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Abstract

Tensors are multi-way arrays that can be used to represent multi-dimensional
data such as video clips, time-evolving graphs/networks, and spatio-temporal
data like fMRI. In recent years, CANDECOMP/PARAFAC (CP) decomposition,
one of the most popular tools for feature extraction, dimensionality reduction
and knowledge discovery on multi-way data, has been extensively studied and
widely applied in a range of scientific fields and achieved great success.

Today’s data are often dynamically changing over time. In such dynamic en-
vironments, a data tensor may be expanded, shrunk or modified on any of its
dimensions. Since tensor decomposition is usually the first and necessary step
for down-streaming data analyzing tasks, it is crucial to always keep the latest
decomposition of a dynamic tensor available given its previous decomposition
and the new data. However, tracking the CP decomposition for such dynamic
tensors is a challenging task, due to the large scale of the tensor and the high ve-
locity of new data arriving. In addition, data sparsity also increases the difficulty
of decomposing dynamic tensors, since special considerations have to be given
for efficiency purpose. Furthermore, in order to incorporate domain knowledge
and to obtain meaningful and interpretable decompositions, constraints such as
non-negativity, `1 and `2 regularizations are often used on top of ordinary CP
formulation, while how to address them in a dynamic setting is still an open
question.

Traditional solving algorithms, such as Alternating Least Squares (ALS), are
usually static methods and cannot be directly applied to dynamic tensors due
to their poor efficiency. Additionally, existing online approaches have various
issues, limiting their applications on dynamic tensors in the real world. More-
over, most of current online techniques are designed for dense tensors while
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encounter significant efficiency and scalability issues for sparse data.
To fill this gap, in this thesis we investigate the problem of how to adap-

tively track the CP decomposition of a tensor that is dynamically changing over
time without computing from scratch, given that the previous decomposition is
known. We study both dense and sparse dynamic tensors. Two types of dynamic
changes are discussed, including slice-wise (new data are new slices that are ap-
pended on the time mode, e.g., time-evolving networks) and element-wise (each
update is an individual cell value at arbitrary position, e.g., new ratings in rec-
ommender systems) updates. First, we propose OnlineCP algorithm to address
the slice-wise updates on dense dynamic tensors. By using complementary ma-
trices to store the historical information and caching the intermediate results,
our algorithm shows significant improvements than state-of-the-arts methods
on several aspects, including decomposition quality, efficiency, scalability and
stability. Second, we design a specific algorithm for sparse tensors with slice-
wise updates, OnlineSCP. By taking advantage of data sparsity, our approach is
able to produce high quality decompositions that are comparable to the most
accurate algorithm, ALS, whilst at the same time achieving dramatic speed-up
and memory-saving, compared to existing approaches. Lastly, for sparse ten-
sors, a new algorithm to handle element-wise updates on-the-fly is proposed.
We also explore how to incorporate constraints into this dynamic setting and
validate the merits of our algorithm in both synthetic and several context-aware
recommender system datasets.
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Chapter 1

Introduction

Multi-dimensional data are quite common to see nowadays, from video
clips spread in people’s daily life [Mu et al., 2014], to time-evolving graphs
and networks such as social networks [Anandkumar et al., 2014], to spatio-
temporal data like fMRI [Davidson et al., 2013,Ma et al., 2016]. Traditional
data modelling tools such as matrices and vectors are not ideal for rep-
resenting such data since the interaction among different dimensions is
omitted. The Tensor, a multi-way generalization of the matrix, is a more
useful data representation format for those data. For instance, in context-
aware recommender systems, users tend to interact with different items in
various ways depending on different context: they watch news clips on
the way to work on their smart phones and tablets while spend a Satur-
day night on the big screen television with a family-friendly movie. Such
events represent different behavior patterns of users under different cir-
cumstances, and can be effectively modeled by a 3rd-order tensor as user×
item × context. Whereas in traditional recommender systems that only
maintains the user-item interactions with a matrix, these valuable contex-
tual information is missing.

Working with tensors is not easy due to the complex relationships among
different dimensions. Similar to matrix analysis tools such as Principal
Component Analysis (PCA) and Singular Value Decomposition (SVD), ten-
sor decomposition is a popular approach for feature extraction, dimension-
ality reduction and knowledge discovery on multi-way data. It has been
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2 Introduction

extensively studied and widely applied in various fields of science, includ-
ing chemometrics [Acar et al., 2011a], signal processing [Cichocki et al.,
2015], computer vision [Hu et al., 2011, Vasilescu and Terzopoulos, 2002b],
graph and network analysis [Dunlavy et al., 2011,Liu et al., 2012b] and time
series analysis [Cai et al., 2015]. One of the most popular tensor decompo-
sition algorithms is CANDECOMP/PARAFAC (CP) decomposition, which
is an extension of the well known Matrix Factorization (MF) technique to
tensors. Similar to MF, CP decomposition is also a low-rank latent factor
model that seeks the latent structure underneath the complex data source.
By applying CP decomposition, the complicated tensor data can be simpli-
fied and latent representations can be learned for different entities in the
tensor, which can be further used for more in-depth analysis such as clus-
tering, forecasting and classification [Kolda and Bader, 2009, Papalexakis
et al., 2017].

In the era of big data, data is often dynamically changing over time,
and a large volume of new data can be generated at high velocity. Take the
previous user× item× context for example, new users are constantly join-
ing the system and existing users may choose to terminate their services,
a large number of new items are generated every day and added to the
database, new interactions, (user, item, context) tuples, are appended in ex-
isting data tensor at high frequency. Given such a time-evolving tensor, it
is clear that one cannot keep using the same decomposition obtained from
previous timestamp since it will easily be outdated with the increase of
time. As a result, it is desirable to have efficient algorithms to maintain the
latest decomposition when new data is presented. However, most existing
tensor decomposition approaches are designed for static tensors and fail in
this highly dynamic scenario due to their poor efficiency performance, in
terms of both time and space. For example, the typical algorithm for CP
decomposition, Alternating Least Squares (ALS), is a method that computes
the decomposition of a tensor from scratch and has linear complexity to
the overall size of the input, which is too expensive and impractical to be
applied on dynamic tensors.

In addition, the sparsity of the data is also an important factor that
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needs to be considered when dealing with dynamic tensors. Some real-
world tensors are dense ones (e.g. videos, fMRI) while some have high
sparsity (e.g. social networks, traffic graphs, recommender systems). The
methods work well on dense dynamic tensors are not necessarily having
good performance on sparse ones. In fact, algorithms designed for dense
tensors usually encounter various issues in terms of both efficiency and
memory usage when applied to sparse data, since sparse tensors are often
of large-scale. As a result, special consideration should be given to sparse
dynamic tensors in order to obtain better performance.

Finally, it is quite common to see that constraints such as non-negativity
and sparseness are widely used in addition to latent factor models such
as MF and CP decomposition. Domain knowledge usually exists in vari-
ous real-world tensors and this prior understanding of data can be mod-
eled as constraints imposed to the conventional decomposition, helping to
improve the interpretability of the produced latent factors. For example,
in computer version [Lee and Seung, 2001], non-negativity is extensively
used to ensure a part-based basis and the input images can be viewed
as additive combinations of a selected set of facial components. Conse-
quently, having a dynamic tensor decomposition algorithm that takes con-
straints into consideration is of great benefit for building a meaningful and
effective model.

1.1 Research Questions

In this thesis, the general research problem we aim to address is given
the existing decomposition of a tensor, how can we efficiently obtain its new de-
composition when new data is added, without computing it from scratch. We
are particularly interested into CP decomposition because of its popular-
ity and flexibility. Both dense and sparse dynamic tensors are discussed in
this work and we focus on two most typical types of dynamic updates: 1)
slice-wise updates, where the new data is incrementally appended on the
time mode, while the other dimensions remain unchanged; 2) element-wise
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(a) Slice-wise updates on dense dynamic tensors

(b) Slice-wise updates on sparse dynamic tensors

(c) Element-wise updates on sparse dynamic tensors

Figure 1.1: Research questions

updates, which are consisted of individual values that are added to exist-
ing tensor at arbitrary positions. In addition, we also look at constrained
case on top of our main focus on dynamic tensor decompositions. Accord-
ing to the sparseness of the dynamic tensor and the categorization of the
dynamic updates, we divide the overall problem into the following three
sub-questions, as demonstrated in Figure 1.1:

1. Slice-wise updates on dense dynamic tensors: Given an existing CP
decomposition that approximates a dense tensor at a timestamp, a
new incoming dense tensor that has the same non-temporal modes
while much smaller length of time, a new tensor can be formed as
appending the new data to the current one along the time mode. Can
we find the decomposition of the newly formed tensor efficiently by
just adaptively updating the current decomposition? Examples of
this type of dynamic tensors include fMRI and videos.

2. Slice-wise updates on sparse dynamic tensors: Similar problem as
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above is discussed while this time both the existing and new data
are highly sparse. A motivating example is analyzing time-evolving
networks/graphs such as social networks data where new snapshots
of user interactions are added to the current data at high velocity.

3. Element-wise updates on sparse dynamic tensors: Given a sparse
tensor that stores the data at current state and its CP decomposition,
how a new value that is added to an empty position of the existing
data will affect the decomposition? The main application of this can
be found in context-aware recommender systems where a large num-
ber of new ratings are generated frequently. In addition, considering
the importance role of constraints played in the field of collaborative
filtering, we also look at how to do this in a constrained setting.

It should be noted that above three research projects did not fully cover
the whole problem space of dynamic tensor decomposition. For example,
a dynamic tensor may have new data at multiple dimensions at the same
time, existing slice or cells of a tensor may be removed or updated partially
or entirely. These dynamic behaviours will also have impact to the decom-
position of the tensor. Another less common scenario is that for a dense
tensor, element-wise updates may be added to the date (e.g., new records
are added to replace the of wrong measurements in a sensor× type× time
tensor). However, we believe that the selected three research themes are
the most common cases happened in real-world scenario and the concepts
and insights we gained in them are of great potential to be applied in other
types of dynamic learning problem, which is left for future work.

1.2 Thesis Overview

Chapter 2 provides the introduction to tensor-related notations, prelim-
inaries and a literature review on the existing related methods and also
builds a foundation for better understanding the proceeding chapters.

In Chapter 3, we study the problem of finding the CP decompositions of
dynamic tensors with slice-wise updates. By analyzing the structure of the
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data tensor, we show that a key step in static ALS algorithm that dominates
the computation cost can be decomposed into two parts. One is related to
historical data while the other depends only on the size of the new data. To
make use of this property, two complimentary matrices are created for each
non-temporal modes, which are used for storing historical information and
can be incrementally updated at a low cost. Based on this, we propose
a new algorithm, OnlineCP, which is highly efficient for processing slice-
wise update for a tensor. In addition, to generalize OnlineCP to higher-
order tensors, we further design a procedure to calculate the Khatri-Rao
products required for the updates of all modes simultaneously, by making
use of intermediate results. As validated by various synthetic and real-
world datasets, our algorithm achieves significant improvement over the
state-of-the-arts, in terms of effectiveness, efficiency and scalability.

Chapter 4 discusses the same slice-wise updates for dynamic tensor de-
compositions as before. While the main focus on this work is sparse ten-
sors. When applying OnlineCP algorithm proposed in previous chapter
to sparse tensors, its performance, in terms of both time ans space usage,
quickly drops to an unacceptable level and can be even worse than the
static decomposition algorithms that are specifically designed for sparse
tensors. To address this issue, we show that the same principle that parti-
tions the computation into historical and new data parts is still applicable
to sparse dynamic tensors, while the exact calculating of Khatri-Rao prod-
uct is unnecessary and wasteful. As a result, we speed up the algorithm
via applying a method that takes data sparsity into account. Moreover,
the complimentary matrices used in OnlineCP are redesigned for better
memory efficiency. Overall, a new algorithm, OnlineSCP, is proposed par-
ticularly for sparse dynamic tensors with slice-wise updates. Extensive
experiments confirms its superior performance on saving computational
time and memory usage.

In Chapter 5, the problem of finding the CP decomposition of sparse
tensors with element-wise dynamic updates is studied. To be more spe-
cific, this research problems contains three parts: 1) we observe that the
zeros in sparse tensors may play different roles depending on the appli-
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cations. Take traffic network for example where a tensor as intersection×
intersection× time is formed to store data, zero is the true observation in-
dicating no direct road can be found between the corresponding intersec-
tion pair, which should be approximated by the model in the same way
as non-zero values. While in social networks zeros should be treated as
missing values since any two users are potential friends and should not be
approximated. To model this difference, we propose a weighted decompo-
sition formulation, which uniformly models different application scenar-
ios by choosing different weights. 2) We look at constraints such as non-
negativity and regularizations like `1-norm for sparseness and `2-norm to
prevent overfitting. To solve the constrained decomposition problem, we
apply an algorithm that estimates parameters one by one. Based on this
algorithm, non-negativity can be simply handled as replacing negative pa-
rameters with zero, and regularizations can be imposed as penalty terms
to the weighted decomposition formulation and easily solved. 3) To han-
dle new data that is consisted of elements that will be added, we choose to
perform local update in loading matrices by only learning new parameters
in the corresponding rows of a new element. Overall, as verified by exper-
iments on several datasets, the proposed algorithm delivers considerably
better performance than the state-of-the-arts.

Finally, a summary of this thesis is presented in Chapter 6, along with
a discussion on potential future works.





Chapter 2

Background

In this chapter, we discuss the background of our research, review current
literature, and identify the limitations and gaps that we will address in the
proceeding chapters. We start with an introduction of tensor-related ter-
minologies and operations, followed by a brief review of different tensor
decomposition algorithms and their applications. After that, we discuss
CP decomposition, the model that we are particularly interested in this
thesis, into more details. Finally, we introduce the dynamic tensor decom-
position problem in the last section and review existing works and discuss
their limitations.

2.1 Notation and Tensor Algebra

This section introduces basic notation and operations that are widely used
in the field. A summary of symbols that we use through the whole thesis
can be found in the List of Symbols.

A tensor is a multi-way array, which is a generalization of vector and
matrix. An example is illustrated in Figure 2.1. We denote vectors by bold-
face lowercase letters, e.g., a, matrices by boldface uppercase letters, e.g.,
A, and tensors by boldface Euler script letters, e.g.,XXX. The order of a tensor,
also known as the number of ways or modes, is its number of dimensions.
For example, vectors and matrices are 1st-order and 2nd-order tensors, re-

9
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(a) vector (b) matrix (c) tensor

Figure 2.1: A tensor is a multi-way generalization of vector and matrix

(a) horizontal
slices Xi::

(b) lateral slices
X:j:

(c) frontal slices
X::k

Figure 2.2: Slices of a 3rd-order tensor

spectively; and a tensor XXX ∈ RI1×···×IN is an Nth-order one consisting of
real numbers and the cardinality of its n-th order, n ∈ [1, N] is In. We refer
to tensors with more than 3 modes as higher-order ones.

In order to index matrix A ∈ RI×J , we denote its (i, j)-th element by aij,
i-th row vector by ai·, and j-th column vector by a·j. Similarly, the (i, j, k)-
th element of a 3rd-order tensor XXX ∈ RI×J×K is denoted by xijk and the
(i1, i2, . . . , iN)-th element of an Nth-order tensor YYY ∈ RI1×I2×···×IN is de-
noted by yi1i2...iN .

A slice of a 3rd-order tensor XXX is a two-dimensional matrix, defined by
fixing the index of a particular mode. For example, as shown in Figure 2.2,
the horizontal, lateral and frontal slides of XXX are denoted by Xi::, X:j: and
X::k. Likewise, the in-th slice on the n-th mode of an Nth-order tensor YYY is
an (N − 1)th-order tensor, denoted by YYY:···:in :···:.

The transpose of matrix A is denoted by A> such that A>ij = Aji. The in-
verse of an invertible square matrix A is denoted by A−1 such that A−1A =

AA−1 = I, where I is the identity matrix. The Moore-Penrose pseudoinverse
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[Ben-Israel and Greville, 2003] is a generalization of inverse. Specifically,
the pseudoinverse of A is denoted by A† such that AA†A = A, where A
can be a non-square matrix.

The Frobenius norm of a matrix A ∈ RI×J is denoted by ||A|| and defined
as

||A|| =

√√√√ I

∑
i=1

J

∑
j=1

a2
ij.

The outer product of two vectors a ∈ RI and b ∈ RJ is denoted by a ◦ b.
This is a matrix of size I × J, where its (i, j)-th entry is aibj. This definition
can be extended to more than two vectors. For example, a ◦ b ◦ c forms a
3rd-order tensorXXX where xijk = aibjck. Furthermore, we refer to such tensor
that can be expressed by the outer product a series of vectors as rank-one
tensor.

The Khatri-Rao product [Kolda and Bader, 2009] of two matrices A ∈
RI×K and B ∈ RJ×K is denoted by A� B, the output of which is a I J × K
matrix defined as

A� B =


a11b·1 a12b·2 · · · a1Kb·K
a21b·1 a22b·2 · · · a2Kb·K

...
... . . . ...

aI1b·1 aI2b·2 · · · aIKb·K

 .

The Hadamard product of two equal size matrices A and B is denoted
by A ~ B, which is their element-wise product. Similarly, we denote their
element-wise division by A� B.

It should be noted that the following properties [Smilde et al., 2005] are
used in the discussions of proceeding chapters:

(A� B)>(A� B) = A>A ~ B>B (2.1)

(A� B)† = (A>A ~ B>B)†(A� B)> (2.2)

Furthermore, let A(1), . . . , A(N) represent a list of N matrices. The Khatri-
Rao product series A(N) � · · · � A(i) � · · · � A(1) is denoted by �N

i=1A(i)
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(a) XXX ∈ R2×3×2 (b) X(n), n ∈ (1, 2, 3)

Figure 2.3: An example of mode-n unfolding

and the Hadamard product sequence A(N) ~ · · ·~ A(i) ~ · · ·~ A(1) is de-
noted by ~N

i=1A(i).

Tensor unfolding, or matricization, is a procedure that transforms a tensor
into a matrix [Bader and Kolda, 2006]. This is usually done by reorder-
ing the element of a tensor into a matrix. One type of unfolding that has
been found particularly useful is mode-n unfolding. The mode-n unfold-
ing of XXX is denoted by X(n). Generally speaking, given an Nth-order tensor

XXX ∈ RI1×···×IN , X(n) ∈ R
In×∏N

i 6=n Ii can be obtained by permuting the dimen-
sions ofXXX as [In, I1, . . . , In−1, In+1, . . . , IN] and then reshaping the permuted
tensor into a matrix of size In ×∏N

i 6=n Ii. An example of mode-n unfolding
of a 3rd-order tensor can be found in Figure 2.3.

The n-mode product of a tensor XXX ∈ RI1×I2×···×IN with a matrix U ∈
RJ×In is denoted by XXX×n U and is of size I1 × I2 × · · · × In−1 × J × In+1 ×
· · · × IN. Element-wisely, we have

(X×n U)i1···in−1 jin+1···iN =
In

∑
in=1

xi1i2···iN ujin .

Equivalently, this can also be expressed in terms of unfolded tensors as

YYY = XXX×n U⇐⇒ Y(n) = UX(n)
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2.2 Tensor Decompositions and Applications

There is a rich variety of tensor decomposition models existing in the liter-
ature. In this section, we provide an overview of the most widely used de-
compositions and their applications. It should be noted that due to tensor
decomposition is such a broad research area, here we are not aiming at con-
ducting a comprehensive and in-depth survey of the entire field. Instead,
in this section we only focus on providing a high level understanding of
how different decompositions work and illustrating their usefulness via a
general introduction on their applications in a wide range of domains such
as signal processing, data mining, and machine learning. The main idea of
some of the most commonly used decomposition models are illustrated in
Figure 2.4. In addition, for the decomposition method we are particularly
interested in this thesis, CP decomposition, we discuss more details of it in
§2.3, followed by an explanation and discussion on the research question
we focus in this thesis: how to efficiently find the CP decompositions of
dynamic tensors.

For readers who are interested into and willing to gain more insights
about tensor decomposition models other than CP, there are several stud-
ies and surveys that are worthy being mentioned. A good starting point for
beginners is [Kolda and Bader, 2009], which is a highly-cited and clearly-
written survey that provides very detailed overview of different tensor de-
compositions. It starts with basic concepts and figure illustrations to help
readers establish multi-way thinking and then covers basic tensor decom-
position models and the typical solving algorithms for them. Compared to
this nine-year-old review, recent surveys [Grasedyck et al., 2013, Cichocki
et al., 2015, Sidiropoulos et al., 2017, Papalexakis et al., 2017] include more
advanced models such as tensor networks that have been proposed in
recent years and more in-depth theoretical analysis underneath different
models. These are nice resources to keep up-to-date with the recent ad-
vance and research trends in tensor decompositions. In addition, there are
a few valuable reviews for audiences that are from a different background
other than machine learning and data mining. For example, [Comon, 2014]
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(a) CP decomposition

(b) Tucker decomposition

(c) DEDICOM decomposition (d) RESCAL decomposition

(e) Hierarchical tucker decomposi-
tion

(f) Tensor train decomposition

(g) PARAFAC2 decomposition (h) CMTF decomposition

Figure 2.4: Different types of tensor decompositions
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offers an introduction to tensors and tensor decompositions from a more
mathematical point of view. Similarly, [Hackbusch, 2012, Vervliet et al.,
2014] provide an overview of tensor related techniques in numerical anal-
ysis and scientific computing, and a general but clear introduction to tensor
decompositions can be found in some highly-cited chemometrics publica-
tions such as [Bro, 1997, Smilde et al., 2005].

2.2.1 CP Decomposition and its Applications

In the literature, CP decomposition has been independently proposed and
re-discovered by several researchers under different names [Hitchcock, 1927,
Carroll and Chang, 1970, Harshman, 1970]. Basically, as shown in Figure
2.4a, a 3rd-order tensorXXX ∈ RI×J×K can be expressed by the sum of R rank-
one tensors by CP decomposition as

XXX ≈
R

∑
r=1

a·r ◦ b·r ◦ c·r, (2.3)

where a·r ∈ RI , b·r ∈ RJ , c·r ∈ RK. R is the number of components or latent
factors. The minimal R that yields equality in Eq. (2.3) is called the rank of
the tensor and the exact CP decomposition with such R is called rank decom-
position. Under this framework, each rank-one tensor can be interpreted as
a latent concept/topic/group/cluster of the data. Alternatively, one can
understand CP decomposition from another angle by stacking the vectors
for the same mode into a matrix and constructing the so-called loading or
factor matrices as

A = [a·1, a·2, . . . , a·R] ∈ RI×R

B = [b·1, b·2, . . . , b·R] ∈ RJ×R

C = [c·1, c·2, . . . , c·R] ∈ RK×R.

Under this representation, each loading matrix can be understood as the
linear mapping from a particular mode to the latent space or an embedding
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of original information into a certain mode via a projection through other
two factors. For convenience, we denote a CP decomposition of a 3rd-order
tensor by JA, B, CK.

Due to its ease of interpretation, CP decomposition has became one of
the most popular tensor decomposition techniques that has been exten-
sively and widely applied in different fields. Earlier applications of CP
decomposition can be found in a range of domains other than data min-
ing. For example, [Carroll and Chang, 1970] use CP decomposition in
psychometrics on tensors that are consisted of similarity or dissimilarity
matrices from a variety of subjects. In [Harshman, 1970], an individual ×
vowel × f ormant tensor is analyzed by CP in order to obtain explainable
factors. In chemometrics, CP decomposition has been proven to be useful
in the modeling of fluorescence excitation-emission data and its usage can
be found in [Appellof and Davidson, 1981,Andersen and Bro, 2003,Smilde
et al., 2005]. CP decomposition is also a popular analyzing tool for Neu-
roscientists. [Mocks, 1988, Field and Graupe, 1991] apply CP decomposi-
tion on event-related potentials in brain imaging. [Andersen and Rayens,
2004, Davidson et al., 2013, He et al., 2014] use CP decomposition on fMRI
data, which is a series of brain scans over time and can be organized with a
4th-order tensor as voxel× voxel× voxel× time. Similar to fMRI, electroen-
cephalogram (EEG) is also a typical type of data being analyzed by CP de-
composition. [Acar et al., 2007] study EEG data from patients with epilepsy
and use CP decomposition to localize the origin of the seizure. [Mørup
et al., 2006, Mørup et al., 2008, Mørup et al., 2011] propose a few modi-
fied CP models such as shift invariant CP (Shift-CP) and convolutional CP
(Conv-CP) by taking the shift and dependencies on the time mode into
consideration and demonstrate better reconstruction of EEG data.

From 2005, tensors and CP decomposition have attracted increasing in-
terests from data mining researchers. One of the earliest work is [Acar
et al., 2005], where they model the online chat-room data as an user ×
keyword× time tensor and then apply different tensor decompositions, in-
cluding CP, to demonstrate the usefulness of expressing the data as a ten-
sor. Similarly, [Bader et al., 2008] organize email transactions in the En-
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ron dataset in a term × author × time tensor and use CP to decompose it
for automatically detecting conversations. In addition, one particular type
of data that has been extensively analyzed by CP decomposition is net-
work data that contains additional information such as time and context
to form the extra modes. For example, [Papalexakis et al., 2012] apply
CP decomposition on large-scale social network data and further perform
pattern mining and outlier detection on the decomposed temporal mode.
[Dunlavy et al., 2011] apply CP decomposition on temporal link predic-
tion problem, which is to predict future links for time-evolving networks
based on historical data. It has been shown in their work that periodic
behaviors in the links can be effectively predicted by tensor-based tech-
niques. Community detection problem is also tackled with CP decom-
position on time-evolving networks [Araujo et al., 2014] and multi-view
social networks [Papalexakis et al., 2013]. [Maruhashi et al., 2011] apply
CP decomposition on network traffic dataset from Lawrence Berkeley Na-
tional Labs (LBNL). They use the decomposed temporal mode to detect
spikes in the traffic, which in turn to identify irregular events. Similar task
is addressed by [Mao et al., 2014] on more network data and clustering
techniques are applied on the factor matrices for different temporal reso-
lutions. Furthermore, applications of CP decomposition can also be found
on web data. [Kolda et al., 2005] analyze web graph that is built by hy-
perlinks across web pages. The anchor text has been used as additional
information to formulate a 3rd-order tensor. They extend the HITS algo-
rithm [Kleinberg, 1999] to this tensor by applying CP decomposition to
measure the authoritativeness and hubness of each web page. [Agrawal
et al., 2015a, Agrawal et al., 2015b] study the similarity and difference be-
tween search engines and social networks like Twitter by constructing a
tensor as query × keyword × date × service and then decomposing it with
CP. As a result, different service providers are mapped into the same latent
space, which enables a comparison among them. [Kang et al., 2012, Pa-
palexakis et al., 2012] propose efficient distributed CP decomposition algo-
rithms for analyzing the data from the Never-Ending Language Learning
project (NELL) [Mitchell et al., 2018], which contains a huge collection of
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(entity, entity, context) triplets that are crawled from millions of web pages.

In fact, the amount of work that apply CP decomposition as the key
component to solve different research problems is much greater than what
we summarized above. There are a substantial number of researches can
be found in the literature that CP decomposition is applied on critical real-
world problems (e.g., healthcare [Ho et al., 2014, Yang et al., 2017], rec-
ommender system [Xiong et al., 2010, Rendle, 2010, Frolov and Oseledets,
2017], signal processing [Nion et al., 2010, Cichocki et al., 2015, Zhou et al.,
2017]). Overall, it is clear that tensor is a powerful data modelling tool for a
lot of real-world data and CP decomposition is of great potential and usage
for analyzing them.

2.2.2 Tucker Decomposition and its Applications

Apart from CP decomposition, another extremely popular tensor decom-
position technique is Tucker decomposition. For a 3rd-order tensor exam-
ple, compared to CP where three loading matrices are used to approximate
the data, an additional core tensor is used in Tucker. This core tensor can
be viewed as a compression of the original tensor and the input tensor is
reconstructed by multiplying the core tensor with loading matrices along
each mode, as shown in Figure 2.4b. Formally speaking, for a 3rd-order
tensor XXX ∈ RI×J×K, Tucker decomposes it as

XXX ≈ GGG×1 A×2 B×3 C

=
R1

∑
r1=1

R2

∑
r2=1

R3

∑
r3=1

gr1r2r3a·r1 ◦ b·r2 ◦ c·r3 ,
(2.4)

where GGG ∈ RR1×R2×R3 is the core tensor, A ∈ RI×R1 , B ∈ RJ×R2 , C ∈ RK×R3

are the loading matrices and R1, R2, R3 are the number of components on
each mode. Compared Eq. (2.4) to Eq. (2.3), one can see that even though
Tucker is a more complex model than CP, both of them are sums of rank-
one tensors. The difference is that Tucker is consisted of R1× R2× R3 such
rank-one tensors whereas there are only R of them being used in CP. As
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a result, CP decomposition can be viewed as a special case of Tucker with
super-diagonal core tensor, whose off-diagonal elements are zeros. In prac-
tice, CP is preferable if the interpretability is essential while Tucker is most
often used to compress the tensor into smaller size.

Because of the close relationship between CP and Tucker decomposi-
tions, a lot of researches of applying Tucker can be found in similar do-
mains as CP, including chemometrics [Henrion, 1994], psychometrics [Kiers
and Mechelen, 2001], signal processing [De Lathauwer and Vandewalle,
2004, Muti and Bourennane, 2005], web search [Sun et al., 2005] and in-
formation retrieval [Chang et al., 2013], network and graph analysis [Sun
et al., 2006, Sun et al., 2008, Kolda and Sun, 2008, Jiang et al., 2014], data
mining and machine learning [Acar et al., 2005, Liu et al., 2005, Savas and
Eldén, 2007, Mu et al., 2011, Karatzoglou et al., 2010], etc.

A special area that Tucker decomposition received slightly more atten-
tions than CP is computer vision and image processing. One of the first
researches on this line is [Vasilescu and Terzopoulos, 2002a]. They pro-
pose TensorFaces, which is essentially an application of Tucker to decom-
pose facial images from multiple subjects where each subject has multiple
photos that are taken under varying conditions. One example is lighting
condition such that the data can be organized into a 3rd-order tensor as
subject × pixel × lighting. Compared to standard PCA-based technique
[Vasilescu and Terzopoulos, 2002b], TensorFaces provides significantly bet-
ter recognition performance and a compression of the original data can be
obtained via retaining key facial features while removing other irrelevant
effects. [Wang et al., 2003, Wang and Ahuja, 2004] also study the usage of
Tucker decomposition on facial images while facial expressions are con-
sidered as the extra mode and [Tao et al., 2008] propose to use Tucker to
model 3D faces but from a Bayesian point of view. Furthermore, Tucker
is also used for other image processing tasks. For example, [Vasilescu and
Terzopoulos, 2004] apply Tucker decomposition for texture rendering in
images, [Nagy and Kilmer, 2006] use Tucker to approximate Kronecker
product for preconditioners in image processing, [Abdallah et al., 2007]
propose a method for watermarking videos via Tucker, and [Hu et al., 2011]
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design an incremental version of Tucker for foreground segmentation and
tracking in videos.

2.2.3 Other Decompositions

Although in most of the time, CP and Tucker decompositions are com-
monly used for analyzing tensors, there are other types of tensor decom-
position techniques that have been proposed for tensors with specific prop-
erties.

One example is the extension of DEDICOM proposed by [Harshman,
1978] to three-way tensors. It is a specifically designed decomposition for
tensors that represent asymmetric relationships between objects. For in-
stance, a tensor XXX ∈ RI×I×T can be used to record the re-tweets behaviors
between users in Twitter where xijt stands for a transaction that user i re-
tweet one post from user j at time t. Typical decompositions such as CP
and Tucker do not consider the fact that in this tensor, both the first and
second modes represent the same set of objects and are not able to capture
the relationships among them. On the other hand, DEDICOM can be ap-
plied to overcome this issue. Specifically, as demonstrated in Figure 2.4c,
DEDICOM decomposes this tensor as

XXX ≈ ADDDRDDDA>,

where A ∈ RI×R is the loading matrix and air indicates the participation of
object i in group r. DDD ∈ RR×R×T is a tensor consisted of diagonal matrices
that are stacked on the time mode. One element in DDD, drrt, indicates the
participation of the r-th latent factor at time t. R ∈ RR×R stands for the
interactions between different latent factors. Several applications of DEDI-
COM can be found in the literature. [Harshman and Lundy, 1992] apply
DEIDCOM on an import× export× year tensor constructed from trading
data among a group of nations. [Lundy et al., 2003] study relationships
between chronic back pain treatments via DEDICOM with additional con-
straints. [Bader et al., 2007] present an application of DEDCIOM on Enron
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email dataset where data are organized as sender× receiver× time.

Similar to DEDICOM, another decomposition technique that is also tar-
get on relational tensors is RESCAL [Nickel et al., 2011]. In DEDICOM,
only one type of relationship is considered and its temporal variations are
studied. However, RESCAL cares more about the relationship types be-
tween a set of objects, rather than the changes over time. It is not uncom-
mon to see that one pair of objects can have different types of relationships
in-between. Takes social networks for example, user i can follow user j,
re-post his/her content, comment on his/her photo, and send message to
him/her, etc.. Different types of interactions can be found between them.
By considering the relationship type as the extra mode, one can construct
a tensor XXX ∈ RI×I×K, where K is the number of different relationships. As
shown in Figure 2.4d, XXX can be decomposed by RESCAL as

XXX ≈ ARRRA>,

where A ∈ RI×R is the loading matrix and R is the number of latent factors.
RRR ∈ RR×R×K is an asymmetric tensor and its k-th frontal slice indicates the
interactions between latent components given the k-th relationship. Exam-
ple applications of this model on knowledge based data can be found in
[Nickel et al., 2012, Chang et al., 2014].

CP and Tucker decompositions are widely applied to analyze three-
way tensors. However, may real-world applications can have tensors with
higher order. Tucker decomposition is particularly challenged by high ten-
sor order, as the number of parameters (mainly the size of the core tensor) it
has to estimated increases exponentially with the growth of tensor order. In
order to deal with this curse of dimensionality, Hierarchical Tucker decom-
position (H-Tucker) is proposed by [Hackbusch and Kühn, 2009] and fur-
ther fulfilled by [Grasedyck, 2010, Kressner and Tobler, 2012, Ballani et al.,
2013]. Basically, H-Tucker assumes that there is a hierarchical structure can
be found in the modes of the tensor and a binary tree can be constructed.
An example of such tree can be found in Figure 2.4e, where the modes of a
4th-order tensor is split into two sets {1, 2} and {3, 4} and each of them is
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further divided into sets with one single mode as {1}, {2}, {3} and {4}. On
this tree, the i-th leaf node is an matrix of size Ii × Ri, where Ii is the cardi-
nality of the i-th mode and Ri is its corresponding rank. The internal node,
say, the parent of nodes i and j, is a 3rd-order tensor of size Ri × Rj × Rij,
which is refereed to transfer tensor and Rij is one of the so-called hierarchi-
cal rank that is defined as no larger than the rank of the tensor. In addition,
the root node is a matrix of size R12 × R34, as per our example. More de-
tails of how to get these ranks and to obtain the H-Tucker decomposition
can be found in [Kressner and Tobler, 2012]. Generally speaking, for an
Nth-order tensor, suppose the cardinally of each mode is I and the rank
of each mode in the standard Tucker decomposition is R, the storage cost
for Tucker is NIR + RN, which can easily excess the memory limit of a
standard computer. In contrast, the storage consumption of H-Tucker is
consisted of at most NIR space for loading matrices, (N − 2)R3 for trans-
fer tensors, and R2 space for the root node. As a result, when the tensor
order is very high, H-Tucker is more preferable than conventional Tucker
and an example application of H-Tucker to higher-order healthcare tensor
can be found in [Perros et al., 2015].

The main assumption of H-Tucker is the prior knowledge of a hierar-
chy of the tensor modes. However, this may not be true for most tensor
data. To overcome this issue, Tensor-Train decomposition is an alternative
for analyzing tensors with large number of orders. Similar to H-Tucker,
Tensor-Train also decomposes a higher-order tensor into a set of matrices
and 3rd-order transfer tensors. While in Tensor-Train, a chain structure is
used to organize them as a matrix for the first mode, followed by series of
3rd-order transfer tensors of size Ri−1 × Ii × Ri, i ∈ (1, N − 1), followed by
a matrix for the last mode. As shown in Figure 2.4f, for a 4th-order tensor
XXX ∈ RI×J×K×L, its (i, j, k, l)-th element can be approximated as

XXX(i, j, k, l) ≈ ∑
r1,r2,r3

G1(i, r1)GGG2(r1, j, r2)GGG3(r2, k, r3)G4(r3, l),

where G1 ∈ RI×R1 , GGG2 ∈ RR1×J×R2 , GGG3 ∈ RR2×K×R3 and G4 ∈ RR3×L.

So far we only consider using tensor decomposition to analysis one data
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source. However, in many real-world applications, it is quite often that
multiple data sources are available and jointly modeling these datasets to-
gether would be beneficial. One of the earlier researches on this line is
PARAFAC2 [Harshman, 1972], where a collection of matrices (each matrix
represents one dataset) that share the same column space but have dif-
ferent number of rows are decomposed as a whole. As demonstrated in
Figure 2.4g, L matrices are decomposed simultaneously and the l-th one,
X(l), l ∈ [1, L], is factorized as

X(L) ≈ U(L)SV>, (2.5)

where V is the shared latent factors among all datasets. When columns
represent features, it means that one can learn a joint feature mapping for
all data sources while different instant mappings for each of them. And it
is easy to see that PARAFAC2 is also able to learn the shared instance latent
factors by transposing the input data.

In terms of applications, [Bro et al., 1999] apply PARAFAC2 to chro-
matographic data to handle time shifts. Usage of PARAFAC2 in chemo-
metrics for fault detection and diagnosis can be found in [Wise et al., 2001,
Kamstrup-Nielsen et al., 2013]. [Chew et al., 2007] use PARAFAC2 for
clustering documents across multiple languages such that the same col-
lection of documents have been translated to different languages. Several
authors have been applied PARAFAC2 for tagging music [Panagakis and
Kotropoulos, 2011] and images [Pantraki and Kotropoulos, 2015]. More
recently, [Sun et al., 2016] use PARAFAC2 for tracking users’ contextual
intent in order to provide personal assistants and [Perros et al., 2017] pro-
pose new algorithm for using PARAFAC2 on large-scale sparse data such
as time-evolving medical records.

Coupled Matrix and Tensor Factorization (CMTF) [Acar et al., 2011b,
Acar et al., 2013] goes further than PARAFAC2 in terms of blending infor-
mation from multiple datasets. In CMTF, data are not limited in matrix
format. One can have multiple tensors and matrices that share on at least
one mode. For example, in context-aware recommender systems, the main
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data source is a 3rd-order rating tensor as user× item× context, while side
information like user and item meta-data can be organized into two ma-
trices as user × f eature and item × f eature, which share the same set of
objects with the first and second modes in the rating tensor, respectively.
Figure 2.4h gives an example of CMTF on a 3rd-order tensor XXX and a two
dimensional matrix Y that are sharing a common second mode factors. To
decompose them, the following joint optimization problem,

arg min
A,B,C,D

||XXX− JA, B, CK||2 + λ||Y−DB>||2,

need to be solved, where || • || is the Frobenius norm, JA, B, CK stands for
the CP decomposition of XXX and λ is a parameter to control the relative
importance of two data sources. It should be noted that the individual
decomposition algorithms used for the tensor and matrix can be any meth-
ods chose by user (e.g., the tensor decomposition part can be replaced by
Tucker [Ermiş et al., 2015]), as long as the produced loading matrix for the
shared mode is the same across the decompositions of all datasets.

As a relatively new method, CMTF has attracted increasing interests
from researchers. Applications of CMTF on link prediction problem can
be found in [Şimşekli et al., 2015, Ermiş et al., 2015] where information
from different sources are fused such that cold start problem can be well-
handled. [Khan et al., 2016] propose a Bayesian version of CMTF, which
has been applied on structural toxicongenomics and functional neuroimag-
ing. In order to identify patterns that are related to certain diseases, [Acar
et al., 2015] jointly model data collected from multiple biological analytic
techniques via CMTF. In [Yılmaz et al., 2011], similar idea as CMTF is pro-
posed for fusing information from multiple tensors and a show case of it
on audio restoration problem is presented. On the other hand, several re-
searches have been reported on improving the efficiency and scalability of
CMTF via techniques such as MapReduce [Beutel et al., 2014, Papalexakis
et al., 2014, Jeon et al., 2016, Choi et al., 2017].
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2.3 CP Decomposition

We briefly introduced CP decomposition in §2.2.1, in this section, we dis-
cuss more details of it. We start with a more well-known technique, Matrix
Factorization (MF), and make the linkage between conventional MF to CP
decomposition. After that, we focus on the solving algorithms and then
discuss some recent variants and extensions to CP decomposition.

2.3.1 Extending Matrix Factorization to Tensors

In data mining and machine learning, one common assumption is that a
simple and compact representation can be found underneath the complex
and noisy data [Wang and Zhang, 2013]. In many real world applications,
the dataset can be organized in a matrix and one can decompose the data
matrix into the product of a series of matrices, which is known as matrix
factorization. Many fundamental machine learning algorithms like PCA
[Abdi and Williams, 2010], Latent Semantic Analysis (LSA) [Deerwester
et al., 1990], Independent Component Analysis (ICA) [Lee, 1998], Non-
negative Matrix Factorization (NMF) [Lee and Seung, 2001], etc., can be
viewed as instances of the MF framework, differing from each other in
terms of the constraints imposed. For example, orthogonal constraint is
used in PCA, while non-negative constraint that restricts the sign of the
input and factorized matrices is incorporated in NMF. As one of the most
popular algorithms, MF has been extensively applied in a wide range of
problems such as classification, regression, collaborative filtering, factor
analysis, dimensionality reduction and clustering.

Several nice properties contribute to the popularity of MF in data sci-
ence: 1) it reveals latent structures underneath the data while data sparsity
is not a issue [Koren, 2008], 2) there usually is meaningful probabilistic in-
terpretation of the produced latent factors [Mnih and Salakhutdinov, 2008],
3) it is a flexible framework that can easily adapt domain-specific prior
knowledge or constraints [Huang et al., 2016], 4) there are many optimiza-
tion techniques can be used to find a good solution[Lu and Yang, 2015].
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Figure 2.5: Matrix factorization

An illustration of MF can be found in Figure 2.5. Specifically, given a
data matrix X ∈ RM×N with M instances and N features, the basic MF
model decomposes it into a product of two matrices as

X ≈ AB>, (2.6)

where A ∈ RM×R, B ∈ RN×R and R is the decomposition rank. For di-
mensionality reduction tools such as PCA, R is usually much smaller than
both M and N to cure the curse of dimensionality. While in sparse coding
and dictionary learning [Olshausen and Field, 1997, Lee et al., 2007, Mairal
et al., 2010], R is chosen to be large for an over-complete basis.

Alternatively, Eq. (2.6) can be rewritten as a sum of R rank-one matrices
as:

X ≈
R

∑
r=1

a·r ◦ b·r. (2.7)

Recall that a 3rd-order tensor XXX can be decomposed by the CP decom-
position in a similar form as Eq. (2.7) by adding one more loading matrix
for the extra mode as

XXX ≈
R

∑
r=1

a·r ◦ b·r ◦ c·r,

one can easily see that CP decomposition is the direct extension of MF to
multi-dimensional data. Similarly, we can also express CP decomposition
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into the similar format as Eq. (2.6) by

X(1) ≈ A(C� B)>,

X(2) ≈ B(C�A)>,

X(3) ≈ C(B�A)>.

(2.8)

So far we only introduced the formulation of CP decomposition for
3rd-order tensors while above formulation is readily extendable to higher-
order tensors. Generally speaking, given an Nth-order tensorXXX ∈ RI1×···×IN ,
its CP decomposition is denoted by JA(1), . . . , A(N)K, which is consisted of
N loading matrices. Each loading matrix, A(n), n ∈ [1, N], is of size In × R,
where R is the so-called CP rank of XXX, indicating the number of latent fac-
tors used to approximate this tensor. By using these loading matrices, the
mode-n unfolding of XXX can be approximated as

X(n) ≈ A(n)(A(N) � · · ·A(n+1) �A(n−1) · · · �A(1))>

= A(n)(
⊙N

i 6=n A(i))>.
(2.9)

It is clear that when XXX is a matrix (N = 2), above formulation for CP de-
composition reduces to the MF model in Eq. (2.6).

Because of the close relationship between MF and CP, researchers exten-
sively applied CP decompositions in the similar problem setting as MF but
on multi-dimensional data (examples can be found in §2.2.1). More impor-
tantly, the properties popularizing MF are applicable to CP decomposition
as well. For example, varies solving algorithms exist for finding the CP
decomposition of a tensor (discussed in §2.3.2) and it is also a highly flex-
ible framework with several extensions can be found in latest researches
(shown in §2.3.3). Additionally, a specific and beneficial property of CP de-
composition is its uniqueness. That is, there is often only one unique solu-
tion that equalizes the input tensor and its CP decomposition with the min-
imal rank needed (see [Kruskal, 1977, Coppi and Bolasco, 1988, Sidiropou-
los and Bro, 2000, De Lathauwer, 2008] for more details on the uniqueness
of CP decomposition). While for MF, such property does not exist.
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2.3.2 Algorithms for CP Decomposition

Typically CP decomposition tries to find the latent structure underneath
the input tensor by a set of low rank matrices. It means that we need to
solve an optimization problem that minimizes the error between the ten-
sor and its decomposition. Specifically, given an Nth-order tensorXXX and its
CP decomposition, JA(1), . . . , A(N)K, the most commonly used optimiza-
tion formulation is based on the squared Euclidean distance as

min
X̂XX

1
2

∥∥∥XXX− X̂XX

∥∥∥2
,

subject to X̂XX =
R

∑
r=1

a(1)·r ◦ a(2)·r ◦ · · · ◦ a(N)
·r = JA(1), A(2) . . . , A(N)K.

(2.10)

However, it is very difficult to solve above optimization problem jointly
over all loading matrices, since it is not convex w.r.t. A(1), . . . , A(N). Here
we introduce some of the most popular algorithms for solving this prob-
lem. For ease of readability, we first derive and demonstrate most of algo-
rithms on the 3rd-order case with decomposition as JA, B, CK, then move
on to their extension of higher-order tensors.

Alternating Least Squares

ALS [Carroll and Chang, 1970, Harshman, 1970] is the most well-known,
and in most of the time, the default or work-horse algorithm for CP de-
composition. The main idea of ALS is simple. Even though Eq. (2.10) is
non-convex, by fixing all other loading matrices while just updating one at
each time, the problem can reduce to a linear least-squares problem, which
is convex and easy to solve. As a result, each time ALS updates only one
loading matrix by fixing all others, then move on to another loading ma-
trix. Such update schema is repeated several iterations until converged, as
described in Algorithm 2.1.

To be more specific, for the 3rd-order case, A is updated at first by fixing
B and C. According to Eq. (2.8), Eq. (2.10) can be rewrite into a simple
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Algorithm 2.1: Alternating Least Squares for CP Decomposition

Input: input tensor XXX, decomposition rank R
Output: CP decomposition JA(1), A(2) . . . , A(N)K

1 Initialize A(1), A(2) . . . , A(N)

2 while not converged do
3 for n← 1 to N do

4 A(n) ← X(n)(�N
i 6=nA(i))

~N
i 6=n(A(i)>A(i))

5 end
6 end

minimization problem in matrix form as

min
A

1
2

∥∥∥X(1) −A(C� B)>
∥∥∥2

. (2.11)

By taking the derivative w.r.t. A and setting it to zero, one can easily obtain
the optimal solution for this as

A← X(1)(C� B)[(C� B)>(C� B)]†.

From Eq. (2.1), above equation can be simplified as

A← X(1)(C� B)(C>C ~ B>B)†.

This reduces the computational complexity since C� B is a very tall ma-
trix of size JK × R, where J and K are the number of rows in B and C,
respectively.

B and C can be optimized in a similar way and generally speaking,
for an Nth-order tensor, the update rule for its n-th loading matrix can be
expressed as

A(n) ←
X(n)(�N

i 6=nA(i))

~N
i 6=n(A(i)>A(i))

. (2.12)

ALS has gained great popularity due to its simplicity and ease of im-
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plementation. However, there are several shortcomings of it should be
noticed. First, ALS assumes that the decomposition rank is known in ad-
vance while it is a NP-hard problem to determine the best rank for a given
tensor [Håstad, 1990]. As a result, in practice it is quite common to try
ALS with different ranks until finding one with good fit. Second, ALS usu-
ally takes multiple iterations to converge and there is no guarantee on the
global optimality of solution. Meanwhile, the quality of the final solution
can be quite sensitive to the initial guess so that multiple repetitions with
different initial seeds may be required for applying ALS.

The major criticize of ALS is its efficiency. The main computational
bottleneck is the calculation of X(n)(�N

i 6=nA(i)), which is often referred to
as matricized tensor times Khatri-Rao products (MTTKRP) [Smith et al., 2015].
Specifically, the first term, X(n), is a In ×∏N

i 6=n Ii flat matrix and the Khatri-
Rao product produces a super tall matrix with size ∏N

i 6=n Ii × R, resulting
in an overall time complexity as O(R ∏N

i=1 Ii), which is linear to the size of
XXX. In addition, in terms of space usage, ALS is challenged by the so-called
intermediate data explosion problem [Kang et al., 2012], since it requires al-
locating a huge amount of temporal memory space to store the matricized
tensor and the Khatri-Rao products. Overall, both the time and space com-
plexities of naive MTTKRP calculation are linear to the size of the input
tensor, which dominants the high computational cost of ALS.

A number of researches can be found in the literature to overcome the
efficiency issue imposed by the MTTKRP procedure and to improve the
performance of ALS. One popular direction is to take advantage of the in-
creasingly accessible computational resources by using techniques such as
distributed and parallel computing [Kang et al., 2012,Smith et al., 2015,Jeon
et al., 2015, Li et al., 2017], and GPU acceleration [Liu et al., 2017]. Mean-
while, another way to accelerate MTTKRP is to design new algorithms. For
example, [Phan et al., 2013a] propose a faster algorithm by using tensor
reshaping and taking the ranking of cardinality of different modes into
consideration, resulting a significant speed-up especially for higher-order
tensors, compared to the conventional approach. At the same time, a par-
ticularly interesting case of calculating MTTKRP is sparse tensor, which is
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Algorithm 2.2: MTTKRP via Sparse Tensor-Vector Products

Input: non-zeros z, indices of non-zeros j(1), . . . , j(N), loading
matrices A(1), . . . , A(N), mode n

Output: mode-n MTTKRP P(n)

1 for r ← 1 to R do
2 t← z
3 for i← 1 to N do
4 t← t ~ a(i)

j(i)r
5 end

6 p(n)
·r ← ACCUMARRAY(j(n), t)

7 end

often large-scale. Compared to its size, the amount of valuable informa-
tion, i.e., the number of non-zeros, is much reduced. As a result, it is not
desirable or feasible to explicitly calculate MTTKRP for sparse tensors. The
most popular method that has been widely recognized as a gold standard
is [Bader and Kolda, 2007] (summarized in Algorithm 2.2), which dramati-
cally reduces the complexity of MTTKRP to be linear in the number of non-
zeros in a sparse tensor.

In addition to accelerate ALS via utilizing the MTTKRP procedure, sev-
eral works have been proposed to further improve ALS. To cope with the
slow convergence issue of ALS, line search [Bro, 1998, Rajih et al., 2008,
Nion and De Lathauwer, 2008] can be applied to the ALS procedure. At
the end of each iteration, a line search step it performed to find the di-
rection where the objective function will be reduced and then all loading
matrices will be forced to be updated along this direction. To speed up
ALS for large-scale tensors, [Kiers and Mechelen, 2001] reduce the scale of
the optimization problem in Eq. (2.11) by data compression. Specifically,
the input data is compressed and then decomposed by typical ALS. Af-
ter that, the produced loading matrices are recovered to the original space.
Similarly, [Cheng et al., 2016, Reynolds et al., 2016, Battaglino et al., 2018]
replace the least square problem with a randomized version where sam-
pling technique is used to limit the problem scale for a better efficiency
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and convergence. ParCube [Papalexakis et al., 2012] and SamBaTen [Gu-
jral et al., 2018a] are also sampling-based approaches where multiple small
sub-tensors are sampled from the original data and decomposed by ALS
concurrently, then the produced latent factors are merged together to con-
struct the final result.

Other Algorithms for Computing CP Decomposition

Apart from ALS, there are other algorithms can be applied to find the CP
decomposition of a tensor. Here we introduce some of the most popular
ones.

Broadly speaking, ALS belongs to the Block Coordinate Decent (BCD)
family for non-linear optimization [Xu and Yin, 2013, Kim et al., 2014],
which is a divide-and-conquer algorithm that splits parameter set into sev-
eral disjoint small subsets and iteratively optimizes one subset at a time so
that the overall objective is minimized.

Consider the following optimization problem

min
x∈X

f (x1, . . . , xM), (2.13)

where x = (x1, . . . , xM) ∈ RN is a variable that can be decomposed into
M blocks, the set X of feasible points is assumed to be a closed convex
subset of RN, xm, m = 1, . . . , M, is a closed convex subset of RNm satisfying
N = ∑M

m=1 Nm, f is assumed to be a differentiable and convex function
w.r.t. each xm when all other blocks are fixed, while can be non-convex
w.r.t. x.

BCD minimizes f cyclically over each block in x1, . . . , xM by fixing the
remaining blocks at their latest updated values. That is, if x(i) = (x(i)1 , . . . , x(i)M )

is the current value at the i-th iteration, BCD updates x(i) block by block to
produce x(i+1) by solving the following sub-problem as

x(i+1)
m ← arg min

xm∈X (i)
m

f (x(i+1)
1 , . . . , x(i+1)

m−1 , xm, x(i)m+1, . . . x(i)M )
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(a) ALS (b) HALS (c) EALS

Figure 2.6: CP decomposition algorithms under the BCD Frameworks

In the case of CP decomposition, it is easy to see that ALS is a special
case of BCD with R ×∏N

n=1 In parameters need to be estimated and they
are divided into N blocks for an Nth-order tensorXXX ∈ RI1×···×IN . Under the
BCD framework, a natural question to ask is whether we can partition the
parameters with different schemes other than the matrix by matrix strategy
used in ALS. In fact, it turns out that there are a few partition methods
can be used, which are more beneficial than ALS. We give a high-level
illustration of these algorithms and a comparison to ALS in Figure 2.6.

One example of BCD for CP decomposition is Hierarchical Alternat-
ing Least Squares (HALS) [Cichocki and Anh-Huy, 2009] that updates the
loading matrices column by column. Let XXX ∈ RI1×···×IN be the input ten-
sor, X̂XX = JA(1), . . . , A(N)K be its CP decomposition, K(n) = �N

i 6=nA(i) be
the Khatri-Rao product of all loading matrices but the n-th one, R be the
decomposition rank, we have

f (a(1)·1 , . . . , a(1)·R , . . . , a(N)
·1 , . . . , a(N)

·R ) =
1
2

∥∥∥XXX− JA(1), . . . , A(N)K
∥∥∥2

=
1
2

∥∥∥X(n) −A(n)K(n)>
∥∥∥2

=
1
2

∥∥∥∥X(n) −
R
∑

r=1
a(n)·r k(n)

·r
>
∥∥∥∥2

(2.14)

By defining the residue as

Xr
(n) = X(n) −

R

∑
r̃ 6=r

a(n)·r k(n)
·r
>
= X(n) −A(n)K(n)> + a(n)·r k(n)

·r
>

, (2.15)
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we can rewrite Eq. (2.14) into an alternative minimization problem as

min
a(n)·r

1
2

∥∥∥Xr
(n) − a(n)·r k(n)

·r
>∥∥∥2

,

whose optimal solution can be easily found by normal equation as

a(n)·r ←
Xr
(n)k

(n)
·r

k(n)
·r
>

k(n)
·r

Compared to ALS, the update rule of HALS is more efficient since the

time-consuming matrix inversion operation is avoided as k(n)
·r
>

k(n)
·r is the

vector dot product that produces a scalar. More importantly, HALS is a
more flexible algorithm to incorporate constraints such as non-negativity.
For ALS, special solver and algorithms is required to solve the non-negative
least squares problem. However, by using the column-wise update rule in
HALS, non-negativity can be simply enforced by replacing negative values
with zero, of which the correctness is proved in [Kim et al., 2014].

In addition to HALS, another algorithm under the BCD framework for
CP decomposition is Element-wise Alternating Least Squares (EALS) [He
et al., 2016]. Different from ALS and HALS, EALS updates the parameter
set in a finer grain that only one element in a loading matrix is updated by
fixing all others. Specifically, each element in a tensor can be approximated
by the loading matrices as

x̂i1,...,iN =
R

∑
r=1

N

∏
n=1

a(n)inr =
R

∑
r=1

a(n)inr k(n)jnr

=
R

∑
r̃ 6=r

a(n)in r̃ k(n)jn r̃ + a(n)inr k(n)jnr = x̂r
in jn + a(n)inr k(n)jnr ,

(2.16)

where jn = (i1, . . . , in−1, in+1, . . . , iN), k(n)jnr =
N
∏

ñ 6=n
a(ñ)iñr and x̂r

in jn is the residue

defined in a similar way as Eq. (2.15). The objective that EALS aims to
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minimize is

f (a(1)11 , . . . , a(1)I1R, . . . , a(N)
11 , . . . , a(N)

IN R) =
1
2 ∑

in jn

(xin jn − x̂in,jn)
2

=
1
2 ∑

in jn

(xin jn − x̂r
in jn − a(n)inr k(n)jnr )

2.

Similar to HALS, by normal equation we have

a(n)inr ←
∑ (xin jn − x̂r

in jn)k
(n)
jnr

∑ (k(n)jnr )
2

.

EALS is more efficient than ALS and HALS as it further reduces the
time complexity to linear to the decomposition rank, R. On top of its ad-
vantages in efficiency, this algorithm is often used for sparse tensor decom-
positions since it approximates the tensor in an element-wise fashion so the
objective can be limited to the non-zero entries in the tensor. We show an
example of using this algorithm for sparse tensors later in Chapter 5.

Even though ALS remains as the most popular algorithms for CP de-
composition and a significant amount of works are proposed to improve
its performance, there still are a considerable number of algorithms can
be found in the literature that take a different path other than alternating
minimization. One group of such algorithms are doing all-at-once opti-
mization that update all loading matrices simultaneously via non-linear
least square solvers such as gradient-based algorithm [Acar et al., 2011a]
and damped Gauss-Newton algorithms [Tomasi and Bro, 2005,Phan et al.,
2013b]. Compared to ALS, all-at-once algorithms usually show better per-
formance in terms of convergence, but at a cost of a much higher computa-
tional load per iteration [Cichocki et al., 2015]. On the other hand, in recent
years, an increasingly popular type of algorithms for CP decomposition
are probabilistic models, which are motivated by the success of probabilis-
tic matrix factorization [Mnih and Salakhutdinov, 2008]. Probabilistic ten-
sor decomposition algorithms treat values in loading matrices as random
variables and approximate the joint probability distribution across these
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variables based on the observed data. Typical methods used for parame-
ter estimation include Markov Chain Monte Carlo (MCMC) [Xiong et al.,
2010], Gibbs sampling [Rai et al., 2014] and variational inference [Zhao
et al., 2015, Zhao et al., 2016].

2.3.3 Extensions of CP Decomposition

Since CP decomposition is one of the most popular algorithm for analyzing
tensors, researchers have proposed a wide variety of extensions to the CP
model, according to different real-world requirements.

The most common extension to CP decomposition is imposing con-
straints, which is usually known as Constrained CP (CCP) decomposition.
Non-negativity, which enforces both the input tensor and loading matrices
to be non-negative, is one example of CCP. The usage of non-negative con-
straint has a long history in MF [Lee and Seung, 2001], which shows that
such non-negativity can lead to a part-based model where the input data is
an additive combination of primitive patterns presented in the data. Due
to the close relationship between MF and CP decomposition, it is natural to
incorporate non-negativity to seek a more interpretable model. Early ap-
proaches adapt the multiplicative update rule in [Lee and Seung, 2001] to
tensors [Welling and Weber, 2001, FitzGerald et al., 2005, Bader et al., 2008]
or use specially designed non-negative least square algorithms [Bro and
De Jong, 1997, Friedlander and Hatz, 2008]. While HALS algorithm pro-
posed by [Cichocki and Anh-Huy, 2009] is more efficient, simple to imple-
ment, and shows better convergence. Another type of constraint is sparse-
ness on the loading matrices of the CP model. Having sparsity on the latent
factors also benefits the interpretability of the model, as one instance will
only be reconstructed by a few important factors while ignoring the noise.
Usually sparseness is imposed by regularizing the conventional CP model
with a `1-norm penalty term, which can be easily solved by the ALS-like al-
gorithms. Besides this, [Papalexakis et al., 2012] shows that their sampling-
based algorithm can naturally produce sparse result without any explicitly
formulated sparsity constraint. Similar to penalize the CP decomposition
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with `1-norm, Frobenius norm on the loading matrices is also a commonly
used regularization. This helps to restrict the range of the values in the
loading matrices, which in turn, to prevent overfitting.

Another extension to CP decomposition is to take input data type into
account. One example is Boolean CP decomposition [Miettinen, 2011,Erdős
and Miettinen, 2013] where the data tensor is consisted of binary values
and the CP model is expressed with Boolean operation (i.e. 1 + 1 = 1).
Compared to normal CP decomposition, Boolean CP is more desirable for
binary data since it respects the nature of the data and will produce more
interpretable results. Similarly, for sparse count tensor where data are non-
negative integers, for example, a user × user × day tensor that indicates
how many times user i called user j on day t, conventional CP decompo-
sition that minimizes the Frobenius norm may not be appropriate since it
assumes the data are normally distributed. Special consideration need to
be given to this factor. As demonstrated by [Chi and Kolda, 2012], Poisson
distribution is a more suitable assumption and KL-Divergence should be
used for count data.

Finally, one increasing research trend in tensor decomposition is to ex-
tend CP decomposition to tensors that are dynamically changing over time.
However, directly applying static algorithms (e.g. aforementioned ALS,
HALS algorithms) to such dynamic tensors is time-consuming and a waste
of computational resources. As a result, new algorithms that can adapt the
current decomposition in real-time is a must for dynamic tensors. In fact,
this thesis mainly focuses on this direction of designing effective, efficient
and scalable algorithms for dynamic tensors. We provide a detailed dis-
cussion on dynamic tensor decomposition in the following section.

2.4 Dynamic Tensor Decomposition

This section gives the background of the main research problem we focus
in this thesis: dynamic tensor decomposition. We start with an introduc-
tion to dynamic tensors and two typical dynamic updates. After that, we
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show some representative researches that have been proposed, including
detailed discussions on baseline algorithms used in our experiment (the
only available methods by the time of publishing) and a brief review of the
more recent and advanced approaches.

2.4.1 Dynamic Tensors

A lot of real-world tensors are not static. In fact, a data tensor is often dy-
namically changing over time, and a large volume of new data can be gen-
erated at high velocity. In such dynamic environments, a data tensor may
be expanded, shrunk or modified on any of its dimensions. For example,
given a network monitoring tensor as source× destination× port× time, a
large number of network transactions are generated every second, which
can be recorded by appending new slices to the tensor on its time mode.
Additionally, new IP addresses may be added and invalid addresses may
be removed from the data tensor. Another example of non-static tensor can
be found in context-aware recommender systems where the rating data is
represented by a tensor as user × item × context. A large amount of new
ratings, (user, item, context) tuples in this example, will be generated and
appended to the system at a high speed. Overall, real-world tensors can be
high dynamic and we refer to such tensors as dynamic tensors.

In this thesis, we specifically focus on two types of dynamic tensors,
since they are the most commonly seen tensors that occur in practice. The
first is dynamic tensors with slice-wise updates, which we refer to as online
tensors, also known as tensor streams and incremental tensors [Sun et al.,
2006, Sun et al., 2008]. An online tensor is a tensor that are incrementally
growing on its time mode, while the other dimensions remain unchanged.
Example of online tensors includes time-evolving networks, fMRI data and
movies where new snapshots, new scans and new frames, respectively, are
kept appending on the existing data along the time. The second type of
dynamic tensors we are interested in are tensors with element-wise updates.
The motivation of this mainly comes from recommender system problems
where new ratings can be appended to existing tensor at arbitrary posi-
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tions. In such setting, the static model learned from historical data can
quickly become outdated and an efficient algorithm that meet the real-time
requirement with good accuracy is necessary.

A few key differences between the slice-wise and element-wise updates
on dynamic tensors should be highlighted here. First, in practice, slice-
wise updates can happen on both dense and sparse tensors while element-
wise updates are usually found in sparse tensors only. Since sparse ten-
sor usually means large-scale data, when processing dynamic tensors, data
sparsity is a factor that need to be taken into consideration in terms of ef-
ficiency and scalability performance. Second, the data generation speed
of a dynamic tensor with element-wise updates is often much higher than
that of online tensors, resulting a higher requirement for real-time process-
ing. Third, compared to slice-wise updates, element-wise dynamic up-
dates contains a relatively smaller amount of new data. As a result, its
contribution to the new decomposition should be less significant than the
slice-wise update.

It should be noted the dynamic update happened on a tensor can be
more complex than aforementioned two cases. For example, sometimes
one may observe expansion on the other modes of online tensor (e.g., new
node added to a time-evolving network) or even modifications on rat-
ings in a recommender system. However, compared to the slice-wise and
element-wise updates discussed above, those special cases are less com-
mon to see. In addition, we only focus on learning the CP decomposition of
dynamic tensors, since it is one of the most commonly used tensor decom-
position algorithm with various applications. As a result, in this thesis, we
limit the scope of our research on find the CP decomposition of dynamic
tensors with slice-wise and element-wise updates only, while leaving the
other cases as future work.

2.4.2 Algorithms for Slice-wise Dynamic Updates

Earlier researches of decomposing dynamic tensors with slice-wise up-
dates are mainly target on the Tucker decomposition [Sun et al., 2006, Sun
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et al., 2008,Ma et al., 2009,Hu et al., 2011,Liu et al., 2012b]. However, there
is limited works can be found for CP decompositions until recent years.
Here we describe the main idea of existing algorithms for incrementally
decomposing an online tensors under the CP model. For ease of read-
ability, a 3rd-order online tensor XXX ∈ RI×J×(told+tnew) is used as a running
example, where XXX is expanded from XXXold ∈ RI×J×told by appending a new
chunk of data XXXnew ∈ RI×J×tnew at its last mode. Considering that in most
online systems, the size of the new incoming data is usually much smaller
than that of all existing historical data, thus we assume tnew � told. The CP
decomposition of XXXold is written as JAold, Bold, ColdK and the aim is to find
the CP decomposition JA, B, CK of XXX.

SDT and RLST [Nion and Sidiropoulos, 2009]: Simultaneous Diag-
onalization Tracking (SDT) and Recursive Least Squares Tracking (RLST)
are the two earliest and most cited algorithms proposed for finding the CP
decomposition of a dynamic tensor with slice-wise updates. Both SDT and
RLST transform the online tensor decomposition problem into an incre-
mental matrix factorization problem. Recall that X(3) = C(B�A)> and let
D = B�A, the tensor decomposition can be rewritten into matrix format
as X(3) = CD>. Then the problem is how to estimate C and D, and then
how to estimate A and B from D.

Different strategies are used in SDT and RLST for calculating C and D.
SDT chooses to do this by making use of the SVD of Xold(3), UoldΣoldV>old.
Specifically, there will always be a matrix Wold that Cold = UoldW−1

old and
Dold = VoldΣoldW>old. Similarly, a matrix W can be found to make C =

UW−1 and D = VΣW>, where UΣV> is the SVD of X(3), which can be
efficiently calculated by incremental SVD algorithms. Furthermore, the
authors assume that there is only a tiny difference between D and Dold

so that the first told rows of C are approximately equal to Cold. Under this
assumption, W−1 can be calculated as Ũ†UoldW−1

old, where Ũ is the first told

rows of U. Consequently, W, C and D can be obtained.

In contrast, RLST follows a more direct approach to get C and D. Re-
call that X(3) = CD>, firstly, Cnew is calculated as Xnew(3)(D>old)

† and C is
updated by appending Cnew to Cold. Then D is incrementally estimated
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with Xnew(3) and Cnew based on the matrix inversion and pseudo-inversion
lemmas. Due to the page limit, we refer interested readers to the original
papers [Nion and Sidiropoulos, 2009] for more details.

After getting C and D, the last step for both SDT and RLST is to estimate
A and B from D. This process is done by applying SVD on the matrix
formed by each column of D, and then putting the left and right principal
singular vectors into A and B, respectively.

Overall, SDT and RLST both deal with the online CP decomposition
problem by flattening the non-temporal modes. However, this is the main
limitation to their performance. Firstly, it is time consuming due to the
cost of SVD. Although the authors replaced the traditional SVD with the
Bi-SVD algorithm, the complexity of this is stillO(R2 I J), which limits their
applications on large-scale tensors. Additionally, this flattening process
makes SDT and RLST not easy to extend to higher-order tensors, since the
flattened matrix will be much larger and it has to be recursively decom-
posed to loading matrices in the end, which is also costly.

GridTF [Phan and Cichocki, 2011]: Prior to our work, SDT and RLST
are the only algorithms that can incrementally update an online tensor un-
der the CP framework. However, among the studies that focus on im-
proving CP decomposition for handling large-scale tensors, GridTF, a grid-
based tensor factorization algorithm is potentially applicable to the online
CP decomposition problem. The basic idea of GridTF is to partition the
whole tensor into smaller tensors and then combine their CP decomposi-
tions together. In regards to the example here, XXX is the online tensor, XXXold

and XXXnew are the two partitions. To obtain the CP decomposition of XXX, the
first step of GridTF is to decompose XXXnew by ALS as JAnew, Bnew, CnewK,
while the decomposition of XXXold is already known from the last time step.

The combination step is a recursive update procedure such that in ev-
ery iteration, each mode is updated with a modified ALS rule, until the
whole estimation converges, or the maximum number of iterations has
been reached. In our notation, the update rules are given as follows, of
which further details can be found in [Phan and Cichocki, 2011].
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1) For non-temporal modes A and B

A← Aold(Pold � (A>oldA))

Q� (A>A)
+

Anew(Pnew � (A>newA))

Q� (A>A)

B← Bold(Pold � (B>oldB))
Q� (B>B)

+
Bnew(Pnew � (B>newB))

Q� (B>B)

2) For temporal mode C

C←


Cold(Pold � (C>oldC))

Q� (C>C)
Cnew(Pnew � (C>newC))

Q� (C>C)


where A, B, C are randomly initialized at the beginning and Pold = (A>oldA)~

(B>oldB)~ (C>oldC), Pnew = (A>newA)~ (B>newB)~ (C>newC), and Q = (A>A)~

(B>B)~ (C>C).

The main issue of applying GridTF to online CP decomposition is its
efficiency. Firstly, even though only the new data need to be decomposed,
this is still expensive, especially when the size of new data is large. Sec-
ondly, for estimating C and calculating Pold and Q, C>oldC needs to be cal-
culated, costing R2told operations. This means the time complexity of the
update procedure is linear in the length of the existing data, told, which can
be huge, thus significantly limiting its ability for processing online tensors.

Others: Apart from aforementioned algorithms, there are some new ap-
proaches proposed in recent years for online CP decomposition. SamBaTen
[Gujral et al., 2018a] is a sampling-based approach that is extended from
ParCube [Papalexakis et al., 2012]. Basically, it tries to reduce the scale of
the problem by sub-sampling a few sub-tensors, which are simultaneously
decomposed by standard ALS algorithm and combined to produce the fi-
nal results. Compared to the static ParCube algorithm that is sampling
directly from the input data, SamBaTen replaces the historical data part
with the existing decomposition to achieve memory-save and speedup.
However, multiple repetitions are required for a stable result and the ef-
ficiency of SamBaTen is still depending on its core ALS procedure. Simi-
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lar approach that merging results from multiple sub-tensors is employed
in OCTen [Gujral et al., 2018b], while the sub-sampling procedure in Sam-
BaTen is replaced with random projection for data compression. CP-stream
[Smith et al., 2018] is another recent work on dynamic tensors with slice-
wise updates. In this work, the importance of historical data is discounted
with the growth of time and constraints such as non-negativity is imposed
and solved by Alternating Direction Method of Multipliers (ADMM). Fur-
thermore, there exist a few works that solved slightly different but related
problems to online CP decomposition. One example is [Song et al., 2017]
where the expansion of the dynamic tensors can be found in multiple di-
mensions at the same time. An ALS-like algorithm is proposed and the
major speedup is gained by replacing historical data with existing decom-
position. An Bayesian approach for the same multi-aspect dynamics on
tensors can be found in [Du et al., 2018]. [Xu et al., 2016] apply incremental
CP decomposition in a supervised setting on spatial-temporal data that are
growing on its time mode, or multiple dimensions at one time [Xu et al.,
2018].

2.4.3 Algorithms for Element-wise Dynamic Updates

Compared to the increasing attention has been given to dynamic tensors
with slice-wise updates, studying of how to handle the finer-grain element-
wise updates is less active research area. To the best of our knowledge,
the only work that study the tensors with element-wise updates is [Shin
et al., 2017], while the focus of this work is to detect dense sub-tensors
in a dynamic tensor, not to decompose it for learning latent factors. The
most related works on element-wise dynamic updates can be found in the
literature are for MF [Devooght et al., 2015,He et al., 2016]. The assumption
is that the new data will only has considerable impact to its local features,
while the global model will not be significantly affected. That is, given a
matrix X ∈ RM×N and its decomposition W ∈ RM×R and H ∈ RN×R, a
new element appended to the data, xmn can be learned as just updating
only the m-th and n-th rows of W and H, while the remaining values in
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the loading matrix are kept unchanged. Both [Devooght et al., 2015] and
[He et al., 2016] choose to learn element-wise update in such schema, while
Stochastic Gradient Decent (SGD) is used in the former, and EALS (similar
to what presented in §2.3.2) is applied in the latter.

Inspired by the success of this idea in MF, it is natural to consider em-
ploying the same strategy that only updates the corresponding rows in
the loading matrices when element-wise updates are observed, in dynamic
tensors. One approach that is able to perform row-wise update on loading
matrices is iTALS [Hidasi and Tikk, 2012], which is a static CP decomposi-
tion algorithm proposed for sparse tensors with implicit feedbacks. How-
ever, since it employs a row-wise ALS algorithm, one can easily adapt
iTALS to the element-wise dynamic learning on tensors. The details of
iTALS can be found in the original paper and we give a brief introduction
of this algorithm in §5.3. In addition, we also choose to use the same lo-
cal update strategy and proposed a new algorithm based on EALS that is
more flexible and efficient than iTALS, which is presented in Chapter 5.

2.5 Summary

In this chapter, we introduced the main concepts, algorithms and applica-
tions of tensor decomposition technologies, which built a solid foundation
to better understanding the following chapters. In addition, we provided
a detailed explanation of CP decomposition and reviewed related litera-
ture. Furthermore, specially emphasis was given to dynamic tensors and a
summary of existing algorithms of how to track the CP decomposition of
dynamic tensors was presented.



Chapter 3

Dense Tensor Decomposition with
Slice-wise Updates

This chapter introduces the problem of tracking CP decompositions
of dense tensors with slice-wise updates. An incremental algorithm, On-
lineCP is presented, which is the first work that is able to address such
problem in tensors with order that is higher than 3. The content of this
chapter is adapted from the following published paper:

Zhou, S., Vinh, N.X., Bailey, J., Jia, Y. and Davidson, I., 2016, August.
Accelerating online CP decompositions for higher order tensors. In Pro-
ceedings of the 22nd ACM SIGKDD International Conference on Knowledge Dis-
covery and Data Mining (pp. 1375-1384). ACM.

45
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3.1 Introduction

Numerous types of data are naturally represented as multi-dimensional
structures. The tensor, a multi-way generalization of the matrix, is use-
ful for representing such data. Similar to matrix analysis tools, such as
PCA and SVD, tensor decomposition is a popular approach for feature ex-
traction, dimensionality reduction and knowledge discovery on multi-way
data. It has been extensively studied and widely applied in various fields
of science, including chemometrics [Acar et al., 2011a], signal processing
[Cichocki et al., 2015], computer vision [Hu et al., 2011, Vasilescu and Ter-
zopoulos, 2002b], graph and network analysis [Dunlavy et al., 2011, Liu
et al., 2012b] and time series analysis [Cai et al., 2015].

In the era of big data, data is often dynamically changing over time,
and a large volume of new data can be generated at high velocity. In such
dynamic environments, a data tensor may be expanded, shrunk or modi-
fied on any of its dimensions. For example, given a network monitoring
tensor structured as source× destination× port× time, a large number of
network transactions are generated every second, which can be recorded
by appending new slices to the tensor on its time mode. Additionally, new
IP addresses may be added and invalid addresses may be removed from
the data tensor. Overall, this data tensor is highly dynamic.

As tensor decomposition is usually the first and necessary step for an-
alyzing multi-way data, in this work, we aim to address the problem of
how to adaptively track the decompositions for such time-evolving ten-
sors. Specifically, we are particularly interested in dynamic tensors that
are incrementally growing over time, while the other dimensions remain
unchanged. These are the most common type of dynamic tensors that oc-
cur in practice. We refer to such tensors as online tensors, also known as
tensor streams and incremental tensors [Sun et al., 2006, Sun et al., 2008].

Finding the decompositions for large-scale online tensors is challeng-
ing. The difficulty mainly arises from two factors. First, as online tensors
are growing with time, their overall size is potentially unbounded. Thus,
tensor decomposition techniques for such tensors need to be highly effi-
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cient and scalable, from both time and space perspectives. Second, a high
data generation rate requires tensor decomposition methods that are able
to provide real-time or near real-time performance [Cichocki, 2014]. How-
ever, traditional tensor decomposition techniques, such as Tucker and CP
decompositions, cannot be directly applied to this scenario because: (i)
they require the availability of the full data for the decomposition, thus
having a large memory requirement; and (ii) their fitting algorithms, Higher-
Order SVD (HOSVD) for Tucker [De Lathauwer et al., 2000], and ALS or
other variants for CP [Comon et al., 2009], are usually computationally too
expensive for large-scale tensors.

A recipe for addressing the above challenges is to adapt existing ap-
proaches using online techniques. In recent years, several studies have
been conducted on tracking the Tucker decomposition of online tensors
by incorporating online techniques, such as incremental SVD [Hu et al.,
2011, Ma et al., 2009, Sobral et al., 2014], and incremental update of covari-
ance matrices [Sun et al., 2006, Sun et al., 2008]. However, there is a lim-
ited amount of work on tracking the CP decomposition of an online tensor.
The only work in the literature, proposed in [Nion and Sidiropoulos, 2009],
specifically only deals with 3rd-order tensors and there is no provision for
higher-order tensors with more than 3 dimensions. To fill this gap, we
propose an efficient algorithm to find the CP decomposition of large-scale
high-order online tensors, with low space and time usage. We summarize
our contributions as follows:

• We propose a scalable algorithm for efficiently tracking the CP de-
compositions of dynamic tensors with slice-wise updates. Not lim-
ited to basic 3rd-order tensors, our model can also handle higher-
order tensors that have more than 3 dimensions.

• Through experimental evaluation on seven real-world datasets, we
show that our approach can provide more accurate results and higher
efficiency, compared with state-of-the-art approaches.

• Based on empirical analysis on synthetic datasets, our algorithm pro-
duces more stable decompositions than existing online approaches,
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as well as better scalability.

The rest of this chapter is organized as follows. §3.2 gives a review of
current techniques on decomposing dynamic tensors with slice-wise up-
dates. Our proposal is discussed in §3.3. We start from 3rd-order tensors
and then extend this model to general tensors that have an arbitrary num-
ber of dimensions. After that, the performance of our approach is eval-
uated on both real-world and synthetic datasets in §3.4. Lastly, §3.5 con-
cludes this chapter.

3.2 Related Work

The problem of decomposing online tensors was originally proposed in
[Sun et al., 2006, Sun et al., 2008], wherein they refer to this problem as
Incremental Tensor Analysis (ITA). Three variants of ITA are discussed
in their work: (1) dynamic tensor analysis (DTA) modifies the covariance
matrices calculation step in typical HOSVD in an incremental fashion; (2)
stream tensor analysis (STA) is an approximation of DTA by the SPIRIT
algorithm [Papadimitriou et al., 2005]; and (3) window-based tensor anal-
ysis (WTA) uses a sliding window strategy to improve the efficiency of
DTA. The main issue of these techniques is that they have not fully op-
timized the most time consuming step, i.e., diagonalizing the covariance
matrix for each mode, which limits their efficiency. To overcome this issue,
[Liu et al., 2012b] propose an efficient algorithm that enforces the diagonal-
ization on the core tensors only. Additionally, another trend for improving
the efficiency of HOSVD on online tensors is to replace SVD with incre-
mental SVD algorithms. Several applications of this idea can be found in
computer vision [Hu et al., 2011, Ma et al., 2009, Sobral et al., 2014] and
anomaly detection [Shi et al., 2015] fields.

The major difference between the aforementioned techniques and our
approach is that they are online versions of Tucker decomposition. Al-
though CP decomposition can be viewed as a special case of Tucker with
super-diagonal core tensor, none of the above methods provides a way to
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enforce this constraint. As a result, these algorithms are not suitable for
tracking the CP decompositions of online tensors.

Unlike the existing extensive studies on online Tucker decomposition,
there is a limited research reported for online CP decomposition. The most
related work to ours was [Nion and Sidiropoulos, 2009], which introduce
two adaptive algorithms that specifically focus on CP decomposition: Si-
multaneous Diagonalization Tracking (SDT) that incrementally tracks the
SVD of the unfolded tensor; and Recursive Least Squares Tracking (RLST),
which recursively updates the decomposition factors by minimizing the
mean squared error. However, the major drawback of this work is that they
work on 3rd-order tensors only, while in contrast we propose a general ap-
proach that can incrementally track the CP decompositions of tensors with
arbitrary dimensions.

In another related area, among the studies that focus on improving CP
decomposition for handling large-scale tensors, GridTF, a grid-based ten-
sor factorization algorithm [Phan and Cichocki, 2011] is particularly re-
lated to our problem. The main idea of GridTF is to partition the large
tensor into a number of small grids. These grids are then factorized by a
typical ALS algorithm in parallel. Finally, the resulting decompositions of
these sub-tensors are combined together using an iterative approach. In
fact, as stated by the authors, if such partitioning is enforced on the time
mode only, then GridTF can be used for online CP decomposition problem.

3.3 OnlineCP Algorithm

In this section, we introduce our proposal for tracking the CP decomposi-
tion of online multi-way data in an incremental setting. For presentation
clarity, initially a 3rd-order case will be discussed. Then, we further extend
to more general situations, where our proposed algorithm is able to handle
tensors that have arbitrary number of modes. Without loss of generality,
we assume the last mode of a tensor is always the one growing over time,
while the size of the other modes are kept unchanged with time.
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3.3.1 Third-order Tensors

By using notations introduced in §2.1, formally speaking, the problem we
are addressing is defined as: given (i) an online tensor XXX ∈ RI×J×(told+tnew),
where XXX is expanded from XXXold ∈ RI×J×told by appending a new chunk of
data XXXnew ∈ RI×J×tnew at its last mode, (ii) the CP decomposition of XXXold,
JAold, Bold, ColdK, how can we find the CP decomposition JA, B, CK of XXX at
a low cost? Considering that in most online systems, the size of the new
incoming data is usually much smaller than that of all existing historical
data, thus we assume tnew � told.

Similar to the classic ALS algorithm, our approach handles the problem
in an alternating update fashion. That is, we first fix A and B, to update C,
and then sequentially update A and B, by fixing the other two.

Update Temporal Mode C

Recall that to learn C, ALS solves a least square problem similar to Eq.
(2.11) by fixing A and B. With above notations, this can be rewritten as

C← arg min
C

1
2

∥∥∥X(3) − C(B�A)>
∥∥∥2

= arg min
C

1
2

∥∥∥∥∥
[

Xold(3)

Xnew(3)

]
−
[

C(1)

C(2)

]
(B�A)>

∥∥∥∥∥
2

= arg min
C

1
2

∥∥∥∥∥
[

Xold(3) − C(1)(B�A)>

Xnew(3) − C(2)(B�A)>

]∥∥∥∥∥
2

(3.1)

It is clear that the norm of the first row is minimized with Cold, since A and
B are fixed as Aold and Bold from the last time step. The optimal solution
to minimize the second row is C(2) = Xnew(3)((B � A)>)†. As a result,
C is updated by appending the projection Cnew of Xnew(3) via the loading
matrices A and B of previous time step, to Cold, i.e.,

C =

[
Cold

Cnew

]
=

[
Cold

Xnew(3)((B�A)>)†

]
(3.2)
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Update Non-temporal Modes A and B

First, we update A. By fixing B and C, the estimations error L can be

written as 1
2

∥∥∥X(1) −A(C� B)>
∥∥∥2

, and the derivative of L w.r.t. A is

∂L
∂A

= X(1)(C� B)−A(C� B)>(C� B)

By setting the derivative to zero and letting P = X(1)(C� B) and Q =

(C� B)>(C� B), we have

A = PQ−1 (3.3)

Directly calculating P and Q is costly. This is mainly because the output
of (C� B) is a huge matrix of size J(told + tnew)× R, where R is the tensor
rank. It further results inO(RI J(told + tnew)) andO(R2 J(told + tnew)) oper-
ations to get P and Q, respectively. Although for Q, according to Eq. (2.1),
the Khatri-Rao product can be avoided by calculating it as (C>C)~ (B>B),
which has a complexity of O(R2(J + told + tnew)), this is still expensive
since told is usually quite large. As a result, in order to improve the effi-
ciency, we need a faster approach.

Firstly, let us look at P. By representing X(1) and C with the old and new
components, we have

P = X(1)(C� B)

=
[
Xold(1), Xnew(1)

] ([Cold

Cnew

]
� B

)

=
[
Xold(1), Xnew(1)

] [Cold � B
Cnew � B

]
= Xold(1)(Cold � B) + Xnew(1)(Cnew � B)

(3.4)

recall that B has been fixed as Bold, so the first part of the last line of Eq.
(3.4) only contains components from the previous time step. Suppose we
know this part already and denote it by Pold, then Eq. (3.4) can be rewritten
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as
P = Pold + Xnew(1)(Cnew � B) (3.5)

This means that by keeping a record of the previous P, the large compu-
tation can be avoided and it can be efficiently updated in an incremental
way. Specifically, suppose P is initialized with a small partition XXX(τ) ∈
RI×J×τ that contains the first τ slices of the data, where τ � told, we only
need O(RI Jτ) operations to construct P. Afterwards, whenever new data
comes, P can be efficiently updated at the cost of O(RI Jtnew), which is in-
dependent to told.

Likewise, Q can be estimated as

Q = Qold + (Cnew � B)>(Cnew � B)

= Qold + (C>newCnew)~ (B>B)
(3.6)

Thus, by storing the information of previous decomposition with com-
plementary matrices P and Q, we achieve the update rule for A as follows,

P← P + Xnew(1)(Cnew � B)

Q← Q + (C>newCnew)~ (B>B)

A← PQ−1

(3.7)

The update rule for B can be derived in a similar way as

U← U + Xnew(2)(Cnew �A)

V← V + (C>newCnew)~ (A>A)

B← UV−1

(3.8)

where U = X(2)(C�A), V = (C�A)>(C�A) are the two complemen-
tary matrices of mode 2.

To sum up: For a 3rd-order tensor that grows with slice-wise updates,
we propose a highly efficient algorithm for tracking its CP decomposition
on the fly. We name this algorithm as OnlineCP, comprising the following
two stages:
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1) Initialization stage: for non-temporal modes, complementary ma-
trices P, Q, U and V are initialized with the initial tensor XXXinit and its CP
decomposition JA, B, CK as

P = Xinit(1)(C� B), Q = (C>C)~ (B>B)

U = Xinit(2)(C�A), V = (C>C)~ (A>A)

2) Update stage: for each new incoming data XXXnew, it is processed as

a) for the temporal mode 3, C is updated with Eq. (3.2)

b) for non-temporal modes 1 and 2, A is updated with Eq. (3.7) and B
is updated with Eq. (3.8), respectively.

3.3.2 Extending to Higher-Order Tensors

We now show how to extend our approach to higher-order cases. Let
XXXold ∈ RI1×···×IN−1×told be an Nth-order tensor, JA(1)

old, . . . , A(N−1)
old , A(N)

old K be
its CP decomposition, the N-th mode be the time. A new tensor XXXnew ∈
RI1×···×IN−1×tnew is added toXXXold to form a tensorXXX ∈ RI1×···×IN−1×(told+tnew),
where told � tnew. In addition, we create and store two sets of comple-
mentary matrices P(1), . . . , P(N−1) and Q(1), . . . , Q(N−1), where P(n) and
Q(n), n ∈ [1, N − 1], are the complementary matrices for mode n. We are
interested in finding the CP decomposition JA(1), . . . , A(N−1), A(N)K of XXX.

Update Temporal Mode

Similar to the 3rd-order case, the loading matrix of the time mode, A(N), is
updated at first by fixing the other loading matrices and minimizing the
estimation error as

A(N) ← arg min
A(N)

1
2

∥∥∥X(N) −A(N)(�N−1
i=1 A(i))>

∥∥∥2
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Basically, the above equation has the same structure as Eq. (3.1), so we
have a similar update rule for A(N)

A(N) ←
[

A(N)
old

A(N)
new

]
=

[
A(N)

old
Xnew(N)((�N−1

i=1 A(i))>)†

]

Update Non-temporal Modes

For each non-temporal mode n ∈ [1, N − 1], the estimation error on mode

n is 1
2

∥∥∥X(n) −A(n)(�N
i 6=nA(i))>

∥∥∥2
, and similar update rule as Eq. (3.7) can

be applied, that is

P(n) ← P(n) + Xnew(n)

(
A(N)

new �K(n)
)

Q(n) ← Q(n) +

(
A(N)

new
>

A(N)
new

)
~ H(n)

A(n) ← P(n)(Q(n))−1

where K(n) =�N−1
i 6=n A(i) and H(n) =~N−1

i 6=n A(i)>A(i).

Avoid Duplicated Computation

In fact, if we were to compute every K(n) for each n ∈ [1, N − 1], there
would be some redundant computation among them. Take a 5th-order ten-
sor for example, where K(1) = A(4) � A(3) � A(2), K(2) = A(4) � A(3) �
A(1), K(3) = A(4) � A(2) � A(1), and K(4) = A(3) � A(2) � A(1). It is clear
that both K(1) and K(2) have computed A(4)�A(3), and K(3) and K(4) share
a common computation A(2) � A(1). These redundant Khatri-Rao prod-
ucts are computationally expensive to calculate, and more importantly,
the amount of redundancy will dramatically increase with the number of
modes N, since more common components are shared. To overcome this
issue, we use a dynamic programming strategy to compute all the K(n)’s in
one run, by making use of intermediate results. This process is detailed in
Algorithm 3.1 and an example of a 6th-order tensor is given in Figure 3.1.
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Algorithm 3.1: Get a list of Khatri-Rao products

Input: A list of loading matrices [A(N−1), . . . , A(1)]

Output: A list of Khatri-Rao products [K(1), . . . , K(N−1)]

1 le f t← [A(N−1)]

2 right← [A(1)]
3 if N > 3 then
4 for n← 2 to N − 2 do
5 le f t[n]← le f t[n− 1]�A(N−n)

6 right[n]← A(n) � right[n− 1]
7 end
8 end
9 K(1) ← le f t[N − 2]

10 K(N−1) ← right[N − 2]
11 if N > 3 then
12 for n← 2 to N − 2 do
13 K(n) ← le f t[N − n− 1]� right[n− 1]
14 end
15 end

A(4)A(4) A(2)A(2)A(3)A(3)A(5)A(5) A(1)A(1)

A(2) ⊙A(1)A(2) ⊙A(1)

A(3) ⊙A(2) ⊙A(1)A(3) ⊙A(2) ⊙A(1)

A(5) ⊙A(4)A(5) ⊙A(4)

A(5) ⊙A(4) ⊙A(3)A(5) ⊙A(4) ⊙A(3)

K(1)K(1) K(5)K(5)K(4)K(4)K(3)K(3)K(2)K(2)

A(i)A(i)A(j)A(j)

A(j) ⊙A(i)A(j) ⊙A(i)

Figure 3.1: A 6th-order example to get all K(n)’s together. A Khatri-Rao
product is represented by two arrows, of which the solid one linked to the
first input. The two lists, le f t and right, are indicated by the two columns
on the graph.
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Algorithm 3.2: Initialization stage of OnlineCP

Input: Initial tensor XXXinit, loading matrices A(1), . . . , A(N)

Output: complementary matrices P(1), . . . , P(N−1) and
Q(1), . . . , Q(N−1)

1 Get K(1), K(2), . . . , K(N−1) by Algorithm 3.1

2 H←~NA(i)>A(i)

3 for n← 1 to N − 1 do
4 P(n) ← Xinit(n)(A(N) �K(n))

5 Q(n) ← H� (A(n)>A(n))
6 end

Algorithm 3.3: Update stage of OnlineCP

Input: Loading matrices A(1), . . . , A(N), complementary matrices
P(1), . . . , P(N−1), Q(1), . . . , Q(N−1), and new data tensor XXXnew

Output: Updated loading matrices A(1), . . . , A(N), and updated
complementary matrices P(1), . . . , P(N−1), Q(1), . . . , Q(N−1)

1 Get K(1), K(2), . . . , K(N−1) by Algorithm 3.1

2 H←~N−1
i=1 A(i)>A(i)

// update A(N)

3 K(N) ← K(1) �A(1)

4 A(N)
new ← Xnew(N)((K(N))>)†

5 A(N) ←
[

A(N)
old

A(N)
new

]
// update other modes

6 for n← 1 to N − 1 do
7 P(n) ← P(n) + Xnew(n)(A

(N)
new �K(n))

8 H(n) ← H� (A(n)>A(n))

9 Q(n) ← Q(n) + (A(N)
new
>

A(N)
new)~ H(n)

10 A(n) ← P(n)(Q(n))−1

11 end
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The main idea of Algorithm 3.1 is to go through the loading matrix
list A(N−1), . . . , A(2), A(1) from both ends, until the algorithm reaches the
results of K(1) and K(N−1) (lines 3 to 8). After that, for the rest of K(i)

where i ∈ [2, N − 2], they are computed as the Khatri-Rao products of the
intermediate results from the last loop (lines 11 to 15).

For the H(n)’s, it is obvious that calculating each individual H(n) by
itself is inefficient. Exploiting the fact that for ∀i, j ∈ [1, N − 1], H(i) ~

(A(i)>A(i)) = H(j) ~ (A(j)>A(j)) = H, in each round of update, H is calcu-
lated first, then each H(n) is obtained as H� (A(n)>A(n)), where � is the
element-wise division.

Finally, by putting everything together, we obtain the general version
of our OnlineCP algorithm, as presented in Algorithm 3.2 and 3.3.

3.3.3 Complexity Analysis

Following the same notation as §3.3.2, let R be the tensor rank, S = ∏N−1
i=1 Ii,

and J = ∑N−1
i=1 Ii. To process a new chunk of data XXXnew, it takes up to

(N − 1)S operations to get all the K(n), n ∈ [1, N − 1], and H can be ob-
tained in R2 J + (N − 2)R2 operations (lines 1 and 2 in Algorithm 3.3).
To update the time mode, RS, Stnew, and RStnew + R2tnew + R3 opera-
tions are required to get K(N), Xnew(N), and A(N)

new, respectively (lines 3,
4). Note that the pseudoinverse ((K(N))>)† can be replaced by K(N)H† as
(A� B)† = ((A>A)~ (B>B))†(A� B)> based on Eq. (2.2). For each non-
temporal mode n (lines 7 to 10), Stnew, RStnew/In (≈ Stnew, since R is usu-
ally smaller than In), RStnew and RIn operations are required for the unfold-
ing, Khatri-Rao, multiplication and addition in the step to update P(n); and
Q(n) takes R2 In +R2tnew + 3R2 operations to update; then the updated A(n)

can be calculated in R3 + R2 In operations. Thus, to update the loading ma-
trix A(n) of mode n, (2R2 + R)In + (R + 2)Stnew + R3 + (3+ tnew)R2 opera-
tions is required and the whole update procedure for non-temporal modes
takes (2R2 + R)J + (N − 1)(R + 2)Stnew + (N − 1)(R3 + (3 + tnew)R2) op-
erations. Overall, as S is usually much larger than other factors, the time
complexity of OnlineCP can be written as O(NRStnew), which is constant
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Table 3.1: Complexity comparison between OnlineCP and existing meth-
ods.

Time Space

OnlineCP O(NRStnew) Stnew + (2J + told)R + (N − 1)R2

ALS O(NRS(told + tnew)) S(told + tnew)
SDT O(R2(told + S)) Stnew + (J + S + 2told)R + 3R2

RLST O(R2S) Stnew + (J + told + 2S)R + 2R2

GridTF O(NRStnew + R2(J + told + tnew)) Stnew + (J + told)R

w.r.t. the length of processed data told.

In terms of space consumption, unlike ALS that needs to store all the
data, OnlineCP is quite efficient since only the new data, previous loading
matrices and complementary matrices need to be recorded. Hence, the
total cost of space is Stnew + (2J + told)R + (N − 1)R2.

We summarize the complexity of our approach in Table 3.1, along with
other existing approaches. Note that the complexities of SDT and RLST are
based on the exponential window [Nion and Sidiropoulos, 2009], which
considers all existing data while leverages their importance by a forgetting
factor λ. In addition, as they only work on 3rd-order tensors, when other
methods are compared to them, N should be set to 3. Another remark is
that the time complexities of ALS and GridTF are based on one iteration
only, in reality they would take a few iterations until convergence.

3.4 Empirical Analysis

In this section, we evaluate our OnlineCP algorithm, compared to existing
techniques. We first examine their effectiveness and efficiency on seven
real-world datasets. After that, based on the investigation on synthetic ten-
sors, we further analyze the critical factors that can affect the performance
of our approach, along with other baselines.
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3.4.1 Real-world Datasets

Experimental Specifications

Datasets: The experiments are conducted on seven real-world datasets of
varying characteristics, all are naturally of multi-way structures. These are
two image datasets: (i) Columbia Object Image Library (COIL); (ii) ORL
Database of Faces (FACE); three human activity datasets: (iii) Daily and
Sports Activities Data Set (DSA); (iv) University of Southern California Hu-
man Activity Dataset (HAD); (v) Daphnet Freezing of Gait Data Set (FOG);
one chemical laboratory dataset: (vi) Gas sensor array under dynamic gas
mixtures Data Set (GAS); and a (vii) road traffic dataset collected from loop
detectors in Victoria, Australia (ROAD). It should be noted that large-scale
tensors are usually highly sparse, which are not the target type of dynamic
tensors we are dealing with in this Chapter, the adaptive algorithm for ad-
dressing those tensors will be introduced in Chapter 4. In addition, due
to the high time consumption of the static ALS algorithm, it is not feasible
to conduct experiment on large-scale dense dynamic tensors in this exper-
iment setting. However, we provide analysis on synthetic tensors of larger
scale to demonstrate the efficiency and scalability of our method in §3.4.3.

Each dataset is represented by a tensor with its most natural structure.
For instance, FACE is represented by a pixel× pixel× shot 3rd-order tensor,
while DSA is stored as an 4th-order tensor of subject× trail× sensor× time.
Furthermore, since some of our baselines can only work with 3rd-order ten-
sors, for tensors with higher-order, DSA, GAS, and HAD, we randomly ex-
tract 3rd-order sub-tensors from them. Conversely, to enlarge the number
of higher-order tensors, image datasets, COIL and FACE have been trans-
formed into 4th-order tensors by treating each image as a collection of small
patches, which forms the extra order. As a result, there are five datasets hav-
ing two versions of representation: a 3rd-order one, indicated by suffix 3D,
and a higher-order form with suffix HD. The details of these datasets can
be found in Table 3.2.

Baselines: In this experiment, five baselines have been selected as the
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Table 3.2: Details of datasets

Datasets Size
Slice Size

Source
S = ∏N−1

i=1 Ii

COIL-3D 128× 128× 240 16,384
[Nene et al., 1996]

COIL-HD 64× 64× 25× 240 102,400
DSA-3D 8× 45× 750 360

[Altun et al., 2010]
DSA-HD 19× 8× 45× 750 6,840
FACE-3D 112× 92× 400 10,304

[Samaria and Harter, 1994]
FACE-HD 28× 23× 16× 400 10,304
FOG 10× 9× 1000 90 [Bachlin et al., 2010]
GAS-3D 30× 8× 2970 240

[Fonollosa et al., 2015]
GAS-HD 30× 6× 8× 2970 1,440
HAD-3D 14× 6× 500 64

[Zhang and Sawchuk, 2012]
HAD-HD 14× 12× 5× 6× 500 3,840
ROAD 4666× 96× 1826 447,936 [Schimbinschi et al., 2015]

competitors to evaluate the performance.

(i) Batch Cold: an implementation of ALS algorithm in Tensor Toolbox
[Bader et al., 2015] without special initialization.

(ii) Batch Hot: the same ALS as above but the CP decomposition of the
last time step is used as the initialization for the current decomposition.

(iii) SDT [Nion and Sidiropoulos, 2009]: an adaptive algorithm based
on incrementally tracking the SVD of the unfolded tensor.

(iv) RLST: another online approach proposed in [Nion and Sidiropou-
los, 2009]. Instead of tracking the SVD, recursive updates are performed to
minimize the mean squared error on new data.

(v) GridTF [Phan and Cichocki, 2011]: an divide-and-conquer based
algorithm. To find CP decompositions for online tensors, the partitioning
is enforced on the time mode only.

Evaluation metrics: Two performance metrics are used in our evalua-
tion. Fitness is the effectiveness measurement defined as

fitness ,

1−

∥∥∥X̂XX−XXX

∥∥∥∥∥∥XXX∥∥∥
× 100%
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whereXXX is the ground truth, X̂XX is the estimation and
∥∥∥•∥∥∥ denotes the Frobe-

nius norm. In addition, the average running time for processing one data
slice, measured in seconds, is used as efficiency measurement.

Experimental setup: The experiments are divided into two parts. The
first part is to decompose the 3rd-order tensors with all baselines. For the
second part, only Batch Hot, GridTF and our approach are used. This is be-
cause both SDT and RLST work on 3rd-order tensors only, and Batch Cold
does not show better performance compared to Batch Hot, while taking a
much longer time to run.

Apart from the difference in the number of competitors, the experimen-
tal protocol is the same for both third and higher order tests. Specifically,
for a given dataset, the first 20% of the data is decomposed by ALS and
its CP decomposition is used to initialize all algorithms. After that, the re-
maining 80% of the data is appended to the existing tensor by one slice at a
time. At each time step, after processing the appended data slice, all meth-
ods calculate the fitness of their current decomposition with their updated
loading matrices, as well as their processing time for this new slice. The
same experiment is replicated 10 times for all datasets on a workstation
with dual Intel Xeon processors, 64 GB RAM. The final results are aver-
aged over these 10 runs.

There are some settings of parameters that need to be clarified. Firstly,
since we only care about the relative performance comparison among dif-
ferent algorithms, it is not necessary to pursue the best rank decomposition
for each dataset. As a result, the rank R is fixed to 5 for all datasets. Addi-
tionally, for the initial CP decomposition, the tolerance ε is set to 1e− 8 and
the maximum number of iterations maxiters is set to 100 to ensure a good
start, as the performance of all online algorithms depends on the quality of
the initial decomposition.

In terms of method-specific parameters, for the two batch algorithms,
the default settings, ε = 1e − 4 and maxiters = 50 are used. For GridTF,
which contains an ALS procedure for the new data slice and a recursively
update procedure for estimating the whole current tensor, the same default
parameters are chosen for the ALS step; while ε = 1e− 2 and maxiters = 50
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are used for the update phase. Additionally, since batch algorithms do
not provide a weighting strategy to differentiate the importance of data,
in order to make a fair comparison, all the data slices are equally treated
and there is no difference between older and newer ones in terms of their
weights, which means the exponential window is used with λ = 1 in SDT
and RLST.
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Results

Given a particular dataset and a specific algorithm, its fitness and process-
ing time are two time series (averaged over 10 runs). We take the mean val-
ues of them and report the results for 3rd-order tensors in Table 3.3 and 3.4,
and for the higher-order tensors in Table 3.5 and 3.6. In addition, for the
four online approaches, SDT, RLST, GridTF and OnlineCP, their relative
performances compared to Batch Hot are also shown in the parenthesis.
Finally, the best results among these four are indicated by boldface.

As can be seen from Table 3.3 and 3.4, for the two batch methods, there
is no significant difference on their effectiveness. However, on all 3rd-order
datasets, the fitness of Batch Cold is slightly worse than that of Batch Hot.
The main reason is that using the previous results as initialization can pro-
vide the ALS algorithm with a descent seeding point. In contrast, every
time Batch Cold totally discards this useful information and starts to opti-
mize from the beginning, which cannot guarantee a better or even same-
quality estimation in the end. In fact, this also results in the longer running
time of Batch Cold compared with Batch Hot, where the former is usually
more than 10 times slower than the latter. On the other hand, even though
Batch Hot improves the efficiency, its time cost is still considerably high,
especially for large-scale datasets. For example, on average it takes more
than 20 seconds to process one additional data slice on the ROAD dataset,
while OnlineCP takes only 0.0068 seconds.

As the earliest studies of online CP decomposition, both SDT and RLST
address this efficiency issue very well. Compared with Batch Hot, they
shorten the mean running time by up to 400 times. RLST, in particu-
lar, was the most efficient online algorithm on 4 out of 7 3rd-order tensor
datasets. In fact, the efficiency of SDT is quite close to RLST, except for
the GAS dataset, whose length of time mode is significantly higher than
other datasets. This shows that SDT is more sensitive to the growth of
time. However, the main issue of SDT and RLST is their estimation accu-
racy. For some datasets, such as COIL and HAD, they work fine, while
for some others like DSA, they exhibit fairly poor accuracy, achieving only
nearly half of the fitness of batch methods. The same accuracy problem
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Table 3.5: Mean fitness of higher-order datasets over time (in %, the higher
the values the better). For GridTF and OnlineCP, ratios of their fitness to
the result of Batch Hot are also shown in parenthesis. Boldface indicates
the best result between these two online approaches.

Datasets Batch Hot GridTF OnlineCP

COIL-HD 57.43 42.69(0.74) 56.83(0.99)
DSA-HD 62.76 61.33(0.98) 62.54(1.00)
FACE-HD 74.78 67.47(0.90) 74.45(1.00)
GAS-HD 79.38 61.05(0.77) 75.71(0.95)
HAD-HD 67.36 65.57(0.97) 67.28(1.00)

Table 3.6: Mean running time of higher-order datasets for processing one
data slice (in seconds). For GridTF and OnlineCP, the ratios between the
running time of Batch Hot and theirs are shown in parenthesis. Boldface
indicates the best result between these two online approaches.

Datasets Batch Hot GridTF OnlineCP

COIL-HD 2.1264 0.1935(10.99) 0.0076(280.44)
DSA-HD 0.2217 0.0896(2.48) 0.0029(75.43)
FACE-HD 0.3795 0.1438(2.64) 0.0040(94.15)
GAS-HD 0.3154 0.1807(1.75) 0.0016(203.47)
HAD-HD 0.1750 0.0922(1.90) 0.0041(42.23)

can be observed in GridTF as well. In terms of efficiency, there is no signif-
icant difference between GridTF and Batch Hot, at least on the small size
datasets. In fact, we notice that a substantial amount of time of GridTF is
consumed by decomposing the new data slice and this cost is particularly
dominant when the tensor size is not large enough. This can be confirmed
by observing its generally better efficiency on higher-order datasets, com-
pared to the 3rd-order ones.

Our proposed algorithm, OnlineCP, shows very promising results in
both accuracy and speed. On every dataset, both 3rd-order and higher-
order ones, our method reaches the best fitness among all online algo-
rithms. More importantly, the estimation performance of our approach
is quite stable and very comparable to the results of batch techniques. In
most of the cases, the fitness of OnlineCP is less than 3% lower than that of
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the most accurate algorithm, Batch Hot. However, the speed of OnlineCP
is orders of magnitudes faster than Batch Hot. On small and moderate size
datasets, OnlineCP can be tens to hundreds of times faster than Batch Hot;
and on the largest dataset, ROAD, OnlineCP improves the efficiency of
Batch Hot by more than 3,000 times. Additionally, compared with another
fast approach, RLST, although OnlineCP is outperformed on four datasets,
its speed on these datasets is quite close to the best. On the other hand,
we notice that all these datasets have fairly small slice size. In contrast,
on those datasets with larger slices, such as COIL and FACE, the time con-
sumption of our method clearly grows slower than that of RLST, showing
that OnlineCP is less sensitive to the size of the data, and thus, having
better scalability.

3.4.2 Sensitivity to Initialization

Throughout our experiments, an interesting observation was made: for all
adaptive algorithms that make use of the previous step results, namely
Batch Hot, SDT, RLST, GridTF, and OnlineCP, their best results are usu-
ally linked to a good initial fitness, while poor-quality initializations often
lead them to subsequent under-fitting. To explore the impact of initial-
ization to each algorithm, the following experiment has been conducted.
We generate a synthetic tensor XXX ∈ R20×20×100 by constructing from ran-
dom loading matrices and then downgrade it by a Gaussian noise with a
Signal-to-Interference Rate (SIR) of 20 dB. The best fitness to XXX in 10 runs
of ALS is 90.14%. This tensor is then repeatedly decomposed by the above
five methods for 200 times. At the beginning of each run, half of the data
is used for initialization by ALS with a random tolerance from 9e − 1 to
1e− 4, to produce different level of initial fitness. Then the rest of data is
sequentially added and processed by each online algorithm. The averaged
final fitness over all runs is used as the effectiveness indicator, as well as the
standard deviation. Table 3.7 and Figure 3.2 show the experimental results
with average initial fitness as 65.78% and standard deviation as 15.3704%.

As shown in Table 3.7 and Figure 3.2, overall, the low quality initial-



68 Dense Tensor Decomposition with Slice-wise Updates

Table 3.7: The final fitness averaged over 200 runs with different initial
fitness. Results are displayed as mean ± std, where mean is the average
final fitness and std is the standard deviation, both in % (the higher the
values the better).

Final Fitness

Batch Hot 82.57±10.1474
SDT 7.68±55.5205
RLST 33.15±36.9270
GridTF 57.43±15.2148
OnlineCP 67.67±12.9846
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Figure 3.2: Initial fitness v.s. final fitness of 200 runs.

ization has a negative impact on all algorithms. Even the most powerful
one, Batch Hot, cannot always reach the best fitness and shows a decline
of 10%. For SDT and RLST, it turns out that both algorithms are signif-
icantly dependent on the initial fitness. When the initial fitness is lower
than the best value, their performance can quickly drop to an unacceptable
level. In addition, their results are also highly unstable, as demonstrated
by a large variance. While both GridTF and OnlineCP exhibit much more
stable performance, the final fitness of GridTF is considerably lower than
our approach OnlineCP. This experimental evidence demonstrates that the
proposed algorithm, OnlineCP, is less sensitive to the quality of the initial-
ization, compared with exiting online methods. However, it can be seen
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that good initialization still plays an important role to our algorithm. Thus,
for applying our method, we suggest to validate the goodness of the ini-
tialization at the beginning, in order to obtain the best subsequent effec-
tiveness.

3.4.3 Scalability Evaluation
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Figure 3.3: Running time (in seconds) for adding one slice to a 20× 20×
(t− 1) tensor at time t. Two figure represents the same information, differ-
ing only in the y-axis scale.

According to §3.3.3, the time complexity of each algorithm is mainly
determined by the slice size and the length of processed data. To confirm
our analysis and evaluate the scalability of our algorithm, firstly, a tensor
XXX ∈ R20×20×105

of small slice size but long time dimension is decomposed.
After initializing with data of the first 100 timestamps, each method’s run-
ning time for processing one data slice at each time step is measured and
displayed in Figure 3.3. In addition, to examine the impact of slice size to
efficiency, we fix the time mode to 100, and generate a group of tensors of
different slice sizes, ranging from 100 to 9× 106. For each tensor, its first
20% of data is used for initialization and the average running time for pro-
cessing the rest data slices is shown in Figure 3.4. For better comparison,
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Figure 3.4: Running time (in seconds) for processing different size of ten-
sors. Two figure represents the same information, differing only in the
y-axis scale.

both Batch Hot and GridTF are forced to execute 1 iteration only in these
two experiments. Note that the y-axis of Figures 3.3a and 3.4a is displayed
in log scale and in Figure 3.3b, Batch Hot has been removed for better visi-
bility.

As can be seen from Figure 3.3, both RLST and OnlineCP show constant
complexities and the increasing length of processed data has no impact
on them. For the other approaches, a clear linear growth with time can
be observed in Batch Hot and SDT, which makes them less feasible for
online learning purposes. The change of time consumption in GridTF is
less obvious compared with Batch Hot and SDT. However, after removing
the time used by its inner ALS procedure, similar linear trend can be seen,
marked as GridTF-update in the figure.

In terms of slice size, it turns out that the time consumption of all ap-
proaches are linearly increasing as the slice size grows. However, their
slopes vary. Both Batch Hot and SDT show quicker growth compared to
others. This is reasonable since the impact of slice size to them is also lever-
aged by the time mode. On the other hand, GridTF outperforms SDT and
RLST when the slice gets larger. This is because the growth of slice size has
impact only on its ALS procedure, which is scaled by R times, while the
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coefficients in the complexities of SDT and RLST w.r.t. slice size contain
an R2 term. Once again, our proposed algorithm illustrates the best per-
formance in this experiment and even a large 3000× 3000 data slice can be
efficiently processed in 0.1 second.

3.5 Summary

To conclude, in this chapter, we address the problem of tracking the CP
decomposition of online tensors. An online algorithm, OnlineCP, is pro-
posed, which can efficiently track the new decomposition by using com-
plementary matrices to temporally store the useful information of the pre-
vious time step. Furthermore, our method is not only applicable to 3rd-
order tensors, but also suitable for higher-order tensors that have more
than 3 modes. As evaluated on both real-world and synthetic datasets, our
algorithm demonstrates comparable effectiveness with the most accurate
batch techniques, while significantly outperforms them in terms of effi-
ciency. Additionally, compared with the state-of-art online techniques, the
proposed algorithm shows advantages in many aspects, including effec-
tiveness, efficiency, stability and scalability.





Chapter 4

Sparse Tensor Decomposition
with Slice-wise Updates

This chapter addresses similar problem as last chapter: to find CP de-
compositions of dynamic tensors with slice-wise updates. However, we
notice that directly applying OnlineCP algorithm to sparse tensors is of
poor efficiency. To overcome this issue, we propose OnlineSCP, which
shares similar principle to OnlineCP, but is fully optimized for sparse data.
The content of this chapter is adapted from the following published paper:

Zhou, S., Erfani, S. and Bailey, J., 2018, November. Online CP decom-
position for sparse tensors. In 2018 IEEE International Conference on Data
Mining (ICDM) (pp. 1458-1463). IEEE.

73
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4.1 Introduction

Multi-dimensional datasets are common in a wide range of applications
such as chemometrics [Acar et al., 2011a], signal processing [Cichocki et al.,
2015], machine learning [Globerson et al., 2007] and data mining [Kolda
et al., 2005]. A natural choice for representing such data is a tensor, which
is a multi-way array that can preserve the complex relationships among
different dimensions. Tensor decomposition is a fundamental technique
for analyzing tensors, and it has been extensively studied and widely ap-
plied for varying tasks, including subspace learning in computer vision
[Hu et al., 2011], community detection in time-evolving networks [Anand-
kumar et al., 2014], and feature extraction for spatial-temporal time series
[Ma et al., 2016]. However, existing tensor decomposition techniques are
usually designed for dense and static tensors, which makes them less suit-
able when the data is highly sparse and dynamically changing over time.

Many real-world tensors are very large and have high sparsity. Thus,
compared to their overall size, the number of non-zero entries is small.
As a consequence, it is difficult to apply existing tensor decomposition
techniques, since these have often been designed for dense tensors, and
thus have poor efficiency and scalability when applied to sparse scenarios.
Moreover, sparse tensors are often not static. Instead, they are often chang-
ing over time, as large volumes of new data is generated and added to the
the existing tensor. One typical type of dynamic update is appending new
data along a specific dimension such as time, with the other dimensions
remaining unchanged. An example of such a scenario is a time-evolving
social network, as shown in Figure 4.1. The network can be represented
by a user× user× time tensor and each slice at its time dimension is a col-
lection of user interactions such as tagging a friend in a photo or visiting a
friend’s homepage. Overall, this tensor is highly sparse by its nature, and
rapidly growing as new data (slices) are added. We refer to such tensors as
online sparse tensors.

The research problem we address in this chapter is how to efficiently
decompose online sparse tensors. We are particularly interested in CP de-
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Figure 4.1: An example of online sparse tensors

composition, since it is one of the most popular tensor decomposition tech-
niques having numerous applications across different domains [Kolda and
Bader, 2009]. Specifically, given the existing CP decomposition of a sparse
tensor and a batch of new sparse data slices, which get added to the ten-
sor’s time mode, we would like to efficiently obtain the new CP decomposition of
the newly formed tensor without computing it from scratch.

To the best of our knowledge, this is an unresolved problem and ex-
isting approaches are not suitable for decomposing online sparse tensors.
ALS has been widely considered as the workhorse for CP decomposition
[Kolda and Bader, 2009] due to its simplicity and ease of implementation.
However, it is infeasible for decomposing an online large-scale sparse ten-
sor, due to poor runtime efficiency. In addition, batch methods like ALS
require availability of the full data, while the size of an online tensor that
grows over time is potentially unbounded, so we may not be able to fit it
into the memory. Even though distributed and parallel algorithms [Choi
and Vishwanathan, 2014, Jeon et al., 2015, Kang et al., 2012] may be used
to accelerate ALS, the number of non-zeros in the new data can be too
small, so it is wasteful to employ computational resources to decompose
the full tensor from scratch. Lastly, there are existing approaches, including
our OnlineCP algorithm proposed in Chapter 3, that have been designed
for incremental, online decompositions [Nion and Sidiropoulos, 2009], but
these are designed for online dense tensors and their complexities are usu-
ally linear w.r.t. the size of new data. This means that they require the
same amount of time and space for processing both dense and sparse on-
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line tensors, and no optimization is employed with respect to sparsity. This
significantly limits their applicability to online sparse tensors which can be
very large, but contain few non-zero elements.

Overall, due to their poor efficiency and scalability, existing methods
are not well suited for decomposing online sparse tensors. To address this
gap, we propose a new algorithm, OnlineSCP. The contributions of our
work are as follows:

• We propose a new algorithm having linear complexity to the number
of non-zeros in the new data, for tracking the CP decompositions of
sparse dynamic tensors with slice-wise updates.

• Via experiments on nine real-world datasets, our method demon-
strates high decomposition quality, as well as significant efficiency
improvements in both time and memory usage. Empirical analysis
on real and synthetic datasets shows that our method is considerably
more scalable than state-of-the-art techniques.

4.2 Related Work

Tensors are a generalization of matrices and CP decomposition is a power-
ful tool for data simplification, feature extraction and knowledge discovery
on tensors. While much tensor-based work can be found in the literature,
few studies have been conducted on decomposing online sparse tensors.
In this section we review relevant literature in this area.

In order to decompose a large-scale sparse tensor efficiently, [Bader and
Kolda, 2007] propose an algorithm based on ALS, tailoring it to sparse
tensors, with support from special data structures and customized tensor-
related operations. Following the same idea, [Smith et al., 2015] propose a
new hierarchical, fiber-centric data structure called a Compressed Sparse
Fiber (CSF). Compared to the coordinate (COO) format used in [Bader and
Kolda, 2007], CSF is more memory-efficient and much easier to parallelize.
[Li et al., 2017] also apply CSF as the storage format for sparse tensors,
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while a variant of CSF (vCSF) was used for recording intermediate results,
which leads to more memory-savings and speedup. In addition, with ad-
vances in distributed computing, techniques like MapReduce have also
been used to further speed up ALS for large-scale sparse tensors[Choi and
Vishwanathan, 2014,Jeon et al., 2015,Kang et al., 2012]. Inspired by the suc-
cess of parallel tensor decomposition algorithms, GPUs have been applied
for accelerating sparse tensor computations [Liu et al., 2017].

In terms of online tensor decomposition, limited research can be found
for online CP decompositions. An early exploration is [Nion and Sidiropou-
los, 2009], introducing two adaptive algorithms that specifically focus on
CP decomposition: Simultaneous Diagonalization Tracking (SDT), which
incrementally tracks the SVD of the unfolded tensor; and Recursive Least
Squares Tracking (RLST), which recursively updates the decomposition
factors by minimizing the mean squared error. However, the limitation
of this work is that it can only be applied to 3rd-order tensors. Our ear-
lier work (presented in chapter 3) propose a general approach that incre-
mentally tracks the CP decompositions of online tensors with arbitrary di-
mensions. However, both [Nion and Sidiropoulos, 2009] and our work are
specifically designed for dense online tensors, which means that their effi-
ciency quickly drops to an unacceptable level and may potentially run out
of memory for sparse online tensors having large non-temporal modes.
A more recent technique proposed by Gujral et al. [Gujral et al., 2018a]
can operate with both dense and sparse online tensors via sub-sampling,
though multiple repetitions are required for a stable result1.

4.3 OnlineSCP Algorithm

This section introduces our approach, OnlineSCP, an algorithm to track the
CP decomposition of a sparse dynamic tensor with slice-wise update. We
first discuss the main idea of our algorithm, followed by key improvements

1We cannot include this work in experiment due to technique issues. While we would
like to highlight that the major improvement of this work is gained by parallel computing,
while our method aims to address the efficiency issue from an algorithmic point of view.
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that have been applied and a brief complexity analysis and a comparison
to state-of-the-art methods.

Formally speaking, the research question we solve is defined as follows:
given (i) an existing CP decomposition JÃ(1), . . . , Ã(N)K of R components
that approximates a sparse tensor X̃XX ∈ RI1×···×IN−1×t at time t, (ii) a new
incoming sparse tensor ∆XXX ∈ RI1×···×IN−1×∆t that is appended to X̃XX at its
last mode and forms a new tensor XXX ∈ RI1×···×IN−1×(t+∆t), where ∆t � t.
The objective is to find the CP decomposition JA(1), . . . , A(N)K of XXX.

4.3.1 The Principle of OnlineSCP

To address the problem, our method follows the same alternating update
schema as ALS, such that only one loading matrix is updated at one time
by fixing all others. Specifically, we update the time mode first, then move
on to the rest of the non-temporal modes as

A(N) → A(1) → A(2) · · · → A(N−1).

In order to take advantage of the fact that the tensor is only growing
at its time mode, similar to existing online works [Nion and Sidiropoulos,
2009], the main assumption of our method is that the new incoming data,
∆XXX, will not have significant impact on the existing model, but only con-
tribute to the update of its corresponding local features. By this, we mean
when new data arrives, the first t rows in the loading matrix of the tem-
poral mode, A(N), will remain unchanged; while the loading matrices for
non-temporal modes, A(1), . . . A(N−1), will receive a minor update based
on their existing values.

At a high level, as presented in Algorithms 4.1 and 4.2, our algorithm
contains two procedures. Before the start of the learning phase, it initializes
two small helper matrices for storing historical information by using the
initial tensor and its decomposition (details in Algorithm 4.1). After that,
in the online learning phase, the new incoming tensors can be efficiently
processed by an incremental update schema (details in Algorithm 4.2).
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Algorithm 4.1: Initialization Procedure of OnlineSCP

Input: initial data XXX0, its decomposition JA(1), . . . , A(N)K
Output: helper matrices Q and U(N)

1 U(N) ← A(N)>A(N)

2 Q← U(N)

3 for n← 1 to N − 1 do

4 Q← Q ~ (A(n)>A(n))
5 end

Algorithm 4.2: Update Procedure of OnlineSCP

Input: loading matrices A(1), . . . , A(N−1), helper matrices Q and
U(N), new data ∆XXX

Output: updated loading matrices A(1), . . . , A(N−1), updated helper
matrices Q and U(N), coefficient of new data ∆A(N)

1 Q̃← Q

// process temporal mode

2 Q(N) ← Q�U(N)

3 ∆P(N) ← MTTKRP by Algorithm 2.2
4 ∆A(N) ← ∆P(N)(Q(N))−1

// update helper matrices

5 U(N) ← U(N) + (∆A(N)>∆A(N))

6 Q← Q(N) ~ U(N)

// process non-temporal mode

7 for n← 1 to N − 1 do
8 Ã(n) ← A(n)

9 U(n) ← A(n)>A(n)

10 Q(n) ← Q�U(n), Q̃(n) ← Q̃�U(n)

11 ∆P(n) ← MTTKRP by Algorithm 1
12 A(n) ← (A(n)Q̃(n) + ∆P(n))(Q(n))−1

// update helper matrices

13 Q← Q(n) ~ (A(n)>A(n))

14 Q̃← Q̃(n) ~ (Ã(n)>A(n))
15 end
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Compared to ALS, the major speedup gained by our approach comes
from several aspects: (i) only a small fraction of new values are added
to the loading matrix of the temporal mode while the remainder is kept
unchanged (as discussed in §4.3.2); (ii) for non-temporal modes, we break
down the costly MTTKRP (discussed in §2.3.2 calculation into historical and
new data parts, the historical one is avoided by using helper matrices and
the new data one is efficiently obtained by Algorithm 1 (as discussed in
§4.3.3); (iii) the helper matrices can also be incrementally updated at a small
cost (as discussed in §4.3.4).

4.3.2 Updating the Temporal Mode

Specifically, the temporal loading matrix, A(N), is a (t + ∆t)× R matrix as

A(N) ←
[

Ã(N)

∆A(N)

]
,

where its first t rows is Ã(N) ∈ Rt×R and ∆A(N) is a small matrix of size
∆t× R. ∆A(N) can be easily obtained by projecting ∆XXX to the last mode via
other non-temporal loading matrices as

∆A(N) = ∆X(N)((�N−1
i=1 A(i))>)†

=
∆X(N)(�N−1

i=1 A(i))

~N−1
i=1 (A(i)>A(i))

.

Let U(N) = A(N)>A(N), Q =~N
i=1(A(i)>A(i)), and ∆P(N) = ∆X(N)(�N−1

i=1 A(i)),
recall that there is no loading matrices has been updated so far, we can
rewrite the above equation with helper matrices U(N) and Q as

∆A(N) ← ∆P(N)

Q�U(N)
, (4.1)

where the MTTKRP, ∆P(N), can be efficiently calculated by Algorithm 2.2
[Bader and Kolda, 2007] at linear complexity to the number of non-zeros in



4.3 OnlineSCP Algorithm 81

∆XXX, which we refer to as |∆Ω+|.

4.3.3 Updating Non-Temporal Modes

Without loss of generality, here we show how to derive the incremental
update rule for loading matrix at the first mode, A(1). By using helper
matrix Q defined as above, the update given by the typical ALS is

A(1) ←
X(1)(�N

i=2A(i))

~N
i=2(A(i)>A(i))

=
X(1)(�N

i=2A(i))

Q�U(1)
. (4.2)

Even though the MTTKRP operation, X(1)(�N
i=2A(i)), can be accelerated

by Algorithm 1 given that XXX is sparse, such cost is still not accepatable
since XXX is potentially a large-scale tensor and the number of non-zeros in
XXX will keep growing with the increase of time. As a matter of fact, by
noticing that XXX is an online tensor that new data is only appended at its
last mode, there are some patterns can be found in its mode-n unfolding
and the corresponding Khatri-Rao product. As a result, we make use of
such patterns to derive an efficient update rule as follows.

Recall that A(N) = [Ã(N); ∆A(N)] and let B(1) = �N−1
i=2 A(i), Eq. (4.2)

can be rewritten as

A(1) ←

[
X̃(1), ∆X(1)

] ([ Ã(N)

∆A(N)

]
� B(1)

)
Q�U(1)

=
X̃(1)(Ã(N) � B(1)) + ∆X(1)(∆A(N) � B(1))

Q�U(1)

=
P̃(1) + ∆P(1)

Q�U(1)
.

In this way, the MTTKRP is divided into two parts: the one that is related
to the historical data, P̃(1); and the other that is only depending on the
new incoming data, ∆P(1). In fact, since JÃ(1), . . . , Ã(N)K is the existing
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decomposition of X̃XX, we have

X̃(1) ≈ Ã
(1)

(�N
i=2Ã(i))> = Ã

(1)
(Ã(N) � B̃(1))>, (4.3)

where B̃(1) = �N−1
i=2 Ã(i). Based on this, X̃(1) in P̃(1) can be replaced by Eq.

(4.3) and the final update rule for A(1) is

A(1) ←
X̃(1)(Ã(N) � B(1)) + ∆P(1)

Q�U(1)

≈ Ã
(1)

(Ã(N) � B̃(1))>(Ã(N) � B(1)) + ∆P(1)

Q�U(1)

=
Ã

(1)
(Ã(N)>Ã(N))~ (B̃(1)>B(1)) + ∆P(1)

Q�U(1)

= Ã
(1) Q̃�U(1)

Q�U(1)
+

∆P(1)

Q�U(1)
,

(4.4)

where Q̃ = (Ã(N)>Ã(N))~ (~N−1
i=1 (Ã(i)>A(i))).

Overall, the above update rule significantly reduces the computational
cost by limiting the expensive MTTKRP operation to the new data only. We
can interpret such update schema as follows: the new loading matrix is a
weighted combination of existing loading and a hyper loading learned from the
new data. The weight between them is determined by the ratio of information
contains in the historical data w.r.t. the full data.

4.3.4 Incremental Update of Q and Q̃

As mentioned before, by definition we have

Q = (A(1)>A(1)) · · ·~ (A(n)>A(n))~ · · · (A(N)>A(N)),

Q̃ = (Ã(1)>A(1)) · · ·~ (Ã(n)>A(n))~ · · · (Ã(N)>Ã(N)).

Their values are gradually changing with the updating of loading matri-
ces. However, the main difference between the Q values before and after
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updating A(n) is just the A(n)>A(n) term. As a result, we do not need to
calculate the Q values from scratch for each update. Instead, we initial-
ize both Q and Q̃ as ~N

i=1(Ã(i)>Ã(i)). After processing the time mode, Q̃
remains unchanged, while Q can be updated as

Q← Q� (Ã(N)>Ã(N))~ (A(N)>A(N)).

Similarly, the update after processing the n-th non-temporal mode is

Q← Q� (Ã(N)>Ã(N))~ (A(N)>A(N)),

Q̃← Q̃� (Ã(N)>Ã(N))~ (Ã(N)>A(N)).

After processing all modes, the final Q is stored and used to initialize Q
and Q̃ for the next batch of new data.

Additionally, sinceXXX is an online tensor and the length of the time mode
t can be potentially quite large, we choose to avoid directly computing
Ã(N)>Ã(N) and A(N)>A(N) by storing Ã(N)>Ã(N) into a small R× R ma-
trix U(N), and A(N)>A(N) can be easily obtained as

U(N) ← U(N) + (∆A(N)>∆A(N)).

4.3.5 Complexity Analysis

Let R be the decomposition rank, N be the order of tensor, t be the time
length of existing data, ∆t be the time length of new data, |Ω+| be the
number of non-zeros in the full data, |∆Ω+| be the number of non-zeros in
the new tensor, S = ∏N−1

i=1 Ii, and J = ∑N−1
i=1 Ii, where Ii is the length of the

i-th mode.

To process a new chunk of data, the overall time complexity for our
algorithm is O((J + ∆t)R2 + |∆Ω+|NR), where (J + ∆t)R2 is correspond-
ing to the (A(n)>A(n))-like calculations (line 5, 9, 13, 14 in Algorithm 4.2)
and the actual update for loading matrices (line 4, 12 in Algorithm 4.2);
|∆Ω+|NR is cost for MTTKRP operation (line 3, 11 in Algorithm 4.2).
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Table 4.1: Complexity comparison between OnlineSCP and existing meth-
ods.

Time Memory

OnlineSCP O((J + ∆t)R2 + |∆Ω+|NR) O((J + ∆t)R + |∆Ω+|)
ALS O((J + t + ∆t)R2 + |Ω+|NR) O((J + t + ∆t)R + |Ω+|)
OnlineCP O((J + ∆t)R2 + NRS∆t) O((J + ∆t)R + SR∆t)
SDT O((S + ∆t)R2) O((J + S + t)R + SR∆t)
RLST O(SR2) O((S + J + ∆t)R + SR∆t)

In terms of space consumption, since the update of the time mode is
independent to historical data, our method only needs to store the loading
matrices for non-temporal modes and two R× R helper matrices in mem-
ory. In addition, extraO(|∆Ω+|) memory needs to be used for the MTTKRP

calculation. As a result, the overall space cost is O((J + ∆t)R + |∆Ω+|).
We summarize the complexity of OnlineSCP and make a comparison to

state-of-the-art methods in Table 4.1. It should be noted that the complexi-
tie of SDT and RLST are measured based on the exponential window strat-
egy [Nion and Sidiropoulos, 2009], which considers all updated-to-date
data in a single window assessing the importance of data slices at different
timestamps using a forgetting factor λ. In addition, as they only work on
3rd-order tensors, when other methods are compared to them, N should
be set to 3. Another remark is that the complexity of ALS is based on one
iteration only, in reality it usually takes a few iterations until convergence.

4.4 Empirical Analysis

In this section, we compare the performance of our proposed OnlineSCP
algorithm with state-of-the-art techniques. We first examine their effec-
tiveness and efficiency, in terms of both time and space, on nine real-world
datasets. In addition, we make further investigation on the scalability of
our method and baselines using several synthetic datasets.
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4.4.1 Experiment Specifications

Datasets

Nine real-world datasets of varying characteristics have been used in our
experiments and their detail can be found in Table 4.2. Facebook [Viswanath
et al., 2009] and Youtube [Mislove, 2009] are time-evolving social network
data obtained from KONECT [Kunegis, 2013]. Both MovieLens [Paran-
jape et al., 2017] and LastFM [Herrada, 2009] contain user rating data. The
ratings in MovieLens are explicit, scaling from 1 to 5, whereas LastFM con-
tains implicit ratings that are represented by the number of times a user
listened a particular artist’s songs for a given time interval. The rest of
the datasets are publicly available on FROSTT [Smith et al., 2017]. NELL-1
and NELL-2 come from Never Ending Language Learning (NELL) project
[Carlson et al., 2010] and represent (noun, verb, noun) triples. NIPS [Glober-
son et al., 2007] is a paper authorship network data and Enron [Shetty and
Adibi, 2004] records email transactions within senior managers in Enron.
Both of them are 4th-order tensors.

Baselines

In our experiments, four baselines have been selected for performance
comparison.

(i) ALS [Kolda and Bader, 2009]: an implementation of the ALS algo-
rithm for sparse tensors provided by Tensor Toolbox [Bader et al., 2015].
Since it is a batch method, to make it work with online tensors, the CP
decomposition of the last time step is used as the initialization for decom-
posing the current tensor.

(ii) OnlineCP (described in Chapter 3): an incremental ALS-like algo-
rithm, which can track the decompositions of both 3rd-order and higher-
order online tensors.

(iii) SDT [Nion and Sidiropoulos, 2009]: an adaptive algorithm based on
incrementally tracking the SVD of the unfolded tensor on the time mode.
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(iv) RLST: another online approach proposed in [Nion and Sidiropou-
los, 2009]. Instead of tracking the SVD, recursive updates are performed to
minimize the mean squared error on new data.

Evaluation Metrics

The performance of each method is demonstrated by its effectiveness and
efficiency.

In terms of effectiveness, we measure the fitness of each algorithm as

fitness ,

1−

∥∥∥X̂XX−XXX

∥∥∥∥∥∥XXX∥∥∥
 ,

whereXXX is the original data, X̂XX is the estimation and
∥∥∥•∥∥∥ denotes the Frobe-

nius norm.
In order to validate the efficiency performance of an algorithm, both

the running time and memory usage for processing one batch of new data
are measured.

Since ALS is the most popular method for CP decomposition and in
order to better interpret the results, we report the relative performance of an
online method to ALS over all three metrics as

relative f itness ,
f itness(baseline)

f itness(ALS)
,

speedup ,
time(ALS)

time(baseline)
,

relative memory ,
memory(baseline)

memory(ALS)
.

Experimental Setup

Given a dataset, the first 50% data along the last mode is decomposed by
ALS and this corresponding CP decomposition is used for initializing all
methods. After that, the second half is further divided into 100 batches and



88 Sparse Tensor Decomposition with Slice-wise Updates

each of them is sequentially appended to the existing data. All methods
process one batch of data at a time. After learning a new batch, the updated
decompositions of all methods are used to calculate the fitness, along with
the time and memory consumption for this batch.

With respect to parameter settings, the decomposition rank R is fixed to
5 for all datasets, due to the poor efficiency of baselines. For the ALS algo-
rithm used in the initialization stage, the tolerance ε is set to 1× 10−8 and
the maximum number of iterations is set to 100, to ensure quality starting
points for all methods. In the online learning phase, ε of ALS is altered to
1× 10−4 and we enforce it to run one iteration at one timestamp, for a fair
comparison to other methods. For SDT and RLST, exponential window
strategy is used with a forgetting factor λ = 1, as all other methods treat
all data as equally important. In addition, it should be noted that the orig-
inal implementation of SDT and RLST can only handle one slice of data
at a time, so we modified them by executing a for loop to process a batch.
Lastly, no parameters need to be tuned for our method and OnlineCP.

The experiments are conducted on Spartan [Lafayette and Wiebelt, 2017],
a research platform with multiple computing nodes and each of them has
12 CPU cores and 251 GB RAM. Due to the fact that Spartan is a highly uti-
lized system, we limit the computing resources for each algorithm-dataset
pair as 4 CPU cores, 32 GB memory and 12-hour maximum running time.
The whole experiment is replicated 5 times with Matlab and the final re-
sults are averaged over these repetitions.

4.4.2 Experimental Results

The experimental results on real-world datasets can be found in Table 4.3,
4.4 and 4.5.

Results on Effectiveness

Among all online methods, our proposal, OnlineSCP, is the only method
that is able to produce results for all datasets, given the limited computa-
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Table 4.3: Mean relative fitness to ALS over all batches. The higher the
better (boldface means the best results).

Dataset OnlineCP SDT RLST OnlineSCP

Facebook-Links n/a* n/a n/a 1.00
Facebook-Wall n/a n/a n/a 0.92
MovieLens 1.00 0.31 1.00 1.00
LastFM 0.91 0.22 0.17 0.91
NIPS n/a n/a n/a 0.96
Youtube n/a n/a n/a 1.00
Enron n/a n/a n/a 0.93
NELL-2 0.97 n/a n/a 0.98
NELL-1 n/a n/a n/a 0.84

* n/a means the method is failed since it is not applicable/running
out of memory/cannot finish within 12 hours

tional resources as stated before. In contrast, SDT and RLST only manage
to process MovieLens and LastFM, which are two relatively small datasets
in terms of slice size (6K × 6K for MovieLens and 1K × 1K for LastFM).
OnlineCP can process one more dataset compared to them, NELL-2, which
has a slice size of 108M. Ideally OnlineCP should also work on NIPS dataset
as one slice of NIPS data is slightly smaller than that of NELL-2. However,
OnlineCP has a specifically designed procedure to speedup calculations
on higher-order tensors by costing more memory, hence it fails on this 4th-
order tensor.

Compared to existing online methods, our algorithm is able to produce
the highest quality decompositions on-the-fly. The fitness of OnlineSCP
is comparable to ALS being more than 90% as good in most cases. How-
ever, the performance of SDT and RLST is considerably worse on this cri-
teria. Specifically, compared to ALS, the relative fitness of SDT is under
one third for both MovieLens and LastFM, and RLST can only reach 17%
relative fitness on LastFM. The relative fitness of OnlineCP is close to ours
on MovieLens and LastFM, but 1% lower on NELL-2 dataset.
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Table 4.4: Mean relative speedup to ALS over all batches. The higher the
better (boldface means the best results).

Dataset OnlineCP SDT RLST OnlineSCP

Facebook-Links n/a n/a n/a 3.90
Facebook-Wall n/a n/a n/a 5.65
MovieLens 2.03 0.05 0.02 42.06
LastFM 70.68 12.41 6.53 74.83
NIPS n/a n/a n/a 102.08
Youtube n/a n/a n/a 3.14
Enron n/a n/a n/a 160.24
NELL-2 30.12 n/a n/a 258.50
NELL-1 n/a n/a n/a 27.81

Results on Time Efficiency

Lack of optimization on sparsity is the main contributing factor to the poor
time efficiency of existing online methods on the MovieLens dataset, e.g.,
OnlineCP only speeds up ALS by 2 times, and SDT and RLST are much
slower than ALS, while our method significantly reduces the time con-
sumption by more than 40 times. Similarly, huge time efficiency differ-
ence can be observed between OnlineCP and our approach on NELL-2
dataset, where our method is more than 250 times faster than ALS, whilst
the speedup of OnlineCP is only about 30 times. On LastFM dataset, SDT
and RLST perform slightly better with around 12 and 7 times faster than
ALS, respectively. However, they have been significantly outperformed by
OnlineCP (x70 speedup) and our approach (x75 speedup).

Results on Space Efficiency

As shown in the complexity comparison (Table 4.1, all existing online meth-
ods have a space complexity that is linear w.r.t. the slice size, which can be
much greater than necessary if the data is highly sparse. In fact, this is the
main reason why they fail on most of the real-world datasets given the time
and memory limits. Sometimes their memory usages can be even worse
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Table 4.5: Mean relative memory usage to ALS over all batches.The lower
the better (boldface means the best results).

Dataset OnlineCP SDT RLST OnlineSCP

Facebook-Links n/a n/a n/a 0.35
Facebook-Wall n/a n/a n/a 0.32
MovieLens 17.41 60.87 46.38 0.02
LastFM 0.36 1.24 0.94 0.01
NIPS n/a n/a n/a 0.01
Youtube n/a n/a n/a 0.38
Enron n/a n/a n/a 0.04
NELL-2 1.49 n/a n/a 0.01
NELL-1 n/a n/a n/a 0.06

than ALS, which is a batch method that stores all information with sparse
indexing. For example, on MovieLens, the space usage of OnlineCP, SDT
and RLST is 17, 60 and 46 times to the memory used by ALS. In contrast,
we only use 2% of memory compared to ALS. In addition,

Discussion on the Efficiency Variance of OnlineSCP

We can see that the efficiency performance of our OnlineSCP method varies
from dataset to dataset. For example, compared to ALS, the speedups of
OnlineSCP on the social network datasets, Facebook-Links, Facebook-Wall
and Youtube are only 3.9, 5.65 and 3.14 times, respectively; while it can im-
prove the time consumption on NIPS, Enron and NELL-2 by more than 100
times. Similar patterns can be found for memory usage as well, where for
social network data, around one third of memory used by ALS is needed
for OnlineSCP, while for others the relative memory can be as less as 1%
w.r.t. ALS.

One can understand this behavior based on the complexity analysis.
Specifically, the complexity of OnlineSCP, both in time and space, consists
of two parts: 1) one part related to the overall length of the non-temporal
modes, J, 2) and the other part that depends on the number of non-zeros in
the new data, |∆Ω+|. That is, if J is a relatively large number compared to
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Figure 4.2: The efficiency of OnlineSCP is correlated to the ratio between
the number of non-zeros in data and the overall length of its non-temporal
modes

|∆Ω+|, then the speedup obtained by the incremental learning phase will
be significantly exploited. In fact, by plotting |∆Ω+|/J against the speedup
(or relative memory) of our method w.r.t. ALS, we can see a clear correla-
tion between this ratio and the efficiency performance as shown in Figure
4.2. This means that our method tends to work better for tensors that have
relatively smaller overall length of the non-temporal modes. However, this
does not necessarily means that our method is not suitable for large-scale
sparse online tensors. In fact, it should be highlighted that in this experi-
ment setting, each new data batch contains around 0.5% of overall data, so
the maximum speedup can be gained in the MTTKRP calculation is about
200 times, compared to the ALS algorithm. In practice, as long as the time
used by our algorithm for one new batch of data is less than the data gen-
eration time, one can always use a smaller batch size to gain even greater
efficiency.
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Figure 4.3: Scalability comparison w.r.t. different factors
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4.4.3 Scalability

As demonstrated by results on real-world datasets, our proposed method,
OnlineSCP, significantly improves on existing methods, especially for the
efficiency aspect. To better show the merits of our method, we conduct
a set of scalability experiments on a group of synthetic tensors that have
been randomly generated. Three main factors are considered for scalability
testing, including: the length of existing time, t, the decomposition rank,
R, and the order of tensor, N.

As shown in the real-world experiments, existing online methods, On-
lineCP, SDT and RLST, are specifically designed for dense tensors and do
not scale well with large S. As a result, we set S = 1000 × 1000 unless
mentioned otherwise. Even though this is not a large-scale slice size, it
is sufficient for us to see the general trends for both time and space con-
sumption. The density of all synthetic tensors are fixed to 1× 10−3 and we
repeat all experiments 10 times and report the averaged results over these
10 runs.

Scalability v.s. t

In order to assess the scalability performance with respect to the length of
existing time, t, we vary t from 104 to 106 and set R = 5 and S = 100× 100,
since too large R and S will significantly slow down ALS. At each specific
time length, we require all methods to process one slice of new data and
report their running time and memory usage in Figure 4.3a and 4.3d. Both
of them are presented in a log scale. It is clear that OnlineCP, RLST and our
OnlineSCP are much better than ALS and SDT. Both the time and memory
usage are independent of the existing time for the former, while a linear
trend can be found for ALS and SDT. The time efficiency of our method
is less than RLST and OnlineCP, since the size of data is not big enough
to show the advantage of sparse operation compared to highly optimized
matrix calculation. However, the memory usage of OnlineSCP is the least
among all methods.
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Scalability v.s. R

For scalability regarding to the decomposition rank, R, a 1000× 1000× 100
tensor is used as the existing data and a new 1000× 1000 slice is input to
each method with R chosen from 5 to 100. The results can be found in
Figure 4.3b and 4.3e (in log scale). As shown in Figure 4.3b, the running
time of ALS, SDT and RLST grows much faster than OnlineCP and Onli-
neSCP. However, the high efficiency of OnlineCP is gained at the cost of
a linear complexity for memory computation due to the intermediate data
explosion issue. The growth rates of memory in ALS and OnlineSCP are
considerably lower than the others since the sparse MTTKRP is calculated
column by column and only a fixed amount of memory that depends on
the number of non-zeros is used. The memory growth for these is mainly
caused by the storage for loading matrices.

Scalability v.s. N

To validate the scalability of each algorithm with respect to the order of
tensor, we conduct experiments on five tensors with orders ranging from 3
to 7, t = 100, R = 5 and the overall size of non-temporal mode S ≈ 1× 106.
It should be noted that SDT and RLST are omitted in this experiment since
they work with 3rd-order tensors only. Figure 4.3c and 4.3f demonstrate
results for this part of experiment. Regarding to the running time, there is
no surprise to see that all three methods are gradually increasing with the
growth of tensor order, since more loading matrices need to be updated
and the time-consuming MTTKRP calculation need to be done more fre-
quently. In terms of memory usage, the space consumption of ALS and
OnlineSCP is stable and an upwards trend can be found in OnlineCP, since
it has a specific procedure to calculate all Khatri-Rao product series at a
time, in order to speedup the decomposition for higher-order tensors.

Overall, our method demonstrates excellent performance in terms of
scalability w.r.t. different factors, compared to state-of-the-art methods.
The time complexity of OnlineSCP is only linear w.r.t. the decomposition
rank and the order of tensor, and independent of the existing time. Com-
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pared to other online methods, the growth of time in our method is less
noticeable since the scaling factor in OnlineSCP is the number of non-zeros
in the new data, while for other methods, they have to be scaled by the
overall size of non-temporal modes. Additionally, our method is also the
most memory-efficient and scalable method among all algorithms and it
always consumes the least amount of memory, which is also linear w.r.t.
the number of non-zeros in the new data.

4.5 Summary

To conclude, this chapter addressed the CP decomposition problem for on-
line sparse tensors. We proposed an efficient algorithm, OnlineSCP, to in-
crementally track the up-to-date CP decomposition when a new batch of
data is appended to the time mode of a sparse tensor. The complexity
of our algorithm is only linear w.r.t. the number of non-zeros in the new
data, which is significantly better than existing online approaches that are
designed for dense tensors. As evaluated on both real-world and syn-
thetic datasets, our algorithm demonstrated considerable improvements
over state-of-the-art techniques, in terms of decomposition quality, time
and space efficiency, and scalability.



Chapter 5

Sparse Tensor Decomposition
with Constraints and
Element-wise Dynamic Learning

This chapter discusses sparse tensor decomposition from three perspec-
tives: (i) how to treat zero values in sparse data, (ii) how to impose con-
straints, (iii) how to dynamically learn the effect of a new element that will
have on an existing decomposition. We propose a weighted decomposition
formulation with an efficient learning strategy for dealing with all these is-
sues as a whole. The content of this chapter is adapted from the following
published paper:

Zhou, S., Erfani, S.M. and Bailey, J., 2017, November. SCED: a general
framework for sparse tensor decomposition with constraints and element-
wise dynamic learning. In 2017 IEEE International Conference on Data Min-
ing (ICDM) (pp. 675-684). IEEE.
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Sparse Tensor Decomposition with Constraints and Element-wise Dynamic

Learning

Problem 1: sparse tensor

Problem 2: constraints Problem 3: dynamic

Online

SCED

Figure 5.1: Research problem of SCED

5.1 Introduction

Multi-dimensional data is not uncommon to see nowadays, from video
clips spread in people’s daily life [Mu et al., 2014], to time-evolving graphs
and networks such as social networks [Anandkumar et al., 2014], to spatio-
temporal data like fMRI [Davidson et al., 2013, Ma et al., 2016]. Tensor
is a natural representation for such data because of its ability to main-
tain the structure information. However, working with tensors is not easy
due to the complex relationships among different dimensions. As a re-
sult, in order to simplify data, extract useful features and discovery mean-
ingful knowledge, CP decomposition has been extensively studied and
widely applied in recent years [Kolda and Bader, 2009, Cichocki et al.,
2015, Sidiropoulos et al., 2017].

As shown in Fig. 5.1, the research question we focus in this chapter con-
tains three parts: problem 1) we seek a unified formulation for sparse ten-
sor decomposition and an efficient solving algorithm; problem 2) we look
at constrained decompositions as well since they usually promote mean-
ingful results; and problem 3) we also aim at designing an adaptive learn-
ing paradigm to tackle element-wise dynamic updates. It should be noted
that the dynamic aspect we focus here is different from the online CP de-
composition problem we discussed in last two chapters, where the tensor
is growing slice by slice. While in this chapter, the data stream consists of
new cell entries that can dynamically happen at any position.

A motivating example is context-aware recommender system, where



5.1 Introduction 99

ratings are modeled by a three-way tensor as user × item × context. Be-
sides challenges imposed by its large scale and sparsity, some issues need
to be underlined. First, the role of zeros might be different depending on
rating type. For example, zero entries in a system with explicit ratings are
usually treated as missing values and ignored [Acar et al., 2011a, Rai et al.,
2014, Zhao et al., 2015], while for implicit feedback like user click logs, one
cannot simply discard these valuable zeros as they represent hidden pref-
erences such as dislike [Hidasi and Tikk, 2012]. However, existing methods
are usually specifically designed for one of above cases. Thus, an algorithm
that works for one type of data may not be applicable and easily adaptable
to the others.

Second, there usually exists a rich body of domain knowledge in prac-
tice. Such useful information can be modeled as constraints that a de-
composition needs to satisfy. With the help of constraints, the produced
decomposition will be more meaningful and interpretable. One example
is non-negativity [Welling and Weber, 2001, Lin, 2007, Cichocki and Anh-
Huy, 2009,Hansen et al., 2015] where each user’s preference is modeled by
a set of non-negative coefficients, which stand for his/her favor to each la-
tent item/context group. It is important to efficiently bring constraints into
the decomposition, but many current techniques for this task only address
dense tensors and have poor efficiency for sparse ones.

Finally, it is quite common to see that after learning a decomposition
model from historical data, a large amount of new data, (user,item,context)
tuples in this example, is generated at a high speed. A static model is less
and less reliable with the growth of new data. However, it is too expensive
to recompute a new CP decomposition due to the high time complexity. As
a result, a dynamic learning model is desired.

Overall, existing methods have only partially addressed the above is-
sues. How to handle them as a whole is still an open question. To close
the gap, we propose a new algorithm, SCED, and summarize our contri-
butions as follows:

• We propose a new formulation and an efficient algorithm to find the
CP decomposition of sparse tensors in general.
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• We enhance our method with advanced features such as the capabil-
ity to incorporate constraints, and the ability to dynamically track a
new decomposition on-the-fly.

• Via experiments on synthetic and real-world datasets, our approach
demonstrates high performance in terms of effectiveness, efficiency
and scalability, compared to the state-of-the-art.

5.2 Related Work

Most existing work for sparse CP decomposition specifically targets one
of three special cases: 1) True Observations (TO) where zeros are treated
the same as non-zero observations; 2) Missing Values (MV) where all zeros
are ignored; and 3) Implicit Information (II) where zeros slightly contribute
to the model, but are less emphasised than non-zeros. For the TO case,
[Bader and Kolda, 2007] propose an algorithm based on ALS, tailoring it to
sparse tensors, with support from special data structures and customized
tensor-related operations. With advances in distributed computing, tech-
niques like MapReduce have also been used to further speed up ALS for
large-scale sparse tensors[Kang et al., 2012,Choi and Vishwanathan, 2014].
For MV, the Weighted CP Decomposition (WCPD) is a well suited frame-
work proposed in [Acar et al., 2011a], and an optimization based algo-
rithm, WOPT, is proposed to decompose sparse tensors with missing val-
ues. Bayesian methods have also been explored and can be found in [Rai
et al., 2014, Zhao et al., 2015]. Compared to TO and MV, II has been less
studied and the only work to our knowledge is [Hidasi and Tikk, 2012].
This is an extension of Matrix Factorization (MF) for implicit feedback [Hu
et al., 2008, Pilászy et al., 2010, Devooght et al., 2015] to tensors, where a
small uniform weight is assigned to zero entries.

In terms of constrained CP decomposition, non-negativity and sparse-
ness are two popular constraints explored by researchers. An early ap-
proach [Welling and Weber, 2001] handle non-negativity based on Lee and
Seung’s multiplicative update rules [Lee and Seung, 2001]. Additionally,
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Table 5.1: Comparison to related works

General Efficient Scalable Constraints Dynamic

ALS TO X X
MU TO X X X
WOPT MV
iTALS II X*

SCED TO, MV, II X X X X

* not reported in original paper, but applicable with modifications

non-negative CP decomposition algorithms based on NALS [Lin, 2007],
HALS [Cichocki and Anh-Huy, 2009] and Newton’s method [Hansen et al.,
2015] have also been proposed. Similar to MF, to promote sparse solutions,
the l1-norm is usually used as regularization to CP decomposition and an
implementation of this idea can be found in [Liu et al., 2012a].

There is less existing work on online CP decomposition that is appli-
cable for dynamic tensors. Works in [Nion and Sidiropoulos, 2009, Sun
et al., 2008] assume new data is appended slice by slice, which does not
match the dynamic element-wise scenario we address in this chapter. The
most related papers are for MF [Devooght et al., 2015, He et al., 2016],
where element-wise dynamic changes are handled by only refreshing cor-
responding rows related to the new entry.

Overall, existing work has only partially addressed our research ques-
tion. This motivates us to develop a general framework that can address all
aforementioned critical issues together. A comparison between our work
and the most relevant and representative works is shown in Table 5.1.

5.3 Weighted CP Decomposition

In the MV case where zeros represent missing values, such zeros should be
omitted since they carry no information and fitting them will only lead the
model to a wrong direction. As a result, in order to handle missing values,
Weighted CP Decomposition (WCPD) is introduced in [Acar et al., 2011a]
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as
Lwcpd =

1
2 ∑Ω wi1,...,iN(xi1,...,iN − x̂i1,...,iN)

2, (5.1)

wi1,...,iN =

0 if xi1,...,iN is missing,

1 otherwise,
(5.2)

where wi1,...,iN is the weight assigned to the (i1, . . . , iN)-th entry’s approxi-
mation, and Ω is a set contains all possible indices combinations such that
{(i1, . . . , iN) ∈ Ω|∀in ∈ [1, In], ∀n ∈ [1, N]}. Furthermore, let Ω+ be the in-
dices set corresponding to all non-zero entries and Ω− be the indices set
related to all zero entries, and we have Ω+ ∪Ω− = Ω.

To minimize the loss function, [Acar et al., 2011a] treat this as an opti-
mization problem and all parameters in loading matrices are stacked as a
parameter vector, which can be simultaneously optimized by solvers such
as Nonlinear Conjugate Gradient (NCG). Similar to ALS for sparse tensors,
this Weighted OPTimization (WOPT) strategy has O(|Ω+|R) time com-
plexity.

The II case is well studied in recommender systems with implicit feed-
back by MF [Hu et al., 2008, Pilászy et al., 2010, Devooght et al., 2015]. Un-
der such circumstances, the zeros cannot be simply ignored as missing val-
ues, nor be equally treated as observations, since they somehow measure
implicit information such as dislikes. One popular approach for this type
of data is to assign different weights to zero and non-zero entries, so that
the contribution of implicit information is leveraged.

Inspired by this, [Hidasi and Tikk, 2012] propose the iTALS algorithm,
which extends the WCPD framework to the II case by modifying the weight-
ing schema in Eq. (5.2) as

wi1,...,iN =

1 if xi1,...,iN = 0,

α · #(i1, . . . , iN) > 1 otherwise,

where α is a parameter to control the difference of weights between non-
zeros and zeros, and #(i1, . . . , iN) is the number of event tuples correspond-
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ing to entry (i1, . . . , iN).

Hidasi and Tikk optimize this implicit CP decomposition by row-wise
ALS, which shares the same principle as typical ALS but just optimizes one
row at a time as

a(n)in· ← x(n)in·W
(in)B(n)(B(n)>W(in)B(n))−1,

where x(n)in· is the in-th row of the mode-n unfolding X(n), W(in) is a matrix
with all weights related to x(n)in· on its diagonal. The major disadvantage

of iTALS is its inefficiency, as a R × R matrix, B(n)>W(in)B(n), has to be
calculated for each individual rows at a cost of O(|Ω+

in |R
2), which results

in an overall complexity as O(|Ω+|R2).

5.4 SCED Algorithm

In this section, we introduce our general approach to find the CP decom-
position of sparse tensors. We first show how to model all aforementioned
special cases, TO, MV and II, under the WCPD framework by modifying
the weighting schema. Then an efficient solving algorithm is proposed,
which is also able to handle constraints such as non-negativity and sparse-
ness. Lastly, we show how to extent our algorithm to dynamic environ-
ments where new cell entries arrive in a streaming fashion.

5.4.1 A General Weighting Schema

Initially, WCPD was proposed for the MV case. While it is easy to see that
the TO case can be readily modeled in such formulation by assigning the
weight of zero entries to 1. Additionally, we notice that the key concept for
handling the II case is a uniform weight, which is always larger than 0, but
smaller than the weight of non-zeros, is given to all zero entries. Based on
these, we propose the following weighting schema that models all these
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three cases:

wi1,...,iN =

α ∈ [0, 1] if xi1,...,iN = 0,

1 otherwise,
(5.3)

where α is the weight of zero entries. When α = 1, this is equivalent to
TO case; it reduces to the MV case by letting α = 0; and the II case is also
included in our proposed schema by choosing α ∈ (0, 1).

5.4.2 Derivation of SCED

Our solving algorithm is a generalization of the Element-wise ALS (EALS,
as discussed in §2.3.2) [He et al., 2016] to sparse tensors. Its principle is
similar to standard ALS. The key difference is that in EALS, only one pa-
rameter (one cell in a loading matrix) is updated at a time, while in ALS,
each time one loading matrix is estimated as a whole. The advantage of us-
ing a finer-grain update strategy is that it provides the freedom to choose
the desired updating sequence without sacrificing effectiveness and effi-
ciency. For example, one can decide to update a small fraction of cells in
one loading matrix at first, then jump to the estimation of another part of
parameters in other loading matrices. This is essential for dynamic updat-
ing, which will be discussed later in §5.4.4.

Specifically, let jn = (i1, . . . , in−1, in+1, . . . , iN), b(n)jnr =
N
∏

ñ 6=n
a(ñ)iñr , and recall

that one element in the tensor can approximated by Eq. (2.16) as

x̂in jn =
R

∑
r=1

a(n)inr b(n)jnr =
R

∑
r̃ 6=r

a(n)in r̃ b(n)jn r̃ + a(n)inr b(n)jnr

= x̂r
in jn + a(n)inr b(n)jnr ,

where x̂r
in jn is defined as the residual of xin jn , we can rewrite Eq. (5.1) as

Lwcpd =
1
2 ∑Ω win jn(xin jn − x̂in jn)

2

=
1
2 ∑Ω win jn(xin jn − x̂r

in jn − a(n)inr b(n)jnr )
2.
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The partial derivative of Lwcpd w.r.t. the (in, r)-th parameter of loading
matrix A(n) is

∂Lwcpd

∂a(n)inr

= −∑Ωin
win jn(xin jn − x̂r

in jn − a(n)inr b(n)jnr )b
(n)
jnr .

By setting the derivative to 0, then we reach the closed form solution
for a(n)inr as

a(n)inr ←
∑Ωin

win jn(xin jn − x̂r
in jn)b

(n)
jnr

∑Ωin
win jn(b

(n)
jnr )

2
. (5.4)

By applying the weighting schema Eq. (5.3) to Eq. (5.4) we have

a(n)inr ←
∑Ω+

in
(xin jn − x̂r

in jn)b
(n)
jnr − α ∑Ω−in

x̂r
in jn b(n)jnr

∑Ω+
in
(b(n)jnr )

2 + α ∑Ω−in
(b(n)jnr )

2
.

So far there are four summations for updating a(n)inr . The left two are re-
lated to non-zero entries only, which can be calculated efficiently as |Ω+

in | �
|Ωin |. While the other two have to iterate over Ω−in , which contains indices
for all zeros in the in-th row of X(n). In the following we show that such
access to all zero entries is unnecessary and avoidable.

Since Ω+
in ∪Ω−in = Ωin we can transform the zero entries related sum-

mations as

∑Ω−in
x̂r

in jn b(n)jnr = ∑Ωin
x̂r

in jn b(n)jnr −∑Ω+
in

x̂r
in jn b(n)jnr ,

∑Ω−in
(b(n)jnr )

2 = ∑Ωin
(b(n)jnr )

2 −∑Ω+
in
(b(n)jnr )

2.

Again, the non-zero related summations can be readily obtained, and
the major concern is how to efficiently get the terms related to Ωin . Let

Q(n) =~N
i 6=n(A(i)>A(i)), one can easily verify that ∑Ωin

(b(n)jnr )
2 = q(n)rr . Ad-

ditionally, recall that x̂r
in jn = xin jn − a(n)inr b(n)jnr , ∑Ωin

x̂r
in jn b(n)jnr can be rewritten
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as

∑Ωin
(∑R

r=1 a(n)inr b(n)jnr − a(n)inr b(n)jnr )b
(n)
jnr

= ∑R
r=1 a(n)inr ∑Ωin

(b(n)jnr )
2 − a(n)inr ∑Ωin

(b(n)jnr )
2

= a(n)in· q(n)
·r − a(n)inr q(n)rr ,

(5.5)

which can be efficiently computed in O(R) time.

Therefore, if Q(n) is known, the complexity to update a(n)inr is only related
to |Ω+

in |. In addition, to speed up the computing of Q(n), a list of auxiliary

matrices U(1), . . . , U(N) where U(n) = A(n)>A(n), n ∈ [1, N] can be calcu-
lated and cached in advance, which results in O(NR2) time. And only the
n-th auxiliary matrix U(n) need to be re-computed after updating A(n).

Overall, by putting everything together, we reach the final update rule
as,

a(n)inr ←
∑Ω+

in
(xin jn − (1− α)x̂r

in jn)b
(n)
jnr − α(a(n)in· q(n)

·r − a(n)inr q(n)rr )

(1− α)∑Ω+
in
(b(n)jnr )

2 + αq(n)rr

, (5.6)

and our proposed SCED algorithm is summarized in Algorithm 5.1.

5.4.3 Incorporating Constraints

Here we mainly focus on two types of constraints: non-negativity and reg-
ularizations, due to their popularity.

Non-negativity

Non-negativity is a widely used constraint in CP decomposition to en-
force interpretable solutions. We handle this by applying a simple ”half-
wave rectifying” [Cichocki and Anh-Huy, 2009] projection to each updat-
ing. Specifically, after getting an updated value by Eq. (5.6), positive value
is kept while negative one is replaced by 0 (or a small number such 1× 10−9
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Algorithm 5.1: SCED Algorithm

Input: Input tensor XXX, decomposition rank R, weight for zeros α

Output: Loading matrices A(1), . . . , A(N)

1 Randomly initialize A(1), . . . , A(N)

2 for (i1, . . . , iN) ∈ Ω+ do x̂i1,...,iN ← Eq. (2.16)

3 for n← 1 to N do U(n) = A(n)>A(n)

4 while stopping criteria is not met do
5 for n← 1 to N do
6 Q(n) ←~N

i 6=nU(i)

7 for in ← 1 to In do
8 for (in, jn) ∈ Ω+

in do b(n)jn· = ∏N
ñ 6=n a(ñ)iñ·

9 for r ← 1 to R do

10 x̂r
in· = x̂in· − a(n)inr b(n)

·r
>

11 a(n)inr ← Eq. (5.6)

12 x̂in· = x̂r
in· + a(n)inr b(n)

·r
>

13 end
14 end

15 U(n) = A(n)>A(n)

16 end
17 end

for numerical stableness). The correctness of this is shown as follows.

Theorem 1. The minimization problem

min
a(n)inr≥0

Lwcpd

has the unique solution as

a(n)inr =

∑Ωin
win jn(xin jn − x̂r

in jn)b
(n)
jnr

∑Ωin
win jn(b

(n)
jnr )

2


+

where [z]+ = max(0, z).
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Proof. This can be proved in similar way as [Kim et al., 2014]. We can
organize the derivative of Lwcpd w.r.t. a(n)inr as

∂Lwcpd

∂a(n)inr

= a(n)inr · slope + intercept,

slope = ∑Ωin
win jn(b

(n)
jnr )

2,

intercept = −∑Ωin
win jn(xin jn − x̂r

in jn)b
(n)
jnr .

If intercept ≤ 0, it is clear thatLwcpd reaches its minimum at a(n)inr = − intercept
slope ,

where the derivative is 0; if intercept > 0, the loss, Lwcpd, increases as a(n)inr

become larger than 0. Thus, the minimum is attained at a(n)inr = 0. As

a result, combining both cases, the solution can be expressed as a(n)inr =

[− intercept
slope ]+

Regularization

A common strategy to take constraints into consideration is to treat them
as regularizations to the original optimization problem as

min
A(1) ...A(N)

Lwcpd +
N

∑
n=1

λnφn(A(n)), (5.7)

where λn is a non-negative regularization parameter and φn is the regu-
larizing function applied to the n-th loading matrix. Depending on con-
straints, different φ can be used. For example, if φn(A(n)) = 1

2 ||A(n)||2,
Tikhonov regularization is used to prevent overfitting; and φn(A(n)) =

∑In
in=1 ||a

(n)
in· ||1 is another widely used regularization to promote sparseness

in solution.

The above regularized optimization problem can be easily solved by
our SCED algorithm using a similar derivation in §5.4.2. Due to the page
limit, here we directly give the closed form solutions based on Eq. (5.4),
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and of course similar efficient versions to Eq. (5.6) can be derived

a(n)inr ←


∑Ωin

win jn (xin jn−x̂r
in jn )b

(n)
jnr

∑Ωin
win jn (b

(n)
jnr )

2+λn
`2-norm,

∑Ωin
win jn (xin jn−x̂r

in jn )b
(n)
jnr+λn·sign(a(n)inr )

∑Ωin
win jn (b

(n)
jnr )

2
`1-norm.

5.4.4 Dynamic Learning

In real-world applications, it is not uncommon to see that after decompos-
ing a tensor, new data will keep arriving at a high speed. A method that
can efficiently track the new decompositions in such dynamic scenario is
desired, since the static model may not perform well because it is not up-
to-date.

This problem has been extensively studied for the matrix case and a
common assumption is that the new data will only have considerable im-
pact for local features, while the global model will not be affected signif-
icantly. For example, given a matrix X ∈ RM×N and its decomposition
W ∈ RM×R and H ∈ RN×R, in order to learn a new interaction xmn, only
the m-th and n-th rows of W and H will be updated, while other param-
eters remain unchanged. Since CP decomposition is a generalization of
MF for multi-way data, a similar vector retaining strategy can be used for
dynamically learning new incoming interactions on tensorial data and we
summarize the dynamic version of SCED in Algorithm 5.2.

5.4.5 Complexity

Here we briefly give a time complexity analysis and the comparison with
existing methods can be found in Table 5.2. ALS, WOPT and iTALS are
chosen baselines that specifically target the TO, MV and II cases, respec-
tively.

For SCED, as shown in Algorithm 5.1, to update one loading matrix,
Q(n) can be calculated in (N − 1)R2 operations (line 6) and for each row
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Algorithm 5.2: SCED for Dynamic Learning

Input: Existing loading matrices Å(1), . . . , Å(N), new interaction
xi1,...,iN

Output: Updated matrices A(1), . . . , A(N)

1 for n← 1 to N do
2 A(n) ← Å(n)

3 if a(n)in· not exists then random initialize a(n)in·
4 end
5 x̂i1,...,iN ← Eq. (2.16)
6 while stopping criteria is not met do
7 for n← 1 to N do

8 Ů← a(n)in·
>

a(n)in·
9 update a(n)in· /* line 8-13 of Algorithm 5.1 */

10 U← a(n)in·
>

a(n)in·
11 U(n) = U(n) − Ů + U /* update cache */

12 end
13 end

in A(n), a |Ω+
in | × R matrix B(n) is generated (line 8). Then each element

a(n)inr is updated at a cost of O(|Ω+
in | + R) (line 10-12). In total, the time

cost for updating A(n) is O(|Ω+|R + InR2). This procedure is repeated for
all loading matrices and takesO(|Ω+|NR + ∑N

n=1 InR2) operations for one
iteration, which is dominated by O(|Ω+|R). In summary, for the TO and
MV cases, our method shares the same efficiency as the state-of-the-art,
while our method is R times faster than iTALS for the II case.

Similar to the static case, the complexity of dynamic SCED algorithm is
dominanted by O(|Ω+

in |R). While in general, using our method for updat-
ing existing CP decomposition is around I times faster than batch methods,
where I = mean(I1, . . . , IN), since there is only one row need to be updated
for each loading matrix.
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Table 5.2: Time complexity

SCED Baseline

TO (α = 1) & MV (α = 0) O(|Ω+|R)
II (α ∈ (0, 1)) O(|Ω+|R) O(|Ω+|R2)

5.5 Empirical Analysis

In this section, we compare the performance of our SCED algorithm with
the state-of-the-art, in terms of effectiveness and efficiency. The perfor-
mance is evaluated on both synthetic and real-world datasets. For each
dataset, both static and dynamic settings are tested. After that, based on
the investigation on large-scale synthetic tensors, we further analyze the
scalability of our approach.

5.5.1 Experiment Specifications

Datasets

The first half of the experiments are conducted on three 200× 200× 200
synthetic datasets: SYN-TO, SYN-MV and SYN-II. All of them have rank
as 20 and density as 1%. The key difference among them is the role of zero
entries. SYN-TO is generated by sparse loading matrices such that its ze-
ros are true observations. In contrast, the zeros in SYN-MV are missing
values that are randomly sampled from a dense tensor, which is gener-
ated by random loading matrices. Since it is non-trivial to simulate the
implicit feedback, while the weight of zeros in such situation lies between
the weights of TO and MV cases, we create SYN-II by mixing the data gen-
eration protocols of SYN-TO and SYN-MV. Specifically, less sparse loading
matrices are generated to form a tensor with around 50% non-zeros, from
which 1% values are randomly sampled as the SYN-II.

In addition, to better evaluate the performance of our algorithm in real-
world applications, three datasets of varying characteristics have been used:
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MovieLens [Harper and Konstan, 2016], LastFM [Celma, 2010] and Math-
Overflow [Paranjape et al., 2017]. Their detail can be found in Table 5.3.

Table 5.3: Detail of real-world datasets

datasets Size nnz* Density

MovieLens 6040× 3952× 1040 1× 106 4.03× 10−5

LastFM 991× 1000× 168 2.9× 106 1.73× 10−2

MathOverflow 24818× 24818× 2351 4× 105 2.75× 10−7

* number of non-zeros

Baselines

Four baselines have been selected as the competitors to evaluate the per-
formance in our experiment:

(i) ALS: an implementation for sparse tensors from Tensor Toolbox [Bader
et al., 2015].

(ii) MU: a multiplicative update rule based algorithm for non-negative
CP decomposition from the Tensor Toolbox [Bader et al., 2015].

(iii) WOPT [Acar et al., 2011a]: an algorithm for decomposing incom-
plete tensors based on weighted optimization.

(iv) iTALS [Hidasi and Tikk, 2012]: an approach that decomposes sparse
tensors that represent implicit feedbacks.

It should be noted that all these baselines are batch methods and there
is no existing work that can be directly used for element-wise dynamic
updating on sparse tensors. However, since iTALS has a row-wise update
rule, we modify it under the same vector-retaining model as our method,
as a baseline that is able to perform dynamic learning.

Evaluation Metrics

The empirical performance is measured from both effectiveness and effi-
ciency aspects.
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In terms of effectiveness, for synthetic datasets, because the ground
truth loading matrices are known already, fitness is used and defined as

fitness ,

1−

∥∥∥X̂XX−XXX

∥∥∥∥∥∥XXX∥∥∥
 ,

where XXX is the tensor formed by ground truth, X̂XX is the estimation and∥∥∥•∥∥∥ denotes the Frobenius norm. The closer the fitness to 1, the better the
decomposition is. However, for each real-world dataset, a test set (10%)
is sampled and Root Mean Square Error (RMSE) is used for measuring the
decomposition quality, since the ground truth is not given. The lower the
RMSE, the better the result.

In addition, with respect to efficiency, for static decomposition, the av-
erage running time for one iteration, measured in seconds, is reported in
order to validate the time efficiency of each algorithm. On the other hand,
the running time for processing one new entry is recorded to compare the
efficiency under the dynamic setting.

Experimental Setup

For both synthetic and real-world datasets, there are two types of exper-
iments that have been conducted for performance evaluation: static and
dynamic settings.

Static setting: given a data tensor, it is decomposed by each algorithm
with the same random initialization. It should be noted that for real-world
tensors, 10% of observations are randomly sampled and held out as a test
set for RMSE calculation. In terms of experimental parameters, 20 has been
used as the decomposition rank over all experiments, since we are not aim-
ing at finding the best decomposition, but are more interested in the rela-
tive performance between our proposal and the baselines. For synthetic
datasets, the maximum number of iterations is set to 50. While for real-
world datasets, this has been set to 10 due to the low efficiency of iTALS
and WOPT.
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Dynamic setting: 10% of observations are randomly sampled as the
dynamic set, such that each dataset is divided into different parts: 90%
training, 10% dynamic for synthetic datasets, and 80% training, 10% dy-
namic and 10% testing for real-world datasets. The training set is decom-
posed by the batch algorithm with different random initializations, and
the best result is chosen as the base for dynamic learning. In the dynamic
updating phase, at each time stamp, an entry from the dynamic set is ran-
domly selected and processed by both our SCED algorithm and the base-
lines. Specifically, for batch baselines (ALS and WOPT), the previous de-
composition is used as a hot start and only one iteration is performed to
process the new data. After that, effectiveness (fitness for synthetic, RMSE
for real-world datasets) and efficiency (running time in seconds) metrics
are recorded for performance.

Another difference between synthetic and real-world experiments is
the choice of baselines. For synthetic datasets, since the role of zeros are
known, only the corresponding algorithms are used for comparison. For
example, ALS and MU are selected as baselines for SYN-TO, compared
to our SCED variants, SCED-t 1 and SCED-nn 2; while the comparison is
only conducted between WOPT and SCED-m 3 for SYN-MV. Conversely,
all algorithms are used for SYN-II, in order to show the merits of assign-
ing small weight to zero entries under such circumstance. For real-world
datasets, all baselines are used for comparison in the static experiment.
While under the dynamic setting, only SCED-i 4 and iTALS are used for
dynamic learning, because of their relative good performance in the static
case, and the low efficiency of other batch baselines.

In terms of algorithm-specified parameters, apart from the aforemen-
tioned parameters, no parameter needs to be tuned for ALS and MU. For
WOPT, default parameters have been used for its internal line search pro-
cedure. For SCED-i and iTALS, the weight of zeros (α) is set as the density
of each dataset, in order to balance the contribution of non-zero and zero

1SCED for the true observation case
2SCED for true observation case with non-negative constraint
3SCED for the missing value case
4SCED for the implicit information case
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entries. This is a heuristic and it could instead be fine tuned by cross vali-
dation. Lastly, no regularization has been used in SCED, for a fair compar-
ison, i.e., λn = 0, n ∈ [1, N].

All experiments are replicated 10 times on a desktop with Intel i7 pro-
cessors, 16 GB RAM and Matlab 2016b. The reported results are averaged
over these 10 runs.

5.5.2 On Synthetic Datasets

Static Results

The effectiveness of decomposing synthetic tensors under the static setting
is presented in Fig. 5.2. Since the efficiency is only related to the number
of non-zeros and has no linkage to the types of data, we summarize all
efficiency result in Fig. 5.3.

In most of cases, our proposal, SCED (denoted by solid lines), shows
better decomposition quality, compared to baselines (denoted by dashed
lines). Specifically, for SYN-TO and SYN-MV datasets, although baselines
yield acceptable results, significant improvements can be found in our method.
For SYN-II, all methods that treat zeros as equally important to observa-
tions show poor performance. In contrast, slightly better performance can
be found in WOPT, which ignores zero entries. Even so, it is still out-
performed by our approach by a large margin, where SCED-m achieves
around 0.5 in fitness score, while the fitness of WOPT is lower than 0.1.
Both SCED-i and iTALS show the best performance. However, it can be
seen that iTALS is much slower than our proposal.

In terms of efficiency, ALS and MU share similar performance to each
other, while they are nearly twice as slow as our algorithm. Significant
time consumption can be observed in WOPT, due to its internal line search
procedure.
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Dynamic Results

In this part of experiment, the training set is decomposed by the batch al-
gorithm for initialization: ALS for SYN-TO, WOPT for SYN-MV and batch
SCED-i for SYN-II datasets, respectively. With the best seed, the dynamic
set is learned and the results are reported in Fig. 5.4.

It is clear that for the SYN-TO dataset, our proposed method achieves
perfect overlapping with ALS, which is a batch algorithm that does op-
timization on all observations to time. This verifies the usefulness of the
proposed dynamic updating schema. In terms of efficiency, on average,
our method speeds up the processing time for one new entry by around
170 times (∼ 0.09 second in ALS v.s. ∼ 5× 10−4 second in SCED-t).

Even greater speed-up can be observed for SYN-MV, where SCED-m
(∼ 5.5× 10−4 second) is more than 1400 times faster than WOPT (∼ 0.8
second). More importantly, better decomposition quality is also shown
in our algorithm, which confirmed its superior performance compared to
WOPT, in both static and dynamic settings.

With respect to SYN-II dataset, both SCED-i and iTALS are capable to
dynamically track the new CP decomposition when new entries fed in.
Similar to SYN-TO, perfect overlapping can be found while our method is
three times faster than iTALS.

5.5.3 On Real-world Datasets

Static Results

The performance comparison on real-world datasets can be found in Fig.
5.5. Among all datasets, the smallest RMSEs are always obtained by SCED-
i and iTALS, which means that giving small weight to zero entries is more
likely to yield better understanding of the data, compared to the other two
extreme cases that either totally ignore them or treat them equally to ob-
servations. TO-based methods (α = 1) produce poor results in general.
However, within this group, we still see better results from our algorithm.
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For example, one can find that SCED-nn shows much better convergence,
compared to its competitor for the same task, MU. Similar to the results on
synthetic datasets, significant improvement can be seen between SCED-
m and WOPT in MovieLens and LastFM. On the other hand, we notice a
considerable performance drop by them on MathOverflow. One reason be-
hind this might be that their optimizations focus on non-zeros only, while
MathOverflow is much more sparse than other two datasets. As a result,
their CP decompositions produced may be biased to known entries, which
could be considered as overfitting. One possible solution to address this
issue is to add regularizations into the objectives, which can be easily han-
dled by our proposal (e.g., set λ to 0.1 with φ as l2-norm), but there is no
clear way to adopt WOPT for this case.

Dynamic Results

As mentioned in experiment setup, only SCED-i and iTALS have been cho-
sen for dynamic updating for real-world datasets, due to their good static
performance and the inefficiency of other batch methods for large-scale
datasets. We report the performance comparison in Fig. 5.6 and Table
5.4. Additionally, to validate whether such dynamic learning is truly ef-
fective, we also decompose each tensor with batch SCED-i algorithm be-
fore (80% training) and after (80% training + 10% dynamic) the dynamic
learning phase, as reference points. Specifically, the maximum number of
iterations for batch method is set to 200 and the decomposition generated
before feeding the dynamic set is used as the seed for hot start.

As can be seen from Fig. 5.6, both SCED-i and iTALS can effectively
track the decompositions when new data arrives, while our algorithm is
around 3 times faster than iTALS. In terms of efficiency of the batch method,
it takes 320, 475 and 600 seconds to decompose the training sets of Movie-
Lens, LastFM and MathOverflow, respectively. And roughly speaking,
an extra 30 seconds is needed for processing the additional dynamic sets.
Such high expense makes the batch method infeasible to be applied to a
highly dynamic system where new data is arriving at high velocity. Unlike



118
Sparse Tensor Decomposition with Constraints and Element-wise Dynamic

Learning

the batch algorithm that can only process one state of data at high time cost,
dynamic algorithms can keep tracking decompositions of all intermediate
states at significantly lower cost. This means the proposed algorithm can
efficiently and easily refresh the decomposition model to date, to provide
better service than batch techniques, where the most up-to-date decompo-
sition is not always available.

5.5.4 Scalability

As shown in §5.4.5, theoretically, SCED is R times faster than iTALS. Pre-
vious experiments partially confirm this analysis. However, the observed
speed-up is only around 3 to 5 times. This is because that R has been set
to 20, which is too small to see the trend. As a result, to evaluate the per-
formance of SCED and iTALS on large-scale datasets, a scalability test is
performed w.r.t. three key features: number of non-zeros, decomposition
rank and tensor size.

Specifically, random tensors of size 1000 × 1000 × 1000 with R = 20
are decomposed and the result can is in Fig. 5.7a. The number of non-
zeros varies from 1× 104 to 1× 108. Similar evaluation has been done for
analyzing the scalability w.r.t. R (Fig. 5.7b, R varies from 2 to 128, by
fixing nnz = 1× 104 and size as 1000× 1000× 1000) and the tensor size
(Fig. 5.7c, cardinality of a mode varies from 100 to 1000, with R = 20 and
nnz = 1 × 104). The reported results are average running time for one
iteration under the batch setting, while it is clear that similar trends can be
seen for the dynamic case.

5.5.5 Highlights of Results

We highlight some key findings as follows.

• The proposed SCED algorithm uniformly produces best or close-to-
best quality decompositions on different types of data, across both
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static or dynamic settings. Two major improvements can be found in
SCED-m v.s. WOPT, and SCED-nn v.s. MU.

• The efficiency of SCED is similar to ALS and MU. While our method
is significantly faster than WOPT and iTALS, spanning all types of
data and settings.

• The proposed dynamic learning method is highly effective and usu-
ally demonstrates comparable or even better results to batch meth-
ods. While our method reduces time cost by orders of magnitude.

• Compared to iTALS, our method is more suitable to be applied to
large-scale data since better scalability is shown w.r.t. number of non-
zeros, decomposition rank and tensor size.

5.6 Summary

To conclude, in this chapter, we addressed the problem of finding the CP
decomposition of sparse tensors. An efficient algorithm, SCED, is pro-
posed, which has linear time complexity w.r.t. the number of non-zeros
and decomposition rank. In addition, our framework is also flexible to
handle constraints such as non-negativity and regularizations like `1 and
`2 norms. Finally, a dynamic learning algorithm is also proposed to tackle
dynamic tensors that have new data being updated at the element-level.
As evaluated on both synthetic and real-world datasets, under both static
and dynamic settings, our algorithm demonstrates high performance in
terms of effectiveness, efficiency and scalability, compared to state-of-the-
art approaches.
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Figure 5.5: Static decomposition on real-world datasets
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Figure 5.6: Dynamic decomposition on real-world datasets

Table 5.4: Average running time to process one new entry on real-world
datasets. Values in parentheses are number of entries can be processed per
minutes

dataset iTALS SCED-i

MovieLens 0.0255 (2356) 0.0094 (6359)
LastFM 0.0484 (1241) 0.0185 (3244)
MathOverflow 0.0091 (6581) 0.0081 (7408)
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Figure 5.7: Scalability comparison of SCED to iTALS





Chapter 6

Conclusion

In this thesis, we focused on developing efficient and scalable algorithms
for decomposing dynamic tensors that are constantly changing over time.
In particular, we studied three types of dynamic tensors: 1) dense dynamic
tensors with slice-wise updates, 2) sparse dynamic tensors with slice-wise
updates, and 3) sparse dynamic tensors with element-wise updates. We
summarize the contributions of this thesis, discuss the limitations of our
work and outline some potential directions of future works as follows.

6.1 Summary of Contributions

In Chapter 3, we investigated on effectively refreshing the existing decom-
position when new data slices are appended to a dense tensor on its time
mode. Based on our observation of the structure of online tensors, we sug-
gested an incremental updating schema that dividing the computation into
historical and new data parts, where historical information was stored by
complimentary matrices. This reduced the computational cost to a con-
stant that only depends on the size of the new data chunk. Furthermore,
as the first adaptively method that is applicable to higher-order tensors,
we designed a dynamic programming algorithm to avoid duplicated cal-
culations by caching intermediate results. As validated by experiment on
real-world and synthetic datasets, our algorithm, OnlineCP, demonstrated

125
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comparable results with the most accurate algorithm, ALS, whilst being
computationally much more efficient. Specifically, on small and moder-
ate datasets, our approach was tens to hundreds of times faster than ALS,
while for large-scale datasets, the speedup can be more than 3,000 times.
Compared to other state-of-the-art online approaches, our method showed
not only significantly better decomposition quality, but also better perfor-
mance in terms of stability, efficiency and scalability.

In Chapter 4, we focused on addressing the efficiency issue of previous
algorithm on sparse data. Specifically, we developed a new algorithm that
is fully optimized with keeping data sparsity in mind and successively re-
duced the time complexity from linear w.r.t. the size of new data, to linear
w.r.t. the number of non-zeros in the new data. In addition, to further con-
trol the memory-usage, we redesigned the complimentary matrices. Over-
all, Experiments on nine real-world datasets showed that when most of the
existing online methods failed to give results given a limited amount of re-
sources, the decomposition produced by our algorithm is of high quality,
whilst at the same time achieving speed improvements of up to 250 times
and 100 times less memory, compared to ALS.

In Chapter 5, we studied sparse tensor decomposition from three as-
pects: (i) the roles of zero entries under different application scenarios, (ii)
the constrained CP decomposition, and (iii) the element-wise dynamic up-
dates observed at arbitrary positions in the tensors. We showed that this
can be modeled in a generalized weighted decomposition formulation and
solved by a parameter by parameter learning schema, with the flexibility
to incorporate constraints and to incrementally learn new data entries in
an efficient manner. Extensive experiment had been conducted to show
the merits of our algorithm, compared to current approaches.

6.2 Future Directions

Our studies presented in this thesis addressed the dynamic learning aspect
of several typical types of dynamic tensors. However, there are still many
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interesting and potential extensions for future research.

1. Chapters 3 and 4 only discussed the dynamic aspect of online tensors,
while there was no constrained decomposition has been explored.
Imposing Tikhonov regularization (i.e., Frobenius norms of loading
matrices) is readily easy by appending it as penalty terms to the ob-
jective and this is also easy to solve since the regularization is differ-
entiable. However, non-negativity is not a simple constraint to incor-
porate under the current ALS-like algorithms. Even though solvers
and algorithms like multiplicative update rule exist for static cases,
whether they applicable to the dynamic setting is still a problem that
deserved further research. In addition, there are more constraints like
orthogonality [Kolda, 2001], graph regularization [Cai et al., 2011],
and smoothness [Yokota et al., 2016] that are commonly used in real-
world problems but not discussed in the thesis. It is of great interest
and potential to study these constraints under the incremental learn-
ing framework proposed in this thesis.

2. For the incremental algorithms proposed for dynamic tensors with
slice-wise updates, the main speedup we have gained is by decom-
posing the computation of MTTKRP into historical and new data
parts, which limited the complexities of the proposed algorithm to
linear w.r.t. the new data. In fact, this can be further improved by
more advanced computing technologies such as distributed comput-
ing with MapReduce, or parallel accelerations with GPUs. How-
ever, it should be noticed that whether these approaches useful de-
pends on the scale of the data and technical implementation, since
the improvement gained by these methods will be discounted by the
extra computation overhead involved, like the communication cost
for distributed computing. Additionally, methods proposed for en-
hancing the efficiency of static ALS algorithms (e.g., line-search, sub-
sampling, random projection, as introduced in §2.3.2) are potentially
applicable to our algorithms as well, which can be beneficial.

3. Two types of dynamic updates have been studied in this thesis: slice-
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wise and element-wise updates, since they have been commonly seen
in real-world problems. However, more types of dynamic patterns
can be found in various datasets and applications. For example, the
dynamic tensors may expanded in multiple modes simultaneously,
elements in existing tensors may be removed or updated, not just as
the addition case discussed in Chapter 5. Another example is that in
many applications such as recommendation system, sometimes we
may have element-wise (e.g. new ratings) and slice-wise updates (e.g.
new users and items) simultaneously. Towards this end, it would be
interesting to see that how to apply and adapter the insights we have
gained throughout the studies in this thesis to those cases. Further-
more, we consider the parameter by parameter learning rules pro-
posed in Chapter 5 as a more flexible learning algorithm that is of
great potential to be applied to dynamic tensors in general. For ex-
ample, slice-wise updates can be viewed as appending the elements
in a tensor slice one by one in a short time period, removing or updat-
ing the an existing value can be seen as adding a negative value or the
difference between the previous and current values in the same po-
sition. As a result, It would be interesting to extend our algorithm to
a more general framework for more dynamic cases, while it should
be noted that the choice of the updating order may be a factor that
needs to be considered, in order to achieve good efficiency.

4. In this thesis, we focused on only the tensor decomposition problem.
While in real-world applications, tensor decomposition is usually just
one step of the whole analysis pipeline and practitioners often apply
tensor decomposition as a pre-processing tool for tensor data, and
further analyses such as clustering, classification and forecasting, are
performed based on the produced loading matrices. Contrast to this
step by step approach, there are some approaches in the literature
that modeled the decomposition and learning phases into a unified
objective functions and obtained better performance [Xu et al., 2016,
Xu et al., 2018]. As a result, it would be useful to explore the ideas
presented in this thesis in such problem formulation in order to better



6.2 Future Directions 129

efficiency and scalability.

5. Finally, in this thesis we assumed that all dynamic update in a ten-
sor are equally important and the current algorithm have not taken
the freshness of the data into consideration. However, in real-world
applications, the recent data can play more important roles than the
data received a while ago, since the new data contains more useful
information with the latest status of the system. This can be modeled
by introducing a forgetting factors to the proposed methods in our
studies, while how to design such forgetting strategy requires addi-
tional investigations.

In conclusion, we studied dynamic tensor learning problem in this the-
sis. We hope that the ideas and insights we have presented will contribute
the advance of the field and lay fruitful foundations for future researches.
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