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Abstract

Despite advances in prevention and control, infectious diseases continue to be a burden to

human health. Many factors, including the waning and boosting of immunity, are involved

in the spread of disease. The link between immunological processes at an individual level

and population-level immunity is complex and subtle. Mathematical models are a useful

tool to understand the biological mechanisms behind the observed epidemiological patterns

of an infectious disease.

Here I construct deterministic, compartment models of infectious disease transmission

to study the effects of waning and boosting of immunity on infectious disease dynamics.

While waning immunity has been studied in many models, incorporation of immune boost-

ing in models of transmission has largely been neglected. In my study, I look at three

different aspects of immune boosting: (i) the influence of immune boosting on the criti-

cal vaccination thresholds required for disease control; (ii) the effect of immune boosting

and cross-immunity on infectious disease dynamics; and (iii) the influence of differentiat-

ing vaccine-acquired immunity from natural (infection-acquired) immunity and different

mechanisms of immune boosting on infection prevalence.

Models can provide support for public health control measures in terms of critical vac-

cination thresholds. There is a direct relationship, from mathematical theory, between the

critical vaccination threshold and the basic reproduction number, R0. Key epidemiologi-

cal quantities, such as R0, are measured from data, but the selection of the model used to

infer these quantities matters. I show how the inferred values of R0—and thus, critical

vaccination thresholds—can vary when immune boosting is taken into account.

I also investigate the effects of interactions between immune boosting and cross-

immunity on infectious disease dynamics, using a two-pathogen transmission model.
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Immunity to one pathogen that confers immunity to another pathogen, or to another strain

of a given pathogen, is known as cross-immunity. Varying levels of susceptibility to infection

conferred by cross-immunity are included in the model. Using a combination of numerical

simulations and bifurcation analyses, I show that immune boosting at strong levels can

lead to recurrent epidemics (or periodic solutions) independent of cross-immunity. Where

immune boosting is weak, cross-immunity allows the model to generate periodic solutions.

For some diseases, there are differences in infection-acquired immunity and vaccine-

acquired immunity. I explore the effect of vaccination and immune boosting on epidemio-

logical patterns of infectious disease. I construct and analyse a model that differentiates

vaccine-acquired immunity from infection-acquired immunity in the form of duration of

protection. The model also distinguishes between primary and secondary infections. I show

that vaccination is effective at reducing primary infections but not necessarily secondary

infections, which can maintain overall transmission. Two different mechanisms through

which immune boosting provides protection are also explored. Whether immune boosting

delays or bypasses a primary infection can determine whether primary or secondary infec-

tions contribute most to transmission.
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Chapter 1

Introduction

1.1 A brief history of immunity and vaccination

The declaration that smallpox was eradicated in 1980 confirmed a major public health suc-

cess [52]. Smallpox had been a common childhood infectious disease since medieval times,

its impact on humankind recorded in a rich history that has been connected with the discov-

ery of vaccination and the use of mathematical models as a tool to study infectious diseases.

The use of vaccination and assessment thereof through the use of mathematical models

proved to be crucial to the eventual eradication of smallpox.

For centuries the high fatality rate of smallpox made it a feared disease. Smallpox is

believed to have existed since around 10,000 BCE in Africa [13], and over the centuries

had spread worldwide, reaching China, India, Europe and North America [136]. Case-

fatality rates varied from 20% to 60% in adults, higher in infants, reaching as high as 80%

in London and 98% in Berlin during the late 1800s [136]. Those infected with smallpox

developed lesions that later become scabs [16], and smallpox survivors were often left with

pockmarked faces [53,148].

Recorded accounts of smallpox have been found across the globe from before the common

era. In Athens in 430 BCE, Thucydides recorded epidemiological observations and provided

descriptions of the symptoms of smallpox, noting that survivors of smallpox did not contract

the disease again [13, 99]. Similar accounts were made by Abu Bakr Muhammad ibn Za-

kariya al-Razi, a Persian physician known in the West as Rhazes. In his “Treatise on the

Small-pox and Measles” [4], Rhazes gave clinical descriptions of smallpox and observed that

it rarely affected the elderly. Although Thucydides and Rhazes did not use the terminology,
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2 Introduction

they both gave the initial accounts of acquired immunity [13].

The process of variolation has been documented in Chinese and Indian literature dating

back to 1000 AD [52]. Variolation, also known as inoculation, is a method of immunisation

that involves taking materials from the smallpox scab and exposing it to another person

[13,136]. In the 1750s, variolation became common practice, and its use remained common

in Europe until Edward Jenner’s discovery of the smallpox vaccine [52]. Jenner found that

inoculation of cowpox protected against smallpox [14]. He used the term ‘vaccine’, derived

from the Latin word for cow, vacca, to describe the cowpox virus that induced immunity to

smallpox [93]. In 1885, Louis Pasteur of France expanded the term ‘vaccine’ to include all

inoculating agents—not only those restricted to the inoculation of smallpox—and the term

‘vaccination’, the act of administering thereof [93,149,153]. Today, the definition of vaccine

is a ‘suspension of live (usually attenuated) or inactivated microorganisms (e.g. bacteria

or viruses) or fractions thereof administered to induce immunity and prevent infectious

disease or its sequelae’ [93].

The problem of smallpox not only led to the idea of immunity and the discovery of var-

iolation, it also motivated the use of mathematical reasoning to assess the benefits of pub-

lic health control measure (variolation, then). In 1760, Daniel Bernoulli, a physician and

mathematician, constructed a mathematical model of infectious disease to calculate human

life expectancy if smallpox were discounted as a cause of death [17]. He showed that univer-

sal inoculation against smallpox would increase the average life expectancy from 26 years

7 months to 29 years 9 months [17]. Bernoulli’s model is the first mathematical model of

infectious disease on record [23,82].

The global eradication of smallpox, a historic childhood disease, became a prime suc-

cess story for public health. This achievement, as proclaimed by the Thirty-third World

Health Assembly in 1980 [52], was the result of contribution from individuals over multiple

centuries. Several factors have led to this achievement:

• Apparent symptoms brought awareness to seek treatment and limit contact, as in-

fection with smallpox was associated with characteristic marks all over the face and

body [52].

• Subclinical cases, or infections without symptoms, did not occur in unvaccinated indi-
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viduals [53]. Vaccinated individuals sometimes had a few skin lesions, but they shed

little virus because infectivity was proportional to the severity of the smallpox rash

[53].

• Mass uptake of the vaccine helped to build immunity in the population. The smallpox

vaccine induced prolonged immunity, lasting up to 75 years after vaccination [36,71].

• Those with immunity against smallpox either by natural illness or vaccination were

subjected to boosting in their immunity, either through high circulation of smallpox in

the environment or regular contact with cows that were susceptible to cowpox. These

boosts in immunity, further discussed in Chapter 2, led to long-lasting immunity.

• Improved general hygiene and quarantine procedures also helped to limit the spread

of infection.

These factors are a mix of biological features of smallpox and the availability of an effective

vaccine [16]. There are now vaccines for numerous other diseases, such as polio, measles

and pertussis [127], but the smallpox vaccine is the only one so far that has led to the

eradication of a disease from the human population.

Since the discovery of the smallpox vaccine, vaccination has become an important part

of public health measures in preventing disease, and now over 16 diseases are routinely

covered in immunisation program schedules, e.g. the National Immunisation Program in

Australia [11]. Vaccination has both direct and indirect effects. As a direct result of vacci-

nation, the vaccinated individual is less susceptible to infection to some degree. The indirect

effect of vaccination is enjoyed by all individuals, vaccinated or otherwise, and comes from

a reduction of the population who may spread the infection. Thus, the direct effect acts on

an individual level, and indirect effects act at the population level.

The concept that population protection takes place without the need for everyone to

be vaccinated is known as herd immunity, defined as ‘the resistance of a group to attack

by a disease to which a large proportion of the members are immune, thus lessening the

likelihood of a patient with a disease coming into contact with a susceptible individual’ [58].

Mathematical modelling quantifies what ‘large’ is for each disease. Discussions of infectious
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disease control often includes goals of reaching herd immunity within a population. Herd

immunity will be discussed formally in Chapter 3.

The use of mathematics in the assessment of smallpox vaccination was the start of a

field now known as mathematical epidemiology [8,24,42,86,158]. This field has expanded to

become the study of the spread of infectious disease, in time and space, using mathematical

techniques. In the next section, I introduce some milestones of mathematical epidemiology.

1.2 Mathematical models of infectious disease

Infectious disease epidemiology is an aspect of biology that concentrates on the study of

populations categorised by disease status. The goals of epidemiology include the under-

standing of the causes and drivers of disease; prediction of the spread of disease; and the

control thereof. One use of mathematics in epidemiology is to test multiple control strate-

gies to achieving the most desired outcome—‘what if ’ scenarios such as Bernoulli’s ‘what if

smallpox were eliminated as a cause of death’?

Since Daniel Bernoulli paved the way in the application of mathematics to the study

of infectious diseases, others have continued to bridge the gap between epidemiology and

mathematics. An example of this link is in malaria, a disease studied by Ronald Ross. He

was awarded the second Nobel Prize in Medicine in 1902 for his work on malaria trans-

mission between mosquitoes and humans [8,23]. Through the use of mathematical models

in his book [140] and subsequent papers [141–143] on the epidemiology and prevention of

malaria, Ross and his colleague Hilda Hudson added momentum to the field that would

become mathematical epidemiology. For instance, Ross and Hudson introduced the insight

that not all mosquitoes had to be eliminated to stop the spread of malaria. If the population

size were reduced below a critical level, then elimination would follow [23,74].

The insight on thresholds for malaria control were expanded by Kermack and McK-

endrick [88], who studied epidemics with deterministic mathematical models. In these

models, the population was divided based on the individual’s disease status: susceptible,

infected or recovered. Kermack and McKendrick theorised that there is a critical popu-

lation size of susceptible individuals, below which no epidemic would occur [88]. Their
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S I R

Figure 1.1: A special form of the Kermack and McKendrick model that became known as
the SIR model.

model, under certain assumptions, would become widely known as the susceptible-infected-

recovered (SIR) model, shown in Figure 1.1. It is a compartmental model, where each letter

refers to a compartment in which an individual can reside, and individuals can transition

between these compartments at set rates. The SIR model would form the basis for many

other epidemic models [24,86,120].

An important concept in mathematical epidemiology is the basic reproduction number,

R0. It is a dimensionless epidemiological quantity that is defined as the average number

of secondary cases arising from a typical primary case in a fully susceptible population [8].

It is a threshold parameter that describes a disease’s ability to spread, such that when

R0 > 1, an infectious agent entering a population of susceptible individuals may lead to an

outbreak; if R0 ≤ 1, the infectious agent cannot spread in the population. R0 = 1 acts as

a threshold between the infectious agent (disease) not spreading or causing an outbreak.

Smallpox has an estimated R0 of 5 [80].

While vaccination is a powerful method of disease control, it is not without limitations.

Vaccines are not generally 100% effective [128]. The immunity induced by vaccination may

wane over time. Vaccines can have adverse side effects and may even be harmful for some,

such as those who are immuno-suppressed [93]. How to best use limited resources, whom

to target, and which control strategy gives the optimal outcome are questions for which

models may identify appropriate answers [91,115].

Mathematical models can be classified as stochastic or deterministic [25, 33, 86]. The

element of chance is considered in stochastic models, such that the same parameters and

initial conditions may lead to different outputs due to chance. In contrast, in a determinis-

tic model, the output is always the same given the same parameters and initial conditions.

In the initial stages of an outbreak where the number of infectious cases is low, the prob-

ability of extinction may be high and should not be neglected. For larger population sizes,

the effects of stochasticity may be negligible and a deterministic model may be a good ap-
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proximation. Deterministic and stochastic model formulations have been shown to produce

qualitatively different dynamics even in large population sizes [139]. Models with stochas-

ticity (demographic or environmental) can exhibit sustained oscillations when the equiva-

lent deterministic model exhibits damped oscillations [87]. The rest of the thesis focuses on

deterministic models.

In this thesis, I use deterministic models of infectious disease transmission to under-

stand the underlying biological processes of transmission. I study the effects of some factors

that can change the qualitative behaviour of the model, namely, the waning and boosting of

immunity.

1.3 Thesis outline

The primary focus of my study is to understand the effects of the waning and boosting of

immunity on infectious disease dynamics. My review is split into three chapters. In Chap-

ter 2, I introduce the biology relevant to this thesis and public health challenges in the

control of vaccine-preventable infectious diseases. The mathematical background relevant

to my thesis is provided in Chapter 3. I outline the mathematical basics of compartmental

models of infectious disease transmission and discuss some common assumptions of these

models. In Chapter 4, I present a literature review of some existing compartmental models

of transmission, particularly those with waning and boosting of immunity and with vacci-

nation.

I analyse a mathematical model of transmission with the waning and boosting of im-

munity in Chapter 5. In Chapter 6, I reduce this model by one dimension and analyse its

dynamical properties. I discuss how the model of Chapter 6 can be used to infer the ba-

sic reproduction number, R0, from suitable data. Chapter 7 contains the published paper

“Periodic solutions in an SIRWS model with immune boosting and cross-immunity” [98],

a study investigating the immune-mediated interactions between two pathogens and how

these interactions may impact the epidemiological patterns of an infectious disease. A sec-

ond published paper “Infection-acquired versus vaccine-acquired immunity in an SIRWS

model” [97] is presented in Chapter 8, where infection-acquired and vaccine-acquired im-
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munity differ in duration. The consequences for transmission and infection prevalence are

explored. In addition to two types of immunity, two different mechanisms through which

immune boosting may extend protection are compared. Finally, in Chapter 9 I summarise

the findings of my research, and discuss its limitations and future research directions.





Chapter 2

Vaccine-preventable diseases with
temporary immunity

Much progress in the understanding of immunity has been made in the past century. Nat-

ural immunity and vaccine-acquired immunity are not lifelong for most diseases, nor are

they equal in protection [109, 119, 167]. This chapter outlines the aspects of infection- and

vaccine-acquired immunity relevant to this thesis, as well as the challenges public health

officials face in the control and management of infectious diseases.

2.1 Temporary immunity

The immune system can remember the identity of a pathogen, but there is still debate

regarding the mechanisms by which protective immunity is maintained [3, 84, 132]. That

immunity can wane following both natural infection and vaccination is well known. There

can be significant differences between the duration of immunity acquired by natural infec-

tion and by vaccination. For example, Wendelboe et al. [167] found that pertussis immunity

acquired by natural infection wanes after 4–20 years while vaccine-induced immunity likely

lasts 4–12 years. This contrasts with another study that estimated natural pertussis im-

munity to last at least 30 years [166]. As waning vaccine-acquired immunity has been cited

as one of the reasons for the observed pertussis resurgence experienced by many countries

[44,157], it is important to understand how protective immunity is maintained, how immu-

nity influences the dynamics of infectious disease, and in what ways vaccine-acquired and

natural immunity can differ.

The process of waning immunity can be subtle. As immunity wanes over time, it can

9



10 Vaccine-preventable diseases with temporary immunity

also be boosted [29,168]. Immune boosting captures the idea that existing immunity may be

boosted (and extended in duration) upon potentially sub-clinical re-exposure to the circulat-

ing infection. In their sero-epidemiological study of Bordetella pertussis infections, Catta-

neo et al. [29] hypothesised that the maintenance of high pertussis-related antibody levels

in the absence of symptoms was due to immune boosting. Similar results were found by

Markowitz et al. [107], who observed measles antibody persistence to decline more rapidly

in populations that did not have boosts from re-exposure than the populations that did.

Indeed, immune boosting has been used to explain the resurgence patterns of pertussis

[96].

Several factors make the duration of immunity following natural infection and vacci-

nation difficult to estimate. First, cross-sectional, sero-epidemiological studies capture the

immunological response of individuals at one specific point in time, making it difficult to

differentiate between waning immunity and immune boosting. Second, immunity dura-

tion can be extended by immune boosting, which depends on exposure to the circulating

pathogen. The varying degrees of exposure among different regions cannot be accurately

accounted for in sero-epidemiological studies. Third, there may be no consensus on the cor-

relate of protection, as is the case for pertussis [111, 129, 130]. Indeed, the presence of per-

tussis antibodies would be indicative of exposure, but not necessarily of protection. Fourth,

variation in vaccine content, the number of doses received and immunisation schedules all

likely contribute to the difficulty in estimating the duration of vaccine-acquired immunity

[31,47,133].

2.2 Cross-immunity

In addition to interaction with the human population, pathogens can interact with other

pathogens. Immunity to one pathogen that confers immunity to another pathogen, or be-

tween two strains of a given pathogen, is known as cross-immunity [86]. Understanding

the immune-mediated interactions between pathogens plays an important role in devel-

oping strategies for disease control. Indeed, it was the observation that the cowpox virus

would cause a mild infection in humans but induce protection against smallpox that proved
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paramount in stopping the spread of smallpox [14, 65]. Immunity to cowpox conferred im-

munity to smallpox.

Many infectious diseases, as defined by their clinical symptoms, are caused by multiple

pathogens. Whooping cough is caused primarily by Bordetella pertussis, but with a contri-

bution from Bordetella parapertussis [32]. Studies have found that outbreaks of whooping

cough can comprise multiple Bordetella species [22, 92, 114, 122, 138, 151]. The frequency

of detection of Bordetella parapertussis from whooping cough patients can vary from 1.4%

to over 95% across different countries and epidemic events [164]. The two pathogens have

been observed to produce recurring epidemics, with the epidemics produced by each of the

pathogens occurring two years out of phase [95]. The prevalence of these two closely re-

lated Bordetella species underscores the importance of understanding the immunological

interactions between them.

The degree of cross-immunity that exists between Bordetella pertussis and Bordetella

parapertussis has been debated [89, 95, 171]. Watanabe and Nagai [162] found that re-

ciprocal cross-immunity was induced by infection with Bordetella pertussis and Bordetella

parapertussis in a murine model of respiratory infection. Their results contrast with those

of Wolfe et al. [171], who found asymmetrical cross-immunity between the two Bordetella

species. In the murine model of Wolfe et al. [171], immunity induced by Bordetella para-

pertussis protected against subsequent infections of both species, and immunity induced

by Bordetella pertussis protected against subsequent Bordetella pertussis infections but not

against Bordetella parapertussis infections. The results of these studies suggest that cross-

immunity is present and may potentially be asymmetrical.

2.3 Imperfect vaccines

The classic example of public health success was the use of vaccination to eradicate small-

pox [52]. Ideally, as was the case for smallpox, a vaccine would stimulate an immunological

response within the host to protect against infection. Vaccination is the act of receiving the

vaccine, and immunisation is the process of receiving the vaccine and becoming immune

to the disease. In the best scenario, a vaccine would provide long-lasting immunity to the
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infection and prevent transmission and disease. Over 95% of individuals develop protec-

tive antibodies after smallpox vaccination [16], with immunity lasting up to 75 years after

vaccination [36, 71]. While there exist vaccines for many infectious diseases, most existing

vaccines are far from ‘perfect’. As vaccination is an important tool in infectious disease con-

trol programmes, it is important to understand how a vaccine may fail to provide perfect

protection.

There are multiple ways in which a vaccine may fail to provide optimal protection. A

vaccine may induce an immune response in some individuals and not at all in others [150].

The failure to mount a protective immune response following vaccination is known as pri-

mary vaccine failure [116]. It has been documented in measles [107, 124] and varicella

[116]. This mode of vaccine failure is commonly described in epidemiological modelling as

all-or-nothing [51,70,106,147].

Secondary vaccine failure is defined as waning vaccine-acquired immunity, or the loss of

vaccine-acquired immunity over time after mounting an initial immune response [116]. It

may be difficult to differentiate the two types of vaccine failure in the estimation of duration

of vaccine-acquired immunity due to variation in vaccine content and schedule [107, 166].

Lack of information concerning the initial response to vaccination of the persons studied,

as well as different definitions of clinical disease, would affect studies of secondary vaccine

failure occurrence [107].

Another way a vaccine may fail to provide perfect protection is when it only partially

reduces an individual’s susceptibility to infection. This is known as a leaky vaccine [70].

In addition to susceptibility, a vaccine may also alter the development of disease (symp-

toms) [60,119,152] or infectiousness [70,131]. Vaccinated individuals can experience milder

symptoms, but whether that equates to them being less infectious is unclear. The lack of

symptoms, such as sneezing, may reduce the amount of infectious agents released by the

infected. In contrast, a symptomatic individual is more likely to limit contact or isolate

themselves and thus reduce transmission.

In summary, vaccination is one of the most successful public health measures in

recorded history. Substantial progress in the understanding of vaccines and how they work

has been made since the development of the smallpox vaccine [127]. However, despite the
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availability and widespread provision of vaccines, some vaccine-preventable infectious dis-

eases persist at far reduced prevalence levels [35,54,55].

2.4 Summary

This chapter has outlined the biological background relevant to the transmission models

that are studied in this thesis. I have described the general dynamics of immunity, which

plays a role in the epidemiological patterns of infectious disease. I have presented stud-

ies showing significant differences between the duration of immunity acquired by natural

infection and by vaccination (using pertussis as an example), as well as studies showing

that immunity can be boosted. I have introduced how immunity to one pathogen may pro-

vide protection to another pathogen. I have also shown the ways a vaccine can fall short in

providing perfect protection.

A selection of mathematical models of vaccine-preventable diseases with temporary im-

munity will follow in the literature review in Chapter 4, which will include models with

immune boosting, cross-immunity and vaccination. Prior to the literature review, Chap-

ter 3 discusses the mathematical background that is relevant to this thesis.





Chapter 3

Mathematical background

3.1 Introduction

In this chapter, I will outline the mathematical methods used in my study. First, I give a

background on dynamical systems, focusing on continuous-time systems constructed using

ordinary differential equations (ODEs). Second, I introduce the theory of stability for an

equilibrium point and bifurcations, in particular, the transcritical and Hopf bifurcation. I

will use the SIR model with demography to illustrate these mathematical concepts. Further,

I introduce epidemiological quantities such as the basic reproduction number and mean age

of first infection using the SIR model. Last, I outline some common assumptions of SIR-type

compartmental models of transmission.

3.2 Dynamical systems

My discussion of dynamical systems generally follows the approach and notation of Kuznetsov

[94], with slight variation for consistency with the epidemiological models presented in my

thesis.

3.2.1 Definitions

A dynamical system is a mathematical formalism that describes changes in the state of a

system through time. A dynamical system consists of three components: a time domain, a

state space (or phase space) and an evolution operator (or function).

15
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The time domain, T, is the set of all times at which the dynamical system is defined.

Dynamical systems can be either continuous in time (T ⊂R1) or discrete in time (T ⊂Z).

The state space (or phase space), X , is the collection of all possible states of a dynamical

system. While dynamical systems can be studied more broadly with an abstract phase

space, in the context of my work on biological systems, I consider continuous dynamical

systems with phase space X ⊂Rn and discrete dynamical systems with phase space X ⊂Zn,

where n is the dimension of the state space.

The evolution operator, ϕt : X → X , defined for all t ∈ T, maps any initial state x0 ∈ X to

another state xt ∈ X at the future time t, i.e. x(t)=ϕtx0. In a system of continuous time, the

family ϕt of evolution operators is called a flow. The evolution operator has the following

properties:

1. ϕ0 is the identity operator. In other words, for x ∈ X ,ϕ0x = x.

2. ϕt+s = ϕt ◦ϕs, i.e. ϕt+sx = ϕt(ϕsx) for x ∈ X and t, s ∈ T. The evolution of the system

over t+ s units of time, starting at a point x, is the same as if the system first evolved

over s units of time and, from there, evolved over t units of time.

The set of states, {ϕtx0|t ≥ 0}, defines an orbit, also called a trajectory, starting at x0

and ordered by time. Orbits of a system in continuous time are curves in the state space

X parameterised by time. In a discrete-time system, orbits are sequences of points in the

state space X enumerated by increasing integers.

In my thesis, I study models of infectious disease transmission as continuous-time, de-

terministic systems, meaning the behaviour of the models can be completely defined by

their initial state, or initial conditions, and its equations. Such a dynamical system can be

represented by the vector x= [x1, x2, . . . , xn] and defined using differential equations

dx
dt

=F(x)=



ẋ1 = f1(x1, x2, . . . , xn) ,

ẋ2 = f2(x1, x2, . . . , xn) ,

...

ẋn = fn(x1, x2, . . . , xn) ,

(3.1)
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with initial condition

x(0)= x0 , (3.2)

where f i : Rn → R is smooth for i = (1,2, . . . ,n), and the overdot denotes differentiation with

respect to time, t. The unique solution of Equation (3.1) is represented by x(t) = ϕtx0 for

the initial condition in Equation (3.2).

3.2.2 Equilibria and stability

An equilibrium is a solution to Equation (3.1) with the right-hand side set to zero. An

equilibrium (also called fixed point, stationary point, or steady state [169]) x∗ ∈ X is a

simple type of orbit that satisfies ϕtx∗ = x∗ for all t ∈ T. A system at equilibrium stays

there forever.

A second type of orbit is a cycle. In continuous time, a cycle, L0, is a closed curve such

that each point x0 ∈ L0 satisfies ϕt+T0x0 =ϕtx0 with some T0 > 0, for all t ∈ T. The smallest

T0 is called the period of the cycle. If the trajectories in the neighbourhood of the closed

curve move either toward or away from the closed curve, then the closed curve is a limit

cycle. Equilibria and limit cycles are examples of an invariant set, defined as a subset

U ∈ X of a dynamical system
{
T, X ,ϕt} such that x0 ∈U implies ϕtx0 ∈U for all t ∈ T [94].

As discussed by Strogatz [154], an important aspect of analysis of a dynamical system of

ODEs can be described by a phase portrait, or a phase plane, which represents the dynam-

ical behaviour of the system through trajectories in a state space. It reveals information

about the invariant sets, such as equilibrium points and limit cycles, of the system. Dy-

namical behaviour, as governed by the stability of an equilibrium, can also be determined

without solving the system.

There are multiple types of stability of an equilibrium point. An equilibrium point x∗

is called Lyapunov stable if for each ε > 0, there exists a δ > 0 such that ||x(t)−x∗|| < ε

whenever t ≥ 0 and ||x(0)−x∗|| < δ. That is, x∗ is Lyapunov stable if trajectories starting

within δ of x∗ remain within ε of x∗ for all future time. Equilibria that do not meet this

criterion are called unstable.
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A stronger case is asymptotic stability, defined as when x∗ is Lyapunov stable and

limt→∞x(t) = x∗ whenever ||x(0)−x∗|| < δ. That is, when trajectories starting near x∗ con-

verge to x∗ as t → ∞, x∗ is said to be asymptotically stable. Equilibrium points that are

Lyapunov stable but not asymptotically stable are marginally or neutrally stable. In sys-

tems of ODEs, a commonly encountered form of asymptotic stability is exponential stability,

where the deviation from the equilibrium decreases exponentially fast.

An asymptotically stable equilibrium is also an attractor, defined as a closed set A with

the following properties [154]:

1. A trajectory x(t) starting in A remains in A for t ≥ 0.

2. A attracts an open set of initial conditions, i.e. there is an open set U ⊃ A such that

the distance from x(t) to A tends to zero as t →∞. The largest U is called the basin

of attraction.

3. A is minimal, i.e. A is the smallest subset of U that satisfies the above conditions 1

and 2.

The concept of stability can also be associated with limit cycles, which is an isolated

closed trajectory. Although I do not give a precise definition here, trajectories starting suf-

ficiently close to a stable limit cycle will spiral toward the limit cycle. Limit cycles are in-

herently nonlinear phenomena. They have a preferred period, wave shape and amplitude.

If the system had a small disturbance, it returns to the standard cycle. This contrasts with

the periodic solutions of a linear system, in which all amplitudes can arise from different

initial conditions, and small disturbances to the amplitude will stay forever.

Linear stability analysis

Stability of a system can be analysed by using a perturbation approach, which considers

the effects of a ‘small’ perturbation close to an equilibrium point. I now formally describe

local stability using the principle of linearised stability as described in many textbooks

[5,10,121,146,154].
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Consider the dynamical system in Equation (3.1), which has an equilibrium x∗. Apply-

ing Taylor’s expansion yields

F(x)≈F(x∗)+ (x−x∗)
∂F
∂x

∣∣∣∣
x=x∗

+·· · (3.3)

where higher order terms are neglected. Note that F(x∗) = 0 and the second term of Equa-

tion (3.3) can be written using the notation of the Jacobian matrix J(x), of the first-order

partial derivatives.

Let δx(t)= x(t)−x∗ be a small perturbation away from x∗. Differentiation yields

δẋ=J(x)+O(δ2)

for t ≥ 0, initial conditions δx(0) = x0 −x∗, and O(δ2) denotes a term that is quadratically

small in δ.

This is a linearisation about x∗. Stability of x∗ in the first approximation is determined

by the eigenvalues, Λi, of J(x∗). The perturbation δ(t) decays if the real parts of Λi are

negative, and grows if the real parts of Λi are positive. If at least one Λi has a zero real

part, then the O(δ2) terms are not negligible and must be considered to determine stability.

The eigenvalue problem is described by

Av=Λv , (3.4)

for a square matrix A, eigenvalue Λ, and (nonzero) eigenvector v. Equation (3.4) can be

rewritten as

(A−ΛI)v= 0, (3.5)

where I is the identity matrix. Equation (3.5) implies that (A−ΛI) is singular, and its

determinant is zero. Hence, the eigenvalues, Λ, can be found by solving the characteristic

equation

det(A−ΛI)= 0.
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The associated eigenvectors for an eigenvalue Λi can then be calculated from Equation (3.4)

by substitution of Λi and the determination of the most general non-zero solution of the

resulting system. The real parts of the eigenvaluesΛi (i = 1, . . . ,n) of the Jacobian evaluated

at the equilibrium x∗ of Equation (3.1) determine stability in the following way:

• Re(Λi)< 0 for all i implies asymptotic stability, and

• Re(Λ j)> 0 for one or more j implies instability.

This principle of linearised stability was developed by A. M. Lyapunov in his 1892 doctoral

thesis The general problem of the stability of motion (in Russian). The thesis was repub-

lished in French in 1893, and an English translation of the French edition was published in

1992 [105].

3.2.3 Bifurcations

Bifurcation theory is the study of changes in the qualitative structure of the flow on the

orbits of a differential equation as parameters vary [69, 169]. At a given parameter value,

a differential equation has a stable orbit structure if the flow on the orbit does not change

qualitatively for sufficiently small variations of the parameter. A parameter value at which

qualitative changes in the flow occur is a bifurcation point. A bifurcation can lead to qual-

itative changes in a dynamical system through a number of ways, such as the birth of new

fixed points, destruction of existing fixed points, or birth of limit cycles. Bifurcations can

be divided into two classes: global bifurcations and local bifurcations. Global bifurcations

involve large regions of the phase plane rather than restriction to a small neighbourhood

of a fixed point; for details on global bifurcations, see Kuznetsov [94]. In this thesis, I will

concentrate on local bifurcations of a fixed point, which occur when the local stability of a

fixed point changes.

For a system of autonomous ODEs, there are four main mechanisms by which variations

in a parameter lead to changes in qualitative structure of the flow, namely, the local bifur-

cations classified as saddle-node, transcritical, pitchfork, and Hopf [68, 69, 154, 169]. The

saddle-node bifurcation is the mechanism by which fixed points are created or destroyed.

In a transcritical bifurcation, the fixed points exist for all values of a parameter, are not
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destroyed but exchange stability. A pitchfork bifurcation is a mechanism by which a system

transitions from one fixed point to three fixed points. The Hopf bifurcation, with associated

changes in stability, is a mechanism by which a fixed point of a system generates limit cy-

cles. These four bifurcations characterise the behaviour of the curves of fixed points passing

through the bifurcation point. I will elaborate on the transcritical bifurcation and the Hopf

bifurcation, both of which are observed in the models studied in this thesis.

Transcritical bifurcation

The standard mechanism for a fixed point to change its stability is the transcritical bifur-

cation. Following the general approach of Hale and Koçak [69], the normal form for the

transcritical bifurcation is

ẋ = cx− x2 , (3.6)

for x ∈R1 and c ∈R1. Notice that x∗ = 0 is a fixed point for all values of c. The phase portrait

of Equation (3.6) can be determined by graphing the function F(c, x) = cx− x2, shown in

Figure 3.1. For c < 0 (Figure 3.1a), the fixed point x∗ = 0 is stable, and there is an unstable

fixed point at x∗ = c. As c increases, the unstable fixed point approaches the origin where

the stable fixed point is. At c = 0 (b), the two fixed points coalesce into a half-stable fixed

point, repelling from the left and attracting from the right. For c > 0 (c), the origin is

unstable and x∗ = c is stable.

A bifurcation diagram of the transcritical bifurcation is shown in Figure 3.2, with the

fixed points x∗ = 0 and x∗ = c as a function of independent variable c. A bold solid line

denotes where the fixed point is stable, and a dashed line shows where the fixed point is

unstable.

Hopf bifurcation

The Hopf bifurcation refers to the birth of periodic cycles or ‘self-oscillations’ from a stable

fixed point as a parameter crosses a critical value [68, 94, 108]. Mathematically, it occurs

when the Jacobian of a dynamical system, evaluated at the equilibrium, has a pair of purely
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Figure 3.1: Phase portrait of ẋ = cx− x2 for different values of c. Open circles denote un-
stable fixed points. Solid circles denote stable fixed points. A half-filled circle denotes a
half-stable fixed point.
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Figure 3.2: Bifurcation diagram of the transcritical bifurcation in Equation (3.6).
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imaginary eigenvalues. The definition of a Hopf bifurcation, which I elaborate on here,

was described by Marsden and McCracken [108], Kuznetsov [94], and Guckenheimer and

Holmes [68].

Consider the normal form of the Hopf bifurcation in the following system of differential

equations depending on one parameter µ:

ẋ =−y+ x
(
µ− (x2 + y2)

)
, (3.7a)

ẏ= x+ y
(
µ− (x2 + y2)

)
. (3.7b)

The system has the equilibrium (x, y) = (0,0) for all µ ∈ R1 with the linearised system near

the equilibrium

ẋ =−y+µx ,

ẏ= x+µy .

The Jacobian matrix evaluated at (x, y)= (0,0) is

 µ −1

1 µ

 ,

and corresponding eigenvalues are Λ1,2 = µ± i, where i =p−1 is the usual imaginary unit.

Hence, if µ< 0, the fixed point (x, y)= (0,0) is asymptotically stable; if µ= 0, the fixed point

(of the linearised system) is neutrally stable; and if µ> 0, then the fixed point is unstable.

Stability of the fixed point can be determined by converting Equation (3.7) to the polar

form, where x = r cosθ and y= rsinθ, to give two uncoupled equations:

ṙ = r
(
µ− r2)

, (3.8a)

θ̇ = 1. (3.8b)

A fixed point for Equation (3.8a) is r = 0 for all values of µ. It is stable for µ< 0, neutrally

stable for µ= 0, and unstable for µ> 0. A second stable fixed point is r =p
µ for µ> 0. The

second state variable of Equation (3.8) is θ for the angular motion, describing a rotation at
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𝑥
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Figure 3.3: A supercritical Hopf bifurcation occurs at µ = 0. For µ < 0, the fixed point
(x, y)= (0,0) is asymptotically stable (thick line). For µ> 0, the fixed point becomes unstable
(dashed line), and a Hopf bifurcation generates circular, stable limit cycles with radius p

µ.

a constant rate.

At the bifurcation point µ = 0, the fixed point r = 0 is weakly stable, with a stable

limit cycle of radius p
µ surrounding it for µ > 0. As µ increases and passes zero, trajec-

tories with any initial conditions except the origin tend to the cycle as t →∞. This is the

Andronov–Hopf bifurcation, commonly known as a ‘Hopf bifurcation’ [94, 108], shown in

Figure 3.3 with µ = 0 as the Hopf bifurcation point. Hopf bifurcations, which are either

supercritical or subcritical, can only occur in n ≥ 2 dimensions. The extension to dimen-

sions higher than two is provided by Eberhard Hopf in 1942; a translation of his original

paper Bifurcation of a periodic solution from a stationary solution of a system of differential

equations appears in Section 5 of Marsden and McCracken [108].

3.3 The SIR model with demography

Now I illustrate the concepts in Section 3.2 using a compartmental model of infectious

disease called the susceptible-infected-recovered (SIR) model [86]. The SIR model forms

a framework for modelling the dynamics of infectious disease transmission [86], made up

of individuals in a population, categorised into sub-populations by their disease status:

susceptible (X ) if the individual is able to acquire the infection; infected (Y ) if the individual

is infected and able to transmit the infection; and recovered (Z) if they have recovered from

the infection and lose infectiousness.

Where the time scale of disease transmission is fast, say, in one winter season of a single
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epidemic, population births and deaths may not affect dynamics much. As the focus of this

thesis is on the endemic dynamics of infectious disease, demography becomes important as

the continuous supply of new susceptible individuals through births influences the persis-

tence of disease. A simple way of adding demography is to assume that in a compartment

the per capita birth and death rates take the same constant value µ, and the same death

rate is applied to every compartment. Disease-induced deaths are ignored. A model of in-

fectious disease transmission with demography is described by the following differential

equations [86]:

dX
dt

=µN −βXY /N −µX , (3.9a)

dY
dt

=βXY −γY −µY , (3.9b)

dZ
dt

= γY −µZ , (3.9c)

where β is the transmission coefficient, γ is the recovery rate, and N is the total population

size. The advantage of equal birth and death rates is that the population size follows the

conservation law, or that the population size remains constant. The parameters β, γ and µ

are assigned positive values to make the model biologically meaningful. The initial state is

X (0) = X0 ≥ 0, Y (0) = Y0 ≥ 0, and Z(0) = Z0 ≥ 0. This system has a constant population size

since

dX
dt

+ dY
dt

+ dZ
dt

= 0,

so that

X (t)+Y (t)+Z(t)= N .

Equations (3.9) has state space

Ω= {
(X ,Y , Z) ∈ [0, N]3 : X +Y +Z = N

}
.

The state variables X , Y , Z are bounded below by zero since a negative population size has
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Figure 3.4: Example curves of the SIR model with demography. This figure was generated
with β= 3, γ= 1, µ= 1/80, and initial conditions S(0)= 0.99, I(0)= 0.01, R(0)= 0.

no biological meaning. Dividing X , Y , and Z by N gives three new state variables S = X /N,

I =Y /N, and R = Z/N, where

S(t)+ I(t)+R(t)= 1.

Under these substitutions, Equation (3.9) becomes

dS
dt

=µ−βSI −µS , (3.10a)

dI
dt

=βSI −γI −µI , (3.10b)

dR
dt

= γI −µR , (3.10c)

where S(0) ≥ 0, I(0) ≥ 0, and R(0) ≥ 0. Equation (3.10) is now referred to as the SIR model

with demography, with t ∈ T = [0,∞) and state space

Ω= {
(S, I,R) ∈ [0,1]3 : S+ I +R = 1

}
. (3.11)

The compartments S, I,R now represent the proportion of the population that is susceptible,

infected and recovered respectively. Figure 3.4 shows an example of a possible set of curves

within the state space related by the evolution operator, described by Equation (3.10).

The models I study in this thesis contain compartments that represent proportions of

the population rather than individuals.
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3.3.1 Equilibria and stability of the SIR model with demography

Two equilibria of the SIR model can be found by setting Equations (3.10) to zero and solving

for each state variable. The equilibrium with no infections, referred to as the disease-free

equilibrium (DFE), is

(
S∗

DFE, I∗DFE,R∗
DFE

)= (1,0,0) . (3.12)

The second equilibrium in which a positive proportion of infectious individuals exists is

known as the endemic equilibrium (EE)

(
S∗

EE, I∗EE,R∗
EE

)= (
1

R0
,
µ

β
(R0 −1) ,

γ

β
(R0 −1)

)
, (3.13)

where

R0 =β/(γ+µ) . (3.14)

The epidemiological relevance of R0 will be discussed in Section 3.4.1.

The stability of the two equilibria of SIR model with demography was demonstrated by

Keeling and Rohani [86], which I elaborate on here.

The Jacobian of the SIR model with demography described by Equations (3.10), evalu-

ated at the equilibrium (S∗, I∗,R∗), is


−βI∗−µ −βS∗ 0

βI∗ βS∗−γ−µ 0

0 γ −µ

 .

The corresponding characteristic equation is

(βI∗−µ−Λ)(βS∗−γ−µ−Λ)(−µ−Λ)+ (βI∗)(βS∗)(−µ−Λ)= 0. (3.15)
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Factoring out (−µ−Λ) gives the first eigenvalue of the system,

Λ1 =−µ ,

and Equation (3.15) simplifies to

(−βI∗−µ−Λ)(βS∗−γ−µ−Λ)+βI∗βS∗ = 0. (3.16)

The eigenvalue Λ1 =−µ is an eigenvalue for both equilibria. From here, substitution of the

equilibria will give the remaining eigenvalues.

For the DFE, substituting Equation (3.12) into Equation (3.16) gives

(−µ−Λ)(β−γ−µ−Λ)= 0,

and the remaining two eigenvalues are

Λ2 =−µ ,

Λ3 =β− (γ+µ) .

Thus, the DFE is stable when β< (γ+µ), that is, when R0 < 1. If R0 > 1, the DFE is unstable

and can only be reached from initial conditions I(0)= 0.

The stability of the endemic equilibrium can be found by substituting Equation (3.13)

into Equation (3.16) and determining the signs of the eigenvalues. Doing so simplifies

Equation (3.16) to

Λ2 +µR0Λ+ (µ+γ)µ(R0 −1)= 0. (3.17)

Thus, the remaining two eigenvalues of the system can be found by the quadratic formula

2Λ2,3 =−µR0 ±
√

(µR0)2 −4(µ+γ)µ(R0 −1). (3.18)

Since all three eigenvalues have negative real parts when R0 > 1, the endemic equilibrium
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is stable for R0 > 1. It is clear from Equation (3.13) that a biologically relevant endemic

equilibrium does not exist when R0 < 1. Note that (µR0)2 is usually small (for small µ) so

the radicand is usually negative. This leads Equation (3.18) to have a non-zero imaginary

part (unless µ is large), indicating the equilibrium is reached via damped oscillations.

Figure 3.5 shows the (S, I) phase planes for the SIR model with demography (Equa-

tion (3.10)) for R0 = 0.5 (a) and R0 = 3 (b). The gray dashed lines show the nullclines of

Equation (3.10), or the curves where dS/dt = 0 and dI/dt = 0. At a nullcline, the flows are

purely horizontal or purely vertical (shown in gray arrows), as determined by the associated

rate of change for each state variable. For R0 < 1 (Figure 3.5a), the two nullclines are S = 1

and I = 0, and their intersection is the DFE in Equation (3.12). Trajectories from all initial

conditions lead to the DFE.

For R0 > 1 (Figure 3.5b), the nullclines are

S = 1
R0

, (3.19)

I = µ

γ+µ
(
1− 1

R0

)
, (3.20)

where R0 =β/(γ+µ), and where they intersect is the endemic equilibrium in Equation (3.13).

Trajectories from all initial conditions except I(0) = 0 lead to the endemic equilibrium.

This qualitative change is brought on by a transcritical bifurcation, first introduced in Sec-

tion 3.2.3, that takes place at R0 = 1.

3.3.2 Bifurcation in the SIR model with demography

The disease-free equilibrium and endemic equilibrium of the SIR model with demography

are shown in Equation (3.12) and (3.13) respectively. For R0 < 1, the disease-free equi-

librium is stable and the endemic equilibrium does not exist. For R0 < 1, the endemic

equilibrium becomes negative and falls out of the state space in Equation (3.11). At R0 ≥ 1,

the disease-free equilibrium becomes unstable, and the endemic equilibrium is stable. A

transcritical bifurcation occurs at R0 = 1 (i.e. at β= γ+µ), meaning there is an exchange in

stability between the two equilibria.

Examination of the eigenvalues of Equation (3.18) will determine if the SIR model with
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Figure 3.5: Phase-planes for the SIR model with demography for (a) R0 = 0.5 and (b) R0 = 3.
Gray dashed lines represent the nullclines, with gray arrows showing the flow at the null-
cline. Note that the trajectories become very close but do not join. This figure was generated
with parameter values β= 0.5 or 3, γ= 1 and µ= 1/80.

demography (Equation (3.10)) has a Hopf bifurcation. For all positive parameter values, the

real part of the eigenvalues −µR0 remains negative, and changes in parameter values will

not result in purely imaginary eigenvalues. Thus, the SIR model with demography does

not exhibit a Hopf bifurcation. In Chapter 5, I will introduce a compartmental model of

transmission (the SIRWS model) and show that it exhibits a Hopf bifurcation.

3.4 Epidemiological quantities of the SIR model with
demography

The SIR model with demography, as described in Section 3.3, forms a framework for mod-

elling the transmission of infectious disease. In this section, I use the SIR model with

demography (Equation (3.10)) to relate the model to important epidemiological quantities,

such as the basic reproduction number and the mean age of first infection.

3.4.1 The basic reproduction number

As demonstrated in Section 3.3.2, a transcritical bifurcation takes place when β= γ+µ, or

when the basic reproduction number R0 = β/(γ+µ) = 1. The basic reproduction number is

also an important quantity in epidemiology, defined as the average number of secondary
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infections caused by a typical primary case over their entire infectious lifetime in a fully

susceptible population [86]. Theoretically, if R0 > 1, then the disease can spread and persist

through a population; if R0 ≤ 1, then the disease cannot spread successfully and will ‘die

out’ [86].

Once an epidemic is underway and has depleted the susceptible pool of individuals, R0

no longer describes the average number of secondary infections caused by the typical pri-

mary case. The evolution of the epidemic over time is described by the effective reproduction

number, often denoted Re, which refers to the average number of secondary cases by a pri-

mary case in a population that has some level of immunity:

Re(t)= R0S(t) . (3.21)

At the start of an epidemic where the population is fully susceptible, Re = R0. As the

epidemic progresses, Re decreases and captures changes in response to factors such as im-

munity acquired from the disease or from vaccination [158]. The incidence curve peaks at

Re = 1, after which the incidence decreases.

The basic reproduction number is used to calculate thresholds required to stop the

spread of disease. If, before the start of the outbreak, a proportion, p, of the population is

immune (say, by a vaccine that provides lifelong protection against infection), Re = R0(1−p).

Choosing pc so that Re < 1 would prevent an outbreak from occurring, leading to the critical

vaccination threshold [8]

pc = 1− 1
R0

. (3.22)

This threshold says that not every individual in the population must be vaccinated to con-

trol the spread of disease, as long as a critical proportion of the population (as determined

by R0 of the infection) are protected. This phenomenon is known as herd immunity. This

threshold is useful in the design of control programmes, which may aim to assess which

control measures are best to bring Re below 1 for disease die-out.
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3.4.2 Mean age of first infection

A second useful epidemiological quantity is the mean age of first infection, A, which is an

important indicator of infection prevalence [86]. This quantity can be obtained with age-

specific serological data [7]. An approach to estimating A is to calculate the average time an

individual remains susceptible following birth before becoming infected. The average time

is the inverse of the transition rate S → I [8]. Additionally, the mean age of first infection

has an important relationship with R0, which is detailed below.

I follow the approach of Keeling and Rohani [86] to reveal the relationship between

the mean age of first infection and R0. For the SIR model with demography described in

Equations (3.10), the per capita transition rate out of S is (βI +µ), so that the mean age of

first infection, A, is (βI +µ)−1. Substituting for I from Equation (3.13) gives

A = γ+µ
µ

(
β− (γ+µ)

) .

Using the substitution β− (γ+µ)= (γ+µ)(R0 −1), we obtain

A = 1
µ (R0 −1)

.

Written in terms of R0 and letting L = 1/µ denote the average life expectancy (which can be

obtained from demographic data), we arrive at

R0 = 1+ L
A

. (3.23)

This relationship provides an important link between model parameters and the population

level quantities such as the average life expectancy and the mean age of first infection.

Where diseases predominantly affect a subset of the population, such as children, age

structure may be reflected in models. The use of age-structured models are particularly

useful for investigating potential reasons for age shifts in certain infections.
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3.5 Common assumptions of compartmental transmission
models

Every model is a simplification of reality and is never free of assumptions. This section

discusses some common assumptions of compartmental models of infectious disease.

The population size is constant and sufficiently large [80,158]. Where the population is

large, the law of large numbers rules out large chance fluctuations, and the compartments

of the system can be considered as continuous variables. The use of continuous quantities

implies that the population is large (or technically speaking, infinite). In small populations,

such as a school, stochastic effects are expected to play a major role, and mean field approxi-

mations by differential equations become problematic [85]. The assumption that births and

natural deaths occur at equal rates corresponds to a negative exponential distribution in

age structure, with the average life expectancy equal to the reciprocal of the natural death

rate [100]. Equal birth and death rates may not be appropriate if there is considerable

disease-induced mortality or if the population is actively growing or shrinking.

In some compartmental models, the transitions between compartments occur at a con-

stant rate [86]. This leads to exponentially distributed waiting times in each compartment,

with large variance around the mean. One method to reduce variation around the mean is to

divide a compartment into multiple sub-compartments, which leads to gamma-distributed

waiting times [100]. An exponential distribution of the infectious period corresponds to the

assumption that the chance of recovery in a given time interval is independent of the time

since infection, which leads to high dispersion in the distribution of the infectious period

[100]. In reality, infectious periods of short-lived infections are unlikely to be much shorter

or longer than the mean [100]. For long-lived infections, such as human immunodeficiency

virus [20], non-exponential distributions of the infectious period may be more appropriate.

Many models assume homogeneous (random) mixing [158], which asserts that everyone

in the population interacts with others with equal probability, thus ignoring the possible

heterogeneities from space, age, or social behaviour [8]. In reality, individuals are more

likely to be in contact with others who are geographically or socially closer [85]. Trans-

mission could be affected due to mixing patterns between different ages or social behaviour

[118]. ‘Superspreading events’, in which some individuals produce significantly more sec-
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ondary cases [23, 72], were highlighted during the emergence of severe acute respiratory

syndrome (SARS) [102]. Studies have shown that only a small proportion of SARS cases in

Singapore were highly infectious while the majority of cases were barely infectious [30,102].

Diseases may have different infection rates for different age groups. Understanding the

mixing patterns in populations may be important in the control of emerging outbreaks.

New infections in mathematical models may occur under the mass action law [8], which

refers to transmission occurring by direct contact in a population where everyone shares

1. the same average number of contacts, c, per unit of time,

2. the same probability, I/N, that the contact occurs with an infectious individual, where

I is the number of infectious individuals in a total population size N,

3. the same probability v of transmission given contact with an infectious individual has

occurred [15].

There are two common assumptions on the contact rate, c. The first is that c = kN, i.e.

the contact rate increases with population size, scaled by a constant, k. This is referred to

as density-dependent transmission. The second is that c = ξ, i.e. the contact rate is constant

and independent of population size [15], leading to frequency-dependent transmission. The

distinction between the two types of transmission becomes apparent when population size

varies [86].

In density-dependent transmission, the product kv is often combined into one trans-

mission coefficient, β, leading to a ‘gain’ term, which represents new infections, of Equa-

tion (3.10b) to be

dI/dt = kN × I/N ×v×S =βIS . (3.24)

In frequency-dependent transmission, β represents the product ξv, which leads to a ‘gain’

term of Equation (3.10b) to be

dI/dt = ξ× I/N ×S =βIS/N . (3.25)

The product βI (or βI/N, depending on the assumption on the contact rate above) is
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commonly known as the force of infection, which is often denoted as λ, describing the per

capita rate at which susceptible individuals become infected [8,112].

3.6 Summary

In this chapter, I have mathematically defined a dynamical system and introduced methods

to calculate its equilibria and to analyse the stability of the equilibria. I have introduced

bifurcations which may occur in dynamical systems. In particular, I have illustrated with

the SIR model with demography that a transcritical bifurcation takes place when the basic

reproduction number R0 = 1. In Chapter 5, I will introduce a model of the SIR-type frame-

work known as the SIRWS model and analyse the stability of its equilibria. I will show the

existence of a Hopf bifurcation in the SIRWS model.

I have shown the link between models and important epidemiological quantities, such

as the basic reproduction number R0 and the mean age of first infection, through the SIR

model with demography. In Chapter 6, I will use these links to estimate R0. Additionally,

in this chapter, I have outlined some common assumptions of compartmental models of

transmission. This will provide better context in the literature review of epidemiological

models in Chapter 4.

In Chapter 7, I will use a combination of numerical simulations and bifurcation analy-

sis to show that Hopf bifurcations can generate sustained oscillations in a two-pathogen

SIRWS model with immune boosting and cross-immunity. In Chapter 8, I extend the

SIRWS model to include vaccination and show that changes in vaccination coverage can

lead to Hopf bifurcations.





Chapter 4

Existing compartmental models of
transmission with temporary immunity

4.1 Introduction

Recurrent epidemic behaviour has been observed in epidemiological records of multiple dis-

eases [19, 95, 165], but the underlying causes of recurrence are not well understood [64].

Mathematical models have been used to propose several factors as contributors to disease

persistence and recurrent epidemics.

That immunity acquired from natural infection or vaccination wanes for most diseases

is widely accepted [90, 134, 167]. While immunity wanes, it can also be boosted [29, 168].

Indeed, immune boosting has been used to explain recurrent dynamics of infectious dis-

ease, as Lavine et al. [96] have in their explanation of the resurgence in a set of pertussis

incidence data.

There is a vast collection of existing literature of mathematical models studying the role

of immunity in the dynamics of infectious disease. A comprehensive review of the literature

is beyond the scope of this thesis. Instead, I discuss some key findings from a selection of

mathematical studies covering three broad areas:

1. infectious disease transmission without immune boosting that focus on the role of

waning immunity and vaccination;

2. epidemiology specific to pertussis;

3. infectious disease transmission with immune boosting.

37
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I will identify gaps in the literature of models with immune boosting and explain how my

models will fill the gaps.

4.2 Models without immune boosting

Many published models describing infectious disease transmission are deterministic, com-

partmental models that characterise an infectious disease in large populations. In com-

partmental models, the population is divided into sub-populations, or compartments, each

associated with a specific immune status. The rate of change between compartments is

governed by a set of laws, expressed as differential equations. As introduced in Chap-

ter 3.3, in a standard compartmental model of infectious disease transmission, the three

compartments are susceptible (S) to infection, infected and infectious (I), and recovered

and immune (R). The class of models following this compartment framework is commonly

known as the SIR-type models.

The standard SIR model has two transitions: S to I that represents new infections; and

I to R that represents recovery, or technically when the ability to transmit the infection is

lost. In an SIRS model, there is a third transition to represent a loss of immunity: R back

to S. Put together, the standard SIRS model with demography is described by the following

set of differential equations:

dS
dt

=µ−βIS+κR−µS , (4.1a)

dI
dt

=βIS−γI −µI , (4.1b)

dR
dt

= γI −κR−µR , (4.1c)

where S(0)≥ 0, I(0)≥ 0, R(0)≥ 0, with state space

Ω= {
(S, I,R) ∈ [0,1]3 : S+ I +R = 1

}
. (4.2)

The parameter µ is the birth and death rate, β is the transmission coefficient, γ is the

recovery rate, and κ is the rate at which immunity is lost. Disease-induced mortality is

ignored. At the extremes, if immunity is lifelong (κ = 0), the model collapses to the SIR
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S I R
βI γ

κ

µ

Figure 4.1: The SIRS model with demography. Susceptibles are infected at a per capita rate
βI; infectives recover and lose infectiousness at a rate γ; and immunity is lost at a rate κ.
The per capita birth and death rate is µ, shown by the short, diagonal arrows.

model with demography of Equation (3.10). If there is no immunity after infection (κ→∞),

the model collapses to the SIS model, where the R compartment is effectively non-existent,

and the transition from I to S occurs at the recovery rate γ. A diagram of the SIRS model

with demography is shown in Figure 4.1.

Solutions to the SIRS model with demography in Equation (4.1) are reached through

damped oscillations from any initial condition [79]. While the SIRS and SIR models share

the same basic reproduction number

R0 =β/(γ+µ) , (4.3)

the SIRS model has a higher prevalence of infection, where the endemic equilibrium of the

two models are

I∗EE

∣∣∣
SIR

= µ

γ+µ
(
1− 1

R0

)
,

I∗EE

∣∣∣
SIRS

= µ+κ
γ+µ+κ

(
1− 1

R0

)

and can only be reached when R0 > 1.

Figure 4.2 shows that the endemic equilibrium is reached via damped oscillations for

both the SIR and SIRS model, but the SIRS model has more frequent epidemics (shorter

inter-epidemic period), as waning immunity, rather than population turnover, replenishes

the susceptible pool.

In the SIRS model, those in R are fully immune to infection. Many studies have ex-

amined the influence of partial immunity [2, 62, 67, 78, 166]. Gomes et al. [62] studied the

possibility that immunity is not fully protective but reduces susceptibility to infection—



40 Existing compartmental models of transmission with temporary immunity

time
0 50 100 150 200

in
fe

ct
io

us
 p

ro
po

rti
on

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16
SIR
SIRS

Figure 4.2: Sample trajectories of the infectious proportion I(t) for the SIR and SIRS model.
Figure was generated using β= 3, γ= 1, µ= 1/80, κ= 1/10 (for SIRS), and initial conditions
S(0)= 0.6, I(0)= 0.05,R(0)= 0.35.

essentially an SIS model construct. They found a useful value to interpret levels of infec-

tion and to determine the potential impact of vaccination programmes [62,63]. They called

this value the ‘reinfection threshold’, as determined by 1/σ, where σ is the degree of reduced

susceptibility of previously infected individuals. The reinfection threshold separates two

epidemiological scenarios. Where R0 is below the reinfection threshold, primary infections

dominate, infection levels are low, and a vaccine providing protection equivalent to natural

infection is effective at reducing the endemic infection prevalence. Above the threshold,

reinfection dominates, infection levels are high, and vaccination has minimal impact on

reducing the endemic infection prevalence. The findings of Gomes et al. demonstrate the

major influence reinfection can have on infectious disease epidemiology. Further, they show

that vaccines that induce greater protection than natural infection, which appears unlikely

for the current pertussis vaccines [161], can increase the reinfection threshold.

Studies have also investigated the impact of mild infections [2, 76, 155, 156], demon-

strating that frequent mild infections can maintain disease transmission. Águas et al. [2]

extended a similar model to Gomes et al. [62] by distinguishing between severe (primary)

and mild (secondary) infections and adding in waning immunity. In their model, Águas

et al. keeps an SIS-like model construct, in which natural immunity reduced (but did not

eliminate) the probability of infection so there was no fully protected compartment. Sec-

ondary infections were experienced by immune individuals. No distinction was made be-
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tween vaccine-acquired immunity and natural immunity. Once immunity wanes, individu-

als who were once immune would, if infected, experience a primary infection. This scenario

equates to no differentiation in infection experience between individuals whose immunity

has waned and those who are immunologically naive.

Águas et al. [2] further studied the reinfection threshold by distinguishing infections

by infectiousness: severe (primary) and mild (secondary) infections. Below the reinfection

threshold, waning immunity is dominant and dynamics are described by increased primary

infections with transmission. Above the reinfection threshold, reinfection dominates, and

dynamics reveal a less intuitive trend, where there is decreasing disease with increasing

transmission. Above the threshold, vaccination that confers equivalent immunity to natu-

ral infection is effective at reducing primary infections but has little impact on secondary

infections, a finding similar to that of van Boven et al. [156]. Where reinfections dominate,

reinfections maintain partial immunity and work to keep severe disease at a low level. In

the model, primary infections were assumed to be twice as infectious as secondary infec-

tions, though the authors found this not to change their overall findings.

In their investigation of possible explanations for a large pertussis epidemic that oc-

curred in The Netherlands in 1996–1997, van Boven et al. [155] sought to understand the

role of waning immunity and sub-clinical (secondary) infections in maintaining transmis-

sion in an age-structured model. Similar to Àguas et al. [2], they sub-divided infections

by degree of infectiousness. However, unlike Águas et al. [2], who assumed that infection

and vaccination provided the same immunity, van Boven et al. [155] allowed three different

durations of immunity due to primary infection in naive individuals, secondary infection

in immunologically primed individuals, and vaccination. Additionally, van Boven et al.

adopted an SIRS-like model construct, in which individuals in any one of the three immune

compartments were fully protected from infection. In contrast, there was no compartment

that was fully protected from infection in the model of Águas et al. [2].

Van Boven et al. [155] found that a small rate of loss of immunity is sufficient to make

most adults susceptible, and secondary infections in adults could be a major contributor

to transmission—consistent with the findings of Àguas et al. [2]. Van Boven et al. [155]

concluded that a decrease in the duration of vaccine-acquired immunity was able to explain
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a major increase in prevalence of infection without an increase in the number of infections

in infants.

Van Boven et al. [155] presented a method for estimating the force of infection from case

notification data. The estimated forces of infection were age-dependent and sensitive to

assumptions on the rate at which immunity is lost and the fraction of infections that were

notified. They assumed that secondary infections (i.e. reinfections or infections from those

who have been vaccinated) are largely mild and five times less infectious than a primary

infection. Van Boven et al. found the relative infectiousness of secondary to primary infec-

tions did not significantly affect the prevalence of primary infections, which is consistent

with Àguas et al. [2].

Attention has also been given to differences between immunity following natural in-

fection and following vaccination. Not all vaccines provide sterilising protection against

infection [103,104,152,160]. Most studies consider the three potential ways a vaccine fails

to provide sterilising immunity that I have discussed in Section 2.3 [70,106,113]:

• primary vaccine failure (sometimes called failure in ‘take’), in which a vaccine fails to

mount an immune response in a fraction of vaccinated individuals;

• secondary vaccine failure, in which protection provided by a vaccine wanes over time;

• vaccine ‘leakiness’, where a vaccine provides protection by reducing (without elimi-

nating) the probability of infection upon exposure.

McLean and Blower [113] defined a summary measure of these vaccine imperfections and

called it the vaccine impact. They found that the way in which a vaccine fails to provide per-

fect protection matters: vaccines with a low degree of protection led to a greater prevalence

of infection at equilibrium than vaccines of primary or secondary failure with the same vac-

cine impact. Magpantay et al. [106] made the similar finding that a ‘leaky’ vaccine led to the

higher infection prevalence than vaccines with primary or secondary failure. Together, the

findings of McLean and Blower [113] and Magpantay et al. [106] highlight the importance

of the ability of clinical trials for vaccines to differentiate between the types of vaccine fail-

ure. However, depending on how fast or slow immunity wanes, it may be difficult to detect

secondary vaccine failure in a short-term clinical trial.
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While a vaccine may fail to provide sterilising immunity at an individual level, the

influence of these forms of vaccine failure on the population is also an important considera-

tion. Magpantay et al. [106] compared the mean age of first infection between the different

vaccine failure types and found that it was highest for secondary vaccine failure (waning

vaccine-acquired immunity), followed by vaccine leakiness, and was lowest for primary vac-

cine failure.

In addition to increasing the prevalence of infection, waning immunity shortens the

inter-epidemic period [62, 79]. Broutin et al. [27] explored multiple epidemiological sce-

narios with different durations of immunity and repeat infections, focusing on the average

inter-epidemic period, birth rate and vaccine coverage. They estimated the mean pertussis

periodicity from a global incidence dataset for 64 countries in the vaccine era and found

birth rate and vaccine coverage significantly impacted on pertussis periodicity. They con-

cluded that birth rates and vaccine coverage drive the observed variations in pertussis epi-

demiology of different countries. This conclusion is in line with intuition, since the birth

rate directly replenishes the susceptible pool, while vaccination depletes it.

Broutin et al. [27] found that assumptions of long-lived natural immunity and small

contributions from repeat infections to transmission were consistent with the global per-

tussis incidence dataset. These two assumptions are in agreement with those of Blackwood

et al. [19] and Wearing and Rohani [166] in their studies of pertussis epidemiology. How-

ever, how much vaccination coverage influences the interepidemic period for pertussis is

unclear. As Fine and Clarkson [56] noted, the interepidemic period should in theory vary

with the influx of susceptibles [8], but for pertussis, vaccination (which would deplete the

susceptible pool) had little impact on pertussis periodicity. Fine and Clarkson [56] suggest

that perhaps pertussis vaccines protected against disease rather than infection, or that the

potential change in pertussis periodicity from vaccines was counteracted by other factors

that may replenish the susceptible pool, such as migration.

Wearing and Rohani [166] explored the relationship between waning immunity and

the interepidemic period and contrasted their model predictions with a set of pertussis

incidence data from England and Wales. They compared the inter-epidemic periods of their

model to the periods of the data while varying the duration of immunity. They found that
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relatively long-lived (but not lifelong) natural immunity is consistent with the incidence

data, and that natural immunity, based on data from England and Wales, may not be the

primary driver of the re-emergence of pertussis. Contrary to other studies [2, 155, 156],

Wearing and Rohani [166] suggest that reinfections contribute little to transmission. While

reinfections were assumed to be half as infectious as primary ones, they noted that equating

the infectiousness of primary infections and reinfections produced similar results.

It is important to be aware of differences on the distributed form of immunity. Black-

wood et al. [19] and Wearing and Rohani [166] used exponentially distributed duration of

immunity, so there is large variance about the mean. This means some individuals will lose

immunity quickly while some never will. Wearing and Rohani [166] extended their model

to consider a gamma-distributed duration of immunity (two immune classes instead of one),

but found it did not fit the pertussis incidence data as well, predicting longer interepidemic

periods than the pertussis incidence data from England and Wales suggest. Wearing and

Rohani [166] concluded that pertussis immunity is inherently variable, and a better under-

standing of the distribution of duration of immunity is required to understanding waning

immunity of pertussis.

4.3 Models with immune boosting

Lavine et al. [96] captured the re-emergence of pertussis cases under high vaccine coverage

using an SIRS model with immune boosting and vaccination, which they studied with and

without age structure. They reasoned that before mass vaccination was available, immu-

nity was frequently boosted by asymptomatic re-exposure. In the vaccine era, prevalence

of infection decreased, leading to a less frequent immune boosting due to lower pathogen

circulation. Reduced immune boosting opportunities meant a shorter duration of naturally

and vaccine-acquired immunity at an individual level, and reduced herd immunity at a

population level. Previous models have considered the impact of boosting by asymptomatic

re-exposure [26, 81, 166]. What made Lavine et al.’s approach to immune boosting distinct

is that they considered the idea of enhanced susceptibility to boosting—that a primed im-

mune system can respond to a lower dose of antigen than a naive one. In the subsequent
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chapters, the models I construct and study are extensions of the SIRWS model studied by

Lavine et al.

Where the SIRS model has one immune class, the SIRWS model has two immune

classes. After infection, individuals transition to the recovered class, R, where they are

fully protected from infection. Over time, immunity wanes and they transition to the W

class, in which individuals face two competing rates: their immunity continues to wane and

they become susceptible, S, to infection again, or re-exposure boosts their immunity and

they transition back to R. Immune boosting occurs at a rate proportional to the force of

infection. I will refer to the constant of proportionality as the strength of immune boosting.

Using an average life expectancy of 50 years, which is perhaps on the short end for indus-

trialised countries, they estimated a lower bound of 10 for the strength of immune boosting,

meaning that exposure in an immune individual is 10 times more likely to have their immu-

nity boosted than the same exposure is to cause an infection in a naive individual. Under

these parameters, the incidence was characterised by a point attractor that monotonically

decreased with increasing vaccine coverage. Past a critical vaccination threshold, model

dynamics entered a cyclic regime, and the mean incidence began increasing with vaccine

coverage. Lavine et al. concluded that mass uptake of vaccination in the current era may

have shifted pertussis dynamics from SIR-like in the pre-vaccine era to SIRS-like in the

vaccine era.

In the absence of boosting, model dynamics are SIRS-like. Where boosting is extremely

strong, the model of Lavine et al. [96] exhibits SIR-like dynamics. Between these extreme

levels of boosting, different levels of vaccine coverage lead to rich dynamical behaviour, in-

cluding damped and sustained oscillations and bistable behaviour in which point attractor

and limit cycles coexist. However, other parameters in the SIRWS model can also gener-

ate sustained oscillations, in the absence of vaccination. The addition of immune boosting

allows the model to generate sustained oscillations—dynamics the standard SIRS and SIR

models are incapable of generating.

Dafilis et al. [37] investigated the same model as Lavine et al. [96] but without vac-

cination and age structure. They found that increasing life expectancy and strength of

immune boosting—in the absence of vaccination—was capable of shifting model dynamics
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from damped to sustained oscillations through a Hopf bifurcation. This suggests Lavine

et al.’s choice of 50 years average life expectancy influenced their estimation for immune

boosting strength. As noted by Grenfell [66], Lavine et al. posed a testable hypothesis

about the relative dose of antigen required to boost immunity. Further examination of this,

for example via animal transmission models, may be beneficial for the impact of boosting

on dynamics of pertussis and other infections.

By modelling immune boosting as a direct transition from partially to fully immune

(W → R), Lavine et al. [96] made an important assumption that immune boosting does not

contribute to the force of infection. Due to this assumption, allowing a boosting rate higher

than the rate at which susceptible individuals became infected (i.e. ν > 1) is a plausible

scenario. However, if immune boosting occurs at this higher rate as a transition from a

partially to fully immune state through an infectious compartment, this would result in an

unrealistic scenario: that an immunologically primed individual is more likely to become

infectious than a naive individual.

Águas et al. [2] modelled immune boosting in this alternative way, as a transition from

partially to fully immune through an infectious compartment. This limits the allowable

boosting rate to be at most equal to the rate at which fully susceptible individuals become

infected (i.e. ν≤ 1). Águas further considered reinfections to be half as infectious as primary

ones, while Lavine et al. considered both equally infectious. With immune boosting assumed

to be proportional to the force of infection, both studies found reinfection to be a major

contributor to the prevalence of infection.

The model studied by Lavine et al. [96] not only captured the re-emergence of pertussis

cases under high vaccine coverage, but also the age shift of cases to adults. In the way they

modelled vaccination, where vaccinated individuals are moved from S to R, they assumed

that natural and vaccine-induced immunity were the same. This contrasts with studies

that have found significant differences between the duration of natural and vaccine-induced

immunity to pertussis [167, 170]. Lavine et al. assumed that boosting extended the dura-

tion of immunity in the same way for individuals with natural immunity and individuals

with vaccine-acquired immunity, but it is perhaps plausible that boosting acts differently

depending on the type of immunity.
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In addition to using an SIRS framework, immune boosting can be captured in models

in multiple ways. The boosting and waning of immunity can be described by the rise and

decay of antibody levels using solely within-host models [40,75]. There are hybrid models as

well. Barbarossa and Röst [12] combined a PDE for the immune population with two ODEs

for susceptible and infectious individuals. Heffernan and Keeling [76] discretised an SEIR

model linked by a model of within-host dynamics. The number of sub-compartments in

the SEIR model corresponds to the level of immune system memory as determined by the

within-host model [76]. Heffernan and Keeling assumed the duration of vaccine-induced

immunity was roughly half that of natural immunity, whereas they were identical in the

study of Lavine at al. [96]. Both Heffernan and Keeling [76] and Lavine et al. [96] conclude

that vaccination can induce large-amplitude oscillations.

Wearing and Rohani [166] used gamma distributed infectious compartments and expo-

nentially distributed immune compartments, whereas Lavine et al. [96] used the opposite—

exponentially distributed infectious compartments and gamma distributed immune com-

partments. Compartmental waiting times following an exponential distribution have a

large variance around the mean, and the variance is reduced with a gamma distribution

[100]. Lavine et al. showed that their results were robust to the number of immune com-

partments used. As vaccine coverage increases, a stable point attractor gives rise to cyclic

attractors. An important dynamical consequence of replacing a single compartment (the

immune compartment, say) into multiple stages follows. If the time spent in each stage

is assumed to be exponentially distributed, and the average waiting time in each stage is

identical, the duration of immunity becomes gamma-distributed. This leads to less vari-

ance in the duration of immunity, which may lead to less stable behaviour within the model

[100, 101]. The models of Lavine et al. [96], Heffernan and Keeling [76] and Hethcote et

al. [83] all have more than one immune compartment, and all are capable of sustained

oscillations.

Seasonal fluctuations in systems have been studied in the context of epidemiology and

have been proposed as a driver of recurrent epidemics [6, 45, 46]. Seasonality in transmis-

sion is often modelled by a sinusoidal function, and inclusion of it in standard SIR-type

models can lead to complex dynamics such as multi-annual cycles of varying periodicity
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and chaos [46, 64, 87]. The interaction between immune boosting and seasonal forcing has

been studied [38, 39]. In their model of transmission with immune boosting and seasonal

forcing, Dafilis et al. [39] characterised their results in terms of a ‘demographic transition’

as a population transitions from a high birth rate to a low birth rate (or equivalently, as

average life expectancy grows). Seasonal forcing under high birth rates did not result in

chaotic regions. In contrast, under low (and more realistic) birth rates, seasonal forcing can

lead to period doubling and even to chaotic regions [38,39].

4.4 Cross-immunity

Some diseases are caused by multiple pathogens or multiple strains of one pathogen, such

as whooping cough or influenza [111,126]. Besides immune boosting, another immunologi-

cal mechanism from which recurrent epidemics may arise is cross-immunity [9,18], in which

immunity to one pathogen confers protection against a second pathogen. Many mathemati-

cal models of cross-immunity focus on multi-strain diseases such as influenza [9,28,61,123]

and dengue fever [1,165]. For the purposes of this thesis, I will concentrate on a small sec-

tion of this area (models of cross-immunity motivated by pertussis dynamics) as my focus

is on immune boosting.

Van Boven et al. [156] studied a model of symmetric cross-immunity with a waning vac-

cine that protected against infections of both pathogens. Van Boven et al. [156] found that

a vaccine offering protection that wanes over time (secondary vaccine failure) can increase

the level of transmission of a pathogen (assuming equal infectivity of both pathogens), simi-

lar to findings of other studies [2,62,76]. However, there is considerable debate on the level

of cross-immunity that exists between Bordetella pertussis and Bordetella parapertussis,

two causative agents of whooping cough [162,163,171].

Wolfe et al. [171] found that immunity induced by a parapertussis infection protected

against subsequent pertussis infections, but not the other way around—immunity induced

by a pertussis infection does not protect against parapertussis infections. Motivated by

the asymmetric cross-immunity between the two Bordetella pathogens, Restif et al. [135]

studied a model of asymmetric cross-immunity. While symmetric cross-immunity (reduced
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susceptibility to infection with the other pathogen) was assumed for the model of Restif et

al. [135], vaccination protects against pertussis infection but only reduces the susceptibility

to a parapertussis infection. Although they were unable to reproduce the epidemiological

observations of Lautrop [95]—pertussis and parapertussis each producing recurrent epi-

demics that were out of phase with each other—Restif et al. [135] suggested that pertussis

must have a stronger competitive advantage (such as higher infectivity) than parapertus-

sis in order to be more prevalent than parapertussis. They also suggested that a pertussis

vaccine that moderately reduced susceptibility to parapertussis would have little effect on

the prevalence of parapertussis infections.

4.5 Gaps in models of immune boosting that are addressed in
this work

Persistent and recurrent epidemics of infectious diseases have been observed. Proposed

contributors to these epidemiological observations include waning immunity, boosting of

immunity, and the use of an imperfect vaccine. Mathematical models of infectious disease

transmission investigating these potential factors can reveal infection dynamics that seem

counter-intuitive.

Models of immune boosting have concentrated on dynamical behaviour or infection dy-

namics. Models with strong immune boosting are capable of generating large-amplitude

cycles in the presence of mass vaccination [76,96]. One study estimated the duration of per-

tussis immunity using incidence data and a model with weak immune boosting [166]. There

is a relative paucity of R0 estimation studies that account for immune boosting [166]. In

Chapter 6, I concentrate on how the inclusion of immune boosting could affect the inferred

R0 and hence critical vaccination thresholds for the control of infectious diseases.

Cross-immunity in models has been able to explain recurrent epidemic behaviour. How-

ever, to the best of my knowledge, there is no model that incorporates both cross-immunity

and immune boosting. In Chapter 7, I construct a two-pathogen model of immune boost-

ing and cross-immunity and illustrate the complex dynamical behaviour that arises from

interactions between cross-immunity and immune boosting.
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Studies have linked immunological and epidemiological dynamics, such as inclusion

of the immune boosting in an epidemiological model. As immunity wanes, it may also

be boosted via exposure to the pathogen in natural circulation. The consideration that

a primed immune system may respond to a lower dose of antigen than a naive immune

system introduces possible recurrent epidemic behaviour under high vaccine coverage.

A number of models in this review differentiated between primary and secondary in-

fections but did not include the possibility of immune boosting. Some also assumed that

vaccine-acquired immunity was identical to infection-acquired immunity. Where immune

boosting was accounted for as an infectious process, immune boosting was, at most, equally

likely to occur as a naive infection. In Chapter 8, I construct and analyse a model that

differentiates between primary and secondary infections while allowing vaccine-acquired

immunity to differ from infection-acquired immunity. I concentrate on the infection dynam-

ics under the consideration that immune boosting is a non-infectious process and can be

more likely to occur than a naive infection.

The mechanism through which immune boosting provides protection was assumed to

be equivalent for infection- and vaccine-acquired immunity. In Chapter 8, I differentiate

vaccine-acquired immune boosting from infection-acquired immune boosting and show the

influence of this difference on infection prevalence.

Models reveal that diseases can persist in the presence of mass vaccination. The find-

ings from many existing studies underscore the importance of understanding the persis-

tence of immunity, and the exact ways a vaccine works to provide protection for any partic-

ular pathogen.



Chapter 5

Analysis of the SIRWS model

5.1 Introduction

In this section, I begin the analysis on an SIR-type model that includes immune boosting,

studied by Lavine et al. [96], called the SIRWS model. First I describe the SIRWS model,

which was introduced in Chapter 4.3, in greater detail. Next I find the steady states of

the system and determine their stability. I look into the effect of immune boosting on the

endemic equilibrium. Finally, I relate the endemic equilibrium of the immune boosting

model to the standard SIR and SIRS model.

5.2 The SIRWS model

Before embarking on model extensions of the SIRWS model, I describe the mathematical

properties of the SIRWS model without age structure.

The model of Lavine et al. [96] is a compartmental model in which the population is

divided into different compartments based on infection status. There are those who are

susceptible to infection (S) and those who are infectious (I). Those who have recovered

from infection (and lose infectiousness) are divided into two compartments based on their

level of immunity: recovered (R) for full immunity, and waning (W) for waning immunity.

While these compartments represent proportions of the population, I will refer to the pro-

portions as individuals (see Chapter 3.3 for change of state variables from individuals to

proportions). After losing infectiousness, individuals enter the recovered compartment (I

to R). As immunity wanes, these individuals then transition to the waning compartment.

51
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Figure 5.1: Model diagram of the SIRWS model. The population is partitioned into four
compartments, represented by the boxes. The arrows represent the transition rates be-
tween boxes. The bullets represent death rates.

From there, they either become susceptible again, as a transition to S; or their immunity

is boosted upon re-exposure to the pathogen, as a transition to R. This process by which

the duration of immunity is extended through re-exposure, termed ‘immune boosting’, can

lead to sustained oscillations. Without vaccination and age structure the SIRWS model is

represented by the system of equations:

dS
dt

=µ−βIS+2κW −µS , (5.1a)

dI
dt

=βIS−γI −µI , (5.1b)

dR
dt

= γI −2κR+νβIW −µR , (5.1c)

dW
dt

= 2κR−2κW −νβIW −µW , (5.1d)

where 1/κ is the average duration of immunity in the absence of immune boosting, 1/µ is

the average life expectancy, and ν is the strength of boosting relative to the force of infection

βI. The SIRWS model is shown in Figure 5.1.

Using the method of stages [100], the single immune compartment of the SIRS model is

replaced with two compartments, or stages. Transition through the stages is modelled as a

two-step process from R to S via the compartment W using the parameter κ. Identical av-

erage transition times in each stage leads to a gamma distribution of duration of immunity.

In the absence of immune boosting, the total time spent in R and W is 2/(2κ+µ), so that for

µ¿ κ, the average duration of immunity is approximately 1/κ, the same mean duration of

immunity for the standard SIRS model with rate of loss of immunity κ.

The SIRWS model recovers SIRS-like dynamics as ν → 0 and SIR-like dynamics as

ν→∞. Importantly, allowing ν > 1 implies that exposure insufficient for infection to take
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Figure 5.2: Two (I,S) phase plane diagrams of the SIRWS model for two values of immune
boosting strength ν: (left) ν = 1 and (right) ν = 5. The red dot represents the equilibrium
point. Following the example of Dafilis et al. [37], the initial conditions are (S, I,R,W) =
(0.99,0.01,0,0), with β= 260, γ= 17, µ= 1/80, κ= 1/10.

place in a susceptible individual may nonetheless be sufficient to boost immunity [37]. The

new non-linear term, νβI, that represents immune boosting gives rise to qualitatively dif-

ferent dynamics, where the system may exhibit damped oscillations or display sustained

oscillations for different values of immune boosting strength ν. This is illustrated in Fig-

ure 5.2, where the time evolution of the SIRWS system is shown with a fixed initial con-

dition for two values of strength of immune boosting, ν = 1 and ν = 5. For ν = 1, the equi-

librium is reached via damped oscillations, shown by the trajectories in the (I,S) plane

spiralling around the equilibrium point (red dot in Figure 5.2). For ν= 5, trajectories spiral

to reach a periodic cycle.

5.3 Equilibria of the SIRWS model

The SIRWS model described by Equations (5.1) has two equilibria. The first is the disease-

free equilibrium (DFE), given by

(S, I,R,W)= (1,0,0,0) . (5.2)
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Determining the endemic equilibrium has not been previously calculated and is a lengthier

exercise which proceeds as follows.

For I > 0, setting Equation (5.1b) to 0 gives

S∗ = γ+µ
β

= 1
R0

,

where

R0 = β

γ+µ .

Next, substitute for S in Equation (5.1a) and let W∗ = 1−S∗− I∗−R∗ to obtain

dS
dt

= 0=−βI∗
(

1
R0

)
+2κ

(
1− 1

R0
− I∗−R∗

)
+µ

(
1− 1

R0

)
.

After some factoring and rearranging, an expression for I∗ is given by

I∗ =
(
µ+2κ

)(
1− 1

R0

)
γ+µ+2κ

− 2κ
γ+µ+2κ

R∗ .

Then substitute for S∗, I∗ and W∗ in Equation (5.1c) and arrive at a quadratic equation for

R∗:

νβ
(
θ2 −θ2

2
)(

R∗)2 + [
νβ

(
2θ1θ2 +θ2S∗−θ1 −θ2

)− (
2κ+µ+γθ2

)]
R∗

+γθ1 +νβθ1
(
1−S∗−θ1

)= 0, (5.3)

where

θ1 =
(
µ+2κ

)(
1− 1

R0

)
γ+µ+2κ

,

θ2 = 2κ
γ+µ+2κ

.
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Taking the only root of the quadratic equation (5.3) that satisfies (S∗, I∗,R∗,W∗) ∈ [0,1]4

given that S∗+ I∗+R∗+W∗ = 1, and putting it all together, the endemic equilibrium of the

SIRWS model is

S∗ = 1
R0

, (5.4a)

I∗ =
(
µ+2κ

)(
1− 1

R0

)
γ+µ+2κ

− 2κ
γ+µ+2κ

R∗ , (5.4b)

R∗ =
(
µ+2κ

)(
γ+µ)+2κγ

4κ
(
γ+µ) (

1− 1
R0

)
+ γ+µ+2κ

4κνR0
(
γ+µ)2

(
c0 −

√
c2

0 + c1ν+ c2
2ν

2
)

, (5.4c)

W∗ = 1−S∗− I∗−R∗ , (5.4d)

where

c0 =
(
µ+2κ

)2 +γ(
4κ+µ)

, (5.4e)

c1 = 2
(
γ+µ)

(R0 −1)
[
µ

(
2κ+µ)2 +γ(

8κ2 +4κµ+µ2)]
, (5.4f)

c2 =µ
(
γ+µ)

(1−R0) . (5.4g)

5.3.1 Stability of the SIRWS model

Stability of the equilibria can be determined by signs of the eigenvalues of the SIRWS

model. The Jacobian of the SIRWS system is

J=



−(
µ+βI

) −βS 0 2κ

βI −(
γ+µ−βS

)
0 0

0 γ+νβW −(
2κ+µ)

νβI

0 −νβW 2κ −(
2κ+µ+νβI

)

 . (5.5)

The eigenvalues can be found by evaluating the characteristic equation det(A −ΛI) = 0,

where A is the Jacobian matrix evaluated at the equilibrium.
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The disease-free equilibrium

The Jacobian evaluated at the DFE in Equation (5.2) reduces to

J|DFE =



−µ −β 0 2κ

0 −(
γ+µ−β)

0 0

0 γ −(
2κ+µ)

0

0 0 2κ −(
2κ+µ)

 , (5.6)

and the characteristic equation det(J|DFE −ΛI)= 0 is

(−µ−Λ)(
β−γ−µ−Λ)(

2κ−µ−Λ)(−2κ−µ−Λ)= 0, (5.7)

where I is the identity matrix, and Λ is the eigenvalue.

It is then easy to see that the eigenvalues are

Λ1 =−µ , (5.8)

Λ2 =β−
(
γ+µ)

, (5.9)

Λ3 =−(
2κ+µ)

, (5.10)

Λ4 =−(
2κ+µ)

. (5.11)

All eigenvalues are negative when β < γ+µ. When β > γ+µ, the eigenvalue Λ2 of Equa-

tion (5.9) is positive. Thus, when R0 = β/(γ+ µ) < 1, the DFE is asymptotically sta-

ble. If R0 > 1, the DFE is unstable and can only be reached with the initial condition

(S, I,R,W)= (1,0,0,0).
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Endemic equilibrium

Evaluating the Jacobian at the endemic equilibrium in Equation (5.4) gives

J|EE =



−(
µ+βI∗

) −βS∗ 0 2κ

βI∗ −(
γ+µ−βS∗)

0 0

0 γ+νβW∗ −(
2κ+µ)

νβI∗

0 −νβW∗ 2κ −(
2κ+µ+νβI∗

)

 , (5.12)

with corresponding characteristic equation det(J|EE −ΛI)= 0.

Replacing the first row of Equation (5.12) with row addition

row1+row2+row3+row4→ row1

allows (µ+Λ) to be factorised, giving one negative eigenvalue Λ1 = −µ, for µ > 0. The

remaining eigenvalues are found by solving the now simplified characteristic equation

Λ3 +a2Λ
2 +a1Λ+a0 = 0, (5.13a)

where

a2 =βI∗ (1+ν)+2
(
2κ+µ)

, (5.13b)

a1 =βI∗
[
2

(
2κ+µ)+γ+βνI∗+µν]+ (

2κ+µ)2 , (5.13c)

a0 =βI∗
[(

2κ+µ)2 +µβνI∗+γ(
4κ+µ+βνI∗

)+2κβνW∗
]

. (5.13d)

The Routh–Hurwitz criterion [59] is a method that determines whether the roots of

the characteristic equation have negative real parts. By the Routh–Hurwitz criterion, the

eigenvalues of Equation (5.13) have negative real parts if

(i) all coefficients satisfy ai > 0 (for i = 0,1,2), and

(ii) a2a1 > a0,

then the endemic equilibrium is locally asymptotically stable. Otherwise, it is unstable.

Since all parameters and state variables of Equation (5.13) are non-negative, (i) is satisfied.
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Figure 5.3: The Routh–Hurwitz criterion y = a2a1 −a0 for the SIRWS model as a function
of immune boosting strength, ν. The gray line indicates y = 0. The parameters used to
generate this curve are β= 260, γ= 17, κ= 1/10, µ= 1/80.

Now define

RHC= a2a1 −a0

so that if RHC > 0 for Equation (5.13), then (ii) is satisfied, and the endemic equilibrium

is asymptotically stable. I was unable to gain insight analytically. Thus, the RHC was

calculated in MATLAB [110] as a function of ν (Figure 5.3), showing that the RHC becomes

negative for 2 / ν / 14, where β = 260, γ = 17, κ = 1/10, µ = 1/80. This shows that the

endemic equilibrium is stable for ν = 0, losing stability as ν ≈ 2. Then, as ν grows, the

endemic equilibrium regains stability at ν≈ 14.

As described in Chapter 3.2.3, a Hopf bifurcation occurs when a pair of complex conju-

gate eigenvalues (linearised around a fixed point) crosses the complex plane, or equivalently,

when there exists a pair of purely imaginary eigenvalues. The real and imaginary parts of

the eigenvalues of Equation (5.13) were found numerically using MATLAB, as shown in

Figure 5.4 for average life expectancy of 50 years (µ= 1/50; top row) and 80 years (µ= 1/80;

bottom row).

At 1/µ= 50 years, the chosen average life expectancy for the model of Lavine et al. [96],

the eigenvalues of the SIRWS model in Equation (5.1) do not cross the complex plane as ν

varies, nor does the real part of the eigenvalue become positive (Figure 5.4a). At 1/µ = 80
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Figure 5.4: The eigenvalues of the Jacobian evaluated at the endemic equilibrium of the
SIRWS model for row (a) 1/µ= 50 years and row (b) 1/µ= 80 years. On the left, the real and
imaginary part of the four eigenvalues are shown for values of ν between 0 to 25 in steps of
0.05. On the right, the real part of the conjugate pair of eigenvalues is shown as a function
of ν. Gray lines indicate where imaginary and real parts are zero. This figure follows the
example of Dafilis et al. [37] with β= 260, γ= 17, κ= 1/10.
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years, the eigenvalues cross the complex plane, and the real part of the eigenvalue does not

remain negative as ν varies (Figure 5.4b). Where the real part of the eigenvalue is zero

(ν≈ 2), the endemic equilibrium is unstable, and a Hopf bifurcation occurs.

To further characterise the SIRWS system dynamics as immune boosting strength ν

changes, Figure 5.5 shows a one-parameter bifurcation diagram over ν, which was produced

using the AUTO component of XPPAUT [48]. Starting at ν= 0, the stable endemic infectious

proportion decreases as ν grows. At ν ≈ 2, a Hopf bifurcation (red circle) generates stable

periodic cycles and the endemic equilibrium loses stability. The peaks and troughs of the

periodic cycles are shown in black dots. Open black circles denote an unstable periodic

cycle. There is a region of bi-stability where periodic cycles and the endemic equilibrium are

both stable (14 / ν/ 15), and initial conditions determine which attractor the trajectories

approach.

The presence of a stable periodic cycle between the two Hopf bifurcation points as a func-

tion ν is consistent with the findings of Dafilis et al. [37]. For an average life expectancy of

100 years and keeping other biological parameters the same as the ones used for Figure 5.5,

Dafilis et al. [37] found that as ν increased from 0, the first Hopf bifurcation is supercriti-

cal, and the second one is subcritical. The non-zero fixed points from the first supercritical

Hopf bifurcation start from small amplitude. In contrast, the subcritical Hopf bifurcation

jumps from zero to high amplitude. Further, at ν = 0, the endemic infectious proportion is

approximately the same as that of the SIRS model (blue triangle in Figure 5.5). As ν→∞,

the endemic infectious proportion tends toward that of the SIR model, shown in the purple

cross. For intermediate values of ν, periodic cycles may occur through a Hopf bifurcation.

I have also considered different rates of waning immunity from W and R. Numerical sim-

ulations (not shown) suggest that the bifurcation structure as a function of ν remained

qualitatively similar.
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Figure 5.5: Endemic equilibrium of the SIRWS model as a function of strength of immune
boosting, ν. The black points represent the peaks and troughs of a stable periodic cycle
generated by a Hopf bifurcation (red open circle). Open black circles indicate the peaks and
troughs of an unstable periodic cycle. The blue triangle represents the endemic equilibrium
of the SIRS model, and the purple cross, endemic equilibrium of the SIR model. This figure
was generated with β= 260, γ= 17, µ= 1/80, κ= 1/10.

5.4 Approximation of the endemic equilibrium by Taylor
series expansion

The inclusion of immune boosting through the parameter ν allows the SIRWS model to

generate sustained oscillations. In this section, we will see the effect that immune boosting

has on the endemic equilibrium of the SIRWS model and compare the endemic equilibrium

to that of the SIR and SIRS model. For epidemiological interest, I focus on the infectious

proportion of the endemic equilibrium.

The denominator of the endemic equilibrium I∗ of the SIRWS system (Equation (5.4b))

contains ν, making it difficult to see the relationship of the SIRWS model to the SIR and

SIRS model over extreme values of ν, e.g. for ν = 0. As the endemic infectious proportion

of the SIRWS model (Equation (5.4b)) is described as a function of R∗ (Equation (5.4c)), I

approximate the endemic equilibrium for R∗ (Equation (5.4c)) using a Taylor series expan-

sion while assuming that the strength of immune boosting is small, i.e. 0 < ν¿ 1. As the

calculation of the quadratic equation for R in Equation (5.3) is tedious, a computer algebra

system was used to evaluate the expressions of the effect of 0 < ν¿ 1 on the endemic equi-

librium. I introduce a convenient shorthand notation for the coefficients of the quadratic
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equation for R in Equation (5.3):

νβ
(
θ2 −θ2

2
)︸ ︷︷ ︸

E

R2 +

νβ(2θ1θ2 +θ2S∗−θ1 −θ2)︸ ︷︷ ︸
D

− (2κ+µ+γθ2)︸ ︷︷ ︸
C

R

+ γθ1︸︷︷︸
A

+νβθ1
(
1−S∗−θ1

)︸ ︷︷ ︸
B

= 0. (5.14)

Equation (5.3) can be rewritten as

νER2 + (νD−C)R+ A+νB = 0.

where

A = γθ1 , (5.15)

B =β
[
θ1

(
1− 1

R0
−θ1

)]
, (5.16)

C = 2κ+µ+γθ2 , (5.17)

D =β
(
2θ1θ2 + θ2

R0
−θ1 −θ2

)
, (5.18)

E =β(
θ2 −θ2

2
)

, (5.19)

and θ1 and θ2 are as previously defined, namely

θ1 =
(
µ+2κ

)(
1− 1

R0

)
γ+µ+2κ

,

θ2 = 2κ
γ+µ+2κ

.

The parameters A,B,C,D,E are used for mathematical convenience rather than meaning

or elegance.

The roots of Equation (5.15) can be found using the quadratic formula and taking the
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valid root

R∗ = C−νD−
√

(−C+νD)2 −4νE(A+νB)
2νE

(5.20)

=
C−νD−C

√
1− 2νCD

C2 + ν2D2

C2 − 4νEA
C2 − 4ν2EB

C2

2νE
, (5.21)

which can be further simplified to

R∗ = C−νD−C
√

1− Aν+Bν2

2νE
, (5.22)

where

A = 2CD+4EA
C2 , (5.23)

B = D2 −4EB
C2 . (5.24)

The right-hand side of Equation (5.22) can be expanded in a Taylor series expansion as

follows:

R∗ =
C−νD−C

(
1− A

2
ν+ 4B− A

2

8
ν2 +O

(
ν3))

2νE
(5.25)

=
−D+ CA

2
−

C
(
4B− A

2)
8

ν+O
(
ν2)

2E
(5.26)

=
−D+ CA

2
2E

−
C

(
4B− A

2)
16E

ν+O
(
ν2)

. (5.27)

The notation O
(
ν3)

denotes terms of third order or higher in ν. Substituting for A and B

simplifies R∗ to

R∗ = A
C

[
1+

(
B
A

+ D
C

+ EA
C2

)
ν+O

(
ν2)]

. (5.28)
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When ν= 0 in Equation (5.28), Equation (5.28) simplifies to

A
C

= γ
(
µ+2κ

)(
µ+2κ

)2 +γ(
µ+4κ

) (
1− 1

R0

)
= R∗

ν=0 . (5.29)

Skipping some algebra, the other terms in Equation (5.28) reduce to

B
A

= (γ+µ) (R0 −1)
γ+µ+2κ

,

D
C

=− (γ+µ) (R0 −1)
γ+µ+2κ

µ
(
µ+2κ

)+γ(
µ+4κ

)(
µ+2κ

)2 +γ(
µ+4κ

) ,

EA
C2 = 2γκ

(
γ+µ)2 (R0 −1)(

2κ+µ)(
γ+2κ+µ)3 .

Further substitution of A,B,C,D and E gives

R∗
ν¿1 = R∗

ν=0

1+

β
(
1− 1

R0

)
γ+µ+2κ

−
β

(
4κ

(
2κ+µ)+γ(

4κ+µ))(
1− 1

R0

)
(γ+2κ+µ)((2κ+µ)2 +γ(4κ+µ))

+
2κγβ

(
µ+2κ

)(
γ+µ)(

1− 1
R0

)
(
γ+µ+2κ

)((
µ+2κ

)2 +γ(
µ+2κ

))2

ν
 ,

(5.30)

= R∗
ν=0

1+
(
γ+µ)

(R0 −1)
γ+µ+2κ

1− 4κ
(
2κ+µ)+γ(

4κ+µ)(
2κ+µ)2 +γ(

4κ+µ) + 2κγ
(
µ+2κ

)(
γ+µ)[(

µ+2κ
)2 +γ(

µ+2κ
)]2

ν
 ,

(5.31)

where R∗
ν=0 is in Equation (5.29).

Putting it all together, the approximation of the endemic infectious state for weak boost-

ing, I∗ν¿1 is

I∗ν¿1 =
µ+2κ

γ+µ+2κ

(
1− 1

R0

)
− 2κ
γ+µ+2κ

R∗
ν¿1 (5.32)

where R∗
ν¿1 is in Equation (5.31). Using the Taylor series expansion on Equation (5.4b)

removes ν from the denominator, and the relationship of the SIRWS model to the standard

SIR and SIRS models becomes clearer.
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5.5 Comparing the steady states of SIR-type models

The SIRWS model reduces to the SIR and SIRS model for different values of immune boost-

ing strength ν. This section shows the endemic equilibrium for I∗ incrementally.

I∗SIR = µ

γ+µ
(
1− 1

R0

)
(5.33)

I∗SIRS = µ+κ
γ+µ+κ

(
1− 1

R0

)
(5.34)

I∗SIRWSν=0
= µ+2κ
γ+µ+2κ

(
1− 1

R0

)[
1− 2κγ(

2κ+µ)2 +γ(
4κ+µ)

]
(5.35)

I∗SIRWSν¿1
= µ+2κ
γ+µ+2κ

(
1− 1

R0

)[
1− 2κγ(

2κ+µ)2 +γ(
4κ+µ) (

1+ c3ν+O
(
ν2))]

(5.36)

I∗SIRWS = µ+2κ
γ+µ+2κ

(
1− 1

R0

)
− 2κ
γ+µ+2κ

R∗
SIRWS (5.37)

where R∗
SIRWS is defined in Equation (5.4c) and

c3 =
(
γ+µ)

(R0 −1)
γ+µ+2κ

1− 2γ
(
2κ+µ)3 +µ(

2κ+µ)3 +γ2 (
12κ2 +6κµ+µ2)[(

2κ+µ)2 +γ(
4κ+µ)]2

 .

A comparison of Equations (5.33)–(5.36) is shown in Figure 5.6. The endemic equilib-

rium for SIRWS where ν = 0 of Equation (5.35) is slightly lower than the endemic equi-

librium for SIRS of Equation (5.34) to account for the extra immune compartment (Fig-

ure 5.6a). As ν grows, I∗SIRWS decreases to reach I∗SIR asymptotically for ν→∞. For very

small immune boosting strength ν¿ 1 (Figure 5.6b), Equation (5.32) gives a reasonable

approximation of the endemic equilibrium I∗, as shown by the red dashed line. At ν = 0,

Equation (5.32) reduces to Equation (5.35).

5.6 Summary

In this chapter, I introduced the SIRWS model, presented the model’s equilibria and de-

termined their stability. Different to the SIR and SIRS models, the inclusion of boosting

of immunity through the parameter ν allows the model to generate sustained oscillations

through a Hopf bifurcation. For extreme values of boosting, the SIRWS collapses to the
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Figure 5.6: A comparison of the endemic equilibrium I∗ of the different SIR-type models
as immune boosting strength ν varies (a), including the approximate endemic equilibrium
I∗ of Equation (5.32) as a function of very weak immune boosting, 0 < ν¿ 1 (b). Note the
logarithmic scale in horizontal axis in (a). The figure was generated using β= 260, γ= 17,
κ= 1/10 and µ= 1/80.

SIRS (ν= 0) and the SIR (ν→∞) model.

The appearance of ν in the denominator of the endemic equilibrium in the SIRWS model

adds difficulty to compare the endemic equilibria of the SIR and SIRS model. For this

comparison, the endemic infectious proportion of the SIRWS model has been represented

as a Taylor series about ν = 0. This exercise allows ν to appear only in the numerator of

the (approximated) endemic equilibrium so that the equilibria can be compared as ν→ 0.

Comparison of the steady states of the SIR-type models in Section 5.5 shows the effect on

I∗ as the model constructs change to allow for the waning and boosting of immunity.



Chapter 6

Estimation of R0 using a model with
immune boosting

6.1 Introduction

The basic reproduction number, R0, is defined as the average number of secondary infec-

tions arising from a typical infected individual over the entire period of infectiousness in a

totally susceptible population [41,77]. Following this definition, the threshold criterion then

states that the disease can spread successfully if R0 > 1, whereas it cannot if R0 ≤ 1 [86].

R0 is arguably the most important quantity in infectious disease epidemiology because it is

used to determine the amount of effort required to prevent an epidemic or achieve elimina-

tion of an infectious disease from a population [43].

Different ways to calculate R0 include using the infection prevalence at endemic equi-

librium [8, 77], the susceptible fraction of the population at endemic equilibrium [8], the

average age at first infection [8], the initial growth rate of an epidemic [34, 43] and the

final size of an epidemic [34, 42, 82]. While some epidemiological measurements (for ex-

ample, of the susceptible fraction of the population through a serological survey) allow for

a model-independent direct calculation of R0 (see Equation (5.4a)), some of the aforemen-

tioned methods provide only model-dependent estimates of R0. In particular, the prevalence

of infection depends upon both R0 and other model parameters such as the infectious pe-

riod, birth and death rate and other parameters associated with phenomena such as the

waning and boosting of immunity.

In this chapter I examine how to estimate R0 from disease prevalence, or the number

of infected individuals, that can be measured by routinely available cross-sectional data.

67
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Disease incidence, or the number of newly infected individuals per time interval, is another

form of epidemiological data from which R0 can be estimated [120]. Both of these data

sources are subject to reporting uncertainty.

I emphasise that the estimates obtained depend on the choice of model. In particular,

I describe how to estimate R0 from infection prevalence data for a model that includes

immune boosting. To aid in the analysis, I begin by deriving a reduced version of the SIRWS

model as studied by Dafilis et al. [37] using a quasi-steady-state approximation. Quasi-

steady-state approximations have been used to simplify model dynamics in epidemiological

models [125, 158], though they are more commonly used in the modelling of biochemical

networks and enzyme kinetics [50,121,144].

The reduced SIRWS model is introduced in Section 6.2. In Section 6.3, the system’s

steady states are derived, followed by stability analysis in Section 6.4. I derive the average

age of first infection where all parameters are known for the SIR, SIRS and reduced SIRWS

models in Section 6.5. Assuming knowledge of the infection prevalence, I infer the basic

reproduction number R0 using the reduced SIRWS model and compare it to the inferred

R0 of the SIR and SIRS model. I show that immune boosting can significantly alter the

inferred value for R0 and hence vaccination thresholds for disease control.

6.2 Derivation of the SIRS-boosting model

The compartments of the SIRWS model in Equation (5.1) are represented in this section

as lowercase letters, so as to avoid confusion with compartments (S, I,R) for the reduced

model we wish to consider in the chapter:

ds
dt

=−βis+2κw+µ(1− s) , (6.1a)

di
dt

=βis−γi−µi , (6.1b)

dr
dt

= γi−2κr+νβiw−µr , (6.1c)

dw
dt

= 2κr−2κw−νβiw−µw . (6.1d)
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Equation (6.1) has state space

Ω= {
(s, i, r,w) ∈ [0,1]4 : s+ i+ r+w = 1

}
, (6.2)

and the compartments represent proportions of the population. Note that i here represents

the infectious compartment, not the imaginary unit
p−1.

To obtain the reduced model, first combine the recovered and waning immunity com-

partments by defining

R = r+w . (6.3)

Adding Equations (6.1c) and (6.1d) we find that

dR
dt

= γi−2κw−µR . (6.4)

Equations (6.1a), (6.1b) and (6.4) govern the evolution of the three compartments s, i and

R, but to obtain a closed system, the remaining explicit dependence on the waning compart-

ment w must be removed. To do this, I make a quasi-steady-state approximation in which

I assume that changes to w occur more rapidly than changes in s, i and R, so that w is

always in steady state, i.e. dw/dt = 0 in Equation (6.1d), giving the algebraic equation

w = 2κr
2κ+νβi+µ . (6.5)

Use Equation (6.5) to substitute for r in Equation (6.3) to reach

w = 2κ
4κ+νβi+µR . (6.6)

Eliminating w from Equations (6.1a) and (6.4) and replacing the notations i and s by I and

S, respectively, produces the equations of the reduced model:

dS
dt

=µ(1−S)−βIS+ 4κ2

4κ+νβI +µR , (6.7a)

dI
dt

=βIS−γI −µI , (6.7b)
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S I R
βI γ

4κ2

νβI + 4κ+ µ

µ

Figure 6.1: The SIRS-boosting model. The population is divided into three compartments:
susceptible (S), infectious (I), and temporarily recovered and immune to infection (R). The
SIR model with demography is recovered for κ = 0 or as ν→∞; and the SIRS model, for
ν= 0. The diagonal arrows represent the natural death rate µ.

dR
dt

= γI − 4κ2

4κ+νβI +µR−µR . (6.7c)

This reduced SIRWS model is henceforth referred to as the SIRS-boosting model, where

the upper-case letters S, I, and R now represent its compartments, as shown in Figure 6.1.

For limiting values of immune boosting strength, the SIRS-boosting model simplifies to

the SIRS (ν = 0) and SIR (ν→∞) models with demography. Similar to the SIR and SIRS

models, the SIRS-boosting model shares the same basic reproduction number R0 =β/(γ+µ).

Note that in Chapter 8, a slightly different reduction of the SIRWS model will be made.

6.3 Equilibria of the SIRS-boosting model

To determine the dynamics of the SIRS-boosting model (of Equation (6.7)) at long times

(t →∞), we examine the system’s equilibria, which are found by setting dS/dt = 0,

dI/dt = 0, and dR/dt = 0.

From Equation (6.1b), we have two solutions:

I∗ = 0, (6.8)

S∗ = γ+µ
β

= 1
R0

. (6.9)

The first results in the DFE,

(S∗
DFE, I∗DFE,R∗

DFE)= (1,0,0) . (6.10)
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For the second solution, which is the endemic equilibrium (now denoted with subscript EE),

substitute Equation (6.9) and

R∗
EE = 1−S∗

EE − I∗EE

into Equation (6.7a) to solve for I∗EE. Elaborating on these steps, these substitutions give

µ

(
1− 1

R0

)
−βI∗EE

(
1

R0

)
+ 4κ2

νβI∗EE +4κ+µ
(
1− 1

R0
− I∗EE

)
= 0.

Rearrange in powers of I and replace β= R0(γ+µ) to arrive at the quadratic equation

−(
γ+µ)2 R0ν

(
I∗EE

)2 +
[
µν

(
γ+µ)

(R0 −1)−
(
γ

(
4κ+µ)+ (

2κ+µ)2
)]

I∗EE + (
2κ+µ)2 = 0,

so that I∗EE is the positive root of this equation.

Put together, the endemic equilibrium is

S∗
EE = 1

R0
, (6.11a)

I∗EE =
p
θ−

[(
2κ+µ)2 −µν (R0 −1)

(
γ+µ)+γ(

4κ+µ)]
2R0

(
γ+µ)2

ν
, (6.11b)

R∗
EE = 1−S∗

EE − I∗EE , (6.11c)

where

θ = 4(R0 −1)
(
γ+µ)2 (

2κ+µ)2
ν+

[(
2κ+µ)2 +γ(

4κ+µ)−µν (R0 −1)
(
γ+µ)]2

.

From Equation (6.11a), the endemic equilibrium only exists when R0 > 1. For our standard

choice of parameters, the endemic infectious proportion of the SIRS-boosting model provides

a reasonable approximation to that of the full SIRWS model, as shown in Figure 6.2. The

SIRS-boosting model is more heavily damped than the SIRWS model.

The endemic equilibria of the SIR and SIRS model with demography are described in

Equation (5.33) and Equation (5.34), respectively. As with these models, the SIRS-boosting

model also has I∗EE = 0 when R0 = β/(γ+µ) ≤ 1. For R0 > 1, unlike for the SIR and SIRS



72 Estimation of R0 using a model with immune boosting

time
0 10 20 30 40 50

in
fe

ct
io

us
 p

ro
po

rti
on

0

0.002

0.004

0.006

0.008

0.01
Reduced SIRWS
SIRWS

Figure 6.2: Time series of the infectious proportion shows the reduced SIRWS model pro-
vides a reasonable approximation of the full model at equilibrium. This figure was gener-
ated with β= 260, γ= 17, κ= 1/10, µ= 1/80 and ν= 1.

models, the endemic infectious proportion of Equation (6.11b) does not monotonically in-

crease with R0 (varying the transmission coefficient β while γ and µ are held constant)

when immune boosting is present; as shown for ν= 1 in Figure 6.3.

The non-monotonicity of the infectious proportion for the SIRS-boosting model as a func-

tion of R0 prevents the unique identification of R0 from prevalence data. Unlike for the SIR

and SIRS model, the function may no longer be one-to-one. In Figure 6.3, the boosting

strength is set to 1, meaning that exposure is equally likely to boost immunity for those in

W as those in S to become infectious. If R0 with ν = 1 is considered ‘true’, then using the

SIR model to estimate R0 would result in a relatively large difference when the true R0 is

low. In contrast, a large difference is observed when using the SIRS model and the true R0

is high. This demonstrates the importance of considering immune boosting when using I∗

to estimate R0.

The relationship between κ and the endemic infectious proportion, I∗, is shown in

Figure 6.4. Obviously, κ has no influence on I∗SIR . When κ= 0, I∗ is the same for the SIR,

SIRS and SIRS-boosting model, as shown in the inset. For all models, I∗ increases with κ.

In the SIRS-boosting model, I∗Boost also increases with the strength of immune boosting, ν,

its value determines where I∗Boost lies between I∗SIRS and I∗SIR . When waning immunity is

present, κ has large influence on the endemic infectious proportion.
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Figure 6.3: The endemic infectious proportion, I∗ for three models: SIR, SIRS and SIRS-
boosting. Note for low R0 (≈ 1) the SIRS-boosting I∗ is similar to I∗ of SIRS, while for high
R0, the endemic equilibrium tends towards I∗ of SIR. The figure was generated with γ= 17,
µ= 1/80, κ= 1/10 for SIRS and SIRS-boosting, and ν= 1 for SIRS-boosting.
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The figure was generated with β= 260, γ= 17, µ= 1/80.
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6.4 Stability analysis of the equilibrium

The stability of an equilibrium point can be determined by examining the eigenvalues of the

Jacobian matrix, J, as detailed in Chapter 3. The eigenvalues, Λi, are obtained by solving

the characteristic equation of J:

det(J−ΛI)= 0,

where I is the identity matrix.

The Jacobian of the SIRS-boosting system in Equation (6.7) is given by:

J=


−βI −µ −βS− 4βκ2ν

(βνI +4κ+µ)2 R
4κ2

βνI +4κ+µ
βI βS−γ−µ 0

0 γ+ 4βκ2ν

(βνI +4κ+µ)2 R − 4κ2

βνI +4κ+µ −µ

 .

Using the row reduction row1 +row2 +row3 → row1 we obtain:

det(J−ΛI)=


−µ−Λ −µ−Λ −µ−Λ
βI βS−γ−µ−Λ 0

0 γ+ 4βκ2ν

(βνI +4κ+µ)2 R − 4κ2

βνI +4κ+µ −µ−Λ

 .

The characteristic polynomial is:

(
− 4κ2

νβI +4κ+µ −µ−Λ
)[

(−µ−Λ)(βS−γ−µ−Λ)−βI(−µ−Λ)
]

+ (−µ−Λ)
[
βI

(
γ+ 4βκ2ν

(βνI +4κ+µ)2 R
)]

= 0. (6.12)

Notice that (−µ−Λ) factors to give one negative eigenvalue

Λ1 =−µ . (6.13)

The characteristic polynomial hence simplifies to

(
− 4κ2

νβI +4κ+µ −µ−Λ
)[

(βS−γ−µ−Λ)−βI
]+βI

(
γ+ 4βκ2ν

(βνI +4κ+µ)2 R
)
= 0. (6.14)
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From here, substitution of the equilibria gives the remaining eigenvalues. For the disease-

free equilibrium, substitute Equation (6.10) into Equation (6.14) to reach:

(
− 4κ2

νβI +4κ+µ −µ−Λ
)
(β−γ−µ−Λ)+0= 0,

giving two eigenvalues,

Λ2 =−
(

4κ2

κ+µ +µ
)

,

Λ3 =β− (γ+µ) .

It is easy to see that Λ2 ≤ 0 for all non-negative parameters. The third eigenvalue Λ3 ≤ 0

when β≤ γ+µ, or when R0 ≤ 1. If R0 ≤ 1, the DFE is the only equilibrium of Equation (6.7)

and is asymptotically stable. If R0 > 1, the DFE is unstable and can only be reached from

initial condition I(0)= 0.

Stability of the endemic equilibrium of the SIRS-boosting model can be determined by

substituting Equation (6.11) into Equation (6.14):

[
4κ2

νβI∗+4κ+µ +µ+Λ
]

(Λ+βI∗)+βI∗
(
γ+ 4βκ2ν

(νβI∗+4κ+µ)2

)(
1−S∗− I∗

)= 0. (6.15)

Rearrange Equation (6.15) in powers of Λ:

Λ2 +
[
βI∗EE +µ+ 4κ2

νβI∗EE +4κ+µ

]
Λ

+ 4κ2

νβI∗EE +4κ+µβI∗EE +βI∗EE
(
1−S∗

EE − I∗EE
)(
γ+ 4κ2βν

(νβI∗EE +4κ+µ)2

)
= 0. (6.16)

By the Routh–Hurwitz criterion, a necessary and sufficient condition that the roots of

the characteristic polynomial F(x) = x2 + a1x+ a0 are in the left half plane is that both of

the coefficients a1 and a0 are positive. Observe that all coefficients of the characteristic

polynomial in Equation (6.16) are positive as the parameters must all be non-negative to

be biologically plausible and S∗+ I∗ ≤ 1. Hence, the eigenvalues of Equation (6.16) have

negative real parts, and the endemic equilibrium is asymptotically stable when it exists for

R0 > 1. For non-negative parameter values, the real parts of the eigenvalues are always
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negative, and purely imaginary eigenvalues do not arise. Thus, the SIRS-boosting model

described by Equation (6.7) does not exhibit limit cycles arising from a Hopf bifurcation.

As demonstrated in Chapter 5 and by Dafilis et al. [37], an important feature of the

SIRWS model that differentiates it from the standard SIRS model is its ability to produce

sustained oscillations. I have demonstrated that the use of a quasi-steady-state approx-

imation produces a reduced version of the SIRWS model, which fails to capture the full

dynamical behaviour of the SIRWS model. In particular, the SIRWS model is able to gen-

erate both damped and sustained oscillations [37], while the reduced version derived and

studied here cannot. This inability to capture the complete dynamical behaviour of the full

system has been described in other studies [21, 49, 57]. A comprehensive understanding

of the changes induced by QSSA, and why, is a larger body of study [21, 57, 145, 172]. It is

important to be mindful that the long-term dynamics of the reduced and full SIRWS models

are not the same. Depending on the focus of a study, such as exploration of extinction prob-

abilities through the troughs that follow an epidemic, sustained oscillations may become a

crucial feature of the system, and application of the quasi-steady-state approximation may

not be suitable.

6.5 Inferring R0 under different model constructs

The basic reproduction number, R0, is an epidemiological quantity that can be used to deter-

mine the minimum vaccination effort required to keep an infectious disease from spreading.

It can be estimated from epidemiological data, such as case notifications and the average

age of first infection. Average life expectancy may be estimated from sources such as cen-

sus data [24]. Accordingly, throughout this study, it is assumed that the average age of

first infection A, the infection prevalence at equilibrium I∗ and average life expectancy

1/µ are known. We estimate R0 under three different model constructs: SIR, SIRS, and

SIRS-boosting.

Recall from Chapter 3 that one of the epidemiological quantities of interest is the aver-

age age of first infection, A. It is interpreted mathematically as the reciprocal of the rate

that individuals leave the susceptible compartment, 1/(βI∗+µ), where βI∗ is the force of



6.5 Inferring R0 under different model constructs 77

R0
5 10 15 20 25 30 35 40

av
er

ag
e 

ag
e 

of
 fi

rs
t i

nf
ec

tio
n 

(y
ea

rs
)

0

5

10

15

20

25
SIR
SIRS
SIRS w/ boost ν = 1

Figure 6.5: The average age of first infection as a function of R0 (varying β). This figure
was generated with γ= 17, κ= 1/10 or 0 (for SIR), and µ= 1/80.

infection at equilibrium. For a sufficiently long average life expectancy, µ is small and the

average age of first infection is estimated by

A = 1
βI∗

. (6.17)

From Equation (6.17), the average age of first infection for the SIR, SIRS, and SIRS-boosting

models are

ASIR = 1
µ (R0 −1)

, (6.18)

ASIRS = γ+µ+κ(
κ+µ)(

γ+µ)
(R0 −1)

, (6.19)

ABoost = 2(γ+µ)ν
p
θ−

[(
2κ+µ)2 −µν (R0 −1)

(
γ+µ)+γ(

4κ+µ)] . (6.20)

For varying β plotted as R0 = β/(γ+µ) on the horizontal axis, the average age of first in-

fection is shown in Figure 6.5. For a given R0, the average age of first infection is highest

under the SIR model structure and is lowest for SIRS. The average age of first infection

is monotonically decreasing as R0 increases and tends to zero as R0 →∞ (β→∞) for all

models.

To estimate R0 for any model, the unknown parameters of interest are the transmission

coefficient β and recovery rate γ. For all three models (SIR, SIRS, and SIRS-boosting), if
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we assume A and I∗ known, then β can be identified directly from the average age of first

infection using Equation (6.17):

β= 1
AI∗

. (6.21)

The other parameter of interest, γ, using the expressions for I∗:

γSIR = µ(β−βI∗−µ)
βI∗+µ , (6.22)

γSIRS = (κ+µ)(β−βI∗−µ)
βI∗+µ+κ , (6.23)

γBoost =
(
β−βI∗−µ)(

4κ2 +4κµ+µ2 +βI∗µν
)

β2I∗2ν+βI∗
(
4κ+µ+µν)+ (

2κ+µ)2 . (6.24)

Given β has been estimated from A and I∗, γSIR is a function only of known parameters.

For the SIRS model, γSIRS depends on one unknown parameter, κ, the rate of loss of immu-

nity. For the SIRS-boosting model, γBoost is a function of two unknowns: κ and the strength

of immune boosting, ν. Using A = 1.44 years and I∗ = 0.0027 (chosen to complement our

standard choice of parameters), Figure 6.6 shows how the choice of κ influences the inferred

γ. The estimated γSIR is independent of κ. For large κ (i.e. short-lived immunity) in Fig-

ure 6.6a, the estimated γSIRS is large. For small κ (i.e. long-lived immunity) in Figure 6.6b,

γSIRS is small. Considering the SIRS-boosting model, both κ and ν determine the estimated

γBoost. Its estimates range between γSIR and γSIRS.

Bringing these arguments together, Figure 6.7 shows the inferred R0 (varying γ while µ

and β= (AI∗)−1 are both fixed) as a function of κ. When κ= 0, i.e. immunity does not wane,

all three models have the same estimated R0 ≈ 56. As κ increases, the inferred R0,SIR does

not change, as expected. In contrast, R0,SIRS decreases sharply to R0 ≈ 1.7 at κ= 1. Under

the SIRS-boosting model, the strength of immune boosting ν determines the estimated R0,

which is bounded between R0,SIRS and R0,SIR . For large κ, R0,Boost becomes more similar

to R0,SIRS because waning immunity dominates immune boosting, while stronger boosting

(ν large) results in more SIR-like behaviour. Figure 6.7 demonstrates how assumptions on

the duration of immunity and the strength of immune boosting (or the parameters κ and ν)

have large influence on the estimated R0.
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6.5.1 The critical vaccination threshold

As shown in Chapter 3.4.1 and in Anderson and May [8], the critical vaccination threshold,

pc, is related to R0 via

pc = 1− 1
R0

. (6.25)

As in the SIR and SIRS model, to ensure that infection does not spread successfully in the

SIRS-boosting model, the proportion of the susceptible individuals in the population must

be sufficiently small that dI/dt ≤ 0 in Equation (6.7b), and conditions under which this is

satisfied are the same as those of the SIR and SIRS model.

Given β has been estimated by A and I∗, and the average life expectancy 1/µ is assumed

known, R0 can be determined by estimating γ, which varied with the rate of immunity loss

κ, as shown in Figure 6.6. In Figure 6.8, the critical vaccination threshold of Equation (6.25)

is shown as a function of κ. Depending on how fast immunity wanes, if at all, and how

strong immune boosting (ν) is, the critical vaccination threshold varies widely for our cho-

sen parameters. The critical vaccination threshold was estimated to be highest under an

assumption of permanent immunity (SIR) and lowest when assuming waning immunity

without immune boosting (SIRS). For a given κ, different values of ν give varying estimates

of the critical vaccination threshold.

Surprisingly, Figure 6.8 implies that longer immunity increases the critical vaccination

threshold. Note that the average age of first infection A, infection prevalence I∗, and av-

erage life expectancy 1/µ used to estimate R0 were chosen using κ= 1/10 and held fixed in

this study. Given the same R0, the infection prevalence at equilibrium is always higher in

the SIRS model than in the SIR model because waning immunity replenishes the suscep-

tible pool. If permanent (instead of temporary) immunity were assumed to reach a given

infection prevalence, the estimated R0 must be higher (as shown in Figure 6.7) to com-

pensate for the extra infections had waning immunity been assumed. If waning immunity

were accounted for, assumptions on the strength of immune boosting and the rate of loss of

immunity can still influence the estimated R0.

As an example, for a duration of immunity of 10 years (κ= 1/10), the SIRS model has
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a critical vaccination threshold of 86% compared with 94% if ν= 1. When immunity is

assumed to be lifelong, the critical vaccination threshold is always highest, at 98% (in the

SIR model). The difference in the estimated critical vaccination thresholds underscores the

importance of model structure in using mathematical models to set targets for infectious

disease control.

6.6 Discussion

We used a quasi-steady-state approximation to reduce the SIRWS model, as studied by

Dafilis et al. [37], from four to three dimensions by combining the two immune compart-

ments, R and W , into one. In the (reduced) SIRS-boosting model, the rate at which im-

munity wanes is dependent on the strength of immune boosting. In contrast to the SIR

and SIRS model, we showed that the infectious proportion of the endemic equilibrium, I∗,

is no longer monotonically decreasing with the transmission coefficient, β—different from

the SIR and SIRS model. However, the average age of first infection does decrease mono-

tonically with an increasing β. We also showed how the strength of immune boosting can

drastically change the estimation of R0.

This study shows that immune boosting can significantly change the inferred R0 and
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hence the critical vaccination threshold given typical data on age of first infection and

prevalence. The exact mechanism through which immunity may be boosted can impact the

prevalence of infection. Where the rate of immune boosting is proportional to the force of in-

fection, the relationship between the infection prevalence and the transmission coefficient,

β is non-monotonic; this relationship is framed in terms of R0 (as β varies) in Figure 6.3.

We showed that the reduced model does not capture the full dynamical behaviour of

the SIRWS model [37, 96]. While sustained oscillations arise from a Hopf bifurcation in

the SIRWS model, the SIRS-boosting model is unable to generate sustained oscillations.

Where the long-term behaviour of the SIRWS system is a stable point attractor, the en-

demic equilibrium of the SIRS-boosting model is an appropriate approximation to that of

the (unreduced) SIRWS model, as shown in Figure 6.2. However, the transient dynamics

of the two models are different—the SIRS-boosting model is more heavily damped. Other

mechanisms such as seasonality (in transmission or climate) may be required to induce

sustained oscillations in the SIRS-boosting model.

The findings of this study highlight how model structure can vastly change the estima-

tion of R0, and thus, the critical thresholds for control. Which model (and which method) to

use becomes an important question before using data to estimate model parameters.

The critical vaccination threshold is estimated for a homogeneous population. In reality,

control measures may target specific groups. In this case, a more appropriate measure may

be the type reproduction number [73,137], which can be used to measure the level of control

necessary when control is targeted to a subgroup of a population. Developing models for

boosting in structured populations is important.

In the SIRS-boosting model, the mechanism through which immune boosting provides

protection acts by extending the duration of protection (as a transition W → R). A boosting

of immunity in this model is equivalent to decreasing κ, the rate of loss of immunity. Deter-

mining the dosage of pathogen required (relative to a dose sufficient to initiate an infection)

to boost immunity would shed light on the extension of the duration of protection. How-

ever, that requires agreement on a correlate of protection for any particular disease, and

the dosage required to boost immunity may vary for different diseases. Mathematically, it

would provide insight into more reasonable ranges of ν to improve model calibration and
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parameter estimation.





Chapter 7

Two-pathogen SIRWS model with
immune boosting and cross-immunity

7.1 Introduction

This chapter contains my first-author article “Periodic solutions in an SIRWS model with

immune boosting and cross-immunity” by Tiffany Leung, Barry D. Hughes, Federico Fras-

coli and James M. McCaw, published in the Journal of Theoretical Biology in August 2016

[98].

This study extends a single-pathogen SIRWS model [37], in which immune boosting

occurs at a rate νβI, proportional to the force of infection βI. In this paper, we conjecture

by numerical simulations that sustained oscillations in the single-pathogen SIRWS model

may be generated only if immune boosting occurs at a faster rate than the force of infection,

or when ν > 1. Biologically, ν > 1 implies immune boosting is more easily triggered than a

naive infection.

We then extend the SIRWS model to include a second pathogen to explore the inter-

actions between immune boosting and cross-immunity, which is a form of immunity to

one pathogen that provides protection against infection by another. In this two-pathogen

SIRWS model, we show that sustained oscillations can be generated for immune boosting

rates less than the force of infection (ν< 1) under a moderate degree of cross-immunity.

I was the primary author of this publication and contributed approximately 85% of the

work. As described in the Preface, I, along with collaborators, conceived the study, devel-

oped and analysed the models, and drafted the manuscript.
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� We introduce a two-pathogen model with immune boosting and crossimmunity.
� We show that cross-immunity can induce periodic behaviour.
� Interactions between immune boosting and cross-immunity generate complex dynamics.
� Antiphase oscillations, features of whooping cough epidemiology, are identified.
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a b s t r a c t

Incidence of whooping cough, an infection caused by Bordetella pertussis and Bordetella parapertussis, has
been on the rise since the 1980s in many countries. Immunological interactions, such as immune
boosting and cross-immunity between pathogens, have been hypothesised to be important drivers of
epidemiological dynamics. We present a two-pathogen model of transmission which examines how
immune boosting and cross-immunity can influence the timing and severity of epidemics. We use a
combination of numerical simulations and bifurcation techniques to study the dynamical properties of
the system, particularly the conditions under which stable periodic solutions are present. We derive
analytic expressions for the steady state of the single-pathogen model, and give a condition for the
presence of periodic solutions. A key result from our two-pathogen model is that, while studies have
shown that immune boosting at relatively strong levels can independently generate periodic solutions,
cross-immunity allows for the presence of periodic solutions even when the level of immune boosting is
weak. Asymmetric cross-immunity can produce striking increases in the incidence and period. Our study
underscores the importance of developing a better understanding of the immunological interactions
between pathogens in order to improve model-based interpretations of epidemiological data.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Understanding immune-mediated interactions of closely related
pathogens, such as cross-immunity, can be important in explaining
the epidemiological patterns of infectious diseases (Adams et al.,
2006; Bhattacharyya et al., 2015). Multi-pathogen models with
cross-immunity (Restif and Grenfell, 2006; Restif et al., 2008; Zhang
et al., 2004) are based on extensions of the susceptible-infectious-

recovered-susceptible (SIRS) model of infectious disease transmis-
sion (Keeling and Rohani, 2008), where each individual in a
homogeneously mixing population is categorised into one of three
classes: susceptible (S) to infection; infectious (I) if they can trans-
mit the infection; or recovered (R) if they have cleared the infection
and are (temporarily) immune. As immunity wanes over time, those
who are recovered become susceptible once again.

While the mechanisms through which cross-immunity affects
infection remain unclear, it is commonly assumed in mathematical
models that cross-immunity acts by reducing susceptibility (Kamo
and Sasaki, 2002; Restif and Grenfell, 2006; Restif et al., 2008),
reducing infectivity (White et al., 1998), or by polarised immunity
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(Gog and Swinton, 2002; Gog and Grenfell, 2002) in which in-
dividuals are either fully susceptible or fully immune immediately
following infection. The equilibrium dynamics of multi-pathogen
SIR-type models with cross-immunity have been studied to find
conditions for coexistence (Nuño et al., 2005; Vasco et al., 2007;
White et al., 1998), the presence of sustained oscillations (An-
dreasen et al., 1997; Nuño et al., 2005) or the lack thereof (Castillo-
Chavez et al., 1989; Gog and Swinton, 2002).

In a study of seroepidemiology of Bordetella pertussis infections,
Cattaneo et al. (1996) hypothesised that the maintenance of high
antibody levels for pertussis components in the absence of typical
pertussis symptoms may be due to immune boosting. This im-
munological interaction coincides with a subsequent increase
(boosting) of immunity levels in individuals following re-exposure,
and has been captured in mathematical models of pertussis (Águas
et al., 2006; Dafilis et al., 2012, 2014a, 2014b; Lavine et al., 2011).
Contrary to Águas et al. (2006) who interpreted immune boosting
as an estimate of vaccine efficacy, Lavine et al. (2011) para-
meterised it as the amount of antigen exposure required to sti-
mulate a boost in immunity relative to the amount required to
produce an infection in a fully susceptible (immunologically naive)
individual. Furthermore, Lavine and colleagues hypothesised that
the amount of antigen required to trigger a boost in immunity may
be less than that required to produce a naive infection, implying
that “boosts” may be more easily triggered than naive infections.
With age structure and vaccination added to Lavine's susceptible-
infectious-recovered-waning-susceptible (SIRWS) model, Lavine
et al. (2011) reproduced the patterns of pertussis incidence data
from Massachusetts, USA. Subsequently, Dafilis et al. (2012) de-
monstrated that the SIRWS model without vaccination and age
structure is capable of generating damped and undamped oscil-
lations, and chaos in the presence of seasonally forced transmis-
sion (Dafilis et al., 2014a, 2014b).

Pertussis notifications have been rising since the 1980s (Cherry,
2003), and studies have found that infections caused by Bordetella
parapertussis—a bacteria capable of causing symptoms similar to a
B. pertussis infection—are not uncommon (Bokhari et al., 2011;
Cherry and Seaton, 2012; He et al., 1998). The two Bordetella pa-
thogens are closely related, and studies using a murine model of
infection have considered the level of protection gained from in-
fection-induced immunity of one Bordetella pathogen against
subsequent infections with the other (Watanabe and Nagai, 2001;
Wolfe et al., 2007; Worthington et al., 2011). The results from
these studies are inconclusive, but suggest existence of cross-im-
munity and perhaps asymmetry in this interaction. The two pa-
thogens have been observed to exhibit strikingly out-of-phase
recurrent epidemics (Lautrop, 1971)—behaviour that may plau-
sibly be induced by cross-immunity.

Our study investigates the immune-mediated interactions be-
tween two pathogens and considers how they may manifest in
infectious disease epidemiology. While the application for this
model is motivated by whooping cough, the same methods may be
adapted to describe other multi-pathogen diseases, such as influ-
enza (Mathews et al., 2009). In Section 2, we introduce a two-
pathogen extension of the SIRWSmodel that incorporates immune
boosting and cross-immunity. In Section 3, we carry out the ana-
lysis to find periodic solutions in the system. The results in Section
4 illustrate how periodic solutions can be generated under a range
of scenarios for the degree of cross-immunity and strength of
immune boosting. In Section 5 we summarise our findings and
discuss their epidemiological relevance.

2. The SIRWS model with cross-immunity and immune
boosting

The SIRWS model (Lavine et al., 2011) extends the SIRS model

by further dividing the population of immune individuals into two
classes based on their level of immunity. Those in the recovered
(R) class are fully immune. Those whose immunity has waned
sufficiently (W) may either lose their immunity and return to the
susceptible class, or have their immunity boosted upon re-ex-
posure and return to the recovered class. The system is mathe-
matically represented by the following set of ordinary differential
equations (ODEs) for the proportions of the population in each
class:

μ β κ= ( − ) − + ( )
dS
dt

S IS W1 2 , 1a

β γ μ= − − ( )
dI
dt

IS I I, 1b

γ κ νβ μ= − + − ( )
dR
dt

I R IW R2 , 1c

κ κ νβ μ= − − − ( )
dW
dt

R W IW W2 2 , 1d

where β is the transmission rate, and γ the recovery rate. Births
and deaths occur at equal rates μ, so that the population size re-
mains fixed. Disease-induced mortality is not considered. With the
presence of state W, the transition from R back to S is a two-step
process. We use the method of stages (Lloyd, 2001) to model this
transition using a single parameter, κ. The transition time from R
to S in the absence of boosting is κ μ( + )2/ 2 , so that for μ κ⪡ , the
average total duration of immunity is approximately κ1/ , the same
mean duration as for the simple SIRS model with immunity
waning rate κ. Immune boosting occurs at a rate νβI proportional
to the force of infection βI , where ν is the relative strength of
immune boosting ( ν ≥ 0). Allowing ν > 1 implies that immune
boosting may be more easily triggered than a naive infection. The
addition of the immune boosting term produces limit cycles (Da-
filis et al., 2012)—dynamics that are qualitatively different to those
of the SIRS model, a system known never to exhibit limit cycles.

Our model builds on the SIRWS framework and includes the
cross-protective interactions of a second pathogen. The model is
described by a system of sixteen ODEs in Appendix A and will
henceforth be referred to as the two-pathogen model. A descrip-
tion of the parameters is provided in Table 1. As depicted by a flow
diagram in Fig. 1, the population is divided into classes labelled
Xmn, where m and n represent individuals with that class's disease
status with respect to the first and second pathogen, for

∈ { }m n S I R W, , , , . Infection with one pathogen confers cross-im-
munity against infection with the other pathogen. Those who are
infectious, recovered, or waning with respect to pathogen j gain a

Table 1
Table of parameters and their meanings for the two-pathogen SIRWS model.
( = ( )i 1, 2 , y ¼ years; p ¼ person).

Parameter Description Default

μ Birth and death rate −1/80 y 1

γi Recovery rate of infection with pathogen i 17 −y 1

κi Loss of immunity rate for infection with pathogen i 1/10 −y 1

νi Immune boosting strength for infection with patho-
gen i

1

βi Rate of transmission 260 − −p y1 1

si Protection conferred by infection with pathogen j
against pathogen i

[0,1]
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proportional reduction in the force of infection for pathogen i by a
factor σ( − )1 i , for ( ) = ( ) ( )i j, 1, 2 , 2, 1 . A value of σ = 0 represents
no cross-immunity. As s approaches one, full cross-immunity is
attained. Throughout the paper, we assume that cross-immunity is
conferred upon infection, as opposed to recovery, and acts by re-
ducing an individual's susceptibility to the second pathogen.
However, cross-immunity may act through other ways, such as a
reduction in infectivity, which may be adapted to the two-patho-
gen model (described in Appendix A).

3. Methods

To identify periodic solutions in the single-pathogen SIRWS
model described by Eq. (1), we used Latin hypercube sampling
(LHS) (Blower and Dowlatabadi, 1994) to simultaneously sample
through all parameters from a uniform distribution using MATLAB
(2014). The range of each parameter was divided into 100 equi-
probable intervals. Parameter ranges, taken from a study of per-
tussis by Campbell et al. (2015), were set to an average life ex-
pectancy μ1/ between 50 and 100 years; the average duration of
infectiousness γ1/ between 7 and 35 days; the average duration of
immunity κ1/ between 1 and 100 years; and the relative strength
of immune boosting ν between 0 and 5 (Table 2). Due to limited
quantitative data on immune boosting, we allow immune boosting
to be inhibited (ν < 1) or enhanced (ν > 1) during re-exposure to
the pathogen. However, we particularly focus on the system dy-
namics when the strength of immune boosting is relatively weak
(ν ≤ 1), as the dose of antigens required to stimulate an immune
boost is unclear and warrants further examination. We chose the
transmission coefficient β to range between 200 and 350, en-
compassing a basic reproductive ratio β γ μ= ( + )R /0 between
5.7 and 31.8.

We generated 20,000 parameter sets using LHS. Each para-
meter set comprised one endemic equilibrium. The procedure

used to determine the presence of periodic solutions for each
equilibrium follows. We derived analytic expressions for the en-
demic equilibrium of the SIRWS model. By evaluating the Jacobian
of the SIRWS model at the endemic equilibrium, the characteristic
equation can be determined. It follows that if the Routh–Hurwitz
criteria (Gantmacher, 1959) were satisfied, all eigenvalues have
negative real parts, and the endemic equilibrium is locally
asymptotically stable. Otherwise, it is unstable. For analytic ex-
pressions of the endemic equilibrium and details on the procedure
used to determine stability, the reader is referred to Appendix B.

The equations of the two-pathogen model were solved using
the numerical software XPPAUT (Ermentrout, 2002) with an
adaptive step size Runge–Kutta integrator (Qualst.RK4). Unless
specified otherwise, the default model parameters for simulations
are detailed in Table 1, similar to the ones used by Lavine et al.
(2011) in their study of pertussis. The initial conditions were

=X 0.99SS , = =X X 0.005IS SI , and all other states were set to 0. To
focus on the effect of cross-immunity, throughout this paper, we
impose the two pathogens to be characteristically indistinguish-
able ( β β β γ γ γ κ κ κ ν ν ν= = = = = = = =, , ,1 2 1 2 1 2 1 2 ).

As the two-pathogen model is high-dimensional, our analysis is
primarily numerical. Bifurcation analysis was done in XPPAUT
with the first 400 years of integration time discarded as a transient
with post-processing in MATLAB (2014). To illustrate different
qualitative behaviours in the bifurcation diagrams, we display the
variable XIS.

4. Results

4.1. Absence of sustained oscillations in the single-pathogen SIRWS
model for ν ≤ 1

Previously, Dafilis et al. (2012) showed that the SIRWS model
described by Eq. (1) may exhibit limit cycles for a subset of the
parameter space as the birth rate and strength of boosting change
simultaneously. Here we expand on this work and vary all para-
meters of the single-pathogen SIRWS model simultaneously to
determine the presence of periodic solutions throughout the en-
tire parameter space.

The values of each LHS-generated parameter set are displayed
as dots in Fig. 2. The colour of the dot represents the stability of
the equilibrium consisting of the parameter set: gray when locally
asymptotically stable, and black when unstable. We find through
numerical calculations that the endemic equilibrium loses stability
through a Hopf bifurcation to give rise to sustained oscillations
(explored in detail in Section 4.2). Interestingly, sustained oscil-
lations are observed only when ν > 1, independent of the other
parameter values. The suggested lower bound for sustained os-
cillations at ν = 1 becomes more apparent when μ is sampled from

( ) − 0, 0.01 years 1 (outside of the epidemiologically realistic range),
as shown in Appendix C. Thus, the equations of the SIRWS system
may only produce periodic solutions when immune boosting is

Fig. 1. A flow diagram of the two-pathogen SIRWS model. Boxes represent the
compartments into which the population partitions, and arrows represent the rates
at which individuals transfer between compartments. The force of infection λi is the
transmission coefficient times the sum of those infectious with pathogen =i 1, 2.
For brevity, the dashed ( ) and dotted ( ) arrows represent the immunity
waning rates 2κ1 and 2κ2, respectively. The death rate μ is represented by a bullet
(�).

Table 2
Latin hypercube sampling (LHS) parameter ranges used to identify periodic solu-
tions in the single-pathogen SIRWS model. All parameter ranges except β were
taken from Campbell et al. (2015).

Parameter LHS Range:  (a, b)

μ (0.01, 0.02)
γ (10.4, 52)
κ (0.01, 1)
ν (0, 5)
β (200, 350)
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more easily triggered than a naive infection (νβ β>I I). However, if
ν ≤ 1, the dynamics of the model are always characterised by a
point attractor reached via damped oscillations, thus failing to
capture the cyclic dynamics of some infectious diseases, such as
pertussis (Lautrop, 1971).

4.2. Cross-immunity allows for sustained oscillations for ν ≤ 1

In the absence of cross-immunity ( σ σ= = 01 2 ) and with sym-
metric initial conditions, =X Xmn nm for all time. By using the fol-
lowing substitutions:

= + + +

= + + +

= + + +

= + + +

•

•

•

•

X X X X X

X X X X X

X X X X X

X X X X X

,

,

,

,

S SS SI SR SW

I IS II IR IW

R RS RI RR RW

W WS WI WR WW

the two-pathogen model collapses to the single-pathogen SIRWS
model; hence, the presence of periodic solutions for this special
case is described in Section 4.1.

We now consider the presence of symmetric cross-immunity
(σ σ σ= = > 01 2 ). Fig. 3(a)–(g) present one-dimensional bifurcation
diagrams of XIS as a function of s for seven different values of the
boosting parameter ν. In (h), when s and ν are co-varied, lines of
Hopf points describe regions in the parameter space with different
dynamical behaviours. The shaded areas indicate where periodic
solutions occur. Five regions are labelled based on different qua-
litative behaviours arising from the Hopf bifurcations:

1. ν≤ <0 2.06
2. ν≤ <2.06 4.13
3. ν≤ <4.13 13.62
4. ν≤ <13.62 15.64
5. ν ≥ 15.64.

The values of ν in Fig. 3(d)–(g) were chosen to each represent a
plane in regions 1–4. Collectively, Fig. 3 displays how the family of
periodic solutions appearing at ν = 0.2 (b) transforms as ν
increases, and eventually disappears in region 5.

Region 1 ν( ≤ < )0 2.06 is of particular interest as its parameter
space can be dichotomised into regions where immune boosting is
inhibited ( ν < 1) or enhanced ( ν > 1) relative to the force of in-
fection. In the limiting case ν = 0, the fixed point undergoes no
bifurcation and remains stable (Fig. 3(a)). In contrast, as ν in-
creases to 0.2 (b), the system undergoes a Hopf bifurcation
( σ ≈ 0.9), giving rise to sustained oscillations with amplitudes

increasing with s. The amplitude drops sharply as the system
approaches the second Hopf bifurcation ( σ ≈ 0.96). As expected,
periodic solutions are enclosed within the two Hopf points. When
ν increases further to 0.5 (c), the amplitude as a function of s
appears nonlinear as there is a gradual dip between the two Hopf
points. At ν = 1 (d), the nonlinear relationship between the am-
plitude and s is even more noticeable. There is a rapid decrease in
amplitude followed by a steep increase between the two Hopf
points. Additionally, the family of periodic solutions extends past
the second Hopf point which gives rise to a region of bistability
(inset, (d)). Which attractor the system settles to over time in the
bi-stable region is determined by initial conditions, as exemplified
in Appendix D.

4.3. Sustained oscillations for ν > 1 and their dynamical properties

Fig. 3(e) reveals branches of periodic solutions that can assume
complicated shapes, showing an interesting and nontrivial se-
quence of stable and unstable families of oscillations. At σ = 0,
there is no interaction between the two pathogens, and the sys-
tem's behaviour is described by the one-pathogen model. As Da-
filis et al. (2012) have shown, at ν = 3, the system has stable per-
iodic solutions. We find that these periodic solutions remain stable
for small values of s, losing stability at σ ≈ 0.14 and extending to
σ ≈ 0.33. At σ = 1, which models full cross-immunity between
pathogens, there is a stable fixed point, which loses stability at
σ ≈ 0.98, giving rise to stable periodic solutions down to σ ≈ 0.65.
(Note, there is a narrow bi-stable region for large s.) This family of
periodic solutions, having lost stability, extends to σ = 0.

In addition to the two families of periodic solutions, Fig. 3(f) at
ν = 10 features a third family of periodic solutions that extends to
σ = 1. Interestingly, two families of oscillations are seen over-
lapping in parameter space (inset, (f)), suggesting that multi-sta-
bility of different periodic solutions may be present. The variability
in the amplitude of oscillations in the limited interval for high s
values is also observed for lower values of ν. At an even higher ν
value of 15 (g), the periodic branch connecting the two Hopf
points appears more regular, in the sense that the amplitude of the
stable locus monotonically decreases to the second Hopf point
with increasing s. It is interesting to note that the steep increase in
amplitude following the rapid decrease, as observed in (d)–(f), is
absent in (g).

In the epidemiological context, the presence of overlapping
attractors—each with different amplitudes as observed in the inset
of Fig. 3(f)—may have considerable impact. Consider a scenario
where a small perturbation, perhaps as a result of stochastic ef-
fects, shifts the population to a different regime. This could

Fig. 2. Numerical calculations run with 20,000 LHS-sampled parameter sets. For each parameter set, the Routh–Hurwitz criterion was employed. A gray dot represents the
case when all characteristic roots were found to have negative real parts, and a black dot otherwise. The dashed (—) line represents ν = 1.
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translate to an increased health burden. Further, sudden drops—or
conversely, spikes—in incidence, as a result of shifts between
different attractors or the high variability in amplitude for high

values of s, would be anticipated to make prediction of disease
burden difficult.

A relatively small change in s can produce strikingly different

Fig. 3. (Colour online) One-parameter bifurcation diagrams of XIS as a function of σ σ σ= =1 2 for (a) ν = 0, (b) ν = 0.2, (c) ν = 0.5, (d) ν = 1, (e) ν = 3, (f) ν = 10, and (g) ν = 15.
The fixed point is represented by a line: stable (solid) or unstable (dashed). Blue dots indicate stable periodic solutions, and open circles show when periodic solutions are
unstable. Red open circles represent a Hopf bifurcation, and a red cross in (e) and (f) represents a torus bifurcation. As s increases, the periodic branch loses stability through
a torus bifurcation. The loci of Hopf bifurcation points are displayed in (h). Five regions, separated by red lines, are labelled to guide discussion in the main text. (μ = 1/80,
γ = 17, κ = 0.1, β = 260, hence ≈R 150 .)

Fig. 4. Time series of the two-pathogen model when ν = 1 and (a) σ = 0.7, (b) σ = 0.8, and (c) σ = 0.9. •XI is shown by a solid line, and XIS in dashed line.
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periodic behaviours in terms of period, amplitude, and wave shape
(Fig. 4). The peaks of •XI , those infectious with the first pathogen,
are reduced by half as s changes from 0.7 to 0.8, and the inter-
epidemic interval is longer, as illustrated in Fig. 4(a)–(b). Com-
paring (b) to (c), as s increases further to 0.9, the interepidemic
interval continues to grow, and the peaks of XIS are higher. The
number of peaks in a full cycle also changes from one to two.

The period of the cycles generally increases with s (Fig. 5), with
the rate of increase steeper for higher values of s. Noticeably, the
steep increase is missing for ν = 15 (d). Its period appears con-
sistent with the periods of (a)–(c) for lower values of s.

4.4. Dependence on initial conditions

Symmetric initial conditions lead the two pathogens to coexist
with the same incidence, period, and amplitude either en-
demically or while oscillating in phase. However, a small deviation
from the symmetric initial conditions can lead to antiphase os-
cillations with different incidence peaks and amplitudes for the
two pathogens—a dramatic change in the dynamical behaviour of
the system.

An example is shown in Fig. 6, where simulations from the top
row, (a)–(c), are run with the same set of initial conditions, and the
bottom row (d)–(f) with a different set. In a similar fashion, si-
mulations paired by each column ((a) and (d); (b) and (e); and
(c) and (f)) are run with the same value of s. The oscillations with
smaller amplitude also coincide with a lower incidence peak.
Small changes in initial conditions (comparing (b) and (e)) or
changes in parameterisation (comparing (a) and (b)) can result in

different dominant pathogens. The former suggests that multi-
stability may be present.

This may manifest in an epidemiological context when con-
sidering a vaccination campaign, in which susceptibles are im-
pulsively shifted to resistant classes. Subtle differences in propor-
tions of the population that are shifted may lead to dramatic
changes in the dominance of one pathogen over another.

4.5. Dynamical behaviour when cross-immunity is not symmetric

Here we briefly study the effect of two antigenically distinct
pathogens. We model asymmetry in cross-immunity by allowing
s1 and s2 to differ. We write σ σ− = ϵ2 1 , noting that ϵ = 0 corres-
ponds to the earlier sections where the two pathogens are anti-
genically indistinguishable. We start by enforcing σ = 0.421 , a value
in the neighbourhood of the Hopf point ( σ = 0.428H ; Fig. 3(d))
when cross-immunity is symmetric. We set σ σ= + ϵ2 1 , for
ϵ ∈ { }0.01, 0.02, 0.03 . As ϵ grows, the two pathogens can exhibit
antiphase oscillations with different amplitudes, as illustrated in
Fig. 7(a)–(c). In our example, the pathogen conferring more cross-
immunity (the second pathogen) oscillates at higher amplitude.
The difference in amplitudes increases with ϵ. This indicates that
in addition to changes in initial conditions as discussed in Section
4.4, antigenic asymmetry may play a role in determining the
dominant pathogen. Furthermore, note that both pathogens dis-
play oscillatory behaviour even though σ σ< H1 , indicating that
asymmetry can change the conditions under which a pathogen
can sustain oscillations.

Allowing s1 to vary, the periods of oscillations for each value of

Fig. 5. Diagrams of the period for regions 1, 2, 3, and 4 at (a) ν = 1, (b) ν = 3, (c) ν = 10, and (d) ν = 15, respectively.

Fig. 6. Scenarios with different s and initial conditions: =X 0.058SS , = =X X 0.001IS SI , = =X X 0.1WS SW , and unspecified states set to 0 (ν = 2). The upper row has (X X,RS SR)¼
(0.41, 0.33), and (a) σ = 0.49, (b) σ = 0.50, and (c) σ = 0.51. The lower row has (X X,RS SR)¼(0.405, 0.335) and (d) σ = 0.49, (e) σ = 0.50, and (f) σ = 0.51. XIS and XSI are shown by
solid and dashed lines, respectively.
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ϵ are shown in Fig. 7(d) as a function of s1. For intermediate values
of s1, different values of ϵ produce negligible differences in the
periods of oscillations, as shown by the nearly overlapping lines
for σ≲ ≲0.4 0.81 . However, for large values of s1, a small change in
ϵ can result in a considerable difference in period, as observed in
the inset. Moreover, two distinct values of s1 can sustain the same
period. For example, when ϵ = 0.03 (orange curve), a period of 12
years can be sustained at σ ≈ 0.9271 and σ ≈ 0.9521 .

5. Discussion

We have demonstrated that a two-pathogen model of disease
transmission with immune boosting and cross-immunity can
produce behaviours that are qualitatively similar to the incidence
patterns of B. pertussis and B. parapertussis as observed by Lautrop
(1971), including antiphase oscillatory dynamics. Our analysis
shows that cross-immunity can induce sustained oscillations
when immune boosting is both enhanced ( ν > 1) or inhibited
( ν < 1) by re-exposure. In contrast, sustained oscillations were
generated in the single-pathogen SIRWS system only when im-
mune boosting was enhanced, i.e. ν > 1 (see Fig. 2, Dafilis et al.,
2012; Lavine et al., 2011). This differs from the single-pathogen
model derived by Barbarossa and Röst (2015), which was written
as a system of differential equations with constant and distributed
delay to represent the waning and boosting of immunity. In that
model, Barbarossa et al. (2016) found that sustained oscillations
can be generated for both ν < 1 and ν > 1. Our study of the two-
pathogen SIRWS model finds that the level of reduced suscept-
ibility (s) has a significant effect on the shape, amplitude, and
period of oscillations.

Our study underscores the importance of developing a better
understanding of immunological interactions between pathogens
to better inform model-based interpretations of epidemiological
data. We have shown that the degree of cross-immunity and
strength of immune boosting may determine the epidemiological
behaviour of a disease with both endemic and cyclic (oscillatory)
dynamics supported. Under weak levels of immune boosting, a
high degree of cross-immunity may introduce a cyclic regime
(Fig. 3). In contrast, as the rate of immune boosting grows to be
equal to the force of infection, only intermediate levels of cross-
immunity may be required for cyclic behaviour. Determining the
likely strength of immune boosting would provide guidance on its

role in the maintenance of immunity.
The presence of overlapping attractors, as shown in Fig. 3, may

have direct epidemiological consequences. Small perturbations
may shift the population from one dynamical regime to another,
potentially leading to unpredictable changes in health burden. As a
particular example, impulsive vaccination campaigns—whereby a
significant proportion of the population is “transferred” from one
state (say, S) to another (say, R)—may be modelled as a change in
the initial conditions of the system. In consequence, impulsive
vaccination campaigns may lead to sharp changes in the dynamics
of the system, and potentially a change in the dominance of one
pathogen over another. Additionally, any variability in the strength
of cross-immunity, due to, say minor changes in the pathogen
genotype, may make disease dynamics and burden difficult to
predict.

We have not investigated in detail the basins of attraction for
the different dynamical regimes identified in our study. Why ν = 1
appears to be the lower bound for sustained oscillations in the
single-pathogen SIRWS model remains an open question. Bi-
furcation analysis of the two-pathogen model performed here
indicates that multi-stability is present. The complicated shapes of
the Hopf bifurcation branches suggest that the structure of the
basins of attraction may be similarly intricate. Their structure may
inform the system's sensitivity to initial conditions.

The mechanisms behind immunity are not well understood.
Different types of immunity, such as natural and vaccine-induced,
act together to maintain population immunity, which is further
complicated by immune boosting. Incorporation of vaccination in
future work may untangle effects arising from the interplay be-
tween natural and vaccine-induced immunity. As multiple factors
are capable of generating sustained oscillations in dynamic
transmission models, how much immune boosting, cross-im-
munity, and vaccination contribute to the overall observed recur-
rence of epidemics of infectious diseases remains an open
question.
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Appendix A. The two-pathogen model

In this appendix, the equations for the two-pathogen SIRWS
model are given. The equations track the immune history of each
class in a population, given by

μ κ κ λ λ μ= + + − ( + + ) ( )
dX
dt

X X X2 2 , A.1a
SS

WS SW SS1 2 1 2

λ κ σ λ γ μ= + − (( − ) + + ) ( )
dX
dt

X X X2 1 , A.1b
IS

SS IW IS1 2 2 2 1

γ κ ν λ σ λ κ μ= + + − (( − ) + + ) ( )
dX

dt
X X X X2 1 2 , A.1c

RS
IS RW WS RS1 2 1 1 2 2 1

κ κ σ λ ν λ κ μ= + − (( − ) + + + ) ( )
dX

dt
X X X2 2 1 2 , A.1d

WS
RS WW WS1 2 2 2 1 1 1

λ κ σ λ γ μ= + − (( − ) + + ) ( )
dX
dt

X X X2 1 , A.1e
SI

SS WI SI2 1 1 1 2

σ λ σ λ γ γ μ= ( − ) + ( − ) − ( + + ) ( )
dX
dt

X X X1 1 , A.1f
II

SI IS II1 1 2 2 1 2

γ σ λ ν λ κ γ μ= + ( − ) + − ( + + ) ( )
dX
dt

X X X X1 2 , A.1g
RI

II RS WI RI1 2 2 1 1 1 2

κ σ λ νλ κ γ μ= + ( − ) − ( + + + ) ( )
dX

dt
X X X2 1 2 , A.1h

WI
RI WS WI1 2 2 1 1 2

γ κ ν λ σ λ κ μ= + + − (( − ) + + ) ( )
dX

dt
X X X X2 1 2 , A.1i

SR
SI WR SW SR2 1 2 2 1 1 2

γ σ λ ν λ κ γ μ= + ( − ) + − ( + + ) ( )
dX
dt

X X X X1 2 , A.1j
IR

II SR IW IR2 1 1 2 2 2 1

γ γ ν λ ν λ κ κ μ= + + + − ( + + ) ( )
dX

dt
X X X X X2 2 , A.1k

RR
IR RI WR RW RR1 2 1 1 2 2 1 2

γ κ ν λ ν λ κ κ μ= + + − ( + + + ) ( )
dX

dt
X X X X2 2 2 , A.1l

WR
WI RR WW WR2 1 2 2 1 1 1 2

κ κ σ λ ν λ κ μ= + − (( − ) + + + ) ( )
dX

dt
X X X2 2 1 2 , A.1m

SW
WW SR SW1 2 1 1 2 2 2

κ σ λ κ ν λ γ μ= + ( − ) − ( + + + ) ( )
dX

dt
X X X2 1 2 , A.1n

IW
IR SW IW2 1 1 2 2 2 1

γ κ ν λ ν λ κ κ μ= + + − ( + + + ) ( )
dX

dt
X X X X2 2 2 , A.1o

RW
IW RR WW RW1 2 1 1 2 2 1 2

κ κ ν λ ν λ κ κ μ= + − ( + + + + ) ( )
dX

dt
X X X2 2 2 2 , A.1p

WW
RW WR WW1 2 1 1 2 2 1 2

where

λ β α= ( + ( − )( + + )) ( )X X X X1 , A.2aIS II IR IW1 1 1

λ β α= ( + ( − )( + + )) ( )X X X X1 . A.2bSI II RI WI2 2 2

To incorporate cross-immunity through a reduction in infectivity,
or the ability to transmit the infection, the force of infection λ

i

becomes the transmission rate times a weighted sum of those
infectious with pathogen i ¼ 1,2. Those who have experience with
infection with pathogen j become α( − )1 i times less infectious
than those with no experience, α≤ ≤0 1i . Throughout the paper,
we impose α α= = 01 2 (no reduced infectivity).

Appendix B. Equilibrium of the SIRWS model

In this section, we present the endemic equilibrium of the
SIRWS model and determine its stability using the Routh–Hurwitz
criteria (Gantmacher, 1959). Expressions of the endemic equili-
brium for the SIRWS model are given by

γ μ
β

* = +
( )

S ,
B.1a

( )
ν ν κ κ μ γ μ μν β γ μ

β γ μ ν
* =

+ + − [ + ( + )( + ) − ( − − )]
( + ) B.1b

I
c c c 4 4

2
,0

2
1 2

2 2 2

κ μ γ μ κγ
κ γ μ

β γ μ

γ μ κ
κβ γ μ ν

ν ν

* = ( + )( + ) +
( + )

( − − )

+ + +
( + )

− + +
( )

⎛
⎝⎜

⎞
⎠⎟

R

c c c

2 2
4

2
4

1 1 ,
B.1c

0 1 2
2

( )
ν ν κ κ μ γ μ μν β γ μ

κβν
* =

+ + − [ + ( + )( + ) + ( − − )]
B.1d

W
c c c 4 4

4
,0

2
1 2

2 2 2

where

( )
κ μ γ κ μ

β γ μ μ κ μ γ κ κμ μ

κ μ γ κ μ

μ β γ μ
κ μ γ κ μ

= ( + ) + ( + )

=
( − − ) ( + ) + + +

[( + ) + ( + )]

= [ (− + + )]
[( + ) + ( + )]

⎡⎣ ⎤⎦
c

c

c

2 4 ,

2 2 8 4

2 4
,

2 4
.

0
2

1

2 2 2

2 2

2

2

2 2

The Jacobian of the SIRWS system is

μ β β κ
β γ μ β

γ βν κ μ βν
βν κ κ μ βν

=

−( + ) −
−( + − )

+ −( + )
− −( + + )

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

I S

I S

W I

W I

J

0 2
0 0

0 2
0 2 2

.

By evaluating J at the endemic equilibrium, the corresponding
characteristic equation is given by

T. Leung et al. / Journal of Theoretical Biology 410 (2016) 55–6462



Λ( − ) =J Idet 0,

where I is the identity matrix, and Λ is the eigenvalue. Notice that
μ Λ( + ) can be factored out from the first row of Λ( − )J I by the row
addition + + + →R R R R R1 2 3 4 1, giving one negative eigenvalue
Λ μ= −1 . The characteristic equation simplifies to

μ Λ Λ Λ Λ( + )( + + + ) = ( )a a a 0, B.23
2

2
1 0

where

β ν κ μ

β κ μ γ βν μν κ μ

β κ μ μβν γ κ μ βν κβν

= *( + ) + ( + )

= *[ ( + ) + + * + ] + ( + )

= * ( + ) + * + ( + + *) + *⎡⎣ ⎤⎦

a I

a I I

a I I I W

1 2 2 ,

2 2 2 ,

2 4 2 .

2

1
2

0
2

The equilibrium is locally asymptotically stable if the Routh–Hur-
witz criteria are satisfied, and unstable otherwise.

Appendix C. Latin hypercube sampling for long life expectancy

In this section we repeated the numerical calculations for the
Routh–Hurwitz criteria, as described in Section 3, for the single-
pathogen SIRWS model. Parameter ranges are described in Table 2,
except μ was sampled from ( ) 0, 0.01 (i.e. life expectancies
greater than 100 years), outside of the epidemiologically realistic
range. These calculations (Fig. 8) suggest that as μ → 0, ν = 1 ap-
pears to be a lower bound for the presence of sustained
oscillations.

Appendix D. Coexisting attractors

This section provides an example of bi-stability in the two-
pathogen model (Fig. 9) with ν = 1, σ σ σ= = = 0.98051 2 , and initial

population size

= ( )X X X X X X X X X X X X X X X X X, , , , , , , , , , , , , , , .SS IS RS WS SI II RI WI SR IR RR WR SW IW RW WW

Initial conditions used to generate periodic solutions are

= (

)

X 0.0571, 0.0019, 0.4443, 0.0944, 0.0014, 0.0000,

0.0002, 0.0000, 0.2163, 0.0001, 0.0367, 0.0079,

0.1156, 0.0001, 0.0198, 0.0043 .

periodic

Initial conditions for a point attractor are

= (

)

X 0.0568, 0.0015, 0.3329, 0.0996, 0.0015, 0.0000,

0.0002, 0.0001, 0.3329, 0.0002, 0.0441, 0.0133,

0.0996, 0.0001, 0.0133, 0.0040 .

point
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7.3 Summary 97

7.3 Summary

We have constructed and analysed a two-pathogen SIRWS model that includes immune

boosting and cross-immunity. We used Latin hypercube sampling to explore the parame-

ter space in support of our hypothesis that sustained oscillations in the (single-pathogen)

SIRWS model can only be present under the condition that immune boosting is more easily

triggered than a naive infection (νβI > βI). However, we note that sustained oscillations

may still be present when the endemic equilibrium is stable.

In the two-pathogen SIRWS model, we found that in the presence of symmetric cross-

immunity, sustained oscillations can occur even if immune boosting were not more easily

triggered than a naive infection. Where immune boosting is weak (ν < 1), a high degree

of cross-immunity introduces sustained oscillations. As immune boosting becomes more

easily triggered, ‘intermediate’ levels of cross-immunity are sufficient to generate sustained

oscillations.

The model is able to produce epidemiological behaviours that are qualitatively similar to

the out-of-phase recurrent outbreaks of B. pertussis and B. parapertussis [95]. In particular,

the two-pathogen SIRWS model shows that the strength of immune boosting and the degree

of reduced susceptibility (as acquired through cross-immunity) have a significant impact on

the shape, amplitude and period of oscillations. This study underscores the importance of

measuring the strength of immune boosting, as it (and the degree of cross-immunity) can

significantly influence the shape, amplitude and period of the sustained oscillations.





Chapter 8

SIRWS model with vaccination

8.1 Introduction

Studies have demonstrated differences in immunity acquired from natural infection and

from vaccination [31, 117, 159, 167]. This chapter contains the article “Infection-acquired

immunity versus vaccine-acquired immunity in an SIRWS model” by Tiffany Leung, Patri-

cia T. Campbell, Barry D. Hughes, Federico Frascoli and James M. McCaw, published in

Infectious Disease Modelling in June 2018 [97].

In this paper, we explore one aspect in which different forms of immunity may differ,

the duration of protection. Primary and secondary infections are accounted for separately.

We show that the ability of vaccination to reduce infection may be insufficient to decrease

overall transmission. We also explore two mechanisms through which immune boosting

may act to provide immunity, by either delaying or bypassing a primary infection. We find

that the dominant driver of transmission is dependent on the level of vaccination coverage,

differences in the durations of infection- and vaccine-acquired immunity, and differences in

the mechanisms through which immune boosting provides protection.

I am the primary author of this published article, contributing approximately 90% of

the work. As detailed in the Preface, I, with input from collaborators, conceived the study,

developed and analysed the models, and wrote the manuscript.

8.2 Published article
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a b s t r a c t

In some disease systems, the process of waning immunity can be subtle, involving a
complex relationship between the duration of immunitydacquired either through natural
infection or vaccinationdand subsequent boosting of immunity through asymptomatic re-
exposure. We present and analyse a model of infectious disease transmission where pri-
mary and secondary infections are distinguished to examine the interplay between
infection and immunity. Additionally we allow the duration of infection-acquired immu-
nity to differ from that of vaccine-acquired immunity to explore the impact on long-term
disease patterns and prevalence of infection in the presence of immune boosting.
Our model demonstrates that vaccination may induce cyclic behaviour, and the ability of
vaccinations to reduce primary infections may not lead to decreased transmission. Where
the boosting of vaccine-acquired immunity delays a primary infection, the driver of
transmission largely remains primary infections. In contrast, if the immune boosting by-
passes a primary infection, secondary infections become the main driver of transmission
under a sufficiently long duration of immunity.
Our results show that the epidemiological patterns of an infectious disease may change
considerably when the duration of vaccine-acquired immunity differs from that of
infection-acquired immunity. Our study highlights that for any particular disease and
associated vaccine, a detailed understanding of the waning and boosting of immunity and
how the duration of protection is influenced by infection prevalence are important as we
seek to optimise vaccination strategies.
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1. Introduction

The persistence of immunity following natural infection or vaccination plays a key role in shaping the epidemiological
patterns of infectious disease. As immunity wanes over time, it may be boosted upon asymptomatic re-exposure, as observed
for measles (Whittle et al., 1999) and pertussis (Cattaneo, Reed, Haase, Wills, & Edwards, 1996). Mathematical models of

vaccine-preventable infectious diseases (�Aguas, Gonçalves, & Gomes, 2006; Barbarossa & R€ost, 2015; Glass & Grenfell, 2003;
Lavine, King,& Bjørnstad, 2011;Wearing& Rohani, 2009) are often based on the susceptible-infectious-recovered-susceptible
(SIRS) framework (Keeling & Rohani, 2008), where every individual in a population is categorised into one of three com-
partments based on their immune status: susceptible (S) to infection, infected and infectious (I) if they can transmit the
infection, and recovered (R) from infection and immune. As immunity wanes, recovered individuals become susceptible to
infection again.

Mathematical models have been invaluable to vaccination programme design. Key contributions include the introduction
of the concept of the basic reproductive ratio R0 (Diekmann, Heesterbeek, & Metz, 1990; Heesterbeek, 2002; Heffernan,
Smith, & Wahl, 2005) and herd immunity thresholds (Fine, 1993). Models provide guidance on optimal vaccination strate-
gies (Campbell, McVernon, & Geard, 2017; Hethcote, Horby, &McIntyre, 2004; Magpantay, 2017) and reveal insights into the

impact of vaccination programmes that may seem counter-intuitive due to nonlinearities in the transmission process (�Aguas
et al., 2006; van Boven, Mooi, Schellekens, de Melker, & Kretzschmar, 2005; Heesterbeek et al., 2015).

Vaccines can induce protection against infection, against severe disease, against infectiousness, or a combination of these
(Pr�eziosi & Halloran, 2003a, b; Siegrist, 2008, ch. 2). There are multiple ways through which a vaccine may fail to provide
sterilising immunity, such as degree of protection and duration of protection (McLean & Blower, 1993, 1995). Vaccines can
provide incomplete protection by, for example, reducing one's susceptibility by some degree. Furthermore, the protection
providedmaywane over time. Importantly the duration of protection acquired through a vaccinemay be considerably shorter
than that provided through a natural infection, as appears to be the case for pertussis (Broutin, Simondon, Rohani, Gu�egan, &
Grenfell, 2004; Chen & He, 2017; Wendelboe, Van Rie, Salmaso, & Englund, 2005). Moreover, infections following either
vaccination or natural infection may occur, and these secondary infections may be less severe or asymptomatic (Klein,
Bartlett, Rowhani-Rahbar, Fireman, & Baxter, 2012; Warfel, Zimmerman, & Merkel, 2014; Wendelboe et al., 2005). The
vaccine failure mechanism through which a vaccinated individual becomes infected may be difficult to determine.

Here we introduce and analyse a mathematical model that includes the waning and boosting of immunity to study the
long-term infection patterns when infection-acquired and vaccine-acquired immunity are distinguished. Our model differs
from others (Althouse & Scarpino, 2015; van Boven, de Melker, Schellekens, & Kretzschmar, 2000; Gomes, White, & Medley,
2004; Rozhnova & Nunes, 2012; Safan, Kretzschmar, & Hadeler, 2013) in that we include immune boosting, and it is the
inclusion of immune boosting that allows our model to exhibit periodic cycles. Previous studies that included immune

boosting focused on the age profiles of infection under a stationary steady state (�Aguas et al., 2006; Fabricius, Bergero,
Ormazabal, Maltz, & Hozbor, 2013). Although we exclude age-structure from our model, we focus on the long-term infec-
tion dynamics, where both stationary states and periodic cycles can be encountered as parameters are varied through bio-
logically sensible ranges. In the oscillatory case, the inherent nonlinearity of the system has interesting consequences for the
long-term average infection prevalence.

We investigate the influence on infection prevalence as the difference between the duration of vaccine- and infection-
acquired immunity is varied. We explore these ideas using a generalisation of our previously developed model (Dafilis,
Frascoli, Wood, & McCaw, 2012) in which waning immunity may be boosted upon exposure to extend the duration of pro-
tection. We illustrate how infection prevalence changes with vaccination coverage and duration of immunity under two
different mechanisms through which immune boosting may act to provide protection.

1.1. The SIRWS model with differences in duration of immunity after natural infection or vaccination

Our model is an extension to the susceptible-infectious-recovered-waning-susceptible (SIRWS) model of Lavine et al.
(2011). We allow the duration of infection-acquired immunity to differ from the duration of vaccine-acquired immunity
and distinguish between primary and secondary infections.

Here secondary infections are infections experienced by individuals who have had the infection at least once or whowere
previously vaccinated. In contrast, primary infections are experienced by those who are immunologically naive. Secondary
infections are considered less severe than primary infections but equally infectious. We investigate how the prevalence of
severe disease changes with differences in the duration of infection- and vaccine-acquired immunity to potentially impact
case notifications of any particular disease.

Individuals are divided into eight compartments depending on their immune status. As shown in Fig. 1, the susceptible
population is divided into those who can acquire a primary infection (S1) and those who can acquire a secondary infection
(S2). Similarly, the infectious population is divided into those with a primary (I1) or secondary (I2) infection. The recovered (R)
compartment represents thosewho have recovered from and are fully immune to infection. They transition to thewaning (W)
compartment when their immunity has waned sufficiently. From there, they can either become susceptible to secondary
infections (transition to S2), or have their immunity boosted upon re-exposure (return to R).
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The vaccine-acquired immune compartments (V and Wv) are the analogue of the infection-acquired immune compart-
ments (R and W). Those in V are fully immune to infection and transition to Wv when their vaccine-acquired immunity has
waned sufficiently. Those with waning vaccine-induced immunity (Wv) either become susceptible to primary infection (S1) or
return to V upon an immune boosting. That is, immune boosting provides protection to those who are vaccinated by delaying
a primary infection, and secondary infections are experienced by those who have had a natural infection. For brevity, we will
refer to this model as the SIRWS-delay model. We use the term “delay” to refer to the expected delay to a primary infection due
to vaccination, rather than the use of delay-differential equations. The SIRWS-delay model is described by the following
system of differential equations for the proportions of the population in each compartment:

dS1
dt

¼ ð1� pÞm� lS1 þ 2kvWv � mS1; (1a)

dI1
dt

¼ lS1 � gI1 � mI1; (1b)

dR
dt

¼ gI1 þ gI2 � 2knRþ nlW � mR; (1c)

dW
dt

¼ 2knR� 2knW � nlW � mW ; (1d)

dS2
dt

¼ 2knW � lS2 � mS2; (1e)

dI2
dt

¼ lS2 � gI2 � mI2; (1f)

dV
dt

¼ pmþ nlWv � 2kvV � mV ; (1g)

dWv

dt
¼ 2kvV � 2kvWv � nlWv � mWv: (1h)

The rate at which the proportion of susceptible individuals acquires an infection and becomes infectious is the force of
infection, denoted by

l ¼ bðI1 þ I2Þ;

where b is the transmission coefficient. We have assumed that primary and secondary infections are equally infectious, both
with an average infectious period of 1=g. Births and deaths occur at an equal rate m, so that the population size is constant, and
disease-induced mortality is ignored. A proportion, p, of newborns is vaccinated at birth, and they enter the population in the
vaccinated V compartment.

Fig. 1. Diagram of the extended SIRWS model. The population is divided into eight compartments, represented by boxes. A boosting of vaccine-acquired im-
munity may either delay the primary infection (blue dashed line) or bypass it (red dash-dotted line). The death rate m is denoted by a bullet.
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The waning of natural immunity is modelled as a two-step process from R to S2 via the compartment W. We use the
method of stages (Lloyd, 2001) to model this transition with the parameter kn. In the absence of boosting, the transition time
from R to S2 is 2=ð2kn þ mÞ, so that for m≪kn, the average duration of immunity is approximately 1=kn, the samemean duration
as for the standard SIRS model with immunity waning rate kn. The waning of vaccine-acquired immunity (from V to S1 at rate
kv) is similarly defined. Immune boosting occurs at a rate nl, where n is the strength of immune boosting relative to the force of
infection (n>0). See Table 1 for a description of the compartments and parameters.

Distinguishing our work from some others whose models included immune boosting (�Aguas et al., 2006; Campbell et al.,
2017; Fabricius et al., 2013;Wearing& Rohani, 2009), we allow for n>1. This is motivated by the hypothesis that an individual
who is primed by either infection or vaccination can respond to a smaller dose of the infectious agent than an immuno-
logically naive individual (Lavine et al., 2011). Allowing n>1 implies that boosting requires lower exposure than for a
transmissible infection, and our previous study (Leung, Hughes, Frascoli, & McCaw, 2016) has established this as a critical
factor in the model's ability to produce sustained oscillationsddynamics that are qualitatively different to the standard SIRS
model. We reduce the SIRWS model from two immune compartments to one and prove that the reduced model no longer
exhibits sustained oscillations (for n � 0) in Appendix A.

We also consider the case where the boosting of vaccine-acquired immunity bypasses (rather than delays) a primary
infection. Under this secondmodel of vaccine-acquired immune boosting (henceforth referred to as the SIRWS-bypass model),
those in Wv transition to R upon an immune boost. This can be examined by reformulating Eqs (1c) and (1g) to

dR
dt

¼ gI1 þ gI2 � 2knRþ nlW þ nlWv � mR; (2a)

dV
dt

¼ pm� 2kvV � mV : (2b)

The flow diagrams for each of these vaccine-acquired immune boosting mechanisms are illustrated in Fig. 1, where the
SIRWS-delay model is shown in blue and SIRWS-bypass in red. Under the interpretation that primary infections are severe
cases and secondary infections are milder (and not manifesting disease), vaccination may plausibly act by reducing the
severity of symptoms in a subsequent infection (as reflected in the SIRWS-bypass model).

Both the SIRWS-delay and SIRWS-bypass models collapse to the SIRWS model (Lavine et al., 2011) under the following
substitutions:

S ¼ S1 þ S2;
I ¼ I1 þ I2;
ℝ ¼ Rþ V ;
W ¼ W þWv;
k ¼ kn ¼ kv:

For limiting values of waning immunity (k/0 and k/∞), the models reduce further to the standard SIR and SIS model
respectively.

Table 1
Descriptions of the parameters and compartments. (y¼ years; p¼ person).

Parameter Description Default

p vaccinated proportion of the population (varies)
b transmission coefficient 260 y�1p�1

g recovery rate 17 y�1

n strength of immune boosting relative to the force of infection 3
m birth and death rate 1/80 y�1

kn rate of loss of infection-acquired immunity (varies) y�1

kv rate of loss of vaccine-acquired immunity (varies) y�1

Tn average duration of infection-acquired immunity without boosting (1=kn) (varies) y
Tv average duration of vaccine-acquired immunity without boosting (1=kv) (varies) y

State Description

S1 susceptible to primary infection
I1 infectious with primary infection
R recovered from an infection and fully immune
W recovered from an infection with waning infection-acquired immunity
S2 susceptible to a secondary infection
I2 infectious with secondary infection
V vaccinated and fully immune
Wv vaccinated with waning vaccine-acquired immunity
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2. Methods

The models described by Eqs (1) and (2) were numerically integrated in MATLAB 2014b's ode45 ordinary differential
equation solver (The MathWorks Inc., Natick, Massachusetts) with absolute and relative tolerance both set to 1� 10�8. We
analyse the equilibrium dynamics of the system (as in Kribs-Zaleta and Velasco-Hern�andez (2000); Gomes et al. (2004);
Elbasha, Podder, and Gumel (2011)).

As we examine the influence of duration of immunity on the epidemiological patterns of disease, we introduce Tn ¼ 1=kn
and Tv ¼ 1=kv to denote the average duration of infection- and vaccine-acquired immunity in years respectively (in the
absence of immune boosting). We consider the case where the duration of vaccine-acquired immunity is less than or equal to
that of infection-acquired immunity. To generate diagrams of the mean infection prevalence as a function of the vaccinated
proportion (p), duration of vaccine-acquired immunity (Tv) and duration of infection-acquired immunity (Tn), the values of Tv
were chosen as follows. Where Tn � 30 years, five values of Tv were chosen by steps of (Tn÷5) up to Tn, so that for Tn ¼ 10
years, the values of Tv were 2, 4, 6, 8 and 10. For Tn >30 years, Tv was set to intervals of 10 years up to the respective Tn.

The transmission coefficient and recovery rate (b and g respectively) were taken from Lavine et al. (2011) in their study of
pertussis. Other parameter values were chosen so that the model produces periodic cycles in the absence of vaccination. The
relative strength of immune boosting n was set to 3 as it allowed the model to produce sustained oscillations (Leung et al.,
2016). The average life expectancy (1=m) was set to 80 years. The default model parameters are detailed in Table 1.

The average infection prevalencewas calculated as themean of the time series of the infectious proportion (I1 þ I2) over 40
peaks in the presence of periodic cycles, or set to the numerically obtained endemic equilibrium of the system in the absence
of periodic cycles. We ran the system to its final attractor (endemic equilibrium or periodic cycles) with initial conditions set
to be close to the endemic equilibrium of the SIRWS model in the absence of vaccination:

ðS1; I1;R;WÞ ¼ ð0:065;0:001; 0:760;0:174Þ

and all other compartments were set to 0. Bifurcation analyses were performed in XPPAUT 8.0 (Ermentrout, 2002) with an
adaptive step size RungeeKutta integrator.

3. Results

3.1. Influence of vaccination to lower infection prevalence is more sensitive to the duration of infection-acquired immunity than that
of vaccine-acquired immunity

We first examine the impact of vaccination coverage and waning immunity on the mean infection prevalence (I1 þ I2) for
the SIRWS-delay model (Fig. 1; blue dashed line). Fig. 2 shows the mean infection prevalence for eight different durations of
infection-acquired immunity, Tn, and varying durations of vaccine-acquired immunity, Tv. The endemic steady state is shown
for small values of p. A Hopf bifurcation, as indicated by an open circle on the different coloured lines, occurs as p increases, so
that to its right, the mean infection prevalence is calculated from periodic cycles. Once the endemic steady state loses stability
through the Hopf bifurcation, the stable periodic cycles extend to p ¼ 1. When vaccine-induced immunity is shorter (Tv < Tn),
a smaller vaccinated proportion p is required to generate sustained oscillations. That vaccination can induce oscillations has
previously been noted (Lavine et al., 2011), but only in the case in which infection-acquired and vaccine-acquired immunity
were of the same duration.

Under a short duration of infection-acquired immunity relative to the average lifespan (Fig. 2aec), vaccination which
delays primary infection cannot materially reduce prevalence, even at high vaccination coverage, e.g. ðTn; TvÞ ¼ ð20;20Þ and
pz1. For long-lived infection-acquired immunity (Tn � 40; Fig. 2deh), a vaccine with long vaccine-acquired immunity leads
to a lower infection prevalence as the vaccinated proportion and duration of vaccine-acquired immunity increase (as
expected).

As the vaccinated proportion increases, the mean infection prevalence can reach a level greater than that without
vaccination (as marked by the gray dashed line). This effect is most noticeable when the duration of infection-acquired
immunity is short, Tn ¼ ð10;20;30Þ, where waning immunity is a fast process relative to the demographic time scale
(note the different colour scale in Fig. 2aec). In a brief exploration, we compared the infection prevalence of the SIRWS-delay
model while keeping Tv fixed at 10 years and allowing the rates of waning vaccine-induced immunity from V/S (a two-step
process via the compartment Wv) to differ. In this limited exercise, the conclusions drawn were similar (results not shown).

We now look at the peak heights of infection prevalence over periodic cycles and the interepidemic period. The maximum
proportion of infectious cases is shown in Fig. 3 for p ¼ 0:2 (a) and p ¼ 0:6 (b) for varying Tn and Tv. The peak heights of the
periodic cycles are best described by considering the natural immunity transition from long-lived to short-lived. At the right
of Fig. 3a, there are no periodic cycles (for large Tn). Cycles start upon crossing the first Hopf bifurcation (moving from right to
left). The peak heights of these cycles grow as we move left, reaching a maximum at the line marked by filled circles. These
peak heights then decrease before crossing the second Hopf, and the cycles become unstable and cease. For higher vacci-
nation coverage p ¼ 0:6, the behaviour of the peak heights (Fig. 3b) is similar. The Hopf bifurcation giving rise to periodic
cycles occurs at a value of Tn higher than 30 (and is thus not shown).

T. Leung et al. / Infectious Disease Modelling 3 (2018) 118e135122



Fig. 2. The mean infection prevalence for the SIRWS-delay model. The mean infection prevalence is shown for varying vaccinated proportion, duration of
infection-acquired immunity Tn years (plots) and duration of vaccine-acquired immunity Tv years (colours). The gray dashed line indicates the mean infection
prevalence in the absence of vaccination (p ¼ 0). An open circle on a line denotes a Hopf bifurcation. To its left is the endemic steady state, and to its right, the
average infection prevalence as calculated over periodic cycles.

Fig. 3. The infection prevalence peaks for varying durations of infection-acquired immunity (Tn) and durations of vaccine-acquired immunity (Tv) for the SIRWS-
delay model. Contour plots of the peak heights of the infectious proportion (I1 þ I2) are displayed for p ¼ 0:2 (a) and p ¼ 0:6 (b). The shaded area indicates where
Tv > Tn , and the gray dashed line marks where Tv ¼ Tn . The Hopf bifurcation lines are shown by red dash-dotted lines. The line with filled circles indicates the
points in parameter space with the maximum peak height of the periodic cycles; between this line and the line of Hopfs at Tnz2, the peaks decline to 0.
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More long-lasting natural immunity results in higher peaks, but also a longer interepidemic period (Fig. 4). These two
measures play a role in determining the mean infection prevalence. Peak heights and interepidemic period of the SIRWS-
bypass model show a similar pattern; see Appendix B, Fig. B.11.

To look further into the infection prevalence (which is the sum of two infectious compartments), we examine the dis-
tribution of the population across the eight model compartments. Fig. 5b shows that while the mean infection prevalence can
increase with vaccination coverage, the mean primary infection prevalence (I1) is strictly decreasing. The overall increase in
transmission is due to increased secondary infections. Additionally, sufficient vaccination coverage may change the main
driver of transmission from primary infections to secondary infections (compare p ¼ 0 and p ¼ 0:8 in Fig. 5b). This pattern is
maintained over different combinations of ðTn;TvÞ; see Appendix C, Fig. C.12.

From a public health perspective, the contribution of secondary infections to transmission (i.e. the force of infection, if
secondary and primary infections are equally infectious) may lead to under-reporting of infections. Consider the scenario in
which a primary infection is associated with severe disease, and a secondary infection is considered mild or asymptomatic.
Vaccination could plausibly act by protecting the individual from disease (if not by blocking the infection altogether), so that a
subsequent infectionwithout symptomsmay be unnoticed. Where infection in infants may be associated with higher disease
morbidity, a vaccine that delays a primary (severe) case would allow the individual to be older (on average) at first infection.

3.2. The ratio of secondary infections to primary infections

Having shown that the main driver of transmission can switch from primary to secondary infections, we now vary the
vaccination coverage, duration of infection-acquired immunity and that of vaccine-acquired immunity (p; Tn; Tv respectively)
and examine the ratio of secondary to primary infections, which is calculated by dividing I2 by I1. This allows us to explore
how these factors influence the role of primary and secondary infections in determining the force of infection. A better

Fig. 4. The interepidemic period at p ¼ 0:6 for the SIRWS-delay model. The gray dashed line indicates where Tv ¼ Tn , and shaded region where Tv > Tn . The red
dash-dotted line represents the branch of Hopf bifurcations, where the period is approximately 1.

Fig. 5. The mean of the eight compartments for the SIRWS-delay model. (Tn ¼ 20 years; Tv ¼ 12 years).
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understanding of the composition of the force of infection (and thus transmission) provides for a clearer interpretation of case
notification data.

In our model, where primary and secondary infections are equally infectious, a higher prevalence of secondary infections
(i.e. a ratio above 1) makes secondary infections the main contributor to the force of infection. If secondary infections were
less infectious, this need not be the case. For very short infection-acquired immunity relative to lifespan, secondary infections
are always the main source of transmission, independent of vaccination coverage (Fig. 6a). As infection-acquired immunity
lasts longer, primary infections become the main transmission source when there is insufficient vaccination coverage

Fig. 6. Secondary to primary infection ratio for the SIRWS-delay model. Vaccinated proportion, duration of infection-acquired immunity (plots) and duration of
vaccine-acquired immunity (colours) are varied. Dashed lines indicate equal numbers of primary and secondary infections (ratio¼ 1). The numbers on lines
indicate Tv where the colours may be harder to distinguish (aeb).
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(Fig. 6b). For infection-acquired immunity lasting longer still, primary infections are the main contributor to transmission,
independent of vaccination coverage (the ratio is below 1; Fig. 6deh).

3.3. The mechanism of immune boosting changes the driver of transmission

Nowwe compare the infection prevalence of the SIRWS-delay and SIRWS-bypass models (where an immune boosting for
those with vaccine-acquired immunity either delays or bypasses a primary infection respectively; see Fig. 1). The mean
infection prevalence of the SIRWS-bypass model (Appendix B, Fig. B.10) is always lower than that of the SIRWS-delay model,
so vaccination is more effective at reducing infection prevalence where immune boosting bypasses a primary infection.
Where infection-acquired immunity is short-lasting, the mean infection prevalence of the SIRWS-bypass model can also
exceed the level of that without vaccination. The decline in primary infection prevalence as vaccination coverage increases in
the SIRWS-bypass model (Fig. 7) is steeper than in the SIRWS-delaymodel, and this is consistent for other combinations of (Tn;
Tv), as shown in Appendix C, Fig. C.13.

Similar to the SIRWS-delaymodel, when the duration of infection-acquired immunity is much shorter than lifespan for the
SIRWS-bypass model, secondary infections are the main driver of transmission independent of vaccination coverage (Fig. 8a).
As infection-acquired immunity lasts longer, sufficient vaccination coverage swaps the main driver of transmission from
primary infections (below dashed line) to secondary infections (above dashed line).

For bothmodels, secondary infections contributemost to the force of infectionwhen infection-acquired immunity is short,
as reflected in the ratio of secondary to primary infections (Figs. 6a and 8a). However, the ratio is much higher in the SIRWS-
bypass model. Differences of the two models become more apparent under longer infection-acquired immunity (e.g. Tn � 30
years). Primary infections become and remain the main contributor to the force of infection (and hence transmission) in-
dependent of vaccination coverage when immune boosting delays a primary infection. In contrast, where immune boosting
bypasses a primary infection, sufficient vaccination coverage can shift the main driver of transmission from primary to
secondary infections.

A further comparison shows there is a region in the ðTn; TvÞ parameter space where the main driver of transmission is
different between the two models. In Fig. 9aec, the main source of transmission is primary infections to the left of the line,
and secondary infections to the right for the SIRWS-delay (blue line) and SIRWS-bypass (red line) models for three different
levels of vaccination coverage. In the shaded area the immune boosting mechanism determines if the main driver of
transmission is primary or secondary infections. This shaded region grows with increasing vaccination coverage. The
infection prevalence of the two models are shown in Fig. 9d and e, an example demonstrating how the dominant driver of
transmission remains primary infections (d) or swaps to secondary infections (e) as vaccination coverage increases. This
behaviour is maintained over different combinations of ðTn;TvÞ; see Appendix C, Fig. C.14.

4. Discussion

We have used our extended SIRWSmodels to show how infection prevalence changes with differences in (i) the durations
of infection- and vaccine-acquired immunity and (ii) the assumedmechanism throughwhich immune boosting acts. We have
shown that the main contributor to the force of infection (and thus transmission) depends on a complex interplay among the
level of vaccination coverage, the duration of infection- and vaccine-acquired immunity, and the mechanism through which
immune boosting provides protection (delaying or bypassing a primary infection). Where infection-acquired immunity is
relatively short (below 30 years), or where vaccine-acquired immunity is not long-lasting (10 years or under), vaccination
does not markedly reduce infection prevalence. While the mean infection prevalence may increase with vaccination coverage
(most noticeable when immunity is not long-lasting), the primary infection prevalence is strictly decreasing. The reduction
may be countered by a rise in secondary infections. Where immune boosting delays a primary infection and infection-

Fig. 7. The mean of the eight compartments for the SIRWS-bypass model. (Tn ¼ 20 years; Tv ¼ 12 years).
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acquired immunity is relatively long, primary infections remain the main driver of transmission (independent of vaccination
coverage). In contrast, under a scenario where immune boosting bypasses a primary infection, the main driver of trans-
mission switches from primary infections to secondary infections given sufficiently high vaccination coverage and long-
lasting vaccine-acquired immunity.

In addition to exploring two different ways immune boosting may act to provide protection and separately accounting for
the duration of infection- and vaccine-acquired immunity, the model presented here also distinguishes between primary and
secondary infections. This was necessary to show that the dominant driver of transmission is dependent on the level of
vaccination coverage, differences in the durations of infection- and vaccine-acquired immunity, and the mechanism through
which immune boosting provides protection. Both models presented (SIRWS-delay and SIRWS-bypass) simplify to the SIRWS
model (as investigated by Lavine et al. (2011)) when there is no difference between the duration of infection- and vaccine-
acquired immunity (Tn ¼ Tv). However, we note two elements that the ‘simplified’ SIRWS model overlooks. First, allowing
these durations of immunity to differ brings significant changes in the infection prevalence. Second, the composition of the
infection prevalence varies substantially when immune boosting bypasses rather than delays a primary infection. A higher

Fig. 8. Secondary to primary infection ratio for the SIRWS-bypass model. Vaccinated proportion, duration of infection-acquired immunity (plots) and duration of
vaccine-acquired immunity (colours) are varied. Dashed lines indicate where the ratio is equal to 1. The numbers on lines indicate Tv where the colours may be
harder to distinguish (aeb). Note the different vertical scale in (a).
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prevalence of secondary infections (as reflected in a higher ratio of secondary to primary infections) would add difficulty in
identifying cases and thus make it more challenging to prevent transmission.

Our study focuses on a vaccine that provides the same protection as a natural infection except for its duration of immunity.
We have not considered a vaccine that may reduce susceptibility or infectiousness. Magpantay, Riolo, de Cell�es, King, and
Rohani (2014) showed there can be large differences in infection prevalence between a vaccine that reduces susceptibility
and a waning vaccine. Rozhnova and Nunes (2012) compared different models of transmission with different assumptions of
waning natural immunity (in the absence of vaccination) to reveal very different steady state infection prevalence. Our study
complements theirs by showing that the infection prevalence and its composition can largely vary under the presence of
vaccination and immune boosting. The boosting of immunity is modelled here as an instantaneous transition to ‘full’ im-
munity. How to best capture the complexity of this biological phenomenon and link it to observed population-level epide-
miological patterns is pathogen-specific and remains an open question.

A second component that deserves further attention is the effects of age-structure on the force of infection, which we have
not considered in our study.Where infection in infants may be associatedwith higher disease morbidity, a vaccine that delays
a primary (severe) case would result in the individual being older (on average) at first infection. The implication of a higher
average age of first infection is that the transmission would likely be affected due to mixing patterns between different ages
(Mossong et al., 2008). Indeed, studies have found that different mixing patterns can have a significant impact on the
transmission dynamics of an infectious disease (Kinyanjui et al., 2015; Lavine, Bjørnstad, de Blasio, & Storsaeter, 2012).

Our finding that decreased primary infection may not have a substantial impact on the overall infection prevalence due to

secondary infections is consistent with that of �Aguas et al. (2006). However, while they modelled the boosting of immunity as
an infectious process, our interpretation of boosting as a non-infectious process allows immune boosting to be more easily
triggered than a transmissible infection (n>1). The resulting dynamics of the SIRWS model depend critically on this
assumption; without it the model is unable to generate sustained oscillations (n<1) (Leung et al., 2016). Note that other
approaches can lead to sustained oscillations when the boosting occurs at a rate less than the force of infection (n<1), such as
the SIRS model with time delays (Barbarossa, Polner, & R€ost, 2017). Both our model and the one used by Heffernan and
Keeling (2008) showed that the interplay between immunity and vaccination can induce large-amplitude oscillations. Our
model differs from theirs in that we had two ‘stages’ of immunity (fully protected, or waning) while they discretised a
population-level transmission model into many immune stages linked by a model of within-host dynamics. Gomes et al.

Fig. 9. Ratio of secondary to primary infections. (aec) Secondary to primary infections ratios of one are shown for the SIRWS-delay (blue) and SIRWS-bypass
(red) models for different levels of vaccination coverage, p. For each model the main driver of transmission is primary infection to the right of the line, and
secondary infection to the left. The shaded regions show parameter ranges where the main drivers of transmission in the two models are different. Dashed lines
show where Tn ¼ Tv . Crosses mark the space ðTn;TvÞ ¼ ð30;18Þ. The mean infection prevalence is shown for the SIRWS-delay (d) and SIRWS-bypass (e) models for
ðTn; TvÞ ¼ ð30;18Þ.
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(2004) showed vaccination may fail to lower the infection prevalence due to reinfection. We complement their result by
showing that even when transmission is not driven by reinfections (but instead by primary infections), vaccination may not
be effective at lowering infection prevalence.

From an epidemiological and public health perspective, the peaks associated with the oscillations (Fig. 3) could stretch
public health services over short intervals. Knowingwhether primary or secondary infections are themain drivers (translated
to severe or asymptomatic cases) may affect the vaccination strategy if the main goal of the vaccination programme is to
prevent disease (if not to prevent infection altogether). Our results show that since the advent of vaccination, asymptomatic
cases may be on the rise and be an important source of continued transmission. These potential asymptomatic cases may not
necessarily be recorded (or observable) in data.

Vaccines may also reduce an individual's ability to acquire or transmit a subsequent infection. We have not explored the
potential impact of reduced susceptibility or reduced infectiousness on the epidemiological patterns of disease under the
presence of immune boosting. How these reductions may influence the composition of the infectious population and
epidemiological patterns in the presence of immune boosting is left for future work. Our study highlights the importance of
obtaining a better understanding of the persistence of immunity for any particular pathogen. Untangling the mechanisms
responsible for protection against infection, against disease and against transmission remains a challenge.
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Appendix A. Absence of limit cycles in the SIRS model with immune boosting

In this appendix we reduce the SIRWS model studied by Dafilis et al. (2012) from a four-dimensional system to a three-
dimensional system and show that the three-dimensional system (unlike the four-) does not exhibit limit cycles.

Under specific substitutions detailed in the main text, the SIRWS-delay and SIRWS-bypass model both simplify to the
SIRWS model described by the following differential equations:

ds=dt ¼ mð1� sÞ � bisþ 2kw; (A1a)

di=dt ¼ bis� gi� mi; (A1b)

dr=dt ¼ gi� 2kr þ nbiw� mr; (A1c)

dw=dt ¼ 2kr � 2kw� nbiw� mw: (A1d)

In this model, the average transition time from r/w/s in the absence of immune boosting is 2=ð2kþ mÞ, which becomes
approximately 1=k for m≪1.

Nowwe combine the compartments r andw to reduce the system by one dimension by introducing a compartment R. We
let

R ¼ r þw

and introduce 1=bk to be the average transition time from r/w/s, denoted by

1bk ¼ 1
2k|{z}

average time from r/w

þ 1
2k

�
nbiþ 2k

2k

�
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

average time from w/s

;

which can be further simplified to

1bk ¼ nbI þ 4k
4k2

:

Under the reduction from two immune compartments to one (and using capital letters to denote the different com-
partments of the reduced system), the SIRWS model described in Eq (A.1) becomes

dS=dt ¼ mð1� SÞ � bISþ bkR; (A2a)

dI=dt ¼ bIS� gI � mI; (A2b)
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dR=dt ¼ gI � mR� bkR; (A2c)

where k̂ is the transition rate from R/S.
Recalling that Sþ I þ R ¼ 1 and substituting for k̂, Eq (A.2) can be rewritten as

dS=dt ¼ mð1� SÞ � bISþ 4k2

nbI þ 4k
ð1� S� IÞ; (A3a)

dI=dt ¼ bIS� gI � mI; (A3b)

R ¼ 1� S� I: (A3c)

The system described by Eq (A.3) has two equilibrium states. The ‘trivial’ equilibrium corresponds to the disease-free state

S�0 ¼ 1;
I�0 ¼ 0:

The nontrivial equilibrium corresponds to the endemic state

S�1 ¼ 1=R0;

where R0 ¼ b=ðgþ mÞ, and I�1 is the positive root of the quadratic equation

�nbðgþ mÞðI�Þ2 þ
�
mnbð1� 1=R0Þ � 4kðgþ mÞ � 4k2

�
I� þ

�
4kmþ 4k2

�
ð1� 1=R0Þ ¼ 0: (A4)

The characteristic polynomial of the Jacobian at the endemic equilibrium ðS�1; I�1Þ is given by FðlÞ ¼ l2 þ a1lþ a0, where

a1 ¼ mþ bI�1 þ
4k2

nbI�1 þ 4k
;

a0 ¼ bI�1

"
gþ mþ 4k2bn

�
1� S�1 � I�1

��
4kþ nbI�1

�2 þ 4k2

4k2 þ nbI�1

#
:

Using the RoutheHurwitz criteria, for R0 >1 the roots of FðlÞ have negative real-parts. Thus, the endemic equilibrium is
asymptotically stable, and the system described by Eq (A.3) does not exhibit limit cycles arising from Hopf bifurcation.

Appendix B. Additional figures for the SIRWS-bypass model

In this appendix we present figures of the SIRWS-bypass model. Comparing Fig. B.10 to its analogue Fig. 2 for the SIRWS-
delay model, both models undergo a Hopf bifurcation with sufficient vaccination coverage. The average infection prevalence
over periodic cycles may still rise above the scenario that is without vaccination. The infection prevalence peak heights and
interepidemic period of the SIRWS-bypass model in Fig. B.11 complement the analogous Figs. 3b and 4 of the SIRWS-delay
model.
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Fig. B.10. Mean infection prevalence of the SIRWS-bypass model. The mean infection prevalence is shown for varying vaccinated proportion, duration of
infection-acquired immunity (plots) and duration of vaccine-acquired immunity (colours). The gray dashed line indicates the mean infection prevalence in the
absence of vaccination (p ¼ 0). An open circle on a line denotes a Hopf bifurcation that generates sustained oscillations. To its left is the endemic steady state, and
to its right, the average infection prevalence as calculated over periodic cycles. Note the different colour scale in aec.

Fig. B.11. The infection prevalence peak heights for varying Tn and Tv years and the interepidemic period for the SIRWS-bypass model at p ¼ 0:6. The shaded area
indicates where Tv > Tn , and the gray dashed line marks where Tv ¼ Tn . The Hopf bifurcation lines are shown by red dash-dotted lines. The line with filled circles
indicates the points in parameter space with the maximum peak height of the periodic cycles.
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Appendix C. Additional comparisons of the SIRWS-delay and SIRWS-bypass models

In this appendix we provide additional comparisons of the SIRWS-delay and SIRWS-bypass models. Figs. C.12 and C.13
show the decreasing trend in primary infection prevalence over increasing vaccination coverage for both models. Fig. C.14
shows a potential swap in the main driver of transmission (assuming primary and secondary infections are equally infec-
tious) from primary to secondary infections as vaccination coverage increases.

Fig. C.12. Mean of the eight compartments of the SIRWS-delay model. (aed): ðTn; TvÞ ¼ ð40;30Þ, (eeh): ðTn; TvÞ ¼ ð60;10Þ, (iel): ðTn; TvÞ ¼ ð80; 80Þ.

T. Leung et al. / Infectious Disease Modelling 3 (2018) 118e135132



Fig. C.13. Mean of the eight compartments of the SIRWS-bypass model. (aed): ðTn ; TvÞ ¼ ð40;30Þ, (eeh): ðTn; TvÞ ¼ ð60;10Þ, (iel): ðTn; TvÞ ¼ ð80;80Þ.
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Fig. C.14. Mean prevalence of primary and secondary infections for the SIRWS-delay and SIRWS-bypass models.

References

�Aguas, R., Gonçalves, G., & Gomes, M. G. M. (2006). Pertussis: Increasing disease as a consequence of reducing transmission. Lancet Infectious Diseases, 6(2),
112e117.

Althouse, B. M., & Scarpino, S. V. (2015). Asymptomatic transmission and the resurgence of Bordetella pertussis. BMC Medicine, 13, 1e12. http://www.
biomedcentral.com/1741-7015/13/146.

Barbarossa, M. V., Polner, M., & R€ost, G. (2017). Stability switches induced by immune system boosting in an SIRS model with discrete and distributed delays.
Society for Industrial and Applied Mathematics, 77(3), 905e923. http://arxiv.org/abs/1606.03962.

Barbarossa, M. V., & R€ost, G. (2015). Immuno-epidemiology of a population structured by immune status: A mathematical study of waning immunity and
immune system boosting. Journal of Mathematical Biology, 71(6), 1737e1770.

van Boven, M., de Melker, H. E., Schellekens, J. F. P., & Kretzschmar, M. (2000). Waning immunity and sub-clinical infection in an epidemic model: Im-
plications for pertussis in The Netherlands. Mathematical Biosciences, 164(2), 161e182.

van Boven, M., Mooi, F. R., Schellekens, J. F. P., de Melker, H. E., & Kretzschmar, M. (2005). Pathogen adaptation under imperfect vaccination: Implications for
pertussis. Proceedings of the Royal Society of London Series B: Biological Sciences, 272(1572), 1617e1624.

Broutin, H., Simondon, F., Rohani, P., Gu�egan, J. F., & Grenfell, B. T. (2004). Loss of immunity to pertussis in a rural community in Senegal. Vaccine, 22(5e6),
594e596.

Campbell, P. T., McVernon, J., & Geard, N. (2017). Determining best strategies for maternally-targeted pertussis vaccination using an individual-based model.
American Journal of Epidemiology, 5.

Cattaneo, L. A., Reed, G. W., Haase, D. H., Wills, M. J., & Edwards, K. M. (1996). The seroepidemiology of Bordetella pertussis infections: A study of persons
ages 1e65 years. Journal of Infectious Diseases, 173, 1256e1259. http://www.ncbi.nlm.nih.gov/pubmed/4349105.

Chen, Z., & He, Q. (2017). Immune persistence after pertussis vaccination. Human Vaccines & Immunotherapeutics, 13(4), 744e756.
Dafilis, M. P., Frascoli, F., Wood, J. G., & McCaw, J. M. (2012). The influence of increasing life expectancy on the dynamics of SIRS systems with immune

boosting. ANZIAM Journal, 54, 50e63.
Diekmann, O., Heesterbeek, J. A. P., & Metz, J. A. J. (1990). On the definition and the computation of the basic reproduction ratio R0 in models for infectious

diseases in heterogeneous populations. Journal of Mathematical Biology, 28, 365e382.
Elbasha, E. H., Podder, C. N., & Gumel, A. B. (2011). Analyzing the dynamics of an SIRS vaccination model with waning natural and vaccine-induced im-

munity. Nonlinear Analysis: Real World Applications, 12(5), 2692e2705. https://doi.org/10.1016/j.nonrwa.2011.03.015.
Ermentrout, B. (2002). Simulating, analyzing, and animating dynamical systems: A guide to XPPAUT for researchers and students. Philadelphia: Society for

Industrial and Applied Mathematics.
Fabricius, G., Bergero, P. E., Ormazabal, M. E., Maltz, A. L., & Hozbor, D. F. (2013). Modelling pertussis transmission to evaluate the effectiveness of an

adolescent booster in Argentina. Epidemiology and Infection, 141(4), 718e734.
Fine, P. E. M. (1993). Herd immunity: History, theory, practice. Epidemiologic Reviews, 15(2), 265e302.

T. Leung et al. / Infectious Disease Modelling 3 (2018) 118e135134



Glass, K., & Grenfell, B. T. (2003). Antibody dynamics in childhood diseases: Waning and boosting of immunity and the impact of vaccination. Journal of
Theoretical Biology, 221, 121e131. https://doi.org/10.1006/jtbi.2003.3181.

Gomes, M. G. M., White, L. J., & Medley, G. F. (2004). Infection, reinfection, and vaccination under suboptimal immune protection: Epidemiological per-
spectives. Journal of Theoretical Biology, 228(4), 539e549.

Heesterbeek, J. A. P. (2002). A brief history of R0 and a recipe for its calculation. Acta Biotheoretica, 50(3), 189e204.
Heesterbeek, H., Anderson, R. M., Andreasen, V., Bansal, S., De Angelis, D., Dye, C., et al. (2015). Modeling infectious disease dynamics in the complex

landscape of global health. Science, 347(6227), aaa4339. http://www.sciencemag.org/cgi/doi/10.1126/science.aaa4339.
Heffernan, J. M., & Keeling, M. J. (2008). An in-host model of acute infection: Measles as a case study. Theoretical Population Biology, 73, 134e147.
Heffernan, J. M., Smith, R. J., & Wahl, L. M. (2005). Perspectives on the basic reproductive ratio. Journal of the Royal Society Interface, 2(4), 281e293.
Hethcote, H. W., Horby, P., & McIntyre, P. (2004). Using computer simulations to compare pertussis vaccination strategies in Australia. Vaccine, 22(17e18),

2181e2191.
Keeling, M. J., & Rohani, P. (2008). Modeling infectious diseases in humans and animals. Princeton.
Kinyanjui, T. M., House, T. A., Kiti, M. C., Cane, P. A., Nokes, D. J., & Medley, G. F. (2015). Vaccine induced herd immunity for control of respiratory syncytial

virus disease in a low-income country setting. PLoS ONE, 10(9), 1e16.
Klein, N. P., Bartlett, J., Rowhani-Rahbar, A., Fireman, B., & Baxter, R. (2012). Waning protection after fifth dose of acellular pertussis vaccine in children. New

England Journal of Medicine, 367(11), 1012e1019. http://www.nejm.org/doi/abs/10.1056/NEJMoa1200850.
Kribs-Zaleta, C. M., & Velasco-Hern�andez, J. X. (2000). A simple vaccination model with multiple endemic states. Mathematical Biosciences, 164(2), 183e201.
Lavine, J. S., Bjørnstad, O. N., de Blasio, B. F., & Storsaeter, J. (2012). Short-lived immunity against pertussis, age-specific routes of transmission, and the utility

of a teenage booster vaccine. Vaccine, 30(3), 544e551.
Lavine, J. S., King, A. A., & Bjørnstad, O. N. (2011). Natural immune boosting in pertussis dynamics and the potential for long-term vaccine failure. Proceedings

of the National Academy of Sciences of the United States of America, 108, 7259e7264.
Leung, T., Hughes, B. D., Frascoli, F., & McCaw, J. M. (2016). Periodic solutions in an SIRWS model with immune boosting and cross-immunity. Journal of

Theoretical Biology, 410, 55e64.
Lloyd, A. L. (2001). Realistic distributions of infectious periods in epidemic models: Changing patterns of persistence and dynamics. Theoretical Population

Biology, 60(1), 59e71.
Magpantay, F. M. G. (2017). Vaccine impact in homogeneous and age-structured models. Journal of Mathematical Biology, 75(6-7), 1591e1617.
Magpantay, F. M. G., Riolo, M. A., de Cell�es, M. D., King, A. A., & Rohani, P. (2014). Epidemiological consequences of imperfect vaccines for immunizing

infections. SIAM Journal on Applied Mathematics, 74(6), 1810e1830. http://epubs.siam.org/doi/abs/10.1137/140956695.
McLean, A. R., & Blower, S. M. (1993). Imperfect vaccines and herd immunity to HIV. Proceedings of the Royal Society of London Series B, 253, 9e13.
McLean, A. R., & Blower, S. M. (1995). Modelling HIV vaccination. Trends in Microbiology, 3(12), 458e463.
Mossong, J., Hens, N., Jit, M., Beutels, P., Auranen, K., Mikolajczyk, R., et al. (2008). Social contacts and mixing patterns relevant to the spread of infectious

diseases. PLoS Medicine, 5(3), 0381e0391.
Pr�eziosi, M. P., & Halloran, M. E. (2003a). Effects of pertussis vaccination on disease: Vaccine efficacy in reducing clinical severity. Clinical Infectious Diseases,

37, 772e779.
Pr�eziosi, M. P., & Halloran, M. E. (2003b). Effects of pertussis vaccination on transmission: Vaccine efficacy for infectiousness. Vaccine, 21(17e18), 1853e1861.
Rozhnova, G., & Nunes, A. (2012). Modelling the long-term dynamics of pre-vaccination pertussis. Journal of the Royal Society Interface, 9(76), 2959e2970.
Safan, M., Kretzschmar, M., & Hadeler, K. P. (2013). Vaccination based control of infections in SIRS models with reinfection: Special reference to pertussis.

Journal of Mathematical Biology, 67(5), 1083e1110.
Siegrist, C.-A. (2008). Vaccine immunology. In S. A. Plotkin, W. A. Orenstein, & P. A. Offit (Eds.), Vaccines (pp. 17e36). Philadelphia, PA: Elsevier Inc.
Warfel, J. M., Zimmerman, L. I., & Merkel, T. J. (2014). Acellular pertussis vaccines protect against disease but fail to prevent infection and transmission in a

nonhuman primate model. Proceedings of the National Academy of Sciences of the United States of America, 111(2), 787e792. http://www.pnas.org/
content/111/2/787.full.

Wearing, H. J., & Rohani, P. (2009). Estimating the duration of pertussis immunity using epidemiological signatures. PLoS Pathogens, 5(10), e1000647.
Wendelboe, A. M., Van Rie, A., Salmaso, S., & Englund, J. A. (2005). Duration of immunity against pertussis after natural infection or vaccination. The Pediatric

Infectious Disease Journal, 24(5), S58eS61. http://www.ncbi.nlm.nih.gov/pubmed/15876927.
Whittle, H. C., Aaby, P., Samb, B., Jensen, H., Bennett, J., & Simondon, F. (1999). Effect of subclinical infection on maintaining immunity against measles in

vaccinated children in West Africa. Lancet, 353(9147), 98e102.

T. Leung et al. / Infectious Disease Modelling 3 (2018) 118e135 135



118 SIRWS model with vaccination

8.3 Summary

In this chapter we have extended and analysed an SIRWS model that differentiates

infection-acquired from vaccine-acquired immunity. This study has two major findings:

(1) vaccination can lead to a reduction in primary infections but not necessarily overall

transmission; (2) the mechanism through which immune boosting acts to provide protection

determines the main driver of transmission and composition of the infection prevalence.

That vaccine-acquired immunity is shorter than infection-acquired immunity has been

noted in pertussis [31, 166, 167]. This study shows that differences in the duration of

infection- and vaccine-acquired immunity (and different mechanisms for protection through

immune boosting) significantly impacts the dominant drivers of transmission. This study

highlights that the importance of establishing how mechanisms of immune boosting can dif-

fer between those with infection- and vaccine-acquired immunity, as it significantly impacts

infectious disease transmission.

We also presented a reduction of the SIRWS model that is slightly different to the one

derived in Chapter 6.2. However, both model reductions share similar qualitative dynamics

and changes from the SIRWS model.



Chapter 9

Discussion

9.1 Introduction

There is an intricate link between immunological responses and epidemiology of a disease.

Recurrent epidemics have been observed for some infectious diseases, yet the drivers of the

recurrence are unclear. Among a number of different explanations for recurrence, immune

boosting captures the possibility that a primed immune system can respond to a lower

dose of antigen than a naive one can. The primary aim of this thesis was to understand

how immune boosting influences infectious disease epidemiology. Mathematical models of

immunology and epidemiology have typically been studied separately, and there is still a

relative scarcity of models that combine the two fields. The mathematical models of my

study combine immune boosting and population-level transmission and join a growing list

of models that attempt to bridge the gap between immunology and epidemiology.

The subsequent sections will discuss the advances of this study (Section 9.2), limitations

of this study (Section 9.3), future directions of this study (Section 9.4) and conclusions of this

study (Section 9.5).

9.2 Advances of this study

As discussed in Chapter 4, the concept of immune boosting in mathematical models of trans-

mission can have a major impact on the epidemiology of infectious disease. In my study, I

have considered the influence of

• immune boosting on the estimation of the basic reproduction number R0,
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• interactions of immune boosting and cross-immunity on potentially recurrent epi-

demic behaviour,

• different mechanisms through which immune boosting can extend protection for

infection-acquired and vaccine-acquired immunity.

In this section, I revisit what has been learnt in my studies and reflect on the implications

of my findings.

9.2.1 Immune boosting leads to different estimates of R0

In Chapter 5, I derived the expressions for the endemic equilibrium of the SIRWS sys-

tem and related them to the endemic equilibrium of the standard SIR and SIRS models. In

Chapter 6, I reduced the SIRWS model from four to three dimensions to increase mathemat-

ical tractability for analysis. Unlike the standard SIR model and SIRS model, the infectious

proportion, I∗, at endemic equilibrium of the SIRS-boosting model does not monotonically

increase with R0 (or transmission coefficient, β). Recovered individuals face two competing

rates: waning immunity and immune boosting. At low R0, immunity more often wanes

than is boosted, and changes in I∗ are SIRS-like as R0 increases. Once R0 grows large

enough, immune boosting takes over, and changes in I∗ become SIR-like as R0 increases.

The transition from SIRS- to SIR-like with increasing R0 results in an intermediate value

of R0 for which I∗ is highest.

I estimated the R0 using the (now three-dimensional) SIRS-boosting model. Under

the assumption that the average age of infection, infection prevalence and average life

expectancy are given (or known) from epidemiological data, R0 is estimated under three

different model constructs, namely the SIR, SIRS and SIRS-boosting model with demogra-

phy. My findings showed that the estimated R0 decreases with duration of immunity, so

that R0 is highest with lifelong immunity (SIR model) and lowest with temporary immu-

nity and no boosting (SIRS model). Then, for a specific duration of immunity, R0 increases

with the strength of immune boosting. The estimation of R0 can then be translated into

critical vaccination thresholds, which is highest for the SIR model and lowest for SIRS. Dif-

ferent strengths of immune boosting in the SIRS-boosting model determine the value of the
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critical vaccination threshold between that of the SIRS and SIR model.

The estimation of R0 can change significantly depending on the strength of immune

boosting. This finding highlights the importance of choosing an appropriate model for pa-

rameter estimation. For a disease where immunity is not lifelong, the SIRS may be an

appropriate model, but the presence of immune boosting has the potential to increase the

estimated R0. Understanding the dosage of antigen required to stimulate a response in a

primed immune system versus a naive immune system would give insight to more appro-

priate immune boosting parameter values. This study forms a part of the broader field of

epidemiological quantity estimation using mathematical models. The distinct contribution

of this study is that the SIRS-boosting model that is used for the estimation of R0 accounts

for varying strengths of immune boosting.

9.2.2 Immune boosting and cross-immunity can generate sustained
oscillations

In Chapter 7, I constructed a two-pathogen model to explore the transmission dynamics in

consideration of immune boosting and cross-immunity (published in the Journal of Theoret-

ical Biology [98]). In the single-pathogen SIRWS model, sustained cyclic behaviour is only

observed when immune boosting is enhanced relative to the force of infection. In the two-

pathogen SIRWS model, cross-immunity can induce sustained oscillations when immune

boosting is inhibited or enhanced by re-exposure to the pathogen. Interactions between

immune boosting and cross-immunity can support different patterns of cyclic behaviour.

Overlapping attractors exist, and initial conditions can shift the population from one dy-

namical regime to another. Under symmetric cross-immunity, a small change in the degree

of reduced susceptibility can produce distinctly different patterns of sustained oscillations

in terms of period, amplitude and wave shape. Small asymmetry in cross-immunity, poten-

tially as a result of a vaccine, can lead the two pathogens to exhibit anti-phase oscillations

with different amplitudes. Initial conditions and antigenic asymmetry may play a role in

determining the dominant pathogen.

The intricate cyclic patterns of two pathogens make disease dynamics and burden dif-

ficult to predict. A catch-up vaccination campaign could be modelled as a change in initial
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conditions where a significant proportion of one compartment is impulsively transferred to

another compartment (say, from S to R). A vaccination campaign could lead to dynamical

changes in the system, and potentially, to a change in the dominance of one pathogen over

another. A better understanding of the immunological interactions between pathogens is

important for interpretation of epidemiological data of any particular disease.

To the best of my knowledge, models that incorporate cross-immunity and immune

boosting are lacking, particularly under the consideration that immune boosting may be

more easily triggered than a naive infection. In the absence of cross-immunity, strong im-

mune boosting (relative to the force of infection) is required for the model to generate sus-

tained oscillations. Where cross-immunity is present, weak immune boosting is sufficient

for sustained oscillations. For a disease with multiple causative pathogens, determining

the degree of cross-immunity, if it exists at all, between the pathogens and whether the

cross-immunity is symmetric would help to interpret epidemiological patterns. Determin-

ing whether a primed immune system inhibits or enhances a response to exposure relative

to a naive immune system would improve the calibration of biological assumptions used in

mathematical models.

9.2.3 Immune boosting under infection-acquired and vaccine-acquired
immunity

Chapter 8 details the extension of the SIRWS model to study the influence of vaccination

on infection prevalence in the presence of immune boosting (published in Infectious Disease

Modelling [97]). The extended SIRWS model allows the duration of vaccine-acquired immu-

nity to differ from that of infection-acquired immunity, and distinguishes between primary

and secondary infections. In this model, vaccination may induce cyclic behaviour. The up-

take of vaccination always leads to a reduction in primary infections but not necessarily in

overall transmission.

Additionally, I investigated the effect of two mechanisms of immune boosting on infec-

tion dynamics. If the boosting of vaccine-acquired immunity delays a primary infection,

primary infections are the main driver of transmission, assuming equal infectiousness for

all infections. If the same boosting instead bypasses a primary infection, then secondary
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drivers become the main source of transmission under a sufficiently long duration of immu-

nity. Frequent secondary infections would add difficulty to the identification of cases and

the control measures to reduce transmission.

In a scenario where a vaccine may not be effective at reducing secondary infections, I

established that secondary infections may become the main driver of transmission. How-

ever, this finding was based on the assumption that primary and secondary infections were

equally infectious. Determining the degree of infectiousness of secondary infections relative

to primary infections would lead to a better calculation of overall transmission. Further, a

better understanding of the contributions of primary and secondary infections could im-

prove infectious disease control strategies.

It is worth noting that in my models with vaccination, individuals whose vaccine-

acquired immunity has waned transition to the same susceptible compartment as those

who have never acquired immunity to the infection. It is unknown how infection dynamics

may change if individuals remain characterised by their vaccination history. Establishing

if, and how, vaccination history affects infection experience in the long term is challenging

to establish as dissecting the effects of duration of vaccine-acquired immunity would re-

quire datasets over a long time. It may be difficult to identify a correlate of protection for a

particular disease. Moreover, it may be hard to distinguish between primary and secondary

vaccine failure, or failure in ‘take’ and loss of immunity over time respectively. Changes

in vaccine content and immunisation schedules over time add further complexity in the

estimation of duration of vaccine-acquired immunity.

9.3 Limitations of this study

Like all models, the models I study in this thesis have limitations.

First, the analyses throughout this thesis focuses on the long-term or asymptotic be-

haviour of a system to understand epidemiological observations. However, what is observed

in nature may be short-term rather than long-term behaviour. In reality, control measures

such as vaccination programmes for particular diseases are implemented regularly, and

the short-term response to control measures can become important. Mathematically, vac-
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cination programmes can be represented as a change in initial conditions to the system,

meaning the trajectories to reach the eventual, long-term dynamics of the system are dif-

ferent. These short-term behaviours of the system were ignored in my thesis, and only the

long-term behaviours were considered.

Factors that may influence the transmission of a disease are potentially changing over

time, such as behavioural change or environmental fluctuations (e.g. temperature changes

by seasons or changes in behaviour over school terms). The inclusion of seasonality in

mathematical models is known to generate sustained oscillations. Indeed, other modelling

studies [38, 39] have looked into the impact of immune boosting and seasonal forcing on

infectious disease dynamics. In complement to these studies which focused on effects of

environmental fluctuations, the models of my study concentrate on the immunological in-

teractions, i.e. immune boosting in the presence of cross-immunity or vaccination.

Second, the process of acquiring immunity involves many biological mechanisms. In

my thesis, I have presented a simplification of the immune response for immune boosting.

With two immune ‘stages’ in the models of my study, re-exposure boosts immunity such that

the individual becomes fully immune to infection. However, it is plausible that rather than

preventing the infection altogether, immune boosting may instead modify one’s infection

experience, e.g. by reducing disease. How such modification may influence prevalence of

infection is unknown.

Third, this study focuses on the possibility that the response to exposure in an immuno-

logically experienced individual is enhanced relative to a naive individual (boosting rate

≥ force of infection). Incorporation of this biological mechanism in mathematical models

allows the model to generate sustained oscillations. However, as immune boosting is not

well determined biologically, that the relative dose of exposure or antigen required to boost

existing immunity is lower than that required for a primary infection remains, for now, a

hypothesis. Determining the dose required for boosting, via animal models, for instance,

could add support for or against the idea that immune boosting is an endogenous force for

the observed variability in infectious disease dynamics.

Finally, while I have looked into varying durations of immunity following vaccination

and following natural infection on infection prevalence and transmission, I have not ac-
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counted for a vaccine that may reduce the probability of acquiring an infection or trans-

mitting the infection. Reduced infectiousness of infections following vaccination (or reinfec-

tions) would directly influence the force of infection and, thus, potentially the main sources

of transmission. Future work could concentrate on the effects of reduced susceptibility and

infectiousness upon reinfection or acquiring an infection following vaccination on epidemi-

ological patterns of infectious disease.

9.4 Future directions

My study has focused on the long-term infection dynamics with immune boosting. One could

focus on the short-term effects of immune boosting, especially when immunity is short-

lived. Short-term impacts can be different from long-term ones. Knowledge of the potential

immediate impact of public health policy decisions is important. One possible focus of short-

term dynamics could be the initial incidence peak following a vaccination schedule change.

Explanations for sustained oscillatory dynamics of infectious disease have led to ques-

tions about whether the variability is due to external or internal forces. Throughout this

thesis, immune boosting has been considered as an internal force for sustained oscillations.

However, external forces such as fluctuations in transmission rates due to temperature

changes and school terms are also known to explain sustained oscillatory dynamics. A pos-

sible direction of future work could be the inclusion of seasonality, to what effect it has on

infection prevalence in the presence of vaccination and on the dominant pathogen in the

presence of cross-immunity.

I have adapted a simple form of vaccination in my models, where complete immunity is

assumed upon vaccination until it wanes. One could look at the effects of incomplete im-

munity, perhaps in the form of reduced susceptibility to infection or reduced infectiousness

if infected, on disease dynamics in the presence of immune boosting. How imperfect vac-

cines can change the composition of infections (severe versus mild cases) in the presence of

immune boosting may reveal important considerations in the control of infectious disease.
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9.5 Conclusions

Understanding how immune boosting can influence the spread of disease has important im-

plications for disease control. In this thesis, I have constructed and analysed mathematical

models of infectious disease transmission, focusing on the possibility that immune boosting

can occur with a lower dose of exposure than a dose required to induce a primary infec-

tion. My findings show that immune boosting has significant impact on critical vaccination

thresholds, main sources of transmission and epidemiology of infectious disease.
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