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Abstract 

Flying debris generated in extreme weather conditions such as windstorms and cyclones are 

of concern to property owners and stakeholders because of widespread damage to building 

facades including roofs, doors and window shutters. Glazing facades and metal claddings 

have been identified as the most vulnerable type of elements sustaining damage. Further, 

impact by hailstones on roof coverings and many other exposed installations has also 

caused colossal losses during the past few decades. 

Predicting damage by impact action is not a simple procedure as it is dependent on both the 

material behaviour and structural dynamic behaviour of the impactor and that of the target. In 

the past few decades, numerous experimental and numerical studies have been conducted 

to estimate the impact strength of glazing and aluminium facade panels. However, these 

impact experiments are limited to determining the qualitative behaviour (pass or fail criteria) 

of a facade panel based on the provided testing guidelines in the current code of practice. 

The main drawback of such regulatory practices is uncertainties as to how well these impact 

tests represent the performance behaviour of real cladding panels which are of different size 

and are normally much larger than the tested specimens. The common drawback of 

numerical simulations is that the accuracy of the FE model relies on the meshing of the 

target surrounding the point of contact and the assumed dynamic properties of both the 

impactor and target material. In addition, high computational time and specialised knowledge 

on FE codes would be required for achieving realistic simulations. Amid uncertainties of the 

modelling parameters and computational time, analytical predictive models are always 

valuable. To date no analytical methodology that has been validated experimentally is 

available for use in practice to predict damage to facade panels. 

This research presents the development of an analytical model for assessing impact induced 

damage to aluminium panels and, a stochastic simulation methodology for predicting the risk 

of damage to glass panels resulted from the impact of a flying object. Current analytical 

expressions derived for analysing damage to aluminium panels (permanent deformation or 

perforation) as reported in the literature are mostly based on the use of energy principles. 

The effect of the hardness of the projectile and the value of the contact force has not been 

considered. Thus, the amount of deformation that is inflicted on the panel by the impact of a 

non-rigid projectile object cannot possibly be predicted accurately. 

The first part of this thesis illustrates the development of an analytical expression for 

estimating the severity of damage to the surface of a cladding panel for a debris object of 

given mass and velocity of impact, and importantly, parameters characterising the dynamic 

stiffness properties of the object. These dynamic stiffness parameters (𝑘𝑛, 𝑝) are obtained by 
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the use of a custom-built instrument which features a dummy lumped mass that is supported 

by a coil spring. A large number of dynamic tests involving different types of projectiles 

(concrete, timer, and brick) have been undertaken to estimate time-histories of the impact 

force which is developed at the point of contact and, time-histories of the displacement of the 

target. The correlation of dynamic stiffness parameter (𝑘𝑛, 𝑝) with the impact velocity (𝑣𝑜) is 

then identified by employing a two-step calibration procedure for all types of projectiles. 

Results so obtained are then used for input into the developed analytical model for predicting 

the deformation of the aluminium panel.  

The impact conditions which correspond to the perforation of a metal cladding leading to the 

leakage of rainwater in stormy conditions are modelled in the next part of the research. A 

simplified analytical model is developed (based on the first derivation of deformation) for 

predicting the threshold velocity of impact which would result in perforation of the target 

material. Importantly, the developed analytical model incorporates the dissipation of energy 

within the impactor by taking into account dynamic stiffness properties of the impactor 

specimen. 

The impact strength of glazing panels under point contact actions was investigated next. The 

strength of glass panels is normally expressed in probabilistic terms by the use of either the 

Weibull distribution or Log-Normal distribution functions. Values of the modelling parameters 

can be obtained by calibration against experimental data. This conventional approach to 

probabilistic modelling has significant shortcomings as the extent of generalising the use of 

the calibrated parameter values is difficult to ascertain. The calibrated values are dependent 

on many factors including the dimensions of the glass pane, the stress history and the 

degree of seasoning. Thus, the calibrated probabilistic models have to be specific to the type 

of installations. The alternative approach of predicting the risk of failure is by stochastic 

simulations of Griffith flaws. Two stochastic simulation models have been developed in this 

research to simulate the risk of failure by flexure and Hertzian fracture of annealed glass 

panels when subject to the transient action of point contact that can be generated by the 

impact of hailstones or windborne solid debris particles. The flaw size distribution behaviour 

of annealed glass plate is first determined by calibrating against experimental results from 

the testing of glass panels at 6 mm/min loading rate. The calibrated flaw size distribution 

function may then be adopted for developing cumulative probability distribution (CPD) 

functions of the failure load (by flexure and Hertzian fracture) of glazing panels of different 

dimensions at different loading rates.  

In the final part of the thesis, design charts are developed to estimate the risk failure of 

different types of glazing panels (e.g. laminated and toughened) when subjected to the 

impact of hailstones. The stochastic models that have been developed for annealed glazing 
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panels are further modified for predicting the CPD of failure load of toughened glass panels. 

The ultimate probability of failure of a glazing panel is determined by taking into the account 

the risk of failure of a glass panel by flexure as well as Hertzian fracture. The introduced 

simulation methodology is aimed at bringing about significant savings by waiving away the 

need of conducting repetitive physical experimentation on glazing panels of different 

dimensions, and at different rates of loading. 
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Chapter 1 Introduction 

1.1 Background 

As a building material, glass has an established history stretching over 2000 years, being 

one of the most versatile and oldest engineering materials used in building construction [1]. 

Glass has been widely utilised for windows, skylights, floors, beams, balustrades, staircases, 

and claddings in high-rise structures. During the early stages of its use, glass lacked 

transparency and was unaffordable for common people. The revolution in the glazing 

industry was initiated in 1959, following the invention of the float glass process developed by 

the UK firm Pilkington Ltd. At present, this float glass process is widely used by glazing 

manufacturers [2]. The primary advantage of glass panes (in contrast with other typical 

construction resources, for example concrete, bricks, aluminium, steel, etc.) is its 

transparency, permitting sunlight to enter the building, alongside its lightweight attributes [3, 

4]. Furthermore, glass waste is recyclable so that glass has been recognized as an 

environmentally friendly and sustainable material [5, 6].  

Aluminium is the other type of material that has been widely utilised for roofs, curtain walls, 

window frames, facades and door frames in modern structures. The history of aluminium is 

not as established as glass. Rather, it is one of the “newest materials” discovered by 

humankind. Currently, the aluminium production is based on the Hall-Heroult process, 

introduced in 1888, which facilitates large-scale production of metallic aluminium [7, 8]. The 

pure form of aluminium is too soft to be used in structural elements. Thus, the strength of 

aluminium has been increased by adding appropriate alloying elements (e.g. zinc, copper or 

magnesium) through suitable heat treatment procedures. Aluminium has applicability across 

a wide range of industries due to its distinctive properties such as durability, lightweight, high 

strength to weight ratio, corrosion resistance and electrical conductivity. Internal fittings and 

body of aeroplanes and vehicles have been made of aluminium, as a means of diminishing 

total body weight and thus reducing fuel consumption, which improves the overall 

performance of a vehicle (or an aeroplane) [9, 10]. Aluminium is also one of the most energy 

efficient and environmentally friendly construction materials, given that the recycled 

percentage is in between 50 – 85 % of overall wastage. Consequently, 75 % of all aluminium 

ever produced continues to be in use today. Furthermore, aluminium can provide good 

insulation conditions to the building, while acting as a supporting structure for solar panel 

installations [11]. 

The damage induced by the impact of windborne debris or hailstones on target structures, 

made of aluminium, glass or steel, has drawn a significant amount of attention by design 
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engineers. For example, facade design engineers are interested in utilising the high impact 

resistant glass and aluminium cladding panels for facades systems, which may reduce the 

cost of damage induced by the impact of flying objects [12-15]. Moreover, vehicle design 

engineers have also focused on designing the vehicle body and windows that have sufficient 

capacity to resist damage resulting from numerous collisions. Additionally, the body of 

aeroplanes and ships should be designed to withstand various forces that are generated by 

the impact of debris, sand or hail [16, 17]. Among all these considerations, the main focus of 

this study is about developing effective ways of assessing the risk of damage to building 

facades (including roofs, doors and window shutters) that is resulted from the impact of flying 

objects generated in extreme wind or hailstorm conditions. 

Impact of debris material or hailstones on a metal cladding or a glazing panel can cause 

perforation which can result in the ingress of water into the building, or permanent 

deformation (in aluminium), fractured surfaces (in glass) which jeopardize the appearance of 

the building. Impact by flying objects on cladding panels, roof coverings and many other 

structural elements has caused significant losses during the past few decades [18, 19]. The 

total cost of replacing dented/fractured or perforated panels in the aftermath of a severe 

storm affecting a major city can be up to tens of millions of dollars [20, 21]. For example, the 

damage bill of a windstorm event in Queensland in 2008 was in the order of AUD 500M. The 

damage cost of Typhoon Haiyan in Philippine in 2013 was over USD 12 billion [12]. 

Current code of practice contains provisions for checking the impact resisting capacity of 

building components by accelerating a 100 mm × 50 mm cross-sectional area of timber 

plank (weighing 4 kg) and 8 mm in diameter steel ball (weighing 2 g) at a velocity of 0.4 

times the regional wind speed [22, 23]. Timber specimens and steel balls have been used to 

represent the source of debris material. Most of the previous studies on experimental and 

numerical investigations on damage caused by the impact of solid particles on glazing and 

aluminium panels were based on these two types of impact tests [12, 24-26]. These impact 

experiments can only be used for determining the pass or fail criteria of a glazing or 

aluminium panel based on testing guidelines provided in the current code of practice. The 

capacity of different dimensions of cladding panels other than the tested specimens cannot 

be assessed by the use of such regulatory practices. There are also doubts as to how well 

observations from impact tests employing steel balls and timber planks as impactor objects 

that are accelerated on a glazing or aluminium specimen as target be representative of 

impact by hail or windborne debris ?. The damage so caused to the cladding panels by the 

impact of flying objects can also be determined by the use of sophisticated FE software such 

as LS DYNA. However, the accuracy of the results significantly depends on the dynamic 

material properties of both the impactor and the target. Importantly, specialised knowledge 
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on FE modelling and impact action would be required to facilitate proper use of these 

software. 

The damage so caused to cladding panels was mainly controlled by the amount of force that 

was developed at the point of contact between the debris object and the surface of the 

target. However, reviews presented in the literature on theoretical investigation of damage 

caused by windborne debris on aluminium panels were based on certain yield criteria or 

energy principles. Little attention has been devoted to quantifying the contact action 

generated by the impact [27-30]. The typical assumption to make in those studies was that 

the total amount of kinetic energy delivered by the impact was fully absorbed by the plate 

undergoing permanent deformation. For non-rigid projectiles, the amount of deformation of 

the aluminium panel can be over-predicted by analytical models that are currently available 

because a significant amount of energy can be taken up by the impactor object absorbing 

energy through its own deformation. At present, no reliable simulation procedure is in place 

to predict damage on cladding panels with a good degree of accuracies. 

The traditional approach of assessing the ultimate performance of glass panels is based on 

calibrating parameters of a chosen probabilistic distribution model against experimental 

results. The Glass Failure Prediction Model (GFPM) of Beason and Morgan [31]  which 

ASTM provision [32] is based upon defines the cumulative probabilistic distribution of failure 

of glass by the use of the Weibull distribution function. The value of the Weibull parameters 

can be determined by calibrating against results from the testing of glass specimens to 

failure [33, 34]. To what extent a probabilistic model calibrated in this manner can be 

generalised for use in practice remains uncertain given that individual parameters 

characterising the probabilistic distribution function do not have a physical meaning. Values 

of Weibull parameters are dependent on a range of factors including the type of material, 

size of the component, degree of seasoning and stress history as widely reported in the 

literature [33-38]. Most of these parameters have been incorporated into the Weibull 

statistics for predicting the failure strength of glazing panels [34, 39, 40]. However, the 

calibrated Weibull parameters are empirical in nature and hence would only be applicable to 

panels that are similar in size to the tested specimens [33]. The Weibull modulus is no longer 

a constant when the applied stress has a high gradient (such situations as transient point 

contact actions) or having high defect densities [41]. Thus, it is uncertain if the Weibull 

parameters that have been obtained by calibrating against results from the testing of glass 

specimens of size 300 mm × 300 mm under point load conditions could be used to model 

the behaviour of glass panels that are, say, double the size of the test specimens (i.e. 600 

mm × 600 mm) or glass panels of a different aspect ratio. Furthermore, the validity of 
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adopting the Weibull distribution function in GFPM for generalizing the probabilistic strength 

distribution of glass has been challenged [31, 33, 42]. 

The other approach of estimating the risk of failure is by stochastic simulations of Griffith 

flaws. Previous studies on stochastic simulation of Griffith flaws were based on glass panels 

that were subject to uniformly distributed pressure applied quasi-statically to the panel in the 

out-of-plane direction [33, 43]. The use of the stochastic method for simulating failures in 

glass under the transient action of a point contact (generated by a solid object impact) has 

not been reported in the literature. Previously published work has also not evaluated the 

ability of a stochastic model (defined by a fixed set of parameter values) to simulate the risks 

of failure at different rates of loading. 

In summary, the amount damage inflicted by the impact of flying objects on aluminium and 

glazing panels is difficult to predict with a good degree of accuracy by the use of currently 

available testing methodologies, numerical simulations and analytical models because of the 

uncertainties in modelling parameters. What is required is to predict the impact damage 

caused by flying objects on building envelopes accurately without conducting repetitive 

impact experimentation. This approach would be beneficial to facade design engineers in the 

selection of suitable facade types that have sufficient capacity to resist the projected impact 

action. The use of the proposed analytical model also removes the need of costly impact 

experimentations. 

1.2 Research objectives 

This research is aimed at developing an analytical model for estimating the amount of 

permanent deformation of an aluminium panel for given mass of the projectile (debris) 

object, the velocity of impact, and importantly, parameters characterising the stiffness 

properties of the windborne impactor object. Then newly developed, and verified expression 

has been further developed to predict impact conditions that is required for perforating an 

aluminium panel. The stiffness properties of windborne debris were predicted by the use of 

the non-linear visco-elastic contact model.  

A stochastic methodology is developed for simulating the risks of flexurally dominated 

fracture where cracks are propagated radially from the triggered Griffith flaw on the tensile 

surface of a glazing panel when subject to the impact of hailstones or windborne solid debris 

particles. The flaw size distribution behaviour of glass specimens has been determined by 

calibrating against experimental results from the testing of glass panels of different 

dimensions and different rates of loading. This methodology includes a program that has 

been developed in Visual Basic for Application (VBA) to execute all the steps in the 

procedure automatically. Another stochastic methodology was developed for predicting the 
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risks of Hertzian fracture (resulting in perforation) in glazing panels when subject to the same 

impact conditions. Finally, design charts were developed for predicting the risk of failure of 

glazing panes for given hail impact conditions. The objectives of this research are stated as 

follows: 

➢ To develop an analytical model for predicting the amount of permanent deformation 

of an aluminium panel based on correlating the magnitude of the contact force with 

the compressive stiffness parameters of the impactor object. 

➢ To develop an analytical expression to predict the impact conditions that are required 

for perforating an aluminium panel by incorporating the influence of the hardness of 

the impactor object. 

➢ To introduce a stochastic simulation procedure of Griffith flaws to predict the risks of 

flexural failure of annealed glazing panels when subject to the transient action of 

point contact, and to demonstrate the applicability of developed methodology in 

engineering practices. 

➢ To predict the risk of failure of different dimensions of glazing panels by testing only 

smaller glass panes in a quasi-static manner. 

➢ To introduce a stochastic simulation procedure for predicting the risk of failure of 

annealed glazing panels by Hertzian fracture when subject to the impact of a flying 

object. 

➢ To develop design charts for estimating the ultimate performance of laminated and 

toughened glazing panels in hailstone impact scenarios featuring failure by flexure or 

Hertzian fracture. 

1.3 Thesis outline 

The thesis consists of 8 chapters as listed and summarised in below. 

Chapter 1 is an introduction to the research area and this includes the background, research 

objectives and outline of the thesis. 

Chapter 2 presents a comprehensive state of art review on analytical modelling of damage 

to aluminium and glazing panels. This chapter also covers basic types of windborne debris 

and their impact velocities at different wind velocities, basic of impact mechanics, analytical 

expressions to determine quasi-static and contact force values generated in an impact action 

and, the established principles of fracture mechanics. 

In Chapter 3, an analytical expression is developed for estimating the amount of permanent 

deformation of an aluminium panel for given mass, velocity, and parameters characterising 
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the stiffness properties of the windborne impactor object. Importantly, the amount of energy 

dissipated due to the own deformation of the windborne object in an impact action was 

incorporated into the analytical model. A large number of dynamic tests involving the use of 

the custom-made measurement device which can be fitted with a gas gun have been 

undertaken for experimental measurement of contact force values and stiffness parameters 

(𝑘𝑛 and 𝑝) of different types of windborne debris striking on an aluminium panel. The 

proposed model has been verified by impact experiments which involved accelerating a 

specimen of the debris object (which were either made of concrete, or timber, and was 62.5 

mm in diameter) onto a 2 mm, and a 4 mm, thick 5052-H34 aluminium panel. Another 

analytical expression has also been developed to express the amount of maximum strain at 

the point of contact as function of stiffness parameters of the impactor object and the 

aluminium alloy material. The calculated strain values of a 2 mm thick aluminium panel when 

struck by a concrete projectile have been verified experimentally by use of ARAMIS 5M 

system configuration. The newly developed, and verified, expression can be used to predict 

if leakage of rainwater from the panel can be resulted from the impact. This chapter is 

extracted from the author’s original research paper, which was published in the Journal of 

Wind Engineering and Industrial Aerodynamics (doi: 

https://doi.org/10.1016/j.jweia.2017.02.014). 

A stochastic methodology is introduced in Chapter 4 to simulate the risk of failure of a glass 

panel by flexure when subject to the impact of hailstones or windborne debris particles. The 

flaw size distribution behaviour of annealed glass plate was calibrated by comparing 

simulated results with experimental observations obtained from the testing of glass panels at 

6 mm/min loading rate. Significantly, very good correlation between the simulated and 

experimental results has been observed across a range of loading scenarios when the set of 

modelling parameters characterising flaw size distribution was held constant. The application 

of the proposed methodology for predicting the risk of failure of two different sizes of 

annealed glazing panels is then illustrated for an impact scenario of hailstone. This section is 

extracted from the author’s original research paper, which was published in the International 

Journal of Solids and Structures (doi: https://doi.org/10.1016/j.ijsolstr.2017.09.001). 

Chapter 5 presents an adaptive stochastic simulation methodology for predicting risks of 

Hertzian fracture (resulting in perforation) of glass which is subject to the impact by hail and 

flying debris. An innovative custom-made measurement device which was used to estimate 

the stiffness parameters of windborne debris in Chapter 3 was used for measuring the 

contact force values generated by the impact of hailstones on a glazing specimen. The 

influence of the hardness of the impactor object has been taken into consideration by the 

use of the measured contact force values. The proposed simulation model has been verified 

https://doi.org/10.1016/j.jweia.2017.02.014
https://doi.org/10.1016/j.ijsolstr.2017.09.001
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experimentally by comparison with results recorded from drop tests on annealed glass 

panels. The failure loads were obtained by the use of an accelerometer attached to the steel 

ball. Significantly, very good correlation has been observed between the simulated and 

experimental results. This section is extracted from the author’s original research paper, 

which was published in International Journal of Impact Engineering (doi: 

https://doi.org/10.1016/j.ijimpeng.2018.03.010). 

Chapter 6 and Chapter 7 present the development of design charts to predict the probability 

of failure of toughened and laminated glazing panels respectively, for given hail impact 

conditions. The stochastic simulation models introduced in Chapter 4 and Chapter 5 for 

annealed glazing panels have been modified for predicting failure loads in toughened glass 

panels by incorporating the effects of residual stresses. In laminated glass panels, same 

stochastic simulation models (as developed in Chapter 4 and Chapter 5) have been 

successfully implemented. The simulated failure loads have also been verified 

experimentally. Finally, the ultimate probability of failure of a glass panel was predicted by 

taking the summation of the risk of failure by flexure and that by Hertzian fracture. Some 

parts of Chapter 6 have been extracted from the author’s original research paper, which was 

published in International Journal of Impact Engineering (doi: 

https://doi.org/10.1016/j.ijimpeng.2018.03.010). 

Chapter 8 summarises the major findings in this research and provides recommendations for 

future study. 

https://doi.org/10.1016/j.ijimpeng.2018.03.010
https://doi.org/10.1016/j.ijimpeng.2018.03.010
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Chapter 2 Literature Review 

2.1 General 

This chapter presents an overview of the state-of-the-art of the assessment of damage 

caused by windborne debris to aluminium and glazing panels. The chapter is divided into 

five parts. Section 2.2 presents different types of windborne debris and their impact 

velocities at different wind velocities and, the failure mechanisms of building envelopes. 

Modelling of the impact action is presented in Section 2.3. The methods that are currently 

available to estimate damage to aluminium and glazing panels caused by windborne debris 

are reviewed in Section 2.4 and Section 2.5 respectively. Finally, the scope of the research 

is discussed in Section 2.6 by investigating limitations of the current analytical and 

experimental methodologies for predicting damage to aluminium and glazing panels. 

2.2 Damage caused by windborne debris 

2.2.1 Windborne debris 

Windborne (flying) debris is a general term for the entire assortment of debris such as roof 

gravel, roof tiles, roof sheathing, timber planks etc. carried during hurricanes, tornadoes or 

other extreme weather events (Figure 2.1). Size of windborne debris may vary from roofing 

materials to a fertiliser tank, or even large semitrailer trucks [44]. Impact by flying debris in 

windstorms conditions has caused significant damage to aluminium and glazing panels and 

various other forms of building exteriors. For example, the impact of flying objects on a metal 

cladding or glazing panel results in perforation that causes the ingress of water into the 

building, or permanently deformed or fractured surfaces that undermine the appearance of 

the building. Furthermore, the internal pressure of the building may increase because of the 

failure of building envelopes, contributing to serious challenges such as exposure of 

occupants to rain and wind, damage to internal equipment, degradation of the appearance of 

the building and disruption of business activities [45]. 
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Figure 2.1. Windborne debris generated during extreme weather conditions [46] 

In previous studies, windborne debris has been categorised in several ways. McDonald and 

Kiesling [47] classified windborne debris based on the degree of damage that can be 

caused, as light-weight, medium-weight and heavy-weight. In another study, Wills, et al. [48] 

have assorted the debris as compact-like, plate-like and rod-like based on the shape and the 

characteristic dimensions of the debris object (Figure 2.2). Cubical and spherical shape 

debris are examples of the compact type, while plywood, roof tiles, shingles can be classified 

as plate-like type, and bamboo poles and timber planks are examples of the rod-like type 

windborne debris.  

   

(a) Compact object 
(b) Sheet object (c) Rod object 

Figure 2.2. General debris types [49] 

2.2.2 Wind velocity scale and Australian wind regions 

Potential destruction resulted from the impact of windborne debris on structural elements 

primarily depends on the wind velocity in cyclonic conditions. Cyclones are also called 

hurricanes (for extremely strong wind events) or typhoons. The Australian Tropical Cyclone 

Intensity Scale (ATCIS) is used to identify the severity of a cyclone forming east of 90°E in 

the Southern Hemisphere. This scale comprises of six categories, developed according to 
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10-minute maximum sustained wind speed and 3-second wind guests [50]. Here, the 

sustained wind speed denotes the highest mean wind speed over a ten minute period of 

time and the wind gust refers to any sudden wind speed increase followed by a null. Table 

2.1 presents a comparison of the wind speeds in each category. 

Table 2.1. Australian tropical cyclone intensity scale [50] 

Category Sustained winds (m/s) Wind gusts (m/s) 

Five >55 >78 

Four 44-55 63-78 

Three 33-54 46-62 

Two 25-32 35-45 

One 18-24 25-34 

Tropical Low <18 <25 

Four main wind regions (A, B, C, D) can be identified in Australia according to the wind 

velocity [22] (Figure 2.3). Regions A and B are deemed non-cyclonic regions, whereas 

regions C and D are defined as cyclonic regions. The mean recurrence interval of peak gust 

wind speed in years is tabulated for the four regions in Table 2.2. Regions A and B fall into 

category two in the ATCIS, whereas regions C and D are in categories three and four 

respectively, during a fifty year return period of cyclone. 

 

Figure 2.3. Wind regions in Australia [51] 
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 Table 2.2. Average recurrence interval of a peak gust wind speed in years [22] 

Recurrence 

interval in years 

Peak gust wind speed (m/s) 

Region A Region B Region C Region D 

V1 30 26 23 23 

V10 34 33 39 43 

V50 39 45 55 66 

V100 41 48 59 73 

V1000 46 60 74 94 

2.2.3 Impact velocity of windborne debris 

Empirical and analytical relationships have been developed to estimate the conditions in 

which a debris object can become windborne and the velocity of flight for a given wind 

velocity, dimension and density of the object [48, 49, 52, 53]. Lee [52] developed a rational 

procedure for calculating the impact velocity of a missile, through assessing the centrifugal 

force of a wind event. The missiles’ maximum elevation may also be calculated by adopting 

the methodology proposed by Lee [52]. 

In the analytical model developed by Wills, et al. [48], the required threshold wind velocity 

(𝑈) to uplift a compact object making it windborne can be found by considering the vertical 

equilibrium of the aerodynamic and gravitational forces. There are 3 types of equations for 

the compact type, sheet type and rod type debris based on the capability of achieving 

aerodynamic lift forces. For example, compact type debris doesn’t have the capability of 

achieving aerodynamic forces because three spatial dimensions are roughly equal. 

However, sheet type and rod type elements are able to achieve aerodynamic lift forces. The 

value of 𝑈 is expressed as a function of the density of the object and its dimensions as 

shown by Eqs. (2.1) - (2.3) for compact type, sheet type and rod type debris respectively. 

𝑈 = √2 × (
𝜌𝑚

𝜌𝑎
) × (

𝐼

𝐶𝐹
) 𝑙𝑔 

(2.1) 

𝑈 = √2 × (
𝜌𝑚

𝜌𝑎
) × (

𝐼

𝐶𝐹
) 𝑡𝑔 

(2.2) 

𝑈 = √
𝜋

2
× (

𝜌𝑚

𝜌𝑎
) × (

𝐼

𝐶𝐹
) 𝑑𝑔 

(2.3) 
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where, 𝜌𝑚 is the density of the debris material, 𝜌𝑎 is the air density, 𝐼 is the fixing strength 

integrity parameter, 𝐶𝐹 is the aerodynamic coefficient, 𝑙 is the characteristic length of 

compact objects, t is the thickness of sheet object, d is the effective diameter of a rod type 

object and g is the gravitational constant. 

Upon the initiation of flight of a windborne object, it can be accelerated to a high velocity in a 

matter of 1 - 3 seconds. Equation (2.4) was derived by neglecting the vertical air resistance 

by Holmes [53] who considered the flight characteristics of spherical objects in determining 

the velocity of flight immediately prior to the object impacting on the surface of the target for 

a given wind velocity. 

𝑢𝑚 =
𝑞𝑈2𝑡

1 + 𝑞𝑈𝑡
 

(2.4) 

where, 𝑢𝑚 is the horizontal velocity of flight of the windborne object, 𝑈 is the wind speed, 𝑡 is 

the flying time,  𝑞 =
𝜌𝑎×𝐶𝐷

2𝜌𝑚×𝑙
 , and 𝐶𝐷 is the drag coefficient. The flying time (𝑡) of the debris 

object may be taken as 1 - 3 seconds and mainly depends on the initial height and vertical 

velocity component of the debris [49]. 

Once the effect of vertical air resistance is included into the calculation, horizontal velocity of 

the projectile increases and the vertical velocity decreases accordingly. The effect of 

turbulence has negligible influence on the calculated impact velocity of a projectile. 

Another deterministic study was carried out by Lin, et al. [49] for predicting the horizontal 

velocity component of the compact and rod type projectiles when strike on building 

envelopes. In the derived analytical expression, the horizontal velocity component can be 

expressed as a fraction of the wind gusts speed. The relationship derived for spherical 

impactors is as shown in Eq. (2.5). 

�̅� = 1 − 𝑒−√1.0𝑘�̅� 
(2.5) 

where, 𝑘 =
𝜌𝑎𝑈2𝐴

2𝑚𝑔
, �̅� =

𝑢𝑚

𝑈
, �̅� =

𝑔𝑥

𝑈2, 𝜌𝑎 is the air density,  𝑈 is the wind speed, 𝐴 is the 

reference debris area, 𝑚 is the debris mass, 𝑔 is the gravitational acceleration, 𝑢𝑚 is the 

horizontal debris velocity, and 𝑥 is the horizontal displacement of debris object. 

2.2.4 Failure mechanisms of building envelopes 

Glazing and aluminium facades are the most vulnerable type of structural elements 

sustaining damage [45]. Impact of debris material on a metal cladding can cause permanent 

deformation or perforation as shown in Figure 2.4. Permanent deformation of a cladding 
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panel has been categorized into two parts as global deformation and local indentation [54]. 

Impact of windborne debris on glazing panels can cause flexural failure (by making radial 

cracks) or Hertzian fracture (by making a hole) at the point of contact (Figure 2.5).  

  

(a) Permanent deformation (b) perforation 

Figure 2.4. Impact damage to aluminium panels 

  

(a) Flexural failure mode [55] (b) Hertzian type of failure mode [56] 

Figure 2.5. Impact damage to glazing panels 

Minor [45] was involved in hundreds of investigations on impact generated damage to 

cladding panels induced by storm debris. It has been identified that roof gravel is the 

foremost debris type contributing to damage. Larger glass panels in high-rise buildings have 

a greater risk of damage (as observed results from Lubbock storm in 1970 [57]) given that 

roof gravels can be flown to various elevations of a high rise building, with sufficient velocity 

to break glazing panels [45]. Windborne roof gravels generated during Hurricane Alicia 

caused significant damage to tempered window glass panes in high-rise structures as 

illustrated in Figure 2.6 [57].  
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Figure 2.6. Damage to glass panels caused by the impact of roof gravels [57] 

Investigations conducted on tornadoes show that the most prevalent type of debris material 

is wooden frames originated from houses [58]. This condition was considered when 

developing a code of practice for checking the impact resistance capacity of wall claddings 

and window shutters. Impact of 2”×4” cross-sectional area of timber planks (weighing 4 kg) 

on cladding panels first appeared in design codes following the occurrence of Tracy cyclone 

in Australia. The Australian and New Zealand wind load standard, AS/NZS1170.2 specifies 

provisions for testing specimens of glazing and aluminium panels by accelerating (i) a timber 

plank (represents the large missiles) of cross-sectional dimensions: 100 mm × 50 mm 

weighing 4 kg at an incident velocity of impact of 0.4, and 0.1, times the regional wind 

velocity for horizontal, and vertical, velocity trajectories respectively and (ii) an 8 mm 

diameter steel sphere (representing small missiles such as roof gravels) with the same 

velocity [22]. The cladding panels should be able to withstand these impact conditions to 

fulfil the safety requirements before installing them in cyclone prone areas. 

In the past few decades, numerous experimental and numerical studies have been 

conducted to estimate the impact resistance capacity of glazing and aluminium panels [12, 

13, 15, 59-64]. However, most of the studies were related to impact experiments that are 

limited to determine the qualitative behaviour of a cladding panel based on guidelines 

provided in current codes of practices [23, 45]. The key shortcoming of an impact test by the 

gas gun is that the test in itself gives no idea of the resistant capacity of the specimen in 

comparison with the estimated impact action. In addition, results cannot be interpolated for 

predicting the risk of failure of building envelopes for other circumstances such as involving 

debris other than timber and steel for given impact velocities. Importantly, it was found that 

under the same kinetic energy conditions impact damage caused by different projectiles are 

different [24]. Thus, there is dire need to develop a simulation methodology for estimating 

Damaged glass 

panels 
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the risk of failure of building envelopes generated by the impact of a given size, type and 

velocity of a flying object. It would be more beneficial if the damage could be simulated 

analytically or quasi-statically given that gas gun apparatus and high-speed cameras (to be 

conducted impact experiments) are not readily available in every laboratory (and those 

impact experiments can be very costly and time-consuming). 

2.3 Modelling of Impact action 

2.3.1 Contact force Vs Quasi-static force 

Impact actions are always associated with two objects, namely the impactor object (which is 

the flying projectile) and the target object (which is the structural element exposed to the 

impact). Impact actions do not have a predefined loading function thus modelling impact 

actions is significantly different from modelling a structure when subject to wind, blast or 

seismic actions (which have predefined loading functions). Thus, comprehending impact 

actions is a crucial aspect of modelling damage to cladding panels. 

Interaction between two colliding objects can be resolved into impulsive action and localized 

contact action. An impulsive action causing global deflection demand on the target such as 

bending, or overturning, can be emulated by the use of a quasi-static force (or reaction 

force), the magnitude of which can be estimated by employing equal momentum and energy 

principles [65]. In contrast, impact action which is applied at the point of contact is 

responsible for inflicting localized damage such as denting, or perforation [66]. The force 

developed at contact is called contact force and the magnitude of which can be estimated 

analytically by the use of the non-linear visco-elastic model [67]. The value of contact force is 

equal to the summation of both the inertia forces (generated due to the motion of the target) 

and the quasi-static (or reaction) force. Quasi-static force exists for approximately tens, or 

hundreds, of milliseconds whereas contact force lasts for only one or two milliseconds. The 

magnitude of the contact force is significantly higher than that of the quasi-static force in an 

impact scenario. As shown in Figure 2.7, 𝐹𝑐 is the contact force which is generated at the 

point of contact, and is responsible for denting, local crushing or perforation, whereas 𝐹𝑟 is 

the quasi-static force which is responsible for displacement, shear forces and bending 

moments generated within the structural target. 
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Figure 2.7. Contact force versus quasi-static force [68]. 

2.3.2 Estimation of quasi-static force 

An impulsive action causing global deflection demand on the target can be estimated by the 

use of the generic expression of Eq. (2.6) which was derived by employing equal momentum 

and energy principles [65, 69, 70]. 

where, 𝛽 = √𝛼 ⌊
1+𝐶𝑂𝑅

1+𝛼
⌋

2
 , 𝛼 =

𝑚2

𝑚1
, 𝑚1 is the mass of the impactor in kg, 𝑚2 is the generalized 

mass of the target in kg, 𝑘2 is the generalized stiffness of the target in N/m, 𝑣1 is the impact 

velocity in m/s and 𝐶𝑂𝑅 is the coefficient of restitution. 

Yang, et al. [71] derived expressions for estimating generalized mass (𝑚2) and generalized 

stiffness (𝑘2) of a plate which has uniform material and sectional properties based on 

Rayleigh’s method and plate bending theory respectively. Eqs. (2.7) and (2.8) show the 

derivations of the generalized mass and generalized stiffness of a uniform rectangular plate. 

𝑚2 =  
1

4
𝑎𝑏ℎ𝜌 

(2.7) 

where,  𝑎 is the length, 𝑏 is the width, ℎ is the thickness and 𝜌 is the density of the plate 

𝑘2 =
1

4
𝑎𝑏𝐷𝜋4 (

1

𝑎2
+

1

𝑏2
)

2

 

(2.8) 

where, 𝐷 is the flexural rigidity which can be calculated by 𝐷 =
𝐸2ℎ3

12(1−𝜈2
2)

, 𝐸2 is the Young’s 

modulus and 𝜈2 is Poisson’s ratio of the target. 

∆= 𝛽 
𝑚1𝑣1

√𝑚1𝑘2

  (2.6) 
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The amount of reaction force (𝐹𝑟) to emulate the same amount of deflection is accordingly 

given by Eq. (2.9). 

𝐹𝑟 =  𝑘2∆ 
(2.9) 

In traditional engineering practices, only the quasi-static force is adopted for representing the 

impact action whereas contact force, which is responsible for localized damage to the target 

is often ignored [72]. 

2.3.3 Estimation of contact force 

In the literature, researchers have attempted to simulate contact force mainly through 

numerical or experimental means. Finite element software such as ABAQUS and LS DYNA 

has been used to simulate impact actions. However, this requires certain specialized 

knowledge on modelling impact actions, and involves meshing the target surrounding the 

point of contact. The assumed dynamic properties of both the impactor and the target can 

affect the accuracy of the results significantly [73]. In addition, higher computational time 

requires for undertaking an execution in the FE model. Other ways of measuring contact 

force in an impact experiment involve the use of load cells or accelerometers [74-76]. In 

experiments that were reported in the literature, load cells were typically placed behind the 

target in order to avoid direct contact of the measurement device with the impactor. Thus, 

the amount of force recorded in the load cell was not the actual contact force. Significant 

errors in the measured data can be caused by inertia forces derived from the motion of the 

target. Direct measurement of the contact force can be accomplished by attaching an 

accelerometer, or a Hopkinson bar, on the impactor object [77]. However, this approach is 

not always feasible with certain types of impactor objects such as storm debris. As a result of 

these limitations in FE modelling and experimental methods, many researchers have tended 

to use simplified analytical models to simulate impact action for estimating the value of the 

contact force. 

An innovative experimental device as shown in Figure 2.8 was introduced by Sun, et al. [67, 

78] for measuring contact force that is generated in an impact action. The key component of 

the device was the dummy lumped mass which was supported by a coil spring and 

instrumented with an accelerometer for measuring the reaction force and inertia force 

respectively. By considering the principles of dynamic equilibrium of forces, contact force 

can be calculated as the summation of the reaction force (which is inferred by multiplying the 

amount of shortening of rear spring by the spring constant) and the inertia force (as inferred 

by multiplying the measured acceleration by the weight of the dummy lumped mass). This 

relationship is shown by Eq. (2.10). 
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𝐹𝑐 = 𝑚2𝑥2̈ + 𝑘2𝑥2 
(2.10) 

where, 𝑚2, 𝑥2 and 𝑘2 are the target lumped mass in kg, target displacement in m and target 

stiffness in N/m respectively. 

In impact experiments, a gas gun has been used to accelerate projectiles to the desired 

velocity. A high-speed camera with a framing rate of 6000 Hz was used to measure the 

projectile velocity and retraction of the target spring. In order to measure the acceleration 

time-history of the target lumped mass, an accelerometer was attached to its rear surface. 

The weight of the target lumped mass was 2.164 kg and the stiffness (𝑘2) of the rear spring 

was 53.3 kN/m. 

 
 

(a) Experimental setup 
(b) Plan view of Detail A 

Figure 2.8. Custom made and built experimental apparatus 

Impact experiments involving the innovative device cannot be covered for all possible impact 

scenarios (which are defined by the size-velocity combination). An analytical simulation 

model should be adopted in order that the amount of contact force generated by the impact 

of the debris material can be predicted for any given impact scenarios. In many previous 

studies, two-degree-of-freedom (2DOF) lumped mass models have been widely used for 

predicting contact force values [79-86]. Recently, Sun, et al. [67, 78] developed and 

validated an analytical simulation model for predicting contact force values generated by the 

impact of hailstones. 

The simulation model employed by Sun, et al. [67, 78] in analyses was based on a two-

degree-of-freedom (2DOF) spring connected lumped mass model as shown in Figure 2.9a. 

In this model, the impactor and the target were connected by a viscous damper (𝐷𝑛) and a 

coil spring (𝑘𝑛 and 𝑝). The frontal lump mass (𝑚1) represents the impactor and the rear lump 

mass (𝑚2) represents the target. The frontal spring which is connected between impactor 

and the target has non-linear stiffness properties and is to emulate indentation occurred on 

the surface of the target in an impact. The rear spring (𝑘2) is only attached to the target in 

order to simulate the global deflection of the structure. 𝐷𝑛 is non-linear damping coefficient 

which incorporates energy dissipation surrounding the point of contact.  

Target lumped 
mass 

Supporting coil 
spring 

Impactor 

A 
Firing tube 
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The behaviour of the frontal damper and spring was modelled by non-linear visco-elastic 

contact force model (also known as Hunt and Crossley model). The behaviour of this model 

is as presented in Figure 2.9b and Eq. (2.11) [87-92]. The model was based on Classical 

“Hertzian Contact Law” which considered the quasi-static behaviour of an elastic object in an 

elastic half-space [86, 88, 93-96]. In the Hunt and Crossley model, the term 𝑘𝑛𝛿𝑝 represents 

the normal contact force whereas the term 𝐷𝑛𝛿𝑝𝛿 ̇  represents the resistance of the viscous 

damper which is to emulate energy losses when contact is made between the impactor and 

the target. In a special case, where 𝑝 = 1, linear visco-elasitc model resulted as shown in Eq. 

(2.12). 

𝐹𝑐 = 𝑘𝑛𝛿𝑝 + 𝐷𝑛𝛿𝑝�̇� 
(2.11) 

where, 𝛿 is the indentation of the projectile, �̇� is the indentation velocity, 𝐷𝑛 is non-linear 

damping coefficient which is related to coefficient of restitution (COR), 𝐷𝑛 = (0.2𝑝 + 1.3) ×

(
1−𝐶𝑂𝑅

𝐶𝑂𝑅
)

𝑘𝑛

�̇�0
, CO𝑅 is the kinematic coefficient of restitution which is the ratio of the relative 

velocity between the two impacting bodies before and after the impact [97-100], �̇�0 is the 

initial velocity of the impactor, 𝑘𝑛 is the non-linear contact stiffness, 𝑝 is the non-linear power 

exponent. 

  

(a) 2DOF mass-spring system (b) Non-linear visco-elastic contact model 
behaviour 

Figure 2.9. 2DOF mass-spring system model and non-linear visco-elastic contact behaviour 

𝐹 = 𝑘𝑙𝛿 + 𝐷𝑙𝛿�̇� 
(2.12) 

where 𝐷𝑙 is the linear damping coefficient and 𝑘𝑙 is the linear contact stiffness 
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A two-step calibration procedure of 𝑘𝑛 and 𝑝 values were introduced by Sun, et al. [67, 78] at 

different impact velocities involving an innovative experimental device as shown in Figure 

2.8. By considering the equilibrium of forces of the frontal spring, the equations of equilibrium 

for the non-linear visco-elastic 2DOF model is as defined by Eq. (2.13). Time-step 

integration method, or the Runge-Kutta 4th order algorithm, can be employed for solving Eq. 

(2.13). 

𝑚1𝑥1̈ = 𝑘𝑛𝛿𝑝 + 𝐷𝑛𝛿𝑝�̇�    ,        𝑚2𝑥2̈ + 𝑘2𝑥2 = 𝑘𝑛𝛿𝑝 + 𝐷𝑛𝛿𝑝�̇� 
(2.13) 

where, 𝑚1 is the mass of the impactor in kg and 𝑥1 is the impactor displacement in m. 

As the first step of the calibration procedure, the value of 𝑝 was set to one and linear contact 

force-indentation relationship was determined by Eq. (2.13). The value of 𝑘𝑙 was calculated 

when the simulated response of target displacement time-history (𝑥2(𝑡)) matches with the 

experimentally observed target displacement time-history. Once 𝑘𝑙 has been calibrated the 

value of 𝛿𝑚𝑎𝑥 was obtained by the following expression (Eq. (2.14)). 

𝛿𝑚𝑎𝑥 = (𝑣01 − 𝑣02)√
𝑚1𝑚2

𝑚1 + 𝑚2

𝐶𝑂𝑅

𝑘𝑙
 

(2.14) 

where, 𝛿𝑚𝑎𝑥 is the maximum indentation in m, 𝑣01is the initial velocity of the impactor in m/s 

and 𝑣02 is the initial velocity of the target in m/s. 

In the second step of the calibration procedure, 𝑝 value has been gradually increased (from 

1 to 2) until the simulated time-history of the contact force matches closely with 

experimentally observed contact force time-history values. The value of 𝑘𝑛 was then 

calculated by Eq. (2.15) once the 𝑝 and 𝛿𝑚𝑎𝑥 values are known. The detailed MATLAB 

command of calibration of 𝑘𝑛 and 𝑝 values was developed by Sun [101]. 

𝑘𝑛 =
1

2

𝑚1𝑚2

𝑚1 + 𝑚2
𝐶𝑂𝑅(𝑣01 − 𝑣02)2 (

𝑝 + 1

𝛿𝑚𝑎𝑥
𝑝+1) 

(2.15) 

Finally, the generic equation for calculating the peak contact force values was derived as 

shown in Eq. (2.16) [67]. The dynamic stiffness properties (𝑘𝑛, 𝑝) of Eq. (2.16) are calibrated 

according to the two-step calibration procedure described above. This analytical hand 

calculation method (Eq. (2.16)) was validated experimentally for different hail impact 

scenarios and was used to develop design charts for the prediction of contact force values 

for specific mass-velocity combination scenarios of hail and windborne debris [67, 102]. 
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𝐹𝑐𝑚𝑎𝑥 = 𝑘𝑛 [1 + (0.2𝑝 + 1.3) (
1 − 𝐶𝑂𝑅

𝐶𝑂𝑅
) (

−𝑏 + √𝑏2 + 4𝑐

2
)] (

𝑝 + 1

2𝑘𝑛
𝑚1𝑣0

2𝐶𝑂𝑅)

𝑝
𝑝+1

[1

− (
−𝑏 + √𝑏2 + 4𝑐

2
)

2

]

𝑝
2

 

(2.16) 

where, 𝑏 =
𝑝×𝐶𝑂𝑅

(𝑝+2)(0.2𝑝+1.3)(1−𝐶𝑂𝑅)2
   and    𝑐 =

2

𝑝+2
 

2.4 Modelling damage to Aluminium panels 

2.4.1 Aluminium types and their physical properties 

Aluminium alloy is the second most commonly used metal after steel. The pure aluminium 

material must be strengthened by alloying with other elements, such as copper, magnesium, 

manganese, silicon, tin and zinc. Totally, eight forms of aluminium alloy may be identified 

based upon the type of major alloying element added, as shown in Table 2.3 alongside its 

particular applications. The alloying designation system comprises four digits [103]. The first 

digit indicates the principal alloying element, which has the greatest content after aluminium. 

The second digit indicates the modification or variations of the initial alloy while the third and 

fourth digits represent the individual alloy variations. The temper designation system of 

aluminium alloy is also indicated following the four digit number. There are four basic temper 

designation systems, which are fabricated (F), annealed (O), strain hardened (H) and 

thermally treated (T).  

Table 2.3. Categories of aluminium alloy 

Series Major alloying element Usage [104] 

1xxx Pure aluminium Foil and strip for packaging, car or truck bodies 

2xxx Copper Aerospace applications, fasteners, fuel tanks 

3xxx Manganese Cooking utensils, chemical equipment 

4xxx Silicon Aircraft pistons, weld wires 

5xxx Magnesium Bridges, buildings and construction, marine 
applications 

6xxx Magnesium and silicon Trucks, marine frames, pipelines 

7xxx Zinc Aerospace, automotive applications 

8xxx Other alloying elements Electrical, aerospace, bearing applications 
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The density and Poison’s ratio of aluminium alloy at the room temperature is 2700 kg/m3 and 

0.33 respectively. The Young’s modulus is equal to approximately 70 GPa. The yield 

strength of pure aluminium is 90 MPa, but this can be increased up to 690 MPa by 

undergoing some heat treatable process. For example, most common aluminium alloy type 

in general purpose usage is 6061-T6 has ultimate tensile strength of 290 MPa and yield 

strength of 240 MPa. The thermal conductivity value at 25 0C is approximately 152 W/m k 

[105]. 

2.4.2 Predicting permanent deformation and perforation of aluminium panels 

In the past few decades, significant effort has been devoted to developing analytical and 

numerical methods for determining the deformation of aluminium panels subject to localised 

impact loading. Numerical analysis was based on sophisticated finite element software such 

as LS DYNA and ANSYS [12, 60, 106-108]. However, the results of the FE model 

significantly depends on the assumed dynamic properties of both the impactor and the target 

and, the meshing of the target at the point of contact [73]. An important drawback of 

numerical modelling when applied in practice is the high computational time required for 

completing an execution coupled with the need to undertake repetitive analyses for tracking 

the sensitivity to changes in the value of the input variables. For certain situations, the total 

time required to complete one execution is approximately equal to 15 hours. Thus, the 

analytical methodologies to determine the localised damage to structural elements under 

transient actions are more convenient, and less time consuming, than numerical modelling. 

A generic expression which was originally introduced by Duffey [109] based on energy 

principles for estimating the permanent deformation of an aluminium plate when struck by a 

rigid spherical impactor was modified by Calder and Goldsmith [110] in which linear strain 

hardening has been incorporated into the model as shown in Eq. (2.17). An important 

observation that was revealed during Calder and Goldsmith’s assessments was that two 

plates of markedly different dimensions (350 mm × 350 mm and 1.2 m × 1.2 m) would have 

identical permanent deformation profiles at the same impact conditions. 

𝑤𝑜
4 +

16𝜎𝑦

𝛼
𝑤𝑜

2 −
32(1 − 𝑣 + 𝑣2)0.5

𝛼𝜋ℎ
(∆𝐾𝐸) = 0 

(2.17) 

where, 𝑤𝑜 is the permanent deformation at the point of impact, 𝜎𝑦  is the initial yield stress, ∝

 is the linear work hardening parameter, 𝑣 is the Poisson’s ratio, ℎ is the half thickness of the 

plate, ∆𝐾𝐸 is the amount of energy absorbed by the deforming plate, and 𝑎 is a constant. 

Mohotti, et al. [107] developed the analytical procedure further by incorporating non-linear 

strain hardening behaviour of the aluminium. Results so obtained from the procedure were 
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used for comparing with results from experimental investigations and numerical simulations 

involving the use of program LS-DYNA. Impact experiments were conducted by accelerating 

cylindrical objects onto the aluminium panels. An empirical relationship was also derived by 

correlating the maximum deformation of aluminium panels with the velocity of impact. 

Levy and Goldsmith [27] developed an elementary analysis model for predicting the 

perforation of a thin aluminium plate when impacted by hemispherical-tipped, cylindrical hard 

steel projectile. The model which was derived through evaluating the motion at the centre of 

the target may be used for estimating the deformation histories of the aluminium plate when 

subject to an impact. The variation of displacement time-history at the centre point of the 

plate is represented by Eq. (2.18). 

𝑤0(𝑡) =  
1.06√𝐸𝑝

√𝜎𝑦ℎ
[1 − exp (

−1.33√𝑚𝑝𝜎𝑦ℎ

𝑚𝑝 + 𝑚𝑒𝑞
) 𝑡] 

(2.18) 

where, 𝐸𝑝 is the plastic energy of deformation, 𝜎𝑦 is the tensile yield stress, ℎ is the plate 

thickness, 𝑚𝑝 is the mass of the projectile, 𝑚𝑒𝑞 is the equivalent mass, 𝑡 is the time 

Levy and Goldsmith [27] verified this analytical expression by conducting impact 

experiments on three types of aluminium plates involving 12.7 mm and 6.35 mm diameter 

impactors. The measured central deformation values were approximately equal to the 

predicted deformation values by Eq. (2.18). Importantly, it was observed that the permanent 

central deformation of aluminium plates varied linearly with the square root of the impactor’s 

initial kinetic energy. However, the impact experiments were only conducted for small 

projectiles, thereby limiting the generalisability of results to only particular types of impactors. 

Note also that, this model assumed that the initial velocity of the target is almost the same as 

the velocity of the impactor.   

A different approach was introduced by Jones [28] for predicting the maximum plastic 

deformation of simply supported and fully clamped rectangular plates by equating the 

amount of external work done on the plate with the amount of internally dissipated energy. 

The theoretical expression was derived based on circumscribing square yield conditions as 

illustrated in Eq. (2.19) which gives the upper bound solution for the maximum permanent 

transverse deformation. Furthermore, by replacing 𝜎0 with 0.618𝜎0, the lower bound solution 

may be obtained at exact yield conditions. 
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𝑤𝑓

𝐻
=  

(1 + 𝑚)

2
[√{1 +

12𝛽𝛺𝛾(1 + 6𝛾)

(1 + 𝛽2)(1 + 𝑚)2(1 + 3𝛾)2} − 1] 

(2.19) 

where, 𝛽 =
𝐵

𝐿
, 𝛾 =

𝐺

4µ𝐵𝐿
 , 𝛺 =

𝐺𝑣0
2

4𝜎0𝐻3, 𝑚 = 0 for simply supported and 𝑚 = 1 for fully clamped 

supports, 𝑤𝑓 is the maximum permanent transverse displacement, 𝐻 is the plate thickness, 

2𝐵 is the width of the plate, 2𝐿 is the length of the plate, 𝐺 is the mass of the projectile, µ is 

the mass per unit surface area of a plate, 𝑣0 is the impact velocity, 𝜎0 is the static flow stress 

Deformation values obtained by impact experiments on steel rectangular plates were within 

the upper and lower bounds predictions of Eq. (2.19) and were closer to the lower bound 

predictions. However, the proposed analytical model has only be validated for smaller 𝛾 

values, where the projectile mass surpassed the target mass. Additionally, the analytical 

model excluded the pronounced local dent under the striking mass, thereby underestimating 

the actual deformation values. Further, this analytical expression may only be adopted for 

estimating permanent deformation values at low to medium velocity impact given that the 

strain rate effect has not been incorporated into the modelling technique. 

Zheng and Binienda [30] formulated an analytical model based on Kirchhoff’s plate theory for 

accounting permanent indentation on laminated composite plates generated by the impact of 

lightweight projectiles. The value of delamination threshold velocity was also analytically 

estimated by Zheng and Binienda [30] by the use of quasi-static delamination threshold load 

criterion. A new bilinear contact law was proposed by Christoforou, et al. [29] for the 

characterization and scaling of the response of structures under the impact of spherical 

objects. This bilinear contact law was proven for predicting the permanent indentation at the 

point of contact of cladding panels at low-velocity impact conditions. Fagerholt, et al. [111] 

utilised a photogrammetry methodology to observe how the deformation profile of a plate 

evolves with time when subjected to the impact of a spherical projectile. Results of this study 

show that the global deformation of an aluminium plate developed following the indentation. 

In addition to these studies, several other researchers have also formulated analytical 

models for estimating the plate deformation under static load conditions [112, 113]. 

The reviews presented in the literature on theoretical investigation of damage caused by 

windborne debris on aluminium panels were based on certain yield criteria or energy 

principles. Little attention has been devoted to quantifying the contact action generated by 

the impact [27-30]. There have been no considerations on modelling the influence by the 

hardness (or stiffness) of the impactor which in turn controls the contact action. The typical 

assumption to make in those studies was that the total amount of kinetic energy delivered by 
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the impact was fully absorbed by the plate undergoing permanent deformation. For non-rigid 

projectiles, the amount of deformation of the aluminium panel can be over-predicted by 

analytical models that are currently available because a significant amount of energy can be 

taken up by the impactor object absorbing energy through its own deformation. At present, 

no reliable simulation procedure is in place to predict damage to cladding panels with a good 

degree of accuracies. 

2.5 Modelling damage to glazing panels 

2.5.1 Production process and physical properties of glass 

The glass production process comprises of four main stages as shown in Figure 2.10. At the 

first stage, raw materials that required to manufacture glass are selected and weighted. 

Subsequently, these materials are melted in a furnace up to a temperature of 1500 0C. 

During the third stage, fining agents are added into the molten glass, with the temperature 

regulated so as to obtain homogeneous and bubble free molten glass. Finally, the molten 

glass is formed into the desired products by the use of floating process, which was initially 

introduced by UK-based firm Pilkington Ltd. [2]. Here, the molten glass is spread over a tin 

bath and a smooth flat surface is obtained. At the outset of the floating process, the 

temperature of the molten glass is approximately 1000 0C, decreasing to 600 0C at the end. 

Subsequently, the glass is subject to an annealing process as a means of removing the 

residual stresses produced during the floating process. Finally, the glass quality is checked, 

and cut typically to a size of 3.12 m × 6 m and then stored. Some diffusion of tin atoms into 

the tin side of a glazing panel can occur during the floating process which results in higher 

surface defects on the tin surface than that of the air side. This may reduce the strength of a 

glazing panel when the tin side is subjected bending stresses [114]. The density, Poisson’s 

ratio and Young’s modulus of a normal type of annealed glass is 2500 kg/m3, 0.23 and 68.5 

GPa respectively. 

 

Figure 2.10. The production process of float glass [115]  

The strength of a glass panel may be increased through the tempering process, or otherwise 

known as heat treatment. These glazing panes are usually called tempered glass or 
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toughened glass. Molten glass at its annealing point is subject to a rapid cooling process 

(within a short time duration) which solidifies the external surface of the glass panel, 

whereas the internal surface continues to melt. This creates a favourable compressive stress 

field at the outer surface of the glass panel, as well as tensile stresses within the core. 

Usually, the core of a glass panel does not comprise cracks, meaning that the strength of 

glass panel is unaffected by the tensile stress field. Figure 2.11 presents the stress variation 

of both annealed and toughened glazing panels at a certain point contact load. The tensile 

stress developed at the bottom surface of a toughened glass panel is zero, whereas for 

annealed glass it is a positive value.  

  

(a) Cross-section of an annealed glass panel (b) Cross-section of a toughened glass panel 
 

 

(c) Annealed glass under external load (d) Toughened glass under external load 

Figure 2.11. Stress variation of annealed and toughened glass panels under a point contact 

load  

2.5.2 Predicting damage to glazing panels 

When designing glass panels for use in buildings, two major aspects need to be considered. 

These include the behaviour of glass panels under design loads and the strength of the 

glass panels themselves. The recommended resisting capacity of glass panels against the 

impact action has been specified in the current code of practice as 80 MPa for annealed 

glass and 170 MPa for toughened glazing panels [115]. However, the failure strength of a 

glazing panel varies substantially from specimen to specimen because of the inherent micro 

cracks in the surface [116].  

There are two common failure modes of glass when subject to impact by hail or flying debris: 

(a) flexural failure (b) Hertzian fracture (Figure 2.12a & b) [117]. The governing mode of 

failure depends on the thickness and size of the glass panel, and the amount of force 

developed at the point of contact (referred herein as “contact force” which was first 

introduced by Yang, et al. [66] and Sun, et al. [68]). Thicker or larger size glass panels 
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potentially generate higher inertial resistant to counter the impulsive action of the impact 

which is responsible for failure by flexure, and more so when subjected to higher impact 

velocity. This phenomenon has been incorporated into the calculation of resistance to 

impulsive action as illustrated in the literature [118]. The required value of quasi-static force 

to fail a thicker piece of glass in flexure is also higher because of its higher bending capacity. 

In contrast, Hertzian fracture is a localised phenomenon and hence is not sensitive to 

changes in the value of parameters controlling inertial resistance, namely thickness and size 

of the panel. Hertzian fracture is instead characterised by the formation of a hole at the point 

of contact together with radial and circular cracks surrounding the hole. For this reason, 

flexural failure caused by the impulsive action of the impact, which involves deflecting the 

glass pane, is more likely to occur in slow impact conditions and particularly thinner glass 

panes than Hertzian fracture. The latter mode of failure is more likely to occur in a thicker 

glass panel when impacted by a hard projectile at a high velocity [117, 119, 120]. 

 

 

(a) Flexural failure mode (b) Hertzian failure mode 

Figure 2.12. Fracture mechanisms under impact loading 

The strength of brittle materials such as glazing panels was investigated by Griffith [116], 

who introduced the Griffith flaw theory. The strength of the brittle material is controlled by 

fracture toughness and the size of the critical flaw (Eq. (2.20)). Griffith flaws are usually 

modelled as a half-penny crack by considering its longitudinal axis is perpendicular to the 

major principal stress [121, 122]. In addition, loading rate and the environmental conditions 

also affect the strength of glass. For example, the failure stresses would actually increase 

with increasing the rate of loading [123]. 

𝜎𝑓 =
𝐾𝐼𝐶

𝑌√𝜋. 𝑎
 

(2.20) 

where  𝜎𝑓 is the failure stress, 𝐾𝐼𝐶 is the fracture toughness which is defined as stress 

intensity that requires to initiate fracture, 𝑌 is the shape factor, 𝑎 is the half size of the critical 

crack 

The test methods that are currently available to estimate failure strength of glazing panels 

may be classified into uniaxial bending test or biaxial bending test. Uniaxial bending tests 

develop major principal stresses on each Griffith flaws in a glazing panel (Figure 2.13a), 
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whereas biaxial bending tests develop both major and minor principal stresses (Figure 

2.13b). Here, the longitudinal axis of the flaw is assumed to be oriented perpendicular to the 

axis of the major principal stress. Minor principal stresses that are developed during the 

biaxial bending conditions reduce the effect of major principal stresses on failure so that the 

amount of failure load is lesser than that of the uniaxial bending conditions. [124]. The 

strength of glazing panels are also varied significantly from a specimen to specimen, given 

that the size of Griffith flaws varied in a random fashion [115, 125, 126].  

  

(a) Uniaxial stress conditions (b) Biaxial stress conditions 

Figure 2.13. Glass under uniaxial and biaxial stress conditions 

Statistical distribution function is required for representing the strength of glass panels due to 

the higher variability of test results. The ultimate behaviour of glass can be characterised by 

one of the following probabilistic distribution functions: Log-Normal, Weibull and three-

parameter Weibull. The Weibull distribution model which is widely used for characterising the 

ultimate resistant behaviour of glass is found on the assumption that the fracture of the glass 

panel as a whole is triggered by rapid crack growth from the most critical flaw which can be 

described as the “weakest link” [31, 127]. The Glass Failure Prediction Model (GFPM) of 

Beason and Morgan [31] which ASTM provision [32] is based upon the cumulative 

probabilistic distribution (CPD) of failure of glass by the use of the Weibull distribution 

function (Eq. (2.21)). 

𝐹 = 1 − 𝑒𝑥𝑝 {−𝑘. ∫[𝑐(𝑥, 𝑦). 𝜎(𝑞, 𝑥, 𝑦)]𝑚. 𝑑𝐴} 
(2.21) 

where, 𝑐(𝑥, 𝑦) is the biaxial stress correction factor, 𝜎(𝑞, 𝑥, 𝑦) is the maximum principal stress 

and 𝑚, 𝑘 are the Weibull’s parameters to quantify the effect of surface flaws.  

The same cumulative probability distribution function defined in Weibull statistics can be 

written as shown in Eq. (2.22) for conditions of uniaxial tensile stresses applied in one 

direction. 
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𝐹(𝜎) = 1 − 𝑒−𝑘𝜎𝑚𝐴𝑒𝑓𝑓.  
(2.22) 

where 𝜎 is the failure stress of the specimen, 𝑚 and 𝑘 are constants, 𝐴𝑒𝑓𝑓. is the effective 

area of the glass panel 

The value of the Weibull parameters, 𝑘 and 𝑚 can simply be determined by calibrating 

against results from the testing of glass specimens to failure [33, 34]. However, the 𝑘 and 𝑚 

values are dependent on a range of factors such as the dimensions of the glass pane, the 

stress history and the degree of seasoning [33, 35-38]. Thus, the calibrated Weibull 

parameters have to be specific to the tested type of glazing panels. Individual modelling 

parameters do not represent physical attributes, given that the derivation of their values is 

purely empirical in nature. The generality of the model is therefore uncertain because 

individual Griffith flaws and their behaviour are not represented in the model. 

A new approach of stochastic simulations of Griffith flaws was developed by Nurhuda, et al. 

[33] for predicting the risk of flexural failure of a glass panel based on the fracture mechanics 

theory and the concept of critical Griffith flaws. The simulation procedure consists of six 

steps as described in the following:  

As the first step of the simulation model, the number of Griffith flaws in a glazing specimen is 

determined by the use of Eq. (2.23). 

𝑓(𝑛) = [(𝜌. 𝐴)𝑛/𝑛!]. [exp (−𝜌. 𝐴)] 
(2.23) 

where, 𝑓(𝑛) is the probability that “𝑛” number of Griffith flaws in the specimen, 𝜌 is the flaw 

density, 𝐴 is the surface area, and 𝑛 is the number of flaws. 

Next, the size of the each Griffith flaws is determined in accordance with the Log-Normal 

distribution function as defined by Eq. (2.24). 

𝑓(𝑟𝑗) = [
1

𝑟√2𝜋
] . [exp (−0.5(𝐿𝑛𝑟𝑗 + 𝜋)

2
)] 

(2.24) 

where, 𝑓(𝑟) is the probabilistic distribution function in Log-normal form to simulate the size of 

individual flaws, 𝑟𝑗 is the normalized flaw size which is equal to flaw size (𝑎𝑗) / maximum flaw 

size (𝑎𝑚𝑎𝑥) 

Griffith flaws are then randomly dispositioned within the glass specimen. The normalized 

stress (𝜆𝑗) at the location of each simulated flaws is then calculated by use of Eq. (2.25). 

𝜆𝑗 =
𝜎𝑗

𝜎𝑚𝑎𝑥
 

(2.25) 



Chapter 2 Literature Review 

 

Mahil Pathirana – PhD Thesis 33 

 

where, 𝜎𝑚𝑎𝑥 is the maximum stress of the panel and 𝜎𝑗 is the stress developed within the 

flaw. 

In the fourth step, the reciprocal of notional strength ratio of each flaw (
1

𝑆𝑗
) is calculated by 

Eq. (2.26). The flaw which has the highest value of 
1

𝑆𝑗
  is identified as the critical flaw leading 

to fracture. 

1

𝑆𝑗
= 𝜆𝑗. √𝑟𝑗 

(2.26) 

Next, the failure strength of the specimen is calculated by substituting the size of the critical 

Griffith flaw identified in the previous step into Eq. (2.27). 

𝜎𝑓 =
𝐾𝐼𝐶

𝑌√𝜋. 𝑟𝑗. 𝑎𝑚𝑎𝑥

 
(2.27) 

Finally, steps 1 to 5 are repeated for every simulated glazing panel. The cumulative 

distribution function of failure stresses is developed based on the following equation. 

𝐹𝑖 =
𝑖 − 0.5

𝑁
 ,                       𝑖 = 1 − 𝑁  

(2.28) 

where, N is the number of specimens. 

Both parameters (𝜆𝑗, 𝑟𝑗) in the proposed model have physical meanings unlike 𝑚 and 𝑘 

values in the Weibull distribution. However, this study on stochastic simulation of Griffith 

flaws were based on glass panels that were subject to uniformly distributed pressure applied 

quasi-statically to the panel in the out-of-plane direction. The feasibility of the stochastic 

simulation methodology for estimating failures in glass in scenarios of impact by solid objects 

has not been evaluated. In addition, three parameters, namely the distribution function of 

flaw size, flaw density and the maximum critical flaw size were calibrated by gradually 

adjusting the value of the respective parameters until the CPD of the recorded failure 

stresses (experimentally) matched closely with that of the simulated failure stresses. 

Importantly, it should be ascertained that adjusting the value of one parameter in the 

simulation model affects the value of the other two parameters. Hence, the calibration 

procedure as reported in the literature is not simple to implement. Moreover, the probability 

of obtaining an inaccurate value for at least one of the parameters is high. For example, 

Nurhuda, et al. [33] calibrated the value of the flaw density as 10 flaws/m2 which is highly an 

unrealistic value according to the actual observed data (1.18 - 2.6 flaws/cm2) of the flaw 

density [128].  
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2.5.3 Timing of application of stresses 

The effect of stress history and environmental conditions such as temperature and humidity, 

on the failure strength of glazing panels have been studied by Brown [123], who developed 

the load duration theory (Eq. (2.29)) which can be used to calculate the amount of damage 

accumulation at failure. 

𝐷 = ∫ 𝐸𝑓𝜎(𝑡)𝑛𝑑𝑡
𝑡

0

 

(2.29) 

where, 𝑡 is the actual duration of the load time-history of 𝜎(𝑡), 𝐸𝑓 is an environmental factor 

which address the influence of temperature, humidity and medium condition, 𝜎(𝑡) is the 

stress history, and 𝑛 is the Brown’s integral which is equal to 16 from Beason and Morgan 

[31]. 

Since the left side of Eq. (2.29) is a constant, it can be further modified for estimating the 

equivalent failure pressure at constant humidity and temperature conditions for any given 

reference time period (Eq. (2.30)) [31]. Eq. (2.30) allows any given time history of stress 

application (𝜎(𝑡)) to be represented by an equivalent constant stress (𝜎𝑒) of known duration 

(𝑡𝑒) as shown schematically in Figure 2.14. It was hypothesized that a glass plate specimen 

that was subject to constant stress with time in a test over a period of time (𝑡𝑒) would be 

expected to experience the same level of risk of fracture as in real conditions (if the value of 

𝜎𝑒 was calculated as per Eq. (2.30) for a given value of 𝑡𝑒). In most of the design standards, 

equivalent failure stress has been stated for the reference time period of 3 seconds or 60 

seconds [31, 129]. 

𝜎𝑒 = (
∫ 𝜎(𝑡)𝑛𝑑𝑡

𝑡

0

𝑡𝑒
)

1/𝑛

 

(2.30) 

where, 𝜎𝑒 is the equivalent constant stress that corresponds to the reference load duration 𝑡𝑒 
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Figure 2.14. Schematically representation of 𝜎𝑒 and 𝑡𝑒 

The duration of loading is also dependent on sub-critical crack growth as defined by Eq. 

(2.31) which gives limiting equivalent stress (𝜎𝑒𝑓) for a known reference time period (i.e. 3 

seconds or 60 seconds) [130]. Equation (2.31) has been verified experimentally by Sglavo, 

et al. [131] by testing glazing specimens at different loading rates up to the point of failure. 

Vicker indenter was used to produce predetermined flaw sizes. The experimental results 

were closely matched with the failure stresses predicted by Eq. (2.31). 

𝑡𝑒 =
2

(𝑛 − 2)𝑣0
(

𝐾𝐼𝐶

𝑌√𝜋
)

𝑛

{𝑎
𝑐𝑟𝑖𝑡

2−𝑛
2 − [

1

𝜋
(

𝐾𝐼𝐶

𝑌𝜎𝑒𝑓
)

2

]

2−𝑛
2

} 𝜎𝑒𝑓
−𝑛 

(2.31) 

where, 𝑎𝑐𝑟𝑖𝑡 is the size of the critical flaw, 𝜎𝑒𝑓 is the limiting equivalent stress and 𝑣0 is a 

crack velocity parameter which depends on the material and the environmental conditions. 

2.6 Summary 

This chapter discusses the state-of-the-art literature review on types of windborne debris and 

their impact velocities, modelling of impact action and, experimental and analytical methods 

for predicting damage to aluminium and glazing panels. Main points of the chapter are 

summarized in below. 

➢ Impact of windborne debris on structural elements that are made of aluminium or 

glass has caused significant damage during past severe weather events. 

➢ Severity of the damage caused by windborne debris mainly depends on the wind 

velocity, mass and type of the projectile. 

➢ As two objects collide, two types of forces called contact force (which is responsible 

for localized damage such as indentation and perforation) and quasi-static force 

(which is responsible for global deflection of the target) are developed. 
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➢ The quasi-static force developed in an impact can be estimated by equal momentum 

and energy principles whereas contact force can be estimated by the use of non-

linear visco-elastic contact force model. 

➢ Contemporary code of practice recommends to conduct impact experiments to 

estimate the strength of structural elements. However, these impact experiments are 

limited to recording qualitative behaviour (pass or fail criteria) of the elements in 

compliance with testing guidelines. A reliable methodology is warranted to estimate 

the resistant capacity of specimens in comparison with the estimated impact action 

➢ Analytical models that are developed to predict the permanent deformation or 

perforation of aluminium panels ignored the amount of energy dissipated due to the 

deformation of the impactor object. The predicted values are only valid for the impact 

of rigid projectiles. Hence, a reliable analytical expression is required for estimating 

damage that can be caused by the impact of non-rigid projectiles such as windborne 

debris. 

➢ Stochastic simulations of Griffith flaws for predicting the risk of failure of glazing 

panels are only valid for uniformly distributed pressure applied quasi-statically to the 

panel in the out-of-plane direction. The use of the stochastic method for simulating 

failures in glass under the transient action of a point contact (generated by a solid 

object impact) needs to be developed. 

➢ The strength of glazing panels depends on the rate of load application. When the rate 

of loading increases the strength of the panel is also increased. 
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Chapter 3 Damage modelling of aluminium panels 

Impacted by windborne debris 

3.1 Introduction 

The damage so caused to cladding panels was mainly controlled by the amount of force that 

was developed at the point of contact between the debris object and the surface of the 

target. However, no codified design guidelines are currently available to quantify the required 

impact resistance of an aluminium panel for given storm scenarios. The analytical 

expressions derived for predicting the impact damage to aluminium panels are mostly based 

on the use of energy principles. The influence of the hardness of the debris object and the 

magnitude of the contact force has not been taken into considerations. Hence, the amount of 

deformation induced on the panel by the impact of a non-rigid projectile object can be over 

predicted.  

This chapter presents an analytical model that has been developed for estimating the 

severity of damage to the surface of a cladding panel (and to determine if leakage of 

rainwater from the panel can be resulted) based on correlating the magnitude of the contact 

force with the compressive stiffness of the impactor object. Impact experiments and 

computer simulations that have been undertaken in the study were based on idealising a 

debris object into a spherical specimen for two reasons: (i) results can be easily reproducible 

in the future as every detail of the impactor specimens that are relevant to the impact actions 

can be documented (ii) the contact force value measured from an impact experiment of a 

spherical specimen (of gravels and simulated hail ice) has been found to be consistently 

very close to the value of the mean contact force of non-spherical specimens derived from 

the same material when the impact parameters have been held constant (as evidenced from 

findings in a previous study [102]). 

The amount of energy dissipated within the impactor object due to its own deformation 

during an impact action was estimated and incorporated into a simplified analytical 

expression for estimating permanent deformation of aluminium panels (Section 3.2). The 

derived expression consists of parameters characterising the stiffness properties between 

the impactor and the target (𝑘𝑛, 𝑝) as well as contact force values developed at the point of 

impact. The contact force values and stiffness parameter were estimated by the use of non-

linear visco-elastic contact model involving a custom built and designed instrument (Section 

3.3). Impact velocities of different types and sizes of windborne debris generated during an 

extreme wind event were calculated in Section 3.4. The newly developed analytical 
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expression for predicting the deformation values in aluminium panels was verified by 

conducting impact experiments (Section 3.5). Finally, the developed analytical expression is 

adapted for estimating the threshold impact velocity which will result in the radial strains of 

the target material surrounding the point of contact exceeding the limit of fracture (Section 

3.6). 

3.2 Analytical expressions for estimating permanent deformation 

3.2.1 Evolution of the predictive model  

The expression originally proposed by Duffey [109] for predicting the amount of permanent 

deformation inflicted by the impact of a flying object on an aluminium plate has been 

modified by Calder and Goldsmith [110] to take into account the effects of strain hardening 

as shown by Eq. (2.17). The expression has been further developed, and verified, by 

Mohotti, et al. [107] to incorporate non-linear strain hardening behaviour of the aluminium 

material. The modified relationship which has replaced the rate of strain hardening 𝛼 by 

parameters 𝐵 and 𝑛 for characterising the non-linear behaviour of the plate as per 

recommendations by Mohotti, et al. [107] is shown by Eq. (3.1). 

𝑤𝑜
2(𝑛+1)

+
2𝑛+1𝜎𝑦(𝑛 + 1)2

𝑎2𝑛𝐵
𝑤𝑜

2 −
2𝑛+2(𝑛 + 1)2(1 − 𝑣 + 𝑣2)0.5

𝑎2𝑛𝐵𝜋ℎ
(∆𝐾𝐸) = 0 

(3.1) 

where, 𝑣 is the Poisson’s ratio and, 𝐵 and 𝑛 are the strain hardening parameters, the values 

of which can be obtained from testing at high strain rates. 

Equation (3.1) has been simplified further as follows: 

Equation (3.2) was obtained by multiplying every term in Eq. (3.1) by the factor of 

𝑎2𝑛𝐵

2𝑛+1𝜎𝑦(𝑛+1)2. 

𝑎2𝑛𝐵

2𝑛+1𝜎𝑦(𝑛 + 1)2
𝑤𝑜

2(𝑛+1)
+ 𝑤𝑜

2 =
2 × (1 − 𝑣 + 𝑣2)0.5

𝜋ℎ𝜎𝑦

(∆𝐾𝐸) 
(3.2) 

Equation (3.2) can be reduced to the following form: 

𝑤𝑜
2 [1 +

𝑎2𝑛𝐵

2𝑛+1𝜎𝑦(𝑛 + 1)2
𝑤𝑜

2𝑛] =
2 × (1 − 𝑣 + 𝑣2)0.5

𝜋ℎ𝜎𝑦

(∆𝐾𝐸) 

It is noted that the term 
𝑎2𝑛𝐵

2𝑛+1𝜎𝑦(𝑛+1)2 𝑤𝑜
2𝑛 ≪ 1 for aluminium alloy. The relationship is then 

simplified further into Eq. (3.3). 
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𝑤𝑜 = √
2 × (1 − 𝑣 + 𝑣2)0.5

𝜋ℎ𝜎𝑦

(∆𝐾𝐸) 

(3.3) 

Equation (3.3) has also been presented as a simplified version of Eq. (2.17) in Levy and 

Goldsmith [27]. 

With every analytical expression presented in the above the total amount of energy 

absorbed by the deforming plate (∆𝐾𝐸) is assumed (erroneously) to be equal to the kinetic 

energy delivered by the impact. Thus, the portion of energy expended in deforming the 

impactor object has been neglected. As a result of the idealisations, the amount of 

deformation predicted by this expression is much higher than the experimentally measured 

values.  

In this investigation, the analytical equation proposed by Mohotti, et al. [107] for predicting 

permanent deformation of an aluminium plate as shown in Eq. (3.1) is modified to take into 

account the effects of the hardness of the impactor object. 

3.2.2 Incorporating stiffness properties of the impactor as parameters 

Contact force (𝐹𝑐) generated by the impact of the projectile object can be estimated using the 

non-linear visco-elastic contact model as defined by Eq. (2.11) and Figure 2.9a. The amount 

of energy dissipated within the impactor object in the course of the impact is represented by 

the (hatched) area enclosed in between the line of loading and unloading (Figure 3.1a) and 

can be approximated by the area of a triangle (Figure 3.1b) as represented by Eq. (3.4).  

where, 𝐹𝑐𝑚𝑎𝑥 is the maximum contact force and 𝛿𝑚𝑎𝑥 is the maximum indentation. 

It is noted that the accuracy of the presented approximation procedure based on idealising 

the hysteretic loop of the impactor material into a triangle has been verified for a range of 

impact scenarios. Refer Appendix A for details of the verifications. 

𝐾𝐸𝐹𝑐 =  
1

2
× 𝐹𝑐𝑚𝑎𝑥 × 𝛿𝑚𝑎𝑥   

(3.4) 
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Figure 3.1. Total energy dissipated within the impactor approximated to the triangular area 

Derivation of Eq. (3.5) for predicting the value of 𝛿𝑚𝑎𝑥 can be found in Sun, et al. [67]. 

𝛿𝑚𝑎𝑥 =  (
𝑝 + 1

2𝑘𝑛
𝑀𝑣0

2𝐶𝑂𝑅)

1
𝑝+1

 

(3.5) 

where, 𝑀 is the combination mass as defined by Eq. (3.6) and 𝑣0 is the velocity of the 

impactor in m/s. 

𝑀 =  
𝑚1 ×  𝑚2

𝑚1 + 𝑚2
  

(3.6) 

where, 𝑚1 is the total mass of impactor and 𝑚2 is the effective target lumped mass of the 

rectangular plate (being 21% of the total mass of the plate as per recommendations by 

Schellenberg [132]). 

Substituting Eq. (3.5) into Eq. (3.4) results in Eq. (3.7) which can be used for estimating the 

amount of energy absorbed by the impactor object (𝐾𝐸𝐹𝑐). 

𝐾𝐸𝐹𝑐 =  
1

2
× 𝐹𝑐𝑚𝑎𝑥 × (

𝑝 + 1

2𝑘𝑛
𝑀𝑣0

2𝐶𝑂𝑅)

1
𝑝+1

  

(3.7) 

In the next step, the amount of energy consumed in deforming the target (i.e. the aluminium 

panel) can be calculated by subtracting the dissipated energy (𝐾𝐸𝐹𝑐), from the total kinetic 

energy delivered by the impact (refer Eq. (3.8)). Thus, it is assumed that the kinetic energy 

of motion of the target after being struck and the elastic strain energy of absorption of the 

deforming plate up to the point of incipient yield can be neglected. 

(a) 
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∆𝐾𝐸 =  
1

2
× [𝑚1𝑣0

2 − 𝐹𝑐𝑚𝑎𝑥 × (
𝑝 + 1

2𝑘𝑛
𝑀𝑣0

2𝐶𝑂𝑅)

1
𝑝+1

]  

(3.8) 

Finally, substituting Eq. (3.8) into Eq. (3.3) results in Eq. (3.9) which can be used for finding 

the value of the permanent deformation (𝑤𝑜) of the aluminium plate as function of the 

stiffness parameters: 𝑘𝑛, 𝑝 and 𝐶𝑂𝑅, the maximum contact force (𝐹𝑐𝑚𝑎𝑥), and the kinetic 

energy delivered by the impact. 

𝑤𝑜 = √
(1 − 𝑣 + 𝑣2)0.5

𝜋ℎ𝜎𝑦
× [𝑚1𝑣0

2 − 𝐹𝑐𝑚𝑎𝑥 × (
𝑝 + 1

2𝑘𝑛
𝑀𝑣0

2𝐶𝑂𝑅)

1
𝑝+1

] 

(3.9) 

3.3 Measurement of stiffness parameters and localized contact force 

Specimens made of wood, clay and concrete were used to represent storm debris that was 

derived from constructional materials and remains of vegetation. The wooden impactor 

specimens were made of birch wood whereas the concrete impactor specimens were cast 

from concrete mixes conforming to AS 3700. The diameter of the specimens (except bricks) 

was 62.5 mm. The diameter of the brick specimens was 61.5 mm. Refer Figure 3.2 which 

shows the photo images of the spherical specimens along with Table 3.1 which has their 

physical properties listed. 

 

 

Figure 3.2. (a) Wooden ball; (b) Concrete Type1 ball; (c) Brick ball; (d) Concrete Type 2 ball  
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Table 3.1. Material properties of the specimens  

Object Description 
Density 
(kg/m3) 

Mass  (g) Poisson’s ratio 
Calibrated Young’s 

modulus  (GPa) 

Wooden Sphere 704 90 0.42 12 

Concrete Type 1 2395 306 0.2 10 

Concrete Type 2 2310 295 0.2 18 

Brick Sphere 1765 215 0.25 Ref. [133] 4 

An innovative experimental device as described in Section 2.3.3 was used for measuring the 

contact force values. A laser Doppler sensor was kept behind the target for measuring the 

amount of spring-shortening of the supported spring. The weight of the target lumped mass 

was 2.164 kg and the stiffness of the rear spring (𝑘2) was 51.7 kN/m. 

In the original setup, the target lumped mass was made of mild steel. However, in this study, 

60 mm × 60 mm × 4 mm thick aluminium alloy sheet was placed on the front surface of the 

steel target lumped mass in order to quantify the generated contact force value as if the 

target was made of aluminium. 

A two-step calibration method as mentioned in Section 2.3.3 (introduced by.Sun, et al. [67]) 

was adopted in this investigation for determining values of 𝑘𝑛, 𝑝 and 𝐶𝑂𝑅 (Table 3.2). The 

closed form solution of Eq. (2.16) along with the calibrated modelling parameters, were then 

used to develop design charts for the prediction of contact force values for specific mass-

velocity combination scenarios (Figure 3.3). Relevant contact force values for given incident 

velocity of impact based on the recommendations by Will et al. [48] are also shown in Figure 

3.3. Interestingly, the contact force values given by the closed form expression are shown to 

closely match with experimental results obtained by employing the custom built instrument 

as shown in the developed design charts (refer Figure 3.3). It was found that neither 𝑘𝑛 nor 𝑝 

is sensitive to changes in size or mass of the same type of debris material [67]. Thus the 

calibrated 𝑘𝑛 and 𝑝 values are valid for any size of the impactor specimen that are made of 

the same material. 
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Table 3.2.  Correlation of the parameters with impact velocity  

Impactor Specimen Correlation of the parameters with impact velocity 

Birch Wood 

𝑘𝑛 =  473036𝑣0 + 2𝐸5   (𝑁 𝑚𝑝⁄ ) 

p =  0.01𝑣0 + 0.91 

COR =  −0.0064𝑣0 + 0.5029 

(3.10a) 

(3.10b) 

(3.10c) 
 

Brick 

𝑘𝑛 =  177057𝑣0 + 2𝐸6     (𝑁 𝑚𝑝⁄ ) 

p =  0.0136𝑣0 + 1.1156 

COR =  −0.0012𝑣0 + 0.094 

(3.11a) 

(3.11b) 

(3.11c) 
 

Concrete Type1 

𝑘𝑛 =  236709𝑣0 + 2𝐸6   (𝑁 𝑚𝑝⁄ ) 

p =  0.0209𝑣0 + 0.8579 

COR =  −0.0043𝑣0 + 0.1919 

(3.12a) 

(3.12b) 

(3.12c) 
 

Concrete Type2 

𝑘𝑛 =  541822𝑣0 + 2𝐸6     (𝑁 𝑚𝑝⁄ ) 

p =  0.0236𝑣0 + 0.8538 

COR =  −0.003𝑣0 + 0.1495 

(3.13a) 

(3.13b) 

(3.13c) 
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Figure 3.3. Windborne debris generated contact force values 

 

 

(a) Birch wood (b) Brick 

(c) Concrete Type 1 (d) Concrete Type 2 
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3.4 Incident velocity of impact of windborne debris 

Empirical and analytical relationships have been developed to estimate the conditions in 

which a debris object can become windborne and the velocity of flight for a given wind 

velocity, dimension and density of the object as presented in Section 2.2.3. Estimates 

derived from the use of Eqs. (2.1) & (2.4) are presented herein in the form of a chart for 

spherical concrete specimens (Figure 3.4a) and wooden specimens (Figure 3.4b). Both 

charts present the correlation of the impact velocity with the wind velocity of up to 115 m/s 

which corresponds to extreme conditions in a (non-tornado) storm event.  It is shown that a 

62.5 mm diameter concrete impactor can become windborne at a wind velocity of about 40 

m/s and can be accelerated to an impact velocity of about 50 - 60 m/s when wind velocity is 

slightly higher than 100 m/s. In comparison, a wooden impactor of the same size can 

become windborne at a wind velocity of only about 20 m/s and can be accelerated to an 

impact velocity exceeding 80 - 90 m/s when wind velocity is slightly higher than 100 m/s. 

Experiments have been conducted on aluminium alloy panels at impact velocities in the 

range 15 m/s to 60 m/s with concrete (debris) specimens and in the range 15 m/s to 90 m/s 

with wooden specimens. These impact velocities were based on the equation derived by 

Holmes [53] in which vertical air resistance has been neglected. It is important to note that 

the impact velocity of a piece of windborne debris is sensitive to the horizontal distance 

travelled in flight which is a factor that has not been considered herein given that this aspect 

of modelling is not the main thrust of this research. 

 



Chapter 3 Damage modelling of aluminium panels Impacted by windborne debris 

 

Mahil Pathirana – PhD Thesis 46 

 

  

 

(a) Concrete projectiles (b) Wooden projectiles 

 

Figure 3.4. Impact velocities calculated based on Holmes’s model 

3.5 Validation by impact testing 

3.5.1  Experimental setup 

Impact experiments have been conducted to verify the accuracies of the predicted values of 

the permanent deformation based on the use of expressions introduced in Section 3.2. 

Details of the test setup and the specimens employed for the experimentations are 

described in this section. 

Experiments have been carried out to obtain the deformation of 5052-H34 aluminium panels 

when subject to the impact action. The 5052-H34 aluminium-magnesium alloy belongs to 

5000 series of aluminium and consists of relatively high magnesium content. Aluminium is 

primarily alloyed with magnesium 2.8 wt. %, chromium 0.35 wt. % and iron 0 - 0.4 wt. %, 
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while silicon, copper, manganese, zinc are also present in small amounts. This alloy features 

low density and excellent thermal conductivity. Furthermore, its workability, strength, 

resistance to fatigue, weldability and corrosion resistance is also high when compared to 

other aluminium alloys. Their main applications are in marine structures and for storm 

panels.  

Experiments have been conducted to obtain the deformation profiles of 5052-H34 aluminium 

panels when subject to the impact action. The test setup in entirety is shown in Figure 3.5. 

The 300 mm × 300 mm × 2 mm and 300 mm × 300 mm × 4 mm size aluminium plates 

were drilled and attached to the steel frame using M10 bolts. The area which was exposed 

to the impact was 250 mm × 250 mm. A 62.5 mm diameter concrete sphere (and a wooden 

sphere of the same size) was accelerated onto the aluminium plate by the use of a gas gun 

which was powered by the gas chamber as shown in Figure 3.5a. A laser Doppler sensor 

was fitted to the test frame as shown in Figure 3.5b and a laser device was used to measure 

the deflection time-histories of the target during the course of the impact. A high-speed 

camera with a framing rate of 6000 Hz was mounted for measuring the incident velocity of 

impact. 

 

Gas gun 
barrel 

Attached 300 mm × 300 mm Al plate 

(Exposed area is 250 mm × 250 mm) 

M10 bolts Steel frame 

Polycarbonate 
box 

(a) Detailed representation of fixing Al plate 
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Figure 3.5. Details of the experimental setup  

3.5.2 The generalised deformation profile 

An important part of deformation modelling is in generalising the shape of deformation of the 

target. Permanent deformation profiles were first measured from the impact experiments at 

varying intensity of impact (Figure 3.6). Interestingly, the normalized deformation profiles 

(normalised with respect to the maximum value of deformation in the respective tests) were 

found to be very consistent across all the considered impact scenarios (Figure 3.7). Equation 

(3.14) is accordingly proposed to generalise the normalized deformation profile of the 

aluminium panel (which has an exposed area of 250 mm × 250 mm) based on a flying 

spherical impactor specimen of 62.5 mm in diameter [109].  

 

Figure 3.6. Permanent deformation profiles of the 2 mm thick Al plates with an exposed area 

of 250 mm × 250 mm each  

Laser  
instrument 

High speed  
camera 

Steel frame 

(b) Instrumentation used during the experiment 
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𝑤(𝑟) = exp (−0.023𝑟) 
(3.14) 

where, 𝑤(𝑟) is the normalized deformation profile, and “𝑟” is the distance measured from the 

point  of impact in millimetres. 

The normalized deformation profile obtained using Eq. (3.14) is shown in Figure 3.7. 

 

Figure 3.7. Normalized deformation profiles obtained experimentally and the empirical 

equation 

Tests conducted on the plate specimen of dimensions: 350 mm × 350 mm have been 

repeated on another specimen of dimensions: 1.2 m × 1.2 m. Importantly, the shape of 

permanent deformation observed on the two plates of very different dimensions were found 

to be almost identical as reported by Calder and Goldsmith [110]. Thus, Eq. (3.14) may be 

applied to any rectangular plate irrespective of its dimensions provided that they are larger 

than that of the tested specimen.  

It is noted that the factor 0.023 as appears in Eq. (3.14) is the value of “𝑎” in Eq. (2.17) and 

Eq. (3.1), and its value can change with the size of the impactor. However, parameter “𝑎” 

has been found to have negligible effects on the amount of permanent deformation at the 

point of contact, and hence it has not been incorporated as a parameter in the simplified 

expression of Eq. (3.3). 

3.5.3 Comparison of analytical with experimental results 

This section presents results recorded from the impact experiments along with information 

inferred from the results for comparison with predictions by the analytical model introduced 

in Section 3.2. Analytical predictions based on the use of Eq. (3.9) and Poisson’s Ratio and 

yield strength of 0.33 and 220 MPa respectively have also been obtained. Given the 

parameter values for characterising the aluminium alloy Eq. (3.9) can be simplified into Eq. 

(3.15). 



Chapter 3 Damage modelling of aluminium panels Impacted by windborne debris 

 

Mahil Pathirana – PhD Thesis 50 

 

A calculation example based on a 300 g concrete impactor accelerated onto a 2 mm thick 

aluminium plate at a velocity of 22.4 m/s is presented in below. 

First, the values of 𝑘𝑛, 𝑝 and 𝐶𝑂𝑅 for a concrete impactor (type 1) could be identified by the 

use of relationships presented in Table 3.2. 

𝑘𝑛     =  236709𝑣0 + 2𝐸6        = 7.31 (MN mp⁄ ) 

𝑝      =  0.0209𝑣0 + 0.8579    = 1.33  

𝐶𝑂𝑅 =  −0.0043𝑣0 + 0.1919 = 0.096  

 

Second, the value of 𝐹𝑐𝑚𝑎𝑥 was calculated using the developed design charts (Figure 3.3) 

and was found to be 31 kN for the considered impact scenario of a 300 g concrete impactor 

specimen at an impact velocity of 22.4 m/s. Combination mass of the impactor and target 

(𝑀) was estimated to be 0.08 kg given that the weight of the target mass was 0.5 kg.  

Third, substituting these parameter values into Eq. (3.15) results in the prediction of the 

maximum deformation (𝑤𝑜): 

𝑤𝑜 = √
1.28 × 10−9

0.001
× [0.3 × 22.42 − 31000 × (

1.3 + 1

2 × 7.31 × 106
× 0.08 × 22.42 × 0.096)

1
1.33+1

] 

       = 10.38 mm 

Parameter values for the other considered impact scenarios have been calculated using the 

same approach as listed in Table 3.3. Comparisons of the predicted and experimentally 

measured permanent deformation values for each of the considered impact scenarios are 

also listed in Table 3.3.  Their analytically predicted deformation profiles which were based 

on the empirical normalised profile of Eq. (3.14) are shown in Figure 3.8 along with the 

experimentally measured profiles across a number of impact scenarios. 

𝑤𝑜 = √
(1 − 0.33 + 0.332)0.5

3.1416 × ℎ × 220 × 106
× [𝑚1𝑣0

2 − 𝐹𝑐𝑚𝑎𝑥 × (
𝑝 + 1

2𝑘𝑛
𝑀𝑣0

2𝐶𝑂𝑅)

1
𝑝+1

] 

(3.15) 
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Table 3.3. Impact parameters and permanent deformation values from analytical predictions 

and experimental observations 

Target 
thickness 

Impactor 
material 

Velocity 
(m/s) 

𝑘𝑛 

( MN mp⁄ ) 

𝑝 𝐶𝑂𝑅 𝐹𝑐𝑚𝑎𝑥 

(kN) 

𝑀 
(kg) 

Deformation 
(mm) 

Anal. Exp. 

2 mm 

Concrete 

21.2 7.02 1.30 0.1 30 0.08 9.93 9.86 

22.4 7.31 1.33 0.096 31 0.08 10.38 10.14 

Wooden 

35.0 18.5 1.26 0.28 29 0.05 7.43 7.12 

45.7 23.6 1.37 0.21 38 0.05 9.58 9.26 

4 mm Concrete 34.9 10.3 1.59 0.042 49 0.13 9.56 9.18 
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Figure 3.8. Permanent deformation with radial distance for the 2 mm and 4 mm thick plates 

impacted by concrete and wooden projectiles 

Impact experiments were repeated for similar conditions to test their (random) variability. 

Results obtained from the repeated tests are listed in Table 3.4 which shows a high degree 

of consistencies between individual test results. 



Chapter 3 Damage modelling of aluminium panels Impacted by windborne debris 

 

Mahil Pathirana – PhD Thesis 53 

 

Table 3.4. Results from repeated testings in similar conditions 

Target thickness Impactor material Velocity (m/s) Deformation (mm) 

2 mm 

Concrete 

21.2 9.86 

21.1 9.77 

21.4 9.94 

Wooden 

35.0 7.12 

35.1 7.07 

35.3 7.21 

Clearly, the predicted permanent deformation profiles are consistently in good agreement 

with the experimental observations, and particularly so for higher deformation values (given 

that errors arising from neglecting elastic strain energy absorption would be of less 

significance with increasing deformation). Discrepancies between the predicted and 

experimentally measured deformation values were less than 5% in all cases.  

Figure 3.9 shows a comparison of the amount of permanent deformation caused to the 2 

mm and 4 mm thick plates as observed experimentally, and from predictions using different 

versions of the predictive expressions as recommended in the literature. It is shown that the 

amount of permanent deformation caused to the aluminium panel can be predicted with 

much better accuracies by the modified expression developed in this study (i.e. Eq. (3.9)), in 

which influences by the hardness of the impactor have been taken into account. 

When Eq. (2.17) was used for predicting permanent deformation, the value of “𝑎” was input 

as 0.023 mm-1, yield strength as 220 MPa and linear work hardening parameter as 280 MPa. 

This expression only takes into account the linear strain hardening behaviour of the 

aluminium material. Equation (3.1) provides improved estimates as it has incorporated more 

material parameters to characterise non-linear strain hardening behaviour of the plate which 

can be studied by conducting tensile testings with different loading rates. 𝐵 and 𝑛 are 

recommended in Mohotti, et al. [107], to take the value of 280 MPa and 0.404 respectively. 

The central permanent deformation obtained from the earlier models developed by Calder 

and Goldsmith [110] and Mohotti, et al. [107] display consistently much higher amount of 

deformation than the experimental measurements which are in agreement with predictions 

by the modified expression introduced in this chapter. The discrepancies were the result of 

neglecting energy that has been dissipated by the impactor. Essentially, the total amount of 

kinetic energy delivered by the impact has been assumed to be absorbed by the deformation 
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of the target. As the impact velocity was increased, the amount of discrepancies was 

increased accordingly because of increase in the value of the contact force, and hence 

increases in the proportion of energy dissipated by the impactor material. When rigid 

impactors were used similar results were calculated in accordance with expressions 

recommended from different studies because of the very limited amount of deformation 

caused to the impactor object (and hence very limited amount of energy was dissipated by 

the impactor). However, contributions from the inertia resistance of the target materials have 

not been incorporated into the calculation of the imposed impact actions. Thus, the 

experimental measurements were exceeded by all the predictions but only by a small 

amount with the proposed “modified model” introduced in this chapter. 

 

 

       2 mm thick plate for the impact of concrete    

projectiles 

   2 mm thick plate for the impact of wooden 

projectiles 
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4 mm thick plate for the impact of concrete projectile 

 

Figure 3.9. Comparison of results obtained using different models 

3.6 Modelling the perforation of an aluminium panel 

3.6.1 Developing an analytical procedure for predicting perforation 

The performance criteria of a cladding panel can be classified into two limit states: the lower 

limit state and the upper limit state. In the most adverse conditions, the serviceability and 

structural integrity of the adjoining building envelopes and that of the supporting structural 

components also need to be considered [134]. 

The lower limit state is cosmetic in nature and is defined as the minimum amount of 

deformation which becomes visible to the naked eye. For example, a well-trained observer 

should be able to identify a 25 mm long imperfection in a component over a span length of 6 

m whereas an average person would only notice it over a 4.5 m span [135]. With a 300 mm 

× 300 mm square plate about 1.5 mm – 2.0 mm deformation would be noticeable to the 

naked eye. It can be inferred from these deformation limits that the required amount of 

impact velocity to cause cosmetic damage to the 2 mm thick panel with a 62.5 mm diameter 

impactor is 4 m/s (for a concrete projectile), and 11 m/s (for a wooden projectile). 

The upper limit state corresponds to the conditions where perforation of the metal occurs 

leading to the leakage of rainwater in stormy conditions. Several constitutive relations have 

been developed to model the perforation behaviour of the aluminium panel [27, 106, 110, 

136-138]. However, none of the articles published to date takes into account influence by the 
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hardness of the impactor on the severity of damage to the panel that is localised around the 

point of contact [68]. In this section, a simplified analytical model is developed to estimate 

the threshold velocity of impact which will result in the radial strains of the target material 

surrounding the point of contact exceeding the limit of fracture.  

By neglecting the presence of circumferential strains, and in-plane deformation, the amount 

of radial strains caused to the deformed aluminium plate can be estimated using the 

simplified expression of Eq. (3.16). 

휀𝑟 =
1

2
 (

𝜕𝑊

𝜕𝑟
)

2

 

(3.16) 

where, 휀𝑟 is the radial strain, 𝑊 is the deformation at a point which is of distance 𝑟 measured 

from the centre of the plate. 

Equation (3.14) is re-written as follows to define the deformation profile of the plate. 

𝑊(𝑟) = 𝑤0exp (−0.023𝑟) 
(3.17) 

where, 𝑊(𝑟) is the deformation at a general point on the plate at a distance 𝑟 measured in 

millimetres from the centre. 

Substituting Eq. (3.17) into Eq. (3.16) results in Eq. (3.18). 

휀𝑟 = 2.645 ×  10−4  ×  𝑤0
2 ×  𝑒−0.046𝑟 

(3.18) 

It can be shown that, maximum strain occurs at 𝑟 = 0, which is the point of contact. Equation 

(3.18) is then translated into Eq. (3.19) for the prediction of the maximum strain. 

휀𝑟(max) = 2.645 × 10−4  × 𝑤0
2 

(3.19) 

By combining Eq. (3.19) and Eq. (3.9), the amount of maximum strain at the point of contact 

can be expressed as function of parameters characterising the impact, the impactor object 

and the aluminium alloy material as shown by Eq. (3.20). 

휀𝑟(max) = 2.645 ×  10−4  ×
(1 − 𝑣 + 𝑣2)0.5

𝜋ℎ𝜎𝑦
× [𝑚1𝑣0

2 − 𝐹𝑐𝑚𝑎𝑥 × (
𝑝 + 1

2𝑘𝑛
𝑀𝑣0

2𝐶𝑂𝑅)

1
𝑝+1

] (3.20) 

Should the maximum radial strain calculated by Eq. (3.20) exceed the threshold of fracture 

then perforation of the cladding leading to leakage of water is predicted. It is noted that Eq. 

(3.17) was based on deformation measurements taken from a 2 mm thick aluminium plate. 
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The presented expressions are equally applicable to other aluminium panels of the same 

make, and thickness, irrespective of the gross dimensions of the panel (on plan).  

The worked example to be presented in below is to demonstrate the potential of Eq. (3.20) 

for determining whether the storm panel is perforated, or not, for a given velocity of impact. 

In this example, a 62.5 mm diameter concrete impactor (type 1) weighing 306 g is 

considered to strike a 2 mm thick aluminium alloy 5052-H34, at a velocity of 40 m/s in a 

storm scenario. The values of 𝐹𝑐𝑚𝑎𝑥, 𝑘𝑛, 𝐶𝑂𝑅 and 𝑝 have been identified for the material 

type and impacting velocity from Figure 3.3 and Table 3.2. For an impact velocity of 40 m/s: 

𝐹𝑐𝑚𝑎𝑥 = 61 kN, 𝑘𝑛 = 11.48 MN mp⁄ , 𝐶𝑂𝑅 = 0.019 and 𝑝 = 1.69. 

These identified parameter values can be substituted into Eq. (3.20) for determining the 

value of the maximum strain generated by the impact action. Details of the calculation are as 

follows: 

In summary, the maximum strain occurring in the aluminium panel is predicted to be 0.089 

for an impact velocity of 40 m/s. The fracture strain for this type of storm panel is slightly 

higher as is equal to 0.12 [60]. Hence, the panel is expected not be to perforated in this 

impact scenario (given that 0.089 < 0.12). Similar calculations can be undertaken for a 4 mm 

thick plate to determine the threshold velocity for perforation.  

Calculations based on the use of Eq. (3.20) were then repeated to find the threshold velocity 

of impact which would result in the radial strains of the panel exceeding the limit of fracture 

at the point of contact. The velocity to cause perforation was found to be 50 m/s. 

3.6.2 Experimental verification of the analytical predictions 

3.6.2.1 Measurement of material strains by the use of the ARAMIS system 

ARAMIS is a non-contact deformation measurement device which makes use of 

photographic images for recording the deformation of the target in 3D along with the full field 

strains of the monitored object. The strain measuring accuracy of the system is 0.01 % and 

the range of measurement is in between 0.01 % and 100%, or larger [139, 140]. 

In the present study, ARAMIS 5M system configuration has been used to measure the strain 

variation of a 2 mm thick aluminium panel when struck by a concrete projectile at an impact 

휀𝑟(max) = 2.645 × 10−4  ×
(1 − 0.3 + 0.32)0.5

𝜋 × 0.001 × 220 × 106
 

          × [0.306 × 402 − 61000 × (
1.69+1

2×11.48×106
× 0.08 × 402 × 0.019)

1

1.69+1
] × 106 = 0.089  
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velocity of 21.2 m/s. The instrument has been calibrated for measuring 3D deformation in a 

volume of material measuring 80 mm × 65 mm × 43 mm using the CP20 90×72 calibration 

panel. This volume was chosen in view of the dimensions of localized deformation occurred 

in the aluminium panel, and to capture the strain variation at the point of contact. 

Deformation and strain variations on the aluminium target were closely monitored within 40 

mm radius from the centre of the plate where the impactor struck.  

Following system calibration, digital image of the colour pattern was captured before, and 

after, the impact. Finally, the digital image of the plate in the undeformed and deformed state 

was analysed by the use of software tools which process and filter the data. The 

experimental setup and the stochastic colour pattern are shown in Figure 3.10. 

The deformation profile obtained by the use of the ARAMIS instrument (Figure 3.11) was 

compared with the deformation profile shown in Figure 3.8, for the same impact scenarios in 

order to verify the accuracy of the measuring system. It is shown that the maximum 

deformation values measured at the point of the contact using different devices differed by 

only 0.2 mm, and the deformation pattern was almost identical. 

 

 

 

 

Figure 3.10. Experimental setup and stochastic colour pattern 

Detail A – Colour pattern  

Stand 

Cameras 

Light 
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Target object 
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Figure 3.11. Deformation variation obtained using ARAMIS instrument 

The main intention of the experimental procedure was in measuring the maximum strains 

occurred in the aluminium plate for the considered impact scenario for comparison with 

predictions based on the calculation procedure introduced in Section 3.6.1. Strains variation 

obtained by the use of the ARAMIS deformation measurement system is shown in Figure 

3.12. The magnitude of the measured maximum strain was 2.46 %. By the use of Eq. (3.20), 

the value of the maximum strain at the point of contact was estimated to be 2.61 % under 

the same impact condition. The difference between the measured and calculated strains 

(both ways) was as little as 0.15 %. 

 

Figure 3.12. Strain variation of the aluminium panel 
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3.6.2.2 Results from the verification experiments 

In order to verify the accuracy of the developed predictive methodology the impact of a 

projectile was delivered on a 2 mm thick aluminium panel in two experiments with a velocity 

which is slightly below, and above, the predicted limit of 50 m/s. The experimental setup is 

as shown in Figure 3.5.   

With an impact velocity of 43 m/s (which is slightly below the predicted threshold of 50 m/s), 

only permanent deformation of the plate was observed and there was no fracturing of the 

material. Thus, the plate was still able to hold a pond of water in this damaged state (Figure 

3.13). Initiation of fracture on the rear surface of the plate was noticed at the (slightly higher) 

impact velocity of 51 m/s as shown in Figure 3.14. However, the plate in this damaged state 

was still able to hold water. In the third experiment where the velocity of impact was raised to 

a slightly higher level of 56 m/s, fracture was observed on the plate surface resulting in the 

leakage of water (Figure 3.15). In summary, the impact velocity required to cause perforation 

was somewhere in between the test values of 51 m/s and 56 m/s according to the impact 

experiments conducted in the study. Thus, the predicted value of the threshold velocity of 

impact for initiating fracture on the aluminium panel was within 15 % accuracy of the actual 

value.  

  

(a) View of the front surface of the plate    (b) View of ability to hold a pond of water 

Figure 3.13. Damage to the panel at the impact velocity of 43 m/s 
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(a) View of the rear surface of the plate   

(250 mm × 250 mm) 

(b) Zoom-in view at the point of contact       

(90 mm × 90 mm) 

Figure 3.14. Damage to the panel at the impact velocity of 51 m/s 

  

(a) View of the rear surface of the plate 

(250 mm × 250 mm) 

(b) Zoom-in view at the point of contact 

(90 mm × 90 mm) 

Figure 3.15. Damage to the panel at the impact velocity of 56 m/s 

3.7 Conclusion 

In this study, the permanent deformation of aluminium alloy 5052-H34 plates subjected to 

impact of a 62.5 mm diameter spherical impactor object was studied. An analytical model 

has been developed to predict the out of plane permanent deformation of an aluminium 

panel when subject to the impact of a spherical impactor taking into account the effects of 

the hardness of the impactor. This is an important development given that all the currently 

available analytical models developed to date have been based on the considerations of 

energy alone without taking into account the hardness of the impactor material which 

controls the impact force developed at the point of contact. In contemporary analytical 

procedures, the impactor was considered as rigid, and therefore, current models cannot 

provide accurate predictions of the deformation of the plate when struck by a non-rigid 
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impactor (like the specimens used in this study). The permanent deformation of the panel 

predicted by the proposed modified model is consistently in good agreement with 

experimental measurements. 

The amount of permanent deformation of the panel predicted using the modified analytical 

model for the considered impact scenarios was within 5 % of the experimental results. 

Hence, in the future, permanent deformation can be predicted accurately for given impact 

conditions and stiffness parameters of the impactor object, importantly without doing any 

costly impact experimentation. 

In the final phase of the investigation, the proposed analytical model was used to predict the 

threshold velocity of impact to cause perforation of the aluminium panel leading to the 

leakage of rainwater in stormy conditions. The threshold velocity to cause fracture of the 2 

mm thick aluminium plate was estimated at 50 m/s in comparison with the observed range of 

51 - 56 m/s from the impact experiments conducted in the study. 
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Chapter 4 Risks of failure of annealed glass 

panels by flexure when subject to point contact 

actions 

4.1 Introduction 

Glass panels need to be designed to withstand out of plane loads, such as wind pressure, 

blast pressure, impact from various windborne debris, and accidental impact of moving 

objects including the human body [45]. The traditional approach of assessing the ultimate 

performance of glass panels is based on calibrating parameters of a chosen probabilistic 

distribution model against experimental results. The ultimate behaviour of glass can be 

characterised by one of the following probabilistic distribution functions: Log-Normal, Weibull 

and three-parameter Weibull. The Weibull distribution model which is widely used for 

characterising the ultimate resistant behaviour of glass is found on the assumption that the 

fracture of the glass panel as a whole is triggered by rapid crack growth from the most 

critical flaw which can be described as the “weakest link” [31, 127]. However, a probabilistic 

model calibrated in this manner for use in practice remains uncertain given that individual 

parameters characterising the probabilistic distribution function do not have a physical 

meaning. 

The risk of ultimate failure of glazing panels depends on: (i) the nature of the transient action 

and the resulting development of stresses within the glass panel and (ii) the amount of time-

dependent stresses that would initiate crack propagation from a critical Griffith flaw leading 

to fracture. Research has been directed at estimating the earliest onset of crack propagation 

of the most critical flaw that exists within the glass panel [33, 141]. Equation (2.20) can be 

used for estimating the threshold stress value to initiate crack propagation as function of the 

size of the flaw [116, 142]. The stochastic simulation of Griffith flaws in glass for estimating 

the risk of fracture is based on this modelling methodology. 

Results generated by the use of Eq. (2.20) are only valid in a vacuum because certain 

important parameters such as the effect of humidity and the stress history have been 

ignored [143]. Whilst the simulation model based on Eq. (2.20) is a simplified representation 

of real behaviour every parameter used in the stochastic model for characterising the density 

and size distribution of the Griffith flaws has a physical meaning. It is demonstrated in this 

chapter that the simulation model (defined by a fixed set of parameter values) can be used 

for predicting the risk of failure of glass panels of different dimensions provided that the 

material properties and distribution of flaws within the panel are kept unchanged. This is an 
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important element of usefulness of the stochastic simulation methodology given that the size 

of glass specimens that were tested in the laboratory was typically much smaller than that of 

actual installations. 

The stochastic simulation model to be developed in this chapter is capable of predicting the 

risks of flexurally dominated fracture where cracks are propagated radially from the triggered 

Griffith flaw on the tensile surface of the glazing panel. This particular extension of the 

Griffith flaw simulation methodology is essential in dealing with impact actions of airborne 

particles in which case the rate of load application can be a controlling factor. Annealed 

glazing panels of variable dimensions are subject to point contact transient action of variable 

rates of loading. The accuracy of the simulation has been verified by comparing the 

simulated failure loads with results from physical testing. The failure mechanism experienced 

by all the test specimens was that of flexural tension. This study only considers the impact of 

a projectile at the centre position of the glazing panel to illustrate the modelling methodology. 

In holistic modelling of the risk of fracture of the panel, all possible locations of the point of 

contact have to be considered. 

Stochastic simulation methodology of Griffith flaws was developed in Section 4.2 for 

predicting the flexural failure of different sizes of glazing panels. Next, experimental test 

programmes were conducted to investigate the failure load of glazing panels of dimensions: 

270 mm × 270 mm × 5 mm and 600 mm × 600 mm × 5 mm at loading rates of 6 mm/min 

and 600 mm/min (Section 4.3). In Section 4.4, parameters of flaw size distribution function 

were calibrated and verified by comparing simulated failure loads with results from physical 

testing. The origins of fracture in glazing specimens were also predicted. Finally, the 

examples were provided to demonstrate the potential of the stochastic model in predicting 

flexural failure in glass under hail impact scenarios (Section 4.5). 

4.2 Stochastic simulation of Griffith flaws 

When developing a simulation model based on Griffith flaw theory for predicting failure of 

annealed glass in flexure it is necessary to define the flaw density, the probabilistic 

distribution of the flaw size and the stress conditions to initiate fracture of a flaw [144, 145]. 

These properties will be described in the following under separate sub-headings. 

4.2.1 Probabilistic distribution of flaw size 

In the simulation of Griffith flaws on a glass plate for modelling fracture, the number of flaws 

per unit area (i.e. flaw density) and the probabilistic distribution of the flaw size would need 

to be pre-defined. The use of right-skewed Log-Normal distribution function to characterise 

the distribution of the size of individual flaws was recommended by the literature [33, 146]. 
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A range of values of the flaw density and maximum flaw size have also been recommended 

by Wereszczak, et al. [128] based on magnified high-resolution images captured on camera. 

A flaw density value in the range 1.18 - 2.6 flaws/cm2 and a maximum flaw size of 105 - 195 

µm have been reported [128]. In the simulation model developed in this chapter, a flaw 

density of 1.5 flaws/cm2 was adopted tentatively pending detailed calibration of the flaw size 

distribution against a substantial volume of physical test data (refer Section 4.4). The mean 

value of the flaw size was accordingly expected to be in the range 20 - 100 µm and standard 

deviation of 20 - 60 µm. The distribution functions based on this range of parameter values 

are shown in Figure 4.1.  

  

(a) Log-Normal distribution functions with 
standard deviation of 20 µm 

(b) Log-Normal distribution functions with 
mean value of 46 µm 

Figure 4.1. Log-Normal distribution functions  

Specific values for the mean and standard deviation to provide a complete definition of the 

probabilistic distribution of the flaw size have yet to be determined. Probabilistic distribution 

of flaw size has been derived in Nurhuda, et al. [33] and Warren [146], but the flaw density 

and maximum flaw size were based upon assumed probabilistic distribution of the failure 

load as opposed to real recorded data. 

This study is distinguished from earlier work in the characterisation of flaw size distribution in 

that specific recommendations of statistical parameters are based on calibration of the 

simulation model against results of centrally point loaded tests. Simulated Griffith flaws that 

belonged to the same finite element (of the glazing panel) were put into groups given that 

every flaw located within the finite element was assumed to be subject to identical stress 

conditions. The critical flaw is defined herein as the largest flaw within the element. The 

triggering of fracture from a finite element would therefore be dependent on the stress 

conditions of the element and, the size and orientation of the critical flaw (𝑎𝑐𝑟𝑖𝑡). 
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4.2.2 The triggering of fracture 

Central to the development of the simulation model was setting the criterion for a critical 

Griffith flaw of a known size to trigger crack propagation leading to the fracture of the glass 

plate. There are two main considerations when determining if failure is triggered within a 

finite element: (a) stresses developed within the element and the timing of its application and 

(b) the size and orientation of the critical flaw within the element. In this study, the 

longitudinal axis of the flaw was assumed to be orientated perpendicular to the axis of 1st 

principal stress tensor. Hence, failure was initiated by pure tensile stress (an opening type of 

fracture). This assumption is conservative from the designer’s perspective as the threshold 

failure stresses of other possible types of failure modes (e.g. mixed-mode fracture) would be 

higher than thresholds associated with the opening type of fracture [147, 148]. 

4.2.2.1 Timing of load application 

The load duration theory as defined by Eq. (2.30) [31, 123], allows any given time history of 

stress application (𝜎(𝑡)) to be represented by an equivalent constant stress (𝜎𝑒) of known 

duration (𝑡𝑒) as shown schematically in Figure 2.14. The equivalent constant stress (𝜎𝑒) 

which is based on a reference duration of 3 seconds (𝑡𝑒 = 3s) is referred herein as the 

"equivalent 3-second stress" [31, 129]. In the rest of the chapter, this reference duration is 

taken by default. Any time dependent stress state which is generated by the application of a 

loading function can be simplified into a 𝜎𝑒 value for direct comparison with any other stress 

states, or for comparison with the limiting conditions that are to trigger failure.  

The triggering of fracture at the tip of the Griffith flaw would always be dependent on 

stresses applied in both directions (as the risk of triggering fracture is controlled by co-

existing stresses in orthogonal directions). Thus, failure load is actually dependent on the 

biaxial stress state surrounding the tip of the Griffith flaw [149]. The biaxial stress state at 

any point on the glass panel is characterised by the major principal stress (𝜎1), the 

minor/major principal stress ratio (𝛼), and Poisson’s ratio (𝑣). A corrected uniaxial stress 

value (𝜎𝑈) corresponding to an idealised hypothetical stress state to give the same risk of 

triggering fracture as the biaxial stress state can be calculated. Relationship between 𝜎1 (in 

the biaxial stress conditions) and 𝜎𝑈 (in the equivalent uniaxial stress conditions) is given by 

Eq. (4.1). Thus, for any given pair of applied biaxial stress values (𝜎1,𝜎2) an equivalent 

uniaxial stress value (𝜎𝑈) can always be found using the expression. 
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𝜎1

𝜎𝑈
=

1

1 − 𝑣. 𝛼
 

(4.1) 

where, 𝜎1 is the major principal stress, 𝛼 is the principal stress ratio (𝜎2/ 𝜎1), and 𝜎𝑈 is the 

stress in equivalent uniaxial conditions. 

For example, information on the biaxial state of stress in the glazing panel can be used for 

calculating the value of 𝜎𝑈 at every point of the panel and at every time-step in order that the 

equivalent 3-second stress of both time and space can be determined. The time-history of 

the development of equivalent uniaxial stress function (𝜎𝑈(𝑡)) such as that defined by Eq. 

(4.2) can be translated into a 𝜎𝑒 value of 38.3 MPa based on substituting Eq. (4.2) into Eq. 

(2.30). 

𝜎𝑈(𝑡) = 55803 × 𝑡1.6 (4.2) 

where, 𝜎𝑈(𝑡) is the time-history of the equivalent uniaxial stress. 

Details of the calculation for finding the value of 𝜎𝑒 are shown in Eq. (4.3) for a load duration 

of 60 seconds. 

𝜎𝑒 = (
∫ (55803 × 𝑡1.6)16𝑑𝑡

60

0

3
)

1/16

= 38.3 𝑀𝑃𝑎 

(4.3) 

4.2.2.2 Stress conditions to trigger failure 

The value of limiting equivalent stress (𝜎𝑒𝑓) is in turn dependent on the size of the critical 

flaw in the finite element (𝑎𝑐𝑟𝑖𝑡) along with parameters characterising the crack development 

behaviour of annealed glass (namely 𝐾𝐼𝐶 , 𝑛, 𝑣0 and 𝑌) as given by Eq. (2.31) [130]. Value of 

𝑣0 has been recorded as 6 mm/s for float glass in buildings by Haldimann [115], and 

Overend and Zammit [143]. In this study the values of 𝐾𝐼𝐶 and 𝑌 were taken as 0.75 

MPam0.5 and 1.12 respectively as per recommendations by Haldimann [115]. 

Recommended values for parameters that are called up in Eq. (2.31) have been provided by 

the literature [115, 143] which allows Eq. (2.31) to be re-written into Eq. (4.4a) (then Eq. 

(4.4b)) to expedite the calculation. Thus, a unique solution for the limiting value of the 

equivalent 3-second stress (𝜎𝑒𝑓) can be found readily for any given value of 𝑎𝑐𝑟𝑖𝑡 by the use 

of the "goal seek" function on Excel operating on the implicit expression of Eq. (4.4b). For 

example, the value of 𝜎𝑒𝑓  was found to be 32.7 MPa when 𝑎𝑐𝑟𝑖𝑡 = 50 m was assumed. 
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3 =
2

(16 − 2) × 0.006
(

0.75 × 106

1.12 × √𝜋
)

16

{(50 × 10−6)
2−16

2 − [
1

𝜋
(

0.75 × 106

1.12 × 𝜎𝑒𝑓
)

2

]

2−16
2

} 𝜎𝑒𝑓
−16 

(4.4a) 

 

3 = 4.1 × 1090 {1.28 × 1030 − [
1.42 × 1011

𝜎𝑒𝑓
2

]

−7

} 𝜎𝑒𝑓
−16 

(4.4b) 

A list of estimated values of 𝜎𝑒𝑓 for a range of critical flaw size is shown in Figure 4.2. 

 

Figure 4.2. Estimated values of 𝜎𝑒𝑓 for a range of critical flaw size 

The triggering/non-triggering of the critical Griffith flaw in every cell of the finite element 

model of the glazing panel can therefore be determined by comparing the stress value of 𝜎𝑒 

obtained from Eq. (2.30) against the limiting stress value of 𝜎𝑒𝑓 from Eq. (2.31). For 

example, triggering of fracture is predicted in view of 𝜎𝑒 = 38.3 MPa (from Eq. (4.3)) 

exceeding 𝜎𝑒𝑓  = 32.7 MPa (from Eqs. ((4.4a)) & (4.4b)) in the considered finite element 

within the glass panel. 

4.2.3 Simulation of Griffith flaws and construction of cumulative probability 

distribution of failure loads - illustration by case study 

The computational procedure for the stochastic simulation of Griffith flaws for calculation of 

the failure load of a (centrally loaded) glass plate is illustrated by a case study. The glass 

plate that was subject to study was first divided into finite elements (totally 2916 elements) 

which were then numbered from 1 to 2916. Griffith flaws of a range of sizes were allocated 

to individual finite elements in a random fashion. The element number was generated 

randomly as per the uniform distribution function. The size of the individual flaws was 

determined in accordance with the adopted flaw size distribution function along with a 

random seed value (which was generated as per uniform distribution of between 0 and 1). 
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Griffith flaws that have been distributed into the same finite element were taken to be subject 

to identical stress conditions. Thus, only the Griffith flaw of the largest size (critical flaw) 

within the finite elements was considered. The value of the limiting stress to trigger fracture 

in each finite element was calculated (Section 4.2.3.1). 

Meanwhile, stresses were calculated for every finite element on the glass panel to determine 

if the critical flaw located in each finite element was to be triggered (Section 4.2.3.2). The 

failure load of the glass plate as a whole was accordingly taken as the lowest load across all 

finite elements to trigger fracture. Simulations were repeated stochastically to obtain a list of 

failure loads that was then ranked for constructing the Cumulative Probability Distribution 

(CPD) of failure loads (Section 4.2.3.3). 

4.2.3.1 Distributing Griffith flaws and calculating limiting stress 𝝈𝒆𝒇 

The case study to illustrate the procedure was based on a square glass plate of size 270 

mm × 270 mm × 5 mm thick. The simulation of Griffith flaws was based on the assumed 

flaw density of 1.5 flaws/cm2. The location of individual simulated flaws was entirely random 

(i.e. uniform distribution across the orthogonal axes). The glass plate was then divided into 

2916 square elements of 5 mm × 5 mm each and was one element (5 mm) thick. The 

elements of smaller size (than the selected size of 5 mm × 5 mm) would not affect the 

results of the simulation model. A fixed number of flaws in a specimen was calculated by 

multiplying the flaw density by the surface area of the specimen. The total number of flaws 

was 1094 (being 1.5 × 27 × 27) meaning that some of the finite elements contained no 

flaws, some with only one flaw (which was also the critical flaw in the element), and some 

might be having more than one flaws (in which case the flaw of the largest size within the 

element was taken as the critical flaw). The effects of interaction between two flaws have 

been neglected given that the chance of having two interacting flaws in one element is very 

low. For each individual finite element that contained one or more flaws the size of the 

critical flaw (𝑎𝑐𝑟𝑖𝑡) that was positioned within the element was identified. Equation (2.31) 

along with the goal seek function in Excel was made use of for estimating the respective 

values of limiting stress 𝜎𝑒𝑓. 

4.2.3.2 Calculation of equivalent 3-second stress 𝝈𝒆 

Meanwhile, a finite element (FE) model of the glass plate and its surrounding frame was 

developed (in program LS DYNA) assuming linear material behaviour (Table 4.1)  but taking 

into account geometrical non-linearity when subject to large displacement. In the FE model, 

the point force (𝑃) was applied centrally to the square plate. In the execution of the model, 

the value of 𝑃 was increased in 10 load steps of 1 kN per step until a maximum load of 10 
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kN was reached. Contours representing stresses in orthogonal directions (when 𝑃 = 1 kN) 

are shown in Figure 4.3. 

Table 4.1. Properties of the soda-lime glass specimen [115] 

Object Description 
Density 
(kg/m3) 

Poisson’s ratio 
Young’s 

modulus  (GPa) 

Fracture 
toughness 
(MPam0.5) 

Soda-lime glass 2500 0.23 68.5 0.75 

 

 

   

(a) Major principal stress (𝜎1) distribution (b) Minor principal stress (𝜎2) distribution 

 

Figure 4.3. Stress distribution at 1 kN load in N/m2 

In the case study the time-history of the centrally applied load (𝑃(𝑡)) was defined by Eq. 

(4.5). 

𝑃(𝑡) = 𝑏. 𝑡𝑐 = 28.55 ×  𝑡1.3322 (4.5) 

where, 𝑃(𝑡) is the time-history of the centrally applied load, 𝑡 is time in seconds, and 𝑏 and 𝑐 

are constants. 

The time-history of the applied load (𝑃(𝑡)) is presented in Figure 4.4a. The relationship 

between uniaxial stress (𝜎𝑈) and the applied load (𝑃) which is shown in Figure 4.4b for the 

example considered finite element (the location of which is shown in Figure 4.3) was derived 

by making use of the information provided by the FE model for substitution into Eq. (4.1). 

Equation (4.5) is hence transformed into the time-history of the equivalent uniaxial stress 

(𝜎𝑈(𝑡)) as shown by Eq. (4.6). 

Selected finite element in the presented example 
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(a) The relationship between load and time (b) The relationship between uniaxial stress and 

load 

Figure 4.4. Relationship of applied load to the time and uniaxial stress 

𝜎𝑈(𝑡) = 𝑎𝑖 . 𝑃(𝑡)𝑠𝑖 = 55803 × 𝑡1.6 (4.6) 

where, 𝑎𝑖 and 𝑠𝑖 are constants. 

The algebraic representation of the transformed time-history as defined by Eq. (4.6) for a 

considered finite element in the glazing panel can be substituted into Eq. (2.30) for 

determining the value of equivalent 3-second stress (𝜎𝑒). Equation (4.7) shows the results of 

the substitution in algebraic terms [150]. The value of 𝑡 in Eq. (4.7) is to be read off from 

Figure 4.4a for a given value of load 𝑃. 

𝜎𝑒 = (
𝑎𝑖

𝑛 × 𝑏𝑠𝑖.𝑛 × 𝑡(𝑐.𝑠𝑖.𝑛+1)

𝑡𝑒 × (𝑐. 𝑠𝑖. 𝑛 + 1)
)

1/𝑛

 
(4.7) 

Figure 4.5 (which was derived by the use of Eqs. (4.5) & (4.7)) can be used to calculate the 

required load to initiate fracture in the considered element. For example, consider a 50 m 

size flaw. The value of  𝜎𝑒𝑓 for this size of flaw is equal to 32.7 MPa. Then, the amount of 

load required to trigger fracture is inferred to be 6000 N approximately. The same calculation 

has been repeated for other finite elements on the glass plate. The failure load on the glass 

plate as a whole was then taken as the lowest load to trigger fracture in every considered 

finite element. 
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Figure 4.5. The relationship between equivalent 3-second stress and load 

4.2.3.3 Constructing cumulative probability distribution of failure loads 

In summary, the failure load of a glass plate  based on some randomly distributed Griffith 

flaws can be found by (1) identifying the size of the simulated critical flaw in each finite 

element of the glass panel, (2) calculating the limiting equivalent 3-second stress (𝜎𝑒𝑓) which 

is dependent on the flaw size, (3) determining the amount of load required to generate stress 

conditions that would trigger fracture in the individual finite elements and (4) taking the 

lowest element failure load value as the failure load of the glass plate as a whole. This 

procedure is repeated “N” times with different randomisation of the Griffith flaws to produce a 

list of failure load values which were then ranked to construct the CPD of the failure load. 

Figure 4.6 illustrates the ranking of failure loads for constructing a CPD curve. The CPD so 

obtained is identified with Griffith flaw parameters: namely flaw density, type of flaw size 

distribution function, the mean and standard deviation of the flaw size. These parameter 

values can be adjusted until good agreement is found between CPD obtained by simulations 

and by the ranking of results from physical testing. In this study sample size “N” was taken to 

be 20 and 100. In order to easily manoeuvre this iterative process, a program has been 

developed through VBA (Visual Basic for Applications) which is a platform offered by 

Microsoft Office Excel® for repetitively executing all the steps in the procedure automatically 

(refer Appendix B). The whole simulation procedure can be represented using a flowchart as 

shown in Figure 4.8. 
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Figure 4.6. Ranking of raw results of the simulated failure load for 20 sample size 

4.3 Experimental investigation of failure loads 

4.3.1 Experimental setup 

Quasi-static experiments have been conducted to obtain the failure loads of annealed glass 

specimens. The entire test setup is shown in Figure 4.7. Specimens of glazing panels of 

size: 270 mm × 270 mm × 5 mm size were tested at a loading rate of 6 mm/min, and 600 

mm/min. The specimens were simply supported on a wooden frame. A 62.5 mm in diameter 

steel ball was used to apply the point load on a standard 50 kN MTS machine. The area 

exposed to the loading was 250 mm × 250 mm. A high-speed camera with a framing rate of 

6000 Hz was mounted for capturing the initiation of crack propagation leading to fracture of 

the glass panel. Illumination for the high-speed photography was provided by a 2kW 

ARRILITE 2000 tungsten flood light. The mechanical properties of the glass specimens are 

listed in Table 4.1. 

 

Figure 4.7. Experimental setup for 270 mm × 270 mm × 5 mm size glazing panels 

High-speed camera 

 

 

Glazing panel Steel ball Tungsten flood light 
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Determine size of the plate, 

flaw density and support 

condition

Calculate number of flaws in 

one plate

Randomly assign the flaw 

size to each flaw according 

to the adopted probability 

distribution function of flaw 

sizes * 

* When flaw size probability 

distribution function is unknown, it 

is required to calibrate with 

experimental results.

Discretise plate into known 

size of elements

Randomly assign a flaw to a 

certain element

Calculate limiting equivalent 

3-second stress of the 

assigned flaw using Eq. 

(2.31)

Calculate principal 

stresses of the 

element for 10 load 

steps up to 10 kN

Calculate σu using 

Eq. (4.1) 

Develop (σu,P) 

relationship

Determine (P,t) 

relationship

Obtain (σu,t) relationship 

Calculate σe by Eq. (2.30)

Develop (σe,P) relationship 

Calculate required load to 

initiate fracture

Identify the lowest load to 

trigger fracture in every 

considered element

Develop CPD of failure load

Repeat for all flaws

Repeat N times

 

Figure 4.8. Flowchart of the simulation model  
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4.3.2 Cumulative probability distribution of failure loads 

The glazing specimens were loaded by means of the spherical indenter up to the point of 

failure and the breaking load was recorded. In total 14, and 11, glazing specimens have 

been tested at a loading rate of 6 mm/min, and 600 mm/min respectively. Two broken 

specimens under each of the loading rates are shown in Figure 4.9. The recorded breaking 

load of these specimens for rates of 6 mm/min and 600 mm/min were 2.2 kN and 3.5 kN 

respectively showing significant differences. 

  

(a) Failed at 2.2 kN load (at 3.7 mm 
deflection) under 6 mm/min loading rate 

(b) Failed at 3.5 kN load (at 5.7 mm 
deflection) under 600 mm/min loading rate 

Figure 4.9. Images of two broken specimens 

To determine if the difference in the test results (of 2.2 kN and 3.5 kN) was caused by 

changes in the rate of loading, or was purely the result of random variability, further tests 

were carried out with the two rates of loading to reveal the trends. Results associated with 

the same rate of loading were ranked and presented in the form of probability plots (Figure 

4.10). The failure loads of the two specimens shown in Figure 4.9 are identified by the red 

circle on the respective probability plots. Superimposed on the test results are the best-fitted 

probabilistic distribution functions of the following forms: Normal, Log-Normal, Weibull and 

three-parameter Weibull which were operated upon by the Minitab statistical software [151]. 

To evaluate the relative performance of these best-fitted distribution functions the AD and P-

value have been determined.  
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(a) Probability plot of failure loads at 6 mm/min loading rate  

  

(b) Probability plot of failure loads at 600 mm/min loading rate 

Figure 4.10. Comparison of probability plots of experimental results 

The review of AD and P-Values (Figure 4.10) shows that both the Log-Normal and the three-

parameter Weibull distribution functions were better suited for representing the cumulative 

distribution behaviour of the failure loads. However, the three-parameter Weibull distribution 

function (although referred to in the Australian standard) is contrary to standards used in 
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other countries [152]. Thus, the Log-Normal distribution function with statistical parameters 

of 0.97 kN and 0.33 kN has been adopted for a loading rate of 6 mm/min, and 1.24 kN and 

0.34 kN has been adopted for the much higher loading rate of 600 mm/min. The 

phenomenon of increasing strength with increasing rate of loading is best presented by 

showing both CPDs on the same plot (Figure 4.11). It is shown that a 100-fold increase in 

the loading rate from 6 mm/min to 600 mm/min corresponds to up to 30% increase in the 

limiting load to cause fracture. 

 

Figure 4.11. CPD with connecting line and distribution fit for loading rates of 6 mm/min and 

600 mm/min 

Experimental test programmes have also been conducted to investigate the failure load of 

glazing panels of (much larger) dimensions: 600 mm × 600 mm × 5 mm. All specimens 

were simply supported on a wooden frame on four sides, and subjected to a concentrated 

point load positioned at the centre of the specimen using a 62.5 mm in diameter steel ball by 

means of a 500 kN MTS machine. Totally eight specimens were tested at loading rates of 6 

mm/min and 600 mm/min to determine the failure loads in probabilistic terms. The 

experimental setup is as shown in Figure 4.12. Presentation of the test results for 

comparison with simulated results is deferred to Section 4.4.4. 
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Figure 4.12. Experimental setup for 600 mm × 600 mm × 5 mm size glazing panels 

4.4 Prediction of failure loads from stochastic simulations 

4.4.1 Calibration of probability function and statistical parameters of flaw size  

Three different probabilistic distribution models have been used for simulating the mean and 

standard deviation of the flaw size distribution. Initially, the simulated flaw sizes were varied 

according to the Log-Normal probabilistic distribution function with mean values of 20 µm, 50 

µm and 100 µm and standard deviation of 20 µm. 

Simulated failure loads were obtained for a sample size of 100 and at a loading rate of 6 

mm/min. For each mean value of flaw size distribution, CPD was developed and compared 

with experimental results for a given rate of loading (refer Figure 4.13). It is shown that a 

mean flaw size of 50 µm and standard deviation of 20 µm matched with experimental results 

better than simulations adopting other statistical parameter values. The exact mean value of 

the flaw size was not exactly 50 µm as some minor mis-match could still be seen. 

Timber frame 

Glazing panel 

500 kN MTS 
machine 

62.5 mm in 
diameter steel ball 

Supporting 
steel beam 



Chapter 4 Risks of failure of annealed glass panels by flexure when subject to point contact actions 

 

Mahil Pathirana – PhD Thesis 79 

 

 

Figure 4.13. Comparison of simulated failure loads based on different mean flaw size with 

experimental results 

The accurate determination of the statistical parameters of the three probabilistic distribution 

functions: Normal, Log-Normal, and Weibull was accomplished by gradually adjusting the 

value of the respective parameters until the CPD of the recorded failure loads matched 

closely with that of the simulated failure loads. The least square method was used to obtain 

the line of best-fit (Eq. (4.8)). 

𝑅2 = 1 − [∑(𝑟 − 𝑥)2

𝐾

𝑖=1

] [∑(𝑟 − �̅�)2

𝐾

𝑖=1

]⁄  
(4.8) 

where, 𝑟 is the referenced value of experimentally obtained CPD curve, �̅� is the mean value 

of the sample, 𝑥 is estimate by the line of best-fit and 𝐾 is the sample size. 

The calibrated probabilistic parameters of the flaw size distribution are shown in Table 4.2 

along with the predicted failure loads for each of the considered distribution function for 

sample sizes of 20 and 100 (Figure 4.15). Values of the coefficient of determination (𝑅2) as 

defined by Eq. (4.8) corresponding to each of the simulation models are listed in Table 4.3 to 

show the goodness-of-fit between the experimental and simulated results. The Log-Normal 

distribution function with statistical parameters of 3.547 µm and 0.75 µm as shown by Eq. 

(4.9) has been identified as the best performing function for characterising flaw size 

properties (which is represented in Figure 4.14). 

𝑓(𝑎) =
1

0.75 × 𝑎 × √2𝜋
𝑒𝑥𝑝 [−

1

2
(

𝑙𝑛𝑎 − 3.547

0.75
)

2

] 
(4.9) 
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Figure 4.14. Flaw size distribution function in the Log-Normal form 

Table 4.2. Statistical parameters of the flaw size distribution functions 

Normal Log-Normal Weibull 

Mean 𝑎 = 46 Mean 𝑙𝑛(𝑎) = 3.547 m = 1.153 

SD 𝑎 = 20 SD 𝑙𝑛(𝑎)=0.75 k = 48.372 

 
For 20 simulated samples For 100 simulated samples 

  

(a) Normal distribution 

  

(b) Log-Normal distribution 
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(c) Weibull distribution 

Figure 4.15. Comparison of simulated failure loads with experimental results at a loading 

rate of 6 mm/min 

Table 4.3. Comparison of coefficient of determination (𝑅2) between experimental and 

simulated results. 

Sample size Normal Log-Normal Weibull 

20 0.930 0.998 0.902 

100 0.989 0.999 0.994 

The accuracy of the Log-Normal distribution function can also be verified by comparing the 

histograms for different sample sizes with the experimental results (Figure 4.16). 

  
(a) For 20 simulated samples 

(b) For 100 simulated samples 

Figure 4.16. Histograms of failure loads obtained experimentally and using simulation model 

for loading rate of 6 mm/min  

Stochastic simulations were repeated (for 20 sample size) with two distinct population of 

flaws that co-exist on a glass pane (1) the larger coarse surface flaws created by scratches 

(2) the smaller bulk flaws which were generated by the manufacturing process. Both 

populations were characterised by the Log-Normal distribution function with mean values of 

20 µm and 150 µm and, standard deviation of 20 µm. The flaw densities of coarse surface 
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flaws and smaller bulk flaws were assumed to be 0.2 flaws/cm2 and 1.4 flaws/cm2 

respectively. The failure loads attained from the repeated simulations based on the 

combined flaws model were ranked and presented in the form of probabilistic plots (Figure 

4.17). A good degree of consistency of failure loads is shown with the Log-Normal 

distribution function when compared to the other probabilistic distribution functions. 

  

Figure 4.17. Comparison of probability plots obtained by two distinct populations of flaws that 

co-exist on the glass pane 

4.4.2 Verification of the simulation model for a loading rate of 600 mm/min 

CPD functions have also been obtained for the higher loading rate of 600 mm/min using the 

introduced simulation model. The time-history of the centrally applied load for the loading 

rate of 600 mm/min was as defined by Eq. (4.10). The flaw size distribution is considered to 

follow closely the calibrated Log-Normal distribution function (with parameter values of 3.547 

µm and 0.75 µm). The matching of the experimental and simulated behaviour is shown for a 

loading rate of 600 mm/min in the same manner as for a loading rate of 6 mm/min (Figure 

4.18). Significantly, the same set of parameters were used in simulations for the two loading 

rates (which varied by two orders of magnitude). 

𝑃(𝑡) = 13245 ×  𝑡1.425 (4.10) 

Where, 𝑡 is time in seconds. 
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(a) For 20 simulated samples (b) For 100 simulated samples 

Figure 4.18. Comparison of simulated failure loads with experimental results at a loading 

rate of 600 mm/min 

4.4.3 The origin of fracture 

The developed simulation model in the current study is also capable of predicting the origins 

of rapid crack growth leading to fracture. Figure 4.19 shows the distribution of the fracture 

initiated locations obtained from the simulation model for loading rates of 6 mm/min and 600 

mm/min. The location of the origins of fracture indicated by the simulation model confirms 

the earlier findings by Jiang, et al. [129] based on physical experimentations. The origins of 

fracture that were observed from experiments were situated in almost the same area as that 

simulated by the stochastic model (i.e. within 20 mm radius from the point of load 

application). There was no noticeable change in disposition of the origins of fracture across 

the two batches of glass specimens that were subject to two orders of magnitude difference 

in the rate of loading.  

Production line of glass was cut into panels in size of 6 m × 3.21 m before being stored. The 

required sizes may then be cut out [141]. The calibrated flaw size distribution function would 

be valid for glazing panels that belonged to the same batch of the tested specimens. The 

flaw size distribution function could be adopted with the aid of a simulation model especially 

when estimating the failure load of larger glazing panels that have been taken from the same 

batch of glass. However, physical experimentation would still be required to be conducted for 

other glazing panels, as the validity of statistical parameters of the flaw size distribution 

function would need to be checked to clear any doubts. 
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(a) For 6 mm/min loading rate (b) For 600 mm/min loading rate 

Figure 4.19. Spatial distribution of fracture initiated locations of 270 mm × 270 mm × 5 mm 

size panels 

4.4.4 Simulated strength for larger size glass panels 

The purpose of this section is to verify the accuracies of the simulation model in predicting 

the probabilistic distribution of strength as the panel size was increased from dimensions: 

270 mm × 270 mm × 5 mm to 600 mm × 600 mm × 5 mm. The relationship between the 

applied load and uniaxial stress of each element was determined by performing non-linear 

FE analyses as for the 270 mm × 270 mm × 5 mm panels. The sample size was 100 and 

simulated results were obtained for both loading rates of 6 mm/min and 600 mm/min. The 

CPD functions so obtained from the simulated and experimental results for the two loading 

rates are shown for comparison in Figure 4.20. Values of the coefficient of determination 

(𝑅2) between the experimental and simulated results corresponding to loading rates of 6 

mm/min and 600 mm/min are 0.91 and 0.93 respectively. The use of the simulation 

procedure introduced in this study is shown to predict the risk of failure with good degrees of 

accuracies for different dimensions of glazing panels when parameters characterising the 

flaw size distribution were kept unchanged.  
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(a) For 6 mm/min loading rate (b) For 600 mm/min loading rate 

Figure 4.20. Comparison of simulated failure loads with experimental results for 600 mm × 

600 mm × 5 mm size glazing panels 

The CPD so obtained from the simulation procedure and the experimental results for the two 

sizes of glazing panels at loading rates of 6 mm/min and 600 mm/min are shown for 

comparison in Figure 4.21. It is shown that the risk of failure increased significantly as the 

size of the panel was changed from 270 mm × 270 mm × 5 mm to 600 mm × 600 mm × 5 

mm. Importantly, the trends as observed from the physical experiments were well reflected 

in the simulated results. 

The cause of the observed phenomenon is discussed herein. The origins of crack 

propagation leading to fracture of 600 mm × 600 mm × 5 mm size panels have been shown 

to be located within a circular zone of 20 mm in radius from the point of contact (Figure 4.22) 

as for the 270 mm × 270 mm × 5 mm glazing specimens. Flaws that were positioned within 

this zone contributed to the risk of crack propagation leading to fracture. Thus, the observed 

increase in the simulated risks of failure was caused by the increase in flexural stresses 

within the zone as the dimension of the panel was increased as illustrated in Figure 4.23. For 

example, at 7.5 mm and 17.5 mm distances away from the point of load application the 

amount of stresses increased by some 40 % and 70 % respectively. As a result, the failure 

load of the panel with larger dimensions decreased by 25% (Figure 4.21) in spite of the fact 

that the increment of amount of maximum flexural stress at the point of contact is small. In 

other words, a conventional stress-based assessment of the glazing panel would have 

predicted insignificant change in the risk of fracture as the dimensions of the panel were 

increased. 
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(a) Simulated results for 6 mm/min loading rate (b) Simulated results for 600 mm/min loading rate 

  

(c) Experimental results for 6 mm/min 
loading rate 

(d) Experimental results for 600 mm/min 
loading rate 

Figure 4.21. Comparison of CPD of two sizes glazing panels at 6 mm/min and 600 mm/min 

loading rates 

  
(a) For 6 mm/min loading rate 

(b) For 600 mm/min loading rate 

Figure 4.22. Spatial distribution of fracture initiated locations of 600 mm × 600 mm × 5 mm 

size panels  
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Figure 4.23. Stress variation of glass panels on radial distance at 1 kN point load 

The phenomenon of increasing strength with increasing rate of loading is represented for 

simulated failure loads of 270 mm × 270 mm and 600 mm × 600 mm size glazing panels by 

showing both CPDs of 6 mm/min to 600 mm/min loading rates on the same plot (Figure 

4.24). It is shown that a 100-fold increase in the loading rate from 6 mm/min to 600 mm/min 

corresponds to up to 30% increase in the limiting load to cause fracture in both panel sizes. 

  
(a) For 270 mm × 270 mm × 5 mm size (b) For 600 mm × 600 mm × 5 mm size 

Figure 4.24. Comparison of simulated CPDs of two sizes glazing panels at 6 mm/min and 

600 mm/min loading rates 

4.5 Application of the simulation model 

The proposed simulation model is illustrated herein for predicting the damage on 270 mm × 

270 mm × 5 mm size glazing specimen that has been generated by a piece of 60 mm 

diameter hailstone (weighing 0.1 kg) at an impact velocity of 30 m/s. The weight of the glass 

plate is 0.91 kg. The value of the Young’s Modulus and Poisson’s ratio are as listed in Table 

4.1.  

The deflection demand of the impact action can be calculated by the use of the generic 

expression of Eq. (2.6) which was derived from energy principles and verified experimentally 

[65, 69, 70]. The deflection demand at the centre position of the glass panel of the 

considered impact scenario can be calculated as shown by Eq. (4.11) based on substituting 

parameter values of 𝑚1 = 0.1 kg,  𝑚2 = 0.225 kg [71], 𝑘2 = 1006.7 kN/m [71], 𝑣1 = 30 m/s, 
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and 𝐶𝑂𝑅 = 0.05. Here, the value of effective stiffness of the target (𝑘2) was calculated by 

assuming that the target is simply supported at its edges and possesses uniform material 

and sectional properties. 

∆= 0.48 × 
0.1 × 30

√0.1 × 1006700
= 4.6 𝑚𝑚  

(4.11) 

The amount of reaction force (𝐹𝑟) to emulate the same amount of deflection is accordingly 

given by Eq. (4.12). 

𝐹𝑟 =  𝑘2∆= 1006700 × 0.0046 = 4610 𝑁 (4.12) 

where, 𝐹𝑟 is the reaction force generated at the support position. 

The limiting stress value to cause fracture of the glass panel depends on the timing of the 

load application. The rate of loading should be taken into account when calculating the 

cumulative probability of failure of the glazing panel. The CPDs of the failure load were 

derived for four loading rates by the use of the introduced simulation model (Figure 4.25). 

Meanwhile, the velocity of the target (i.e. the centre position of the glazing panel) was also 

calculated as shown by Eq. (4.13) which was also derived in an earlier study [70]. 

𝑣2 =
𝑣1(1 + 𝐶𝑂𝑅)

1 + 𝛼
=

30 × (1 + 0.05)

1 + 2.25
= 581500 𝑚𝑚/𝑚𝑖𝑛 

where, 𝑣2 is the velocity of the target. 

(4.13) 

The probability of failure of the glazing panels for the considered impact scenario is inferred 

to be about 45 % from Figure 4.25 based on reading off from the curve representing a 

loading rate of 600,000 mm/min. 

 

Figure 4.25. Simulated failure loads for 270 mm × 270 mm × 5 mm glass panels at different 

loading rates 
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Similar calculations were undertaken for predicting the risk of fracture for a 600 mm × 600 

mm × 5 mm size glazing panel when subject to the same hail impact scenario. Deflection 

demand and the amount of reaction force have been calculated as shown by Eqs. (4.14) & 

(4.15) respectively. 

∆= 0.29 ×  
0.1 × 30

√0.1 × 203850
= 6.1 𝑚𝑚 

(4.14) 

 

𝐹𝑟 =  203850 × 0.0061 = 1245 𝑁 (4.15) 

The velocity of the target has been calculated to be 154,200 mm/min. CPD functions for the 

600 mm × 600 mm × 5 mm size glazing panel were then derived by the use of same 

stochastic simulation methodology introduced in Section 4.2 for a range of loading rates as 

for the 270 mm × 270 mm × 5 mm size glazing panel (Figure 4.26). The probability of failure 

of a 600 mm × 600 mm × 5 mm size glazing panel for the considered hail impact scenario is 

inferred to be close to 0 % from Figure 4.26 based on reading off curves representing a 

loading rate of 60,000 mm/min, and 600,000 mm/min. 

 

Figure 4.26. Simulated failure loads for 600 mm × 600 mm × 5 mm glass panels at different 

loading rates 

In summary, a simple hand calculation procedure for assessing the risk of a glazing panel of 

a given dimension experiencing flexural failure in an impact scenario (of hail) has been 

illustrated by two worked examples. It was found from the comparison of the calculated 

results that the risks of the glazing panel experiencing fracture in a hail impact scenario was 

actually much lower with a larger panel size (even though the risks would be higher were the 

panels be subject to a given centrally positioned quasi-static force instead). 
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4.6 Conclusion 

A stochastic model for predicting the risk of glazing panels failing by fracture when subject to 

transient point contact action is presented in this chapter. The proposed model is based on 

simulating Griffith flaws in glass and makes use of fracture mechanics and load duration 

theory to predict stress conditions that would initiate crack propagation from a critical Griffith 

flaw leading to fracture. Failure loads have been obtained experimentally for square glass 

plates of 5 mm thick and of size 270 mm × 270 mm and 600 mm × 600 mm under a 

centrally placed point contact load that was applied at rates of 6 mm/min, and 600 mm/min. 

By calibration against test results, the flaw size distribution was found to follow the Log-

Normal distribution function with statistical parameters of 3.547 µm and 0.75 µm. The 

stochastic model adopting this flaw size distribution has been shown to provide simulated 

failure loads which matched very well with experimental results across experiments that 

ranged from a loading rate of 6 mm/min to a much higher loading rate of 600 mm/min, and 

for glass panels of dimensions: 270 mm × 270 mm and 600 mm × 600 mm. The coefficient 

of determination (𝑅2) for correlation between the simulated and experimental results was 

greater than 0.9 when the set of modelling parameters (characterising flaw size distribution) 

was held constant. The Log-Normal distribution function was found to best represent the risk 

of fracture.  

When subject to a centrally positioned point loading, cracks in the glass were found to be 

initiated from “origins” that were located within a 20 mm radius from the point of contact 

irrespective of the size of the panel. With glass panels of a larger size, the amount of flexural 

stress induced in this zone of crack initiation was found to be higher. Consequently, the risk 

of failure of a given applied quasi-static force increased significantly when the size of the 

panel was increased in spite of the fact that the increment of amount of maximum flexural 

stress at the point of contact is small. 

The aim of introducing the proposed simulation model is for predicting the risk of failure in 

probabilistic terms in scenarios of windstorms, or hailstorms. Interestingly, the risks of the 

larger panels experiencing fracture for a given hail impact scenario was much lower. The 

introduced simulation methodology waives away the need of conducting repetitive physical 

experimentation on glazing panels. 
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Chapter 5 Probabilistic modelling of Hertzian 

fracture of glass by impact of a flying object 

5.1 Introduction 

This chapter expands upon the study in Chapter 4 wherein the quasi-static testing of glass 

panels was performed in relation to flexural failure in glass. The present study conversely 

explores the risk of Hertzian fracture (punching failure) as a result of the impact from a hard 

indenter object.  

The Hertzian fracture was modelled using the well-known probabilistic model of Fischer-

Cripps and Collins [153] and Fischer-Cripps [154] is based on the concept of crack growth. 

The probability of fracture is essentially determined by modelling by the probability of the 

size of the critical Griffith flaw exceeding the threshold for crack growth. However, the 

behaviour of any individual flaw that varies in size and is subjected to very different stress 

conditions is not modelled. The calibrated values of the Weibull parameters: k and m are 

also specific to the type of installation. Thus, the applicability of the probabilistic model for 

any given size of a glazing panel is questionable. 

A different approach to probabilistic modelling of glazing panels is based on numerical 

simulations of individual Griffith flaws and their disposition within the glass pane. The 

random nature of such properties is represented by the stochastic process [33, 141]. By 

stochastic simulations, multiple models of the glass pane featuring a disposition of flaws of 

known size and location can be generated for analyses to determine if crack growth is 

triggered by a flaw of known location, dimensions and stress state. Thus, the simulation 

parameters have their own physical meaning and are not merely mathematical artefacts. 

The advantage of the use of a stochastic model over the more conventional probabilistic 

model of Fischer-Cripps and Collins [153] and Fischer-Cripps [154] is its versatility and 

proven validity, based on a comparison of simulated results with experimental results 

involving specimens of different dimensions and types. The potential benefit of this new 

development is profound, as the accuracy of the simulations has been demonstrated across 

a range of conditions.   

Intuitively, the stochastic model developed for defining the distribution of flaw size may well 

be used to predict the probability of failure of glass irrespective of the mode of failure (i.e. 

flexural or Hertzian) provided that suitable computations for predicting crack growth for both 

failure modes have been incorporated into the simulation. Thus, the existing model defining 

flaw size distribution (originally derived from the testing of annealed glass failing in flexure in 
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Chapter 4) may well be adapted for the probabilistic modelling of Hertzian fracture. However, 

this modelling concept can only be a proposition until the accuracy of predicting both types 

of failure using the same stochastic model has been validated by physical experimentation. 

The objective of this chapter is to present a stochastic model for simulating Hertzian fracture 

in glass as well as to validate the accuracy of the model by comparison of the simulated 

results against results recorded from physical experimentation. The remainder of this 

chapter is structured as follows: 

(a) Section 5.2 - illustrates the use of existing models to predict Hertzian fracture 

deterministically 

(b) Section 5.3 - adopts an existing probabilistic function for flaw size distribution (in 

conjunction with the deterministic model presented in “(a)”) to develop the stochastic model 

for Hertzian fracture in annealed glass 

(c) Section 5.4 - presents results from physical experimentation of annealed glass 

specimens to validate the accuracy of the stochastic model developed in “(b)” 

(d) Section 5.5 - applies the validated methodology to predict the conditional probability of 

Hertzian fracture of annealed glass when impacted by hail in projected storm scenarios. 

5.2 Deterministic modelling for Hertzian fracture 

The contact force bearing capacity (𝑃𝑐) for Hertzian fracture (resulting in punching failure) on 

a glass pane when loaded by a spherical indenter can be predicted deterministically by the 

use of the model developed by Mouginot and Maugis [155] as defined by Eq. (5.1). 

𝑃𝑐 = [
𝑎3

𝜙(𝑐/𝑎)
]

0.5

[
𝐸2𝛾𝜋3

4(1 − 𝜐2)
]

0.5

 
(5.1) 

where 𝑎 is the radius of the circle representing the contact area in m2, 𝑐 is the size of the 

crack in m, 𝐸 is the Young’s modulus of glass N/m, 𝛾 is the fracture surface energy in J/m2, 𝜐 

is the Poisson’s ratio of glass, and 𝜙(𝑐/𝑎) is the function of ratio 𝑐/𝑎. 

The meaning of various parameters defining the location and geometry of the considered 

crack in the vicinity of the point of contact with the impactor object is presented in the 

schematic diagram of Figure 5.1. Meanwhile, the value of the applied contact force (𝑃) 

corresponding to a given value of 𝑎 can be found by back calculation using Eq. (5.2). 
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𝑎3 =
4

3

𝑘𝑃𝑅

𝐸
 

(5.2) 

where, 𝑘 =
9

16
[(1 − 𝜐2) +

𝐸

𝐸′
(1 − 𝜐′2)], 𝐸 and 𝐸′ are the Young’s modulus (and, 𝜐 and 𝜐′ are 

the Poisson’s ratio) of glass and the impactor respectively, and 𝑅 is the radius of the 

spherical impactor, and 𝑃 is the applied contact force. 

Function 𝜙(𝑐/𝑎) which is a term appearing in the denominator of Eq. (5.1) is defined by Eq. 

(5.3). 

𝜙(𝑐 𝑎)⁄ =
𝑐

𝑎
[∫   

𝑟𝑏

𝑟𝑐
 (

𝑐2

𝑎2
−

𝑏2

𝑎2)

−0.5

𝑓(𝑏 𝑎⁄ )𝑑 (𝑏 𝑎)⁄

𝑐
𝑎

0

]

2

 

(5.3) 

where, 𝑓 (
𝑏

𝑎
) =

𝜎(𝑏 𝑎⁄ )

𝑝𝑚
, 𝜎(𝑏 𝑎⁄ ) is the value of first principal stress normalized with respect 

to the contact area, 𝑝𝑚 is the mean contact pressure which can be calculated by 𝑃 𝜋𝑎2⁄ , 𝑐 𝑎⁄  

is the ratio of the crack size and radius of the contact area, 𝑏 𝑎⁄  is the ratio of crack length at 

the point of consideration “B” and the radius of the contact area, and 𝑟𝑏 𝑟𝑐⁄  is the ratio of the 

radius at point “B” and the radius of the crack front (Figure 5.1). 

 

Figure 5.1. Parameters of Hertzian fracture [153]  

Trends in how the value of 𝜙(𝑐 𝑎)⁄  varies with values of the ratios: 𝑐 𝑎⁄  and 𝑟𝑜 𝑎⁄  are 

presented in Figure 5.2. The higher the value of 𝜙(𝑐 𝑎)⁄  the lower the estimated value of 𝑃𝑐. 

Thus, a conservative prediction for the value of 𝑃𝑐 can be found by taking the maximum 

(peak) value of 𝜙(𝑐 𝑎)⁄  which is equal to 0.0015 approximately (Figure 5.2). 
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Figure 5.2. Results of parametric study for the value of 𝜙(𝑐 𝑎)⁄   

Although Eq. (5.1) provides an estimate for the load capacity of a Hertzian fracture (𝑃𝑐) the 

value of 𝑎 required for input into the equation is not known. The solution for the value of 𝑃𝑐 

(and the value of 𝑎) can only be found by iteration based on the procedure described in 

below. 

In the iterative procedure for determining the value of the failure load (𝑃𝑐𝑟), the value of 𝑎 

(the radius of the area of contact) is progressively increased from zero in small increments of 

0.01 mm. At every step of the iteration, the value of the applied contact force (𝑃) is found by 

back calculation using Eq. (5.2). The trend of the (very swift) increase in the value of 𝑃 with 

increasing value of 𝑎 is presented in Figure 5.3. 

Meanwhile, the value of the capacity of punching (𝑃𝑐) is found by the use of Eqs. (5.1) & 

(5.3) for any known value of 𝑟𝑜 (defining the location of the considered crack), 𝑐 (defining the 

size of the crack), and 𝑎 (defining the radius of the area of contact). The line depicting the 

trend of change in the value of 𝑃𝑐 (the capacity) with increasing value of 𝑎 is plotted in Figure 

5.3 alongside the line showing the trend of increase in the value of 𝑃 (the demand) for a 62.5 

mm diameter indenter. The intercept of the two lines representing capacity and demand on a 

considered critical crack indicates the value of the failure load (𝑃𝑐𝑟 = 6.4 𝑘𝑁) and the 

corresponding value of 𝑎 ( = 1.4 mm) when failure occurs for a given crack location (𝑟𝑜 𝑎⁄  = 

1.24) and crack size (𝑐 = 267 µm). 
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Figure 5.3. Equating the capacity of punching (𝑃𝑐) with the applied contact force (𝑃)  

The prediction of the value of 𝑃𝑐𝑟 using the procedure described incorporates the loading 

rate effects by taking into account the value of fracture surface energy (𝛾) in dynamic 

conditions. The value of fracture surface energy was estimated by the use of Eq. (5.4) [156]. 

2𝛾 =
𝐾1𝑐

2(1 −  𝜐2)

𝐸
 

(5.4) 

where, 𝐾1𝑐 = 𝜎𝑓(𝜋𝑎)2 , 𝜎𝑓 is failure stress and 𝐾1𝑐 is the fracture toughness (which is equal 

to 0.75 MPam0.5 for annealed glass as reported by Haldimann [115]). The values of Young’s 

modulus (𝐸) and Poisson’s ratio (𝜐) of glass are taken as 68.5 GPa and 0.23 respectively 

[115]. 

The increment of tensile failure stress of glass to account for the dynamic conditions of 

impact is taken as 1.64 times the static failure stress. This value was derived from 

experimentally recorded results reported in Ref. [157] in which the rate of loading was 

consistent with that of impact experiments adopted in this study (refer Section 5.4 for 

details). Thus, the tested glass specimens in the two studies can be taken to experience 

similar strain rates. The value of the dynamic increment factor would actually increase with 

increasing rate of loading [158]. Nonetheless, it was decided to adopt the more conservative 

approach of applying a constant factor of 1.64 when estimating failure loads (which can be at 

a much higher impact velocity of 30 – 60 m/s). From Eq. (5.4) and a dynamic increment 

factor of 1.64, the value of the fracture surface energy of soda-lime glass was calculated to 

be 11 Jm-2. This value has been verified in Section 5.4.4 by comparison of the simulated 

results against results recorded from physical experimentation. The results of the 

deterministic estimates for varying location and size of a Griffith flaw are presented 
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graphically in Figure 5.4. The outcomes of the deterministic modelling presented herein form 

part of the stochastic procedure for probabilistic modelling, which is developed, and 

validated, in the rest of the chapter. 

 

Figure 5.4. Results of parametric study of failure load (𝑃𝑐𝑟) for different flaw sizes 

5.3 Stochastic simulations of Hertzian fracture in annealed glass 

The previous section presented a deterministic model for predicting Hertzian fracture on the 

flat surface of a glazing panel. The model enables the limiting contact force for initiating 

fracture to be found for a considered flaw length (𝑐) and the proximity of the “starting point” 

of the flaw from the centre point of contact (𝑟𝑜). The deterministic model on its own has 

limited utility in practice because the controlling parameters in relation to the number, length 

and location of the flaws are unknown; recorded data in relation to contact force generated 

by the impact is also sparse; and knowledge of methods for determining the value of the 

contact force is not widely shared. 

It has been demonstrated in this study that information related to the location and dimension 

of individual flaws can be obtained from stochastic simulations employing a statistical model 

of flaw density and distribution of flaw size. Flaw size modelling has been attempted in 

numerous studies based on the consideration of uniformly distributed quasi-static wind 

pressure as reported in the literature [33, 141]. In Chapter 4, glass specimens were 

subjected to point contact actions consistent with the conditions of solid object impact. The 

simulations employed a statistical model of flaw size distribution, which had been calibrated 

to achieve good matches between simulated and experimental results. Significantly, 

matching of the results was achieved across panels of varying dimensions when the model 

parameters were held constant. Thus, the stochastic model managed to ensure that the 
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accuracy of the simulated results for full-scale panels was as high as scaled down 

specimens based on the same set of statistical parameters. The number of flaws per unit 

area (i.e. flaw density) was found to be 1.5 number of flaws per cm2 and the distribution of 

flaw size was as defined by the Log-Normal distribution function of Eq. (4.9) (which is 

represented in Figure 4.14) . 

However, all specimens in Chapter 4 failed in flexure and not by punching (Hertzian fracture) 

when loaded in a quasi-static manner. There has been no report in the open literature 

regarding the use of the stochastic method for simulating Hertzian fracture in glass under the 

transient action of impact (which is characterised by the point of contact).  

The stochastic model to be developed herein is aimed at predicting the risk of Hertzian 

fracture surrounding the point of contact in glass where cracks propagated downward into 

the specimen from the triggered Griffith flaw. The size distribution function as defined by Eq. 

(4.9) was employed in the simulations for determining the location and size of flaws that 

could be triggered. No additional calibration is to be undertaken as the statistical model for 

the distribution of flaw size that has already been established in Chapter 4 (based on flexural 

failure) will be employed unaltered despite the current study considering a different failure 

mechanism. 

To validate the accuracy of the stochastic simulations, drop tests were conducted on 270 

mm × 270 mm × 5 mm glazing panels. Failure load was recorded by the accelerometer 

attached to the dropped indenter object. Failure mechanisms were consistently Hertzian (not 

flexural) in nature. It was revealed that the origins of fracture across all the specimens were 

located at a radius of 10 % - 40 % greater than the radius of the area of contact (𝑎) [159]. 

Thus, in this study the starting radius of the flaw (𝑟0) was varied randomly by a factor of 1.05 

- 1.6 times the value of 𝑎. Two flaws were considered to be located in the vicinity of the area 

of contact in view of the estimated flaw density (of 1.5 flaws per cm2). 

The computational procedure for calculating Hertzian fracture load is illustrated herein by 

way of a case study of a steel indenter of 62.5 mm in diameter. A 52 µm flaw size 

(calculated from Eq. (4.9)) was considered to be located in the glazing panel at a distance of 

1.34 times the value of 𝑎 away from the point of contact of the steel indenter. In the 

execution of the model, the value of the contact radius was increased from zero in small 

increments of 0.01 mm until the applied load (𝑃) exceeded the amount of load required to 

initiate Hertzian fracture (𝑃𝑐). 

For example, consider the value of contact radius is equal to 1.03 mm in a certain step. The 

amount of load applied through the indenter was calculated for the considered contact radius 

as per Eq. (5.5). 
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𝑃 =
3

4

𝐸𝑎3

𝑘𝑅
=

3 × 6.85 × 1010 × 0.001033

4 × 0.708 × 0.03125
= 2537 𝑁 

(5.5) 

For the same load step, the 𝑐/𝑎 and 𝑟0 𝑎⁄  ratios are equal to 0.05 and 1.34 respectively. The 

value of 𝜙(𝑐 𝑎)⁄  is then inferred to be 0.00147 from Figure 5.2 and the failure load required 

to initiate Hertzian fracture was calculated for a 62.5 mm diameter steel indenter as shown 

by Eq. (5.6). 

𝑃𝑐 = [
0.001033

0.00147
]

0.5

× [
6.85 × 1010 × 2 × 11 × 𝜋3

4(1 − 0.232)
]

0.5

= 3027 𝑁 
(5.6) 

The amount of load required to initiate Hertzian fracture (3 kN) is higher than the amount of 

load applied (2.5 kN) through the steel ball. Thus, the fracture would not initiate for the 

considered contact radius in the current step. Then the value of contact radius was 

increased stepwise until the amount of load applied to the glazing panel (calculated from Eq. 

(5.2)) was higher than the failure load given by Eq. (5.1). Once this condition was satisfied 

the value of the failure load (𝑃𝑐𝑟) was calculated, and was found to be 3.7 kN.  

In summary, the failure load required to trigger Hertzian fracture of a glass panel based on 

randomly distributed Griffith flaws can be found by: 

(1) Identifying the size of a simulated Griffith flaw in the vicinity of the point of contact, 

(2) Randomly locating the identified flaw, 

(3) Determining the amount of load required to trigger the identified flaw to Hertzian fracture, 

(4) Taking the lowest failure load value among all considered flaws as the failure load of the 

glazing panel as a whole.  

The same procedure was repeated “N” times with randomly generated Griffith flaw sizes to 

obtain a list of failure load values that were then ranked to construct the cumulative 

probability distribution (CPD) function for Hertzian fracture. The ranking of failure loads of a 

20 sample size for constructing a CPD curve is shown in Figure 5.5. A program has been 

developed in VBA to ease the repetition of this iterative process (refer Appendix C). All steps 

of the simulation procedure are represented in the form of a flowchart as shown in Figure 

5.6. 
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Figure 5.5. Ranking of simulated Hertzian failure loads for 62.5 mm Dia. indenter 

5.4 Experimental validation of stochastic model for annealed glass 

The development of the stochastic model to trigger Hertzian fracture in annealed glass is 

based on tests involving the use of spherical specimens (and simulations of impact by a 

spherical indenter) in order that the same tests can be repeated easily in the future should 

further verification be deemed necessary. It has been demonstrated that the impact action 

generated by a spherical indenter is representative of the mean of the results generated by 

an impactor of random irregular shapes (with an aspect ratio equal to unity). The variability 

of the impact action resulted from the impactor object deviating in shape from that of a 

sphere have also been modelled in a separate study on hail impact [160]. 

Physical experiments used to verify the accuracy of the proposed probabilistic model have 

employed spherical impactor specimens made of steel (instead of ice) in order that the 

amount of contact force to trigger Hertzian fracture of a tested glass specimen can be 

obtained conveniently by reading from the accelerometer attached to the steel indenter 

object (as it would be impossible to obtain similar readings from an ice impactor). Once 

developed, the probabilistic modelling methodology can be adapted readily for making 

predictions for hail impact given that the required contact force model for hail (ice) impact is 

already available [67, 160]. More details can be found in Section 5.5. 
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Figure 5.6. Flowchart of the simulation model 
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5.4.1 Experimental setup 

Impact experiments on panels made of annealed glass have been conducted to obtain 

failure load values. The test setup is shown in its entirety in Figure 5.7. Glazing specimens of 

dimensions: 270 mm × 270 mm × 5 mm were simply supported on a continuous wooden 

frame. A 62.5 mm diameter steel indenter was dropped over the glazing specimen to apply 

the impact action. The failure load value was obtained by multiplying the mass of the 

indenter by its maximum de-acceleration as recorded by a Dytran 3200B6M shock 

accelerometer when the glass was punched through. The area exposed to the loading was 

250 mm × 250 mm in size. The velocity of the impactor was measured by captures of a 

high-speed camera at a frame rate of 6000 Hz. ARRILITE 2000 tungsten flood light (2kW) 

was used to provide the required illumination for the high-speed photography.  

 

Figure 5.7. Experimental setup for annealed glass 

5.4.2 Observations from impact tests  

A total of twenty-three annealed glass specimens were tested by releasing the spherical 

indenter object from a height of 1.8 m which was sufficient to break the glazing panels. The 

failure pattern of a broken specimen is shown in Figure 5.8, which demonstrates the glass 

specimen failed by Hertzian fracture according to its observed crack pattern. The recorded 

breaking load of this specimen was 5.1 kN. 

Tungsten flood 
light 

Test specimen 

Guiding tube 

Impactor with attached 
accelerometer 

High speed 
camera 
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Figure 5.8. Fracture pattern at 5.1 kN load 

The amount of quasi-static force (𝐹𝑞) identified with each of the tested glazing panels was 

also calculated from Eq. (2.9) [65, 69, 70] for every considered impact scenario. These 

values are listed in Table 5.1 for the ten selected impact scenarios. The velocity of the 

impactor was captured on high-speed camera during each test. The value of the coefficient 

of restitution was taken as zero across all the impact scenarios in view of observations of no-

rebounce. 

Table 5.1. Quasi-static and contact force values developed during drop tests 

Specimen 

number 

Quasi-static 

force (kN) 

Contact 

force (kN) 

Specimen 

number 

Quasi-static 

force (kN) 

Contact 

force (kN) 

Specimen 1 1.7 6.2 Specimen 6 1.6 5.8 

Specimen 2 1.3 4.8 Specimen 7 1.5 5.8 

Specimen 3 1.4 5.1 Specimen 8 1.8 3.0 

Specimen 4 1.3 4.7 Specimen 9 1.3 4.6 

Specimen 5 1.2 4.1 Specimen 10 1.3 4.8 

Flexural failure of the glazing panel is considered to be unlikely (risk is as low as 0.5 %) 

when subject to a quasi-static force of 2 kN (refer the curve related to 10 m/s loading rate in 

Figure 4.25). It is shown in Table 5.1 that the amount of quasi-static force delivered by the 

impact was even lower. Thus, failure by flexure is considered unlikely in the considered 

impact scenarios. Hertzian fracture is therefore considered to be the predominant cause of 

failure. 
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5.4.3 Cumulative probability distribution of failure loads 

The failure loads as recorded from the experiments were ranked and presented in the form 

of probability plots to identify the most suitable probability distribution function to represent 

the impact failure loads (Figure 5.9). The value of the failure load of the specimen shown in 

Figure 5.8 is identified by the red circle on the respective probability plots. Normal, Log-

Normal, Weibull and three-parameter Weibull probabilistic distribution functions were 

adapted to superimpose on the test results in order that the best-fitted distribution function 

could be evaluated by referring to the AD and P-value using the Minitab statistical software 

[151]. 

The values of AD and P-value (Figure 5.9) indicate that Log-Normal distribution function was 

better suited to representing the cumulative probability distribution behaviour of the failure 

load than other distribution functions. Thus, the Log-Normal distribution function with mean 

and SD values of 4.41 kN and 1.35 kN, respectively has been used for representing the 

cumulative probability distribution function of the failure loads (Figure 5.10). 

 

Figure 5.9. Probability plot of recorded Hertzian failure loads  
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Figure 5.10. Ranking of recorded Hertzian failure loads for 62.5 mm Dia. indenter  

5.4.4 Comparison of experimental and simulated results 

The CPD functions so obtained from the simulated and experimental results (as plotted on 

Figure 5.5 and Figure 5.10 respectively for a simulated sample size of N = 20) are shown for 

comparison in Figure 5.11a demonstrating good consistency. The hypothesis that the same 

statistical model for flaw size distribution (defined by Eq. (4.9)) can be used to predict both 

Hertzian and flexural failure in annealed glass has been validated. The degree of 

consistency is shown to be maintained as the sample size of simulated failure loads was 

increased to N = 50 (Figure 5.11b). Values of the coefficient of determination (𝑅2) as defined 

by Eq. (4.8) between the experimental and simulated results are 0.997, for both sample 

sizes of N = 20, and 50.  

  

(a) For 20 simulated samples (b) For 50 simulated samples 

Figure 5.11. Recorded and simulated failure loads for 62.5 mm Dia. indenter 

In summary, the simulation procedure introduced in this study can be used to predict the risk 

of Hertzian fracture based on existing deterministic relationships (that has been presented in 

Section 5.2) alongside the statistical model for distribution of flaw size (as defined by Eq. 

(4.9)). 
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5.5 Application of stochastic model for modelling the conditional probability 

of failure of glass in hail impact scenarios 

5.5.1 Contact force as controlling parameter 

Studies on Hertzian fracture as presented in the earlier parts of this chapter were based on 

experiments employing a steel indenter object that allowed an accelerometer to be attached 

for measuring acceleration (hence, impact force). The effects of the hardness of the indenter 

object have not been taken into consideration in these experiments. Thus, the amount of 

impact intensity required to initiate Hertzian fracture could have been misrepresented for 

cases where the impactor was not as hard as steel. In other words, research findings 

derived from tests employing steel impactor may lack generality. It was stated in Auerbach's 

law [120] that a cone crack would initiate when the value of the contact force reached a 

critical value which was directly proportional to the radius of a spherical indenter object. 

According to the principles of fracture mechanics, crack propagation would be triggered once 

the level of stress at the tip of a flaw exceeded a certain limit [116, 142]. The state of stress 

depends on the size of the indenter object and the amount of contact force generated on 

impact. Consequently, the value of the failure load is essentially a function of the properties 

of the Griffith flaws and the level of stress surrounding the flaws. The amount of stresses 

developed at the point of contact is controlled by the contact force. The probability of 

Hertzian fracture being triggered in a glazing panel can be found by reading from the 

respective CPD charts for a given contact force value (Figure 5.11). In other words, the risk 

of Hertzian fracture can be predicted reliably without the need to accelerate an indenter 

object onto a glazing specimen provided that reliable information on contact force is 

available. 

5.5.2 Measurement of contact force 

The innovative experimental device as shown in Figure 2.8 was used for measuring the 

contact force values generated by the impact of hailstones on a glazing specimen [67, 102]. 

Obviously, it would be infeasible to take acceleration (or force) measurements by attaching 

any sensor device to an ice specimen. A custom-made measurement device was therefore 

used instead.  

A gas gun was used to accelerate the 50 mm in diameter simulated hail ice (SHI) specimens 

to the desired velocity for measuring the contact force using the custom-made device. 

Impact experiments involving the device cannot possibly cover all impact scenarios (defined 

by the size and velocity combinations). Thus, the simulation model introduced by Sun, et al. 

[67] and Perera, et al. [102] was employed for calculating contact force values covering 
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impact scenarios that had never been tested. Results of the simulation model were then 

used to develop design charts for the prediction of the contact force values for specific 

impact scenarios that are defined in terms of the mass-velocity combination scenarios 

(Figure 5.12) [161]. Additionally, the freefall velocity of the hailstone as function of its size 

was estimated using Eq. (5.7) [162, 163]. 

𝑣𝑓 = √
4𝜌ℎ𝑎𝑖𝑙𝐷ℎ𝑎𝑖𝑙𝑔

3𝜌𝑎𝑖𝑟𝐶𝐷
 

(5.7) 

where, 𝜌ℎ𝑎𝑖𝑙 is the hail density, 𝐷ℎ𝑎𝑖𝑙 is the diameter of the hail in cm, 𝜌𝑎𝑖𝑟 is the air density 

and 𝐶𝐷 is the drag coefficient. 

In summary, the design chart shown in Figure 5.12 enables the contact force of hail impact 

to be predicted accurately for any given size-velocity combination of the striking hailstone. 

Alternatively, contact force values associated with the vertical strike of hail under freefall can 

also be predicted for any given size of hailstone. 
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Figure 5.12. Hailstones generated contact force values 

5.5.3 Stochastic modelling of Hertzian fracture: a case study of hail impact  

Given the amount of information on hail impact, the risk of Hertzian fracture in glass can be 

calculated for any given hail impact scenario. For example, consider the scenario of 40 mm 

and 62.5 mm diameter hail at an incident velocity of 30 m/s. Here, the value of the contact 

force developed at the point of contact was predicted to be 2.4 kN for 40 mm diameter hail at 

a velocity of 30 m/s (Figure 5.12). The CPD of failure load required to trigger Hertzian type of 

fracture in annealed glass panels has been derived by employing the stochastic simulation 

methodology presented in the earlier sections of this chapter (Figure 5.13). The probability of 

failure by Hertzian fracture for impact by a 40 mm diameter hail at an impact velocity of 30 
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m/s generating a contact force of 2.4 kN is shown to be 35 % for annealed glass (Figure 

5.13a). 

Additional predictions were obtained when the diameter of hail was increased from 40 mm to 

62.5 mm (with impact velocity remaining at 30 m/s). The value of the contact force 

developed at the point of contact was calculated to be 5.3 kN (Figure 5.12). The risk of 

failure by Hertzian fracture is accordingly 80 % for annealed glass (Figure 5.13b). 

 

(a) Hail scenario of 40 mm Dia. and velocity of 30 m/s 

 

(b) Hail scenario of 62.5 mm Dia. and velocity of 30 m/s 

Figure 5.13. CPD of load of failure by Hertzian fracture in glass 

Additional simulation studies were undertaken for estimating the flexural failure load of 

annealed glazing panels of two different thicknesses based on the methodology proposed in 

Chapter 4. Cumulative probability distribution functions for panel of dimensions: 270 mm × 

270 mm × 2 mm and that of dimensions: 270 mm × 270 mm × 5 mm were derived as 

shown in Figure 5.14.  
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Consider the scenario of 62.5 mm diameter hail at an incident velocity of 30 m/s as given by 

the example presented in this section. The value of the quasi-static force developed at the 

support was predicted (from Eq. (2.9)) to be 1.3 kN and 5 kN for 2 mm and 5 mm thick 

glazing panels respectively. The probability of failure of the glazing panels by flexure for the 

considered impact scenario is inferred at close to 100 % for the 2 mm thick panel (Figure 

5.14a), and only about 50 % for the 5 mm thick panel (Figure 5.14b). 

The calculated results show that in the same hail scenario, the risk of failure of a 2 mm thick 

glazing panel is close to 100 % and the dominant failure mode is flexure (Figure 5.14a). In 

contrasts, the risk of failure of a 5 mm thick glazing panel is about 80 % and the dominant 

failure mode is Hertzian fracture (Figure 5.13b). 

 

(a) 270 mm × 270 mm × 2 mm size glazing panels 

 

(b) 270 mm × 270 mm × 5 mm size glazing panels 

Figure 5.14. CPD functions of 2 mm and 5 mm thick glazing panels for hail scenario of 62.5 

mm Dia. and velocity of 30 m/s 



Chapter 5 Probabilistic modelling of Hertzian fracture of glass by impact of a flying object 

 

Mahil Pathirana – PhD Thesis 110 

 

5.6 Conclusion 

In the previous chapter, stochastic simulations were undertaken to derive the probability of 

failure of glass. The calibrated flaw density and statistical distribution of flaw size were 

central to the stochastic model, which was proven to be sufficiently robust in view of the 

good accuracy of predictions when applied to glazing panels of varying dimensions. 

However, only results taken from (quasi-static) tests to flexural failure had been incorporated 

into the modelling. The Hertzian fracture was not considered. 

In the current study, stochastic simulations based on Hertzian fracture were undertaken. The 

proposition was that the statistical model of flaw size distribution would accurately reflect 

relevant physical properties of Griffith flaws and would not merely be artefacts of 

mathematical modelling in order that the model derived initially for flexural failure could be 

employed (unaltered) for simulating failure that was triggered by Hertzian fracture as well. 

The outcome of the simulation exercise was a cumulative probabilistic distribution function of 

failure triggered by Hertzian fracture for varying values of contact force (for a given steel 

indenter object). Significantly, the hypothesis presented in this chapter has been validated by 

comparison of simulated and experimental results of impact tests which involved dropping 

onto annealed glazing specimens a steel indenter object which was fitted with an 

accelerometer for measuring contact force. 

In the final section of the chapter, the validated stochastic model was used for deriving the 

probability of Hertzian fracture in annealed glass for given hail impact scenarios. The contact 

force values required for input into the probabilistic function (presented in the form of CPD 

charts) have been determined for any given size-velocity combination of the hailstone. The 

risk of Hertzian fracture inflicted by hail impact can therefore be obtained for any given hail 

scenario without the need of accelerating ice specimens onto glazing panel specimens. 
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Chapter 6 Prediction of impact capacity of 

toughened glass specimens  

6.1 Introduction 

Previous studies presented in the literature on predicting damage to toughened glazing 

panels by the impact of flying objects were focused on impact experimentations and 

numerical simulation. The effect of the impact load on the failure mode of a glazing 

specimen has been neglected [24, 62, 126, 164-168]. The major shortcoming of an impact 

test (by the use of a gas gun, for example) is that the test in itself provides little information 

over the resistant capacity of the specimen for comparison with the estimated impact action. 

In addition, few codified design guidelines are available to quantify the impact resistance of 

glass other than specifying an allowable stress of 170 MPa for a toughened glass specimen 

[115]. What is required is to properly quantify an impact action instead of simply conducting 

impact tests and observing damage to specimens representing the target. 

With toughened glass panels pre-compressive stresses are introduced to the surface for 

increasing the failure strength well above that of annealed glass. In this Chapter, the same 

iterative procedure which was introduced in Chapter 4 and Chapter 5 for determining the 

value of failure load of annealed glass is extended for toughened glazing panels. Finally, the 

risk of failure of a toughened glazing panel for a given hail impact action was estimated 

based on both flexural and Hertzian failure modes. 

Quasi-static experiments at 600 mm/min loading rate were conducted on toughened glass 

specimens using a standard test rig and failure loads were recorded. The cumulative 

probability distribution of failure loads were used to calibrate flaw size distribution function of 

the tested glass panels by the use of a modified stochastic simulation model (specifically for 

toughened glass panels) in Section 6.2. The limiting stress value to cause flexural failure of a 

glass panel depends on the timing of the load application. The rate of loading was also taken 

into account when developing the CPD of failure load. The risk of flexural failure of a glazing 

panel when subject to the impact of a hailstone was inferred by comparing the value of 

quasi-static force generated by the impact action with the relevant CPD curve for the 

particular loading rate. Design charts were then developed for estimating the risk of failure 

by flexure of different sizes of glazing panels at different hail impact scenarios (Section 

6.2.4). 

Hertzian failure load values can also be obtained by the use of another stochastic simulation 

procedure involving the calibrated flaw size distribution function (Section 6.3). Drop tests 
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were conducted using an 80 mm diameter steel ball (with an attached accelerometer) to 

verify the simulated failure loads that triggered Hertzian fracture. The CPD of failure load 

was compared with contact force values generated by the impact action to infer the 

probability of failure by Hertzian fracture. The ultimate probability of failure of a glazing panel 

for a given impact scenario (namely velocity, size and type of the projectile) was then 

estimated by taking the summation of the probability of failure by flexure and Hertzian 

fracture (Section 6.4). The introduced methodology in this chapter can be successfully 

implemented in predicting the damage to toughened glazing specimens caused by the 

impact of any type of projectiles. 

6.2 Predicting probability of failure by flexure in toughened glass 

6.2.1 Experimental setup 

Quasi-static experiments have been conducted to obtain the failure loads of toughened glass 

specimens. The entire test setup is shown in Figure 6.1. Specimens of glazing panels of 

size: 450 mm × 450 mm × 6 mm were tested at a loading rate of 600 mm/min. The 

specimens were simply supported on a wooden frame. A 60 mm in diameter steel rod was 

used to apply the point load on a standard 500 kN MTS machine. The area exposed to the 

loading was 430 mm × 430 mm. The mechanical properties of the glass specimens are as 

listed in Table 4.1. 

 

Figure 6.1. Experimental setup 

6.2.2 Cumulative probability distribution of failure loads 

The glazing specimens were loaded by means of the steel rod up to the point of failure and 

the breaking load was recorded. In total 8 glazing specimens have been tested at a loading 

rate of 600 mm/min. Failure pattern of a broken specimen is shown in Figure 6.2. The 

60 mm diameter 
steel rod 6 mm thick toughened glass 

specimen 

500 kN MTS Machine 

Timber frame 
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recorded breaking load of this specimen was 6.3 kN. Failure load of tested specimens were 

varied randomly. Results were ranked and presented in the form of probability plot in order 

to identify the most suitable probability distribution function (Figure 6.3). The failure load of 

the specimen shown in Figure 6.2 is identified by the red circle on the probability plot. Test 

results have been superimposed onto probabilistic distribution functions of: Normal, Log-

Normal, Weibull and three-parameter Weibull which were operated upon by the use of the 

Minitab statistical software [151]. To evaluate the relative performance of these best-fitted 

distribution functions, the AD and P-value parameters have been determined. 

  

Figure 6.2. Failure pattern of a broken specimen 

 

Figure 6.3. Comparison of probability plot of experimental results 

The review of AD and P-Values (Figure 6.3) shows that the Log-Normal distribution function 

was better suited for representing the cumulative distribution behaviour of the failure loads. 

The Log-Normal distribution function with statistical parameters of 1.92 kN and 0.2 kN has 

been adopted for constructing the CPD curve of failure loads as illustrated in Figure 6.4. 
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Figure 6.4. CPD with connecting line and distribution fit for experimental failure loads 

The CPD of failure load shown in Figure 6.4 is valid for 600 mm/min loading rate. The 

limiting stress value to cause fracture of the glass panel depends on the timing of the load 

application [158]. Thus, the rate of loading should be taken into account when calculating the 

cumulative probability of failure of glazing panels. The stochastic methodology which was 

introduced in Chapter 4 for simulating failure of annealed glass under the transient action of 

point contact has been modified in this chapter for simulating the behaviour of toughened 

glass panels. 

6.2.3 Stochastic simulations of flexural failure in toughened glass 

The developed stochastic simulation procedure was based on defining (1) value of flaw 

density, (2) parameters of the probabilistic distribution of the flaw size, (3) limiting equivalent 

3-second stresses (𝜎𝑒𝑓) to initiate fracture and (4) variation of equivalent 3-second stress 

(𝜎𝑒) of the glazing panel with the applied load. In the current study, the value of flaw density 

was adopted as 1.5 flaws/cm2. This value was verified for annealed glass panels based on 

experimental data in Section 4.4.2. A program has been developed through VBA for 

repetitively executing all the steps in the stochastic simulation procedure automatically (refer 

Appendix D). The whole simulation procedure developed in VBA is explained in a stepwise 

manner as shown in the following. 

Connect line 

Distribution fit according to 
Log-Normal distribution 
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6.2.3.1 Implementation of VBA procedure 

 

Figure 6.5. Steps of the simulation procedure 

The estimated failure loads for a given sample size of “N” was adapted for developing CPD 

function in Minitab statistical software [151]. The simulated failure loads were then compared 

with experimental results for the calibration of flaw size distribution function. The mean and 

standard deviation of the flaw size distribution was then estimated at a condition when good 

agreement is found between the simulated and experimental CPD functions. 

Estimation of equivalent 3-second stress 

The equivalent 3-second stress (𝜎𝑒) is a hypothetical constant stress conditions that applied 

on a glazing panel during 3 seconds time period (for more details refer Section 2.5.3). The 

conversion of actual stresses into equivalent 3-second stresses can be achieved by the use 

of Eq. (2.30). In the conversion procedure, the amount of stresses developed in the glazing 

panel was first obtained by the use of a finite element (FE) model. The model was developed 

in program LS DYNA by assuming linear material and sectional properties. Solid elements 

were used to model the toughened glass specimens (of size 450 mm × 450 mm × 6 mm) as 

per the material properties mentioned in Table 4.1. Size of one element is 5 mm × 5 mm × 3 

mm. The point load was applied at the centre of the plate. The load was increased by ten 

steps as 1 kN per step until the maximum load is equal to 10 kN. Figure 6.6 shows contours 

of principal stresses at the point load of 5 kN. 

Estimate equivalent 
3 s stresses  

Randomly generate 
a flaw size 

Calculate equivalent 
limiting stress and failure 

load of each flaw 

Select the lowest load as 
failure load of glass panel  

Repeat the same procedure 
“N” times with different 

randomisation of Griffith flaws 
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(a) Major principal stress (𝜎1) distribution (b) Minor principal stress (𝜎2) distribution 

Figure 6.6. Principal stress distribution at 5 kN load in N/m2 

Glass panels are undergoing biaxial stress state conditions when subject to a point force. 

The initiation of the fracture at the tip of a Griffith flaw depends on both stress values that co-

existing in orthogonal directions. The equivalent uniaxial stress (𝜎𝑈) which gives the same 

effect as in biaxial conditions for all elements in the FE model was calculated by Eq. (4.1) for 

known values of major principal stress (𝜎1), the minor/major principal stress ratio (𝛼), and 

Poisson’s ratio (𝑣). The principal stress values were obtained by use of the FE model 

developed in LS DYNA (Figure 6.6). A Part of a developed Excel spreadsheet for calculation 

of uniaxial stresses (𝜎𝑈) is shown in Figure 6.7. 

 

Figure 6.7. Developed Excel spreadsheet for the calculation of uniaxial stresses (where all 

stresses are in N/m2) 
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Uniaxial stresses developed in the glazing panel (𝜎𝑈) were converted into equivalent 

constant stress values (𝜎𝑒) applied for a known 𝑡𝑒 duration of time (3 seconds). The 

conversion of actual stresses into equivalent stress values was achieved by the use of Eq. 

(2.30) as described in Section 4.2.2.1. The time history of the applied load was made the 

same as the loading rate for the quasi-static experiments (600 mm/min). The relationship of 

equivalent 3-second stress with the amount of load applied on the glazing panel was 

established for all elements in the FE model as shown in the Excel spreadsheet of Figure 

6.8.  

 

Figure 6.8. Developed Excel spreadsheet for the calculation of equivalent 3-second stress in 

N/m2 

Randomly generate a flaw size 

It has been found that flaw sizes follow Log-Normal distribution function according to the 

observed results in Chapter 4. Hence, flaw sizes in toughened glass panels were also 

considered to be following Log-Normal distribution function. The values of mean and 

standard deviation were expected to be in the range of 20 - 100 µm and 20 - 60 µm 

respectively. Initially, the flaw sizes were randomly generated by assuming values of mean 

and SD as 25 µm and 20 µm respectively (Figure 6.9). The size of the individual flaws was 

allocated to individual finite elements in a random fashion. The element number (from 1 to 

8100) was generated randomly as per the uniform distribution function. 
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Figure 6.9. Adopted Log-Normal distribution function  

Calculation of equivalent limiting stress (𝝈𝒆𝒇) and failure load of glazing panels 

Limiting stress values (𝜎𝑒𝑓) to initiate fracture depends on the size of the flaw and the timing 

of load application on the glazing panel alone with the parameters namely 𝐾𝐼𝐶 , 𝑛, 𝑣0 and 𝑌 

which are characterising the crack development behaviour of glass as given in Eq. (2.31). 

Here, limiting failure stress is given for a known 𝑡𝑒 duration of time. In this study 

corresponding reference load duration (𝑡𝑒) was considered as 3 seconds which is same as 

the time duration considered when calculating the equivalent constant stress (𝜎𝑒).  

The calculated limiting stress values (by Eq. (2.31)) are valid for annealed glazing panels 

where the residual stresses inside the glazing specimen is zero. Toughened glass panels 

have pre-compressive stresses on the surface to increase its failure strength. The behaviour 

of a toughened glazing panel under an externally applied point load can be represented as 

shown in Table 6.1. 
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Table 6.1. The behaviour of toughened glass specimens under external load 

 This is the initial stage of toughened glazing 

panel. Only residual stresses developed 

during the tempering process exists within 

the panel. 

 
When the external load is applied, tensile 

stresses are developed in the bottom surface 

of the glazing panel. 

 The actual stress values within the glazing 

panel are shown here. The failure stress may 

be calculated by adding both residual 

stresses (compressive) and, the stress 

developed due to the external load (tensile) 

at the time of failure. 

The typical value of residual compressive stress of the surface of a toughened glass panel 

varies in between specimens in the range: 80 MPa to 180 MPa [115]. The amount of stress 

required to trigger fracture from a certain flaw located in a toughened glazing panel was 

estimated by taking the sum of the residual stress of the glazing panel (which was randomly 

generated as per uniform distribution of between 80 MPa and 180 MPa) and the limiting 

stress to trigger fracture from the considered flaw (which was calculated by the use of Figure 

6.7, Figure 6.8 and the equivalent limiting stress (𝜎𝑒𝑓) given by Eq. (2.31)).  

For example, consider a 50 m size flaw located in the element number of 4021 in a 

toughened glass specimen which has residual stress of 100 MPa (which was randomly 

generated in a uniform distribution function between 80 MPa to 180 MPa). The value of  𝜎𝑒𝑓  

of the considered flaw is equal to 32.7 MPa (Eq. (2.31)). Then, the amount of load required 

to trigger fracture from this size of flaw (without considering residual stresses inside the 

glass panel) is inferred to be approximately 8.3 kN (from Figure 6.8). The amount of actual 

uniaxial stress that the flaw is exposed when subjected to the point load of 8.3 kN is 42.1 

MPa (from Figure 6.7). The amount of total stress that is required to trigger fracture from the 

considered element (including residual stresses) is therefore equal to 142.1 MPa (by adding 

both 100 MPa and 42.1 MPa). The relevant failure load is 31.5 kN (Figure 6.7). This is the 

amount of load required to trigger fracture from the considered flaw (50 m) that is located in 
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the considered element (element number of 4021) of the toughened glass panel. The same 

calculation procedure has been repeated for other Griffith flaws on the glass pane. The 

failure load on the glass plate as a whole was then taken as the lowest load to trigger 

fracture in every considered flaw size. The same procedure was repeated “N” times with 

different randomisation of Griffith flaws in order to develop the CPD of the failure load. 

6.2.3.2 Estimation of mean and SD of flaw size distribution function 

Initially, the size of Griffith flaws was varied according to the probabilistic distribution function 

defined in Figure 6.9. The simulated failure loads were obtained for 100 sample size (N = 

100). The same simulation procedure was repeated for mean values of 50 µm and 75 µm 

and standard deviation of 20 µm for the same sample size of 100. CPD functions of failure 

load were developed and compared with the experimental results (Figure 6.10). The mean 

value of 50 µm and SD of 20 µm show better match with experimental results than the other 

probabilistic distribution functions. However, the mean value of flaw size distribution is not 

exactly 50 µm as the minor mis-match could still be seen. 

 

Figure 6.10. Comparison of simulated failure loads with experimental results for different 

mean values and SD of 20 µm. 

By minor adjustments to the mean value of the flaw size distribution, the statistical 

parameters of 3.547 µm and 0.75 µm (mean and SD are 46 µm and 40 µm respectively) in 

Log-Normal distribution function was identified as the best representation of the 

experimental results. The probability density function of flaw size distribution can be written 

as in Eq. (6.1). Interestingly, the flaw size distribution of the toughened glass specimens is 

almost identical to the flaw size distribution of the annealed glass specimens. 

𝑓(𝑎) =
1

0.75 × 𝑎 × √2𝜋
𝑒𝑥𝑝 [−

1

2
(

𝑙𝑛𝑎 − 3.547

0.75
)

2

] 
(6.1) 
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6.2.4 Predicting probability of damage by flexural failure 

The proposed methodology has been adopted for estimating the probability of damage on 

450 mm × 450 mm × 6 mm size toughened glazing panels by an impact of 70 mm diameter 

spherical hailstone weighing 0.11 kg at a velocity of 60 m/s in a storm scenario. The weight 

of the glass plate is 3 kg and, the value of the Young’s Modulus and Poisson’s ratio are as 

listed in Table 4.1. 

The deflection demand of an impact action can be calculated by the use of the generic 

expression (Eq. (2.6)) developed based on energy principles [65, 69, 70]. In the considered 

impact scenario the generalized mass and the generalized stiffness of the glass plate were 

calculated to be 0.76 kg and 626.2 kN/m respectively [71]. COR value was considered to be 

0.05. Deflection demand of the considered impact scenario can be calculated as shown by 

Eq. (6.2). 

∆= 0.4 ×  
0.16 × 60

√0.16 × 626247
= 12.1 𝑚𝑚 

(6.2) 

The amount of reaction force (𝐹𝑟) to emulate the same amount of deflection is accordingly 

given by Eq. (6.3). 

𝐹𝑟 =  𝑘2 × ∆= 626247 × 0.012 = 7.6 𝑘𝑁 (6.3) 

The rate of loading should be considered when calculating the probability of failure as the 

limiting stress value to cause fracture depends on the timing of load application. The loading 

rate of the glazing panel for the considered impact scenario was calculated as shown by Eq. 

(6.4) [70]. CPD of failure loads were developed for three loading rates by the use of the 

developed simulation model (Figure 6.11). The probability of failure is inferred to be 40 % 

from the reading off from the curve representing loading rate of 10 m/s in Figure 6.11. 

𝑣2 =
𝑣1(1 + 𝐶𝑂𝑅)

1 + 𝛼
=

60 × (1 + 0.05)

1 + 4.75
= 11 𝑚/𝑠 

where, 𝑣2 is the velocity of the target. 

(6.4) 
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Figure 6.11. Simulated failure loads for 450 mm × 450 mm × 6 mm glass panels at different 

loading rates 

Quasi-static forces generated by a range of size-velocity combinations of hail on 450 mm × 

450 mm × 6 mm size glazing panels is depicted in Figure 6.12. The impact conditions that 

are related to 5 % risk of failure of toughened glazing panels (by flexure) are represented in 

line “A” on Figure 6.12. The derived impact conditions have already been incorporated the 

loading rate effect on the failure strength of the glazing panels. It is shown in the figure that 

the probability of failing a glass specimen by flexure in a hail impact scenario located above 

line “A” is more than 5 %. Line “B” represents the impact conditions that are related to the 

same risk of failure (5 %) without incorporating the loading rate effect, which significantly 

underestimates the critical failure conditions.   
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Figure 6.12. Hailstone generated quasi-static forces on 450 mm × 450 mm × 6 mm size 

glazing panels  

Impact conditions that are related to 5 % - 95 % risk of failure of 450 mm × 450 mm × 6 mm 

size toughened glazing panels by flexure was developed as shown in Figure 6.13. It can be 

inferred (from Figure 6.13) that approximately 95 % of glazing panels would not fail when a 

62.5 mm in diameter hail impact at 60 m/s velocity. Likewise, Figure 6.13 can be adapted for 

predicting the risk of flexural failure of 450 mm × 450 mm × 6 mm size toughened glazing 

panels for any given hail impact conditions.  

 

      5 % risk of failure with loading rate effect          5 % risk of failure without loading rate effect B A 
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Figure 6.13. Risks of flexural failure of 450 mm × 450 mm × 6 mm size glazing panels 

The same stochastic simulation procedure was adapted for developing the CPD of failure 

loads for glazing specimens of size: 250 mm × 250 mm × 6 mm and 900 mm × 900 mm × 6 

mm at different loading rates (Figure 6.14). The CPD functions so obtained from the 

simulation model for three sizes of glazing panels at 10 m/s loading rate are shown for 

comparison in Figure 6.15. In a larger glazing panel, flexural stresses that are developed 

within the point of load application zone is higher than that of the smaller panels. Thus, the 

risk of failure increases with increasing the size of the glazing panel for a given quasi-static 

load [118]. 

 

(a) for 250 mm × 250 mm × 6 mm glass panels 
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(b) for 900 mm × 900 mm × 6 mm glass panels 

Figure 6.14. CPD of failure loads for different sizes of glazing panels at different loading 

rates 

 

  

Figure 6.15. Comparison of CPD of different sizes of glazing panels at 10 m/s loading rate 

Impact conditions that are related to 5 % - 95 % risk of failure of 250 mm × 250 mm × 6 mm, 

and 900 mm × 900 mm × 6 mm size glazing panels are also shown in Figure 6.16. The 

severity of impact conditions required to initiate failure by flexure in larger glazing panels is 

significantly higher when compared to smaller size glazing panels. The difference is because 

larger glass panels potentially generate higher inertial resistant to counter the impulsive 

action of the impact which is responsible for flexural failure. For example, consider the same 

hail impact scenario of 62.5 mm in diameter at 60 m/s impact velocity. The risk of failure of a 

250 mm × 250 mm × 6 mm size panel is equal to approximately 95 % whereas for a 900 

mm × 900 mm × 6 mm size panel is close to 0 % (Figure 6.16). 
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(a) Risks of flexural failure of 250 mm × 250 mm × 6 mm size glazing panels 

  

(b) Risks of flexural failure of 900 mm × 900 mm × 6 mm size glazing panels 

Figure 6.16. Impact conditions related to 5 % - 95 % risk of failure by flexure of different 

sizes of glazing panels 

6.3 Predicting probability of failure by Hertzian fracture in toughened glass 

6.3.1 Deterministic modelling of Hertzian fracture of toughened glass 

The same iterative procedure introduced in Section 5.2 for determining the value of the 

failure load (𝑃𝑐𝑟) of annealed glass has been extended to toughened glazing panels. The 

effects of the residual compressive stresses on the Hertzian failure load can be taken into 

account by incorporating into the modelling the fracture surface energy (the value of which is 

uniformly distributed within the range: 20 to 25 Jm-2).  
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The value of the capacity of punching (𝑃𝑐) can be found at every contact radius value by the 

use of Eqs. (5.1) & (5.3) for any known value of fracture surface energy (which was 

randomly generated in a uniform distribution function between 20 Jm-2 to 25 Jm-2) along with 

parameters (namely 𝑟𝑜 and 𝑐) which characterise the behaviour of the critical flaw affecting 

the failure load (refer Figure 5.1). The value of the applied contact force (𝑃) can also be 

found at every contact radius value by back calculation using Eq. (5.2). The amount of failure 

load to trigger Hertzian fracture (𝑃𝑐𝑟) may then be found by the use of an iterative procedure 

as in the case of annealed glass (which was illustrated in Figure 5.3 and the associated text 

in Section 5.2). 

6.3.2 Stochastic simulations of Hertzian fracture of toughened glass 

The stochastic simulation procedure introduced in Section 5.3 for annealed glass can be 

adapted for constructing the CPD of limiting contact force to trigger Hertzian fracture in 

toughened glass. The flaw size distribution function was as given in Eq. (6.1). The same 

procedure described in Section 5.3 for annealed glass is applied and repeated “N” times with 

randomly generated Griffith flaw sizes to obtain a list of failure load values which were then 

ranked to construct the CPD of failure load to trigger Hertzian fracture. The CPD function so 

obtained for toughened glass is shown (for N = 20) in Figure 6.17.  

 

Figure 6.17. Ranking of simulated Hertzian fracture loads for 80 mm Dia. indenter 

6.3.3 Experimental validation of stochastic model for toughened glass 

This section verifies the accuracy of the simulated failure loads of toughened glass 

specimens (Figure 6.17) by comparison against results so obtained from the impact 

experiments. The impact experiments on toughened glazing panels were conducted to 

estimate failure loads that triggered Hertzian fracture. The test setup is as shown in Figure 

6.18. An 80 mm diameter steel indenter (with an attached accelerometer) was dropped over 

Connect line 

Distribution fit according to 
Log-Normal distribution 
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the glazing specimens of dimensions: 450 mm × 450 mm × 6 mm to apply the impact load. 

A total of eight specimens were tested by releasing the spherical indenter object from a 

height of 1.8 m which was sufficiently high to break the glazing panels. The failure load value 

was obtained by multiplying the mass of the indenter by its maximum acceleration in the 

same manner as for annealed glass panels. Total weight of the steel ball including the eye 

nut was 2.7 kg. The area which was exposed to the loading was 430 mm × 430 mm. 

  

Figure 6.18. Experimental setup for toughened glass 

The failure pattern of a typical broken specimen of toughened glass is shown in Figure 6.19. 

Results so obtained from the impact experiments were used to develop experimental CPD 

functions of the failure load (Figure 6.20).  

 

Figure 6.19. Broken toughened glass specimen 

Toughened glass 
specimen 

Impactor with attached 
accelerometer 

Steel impactor and a glass panel 
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Figure 6.20. Ranking of recorded Hertzian failure loads for 80 mm Dia. indenter 

The CPD functions so obtained from the simulated and experimental results (as plotted in 

the graphs shown in Figure 6.17 and Figure 6.20 respectively for a simulated sample size of 

N = 20) are shown for comparison in Figure 6.21a demonstrating good consistency. The 

coefficient of determination (𝑅2) was 0.98 between the experimental and simulated results 

corresponding to sample sizes of 20 and 50. 

  

(a) For 20 simulated samples (b) For 50 simulated samples 

Figure 6.21. Recorded and simulated failure loads for 80 mm Dia. indenter 

6.3.4 Predicting probability of damage by Hertzian fracture 

The proposed methodology has been adopted for estimating the probability of damage by 

Hertzian fracture on 450 mm × 450 mm × 6 mm size toughened glazing panels when 

subject to the same impact conditions (70 mm in diameter hail impact at 60 m/s velocity) as 

given in Section 6.2.4 for estimating the probability of damage by flexure. The value of the 

contact force developed at the point of contact was predicted to be 16.9 kN for 70 mm 

diameter hail at an impact velocity of 60 m/s (Figure 5.12). The CPD of failure load to trigger 

Hertzian type of fracture in toughened glass by a 70 mm diameter indenter has been derived 
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by employing stochastic simulation methodology presented in Section 6.3.2 (Figure 6.22). 

The probability of failure by Hertzian fracture for impact by a 70 mm diameter hail at an 

impact velocity of 60 m/s generating a contact force of 16.9 kN is shown to be 95 % (Figure 

6.22). 

 

Figure 6.22. CPD of failure load by Hertzian fracture in glass by 70 mm Dia. indenter 

The CPDs of failure load to trigger Hertzian fracture have been developed for different sizes 

of projectiles by the use of the same stochastic simulation procedure (Figure 6.23). Impact 

conditions related to 5 % - 95 % risk of failure of toughened glazing panels (by Hertzian 

fracture) were then developed as shown in Figure 6.24. The probability of failure by Hertzian 

fracture is little affected by the dimensions of the glazing panel as it is a localized 

phenomenon. Hence, the developed probability curves are valid for any size of toughened 

glazing panels which follow the same flaw size distribution function. It can be inferred (from 

Figure 6.24) that approximately 95 % of glazing panels would fail when a 62.5 mm in 

diameter hail impacts at 60 m/s velocity. 
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Figure 6.23. CPDs of failure load to trigger Hertzian fracture for different sizes of projectiles 

  

Figure 6.24. Impact conditions related to 5 % - 95 % risk of failure by Hertzian fracture 

6.4 Predicting ultimate probability of failure of toughened glazing panels 

under hailstone impact conditions 

Analytical and experimental relationships have been developed for estimating the amount of 

load to initiate flexural failure and Hertzian fracture in toughened glass panels. This section 

presents the predicting of ultimate risk of failure of a 450 mm × 450 mm × 6 mm size 

toughened glass specimens when subject to strike of a 70 mm diameter hailstones at an 

impact velocity of 60 m/s based on two different failure modes identified herein as flexural 

and Hertzian fracture.  
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The probability of failure by flexure and Hertzian fracture under the considered impact 

scenario were estimated to be 40 % (from Section 6.2.4) and 95 % (from Section 6.3.4) 

respectively. A general expression for estimating the ultimate risk of failure of glazing panels 

in probabilistic terms was written as shown in Eq. (6.5) [169]. It is considered that flexural 

failure and Hertzian fracture are not mutually exclusive events. Hence, the risk of failure of 

the glazing panel for the considered impact conditions was predicted to be 97 % (from Eq. 

(6.5)) and the dominant damage mode is Hertzian fracture. 

𝑃(𝑓𝑙𝑒𝑥𝑢𝑟𝑒 𝑜𝑟 𝐻𝑒𝑟𝑡𝑧𝑖𝑎𝑛) =  𝑃(𝑓𝑙𝑒𝑥𝑢𝑟𝑎𝑙) + 𝑃(𝐻𝑒𝑟𝑡𝑧𝑖𝑎𝑛) − 𝑃(𝑓𝑙𝑒𝑥𝑢𝑟𝑒 𝑎𝑛𝑑 𝐻𝑒𝑟𝑡𝑧𝑖𝑎𝑛) (6.5) 

The developed probability charts (Figure 6.13, Figure 6.16 and Figure 6.24) could be 

adapted for predicting the ultimate risk of failure of different sizes of glazing panels. For 

example, when a 62.5 mm in diameter hail strikes on 250 mm × 250 mm × 6 mm size 

toughened glass specimens at a 60 m/s impact velocity, the risk of failure is inferred to be 95 

% for both flexure and Hertzian failure modes (from Figure 6.16 and Figure 6.24). The 

ultimate risk of failure of the glazing panel for the considered impact scenario was then 

calculated to be 99.75 % as shown in Eq. (6.6). 

𝑃(𝑓𝑙𝑒𝑥𝑢𝑟𝑒 𝑜𝑟 𝐻𝑒𝑟𝑡𝑧𝑖𝑎𝑛) = 0.95 + 0.95 − (0.95 × 0.95) = 99.75 % (6.6) 

The risk of failure (related to 5 % and 95 %) by flexure and Hertzian fracture has been 

compared in the same plot as shown in Figure 6.25. Both graphs show that the dominant 

damage mode in larger glazing panels is Hertzian fracture given that the larger panels have 

higher inertia resistance to resist the impulsive action. The size of the impactor also has a 

significant effect on the failure mode. The risk of failure by flexure is significant in glazing 

specimens subjected to impact by larger projectiles (Figure 6.25). 
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(a) Hail Impact conditions that are related to 5 % risk of failure 

 

(b) Hail Impact conditions that are related to 95 % risk of failure 

Figure 6.25. Comparison of flexure failure (FF) and Hertzian fracture (HF) of different sizes 

of glazing panels at 5 % and 95 % risk of failure 

6.5 Conclusion 

In this study, the probability of failure of toughened glazing panels when subject to the 

impact of hailstones was studied. Two types of failure modes namely flexural and Hertzian 

fracture can be identified in a glazing panel based on the size of the projectile, dimensions of 

the panel and severity of the force generated at the point of the contact. The experimental 

and analytical investigations have been conducted to develop the CPD function of failure 

loads of both types of failure modes. 
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The flexural failure loads were first obtained for a square glass plate of size: 450 mm × 450 

mm × 6 mm by conducting quasi-static experiments under centrally loaded conditions at a 

loading rate of 600 mm/min. It has been identified that failure loads follow Log-Normal 

distribution function with statistical parameters of 1.92 kN and 0.2 kN. A stochastic 

simulation procedure was then developed to predict the flexural force of glazing panels at 

different loading rates. Parameters of flaw size distribution function were calibrated based on 

the recorded experimental and simulated failure loads. CPDs of failure load were then 

developed at different loading rates based on the calibrated flaw size distribution function. 

Another stochastic simulation procedure was developed for estimating the failure loads that 

triggered Hertzian fracture in toughened glazing panels. The calibrated flaw size distribution 

was adapted for randomly generating a flaw size. The calculated failure loads were verified 

by conducting drop tests on glazing panels by the use of an 80 mm in diameter steel ball. 

Experimentally obtained failure loads matched very closely with that of the simulated failure 

loads.  

The finding of this study was successfully implemented in determining the ultimate 

probability of failure of toughened glazing specimens under the hailstone impact conditions. 

Design charts have been developed for estimating the impact conditions that are related to 5 

% - 95 % risk of failure by flexure and Hertzian fracture. It has been observed that Hertzian 

fracture is more likely with larger glazing panels and smaller projectiles.  
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Chapter 7 Failure prediction of laminated glass 

panels under hail impact conditions 

7.1 Introduction 

Annealed glass is the weakest type of glass, currently used for window panes in building 

[115]. The broken glass panels during extreme weather conditions can contribute to 

increasing internal pressure within a building, potentially resulting in failure of the entire 

structure causing considerable losses and hazards to the occupants [45]. Flying shards from 

broken windows can be fatal. Fractured glass specimens during an impact action fly in a 

similar manner to those in a blast action. The post-blast investigation into the 2004 bomb 

attack in Indonesia revealed that the majority of people inside the building were injured by 

flying shards of the fractured glazing panels [170]. Consequently, it is very important to 

reduce the potential for flying shards of glazing panels in an impact scenario. 

Lin, et al. [171] proposed numerous retrofit methods for mitigating blast-induced damage to 

existing glass panels, which may also be utilised for countering impact-induced damage by 

flying objects. These methods include applying a safety film on the inner surface of the glass 

panel; installing a secondary window; reinforcing mullions, frames, and anchorage; 

introducing catch bars or blast curtain/screens; and the combination of these methodologies. 

Nevertheless, the most pervasive and popular method for diminishing glazing shards is the 

utilisation of laminated glass panels for windows.  

Laminated glass panels are manufactured by adhering two glass piles together with a 

polymer interlayer (Figure 7.1). The type of glass panels may be annealed or toughened, 

with the interlayer material being polyvinyl butyral (PVB) or ethylene-vinyl acetate (EVA). 

The glazing panels’ interlayer retains the broken fragments, preventing them from dispersal 

across the room, thus diminishing the causality rate stemming from the impact action (Figure 

7.2). Additionally, broken specimens may not produce openings through the window pane, 

hence preventing the ingress of water and wind into the building. 
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Figure 7.1. Laminated glass specimen 

 

 

 

 

 

 

 

 

 

 

 

(a) Only the outer ply is fractured by the 

impact of windborne debris 

(b) Under severe wind velocities, glass 

fragments remain bonded to polymer layer 

Figure 7.2. Breakage characteristics of laminated glass 

Studies presented in the literature on predicting the strength of laminated glass panels were 

mostly based on numerical simulations (i.e. FE modelling) [25, 172-176]. However, the 

majority of these investigations assumed that the material characteristics of glass or polymer 

layer are as same as in static conditions, thereby ignoring strain rate effects. Thus, these 

numerical models are invalid under high strain rate conditions. The most common 

disadvantage of finite element models is that the accuracy of the model relies on the 

meshing of the target surrounding the point of contact, alongside the assumed dynamic 

properties of both the impactor and the target [73]. Moreover, high computational time is 

necessary for completing an execution, combined with the requirement for undertaking 

repetitive analyses for tracking the sensitivity to changes in the value of the input variables. 

Impact experimentations are also conducted on laminated glass panels to predict the failure 

strength [25, 177-179]. These results are specific to the type of tested glass specimens and 

cannot be adopted for predicting the strength of other sizes of glass panels for given impact 

Inner glass ply 
Outer glass ply 

Polymer interlayer 
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conditions. In certain investigations, impact experimentation was only conducted as a means 

of calibrating the material properties for input into numerical simulation models. The 

feasibility of conducting repetitive impact experimentation is also challengeable, due to the 

expenditure involved and the time-consuming nature. The alternative method for estimating 

the probability of damage is by the use of stochastic simulation of Griffith flaws. In this 

chapter, the risk of failure of laminated glass panels was predicted by using the stochastic 

simulation methodologies, developed in Chapter 4 and Chapter 5 for annealed glazing 

panels. The parameters of flaw size distribution function were calibrated in Section 7.2, 

based on the failure loads obtained by the use of quasi-static experimentation at 6 mm/min 

loading rate. The CPDs of failure load to trigger flexural failure and Hertzian fracture were 

developed in Sections 7.2.4 and 7.3.2 respectively. Design charts were then developed for 

predicting the impact conditions that are related to 5 % - 95 % risk of failure by flexure as 

well as Herzian fracture. Finally, the ultimate risk of failure of a glazing panel was estimated 

for a given impact condition by taking the summation of both probability of failure values (by 

flexure and Hertzian fracture). The failure was defined herein as the formation of cracks. The 

limit state of containment failure (failure of PVB layer) is beyond the scope of this chapter. 

7.2 Predicting probability of failure by flexure in laminated glass 

7.2.1 Experimental setup 

Quasi-static experiments have been conducted to obtain the failure loads of laminated 

glazing specimens (made of attaching 3 mm thick, two annealed glass panels by a PVB 

layer of 0.38 mm thick). The entire test setup is shown in Figure 7.3. Specimens of glazing 

panels of size: 270 mm × 270 mm × 6.38 mm were tested at a loading rate of 6 mm/min. 

The specimens were simply supported on a wooden frame. A 62.5 mm in diameter steel ball 

was used to apply the point load on a standard 500 kN MTS machine. The area exposed to 

the loading was 250 mm × 250 mm. 
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Figure 7.3. Experimental setup for laminated glass 

7.2.2 Cumulative probability distribution of failure loads 

The glazing specimens were loaded by means of the spherical indenter up to the point of 

failure and the breaking load was recorded as was done for annealed and toughened glass 

panels in Section 4.3 and Section 6.2, respectively. In total, eight glazing specimens were 

tested at a loading rate of 6 mm/min. Failure pattern of a broken specimen is shown in 

Figure 7.4. The recorded breaking load of this specimen was 3.48 kN. The failure pattern is 

almost same as the failure pattern of annealed glass specimens failed by flexure in Section 

4.3.2. The bottom glazing panel was subjected to the higher amount of tensile stress than 

that of the top layer, so that the bottom glazing panel was failed in most of the tested glass 

panels (six panels out of eight), where the top panels were intact. The failure loads of tested 

specimens were varied randomly as in other types of glazing panels (i.e. annealed and 

toughened glass). Results were ranked and presented in the form of probability plot (Figure 

7.5). The failure load of the specimen shown in Figure 7.4 is identified by the red circle on 

the probability plots. Test results are compared with probabilistic distribution functions of 

Normal, Log-Normal, Weibull and three-parameter Weibull in Minitab statistical software 

[151] to find out the best-fitted distribution function. The relative performance of these best-

fitted distribution functions was evaluated by AD and P-value parameters. 

Laminated glass 
panel 

Steel ball 

MTS machine 

Wooden frame 



Chapter 7 Failure prediction of laminated glass panels under hail impact conditions 

 

Mahil Pathirana – PhD Thesis 139 

 

 

 

Figure 7.4. Broken specimen of a laminated glass 

 

Figure 7.5. Probability plots of recorded failure loads 

The review of AD and P-Values (Figure 7.5) shows that the Weibull distribution function was 

suited for representing the cumulative probability distribution behaviour of the failure loads of 

laminated glass. It should be noted that the Log-Normal distribution function which was 

adapted for representing failure loads of annealed and toughened glass panels is not 

suitable for representing failure loads of laminated glass panels. Thus, the Weibull 

distribution function with statistical parameters of 2.86 kN and 2.76 kN has been adopted. 

Figure 7.6 illustrates the ranking of failure loads for constructing a CPD curve according to 

Weibull distribution. 
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Figure 7.6. Ranking of recorded failure loads 

7.2.3 Stochastic simulations of flexural failure in laminated glass 

The parameters of flaw size distribution were calibrated according to the stochastic 

simulation procedure introduced in Chapter 4. The laminated glazing specimens were 

modelled in LS-DYNA in order to obtain principal stresses at ten loading steps from 1 kN to 

10 kN. It is assumed that the effect from the PVB layer on stresses developed in glazing 

panels was negligible. Thus, the thickness of the glazing panel was taken as 6 mm and the 

PVB layer was not included into the model. The accurate determination of the statistical 

parameters of flaw size distribution function was accomplished by gradually adjusting the 

mean and SD values of flaw size distribution until the CPD of the recorded failure loads 

matched closely with that of the simulated failure loads. The Log-Normal distribution function 

with statistical parameters of 4.53 μm and 0.38 μm has been identified as the best 

performing function for characterising flaw size properties as shown by Eq. (7.1) (which is 

represented in Figure 7.7). The CPD functions so obtained from the simulated and 

experimental results are shown for comparison in Figure 7.8 demonstrating good 

consistencies. Values of the coefficient of determination (𝑅2) (which was calculated by Eq. 

(4.8)) between the experimental and simulated results are 0.99 and 0.98, for sample sizes of 

N = 50, and 100 respectively (Figure 7.8).  

𝑓(𝑎) =
1

0.38 × 𝑎 × √2𝜋
𝑒𝑥𝑝 [−

1

2
(

𝑙𝑛𝑎 − 4.53

0.38
)

2

] 
(7.1) 
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Figure 7.7. Flaw size distribution function in the Log-Normal form 

  

(a) For 50 samples (b) For 100 samples 

Figure 7.8. Comparison of simulated failure loads with experimental results 

7.2.4 Predicting probability of damage by flexural failure 

The CPD of failure load as shown in Figure 7.6 is valid for 6 mm/min loading rate. The failure 

load of glazing panels increases with increasing the loading rate [158]. Thus, the rate of 

loading should be taken into account when calculating the cumulative probability of failure of 

glazing panels. The stochastic methodology introduced in Chapter 4 for simulating failure of 

annealed glass under the transient action of point contact was adopted for laminated glass 

panels as well. 

CPDs of failure loads of glazing panels of size: 270 mm × 270 mm × 6.38 mm have been 

developed for four loading rates by using the calibrated flaw size distribution function and the 

stochastic simulation model (Figure 7.9). These CPD functions were then used to estimate 

the risk of failing a glass pane by flexure for a given impact scenario.  
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Figure 7.9. CPD of failure load of 270 mm × 270 mm × 6.38 mm size glazing panel at 

different loading rates 

The same CPD charts have been developed for the glazing panels of size: 450 mm × 450 

mm × 6.38 mm and 900 mm × 900 mm × 6.38 mm at different loading rates by using the 

same stochastic simulation procedure (Figure 7.10). Figure 7.11 shows a comparison of 

CPD of failure loads of different sizes of glazing panels at 10 m/s loading rate. It is shown in 

the figure that the probability of failing a glass specimen by flexure increases with increasing 

the size of the glazing panel. 

 

(a) 450 mm × 450 mm × 6.38 mm size glass panels 
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(b) 900 mm × 900 mm × 6.38 mm size glass panels 

Figure 7.10. CPD of failure loads of different sizes of glazing panels at different loading rates 

 

Figure 7.11. Comparison of CPD of different sizes of glazing panels at 10 m/s loading rate 

The amount of quasi-static forces developed by the impact of hailstones on glazing panels of 

dimensions: 270 mm × 270 mm × 6.38 mm, 450 mm × 450 mm × 6.38 mm and 900 mm × 

900 mm × 6.38 mm were calculated by the use of Eq. (2.9). These forces were then 

compared with failure loads in CPD charts (Figure 7.9 & Figure 7.10) to predict the impact 

conditions that are related to 5 % - 95 % risk of failure by flexure as shown in Figure 7.12. 

The larger glass panels potentially generate higher inertial resistant to counter the impulsive 

action of the impact (which is responsible for flexural failure). Thus, the risk of failure by 

flexure is less in larger glazing panels (Figure 7.12c). 

For example, consider the scenario of 65 mm diameter hail at an incident velocity of 40 m/s 

(as marked in Figure 7.12). It is shown that more than 95 % of glazing specimens of size: 

270 mm × 270 mm × 6.38 mm would break at the considered impact conditions (Figure 

7.12a). The risk of failure of glazing specimens of size: 450 mm × 450 mm × 6.38 mm is 50 

% whereas for 900 mm × 900 mm × 6.38 mm size glazing specimens is equal to 0 %. 
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(a) 270 mm × 270 mm × 6.38 mm size 

  

(b) 450 mm × 450 mm × 6.38 mm size 



Chapter 7 Failure prediction of laminated glass panels under hail impact conditions 

 

Mahil Pathirana – PhD Thesis 145 

 

 

(c) 900 mm × 900 mm × 6.38 mm size 

Figure 7.12. Hail Impact conditions that are related to 5 % - 95 % of risks of failure by flexure 

7.3 Predicting probability of failure by Hertzian fracture in laminated glass 

7.3.1 Stochastic simulations of Hertzian fracture  

The same iterative procedure which was introduced in Chapter 5 for determining the value of 

Hertzian failure load (𝑃𝑐𝑟) of annealed glass was adapted for laminated glazing panels. The 

increment of tensile failure stress of glass to account for the dynamic conditions of impact is 

taken as 1.64 times the static failure stress. The flaw statiscics of laminated glass was 

considered to be consistent with Eq. (7.1). CPDs of failure load of laminated glass panels by 

Hertzain fracture have also been developed for different sizes of projectiles as shown in 

Figure 7.13. Hertzian fracture is a localised phenomenon and hence is not sensitive to 

changes in the values of parameters controlling inertial resistance, namely thickness and 

size of the panel. The failure loads only depends on the size of the impactor. Thus, the 

developed CPD functions (as shown in Figure 7.13) are valid for any size of glazing panel. 
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Figure 7.13. CPDs of Hertzian failure load for different sizes of impactors 

7.3.2 Predicting probability of damage by Hertzian fracture 

The risk of Hertzian fracture in laminated glass panels can be calculated for any given 

impact scenarios by the use of developed CPD functions (Figure 7.13). The amount of 

contact force generated on the surface of a glazing panel was predicted accurately for any 

given size-velocity combination of the striking hail (Figure 5.12). This value was then 

compared with failure loads of developed CPD functions to estimate the risk of failure of 

glazing panels. Hail impact conditions that are related to 5 % - 95 % risk of failure by 

Hertzian fracture were estimated as shown in Figure 7.14. The probability of failing a glazing 

panel (by Hertzian fracture) for the same impact scenario considered in the previous section 

(65 mm diameter hail at an incident velocity of 40 m/s) is inferred to be greater than 95 % 

(Figure 7.14). 

  

Figure 7.14. Hail Impact conditions that are related to 5 % - 95 % risks of failure by Hertzian 

fracture 
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7.4 Predicting ultimate probability of failure of laminated glazing panels 

under hailstone impact conditions 

The key original contribution of this chapter is in estimating damage to laminated glazing 

panels for given impact conditions expressed in terms of the mass, size and hardness of the 

impactor object and the incident velocity of impact. The same approach as demonstrated in 

this chapter could be adapted for predicting the risk of failure of laminated glazing panels 

impacted by any type of projectile expressed in mass, size and stiffness properties.  

The ultimate probability of failing a glazing specimen for a given impact condition was 

estimated by taking the summation of the probability of failure values related to flexure and 

Hertzian fracture. For example, consider the same impact scenario of 65 mm diameter hail 

at an incident velocity of 40 m/s (as marked in Figure 7.12 and Figure 7.14). The ultimate 

risk of failure of 270 mm × 270 mm × 6.38 mm size glass panel is inferred to be 

approximately 100 % and the dominant failure mode is Hertzian fracture. Additional 

predictions were obtained when the impact velocity was decreased from 40 m/s to 20 m/s 

(with the diameter of hail remaining at 65 mm). The ultimate risk of failing a glazing 

specimen of size 450 mm × 450 mm × 6.38 mm or larger is approximately 24 % and the 

dominant failure mode is Hertzian type of fracture. The ultimate risk of failure of glazing 

panels of size between 270 mm × 270 mm × 6.38 mm and 450 mm × 450 mm × 6.38 mm is 

predicted to be in the range of 60 % to 24 % respectively (derived from Figure 7.12, Figure 

7.14  and Eq. (6.5)). 

The impact conditions that are related to 5 % and 95 % risk of failure by flexure and Hertizan 

fracture are shown for comparison in the same plot (Figure 7.15). It is shown that the risk of 

failure by Hertzian fracture increases as the size of a hail decreases and the size of a glass 

panel increases. 
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(a) Hail Impact conditions that are related to 5 % risk of failure 

 

(b) Hail Impact conditions that are related to 95 % risk of failure 

Figure 7.15. Comparison of flexure failure (FF) and Hertzian fracture (HF) of different sizes 

of glazing panels at 5 % and 95 % risk of failure  
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7.5 Conclusion 

The parameters of flaw size distribution function of laminated glass panels (made of 

attaching 3 mm thick, two annealed glazing panels by a 0.38 mm thick PVB interlayer) were 

calibrated by the use of the stochastic simulation methodology introduced in Chapter 4. The 

flaw size distribution follows Log-Normal distribution function with statistical parameters of 

4.53 μm and 0.38 μm. The calibrated flaw size distribution function was then adapted for 

developing CPD of failure load (by flexure) of different sizes of glazing panels at different 

loading rates. The design charts were then developed for predicting the hail impact 

conditions that are related to 5 % - 95 % risk of failure of glazing panels by flexure. 

The same flaw size distribution function was used to estimate the risk of failure by Hertzian 

fracture. The CPDs of Hertzian failure load were developed for different sizes of projectiles 

by using the stochastic simulation procedure introduced in Chapter 5. The design charts 

were then developed for predicting the risk of failure of glazing panels (by Hertzian fracture) 

at different hail impact conditions. 

Finally, the ultimate probability of failing a laminated glazing panel for a given hail impact 

scenario was estimated by taking the summation of probability values related to flexural 

failure and Hertzian fracture. Examples are presented to demonstrate the potential of 

developed design charts for determining the risk of failure of a glass panel for a given 

velocity and size of a hailstone. The Hertzian type of failure is more dominant when the size 

of the projectile decreases and the panel size increases. 
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Chapter 8 Conclusions and recommendations 

8.1 General conclusion 

Aluminium and glass panels are the highly vulnerable structural elements that can be 

potentially damaged by the impact of windborne debris or hailstones in severe weather 

conditions. The total cost of replacing dented, fractured or perforated panels in the aftermath 

of a severe storm affecting a major city can be up to tens of millions of dollars.  

In the past few decades numerous analytical, experimental and numerical studies have been 

undertaken to estimate the impact resistance capacity of aluminium and glazing panels. 

However, most of the studies involving impact experimentations were limited to determining 

qualitative behaviour (pass or fail criteria) as per guidelines provided in current building 

codes [1, 14]. These codes stipulate impact experiments to be carried out by accelerating 

2”×4” timber specimens (weighing 4.1 kg) or 8 mm diameter steel balls (weighing 2 g) onto 

the target. The timber specimens and steel balls are meant to simulate debris material. 

However, this type of compliance testing could not be used to predict damage in impact 

scenarios involving flying objects such as hailstones, concrete or bricks. The key 

shortcoming of impact testing by the use of the gas gun is that the test result in itself gives 

no idea of the resistant capacity of the specimen in comparison with the estimated impact 

action. 

Numerical simulations were conducted by the use of finite element software packages such 

as ABAQUS and LS-DYNA. However, the accuracy of the FE model relies on the meshing of 

the target surrounding the point of contact and the assumed dynamic properties of the 

impactor and the target material. In addition, high computational time is required for 

undertaking an execution. The derived analytical models for estimating damage in aluminium 

and glazing panels have not considered influence of the hardness of the debris object and 

the magnitude of the contact force. Thus, the amount of damage that is inflicted on the panel 

by the impact of a non-rigid projectile object can be over-stated. Until now, there is no 

reliable method for predicting damage to structural elements by the impact of different types 

of projectiles of different geometries. Amid uncertainties over results obtained from 

experimental, numerical and analytical predictive models this research is concerned with 

developing analytical predictive tools which can be used for estimating damage (to 

aluminium and glazing panels) that is inflicted by the impact of flying objects in extreme 

weather conditions. 
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8.2 Functions and correlations of the individual chapters 

The objective of this research is to develop a new approach to estimate the impact damage 

to structural elements by taking into consideration hardness and stiffness properties between 

the impactor and the target. Each chapter was organised and presented in a proper 

sequence in order to best illustrate the research procedure. The correlation between each 

chapter was summarised on a chapter by chapter basis as follows. 

• Chapter 3 presents an analytical expression that has been developed for estimating 

the amount of permanent deformation of an aluminium panel for given mass and 

stiffness properties of the projectile (debris) object, and the velocity of impact. An 

analytical model has been developed to predict the out of plane permanent 

deformation of an aluminium panel when subject to the impact of a spherical 

projectile taking into account the effects of the hardness of the impactor. The 

permanent deformation profiles of 5052-H34 aluminium alloy plates were obtained by 

conducting impact experiments using a 62.5 mm diameter spherical projectile at 

different impact velocities. The predicted permanent deformation values by the use of 

the developed analytical model for the considered impact scenarios were within 5 % 

of the experimental results. Next, the proposed analytical model was adapted for 

predicting the maximum value of strain developed at the point of contact of an 

aluminium panel for a given impact scenario. The calculated maximum strain value 

was then compared with the fracture strain value to predict the threshold velocity of 

impact to cause perforation of the aluminium panel leading to the leakage of 

rainwater in stormy conditions. ARAMIS 5M system configuration was used to 

measure the strain variation of a 2 mm thick aluminium panel when struck by a 

concrete projectile at an impact velocity of 21.2 m/s. The difference between the 

measured (by experimentally) and calculated (by analytically) strains was as little as 

0.15 %. In order to verify the accuracy of the developed predictive methodology, the 

impact experiments were conducted on a 2 mm thick aluminium panel with velocity 

which was slightly below, and above, the predicted perforation limit of 50 m/s. The 

impact velocity required to cause perforation was somewhere in between the test 

values of 51 m/s and 56 m/s. Thus, the predicted value of the threshold velocity of 

the impactor for initiating perforation on the aluminium panel was within 15 % 

accuracy of the actual value. In the future, damage in aluminium panels can be 

predicted accurately for any given impact conditions. Thus, the use of the proposed 

(modified) analytical model waives away the need of costly impact experimentations. 

• Chapter 4 presents the development of the stochastic methodology to simulate the 

risk of fracture of a glass panel by flexure when subject to the transient action of point 
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contact that can be generated by the impact of hailstones or windborne solid debris 

particles. The developing methodology involves the use of fracture mechanics theory 

and load duration theory. The flaw size distribution behaviour of annealed glass plate 

has been calibrated by the use of quasi-static experimental results. Failure loads 

have been obtained experimentally for square glass plates of 5 mm thick and of size 

270 mm × 270 mm and 600 mm × 600 mm under a centrally placed point contact 

load that was applied at rates of 6 mm/min, and 600 mm/min. By calibration against 

test results, the flaw size distribution was found to follow the Log-Normal distribution 

function with statistical parameters of 3.547 µm and 0.75 µm. The stochastic model 

adopting this flaw size distribution has been shown to provide simulated failure loads 

which matched very well with experimental results across experiments that ranged 

from a loading rate of 6 mm/min to a much higher loading rate of 600 mm/min, and 

for glass panels of dimensions: 270 mm × 270 mm and 600 mm × 600 mm. The 

Log-Normal distribution function was found to best represent the risk of fracture. The 

developed stochastic simulation procedure is capable of predicting the crack initiation 

locations within the glazing panel. Cracks were initiated in different sizes of glazing 

panels within a 20 mm radius from the point of contact. The risk of failure for a given 

quasi-static force increased significantly when the size of the panel was increased in 

spite of the fact that the amount of flexural stress at the point of contact remains 

unchanged. A case study is illustrated for predicting the damage on 270 mm × 270 

mm × 5 mm and 600 mm × 600 mm × 5 mm size glazing specimen that has been 

generated by a piece of 60 mm diameter hailstone at an impact velocity of 30 m/s. 

Results show that the glazing panel experiencing the much lower risk of damage with 

a larger panel size.  

• Chapter 5 presents an adaptive stochastic simulation methodology for predicting 

risks of Hertzian fracture of annealed glass which is subject to the impact of hail and 

flying debris. The statistical parameters of flaw size distribution function that has 

already been established in Chapter 4 (based on flexural failure) were employed 

unaltered despite the current study being based on a different failure mechanism. To 

validate the accuracy of the stochastic simulations, drop tests were conducted onto 

270 mm × 270 mm × 5 mm size annealed glazing specimens by a steel indenter 

object which was fitted with an accelerometer for measuring contact force on glazing 

panels. Significantly, very good correlation has been observed between simulated 

and experimentally recorded results. Next, the validated stochastic model was used 

for deriving the probability of Hertzian fracture in annealed glass for given hail impact 

scenarios. Two-step calibration procedure was adapted for estimating the contact 
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force values required for input into the CPD functions of failure loads for any given 

size-velocity combination of hail impact. The risk of Hertzian fracture inflicted by hail 

impact can therefore be obtained for any given size of hail without the need of 

accelerating ice impactors onto glazing panel specimens. A case study featuring a 40 

mm and 62.5 mm diameter hail at an impact velocity of 30 m/s was used to 

demonstrate how the risk of failure of a glazing panel by Hertzian fracture is 

predicted. Additional simulation studies have been undertaken for estimating the 

flexural failure load of annealed glazing panels of two different thicknesses based on 

the methodology proposed in Chapter 4. Results illustrate as the thickness of a 

glazing panel increases the dominant damage mode changes from flexural to 

Hertzian failure. 

• The stochastic simulation methodology that was developed in Chapter 4 for 

predicting the flexural failure in annealed glazing panels was further developed by 

incorporating the effect of residual stresses in toughened glazing panels in Chapter 

6. Quasi-static experiments were conducted on 450 mm × 450 mm × 6 mm size 

glazing specimen at 600 mm/min loading rate. The parameters of flaw size 

distribution function were calibrated by comparing simulated failure loads with 

experimental results. The Log-Normal distribution function was found to best 

represent the risk of fracture in toughened glass panels. CPDs of failure load were 

developed for glazing specimens of size: 250 mm × 250 mm × 6 mm and 900 mm × 

900 mm × 6 mm at different loading conditions by the use of the modified simulation 

model. Design charts were then developed for assessing the risk of failure (by 

flexure) of different sizes of glazing panels for given hail impact conditions. Another 

stochastic simulation methodology was developed for predicting the Hertzian failure 

load of toughened glass panels by incorporating the fracture surface energy into the 

modelling. Impact experiments were conducted to verify the simulated failure loads. 

The simulated results matched closely with that of the experimental observations. 

The verified simulation model was then adopted for developing design charts to 

predict the risk of failure of a toughened glass panel (by Hertzian fracture) in hail 

impact scenarios. Finally, the ultimate risk of failing a glazing panel was predicted by 

taking the summation of probability values associated with both types of failure 

modes. 

• Chapter 7 presents the development of design charts for predicting the risk of failure 

of laminated glazing panels (made of attaching two annealed glazing panels by a 

PVB interlayer) taking into account both the flexural and Hertzian failure modes. The 

only difference between annealed and laminated glass panes is the PVB interlayer in 
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laminated glass panels which retains the broken glazing specimens without dispersal 

across the room. Hence, the stochastic simulation models that were developed and 

verified in Chapter 4 and Chapter 5 for predicting the risk of failure by flexure and 

Hertzian fracture in annealed glazing panels respectively were adopted for 

developing design charts for laminated glass panels. Quasi-static experiments were 

conducted on laminated glass panels of size: 270 mm × 270 mm × 6.38 mm at 6 

mm/min loading rate. The Weibull distribution function was found to best represent 

the risk of fracture. The flaw size distribution follows Log-Normal distribution function 

with statistical parameters of 4.53 μm and 0.38 μm. Design charts were developed 

for estimating the risk of failure by flexure and Hertzian fracture of three sizes of 

glazing specimens for any given size-velocity combinations of hail. Finally, the 

ultimate risk of failure of a laminated glass panel was estimated by taking the 

summation of probability of failure values related to both failure mechanisms. It has 

been observed that Hertzian fracture is more dominant in larger glazing panels. 

8.3 Recommendations for future study 

The investigations discussed in this thesis can be further extended in the following areas. 

• Impact experiments were conducted in this study to verify the validity of the modified 

analytical model for predicting the damage in aluminium panels by idealising the 

debris object into a spherical specimen. Further impact experiments involving non-

spherical projectiles are required to confirm the validity of the analytical expression. 

• The analytical models that have been developed in this research for predicting 

damage to aluminium and glazing panels are suitable for compact type projectiles 

such as hailstones and spherically shaped debris. Further research is warranted to 

extend the stochastic simulation methodology of Griffith flaw for predicting damage to 

glazing panels when subject to plate type projectiles such as roof tiles or shingles; 

and rod type projectiles such as bamboo poles and timber planks. Importantly, the 

shape of the projectiles should be taken into consideration when predicting Hertzian 

fracture in glazing panels. It is noted however that the geometry of the projectile 

object has a negligible effect on the risk of flexural failure of a glazing panel (which is 

much associated with the global deflection demand). 

• The risk of failure of a glazing panel for a given hail impact scenario was estimated 

by taking into account the summation of the probability of failure by flexure and 

Hertzian fracture. Impact experiments are recommended for verifying these 

predictions. 
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• Design charts have been developed for predicting the risk of failing a glazing panel in 

hail conditions. The probability of failure of glazing panels by the impact of storm 

debris has not been investigated. The same stochastic simulation methodology is 

recommended for developing design charts for predicting the risk of failure of glazing 

panels by the impact of windborne debris made of concrete, bricks or timber. 

• In the current study, design charts were developed for predicting damage to glass 

panes for any given size-velocity combinations of hail. Fragility curves of glazing 

panels at different wind velocity conditions are recommended to be developed. 
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Appendix A Details of the accuracy of approximation procedure 

The accuracy of the use of a triangle to idealise the hysteretic loop of the impactor object 

based on the non-linear visco-elastic contact model is verified herein [67, 68, 102]. 

Parameter values for the considered impact scenarios are listed in Table A.1. The modelled 

hysteretic (force - deformation) relationships of the impactor are shown in Figure A.1 along 

with the use of a triangle to approximate the amount of dissipated energy. It is cautioned 

herein that the triangular approximation may have limitation with 𝐶𝑂𝑅 greater than 0.5 (e.g. 

impact scenario of cricket ball with 5 m/s velocity). However, this is rare in practice and all 

the impactors tested in Perera, et al. [102] had 𝐶𝑂𝑅 less than 0.5. 

Table A.1. Values used to calculate force-indentation relationship 

Impactor Mass (kg) Velocity (m/s) 
𝑘𝑛 

( MN mp⁄ ) 
𝑝 𝐶𝑂𝑅 

Concrete 0.306 
10 4.37 1.06 0.15 

40 11.48 1.69 0.019 

Wooden 0.09 
10 6.73 1.01 0.44 

50 25.65 1.41 0.18 

Hailstone 0.0595 
5 0.18 1.31 0.044 

40 0.25 1.66 0.009 

Cricket ball 0.156 
5 24.0 1.56 0.68 

50 159.0 2.0 0.38 

 

 
 

           Concrete impactor with 10 m/s velocity      Concrete impactor with 40 m/s velocity 



Appendix A Details of the accuracy of approximation procedure 

 

Mahil Pathirana – PhD Thesis  A-2 

 

  

      Wooden impactor with 10 m/s velocity    Wooden impactor with 50 m/s velocity 

  

       Hailstone impact with 5 m/s velocity       Hailstone impact with 40 m/s velocity 

  

Cricket ball with 5 m/s velocity    Cricket ball with 50 m/s velocity 

Figure A.1. Energy dissipated within the different types of impactors with approximated 

triangular relationship 
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Appendix B Stochastic simulation model for estimating flexural failure 

Appendix B presents the VBA code developed for repetitively executing for all the steps 

automatically in the stochastic simulation model that was introduced for predicting the 

flexural failure loads of annealed glazing panels. The required input parameters into this 

program are the principal stresses of all the elements in the FE model (Figure B.1), 

parameters of the rate of loading and, geometry and material properties (Figure B.2). 

 

Figure B.1. Stress-load relationship of all elements in the FE model (where all stresses are in 

N/m2) 

 

Figure B.2. Parameters of the rate of loading and, geometry and material properties 
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VBA code for the simulation 

Option Explicit 

        Dim flawsize, eqtime, eqstress, element, failureload, minfailureload, prinstress, 

eqfailurestress As Range 

        Dim A As Double 

        Dim j, k, kk, C, l, B, i, m, rndnumber As Double 

        Dim PauseTime, Start, Finish, TotalTime 

        Dim Findelenumber As String 

        Dim count, samples, flaws, sampleflaws, plates As Double 

        Dim irange As Range 

        Dim icol As Integer 

        Dim irow As Integer 

        Dim Z, S As Double 

        Dim FindString As String 

        Dim Rng, minlod, testno As Range 

        Dim vValue As Variant 

        Dim rngCol As Range 

        Dim lngRow, icol2, irow2 As Double 

        Dim rngAdd As Range      

Sub simulation() 

Set flawsize = Range("Sheet4!C5:Sheet4!Z100") 

Set eqtime = Range("Sheet4!D5:Sheet4!Z100") 

Set eqstress = Range("Sheet4!E5:Sheet4!Z100") 

Set element = Range("Sheet4!F5:Sheet4!Z100") 

Set failureload = Range("Sheet4!G5:Sheet4!Z100") 

Set minfailureload = Range("Sheet1!X2:Sheet1!Y100") 

Set testno = Range("Sheet1!W2:Sheet1!W100") 

 



Appendix B Stochastic simulation model for estimating flexural failure 

 

Mahil Pathirana – PhD Thesis  B-3 

 

    plates = Range("Sheet1!S14").Value 

    samples = Range("Sheet1!S15").Value 

    flaws = Range("Sheet1!S16").Value 

    sampleflaws = Range("Sheet1!S17").Value 

‘define number of required basic plates 

For j = 1 To plates 

'define number of total flaws in the basic plate and generate according to given probability 

function 

For k = 1 To flaws 

flawsize(k, 7 * (j + 1) - 13) = Application.WorksheetFunction.LogInv(Rnd(), 3.547, 0.75)/10^6 

Next k 

For kk = 1 To flaws 

eqtime(kk, 7 * (j + 1) - 13).GoalSeek Goal:=Range("Sheet1!H6").Value, 

ChangingCell:=eqstress(kk, 7 * (j + 1) - 13) 

Next kk 

'define each element for the basic plate and calculate failure load of the each element 

For B = 1 To samples 

For C = 1 To sampleflaws 

element(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = Int((2916 - 1 + 1) * Rnd + 1)  

   Findelenumber = element(C + sampleflaws * (B - 1), 7 * (j + 1) - 13).Value 

    If Trim(Findelenumber) <> "" Then 

        With Sheets("Sheet2").Range("C43:DHF43") 

            Set Rng = .Find(What:=Findelenumber, _ 

                            After:=.Cells(.Cells.count), _ 

                            LookIn:=xlValues, _ 

                            LookAt:=xlWhole, _ 

                            SearchOrder:=xlByRows, _ 

                            SearchDirection:=xlNext, _ 
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                            MatchCase:=False) 

            If Not Rng Is Nothing Then 

                Application.Goto Rng, True 

            Else 

                MsgBox "Nothing found" 

            End If 

        End With 

    End If 

Set irange = ActiveCell 

icol = ActiveCell.Column 

irow = ActiveCell.Row 

 

' Eq. stress 

Z = Sheets("Sheet2").Cells(irow + 1, icol).Value 

S = Sheets("Sheet2").Cells(irow + 2, icol).Value 

 

sigma = eqstress(C + sampleflaws * (B - 1), 7 * (j + 1) - 13).Value 

If Z = 0 Then failureload(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = "Infinity" 

If Z <> 0 Then failureload(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = (sigma / Z) ^ (1 / S) 

 

Next C 

Sheets("Sheet4").Activate 

    Set minlod = Range(Cells(5 + sampleflaws * (B - 1), 7 + 7 * (j - 1)), Cells(sampleflaws * B 

+ 5, 7 + 7 * (j - 1))) 

'Determines smallest value in range 

vValue = Application.WorksheetFunction.min(minlod) 

minfailureload(B + samples * (j - 1), 1) = vValue / 1000 

For Each rngCol In minlod.Columns 
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'Determines in case the smallest value exists in a particular column 

If Application.WorksheetFunction.CountIf(rngCol, vValue) > 0 Then 

'Returns row number of the smallest value, in the column which has the same 

lngRow = Application.WorksheetFunction.Match(vValue, rngCol, 0) 

'Returns cell address of the smallest value 

Set rngAdd = rngCol.Cells(lngRow, 1)  

'Selects smallest value 

rngAdd.Select 

icol2 = ActiveCell.Column 

irow2 = ActiveCell.Row 

minfailureload(B + samples * (j - 1), 2) = Sheets("Sheet4").Cells(irow2, icol2 - 1).Value 

minfailureload(B + samples * (j - 1), 3) = Sheets("Sheet4").Cells(irow2, icol2 - 4).Value * 

1000000 

minfailureload(B + samples * (j - 1), 4) = Sheets("Sheet4").Cells(irow2, icol2 - 2).Value 

minfailureload(B + samples * (j - 1), 5) = Sheets("Sheet4").Cells(irow2, icol2 + 1).Value 

End If 

Next 

count = B + samples * (j - 1) 

testno(count, 1) = "Test" + Str(count) 

If count = Range("Sheet1!S13").Value Then B = samples 

Next B 

Next j 

MsgBox "Finished" 

End Sub 
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Appendix C Stochastic simulation model for estimating Hertzian fracture 

Appendix C presents the VBA code developed for repetitively executing for all the steps 

automatically in the stochastic simulation model that was introduced for predicting the 

Hertzian failure loads of annealed glazing panels. Excel spreadsheet was developed to 

calculate 𝜙(𝑐 𝑎)⁄  value according to Eq. (5.3) (Figure C.1). The values of 𝑟𝑜 𝑎⁄  and 𝑐 𝑎⁄  

randomly generated by using the VBA code. The material properties of glass and impactor 

are also input into the spreadsheet as shown in Figure C.2. 

 

Figure C.1. Calculation of 𝜙(𝑐 𝑎)⁄  for given 𝑟𝑜 𝑎⁄  and 𝑐 𝑎⁄  values 

 

Figure C.2. Input parameters of glass and impactor specimens 
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VBA code for the simulation 

Option Explicit 

        Dim contactradius, forcehertz, ctoaratio, forcefischer, failureload, minfailureload As 

Range 

        Dim j, k, i As Double 

        Dim ctoa, r0toa, normstress, generatedstress, toufailureload As Range 

 

Sub simulation() 

Set contactradius = Range("Sheet1!M19:Sheet1!M100") 

Set forcehertz = Range("Sheet1!N19:Sheet1!N100") 

Set ctoaratio = Range("Sheet1!O19:Sheet1!O100") 

Set forcefischer = Range("Sheet1!P19:Sheet1!P100") 

Set failureload = Range("Sheet1!R19:Sheet1!R100") 

Set minfailureload = Range("Sheet1!Q19:Sheet1!Q100") 

 

For k = 1 To 100 

Range("Sheet1!N9") = Application.WorksheetFunction.LogInv(Rnd(), 3.547, 0.75) * 10 ^ -6 

Range("Sheet1!N10") = CDbl((1.6 - 1.05) * Rnd + 1.05) 

j = 1 

For j = 1 To 1000 

contactradius(1, 1) = 0.00001 

forcehertz(1, 1) = 3 * Range("Sheet1!N3").Value * ((contactradius(1, 1).Value) ^ 3) / 4 / 

Range("Sheet1!N8").Value / Range("Sheet1!Q5").Value 

ctoaratio(1, 1) = Range("Sheet1!N9").Value / contactradius(1, 1) 

Range("Sheet1!B2") = Range("Sheet1!N10").Value 

Range("Sheet1!B3") = ctoaratio(1, 1).Value 

forcefischer(1, 1) = ((Range("Sheet1!N3").Value * (3.1416 ^ 3) * Range("Sheet1!N7").Value / 

(1 - (Range("Sheet1!N4")) ^ 2) / 2 / Range("Sheet1!j3").Value) ^ 0.5) * (contactradius(1, 

1).Value) ^ (3 / 2) 
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contactradius(j + 1, 1) = 0.00001 + j * 0.00001 

forcehertz(j + 1, 1) = 3 * Range("Sheet1!N3").Value * ((contactradius(j + 1, 1).Value) ^ 3) / 4 / 

Range("Sheet1!N8").Value / Range("Sheet1!Q5").Value 

ctoaratio(j + 1, 1) = Range("Sheet1!N9").Value / contactradius(j + 1, 1) 

 

Range("Sheet1!B3") = ctoaratio(j + 1, 1).Value 

forcefischer(j + 1, 1) = ((Range("Sheet1!N3").Value * (3.1416 ^ 3) * 

Range("Sheet1!N7").Value / (1 - (Range("Sheet1!N4").Value) ^ 2) / 2 / 

Range("Sheet1!j3").Value) ^ 0.5) * (contactradius(j + 1, 1).Value) ^ (3 / 2) 

 

If (forcehertz(j + 1, 1).Value) > forcefischer(j + 1, 1).Value Then failureload(k, 1) = 

forcehertz(j + 1, 1).Value 

Next j 

Next k 

 

For i = 1 To 100 

If failureload(i * 2 - 1, 1).Value < failureload(i * 2, 1).Value Then minfailureload(i, 1) = 

failureload(i * 2 - 1, 1).Value 

If failureload(i * 2 - 1, 1).Value > failureload(i * 2, 1).Value Then minfailureload(i, 1) = 

failureload(i * 2, 1).Value 

Next i 

MsgBox "Finished" 

 

End Sub 
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Appendix D Stochastic simulation model for estimating flexural failure in 

toughened glass 

Appendix D presents the VBA code developed for estimating the flexural failure load of 

toughened glass panels. The interface of the excel spreadsheet is almost same as the 

interface of annealed glazing panels as shown in Figure B.1 and Figure B.2. Only the VBA 

code is changed in order to account the effect of residual stresses as follows. 

VBA code for the simulation 

Option Explicit 

        Dim flawsize, toufailureload, normalizedflawsize, actualfailurestress, eqtime, eqstress, 

element, failureload, touactualfailurestress, minfailureload As Range 

        Dim A As Double 

        Dim j, k, kk, C, l, B, i, m, rndnumber, residualstress As Double 

        Dim PauseTime, Start, Finish, TotalTime 

        Dim Findelenumber As String 

        Dim count, samples, flaws, sampleflaws, plates As Double 

        Dim irange As Range 

        Dim icol As Integer 

        Dim irow As Integer 

        Dim Z, S, sigma, Z1, S1 As Double 

        Dim FindString As String 

        Dim Rng, minlod, testno As Range 

        Dim vValue As Variant 

        Dim rngCol As Range 

        Dim lngRow, icol2, irow2 As Double 

        Dim rngAdd As Range 

         

Sub simulation() 

Set flawsize = Range("Sheet4!C5:Sheet4!Z100") 

Set eqtime = Range("Sheet4!D5:Sheet4!Z100") 
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Set eqstress = Range("Sheet4!E5:Sheet4!Z100") 

Set element = Range("Sheet4!F5:Sheet4!Z100") 

Set failureload = Range("Sheet4!G5:Sheet4!Z100") 

Set actualfailurestress = Range("Sheet4!H5:Sheet4!Z100") 

Set minfailureload = Range("Sheet1!X2:Sheet1!Y100") 

Set testno = Range("Sheet1!W2:Sheet1!W100") 

Set touactualfailurestress = Range("Sheet4!I5:Sheet4!Z100") 

Set toufailureload = Range("Sheet4!J5:Sheet4!Z100") 

 

    plates = Range("Sheet1!S14").Value 

    samples = Range("Sheet1!S15").Value 

    flaws = Range("Sheet1!S16").Value 

    sampleflaws = Range("Sheet1!S17").Value 

     

'define number of required basic plates 

For j = 1 To plates 

'define number of total flaws in the basic plate and generate according to given probability 

function 

For k = 1 To flaws 

flawsize(k, 7 * (j + 1) - 13) = Application.WorksheetFunction.LogInv(Rnd(), 4.58556, 

0.198042) / 10 ^ 6 

Next k 

For kk = 1 To flaws 

eqtime(kk, 7 * (j + 1) - 13).GoalSeek Goal:=Range("Sheet1!H6").Value, 

ChangingCell:=eqstress(kk, 7 * (j + 1) - 13) 

Next kk 

'define each element for the basic plate and calculae failure load of the each element 

For B = 1 To samples 
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residualstress = WorksheetFunction.RandBetween(80000000, 180000000) 

For C = 1 To sampleflaws 

element(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = Int((8100 - 1 + 1) * Rnd + 1)  

    Findelenumber = element(C + sampleflaws * (B - 1), 7 * (j + 1) - 13).Value  

    If Trim(Findelenumber) <> "" Then 

        With Sheets("Sheet2").Range("C43:KYP43") 

            Set Rng = .Find(What:=Findelenumber, _ 

                            After:=.Cells(.Cells.count), _ 

                            LookIn:=xlValues, _ 

                            LookAt:=xlWhole, _ 

                            SearchOrder:=xlByRows, _ 

                            SearchDirection:=xlNext, _ 

                            MatchCase:=False) 

            If Not Rng Is Nothing Then 

                Application.Goto Rng, True 

            Else 

                MsgBox "Nothing found" 

            End If 

        End With 

    End If 

Set irange = ActiveCell 

icol = ActiveCell.Column 

irow = ActiveCell.Row 

' Eq. stress 

Z = Sheets("Sheet2").Cells(irow + 1, icol).Value 

S = Sheets("Sheet2").Cells(irow + 2, icol).Value 

 

' for actual stress 
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Z1 = Sheets("Sheet2").Cells(irow - 23, icol).Value 

S1 = Sheets("Sheet2").Cells(irow - 22, icol).Value 

 

sigma = eqstress(C + sampleflaws * (B - 1), 7 * (j + 1) - 13).Value 

 

If S < 0.01 Then failureload(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = "Infinity" 

If S >= 0.01 Then failureload(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = (sigma / Z) ^ (1 / S) 

If S < 0.01 Then actualfailurestress(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = "Infinity" 

If S >= 0.01 Then actualfailurestress(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = (((sigma / 

Z) ^ (1 / S)) ^ S1) * Z1 

If S < 0.01 Then touactualfailurestress(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = 0 

If S >= 0.01 Then touactualfailurestress(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = 

actualfailurestress(C + sampleflaws * (B - 1), 7 * (j + 1) - 13).Value + residualstress 

If S < 0.01 Then toufailureload(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = "Infinity" 

If S >= 0.01 Then toufailureload(C + sampleflaws * (B - 1), 7 * (j + 1) - 13) = 

(touactualfailurestress(C + sampleflaws * (B - 1), 7 * (j + 1) - 13).Value / Z1) ^ (1 / S1) 

Next C 

Sheets("Sheet4").Activate 

 

    Set minlod = Range(Cells(5 + (sampleflaws + 1) * (B - 1), 10 + 7 * (j - 1)), 

Cells((sampleflaws + 5) + (sampleflaws + 1) * (B - 1) + 5, 10 + 7 * (j - 1))) 

'Determines smallest value in range 

vValue = Application.WorksheetFunction.min(minlod) 

minfailureload(B + samples * (j - 1), 1) = vValue / 1000 

For Each rngCol In minlod.Columns 

'Determines in case the smallest value exists in a particular column 

If Application.WorksheetFunction.CountIf(rngCol, vValue) > 0 Then 

'Returns row number of the smallest value, in the column which has the same 

lngRow = Application.WorksheetFunction.Match(vValue, rngCol, 0)   
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'Returns cell address of the smallest value 

Set rngAdd = rngCol.Cells(lngRow, 1)  

'Selects smallest value 

rngAdd.Select 

icol2 = ActiveCell.Column 

irow2 = ActiveCell.Row 

minfailureload(B + samples * (j - 1), 2) = Sheets("Sheet4").Cells(irow2, icol2 - 4).Value 

minfailureload(B + samples * (j - 1), 3) = Sheets("Sheet4").Cells(irow2, icol2 - 7).Value * 

1000000 

minfailureload(B + samples * (j - 1), 4) = Sheets("Sheet4").Cells(irow2, icol2 - 5).Value 

minfailureload(B + samples * (j - 1), 5) = Sheets("Sheet4").Cells(irow2, icol2 - 1).Value 

End If 

Next 

count = B + samples * (j - 1) 

testno(count, 1) = "Test" + Str(count) 

If count = Range("Sheet1!S13").Value Then B = samples 

Next B 

Next j 

MsgBox "Finished" 

End Sub 
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