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Abstract

Iterative learning control (ILC) is an advanced control algorithm that achieves

tracking of the desired reference trajectory through repetitions without using the

precise knowledge of the dynamic systems. In a feed-forward ILC algorithm, the

tracking errors from the past trials are utilized for learning the control input. Even

though the method is simple to implement and analyse, the transient error in the

iteration-domain is usually not regulated. In a feedback-based ILC, a feedback (or

tracking error of current trial) is incorporated with a feed-forward ILC to improve

the transient behavior as well as providing more design freedom and robustness to

non-repeatable disturbances. When the system of interest is nonlinear with input

and output constraints, the convergence analysis of ILC becomes more complex

due to the existence of feedback in the control structure. The thesis investigates

how these constraints can be handled in such a feedback-based ILC scheme with

a limited model information.

The thesis proposes novel learning control architectures and analysis methods to

separately handle input constraints and output constraints for a class of nonlinear

dynamic systems with rigorous convergence analysis. The contributions of this

thesis are presented in two parts. The first part proposes a novel structure that can

handle input constraints in a feedback-based ILC system in a systematic manner.

The second part proposes a barrier function based feedback design in ILC that

can ensure the satisfaction of output constraints during the learning process. For

simplicity and consistency of the thesis, the focus here is on the continuous-time

plant model.

The main contributions of the thesis are summarised as follows:

1. When dealing with input constraints for a feedback-based ILC, a new com-

posite energy function is proposed to ensure the convergence and bound-

edness of trajectories. This new CEF can be used to unify the two design

methods: Contraction Mapping and Composite Energy Function.
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2. Barrier-Lyapunov function is employed to address hard output constraints

in a feedback-based ILC scheme.

3. The proposed algorithms have been tested on a robotic manipulator plat-

form.

The simulation and experimental results have shown that the proposed feedback-

based ILC can handle input and output constraints with limited knowledge of the

system. Hence the proposed methods can be applied to a large class of engineering

systems when the precise models are hard to obtain.
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CHAPTER 1

Introduction

Overview

A brief introduction to the content of this thesis is presented in this Chapter. The

motivation is highlighted, followed by the research objectives. The main contributions

and the structure of the thesis are also summarised.

1.1 Background

There are many industrial processes that are repetitive over finite time intervals.

Examples include tasks in batch processes and in assembly or production lines in

manufacturing [1]. Most of these processes require a perfect tracking performance,

which implies that the output of the system would follow the desired (reference)

trajectory from the very beginning of the task execution. Intuitively, by utilizing

the information obtained from the repetitions, it is possible to achieve a perfect

tracking without having the precise knowledge of the system.

The idea of using past performances in a repetitive tracking task to “learn” the

desired control input was pioneered by Uchiyama and Arimoto et.al [2–5]. This

control technique is popularly known as Iterative Learning Control (ILC), which

has evolved into a new domain in the control engineering. Due to its ability to

learn over repetitions, this method does not require a complete knowledge of the

engineered systems. It is sometimes referred as a data-driven technique due to its

ability to use the past data to improve the performance. This method has been

successfully applied to various applications such as chemical batch processes [6],

1



precision motion control [7], energy generation [8], robotic rehabilitation after

stroke [9], industrial robots [10], traffic control [11], human-machine interactions

[12] and modelling of human motor control [13].

More than three decades of extensive research in the domain of ILC has addressed

multitude of challenges in the design, analysis and synthesis of this control tech-

nique. This thesis addresses one such challenge that is prevalent in the imple-

mentation of ILC algorithms, which is: the satisfaction of hard input and output

constraints that come from the limitations of the physical systems and require-

ments of a specific task, respectively.

1.2 Motivation

Engineered systems are commonly subjected to operational constraints while most

of the control algorithms often makes simplifying assumptions that disregard these

constraints. Hence, these physically existing constraints may affect the perfor-

mance of designed controllers during implementation unless it is accounted during

the design and analysis stage [14]. These constraints can be classified into in-

put, state or output constraints. Input constraints represents the saturation limits

of the actuator where its working range is bounded due hardware limitations.

State/output constraints are commonly related to safety considerations or the op-

erational limits of a plant1. Examples for state/output constraints includes upper

and lower limits of the temperature or the pressure in a chemical reactor, a safety

operation region for rehabilitation robotic systems to protect stroke patients, work-

space constraints in batch manufacturing, traffic flow capacity in an urban traffic

system, and so on.

Many compensation methods to input/output hard constraints have been proposed

to compensate the effect of hard constraints [15–18]. In the majority of literature,

the model of plant needs to be known a priori in order to fully cancel the effect of

such hard constraints. However, in the model-free methods such as ILC algorithms,

dealing with hard constraints is quite challenging.

A typical feed-forward ILC algorithm is based on the idea of “practice makes

perfect”, where the control input of the current iteration is generated using the

tracking error from the previous iterations. It is regarded as feed-forward because

the control input at the ith iteration is computed and stored in the memory of the

1The term “plant” refers to the dynamic system to be controlled.
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1. Introduction

Feedback Plant

ILC Memory

Fig 1.1: Block diagram of a simple feedback-based ILC

system before the execution of ith iteration. The control objective is to find the

sequence of control input that can ensure the convergence of the system output, yi

to a desired (reference) output yr when the number of iterations goes to infinity.

A typical feed-forward type ILC law that can achieve this control objective takes

the form [19]:

u
ff
i+1(t) = u

ff
i (t) + f(ek(t), . . . ek−m(t)), (1.1)

∀t ∈ [0, Tf ], k ≤ i, i = 1, 2, · · · , and m is an integer. Here the ILC control

input at (i+ 1)st iteration, uffi+1, is the sum of previous iteration input and f(·) a
functional of tracking error, (ei = yr−yi), at previous iterations ek, ek−1, . . . , ek−m

for tasks in finite time interval t ∈ [0, Tf ].

The beauty of a feed-forward ILC is its simplicity in design and implementation.

Usually, in the first iteration, no control input will be applied to the dynamic

system, leading to unacceptable response in the finite time-domain. Moreover, as

this control law has the nature of integration over the iteration-domain. Similar

to well-known wind-up phenomenon using integral action, such an integral action

in iteration domain may result in the generation of a large control input, which is

not feasible due to the hardware limitation of the actuator.

In order to improve the transient behaviours in iteration domain and provide the

robustness with respect to non-repeatable noises, the feedback is always used in

combination with the feed-forward ILC (See for example Fig. 1.1) [20,21]. In gen-

eral, introducing such a feedback law will not affect the convergence of feed-forward

ILC [22–24]. The existence of the feedback can greatly improve the transient re-

sponse in iteration domain. Moreover, by carefully designing the feedback, it is

possible to handle output constraints as well [17,25]. However, introducing a feed-

back will make the analysis of the closed-loop system, which consists of a feedback
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control law and a feed-forward ILC scheme in the presence of input and/or output

hard constraints, very challenging due to complex dynamic behaviours that the

system can exhibit.

This leads to the problem formulation of this thesis, where a feedback-based ILC

architecture is considered to handle both input and output constraints. The role

of feedback is to ensure the boundedness of output trajectories and good transient

response in iteration-domain whereas that of the feed-forward ILC is to learn the

desired control input from the repetitions of the task.

1.3 Research Question and Objectives

The primary objective of the thesis is to develop a systematic design framework

for feedback-based ILC schemes that are able to handle the input constraints and

and output constraints for a large class of nonlinear systems. Here the systematic

design means a new control structure where the design of the feed-forward ILC

and the feedback can be decoupled without considering the existence of hard con-

straints. As most physical systems are defined in continuous-time, the design of

the ILC is in continuous-time as well, though a sampled-data structure is used in

the implementations. This thesis addresses the following core question:

“How to systematically design a feedback-based ILC in the presence of the input

constraints and output constraints using minimal knowledge of the plant model?”

To answer the above question, the following aims are needed:

Aim 1 Design and analyze the convergence of feedback-based ILC for system

with hard actuator constraints

Aim 2 Design and analyze the convergence of a feedback-based ILC in the pres-

ence of hard output constraints

Aim 3 Experimentally validate the proposed control schemes on a robotic ma-

nipulator.
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1.4 Thesis Contributions

The satisfaction of input and output constraints for a large class of nonlinear

dynamic systems using a feedback-based ILC schemes has been thoroughly inves-

tigated in this thesis.

By addressing the proposed research questions, the following contributions are

made in this project.

1. A unified framework for convergence analysis in using composite energy func-

tion is established. More precisely, two well-known design methods, namely

contraction mapping based design and composite energy function based de-

sign, can be unified. This framework serves a foundation of this thesis. Such

a unification is presented in Chapter 3 with the corresponding publication

C6 listed in Section 1.5.

2. A new control structure of feedback-based feed-forward ILC is proposed to

handle the input saturation. A novel CEF is proposed in the convergence

analysis of the proposed structure, showing that such a structure can ensure

that the feedback-based ILC algorithm can work well in the presence of hard

actuator constraints. This contribution is presented in Chapters 4, 5 and 6.

The corresponding the publications are J1, C2 and C4 as listed in Section

1.5.

3. A new output-feedback control based on barrier Lyapunov function is pro-

posed to incorporate with the feedback-based ILC to tackle the output con-

straints. The convergences in terms of input, state and output are guaran-

teed using a class of barrier composite energy functions. This is presented

in Chapters 7, 8 and 9 which resulted in the publications C3, C7, J2 and J3,

which are listed in Section 1.5.

When compared with the existing analysis tools in the ILC, the proposed system-

atic design decouples the feedback control and feed-forward ILC, which simplifies

the design- as in the design stage of feed-forward ILC, neither input constraints

nor output constraints are considered. The convergence analysis uses a unified

composite energy function method to show the convergence and the satisfaction

of hard constraints by exploring features of input and output constraints. Such

analysis tools and systematic design will make ILC algorithms more applicable
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to various engineering applications including the validation example using direct-

drive n link robotic manipulators with revolute joints performing repetitive task.

1.5 Publications

The following articles have been published or submitted during the PhD candida-

ture.

Journal Articles

J1 Gijo Sebastian, Ying Tan and Denny Oetomo, Convergence analysis of

feedback-based iterative learning control with input saturation, Automatica,

Vol. 101, pp. 44-52, March 2019.

J2 Gijo Sebastian, Ying Tan, Denny Oetomo, and Iven Mareels. On input and

output constraints in iterative learning control design for robotic manipula-

tors. Unmanned Systems, World Scientific, 06(03):197-208, 2018.

J3 Gijo Sebastian, Ying Tan, Denny Oetomo, and Iven Mareels. Feedback-based

iterative learning design and synthesis with output constraints for robotic

manipulators. IEEE Control Systems Letters, 2(3):513-518, July 2018.

J4 Gijo Sebastian, Zeyu Li, Demy Kremers, Ying Tan, and Denny Oetomo,

Interaction force estimation in robotic manipulators using extended state

observers: an application to assistive and rehabilitation robotics. Robotics

and Automation Letters, doi:10.1109/LRA.2019.2894908, 2019

Conference Publications

C1 Gijo Sebastian, Ying Tan, Denny Oetomo, and Iven Mareels.“Design of feed-

back gain in feedback-based iterative learning control”. In 2017 11th Asian

Control Conference (ASCC), pages 875-880. IEEE, 2017.

C2 Gijo Sebastian, Ying Tan, Denny Oetomo, and Iven Mareels. “On feedback-

based iterative learning control for nonlinear systems without global Lip-

schitz continuity”. In 2018 Annual American Control Conference (ACC),

pages 5612-5617. IEEE, 2018.
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C3 Gijo Sebastian, Ying Tan, Denny Oetomo, and Iven Mareels. “Iterative

Learning Control for Linear Time-varying Systems with Input and Out-

put Constraints.” In 2018 Australian & New Zealand Control Conference

(ANZCC), pages 87-92. IEEE, 2018.

C4 Gijo Sebastian, Zeyu Li, Ying Tan and Denny Oetomo.“On feedback-based

PD-type iterative learning control for robotic manipulators with actuator

saturation”. In The 15th IEEE International Conference on Control and

Automation (ICCA) IEEE, 2019. (accepted).

C5 Gijo Sebastian, Zeyu Li, Ying Tan and Denny Oetomo. “Force Observer for

an Upper Limb Rehabilitation Robotic Device using Iterative Learning Con-

trol.”In 2019 Asian Control Conference (ASCC). IEEE, 2019. (accepted)

C6 Gijo Sebastian, Ying Tan and Denny Oetomo. “A Unified Analysis Tool

in Iterative Learning Control: Composite Energy Function” In 2019 Asian

Control Conference (ASCC) IEEE, 2019. (accepted)

C7 Gijo Sebastian, Ying Tan and Denny Oetomo. “Iterative Learning Control

for Nonlinear System with Input and Output Constraints” In The 15th IEEE

International Conference on Control and Automation (ICCA) IEEE, 2019.

(accepted)

C8 Gijo Sebastian, Justin Fong, Vincent Crocher, Ying Tan, Denny Oetomo,

and Iven Mareels. “Quantifying Task Similarity for Skill Generalisation in

the Context of Human Motor Control”, In 2016 International Conference on

Control, Automation, Robotics and Vision (ICARCV) pages 01-06. IEEE,

2016

C9 Gijo Sebastian, Zeyu Li, Ying Tan and Denny Oetomo. “Analysis and exper-

imental verification of a current-cycle iterative learning control for robotic

manipulators with output constraints”. In 2019 Annual Conference on De-

cision and Control and, IEEE, 2019. (under review)

1.6 Structure of the Thesis

Chapter 2 provides a detailed literature review regarding the different analysis and

design techniques, limitations and state of the art in satisfying constraints in ILC
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domain. A critical review on the analysis methods for continuous-time dynamic

system is performed and a unified method for convergence analysis using com-

posite energy function is demonstrated in Chapter 3. In addition, Chapter 3 also

establishes the required background knowledge for the thesis which includes the

notation and definitions along with formal problem statements that are addressed

in the rest of the thesis.

The rest of this thesis is divided into two parts. The contents of each part is as

follows.

Part I constitutes of three main chapters and discusses the design and analysis

of feedback-based ILC for dynamic systems with hard input constraints. Chapter

4 discusses the design and convergence analysis of feedback-based ILC for linear

dynamic systems with input saturation. Chapter 5 is an extension of Chapter 4 to

a larger class of nonlinear affine systems with hard actuator saturation. Chapter

6 implements the proposed ILC algorithms on a robotic manipulator.

Similar to Part I, Part II also constitutes of three main chapters. It discusses

the design and analysis of ILC for output constrained systems. Chapter 7 and

8 discusses the design of feedback based on a general class of barrier Lyapunov

function for linear and nonlinear systems respectively, followed by the convergence

analysis of proposed ILC scheme. Chapter 9 extends the results and discussions to

robotic manipulators. Specifically, the synthesis of a feedback design for handling

output constraints in the transient stages of ILC is performed in Chapter 9.

Finally, Chapter 10 concludes the thesis with recommendations for future work.
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CHAPTER 2

Literature Review

Overview

Over the last three decades, numerous ILC algorithms have been developed. This chapter

revisits a brief evolution of ILC algorithms. As the focus of this thesis is continuous-time

plant, only the convergence analysis methods for ILC algorithms, which are designed for

continuous-time systems are summarized, though we are aware of lot of results that are

presented for discrete-time systems [26–28] and sampled-data systems [29–31]. Further-

more, in the context of continuous-time systems, the recent developments of ILC on the

satisfaction of constraints are also presented.

2.1 Introduction

Classic control theory builds on the knowledge of the plant (or the model). Engi-

neering practitioners know that it is not possible to obtain a precise model due to

the complexity of engineered systems, wearing of components, measurement noises

from sensors and actuators. It is not always easy to design a robust control law

(high-gain controller) to work under the worst case uncertainties. It is preferred

that the controller has some ability to learn or adapt in such cases, which might

be able to reduce the control effort effectively.

The term “learning” has been used ubiquitously in the control literature. In a sur-

vey paper in 1974 regarding “Learning Automata” [32], Narendra and Thathachar

defined learning as “any relatively permanent change in behavior resulting from

past experience” and the main characteristics of a learning system is stated as

“ its ability to improve its behavior with time, in some sense tending towards an
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ultimate goal”. Clearly, any learning control exhibits a quantitative and qualita-

tive improvement of the process for systems with uncertain/unknown parameters.

Many “learning” algorithms have been proposed with different meaning of “learn-

ing”. For example, the word learning appears in stochastic learning, machine

learning, reinforcement learning, repetitive learning, iterative learning, deep learn-

ing with sightly different meanings. Loosely speaking, learning can be treated as

an intelligence coming from the controller to learn from past experience or adapt

to new environments.

As a special case of the above mentioned intelligent control, iterative learning

control (ILC) is proposed to achieve a perfect tracking performance for a given

finite-time desired trajectory, when the engineering system is working in a repeti-

tive mode. By using information obtained from experience (or previous iterations),

the control performance can be improved over iterations. As the ideal control input

trajectory can be learned over iterations from data collected, ILC relaxes the re-

quirement of the model information and can be treated as a data-driven approach.

It can work effectively for poorly modeled dynamic systems.

The introduction of ILC algorithms that update over iterations, coupled with the

engineering system (plant) in a finite time-domain, leads to a hybrid nature of

the closed-loop system. In the sequel, such a hybrid setting can exhibit complex

behaviours even if both the plant and the ILC have a simple structure. Unique

analysis tools, which are able to capture the learning behaviour in the iteration-

domain as well as the performance in the time-domain, are needed. Over the

last three decades, many different ILC algorithms have been developed with mas-

sive applications, see, for example, survey papers [33–45] and books [46–50] and

references therein.

The organisation of this chapter is as follows. This chapter starts with a brief

introduction of history of ILC in Section 2.2, followed by a classification based on

the form of the system and format of control algorithms in Section 2.3. A brief

review of convergence analysis tools is presented in Section 2.4. Section 2.5 revisits

the ILC literature which handles various constraints.

2.2 A Brief History

It is well known that humans learn and acquire fine motor skills from the past

experience by repeating the task. Inspired from this human learning behaviour,
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2. Literature Review

Arimoto et.al asked this question in [3, 51, 52]: Whether a robot can learn the

control input from the past operations?. This question was answered by proposing

an iterative algorithm where the control input for the next iteration is calculated

using the previous input and the derivative of output tracking error. Similar idea

of update law for learning was independently investigated in [4, 5] in the same

year. This idea was initially tagged as a “betterment process” in [3], but in the

same year, [53] coined the term “Iterative Learning Control” for the first time in

the literature and adopted by the researchers later on.

The major attention in the first two decades of ILC research was given for output

tracking problems for various engineering systems. Although there are variations

of the format of the systems, some common standing assumptions are needed to

ensure the convergence of ILC as pointed out in the initial works of ILC [3,20,52,

54–57]. These assumptions are listed below.

A1 The given system executes a repetitive tracking of the same trajectory in a

finite-time.

A2 The system dynamics are assumed to be invariant in the repetitions.

A3 Only partial knowledge of the system is assumed.

A4 Some resetting condition is assumed.

A5 The uniqueness of control input and existence of a reference model are as-

sumed.

A6 The nonlinear terms satisfy Global Lipschitz continuity (GLC) condition.

Some of these assumptions can be relaxed. For example, a few results have been

obtained to relax one or a few standing assumptions [46, 58–63].

Other than the standard setting of a perfect tracking performance under a repeti-

tive environment without a model information, other control techniques have been

incorporated with ILC when the standard setting does not hold. For example,

the robust control scheme has been combined with ILC to handle non-repeatable

bounded disturbances [60]. Adaptive schemes can be incorporated with ILC when

there are parametric uncertainties in the dynamic systems [64–68]. When the

model information is available, the model predictive control [69,70] can be used to
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handle constraints as well as optimize the tracking behaviours. When the refer-

ence signal is unknown, but some cost is measurable, extremum seeking methods

can be used to drive ILC algorithms to learn the optimal cost [71, 72].

It is interesting to see that ILC also complements with other intelligent schemes

such as neural networks (NNs) [73–75], fuzzy logic control [76–78], where data-

driven ILC is used to learn unknown weights in NNs and fuzzy systems under

repetitive environment.

It is noted that there is another class of learning control strategy, known as Repet-

itive Learning Control (RLC) [79–81], which targets for system which performs

periodic operations such as tracking a periodic reference trajectory or rejects a

periodic disturbance [82]. ILC can operate in a discontinuous mode ( where reset-

ting happens 1) whereas RLC operates in continuous mode. The discontinuity in

operation of ILC give rise a two-dimensional nature whereas RLC can be analysed

using a standard convergence analysis when t → ∞. These two strategies are

similar in essence but distinct in its application and analysis. The differences and

similarities between these two control techniques are explained in [10,38,83,84].

An idea of “no reset ILC” was presented in [85, 86] where ILC is specifically de-

signed for periodic reference trajectories. This is different from the standard ILC

with a resetting condition. This was termed as cyclic ILC [87,88] or ILC with an

alignment condition [60], to represent the time-resetting process in the analysis.

Here, the end state of previous iteration is same as the initial state of current

iteration. In other words, this type of ILC is equivalent to a RLC [89] which is

intended for a continuous operation, where tools for convergence analysis in ILC

can be made useful.

2.3 Classification of ILC Research

A brief discussion on the developments in ILC research is made in the follow-

ing subsections. Two broad classifications are discussed, which are based on the

systems on which the controller operates and the different types of control algo-

rithms2.

1A reset means that at the end of one iteration, the time and state will reset (or the same as
the previous iterations).

2This classification is not intended to be a comprehensive one to gather the wide range of
developments in this field, but to represent the topics of interest related to the thesis and layout
discussions that are most appropriate in the later part of the thesis.
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2.3.1 Classification- System Types

Although the ILC design is somehow model-free, some knowledge of the charac-

terization of the system is still needed. According to the knowledge of the system,

different ILC algorithms have been proposed accordingly.

We will have different way to characterize the properties of the dynamic systems

1. Stable system v/s Unstable systems

2. System with linear dynamics v/s nonlinear dynamics

3. Nonlinear dynamic systems with global Lipschitz continuity(GLC) v/s Local

Lipschitz continuity (LLC)

4. Systems with zero relative degree v/s higher relative degree

5. Systems with identical initial state v/s variable initial state

6. Systems with repetitive disturbances v/s non-repetitive disturbance

Stable or unstable plant

The notation of stability is used to characterize the behaviour of the system for

transient behaviour t ≥ 0 and steady-state behaviour t → ∞. However, ILC

operates on a finite time interval (Assumption A1). As long as the trajectories

of the system are bounded in a given finite-time interval, i.e, no finite escape

phenomenon [90] occur, ILC controller can work [46]. A good transient in iteration

domain is always desirable to avoid large overshoots as discussed in [7, 20].

Linear and nonlinear dynamics

The first work of a simple ILC for linear-time-invariant systems [3] was focused on a

feedback-linearised dynamics of the robotic system, while its extension to nonlinear

dynamics systems [51] were also fruitful. The interest in ILC design for linear

systems has been moved to a performance oriented control objective, to relaxing

the fundamental assumptions [58] and to other non-conventional ILC problems

[64,91–93]. On the other side, ILC designs for nonlinear systems have been evolved

to handle parametric and non-parametric, norm bounded uncertainties and input,

state and output constraints [46, 94].
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Nonlinear dynamics with GLC and LLC

In a contraction mapping based design of ILC, it is usually assumed that nonlinear

dynamic system has to satisfy the global Lipschitz continuity (GLC) condition.

This assumption is needed for the analysis of proposed algorithms for an output

tracking problem. The role of GLC is to ensure that there is no finite escape

phenomenon in the state when the output is bounded. Under such a situation,

the input-output mapping will be dominant when the influence of the state tra-

jectories can be ignored by some time-weighted norm, which is a large damping

of the state trajectories. When the nonlinear dynamic systems are locally Lip-

schitz continuous, the analysis is getting difficult. ILC can be used for a state

tracking problems. Specifically, composite energy function (CEF) based methods

or Lyapunov based approaches can be used to handle locally Lipschitz continuous

systems [46]. It is noted that specific conditions are needed in order to avoid the

finite escape phenomenon. This is discussed in Section 2.4.

Relative degree

It is shown in [95] that the “direct transmission term” of the dynamic system plays

a critical role in an ILC algorithm. The works in [95] generalizes the observations

made in [3, 20, 51, 54, 55] and was successful in demonstrating that the learning

does not depend upon the dynamics part of the plant model. This was further

extended by [23, 96] where they used the information of “relative degree” of a

given plant model to design a generalized ILC law that could ensure convergence

of control input to the desired one if a sufficient condition is satisfied by the

learning controller gain.

It is possible to relax the requirement of the derivative information in a ILC

update law (as oppose to the design based on the relative degree of plant), if the

system posses certain properties [56,57,64,97–101]. Such an extension is useful in

hardware implementations due to difficulty in getting the derivative information

when there are high frequency sensor noises. Normally, numerical methods are

employed to calculate the derivative information and the quality of signals are

heavily depending upon the design of an appropriate filter.
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Initial Conditions

The assumption on initial conditions plays a crucial role in the convergence of

ILC algorithms. Identical initial condition (i.i.c) is a widely considered resetting

condition in the ILC literature [46]. In i.i.c, the trajectory is initialized at the

desired initial value for every iterations. It is difficult to satisfy this assumption

in a practical application. Several ILC algorithms were proposed to relax this

assumption [102–106]. A review of different type of initial conditions can be found

in [107].

2.3.2 Classification- ILC Algorithms

On a general note, ILC algorithms can be classified as

1. Feed-forward ILC and Current Cycle ILC

2. Model-based design and Non-model based design

Feed-forward ILC and current cycle ILC

In a feed-forward type ILC, the tracking error from the previous iterations are used

in the update algorithm. More precisely, before an iteration starts, the ILC control

law is already available in the memory block. On the other hand, in a current cycle

ILC algorithm, the tracking error from the current iteration is used [21,108–110]3.

Such current cycle ILC has demonstrated a better convergence rate and learning

performance4 in iteration domain when compared with a feed-forward type ILC.

Furthermore, corresponding to the relative degree of the dynamic system, a feed-

forward ILC is refereed as “first order ILC” if it uses only the control input and

system output of previous one iteration. It is possible to ensure convergence by

using control input and output from last n-iterations. This was termed as “high-

order ILC” [109,117,118].

3It is important to note that a feedback-based ILC law (for example one in [20,22] or shown
in Fig. 1.1) is structurally similar to an ILC which uses current cycle tracking error in the update
law (for example [21, 110]) [36]. But in a feedback-based ILC law specific roles are assigned to
both feedback and ILC part. The role of feedback is to ensure the boundedness of trajectories
where as that of ILC is to learn the reference trajectory.

4Attempts to quantify the convergence rate and analyse the transient growth are found to be
a much difficult problem because of the complexity in design and analysis [111–116].
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Associated with different ILC algorithms, the question of robustness to bounded

state-disturbances, output noise and/or error in initial conditions were also ad-

dressed for P-type feed-forward [22, 99, 119–123], D-type feed-forward [61, 104,

124–126], PD-type feed-forward [22,103,121,127], current-cycle [109,110,128,129]

and high-order ILC algorithms [109,117,118].

Model-based design and non-model based design

The pioneering works in the field of ILC focused on algorithms which uses lim-

ited model information, mostly relying only on measured input-output data. Such

designs were simple to use, but lack robustness when there are non-repetitive dis-

turbances [10]. Model-based approaches in ILC is another way to combine some

information of nominal model and input-output measurements [130, 131] to im-

prove the performance of ILC algorithms. For example, controller gain/update

rate in ILC algorithms are found/tuned based on the information of available

plant model [132]. Most popular methods include Inverse-Model based and op-

timisation techniques. In an Inverse-Model based approach [133], nominal plant

model inversion is made useful in determining the update rate where as in optmi-

sation based approach an objective function based on the output error and control

inputs in iteration is minimised to calculate the update rate (control gain). In a

feed-forward type ILC algorithm, an optimistation approach is used in [134, 135],

which resulted in finding either a constant learning gain using steepest decent,

Gauss newton or a time and iteration varying gain using Newton Raphson meth-

ods [23]. Another significantly different approach was taken in [136, 137] where

optimisation framework is exploited to find the control gain for current cycle ILC

algorithm instead of a feed-forward type ILC. More details on the development of

both approaches can be found in [138].

2.4 Analysis Methods

Contraction mapping (CM) and composite energy function (CEF) based methods

are widely used for the convergence analysis of an ILC algorithm in a continuous-

time domain [46].

CM-based methods were established in the pioneering works of ILC [3, 20, 23, 95,

125]. Usually, CM-based design is simple and requires relatively less knowledge of

the system dynamics [46]. The standing assumption is that the system of interests
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Table 2.1: Summary of differences between CM-based and CEF-based methods

CM-based Methods CEF-based Methods

1 Information in iteration domain
is dominant while finite-time do-
main performance is ignored.

Information in finite-time domain and it-
eration domain will appear in the CEF.

2 Need GLC condition to ensure
the boundedness of state trajec-
tories.

GLC condition can be relaxed.

3 Uniform convergence is achieved Point-wise convergence is generally
achieved.

4 The knowledge of relative degree
of plant is required

CEF can relax the requirement of the rel-
ative degree.

5 Design is based on the conver-
gence condition. It is simple and
easy to design.

Do not always provide a convergence con-
dition. Selecting an appropriate CEF is
the-state-of-the-art.

6 Commonly deals with output
tracking problem

Handles both state tracking and output
tracking problem. This can be used for
systems with parametric, norm bounded
uncertainties and input, state and output
constraints.

satisfies so-called global Lipschitz condition (GLC). By using the time-weighted

norm, the dynamics of the system can be ignored and the uniform convergence

of tracking error or the input error (the error between the desired input and the

current input) can be ensured if some convergence condition, which is closely

related to the relative degree of the dynamic system, is satisfied.

On the other hand CEF or energy function (EF) based techniques were initially

used for cases where the CM-based methods cannot be directly applied , see, for

example, [99,101,108,110,123]. With more knowledge of the system, such as some

boundedness properties in time-domain, CEF-based ILC design can relax some of

the standing assumptions needed in CM-based methods. For example, the GLC

condition can be relaxed [39, 139, 140] or the relative degree requirement [46, 99,

101,141]. As the performance in time-domain is always incorporated into the CEF,

CEF-based ILC works well when feedback laws are used in combination with feed-

forward ILC. Without requiring the convergence condition, by trying to learn the

desired control input point-wisely in the updating law, the CEF method shows

that at each time instant, the proposed CEF with the proposed ILC updating

law decreases along iteration domain. This leads to the point-wise convergence
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of tracking error or input error. However extra conditions are needed to show

the uniform convergence. Although, these two methods are different, both of

them use its own techniques to ignore the dynamics of the system. A monotonic

convergence in terms of a time-weighted norm in CM methods is equivalent to the

decreasing energy function in CEF methods. Hence route of convergence in terms

of supremum norm is unknown in both cases. The differences between these two

designs are summarized in Table 2.1.

It is worthwhile to highlight that the CEF-based analysis incorporates information

in time-domain and iteration-domain while the CM-based method only focuses

on information in iteration-domain. It is intuitively clear that the CEF-based

analysis method could be served as a unified analysis tool to show the convergence.

However, how to use the convergence condition in the CEF-based method has not

been fully investigated.

To the best of author’s knowledge, how to use CEF method to show the conver-

gence of ILC algorithms, which are designed based on CM method, has not been

addressed in the ILC literature, except some preliminary works in [142] where a

dual loop ILC was investigated in which the first ILC is based on CM and the

second ILC is based on CEF.

2.5 ILC with Constraints

As other control techniques, the feed-forward ILC algorithms usually ignore input

constraints and output constraints in the design. Even-though the perfect tracking

performance can be achieved in steady-state in the iteration domain, either output

constraints or input constraints might be violated in transient of iteration domain.

The transient behaviours in ILC domain has been investigated in [10,46,111,113],

however an acceptable learning performance is still hard to guarantee in a data-

driven ILC algorithm. In ILC literature, constrained optimization based approach

in super vector formulation has been used in [92,143–145] to handle constraints in

discrete-time systems. Limited results are available that handles constraints in a

continuous-time design.
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2.5.1 Input Constraints

For continuous-time nonlinear systems, most of the proposed ILC algorithms tried

to find the desired control input in an infinite dimensional control input space. One

of preliminary works in the direction of considering hard input constraints in ILC

for simple, single-input-single-output system was proposed in [146] where a non-

linear feedback control was proposed to overcome the issues from input constraints

in which the learning controller adapts the parameter in the feedback controller.

Even though this approach was promising, it limits the flexibility and capabil-

ity offered by the existing class of ILC algorithms. On the other hand, a simple

modification of the control law was proposed by [3] to handle input saturation (or

bounded input) and rate limit was proposed in [147] and [148] respectively, which

was motivated from ILC algorithms based on quasi-newton approach proposed

in [149].

A unique approach was taken by [150] where an input-output subspace for learning

has been considered based on the given reference trajectory. The need for such

constrained input subspace was also pointed out in [68]. Along the same line of

constrained input space approach, [151, 152] and [153] have addressed the state

tracking problem with input saturation using CEF without a feedback controller

in the loop. Those works were promising as it exploited the capability of learning

in a wider sense with the properties of saturation functions. However, [151] needed

the system information to handle input constraints whereas [153] were limited to

periodic reference trajectories. A unified method for handling the input uncertain-

ties (such as input saturation, dead-zone and hysteresis) was proposed in [142,154]

for a state-tracking problem for systems which are GLC where a dual-loop ILC is

used tracking. The purpose of first loop of ILC was to learn the desired reference

trajectory without considering the input uncertainty whereas the second loop was

used to handle the nonlinear input uncertainty. Most of the works in literature

assumed that the reference trajectory is achievable in the presence of the input

constraint. However, it is hard to know whether the unknown reference input to

track a desired reference trajectory respects the the input limits before-hand when

the system information is limited. In that respect, the use of reference gover-

nors where also investigated in the ILC domain [155,156] to modify the reference

trajectory to respect the input constraints.

For an output tracking problem, for systems which are input-to-state-stable, the

input constraint problem have been addressed in [62] for a simple feed-forward

ILC by exploiting the CM-based methods with bounded energy properties of the

19



Fig 2.1: Variation of Barrier Function

system. However, the input constraints for a larger class of systems which are

neither GLC nor bounded-input-bounded-state stable is still not investigated in

the literature. Handling the hard input constraints in system which are stabilized

using a closed-loop feedback is a challenge even for linear systems with a feed-

forward ILC algorithm.

2.5.2 Output Constraints

The design of controller for respecting the output constraints is a widely inves-

tigated problem outside the scope of an iterative learning control scheme. Real-

time approach to avoid constraints includes methods such as artificial potential

fields [157–159] and invariance control [160–162] techniques.

More recently, barrier Lyapunov function (or barrier certificate) has been widely

used in designing state/output feedback control law to handle state/output con-

straints for a larger class of nonlinear systems, see, for example [17, 18, 163–172]

and references therein. Two type of barrier functions are popularly used in those

works, one vanishes at the constraint boundary and the other goes to infinity when

the trajectory approaches the constraint. The feedback control can be designed

based on the gradient of the barrier function to respect the state or output. For

the dynamic system with two outputs, the variation of a barrier function Vb which

goes to infinity when the output error trajectories (e1 and e2) approaches the error

boundary ±εb is shown in Fig. 2.1. The boundedness of such a barrier function
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ensures the satisfaction of output constraints. In an ILC context, satisfying both

state/output constraint with a limited model information using barrier functions

is still a challenging problem.

Barrier functions are also investigated in the domain of ILC where a special reset-

ting condition is needed to ensure the satisfaction of constraints during the learn-

ing process. The state/output constraint problems in ILC domain [25, 173, 174]

addresses only alignment condition instead of i.i.c. It is noted that, alignment con-

dition plays a critical role in the design and analysis of the proposed controllers in

those works and cannot be directly extended to handle i.i.c.

Other than using barrier certificates as a unified tool, some heuristic methods based

on bounded-error have been used in [175,176] to handle the output constraints and

resulted in a premature termination of tracking in time-domain.

Therefore the state/output constraints in ILC for continuous-time systems are not

fully investigated. Adapting the concept of barrier functions in the standard ILC

setting (one with i.i.c) is a challenge.

2.6 Conclusion

A brief review of the evolution of ILC algorithms, tools for convergence analysis

and ILC algorithms that considers both input and output constraint have been

made in this chapter. The literature review presented in this chapter is mainly

focused on the ILC design methods for continuous-time systems. It is identified

that both input and output constraint problem for nonlinear dynamics systems

which are neither global Lipschitz continuous nor bounded-input-bounded-state

stable are not addressed in the ILC domain.
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CHAPTER 3

Theoretical Background

Overview

This chapter discusses the background information which are assumed for the rest of the

thesis. Usually, the convergence analysis of a continuous-time ILC algorithm is carried

out by using either Contraction Mapping (CM) or Composite Energy Function (CEF)

based methods. They are subtly different in terms of types of systems to which it can

be applied, the convergence properties, convergence condition and the standing assump-

tions. Although the link between these two methods has been observed in literature,

there is no clear statement to show that CEF-based method can be served as a unified

analysis tool. This chapter shows this fact by re-proving the well-known CM-based con-

vergence results of P-type ILC algorithms using a novel CEF method. The advantages

of using CEF-based analysis are also demonstrated for a state tracking problem where

a current cycle ILC is used to relax the global Lipschitz continuity condition to local

Lipschitz continuity. Finally, the problem formulation for this thesis is presented.

3.1 Introduction

This chapter proposes two novel CEFs, which can naturally incorporate the con-

vergence condition from CM-based ILC design into the convergence analysis. To

illustrate this idea, the well-known P-type feed-forward ILC algorithm for a non-

linear multi-input-multi-output (MIMO) square1 affine system with zero relative

degree is used. Two different convergence conditions are considered: one is in

terms of output tracking error and the other is in terms of input error. Instead

1 A square system has same the dimension for input and output vectors.
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of using standard CM-based analysis, the convergence of both cases can be re-

proven by using such novel CEFs. This example demonstrates that the CEF can

be treated as a unified analysis tool to show the convergence of any ILC algo-

rithm. As pointed out in [46], as CEFs closely link to Lyapunov functions or

energy functions used in time-domain, some analysis tools used in time-domain,

such as passivity, input-to-state stability and so on [177] might be easily used in

CEF, providing more design freedom for ILC algorithms. It will be an interesting

research direction for the future work to investigate on how to balance two design

methods: the simplicity from CM and the generality from CEF.

The contributions made in this chapter is submitted to be presented at Asian

Control Conference 2019 (Refer: C6).

This chapter is organised as follows. The essential mathematical preliminaries

for this chapter as well as for the rest of the thesis are established in Section

3.2. Section 3.3 provide the problem formulation for a standard output tracking

problem. In Section 3.4, the convergence in terms of system output and input is

analysed using CM based techniques for an output tracking problem. Section 3.5

investigates the convergence analysis of the same system under same assumptions

using CEF. In addition, a state tracking ILC is shown to relax the global Lipschitz

continuity condition using CEF based method. Finally, the problem formulation

of this thesis is presented in Section 3.6. Section 3.7 concludes the chapter.

3.2 Preliminaries

The notations R and N represent the set of real numbers and natural numbers

respectively. R≥0 For a given positive number ǫ, the order of magnitude in terms

of ǫ is represented by O(ǫ).

For any vector x ∈ Rn, the Euclidean norm, |x| is defined as |x| ,
√
x⊺x. For a

given matrix A ∈ Rn×n, |A| represents the induced matrix norm. A square matrix

A > (≥)0 indicates a positive definite (semi-definite) matrix. For a square matrix

A, λmin(A) and λmax(A) denotes the minimum and maximum eigenvalue of A. For

any vector x ∈ Rn, x > 0 indicates that each element of the vector is positive. If

A is skew-symmetric, then A⊺ = −A and x⊺Ax = 0 for any x ∈ Rn.

The matrix In denotes the identity matrix of dimension n. The symbol i ∈ N
denotes the iteration number and the subscript (·)i indicates the signal at the i

th

iteration.
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3. Theoretical Background

For any j ∈ N , the set of all continuous functions in the interval [0, Tf ], that is

differentiable upto jth order is represented by Cj [0, Tf ].

The following definitions of functional norms are used in this thesis.

Definition 3.1. [Supremum norm] For any x(·) ∈ Rn which is defined in

C[0, Tf ], the supremum norm, ‖x‖s : [0, Tf ]×Rn → R is defined as

‖x‖s , max
t∈[0, Tf ]

|x(t)|∞ ,

where |x|∞ = max
j∈[1, 2, ··· , n]

|xj|. ◦

Definition 3.2. [λ norm] For any x(·) ∈ Rn which is defined in C[0, Tf ], the λ
- norm is defined as

‖x‖λ , max
t∈[0, Tf ]

e−λt |x(t)|∞ ,

for any given λ > 0. ◦

Remark 3.3. It is possible to show that for any x(·) ∈ Rn which is C[0, Tf ],
‖x‖λ ≤ ‖x‖s ≤ eλTf ‖x‖λ for any positive λ. This implies that the supremum

norm and the λ - norm are equivalent [46, Chapter 2]. These two norms can

be used to show the uniform convergence of the tracking error in the finite time

interval [0, Tf ]. ◦

Definition 3.4. [L2 norm] For any x(·) ∈ Rn which is defined in C[0, Tf ], the
L2 norm is defined as

‖x‖L2 ,

(∫ Tf

0

|x(τ)|2dτ
) 1

2

.

◦

Definition 3.5. [L2
e norm] For any x(·) ∈ Rn which is defined in C[0, Tf ], the

L2
e norm is defined as

‖x‖L2
e
,

(∫ Tf

0

e−λτ |x(τ)|2dτ
) 1

2

,

for any given λ > 0. ◦

Remark 3.6. For any x ∈ C[0, Tf ], its L2 norm and L2
e norm are equivalent. So

the convergence in terms of L2
e norm indicates the convergence of L2. ◦

Different notions of convergence of a sequence of vectors {xi(·)} ∈ Rn which is

defined in C[0, Tf ] is given below.
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Definition 3.7. [Pointwise Convergence] A sequence of vector functions {xi(·)} ∈
Rn which is defined in C[0, Tf ] is said to be “pointwisely convergent”, if there exists

x0(·) ∈ C[0, Tf ] such that

lim
i→∞

∣∣xi(t)− x0(t)
∣∣
∞

= 0,

for all t ∈ [0, Tf ]. ◦

Definition 3.8. [Uniform Convergence] A sequence of vector functions {xi(·)} ∈
Rn which is defined in C[0, Tf ] is said to be “uniformly convergent”, if there exists

x0(·) ∈ C[0, Tf ] such that

lim
i→∞

∥∥xi − x0
∥∥
s
= 0.

◦

Remark 3.9. Convergence in terms of supremum norm implies a “strong conver-

gence”. The notion of strong convergence indicates that there exists a small positive

constant, ǫ and a number N∗ = N(ǫ) such that ‖xi − x0‖s ≤ ǫ for all i ≥ N∗. The

convergence in terms of the L2 norm indicates a “weak convergence”. ◦

Definition 3.10. A sequence of functions {fi(t)}i∈N : [0, Tf ] → R is said to be

“uniformly bounded” if there exist a constant ub > 0 for all t ∈ [0, Tf ] such that

|fi(t)| ≤ ub for all i ∈ N ◦

Definition 3.11. A sequence of functions {fi(·)}i∈N : [0, Tf ] → R is said to be

“pointwisely bounded” if there exist a constant ub(t) > 0 such that |fi(t)| ≤ ub(t)

for all i ∈ N , t ∈ [0, Tf ] ◦

Definition 3.12. [Equicontinuity] Consider a sequence of functions {fi(·)}i∈N ∈
C[0, Tf ]. The series {fi(·)}i∈N is said to be equi-continuous, if for every ǫ > 0

and t1, t2 ∈ [0, Tf ], there exists a δ > 0 such that:

|fi(t1)− fi(t2)| ≤ ǫ,

whenever |t1 − t2| ≤ δ. ◦

Remark 3.13. Equicontinuity is one of the tools to upgrade the point-wise conver-

gence to uniform convergence. This is used in Ascoli’s theorem given in Theorem

3.14 . ◦

Theorem 3.14. [178, Ascoli’s Theorem] A bounded equicontinuous sequence

{fn(·)}i∈N ∈ C[0, Tf ] has a subsequence which converges uniformly.
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3. Theoretical Background

Remark 3.15. Using Ascoli’s Theorem, the uniform convergence of a sequence

can be ensured if the sequence is pointwisely bounded and equi-continuous. This

also ensure the uniform boundedness of the sequences. This will be used to ensure

the uniform convergence property in energy function based analysis in ILC. ◦

Definition 3.16. [Local Lipschitz continuity]A function f(·) is said to be

“locally Lipschitz” on a domain (open and connected set) D ⊆ Rn if each point

of D has a neighbourhood D0 such that there exists L0 = L0(D0) that satisfy the

inequality

|f(z1)− f(z2)| ≤L0 |z1 − z2| (3.1)

for all points z1, z2 ∈ D0. [177, p.71]. ◦

Definition 3.17. [Class K and K∞ functions] A continuous function α :

[0, a) → [0,∞) is said to belong to class K if it is strictly increasing and α(0) = 0.

It is said to belong to class K∞ if a = ∞ and α(r) → ∞ as r → ∞ [177,

Definition 3.3]. ◦

Definition 3.18. [Class KL function] A continuous function β : [0, a) ×
[0,∞) → [0,∞) is said to belong to class KL if, for each fixed s, the mapping

β(r, s) belongs to class K with respect to r and for each fixed r, the mapping β(r, s)

is decreasing with respect to s and β(r, s) → 0 as s→ ∞ [177, Definition 3.4]. ◦

Definition 3.19. [Lie derivative]: For any x ∈ Rn, Lfφ(x) : Rn → R denotes

the Lie derivative of a scalar function φ(x) : Rn → R with respect a vector field

f(x) where Lfφ(x) ,
∂φ

∂x
(x)f(x). Above that, L2

fφ(x) denotes Lf (Lfφ)(x) and

LgLfφ(x) = Lg(Lfφ(x)) for any g(x) ∈ Rn. ◦

Consider the following nonlinear system

˙̃x = f̃(x̃) + G̃(x̃)ũ

ỹ = h̃(x̃),
with x̃(0) = x̃0;

where x̃ ∈ Rn, ỹ, ũ ∈ Rm, f̃(·) ∈ Rn, G̃(·) =
[
g̃1(·), · · · , g̃m(·)

]
∈ Rn×m and

h̃(·) =
[
h̃1(·), · · · , h̃m(·)

]⊺
.

Definition 3.20. [23, Definition 1] The system (3.2) is said to have (vector)

relative degree {r1, r2, · · · , rm} at x̃0 if

1. Lg̃j
Lk
f h̃i(x̃) ≡ 0, ∀ 1 ≤ j ≤ m, 1 ≤ i ≤ m, k < ri − 1 and for all x̃ in the

neighbourhood of x̃0
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2. The matrix J(x̃) =




Lg̃1L
r1−1

f̃
h̃1 · · · Lg̃mL

r1−1

f̃
h̃1

...
. . .

...

Lg̃1L
rm−1

f̃
h̃m · · · Lg̃mL

rm−1

f̃
h̃m


 is non-singular at

x̃ = x̃0.

◦

Definition 3.21. [Saturation Function] Let u ∈ R and u∗ > 0. The saturation

function is defined as

sat(u, u∗) ,




u, if |u| ≤ u∗

u∗ otherwise

For any u ∈ Rm and u∗ > 0, the vector saturation function is defined as

sat(u,u∗) ,
[
sat(u1, u1

∗

), · · · , sat(um, um∗

)
]⊺
.

◦

The following lemmas will facilitate the analysis presented in this thesis.

Lemma 3.22. [Gronwell Lemma, [177, Lemma 2.1]]Let α : [a, b] → R be

continuous and β : [a, b] → R be continuous and nonnegative. If a continuous

function x : [a, b] → R satisfies

x(t) ≤ α(t) +

∫ t

a

β(τ)x(τ)dτ

for a ≤ t ≤ b, then on the same interval

x(t) ≤ α(t) +

∫ t

a

α(τ)β(τ)e[
∫ t

τ
β(s)ds]dτ

In particular, if α(t) , α is a constant, then

x(t) ≤ αe
∫ t

a
β(τ)dτ

If, in addition, β(t) , β ≥ 0 is a constant, then

x(t) ≤ αeβ(t−a).

�
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3. Theoretical Background

Lemma 3.23. [Comparison Lemma, [177, Lemma 2.5]] Consider the scalar

differential equation

u̇ = f(t, u), u(0) = u0 (3.2)

where f(t, u) is continuous in t and locally Lipschitz in u, for all t ≥ 0 and

all u ∈ D ∈ R. Let [0, Tf ), (Tf could be infinity) be the maximal interval of

existence of the solution u(t) and suppose u(t) ∈ D for all t ∈ [0, Tf ). Let v(t)

be a continuous function whose upper right-hand derivative D+v(t) satisfies the

differential inequality

D+v(t) ≤ f(t, v(t)), v(0) ≤ u0 (3.3)

with v(t) ∈ D for all t ∈ [0, Tf ). Then

v(t) ≤ u(t), (3.4)

for all t ∈ [0, Tf ). �

The following lemmas, (3.24 and 3.25) are related to the properties of saturation

function.

Lemma 3.24. [151, Property-3] For any given ur, u and u∗ ∈ Rm satisfying

sat(ur,u
∗) = ur and if δu and δũ are defined as δu , ur − u and δũ , ur −

sat(u,u∗) respectively, then |δũ|2 ≤ |δu|2. �

Lemma 3.25. [151, Property-4 ] Let v, u, u∗ and w ∈ Rn. If v = sat(u,u∗)+w,

then the following inequality holds true |sat(v,u∗)− v| ≤ |w| �

3.3 How does ILC work?

Consider an output tracking problem for a nonlinear MIMO square affine system,

defined for any iteration i:

ẋi = f(xi) +G(xi)ui

yi = h(xi) +D(xi)ui

with xi(0) = x0, (3.5)

where xi ∈ Rn, ui ∈ Rm and yi ∈ Rm are the state, input and output vector

respectively. x0 ∈ Rn is the initial state at t = 0. It is assumed that that the

nonlinear mappings f(·) ∈ Rn, G(·) ∈ Rn×m, h(·) ∈ Rm and D(·) ∈ Rm×m are

globally Lipschitz continuous in its arguments. The matrix D(·) is the direct

transmission matrix.
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The system (3.5) performs repetitive tracking over a finite time interval t ∈ [0, Tf ]

where 0 < Tf <∞.

For a given reference input yr(t) ∈ C[0, Tf ], the output tracking error is defined

as

ei(t) , yr(t)− yi(t). (3.6)

Note that the subscript r is used with control signals to indicate that it is related

to the reference signals and should not be confused with subscript i that indicate

iteration varying system variables. Note that the reference signal is invariant in

the iteration-domain.

The control objective is to find a sequence of control input {ui}i∈N that can ensure

a perfect tracking performance of a given reference trajectory, yr such that the

output tracking error, ei(t) converges uniformly to zero when the iteration goes to

infinity, i.e lim
i→∞

|ei(t)| = 0 for all t ∈ [0, Tf ].

The simplest first order ILC algorithm for (3.5) takes the form:

ui+1(t) = ui(t) + Γ(t)ei(t), i = 1, 2, ..., u1(t) = 0 (3.7)

where Γ(t) ∈ Rm×m is a learning gain matrix defined for all t ∈ [0, Tf ]. Without

any loss of generality, the control input is initialized at zero. i.e. at the first

iteration u1(t) = 0 for all t ∈ [0, Tf ].

The following assumptions are needed in a standard ILC design.

Assumption 3.26. For nonlinear mappings f(·) ∈ Rn, G(·) ∈ Rn×m, h(·) ∈ Rm

and D(·) ∈ Rm×m, there are positive constants cf , cg, ch and cd such that for any

z1, z2 ∈ Rn and bounded value of u ∈ D̄ ⊂ Rm, the following Lipschitz continuity

condition hold:

|f(z1)− f(z2)| ≤ cf |z1 − z2| ,
|G(z1)u−G(z2)u| ≤ cg |z1 − z2| ,

|h(z1)− h(z2)| ≤ ch |z1 − z2| ,
|D(z1)u−D(z2)u| ≤ cd |z1 − z2| . (3.8)

�

Remark 3.27. This is one of the fundamental assumptions for CM-based ILC

design [46]. It is possible to relax this assumption as discussed in [39, 62]. The
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3. Theoretical Background

boundedness of u depends on the boundedness of e, which is discussed in Lemma

3.32. ◦

Assumption 3.28. The direct transmission term D(x) is non-singular and the

matrix G(x) is full column rank and both matrices are bounded for all x ∈ Rn. �

The ILC law (3.7) when applied to the system (3.5) can either achieve a conver-

gence of the output sequence, {yi} (which is called as an output convergence), or a

convergence of the input sequence, {ui} (which is called as an input convergence),

based on two different resetting conditions. These two type of resetting condi-

tions and the corresponding convergence analysis are discussed in the following

subsections.

Remark 3.29. Note that the transmission matrix, D(x) is a square matrix and

the system (3.5) has equal number of inputs and outputs. In such cases there

is no basic difference between the convergence analysis in terms of output and

input. The differences comes in only if the dynamic system is a non-square system.

Under such a situation two cases can happen. If D(x) is full column rank then

convergence of the input sequence, {ui} can be performed. If D(x) is full row rank,

then convergence of the output sequence, {yi} can be performed. ◦

3.4 Contraction Mapping Based Analysis

The design and analysis of a standard P-type ILC using CM methods and its

essential features for an output tracking problem are reviewed in this section.

3.4.1 Output Convergence

The convergence in terms of output error is examined in this subsection, for system∑
: (3.5) satisfying the following resetting condition.

Assumption 3.30. The system
∑

: (3.5) satisfies the following identical initial

condition :

(i.i.c : 1) xi(0) = x0, ∀i ∈ N .

�

Remark 3.31. Assumption 3.30 indicates that the dynamic process is initiated

from the same initial state x0 for all iterations. This assumption is needed to

show the convergence of the tracking error [46, Chapter 2]. ◦
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Lemma 3.32. If the output error sequence, {ei}i∈N is uniformly bounded for all

t ∈ [0, Tf ], then the sequence of control input {ui}i∈N from (3.7) is also uniformly

bounded for all t ∈ [0, Tf ]. �

Proof : The proof of Lemma 3.32 is as follows.

Note that from (3.7) u1(t) = 0.Therefore the control input at k
th

iteration satisfies

uk(t) =
k−1∑

j=1

Γej(t) (3.9)

Taking norm on each sides yields:

|uk(t)| =
∣∣∣∣∣

k−1∑

j=1

Γej(t)

∣∣∣∣∣ ≤
k−1∑

j=1

|Γej(t)| (3.10)

Let the sequence of output {ei(t)}i∈N is uniformly bounded by a constant eb > 0.

This means that ‖ei‖s ≤ eb for all i ∈ N . Taking supremum norm of (3.10) results

in

‖uk‖s ≤
k−1∑

j=1

|Γ| ‖ek‖s ≤ (k − 1) |Γ| eb (3.11)

This means that the sequence of control input is also uniformly bounded for all

t ∈ [0, Tf ]. This completes the proof.

Remark 3.33. Lemma 3.32 facilitates the proof of convergence of output error

sequence under the Assumption 3.30. ◦

Theorem 3.34. The system
∑

: (3.5) with control law (3.7) under the Assump-

tions 3.26, 3.28 and 3.30 achieves uniform convergence of the output yi to the

reference output yr, if the convergence condition:

max
x∈Rn, t∈[0,Tf ]

|Im −D(x)Γ(t)|∞ ≤ ρ1 < 1

is satisfied for some positive ρ1.

Proof : The proof of the Theorem 3.34 using CM based method is as follows.
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3. Theoretical Background

Using system dynamics (3.5) and the ILC law (3.7), the output error at (i + 1)
st

iteration can be written as

ei+1 =ei − (yi+1 − yi)

=ei −
(
h(xi+1)− h(xi) +D(xi+1)ui+1 −D(xi)ui

)

=
(
Im −D(xi+1)Γ

)
ei −

(
h(xi+1)− h(xi)

)
−
(
D(xi+1)ui −D(xi)ui

)

(3.12)

Let ∆xi+1 = xi+1 − xi. Due to Assumption 3.26, |h(xi+1)− h(xi)| ≤ ch |∆xi+1|.

Taking norm on each side of (3.12) yields:

|ei+1|∞ ≤ |Im −D(xi+1)Γ|∞ |ei|∞ + (ch + cd) |∆xi+1|∞ (3.13)

Multiplying with e−λt on each side of (3.13) and taking λ-norm yields:

‖ei+1‖λ ≤ ‖Im −D(xi+1)Γ‖s ‖ei‖λ + (ch + cd) ‖∆xi+1‖λ (3.14)

From the system dynamics (3.5),

∆ẋi+1 = f(xi+1)− f(xi) +G(xi+1)ui+1 −G(xi)ui

= f(xi+1)− f(xi) +
(
G(xi+1)−G(xi)

)
ui +G(xi+1)Γei (3.15)

From Assumption 3.30, due to i.i.c: 1, ∆xi+1(0) = 0. Due to Assumption 3.26,

|f(xi+1)− f(xi)| ≤ cf |∆xi+1|. |(G(xi+1)−G(xi))ui| ≤ cg |∆xi+1| where the

boundedness of ui is given by Lemma 3.32. Due to Assumption 3.28, there exists

a positive constant gr such that gr , max
x∈Rn,t∈[0,Tf ]

|G(x)Γ(t)|. Integrating (3.15)
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and taking norm on each side yields:

|∆xi+1|∞ ≤
∣∣∣∣
∫ t

0

(
f(xi+1)− f(xi)

)
dτ

∣∣∣∣
∞

+

∣∣∣∣
∫ t

0

(
G(xi+1)−G(xi)

)
uidτ

∣∣∣∣
∞

+

∣∣∣∣
∫ t

0

G(xi+1)Γeidτ

∣∣∣∣
∞

≤ (cf + cg)

∫ t

0

|∆xi+1|∞ dτ + gr

∫ t

0

|ei|∞ dτ

≤ (cf + cg)

∫ t

0

|∆xi+1|∞ dτ + gr

∫ t

0

eλτ ‖ei‖λ dτ

≤ eλTf − 1

λ
gr ‖ei‖λ + (cf + cg)

∫ t

0

|∆xi+1|∞ dτ (3.16)

Applying Gronwell Lemma (Lemma 3.22) on (3.16) yields

|∆xi+1|∞ ≤ eλTf − 1

λ
gr ‖ei‖λ e(cf+cg)t (3.17)

In the sequel, taking λ-norm of ∆xi+1 yields:

‖∆xi+1‖λ ≤ O1(λ
−1) ‖ei‖λ (3.18)

where O1(λ
−1) ,

1− e−λTf

λ
gre

(cf+cg)Tf .

Substituting (3.18) back into (3.14) yields:

‖ei+1‖λ ≤
(
‖Im −D(xi+1)Γ‖s + (ch + cd)O1(λ

−1)
)
‖ei‖λ (3.19)

Assume ‖Im −D(x)Γ‖s ≤ ρ1 < 1. There exists a sufficiently large λ for a given

ρ1, such that (ch + cd)O1(λ
−1) can be made infinitesimally small, yielding

‖ei+1‖λ ≤ ρ1 ‖ei‖λ < ‖ei‖λ (3.20)

Then, the output error is monotonically convergent in the sense of λ-norm as i→
∞. Due to the norm equivalence (see Remark 3.3), the tracking error converges

asymptotically in supremum norm sense.

This completes the proof of Theorem 3.34.

Next, the convergence in terms of control input based on slightly different assump-

tions is established.
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3. Theoretical Background

3.4.2 Input Convergence

The convergence in terms of input error δui is examined in this subsection. As-

sumption on existence of a reference dynamics and a new resetting condition are

required for ensuring convergence in terms of control input. This is given as fol-

lows.

Assumption 3.35. For any given reference output yr ∈ C[0, Tf ], there exist a

reference state xr ∈ C1[0, Tf ] and a reference input ur ∈ C[0, Tf ] that satisfy the

system dynamics:

ẋr(t) = f(xr(t)) +G(xr(t))ur(t)

yr(t) = h(xr(t)) +D(xr(t))ur(t), (3.21)

�

Remark 3.36. Assumption 3.35 sometimes is called matching condition, which

ensures the existence and uniqueness of the desired control input. If there are two

control input signals that can generate the same reference output, it is hard to

ensure the convergence of the input when output converges. This condition plays

an important role when dealing with input saturation [151] ◦

Assumption 3.37. The system
∑

: (3.5) satisfies the following identical initial

condition :

(i.i.c : 2) xi(0) = xr(0), ∀i ∈ N .

�

Remark 3.38. Assumption 3.37 indicates that at every iteration the initial state

of system is same as that of reference state. This is stronger than Assumption

3.30 which was used for output convergence. ◦

Theorem 3.39 achieves uniform convergence of input error sequence using CM

methods.

Theorem 3.39. The system
∑

: (3.5) with control law (3.7) under the Assump-

tions 3.26, 3.35, 3.28 and 3.37 achieves uniform convergence of the sequence of

control input {ui} to the desired control input ur, if the convergence condition:

max
x∈Rn, t∈[0,Tf ]

|Im − Γ(t)D(x)|∞ ≤ ρ2 < 1

is satisfied for some positive ρ2.
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Proof : The proof of Theorem 3.39 using CM based method is as follows.

For the ease of presentation, let δx = xr − x. It is possible to show that

δẋ =f(xr)− f(x) + (G(xr)−G(x))ur +G(x)δu (3.22)

Taking norm on each side of the equation (3.22) and using the Assumptions 3.28

for the boundedness of G(·) yields:

|δx|∞ ≤
∣∣∣∣
∫ t

0

(f(xr)− f(x)) dτ

∣∣∣∣
∞

+

∣∣∣∣
∫ t

0

(G(xr)−G(x))urdτ

∣∣∣∣
∞

+

∣∣∣∣
∫ t

0

G(x)δudτ

∣∣∣∣
∞

≤ (cf + cg)

∫ t

0

|δx|∞ dτ + g0

∫ t

0

|δu|∞ dτ

≤ g0
eλTf − 1

λ
‖u‖λ + (cf + cg)

∫ t

0

|δx|∞ dτ (3.23)

where g0 , max
x∈Rn

|G(x)|. Applying Gronwell Lemma on (3.23) yields

|δx|∞ ≤ g0
eλTf − 1

λ
e(cf+cg)t ‖u‖λ (3.24)

Therefore multiplying (3.24) with e−λt and taking the λ norm yields:

‖δx‖λ ≤ O2(λ
−1) ‖u‖λ (3.25)

where O2(λ
−1) , g0

1− e−λTf

λ
e(cf+cg)Tf . The equation (3.25) establishes a relation

between ‖δx‖λ and ‖u‖λ, which will be used in the following arguments. From

the control law (3.7), the following relation holds:

δui+1 =ur − ui − (ui+1 − ui)

=δui − Γei

=δui − Γ (h(xr)− h(xi) + (D (xr)−D (xi))ur +Dδui)

=
(
Im − ΓD (xi)

)
δui − Γ

(
h(xr)− h(xi) + (D (xr)−D (xi))ur

)
(3.26)

Taking λ-norm on each side of equation (3.26) and substituting (3.25) yields:

‖δui+1‖λ ≤‖Im − ΓD‖s ‖δui‖λ + rc ‖δxi‖λ
≤
(
‖Im − ΓD‖s + rcO2(λ

−1)
)
‖δui‖λ (3.27)

where rc = |Γ| (ch + cd).
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3. Theoretical Background

It is possible to take a sufficiently large λ such that rcO2(λ
−1) can be made suffi-

ciently small. This yields:

‖δui+1‖λ ≤ ρ2 ‖δui‖λ < ‖δui‖λ (3.28)

where ρ2 < 1.

Due the norm equivalence as per Remark 3.3, the uniform convergence of control

input can be guaranteed for suitable choice of Γ satisfying the condition

max
x∈Rn, t∈[0,Tf ]

|Im − Γ(t)D(x)|∞ ≤ ρ2 < 1 (3.29)

for some positive ρ2. This also ensure the uniform convergence of state and output

sequence.

This completes the proof of convergence of input error using CM method.

3.4.3 Discussions

The results of Theorem 3.34 and Theorem 3.39 are well-known [46]. The following

properties of CM-based analysis can be summarized.

1. The convergence is independent of the system mappings f(·), G(·) and h(·).
It is only depended upon the choice of Γ that satisfies the convergence con-

dition: |Im −DΓ|∞ ≤ ρ1 < 1 or |Im − ΓD|∞ ≤ ρ2 < 1 for convergence

in terms of output or input respectively. Hence the accurate information

of transmission matrix, D(·) is not needed for achieving a perfect tracking

performance [179].

2. The input-to-output mapping plays an important role (with the concept of

relative degree). The dynamics of the state can be ignored by using Gronwell

Lemma and the time-weighted norm (λ- norm).

3. Note that λ is an analysis parameter. Even though the convergence in the

sense of λ norm is equivalent to supremum norm, the route of convergence

could be quite different. It means that the supremum norm of control input

or the system output could be larger than an acceptable value in an actual

implementation.
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4. GLC condition plays an important role in using Gronwall lemma. Most of

the engineered systems do not satisfy this assumption. CM method can not

be directly applied if the dynamic system is locally Lipschitz continuous and

exhibits some nonlinear phenomenon such as finite escape.

5. Similar results can be obtained when the relative degree of the system is more

than zero. For example, if the relative degree of the plant is one, then a first

derivative of error in the ILC update law will ensure the convergence [23,95]

Next, a CEF based analysis is performed for the same system
∑

: (3.5) and is

shown that CM based analysis is a special case of CEF based techniques. It is

also demonstrated that, CEF can relax some standard assumptions in CM based

techniques by using a state tracking problem.

3.5 Energy Function Based Analysis

Different from CM-based analysis, the CEF-based method has been shown to be

a useful analysis tool when the dynamic system does not satisfy GLC. It can also

relax the requirement for the relative degree. The concept of CEF is similar to

well-known concept of Lyapunov function. For a given CEF, the proposed ILC al-

gorithm needs to show that at each time instant, the CEF decreases over iteration,

achieving a point-wise convergence. Usually, in the CEF-based analysis, there is

no need to have a convergence condition. To the best of authors’ knowledge, there

is no proof of convergence of P-type ILC (3.7) using the CEF-based analysis tool.

Next, it will show that how the CEF-based method can handle the convergence

condition for the given P-type ILC (3.7) to obtain the same convergence properties.

It is worthwhile to highlight that re-proving the same result using CEF is not the

goal of this paper. The focus here is to show that the CEF-based analysis tool

can be served as a unified tool in the design and analysis of an ILC algorithm for

various engineering systems. As the complexity of engineering systems increases,

a set of tool-kit is needed to provide flexibility and design freedom.

3.5.1 Output Convergence

The problem of output convergence from Section 3.4.1 is revisited in this section

using a novel CEF. This subsection will re-prove Theorem 3.34 using a novel CEF.
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3. Theoretical Background

Proof : The proof of Theorem 3.34 using a CEF is as follows.

Recall the expression, ∆xi+1 = xi+1 − xi for all i = 1, 2, 3....

Consider the following CEF (c.e.f − 1), denoted by Ei(t), with a positive constant

λ:

(c.e.f − 1) : Ei(t) =
1

2
e−λt∆x

⊺
i (t)∆xi(t) +

∫ t

0

e−λτei
⊺(τ)ei(τ)dτ,

∀t ∈ [0, Tf ], i ∈ N (3.30)

which is initialized with x0(t) = 0. Therefore at i = 1, ∆x1 = x1. This CEF at

the current iteration is the sum of quadratic term of the difference in state variable

between the current and the previous iteration (i.e. ∆xi) and L2 norm equivalent

of output tracking error at the current iteration which is defined for all t ∈ [0, Tf ].

The idea behind the proof is that if the energy function is non-increasing along

the iteration-domain and is bounded, then the output sequence converges.

Non-increasing Energy Function

In the first part of the proof, we show that the energy function is non-increasing

in the iteration-domain.

The difference of energy function between two iterations ∆Ei+1 = Ei+1 − Ei, i,e.

∆Ei+1 =
1

2
e−λt |∆xi+1|2 +

∫ t

0

e−λτ
(
|ei+1|2 − |ei|2

)
dτ − 1

2
e−λt |∆xi|2 (3.31)

Using the resetting condition i.i.c : 1 from Assumption 3.30 and equation (3.15),

the first term in equation (3.31) can be expanded and using as:

1

2
e−λt |∆xi+1|2 = −λ

2

∫ t

0

e−λτ |∆xi+1|2 dτ +
∫ t

0

e−λτ∆x
⊺
i+1∆ẋi+1dτ

= −λ
2

∫ t

0

e−λτ |∆xi+1|2 dτ +
∫ t

0

e−λτ∆x
⊺
i+1

(
f(xi+1)− f(xi)

)
dτ

+

∫ t

0

e−λτ∆x
⊺
i+1

(
G(xi+1)ui −G(xi)ui

)
dτ

+

∫ t

0

e−λτ∆x
⊺
i+1G(xi+1)Γeidτ

≤ −
(
λ

2
− ce

)∫ t

0

e−λτ |∆xi+1|2 dτ + gr

∫ t

0

e−λτ |∆xi+1| |ei| dτ .

(3.32)
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where ce = cf + cg. Taking the squared norm of (3.12), the following relation can

be obtained:

|ei+1|2 ≤ |(Im −D(xi+1)Γ) ei|2 + (ch + cd)
2 |∆xi+1|2

+ 2(ch + cd)
2 |(Im −D(xi+1)Γ) ei| |∆xi+1| (3.33)

For the ease of notation, let P1(xi+1) , (Im −D(xi+1)Γ), w1 , (ch + cd)
2, w2 ,

2(ch + cd) max
x∈Rn, t∈[0,Tf ]

|(Im −D(xi+1)Γ)|. Therefore using (3.33), it is possible to

express the relation |ei+1|2 − |ei|2

|ei+1|2 − |ei|2 ≤ −
(
Im − |P1(xi+1)|2

)
|ei|2 + w1 |∆xi+1|2 + w2 |ei| |∆xi+1| (3.34)

If Γ is selected in such a way that:

max
x∈Rn, t∈[0,Tf ]

|Im −D(x)Γ(t)|∞ ≤ ρ1 < 1 (3.35)

is satisfied for some positive ρ1. This also means that λmin (Im − P⊺
1P1) ≤ ρ1 < 1

for all x ∈ Rn and t ∈ [0, Tf ].

Using Young’s inequality relation, there exists an α > 0 such that:

|∆xi+1| |ei| =
√
α |∆xi+1|

1√
α
|ei| ≤

α

2
|∆xi+1|2 +

1

2α
|ei|2 . (3.36)

Finally, substituting equations (3.32), (3.34) and (3.36) back into equation (3.31)

results in

∆Ei+1 ≤−
(
λ

2
−O3(α)

)∫ t

0

e−λτ |∆xi+1|2 dτ −
(
ρ1 −O4(α

−1)
) ∫ t

0

e−λτ |ei|2dτ

− 1

2
e−λt |∆xi|2 (3.37)

where O3(α) , ce + w1 +
α

2
(w2 + gr), O4(α

−1) ,
1

2α
(gr + w2). For a given ρ1,

there exists a sufficiently large α such that ρ1 > O4(α
−1). For that α, there exists

a λ > 2O3(α), such that difference of CEF satisfy: ∆Ei+1(t) ≤ 0, for t ∈ [0, Tf ]

i.e., composite energy is non-increasing in the iteration-domain.
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3. Theoretical Background

Convergence Property

Firstly, the CEF at k
th

iteration can be written as:

Ek(t) = E1(t) +
k∑

j=2

∆Ek(t) (3.38)

This means that lim
k→∞

Ek(t) exists and

lim
k→∞

Ek(t) = E1(t) + lim
k→∞

k∑

j=2

∆Ek(t) ≤ E1(t). (3.39)

as ∆Ek(t) ≤ 0 for k ∈ N , t ∈ [0, Tf ]

The series {Ek(t)}k∈N is bounded, if E1(t) is finite.

From (c.e.f − 1): (3.30), E1(t) =
1

2
e−λt |x1|2 +

∫ t

0

e−λτ |e1|2dτ as ∆x1 = x1. Also

the control input is initialized at u1 = 0. From the system dynamics
∑

1

:(3.5),

this leads to ẋ1 = f(x1) and y1 = h(x1). Due to Assumption 3.26, by invoking

the existence and uniqueness theorem [177, Theorem 2.2], there exists a unique

solution to ẋ1 = f(x1);y1 = h(x1) with x(0) = x0 over a finite interval t ∈ [0, Tf ]

and there exists an upper-bound for all the trajectories in the finite time interval.

This establishes the uniform boundedness of x1, e1 and E1 in t ∈ [0, Tf ].

In addition,
k∑

j=2

∆Ek(t) converges. From the convergence theorem [180], as the

sum of the series converges to zero, the series converges, leading to pointwise

convergence of {Ek(t)}, i.e lim
k→∞

∆Ek(t) = 0, ∀t ∈ [0, Tf ]. Specifically, there exists

positive constants Lλ = λ
2
−O3(α) and Lρ = ρ1−O4(α

−1) such that, when t = Tf ,

(3.39) yields

lim
i→∞

∫ Tf

0

Lλe
−λτ |∆xi|2 dτ + lim

i→∞

∫ Tf

0

Lρe
−λτ |ei|2 dτ = 0,

lim
i→∞

‖∆xi+1‖L2
e
= 0 and lim

i→∞
‖ei‖L2

e
= 0 (3.40)

Therefore the sequence {ei}i∈N converges to zero in L2[0, Tf ] norm.
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Using (3.33) and Young’s inequality relation, there exists some 0 < αs < 1, which

satisfies ρs = ρ1 + αs < 1 such that

|ei+1|2 ≤ ρs |ei|2 + γ(αs) |∆xi+1|2 (3.41)

for some class-K function γ. This will ensure that the tracking error will be uni-

formly bounded over iteration, leading to the uniform convergence of the tracking

error. This completes the proof.

Remark 3.40. The construction of CEF is the state-of-the art as finding the

appropriate Lyapunov candidate for a dynamic system. Another possibility in CEF

for output tracking is to use ∆ui+1 = ui+1 − ui instead of using ei. Under such

a situation,
∫ t

0
e−λτ∆ui+1

⊺∆ui+1dτ can be used as the second term in (c.e.f − 1):

(3.30) instead
∫ t

0
e−λτei

⊺eidτ . In a simple first order feed-forward ILC, there is

no difference between these two terms. If a higher-order ILC [117] is taken into

consideration, then ∆ui is a suitable candidate in the energy function. ◦

3.5.2 Input Convergence

The problem of input convergence from Section 3.4.2 is revisited in this section

using another CEF.

Proof : Similar to the previous section, the proof of Theorem 3.39 is readdressed

using a CEF in this section.

For the proof of convergence of input, a new CEF, (c.e.f − 2), Ei is introduced in

this section. For any given λ > 0, Ei is given by

(c.e.f − 2) : Ei(t) =
1

2
e−λtδx

⊺
i−1(t)δxi−1(t) +

∫ t

0

e−λτδu
⊺
i (τ)δui(τ)dτ,

∀t ∈ [0, Tf ], i ∈ N ; (3.42)

which is initialized at x0(t) = 0. Therefore δx0 = xr.

Non-increasing Energy Function

The difference of CEF,

∆Ei+1 =
1

2
e−λt |δxi|2 +

∫ t

0

e−λτ
(
|δui+1|2 − |δui|2

)
dτ − 1

2
e−λt |δxi−1|2 , (3.43)
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3. Theoretical Background

Using Assumption 3.37 and (3.22), the first term in (3.43) can be written as:

1

2
e−λt |δxi|2 = −λ

2

∫ t

0

e−λτ |δxi|2 dτ +
∫ t

0

e−λτδx
⊺
i δẋidτ

= −λ
2

∫ t

0

e−λτ |δxi|2 dτ +
∫ t

0

e−λτδx
⊺
i (f(xr)− f(xi)) dτ

+

∫ t

0

e−λτδx
⊺
i (G(xr)−G(xi))urdτ +

∫ t

0

e−λτδx
⊺
iG(xi)δuidτ

≤ −
(
λ

2
− ce

)∫ t

0

e−λτ |δxi|2 dτ + g0

∫ t

0

e−λτ |δxi| |δui| dτ . (3.44)

For the ease of notation, let w4 , 2rc max
x∈Rn, t∈[0,Tf ]

|(Im − ΓD(xi))|, P2(xi) ,

(Im − ΓD(xi)), w3 , r2c .

Taking the squared norm of (3.26) and substituting in the expression: |δui+1|2 −
|δui|2, results in the following relation:

|δui+1|2 − |δui|2 ≤ −ρ2 |δui|2 + w3 |δxi|2 + w4 |δxi| |δui| (3.45)

where ρ2 satisfies λmin (Im − P⊺
2P2) ≤ ρ2 < 1 for all x ∈ Rn and t ∈ [0, Tf ].

Using Young’s inequality relation, there exists an α > 0 such that:

|δxi| |δui| =
√
α |δxi|

1√
α
|δui| ≤

α

2
|δxi|2 +

1

2α
|δui|2 . (3.46)

Finally, substituting equations (3.44), (3.45) and (3.46) back into equation (3.43)

results in

∆Ei+1 ≤−
(
λ

2
−O5(α)

)∫ t

0

e−λτ |δxi|2 dτ −
(
ρ2 −O6(α

−1)
) ∫ t

0

e−λτ |δui|2dτ

− 1

2
e−λt |δxi−1|2 (3.47)

where O5(α) , ce + w3 +
α

2
(w4 + g0), O6(α

−1) ,
1

2α
(g0 + w4).

For a given ρ2, there exists a sufficiently large α such that ρ2 > O6(α
−1). For that

α, there exists a λ > 2O5(α), such that difference of CEF satisfy: ∆Ei+1(t) ≤ 0,

for t ∈ [0, Tf ] i.e., composite energy is non-increasing in the iteration-domain.
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Convergence Property

Similar to the analysis and conclusions for convergence property from Section

3.5.1, the pointwise convergence of the sequence can be obtained, followed by the

uniform convergence of control input.

Using the same inequality as in (3.39), the sequence of energy function (c.e.f −2),

{Ek(t)}k∈N is point-wise bounded, if E1(t) is finite. For this CEF (c.e.f − 2),

x0 = 0 and u1 = 0 by definition. This yields:

E1(t) =
1

2
e−λt |xr|2 +

∫ t

0

e−λτ |ur|2 dτ (3.48)

As per Assumption 3.35, xr and ur are uniformly continuous functions and is

bounded. Hence E1(t) is finite for all t ∈ [0, Tf ].

Using convergence theorem [180], lim
k→∞

∆Ek(t) = 0, ∀t ∈ [0, Tf ]. Specifically, there

exists positive constants Nλ = λ
2
−O6(α) and Nρ = ρ2 −O6(α

−1) such that, when

t = Tf :

lim
i→∞

∫ Tf

0

Nλe
−λτ |δxi−1|2 dτ + lim

i→∞

∫ Tf

0

Nρe
−λτ |δui|2 dτ = 0,

lim
i→∞

‖δxi−1‖L2
e
= 0 and lim

i→∞
‖δui‖L2

e
= 0 (3.49)

Therefore the sequence {δui}i∈N and {δxi}i∈N converges in L2[0, Tf ]. By using

Barbalet lemma in (3.22), the uniform boundedness of δxi can be ensured. Hence

uniform convergence of {δxi} can be ensured. The proof of uniform convergence

of input error is similar to the proof of uniform convergence of output error using

CEF. This completes the proof.

As CEF can handle a large class of nonlinear systems without GLC condition and

less restrictive requirement of the relative degree [39, 46], this work shows that

CEF can be used to re-prove the convergence of P-type ILC, in which the ILC law

was designed based on CM method. This indicates that CEF can be served as a

unified analysis tool to show the convergence of an ILC algorithm.

Next, a state tracking ILC is taken to demonstrate that CEF based methods can

relax the global-Lipschitz continuity which is always a requirement for CM based

methods.
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3. Theoretical Background

3.5.3 State Tracking ILC

In addition to the previous convergence analyses for output tracking problems,

CEF can address some of the drawbacks of CM based techniques, for example

handling system which are locally Lipschitz continuous. Next a simple ILC scheme

for state tracking problems using CEF is presented.

Consider a state tracking problem for system
∑

: (3.5) where it is assumed that

the full state information is available and the nonlinear mappings f(·) and G(·)
are locally Lipschitz continuous (instead of globally Lipschitz continuous as per

Assumption 3.26). In the state tracking problem D = 0m×m and h(x) = x.

The control objective is to find the sequence of control input {ui}i∈N such that

the state tracking error δxi converges to zero pointwisely.

For the above state tracking problem, let us now investigate the convergence of

tracking error using a CEF, for a current cycle ILC algorithm given by

ui(t) = ui−1(t) + qG(xi(t))
⊺
δxi(t) , i = 1, 2, ...; u0(t) = 0; (3.50)

where q > 0 is the learning gain.

The following assumption on local Lipschitz constants are made to facilitate the

analysis.

Assumption 3.41. For a given compact set D ⊂ Rn, there exists a neighbourhood

D0 such that for each point z1, z2 ∈ D0 and u ∈ Rm which belongs to a compact set,

there are positive constants bf , bf (D0) and bg , bg(D0) such that the following

inequalities hold:

|f(z1)− f(z2)| ≤ bf |z1 − z2| ,
|G(z1)u−G(z2)u| ≤ bg |z1 − z2| (3.51)

�

Remark 3.42. Assumption 3.41 indicate the inequality constant depends upon the

size of the compact set D. This assumption is needed as the nonlinear mappings

are considered to be locally Lipschitz continuous. ◦

Theorem 3.43. The system
∑

: (3.5) with with control law (3.50) under the

Assumptions 3.41, 3.35, 3.28 and 3.37
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1. achieves zero state tracking error such that δxi(t) converges to zero uniformly

2. and the control input ui(t) converges to the reference input ur(t) in L2 norm

sense as i→ ∞.

Proof : The proof of the Theorem 3.43 is completed by using a CEF based anal-

ysis.

Consider the following CEF, (c.e.f − 3), Ei(t), defined for some positive constant

λ,

(c.e.f − 3) : Ei(t) =
1

2
e−λtδx

⊺
i (t)δxi(t) +

1

2q

∫ t

0

e−λτδui
⊺(τ)δui(τ)dτ,

∀t ∈ [0, Tf ], i ∈ N (3.52)

It consists of time weighted input and output tracking error, which play a similar

role as a Lyapunov function in time domain analysis.

The proof consists mainly three parts. In the first part, the non-increasing property

of CEF is addressed. In the second part, it is shown that the control signals are

bounded leading to proof of convergence property of the learning control.

For the convenience in notations the variable t is omitted wherever appropriate.

Non-increasing energy function

The difference in energy function is given by ∆Ei(t) = Ei(t)− Ei−1(t):

∆Ei =
1

2
e−λt |δxi|2 +

1

2q

∫ t

0

e−λτ
(
|δui|2 − |δui−1|2

)
dτ − 1

2
e−λt |δxi−1|2 (3.53)
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Using Assumption 3.37 and (3.22), the first term in (3.53) can be written as:

1

2
e−λt |δxi|2 = −λ

2

∫ t

0

e−λτ |δxi|2 dτ +
∫ t

0

e−λτδx
⊺
i δẋidτ

= −λ
2

∫ t

0

e−λτ |δxi|2 dτ +
∫ t

0

e−λτδx
⊺
i (f(xr)− f(xi)) dτ

+

∫ t

0

e−λτδx
⊺
i (G(xr)−G(xi))urdτ +

∫ t

0

e−λτδx
⊺
iG(xi)δuidτ

≤ −
(
λ

2
− bf − bg

)∫ t

0

e−λτ |δxi|2 dτ +
∫ t

0

e−λτδx
⊺
iG(xi)δuidτ .

(3.54)

The second term in (3.53) yields:

1

2q

∫ t

0

e−λτ
(
|δui|2 − |δui−1|2

)
dτ

=
1

2q

∫ t

0

e−λτ (δui − δui−1)
⊺ (δui + δui−1)dτ

=
1

2q

∫ t

0

e−λτ (ui−1 − ui)
⊺ (2ur − ui − ui−1)dτ

=
1

2q

∫ t

0

e−λτ (−qG(xi)
⊺
δxi)

⊺
(2δui + qG(xi)

⊺
δxi)dτ

= −
∫ t

0

e−λτδx
⊺
iG(xi)δuidτ −

q

2

∫ t

0

e−λτ |G(xi)
⊺
δxi|2dτ (3.55)

Substituting (3.54) and (3.55) back into (3.53) results in cancelling the term
q

2

∫ t

0

e−λτ |G(xi)
⊺
δxi|2dτ , which yields:

∆Ei ≤ −
(
λ

2
− bf − bg

)∫ t

0

e−λτ |δxi|2 dτ

− q

2

∫ t

0

e−λτ |G(xi)
⊺
δxi|2dτ −

1

2
e−λt |δxi−1|2 (3.56)

For λ > 2 (bf + bg), ∆Ei ≤ 0, i.e. ∆Ei is non-increasing along the iteration axis.

Learning Convergence

Let us now discuss the convergence property of the sequence. At k
th

iteration,

Ek(t) is given by:

Ek(t) = E1(t) +
k∑

j=2

∆Ej(t) (3.57)
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∀t ∈ [0, Tf ]. As Ek(t) is non-increasing along the iteration axis, an upper bound

exists, i.e

lim
k→∞

Ek(t) ≤ E1(t) + lim
k→∞

k∑

j=2

∆Ej(t) ≤ E1(t) (3.58)

Invoking the convergence theorem [178], as the sum of the series converges then

the series converges, therefore lim
k→∞

∆Ek(t) = 0 is guaranteed for all t ∈ [0, Tf ].

The sequence {Ek} is converging if E1(t) is bounded. Let us now examine the

boundedness of E1(t).

The energy function at the first iteration is given by

E1 =
1

2
e−λt |δx1|2 +

1

2q

∫ t

0

e−λτ |δu1|2dτ (3.59)

Taking the derivative of E1, followed by substituting(3.22), (3.51) and yields

Ė1 = −λ
2
e−λt |δx1|2 + e−λtδx1

⊺δẋ1 +
1

2q
e−λt |δu1|2

≤ −
(
λ

2
− bf − bg

)
e−λt |δx1|2 + e−λtδx

⊺
1G(x1)δu1 +

1

2q
e−λt |δu1|2 (3.60)

At i = 1, u0 = 0. Therefore δu1 = ur − qG(x1)
⊺δx1. Substituting this relation

back into 3.60 yields:

Ė1 ≤−
(
λ

2
− bf − bg

)
e−λt |δx1|2

+ e−λtδx
⊺
1G(x1) (ur − qG(x1)

⊺δx1) +
1

2q
e−λt |ur − qG(x1)

⊺δx1|2 (3.61)

Expanding the above equation results in cancelling the term e−λtδx
⊺
1G(x1)ur,

which gives the following expression:

Ė1 ≤−
(
λ

2
− bf − bg

)
e−λt |δx1|2 −

q

2
|G(x1)

⊺δx1|2 +
1

2q
e−λt |ur|2 (3.62)

It is clear from (3.62) that for same value of λ, i.e λ > 2 (bf + bg), Ė1(t) is bounded

for all t ∈ [0, Tf ] as the reference input ur(t) is bounded and continuous. This

leads to the conclusion that E1(t) is continuous and bounded. This ensures that

finite escape phenomenon does not occur.Again, this leads to the finiteness of x1.

In the sequel, point-wise convergence of tracking error {δxi} and {δui} is achieved

as per (3.58). Due to Barbalat’s Lemma, the uniform continuity of δxi can be
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achieved. The uniform boundedness of δxi and L2 norm boundedness of δui leads

to the uniform convergence of δxi and L2 norm convergence of δui as i→ ∞.

This completes the proof.

3.5.4 Discussions

1. In CEF-based analysis, the effect of system dynamics is neglected which is

similar to CM-based analysis.

2. CEF-based analysis naturally leads to point-wise convergence as observed

as it is shown that CEF decreases at each time instant. Other techniques

are needed to show the uniform convergence such as uniform boundedness

of the signals, equicontinuity of the signal (see Ascoli’s theorem in [98,101])

or Barbalat’s Lemma [39,142].

3. Convergence condition is used along with Young’s inequality in the conver-

gence analysis of CEF for an output tracking problem. It is shown that CEF

based analysis techniques can applied to systems which are locally Lipschitz

continuous.

3.6 Problem Formulation for the Thesis

This section introduces the different plant models, standard assumptions and for-

mal problem statements that are addressed in this thesis.

Unless otherwise specified, the following variables are used through out the thesis.

At the ith iteration, xi ∈ Rn, yi ∈ Rm and ui ∈ Rm are the state, output and

input vectors respectively. The control variables related to the reference model

is denoted by xr ∈ Rn, yr ∈ Rm and ur ∈ Rm for the reference state, reference

output and the reference input respectively. The reference variables are iteration

invariant. The positive vector u∗ ∈ Rm represents the saturation limit for the

input constraints.

In order to achieve a perfect tracking performance, a given ur and u∗ should

satisfy sat(ur,u
∗) = ur. A norm bounded output constraints are considered in

this thesis. The output constraint is expressed as |yi(t)| ≤ kb(t), for all t ∈ [0, Tf ]

where kb(t) > 0 is the desired bound for the output yi, ∀i ∈ N .
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The tracking error, e(t) is defined as e(t) , yr(t)− y(t).

Note that the output constraint is defined on the domain D of system output. But

for a given reference tracking yr ∈ D, the output constraints can be represented

as constraints for tracking error. That is, for a given reference trajectory yr

there exists an εb(t) > ε∗b(t) such that if |ei(t)| ≤ εb(t), the output constraint:

|yi(t)| ≤ kb(t) is satisfied for all t ∈ [0, Tf ], i ∈ N . Such a conversion simplifies

the design of controllers at the cost of a conservative design.

Remark 3.44. The input constraints and output constraints will be addressed

independently in the first part and second part of the thesis. It is noticed that there

are conflicting requirements that may arise in the simultaneous satisfaction of both

input and output constraint. This will be discussed separately in the conclusions

of this thesis. ◦

3.6.1 Plant Models and Assumptions

In this subsection, the plant models that are analyzed for the input and output

constraints will be presented with appropriate assumptions.

Linear time invariant systems

A linear time invariant (LTI), MIMO square system can be represented as:

∑

LTI

:
ẋi(t) = Axi(t) +Bui(t)

yi(t) = Cxi(t),
(3.63)

where matrices (A,B,C) have appropriate dimensions.

Assumption 3.45. For system (3.63), (A,B) is controllable. �

Remark 3.46. The controllability of system (3.63) indicates the design freedom in

placing the system closed loop eigenvalues arbitrarily. For simplicity, we assume

that the state is measurable. It is noted that in the design of feed-forward ILC, the

matrices (A,B,C) are not completely known. The only information needed is the

convergence condition condition. ◦

Assumption 3.47. For a given reference trajectory yr ∈ C1[0, Tf ], there exists a

reference input ur ∈ C[0, Tf ], and a reference state xr ∈ C1[0, Tf ] that satisfy the
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3. Theoretical Background

system dynamics (3.63), such that

ẋr(t) =Axr(t) + Bur(t)

yr(t) =Cxr(t), (3.64)

where sat(ur(t),u
∗) = ur(t) for any t ∈ [0, Tf ]. �

Remark 3.48. Assumption 3.47 is sometimes called the model matching condi-

tion. It should be noted that in the convergence analysis of ILC, two types of

convergences are widely used: one is for output tracking (yi(t) → yr(t)) and the

other is for input tracking (ui(t) → ur(t)). Usually, the output tracking requires

less knowledge of the system or a relatively weaker set of assumptions. In contrast,

the input tracking requires Assumption 3.47 and a stronger resetting condition is

needed as discussed in Section 3.4. It should be noted that when the input satura-

tion is considered, Assumption 3.47 is always needed to define reachable trajectory.

◦

Assumption 3.49. It is assumed that system (3.63) has a relative degree2 of one.

For simplicity of presentation, it is assumed that CB > 0. �

It is possible to relax Assumption 3.49 as the same analysis can be extended to

systems with a higher relative degrees.

Linear time varying systems

A linear time varying, MIMO square system can be represented as:

∑

LTV

:
ẋi(t) = A(t)xi(t) +B(t)ui(t)

yi(t) = C(t)xi(t),
(3.65)

where the state matrices (A(t), B(t), C(t)) have appropriate dimensions and the

elements of the matrices A(t), B(t), C(t) are in C[0, Tf ].

Assumption 3.50. There exists a reference input ur ∈ C[0, Tf ] and a reference

state xr ∈ C1[0, Tf ] for any given reference output yr ∈ C1[0, Tf ] for the system

(3.65) such that the following relationship holds

ẋr(t) =A(t)xr(t) + B(t)ur(t)

yr(t) =C(t)xr(t). (3.66)

2 “If the relative degree of system (3.63) is r, then CB = CAB = · · · = CAr−2B = 0 and
CAr−1B 6= 0” [181, p.387].
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Remark 3.51. Assumption 3.50 ensures that there exists a control input ur that

can track the desired signal yr. Both reference input and the reference output

satisfy the corresponding constraints. ◦

Assumption 3.52. The system (3.65) has a relative degree of one. In addition,

for the simplicity of presentation, it is also assumed that C(t)B(t) > 0, for all

t ∈ [0, Tf ]. �

Remark 3.53. Assumption 3.52 is a standard assumption when ILC design is

based on CM based analysis technique. It is possible to accommodate systems with

a higher relative degree using appropriate modifications of ILC algorithm. ◦

Nonlinear affine systems

Consider the nonlinear MIMO square affine system of the form:

∑

NL

:
ẋi(t) = f(xi(t)) +G(xi(t))ui(t)

yi(t) = h(xi(t)),
(3.67)

where f(·), G(·) and ∂h

∂x
(·) are LLC in their argument.

The system (3.67) satisfies the following assumptions.

Assumption 3.54. For a given compact set D ⊂ Rn, there are positive constants

Cf , Cg, Ch and Chx
such that for any z1, z2 ∈ D the following inequalities hold:

|f(z1)− f(z2)| ≤Cf |z1 − z2| , (3.68)

|G(z1)−G(z2)| ≤Cg |z1 − z2| , (3.69)

|h(z1)− h(z2)| ≤ Ch |z1 − z2| , (3.70)
∣∣∣∣
∂h

∂x
(z1)−

∂h

∂x
(z2)

∣∣∣∣ ≤Chx
|z1 − z2| (3.71)

where Cf , Cg, Ch and Chx
depends upon the size of the compact set. �

Remark 3.55. Different from GLC conditions, Assumption 3.54 indicates that the

nonlinear mappings f(·) and G(·) as well as h(·) are locally Lipschitz continuous.

Indeed, as the size of the set D increases, parameters Cf , Cg, Chx
will increase.

Moreover, this system (3.67) is not assumed to satisfy bounded-input-bounded-

state assumption. Thus this assumption is a weaker assumption as compared to
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Assumption 3.26. Many nonlinear functions f(·) and G(·) satisfy this assumption.

◦
Assumption 3.56. The matrix valued functions G(x) and

∂h

∂x
(x)G(x) have full

column rank. Moreover, G(x) and
∂h

∂x
(x) are bounded ∀x ∈ D. �

Remark 3.57. Assumption 3.56 guarantees the uniqueness of control input u for

a given realizable trajectory. The boundedness of G(x) and
∂h

∂x
(x) are reasonable

in most of the practical applications. ◦
Assumption 3.58. For any given yr ∈ C[0, Tf ], there exist xr ∈ C1[0, Tf ] and

ur ∈ C[0, Tf ] that satisfy

ẋr =f(xr) +G(xr)ur,

yr =h(xr), (3.72)

and sat(ur,u
∗) = ur, ∀t ∈ [0, Tf ], where u∗ is a predefined saturation limit.

�

Remark 3.59. In many output tracking problems, for a given reference output,

some inversion based methods [20] are used to find the reference state and reference

input in order to ensure that the internal state is well-behaved. Moreover, when

actuator saturation is considered, Assumption 3.58 is needed to show that the

reference input is achievable with the consideration of the input saturation. ◦
Assumption 3.60. It is assumed that the system (3.67) has a relative degree of

one. Moreover, assume
∂h

∂x
(x)G(x) > 0, ∀x ∈ Rn. �

Remark 3.61. Different from Assumption 3.54, the relative degree one is defined

for the entire Rn instead of D. First of all, this assumption is always needed in

the design of ILC algorithm [23,46]. Secondly, the boundedness of the trajectories

of the system (3.67) cannot be guaranteed. As the system (3.67) is nonlinear, the

finite escape phenomenon might happen [90]. ◦

Robotic Manipulator

A lumped parametric model of robotic systems is introduced in this Section, fol-

lowed by the assumptions required. The equations of motion of a direct drive,

fully actuated robotic manipulator with m rigid link can be represented as [182]

∑

ROB

: M(θ)θ̈ + C(θ, θ̇)θ̇ + fc(θ̇) + g(θ) = u (3.73)
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where θ, θ̇ and θ̈ ∈ Rm are the vector of joint angles, velocities and accelerations

respectively. The input, u ∈ Rm is the vector of joint torque. M(·) ∈ Rm×m is

the inertia matrix, C(·, ·) ∈ Rm×m represents the total Coriolis and Centripetal

terms, fc(·) ∈ Rm is the friction component and g(·) ∈ Rm is the gravity force

vector.

It is assumed that the exact model parameters are unknown to the designer, how-

ever the system (3.73) exhibits the following properties [182]. These properties

will be used in the analysis of the proposed controller.

Property 3.62. The trajectories of the system
∑

ROB
: (3.73) are bounded for any

bounded input in t ∈ [0, Tf ] �

Property 3.63. For any θ ∈ Rm, the inertia matrix M(θ) =M⊺(θ) > 0. More-

over, there exist positive constants µ1 > 0 and µ2 > 0, such that 0 < µ1Im ≤
M(θ) ≤ µ2Im. �

Property 3.64. For any θ ∈ Rm,
(
Ṁ(θ)− 2C(θ, θ̇)

)
is a skew symmetric ma-

trix. Therefore θ⊺(Ṁ − 2C)θ = 0 . �

Property 3.65. For a given compact set B∆ :
△
= {x ∈ Rm | |x| ≤ ∆}, there exist

three positive constants Cb, Fb, and Gb such that:
∣∣∣C(θ, θ̇)

∣∣∣ ≤ Cb

∣∣∣θ̇
∣∣∣,
∣∣∣f(θ̇)

∣∣∣ ≤
Fb

∣∣∣θ̇
∣∣∣ and |G(θ)| ≤ Gb, for any

[
θ⊺ θ̇

⊺
]⊺

∈ B∆. �

Remark 3.66. Property 3.62 comes from passivity property of robotic manipula-

tors [182]. Hence finite escape phenomenon will not happen. This indicates that

the boundedness of the state trajectories for a finite time interval holds when the

input is bounded. ◦

Remark 3.67. When comparing Property 3.63 and 3.64 which is defined globally,

Property 3.65 holds locally as the constants in inequalities depend on the size of

the compact set of the trajectories. If the system (3.73) is unstable, these constants

will go to infinity. ◦

The system dynamics (3.73) can be represented by a nonlinear MIMO square

system:

(
ẋ1,i

ẋ2,i

)
=

(
x2,i

b(x1,i,x2,i)

)
+

(
0

M−1(x1,i)

)
ui

yi =x1,i, (3.74)

where b(x1,i,x2,i) , −M−1(x1,i) (C(x1,i,x2,i)x2,i + fc(x2,i) + g(x1,i)) .
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Here, x1,i = θi and x2,i = θ̇i are the state and yi is the output which is the joint

position vector.

Remark 3.68. The robotic manipulator system (3.74) is defined in joint space

with joint positions as the system output. This system has the relative degree

2. Without any loss of generality, it is possible to extend the control design and

analysis made in this thesis even if the output is defined in task space instead of

joint space using an appropriate Jacobian transformation [182]. ◦

Assumption 3.69. There exists reference output yr = x1,r ∈ C2[0, Tf ], with

reference state x2,r ∈ C1[0, Tf ] and reference input ur ∈ C[0, Tf ] that satisfy
(
ẋ1,r

ẋ2,r

)
=

(
x2,r

b(x1,r,x2,r)

)
+

(
0

M−1(x1,r)

)
ur

yr =x1,r. (3.75)

Moreover, there exists a known positive vector u∗ such that sat(ur,u
∗) = ur,

∀t ∈ [0, Tf ] is satisfied. �

Remark 3.70. Assumption 3.69 is presented for a general class of nonlinear sys-

tems. It implies the existence of ideal trajectories and ideal input signals that

coming from the same model. It is not restrictive for many practical problems.

For example, this assumption holds true for robotic manipulators. Moreover, this

assumption also indicates that the ideal input signal is realizable within the limits

of actuator constraints. ◦

Assumption on resetting condition

Different resetting condition has been considered in the literature. We have re-

viewed the design and analysis for two commonly used resetting condition in Sec-

tion 3.4 and 3.5. More details on other resetting conditions and how it can be

handled in ILC domain is discussed in [107]. This thesis focus on an identical ini-

tial condition. This assumption can be relaxed at the expense of a perfect tracking

performance.

The following resetting condition is assumed in this thesis.

Assumption 3.71. The systems
∑

LTI

: (3.63),
∑

LTV

: (3.65),
∑

NL

: (3.67) and

∑

ROB

: (3.73)
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1. perform repetitive tracking over a finite-time [0, Tf ] where 0 < Tf <∞

2. and satisfy an identical initial condition is satisfied at every iteration i.e.,

ei(0) = ėi(0) = 0, ∀i ∈ N .

In addition, if second derivative of the joint output is used for system
∑

ROB

: (3.73)

in the learning controller, it is further assumed that ëi(0) = 0 for all i ∈ N . �

3.6.2 Problem Statements

This subsection comprises of formal presentation of different problem statements

that addresses each sub aims, leading to the fulfillment of the research objective

presented in Section 1.3.

3.6.2.1 Input Constraints

Firstly, problem statements that correspond to the input constraints are presented.

Problem Statement 3.1. Input constraints in linear systems

Given: A reference output yr(t) for system
∑

LTI

:(3.63) with Assumptions 3.45,

3.47, 3.49 and 3.71 with a saturation limit u∗ > 0.

Determine: Sequence of control input {ui(t)}i∈N such that the output tracking

error ei(t) converges uniformly to zero, i.e lim
i→∞

ei(t) = 0, ∀t ∈ [0, Tf ] in the

presence of hard input constraint.

Remark 3.72. Problem Statement 3.1 is addressed in Chapter 4. A new feedback-

based iterative learning control in proposed in that chapter. A completely new com-

posite energy function is used to ensure the convergence of the proposed tracking

error. ◦

Problem Statement 3.2. Input constraints in nonlinear systems without global

Lipschitz continuity

Given: A reference output yr(t) for system
∑

NL

:(3.67) with Assumptions 3.54,

3.56, 3.58, 3.60 and 3.71 with a saturation limit u∗ > 0.
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Determine: Sequence of control input {ui(t)}i∈N such that the output tracking

error ei(t) converges uniformly to zero, i.e lim
i→∞

ei(t) = 0, ∀t ∈ [0, Tf ] in the

presence of hard input constraint: u∗ > 0.

Remark 3.73. Problem Statement 3.2 is addressed in Chapter 5. The control

structure proposed in Chapter 4 is extended to a larger class of nonlinear systems

which does not satisfy the global Lipschitz continuity condition. ◦

Problem Statement 3.3. Input constraints in robotic manipulators

Given: A reference output yr(t) for system
∑

ROB

: (3.73) with Properties 3.62, 3.63,

3.64 and 3.65 and Assumptions 3.69 and 3.71 with a saturation limit u∗ > 0.

Determine: Sequence of control input {ui(t)}i∈N such that the output tracking

error ei(t) converges uniformly to zero, i.e lim
i→∞

ei(t) = 0, ∀t ∈ [0, Tf ] in the

presence of hard input constraint: u∗ > 0 without using the second derivative of

the joint position.

Remark 3.74. The second derivative of output tracking error is required in im-

plementation if the the proposed control structure from Chapter 5 is used with a

robotic manipulator dynamics. This will face difficulties in implementation if ac-

curate second derivative information is hard to obtain through numerical methods.

Motivated from the works of [99] in robotic manipulators, it is possible to relax

the requirement of second derivative of tracking error in the ILC update law for

input constraints. This is addressed in Chapter 6. The proposed controller is ex-

perimentally validated in a robotic manipulator and the results are reported in that

chapter. ◦

Problem Statements 3.1, 3.2 and 3.3 addresses Aim 1 and partially fulfills Aim 3

of this thesis.

3.6.2.2 Output Constraints

Problem statements that corresponds to the output constraints are presented in

this part.

Problem Statement 3.4. Output constraints in linear systems

Given: A reference output yr(t) with output constraint: |yi(t)| ≤ kb(t) for some

kb(t) > 0, ∀t ∈ [0, Tf ], for system
∑

LTV

:(3.65) with Assumptions 3.50, 3.52
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Determine: Sequence of control input {ui(t)}i∈N such that the output tracking

error ei(t) converges uniformly to zero, i.e lim
i→∞

ei(t) = 0, ∀t ∈ [0, Tf ] in the

presence of soft input constraint for the iterative learning control and also satisfying

the output constraint |yi(t)| ≤ kb(t) ∀i ∈ N , t ∈ [0, Tf ].

Problem Statement 3.5. Output constraints in nonlinear systems

Given: A reference output yr(t) with output constraint: |yi(t)| ≤ kb(t) for some

kb(t) > 0, ∀t ∈ [0, Tf ], for system
∑

NL

:(3.67) with Assumptions 3.54, 3.56, 3.58,

3.60 and 3.71

Determine: Sequence of control input {ui(t)}i∈N such that the output tracking

error ei(t) converges uniformly to zero, i.e lim
i→∞

ei(t) = 0, ∀t ∈ [0, Tf ] in the

presence of soft input constraint for the iterative learning control and also satisfying

the output constraint |yi(t)| ≤ kb(t) ∀i ∈ N , t ∈ [0, Tf ].

Remark 3.75. Problem Statement 3.4 and 3.5 are addressed in Chapter 7 and 8

by using a barrier-function based design of feedback control for output constraints.

A general framework for the design and analysis of feedback control using barrier-

Lyapunov function is investigated. A new barrier composite energy function is

proposed to ensure the convergence of tracking error in the iteration domain, which

also ensures that the output constraints are not transgressed in any iteration. ◦
Problem Statement 3.6. Output constraints in robotic manipulators

Given: A reference output yr(t) for system
∑

ROB

: (3.73) with Properties 3.62, 3.63,

3.64 and 3.65 and Assumptions 3.69 and 3.71 and output constraint: |yi(t)| ≤ kb(t)

for some kb(t) > 0, ∀t ∈ [0, Tf ].

Determine: Sequence of control input {ui(t)}i∈N such that the output tracking

error ei(t) converges uniformly to zero, i.e lim
i→∞

ei(t) = 0, ∀t ∈ [0, Tf ] in the

presence of soft input constraint for feedforward ILC and also satisfying the output

constraint |yi(t)| ≤ kb(t) ∀ i ∈ N , t ∈ [0, Tf ].

Remark 3.76. Problem Statement 3.4 is addressed in Chapter 9 where the design,

analysis and synthesis of feedback controller using a tan- type barrier function is

investigated. The convergence of the tracking error in iterations is also achieved

without transgressing the output constraints using the proposed barrier composite

energy function. ◦
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3. Theoretical Background

Addressing the Problem Statements 3.4, 3.5 and 3.6 will fulfill Aim 2 and Aim 3

of this thesis.

3.7 Conclusion

This chapter introduced the mathematical preliminaries required for thesis. The

design and analysis strategies using contraction mapping methods and compos-

ite energy function based techniques are discussed for an output tracking prob-

lem. The well-known P-type ILC algorithms were designed based on contraction

mapping method. By re-visiting and re-proving the convergence of P-type ILC

algorithm using a novel composite energy function, this paper demonstrates that

the composite energy function based method can be used as a unified tool in the

convergence analysis of any ILC algorithm. Similarities and differences between

both methods are also discussed. It is also demonstrated that composite energy

function based techniques can relax strong assumptions which are common in con-

traction mapping based design. Composite energy function based methods will be

exploited in the design and analysis for systems with constraints. Finally, the

problem formulation for the thesis is presented which includes the plant model,

assumptions and the formal problem statements.

59





Part I

INPUT CONSTRAINTS
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CHAPTER 4

Linear Systems with Input Constraints

Overview

In this chapter, a feedback-based ILC design is proposed for a class of linear-time-

invariant system in the presence of input constraints. The proposed control scheme

consists of two parts: one (feedback) deals with the performance in time domain while

the other (ILC) ensures a perfect tracking performance. With the help of composite

energy function, it is shown that the proposed algorithm can ensure the perfect tracking

performance in the presence of hard input constraints under appropriate assumptions.

Simulation results support the theoretical findings.

4.1 Introduction

The input constraints exist due to actuator limitations. It is highlighted that an

ILC algorithm is typically an integrator over the iteration-domain. Therefore, it is

possible to generate an unbounded control input as the iteration number goes to

infinity. Due to hard input constraints, such an unbounded input is not feasible.

For continuous time systems, input constraints have been addressed in [142, 151]

and [153] for ILC. In these schemes, the current feedback is used to track the

desired state trajectory using CEF method. To the best of the authors’ knowledge,

input saturation has not to be considered for feedback-based ILC schemes, in which

the feedback design and feed-forward ILC are decoupled. The proposed design in

this chapter differs from the majority of feedback-based ILC design where state-

feedback is used instead of output feedback to ensure that all the state signals are
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well-behaved. The role of feed-forward (ILC) is to ensure convergence by learning.

The contributions of this chapter are highlighted as follows:

1. A new updating structure is proposed to handle input saturation for feedback-

based ILC. It is highlighted that the feedback-based ILC is first designed

without taking input saturation into consideration. In order to handle the

actuator saturation, the feed-forward ILC is modified. By fully exploiting the

properties of saturation function, the proposed structure can ensure perfect

tracking performance when the desired output trajectory is feasible within

the saturation bound.

2. The feed-forward ILC is designed based on the CM method with a conver-

gence condition. However a novel CEF technique is used to analyse the

convergence in the presence of input saturation. The CEF is composed of

tracking error in terms of the state of the past trial as well as the L2 norm

error between feed-forward control input and the desired control input at

the current trial. When the convergence condition is satisfied, the proposed

control algorithm can ensure the convergence of the tracking error with input

saturation with the help of this novel CEF as shown in the main result of

this chapter (Theorem 4.8).

The contents of this chapter is published in [183].

Problem Statement

For the simplicity of presentation, we consider an LTI MIMO square system
∑

LTI

given in (3.63). However, the analysis can be extended to general nonlinear time-

varying systems with a higher relative degree by using a similar CEF. The exten-

sion to a general class of nonlinear system is discussed in Chapter 5.

The control objective is to find the control input ui(t) for the system
∑

LTI

: (3.63)

with a saturation constraint such that when the task is repeated, the output error

ei(t) uniformly converges to 0. More precisely, ∀ǫ > 0, ∃ N∗ = N(ǫ) such that

∀i ≥ N∗, the tracking error satisfies : |ei(t)| ≤ ǫ, ∀t ∈ [0, Tf ].

The structure of this chapter is as follows. A standard feedback based ILC scheme

for linear systems is revisited in Section 4.2. Section 4.3 introduces the proposed
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4. Linear Systems with Input Constraints
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Fig 4.1: Block diagram of D-type ILC with a stabilising feedback controller.

control law for handling input saturation. In Section 4.4, the convergence of

the proposed control algorithm is investigated using a novel CEF followed by an

illustrative example in Section 4.5. Section 4.6 concludes the chapter.

4.2 Revisiting Feedback-Based ILC

In this section, a standard design of feedback-based ILC scheme is reviewed where

input saturation is not taken into account. The schematics of the standard

feedback-based ILC is shown in Fig.4.1.

The control law for the i
th

iteration is generated from a dual controller design

which is composed of a stabilising feedback controller and a feed-forward ILC.

The state feedback is designed to ensure a good tracking performance of output

and the state, whereas the ILC is expected to iteratively find the desired control

input for the reference trajectory. Without any loss of generality, we assume a

stabilising feedback controller of the following form,

u
fb,s
i (t) = K (xr(t)− xs

i (t)) , ∀t ∈ [0, Tf ], (4.1)

where K ∈ Rm×n is the feedback gain such that the matrix (A−BK) is Hurwitz.

Many techniques such as LQR, H∞ and pole-placement can be used to design

this feedback gain based on different control objectives in the time-domain. The

superscript s is used to uniquely represent the signals from the feedback-based

ILC scheme without considering the input saturation.

Remark 4.1. The use of state feedback makes it easier to extend the dual control

loop (or feedback-based ILC) to nonlinear time-invariant or time-varying systems.

The role of introducing state feedback is two-fold. Firstly, in the LTI case, the role
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of state feedback is to ensure the good transient response in iteration-domain. For

nonlinear cases, the state feedback can be used to ensure some given boundedness

of the state trajectories. Once the state is bounded, it is possible to design ILC

algorithms for nonlinear systems that are locally Lipschitz continuous (or global

Lipschitz continuous when the state is already bounded) [62]. Secondly, the state

feedback provides robustness with respect to modeling uncertainties and a large

class of non-repetitive disturbances. ◦

For the feedback-based ILC system shown in Fig.4.1, the total input is given by

us
i (t) = u

ff,s
i (t) + u

fb,s
i (t), (4.2)

where u
ff,s
i (t) represents the feed-forward input from D-type ILC given by (4.4).

Remark 4.2. Usually, the feed-forward ILC is designed to track the reference

output trajectory yr(t). In this paper both tracking error in terms of output (feed-

forward) and the state (feedback) are used. In many applications such as robotic

systems, the state can be computed directly from the output. For example, when

the position is measured, the velocity can be computed from the position signals. If

the task is repeatable, the desired input can be learned by using ILC. ◦

The error dynamics of the closed loop system can be written in the form:

δẋs
i (t) = (A−BK) δxs

i (t) + Bδu
ff,s
i (t)

δys
i (t) =Cδx

s
i (t), (4.3)

where δxi
s = xr − xs

i and δu
ff,s
i = ur − u

ff,s
i .

The D-type ILC is given by

u
ff,s
i+1 (t) = u

ff,s
i (t) + qΓėsi (t), u

ff,s
1 (t) = 0, t ∈ [0, Tf ], i = 1, 2, · · · (4.4)

where esi (t) , yr(t)− ys
i (t), Γ ∈ Rm×m is a positive definite matrix gain, q ∈ R is

the learning rate.

Remark 4.3. One of the underlying assumptions in ILC design is that the actual

model information (A,B,C) is unknown to the designer and only the nominal

model of the plant (A0, B0, C0) is available. The ILC update law (4.4) has two

parameters for tuning– the learning rate q and matrix gain Γ– as compared with

the conventional update law [46]. This allows the designer to calculate Γ as the

inverse of the nominal value of matrix C0B0 and tune the parameter q such that

the convergence condition (4.5) is satisfied when implemented with the real system.

◦
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4. Linear Systems with Input Constraints
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Fig 4.2: Block diagram of a proposed dual controller system with input satura-
tion.

The sufficient condition for the convergence of the closed loop system (4.3) is

|Im − qΓCB| < 1, (4.5)

which does not depend on closed loop matrix (A− BK). Under Assumption

3.49 and a weaker Assumption 3.71, by using CM method, it can be shown that

the λ -norm of the tracking error converges [46]. By using the norm equivalence

condition, the supremum norm also convergences. This convergence condition

(4.5) gives the flexibility to design the tuning parameter Γ and learning rate q

without the knowledge of the system matrix A. It is noted that the ILC algorithm

(4.4) has an integral format along the iteration-domain. Thus it is quite likely when

the iteration number goes to infinity, the ILC control input might be unbounded

at some time instants. Moreover, the existence of feedback (4.1) can also cause

undesirable performance in time-domain when input saturation is considered. The

question is - How to modify the feedback-based ILC consisting of ((4.1),(4.2), and

(4.4)) such that the tracking error converges in the presence of input saturation

under the Assumptions 3.45, 3.47, 3.49 and 3.71?. Similar to standard anti-windup

idea in classic PI control design [15], the main idea of this work is to design

feedback-based ILC without considering input saturation while a novel structure

is proposed to handle input saturation.

4.3 Proposed Control Law

The proposed control structure that incorporates the actuator saturation is shown

in Fig. 4.2. It has two saturation constraints – the first saturation function is the
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soft constraint that stems from the ILC controller where as the second saturation

function is the hard limitation from the actuator input to plant. It is assumed

that both saturation functions have the same limit, represented by u∗.

The control input is given by

ui(t) = sat(vi(t), u
∗)

vi(t) =ũ
ff
i (t) + u

fb
i (t), ∀t ∈ [0, Tf ], (4.6)

where ũff
i (t) = sat(uff

i (t), u∗) represents the modified input from the ILC control

law given by (4.7) and u
fb
i (t) is the stabilising feedback control given by (4.8).

The proposed ILC algorithm is given by:

u
ff
i+1(t) =sat(uff

i (t), u∗) + qΓėi(t), u
ff
1 (t) = 0, (4.7)

u
fb
i (t) =K (xr(t)− xi(t)) , ∀t ∈ [0, Tf ], i ∈ N . (4.8)

The ILC update law (4.7) is a modified form of a standard D-type ILC control law

where an input saturation constraint is included to account for the hard limitations

from the actuator. The saturation function in the update law plays a critical role

in the iteration-domain performance. A saturation function could deteriorate the

system performance and even lead to unstable performance. This chapter analyse

the convergence of the proposed ILC for a system with hard constraints from the

actuator in the presence of a closed loop feedback controller.

Remark 4.4. Generally, ILC does not require the full state information for the

perfect output tracking. The ILC update law, (4.7) is based on the output tracking

error whereas a stabilising state feedback is used. This dual controller design is

widely used in the literature [136, 184, 185] without considering the hardware con-

straints from actuators.

ILC (4.4) can track the desired output trajectory when Assumptions 3.45–3.49 are

satisfied. However, when the feedback control law (4.1) is used, it may also lead to

saturation in the time-domain. Therefore, incorporating feedback into ILC design

will make the convergence analysis difficult due to the existence of input saturation.

◦

Proposition 4.5 is used to show that at the first iteration iteration, as uff = 0,

the linear state feedback law (4.8) can ensure the boundedness of trajectories by

using feedback control law in the presence of input saturation. Even though the

saturation can happen, the closed loop trajectories are still bounded over a finite

time interval [0, Tf ]. Again, it is possible that the feed-forward ILC could saturate
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4. Linear Systems with Input Constraints

the system, however because of Assumption 3.71 and finite time nature of the

task, the trajectories are always bounded. This is discussed in Remark 4.7.

Proposition 4.5. For a given time interval [0, Tf ], for the system
∑

LTI

: (3.63)

with control laws (4.6),(4.7) and (4.8), satisfying the Assumptions 3.45, 3.47, all

the trajectories of the system will stay in a compact set D when the feed-forward

control input uff = 0.

The proof of Proposition 4.5 is as follows.

Proof : When the feed-forward control input is zero, the system dynamics can be

written in the form,

δẋ = (A−BK)δx+ Bur −B (Kδx− sat(Kδx, u∗)) (4.9)

Consider a Lyapunov candidate V = 1
2
δx⊺δx. The derivative of V along the

trajectories of (4.9) results in,

V̇ =δx⊺(A−BK)δx+ δx⊺Bur − δx⊺B (Kδx− sat(Kδx, u∗)) (4.10)

Obviously, K is chosen to have A − BK as a Hurwitz matrix. As the satura-

tion function satisfies global Lipschitz continuity condition, there exists a positive

constant Lc1 such that

|Kδx− sat(Kδx, u∗)| ≤ Lc1 |δx| (4.11)

This leads to

V̇ ≤ −η |δx|2 + |B| |δx| |ur|+ |B|Lc1 |δx|2

≤ −2 (η − |B|Lc1)V + |B| |ur|
√
2V (4.12)

for some η > 0. Due to Assumption 3.71, V (0) = 0, in the worst case, this Lya-

punov function grows exponentially as per Comparison Lemma 3.23. Therefore,

it is possible to conclude that the trajectories are bounded for any t ∈ [0, Tf ].

Remark 4.6. Proposition 4.5 shows that when there is no feed-forward ILC, with

input saturation, the feedback control law can ensure the boundedness of trajecto-

ries in a finite time interval [0, Tf ]. Of course, as the system is controllable, by

selecting the compact set of initial condition, it is possible to find a suitable feed-

back gain K such that the input saturation will not happen for this set of initial

condition. Usually such feedback gain matrix cannot be very large. However, as

69



the precise model of the system is unknown, it is hard to find such a small ma-

trix K. In many applications, when the precise model is not completely known,

a controller with a sufficiently high gain always work. But it will lead to input

saturation. However, even if the input saturates, the closed loop trajectories will

be still bounded over a finite time interval. ◦

Remark 4.7. When the feed-forward ILC exists, the closed loop dynamics can be

written in the form,

δẋ = (A−BK)δx+ Bδũff + B (v − sat(v, u∗)) (4.13)

Similar to the proof of Proposition 1, using the same Lyapunov candidate, leads to

V̇ ≤ −η |δx|2 + |B| |δx|
∣∣δũff

∣∣+ |B|Lc1 |δx|2 (4.14)

for some η > 0. As long as
∣∣δũff

∣∣ ∈ L2, it is not difficult to show that the

trajectories of closed loop (feedback and feed-forward ILC) is uniformly bounded

over a finite time interval [0, Tf ]. ◦

4.4 Convergence Analysis of the Proposed Con-

troller

The main result of this chapter is stated in Theorem 4.8.

Theorem 4.8. Under the Assumptions Assumptions 3.45, 3.47, 3.49 and 3.71, the

system
∑

LTI

: given by (3.63) with the control laws (4.6), (4.7) and (4.8), satisfying

the convergence condition (4.5) can

1. achieve zero output tracking error such that ei(t) converges to zero uniformly;

2. achieve zero state tracking error in the sense that δxi(t) converges to zero

uniformly;

3. ensure uniform boundedness of uff
i (t);

4. and the feed forward input uff
i (t) converges to reference input ur(t) in L2

norm as i→ ∞.
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4. Linear Systems with Input Constraints

The proof of Theorem 4.8 is as follows.

Proof :

For the proof of convergence, we propose a new time weighted CEF, Ei. For any

given λ > 0, Ei is given by

Ei(t) =
1

2
e−λtδx

⊺
i−1(t)δxi−1(t)

∫ t

0

e−λτδu
ff
i

⊺
(τ)δuff

i (τ)dτ,

∀t ∈ [0, Tf ], i ∈ N ,x0(t) = 0; (4.15)

where δx(t) = xr(t) − x(t) and δuff (t) = ur(t) − uff (t). This CEF incorporates

a time weighted state tracking error and L2
e norm of the control input error. The

first term is similar to a Lyapunov function which deals with the state tracking

error of the previous iteration. The second term is equivalent to the L2 norm of the

control input from the ILC. The intention of this proof is to show that ∆Ei+1(t)

(4.16) is non-positive and E1(t) is bounded which leads to the convergence of

output tracking and state tracking error as well as the convergence of feed-forward

control input in L2 norm sense.

For convenience, we omit the notation t from the control signals in the following

sections whenever appropriate.

Boundedness property

It is noted that the CEF at the current iteration Ei has the δxi−1 and L2 norm

of δui. At the first iteration, Proposition 1 show that the δx1 is bounded. Note

that E1 is bounded, the boundedness of δx1 is used to shows that E2 − E1 is

non-increasing for any time instant in [0, Tf ]. While E2 is bounded, it indicates

that δu2 is in L2. Remark 9 indicates that δx2 will be bounded. If it can be show

that Ei+1 ≤ Ei, then δui will have a uniform bound in L2, leading to a uniform

boundedness of δxi.

Next, it will show that if Ei is bounded, then Ei+1 ≤ Ei.

Difference of composite energy function

In this section of the proof we show that the CEF is non-increasing in the iteration-

domain. The difference of energy function between two iterations is :

∆Ei+1 =Ei+1 − Ei

=
1

2
e−λt

(
|δxi|2 − |δxi−1|2

)
+

∫ t

0

e−λτ

(∣∣∣δuff
i+1

∣∣∣
2

−
∣∣∣δuff

i

∣∣∣
2
)
dτ . (4.16)
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In the following part of this proof, we establish a few relations that are beneficial

in concluding the proof of the theorem.

Firstly, from the ILC update law (4.7) we have

δu
ff
i+1 = δũ

ff
i − qΓėi, (4.17)

where δũff
i = ur − sat(uff

i ,u
∗). Using the plant dynamics (3.63) and reference

dynamics (3.64), we get

qΓėi = qΓCAδxi + qΓCBδui. (4.18)

Substituting (4.18) back into (4.17) yields,

δu
ff
i+1 =Pδũff

i + zi, (4.19)

where P = (Im − qΓCB) and zi = −qΓCAδxi + qΓCB(δũff
i − δui). Using (4.19),

we can show that

δu
ff
i+1

⊺
δu

ff
i+1 − δũ

ff
i

⊺
δũ

ff
i

=
(
Pδũff

i

)⊺(
Pδũff

i

)
+ zi

⊺zi + z
⊺
iPδũ

ff
i +

(
Pδũff

i

)⊺
zi − δũ

ff
i

⊺
δũ

ff
i

= −δũff
i

⊺
(Im − P⊺P)δũff

i + |zi|2 + 2z⊺iPδũ
ff
i

≤ −λp
∣∣∣δũff

i

∣∣∣
2

+ |zi|2 + 2 |zi|
∣∣∣Pδũff

i

∣∣∣ , (4.20)

where λp = λmax(Im − P⊺P).

It is possible to find Γ > 0 and q < 1 such that |P | < 1 (as in Equation (4.5))

which leads to Im − P⊺P > 0 and therefore λp > 0.

Secondly, using Lemma 3.25 on
∣∣∣δũff

i − δui

∣∣∣ yields,

∣∣∣δũff
i − δui

∣∣∣ =
∣∣∣ui − ũ

ff
i

∣∣∣ =
∣∣∣sat(vi,u

∗)− vi + u
fb
i

∣∣∣

≤ |sat(vi,u
∗)− vi|+

∣∣∣ufb
i

∣∣∣

≤2
∣∣∣ufb

i

∣∣∣ = 2 |K| |δxi| . (4.21)

With the aid of (4.21), the second term in (4.20) yields

|zi| =
∣∣∣−qΓCAδxi + qΓCB(δũff

i − δui)
∣∣∣ ≤ λf |δxi| , (4.22)

where λf = |qΓCA|+ 2 |qΓCB| |K|.
Thirdly, by using completion of squares, we can show that there exists an α > 0
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such that:

|δxi|
∣∣∣δũff

i

∣∣∣ =
√
α |δxi|

1√
α

∣∣∣δũff
i

∣∣∣ ≤ α

2
|δxi|2 +

1

2α

∣∣∣δũff
i

∣∣∣
2

. (4.23)

Lastly, using Lemma 3.25 on |δui| yields:

|δui| = |ur − sat(vi,u
∗)|

= |ur − vi − (sat(vi,u
∗)− vi)|

≤
∣∣∣ur − ũ

ff
i − u

fb
i

∣∣∣+ |sat(vi,u
∗)− vi|

≤
∣∣∣δũff

i

∣∣∣+ 2 |K| |δxi| . (4.24)

Using Lemma 3.24 on
∣∣∣δuff

i+1

∣∣∣
2

−
∣∣∣δuff

i

∣∣∣
2

followed by substituting (4.22) yields

∣∣∣δuff
i+1

∣∣∣
2

−
∣∣∣δuff

i

∣∣∣
2

≤
∣∣∣δuff

i+1

∣∣∣
2

−
∣∣∣δũff

i

∣∣∣
2

≤−
(
λp −

1

α
λf |P|

) ∣∣∣δũff
i

∣∣∣
2

+
(
λ2f + αλf |P|

)
|δxi|2 , (4.25)

Next, we make use of (4.20)- (4.25) to find the difference of CEF. Using the

Assumption 3.71, the first part of first term in equation (4.16) can be expanded,

followed by substituting (4.24) and (4.23) yields

1

2
e−λt |δxi|2 = −λ

2

∫ t

0

e−λτ |δxi|2 dτ +
∫ t

0

e−λτδx
⊺
i δẋidτ

= −λ
2

∫ t

0

e−λτ |δxi|2 dτ +
∫ t

0

e−λτδx
⊺
i (Aδxi +Bδui) dτ

≤ −
(
λ

2
− λk

)∫ t

0

e−λτ |δxi|2 dτ +
1

2α
|B|
∫ t

0

e−λτ
∣∣∣δũff

i

∣∣∣
2

dτ. (4.26)

where λk = |A|+ 2 |B| |K|+ α
2
|B|.

The difference of energy equation can be expanded by substituting (4.26) and

(4.25) into (4.16) as well as considering the positiveness of |δxi−1|2 in (4.16). This

results in the inequality relation:

∆Ei+1 ≤− Lλ

∫ t

0

e−λτ |δxi|2 dτ − Lα

∫ t

0

e−λτ
∣∣∣δũff

i

∣∣∣
2

dτ , (4.27)

where Lλ = λ
2
− λk − λ2f − αλf |P |; Lα = λp − 1

2α
(2λf |P|+ |B|). There exists

α > 0 and λ > 2
(
λk + λ2f + αλf |P|

)
such that Lα > 0 and Lλ > 0, which leads
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to ∆Ei+1(t) ≤ 0. Therefore we can conclude that Ei+1 is non-increasing along the

iteration axis.

Convergence property

In this subsection, the point-wise convergence is attained followed by the uniform

convergence property. For point wise convergence, we show that δxi(t) → 0 as

i→ ∞ and δuff
i (t) → 0 as i→ ∞ point-wisely.

Firstly, Ei+1(t) = E1(t)+
∑i

j=1 ∆Ej+1(t), ∀t ∈ [0, Tf ]. As ∆Ei+1(t) ≤ 0, Ei+1(t)

is non increasing along the iteration axis. This means that limi→∞Ej+1(t) exists

and lim
i→∞

Ei+1(t) = E1(t) + lim
i→∞

i∑

j=1

∆Ei+1(t) ≤ E1(t). This series will bounded if

E1(t) is finite. As x0 = 0 and u
ff
1 = 0, E1(t) =

1

2
e−λt |xr|2 +

∫ t

0

e−λτ |ur|2dτ . As

per Assumption 3.64, xr and ur are uniformly continuous functions, hence E1(t) is

finite for t ∈ [0, Tf ]. In addition,
i∑

j=1

∆Ei+1(t) converges. From the convergence

theorem [180], as the sum of the series converges to zero, the series converges,

leading to lim
i→∞

∆Ei+1(t) = 0, ∀t ∈ [0, Tf ]. Specifically, when t = Tf , (4.27) yields:

lim
i→∞

∫ Tf

0

e−λτ

[
Lλ |δxi|2 + Lα

∣∣∣δũff
i

∣∣∣
2
]
dτ = 0,

lim
i→∞

‖δxi‖L2
e
= 0 and lim

i→∞

∥∥∥δũff
i

∥∥∥
L2
e

= 0 (4.28)

Moreover, the uniform boundedness of δẋi(t) ensures the uniform continuity of

δxi(t). This leads to the following conclusions, as i→ ∞:

1. the state tracking error converges to 0 uniformly,

2. consequently the output tracking error converges uniformly,

3. the feed-forward control input converges uniformly in L2 norm sense.

This completes the proof.

Remark 4.9. Although Theorem 4.8 states that lim
i→∞

u
ff
i (t) = ur(t), we can con-

clude that lim
i→∞

ui(t) = ur(t) as the feedback disappears as the iteration number

approaches to infinity. ◦
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4. Linear Systems with Input Constraints

Remark 4.10. Note that λk, λf ,P, B are the system parameters. The value of

λ in the CEF plays an important role in the proof. By selecting a suitable λ,

it is possible to ensure that input-output mapping will dominate the convergence

analysis. If the condition (4.5) is satisfied, this CEF can ensure the convergence

of tracking errors in terms of the input, the state, and the output. ◦

Remark 4.11. The CEF (4.15) has a unique form as it consists of the state

tracking performance of last iteration and the current error in terms of feed-forward

input signal with respect to the reference input. The CEF is a kind of energy

function along both the time-domain and iteration-domain. The convergence is

related to the performance when the iteration number goes to infinity. Thus the

CEF can have the flexibility to deal with signals at different iterations. If the

CEF converges, we can obtain the convergence of tracking error (both in state and

output). ◦

4.5 An Illustrative Example

In order to demonstrate the effectiveness of the proposed controller, we consider

an LTI system with system matrices:

A =




0 1 0 0

0 −2 0 −1.5

0 0 0 1

0 −0.75 0 2



, B =




0 0

2.5 0.45

0 0

0.45 3



, C =

[
0 1 0 0

0 0 0 1

]
. (4.29)

The system model (4.29) is linearised model of a two link robot manipulator at

the joint space. The reference output yr(t) = [r(t), r(t)]⊺ is the reference velocity

of joint angles where

r(t) =





0, 0 ≤ t ≤ Tf

8

φ1(t),
Tf

8
< t ≤ 3Tf

8

1,
3Tf

8
< t ≤ 5Tf

8

φ2(t),
5Tf

8
< t ≤ 7Tf

8

0,
7Tf

8
< t ≤ Tf

, (4.30)
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Fig 4.3: State reference trajectories

φ1(t) =
3

τ 2

(
t− Tf

8

)2

− 2

τ 3

(
t− Tf

8

)3

, φ2(t) = 1− 3

τ 2

(
t− 5Tf

8

)2

+
2

τ 3

(
t− 5Tf

8

)3

and τ =
Tf

4
. For Tf , the reference states x1r, x

2
r, x

3
r and x4r are plotted in Fig. 4.3

which satisfies the Assumption 3.47.

The matrix A in (4.29) is not Hurwitz, but (A,B) is controllable. The feed-forward

is designed such that Γ = (CB)−1 and q = 0.95, which satisfies the convergence

condition (4.5) as well as λp > 0. The trajectories are generated for the finite

time, Tf = 2s. The derivative of output tracking error is calculated by using

the backward difference method followed by a noise filtering using a third order

Butterworth filter of cut-off frequency 250Hz. A time step of 0.001s is used in

simulations.

The purpose of following simulations is to compare the transient performance in

the iteration-domain, hence the supremum norm of tracking error and control

input is plotted for different cases as explained in the following subsections.

Revisiting standard D-type ILC without hard input con-

straint

In this subsection, the responses of the system when implemented with a standard

D-type ILC and feedback controller (as explained in Section 4.2 ) and D-type

ILC with the feedback without any hard input saturation are discussed. Two

simulations were performed with a standard D-ILC – one without a feedback and

another with a feedback controller. The feedback gain is selected by placing the

76



4. Linear Systems with Input Constraints
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Fig 4.4: Convergence of supremum norm of tracking error without hard input
saturation

closed loop poles at [−10,−5,−5 ± 3j]. The supremum norm of output tracking

error is shown in Fig. 4.4. It can be seen that the use of feedback controller

has improved the transient response in the iteration-domain (smaller overshoot

in iteration domain). However, the convergence speed in terms of number of

iterations has been affected in the case where feedback controller is used with the

feed-forward ILC. This effect of feedback gain in the convergence of feed-forward

ILC has been investigated in Appendix A.

Next, the responses of the system (two cases) in presence of hard input saturation

are investigated. Due to existence of input constraints, the feed-forward ILC with

feedback cannot work in some cases.

ILC with hard input constraint

In this subsection, in order to test the robustness of the proposed method, two

set of simulations were performed with the consideration of hard input constraint

for feed-forward ILC, feed-forward ILC with feedback, and the proposed feedback-

based ILC respectively. For the simulations, u∗ = [2.1, 2.1]⊺ is chosen as the

saturation limit. The first set of simulations compare with standard D-type ILC

with the proposed feedback-based ILC while the second set of simulations compare

the standard D-type ILC with the proposed feedback-based ILC when there are

white noises in measured state signals. For both the simulations, feedback gain K

is chosen by placing the closed loop poles at [−40, −30, −14±8j]. This high gain

feedback is chosen to handle the non-repeatable noises in the state measurements.
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Fig 4.6: Convergence of supremum norm of tracking error (Simulation set II)

The band limited white noises with a noise power of 10−6 has been added to all

state trajectories in Simulation set II.

Remark 4.12. In this work, design of feedback is decoupled with feed-forward ILC

in the presence of input saturation. How to achieve better performance in terms

of maximum overshoot and convergence in iteration domain will be investigated in

future. As long as an optimal feedback is picked, the analysis presented here can

work. In simulations, we only show that, without picking up an optimal gain, the

proposed algorithm can still work better than other two algorithms. ◦

The convergence of supremum norm of tracking error for Simulation set-I and

Simulation set-II are shown in Fig. 4.5 and Fig. 4.6. Obviously, compared with the
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4. Linear Systems with Input Constraints

feed-forward ILC and feed-forward ILC with the feedback, the proposed feedback-

based ILC can work very well in the presence of input saturation as well as the non-

repeatable disturbances. It is noted that even when non-repeatable disturbances

exist, the proposed method outperforms other two methods in terms of overshoot

and convergence speed in iteration-domain for the chosen values of feedback gain.

Different choice feedback gains were also tested by placing the closed-loop eigen

values. It is observed from a large number of simulations, if the input constraints

are tight, the proposed control law usually works better. The simulation results

demonstrate the effectiveness of the proposed feed-back ILC.

4.6 Conclusion

This chapter presents a new feedback-based (ILC) algorithm that can handle input

saturation. A feedback-based ILC decouples the feed-forward ILC and feedback

controller without considering input saturation. Then a novel structure is proposed

to handle the effect from input saturation. A new composite energy function

is proposed to assist the convergence analysis of this novel feedback-based ILC.

Simulation results show the effectiveness of the proposed algorithm. In the next

chapter, the control schematics presented in this chapter is extended to a wider

class of nonlinear systems with input constraints.
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CHAPTER 5

Nonlinear Systems with Input

Constraints

Overview

This chapter is an extension of Chapter 4 where the proposed control structure is applied

to a general class of nonlinear systems with input constraints. Contraction mapping

method is widely used in the design and analysis of feed-forward type of iterative learning

control (ILC) for a class of nonlinear dynamic systems that satisfy global Lipschitz

continuity condition. However, many engineering systems are only locally Lipschitz

continuous. Thus contraction mapping method is not directly applicable to such systems.

This chapter analyses a feedback-based ILC algorithm for a class of nonlinear systems

that is only locally Lipschitz continuous. It is shown using the proposed composite

energy function that the feedback-based ILC can work for nonlinear systems even with

the input saturation.

5.1 Introduction

As discussed in the previous chapters, CM based methods and CEF based tech-

niques are two widely used design and analysis tools for ILC algorithms. Generally,

CM based ILC has a feed-forward structure, in which output tracking errors in

previous trials are used. With an appropriate convergence condition, it can be ap-

plied to nonlinear dynamic systems that satisfy global Lipschitz continuity (GLC)

condition [20,23,125]. Although requiring GLC condition is a strong assumption,

it usually leads to simpler feed-forward type ILC algorithms.
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On the other hand, CEF based ILC design can easily handle nonlinear dynamic

systems to track reference output or reference state using the errors from the

current iteration. If there exists a control Lyapunov function for the nonlinear

systems, it can also handle nonlinear terms that are only locally Lipschitz conti-

nuity (LLC) [151,153,186].

These two techniques can be unified using CEF based analysis technique. For

example, it is shown in [142], the P-type feed-forward ILC, which is designed using

CM technique, can achieve perfect tracking performance with CEF based proof

technique. More details can be found in Chapter 3. Noting the fact that when

the trajectories of the dynamic systems can be ensured to be bounded, the GLC

condition becomes LLC. Hence, when the dynamic systems are LLC but satisfy

bounded-input-bounded-state (BIBS) condition, the simple P-type feed-forward

ILC can work with the consideration of input saturation [62].

As a generalization of [62], this chapter investigates a new dual controller scheme

to deal with nonlinear systems which satisfy neither the assumption of BIBS nor

GLC. This dual controller consists of a state feedback and feed-forward ILC design.

The feed-forward ILC design is based on CM method [20, 23] while the state

feedback controller ensures the boundedness of the solution and robustness in

the time domain. When implementing such a dual control algorithm, actuator

constraints are also considered.

The contributions of this chapter are summarized as follows:

1. For nonlinear dynamic systems which are neither BIBS nor GLC, we propose

a feedback-based ILC with the input saturation to ensure convergence.

2. A novel CEF is used to ensure the uniform convergence of the input, state

and output tracking error.

3. A completely new proof technique based on induction is used to show the

uniform boundedness of the closed loop trajectories in the iteration domain.

The contents of this chapter is already presented by the author in American Con-

trol Conference, 2018 [139].
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5. Nonlinear Systems with Input Constraints

Problem Statement

In this chapter, the nonlinear MIMO square affine system
∑

NL

: (3.67) is taken into

account.

The control objective is to find the desired control input ui(t) for system
∑

NL

:

(3.67) performing repetitive tracking such that the output tracking error ei(t)

uniformly converges to zero as i→ ∞ in the presence of input saturation.

This chapter is organized as follows. Section 5.2 revisits the design of standard

feedback based ILC in nonlinear systems. Section 5.3 gives the convergence anal-

ysis of the proposed theorem. Section 5.4 provides an illustrative example that

demonstrates the effectiveness of the proposed control structure.

5.2 Revisiting Feedback-Based ILC

A standard feedback-based ILC system consists of a stabilizing feedback and an

ILC (similar to Fig.4.1). The feedback ensures uniform boundedness of state and

output where as an ILC finds the desired control input in iterations. Recall that

the superscript ‘s′ is used to denote control signals corresponding to the standard

system. For such a system the total input is given by

us
i (t) = u

ff,s
i (t) + u

fb,s
i (t), (5.1)

where u
ff,s
i (t) represents the feed-forward input from standard D-type ILC given

by (5.9) and u
fb,s
i (t) denotes the control input from a stabilizing feedback con-

troller.

Remark 5.1. Note that the standard ILC structure and corresponding control laws

discussed in this chapter are same as the one discussed in Chapter 4, but applied

to a nonlinear system instead of a linear plant model. The assumptions needed for

those controllers to be applicable to a nonlinear system
∑

NL

: (3.67) is different and

hence needed to be discussed separately in this chapter. ◦

Next, both the controllers for the system
∑

NL

: (3.67) will be discussed in detail.
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Feedback controller

Without any loss of generality, we assume a stabilizing feedback controller of the

form:

ufb,s(t) = K (xr(t)− xs(t)) , ∀t ∈ [0, Tf ], (5.2)

With this feedback control law, the closed loop of the system
∑

NL

: (3.67)becomes

δẋs = f(xr)− f(xs) +G(xr)ur −G(xs)Kδxs. (5.3)

where δxs = xr − xs. The feedback gain is designed such that the following

assumption is satisfied:

Assumption 5.2. For the given feedback gain matrix K, there are a continuous

differentiable Lyapunov function V : D → R≥0, and class-K functions: α1, α2, α3,

and α4 such that the following inequalities hold

α1(|δxs|) ≤ V (δxs) ≤ α2(|δxs|) (5.4)

∂V

∂δxs
(δxs) [f(xr)− f(xs)−G(xs)Kδxs] ≤ −α3(|δxs|) (5.5)

∣∣∣∣
∂V

∂δxs

∣∣∣∣ ≤ α4(|δxs|). (5.6)

�

Remark 5.3. The role of the state feedback controller is to ensure uniform bound-

edness of the state trajectories without the input saturation. Therefore it is pos-

sible to design ILCs that are LLC. In addition, state feedback provides robustness

to non-repetitive disturbances and model uncertainties. It is noted that due to the

existence of input saturation, we need to show that the trajectories of the system

with saturated feedback are still bounded. ◦

Proposition 5.4. Assume that Assumption 3.58 and 5.2 hold. There exists a

domain of attraction D such that the trajectories of the following dynamic system:

δẋs = f(xr)− f(xs) +G(xr)ur −G(xs) sat (Kδxs,u∗) (5.7)

will stay in D if the initial condition x0 ∈ D

Proof : The matrix K can be represented as K = [k1 k2 · · ·kn] where kj ∈
Rm, ∀j = 1, · · · ,m. It is noted that

∂V

∂δxs
(δxs)G(xs) ∈ R1×m while Kδxs ∈

Rm. Let D1 be a compact set |kjδxj| ≤ u∗j , ∀j = 1, · · · ,m. This indicates

84



5. Nonlinear Systems with Input Constraints

that saturation do not happen. It follows that the Lyapunov function V from

Assumption 5.2 along the trajectories of the system (5.7) satisfy

V̇ =
∂V

∂δxs
(δxs) [f(xr)− f(xs)−G(xs)Kδxs] +

∂V

∂δxs
G(xr)ur

≤− α3(|δxs|) + α4(|δxs|)Br, (5.8)

where Br = max
t∈[0,T ]

|G(xr(t))ur(t)|. Based on the properties of α3(·) and α4(·), it
is always possible to find a compact set D such that V̇ ≤ 0. This indicates the

boundedness of the trajectories of the system (5.7). This completes the proof.

Remark 5.5. Note that the compact set D takes two possible forms. The first one

is a ball in Rn, which contains origin. The second one has the following format:

D := {δxs | ν ≤ |δxs| ≤ ∆}

for some positive constants ∆ and ν. However, in both cases, the trajectories are

bounded. ◦

Remark 5.6. Note that due to Assumption 3.71, the initial error δxs(0) = 0,

the feedback law will always work in a small interval of initial time instant. This

can prevent the finite escape from happening. Under such a situation, if the input

signal is bounded, there exists a compact set D̃ ⊂ D, which depends on the bound

of input signal, so that the trajectories of system (5.7) are bounded. ◦

D-type ILC

The standard D-type ILC is given by

u
ff,s
i+1 (t) =u

ff,s
i (t) + qΓ(t)ėsi (t), u

ff,s
1 (t) = 0, ∀t ∈ [0, Tf ], i = 1, 2, · · · (5.9)

where esi (t) , yr(t)−ys
i (t), Γ(t) ∈ Rm×m is a positive symmetric matrix gain and

q > 0 is the learning rate.

For system
∑

NL

: (3.67) with control law (5.1), a sufficient condition for convergence

is given by ∣∣∣∣Im − qΓ
∂h

∂x
(x)G(x)

∣∣∣∣ < 1, ∀x ∈ D, (5.10)

which is independent of f(x) and feedback gain K. It can be shown using CM

methods that the tracking error converges uniformly provided that the nonlinear

mappings f(·), G(·), and h(·) are GLC [20,23,151].
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This work tries to incorporate a feedback control law (5.2) with a feed-forward

D-type ILC without GLC in the presence of input saturation. It is worthwhile to

highlight that the technical difficulties are:

• Even though feedback control law is saturated, it can ensure the bounded

trajectories of the system
∑

NL

: (3.67). When both feedback and feed-forward

controllers exist, due to the existence of input saturation, the boundedness

of trajectories cannot be always guaranteed.

• A standard D-type feed-forward ILC design is based on CM method, which

requires GLC condition of the system. Unless the trajectories of the system∑

NL

: (3.67) are bounded, the D-type ILC cannot ensure the convergence of

the tracking error.

5.3 Proposed Controller with Convergence Anal-

ysis

The proposed control structure is same as the one that is given in Chapter 4.

It consists of a modified D-type ILC with control saturation and an actuator

saturation at the total control input as shown in Fig. 4.2. The same saturation

limit, u∗ is assumed for both the saturation functions.

Again note that the total control input is given by:

ui(t) = sat(vi(t), u
∗)

vi(t) =ũ
ff
i (t) + u

fb
i (t), ∀t ∈ [0, Tf ], i ∈ N . (5.11)

where ũff
i (t) = sat(uff

i (t), u∗) represents the modified input from the ILC control

law given by:

u
ff
i+1(t) = ũ

ff
i (t) + qΓ(t)ėi(t), u

ff
1 (t) = 0, (5.12)

and u
fb
i (t) is the stabilizing feedback control given by:

u
fb
i (t) = K (xr(t)− xi(t)) , (5.13)

which satisfies Assumption 5.2.

This leads to the following closed loop system with the consideration of the system
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∑

NL

: (3.67) and the system (3.72):

δẋi =f(xr)− f(xi) +G(xr)ur −G(xi)ui

=δf(xi) + δG(xi)ur +G(xi)δui, i = 1, . . . (5.14)

where δxi , xr − xi, δui , ur − ui, δf(xi) , f(xr) − f(xi) and δG(xi) ,

G(xr)−G(xi).

Theorem 5.7. The system
∑

NL

: (3.67) with the control laws (5.11), (5.12), (5.13)

satisfying the Assumptions 3.54, 3.56, 3.58, 3.60 and 5.2 and the convergence

condition (5.10)

1. can achieve zero output tracking error and state tracking error such that ei(t)

and δxi(t) converges to zero uniformly;

2. can ensure uniform boundedness of state xi(t) and feed forward input uff
i (t);

3. and the feed forward input uff
i (t) converges to reference input ur(t) in L2

norm as i→ ∞.

Proof : The induction method will be used to show the boundedness of the tra-

jectories of the closed loop system (5.14). In the proof of convergence, the CEF

defined in Chapter 4 is considered, which is given by:

Ei(t) =
1

2
e−λtδx

⊺
i−1δxi−1 +

∫ t

0

e−λτδu
ff
i

⊺
(τ)δuff

i (τ)dτ,

∀t ∈ [0, Tf ], i ∈ N ,x0(t) = 0, (5.15)

for some positive constant λ.

Let ∆1 be any positive constant. For a given positive constant λ and any given

interval [0, Tf ] with e−λt |δx(t)|2 ≤ ∆1, there exists a positive constant ∆2 such

that ‖δx‖2s ≤ ∆2. For this constant ∆2, we can find a compact set D such that if

‖δx‖2s ≤ ∆2 is satisfied, the desired xr(t), x and δx will stay in this compact set.

The proof is completed by using the induction method. Two steps are needed.

Step one will show that E1(t), δx0(t) δx1(t) are uniformly bounded by a compact

set D, for any t ∈ [0, Tf ].
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Note that δx0(t) = xr(t) is bounded and u
ff
1 (t) = 0, E1(t) is bounded. It is

assumed that E1(t) is in a compact set D.

It is noted that by applying Proposition 1, we can conclude that the trajectories of

the first iteration is uniformly bounded and belong to a compact set δx1(t) ∈ D.

Step 2 will show that if Ek(t) are bounded in the compact set, we can show that

Ek+1(t) will be in the same bound D. From Remark 5.5, it is noted that δxi(t) is

uniformly bounded for any iteration.

Assume that at the kth iteration, max
t∈[0,Tf ]

Ek(t) ≤ ∆1 and ‖δxk−1‖2s ≤ ∆2. We

will show that at the (k + 1)th iteration, maxt∈[0,Tf ]Ek+1(t) ≤ ∆1 and ‖δxk‖2s ≤
∆2. The construction of the compact set D will ensure that for all t ∈ [0, Tf ],

xk(t), δxk(t) and xr(t) are all in this compact set D. As for any t ∈ [0, Tf ],

xk(t) ∈ D, xr ∈ D,
∂h

∂x
(xk) and G(xk) are bounded as per Assumption 3.56.

Therefore define Λ̄hx
, max

xk∈D

∣∣∣∣qΓ
∂h

∂x
(xk)

∣∣∣∣ and Λg , max
xk∈D

|G(xk)|. Denote Λẋr
,

max
x∈D, t∈[0, Tf ]

|f(xr) +G(xr)ur(t)|, and Λur
, max

t∈[0, Tf ]
|ur(t)|.

At the (k+1)th iteration, the difference of energy function between two consecutive

iterations is given by ∆Ek+1 = Ek+1 − Ek, therefore

∆Ek+1 =
1

2
e−λt

(
|δxk|2 − |δxk−1|2

)
+

∫ t

0

e−λτ

(∣∣∣δuff
k+1

∣∣∣
2

−
∣∣∣δuff

k

∣∣∣
2
)
dτ . (5.16)

By Assumption 3.71 and equations (5.14), (3.71), the first part of first term in

equation (5.16) can be expanded as:

1

2
e−λtδx

⊺
kδxk = −λ

2

∫ t

0

e−λτδx
⊺
kδxkdτ +

∫ t

0

e−λτδx
⊺
kδẋkdτ

= −λ
2

∫ t

0

e−λτδx
⊺
kδxkdτ +

∫ t

0

e−λτδx
⊺
kδf(xk)dτ

+

∫ t

0

e−λτδx
⊺
kδG(xk)urdτ +

∫ t

0

e−λτδx
⊺
kG(xk)δukdτ

≤ −
(
λ

2
− Cf − CgΛur

)∫ t

0

e−λτ |δxk|2 dτ + Λg

∫ t

0

e−λτ |δxk| |δuk| dτ .

(5.17)

By using completion of squares, we can show that there exists an α > 0 such that:

|δxk|
∣∣∣δũff

k

∣∣∣ =
√
α |δxk|

1√
α

∣∣∣δũff
k

∣∣∣ ≤ α

2
|δxk|2 +

1

2α

∣∣∣δũff
k

∣∣∣
2

. (5.18)
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Recalling equation (4.24), using Lemma 3.25 ,|δuk| can be written as

|δuk| ≤
∣∣∣δũff

k

∣∣∣+ 2 |K| |δxk| . (5.19)

where δũff
k = ur − sat(uff

k ,u
∗).

Substituting (5.19) back into (5.17), followed by (5.18) gives

1

2
e−λtδx

⊺
kδxk ≤−

(
λ

2
− Λa

)∫ t

0

e−λτ |δxk|2 dτ +
Λg

2α

∫ t

0

e−λτ
∣∣∣δũff

k

∣∣∣
2

dτ , (5.20)

where Λa = Cf + CgΛur
+ 2Λg |K|+ α

2
Λg.

From the ILC update law (5.12) we have

δu
ff
k+1 = δũ

ff
k − qΓėk, (5.21)

Using the plant dynamics
∑

NL

: (3.67) and reference dynamics (3.72), we get

ėk =
∂h

∂x
(xr)ẋr −

∂h

∂x
(xk)ẋk

=

(
∂h

∂x
(xr)−

∂h

∂x
(xk)

)
ẋr +

∂h

∂x
(xk)δẋk

=

(
∂h

∂x
(xr)−

∂h

∂x
(xk)

)
ẋr +

∂h

∂x
(xk)δf(xk)

+
∂h

∂x
(xk)δG(xk)ur +

∂h

∂x
(xk)G(xk)δuk (5.22)

Substituting (5.22) and back into (5.21), by using (5.14) provides,

δu
ff
k+1 = P(xk)δũ

ff
k + ζk, (5.23)

where P(xk) = Im − qΓ
∂h

∂x
(xk)G(xk), and

ζk =− qΓ

(
∂h

∂x
(xr)−

∂h

∂x
(xk)

)
ẋr − qΓ

∂h

∂x
(xk)δf(xk)− qΓ

∂h

∂x
(xk)δG(xk)ur

+ qΓ
∂h

∂x
(xk)G(xk)

(
δũ

ff
k − δuk

)
(5.24)

As the convergence condition (5.10) is satisfied, it is possible to find Γ > 0 and

q > 0 such that |P(xk)| < ρ < 1.
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From (5.23), we can show that

δu
ff
k+1

⊺
δu

ff
k+1 − δũ

ff
k

⊺
δũ

ff
k =

(
P(xk)δũ

ff
k

)⊺(
P(xk)δũ

ff
k

)
+ ζk

⊺ζk

+ ζ⊺kP(xk)δũ
ff
k +

(
P(xk)δũ

ff
k

)⊺
ζk − δũ

ff
k

⊺
δũ

ff
k

= −δũff
k

⊺
(Im − |P(xk)|2)δũff

k + |ζk|2 + 2ζ⊺kP(xk)δũ
ff
k

≤ −λp
∣∣∣δũff

k

∣∣∣
2

+ |ζk|2 + 2 |ζk|
∣∣∣P(xk)δũ

ff
k

∣∣∣ , (5.25)

where λp = λmax

(
Im − |P(xk)|2

)
. There exists a q and Γ s.t λp > 0. The second

term in (5.25) can be written as:

|ζk| ≤
∣∣∣∣−qΓ

(
∂h

∂x
(xr)−

∂h

∂x
(xk)

)∣∣∣∣ |ẋr|+
∣∣∣∣−qΓ

∂h

∂x
(xk)

∣∣∣∣ (|δf(xk)|+ |δG(xk)| |ur|)

+

∣∣∣∣qΓ
∂h

∂x
(xk)

∣∣∣∣ |G(xk)|
∣∣∣
(
δũ

ff
k − δuk

)∣∣∣

≤Λz |δxk| (5.26)

where Λz = q |Γ|Chx
Λẋr

+ Λ̄hx
(Cf + CgΛur

+ 2Λg |K|). Substituting (5.26) back

into (5.25) and using (5.18) yields,

∣∣∣δuff
k+1

∣∣∣
2

−
∣∣∣δũff

k

∣∣∣
2

≤ −λp
∣∣∣δũff

k

∣∣∣
2

+ Λ2
z |δxk|2 + 2Λzρ |δxk|

∣∣∣δũff
k

∣∣∣

≤ −
(
λp −

1

α
Λzρ

) ∣∣∣δũff
k

∣∣∣
2

+
(
Λ2

z + αΛzρ
)
|δxk|2 (5.27)

In the second term of equation (5.16) applying Lemma 3.24 followed by substitut-

ing (5.27) yields

∫ t

0

e−λτ

(∣∣∣δuff
k+1

∣∣∣
2

−
∣∣∣δuff

k

∣∣∣
2
)
dτ ≤

∫ t

0

e−λτ

(∣∣∣δuff
k+1

∣∣∣
2

−
∣∣∣δũff

k

∣∣∣
2
)
dτ

≤ −
(
λp −

1

α
Λzρ

)∫ t

0

e−λτ
∣∣∣δũff

k

∣∣∣
2

dτ

+
(
Λ2

z + αΛzρ
) ∫ t

0

e−λτ |δxk|2 dτ . (5.28)

The following inequality can be obtained upon substituting (5.20) and (5.28) into

(5.16), and considering the positiveness of 1
2
e−λt |δxk−1|2,

∆Ek+1 ≤−Nλ

∫ t

0

e−λτ |δxk|2 dτ −Nα

∫ t

0

e−λτ
∣∣∣δũff

k

∣∣∣
2

dτ , (5.29)

where Nλ = λ
2
− Λa − Λz (Λz + αρ); Nα = λp − 1

2α
(2Λzρ+ Λg). There exists
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5. Nonlinear Systems with Input Constraints

α > 0 and λ > 2Λa + Λz (Λz + αρ) such that Nα > 0 and Nλ > 0, which leads to

∆Ek+1(t) ≤ 0. Therefore, we can conclude Ek+1 ≤ ∆1 as well.

By using induction, for all k = 1, 2, . . ., we can conclude the boundedness of the

trajectories over the finite time [0, Tf ].

Moreover Ek+1 is non-increasing along the iteration axis and satisfies (5.29). Hence

lim
k→∞

∫ Tf

0

e−λτ

[
Nλ |δxk|2 +Nα

∣∣∣δũff
k

∣∣∣
2
]
dτ = 0,

lim
k→∞

‖δxk‖L2
e
= 0 and lim

k→∞

∥∥∥δũff
k

∥∥∥
L2
e

= 0. (5.30)

Thus point-wise convergence is obtained. Convergence in the sense of L2
e norm

is equivalent to that of L2 norm. Using the Assumption 3.58 with the LLC con-

dition of f(·), G(·) and the boundedness of xi, and ui, from equation (5.14), the

boundedness of δẋi can be assured. Therefore δxi is uniformly continuous. Hence

uniform convergence of δxi is ensured when i→ ∞. This completes the proof.

5.4 Illustrative Examples

Two simulations are performed in this section. Firstly, the performance of pro-

posed controller for a simple scalar case is presented, which the system is neither

BIBS nor GLC. In the second example, a practical nonlinear system is consid-

ered to evaluate the performance of the proposed controller. For that, a robotic

manipulator system is considered in simulation.

Example 1

A simple scalar nonlinear system is used to illustrate the idea of this chapter.

Consider the system :

ẋ =− 3x+ (1 + 2x2)(u+ 3),

y =x, (5.31)

does not satisfy BIBS condition.

When x(0) = 2 and u(t) = −2, the solution of the system is given by x(t) =
3− et

3− 2et
which is unbounded. Therefore the system is not BIBS. In addition, finite escape
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Fig 5.1: Convergence of the supremum norm of the error

Fig 5.2: Variation of total control input before saturation

may happen as well. In particular, when there is no feedback and the feed-forward

ILC is selected as (4.7), the trajectories of the system might be unbounded with

a finite time interval.

The feedback controller is taken as ufb(t) = 0.2(xr(t) − x(t)). The simulation is

performed with xr(t) = 2 cos (2t) + 3 sin(t) for t = [0, 1.5] with the ILC update

rate q = 0.1 and u∗ = 3. With these chosen parameters, the convergence condition

(5.10) is satisfied for this example. The convergence of supremum norm of error

in the iteration domain is shown in Fig.5.1. The control input vi from (5.11) at

the first few iterations and the last iteration are shown in Fig.5.2. Clearly, though
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Fig 5.3: One of the control input at the first few iterations and the last iteration
in Example 2)

input saturation happens, the tracking error still converges. This demonstrates

the effectiveness of the proposed method.

Example 2

Consider a serial two link robotic model given by:

M(θ)θ̈ + c(θ, θ̇) + g(θ) = u (5.32)

where θ, θ̇ and θ̈ ∈ R2 are the vector of joint angles, velocities and accelerations

respectively. u ∈ R2 is the vector of joint torque. M(θ) is the inertial matrix,

B(θ, θ̇) represents the total Coriolis, centripetal and dynamic friction force vector

and G(θ) is the gravity force vector of appropriate sizes. For θ = [θ1 θ2]
⊺, M , c

and g are given by

M(θ) =

[
K1 K2 sin(θ1 − θ2)

K2 sin(θ1 − θ2) K3

]
; (5.33)

c(θ, θ̇) =

[
−K2θ̇

2
2 cos(θ1 − θ2) +K4θ̇1

K2θ̇
2
1 cos(θ1 − θ2) +K5θ̇2

]
; (5.34)
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Fig 5.4: Supremum norm of the state and output tracking error in Ex: 2

g(θ) =

[
K6 sin(θ1)

K7 cos(θ2)

]
. (5.35)

where the model parameters are K1 = 0.44, K2 = 0.34, K3 = 0.38, K4 = 1.64,

K5 = 3.75, K6 = −6.36, K7 = −3.66.

The system dynamics can be represented in the state space form where x⊺ =[
x
⊺
1, x

⊺
2

]
with x1 = θ and x2 = θ̇. Let the output be y = θ̇.

Therefore, the nonlinear mappings are

f(x) =

[
x2

−M(x1)
−1 (c(x1,x2) + g(x1))

]
,

g(x) =

[
02×2

M(x1)
−1

]

h(x) =
[
02×2 I2×2

]
x

It is well-known that this system satisfies Assumption 5.2.
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Let u∗ = [9, 9]. In simulation, the following reference trajectory is chosen:

xr1(t) =0.4 cos

(
2π

t

Tf

)
,

xr2(t) =− 0.4 sin2

(
π
t

Tf

)
+ 0.4 cos

(
2π

t

Tf

)
,

xr3(t) =ẋr1 ,

xr4(t) =ẋr2 , ∀t ∈ [0, Tf ], (5.36)

satisfies Assumption 3.58.

The control scheme is applied as per the schematics given in Fig. 4.2. For a finite

time interval Tf = 3 with q = 0.75, and Γ =

[
0.591 −0.133

−0.133 0.514

]
, ILC satisfies the

convergence condition (5.10) which is independent of the state feedback with the

feedback gain K =

[
5.68 3.30 0.14 −0.28

0.07 1.64 −0.28 −2.22

]
.

The convergence of the supremum norm of the state and output tracking errors

are shown in Fig. 5.4. The simulation is performed for 150 iterations. The output

tracking error is reduced to the order of 10−2 after 75 iterations. Clearly one of

the control inputs vi from (4.6) is saturated at the first few iterations as shown in

Fig. 5.3.

5.5 Conclusion

For contraction mapping based design of feedback-based iterative learning control

(ILC) schemes, global Lipschitz continuity is generally required. Although ILC

design is based on contraction mapping method, by introducing the feedback,

the proposed feedback-based ILC algorithm is applicable to nonlinear dynamic

system that satisfy neither global Lipschitz continuity condition nor bounded-

input-bounded-state condition. Moreover, input saturation is also considered to

address the constraints from actuators.
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CHAPTER 6

Robotic Manipulators with Input

Constraints

Overview

It is well-known that a robotic manipulator with the position output has a relative degree

2. A standard feed-forward ILC requires the second derivative of the tracking error to

achieve a perfect tracking performance. This chapter presents a feedback-based PD-type

ILC with the consideration of the actuator saturation, in which only the first derivative

of the tracking error is needed. With the help of a composite energy function, under

mild assumptions,it is shown in this chapter that the proposed feedback-based PD-type

ILC can ensure perfect tracking performance in the presence of actuator saturation. The

simulation and experimental results show the effectiveness of the proposed method.

6.1 Introduction

Many ILC algorithms have been successfully applied to robotic manipulators [3,

54,66,187]. As the relative degree of robotic manipulators with position output is

2, a DD-type ILC which uses the second derivative of tracking error can ensure a

perfect tracking performance if the convergence condition is satisfied [23]. The PD-

feedback is always used in combination with the feed-forward ILC to enhance the

robustness, or ensure the satisfaction of output constraints or improve the transient

response in iteration domain. When implementing such a DD-type ILC, if the

position signals have measurement noises, computing the second derivative of the

tracking error without magnifying the high-frequency noises is very challenging.
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Appropriate filters are needed to filter out high frequency noises without sacrificing

the tracking performance. If the filters are not designed appropriately, the tracking

error might diverge in the iteration domain.

In order to simplify the implementation of ILC algorithms, instead of using DD-

type ILC, a PD-type ILC is used in this paper. That is, the first derivative of

the tracking error as well as the tracking error are used in the ILC updating laws.

This idea was motivated from the works of [56,99]. The work presented in [56] was

focused on the linearized model of robot manipulators, later extended to nonlinear

dynamics in [99]. In [99] and [56], the output is the joint velocity instead of the

position, a PI-type ILC in terms of velocity output (or PD-type ILC in terms of

position output) in combination with a feedback controller was proposed with the

convergence analysis. By tuning the feedback gain matrices sufficiently large, it

is possible to show the uniform boundedness of trajectories in both finite time-

domain and iteration domain.

In robotic manipulators, the motors have limited actuation capabilities. This work

extend the results of [99] with the consideration of actuator saturation. The ex-

istence of the actuator saturation makes it difficult to have a high gain feed-back

controller. Such actuator limitations will have great impact in the implementa-

tion of feedback-based PD-type ILC algorithm, leading to a possible divergent

performance.

The boundedness of the trajectories can be ensured even in the presence of actuator

constraints. But due to the existence of both feedback control and feed-forward

ILC, the input saturation will affect both feed-back loop in time-domain and feed-

forward loop in iteration-domain. Such an impact is coupled, hence a careful

design and analysis is performed in this paper to ensure the convergence of ILC in

the presence of input saturation. This paper proposes a feedback-based PD-type

ILC algorithm that is able to handle input constraints from actuators.

To the best of authors’ knowledge, actuator saturation has not been addressed for a

feedback-based PD-type ILC algorithm for robotic manipulators in ILC literature,

though many feed-forward ILC schemes can handle input saturation [62].

Problem Statement

The control objective is to design a sequence of control input signal for system
∑

ROB : (3.73) to achieve a perfect tracking performance in the presence of actuator
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6. Robotic Manipulators with Input Constraints

saturation. More precisely, the objective is to find a sequence of control input

{ui}i∈N≥0
such that the tracking error converges point-wisely, i.e. lim

i→∞
|ei(t)| = 0.

The rest of the chapter is organized as follows. The main result in Section 6.3.

Section 6.4 demonstrates an illustrative example in simulation and validates the

proposed control structure in experiments. Section 6.5 concludes the paper.

6.2 ILC for Robotic Manipulators

A brief review on extending the results from Chapter 5 to robotic manipulator sys-

tem is given here. If the output of the robotic manipulator is the joint position, the

second derivative of the tracking error can be used based on contraction mapping

based design. Following the design modification and analysis of the standard ILC

law for nonlinear systems (from Chapter 5), the following ILC law based on the

second derivative of tracking error can be used with robotic manipulator system∑

ROB

: (3.73),

ui(t) = sat(vi(t), u
∗)

vi(t) = sat(uff
i (t), u∗) + u

fb
i (t)

u
ff
i+1(t) = sat(uff

i (t), u∗) + qΓ(t)ëi(t), u
ff
1 (t) = 0,

u
fb
i (t) = K (xr(t)− xi(t)) , ∀t ∈ [0, Tf ], i ∈ N . (6.1)

where x⊺ = [x⊺
1, x

⊺
2]

⊺, x1 and x2 are from equations (3.74).

Similar to the previous analysis, it straight forward to show that the following

proposition holds.

Proposition 6.1. For the system
∑

ROB

: (3.73) with control laws (6.1) under the

Assumptions: 3.69 and 3.71, the feed-forward control input uff
i converges to the

reference input ur in L2 norm and the state and output tracking error uniformly

converges to zero, as the iteration goes to infinity, if the following convergence

condition is satisfied: ∣∣Im − qΓ(t)M−1(x1)
∣∣ < 1. (6.2)

Remark 6.2. It is straight forward to prove the convergence of Proposition (6.1)

as similar to the Theorem 5.7. The only difference is that the robotic manipulator
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system has a relative degree two and hence as second derivative of the tracking

error is used in the feed-forward update law in(6.1) ◦
Remark 6.3. Even though, the ILC in proposed controller (6.1) works theoreti-

cally in the presence of input saturation, there are a few practical limitations. It

is hard to obtain a reliable second derivative of tracking error numerically. This

may require appropriate filter design to assist the numerical calculation. ◦
Remark 6.4. Using the passivity and disspivity of the system

∑

ROB

: (3.73), an

ILC law using the first derivative of the tracking error is proposed in [99]. Hence

an appropriate modification to that control law will be explored in this chapter for

handling input saturation. ◦

6.3 Proposed Control and Convergence Analysis

The proposed structure is shown in Fig.6.1. It consists of a standard PD-type

Plant

ILC

Output 

Feedback

Memory

Closed loop system

Hard input 

constraint

Soft input 

constraint

Fig 6.1: Block diagram of proposed control architecture

feedback control ufb with a modified PD-type feed-forward ILC uff . The control

input applied to the plant takes the following form

ui(t) = sat(vi(t), u
∗)

vi(t) =ũ
ff
i (t) + u

fb
i (t), ∀t ∈ [0, Tf ], i = 1, 2, · · · , . (6.3)

where ũ
ff
i (t) , sat(uff

i (t), u∗), the feed-forward control input uff
i (t) is given by

u
ff
i+1(t) =ũ

ff
i (t) + Γpei(t) + Γdėi(t), u

ff
1 (t) = 0, (6.4)
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6. Robotic Manipulators with Input Constraints

and the feedback control ufb
i (t) is a standard PD-type control given by

u
fb
i (t) = Kpei(t) +Kdėi(t). (6.5)

where Γp, Γd ∈ Rn are the symmetric positive definite gain matrices for the

learning control and Kp, Kd ∈ Rn are symmetric positive definite gain matrices

for the feedback control.

Remark 6.5. The PD-type ILC law (6.4) is different from the one in [99] as the

input saturation is considered. A saturated feed-forward ILC control input of the

previous iteration, ũff
i (t) is used in the update law, instead of uff

i (t). Furthermore,

a soft input saturation is applied in the control structure to further ensure that

the input constraint will be satisfied. With the hard input constraints (see Fig.

6.1), three saturation functions working together to ensure the boundedness and

the convergence of the tracking error without violating input constraints [188]. ◦

Remark 6.6. Without any loss of generality, a PD-type feedback is employed as

it is widely used in the stabilization of robot manipulators. The role of such a

feedback to ensure uniform boundedness of trajectories in the presence of actua-

tor saturation. When the trajectories are uniformly bounded, the local Lipschitz

continuity can be treated as the global Lipschitz continuity . ◦

Next, the main result of this chapter is presented in Theorem 6.7.

Theorem 6.7. Assume that the system
∑

ROB

: (3.73) satisfies Assumptions 3.69

and 3.71. With the control laws (6.3), (6.4) and (6.5), the closed loop system can

ensure that

1. the input signal uff
i converges to the desired control input ur in L2 norm

sense.

2. the tracking error converges to zero uniformly.

if Γ⊺
dM(x1,i) is symmetric and positive definite for all x1,i ∈ B∆.

Proof : For the convenience of the proof, the following variables are defined. A

fictitious reference signal is introduced, which is defined as

ur ,M(x1)M
−1(x1,r)ur. (6.6)
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Because of Property 3.63, ur is continuous and bounded. When the output trajec-

tory y approaches the reference trajectory yr, then the fictitious reference input,

ur approaches the actual reference input ur.

A new fictitious velocity error is defined as:

ξ , ė+ Γ−1
d Γpe (6.7)

Due to Assumption 3.71, if ξ → 0, then e → 0. The feedback control (6.5) can be

represented in terms of fictitious velocity error as

ufb = Kdξ + K̂pe (6.8)

where K̂p , Kp −KdΓ
−1
d Γp. Finally for the simplification of notations, let M ,

M(x1), C , C(x1,x2), δh , h(x1,r,x2,r)−h(x1,x2), δu , ur−u, δuff , ur−uff

and δũff , ur − ũff .

Differentiating (6.7) with respect to time followed by multiplying with inertia

matrix M yields:

M ξ̇ =M ë+MΓ−1
d Γpė

=Mδh+ δu+MΓ−1
d Γpė

=δu− Cξ + ζ

=δũff − ufb − (sat(v,u∗)− v)− Cξ + ζ (6.9)

where ζ ,Mδh+ Cξ +MΓ−1
d Γpė.

Consider the energy function Ji(t):

Ji(t) =

∫ t

0

e−λτδu
ff
i

⊺
(τ)δuff

i (τ)dτ, (6.10)

where λ is any positive constant. This energy function is a time-weighted L2 norm

of δuff
i which is equivalent to the one used in [99] which captures the learning in

the iteration domain.

The proof is divided into mainly two parts. The first part shows that the proposed

energy function is non-increasing in the iteration domain, followed by the second

part where the convergence of output tracking error is established.

A non-increasing property of the energy function (6.10) in the iteration domain is

established. This means that if Ji is bounded, Ji+1 is also bounded.
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6. Robotic Manipulators with Input Constraints

Non-increasing Energy Function

The ILC law (6.4) can be written in terms ξ as follows:

δu
ff
i+1 =δũ

ff
i − Γdξi. (6.11)

Applying Lemma 3.24 on the difference of energy function ∆Ji+1 = Ji+1 − Ji,

following by substituting (6.11) yields:

∆Ji+1 =

∫ t

0

e−λτ

(∣∣∣δuff
i+1

∣∣∣
2

−
∣∣∣δuff

i

∣∣∣
2
)
dτ

≤
∫ t

0

e−λτ

(∣∣∣δuff
i+1

∣∣∣
2

−
∣∣∣δũff

i

∣∣∣
2
)
dτ

≤− 2

∫ t

0

e−λτ (Γdξi)
⊺δũ

ff
i dτ +

∫ t

0

e−λτ |Γdξi|2 dτ . (6.12)

Substituting δũff
i from (6.9) into (6.12) yields

∆Ji+1 ≤− 2

∫ t

0

e−λτ (Γdξi)
⊺Miξ̇idτ − 2

∫ t

0

e−λτ (Γdξi)
⊺u

fb
i dτ

− 2

∫ t

0

e−λτ (Γdξi)
⊺ (sat(vi,u

∗)− vi) dτ − 2

∫ t

0

e−λτ (Γdξi)
⊺Ciξidτ

+

∫ t

0

e−λτ (Γdξi)
⊺ (2ζi + Γdξi) dτ . (6.13)

It is noted that the first term in (6.13) can be written as

−2e−λt(Γdξi)
⊺M ξ̇i = − d

dt

(
e−λt(Γdξi)

⊺Miξi
)
+ e−λt(Γdξi)

⊺Ṁiξi − λe−λt(Γdξi)
⊺Miξi.

(6.14)

Due to Lemma 3.25, |sat(vi,u
∗)− vi| ≤

∣∣∣ufb
i

∣∣∣. Using Property 3.64, identical

initial condition (Assumption (3.71)) and the equation (6.14), the difference in

energy function, (6.13) can be re-written as

∆Ji+1 ≤− e−λt(Γdξi)
⊺Miξi − λ

∫ t

0

e−λτ (Γdξi)
⊺Miξidτ

+

∫ t

0

e−λτ (Γdξi)
⊺ (2ζi + Γdξi) dτ + 4

∫ t

0

e−λτ |Γdξi|
∣∣∣ufb

i

∣∣∣ dτ . (6.15)

It is possible to show that there exists two positive constants c1 and c2 such that

the following inequality holds:

|ζ| ≤ c1 |ξ|+ c2 |ξ|2 . (6.16)
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For a given compact set B∆, there exists a positive constant c3 = c3(∆) such that∣∣∣ufb
i

∣∣∣ ≤ c3 |ξi|. Because of Property 3.63, Mi is symmetric and positive definite. If

Γd is chose in such a way that Γ⊺
dMi is symmetric and positive definite, then there

exists a γ > 0 such that 0 < γIn < Γ⊺
dM(x1,i) for all xi ∈ B∆:

∆Ji+1 ≤− γe−λτ |ξi|2 dτ − λγ

∫ t

0

e−λτ |ξi|2 dτ +
∫ t

0

e−λτR(|ξi|)dτ (6.17)

where R(|ξi|) = r0 |ξi|2 + r1 |ξi|3 is a polynomial function in |ξ|, r0 = |Γd| (2c1 +
|Γd| + 4 |Γd| c3), r1 = 2 |Γd| c2. For any compact set B∆, there exists a constant

c4 = c4(∆) such that

R(|ξi|) ≤ c4 |ξi|2

For any c5 > 0, by selecting λ > c4 + c5, it follows that

∆Ji+1 ≤ −γe−λt |ξi|2 dτ − c5γ

∫ t

0

e−λτ |ξi|2 dτ ≤ 0 (6.18)

Convergence Property

Barbalet lemma can be applied to ensure the uniform convergence property. As J1

is bounded, Ji(t) is non-increasing in the iteration axis, the convergence of input

signal in terms of L2 norm can be obtained. This suggests that the tracking error

converges point-wisely. In addition, the uniform boundedness of (6.9) ensures

the uniform continuity of ξi in the interval [0, Tf ]. This leads to the uniform

convergence of the tracking error.

This completes the proof.

Remark 6.8. It is possible to ensure the convergence of the tracking error for a

given Γd satisfying the condition: 0 < γIn ≤ Γ⊺
dM(xi) for some positive scalar

γ for all x1,i. In the proof of the theorem, a fictitious error, ξ , ė + Γ−1
d Γpe is

introduced to simplify the analysis. Then the convergence of ξ is achieved. The

convergence of tracking error can still be guaranteed even if Γp = 0. This means

the the ILC law includes only the derivative of previous iteration tracking error. ◦
◦
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6. Robotic Manipulators with Input Constraints

6.4 Simulation and Experimental Results

The effectiveness of the proposed controller is demonstrated using a simulation and

an implementation in a robotic manipulator, EMU [189] which has three degrees

of freedom as shown in Fig. 6.2. For the ease of presentation, only the last two

degrees of freedom, θ2 and θ3, are used for illustration.

Let the desired initial position for joints , θj,r(0) be q0 and the final configuration

in finite time Tf , θj,r(Tf ) be qf for j = 2, 3. Define v ,
2

Tf
(qf − q0), τ , Tf

8
. The

desired reference trajectory θr(t) for all t ∈ [0, Tf ], for each joint with the specified

initial and final point is given by

θr(t) =





q0, 0 ≤ t ≤ Tf

8

φ1(t),
Tf

8
< t ≤ 3Tf

8

φ2(t),
3Tf

8
< t ≤ 5Tf

8

φ3(t),
5Tf

8
< t ≤ 7Tf

8

qf ,
7Tf

8
< t ≤ Tf

, (6.19)

where φ1(t) = q0+
v

(2τ)2
(t− τ)3− v

2(2τ)3
(t− τ)4, φ2(t) = q0+v(t−2τ), φ3(t) =

q0 + v(t− 2τ)− v

(2τ)2
(t− 5τ)3 +

v

2(2τ)3
(t− 5τ)4.

For simulation and experiments, the desired initial position and final position are

taken as

[
θ2(0)

θ3(0)

]
=

[
0.7

1

]
and

[
θ2(Tf )

θ3(Tf )

]
=

[
1

0.7

]
respectively. The reference

position trajectory yr = x1,r and and the corresponding reference velocity profiles

(ẏr = x2,r) generated using (6.19) for each joint angles for a finite time interval

Tf = 2 seconds is shown in Fig. 6.3.

The output reference trajectories which are used for the simulation and experiment

are shown in Fig. 6.3. The following parameters are selected for the control law

(6.3), Kp = 3In,Kd = 0.1In, Γp = 0.4In and Γd = 0.6In in simulation as well

as in experimental validation. Without any loss of generality, a nominal gravity

compensation is applied in control input to ensure the satisfaction of Assumption

3.71 in experiments. Similar condition is also imposed in simulations. A saturation

limit, u∗ = [1.5, 1.5] is chosen. The data is recorded with a sampling time of 0.001s

in simulation and in experiments.
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Fig 6.2: Robotic manipulator with three actuated degrees of freedom

Fig 6.3: The output references, θ = xr,1 and θ̇ = xr,2 used in experiments and
simulations.

Simulation Results

The nominal model of the robot EMU is obtained by system identification. This

is explained in Appendix B.
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6. Robotic Manipulators with Input Constraints

The simulations are performed for three cases. For Case-1, the DD-type ILC is

used for tracking without any feedback control. For Case 2, a PD type feedback

is used along with Case-1 to indicate the difference in the transient performance

in learning. Lastly, for Case-3, the tracking performance using the proposed ILC

scheme in the presence of input saturation is presented. For Case-1 and Case-2, the

update gain:

[
0.394 −0.124

−0.124 0.342

]
is used which satisfies the required convergence

condition as given in [99]. The simulation is performed for 40 iterations. The

variation of supremum norm of the tracking error is shown in Fig. 6.4.

As expected, the existence of the feedback has improved the transient performance

in Case-2 and Case-3 when compared with Case-1. The proposed algorithm have

a better transient performance than Case-1 and Case-2, though the improvement

is not significant. It will show next that implementing Case-2 faces much difficulty

in experiments due to unreliable second derivative information in the update law.

Fig 6.4: Simulation results: Case-1 and Case-2 use double derivative of tracking
error, Case-3 use PD type ILC with saturation constraints.

Experimental Results

The experiment is performed using the ILC which needs the double derivative of

output tracking error (Case-2) as well as the proposed ILC scheme (Case-3) in the

presence hard input constraints (Case-3).
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Fig 6.5: Experimental Results: The variation of supremum norm of tracking
error.

Fig 6.6: Experimental Results: The output trajectories for i = 1, 5, 22 for Case
-3 (Proposed ILC scheme).

The derivative of the tracking error is calculated using the backward difference

method. A Butterworth filter of order 4, with cut-off frequency of 60Hz is used to

eliminate the noises in ė and uff for a PD type ILC. For DD-type ILC, a second

Butterworth filter of order 4 with a lower cut-off frequency of 10Hz is used to
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6. Robotic Manipulators with Input Constraints

numerically differentiate the derivative of the tracking error.

The experiments have been carefully designed to satisfy the identical initial con-

dition as Assumptions 3.71 is critical in achieving the convergence. In order to

achieve Assumption 3.71, a PID controller is used to initialize the tracking in the

same position with an error norm less than 0.005 radians. The experiment is per-

formed for 8 iterations for DD-ILC and 22 iterations for proposed ILC scheme.

The variation of supremum norm of tracking error for both cases are shown in

Fig. 6.5. The supremum norm of the error converges when the iteration pro-

gresses with PD type ILC whereas due to unreliable values of second derivative

signal, the convergence is affected for a DD-ILC. Hence the trials are stopped after

8 iterations. The output trajectories for Case 3 at iterations i = 1, 5, 22 along with

the reference trajectory is shown in Fig. 6.6. It can be seen that the trajectories

are converged to reference trajectory with a maximum error of nearly 0.02 radians

for PD type ILC. It is found that the implementation using PD type ILC is more

robust to measurement noises in experiments.

6.5 Conclusion

This chapter presented a feedback-based PD-type ILC algorithm for robotic ma-

nipulators with position output (or the system with the relative degree two) in the

presence of hard input constraints. By using composite energy function, the main

result shows that the tracking error converges uniformly and the control input is

always bounded in L2 norm. Simulations and experimental results illustrate the

effectiveness of the proposed method.
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OUTPUT CONSTRAINTS
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CHAPTER 7

Linear Systems with Output Constraints

Overview

This chapter handles the output-tracking problem in ILC for continuous-time linear-

time-varying (LTV) systems in the presence of input and output constraints. In order

to simplify the design of ILC, a standard D-type ILC algorithm is used, which can

ensure the perfect tracking performance without any output constraint for the dynamic

system with a relative degree one. A output feedback control law is incorporated with

the feed-forward ILC. This output feedback is designed using a barrier function, which

has a very general form and can prevent violating the output constraints. By using a

suitable composite energy function, it is shown that the proposed control structure is

able to handle output constraints under appropriate assumptions. Simulation results

are presented to demonstrate the effectiveness of the proposed control structure.

7.1 Introduction

The technique to handle output constraints is to use barrier function (or barrier

certificate), which has been widely used in designing feedback control law for con-

strained systems, see, for example [17, 18, 167] and references therein. Generally

speaking, when the output constraints are violated, the barrier function will ap-

proach to infinity. Thus, if the control input takes the derivative of the barrier

function, when the output is close to the output constraints, the control input will

drive the output away from the constraint.

It is noted that when introducing the barrier function and its corresponding con-

trol law using its derivative, this control law is in the form of output feedback.
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Intuitively, by incorporating this output feedback with the feed-forward ILC, it is

possible to handle the output constraints. The feedforward ILC from the previous

chapters which has a soft input-saturation in the update law is used for learn-

ing. However, these two control laws might conflict each other in the transient of

iteration domain. Hence, a careful analysis is thus needed.

The contents of this chapter is presented at Australian and New Zealand Con-

trol Conference (ANZCC), 2018 [190]. Under some appropriate assumptions, we

showed in [190] that both input and output constraints can be achieved in a lin-

ear time varying systems. For ease and consistency in presentation, this chapter

handles only output constraint problem without a hard input saturation. A soft-

input saturation is considered with the feed-forward law, which will ensure the

boundedness of feed-forward control input.

Problem Statement

In this chapter we consider a LTV MIMO square system
∑

LTV

given in (3.65). The

extension to a general class of nonlinear system is discussed in Chapter 8.

The control objective is to design a sequence of control input {ui(t)}i∈N for the

system
∑

LTV

: (3.65) such that the output follows a reference value yr ∈ C1[0, T ].

Moreover, this system is subjected to output constraints, which is known a priori.

The output constraint is defined by |y(t)| ≤ kb, for all t ∈ [0, Tf ] where kb > 0 is

the output limit.

7.2 Controller Design

The proposed control structure consists of an output feedback loop and a feed-

forward loop using an ILC. The role of the output feedback controller is to ensure

that the output constraints are satisfied whereas the role of ILC is to learn the

desired control input. These would lead to the following control laws:

ui(t) =ũ
ff
i (t) + u

fb
i (t), ∀t ∈ [0, Tf ], (7.1)
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7. Linear Systems with Output Constraints

Remark 7.1. As the system
∑

LTV

: (3.65) is LTV, with the bounded control input

coming from soft input constraints, the state trajectories are uniformly bounded

for any given fixed time interval t ∈ [0, Tf ]. That is, there exists a compact set

D ⊂ Rn such that xi(t) ∈ D, for any i ∈ N and any t ∈ [0, Tf ]. It is noted that

the control objective is to ensure the perfect output tracking with the bounded state

trajectories. Hence, the output feedback is sufficient to ensure a perfect tracking.

For a general class of nonlinear dynamic systems, the output feedback might not

be sufficient to ensure the uniform boundedness of the state trajectories. This

is addressed in Chapter 8. Under such a situation, the state feedback is needed,

provided that the state of the system is measurable. ◦

As the system has the relative degree one, for simplicity, the following D-type

feed-forward ILC which are previously used is recalled:

u
ff
i+1(t) =ũ

ff
i (t) + Γ(t)ėi(t), u

ff
1 (t) = 0, (7.2)

where Γ(t) ∈ Rm×m > 0 is the learning gain. If Γ(t) is designed to satisfy some

convergence condition, the perfect tracking performance can be achieved when

there is no output constraints [23, 46].

Next will provide the design of output feedback control law that can ensure the

satisfaction of output constraints.

Design of output feedback in presence of output constraints

The error dynamics can be obtained from (3.65) and (3.66) as

δẋ(t) =A(t)δx(t) + B(t)δu(t)

e(t) =C(t)δx(t) (7.3)

The output feedback is designed on the basis of some barrier function. When out-

put constraints are violated, the barrier function will approach to infinity. There

are many functions that can be served as the barrier function [17, 25]. Here, to

characterize such a class of barrier functions, the following assumption is used.

For ease of representation, consider the non-dimensional positive parameter

ē ,
e⊺e

ε2b
(7.4)
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in the reminder of the thesis.

Assumption 7.2. For a given εb, there exists a continuous differentiable barrier-

Lyapunov-function (BLF), V b : [0, 1] → R≥0 such that the following properties

hold:

α1 (ē) ≤ V b (ē) ≤ α2 (ē) ,

V b(0) = 0; V b (1) = ∞, (7.5)

where α1(·) and α2(·) are class-K functions. �

Remark 7.3. If this BLF is always bounded for any t ∈ [0, Tf ], for any iteration,

this indicates that output constraints are satisfied. The proposed output feedback

control law ensures that if the initial condition is within the domain of the at-

traction, this barrier-Lyapunov function will be always bounded for any t ≥ 0.

◦

Remark 7.4. Many barrier functions in literature satisfy this assumption. For

example, log-type barrier function from [191] and tan-type barrier function from

[25]. ◦

With the existence of such a BLF function, an output feedback controller is pro-

posed to drive the output of the system from violating the output constraints

ufb =

[
∂V b

∂e

(
e⊺e

ε2b

)]⊺
(7.6)

For a given output constraint εb and any choice of barrier Lyapunov function which

satisfies the Assumption 7.2, the proposed feedback control can be written as

ufb =

[
∂V b

∂e

]⊺
=
∂V b

∂ē

[
∂ē

∂e

]⊺
=

2

ε2b

∂V b

∂ē
e. (7.7)

Hence the proposed feedback control is a nonlinear feedback law which depends

upon the constraint value.

Remark 7.5. As the perfect tracking performance can be achieved by using a

suitable ILC algorithm, the role of proposed output feedback law is to ensure that

output constraints are satisfied with possibly bad tracking performance in time do-

main. When a better tracking performance is needed in the transient response in

iteration domain, an extra output regulation control law, Ψ(e), can be incorpo-

rated into the feedback loop. For example, the feedback loop can take the form of
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7. Linear Systems with Output Constraints

ufb = Ψ(e)+

[
∂V b

∂e

(
e⊺e

ε2b

)]⊺
to improve the tracking performance in time domain.

◦

Proposition 7.6 shows that the output constraints are satisfied when the proposed

feedback (7.6) is used.

Proposition 7.6. Assume that Assumption 7.2 holds. For the system (7.3) with

zero initial state and control input coming from (7.2) and (7.6), the output will

satisfy |e(t)| ≤ εb, for all t ∈ [0, Tf ] when uff = 0.

Proof : The proof of Proposition 7.6 is as follows.

Taking the time derivative of BLF V b along the trajectories of (7.3) yields,

V̇ b =

[
∂V b

∂e
(ē)

]
ė

=

[
∂V b

∂e
(ē)

] [(
Ċ + CA

)
δx+ CBur − CBufb

]

=

[
∂V b

∂e
(ē)

]((
Ċ + CA

)
δx+ CBur − CB

[
∂V b

∂e
(ē)

]⊺)
. (7.8)

Based on the Assumption 3.52 and (7.7) (7.8) can be re-written as

V̇ b ≤ Cu

∂V b
j

∂ēj
|e| |δx|+ Cr

∂V b
j

∂ēj
|e| − 4

ε4b

[
∂V b

j

∂ēj

]2
e
⊺
jCBej, (7.9)

where Cr =
2

ε2b
max

t∈[0, Tf ]

∣∣∣
(
Ċ + CA

)∣∣∣, Cu =
2

ε2b
max

t∈[0, Tf ]
|CBur|. Notice that, due to

Assumption (3.52), CB > 0. Using Young’s inequality relation, there exists a

positive constant ϕ1 such that:

∂V b

∂ē
|e| |δx| ≤ ϕ1

2

[
∂V b

∂ē

]2
|e|2 + 1

2ϕ1

|δx|2 . (7.10)

Using (7.10), the equation (7.9) yields:

V̇ b ≤ −
(
η̂b −

1

2
Cuϕ1

)[
∂V b

∂ē

]2
|e|2 + Cr

∂V b

∂ē
|e|+ Cu

1

2ϕ1

|δx|2 (7.11)

where η̂b =
4
ε4
b

λmin(CB).

It is not difficult to show that for a LTV system the state trajectories are bounded

if the output is bounded for a finite time interval. Hence there exists a domain
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of the attraction Dy such that V̇ b ≤ 0. Noticing that V b(0) = 0 as ē(0) = 0 due

to Assumption 3.71. Consequently, there exists a positive constant Mb such that

V b(t) ≤ Mb for all t ∈ [0, Tf ]. Hence the output constraints are satisfied. This

completes the proof.

The proposed output feedback (7.6) can satisfy output constraints. But the track-

ing performance cannot be guaranteed.

Next, it is shown that by incorporating the proposed output feedback with a feed-

forward ILC law, a perfect tracking performance can be achieved without violating

the output constraints.

7.3 Convergence Analysis

With both output feedback (7.6) and feed-forward ILC (7.2) and soft input con-

straints on the feedforward ILC law, a sufficient condition is obtained to ensure

the convergence of the tracking error in the presence of output constraints.

Theorem 7.7. Assume that the system
∑

LTV

: (3.65) satisfies the Assumptions

3.50, 3.52, 3.71. Assume that Assumption 7.2 holds. Then the closed loop system

with control laws (7.2) and (7.6) achieves

1. a perfect tracking performance in the presence of output constraints such that

state tracking error and output tracking error converges uniformly;

2. uniform boundedness and L2 norm convergence of feed-forward control input,

if the convergence condition: |Im − Γ(t)C(t)B(t)| < 1 is satisfied for all t ∈ [0, Tf ].

Proof : The proof of Theorem 7.7 is as follows.

Consider the following barrier composite energy function (BCEF):

Ei(t) = e−λtWi−1(t) +

∫ t

0

e−λτδu
ff
i

⊺
(τ)δuff

i (τ)dτ (7.12)

∀t ∈ [0, Tf ], i ∈ N , λ > 0, W0(t) = 0,

where Wi−1 =
1

2
δx

⊺
i−1δxi−1 + V b

i−1, δx , xr − x, δuff , ur − uff ,
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7. Linear Systems with Output Constraints

In order to ensure the satisfaction of constraints in each iteration, the induction

based proof technique, similar to previous chapters, is used in this proof. Noted

that there exists a positive constant ∆1 such ‖ei‖s ≤ ∆1 for any iteration.

Firstly, E1 is finite as V b
0 = 0 and u

ff
1 = 0. By Proposition 7.6, the output

constraints are satisfied.

Secondly, we will show that Ej+1 ≤ Ej. This will lead to the conclusion that ej+1

satisfy output constraints.

The difference in BCEF between two consecutive iterations is given by ∆Ej+1 =

Ej+1 − Ej. From (7.12), it follows:

∆Ej+1 = e−λt (Wj −Wj−1) +

∫ t

0

e−λτ

(∣∣∣δuff
j+1

∣∣∣
2

−
∣∣∣δuff

j

∣∣∣
2
)
dτ . (7.13)

Let us first establish a few relations that is useful for the proof of the theorem.

The first term in (7.13) can be written as:

e−λtWj =

∫ t

0

e−λτẆjdτ − λ

∫ t

0

e−λτWjdτ . (7.14)

Using (7.3) and the inequality |e| ≤ |Cδx|, there exist two positive constants Cta,

Ctb such that Ẇj yields:

Ẇj = δx
⊺
jδẋj +

2

ε2b

∂V b
j

∂ēj
e
⊺
j ėj ≤ Cta |δxj|2 + Ctb |δxj|

∣∣∣δuff
j

∣∣∣ (7.15)

Using Young’s inequality relation, there exists a positive constant ϕ2 such that:

|δxj|
∣∣∣δũff

j

∣∣∣ ≤ ϕ2

2
|δxj|2 +

1

2ϕ2

∣∣∣δũff
j

∣∣∣
2

, (7.16)

Substituting (7.16) back into (7.15) yields:

Ẇj ≤ O1 (ϕ2) |δxj|2 +O2

(
ϕ−1
2

) ∣∣∣δũff
j

∣∣∣
2

(7.17)

where O1 (ϕ2) and O2

(
ϕ−1
2

)
are positive terms in the order of magnitude of ϕ2

and ϕ−1
2 respectively.

Substituting (7.3) into (7.2) yields:

δu
ff
j+1 = δũ

ff
j − Γėi = Pδũff

j + zj, (7.18)
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where P = (Im − ΓCB) and zj = −Γ
(
Ċ + CA

)
δxj + ΓCBu

fb
j .

It is further possible to show that there exists positive constant Csa such that

|zj| ≤ Csa |δxj| (7.19)

Applying Lemma 3.24, followed by substituting (7.18) in the second term of dif-

ference of BCEF yields:
∣∣∣δuff

j+1

∣∣∣
2

−
∣∣∣δuff

j

∣∣∣
2

≤ δu
ff
j+1

⊺
δu

ff
j+1 − δũ

ff
j

⊺
δũ

ff
j

= −δũff
j

⊺
(Im − P⊺P)δũff

j + |zj|2 + 2z⊺jPδũ
ff
j

≤ −λp
∣∣∣δũff

i

∣∣∣
2

+ |zi|2 + 2 |zi|
∣∣∣Pδũff

i

∣∣∣ , (7.20)

where λp = λmax(Im − P⊺P). If |P | < 1, then λp > 0. There exists a Γ for a

given CB which satisfies this condition. This condition is same as the conver-

gence condition from CM based analysis when D-type ILC is used without any

constraints.

Substituting for zj from (7.19) and using completion of squares (7.16), it can

be shown that there exists positive terms O3 (ϕ2) and O4

(
ϕ−1
2

)
in the order of

magnitude of ϕ2 and ϕ−1
2 , respectively such that (7.20) can be written as:

∣∣∣δuff
j+1

∣∣∣
2

−
∣∣∣δuff

j

∣∣∣
2

≤ −(λp −O4 (ϕ2))
∣∣∣δũff

i

∣∣∣
2

+O3

(
ϕ−1
2

)
δxj. (7.21)

Finally, substituting (7.21) and (7.17) into (7.13) yields:

∆Ej+1 ≤−
∫ t

0

[
λ

2
−O5 (ϕ2)

]
e−λτ |δxj|2 dτ −

∫ t

0

[
λp −O6

(
ϕ−1
2

)]
e−λτ

∣∣∣δũff
j

∣∣∣
2

dτ

− λ

∫ t

0

e−λτV b
j dτ − e−λτWj−1 (7.22)

where O5 (ϕ2) = O1 (ϕ2) + O4 (ϕ2), O6

(
ϕ−1
2

)
= O2

(
ϕ−1
2

)
+ O3

(
ϕ−1
2

)
. For a

given λp there exists a ϕ2 such that λp > O6

(
ϕ−1
2

)
. For that ϕ2 there exists a

λ > 2O5 (ϕ2) such that ∆Ej+1 ≤ 0. This leads to ej+1 ∈ Dy. So by induction, for

any j ∈ N , the constraints are satisfied.

Moreover, as Ej is non increasing along the iteration axis, it is possible to conclude

that the tracking error and feed-forward control input uniformly converges, based

on the similar conclusions in previous chapters. This completes the proof.
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7. Linear Systems with Output Constraints

Remark 7.8. It is noted that induction based technique is not mandatory to en-

sure the satisfaction of output constraints in all iterations due to the presence of

soft input saturation at the feedforward control input. As long as the ILC control

is bounded, Proposition 7.6 ensures the satisfaction of output constraints. How-

ever, such a proof technique will be found useful when both hard input and output

constraints are considered simultaneously. Appropriate assumptions on barrier

functions are needed to ensure the simultaneous satisfaction of both hard input

and output constraints when minimal model information is available for tracking.

This is discussed in the Conclusion chapter of this thesis. ◦

7.4 Illustrative Examples

For the illustration purpose, a tan-type barrier function from Chapter 9 is used

in this section which satisfy the properties given in Assumption 7.2. It has the

following form

V b = k
ε2b
π
tan

(
πe⊺e

2ε2b

)
, (7.23)

where k > 0 is a gain constant. This results in the following feedback control as

per (7.6):

ufb = k sec2
(
πe⊺e

2ε2b

)
e. (7.24)

Two illustrative examples are given in this section. The first one is a single-

input-single-output system, which is a simple “pick and place” one-link robotic

manipulator from [192]. It is a single arm rotating about a base point, with mass

M at the end effector. The second example is a hypothetical MIMO LTV system

to demonstrate the effectiveness of the controller.

7.4.1 A Practical Case

Consider the robot dynamics is given by a second order LTV model:

ẋ1 =x2

ẋ2 =
−b

Irod +M(t)L2
x2 +

Kt

Irod +M(t)L2
u,

y =x2, (7.25)
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where b is the viscous friction coefficient, Kt is the actuator gain, and L is the

length of robot arm. Here, Irod represents the moment of inertia of the arm about

the base point. The robot picks and places the massM during the operation cycle,

leading to a LTV system.

Let a0(t) =
b

Irod+M(t)L2 and a1(t) =
Kt

Irod+M(t)L2 . When the robot is engaged with

mass M , a0 = 1 and a1 = 5 otherwise for the case with M = 0, a0 = 5 and

a1 = 18.

The reference trajectory with operation modes is shown in Fig.7.1. It has been

shown that the following ILC law works for the system (7.25) [46]:

u
ff
i+1(t) = u

ff
i + γėi(t), u

ff
1 (t) = 0, (7.26)

The simulation is performed for γ = 0.05 which satisfies the convergence condition.

The performance requirement needs that the output satisfies |y(t)− yd(t)| ≤ εb

with εb = 0.2. The supremum norm of tracking error when ILC law (7.26) is used

to evaluate the tracking performance. As shown in Fig. 7.2, though tracking error

converges, the errors in the first 20 iterations violate the output constraint. This

shows that a standard ILC is not able to handle output constraints.

0 2 4 6 8

-1

-0.5

0

0.5

1

Fig 7.1: Reference trajectory with operation modes

A feedback gain k = 0.01 is chosen to demonstrate the effectiveness of proposed

feedback. A saturation limit of u∗ = 1 is selected as the soft input constraint for

the ILC law. The simulation results with the proposed feedback, shown in Fig.

7.3, indicates that the output constraints are satisfied in all iterations.
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7. Linear Systems with Output Constraints

0 20 40 60 80 100
10

-4

10
-2

10
0

Fig 7.2: Supremum norm of error when ILC alone is used for tracking
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Fig 7.3: Supremum norm with proposed feedback

7.4.2 MIMO LTV Model

Next a MIMO system is considered, i.e., a LTV system, with state matrices A =


0 1 e−0.5t 0

0 −2 0 −1.5

0 e−0.5t 0 1

0 −0.75 sin2(t) 2



, B =




0 0

2.5 + sin2(t) 0.45 + e−0.5t

0 0

0.45 + e−0.5t 3



, and

C =

[
0 1 + e−2t 0 0

0 0 0 1 + e−2t

]
.

Let the output reference trajectory be

yr(t) =
[
0.4 sin 3

(
π t

Tf

)
, 0.5 sin 3

(
π t

Tf

)
cos
(
π t

Tf

)]⊺

. The error bound εb = 0.2 and a soft input saturation u∗ = 1 are chosen for

simulation.
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For the feedback control, the gain constant k = 0.2 is selected and the finite

time [0, 3] is considered. For the design of ILC algorithm, a constant feedback

gain Γ =

[
0.247 −0.037

−0.037 0.206

]
is chosen, which satisfies the convergence condition:

|I2 − ΓC(t)B(t)| ≤ 1 ∀t ∈ [0, 3]. The simulation is performed for 50 iterations.

The variation of supremum norm of tracking error ‖ei‖s is shown in Fig. 7.4,

which demonstrates the convergence of tracking error. A zoomed view is provided

to clarify that the output constraints are not violated in any iteration during the

transient stages of learning.

0 10 20 30 40 50
10

-10

10
-5

10
0

5 10 15 20 25 30
0

0.1

0.2

Zoomed View

Fig 7.4: Supremum norm-MIMO LTV model

0 0.5 1 1.5 2 2.5 3

-1

0

1

Fig 7.5: Total Input, u = ũff + ufb for control input-1, MIMO LTV

The output trajectories for a few iterations 1,5,10,15 and 50 for y1(t) are shown in

Fig. 7.6, which clearly demonstrates that the trajectories are constrained within an

εb bound with respect to reference trajectory. The control input signals of those

iterations are shown in Fig.7.5, which demonstrate the boundedness of control

input.
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7. Linear Systems with Output Constraints

0 1 2 3
-1

0

1

Fig 7.6: Output Trajectory, y1(t) from MIMO LTV

7.5 Conclusion

This chapter proposed an output feedback-based ILC scheme to satisfy the output

constraints for a linear-time-varying system. In the proposed control scheme, the

output feedback design is based on barrier Lyapunov function. With the help of a

barrier composite energy function, the proposed control law can ensure the perfect

tracking performance in iteration domain without violating the output constraints

in time-domain. Next chapter discuss the proposed control technique to a wider

class of nonlinear affine systems.
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CHAPTER 8

Nonlinear Systems with Output

Constraints

Overview

This chapter is an extension of Chapter 7 where a feedback based on barrier Lyapunov

function is proposed to handle output constraints for a nonlinear affine system with a

relative degree one. It is assumed that the nonlinear system satisfies a weak detectability

condition, which ensures the boundedness of state if the output is bounded. A barrier

composite energy function is used to ensure the convergence of tracking error. Sim-

ulation results are presented to demonstrate the effectiveness of the proposed control

architecture.

8.1 Introduction

It is noted that the system of interests is nonlinear affine. In order to simplify the

analysis for satisafying the output constraints, the weak detectability assumption

is used to ensure that a bounded output will lead to a bounded state without gen-

erating any unstable zero-dynamics. Under this assumption, an output feedback

is sufficient to ensure the boundedness of trajectories in both finite-time domain

and iteration domain. This is given as follows.

Assumption 8.1. It is assumed in this chapter that the system (3.67) is bounded-

output-bounded-state (BOBS) stable. The state trajectories of the system (3.67)

satisfy:

|x(t)| ≤ γc(‖y(t)‖) + Cy (8.1)
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where γc(·) is a class K function and Cy > 0 is a scalar constant. �

Remark 8.2. Assumption 8.1 indicates a weak detectability for the nonlinear

system (3.67). It is weaker than the well-known output-to-state stability (OSS)

[193]. This assumption indicates that unstable zero-dynamics will not happen and

an output feedback is sufficient enough to ensure the uniform boundedness of the

state. ◦
Remark 8.3. It is possible to relax Assumption 8.1 by adding an appropriate state

feedback control to ensure the boundedness of state trajectories. This will lead to

three components in the control law: the first one is the feed-forward ILC, the

second one is the state-feedback to ensure the boundedness of the state trajectories

while the last one is the output feedback coming from the BLF to ensure the satis-

faction of output constraints. This assumption is hence employed for the simplicity

in presentation. ◦

Problem Statement

In this chapter we consider a nonlinear MIMO square system
∑

NL

given in (3.67),

which has a relative degree one.

The control objective is to design a sequence of control input {ui(t)}i∈N for the

system
∑

NL

: (3.67) such that the output trajectory tracks a reference value yr ∈

C1[0, T ] where the system is subjected to hard output constraints, which is known

a priori. Recall, the hard output constraint is defined by |y(t)| ≤ kb, for all

t ∈ [0, Tf ] where kb > 0 is the output limit.

Remark 8.4. The problem statement presented in this chapter is similar to Chap-

ter 7 whereas a nonlinear plant model is considered with an objective to satisfy the

output constraints. ◦

8.2 Controller Design

The proposed control architecture is same as one used in Chapter 7. Even though

it is explained before, a short recall is given in this section for the purpose of

readability. The overall control input can be presented as

ui(t) = sat
(
u
ff
i (t), u∗

)
+ u

fb
i (t), ∀t ∈ [0, Tf ], (8.2)
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8. Nonlinear Systems with Output Constraints

where uff
i (t) is the feed-forward control input which is generated by a D-type ILC

algorithm and u
fb
i (t) is the output feedback control based on any BLF V b(·) that

satisfies Assumption 7.2.

As the relative degree of the system (3.67) is one, the feed-forward ILC control law

u
ff
i employs a D-type ILC structure with a soft input saturation, which is given

by

u
ff
i+1(t) = sat

(
u
ff
i (t), u∗

)
+ Γ(t)ėi(t), u

ff
1 (t) = 0, (8.3)

where Γ ∈ Rm×m is a symmetric and positive definite learning gain matrix.

The proposed output feedback control, ufb
i (t), takes the following form

ufb =

[
∂V b

∂e

]⊺
=
∂V b

∂ē

[
∂ē

∂e

]⊺
=

2

ε2b

∂V b

∂ē
e. (8.4)

where V b

(
e⊺e

ε2b

)
comes from Assumption 7.2 and ē ,

e⊺e

ε2b
. Next, Proposition 8.5

is given to show that if the feed-forward control input is zero, then the output

constraints can be satisfied for a given choice of Vb.

Proposition 8.5. Let εb > 0 be given. For the system (3.67) satisfying Assump-

tion 8.1, 3.54, 3.58 and 3.71, the control laws: (8.2) and (8.4) ensures the sat-

isfaction of the output constraints for any given BLF, V b, satisfying Assumption

7.2.

Proof : It is assumed in this proposition that the feed-forward control input is

zero. Therefore the total control input can be written as:

u =
2

ε2b

∂V b

∂ē
e, (8.5)

As per Assumption 8.1, the error dynamics is BOBS. This means that for a

bounded error output e, there exists a compact set, Dx for the state trajecto-

ries δx. The construction of the compact set Dx will ensure that for all t ∈ [0, Tf ],

x, δx(t) and x(t) are all in this compact set Dx. As for any t ∈ [0, Tf ], x(t) ∈ Dx,

xr ∈ Dx,
∂h

∂x
(x) and G(x) are bounded. Therefore define Λhx

, max
x∈Dx

∣∣∣∣
∂h

∂x
(x)

∣∣∣∣ and

Λg , max
x∈Dx

|G(x)|. Denote Λẋr
, max

t∈[0, Tf ]
|ẋr|, and Λur

, max
t∈[0, Tf ]

|ur(t)|.
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Taking the time derivative barrier function V b yields:

V̇ b =
2

ε2b

∂V b

∂ē
e⊺ė =

2

ε2b

∂V b

∂ē
e⊺
[
∂h

∂x
(xr)ẋr −

∂h

∂x
(x)ẋ

]

=
2

ε2b

∂V b

∂ē
e⊺
[(

∂h

∂x
(xr)−

∂h

∂x
(x)

)
ẋr +

∂h

∂x
(x)δẋ

]
(8.6)

where δx = xr − x. Substituting (3.67) and (3.72) into (8.6) yields:

V̇ b =
2

ε2b

∂V b

∂ē
e⊺
(
∂h

∂x
(xr)−

∂h

∂x
(x)

)
ẋr +

2

ε2b

∂V b

∂ē
e⊺
∂h

∂x
(x) (f(xr)− f(x) +G(xr)ur)

− 2

ε2b

∂V b

∂ē
e⊺
∂h

∂x
(x)G(x)u (8.7)

Under Assumption 3.60, it is natural to assume that there exist two positive

constants (ηa, ηb) , the following inequality holds for all x ∈ Dx ⊆ Rn:

ηbIn ≤ ∂h

∂x
(x)G(x) ≤ ηaIn. (8.8)

Using the Lipschitz inequalities from (3.71) and substituting (8.5) back into (8.7)

leads to:

V̇ b ≤− η̂b

[
∂V b

∂ē

]2
|e|2 + Cth

∂V b

∂ē
|e| |δx|+ η̂a

∂V b

∂ē
|e| (8.9)

where Cth , 2
ε2
b

(Chx
Λẋr

+ CgΛur
Λhx

+ Λhx
Cf ), η̂a , 2

ε2
b

ηaλur
and η̂b = 4ηb

1

ε4b
,

Using Young’s inequality relation, there exists a positive constant ϕ1 such that:

∂V b

∂ē
|e| |δx| ≤ ϕ1

2

[
∂V b

∂ē

]2
|e|2 + 1

2ϕ1

|δx|2 . (8.10)

Using (8.10), the equation (8.9) yields:

V̇ b ≤−
(
η̂b −

1

2
Cthϕ1

)[
∂V b

∂ē

]2
|e|2 + η̂a

∂V b

∂ē
|e|+ Cth

1

2ϕ1

|δx|2 (8.11)

Notice that because of Assumption 3.71, V b(0) = 0 as e(0) = 0. It is not difficult

to find an invariant compact set if |δx| is bounded. Because of Assumption 8.1,

|δx| is bounded if |e| is bounded. For any positive constants ν and ν, there exists

a constant ϕ1 such that ν ≤ |e| ≤ ν

This indicates the existence of a compact set, Dy for the output error trajectories

e. Therefore there exists a positive constant Nb <∞ such that V b(t) ≤ Nb within
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8. Nonlinear Systems with Output Constraints

the compact set. The boundedness of barrier function V b ensures the satisfaction

of output constraint, |e(t)| < εb. This completes the proof.

8.3 Convergence Analysis

Theorem 8.6. Assume that the system (3.67) satisfies the Assumptions 3.60, 8.1,

3.54, 3.58, and 3.71. For a given a BLF V b satisfying Assumption 7.2, then the

closed loop system with control laws (8.2), (8.3) and (8.4) achieves

1. a perfect tracking performance in the presence of hard output constraints

such that the output tracking error and the state tracking error converges

uniformly, i.e lim
i→∞

|ei(t)| = 0 and lim
i→∞

|δxi(t)| = 0 for all t ∈ [0, Tf ];

2. uniform boundedness and L2 norm convergence of feed-forward control input,

i.e. lim
i→∞

u
ff
i = ur,

if the convergence condition:

∣∣∣∣Im − Γ
∂h

∂x
(x)G(x)

∣∣∣∣ < 1

is satisfied for all t ∈ [0, Tf ] and x ∈ Dx.

Proof : Consider the following barrier composite energy function (BCEF):

Ei(t) =e
−λtWi−1(t) +

∫ t

0

e−λτδu
ff
i

⊺
(τ)δuff

i (τ)dτ (8.12)

∀t ∈ [0, Tf ], i ∈ N , λ > 0, W0(t) = 0,

where Wi−1 =
1

2
δx

⊺
i−1δxi−1 + V b

i−1, δx , xr − x, δuff , ur − uff ,

Induction based proof technique can be employed to ensure the satisfaction of

constraints in every iteration.

Firstly, E1 is finite as W0 = 0 and u
ff
1 = 0. By Proposition 8.5, the constraints

are satisfied at first iteration. This leads to a finite E2.

Assume that there exist a positive constant ∆m such that maxt∈[0,Tf ]Ej ≤ ∆m,

which indicates that the trajectories satisfy the output constraints for any jth
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iteration. If Ej+1 ≤ Ej , this indicates that trajectories belong to the same set.

This will lead to the conclusion that ej+1 satisfy output constraint.

The difference in BCEF between two consecutive iterations is given by ∆Ej+1 =

Ej+1 − Ej.

From (8.12), it follows:

∆Ej+1 =e
−λt (Wj −Wj−1) +

∫ t

0

e−λτ

(∣∣∣δuff
j+1

∣∣∣
2

−
∣∣∣δuff

j

∣∣∣
2
)
dτ . (8.13)

The first term in (8.13) can be written as:

e−λtWj =

∫ t

0

e−λτẆjdτ − λ

∫ t

0

e−λτWjdτ . (8.14)

But Ẇj = δx
⊺
jδẋj +

2

ε2v

∂V b
j

∂ēj
e
⊺
j ėj can be rearranged by substituting for ė as similar

to (8.6), leading to the following inequality relation:

Ẇj ≤ Cfu |δxj|2 + Λg |δxj| |δuj|+ Cfr |e| |δxj|+ η̂a
∂V b

j

∂ēj
|ej| |δuj| (8.15)

where Cfu = Cf + CgΛur
and Cfr =

2
ε2
b

∂V b

∂ē
(Λhx

Cfu + ChxΛẋr
).

|δuj| yields:

|δuj| ≤
∣∣∣δũff

j

∣∣∣+
∣∣∣ufb

j

∣∣∣ ≤
∣∣∣δũff

j

∣∣∣+
2

ε2v

∂V b
j

∂ēj
|ej| (8.16)

Note that due to (3.71), |e| = |h(xr)− h(x)| ≤ Ch |δx|. Substituting (8.16) back

into (8.15) yields:

Ẇj ≤ Ĉfu |δxj|2 + Λ̂g |δxj|
∣∣∣δuff

j

∣∣∣ (8.17)

where Ĉfu = Cfu + Ch
∂V b

j

∂ēj

[
Cfr + Λg

2
ε2
b

+ η̂a
∂V b

j

∂ēj

]
Λ̂g = Λg + η̂aC

2
h

∂V b
j

∂ēj
. Note that

upon assumption that the trajectories are bounded on jth iteration,
∂V b

j

∂ēj
is also

bounded.

Using Young’s inequality relation, there exists a positive constant ϕ2 such that:

|δxj|
∣∣∣δũff

j

∣∣∣ ≤ ϕ2

2
|δxj|2 +

1

2ϕ2

∣∣∣δũff
j

∣∣∣
2

, (8.18)
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8. Nonlinear Systems with Output Constraints

Substituting (8.18) back into (8.17) yields:

Ẇj ≤ O1 (ϕ2) |δxj|2 +O2

(
ϕ−1
2

) ∣∣∣δũff
j

∣∣∣
2

(8.19)

where O1 (ϕ2) = Ĉfu + Λ̂g
ϕ2

2
and O2

(
ϕ−1
2

)
= Λ̂g

1
2ϕ2

.

From the ILC update law (8.3) we have

δu
ff
j+1 = δũ

ff
j − Γėj = P(xj)δũ

ff
j − ζj, (8.20)

where P(xj) = Im − Γ
∂h

∂x
(xj)G(xj), and

ζj = Γ
(
∂h
∂x
(xr)− ∂h

∂x
(xj)

)
ẋr + Γ∂h

∂x
(xj) (δG(xj)ur + δf(xj))− Γ∂h

∂x
(xj)G(xj)u

fb
j .

It is possible to show that

∣∣ζj
∣∣ ≤ Cbd |δxj| (8.21)

where Cbd = |Γ|
[
Cfr + 2Chη̂a

∂V b
j

∂ēj

]

∣∣∣δuff
j+1

∣∣∣
2

−
∣∣∣δũff

j

∣∣∣
2

≤− λp

∣∣∣δũff
j

∣∣∣
2

+
∣∣ζj
∣∣2 + 2

∣∣ζj
∣∣
∣∣∣P(xj)δũ

ff
j

∣∣∣ (8.22)

where λp = λmin (Im − P(xj)
⊺P(xj)). If |P(xj)| < ρ < 1, we have λp > 0. Using

Young’s inequality relation from:

∣∣∣δuff
j+1

∣∣∣
2

−
∣∣∣δũff

j

∣∣∣
2

≤ −
(
λp −O3(ϕ

−1
2 )
) ∣∣∣δũff

j

∣∣∣
2

+O4 (ϕ2) |δxj|2 (8.23)

where O3(ϕ
−1
2 ) =

ρCbd

ϕ3

, O4(ϕ2) = C2
bd + Cbdρϕ3

Substituting (8.14), (8.19), (8.23) back into (8.13) yields

∆Ej+1 ≤−
∫ t

0

[
λ

2
−O5 (ϕ2)

]
e−λτ |δxj|2 dτ −

∫ t

0

[
λp −O6

(
ϕ−1
2

)]
e−λτ

∣∣∣δũff
j

∣∣∣
2

dτ

− λ

∫ t

0

e−λτV b
j dτ − e−λτWj−1 (8.24)

where O5 (ϕ2) = O1 (ϕ2) +O4 (ϕ2), O6

(
ϕ−1
2

)
= O2

(
ϕ−1
2

)
+O3

(
ϕ−1
2

)
. For a given

λp there exists a ϕ2 such that λp > O6

(
ϕ−1
2

)
. Following the same conclusion from

previous chapters, it is possible that for that ϕ2 there exists a λ > 2O5 (ϕ2) such
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that ∆Ej+1 ≤ 0. This leads to ej+1 ∈ Dy. Hence by induction the constraints are

satisfied for any j ∈ N .

As BCEF is non-increasing along the iteration axis, using the standard arguments

from [46], we can show that tracking error converges uniformly and feed-forward

control converges in L2 norm sense. This completes the proof.

8.4 Illustrative Examples

Two example are illustrated in this sections

Example 1

Consider the following nonlinear dynamics:

ẋ1 = x2

ẋ2 = − 3x21 − 2x22 + x1x2 + (2x22 + 1)u

y = x1 + x2 (8.25)

The system (8.25) has a relative degree 1, thereby satisfying Assumption 3.60 and

also satisfies Assumptions 8.1 and 3.54

Let the output reference trajectory be yr(t) = 3 sin3
(

πt
Tf

)
cos
(

πt
Tf

)
with Tf = 5

seconds. An allowable error bound εb = 0.4 and a soft input saturation limit

u∗ = 3 is considered for simulation.

Fig 8.1: Total control input at some iterations
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8. Nonlinear Systems with Output Constraints

Fig 8.2: Output trjaectory at some iterations

Fig 8.3: Variation of supremum norm of tracking error

The following barrier function, which satisfies Assumption 7.2 is selected,

V b =
k0

π
tan

(
π

2

e2

ε2b

)
(8.26)

This leads to the following output feedback control law:

ufb =
k0

ε2b
sec2

(
π

2

e2

ε2b

)
e (8.27)

Simulation is performed with control laws : (8.2), (8.3) and (8.27) for learning

gain, Γ = 0.2 and feedback gain k0 = .25 for 100 iterations. It is clear from

Fig. 8.1 that the control input during the learning phase satisfies the soft input

constraints. Also, Fig. 8.2 show the output trajectories during certain iterations.

The variation of supremum norm of output error along the iteration axis is shown
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in Fig. 8.3. This indicates that the output constraints are not violated in any

iteration.

Example 2

In this example the following plant dynamics is considered:

ẋ1 = x2 + x1x2 − x22 + u

ẋ2 = x1x2 − x22 + u

ẋ3 = x1 + x1x2 − (x3 − x1)
2 + u

y = x2 + x3 (8.28)

In this example the same reference trajectory and constraint limits from the pre-

vious example is used. Simulation is performed for 30 iterations with a learning

gain of Γ = 0.9, which satisfies the convergence condition. Similar to the result

of the previous example, it is observed that the output constraints are satisfied

during transient stage of learning. These results are plotted in Fig. 8.4 and 8.5.

Both examples demonstrates the theoretical findings.

Fig 8.4: Output trjaectory at some iterations

8.5 Conclusion

This chapter extends the results of barrier-function based feedback from Chapter 7

to nonlinear affine system with output constraints. As long as the weak detectabil-

ity condition is satisfied, output feedback based on barrier Lyapunov function is
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8. Nonlinear Systems with Output Constraints

Fig 8.5: Variation of supremum norm of tracking error

able to satisfy the constraint requirements. Note that the design is proposed for

system with relative degree one. Next, required modification and analysis to ex-

tend the proposed framework to robotic manipulators are discussed in the next

chapter, along with experimental validation of the proposed design.
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CHAPTER 9

Robotic Manipulator with Output

Constraints

Overview

In this chapter, a barrier-function like Lyapunov function is used to design a new state

feedback (or a proportional-derivative controller) to ensure that output constraints are

satisfied in the finite time-domain. This state feedback is then combined with the stan-

dard feed-forward ILC to track the desired trajectory. With the help of composite energy

function, it is shown that, for robotic manipulators, the proposed control method can

achieve perfect tracking performance without violating output constraints in any iter-

ation. In particular, extensions of the proposed controller to satisfy a time varying

output constraints is also achieved in this chapter. Simulation and experimental results

are presented to illustrate the effectiveness of the proposed controller.

9.1 Introduction

This chapter proposes a new state feedback control law that can be incorporated

into a standard feed-forward ILC design to achieve a perfect tracking performance

without violating the output constraints at any iteration. It is worthwhile to high-

light that the role of state feedback in the proposed control structure algorithm

is two-fold. On the one hand, it guarantees that output constraints are satisfied.

On the other hand, with the state feedback, the uniform boundedness of trajec-

tories in both iteration-domain and time-domain can be ensured. This, in turn,

can relax some assumptions for ILC design such as the global Lipschitz continuity

139



(GLC) condition. The proposed feedback controller is sensitive to measurement

noise, hence carefully designed filters are needed for implementation.

The contributions of this chapter are summarized as follows:

1. A new feedback-based ILC scheme is proposed to address output constraints

resulting from safety or workspace requirements of robotic manipulators.

2. A novel Barrier function based CEF (BCEF) is utilized to prove the con-

vergence of tracking error, state, input signals, and satisfaction of output

constraints.

3. Although the standard induction method is used to show the convergence,

by carefully addressing the domain of attraction, it can be shown that a

compact invariant set exists in the closed loop system. Such a compact set

is used to show the satisfaction of output constraints and the convergence of

ILC without GLC condition.

The main contents contents of this chapter, except the experimental results, are

published in [188,194].

Problem Statement

The control objective is to find a control input sequence {ui}i∈N for the system
∑

ROB : (3.74) such that the tracking error ei converges to zero uniformly and the

output at each iteration satisfies the constraint, i.e., (yi(t))
⊺
yi(t) ≤ k2b (t), ∀t ∈

[0, Tf ], ∀i ∈ N for some kb(t) > 0. It is noted that the bound on output trajectories

kb depends on region of operation for the robotic manipulator in the joint space.

For any given kb(t), there always exists an εb(t) > 0 such that if e⊺i (t)ei(t) ≤ ε2b(t)

is satisfied, output constraints will be satisfied. Hence the control objective is to

achieve the convergence of tracking error and satisfy the constraints e⊺i (t)ei(t) ≤
ε2b(t) in every iteration.

Remark 9.1. It is noted that the original output constraints can be converted into

error-related constraints. This can simplify the convergence analysis at the cost

of unnecessary tight constraints for each element of the error signals. Techniques

such as adding an appropriate weighting in each element of the error could solve

this problem. How to choose this weighting is application dependent. ◦

140



9. Robotic Manipulator with Output Constraints

The structure of this chapter is as follows. The chapter presents two main results.

For the ease of presentation, firstly the design of feedback for the satisfaction of

time-invariant output constraints is presented while using a standard ILC algo-

rithm for achieving a desire tracking. Then in the second part of this chapter, the

previous results are extended to cater a time-varying output constraints as given

in the problem statement of this chapter.

9.2 Time-invariant Output constraints

In this section the standard ILC design is briefly revisited and a new design of

feedback control for satisfying a time-invariant output constraint (εb(t) = εb, ∀t ∈
[0, Tf ], a constant error bound) is presented. This is mainly for convenience of

presentation and later the extensions to time-varying constraints will be addressed.

Consider the following feed-forward ILC law:

u
ff
i+1(t) =u

ff
i (t) + qΓ(t)ëi(t), u

ff
1 (t) = 0, (9.1)

where uff is the ILC input, Γ(t) > 0 and q > 0 is the learning rate.

The following lemma shows that a standard feed-forward ILC can achieve perfect

tracking when used with system (3.74).

Lemma 9.2. Assume that the system
∑

ROB
: (3.74) which satisfies Assumptions

3.69, 3.71 and Property 3.65 holds globally. If the control law (9.1) satisfies the

convergence condition

∣∣In − qΓ(t)M−1(x1(t))
∣∣ < 1, ∀t ∈ [0, Tf ], (9.2)

the output tracking error converges. �

Remark 9.3. Lemma 9.2 needs the global Property 3 to ensure the global Lipschitz

continuity of nonlinear mappings in (3.74). ILC algorithm (9.1) cannot be directly

applied when only Property 3.65 holds. Moreover, even if the proposed ILC can

work with convergent tracking error, it cannot ensure the satisfaction of output

constraints. ◦

Remark 9.4. If Property 3.65 holds globally, the convergence condition only needs

the information of µ1 and µ2 with a simpler convergence condition (9.2), i.e.,

Γ(t) = In. If the nominal model of the inertia matrix M0 is known, Γ(t) can be
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selected such that Γ(t)M−1
0 = In, while q is selected to tune the convergence speed

of the ILC. ◦

For a given task space, the safety region is defined a priori. For each given task, in

order to ensure that the output trajectories will stay in the safety region, a time-

varying output constraint is obtained. That is for a given yr ∈ C2[0, Tf ], there

exists a kb(·) ∈ C[0, Tf ] such that |y(t)| ≤ kb(t) where kb(t) > 0 defines the bound

for output trajectories. For any given kb(t) and desired reference trajectory yr(t),

there exists a time-varying error bound εb(t) > 0 such that if e⊺i (t)ei(t) ≤ ε2b(t) is

satisfied, the output constraints at the joint level will not be transgressed.

Hence the control objective can be redefined as achieving the perfect tracking per-

formance without violating the time-varying output error bound. More precisely,

the control objective is to design a sequence of control input {ui}i∈N such that

e
⊺
i (t)ei(t) ≤ ε2b(t), ∀i ∈ N and lim

i→∞
|e(t)| = 0 point-wisely.

Remark 9.5. Note that the bound of any given reference yr(t) (‖yr‖s , kr) is

known. Usually the output will stay within an εb- neighborhood of this reference.

It follows |y(t)| ≤ |yr(t)| + |e(t)| ≤ |yr(t)| + εb. If εb is selected as εb = kb − kr,

e
⊺
i (t)ei(t) ≤ ε2b will indicate that the output constraints are satisfied. ◦

The proposed control architecture consists of a state feedback and a feed-forward

ILC. The role of feedback is to ensure that output constraints are not violated in

any iteration whereas the ILC learns the desired control input ur.

The overall control input takes the following form:

ui(t) =u
ff
i (t) + u

fb
i (t), ∀t ∈ [0, Tf ], i ∈ N , (9.3)

where u
ff
i (t) represents ILC input from (9.1) and u

fb
i (t) is a stabilizing feedback

control law to ensure that the tracking error constraints are satisfied.

9.2.1 Design of Feedback Control via a Barrier-function

This section introduces a BF-LF to design the feedback controller. If the output (or

the tracking error) approaches the constraints, this Lyapunov function approaches

infinity. The role of the state feedback is to ensure the boundedness of the BF-LF,

indicating that output constraints are satisfied.
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9. Robotic Manipulator with Output Constraints

To assist the boundedness analysis of the tracking error, this section introduces

a fictitious tracking error dynamics that are linked to the tracking error con-

straints. Then a feedback controller is presented. If the initial condition of BF-LF

is bounded, the proposed state feedback will ensure that output constraints are

satisfied by showing the boundedness of the BF-LF.

A fictitious velocity error σ is defined as:

σ , ė+ cos2
(
πe⊺e

2ε2b

)
K1e, (9.4)

where K1 = K
⊺
1 > 0. The proposed stabilizing feedback control ufb is given by

ufb = K2σ + sec2
(
πe⊺e

2ε2b

)
e, (9.5)

where K2 = K
⊺
2 > 0.

The design of feedback is based on the choice of BF-LF. This work adapts the

tan-type BF-LF proposed in [173] as:

V (e,σ) ,
ε2b
π
tan

(
πe⊺e

2ε2b

)
+

1

2
σ⊺M(x1)σ, (9.6)

for all |e(0)| ≤ εb. As |e(0)| is bounded, the boundedness of the BF-LF can

ensure the satisfaction of the constraints as the BF-LF will diverge if the out-

put approaches the constraint boundary. Other barrier functions (for example,

a log barrier function proposed in [191]) can be used in the design of a feedback

controller. The similar analysis procedure can be directly applied to show the

convergence and the satisfaction of the output constraints.

Remark 9.6. By using L’Hospital’s rule, the barrier function in BF-LF has the

form lim
εb→∞

ε2b
π
tan

(
πe⊺e

2ε2b

)
=

1

2
e⊺e, when the constraints are not present. Conse-

quently, the feedback control (9.5) becomes a standard PD type control law when

εb → ∞: lim
εb→∞

ufb = (K2K1 + In) e + K2ė, which is a special form of the state

feedback. ◦ ◦

Proposition 9.7 shows that tracking error constraints are satisfied.

Proposition 9.7. Assume that the system
∑

ROB
: (3.74) satisfies Assumption

3.71, 3.69. With the feedback control law (9.5), if the feed-forward control input is

in zero, the output of the closed loop system will satisfy |y(t)| ≤ kb, ∀t ∈ [0, Tf ].

Proof : Proof of Proposition 9.7 is as follows.

143



Recall the fictitious reference signal is defined in (6.6):

ur =M(x1)M
−1(x1,r)ur. (9.7)

For the sake of presentation, the fictitious velocity error σ can represented as:

σ = ė+ ζ(e). (9.8)

where ζ(e) = cos2
(

πe⊺e
2ε2

b

)
e Multiplying M(x1) with the time derivative of (9.4)

yields:

M(x1)σ̇ =δu− C(x1,x2)σ + ω, (9.9)

where δu , ur − u, ω , M(x1)δb(x1,x2) + C(x1,x2)σ +M(x1)ζ̇, δb(x1,x2)) ,

b(x1,r,x2,r)− b(x1,x2), and

ζ̇ , cos2
(
πe⊺e

2ε2b

)
K1ė−

π

ε2b
sin

(
πe⊺e

ε2b

)
K1e

⊺ė. (9.10)

Fact 9.8 is established in this section to facilitate the proof.

Fact 9.8. For x1, x2, x1,r, x2,r and σ ∈ D, there exist positive constants Cs and

Ct such that |ω| ≤ Ct |σ|+ Cs |σ|2, i.e the value of |ω| is bounded in the compact

set, D.

Proof : For the proof of Fact 9.8, consider the following relationships:

|ω| ≤ |M(x1) (b(x1,r,x2,r)− b(x1,x2))|+ |C(x1,x2)σ|+
∣∣∣M(x1)ζ̇(e, ė)

∣∣∣ (9.11)

It is straight forward to establish that |e| ≤ |σ| and |ė| ≤ |σ|. Using the Lipschitz

continuity of b(·, ·), ζ̇(·, ·) with the Property 3.63, 3.65, it can be shown that there

exist positive constants 1
2
Chz and Cs such that the following inequality holds:

|ω| ≤1

2
Chz |e|+

1

2
(Chz + Cb) |ė|+ Cr |σ|+ Cs |ė| |σ|

≤Ct |σ|+ Cs |σ|2 , (9.12)

where Ct = Chz +Cb, Cr = Cb max
t∈[0,Tf ]

x2,r(t). Moreover, when σ → 0, then ω → 0.

This completes the Fact 9.8. ◦
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9. Robotic Manipulator with Output Constraints

Fact 9.9. When the initial condition of BF-LF, V is in a compact set, there exist

an invariant set such that ∀t > 0, V stays in this invariant set.

Proof :

Taking the time derivative of V in (9.6) results in

V̇ = sec2
(
πe⊺e

2ε2b

)
e⊺ė+

1

2
σ⊺Ṁ(x1)σ + σ⊺M(x1)σ̇

= sec2
(
πe⊺e

2ε2b

)
e⊺σ − e⊺K1e− σ⊺ufb + σ⊺δuff

+ σ⊺ω +
1

2
σ⊺
(
Ṁ(x1)− 2C(x1,x2)

)
σ, (9.13)

where δuff = ur − uff .

Substituting ufb from (9.5), leads to cancelling of the term sec2
(
πe⊺e

2ε2b

)
e⊺σ. Be-

cause of the Property 3.64, the last term in (9.13) is zero. Therefore (9.13) can

be written as

V̇ = −e⊺K1e− σ⊺K2σ + σ⊺δuff + σ⊺ω. (9.14)

Let η1 = λmin(K1), η2 = λmin(K2). Substituting (9.12) into (9.14) and re-

arranging terms yields:

V̇ ≤− η1 |e|2 − η2 |σ|2 + |σ|
∣∣δuff

∣∣+ Ct |σ|2 + Cs |σ|3 . (9.15)

When there is not feed-forward control input, i.e uff = 0, (9.15) leads to

V̇ ≤ −η1 |e|2 − η2 |σ|2 + Cu |σ|+ Ct |σ|2 + Cs |σ|3 . (9.16)

where Cu = max
t∈[0,Tf ]

|ur(t)|.

For any positive constants ν and ν, there exists η2, Cu, Ct and Cs, such that

ν ≤ |ψ| ≤ ν.

This completes the Fact 9.9. ◦

Notice that V (0) = V (e(0),σ(0)) = 0. V (t) is positive definite and uniformly

bounded for any V (0) within the same compact set D. Hence, it can be concluded
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that the output constraints are satisfied when there is no feed-forward control

input.

This completes the proof of Proposition 9.7.

In the proof of the main result, Proposition 9.7 is used to show that the output

constraints are satisfied at the first iteration. Then a CEF is used to show that

in each iteration, the feed-forward controller is still in L2[0, Tf ] with a uniform

bound. By using induction as well as selecting appropriate compact sets, we can

show that a perfect tracking performance is achieved and output constraints are

satisfied.

9.2.2 Convergence Analysis

The convergence of tracking error as well as satisfaction of output constraints are

stated in Theorem 9.10.

Theorem 9.10. If Assumptions 3.69 and 3.71 are satisfied for the system
∑

ROB

:

(3.73), then the control laws (9.1), (9.3) and (9.5) satisfying the convergence con-

dition (9.2) can

1. ensure that the output constraints are satisfied for any iteration;

2. achieve the convergence of tracking error, i.e. lim
i→∞

ei → 0 uniformly;

3. ensure that uff
i converges to the reference input ur in L2 norm sense.

Proof : Proof of Theorem 9.10 is as follows.

For simplification of notation, the variable t is omitted wherever appropriate.

The following BCEF is considered for the analysis of convergence in the iteration-

domain,

Ei =e
−λtVi−1 +

∫ t

0

e−λτδu
ff
i

⊺
δu

ff
i dτ, ∀t ∈ [0, Tf ], i ∈ N , λ > 0, V0(t) = 0

(9.17)
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9. Robotic Manipulator with Output Constraints

The key idea of this BCEF is to carefully analyze the domain of attraction of the

closed loop system to show the existence of an invariant set.

For any given λ > 0 and any interval [0, Tf ], there exists a positive constant

∆0 > 0 such that if E ≤ ∆0, then σ belongs to a compact set D and there exists

∆1 > 0 satisfying ‖σ‖2s ≤ ∆1. If E is non-increasing along the iteration-domain,

the compact set of σ will be the same. Note that the resetting condition in

Assumption 3.71 ensures that the initial condition will be always in this invariant

compact set.

The proof using the induction involves two steps:

The first step is to show that for the first iteration E1 is uniformly bounded such

that the system
∑

ROB

: (3.73) satisfies the output constraint as in the first iteration

u
ff
1 = 0 and V0 = 0. Because of the uniform continuity and the boundedness of ur,

E1 is uniformly continuous. By applying Proposition 9.7, the output trajectory

satisfies the constraint and σ1 belongs to a compact set D.

Assume that Vj−1 is bounded and Ej is bounded and positive. This indicates that

u
ff
j ∈ L2[0, Tf ] as δu

ff
j ∈ L2[0, Tf ] and ur is uniformly bounded. The induction

is to show that Ej+1 ≤ Ej is bounded and u
ff
j+1 ∈ L2[0, Tf ] is finite.

At the (j + 1)st iteration, the difference of the CEF between two consecutive

iterations is given by ∆Ej+1 = Ej+1 − Ej, therefore

∆Ej+1 =e
−λt (Vj − Vj−1) +

∫ t

0

e−λτ

(∣∣∣δuff
j+1

∣∣∣
2

−
∣∣∣δuff

j

∣∣∣
2
)
dτ . (9.18)

Firstly, (9.18) can be expanded to an integral form. Substitution of (9.6) yields

e−λtVj =

∫ t

0

e−λτ V̇jdτ − λ

∫ t

0

e−λτVjdτ

≤
∫ t

0

e−λτ V̇jdτ −
λε2b
π

∫ t

0

e−λτ tan

(
πe

⊺
jej

2ε2b

)
dτ − λ

2

∫ t

0

e−λτσ
⊺
jM(xj)σjdτ .

(9.19)

For the proof by induction, it is assumed that the constraints are satisfied for j
th

iteration. Convergence of σ is equivalent to the convergence in e and ė. Therefore

by considering the positiveness of tan

(
πe

⊺
jej

2ε2b

)
and |e|2 and using Property 3.63
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and substituting (9.15) in (9.19) yields:

e−λtVj ≤ − λ

∫ t

0

e−λτµ |σj|2 dτ +
∫ t

0

e−λτ V̇jdτ

≤ − λ

∫ t

0

e−λτµ |σj|2 dτ −
∫ t

0

e−λτ
(
η2 |σj|2 − Ct |σj|2 − Cs |σj|3

)
dτ

+

∫ t

0

e−λτ |σj|
∣∣∣δuff

j

∣∣∣ dτ (9.20)

By using Young’s inequality relation, we can show that there exists a β > 0 such

that:

|σj|
∣∣∣δuff

j

∣∣∣ =
√
β |σj|

1√
β

∣∣∣δuff
j

∣∣∣ ≤ β

2
|σj|2 +

1

2β

∣∣∣δuff
j

∣∣∣
2

. (9.21)

Substituting (9.21) back into (9.20) yields:

e−λtVj ≤− λ

∫ t

0

e−λτµ |σj|2 dτ +
∫ t

0

e−λτN(|σj|)dτ +
1

2β

∫ t

0

e−λτ
∣∣∣δuff

j

∣∣∣
2

dτ ,

(9.22)

where N(|σj|) =
(
−η2 + β

2
+ Ct

)
|σj|2 + Cs |σj|3 is a polynomial function in σ.

Secondly, the ILC update law (9.1) can be expressed as

ur − u
ff
j+1 = ur − u

ff
j − qΓëj, (9.23)

Using the relation M−1(x1,r)ur =M−1(x1,j)ur, ëj can be expressed as

ëj =δb(x1,j,x2,j) +M−1(x1,r)ur −M−1(x1,j)u

=δb(x1,j,x2,j) +M−1(x1,j)δu. (9.24)

where δu = ur − u. Substituting (9.24) into (9.23) yields

δu
ff
j+1 =

(
In − qΓM−1(x1,j)

)
δu

ff
j − qΓδb(x1,j,x2,j)− qΓδM−1(x1,j)ur

+ qΓM−1(x1,j)
(
δu

ff
j − δuj

)

=P(x1,j)δu
ff
j +wj, (9.25)
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9. Robotic Manipulator with Output Constraints

where δM−1(x1,j) ,M−1(x1,j)−M−1(x1,r), P(x1,j) = In − qΓM−1(x1,j). and

wj =− qΓδh(x1,j,x2,j) + qΓM−1(x1,j)
(
δu

ff
j − δuj

)
. (9.26)

It is possible to find Γ > 0 and q > 0 such that |P(x1,j)| < ρ < 1. This leads to

the satisfaction of convergence condition (9.2) in Theorem 9.10.

Using the assumption that the constraints are satisfied on jth iteration, there

exists Ub > 0 such that
∣∣∣ufb

j

∣∣∣ ≤ Ub |σj|. It can be further assumed that qΓb(·, ·)
are Lipschitz continuous with Lipschitz constants 1

2
Ch > 0 and using Property

3.63, there exists a µ3 such that

|qΓδh(x1,j,x2,j)| ≤
1

2
Ch (|ėj|+ |ej|) ≤Ch |σj| (9.27)
∣∣qΓM−1(x1,j)

∣∣ ≤µ3 (9.28)

Substituting (9.27) and (9.28) in (9.26) yields

|wj| ≤ Chb |σj| (9.29)

where Chb = Ch + µ3Ub.

Using Lemma 3.24 and substituting (9.25) on the expression
(
δu

ff
j+1

⊺
δu

ff
j+1 − δu

ff
j

⊺
δu

ff
j

)
, followed by (9.21) and (9.29) gives:

δu
ff
j+1

⊺
δu

ff
j+1 − δu

ff
j

⊺
δu

ff
j ≤ −(In − |P(x1,j)|2)

∣∣∣δuff
j

∣∣∣
2

+ |wj|2 + 2ρ |wj|
∣∣∣δuff

j

∣∣∣

≤ −
(
λp −O7(β

−1)
) ∣∣∣δuff

j

∣∣∣
2

+O8(β) |σj|2 , (9.30)

where λp =
∣∣In − |P(x1,j)|2

∣∣, O7(β
−1) = ρChb

β
, O8(β) = (C2

hb + ρChbβ). Moreover,

|P(xj)| ≤ ρ3 < 1, leads to λp > 0.

Finally, substituting (9.22) and (9.30) back into (9.18) and considering the posi-

tiveness of Vj−1 yields

∆Ej+1 ≤− λ

∫ t

0

e−λτµ |σj|2 dτ +
∫ t

0

e−λτR(|σj|)dτ

−
(
λp −O9(β

−1)
) ∫ t

0

e−λτ
∣∣∣δuff

j

∣∣∣
2

dτ , (9.31)
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where R(|σj|) = O10(β) |σj|2+Cs |σj|3, O10(β) = O8(β)−η2+
β

2
+Ct, O9(β

−1) =

O7(β
−1) +

1

2β
.

For any given |σj| ∈ D, it is possible to show there exists a λ > 0 and λp > 0,

such that ∆Ej+1 ≤ 0. Therefore there exists Nλ > 0 and Nβ > 0 such that

∆Ej+1 ≤ −
∫ t

0

e−λτ

[
Nλ |σj|2 +Nβ

∣∣∣δuff
j

∣∣∣
2
]
dτ (9.32)

Hence it is possible to conclude Ej+1 ≤ ∆0 and belongs to the compact set D.

By using induction, all the trajectories σj+1 satisfies the constraints for all j =

1, 2, 3, . . . .

Moreover Ej+1 is non-increasing along the iteration axis and satisfies (9.32). Hence

lim
j→∞

∫ Tf

0

e−λτ

[
Nλ |σj|2 +Nβ

∣∣∣δuff
j

∣∣∣
2
]
dτ = 0,

lim
j→∞

‖σj‖L2
e
= 0 and lim

j→∞

∥∥∥δuff
j

∥∥∥
L2
e

= 0. (9.33)

Thus point-wise convergence is achieved. In addition, the convergence in the sense

of L2
e norm can be shown as an equivalent to L2 norm .

The uniformly continuity and boundedness of σi can be ensured. Hence uniform

convergence of σi is ensured when i → ∞. Hence the total control input, ui

is uniformly bounded for all iterations. Similarly, when i → ∞, ur → ur as

x1,i → x1,r. Therefore u
ff
j → ur in L2 norm. It can be concluded that lim

i→∞
u → ur

as the feedback disappears when tracking error goes to zero. This completes the

proof.

9.3 Time-varying Output Constraints

In this subsection, a time varying output constraint is considered along with a soft

input saturation, for the ILC algorithm.

Hence the control objective can be redefined as achieving the perfect tracking per-

formance without violating the time-varying output error bound. More precisely,

the control objective is to design a sequence of control input {ui}i∈N such that
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9. Robotic Manipulator with Output Constraints

e
⊺
i (t)ei(t) ≤ ε2b(t), ∀i ∈ N and lim

i→∞
|e(t)| = 0 point-wisely. Note that ε2b(t) is a

function of time, as oppose to the previous section.

Remark 9.11. It is noted that a time-invariant output constraint at joint space

will also result in a time-varying output error bound for a given time-varying ref-

erence trajectory. For example, when a constant kb is selected, i.e., kb > |yr(t)|∞
for all t ∈ [0, Tf ], it leads to a time-varying error bound εb(t), i.e., εb(t) =

kb − |yr(t)|∞. ◦ ◦

The overall control input can be calculated as:

ui(t) = ũ
ff
i (t) + u

fb
i (t), ∀t ∈ [0, Tf ], i ∈ N , (9.34)

where ũ
ff
i (t) = sat(uff

i (t), u∗) represents a modified feed-forward control input

and u
fb
i (t) represents a stabilizing feedback control based on BF-LF.

Recall that the input saturated ILC is given by

u
ff
i+1(t) = ũ

ff
i (t) + qΓ(t)ëi(t), u

ff
1 (t) = 0, (9.35)

where Γ(t) ∈ Rn×n is a positive definite matrix and q > 0 is the learning rate.

A new fictitious tracking error is introduced to facilitate the design and analysis

of feedback controller for a time varying output constraints and is given by

σ , ė+ cos2
(
πe⊺e

2ε2b

)
K1e−

ε̇b

εb
e+

ε̇bεb

πe⊺e
sin

(
πe⊺e

ε2b

)
e

for all t > 0, σ(0) = 0, (9.36)

where the matrix K1 ∈ Rn×n is symmetric positive definite. Note that εb(·) 6= 0,

the new velocity error σ is well-defined. Note that if εb is a constant, then σ in

(9.36) is equal to the one discussed in the previous section.

Remark 9.12. It can be shown that

lim
e→0

[
− ε̇b
εb
e+

ε̇bεb

πe⊺e
sin

(
πe⊺e

2ε2b

)
e

]
= 0, (9.37)

which indicates that the singularity will not happen when e approaches zero. How-

ever, when computing this signal numerically, it is possible that some numerical

error will lead to a very large value of σ. In order to avoid this from happening,

it is possible to set σ as zero when the tracking error is sufficiently small. For

example, σ = 0 if |e| < ǫo where ǫ0 is a sufficiently small positive number. ◦ ◦
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The proposed feedback control ufb for a time varying output constraint has the

same form except that the new σ from (9.36) is used.

It is easy to extend Proposition 9.7 and Theorem 9.10 for time varying constraints

by considering the new fictitious velocity. In order to omit any repetitions, only a

few changes that will appear while doing the extension is discussed below.

The time derivative of V will have,

V̇ = sec2
(
πe⊺e

2ε2b

)
e⊺ė− ε̇b

εb
sec2

(
πe⊺e

2ε2b

)
e⊺e

+
2εbε̇b
π

tan

(
πe⊺e

2ε2b

)
+

1

2
σ⊺Ṁ(x1)σ + σ⊺M(x1)σ̇. (9.38)

Substituting ė from (9.36) into (9.38) results in cancelling
ε̇b

εb
sec2

(
πe⊺e

2ε2b

)
e⊺e and

2εbε̇b
π

tan

(
πe⊺e

2ε2b

)
. The rest of the arguments in the proof of Proposition 9.7

and Theorem 9.10 remain more or less the same for extending it to time-varying

output constraints. Moreover, it can be shown that the new feed-forward control

algorithm (9.35) can also be used and suitable step similar to previous chapters

would lead to the L2 norm convergence of feed-forward control input.

Remark 9.13. It is possible to generalize the design for output constraints based

on the choice of barrier Lyapunov function Vb

(
e⊺e

ε2
b

)
.Recall the nondimensional

scalar parameter ẽ ,
e⊺e

ε2b
from equation (7.4).

Consider the following fictitious velocity error, which is a general form of one

introduced in (9.36) for a time varying output constraints.

σ , ė+
ε2b
2

(
∂Vb

∂ẽ

)−1 [
K1 +

ε̇b

e⊺e

∂Vb

∂εb
In

]
e, ∀t > 0 with σ(0) = 0, (9.39)

The proposed feedback control takes the form:

ufb = K2σ +
∂Vb

∂e
, (9.40)

The first part of the proposed feedback is a stabilizing feedback law. The second

part of the feedback ensure the constraint satisfaction. ◦
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9. Robotic Manipulator with Output Constraints

9.4 PD-ILC with Barrier Function based Feed-

back

In this section, we extend the results presented in Section 9.2 and 9.3. So far in

this chapter, we have used the second derivative information of output error in ILC

algorithm 9.1 when handling output constraints. Using the idea of ILC which uses

only the first derivative of position, it is possible to show that the barrier function

based feedback design with the PD-type ILC presented in Chapter 6 can ensure

the satisfaction of output constraint in all iterations. This result is presented in

Theorem 9.14. This extension helps in practical implementation when the second

derivative of output error is hard to calcualte numerically due to the presence of

measurement noise.

Theorem 9.14. For the system
∑

ROB

: (3.73) under the control laws (9.34), (6.4)

and (9.40) with Assumptions 3.69 and 3.71 can

1. achieve the convergence of output tracking error such that limi→∞ |ei| = 0

without violating the output constraint, |e| ≤ εb for any iteration, i;

2. ensure the uniform boundedness feed-forward control input, uff and L2 norm

convergence of uff to the reference ur.

Proof : The proof of theorem 9.14 follows the methods presented so far in this

chapter, with energy function presented in Chapter 6. Hence only a sketch of proof

is presented.

1. The boundedness of trajectories in all iteration and satisfaction of constraints

can be ensured with the same line of discussion presented in Proposition 9.7.

The fictitous velocity from equation 9.39 can be used instead of one presented

in 9.7. Note that using a soft input saturation at the PD-ILC law further

ensure the boundedness of feed-forward control input.

2. The energy function (6.10) can then be used to show that it is non-increasing

along the iteration axis. The proof clearly follows the techniques used in the

proof of Theorem 6.7. Note that this energy function does not contain a

barrier-Lyapunov function. The satisfaction of constraints in all iteration
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is proven separately in the first part of the proof. By using induction, the

satisfaction of output constraints can be guaranteed in all iterations leading

to the completeness of the proof.

9.5 Simulation and Experimental Results

For demonstrating the effective of proposed control schemes, this section discusses

both simulation and experimental results. For simulation, the cases discussed

in Sections 9.3 is exploited where a time varying output constraints in ILC is

implemented. For the experimental results, we demonstrate it effectiveness in the

robotic manipulator setup presented in 6.

9.5.1 Simulation Results

The model of robot from Appendix B is used for simulations.

The magnitude of joint angles are desired to be less than 1.5 radians, therefore

kb = 1.5 is taken as the output constraint.

For the simulation, the desired trajectories are taken as

yr(t) =
[
yr1(t), yr2(t), yr3(t)

]⊺
, where yr1(t) = 0.5 sin3

(
π t

3

)
cos
(
π t

3

)
, yr2(t) =

0.4 sin3
(
π t

3

)
+ 0.7, yr3(t) = 0.4 sin3

(
π t

3

)
+ 0.6. It is verified that the reference

trajectory satisfies Assumption 3.69. For the given reference trajectory, the error

bound is taken as per Remark 9.11. The simulation is performed with sampling

time of 1 millisecond, i.e., ∆t = 0.001 s.

In order to demonstrate the theoretical findings of this paper, the following simu-

lations are performed. Firstly, ILC is designed and its performance in the iteration

domain is investigated without considering the output constraints. Secondly, the

performance of feedback controller is discussed to verify Proposition 9.7. Thirdly,

the effectiveness of proposed control structure is discussed in detail.
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Fig 9.1: Supremum norm of the output tracking error,‖ei‖s without feedback

Convergence of ILC without Feedback

Tracking with ILC is performed without the feedback control where a finite time

interval, Tf is selected as 3.

The soft constraint on input is taken as u∗ = [12, 12, 12]. The convergence

condition (9.2) is satisfied if the update rate, q = 0.5 and learning gain Γ =

0.504 0 0

0 0.394 −0.124

0 −0.124 0.342


 are used for the ILC law. For calculating the deriva-

tive from the output error e, the backward difference method is used followed

by passing through a butter-worth filter of order-4 and cut-off frequency 275 Hz.

A high cut-off frequency has been selected for filter design to avoid distortion of

signals in numerical calculation. The simulation is performed for 250 iterations

without a feedback control. The supremum norm of the error ‖ei‖s is plotted in

Fig. 9.1 to show the convergence. It is observed that the output constraints are

not satisfied for the first 40 iterations, even though convergence of tracking error

can be achieved by an ILC law.

Time-domain Performance of Feedback Control

The simulation is performed using the proposed feedback controller without any

ILC controller. The intention is to show that the constraints are satisfied and

there exists a lower bound ν > 0 such that lim
t→∞

|e|∞ ≥ ν (For more details on

boundedness of ψ, refer Appendix A).
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Fig 9.2: Variation of tracking error in time for the proposed feedback
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Fig 9.3: Variation of control input in time for the proposed feedback

The feedback gains K1 and K2 are chosen as diagonal matrices with element

[9, 6, 6] and [3, 3, 4.8] respectively. The simulation is performed for Tf = 20.

The output trajectories are plotted in Fig. 9.2. It can be observed that the tra-

jectories satisfy the time varying error bound εb(t). However, the perfect tracking

performance cannot be obtained. The variation of feedback control input is shown

in Fig. 9.3. Clearly the feedback control input is bounded in the time domain.

Convergence in the Proposed Control Structure

The proposed feedback controller (9.5) with time varying output constraints and

feed-forward ILC (9.35) is applied to the simulation model with the controller

parameters given in subsections 9.5.1 and 9.5.1.

It is observed that the tracking error converges in iteration-domain and the output

constraints are satisfied for any iteration as shown in Fig. 9.4. Fig. 9.5 also
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Fig 9.4: Supremum norm of the output tracking error,‖ei‖s for the proposed
controller
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the proposed controller

shows that the feedback control approaches zero and feed-forward control input is

bounded within the soft input constraints. This simulation shows the effectiveness

of the proposed control algorithm.

9.5.2 Experimental Validation

Two results are presented in this section. Firstly, the Proposition 9.7 is demon-

strated where the proposed feedback is used for cases with two different virtual

error bound εb for the robotic manipulator shown in Fig. 6.2. For ease of pre-

sentation, the trajectories of only two degrees of freedom is shown. Secondly, the

experimental cases presented for input constraints in Section 6.4 is revisited where
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(a) θ2(t) for εb,1 = 0.2 (b) θ2(t) for εb = 0.1

(c) θ3(t) for εb,1 = 0.2 (d) θ3(t) for εb = 0.1

(e) Feedback control for εb,1 = 0.2 (f) Feedback control for εb = 0.1

Fig 9.6: Experimental comparison of output trajectories and control inputs for
two values of error bounds, εb = 0.2 and εb = 0.1

two virtual error bounds are introduced to show the effective of feedback control

in the learning of PD-type ILC law.

Response of Proposed Feedback without ILC

In order to demonstrate the effectiveness of the proposed feedback control, this

section demonstrates the response the controller for two cases of virtual error
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9. Robotic Manipulator with Output Constraints

bound when the feed-forward control input is zero. For the experiment, the desired

trajectories are taken as yr(t) =
[
θr2(t), θr3(t)

]⊺
, where θr2(t) = 0.25 sin3

(
π t

3

)
+

0.7, θr3(t) = 0.25 sin3
(
π t

3

)
+ 0.6.

The experiment is performed for Tf = 16.5s for two different error bound εb =

0.2 radians and εb = 0.1 radians. the feedback gains K1 = 5 and K2 = 0.2.

Without any loss of generality, a nominal gravity compensation is provided. The

comparison of output trajectories as well as the control input torque for both cases

are presented in Fig. 9.6. Clearly, when a tighter bound is imposed, the control

algorithm adapts itself leading to the satisfaction of output constraints.

Proposed Feedback with ILC

In this section we revisit the experimental results presented in Section 6.4 where

virtual bounds are imposed with the design of barrier function based feedback

with a PD-type ILC.

(a) θ2(t) for εb,1 = 0.2 (b) θ2(t) for εb = 0.1

(c) θ3(t) for εb,1 = 0.2 (d) θ3(t) for εb = 0.1

Fig 9.7: Experimental comparison of output trajectories for two values of error
bounds, εb = 0.2 and εb = 0.1 with the proposed feedback-based ILC

The response of the controller during the learning process is shown Fig. 9.7. The

variation of supremum norm of tracking error is shown in Fig. 9.8 where the

results are compared with a standard PD feedback used in Section 6.4. Clearly
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Fig 9.8: Supremum norm of the error

all the trajectories during the learning process satisfies the imposed constraints.

This demonstrates the effectiveness of the proposed controller.

9.6 Conclusion

A new feedback-based ILC scheme is proposed in this chapter to handle the hard

output constraints and soft input constraints in ILC for robotic manipulators.

The feedback in time-domain is designed with the help of a barrier function like

Lyapunov function, which can ensure the satisfaction of the output constraints in

time-domain. By incorporating this barrier function like Lyapunov function into

the composite energy function, it is shown that the proposed control law is able to

track the desired trajectory perfectly and satisfy the output constraints with the

bounded control input.
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CHAPTER 10

Conclusion and Future Directions

Overview

This chapter concludes the thesis by summarizing the contributions and providing pos-

sible extensions of current work.

10.1 Conclusion

This thesis investigated the methods to handle the input and output constraints

for continuous-time ILC algorithms. The primary goal of this thesis is to extend

the capabilities of feed-forward type ILC algorithms to cater for the needs of a

constrained system, with a specific application on robotic manipulators. The need

for the proposed control structure is primarily motivated from the limitations

faced in implementation of feed-forward ILC algorithms due to the unacceptable

behaviours in the transient stages of learning.

It is identified from the literature that feed-forward type ILC which are usually

designed and analysed using Contraction Mapping based methods, need the non-

linear systems to satisfy the global Lipschitz continuity condition. Most of the

engineered system are only locally Lipschitz continuous. However ILC algorithms

were successfully implemented in such systems, which indicated the limitations of

the existing analysis methods. Hence, a simple contraction mapping based analy-

sis alone is not sufficient to address such limitations of a learning algorithm. Due

to an integral action of the ILC algorithm in iteration domain, it is found to be

difficult to handle both input and output constraints in a standard ILC system
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when limited model information is available. The violation of these constraints

usually happens during the transient stages of learning even-though the reference

input and output satisfy the system constraints. Usually, a feedback controller is

used to improve the transient performance during the learning, however a standard

stabilizing feedback cannot guarantee the satisfaction of these constraints during

the learning process. This limits a successful implementation of a feed-forward

ILC algorithm in practice.

Chapter 3 revisited the convergence analysis of a P-type ILC algorithm for a non-

linear affine system with zero relative degree. Usually, the analysis of such system

were performed using contraction mapping based methods. It is demonstrated that

a composite energy function based analysis is capable of handling those designs

under suitable choice of energy function, which also brings a greater flexibility in

design and analysis of ILC algorithms. This in turn helps to address the constraint

problem in ILC domain.

In Chapter 4, 5 and 6, a D-type ILC algorithm was analysed for the satisfaction of

input constraints in a continuous time linear invariant, nonlinear affine and robotic

manipulator systems respectively. The proposed D-ILC is an updated form of a

standard D-type ILC where the control input is constrained. By using the prop-

erties of saturation function, it is shown that a feedback-based ILC system with

input constraints could satisfy the input constraints and achieve the uniform con-

vergence of tracking error and pointwise convergence of ILC input. The proposed

algorithms are applicable to systems which are locally Lipschitz continuous. In-

duction based proof technique was employed with composite energy function to

ensure the boundedness of trajectories during the learning process. The valida-

tion of proposed control is performed on a robotic manipulator and the results are

discussed in Chapter 6.

The discussions in Chapter 7, 8 and 9 were focused on the satisfaction of output

constraints in a continuous-time linear time-varying, nonlinear affine and robotic

manipulator systems respectively. A barrier function based design of feedback is

incorporated along with iterative learning control to satisfying the output con-

straints. A novel barrier function based composite energy function was used to

ensure the satisfaction of constraints as well as the convergence of tracking error.

The design and synthesis methods were experimentally tested on robotic manipu-

lator systems. The definition of constraints were made using 2-norm of the output

error for the ease of presentation, with a possibly conservative design. The ideas

presented in these chapters can be extendable to a large class of barrier function
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based feedback design that that can ensure the satisfaction of constraint in the

presence of a bounded feed-forward control.

This thesis extended the capabilities of energy function based analysis to address

the needs in a convergence analysis for constrained systems. This has also resulted

in proposing an novel updating structure which satisfy both input and output

constraint in ILC architecture with rigorous analyses using novel composite energy

functions.

10.2 Future Directions

Some of the possible extensions to this thesis are as follows:

Simultaneous satisfaction of both input and output con-

straints

This thesis investigated the hard input and output constraints separately, though

they both exist in engineering applications. The proposed methods are still valid

when both constraints exist simultaneously, as long as the barrier Layapunov based

feedback does not saturate when there is no feed-forward control. An attempt

in that direction was proposed by the authors, where a shaping and scaling of

barrier Lyapunov function is proposed to respect the hard input saturation. This

is submitted for ICCA 2019 (listed as C7 in Section 1.5).

For a nonlinear affine system,
∑

NL

given in (3.67) with appropriate assumptions,

the proposed feedback control has the form :

ufb =

[
∂V b

∂e

(
e⊺e

ε2b

)]⊺
, (10.1)

when a hard input saturation does not occur. Due to the existence of hard input

constraints, a new output feedback law is needed to ensure that the control input

is with the input limits. Consequently, it will ensure a simultaneous satisfaction

of input and output constraints. This output feedback is based on a virtual BLF,

which scales and shifts the original BLF which satisfies Assumption 7.2.

This new feedback control law is based on the following fact.
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Fact A: Let input saturation limit be u∗ > 0 and the output error constraint is

for any εb > 0 be given. Let Dy ⊆ Dy be a compact set within the domain of

constraint satisfaction Dy and V b be a given BLF. There always exists a positive

constant ǫ0 = ǫ0(u
∗,Dy) ∈ [0, εb) such that for any ǫ0, there exists a positive

constant k0 = k0(u
∗,Dy, ǫ0) such that for any k ≤ k0 the following condition hold

for all e ∈ Dy:

max
e∈Dy

∣∣∣∣k
∂V b

∂e

(
e⊺e

(εb − ǫ0)2

)∣∣∣∣
∞

≤ |u∗|∞ (10.2)

That indicates that if the feedback ufb design is modified to satisfy a virtual

error constant εv = εb − ǫo, then input constraints are always satisfied. Hence by

Proposition 8.5 the output trajectories will never leave the compact set Dy when

uff = 0. �

Fact A leads to the design of a new output feedback, ufb with the following form:

ufb = k

[
∂V b

i

∂ei

(
e
⊺
i ei

ε2v

)]⊺
, (10.3)

where a virtual error constraint εv and a scaling factor k is used to ensure the input

constraints for any given V b. Even though such a modification of feedback can

ensure the satisfaction of hard constraints, the existence of feed-forward ILC can

still violate both input and output constraints. The proposed convergence analysis

based on induction is still capable to ensure the satisfaction of both constraints.

Even the existence of such a barrier Lyapunov function is known, a complete

treatment on how a barrier function based feedback can be designed and tuned

in the presence of hard input saturation, with an imprecise model will be an

interesting direction for future research. This will have a wide scope beyond the

realm of learning controllers.

Input rate constraint and uncertainites

This thesis considered the constraint on the magnitude of control input as the

input constraint in a feedback-based ILC architecture. It is possible to include the

input rate constraints [148] which exits in an actuator. Another possible extension

of the current frame work is to tackle other input uncertainties such as dead-zone

and hysteresis. A dual loop ILC frame to tackle the uncertainity can be found

in [142] for a scalar nonlinear uncertain dynamic system, satisfying global Lipschitz
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continuity. It is also possible to extend the proposed control architecture to handle

such constraints for nonlinear systems which are locally Lipschitz continuous.

Extension by redefining the output constraints

Constraining the 2-norm of the output error yields multiple drawbacks. One being

the inability to treat components of error vector differently, limiting the application

of proposed barrier function based feedback control to cases where the components

of each vector are in the same scale. Considering an example of the wrist of

a manipulator with unconstrained rotation of the tool-mounting plate but hard

constraints of the other joints (to avoid self-collision), this definition of constraints

would be very restrictive and conservative for some joints just to satisfy the hard

constraints. Moreover, if the admitted domains of potential joint values are not

comparable (e.g. a linear axis having a domain of 0−10π and a revolute joint with a

domain of ±π) the constraint definition seems to lose its meaning. It is possible to

relax 2-norm constraint definition in robotic manipulator. One possibility is to use

weighting function in each component of error vector. The weighting can also serve

as a kind of normalization. Another possibility is to define the separate barrier

function for each component of error vector (See for example [171]). Convergence

analysis of learning control presented in the thesis is easily extendable in both

cases.
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APPENDIX A

Design of Feedback Gain in

Feedback-Based ILC

Overview

Feedback loops have been introduced in ILC to improve the performance in the time

domain. This in turn affects the convergence performance in the iteration domain. Such

an impact on ILC performance has not been rigorously analysed in the literature. In

this Appendix Chapter, the concept of dynamic influence in the iteration domain is

introduced to characterise the impact of feedback in the convergence of ILC algorithms.

An optimal feedback gain is thus designed in order to minimise such an impact with

the help of nominal model, leading to an improvement of the transient response in the

iteration domain. The result also reveals a clear performance trade-off between the

robustness of the system in time domain and the transient response in iteration domain.

A.1 Introduction

Many ILC algorithms depend only on the error from previous cycles and the direct

implementation of such ILC algorithms has a feed-forward nature as the control

input is pre-calculated before executing a trial. There are many ILC algorithms

that use the current error signal together with the error from previous trials, lead-

ing to so called feedback-based ILC design as shown in [34]. Normally in the design

of a feedback-based ILC framework, specific roles are assigned to two controllers

without investigating their interactions [133, 195–198]. Usually, a feedback con-

troller is expected to deal with internal state domain, non-repeating disturbances,

and maintain robustness whereas the ILC improves the performance of tracking
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in iterations even if the feedback controller is poorly designed. As both ILC and

feedback control improves tracking performance using the error information, it is

evident that the learning behaviour, in particular, the transient performance in

the iteration domain will be influenced by the selection of the feedback controller.

In most of the literature in the analysis of feedback-based ILC schemes, the design

of feedback loop and ILC loop are decoupled. None of these analyses have ad-

dressed the impact of feedback in the transient response in the iteration domain,

though convergence is always guaranteed. The effect of the system dynamics,

which is either open loop or closed loop with a feedback controller, is often ne-

glected in the analysis of ILC. The feedback and ILC interactions were pointed out

in [199] where it is observed that the bandwidth of feedback controller influences

the transient behaviours in ILC. A design trade-off between convergence in the

iteration domain and robustness in the time domain in frequency domain analysis

was established in [7]. Different from the literature, in this chapter the feedback

is utilised to improve the transient responses of ILC in iteration domain, instead

of using it for robustness. To do so, the interactions between the design of the

feedback controller and ILC will be investigated.

A new performance index called dynamic influence in the iteration domain is intro-

duced to capture the transient behaviour in the iteration domain. It is noted as in

Property A.9 that the dynamic influence in the iteration domain is related to the

stability margin in the time domain. It is interesting to show that a large stability

margin might not lead to a minimal dynamic influence in iteration domain, which

is consistent with the observations in literature as [7].

Once the dynamic influence in the iteration domain is introduced, the role of feed-

back is thus to minimize this new cost. Either model-based off-line optimization

or on-line model-free optimization techniques can be used to find an optimal feed-

back gain to minimize this dynamic influence. By using optimal feedback gain,

the transient response in the iteration domain can be greatly improved.

It is worthwhile to highlight, though this chapter only optimises the transient

response in the iteration domain by selecting the feedback gain, the same idea can

be extended to performances in both the time domain and iteration domain by

tuning the feedback gain and the updating gain in ILC simultaneously. Hence this

work presents a new design framework for incorporating two design freedoms at

the same time to achieve a better performance.
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The reminder of this chapter is organized as follows. Section A.2 provides prelimi-

naries, problem formulation and a motivating example, followed by main results in

Section A.3. Simulations are presented in Section A.4 while Section A.5 concludes

the chapter.

A.2 Problem Formulation and Motivation

For simplicity, for any matrix A ∈ Rn×n, we denote

λR(A) = max
i=1,...,n

{Re(λi)}, (A.1)

where λi is the i
th eigenvalue of A and Re(·) denotes the real part of the complex

number.

Let µ > 0 be any positive constant. Let AJ be the Jordan form of a square matrix

A. A modified Jordan form AJ,µ with respect to µ is defined as a matrix which is

identical to AJ except that each off diagonal element “1” is replaced by 1
µ
or off

diagonal I is replaced by 1
µ
I [200, P43,Theorem 2.2.7].

Lemma A.1 is needed to estimate the upper bound of trajectories of ILC algorithms

in time domain.

Lemma A.1. Let µ > 0, for any matrix A ∈ Rn×n there exists a non-singular

matrix Tµ ∈ Rn×n such that

Tµe
AtT−1

µ = eAJ,µt, ∀t ≥ 0. (A.2)

Moreover, ∣∣TµeAtT−1
µ

∣∣ =
∣∣eJµt

∣∣ ≤ e
(λR(A)+ 1

µ
)t
, ∀t ≥ 0. (A.3)

where λR(A) +
1
µ
< 0

Proof: The proof is given in [201, Lemma-1] �
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Plant Model

For simplicity of presentation, this chapter considers a single-input-single-output

(SISO) plant that can be represented in state space as:

ẋ = Ax+ Bu

y = Cx ; (A.4)

where x ∈ Rn, u ∈ R and y ∈ R are the state, input and output vectors respec-

tively. The state matrices (A,B,C) are of appropriate dimensions. Even though

the system under consideration is SISO, the analysis presented in this paper can

be easily extended to MIMO square systems.

Assumption A.2. It is assumed that the system (A,B) is controllable and (A,C)

is observable. �

The condition (A,B) is controllable indicates that the feedback has enough design

freedom such that the closed loop eigenvalues can be arbitrarily designed. (A,C)

is observable indicates that the state can be estimated from appropriately designed

observer. For simplicity of presentation, it is assumed that the state of the system

(A.4) is measurable.

Assumption A.3. For every reference trajectory yr ∈ C1[0, T ], there exist xr ∈
C1[0, T ] and ur ∈ C[0, T ] that satisfy the following dynamics:

ẋr = Axr + Bur

yr = Cxr . (A.5)

�

The tracking error, e(t) is defined as:

e(t) = yr(t)− y(t), ∀t ∈ [0, T ]. (A.6)

Assumption A.4. The system has a relative degree one such that CB > 0. �

Assumption A.5. For a given yr(t) ∈ C1[0, T ], the system (A.4) satisfies the

identical initial condition (i.i.c) represented by xi(0) = xr(0), ∀i ∈ N . �
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Controller Design

This subsection summarizes the typical design strategies for the feedback-based

ILC algorithm. It consists of a dual controller design which is composed of a

stabilising feedback controller (not tracking) and an ILC system based on the

output tracking error.

The control law is defined as:

ui(t) = u
fb
i (t) + u

ff
i (t), ∀t ∈ [0, T ], (A.7)

where ufbi (t) is a stabilising feedback controller given in (A.8) and uffi is the ILC

control input (also refereed as feed-forward input) given in (A.9)

Without the loss of generality, we assume a state feedback stabilisation of the

form:

u
fb
i = K(xr − x) (A.8)

where the feedback gain, K is designed to stabilize the system (A.4). In other

words, the stabilizing controller will ensure that the state stays close to the desired

state xr.We denote the set S as the set containing all stabilizing K matrices.

We use a standard D-type ILC represented by:

u
ff
i+1(t) = u

ff
i (t) + γėi(t), u

ff
1 (t) = 0, ∀t ∈ [0, T ]. (A.9)

where γ represents the learning gain.

For such a dual controller design, the error dynamics for the closed loop system

can be written in the form:

δẋ = (A−BK) δx+ Bδuff

δy = Cδx (A.10)

where δx = xr − x and δuff = ur − uff .
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For any reference signal yr(t), if Assumptions A.3-A.5 hold and the following

convergence condition is satisfied [46]

|1− γCB| ≤ ρ < 1, (A.11)

then lim
i→∞

‖ei‖λ = lim
i→∞

‖ei‖s = 0.

Remark A.6. It is noted that the ILC updating law (A.9) can be applied to a

large family of systems that satisfy the convergence condition. As it only requires

the “sign” and bounds of CB in the design, it is a kind of model-free controller. If

the upper and lower bounds of CB are known, the learning gain γ can be designed

accordingly. If CB = 0, higher order derivatives of the tracking error are needed

in the updating law [179] and a slightly different convergence condition is needed

to ensure the convergence. ◦

Remark A.7. In the proof of the convergence [46], the time-weighted norm or

λ-norm is used with the help of Gronwall Lemma. The key idea in the proof is to

ignore the dynamics of the system by using a λ-norm with a very large constant

λ. No matter whether the matrix A is stable or not, when a finite-time interval

is considered, the trajectories of the system (A.4) are always bounded provided

that the control input is bounded. Thus by designing the updating law (A.9), a

contraction mapping in terms of ‖ėi‖λ will be ensured provided that the convergence

condition (A.11) is satisfied with the resetting condition given in Assumption A.5.

However, even though the convergence of a simple ILC (A.9) can be guaranteed, the

transient performance along iteration domain might be very bad as noted in [46].

◦

A Motivating Example

It seems intuitively clear that a stabilising feedback control will improve the tran-

sient response in the time domain as well as in the iteration domain [108]. However,

this is not always the case as illustrated in the following example.

Consider a linear time invariant plant model:
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Table A.1: Feedback gains and pole placement locations

Case-1 Case-2 Case-3 Case-4

Closed loop Poles −2± j −3± j −4± j −5± j

K [6 3.99] [11 5.99] [18 7.99] [27 9.99]

[
ẋ1

ẋ2

]
=

[
0 1

1 −0.01

][
x1

x2

]
+

[
0

1

]
u

y =
[
0 1

] [x1
x2

]
(A.12)

It can be verified that the system satisfies the Assumption-A.2 and the reference

state, xr(t) = [0.4 sin(2πt
T
), 0.8π

T
cos(2πt

T
)] is as per Assumption-A.3.
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Four different cases of feedback gains for the controller (A.8) are used in the

motivation example as tabulated in Table A.1. A time step of 5× 10−4 is used for

simulation with initial ILC input uff1 (t) = 0 and learning rate γ = 0.9 in which

the convergence condition is satisfied. The time derivative of error is calculated

by using a backward difference method and using a butter-worth filter of order-3

with cut off frequency of 300Hz. The location of closed loop poles (as per Table

A.1) are used to find the feedback gains that affect the performance in iteration

domain, though the convergence condition is not affected by the feedback.

It can be seen in Fig.A.1 that all four cases have different iteration domain perfor-

mance. Case-1 has the fastest convergence speed in terms of number of iterations

to reach the lowest possible value of error in simulations where the initial error

for Case-1 in the first iteration is more than that of other cases considered.This

shows that a less robust feedback will lead to a faster convergence in the iteration

domain. This also indicates that there might exist an optimal feedback gain that

can achieve the best transient response in terms of convergence. Thus a random

choice of pole location has larger effect in the iteration domain performance of

the combined system. Clearly, it is also a trade-off between the time domain per-

formance and iteration domain performance. It can be seen in Fig.A.2 that the

different feedback choices have different time domain performance and that a high

gain feedback system cannot always improve the learning performance.

A good feedback controller can achieve a reasonably good performance in time

domain. However, it may take more iterations for the ILC controller to converge.

The improved transient performance in the iteration domain is always critical in

industrial applications. It is therefore interesting to understand how these feedback

and ILC interact with each other and how these interactions have to be considered

in the design process.

A.3 Main Results

From the closed loop system (A.10) we can show that

ėi+1(t) =ėi(t) + C (δẋi+1(t)− δẋi(t))

=ėi(t) + C(A−BK) (δxi+1(t)− δxi(t)) + CB
(
u
ff
i+1(t)− u

ff
i (t)

)

=(1− γCB) ėi(t)− C(A−BK)∆xi+1(t) (A.13)
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where ∆xi+1(t) == xi+1(t)− xi(t).

Remark A.8. It is obvious that, for a given feedback control algorithm, the feed-

back gain does not affect the convergence condition. That is, the convergence of

the D-type ILC is independent of the choice of the feedback gains. However, as

shown in the motivating example, the choice of the feedback will affect the transient

response of the tracking error in iteration domain. Next will discuss how to choose

an optimal feedback gain such that an optimal transient response in iteration do-

main is obtained.

◦

From equation (A.13), it follows that

ėi+1(t) = ρėi(t) + di(t), (A.14)

where ρ = (1− γCB) and di(t) = C(A − BK)∆xi+1(t). When the convergence

condition (A.11) is satisfied by selecting the value of γ, the ILC algorithm (A.9)

can ensure the convergence. In the proof of the convergence, the term di(t) is made

sufficiently small by using Gronwall Lemma and the standard time-weighted norm

or a λ norm.

It is noted that the term di(t) reflects the influence of dynamic systems in the con-

vergence of tracking error in iteration domain. In order to evaluate this influence,

the upper bound of di over the finite time interval is estimated. First, the upper

bound of |∆xi(t)| is estimated.

δxi = e(A−BK)tδx(0) +

∫ t

0

e(A−BK)(t−τ)Bδu
ff
i dτ (A.15)

As δx(0) = 0 as per i.i.c, we can subsequently show from (A.15) that

∆xi+1(t) =

∫ t

0

e(A−BK)(t−τ)B
(
δu

ff
i+1 − δu

ff
i

)
dτ

|∆xi+1(t)| ≤
∫ t

0

∣∣e(A−BK)(t−τ)
∣∣ dτ |B| |γ| ‖ėi‖s . (A.16)
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By applying Lemma 1, e(A−BK)(t−τ) = T−1
µ eJµ(t−τ)Tµ, it follows that

∫ t

0

∣∣e(A−BK)(t−τ)
∣∣ dτ

≤ 1∣∣∣λR(A− BK) + 1
µ

∣∣∣
|Tµ|

∣∣T−1
µ

∣∣
(
1− e(λR(A−BK)+ 1

µ)t
)

≤ 1∣∣∣λR(A− BK) + 1
µ

∣∣∣
|Tµ|

∣∣T−1
µ

∣∣ , (A.17)

as λR(A− BK) + 1
µ
< 0.

We denote that φ(A − BK) := |A−BK|

|λR(A−BK)+ 1

µ | |Tµ|
∣∣T−1

µ

∣∣. Taking the supremum

norm for both sides of (A.13), by combining (A.16), (A.17) and the convergence

condition (A.11), it follows that

|ėi+1‖s ≤ ρ‖ėi‖s + |γ| |C| |B|φ(A−BK)‖ėi‖s. (A.18)

Note that the feedback only affects φ(A−BK), which is also an iteration irrelevant

function. Thus the term φ(A − BK) represents the dynamic influence in the

iteration domain. If φ(A−BK) is minimized, the upper bound of the supremum

norm in iteration domain will be smaller, leading to a better transient response.

However, it can be seen that the choice of µ also affects the performance. But µ is

not a system parameter. It only provides a simplification used for estimating the

upper bound of the matrix exponential. Intuitively, a smaller µ is preferred.

Thus it is desirable to design an optimal feedback gain, for example, feedback gain

K in the problem formulation to minimize this term. The following optimization

problem is thus formulated.

min
K∈S

φ(A−BK). (A.19)

In general, finding an optimal solution for (A.19) is quite hard even if the plant

model is completely known as it might be a non-convex optimization problem.

The following property shows that in order to minimize φ(A− BK), the value of

λR(A− BK) can not be arbitrarily large.

Property A.9. Let ǫ be an arbitrarily small positive constant and µ is a positive

constant. Assume that A−BK ∈ Rn×n is a Hurwitz and satisfies 1
µ|λR(A−BK)|

< 1.
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Then minimum of |A−BK|

|λR(A−BK)+ 1

µ | is a function of λR(A − BK). When λR(A −
BK) = 1−ǫ

ǫµ
, this function reaches its minimal at 1− ǫ.

Proof: It is noted that |A− BK| ≥ |λR(A−BK)|. In particular, if λs(A −
BK) = λR(A − BK), ∀s = 1, . . . , n, the equality holds. Since A − BK is a

Hurwitz, λR(A − BK) 6= 0. For any given µ > 0, if |A−BK| = |λR(A−BK)|,
|A−BK|

|λR(A−BK)+ 1

µ | reaches its minimum at |λR(A−BK)|

|λR(A−BK)+ 1

µ | . Moreover, it has

|λR(A−BK)|∣∣∣λR(A−BK) + 1
µ

∣∣∣
= − |λR(A− BK)|

λR(A−BK) + 1
µ

= − 1
λR(A−BK)+ 1

µ

|λR(A−BK)|

= − 1

−1 + 1
µ|λR(A−BK)|

=
1

1− 1
µ|λR(A−BK)|

where 1
µ|λR(A−BK)|

< 1. A simple calculation shows that |λR(A−BK)|

|λR(A−BK)+ 1

µ | ≤ 1 − ǫ.

This completes the proof. �

Remark A.10. Property A.9 shows that the dynamic influence in the iteration

domain φ(A−BK) is related to λR(A−BK). In order to minimize φ(A−BK),

the value of λR(A − BK) cannot be arbitrarily large. It is note that the value

of λR(A − BK) also represents the stability margin or robustness of the feedback

control law in the time domain. Property A.9 clearly shows that there is a design

trade-off between robustness in time domain and the transient response in iteration

domain as observed in [7]. ◦

Remark A.11. It is noted that the value of φ(A−BK) also depends on |Tµ|
∣∣T−1

µ

∣∣.
For a given µ, Tµ is related to the matrix A−BK. It can be shown that |Tµ|

∣∣T−1
µ

∣∣
is related to locations of the poles of the matrix A−BK. Through a large number of

simulations, it is observed that the optimal A−BK always has poles that have the

same real parts (possibly to be complex conjugate pairs), which are quite closed to

the imaginary axis. Our future work will focus on providing a systematic design in

selecting the eigenvalues of A−BK with a rigorous proof. Intuitively, when there

are complex conjugate pairs, the closed loop system exhibits oscillations, which will

provide richer information to learn over iterations. ◦

Remark A.12. This optimization problem is quite difficult to solve. Firstly, φ(A−
BK) is a conservative estimate of the trajectories of the system in the closed-loop.
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Secondly, the standing assumption of ILC is that the plant of the system is not

completely known. Thirdly, even if the nominal model of the plant is known, it is

hard to show that the optimization problem (A.19) is convex. Last but not least,

the parameters are constrained in set S to ensure the stability of the closed-loop in

time domain. Thus in this paper, a simplified, but a practical algorithm is proposed

to solve this problem. ◦

Step 1 It is assumed that the nominal model of the system is obtained as (A.4).

The nominal model is assumed to have enough accuracy.

Step 2 Under such a situation, an off-line optimization technique can be used to

find the optimal feedback gain K̂∗ either locally or globally.

Step 3 An on-line tuning algorithm is used to find K̂∗ with appropriate choices of

the cost function over iterations in order to handle the modeling uncertainties

and disturbances.

It is possible to estimate the optimal feedback gains on-line in order to get the

better transient response in the iteration domain without requiring the precise

knowledge of the system. Moreover, the off-line optimal solutions from the nominal

model can serve as a good initial guess to speed up the convergence.

Remark A.13. As noted, there is a design trade-off between the robustness in

time domain and the transient response in iteration domain, a cost function can

be designed as a linear combination of two costs (robustness and φ(A−BK)). By

choosing different weights for different applications, we can get a unified design

for tuning feedback gains that can well balance these two performance indices. ◦

Remark A.14. Our current problem formulation fixes the design of ILC while

updating the feedback gain. It is possible to update the design of ILC in a similar

way. Thus the problem formulation provides a unified framework to obtain an

optimal performance in both iteration domain and time domain by selecting the

parameters for ILC and feedback. Future work will extend this framework to more

general systems such as nonlinear time-varying systems. ◦

A.4 Simulation Results

The simulation is performed to investigate the effect of optimal feedback gain to the

transient response in iteration domain. A constrained offline optimisation using the
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inbuilt function ’fmincon’ in MATLAB software (MATLAB and Statistics Toolbox

Release R2014b,The MathWorks Inc, MA) is performed.

The optimisation is performed for the system (A.12) for 1
µ
= 0.01, resulted in

optimal feedback gain, K = [2.01, 0.93]. The performance in the iteration domain

for this feedback gain is then compared with other four cases used in the motivating

example (Section A.2).

It can be observed that the optimized feedback parameters improve the transients

in the iteration domain when compared with the choice of feedback gains consid-

ered in Section A.2. The supremum error converged to the minimum vale in least

number of iterations. The time-domain performance in the first iteration when

u
ff
1 = 0 is shown in Fig.A.4. Even though the supremum error norm is larger

in the first iteration compared to other cases,the current design allows a faster

convergence of error.
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other choice of feedback gains

A.5 Conclusion

A unified framework for an optimal design of a feedback controller to improve the

transient performance in iterative domain is developed in this chapter. A dynamic

influence in the iteration domain is introduced which captures the effect of feedback

controller in the convergence of error in the iteration domain. Optimal feedback
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control gains are selected to minimize this dynamic influence. It is observed that

there is a clear trade-off between robustness in the time domain and transient

performance in the iteration domain. The future work is to extend the framework

to optimize the feedback controller parameters using an on-line gradient based

optimization. Moreover, design optimal parameters for both ILC and feedback to

balance the robustness in time domain and convergence in iteration domain will

be explored.

182



APPENDIX B

Modelling and System Identification of

Robotic Manipulator

Overview

This Appendix constitutes of the system modelling, parameter estimation and model

validation of the first prototype of rehabilitation robot, EMU, developed at The Uni-

versity of Melbourne. The derivation of dynamic model is based on Euler-Lagrange

method, where a systematic approach is used to obtain the torque equations excluding

the effects of joint friction, gear backlash etc. It is difficult to estimate the complete

inertial and dynamic parameter of the model, but the lumped set of parameters that

contributes to the dynamics model is obtained in this Appendix. This is sufficient for

the simulation of control algorithms developed in this thesis. The identification methods

used in this Appendix are restricted to simple, serial and parallel robotic manipulators

with a limited range of operation.

The organisation of this appendix chapter is as follows. The lumped mass mod-

elling and parametric presentation of equations of motion are given in B.1, the

system identification procedure is explained in Section B.2 followed by the conclu-

sions in

B.1 System Modelling

The schematics of the rehabilitation robot is shown in Fig. B.1. It constitutes

of θ1, θ2, θ3 as the actuated degrees of freedom with a passive spherical wrist.

The patient’s forearm is attached to the robot end effector, {E}, with a passive
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Fig B.1: EMU- a rehabilitation robot

spherical joint, simulating a point of contact between the robot and the human

arm. For the purpose for model derivation and identification, only actuated degrees

of freedom are considered without any human arm connected at the end effector.

Derivation of equations of motion

The three degrees of freedom robot with associated co-ordinate frame and lumped

mass positions are shown in Fig B.1. It consists of five lumped masses with masses

represented usingmi, location of centre of masses using ai and the link length using

li. The co-ordinate frames orientations are also shown in the Fig. B.2 and B.3.
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Fig B.2: Simplified kinematic structure of the robot

Fig B.3: Co-ordinate relations

The following rotation matrices will facilitate the derivation of equations of motion.

Rz(q1) =



cos(q1) − sin(q1) 0

sin(q1) cos(q1) 0

0 0 1


 ;Ry(−q2) =



cos(q2) 0 − sin(q2)

0 1 0

sin(q2) 0 cos(q2)




Ry(−q3) =



cos(q3) 0 − sin(q3)

0 1 0

sin(q3) 0 cos(q3)


 (B.1)
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It is can be easily verified that the following relations hold:

0
1R =Rz(q1) Ry(q3);

0
2R = Rz(q1) Ry(q2);

1
3R =Ry(q2 − q3);

4
2R = Ry(q2 − q3);

0
3R =0

1R
1
3R;

0
4R = 0

2R
2
4R

0
5R =0

4R (B.2)

The positions of the centre of masses are also required to establish the kinematic

relations, which are given by:

0r10 =
0
1R [ − a1 0 0 ]⊺ (B.3)

0r02 =
0
2R [ 0 0 a2 ]⊺ (B.4)

0r03 =
0
1R[ − l1 0 0 ]⊺ + 0

3R [ 0 0 a3 ]⊺ (B.5)

0r04 =
0
2R [ 0 0 l2 ]⊺ + 0

4R [ − a4 0 0 ]⊺ (B.6)

0r05 =
0
2R [ 0 0 l2 ]⊺ + 0

5R [ − l1 − a5 0 0 ]⊺ (B.7)

where the locations of centre of mass are shown in Fig. B.2.

Let the joint angles and velocities be defined as q =



q1

q2

q3


 and q̇ =



q̇1

q̇2

q̇3


.

The absolute linear velocity can be calculated using v =
∂r

∂q
q̇ resulted in the fol-

lowing linear velocities for the centre of masses:

v1 =



a1 cos(q3) sin(q1) 0 a1 cos(q1) sin(q3)

−a1 cos(q1) cos(q3) 0 a1 sin(q1) sin(q3)

0 0 −a1 cos(q3)


 q̇ (B.8)

v2 =



a2 sin(q1) sin(q2) −a2 cos(q1) cos(q2) 0

−a2 cos(q1) sin(q2) −a2 cos(q2) sin(q1) 0

0 −a2 sin(q2) 0


 q̇ (B.9)
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v3 =




sin(q1)(l1 cos(q3) + a3 sin(q2)) −a3 cos(q1) cos(q2) l1 cos(q1) sin(q3)

− cos(q1)(l1 cos(q3) + a3 sin(q2)) −a3 cos(q2) sin(q1) l1 sin(q1) sin(q3)

0 −a3 sin(q2) −l1 cos(q3)


 q̇

(B.10)

v4 =




sin(q1)(a4 cos(q3) + l2 sin(q2)) −l2 cos(q1) cos(q2) a4 cos(q1) sin(q3)

− cos(q1)(a4 cos(q3) + l2 sin(q2)) −l2 cos(q2) sin(q1) a4 sin(q1) sin(q3)

0 −l2 sin(q2) −a4 cos(q3)


 q̇

(B.11)

v5 =




sin(q1)((a5 + l1) cos(q3) + l2 sin(q2)) −l2 cos(q1) cos(q2) (a5 + l1) cos(q1) sin(q3)

− cos(q1)((a5 + l1) cos(q3) + l2 sin(q2)) −l2 cos(q2) sin(q1) (a5 + l1) sin(q1) sin(q3)

0 −l2 sin(q2) −(a5 + l1) cos(q3)


 q̇

(B.12)

The absolute angular velocities of the centre of masses are given by:

0ω1 =
0
1R



0

q̇3

0


+



0

0

q̇1


 =



−q̇3 sin(q1)
q̇3 cos(q1)

q̇1


 (B.13)

0ω2 =
0
2R



0

q̇2

0


+



0

0

q̇1


 =



−q̇2 sin(q1)
q̇2 cos(q1)

q̇1


 (B.14)

0ω3 =


 0

1R
1
3R




0

q̇2 − q̇3

0


+ 0

1R



0

q̇3

0





+



0

0

q̇1


 =



−q̇2 sin(q1)
q̇2 cos(q1)

q̇1


 (B.15)

0ω4 =


 0

2R
2
4R




0

q̇3 − q̇2

0


+ 0

2R



0

q̇2

0





+



0

0

q̇1


 =



−q̇3 sin(q1)
q̇3 cos(q1)

q̇1


 (B.16)

The absolute angular velocities are in frame 0, the components along its body

frame i can be obtained by multiplying with corresponding rotation matrix i
0R.

These angular velocities will be used in deriving the equations of motions.
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The angular velocities can be represented in their respective frames as

1ω1 =
1
0R

0ω1 =



q̇1 sin(q3)

q̇3

q̇1 cos(q3)


 , 2ω2 =

2
0R

0ω2 =



q̇1 sin(q2)

q̇2

q̇1 cos(q2)


 (B.17)

3ω3 =
3
0R

0ω3 =



q̇1 sin(q2)

q̇2

q̇1 cos(q2)


 , 4ω4 =

4
0R

0ω1 =



q̇1 sin(q3)

q̇3

q̇1 cos(q3)


 (B.18)

5ω5 =
4ω4 (B.19)

In addition, there is a base plate-b in frame ′b′ with inertia matrix Ib that contribute

to the rotational kinetic energy;

bωb =
[
0, 0 q̇1

]⊺
(B.20)

The manipulator has only direct drive revolute joint where τ =
[
τ1, τ2, τ3

]⊺

represents the vector of motor torque. Let the frictional torque at the joints be

represented by f(q̇) and the gravitational acceleration vector, g =
[
0, 0, g

]
.

Lagrange’s equations of motion can be used to derive the dynamic equations of

the system, which is given by:

d

dt

(
∂T

∂q̇

)
− ∂T

∂q
+
∂V

∂q
= τ − f(q̇) (B.21)

where T is the total kinetic energy of the manipulator and V being the total

potential energy.

For the given manipulator system,

T =
5∑

i=1

1

2
miv

⊺
ivi +

5∑

i=1

1

2
ω

⊺
i Iiωi +

1

2
ω

⊺
bIbωb (B.22)

V =
5∑

i=1

migri (B.23)

The total kinetic and potential energy can be obtained by substituting the linear

and angular velocities as well as the position of centre of masses back into the
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(B.23). Using the symbolic representation in MATLAB, the equations of motion

given by the (B.21) is solved, leading to the following

M(q)q̈+ C(q, q̇) +G(q) + f(q̇) = τ (B.24)

where

M =




K1 +K2 cos
2(q3) +K3 cos

2(q2)

+2K4 cos(q3) sin(q2) 0 0

0 K5 K4 sin(q2 − q3)

0 K4 sin(q2 − q3) K6




(B.25)

C =




2q̇1q̇2 cos(q2) (K4 cos(q3)−K3 sin(q2))

−2q̇1q̇3 sin(q3) (K2 cos(q3) +K4 sin(q2))

K3

2
q̇21 sin(2q2)−K4q̇

2
3 cos(q2 − q3)

−K4q̇
2
1 cos(q2) cos(q3)

K4q̇2
2 cos(q2 − q3) + q̇1

2 sin(q3)(K2 cos(q3) +K4 sin(q2))




(B.26)

G =




0

K7 sin(q2)

K8 cos(q3)


 (B.27)
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K1, K2, · · · , K8 are the lumped parameters of the system and is given by

K1 =
5∑

i=1

Jix + Jbz + a22m2 + a23m3 + l22m4 + l22m5 (B.28)

K2 = a21m1 + a24m4 + a25m5 + l21m3 + l21m5 + 2a5l1m5

+ J1z − J4x − J5x − J1x + J4z + J5z (B.29)

K3 = J2z − J3x − J2x + J3z − a22m2 − a23m3 − l22m4 − l22m5 (B.30)

K4 = (a3l1m3 + a4l2m4 + a5l2m5 + l1l2m5) (B.31)

K5 = J2y + J3y + a22m2 + a23m3 + l22m4 + l22m5 (B.32)

K6 = J1y + J4y + J5y + a21m1 + a24m4 + a25m5 + l21m3 + l21m5 + 2a5l1m5 (B.33)

K7 = −g(a2m2 + a3m3 + l2m4 + l2m5) (B.34)

K8 = −g(a1m1 + a4m4 + a5m5 + l1m3 + l1m5) (B.35)

A viscous friction model is considered for modelling with coefficients of friction

as K9, K10 andK11 which leads to f(q̇) =
[
K9q̇1, K10q̇2, K11q̇1

]⊺
. As the lumped

parameter model is established, the intention of system identification is to find the

unknown parameters K1, · · · , K11. This will be discussed in the next Section.

B.2 System Identification

For system identification, the manipulator has to be excited to cover the desired

regions of operation without violating its physical constraints. The intention is to

apply a joint torque that excites the system and generate movements that cover

its operation range of position, velocity and acceleration. However, knowing this

torque before hand is not possible. But, it is possible to use a feedback controller

that performs tracking, to generate a torque to track a reference trajectory. The

reference tracking can be designed easily and accommodates the physical con-

straints of the manipulator. However, in the existing setup, the robot uses a high

gain PD type controller which perform tracking with sufficient accuracy. Hence

the following method is used to find the q and τ .

• A continuously differentiable trajectory that satisfy the the physical con-

straints with increasing frequency is designed.

• Tracking using high gain PD type controller is performed. It generate a

certain torque to closely track the desired trajectory.
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• A least square fit is used to find an analytical expression for the trajectory

generated by the robot. This provides a smooth trajectory which can be

used to find the velocity and acceleration analytically and can be used for

system identification.

• It is also possible to find the velocity and acceleration numerically as well, us-

ing the recorded position data with appropriate cut-off filters. Both methods

can be used for system identification.

The desired joint angles that are used for system identification are given by:

q1d = 0.45 sin(ω1t+ αt2) (B.36)

q2d = 0.65 + 0.35 sin(ω2t+ αt2) (B.37)

q3d = .65 + 0.15 sin(ω3t+ αt2) (B.38)

where ω1 = 2π × 0.04; ω2 = 2π × 0.25; ω3 = 2π × 0.37, α = 0.004π.

The system output is recorded and a least square fit on joint angles is performed

to get analytical expression for actual experimental data.

The least square fitting gives the following joint angles, which are very closer to

the desired joint angles (as expected)

q1 = 0.452 sin(ω1t+ αt2) (B.39)

q2 = 0.70 + 0.383 sin(ω2t+ αt2) (B.40)

q3 = .684 + 0.149 sin(ω3t+ αt2) (B.41)

Therefore, (B.41) represents the actual position information of the robot and will

give smooth velocity and acceleration vectors.The experimental data is compared

with the analytical expressions and are shown in the Fig. B.4. It is observed that

a good matching has been obtained with the experimental and hence the data

from analytical expressions will be used for system identification. Again the joint

velocities and acceleration are calculated analytically as well as numerically and a

low-pass cut-off frequency of 15Hz is applied on numerical derivatives. These are

shown in Fig. B.5 and B.6.
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Fig B.4: Joint angles- measured v/s analytical

Fig B.5: Joint velocities- numerical v/s analytical
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Fig B.6: Joint accelerations- numerical v/s analytical

The equations of motions can be rearranged to a set of linear equations to extract

the unknown parameters, as follows.

M(q)q̈ + C(q, q̇) +G(q) + τ f = A(q, q̇, q̈)x = τ (B.42)

Ax = τ (B.43)

where

A =



a1,1 a1,2 · · · a1,10 a1,11

a2,1 a2,2 · · · a2,10 a2,11

a3,1 a3,2 · · · a3,10 a3,11


 (B.44)

x =
[
K1 K2 · · · K11

]⊺
(B.45)

τ =
[
τ1 τ2 τ3

]
(B.46)
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the coefficients in A is given by

a1,1 =q̈1, a1,2 = q̈1 cos
2(q3)− 2q̇1q̇3 cos(q3)sin(q3)

a1,3 =q̈1 cos
2(q2)− 2q̇1q̇2 cos(q2) sin(q2)

a1,4 =2q̈1 cos(q3) sin(q2)− 2q̇1q̇3 sin(q2) sin(q3) + 2q̇1q̇2 cos(q2) cos(q3)

a1,5 =0, a1,6 = 0, a1,7 = 0, a1,8 = 0, a1,9 = q̇1, a1,10 = 0, a1,11 = 0

a2,1 =0, a2,2 = 0, a2,3 = .5× q̇1
2sin(2q2)

a2,4 =− cos(q2) cos(q3)q̇1
2 − cos(q2 − q3)q̇3

2 + q̈3sin(q2 − q3)

a2,5 =q̈2, a2,6 = 0, a2,7 = sin(q2), a2,8 = 0, a2,9 = 0, a2,10 = q̇2, a2,11 = 0

a3,1 =0, a3,2 = q̇1
2 cos(q3)sin(q3), a3,3 = 0

a3,4 =sin(q2)sin(q3)q̇1
2 + cos(q2 − q3)q̇2

2 + q̈2sin(q2 − q3), a3,5 = 0, a3,6 = q̈3

a3,7 =0, a3,8 = cos(q3), a3,9 = 0, a3,10 = 0, a3,11 = q̇3

Least Square identification

The experimental data is recorded for 9048 data points and the regression matrix

is formed for all the data points recorded for system identification for all ti ∈
[0, .01, .02....90.47]




A(q(t1), q̇(t1), q̈(t1))

A(q(t2), q̇(t2), q̈(t2))
...

A(q(tn), q̇(tn), q̈(tn))



x =




τ (t1)

τ (t2)
...

τ (tn)




(B.47)

This is equivalent to

Āx = τ̄ (B.48)

Solution (B.48) is obtained by pseudo inversion of matrix Ā, ie, x = (Ā⊺Ā)−1Ā⊺τ̄ .

This is verified using regress function in MATLAB.

For identifying the system parameters, there are two possibilities. We can either

use the experimental data where the velocity and acceleration is filtered using a

butterworth filter or use the analytical expression from equations (B.41). It is
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previously observed that those filtered data has a good match with the analyti-

cal expression. Hence both methods are used for parameter identification and is

compared in Table B.1. Once the parameters are identified, then the comaprison

of measured torque can be made with the torque predicted from identified system

parameters. This acts as a baseline for checking how good the identified parame-

ters are. For parameters identified form measured joint position, the comparison

of predicted and applied torques are shown in Fig. B.7 for illustration.

Fig B.7: Torque Comparison- Predicted v/s Applied

Table B.1: System coefficients K1-K8

K1 K2 K3 K4 K5 K6 K7 K8

Analytical 0.682 -.426 -0.497 0.253 0.3024 0.043 -6.456 -3.541

Filtered data 0.663 0.419 -0.629 0.3435 0.438 0.3806 -6.363 -3.664

Table B.2: Frictional torque constants

Fv1 Fv2 Fv3

Analytical 4.6791 1.7600 3.5322

filtered data 4.6853 1.6365 3.7453
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B.3 Conclusion

In this Appendix, the equation of motion of the robotic manipulator is derived.

The system identification is performed to identify the unknown system parame-

ters. Two data sets are used for system identification: one data set is from direct

measured values, where the joint velocities and acceleration is filtered to remove

noise, and the second data set is from the analytical expression for joint veloc-

ities and acceleration which are identified by fitting joint angle expression with

measured data. It is also observed that the predicted torque from the identified

system model has a good fit with the measured torque.
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