributions of

scattering from the delivery media and restrictions on the lower widths of delivery streams

to prevent clogging of the injector.

Fixed target methods have also been developed for use in SFX experiments. For exam-

ple, a goniometer-based method reminiscent of conventional crystallography experiments

at synchrotrons was devised by Cohen et al. [191]. Scanning approaches have also been

developed, such as the scanning of several large single crystals at regular steps estimated to

present an undamaged portion of the crystal for exposure [192,193]. These approaches are

limited in the study of crystals above the micro- to nano-crystal size regime [194]. Recent

work in �xed-target sample delivery have demonstrated the collection of data from micro-

crystals contained within silicon-nitride sandwiches [195] and silicon chips [88]. Similar

approaches are also being applied in serial X-ray crystallography experiments conducted

at synchrotron sources, which are discussed later in Section 1.2.3.

1.4.3 Serial X-ray crystallography data acquisition & analysis

At �rst consideration, the transition from conventional X-ray protein crystallography to

serial X-ray crystallography might seem straightforward in terms of data analysis. X-

ray crystallography has a long history with a variety of well-established and developed

data analysis techniques. The nature of serial X-ray crystallography experiments, how-

ever, imposes new data analysis requirements arising from several factors. Signi�cantly,

the di�raction patterns obtained in SFX experiments are single shots from single, ran-

dom orientations of di�erent crystal samples of the target protein structure. This di�ers

from conventional synchrotron experiments where a single protein crystal is rotated dur-

ing continual illumination from the X-ray source to provide three-dimensional structural

information and fully integrated Bragg peaks within the di�raction data (Section 3.3).

Conversely, the snap-shot nature of XFEL di�raction patterns means that patterns arise

in which `partial' di�racted intensity peaks are recorded and orientational order is lack-

ing between di�raction images. This poses di�culties in terms of the peak partiality of

recorded intensities and the indexing of di�raction images from serial X-ray crystallogra-

phy experiments. Both are discussed in more detail in Chapter 3 in Sections 3.2.1 and

3.2.2, respectively.

There are also considerations related to poor experimental e�ciency and handling the

terabytes of data that can be collected in a single serial X-ray crystallography experiment.
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Large volumes of di�raction data are collected so that all orientations of the target crystal

structure are (ideally) equally represented, peaks can be fully integrated and experimental

parameters such as variations in incident wavelengths can be averaged. Moreover, a stan-

dard SFX experiment will involve many blank detector measurements due to a crystal not

being present in the XFEL path when a pulse is made. Engineering responses to this were

discussed previously in Section 1.2.1 with the development of di�erent sample injection

methods. Given the huge number of detector measurements taken, it is only feasible for

the assessment of successful hits to be automated. E�cient processing software such as

Cheetah [196], cctbx.xfel [197] and NanoPeakCell [87] have been developed for this task.

Cheetah is part of a larger analysis suite recently developed for XFEL crystallographic

data, CrystFEL [198, 199], that has capabilities for the indexing, merging and integration

of intensities from SFX data; cctbx.xfel and nXDS [200] hold similar capabilities. New

approaches for the extraction of di�racted intensity information have been developed for

serial X-ray crystallography data. The standard approach to date was proposed by Kirian

et al. [201]. This technique involves the integration of intensities in limited regions around

Bragg peak positions by the addition of recorded intensities in the de�ned regions and the

subtraction of estimated background, followed by the averaging of the integrated intensi-

ties from equivalent Bragg re�ections across the data-set. The idea behind this is that a

variety of parameters are changing during the collection of di�raction images in an SFX

experiment and that the averaging over a su�ciently large number of di�raction patterns

will account for the discrepancies introduced through these variations. As a consequence,

this approach is known as `Monte Carlo integration'; its accuracy improves with greater

numbers of di�raction patterns. This approach results in the estimation of integrated in-

tensities through the averaging of variations in crystal parameters such as crystal shape,

size and quality and experimental parameters such as pulse variations and contributions

from the sample delivery media. Kirian et al. �rst presented this technique with its ap-

plication to simulated data from photosystem I nanocrystals [201] and it was soon applied

to experimental data (e.g. [5,202]). Intensities are typically merged across the data-set by

summing the integrated values for peaks from individual di�raction patterns with equiva-

lent peaks from other di�raction images. An alternative approach can be used in which the

entire two-dimensional di�raction patterns are merged, including the scattering between

peaks, into a single three-dimensional data-volume. This approach was demonstrated by

Yefanov et al. for SFX data [203]. This is discussed in greater detail in Section 6.2 with a

similar approach used for experimental data presented in this thesis in Chapters 6 and 7.

Improvements to Monte Carlo integration approach have been developed with a key

aim being to reduce the number of di�raction patterns required to accurately extract in-

tegrated intensities. These include post-re�nement techniques [204�209], inspired by post-

re�nement data analysis techniques established in conventional X-ray crystallography [210].
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Such approaches involve the re�nement of parameters such as crystal orientations for the

estimation of peak partialities in individual di�raction images and can be performed in

conjunction with Monte Carlo integration. For example, Ginn et al. demonstrated post-

re�nement techniques using a model for the re�nement of orientation matrices [207] and

the re�nement of parameters de�ning a model for peak partiality [208]. These allowed

for the determination of a high-resolution crystal structure of cypovirus polyhedra with

fewer di�raction patterns than previously required and with improved data quality. Other

work has involved the introduction of a model for peak partiality and scaling by Uerviroj-

nangkoorn et al. [209], which was later used in the determination of the crystal structure

of a transmembrane protein in complex with a neuronal SNARE protein [61] mentioned

in Section 1.2.1. The number of required di�raction patterns can be reduced with post-

re�nement techniques [197] given the decreased reliance on sheer averaging.

Data analysis following the extraction of di�racted intensities involves the estimation

of the associated complex phases. As discussed in Section 1.2.1, computational approaches

typically involve the use of molecular replacement methods [62] and experimental ap-

proaches have been demonstrated using anomalous di�raction [60, 63, 64, 67, 68] and iso-

morphous replacement [65, 66]. Direct phasing methods for SFX data have also been

proposed by Spence et al. [211]. This approach involves the observation that for the nano-

scale sizes of crystals that can be used in SFX experiments, scattering can result at points

�ner than the Bragg condition. Unlike conventional crystallography, observable local max-

ima can occur between Bragg re�ections in the form of interference fringes due to the

e�ect of a truncated lattice structure [212]. This has been observed in XFEL experiments

(e.g. [5,213]) and continues to be a point of consideration, particularly as crystal size may

decrease as the �eld of serial X-ray crystallography further develops. The approach of

Spence et al. [211] involves accessing the information provided between Bragg positions

arising from the �nite size of the nanocrystals via characterising the extended Bragg peak

distributions. Iterative phase retrieval methods might then be used for the determination

of the crystal structure. Developments in this area are discussed in Section 5.1 of Chap-

ter 5, which considers another problem unique to di�raction data from small crystals �

so-called `incomplete' unit cells where some molecular sub-units of the conventional unit

cell are absent.

Di�raction from �nite protein crystals is a particular focus of this thesis. SFX ex-

periments provide the capability of collecting data from crystals that are much smaller

than those conventionally used, yet require the averaging of data from a large number of

individual crystals as a consequence. It has been noted in the literature the �nite size of

crystals a�ects the distributions of Bragg peaks and that development of new techniques

for the accurate extraction of di�racted intensities may improve structural studies. A new
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approach for this task is presented here. This approach considers the e�ects of distribu-

tions of �nite crystal characteristics � including size, shape and disorder � and presents

theoretical models for the di�racted intensity distributions. These are used to form model

functions for a whole-pattern �tting approach in which extended peak shape distributions

are �tted with the proposed models and integrated intensities are iteratively estimated.

1.5 Outlook

The structural determination of proteins has been pursued by di�erent methods for decades.

Conventional X-ray crystallography remains the most successful method with its number of

determined protein structures far-outweighing that from all others. The solution of many

protein structures of interest is unachievable, however, using this method. This is the

case simply because many proteins do not readily crystallise into the high-quality, macro-

scopic crystals required to provide highly resolved di�raction patterns and to withstand

the radiation dose during the collection of a full data-set at synchrotron light sources.

In contrast, the �eld of X-ray free-electron laser science holds potential to study a new

set of protein structures that were previously inaccessible. This may be possible through

the development of single-particle imaging, fast solution X-ray scattering and serial X-ray

crystallography techniques.

X-ray free electron lasers present new technical characteristics that suggest them for the

determination of new structures and an expanding range of new applications. These very

same technical characteristics, however, necessitate the development of new experimental

techniques, technical equipment and analytical methods. Rapid growth has occurred on

these front in the six years since the opening of the �rst hard X-ray free electron laser

at LCLS. With continuing development of X-ray free-electron lasers technology, including

a new generation of XFELs [214], further development is to be expected in the areas of

single-particle imaging, fast solution X-ray scattering and serial X-ray crystallography.

Serial X-ray crystallography at XFELs has been one of the most successful applications

of this technology to date. Since the �rst proof-of-principle experiments, a variety of new

protein structures of biological signi�cance have been determined. The developments made

with these studies have recently been applied to serial X-ray crystallography experiments

at third-generation synchrotron sources. It has been shown that experiments can be per-

formed at synchrotrons using equivalent crystal sizes, sample delivery methods and data

analysis approaches to those performed at XFELs. However, some di�erences remain. Per-

haps the most exciting capability presented by an XFEL is its capability of investigating

the dynamics of protein structures to femtosecond resolution. This area was �rst applied

to light sensitive proteins, yet is expanding to reactions induced by the di�usion of liquids
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through protein micro-crystals. Such time resolution is not accessible in monochromatic

experiments at synchrotrons, however, which are currently limited to millisecond timescales

due to a trade-o� between shortening timescales to reduce radiation damage and prolong-

ing illumination to attain su�cient X-ray �ux [215]. Laue experiments use polychromatic

incident beams to integrate Bragg peaks. A consequence is that di�raction images can be

collected on short time-scales from high-intensity modern synchrotrons. Structural studies

have been achieved in Laue experiments with sub-millisecond time resolution [216,217].

The experimental and analytical techniques developed for serial experiments at both

XFEL and synchrotron sources are now possible for the improved determination of protein

crystal structures. Throughout this thesis, the term �serial X-ray crystallography� will

be used to refer to experiments of a serial nature with protein micro- and nano- crystals

performed at either XFEL or synchrotron facilities. The serial approach to X-ray protein

crystallography typically requires the use of a large number protein micro-crystals that each

provide a single di�raction image from a single X-ray exposure. The crystal structure that

is determined is then one that is formed from the processing and merging of large numbers

of di�raction images from a collection of weakly di�racting protein crystals of static, yet

random orientations. While still X-ray crystallography, the data analysis required departs

from established methods due to the di�ering nature of the data-sets collected. This thesis

focuses on one particular aspect of this � the extraction of accurate di�racted intensity

information from merged data-sets. This is an important step in the determination of a

new protein structure as this typically provides the only directly accessible information

regarding structure in an X-ray crystallography experiment. This task is not trivial, given

the small size regime of protein crystals used and the merging of di�raction data from

ensembles of crystal with di�erent size, shape and quality distributions. For this purpose,

a whole-pattern �tting technique is outlined and examined here within the �nite crystal

size regime within simulations and with the analysis of experimentally collected serial X-

ray crystallography data. The techniques presented in this thesis for the processing and

analysis of serial micro-crystallography di�raction data are applicable at both X-ray free-

electron lasers and synchrotron X-ray sources. The analytical techniques presented here

should not be viewed as constrained to either mode of experiment as a consequence.

Thesis outline

This thesis is structured as follows. Chapter 2 provides the fundamental theoretical back-

ground for the thesis. This presents a treatment of kinematic X-ray scattering theory and

provides an overview of relevant mathematics. This is followed by a chapter that provides

a basic background to the �eld of protein X-ray crystallography, de�ning relevant terms
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and theoretical concepts. Chapter 3 also includes a discussion of factors in serial X-ray

protein crystallography that distinguish this �eld from conventional protein X-ray crystal-

lography. Chapter 4 outlines the data analysis technique that is a key focus of this thesis

� the whole-pattern �tting analysis of serial X-ray protein crystallography data [1]. This

demonstrates this approach through several simulation studies, �nishing with the applica-

tion of this approach to simulated di�raction data with the inclusion of a simple model

of crystal disorder. Chapter 5 presents a simulation study of �nite protein crystals with

unit cells on the crystal surface that are not entirely occupied by all molecular sub-units

of the conventional repeating cell. This form of crystal disorder is only relevant to the

analysis of di�raction data from �nite crystals. A theoretical model for the di�raction

is constructed and the whole-pattern �tting approach is applied to the simulated data.

Chapter 6 presents the outcomes of the merging and analysis of experimental serial X-ray

crystallography data collected at the Australian Synchrotron. This focuses on the process-

ing steps required for serial X-ray protein crystallography data. Chapter 7 presents the

results of a serial micro-crystallography experiment performed at a microfocus beamline

at the European Synchrotron Radiation Facility. This builds on the data analysis and

processing established throughout the preceding chapters to demonstrate their implemen-

tation in a proof-of-concept experiment. Chapter 8 concludes the thesis. This summarises

the work presented in the thesis on the processing and whole-pattern analysis of simulated

and experimental serial X-ray crystallography data. This chapter comments on the pos-

sible limitations in the studies and techniques presented and on possible extensions that

could be made in this area of serial X-ray crystallography data analysis in future work.
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X-ray di�ractive imaging techniques are predicated on the collection and analysis of X-

ray scattering after the interaction of X-rays with matter. X-rays form the range of the

electromagnetic radiation given by wavelengths of ∼0.1 to 100 Å, yet are typically limited

for atomic imaging purposes from ∼0.5 to 2.5 Å. The shortness of X-ray wavelengths

provides the capacity of studying structures at resolutions comparable to atomic size,

which is inaccessible with optical microscopy.

The broad objective of this thesis is the development of methods for the determination

of new protein structures through the use of X-ray sources. The theoretical basis for

the thesis is described in this and the following chapter. This chapter establishes the

theory of elastic X-ray scattering from an object in the far-�eld and the relevant Fourier

mathematics. While this chapter considers the fundamentals of X-ray di�raction, numerous

texts [218�221] have reviewed the theory of di�raction and can be consulted for more

extended theoretical treatments. This chapter largely combines that of Cowley [220] and

Paganin [221] in their treatment of far-�eld scattering and provides an overview of the

theoretical tools for the solution of structures using X-rays. The theoretical tools for the

analysis of X-ray di�raction data from protein crystals are outlined in the following chapter.

2.1 X-ray di�raction

Di�raction involves the wave-like interaction of electromagnetic radiation with matter. The

wavelengths of hard X-ray radiation make this form of electromagnetic radiation highly

suitable for the task of high-resolution structure determination via the analysis of di�rac-

tion patterns. The resolution of a structure determined through di�raction analysis is

limited by the wavelength of the di�racting radiation source, amongst other factors. As a

rough rule of thumb, resolution quality that can resolve individual atoms ("atomic resolu-

tion") is ∼ 1Å. X-rays are thus a source of radiation for which atomic resolution structural

studies are achievable. Broadly, the interactions that take place during the illumination of

matter with X-rays can be described in terms of elastic and inelastic scattering processes.
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The focus of this section will be the elastic scattering of X-rays under the kinematic theory

of di�raction with nuclear motion ignored. This approach provides the standard expres-

sions describing the far-�eld di�raction of X-rays from matter.

The mathematical framework used to describe di�raction here is based on the use of

a wave function description. The mathematical conventions assumed in this thesis for the

Fourier transform, inverse Fourier transform and other relevant mathematical operations

and de�nitions are provided in the appendix of this chapter.

2.1.1 Electromagnetic waves

X-rays, as electromagnetic waves, can be described with a wave equation approach, satis-

fying the relationship given by,

∇2E(r, t) = εµ
∂2E(r, t)

∂t2
, (2.1)

where E(r, t) is the time-dependent electric �eld vector of the propagating electromagnetic

radiation, ∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
is the Laplacian operator, ε is the permittivity and µ is the

magnetic permeability of the medium of propagation. This can be recast in terms of a scalar

wave function, Ψ(r, t), of position r, with correction factors later applied to correct for the

neglect of the vector nature of the wave function if necessary [220]. The electromagnetic

wave function can then be expressed as a solution to the scalar wave equation,

∇2Ψ(r, t) = εµ
∂2Ψ(r, t)

∂t2
. (2.2)

Plane wave solutions to this expression can be separated spatially and temporally, given

by

Ψ(r, t) = Ψ(r)e−iωt, (2.3)

where ω is a single angular frequency. While superposition principles can be applied

if multiple frequencies are present, monochromaticity will be assumed throughout this

treatment.

The scalar wave equation then reduces to

∇2Ψ(r) = −εµω2Ψ(r). (2.4)

Plane wave solutions for the spatially dependent wave function, propagating in free

space, can also be taken. This provides

Ψ(r) = Ψ0e
2πik0 · r (2.5)
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and

(∇2 + 4π2k2
0)Ψ(r) = 0, (2.6)

where k0 is the wave vector describing the direction of propagation in free space and k0 is

its magnitude, the wave number. Equation 2.6 is the homogeneous Helmholtz di�erential

equation and describes the propagation of the spatial scalar wave function in free space.

2.1.2 Interactions with matter

Introducing the interaction of the scalar wave �eld with matter de�ned by a scattering

potential, ρ(r), the Helmholtz equation can be expressed as

[∇2 + 4π2k2
0 + aρ(r)]Ψ(r) = 0, (2.7)

where k0 is the wave number of the incident wave function in free space and a scales the

strength of the interaction of the incident wave function with the scattering potential.

Equation 2.7 can be arranged as

Ψ(r) = −(∇2 + 4π2k2
0)−1aρ(r)Ψ(r). (2.8)

The product ρ(r)Ψ(r) in Eq. 2.8 can be expressed using the Dirac delta function (see

Appendix 2.A):

ρ(r)Ψ(r) =

∫
dr′ρ(r′)Ψ(r′)δ(r− r′)

=

∫
dr′ρ(r′)Ψ(r′)

∫
du exp(2πi(r− r′) ·u). (2.9)

Equation 2.8 can then be given as

Ψ(r) = −(∇2 + 4π2k2
0)−1a

∫
dr′ρ(r′)Ψ(r′)

∫
du exp(2πi(r− r′) ·u)

= −a
∫
dr′ρ(r′)Ψ(r′)

∫
du exp(−2πi− r′.u)(∇2 + 4π2k2

0)−1 exp(2πir ·u)

= −a
∫
dr′ρ(r′)Ψ(r′)

∫
du

exp(2πi(r− r′) ·u)

4π2(k2
0 − u2)

(2.10)

This can be expressed in terms of a Green's function, G(r, r′), such that

Ψ(r) = −a
∫
dr′ρ(r′)Ψ(r′)G(r, r′), (2.11)

where

G(r, r′) =

∫
du

exp(2πi(r− r′) ·u)

4π2(k2
0 − u2)

. (2.12)
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Equation 2.11 provides a relationship between a position with scattering potential at r′

and an observation position at r.

The solution to Eq. 2.7 can then be recast as an integral equation

Ψ(r) = Ψ(0)(r)− a
∫
dr′ρ(r′)Ψ(r′)G(r, r′), (2.13)

where Ψ(0)(r) is added as the solution to Eq. 2.6 � that is, the solution for the inci-

dent wave function propagating in free space. This can be taken as a plane wave source,

providing

Ψ(r) = Ψ0 exp(2πik0 · r)− a
∫
dr′ρ(r′)Ψ(r′)G(r, r′), (2.14)

where Ψ0 is a constant.

Manipulation of Eq. 2.14 can result in the replacement of the Green's function expressed

in Eq. 2.12 with a Green's function de�ned as

G(r, r′) = −exp(2πik|r− r′|)
4π|r− r′|

. (2.15)

This arises from an appropriate choice of a coordinate system and the addition of a small

complex contribution to the denominator in Eq. 2.12, followed by the use of the residue

theorem from complex analysis theory to integrate around singularities. This treatment

is demonstrated in various texts; for example, the reader may consult Wang [222] for

algebraic details. Substitution of this form (Eq. 2.15) into Eq. 2.14 may be interpreted as

the addition of the incident monochromatic plane wave �eld with the scattered �eld. The

latter is approximated by outgoing spherical waves from points in the scattering potential

ρ(r′) due to the wave �eld within the scattering potential Ψ(r′).

Ψ(r) can then be approximated iteratively in a series known as the Born series,

Ψ(r) =
∑
n=0

Ψ(n)(r), (2.16)

where in this case

Ψ(n)(r) = a

∫
dr′

exp(2πik|r− r′|)
4π|r− r′|

ρ(r′)Ψ(n−1)(r′). (2.17)

The �rst Born approximation retains only the �rst two terms of the Born series, thereby

assuming that the wave function Ψ(r′) within the integral of Eq. 2.14 can be approximated

with the incident wave �eld Ψ(0)(r′) and that higher order terms are negligible. This

assumes that the wave �eld within the scattering potential is closely similar to the wave

�eld with zero scattering potential � i.e. that the scattering is weak and that multiple
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scattering does not occur. Under this approximation, the solution to Eq. 2.7 may be

expressed as

Ψ(r) = Ψ0 exp(2πik0 · r) + aΨ0

∫
dr′

exp(2πik|r− r′|)
4π|r− r′|

ρ(r′) exp(2πik0 · r′). (2.18)

The far-�eld scattering can be described at an observation point r′′, where |r′′| � |r′|
and |r′′ − r′| ≈ r′′. This provides

Ψ(r′′) = Ψ0 exp(2πik0 · r′′) + aΨ0
exp(2πik0r

′′)

4πr′′

∫
dr′ρ(r′) exp(2πi(k− k0) · r′)

= Ψ0 exp(2πik0 · r′′) + aΨ0
exp(2πik0r

′′)

4πr′′

∫
dr′ρ(r′) exp(−2πiq · r′) (2.19)

where q = k− k0 is the di�erence between the scattered and incident wave vectors.

The scattered wave function can then be expressed as

Ψ(1)(r′′) = Ψ0
exp(2πik0r

′′)

4πr′′
f(q) (2.20)

where the following de�nition is made,

f(q) =

∫
dr′ρ(r′) exp(−2πiq · r′). (2.21)

This expression is equivalent to the form of Fraunhofer di�raction if the scattering

potential is constrained to a planar distribution. This is demonstrated in various texts;

for example, by Paganin [221]. At this point, it is observed that the far-�eld scattering

amplitude is directly proportional to the Fourier transform of the three-dimensional real-

space scattering potential (see Eq. 2.29). This is a signi�cant result and, as a consequence,

Fourier analysis underpins the analysis of scattered radiation for the investigation of struc-

ture. It may then be stated that the far-�eld scattering is proportional to the Fourier

transform of the real-space scattering potential � i.e. Ψ(1)(r′′) ∝ F{ρ(r′)}, where F is

used to denote the Fourier transform operation. For simplicity, the far-�eld scattering

amplitude will be denoted by F (q) from this point such that

F (q) = F{ρ(r′)}. (2.22)

Only the intensity of the scattered radiation can be directly measured during experi-

ment. This is given by the squared modulus of the scattering amplitude,

I(q) ∝ |F (q)|2, (2.23)
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where I(q) denotes the scattered intensity and F (q) is a complex function. A general form

of a complex function is given by F (q) = F0(q) exp(iφ(q)), where F0(q) is a real-valued

function for the amplitude contribution and φ(q) is a real-valued function for the phase

contribution. It is readily apparent that the measurement of the squared modulus of a

complex function loses the contribution of the phase term. The loss of phase information

in the measurement of scattered intensities is known as the phase problem. This is discussed

brie�y in Section 3.2.4 of the next chapter in the context of X-ray crystallography for the

determination of protein structures in Section 3.2.3.

X-rays

X-rays interact with electrons in matter. For this reason, structural determination by

X-ray scattering involves the reconstruction of the electron density of the sample. The

electron density can be interpreted as the scattering potential term, ρ(r′), for incident

X-ray radiation. Elastic far-�eld X-ray scattering events will be considered here.

X-ray scattering from an atom can be estimated by the addition of the scattering

amplitudes from individual atomic electrons, which are approximated by free electrons.

Scattering by the ith atomic electron can be considered in terms of an electron density

function, ρi(r′), which de�nes the probability of observing the electron within a scatter-

ing region centred at the atomic centre r′. Following Eq. 2.21, the associated scattering

amplitude of the ith atomic electron is given by

ai(q) =

∫
dr′ρi(r

′) exp(−2πiq · r′). (2.24)

The scattering from an atom can then be approximated with

fa(q) =
∑
i

ai(q)

=
∑
i

∫
dr′ρi(r

′) exp(−2πiq · r′)

=

∫
dr′ρ(r′) exp(−2πiq · r′), (2.25)

where the electron density of the atom, ρ(r′), is taken to be ρ(r′) =
∑

i ρi(r
′).

Anomalous scattering correction factors are often incorporated into Eq. 2.25. In its

current form, Eq. 2.25 treats atomic electrons as free electrons, yet the response of atomic

electrons to the incident X-rays will depend on their orbitals. Absorption and phase shifts

can occur when the electron vibrations induced by X-ray interaction are near the resonance

frequencies of bound atomic electrons. The correction to the atomic scattering factor is
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typically expressed as follows

f(q, λ) = f0(q) + f ′(λ) + if ′′(λ), (2.26)

where f ′(λ) and f ′′(λ) are correction factors dependent on the incident wavelength. These

factors are tabulated in the International Tables for Crystallography Volume C [223],

among other sources.

The scattering from a collection of atoms, such as a protein molecule, can also be

approximated by the addition of individual scatterers. In this treatment, the scattering

by the molecule will be described as a summation of waves each scattered by individual

electrons. In this case, electron density will be represented as

ρm(r) =
∑
n

ρn(r− rn), (2.27)

where ρn is the electron density of the nth atom with a probability distribution centred at

rn and the origin is de�ned relative to r. The scattering amplitude can then be expressed

as

Fm(q) =

∫
dr′
∑
n

ρn(r′ − r′n) exp(−2πiq · r′)

=
∑
n

∫
dRnρn(Rn) exp(−2πiq · (r′n +Rn))

=
∑
n

exp(−2πiq · r′n)

∫
dRnρn(Rn) exp(−2πiq ·Rn)

=
∑
n

fn(q) exp(−2πiq · r′n), (2.28)

where fn(q) is the atomic scattering amplitude of the nth atom in the molecule and Rn

is an integration variable given by r′ − r′n. This form does not assume any symmetry or

periodicity. These features will be incorporated in the following chapter for X-ray scattering

from a protein crystal.

2.A Appendix: Mathematical operations and conventions

The chosen conventions for several relevant mathematical operations and identities will be

stated here. These are not unique to this thesis and can be equivalently expressed with

di�ering notation. The mathematical conventions, function de�nitions and properties listed

here follow the textbook `The Fourier transform and its Applications' by Bracewell [224].
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Fourier transforms

Throughout this work, the three-dimensional Fourier transform, F (k), of the function f(r)

will be de�ned

F (k) =

∫ ∫ ∫
R
drf(r) exp(−2πik · r) (2.29)

and the inverse Fourier transform will be de�ned

f(r) =

∫ ∫ ∫
dkF (k) exp(2πik · r). (2.30)

As shorthand notation, F and F−1 will be used to indicate the Fourier transform and

inverse Fourier transform operations, respectively � that is, F (k) = F{f(r)} and f(r) =

F−1{F (k)}.

If it is assumed that a given function, f(r), is su�ciently smooth, the function, f(r),

can be recovered by the application of the inverse Fourier transform operation to its Fourier

transform, F (k). This simple observation is of fundamental signi�cance in the determina-

tion of structure from its scattering distribution.

The Fourier transform and inverse Fourier transform integrals are often represented

with discrete summations; these can be expressed as

F (k) =
1

V

∑
r

f(r) exp(−2πik · r) (2.31)

and

f(r) =
1

V

∑
k

F (k) exp(2πik · r). (2.32)

Convolutions

Convolution operations are used extensively throughout this thesis. The convolution, de-

noted by ∗, of two functions, f(r) and g(r), is de�ned as,

f(r) ∗ g(r) =

∫ ∞
−∞

g(r′)f(r− r′)dr′

=

∫ ∞
−∞

g(r− r′)f(r′)dr′ (2.33)

Convolution operations have commutative, associative and distributive properties. These
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are expressed respectively below:

f(r) ∗ g(r) = g(r) ∗ f(r) (2.34)

f(r) ∗ [g(r) ∗ h(r)] = [f(r) ∗ g(r)] ∗ h(r) (2.35)

f(r) ∗ [g(r) + h(r)] = f(r) ∗ g(r) + f(r) ∗ h(r). (2.36)

A very useful relationship is given by the convolution theorem, which states that the

Fourier transform of the convolution of two functions is equal to the product of the Fourier

transform of each function. This can be represented as

F{f(r) ∗ g(r)} = F{f(r)}F{g(r)}. (2.37)

The cross-correlation of two functions, denoted by ?, is given by

f(r) ? g(r) = f∗(−r) ∗ g(r)

=

∫
f∗(−r′)g(r− r′)dr′

=

∫
f∗(r′′)g(r+ r′′)(−dr′′)

=

∫
f∗(r′)g(r+ r′)dr′. (2.38)

The special case of the auto-correlation of a given function, f(r), can then be de�ned by

f(r) ? f(r) = f∗(−r) ∗ f(r)

=

∫
f∗(r′)f(r+ r′)dr′, (2.39)

where f∗(r) is the complex conjugate of f(r).

The Fourier transform of the auto-correlation of a function can be expressed as follows

F{f(r) ? f(r)} = F{f∗(−r) ∗ f(r)}

= F{f∗(−r)}F{f(r)}

= F ∗(q)F (q) (2.40)

= |F (q)|2, (2.41)

where the convolution theorem has been applied and F ∗(q) is the complex conjugate of

F (q). This result is known as the Wiener-Khinchin theorem.
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Dirac delta functions

The Dirac delta function, δ(r), is a commonly used function in crystallography. This can

be de�ned as

δ(r− r0) =

{
0 for r 6= r′

∞ for r = r
(2.42)

The Dirac delta function is a generalised function of in�nite sharpness and height, which

integrates to unity. The following relevant properties are held by the Dirac delta function:∫ ∞
−∞

δ(r− r0)dr = 1; (2.43)

∫ ∞
−∞

exp(2πi(k− k0) · r)dr = δ(k− k0); (2.44)

δ(u) = δ(−u); (2.45)

and

δ(αr) =
1

α3
δ(r). (2.46)

An important property of Dirac delta functions is given by the sifting theorem. This

can be expressed as ∫ ∫ ∫
R
drf(r)δ(r− r0) = f(r0). (2.47)

As a consequence, the convolution of a function with the Dirac delta function can be

given by

f(r) ∗ δ(r− r0) = f(r− r0). (2.48)

Finally, the Fourier transform of a Dirac delta function is given by,

F{δ(x− x0)} = exp(−2πkx0). (2.49)

This relationship is useful when considering di�raction from an ideal crystal, which can be

expressed in terms of a periodic sum of Dirac delta functions.

2.2 Final remarks

This chapter outlined the theoretical description of far-�eld scattering from general objects.

Some mathematics and mathematical conventions relevant to this �eld were summarised

here. The following chapter builds upon this description to provide the form of far-�eld X-

ray di�raction from crystals, with particular attention paid to protein crystals. Theoretical

content that is highly speci�c to following chapters is provided in subsequent chapter
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appendices.
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3 | Protein crystallography and

crystal growth

Chapter 2 introduced the theory for far-�eld scattering from a scattering potential. The

periodicity of a crystal as a source of scattering potential results in far-�eld di�raction

that is characterised by the crystal's lattice structure and by the structure within its

smallest repeating unit. This characteristic di�raction is used in the �eld of crystallography

to determine the arrangement of crystal structures. An introduction to the theory of

crystallography is provided in this chapter, with a particular focus on di�raction from

protein crystals.

This chapter begins with an introduction to crystal geometry, discussing concepts and

terminology relating to the de�nition of a crystal and its symmetry. This is followed

by a discussion of the theory of di�raction from a crystalline object and a brief outline

of crystallography experiments. Di�raction experiments and their analysis are just one

aspect of crystallography, however; the crystallisation of the target structure is a critical

step in the determination of any crystal structure. This step is particularly di�cult in the

study of protein structures. Protein crystal growth is discussed brie�y in the latter section

of this chapter.

3.1 Crystal geometry and symmetry

An ideal crystal is de�ned by long-range translational periodicity of the arrangement of

atomic structure. Crystal symmetry and geometry is typically visualised using the concep-

tual framework of tessellating identical units in three-dimensions, which can be described

by a long-range lattice structure. The smallest translationally repeating unit within a

crystal lattice is known as the unit cell. This is typically de�ned by the crystallographic

axes given by vectors a, b and c and the angles subtended between them, α, β and γ.

An example of a unit cell with this conventional notation is provided in Fig. 3.1. The

concept of the unit cell is used as a framework for the description of crystal structure, yet
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is simply a convenient geometrical construction. The crystal lattice describes the period-

icity throughout the crystal, while the distribution of electron density within a unit cell

is the structure that is to be determined. Some simple metallurgical crystal structures

may exhibit atomic structure that is identical to the lattice structure. For the case of

protein crystals, however, a unit cell will typically contain several protein molecules, each

containing thousands of atoms. Closely related to the unit cell is the asymmetric unit,

which is the smallest building unit of the lattice when symmetry operations, such as that

of rotation, are also included. There are restrictions to the allowable geometries of the

unit cell and the symmetry operations of the asymmetric unit that arise from geometrical

considerations. This section brie�y summarises the geometries and symmetries that can

be used to de�ne crystals. Many texts have reviewed crystal symmetry and geometry. The

textbook of Giacovazzo et al. [225] provides an excellent treatment of this topic, which the

reader is encouraged to consult for �ner details. This section draws on the treatment of

Giacovazzo et al. [225], Cullity [226] and Rupp [227].

Figure 3.1: Conventional de�nition of a unit cell

3.1.1 Lattices and crystal systems

The vectors, a, b and c, that de�ne the unit cell can also be used to de�ne the three-

dimensional crystal lattice for an ideal crystal. In the ideal case, the space de�ned by the

addition of the vectors a, b and c will be identical to the space de�ned by

ruvw = ua+ vb+ wc (3.1)

where u, v and w are integers.

The requirement of three-dimensional periodicity places restrictions on the combina-

tions of unit cell angles and relative lengths that can be taken. The unit cell combinations

that result are conventionally grouped into seven di�erent crystal systems. These are sum-

marised in Fig. 3.2. This �gure also shows the fourteen unique di�erent Bravais lattices,



Figure 3.2: Unit cells de�nitions for the conventional crystal classes and Bravais lattices

Bravais lattice

Crystal system Primitive (P) Body-centered (I) Base-centered (B) Face-centered (F)

Cubic
a=b=c
α=β=γ=90o

Tetragonal
a=b≠c
α=β=γ=90o

Orthorhombic
a≠b≠c
α=β=γ=90o

Monoclinic
a≠b≠c
α=γ=90o≠β

Hexagonal
a=b≠c
α=β=90o , γ=120o

Trigonal
a=b=c
α=β=γ≠90o

Triclinic
a≠b≠c
α≠β≠γ≠90o

45
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so-called after Auguste Bravais' proof of the fourteen crystal lattices that obey Eq. 3.1 in

1850 (for a historical account, see [228]). Several di�erent Bravais lattices can fall within

a single crystal class, depending on the centering of the cell as shown in Fig. 3.2.

Miller indices are typically used to denote families of planes within a crystal. The

Miller indices are the reciprocal of the fractional intercepts of the crystallographic axes

and are conventionally denoted by the characters h, k, l for the intercepts through the

crystallographic axes de�ned by a, b and c , respectively. Fractional intercepts are given

by the division of the lengths of the unit cell. A set of Miller indices (hkl) can then be

interpreted as the family of equally spaced planes that cut the unit cell h times along the a

axis, k times along the b axis and l times along the c axis [225], satisfying the relationships

OP =
Ca

h
(3.2)

OQ =
Cb

k
(3.3)

OR =
Cc

l
(3.4)

C = hx+ ly + kz (3.5)

where OP , OQ and OR describe the distances from a common origin, O, of intersections

of a plane with a parallelepiped along directions de�ned by cell vectors a, b and c with

cell length magnitudes a, b, and c, respectively, and where C is a constant integer.

3.1.2 Symmetries

Ideal crystals obey perfect long-range translational periodicity of the unit cell. The unit

cell of a protein crystal will often contain sub-units that are symmetry-related copies of

a protein molecule or cluster of protein molecules. The distribution of such sub-units

of electron density within the unit cell can be described by symmetries and symmetry

operations. Symmetry operations can be de�ned as operations that bring two objects

into coincidence. The application of symmetry operations to coordinates x, y, z can be

described as 
xi

yi

zi

 = Ri


x

y

z

+ ti

ri = Rir+ ti (3.6)

where Ri is a 3×3 matrix that describes a rotation or inversion operation and ti is a 3×1
vector that describes a translation operation. This relationship maps the electron density
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ρ(r) to ρ(ri) within the unit cell. The smallest sub-unit of the unit cell that can produce

the atomic arrangement of the unit cell through the mapping of symmetry operations is

known as the asymmetric unit. Figure 3.3 provides a simple schematic of the electron

density of a protein crystal through the application of symmetry operations on a protein

molecule within a single unit cell and through the translation of unit cells.

Figure 3.3: Schematic of a two-dimensional protein crystal with two symmetry-related
molecules of the protein within the unit cell. A cartoon depiction of the protein is used.

Symmetry operations in crystal structures can be grouped into the classes of rotation,

inversion, rotoinversion, glide and screw symmetry. The rotational symmetry within a

unit cell is de�ned by the axis around which a rotation of 2π
n brings an object back into

coincidence. Such an axis is said to have n-fold symmetry. Rotational symmetry is limited

by the requirement of lattice periodicity, which can be shown to be satis�ed only for

n = 1, 2, 3, 4, 6 for a three-dimensional object. Inversion symmetry can also be held, which

obeys re�ection symmetry through a point. Rotoinversion symmetry operations can be

described as the occurrence of an n-fold rotation and an inversion through a plane normal

to the rotation axis. Similarly, glide plane symmetry operations combine translational

and inversion symmetry. It should be noted that inversion symmetry cannot occur in

protein crystals due to the chirality of protein molecules. Inversion, rotoinversion and

glide symmetry operations are mentioned here purely for completeness. Screw symmetry

properties are common in protein crystals, however, which involve the combined rotation

and translation of an object without altering atomic arrangement of the unit cell.

The set of symmetry operations held by a three-dimensional crystal structure is known

as its space group. It was shown by Fedorov and Schoen�ies in the late nineteenth century

that there is a total of 230 unique space groups. Only 65 space groups are permitted

for protein crystals, however, due to the lack of inversion symmetry. The notation used

throughout this thesis to denote space group symmetry is known as the Hermann-Mauguin

convention, which can be brie�y summarised as follows. The �rst character in Hermann-

Mauguin notation refers to the centring of the Bravais lattice � for example, �P� for prim-

itive cell � and the following characters refer to symmetry operations of the space group.

Rotational symmetry is denoted by the number corresponding to the n-fold symmetry of
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the group and rotoinversion symmetry is denoted similarly by its n-fold symmetry with the

addition of a �bar� over the numerical character. Inversion (or mirror) symmetry is denoted

by the letter �m�. Glide planes are denoted by a character corresponding to the crystal-

lographic axis along which the glide operation takes place. Screw symmetry operations

are denoted by the n-fold symmetry of the rotation with a subscript character denoting

the translational component as a fraction of the corresponding crystallographic axis. The

ordering of symmetry operations can be considered by crystal class. Hermann-Mauguin

is the standard notation adopted by the International Tables For Crystallography [229],

which can be consulted by the reader for further de�nitions of standard notation and for

the full list of space-group symmetries, their symmetry elements and other details such as

re�ection conditions.

3.1.3 The reciprocal lattice

The geometry and symmetry of crystals have been described thus far in terms of the real-

space three-dimensional cartesian coordinate system. Within this, the crystallographic

vectors a, b and c de�ne the crystal's direct lattice. Closely related to this is the reciprocal

lattice, which de�nes the crystal's reciprocal space coordinate system and is a useful tool in

the description of crystal di�raction. The application of the reciprocal lattice construction

to crystallography was �rst made by Ewald in 1913 [230, 231] after the development of

reciprocal vector analysis by Gibbs [232]. The relationships of the reciprocal lattice will be

outlined brie�y here and then used to build a picture of crystal di�raction in the following

section.

The basis vectors of reciprocal space are denoted as a∗, b∗ and c∗ and are related to

the real-space crystallographic vectors:

a∗ · a = b∗ ·b = c∗ · c = 1, (3.7)

a∗ ·b = a∗ · c = b∗ ·a = b∗ · c = c∗ ·b = c∗ ·b = 0, (3.8)

a∗ =
1

V
(b× c), b∗ =

1

V
(c× a), c∗ =

1

V
(a× b), (3.9)

where the vectors a, b and c de�ne a parallelepiped and V is the volume of the unit cell

given by

V = a ·b× c = b · c× a = c ·a× b (3.10)

and × denotes the vector cross product operation.

Similarly to the direct lattice, the vectors a∗, b∗ and c∗ de�ne the reciprocal lattice of

the crystal via translation in reciprocal space. The reciprocal lattice is related to the direct
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lattice through Fourier transform operations, as de�ned in Appendix 2.A, and is hence a

useful space for crystal di�raction given the relationship of Eq. 2.22.

3.2 Di�raction by crystals

Di�raction by crystals is characterised by both the atomic arrangement of the asymmetric

unit and by the symmetry and geometry of the crystal. In 1912, Laue suggested the use

of the periodic atomic arrangement of crystals as a lattice for di�raction. Friedrich and

Knipping [233] tested this through experiment in 1913.

Di�raction spots are observed where constructive interference has occurred between

waves scattered from the periodic electron density. A simple description of this di�raction

condition was given by W. L. Bragg in 1912, which considers the di�raction condition in

terms of re�ections from crystal lattice planes. This is known as Bragg's law and is given

by

2dhkl sin(θ) = nλ, (3.11)

where n is an integer, θ is the scattering angle, λ is the incident wavelength and dhkl is

spacing between lattice planes belonging to the family described by the Miller indices (hkl).

The interplanar spacing vector, dhkl, can be related to the direct lattice by the reciprocal

lattice vector, qhkl, which satis�es the following:

qhkl =
1

dhkl

= ha∗ + kb∗ + lc∗, (3.12)

where a∗, b∗ and c∗ are the previously de�ned reciprocal vectors. The qhkl reciprocal

lattice vector is normal to the family of real-space planes denoted by the Miller indices

(hkl, Section 3.1.1).

As a consequence of the Bragg relationship, di�racted intensity spots that satisfy the

Bragg condition are often termed `Bragg peaks' or `Bragg re�ections'. Fig. 3.4 provides a

simple schematic of the condition evident in Bragg's law that the di�erence in paths from

plane waves re�ecting from lattice planes must produce constructive interference.

The di�raction condition can be expressed in di�erent ways. Di�raction conditions

were expressed by Laue prior to Bragg's law earlier in the same year. The Laue conditions

are given by

a.q = hλ, b.q = kλ, c.q = lλ, (3.13)

where q = k − k0 and the directions of di�raction are given by the wave vector, k. The

satisfaction of all three conditions is equivalent to Bragg's law. The di�raction condition
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Figure 3.4: Schematic of Bragg's law in which radiation re�ected from lattice planes hold
path di�erences that satisfy conditions for constructive interference.

can only be satis�ed for integer values of h, k and l. Bragg peaks are conventionally

denoted by the Miller indices that correspond to the lattice planes that produced them via

satisfaction of Eqs. 3.11 and 3.13.

A geometrical construction in reciprocal space known as Ewald's sphere [230] can also

be used to represent the di�raction condition. A schematic of Ewald's sphere is provided

in Fig. 3.5. The construction is a sphere of radius 1/λ in reciprocal space, centred on

the origin of the reciprocal lattice. The di�raction condition is satis�ed for the family of

lattice planes (hkl) if the reciprocal lattice vector qhkl lies on the surface of the sphere. This

construction can be used to visualise the directions of the di�racted X-rays for particular

orientations of the crystal sample, which de�nes the orientation of the reciprocal lattice

relative to the direction of the incident radiation.

3.2.1 Peak partiality

Fig. 3.5 shows an idealised representation of the Ewald sphere with a constant, thin

surface to assess the di�raction condition. The bandwidth and divergence of the X-ray

source, however, will result in a �nite thickness to the Ewald sphere surface that increases

with respect to scattering angle. As a result, there is a range in which the di�raction

condition will be satis�ed for a given reciprocal lattice point, with dependence on its

di�ractive resolution. Moreover, reciprocal lattice points can be represented with �nite

widths due to imperfections relating to crystal disorder and crystal size [234]. The Ewald

sphere construction can be used to visualise the instances where a portion of a �nite

reciprocal lattice point may intersect a �nite region of the Ewald sphere surface. In such
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Figure 3.5: Schematic of the Ewald sphere construction. The sphere is centred on the origin
of reciprocal space with a radius of 1/λ. The di�raction condition is satis�ed for reciprocal
lattice points that lie on the sphere's surface. This is dependent on the wavelength of
incident radiation, the orientation of the crystal and, hence, the orientation of the reciprocal
lattice.

cases, di�raction occurs yet the presence of source and sample imperfections results in

Bragg peaks of lower di�ractive intensity than the ideal case. This has been termed `peak

partiality'.

As discussed later in Section 3.3, conventional crystallography data-sets are composed

of a series of di�raction images as the crystal is rotated in the X-ray beam. This circumvents

the problem of peak partiality by collecting di�raction images as reciprocal lattice points

are passed completely through the di�raction condition. Processing of the rotationally

related images [210,235] can then be implemented to produce fully integrated Bragg peaks.

Serial X-ray crystallography experiments at XFELs and synchrotron sources su�er from

sources of error introduced from peak partiality due to the snapshot nature of the di�raction

images and the continual replenishment of crystal samples. Neither experimental approach

allows for the collection of rotationally related di�raction images from a single crystal. Data

processing methods have recently been put forward to take into peak partiality into account

in the analysis of serial crystallography data [204,206,208,236]. Further development might

be expected in this area as the �eld of serial X-ray crystallography develops.

3.2.2 Indexing

The indexing of di�raction data assigns a consistent set of reciprocal lattice points and the

corresponding Miller indices to the measured Bragg peaks in a di�raction pattern. This

involves the estimation of the unit cell size and geometry and the orientation of the crystal
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from the measurement of the pattern of Bragg peak positions and experimental parameters

such as the wavelength of incident radiation, the detector distance and the centering of the

beam. Modern indexing algorithms can be applied to both individual di�raction patterns

and to full oscillation data-sets.

Indexing requires the assignment of unit cell parameters and crystal orientation for

a given di�raction pattern. These parameters are related to the measured Bragg peaks

through the operation of an orientation matrix to the reciprocal lattice vectors de�ned

by a set of unit cell parameters. The orientation matrix provides the components of the

reciprocal lattice axes in the real-space cartesian coordinate system for a rotated crystal.

This can be expressed as

q′hkl = Φqhkl, (3.14)

where Φ is the 3× 3 orientation matrix of the crystal describing the rotation of the lattice

axes in real space, and qhkl is a set of reciprocal lattice points with direct lattice axes

aligned with the chosen coordinate system and q′hkl is the set of rotated reciprocal lattice

points projected onto cartesian axes. This can be equivalently expressed as

q′hkl = ΦAh, (3.15)

where A is a 3× 3 matrix containing the projections of the reciprocal lattice in reciprocal

space and h is a vector containing the corresponding Miller indices of a Bragg peak.

Modern indexing algorithms are generally based on either Fourier methods or di�erence

vector methods. All approaches typically begin by �nding possible Bragg peak positions in

the di�raction pattern and projecting these back onto the Ewald sphere to �nd the corre-

sponding reciprocal lattice coordinates in three-dimensional reciprocal space. As described

by Leslie et al. [237,238], the transformation of a set of coordinates in a di�raction pattern

to reciprocal lattice points can be performed with the following relationship,

q =
1

λ


D
r − 1
yD
r
xD
r

 (3.16)

for

r =
√
D2 + x2

D + y2
D, (3.17)

where D is the distance from the crystal to the detector and xD and yD are the pixel

coordinates of a measured Bragg peak relative to the centre of the beam. The transformed

reciprocal lattice points correspond to the rotated reciprocal lattice points in Eq. 3.14.

The periodicity of reciprocal lattice points is de�ned by the unit cell size and geometry.

In Fourier-based indexing algorithms, Fast Fourier transforms (FFTs) of the reciprocal
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lattice points are calculated to analyse this periodicity. For example, the indexing soft-

ware MOSFLM [238�240] performs a search through possible solutions by projecting the

reciprocal lattice vectors onto a large number of separate directions. This is followed by

the calculation of one-dimensional FFTs of the projections and the analysis of the FFT

distributions. Possible solutions will exhibit periodic spacing and large local maxima along

reciprocal lattice axes with the spacing of maxima corresponding to the relevant unit cell

dimension. Indexing solutions are found after re�nement of the projections showing the

largest local maxima. Three-dimensional FFT searches can also be performed [241], yet

are more computationally intensive.

Di�erence vector-based methods are used in the indexing software XDS [242�244]. The

XDS approach calculates the three-dimensional di�erences between closely situated recip-

rocal lattice points corresponding to measured Bragg peaks. Analysis of the frequency of

these di�erence vectors can be made to �nd consistent basis vectors for the crystal lattice.

The indexing software DIRAX [245] also uses di�erence-based methods. In the DIRAX

algorithm, sets of reciprocal lattice points corresponding to measured Bragg peaks are

analysed randomly in sets of three to �nd their normal vectors. Projections of the set

of measured reciprocal lattice points onto a normal vector are made and the distribution

tested for one-dimensional periodicity for the possibility of a unit cell axis. Normal vec-

tors to triplets of reciprocal lattice points with good periodicity in their projections form

candidates for the unit cell. Sets of re�ection triplets are searched through to �nd a set of

consistent unit cell axes and magnitudes.

Some recent developments have been made in indexing algorithms that are speci�-

cally designed for serial X-ray crystallography data. This is the case as serial X-ray crys-

tallography data lacks a series of rotationally related di�raction images, which provides

three-dimensional information about the crystal lattice. Instead, such three-dimensional

information can only be obtained from a single di�raction image from the curvature of the

Ewald sphere [246]. This is particularly limited for low-resolution data so may present con-

siderable di�culties for the indexing of serial X-ray crystallography data with low di�rac-

tive resolution. The separate indexing of di�raction images can also produce errors from

indexing ambiguities that may result due to the lack of reference images if the space group

is lower in symmetry than the Bravais lattice of the crystal. Brehm and Diederichs [247]

developed an approach to circumvent this problem through the analysis of correlation coef-

�cients between the Bragg peaks in pairs of di�raction images. Other developments include

di�erence vector-based indexing methods such as nXDS [200], an algorithm built o� the

XDS indexing algorithm but with additional re�nement to take into account peak par-

tiality, and TakeTwo [246], an approach with similarities to the XDS algorithm but which

considers all di�erence vectors between reciprocal lattice points. TakeTwo is designed for
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the improved indexing of serial X-ray crystallography data when prior unit cell information

is known. Fourier-based indexing methods have also been developed such as that of Gildea

et al. [248], which is designed for the indexing of data with multiple dominant crystal lat-

tices. This approach holds similarities to MOSFLM, yet performs a two-dimensional FFT

search for lattice information and requires prior unit cell information.

3.2.3 Di�racted intensities

Di�raction from an ideal crystal can be considered in terms of a lattice array of repeating

electron density. The electron density of an in�nite, ideal crystal can be given by

ρ(r) = ρm(r) ∗ l(r), (3.18)

where ∗ denotes the convolution operation (see Section 2.A), ρm(r) is the electron density

of the unit cell and l(r) is a lattice function describing the crystal lattice,

l(r) =

∞∑
u,v,w=−∞

δ(r− ruvw), (3.19)

and ruvw is a lattice vector as de�ned in Eq. 3.1.

As introduced in Chapter 2, the X-ray scattering amplitude is proportional to the

Fourier transform of the electron density. For an ideal crystal, this can be expressed as

F (q) ∝ F{ρm(r) ∗ l(r)}

= F{ρm(r)}.F{l(r)}

= Fm(q).F{l(r)}

=
1

V
Fm(q)

∞∑
u,v,w=−∞

exp(−2πiq.ruvw), (3.20)

where the second line follows from the convolution theorem (Eq. 2.37), the third line

introduces the form of the scattering amplitude from the repeating unit (Eq. 2.28) and

the fourth line uses the relationship for the Fourier transform of a Dirac delta function

provided in Eq. 2.49. This form ignores nuclear motion.

It follows from the Laue conditions and from the summation over an e�ectively in�nite

crystal that the Fourier transform of the lattice function will only be non-zero at points

de�ned by reciprocal lattice vectors qhkl. This provides the scattering amplitude in the

following form,

F (q) ∝ 1

V

∞∑
h,k,l=−∞

F (qhkl)δ(q− qhkl). (3.21)
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The relationship between the periodicity of the unit cell in real space and the periodicity

of the di�raction spots in reciprocal space for an ideal in�nite crystal is evident in this

form.

The total scattering from the unit cell in the direction de�ned by the lattice planes

(hkl) is given by the structure factor, F (qhkl). For a family of lattice planes (hkl), the

structure factor can be given as

F (qhkl) =
N∑
i=1

fi(q) exp(2πiqhkl.ri), (3.22)

where the summation is performed over the number of atoms, N , at atomic positions, ri
in the unit cell and fi(q) is the atomic scattering factor of the ith atom. The expression

for the structure factor can be extended to incorporate the symmetry and geometry of the

unit cell and to include thermal correction factors. This provides

F (qhkl) =

M∑
S=1

N ′∑
i=1

fi(q) exp(−Bi
sin(θ)

λ
) exp(2πiqhkl.(RSri + tS)), (3.23)

where an additional summation over M symmetry operations (RS and tS) is now per-

formed, N ′ is limited to the number of atoms in the asymmetric unit. The accurate

extraction of structure factor amplitudes is a key aim of this thesis.

The term, exp(−Bi sin(θ)
λ ), in Eq. 3.23 is introduced to account for the thermal vibra-

tions of atoms. In the di�racted intensity, which depends on the squared modulus of the

structure factor, this correction factor takes on the form exp(−2Bi
sin2(θ)
λ ). This is known

as the `Debye-Waller' factor. So-called after the work of Debye, Waller [249,250] and oth-

ers, this factor assumes Gaussian and isotropic distributions of atoms from their central

positions with a mean-square displacement of 〈x2
i 〉, where Bi = 8π2〈x2

i 〉. Frauenfelder

gives an interesting personal account of the development of the use of this factor in protein

crystallography [251].

The integrated intensity of a given Bragg re�ection is directly proportional to the

squared modulus of the corresponding structure factor. This is given by

Ihkl =
e4

m2c4

λ3Ω

V 2
I0LP |F (qhkl)|2, (3.24)

where e and m are the electronic charge and mass, Ω and V are the volumes of the

crystal and unit cell, respectively, and I0 is the intensity of the incident radiation. L and

P refer to the Lorentz factor and polarisation factor, respectively. In conventional X-ray

crystallography, involving the rotation of a crystal within the X-ray beam (see Section 3.3),
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these factors are de�ned (following [252])

L =
1

(sin2(2θ)− ζ2)
1
2

(3.25)

P =
1

2

(
1 + cos2(2θ)− P cos(2α) sin2(2θ)

)
(3.26)

where ζ = cos(2θ)xdet/z, xdet is the position of a di�racted intensity on a planar detector

in a direction parallel to the crystal rotation axis, z is the distance from the crystal to the

detector, P is the degree of polarisation, θ is the Bragg angle (as de�ned in Eq. 3.11) and

α is the angle between projections of the crystal rotation axis and di�racted X-ray, normal

to the incident X-ray beam.

Crystallographic R-factors

The R-factor is a standard metric used in the assessment of crystallographic data and its

model. The conventional R-factor is given by

RC =

∑
||Fobs| − |Fcalc||∑

|Fobs|
, (3.27)

where |Fobs| and |Fcalc| are the observed and calculated structure factor amplitudes, re-

spectively, for a given crystal structure.

As a general rule-of-thumb, protein crystal structures with well-re�ned high-resolution

structural models obtained from conventional X-ray crystallography experiments provide

R-factors of ∼0.2 [253, 254]. Very good structural models may result in smaller R-factors

(approaching ∼ 0.1 for high-resolution data), while structures with R-factors ∼ 0.3 or

greater may characterise poorer structural models. Simulated protein crystallography data

can produce signi�cantly lower R-factors � for example, in the range of 0.03− 0.06 [255].

Similar values of R-factors are also typically found in X-ray crystallography of small

molecules [254]. Experimental R-factors have also been noted to be dependent on the

resolution of the di�raction data-set [254, 256], with poorer R-factors to be expected at

lower resolution due to less structural information contained in the model.

The Rfree factor [257] is another metric introduced to assess the quality of protein

structural models with di�raction data. The Rfree factor is assessed in a similar manner

to the conventional R-factor, except that the calculation is performed for a subset of ob-

served structure factor amplitudes that are excluded from the structure re�nement process.

Unaccountably low conventional R factors can result from the over�tting of a structural

model [254, 257]. In contrast, the Rfree factor is not expected to improve from the over-

�tting of a structural model given the exclusion of structure factor amplitudes from the
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re�nement process. Re�nement of a structural model with good agreement with the exper-

imental di�raction data will exhibit a decrease in both the conventional R factor and the

Rfree factor during re�nement. Rfree factors are expected to be higher than conventional

R factors. Wlodawer et al. [254] note that the di�erence between the numerical percentage

values of the Rfree and conventional conventional R-factors falls optimally in the range

∼ 3-7. Higher di�erences may indicate over�tting of the structural model, while smaller

di�erences may indicate errors with the subset of structure factor amplitudes or pseu-

dosymmetry of the crystal structure [254]. It is now required that both the conventional R

factor (Eq. 3.27) and the Rfree factor are provided for re�ned protein structures deposited

in the Protein Data Bank for the improved assessment of models. In most chapters of

this thesis, the conventional R-factor will be assessed as most work compares the obtained

structure factors from whole-pattern �tting analysis with a �xed structural model. This

is not sensitive to the over�tting of the structural model given that no re�nement of the

model is performed. However, in the Chapter 7, protein crystal structures are re�ned from

experimental data. The resultant Rfree factors are provided in this case for structure val-

idation purposes. A variety of R-factors and other assessment metrics have been de�ned

and used in crystallography. A recent introduction to other signi�cant assessment factors

in conventional crystallography is given by Karplus and Diederichs et al. [258].

Di�raction from a �nite crystal

Di�raction from �nite protein crystals is of particular relevance to this thesis. The form of

the scattering amplitude from a �nite crystal will be presented here and discussed further

throughout Chapters 4 and 5.

The electron density of a �nite crystal can be expressed as the product of the electron

density of an in�nite crystal (Eq. 3.18) and a shape function [259,260]:

ρC(r) = ρ∞(r)sC(r), (3.28)

where ρ∞(r) is the ideal electron density of an in�nite crystal as de�ned in Eq. 3.18 and

sC(r) is the shape function, de�ned as

sC(r) =

1 r ∈ VC ,

0 r /∈ VC .
(3.29)

VC de�nes a �nite space such that whole unit cells are contained within the crystal volume

[261]. Instances in which the crystal boundary is de�ned by sub-units of the unit cell are

discussed in Chapter 5.
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Figure 3.6: Example of a shape transform for a two-dimensional crystal (a); example of a
lattice transform for a �nite crystal (b)

As a consequence of the convolution theorem (Eq.2.37) and the sifting property of

the Dirac delta function (Eq. 2.47), the scattering amplitude of the �nite crystal can be

represented as

FC(q) = F∞(q) ∗ SC(q)

∝
( ∞∑
h,k,l=−∞

F (qhkl)δ(q− qhkl)
)
∗ SC(q)

=
∞∑

h,k,l=−∞
F (qhkl)SC(q− qhkl), (3.30)

where the form of the scattering amplitude from an in�nite ideal crystal (Eq. 3.21) has

been assumed and the property of the Dirac delta function expressed in Eq. 2.48 has been

applied. SC(q − qhkl) is the Fourier transform of the crystal shape laid out at Bragg

positions. This will be referred to here as the `shape transform'. An example of the

shape transform from a two-dimensional crystal is shown in Fig. 3.6; this is followed by

an example of the shape transform at Bragg positions evident in Eq. 3.30, or the `lattice

transform', in Fig. 3.6. From the form of Eq. 3.30, it is apparent that the shape and size

of �nite crystals a�ects the distribution of di�racted intensities. The signi�cance of this

distribution in the accuracy of extracted structure factor amplitudes will be considered

closely in this thesis. Further discussion of the form of Eq. 3.30 can be found in Chapters

4 and 5.



3.2. DIFFRACTION BY CRYSTALS 59

3.2.4 Calculation of the electron density

The determination of the arrangement of the electron density within the unit cell is the goal

in crystallographic structural determination studies. It has been shown that the di�racted

intensities can be expressed as proportional to the squared modulus of the scattering from

unit cell and that this scattering is related to the Fourier transform of the electron density

of the unit cell. The squared modulus of the scattering amplitude is the auto-correlation

of the scattering amplitude, as per the Wiener-Khinchin theorem expressed in Appendix

2.A. As indicated in Appendix 2.A, a function that has been Fourier transformed can be

recovered with the inverse operation (Eq. 2.30). It follows that the electron density of the

unit cell can be determined if the structure factors are accurately known.

The structure factors are complex functions, requiring both the amplitudes and phases

to be input into the inverse Fourier transform relationship for the determination of electron

density. While the accurate extraction of structure factor amplitudes is a focus of this

thesis, the accurate estimation of structure factor phases is a critical task in the accurate

solution of protein crystal structure.

Crystallographic phasing

As introduced in Chapter 2, structural information is lost during the collection of di�raction

information. This loss occurs due to the inability to measure the complex phase information

of the structure factors. This `phase problem' is approached in several ways.

The most common method of crystallographic phasing for protein structures is molec-

ular replacement. Molecular replacement [62] involves the use of a previously determined

protein structure as a structural model, which is manipulated to agree with a low-resolution

structural envelope determined from experimental data. This is followed by the re�nement

of structural parameters to improve the agreement with experimental data and the sub-

sequent estimation of phase information. The use of this approach is increasing and the

majority of protein structures to date have been solved by this approach [262]. This re-

quires appropriate structural models, however, and may introduce some bias towards the

initial structural model in the reconstructed protein structure.

Techniques involving experimental modi�cations are also used. These include isomor-

phous replacement methods, in which protein crystals are soaked in solutions containing

heavy atoms. The resultant variations in the di�raction patterns are used to infer the

presence and locations of heavy atoms in the protein crystals. Such information is com-

pared to di�raction data from untreated crystals and used in the calculation of structure

factors and the estimation of phases [263]. Single isomorphic replacement and multiple
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isomorphic replacement methods can be used for the solution of protein structures; each

approach with its own advantages involving the uniqueness of phase estimation and the

ease of experimental implementation. Anomalous di�raction methods are also used for

phase estimation [264, 265]. These approaches involve the collection of di�raction data

near the absorption edges of heavy atoms. Changes in the di�raction patterns due to

X-ray absorption can then be exploited for the estimation of phase contributions. Both

multi-wavelength anomalous di�raction and single wavelength anomalous di�raction ap-

proaches are taken. The reliance of experimental phasing methods on the measurement

of changes in di�racted intensities to estimate phase contributions make these methods

more sensitive to the accuracy of extracted di�racted intensity information than alternate

methods, such as molecular replacement.

A variety of less standard approaches for the crystallographic phasing of protein crystal

di�raction data exist. These include density modi�cation techniques � such as histogram

matching [266] and solvent �attening [265]. Iterative methods between real and reciprocal

space, such as charge-�ipping [267], are also employed. The shape analysis of low-resolution

structural envelopes has also been suggested for the ab initio calculation of low resolution

phases [268, 269]. A recent approach involving the exploitation of modi�cations to the

di�raction distributions resulting from high intensity radiation damage at XFEL sources

has also been put forward [270].

3.3 Crystallography experiments

Conventional experimental approaches to X-ray protein crystallography and powder di�rac-

tion experiments are brie�y outlined in this section. This is followed by a brief discussion

of serial protein X-ray crystallography experiments conducted at both X-ray free-electron

laser and third generation synchrotron sources. Extended descriptions of these experiments

are provided in Chapters 4, 6 and 7.

3.3.1 Conventional X-ray protein crystallography

Conventional X-ray protein crystallography experiments typically involve the collection of

an oscillation data-set [271]. The oscillation method typically involves the rotation of the

protein crystal around an axis perpendicular to the incident radiation and the collection of

a series of di�raction images. In some instances both translation and rotation of the crystal

can be performed during data collection, although this is less common due to mechanical

instabilities [272]. The rotation of the crystal can be understood as bringing di�erent

reciprocal lattice points in and out of the di�raction condition. A reciprocal lattice point
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has a �nite size and must be fully passed through the di�raction condition to provide a

fully integrated Bragg re�ection from which accurate structure factor information can be

extracted. The data-set is composed of a series of patterns in which the di�raction images

are related by a �xed incremental rotation. Knowledge of the rotational relationship of

the images and the symmetry and geometry of the unit cell is used to assemble the fully

integrated re�ections.

Advances in detector technology, sample stages and goniometers have signi�cantly im-

proved the quality of the collection of oscillation data-sets from protein crystals. With

current technology, the crystal is typically rotated continuously in the beam while di�rac-

tion images are collected either over a chosen small interval or limited by the detector

readout.

Protein crystal samples are typically either cryocooled or capillary mounted during

experimental data collection to retain them in their growth solvent. Cryocooling is the

most common approach, involving the treatment of the crystal with a cryoprotectant and

the �ash-cooling of the crystal in liquid nitrogen. The crystal then sits in a cryogenic gas

stream during the collection of di�raction images. The cooling of the crystal is performed

with the aim of reducing the extent of radiation damage during data collection and thereby

improving the di�ractive resolution of the crystal [273].

The measurement of fully integrated Bragg re�ections from all relevant (hkl) planes

is required for the determination of the unit cell structure up to a given resolution. It is

the unit cell of the crystal that is reconstructed during crystallography experiments. It

should be recalled that this is a convenient geometrical construction that implies perfect

translational periodicity of electron density throughout the macroscopic crystal structure.

The structure that is determined for the unit cell is then a�ected by the averaging over

unit cell regions throughout the macroscopic crystal; the resolution of the X-ray di�raction,

and hence of the solved unit cell, is partially dependent on the quality of this translational

periodicity along with experimental factors such as the detector resolution, incident beam

size and beam alignment.

3.3.2 Powder di�raction

Powder di�raction experiments are closely related to conventional X-ray crystallography

experiments. The key di�erence lies in the use of a sample of a large number of small,

randomly-orientated crystals in powder di�raction studies. In this case, di�raction data are

collected from all crystals simultaneously. The resultant orientational averaging of crystals

produces di�raction patterns that are e�ectively one-dimensional as the contributions of

individual Bragg re�ections become superimposed. Di�raction data are obtained with the
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same experimental approach as in conventional crystallography, yet the di�racted X-rays

can be visualised with cone-like distributions originating from the powder sample, that are

recorded as rings of di�racted intensities on the detector, due to the orientational averaging

of the collection of crystallites.

The extraction of intensity information becomes more involved due to the required un-

tangling of overlapping re�ections. The treatment of the overlapping di�racted intensities

with an intensity pro�le function, that is modelled and �tted to the experimental data,

brought on the wider use of powder di�raction methods. This analysis method, known as

Rietveld re�nement [274, 275], approaches the problem of overlapping re�ections by con-

sidering the shape of the superimposed intensity pro�le and modelling peak contributions

with re�nable analytic functions. Le Bail analysis [276] is a closely related method that

does not include structural parameters in the intensity pro�le function. The use of such

data analysis approaches, and their variations, has allowed the determination of many

crystal structures from powder di�raction data.

While the determination of small structures can be readily achieved with powder di�rac-

tion methods, the problem of overlapping re�ections is particularly pronounced in the case

of protein powder samples. The size of a protein crystal unit cell can be orders of magni-

tude larger than that of crystals typically studied with powder di�raction. This increases

the superposition of re�ections substantially, with the degree of overlapping re�ections

a�ected by unit cell size and symmetry and other factors, such as detector resolution.

Despite this, several protein crystal structures have been studied with powder di�rac-

tion experiments. These include a new variant of the T3R3 insulin-zinc complex [277], the

second SH3 domain of ponsin [278] and a protein domain of the Mayaro virus [279]. The

resolution of protein structures from powder di�raction data appears limited, however,

to those characteristic of molecular envelopes of proteins with a lack of high resolution

structures to date.

3.3.3 Serial X-ray crystallography

Serial protein crystallography experiments di�er from both conventional and powder pro-

tein crystallography in several signi�cant ways. The aim of these experiments remains the

same, however � the solution of the high resolution structure of the unit cell of a pro-

tein crystal. As outlined in Chapter 1, the development of the approach of serial protein

crystallography experiments is motivated by limitations in the conventional protein crys-

tallography methods upon the crystal samples that can be used. Crystal size and crystal

quality limitations arise in conventional protein crystallography to withstand the radia-

tion dose imparted during the collection of an oscillation data-set at a synchrotron source.
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Restrictions related to the protein molecule size and crystal symmetry arise in powder

protein di�raction due to the presence of overlapping Bragg re�ections. The development

of new structural determination methods, such as serial protein crystallography, have been

motivated by these.

Serial protein crystallography experiments can be performed at both XFELs and at

third generation synchrotron sources with microfocused beamsizes. As discussed in Chap-

ter 1, XFEL sources have the advantage of very high beam intensities and femtosecond

timescale beam pulses. It is worth quickly revisiting the technical characteristics of XFELs

and the nature of serial crystallography experiments at these sources. A visual example of

this experimental paradigm is shown in Fig. 3.7. A typical serial protein X-ray crystallog-

raphy experiment at an X-ray free-electron laser will involve a stream of nano- or micro-

crystals passing in hydrated stream composed of the mother crystallisation liquor across

the front of the X-ray free-electron laser source whilst images are collected by the detector.

X-ray pulses of time durations of tens of femtoseconds reach the sample stream. Each

pulse contains ∼ 1012 photons, making the intensity exposure ∼ 9 orders of magnitude

greater than that at third generation synchrotron sources. The relative peak brightness of

current X-ray sources was shown in Fig. 1.1, where the comparative brightness of X-ray

free-electron laser sources is evident. Alternative experimental approaches can also be used

� including LCP sample delivery [185] and goniometer-based sample mounting [191], as

discussed in Chapter 1.

Serial crystallography experiments conducted at X-ray free-electron laser sources prompted

the development of new experimental and analytical techniques for the determination of

nano- and micro- protein crystal structures. Some of these developments were immedi-

ately transferable to experiments at third-generation synchrotron sources. As discussed

in Section 1.2.3, synchrotron-based serial crystallography experiments are an expanding

area within this �eld. Technical advances with the readout time of detectors allow serial

crystallography experiments to be conducted with millisecond timescale illumination of

crystals. While the beam intensity does not approach that of XFEL sources, the reso-

lution of di�raction images can be improved with microfocused beam sizes and shorter

illumination times over that of conventional protein crystallography. The merging of large

numbers of di�raction images can also improve the e�ective di�ractive resolution. Se-

rial protein X-ray crystallography experiments at synchrotrons have been conducted in a

variety of ways including the hydrated �owing delivery of crystal samples through a capil-

lary [83], LCP-based sample delivery [86], goniometer-based mounting [82] and mounting

between silicon-nitride windows [87]. The experimental approaches and requirements of

serial crystallography using synchrotron radiation are discussed further in Section 1.2.3

and Chapters 6 and 7. Chapters 6 and 7 present the design and results of two serial
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Figure 3.7: Example of the experimental approach used in serial femtosecond X-ray protein
crystallography experiments. Protein crystals �ow in a hydrated stream perpendicular
to the direction of X-ray free-electron pulses. Crystals are continuously replenished and
their orientations are unconstrained. Di�raction data can be collected with detectors
positioned for low and high resolution di�raction. Reprinted by permission from Macmillan
Publishers Ltd: Nature, Chapman et al. [5], copyright (2011). Nature Publishing Group:
http://www.nature.com/nature/index.html

crystallography experiments performed at synchrotron sources.

With both XFEL and synchrotron sources of X-rays, the serial nature of these ex-

periments is necessitated from the destruction or damage of �nite crystal samples from

interaction with high intensity X-rays. Di�culties involved with the partiality of measured

Bragg peaks and the indexing of large numbers of di�raction images with no crystal ori-

entational relationships arises. The �nite size of crystals also changes the distribution of

di�racted intensities from that of conventional protein crystallography. These issues have

been discussed in sections 3.2.1, 3.2.2 and 3.2.3, respectively. With data collected from

large numbers of separate crystals, the size distribution of crystal samples also plays a factor

in the di�raction distribution for the analysis of a single unit cell structure. Accurate struc-

ture determination requires the appropriate merging of di�raction data from large numbers

of individual crystals with varying crystal size and order qualities. The three-dimensional

merging of two-dimensional serial crystallography di�raction images was demonstrated by

Yefanov et al. [203]. The mapping of whole di�raction images to a three-dimensional data

volume via the orientation of individual crystals retains the di�raction distribution be-

tween Bragg positions. This whole image merging approach is used in the analysis of serial

crystallography di�raction data throughout this thesis and is discussed in greater depth in

http://www.nature.com/nature/index.html
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Chapter 6.

3.4 Protein crystals

Crystal periodicity provides an ampli�cation e�ect of the scattering signal from the smallest

repeating unit of the crystal structure � making the use of crystals as di�racting objects

very advantageous. This relies upon begin able to produce good quality crystals of the

target structure, however, a task that is often di�cult for the study of protein structures.

The formation of protein crystals is the focus of this section.

The crystallisation of proteins involves several stages in the laboratory. These include

the selection of an appropriate expression system to yield su�cient quantities of the folded

protein of interest, puri�cation to improve homogeneity and the application of crystallisa-

tion techniques. Standard laboratory techniques for protein crystallisation include batch

crystallisation, vapour di�usion, dialysis and free interface di�usion. These are outlined

in several reviews, such as that by Russo Krauss et al. [280]. The focus of this section is

limited to protein crystallisation processes, rather than protein crystallisation practices.

3.4.1 Protein crystal growth

The formation of protein molecules into crystals is not well understood. As a consequence

the production of protein crystals relies heavily on approaches of trial-and-error, in which

the parameters that are known to encourage protein crystal formation are varied [281].

These include the pH, temperature, salt concentration and concentration of other precip-

itating agents in the bu�er solution. The idea is to create a state of supersaturation of

the solution, which may progress toward a thermodynamically favoured state of saturation

through the formation of crystals. The protein solution is altered such that the e�ective

solubility of the protein is reduced and so that a supersaturated solution is created. How-

ever, supersaturation levels can increase without crystal formation occurring if a crystal

nucleus is absent. Understanding of the processes behind the formation of crystal nuclei

is not well established and there is a variety of literature of this subject [227, 282�284]. It

su�ces to say here that once a crystal nucleus is formed, or if a crystal is added as a seed,

crystal growth might occur in the supersaturated solution until equilibrium is reached or

until crystal growth ceases perhaps due to impurities on the crystal surface.

Protein crystals di�er signi�cantly from other crystals in several ways. Protein molecules

are both large and �exible, which limits the number of crystal contact points that can be

formed. Interactions between protein molecules to form crystal contacts are given by salt

bridges, hydrogen bonds, hydrophobic interactions and dipole-dipole interactions [285].
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The strength of these interactions is low and the scarcity of crystal contacts relative to the

molecular volume mean that protein crystals are particularly fragile. The three-dimensional

folded shape of a protein molecule a�ects the likelihood of crystal formation [286, 287].

This is the case due to the combination of the large size of protein molecules and the

localised nature of the intermolecular interactions at play in crystal formation. The three-

dimensional folded structure may happen to be incompatible with crystal formation due

to the di�erences in these relevant length scales. Moreover, some proteins are classed as

intrinsically disordered without consistent folded three-dimensional structures [288] and

are less compatible with crystallisation processes.

Another key distinguishing feature of protein crystals is the high solvent content within

the crystals. This is often as high as ∼50% of the crystal composition. During protein

crystal growth, solvent is incorporated into voids between protein molecules. The presence

of water and ingredients in the solvent within the protein crystal can assist the formation

of crystal contacts and crystal growth. The high solvent content and �exibility of the

protein molecules is thought to a�ect the quality of the periodicity of the protein's electron

density throughout the crystal, typically reducing the di�raction quality of protein crystals

in comparison to crystals composed of smaller repeating units [225].

Protein crystal growth can be seen as caused by a di�erence in the chemical potential

of the protein crystal and of the protein in solution [289]. Crystal growth is a dynamic

process in which the addition and removal of components to the crystal bulk simultaneously

take place [290]. A decrease in the Gibbs free energy is required for protein crystallisation

to be thermodynamically favoured; changes in the total enthalpy and entropy must be

balanced for to achieve this [291]. The Gibbs free energy during crystallisation can be

described in terms of the entropic contributions of both the protein and solvent [292]. The

incorporation or release of solvent in a protein crystal can then a�ect the thermodynamics

of the crystallisation process [292,293]. Kinetic factors, such as mixing, can also a�ect the

progression of the crystallisation process. It has also been suggested that the entropy of a

protein molecule's surface characteristics can a�ect its propensity for crystallisation [294].

The dominant protein crystal growth mechanisms can be grouped into categories of

two-dimensional nucleation processes and screw dislocation growth. The former involves

the attachment of protein molecules on crystal surfaces in two-dimensional planar clusters.

It has been suggested that this growth mechanism is favoured at high supersaturation

levels [295]. Screw dislocation growth processes involve the incorporation of a protein

molecule at a binding site produced by an exposed region or defect. This can produce

spiral growth features on crystal surfaces. Such mechanisms can be observed on protein

crystal surfaces using techniques such as atomic force microscopy (e.g. [296, 297]) and

Michelson interferometry (e.g. [295,298,299]).
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3.5 Concluding remarks

A summary was provided in this chapter of background material to the �eld of protein

crystallography. This included an introduction to crystal geometries and symmetries and

di�raction from crystals. These de�nitions are used throughout this thesis. Distinctions be-

tween conventional X-ray crystallography and serial X-ray crystallography were discussed

with the form of di�racted intensities from ideal and �nite crystals outlined. The following

chapters consider di�raction from distributions of �nite protein crystals, building upon the

background material presented here.
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4 | Whole-pattern �tting analysis

of serial X-ray protein

crystallography data

In this chapter, the average di�racted intensity distribution formed from an ensemble of

individually illuminated and �nite protein crystals is considered. This follows the frame-

work developed in Chapter 2 and Chapter 3 for the di�racted intensity distribution of a

�nite protein crystal. The form of the continuous di�racted intensity distribution is used

in a new approach for the improved extraction of structure factor amplitudes from serial

X-ray crystallography data. This can be described as a whole-pattern �tting method,

which exhibits similarities with whole-pattern �tting methods used in the analysis of pow-

der di�raction data yet with higher dimensional dependence. This approach has been

recently reported by Dilanian, Williams et al. [1] through the work of the thesis author

and colleagues. This was the �rst demonstration of whole-pattern �tting for the analysis

of serial X-ray crystallography di�raction data performed via simulation. In this chapter,

the whole-pattern �tting technique is further outlined and the results of several simulation

studies are presented.

This chapter begins by examining a model for the merged di�racted intensity distribu-

tion for �nite protein crystals developed from a model for the scattering factor of a single

�nite crystal with ideal crystalline order. The form of this distribution is used to motivate

a whole-pattern �tting approach for the analysis of serial X-ray crystallography data col-

lected from �nite protein crystals. This is followed by a discussion of the e�ects of crystal

shape and size in the distribution of di�racted intensities. The results of a simulation

study on crystal lattice size and shape are shown, together with a discussion of the choice

of analytical peak-shape functions incorporated within the whole-pattern �tting method.

A simulation study of a test protein structure is presented with the di�racted intensity dis-

tribution merged across the contributions from individual �nite crystals of varying shape

and size. The outcomes of the analysis of the simulated di�raction data with the con-

69
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tinuous whole-pattern �tting method and from the separate, discrete treatment of Bragg

re�ections are evaluated. The �rst demonstration considers the ideal case of perfectly or-

dered, �nite crystals composed solely of whole unit cells. The chapter concludes with the

introduction of a simple model for crystalline disorder through simulation and its analysis

with the whole-pattern �tting method. Crystal disorder is considered further in Chapter 5

for the absence of molecular units on crystal surfaces, which is relevant in the �nite crystal

size regime.

4.1 Introduction

Macromolecular structural information is encoded in the complex structure factors from

protein crystal di�raction. The accurate extraction of the structure factor amplitudes is a

crucial step in the determination of a protein crystal structure. As discussed in Chapter 1

and Chapter 3, this task is made more di�cult for the analysis of serial X-ray crystallogra-

phy experiments and, as a consequence, new techniques have been developed in the wake of

the serial X-ray crystallography experimental methods and X-ray sources becoming avail-

able. The most common approach to the extraction of structure factor amplitudes is the

`Monte Carlo' integration of crystallography data. This technique was developed by Kirian

et al. [201, 202] prior to the operation of hard XFEL sources and has since become estab-

lished as the standard approach for this task. As introduced in Chapter 1, this technique

involves the integration of measured intensities in restricted regions around Bragg re�ec-

tions, the subtraction of estimated background contributions, the merging of integrated

Bragg intensities from large numbers of di�raction images, followed by the correction and

scaling of the average Bragg intensities to yield a set of structure factor amplitudes. The

implementation of this approach follows the hit-�nding and classi�cation stages of the data

analysis and requires the indexing of individual di�raction patterns to assign Miller indices

to the integrated intensities before merging. Alternatively, as demonstrated by Yefanov et

al. [203], the mapping of whole di�raction patterns to three-dimensional reciprocal space

can be performed on the basis of the estimated crystal orientations found during indexing,

subsequently followed by the integration of the intensities of three-dimensional Bragg peak

distributions as a modi�cation to the Monte Carlo integration method.

A key idea with this integration method is that the in�uence of variations in crystal

size, shape and quality and variations in experimental parameters, such as the incident

X-ray intensity, may be averaged together to produce Bragg peak intensities that are

representative of the correct intensities, or `fully integrated' intensities. The conventional

crystallographic analysis of a single serial crystallography di�raction image should not be

expected to provide the correct Bragg peak intensities due to issues related to the partiality
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of measured Bragg peaks (see Section 3.2.1) and crystal size e�ects (see Section 3.2.3).

Instead, the Monte Carlo integration method serves to pass the �nite reciprocal lattice

points through the di�raction condition, and thus resolve the problem of peak partiality,

by averaging over di�raction images collected from crystals from di�ering orientations

and peak partialities. Due to the reliance of this approach on averaging over crystal and

experimental parameters, large numbers of di�raction images (∼ 103 − 104) are required

to solve a single average unit cell structure of the target protein crystal. The Monte Carlo

integration method has been used successfully in the analysis of the majority of serial X-ray

femtosecond experiments for both the demonstration of this experimental method and in

the determination of new protein crystal structures.

There is still some room for the development of alternative approaches, however, as

improvements could be made with the number of images required to solve a protein crystal

structure and for the accuracy of the analysis of di�raction data from nano- and micro-

crystals. It is also worth noting that the majority of structures determined from serial

X-ray crystallography experiments have been found with the combined use of the Monte-

Carlo integration method for the estimation of structure factor amplitudes and the use of

molecular replacement methods [62] for the estimation of structure factor phases. The use

of other phase estimation methods, which may decrease the possibility of model bias, may

be more dependent on the accuracy of the structure factor amplitudes. In this chapter,

it is shown that the accuracy of Monte-Carlo integration methods is diminished when the

number of unit cells composing the crystal is small. The problem of �nite crystal size

e�ects and size distributions is new for serial X-ray crystallography. On the other hand,

these factors have been present in powder di�raction analysis for decades. In this chapter,

a framework for the analysis of serial X-ray crystallography data is established that brings

together powder di�raction analysis techniques for the accurate estimation of structure

factor amplitudes.

As mentioned in Section 1.4.3, some recently developed analysis techniques [204�

209] can be described as post-re�nement methods, prompted from development of post-

re�nement for the analysis of oscillation data-sets in conventional protein crystallography

by Rossmann et al. [210]. These typically involve the modelling and iterative re�nement

of crystal and experimental parameters such as the crystal orientation and X-ray beam

characteristics to inform the estimation of the peak partiality in individual di�raction im-

ages. Such re�nement can be implemented with the iterative implementation of the Monte

Carlo integration of Bragg intensities on the basis of the presently re�ned crystal or ex-

perimental parameters. This can improve di�raction data quality. The implementation of

post-re�nement methods in the analysis of serial crystallography data can reduce the total

number of di�raction images required for the determination of a protein structure [197]
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as these methods do not rely as heavily on the statistical averaging of di�raction data to

provide accurate structure factor amplitudes. It has been suggested [38] that di�raction

data from early serial femtosecond X-ray crystallography experiments may bene�t from

renewed analysis with newly developed analytical methods.

The focus of this chapter is a new analytical method for the extraction of structure

factor amplitudes. This can be described as whole-pattern analysis of merged serial crystal-

lography di�raction data through the �tting of the intensity distribution to a theoretically

motivated model function. In contrast, the Monte Carlo integration method and its vari-

ants discretise the di�racted intensities contributions of di�erent Bragg peak contributions

during the integration of Bragg intensities. It is shown here via simulation that the discrete

integration approach may introduce some inaccuracies from the analysis of di�raction data

as crystal sizes diminish as the extended Bragg peak distributions of �nite crystals are not

incorporated. In this chapter, the whole-pattern �tting approach is summarised and the

results from several simulation studies of �nite protein crystals are presented. Comparisons

are made to the accuracy of structure factor amplitudes obtained from the Monte-Carlo

integration method following the merging of di�raction data.

4.2 Model for the average di�racted intensity distribution

In this work, it is assumed that the scattering factor for a �nite crystal can be expressed

as

FC(q) =
∞∑
k=0

F (qk)Sk(q− qk), (4.1)

where F (qk) is the scattering factor of the kth Bragg re�ection and qk is the position

in reciprocal space of the kth Bragg re�ection. The summation is performed over the

contributions of all Bragg re�ections and includes the Fourier transform of the crystal

shape function centred at each Bragg re�ection with Sk(q − qk). These shape transform
contributions arise from the �nite nature of the crystals considered.

Equation 4.1 can be motivated by the form of the electron density from a �nite crys-

tal introduced in the Chapter 3 in Eqs. 3.28-3.30. For simplicity in this chapter, the full

Miller index notation present in Eqs. 3.28-3.30 will be dropped and a Bragg re�ection will

be denoted by k or similar. The assumed form in Eq. 4.1 of the scattering factor for a

�nite crystal is suitable for a crystal composed entirely of whole unit cells [300]. Under the

assumptions of whole unit cells and ideal crystalline periodicity, this form is equivalent to

other forms of the scattering factor for a �nite crystal present in the literature [7,201,211];

this is discussed and demonstrated in the appendix of this chapter, Section 4.A. These

simple assumptions are used here to derive a mathematical model for the di�racted inten-
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sity distribution, which will later be generalised to incorporate forms of crystal disorder in

Section 4.6 and Chapter 5.

Beginning with assumptions of whole unit cells and the validity of Eq. 4.1, the di�racted

intensity distribution from a �nite protein crystal can be expressed as,

IC(q) ∝ |FC(q)|2 (4.2)

= |
∞∑
k=0

F (qk)Sk(q− qk)|2 (4.3)

=

∞∑
k=0

|F (qk)Sk(q− qk)|2

+

∞∑
k=0

∑
j 6=k

F ∗(qk)F (qj)S
∗
k(q− qk)Sj(q− qj). (4.4)

It is assumed here that the second term in Eq. 4.4 can be neglected, a simpli�cation

that is frequently made [261,300�302]. This approximation is appropriate for large crystals

[261,301] and has also been shown to hold for small crystals with boundaries modelled by

random shifts of the crystal lattice from the crystal centre [300]. As noted by Dilanian,

Williams et al. [1], the latter is incompatible with the assumption of crystals composed

solely of whole unit cells present in the form of the scattering factor for a �nite crystal

in Eq. 4.1. Furthermore, the �nal term in Eq. 4.4 may contain useful information for the

phasing of �nite crystals. Recent work on the phasing of �nite crystals in the �eld of serial

crystallography is discussed in more detail in Chapter 5. At this point, however, it asserted

that the objective of the presented whole-pattern �tting approach is the improvement of

the accuracy of extracted structure factor amplitudes and not the ab-initio phasing of serial

crystallography di�raction data. The validity of neglecting the �nal term in Eq. 4.4 will

be tested in this chapter with this in mind.

Neglecting the second term of Eq. 4.4, the di�racted intensity from a �nite crystal can

be represented,

IC(q) ≈
∑
k

|F (qk)|2|Sk(q− qk)|2. (4.5)

The merging of di�raction images from a collection of �nite protein crystals in a serial

crystallography experiment results in a di�racted intensity distribution that is averaged

over the size, shape and order characteristics of the set of crystals. Within Eq. 4.5, crystal

size and shape contributions reside within the shape transform function Sk(q−qk). Crystal
size and shape variation can be included into the form of the di�racted intensity distribution

as an ensemble average over the shape transform function corresponding to individual
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crystals. This provides the merged di�racted intensity distribution as follows,

〈IC(q)〉N ∝
∑
k

|F (qk)|2〈|Sk(q− qk)|2〉N , (4.6)

where 〈...〉N denotes the ensemble average from N �nite protein crystals.

The structure factors, F (qk), in Eq. 4.6 are taken to be identical for all �nite crystals

forming the merged di�racted intensity distribution. This is a necessary assumption in the

analysis of serial crystallography experiments in that data is collected from a large number

of individual crystals to ultimately solve the three-dimensional structure of a single unit

cell representative of the collection of crystals. Due to di�erences in crystalline order and

quality, the solved unit cell is an average structure from the crystal set. This is also the

case with the analysis of an oscillation data-set collected in a conventional crystallography

experiment for which some variation in structure of unit cells within the single protein

crystal should be expected. The solved unit cell structure may be interpreted as the

average structure in both experimental approaches, while the structure factors denoted by

F (qk) in Eq. 4.6 may be interpreted as average contributions from unit cells across the

crystal set.

The shape transform of a single �nite crystal can be expected to show periodic sub-

sidiary maxima between Bragg positions of total y−2, where y is the number of unit cells in

the crystal in the corresponding direction in direct space. This has been observed in serial

crystallography experiments, including the �rst reported hard X-ray serial crystallography

experiment by Chapman et al. in 2011 [5]. Fringes between Bragg positions are dependent

on crystal size. It follows that the Bragg peak distributions produced from the merging of

serial X-ray crystallography data will depend on both the average size of crystals and the

statistical distribution of crystal sizes. In this work, broad Bragg peak-shape distributions

are modelled with analytical functions de�ned by re�nable peak-shape parameters. These

peak-shape functions will be denoted here by Pk(q − qk), providing the model intensity

distribution as,

〈IC(q)〉N ∝
∑
k

|F (qk)|2Pk(q− qk). (4.7)

This is not limited to a particular choice of peak-shape function, but is presented here as

a general approach for the analysis of serial crystallography di�raction data. The peak-

shape function selected for the simulation studies presented in this chapter is discussed in

Section 4.3.1.

It should be noted that the model function in Eq. 4.7 holds similarities to whole-

pattern �tting approaches used in the analysis of powder di�raction data, particularly

that of Le Bail analysis [276]. This is not a coincidence. Indeed, the similarities of serial
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X-ray crystallography and powder di�raction are motivations for this approach. It has been

observed in the literature (for example, by Chapman [303], Stellato et al. [83], Hao [304] and

Dilanian, Williams et al. [1] ) that the merged di�raction data from serial crystallography

experiments might be viewed as powder di�raction data with higher dimensionality. The

capability provided in the experimental approaches of serial crystallography experiments

to collect di�raction data from individual, �nite crystals provides the opportunity to retain

the dimensionality of the crystal lattice, while also necessitating the merging of data from

large numbers of crystals. Within powder di�raction, the three-dimensional nature of

the di�raction data is lost due the simultaneous collection of di�raction from all crystals.

As introduced in Section 3.3.2, the measured powder di�raction data is e�ectively one-

dimensional as a result of the orientational averaging of crystals. In this case, the model

di�racted intensity equation could be expressed as,

〈IC(|q|)〉N ∝
∑
k

|F (|qk|)|2Pk(|q− qk|), (4.8)

which is similar to the form of Le Bail, Duroy and Fourquet [276], while di�ering in notation

and without explicit choice of peak-shape function. The analysis approach presented here

may then be considered as a whole-pattern �tting approach for distributions with powder

di�raction characteristics in higher dimensional reciprocal space.

4.3 Fitting procedure

The �tting procedure used in the whole-pattern �tting method involves the iterative �tting

of the observed di�racted intensity distribution formed through the merging of di�raction

from N crystals, IM (q), to the assumed model function for the di�racted intensity dis-

tribution from N �nite crystals, 〈IC(q)〉N (expressed in Eq. 4.7). This is performed by

minimising the error-cost function

E =
∑

[IM (q)− 〈IC(q)〉N ]2. (4.9)

The summation in Eq. 4.9 is performed over all locations in the distributions IM (q) and

〈IC(q)〉N , rather than reducing these solely to the Bragg locations.

The whole-pattern �tting procedure is performed as an iterative process in which struc-

ture factor amplitudes are estimated at the end of each iteration on the basis of the current

model function distribution. The structure factors are extracted when the best minimisa-

tion of Eq. 4.9 is achieved. This exhibits similarities to the whole-pattern �tting methods

of Le Bail, Duroy and Fourquet [276] in powder di�raction analysis.
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The form of the model equation for the di�racted intensity distribution (Eq. 4.7) con-

tains a summation over all peak-shape functions centred at Bragg positions, qk, weighted

by the square of the respective structure factor amplitudes, |F (qk)|. These peak-shape

functions are allowed to extend continuously past Bragg positions and form a continuous

model distribution for the di�racted intensities. The peak-shape functions are de�ned by a

set of re�nable parameters, which will be discussed in more detail for a selected peak-shape

function later in this section.

The estimation of the structure factor amplitudes is made on the basis of the form of

the continuous model distribution from the re�ned peak-shapes. It should be noted that

Eq. 4.7 constitutes a set of simultaneous equations centred on each Bragg position that are

determined by

〈IC(q)〉N ∝ |F (q1)|2P1(q− q1)

+ |F (q2)|2P2(q− q2)

+ |F (q3)|2P3(q− q3) + · · · , (4.10)

where Bragg positions are indicated by a single numeral for simplicity. In Eq. 4.7, the

number of Bragg peaks, k, composes a �nite set of variables given by the structure factor

amplitudes, |F (qk)|. This follows as a consequence of the discretisation of the scattering

vector, q on the �nite three-dimensional lattice, which in turn de�nes the number of equa-

tions expressed in Eq. 4.10. It follows that the structure factor amplitudes that satisfy the

set of simultaneous equations can be estimated using matrix-based methods. Equation 4.10

can be equivalently expressed with a set of matrices of the form

I = P F, (4.11)

where I is a column matrix with elements Ik, given by the peak intensity for the kth Bragg

re�ection, F is a column matrix with elements Fk given by the squared structure-factor

amplitudes |F (qk)|2 and the square matrix, P has elements Pik given by the contribution

from the peak-shape distribution for the ith Bragg re�ection relative to the position of the

kth Bragg re�ection. The latter can be expressed as Pi(qj −qi|a1, ..., aM ) and is evaluated

based on the current peak-shape parameters, a1, ..., aM . This relationship (Eq. 4.11) is

used at the end of each peak-shape �tting iteration to estimate the structure factor am-

plitudes for the current peak-shape distributions for the measured di�raction distribution.

Structure-factor amplitudes can then be estimated through the inversion of the peak-shape

matrix, P according to

F = P−1I. (4.12)
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In the simulation studies presented in this chapter, the inversion of matrices was per-

formed using the Gaussian elimination method, but alternative techniques could also be

used if required within this general approach.

Structure factor amplitudes are extracted from the �tting procedure once a good �t is

achieved between the measured di�racted intensity distribution and the modelled distribu-

tion. In the simulation studies presented in this chapter, the quality of the �t was assessed

using the R-factors

Rp =

∑
q |IM (q)− 〈IC(q)〉N |
|
∑

q IM (q)|
, (4.13)

and

Rwp =

√√√√∑qwq

(
IM (q)− 〈IC(q)〉N

)2∑
qwq

(
IM (q)

)2 , (4.14)

where wq = 1/IM (q). These R-factors are often used in whole-pattern �tting methods in

powder di�raction; a thorough review is given by Hill and Fischer [305].

Following the extraction of structure factor amplitudes, scaling and thermal correction

factors can be applied using Wilson statistics [306] and the whole-pattern �tting analysis

concludes. The scheme of the whole-pattern �tting procedure is also summarised in a

�owchart in Fig. 4.1.

4.3.1 Peak-shape function

The model equation for the di�racted intensity distribution in Eq. 4.7 was left without

speci�ed forms of the peak-shape functions, Pk(q−qk), to indicate the �exibility of this ap-
proach. A variety of peak-shape functions could be selected and used in the whole-pattern

�tting analysis of serial X-ray crystallography data, as is the case in powder di�raction

whole-pattern analysis.

In the work presented in this thesis, a particular peak-shape function has been se-

lected for the analysis of simulation and experimental studies � a modi�ed version of the

pseudo-Voigt function. The one-dimensional pseudo-Voigt function [307] is a commonly-

used analytical function for the whole-pattern �tting analysis of powder di�raction data

[308, 309]. This function provides a close approximation to the Voigt function, which

is given by the convolution of a Gaussian function and a Lorentzian function. The one-

dimensional pseudo-Voigt closely approximates this with a weighted linear sum of Gaussian

and Lorentzian function terms. This can be expressed as follows,

P (q − qk|η,∆G,∆L) = ηPG(∆qk,∆G) + (1− η)PL(∆qk,∆L), (4.15)



Figure 4.1: Flowchart of the iterative �tting procedure for whole-pattern �tting analysis
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where PG(∆qk,∆G) is a normalised Gaussian function given by

PG(∆qk,∆G) =
1

π1/2∆G
exp(−∆q2

k/∆
2
G), (4.16)

and PL(∆qk,∆L) is a normalised Lorentzian function given by

PL(∆qk,∆L) =
1

π∆L

(
1 +

∆q2
k

∆2
L

)
, (4.17)

where ∆qk = q− qk. Width parameters are given by ∆G and ∆L, which are related to the

full-width at half maximum (FWHM) by

FWHMG = 2(ln 2)1/2∆G

FWHML = 2∆L. (4.18)

The weighting parameter, η, determines the dominance of either the Gaussian or Lorentzian

terms in the pseudo-Voigt peak-shape. The parameters η, ∆G and ∆L can be re�ned during

�tting procedures.

The selection of the pseudo-Voigt function is motivated by its �exible form and its

closeness to the Voigt function. The Voigt function has been seen as a physically motivated

choice [309�311] for the modelling of powder di�raction peaks. This is the case given that

the overall broadening of peak-shapes in powder di�raction data is often treated as arising

from the convolution of several sources of broadening relating to both the source and

sample [312�315] of the form

P (q) = f(q) ∗ g(q), (4.19)

where f(q) is the broadened function arising from source imperfections and g(q) is the

broadened function arising from sample imperfections. More generally, each of these func-

tions can be expressed in terms of individual broadening contributions [309,311,316]. It is

relevant to note here that the convolution of two Lorentzian functions is a Lorentzian func-

tion and that the convolution of two Gaussian functions is a Gaussian function. There is a

range of literature that has attributed Gaussian or Lorentzian functions to the broadening

of peak shapes from source and sample imperfections. For example, source broadening

contributions have been studied to exhibit predominantly Gaussian distributions [275],

which tend towards Lorentzian distributions at high resolutions [317, 318]. Crystal im-

perfections such as isotropic microstrain have been associated with Gaussian broaden-

ing [319�321], while crystal size broadening e�ects have been associated with Lorentzian

broadening [322]. Mittemeijer and Welzel [323] provide a comprehensive review of recent

work on the contribution of crystal size and strain e�ects in the formation of di�racted

intensity distributions, which provides an introduction to the analysis of these e�ects with
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Gaussian and Lorentzian distributions. In many cases, the broadened peak-shapes can be

approximated by the convolution of Gaussian and Lorentzian functions that incorporate

source and sample imperfections. It follows that the Voigt function is a good candidate for

the model peak-shape function. By extension, its approximation, the pseudo-Voigt func-

tion, may be appropriate due to its �exible form and ease of implementation. It should be

noted that some care should be taken with the selection of peak-shape function, however,

as there are instances in which crystal imperfections do not produce Voigt-like broadening

e�ects where alternative peak-shape functions would be required [324]. Once more, it is

emphasised that the whole-pattern �tting approach is presented here as a general frame-

work for the analysis of serial X-ray crystallography data in which a variety of peak-shape

selections can be made, depending on need. This section tests the suitability of the pseudo-

Voigt function for modelled peak-shapes formed from the merging of simulated di�raction

data from size-varying �nite lattices with ideal lattice order.

4.4 Finite lattice transform simulation study

As shown in Appendix 4.A (Eq. 4.35), one representation for the scattering amplitude for

a �nite crystal is given by,

FC(q) ∝ F (q)L(q), (4.20)

where F (q) is the continuous scattering factor of the unit cell and L(q) is the Fourier

transform of the �nite crystal lattice. It follows that the intensity distribution merged

from N �nite crystals can be expressed as:

〈I(q)〉N ∝ |F (q)|2〈L(q)2〉N , (4.21)

where 〈L(q)2〉N is the averaged squared lattice-transform from N �nite crystals.

Here, the contribution of the 〈L(q)2〉N term in Eq. 4.21 towards the shape of Bragg

peaks for �nite crystals will be considered. This term, which describes the distribution

found from the merging of the squared Fourier transforms of N �nite lattices, will be

called the `lattice-transform distribution'. The feasibility of �tting the lattice-transform

distribution with a whole-pattern �tting approach using the model equation (Eq. 4.6) is

tested in this section. It is of particular interest whether the selected peak-shape function,

a modi�ed pseudo-Voigt function, can be �tted to closely model the lattice-transform

distribution. The form of Eq. 4.6 indicates that the peak-shape broadening in the lattice-

transform distribution arises predominantly from the merged contribution from the shape

transform contributions, 〈|Sk(q − qk)|2〉N , for the case of ideal lattice order. Lattice

imperfections introduce additional q-dependence into peak-shape distributions. This is
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discussed further in Section 4.6.

As a �rst investigation, the merged distributions formed from size-varying ideal two-

dimensional lattices were simulated and tested with the �tting of two-dimensional pseudo-

Voigt functions. In this case, the merged distribution loses contributions from the structure

factor amplitudes and is given by

〈IL(q)〉N ∝
∑
k

〈|Sk(q− qk)|2〉N , (4.22)

where 〈IL(q)〉N is the average �nite lattice transform formed from N lattices. The whole-

pattern �tting of Eq. 4.22 is then modi�ed to be

〈IL(q)〉N ∝
∑
k

P (q− qk), (4.23)

where P (q− qk) is assumed to be identical for all Bragg re�ections, k, due to ideal lattice

order. This assumption is tested with a two-dimensional pseudo-Voigt function,

P (q− qk|η,∆G,∆L) =
∏
i=x,y

[ηiPG(∆qki,∆Gi) + (1− ηi)PL(∆qki,∆Li)], (4.24)

where ∆Gi = (∆Gx,∆Gy) and ∆Li = (∆Lx,∆Ly). The width and weighting parameters

are allowed to vary in di�erent directions and are re�nable during �tting procedures.

A �nite lattice can be described as a sum of Dirac delta functions, as de�ned in Eq. 4.34

in Appendix 4.A. Simulations were performed of a set of 1000 �nite lattices of the lattice-

transform distribution,

〈IL(q)〉N = 〈L(q)2〉N . (4.25)

All simulated lattices were assumed to be de�ned by tetragonal symmetry with lattice

spacings of a = 100.0 Å and b = 100.0 Å. The following orientations of crystal edges were

imposed:

xaxis || [21̄0]

yaxis || [120]

The dimensions of the simulated �nite lattices were generated independently from log-

normal distributions, with means of 7 and 30 unit cells along the x and y directions,

respectively. Log-normal size distributions are frequently used to model crystal size distri-

butions [325], including distributions of protein crystal sizes [326,327]. Lattice-transforms

in the (hk0) crystallographic plane were calculated individually onto a 1024×1024 array for
each of the generated lattices. A Gaussian distribution was applied as an envelope function

to the lattice-transform distribution after the �nal merging of all �nite lattice-transform



Figure 4.2: The simulated (a) and �tted (b) lattice-transform distributions from simula-
tions of needle-like �nite lattices, both with insets showing a single peak. The distributions
are scaled to a maximum of 100 arbitrary units.
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Figure 4.3: Cross-sections of the simulated (crosses) and �tted (red line) lattice-transform
distributions. Cross-sections are taken along the reciprocal lattice direction, q21̄0.

Figure 4.4: Calculated SFX Bragg peak (black circles); �tted with a Gaussian (blue line)
and pseudo-Voigt (red line) peak-shape function; di�erences shown using the corresponding
colours.
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simulations. This envelope function was included to test the success of the �tting proce-

dure in the presence of peak-height variation. The �nal lattice-transform distribution is

shown in Fig. 4.2. The whole-pattern �tting procedure outlined in Section 4.3 was applied

to the lattice-transform distribution with a modi�ed pseudo-Voigt function of Eq. 4.24 for

the �tting of peak-shapes. The �tted lattice-transform distribution is also contained in

Fig. 4.2. The closeness between the simulated and �tted lattice-transform distributions

was assessed with a crystallographic Rp factor of 0.02.

Cross-sections of the simulated and �tted lattice-transform distributions are shown

in Fig. 4.3 along the reciprocal lattice direction q21̄0. It is evident that the modeled

peak-shapes closely follow the simulated form of the lattice-transform distribution using

the selected pseudo-Voigt peak-shape function. Figure 4.4 provides a comparison of the

�tted peak-shape pro�les for a single highly resolved lattice-transform peak using both a

pseudo-Voigt function and a Gaussian function. While the Gaussian function can closely

model the central region of the peak-shape, the di�racted intensity in the �tails� of the

peak are poorly �tted by this function. The pseudo-Voigt shows a close �t throughout the

cross-section continuously from the peaks' centres.

The closeness of �t achieved between the simulated lattice-transform distribution and

the modelled distribution using a modi�ed pseudo-Voigt function indicate that the selection

of peak-shape function is appropriate for modelling of the lattice-transform distribution

under the assumptions of needle-like lattice morphology and ideal lattice order present

within the simulations. Modi�cations to the peak-shape function may be required for

other crystal morphologies. This is discussed at greater length in Chapters 6 and 8.

4.5 Finite crystal simulation study

This simulation study demonstrates that a whole-pattern �tting approach can be extended

from the one-dimensional approach present in powder di�raction analysis [276] to higher di-

mensions for application to serial X-ray crystallography data and was published by the au-

thor and colleagues [1]. This analysis demonstrates this with a study performed through a

two-dimensional plane of reciprocal space, yet can be readily extended to three-dimensions.

The application of this approach to three-dimensional reciprocal space is presented in Chap-

ter 7 of this thesis in the analysis of experimental di�raction data.

4.5.1 Simulations

Separate sets of merged di�racted intensity distributions were calculated corresponding to

di�erent average crystal sizes. Each of these were analysed independently with the whole-
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pattern �tting method in the estimation of structure factor amplitudes. In each case, the

number of unit cells was sampled independently in the x and y directions from log-normal

distributions. This introduced variation in both size and shape between the simulated

crystals in each set. Each crystal set contained a total of 2000 �nite crystals simulated in

the (hk0) crystallographic plane. Within all crystal sets, the average number of unit cells

in the x direction, (〈Nx〉), was held constant at 10 unit cells while the average number of

unit cells in the y direction (〈Ny〉) was varied from 60 unit cells to 30 unit cells in steps of

5. The following orientations of crystal edges were imposed for all simulations:

xaxis || [100]

yaxis || [010].

Lattice-transforms in the (hk0) crystallographic plane were calculated individually onto

1024×1024 arrays and subsequently merged to form di�racted intensity distributions to

5.0 Å resolution for each set of crystal sizes. The set corresponding to the smallest average

crystal size was also calculated using 340×340 pixel arrays to investigate the application of

the whole-pattern �tting method with fewer pixels between neighbouring Bragg positions.

The continuous scattering factor for the unit cell was calculated for a test crystal structure

to form seven sets of merged di�racted intensity distributions (following Eq. 4.21), each

corresponding to a di�erent average crystal size or di�erent pixel array size. An incident

wavelength of 0.933 Å was used.

Test crystal structure

The crystal structure of the sugar binding domain of langerin protein with F241L mu-

tation (PDB entry: 4AK8) [6] was the test structure employed in this simulation study.

Langerin is expressed in Langerhans cells, which are dendritic cells that present antigens

on cell surfaces and are found in blood vessel and organ tissue in the body [328]. Langerin

has been implicated in playing a major role in the immune response against the human

immunode�ciency virus-1 (HIV-1) [329]. Chabrol et al. [6] studied the crystal structure of

the sugar binding domain of langerin protein with di�erent mutations to provide insight

into the role of langerin in the response to HIV-1. It was found that the F241L mutation

induces signi�cant changes in the structure of the extracellular domain of langerin with

implications for changes in function [6] .

The unit cell of the crystal structure of the sugar binding domain of langerin protein

with F241L mutation is summarised in Table 4.1. This structure is tetragonal with P42

space group symmetry. Di�raction patterns were simulated as described immediately prior
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in this section using the published atomic positions and Debye-Waller factors of the crystal

structure (PDB entry: 4AK8) [6].

Cell length (Å) a = 79.959 b = 79.959 c = 90.419

Cell angle (◦) α = 90.0 β = 90.0 γ = 90.0

Table 4.1: Unit cell parameters of the sugar binding domain of langerin protein with F241L
mutation (PDB entry: 4AK8) [6].

4.5.2 Analysis

The results of whole-pattern �tting analysis are contrasted here to those found via the

integration of intensities in restricted regions around Bragg re�ections. The latter treats

each Bragg peak discretely and exhibits dependence on size of the selected integration

region. The whole-pattern �tting approach models the di�racted intensity distribution

continuously and contains no dependence on the selection of regions for analysis. The

outcomes of this simulation study suggest that the whole-pattern �tting method may be

a useful approach for the estimation of structure factors amplitudes from di�raction data

from �nite crystals in the nano-crystal size regime.

Whole-pattern �tting and integration analyses was performed for each simulated data-

set outlined in Section 4.5.1. Each case was treated independently assuming only an

accurate knowledge of the unit cell parameters and crystal symmetry. Each set of structure

factors was separately scaled with isotropic thermal correction factors applied using Wilson

statistics [306]. The tetragonal symmetry of the test crystal structure allowed for a single

quadrant of the di�racted intensity distributions in the (hk0) crystallographic plane to be

considered in each analysis.

The whole-pattern �tting procedure produced distributions that closely modelled the

simulated di�ractive intensity distributions. For example, the R factors attained from �t-

ting analyses were Rwp = 0.17 and Rp = 0.18 for the distribution corresponding to the

smallest average crystal size. Figure 4.5 provides a cross-section comparing the simulated

and �tted distributions along a selected crystallographic direction, (h, 14, 0), for this case.

The �tting of the di�ractive intensity distribution formed from the largest average crystal

sizes was achieved with similar accuracy, with R factors of Rwp = 0.15 and Rp = 0.16.

Figure 4.6 displays selected regions from simulated and modelled di�racted intensity dis-

tributions via the whole-pattern �tting method for this crystal size.

Integration analyses of the simulated di�racted intensity distributions were imple-

mented for a range of integration regions. Integration regions were de�ned by circles

of radii r = |q − qk|. These were varied progressively from Bragg positions (q = qk) to
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Figure 4.5: Cross-sections through the simulated (green markers) and whole-pattern �tted
(solid blue line) di�racted intensity distributions along the (h, 14, 0) crystallographic direc-
tion. Simulations were performed for 2000 needle-like crystals with average sizes de�ned
by 〈Nx〉 = 10 and 〈Ny〉 = 30 for the crystal structure of the sugar-binding domain of
the protein langerin [6]. Intensities are scaled to a maximum of 100 arbitrary units. The
residual di�erence between the distributions is displayed (red line, o�set). Fitting of the
entire simulated distribution was achieved with R factors of Rwp = 0.17 and Rp = 0.18.

midpoints between Bragg locations. In this case, midpoints in the (hk0) crystallographic

plane are given by |q|/2 and correspond to the Wigner-Seitz cell along the (100) and (010)

reciprocal lattice directions.

Figure 4.7 shows the average relative errors found from the integration approach with

respect to integration region for each simulated data-set. The average relative errors from

the whole-pattern �tting approach are also shown for comparison, yet contain no depen-

dence on integration regions and are displayed as solid lines as a consequence. The average

errors were de�ned as 〈Ω〉 =
∑

k Ωk/Np where Np is the number of Bragg re�ections con-

sidered and errors were calculated as ΩE
k = ||FCk | − |FEk ||/|FCk |, where |FEk | indicates the

estimated structure factor amplitude of the kth Bragg re�ection via an extraction method

and |FCk | indicates the calculated value using the published crystal structure. The contri-

butions from several weak re�ections have been removed from the average errors presented

in Fig. 4.7. The same set of re�ections have been excluded from the results of both the

whole-pattern �tting and integration analyses. This was performed given a small set of

weak re�ections were poorly estimated by both analysis approaches and, given the weight-

ing of error calculations, provided signi�cant contributions to the average errors.

Comparison of the accuracy of estimated structure factor amplitudes suggests that the

whole-pattern �tting approach presents an improvement over cellular integration for the

smallest of crystal sizes. This is evident in panels (a), (b) and (h) of Fig. 4.7 for the whole-

pattern �tting method relative to the outcomes of the integration method. Larger crystals



Figure 4.6: Selected regions of simulated (a) and whole-pattern �tted (b) di�racted in-
tensity distributions in the (hk0) crystallographic plane formed from the merging of 2000
needle-like crystal with average dimensions of 〈Nx〉 = 10 and 〈Ny〉 = 60 for the crystal
structure of the sugar-binding domain of the protein langerin with F241L mutation [6].
Fitting was achieved with R factors of Rwp = 0.15 and Rp = 0.16 .
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Figure 4.7: Average errors for the structure factor amplitudes extracted through whole-
pattern �tting (solid line) and integration (red markers). Results are shown from the
simulated di�racted intensities distributions formed from 2000 needle-like crystals of the
sugar-binding domain of the protein langerin with F421L mutation [6]. Average crystal
size varies as follows: (a) 〈Ny〉 = 30, (b) 〈Ny〉 = 35, (c) 〈Ny〉 = 40, (d) 〈Ny〉 = 45, (e)
〈Ny〉 = 50, (f) 〈Ny〉 = 55, (g) 〈Ny〉 = 60 and (h) 〈Ny〉 = 30. Panel (h) corresponds to
simulated data with fewer pixels (340×340 array) compared to other cases (1024×1024
arrays).
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sizes in panels (c)�(g) show similar results for both methods. Structural disorder was not

included within the simulation study; it follows that the heights of the well-resolved Bragg

peaks correspond closely to the structure factor amplitudes. As a consequence, the aver-

age errors found from the integration approach behave well for the smallest of integration

regions. This accuracy diminishes, however, as the integration region is increased. The

whole-pattern �tting approach does not follow the same behaviour due to the construc-

tion of the �tting procedure. Lower signal-to-noise ratios and densities of pixels around

individual Bragg peaks in experimental serial X-ray crystallography data can be reason-

ably expected to present di�culties in the accurate estimation of peak heights via peak

integration.

Panel (h) of Fig. 4.7 provides the average errors found from the extraction of structure

factors from the simulated di�racted intensity distribution with fewer pixels between Bragg

positions. In this case, 9 - 10 pixels lie between each Bragg position while approximately 30

pixels are present for other simulated distributions. High pixel density was used in some

simulations to allow the close testing of the selected pseudo-Voigt peak-shape function

(Eq. 4.24) in the modelling of the di�racted intensity distributions. Simulations were also

performed with fewer pixels to examine the accuracy of estimated structure factors with

parameters that are closer to experimental di�raction data. In panel (h) of Fig. 4.7, it

is evident that the whole-pattern �tting approach provides similar accuracy with fewer

pixels. Structure factor amplitudes from the integration approach, however, decrease in

quality and show further dependence on the integration region in this case. The estimation

of Bragg peak heights may be impeded by the presence of fewer pixels and the decrease in

the �neness of integration regions.

The presented method of whole-pattern �tting analysis follows a similar approach to

powder di�raction whole-pattern analysis in the continuous modelling of Bragg peak con-

tributions. As such, this constitutes a new approach for the extraction of structure factor

amplitudes from serial X-ray crystallography data that does not contain a dependence on

selected analysis regions. Within the simulation study presented, the whole-pattern �tting

method exhibits similar accuracy to those found from integration methods with ideal inte-

gration regions and improved accuracy as the integration regions or pixel density is varied.

In particular, the whole-pattern �tting approach is robust to variation in average crystal

size and may present a valuable approach for the analysis of serial X-ray crystallography

data for diminishing crystal sizes.

Re�ned peak-shape parameters

As outlined in Section 4.3, structure factor amplitudes were estimated during the �tting

procedure by inversion of the matrix de�ned by the current peak-shape parameters (P in
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Eqs. 4.11 and 4.12). Condition numbers were calculated throughout this process, which

can be estimated by the ratio of the maximum and minimum singular values of the matrix

to indicate whether the system of simultaneous equations is well-conditioned. In this

simulation study, condition numbers were found from the re�ned peak-shape parameters

to lie in the range of ∼ 1.1− 1.2. This indicates that the approach was well-conditioned in

the simulation study presented here and supports the use of Gaussian elimination method

for matrix inversion.

Table 4.2 shows the peak-shape parameters found for the modi�ed pseudo-Voigt func-

tion (Eq. 4.24) in the �tting of the di�racted intensity distributions from each crystal set.

The re�ned parameters show some dependence on the average crystal size. Overall, the

simulated di�racted intensity distributions formed from crystals of smaller average sizes

resulted in the re�nement of peak-shape parameters with greater weighting towards the

Lorentzian components of the peak-shape functions. This agrees with expectations of the

smallest protein crystals forming the most extended broadening of Bragg peak-shape dis-

tributions; for these cases, substantial scattering between Bragg peak positions occurs.

It should be noted, however, that the whole-pattern �tting approach is presented here

as a method for the accurate extraction of di�racted intensity information and not for

the extraction of crystal characteristics such as crystal size and crystal strain. In powder

di�raction analysis, line pro�le analysis [330] can be performed on the re�ned peak-shape

parameters during whole-pattern �tting in which these parameters are assumed to directly

relate to such quantities. There are some shortcomings to this approach [324,331,332] and

various modi�cations have been suggested to improve its accuracy [316, 333, 334]. This is

not the goal of this analysis approach, however; no direct relationship between the re�ned

parameters contained in Table 4.2 is assumed here.

Table 4.2: Peak-shape parameters from the whole-pattern �tting analysis of simulated
di�racted intensity distributions from �nite protein crystals (PDB entry: 4AK8) [6]. The
re�ned parameters are shown as the average unit-cell dimensions, 〈Ny〉, varies in log-normal
distribution for 2000 �nite crystals. For all cases, 〈Nx〉 = 10.

〈Ny〉 30 35 40 45 50 55 60

ηx 0.594 0.543 0.540 0.525 0.524 0.536 0.517

ηy 0.465 0.502 0.650 0.736 0.760 0.842 0.876

∆Gx × 104 Å−1 5.78 5.85 5.85 5.86 5.99 5.94 5.96

∆Gy × 104 Å−1 3.36 3.20 3.08 3.07 2.94 3.01 2.89

∆Lx × 104 Å−1 6.20 6.18 5.43 5.23 4.91 4.89 4.83

∆Ly × 104 Å−1 1.98 1.96 1.91 1.69 1.52 1.33 1.28
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Overlapping Bragg peak contributions

A key problem in the analysis of powder di�raction data, particularly that from crystals

with large unit cells such as protein crystals, is the overlapping of contributions from di�er-

ent Bragg re�ections in the one-dimensional intensity pro�le. The whole-pattern analysis

of powder di�raction data provides an approach towards the separation and untangling

of these contributions. The overlapping e�ect arises in powder di�raction due to the col-

lapse of three-dimensional di�raction data into a single dimension due to the simultaneous

collection of di�raction data from a large number of �nite crystals. A great advantage

provided by the experimental approach of serial X-ray crystallography is the collection of

di�raction data from individual crystals such that the dimensionality of the crystal lat-

tice can be retained in the di�raction data. It should be noted here that the model for

the di�racted intensity distribution assumed in this work and the model function for the

whole-pattern �tting intensity distribution (Eq. 4.6 and Eq. 4.7, respectively) allow the

contributions of all Bragg re�ections to extend and overlap. The approach used to derive

Eq. 4.6 (see Appendix 4.A) assumes a sampling rate for the unit cell F (q) that is given

by the Bragg spacing. The �overlapping" of Bragg re�ections in this model can be inter-

preted as involving the interpolation of the continuous scattering factor for the unit cell to

inter-Bragg regions.

To examine the contribution of so-called overlapping Bragg re�ections in whole-pattern

�tting analysis, the form of the di�racted intensity around a single Bragg peak can be

considered,

I(q− qk) = Ik(q− qk) +
∑
j 6=k

Ij(q− qj), (4.26)

where the total modelled intensity for the kth Bragg re�ection is given by I(q−qk) during
the whole-pattern �tting procedure. This can be decomposed into Ik(q − qk), the mod-

elled peak distribution for the kth re�ection, and
∑

j 6=k Ij(q − qj), the contributions of

surrounding Bragg re�ections.

The second term of Eq. 4.26 scales the amount to which the Bragg re�ections are

treated as discrete, isolated intensity distributions during whole-pattern �tting analysis.

The relative contribution of surrounding Bragg re�ections was investigated for several

Bragg re�ections in the modelled di�racted intensity distributions formed in this simulation

study. Figure 4.8 shows this for the (980) Bragg re�ection for the modelled distributions

for the crystal sets de�ned by 〈Ny〉 = 30 and 〈Ny〉 = 60. The contributions of the �rst and

second terms of Eq. 4.26 were calculated at radial distances from this peak (r = |q−q(980)|
for 0 ≤ r ≤ 0.5|a∗|). Percentage contributions of surrounding Bragg re�ections smaller than

2 percent are not shown. It is evident in Fig. 4.8 that the contribution from neighbouring

Bragg re�ections quickly increases with distance from the peak centre in the whole-pattern
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Figure 4.8: The (980) Bragg re�ection of the crystal structure of sugar binding domain of
langerin protein with F241L mutation (PDB entry: 4AK8) [6] was selected for the calcula-
tion of contribution of surrounding Bragg re�ections in the modelled intensity distribution
using whole-pattern �tting analysis. Whole-pattern �tting analysis of this re�ection pro-
vided |FWPF (980)| = 555.6 and direct calculation provided |FC(980)| = 551.1. The
relative contribution of surrounding Bragg peaks is shown with respect to distance from
the centre of the (980) Bragg re�ection. The contribution of surrounding Bragg re�ections
was calculated using the intensity distribution modelled by the surrounding Bragg re�ec-
tions (second term of Eq. 4.26) as a percentage of the total modelled intensity distribution
of this re�ection. This was evaluated using the re�ned peak-shape parameters for radial
distances from the peak centre. Results are shown for the simulated crystals sets with
〈Ny〉 = 30 (black circles) and 〈Ny〉 = 60 (red squares).

�tting model for the di�racted intensity distributions. This behaviour arises from the

assumed forms of Eq. 4.6 and Eq. 4.7, yet may also be evident in the dependence of

the accuracy of the integration method upon the integration region shown earlier in this

section. Despite ideal crystal order imposed during simulations, the integration approach

exhibits increasing error for larger integration regions around Bragg re�ections, suggesting

de�ciencies in the discrete treatment of the contributions of all Bragg re�ections in the

analysis of �nite crystals.

Figure 4.8 shows the results for a single Bragg re�ection. The relative contributions

of surrounding Bragg re�ections in the whole-pattern �tting model will depend on both

the maximum intensity of a given peak and the relative intensities of surrounding peaks.

This may be the origin of some de�ciencies in the whole-pattern �tting approach in which

weak Bragg re�ections are surrounded by several strong Bragg re�ections. As noted, such

instances produced poorly estimated structure factor amplitudes from both the whole-
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pattern �tting and integration techniques. Further comments on made on this point in

Section 4.7.

4.6 Crystal disorder

Ideal crystal order was assumed throughout the simulation study presented in Section 4.4.

However, signi�cant imperfections in protein crystals can result during crystal growth from

a variety of sources, including impurities in the crystallisation bu�er [335] and impurities in

the protein [287,336�338]. This can also be caused by variations in the crystallisation con-

ditions during crystal growth through changes in factors such as temperature or through

the change in the supersaturation of the crystallisation solution due to the occurrence of

crystal growth [280]. It has even been shown that structures determined from protein

crystals grown in the same conditions can have some structural features that di�er signif-

icantly [339]. The model of a crystal composed of identical protein molecules positioned

with perfect translational periodicity and symmetry does not provide a realistic picture.

A simple model of a form of protein crystal disorder will be introduced in this section.

Figure 4.9 shows some examples of disorder within protein crystals through a schematic

produced by Malkin and Thorne [340]. This provides simple depictions of crystal imper-

fections attributed to the translation, rotation or variation in conformations of protein

molecules within the crystal and the presence of grain boundaries and dislocations. In this

section, the rigid-body translational disorder of protein molecules within �nite crystals is

considered (panel (a) of Fig. 4.9 provides a representation of this). A simulation study is

presented here in which the form of the di�racted intensity distribution with translational

crystal disorder is considered and a modi�cation to the whole-pattern �tting approach is

trialled. It is shown that the incorporation of a model for translational disorder into the

whole-pattern �tting procedure provides structure factor amplitudes with similar accuracy

to simulations performed with ideal crystal order. This technique is particularly useful in

the extraction of structure factors from Bragg peaks in high scattering angle regions where

both the Bragg-like and continuous molecular form factor make comparably weighted con-

tributions.

4.6.1 The model

The form of the electron density of a �nite crystal provided in Appendix 4.A (Eqs. 4.33 and

4.34) assumes ideal crystal order of the crystal lattice points and of the protein molecules

within unit cells. The simple representation of a �nite crystal lattice provided in Eq. 4.34

can be extended to incorporate the translational disorder of protein molecular units within
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Figure 4.9: Schematic of several forms of protein crystal disorder. These include: trans-
lational disorder (a), orientational disorder (b), conformational disorder (c) and grain
boundaries and dislocations (d). Reprinted with minimal adaptation from Methods, 34,
Alexander J. Malkin, Robert E. Thorne, `Growth and disorder of macromolecular crystals:
insights from atomic force microscopy and X-ray di�raction studies', 273�299, Copyright
2004, with permission from Elsevier.

the crystal. It will be assumed here that other sources of disorder, including rotational

and conformational disorder of the protein molecules, are absent.

Translational disorder of molecular units in protein crystals have been considered re-

cently in the X-ray free-electron laser literature in the work of Ayyer et al. [69] and Dilanian

et al. [341]. The former was discussed previously in Section 1.2.1 due to the demonstrated

potential to extend the di�ractive resolution of translationally disordered crystals through

the appropriate merging of data and its analysis. The theoretically derived forms for the

di�racted intensity distribution found by Ayyer et al. [69] will be used in this section. The

study presented by Dilanian et al. [341] considers the size ranges for which �nite crystal

sizes e�ects and translational disorder will signi�cantly a�ect the di�racted intensity dis-

tribution. These results are used in this section to inform the crystal sizes used within

simulations. Dilanian et al. [341] also present a CDI analysis approach in which crystal

disorder and �nite crystal e�ects are treated as sources of partial coherence. This approach

will not be used here but could be considered after the extraction of structure factor am-

plitudes in the determination of crystal structures from �nite, translationally disordered

protein crystals if su�cient sampling conditions are met.
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The translational disorder of protein molecules within a �nite protein crystal can be

modelled by shifts in lattice points from the ideal crystallographic positions. It is as-

sumed here that the shifts of lattice points can be modelled from Gaussian probability

distributions. The �nite lattice may then be given by,

l(r) =

N∑
n=1

δ(r− rn −∆n), (4.27)

where rn is an ideal lattice vector (equivalent to ruvw in Eq. 4.34 yet with notation con-

tracted for simplicity) and ∆n is the shift of the nth lattice point from its ideal position

according to a Gaussian probability distribution. It has been shown by Ayyer et al. that

under this assumed probability distribution, the di�racted intensity can be expressed as

I(qC) = |F (q)|2
[

exp(−4π2σ2q2)
N∑
n=1

N∑
k=1

exp(2πi(rn − rk) ·q)

+N
(
1− exp(−4π2σ2q2)

)]
(4.28)

where σ is the standard deviation of the Gaussian probability function of lattice shifts.

The �rst term of Eq. 4.28 corresponds to the Bragg di�raction term with the addition of

a multiplicative factor similar to the Debye-Waller factor described in Section 3.2.3. This

term arises through the treatment of Ayyer et al. due to the presence of static translational

disorder of the crystal lattice, which the Debye-Waller factor has been noted [342] to

account for in addition to thermal vibrations. In this case, this factor arises due to the

assumed Gaussian probability function of the translational disorder. Ayyer et al. note

that di�erent factors could be found for other probability distributions. The second term

of Eq. 4.28 is of signi�cant interest as this represents the continuous scattering from the

protein molecules (the `molecular form factor') within the crystal, modulated by a factor

also with dependence on the Debye-Waller factor. It is readily evident from Eq. 4.28 that

Bragg contributions will die o� with increasing scattering angles and that the contribution

from the continuous molecular form factor will dominate at high scattering angles. Ayyer

et al. divided regions of the data set by scattering angle to act as two distinct data-sets.

The Bragg-like di�raction data-set was used with conventional crystallographic analysis to

solve a crystal structure which then served as the starting (lower-resolution) model for the

analysis of continuous di�raction data.

A great appeal from the work of Ayyer et al. is that this continuous molecular form

factor at high scattering angles allows for both the e�ective di�ractive resolution of the

crystal to be increased beyond Bragg di�raction and for the increased sampling rate to allow

for the use of coherent di�ractive imaging techniques on data of this kind. The scattering
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angle region in which both the Bragg term and continuous molecular form factor term

make similarly weighted contributions was excluded from the analysis of Ayyer et al. due

to the complications involved with separating these. This region is of particular interest

in this simulation study. Here, a modi�cation is introduced to the whole-pattern �tting

technique presented earlier in this chapter following the form of Eq. 4.28 for the analysis of

Bragg peaks at higher scattering angles. This approach may increase the resolution of the

usable Bragg-like region in subsequent studies of crystals of this nature, thereby improving

the starting model for the analysis of the continuous di�raction region.

Equation 4.28 corresponds to the case for a single protein molecule within the unit

cell or for the treatment of all symmetry-related molecules within the unit cell as a single

molecular cluster. This was also extended by Ayyer et al. to apply to the separate shifts of

multiple symmetry-related protein molecules within the unit cell. It should be noted here

that the form of Eq. 4.28 has the same behaviour of the scattering angles of the molecular

form factor contributions for both the Bragg-like and continuous terms. Di�erences will

arise for crystals with multiple molecular units that are separately shifted in a unit cell

due to the continuous term corresponding to the incoherent addition of these units.

4.6.2 Modi�ed whole-pattern �tting

A modi�cation to the model function for the whole-pattern �tting approach is introduced

here as a simple approximation of the form of Eq. 4.28. The following model function is

introduced,

〈ID(q)〉N ∝
Np∑
k

|F (qk)|2
[

exp(−4π2σ2q2
k)Pk(q− qk) +

〈N〉
Np

(
1− exp(−4π2σ2q2)

)]
(4.29)

where the �rst term is weighted by a Debye-Waller contribution at the Bragg locations,

qk, and the second term is weighted with a continuous envelope that contains dependence

on a continuous Debye-Waller contribution with respect to q2. This second term provides

a �rst approximation to the di�use background term contained in Eq. 4.28. This should

be interpreted as weighting the continuous Debye-Waller envelope contribution given by(
1− exp(−4π2σ2q2)

)
by the average of the structure factor amplitudes, 1

Np

∑Np

k |F (qk)|2,
where Np is the total number of Bragg peaks considered. This does not seek to model

the continuous scattering distribution, |F (qk)|2, instead using the simple approximation

of the average structure factor amplitudes in the modelling of continuous scattering and

the sampling of the observed di�racted intensity distribution at Bragg locations. Future

work could extend this to more theoretically rigorous modelling of the form of Eq. 4.28.

To test the in�uence of the simple continuous scattering approximation contained in
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Eq. 4.29, the following model function is also introduced,

〈ID(q)〉N ∝
Np∑
k

|F (qk)|2 exp(−4π2σ2q2
k)Pk(q− qk), (4.30)

where the approximation for the di�use background is removed. Comparison with Eq. 4.7

shows that this follows the form of the initial �tting model function presented in this

chapter with the addition of the Debye-Waller scaling directly into the model equation and

hence into the whole-pattern �tting procedure. In this case, the introduction of scaling

factors due to the presence of crystal disorder happens to follow the conventional Debye-

Waller behaviour at low q. As mentioned in Section 4.6.1, this is a result of both the

form of crystal disorder and its assumed Gaussian distribution. This is not the case more

generally; modi�ed modelling should be made in other cases.

The �tting procedure is performed as in Section 4.3 with the re�nement of peak-shape

parameters present in Pk(q−qk), followed by the estimation of structure factor amplitudes

through matrix inversion. The population of matrices in Eqs. 4.11 and 4.12 is adjusted

according to Eq. 4.29. A common set of peak-shape parameters are used in all Bragg peak

distributions given that the dependence of peak-shape distributions on scattering angle

is incorporated in Eq. 4.29 through the Debye-Waller factors. This limits the number of

re�nable parameters in the �tting procedure. The number of parameters that are re�ned is

increased marginally from the ideally ordered �nite crystal case, however, with the inclusion

of the average number of unit cells, 〈N〉, and the standard deviation of the translational

disorder, σ. The form of Eq. 4.29 builds in the standard isotropic thermal factor scaling

directly into the whole-pattern �tting procedure. This characteristic also distinguishes the

�tting model, equations 4.7 and 4.30.

4.6.3 Simulations

Simulations were performed once more using the sugar binding domain of langerin protein

with F241L mutation (PDB entry: 4AK8) [6] as a test structure (see Section 4.5.1). Lattice

disorder simulations were performed with each lattice point in Eq. 4.34 allowed to be shifted

from its ideal position. Each shift was randomly sampled from a Gaussian distribution with

a standard deviation of 1.1 Å. This is comparable to the size of the standard deviation of

translational disorder estimated from experimental data by Ayyer et al. and was selected

to demonstrate the e�ects of the disorder within a relevant range. For simplicity, it was

assumed that all molecules within the unit cell were shifted as a molecular cluster from their

ideal positions. This could be extended to the treatment of individual shifts of symmetry-

related molecules within the unit cells. Further remarks are made on this in Section 4.7.

For comparative purposes, simulations were also performed under identical conditions with
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perfect lattice order imposed.

As in Section 4.5.1, a parallelepiped crystal morphology was selected with the di-

mensions in orthogonal directions sampled independently from log-normal distributions to

introduce some variation in both crystal size and shape. In total, 1000 �nite lattices were

simulated in two dimensions with average unit cell lengths of 20 and 10 unit cells in the

cell directions corresponding to cell vectors a and b, respectively. This puts these crystals

well within the size range for which translational disorder was found to be signi�cant in

the distribution of intensities by Dilanian et al. [341] (i.e. the surface to volume ratio of

the crystal is greater than 0.1).

The continuous molecular form factor distribution was calculated using an identical

approach to that outlined in Section 4.5.1 to 3.3 Å (edge) resolution. This approach

implicitly assumes that all protein molecules within the crystal structure are aligned iden-

tically � that is, that there is no rotational or conformational disorder present within the

crystal. The simulated distribution is shown in Fig 4.10; continuous di�raction is evident

at high scattering angles.

4.6.4 Analysis

To examine the in�uence of translational lattice disorder on the accuracy of structure

factor amplitudes, simulations were performed in the manner outlined in Section 4.6.3 yet

with one set of simulated data with perfect lattice disorder imposed (that is, ∆n = 0 in

Eq. 4.27). The data-set was analysed with whole-pattern �tting (following Section 4.3)

and with integration analyses. Analysis of the simulated data-set with translational lattice

disorder was compared to the estimated structure factors from this ideal case. This allowed

for the results of the modi�ed and the initial whole-pattern �tting methods (Sections 4.6.2

and 4.3, respectively) in the presence of disorder to be measured against structure factors

estimated with whole-pattern �tting in the absence of disorder. This is shown in Fig. 4.11.

Similarly, estimated structure factor amplitudes found with integration analysis in the

presence of disorder were compared to those estimated in the absence of disorder. In

this case, comparisons were made against the results from the integration region found to

provide the optimal accuracy for the case of ideal lattice order. Figure 4.12 shows this for

various integration regions in the analysis of the disordered lattice case.

Both Fig. 4.11 and Fig. 4.12 present dependence of the extracted structure factors upon

scattering angle. The behaviour of these analysis approaches with respect to scattering

angle is of interest given the increasing contribution of continuous scattering at higher



Figure 4.10: Simulated di�raction to 3.3 Å from translationally disordered lattices for the
crystal structure of the sugar binding domain of langerin protein with F241L mutation
(PDB entry: 4AK8) [6]. 1000 �nite lattices were simulated with average unit cell dimen-
sions of 20 and 10 unit cells in the cell directions corresponding to cell vectors a and b,
respectively, with translational disorder of lattices points sampled from Gaussian distri-
butions. The di�racted intensity distribution merged from all simulated lattices is shown
using a log-scale; the increasing contribution of continuous di�raction at high scattering
angles is evident.
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scattering angles. Cumulative R-factors were used to examine this, which were de�ned by

RC =

∑
qC
||FO(qC)| − |FE(qC)||∑

qC
|FO(qC)|

, (4.31)

where the summation includes all scattering vector magnitudes below a selected value, qC ,

and |FE(qC)| and |FO(qC)| are the sets of structure factors estimated in the presence and

absence of lattice disorder, respectively, below qC for a given analysis method. This follows

the form of the conventional R factor for structure factor amplitudes (Eq. 3.27), yet with

cumulative assessment depending on qC . Figure 4.11 and Fig. 4.12 show the cumulative

R-factors as qC is progressively increased.

It is indicated in Fig. 4.11 that similar accuracy in the structure factor amplitudes can

be obtained with the introduction of lattice disorder, in comparison to ideal lattice order,

using the whole-pattern �tting method. The introduction of the modi�ed model function

(Eq. 4.29) provides an improvement for structure factor amplitudes at higher resolutions,

compared to the original model function, Eq. 4.7. Figure 4.11 also provides comparison

with results obtained from Eq. 4.30, which is just the �rst term of (Eq. 4.29). This

indicates that, despite the simplicity of the approximated form of the model function, the

inclusion of a non-periodic term may improve analysis in the presence of such translational

disorder. The introduction of the simple continuous scattering approximation in Eq. 4.29

shows an improvement over the presented alternatives. This improvement is greatest in

comparison to the initial approach, yet is also present in the approach using Eq. 4.30. At

lower resolutions, the unmodi�ed model function achieves similar accuracy in the recovery

of the structure factor amplitudes. It should be noted that these results are sensitive to the

scaling factors found from analysis of Wilson statistics' plots. In this case in the presence

of high translational order, the scaling factors found from the Wilson plots was found to

hold dependence on the higher resolution range in which Bragg peaks die o�. In this case,

the range was restricted to a lower resolution range. Extending the resolution range to

the full range of the simulation was found to decrease the structure factor amplitudes'

accuracy using the original model function. On the other hand, the resolution range did

not signi�cantly a�ect the results from the modi�ed model functions, Eqs. 4.29 and 4.30.

It appears that the inclusion of a Debye-Waller like term into the �tting process makes this

approach more robust to the selection of resolution range. This is evident in the comparison

of results from model functions given by Eqs. 4.7 and 4.30, for which the implementation

and estimation of the isotropic Debye-Waller factor is the distinguishing feature. Given that

this Debye-Waller term is included and �tted during the whole-pattern �tting procedure,

only a constant scaling factor was calculated from the Wilson plot for the modi�ed model

functions, Eqs. 4.29 and 4.30. Fig 4.11 shows the results from using identical resolution

ranges for the calculation of Wilson plots in all cases for consistency. The outcomes of
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this simulation study suggest that the direct inclusion of Debye-Waller contributions into

the whole-pattern �tting procedure improves the robustness of the estimation of structure

factor amplitudes in the presence of translational crystal disorder.

The accuracy of integration analyses are shown in Fig. 4.12 for various integration re-

gions relative to results found from the optimal integration region with ideal crystal order.

As expected from Section 4.5.2, the accuracy of the structure factor amplitudes were found

to improve with narrower integration regions in the ordered crystal case. This is no longer

as clear in the presence of lattice disorder, as shown in Fig. 4.12. Instead, it appears that

the accuracy of integration regions is dependent on scattering angle with di�erent inte-

gration regions exhibiting di�erent behaviour of the cumulative R-factors with respect to

scattering angle. While the largest regions show the least sensitivity to scattering angle

and some improvement in R-factors at high q, accuracy is diminished at lower q. The

appropriate variation of integration region with respect to scattering angle might be ex-

pected to improve the estimated structure factors as a result. It is worth noting, however,

that the overall magnitude of the cumulative R-factors are similar to those found with the

unmodi�ed whole-pattern �tting method, with the �tting approach using Eq. 4.7 provid-

ing R-factors similar to the best results from that of integration. However, the modi�ed

whole-pattern �tting methods show marked improvements in accuracy at high q in com-

parison to integration results. This suggests that the accuracy of extracted structure factor

amplitudes may be limited without the introduction of a model for the lattice disorder.

The outcomes of this simulation study suggest that the analysis of serial X-ray crystal-

lography data exhibiting continuous scattering distributions at high scattering angle may

bene�t from the implementation of a modi�ed version of the whole-pattern �tting method.

This approach may improve the accuracy of structure factor amplitudes throughout the

di�racted intensity distribution for a range of scattering angles, including high scatter-

ing angle regions in which Bragg-like and continuous scattering distributions are present

due to translational crystal lattice disorder. The modi�ed whole-pattern �tting method

assumes Gaussian distributions of lattice disorder and introduces the parameters de�ning

the probability distribution into the �tting procedure.

4.7 Concluding remarks

In this chapter, a new approach for the improved estimation of structure factors amplitudes

from serial X-ray nano- and micro-crystallography data was presented. This approach is

targeted at the analysis of di�racted intensity distributions formed from ensembles of

crystals of �nite sizes with variation in crystal size and quality. Serial crystallography

performed with �nite crystals can be viewed as producing di�raction data-sets that hold



Figure 4.11: Cumulative R-factors for increasing scattering angle from merged serial X-ray
crystallography data with simulated translational lattice disorder. Cumulative R-factors
are calculated relative to the structure factor amplitudes extracted with the whole-pattern
�tting method in the absence of disorder. Results from the modi�ed whole-pattern �tting
method presented in Section 4.6.2 using model functions Eq. 4.29 and Eq. 4.30 are shown
in blue and red, respectively; results from the initial whole-pattern �tting method with
model function Eq. 4.7 is shown in black. The sugar binding domain of langerin protein
with F241L mutation (PDB entry: 4AK8) [6] is the test crystal structure used.

Figure 4.12: Cumulative R-factors for increasing scattering angle from merged serial X-ray
crystallography data with simulated translational lattice disorder. Cumulative R-factors
are calculated relative to the structure factor amplitudes extracted with the integration
method with the optimal integration region (qint) in the absence of disorder. From the
analysis of the merged di�raction data with lattice disorder, results are shown for various
integration regions indicated by multiples of qint. The sugar binding domain of langerin
protein with F241L mutation (PDB entry: 4AK8) [6] is the test crystal structure used.
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strong similarities to powder di�raction data, yet without the loss of the dimensionality

of the reciprocal space of the crystals. This observation motivated the approach that has

been developed � whole-pattern �tting analysis which, unlike the whole-pattern �tting

performed in powder di�raction, can be performed in two- or three-dimensional reciprocal

space.

Several simulation studies were presented, including a �nite lattice transform study, a

�nite crystal study with ideal crystal order [1] and a �nite crystal study with translational

crystal order. The continuous modelling of the simulated di�racted intensity distribu-

tions with theoretically motivated whole-pattern model functions was demonstrated. The

iterative �tting of parameters de�ning the whole-pattern model distributions to the sim-

ulated di�racted intensity distributions was shown to provide structure factor amplitudes

of good quality, despite the presence of �nite crystal size e�ects, crystal size variation and

translational crystal disorder.

It should be noted that the simulation studies presented here assumed certain distri-

butions of crystal size, shape and disorder. These assumptions a�ected the selection of

analytical peak-shape functions and the modelled behaviour of the distributions in the

presence of disorder. As noted in Section 4.3.1, the presented method should be inter-

preted as a general approach for the estimation of structure factor amplitudes from serial

X-ray crystallography data. This does not limit this approach to the analysis of data

from crystals that follow the characteristics present within the simulation studies shown

here. Future work could consider the appropriate selection of peak-shape functions for

alternative crystal size and shape distributions.

Further work on the treatment of weak re�ections within the whole-pattern �tting

method may improve this approach. In the simulation studies presented in this chapter, a

common set of parameters de�ning the peak-shapes were �tted for all Bragg contributions.

Future work could consider the �tting of peak-shape parameters with dependence on the

scattering vector. In powder di�raction whole-pattern �tting analysis, this has been intro-

duced through the re�nement of so-called secondary pro�le parameters within analytical

functions that describe the variation of a pro�le parameter with respect to scattering angle.

Here this was not necessary under conditions of ideal crystal order, while variation in the

form of peak-shapes with respect to scattering angle was provided in the crystal disorder

simulation study via the introduction of discrete and continuous Debye-Waller contribu-

tions. However, the re�nement of secondary parameters to produce variation in Bragg

peak-shapes may be useful in the cases where the behaviour of the di�racted intensity

distribution is less well-de�ned. On the other hand, the use of a common set of peak-shape

parameters may have poorly a�ected the accuracy of very weak Bragg re�ections in the

presence of neighbouring strong Bragg re�ections. The separate �tting of peak-shape pa-
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rameters for such Bragg re�ections may improve this approach, following the technique in

powder di�raction analysis of partial pro�le relaxation [343].

Further consideration of the theoretical di�racted intensity distributions formed due to

the presence of crystal disorder could also be made to generalise the whole-pattern �tting

method. The simulation study presented in Section 4.6 was limited to the consideration

of a single form of crystal disorder following a common probability distribution. While ex-

perimental SFX data has shown this behaviour [69], future work could extend the toolbox

of whole-pattern �tting models to consider other forms of crystal disorder and alternative

probability distributions. The work presented in Section 4.6 also assumed the presence of

the translation of entire unit cells in a case for which there were multiple protein molecules

contained within the unit cell. A more physical model would allow for the separate transla-

tion of protein molecules and might consider the presence of unit cells for which the de�ned

unit cell is not wholly occupied by all protein molecules. In the latter case, the de�nition

of the unit cell itself breaks down. This is the subject of the next chapter, which presents

a model for the whole-pattern �tting analysis of serial crystallography data from so-called

�incomplete� or �partial� unit cells.

4.A Appendix: Scattering factor for a �nite crystal

In this appendix, the form of the scattering factor for a �nite crystal presented in Section

4.2 will be discussed. This form (Eq. 4.1) is compared to the form of the scattering factor

for a �nite crystal presented recently in the literature by Kirian et al. [7, 201] and Spence

et al. [211].

The scattering factor for a �nite crystal has been expressed by Kirian et al. [7,201] and

Spence et al. [211] as

FC(q) ∝ F (q)L(q), (4.32)

where F (q) is the continuous scattering factor of the crystal unit cell and L(q) is the

Fourier transform of the �nite crystal lattice function. This form follows from the electron

density of an ideal in�nite crystal, expressed in Eq. 3.18, for which the lattice function is

truncated to a �nite size, such that,

ρ(r) = ρm(r) ∗ l(r), (4.33)

where ρm(r) is the electron density of the unit cell, ∗ denotes the convolution operation
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(see Section 2.A), l(r) is a lattice function describing the �nite crystal lattice,

l(r) =
N∑

u,v,w=0

δ(r− ruvw), (4.34)

and ruvw is a lattice vector.

The Fourier transform of the �nite electron density yields the X-ray scattering ampli-

tude. This can be expressed as,

F (q) ∝ F{ρm(r) ∗ l(r)}

= F{ρm(r)}.F{l(r)}

= F (q).F{l(r)}

=
1

V
F (q)L(q), (4.35)

As in the calculation of Eq. 3.20, the convolution theorem has been applied.

In this appendix, the equivalence of the two forms of the scattering factor of an ideal

�nite crystal, Eq. 4.1 and Eq. 4.32, is demonstrated. This closely follows the treatment

provided by Dilanian, Williams, et al. [1].

4.A.1 Band-limited properties

The scattering factor of the unit cell, F (q), is a band-limited function � i.e. its Fourier

transform is nonzero over a �nite range and zero at all other points [224]. As a consequence,

F (q) can be reproduced by sampling at appropriate intervals. The minimal sampling rate

is the Shannon-Nyquist sampling rate, or the Bragg condition for the case considered

here. Sampling of the continuous scattering factor of the unit cell at the discrete points

de�ned by Shannon-Nyquist sampling rate can be used to recover F (q) via interpolation.

The Whittaker-Shannon interpolation formula [344] results in the following form of the

scattering factor of the unit cell,

F (q) =
∞∑
k=0

F (qk)SU (q− qk), (4.36)

where the sampling rate is given by the Bragg positions, qk, and SU (q−qk) is the Fourier
transform of the shape function unit cell centred on the Bragg locations. Similarly to

Eq. 3.29, the unit cell shape function is given by,

sU (r) =

1 r ∈ VU ,

0 r /∈ VU ,
(4.37)
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where VU is the volume and de�nes its surface.

The band-limited properties of the scattering factor of the unit cell can be introduced

into Eq. 4.32 to provide the following expression for the scattering factor of a �nite crystal:

FC(q) ∝
[ ∞∑
k=0

F (qk)SU (q− qk)
]
L(q) (4.38)

=
∞∑
k=0

F (qk)
[
SU (q− qk)L(q)

]
. (4.39)

4.A.2 Convolution and associativity properties

Due to the Dirac delta function relationship shown in Eq. 2.48, the product SU (q−qk)L(q)

contained in Eq. 4.39 can be expressed as

SU (q− qk)L(q) = [δ(q− qk) ∗ SU (q)]L(q). (4.40)

The model for the scattering factor of a �nite crystal presented in section 4.2, however,

relies on the expression,

SU (q− qk)L(q) = δ(q− qk) ∗ [SU (q)L(q)]. (4.41)

It should be noted that in general, Eq. 4.40 and Eq. 4.41 are not equivalent. In this case,

however, both expressions equate due to the nature of the particular functions considered

here. This will be demonstrated in the following through examination of the inverse Fourier

transforms of each expression.
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The inverse Fourier transform of Eq. 4.40 can be expressed as

F−1{SU (q− qk)L(q)} = F−1{SU (q− qk)} ∗ F−1{L(q)} (4.42)

= F−1{SU (q) ∗ δ(q− qk)} ∗
[ N∑
i=0

δ(r− ri)
]

(4.43)

=
[
F−1{SU (q)}F−1{δ(q− qk)}

]
∗
[ N∑
i=0

δ(r− ri)
]

(4.44)

= [sU (r) exp(2πir ·qk)] ∗
[ N∑
i=0

δ(r− ri)
]

(4.45)

=
N∑
i=0

[sU (r) exp(2πir ·qk)] ∗ δ(r− ri) (4.46)

=

N∑
i=0

[sU (r− ri) exp(2πi(r− ri) ·qk)] (4.47)

=
N∑
i=0

[sU (r− ri) exp(2πir ·qk) exp(−2πiri ·qk)] (4.48)

=
N∑
i=0

[sU (r− ri) exp(2πir ·qk) exp(−2πiK)] (4.49)

where K is an integer. This follows from the de�nition of a crystal lattice vector and a

reciprocal lattice vector, which are

ri ·qk =
(
ua+ vb+ wc

)
·
(
ha∗ + kb∗ + lc∗

)
(4.50)

= uh a ·a∗ + vl b ·b∗ + wk c · c∗ (4.51)

= uh+ vl + wk (4.52)

= K (4.53)

where Eq. 4.51 and Eq. 4.52 follow from Eq. 3.8 and Eq. 3.7, respectively. As de�ned in

Eqs. 3.1 and 3.12; u, v, w, h, k and l are integers and, as a consequence, K is an integer.

Given that K is an integer, the phase factor exp(−2πiK) in Eq. 4.49 is equal to unity.

Equations 4.42 to 4.49 can then be expressed as

F−1{SU (q− qk)L(q)} =

N∑
i=0

[
sU (r− ri) exp(2πir ·qk)

]
. (4.54)

Equation 4.54 is the inverse Fourier transform of Eq. 4.40.

The inverse Fourier transform of Eq. 4.41 will now be examined to test for the equiva-
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lence of Eqs. 4.40 and 4.41. The inverse Fourier transform of Eq. 4.41 is given by,

F−1{δ(q− qk) ∗ [SU (q)L(q)]} = F−1{δ(q− qk)}F−1{[SU (q)L(q)]} (4.55)

= exp(2πir ·qk)
[
F−1{SU (q)} ∗ F−1{L(q)}

]
(4.56)

= exp(2πir ·qk)
[
sU (r) ∗

( N∑
i=0

δ(r− ri)
)]

(4.57)

= exp(2πir ·qk)
[ N∑
i=0

sU (r) ∗ δ(r− ri)
]

(4.58)

= exp(2πir ·qk)
[ N∑
i=0

sU (r− ri)
]

(4.59)

=

N∑
i=0

[
sU (r− ri) exp(2πir ·qk)

]
. (4.60)

It is evident that the inverse Fourier transforms of Eqs. 4.40 and 4.41 are equal and, as a

consequence, these expressions are equivalent. This equivalence arises due to the sampling

rates considered here and their relationship with the crystal lattice in direct space.

4.A.3 Equivalence of forms of the scattering factor for a �nite crystal

The product of the lattice transform and the shape transform of the unit cell centred on

Bragg positions, SU (q− qk)L(q), is equal to the shape transform of the shape function of

the crystal centred on Bragg positions, SC(q− qk). This is shown as follows:

SU (q− qk)L(q) = δ(q− qk) ∗ [SU (q)L(q)] (4.61)

= δ(q− qk) ∗
[
F{sU (r) ∗

( N∑
i=0

δ(r− ri)
)
}
]

(4.62)

= δ(q− qk) ∗
[
F{sc(r)}

]
(4.63)

= δ(q− qk) ∗ Sc(q) (4.64)

= SC(q− qk). (4.65)

Substitution into Eq. 4.39 following Eq. 4.65 provides the result,

F (q)L(q) =

∞∑
k=0

F (qk)SC(q− qk). (4.66)

This shows the equivalence of the models of the scattering factor for a �nite crystal given in

Eqs . 4.1 and 4.32. Analysis of the forms of the scattering factor arising from the order of

the application of convolution operations was provided in Section 4.A.2. It should be noted
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that this analysis rests on a particular choice of the boundaries of the crystal such that a

�nite crystal is composed entirely of whole unit cells. Other de�nitions of the boundaries

of a �nite crystal can be selected and this will a�ect the order of operations. The order of

the application of the convolution operation can have some subtle di�erences for the form

of the scattering factor of a �nite crystal [300, 345, 346]. The next chapter of this thesis

will consider the form of the scattering factor for a �nite crystal with incomplete unit cells

on the crystal boundary.



5 | Analysis of �nite crystals with

incomplete unit cells

The unit cell of a protein crystal is typically composed of several symmetry-related copies

of a protein molecule. It follows that a protein crystal can be bounded by molecular sub-

units of the unit cell such that the surface sites are not fully occupied. These have been

termed �partial� or �incomplete� unit cells and may be signi�cant for protein crystals that

are e�ectively �nite, such as nano-scale crystals. Incomplete unit cells have been considered

previously in the literature in terms of the direct phasing of serial X-ray crystallography

data. In contrast, this chapter and an accompanying publication [2] consider the contri-

butions of incomplete unit cells with the objective of the accurate extraction of di�racted

intensity information and the estimation of structure factor amplitudes from merged serial

X-ray crystallography data.

In Chapter 4, it was shown that the whole-pattern �tting (WPF) analysis of serial X-ray

crystallography di�raction data from �nite two-dimensional protein crystals can improve

the accuracy of extracted structure factor amplitudes. This considered crystal size e�ects

in the extraction of structure factor amplitudes, yet �rst assumed ordered crystals with

well-de�ned translational periodicity and then considered �nite crystals with translational

disorder. In both cases, the simulated crystals were formed from wholly intact unit cells.

The focus of this chapter is the whole-pattern �tting analysis of serial X-ray crystallography

di�raction data from �nite two-dimensional protein crystals with incomplete unit cells on

the crystal surface. This form of structural disorder is typically neglected in the analysis

of conventional crystallography di�raction data due to the relative length scales making

the e�ect of incomplete unit cells negligible. However, it is in the size regime considered in

this thesis, where crystal shape transforms and size e�ects are relevant, that the in�uence

of incomplete unit cells should be considered.

This chapter begins by reviewing previous work relating to the presence of incomplete

unit cells in the di�raction of �nite crystals. Extensions to the whole-pattern �tting method

shown in Chapter 4 are then outlined and motivated by a modi�ed model for the di�racted

111
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intensity distribution. The chapter concludes with the results of a simulation study for

simple cases of �nite crystals with incomplete unit cells present on the crystal surface, as

reported in an accompanying publication [2].

The scope of the simulation study presented in this chapter is limited to the consider-

ation of the simple case of a conventional unit cell with two symmetry-related sub-units

contained within it. The presence of incomplete unit cells is restricted to those on the

surface of protein crystals and, as such, neglects the possibility of electron density voids

within the crystal bulk. A simple model is assumed during simulations for the occupancy

of surface unit cells with electron density sub-units. Future work could extend this to more

complex cases.

5.1 Incomplete unit cells on the surface of �nite protein crys-

tals

An interesting case that has gained some recent attention in the XFEL community (

[7,211,347,348]) is that of micron or submicron protein crystals with partial or incomplete

unit cells on the crystal surface. The unit cell of a protein crystal is usually formed by

several, symmetry-related molecules of the protein. It is unlikely that the surfaces of a

protein crystal are truncated uniformly at the edges of such a construction. � i.e., the

crystal is bounded by complete molecules, but not necessarily by complete unit cells. A

more physical model would allow for variation in the number and distribution of protein

molecules on the crystal surface. The conventional construction of a crystal is incompatible

with such variation in the sub-units forming the boundaries of a crystal. Translational

periodicity and the unique de�nition of the unit cell is lost as a result. An illustrative

example of this was provided by Kirian et al. [7] and is reproduced here in Fig. 5.1.

The model of a crystal with incomplete occupation of external unit cells is applicable to

any �nite protein crystal with space-group symmetry greater than P1. The contribution

of incomplete unit cells upon di�racted intensities is most prominent away from Bragg

positions [7]. Structure factor amplitudes are associated with Bragg positions, yet typ-

ically require the characterisation of Bragg spot distributions in their estimation. Some

inaccuracies in structure factor amplitudes may then be introduced when extracted from

di�raction with broad Bragg peak distributions, such as that from �nite protein crystals as

shown in Chapter 4. This e�ect is only relevant in the �nite crystal size regime due to the

combination of two factors � the broadening of Bragg peaks due to small crystal sizes and

the greater surface-to-volume increasing the contribution of surface distributions. Peak

integration methods and whole-pattern �tting analysis [1] for the extraction of structure

factor amplitudes include or characterise the contributions of di�racted intensities in se-
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lected regions around Bragg locations. The reliability of these approaches in the presence

of incomplete unit cells is explored in this chapter.

Direct phasing of �nite crystals with incomplete unit cells

Direct phasing of SFX data has been proposed by Spence et al. [211] within the small

crystal size regime that is accessible with XFEL radiation. This was �rst suggested to

be feasible for micro- and nano-crystals composed solely of whole unit cells [211] using a

�dividing out� approach with the expression for the average intensity distribution formed

by n crystals:

〈I(q)〉N ∝ |F (q)|2〈L(q)2〉n, (5.1)

where |F (q)|2 is the continuous scattering factor for the unit cell and 〈L(q)2〉n is the

averaged squared lattice-transform, or shape transform. The objective is that division of

the continuous di�racted intensity distribution by the estimated distribution of the average

shape transform would provide access to the continuous scattering factor for the unit cell.

This presents the possibility of phasing the unit cell structure using data sampled between

Bragg positions [19] with coherent di�ractive imaging algorithms [349�351]. Recent work

[7, 347, 348, 352] has noted that further considerations are required as this approach relies

upon a clear and common de�nition of the unit cell being held across the nano- or micro-

crystal sample. This condition is not satis�ed, however, in the presence of incomplete unit

cells on crystal surfaces.

Liu et al. [347] extended the approach presented by Spence et al. [347] with a simu-

lation study of two-dimensional crystals with incomplete unit cells. The simulations were

restricted to the consideration of a total of two symmetry-related growth units to generate

whole crystals. This produced two unique and de�nable unit cells within the crystal bulk,

either of which (or a superposition of the two) were recoverable depending on the distribu-

tion of simulated crystal surfaces. Di�culties could arise in the application of this phasing

approach to experimental serial crystallography data, where control over the distribution

of sub-units on crystal surfaces is lacking. Liu et al. argued, however, that the distribution

of protein molecules on the surface of a real protein crystal will be often skewed towards a

particular unit cell de�nition due to the anisotropy of the molecular interactions producing

crystal contact points. It was inferred that the solution of a single unit cell structure could

be achieved with this approach as a result, despite the presence of incomplete unit cells on

crystal surfaces.

Further work on the direct phasing of �nite crystals with incomplete unit cells was made

by Kirian et al. [7]. This work suggested modi�cations to the method of Spence et al. [211]

to incorporate the presence of incomplete unit cells. This used the approach that a �nite
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Figure 5.1: A demonstration provided by Kirian et al. [7] of di�erent crystal surface trunca-
tions for one-dimensional crystals with two sub-units per unit cell. This is reproduced here
from R. A. Kirian, et al. �Phasing coherently illuminated nanocrystals bounded by partial
unit cells,� Phil. Trans. R. Soc. B, 369, 20130331, 2014. This �gure was �rst published
by the Royal Society under the terms of the Creative Commons Attribution License
http://creativecommons.org/licenses/by/3.0/

crystal, formed by several symmetry-related molecules within a unit cell, can be described

by the sum of �nite sub-lattices for each type of symmetry-related sub-unit. This provides

a modi�ed expression for the electron density and for the average di�racted intensity

distribution. Through simulations of �nite crystals with random distributions of incomplete

unit cells on crystal surfaces, Kirian et al. showed that this framework may make the

problem of the direct phasing of �nite crystals tractable for random distributions of sub-

units on crystal surfaces. Further development of this approach is needed to incorporate

alternative distributions of surface molecules into the model.

In later work, Kirian et al. [348] reported the �rst experimental demonstration of the

direct phasing approach as outlined by Spence et al. [211]. This involved the phasing of ar-

ti�cial two-dimensional crystals, fabricated from platinum islands, under XFEL radiation

in the soft x-ray range at FERMI. The presence of incomplete unit cells was not incorpo-

rated into the crystal targets, yet crystal surface e�ects were shown to be signi�cant given

that the arrangement of components within a solved unit cell structure was de�ned by the

positions of surface truncations.

5.2 Construction of a model for the average di�racted inten-

sity distribution

As discussed in Sections 3.2.3 and 4.A, the electron density of �nite protein crystal,

ρcryst(r), can be given by the convolution of the electron density of the unit cell, ρ(r),

http://creativecommons.org/licenses/by/3.0/
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Figure 5.2: One-dimensional behaviour of weighting terms, 1
2

(
1 + C12(q)

)
and 1

2

(
1 −

C12(q)
)
, of modelled Bragg peak contributions (Eqs. 5.20 and 5.21, respectively) with

respect to the scattering vector. qk and qk+1 denote Bragg locations.

and a �nite lattice function, l(r), such that

ρcryst(r) = ρ(r)⊗ l(r). (5.2)

The extended formalism to account for the presence of di�ering numbers of sub-units

within the conventional unit cell proposed by Kirian et al. [7] is adopted here. This can

be expressed for the simplest case of two sub-units as

ρcryst(r) = ρ1(r)⊗ l1(r) + ρ2(r)⊗ l2(r), (5.3)

where ρ1(r) and ρ2(r) are the electron densities of each of the sub-units and l1(r) and

l2(r) are the �nite sub-lattices describing the positions of each sub-unit. The sub-units are

labeled here as type 1 and 2.

The di�racted intensity distribution averaged from n �nite crystals can be expressed

as [7]

〈I(q)〉n ∝ |F1(q)|2〈|L1(q)|2〉n + |F2(q)|2〈|L2(q)|2〉n

+ 2Re{F ∗1 (q)F2(q)〈L∗1(q)L2(q)〉n}, (5.4)

where F1(q) and F2(q) are the scattering factors for each of two sub-units, 〈...〉n is the

ensemble average of n �nite protein crystals and 〈|L1(q)|2〉n and 〈|L2(q)|2〉n are the average
of the squared magnitudes of the Fourier transforms of the respective sub-lattices, l1(r)

and l2(r). Either a constant electron density of the sub-units across the set of merged

crystals or an implicit average electron density is assumed within Eq. 5.4. Variation in
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crystal size and shape is permitted across the crystal ensemble.

Following Eq. 5.4, the formulation is extended in this work to include a generalised

lattice-transform term, 〈|L(q)|2〉n, combined with correlation coe�cients, Cij(q), between

sub-units of types i and j (i, j = 1, 2). This provides

〈I(q)〉n ≈ 〈|L(q)|2〉n
[
|F1(q)|2 + |F2(q)|2 + 2C12(q)Re{F ∗1 (q)F2(q)}

]
. (5.5)

The correlation coe�cient terms introduce additional dependence on the scattering vector

when i 6= j, yet are equal to unity for identical sub-unit types. This is demonstrated in

Appendix 5.A for a two-dimensional parallelogram crystal.

The band-limited nature of the scattering factor of the conventional unit cell was used

in Appendix 4.A in the formulation for a model function for the di�racted intensity distri-

bution from ideal, �nite crystals. Similarly, the scattering factors from separate sub-units

of the unit cell can be expressed using

Fi(q) =
∑
k

Fi(qk)Su(q− qk), (5.6)

where the contributions of the two sub-units within the unit cell are noted by i = 1, 2;

Su(q− qk) gives the shape transform of the unit cell centred on Bragg locations, qk, and

the total distribution is formed by the summation over all Bragg re�ections, k. It follows

as a consequence that Eq. 5.5 can be recast into the form

〈I(q)〉n ≈
∑
k

1

2
I(qk)

(
1 + C12(q))Pk(q− qk

)
, (5.7)

where I(qk) is the intensity of the kth Bragg re�ection for the whole unit cell case,

I(qk) = |F1(qk) + F2(qk)|2, (5.8)

and

Pk(q− qk) = 〈|L(q)|2〉n|Su(q− qk)|2. (5.9)
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The whole-pattern �tting model

The interpolation expression for the scattering factors of sub-units (Eq. 5.6) can be sub-

stituted into the average di�racted intensity distribution in Eq. 5.5 to yield

〈I(q)〉n ∝
∑
k

[
[(|F1(qk)|2 + |F2(qk)|2)

+ 2C12(q)Re{F ∗1 (qk)F2(qk)}]

× |Su(q− qk)|2〈|L(q)|2〉n
]
. (5.10)

It is convenient to recast the continuous di�racted intensity distribution in terms of

conventional crystallographic intensities at Bragg positions. Several de�nitions are made

in this section for this purpose, beginning with

Pα,k(q− qk) = |Su(q− qk)|2〈|L(q)|2〉n (5.11)

and

Pβ,k(q− qk) = |Su(q− qk)|2〈|L(q)|2〉nC12(q). (5.12)

Introducing these into the di�racted intensity distribution, Eq. 5.10, provides

〈I(q)〉n ∝
∑
k

[(|F1(qk)|2 + |F2(qk)|2)Pα,k(q− qk)

+ 2Re{F ∗1 (qk)F2(qk)}Pβ,k(q− qk)] (5.13)

or

〈I(q)〉n ∝
∑
k

[(|F1(qk)|2 + |F2(qk)|2)

×
(
P̄k(q− qk) + ∆Pk(q− qk)

)
+ 2Re{F ∗1 (qk)F2(qk)}

× (P̄k(q− qk)−∆Pk(q− qk))] (5.14)

=
∑
k

[
I(qk)P̄k(q− qk)

+ I ′(qk)∆Pk(q− qk)
]
, (5.15)

where I(qk) is the conventional crystallographic intensity of the kth Bragg re�ection,

Eq. 5.8. The second term is weighted by I ′(qk) =
∑

k[|F1(qk)|2+|F2(qk)|2−2Re{F ∗1 (qk)F2(qk)}],
which di�ers from the conventional crystallographic intensity.
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The P̄k(q− qk) and ∆Pk(q− qk) terms can be given by

P̄k(q− qk) =
1

2
(Pα,k(q− qk) + Pβ,k(q− qk)) (5.16)

and

∆Pk(q− qk) =
1

2
(Pα,k(q− qk)− Pβ,k(q− qk)). (5.17)

Alternatively, these can be recast in terms of unit cell shape-transforms and generalised

lattice-transform as

P̄k(q− qk) =
1

2
|Su(q− qk)|2〈|L(q)|2〉n

(
1 + C12(q)

)
(5.18)

and

∆Pk(q− qk) =
1

2
|Su(q− qk)|2〈|L(q)|2〉n

(
1− C12(q)

)
. (5.19)

Both Eq. 5.18 and Eq. 5.19 contain contributions from |Su(q−qk)|2〈|L(q)|2〉n. This is
also contained within the model for the di�racted intensity distribution, Eq. 4.39, that was

demonstrated and used previously for crystals composed of whole unit cells in Chapter 4.

Using the same approach as in Chapter 4 of modelling these contributions with analytical

peak-shape functions, Eqs. 5.18 and 5.19 may be equivalently written as

P̄k(q− qk) =
1

2

(
1 + C12(q)

)
Pk(q− qk) (5.20)

and

∆Pk(q− qk) =
1

2

(
1− C12(q)

)
Pk(q− qk), (5.21)

where Pk(q− qk) is a peak-shape function for the kth re�ection.

Appendix 5.A considers the correlation coe�cient, C12(q), for a random occupancy

model of a two-dimensional parallelogram crystal. It is shown that under particular as-

sumptions for the sub-unit distributions, the correlation coe�cient can be given as

C12(q) = cos2
(qxa

2

)
cos2

(qyb
2

)
, (5.22)

where a and b are the unit cell parameters de�ning the two-dimensional crystal. P̄k(q−qk)
and ∆Pk(q−qk) will exhibit local maxima in di�erent regions of q-space as a consequence,

with P̄k(q−qk) being prominent at Bragg locations and ∆Pk(q−qk) at midpoints between

Bragg locations, as depicted in Figure 5.2. This motivates the approximation to neglect

terms weighted by ∆Pk(q − qk) for the estimation of structure factor amplitudes, which

are de�ned at Bragg locations. In other applications, including the direct phasing of data

from �nite crystals [211], it might be expected that these contributions should be retained.
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An expression for the di�racted intensity distribution from �nite crystals with external

incomplete unit cells can now be given as

〈I(q)〉n ≈
∑
k

(I(qk)P̄k(q− qk), (5.23)

which is equivalent to Eq. 5.7. This result (Eq. 5.7) is used in the whole-pattern �tting

analysis presented in this chapter. The di�racted intensity distribution from incomplete

unit cells is cast in terms of conventional Bragg intensities corresponding to the intact unit

cell, I(qk) (Eq. 5.8). Comparison of Eqs. 5.7 and 4.7 show that incomplete unit cells are

incorporated within this expression by the inclusion of the term, 1
2

(
1 + C12(q)

)
.

5.3 Simulation study

5.3.1 Test protein structure

A hemagglutinin HA1 domain structure from the H3N2 in�uenza virus A [8] was selected

as the test structure in the simulation study presented here. This selection was partly

motivated by the simple space-group symmetry and quality of the resolution of the solved

structure. The selection of the hemagglutinin HA1 domain from the H3N2 in�uenza virus A

was also motivated by its biological signi�cance. H3N2 is a sub-type of in�uenza virus (A),

which was �rst observed in humans in 1968 with a strain causing a human pandemic [353].

The classi�cation of the H3N2 sub-type is made with the types of the hemagglutinin (H)

and neuraminidase (N) proteins on the virus surface. The structure of hemagglutinin pro-

teins present in di�erent H3N2 in�uenza virus strains are of particular interest because

hemagglutinin proteins frequently mutate to avoid recognition by the human immune sys-

tem. In particular, the HA1 domains vary the most signi�cantly in their binding sequences

in recently circulating H3N2 in�uenza A strains from that of the 1968 strain, compared to

other hemagglutinin domains [8]. Yang et al. [8] investigated the structural changes of HA1

domains of the H3N2 in�uenza virus A to gain further understanding of the evolutionary

changes of in�uenza viruses in humans and reported the crystal structures of the HA1 do-

mains of several H3N2 strains. The crystal structure used in this simulation study is one

such of these structures: the HA1 domain of a H3N2 in�uenza virus A strain circulating in

Perth, Australia, in 2009. The structure deposited in the Protein Databank (PDB entry:

4WE6) was used throughout the simulation study presented in this chapter.

The crystal structure of the hemagglutinin HA1 domain of the H3N2 in�uenza virus A

(Perth, 2009) has P121 space group symmetry, which contains two biological assemblies

within the asymmetric unit that were assumed to attach as rigid-body units of electron
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Figure 5.3: Cartoon representation of the crystal structure of the hemagglutinin HA1
domain of the H3N2 in�uenza virus A (Perth, 2009) [8]; PDB entry 4WE6

Length (Å) Angle (◦)

a = 42.47 α = 90.00

b = 50.57 β = 90.08

c = 182.26 γ = 90.00

Table 5.1: Unit cell parameters for the crystal structure of the hemagglutinin HA1 domain
of the H3N2 in�uenza virus A (Perth, 2009) [8]; PDB entry 4WE6

density within the simulation study. Each of sub-unit was de�ned by the space group

symmetry of the reported structure, which limited the number of sub-units to a total of

two. The simplicity of this assumed unit cell structure allows for the in�uence of external

incomplete unit cells to be examined in its simplest case and has been used in other studies

on this topic [7, 347, 354]. It is anticipated that this can be expanded to larger numbers

of symmetry-related sub-units within a unit cell. A cartoon representation [8] of this viral

protein domain is shown in Fig. 5.3 and the unit cell parameters are provided in Table 5.1.

5.3.2 Simulation of incomplete unit cells

The merged di�racted intensity distributions of this simulation study were calculated fol-

lowing Eq. 5.4. This requires the separation of each of the sub-units of the unit cell and the

separation of the continuous scattering factor distributions for the two di�erent sub-unit

types. The continuous scattering factor distributions are de�ned here by the deposited

structural information (PDB entry: 4WE6) and the symmetry operations of the crystal
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structure.

The �nite lattice transforms of the sub-lattices assigned to each sub-unit type were

calculated separately. The simulation of these �nite lattice transforms was performed in

the following manner:

1. A �bulk� crystal is calculated by sampling from a chosen size and shape probability

distribution.

2. A �nite lattice is created for each of the two sub-unit classes for the bulk crystal;

this is de�ned by the bulk crystal and unit cell dimensions.

3. Within a chosen region of one unit cell thickness surrounding the crystal surface, the

occupancy of each �nite lattice is independently �lled. At this point, the �nite lattice

distributions will di�er from each other.

4. The Fourier transform of each �nite lattice, F1(q) and F2(q), and the product,

F ∗1 (q)F2(q), is calculated.

5. The �nite lattice transforms are stored and the calculation returns to bulk size and

shape of the next crystal.

6. After the calculation of �nite lattice transforms is completed, the merged intensity

distribution is calculated by combining with the separate continuous molecular scat-

tering factor distributions as expressed in Eq. 5.4.

The calculation of �nite lattices was performed for a maximum of 1000 lattices for a

chosen set. As in the preceding chapter, crystal sizes were selected from lognormal size

distributions. The crystal dimensions in the real space x and y directions were selected

randomly in each iteration, thus creating variation in both crystal size and shape. Two

cases of average crystal dimensions were used in this study � a crystal set with average

crystal bulk dimensions of 15 unit cells in the x direction and 5 unit cells in the y direction,

and a crystal set with average crystal bulk dimensions of 30 unit cells in the x direction

and 10 unit cells in the y direction. Such dimensions are below those that are typically

studied in SFX experiments to date but are in the size regime required for current microED

experiments to minimise multiple scattering events, as discussed in Section 1.3.2. The

chosen crystal dimensions are comparable to those in other studies involving incomplete

unit cells � for example, Liu et al. [347] selected a default crystal length of 10 unit cells

with a maximum variation of 5 unit cells.
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Figure 5.4: Schematic of an incomplete unit cell distribution. Whole unit cells are indicated
with dark green cells and incomplete unit cells are indicated by lighter cells. Electron
density sub-units are represented by triangular shapes for simplicity, with di�erent sub-unit
classes indicated by di�erent orientations. The boundary of the crystal bulk is indicated
with dashed green lines and the �lling region for incomplete unit cells indicated by dashed
red lines, which limited to a single unit cell.

Crystal surfaces

A simple model was used to generate the distribution of surface unit cells for the two-

dimensional �nite lattices of a given crystal set. As in the approach of Liu et al. [347], the

occupancy of the surface sites by incomplete unit cells was varied throughout simulations

using a random occupancy model. In a chosen crystal set, the average fraction of occupied

surface sites was �rst de�ned. This was followed by the random distribution of partially

�lled sites through the sampling of uniform probability distributions to satisfy the selected

occupancy. Similar random occupancy models have been used in the literature [7,347,352].

This work has been limited to the use of a random occupancy model for the construction

of crystal surfaces. However, alternative models could be incorporated within this analysis

with di�erent forms of the correlation coe�cient, C12(q), within Eq. 5.7.

Occupancy levels were varied across simulated crystal sets within each crystal size

considered. Crystal sets were de�ned by 0%, 10%, 30% and 50% occupancy levels. In all

cases, occupancy levels were identical for both sub-unit types, yet the distribution of each

type was varied independently. Attachment rules were imposed to avoid the occurrence

of electron density voids on the crystal surface, with similarities to [347]. The attachment

of each sub-unit was limited on opposing crystal surfaces, as depicted in Fig. 5.4. This

is not a general approach given that surface distributions of electron density sub-units

might depend on a variety of factors, including crystal contact points, molecular size and

geometry. In other cases where all classes of sub-units can attach to all surfaces, the

potential for both incomplete and whole unit cells in the crystal surface region would be
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created.

The region in which incomplete unit cells were distributed was limited to a width of

a single unit cell on the surface of the crystal bulk. This dictates that the attachment of

additional growth units on a crystal surface will preferentially �ll all sites on the innermost

surface area before �lling sites in a wider region. This might also be interpreted as an

assumption that crystal growth is inhibited by the presence of structural vacancies near

the crystal surface. Fig. 5.4 provides a simple example of a �nite two-dimensional crystal

with incomplete unit cells that follow the distribution rules outlined here.

Example sections of the merged di�racted intensities distributions for whole unit cells

and for occupancy levels of 50 % are displayed in Fig. 5.5. Fig. 5.6 provides a lineout of the

di�raction distributions through selected Bragg peak positions in Fig. 5.5 for both whole

unit cells and incomplete unit cells. In both instances, the only di�erence made during

simulations was the presence of incomplete unit cells on crystal surfaces.

5.4 Extraction of structure factor amplitudes

The extraction of structure factor amplitudes from the di�racted intensity distributions

was performed as described previously in Chapter 4 with the accuracy assessed using the

conventional crystallographic R-factor, Eq. 3.27. As in the previous chapter, the accu-

racy of the extracted structure factors with whole-pattern �tting have been compared to

those found using the approach of integrating around Bragg peak positions. In all cases

in this chapter, each set of structure factors were independently scaled and assessed us-

ing SFCHECK [355] against the atomic model of given by the PDB entry (4WE6 [8]).

SFCHECK performs the scaling of observed structure factor amplitudes using the Patter-

son origin peak [356] and the overall thermal factor estimated by SFCHECK.

5.4.1 Integration analysis

The R-factors obtained from the integration analysis of di�racted intensity distributions

for both crystal sizes and 0% and 50% occupancies of incomplete unit cells are shown

in Fig. 5.7. For both crystal sizes, the best R-factors were found from the narrowest

integration regions. A small o�set in R-factors is present for the distributions containing

incomplete unit cell contributions. This increases for broader integration regions and most

signi�cantly for the smaller crystal size. The contribution of incomplete unit cells to the

R-factors is expected to become more substantial at locations away from the Bragg points

and for crystals of smaller size. The behaviour of the R-factors for broad integration

regions satis�es these expectations, given the greater sensitivity and higher magnitudes as



Figure 5.5: Simulated sections of the merged di�racted intensities distributions from the
crystal structure of the hemagglutinin HA1 domain of the H3N2 in�uenza virus A (Perth,
2009) [8]; PDB entry 4WE6. The left-hand panel shows merged di�raction from rectangular
crystals of average unit cell dimensions of 15 by 5 unit cells; all surface unit cells are wholly
intact. The right-hand panel shows merged di�raction from crystals with bulk distributions
de�ned by average unit cell dimensions of 15 by 5 unit cells; 50 % of the surface sites are
incomplete unit cells. Both panels show the square-root of the simulated di�raction in
these sections of the merged distributions, normalised to a maximum value of 100.

Figure 5.6: Lineouts of the simulated di�racted intensities distributions from the crystal
structure of the hemagglutinin HA1 domain of the H3N2 in�uenza virus A (Perth, 2009) [8];
PDB entry 4WE6. The blue line shows a lineout of the merged di�raction from rectangular
crystals of average unit cell dimensions of 15 by 5 unit cells where all surface unit cells are
wholly intact. The green line shows the corresponding lineout of the merged di�raction
from crystals with bulk distributions de�ned by average unit cell dimensions of 15 by 5
unit cells and with 50 % of the surface sites occupied by incomplete unit cells. Both are
normalised to a maximum value of 100.
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Figure 5.7: R factors for the extracted structure factor amplitudes via the integration
approach for varying integration regions from crystals of average dimensions of (a) 15-by-5
unit cells, (b) 30-by-10 unit cells and varying occupancy levels of surface unit cells. The
average percentage of occupancy levels for each set of simulated crystals is indicated in
the legend. The integration region shown is the distance from Bragg positions; the upper
value approaches a distance of 40% of the reciprocal lattice spacing.
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the integration regions approach 40% of the reciprocal lattice spacing. Additional sources

of inaccuracy appear to be present, however, given that the magnitudes of R-factors found

from the larger simulated crystals exceed that from the smaller case for narrow integration

regions. This may be a result of numerical errors introduced due to the sampling of

continuous distributions on �nite pixels and pattern merging. For broader integration

regions, the inaccuracies introduced from the presence of incomplete unit cells appears to

dominate other errors.

The accuracy of structure factor amplitudes is worsened by the contribution of incom-

plete unit cells in all cases. However, only small changes were found in R-factors between

incomplete and whole unit cell distributions. The greatest increase in R-factors was limited

to less than 0.005 when using narrow integration regions. This suggests that distributions

of incomplete unit cells on crystal surfaces might not limit the conventional analysis of

di�raction data collected in experiments using submicron crystals, which is an encour-

aging result for serial X-ray crystallography experiments using very small crystals. Care

should be taken, however, given that additional sub-units and broader regions on crystal

surfaces will increase the variety of potential surface con�gurations. These may worsen the

accuracy of structure factor amplitudes obtained via peak integration. It is also the case

that the selection of integration regions may be limited for crystals containing large unit

cells with short reciprocal lattice lengths. In such cases, integration regions may include a

more substantial portion of the reciprocal lattice and the contribution of incomplete unit

cells may become more prominent. Other inaccuracies, such as shifts in the locations of

peak intensities due to peak partiality, may also worsen the R-factors and their dependence

on the size of integration regions.

5.4.2 Whole-pattern �tting analysis

The simulated di�racted intensity distributions were analysed with the whole-pattern �t-

ting model presented in this chapter and with the model presented in the previous chapter.

These are distinguished by the inclusion of the correlation coe�cient term, C12, between

electron density sub-units. In both cases, the ideal peak-shape, Pk(q − qk
)
, was mod-

elled with a two-dimensional pseudo-Voigt function. The R-factors obtained from these

two approaches and from the best results from integration presented in Section 5.4.1 are

shown in Fig. 5.8. The behaviour of R-factors in Fig. 5.8 shows that the whole-pattern

�tting model presented here is most e�ective for the simulated distributions corresponding

to the smaller crystals. An improvement in R-factors of approximately ∼0.01 was found

over the best results obtained through integration, with greater di�erences in R-factors in

comparison to broader integration regions. The best integration region is dependent on a

range of parameters [202], such as pixel size, resolution, crystal size and crystal disorder.



Figure 5.8: Accuracy of extracted structure factor amplitudes for varying occupancy lev-
els (%) of incomplete unit cells on crystal surfaces of average dimensions of (a) 15-by-5
unit cells and (b) 30-by-10 unit cells. The legend indicates points corresponding to the
modi�ed WPF analysis outlined in this chapter (`Whole-pattern C12'), the WPF analysis
approach outlined in Chapter 4 (`Whole-pattern') and the integration of Bragg re�ections
(`Integration'). Integration results are shown for a single integration region for which the
most accurate structure factor amplitudes were extracted.
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Figure 5.9: Mixing parameter, ηx, obtained from the whole-pattern �tting of di�racted
intensity distributions simulated for crystals of average dimensions of 15-by-5 unit cells
and increasing occupancy of incomplete unit cells on crystal surfaces. The legend indi-
cates points corresponding to the modi�ed WPF analysis outlined in this chapter (`Whole-
pattern C12') and the WPF analysis approach outlined in Chapter 4 (`Whole-pattern').

Figure 5.10: The quality of �t of the modelled distributions across occupancy levels (%)
of incomplete unit cells on crystal surfaces for average dimensions of 30 by 10 unit cells.
Fit factors are shown for the modi�ed WPF analysis outlined in this chapter and WPF
analysis excluding the correction factor, 1

2

(
1+C12(q)

)
. The minimum Rfit factor obtained,

R0, is subtracted from all values for scaling purposes.
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The whole-pattern �tting approach may be more robust in such cases as it does not require

the selection of a region for integration.

R-factors are shown to increase for greater occupancy levels of incomplete unit cells

in Fig. 5.8 in all cases. This suggests that the modelled contribution for incomplete unit

cells does not entirely take into account their presence and other sources of inaccuracy in

the extracted structure factor amplitudes. There could be a few reasons for this. Firstly,

it is worth noting that the overall magnitude of R-factors obtained from the modi�ed

whole-pattern �tting of the simulated distributions from the larger crystals are greater

than those from the smaller crystals. This was also observed in Fig. 5.7 using integration

analysis. This indicates that possible numerical errors in the intensity distributions, as

suggested in Section 5.4.1, may also be a�ecting the extracted structure factor amplitudes

obtained with whole-pattern �tting analysis. It is also relevant that the whole-pattern

�tting approach is targeted at the analysis of di�racted intensity distributions from very

small crystals with extended Bragg peak distributions. It may be the case that the model

was able to analyse the distributions simulated from the smaller crystals more e�ectively

due to greater scattering between Bragg locations for these cases. Another perspective is

that the approximations made in the development of the model (Sections 5.2 and 5.A), such

as neglecting the contribution of terms such as Eq. (5.21), were excessive and hindered the

accuracy of this approach. It may be necessary to include contributions that are dominant

at inter-Bragg locations to most accurately account for the presence of incomplete unit cells

in �nite crystals via whole-pattern �tting. Despite these observations, the model presented

for the whole-pattern �tting of di�racted data with incomplete unit cell contributions was

found to provide the best R-factors from all cases considered in this simulation study.

The whole-pattern �tting of each simulated di�racted intensity distribution involved

the independent re�nement of peak-shape parameters modelling the ideal peak-shape,

Pk(q−qk
)
. As in Chapter 4, a two-dimensional pseudo-Voigt function (de�ned in Eq. 4.24)

was used for this task. In this simulation study an identical set of initial peak-shape pa-

rameters were used for di�racted intensity distributions corresponding to the same average

crystal dimensions yet with varying occupancy levels of incomplete unit cells. The �nal

peak-shape parameters that were found to provide the best agreement between the simu-

lated and modelled distributions di�ered in all cases. Figure 5.9 provides an example of the

behaviour of one of the �tted peak-shape parameters, the mixing parameter ηx, for varying

occupancy levels of incomplete unit cells in the smaller crystal case. Inspection of Eq. 4.24

shows that this parameter determines the weighting of the Gaussian and Lorentzian com-

ponents in the qx direction, with a magnitude of one corresponding to an entirely Gaussian

peak-shape and a magnitude of zero corresponding to an entirely Lorentzian peak-shape.

Figure 5.9 shows the behaviour of this parameter for both whole-pattern �tting models.
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The �tted peak-shapes became more Lorentzian in shape in the qx direction using the

modi�ed whole-pattern �tting model as the percentage of incomplete unit cells increased,

yet became more Gaussian in shape for the whole-pattern �tting model excluding the in-

complete unit cell term. It is then relevant to note in the results of Fig. 5.8 that increasing

contributions of incomplete unit cells is not the only parameter varying with results ob-

tained from each of the whole-pattern �tting approaches. It may be the case that the

presence of incomplete unit cells can be taken into account to some degree due to the �exi-

ble nature of the selected peak-shape function. Di�erent selections of peak-shape function

to model the ideal peak-shape, Pk(q − qk
)
, may produce di�erent trends in R-factors.

It was also shown in Fig. 5.8 that smaller R-factors were found using the whole-pattern

model for incomplete unit cells even in the case of whole unit cell distributions (0% occu-

pancy level). This suggests that the inclusion of the C12 modi�cation term may present

and improvement over the two-dimensional pseudo-Voigt function in modelling the ideal

peak-shape, Pk(q − qk
)
, for the crystal dimensions and size distributions considered. As

emphasised in Section 4.3.1, the whole-pattern �tting technique is not speci�c to the use of

a particular peak-shape function and a variety of analytical function could potentially be

used for modelling. It appears in this case, that the two-dimensional pseudo-Voigt func-

tion was improved by the introduction of the modi�cation term for the characterisation of

ideal peak-shapes. The quality of the �t between the simulated and modelled di�racted

intensity distributions was assessed using the weighted sum of all di�erences between the

distributions, Rfit. This is shown in Fig. 5.10 for the larger crystal case with increasing

incomplete unit cell contributions using both whole-pattern �tting models. These results

show that the best agreement between distributions was found using the modi�ed model

for 0% occupancy of incomplete unit cells and that this model provided the best agree-

ment between distributions as incomplete unit cells increased. The metric increased more

rapidly and exhibited more sensitivity to higher levels of incomplete unit cells when the

modi�cation term for incomplete unit cells was excluded. This indicates that the model

presented in Sections 5.2 and 5.A incorporates the presence of incomplete unit cells within

the di�racted intensity distributions more e�ectively with the inclusion of the modi�cation

term. This may also be a valuable approach for greater numbers of sub-units for which

the contribution of incomplete unit cells could become more substantial.

5.5 Concluding remarks

In this chapter, the presence of incomplete unit cells on the surface of �nite protein crystals

was considered in terms of the accuracy of structure factor amplitudes extracted from

merged di�racted intensity distributions. Following Chapter 4, a modi�ed approach to

whole-pattern �tting analysis [2] was presented that incorporates a simple model for the
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presence of incomplete unit cells.

The modi�ed whole-pattern �tting approach provided structure factor amplitudes with

small improvements in R-factors of ∼0.01 over that of integration approaches for a vari-

ety of incomplete unit cells on crystal surfaces for the cases considered. However, some

dependence was still displayed by the presented whole-pattern �tting approach upon the

occupancy of surface unit cells, which diminished in accuracy as the presence of incom-

plete unit cells increased. The presence of incomplete unit cells was not entirely taken into

account by approximations made, yet these may provide improvements over integration

methods in the extraction of structure factor amplitudes for the cases considered. Inte-

gration methods presented o�sets in R-factors of less than 0.005 with optimal selection of

integration regions in comparison to the ideal case of whole unit cells. This suggests that

the potential contribution of incomplete unit cells might not present a limitation to the

use of these data analysis methods for the di�raction data collected from small protein

crystals with two electron density sub-units within the conventional unit cell.

Simulations were performed with a simple model for the attachment of incomplete

unit cells. The assumptions made during the modi�cation of the whole-pattern �tting

model were satis�ed during the simulation of protein crystals. These include the e�ectively

�nite dimensions of the crystals, the presence of two symmetry-related sub-units of the

conventional unit cell, the limitation of the distribution of incomplete unit cells to the

width of a single unit cell on crystal surfaces, the absence of electron density voids within

the crystal bulk, the equal probability of the attachment of di�erent sub-units in a given

crystal direction and the independence of the probability of the attachment of sub-units

between di�ering crystal directions. Future work could generalise this to larger numbers

of symmetry-related sub-units, broader surface regions and other probability distributions

for the introduction of incomplete unit cells and the inclusion of electron density voids.

A single form of crystal disorder has been considered in this chapter. Additional sources

of disorder would be expected in experimental data collected from submicron crystals.

Translational lattice disorder was considered in Section 4.6 of the previous chapter. The

models presented for each form of disorder could potentially be combined to provide a

whole-pattern �tting model that is designed for various forms of crystal disorder. In ad-

dition, it has been shown in other work [341] that the presence of crystal disorder can be

incorporated within a model for a continuous di�racted intensity distribution as an addi-

tional source of partial coherence. Such a treatment could possibly be combined with a

whole-pattern �tting model with the introduction of coherent modes [357].
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5.A Appendix

The lattice transform of a two-dimensional parallelogram crystal is given by:

L(q) =
sin(Nxqxa/2)

sin(qxa/2)

sin(Nyqyb/2)

sin(qyb/2)
ei(Nxqxa/2)ei(Nyqyb/2), (5.24)

where Nx and Ny are the unit cell dimensions of the crystal in the a and b crystal directions.

A unit cell composed of i = 1, 2 symmetry-related sub-units will be considered here.

Nix and Niy will be used here to denote the unit cell dimensions of the ith sub-unit in

the a and b crystal directions. The averaged intensity distribution formed from n two-

dimensional crystals with varying numbers of Nix and Niy, which can be broken up into

sub-lattices for each sub-unit, will be examined here. The average sub-lattice transform

for n crystals can be expressed as

Lij(q) = 〈L∗i (q)Lj(q)〉n, (5.25)

where i = 1, 2 and j = 1, 2.

The case when i = j will �rst be considered. This is the average sub-lattice transform

for sub-units of the same type for n crystals:

Lii(q) = 〈L∗i (q)Li(q)〉n. (5.26)

If it is assumed that the probabilities of the unit cell dimensions of the ith sub-unit are

independent in the a and b crystal directions, then this average sub-lattice transform can

be expressed as

Lii(q) =
∑
Nix

∑
Niy

P (Nix)P (Niy)
sin2(Nixqxa/2)

sin2(qxa/2)

sin2(Niyqyb/2)

sin2(qyb/2)
, (5.27)

where P (Nix) is the probability of having N sub-units of type i in the a direction and

P (Niy) is the probability of having N sub-units of type i in the b direction.

The assumption is made that P (N1x) = P (N2x) and P (N1y) = P (N2y) so that

L11(q) = L22(q) ≡ 〈|L(q)|2〉n (5.28)

Next, the case of L12(q) is considered. This is de�ned as

L12(q) = 〈L∗1(q)L2(q)〉n. (5.29)
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Assuming that the probabilities in x and y are independent and, as such, can be separated,

this provides:

L12(q) = L12(qx)L12(qy) (5.30)

where

L12(qx) = 〈L∗1(qx)L2(qx)〉n (5.31)

Considering one of these separable terms only, L12(qx), this can be expressed in terms

of the four di�erent surface truncations possible. For brevity, the number of sub-units of

type 1 are represented by Nx here. The one-dimensional L12(qx) term can be expressed as

a weighted sum of contributions involving the four cases:

1. Equal numbers of type 1 and type 2 sub-units. The unit cell is de�ned by 1,2 packing

order. For this case, 〈L∗1(qx)L2(qx)〉 =
∑

Nx
P (Nx) sin2(Nxqxa/2)

sin2(qxa/2)
.

2. Equal numbers of type 1 and type 2 sub-units. The unit cell is de�ned by 2,1 packing

order. For this case, 〈L∗1(qx)L2(qx)〉 =
∑

Nx
P (Nx) sin2(Nxqxa/2)

sin2(qxa/2)
ei(qxa).

3. N2x = Nx + 1. The unit cell is not de�ned. For this case, 〈L∗1(qx)L2(qx)〉 =∑
Nx
P (Nx) sin(Nxqxa/2) sin((Nx+1)qxa/2)

sin2(qxa/2)
ei(qxa/2).

4. N2x = Nx − 1. The unit cell is not de�ned. For this case, 〈L∗1(qx)L2(qx)〉 =∑
Nx
P (Nx) sin(Nxqxa/2) sin((Nx−1)qxa/2)

sin2(qxa/2)
e−i(qxa/2).

The cases above are limited to the consideration of incomplete unit cells within a single

unit cell width on the crystal edge.

This provides the average sub-lattice transform between sub-units of type 1 and type

2 as,

L12(qx) = 1
4(1 + ei(qxa))

∑
Nx
P (Nx) sin2(Nxqxa/2)

sin2(qxa/2)

+ 1
4

∑
Nx
P (Nx) sin(Nxqxa/2)

sin2(qxa/2)
(sin((Nx + 1)qxa/2)ei(qxa/2)

+ (sin((Nx − 1)qxa/2)e−i(qxa/2))

= (1 + ei(qxa))
∑

Nx

1
4P (Nx) sin2(Nxqxa/2)

sin2(qxa/2)

+ 1
4

∑
Nx
P (Nx) sin(Nxqxa/2)

sin2(qxa/2)
((sin(Nxqxa/2) cos(qxa/2)

+ sin(qxa/2) cos(Nxqxa/2))ei(qxa/2)

+ (sin(Nxqxa/2) cos(qxa/2)− sin(qxa/2) cos(Nxqxa/2))e−i(qxa/2))

= (1 + ei(qxa))
∑

Nx

1
4P (Nx) sin2(Nxqxa/2)

sin2(qxa/2)

+ 1
4

∑
Nx
P (Nx) sin(Nxqxa/2)

sin2(qxa/2)

(
2 cos2(qxa/2) sin(Nxqxa/2) + 2i sin2(qxa/2) cos(Nxqxa/2)

)
=
∑

Nx
P (Nx) sin2(Nxqxa/2)

sin2(qxa/2)
1
4

(
1 + ei(qxa) + 2 cos2(qxa/2)

)
+ i

2

∑
Nx
P (Nx) sin(Nxqxa/2) cos(Nxqxa/2)
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=
∑

Nx
P (Nx) sin2(Nxqxa/2)

sin2(qxa/2)
1
4

(
1 + cos(qxa) + i sin(qxa) + 2 cos2(qxa/2)

)
+ i

2

∑
Nx
P (Nx) sin(Nxqxa/2) cos(Nxqxa/2)

=
∑

Nx
P (Nx) sin2(Nxqxa/2)

sin2(qxa/2)
1
4

(
4 cos2(qxa/2) + i sin(qxa)

)
+ i

2

∑
Nx
P (Nx) sin(Nxqxa/2) cos(Nxqxa/2)

≈
∑

Nx
P (Nx) sin2(Nxqxa/2)

sin2(qxa/2)
1
4

(
4 cos2(qxa/2) + i sin(qxa)

)
= 〈|L(qx)|2〉n(cos2(qxa/2) + 1

4 i sin(qxa))

Substitution of this result into Eq. 5.30 yields

L12(q) = 〈|L(q)|2〉n(cos2(qxa/2) cos2(qyb/2)− 1

16
sin(qxa) sin(qyb)

+ i
1

4
(cos2(qxa/2) sin(qyb) + cos2(qyb/2) sin(qxa))). (5.32)

Substitution of this result for the average sub-lattice transform into Eq. 5.4 provides

the di�racted intensity distribution as

〈I(q)〉n ∝ |F1(q)|2L11(q) + |F2(q)|2L22(q)

+ 2Re{L12(q)}Re{F ∗1 (q)F2(q)} − 2Im{L12(q)}Im{F ∗1 (q)F2(q)}. (5.33)

= 〈|L(q)|2〉n
[
|F1(q)|2 L11(q)

〈|L(q)|2〉n
+ |F2(q)|2 L22(q)

〈|L(q)|2〉n

+
1

〈|L(q)|2〉n

(
2Re{L12(q)}Re{F ∗1 (q)F2(q)} − 2Im{L12(q)}Im{F ∗1 (q)F2(q)}

)]
.

(5.34)

The �nal term has a maximum contribution of one quarter of the preceding term and will

be neglected as a consequence. With this approximation, the following de�nition can be

used

Cij(q) =
Re{Lij(q)}
〈|L(q)|2〉n

. (5.35)

This can now be evaluated for all correlation coe�cients. For identical sub-units, the
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correlation coe�cients are

C11(q) =
Re{L11(q)}
〈|L(q)|2〉n

=
〈|L(q)|2〉n
〈|L(q)|2〉n

= 1

= C22(q). (5.36)

For di�ering sub-units, the correlation coe�cient can be expressed as,

C12(q) = (cos2(qxa/2) cos2(qyb/2)

− 1

16
sin(qxa) sin(qyb))

≈ cos2
(qxa

2

)
cos2

(qyb
2

)
. (5.37)
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6 | Serial synchrotron X-ray

crystallography

The analysis of serial X-ray crystallography data has been investigated through several

simulation studies in preceding chapters. It has been shown that the whole-pattern �tting

approach may improve the accuracy of the extraction of structure factor amplitudes from

serial X-ray crystallography data. Several aspects of this have been considered, including

the crystal size, lattice disorder and the break down of the de�nition of the conventional

unit cell. Until this point, simulated X-ray crystallography data has been considered. The

successful whole-pattern �tting analysis of experimental serial X-ray crystallography relies

on the appropriate processing and merging of large numbers of individual di�raction im-

ages. In this chapter, the processing and three-dimensional merging of experimental serial

X-ray crystallography data collected at the MX2 beamline of the Australian Synchrotron

is demonstrated.

The chapter begins by brie�y outlining some recent developments in the use of syn-

chrotron light sources for the serial X-ray crystallography experiments. The serial X-ray

crystallography experiment performed at the MX2 beamline of the Australian Synchrotron

is then summarised with a description of the processing and merging of the collected di�rac-

tion data. The scope of this chapter is limited to the demonstration of data processing and

merging required to generate a data-volume suitable for the application of whole-pattern

�tting analysis to experimental di�raction data.

6.1 Background

The emergence of XFEL technology has motivated and necessitated developments in both

experimental and analytical approaches that are tailored towards SFX experiments. As in-

troduced in Chapters 1 and 3, a key factor is that the SFX experimental paradigm requires

a large number of crystals to collect a full data-set for a single crystal structure. This is a

consequence of the damage of individual crystals after exposure to XFEL pulses, such that

137
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di�raction data from multiple orientations of a crystal structure must be collected from

a large number of separate crystals. The appropriate merging and analysis of di�raction

frames from individual crystals is needed to solve a single, average crystal structure.

It has recently been recognised that the experimental and analytical techniques that

have been developed for SFX experiments might be exploited at X-ray light sources other

than X-ray free-electron lasers. In 2014, Gati et al. [358] and Stellato et al. [83] demon-

strated this with serial X-ray microcrystallography experiments using synchrotron light

sources. Several others have followed and employed a similar approach (e.g. [84�87]). Se-

rial synchrotron X-ray crystallography experiments present new possibilities for the study

of protein micro- and nano- crystals, without the restrictive and highly competitive require-

ment of receiving XFEL access and typically with lower crystal sample volumes required.

As with SFX experiments, these rely on the collection of a large of amount of di�raction

data and the tailored analysis of the di�raction data. This developing �eld is discussed in

more detail in Section 1.2.3 of Chapter 1.

The main focus of this thesis is the development of a whole-pattern �tting method

for the estimation of structure factor amplitudes from merged serial X-ray crystallography

data [1]. Here, it is noted that the whole-pattern �tting method is not solely suited to the

analysis of serial crystallography data collected from XFEL sources; this can also be applied

to the analysis of data collected in serial synchrotron X-ray crystallography experiments.

This follows the direction of the use of data analysis suites that have been developed

speci�cally for SFX data analysis in serial synchrotron-based crystallography publications.

The whole-pattern �tting method considers the entire di�racted intensity distribution and

may be a valuable approach for the analysis of both SFX and serial synchrotron X-ray

crystallography data as crystal sizes decrease to the micro- and nano- metre regime. The

processing and merging of experimental serial synchrotron X-ray crystallography data to

prepare it for the application of the whole-pattern �tting method are presented in this

chapter.

6.2 Three-dimensional merging of data

All previous chapters presented di�racted intensities in two dimensions; these are now con-

sidered in three dimensions to enable an experimental demonstration. Yefanov et al. [203]

recently demonstrated the three-dimensional merging of SFX data and elucidated some of

the advantages of this approach. The three-dimensional merging of SFX data can be seen

as an extension of data merging approaches used in single molecule imaging to the analysis

of di�raction data collected from small crystals. As a consequence, intensity information

found between Bragg peaks is retained within the three-dimensional data volume. In the
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work presented by Yefanov et al., asymmetry around Bragg peaks and extended intensity

distributions between the re�ections were observed. This can be anticipated to be use-

ful in terms of new direct phasing methods [7, 211, 359] and also in studying inter-Bragg

scattering to extract additional information about the average crystal sample and crystal

structure. A key strength of the study was the improvement in the signal-to-noise ratio of

the data due to the merging of a large collection of individual patterns. Yefanov et al. [203]

employed a previously published data-set collected from cathespin B [54], which had been

used to determine the crystal structure to a resolution of 2.1 Å. Three-dimensional merging

of the data allowed for the improvement of the signal-to-noise ratio to be assessed using

data quality metrics and for the resolution of the determined structure to be re�ned to 2.0

Å, whilst retaining close similarity to the previously solved structure [54].

Other recent demonstrations of three-dimensional X-ray di�raction data merging were

provided by Ayyer et al. [360] and Wierman et al. [31]. These studies consider the problem

of sparse data collected in serial crystallography experiments. Given that the di�racted

signal scales with the volume of the crystal sample, sparsity of di�raction frames can be

expected to become a greater problem as the average crystal size in serial crystallography

experiments is decreased. Both studies employ adapted versions of the EMC algorithm [29].

Initially designed for the treatment of the orientation problem in single molecule imaging,

the EMC algorithm was modi�ed by Ayyer et al. and Wierman et al. for the problem

of �nding the contributing crystal orientation of a di�raction pattern when the di�racted

signal is low. These studies demonstrate that this approach can be feasibly tailored for

the analysis of serial X-ray crystallography data. Such results give strength to the case for

the inclusion of whole-pattern, three-dimensional merging of di�raction data into the data

analysis arsenal for SFX and serial synchrotron X-ray crystallography experiments.

6.3 Serial synchrotron X-ray crystallography experiment at

the AS

Serial crystallography di�raction data were collected at the MX2 beamline of the Aus-

tralian Synchrotron (AS) with protein crystal samples of barley beta-D-glucan exohydro-

lase (exoglucanase) [9]. The MX2 beamline has a focused beamsize with full-width at

half-maximum of 20×15 µm with microcollimators used to produce a beamsize of 10×15
µm. Data were collected using a ADSC Quantum 315r detector and an incident wavelength

of 0.954 Å.

Several oscillation data-sets were collected from exoglucanase crystals with size vari-

ation in the range of approximately 10-100 µm, with the majority of crystals used being

approximately 10 µm in size. Given the unit cell dimensions of previously reported exoglu-



Figure 6.1: Upper panel: Single exoglucanase crystal (approximately 100 µm in size)
mounted on a crystal loop during data collection. Lower panel: Exoglucanase micro-
crystals (approximately 10 µm in size) mounted in a thin layer on a crystal micromesh.
The scale-bars are 200 µm.
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Figure 6.2: Example di�raction image collected from a single exoglucanase crystal of size
∼ 100µm mounted on a crystal loop at the MX2 beamline of the AS
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Figure 6.3: Example di�raction image collected from a single exoglucanase micro-crystal
of size ∼ 10µm mounted on a crystal micromesh at the MX2 beamline of the AS
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canase crystals [9] (see Table 6.1), the smaller crystals correspond to crystal dimensions

composed of roughly 100×100×50 unit cells (assuming equal dimensions in all directions).

Large crystals were mounted individually on crystal loops (upper panel of Fig. 6.1), while

small crystals were deposited in a thin layer on micro-mesh mounts (lower panel Fig. 6.1).

The loops and meshes used for crystal mounting were produced by MiTeGen. Oscillation

data-sets were attained with each di�raction image collected with an exposure time of 2 s

and with an angular rotation of 0.5◦ under cryo-cooling conditions. Some examples of the

di�raction images obtained are shown in Fig. 6.2 and Fig. 6.3 from the illumination of

single crystals of sizes of approximately 100 µm and 10 µm, respectively.

In the case of the microcrystals mounted in thin layers on micromeshes, the experi-

ment was performed by collecting singles test di�raction images on a selected region of the

micromesh. If crystal di�raction was observed and found to index with crystal parameters

with close similarity to the previously solved test crystal structure, this region was consid-

ered for the collection of an oscillation data-set. This approach allowed for the selection

of the most strongly di�racted micro-crystals and for the avoidance of regions with possi-

ble layers of multiple crystals, which may have been present due to the sample mounting

approach used. A disadvantage, however, was that the manual selection of appropriate

regions of the micromeshes was time-consuming. An alternative and automated approach

to this task was used in the experiment presented in Chapter 7.

6.3.1 Test protein structure

Barley beta-D-glucan exohydrolase (exoglucanase) [9] was selected as the test crystal pro-

tein structure for the experiment. The crystal structure reported by Streltsov et al. [9]

(PDB code: 3WLI) is summarised in Table 6.1 and depicted in Fig. 6.4. The crystal

structure of barley beta-D-glucan exohydrolase was �rst reported by Varghese, Hrmova

and Fincher [361]. This is a globular protein that acts as an enzyme for the hydrolysis of

beta-D-glucans in the cell walls of the barley plant. Crystals were prepared in the labo-

ratory of Prof. Hmrova (Australian Centre for Plant Genomics). The crystals used were

the wild-type of barley beta-D-glucan exohydrolase and produced in a yeast expression

system.

Cell length (Å) a = 99.22 b = 99.22 c = 188.46

Cell angle (◦) α = 90.0 β = 90.0 γ = 90.0

Table 6.1: Unit cell parameters of barley beta-D-glucan exohydrolase reported by Streltsov
et al. [9]. The crystal structure was found to have P43212 space group symmetry and was
solved to a resolution of 1.45 Å.
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Figure 6.4: Crystal structure of barley beta-D-glucan exohydrolase reported by Streltsov
et al. [9] (PDB code: 3WLI).

6.4 Di�raction data

The terminology put forward by Yefanov et al. [203] is adopted here in referring to the

mapping and assembly of serial di�raction patterns in three-dimensional space as `three-

dimensional merging'. The processing and three-dimensional merging approach applied

here was performed through several steps. A �owchart of the procedure used is shown in

Fig. 6.5.

In this procedure, processing begins with the estimation of the orientations of di�raction

frames using indexing results, together with the re�nement of the detector distance and

unit cell parameters. Established indexing software may be used for this task; XDS [244]

was used for the indexing of di�raction frames in this study. The (accurate) indexing of

the di�raction patterns allows for the orientation of crystals to be estimated and later used

in the merging of patterns in three-dimensional reciprocal space. This can be approached

using established indexing software [238,244,362], yet software speci�cally designed for the

analysis of serial crystallography data may produce more reliable results (e.g. [200]).

The intensity statistics were monitored and assessed individually for the collected

di�raction patterns. This was used to estimate the bulk background signal via the as-

sessment of histograms of detected intensities and allowed for its subtraction. Following

bulk background subtraction, the indexing and re�nement of experimental parameters

were reprocessed in XDS with the average results obtained from the re�nement of unit

cell, detector distance and beam centre parameters obtained from the previous round of

processing used as input parameters. The re�nement of the beam centre of individual
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Figure 6.5: Flowchart of data processing of AS serial crystallography data. The output of
this procedure is the input data for whole-pattern �tting analysis.

frames was performed, with the statistics monitored to allow for the rejection of outliers.

6.4.1 Data processing results

Due to the size of the crystals, standard crystal mounts were used in this experiment such

that oscillation data-sets were collected for each crystal. This produced sets of di�rac-

tion patterns that are related to each other through rotational increments of the crystal

orientation, as described in Section 3.3. However, this di�ers from most serial X-ray crys-

tallography experiments in which the rotational ordering of images in a data-set does not

exist, such as in SFX experiments and some serial synchrotron X-ray crystallography ex-

periments (e.g. [87]). With the aim to test more general processing methods for serial

crystallography, all di�raction images collected in this experiment were processed individ-

ually and independently on a frame-by-frame basis using XDS [244] rather than processed

as whole oscillation data-sets. In this sense, the di�raction data were processed as pseudo

SFX data.



Figure 6.6: Example results of frame-by-frame re�nement of di�raction data collected from
exoglucanase at the MX2 beamline of the AS. Each plot shows re�ned parameters found
from the processing of individual frames from a single (approx. 10 µm) crystal. Re�nement
results are shown for (a) the unit cell parameter, a; (b) the unit cell parameter, b, and
(c) the detector distance for the collected data (red) and on processed data after bulk
background subtraction and with re�nement results from the �rst processing cycle used as
inputs (blue)



Figure 6.7: Standard deviations of the re�ned parameters, (a) the unit cell parameter,
a, (b) the unit cell parameter, b, and (c) the detector distance, for data-sets collected
from individual exoglucanase crystals. All data is shown from crystals of approximately
10 µm in size. Results are shown for the processing of raw experimental data (red) and
the processed data after bulk background subtraction and with re�nement results from the
�rst processing cycle used as inputs (blue).
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The processing of individual di�raction images allowed for the estimation of the sample-

to-detector distance, beam centre coordinates and unit cell parameters. Two processing

cycles were applied to each di�raction pattern collected (left-hand side of Fig. 6.5). The

�rst cycle was performed as described in Section 6.4. No unit cell or symmetry knowledge

were input in this processing cycle. Separate code was written to analyse the measured

intensity statistics of each di�raction image, to estimate the bulk background contribution

and to output background-subtracted di�raction images for further processing. The second

cycle was performed on the background-subtracted di�raction images using the average re-

�nement values from the previous processing cycle as input parameters. Once more, the

processing of images was performed on a frame-by-frame basis using XDS [244]. Figure 6.6

provides an example of the behaviour of re�ned parameters using this approach on one of

the data-sets collected from a single exoglucanase of approximately 10 µm in size. It is

evident that the stability of re�ned parameters improves in the second processing cycle.

This is further shown in Fig. 6.7, where the standard deviation of re�ned parameters is

given from two processing cycles of data-sets collected from several crystals. The stan-

dard deviation of the unit cell parameters show the most substantial improvement in the

convergence of re�ned parameters from the additional processing. This is to be expected

given that no unit cell or space group information was input in the initial processing; the

additional information provided with the average unit cell parameters obtained from the

�rst processing cycle signi�cantly improves both the convergence of re�ned parameters

and improves the rate of indexing. The reprocessing of di�raction data was found in this

analysis to improve the indexing rate from 57.4% to 66.9% of the data collected from the

smaller crystals and processed individually.

The unit cell parameter b and cell angles were also re�ned and show similar convergence

behaviour. Crystal symmetry information was not input to impose the tetragonal crystal

conditions |a| = |b| or the orthogonality of all cell angles. The standard deviation of

the re�ned detector distance is less impacted by the processing performed given that this

parameter was well characterised during the collection of di�raction data. Despite this, a

small improvement in the convergence of the detector distance is evident in Fig. 6.6.

The re�nement results were assessed and used to discard images that were not success-

fully indexed, exhibited signs of possible crystal damage during data collection or possible

shifts from the beam centre during crystal rotation. The frame numbers contained in

Fig. 6.6 correspond to the order of collected images in an single example oscillation data-

set collected from a single microcrystal. Data-points are not shown for images that failed

to index with XDS. Di�raction images that were not indexed were not included in the

next stage of data processing � i.e., the merging of di�raction images into a single, three-

dimensional data-volume. Di�raction images were also excluded if the re�nement results



6.4. DIFFRACTION DATA 149

Figure 6.8: Two-dimensional cross-section through three-dimensional merged volume con-
structed from exoglucanase crystals di�raction frames collected from ∼10 µm crystals
(shown to 11.5 Å)

from the second processing cycle were assessed to fall far from the average re�ned value.

Di�raction images from the selected microcrystals exhibited di�erent indexing success. For

example, some data-sets produced sharp halts in the indexing of images. This may be a

result of a shift in the crystal away from the beam centre during rotation or the exposure

of a poorly ordered or damaged region of the crystal. The re�nement results for the di�rac-

tion patterns shown in Fig. 6.6 show increasing divergence of parameters from the initial

processing cycle for increasing frame number. It is likely that damage to the microcrys-

tal or misalignment occurred in the later stages of the collection of a rotational data-set

from this single microcrystal with the re�ned parameters departing from the mean values

obtained in the processing of earlier images. The subsequent processing round was found

to improve the behaviour of re�ned parameters for these images, likely through additional

information being provided and the bulk background contributions being subtracted. All

di�raction images were assessed for inclusion into the three-dimensional data-volume based

on the success of indexing and the statistical distribution of the re�ned parameters.

6.4.2 Merged intensities

After the parameter re�nement and processing of individual frames, the processing pro-

cedure shifted to the mapping and merging of di�raction frames. A three-dimensional

reciprocal space volume was constructed with reciprocal space coordinates calculated for



Figure 6.9: Two-dimensional cross-section through three-dimensional merged volume con-
structed from exoglucanase crystals di�raction frames collected from ∼10 µm crystals
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each point in each di�raction pattern. This was found from the back projection of the

measured intensity distributions in the detector plane onto an Ewald sphere construction

de�ned by the experimental parameters and detector geometry (see Sections 3.2 and 3.2.2).

Rotation matrices were constructed from the crystal orientations found during indexing

and applied here.

The scaled di�racted intensities were mapped into the reciprocal space volume through

use of the crystal orientation, unit cell parameters, experimental parameters and detector

geometry. The crystal symmetry operations were applied during this mapping. Mapping

of entire two-dimensional di�raction patterns into a common three-dimensional space was

performed iteratively on all di�raction images. This provided a single reciprocal space

volume containing the merging intensities from the entire data-set, averaged cross all crystal

samples. Given that the sample-to-detector distance should not vary signi�cantly within

an oscillation data-set, the average sample-to-detector distance found from the retained

images was used as a common parameter during merging. The unit cell dimensions were

also assumed to be constant; the average re�nement results from the retained images were

used to �x unit cell parameters during merging. Fig. 6.8 and 6.9 shows cross section

through the three-dimensional data-volume formed.

The three-dimensional data-volume retains all intensities in inter-Bragg locations formed

from the merging of two-dimensional di�raction images collected from exoglucanase micro-

crystals. In the study of Yefanov et al. [203] on the three-dimensional merging of SFX data,

inter-Bragg intensities were retained during merging yet much of this was later discarded at

the point of the estimation of structure factor amplitudes through integration surrounding

Bragg locations. In contrast, inter-Bragg information might be retained in the estimation

of structure factor amplitudes via the application of the whole-pattern �tting method [1] to

a merged three-dimensional serial crystallography data-set. The three-dimensional data-

volume formed from the merged exoglucanase data is prepared in a state that is suitable

for whole-pattern �tting analysis for the extraction of structure factor amplitudes. This is

demonstrated in the following chapter for smaller microcrystals for which the whole-pattern

method is targeted.

6.5 Concluding remarks

A serial X-ray crystallography experiment was performed at the Australian Synchrotron

using 10 µm exoglucanase crystals. Di�raction data were collected in oscillation data-sets

from a several protein crystals. The results of data processing were presented in which

the crystal orientation relationships between successive di�raction images was discarded.

This allowed for the data to be treated as a pseudo SFX data-set with similarities to data-
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sets composed of di�raction snapshots collected from individual crystals of unconstrained

orientations. Knowledge of the crystal structure (speci�cally, its unit cell parameters and

space group symmetry) was also neglected during processing to make the outcomes relevant

to the general case of an unknown protein crystal structure.

It was shown that the stability of the indexing of images was improved with simple

background subtraction applied to each image and the input of the average re�ned pa-

rameters obtained from the initial processing cycle. A successive round of indexing and

re�nement was performed in which the estimated unit cell parameters and detector distance

were found to be more stable.

The mapping of continuous two-dimensional experimental di�raction images into a

common three-dimensional reciprocal volume was demonstrated. This was performed on

the basis of crystal orientation matrices estimated from indexing and from the average

re�ned parameters found from the �nal round of re�nements performed. The result was

a three-dimensional reciprocal space volume containing merged di�racted intensities from

the mapping of the experimental di�raction images. Intensities between Bragg locations

were not excluded during this mapping. The whole-pattern analysis method outlined in

this thesis is applicable to the extraction of intensity information from such continuous

data volumes without the restriction of intensities around Bragg locations. The three-

dimensional data-volume merged from the collection of exoglucanase microcrystals was

prepared in an appropriate condition for the application of whole-pattern �tting analysis.

This approach is most relevant to di�racted intensity distributions formed from the merging

of data collected from smaller protein crystal sizes, as considered in the following chapter.



7 | Whole-pattern �tting analysis of

serial X-ray microcrystallography

data using synchrotron radiation

This chapter builds on the experimental data processing and merging approaches developed

in the previous chapter with the analysis of serial X-ray microcrystallography data collected

at a microfocus beamline using nano-scale and micro-scale protein crystal samples. With

the objective of a full demonstration of the whole-pattern �tting analysis of experimentally

collected serial X-ray crystallography data and the investigation of this technique, this

chapter brings together many of the elements of the preceding chapters.

The chapter begins with a description of a serial X-ray crystallography experiment that

was performed at the ID13 microfocus beamline of the European Synchrotron Radiation

Facility (ESRF) by the author and colleagues. This is followed by a brief summary of

the processing and merging of the serial di�raction data, which closely follows that of the

previous chapter. The implementation of whole-pattern �tting analysis on the merged

di�raction volumes is described. Finally, re�ned structures determined from the structure

factor amplitudes estimated using both the whole-pattern �tting analysis of merged three-

dimensional di�raction volumes and the integration of two-dimensional di�raction patterns

are discussed.

7.1 Methodology

7.1.1 Protein crystal samples

The use of protein micro- and nano- crystals is a key source of motivation for the devel-

opment of serial X-ray crystallography, as introduced in Chapter 1. Crystal sizes of such

scales were the targets of crystallisation procedures for an experiment performed at the

ID13 microfocus beamline of the ESRF to investigate the application of the whole-pattern

153
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�tting technique in the analysis of experimental serial X-ray crystallography data.

Two test protein crystal structures were selected for the experiment: bovine serum al-

bumin (BSA) and concanavalin A (ConA) proteins. The selection of bovine serum albumin

was motivated by the large unit cell dimensions of previously reported crystal structures

(as shown in Table 7.2), which would limit the number of cells within nano- or micro-

crystals. As discussed in previous chapters, the �nite lattice transform is related to the

peak width and broadens with fewer unit cells. As introduced in Sections 1.4.1 and 3.4,

crystallisation trials are typically performed across a variety of crystallisation conditions

to produce di�raction-quality protein crystals for X-ray experiments. The crystallisation

of protein crystals in the nano- and micro- size regime is a developing area, given that

crystals of this size have previously been discarded. The reduction of protein crystal sizes

is not necessarily straightforward as a result. Extensive trials were performed by the au-

thor and colleagues at La Trobe University (see `Preface') to seek to produce bovine serum

albumin micro- and nano- crystals. Crystallisation of bovine serum albumin was di�-

cult, with only low-resolution di�raction-quality crystals obtained from the crystallisation

trials. Concanavalin A was used as a second test structure in the experiment, given its

greater propensity to crystallise and the higher resolution di�raction that would be obtain-

able. The unit cell dimensions of reported structures of concanavalin A (e.g. Table 7.2)

are smaller, however, which would limit the peak broadening expected from comparable

crystal sizes. The details of the crystal trials found to produce di�raction quality protein

crystals for the experiment are outlined here.

Bovine serum albumin

Bovine serum albumin (BSA) crystals were prepared following the hanging drop crystalli-

sation protocol of Russo Krauss et al. [10]. A variety of crystallisation conditions were

tested using this crystallisation protocol as a guide. Bovine serum albumin was supplied

by Sigma-Aldrich and used without puri�cation. Hanging drop reservoir solutions were

prepared with 22% MPEG 5K, 0.2 M MgCl2 and 0.1 M Tris-HCl at pH 7.8; the crystal

precipitate solutions were prepared with crystal concentrations of 30-120 mg/mL and a

bu�er solution of 10 mM Tris-HCl at pH 7.4. Crystals were �rst observed for higher pro-

tein concentrations in the range of 60-120 mg/mL after six days and later observed crystals

for lower protein concentration. Other attempts did not produce di�raction quality crys-

tals. These included adaptions of the Russo Krauss protocol and other protocols using

hanging drop, sitting drop and batch mode methods while screening a variety of protein

concentrations and crystallisation solution conditions.

Optical microscope images of the successful crystal precipitate are shown in Fig. 7.1.

These images were collected seven days after the hanging drop plates were prepared. Crys-
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tals were observed regularly after this date; the density of crystals increased over this period

yet crystals did not appear to increase in size. As in the work of Russo Krauss et al. [10],

a needle-like crystal morphology was observed. These images show crystal sizes of a few

micrometres in width and ∼100-300 µm in length. Whilst relatively long in one dimen-

sion, the width of such crystals are much smaller than could be used in conventional X-ray

crystallography. Electron microscope images were also collected; an example is shown in

Fig. 7.2. Smaller crystal sizes were apparent under the electron microscope with crystals

of size ∼500 nm in width and 1 µm in length observed. This suggests that the crystal

precipitate contained crystals with a distribution of sizes in the nano- to micro- crystal

range.

Concanavalin A

Concanavalin A (ConA) microcrystals were prepared using batch mode crystallisation

methods. Sitting drop and batch mode crystallisation methods were trialled with a variety

of crystallisation conditions. Crystals were observed from many di�erent conditions, yet

readily formed larger crystals. The smallest di�raction quality crystals were prepared by

batch mode with a crystal bu�er solution of 1.4 M ammonium sulphate at pH 6.0 and

0.8 M Tris-acetate at pH 6.0. The protein bu�er used was 0.05 M Tris at pH 6.0 with

a protein-to-protein-bu�er ratio of 1:2.3. Under these conditions, crystals were observed

with sizes of ∼2-3 µm as shown in Fig. 7.3. The concanavalin A used in all trials was

supplied by Sigma-Aldrich and used without puri�cation.

Initial di�raction screening of the crystals was performed at the MX2 beamline of

the Australian Synchrotron. A variety of crystals were tested under long exposure times

with high crystal density mounted on MiteGen meshes. This was necessary to improve

the di�racted signal at this beamline. Di�raction data were collected under cryogenic

conditions, with PEG400 used as a cryoprotectant. Low resolution di�raction was observed

to ∼7 Å resolution from the crystal conditions speci�ed above.

7.1.2 Sample mounting and �yscanning collection of di�raction data

Serial micro-crystallography di�raction data were collected at the microfocus hutch of the

ID13 beamline at the European Radiation Synchrotron Facility (ESRF, Grenoble, France)

using a micro-focused beam of ∼ 2 × 3 µm (FWHM) with 1011 photons/s. Di�raction

images were collected at room-temperature with an incident wavelength of 0.956 Å using

an EIGER X 4M detector (produced by DECTRIS with development by Dinapoli et al.

[363]). A �yscanning approach was used to rapidly collect di�raction images from protein

microcrystals mounted as �xed targets in silicon-nitride membrane sandwiches. Figures 7.4



Figure 7.1: Optical microscope images of crystallisation in hanging drops under the proto-
col of Russo Krauss et al. [10] with BSA concentration of 60mg/mL after 7 days. A scale
bar of 200 µm is shown on the lower image.
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Figure 7.2: Electron microscope image of a bovine serum albumin nanocrystal prepared
using the hanging drop protocol of Russo Krauss et al. [10]; image collected after the
experiment was performed on unused sample.

Figure 7.3: Optical microscope image of a Concanavalin A microcrystal.
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and 7.5 illustrate the experimental set-up used during data collection. As shown in the

schematic in Fig. 7.4, a �ight tube �lled with helium gas was placed between the �xed target

crystal mount and the detector to minimise X-ray scattering from air within the hutch.

Silicon-nitride membrane sandwiches containing protein microcrystals were mounted on

orthogonal translation stages whilst data was collected in a serial �yscanning fashion.

Protein microcrystal samples were mounted between silicon-nitride membrane frames.

As outlined previously in Section 1.2.1, similar �xed-target mounting approaches have been

used in several recent serial X-ray crystallography experiments using synchrotron radiation

(e.g. [87,88,90]). The approach used here is similar to the crystal mounting approach used

by Coquelle et al. [87], yet with thinner membrane thicknesses and di�erent frame sizes.

Two di�erent types of silicon-nitride membrane frames were used:

1. Single wells with membrane thicknesses of 100 nm, membrane sizes of 1.5 mm × 1.5

mm, frame sizes of 5.0 mm × 5.0 mm and frame thicknesses of 200 µm

2. Frames containing multiple wells (∼ 2000) with membrane thicknesses of 50 nm,

membrane sizes 0.2 mm × 0.2 mm, frame sizes of 60.0 mm × 25.0 mm and frame

thicknesses of 200 µm

All silicon nitride membranes were produced by Silson Ltd. In the �rst case, a single

1 µm drop of the crystal precipitate was dispensed into a silicon-nitride membrane well.

The droplet was drawn from the crystal pellet formed after centrifuging the crystal growth

liquor in an Eppendorf tube. This produced a pellet of high crystal concentration and

could be diluted with the supernatant to vary the crystal concentration. Tweezers were

used to place the �at side of a second silicon-nitride frame onto this, forming a silicon-

nitride window sandwich. This was then sealed with Araldite adhesive to prevent the

dehydration of the crystal slurry.

Figure 7.7 shows an example of an image collected from an optical microscope of a

prepared silicon-nitride sandwich containing micro-crystals before and after exposure to

the X-ray beam in this experiment. A bubble pattern was observed in the crystal mother

liquor after X-ray exposure. This was observed in other sample mounting frames after X-

ray exposure. This may be a result of heating of the mother liquor during X-ray exposure,

yet was not investigated further.

In the second sample mounting approach, crystal liquor was deposited in a thin line

onto the deep well side of the frame and drawn across the wells gently with the pipette

tip. This was performed in divisions of eighths across the frame, each division with 8-10

µL of crystal liquor deposited. Each division was then sealed with polypropylene �lm and

Araldite adhesive. Figure 7.6 shows an image of this type of �xed-target sample mount in
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position at the ID13 beamline for the collection of microcrystal di�raction data. In both

cases, the crystal frames were kept in a horizontal orientation to allow crystals to settle

before attaching them upright on brass sample holder pins that were magnetically mounted

on the translation stage within the microfocus hutch.

The EIGER X 4M detector was used to collect di�raction images in a shutterless

�yscanning mode as the sample stage was translated. The exposure time and collection rate

were limited by the sampling and readout rates of the detector and the translation speed

of the translation motors. The technical characteristics of the EIGER X 4M detector make

it amongst the current state-of-the-art for X-ray protein crystallography experiments [98].

In particular, the pixel size is smaller than typical X-ray crystallography detectors (75

µm × 75 µm) and the sampling rate and readout time of the detector are of the orders of

milliseconds and microseconds, respectively. Small pixel sizes improve the sampling of weak

di�raction from protein microcrystals and rapid collection and readout times may reduce

the e�ects of radiation damage and would improve the temporal resolution for studies in

structural dynamics (as discussed in Section 1.2.3).

It was desirable to collect images quickly and to space the scanning steps such that

radiation damage from previous illuminations is minimised. This is an important consid-

eration given that the experiment was performed at room-temperature, making the extent

of radiation damage greater than at cryogenic temperatures [364]. It has been indicated

that the extent of radiation damage is decreased for small crystals and small beam sizes,

however, due to the escape of photoelectrons from the crystal volume [365,366]. A variety

of scanning conditions were tested before settling on conditions that were observed to pro-

duce the strongest high-resolution di�raction. Lines of �yscanning in which regions of 1.5

µm were scanned in 15 ms were performed. Flyscanning lines were separated by 10-20 µm

within each �xed-target sample mount. Using this approach, large quantities of di�raction

images could be collected rapidly.

Unlike the previous chapter, this data collection approach does not involve the manual

selection of crystals. Instead, this experimental approach relies on the the crystal concen-

tration and density within the silicon-nitride windows providing single crystals for exposure

under �yscanning conditions. As a consequence, structure analysis depends heavily upon

the sorting (into `hits' and `misses') and the indexing of di�raction images.

7.2 Data processing

As outlined in Chapter 1, the processing of serial X-ray crystallography data typically

proceeds in order of hit-�nding, indexing and the merging of data from single images

before the extraction of structure factor amplitudes.



Figure 7.4: Schematic of the experimental set-up at the microfocus hutch of the ID13
beamline of ESRF.

Figure 7.5: Experimental set-up at the microfocus hutch of the ID13 beamline of ESRF.
A multiple well silicon-nitride membrane sample mount is shown on the translation stage.
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Figure 7.6: A multiple well silicon-nitride membrane sample mount used for �xed-target
data collection is shown.

Figure 7.7: A single silicon-nitride membrane sandwich containing hydrated Concanavalin
A microcrystals before (a) and after (b) the exposure to the X-ray beam. The same sample
mount is shown in each panel.
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Large quantities of di�raction images (∼ 105) were collected from BSA and ConA mi-

crocrystals. The di�ractive resolutions of the BSA and ConA microcrystals were found to

be 4.9 Å and 3.0 Å, respectively. The data collection approach resulted in the rapid collec-

tion of large quantities of data from small sample volumes. Excluding sample preparation,

mounting and testing stages in this experiment, the data volumes of ∼ 3.2 − 4.3 × 105

images per protein correspond to an e�ective data collection time of ∼ 5.9− 8.4 hours for

each protein. Total volumes of crystal slurry droplets of 29 and 18 µL were used for the

data-sets presented from BSA and ConA, respectively. This is signi�cantly less than the

sample volumes required in �owing injection SFX experiments and is a key advantage of

the �xed-target sample delivery in SXC experiments.

Hit-�nding

As in �owing injection SFX experiments, the �yscanning mode of data collection used in

this experiment provided a large volume of detector images that do not contain crystal

di�raction. In both cases, it is necessary to separate the images containing di�raction data

from these images. This hit-�nding step was performed in this experiment using software

developed by Coquelle et al. [87] called `NanoPeakCell'. This software was developed at the

ID13 beamline and has hit-�nding, background subtraction and peak �nding capabilities.

The EIGER X 4M detector produces �le formats of HDF5 with LZ4 compression, which

NanoPeakCell can process and convert the `hits' to �le formats for use with other processing

software (such as CrystFEL [198], cctbx.xfel [367] and nXDS [200]). NanoPeakCell [87]

(https://github.com/coquellen/NanoPeakCell) was used with a HDF5 plugin for LZ4

decompression produced by DECTRIS (https://github.com/dectris/HDF5Plugin) for

the data presented here. Background subtraction was performed with NanoPeakCell using

the azimuthal integration method of Ashiotis et al. implemented in the software library

`pyFAI' [368]. The hit-rate statistics are summarised in Table 7.1.

Indexing

The CrystFEL software suite [198] (version 0.6.2) was used for the peak �nding and in-

dexing of di�raction images, following processing with NanoPeakCell [87]. Peak-�nding

parameters were tested and used as input for indexing. Indexing was performed using

three programs: DIRAX [245], MOSFLM [362] and XDS [244]. The crystal structure of

BSA reported by Majorek et al. [12] (PDB entry 3V03) was used as a target structure to

constrain cell angles and lengths during indexing for the BSA data. The crystal structure

of Concanavalin A reported by Hardman and Ainsworth [13] (PDB entry 3CNA) was used

similarly for the indexing of the ConA data. The unit cell parameters for both structures

https://github.com/coquellen/NanoPeakCell
https://github.com/dectris/HDF5Plugin
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Sample mounting Single well Multi-well

BSA Total images 52,522 393,858

Total hits 11,449 35,696

Hit-rate (%) 21.80 9.06

Total indexed 1,195 2,716

Indexing-rate (% of hits) 10.44 7.61

Indexing-rate (% of images) 2.28 0.69

ConA Total images 314,998

Total hits 32,948

Hit-rate (%) 10.46

Total indexed 6,724

Indexing-rate (% of hits) 20.41

Indexing-rate (% of images) 2.13

Table 7.1: Hit-rate and indexing-rate statistics for the bovine serum albumin (BSA) serial
X-ray crystallography di�raction data. The statistics are divided by the sample mounting
approach used (see Section 7.1.2).

BSA ConA

Length (Å) Angle (◦) Length (Å) Angle (◦)

a = 215.7 α = 90.00 a = 63.2 α = 90.00

b = 45.1 β = 114.0 b = 86.9 β = 90.0

c = 142.4 γ = 90.00 c = 89.3 γ = 90.00

Table 7.2: Left: unit cell parameters for the crystal structure of bovine serum albumin [12]
with space group C121 and resolution 2.7 Å (PDB entry 3V03); right: unit cell parameters
for the crystal structure of concanavalin A [13] with space group I222 and resolution 2.4
Å (PDB entry 3CNA).

are provided in Table 7.2.

Table 7.1 provides hit-rate and indexing-rate statistics for BSA and ConA di�raction

images. Di�raction data from BSA microcrystals were collected and processed from both of

the �xed-target sample mounting approaches, yet only from the multiple well silicon nitride

membrane frames in the case of the ConA microcrystals. For di�raction data collected

from BSA microcrystals, the large single well silicon nitride membrane sandwiches were

found to hold higher hit-rates and indexing-rates compared to the multiple well silicon

nitride membrane mounts. This is likely to be a result of some individual wells within the

multiple well mounts not containing drops of hydrated crystal samples. Large numbers

of detector images may then have been collected in the absence of the crystal mother

liquor, a�ecting the hit-rate from these mounts. The di�raction data collected from ConA
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microcrystals were found to have signi�cantly higher indexing rates than that of the BSA

data when calculated relative to the total number of hits. It might be expected that

increased indexing rates would also have been achieved through the collection of di�raction

data from the single well mounting approach for the ConA microcrystals. The signi�cant

di�erence in the indexing rates between the di�raction data-sets from each of the proteins

may be a result of the di�ering crystal morphologies. The needle-like morphology of the

BSA microcrystals may have resulted in higher instances in which crystals were laid over

each other. The di�raction images would then be identi�ed as containing hits, yet could

not be readily indexed due to the presence of multiple crystals. Another limitation for the

indexing of the BSA data is the poorer di�ractive resolution in comparison to the ConA

data. A similar number of di�raction images were collected from ConA and BSA, yet

di�culties arose in the indexing of the BSA data-set as indicated by the signi�cantly lower

indexing rate. A total of 3911 and 6724 crystal di�raction images from BSA and ConA,

respectively, were used in the subsequent three-dimensional merging and whole-pattern

�tting analysis.

The BSA and ConA crystals were found to di�ract to ∼ 5 Å and beyond 3 Å, re-

spectively. However, the resolutions of both data-sets were restricted on the basis of

consistency checks made with CrystFEL [198]. The consistency and �gures of merit of the

di�raction data are provided in Table 7.3, for which assessment was made by the intensity

data output from the Monte-Carlo integration implemented in CrystFEL rather than from

whole-pattern �tting analysis. BSA di�racted weakly to 5 Å resolution, yet the Rsplit and

CC1/2 in higher resolution shells indicated that the di�raction data lacked high consistency

beyond approximately 7.4 Å. The resolution of the ConA data was limited to 3.2 Å. Cryst-

FEL calculates quantities such as σ(I) di�erently to conventional crystallography software

due to the use of Monte-Carlo integration and, consequentially, the typical resolution cut-

o� of I/σ(I) ∼ 1.5− 2 may not appropriate. Instead, the data consistency was considered

using the Rsplit and CC1/2 metrics and the behaviour of R/Rfree during re�nement to

limit selection resolution limitations for the data-sets. Both are calculated in CrystFEL by

randomly dividing the indexed di�raction images into two sets. The Rsplit factor compares

the consistency of the integrated intensities between the two data-sets as an R-factor of

the weighted di�erence of intensities. The CC1/2 assessment metric is calculated from the

Pearson correlation coe�cient between the average intensities in each data-set [369]. It is

possible that higher resolution for BSA would be achievable with greater indexing rates,

yet the structural order of the crystals is likely to also be poor.



7.3. WHOLE-PATTERN FITTING ANALYSIS 165

BSA ConA

Di�raction range (Å) 127.6 - 7.4 61.9 - 3.2

I/σ(I) 3.74 (2.15) 4.9 (2.95 )

CC1/2 0.953 (0.772) 0.932 (0.824)

Rsplit 0.213 (0.343) 0.204 (0.427)

Table 7.3: Intensity statistics and �gures of merit for BSA and ConA serial X-ray crys-
tallography di�raction data collected at the ID13 microfocus beamline of ESRF. Values in
parentheses correspond to outer resolution shells; values preceding parentheses correspond
to the overall values for a resolution cut-o� of the outer shell.

Three-dimensional merging

Once indexed, the di�raction data must be extracted from large numbers of di�raction

images from individual crystals for the determination of a single, average crystal struc-

ture. The approach used for assembling the data from separate crystals was performed for

this experiment as presented for data in Chapter 6 with the merging of continuous two-

dimensional di�raction data from background-subtracted di�raction images into a three-

dimensional volume. The mapping into three-dimensions was performed on the basis of the

crystal orientations estimated through indexing. The code written for this task is discussed

in greater detail in Chapter 6.

7.3 Whole-pattern �tting analysis

Structure factor amplitudes were iteratively estimated from the merged experimental three-

dimensional data volume using the whole-pattern �tting method presented in previous

chapters. Re�nement of the model distribution to the experimental data volume was

performed with structure factors extracted until the di�erence between these was found to

be a minimum. The following parameters were re�ned during whole-pattern �tting: the

peak-shape parameters de�ning a three-dimensional pseudo-Voigt function (Eq. 4.24 for

i = x, y, z in this case), centering corrections and the unit cell parameters. Initial unit

cell parameters were input as the average unit cell parameters obtained from indexing

with CrystFEL. However, it was observed that there were small discrepancies with the

predicted distribution and observed peak positions of Bragg re�ections within the three-

dimensional data volume using these parameters. The whole-pattern �tting code was

extended to include the re�nement of unit cell parameters to account for this. Re�nement

of the unit cell parameters improved the agreement between the modelled distribution and

the observed distribution; the �tted parameters were all within the uncertainties estimates

(from Gaussian �tting) of the average unit cell parameters obtained from indexing with
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CrystFEL.

A three-dimensional pseudo-Voigt function was selected as the peak-shape for this

analysis given and that the validity of this form of peak-shape function had been tested

for whole-pattern �tting analysis through simulation previously in this thesis. A common

set of peak-shape parameters were held for each direction in reciprocal space (qx, qy, qz)

to limit the number of re�ned parameters.

7.3.1 Results and discussion

The CCP4 software suite [370] was used for structure re�nement and assessment following

the extraction of structure factor amplitudes. The extracted data was converted to the

MTZ �le format for use with CCP4 for both the output of the whole-pattern �tting analy-

sis and of the Monte-Carlo integration performed with CrystFEL [198]. The subsets of free

re�ections for the Rfree sets were assigned automatically using Uniqueify in CCP4 [370]

from the data. Molecular replacement [62] was used for the estimation of phase contri-

butions using MOLREP [371] for both sets of di�raction data for each protein structure.

The initial structural model for bovine serum albumin was prepared with the removal of

electron density side-chains from a reported crystal structure of BSA using the PDB entry

4F5S [372] due to the low resolution of the di�raction data, for which side-chain electron

densities would not be resolvable. The initial model for concanavalin A used the reported

structure taken from PDB entry 1JBC [373]. Molecular replacement phasing was per-

formed using MOLREP for each of these models using the structure factor amplitude data

obtained using both whole-pattern �tting analysis and integration analysis using Cryst-

FEL. The structural models obtained for each analysis method were then independently

re�ned using the same re�nement steps for a given protein. Molecular replacement of the

BSA and ConA models produced initial R-factors of 0.3806 and 0.3576, respectively, from

whole-pattern �tting and 0.3889 and 0.3587, respectively, from integration performed using

CrystFEL. An overlaid comparison of the bovine serum albumin models generated from

molecular replacement are shown in Figure 7.8 for which similar positioning of the initial

structural models were found from each analysis method.

It is worth noting that the reported structures [372, 373] forming the initial models

were determined in conventional single crystal X-ray crystallography experiments under

cryocooling conditions. Room temperature studies are thought to be more relevant to

the functional behaviour of a protein. It is possible that the room-temperature and cryo-

temperature structures of the proteins are not directly comparable. Di�erences in the

solvent content within the crystals may also be a factor, given that unstructured solvent

content is not included in the atomic model of a protein crystal structure. This could

result from di�ering crystallisation procedures. Such structural di�erences would a�ect
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Figure 7.8: Initial models generated for the room-temperature structure of bovine serum
albumin by molecular replacement using whole-pattern �tting analysis (orange) and inte-
gration (blue). Image created using CCP4mg [11].

the quality of R-factors obtained. It is also the case that greater thermal vibrations may

be present in the room temperature microcrystallography data that are not present in

the previous structural models. The R-factor of a random atomic structural model will be

∼0.6 [374] and the initial R-factors produced in molecular replacement can often be as high

as ∼0.5 [253]. Both the whole-pattern �tting and Monte-Carlo integration results present

improvements from these and produce similar results. Lower R-factors are obtained in

both cases for the higher resolution concanavalin A data.

Structure re�nement

Four models were obtained from molecular replacement � a model of bovine serum al-

bumin and concanavalin A from each analysis method for extraction of structure factor

amplitudes. Refmac5 [375, 376], ProSMART [377] and Coot [378, 379] were used within

the CCP4 software suite [370] for the re�nement of crystal structures. Re�nement of all

four structural models was performed to further investigate the output of these analysis

methods. The �nal stages of structural re�nement can often involve the optimisation of a

model using model building tools, such as Coot, for the real-space re�nement of the model

to the calculated electron density by manual consideration of each side-chain electron den-

sity. Structural models presented here have not been optimised in this manner to allow for

the comparison of structural models obtained from automated re�nement processes, with

each model for a given protein subjected to identical re�nement steps. This was performed

in this way to allow for a more direct comparison of the re�ned structures obtained and

with the objective to further investigate the intensity extraction analysis methods, rather

than to gain insight into the protein structures. As a consequence, however, it might be ex-
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pected that the �nal structural model R-factors could be further improved with additional

re�nement and optimisation. Coot was used to automatically add and remove structured

waters into the re�ned models for concanavalin A and for model visualisation, yet was not

used for real-space re�nement.

Structure re�nement at low resolution can be challenging. Re�nement of bovine serum

albumin at 7.4 Å resolution was �rst tested using tight non-crystallographic constraints

without using additional low resolution re�nement tools like jelly-body constraints [375]

or ProSMART. In this case, maximum likelihood restrained re�nement of the structural

models using identical re�nement parameters in Refmac5 produced R-factors of R/Rfree
= 0.3066/0.3368 and R/Rfree = 0.2449/0.3520 from the output of whole-pattern �tting

analysis and integration analysis, respectively. As introduced previously in Section 3.2.3,

the Rfree factor is calculated from a small subset of structure factor amplitudes that are

excluded from the re�nement process. This metric was �rst introduced by Brünger [257] for

the improved validation of crystals structures. The Rfree factor allows for the inspection

of possible over�tting of a structural model. It has been noted (e.g., [254, 257, 380]) that

over�tting of a structural model can produce low conventional R-factors with signi�cantly

higher Rfree factors. As discussed previously in Section 3.2.3, decreasing conventional R

factors and Rfree factors will be observed during the re�nement of a structural model with

good agreement to the experimental data. It has also been advised [254] that too small

of a di�erence between R-factors may indicate errors in the handling of the excluded data

subset or crystal pseudosymmetry. Di�erences in the R-factors has also been observed

to be dependent on resolution [256, 369] with numerical di�erences between R and Rfree

factors expected to reside in the range of ∼0.03-0.07 for good structural models [254] or

up to ∼0.08 for low resolution data [380]. The obtained Rfree factors from the maximum

likelihood restrained re�nement of the bovine serum albumin data indicate that over�tting

occurred for the model re�ned from the integration approach, providing an arti�cially low

R-factor. While the conventional R-factor was lower for this approach, the re�ned structure

obtained from whole-pattern �tting analysis provided both a lower Rfree factor and better

agreement between the conventional R-factor and Rfree factor. The Rfree factor has been

noted to be an appropriate structural assessment metric even at resolutions found from the

bovine serum albumin data [381]. From comparison of the Rfree factors it appears that

the re�nement produced a more suitable model for the intensity data-set obtained from

whole-pattern �tting using this approach. However, this may be a�ected by this re�nement

approach for the poor resolution of the data-sets obtained. Additional structure re�nement

tools targeted at the re�nement of low resolution data were also tested.

The use of jelly-body constraints � constraints to the current distances between atomic

pairs within a chain [375] � can be imposed within Refmac5 to reduce the number of
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adjustable parameters for the re�nement of low resolution structures due to lower numbers

of Bragg re�ections. The use of these constraints was trialled for the re�nement of the

bovine serum albumin data obtained from both intensity extraction techniques. Maximum

likelihood re�nement with tight non-crystallographic symmetry constraints were imposed

again in these cases. The R-factors obtained were R/Rfree = 0.3194/0.3390 and R/Rfree
= 0.2811/0.3485 from the output of whole-pattern �tting analysis and integration analysis,

respectively. Once more, the data-set with structure factor amplitudes extracted using

whole-pattern �tting analysis provides a lower Rfree factor and better agreement between

the R and Rfree factors. In this case, the agreement between these factors is improved by

addition of extra constraints for the re�ned model for the data-set obtained from integration

analysis. The di�erence in R-factors now falls within a region noted for low resolution

structural re�nement [380]. The use of ProSMART [377] was also tested yet was found to

be produce poorer results for both data-sets.

Bovine serum albumin structures re�ned using maximum likelihood restrained re�ne-

ment with both tight non-crystallographic constraints and jelly-body constraints imposed

are shown in Figs. 7.9-7.11 and summarised in Table 7.4. Figures 7.9-7.11 compare the

structural models and electron densities for both intensity analysis methods with closely

similar results obtained from each. The model statistics summarised in Table 7.4 show that

the root mean square deviations of the bond lengths and bond angles, with both models

providing acceptable results and the model re�ned from integration analysis producing

slightly smaller variation in these parameters. The re�ned structures were also validated

by inspection of the Ramachandran plot. A Ramachandran plot [382] is used to visualise

and assess the validity of the torsion angles of residues in a protein structure. Regions

are divided into energetically favoured, allowed and disallowed regions to assess the stereo-

chemistry of the structure. The majority of torsion angles were assessed to fall in favoured

regions, supporting the validity of both re�ned structures. The model re�ned from the out-

put of whole-pattern �tting analysis provided a lower Rfree factor. The Rfree factor has

been noted to be a better assessment metric over the conventional R-factor for structure

validation, particularly at low resolution [383]. This indicates better agreement between

the re�ned structure from the output of whole-pattern �tting analysis and the intensity

data using this metric. Side-chain electron densities were not built back in within the

models during re�nement after the generation of the initial model with pruned side-chain

densities due to the poor resolution. This could be expected to be improved by performing

local real-space re�nement, which might in turn also improve R and Rfree factors.

The Rfree factor of the re�ned structure of bovine serum albumin was found to be

∼0.34 at 7.4 Å resolution from whole pattern �tting analysis. Higher R-factors are typ-

ically observed for lower resolution given the limited structural information encoded in



170 CHAPTER 7. SERIAL SYNCHROTRON X-RAY MICROCRYSTALLOGRAPHY

Figure 7.9: Final re�ned models generated for the room-temperature structure of bovine
serum albumin by molecular replacement using whole-pattern �tting analysis (orange) and
integration (blue). Image created using CCP4mg [11].

Whole-pattern Integration

R/Rfree 0.3194/0.3390 0.2811/0.3485

R.M.S. deviations:

Bond lengths (Å) 0.0095 0.0077

Bond angles (◦) 1.3235 1.2628

Ramachandran plot (%):

Most favoured 97.93 98.62

Allowed 2.07 1.38

Outliers 0.0 0.0

Table 7.4: Re�nement statistics for crystal structure of the bovine serum albumin (BSA)
determined to 7.4 Åresolution from serial X-ray microcrystallography di�raction data col-
lected at the ID13 microfocus beamline of ESRF.

the di�raction data. The behaviour of R-factors with respect to structure resolution has

been examined previously by several authors (e.g. [256, 369, 380]). While there are some

discrepancies, there is a clear trend of higher R-factors reported for lower structural res-

olutions. The R-factor obtained from the re�ned structure of room temperature bovine

serum albumin using whole-pattern �tting analysis sits favourably within expectations for

good structural models at the observed di�ractive resolution.

Re�nement of concanavalin A structures was performed for both data-sets. The reso-

lution of the concanavalin A data is higher than that of the bovine serum albumin data,

yet is still considered low resolution by conventional X-ray crystallography standards. This

indicates that additional constraints are likely to be required when performing structure

re�nement to reduce the number of adjustable parameters. Both external constraints



Figure 7.10: Electron density map (cage) and structural model (sticks) of a region of
a re�ned structure of bovine serum albumin using intensity data obtained using whole-
pattern �tting analysis of serial X-ray crystallography data collected at the ID13 beamline
of ESRF.

Figure 7.11: Electron density map (cage) and structural model (sticks) of a region of a
re�ned structure of bovine serum albumin using intensity data obtained using integration
analysis of serial X-ray crystallography data collected at the ID13 beamline of ESRF.
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Whole-pattern Integration

R/Rfree 0.2581/0.2989 0.2614/0.3070

R.M.S. deviations:

Bond lengths (Å) 0.0102 0.0128

Bond angles (◦) 1.5346 0.16917

Ramachandran plot (%):

Most favoured 96.60 98.72

Allowed 2.13 1.28

Outliers 1.28 0.0

Table 7.5: Re�nement statistics for crystal structure of the concanavalin A (ConA) deter-
mined to 3.2 Åresolution from serial X-ray microcrystallography di�raction data collected
at the ID13 microfocus beamline of ESRF.

generated by ProSMART and jelly-body constraints were tested during re�nement with

Refmac5. Once more, the use of jelly-body constraints provided better results for both

data-sets. Re�ned structures of concanavalin A from both intensity extraction methods

are shown in Figs. 7.12 and 7.13 and summarised in Table 7.5. The model parameters

in Table 7.5 indicate that similar results our obtained from both data-sets � similar R-

factors are obtained from each approach with the whole-pattern �tting method providing

slightly better values for these metrics. However, it is indicated that the re�ned structure

found from the integration data-set has better stereochemistry of residues given higher

percentages in the Ramachandran plot found to be in favoured regions. Real-space re�ne-

ment and model optimisation of residue regions might improve this for both models. The

re�ned models indicate that automated structural re�nement with data obtained using

whole-pattern �tting analysis performs at least as well as that from integration analysis.

There is nothing to suggest that further model re�nement and optimisation would create

signi�cant di�erences in model quality between these methods.

The low di�ractive resolutions of the microcrystals for both sets of protein crystals in

this experiment were considered during structure re�nement. The resolutions may have

been limited by crystal disorder, radiation damage or background scattering contributions

during data collection. The relatively low resolution of the di�raction data limits the

amount of structural information that can be re�ned from it. For example, it is inappro-

priate to re�ne atomic thermal correction factors from data of low resolution [254, 384];

attempts to do so may introduce over�tting of the structural model. Instead, an overall

thermal correction factor was re�ned for the bovine serum albumin data. Isotropic and

overall thermal factor re�nement was tested for the concanavalin A data. It was found

that isotropic thermal factor re�nement performed well with the introduction of additional

constraints, such as jelly-body constraints, yet performed poorly in the absence of these.



Figure 7.12: Electron density map (cage) and structural model (sticks) of a region of
a re�ned structure of concanavalin A using intensity data obtained using whole-pattern
�tting analysis of serial X-ray crystallography data collected at the ID13 beamline of
ESRF.

Figure 7.13: Electron density map (cage) and structural model (sticks) of a region of a
re�ned structure of concanavalin A using intensity data obtained using integration analysis
of serial X-ray crystallography data collected at the ID13 beamline of ESRF.
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This is likely due to a poor ratio of re�ned parameters to number of Bragg re�ections in

the absence of extra constraints. It is also expected that the number of structured solvent

molecules re�ned from low resolution data is signi�cantly lower for poorer resolution [254],

which is consistent with the re�ned structures for concanavalin A. Re�nement of structured

waters was not performed for the bovine serum albumin data due to the resolution.

7.4 Concluding remarks

A serial X-ray crystallography experiment was performed at the ID13 microfocus beamline

of the European Synchrotron Radiation Facility. A collection of microcrystals of bovine

serum albumin and concanavalin A were prepared to demonstrate the application of whole-

pattern �tting analysis to merged three-dimensional data-sets. A �yscanning approach was

used to collect di�raction data from �xed target, hydrated microcrystals at room temper-

ature. These conditions hold closer relevance to the physical environment of proteins than

conventional X-ray crystallography experiments performed at cryogenic temperatures us-

ing cryo-protectants. Large quantities of detector images were collected and then processed

using hit-�nding, background subtraction and indexing software. Indexed di�raction im-

ages were then mapped to a single three-dimensional reciprocal space for each protein.

The three-dimensional data-volumes were analysed with the whole-pattern �tting scheme

presented throughout this thesis.

It was demonstrated that whole-pattern �tting analysis could be applied to experi-

mental di�raction data collected from microcrystals of unconstrained orientations. The

whole-pattern �tting technique was applied in three-dimensions upon merged data vol-

umes constructed after the processing and attempted indexing of ∼ 105 di�raction images.

It was shown that the whole-pattern �tting analysis of the three-dimensional data volumes

produced similar results and performs as least as well as the established technique within

the �eld of serial X-ray crystallography of the Monte-Carlo integration of peak intensities.

The obtained structure factor amplitudes were then used in the re�nement of a 7.4 Å res-

olution crystal structure of bovine serum albumin and a 3.2 Å resolution crystal structure

of concanavalin A from both analysis techniques for extracting structure factor amplitudes.

Re�ned structures were found with comparable quality from structure factor amplitudes

obtained from whole-pattern �tting and integration methods. Further re�nement of the

structures was not performed given the objective of the experiment was the investigation of

structure-factor amplitude extraction techniques and not to gain insight into these protein

structures. Investigation of the four re�ned protein structures did not show anything to

indicate relative limitations in the application of the whole-pattern �tting method for the

analysis of experimental micro- nano- crystallography data. It is suggested that whole-
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pattern �tting analysis can be applied to serial X-ray crystallography data and that this

technique will become more valuable for protein crystals with dimensions of tens of unit

cells, as considered in simulation studies in this thesis.
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8 | Conclusion

Serial X-ray crystallography is part of a variety of developing approaches for the struc-

tural determination of proteins that do not readily form the high quality, macroscopic

crystals required in conventional X-ray crystallography. X-ray free-electron lasers sources

have prompted the rapid development of serial X-ray crystallography techniques. Alterna-

tive approaches using these sources for the study of biological structures, including single

particle imaging and fast X-ray solution scattering techniques, are also quickly develop-

ing. Serial X-ray crystallography, however, is currently among the most successful in its

output of biological structures. This is largely due to bene�ts relating to the crystalline

nature of the samples used in serial X-ray crystallography, which include the ampli�cation

of di�racted signal, the ease of estimation of sample orientations and the homogeneity of

samples. Further development is needed in single particle imaging and fast solution X-

ray scattering techniques before the study of non-crystalline protein structures is readily

achievable by these methods. This remains a driving goal in the �eld of X-ray free-electron

laser science.

Limitations on crystal sizes are lowered in serial X-ray crystallography from that of

conventional X-ray crystallography. The beam characteristics of X-ray free-electron lasers

assist with this with brief pulse durations to reduce the exposure time of crystals and high

beam intensities to observe scattering from small crystal samples. The same characteris-

tics require the serial replenishment of crystal samples due to crystal damage. It has been

recognised that the serial nature of these experiments can be of bene�t at synchrotron fa-

cilities. While the beam characteristics di�er, quick readout detectors and tailored sample

delivery can also provide di�raction patterns collected at microfocus synchrotron sources

using small protein crystals with single or limited numbers of X-ray exposures. Data pro-

cessing and analysis techniques developed for serial crystallography experiments at X-ray

free-electron lasers sources are transferable to the analysis of such data from synchrotron

facilities. In both cases, vast quantities of data can be obtained from sets of micro- and

nano- crystals. The di�raction images typically hold no orientational relationship during

collection and are formed from crystals of varying size, shape and quality characteristics.

The �nal goal is the solution of a single, average unit cell structure from this data. These
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kinds of experiments circumvent some limitations present in conventional X-ray crystallog-

raphy in terms of the usable sizes of protein crystals, yet prompt the renewed consideration

of both experimental design and data processing and analysis approaches to make structure

determination possible.

A new data analysis approach, termed whole-pattern �tting analysis, for the extraction

of structure factor amplitudes from serial X-ray crystallography data was presented and

examined in this thesis. The whole-pattern �tting analysis method presented here might be

interpreted as an extension of established data analysis methods in one-dimensional powder

di�raction analysis to higher dimensions. Whole-pattern �tting analysis is established in

powder di�raction analysis (for example, Le Bail [276] and Rietveld analysis [274,275]) for

the extraction of structure factor amplitudes from overlapping di�racted intensity peaks

in one-dimensional powder di�raction patterns. It has been noted [1, 83, 303, 304] that

the serial X-ray crystallography method is akin to a form of three-dimensional powder

di�raction due to the merging of data from collections of small crystals with di�erent size,

shape and order characteristics. However, the extension of powder di�raction analysis

techniques to higher dimensional space for the analysis of serial X-ray crystallography

data has not been tested for the extraction of structure factor amplitudes prior to the

work presented in this thesis and its associated publications. As such, this forms an

original contribution to knowledge in the �eld of serial X-ray crystallography.

Whole-pattern �tting analysis was �rst introduced in this thesis in its simplest case

with the analysis of simulated data from �nite protein crystals. This included a study upon

�nite crystal size e�ects, followed by simulation studies on both ideal and disordered protein

crystals. It was shown that di�ractive intensity distributions with extended distributions

between Bragg positions can be formed from �nite crystals. The distribution of crystal sizes

and shapes a�ects the extended di�racted intensity distributions around Bragg peaks. This

thesis presented a general scheme for the extraction of accurate structure factor amplitudes

in the presence of such di�racted intensity distributions.

The simulations studies presented in this thesis outlined the whole-pattern �tting

method for the �nite crystal size regime and explored modi�cations that can be made

for particular cases. Simple models of crystal disorder were introduced through simulation

of translational lattice disorder and the presence of incomplete unit cells on crystal surfaces.

The latter is a form of disorder that is relevant within this �eld where protein nanocrystals

can be used in di�raction experiments. It was demonstrated that modi�cations of the

whole-pattern �tting model can be made to speci�cally tailor it towards the presence of

these forms of crystal disorder. These studies indicate that this method is feasible for the

improved, accurate estimation of structure factor amplitudes from �nite crystals.

Ultimately, the application of this method to experimental serial X-ray crystallography
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was targeted. For this to be achieved, experimental data must �rst be processed, indexed

and merged continuously into a shared data-volume for all di�raction images. This was

demonstrated and discussed for data collected from 10 µm crystals in an experiment per-

formed at the Australian Synchrotron. Knowledge of crystal orientations and structure

were discarded to demonstrate the applicability of the data processing to an unknown

protein crystal structure and from di�raction images collected from unconstrained crystal

orientations. It was shown that the treatment of background scattering and the averaging

of re�ned parameters from individually processed di�raction images a�ected the stability

of indexing and the re�nement of crystal and experimental parameters. The estimated

crystal orientations and average re�ned crystal and experimental parameters were used

to map the di�raction images to a three-dimensional reciprocal space volume. Di�racted

intensities between Bragg locations was retained during this mapping.

The �nal piece of the investigation of this method was made in which the results

from a �nely microfocused serial crystallography experiment conducted at ESRF were

presented. The experiment itself was a demonstration of a developing approach to serial

crystallography � the collection of di�raction data from micro-crystals using �xed-target

raster scanning with collection on the millisecond timescale. Test protein structures of

bovine serum albumin and concanavalin A were used. The data was merged into a three-

dimensional data set and whole-pattern �tting analysis was applied. It was shown that

the structure factor amplitudes obtained from the whole-pattern �tting analysis of the

three-dimensional data-volume produced similar R-factors in comparison to the established

approach of Monte-Carlo integration of two-dimensional di�raction images. Finally, protein

crystal structures of bovine serum albumin and concanavalin-A were re�ned and presented

from the structure factor amplitudes obtained with whole-pattern �tting analysis.

Outlook

This thesis has presented and explored the use of whole-pattern analysis for the extraction

of structure factor amplitudes from merged serial X-ray crystallography data. This was

approached using simulation and experimental studies. Simulation studies were limited

to selected crystal morphologies and distributions of crystal sizes. Further work may be

required to test the validity of this approach with a variety of crystal morphologies and

size distributions. In which case, further consideration of the three-dimensional peak-shape

distributions for di�erent crystal morphologies is needed. Further re�nement of this tech-

nique may also be required for the improvement estimation of weak Bragg re�ections, such

as the separate �tting of peak-shape parameters for re�ections below a selected tolerance

level.

Conventional auto-indexing programs have been used in this work for the estimation
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of crystal orientations, from which the construction of three-dimensional data volumes

were formed. It is likely to be the case that further development of indexing software for

snapshot images of �nite crystals will improve the quality of such merged data-volumes.

Greater accuracy from the application of whole-pattern �tting analysis to experimental

data might then also be obtained.

The data processing and analysis techniques presented here are currently applicable

for data collected during serial X-ray crystallography experiments performed at both X-

ray free-electron lasers and at synchrotron facilities. A great attraction of these forms

of experiments is the lowering of the permissible sizes of protein crystals. The scheme

presented here may prove valuable as crystal sizes further diminish in future experiments,

for which more extended distributions of di�racted intensities around Bragg locations can

be expected.
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