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Abstract 

Reinforced concrete (RC) protective barriers such as rockfall barriers and vehicular barriers 

need to be designed to resist impact actions. However, there are uncertainties over the required 

stability of the barrier to withstand the impact forces predicted for the projected impact 

scenarios. A critical review of the literature covers a range of methods for estimating the impact 

action imposed by a hard impactor on RC members. Those methods providing estimates of the 

peak impact force occurring in a transient manner at the point of contact between the boulder 

and the surface of the RC member, or cushion material placed in front of the member, are 

classified as force-based (FB) methods, whereas methods providing estimates of the 

displacement of the target, or a quasi-static force corresponding to the estimated displacement 

demand, are displacement-based (DB) methods. The FB methods have gained useful insights 

into protection of the barrier from localised damage. However, the destabilising effects and 

other global effects (of bending and shear) of the impact action are preferably estimated by DB 

methods. Fundamental distinctions between the two classes of methods, and different types of 

forces generated by an impact have been explained in the literature review. Overly conservative 

estimates of the destabilising action of an impact can be resulted if the peak impact force is 

applied in a static manner to the model of the barrier (the target). The DB model that has been 

developed at the University of Melbourne is less conservative than existing codified models 

and has been verified by comparison with results from laboratory experimentation. The model 

has also been shown to give estimates of the bending moment of a simply supported beam that 

are consistent with recommendations by the CEB (Euro-International Concrete Committee) 

model. The primary objective of this project is to develop simple analytical models for 

assessing the global response behaviours of a RC rigid barrier when subjected to hard impact, 

including overturning, sliding and bending. These models were developed based on the same 

underlying DB methodology, but take different forms depending on the type of response. 

In a conventional FB design procedure wherein the impact action is represented by an 

equivalent static force, the demand on the stability of the barrier increases with its height 

because of the higher overturning moment that has to be resisted. There are significant costs 
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implications associated with this design methodology and more so in cases where a deep (piled) 

foundation is required to resist the overturning moment transmitted from a tall barrier. An 

alternative design approach based on equal energy and momentum principles as proposed in 

this thesis predicts a higher factor of safety against overturning with a taller, free-standing, 

barrier when the base dimensions are kept the same. The free-standing approach to design saves 

costs as the need of a deep foundation is eliminated and stresses within the barrier is always 

lower when the base is free to rotate. This alternative design approach has been verified by 

results from systematic physical and simulated impact experimentation. 

When space is limited, sliding action of the barriers become a key design consideration. By 

employing the DB methodology, an analytical model in the form of a closed-form expression 

has been developed for estimating the amount of sliding displacement of a barrier when struck 

by an impactor at a lower height. Similar to the overturning action, ratio of barrier mass to 

impactor mass has been found to have significant effects on the overall stability of the barrier. 

The proposed DB model for flexural design of RC wall is based on designing the stem wall 

with sufficient longitudinal reinforcement (resulting in sufficient stiffness of the wall) in order 

that neither the steel nor the concrete would surpass the limit state of yield thereby ensuring 

linear elastic behaviour. This conservative design criterion serves to prevent the stem wall from 

accumulating flexural deformation following multiple impacts (e.g. by fallen boulders). It has 

been confirmed by numerical simulations using program LS-DYNA that a stem wall designed 

based on the proposed model was indeed responding within the limit of yield which is 

consistent with the design criterion. The LS-DYNA simulation of the example wall did not 

show any formation of cracks of a size which was visible (i.e. 0.1 mm) nor any permanent 

deformation to the wall other than in the vicinity of the point of contact at the top which is a 

localised damage phenomenon. Furthermore, the accuracy of the proposed method in 

predicting deflection of the stem wall forming part of the flexural stiffness method has also 

been validated by comparison with results recorded from physical impact experimentation as 

reported in the literature. The database employed in the validation comprises results from 

physical and numerically simulated testings covering a total of 18 impact scenarios. In 

summary, there is sufficient evidence in support of the use of the proposed DB model in 

practice for designing the stem wall to perform satisfactorily in bending. 
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Given the robustness of the proposed design methodology, it was employed to design a RC 

wall specimen for a large-scale impact experiment. The experiment was fully instrumented to 

measure the bending response behaviour of the wall specimen and the corresponding material 

strains. As expected, the specimen did not exceed its yield limit within the scope of the 

experiment. The estimated results have been shown to be in good agreement with the 

experimental results. Importantly, it was found from both the experimental and predicted 

results that the inertial resistance developed in the target stem wall played a significant role in 

terms of the bending response behaviour of the wall. Such an effect is normally neglected in a 

conventional FB design procedure. 

The ultimate goal of this research project is that the analytical models presented will be useful 

for designers of impact-resistant structures aiming for undertaking a more rational and 

optimised design. The practical applications of the proposed models in designing a rigid 

rockfall barrier are illustrated at the end of this thesis. Quasi-static lateral load from debris flow 

has been incorporated to co-exist with the impact action of the boulder in the calculation 

procedure. Design checks to ensure stability from overturning and satisfactory performance of 

the barrier in sliding and bending of the stem wall are also presented at every stage of debris 

surge. The design example addresses all the requirements in engineering practices to well 

illustrate the application of the new design methodology. 
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Notation 

SI units of kilograms (kg), metres (m), seconds (s), pascals (Pa), newtons (N) and joule (J) are 

used in this thesis, unless noted otherwise. Except where specifically noted, the notation 

adopted in this thesis has the following meanings: 

𝐴 = Base area of barrier 

𝐴𝑠𝑡 = Cross-sectional area of tensile reinforcement in an RC section 

𝐵 = Width of beam/length of wall 

COR = Coefficient of restitution 

𝑐 = Length of side wall 

𝐷 = Depth of beam 

𝐷𝑙 = Damping coefficient of a linear damper 

𝐷𝑛 = Damping coefficient of a non-linear damper 

𝑑 = Height of side wall 

𝑑𝑒 = Effective depth 

𝐸 = Young’s modulus 

𝐸𝑑 = Energy generated by debris flow 

𝐸𝐾𝐼𝑁 = Kinetic energy transferred to target as defined in Ref. [1]  

𝐸𝑚𝑎𝑥,𝑒𝑙 = Elastic energy of absorption up to the point of yielding 

𝐸𝑠𝑛 = Energy dissipated by soil nails 

𝐹 = Lateral force generated by debris flow 

𝐹𝑐 = Contact force 

𝐹𝑞𝑠 = Quasi-static force 
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𝐹𝑠𝑛 = Total resistant force of soil nails 

𝐹𝑢 = Ultimate force 

𝐹𝑦 = Yield force 

𝑓 = Friction force 

𝑓𝑐
′ = Maximum characteristic compressive cylinder stress of concrete  

𝑓𝑢 = Ultimate stress of reinforcement 

𝑓𝑦 = Yield stress of reinforcement 

𝑔 = Gravitational acceleration (9.81 𝑚𝑠−1) 

𝐻 = Height of a highway RC barrier 

ℎ = Height of target structure 

ℎ𝑑 = Debris thickness 

ℎ𝑖 = Vertical distance between point of impact and axis of rotation 

𝐼 = Second moment of area 

𝐼𝑐𝑟 = Cracked second moment of area 

𝐼𝜃 = Rotational inertia of barrier about a corner 

𝑖 = Time step counter 

KE0 = Kinetic energy imposed by impactor 

KE1 = Kinetic energy carried by the rebounding impactor 

KE2 = Kinetic energy transferred to target 

𝑘 = Flexural stiffness of target 

𝑘𝑐𝑟 = Cracked flexural stiffness of an RC element 

𝑘𝑙 = Stiffness of the frontal linear spring in a two degree of freedom spring 

connected lumped mass system 

𝑘𝑛 = Stiffness of the frontal non-linear spring in a two degree of freedom 

spring connected lumped mass system 



Notation 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures xxxii 

 

𝐿 = Span length of beam 

𝐿𝑐 = Distance between critical section and point of contraflexure 

𝐿𝑒𝑓𝑓 = Effective length of wall 

𝐿𝑝 = Plastic hinge length 

𝐿𝑠𝑝 = Yield penetration depth 

𝑙 = Length of base slab 

𝑀 = Total target mass 

𝑀𝑏 = Moment capacity of beam 

𝑀𝑏𝑎𝑟𝑟𝑖𝑒𝑟 = Mass of barrier 

𝑀𝑏𝑎𝑠𝑒 = Mass of base slab 

𝑀𝑐 = Moment capacity of wall about the horizontal axis at the base 

𝑀𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = Mass of deposited debris 

𝑀𝑚𝑖𝑑 = Moment of beam at mid-span 

𝑀𝑝𝑙 = Yield moment as defined in Ref. [1] 

𝑀𝑟 = Restoring moment 

𝑀𝑠𝑖𝑑𝑒 = Mass of side wall 

𝑀𝑠𝑡𝑒𝑚 = Mass of stem wall 

𝑀𝑢 = Ultimate moment capacity 

𝑀𝑤 = Moment capacity of wall about the vertical axis 

𝑀𝑦 = Yield moment 

𝑚 = Mass of impactor 

𝑚𝑡𝑎𝑟𝑔𝑒𝑡 = Mass of target as defined in Ref. [1] 

𝑛 = Number of side walls 

PE2 = Gain in potential energy  
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𝑝 = Exponent characterising non-linearity of the frontal spring in a two 

degree of freedom spring connected lumped mass system, taken as 1.5 in 

Hertz model 

𝑅 = Distance between axis of rotation and point of impact 

𝑅𝑐 = Radius of curvature 

𝑟 = Distance between axis of rotation and centre of gravity 

SE2 = Strain energy absorbed by target 

𝑡 = Time defined in time-histories 

𝑡𝑠 = Time step 

𝑢 = Pore water pressure 

𝑣0 = Incident velocity of impactor 

𝑣1 = Velocity of impactor on rebound in opposite direction 

𝑣2 = Velocity of target following impact 

𝑊𝑓 = Work done by friction force 

𝑤 = Width of barrier 

𝑤𝑏𝑎𝑠𝑒 = Width of base slab  

𝑤𝑠𝑡𝑒𝑚 = Width of stem wall 

�̅� = Horizontal distance between the axis of rotation and centre of gravity 

�̅� = Vertical distance between the axis of rotation and centre of gravity 

𝛼 = Factor describing conditions of re-bounce 

𝛽 = Mass reduction factor 

𝛽′ = Angle between diagonal and base of barrier 

𝛽𝑑 = angle between the frontal face of the barrier and the direction of 

movement of the debris 

Δ = Maximum deflection/displacement of target following an impact action 



Notation 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures xxxiv 

 

Δ′ = Elastic deflection of target following a vertical impact 

ΔC.G. = Rise in the centre of gravity of barrier 

ΔC.G.(crit) = Rise in the centre of gravity of barrier at critical overturning condition 

Δ𝑖 = Horizontal displacement of barrier at the height of impact 

Δ𝑝 = Plastic deflection 

Δ𝑠 = Static deflection of target due to an impactor resting on target 

Δ𝑢 = Ultimate deflection 

Δ𝑦 = Yield deflection 

𝛿 = Relative local deformation between two colliding objects 

𝛿0 = Permanent local deformation 

𝛿𝑖 = Interface friction angle 

�̇� = Contact velocity between two colliding objects 

𝛿0̇ = Initial contact velocity between two colliding objects 

휀𝑠 = Reinforcement strain 

휀𝑠𝑢 = Ultimate strain of reinforcement 

휀𝑠𝑦 = Yield strain of reinforcement 

𝜅 = Dimensionless factor 

𝜆 = Mass of target to mass of impactor ratio 

𝜇 = Coefficient of friction 

𝜈 = Poisson’s ratio 

𝜙′ = Effective angle of shearing resistance 

𝜙𝑢 = Ultimate curvature 

𝜙𝑢,𝑠𝑒𝑖𝑠𝑚𝑖𝑐 = Ultimate curvature based on limiting tensile strain of 0.6휀𝑠𝑢 

𝜙𝑢,𝑖𝑚𝑝𝑎𝑐𝑡 = Ultimate curvature based on limiting tensile strain of 1.0휀𝑠𝑢 
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𝜙𝑦 = Yield curvature 

𝜑𝑝𝑙,𝑟 = Plastic rotation 

𝜌 = Density 

𝜌𝑑 = Density of debris flow 

𝜃 = Angle of rotation 

𝜃𝑐𝑟𝑖𝑡 = Critical angle of rotation 

�̇� = Angular velocity of rotation 
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Introduction 

1.1 Research Background 

Impact-resistant barriers can be used to counter rockfall hazards which in mountainous areas 

are major threats to safety and can result in costly disruptions. Where space is limited, rigid 

concrete barriers are commonly used as one of the passive protective measures as opposed to 

earth embankments. These barriers need to be designed to withstand the impact energy of the 

falling landslide debris which may travel at a high velocity [2]. Impact-resistant barriers can 

also be used to contain vehicles in a traffic incidence or a derailed train, or be used for 

protecting installations that are in the proximity of a highway or a railway track. In a congested 

urban environment typifying many cities in Asia including those located in mountainous areas, 

there are dwellings built on hillslopes and hence exposed to landslide and rockfall hazards. 

Take Hong Kong for example: it was shown in the 2018 census that some US$2.8 billion had 

been invested into landslide prevention in one city (Hong Kong) alone. Individual boulder has 

been shown to be a major contributor to the impact hazard of debris flow [3-5]. Rockfall 

hazards can also be a major threat to the safe operation of transport corridors. Take Australia 

as another example: thousands of kilometres of transport network (rail and roads) along the 

coastal area is of particular importance in view of the disposition of Australia’s population and 

economical activities [6]. Reliable and robust strategic transport corridors are crucial for 
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continued economic growth, and safety is always of top priority. Expenses on installation and 

maintenance of protective measures along these corridors are therefore justified [7]. The 

damage bills are expected to increase in the coming decades due to the occurrence of more 

extreme events amid erratic weather patterns as a result of climate change. Other prominent 

high hazard areas around the globe include Northern Italy, Switzerland, Ohio State and Japan 

so are coastal cities of hilly terrain in the cyclonic region of South China. The total damage bill 

since 1980 (taking into account inflation) is of the order of US$50 billion to the United States 

and US$9 billion to Switzerland. 

Following an impact action, depending on the type and/or locale of the barrier, the energy 

transferred to the barrier may be absorbed in different ways resulting in one or several of the 

following situations: localised damage, bending of stem wall, overturning action and sliding 

action, as shown in Figure 1.1. 

Research that has been undertaken on the impact-resistant behaviour of reinforced concrete 

(RC) were mostly experimental in nature [8-13]. Empirical expressions that have been derived 

are specific to certain impact scenarios (that have been tested) and hence the proposed 

methodology lacks generality. Articles that are specifically on the design of concrete barriers 

for protection against rockfalls and moving debris can also be found in Refs. [4, 14]. 

Recommendations presented in these articles are based on designing the barriers to ensure 

sufficient sliding and overturning stability to counter the generated “impact forces”. The force-

based (FB) approach adopted in the cited references is in alignment with codes of practices for 

both rockfall barriers [14-16] and vehicular barriers [17-20] which typically represent an 

impact action by what is known as an “equivalent static force”. Kim et al. [21] explained how 

this “equivalent static force” can be used to estimate the sliding and overturning capacity of 

traffic barriers against impact. 
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(a) (b) 

  

(c) (d) 

Figure 1.1 Behaviour of a reinforced concrete barrier subjected to an impact action: (a) 

localised damage, (b) bending, (c) overturning, and (d) sliding 

The conventionally used FB models are essentially providing predictions of forces that are 

developed at the point of contact between the impactor and the surface of the target or a cushion 

material placed in front of (or on top of) the surface of the concrete. Such a contact force lasts 

only for a very short duration (in a matter of not exceeding a few milliseconds). Substantial 

investigations have been carried out to ascertain the peak value of the highly transient contact 

force that can be generated by the impact of a boulder on cushioned materials that have been 

placed in front of a barrier or an embankment [22-25]. Those investigations gained useful 

insights into the control of the peak contact force for minimising damage on the surface of the 

barrier. However, the notion of applying the estimated peak contact force onto the barrier in a 

quasi-static manner is contradictory to the transient nature of the impact action resulting in 
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overly conservative predictions of the destabilising effects (and other global effects) of the 

impact. The conservatism stems from ignoring the time dependent inertial reactions that are 

generated within the barrier on impact. Such inertial reactions must be taken into account to 

obtain estimates of the response behaviour of the barrier. The role played by inertial force is 

relatively minor at the point of contact in comparison with the behaviour of the barrier as a 

whole (because of increase in the magnitude of the inertial force with increasing amount of 

materials that are included into the analysis). Thus, contact force can still be used for predicting 

the localised effect of the impact which is less affected by inertial resistance. However, the 

localised effect of the impact is not a matter of concern when the barrier is shielded by cushion 

materials (such as rockfill gabions). Consequently, knowledge on contact forces has limited 

utility in the RC design of rockfall barriers. 

What warrant more engineering attention are the global effects of the impact because such 

global effects are controlling bending moment, shear forces and the risk of overturning of the 

barrier. The deflection (and displacement) demand on the RC member (the target) requires 

knowledge of the impulsive action of the impact which is characterised by both the amplitude 

of the impact force and its duration. Many FB expressions [14-20] only give estimates of the 

amplitude of the force but not full details of the imposed impulse. Should all such details of the 

impulse be available the predicted actions would need to be applied to the target in a dynamic 

analysis for computation of the inertial resistance. This can be difficult to implement in design 

practices. In summary, many FB provisions appear complex and yet they are not as useful in 

the economical design of the rockfall barrier. 

Analytical models based on the use of displacement-based (DB) approach have been developed 

over the years [26-30]. However, these models have only been verified against experimental 

and numerical studies on homogenous materials subjected to vertical impact. In reality, 

protective barriers are commonly constructed of RC and subjected to horizontal impact from 

impactor objects such as boulders and vehicles. The applicability of these analytical models on 

the design of RC barriers has yet to be determined. 

Physical experimental investigations have been undertaken to better understand the impact 

response behaviour of RC structures. Many of these experiments were conducted in the form 

of vertical drop tests on RC beams or slabs [12, 31-35]. Horizontal impact tests on RC barriers, 

or walls, normally require a pendulum style setup [23, 25, 36-38] or in the form of crash tests 
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[39-41] which can be more difficult, and costly, to conduct as compared to vertical drop tests 

that utilised readily available drop hammer facilities that are available in many structural 

engineering laboratories. Some of these tests were focused on the performance of specific 

materials rather than the concrete wall itself, and many of which did not record the response 

behaviour of the concrete wall such as wall deflection and reinforcement strains. 
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1.2 Research Objectives and Thesis Outline 

The main research objective of this thesis is to investigate the primary global response 

behaviours of RC barriers subjected to impact actions, including bending, overturning and 

sliding actions as illustrated in Figures 1.1(b) – (d). Modelling of localised damage at the 

vicinity of impact is outside the scope of this thesis. This research project also aims at 

developing simple analytical solutions that can be applied in a design environment to estimate 

these response behaviours. The main research objectives that are reported in this thesis are 

outlined as follows: 

1. Provide a critical review of the current approaches and methodologies for designing 

structures subjected to solid object impact, including rockfall and vehicular barriers. 

2. Develop an analytical model for assessing overturning stability of rigid barriers of 

different geometries when subjected to an impact action. 

3. Develop an analytical model for estimating the amount of sliding displacement of a 

rigid barrier following an impact action. 

4. Compare the accuracy of the analytical models that have been included in the review 

(objective 1) for predicting the deflection demand of a RC structure when subjected to 

an impact action. 

5. Undertake parametric studies with the use of FE simulation to identify the key 

parameters that have significant influence on the bending response behaviour of a RC 

barrier. 

6. Review experimental investigations on RC walls that have been reported in the 

literature and conduct a large-scale impact experiment which is aimed at addressing the 

knowledge gap. 

7. Assess the validity of the model that has been identified to perform best (objective 4) 

against the test results recorded from physical experiments forming part of this study 

(objective 6). 

All the listed objectives are addressed in the thesis chapters as inducted in the following 

paragraphs.  

As discussed in Section 1.1, there is a general lack of robust methodology for designing impact-

resistant RC structures. In view of that, the first objective of this research project is to carry out 

a thorough review of the existing models that have been reported in the literature, along with 
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guidelines and codes of practices in order to identify the exact issues with the use of these 

models (Chapter 2). Chapter 2 provides a review of the existing design approaches and models, 

as well as major experimental and numerical investigations that have been carried out to date. 

It was found that the available FB approaches often involve predicting, or prescribing, the 

contact force delivered by the impactor, which is not representative of the actual quasi-static 

force that is responsible for the global response behaviour of a RC structure. Some of the DB 

approaches, on the other hand, are either empirical in nature, or neglect energy loss over the 

course of impact entirely. There has yet been any model or design methodology that are capable 

of accurately predicting the impact response behaviour of RC barriers. 

Chapter 3 and Chapter 4 consider the stability of a free-standing barrier when subjected to an 

impact at varying heights. When close to the top of a barrier is struck by an impactor, its 

overturning motion is critical and such motion is assessed in Chapter 3. On the contrary, 

Chapter 4 focuses on the sliding motion of a barrier when subjected to an impact at a much 

lower elevation. Analytical models that are presented in both chapters are based on 

fundamental principles of energy and momentum. Both models have been verified through 

comparison with results from physical experimentation as well as numerical simulations. Note 

that Chapter 3 and Chapter 4 assume pure rotation and sliding movement of the barrier 

respectively, and should be applied in conjunction with each other to achieve safe design. Their 

design applications have also been presented. The contents in Chapter 3 were extracted from 

two original research articles published in ASCE Journal of Engineering Mechanics (DOI: 

10.1061/(ASCE)EM.1943-7889.0001383) and Landslides (DOI: 10.1007/s10346-018-0957-5). 

Chapter 4 is based on another original research article which has been published by ASCE 

Journal of Engineering Mechanics (DOI:10.1061/(ASCE)EM.1943-7889.0001576). As an 

ongoing collaborative work between the author and the Geotechnical Engineering Office (GEO) 

of the Hong Kong government, part of the research in Chapter 3 has also been documented in 

a technical note of GEO: TN 9/2016 [42]. 

Another research objective of this thesis is to assess the bending response behaviour of a RC 

structural member. Simply supported RC beams are first considered in Chapter 5 by back-

analysing some experimental results reported in the literature utilising FE numerical models. 

Chapter 5 aims to verify the applicability of the analytical models found in the literature for 

predicting the deflection demand of RC beams when subjected to a vertical impact, and to 

develop a methodology for estimating the ultimate resistant capacity of the beam. 
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The FE model as verified in Chapter 5 had the geometries and boundary conditions modified 

to represent a fixed base RC wall barrier for resisting horizontal impact (Chapter 6). The DB 

model which has been identified to perform best in Chapter 5 was again utilised for designing 

RC barriers in Chapter 6 in support of parametric studies. The design methodology for ensuring 

satisfactory performance of a barrier wall in flexure has also been illustrated in this chapter 

alongside FE simulations. Part of the findings from Chapter 5 and Chapter 6 has been 

documented in a technical note published by GEO: TN 3/2018 [43]. 

Chapter 6 is based solely on analytical and numerical modelling. In contrast, the main objective 

of Chapter 7 is to develop and carry out a large-scale experimental program for investigating 

the bending response behaviour of a fixed base RC stem wall when subjected to the horizontal 

impact of a solid object. The test involved striking a 1.5 m tall and 3 m wide fixed base 

reinforced concrete wall with impactors of two different sizes, simulating fixed foundation 

rockfall barrier under boulder impact. More than 60 pieces of instrument were employed to 

monitor the impact conditions and specimen’s behaviour under impact. Details of the specimen, 

impactors, instrumentation, experimental set up and procedures are covered in this chapter. 

Experimental results from the relevant tests will also be presented. Following the experiment, 

the next research objective was focused on providing a methodology for estimating the 

deflection demand as well as maximum tensile reinforcement strain of a RC stem wall with the 

aim of aiding design decisions, as presented in Chapter 8. Analytical DB model as introduced 

in previous chapters alongside its application on RC wall are demonstrated in this chapter. 

When compared with test results presented in Chapter 7, the proposed calculation procedures 

have been shown to provide accurate estimates of both wall deflection and reinforcement strain 

which are key parameters for representing the flexural response behaviour of the structure. The 

major findings from Chapter 7 and 8 have contributed to another technical note published by 

GEO: TN 7/2018 [44]. 

The practical application of the proposed analytical models is presented in Chapter 9 with 

regard to the design of a rigid rockfall barrier in the form of a design guideline. In a design 

simulation exercise, lateral load from debris flow was incorporated with the DB models 

(verified in previous chapters) to co-exist with the impact action of a fallen boulder. 

The conclusions from this research project alongside recommendations for future research are 

summarised and presented in Chapter 10. 
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Literature Review 

2.1 Force-based Design Approach 

The following review on force-based (FB) design approach is mainly based on publications 

that have been generated from research that took place in Hong Kong SAR, Switzerland and 

Japan where protective technology for countering landslide and rockfall hazards are in high 

demand [45-48]. Literature and design guidelines that are related to vehicular collision on 

bridge barriers have also been included in the review. The applicability of these approaches on 

reinforced concrete (RC) structures is then investigated. 

2.1.1 Non-linear Contact Force Model 

A simple way of estimating contact force generated at the point of contact between a spherical 

object and the surface of the target is based on the use of the non-linear contact force model 

which defines the relationship between force and indentation into the surface of the target 

which is assumed to be made of a homogeneous material possessing elastic properties. The 

value of the contact force is obtained by equating the amount of kinetic energy delivered by 

the impact with the elastic strain energy absorption. The mass and velocity of the impactor, its 

elastic modulus, and its radius at the position of contact (based on the use of an equivalent 

spherical object to represent the impactor) are parameters characterising the impact action. The 
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elastic modulus of the surface material which is subjected to the impact action is the key 

parameter characterising the potential compressive behaviour of the target when impacted upon.  

The contact force – displacement (𝐹𝑐 − 𝛿) relationship can be expressed in the following form 

which is referred herein as the Hertz equation [49]: 

 𝐹𝑐 = 𝑘𝑛𝛿𝑝 (2.1) 

where displacement (𝛿) is defined as the amount of movement of the centre of the impactor 

object resulted from both the "squashing" of the object and "indentation" into the surface of the 

target; and 𝑘𝑛  and 𝑝  are coefficients for characterising the compressive behaviour of the 

impactor object and the surface of the target. 

This 𝐹𝑐 − 𝛿 behaviour can be used to characterise the behaviour of the frontal spring in the two 

degree of freedom (2DOF) spring connected lumped mass system and is not to be confused 

with the behaviour of the rear spring which is in support of the target lumped mass. 

If the values of 𝑘𝑛 and 𝑝 are known (the value of which can be derived using the methodology 

introduced in Ref. [50]), the maximum value of the displacement (𝛿) can be estimated using 

the following equation which is expressed in terms of the basic impact parameters (mass of 

impactor 𝑚 and impacting velocity 𝑣0): 

 
1

2
𝑚𝑣0

2 = ∫ 𝐹𝑐

𝛿0

0

 𝑑𝛿 = ∫ 𝑘𝑛𝛿𝑝
𝛿0

0

 𝑑𝛿 =
𝑘𝑛

𝑝 + 1
𝛿0

𝑝+1
 (2.2) 

 

𝛿 = (
𝑝 + 1

2𝑘𝑛
𝑚𝑣0

2)

1
𝑝+1

 (2.3) 

Equations (2.2) – (2.3) are based on the assumption that no energy is dissipated in the loading 

phase of the impact (when the impactor is compressed). Mitigating effects which are derived 

from interactions between the impactor and the target have been ignored. In spite of these 

assumptions, reasonable results can be obtained from these equations in a typical scenario 

wherein the duration of contact is an order of magnitude shorter than the time taken by the 

target to displace. The value of 𝐹𝑐 is accordingly defined by the following expression based on 

substituting Equation (2.3) into Equation (2.1): 
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 𝐹𝑐 = 𝑘𝑛 (
𝑝 + 1

2𝑘𝑛
𝑚𝑣0

2)

𝑝
𝑝+1

 (2.4) 

The value of exponent 𝑝 is often taken to be equal to 1.5 by default as per Hertz Law. If the 

value of the material constants namely the Young’s Modulus (𝐸) and Poisson’s ratio (𝜈) are 

known, the following expressions which are well established in the field of contact mechanics 

may be used for estimating the value of 𝑘𝑛. 

 𝑝 = 1.5 (2.5) 

 
𝑘𝑛 =

4

3
𝐸√𝑅𝑐 (2.6) 

 1

𝐸
=

1 − 𝜈1
2

𝐸1
+

1 − 𝜈2
2

𝐸2
 (2.7) 

 1

𝑅𝑐
=

1

𝑅c1
+

1

𝑅c2
 (2.8) 

where 𝐸1and 𝜈1 and 𝐸2 and 𝜈2 are the Young’s Modulus and Poisson’s ratio of the impactor 

and target material respectively; and 𝑅𝑐1 and 𝑅𝑐2 are their respective radius of curvature (i.e. 

1/𝑅𝑐2  =  0 if surface of the target is flat). 

There are limitations of model involving the use of the Hertz equation. The following 

assumptions have to be made: 

• The contact surfaces are continuous and non-conforming. 

• The material is homogeneous and the strains are small and within the elastic limit. 

• Each body is considered an elastic half-space, i.e. the contact area is much smaller than 

the characteristic dimensions of the contacting bodies. 

• The contact surfaces are frictionless. 

• Energy dissipation in the course of the load application can be neglected (this 

assumption can result in overly conservative predictions of the peak contact force). 

Further details in relation to experimental verification of the model and the determination of 

the modelling parameters can be found in Ref. [50]. 
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2.1.2 Modified Hertz Equation 

A Geotechnical Guide (GEO Report No. 270) was published by the Geotechnical Engineering 

Office (GEO) of the Hong Kong government in 2012 to make recommendations over the 

design of rigid debris-resistant barriers [14]. The approach of modelling adopted by the GEO 

report is also based on non-linear contact force behaviour of the (boulder) impactor in contact 

with the barrier. Equations (2.9) – (2.13) for determination of the magnitude of the contact 

force are based on standard contact mechanics of two elastic objects and the default value of 

1.5 for the exponent as per Hertz Law. 

 𝐹 = 𝐾𝑐𝑛𝛼1.5 (2.9) 

 
𝑛 =

4𝑟𝑏
0.5

3𝜋(𝑘𝑏 + 𝑘𝐵)
 (2.10) 

 
𝛼 = (

5𝑚𝑏𝑣𝑏
2

4𝑛
)

0.4

 (2.11) 

 
𝑘𝑏 =

1 − 𝜇𝑏
2

𝜋𝐸𝑏
 (2.12) 

 
𝑘𝐵 =

1 − 𝜇𝐵
2

𝜋𝐸𝐵
 (2.13) 

where 

𝐾𝑐: Load reduction factor (which was recommended to take the value of 0.1) 

𝑟𝑏: Radius of boulder 

𝑚𝑏: Mass of boulder 

𝑣𝑏: Velocity of boulder normal to barrier 

𝐸𝑏: Elastic modulus of boulder 

𝐸𝐵: Elastic modulus of barrier 

𝜇𝑏: Poisson ratio of boulder 

𝜇𝐵: Poisson ratio of barrier 

It is shown in Appendix A that Equations (2.9) – (2.13) from GEO Report No. 270 are 

effectively identical to Equations (2.4) – (2.8) of the non-linear contact force model (Hertz 

equation) except for the scaling factor 𝐾𝑐  in Equation (2.9) that has been used to fudge with the 
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value of 𝐹 forcing it to agree better with the experimentally measured results. Thus, limitations 

of the non-linear contact force model as outlined in Section 2.1.1 also apply to this model. 

Technical note (TN 5/2016) was subsequently published to recommend a less conservative 

estimate for the impact force based on the use of the 𝐾𝑐 multiplier to calibrate the model against 

results from experiments [51]. Cushioning materials (namely rock-filled gabions, cellular glass 

aggregates, recycled glass cullet and EVA foam) that were placed in front of a concrete barrier 

were struck by a hard spherical object. Expressions for determining the peak contact force 

value as stipulated by TN 5/2016 had been calibrated to give estimates that enveloped the 

experimentally measured results. Recommendations by this technical note serve the purpose of 

reducing the amount of required repair work that can be caused by localised damage inflicted 

by impact of boulders and debris on the surface of the barrier.  However, accurate predictions 

of the impact resistant performance (e.g. overturning stability) of the barrier cannot be 

guaranteed in a diversity of impact scenarios because the mitigating effects of inertial resistance 

generated in the course of the impact have not been represented accurately by the model. This 

mitigating factor which is dependent on the size (hence weight) of the barrier could not possibly 

be achieved by the use of the 𝐾𝑐 multiplier in the FB provision. 

2.1.3 Swiss Code Model 

The method of determining the impact force as described above has been adapted to situations 

where the surface of the target is covered by a layer of soil (described as "cushion" material). 

An example of this is the method of estimating impact force as stipulated by the Federal Road 

Office of Switzerland (ASTRA). The Swiss guideline which was first established in 1998 is 

referred hereafter as the "Swiss Code". The latest version of the Swiss Code which was released 

in 2008 can be found in Ref. [15]. The stipulated guidelines were mainly based on impact tests 

reported in Ref. [52] along with numerical analyses of the experimental results [53, 54].  

Whilst the Swiss Code Model has been included in the review, it is noted that the model 

specifically deals with the cushioning effects of the soil layer which is not a feature in the 

design of rockfall barriers nor vehicular barriers which has a vertical surface that is exposed to 

impact. In contrast, the soil cushion can only be placed on the horizontal surface of a structure 

(and not on the vertical surface of a barrier). Thus, there are major limitations with the 

versatility of the Swiss Code model. 
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The Swiss Code model is based on equating the amount of kinetic energy delivered by the 

impact with the energy of absorption of the layer of sand which is penetrated by the impactor. 

The algebraic expressions of Equations (2.14) and (2.15) have incorporated key parameters 

such as the soil modulus, internal angle of friction and the thickness of the soil layer for 

characterising the energy absorption potential of the soil layer. 

 𝐴𝑑 = 𝐶𝐹𝑘 (2.14) 

 𝐹𝑘 = 2.8𝑒−0.5𝑟0.7𝑀𝐸,𝑘
0.4 tan 𝜑𝑘 (

𝑚𝑘𝑣𝑘
2

2
)

0.6

 (2.15) 

where 

𝐴𝑑: Design equivalent static force 

𝐶: Dimensionless factor 

𝑒: Thickness of cushion layer 

𝑟: Radius of the impactor as an equivalent sphere 

𝑀𝐸,𝑘: Soil modulus of cushion layer 

𝜑𝑘: Internal friction angle of cushion layer 

𝑚𝑘: Impactor’s mass 

𝑣𝑘: Impactor’s impact velocity 

Given that the emphasis of the model is to take into account the cushioning effects of the layer 

of sand (which is very soft in comparison with boulder and the concrete), changes in the 

compressive stiffness of the boulder and the concrete would not affect results significantly. 

Thus, parameters characterising the behaviour of the concrete, or the boulder, need not be 

included into the predictive expression in the Swiss Code model. 

The stipulated relationships are based on the scenario where the impactor strikes the target 

vertically, with a cushion layer placed above the surface of the target as shown in Figure 2.1 

(which also shows the distribution of the design forces). Equation (2.15) gives estimates of the 

equivalent static force 𝐹𝑘  which is modified by coefficient 𝐶  (where 𝐶 = 0.4  for ductile 

behaviour and 𝐶 = 1.2 for brittle behaviour of the structure). The recommended expressions 

are only valid for penetration depth of less than half the thickness of the sand cushion. 
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Figure 2.1 Equivalent static load distribution from Swiss guideline [15] 

2.1.4 Japanese Code Model  

A model offering similar utility for vertical impact can be found in a manual published by the 

Japan Road Association [16]. The stipulated method provides an estimate for the impact load 

𝑃 based on the use of Hertz contact theory, as shown by Equations (2.16) and (2.17). As for 

the Swiss Code model, the estimated force in the Japanese Code model is treated as an 

equivalent static force which is applied to the surface of the target and is modified by the 𝛼 

factor which takes into account the mitigating effects of the cushion layer. 

As for the Swiss guideline, the Japanese guideline is for vertical impact scenario on a cushioned 

(protected) target. Impact load 𝑃 is to be distributed as shown in Figure 2.2. The stiffness of 

the impactor object has not been parameterised in Equations (2.16) and (2.17). The omission 

is justified in view of the minor effects of the change in stiffness to the outcome of the impact 

because of the dominating influence of the sand cushion (which is much softer than the boulder 

and the concrete). Lame's constant and thickness of the soil layer are parameters to characterise 

energy absorption potential of the sand cushion. The value of the Lame’s constant is 

recommended to be 1000 𝑘𝑁/𝑚2 but the actual value can vary from 1000 to 10000 𝑘𝑁/𝑚2 

depending on the density of sand [48]. It is noted that the energy dissipation and compressive 

behaviour of sand is not of interests to the current study. The recommended expression is only 

valid when the structure (target) deforms within the elastic limit. Other comments over 

limitations of the Swiss Code model also apply to the Japanese Code model. 

 𝑃 = 2.108(𝑚𝑔)
2
3𝜆

2
5𝐻

3
5𝛼 (2.16) 
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𝛼 = (

𝑇

𝐷
)

−0.5

 (2.17) 

where 

𝑚: Impactor’s mass 

g: 9.81𝑚𝑠−2 

𝜆: Lame’s constant 

𝐻: Impactor’s drop height 

𝑇: Thickness of cushion layer 

𝐷: Impactor’s diameter 

 

Figure 2.2 Equivalent static load distribution from Japanese guideline [16] 

2.1.5 Visco-elastic Contact Force Model 

As opposed to the Hertz law is only applicable to the scenario of an ideal elastic collision where 

there is no energy dissipation, a linear damper is included in the Kelvin-Voigt model to 

represent energy lost [55]. The visco-elastic model is represented by Equation (2.18) and shown 

schematically in Figure 2.3. As shown in both Equation (2.18) and Figure 2.3, when 𝛿 = 0, 𝐹𝑐 

does not equal to zero due to the damping term. This is not realistic as both force and 

deformation should be zero at the beginning of contact. Also, a linear spring of 𝑝 = 1 is adopted 

in the Kelvin-Voigt model as compared to the more realistic non-linear spring in the Hertz 

model. 

 𝐹𝑐 = 𝑘𝑙𝛿 + 𝐷𝑙�̇� (2.18) 
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Figure 2.3 Contact force versus deformation of the Kelvin-Voigt model [56] 

2.1.6 Non-linear Visco-elastic Contact Force Model 

The non-linear visco-elastic model of contact force as proposed originally by Hunt & Crossley 

[57] which is represented by Equation (2.19) has been found to provide predictions that are 

more accurate than the other models. This is because of realistic assumptions that have been 

made in relation to the non-linear behaviour of the two solid objects that are in contact and the 

dissipation of energy during the course of the impact. The model features the use of the non-

linear spring of stiffness 𝑘𝑛 and exponent 𝑝 along with the use of the non-linear damper (of 

damping coefficient 𝐷𝑛) to take into account energy dissipation. The ability of the non-linear 

visco-elastic model to take into account energy dissipation behaviour during the course of the 

impact represents a significant advancement over the non-linear contact force model introduced 

in Section 2.1.1. 

Traditional modelling of the non-linear spring stiffness at contact as per the Hertz equation 

takes the value of  𝑝 to be equal to 1.5 [49]. The key parameters are the contact force (𝐹𝑐), 

relative deformation (𝛿) and contact velocity (�̇�) between the two objects. If the values of 𝑘𝑛, 

𝐷𝑛 and 𝑝 are known, the hysteretic (𝐹𝑐 − 𝛿) relationship can be identified readily. An example 

of such a relationship is depicted in the schematic diagram of Figure 2.4. 

 𝐹𝑐 = 𝑘𝑛𝛿𝑝 + 𝐷𝑛𝛿𝑝�̇� (2.19) 
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Figure 2.4 Contact force versus deformation of the Hunt and Crossley model [56] 

Since the time the Hunt and Crossley model was proposed, numerous alternative hysteretic 

relationships have been derived to characterise the behaviour at contact between two impactor 

objects [58-62]. A common feature of the developed models was that 𝑝 adopts the value of 1.5. 

In a recent article of Ref. [63], a new expression for determining the value of 𝐷𝑛 which retains 

the 𝑝 factor as a parameter (but treating this as a variable as opposed to being a constant factor) 

was derived as shown by Equation (2.20). This form of modelling enables an analytical model 

to be calibrated against experimental results making use of stiffness parameters 𝑘𝑛 and 𝑝 and 

the coefficient of restitution (COR) of the impact as calibration parameters [64, 65]. 

 𝐷𝑛 = (0.2𝑝 + 1.3) (
1 − COR

COR
)

𝑘𝑛

�̇�0

 (2.20) 

An important merit of this approach is that it takes into account the stiffness of the impactor 

and the target with the inclusion of the dynamic parameters 𝑘𝑛, 𝑝 and COR. These dynamic 

parameters can be determined by the use of a two-step calibration procedure, which has been 

described in detail in Refs. [64, 66]. This model was employed in Ref. [64] to simulate hail 

impact and Refs. [66, 67] to simulate impact by windborne debris. The model has also been 

adopted for predicting the local impact response behaviour of building façade such as 

aluminum and glass panels [68, 69].  The scope of dynamic testings that have been reported in 

these references are essentially indicative of the limitations of this model which are yet to be 

fully comprehended. Another merit of the Hunt and Crossley model is its simplicity to 

implement on a spreadsheet, and is able to predict the contact force based on a given set of 
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parameters. Implementation of the model in engineering practice on EXCEL or MATLAB 

platforms can be found in Ref. [63]. 

Analytical modelling of the contact force generated by the impact of a boulder on the surface 

of a concrete structure is still under development. At present, there is no available set of 

parameters that represents the compressive properties of a boulder for the prediction of contact 

force on a bare concrete surface in rockfall scenarios. Thus, the recommended strategy for 

design of RC barrier is to place gabions in front of the barrier to provide shielding of the 

concrete from direct contact with the impacting boulder. A displacement-based design 

procedure (which will be introduced in Section 2.3) may then be used to ensure satisfactory 

performance of the barrier in terms of overall stability and capacity to resist bending. 

2.1.7 Traditional Force-based Loading Provisions in Design of Highway Barriers 

The American Association of State Highway and Transportation Officials (AASHTO) provides 

an outline of the test levels and crash test criteria for bridge barriers subjected to accidental 

vehicular collision based on six performance levels. Design forces for each performance level 

are specified in the design specifications of AASHTO [18]. The performance levels and their 

respective design loads as stipulated in AS5100.1 [70] and AS5100.2 [17] for use in Australia 

are very consistent with stipulations by the AASHTO design guides, so is the Australian 

standardised Bridge Barrier Design Guide [19]. Similarly, Eurocode 1 specifies an equivalent 

static force to be applied on a highway structure which is subjected to the impact action of an 

aberrant vehicle (refer to Annex C of Ref. [20]). Prescriptive provisions of this nature can make 

it difficult to adapt provisions for countering impact hazards on a highway for protection 

against rockfall hazards. 

 

  



Chapter 2: Literature Review 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures 20 

 

2.2 Limitations of Force-based Design Approach 

Limitations of the FB design approach can be identified readily once the fundamentals of the 

impact actions are well understood. Findings from experimental investigations and numerical 

simulations that have been reported in the literature can also be interpreted correctly. 

"Impact force" is a general term which can carry different meanings. The term impact force 

may refer to the peak contact force which is the maximum force experienced by the surface of 

the RC member at the point of contact with a hard impactor object.  Inertia force is generated 

within the target object (or part of it) when experiencing motion and/or deflection in response 

to the impulsive action delivered by the impact. The term impact force can have a different 

meaning as it may refer to the quasi-static force which is the force applied to the target to result 

in the same amount of maximum deflection that can be resulted from the impact action. The 

value of quasi-static force 𝐹𝑞𝑠 can be estimated by taking the product of the stiffness of the 

target (𝑘) and its maximum deflection resulted from the impact action (Δ). The value of 𝐹𝑞𝑠 

should also be equal to the difference between the contact force and the inertia force. Thus, 

𝐹𝑞𝑠 has also been described as the reaction force. Thus, it is important to differentiate between 

contact force and quasi-static force in view of their fundamental differences. 

Contact force is obtained by multiplying the acceleration of the impactor and its own mass. 

The main issue with solutions for the peak contact force (as presented in the literature) is that 

this type of force is very transient in nature and can last for only a very short duration of time 

to deliver an impulse to the target. For this reason, contact force should be applied to the model 

of the target in a transient manner in order to have the inertia force simulated. A dynamic 

analysis computer package is therefore required to implement the applied force of this nature. 

If contact force is applied (mistakenly) in a static manner to the model of the target misleading 

predictions of  the global response behaviour can be resulted simply because of the omission 

of inertia forces that are generated from within the target [71-73]. This concept is illustrated in 

the schematic diagram of Figure 2.5, and in Figure 2.6 which shows the example of an impact 

experiment involving the use of a gas gun [66]. The amplitude of the contact force can be an 

order of magnitude higher than the quasi-static force as illustrated in both Refs. [64] and [66], 

and in Figure 2.6. Although the example shown in Figure 2.6 was not based on the impact of a 

boulder, the significance of the inertia force and its highly transient nature is well demonstrated. 

The term “Reaction Force” which is used as the label of the y-axis in Figure 2.6 is synonymous 
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with the term quasi-static force which is clearly much lower in amplitude than the contact force. 

The latter refers to the sum of the inertia force and quasi-static force, and is responsible for 

localised damage to the surface of the target. On the other hand, quasi-static force is responsible 

for global deflection (causing bending and shear) and the destabilising action. 

 

 

 

Figure 2.5 Contact force versus quasi-static force 

 

Figure 2.6 Different types of forces generated by an impact action [66] 

The aforementioned concept also offers the explanation for the observation that damage to RC 

structures in impact scenarios are typified by punching [74] and more so for high velocity 

impact because a higher rate of loading  would generate higher inertial resistance which 

suppresses global response behaviour. The significance of inertial resistance has also been 

demonstrated in Refs. [26, 29, 64].  
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2.3 Displacement-based Design Approach 

Recognising the shortcomings of the FB design approach, new methodologies adopting the 

alternative performance-based philosophy have been developed. A design approach for 

countering impact hazard based on performance should be focused on the deflection and 

displacement (and/or rotation) of the structure (i.e. the target) which is subjected to an impact 

action. Thus, a displacement-based (DB) design is very much in alignment with performance-

based philosophy. Deflection is as important in a beam or slab element as the amount of flexural 

stress which controls the risks of crushing or fracture of the material is correlated with the 

curvature of the deflection profile of the element. Displacement is important given that the 

dislocation of the structure is of high consequence. The amount of rotation of a free-standing 

installation (e.g. a barrier) about its base can also be critical give that the risk of overturning is 

controlled by the angle of rotation. 

2.3.1 Empirical Modelling of Deflection Demand of Impact  

The performance-based approach has been adopted to develop empirical solutions for 

estimating the deflection demand of a RC beam which is subjected to the impact of a dropped 

weight. For example, impact experiments on six types of RC beam have been carried out as 

reported in Ref. [32]. The tested beam specimens have identical layout of reinforcement as 

shown in Figure 2.7, but with different concrete compressive strengths and bar sizes. A 33.6 

kg drop-weight was made to strike the mid-span of the RC beam. By curve-fitting the 

experimental results, the relationship defined by Equation (2.21) which relates the impacting 

energy (KE0), maximum deflection (Δ) and static flexural load-carrying capacity (𝐹𝑢) was 

derived. The displacement demand of the impact, Δ , can be calculated by the use of the 

equation once the value of  KE0,  and 𝐹𝑢 are known. 

 

Figure 2.7 Cross-section and reinforcement layout of beams [32] 
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 𝐹𝑢 =
0.63KE0

Δ
 (2.21) 

The use of Equation (2.21) is simple and straightforward, and is also highly accurate as it is 

derived directly from experimental results. However, the generality of the expression is 

uncertain and can only be applied with confidence for impact scenarios which the 

experimentations were based upon. For example, Equation (2.21) is only applicable to cases 

where KE0 < 3𝑘𝐽 , 𝑣0 < 13𝑚/𝑠  and 𝑃𝑢 < 30𝑘𝑁 . Other examples of performance-based 

design can be found in Refs. [13, 33, 75, 76]. 

2.3.2 Loading Provisions in Codes of Practices for Design of Structures  

An alternative approach recommended in Eurocode 1 for hard impact is the equal energy 

approach [20]. This approach involves equating the impacting kinetic energy to the energy 

absorbed by the target. Equation (2.22) which is generic in nature can be used to provide 

estimates for the design impact force (also known as quasi-static force 𝐹𝑞𝑠) in practice given 

that the impacting velocity (𝑣0), impactor’s mass (𝑚) and target’s stiffness (𝑘) can be identified 

easily. 

 𝐹𝑞𝑠 = 𝑣0√𝑘𝑚 (2.22) 

Although the method provides predictions of the impact force, it is essentially a prediction of 

the deflection of the barrier which is then multiplied by the lateral stiffness of the barrier to 

give the quasi-static impact force. 

The Codes of Practices for Dead and Imposed Loads published by the Buildings Department 

of the Hong Kong SAR Government in 2011 [77] stipulated impact load provisions that are 

similar in form to Eurocode 1 [20] for hard impact except that Ref. [77] is based on the 

assumption of both the impactor and the barrier undergoing pure plastic deformation whereas 

Ref. [20] is based on the assumption of the barrier undergoing linear elastic deformation. 

The main shortcoming of the loading provisions with both codes of practices is the assumption 

that the entire kinetic energy delivered by the impactor object is wholly absorbed by the 

deformation of the barrier (and the impactor for Ref. [77]). In reality, significant amount of 

energy could be dissipated, and some could be carried away by the impactor on re-bounce from 

the surface of the target thereby resulting in only a fraction of the kinetic energy to be 

transferred to the target. The fraction of transferrable energy cannot be generalised as the 
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amount is dependent on the mass of the target (and its boundary conditions) relative to the mass 

of the impactor. 

2.3.3 Analysis of the Impact Taking into Account Energy Partitioning 

The approach of equating energy was further developed to take into account energy that is 

dissipated on impact in order that the net amount of energy absorbed by the target (the barrier) 

can be estimated with much better accuracy (than the method described in the previous 

sections). Essentially the kinetic energy delivered by the impactor object is partitioned into the 

following parts: (1) energy that is carried away by the impactor following the impact, and (2) 

energy absorbed by the straining and motion of the responding target.  

This DB approach was first developed by Yang et al. [26] and later expanded by Ali et al. [29] 

to cover different impact scenarios. The fraction of energy absorbed by the target has been 

found to be sensitive to the value of parameter 𝜆 which is defined herein as the ratio of the 

generalised mass of the target to the mass of the impactor. The heavier the target (i.e. higher 

value of 𝜆), the less amount of energy is absorbed by it. This is confirmed by the results of 

some drop tests [10, 33] although the investigation was not intended to study the mass effect. 

The phenomenon of energy partitioning is particularly important in situations where the barrier 

is much heavier than the impactor object. Significantly, the proposed closed form expression 

for estimating the energy ratio and the deflection demand of the beam has been verified by 

physical experimentation which involved striking the beam at mid-span by a dropped weight 

[26, 27, 29, 30]. A DB approach employing classical principles of conservation of energy and 

momentum as reported in Ref. [26] leads to solutions for the reduction factor 𝛽 which has been 

parameterised in Equation (2.23) for estimating the displacement demand (Δ) of the impact. 

Equation (2.24) for determining the value of the quasi-static force is simply based on taking 

the product of the right-hand-side of Equation (2.23) and stiffness (𝑘). 

 Δ = 𝛽
𝑚𝑣0

√𝑚𝑘
 (2.23) 

 𝐹𝑞𝑠 = 𝛽𝑣0√𝑘𝑚 (2.24) 

Expressions for determining the value of  𝛽 can be in different forms, depending on whether 

the impactor is embedded into the surface of the target. Two different forms of 𝛽  were 

developed as shown by Equations (2.25) and (2.26). Equation (2.25) is valid for the for the case 
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of an impactor experiencing “perfect re-bounce”. Energy is assumed to be partitioned between 

the kinetic energy developed in the target that has been excited into motion and the kinetic 

energy that has been carried away by the impactor object as it rebounds from the surface of the 

target. Equation (2.25) assumes no energy dissipation in the course of the impact in the form 

of sound and heat. On the other hand, Equation (2.26) was developed for high intensity impact 

scenario wherein impactor gets embedded into the surface of the target immediately following 

the contact phase. 

 𝛽 = √
4𝜆

(1 + 𝜆)2
 (2.25) 

 𝛽 = √
1

1 + 𝜆
 (2.26) 

For a special case where the direction of impact is vertical and no re-bounce of the impactor is 

expected, the deflection demand should be estimated by the use of Equation (2.27) instead of 

Equation (2.23). Parameter Δ  can be calculated using Equation (2.23) and 𝛽  value from 

Equation (2.26). 

 Δ′ = Δs + √Δ𝑠
2 + Δ (2.27) 

 Δ𝑠 =
𝑚𝑔

𝑘
 (2.28) 

Experimental results from drop tests [27, 29] provide support to the recommended expressions 

which have also been verified by comparison with results from finite element (numerical) 

simulations and 2DOF spring-mass analyticl modelling [26]. In a more recent publication of 

Ref. [28], the energy lost to the surrounding (in the form of heat and sound) is taken into 

account by parameterising COR which defines the amount of energy retained in the system. 

Equation (2.29) which is for determining the value of the 𝛽 factor incorporates COR as a 

modelling parameter. 

 𝛽 = √(𝛼 + 𝜆) (
1 + COR

1 + 𝜆
)

2

 (2.29) 
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where 𝛼 = 1 for an impactor becoming embedded into the target and 𝛼 = 0 for a rebounding 

impactor 

Note, Equation (2.25) is a special case of Equation (2.29) when 𝛼  = 0 and COR = 1 

representing the conditions of a perfect re-bounce. Similarly, Equation (2.26) is also a special 

case when 𝛼 = 1 and COR = 0 representing the conditions of no re-bounce. 

The COR value of boulders has not been adequately studied to allow design recommendations 

to be given with good confidence. Based on results from drop tests that have been documented 

in the literature [78-80], the value of the COR between a boulder and concrete surface ranges 

from 0.18 to 0.45. Taking COR = 0.5 is conservative enough. 

To date, Equations (2.23) and (2.27) has only been validated for the case of a vertical impact 

in the form of drop tests, and target specimens made of homogeneous materials such as steel 

and timber were used in these tests [27, 29]. It is uncertain whether the analytical solution is 

applicable to RC design which involves more complicated material mechanics. On top of that, 

the use of Equation (2.29) which involves a new parameter COR has not been verified by any 

impact experiment. 

To take into account plastic deformation of the target, Equation (2.30) was derived for 

predicting deflection of a structure assuming rigid-perfectly plastic behaviour whereas 

Equation (2.31) for predicting deflection assuming elasto-plastic behaviour [29]. 

 Δ =
𝑚𝑣0

2

2𝐹𝑦(1 + 𝜆)
 (2.30) 

 
Δ =

𝑚𝑣0
2

2𝐹𝑦(1 + 𝜆)
+

Δ𝑦

2
 

(2.31) 

where 

𝐹𝑦: Yield strength of the structure  

Δ𝑦: Deflection of the structure at yield as illustrated in the schematic diagram of Figure 2.8. 
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Figure 2.8 Schematic diagram showing definition of 𝚫𝒚 

Equation (2.30) was derived by equating the fraction of kinetic energy that is transferred to the 

target (𝐸𝐾𝐼𝑁) with amount of energy that is expanded in displacing the target by Δ assuming 

rigid perfectly plastic behaviour (i.e. assuming a negligible value of Δ𝑦) This equality is shown 

by Equation (2.32). The prediction is extended in Equation (2.31) to take into account the 

elastic behaviour of the beam prior to the occurrence of yielding. Derivation of this expression 

makes use of Equation (2.33) which was modified from Equation (2.32). 

 𝐹𝑦Δ =
1

(1 + 𝜆)

𝑚𝑣0
2

2
 (2.32) 

 
𝐹𝑦(Δ − Δ𝑦) +

𝐹𝑦Δ𝑦

2
=

1

(1 + 𝜆)

𝑚𝑣0
2

2
 (2.33) 

where the right-hand-side of both equations is 𝐸𝐾𝐼𝑁. 
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2.4 Limitations of Displacement-based Design Approach 

The DB design approach is primarily focused on modelling the global (overall) response 

behaviour of the targeted structure in projected impact scenarios. Thus, localised failure has 

not been addressed. A review article on the performance behaviour of RC subjected to severe 

impact actions classifies failure mechanism of concrete into seven types [81]. The first six types, 

as depicted in Figures 2.9 (a) to (f), can be classified as localised damage which is associated 

directly with the interaction of the impactor object with the surface of the target, whereas Figure 

2.9 (g) is to illustrate “global” bending deformation of the target as a whole. DB design on its 

own would not ensure protection from failure mechanisms other than from mechanism depicted 

in Figure 2.9 (g). 

 

Figure 2.9 Concrete responses to impact action: (a) penetration, (b) cone cracking, (c) spalling, 

(d) cracks on (i) proximal face and (ii) distal face, (e) scabbing, (f) perforation, and (g) overall 

target structure response [81] 

RC slabs are generally more vulnerable to localised damage than RC beams. Empirical 

formulae have been derived for calculating the depth of penetration and perforation for given 

slab thickness as function of impact parameters namely the mass and velocity of the impactor 

[82-84]. Results obtained from the derived expressions are shown in Figure 2.10. Because of 

the nature of the empirical models, each of the formulae that has been derived would only be 

applicable to a range of conditions consistent with the experimental investigations. Inter-model 

discrepancies that are shown in Figure 2.10 are reflective of the sensitivity of the predictions 

to factors that have not been parameterised. Many of the formulae were developed for 
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modelling the effects of high velocity (missile style of) impact as opposed to the low velocity 

impact of a fallen boulder. 

Localised damage is controlled mainly by the contact force. Over the past several decades, 

numerous contact models have been proposed to describe the behaviour at contact between two 

impactor objects. The most commonly used models are: (a) linear elastic model, (b) non-linear 

elastic model (reviewed in Section 2.1.1), (c) Kelvin-Voight model (reviewed in Section 2.1.5), 

and (d) non-linear visco-elastic model (reviewed in Section 2.1.6). The linear elastic model has 

been over-simplified and thus has not been reviewed in detail. 

 

 

[Abbreviation: NDRC - U.S. National Defense Research Committee; UKAEA - U.K. Atomic 

Energy Authority] 

Figure 2.10 Comparisons of different empirical formulae by penetration depths (left) and 

perforation thickness (right) [82] 
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2.5 Flexural Capacity of Reinforced Concrete Subject to Impact 

Action 

This section presents methods for predicting the capacity of RC beams (and columns) and slabs 

to absorb energy that is delivered by the impact of a solid object. 

2.5.1 Bending Capacity of Reinforced Concrete Beams and Columns  

Two approaches have been proposed for estimating bending moment of the beam, or plastic 

hinge rotation experienced by the beam (if any) when subject to strike at mid span of a beam 

(or column). The first approach is the DB approach which makes use of expressions derived in 

Section 2.3.3 to determine the quasi-static force and hence the resulting bending moment of 

the member (the target) responding within the linear elastic limit. For beams responding 

beyond the yield limit, expressions derived in Section 2.3.3 can also be used for determining 

the post-yield deflection at mid-span which can be used in turn for estimating rotation of the 

plastic hinge. The second approach which is adopted in CEB Report No. 187 [1] for predicting 

the same unknowns is based on equating energy that has been transferred to the target with 

energy expanded in bending the beam and in rotating the plastic hinge. 

In the earlier part of the thesis where the DB methodology was developed (Section 2.3.3), the 

amount of kinetic energy transferred to the target (𝐸𝐾𝐼𝑁) is given by the right-hand-side (RHS) 

of Equations (2.32) and (2.33) assuming that the impactor is embedded into the surface of the 

target (and does not rebound). In CEB Report No. 187 [1], 𝐸𝐾𝐼𝑁 is given by Equation (2.34) 

which has used a different notation to represent the mass of the impactor. To avoid confusion, 

the expression presented in below adopts a notation for the mass of the impactor that is 

consistent with the earlier parts of the thesis. 

 𝐸𝐾𝐼𝑁 =
𝑚2

2(𝑚 + 𝑚𝑡𝑎𝑟𝑔𝑒𝑡)
𝑣0

2 (2.34) 

where 

𝑚: mass of impactor 

𝑚𝑡𝑎𝑟𝑔𝑒𝑡: mass of target (being total mass of the beam multiplied by 𝑎/𝐿, where 𝑎 is the 

shortest edge distance of the position of impact and 𝐿 is the total length of target structure) 
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It is noted that the “mass of target” should strictly speaking be the “generalised mass of the 

target”. The expression stipulated by CEB is correct if, and only if, the beam is simply-

supported and that position of load application is at mid-span given that the generalised mass 

of a simply supported beam loaded at mid-span (𝜆𝑚) is approximately half of the total mass of 

the beam in which case 𝑎/𝐿 = 0.5. Accurate estimate of the generalised mass of a beam 

element can be obtained by the use of methods presented in Refs. [26, 29]. For a target with 

different boundary conditions (e.g. a cantilever beam) and/or different positioning of the impact 

action, the CEB provisions would not be applicable. Different expressions are therefore 

required for calculation of the respective value of the generalised mass and generalised stiffness, 

but no such work has been reported in the literature. 

It can be shown that the value of 𝐸𝐾𝐼𝑁  calculated from expressions derived from the two 

independent sources are identical if parameters that are input into the expressions are the same 

and that the beam is a simply-supported beam loaded at mid-span. Further discussions in below 

make use of the RHS of Equation (2.32) as the expression for defining the value of 𝐸𝐾𝐼𝑁.  

The bending moment of the beam at mid-span (𝑀𝑚𝑖𝑑) is then obtained readily by equating 

𝐸𝐾𝐼𝑁 with the elastic energy of absorption of the beam. This equality is represented by Equation 

(2.35). 

 
1

1 + 𝜆

𝑚𝜈0
2

2
=

𝑀𝑚𝑖𝑑
2 𝐿

6𝐸𝐼
 (2.35) 

where LHS of the expression represents the value of 𝐸𝐾𝐼𝑁 whereas the RHS represents the 

elastic energy of absorption of a simply-supported beam that is loaded at mid-span. 

Equation (2.35) can be re-arranged into Equation (2.36) for determining the bending moment 

𝑀𝑚𝑖𝑑. 

 𝑀𝑚𝑖𝑑 = √
1

1 + 𝜆

𝑚𝜈0

√𝑚𝑘

𝑘𝐿

4
= 𝛽𝜈0√𝑚𝑘

𝐿

4
 (2.36) 

where 𝑘 =
48𝐸𝐼

𝐿3
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It is evident that the CEB methodology represented by Equation (2.36) gives estimate for the 

value of 𝑀𝑚𝑖𝑑 which is identical to that of 𝐹𝑞𝑠𝐿/4 where the value of 𝐹𝑞𝑠  is given by Equation 

(2.24) which was first derived utilising DB principles (refer Section 2.3.3). The demonstrated 

consistencies between the two sets of recommendations for a simply supported beam add 

confidence to their adoption in practice. It is also noted that the DB model is more versatile as 

its use is not restricted to a simply-supported beam.  

The elastic energy of absorption up to the point of yielding is defined by the CEB model as 

𝐸𝑚𝑎𝑥,𝑒𝑙 the value of which is defined by Equation (2.37). If 𝐸𝐾𝐼𝑁 < 𝐸𝑚𝑎𝑥,𝑒𝑙, the target is within 

the elastic limit or else the system will have surpassed the yield limit and formed a plastic hinge 

which undergoes plastic rotation 𝜑𝑝𝑙,𝑟, the value of which can be obtained using Equation 

(2.38). 

 𝐸𝑚𝑎𝑥,𝑒𝑙 =
𝐿

6𝐸𝐼
𝑀𝑝𝑙

2  (2.37) 

 
𝜑𝑝𝑙,𝑟 =

𝐸𝐾𝐼𝑁 − 𝐸𝑚𝑎𝑥,𝑒𝑙

𝑀𝑝𝑙
 (2.38) 

It can be shown that the same amount of plastic rotation 𝜑𝑝𝑙,𝑟  at mid-span of the simply 

supported beam could have been found by making use of expressions developed by the author 

in his own studies utilising DB principles. Equation (2.31) which was presented in Section 

2.3.3 could be used for determining the value of the displacement (Δ) at mid-span of the beam. 

Given Equations (2.39) and (2.40), the value of 𝜑𝑝𝑙,𝑟 can be determined readily once the value 

of Δ is known. 

 Δ𝑦 =
𝑀𝑝𝑙𝐿

2

12𝐸𝐼
 (2.39) 

 
𝜑𝑝𝑙,𝑟 =

4(Δ − Δ𝑦)

𝐿
 (2.40) 

It can be shown that Equation (2.31), along with Equations (2.39) and (2.40) as per the DB 

model and Equation (2.38) as per the CEB model can both be re-arranged to give the same 

expression as defined by Equation (2.41). Refer Appendix B which shows details of their 

derivations. 
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 𝜑𝑃𝑙,𝑟 =
1

1 + 𝜆

𝑚𝜈0
2

2𝑀𝑝𝑙
−

𝑀𝑝𝑙𝐿

6𝐸𝐼
 (2.41) 

In summary, the DB and the CEB methodologies for estimating plastic hinge rotation of a 

simply supported beam give identical estimates. Expressions recommended by the CEB are 

specific to a simply-supported beam (and the expression is only correct if the position of load 

application is at mid-span of the beam) and is based on the assumption of the impactor 

embedded into the surface of the target following the impact. Thus, these expressions cannot 

be applied to an L-shaped RC cross-section which is commonly the case with rockfall barriers. 

Importantly, expressions introduced in Section 2.3.3 found on DB principles can be generalised 

to beams of different boundary conditions and conditions of re-bounce of the impactor object. 

2.5.2 Out of Plane Bending Capacity of RC Barrier (3D Effects) 

The American Code by AASHTO [18] and Australian Code by Austroads [19] both make 

reference to the use of the yield line theory to determine the required strength capacity of a 

highway RC profile barrier to contain the impact action of a vehicle action applied to the upper 

edge of the barrier as shown in Figure 2.11. The design is deemed to be satisfactory if the quasi-

static force of the impact is exceeded by the value of 𝑅𝑤 which is defined by Equations (2.42) 

and (2.43). Both equations can be derived employing classical yield line analysis (refer 

Appendix C for their derivations). 

 

Figure 2.11 Yield line failure analysis 

 𝑅𝑤 = (
2

2𝐿𝑐 − 𝐿𝑡
) (8𝑀𝑏 + 8𝑀𝑤 +

𝑀𝑐𝐿𝑐
2

𝐻
) (2.42) 
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𝐿𝑐 =
𝐿𝑡

2
+ √(

𝐿𝑡

2
)

2

+
8𝐻(𝑀𝑏 + 𝑀𝑤)

𝑀𝑐
 (2.43) 

where 

𝐿𝑡
 and 𝐿𝑐: Dimensions defined in Figure 2.11 

𝑀𝑏: Moment capacity of the RC beam 

𝑀𝑤: Moment capacity of the RC wall about the vertical axis 

𝑀𝑐: Moment capacity of the RC wall about the horizontal axis at the base  

2.5.3 Strain Rate Effects  

Another perspective of looking at the impact response behaviour of reinforced concrete is by 

considering the sensitivity of the stress-strain behaviour to the rate of increase in strain of the 

material, which is referred herein as the strain rate effects. Different types of dynamic actions, 

depending on the loading rate, can result in different magnitude of strain rates [85, 86]. Two 

example strain rate classifications are shown in Figure 2.12 (a) and Figure 2.12 (b). 

 

(a)  

 

(b) 

Figure 2.12 Strain rates for different types of loading: (a) example 1 [85] (b) example 2 [86] 

It is shown in Figure 2.13 that the strength of concrete increases with strain rate, and can reach 

a few times higher than its quasi-static value. In contrast, the modulus of elasticity is much less 

sensitive to change in strain rate [85, 87, 88]. Detailed explanation of the observed phenomena 

can be found in Ref. [85]. Similar phenomena have been observed with the behaviour of steel 

reinforcement as shown in Figure 2.14 and Refs. [89-92]. However, the amount of increase in 
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strength of the reinforcement is only about 10-20%. It is noted that the strain rates shown in 

Figure 2.13 is at least an order of magnitude higher than a wall experiencing impact by rockfall 

(based on a casual check by the authors of the typical strain rate experienced by a longitudinal 

reinforcing bar in the barrier in a few rockfall scenarios). 

The bending moment capacity of a RC section can be based on taking the product of the yield 

strength of the longitudinal reinforcement and the lever arm (which is the distance between the 

centre of tension forces developed in the reinforcement and the centre of compressive force 

developed in the compressive zone of the concrete). It is well known that the lever arm is 

insensitive to changes in the strength of concrete unless the RC section is subject to high axial 

forces or if the section is overly reinforced. For this reason, the strength of the reinforcement 

matters more than the strength of concrete. Thus, the RC design of an impact-resistant barrier 

need not consider strain rate effects in view of the minor changes in the yield strength of the 

reinforcing bars as shown in Figure 2.14. Importantly, ignoring strain rate effects in the design 

of the barrier would result in conservative predictions. 

 

Figure 2.13 Stress-strain curves of concrete at showing strain rate effects [86] 

 

Figure 2.14 Stress-strain curves of reinforcing steel showing strain rate effects [89]  
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2.6 Experimental Investigations 

Analytical models that have been presented in the earlier parts of the thesis are always based 

on certain idealised assumptions. Thus, the accuracies of the predicted impact actions and the 

resulting performance of the target are typically filled with uncertainties. For example, the 

hardness of the impactor and that of the surface of the target (and the mitigation effects of a 

sand cushion) has not been parameterised in models that are aimed at modelling global 

response behaviour such as bending of the beam element. The performance behaviour of the 

target (barrier) is best obtained by physical experimentations but observations from the 

experiments are specific to the conditions of the applied actions and behaviour of the specimens 

that have been tested. 

Experimental investigations on impact actions on reinforced concrete often feature the use of 

a drop tower to deliver the impact of a drop weight with varying drop heights [10, 31-35, 93]. 

The scale of the tests is hence limited to the capacity of the drop tower/hammer. An example 

is shown in Figure 2.15 which involves striking a series of RC beam specimens with square 

cross-sectional dimensions of 100 mm x 100 mm and length of 400 mm with the use of drop 

hammers ranging from 1 kg to 5 kg. Many of those drop tests were aimed at determining the 

manner in which the impact resistant behaviour can be controlled by reinforcement design and 

detailing. The impact resistant behaviours of RC beams were studied in most of these 

experiments. RC slabs that were built of concrete of different mixes and different types of 

reinforcing have also been tested. 

 

Figure 2.15 Drop tower setup (left) and impact test of concrete beam (right) [10] 



Chapter 2: Literature Review 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures 37 

 

Another experimental technique that has been employed for testing RC specimen is the use of 

gas gun or powder gun to fire the impactor [94-98]. A typical gas gun impact experiment setup 

is shown in Figure 2.16. Such setup allows much higher impact velocity as compared to the 

drop test setup. However, the impactor mass is limited to the capacity and operation range of 

the gas gun/power gun. 

 

Figure 2.16 Typical impact experiment setup involving the use of gas gun [95] 

The failure mechanisms that were observed in the impact testings were either localised or 

global in nature, featuring failure by perforation/punching/scabbing or by flexural tension 

respectively, depending on the quantity of reinforcement used. Localised failures were 

typically observed in the testing of RC slabs (and some RC beams) that were heavily reinforced 

but global failure is more likely when compression reinforcement has been used. Lightly 

reinforced RC beams typically fail in flexure. The use of shear reinforcement is not as effective 

as use of fabric to control localised damage. It has been shown from these experiments that RC 

beams tend to experience global failure [99-103] whereas the failure model of RC slabs are 

mainly governed by localised damage such as penetration, scabbing, spalling and perforation 

[34, 94, 95, 104, 105]. 

On a larger scale, a 1/3 scale of an actual rock shed protection slab was tested at the field with 

an impactor of size 450kg, dropping from height of 15m and 30m [12], as seen in Figure 2.17. 

The slab has size of 12 m x 4.8 m x 0.28 m. The purpose of the experiment is to verify the 

performance of a new idea of rock shed design that dissipates energy by the deformation of 

some parts of the structure itself. Thus, cushioning materials are not required to be placed on 

top of the structure. The experimental results are analysed in Ref. [106], and compared with 

analytical and numerical solutions in Refs. [107, 108]. 
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Figure 2.17 Large-scale field test conducted by Mougin et al. [12] 

All the experiments discussed above were carried out without placing any cushion layer at the 

contact surface. In fact, numerous impact experiments were carried out to explore the use of a 

cushion protective layer. Some common cushion materials include granular soil (sand, silt, etc), 

gravel, cellular glass, rubber, sawdust, tires, and the mix of some of these materials. 

Some of these tests involved placing a cushion layer on top of a rigid target [48, 109-111], such 

as one placing on bed rock as shown in Figure 2.18. The focus of these experiments was to 

measure the amount of penetration of cushion layer and/or the force transmitted onto the rigid 

target. For instance, eight load cells were placed between the cushion layer and the rigid target 

as shown in Ref. [110]. The shortcoming of such setup is that the load cells were only able to 

measure the transmitted force at the points where they were placed, and were unable to provide 

the total force (or pressure) acting on the entire surface. 

 

Figure 2.18 Experimental setup with cushion layer placed on bedrock [109] 
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Some other experiments had the cushion layer placed on a deflectable target [45, 112, 113]. An 

example of a test with a cushion layer placed on a concrete slab is shown in Figure 2.19. Load 

cells were placed at the supports to measure the reaction force. By summing the reaction forces 

at all the supports, the actual force that contributes to the slab’s deflection can be obtained. 

These tests required more complicated setup as compared to the tests on rigid target, but they 

provide more useful insights into the actual global response of the target structure. 

 

Figure 2.19 Sections of experimental setup with cushion layer placed on RC slab [112] 

The abovementioned experimental setup is not suitable for investigating the impact response 

behaviour of RC barriers of walls as horizontal impact direction is required. Gas gun/power 

gun setup provides horizontal impact but the allowable impactor mass is significantly smaller 

than the impactors for RC barriers in reality, such as a rockfall boulder and vehicle. Thus, a 

more complex setup such as pendulum setup or long slider cable setup are preferable to account 

for larger impactor mass, as shown in Figure 2.20. 
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(a) (b) 

Figure 2.20 Horizontal impact test involving the use of (a) pendulum setup [114] and (b) slider 

cable setup [115] 

These horizontal impact tests often involved placing the cushion layer(s) in front of a rigid 

target such as an embankment or a RC wall with substantial thickness [38, 114, 116]. An 

example of such experiments is shown in Figure 2.21. Similar to the drop tests on cushion 

materials, the main emphasis of those horizontal test was on the force transmitted to the back 

of the cushion which was measured by load cells. For experiments where the target structures 

were flexible enough to deflect [23, 36, 117], experimental data that has been captured were 

often the impact force (contact force) and indentation into the cushion layer. There was no 

practical way to measure the reaction force (which governs the flexural response behaviour) of 

the stem wall. The deflection of the stem wall has not been measured in these tests. 

 

Figure 2.21 Embankment cross-section with two cushion layers at the front [116] 
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For impact experiments conducted on bare RC barrier, the state of damage of concrete such as 

the crack patterns was often the focus of these researches [36, 37, 39-41, 118]. Global response 

behaviour of the barrier was normally not recorded in those tests which were typically carried 

out by employing a pendulum setup or a crash test setup (featuring the use of a boogie or an 

actual vehicle). For instance, a series of crash test was carried out on precast concrete barriers 

as shown in Figure 2.22 to ensure that these barriers comply with the safety requirements [41]. 

Without a reliable analytical solution, these test results could not be generalised. Consequently, 

a large number of tests had to be conducted to cover for any change in the design of the barrier. 

 

Figure 2.22 Example of crash test on vehicular barriers [41]  
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2.7 Numerical Simulations 

Physical experimentation provides the most accurate and realistic response behaviour of a 

target structure when subjected to impact. However, because of costs considerations, the 

number of impact experiments that have been conducted would always not be sufficient to cater 

for a diversity of conditions that are encountered in practice.  Thus, software has been 

developed to simulate experiments on the computer in order that results from physical testings 

can be augmented by numerical simulations to extend the coverage of the investigation. 

Finite element modelling (FEM) software packages such as LS-DYNA and ABAQUS are 

frequently used by researchers, along with some practitioners, to simulate the effects of an 

impact action on structures [26, 47, 107, 108, 119-123].   An example of a FE model simulating 

a 5000 kg weight impacting on a RC girder with sand cushion on top is shown in Figure 2.23 

[47]. The finite element (FE) model was first validated with experimental results (Figure 2.24). 

The model was then enlarged from the scaled down model (that has been subject to physical 

testing) into a full size rockfall protection gallery. The constitutive model used for modelling 

the behaviour of the sand cushion that is used to receive the impact can be represented by the 

schematic diagram of Figure 2.25. 

This is a good example of the use of computer simulations to waive away the need of costly 

repetitive experimentations on full scale models. It is shown in Ref. [47] that design as per the 

Japanese guideline (reviewed in Section 2.1.4) would result in the impact action being 

overstated by 35 times in the serviceability limit and 50-60 times in the ultimate limit state. 

 

Figure 2.23 RC girder model for FE modelling [47] 
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Figure 2.24 Comparisons between experimental and FE modelling results: (a) impact force, (b) 

quasi-static force, (c) displacement at mid-span, (d) displacement at the edge of sand cushion 

[47] 

 

Figure 2.25 Constitutive (stress-strain) relationship of the sand cushion [47] 

Another numerical simulation technique namely discrete element modelling (DEM) was 

originally proposed in the 1979 with the purpose of describing particle interactions in granular 

assemblies by using an automated program BALL [124]. There are more advanced software 

packages nowadays to carry out DEM simulations such as LS-DYNA and Particle Flow Code 

(PFC). DEM involves first discretising the model into a certain number of spherical discrete 

elements by defining the radius range of these elements. For example, 907 spheres are 

generated in the cube as shown in Figure 2.26 by using the sphere packing engine in LS-

PREPOST [125], where the model could then be executed in LS-DYNA. These spherical 

particles would be able to represent the cube, depending on what the material the cube was 

made of. The particles were assumed to be rigid, and the interaction between each particle was 

governed by its normal and shear (tangential) stiffness (𝐾𝑛 and 𝐾𝑠), which could be represented 

by virtual springs as shown in Figure 2.27. 
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Figure 2.26 Cube discretised into spherical discrete elements [125] 

 

Figure 2.27 Virtual springs representing normal and shear stiffness between two particles [126] 

Similar to FEM, a series of calculations would need to be carried out for each time step over 

the whole course of simulation. In each time step, Newton’s second law was used to calculate 

the motion of the particle due to the forces acting on them. Force-displacement law was 

employed to calculate the contact forces resulting from the displacements of the particles. 

DEM is commonly used in the field of geotechnical engineering, as it is able to describe the 

movements and interactions of soil particles. Importantly, it can also be applied for impact 

problems as shown in Refs. [110, 127-133]. Although it might not perform as well as FEM for 

continuum, it is certainly a much more powerful tool to model a non-continuum [130]. Thus, 

it has some immense potential in modelling the soil cushion layer for rockfall protection. 

Computer simulations employing FEM and DEM have been proven to be powerful techniques 

to simulate impact scenarios that closely resemble real conditions. Once the calibrated model 

has been verified experimentally, FEM and/or DEM can be used to study the effects of the 

change in the geometry and dimensions of the target. However, an important limitation of 

computer modelling is that certain input parameters into the model can be ambiguous. For 

example, material models and their characterising parameters need to be carefully chosen from 

the list of pre-defined constitutive models that have been built into the software for both the 
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impactor object and the target. LS-DYNA provides more than 250 choices of materials to the 

users [134]; and concrete alone has at least eight different constitutive models to choose from. 

Thus, it can be difficult to decide which particular material model would give satisfactory 

results even though results of comparisons between the models are available to the users (e.g. 

Ref. [135]). Validation of the simulated results are always essential irrespective of how 

knowledgeable and experienced the investigators are over the use of the computer programs.  
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2.8 Building Pounding 

In addition to rockfall impact and vehicular impact, pounding between adjacent buildings 

during an earthquake event can also lead to catastrophe. For example, over 40 % of the 330 

collapsed or severely damaged structures in the 1985 Mexico City earthquake were found to 

have experienced some level of pounding [136]. Pounding between adjacent structures is a 

complex engineering problem which can result in global deformation (e.g. plastic deformation) 

as well as localised damage at the point of contact (e.g. fracturing and crushing) [137]. In many 

of the investigations carried out to date, buildings are generally idealised as single degree of 

freedom (SDOF) or multi degree of freedom (MDOF) systems [137-140]. An example of 

model idealisation is shown in Figure 2.28 wherein each structure has its own mass and 

stiffness properties, and were modelled to vibrate and collide laterally. The use of multiple 

SDOF systems to idealise several adjacent structures in pounding is illustrated in Figure 2.29. 

 

Figure 2.28 Model idealisation of pounding between two adjacent structures [138] 

 

Figure 2.29 Model idealisation of several adjacent structures [140] 
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The modelling techniques discussed in the previous paragraph often involved many 

assumptions in order to simplify the inherently complex pounding phenomenon. In view of 

that, recent researches involve the use of FE method for carrying out more rigorous analysis 

[141-144]. Some of these FE analyses made use of contact element model such as Hertz model 

and Kelvin-Voigt model to simulate the impact actions from poundings between structures. 

Important input parameters to the contact element model such as COR and contact spring 

stiffness remains uncertain and is often left to the discretion of the user. The choice of value of 

COR ranges from 0.4 to 1.0 and is generally taken as 0.65 [145-147], but there is a lack of 

experimental calibration to constrain its value for adoption in used in analyses. 

The pounding model proposed in Ref. [148] utilised the Hertzian impact model to describe the 

contact between a SDOF oscillator and a rigid barrier. The model was used in Ref. [149] to 

model the impact force between two colliding body in a perfectly elastic impact scenario. The 

Hertz model was further extended in Ref. [139] to consider the contact between two SDOF 

oscillators. The model has been validated in a shaking table experiment involving pounding 

between two adjacent steel towers [137]. Other shaking table experiments for investigating the 

response behaviour of two pounding structures can be found in Refs. [150, 151]. 

Another widely used contact model is the Kelvin-Voigt model. There have been multiple 

variations of the model in attempt to improvise it, including modified Kelvin-Voigt (MKV) 

model [152], modified linear viscoelastic model [153] and modified Kelvin (MV) model [154]. 

It was found from numerical simulations that the MKV model perform the best among different 

variations [142, 152]. 
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2.9 Summary 

Derivations of many of the expressions recommended in the literature have been presented in 

the respective appendices. It is shown from the derivations that relationships recommended for 

determining the peak contact force in GEO Report No. 270 [14] is essentially based on the non-

linear contact force (FB) model that has been introduced in Ref. [50]. A multiplier has been 

introduced subsequently in TN 5/2016 [51] to take into account the reduction of the peak 

contact force by placing a layer of cushion materials in front of the barrier. Essentially, these 

contact force models are semi-empirical in nature. The alternative non-linear visco-elastic 

contact force model has been found to provide more reliable estimates. However, all these 

models are FB models which cannot be relied upon to assess the destabilising effects nor other 

global effects of the impact such as bending and shear. The DB methodology for determining 

quasi-static force which leads to the calculation of the bending moment and shear forces of RC 

members using the DB methodology (refer review in Section 2.3.3) has also been reconciled 

with expressions recommended in CEB Report No.187 [1]. The agreement from independent 

sources adds to the confidence of adopting the proposed DB methodology for the RC design 

and stability assessment of rockfall barriers. 

Numerous impact experiments were carried out over the years. However, many of those tests 

especially for the horizontal impact tests focused on the measurement of impact force delivered 

by the impactor to the target structures with or without the protection of cushion layer. 

Measurements of important parameters quantifying the global response behaviour such as 

structural deflection have only been reported in vertical impact tests involving RC beam or slab 

specimens. A large-scale impact test on RC barrier employing appropriate instrumentation has 

yet to be reported in the literature to date. Importantly, no closed-form analytical solutions have 

been developed for estimating the flexural response behaviour of an impacted RC barrier. The 

closest analytical model that has been documented in the literature is the DB model as reviewed 

in Section 2.3.3. However, the applicability of the model on RC barrier has not been verified. 

Table 2.1 summarises all the predictive models that have been covered by the review at a 

glance.  
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Table 2.1 Summary of predictive models 

Section Model name, key references and equations Comments 

These are essentially force-based models. The impact forces so obtained from the 

presented expressions are contact forces that are transient in nature and hence intended 

to be applied to the target in a dynamic analysis. Some of these models can be used for 

predicting localised damage. 
2.1.1 Non-linear contact force model 

Ref. [50] 
 

Model is based on elastic 

material behaviour of the 

impactor and target; can 

overstate contact force. 
 

𝐹𝑐 = 𝑘𝑛 (
𝑝 + 1

2𝑘𝑛
𝑚𝑣0

2)

𝑝
𝑝+1

 (2.4) 

2.1.2 Modified Hertz Equation 

Refs. [14] & [51] 

Hertz equation modified in 

GEO Report No. 270 is based 

on impact on a bare concrete 

surface. 

TN5/2016 is about making use 

of cushioning materials to 

lower the amplitude of the peak 

contact force in order to 

facilitate less extensive repair 

work. Limitations in the use of 

these FB models for stability 

assessment of the barrier have 

been cautioned. 

𝐹 = 𝐾𝑐𝑛𝛼1.5 (2.9) 

2.1.3 Swiss Code model 

Refs. [15, 53] 
 

Model takes into account of the 

effects of the sand cushion; the 

use of this model is restricted to 

situations where the horizontal 

surface of a structure which is 

subject to impact is protected 

by a layer of soil functioning as 

a cushion. Thus, the model is 

not applicable to the design of 

rockfall barriers. 

𝐹𝑘 = 2.8𝑒−0.5𝑟0.7𝑀𝐸,𝑘
0.4 tan 𝜑𝑘 (

𝑚𝑘𝑣𝑘
2

2
)

0.6

 (2.15) 

2.1.4 Japanese Code model 

Ref. [16]       

 

𝑃 = 2.108(𝑚𝑔)
2
3𝜆

2
5𝐻

3
5𝛼 (2.16) 

2.1.6 Non-linear visco-elastic model   

Refs. [57, 63] 
 

Model has been proven to 

achieve better accuracies than 

other contact force models; 

requires Spreadsheet or Matlab 

program to implement. 

 

 

 

𝐹𝑐 = 𝑘𝑛𝛿𝑝 + 𝐷𝑛𝛿𝑝�̇� (2.19) 
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Section Model name, key references and equations Comments 

These are displacement-based models which were derived for determining the 

deflection, displacement and rotation of the target. Thus, assessments for localised 

damage are not covered. 
2.3.1 Empirical performance-based model   

Ref. [13, 32, 33] 
 

Model was derived directly 

from laboratory testing of RC 

beams; generality in use of the 

models is uncertain. 

𝐹𝑢 =
0.63KE0

Δ
 (2.21) 

2.3.2 Eurocode 1 model     

Ref. [20] 
 

Model has neglected energy 

loss on impact and hence can be 

overly conservative. 

𝐹𝑞𝑠 = 𝑣0√𝑚𝑘 (2.22) 

2.3.3 Displacement-based model 

Ref. [26, 28, 29]      
 

Model has been verified 

experimentally, and also shown 

to be consistent with the CEB 

model in the analysis of a 

simply supported beam 

impacted at the mid-span 

position.  Importantly, the DB 

model is more versatile as it can 

be adapted for the analysis 

beams, and slabs, with different 

boundary conditions.  

𝐹𝑞𝑠 = 𝛽𝑣0√𝑘𝑚 (2.24) 

2.5.1 DB and CEB model reconciled 

Ref. [1, 29]  
 

CEB model is specific to a 

simply-supported beam which 

is subjected to impact at mid-

span position and is based on 

the assumption of the impactor 

embedded into the surface of 

the target. 

𝜑𝑃𝑙,𝑟 =
1

1 + 𝜆

𝑚𝜈0
2

2𝑀𝑝𝑙
−

𝑀𝑝𝑙𝐿

6𝐸𝐼
 (2.41) 

2.5.2 AASHTO and Austroad Code model   

Refs. [18, 19]  
 

Model is based on yield line 

theory but is not well supported 

by test data. 

𝑅𝑤 = (
2

2𝐿𝑐 − 𝐿𝑡
) (8𝑀𝑏 + 8𝑀𝑤 +

𝑀𝑐𝐿𝑐
2

𝐻
) (2.42) 
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Assessment of Overturning Stability of Rigid 

Barriers Subjected to Impact Actions 

3.1 Introduction 

In a conventional force-based (FB) design, the amount of deflection and stresses increases 

linearly with the height of the barrier if a pseudo-static impact force is applied at the barrier’s 

top. The magnitude of the horizontal force required to destabilise the barrier would therefore 

decrease with increasing wall height (or at least remain constant for a free-standing barrier 

depending on the geometry of the wall cross-section). Consequently, the thickness of the wall 

and the size of the foundation need to be increased with wall height to fulfil stability 

requirements. The cost of construction of the barrier can be sensitive to its height in a force-

based design given that a major portion of the construction cost of such rigid concrete barriers 

is in the foundation especially when piling is required on hill slopes which are difficult to access. 

In reality, the increase in wall height of a free-standing barrier may not make it more unreliable 

because of the increase in inertial resistance developed in the stem wall at the instance when 

contact is made by the impactor. Free-standing roadside barriers made of cast-in-place concrete 

are common but such barriers are typically up to a meter, or so, tall and have limited impact-
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resistant capacity [155]. This chapter proposes a new approach for the design of free-standing 

barriers for offering protection from rockfall hazards along transport corridors in a hilly terrain. 

As this free-standing barrier relies on its self-weight for stability, no deep foundation is required 

and internal forces generated within the rotating barrier are simply due to its own masses. This 

could significantly reduce the construction and repair costs. The proposed design methodology 

has incorporated the consideration of inertial resistance for providing stability when subject to 

the impact of a falling boulder. 

Inertial resistance is a well-known phenomenon but no verified design methodology which 

capitalises on this important reserve is available for use in the design of an impact-resistant 

barrier. In the course of the impact, part of the imposed energy is carried away by the 

rebounding impactor object, or dissipated by the crushing of materials. Only part of the energy 

is transferred to the barrier causing it to slide or rotate. The partitioning of energy, which is 

defined as the ratio of the impacting energy to the energy absorbed by the barrier, is controlled 

by the size of the barrier. Neglecting this partitioning of energy can result in over-conservatism 

in design. Consequently, a barrier can be deemed safe from overturning for a given impact 

action by the proposed assessment method, whilst it could have been deemed unsafe for the 

same impact action by a wide margin in a conventional FB assessment. The contradictions stem 

from the notion of the so called “equivalent static force” in representing an impact action in the 

conventional force-based analysis. The use of a static force to represent an impact action has 

neglected the partitioning of energy which in turn is controlled by the size of the target. The 

alternative equal energy method for analysing impact actions [20, 156] can too be overly 

conservative if the partitioning of energy has not been modelled. 

It is envisaged that tall free-standing barriers which derive inertial resistance from the tilting 

motion of the stem wall are by far more cost-effective than conventional force-based methods 

of design. It is demonstrated in this chapter that the intensity of an impact action (of a falling 

boulder) required to destabilise a free-standing rockfall barrier actually increases with the 

height of the barrier and this is contrary to what the conventional force-based analysis would 

predict. Consequently, a tall barrier which would otherwise be deemed unsafe by a force-based 

assessment (which is about comparing the destabilising moment with the stabilising moment 

taken about the base of the barrier) might be found to be safe from overturning by a 

displacement-based assessment (which is about predicting the rotation, and displacement, of 

the barrier as a rigid body). 
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The innovation presented in this chapter is aimed at offering a design solution based on the use 

of concrete as the construction material but does not require piling whilst also relieving the 

amount of internal stresses that are imposed on the concrete (at the instance of impact) with a 

view of lowering the costs of construction and maintenance. Closed-form expressions derived 

from first principles for determining the amount of rotation of a free-standing rockfall barrier 

taking into account the partitioning of energy on impact are presented. The primary focus is 

with the deterministic modelling of overturning motion for ensuring that barrier is stable by an 

adequate margin of safety. The modelling of in-service sliding movement will be covered later 

in Chapter 4. 
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3.2 Derivation of Theoretical Relationships 

3.2.1 Basic Equal Energy Relationships 

A commonly adopted approach of analysing the effects of the impact of a rigid object (that can 

be idealised as a lumped mass) is to equate kinetic energy delivered by the impactor to the 

energy of absorption of the barrier receiving the impact, as shown by Equation (3.1). Algebraic 

manipulation of Equation (3.1) results in Equation (3.2), which can be used for estimating the 

deflection of the target (Δ). Combining this with the Hooke’s spring law (Equation (3.3)) gives 

Equation (3.4), which is a well-established expression used in highway codes for practices [20] 

for finding the design static force (𝐹) based on energy principles. An important assumption 

here is that the target’s deflection is within its elastic range, and thus its stiffness remains 

constant. 

 1

2
𝑚𝑣0

2 =
1

2
𝑘Δ2 (3.1) 

 Δ =
𝑚𝑣0

√𝑘𝑚
    (3.2) 

 𝐹𝑞𝑠 = 𝑘Δ (3.3) 

 𝐹𝑞𝑠 = 𝑣0√𝑘𝑚 (3.4) 

where 𝑚, 𝑣0 and 𝑘 are the mass of impactor, incident velocity of the impactor and stiffness of 

the targeted element (e.g. a barrier) which is subject to the impact respectively. 

The major shortcoming of Equations (3.1) - (3.4) is its inability to model the partitioning of 

energy during the course of the impact. The assumption that the total kinetic energy imposed 

by the impactor (KE0) has been transferred to the target is an erroneous one, and the error so 

caused can be significant. Section 3.2.2 is devoted to deriving an expression for estimating the 

amount of transferred kinetic energy (KE2). Once the value of KE2 is known, the amount of 

displacement of the barrier can be found by equating the energy amount to the gain in potential 

energy resulting from the tilting of the barrier (Section 3.2.3). 
3.2.2 Relationships for the Determination of Energy Partitioning 

Considering an idealised model of a moving lumped mass (the impactor) m impounding on a 

target which has a generalised lumped mass m, the following relationship (Equation (3.5)) 
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can be derived on the basis of equating momentum of both the impactor and the target before 

and after the contact (as represented by the terms to the left and right of the equal sign 

respectively): 

 𝑚𝑣0 = (𝜆𝑚)𝑣2 − 𝑚𝑣1    (3.5) 

where 𝜆𝑚, 𝑣1 and 𝑣2 are the generalised mass of the targeted element, velocity of the impactor 

on rebounce in opposite direction and velocity of the target following impact respectively. 

The rationale of Equation (3.5) is illustrated by the schematic diagram of Figure 3.1. 

 

Figure 3.1 Velocities of impactor and target before and after impact 

The coefficient of restitution (COR) of the impact can be defined in different ways. COR can 

be defined in terms of the ratio of kinetic energy: e.g. Ref. [157]. In this thesis, COR is defined 

in terms of the ratio of velocities as per Equation (3.6) based on Newton’s impact hypothesis. 

 
COR =

𝑣1 + 𝑣2

𝑣0
    (3.6) 

It is assumed that 𝑣1 and 𝑣2 are in opposite directions (Figure 3.1) which is valid if the mass 

of the impactor is exceeded by the mass of the target, which is a reasonable assumption to make 

in the context of designing a concrete barrier to counter the impact of a boulder. A further 

assumption that has been made is that the impactor does not become embedded into the surface 

of the barrier in which case COR = 0. By combining Equations (3.5) and (3.6), the velocity 

ratio, and the kinetic energy ratio of the impact (which is indicative of energy losses) are 

accordingly obtainable from Equations (3.7) and (3.8) respectively. Equation (3.8) can be 

further simplified into Equation (3.9). 
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 𝑣2

𝑣0
=

1 + COR

1 + 𝜆
    (3.7) 

 
KE2

KE0
=

1
2 𝜆𝑚(𝑣2)2

1
2 𝑚(𝑣0)2

 (3.8) 

 KE2

KE0
= 𝜆 (

1 + COR

1 + 𝜆
)

2

 (3.9) 

The application of equal energy principle for analysing structural stability in transient 

conditions can be found in the literature [1, 20, 29, 158-161]. Many of the publications were 

intended for contributions to military defence and for countering the hazard of vehicular impact. 

The common underlying assumption of methods for analysing accidental impact is that the 

kinetic energy carried by the impactor object (such as a vehicle) is absorbed totally by the metal 

barrier [20]. Alternatively, the kinetic energy delivered by the impact is absorbed totally by the 

crumbling of the vehicle on a concrete profiled barrier [162]. The assumption made in either 

case can be overly conservative depending on the mass of the target in comparison with that of 

the impactor. Expressions presented by Eibl et al. [1] for analysing impact actions on reinforced 

concrete structures take into account the partitioning of kinetic energy (which is dependent on 

the mass of the impactor and that of the target) thereby reducing the demand for energy 

absorption by the target. However, reference to the derivation, or experimental validation, of 

the expression has not been given. Expressions proposed by Ali et al. [29] for estimating 

deflection generated by the impact of a fallen object also take into account energy partitioning 

and has a theoretical basis but the derivations of the proposed expressions were based on the 

idealised conditions of a perfectly elastic, or inelastic, impact thereby leaving out the 

considerations of the COR which has been shown to be an important parameter affecting the 

outcome of the impact. The use of energy principles for predicting the amount of lifting of a 

free-standing (rigid) object has also been adapted for assessing the risk of overturning of 

unreinforced brick walls in seismic conditions [161] but the methodology has not been adapted 

for analysing the effects of the impact of a solid object on a free standing barrier. In summary, 

the use of Equation (3.9) for analysing the partitioning of energy is innovative and can be used 

to obtain estimates that are much closer to experimentally measured values than expressions 

proposed previously. 
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The derivations of the expressions introduced in this chapter employing equal momentum 

principle are founded on the assumption that the impactor object is rigid. In reality, all impactor 

objects are deformable. Thus, the rigid body assumption is for sake of simplicity. It has been 

shown by Yang et al. [26] that the deformation of the impactor object would only delay the 

transfer of momentum thereby resulting in the target displacing less in comparison with the 

impact of a rigid impactor (when the mass of the impactor object and the velocity of impact 

are both held constant). A factor for representing the mitigating effects of a deformable 

impactor has also been introduced by Yang et al. [26]. 

3.2.3 Relationships for the Determination of Displacement and Rotational Demand  

Figure 3.2 is the schematic diagram of a free-standing rectangular rigid barrier that is 

unrestrained at the base and is subject to the impact of a solid object making contact with the 

top of the barrier. The barrier will undergo rocking and may overturn depending on the amount 

of rotation experienced in the course of rocking. It is required to estimate the amount of rotation 

  which in turn gives the value of the horizontal displacement Δ. 

 

Figure 3.2 Rotation of a rectangular rigid barrier under an impact action 

The predictive expressions are derived in the following in two steps: 
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Step (1): Deriving the expression which defines the proportion of energy that will be 

transferred to the barrier causing it to rotate. 

Step (2): Deriving the expression which defines the value of 𝜃  and Δ. 

The partitioning of energy on impact is first analysed by equating angular momentum. The 

angular momentum generated by the impact of the boulder is the product of the mass of the 

boulder (𝑚), total change in velocity of the impactor (𝑣0 + 𝑣1) and the normal distance from 

the line of impact to the point at which the barrier rotates about (ℎ). By conservation of 

momentum, this amount of angular momentum input is then transferred across to the barrier in 

the form of angular momentum which is the product of the rotational inertia of the barrier (𝐼𝜃) 

and the angular velocity of rotation (�̇�) as expressed in below in Equation (3.10). 

 𝑚(𝑣0 + 𝑣1)ℎ = 𝐼𝜃�̇� (3.10) 

The rotational inertia of a rectangular barrier rotating about the lower edge corner can be 

calculated using Equation (3.11), the derivation of which is shown in Appendix D. 

 
𝐼𝜃 = 𝑀 (

ℎ2 + 𝑤2

3
)    (3.11) 

Angular velocity  �̇�  can be related to velocity 𝑣2 using Equation (3.12), the derivation of which 

is shown in Appendix E. 

 �̇� =
𝑣2

𝑅
    (3.12) 

where 𝑅 is defined as the distance between the point of contact and the point of rotation. For a 

rectangular barrier which is subject to impact at the top, 𝑅 = 2𝑟 = √ℎ2 + 𝑤2. 

Algebraic manipulation of Equations (3.10) and (3.12) results in Equation (3.13). 

 𝑣0 + 𝑣1 =
𝐼𝜃

𝑚ℎ𝑅
𝑣2 (3.13) 

Let 𝜅 be the dimensionless factor as defined by Equation (3.14): 

 𝜅 =
𝐼𝜃

𝑚ℎ𝑅
 (3.14) 
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Equation (3.13) can be re-written as follows: 

 𝑣0 + 𝑣1 = 𝜅𝑣2 (3.15) 

Combining Equation (3.15) with Equation (3.6) which defines the COR provides the 

expression for the velocity ratio as shown by Equation (3.16). 

 𝑣2

𝑣0
=

1 + COR

1 + 𝜅
    (3.16) 

The amount of kinetic energy generated by the barrier immediately following the impact can 

be estimated using Equation (3.17). 

 KE2 =
1

2
𝐼𝜃�̇�2 =

1

2
𝐼𝜃 (

𝑣2

𝑅
)

2

=
1

2

𝜅ℎ

𝑅
𝑚𝑣2

2 (3.17) 

The energy ratio can hence be estimated using Equation (3.18) which is similar in form to 

Equation (3.9). The goal of step (1) is hence accomplished. Note that KE1 is the rebound kinetic 

energy carried by the impactor after the impact, and is not part of Equation (3.18). 

 
KE2

KE0
=

1
2

𝜅ℎ
𝑅 𝑚𝑣2

2

1
2 𝑚𝑣0

2
=

𝜅ℎ

𝑅
(

1 + COR

1 + 𝜅
)

2

 (3.18) 

It must be stressed that Equation (3.18) is not valid for inelastic impacts where COR equals to 

zero. As shown in Figure 3.2, the amount of kinetic energy transferred to the barrier can be 

absorbed in the form of gain in potential energy (denoted herein as PE2) as the barrier undergoes 

rotation. This energy transfer which is associated with the lifting of the centre of gravity (by a 

vertical displacement of ΔC.G.) can be represented by Equation (3.19). 

 KE2 = PE2 = 𝑀𝑔ΔC.G. (3.19) 

Combining Equations (3.18) and (3.19) gives Equation (3.20). 

 𝑀𝑔ΔC.G. =
𝜅ℎ

𝑅
(

1 + COR

1 + 𝜅
)

2

(
1

2
𝑚𝑣0

2) (3.20) 

Rearranging the terms of Equation (3.20) gives Equation (3.21) which provides estimate for 

the value of ΔC.G.. 
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 ΔC.G. =
𝑚𝑣0

2

2𝑀𝑔

𝜅ℎ

𝑅
(

1 + COR

1 + 𝜅
)

2

 (3.21) 

The amount of rotation of the barrier, 𝜃, can be found using Equation (3.22) once the value of 

ΔC.G. is known (based on the configuration shown in Figure 3.2): 

 𝜃 = sin−1 (

ℎ
2 + ΔC.G.

𝑟
) − 𝛽′ (3.22) 

where  𝑟 = 0.5√ℎ2 + 𝑤2 and 𝛽′ = tan−1 (
ℎ

𝑤
). 

Given the value of  ΔC.G. , and hence 𝜃, the horizontal displacement () of the barrier (which 

can easily be measured in experiment for verification) can be found using Equation (3.23). The 

goal of step (2) has also been accomplished. 

 Δ = ℎ sin 𝜃 (3.23) 

A parametric study was conducted to reveal the displacement demand behaviour of the barrier. 

This was done based on making use of Equation (3.18) to provide estimates for the value of 

the kinetic energy ratio (KE2/KE0) as the value of mass ratio (total mass of the wall divided by 

the mass of the boulder), aspect ratio (AR, which is defined as h/w) and COR vary. Figure 3.3 

shows the results of the parametric study by using COR values of 0.2 and 0.6 as examples. It 

can be observed that the trend of the KE2/KE0 ratio decreases with increasing value of the mass 

ratio . The shortcoming of Equations (3.1) - (3.4) is now evident in view of the fact that the 

partitioning of energy on impact has been totally neglected. 
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Figure 3.3 Kinetic energy ratio versus mass ratio 

The proportion of energy transferred from a falling boulder (rolling downslope) to the barrier 

is shown to be typically less than half of the initially imposed kinetic energy, and the proportion 

can be as little as 10% depending on the size of the barrier. The mass ratio is clearly the most 

dominant controlling parameter. The heavier the barrier, the lower the proportion of kinetic 

energy transferred to it causing up-lifting of the centre of gravity and hence less rotation of the 

barrier about the base. The beneficial effects of reduction in the transfer of energy with 

increasing barrier size is compounded with the increase in the energy-absorption capacity of 

the barrier (PE2) thereby resulting in a further reduction in the amount of lifting, and rotation 

(as per Equation (3.19)). The influence of COR on the energy transfer is also shown and can 

be significant. The influence of AR is not critical but is still noticeable in Figure 3.3 (and 

considered negligible for value of AR exceeding 3). It is confirmed herein that a taller 

(slenderer) barrier is not more vulnerable to overturning for a given impact hazard should its 

base dimensions be kept unchanged which is contrary to what is inferred from the quasi-static 

representation of the impact action of a moving object.  
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3.3 Experimental Validations 

3.3.1 General 

The proposed methodology for undertaking design checks for safety against overturning of a 

free-standing impact-resistant barrier is founded on the fundamental principles of energy 

partitioning as defined by Equation (3.19) which provides estimates for the energy ratio 

(KE2/KE0).  Physical experimentation was first undertaken to verify the accuracies of this 

proposed expression which has potential values beyond that of the design of a free-standing 

barrier. Experiments were first conducted on a cantilever steel pole which responded linearly 

elastically when subject to the impact of a solid object to verify the concept of energy 

partitioning and the associated expressions of Equations (3.5) – (3.9) (refer Section 3.3.2). 

Subsequent experimentations on miniature specimens of a free-standing concrete barrier were 

confirmatory in nature to verify the accuracies of algebraic expressions (Equations (3.21) – 

(3.23)) that are to be used for design purposes (refer Section 3.3.3). 
3.3.2 Validation of Relationships for the Determination of Energy Partitioning 

In the initial phase of the experimental program, impact testing was carried out to verify the 

accuracies of Equation (3.5) through to Equation (3.9) which provide estimates for the 

partitioning of energy occurring on impact. Although Equation (3.5) was derived by 

considering the impact between two free bodies in space, it can be adapted for cases where the 

targeted body is not a free body but instead supported by a spring which has stiffness value to 

emulate the behaviour of a cantilever beam as depicted in Figure 3.4. This adaptation is 

considered to be viable in situations where the momentum transfer takes place over such a short 

duration in order that there is little interference by the connecting spring. 

 

Figure 3.4 Idealised model for the analysis of an impact action 
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For a target such as a cantilever pole which responds to impact actions in a linear elastic manner, 

the deflection of the target and the corresponding quasi (equivalent) static force, or reaction 

force, are obtainable using Equations (3.24) and (3.25). 

 Δ =
𝑚𝑣0

√𝑘𝑚
 𝛽 (3.24) 

 𝐹𝑞𝑠 = 𝑣0√𝑘𝑚 𝛽 (3.25) 

where the mass reduction factor is 

 𝛽 = √
𝐾𝐸2

𝐾𝐸0
 (3.26) 

Obviously, Equations (3.24) and (3.25) are not applicable to a free-standing rigid barrier 

because of geometrical non-linearity associated with the overturning action. Thus, the purpose 

of the experiments described herein was only to verify the concept of the partitioning of energy 

as defined by Equation (3.9). 

The steel pole employed for the experimentation was a steel strap of dimensions 1 m long × 

0.15 m wide × 0.02 m thick. Figure 3.5 and Figure 3.6 show the schematic diagram and the 

actual photograph of the experimental setup respectively. The steel strap was welded at its base 

to a steel plate which was in turn bolted to the floor. A stack of steel plates as dummy mass 

totalling 38 kg was attached to the sides of the steel pole at the upper end. The steel strap and 

plates used were made of mild steel, with density of 7800 kg/m3, Young’s modulus of 200 GPa, 

and yield strength of 300 MPa. A spherical cast iron ball with mass of 5 kg was used as the 

impactor, and was raised to a height of 1 m and then released to strike the steel pole at its upper 

end with an impacting velocity of 4.43 m/s as confirmed by images captured from a high-speed 

camera with frame rate of 3000 fps (frames per second). The horizontal displacement of the 

steel pole generated by the impact was measured by a laser displacement sensor (model no.: 

ILD1700-50) with a measurement range of up to 50 mm (and a natural frequency of 2.5 kHz). 
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Figure 3.5 Schematic drawing of a cantilever steel pole and experimental setup 

 

Figure 3.6 Photograph of a cantilever steel pole and experimental setup 
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Closed-form expressions developed in this study are primarily intended for modelling the 

behaviour of a (bare) target when struck by a hard impactor object. It is noted that the 

effectiveness of mitigating measures such as cushioning the impact could not be modelled by 

these expressions but could be simulated by suitable finite element (FE) analyses provided that 

the accuracies of the simulations have been verified. Cushioning is beyond the scope of this 

study but one of the objectives of this study is to verify the accuracies of FE simulations using 

software package LS-DYNA in order to lay the ground work for more simulation work in view 

of its potential contributions to further research. This is the reason for introducing FE 

simulations in the verification analyses presented herein. Thus, the impact experiment as 

described has also been simulated by the program LS-DYNA (Figure 3.7). In the FE model, 

the base of the pole was specified to be constrained in all six degrees of freedom (DOF). Elastic 

material models were used for the impactor, steel pole and the dummy mass to take into account 

the elasticity of cast iron and steel material. Constant stress 8-node hexahedron solid elements 

were used for modelling the impactor object and the dummy mass. Plane stress 4-node shell 

elements with Belytschko-Tsay formulation [163] were used for modelling the cantilever beam 

which was only 0.02 m in thickness. The contact condition between the dummy mass and the 

steel pole was specified as tied surface to surface contact, whereas the contact condition 

between the impactor object and the steel plates (that are attached to the upper end of the steel 

pole) was specified as automatic surface to surface contact. In LS-DYNA, the two parts in 

contact need to be defined as master and slave respectively. For tied surface to surface contact, 

the nearest master surface segments from the slave nodes are first located. Then, these slave 

nodes will be constrained to move with the master surface. In this model, the dummy mass is 

defined as the slave (in to the context of referring the target as the master). On the other hand, 

the master and slave definition for the automatic surface to surface contact is not as critical. In 

every time step, checks were undertaken on the slave nodes’ penetration into the master 

segment. Similar checks were undertaken (vice versa) on the slave segment. Here, the impactor 

is defined as slave in relation to the dummy mass as master. A stiffness based hourglass control 

type (IHQ = 4) with hourglass coefficient of QM = 0.03 was specified as recommended by 

Bala & Day [164] in order to prevent zero energy hourglass mode that can lead to instability 

of the model in the course of the impact. 
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Figure 3.7 Finite element model of cantilever steel pole experiment 

Given that the simulation is computationally intensive in nature, the explicit dynamic analysis 

solution pathway was chosen. In an explicit analysis, the critical time step which is defined as 

the time required for a sound wave to travel across an element is first calculated for each 

element. The formula to be adopted for analysing different types of elements can be found in 

the LS-DYNA theory manual compiled by Hallquist [163]. The actual time step is then 

obtained by taking the minimum value among all the elements multiplied by a scaling factor 

for stability reasons. This scaling factor is adjustable in LS-DYNA and its value can affect the 

results of the analysis. Three scaling factors of 0.9, 0.4 and 0.2 were used for the execution of 

the program. It is shown in Figure 3.8 that the results based on the adopted values of the scaling 

factors came very close to indicating insignificant differences. A scaling factor of 0.9 was 

adopted to save computational time. Parameters characterising the FE model are listed in Table 

3.1.  
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Table 3.1 Parameters used in the finite element model of the cantilever pole experiment  

Parameters Input 

All elements except target Constant stress 8-node hex solid 

Target elements Plane stress 4-node shell 

Impactor material Elastic 

Target material Elastic 

Contact algorithm between impactor 

and dummy mass 
automatic surface to surface contact 

Contact algorithm between dummy 

mass and target beam 
tied surface to surface contact 

Hourglass control type 4 

Hourglass coefficient 0.03 

Boundary condition Base fixed in all 6 DOF 

Time step scaling factor 0.9 

 

 

Figure 3.8 Influence of time step scaling factor for cantilever beam finite element model 

In order to determine the appropriate mesh size for the model, mesh convergence studies were 

carried out through execution of the analysis with four different mesh sizes as shown in Table 
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3.2. Results as presented in Figure 3.9 shows a noticeable amount of decrease in the 

displacement demand of the impact as the finite element mesh became more refined. Results 

of the analyses converged when Mesh 3 was used but the results diverged slightly when Mesh 

4 was used. In view of the trend of convergence, results associated with the use of Mesh 3 were 

taken to be best estimates. 

Table 3.2 Different mesh sizes for cantilever beam FE model 

 Mesh 1 Mesh 2 Mesh 3 Mesh 4 

Solid Elements 624 1640 5328 16248 

Shell Elements 350 825 1500 2375 

Element Size 

Solid 18-21 mm 10-16 mm 7-10 mm 5-7 mm 

Shell 20 × 20 mm 14 × 14 mm 10 × 10 mm 8 × 8 mm 

 

 

Figure 3.9 Mesh convergence study for cantilever beam finite element model 

Hand calculations have also been carried out to estimate the partitioning of energy occurring 

on impact (on the steel pole) by the use of Equation (3.24) for comparison with experimental 

observations. With a cantilever element, the generalised stiffness (𝑘 ) is 3𝐸𝐼/𝐿3 , and the 

generalised mass is a quarter of the total mass of the pole as recommended by Ali et al. [29] 

and Sun et al. [63], but the calculation of the total generalised mass (𝜆𝑚) for input into Equation 
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(3.24) need to also include the attached dummy mass. The derivations of expressions for 

estimating the values of generalised stiffness and generalised mass are shown in Appendix F 

(general expressions) and Appendix G (expressions specific for cantilever element). With 

velocity values that were derived from images captured by the high-speed camera (see Table 

3.3), the value of COR was calculated by the use of Equation (3.6). Values of parameters 

including that of COR for input into Equation (3.24) are listed in Table 3.4. 

Table 3.3 Velocities of the impactor and target for cantilever beam test 

Velocity Impactor Target 

Velocities prior to impact (m/s) 4.43 0 

Velocities on rebounce (m/s) 0.92 0.59 

 

Table 3.4 Parameters for input into Equation (3.24) for estimating deflection of steel pole 

Parameters Values 

𝑚 5 kg 

𝑣0 4.43 m/s 

𝑘 60 kN/m 

𝜆 8.8 

COR 0.34 

 

Substituting all the parameter values listed in Table 3.4 into Equation (3.24) provides an 

estimate for the peak deflection (Δ = 16.4 mm) of the steel pole generated by the impact in 

comparison with 16.9 mm observed from physical impact experiment and 17.6 mm from 

numerical simulation by program LS-DYNA. Equation (3.9) and Equation (3.24) can be 

considered as verified in view of the minor differences between the measured (and simulated) 

results and predictions by the use of the recommended expressions. The experimentation and 

the LS-DYNA modelling gave results in the form of deflection-time histories. To facilitate 

comparisons, the peak deflection value calculated from Equation (3.24) has been converted 

into a time history graph based on equating the kinetic energy with the strain energy absorbed 
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by the steel pole at every time step during the course of response to the impact. Time-histories 

derived from the hand calculation, measurements from the physical experiment and numerical 

simulations by program LS-DYNA are shown on the same graph to demonstrate good 

consistencies (Figure 3.10). Clearly, the proposed model for estimating the partitioning of 

energy in the course of the impact has been verified. Further comparisons have also been 

undertaken for a range of impact velocities to ensure that Equation (3.24) gives consistently 

accurate predictions of the peak displacement demand resulted from the impact. 

 

Figure 3.10 Comparison of hand calculation, experiment and LS-DYNA results for a 0.4 m tall 

block struck by a pendulum impactor released from 1m height 

3.3.3 Validation of Relationships for the Determination of Displacement and Rotational 

Demand  

In the second phase of the experimental program, pendulum style impact testing was carried 

out on a series of free-standing rectangular blocks to verify the accuracies of predictions of the 

maximum displacement generated by the impact as represented by Equations (3.18) – (3.23). 

These specimens had identical base dimensions (of 0.2 m × 0.4 m) but of varying heights 

(0.4 m, 0.8 m and 1.2 m) and with varying masses (77 kg, 154 kg and 231 kg). Impact was 

applied in the “weak” direction of the rectangular blocks. The specimens were cast of concrete 

with the same mix (and hence approximately the same density of 2400 kg/m3). Figure 3.11 is 

the schematic diagram showing the experimental set up, whereas Figure 3.12(a) and (b) are the 

front and rear view photographs of the specimens respectively. A 10-mm thick timber piece 
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was used to restrain the specimen in translation at the base whilst allowing free rotation to take 

place. The timber piece was placed rigidly to restrain all the translational movements. A 

spherical object made of cast iron weighting 5 kg was used as the impactor which was hung by 

a pair of cables to ensure that the point of contact was always at the centre line of the upper 

edge of the specimen. A steel plate (weighting only 1 kg) was placed at the point of contact to 

avoid any form of localised damage to the concrete surface through repetitive testing. It would 

not affect the experimental results due to its rigidity as well as insignificant weight as compared 

to the concrete specimens. Only the values of COR will be affected by changing the contact 

surface from concrete to steel, and such effects will be investigated in Chapter 7. The impactor 

was raised to heights 1 m and 0.5 m when it was released to strike the target with impacting 

velocity of 4.43 m/s and 3.13 m/s respectively (as confirmed by images captured by the high-

speed camera). A laser displacement sensor (model no.: ILD1402-600) with measurement 

frequency of 1.5 kHz and measurement range of up to 600 mm was used to measure the 

horizontal displacement of the block. Values of the COR were inferred from velocities 

measured by the high-speed camera just prior to, and immediately following, the occurrence 

of the impact. 

 

Figure 3.11 Schematic drawing of a rectangular concrete block and experimental setup 
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(a)          (b) 

Figure 3.12 Photograph of the rectangular concrete block and experimental set up:  

(a) front view, (b) rear view showing laser displacement sensor 

In parallel with physical experimentation, numerical simulations using program LS-DYNA 

have also been undertaken to reproduce the same impact scenarios (Figure 3.13). The concrete 

block was modelled to rest on a concrete floor plate which had all six DOFs constrained. The 

translational movement of the concrete block was restrained but rotation was allowed. The 

mass density of the concrete block was specified as 2400 kg/m3 isotropic elastic plastic material; 

whereas the impactor was modelled as elastic material; and the floor plate by concrete material. 

All the finite elements employed in the modelling were constant stress 8-node hexahedron solid 

elements. Contact between the impactor object and the rectangular block was specified as 

automatic surface to surface contact, as for the contact between the block and the floor. This 

is the same contact algorithm as used in the cantilever pole model as per descriptions in the 

previous section. Here, the impactor is defined as the slave to the master block, and the block 

is defined as the slave to the master floor. A stiffness-based hourglass control type (IHQ = 4) 

with an hourglass coefficient of QM = 0.03 was specified as recommended by Bala & Day 

[164] to prevent zero energy hourglass mode that can result in instability of the model in the 

course of the impact. 
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(a)    (b)    (c) 

Figure 3.13 FE models of rectangular concrete block experiment:  

(a) 0.4 m tall, (b) 0.8 m tall, and (c) 1.2 m tall 

Explicit dynamic analysis and critical time step approach similar to those used in the cantilever 

beam model have also been employed for the analysis of the rigid block. The same time step 

scaling factors (of 0.9, 0.4 and 0.2) were applied. Results from the analyses also show 

insignificant differences (Figure 3.14). In view of the comparison, a scaling factor of 0.9 was 

adopted to save computational time. Values of the input parameters to the FE model are listed 

in Table 3.5. 
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Figure 3.14 Influence of time step scaling factor for rigid concrete block finite element model 

 

Table 3.5 Parameters in FE model for rectangular concrete block 

Parameters Input 

Elements Constant stress 8-node hex solid 

Impactor material Elastic 

Target material Isotropic Elastic Plastic 

Ground material CSCM Concrete 

Impactor-target contact automatic surface to surface contact 

Target-base contact automatic surface to surface contact 

Hourglass control type 4 

Hourglass coefficient 0.03 

Boundary condition 
Both ground and restraining plate 

fixed in all 6 DOF 

Time step scaling factor 0.9 

 

Mesh convergence studies have also been carried out on the 0.4 m tall model to determine the 

appropriate size of the finite elements. The different mesh sizes used are shown in Table 3.6, 
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with Mesh 1 being the coarsest mesh which was refined to Mesh 2 and 3. As shown in Figure 

3.15, the results feature a converging trend as the model became more refined. In view of the 

trend of convergence, Mesh 3 was taken to be providing the best estimates. In order to save 

computational time, another model (Mesh 4) was constructed. The finite elements of Mesh 4 

are the same as Mesh 3 at the contact surface between the impactor and target; the rest of the 

target was modelled with coarser elements. This modelling approach is based on the reasoning 

that for a rigid body, only elements in the vicinity of contact between moving objects matter. 

Comparison between the results from Mesh 3 and 4 in Figure 3.15 shows that the difference is 

insignificant in terms of both maximum displacement and total duration. In view of results 

from the comparative analyses, results associated with the use of Mesh 4 for the modelling of 

the 0.8 m and 1.2 m tall concrete blocks are also taken to provide the best estimates. 

Table 3.6 Different mesh sizes for rigid concrete block FE model 

 Mesh 1 Mesh 2 Mesh 3 Mesh 4 

Number of Solid Elements 14415 18512 32000 4280 

Element Size 13 mm 12 mm 10 mm 
Mixed (20 

and 10 mm) 

 

 

Figure 3.15 Mesh convergence study for rigid concrete block finite element model 

Hand calculations have also been undertaken using the developed algebraic expressions 

involving Equations (3.21) to (3.23). The calculated peak displacement value was converted 
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into a time-history function (based on equating energies at every time step) to facilitate 

comparison of the calculated results with experimental measurements and computer (numerical) 

simulations in order to verify the accuracies of the proposed predictive model (Figure 3.16). 

Comparisons of the peak displacement values in the form of bar charts are shown in Figure 

3.17 for the tests featuring both 0.5 m and 1m drop height. As shown in Figure 3.16 and Figure 

3.17, results from the 3 different approaches matched reasonably well, except for a slight time 

lag of 50 ms (see Figure 3.16). This observed time lag could have been resulted from sliding 

movement experienced by the concrete blocks which had not been captured by the numerical 

modelling, nor by hand calculations. In addition, the horizontal displacement was not measured 

exactly at the upper edge of the block. Thus, measurements from the laser device were not able 

to capture the full horizontal displacement of the rocking block. 

 

Figure 3.16 Comparison of hand calculation, experiment and LS-DYNA results for a 0.4 m tall 

block struck by a pendulum impactor released from 1m height 
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Figure 3.17 Horizontal displacement of rectangular wall struck by a pendulum impactor 

released from different heights 

It is noted that the proposed hand calculation method can slightly overestimate the rotation of 

the barrier and hence the amount of energy of absorption resulted from the lifting of the centre 

of gravity. This overestimation is due to the assumption that all the energy that has been 

transmitted onto the barrier following the impact is wholly absorbed by the gain in potential 

energy. In reality, a small amount of energy can be absorbed in the form of sliding motion 

which also dissipates energy. Consequently, the amount of lifting of the wall is less than that 

predicted.  The taller (slenderer) the barrier, the less amount of sliding, given that the amount 

of force required to overcome the threshold resistance from lifting is lower. Conversely, a 

shorter wall would be more likely to dissipate a small amount of energy by sliding had the 

threshold resistance from sliding been exceeded. This explains a slightly higher degree of 

conservatism of the hand calculation method with a shorter wall when subject to a higher 

intensity of impact - please refer to Figure 3.18 for the results for a 0.4 m tall wall when 

subjected to a “1 m drop” impact. 
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Figure 3.18 Horizontal displacement versus wall height 

Discrepancies are also shown between the results from FE analyses and from hand calculations. 

This is to do with uncertainties in the dissipation of energy occurring on impact. Much of these 

uncertainties have been circumvented around in the hand calculation method by parameterizing 

the COR, the value of which can be based on velocity measurements taken from the 

experiments. However, COR has not been parameterized by the program LS-DYNA as an input 

variable. Consequently, the accuracies of the simulation rely heavily on how well the material 

models for both the impactor and the barrier represent real behaviour at the point of contact 

under transient conditions. It is assumed in the FE model that the barrier is made up of a 

homogeneous material. In reality, material properties (at the point of contact) do vary within 

the barrier thereby contributing to modelling errors. 

In summary, discrepancies between predictions from different methods are contributed by a 

combination of modelling uncertainties that have been outlined. 

The values of COR as inferred from experimental measurements were 0.75 and 0.55 

respectively, and the trend of decreasing value of COR with increasing velocity of impact is 

consistent with observations from gas gun experiments conducted by Sun et al. [64] and Perera 

et al. [66] on airborne impactor objects. Correlations between the peak displacement values 
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and the height of the free-standing blocks in both sets of tests are shown in Figure 3.18 in which 

estimates by hand calculations are also shown to demonstrate good consistencies between the 

proposed model and observations from physical testing. 

Although experimental and analytical results favour the design of tall and slender barriers (e.g. 

Figure 3.17 and Figure 3.18), deflection of tall stem walls must also be checked in design 

practices. Given that deformation of the stem wall has been ignored in the analyses presented 

in this chapter, the wall needs to have sufficient thickness to justify the assumption of “rigid 

body” behaviour which underpins the proposed design methodology. 

Although stresses and strains that can be induced on a free-standing wall are generally much 

less than a wall with a fixed base, such stresses can become significant when a very long 

segment of the barrier has been lifted by the impact. As this happens, internal stresses 

developed within the barrier are correlated with the self-weight of the segment that has been 

activated to rotate. The amount of internal stresses that can be induced into the barrier can be 

estimated by applying a horizontal quasi-static force at the position of impact. The force is 

increased to the limit when the barrier starts to tilt. This simplified method of analysis can be 

used when inertia force generated within the barrier by the rotational motion is small compared 

to its self-weight, or else the additional force of inertia will also need to be included in the 

analysis. Reinforcement within the barrier in particular need be designed accordingly to ensure 

sufficient robustness of the wall segment taking into account of its activated length. This 

chapter is primarily concerned with overturning stability. The design and detailing of 

reinforcement within the barrier for robustness will be covered later in Chapter 6.  
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3.4 Design Applications 

3.4.1 Rotational Demand and Capacity and Factor of Safety against Overturning 

In defining the rotational capacity of the barrier, the critical position of the barrier, i.e. when 

the centre of mass of the barrier lies directly above the centre of rotation, is illustrated in Figure 

3.19 and considered. 

 

Figure 3.19 A rectangular rigid barrier at critical overturning condition 

From the geometry of the barrier, 

 ΔC.G.(crit) = 𝑟 −
ℎ

2
 (3.27) 

 𝜃crit =
𝜋

2
− 𝛽′ (3.28) 

The factor of safety (FOS) against overturning for a projected impact scenario is defined as 

ΔC.G.(crit)/ΔC.G., where ΔC.G.(crit) is defined by Equation (3.27). It follows that the FOS is a 

function of ΔC.G., ℎ, and 𝑤. A design chart has been developed based on the two dimensionless 

ratios ΔC.G./𝑤 and ℎ/𝑤, and is shown in Figure 3.20.  The chart covers aspect ratios (ℎ/𝑤) up 

to 10 and curves corresponding to a range of FOS from 1 to 5 are shown. Figure 3.20 can be 

used to quickly check the stability of a free-standing rectangular barrier against overturning in 

four simple steps: 
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(i) Calculate ΔC.G. using Equation (3.21). 

(ii) Calculate the two dimensionless ratios ΔC.G./𝑤 and ℎ/𝑤.  

(iii) Together, ΔC.G./𝑤 and ℎ/𝑤 identify a point on the chart.  

(iv) The FOS of the barrier can be estimated by referring to the FOS value of the nearest 

curve. 

 

Figure 3.20 Design chart for checking the factor of safety of a rectangular block against 

overturning 

3.4.2 Worked Example 

A worked example is shown in this section to demonstrate the application of the proposed 

algebraic expressions and design chart. 

A free-standing rectangular barrier with 1 m width (𝑤), 3 m height (ℎ) and 8 m length is used 

herein as example for the case study (Figure 3.21). The projected impact scenario is a boulder 

of mass 2000 kg (𝑚) which is to strike the upper edge of the barrier with an impacting velocity 

of 10 m/s (𝑣0). A COR value of 0.5 is assumed. The barrier is assumed to behave as a rigid 

body which undergoes pure rotation without translational movement. 
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Figure 3.21 Example of rectangular barrier impacted by a boulder 

Equation (3.21) is used to calculate the amount of uplift of the barrier ΔC.G. as a result of the 

impact. Calculations of the parameter values are shown as follows. 

𝑀 = 2400(1)(3)(8) = 57600 kg 

𝐼𝜃 = 𝑀 (
ℎ2 + 𝑤2

3
) = 57600 (

32 + 12

3
) = 192000 kgm2 

𝑅 = √ℎ2 + 𝑤2 = √32 + 12 = 3.16 m 

𝜅 =
𝐼𝜃

𝑚ℎ𝑅
=

192000 

2000(3)(3.16)
= 10.12 

The calculated parameters are then substituted into Equation (3.21): 

ΔC.G. =
𝑚𝑣0

2

2𝑀𝑔

𝜅ℎ

𝑅
(

1 + 𝐶𝑂𝑅

1 + 𝜅
)

2

=
2000(10)2

2(57600)(9.81)
(

10.12(3)

3.16
) (

1 + 0.5

1 + 10.12
)

2

 

ΔC.G. = 0.031 m 

Thus, ΔC.G./𝑤 = 0.031 (given that 𝑤 = 1 m and ΔC.G. = 0.031m) and ℎ/𝑤 = 3. The value of 

FOS against overturning is therefore equal to 3 as indicated by the design chart shown in Figure 

3.20. 

 

3  

1  

8m 

10 /  
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3.5 Generalisation of Proposed Predictive Model for Barriers 

with Non-rectangular Cross-sections 

3.5.1 Theoretical Relationships 

The closed-form solutions presented in Section 3.2.3 may be modified to account for barriers 

of different geometries. For example, an L-shaped barrier as shown in Figure 3.22 can be 

analysed for determining its resistance from overturning by also including the impact height 

(ℎ𝑖) as an input parameter. By carrying out similar derivation procedures as outlined in Section 

3.2.3, the analytical solutions may be modified into the form of Equations (3.29) – (3.31). 

Equation (3.23) need not be modified and is still applicable for estimating horizontal 

displacement. 

 

Figure 3.22 Rotation of a rigid L-shaped barrier under an impact action 

 ΔC.G. =
𝑚𝑣0

2

2𝑀𝑔

𝜅ℎ𝑖

𝑅
(

1 + COR

1 + 𝜅
)

2

 (3.29) 

 𝜃 = sin−1 (
�̅� + ΔC.G.

√�̅�2 + �̅�2
) − tan−1 (

�̅�

�̅�
) (3.30) 

 𝜅 =
𝐼𝜃

𝑚ℎ𝑖𝑅
 (3.31) 

where �̅� and �̅� are the distances to the barrier’s centre of gravity measured from the outer edge 

of the stem wall (global vertical axis) and the base slab (global horizontal axis) respectively. 
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Note that 𝑅 which was defined as the distance between the point of contact and the point of 

rotation takes a different form for a non-rectangular barrier: 𝑅 = √ℎ𝑖
2 + 𝑤𝑠𝑡𝑒𝑚

2 . Equations 

(3.29) – (3.31) are applicable for barriers of any shape so long as the position of the barrier’s 

centre of gravity is known. 

The rotational inertia of a barrier is directly dependant on its geometry. The value of 𝐼𝜃 for an 

L-shaped barrier can be approximated with the use of Equation (3.32). 

 𝐼𝜃 ≈
𝑀𝑠𝑡𝑒𝑚

3
(ℎ2 + ℎ𝑤𝑏𝑎𝑠𝑒) +

𝑀𝑏𝑎𝑠𝑒𝑙2

3
 (3.32) 

where 𝑀𝑠𝑡𝑒𝑚 and 𝑀𝑏𝑎𝑠𝑒 denote the masses of the stem wall and the base slab respectively. For 

L-shaped barriers with rectangular side walls, Equation (3.32) can be expanded to become 

Equation (3.33). 

𝐼𝜃 ≈
𝑀𝑠𝑡𝑒𝑚

3
(ℎ2 + ℎ𝑤𝑏𝑎𝑠𝑒) +

𝑀𝑏𝑎𝑠𝑒𝑙2

3

+ 𝑛𝑀𝑠𝑖𝑑𝑒 [(
𝑐2 + 𝑑2

12
) + (

𝑑

2
+ 𝑤𝑠𝑡𝑒𝑚)

2

+ (
𝑐

2
+ 𝑤𝑠𝑡𝑒𝑚)

2

] 
(3.33) 

where 𝑛 and 𝑀𝑠𝑖𝑑𝑒 are the number and the mass of side walls respectively; 𝑐 and 𝑑 denote the 

length and height of the side walls respectively. Derivations of Equations (3.32) and (3.33) are 

given in Appendix H. 

In assessing the stability of a barrier, the use of ΔC.G. calculated from Equation (3.29) can be 

compared with the critical value ΔC.G.(crit), which may be computed using Equation (3.34). 

Similarly, 𝜃 calculated from Equation (3.30) can be compared with the critical value which has 

the form of Equation (3.35). Again, it is emphasised herein that Equations (3.34) and (3.35) are 

valid for barriers of any geometry. 

 ΔC.G.(crit) = √�̅�2 + �̅�2 − �̅� (3.34) 

 𝜃crit = 90° − tan−1 (
�̅�

�̅�
) (3.35) 
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3.5.2 Experimental Verification 

In order to verify the displacement-based analytical solutions derived in the previous section, 

pendulum impact tests of laboratory-scale were carried out on a free-standing L-shaped 

concrete block. The concrete block has a density of 2400 kg/m3 and dimensions of 0.8 m × 0.6 

m × 0.4 m (ℎ × 𝑙 × 𝑏). The widths of the stem wall (𝑤𝑠𝑡𝑒𝑚) and of the base slab (𝑤𝑏𝑎𝑠𝑒) are 

both 0.2 m. The dimensions are shown in Figure 3.23(a). A photograph of the experimental 

setup is shown in Figure 3.23(b). A spherical cast iron object with mass of 5 kg was used as 

the impactor which was connected with two steel cables to ensure that it travels in the desired 

direction following the release. It was raised to heights of 0.5 m, 1.0 m and 1.5 m before having 

it released to strike the concrete block. The impact velocities corresponding to these heights 

were 3.13 m/s, 4.43 m/s and 5.42 m/s respectively. A steel plate weighing about 1 kg was 

placed in between the impactor and the concrete block to prevent accumulative localised 

damage to the concrete surface following multiple strikes. As the mass of the steel plate was 

insignificant compared to the concrete, only the COR values were affected, and these changes 

were captured by the use of a high-speed camera. 

  

(a) (b) 

Figure 3.23 Experimental setup: (a) schematic diagram (dimensions in mm), (b) photograph 

Since the rise in the centre of gravity ΔC.G. could not be measured directly from the experiment, 

the horizontal displacement at the top of the wall (Δ) was measured instead. To this end, a laser 
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displacement transducer with a measurement frequency of 1.5 kHz and a measurement range 

of 600 mm was placed behind the concrete block. The peak horizontal displacement measured 

from each test is compared with that calculated from the analytical solutions. The theoretical 

horizontal displacement Δ  is obtained by first calculating the angle of rotation (𝜃 ) using 

Equation (3.30) and the converting it to Δ using Equation (3.23) as derived in Section 3.2.3.  

Figure 3.24 shows the measured and computed results. The COR values were measured to be 

0.502, 0.454 and 0.363 for impactor release height of 0.5 m, 1.0 m and 1.5 m respectively. 

Details of the calculations are not given here as they will be illustrated in a worked example in 

the next section. As can be seen, there are good consistencies between the measured and 

theoretical results for the three impact tests. The accuracy of the recommended analytical 

model is thus verified. 

 

Figure 3.24 Horizontal displacement of an L-shaped concrete block struck by a pendulum 

impactor released from different heights  
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3.6 Numerical Assessment 

3.6.1 Analysis of an Existing Barrier 

A worked example is presented here to illustrate the use of the analytical solutions in practice.  

To show the advantage of the new design approach, the result is also compared with that 

obtained from the conventional approach which is based on moment equilibrium. The barrier 

considered has a height (ℎ) of 3 m, a slab length (𝑙) of 6 m and a width (𝑏) of 10 m.  The widths 

of the stem wall (𝑤𝑠𝑡𝑒𝑚) and of the base slab (𝑤𝑏𝑎𝑠𝑒) are both 1 m.  A boulder with a diameter 

of 1.8 m and an initial velocity (𝑣0) of 15 m/s is assumed to impact the top of the stem wall 

(i.e. ℎ𝑖 = ℎ). These values are taken from the real-life example shown in Figure 3.25, and the 

assumed impact location represents the worst-case scenario in terms of the barrier’s 

overturning stability. COR is conservatively taken as 0.5 after a review of the relevant literature 

[78, 79]. It should be noted that COR is a function of material properties and impact velocity 

[64, 66, 165], so its value will need to be considered on a case-by-case basis. If the density of 

reinforced concrete is taken as 2500 kg/m3, the stem wall (𝑀𝑠𝑡𝑒𝑚) and the base slab (𝑀𝑠𝑙𝑎𝑏) of 

the barrier will weigh 50,000 kg and 150,000 kg respectively, thus giving a total mass (𝑀) of 

200,000 kg.  The mass of the boulder (𝑚) will be 8092 kg if its density is 2650 kg/m3. Using 

the analytical solutions presented previously, the following parameters can be determined:  

Distance between axis of rotation and impact location: 𝑅 = 3.16 𝑚 

Rotational inertia: 𝐼𝜃 ≈ 2,000,000 𝑘𝑔𝑚2 

Dimensionless number: 𝜅 = 26 

Therefore, the maximum rise in the barrier’s centre of gravity is: 

ΔC.G. =
𝑚𝑣0

2

2𝑀𝑔

𝜅ℎ𝑖

𝑅
(

1 + COR

1 + 𝜅
)

2

 

=
8092 × 152

2 × 200,000 × 9.81
×

26 × 3

3.16
× (

1 + 0.5

1 + 26
)

2

 

= 0.0353 𝑚 
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Figure 3.25 An L-shaped rigid rockfall barrier in Hong Kong with stiffening counterforts 

The overturning stability of the barrier can be assessed by comparing the calculated ΔC.G. with 

the critical value ΔC.G.(crit). To this end, the centre of gravity of the barrier needs to be located 

with reference to a global origin, which can be conveniently set at the point of rotation. For 

objects with a uniform density, the centre of gravity is the same as the geometrical centre. For 

the barrier considered in this example, the centre of gravity is located at �̅� = 2.375 m and �̅� = 

0.875 m. Therefore ΔC.G.(crit) = 1.66 m from Equation (3.34). If the factor of safety (FOS) 

against overturning is defined as ΔC.G.(crit)/ΔC.G., this barrier will have a FOS of 47. This result 

indicates that the barrier has more than sufficient capacity against overturning despite its 

temporal rotational movement. 

On the other hand, if this same barrier is assessed using the conventional force-based approach, 

the impact force will be 8353 kN which is calculated using the simplified Hertz equation [14]. 

This force will induce an overturning moment (𝑀𝑜) of 25,060 kNm ( 8353 kN 3 m=  ) on the 

barrier. Given that the total weight of the barrier is 1962 kN (barrier mass equals 200,000 kg) 

and the centre of gravity is at a horizontal distance of 2.375 m from the axis of rotation, the 

restoring moment (𝑀𝑟) would only be 4660 kNm ( 1962 kN 2.375 m=  ). If the FOS is defined 

in the conventional manner as 𝑀𝑟/𝑀𝑜, this barrier would only have a FOS of merely 0.19, 

which is not surprising given that the barrier is expected experience some rocking motion. 
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If the barrier is assumed to be simultaneously impacted by two boulders instead of one, the 

same calculation procedure can be followed. The parameter 𝑚 now denotes the combined mass 

of the impacting boulders and is 16,184 kg ( 8092 kg 2=  ). The dimensionless ratio 𝜅, which 

is a function of 𝑚, reduces to 13 which is half of the original value. If all other conditions 

remain the same, the maximum rise in the barrier’s centre of gravity (ΔC.G.) becomes 0.1312 m 

and the corresponding FOS is 12.6. 

It is interesting to note that the barrier analysed in the above worked example has a high safety 

margin in terms of overturning even under the simultaneous impact of two sizeable boulders. 

This suggests that the original design can be optimised by reducing the dimensions of the stem 

wall and the base slab, provided that the wall has sufficient structural strength to resist the 

predicted impact action. The key to a successful design is to limit the barrier’s movement to an 

acceptable level. 

3.6.2 Parametric Study 

A parametric study has been carried out using the recommended analytical solutions to 

investigate the effect of geometry on the overturning stability of barriers. The same barrier 

considered in the previous example is used for this study, except that the length of the barrier 

now varies from 1 to 10 m.  The length-to-height ratio (𝑙/ℎ) of the barrier thus varies from 0.33 

to 3.33. The weight and the rotational inertia of the barrier therefore also vary. To assess the 

effect of these changes, Figure 3.26 plots the energy-transfer ratio (KE2/KE0) against 𝑙/ℎ. It 

can be seen that KE2/KE0 drops rapidly when 𝑙/ℎ increases from 0.33 to around 2.0, and this 

is true for all COR values. When 𝑙/ℎ  increases further, the rate of reduction becomes 

increasingly smaller. This result shows that for a given height, increasing the slab length will 

be more effective for barriers with low 𝑙/ℎ values. Figure 3.26 also shows that for any length-

to-height ratio, a reduction in the COR also leads to a reduction in KE2/KE0. Recalling that the 

COR is a measure of the amount of kinetic energy loss during an impact. For an impact with a 

low COR, a large amount of kinetic energy is lost and less energy is thus transferred to the 

barrier. However, it can be seen that the effect of COR gradually diminishes with increasing 

value of 𝑙/ℎ. This is because as 𝑙/ℎ becomes higher, the inertial resistance of the barrier (which 

is manifested in energy partitioning) becomes more dominant. Lastly, it can be seen that even 

for an elastic collision where there is no kinetic energy loss (i.e. COR = 1), KE2/KE0 can still 

be less than 1 because of the inertial resistance developed in the barrier. 
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Figure 3.26 Energy transfer ratio for an L-shaped barrier with different length-to-height ratios 

Figure 3.27 plots the rise in the barrier’s centre of gravity (ΔC.G.) against 𝑙/ℎ. To allow an 

evaluation of the barrier’s overturning stability, curves corresponding to FOS of 1, 10 and 50 

are also shown for reference. Two observations can be made from this plot. First, the shape of 

the computed ΔC.G. curves much resemble those for KE2/KE0, expect that the initial portion of 

the curves with low 𝑙/ℎ  values is not available because the barrier is predicted to have 

overturned. This resemblance is not surprising because ΔC.G. is directly proportional to the 

energy-reduction term according to Equation (3.29). Second, a high FOS appears to be 

appropriate if the movement of the barrier is limited to, say, below 50 mm. The amount of 

“acceptable” movement will probably depend on a number of different factors, such as the site 

setting and the structural design of the barrier. Lastly, it should be emphasised that Figure 3.25 

and 3.26 are only valid for the impact scenario assumed in this exercise. Similar graphs can be 

produced using a spreadsheet program to assist in the sizing of a barrier for a different impact 

scenario. 
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Figure 3.27 Rise in the centre of gravity for an L-shaped barrier with different length-to-depth 

ratios  
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3.7 Limitations 

The limitations of the proposed analytical solutions are discussed in this section. First, the 

solutions were derived assuming that the boulder would rebound from the barrier following the 

impact. In other words, the solutions would only be valid for elastic or partially elastic impact 

( 0 COR 1  ), but not for inelastic impacts ( COR 0= ). This assumption should be valid for 

most situations except for the case where the boulder becomes embedded into the barrier, but 

this situation can be avoided by adequate structural design. Another possible situation where 

the rebound may not occur is when the barrier is shielded by a granular cushion layer such as 

rock-filled gabions [38, 166, 167]. In this case, the cushion layer would dissipate the impact 

energy through elasto-plastic deformation. Further research is required to develop and validate 

analytical solutions for these impact scenarios. 

The second limitation is that the barrier under impact needs to be structurally robust to behave 

as a ‘rigid’ body. If the stem wall is only lightly reinforced, punching failure may occur around 

the impact location. This situation can be avoided by performing checks against punching 

failure, and calculation methods are available for this purpose [1, 168]. Another possibility is 

that if the wall-slab connection is not sufficiently rigid, the barrier wall may behave as a 

cantilever and yield near the base where the bending moment is the maximum. Design approach 

against wall bending failure will be covered in Chapter 8. 

The third limitation of the analytical solutions is that the dimensionless ratio   must be greater 

than 1.  Since 𝜅 is defined as 
i

I

mh R


, this ratio takes into account several important factors 

including the geometrical effect of the barrier, the impact location, and the mass of the 

impacting boulder. The larger the value of 𝜅, the greater is the inertial resistance of the barrier.  

However, if the value of 𝜅 was smaller than 1 (in which case the barrier was lighter than the 

impacting object), the object would not rebound but to continue its trajectory following the 

impact. Therefore, when sizing a barrier it is necessary to ensure that the barrier is sufficiently 

robust to resist the predicted impact. This can be achieved by adjusting the value of 𝐼𝜃 so that 

𝜅 is always greater than 1. To put this concept into context, for the barrier considered in the 

parametric study, the value of 𝜅 ranges from 2.7 to 111 when the slab length varies from 1 to 

10 m. When the FOS is 10, 𝜅 ranges from 9.5 to 16 depending on the value of the COR. 

Therefore, the condition of 1   should always be satisfied for adequately-sized barriers. 
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Lastly, it is worth nothing that the calculation methodology presented herein has not included 

the stabilising action of the soil covering the footing of the barrier for the case of a rockfall 

barrier. Designers have the option to either ignore the additional stabilising action for achieving 

a conservative design, or to take into account such stabilising action by treating the part of the 

soil overlying the footing as if it was part of the footing but allowing for the difference in 

density between soil and concrete. For a barrier with a thick layer of overburden soil above the 

base slab, the dynamic shear resistance at the interface between the moving barrier (including 

the overburden soil) and the surrounding soil mass can also play a significant role in the 

overturning stability of the barrier. Further research is required to take into account such effects 

in the stability assessment.  
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3.8 Conclusions 

The advantage of a free-standing barrier is that the rotational displacement generated by the 

impact is fully recoverable and that only a small amount of stresses is induced when the barrier 

is free to rotate. No existing force-based nor energy-based analytical model is able to provide 

realistic predictions of the displacement response behaviour of a free-standing barrier. What is 

missing is an expression for predicting the partitioning of energy occurring on impact. 

In the proposed analytical model, the prediction of the amount of rotation of the barrier when 

subject to an impact can be resolved into two steps: (a) determination of the kinetic energy ratio 

which represents the partitioning of energy phenomenon occurring on impact (b) determination 

of the lifting of the centre of gravity of the barrier and the resulting rotation and displacement 

of the top section in horizontal direction. This chapter is primarily to deal with the global 

overturning stability of the barrier. Localised damage and sliding movement have not been 

modelled and are not within the scope of this chapter. In practice, localised damage can be 

alleviated by placing a cushioning material in front of the barrier. Considerations of sliding will 

be covered in detail in Chapter 4. 

The algebraic expression defining the kinetic energy ratio as function of the mass ratio and 

COR has been verified by comparison against observations from physical impact 

experimentation on a steel pole, and also by numerical simulations of the experiment using 

finite element program LS-DYNA. Confirmatory physical and simulated experimentations 

have also been undertaken to verify the accuracies of the algebraic expressions for predicting 

the rotational movement of a barrier generated by an impact. The reduction in the rotation of 

the barrier with increasing height is evident from the results presented. 

A design chart showing the factor of safety against overturning as functions of ΔC.G./𝑤 and 

ℎ/𝑤 has been created to facilitate design checks. The use of the proposed equations and design 

chart has been illustrated by a worked example. 

The analytical solutions were later generalised for non-rectangular barriers such as L-shaped 

barriers. Again, the accuracy of the solutions has been confirmed by laboratory-scale 

experiments. A worked example has been presented to illustrate the advantage of a 

displacement-based assessment over the conventional force-based design approach. Both 

single and multiple boulder impacts have been considered. The conventional design approach 
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has been shown to be overly conservative as compared to the displacement-based approach, 

and the overestimation is due to the lack of consideration of the inertial resistance of the barrier 

arising from its own the self-weight and the actual amount of energy transmitted to the structure. 

A numerical parametric study has also been conducted for an assumed impact scenario. Results 

show that for a given barrier height, the length of the base slab can have a profound effect on 

the energy-transfer ratio and thus the movement of the barrier. This is because of the increase 

in the inertial resistance of the barrier with increasing slab length.  
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Analytical Solution for Estimating Sliding 

Displacement of Rigid Barriers Subjected to 

Impact Actions 

4.1 Introduction 

As discussed in Chapter 3, in addition to rotational movement, a free-standing barrier may also 

undergo sliding movement when impacted. Expressions developed in Chapter 3 for predicting 

displacement and rotation of the barrier was based on the impactor striking the barrier at its 

upper edge for this was the impact scenario posing the highest risk of overturning. Should the 

point of contact be placed at a lower level, the risk of overturning would become less critical 

but sliding motion becomes more likely (if the mass of the impactor and its incident velocity 

of impact are kept unchanged). The amount of sliding can be estimated by equating the 

transferred kinetic energy to the energy dissipated by friction at the base of the barrier. 

Although the consequence of overturning of the barrier is generally more serious as opposed 

to a small amount of sliding, circumstances where dislocation of the barrier resulted from 
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sliding might also lead to catastrophe. This chapter is dedicated to the detailed description of 

analysis for sliding motion. 

To date, some studies have been undertaken on the sliding resistance of concrete structures 

founded on different types of soils and rocks [169-171]. A state-of-the-art review of concrete-

to-concrete sliding has been carried out by Santos & Júlio [172]. The sliding displacement of 

a barrier when subjected to an impact action has not been studied properly in sufficient detail. 

The force-based design approach conventionally used for checking against bending and 

overturning failures cannot be used to estimate sliding displacement of a structure as only force 

and moment equilibriums have been considered. To fill this knowledge gap, this chapter 

presents a closed-form analytical solution for estimating the amount of sliding displacement of 

a barrier resulted from an impact action. The analytical model was derived by considering 

energy and momentum equilibrium as well as the amount of energy loss occurring on impact. 

In this chapter, the derivation of the solution and its validation against experimental results are 

first presented. The result of a finite element (FE) simulation is then presented to confirm the 

scale-independent nature of the solution. Lastly, result from a parametric study was used to 

investigate the effects of basal friction, mass ratio and energy loss and on the sliding behaviour 

of a barrier. 
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4.2 Derivations of Analytical Solution 

4.2.1 Equal-energy Model 

For a free-standing barrier struck by an impactor (e.g. a boulder) with mass 𝑚 and velocity 𝑣0 

as illustrated in Figure 1.1(d), if there is no energy loss then the kinetic energy carried by a 

boulder will be fully transferred to the barrier in the form of work done by the basal friction 

over its sliding distance. Equation (4.1) can be written for this scenario. The basal friction (𝑓) 

is defined in terms of the kinematic coefficient of friction (𝜇) and the normal force acting on 

the ground (𝜆𝑚𝑔) as given by Equation (4.2), where 𝜆 is the ratio of the mass of the target 

(barrier) to the mass of the impactor (boulder) and 𝑔 is the gravitational acceleration. Note that 

here the barrier is assumed to undergo only sliding movement. This assumption is conservative 

since it allows the maximum possible sliding displacement to be estimated. Should the impact 

location be at a higher elevation as shown in Figures 1.1(b) and 1.1(c), the amount of sliding 

movement would be less because of certain amount of energy expanded on the overturning 

motion (covered in Chapter 3) and wall bending (covered in Chapter 7 and Chapter 8). 

Combining Equations (4.1) and (4.2) gives Equation (4.3) which allows the sliding 

displacement (Δ) to be determined. 

 
 
1

2
𝑚𝑣0

2 = 𝑓Δ (4.1) 

 𝑓 = 𝜇𝜆𝑚𝑔 (4.2) 

 
Δ =

𝑣0
2

2𝜇𝑔

1

𝜆
 (4.3) 

The major shortcoming of this equal-energy model lies with the fact that energy loss has been 

neglected.  In reality, only a fraction of the impact energy is transferred to the barrier since a 

significant amount of the impact energy is dissipated in the form of deformation, heat, sound 

and vibration of the barrier and some kinetic energy is carried away by the rebounding impactor. 

4.2.2 Energy Partitioning Model 

As for the equal-energy model, the analytical solution to be presented herein are based on the 

assumption that only sliding action is experienced by the target structure. The derivation of the 

solutions involves a two-step approach: 
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1. Predicting the amount of energy that is transferred from the impactor (e.g. a boulder) to 

the target structure (barrier). 

2. Predicting the sliding displacement of the target structure based on the amount of 

transferred energy as estimated from Step 1. 

For the prediction of the deflection of a cantilever beam subjected to a horizontal impact, it has 

been demonstrated in Chapter 3 that the principles of momentum and energy conservation can 

be used to predict the amount of energy transferred from an impactor to the target in a partial 

elastic collision where some energy loss is expected (Step 1). The key assumption is that the 

transfer of momentum is instantaneous, which is valid for contact actions between two very 

hard objects (e.g. rock and concrete). Figure 4.1 shows a schematic diagram of the impact 

scenario considered. If an impactor with mass 𝑚 strikes a target with a heavier mass 𝜆𝑚, the 

kinetic energy ratio between the two objects is given by Equation (4.4), where the coefficient 

of restitution (COR), which varies from 0 to 1, is defined by Equation (4.5). 

 

Figure 4.1 Schematic diagram of collision between two objects 

 KE2

KE0
= 𝜆 (

1 + COR

1 + 𝜆
)

2

 (4.4) 

 
COR =

𝑣1 + 𝑣2

𝑣0
 (4.5) 

where KE2 is the amount of translational kinetic energy transferred to the target, KE0 is the 

translational kinetic energy carried by the impactor immediately prior to the impact; 𝑣1 and 𝑣2 

are the velocities of the rebounding impactor and the target respectively following the impact. 

KE1 is the translational kinetic energy carried by the rebounding impactor and its value needs 

not be computed. As the derivation of Equation (4.4) has been shown in Chapter 3, it is not 

repeated herein. 

𝜆𝑚 𝑚 𝜆𝑚 𝑚 

𝑣0 𝑣1 𝑣2 

Before impact After impact 
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Given that the barrier is assumed to slide over distance Δ, the amount of energy that has been 

transferred to the target (KE2) is equated to the amount of energy dissipated by friction (𝑊𝑓) as 

shown by Equation (4.6), Equation (4.7) and Figure 4.2. Note that an L-shaped barrier is shown 

in Figure 4.2 for illustration purpose but the solutions presented herein are applicable to any 

shape of the barrier as long as its total mass is known. 

 KE2 = 𝑊𝑓 (4.6) 

 𝑊𝑓 = 𝑓Δ = 𝜇𝜆𝑚𝑔Δ (4.7) 

 

Figure 4.2 Sliding movement of an L-shaped rigid barrier under an impact action 

Combining Equations (4.4), (4.6) and (4.7) gives Equation (4.8), which can be rearranged into 

Equation (4.9) which is the analytical expression for estimating the amount of sliding 

displacement Δ. 

 
𝜇𝜆𝑚𝑔Δ = 𝜆 (

1 + COR

1 + 𝜆
)

2

(
1

2
𝑚𝑣0

2) (4.8) 

 
Δ =

𝑣0
2

2𝜇𝑔
(

1 + COR

1 + 𝜆
)

2

 (4.9) 

Equation (4.9) indicates that for a given impact velocity (𝑣0) and coefficient of friction (𝜇), the 

sliding displacement of a barrier is essentially controlled by the mass ratio between the target 

and the impactor (𝜆) and the coefficient of restitution (COR). To illustrate the significance of 
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these two parameters, the energy transfer ratio (KE2/KE0) has been calculated for a range of 𝜆 

and COR using Equation (4.4), and the results are presented in Figure 4.3. The thick horizontal 

line shown at the top of the figure (i.e. KE2/KE0 = 1.0) represents estimates from the equal-

energy model which assumes no energy loss. Figure 4.3 shows that an increase in the value of 

𝜆 reduces the amount of energy that is transferred from the impactor to the target. Taking COR 

= 1.0 as example, the energy transfer ratio is substantially reduced from 1.0 to 0.3 by increasing 

the mass ratio from 1 to 10. In other words, only 30% of the impact energy is transferred to the 

barrier when 𝜆 is 10. Such effects cannot be captured by the equal-energy model wherein KE2 

always equals KE0 in this model. 

 

Figure 4.3 Energy transfer ratio versus mass ratio 

It is emphasised that should the base of the barrier be subjected to groundwater pressure, 

Equation (4.9) would need to be modified to incorporate the effect of the water uplift force 

(𝑢𝐴), where 𝑢 is the groundwater pressure and 𝐴 is the base area of the barrier, as follows. 

 
Δ =

𝑚𝑣0
2

2𝜇(𝜆𝑚𝑔 − 𝑢𝐴)
× 𝜆 (

1 + COR

1 + 𝜆
)

2

 (4.10) 

The proposed model presented in Equations (4.9) and (4.10) is based on the assumption that 

the energy gained by the target barrier is dissipated solely via sliding, and that no energy is lost 

due to the other types of response as shown in Figure 1.1, i.e. localised damage, bending and 
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overturning. In reality, a barrier can experience all four types of response and therefore a 

smaller sliding displacement is expected. Hence, the proposed model, which assumes a pure 

sliding response, can be used to provide a conservative estimate of the amount of sliding 

displacement. It is recommended that all four types of response behavior be checked 

independently to achieve a safe design. Note that the amount of energy lost on contact between 

the boulder and the barrier has been considered in the proposed model using an appropriate 

value of COR.  



Chapter 4: Analytical Solution for Estimating Sliding Displacement of Rigid Barriers Subjected to Impact Actions 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures 104 

 

4.3 Experimental Validations 

4.3.1 Experimental Setup 

Laboratory tests have been carried out to verify the analytical model presented in the previous 

section. A free-standing L-shaped concrete block weighing 126 kg and has dimensions as 

shown in Figure 4.4 was used as specimen for testing. The block was placed on a concrete floor 

to represent the condition of a barrier sliding over a hard surface such as bedrock or a thick 

blinding concrete layer. 

 

Figure 4.4 Dimensions of specimen (units in mm) 

Figures 4.5 and 4.6 show a schematic drawing and a photograph of the test facility respectively. 

A spherical cast iron ball with a mass of 5 kg was used as the impactor which was hung by a 

pair of cables and was positioned to strike the base of the specimen so as to maximise the 

amount of sliding motion. The impactor was raised to various pre-determined heights so that 

when it was released the following impact velocities were achieved: 2.5, 3.7, 4.4, 5.5 and 6.0 

m/s. A steel plate weighing 1.8 kg was placed on the concrete specimen at the point of contact 

to avoid any localised damage to the concrete. This ensured that the conditions of the specimen 

remained the same between the tests. The total mass of the specimen was 127.8 kg, and the 

mass ratio between the specimen and the cast iron ball (𝜆) was 25.6 (= 127.8/5). Two laser 
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displacement sensors (Model ILD1302-100) with a measurement frequency of 750 Hz and a 

measurement range of up to 200 mm were placed behind the specimen to measure the 

displacement of the specimen following each strike. The sensors were positioned to measure 

the displacement at the top and bottom of the specimen to capture any possible rotational 

movement of the specimen. A high-speed camera (Sony Cyber-Shot RX 10 II) which can take 

up to 1,000 frames per second was used to record the impact and rebound velocities of the 

impactor. 

 

Figure 4.5 Schematic drawing of experimental setup 
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Figure 4.6 Photograph of experimental setup 

4.3.2 Results and Discussions 

In this section, the experimental results are compared with the analytical solutions based on the 

use of Equation (4.9). The input parameters required for the calculations were taken from the 

tests. The velocities of the impactor (cast iron ball) and the target (concrete specimen) were 

estimated from high-speed video captures along with COR values calculated using Equation 

(4.5). Table 4.1 summarizes the results for the different tests. Note that the target was stationary 

prior to the impact, and that the general trend of decreasing COR with increasing impact 

velocity agrees with the observations of Sun et al. [64] and Perera et al. [66] as well as those 

from the experimental results presented in Chapter 3. 

Table 4.1 Velocities of cast iron ball and specimen 

Velocities prior 

to impact (m/s) 

Velocities immediately 

following impact (m/s) COR 

Cast Iron Ball Specimen 

2.5 0.88 0.13 0.4 

3.7 1.26 0.19 0.39 

4.4 1.36 0.22 0.36 

5.5 1.6 0.28 0.34 

6.0 1.7 0.30 0.33 
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With the displacement time-histories recorded from the laser sensor, the velocity of the 

specimen and thus the energy dissipated by the sliding movement were computed for each test. 

The coefficient of friction was back-calculated using Equation (4.7) and was found to be about 

0.52. With these input parameters known, Equation (4.9) was used to calculate the maximum 

sliding displacement of the specimen for the different impact velocities. For a more detailed 

comparison between the measured and analytical results, the displacement of the specimen has 

also been calculated using the analytical solution for different time steps, as presented in the 

followings: 

1. An appropriate time step 𝑡𝑠 is first selected. A smaller time step could be used to give 

a smoother displacement time-history curve. The sequence of each time step was 

defined as 𝑖 = 1, 2, 3, …. 

2. Define initial conditions at 𝑖 = 1: 𝑡(1) = 0 𝑠, Δ(1) = 0 mm, thus 𝑊𝑓(1) = 0 𝐽 based 

on Equation (4.7). This is the point of time immediately following the impact. 

3. Equation (4.4) can be re-written in the form of Equation (4.11) in order to calculate the 

amount of kinetic energy developed in the specimen at 𝑖 = 1. The velocity of specimen 

can subsequently be calculated by the use of Equation (4.12). 

 
KE2(1) =

1

2
𝑚𝑣0

2 × 𝜆 (
1 + COR

1 + 𝜆
)

2

 (4.11) 

 

𝑣2(1) = √
2KE2(1)

𝜆𝑚
 (4.12) 

4. At the next time step 𝑖, 𝑡(𝑖) is re-calculated by the use of Equation (4.13). This equation 

is valid for 𝑖 = 2 and afterwards. 

 𝑡(𝑖) = 𝑡(𝑖 − 1) + 𝑡𝑠 (4.13) 

5. Equation (4.14) is employed to calculate the displacement value. 

 Δ(i) = Δ(𝑖 − 1) + 𝑣2(𝑖 − 1) × 𝑡𝑠 (4.14) 

6. Equations (4.15) – (4.17) are employed for calculating the values of 𝑣2 for input into 

Equation (4.14) in the next time step. Equation (4.15) is based on Equation (4.7), whilst 

Equation (4.16) is based on the principles of conservation of energy in that the initial 
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kinetic energy gained by the specimen KE2(1) be dissipated by friction at each time 

step, i.e. W𝑓(𝑖) . Note that W𝑓(𝑖)  was the cumulative dissipated energy as it was 

calculated based on Δ(𝑖) which was the cumulative sliding displacement at each time 

step. 

 𝑊𝑓(𝑖) = 𝜇𝜆𝑚𝑔Δ(𝑖) (4.15) 

 KE2(𝑖) = KE2(1) − W𝑓(𝑖) (4.16) 

 

𝑣2(𝑖) = √
2KE2(i)

𝜆𝑚
 (4.17) 

7. Steps 4 to 6 are to be repeated until Δ(𝑖) = Δ which can be calculated using Equation 

(4.9). 

A MATLAB sub-routine, which is given in Appendix I, was written based on the calculation 

steps listed above. Figure 4.7 plots the measured and calculated displacement-time histories. It 

can be seen that the analytical displacement-time curves match those from the experiments 

reasonably well.  The minor differences between the measured and analytical curves can be 

attributed to the fact that the coefficient of friction (𝜇) varied slightly during the course of 

sliding as opposed to being constant (as 0.52 input into the analytical model). 

The cumulative dissipated energy over the course of sliding was also calculated using the same 

MATLAB sub-routine given in Appendix I. Figure 4.8 shows the measured and analytical 

cumulative dissipated energy for the different tests. Again, it can be seen that the analytical and 

experimental results match reasonably well and this further confirms the validity of the 

analytical model. Minor discrepancies are reflective of the errors that might have resulted from 

the assumption of constant friction over the course of the sliding. 
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Figure 4.7 Comparison of analytical and measured displacement time-histories 

 

 

Figure 4.8 Comparison of analytical and measured cumulative dissipated energy time-histories  
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4.4 Finite element analyses 

4.4.1 FE Analyses of Laboratory Tests 

The analytical solution presented in the previous section was derived based on the principles 

of energy and momentum conservation, so that it should be applicable to problems of all scales.  

To confirm the scale-independent nature of the solution, finite element (FE) analyses of the 

laboratory tests were first carried out using the commercial program LS-DYNA [163]. Results 

have been compared with those obtained from the experiments and the analytical solution. 

Following the confirmation of the accuracy of the FE model, the dimensions of the barrier were 

modified to simulate the sliding behaviour of a full-scale barrier when impacted by a large 

boulder. This scaled-up FE model was also used to validate the analytical model further. 

Figure 4.9 shows the FE model used for simulating the laboratory tests. Since the concrete 

specimen did not show any noticeable bending or local deformation in the tests, it was modelled 

as a rigid material in the FE model. The ground plate on which the specimen was sitting was 

modelled as concrete.  The impactor and steel plate were modelled using the rigid material 

model and plastic kinematic material model respectively. The specimen was allowed to move 

freely in space, but all six degrees of freedom (DOFs) of the ground plate were constrained. 

The contact between the impactor and steel plate was defined using the automatic surface-to-

surface algorithm available in LS-DYNA. The same algorithm has also been employed to 

simulate the contact between the specimen and the ground. As discussed previously, a 

coefficient of friction of 0.52 was found from the laboratory experiments so this value was also 

used to simulate the friction between the specimen and the ground in the FE model. To prevent 

the zero-energy hourglass mode that could lead to instability, a stiffness-based hourglass 

control type and an hourglass coefficient of 0.03 were adopted as recommended by Bala & Day 

[164]. Table 4.2 summarises the input parameters of the FE model. 
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Figure 4.9 Finite element model for simulating laboratory impact tests 

Table 4.2 Input parameters to finite-element model 

Parameters Input 

Elements Constant stress 8-node hexahedron solid 

Model barrier material Rigid 

Ground material CSCM concrete 

Impactor material Rigid 

Steel plate material Plastic kinematic 

Impactor-steel plate contact Automatic surface-to-surface contact 

Target-ground contact Automatic surface-to-surface contact 

Boundary condition Ground plate fixed in all six DOFs 

Hourglass control type (IHQ) 4 

Hourglass coefficient (QM) 0.03 

 

Figure 4.10 compares the maximum sliding displacement of the specimen from the FE analyses, 

analytical solution and experiments. It can be seen that the results of the FE analyses are 

consistently in good agreement with the analytical and experimental results over the range of 
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impact velocities considered. Results from analyses were about 17 % larger than that from the 

experiments for the case when 𝑣0 = 2.5 𝑚/𝑠. Discrepancies for the rest of the impact scenarios 

were less than 3 %. On the other hand, discrepancies between the analytical solution and finite 

element analysis were well within 3 %. Thus, both the analytical and FE methods will be used 

to conduct a parametric study which is discussed in the following. 

 

Figure 4.10 Maximum sliding displacement from experiments, analytical solution and finite 

element analyses 

4.4.2 Scaled-up FE Model 

The first part of the parametric study involved scaling up the FE model of the laboratory 

specimen, which was verified in the previous section, to that of a full-scale rockfall barrier. To 

this end, the reinforced concrete barrier as shown in Figure 4.11 was used as reference (same 

as the one shown in Chapter 3), but counterforts have not been considered in the analysis for 

simplicity. Figure 4.12 shows the dimensions of the barrier which was designed to resist the 

impact of a 1.8 m diameter boulder travelling at a velocity of 15 m/s. The FE model of the 

barrier is shown in Figure 4.13. Depending on the geological conditions, the interface friction 

angle (𝛿𝑖) between concrete and the ground could vary considerably, where 𝜇 = tan 𝛿𝑖. For 

example, Barton & Choubey [173] reported the basic friction angles for different types of 

unweathered rocks measured on flat surfaces, and concluded that for most smooth unweathered 
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rock surfaces the basic friction angle lies between 25° and 35°. The angle of friction at the 

interface between the concrete and the surface of the soil (or rock) can be estimated with 

reference to the existing design guidelines. For example, it is recommended in Ref. [171] that 

for smooth concrete the interface friction angle can be estimated as 0.8𝜙′, where 𝜙′ is the 

effective angle of shearing resistance of the soil. The values of 𝜙′ and the corresponding 𝛿𝑖  

and 𝜇 considered in the present study are listed in Table 4.3. 

 

Figure 4.11 Photograph of an L-shaped reinforced concrete barrier in Hong Kong 

 

Figure 4.12 Dimensions of rockfall barrier used for parametric study 
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Figure 4.13 Finite element model of rockfall barrier used for parametric study 

Table 4.3 Values of 𝝓′, 𝜹 and 𝝁 considered in parametric study 

𝜙′ 𝛿𝑖 (= 0.8𝜙′) 𝜇 (= tan 𝛿𝑖) 

20° 16° 0.287 

25° 20° 0.364 

30° 24° 0.445 

35° 28° 0.532 

40° 32° 0.625 

  

A worked example illustrating the use of the analytical model to estimate the amount of sliding 

displacement of the barrier is first given here. The barrier shown in Figure 4.11 is assumed to 

be impacted by a boulder with diameter of 1.8 m and a mass (𝑚) of 7937 kg travelling at a 

velocity (𝑣0) of 15 m/s. The total mass of the barrier (𝜆𝑚) is about 200,000 kg, which is 

calculated using a material density of 2500 kg/m3 and dimensions as shown in Figure 4.12. The 

coefficient of restitution (COR) is 0.5 as observed from FE simulations. For an effective angle 

of shearing resistance (𝜙′) of 20°, the corresponding value of 𝜇  is 0.287 (Table 4.3). The 

displacement of the barrier can be calculated using Equation (4.9) as follows: 

𝜆 =
𝜆𝑚

𝑚
=

200,000

7937
= 25.2 
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Δ =
𝑣0

2

2𝜇𝑔
(

1 + COR

1 + 𝜆
)

2

 

=
152

2(0.287)(9.81)
(

1 + 0.5

1 + 25.2
)

2

 

= 131 mm 

The sliding displacement of the barrier has also been calculated using both the analytical 

solution and the FE model for other values of 𝜙′. The results are shown in Figure 4.14. As can 

be seen, the analytical solution and the FE model give similar results for the range of 𝜙′ 

considered, although the results given by the analytical solution are slightly higher but the 

difference is on the conservative side. This confirms that the analytical solution is scale-

independent and thus is applicable to barriers of different sizes. Results from the FE simulations 

also confirm the inverse relationship between the amount of sliding displacement (Δ) and the 

friction coefficient (𝜇) as predicted by Equation (4.9). 

 

Figure 4.14 Comparison of results from finite element simulations and analytical solution for a 

rockfall barrier  
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4.5 Further Parametric Study 

The analytical solution was used to further assess the effects of 𝜙′ and COR on the sliding 

displacement of the rockfall barrier (of Figure 4.12). In Figure 4.15, results of the parametric 

study are shown along with results from the FE simulations (COR = 0.5) for comparison. It is 

shown that that the barrier can be pushed forward by over 200 mm if the effective angle of 

shearing resistance (𝜙′) is on the lower side (e.g. barrier sitting on wet slate rock: 𝜙′ = 21° 

[174]) and if little energy loss occurs on impact, i.e. high COR. At the other extreme, if the 

barrier is founded on competent material with a high interface friction angle with concrete (e.g. 

dry basalt rock: 𝜙′ = 38°  [175]) and with low COR, the predicted amount of sliding 

displacement can be as low as 40 mm. Sliding displacement, unlike rotational displacement, is 

non-recoverable and the rockfall barrier may be impacted by more than one boulder or debris 

originating from landslides during its life time. These considerations should be taken into 

account by the designers so that the anticipated sliding movement can be accommodated in the 

design. 

 

 Figure 4.15 Effects of 𝝓′ and COR on the sliding displacement of a large-scale rockfall barrier 

Lastly, the effects of mass ratio and effective angle of shearing resistance on sliding 

displacement were further investigated using the analytical solution. The range of mass ratio 

considered (10 to 1000) corresponds to the realistic range of boulder diameters of 0.5 m to 2.5 

m for a given barrier mass of 200,000 kg. Figure 4.16 plots results in log-log scale. It can be 
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seen that the mass ratio has a significant effect on the sliding displacement especially for lighter 

barriers. For example, if 𝜙′ equals 20°, the predicted displacement reduces from 700 mm to 

200 mm when the mass ratio increases from 10 to 20, but the beneficial effect becomes less 

significant when 𝜆 is greater than 100. Such reduction is due to reduction in the energy transfer 

ratio (KE2/KE0) as previously shown in Figure 4.3. Another observation that can be drawn 

from Figure 4.16 is that the importance of 𝜙′  on sliding displacement diminishes with 

increasing mass ratio. For example, when 𝜆  is greater than 100, the predicted sliding 

displacement only differs by a few millimeters for different assumed values of 𝜙′. 

 

Figure 4.16 Displacement versus mass ratio graph for different 𝝓′ values 
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4.6 Conclusions 

An analytical model has been derived in this chapter for predicting the amount of sliding 

displacement of a reinforced concrete barrier when subjected to a boulder impact. The key 

findings are summarised as follows: 

1. The analytical model proposed in this chapter has been verified by laboratory 

experiments. It is shown that the measured displacement time-histories and cumulative 

dissipated energy time-histories of the concrete specimen correspond well with those 

computed using the analytical model and representative input parameters (Figures 4.7 

and 4.8). 

2. The analytical model has been shown to be scale-independent. This is evident in view of 

the comparison of the results from the analytical solution and finite element analyses 

(Figure 4.14).  This finding is as expected since the analytical solution is derived based 

on the fundamental principles of energy and momentum and is thus applicable to 

problems of different scales (Equations (4.4) - (4.9)). 

3. If a full-scale barrier such as the one shown in Figure 4.11 is impacted by a heavy 

impactor travelling at a high velocity, it has been shown in a parametric study that the 

sliding movement of the barrier depends heavily on the concrete-soil interface friction 

angle, which is a function of the angle of shearing resistance of the founding soil 

(Table 4.3 and Figure 4.14). The coefficient of restitution (COR) has also been shown to 

have a significant effect on the sliding movement since COR effectively represents the 

amount of energy loss – the lower the value of COR, the higher the amount of energy 

loss occurring on impact (Figure 4.15). 

4. It is shown in a parametric study that increasing the mass ratio (𝜆) can significantly 

reduce the amount of sliding displacement of the barrier (Figure 4.16). This effect can be 

attributed to the reduction in the amount of energy transferred to the barrier following 

the impact (Figure 4.3).  However, with a high value of 𝜆 is (e.g. > 100), its effect on 

sliding displacement will gradually become insignificant. 

Lastly, it must be emphasised that the analytical solution presented in this chapter has only 

been verified for reinforced concrete barriers without a cushion layer. When these barriers are 

subjected to an impact action, the transfer of momentum is instantaneous in nature since both 

the impactor and the target barrier are hard objects (Figure 4.1). Further work will be required 
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to verify the analytical solution for barriers which are shielded by a deformable cushion layer 

(e.g. Refs. [38, 176]). 
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Closed-form Expressions for Performance 

Predictions of an Impacted Reinforced 

Concrete Beam 

5.1 Introduction 

This chapter is aimed at introducing, and validating, closed-form expressions for estimating: 1) 

the maximum deflection of the reinforced concrete (RC) beam for a hard impact scenario at 

the midspan of a simply supported beam and 2) the velocity of the impacting object to result in 

ultimate failure of the beam. Fulfilment of the first objective will also enable tensile strains 

experienced by the flexural reinforcement in the beam to be predicted (given the correlation of 

the deflection of the beam with its flexural strains). Fulfilment of the second objective involves 

the use of a plastic hinge model which was originally derived for use in the seismic design of 

RC structures. 

Given the accurate predictions of maximum beam deflection by the displacement-based (DB) 

model as shown in Refs. [26, 29] as well as in Chapter 3, the same model is proposed to be 

used to assess impacted RC beams. However, physical experimentations that have been carried 
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out to date to verify the proposed methodology have only been conducted at miniature scales 

involving the use of wooden and mild steel specimens. In addition, post-yield behaviour of a 

RC beam has yet to be considered, in which case the DB analytical model will take a different 

form from that presented in Chapter 3. This chapter explores the applicability of the DB model 

on larger scale RC beams. 

Publications reporting on observations from impact testing of reinforced concrete members can 

be found in the literature [9-11, 31, 35, 122]. However, no closed-form expression has been 

derived to facilitate predictions of the displacement demand on the RC beam when reporting 

tests results. Nonetheless, experimental results reported in these references provided useful 

benchmarks for evaluating the accuracies of any analytical tools that have been developed 

subsequently. The new analytical tools that are proposed herein are closed-form expressions, 

which can be used for predicting the performance behaviour of RC beams that are subject to 

solid object impact. The predictions will then be checked against test results presented by 

Fujikake et al. [31] and Kishi & Bhatti [122]. To better assess the performance of the proposed 

model, it is compared with three other models which were proposed in publications cited in 

Chapter 2 (refer Table 2.1 for a summary). Detailed description of each model is presented in 

their respective section, and the main equations are reproduced herein for ease of reference: 

• Hertz equation (𝐾𝑐 = 1 or 0.1), refer Section 2.1.1 and 2.1.2 [14] 

 𝐹 = 𝐾𝑐𝑛𝛼1.5 (5.1) 

• Equal energy model, e.g. Eurocode 1, refer Section 2.3.2 [20] 

 𝐹𝑞𝑠 = 𝑣0√𝑘𝑚 (5.2) 

• Empirical performance-based model, refer Section 2.3.1 [32] 

 Δ =
0.63KE0

𝐹𝑢
 (5.3) 

The DB model which is the focus of this chapter will be presented in detail in Section 5.3. Note 

that the Swiss Code Model [15] and Japanese code model [16] have not been included in the 

comparison as both models involve cushioned impact which is outside of the scope of this 

research project.  
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5.2 Impact Tests Reported in the Literature 

The main thrust of this chapter is concerned with introducing closed-form expressions for 

performance predictions of an impacted RC beam and having the results validated by 

comparison with test results reported by Fujikake et al. [31] and Kishi & Bhatti [122]. Thus, 

relevant key details of the tested specimens and the impact scenarios are provided herein for 

ease of reference. The details of test arrangement for both cases are summarised in Figure 5.1 

and Table 5.1. 

Test 1 based on laboratory testing carried out by Fujikake et al. [31] involved releasing a drop 

hammer weighing 400 kg to strike the RC beam specimen at mid-span position. All the tests 

reported involved only a single strike from the same impactor, but the beam specimen was 

replaced following every impact. The tested beam specimens were 150 mm wide by 250 mm 

deep and 1.7 m long and with a clear span length of 1.4 m. Three sizes of deformed bars were 

used for the longitudinal reinforcement, including D13, D16 and D22 with yield strengths of 

397 MPa, 426 MPa and 418 MPa respectively. Shear ligatures were provided by D10 bars with 

yield strength of 295 MPa at 75 mm spacing. Three types of specimens (denoted as S1616, 

S1322 and S2222) each having its own details of reinforcing were tested. The compressive 

strength of the concrete was 42 MPa. 

The drop heights of the hammer are as listed in the following: 

(a) 0.15 m, 0.3 m, 0.6 m and 1.2 m for beam specimens of type S1616. 

(b) 0.3 m, 0.6 m, 1.2 m and 2.4 m for beam specimens of type S1322 and S2222. 

Test 2 based on large scale field testing as reported by Kishi & Bhatti [122] involved releasing 

a drop hammer weighting 2 tonnes from a drop height of 10 m (to generate a velocity of impact 

of 14 m/s) to strike a RC girder which had a rectangular cross-section of 1 m wide by 0.85 m 

deep and with a clear span of 8 m. Only a single impact was carried out. The compressive 

strength of concrete was 31.2 MPa whereas the yield strength of the reinforcement was 401 

MPa for the longitudinal bars and 390 MPa for the stirrups. The general layout of the 

reinforcements comprised seven and four 29 mm diameter longitudinal bars placed at the 

bottom and top layer of the beam respectively. The stirrups were 13 mm in diameter and with 

250 mm spacing. The concrete cover was 150 mm. 
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Figure 5.1 Notations for details of test arrangement in Table 5.1 

Table 5.1 Details of test arrangement corresponding to Figure 5.1 

Beam 
Dimensions Reinforcement 

References 
x y z a b c 

Test 1 

S1616 
1400 250 150 2D16 2D16 D10@75 Fujikake et al. [31] 

Test 1 

S1322 
1400 250 150 2D13 2D22 D10@75 Fujikake et al. [31] 

Test 1 

S2222 
1400 250 150 2D22 2D22 D10@75 Fujikake et al. [31] 

Test 2 8000 850 1000 4D29 7D29 D13@250 Kishi & Bhatti [122] 

Note: Units in mm 

The instrumentations arrangement in both impact experiments (including load cell and laser 

displacement sensor in Test 1; accelerometer and LVDT in Test 2) allowed the measurement 

of contact force time-history of the impactors and deflection time-history of the RC beams. 

Such recorded data provided useful information for applying the DB analytical model, or a 

finite element (FE) model (which will be described in detail in the later part of this chapter) for 

giving predictions of the deflection demand of the impact.  
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5.3 Displacement Predictions of Impact Tested RC Beams by DB 

Method 

5.3.1 Proposed Methodology 

In the DB prediction methodology, the deflection demand on the beam when impacted by a 

solid object at mid-span can be predicted in two steps. 

In Step 1, the beam (as the target) is represented as a generalised lumped mass of size denoted 

as 𝜆𝑚 which can be taken as 50% of the total self-weight of the simply-supported beam by 

established principles of structural dynamics [26, 29, 63]. Given that the mass of the drop 

hammer is denoted as 𝑚, the mass ratio is denoted as 𝜆. By the principles of conservation of 

momentum, the ratio of the velocity of the target lumped mass 𝑣2 (representing the beam) and 

the velocity of impact 𝑣0 is given by Equation (5.4). The ratio of the maximum kinetic energy 

transmitted to the target lumped mass (KE2) and the kinetic energy delivered by the impactor 

(KE0) is accordingly given by Equation (5.5). 

 𝑣2

𝑣0
=

1

1 + 𝜆
 (5.4) 

 KE2

KE0
=

1

1 + 𝜆
 (5.5) 

In Step 2, the maximum deflection of the beam (Δ) can be found by equating the value of KE2 

with an expression representing the energy of absorption by the affected beam followed by 

algebraic re-arrangement of the equality making Δ the subject of the equation. By taking into 

account the effects of yield based on the idealised bi-linear model of elasto-plastic behaviour 

of the beam, Equation (5.6) was derived. The details of derivation can be found in Ref. [29]. 

However, Equation (5.7) has only been applied on homogenous materials such as timber and 

steel. Its applicability on RC members will be explored in this chapter. 

 
Δ =

𝑚𝑣0
2

2(𝐹𝑦 − (1 + 𝜆)𝑚𝑔)

1

1 + 𝜆
+

𝐹𝑦

𝐹𝑦 − (1 + 𝜆)𝑚𝑔
 
Δ𝑦

2
 (5.6) 

Note that Equations (5.4) to (5.6) are based on the assumption that the impactor rests on or 

becomes embedded into the surface of the target immediately following the impact. Should the 

impactor re-bounces from the target following the impact, Equation (5.6) will need to be 
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rederived as shown below. Equations (5.4) and (5.5) will first need to be replaced by Equations 

(5.7) and (5.8) which have been derived and verified in Chapter 3 to allow for the effects of the 

re-bounce. All parameters in the equations have the same definition as before. 

 𝑣2

𝑣0
=

1 + COR

1 + 𝜆
 (5.7) 

 KE2

KE0
= 𝜆 (

1 + COR

1 + 𝜆
)

2

 (5.8) 

The beam is assumed to undergo elasto-plastic deformation, as shown in Figure 5.2. The 

amount of strain energy (SE2) absorbed by the beam, may be taken as the area under the graph 

shown in Figure 5.2, as shown by Equation (5.9). 

 

Figure 5.2 Force-displacement diagram elasto-plastic deformation of RC beam 

 
SE2 =

1

2
𝐹𝑦Δ𝑦 + 𝐹𝑦(Δ − Δ𝑦) (5.9) 

The amount of energy absorbed by the RC beam immediately following an impact (KE2) 

alongside the amount of potential energy gained from the downward deflection movement of 

beam (𝜆𝑚𝑔Δ) are transferred to its strain energy (SE2), as illustrated by Equation (5.10). 

 KE2 + 𝜆𝑚𝑔Δ = SE2 (5.10) 

Substituting KE2 from Equation (5.8) and SE2 from Equation (5.9) into Equation (5.10) results 

in Equation (5.11), which can be re-arranged into Equation (5.12) to provide estimates for the 

maximum deflection. Equation (5.12) is novel and has not been presented elsewhere. 

𝐹𝑦 

Δ𝑦 Δ 
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 1

2
𝑚𝑣0

2𝜆 (
1 + COR

1 + 𝜆
)

2

+ 𝜆𝑚𝑔Δ =
1

2
𝐹𝑦Δ𝑦 + 𝐹𝑦(Δ − Δ𝑦) (5.11) 

 
Δ =

𝑚𝑣0
2

2(𝐹𝑦 − λ𝑚𝑔)
λ (

1 + COR

1 + 𝜆
)

2

+
𝐹𝑦

𝐹𝑦 − 𝜆𝑚𝑔
 
Δ𝑦

2
 (5.12) 

Equations (5.5) and (5.8) were plotted in Figure 5.3. As shown in the figure, the value of the 

energy ratio can be considerably less than unity depending on the value of 𝜆 . The over-

conservatism with the use of the equal energy model (Equation (5.2)) which has not included 

𝜆 as modelling parameter is illustrated. 

 

Figure 5.3 Energy ratio versus mass ratio 

5.3.2 Determination of Yield Limit 

The amount of force and displacement at the point of yield (𝐹𝑦  and Δ𝑦) are the two input 

parameters required for applying the closed-form expressions as presented in Section 5.3.1, 

which are dependent on the sectional and member properties of the target specimen. An 

expression of the form as shown by Equation (5.13) would be required for estimating the value 

of the curvature at yield (𝜙𝑦 ) for a lightly loaded, and reinforced, concrete section. The 

expression was derived from results obtained from extensive moment-curvature analyses of 

reinforced concrete sections [177, 178]. Alternatively, 𝜙𝑦  can also be determined by 
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conducting independent moment-curvature analysis on the beam. Once the value of 𝜙𝑦  is 

known, the value of Δ𝑦 can be calculated using Equation (5.14) based on established principles 

of mechanics of materials. 

 
𝜙𝑦 =

1.7휀𝑠𝑦

𝐷
 (5.13) 

 
Δ𝑦 =

𝜙𝑦𝐿2

12
 (5.14) 

The value of resistance at yield 𝐹𝑦 which is function of beam stiffness (𝑘) and Δ𝑦 can be found 

using Equations (5.15) and (5.16) for a simply-supported beam loaded at mid-span. 

 𝐹𝑦 = 𝑘Δ𝑦 (5.15) 

 where 
𝑘 =

48𝐸𝐼

𝐿3
 (5.16) 

Equation (5.16) is a function of the Young’s modulus of concrete (𝐸) and second moment of 

area of the cross-section (𝐼). 𝐸𝐼 as a single term is referred herein as flexural rigidity. However, 

the value of 𝐸𝐼 for a rectangular reinforced concrete section cannot be calculated directly from 

the elementary expression of  𝐼 = 𝐵𝐷3/12 as that would only be valid for uncracked concrete. 

The value of cracked 𝐸𝐼 would need to be calculated using moment-curvature (fibre-element) 

analysis which is within the scope of the well-recognised software package: Response 2000 

[179]. The specimens presented in Section 5.2 were analysed, with results shown in Figure 

5.4(a) – (d). A bi-linear line of best fit was included in each plot in order to determine the value 

of cracked 𝐸𝐼, which is defined as the slope of the line within the elastic limit. In addition, 𝜙𝑦 

values obtained from Response 2000 have been compared with those calculated from Equation 

(5.13) in Table 5.2 to verify the expression. Predictions from the use of the Equations (5.13) to 

(5.16) of a few tested cross-sections are presented in Table 5.3 for comparison with 

experimentally recorded results based on what have been reported in  Ref. [179]. The 

comparison demonstrates a reasonable level of consistencies between the predicted and 

experimentally recorded values of Δ𝑦  and 𝐹𝑦 . A worked example illustrating the proposed 

calculation methodology is presented in Section 5.3.3. 
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(a) (b) 

  

(c) (d) 

Figure 5.4 Moment-curvature relationship of (a) Test 1 S1616, (b) Test 1 S1322, (c) Test 1 S2222 

and (d) Test 2 beam specimen 
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Table 5.2 Comparison of 𝝓𝒚 

Beam 
𝜙𝑦 (rad/m) 

Equation (5.13) Response 2000 

Test 1 S1616 0.014 0.015 

Test 1 S1322 0.014 0.018 

Test 1 S2222 0.014 0.017 

Test 2 0.004 0.004 

 

Table 5.3 Comparison of 𝚫𝒚 and 𝑭𝒚 

Beam 
Equations (5.13) to (5.16) Experiment 

Δ𝑦 (mm) 𝐹𝑦 (kN) Δ𝑦 (mm) 𝐹𝑦 (kN) 

Test 1 S1616 2.5 90 3.0 100 

Test 1 S1322 3.0 162 3.0 180 

Test 1 S2222 2.7 162 3.0 180 

Test 2 21.6 590 Not Conducted 

 

5.3.3 Example Calculation – Prediction of Impact Generated Displacement of Beam 

Test 1 (S1616) beam specimen was taken as example. The beam was subjected to the impact 

of a fallen object at velocity of 4.85 m/s. The step-by-step calculation procedure for analysing 

the considered impact scenario employing the proposed DB methodology presented in Section 

5.3.1 is demonstrated in below. Equation (5.6) was derived from the assumption that the drop 

hammer maintained in contact with the beam specimen following the impact up until the 

attainment of maximum deflection, which was in agreement with that reported in Ref. [31]. 

This assumption of no re-bounce of the drop hammer is valid in situations where the hammer 

is much heavier than the beam specimen (and this is the case for all experiments conducted in 

the Test 1 series). 
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Given the dimensions of the beam specimen, the value of the generalised mass, and the mass 

ratio (𝜆), can be calculated as follows: 

𝜆𝑚 = 0.5𝜌𝐵𝐷𝐿 = 0.5(2400)(0.15)(0.25)(1.4) = 63 𝑘𝑔 

𝜆 =
𝜆𝑚

𝑚
=

63

400
= 0.16 

(1 + 𝜆)𝑚𝑔 = (1 + 0.16)(400)(9.81) = 4.5 𝑘𝑁 

The displacement of the specimen generated by the impact can be estimated using Equation 

(5.6) as shown in below. 

Δ =
𝑚𝑣0

2

2(𝐹𝑦 − (1 + 𝜆)𝑚𝑔)

1

1 + 𝜆
+

𝐹𝑦

𝐹𝑦 − (1 + 𝜆)𝑚𝑔
 
Δ𝑦

2
 

=
400(4.85)2

2((100 − 4.5) × 103)
(

1

1 + 0.16
) +

100

100 − 4.5
 (

0.003

2
) = 44 𝑚𝑚 

Similar calculation procedures have been carried out for the other impact scenarios. Results so 

obtained from the calculation will be analysed and discussed later in Section 5.6. 
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5.4 Predictions of Ultimate Impact Resistant Capacity by DB 

Method 

5.4.1 Proposed Methodology 

The ultimate limit of displacement of a lateral resisting RC element in the building such as 

structural walls or columns (forming part of a moment resisting frame) has been subject to 

intensive research in the context of earthquake resistant design of buildings. It has been 

revealed from analytical investigations of a lightly reinforced RC member subject to light axial 

load that the ultimate curvature of the cross-section experiencing post-elastic behaviour is 

mainly dependent on the limiting tensile strain of the reinforcement and the depth of the section 

(𝐷). The well-publicised expression of Equation (5.17) for predicting the ultimate curvature 

limit (𝜙𝑢) is based on a reinforcing bar experiencing the limiting tensile strain of low-cycle 

fatigue (being 0.6휀𝑠𝑢) and the depth of the neutral axis of D/6 ( i.e. distance of 5/6D between 

the tension reinforcement and the neutral axis) [177] as shown by Figure 5.5(a). Thus, Equation 

(5.17) can be re-written into Equation (5.18) given that 휀𝑠𝑢 = 0.1 in the original derivation of 

Equation (5.17) [177]. In conditions of impact, the limiting strain of 0.6휀𝑠𝑢 can be relaxed to 

1.0휀𝑠𝑢 given that cyclic strain reversals (which was the reason that the 0.6 factor was introduced 

in Ref. [177] for seismic loading) need not be taken into account in the prediction of ultimate 

tensile failure of the reinforcement caused by an impact action, as illustrated in Figure 5.5(b). 

Thus, the expression for defining the ultimate curvature of the critical cross-section can be 

revised into Equation (5.19). 

 
𝜙𝑢,𝑠𝑒𝑖𝑠𝑚𝑖𝑐 =

0.072

𝐷
 (5.17) 

 
𝜙𝑢,𝑠𝑒𝑖𝑠𝑚𝑖𝑐 =

0.6휀𝑠𝑢

5
6 𝐷

 (5.18) 

 
𝜙𝑢,𝑖𝑚𝑝𝑎𝑐𝑡 =

0.12

𝐷
 (5.19) 
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(a) (b) 

Figure 5.5 Strain diagram for (a) seismic condition and (b) impact condition (current study) 

The length of the plastic hinge 𝐿𝑝 is also a critical parameter as it controls the amount of post-

elastic deflection of the beam for a given value of ultimate curvature. Numerous models have 

been established from earthquake engineering literature to estimate the value of 𝐿𝑝 at the base 

of a cantilevered wall at the interface with the concrete footing [177, 180-183]. When adapting 

the equations for use in the impact scenario of a simply supported beam, adjustments need to 

be made to cater for the plastic hinge forming at the mid-span position of the beam (as opposed 

to the base of the cantilevered wall). The proposed equations in the plastic hinge models need 

to be factored by 2 given that the curvature profile of a cantilever can be matched to that of 

half of the simply-supported beam on one side of the line of symmetry based on concave shape 

of deformation. The modified equations are listed in Table 5.4. 

Table 5.4 Plastic hinge length calculations 

Model No. References 𝐿𝑝 Equation No. 

1 Priestley et al. [177] 2(𝐾𝐿𝑐 + 𝐿𝑠𝑝) (5.20) 

2 Corley [180] 2 (0.5𝐷 + 0.2
𝐿𝑐

√𝐷
) (5.21) 

3 Mattock [181] 2(0.5𝐷 + 0.05𝐿𝑐) (5.22) 

4 Baker [182] 2 (𝑘1𝑘2𝑘3 (
𝐿𝑐

𝐷
)

0.25

𝐷) (5.23) 

5 Park et al. [183] 2(0.08𝐿𝑐 + 6𝑑) (5.24) 

*Units in m for Model No. 1, 3, 4 and 5, in inch for Model No. 2. 

5

6
𝐷 

0.6휀𝑠𝑢 

𝜙𝑢 5

6
𝐷 

1.0휀𝑠𝑢 

𝜙𝑢 
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Given the values of ultimate curvature from Equation (5.19) and value of plastic hinge length 

𝐿𝑝 from Equations (5.20) to (5.24), the ultimate deflection capacity of the simply supported 

beam can be found using Equations (5.25) and (5.26). 

 Δ𝑢 = Δ𝑦 + Δ𝑝 (5.25) 

 
Δ𝑝 = (𝜙𝑢 − 𝜙𝑦)𝐿𝑝 ×

𝐿

4
 (5.26) 

where L is the span length of the simply-supported beam and 휀𝑠𝑦  is the yield strain of 

reinforcement. 

Equations (5.25) and (5.26) enable the estimation of the ultimate displacement capacity of an 

RC beam (Δ𝑢) to be made. The displacement value can be substituted to the left hand side of 

Equations (5.6) and (5.12) for back calculation of the impact velocity for failing the RC beams 

that have been tested in the experimental investigation reported by Fujikake et al. [31] and 

Kishi & Bhatti [122]. An example calculation is shown in Section 5.4.2. 

5.4.2 Example Calculation – Prediction of Velocity of Impact to Cause Ultimate Failure 

Take Test 1 (S1616) beam specimen as example to demonstrate the calculation of the ultimate 

displacement capacity of the beam and the velocity of impact that would result in ultimate 

failure of the beam. Plastic hinge model no. 1 as proposed by Priestley et al. [177] was 

employed in the following example calculation: 

𝐾 = 0.2 (
𝑓𝑢

𝑓𝑦
− 1) = 0.2 (

511

426
− 1) = 0.04 

𝐿𝑠𝑝 = 0.022𝑓𝑦𝑑 = 0.022(426)(16) = 150 𝑚𝑚 

𝐿𝑝 = 2(𝐾𝐿𝑐 + 𝐿𝑠𝑝) = 2(0.04(700) + 150) = 356 𝑚𝑚 

Assuming Young’s modulus of reinforcement (𝐸) to be 200 GPa: 

휀𝑠𝑦 =
𝑓𝑦

𝐸
=

426

200000
= 0.00213 

𝜙𝑢,𝑖𝑚𝑝𝑎𝑐𝑡 =
0.12

𝐷
=

0.12

0.25
= 0.48 𝑟𝑎𝑑/𝑚 
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Δ𝑝 = (𝜙𝑢 − 𝜙𝑦)𝐿𝑝 ×
𝐿

4
= (0.48 − 0.00145)(356) ×

1.4

4
= 58 𝑚𝑚 

Δ𝑢 = Δ𝑦 + Δ𝑝 = 3 + 58 = 61 𝑚𝑚 

Substituting Δ𝑢 = 61 𝑚𝑚 into Equation (5.6) allowed 𝑣0 to be back calculated: 

61 × 10−3 =
400𝑣0

2

2((100 − 4.5) × 103)
(

1

1 + 0.16
) +

100

100 − 4.5
 (

0.003

2
) 

𝑣0 = 5.7 𝑚/𝑠 

The calculated values of  Δ𝑢 are shown in Table 5.5 alongside projected impact velocity values 

of the hammer to cause ultimate failure for each of the tested specimens. All five models listed 

in Table 5.4 were employed. These results will be analysed and discussed in Section 5.6. 

Table 5.5 Projected ultimate displacement capacity and hammer impact velocities to cause 

ultimate failure 

 
Model 

No. 
Test 1 S1616 Test 1 S1322 Test 1 S2222 Test 2  

Ultimate 

Displacement 

Capacity Δ𝑢 

(mm) 

1 61 78 78 250 

2 58 58 58 330 

3 55 55 55 364 

4 41 41 41 334 

5 53 64 64 292 

Hammer Impact 

Velocity to 

Cause Ultimate 

Failure (m/s) 

1 5.7 8.8 8.8 25.7 

2 5.6 7.6 7.6 29.8 

3 5.4 7.4 7.4 31.4 

4 4.7 6.3 6.3 30.0 

5 5.3 8.0 8.0 28.0 
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5.5 FE Modelling 

The need to make performance predictions for impact scenarios that have not been covered by 

the experimental testing provided the incentive for developing FE models for numerical 

simulations of the two reported test cases. Full details of the construction and validation of the 

FE models are provided herein. 

Both impact Test 1 (involving beam specimens with 3 types of reinforcement design) and 2 

have been simulated numerically using program LS-DYNA [184]. The simulated and 

experimentally recorded displacement time-histories have been compared to check for 

consistencies in order to ensure that the tested beams are properly represented by the FE model. 

Elements such as the longitudinal reinforcements, the stirrups, the concrete and the impactor 

object are key features in the FE model (refer Figures 5.6 and 5.7 which presents 3D images of 

the simulated models for the two test cases). Tubular beam elements associated with a plastic 

kinematic model were used to model both types of reinforcements. The adopted plastic 

kinematic material model exhibits bilinear elasto-plastic behaviour incorporating kinematic or 

isotropic hardening, and can be used in conjunction with the Hughes-Liu beam element 

formulation. The choice of modelling is appropriate for simulating the behaviour of steel and 

is computationally efficient [184]. 

In program LS-DYNA, three material models for concrete that have been validated 

experimentally and hence commonly used are: (1) the Winfrith Concrete Model - MAT084 (2) 

the Karagozian and Case Concrete Model (Release III) - MAT072R3 and (3) the Continuous 

Surface Cap Model - MAT159. Report of the validation work can be found in the literature 

[185-192]. 

It has been decided that the Winfrith material model for concrete be used in LS-DYNA analyses 

mainly because of its ability to model in details crack formation unlike other material models. 

As a major crack is formed in concrete, the total amount of energy that is absorbed by the 

opening of the crack (on a per unit area basis) is characterised by the fracture energy parameter 

(𝐺𝑓) which is the area enclosed by the graph in which "crack width" is the x-axis and "tensile 

stress" the y-axis. The value of 𝐺𝑓 is based on concrete grade and maximum aggregate size as 

per recommendations by Comite Euro-Internationale du Beton [193], and were taken as 75 

Nm/m2 and 95 Nm/m2 for Test 1 and 2 respectively. 
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The other concrete model of Karagozian and Case: MAT072R3 is particularly suited to 

modelling the conditions of very high strain rate (> 10 𝑠−1) that can be generated by ballistic 

impact or explosion. This model allows the user to adopt its own case specific strain rate 

behaviour of concrete. However, strain rate effects are not expected to be of critical 

considerations in the design of rockfall barriers. This is because the rate of flexural strain 

increase in an impact scenario (high mass, low to mid-range velocity) can be delayed 

significantly by the inertia effects. Thus, the material model of MAT072R3 is not well placed 

for use in simulating the flexural response behaviour in the type of impact scenarios presented 

in this chapter. 

The Continuous Surface Cap Model: MAT159 has the facility to "erode" elements. Thus, this 

concrete model is particularly suited to modelling the disintegration and/or pulverisation of 

materials resulted from a blast, or ballistic impact which can result in the crushing, or grinding, 

of materials. Again, this material model is not suitable for analysing the flexural behaviour, or 

destabilising behaviour, of a reinforced concrete member when subjected to the impact actions 

as described. In addition, this model is strongly dependant on an arbitrary input parameter 

“ERODE” that dictates when to delete the solid concrete elements based on the maximum 

principle strain in each element. 

Structural concrete in the beam was modelled using constant stress 8-node hexahedron solid 

elements. The condition of bond between the surface of the reinforcing bars and the 

surrounding concrete was specified as constrained Lagrange in solid algorithm which is 

consistent with the assumption of perfect bonding [194]. The reinforcing bars were specified 

as “slave” elements that were coupled to the concrete as “master” elements. Vertical 

translational constraints were specified at the beam support positions in order to be consistent 

with the definition of a simple support in the two test cases. 

The drop hammer in Test 1 and 2 was modelled as having a hemispherical tip of 90 mm and 

800 mm respectively in radius, and was modelled by constant stress 8-node hexahedron solid 

elements alongside a rigid material model. The density of the hammer material was derived 

from back calculation based on its known weight and dimensions. Automatic surface to surface 

contact algorithm was specified as the condition of contact between the surface of the hammer 

and that of the concrete. Hourglass control type 4 (stiffness based) with hourglass coefficient 

of 0.03 was specified to ensure stability of the model with zero energy hourglass mode [164]. 
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The analysis was carried out using explicit solver. Values of the input parameters are listed in 

Table 5.6. The validation of the FE models based on comparison of the simulated results with 

recorded results is to be presented next. 

 

(a) 

 

(b) 

Figure 5.6 FE model of Test 1: (a) impactor and concrete, (b) stirrups and longitudinal 

reinforcement 

 

(a) 

 

(b) 

Figure 5.7 FE model of Test 2: (a) impactor and concrete, (b) stirrups and longitudinal 

reinforcement  
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Table 5.6 Input Parameters for FE Models 

Parameters Input 

Elements for Reinforcement Tubular beam section with Hughes-Liu formulation 

Elements for Concrete and Impactor  Constant stress 8-node hexahedron solid elements 

Reinforcement Material Plastic Kinematic 

Concrete Material Winfrith Concrete 

Impactor Material Rigid 

Boundary condition Vertical translational constraint at the supports 

Impactor-concrete contact Automatic surface to surface 

Concrete-reinforcement contact Constrained Lagrange in solid 

Hourglass control type 4 

Hourglass coefficient 0.03 

 

The displacement time histories at mid-span position of the RC beam (that have been recorded 

in laboratory experiments reported in Test 1) have been used for comparison with numerically 

simulations from the FE model. Meanwhile, time-histories of the impact force (obtained as 

product of the acceleration time-histories recorded from the drop hammer and its own mass) 

have also been compared with the numerically simulated results. Figures 5.8 and 5.9 are sample 

plots (for 𝑣0  = 4.85 m/s, Test 1 series S1616 beam specimen) showing reasonably good 

consistencies between the recorded and simulated results. A similar degree of consistencies has 

also been observed across all the other tests that have been reported in Test 1 except for two 

instances of very severe impact conditions (𝑣0 = 6.86 m/s) when there were spalling of the 

concrete material thereby resulting in exceptionally high energy losses. The recorded 

displacement demand of the beam in those instances was anomalously low because of the (extra) 

dissipation of energy. Such anomalies had not been modelled and consequently the simulated 

deflection values were significantly higher than that recorded. Given the difficulties in the 

prediction of spalling in view of the number of factors involved and their uncertainties, it is 

recommended from the engineering perspectives that the more conservative simulated results 

be used as reference. 
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Reasonably good consistencies between the recorded and simulated results have also been 

observed for the field test reported in Test 2 (refer Figures 5.10 and 5.11). Given that the FE 

models developed for the two test cases have been validated they can be relied upon for giving 

performance predictions for impact scenarios that have not been covered in the reported testing 

programs. 

 

Figure 5.8 Impact force time-history (Test 1 S1616, 𝒗𝟎 = 𝟒. 𝟖𝟓 𝒎/𝒔) 

(Experimental result extracted from Ref. [31]) 

 

Figure 5.9 Beam midspan deflection time-history (Test 1 S1616, 𝒗𝟎 = 𝟒. 𝟖𝟓 𝒎/𝒔) 

(Experimental result extracted from Ref. [31]) 
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Figure 5.10 Impact force time-history (Test 2) 

(Experimental result extracted from Ref. [122]) 

 

Figure 5.11 Beam midspan deflection time-history (Test 2) 

(Experimental result extracted from Ref. [122]) 

Impact scenarios that have not been tested physically (i.e. not reported by Fujikake et al. [31] 

nor by Kishi & Bhatti [122]) were simulated numerically using the developed FE model to 

track the increase in the tensile strain of the reinforcing bars with increasing impact velocity 

(𝑣0) up to the point of failure which is defined at the instance when the ultimate tensile strain 

of reinforcement was reached. The correlation of reinforcement strain with 𝑣0 is presented in 
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Figures 5.12 and 5.13 for Test 1 and 2 respectively showing the velocity at failure for each of 

the considered RC specimens. 

 

Figure 5.12 Correlation of impact velocity of hammer with tensile strain of tension 

reinforcement for Test 1 

 

Figure 5.13 Correlation of impact velocity of hammer with tensile strain of tension 

reinforcement for Test 2  
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5.6 Validation of DB Model by Comparison with Experimental 

and Simulated Results 

5.6.1 Conditions of Re-bounce 

It was reported in Ref. [31] that the drop hammer maintained contact with the beam following 

the impact. Thus, Equation (5.6) which is found on the assumption of no re-bounce may be 

used for estimating the maximum deflection demand of the beam in Test 1 as shown in Section 

5.3.3. In Test 2, the movement of the impactor has not been reported. Thus, both Equations 

(5.6) and (5.12) were employed to investigate the impact scenario alongside FE simulations. 

When applying Equation (5.12), small values of COR  = 0.1 and 0.2 were adopted as the 

impactor was expected to re-bound very lightly following the impact. Comparison of results 

based on different assumptions of re-bounce is shown in Figure 5.14. It is shown that the 

assumption of no re-bounce and re-bounce (with COR = 0.1) gave the closest match to the 

experimental and simulated test results, while re-bounce (with COR = 0.2) model overestimates 

the deflection demand of the impact. Thus, the assumption of no re-bounce (i.e. Equation (5.6)) 

may be employed in predictive calculations. Such assumption has been further verified by FE 

simulations. It was shown in the simulations that the impactor maintained contact with the 

beam following the impact, and did not become separated until after the beam experienced 

maximum deflection. In summary, the use of Equation (5.6) is justified when applying the DB 

model for predicting the deflection demand of the beam. 

 

Figure 5.14 Comparison of deflection estimated from Equations (5.6) and (5.12) in Test 2 
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5.6.2 Evaluation of Deflection Estimates 

The reasoning for adopting Equation (5.6) over Equation (5.12) in the DB model for the 

considered impact scenario has been explained in Section 5.6.1. Other analytical models that 

have been covered by the literature review (presented in Section 5.1) have been employed for 

estimating the maximum deflection of the RC member at mid-span for each of the documented 

cases by use of input parameters listed in Table 5.7 and Table 5.8. Summary descriptions of 

the analytical models can be found in Table 2.1 or Section 5.1, whereas worked examples 

illustrating the use of these models can be found in Appendix J. Values of 𝐹𝑢 were taken from 

the results of static test reported in Ref. [31] for Test 1, while for Test 2 it was calculated based 

on 𝑀𝑢  value determined from moment-curvature analysis as shown in Figure 5.4(d). 

Predictions from a range of models that have been introduced in the literature are presented in 

Figure 5.15 through Figure 5.18 alongside estimates by the DB closed-form expression as 

introduced in the early part of this chapter (Equation (5.6)) for comparison with results recorded 

from the impact experiments. Results presented in these figures are in the form of bar charts 

showing the maximum deflection value. Predictions of failure are represented by deflection 

pertaining to infinity (i.e. bar extending the full height of the bar chart). Test results were either 

recorded from a physical experiment or from numerical simulations using program LS-DYNA 

(meaning that the database of experimental recordings has been augmented by data generated 

from numerical simulations). 

It is shown by the comparative exercise that predictions by the DB model achieve much better 

match with the presented test results than all the other analytical models that have been included 

in the comparative analysis. In many cases, the predictions are almost identical to results 

obtained experimentally or by numerical simulations. This observation is consistent across all 

the documented cases, except when the velocity of impact exceeded 6 m/s. In the latter case, 

the shattering of (concrete) materials in a high velocity impact is believed to have resulted in 

anomalies of the beam deflection demand behaviour. The actual measured deflection is shown 

to be significantly lower than that predicted by the analytical model in such conditions. It is 

recommended that the more conservative numerical simulations be taken as benchmark for the 

purpose of guiding safe design.  
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Table 5.7 Sectional and Member Properties of Specimens 

 
Test 1 

(S1616) 

Test 1 

(S1322) 

Test 1 

(S2222) 
Test 2 

Δ𝑦 (mm) 3 3 3 21.6 

𝐹𝑦 (kN) 100 180 180 590 

𝑘 (kN/m) 33333 60000 60000 27300 

𝐹𝑢 (kN) 110 180 210 726 

 

Table 5.8 Other Input Parameters 

 Test 1 Test 2 

𝑚 (kg) 400 2000 

𝑣0 (m/s) 1.72, 2.43, 3.43, 4.85, 6.86 10, 14, 18 

Width × Depth (m × m) 0.15 × 0.25 1 × 0.85 

Length (m) 1.4 8 

Density (kg/m3) 2400 2400 

𝑟𝑏 (m) 0.09 0.08 

𝜇𝑏 0.3 0.3 

𝜇𝐵 0.2 0.2 

𝐸𝑏 (GPa) 200 200 

𝐸𝐵 (GPa) 32.8 30.1 
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Figure 5.15 Comparison of models for Test 1 (S1616) 

 

Figure 5.16 Comparison of deflection estimates for Test 1 (S1322) 
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Figure 5.17 Comparison of deflection estimates for Test 1 (S2222) 

 

Figure 5.18 Comparison of deflection estimates for Test 2 

The estimated impact velocity values of the hammer to result in ultimate failure of the beam as 

obtained from the proposed DB analytical model are presented in Figures 5.19 and 5.20 for 

comparison with results from numerical simulations using the validated FE model. It is noted 

that the DB model has incorporated the use of a few plastic hinge models that have been 

proposed in the earthquake engineering literature (refer listing in Table 5.4). Results of the 

comparison are presented in the form of bar charts. In addition, calculations have also been 

carried out using the DB analytical model in conjunction with the calculated rotational capacity 



Chapter 5: Closed-form Expressions for Performance Predictions of an Impacted Reinforced Concrete Beam 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures 148 

 

of the plastic hinge as computed by program LS-DYNA itself. Velocity values to result in 

ultimate failure of the beam as predicted by the latter approach are shown to match most closely 

with results from numerical simulations. In this “latter approach”, predictions of the beam 

rotational capacity were based on the FE model which program LS-DYNA operated upon, 

whereas predictions of the beam rotational demand for given impact scenario were based purely 

on the DB methodology introduced in this chapter. Thus, the comparison is valid. Other 

analytical predictions which made use of plastic hinge models recommended in the literature 

[177, 180-183] are shown to result in more conservative predictions of the impact velocity to 

result in ultimate failure. In conclusion, it is indicated by results from the comparisons that the 

proposed DB analytical model is able to make reliable predictions of the ultimate performance 

behaviour of the RC beam provided that the assumed length of the plastic hinge (controlling 

its rotational capacity) has been estimated accurately. 

 

Figure 5.19 Comparison of estimated hammer impact velocity to cause ultimate failure for Test 

1 
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Figure 5.20 Comparison of estimated hammer impact velocity to cause ultimate failure for Test 

2  
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5.7 Conclusions 

A displacement-based analytical model is proposed in this chapter for predicting the maximum 

deflection of a reinforced concrete beam when impacted at the mid-span position. Two well 

documented experimental investigations as reported in the literature have been made use of to 

validate the accuracies of the proposed prediction methodology. The database of recorded 

results from the impact tests has been augmented by numerically simulated results based on 

the use of finite element models that had been validated beforehand. The simulations have 

extended the database to an impact velocity of 18 m/s which could not be achieved in the 

reported testing programs. The predictions of deflection values derived from the DB 

methodology matched much better with experimental benchmarks than other analytical models 

across all the considered impact scenarios. The proposed model has also been shown to provide 

accurate estimates of ultimate performance behaviour of a RC beam if correct plastic hinge 

length has been adopted in the calculation. It was found that the plastic hinge models proposed 

in the literature gave conservative estimates, with the model Priestley et al. [177] showing 

closest match in most of the tests. Among the no re-bounce and re-bounce scenario of the DB 

methodology, it was shown that it is generally more appropriate (and conservative) to adopt 

the no re-bounce expression (Equation (5.6)) for vertical impact scenarios, and more so when 

the impactor is much heavier than the target. In certain severe impact scenarios where 

shattering of the impactor material was observed, the recorded deflection demand of the beam 

was exceeded by results from both the analytical predictions and finite element simulations. 

This phenomenon is believed to have been resulted from the dissipation of energy that has not 

been factored into the modelling. Given the uncertainties in predicting the shattering of the 

impactor material, it is recommended to adopt the conservative assumption of no-shattering in 

making predictions of the deflection demand of the impact as it is safer to do so. 
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Displacement-based Design Methodology for 

Satisfactory Performance of Reinforced 

Concrete Wall 

6.1 Introduction 

A key objective of this chapter is to present the design methodology for satisfactory 

performance in flexure of a reinforced concrete (RC) barrier wall. In addition, findings of the 

parametric studies involving an example design of a RC barrier will also be presented. The 

wall model has gross dimension: 6 m tall by 6 m wide and 20 m long, and a constant wall 

thickness of 0.8 m, as illustrated in Figure 6.1. The upper edge of the wall is to be struck by a 

spherical impactor (e.g. a boulder) of up to 1.5 m in diameter, and at a velocity of impact of 10 

m/s. Program LS-DYNA was used to investigate yielding of the reinforcement of the wall and 

any other signs of damage including that of punching, cracking and spalling of concrete. The 

barrier to be considered in this chapter is accordingly based on the stated dimensions. A second 

example model involving a more extreme impact scenario of 2 m diameter boulder is also 

presented. A thicker and taller barrier would be required to resist such an impact action. 
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Figure 6.1 Example barrier to be used for illustrations 

The displacement-based (DB) model that has been employed in previous chapters is again 

adopted in this chapter for assessing the bending of the RC barrier. The model has been 

validated by comparison of the deflection demand of the impact (predicted by the method) with 

experimental measurements and numerical simulations as presented in Chapter 5 for bending 

of simply supported beams. In this chapter, the use of the DB method for assessing the bending 

of the stem wall of the barrier at its base is illustrated by two worked examples. Program LS-

DYNA is then employed to verify the methodology based on checking the stresses and strains 

of steel and concrete and for simulating the formation of cracks to inform the extent of damage. 

All input parameters to the finite element (FE) model is based on the model verified and 

calibrated in Chapter 5, except for differences in the geometry and boundary conditions (simply 

supported beam versus cantilevered wall) of the model. 
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6.2 Modelling Principles of Displacement-based Method 

The method to be introduced herein is based on the displacement-based (DB) methodology that 

has been applied to estimate different design demand (e.g. overturning and sliding) in previous 

chapters. It was applied in Chapter 5 to predict the post-yield bending response behaviour of 

reinforced concrete (RC) beams. For the cantilevered stem wall component of a barrier (e.g. 

vehicular or rockfall barrier), the design criterion is to limit damage and prohibit any permanent 

deformation to avoid accumulation of deformation of the stem wall resulted from inelastic 

behaviour. Thus, no reinforcement is allowed to surpass the point of incipient yield. 

The design is based on setting a target displacement at the top of the stem wall when subjected 

to the projected impact scenario. This target displacement is to be within the yield limit in order 

to avoid any significant deformation of the wall. To identify a suitable target displacement, the 

first step of the calculation is to pre-determine the maximum tensile strain of steel (휀𝑠). By 

default, the value of 휀𝑠 is equated to the incipient yield strain which is 0.0025 for 500 MPa 

steel (i.e. 휀𝑠𝑦 = 𝑓𝑦/𝐸𝑠). The curvature of the reinforced concrete cross-section corresponding 

to this tensile strain of the reinforcement is then estimated using Equation (6.1), which was 

derived from results of extensive moment-curvature analyses conducted by Priestley [178]. 

The use of Equation (6.1) will be verified with moment-curvature analyses carried out by an 

independent software package Response 2000 [179]. 

 
𝜙𝑦 =

1.7휀𝑠𝑦

𝐷
 (6.1) 

where 휀𝑠𝑦 is the tensile strain of the longitudinal reinforcement at its yield limit and may be 

taken as 0.0025 for 500 MPa steel. 

It is assumed in the proposed calculation method that the steel bars across the length of the wall 

is subject to uniform tensile stress and strain. The effective length of the wall based on a 

distribution angle of 45 degree is accordingly equal to 10 m approximately for a 5.2 m tall stem 

wall (measured above the upper surface of the footing. In reality, the tensile stress and strain 

vary approximately linearly across the length of the (20 m long) wall reaching a maximum 

value at the location where the boulder strikes. Refer the schematic diagram of Figure 6.2 to 

illustrate the modelling concept. 
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It has been found by numerical simulations using program LS-DYNA that for a 5.2 m tall stem 

wall (measured above the base of the footing), approximately 20 m length of the wall is stressed. 

This strain distribution pattern corresponds to an angle of distribution of 45 degree 

approximately. Importantly, the maximum tensile strain reported from the numerical 

simulation is close to estimates by hand calculation which is based on uniform strain 

assumption. The numerical simulations have been repeated for the same stem wall but with the 

ratio of the reinforcement content in the horizontal to vertical direction (H:V) varying between  

1:1  to  1:4. The difference in the strain distribution is shown to be minor. Results of the 

simulations are presented in graphical form in Section 6.3. Thus, the H:V ratio of the 

reinforcement content has not been incorporated as a design parameter in the hand calculation 

procedure. Consequently, the calculation procedure described herein may be adopted 

irrespective of the H:V ratio of the reinforcement. 

 
Figure 6.2 Distribution of tensile strain across the length of the stem wall at the base 

Given the curvature at incipient yield, the maximum deflection at the top of the barrier is found 

using Equation (6.2). This is the target displacement.  

 
Δ𝑦 =

𝜙𝑦ℎ2

3
 (6.2) 
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The displacement demand of an impact can be estimated using Equation (6.3). 

 

Δ =
𝑚𝑣0

√𝑚𝑘𝑐𝑟

√𝜆 (
1 + COR

1 + 𝜆
)

2

 (6.3) 

where 𝑚 is mass of boulder, 𝑣0 is velocity of impact, 𝜆 is ratio of effective mass of target to 

mass of boulder, COR is coefficient of restitution of the impact and 𝑘𝑐𝑟 is the effective flexural 

stiffness of the stem wall. The derivations of effective target mass (𝜆𝑚) and stiffness (𝑘𝑐𝑟) are 

shown in Appendix F and G. 

The next step is to equate the target displacement as defined by Equation (6.2) with the 

displacement demand defined by Equation (6.3) to back calculate the value of the flexural 

stiffness 𝑘𝑐𝑟. The value of 𝑘𝑐𝑟 may be expressed as function of the effective flexural rigidity 

(𝐸𝐼𝑐𝑟) of the critical cross-section as defined by Equation (6.4). 

 
𝑘𝑐𝑟 =

3𝐸𝐼𝑐𝑟

ℎ3
 (6.4) 

where 𝐸𝐼𝑐𝑟 is the flexural rigidity of the wall cross-section assuming fully cracked behaviour. 

Its value is defined by Equation (6.5) which takes into account the dependence of the flexural 

rigidity of the cross-section on the reinforcement content (affecting the bending moment 

resistance). 

 
𝐸𝐼𝑐𝑟 =

𝑀𝑦

𝜙𝑦
 (6.5) 

Given the value of the curvature at yield (𝜙𝑦) which can be estimated using Equation (6.1), the 

required value of 𝑀𝑦  to fulfil the limiting yield design criterion can be found by back 

calculation. The factored ultimate moment of resistance of the stem wall at its base (i.e. 0.8𝑀𝑢) 

is then taken to be the value of 𝑀𝑦 for deciding on the amount of longitudinal reinforcement to 

be adopted in the design of the stem wall of the barrier. 

An important assumption with the calculated value of 𝑘𝑐𝑟 (and hence 𝐸𝐼𝑐𝑟) is that it represents 

the stiffness of the entire reinforced concrete wall. In fact, this only holds true if the cracks 

formed on the concrete are well distributed, as shown in the schematic diagram of Figure 6.3(a) 

[195]. It has been shown in the literature that lightly reinforced concrete section can result in 
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undesirable displacement behaviour as distributed cracks cannot be developed [196, 197], as 

shown in Figure 6.3(b). It was found from research that a minimum amount of vertical 

reinforcement (as indicated in Table 6.1) is required to ensure a desirable distribution of crack 

formation [198]. 

 

Figure 6.3 Plastic hinge models for RC walls [195] 

Table 6.1 Minimum reinforcement ratio to ensure distributed cracking in RC walls [198] 

Concrete Grade* Minimum Reinforcement Ratio (%) 

N32 0.7 

N40 0.8 

N50 0.9 

N65 1.0 

*the concrete grade designation is based on Australian convention because Ref. [198] reports 

the results of investigation undertaken in Australia 
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6.3 Illustrations of Modelling Methodology by Worked Examples 

6.3.1 Worked Example 1 

The application of the calculation procedure in the reinforcement design of the stem wall as 

introduced in Section 6.2 is illustrated in this section by a worked example based on the 

dimensions defined in Figure 6.1. Although the total height of the barrier is 6 m, the height of 

the stem wall measured from the upper surface of the footing is 5.2 m (Figure 6.4) and the 

effective length of the wall was taken as 10 m (Figure 6.2). Parameter values defining the 

considered impact scenario and material properties of the stem wall are listed in Table 6.2. 

 

Figure 6.4 Elevation of stem wall used for illustration of the calculation procedure – worked 

example 1 

Table 6.2 Listing of parameter values for the illustrated example 

 

Parameters Values 

Boulder Diameter 1.5 m 

Impact Velocity 10 m/s 

COR 0.4 

Boulder Density 2650 kg/m3 

Concrete Density 2400 kg/m3 

Reinforcement Strength 500 MPa 

Concrete Strength 30 MPa 



Chapter 6: Displacement-based Design Methodology for Satisfactory Performance of Reinforced Concrete Wall 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures 158 

 

Design Bending Moment Demand 

𝑚 =
4

3
𝜋 (

1.5

2
)

3

× 2650 = 4683 𝑘𝑔 

𝜆𝑚 = 0.25(2400)(10)(5.2)(0.8) = 24960 𝑘𝑔 

𝜆 =
24960

4683
= 5.33 

휀𝑠𝑦 =
𝑓𝑦

𝐸𝑠
=

500

200000
= 0.0025 

𝜙𝑦 =
1.7휀𝑠𝑦

𝐷
=

1.7(0.0025)

0.8
= 0.00531 

Δ𝑦 =
𝜙𝑦ℎ2

3
=

0.00531(5.2)2

3
= 0.0479 𝑚 

Δ =
𝑚𝑣0

√𝑚𝑘𝑐𝑟

√𝜆 (
1 + COR

1 + 𝜆
)

2

 

Design for reinforcement steel bar to not yield, thus taking Δ = Δy 

0.0479 =
4683(10)

√4683𝑘𝑐𝑟

√5.33 (
1 + 0.4

1 + 5.33
)

2

 

0.04792 =
4683(10)2

𝑘𝑐𝑟

(5.33) (
1.4

6.33
)

2

 

𝑘𝑐𝑟 = 53214 𝑘𝑁/𝑚 

𝑘𝑐𝑟 =
3𝐸𝐼𝑐𝑟

ℎ3
=

3 (
𝑀𝑦

𝜙𝑦
)

ℎ3
 

53214 =
3 (

𝑀𝑦

0.00531
)

5.23
 

𝑀𝑦 = 13240 𝑘𝑁𝑚 
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= 𝟏𝟑𝟐𝟒 𝒌𝑵𝒎 𝑝𝑒𝑟 𝑚 based on an effective wall length of 10 m (refer Figure 6.2) 

Design Bending Moment Capacity 

Adopt reinforcement with bar diameter of 40 mm and spacing of 200 mm centre to centre, with 

80 mm cover. 

𝑑𝑒 = 800 − 80 − 20 = 700 𝑚𝑚 

For a 1 m long strip, 

𝐴𝑠𝑡 =
1000

200
× 𝜋 (

40

2
)

2

= 6283 𝑚𝑚2 

𝑀𝑢 = 𝐴𝑠𝑡  𝑓𝑦𝑑𝑒 (1 −
0.6𝐴𝑠𝑡𝑓𝑦

𝐵𝑑𝑓𝑐
′

) 

= 6283(500)(700) (1 −
0.6(6283)(500)

1000(700)(30)
) 

= 2002 𝑘𝑁𝑚 

Taking safety factor of 𝜙 = 0.8, 𝜙𝑀𝑢 = 0.8(2002) = 1600 𝑘𝑁𝑚 (> 1324𝑘𝑁𝑚) 

In summary, the design bending moment capacity of 1600 kNm per metre length of wall 

exceeds the design bending moment demand of 1324 kNm per metre. 

6.3.2 Worked Example 2 

The second example involves an extreme impact scenario where the barrier is struck by a 

boulder with diameter of 2 m. The rest of the parameters remain the same as those listed in 

Table 6.2. According to hand calculation, the wall as illustrated in Figure 6.1 and Figure 6.4 is 

not able to withstand a 2 m boulder impact without suffering from yielding of steel bars. Thus, 

its dimensions have been increased to that shown in Figure 6.5. Similar to worked example 1, 

the effective length of the wall is taken as 13.6 m in accordance with the 45 degree angle of 

spread as explained in Section 6.2. 
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Figure 6.5 Elevation of stem wall used for illustration of the calculation procedure  

– worked example 2 

Design Bending Moment Demand 

𝑚 =
4

3
𝜋 (

2

2
)

3

× 2650 = 11100 𝑘𝑔 

𝜆𝑚 = 0.25(2400)(13.6)(6.8)(0.9) = 49939 𝑘𝑔 

𝜆 =
49939

11100
= 4.5 

휀𝑠𝑦 =
𝑓𝑦

𝐸𝑠
=

500

200000
= 0.0025 

𝜙𝑦 =
1.7휀𝑠𝑦

𝐷
=

1.7(0.0025)

0.9
= 0.00472 

Δ𝑦 =
𝜙𝑦ℎ2

3
=

0.00472(6.8)2

3
= 0.0728 𝑚 

Δ =
𝑚𝑣0

√𝑚𝑘𝑐𝑟

√𝜆 (
1 + COR

1 + 𝜆
)

2

 

Design for reinforcement steel bar to not yield, thus taking Δ = Δy 

0.0728 =
11100(10)

√11100𝑘𝑐𝑟

√4.5 (
1 + 0.4

1 + 4.5
)

2
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0.07282 =
11100(10)2

𝑘𝑐𝑟

(4.5) (
1.4

5.5
)

2

 

𝑘𝑐𝑟 = 61102 𝑘𝑁/𝑚 

𝑘𝑐𝑟 =
3𝐸𝐼𝑐𝑟

ℎ3
=

3 (
𝑀𝑦

𝜙𝑦
)

ℎ3
 

61102 =
3 (

𝑀𝑦

0.00472)

6.83
 

𝑀𝑦 = 30242 𝑘𝑁𝑚 

 

= 𝟐𝟐𝟐𝟒 𝒌𝑵𝒎 𝑝𝑒𝑟 𝑚 based on an effective wall length of 13.6 m 

Design Bending Moment Capacity 

Adopt reinforcement with bar diameter of 40 mm and spacing of 150 mm centre to centre, with 

80 mm cover. 

𝑑𝑒 = 900 − 80 − 20 = 800 𝑚𝑚 

For a 1 m long strip, 

𝐴𝑠𝑡 =
1000

150
× 𝜋 (

40

2
)

2

= 8378 𝑚𝑚2 

𝑀𝑢 = 𝐴𝑠𝑡  𝑓𝑦𝑑𝑒 (1 −
0.6𝐴𝑠𝑡𝑓𝑦

𝐵𝑑𝑓𝑐
′

) 

= 8378(500)(800) (1 −
0.6(8378)(500)

1000(800)(30)
) = 3000 𝑘𝑁𝑚 

Taking safety factor of 𝜙 = 0.8, 𝜙𝑀𝑢 = 0.8(3000) = 2400 𝑘𝑁𝑚 (> 2224𝑘𝑁𝑚) 

In summary, the design bending moment capacity of 2400 kNm per metre length of wall 

exceeds the design bending moment demand of 2224 kNm per metre. 
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6.3.3 Summary of Results 

The design parameters and results calculated for worked example 1 and 2 are summarised in 

Table 6.3. The reinforcement contents for both worked examples are well above the minimum 

required reinforcement ratio (as defined in Table 6.1) to ensure a desirable distribution of crack 

formation. 

Table 6.3 Design parameters and results calculated using flexural stiffness method 

 Worked Example 1 Worked Example 2 

Boulder Diameter (m) 1.5 2.0 

Boulder Mass (kg) 4683 11100 

Impact Velocity (m/s) 10 10 

Yield Moment* (kNm per m) 1324 2224 

Wall Height (m) 5.2 6.8 

Wall Thickness (m) 0.8 0.9 

Reinforcement Layout T40-200 T40-150 

Reinforcement Content (%) 1.57 1.86 

Cover (mm) 80 80 

Factored Moment Capacity# (kNm per m) 1601 2400 

Design Satisfactory (Capacity > Demand)? YES YES 

*Yield moment is taken as the design bending moment demand which is being targeted at 

# Factored moment capacity is taken as the bending moment capacity 
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6.4 Verification by Numerical Simulations Using Program LS-

DYNA 

Accuracies of predictions of the deflection of RC beams by the DB method have already been 

validated by comparison with published results from physical impact experiments (which have 

been augmented with results from numerical simulations). Details of the validation exercise 

involving 15 impact scenarios have been presented in Chapter 5. 

Further verifications have been undertaken to confirm that material strains that are targeted by 

the recommended design procedure is consistent with test results. Given that no reporting of 

such measurements can be found in the literature, the author accordingly conducted computer 

simulated testing to validate the proposed model. Numerical analysis involving the use of 

program LS-DYNA was then undertaken to analyse the condition of the stem wall which has 

been designed to reach the target displacement which is at the threshold of incipient yielding 

of the tensile longitudinal reinforcement. All the input parameters, except for the geometry of 

the models were based on results of calibration presented in Chapter 5. The common input 

parameters for the FE models for worked example 1 and 2 are listed in Tables 6.4 to 6.7. The 

rest of the input parameters (specific to individual example models) have been presented earlier 

in Table 6.3. 

Table 6.4 Input parameters for vertical and horizontal reinforcement 

Part Name Vertical and Horizontal Reinforcement 

Element Tubular beam section with Hughes-Liu formulation 

Material Model MAT 003 Plastic Kinematic 

Density 7850 kg/m3 

Young’s Modulus 200 GPa 

Poisson’s Ratio 0.3 

Yield Stress 500 MPa 

Tangent Modulus 2 GPa 
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Table 6.5 Input parameters for concrete 

Part Name Concrete 

Element Constant stress 8-node hexahedron solid elements 

Material Model MAT 084 Winfrith Concrete 

Density 2400 kg/m3 

Young’s Modulus 30.1 GPa 

Poisson’s Ratio 0.2 

Uniaxial Compressive Strength 30 MPa 

Uniaxial Tensile Strength 2 MPa 

Fracture Energy 75 Nm/m2 

Aggregate Size 16 mm 

 

Table 6.6 Input parameters for impactor 

Part Name Impactor 

Element Constant stress 8-node hexahedron solid elements 

Material Model MAT 020 Rigid 

Density 2650 kg/m3 

Young’s Modulus 50 GPa 

Poisson’s Ratio 0.2 

 

Table 6.7 General input parameters 

Parameters Input 

Boundary condition 
Translational constraint in y-axis 

(horizontal direction) at the base 

Contact between impactor and concrete automatic surface to surface 

Contact between concrete and reinforcement constrained Lagrange in solid 

Hourglass control type 4 

Hourglass coefficient 0.03 

Gravitational acceleration 9.81 m/s2 
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6.4.1 Simulations of Worked Example 1 

Worked example 1 was first numerically simulated as shown in Figure 6.6. In order to 

investigate the accuracy of using 45 degree load distribution for determining effective wall 

length, simulations were repeated for two different wall lengths: 10 m and 20 m as shown in 

Figure 6.6(a) and (b) respectively. Vertical reinforcement design of the stem wall was based 

on calculations shown in Section 6.3.1: bar diameter of 40 mm at 200 mm spacing with cover 

of 80 mm. Horizontal reinforcement content was varied in accordance with a range of H:V 

ratios as listed in Table 6.8 such that the sensitivity of the flexural behaviour of the stem wall 

to varying H:V ratio could be observed. Details of the FE meshing used in the models as 

employed in the numerical simulations are listed in Table 6.9. 

  
(a) (b) 

Figure 6.6 FE models of worked example 1: (a) 10 m long wall (b) 20 m long wall 

Table 6.8 Horizontal reinforcement layout 

H:V Ratio Bar Size (mm) Spacing (mm) 

1 = 1:1 40 200 

0.85 = 1:1.2 32 150 

0.64 = 1:1.5 32 200 

0.52 = 1:2 25 150 

0.4 = 1:2.5 25 200 

0.33 = 1:3 20 150 

0.25 = 1:4 20 200 
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Table 6.9 Mesh details of FE models for worked example 1 

Part Element Type 
Number of Elements 

10 m Wall 20 m Wall 

Vertical Reinforcement Beam 10400 20800 

Horizontal 

Reinforcement 

150 mm Spacing 
Beam 

14000 28000 

200 mm Spacing 10400 20800 

Concrete Solid 332800 665600 

Impactor Solid 56000 56000 

 

It is shown in Figure 6.7(a) and (b) that the maximum value of tensile strain of the vertical 

reinforcement at the base of the stem wall is about the same (approximately 0.0021) for both 

the 10 m and 20 m long wall. Thus, the use of 10 m length as the design effective length of the 

stem wall (i.e. based on 45 degree load distribution) is shown to be reasonable. 

Results from the simulations are shown in Figure 6.7(b) and (c) for ratio of reinforcement 

content (H:V) of 1:1 and 1:4 respectively. It is shown that in both cases, the tensile strain of 

the reinforcement was kept within the yield limit of 0.0025, and the simulated distribution 

profile is consistent with that shown by the schematic diagram of Figure 6.2. Differences in the 

performance of the stem wall in bending between the two designs are shown to be minor. 

Rigorous analyses have also been carried out for some intermediate H:V values and the amount 

of maximum tensile strains in the vertical reinforcement at the base of the wall are presented 

in Figure 6.8. A special case with no horizontal reinforcement (H:V = 0) has also been 

investigated. It is shown in Figure 6.8 that the amount of maximum tensile strain demand of 

the reinforcement can be reduced significantly with the addition of minimal horizontal 

reinforcement of H:V = 0.25. Any further increase in the amount of horizontal (lateral) 

reinforcing of the stem wall is shown to result in only minor reduction in the maximum tensile 

strains in the vertical (longitudinal) reinforcement. In summary, the stem wall is considered to 

perform at a level which is consistent with the design criterion as stated in Section 6.2. The 

calculation procedure as presented herein has been verified. 

The amount of indentation into the surface of the concrete has also been simulated as shown in 

Figure 6.9. The graphical image has exaggerated the actual amount of indentation of the 

concrete (by a factor of 5). The amount of indentation is 15 mm approximately. Images 
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showing simulated results of crack formation have also been presented (Figures 6.10(a) – (e)). 

Neither the indentation nor crack formation in the stem wall (that are mostly localised around 

the location of the point of contact) is shown to be excessive even without any cushioning. For 

ease of reference values of the relevant performance metrics showing satisfactory design of the 

stem wall for bending are listed in Table 6.10. A diagram showing the energy balance 

consistent with the principles of conservation of energy over the course of the impact has also 

been presented (Figure 6.11). 

 

(a) 

 

(b) 
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(c) 

Figure 6.7 Distribution of tensile strain of longitudinal reinforcement across the length of the 

stem wall at the base: (a) 10 m long wall, H:V ratio = 1:1 (b) 20 m long wall, H:V ratio = 1:1 (c) 

20 m long wall, H:V ratio = 1:4 

 

Figure 6.8 Correlation of steel strain versus ratio of reinforcement content 
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Figure 6.9 Simulated image of permanent indentation at the point of contact – worked example 

1 

 

  
(a) Front view, crack width > 0.1 mm (b) Front view, crack width > 0.1 mm (zoom in) 
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(c) Front view, crack width > 0.3 mm (d) Front view, crack width > 0.3 mm (zoom in) 

 

 

(e) Rear view, crack width > 0.3 mm 

Figure 6.10 Simulated image of crack formation – worked example 1 
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Table 6.10 LS-DYNA results showing satisfactory performance for worked example 1 

 
Results from 

LS-DYNA 
Yield Capacity 

Design 

Satisfactory? 

Steel Strain 0.0021 0.0025 YES 

Steel Bar Deflection (mm) 36.2 47.9 YES 

Concrete Strain 0.0015 0.002 YES 

 

 

Figure 6.11 Energy distributions for simulation of worked example 1 

6.4.2 Simulations of Worked Example 2 

Worked example 2 has also been simulated in LS-DYNA as shown in Figure 6.12. Given that 

the use of 45 degree load distribution has already been validated in the simulations of worked 

example 1, wall length of 13.6 m (instead of 20 m) has been adopted for the simulation of the 

6.8 m tall wall. According to calculations shown in Section 6.3.2, reinforcement with bar 

diameter of 40 mm at a spacing of 150 mm, and cover of 80 mm is adopted for the vertical 

reinforcement design. The horizontal reinforcement design is similar to that of worked example 

1 in view of the observations that the H:V ratio did not have any significant influence on the 

maximum tensile steel strains in the vertical reinforcement. Details of FE meshing are 

presented in Table 6.11. 

As for worked example 1, the amount of indentation and crack formations are presented in 

Figure 6.13 and Figure 6.14 respectively. The amount of indentation is approximately 23 mm. 
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For ease of reference the value of the relevant performance metrics showing satisfactory design 

of the barrier in bending are listed in Table 6.12. A diagram showing the energy balance in the 

course of the impact is also shown in Figure 6.15. 

Table 6.11 Mesh details of FE model for worked example 2 

Part Element Type Number of Elements 

Vertical Reinforcement Beam 24480 

Horizontal Reinforcement Beam 24480 

Concrete Solid 83232 

Impactor Solid 56000 

 

 

Figure 6.12 FE models of worked example 2 

0.9 m 

6.8 m 

13.6 m 
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Figure 6.13 Simulated image of permanent indentation at the point of contact – worked example 

2 

 

  
(a) Front view, crack width > 0.1 mm (b) Front view, crack width > 0.1 mm (zoom in) 
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(c) Front view, crack width > 0.3 mm (d) Front view, crack width > 0.3 mm (zoom in) 

 

 

(e) Rear view, crack width > 0.3 mm 

Figure 6.14 Simulated image of crack formation – worked example 2 
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Table 6.12 LS-DYNA results showing satisfactory performance for worked example 2 

 
Results from 

LS-DYNA 
Yield Capacity 

Design 

Satisfactory? 

Steel Strain 0.0023 0.0025 YES 

Steel Bar Deflection (mm) 64.5 72.8 YES 

Concrete Strain 0.0012 0.002 YES 

 

 

Figure 6.15 Energy distributions for simulation of worked example 2 
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6.5 Comparison of Design Forces Derived from Other Methods 

In this section, the value of the (equivalent static) design force (𝐹) that is estimated by the DB 

method based on the illustrated worked examples is compared to results estimated by a force-

based (FB) method recommended in GEO Report No. 270 [14]. The latter method is used 

currently in design practices in Hong Kong. Comparisons are also made with another (more 

recently modified) FB method recommended in TN 5/2016 [28]. 

It is shown in the illustrated worked example 1 of Section 6.3.1 that the design bending moment 

estimated by the DB method is 13240 kNm across the entire length of the wall. Given that the 

stem wall is 5.2 m tall (measure above the upper surface of the footing of the barrier), the 

equivalent static design force is 2546 kN (or 255 kN per metre length of wall). Similarly, design 

bending moment of 30242 kNm in worked example 2 translates into an equivalent static design 

force of 4447 kN (or 327 kN per metre length of wall) for the 6.8 m tall stem wall. The value 

of 𝐹 as per the DB method is compared with that predicted by these other methods that have 

been published to date. Details are shown as follows: 

Worked Example 1 

GEO Report No. 270: 

𝐹 = 400𝑣𝑏
1.2𝑟𝑏

2 = 400(10)1.2 (
1.5

2
)

2

= 3566 𝑘𝑁 

TN5/2016: 

𝐹 = 150𝑣𝑏
1.2𝑟𝑏

2 = 150(10)1.2 (
1.5

2
)

2

= 1337 𝑘𝑁 

Worked Example 2 

GEO Report No. 270: 

𝐹 = 400𝑣𝑏
1.2𝑟𝑏

2 = 400(10)1.2 (
2

2
)

2

= 6340 𝑘𝑁 

TN5/2016: 
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𝐹 = 150𝑣𝑏
1.2𝑟𝑏

2 = 150(10)1.2 (
2

2
)

2

= 2377 𝑘𝑁 

The comparison of results from the DB and FB methods is shown in Figure 6.16 in the form of 

a bar chart. It is noted that the design impact forces represented in the comparison are based on 

the total value of the impact force (which has not taken into consideration the distribution of 

the force across the length of the wall). The “LS-DYNA” results are accordingly taken as the 

total reaction forces at the base of the walls based on numerical simulations the details of which 

have been presented in Section 6.4. 

 

Figure 6.16 Comparison of the design forces for bending of stem wall 

It is shown in the bar chart of Figure 6.16 that estimates of the impact force from different 

methods of calculation are in agreement in terms of order of magnitude which is expected given 

that all the considered methods have been checked against observations from measurements in 

the field. Importantly, it is shown that the DB method gives by far the closest match with results 

reported by program LS-DYNA. On the other hand, the currently adopted method of GEO 

Report No. 270 is shown in this case study to have exceeded the (more accurate) predictions 

of the DB method by about 40% whereas the alternative method of TN 5/2016 has understated 

the design value by about 50%. The differences are in fact significant in engineering terms. 
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6.6 Additional Parametric Studies 

In this section, the RC wall model of worked example 1 will be used as the “base case” in a 

parametric study which involved numerical simulations using program LS-DYNA. Vertical 

reinforcement of the stem wall was 40 mm diameter bars at 200 mm spacing (of H:V = 1). 

A RC wall model in the parametric study featured the use of two layers of vertical 

reinforcement of equivalent steel areas (20 mm diameter bars at 100 mm spacing) as opposed 

to a single layer of vertical reinforcement in the base case. This alternative form of 

reinforcement design may well be preferred for reasons of facilitating construction of the 

barrier in a remote location. 

Design calculations and simulations carried out in the previous sections (including the base 

case) were all based on having the point of contact located at the top of the wall. In an 

alternative impact scenario featured in the parametric study, the point of contact was located at 

mid-height up the stem wall which is 2.6 m measure from its base, as shown in Figure 6.17. 

Further alternative impact scenarios have also been considered in the parametric study. The 

alternative scenarios featured the use of impactor objects that were cylindrical or conical-

shaped as opposed to being spherical as seen in the base case. The cylindrical impactor (boulder) 

had diameter of 1.5 m and longitudinal dimension of 1 m, with the curved surface in contact 

with the wall, as shown in Figure 6.18. The conical-shaped impactor had diameter of 3 m at 

the base and height of 0.75 m to achieve a sharp contact edge with angle of 63° as shown in 

Figure 6.19. Both types of impactor geometries were aimed at emulating different parts of the 

surface of a real boulder coming in contact with the surface of the RC barrier in a rockfall. Note 

that the volume and density (hence mass) of the impactor (boulder) was kept the same as the 

spherical impactor of the base case. 

With all the impactor objects employed in the parametric study “rigid material” was specified 

in all the simulations. In an additional impact scenario that was simulated, a non-rigid material 

(as opposed to a rigid material) was employed as the impactor material. The non-rigid impactor 

(the boulder) was modelled as per parameter values listed in Table 6.13. 
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(a) (b) 

Figure 6.17 Boulder hitting at lower position: (a) isometric view (b) side view 

  

(a) (b) 

Figure 6.18 Cylindrical boulder: (a) isometric view (b) side view 
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Results from the additional simulations as described above are compared to those obtained 

from analyses of the base case of worked example 1. Details of the comparison are summarised 

in Table 6.14. For the wall model in which two layers of vertical reinforcement were used (in 

place of a single layer) the amount of changed to the material strains were very minor. Although 

the amount of elongation to the vertical reinforcements was significantly higher all materials 

were shown to respond within the elastic limit thereby fulfilling the design criterion. 

  

(a) (b) 

Figure 6.19 Conical-shaped boulder: (a) isometric view (b) side view 

Table 6.13 Input parameters for concrete boulder 

Part Name Concrete 

Element Constant stress 8-node hexahedron solid elements 

Material Model MAT 084 Winfrith Concrete 

Density 2650 kg/m3 

Young’s Modulus 30.1 GPa 

Poisson’s Ratio 0.2 

Uniaxial Compressive Strength 30 MPa 

Uniaxial Tensile Strength 2 MPa 

Fracture Energy 75 Nm/m2 

Aggregate Size (Radius) 8 mm 
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In the impact scenario where the location of contact was at mid-height of the stem wall, the 

amount of material strains was lower than that of the base case, so was the amount of deflection 

of the stem wall. This observation confirms that it is safe to only consider impact scenarios 

where the impactor strikes the top of the wall. 

In impact scenarios where a cylindrical impactor (as opposed to the usual spherical impactor) 

was used, only minor change to the results can be seen. However, the impact scenario featuring 

the use of a conical-shaped impactor had the material strains, and wall deflection, lowered. 

This was believed to be the result of a significant increase in the amount of localised damage 

to the surface of the barrier caused by the “pointed contact” of a conical shaped impactor. Given 

that more energy has been dissipated by localised damage less energy was expanded on 

bending the stem wall (i.e. and straining the reinforcing bars and the concrete). 

As the impactor material was varied resulting in the lowering of the value of the Coefficient of 

Restitution (COR) from 0.34 to 0.31, the flexural demand on the stem wall was accordingly 

lowered because of a higher proportion of energy that has been dissipated by the (softer) 

impactor object. The simulated results also show a reduction in the amount of straining of the 

vertical reinforcement. 

In summary, varying the values of parameters listed in Table 6.14 has not worsened the bending 

behaviour of the RC barrier. Results either remained unchanged from the base case or show 

improvement in performance (i.e. higher factor of safety). 

In addition to the parametric studies listed in Table 6.14, a series of simulations with varying 

impact velocity has also been conducted on both worked example 1 and 2. The deflection of 

the stem wall as observed from these simulations was then compared with results calculated 

from the DB model. COR values used in the calculations were based on velocity values 

reported from the simulations for achieving a fair comparison. Moment-curvature analyses 

have been carried out on both walls in order to determine their effective flexural rigidity, and 

hence the wall stiffness. Results of moment-curvature analyses can be found in Figure 6.20 and 

Figure 6.21 for worked example 1 and 2 respectively. 
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Table 6.14 LS-DYNA results showing additional parametric studies 

 Steel Strain Steel Bar Deflection (mm) Concrete Strain 

Worked Example 1 0.0021 36.2 0.0015 

Two Layers Reinforcement 0.0022 41.7 0.0018 

Lower Impact Location 0.0019 12.6 0.0011 

Cylindrical Boulder 0.0021 32.3 0.0017 

Conical-shaped Boulder 0.00184 33.2 0.001 

Non-rigid Boulder 0.0019 31.8 0.0016 

 

Worked Example 1 

The yield curvature of 0.0052 as observed from Figure 6.20 is close to the calculated nominal 

yield curvature of 0.0053 based on the use of Equation (6.1) as presented in Section 6.2. For 

𝑀𝑦 = 19646.3 𝑘𝑁𝑚, 𝜙𝑦 = 0.0052 the value of the wall stiffness in worked example 1 is 

accordingly: 

𝐸𝐼𝑐𝑟 =
𝑀𝑦

𝜙𝑦
=

19646.3

0.0052
= 3.78 × 106 𝑘𝑁𝑚2 

𝑘𝑐𝑟 =
3𝐸𝐼𝑐𝑟

ℎ3
=

3(3.78 × 106)

5.23
= 80688 𝑘𝑁/𝑚 

Worked Example 2 

Similarly, the yield curvature of 0.0046 as observed from Figure 6.21 is close to the calculated 

nominal yield curvature of 0.0047  based on the use of Equation (6.1). For 𝑀𝑦 =

40354.8 𝑘𝑁𝑚 , 𝜙𝑦 = 0.0046  the value of the wall stiffness in worked example 2 is 

accordingly: 

𝐸𝐼𝑐𝑟 =
𝑀𝑦

𝜙𝑦
=

40354.8

0.0046
= 8.74 × 106 𝑘𝑁𝑚2 

𝑘𝑐𝑟 =
3𝐸𝐼𝑐𝑟

ℎ3
=

3(8.74 × 106)

6.83
= 83375 𝑘𝑁/𝑚 
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Given that the wall stiffness values are known, the deflection of the stem wall can be calculated 

using Equation (6.3).  

 

Figure 6.20 Moment-curvature relationship of wall cross-section in worked example 1  

 

Figure 6.21 Moment-curvature relationship of wall cross-section in worked example 2 

It is shown in Figures 6.22 and 6.23 that the DB method is able to accurately model the 

deflection of the vertical reinforcement except for some minor discrepancies. Deflection 
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readings were taken from reinforcement bars that were in proximity to the centreline of the 

stem wall but not from the bar that was right at the centreline (in order to avoid results that had 

been interfered by the occurrence of localised damage and hence could not be representative 

of the pure bending action of the stem wall). Had this not been the case the two sets of results 

would have come even closer showing perfect match. It is noted that displacement demand 

estimates by the DB model based on the use of Equation (6.3) were based on linear elastic 

behaviour of the material. Thus, program LS-DYNA produced slightly higher estimates than 

the DB model as the impact velocity reached 11 m/s when yielding of the materials would be 

expected. Program LS-DYNA also produced slightly higher estimates of the deflection demand 

of the concrete at the centreline of the stem wall than estimates of the DB model which has not 

taken into account two-way bending actions. On the whole, deflection estimates by the DB 

model have been verified. Some discrepancies are shown and the cause of the discrepancies 

has been explained. 

 

Figure 6.22 Deflection versus impact velocity graph for simulations of worked example 1 
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Figure 6.23 Deflection versus impact velocity graph for simulations of worked example 2 
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6.7 Conclusions 

The example rigid barrier wall for illustration of the recommended methodology is of L-shaped 

cross-section of dimensions: 6 m tall x 0.8 m thick x 20 m long. The impact scenario is based 

on boulder of up to 2.0 m diameter impacting on the upper part of the barrier at a velocity 10 

m/s. The DB method used for designing the stem wall for bending at the base has been 

introduced, and illustrated, with two worked examples: a 0.8 m thick × 5.2 m tall and a 0.9 m 

thick × 6.2 m tall stem wall which is subject to the impact of a boulder of 1.5 m and 2.0 m in 

diameter respectively at a velocity of 10 m/s. The recommended calculation procedure is based 

on a target displacement at the threshold of yielding of the vertical longitudinal reinforcement. 

Satisfactory performance of the wall consistent with the design criterion has been verified by 

numerical simulations using program LS-DYNA. The value of the design force that is 

determined as per recommendations by GEO Report No. 270 is shown to have exceeded that 

determined by the DB method significantly. However, TN 5/2016 is shown to give much lower 

predictions. Additional parametric studies by the use of program LS-DYNA have been 

undertaken to study the sensitivity of the maximum strains developed in the concrete and steel 

to changes in the location of contact, the shape and hardness of the impactor and the velocity 

of impact. The robustness of the proposed DB calculation methodology for predicting 

deflection of the stem wall and the strains of the materials has been demonstrated further. In 

view of the accuracy of the design methodology, it was employed to design a large-scale RC 

wall for an impact experiment which will be discussed in detail in Chapter 7. 
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Large-scale Impact Testing of Reinforced 

Concrete Wall 

7.1 Introduction 

As discussed in Chapter 2, numerous impact tests of different scales have been carried out over 

the years. Many of these tests involved vertical drop test setup on reinforced concrete (RC) 

beam or slab specimens. Horizontal impact tests reported in the literature are mainly field tests 

conducted in uncontrolled environment. These experiments were normally carried out to 

examine the performance of specific materials or RC design on pass/fail basis with a lack of 

understanding of the response of the RC barrier/wall itself. Also, compromises can be observed 

between the amount of instrumentation and the scale of the experiment. 

In order to properly study the bending response behaviour of a RC wall subjected to impact, a 

well-instrumented full-scale pendulum impact test was conducted and reported in this chapter. 

The test involved striking a 1.5 m tall and 3 m wide fixed base reinforced concrete wall with 

impactors of three different sizes, simulating fixed foundation rockfall barrier under boulder 

impact. The experimental program including the specimen dimensions and impactor size were 

designed based on the methodology outlined in Chapter 6 to ensure that the specimen did not 
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yield unintentionally. More than 60 pieces of instrument were employed to monitor the impact 

conditions and specimen’s behaviour under impact. Details of the specimen, impactors, 

instrumentation, experimental set up and procedures will be covered in this chapter. 

Experimental results from the relevant tests will also be presented. 

7.2 Specimen 

The reinforced concrete barrier specimen had a stem wall with dimensions of 1.5 m tall, 3 m 

wide and 0.23 m thick, and was found on a base slab of 0.5 m thick and 1.23 m long, as shown 

in Figure 7.1(a). Standard strength grade N40 concrete to AS 1379 [199], which has a minimum 

characteristic compressive strength of 40 MPa (based on 28 days of standard curing), was used 

to construct the specimen. The concrete mix had standard density of 2400 kg/m3 and maximum 

aggregate size of 20 mm. Compression tests were carried out on six concrete cylinders during 

the time the impact tests were carried out (Figure 7.2(a)). Two cylinders were tested two days 

before the first impact test, followed by another two cylinders which were tested after 11 days 

and 25 days. The concrete strength was found to not vary significantly across the six tests, and 

the test results averaged at 47 MPa as listed in Table 7.1. 

Grade D500N reinforcing steel bars to AS/NZS 4671 [200] were used as vertical and horizontal 

reinforcement in the stem wall, and reinforcement in the base slab, as shown in Figure 7.1(b). 

The minimum characteristic yield strength and the strain hardening ratio of these reinforcing 

bars were 500 MPa and 1.08 respectively. N20 (i.e. grade D500N with nominal diameter of 20 

mm) bars at 200 mm spacing were used for both the vertical and horizontal reinforcement of 

the stem wall. There were 15 tensile bars and 15 compressive bars in total. Similar 

reinforcement arrangement was used for the base slab to ensure that the stem wall was fixed 

rigidly to the foundation which was in turn held down onto the strong floor of the laboratory. 

Tensile tests were carried out on six bar samples (Figure 7.2(b)) to obtain the in-situ material 

properties which are summarised in Table 7.1. Concrete cover of 30 mm was specified. The 

wall was designed to have reinforcement ratio of more than 0.8% for grade N40 concrete to 

ensure that the stem wall would experience a well distributed crack pattern when subject to 

bending, as discussed in Chapter 6 [201]. 
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(a) (b) 

Figure 7.1 Reinforced concrete specimen: (a) 3D drawing, (b) reinforcement details 

  

(a) (b) 

Figure 7.2 Strength tests on (a) concrete cylinder and (b) reinforcement bar sample 
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Table 7.1 In-situ material properties of reinforcing bars and concrete 

Material Properties Values 

𝐸 194 GPa 

𝑓𝑦 543 MPa 

𝑓𝑢 636 MPa 

𝑓𝑦/𝑓𝑢 1.17 

휀𝑠𝑦 0.0028 

𝑓𝑐
′ 47 MPa 

 

There were six openings with diameter of 50 mm and spacings of 500 mm through the base 

slab and on each side of the wall for accommodating the holding down bolts for securing the 

barrier rigidly onto the strong floor of the laboratory. The specimen was painted in white with 

a 150 mm x 150 mm grid drawn on the surface for the purpose of tracking concrete crack 

profiles following each test. A photograph of the specimen is shown in Figure 7.3. 

 

Figure 7.3 Photograph of reinforced concrete specimen 
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7.3 Impactor Objects 

Three impactors made of solid steel with density of 7850 kg/m3 were used to strike the 

specimen. Steel was chosen to be the impactor material to ensure repeatability of the tests. Note 

that the flexural response behaviour of the stem wall was insensitive to the choice of the 

impactor material. 

The following descriptions hold true for all three impactors. The “torpedo” shaped impactor 

object had one end (that was intended to be in contact with the barrier specimen) machined into 

a hemispherical surface. The hemispherical fitting had the same diameter as the cylindrical 

body. At the other end (flat end), a 1/4-28 UNF-2B hole was tapped for securing an 

accelerometer to the impactor object (refer Section 7.4 for details). On the curved cylindrical 

surface, three holes were tapped for the purpose of lifting, with the middle hole tapped at the 

centre of mass of the impactor. Eye nuts were secured onto the holes. The impactor objects 

were numbered as shown in Table 7.2 alongside Figure 7.4 which shows the dimensions of the 

impactor object and disposition of the tapped holes. A photograph of the impactor objects is 

shown in Figure 7.5. 

Table 7.2 Impactor object dimensions 

Impactor Mass (kg) a (mm) b (mm) 

Impactor 1 280 400 300 

Impactor 2 435 700 300 

Impactor 3 1020 900 400 

 

 

 

Figure 7.4 Torpedo shaped impactor object Figure 7.5 Photograph of impactor objects 
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7.4 Instrumentation 

7.4.1 General 

Various instruments and equipment were employed in the experiment, including strain gauges, 

linear variable differential transformers (LVDTs), laser sensors, accelerometer and high speed 

camera (HSC). Placement of instrumentations except for the strain gauges (which were 

embedded in the reinforced concrete) is shown in Figure 7.6 through Figure 7.8. This amount 

of instrumentation enabled: 

a) impact behaviour of the specimen to be captured, 

b) tests to be fully controlled, and 

c) redundant measurements to be recorded. 

 

 
: Laser sensor attached to specimen   

    

 

: LVDT   

 

Figure 7.6 Front view (tensile side) of specimen showing instrumentations 
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: Laser sensor attached to specimen   

    

 : Laser sensor at a distance away from the specimen   

    

 

: LVDT   

 

Figure 7.7 Rear view (compressive side) of specimen showing instrumentations 
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: Laser sensor attached to specimen   

    

 : Laser sensor at a distance away from the specimen   

    

 
: LVDT   

    

 : Accelerometer   
 

Figure 7.8 Side view of specimen showing instrumentations 

7.4.2 Strain Gauges 

Post-yield strain gauges (series YEFLA-5 by Tokyo Sokki Kenkyujo Co. Ltd.) were attached 

to the base of the stem wall on each reinforcement bar prior to the casting of the concrete, 

resulting in the deployment of 30 strain gauges in total (15 on the tensile side and 15 on the 

compressive side), as shown in Figure 7.9. These strain gauges were designed to measure 

repeated strain in the elastic range as well as (large) post-yield strain of up to 15 %. All strain 

gauges were installed with the appropriate type of adhesives, and coated with waterproof 

protection and mechanical protection as recommended by the manufacturer. Data recorded 
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from the strain gauges were acquired by National Instruments (NI) PXI strain/bridge input 

module (PXIe-4330) at a data acquisition rate of 2 kHz. Resolution of the measurements was 

dependant on both the mechanical limit of the strain gauges as well as electronic resolution of 

the data acquisition module. A trial run of the test showed that the resolution was in the range 

of ± 1 micro-strain. All strain gauges were pre-calibrated with gauge factors specified by the 

manufacturer which were to be used to convert the recorded electrical resistance to actual strain 

values. 

    

Figure 7.9 Photographs of strain gauges on reinforcement bar 

7.4.3 Linear Variable Differential Transformers (LVDTs) 

S series LVDTs (DC standard output) produced by Solartron Metrology with measurement 

frequency of up to 500 Hz were used in the experiment to measure strains within the concrete. 

A series of LVDTs was attached on each side of the stem wall by aluminium brackets. Five 

LVDTs were distributed evenly across the base from one end of the wall to the centre line 

where four additional LVDTs were stacked vertically, as shown in Figure 7.10. The 

measurement range of the LVDTs varied from 5 mm to 50 mm (which corresponds to 

resolution ranging from 0.0001 mm to 0.0003 mm) depending on the location. As the LVDTs 

were positioned at 150 mm vertical spacing (starting from the base), the maximum strain that 

can be measured by the shortest LVDT (5 mm) was 3.3 % which was well beyond the ultimate 

strain limit of concrete. The use of such technique for measuring concrete strain is common 

with post-yield testing employed in structural engineering investigations of seismically 

damaged RC specimens [202-204]. However, the use of this style of instrumentation on impact 

experiments has not been reported in the literature. No instrumentation was installed on the 
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upper part of the stem wall close to the centre line as that area was designated to be struck by 

the impactor (Figure 7.6). Note that only half of the wall was instrumented with LVDTs 

because of considerations of symmetry. Calibration procedures of the LVDTs were similar to 

that of the laser sensors. More details are given in Section 7.4.4 alongside descriptions of the 

laser sensors. 

 

Figure 7.10 Photograph of LVDTs at the front of the wall 

7.4.4 Laser Sensors 

Model ILD 1302 laser sensors (Micro-Epsilon) with measurement frequency of up to 750 Hz 

were used in the experiment, as depicted by the red boxes as shown in Figure 7.6 through 

Figure 7.8. As shown in Figure 7.8 and 7.11, some of the laser sensors were not fixed directly 

to the specimen but were attached to a separate timber frame that was erected behind the stem 

wall to record displacement from the rear (compressive side) of the wall specimen. The points 

of interest, as represented by the red dots shown in Figure 7.7, were located at (i) close to top 

edge of the wall, (ii) two-third height, (iii) one-third height and (iv) close to the ground surface. 

Measurements were taken at both the centre line and near the edge of the wall. The two sensors 

close to the ground surface were used to detect possible sliding action of the base slab. Those 

laser sensors for measuring deflection at the top of the stem wall and at two-third height had 

measurement range of 200 mm (ILD 1302-200, with resolution of 0.1 mm). Other sensors had 

measurement range of 100 mm (ILD 1302-100, with resolution of 0.05 mm). On each side of 

the specimen, two laser sensors (ILD 1302-100, with resolution of 0.05 mm) were secured to 

the base slab by aluminium brackets for measuring any possible uplift movement. 
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Readings from the LVDTs and laser sensors were in voltages. Thus, calibrations were carried 

out with the use of a digital height calliper to convert the recorded voltage readings to 

displacement values (Figure 7.12). Note that the recorded results were acquired using NI PXI 

multifunction I/O module (PXI-6255) at a sampling rate of 750 Hz. 

 

Figure 7.11 Laser sensors attached to timber frame 

  

(a) (b) 

Figure 7.12 Photographs showing calibration of (a) LVDT and (c) laser sensor        

7.4.5 Accelerometers 

An accelerometer (Model: 3200B6M by Dytran, electrical noise level: 0.035 g) with 

measurement range of up to 2500 g was screwed onto the flat end of the impactor objects 

(Figure 7.8) to record the acceleration time-history which can be used for calculating the 
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amount of contact force that was delivered at the point of contact in an impact. To capture 

vibration data of the stem wall two accelerometers were secured by aluminium brackets at the 

top of the wall at the centre line (Model: A/123/TS by DJB Instruments, measurement range: 

2500 g, electrical noise level: 0.003 g) and near the edge (Model: 3200B3 by Dytran, 

measurement range: 20000 g, electrical noise level: 0.28 g). All accelerometers had frequency 

response of up to 10 kHz. Data recorded from all three accelerometers were acquired using NI 

PXI sound and vibration module (PXIe-4496) at an acquisition rate of 100 kHz. When sampling 

accelerometer data using a data acquisition device, the rate of sampling had to be at least twice 

the highest frequency of interest. The acquired data was then filtered to eliminate high 

frequency noise. Thus, a sampling rate of 100 kHz was used although the frequency of 

accelerometers was only 10 kHz. Butterworth filter of 1000 Hz to 2000 Hz was used for low-

pass filtering. The accelerometers had been pre-calibrated with sensitivity factors as specified 

by the manufacturers. 

Note that all the NI modules (for all instrumentation described in Section 7.4.2 through 7.4.5) 

were slot into an NI PXI chassis (PXIe-1078) which had an embedded PXI controller (PXIe-

8135) with Windows operating system installed for acquiring data with the aid of software 

package LabView which was developed by National Instruments. A sub program was written 

using LabView virtual programming language to acquire impact data from different 

instruments at different frequencies. 

7.4.6 High Speed Camera (HSC) 

Another piece of physical equipment which had no direct contact with the specimen was the 

HSC (model Phantom v2512 produced by Vision Research). This piece of equipment was 

capable of recording video images at a rate of up to 25,000 frames-per-second at full resolution 

of 1280 x 800, and was used to capture images taken at the location of contact in order to (i) 

determine the velocity of the impactor object prior to and following the impact, and (ii) 

visualise actual conditions (at the point of contact) during the course of the impact. The frame 

that was recorded by the HSC is shown in Figure 7.8 (look for the green box). 
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7.5 Experimental Set-up and Procedures 

7.5.1 General Set-up 

A 3D drawing displaying an overview of the planned test set-up including the specimen, the 

impactor objects and details of the instrumentation is shown in Figure 7.13, alongside two 

photographs showing the actual test set-up (Figure 7.14(a) and (b)). As shown in Figure 7.13, 

there were two steel frames fixed to the ground. The first steel frame that was positioned close 

to the specimen was used to secure the impactor object in place. Each impactor object was 

initially positioned at the centre line of the specimen and at 250 mm measured from the upper 

edge of the stem wall. The first and third hole on the impactor object (Figure 7.4) was connected 

to the steel frame using chains to ensure that the impactor would fall towards the barrier 

specimen following the pendulum trajectory and then strike the specimen at the intended 

location. A quick release hook was attached to its centre of mass (i.e. the second hole). The 

hook was in turn secured to a cable extending from a hand winch (rated to 12.5 kN) via a pulley 

which was attached to the second steel frame. During the course of lifting, a laser level was 

used to ensure that the impactor had been raised to the desired height with good accuracies. 

The impactor was then released using the quick release hook. 

 

Figure 7.13 Drawing showing overview of test set up 
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(a) 

 

(b) 

Figure 7.14 Photographs showing overview of test set up: (a) front view; (b) rear view 

In order to ensure a fully fixed foundation, the base slab of the barrier specimen was bolted to 

the strong floor of the laboratory (which is approximately 1 m thick) using six threaded rods 
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on both sides of the wall, as illustrated in Figure 7.15. Each of these threaded rods was post-

tensioned to 200 kN to prevent any uplift, or sliding, movement of the barrier to take place. 

 

Figure 7.15 Sketch illustrating fixed base wall 

7.5.2 Testing Protocol 

In the experimental program, 37 tests were carried out in five stages: Test Series A to E. As the 

focus of this research project is primarily on the global response of the RC wall, only Test 

Series A and part of Test Series D that are relevant will be presented herein. Other tests were 

carried out within the same research team with different research focus from this thesis. 

Test Series A was carried out with a protective steel plate with dimensions: 500 mm x 500 mm 

x 32 mm which was attached to the stem wall at the location where the impactor was to strike 

(i.e. the top centre of the wall) as shown in Figure 7.16 (a) and (b). This measure was put in 

place to ensure that the bending behaviour of the wall was comparable across multiple tests 

without being distorted by cumulative localised damage surrounding the point of contact. Strain 

and deflection profiles of the wall were constantly monitored to confirm that the wall had not 

yielded. Impactor 1 and 2 were used to strike the steel plate. The release heights were selected 

so that both impactors could deliver the same level of impact energy. Impact tests 

corresponding to impact energy of 3.85 kJ was omitted for Impactor 2 because the wall would 

be too close to the threshold of yield. Following completion of the test series using Impactor 2, 

the final test in Test Series A was conducted using Impactor 1 at 0.2 m release height on the 

cracked wall. 11 tests were carried out in total and these tests were numbered as A1 to A11. 

Ground Level 

Basement 

1 m 
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(a) (b) 

Figure 7.16 (a) Photograph, and (b) drawing showing position of protective steel plate 

The protective steel plate used in Test Series A was removed when Test Series D was conducted. 

The focus was in observing localised damage surrounding the point of contact between the 

impactor and the surface of the bare wall. Impactor 1 was used with the same height of release 

as the previous stage. Additional tests were conducted at different points on the wall in order 

that data that are related to localised damage can be acquired. Similar to Test Series A, the wall 

did not yield at this stage of the test. Seven tests were carried out subsequently and these tests 

were numbered as D1 to D7. Only Test D1-D3 and D8 (impactor striking the same spot as that 

in Test Series A) are relevant to the current study and thus are presented herein. Details of the 

conditions of impact for all relevant tests are summarised in Table 7.3.  
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Table 7.3 Impact conditions for all test series 

Test 

No. 

Impactor 

Mass (kg) 

Release 

Height (m) 

Impact 

Energy (kJ) 
Protective Layer 

A1 280 0.2 0.55 Steel Plate 

A2 280 0.2 0.55 Steel Plate 

A3 280 0.5 1.37 Steel Plate 

A4 280 0.9 2.47 Steel Plate 

A5 280 1.4 3.85 Steel Plate 

A6 435 0.129 0.55 Steel Plate 

A7 435 0.322 1.37 Steel Plate 

A8 435 0.322 1.37 Steel Plate 

A9 435 0.5 2.13 Steel Plate 

A10 435 0.579 2.47 Steel Plate 

A11 280 0.2 0.55 Steel Plate 

D1 280 0.2 0.55 N/A 

D2 280 0.5 1.37 N/A 

D3 280 0.9 2.47 N/A 

D8 280 1.4 3.85 N/A 
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7.6 Test Results 

7.6.1 Test Series A 

Time-histories of deflection of the stem wall were recorded by laser sensors mounted at 

multiple locations, with those recorded at the top centreline of wall presented in Figure 7.17. 

The maximum deflection of the wall, which is of engineering interests, was found by reading 

off from the recorded time-history data and then correlated with its level up the height of the 

wall as shown in Figures 7.18 and 7.19 (for tests carried out using Impactor 1 and 2 

respectively). In addition, the maximum deflection value has also been correlated with the 

amount of impact energy as shown in Figure 7.20. It is shown that for a given amount of impact 

energy a higher impactor mass would always result in the wall deflecting more. This is evident 

by comparison of test results across Test A2 and A6; A3 and A8; and A4 and A10. Test A1, 

A2 and A11 were based on the same impactor mass and release height but resulted in different 

deflection profile. These observed differences can be explained by the wall possessing different 

flexural stiffnesses when subject to different states of cracking following repetitive testing; the 

wall was only partially cracked in Test A1 and A2 and more extensively cracked in Test A11. 

This proposition is supported by the amount of cracking that was observed on the wall surface 

(as presented later in this section). Similar inferences can be drawn from the maximum strain 

profiles which will be presented later in the section. Certain dubious recordings obtained from 

the laser sensor which was positioned at one-third height near the edge of the wall were 

discarded. 

  

(a) Test A1 (b) Test A2 
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(c) Test A3 (d) Test A4 

  

(e) Test A5 (f) Test A6 

  

(g) Test A7 (h) Test A8 
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(i) Test A9 (j) Test A10 

 

 

(k) Test A11  

Figure 7.17 Deflection time-histories recorded at top centreline of wall from Test Series A 
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(a) (b) 

Figure 7.18 Maximum wall deflection from Test Series A employing Impactor Object No. 1: (a) 

recordings at wall centreline; (b) recordings at wall edge 
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(a) (b) 

Figure 7.19 Maximum wall deflection from Test Series A employing Impactor Object No. 2: (a) 

recordings at wall centreline; (b) recordings at wall edge 

 

Figure 7.20 Maximum wall deflection vs impact energy in Test Series A 
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The amount of tensile strain experienced by reinforcing bars close to the base of the wall has 

also been recorded by strain gauges. Maximum strain values that were read off from strain 

gauges positioned along the length of the wall are presented in Figure 7.21(a) and (b) for tests 

employing the two impactor objects. Tensile and compressive strains are represented as 

positive and negative values respectively. It is shown that the reinforcing bars were responding 

within the yield limit of 0.0028 in Test Series A. Note that dubious strain measurements taken 

from a reinforcing bar which was positioned close to the edge of the wall (on the tension side) 

were discarded. The linear correlation between the maximum wall deflection and maximum 

strain in the reinforcement is demonstrated in Figure 7.22. Readings from individual strain 

gauges varied across the length of the wall. The conservative approach of taking the highest 

reading was adopted. Consequently, the lines representing linear correlation intercept at non-

zero strain values (and not at the origin) at zero deflection. 

 

(a) 
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(b) 

Figure 7.21 Maximum strain of reinforcement along wall length from Test Series A employing 

(a) Impactor Object No. 1; (b) Impactor Object No. 2 

 

Figure 7.22 Maximum strain of reinforcement vs maximum wall deflection 

Average strains have also been taken from the surface of the concrete by the use of a stacked 

arrangement of LVDTs as presented in Section 7.4.3. Average strain values were first obtained 

by dividing the measured displacement values by the spacing between individual LVDTs 

(which was 150 mm approximately). These calculated values were then corrected based on the 

amount of offset of the LVDTs from the concrete surface, as illustrated by the strain diagram 

presented in Figure 7.23. The neutral axis (NA) position was determined by the strain values 
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recorded from strain gauges (Figure 7.21). Note that the concrete strain results presented in 

Section 7.6.2 have also been corrected in a similar manner. Strain measurements presented in 

Figure 7.24 were taken up the height of the wall at its centreline whereas measurements 

presented in Figure 7.25 were taken at the base of the wall across half its length. Only 

compressive strains of concrete which are of engineering interests are presented herein. The 

concrete strain profiles presented in Figure 7.24 were derived from measurement by the LVDTs 

except that strain values at the base of the wall were derived from strain gauge reading instead. 

This is because of distortion of results reported by the LVDTs caused by crack opening at the 

base of the wall. As illustrated by a sketch in Figure 7.26, readings from LVDT (which was 

equivalent to the recorded shortening of LVDT) had a portion of fictitious measurement in 

addition to the actual concrete strain. 

 

Figure 7.23 Schematic diagram showing strain distribution across the wall thickness 

 

Compressive 

Side of Wall 

(Actual Strain) 

Tensile Side 

of Wall 

LVDT 

NA 

Centre of 

Wall Section 
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(a) (b) 

Figure 7.24 Concrete strain profiles on the compressive side of the wall (on the concrete surface) 

at the wall centreline for Test Series A employing (a) Impactor Object No. 1; (b) Impactor 

Object No. 2 

 

(a) 
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(b) 

Figure 7.25 Compressive strain of concrete at base of wall taken across its length from Test 

Series A employing (a) Impactor Object No. 1; (b) Impactor Object No. 2 

 

Figure 7.26 Zoomed in view of an LVDT at the base of the wall 

Cracks developed on the concrete surface during the tests have also been recorded and 

presented in the form of CAD drawings based on photographs taken after each test (refer Figure 

7.27). The grids shown in the figure represents the 150 x 150 mm grids drawn on the concrete 

surface prior to testing, whereas cracks developed by individual impact actions are shown by 

lines that are coloured in red. Cracks that extended to the base slab are shown as lines drawn 
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out of bound. Cracks that were developed on the two sides of the wall at the conclusion of Test 

Series A (i.e. Test A11) are also presented in Figure 7.27. It is shown that not many cracks 

were observed following the first three tests (where impact energy was very low). A significant 

level of cracking was developed in Test A4 when the height of release was raised to almost 

double of that in Test A3. Following Test A4, the extent of cracking was increased gradually 

following each test. The crack pattern observed on the front surface of the wall was mainly 

horizontal, whereas a triangular profile was observed on the rear surface. The nature of the 

crack development can be described as “well distributed”. 

Front View (Tensile Side) Rear View (Compressive Side) 

Test A1: 

 

Test A2: 

 

Test A3: 
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Test A4: 

 

Test A5: 

 

Test A6: 

 

Test A7: 
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Test A8: 

 

Test A9: 

 

Test A10: 

 

Test A11: 
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Test A11, Side Views: 

Front 

 

Rear Front 

 

Rear 

Figure 7.27 Crack pattern observed in Test Series A 

The velocity of impact can be inferred from images taken from the high-speed camera (HSC). 

Examples of such camera capture are shown in Figure 7.28. The measured velocity values of 

impact ( 𝑣0 ) are listed in Table 7.4 alongside calculated values (based on principles of 

conservation of energy for a given height of release). Discrepancies between the two sets of 

results are shown to be minor (within 5%). Dubious recordings from Test A1, A7 and A9 were 

discarded. The velocity of the impactor object on re-bounce (𝑣1) have also been obtained from 

a similar manner to provide an estimate of energy loss over the course of the impact. It was 

observed that the impactor did not rebound at all but instead brought to a stop by the impact or 

travelled in the same direction as the wall (with a much reduced velocity) and then striking the 

wall multiple number of times (in which case 𝑣1 is shown by the negative sign). It is noted that 

such multiple impact only occurred after the wall had experienced maximum deflection. Thus, 

the reported maximum deflection values and the corresponding strain measurements were 

recorded when the wall has only been subjected to the first strike.  
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(a) prior to impact (b) following the impact 

Figure 7.28 High speed images at point of contact in Test A8 immediately (a) prior to impact 

and (b) following the impact 

Table 7.4 Velocities prior to and following impact in Test Series A 

Test No. 
Release 

Height (m) 
Calculated 𝑣0 (m/s) Measured 𝑣0 (m/s) 𝑣1 (m/s) 

A2 0.2 1.98 1.93 0 

A3 0.5 3.13 3.08 -0.26 

A4 0.9 4.20 4.17 -0.57 

A5 1.4 5.24 5.18 -0.92 

A6 0.129 1.59 1.55 -0.17 

A8 0.322 2.51 2.48 -0.34 

A10 0.579 3.37 3.66 -0.69 

A11 0.2 1.98 1.91 -0.1 

 

7.6.2 Test Series D 

Similar to Test Series A, the flexural response behaviour of the wall has also been recorded in 

Test Series D. The deflection time-histories at recorded at the top centreline of the wall are 

presented in Figure 7.29. The recorded maximum deflection of the wall is presented in Figure 

7.30 for tests where the location of impact was close to the top of the wall at the centreline. 

Maximum deflection values recorded from Test Series A and D (which are characterised by 

similar amount of impact energy) are compared in Figure 7.31 to show the significant increase 

in the deflection of the wall when the steel plate has been removed (in Test Series D). 

 

𝒗𝟎 𝒗𝟏 
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(a) Test D1 (b) Test D2 

  

(c) Test D3 (d) Test D8 

Figure 7.29 Deflection time-histories recorded at top centreline of wall from Test Series D 

(impactor struck top of wall) 
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(a) (b) 

Figure 7.30 Maximum deflection values recorded from Test D1 to D3 and D8 (impactor struck 

top of wall): (a) recordings at wall centreline; (b) recordings at wall edge 

 

Figure 7.31 Maximum wall deflection vs impact energy in Test Series A and D employing 

Impactor Object No. 1 
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The amount of tensile strain experienced by reinforcing bars close to the base of the wall are 

presented in Figure 7.32. Again, it is shown from the test results that the reinforcing bars 

responded within the yield limit of 0.0028. 

Average concrete strain values have also been inferred from measurement using LVDTs. Strain 

values at the centreline of the wall are shown in Figure 7.33. Only compressive strains have 

been recorded. Strains measured across the length of the wall at its base are shown in Figure 

7.34. 

 

Figure 7.32 Maximum strain of reinforcement recorded along wall length from Test Series D 

where Impactor Object No. 1 struck the top of wall 
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Figure 7.33 Concrete strain profiles on the compressive side of the wall (on the concrete surface) 

for Test Series D when Impactor Object No. 1 struck the top of wall 

 

Figure 7.34 Compressive strain of concrete at the base of wall taken across its length from Test 

Series D where Impactor Object No. 1 struck the top of wall 
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Measured velocity values inferred from HSC images (such as that shown in Figure 7.35) are 

listed in Table 7.5. Again, the impactor did not rebound in the opposite direction following the 

impact. The impactor either came to a stop or travelled in the same direction as the wall at a 

much reduced velocity (represented by negative signs in Table 7.5). The impactor was found 

to strike the wall multiple times in a single test, but all that occurred after the wall had reached 

its maximum deflection. 

  

(a) (b) 

Figure 7.35 High speed images at point of contact in Test D8 immediately (a) prior to impact 

and (b) following the impact 

Table 7.5 Velocities of impactors before and after impact for Test Series D 

Test No. 
Release 

Height (m) 
Expected 𝑣0 (m/s) Measured 𝑣0 (m/s) 𝑣1 (m/s) 

D1 0.2 1.98 1.93 -0.17 

D2 0.5 3.13 3.08 -0.34 

D3 0.9 4.2 4.26 -0.34 

D8 1.4 5.24 5.1 -0.6 

 

  

𝒗𝟎 𝒗𝟏 
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7.7 Conclusions 

A full-scale impact experiment has been carried out on a RC wall specimen. Two impactor 

objects of different mass were used in the experiment. Only tests focusing on bending response 

behaviour of the wall have been documented in view of the aim of this research project. The 

following data and information as obtained from each of the impact tests have been presented: 

• Time-histories of the contact force as derived from measurements of an accelerometer 

that was attached to the impactor object. 

• Time-histories of the deflection of the stem wall as derived from measurements by the 

laser sensors. 

• Average strains of the longitudinal reinforcement placed in the stem wall based on 

reading from strain gauges that were attached to reinforcements at the base of the wall. 

• Maximum strains of the concrete surface as derived from LVDTs that were stacked 

vertically up the height of the wall at its centreline and at the base of the wall across its 

length. 

• The velocity of the impactor object prior to impact, and on re-bounce, as inferred from 

image capture by the high-speed camera. 

• Crack pattern that was developed on the surface of the stem wall following each strike. 

One important finding is that an impact scenario cannot be defined solely based on the impact 

energy as the relative mass between the target and the impactor (𝜆) also plays an important role. 

It is shown from the experimental results that a heavier impactor (with lower velocity) results 

in a larger target’s deflection when the amount of impact energy was kept the same. The 

increase in the value of 𝜆 due to the increase in the mass of the target (when a protective steel 

plate was present) has also been shown to reduce the maximum wall deflection. Similar 

conclusions can be drawn when observing the maximum tensile reinforcement strain at the 

base of the wall. Another key observation is that the impact response behaviour of the structure 

cannot be inferred from the maximum contact force applied to the structure. It has been shown 

that a lower contact force can result in a higher wall deflection and reinforcement strain. 
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Analytical Solution for Estimating Flexural 

Behaviour of Reinforced Concrete Wall 

8.1 Introduction 

This chapter is aimed at validating the displacement-based (DB) model developed in previous 

chapters concerning the bending response behaviour of a reinforced concrete (RC) stem wall. 

The model has been employed in Chapter 6 for RC design and verified against results from 

finite element (FE) modelling. Validation of the DB model will further be demonstrated using 

test results as reported in Chapter 7, including the measured maximum deflection of the stem 

wall as well as tensile reinforcement strain at the base of the wall.  
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8.2 Methodology for Estimating Wall Deflection 

A DB model was employed to predict the performance behaviour of the reinforced concrete 

barrier when subjected to the impact of a boulder on the stem wall causing it to deflect and 

bend. Detailed descriptions and derivations of the model can be found in Chapter 3 with 

example applications demonstrated in Chapter 6. The model takes different forms depending 

on the direction of impact, boundary conditions and whether the limit of yield has been 

surpassed when responding to the impact. For the design of the RC stem wall which is expected 

to respond within the elastic limit, the model takes the form of Equation (8.1). 

 

Δ =
𝑚𝑣0

2

√𝑚𝑘𝑐𝑟

√𝜆 (
1 + COR

1 + 𝜆
)

2

 (8.1) 

For an impact scenario defined by the boulder mass (𝑚) and impact velocity (𝑣0), the remaining 

input parameters to Equation (8.1) to be determined are the mass ratio (𝜆), coefficient of 

restitution (COR) and cracked stiffness (𝑘𝑐𝑟) of the stem wall. Parameter 𝜆 defines the ratio of 

the generalised mass of the target (𝜆𝑚) to the mass of the impactor (𝑚). The value of 𝜆𝑚 may 

be taken as a quarter of the mass of the stem wall based on established structural dynamics 

principles [29, 63, 205]. The expression of Equation (8.2) for determining the value of the COR 

parameter is based on Newton’s impact hypothesis. 

 
COR =

𝑣1 + 𝑣2

𝑣0
 (8.2) 

where 𝑣1 is the velocity of the boulder on rebounce from the wall surface, and 𝑣2 is the velocity 

of the idealised lumped mass representing the responding stem wall, as shown in Figure 8.1. 

However, for the case of a distributed mass of target such as a RC wall with substantial length, 

the velocity of the target varies along its length, as illustrated in Figure 8.2, and thus the target 

velocity cannot simply be measured experimentally. For such a scenario, the value of 𝑣2 can 

be calculated using Equation (8.3) which is based conservation of momentum principles. 

 
𝑣2 =

𝑣0 + 𝑣1

𝜆
 (8.3) 

Calculation for the value of the 𝑘𝑐𝑟 parameter representing the stiffness properties of the stem 

wall will be covered in detail in Section 8.3. 
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Before Impact 

 

After Impact 

 

  

Figure 8.1 Classical case of two lumped masses 

Before Impact 

 

After Impact 

 

  

Figure 8.2 Case of a distributed mass of target (plan view of wall) 
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8.3 Cracked Bending Stiffness of Reinforced Concrete Stem Wall 

Equation (8.4) for calculating the bending stiffness of a cracked reinforced concrete stem wall 

based on structural dynamics principles can be identical to the expression for calculating the 

static stiffness. 

 
𝑘𝑐𝑟 =

3𝐸𝐼𝑐𝑟

ℎ3
 (8.4) 

Given that the height of the stem wall (ℎ) is readily known, the only remaining input parameter 

to Equation (8.4) is the wall flexural rigidity (𝐸𝐼𝑐𝑟). Note that subscript 𝑐𝑟 denotes cracked 

concrete. Three methods may be used for calculating the value of 𝐸𝐼𝑐𝑟: 

1. Method 1 - by moment-curvature analysis which is executable using program Response 

2000 [179]. 

2. Method 2 - moment-curvature analysis by fibre-element analysis which can be 

implemented on an Excel spreadsheet as proposed by Lam et al. [206]. 

3. Method 3 - Simplified method of calculation employing Equations (8.5) to (8.7). 

Equation (8.5) is based on the well-established Whitney stress block model (as 

introduced in Ref. [207]). Equation (8.6) was derived by Priestley et al. [177] based on 

extensive moment-curvature analyses carried out on lightly (axially) loaded structural 

element which is consistent to the conditions of the stem wall of a rockfall barrier. 

 
𝑀𝑦 = 𝜙𝑀𝑢 = 0.8𝐴𝑠𝑡𝑓𝑦𝑑𝑒 (1 − 0.6

𝐴𝑠𝑡𝑓𝑦

𝐵𝑑𝑓𝑐
′
) (8.5) 

 
𝜙𝑦 =

1.7휀𝑠𝑦

𝐷
 (8.6) 

 
𝐸𝐼𝑐𝑟 =

𝑀𝑦

𝜙𝑦
 (8.7) 

As shown in Figure 8.3, curves showing the moment-curvature relationships as calculated from 

method nos. 1 and 2 are in very good agreement. The slope representing the initial stiffness in 

the bi-linear model may be taken as the value of the parameter 𝐸𝐼𝑐𝑟 (refer Figure 8.4). 
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Figure 8.3 Comparison of moment-curvature relationship derived from two different methods 

 

 

Figure 8.4 Bi-linear line of best fit 
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When applying method no. 3, parameters required for input into Equations (8.5) – (8.7) may 

be taken from values listed in Table 8.1. By substituting the listed values into Equations (8.5) 

and (8.6), the values of 𝑀𝑦 and 𝜙𝑦 were found to be 326 kNm and 0.021 rad/m respectively. 

The resulting value of 𝐸𝐼𝑐𝑟  is then compared with that obtained from Figure 8.4 alongside 

values of 𝑘𝑐𝑟  as listed in Table 8.2. Values of 𝐸𝐼𝑐𝑟  and 𝑘𝑐𝑟  as derived from the alternative 

methods of calculation have been found to be in very good agreement (refer Table 8.2). Results 

presented herein will be used in analyses presented in the later part of this chapter. 

Table 8.1 Parameters required for Equations (8.5) and (8.6) 

Parameters Values 

Section Depth, 𝐷 230 mm 

Wall Length, 𝐵 3000 mm 

Reinforcement Arrangement N20-200 

Cover 30 mm 

𝑑𝑒* 170 mm 

Tensile Bar Area, 𝐴𝑠𝑡 4712 mm2 

Yield Strength, 𝑓𝑦 543 MPa 

Yield Strain, 휀𝑠𝑦 0.0028 

Concrete Strength, 𝑓𝑐
′ 47 MPa 

*𝑑𝑒 is defined as the distance between the compressive surface of concrete and the centre of 

tensile bar 

Table 8.2 Comparison of 𝑬𝑰𝒄𝒓 and 𝒌𝒄𝒓 values calculated from different methods 

Parameters Figure 8.4 Equations (8.5) – (8.7) 

𝐸𝐼𝑐𝑟 (𝑘𝑁𝑚2) 16176 15744 

𝑘𝑐𝑟 (𝑘𝑁/𝑚) 14379 14000 
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8.4 Comparison of Predictions from the Proposed Model with 

Experimental Measurements 

All input parameters into the model are dependent on the impact scenario except for the value 

of the 𝑘𝑐𝑟 parameter which may be taken as constant: 𝑘𝑐𝑟 = 14379 𝑘𝑁/𝑚 across all scenarios. 

The parameter values as listed in below (Table 8.3) have been presented in Chapter 7 and are 

reproduced herein for ease of reference. In Test Series A, the mass of the protective steel plate 

(62.8 kg) is considered to be part of the “target”. The value of COR was calculated using 

Equation (8.2). The predicted maximum deflection values of the stem wall as calculated using 

Equation (8.1) are compared with experimental measurements (refer Figure 8.5). Tests with 

dubious measurements have been eliminated from the listing. 

Table 8.3 Input parameters to Equation (8.1) 

Test No. 𝑚 (kg) 𝜆𝑚 (kg) 𝜆 𝑣0 (m/s) 𝑣1 (m/s) 𝑣2 (m/s) COR 

A2 280 683.8 2.44 1.93 0 0.79 0.41 

A3 280 683.8 2.44 3.08 -0.26 1.15 0.29 

A4 280 683.8 2.44 4.17 -0.57 1.47 0.22 

A5 280 683.8 2.44 5.18 -0.92 1.74 0.16 

A6 435 683.8 1.57 1.55 -0.17 0.88 0.46 

A8 435 683.8 1.57 2.48 -0.34 1.36 0.41 

A10 435 683.8 1.57 3.66 -0.69 1.89 0.33 

A11 280 683.8 2.44 1.91 -0.1 0.74 0.34 

D1 280 621 2.22 1.93 -0.17 0.79 0.32 

D2 280 621 2.22 3.08 -0.34 1.24 0.29 

D3 280 621 2.22 4.26 -0.34 1.77 0.34 

D8 280 621 2.22 5.1 -0.6 2.03 0.28 

 

The maximum deflection value as calculated from the proposed model is shown as a straight 

line when overlaid on a graph in which the time-history of the deflection of the wall is presented 

(Figure 8.5). The maximum values of the deflection as obtained from calculation and from 

experimental measurements are shown to be in good agreement. Over-predictions can be seen 

in Test A2 and A3 in which case the stem wall was not fully cracked, and yet the calculations 

were based on the assumption of a fully cracked wall (with stiffness equal to 𝑘𝑐𝑟). In a follow-
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up test (A11) repeating the same impact scenario on a fully cracked wall, the calculated 

maximum deflection value was in much better agreement with the recorded value. 

  

(a) Test A2 (b) Test A3 

  

(c) Test A4 (d) Test A5 

  

(e) Test A6 (f) Test A8 
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(g) Test A10 (h) Test A11 

  

(i) Test D1 (j) Test D2 

  

(k) Test D3 (l) Test D8 

Figure 8.5 Comparison of deflection recorded from experiment and calculated from Equation 

(8.1) 
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8.5 Estimation of Tensile Reinforcement Strain 

Given that the value of the yield curvature (𝜙𝑦) of the stem wall has been calculated in Section 

8.3, being 0.021 rad/m, the value of the yield deflection (Δ𝑦) can be estimated using Equation 

(8.8), being 15.5 mm. 

 
Δ𝑦 =

𝜙𝑦ℎ2

3
 (8.8) 

The maximum strain 휀𝑠  of the tensile reinforcement may be linearly correlated with the 

maximum deflection of the wall as shown by Equations (8.9) and (8.10) in which the limit of 

yield (휀𝑠𝑦)  can be taken as 0.0028 (refer Table 8.1). 

 휀𝑠

휀𝑠𝑦
=

Δ

Δy
 (8.9) 

 
휀𝑠 = 휀𝑠𝑦 ×

Δ

Δy
 (8.10) 

By substituting the deflection values calculated from Section 8.4 into Equation (8.10), the value 

of 휀𝑠 for each test can be estimated. The calculated strain value is represented by a straight line 

when overlaid on a chart showing experimental measurements by a row of strain gauges 

positioned at the base of the stem wall across its length (Figure 8.6). The maximum recorded 

strain value for each test is then compared with the respective calculated value in Figure 8.7 in 

the form of a bar chart demonstrating good agreement. Where there are discrepancies the errors 

are always on the safe side. 
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(a) Test A2 

 

(b) Test A3 



Chapter 8: Analytical Solution for Estimating Flexural Behaviour of Reinforced Concrete Wall 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures 236 

 

 

(c) Test A4 

 

(d) Test A5 
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(e) Test A6 

 

(f) Test A8 
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(g) Test A10 

 

(h) Test A11 
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(i) Test D1 

 

(j) Test D2 
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(k) Test D3 

 

(l) Test D8 

Figure 8.6 Comparison of experimentally recorded tensile reinforcement strain with calculated 

results from Equation (8.10) 
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Figure 8.7 Comparison of maximum tensile reinforcement strain recorded from experiment and 

calculated from Equation (8.10) 

 

8.6 Conclusions 

The DB analytical model that was first introduced in Chapter 3 has been employed for 

predicting the flexural response behaviour of a RC wall when subjected to impact actions. The 

use of RC wall cracked stiffness (𝑘𝑐𝑟) has been shown to be appropriate in representing the 

actual wall stiffness under impact. It provided conservative estimates when the wall was 

partially cracked. All three proposed methods for estimating 𝑘𝑐𝑟 have been shown to provide 

similar value. The proposed model has been shown the provide accurate predictions of the 

response of the RC wall to the impact action delivered in the tests, including the maximum 

deflection at the top of the wall as well as the maximum tensile reinforcement strain at the base 

of the wall. Thus, the model may be used for checking the design of a RC stem wall to ensure 

that it would not surpass the yield limit for a range of projected critical impact scenarios. 
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Design Application - Rigid Rockfall Barrier 

9.1 Introduction 

Global response behaviour of a reinforced concrete (RC) barrier including overturning, sliding 

and bending actions when subject to solid object impact (e.g. a boulder) have been covered in 

the earlier chapter of the thesis. It is as important to utilise the developed analytical models to 

establish design methodologies, and to assess the structural performance behaviour of a rigid 

barrier with contemporary design office practices. Lateral pressure generated by debris flow 

has to be considered in the design of a rockfall barrier. This chapter is accordingly aimed at 

presenting the analytical solutions to the combined actions of boulder impact and debris flow. 

Section 9.2 provides some background information in relation to the modelling of transient 

force that is generated by debris flow. Sections 9.3, 9.4 and 9.5 are dedicated to the design for 

overturning, sliding and bending respectively. A design procedure which incorporates the use 

of the derived expressions is then introduced in each of these sections. In Section 9.6, the use 

of the proposed design methodology is illustrated with a worked example in which multiple 

debris surges are considered.  
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9.2 Force from Debris Flow 

Lateral force generated by debris flow (𝐹) can be calculated by the use of Equation (9.1) which 

is based on the hydro-dynamic model recommended in the design guideline GEO Report No. 

270 published by the Civil Engineering and Development Department (CEDD) of Hong Kong 

[14].  

 𝐹 = 𝛼𝜌𝑑𝑣0
2 sin 𝛽𝑑 ℎ𝑑𝐿 (9.1) 

where 𝛼 = dynamic pressure coefficient (taken to be 2.5 as recommended in GEO 

Report No. 270 

 𝜌𝑑 = density of debris flow 

 𝑣0 = debris velocity at impact 

 ℎ𝑑 = debris thickness 

 𝐿 = debris width which can be taken to be equal to the length of the barrier 

 𝛽𝑑 
= 

angle between the frontal face of the barrier and the direction of 

movement of the debris 

Similar hydro-dynamic model (as presented by Equation (9.1)) has also been recommended in 

guidelines published in Mainland China [208], Japan [209], Taiwan [210] and Canada [211], 

but with different values of dynamic pressure coefficient 𝛼, ranging from 1.0 to 1.5. Literature 

references on this topic (e.g. Refs. [212, 213]) have been reviewed by Proske et al. [214], and 

the value of 𝛼 was found to range from 1.0 to 2.5. 

In assessing the potential performance of the stem wall which is subject to bending, the 

effective length (𝐿𝑒𝑓𝑓) as opposed to the total length of the barrier should be used in order to 

be consistent with the wall stiffness (𝑘𝑐𝑟) considered; refer Equation (9.2). 

 𝐹 = 𝛼𝜌𝑑𝑣0
2 sin 𝛽𝑑 ℎ𝑑𝐿𝑒𝑓𝑓 (9.2) 

In the following sections, the lateral load generated by debris flow (𝐹) is taken to be quasi-

static in nature (i.e. time-independent) over the course of the boulder impact. Given that 

overturning and sliding actions are very “short lived” (typically of the order of 0.1 to 0.3 s), the 
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assumption of a time-independent lateral load over such a short duration would only result in 

minor modelling errors. Errors so incurred would always be on the safe side because of the 

conservatism of Equations (9.1) and (9.2) which are based on the instance when the lateral 

pressure generated by the debris flow reaches the peak value. 

The design impact scenarios considered in this chapter have been illustrated in Figure 2.1 of 

GEO Report No. 270 [14] in which multiple surges of debris are considered. 
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9.3 Design for Overturning Stability 

9.3.1 Derivation of Equations 

Consider a rigid barrier undergoing overturning rotation (Figure 9.1). The centre of gravity of 

the barrier is located at (�̅�, �̅�), or at a linear distance 𝑟 measured from the point of rotation. 

Gabion and deposited debris (if any) would need to be taken into account when determining 

the location of the centre of gravity (�̅�, �̅�). 

 

Figure 9.1 Barrier undergoing overturning movement 

As discussed in Chapter 3, the total amount of energy transferred to the barrier from the boulder 

impact and debris flow is transformed as gain in potential energy PE2  resulted from the 

rotational action of the barrier; refer Equation (9.3). 

 PE2 = 𝑀𝑔ΔC.G. (9.3) 

where 𝑀 = barrier mass (including mass of gabion and deposited debris, if any) 

 𝑔 = gravitational acceleration 

 ΔC.G. = amount of uplift of the centre of gravity of the barrier (Figure 9.1) 

The amount of kinetic energy generated by the impact action of the boulder (KE2) can be 

estimated using Equation (9.4). Detailed derivation of Equations (9.4) – (9.6) has been covered 

in Chapter 3. 
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KE2 =

1

2
𝑚𝑣0

2
𝜅ℎ𝑖

𝑅
(

1 + COR

1 + 𝜅
)

2

 (9.4) 

 𝜅 =
𝐼𝜃

𝑚ℎ𝑖𝑅
 (9.5) 

 COR =
𝑣1 + 𝑣2

𝑣0
 (9.6) 

where 𝑚 = boulder mass 

 𝑣0 = boulder impact velocity which is taken to be the same as debris velocity 

 ℎ𝑖 = impact height as shown in Figure 9.1 

 𝑅 = distance between the point of rotation and contact point between boulder 

and barrier 

 𝐼𝜃 = rotational inertia of barrier 

 𝑣1 = boulder's velocity on rebound in opposite direction 

 𝑣2 = barrier's velocity following impact 

It has been shown in Chapter 3 that combining Equation (9.3) with (9.4), would give an 

accurate estimate of the amount of rise in the position of the centre of gravity of the barrier 

(ΔC.G.). The use of Equations (9.3) and (9.4) has also been documented in TN 9/2016 [42] 

alongside expressions for calculating the value of 𝐼𝜃 for barriers of a range of geometries. 

The amount of additional energy delivered to the barrier resulted from debris flow (𝐸𝑑) can be 

estimated using Equation (9.7). 

 𝐸𝑑 = 𝐹Δi (9.7) 

where Δ𝑖 =  horizontal displacement of the barrier at the height of boulder impact 

Considering the geometry of the barrier (Figure 9.1), Equations (9.8) and (9.9) have been 

derived for determining the horizontal displacement of the barrier and the associated angle of 

rotation. 
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 Δi = ℎ𝑖 sin 𝜃 (9.8) 

 
𝜃 = sin−1 (

�̅� + ΔC.G.

𝑟
) − 𝛽 (9.9) 

Apply principles of conservation of energy as per Equation (9.10). 

 KE2 + 𝐸𝑑 = PE2 (9.10) 

Given Equation (9.10), a series of expressions can be derived for estimating the value of ΔC.G.; 

refer Equations (9.11) – (9.17). Detailed derivation of these expressions can be found in 

Appendix K. 

 
ΔC.G. =

−𝑒 − √𝑒2 − 4𝑑𝑓

2𝑑
 (9.11) 

where 𝑎 = KE2 +
𝐹ℎ𝑖�̅� cos 𝛽

𝑟
 (9.12) 

 𝑏 =
𝐹ℎ𝑖 cos 𝛽

𝑟
− 𝑀𝑔 (9.13) 

 𝑐 = 𝐹ℎ𝑖 sin 𝛽 (9.14) 

 𝑑 = 𝑏2 +
𝑐2

𝑟2
 (9.15) 

 𝑒 = 2𝑎𝑏 +
2𝑐2�̅�

𝑟2
 (9.16) 

 𝑓 = 𝑎2 − 𝑐2 +
𝑐2�̅�2

𝑟2
 (9.17) 

Equation (9.11) may present challenges to the average engineering practitioner who may not 

be familiar with the rather lengthy calculation procedure that is entailed. The alternative 

approach that can be adopted is to consider critical scenarios of the overturning action of the 

barrier. Two critical scenarios are presented herein. Scenario 1 is based on the condition where 

the barrier has rotated to such an extent that the displaced position of the centre of gravity is 

vertically above the point of rotation; refer Figure 9.2. 
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Figure 9.2 Critical overturning scenario 1 

Considering Figure 9.2, it can be shown that 

 ΔC.G.(crit) = 𝑟 − �̅� (9.18) 

Scenario 2 is based on the conditions where the overturning moment generated by the 

combined actions of boulder impact and debris flow exceed the restoring moment of the barrier 

attributed to its own weight; refer Figure 9.3. 

 

Figure 9.3 Critical overturning scenario 2 

The critical angle of overturning can be found by equating the overturning moment to the 

restoring moment, as shown by Equations (9.19) and (9.20). Note that the term 𝐹ℎ𝑖 may be 

taken as the total overturning moment which has incorporated actions from both the debris flow 

and the deposited debris (hydrostatic pressure) from the previous surge. 
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 𝑀𝑔𝑟 cos(𝜃crit + 𝛽) = 𝐹ℎ𝑖  (9.19) 

 
𝜃crit = cos−1 (

𝐹ℎ𝑖

𝑀𝑔𝑟
) − 𝛽 (9.20) 

The calculated value of the critical rotation 𝜃crit  can be substituted into Equations (9.8) and 

(9.9) to determine the amount of displacement of the barrier. Equations (9.21) and (9.22) can 

be used to perform this calculation. 

 Δ𝑖(crit) = ℎ𝑖 sin 𝜃crit (9.21) 

 ΔC.G.(crit) = 𝑟 sin(𝜃crit + 𝛽) − �̅� (9.22) 

It is evident in the comparison of Equation (9.18) with (9.22) that scenario 2 is more critical 

than scenario 1. Thus, scenario 2 should be taken as the governing scenario for stability 

assessment in the design of the barrier. 

The presented expressions are valid regardless of whether there are gabions and/or deposited 

debris, as the effects of such elements would have been taken into account in the calculation of 

mass 𝑀 and the location of centre of gravity (�̅�, �̅�).  
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9.3.2 Design Steps 

Two design methods are proposed herein for checking overturning stability of the barrier taking 

into considerations the combined actions of boulder impact and debris flow. Method No. 1 is 

more user-friendly and is expected to be much preferred by design practitioners whereas 

Method No. 2 involves a more complex, and less transparent, calculation procedure. 

Method No. 1 

1. Calculate kinetic energy demand for boulder impact. 

 

a. 
KE2 =

1

2
𝑚𝑣0

2
𝜅ℎ𝑖

𝑅
(

1 + COR

1 + 𝜅
)

2

 

b. 
𝜅 =

𝐼𝜃

𝑚ℎ𝑅
 

(Equations for calculating 𝐼𝜃 may be found in Chapter 3 of this thesis or TN 

9/2018 [42]) 

2. Calculate KE2(allowable) and check that KE2 < KE2(allowable) 

 

a. KE2(allowable) = 𝑀𝑔ΔC.G.(crit) − 𝐹Δ𝑖(crit) 

b. Δ𝑖(crit) = ℎ𝑖 sin 𝜃crit and ΔC.G.(crit) = 𝑟 sin(𝜃crit + 𝛽) − �̅� 

c. 
𝜃crit = cos−1 (

𝐹ℎ𝑖

𝑀𝑔𝑟
) − 𝛽 

(𝐹ℎ𝑖 includes overturning moment induced by deposited debris) 

Method No. 2 

1. Calculate centre of gravity uplift demand (ΔC.G.) for boulder impact and debris flow 

by the use of Equations (9.11) – (9.17). 

2. Calculate ΔC.G.(crit) by the use of Equation (9.22) and check that ΔC.G. < ΔC.G.(crit). 
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9.4 Design for Sliding Stability 

9.4.1 Derivation of Equations 

Consider a barrier undergoing sliding movement as shown in Figure 9.4. The mass of the wall 

is given the notation: 𝜆𝑚 (which is identified by another notation: 𝑀 in Section 9.3). 

 

Figure 9.4 Barrier undergoing sliding movement 

The total amount of energy transferred to the barrier from the combined action of boulder 

impact and debris flow is dissipated by work done (𝑊𝑓) which is estimated as the product of 

the frictional force 𝑓 at the base of the barrier and the amount of sliding (Δ𝑠); refer Equation 

(9.23). 

 𝑊𝑓 = 𝑓Δ𝑠 = 𝜇𝜆𝑚𝑔Δ𝑠 (9.23) 

where 𝜇 = coefficient of friction 

 𝜆𝑚 = barrier mass (including mass of gabion and deposited debris, if any) 

 Δ𝑠 = barrier sliding displacement 

The amount of kinetic energy delivered to the barrier in a boulder impact (KE2 ) can be 

estimated using Equation (9.24). Detailed derivation and validation of Equation (9.24) can be 

found in Chapter 3, Chapter 4 and Chapter 8. 



Chapter 9: Design Application – Rigid Rockfall Barrier 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures 253 

 

 
KE2 =

1

2
𝑚𝑣0

2𝜆 (
1 + COR

1 + 𝜆
)

2

 (9.24) 

It has been illustrated in Chapter 4 that by combining Equation (9.23) with Equation (9.24), the 

amount of sliding displacement (Δ𝑠) can be predicted with good accuracies. Note that Equation 

(9.23) can be re-written in the form of Equation (9.25) by taking into account vertical ground 

water pressure which has the tendency of causing uplift. 

 𝑊𝑓 = 𝜇(𝜆𝑚𝑔 − 𝑢𝐴)Δ𝑠 (9.25) 

where 𝑢 = hydraulic uplift pressure acting on the underside of the barrier 

 𝐴 = contact area between barrier base and ground surface 

 Δ𝑠 = sliding displacement 

Meanwhile, the amount of energy generated by debris flow (𝐸𝑑) can be found using Equation 

(9.26). 

 𝐸𝑑 = 𝐹Δ𝑠 (9.26) 

The amount of energy dissipated by soil nails can also be found using Equation (9.27). 

 𝐸𝑠𝑛 = 𝐹𝑠𝑛Δ𝑠 (9.27) 

where 𝐹𝑠𝑛 = total resistance of the soil nails 

Applying principles of conservation of energy: 

 KE2 + 𝐸𝑑 − 𝐸𝑠𝑛 = 𝑊𝑓 (9.28) 

Substituting Equations (9.24) – (9.27) into Equation (9.28) and then rearranging the terms 

results in Equation (9.29). 

 
Δ =

𝑚𝑣0
2

2(𝜇(𝜆𝑚𝑔 − 𝑢𝐴) + 𝐹𝑠𝑛 − 𝐹)
𝜆 (

1 + COR

1 + 𝜆
)

2

 (9.29) 

Equation (9.29) could be used to estimate the amount of sliding displacement Δ𝑠 which must 

be checked to ensure that it is within the acceptable limit. It is noted that the amount of lateral 
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load that is generated by debris flow would need to be exceeded by the frictional resistance in 

order to achieve stability in sliding. This condition is represented by Equation (9.30). 

 𝜇(𝜆𝑚𝑔 − 𝑢𝐴) + 𝐹𝑠𝑛 > 𝐹 (9.30) 

The presented expressions are valid regardless of whether or not there are gabions and/or 

deposited debris, as the effects of such elements should have been taken into account in the 

calculation of mass 𝜆𝑚. Note that the term 𝐹 in Equations (9.29) and (9.30) can also have the 

force generated by the deposited debris (hydrostatic pressure) included. 

9.4.2 Design Steps 

Checking the sliding stability of a barrier involves the following steps: 

1. Check that 𝜇(𝜆𝑚𝑔 − 𝑢𝐴) + 𝐹𝑠𝑛 > 𝐹. 

2. Calculate sliding displacement by the use of Equation (9.29) and check that it is within 

the allowable limit which is determined by the conditions of the site.  
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9.5 Design for Satisfactory Performance in Bending of Barrier 

Wall 

9.5.1 Derivation of Equations 

The total amount of energy that is delivered to the stem wall of the barrier from the combined 

actions of boulder impact and debris flow can be transformed in the form of strain energy, as 

shown by Equation (9.31). 

 
SE2 =

1

2
𝑘𝑐𝑟Δ𝑏

2  (9.31) 

where 𝑘𝑐𝑟 = cracked stiffness of stem wall 

 Δ𝑏 = stem wall deflection 

As for analysis for sliding action, the amount of kinetic energy delivered to the stem wall of 

the barrier by the impact of a boulder causing bending can be estimated using Equation (9.32). 

 
KE2 =

1

2
𝑚𝑣0

2𝜆 (
1 + COR

1 + 𝜆
)

2

 (9.32) 

where 𝜆 = ratio of generalised mass of stem wall to mass of the boulder 

The generalised mass (𝜆𝑚) of the barrier may be taken as a quarter of the mass of a section of 

the stem wall (of effective length 𝐿𝑒𝑓𝑓, which can be taken as twice the height of the stem 

wall, ℎ𝑠𝑡𝑒𝑚). 

Estimates for the value of Δ𝑏  based on combining Equations (9.31) with (9.32) have been 

demonstrated in Chapter 8 to be in close agreement with experimental recordings. 

Meanwhile, the amount of energy delivered by the action of debris flow (𝐸𝑑) can be estimated 

using Equation (9.33). 

 
𝐸𝑑 =

1

2
𝐹Δ𝑏 (9.33) 

Applying principles of conservation of energy: 
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 KE2 + 𝐸𝑑 = SE2 (9.34) 

Substituting Equations (9.31) and (9.33) into Equation (9.34) results in Equation (9.35). 

Detailed derivation of these expressions can be found in Appendix L. 

 
Δ𝑏 =

𝐹 + √𝐹2 + 8𝑘𝑐𝑟KE2

2𝑘𝑐𝑟
 (9.35) 

Note that wall stiffness 𝑘𝑐𝑟  should also be based on the effective length of 𝐿𝑒𝑓𝑓 = 2ℎ𝑠𝑡𝑒𝑚 

(except for cases where 2ℎ𝑠𝑡𝑒𝑚 > 𝐿 in which case 𝐿𝑒𝑓𝑓 is taken to be equal to 𝐿). Similarly, 

calculation for the lateral load generated by debris flow can also be based on 𝐿𝑒𝑓𝑓 as outlined 

in Section 9.2. 

9.5.2 Design Steps 

The design procedure for checking the satisfactory performance of the stem wall in bending is 

illustrated herein. Note that the design checks for bending only need to be carried out for the 

most critical case (i.e. the final surge of debris flow). 

1. Calculate cracked stiffness 𝑘𝑐𝑟. 

 

a. 
𝑘𝑐𝑟 =

3𝐸𝐼𝑐𝑟

ℎ𝑠𝑡𝑒𝑚
3  

b. 
𝐸𝐼𝑐𝑟 =

𝑀𝑦

𝜙𝑦
 

c. 
𝑀𝑦 = 0.8𝐴𝑠𝑡𝑓𝑦𝑑 (1 − 0.6

𝐴𝑠𝑡𝑓𝑦

𝐵𝑑𝑓𝑐
′
) 

d. 
𝜙𝑦 =

1.7휀𝑠𝑦

𝐷
 

2. Determine generalised mass of the stem wall 𝜆𝑚 which can be taken as a quarter of its 

total mass and calculate mass ratio 𝜆 = 𝜆𝑚/𝑚. 

3. Calculate KE2 by use of Equation (9.32). 

4. Calculate the value of the deflection demand Δ𝑏 by use of Equation (9.35). 

5. Calculate the value of Δ𝑦 and check that Δ𝑏 < Δ𝑦. 

 

Δ𝑦 =
𝜙𝑦ℎ𝑠𝑡𝑒𝑚

2

3
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9.6 Worked Example 

9.6.1 Design Event and Barrier Information 

The rigid barrier is designed to withstand a landslide event as specified in Table 9.1. Three 

debris surges are considered in this section for assessing the stability of the barrier (except for 

the assessment of flexural performance in which case only the final surge governs). 

Table 9.1 Design data for rigid barrier 

Input Parameters Values 

Boulder Diameter 1.5 m 

Boulder and Debris Velocity, 𝑣0 7 m/s 

COR 0.3 

Debris Density, 𝜌𝑑 1800 kg/m3 

Debris Thickness, ℎ𝑑 1.5 m 

 

Consider a rigid barrier with protection by gabions with density of 1500 kg/m3 (Figure 9.5). 

The length of the barrier is 10 m. Soil nails are to be designed to provide a total stabilisation 

force (𝐹𝑠𝑛) of 300 kN/m. The interface angle of friction (𝛿) between the underside of the 

reinforced concrete base slab and the ground surface is taken to be 28°. 

 

Figure 9.5 Dimensions of rigid barrier  
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9.6.2 General Calculations 

Parameters calculated in this section are valid for all stages of debris surges. 

𝑚 = 2650 ×
4

3
𝜋 (

1.5

2
)

3

= 4683 𝑘𝑔 

𝐹 = 𝛼𝜌𝑑𝑣0
2 sin 𝛽𝑑 ℎ𝑑𝐿 = 2.5 × 1800 × 72 × 1.5 × 10 = 3307.5 𝑘𝑁 

ℎ𝑠𝑡𝑒𝑚 = 5.5 − 1 = 4.5 𝑚 

𝑀𝑠𝑡𝑒𝑚 = 2450 × 0.8 × 4.5 × 10 = 88200 𝑘𝑔 

𝑀𝑏𝑎𝑠𝑒 = 2450 × 1 × 8 × 10 = 196000 𝑘𝑔 

𝑀𝑏𝑎𝑟𝑟𝑖𝑒𝑟 = 𝑀𝑠𝑡𝑒𝑚 + 𝑀𝑏𝑎𝑠𝑒 = 284200 𝑘𝑔 

𝐼𝜃 =
𝑀𝑠𝑡𝑒𝑚

3
(ℎ2 + ℎ𝑤𝑏𝑎𝑠𝑒) +

𝑀𝑏𝑎𝑠𝑒𝑙2

3
=

88200

3
(5.52 + 5.5(1)) +

196000(8)2

3
 

= 5.23 × 106 𝑘𝑔𝑚2 

�̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟 =
0.8(4.5) ×

0.8
2 + 8(1) ×

8
2

0.8(4.5) + 8(1)
= 2.88 𝑚 

�̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟 =
0.8(4.5) × (1 +

4.5
2 ) + 8(1) ×

1
2

0.8(4.5) + 8(1)
= 1.35 𝑚 

𝑟𝑏𝑎𝑟𝑟𝑖𝑒𝑟 = √�̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟
2 + �̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟

2 = √2.882 + 1.352 = 3.19 𝑚 

𝛽𝑏𝑎𝑟𝑟𝑖𝑒𝑟 = tan−1 (
�̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟

�̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟
) = tan−1 (

1.35

2.88
) = 0.439 𝑟𝑎𝑑 

𝜇 = tan 𝛿𝑖 = tan 28° = 0.53 
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9.6.3 Impact of the First Debris Surge 

9.6.3.1 General Calculations 

 

Figure 9.6 Impact of the first debris surge 

ℎ𝑖 = 1 + 1.5 = 2.5 𝑚 

ℎ𝑖(𝑑𝑒𝑏𝑟𝑖𝑠) = 1 +
1.5

2
= 1.75 𝑚 

𝑀 = 𝑀𝑏𝑎𝑟𝑟𝑖𝑒𝑟 = 284200 𝑘𝑔 

�̅� = �̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟 = 2.88 𝑚 

�̅� = �̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟 = 1.35 𝑚 

𝑟 = 𝑟𝑏𝑎𝑟𝑟𝑖𝑒𝑟 = 3.19 𝑚 

𝛽 = 𝛽𝑏𝑎𝑟𝑟𝑖𝑒𝑟 = 0.439 𝑟𝑎𝑑 

𝑅 = √ℎ𝑖
2 + 𝑤𝑠𝑡𝑒𝑚

2 = √2.52 + 0.82 = 2.63 𝑚  
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9.6.3.2 Overturing Stability Check 

Calculations of Kinetic Energy Demand for Boulder Impact 

𝜅 =
𝐼𝜃

𝑚ℎ𝑖𝑅
=

5.23 × 106 

4683(2.5)(2.63)
= 170.3 

KE2 =
1

2
𝑚𝑣0

2
𝜅ℎ𝑖

𝑅
(

1 + COR

1 + 𝜅
)

2

=
1

2
(4683)(7)2 (

170.3 × 2.5

2.63
) (

1 + 0.3

1 + 170.3
)

2

= 1072 𝐽 

Calculations of Allowable Kinetic Energy for Boulder Impact 

𝜃crit = cos−1 (
𝐹ℎ𝑖(𝑑𝑒𝑏𝑟𝑖𝑠)

𝑀𝑔𝑟
) − 𝛽 = cos−1 (

3307.5 × 1.75

284200 × 9.81 × 3.19
) − 0.439 = 0.42 𝑟𝑎𝑑 

Δ𝑖(crit) = ℎ𝑖(𝑑𝑒𝑏𝑟𝑖𝑠) sin 𝜃crit = 1.75 sin 0.42 = 0.72 𝑚 

ΔC.G.(crit) = 𝑟 sin(𝜃crit + 𝛽) − �̅� = 3.19 sin(0.42 + 0.439) − 1.35 = 1.06 𝑚 

KE2(allowable) = 𝑀𝑔ΔC.G.(crit) − 𝐹Δ𝑖(crit) = 284200 (9.81)(1.06) − 3307.5(0.72) 

= 590006  𝐽 

KE2 < KE2(allowable) 

Overturning stability is acceptable. 

9.6.3.3 Sliding Stability Check 

𝜆 =
𝑀

𝑚
=

284200 

4683
= 60.7 

𝜇(𝜆𝑚𝑔 − 𝑢𝐴) + 𝐹𝑠𝑛 = 0.53(60.7)(4683)(9.81) + 300(10) = 4478 𝑘𝑁 > 𝐹 

Δ =
𝑚𝑣0

2

2(𝜇(𝜆𝑚𝑔 − 𝑢𝐴) + 𝐹𝑠𝑛 − 𝐹)
𝜆 (

1 + COR

1 + 𝜆
)

2

 

=
4683(7)2

2(4478 − 3307.5)
(60.7) (

1 + 0.3

1 + 60.7
)

2

 

= 3 𝑚𝑚   

Sliding displacement of 3 mm is acceptable. 
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9.6.4 Impact of the Second Debris Surge 

9.6.4.1 General Calculations 

 

Figure 9.7 Impact of the second debris surge 

ℎ𝑖 = 1 + 1.5 + 1.5 = 4 𝑚 

ℎ𝑖(𝑑𝑒𝑏𝑟𝑖𝑠) = 1 + 1.5 +
1.5

2
= 3.25 𝑚 

ℎ𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 1.5 𝑚 

𝑀𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 1800 × 1.5 × (8 − 0.8) × 10 = 194400 𝑘𝑔 

�̅�𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 0.8 + 0.5(8 − 0.8) = 4.4 𝑚 

�̅�𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 1 +
1.5

2
= 1.75 𝑚 

𝑀 = 𝑀𝑏𝑎𝑟𝑟𝑖𝑒𝑟 + 𝑀𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 284200 + 194400 = 478600 𝑘𝑔 

�̅� =
𝑀𝑏𝑎𝑟𝑟𝑖𝑒𝑟�̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟 + 𝑀𝑑𝑒𝑝𝑜𝑠𝑖𝑡�̅�𝑑𝑒𝑝𝑜𝑠𝑖𝑡

𝑀
=

284200(2.88) + 194400 (4.4)

478600 
= 3.5 𝑚 

�̅� =
𝑀𝑏𝑎𝑟𝑟𝑖𝑒𝑟�̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟 + 𝑀𝑑𝑒𝑝𝑜𝑠𝑖𝑡�̅�𝑑𝑒𝑝𝑜𝑠𝑖𝑡

𝑀
=

284200(1.35) + 194400 (1.75)

478600 
= 1.5 𝑚 

𝑟 = √�̅�2 + �̅�2 = √3.52 + 1.52 = 3.81 𝑚 
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𝛽 = tan−1 (
�̅�

�̅�
) = tan−1 (

1.5

3.5
) = 0.408 𝑟𝑎𝑑 

𝑅 = √ℎ𝑖
2 + 𝑤𝑠𝑡𝑒𝑚

2 = √42 + 0.82 = 4.08 𝑚 

𝐹𝑑𝑒𝑝𝑜𝑠𝑖𝑡 =
1

2
𝜌𝑔ℎ𝑑𝑒𝑝𝑜𝑠𝑖𝑡

2 𝐿 =
1

2
(1800)(9.81)(1.5)2(10) = 198.7 𝑘𝑁 

ℎ𝑖(𝑑𝑒𝑝𝑜𝑠𝑖𝑡) = 𝑤𝑏𝑎𝑠𝑒 +
ℎ𝑑𝑒𝑝𝑜𝑠𝑖𝑡

3
= 1 +

1.5

3
= 1.5 𝑚 

 

9.6.4.2 Overturing Stability Check 

Calculations of Kinetic Energy Demand for Boulder Impact 

𝜅 =
𝐼𝜃

𝑚ℎ𝑖𝑅
=

5.23 × 106 

4683(4)(4.08)
= 68.5 

KE2 =
1

2
𝑚𝑣0

2
𝜅ℎ𝑖

𝑅
(

1 + COR

1 + 𝜅
)

2

=
1

2
(4683)(7)2 (

68.5 × 4

4.08
) (

1 + 0.3

1 + 68.5
)

2

= 2697 𝐽 

Calculations of Allowable Kinetic Energy for Boulder Impact 

𝜃crit = cos−1 (
𝐹ℎ𝑖(𝑑𝑒𝑏𝑟𝑖𝑠) + 𝐹𝑑𝑒𝑝𝑜𝑠𝑖𝑡ℎ𝑖(𝑑𝑒𝑝𝑜𝑠𝑖𝑡)

𝑀𝑔𝑟
) − 𝛽 

= cos−1 (
3307.5 × 3.25 + 198.7 × 1.5

478600 × 9.81 × 3.81
) − 0.408 = 0.5 𝑟𝑎𝑑 

Δ𝑖(crit) = ℎ𝑖 sin 𝜃crit = 4 sin 0.5 = 1.55 𝑚 

ΔC.G.(crit) = 𝑟 sin(𝜃crit + 𝛽) − �̅� = 3.81 sin(0.5 + 0.408) − 1.5 = 1.49 𝑚 

KE2(allowable) = 𝑀𝑔ΔC.G.(crit) − 𝐹Δ𝑖(crit) = 478600 (9.81)(1.49) − 3307.5(1.55) 

= 1847673  𝐽 

KE2 < KE2(allowable) 

Overturning stability is acceptable. 
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9.6.4.3 Sliding Stability Check 

𝜆 =
𝑀

𝑚
=

478600 

4683
= 102.2 

𝜇(𝜆𝑚𝑔 − 𝑢𝐴) + 𝐹𝑠𝑛 = 0.53(102.2)(4683)(9.81) + 300(10) = 5488 𝑘𝑁 > 𝐹 

Δ =
𝑚𝑣0

2

2(𝜇(𝜆𝑚𝑔 − 𝑢𝐴) + 𝐹𝑠𝑛 − 𝐹)
𝜆 (

1 + COR

1 + 𝜆
)

2

 

=
4683(7)2

2(5488 − 3307.5 − 198.7)
(102.2) (

1 + 0.3

1 + 102.2
)

2

 

= 0.94 𝑚𝑚 (rounded up to 1 mm) 

Sliding displacement of 1 mm is acceptable.  
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9.6.5 Impact of the Third (Final) Debris Surge 

9.6.5.1 General Calculations 

 

Figure 9.8 Impact of the third debris surge 

ℎ𝑖 = 1 + 3 + 1.5 = 5.5 𝑚 

ℎ𝑖(𝑑𝑒𝑏𝑟𝑖𝑠) = 1 + 3 +
1.5

2
= 4.75 𝑚 

ℎ𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 3 𝑚 

𝑀𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 1800 × 3 × (8 − 0.8) × 10 = 388800 𝑘𝑔 

�̅�𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 0.8 + 0.5(8 − 0.8) = 4.4 𝑚 

�̅�𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 1 +
3

2
= 2.5 𝑚 

𝑀 = 𝑀𝑏𝑎𝑟𝑟𝑖𝑒𝑟 + 𝑀𝑑𝑒𝑝𝑜𝑠𝑖𝑡 = 284200 + 388800 = 673000 𝑘𝑔 

�̅� =
𝑀𝑏𝑎𝑟𝑟𝑖𝑒𝑟�̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟 + 𝑀𝑑𝑒𝑝𝑜𝑠𝑖𝑡�̅�𝑑𝑒𝑝𝑜𝑠𝑖𝑡

𝑀
=

284200(2.88) + 388800 (4.4)

673000 
= 3.76 𝑚 

�̅� =
𝑀𝑏𝑎𝑟𝑟𝑖𝑒𝑟�̅�𝑏𝑎𝑟𝑟𝑖𝑒𝑟 + 𝑀𝑑𝑒𝑝𝑜𝑠𝑖𝑡�̅�𝑑𝑒𝑝𝑜𝑠𝑖𝑡

𝑀
=

284200(1.35) + 388800 (2.5)

673000 
= 2.02 𝑚 

𝑟 = √�̅�2 + �̅�2 = √3.762 + 2.022 = 4.27 𝑚 
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𝛽 = tan−1 (
�̅�

�̅�
) = tan−1 (

2.02

3.76
) = 0.492 𝑟𝑎𝑑 

𝑅 = √ℎ𝑖
2 + 𝑤𝑠𝑡𝑒𝑚

2 = √5.52 + 0.82 = 5.56 𝑚 

𝐹𝑑𝑒𝑝𝑜𝑠𝑖𝑡 =
1

2
𝜌𝑔ℎ𝑑𝑒𝑝𝑜𝑠𝑖𝑡

2 𝐿 =
1

2
(1800)(9.81)(3)2(10) = 794.6 𝑘𝑁 

ℎ𝑖(𝑑𝑒𝑝𝑜𝑠𝑖𝑡) = 𝑤𝑏𝑎𝑠𝑒 +
ℎ𝑑𝑒𝑝𝑜𝑠𝑖𝑡

3
= 1 +

3

3
= 2 𝑚 

 

9.6.5.2 Overturing Stability Check 

Calculations of Kinetic Energy Demand for Boulder Impact 

𝜅 =
𝐼𝜃

𝑚ℎ𝑖𝑅
=

5.23 × 106 

4683(5.5)(5.56)
= 36.6 

KE2 =
1

2
𝑚𝑣0

2
𝜅ℎ𝑖

𝑅
(

1 + COR

1 + 𝜅
)

2

=
1

2
(4683)(7)2 (

36.6 × 5.5

5.56
) (

1 + 0.3

1 + 36.6
)

2

= 4974 𝐽 

Calculations of Allowable Kinetic Energy for Boulder Impact 

𝜃crit = cos−1 (
𝐹ℎ𝑖(𝑑𝑒𝑏𝑟𝑖𝑠) + 𝐹𝑑𝑒𝑝𝑜𝑠𝑖𝑡ℎ𝑖(𝑑𝑒𝑝𝑜𝑠𝑖𝑡)

𝑀𝑔𝑟
) − 𝛽 

= cos−1 (
3307.5 × 4.75 + 794.6 × 2

673000 × 9.81 × 4.27
) − 0.492 = 0.42 𝑟𝑎𝑑 

Δ𝑖(crit) = ℎ𝑖 sin 𝜃crit = 5.5 sin 0.42 = 2.23 𝑚 

ΔC.G.(crit) = 𝑟 sin(𝜃crit + 𝛽) − �̅� = 4.27 sin(0.42 + 0.492) − 2.02 = 1.35 𝑚 

KE2(allowable) = 𝑀𝑔ΔC.G.(crit) − 𝐹Δ𝑖(crit) = 673000 (9.81)(1.35) − 3307.5(2.23) 

= 1544108 𝐽 

KE2 < KE2(allowable) 

Overturning stability is acceptable. 
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9.6.5.3 Sliding Stability Check 

𝜆 =
𝑀

𝑚
=

679750 

4683
= 143.7 

𝜇(𝜆𝑚𝑔 − 𝑢𝐴) + 𝐹𝑠𝑛 = 0.53(143.7)(4683)(9.81) + 300(10) = 6500 𝑘𝑁 > 𝐹 

Δ =
𝑚𝑣0

2

2(𝜇(𝜆𝑚𝑔 − 𝑢𝐴) + 𝐹𝑠𝑛 − 𝐹)
𝜆 (

1 + COR

1 + 𝜆
)

2

 

=
4683(7)2

2(6500 − 3307.5 − 794.6)
(143.7) (

1 + 0.3

1 + 143.7
)

2

 

= 0.56 𝑚𝑚 (rounded up to 0.6 mm) 

Sliding displacement of 0.6 mm is acceptable. 

9.6.5.4 Checking of Stem Wall for Bending 

Reinforcement details of the rigid barrier and gabion cushion details are selected as specified 

in Table 9.2. 

Table 9.2 Reinforcement details 

Parameters Values 

Compression strength of concrete (𝑓𝑐
′) 32 MPa 

Bar diameter 40 mm 

Spacing 140 mm 

Cover thickness 40 mm 

Tensile strength of reinforcement (𝑓𝑦) 500 MPa 

Elastic modulus of concrete (𝐸𝑠) 200 GPa 

 

Longitudinal reinforcement: 40 mm dia. high tensile bars at 140 mm spacing (T40-140). 

Calculation on per metre length of wall basis: 

𝐴𝑠𝑡 =
1000

140
× 𝜋 (

40

2
)

2

= 8976 𝑚𝑚2/𝑚  

𝑀𝑦 = 0.8𝐴𝑠𝑡𝑓𝑦𝑑 (1 − 0.6
𝐴𝑠𝑡𝑓𝑦

𝐵𝑑𝑓𝑐
′
) 
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= 0.8 × 8976 × 500 × 740 × (1 − 0.6 ×
8976 × 500

1000 × 740 × 32
) × 10−6 = 2355 𝑘𝑁𝑚/𝑚 

𝐿𝑒𝑓𝑓 = 2(𝐿 − 𝑊𝑏𝑎𝑠𝑒) = 2 × (5.5 − 1) = 9 𝑚 

𝑀𝑦 = 2355 × 9 = 21195 𝑘𝑁𝑚 

휀𝑠𝑦 =
𝑓𝑦

𝐸𝑠
=

500

200000
= 0.0025 

𝜙𝑦 =
1.7휀𝑠𝑦

𝐷
=

1.7(0.0025)

0.8
= 0.0053 𝑟𝑎𝑑/𝑚 

𝐸𝐼𝑐𝑟 =
𝑀𝑦

𝜙𝑦
=

21195 

0.0053
= 4000000 𝑘𝑁𝑚2 

𝑘𝑐𝑟 =
3𝐸𝐼𝑐𝑟

ℎ𝑠𝑡𝑒𝑚
3 =

3(4000000 )

4.53
= 131687 𝑘𝑁/𝑚 

𝜆𝑚 = 0.25 × 0.8 × 9 × 4.5 × 2450 = 19845 𝑘𝑔 

𝜆 =
𝜆𝑚

𝑚
=

19845

4683
= 4.24 

KE2 =
1

2
𝑚𝑣0

2𝜆 (
1 + COR

1 + 𝜆
)

2

=
1

2
(4683)(7)2(4.24) (

1 + 0.3

1 + 4.24
)

2

= 29951 𝐽 

Given that the wall stiffness 𝑘𝑐𝑟 was calculated on the basis of wall length =  𝐿𝑒𝑓𝑓 (and not the 

entire wall length 𝐿), the lateral load from debris flow is also based on the same length: 

𝐹 = 𝛼𝜌𝑑𝑣0
2 sin 𝛽𝑑 ℎ𝑑𝐿𝑒𝑓𝑓 = 2.5 × 1800 × 72 × 1.5 × 9 = 2977 𝑘𝑁 

Δ𝑏 =
𝐹 + √𝐹2 + 8𝑘𝑐𝑟KE2

2𝑘𝑐𝑟
=

2977 + √29772 + (8 × 131687 × 29951 )

2 × 131687
= 35 𝑚𝑚 

Δy =
𝜙𝑦ℎ𝑠𝑡𝑒𝑚

2

3
=

0.0053 × 4.52

3
= 36 𝑚𝑚 

Δ𝑏 < Δ𝑦 

The stem wall responds within the limit of yield.  
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Conclusions and Recommendations 

10.1 Summary and Conclusions 

This research project investigates different aspects of global response behaviour of a rigid 

reinforced concrete (RC) barrier when subjected to solid object impact. The major findings that 

have been observed from each chapter are summarised and concluded in the following 

paragraphs. 

Chapter 2 presented a critical review of the predictive models available in the literature for the 

design of impact-resistant structures. These models can be categorised into either 

displacement-based (DB) or force-based (FB). Based on an extensive literature review, it has 

been found that the FB model ignores important phenomena such as inertial effects and can 

often result in over-predictions of the target displacement demand. Expressions involved in the 

FB model normally represent the peak contact force that is developed at the point of contact 

between the impactor and the surface of the target. This contact force should not be applied 

quasi-statically to the target for estimating its global response behaviour such as bending and 

overturning. By reviewing the experimental investigations reported in the literature, it was 

found that the robustness of instrumentation was often compromised by the scale of experiment. 

Well instrumented tests were mostly performed on a smaller scale in the form of vertical drop 
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tests. There is a general lack of instrumentation for measuring target deflection and steel strain 

(both of which govern the bending response behaviour of target structure) in large-scale 

horizontal impact tests on a RC barrier. Such tests were mostly carried out in an open field 

where good quality instrument was difficult to put in place. 

In Chapter 3, a DB analytical model for estimating the amount of rotation of a free-standing 

rectangular rigid barrier were presented in the form of closed-form expressions. It was assumed 

in the model that the impactor strikes the top of the barrier resulting solely in overturning action. 

The model has been verified with the use of physical experimentation and numerical 

simulations involving finite element (FE) modelling. It was found that a taller barrier is less 

susceptible to overturning failure as compared to a shorter barrier because of the larger amount 

of inertial resistance developed in the taller barrier. Such finding which is counter-intuitive to 

the conventional FB design principles has profound implications to the design of rigid barriers. 

The analytical model has also been generalised for barriers that are non-rectangular in geometry 

such as a L-shaped barrier. Parametric studies have been conducted on an actual L-shaped 

rockfall barrier using the verified analytical model. The conventional FB design approach has 

been shown to be overly conservative as compared to the DB approach. The over-conservatism 

is because of the lack of consideration of the inertial resistance of the barrier arising from its 

own the self-weight and the actual amount of energy transmitted to it. 

Similar to Chapter 3, the main concern of Chapter 4 is also on the overall stability of the barrier. 

The difference is that the impactor is assumed to strike the barrier at a much lower location 

resulting in pure sliding action. A DB analytical model has been developed and validated by 

laboratory experiments. The model has also been modified to take into account uplift pressure 

generated by groundwater pressure. It has been shown that the proposed model is scale-

independent when compared with the FE simulations of a full-scale rigid barrier which is 

expected given that the analytical solution was derived from fundamental principles of energy 

and momentum. Parametric studies carried out on the full-scale barrier have shown that the 

amount of sliding displacement can be heavily dependent on the concrete-soil interface friction 

angle. Another parameter COR that represents the amount of energy loss (lower COR represent 

higher amount of energy lost during an impact) has also been shown to have significant effects 

on the sliding displacement demand. More importantly, the increase in the ratio of barrier mass 

to impactor mass, which is a parameter within the control of a designer, has been shown to 

reduce the sliding displacement significantly. 
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Once the overall stability of barriers has been assessed in Chapter 3 and 4, the next focus of 

the research project is on the bending response behaviour of impact-resistant structures. A few 

relevant predictive models reviewed in Chapter 2 were employed in Chapter 5, and the results 

from these models were compared with two independent experimental investigations reported 

in the literature. Note that both experiments chosen in this chapter were carried out on simply 

supported RC beam specimens in the form of vertical drop test due to a lack of well 

instrumented horizontal impact test on RC barrier in the literature. The database of recorded 

results from the impact tests has been augmented by numerically simulated results based on 

the use of FE models that had been validated against the test results. The simulations have 

extended the database to an impact velocity of 18 m/s which could not have been achieved in 

the reported testing programs. It was shown from systematic comparisons of results that the 

DB analytical model (which was derived from the same methodology as that shown in Chapter 

3 and 4) provided the most accurate predictions of the deflection demand of the RC beam 

specimens when compared with both the physical test results and the numerically simulated 

results. The proposed model has also been shown to provide accurate estimates of ultimate 

performance behaviour of a RC beam provided that the plastic hinge length has been estimated 

accurately in the calculation. It was found that predictions based on the use the plastic hinge 

model proposed by Priestley et al. [177] show the closest match to the experimentally recorded 

results in most of the test. 

The FE model so developed and verified in Chapter 5 has also been utilised in Chapter 6 to 

undertake a series of parametric studies on a RC barrier. All input parameters to the model 

were kept the same except for the model geometries, boundary conditions and impact direction. 

The modified models were based on a rigid RC barrier wall with realistic dimensions and 

impact scenarios. The RC barriers were first designed based on a target displacement at the 

threshold of yielding of the vertical longitudinal reinforcement. Calculations of the target 

displacement was carried out using the proposed DB analytical model, similar to those used in 

the previous chapters. Satisfactory performance of the wall consistent with the design criterion 

has been verified by FE numerical simulations by ensuring that the maximum reinforcement 

strain did not exceed its yield limit. The parametric studies were then carried out by varying 

the horizontal to vertical reinforcement ratio, barrier wall dimensions, layer of reinforcement, 

impact height and impactor shape. It was found that most of these parameters did not have 

significant effects on the deflection and strain demand of the barrier. The proposed design 

methodology was shown to be on the conservative side. Hence, the proposed design 
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methodology was used for designing the RC specimen in the full-scale impact experimental 

program forming part of this research project (re Chapter 7). 

Chapter 7 presents the details of a full-scale pendulum style impact experiment carried out on 

a 3 m wide, 1.5 m tall and 0.23 m thick RC wall with a base slab measured 1.23 m in length 

and 0.5 m in thickness. Two impactors with mass of 280 kg and 435 kg were employed to strike 

very close to the top edge of the RC wall. Multiples tests were conducted with and without a 

protective steel plate which was attached to the wall. Over 60 pieces of instruments were 

employed to measure the velocity and acceleration of the impactor, impact conditions at the 

vicinity of contact, response behaviour of the wall and the corresponding material strains. 

Similar to the trend shown by the DB model used in the previous chapters, it was shown from 

the experimental results that the mass ratio is a key parameter affecting the bending response 

behaviour of the RC wall. Wall deflection and reinforcement strain were monitored throughout 

the experimental program and the wall was shown to respond within its elastic limit. As such, 

the design methodology proposed in Chapter 6 has been shown to provide satisfactory 

performance of the wall. 

Chapter 8 presents a step-by-step illustration of the DB design procedure for estimating wall 

deflection and tensile reinforcement strain. Three different methods have been used for 

estimating the cracked stiffness of the wall. Results so obtained from these methods were 

shown to be in good agreement. Other input parameters were based on measurements from the 

experiments. The deflection and reinforcement strain values so predicted from the analytical 

model were shown to provide accurate estimates when compared with experimental results. 

The use of cracked stiffness was shown to give conservative estimates when the wall was only 

partially cracked in the first few tests. The estimates were much closer to the test results when 

the wall was fully cracked. 

All the analytical models that have been developed in this research project are displacement-

based and presented in closed-form expressions. These models are simple to apply and have 

been verified against experimental results. A summary of the models is shown in Table 10.1 

for different types of barrier response behavior, alongside the allowable displacement that may 

be used for checking design solution.  
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Table 10.1 Summary of analytical models for different barrier response behaviours 

Behaviour of Barrier Displacement Demand Allowable Displacement 

Overturning 

Rectangular ΔC.G. =
𝑚𝑣0

2

2𝑀𝑔

𝜅ℎ𝑖

𝑅
(

1 + COR

1 + 𝜅
)

2

 

 

𝜅 =
𝐼𝜃

𝑚ℎ𝑖𝑅
 

ΔC.G.(crit) = 𝑟 −
ℎ

2
 

Other 

Geometries 
ΔC.G.(crit) = √�̅�2 + �̅�2 − �̅� 

Sliding 

Without 

Groundwater 

Pressure 
Δ =

𝑣0
2

2𝜇𝑔
(

1 + COR

1 + 𝜆
)

2

 

Site Dependent 

With 

Groundwater 

Pressure 

Δ =
𝑚𝑣0

2

2𝜇(𝜆𝑚𝑔 − 𝑢𝐴)

× 𝜆 (
1 + COR

1 + 𝜆
)

2

 

Bending Δ =
𝑚𝑣0

2

√𝑚𝑘𝑐𝑟

√𝜆 (
1 + COR

1 + 𝜆
)

2

 

𝜙𝑦 =
1.7휀𝑠𝑦

𝐷
 

 

Δ𝑦 =
𝜙𝑦ℎ2

3
 

 

It is noted that the models presented in Table 10.1 are only applicable to barriers that are 

subjected to solid object impact. Chapter 9 presents a comprehensive design methodology by 

utilising the presented models and incorporating lateral pressure from debris flow using 

existing hydro-dynamic model. A design example has been documented to demonstrate step-

by-step implementation of the proposed methodology of calculation.  
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10.2 Recommendations for Further Research 

This research project has studied different types of response behaviour of RC barriers, and 

analytical models were developed for each behaviour. The project can be extended further by 

considering the following recommendations: 

1. This research project is primarily focused on bare RC barrier impact, i.e. no cushion 

protective layer has been employed in the models and experimental program. When 

these barriers are subjected to an impact action, the transfer of momentum will be 

instantaneous since both the impactor and the target barrier are hard objects. Further 

work will be required to verify the analytical solution for barriers which are shielded 

by a deformable cushion layer as the contact duration becomes prolonged. Note that 

the use of cushion layer is only appropriate for barriers in mountainous region (such 

as rockfall barriers) as opposed to barriers in built up areas (such as vehicular barriers). 

2. Localised damage to the concrete surface such as scabbing and punching shear has not 

been modelled in this project. Energy loss at the vicinity of contact has been 

parametrised (by COR) to accurately predict the bending response behaviour, but the 

amount of localised damage needs to be estimated separately. This involves modelling 

the contact force which is delivered by a hard impactor object as opposed to the 

reaction force, which controls the destabilising action on the barrier as a whole. 

3. For the purpose of design, only the pre-yield behaviour of the barrier has been analysed. 

The design methodology was proposed accordingly. Post-yield analyses have only 

been carried out on RC beam specimens, and there are potentials of having the 

methodology extended to the design of a RC barrier wall. In the case of a RC barrier 

wall, bending failure might not be the only post-yield failure mode as punching shear 

will also need to be considered. 

4. Overturning, sliding and bending response behaviour of a barrier were analysed 

individually, and only one of these behaviours was allowed to take place at a time in 

the experimental and numerical investigations. It was proposed that each of these 

behaviours to be checked against the allowable displacement in order to result in a safe 

design. Realistically, an impacted barrier often experienced a combination of transient 

actions. The presented analytical models may be improvised to incorporate provisions 

to withstand all possible combination of those transient actions including the impact 

of a fallen boulder and lateral pressure generated by debris flow. 
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5. The analytical models proposed in this thesis are limited to a single degree of freedom 

structure, i.e. a standalone barrier. For a multi degree of freedom structure, such as a 

vehicular barrier erected on a bridge deck which is in turn connected to a bridge pier, 

the force transferred from the superstructures to the substructures can be affected 

significantly by the inertial resistance developed in different parts of the structure along 

the load path. Modelling of such inertial resistance would be essential in terms of 

achieving optimised design solutions. 
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Appendix A 

Comparison of Equation (2.1) of the Non-linear Contact Force Model with 

Equation (2.9) from Model Used in GEO Report No. 270 

Equations (2.4) – (2.7) from the non-linear contact force model are reproduced in below as 

Equations (A.1) – (A.4). 

 𝐹𝑐 = 𝑘 (
𝑝 + 1

2𝑘
𝑚𝑣0

2)

𝑝
𝑝+1

 (A.1) 

 𝑝 = 1.5 (A.2) 

 
𝑘 =

4

3
𝐸√𝑅 

(A.3) 

 1

𝐸
=

1 − 𝜈1
2

𝐸1
+

1 − 𝜈2
2

𝐸2
 (A.4) 

Equations (2.9) – (2.13) from GEO Report No. 270 are reproduced in below as Equations (A.5) 

– (A.9). 

 𝐹 = 𝐾𝑐𝑛𝛼1.5 
(A.5) 

 
𝑛 =

4𝑟𝑏
0.5

3𝜋(𝑘𝑏 + 𝑘𝐵)
 (A.6) 

 
𝛼 = (

5𝑚𝑏𝑣𝑏
2

4𝑛
)

0.4

 (A.7) 

 
𝑘𝑏 =

1 − 𝜇𝑏
2

𝜋𝐸𝑏
 (A.8) 

 
𝑘𝐵 =

1 − 𝜇𝐵
2

𝜋𝐸𝐵
 (A.9) 

Substitute Equation (A.8) and (A.9) into Equation (A.6) gives Equation (A.10). 
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𝑛 =

4𝑟𝑏
0.5

3𝜋 (
1 − 𝜇𝑏

2

𝜋𝐸𝑏
+

1 − 𝜇𝐵
2

𝜋𝐸𝐵
)

=
4𝑟𝑏

0.5

3 (
1 − 𝜇𝑏

2

𝐸𝑏
+

1 − 𝜇𝐵
2

𝐸𝐵
)

 
(A.10) 

As for Equation (A.4), the effective Young’s modulus 𝐸 is defined by Equation (A.11). 

 
1

𝐸
=

1 − 𝜇𝑏
2

𝐸𝑏
+

1 − 𝜇𝐵
2

𝐸𝐵
 (A.11) 

Substituting Equation (A.11) into Equation (A.10) gives Equation (A.12). 

 𝑛 =
4

3
𝑟𝑏

0.5𝐸 (A.12) 

By comparing Equation (A.3) and (A.12), it is shown that 𝑘 from the non-linear contact model 

is effectively the same as 𝑛 from the GEO Report No. 270, i.e. 

 𝑛 = 𝑘 (A.13) 

Substituting Equations (A.7) and (A.13) into Equation (A.5) gives Equation (A.14). 

 𝐹 = 𝐾𝑐𝑘 ((
5𝑚𝑏𝑣𝑏

2

4𝑘
)

0.4

)

1.5

= 𝐾𝑐𝑘 (
2.5

2𝑘
𝑚𝑣0

2)

1.5
2.5

= 𝐾𝑐𝑘 (
1.5 + 1

2𝑘
𝑚𝑣0

2)

1.5
1.5+1

 (A.14) 

By adopting the 𝑝 value from Equation (A.2), Equation (A.14) can be re-written as Equation 

(A.15). 

 𝐹 = 𝐾𝑐𝑘 (
𝑝 + 1

2𝑘
𝑚𝑣0

2)

𝑝
𝑝+1

 (A.15) 

By comparing Equation (A.1) from the non-linear contact force model with Equation (A.15) 

from GEO Report No. 270, it is shown that both models are identical except for a load reduction 

factor of 𝐾𝑐 in the model of the GEO Report No. 270. 
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Appendix B 

The Equivalence of Equation (2.38) of CEB Model and Equation (2.31) of 

DB Model 

Equation (2.41) can be derived from both the CEB model and the DB model. 

CEB Model: 

Equation (2.38) is reproduced as Equation (B.1) in below. 

 𝜑𝑝𝑙,𝑟 =
𝐸𝐾𝐼𝑁 − 𝐸𝑚𝑎𝑥,𝑒𝑙

𝑀𝑝𝑙
 (B.1) 

Equation (2.34) is reproduced as Equation (B.2) in below. 

 𝐸𝐾𝐼𝑁 =
𝑚2

2(𝑚 + 𝑚𝑡𝑎𝑟𝑔𝑒𝑡)
𝑣0

2 =
1

1 + 𝜆

𝑚𝑣0
2

2
 (B.2) 

since 𝑚𝑡𝑎𝑟𝑔𝑒𝑡 = 𝜆𝑚 

Equation (2.37) is reproduced as Equation (B.3) in below. 

 𝐸𝑚𝑎𝑥,𝑒𝑙 =
𝐿

6𝐸𝐼
𝑀𝑝𝑙

2  (B.3) 

Substituting Equation (B.2) and (B.3) into (B.1) gives Equation (B.4) which is Equation (2.41). 

 𝜑𝑝𝑙,𝑟 =
1

1 + 𝜆

𝑚𝑣0
2

2𝑀𝑝𝑙
−

𝑀𝑝𝑙𝐿

6𝐸𝐼
 (B.4) 

DB Model: 

Equation (2.31) is reproduced as Equation (B.5) in below. 

 Δ =
𝑚𝑣0

2

2𝐹𝑦(1 + 𝜆)
+

Δ𝑦

2
 (B.5) 
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For a simply supported beam at yield point, 

 𝑀𝑝𝑙 =
𝐹𝑦𝐿

4
 (B.6) 

 𝐹𝑦 =
4𝑀𝑝𝑙

𝐿
 (B.7) 

 

Substituting Equation (B.7) into (B.5) gives Equation (B.8). 

 Δ =
1

1 + 𝜆

𝑚𝑣0
2𝐿

8𝑀𝑝𝑙
+

Δ𝑦

2
 (B.8) 

Equation (2.40) is reproduced as Equation (B.9) in below 

 𝜑𝑝𝑙,𝑟 =
4(Δ − Δ𝑦)

𝐿
 (B.9) 

Substituting Equation (B.8) into (B.9) gives Equation (B.10). 

 
𝜑𝑝𝑙,𝑟 =

4 (
1

1 + 𝜆
𝑚𝑣0

2𝐿
8𝑀𝑝𝑙

+
Δ𝑦

2 − Δ𝑦)

𝐿
=

1

1 + 𝜆

𝑚𝑣0
2

2𝑀𝑝𝑙
−

2Δ𝑦

𝐿
 

(B.10) 

Equation (2.39) is reproduced as Equation (B.11) in below 

 Δ𝑦 =
𝑀𝑝𝑙𝐿2

12𝐸𝐼
 (B.11) 

Substituting Equation (B.11) into (B.10) gives Equation (B.12) which is Equation (2.41). 

 𝜑𝑝𝑙,𝑟 =
1

1 + 𝜆

𝑚𝑣0
2

2𝑀𝑝𝑙
−

𝑀𝑝𝑙𝐿

6𝐸𝐼
 (B.12) 
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Appendix C 

Derivations of Equations (2.42) and (2.43) of AASHTO 

Derivation of Equation (2.42): 

The derivations of Equations (2.42) and (2.43) are based on equating the input energy to the 

energy absorbed by the target barrier. 

Figure C.1 shows a sketch of the plan view of a vehicular barrier under a load 𝑅𝑤 applied at 

the top edge of the barrier. Under the critical load 𝑅𝑤 , the barrier reaches its maximum 

deflection Δ before failure. 

 

Figure C.1 Plan View of Barrier under Bending 

The input energy 𝐸𝐼𝑁 (i.e. work done by 𝑅𝑤) is defined by Equation (C.1) which was derived 

based on Figure C.1. 

 𝐸𝐼𝑁 =
1

2
× 𝑅𝑤 (Δ + Δ (1 −

𝐿𝑡

𝐿𝑐
)) = 𝑅𝑤 (

Δ

𝐿𝑐
) (

2𝐿𝑐 − 𝐿𝑡

2
) (C.1) 

The energy absorbed by the target barrier is divided into 3 parts: bending of beam (Figure 

C.2(a)), bending of wall in the horizontal direction and bending of wall (Figure C.2(b)) in the 

vertical direction. 
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(a) (b) 

Figure C.2 (a) Plan View of Beam under Bending; (b) Elevation View of Wall under Vertical 

Bending 

From Figure C.2(a), assuming small angle 𝜃, 

 sin 𝜃 ≈ 𝜃 =
Δ

𝐿𝑐/2 
 (C.2) 

The energy absorbed by the beam is written in the form of Equation (C.3). 

 𝐸𝑏𝑒𝑎𝑚 = 𝑀𝑏4𝜃 (C.3) 

where 𝑀𝑏 is the moment capacity of beam. 

Substituting Equation (C.2) into (C.3) gives Equation (C.4). 

 𝐸𝑏𝑒𝑎𝑚 = 8𝑀𝑏

Δ

𝐿𝑐
  (C.4) 

Similar to that of the beam, the energy absorbed by the wall in the horizontal direction is 

defined by Equation (C.5). 

 𝐸𝑤𝑎𝑙𝑙(𝐻) = 8𝑀𝑤

Δ

𝐿𝑐
  (C.5) 

where 𝑀𝑤 is the moment capacity of wall about Y-Y axis. 

From Figure C.2(b), assuming small angle,  

 tan 𝜃 ≈ 𝜃 =
Δ

𝐻 
 (C.6) 

The energy absorbed by the wall bending in the vertical direction is defined by Equation (C.7). 
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 𝐸𝑤𝑎𝑙𝑙(𝑉) = 𝑀𝑐𝜃𝐿𝑐  (C.7) 

where 𝑀𝑐 is the moment capacity of wall about X-X axis per meter length. 

Substituting Equation (C.6) into (C.7) gives Equation (C.8). 

 𝐸𝑤𝑎𝑙𝑙(𝑉) = 𝑀𝑐 (
Δ

𝐻
) 𝐿𝑐 = 𝑀𝑐 (

Δ

𝐿𝑐
)

𝐿𝑐
2

𝐻
  (C.8) 

The equality between the input energy and the energy absorbed by the barrier is shown by 

Equation (C.9). 

 𝐸𝐼𝑁 = 𝐸𝑏𝑒𝑎𝑚 + 𝐸𝑤𝑎𝑙𝑙(𝐻) + 𝐸𝑤𝑎𝑙𝑙(𝑉) (C.9) 

Substituting Equations (C.4), (C.5) and (C.8) into Equation (C.9) gives Equation (C.10). 

 𝑅𝑤 (
Δ

𝐿𝑐
) (

2𝐿𝑐 − 𝐿𝑡

2
) = 8𝑀𝑏

Δ

𝐿𝑐
+ 8𝑀𝑤

Δ

𝐿𝑐
+ 𝑀𝑐 (

Δ

𝐿𝑐
)

𝐿𝑐
2

𝐻
  (C.10) 

Re-arranging Equation (C.10) gives the expression that estimates 𝑅𝑤, as shown by Equation 

(C.11). 

 𝑅𝑤 = (
2

2𝐿𝑐 − 𝐿𝑡
) (8𝑀𝑏 + 8𝑀𝑤 +

𝑀𝑐𝐿𝑐
2

𝐻
) (C.11) 

Derivation of Equation (2.43): 

The length of the top edge of the barrier in bending reaches 𝐿𝑐 when it is under the critical load 

𝑅𝑤. In order to determine 𝐿𝑐 that gives critical 𝑅𝑤, 

 
𝑑𝑅𝑤

𝑑𝐿𝑐
= 0 (C.12) 

Substituting Equation (C.11) into Equation (C.12) gives Equation (C.13). 

 
𝑑

𝑑𝐿𝑐
[(

2

2𝐿𝑐 − 𝐿𝑡
) (8𝑀𝑏 + 8𝑀𝑤 +

𝑀𝑐𝐿𝑐
2

𝐻
)] = 0 (C.13) 

The result of the differentiation of Equation (C.13) is shown by Equation (C.14). 



Appendix C: Derivations of Equations (2.41) and (2.42) of AASHTO 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures 300 

 

 𝐿𝑐
2 − 𝐿𝑡𝐿𝑐 − 8𝐻 (

𝑀𝑏 + 𝑀𝑤

𝑀𝑐
) = 0 (C.14) 

Solving for 𝐿𝑐, 

 

𝐿𝑐 =

𝐿𝑡 + √𝐿𝑡
2 + 4 (8𝐻 (

𝑀𝑏 + 𝑀𝑤

𝑀𝑐
))

2
 

(C.15) 

Another root of 𝐿𝑐  is ignored as it gives negative result which is unrealistic. Re-arranging 

Equation (C.15) gives Equation (C.16). 

 𝐿𝑐 =
𝐿𝑡

2
+ √(

𝐿𝑡

2
)

2

+ 8𝐻 (
𝑀𝑏 + 𝑀𝑤

𝑀𝑐
) (C.16) 
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Appendix D 

Derivations of Rotational Inertia of Rectangular Barriers 

Consider a rectangular barrier shown in Figure 3.2 which is replicated below as Figure D.1. 

 

Figure D.1 Rotation of a rectangular rigid barrier under an impact action  

If the barrier rotates about its centre of mass, 

 𝐼𝜃 (center) = 𝑀 (
ℎ2 + 𝑤2

12
) (D.1) 

If the barrier rotates about its base corner, then its moment of inertia can be expressed as 

 𝐼𝜃 = 𝐼𝜃 (center) + 𝑀𝑟2 (D.2) 

 𝑟2 = (
ℎ

2
)

2

+ (
𝑤

2
)

2

=
ℎ2 + 𝑤2

4
 (D.3) 

Substituting Equation (D.1) and (D.3) into (D.2) gives 
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 𝐼𝜃 = 𝑀 (
ℎ2 + 𝑤2

12
) + 𝑀 (

ℎ2 + 𝑤2

4
) (D.4) 

Algebraic manipulation leads to 

 𝐼𝜃 = 𝑀 (
ℎ2 + 𝑤2

3
) (D.5) 
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Appendix E 

Derivations of Angular Velocity of Rectangular Barriers 

Consider a rotating rectangular barrier that has been struck by a boulder at the upper edge as 

shown in Figure E.1. 

 

Figure E.1 Rotating rectangular block for deriving angular velocity 

The velocity of the top left corner of the barrier immediately following the impact is defined 

as 𝑣2. The arc length 𝑠 as shown in Figure E.1 can be expressed as: 

 𝑠 = 𝑣2𝑡 = 𝑅𝜃 (E.1) 

where 𝑡 is the time required for the angle of rotation to reach 𝜃. Rearranging Equation (E.1) 

and differentiating it with respect of 𝑡 gives: 
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 �̇� =
d𝜃

d𝑡
=

𝑣2

𝑅
 (E.2) 

Differentiating the angle of rotation with respect to time gives the angular velocity of rotation 

of the barrier, �̇�.  
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Appendix F 

Derivation of Generalised Mass and Stiffness for Any Distributed Mass 

Model of Beam Structures 

The derivation is based on equation the total maximum kinetic energy 𝑉𝑚𝑎𝑥 and strain energy 

𝑈𝑚𝑎𝑥, as shown in Equation (F.1). 

𝑉𝑚𝑎𝑥 = 𝑈𝑚𝑎𝑥 (F.1) 

Consider a vibrating beam segment that deflects in the 𝑥-direction as shown in Figure F.1.  

 

Figure F.1 Sketch of beam segment under bending (1) 

The segment has length of 𝑑𝑧. It experiences bending moment 𝑀 when the angle of bending is 

𝑑𝜃. The segmental kinetic energy can be written as 

𝑑𝑉 =
1

2
(𝑚 ∙ 𝑑𝑧)(�̇�)2 (F.2) 

where 

𝑚: mass per metre 

�̇�: velocity of beam segment in 𝑥-direction 

Displacement response of an undamped free vibration system takes the form of Equation (F.3). 

A unitless shape function 𝜓(𝑧) has been incorporated to describe the variation of displacement 

along the beam length 𝑧. The velocity of beam segment can be obtained by differentiating 

Equation (F.3) with respect to 𝑡, as shown by Equation (F.4).  
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𝑥 = 𝜓(𝑧)𝐴 sin 𝜔𝑡 (F.3) 

�̇� = 𝜔𝜓(𝑧)𝐴 cos 𝜔𝑡 (F.4) 

where 

𝑥: displacement-time response 

𝜓(𝑧): shape function (unitless) 

𝐴: amplitude 

𝜔: natural angular frequency 

𝑡: time 

Substituting Equation (F.4) into (F.2) gives Equation (F.5), which can then be integrated with 

respect to 𝑧 to determine the total kinetic energy 𝑉, as shown by Equation (F.6). 

𝑑𝑉 =
1

2
(𝑚 ∙ 𝑑𝑧)(𝜔𝜓(𝑧)𝐴 cos 𝜔𝑡)2 (F.5) 

𝑉 =
𝐴2 cos2 𝜔𝑡

2
𝜔2 ∫ 𝑚 (𝜓(𝑧))

2
𝑑𝑧 (F.6) 

 

Substitute cos 𝜔𝑡 = 1 into Equation (F.6) to determine maximum kinetic energy: 

𝑉𝑚𝑎𝑥 =
𝐴2

2
𝜔2 ∫ 𝑚 (𝜓(𝑧))

2
𝑑𝑧 (F.7) 

 

On the other hand, the segmental strain energy can be written in the form of Equation (F.8). 

𝑑𝑈 =
1

2
(𝑀)𝑑𝜃 (F.8) 

 

Bending moment 𝑀 can be related to the curvature 𝜙 using Equation (F.9). 

𝑀 = 𝐸𝐼 × 𝜙 (F.9) 
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where 

𝐸: Young’s modulus 

𝐼: second moment of area 

Figure F.2 shows another sketch of beam segment. 

 

Figure F.2 Sketch of beam segment under bending (2) 

𝐷 is the thickness of the beam segment. From Figure F.2, 𝑑𝜃 can be expressed in the form of 

Equation (F.10). Since the reciprocal of radius of curvature is curvature, Equation (F.10) can 

be written as Equation (F.11). 

𝑑𝜃 =
1

𝑅
𝑑𝑧 (F.10) 

𝑑𝜃 = 𝜙 𝑑𝑧 (F.11) 

 

Curvature can be determined by differentiating 𝑥 (Equation (F.3)) twice with respect to 𝑧. 

𝜙 =
𝜕2𝑥

𝜕𝑧2
= 𝐴 sin 𝜔𝑡

𝜕2𝜓(𝑧)

𝜕𝑧2
 (F.12) 

 

𝑑𝑧 

𝑑𝜃 

𝑑𝜃 

𝑅 

𝐷 
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Substituting Equation (F.12) into Equation (F.9) and (F.11) gives Equation (F.13) and (F.14) 

respectively. 

𝑀 = 𝐸𝐼 × 𝐴 sin 𝜔𝑡
𝜕2𝜓(𝑧)

𝜕𝑧2
 (F.13) 

𝑑𝜃 = 𝐴 sin 𝜔𝑡
𝜕2𝜓(𝑧)

𝜕𝑧2
 𝑑𝑧 (F.14) 

Substituting Equation (F.13) and (F.14) into Equation (F.8) gives Equation (F.15), which can 

then be integrated with respect to 𝑧 to obtain the total strain energy 𝑈, as shown by Equation 

(F.16). 

𝑑𝑈 =
𝐴2 sin2 𝜔𝑡

2
𝐸𝐼 (

𝜕2𝜓(𝑧)

𝜕𝑧2
)

2

 (F.15) 

𝑈 =
𝐴2 sin2 𝜔𝑡

2
∫ 𝐸𝐼 (

𝜕2𝜓(𝑧)

𝜕𝑧2
)

2

𝑑𝑧 (F.16) 

 

Substitute sin 𝜔𝑡 = 1 into Equation (F.15) to determine maximum strain energy: 

𝑈𝑚𝑎𝑥 =
𝐴2

2
∫ 𝐸𝐼 (

𝜕2𝜓(𝑧)

𝜕𝑧2
)

2

𝑑𝑧 (F.17) 

 

Substituting Equation (F.7) and (F.17) into Equation (F.1) gives Equation (F.18). 

𝐴2

2
𝜔2 ∫ 𝑚 (𝜓(𝑧))

2
𝑑𝑧 =

𝐴2

2
∫ 𝐸𝐼 (

𝜕2𝜓(𝑧)

𝜕𝑧2
)

2

𝑑𝑧 (F.18) 

 

Rearranging Equation (F.18) gives an expression for the natural angular frequency. 
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𝜔 = √
∫ 𝐸𝐼 (

𝜕2𝜓(𝑧)
𝜕𝑧2 )

2

𝑑𝑧

∫ 𝑚 (𝜓(𝑧))
2

𝑑𝑧
 

(F.18) 

 

It is also well known that 

𝜔 = √
𝑘∗

𝑚∗
 (F.19) 

where 

𝑘∗: generalised stiffness 

𝑚∗: generalised mass 

By comparing Equation (F.18) and (F.19), the generalised mass and stiffness can be determined 

and written in the forms of Equation (F.20) and (F.21) respectively. 

𝑚∗ = ∫ 𝑚 (𝜓(𝑧))
2

𝑑𝑧 (F.20) 

𝑘∗ = ∫ 𝐸𝐼 (
𝜕2𝜓(𝑧)

𝜕𝑧2
)

2

𝑑𝑧 (F.21) 

 

  



Appendix F: Derivation of Generalised Mass and Stiffness for Any Distributed Mass Model of Beam Structures 

Yong, 2019: Impact-resistance of Reinforced Concrete Structures 310 
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Appendix G 

Derivation of Generalised Mass and Stiffness for Cantilever Structures 

Consider a cantilever beam under a point load at the free end, as shown in Figure G.1. 

 

Figure G.1 Cantilever Beam under Point Load 

By applying classical integration technique, deflection profile of the beam can be determined 

as shown by Equation (G.1). 

Δ =
𝐹𝑙3

6𝐸𝐼
(3 (

𝑧

𝑙
)

2

− (
𝑧

𝑙
)

3

) (G.1) 

 

The deflection profile can then be normalised into shape function in order that 𝜓(𝑧 = 𝑙) = 1: 

𝜓(𝑧) =
1

2
(3 (

𝑧

𝑙
)

2

− (
𝑧

𝑙
)

3

) (G.2) 

 

Substituting Equation (G.2) into Equation (F.20) gives Equation (G.3). 

𝑚∗ = ∫ 𝑚
𝑙

0

(
1

2
(3 (

𝑧

𝑙
)

2

− (
𝑧

𝑙
)

3

))

2

𝑑𝑧 (G.3) 

 

Solving Equation (G.3) gives Equation (G.4). 
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𝑚∗ = 0.25𝑚𝑙 (G.4) 

 

Differentiating Equation (G.2) twice with respect to 𝑧 gives Equation (G.5). 

𝜕2𝜓(𝑧)

𝜕𝑧2
=

3

𝑙2
(1 −

𝑧

𝑙
) (G.5) 

 

Substituting Equation (G.5) into Equation (F.21) gives Equation (G.6). 

𝑘∗ = ∫ 𝐸𝐼
𝑙

0

(
3

𝑙2
(1 −

𝑧

𝑙
))

2

𝑑𝑧 (G.6) 

Solving Equation (G.6) gives Equation (G.7). 

𝑘∗ =
3𝐸𝐼

𝑙3
 (G.7) 
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Appendix H 

Derivations of Rotational Inertia of L-shaped Barriers 

L-shaped Barriers without Side Walls 

Figure H.1 shows an isometric view of the L-shaped barrier previously shown in Figure 3.22. 

The distances between the global axis 𝑧 and the centroidal axis of the stem wall 𝑧𝑐(𝑠𝑡𝑒𝑚) are 

𝑟𝑠𝑡𝑒𝑚 and 𝑟𝑏𝑎𝑠𝑒 respectively. The total rotational inertia is the sum of the moments of inertia of 

the wall 𝐼𝑧(𝑠𝑡𝑒𝑚) and of the base slab 𝐼𝑧(𝑠𝑙𝑎𝑏). 

 

Figure H.1 A schematic L-shaped barrier and reference axes 

By the parallel axis theorem, the rotational inertia of the stem wall about axis 𝑧 is: 

 𝐼𝑧(𝑠𝑡𝑒𝑚) = 𝐼𝑧𝑐(𝑠𝑡𝑒𝑚) + 𝑀𝑠𝑡𝑒𝑚𝑟𝑠𝑡𝑒𝑚
2  (H.1) 

which can be expanded to: 

𝐼𝑧(𝑠𝑡𝑒𝑚) = 𝑀𝑠𝑡𝑒𝑚 (
𝑑2 + 𝑤𝑠𝑡𝑒𝑚

2

12
) + 𝑀𝑠𝑡𝑒𝑚 [(

𝑑2

4
+ 𝑑𝑤𝑏𝑎𝑠𝑒 + 𝑤𝑏𝑎𝑠𝑒

2 ) + (
𝑤𝑠𝑡𝑒𝑚

2
)

2

] (H.2) 

Since 𝑤𝑠𝑡𝑒𝑚 and 𝑤𝑏𝑎𝑠𝑒 are typically much smaller than 𝑑, ignoring the contributions of their 

higher-order terms leads to: 
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𝐼𝑧(𝑠𝑡𝑒𝑚) ≈ 𝑀𝑠𝑡𝑒𝑚 (

𝑑2

12
) + 𝑀𝑠𝑡𝑒𝑚 (

𝑑2

4
+ 𝑑𝑤𝑏𝑎𝑠𝑒) (H.3) 

Substituting 𝑑 = ℎ − 𝑤𝑏𝑎𝑠𝑒 (see Figure H.1) into Equation (H.3) and rearranging thus gives: 

 
𝐼𝑧(𝑠𝑡𝑒𝑚) ≈

𝑀𝑠𝑡𝑒𝑚

3
(ℎ − 𝑤𝑏𝑎𝑠𝑒)(ℎ + 2𝑤𝑏𝑎𝑠𝑒) (H.4) 

According to Equation (D.5) as derived in Appendix D, the rotational inertia of the rectangular 

base slab about the global axis 𝑧 can be written as: 

 
𝐼𝑧(𝑏𝑎𝑠𝑒) =

𝑀𝑏𝑎𝑠𝑒

3
(𝑙2 + 𝑤𝑏𝑎𝑠𝑒

2 ) (H.5) 

Therefore, the total rotational inertia of the barrier can be obtained by summing Equations (H.4) 

and (H.5): 

 
𝐼𝑧 ≈

𝑀𝑠𝑡𝑒𝑚

3
(ℎ − 𝑤𝑏𝑎𝑠𝑒)(ℎ + 2𝑤𝑏𝑎𝑠𝑒) +

𝑀𝑏𝑎𝑠𝑒

3
(𝑙2 + 𝑤𝑏𝑎𝑠𝑒

2 ) (H.6) 

Expanding and ignoring the contribution of 𝑤𝑏𝑎𝑠𝑒
2  leads to: 

 
𝐼𝑧 ≈

𝑀𝑠𝑡𝑒𝑚

3
(ℎ2 + ℎ𝑤𝑏𝑎𝑠𝑒) +

𝑀𝑏𝑎𝑠𝑒𝑙2

3
 (H.7) 

Equation (H.7) can be used to estimate the rotational inertia of an L-shaped barrier, but the 

results will be slightly less than the true value since the higher-order term of 𝑤𝑠𝑡𝑒𝑚 and 𝑤𝑏𝑎𝑠𝑒 

have been neglected. For example, for a barrier with ℎ and 𝑏 equal to 5 m and 𝑤𝑠𝑡𝑒𝑚 and 𝑤𝑏𝑎𝑠𝑒 

equal to 0.5 m, the value of 𝐼𝑧 is underestimated by 5 % if estimated using Equation (H.7). This 

is deemed acceptable for the purpose of routine design since the error is on the safe side. In the 

main text, 𝐼𝑧 is written as 𝐼𝜃 to denote that it is the rotational inertia about the axis of rotation. 

L-shaped Barriers with Rectangular Side Walls 

Figure H.2 shows an L-shaped barrier with two rectangular side walls. The side walls have 

height 𝑑 and length 𝑐, and the mass of a single side wall is 𝑀𝑠𝑖𝑑𝑒. 
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Figure H.2 A schematic L-shaped barrier with rectangular side walls and reference axes 

The rotational inertia of a single rectangular side wall about its centroidal axis 𝑧𝑐 is: 

 
𝐼𝑧𝑐(𝑠𝑖𝑑𝑒) = 𝑀𝑠𝑖𝑑𝑒 (

𝑐2 + 𝑑2

12
) (H.8) 

where 𝑐 = 𝑙 − 𝑤𝑠𝑡𝑒𝑚  and 𝑑 = ℎ − 𝑤𝑏𝑎𝑠𝑒 . By the parallel axis theorem, the side wall’s 

rotational inertia about the axis 𝑧 is: 

 𝐼𝑧(𝑠𝑖𝑑𝑒) = 𝐼𝑧𝑐(𝑠𝑖𝑑𝑒) + 𝑀𝑠𝑖𝑑𝑒𝑟𝑠𝑖𝑑𝑒
2  (H.9) 

where 𝑟𝑠𝑖𝑑𝑒 is the distance between axes 𝑧𝑐 and 𝑧, and can be expressed as: 

 
𝑟𝑠𝑖𝑑𝑒

2 = (
𝑑

2
+ 𝑤𝑏𝑎𝑠𝑒)

2

+ (
𝑐

2
+ 𝑤𝑠𝑡𝑒𝑚)

2

 (H.10) 

Substituting Equations (H.8) and (H.10) into Equation (H.9) and rearranging gives: 

 
𝐼𝑧(𝑠𝑖𝑑𝑒) = 𝑀𝑠𝑖𝑑𝑒 [(

𝑐2 + 𝑑2

12
) + (

𝑑

2
+ 𝑤𝑏𝑎𝑠𝑒)

2

+ (
𝑐

2
+ 𝑤𝑠𝑡𝑒𝑚)

2

] (H.11) 

So far only a single side wall has been considered. For barriers with two or more identical side 

walls, the combined rotational inertia is therefore: 
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𝐼𝑧(𝑠𝑖𝑑𝑒) = 𝑛𝑀𝑠𝑖𝑑𝑒 [(

𝑐2 + 𝑑2

12
) + (

𝑑

2
+ 𝑤𝑏𝑎𝑠𝑒)

2

+ (
𝑐

2
+ 𝑤𝑠𝑡𝑒𝑚)

2

] (H.12) 

where 𝑛 is the number of side walls. Summing Equations (H.7) and (H.12) gives the rotational 

inertia of the whole barrier: 

𝐼𝑧 ≈
𝑀𝑠𝑡𝑒𝑚

3
(ℎ2 + ℎ𝑤𝑏𝑎𝑠𝑒) +

𝑀𝑏𝑎𝑠𝑒𝑙2

3

+ 𝑛𝑀𝑠𝑖𝑑𝑒 [(
𝑐2 + 𝑑2

12
) + (

𝑑

2
+ 𝑤𝑠𝑡𝑒𝑚)

2

+ (
𝑐

2
+ 𝑤𝑠𝑡𝑒𝑚)

2

] 
(H.13) 

Equation (H.13) can be used to calculate the rotational inertia of an L-shaped barrier with any 

number of rectangular side walls or counterforts about axis 𝑧, which is the assumed axis of 

rotation. Equation (H.13) is only approximate but the error is on the safe side as previously 

discussed. In the main text, 𝐼𝑧 is shown as 𝐼𝜃 to denote that it is the rotational inertia about the 

axis of rotation. 
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Appendix I 

MATLAB Function for Simulating Sliding Displacement Time-histories 

All the notations used in the following MATLAB function are consistent with those in Chapter 

4. 

function sliding(m,v0,M,mu,COR,t_step) 

  
%t_step: time step, smaller value yields more accurate results 

  
%Calculate maximum displacement 
lambda = M/m;   %Mass ratio 

  
delta_max = v0^2/(2*mu*9.81)*((1+COR)/(1+lambda))^2; 

  
%------------------------------------------------------------------------ 

 

%Converting maximum displacement to time-history 

 
%Initial conditions 
i = 1;  %Counter 
t(i) = 0; 
delta(i) = 0; 

  
KE2(1) = 0.5*m*v0^2*lambda*((1+COR)/(1+lambda))^2; 
v2(i) = sqrt((2*KE2(i))/M); 
Wf(i) = M*9.81*delta(i); 

  
%Time-history simulations 
while delta(i) < delta_max 
    i = i + 1; 
    t(i) = t(i-1) + t_step; 
    delta(i) = delta(i-1) + v2(i-1)*t_step; 
    Wf(i) = mu*M*9.81*delta(i); 
    KE2(i) = KE2(1) - Wf(i); 
    v2(i) = sqrt((2*KE2(i))/M); 
end 

  
%Plot graphs 
figure(1); plot(t*1000,delta*1000) 
xlabel('Time (ms)'); ylabel('Displacement (mm)') 
figure(2); plot(t*1000,Wf) 
xlabel('Time (ms)'); ylabel('Cumulative Dissipated Energy (J)') 
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Appendix J 

Sample Deflection Calculations Employing Different Analytical Models 

Sample calculation of impact force or maximum deflection of RC beam in Test 1 (S1616) for 

𝑣0 = 4.85 m/s is shown herein. 

By use of Hertz equation introduced in Section 2.1.2: 

𝑘𝑏 =
1 − 𝜇𝑏

2

𝜋𝐸𝑏
=

1 − 0.32

𝜋(2 × 1011)
= 1.45 × 10−12 

𝑘𝐵 =
1 − 𝜇𝐵

2

𝜋𝐸𝐵
=

1 − 0.22

𝜋(3.28 × 1010)
= 9.32 × 10−12 

𝑛 =
4𝑟𝑏

0.5

3𝜋(𝑘𝑏 + 𝑘𝐵)
=

4(0.09)0.5

3𝜋(1.45 × 10−12 + 9.32 × 10−12)
= 1.18 × 1010 

For 𝑣0 = 4.85 𝑚/𝑠, 

𝛼 = (
5𝑚𝑏𝑣𝑏

2

4𝑛
)

0.4

= (
5(400)(4.85)2

4(1.18 × 1010)
)

0.4

= 0.003972 

For 𝐾𝑐 = 0.1, 𝐹 = 𝐾𝑐𝑛𝛼1.5 = 0.1(1.18 × 1010)(0.003972)1.5 = 296 𝑘𝑁 

For 𝐾𝑐 = 1.0, 𝐹 = 𝐾𝑐𝑛𝛼1.5 = 1.0(1.18 × 1010)(0.003972)1.5 = 2960 𝑘𝑁 

Since 𝐹 > 𝐹𝑢 = 110 𝑘𝑁 for both 𝐾𝑐 = 0.1 and 𝐾𝑐 = 1.0, the beam is expected to fail. 

By use of equal energy principles as introduced in Section 2.3.2: 

For 𝑣0 = 4.85 𝑚/𝑠, 

𝐹𝑞𝑠 = 𝑣0√𝑘𝑚 = 4.85√33333 × 103(400) = 560 𝑘𝑁 

Since 560 𝑘𝑁 > 𝐹𝑢 = 110 𝑘𝑁, the beam is expected to fail. 
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By use of Empirical Performance-based Model as introduced in Section 2.3.1: 

𝐹𝑢 = 110 𝑘𝑁 

For 𝑣0 = 4.85 𝑚/𝑠, 

KE0 =
1

2
𝑚𝑣0

2 =
1

2
(400)(4.85)2 = 4704.5 𝐽 

Δ =
0.63KE0

𝐹𝑢
=

0.63(4704.5)

110
= 27 𝑚𝑚 
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Appendix K 

Derivation of Equations (9.11) – (9.17) 

The following equations from Section 9.3.1 are reproduced herein: 

 KE2 + 𝐸𝑑 = PE2 (K.1) 

 PE2 = 𝑀𝑔ΔC.G. (K.2) 

 𝐸𝑑 = 𝐹Δi (K.3) 

 Δi = ℎ𝑖 sin 𝜃 (K.4) 

 
𝜃 = sin−1 (

�̅� + ΔC.G.

𝑟
) − 𝛽 

(K.5) 

Substituting Equations (K.2) and (K.3) into Equation (K.1) results in Equation (K.6). 

 KE2 + 𝐹Δ𝑖 = 𝑀𝑔ΔC.G. (K.6) 

Substituting Equation (K.5) into Equation (K.4) results in Equation (K.7), which may be 

rearranged into Equation (K.8). 

 
Δ𝑖 = ℎ𝑖 sin (sin−1 (

�̅� + ΔC.G.

𝑟
) − 𝛽) (K.7) 

 

Δ𝑖 = ℎ𝑖 (
�̅� + ΔC.G.

𝑟
cos 𝛽 − √1 − (

�̅� + ΔC.G.

𝑟
)

2

sin 𝛽) (K.8) 

Substituting Equation (K.8) into Equation (K.6) results in Equation (K.9), which may be 

rearranged into Equation (K.10). 

 

KE2 + 𝐹ℎ𝑖 (
�̅� + ΔC.G.

𝑟
cos 𝛽 − √1 − (

�̅� + ΔC.G.

𝑟
)

2

sin 𝛽) = 𝑀𝑔ΔC.G. (K.9) 
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KE2 +

𝐹ℎ𝑖�̅� cos 𝛽

𝑟
+

𝐹ℎ𝑖 cos 𝛽

𝑟
ΔC.G. − 𝑀𝑔ΔC.G.

= 𝐹ℎ𝑖
√1 − (

�̅� + ΔC.G.

𝑟
)

2

sin 𝛽 

(K.10) 

In order to simplify Equation (K.10), factors 𝑎, 𝑏 and 𝑐 are introduced as shown by Equations 

(K.11) – (K.13). 

 𝑎 = KE2 +
𝐹ℎ𝑖�̅� cos 𝛽

𝑟
 (K.11) 

 𝑏 =
𝐹ℎ𝑖 cos 𝛽

𝑟
− 𝑀𝑔 (K.12) 

 𝑐 = 𝐹ℎ𝑖 sin 𝛽 (K.13) 

Substituting Equations (K.11) – (K.13) into Equation (K.10) results in Equation (K.14), which 

may be simplified into Equation (K.15). 

 

𝑎 + 𝑏ΔC.G. = 𝑐√1 − (
�̅� + ΔC.G.

𝑟
)

2

 (K.14) 

 
(𝑏2 +

𝑐2

𝑟2
) ΔC.G.

2 + (2𝑎𝑏 +
2�̅�𝑐2

𝑟2
) ΔC.G. + (𝑎2 − 𝑐2 +

𝑐2�̅�2

𝑟2
) = 0 (K.15) 

In order to simplify Equation (K.15), factors 𝑑, 𝑒 and 𝑓 are introduced as shown by Equations 

(K.16) – (K.18). 

 𝑑 = 𝑏2 +
𝑐2

𝑟2
 (K.16) 

 𝑒 = 2𝑎𝑏 +
2𝑐2�̅�

𝑟2
 (K.17) 

 𝑓 = 𝑎2 − 𝑐2 +
𝑐2�̅�2

𝑟2
 (K.18) 

Substituting Equations (K.16) – (K.18) into Equation (K.15) results in Equation (K.19). 
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 𝑑ΔC.G.
2 + 𝑒ΔC.G. + 𝑓 = 0 (K.19) 

Solving the quadratic equation of Equation (K.19) results in Equation (K.20), which is 

equivalent to Equation (9.11). 

 
ΔC.G. =

−𝑒 − √𝑒2 − 4𝑑𝑓

2𝑑
 (K.20) 
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Appendix L 

Derivation of Equation (9.35) 

The following equations from Section 9.5.1 are reproduced herein: 

 KE2 + 𝐸𝑑 = SE2 (L.1) 

 
SE2 =

1

2
𝑘𝑐𝑟Δ𝑏

2  
(L.2) 

 
𝐸𝑑 =

1

2
𝐹Δ𝑏 

(L.3) 

Substituting Equations (L.2) and (L.3) into Equation (L.1) results in Equation (L.4), which may 

be rearranged into Equation (L.5). 

 
KE2 +

1

2
𝐹Δ𝑏 =

1

2
𝑘𝑐𝑟Δ𝑏

2  
(L.4) 

 𝑘𝑐𝑟Δ𝑏
2 − 𝐹Δ𝑏 − 2KE2 = 0 (L.5) 

Solving the quadratic equation of Equation (L.5) results in Equation (L.6), which is equivalent 

to Equation (9.35). 

 
Δ𝑏 =

𝐹 + √𝐹2 + 8𝑘𝑐𝑟KE2

2𝑘𝑐𝑟
 (L.6) 
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