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Abstract

Heart rate variability (HRV) analysis is a powerful non-invasive means to help
diagnose several cardiac ailments. The non-linear and non-stationary nature

of HRV necessitates the use of non-linear statistics such as ‘irregularity’ or ‘com-
plexity’ measurement to understand the complex nature of this physiological signal.
But, most of such measures need long-term recordings of HRV to extract any relev-
ant signal information. To do so from short-term (2-15 minutes of data) HRV data
has been a long-standing challenge in medical diagnosis. Using short-term HRV data
in place of the long-term ones significantly reduces the non-stationarity involved, in
addition to providing economizing benefits.

The most popularly used non-linear tools to measure signal irregularity from short-
term HRV data are the entropy measures like Approximate entropy (ApEn) and
Sample entropy (SampEn). These methods become unreliable and inaccurate most
times, due to their extreme sensitivity and dependence on parameters like the tol-
erance of inter-vector distance r. For a given length (N) of signal, one must choose
the most appropriate value of r to obtain an accurate estimate of entropy. Different
inputs of r give different entropy outcomes for the same signal and hence an incor-
rect parameter selection may give completely wrong estimates of signal regularity.
For biological signals, the recommended choice of r is 0.1-0.2 times the standard
deviation (SD) of the signal, found to be inappropriate in many cases of study. Cur-
rent research focuses on addressing this issue of irresolute r-selection by either (a)
introducing a criterion for appropriate selection of the parameter or (b) reducing
the impact of the parameter on entropy calculations.

This work aims at handling the issue differently; by proposing to eliminate the need
for using r as an input parameter in entropy estimations. We use a data driven,
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non-parametric approach that would automatically generate all appropriate r val-
ues for a given signal and eventually generate a complete profile (instead of a single
estimate) of entropy values. Here, we focus on achieving enhanced information re-
trieval by generating the complete entropy profile of a given signal in contrast to a
single entropy value that comes from traditional algorithms. Having a full profile
of irregularity based evidence is extremely beneficial when it comes to extracting
information from short-length (less than 2 minutes of data) data. This work also
focuses on signal classification of short-length HRV data based on factors like disease
and age. From short-length segments of heart rate recordings, we extract maximum
regularity based information using our non-parametric, data driven non-linear ap-
proach, and thereby classify signals with high accuracy and consistency.
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Datasets used in the thesis

Data Source
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Logistic map
signals

Signals generated using equation
xn+1 = axn(1− xn) of the chaotic systems
toolbox of MATLAB 2014Rb,a is a constant that
denotes level of irregularity. a is 3.5 for a periodic
and 4 for a chaotic signal respectively.

Synthetic
RR-interval
time series

Signals can be obtained from
https://physionet.org/challenge/2002/dataset.

RR-intervals
from healthy
‘young’ and
healthy
‘old/elderly’
subjects

Signals can be obtained from the Fantasia Database
(fantasia) of
https://www.physionet.org/cgi-bin/atm/ATM.

RR-intervals
from ‘healthy’
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Sinus Rhythm Database (nsrdb) of
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RR-intervals
from ‘Atrial
fibrillation’
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Signals can be obtained from the MIT-BIH Atrial
Fibrillation Database (afdb) of
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Synthetic
MIX(P)
stochastic signals

MIX(P) is a sinusoidal signal of n points, in
which n x P randomly chosen points are replaced
by random noise. Signals generated using
MATLAB 2014Rb.



Data Source
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signals from
healthy ‘young’
and healthy
‘old/elderly’
subjects

Signals can be obtained from the Fantasia Database
(fantasia) of
https://www.physionet.org/cgi-bin/atm/ATM.



Chapter 1

Introduction

1.1 Overview

Heart rate variability (HRV), a variation of the time period between consecutive
heart beats is a prognostic indicator of various physiological conditions like

disease, stress, aging, fitness and gender [12]-[14]. Heart rate is a non-stationary
signal [5]. Its variability is a non-linear dynamic physiological process that is complex
and chaotic [1, 15]. HRV analysis is considered a powerful non-invasive technique
to monitor cardiovascular health and other significant physiological conditions. An
increased HRV is known to correspond to an increased heart rate complexity or
decreased heart rate regularity and vice verse. Every physiological condition is
associated with an increase or decrease in heart rate regularity thereby making
HRV analysis a useful clinical tool.

In general, HRV analysis is performed on 24-hour ambulatory (long-term) or 2-15
minute (short-term) recordings of heart rate data [5, 16]. HRV analysis can be done
in the time domain, frequency domain or both. In the time domain, various metrics
are directly obtained from the inter heart beat intervals (also known as RR intervals)
like SDNN (standard deviation of RR intervals) and SDANN (standard deviation
of averages of all 5-min RR intervals). Also, geometric indices come under time
domain analysis, where the RR interval time series is approximated to a geometric
shape from which HRV information is derived. In contrast, we have the frequency

1
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domain metrics like power spectral density where the frequency spectrum of RR
beat intervals is explored for HRV information. In spite of the wide use of these
metrics in HRV analysis, they are considered inadequate since all are linear measures
[1, 5, 17]. The physiological process of HRV being highly non-linear in nature cannot
be contained fully by linear approaches. This necessitates the use of non-linear
dynamic methods to carry out HRV analysis. Of these, the commonly used statistical
measures are correlation dimension, Lyapunov exponents, entropy algorithms and
Poincaré plot. In comparison to linear measures of HRV analysis, the nonlinear
methods are far more efficient in extracting information from HRV data. But, both
the linear and non-linear methods are highly influenced by data length.

Due to procedural and economical constraints, it is widely desired to carry out HRV
studies on short-term data. The use of short-term data facilitates quick signal ac-
quisition and hence supports a patient friendly procedure, reduces diagnosis and
consultation times, leading to reduced medical expenses and also will have a mini-
mal influence from motion artifacts [18]. To analyse short-term HRV data, the most
popularly used non-linear tools are the KS-entropy (Kolmogorov-Sinai) methods.
Non-linear KS-entropy algorithms like approximate entropy (ApEn) and sample en-
tropy (SampEn) are efficient in dealing with short-term data, but their dependence
on input parameters affects the quality of information retrieval to a great extent.
Elimination of parametric dependence of such methods will prove beneficial in the
context of information retrieval from short-term heart rate data.

1.2 Research problem: significance and challenges

The possibility of extracting information from a time series increases with its data
length [19]. Consequently, from shorter lengths of data, it is relatively challenging
to obtain adequate information. In HRV analysis, being able to extract information
from a minimal length of heart rate data is beneficial in several ways [18]. For HRV
analysis of short-term data, some of the linear frequency domain methods were
considered suitable [5]. However, such linear methods are unable to capture the
complete dynamics of non-linear heart rate signals [1, 5]. Using non-linear methods
of HRV analysis becomes a requirement then. Various time domain approaches
like Poincaré plot, Correlation dimension, Lyapunov exponent and entropy methods
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Figure 1.1: Research publications on Non-linear methods of HRV analysis

have been explored in this context. As per the yearly statistics of PubMed results,
we can see that over the last ten years, the Poincaré plot and entropy methods
(ApEn and SampEn) have been the most popularly used, in comparison to other
non-linear measures of HRV analysis (Fig. 1.1). Despite its popularity as a non-
linear method, the Poincaré plot generates regularity indices or descriptors that are
mostly linear, thereby becoming less preferred for use in HRV analysis [1, 20]. This
is where methods like approximate entropy and sample entropy find their places.
ApEn and SampEn have known to be extremely useful non-linear measures for
HRV analysis on short-term signals. Here, the conditional probability of a signal
to remain similar at embedding dimensions m and m + 1 is estimated using r as
the threshold of similarity. These methods are extremely parametric (dependent on
choice of input parameters m and r) and this has a negative impact on prediction
accuracy and consistency [21, 22]. This is because entropy results change drastically
with small changes in the values of parameters m or r [23, 24].

The instability of entropy value with change in parameters m and r is an unde-
sired attribute of traditional methods such as ApEn and SampEn. [21, 22, 25, 26].
Though researchers have tried different means to optimize parameter selection and
thereby control parametric impact, the inconsistencies and inaccuracies due to pa-
rameters m and r remain. In particular, r is proven to be the most critical pa-
rameter in this regard [21, 25, 26]. This motivates us to make entropy methods
non-parametric, with respect to the parameter r, thereby eliminating the need to
choose r value as an input parameter.
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Different values of r lead to different entropy values for the same time-series data.
We understand that evaluating a signal’s entropy at a single value of r is not always
successful in characterizing signal regularity. We may require more information
about the signal’s entropy domain in order to conclude about its regularity. A
plausible solution to this is to find signal entropy at all potential r values thereby
obtaining the entropy profile of the signal with respect to r. The complete entropy
profile alone will help understand the dynamics and complexity associated with a
signal. In short, we are attempting to use parametric dependence as a tool to explore
signal dynamics.

In reference to existing methods and assumptions, there are two limitations in trying
to obtain the complete entropy profile of a signal; (i) lack of information regarding
potential r values; (ii) cumbersome process of calculating entropy for each and every
potential value of r. So far, traditional approaches have not worked towards finding
a potential set of r values. This is because the approaches have just been choosing
a single r value from a traditionally recommended set of values. However, this
traditional set of r values can also be used to obtain the profile. But this set may or
may not include all potential r values of the signal. This is because the traditional
r set was proposed based on its success when experimented on specific data and
therefore cannot be generalized across all data groups [21]-[23][25]-[27]. Moreover,
even if we were to use r values from the defined set, it becomes extremely tedious
to repeatedly find entropy at each r and thereby to obtain the whole profile.

Thus, we are in need of a computationally inexpensive strategy that would give us
an accurate estimate of the potential set of r values and at the same time generate
the complete entropy profile. This will eliminate the need for choosing a specific
appropriate value of r as input in order to get the right regularity estimate. For
a given signal at hand, the method must effortlessly generate entropy values at
all possible r values. Since this gives the entire regularity information, there will
henceforth be no ambiguity in results. In short, Entropy(N,m, r) a function of
N,m and r will then become Entropy(N,m), a function of just data length N and
embedding dimension m. The main challenge in this study will be to derive all
potential r values directly from the data, since this will require us to geometrically
link the dynamic behavior of a given signal to the properties of parameter r.

This thesis focuses on making entropy methods non-parametric with regards to
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the parameter r. Our study tries to extract HRV information from short-length
inter heart beat interval data without compromising on the quality of information
retrieval. In effect, our major objective is to formulate a non-parametric approach
for enhanced information retrieval of heart rate complexity from short-length heart
rate signals.

1.3 Research hypothesis

Kolmogorov-Sinai entropy based irregularity measures such as approximate entropy
(ApEn), sample entropy (SampEn) and fuzzy entropy (FuzzyEn) are widely used
for short-term HRV analysis. These entropy statistics are estimated for a specific
value of the tolerance parameter (r) that is mostly chosen from a common recom-
mended range. Entropy measurement on short-term signals is highly sensitive to the
choice of r. An incorrect selection of r results in an inaccurate entropy value thereby
leading to unreliable information retrieval. By addressing this inaccuracy due to r
selection, the quality and reliability of information retrieval can be improved. Thus,
we hypothesize that generating a complete entropy profile using all potential r val-
ues will give a more complete and useful information about signal irregularity in
contrast to the case of finding entropy at a single selected value of r. In order to do
so, one must be able to accurately select all potential r candidates. We propose to
use a data driven algorithm based on cumulative histograms to automatically select
potential r values for an individual signal based on its dynamics.

From short-length segments of corresponding HR recordings, we intend to extract
maximum adequate regularity information using our non-parametric, data driven
non-linear approach, and thereby classify signals with high accuracy and consistency.

1.4 Research outcomes and scope of the thesis

Our research outcomes are:

1. Analysis of various entropy measures such as ApEn, SampEn, FuzzyEn and
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DistEn used for HRV analysis on short-length heart rate data and evaluate
the influence of data length and other parameters on the measures

2. Development of a non-parametric approach (with respect to r) for HRV anal-
ysis on short-length heart rate data

3. Enhanced HRV information retrieval from short-length heart rate data

4. Use of entropy measures as features in the classification of short-length heart
rate data, based on factors like disease and age

The novelty of this work lies in its theoretical and practical outcomes. The theo-
retical outcome in this case is the evolution of a new perspective of non-parametric
information retrieval (specific to r) from short-length data and the practical out-
come corresponds to enhanced HRV information extraction and signal analysis on
short-length RR beat intervals.

The proposed approach can find application in many fields of biomedical research,
not restricted just to heart rate variability. However, we will demonstrate the scope
of our work on HRV analysis by focusing on

• The effect of disease on HRV: Considering some most common clinical patholo-
gies, (i) cardiac arrhythmia, (ii) Atrial Fibrillation, (iii) congestive heart failure
and (iv) Myocardial infarction

• The effect of age on HRV

1.5 Thesis outline

This thesis contains 7 chapters. The rest of the thesis is organized as follows:

Chapter 2: discusses the background and literature relevant to our study. Here, we
look at the definition and clinical significance of HRV, different linear and non-linear
measures to analyze HRV, followed by the reason for focus on entropy methods. Also,
we give a detailed explanation of the various entropy methods, their advantages and



1.5. Thesis outline 7

disadvantages, problems with information retrieval and existing methods to solve
the same. The chapter concludes by listing out and elaborating on the three major
research concerns that need to be addressed in the domain of short-length HRV
analysis using entropy methods.

Chapter 3: details the first contribution of the research; the significance of entropy
profiling in short-length signal ‘irregularity’ analysis. Here, we discuss the proposed
method of entropy profiling as a solution to eliminate the tolerance parameter se-
lection in entropy calculations. We give a description of the procedure of entropy
profiling using the proposed Cumulative Histogram Method (CHM), the outcomes
of entropy profiling over traditional methods, specially for short-length data, imple-
mentation of the method on ApEn and SampEn with single and multiresolution
distributions respectively, comparison of information retrieval from entropy profiles
as against single entropy values, presentation of case studies and results.

Chapter 4: is about the second contribution of the research; the significance of
entropy profiling in signal ‘complexity’ analysis. Here, we discuss the difference be-
tween signal regularity and signal complexity, the limitation of traditional entropy
algorithms to demarcate the two features, the introduction of multiscaling in en-
tropy analysis to get complexity based information from signals, the limitation of
multiscaling procedure, how entropy profiling helps tackle this problem, demonstra-
tion of the effectiveness of our method on specific physiological applications such as
Atrial fibrillation, presentation of case studies and results.

Chapter 5: elaborates on the third contribution of the research; cross-entropy profil-
ing to test pattern synchrony in ‘multivariate’ signals. Here, we discuss possibilities
of information retrieval from short-length segments of physiological multivariate sig-
nals. Presentation and comparison of results with existing traditional options for
bi-variate synthetic and physiologic signals have also been discussed here.

Chapter 6: highlights other minor contributions of the thesis such as distribution en-
tropy analysis. Distribution entropy (DistEn) being a contemporary to our method
in eliminating the r parameter, we explore different dimensions of DistEn in terms
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of its parametric dependence. We also propose mDistEn, a modified version of
DistEn that eliminates all unnecessary lags used in the precursory algorithm. We
highlight the physiological reason and significance behind the introduction of the
modified measure.

Chapter 7: discusses and gives a wrap up summary of results presented in the above
sections. A closing description of the research problem addressed in the thesis, the
solutions proposed, the significance of our contributions, major outcomes of the work
and a list of possible future extensions to the work are all given in this chapter.



Chapter 2

Literature review on the analysis
of short-term heart rate variability

This chapter elaborates on heart rate variability (HRV) signals and the various meth-
ods available to analyse them. Time-domain based linear and non-linear tools of
analysis are followed by the frequency-domain methods. The advantages and disad-
vantages of each method in relation to short-term HRV analysis are discussed here.
When handling non-linear short-term signals, KS-entropy methods such as ApEn
and SampEn come up to be the most suitable. So, a detailed elucidation on these
basic entropy measures, their parametric constraints that curb short-term HRV anal-
ysis and solutions proposed so far to reduce the limitations is given here. By thus
describing the most recent advancements in short-term HRV analysis using entropy
methods, the chapter proceeds to discuss three significant research gaps that need to
be addressed in the regard. Improvements to existing approaches are essential for
irregularity and complexity analysis of univariate and multivariate short-length HRV
signals. The chapter ends by giving a brief note on the feasibility of using current
entropy methods for physiological/pathological analysis on short-term HRV signals.
Overall, the chapter highlights why short-term analysis is important in HRV signals
and why current approaches fail to achieve the same.

9
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2.1 Heart rate variability

Non-linear fluctuations in inter heart beat intervals is termed Heart rate variabil-
ity (HRV) [28]. An inter heart beat interval specifies the temporal distance

between two consecutive heart beats. Also known as an RR interval, this is measured
as the time distance between two distinct R peaks in a functional electrocardiogram
(ECG) signal. As can be seen from Fig. 2.11, each cycle of the heart beat data (R-
to-R) has a different time period. This variation in time period among beat cycles
of the same data is defined as HRV.

R R

R R

Figure 2.1: Heart rate variability

The Sinoatrial (SA) node being the source of heart rate signals receives in-
put based on multiple physiological factors like sympathetic and parasympa-

thetic activities of the nervous system, respiration, humoral factors, physical activ-
ity, stress, food intake, hormonal activity, body temperature, baroreflexes, sleep ,
diseases and so on [18]. Interconnections between these factors and the heart rate
are highly non-linear and complex as shown in Fig.2.2. A variability in heart rate

1

Fig. 2.1 is adapted from http://www.care2.com/greenliving/is-personality-and-heart-rate-
variability-predictors-of-well-being.html
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Figure 2.2: Regulation of Heart rate: A complex, chaotic non-linear dynamic process
[1]
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occurs as a consequence of variation in inputs to the SA node. Analysis of this
variability in turn reflects the amount of complexity or randomness contained in the
cardiac signal. HRV is known to change with age, gender, disease and many such
conditions [13, 14], which makes HRV analysis a very significant clinical tool. The
clinical significance of HRV was first appreciated when Hon and Lee [29] in 1965
found that fetal distress was headed by changes in inter heartbeat intervals rather
than changes in heart rate. Following this, HRV potential has been explored and
proved in several cases like diabetic neoropathy, Cardiac arrhythmias, myocardial
infarction and dysfunction and so on [16, 30, 31].

2.2 HRV analysis methods

Based on guidelines presented by the Task Force of The European Society of Car-
diology and The North American Society of Pacing and Electrophysiology [5], there
are different methods to go about HRV analysis. Broadly, the methods can be
categorized into two; (i) time-domain methods and (ii) frequency-domain methods,
where analytical formulations are based either in the time or frequency domain re-
spectively. Of these, some methods assume linearity in the input HRV signals and
are called linear methods, while others work on the original non-linearity of HRV
dynamics and thereby are called non-linear methods. A brief description of different
methods in these categories is given below.

2.2.1 Time domain methods

Linear approach

Here, HRV is estimated by analyzing variations of RR beat intervals with respect to
time. From a continuous ECG recording, QRS complexes are identified and the dis-
tance between successive QRS complexes is termed NN (normal-to-normal) intervals
or more commonly as RR intervals (R peak-to-R peak). Time domain approaches
are the simplest to perform HRV analysis and normally use 24 hour ECG record-
ings for the purpose. Some of the common measures used are mean(RRintervals),
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mean(heartrate), (RRlongest − RRshortest) and so on. Slightly more complex time
domain measures are the statistical and geometrical measures that are elaborated
below.

2.2.1.1 Statistical measures

SDNN(ms) Represents the standard deviation of all RR/NN intervals usually
over 24 hours. The value reflects all components in the recording that are responsible
for the variability.

SDANN(ms) Stands for the standard deviation of the averages of NN intervals
in all 5-minute segments of the entire 24 hour recording. The value reflects the
variability due to cycles longer than 5-minutes.

SDNN index Represents the mean of standard deviations of NN intervals in all
5-minute segments of the entire 24 hour recording.

RMSSD(ms) Denotes root mean square of the sum of squares of differences be-
tween adjacent RR intervals.

SDSD(ms) Stands for standard deviation of differences between adjacent RR
intervals.

NN50(count) Represents the number of pairs of adjacent RR intervals differing
by more than 50 ms in the entire 24 hour recording.

pNN50(%) Denotes the percentage of adjacent RR intervals differing by more
than 50 ms in the entire 24 hour recording.
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These statistical measures are mostly based on variables like variance that are highly
dependent on data length.

2.2.1.2 Geometrical measures

In this case, the RR intervals are translated to a geometric shape, from which HRV
based information is perceived.

• Triangular index

In this geometric method, a histogram is first formed out of all the RR intervals,
where the count in each bin corresponds to the number of RR intervals having a time
period less than that represented by the respective bin. Each bin is proportional to
a time period given by

tk = k ∗
(

1
fs

)
(2.1)

where, tk is the time period represented by the kth bin and fs is the sampling rate
of the ECG recording. The index can then be defined as follows

HRV triangular index= Total number of RR intervals
Maximum height of the histogram

TINN (ms) Triangular interpolation of the histogram of NN intervals. Here
again, a histogram similar to the one described for triangular index is formed. The
histogram is then approximated to an isosceles triangle and TINN is estimated as
the width of the triangle’s unequal side (normally the base).

• Differential index (ms)

Here, a histogram is formed out of the differences in successive RR intervals belong-
ing to the 24 hour recording (as shown in Fig. 2.3). From this, the differential index



2.2. HRV analysis methods 15

Figure 2.3: Differential index [2]

D1 is calculated as the base width of the triangle formed using histogram widths
(R1 and R2) at two different levels of the y-axis (Count of RR intervals). As can
be seen from Fig. 2.3 R1 corresponds to a count of 10,000 and R2 corresponds to a
count of 1000 [2].

• Logarithmic index

A histogram is formed out of the absolute differences in successive RR intervals
(d) belonging to the 24 hour recording. The histogram is then best approximated
to the negative exponential curve Ae−kd(t), where A is an arbitrary scaling factor,
d = [|∆(RR)|] and k is the coefficient that will be determined as an estimate of the
variability. Higher the value of k, lower is the variability and vice verse [32].

Non-linear approach

2.2.1.3 Poincaré plot

Given a cardiac interbeat time series {RR(n); 1 ≤ n ≤ N}, the Poincaré plot,
also known as return map, is a plot of RR(n) Vs RR(n + 1) for 1 ≤ n ≤ N −
1 (Fig.2.4). This being the simplest of nonlinear methods is a visual technique
to recognize hidden correlation patterns of a time series signal. The shapes of
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Figure 2.4: Poincaré plot [3]

these plots differed for a healthy and diseased subject (Fig.2.5) which provided a
qualitative estimation of complexity in the respective signals [4]. Apart from this,
Tulppo et. al. [33] fitted an ellipse to the shape of the Poincaré plot and defined
two standard descriptors of the plot SD1 and SD2 for quantification of the Poincaré
plot geometry. These standard descriptors represent the minor axis and major axis
of the ellipse respectively (Fig.2.6). Following this, Brennan et. al. [3] came forward
defining the descriptors using linear statistics, where SD1 and SD2 were shown to
represent short-term and long-term variability of the signal respectively. The 45
degree line of Fig. 2.6 is called the identity line. All points of the Poincaré plot
that fall on this line represent RR(i) = RR(i + 1). SD1 and SD2 measure the
dispersion of points perpendicular to and along the line of identity respectively [20].
SD1 and SD2 are related to the two time-domain parameters SDNN and SDSD
respectively that were already mentioned in section 2.2.1. These descriptors however
contained only shape based information and not any temporal information. This
lead to inaccurate results in some cases. As a solution, in 2009, Karmakar et al.
[20] proposed the Complex Correlation Measure (CCM), which captures temporal
information by obtaining Poincaré plots at multiple lags of the signal (In contrast
to just lag-1 consideration in the traditional case).
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(a) Poincaré plots of healthy RR intervals

 

(b) Poincaré plots of diseased RR intervals

Figure 2.5: Poincaré plot: Healthy Vs diseased RR intervals [4]
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Figure 2.6: Quantitative analysis of Poincaré plot [3] Descriptors SD1 and SD2
represent the variability of points along the width and length of the fitted ellipse
respectively.

2.2.1.4 Fractal dimension (FD)

A fractal is a geometrical structure that when looked at smaller scales resembles
the whole set [34] and fractal dimension (FD) is a measure of complexity contained
in the structure. FD talks about how geometrical details in the structure change
with respect to the scale at which they are being measured. There are different
algorithms used to calculate FD, one of which is called the Higuchi’s [35] algorithm,
which is elaborated below.

Given a time series {x(n); 1 ≤ n ≤ N}, construct k new time series

xkm = {x(m), x(m+ k), x(m+ 2k), ...x(m+ (N −m
k

)k)} (2.2)

for 1 ≤ m ≤ k.

where k stands for the discrete time interval between points and m is the initial
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discrete time value. Thus, for a chosen value of k, we get k new time series using
equation (2.2).

The length of each xkm is given by

Lm(k) =

{(

[
N−m
k

]
∑
i = 1

|x(m+ ik)− x(m+ (i− 1)k)|). N−1
[N−mk ].k}

k
(2.3)

The procedure is repeated for different values of k ranging from 1 to kmax. Thus, we
obtain Lm(k); 1 ≤ k ≤ kmax. From this a plot of ln(Lm(k)) Vs ln(1/k) is generated.
In this plot, slope of the least-squares linear best fit is equal to the FD.

2.2.1.5 Correlation dimension (CD)

Correlation dimension is a fractal measure similar to FD and is estimated using the
algorithm formulated by Grassberger et al. [36]. First, a phase space plot of the
given time series {x(n); 1 ≤ n ≤ N} is generated, where X-axis represents the signal
x(n) and Y-axis represents the signal after a delay i.e., x(n+delay). An appropriate
delay is chosen using minimal mutual information technique [37]. Then, a correlation
function C(r) is estimated as

C(r) = 1
N2 [No. of pairs of (i, j) with s(i, j) < r] (2.4)

where, s(i, j) = |xi− xj|. Thus, C(r) is a probability that the distance between two
arbitrary points on the orbit is less than a chosen value r. From this, CD is defined
as

CD = lim

r → 0

log(C(r))
log(r) (2.5)
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The CD value is normally high for a chaotic signal and low for a rhythmic signal.
Thus, with regard to HRV, a normal heart rate signal corresponds to a high CD

value, while a diseased heart rate signal will show a lower CD value [34].

2.2.1.6 Largest Lyapunov exponent (λ)

The Lyapunov exponent (λ) is a measure of the rate at which signal trajectories
diverge from each other [28]. The parameter shows the sensitivity of the system to
initial conditions. The exponent value is higher in the case of chaotic signals and
lower in the case of periodic signals. To calculate λ, the algorithm proposed by Wolf
et al. [38] is used, which is elaborated below.

Let us consider two neighboring points in space say, x and x + ∆x. The difference
between these two pints ∆x will be a function of location of points in space and
time. i.e., ∆x(x, t). In that case, λ is given by

λ = lim

t→∞

1
t
ln
|∆x(x, t)|
|∆x| (2.6)

The maximum positive value of λ is chosen.

In HRV analysis, normal heart rate signals correspond to a larger value of λ.

2.2.1.7 Hurst exponent (H)

The Hurst exponent is a measure of long-range dependence of a time series i.e., it
talks about the signal’s auto-correlations and their change with respect to increasing
lag between observed elements. Given a time series, {x(n); 1 ≤ n ≤ N}, let us form
a new time series x(k) which contains the first k elements of x(n). Let R(k) be the
range of the new time series and S(k) be its standard deviation. Then,
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H =
log(R(k)

S(k) )
log(k) (2.7)

In general, H > 0.5 for normal heart rate signals i.e., chaotic signals and H < 0.5
for more regular signals, e.g. diseased heart rate signals.

2.2.1.8 Kolmogorov-Sinai entropy (KS entropy)

The concept of kolmogorov-Sinai (KS) entropy was adopted by Grassberger and
Procassia to find regularity based information from a given time series. The method
was later improved by Takens and Eckmann-Ruelle [23, 27, 36, 39] and has since
then been widely used in HRV analysis.

The KS entropy can be defined as the conditional probability of two segments of
a time-series (of length N) matching at a length m + 1 if they match at a length
m, where the matching of sub-sequences is decided by the parameter r , given by
r = k ∗ SD of signal, where k can take values between 0 and 1. The KS entropy
measure is evaluated for the parameter limits r → 0, m→∞ and N →∞ [23, 27].
The KS entropy of a given time series {x(n); 1 ≤ n ≤ N} can be formulated as
shown below.

For a given value of the embedding dimension m:

1. Form (N −m+ 1) vectors of length m each, given by

{Xm
i : 1 ≤ i ≤ (N −m+ 1)}where

Xm
i = {x(i+ k) : 0 ≤ k ≤ m− 1} (2.8)

2. Similarly, form (N −m) vectors of length (m+ 1) each, given by

{
Xm+1
i : 1 ≤ i ≤ (N −m)

}
where

Xm+1
i = {x(i+ k) : 0 ≤ k ≤ m} (2.9)
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3. Take each Xm
i vector of step 1 as a template vector and find its distance from

every vector of Xm
j , where the distance is given by

dmij = {max|Xm
i −Xm

j |: 1 ≤ j ≤ (N −m+ 1)} (2.10)

4. Let Bi be the count of the number of vectors of Xm which lie within a distance
r of the vector Xm

i

5. The probability of a vector Xm
j to lie within a distance r of the vector Xm

i is
given by

Cm
i (r) = Bi

N −m+ 1 (2.11)

6. Finally, we take the average of the natural logarithms of these probabilities
for i ≤ (N −m+ 1) as

Φm(r) = 1
N −m+ 1


N −m+ 1∑
i = 1

lnCm
i (r)

 (2.12)

7. Repeating steps 3 to 6 for the (m+ 1) dimension, we get

Φm+1(r) = 1
N −m


N −m∑
i = 1

lnCm+1
i (r)

 (2.13)

The above steps are repeated for limiting values of N,m and r, till a convergence of
[Φm(r)− Φm+1(r)] is obtained and this converged value corresponds to KS entropy
or simply Entropy of the signal.

Entropy(N,m, r) = lim

r → 0
lim

m→∞
lim

N →∞
[Φm(r)− Φm+1(r)] (2.14)

The existence of such strange attractors makes the method computationally expen-
sive in most cases.
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2.2.1.9 Approximate entropy (ApEn)

In 1991, S.M. Pincus [27] introduced a new regularity statistic called ‘Approximate
entropy’ which is an approximated version of Kolmogorov-Sinai (KS) [23, 27] en-
tropy. ApEn is the KS entropy estimated at a single value of r, m and N .

Given a time series {x(n); 1 ≤ n ≤ N} of length N ,

ApEn(m, r) = Φm(r)− Φm+1(r) (2.15)

where Φm(r) and Φm+1(r) are calculated as per steps 1 to 7 of KS entropy method.

Single values of embedding dimension m and tolerance r are chosen from recom-
mended ranges of {2,3,4} and {[0.1-0.2]* SD of signal} respectively.

2.2.1.10 Sample entropy (SampEn)

ApEn was considered a biased measure since its computation included self-matches
of sub-sequences i.e., while calculating vector distances from equation 2.10, distance
of every vector from itself is also included in the set. These self matches do not
contribute logically to the procedure. They are included only to prevent entropy
values from being undefined (min(Bi) = 1 in equation 2.11). But as a consequence,
ApEn always showed higher regularity than the signal contained. Yet another issue
was ApEn being highly influenced by data length N [24, 40, 41]. In order to rectify
these issues, Richman and Moormann, in 2000, proposed ‘Sample entropy’ [24].
Sample entropy completely eliminated self matches from the evaluation process and
was observed to be more consistent in comparison to ApEn [40, 41]. But, this
increase in accuracy and consistency was at the cost of getting undefined values of
SampEn at lower values of N and r and higher values of m [42, 43].

SampEn formulation is a slightly modified version of ApEn formulation. Here,
self matches between vectors are avoided from the calculations and also the same
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number of template vectors are used in m and m+ 1 dimensions. For a given time
series data of length N , sample entropy is calculated as

SampEn = ln Φm(r)
Φm+1(r) (2.16)

where

Φm(r) = 1
N −m

N −m∑
i = 1

Cm
i (r) (2.17)

Φm+1(r) = 1
N −m

N −m∑
i = 1

Cm+1
i (r) (2.18)

Cm
i (r) being the probability of a vector Xm

j to lie within a distance r of the vector
Xm
i ,1 ≤ j ≤ (N −m),j 6= i. Similarly, Cm+1

i (r) is the probability of a vector Xm+1
j

to lie within a distance r of the vector Xm+1
i ,1 ≤ j ≤ (N −m),j 6= i.

2.2.2 Frequency domain methods

Here, HRV is estimated by analyzing how much of the RR beat interval signal lies in
each frequency band of a specific frequency range. In short, these measures talk of
the distribution of the signal variance with respect to frequency. The most popularly
used frequency domain measures have been elaborated below, all of which are linear
in nature.

2.2.2.1 Power Spectral density (PSD) analysis

The concept was introduced into HRV analysis by Akselrod et al. [44] in 1981.
HRV analysis is popularly done using one of three distinct methods; (i) Fast Fourier
Transform method, (ii) Model based autoregressive method and (iii) Lomb-Scargel
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method. Apart from these two methods, the Lomb-Scargle periodogram is also
being used in some cases of spectral analysis. In all these methods, a periodogram
is calculated as the estimator of power spectral density.

2.2.2.2 Periodogram

Suppose that a given discrete time series x(n) has N samples spaced at a uniform
interval of ∆t. Then the periodogram is equal to the modulus squared of the DFT
of x(n).

P (f) = ∆t
N

∣∣∣∣∣∣∣∣∣
N − 1∑
n = 0

x(n)e−j2Πfn

∣∣∣∣∣∣∣∣∣
2

,− 1
2∆t ≤ f ≤ 1

2∆t (2.19)

where, 1
2∆t is the Nyquist frequency.

2.2.2.3 FFT based periodogram for spectral analysis

In most cases, a Fast Fourier Transform (FFT) of the series of RR intervals [5, 45]
is obtained in order to split the signal contents into distinct spectral components.
FFTs are easier, the only concern being that it needs a prior selection of parameters
like number and range of frequency bands, central frequency of each band and so
on.

Given a discrete time series {x(n); 1 ≤ n ≤ N}, its Fast Fourier Transform is given
by

X(F ) =
N∑

n = 1
x(n)e−j2Πfn (2.20)

In the FFT based PSD analysis, the time-series {x(n); 1 ≤ n ≤ N} is divided
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into k number of segments {xi(n); 1 ≤ i ≤ k}, each of length say M . Then, the
periodogram of each segment is computed as [46]

P i(f) = 1
M

∣∣∣∣∣∣∣∣∣
M∑

n = 1
xi(n)e−j2Πfn

∣∣∣∣∣∣∣∣∣
2

(2.21)

for 1 ≤ i ≤ k.

The periodogram of the complete signal is then calculated as the mean of all the k
periodograms, i.e.

P FFT (f) = 1
k

k∑
i = 1

P i(f) (2.22)

In the FFT based approach, higher the value of data length N , higher is the spectral
resolution, i.e., we may need long-term data to ensure an adequate spectral resolution
in these cases [47].

2.2.2.4 AR model based periodogram for spectral analysis

The non-parametric model based auto-regressive (AR) approach is an alternative
to FFT methods when it comes to dealing with short-term recordings [5, 45] The
method fits the given time series into an AR model, obtains the spectrum based on
model parameters and automatically estimates spectral parameter values to calcu-
late power associated with each spectral band [48]. However, the suitability of the
specific AR model needs to be verified with respect to the signal source [5].

Here, the time series {x(n); 1 ≤ n ≤ N} is modeled as the output of a linear
system, where the output variable is related linearly to its own previous values and
a stochastic term that represents noise input to the system.

In our case, let
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x(n) = −
p∑

k = 1
akx(n− k) +

q∑
k = 0

bky(n− k) (2.23)

where x(n) is the given time-series and y(n) is the system input (white noise).

An AR process is obtained when bk = 0; 1 ≤ k ≤ q and b0 = 1. ak coefficients are
then estimated using Yule-Walker equations [47]. The Yule-Walker equation in this
case is given by

γm = −
p∑

k = 1
akγ(m−k) + σ2

yδm,0 (2.24)

where, γm is the autocovariance function of x(n), σy is the standard deviation of the

system input and δm,0 =

0 if m = 0

1 if m 6= 0

Here, m varies from 0 to p, thus yielding p+ 1 equations on the whole.

Now, the ak coefficients are calculated by solving the Yule-Walker equations for
1 ≤ m ≤ p; i.e.



γ1

γ2

γ3
...
γp


= −



γ0 γ−1 γ−2 · · · γ−p

γ1 γ0 γ−1 · · · γ1−p

γ2 γ1 γ0 · · · γ2−p
... ... ... ... ...
γp γp−1 γp−2 · · · γ0





a1

a2

a3
...
ap


(2.25)

Then equation 2.24 is solved for σyat m = 0,
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σ2
y =

[
γ−1 γ−2 γ−3 · · · γ−p

]


a1

a2

a3
...
ap


+ γ0 (2.26)

From the solutions of equations 2.25 and 2.26, the periodogram is calculated as

PAR(f) =
σ2
y∣∣∣∣∣∣∣∣∣1 +

p∑
k = 1

ake−j2Πkf

∣∣∣∣∣∣∣∣∣
2 (2.27)

2.2.2.5 Lomb-Scargle periodogram for spectral analysis

The FFT and AR model based periodograms require the input time series to be
evenly spaced, which is not so in the case of a heart rate signal. Thus while using
these approaches, it becomes necessary to do a bit of pre-processing (interpolation
& resampling) in order to deal with uneven samples. But this pre-processing may
distort original information contained in the heart rate data. As an alternative, the
Lomb-Scargle approach was introduced to deal with the unevenly spaced heart rate
signals. The Lomb-Scargle periodogram is given by

PLS(f) =

1
2σ2




N∑

n = 1
(x(n)−x̄)cos(2Πf(n−τ))


2

N∑
n = 1

cos2(2Πf(n−τ))

+ · · ·+


N∑

n = 1
(x(n)−x̄)cos(2Πf(n−τ))


2

N∑
n = 1

sin2(2Πf(n−τ))
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where, x̄ and σ2 are the mean and variance of the time series x(n) and τ is a
frequency dependent time delay given by

τ = tan(4Πfn) =

N∑
n = 1

sin(4Πfn)

N∑
n = 1

cos(4Πfn)

(2.28)

Here, τ makes sure that the sine and cosine coefficients are normalized separately
and therefore the transformation function is insensitive to time shifts in the given
time series. At the same time, the function will not interfere with the input if the
latter is evenly spaced [47].

On 24-hour ECG recordings, spectral analysis is done to obtain the power density
in 4 bands of spectral components; Ultra Low Frequency (ULF), Very Low Fre-
quency (VLF), Low Frequency (LF) and High Frequency (HF) as shown in Fig.2.7.
Each spectral band is mapped to the amount of variation happening at the respec-
tive range of frequency. Based on frequency information of physiological processes
linked to heart rate, a clinical correlation is obtained . For example, the HF and
LF bands correspond to respiratory and vasomotor activities respectively that cause
variability in heart rate [44, 48], whereas the ULF and VLF bands correspond to
thermoregulatory factors, baroreflexes, physical activity, hormonal releases and hu-
moral factors [32]. As far as recordings of length 2-15 minutes are concerned, the
spectral bands are largely restricted to VLF, LF and HF or just LF and VF, since it
is difficult to capture the lower frequency components at short data lengths [16]. In
general, HF components represent parasympathetic activities [45] and LF represents
both sympathetic and parasympathetic activities, while the ratio HF

LF
speaks of the

balance between sympathetic and parasympathetic activities. Also, The total power
of the spectrum can also be estimated which in turn denotes all components of the
signal that cause variability.
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Figure 2.7: Power density spectrum of RR beat intervals [5]

Time-frequency approach

When a signal is highly non-stationary, it is quite natural that frequency components
can change with time and time components of the signal may change over frequency.
When using either time-domain or frequency based approaches, a complete infor-
mation of the HRV dynamics is not obtained. Since frequency domain approaches
outrun time-domain methods in various aspects, researchers have tried to further
improve spectral techniques by incorporating time components into them. As a re-
sult multiple spectra are obtained over time instead of a single spectrum [45, 49, 50].
Short time Fourier Transforms (STFT), wavelet analysis and various time-frequency
distributions (TFD) have been used in this domain of HRV analysis [50].

2.2.3 Limitations of existing methods for use in short-term
HRV analysis

2.2.3.1 Advantages and disadvantages of existing HRV analysis methods

Analysis in the time or frequency domain has its own advantages and disadvantages.
In the time domain, the major advantage is that the methods are quite simple
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[28]. But the drawback is that the analysis depends on the length and quality of
ECG recording. These require at least 20 minute recordings (long term) to provide
accurate results [5]. Obtaining a high quality long-term ECG recording is not easy.

On the other end, spectral analysis is the best option when it comes to relating
HRV with clinical conditions or physiological activities [47]. But the problem with
frequency domain methods is that they assume stationarity of signals. Heart rate
signals being highly non-stationary cannot be assumed otherwise [5, 45], especially
when it comes to 24-hour recordings. Even with short-term signals, the assumption
is erroneous, but still can lead to comparable results due to lesser non-stationarity in
shorter data. Non-stationarity is an intrinsic property of physiological signals, spe-
cially HRV. This is the reason why we cannot eliminate non-stationarity but reduce
the impact of it. Shorter the signal, lesser will be the non-stationarity associated
with it. Most methods of HRV assume stationarity in the signal, which is considered
non-ideal. Since it is unwise to change the intrinsic nature of an incoming signal
(loss of information), the closest solution to the problem is to reduce the amount of
non-stationarity we must deal with.

In effect, it needs to be noted that with regard to data length, time domain measures
are more suitable for analysis on long-term signals [51], while frequency domain
measures are more suitable for short-term recordings.

But as far as heart rate signal acquisition is concerned, it is easier, more practical
and economical to obtain good quality short-term recordings in contrast to long-term
ones.

2.2.3.2 Need for short-term HRV analsyis

HRV is normally calculated from 24-hour Holter ECG recordings of subjects [30, 18].
But, obtaining long lengths of continuous heart rate data from subjects is associated
with practical, technical and monetary difficulties [5, 18], i.e.,

• Since the patient is monitored continuously for long hours, there will be a lot
of movement artifacts and noise in the signal
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• The process is not very patient friendly, due to movement restrictions

• Long-term signal acquisition and monitoring in turn increases hospital stay,
in-hospital costs, consultation times, doctor fee and so on.

It is always desired to obtain information from shorter lengths of data, say 2-15
minutes of ECG recording [18, 30], since this will eliminate drawbacks seen in long-
term signal acquisitions. But, obtaining accurate HRV information from short-
term data has always been a challenge. In most cases of diagnosis, HRV analysis
on long-term data is found to give better results in comparison to the short-term
counterparts [18, 19, 30], mainly due to lack of appropriate analysis methods for
short-term signals.

In this case, though frequency-domain based approaches seem to be more appro-
priate for short-term HRV analysis, there is a major problem associated here. The
frequency-domain methods are all linear. The given system is basically assumed to
be linear and then analysed. But, heart rate regulation is a highly complex and
non-linear process that cannot be contained or expressed using linear equations and
models [1, 5, 17]. Spectral analysis of healthy cardiac inter beat intervals revealed
a 1

f
like distribution, i.e, an inverse power-law spectrum [52], which evidenced the

presence of fractal dynamics and stochastic fluctuations in the underlying mecha-
nism [15]. In the year 1988, Babloyantz and Destexhe [53] demonstrated that the
heart is not a periodic oscillator by using different linear and non-linear techniques
for HRV analysis.

These studies suggested the inadequacy of linear techniques to completely examine
HRV and hence the scope of non-linear methods to fulfill the purpose. This brings us
back to time-domain methods, only that this time they are the non-linear ones. Non-
linear time-domain techniques such as Poincaré plot, Fractal dimension, Correlation
dimension, largest Lyapunov exponent, Hurst exponent and Kolmogorov entropy
gained popularity during this time. However, being time-domain methods, they are
also bound by data length restrictions.
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2.2.3.3 Entropy methods for short-term HRV analsyis

In order to address data length issues in non-linear time-domain methods, measures
such as ApEn and SampEn were introduced, that are approximated versions of the
KS-entropy. ApEn and SampEn require only short recordings of data for analysis
and therefore are well suited for short-term HRV analsyis. In general, these methods
are found to extract good quality analytic information from around 15 minutes of
HRV data [24, 27]. A summary of HRV analysis methods used for long and short-
term recordings are listed in Fig.2.8.

2.2.3.4 Parametric approach of entropy methods

The most crucial part of calculating the above entropy measures (ApEn and SampEn)
lies in the selection of appropriate parameter values for m and r [21, 22, 25, 26]. If
not chosen with a certain level of discretion, these parameters may give completely
wrong estimates of signal regularity [54]. For most signals, the recommended choice
of m is 2 and r is 0.1-0.25 times the standard deviation (SD) of the signal. But, the
choice has been always inconsistent over different data groups. Many studies have
reported the generation of misleading and ambiguous results when using prescribed
parameter values. Also, different values of m and r lead to different entropy values
for the same time-series data [23, 24]. This implies that the selection of [m, r] in itself
introduces a bias in the entropy calculation. Researchers have attempted to either
eliminate or reduce the impact of parameters [m, r] on entropy procedures. A brief
survey of different approaches related to this has been presented in the upcoming
sections.

Tolerance r The r parameter being the most critical of all happens to be the
major source of inconsistencies reported so far. For medical data analysis, Pincus et
al. proposed a recommended choice of r in the range of 0.1 to 0.25 times standard
deviation (SD) of the time series signal [23]. But numerous studies came up re-
porting experimental failure when choosing r in the prescribed range[21, 22, 25, 26].
Following this, researchers attempted to come up with criteria for an appropriate
selection of r or otherwise tried to reduce the influence of r on entropy measure-



2.2. HRV analysis methods 34

M
ea

su
re

 
Un

it
De

scr
ipt

ion
 

Sh
or

t t
er

m
Lo

ng
 te

rm
Lin

ea
r

Tim
e-d

om
ain

Sta
tis

tic
al

SD
NN

ms
SD

 of
 al

l R
R i

nt
er

va
ls

√
SD

AN
N

ms
SD

 of
 th

e a
ve

ra
ge

s o
f R

R i
nt

er
va

ls 
in 

all
 5-

mi
n s

eg
me

nt
s o

f t
he

 en
tir

e r
ec

or
din

g
√

SD
NN

 in
de

x
ms

me
an

 of
 SD

 of
 RR

 in
te

rva
ls 

in 
all

 5-
mi

n s
eg

me
nt

s o
f t

he
 en

tir
e r

ec
or

din
g

√
RM

SS
D

ms
oo

t m
ea

n s
qu

ar
e o

f t
he

 su
m 

of
 sq

ua
re

s o
f d

iff
er

en
ce

s b
et

we
en

 ad
jac

en
t R

R i
nt

er
va

ls
√

SD
SD

ms
SD

 of
 di

ffe
re

nc
es

 be
tw

ee
n a

dja
ce

nt
 RR

 in
te

rva
ls

√
NN

50
co

un
t

nu
mb

er
 of

 pa
irs

 of
 ad

jac
en

t R
R i

nt
er

va
ls 

dif
fer

ing
 by

 m
or

e t
ha

n 5
0 m

s i
n t

he
 en

tir
e r

ec
or

din
g

√
pN

N5
0

%
pe

rce
nt

ag
e o

f a
dja

ce
nt

 RR
 in

te
rva

ls 
dif

fer
ing

 by
 m

or
e t

ha
n 5

0 m
s i

n t
he

 en
tir

e r
ec

or
din

g
√

Ge
om

et
ric

al
Tr

ian
gu

lar
 in

de
x

√

TIN
N

ms
Ba

se
lin

e w
idt

h o
f t

he
 m

ini
mu

m 
sq

ua
re

 di
ffe

re
nc

e t
ria

ng
ula

r in
te

rp
ola

tio
n o

f t
he

 hi
gh

es
t p

ea
k o

f t
he

√
his

to
gra

m 
of

 al
l R

R i
nt

er
va

ls
Di

ffe
re

nt
ial

 in
de

x
ms

Di
ffe

re
nc

e b
et

we
en

 th
e w

idt
hs

 of
 th

e h
ist

og
ra

m 
of

 di
ffe

re
nc

es
 be

tw
ee

n a
dja

ce
nt

 RR
 in

te
rva

ls
√

me
as

ur
ed

 at
 se

lec
te

d h
eig

ht
s

Lo
ga

rit
hm

ic 
ind

ex
Co

eff
ici

en
t Φ

 of
 th

e n
eg

at
ive

 ex
po

ne
nt

ial
 cu

rve
 ke

-Φ
t  w

hic
h i

s t
he

 be
st 

ap
pr

ox
im

at
ion

 of
 th

e
√

his
to

gra
m 

of
 ab

so
lut

e d
iff

er
en

ce
s b

et
we

en
 ad

jac
en

t R
R i

nt
er

va
ls

Fre
qu

en
cy

-do
ma

in
To

ta
l p

ow
er

ms
2

Va
ria

nc
e o

f a
ll N

N 
int

er
va

ls
√

√
UL

F
ms

2
Po

we
r in

 th
e u

ltr
a l

ow
 fr

eq
ue

nc
y r

an
ge

 (≤
 0·

00
3 H

z)
√

VL
F

ms
2

Po
we

r in
 th

e v
er

y l
ow

 fr
eq

ue
nc

y r
an

ge
 (0

·00
3 H

z-0
.04

 H
z)

√
√

LF
ms

2
Po

we
r in

 th
e l

ow
 fr

eq
ue

nc
y r

an
ge

 (0
.04

 H
z -

 0.
15

 H
z)

√
√

HF
ms

2
Po

we
r in

 th
e h

igh
 fr

eq
ue

nc
y r

an
ge

 (0
.15

 H
z -

 0.
4 H

z)
√

√
LF

 no
rm

n.u
LF

 po
we

r in
 no

rm
ali

se
d u

nit
s  

LF
/(T

ot
al 

Po
we

r–
VL

F)*
10

0
√

HF
 no

rm
n.u

HF
 po

we
r in

 no
rm

ali
se

d u
nit

s H
F/

(To
ta

l P
ow

er
–V

LF
)*1

00
√

LF
/H

F
Ra

tio
 LF

/H
F

√

No
n-l

ine
ar

Tim
e-d

om
ain

Po
inc

ar
e p

lot
SD

1
ms

Sh
or

t t
er

m 
va

ria
bil

ity
√

SD
2

ms
Lo

ng
 te

rm
 va

ria
bil

ity
√

SD
1/

SD
2

ra
tio

 SD
1/

SD
2

√
√

CC
M

Co
mp

lex
 co

rre
lat

ion
 m

ea
su

re
√

Di
me

ns
ion

s
FD

Fra
cta

l d
im

en
sio

n
√

CD
Co

rre
lat

ion
 di

me
ns

ion
√

Ex
po

ne
nt

s
λ

La
rge

st 
lya

pu
no

v e
xp

on
en

t
√

H
Hu

rst
 ex

po
ne

nt
√

En
tro

py
KS

 en
tro

py
Ko

lm
og

or
ov

-Si
na

i e
nt

ro
py

 
√

Ap
En

Ap
pr

ox
im

at
e e

nt
ro

py
√

√
Sa

mp
En

Sa
mp

le 
en

tro
py

√
√

Su
ita

bil
ity

𝑻𝑻𝑻𝑻
𝑻𝑻𝑻𝑻
𝑻𝑻 𝒏𝒏
𝒏𝒏𝒏𝒏

𝒏𝒏𝒏𝒏
𝒏𝒏 𝑻𝑻

𝒐𝒐 𝑹𝑹
𝑹𝑹 
𝒊𝒊𝒏𝒏
𝑻𝑻𝒏𝒏
𝒏𝒏𝒊𝒊
𝑻𝑻𝑻𝑻
𝒊𝒊

𝑴𝑴
𝑻𝑻𝑴𝑴

 𝒉𝒉𝒏𝒏
𝒊𝒊𝒉𝒉
𝒉𝒉𝑻𝑻

 𝑻𝑻𝒐𝒐
 𝒉𝒉𝒊𝒊
𝒊𝒊𝑻𝑻
𝑻𝑻𝒉𝒉

𝒏𝒏𝑻𝑻
𝒏𝒏

 𝑻𝑻𝒐𝒐
 𝑻𝑻𝑻𝑻
𝑻𝑻 𝑹𝑹

𝑹𝑹 
𝒊𝒊𝒏𝒏
𝑻𝑻𝒏𝒏
𝒏𝒏𝒊𝒊
𝑻𝑻𝑻𝑻
𝒊𝒊   lin

ea
r in

dic
es

 

Figure 2.8: HRV analysis methods
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ments. In 2008, Lu et al. [25] proposed rmax as the most appropriate choice of
r, where rmax refers to the r value corresponding to maximum entropy. But, this
method was reported to lack consistency across data groups and also was considered
unsuitable in the case of SampEn [55]. In 2009, Chen et al. [56] came up with the
concept of Fuzzy entropy (FuzzyEn), which used a fuzzy membership similarity
function to decide sub-sequence matching. This was in contrast to the use of Heavi-
side functions in the case of ApEn and SampEn. In addition to solving the issue of
indefinite values that was seen in the case of SampEn, FuzzyEn was less influenced
by changes in r and was thus a better measure of complexity in comparison to the
earlier ones [42, 56].

However, with all these approaches, the problem that still remains unsolved is the
selection of an appropriate r. Although the above methods have in one way or the
other tried to reduce the influence of r changes over them, they still have to go about
with the use of a single r choice. And what this choice needs to be is still ambiguous,
since all these methods are associated with the risk of results flipping with different r
values [43, 57]. Researchers have also tried to completely eliminate the r parameter
from entropy calculations. In line with this, Li et al. [43] in 2015, introduced
Distribution entropy (DistEn). Though DistEn could eliminate r, in its place
comes a new parameterM . The method that uses empirical probability distributions
to compute entropy (inspired by Shannon entropy concept) usesM as the number of
bins in the distribution. M is seen to be a less critical parameter in comparison to r.
But, since DistEn is based on the concept of Shannon entropy while the others like
ApEn, SampEn and FuzzyEn are based on Kolmogorov entropy, it is irrelevant to
compare these two classes of measurement.

Embedding dimension m In 2006, Douglas E. Lake [58] used Renyi entropy
measures in order to eliminate the influence of the parameter ‘m’ on ApEn and
SampEn. Renyi entropy is a measure of Gaussianity contained in a signal [58].
Lake proved that ApEn and SampEn are differential Renyi entropy rates of order 1
and 2 respectively [58, 59]. Here, the idea was to use the theoretical limiting value
of entropy as m → ∞ and r → 0. This eliminates the need to choose a single
value of m or r. This is close to revisiting the definition of entropy as proposed
by Kolmogorov and Sinai [27]. However, using the traditional algorithms of ApEn
and SampEn, obtaining a convergence of entropy value as m → ∞ was difficult
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and unreasonable [58], due to issues such as self-matches in ApEn and undefined or
inaccurate SampEn values at lower data lengths. As a consequence, Lake introduced
correction terms to the ratio of probabilities used in traditional algorithms. This
modification when incorporated seemed to enable easy and quick convergence of
entropy through values of m [58]. Later in 2014, Aktaruzzaman and Sassi [59]
followed Lake’s approach and attempted a parametric estimation of SampEn, by
fitting time series data into an auto-regressive (AR) model. However, the problems
with these approaches are noise sensitivity [59] and the generalized interpretation of
Gaussianity in signals [58]. Also, the methods are not independent of the r choice.

2.2.3.5 Improved entropy methods for short-term HRV analysis

Fuzzy Entropy (FuzzyEn)

To reduce the influence of tolerance r on entropy estimations, Chen et al. [56] in
2009, came up with the concept of FuzzyEn, which is a measure of conditional
probability similar to SampEn but uses a fuzzy membership similarity function to
decide sub-sequence matching. FuzzyEn is less influenced by changes in r. For a
given signal of length N , FuzzyEn is given by

FuzzyEn(N,m, r) = ln Φm(r)
Φm+1(r)

where

Φm(r) = 1
N −m


N −m∑
i = 1

Cm
i (r)


where

Cm
i (r) = 1

N −m− 1


N −m∑

i = 1, i 6= j

Dm
ij



Here, Dm
ij = µ(dmij , r) is the similarity degree defined by a fuzzy membership function

µ which in this case is an exponential function given by exp(−(dij
r

)2). Thus, Cm
i (r)

is the probability of a vector Xm
j to be similar to the vector Xm

i by a degree Dm
ij ,
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for1 ≤ j ≤ (N −m),j 6= i.

Multiscale entropy

In 2002, Costa et al. [60] introduced the concept of multiscale entropy (MSE)
analysis that was inspired by Zhang et al.’s [61] approach in physical systems. Here,
a scale dependent entropy is obtained by considering coarse grained variables of
the original time series. The method was devised in order to address the issue of
unhealthy physiological signals having higher entropy values (ApEn, SampEn and
FuzzyEn) than their healthy counterparts in some pathologies like Atrial fibrillation
[60, 62]. Diseased systems are less complex compared to healthy systems and thus
must correspond to lower entropy values [60][63]-[66]. But, methods like ApEn and
SampEn represent the highly uncorrelated fluctuations (irregularities) seen in the
diseased systems and hence this rise in entropy value. Here, traditional algorithms
fail to obtain actual complexity based information because they do not analyze
the multiple scales inherent in physiological systems, instead they work only on a
single (shortest) scale [62, 63]. Thus adopting a multiscale approach increases the
accuracy and reliability of complexity information. Following this, there have been
a few improvements and generalizations to the MSE analysis [67, 68].

Distribution entropy

Inspired by the issue tackled in Costa et al.’s [60] multiscale entropy analysis, Li
et al. [43] in 2015 came up with DistEn. Distribution entropy (DistEn) is a re-
cently introduced complexity measure based on the information theoretic concept
of Shannon entropy. It is calculated based on the empirical probability distribution
function (ePDF ) of vector-to-vector distances of the signal [43]. DistEn is a func-
tion of three parameters; data length N , embedding dimension m and number of
bins M used in the probability distribution. In most cases, DistEn is known to be
less influenced by changes in N adM [43, 69]. In addition to this, DistEn performs
better than other entropy measures as a bio-marker especially for short length sig-
nals [43, 69]. DistEn’s efficiency as a complexity measure and a bio-marker has
been experimented and proved good in the case of both synthetic and physiologic
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signals [43]. However, DistEn does not show much promise in addressing the issue
of uncorrelated signals showing higher entropy values.

Cross entropy

The behavior of most biological systems is associated with more than one physiolog-
ical activity in the body (multivariate behavior). For instance, the cardiovascular
system is influenced by mechanisms like arterial blood pressure, heart rate, sympa-
thetic nerve activity and so on [1]. Behavioral prediction of such coupled systems
is better done when the synchronization between controlling mechanisms is stud-
ied. In 1996, Pincus et al. [70] extended his ApEn approach and introduced the
concept of ‘cross approximate entropy (X-ApEn)’ in order to measure the degree
of synchrony between two related time series signals. Thus here, template vectors
from a time series say X are taken and compared to vectors from a second time
series say Y . X is hence called the template time series and Y is called the target
time series. Though X-ApEn found application in various disciplines of biomedical
research [71], it had two major issues to be resolved; (i) X-ApEn was not always
defined [24], since its computations did not involve self matches unlike ApEn and
(ii) X-ApEn was direction dependent, i.e., when the order of template and target
time series interchanged, results no longer remained consistent [24]. To address
these issues, Richman and Moormann in 2000 recommended ‘Cross sample entropy
(X-SampEn)’ [24]. X-SampEn was found to be consistent and stable in comparison
to X-ApEn. To further enhance the stability, Xie et al. in 2010 replaced X-SampEn
by X-FuzzyEn [72]. One can notice that the evolution of cross entropy algorithms
(of multivariate series) have followed the same pattern as was seen in the case of
entropy (of univariate series) algorithms. Following this, the multiscaling approach
of Costa et al was merged with pattern synchrony of multivariate systems by Ahmed
et al. [73] in 2011.
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2.3 Research problems to be addressed in short-
length HRV analysis using entropy methods

2.3.1 Irregularity analysis on short-length HRV data

Since their inception, ApEn and SampEn have extensively found application in
extracting regularity based information from short-term (2-15 minutes of data) HRV
signals. A few of the applications include detection of cardiac arrhythmias such as
atrial fibrillation [74, 75] and cardiac dysfunctions such as congestive heart failure
[76, 77] and myocardial infarction [78, 79], age based and gender based discrimination
of HRV signals [18][80]-[82], fetal heart rate analysis [79, 83] , sleep apnea detection
[40] and so on. Despite being widely used for short-term HRV analysis, existing
questions and problems associated with the methods are as follows:

1. ApEn and SampEn are known to produce misleading regularity results owing
to their parametric restrictions, particularly the r parameter. A wrong choice
of r may give completely unreal regularity estimates for a signal. Thus, the
current scheme of r selection in entropy methods makes regularity estimation
unreliable.

2. A lack of logical flexibility in choosing r places its share of restrictions on
signal length as well. For the currently available mode of r selection, at least
1000 data points from the incoming signal are required for analysis. So, is
ApEn or SampEn incapable of handling signals below 1000 data points? This
cannot be explored or concluded unless the lameness in r selection procedure
is addressed. Thus, how do we make entropy methods suitable for use on
short-length (< 2 minute data) data?

Reportedly, an r choice between 0.1-0.25 times standard deviation (SD) of the signal
is recommended for signals of length between 50 to 5000, while estimating ApEn at
an m = 1 or 2 [84]. This was followed in SampEn estimation too. However, various
studies started reporting the inappropriateness of using such a generalized r choice
across data sets and urged the need for proper discretion while making the choice
[25, 54, 57, 83, 85]. To rationalize r selection, Lake et al. [83] in 2002 formulated
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a generalized approach where SampEn is first calculated for a range of r values
and then the optimal value (of r) is selected such that the relative error between
SampEn and CP (conditional probability of a match at length m + 1, given there
is a match at m ) is minimized. The main drawback in this approach is that the
initial range of r for which SampEn values are calculated, is again chosen from the
recommended 0.1-0.25 times standard deviation (SD) of the signal. This may not
be ideal, since the optimal r value might even exist outside this range as there is no
evidence that says otherwise.

In 2008, Lu et al. [25] introduced the concept of ‘Maximum Approximate Entropy
(MaxApEn)’ for logical selection of data specific r - denoted by rmax. The value
of rmax represents the tolerance at which ApEn is maximum for a given signal.
Since MaxApEn was observed to correctly reflect signal irregularity, the process of
selecting rmax was considered optimal and rational [25]. However, to find rmax and
MaxApEn, ApEn corresponding to different potential r values must be calculated.
This traditional approach is highly cumbersome [25, 26] and inefficient. As a remedy,
Lu et al. proposed a set of generalized equations to calculate rmax of the signal [25].
These equations were extrapolated with reference to random Gaussian white noise
signals of unit standard deviation. For this, ApEn of the signals was explored at
different values of r between 0 and 1 varying in steps of 0.01. At a given value
of m, rmax was defined as a function of signal length and signal variability. In
their work, Lu et al. derived generalized equations for rmax at three different values
of embedding dimension; m = 2, 3 and 4. rmax obtained thus was used to find
MaxApEn. Despite being computationally efficient, the equation based approach
has certain limitations that make its use unreliable and inconsistent; (i) since general
equations were derived on the basis of random linear signals, they fail to work
for signals exhibiting non-linear dynamics [26, 54], (ii) there may be applications
that require the use of an embedding dimension m > 4, which will then demand
burdensome derivations all over again , (iii) the approach uses a partial range of r
for calculating ApEn values, instead of finding the actual potential r range for the
given data. It is known that a function f(x) : x ∈ X has a real maximum at a point
say xmax , if f(xmax) > f(x)∀x ∈ X. Hence, knowledge of X in its complete form
is necessary to find xmax and f(xmax). Here, the ApEn range is restricted to values
corresponding to an r range of [0 1 ∗ SD of signal], which may not be the required
potential range to calculate rmax and MaxApEn, (iv) the approach uses a constant
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r resolution of 1
0.01∗SD of signal in the computation. The choice being arbitrary may

not be capable of capturing all potential r values in the range. A low or insufficient
resolution reduces the accuracy of global measures like ‘maximum’. Therefore in
case of calculating rmax and MaxApEn, the entire conceivable range of r has to be
defined with an appropriate resolution.

In 2009, a new entropy measure called FuzzyEn (Fuzzy entropy) was introduced
by Chen et al. [56], where the tolerance parameter r was replaced by a toler-
ance function (a fuzzy function involving r), to decide sub-sequence matching. The
method was a considerable improvement from ApEn and SampEn, since the esti-
mate’s dependence on r significantly reduced. However, FuzzyEn was still bound
by limitations of having to make an irrational assumption of r [57]. Liu et al. [86]
in 2013, proposed FuzzyMEn (Fuzzy measure entropy), to improve the stability
(with respect to r) and discriminating ability of FuzzyEn. More recently, in 2015,
Ji et al. [87] have yet again tried to improve the stability, discriminating ability and
noise robustness of FuzzyEn, by introducing rFuzzyEn (refined Fuzzy entropy).
Despite the advent of several versions of FuzzyEn, the fundamental problem of
irresolute r selection remains unsolved.

In 2011, Lake et al. [74] proposed a new regularity statistic CosEn (Coefficient
of SampEn), where the concept of a ‘minimum numerator count’ is used to select
the optimal value of threshold r. This regularity statistic removes the data length
limitation seen in SampEn estimation, making regularity analysis possible for N as
low as 12 data points. Another study [88] has used the ‘minimum numerator count’
idea on FuzzyMEn (Fuzzy Measure Entropy) and further improved the efficiency
(w.r.t CosEn) of the analysis. However, the ‘minimum numerator count’ method
requires the user to keep varying r and repeat estimation steps till an optimal CP
(conditional probability of a match at length m + 1, given there is a match at m )
is reached. Thus, the method undoubtedly has disadvantages discussed above, as in
the earlier approaches.

In 2015, there was yet another attempt to address r-selection issues in entropy
estimates. Peng Li came up with DistEn (Distribution entropy) [43], where the tol-
erance parameter r was completely eliminated and replaced by another parameter
‘M ’. Now, DistEn is an approach based on empirical distribution functions and M
constitutes the number of bins in this distribution. DistEn does compute vector-to-
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vector distances as in the case of statistics such as SampEn and FuzzyEn, however
instead of then finding vector matches (using r), DistEn generates a probability
distribution function of these distances (using M), eventually calculating the Shan-
non entropy. It is worth mentioning that although the performance of DistEn is
highly superior to SampEn (specially at lower data lengths), they are not from the
same family of probability measurement. In empirical terms, SampEn is a measure
of the conditional probability of a signal to remain similar at embedding dimensions
m and m + 1. Therefore, the regularity is measured for embedding dimensions m
and m+ 1. In contrast, for DistEn, entropy is measured based on the distribution
of vector distances for an embedding dimension of m only. Thus, the information
obtained using DistEn is different from that of SampEn, and hence cannot be
taken as a direct answer to the problem of irresolute r selection in SampEn (or any
of the KS-entropy methods).

Thus, as far as HRV regularity analysis is concerned, parametric dependence on r
is still a huge existing problem. A solution to this could result in ApEn, SampEn,
FuzzyEn and the like being made suitable, more accurate and reliable for ‘short-
length’ (N < 100, i.e., less than 2-minute data) HRV irregularity analysis . This the-
sis aims at addressing the issue of irresolute r-selection in entropy analysis, thereby
expanding the horizon of short-term HRV analysis.

2.3.2 Complexity analysis on short-length HRV data

ApEn and SampEn are primarily ‘irregularity’ statistics. They assess a signal’s
state of orderliness (or chaos) by surveying existential patterns interpreted from
the signal. An ‘irregular’ signal may not always be associated with a high level of
‘complexity’ and vice-verse. For example, when an original time series (say, one that
represents an underlying complex system) is randomized to form its surrogate time
series, ApEn or SampEn will be higher for the surrogate series than the original.
But, is this increase in randomness (or entropy) also a reflection of increase in
complexity of the representative system? No, because technically, randomization
breaks the inherent structure of the originally complex series, leading to information
loss, in other words loss of content/complexity [89].
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In such a case, can the irregularity statistics like ApEn and SampEn be equipped to
retrieve ‘complexity’ information as well? Well, the answer is yes, this has been made
possible by the idea of ‘multiscaling’ in entropy analysis. Costa et al. suggested that
‘complexity’ in a system is unveiled only by exploring the system at multiple spatio-
temporal scales while ‘irregularity’ in the system can be determined from a single-
scale based analysis (as is done in ApEn or SampEn). This implies: irregularity
when examined at multiple spatio-temporal scales can lead us to complexity related
information. Thus, Costa in her work proposed to conduct SampEn estimations at
multiple scales (ranging from 2 to 20), giving us the popularly known technique of
‘Multiscale Entropy Analysis (MSE)’. MSE analysis demonstrated to detect cardiac
abnormalities such as atrial fibrillation (AF) and congestive heart failure (CHF),
successfully revealed complexity information from the respective HRV signals, by
placing SampEn of healthy HRV above that of diseased HRV at the higher scales
(beyond scale 12 for AF and scale 2 for CHF) [62]. This is owing to the fact that a
healthy cardiac system is more complex in relation to one that is affected by AF or
CHF [28, 66].

The only limitation of MSE is the inability of the method to handle short-term
data. At every increasing scale in MSE, the original time series is coarse-grained
by the scale factor, thereby reducing data length from the original N to ' N

scale
.

So, if N is originally 1000, then at scale 20 the series length available for SampEn
estimation will be only around 50. From the previous section on existing problems
with regularity analysis, we understood that the regularity statistic SampEn cannot
handle N < 1000, unless the irresolute r-selection issue is resolved. So, currently the
minimum length required at the highest scale in MSE is 1000. Lower the original
data length N , lower will be the maximum scale achievable. For Costa, since she
explored scales till 20, the original data length of HRV signal she used was 20,000
[62]. Having summarized the findings with regard to MSE, we intend to answer two
major questions in this thesis:

1. Will addressing the issue of ‘irresolute r-selection’ have on impact on multi-
scaling?

2. How do we make multiscaling suitable for use on short-length data?
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2.3.3 Irregularity analysis on short-length multivariate data

In a complex set up such as the human physiology, a functional unit such as the
cardiac system is controlled by multiple parameters in the physiology [18]. The
synchrony between these parameters can be a diagnostic tool for indicating dis-
ease or just a physiological state. For instance, a rise in arterial blood pressure in
combination with a lowered respiratory rate may be an indication of a ventricular
dysfunction, the asynchrony between parameters indicating disease. Similarly, the
synchrony between blood pressure and respiratory rate will differ in elderly and
young subjects [73, 90], giving us age-related system information.

The correlation or degree of synchrony in multivariate (multi-parameter) data can
be estimated by using our very own regularity statistics like ApEn and SampEn,
using the idea of ‘cross-entropy’. The definition of cross-entropy was formulated in
1996 by Steve .M. Pincus [70], using his then evolving ApEn statistic. In his work,
Pincus had rightly foreseen the potential significance of cross-entropy measures in
gauging irregularity of multivariate systems [70]. Later, in 2000, the cross-entropy
formulation was adapted for use with the SampEn measure by Richman and Moor-
man [24]. Since then, a handful of results, mainly using synthetically generated data
and cardio-respiratory data have been reported in the context [72, 73, 90, 91]. Ana-
lysis on physiological data is limited here and focuses more on extracting complexity
based information from multivariate analysis, in which case multiscaling is employed
[73, 90]. Again, with all these implementations, the primary domain of improvement
continues to be parametric dependence of the entropy measures, which we try and
address in this thesis. In multivariate or cross-entropy analysis, we intend to address
the following:

1. How do we implement resolute r-selection in cross-entropy analysis?

2. How do we make cross-entropy analysis suitable for use on short-length data?



2.4. Feasibility of entropy methods to look for clinical significance in short-length HRV
data 45

2.4 Feasibility of entropy methods to look for clin-
ical significance in short-length HRV data

The impact of biological factors such as pathology and age on HRV are elaborated
below. How successful the analysis has been so far on short-length data is explored
in each case.

2.4.1 HRV and disease

There are some common points to remember when connecting HRV with disease:

1. In general, a normal HRV signal follows a regular and periodic pattern, rela-
tive to an abnormal (pertaining to diseased system) one. So, a healthy HRV
will yield a low estimate of regularity while that of an unhealthy HRV will
be high. As discussed earlier, the behavior might be different if the search
is for complexity in patterns rather than regularity. In some cases of cardiac
dysfunctions, a chaotic HRV may actually correspond to a lower complexity
state of the system, in contrast to general expectations. Experimental inter-
pretations differ with the data and mode of analysis used. Irregularity results
need not necessarily match complexity results for a cardiac condition.

2. Two different types of HRV analysis are common when detecting a cardiac con-
dition: (a) a subject-to-subject analysis, where unhealthy subjects are identi-
fied from healthy subjects using their respective HRV signals and (b) a beat-
to-beat analysis, where unhealthy heart beats are identified from normal or
healthy heartbeats from within a set of HRV signals.

2.4.1.1 Arrhythmia

Cardiac arrhythmia is the collective term used to indicate an abnormal or irregular
heart beat. As the name suggests, an arrhythmic HRV signal will be more irregular
compared to a healthy one, thereby giving a higher entropy estimate. Most of
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the work in arrhythmia detection has been based on a beat-to-beat analysis. All
varieties of classifiers such as SVM (support vector machine), neural networks, fuzzy
system, decision tree, clustering, ICA (independent component analysis) and many
more have attempted to detect arrhythmic heart beats from normal ones, using HRV
analysis for feature extraction [92]-[99]. Studies have also used entropy and other
non-linear measures such as Poincaré plot as classifier features [94, 100]. Specifically,
Jovic et al. [101], in 2012 had usedApEn, SampEn and even multiscale SampEn
in their classifier. A subject-to-subject classification of arrhythmia is completely
absent in literature. Studies have focused only on individual beats and not HRV
signals as a whole. Using information from an entire HRV signal may open up new
avenues in arrhythmia detection, which has been experimented in this thesis.

2.4.1.2 Atrial fibrillation

Atrial fibrillation (AF) is one of the most common types of cardiac arrhythmia,
meaning an abnormal heart rhythm. It is a condition where the atrial chambers
fibrillate instead of beating rhythmically. If left undiagnosed, AF may lead to com-
plications such as stroke [75]. AF is currently a very under-diagnosed disease as
per literature [75]. Advent of methods for a subject-to-subject regularity analy-
sis on AF data has been in progress from as early as 1970, where methods such
as auto-correlation functions, Markov process models, Wavelet transforms, time-
domain analysis, Poincaré plots and so on have been experimented [102]-[106]. Most
of these methods have worked on long-term signals only. Lake et al. in 2011 was
the first to try and implement the analysis on short-term (12-beat) AF data [74],
using an entropy measure (CosEn). For this, a new approach for logical selection
of r parameter was used. Recently, in 2018, the same approach has been used for
a beat-to-beat classification of AF data, with the same 12 data points [75]. But,
these methods are computationally extensive and are still bound by parametric re-
strictions, which will no longer be the case once the r-selection is made resolute.
A subject-to-subject complexity analysis to detect AF was done by Costa et al in
2002, using large data lengths (N = 20, 000). Complexity analysis on short-term
AF data is yet to be explored, which will be presented in this thesis.
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2.4.1.3 Congestive heart failure

The condition when the heart cannot efficiently pump enough blood to the entire
body is termed congestive heart failure (CHF). This is a life threatening case, which
ought to be diagnosed early [107]. Any cardiac ailment is supposedly detectable
from the ECG, that will then show abnormalities in rhythm [108]. How we use the
ECG to interpret and analyze the presence of such cardiac conditions is extremely
important. Methods of analysis need to be accurate, reliable and free of fuss. Several
studies have reported results on HRV analysis, in the classification of CHF subjects
from healthy subjects. Support vector machine and neural network based classi-
fiers have used time-domain and frequency-domain HRV features for the purpose
[108, 109]. Some methods have used wavelet and other transforms to derive linear
and non-linear features from the RR intervals [109, 110]. Three recently published
work have employed entropy measures among other classification features. Kumar
et al. [77] in 2017, have used flexible analytic wavelet transform (FAWT) to de-
compose the original HRV signal into frequency sub-bands and then computed the
accumulated FuzzyEn and permutation entropy to be used as classification features
in an SVM classifier. Similarly, Li et al. [111] in 2018, have used information from
SampEn and FuzzyEn in their neural network based approach. Non-linear en-
tropy methods have not been used much in this classification problem, except in the
case of complexity analysis using multiscaling approach. In 2019, Isler et al. [112]
have used a combination of time-domain features, frequency domain features and
non-linear features (Poincaré plot, symbolic dynamics, detrended fluctuation anal-
ysis and SampEn) in a multi-stage classifier. Methods using entropy measures as
classification features have significantly outperformed other approaches [112]. CHF
diagnosis using entropy methods has a lot of scope for testing and improvement,
which we execute in this thesis. In this work, SampEn in its improved form (on
addressing r-selection) will be tested for its efficiency, reliability and robustness as
a classification feature to detect CHF.

2.4.1.4 Myocardial infarction

Myocardial infarction (MI), more commonly known as a heart attack is the damage
caused to a heart muscle owing to shortage of blood flow to it [113]. This occurs due
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to blockage in the myocardial arteries, cutting the supply of oxygenated blood to the
myocardium [114], MI can be fatal and is in most cases a silent influx [115], the very
reason for which its early detection becomes extremely important. MI is reflected as
changes in a normal ECG (Electrocardiogram) signal obtained from the heart [115].
For example, ST segement changes in the form of elevations or depressions, T wave
changes and so on are noticed in MI affected ECG recordings . A visual inspection
of ECG for such physiologically significant changes may not be very accurate, since
this may require unbiased human interpretation. An automated system to detect
and classify MI beats from normal ECG beats has become a necessity in the recent
past [115, 116]. Classifiers based on hidden markov models (HMM), fuzzy multi-
layer perceptron, discrete wavelet transform, empirical mode decomposition and
so on have been attempted to acheive the same [116]-[119]. Recently, there has
been an increasing interest in the use of regularity measures such as sample entropy
(SampEn) as features in classifier models [115]. In this thesis, the impact of resolute
r selection in SampEn algorithm is explored, when used to detect MI.

2.4.2 HRV and age

In general, HRV decreases with age [28]. The heart rate patterns are highly complex
and variable in the case of young dynamic subjects and very regular and ordered in
the case of elderly subjects [120]. Studies have reported a decrease in HRV ampli-
tude and harmonic components with age [121]. This age related decrease in HRV
parameters is attributed to several physiological changes in the body like reduced
fitness, reduced reflexes and an overall disintegration in the control network of heart
rate regulation [18, 121]. Age related impacts on HRV have been studied on long-
term and short term data, using linear and non-linear indices [1, 13, 81]. However,
there are not many validations available for the use of non-linear measures (spe-
cially entropy statistics) in short-term HRV analysis [18, 81]. This thesis presents
a subject-to-subject analysis of age-based impacts on HRV, using entropy statistics
ApEn and SampEn.
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2.5 Summary

This chapter investigates the various time and frequency domain methods available
to analyse heart rate variability signals. The importance of being able to extract
analytic information from short-term recordings of HRV is described here. While
time-domain methods are suitable for long-term HRV analysis, frequency-domain
methods work better for the short-term signals. But, the incapacity of linear fre-
quency methods to handle the complex non-linear HRV signal necessitates the use
of non-linear time-domain measures such as ApEn and SampEn. Though these al-
gorithms were designed mainly to deal with short-term physiological data, they are
highly dependent on input parameters such as embedding dimensionm and tolerance
r. Studies are still being conducted to reduce the parametric dependence (specially
on the r parameter) of such nonlinear methods, since it would greatly benefit short-
length HRV analysis. In analysing irregularity and complexity of short-length HRV
signals, we define three significant research gaps that need to be addressed; each
involving the parameter r. The chapter concludes by investigating the applicabil-
ity of ApEn, SampEn and the like to obtain clinically relevant information from
short-length HRV signals.



Chapter 3

Entropy Profiling: a novel
approach to comprehend
irregularity of short-length HRV
signal

This chapter elaborates on the need to use a data driven method to choose the pa-
rameter r for entropy calculations. Entropy measurement on short-term signals is
highly sensitive to the choice of r. An incorrect selection of r results in an inaccurate
entropy value, thereby leading to unreliable information retrieval. By addressing this
inaccuracy due to r selection, the quality and reliability of information retrieval can
be improved. We hypothesize that generating a complete entropy profile using a po-
tential set of data driven r values will give a more complete and useful information
about signal irregularity in contrast to the case of finding entropy at a single selected
value of r. In order to do so, one must be able to accurately select all potential r
candidates. In this chapter, we describe our novel data driven algorithm, the ‘Cumu-
lative Histogram method (CHM)’ that automatically selects potential r values for an
individual signal based on its dynamics. An appropriate set of r values is designated
by the algorithm for generating a series of entropy values (entropy profile) instead
of a single value of entropy. The algorithm was first implemented on the precur-
sory ApEn statistic, the success of which led to an improvised implementation on

50
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SampEn. The improvised entropy profiling uses a multiresolution binning scheme in
CHM, thereby eliminating redundancies in the entropy profile. This improves compu-
tational efficiency of the method too. Additionally, the chapter introduces a handful
of secondary irregularity measures derivable from the primary entropy profile. These
secondary measures such as TotalApEn/TotalSampEn, AvgApEn/AvgSampEn
and SDApEn/SDSampEn are all seen to perform much better as irregularity mea-
sures and classification features in comparison to the traditional entropy estimates
ApEn and SampEn. The efficiency of the secondary measures are specifically higher
for short-length HRV signals.

This chapter has produced the following 2 journals and 2 conference publications

1. R. K Udhayakumar, C. Karmakar, and M. Palaniswami, “Understanding irregu-
larity characteristics of short-term HRV signals using sample entropy profile”, IEEE
Trans Biomed Eng, 2018.

2. R. K. Udhayakumar, C. Karmakar, and M. Palaniswami, “Approximate entropy
profile: a novel approach to comprehend irregularity of short-term HRV signal”,
Nonlinear Dynamics, pp. 1-15, 2016.

3. R. K. Udhayakumar, C. Karmakar, and M. Palaniswami, “Entropy profiling
to detect ST change in heart rate variability signals”, 41st Annual International
Conference of the IEEE Engineering in Medicine and Biology Society (EMBC),
2019.

4. R. K. Udhayakumar, C. Karmakar, and M. Palaniswami, “Secondary mea-
sures of regularity from an entropy prole in detecting arrhythmia”, 39th Annual
International Conference of the IEEE Engineering in Medicine and Biology Society
(EMBC), 2017.

3.1 Introduction

Irregularity of short-term HRV signals has long been assessed using KS-entropy
methods such as ApEn and SampEn. Here, given a signal of length N , the con-

ditional probability of signal segments to match at lengthsm andm+1 is computed,
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m being the embedding dimension and r being the threshold of segment matching.
The efficiency of such methods to handle short-term data is greatly dependent on
the choice of r being appropriate for the given signal and signal length [22]. What
this appropriate choice of r has to be, remains a matter of debate even today. As
discussed in the previous chapter, the problem of irresolute r-selection is critical
and to be addressed, in order to retrieve qualitative irregularity information from
short-length HRV signals. Different choices of r lead to different entropy estimates
for the same signal [23, 24]. This implies that at a given single r choice, the method
can only extract incomplete irregularity information. To obtain complete irregular-
ity information from a given signal, it will be a wiser option to try and estimate
entropy at all potential r choices. Owing to a lack of knowledge in defining the po-
tential set of r values and also due to the computational expense involved, this idea
of generating an entropy profile instead of an entropy estimate has been left unex-
plored. We, in this chapter introduce the Cumulative Histogram Method (CHM); a
simple, data driven and computationally efficient means of entropy profiling, capa-
ble of retrieving qualitative irregularity information from short-length HRV signals.
The primary concept of entropy profiling is same for ApEn and SampEn, though
SampEn profiling works with a slight variation in the originally introduced CHM.
The upcoming sections will elaborate on ApEn and SampEn profiling individually.

3.2 ApEn profiling

Approximate entropy (ApEn), introduced by Pincus in 1991 [27] was the first in
series from the Kolmogorov-Sinai (KS) entropy family to be widely known as a
useful non-linear measure for short-term HRV analysis [21]-[23][122]-[125]. ApEn

is an approximation of the KS entropy measure [23] and is a function of three
parameters; N , m and r, where N is length of the given time-series, m is the
embedding dimension and r is the tolerance of similarity. ApEn is the conditional
probability of two segments of a time-series (of length N) matching at a lengthm+1
if they match at a length m. Matching of segments is decided by the parameter r ,
given by r = k ∗SD of signal, where k can take values between 0 and 1 [23, 27] and
SD is the standard deviation of the time-series signal. ApEn was shortly followed
by improved versions such as SampEn (Sample entropy) and FuzzyEn (Fuzzy
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entropy).

From the time of ApEn, parametric dependence on r has been a serious setback and
is yet to be addressed. In particular, for HRV signals less than 1000 data points, all
entropy statistics are highly affected by an incorrect r selection [22]. A lower value
of r becomes most necessary when the signal length is short. But, in the case of
ApEn, a lower r value will simply mean getting a lot of self-matches and therefore
a biased estimate of regularity. Finding a way to handle the issue in precursory
ApEn ensures possibility of applying the same strategy to all its successor methods
like SampEn and FuzzyEn. We hypothesize that existing limitations of ApEn in
analysing short-term signals is due to inappropriate choices of r in the calculation.
Given a data of length N and embedding dimension m, different choices of r give
different ApEn outputs [23, 24]. Selection of r in itself introduces an inaccuracy
in ApEn with regard to data length variations. This increases the probability to
incorrectly comprehend regularity of a given signal. A single choice of r may not
always be appropriate for all data lengths of a signal. A particular choice of r may
help reveal signal regularity at say a certain high value of N , but may fail to do
so at a lower N . Removal of this inaccuracy due to r selection may improve the
lower threshold of short-term analysis as well as improve the quality of information
retrieval from a given data.

As discussed in the previous chapter, a plausible solution to the problem is to find
ApEn at all potential r values to obtain the complete ApEn profile of the signal
with respect to r. We hypothesize that this complete ApEn profile will help better
understand the irregularity associated with a signal, particularly short-term HRV
signals. In reference to existing methods and assumptions, there are two limitations
in trying to obtain the complete ApEn profile of a signal: (i) lack of information
regarding potential r values; for instance, what should be the minimum and max-
imum values of r in this profile (range of r) and how should r values be spread
between the minimum and maximum (resolution of r); and (ii) cumbersome process
of calculating ApEn for each and every potential value of r.

To the best of our knowledge, no previous studies have worked towards finding a
set of all potential r values for a given signal. Alternatively, most of them either
selected a single r value from a traditionally defined set of {k∗SD of signal ; 0 ≤ k ≤
1} values or proposed methods for appropriate selection of single r value [25, 56].
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Although the entire set of traditionally defined r{k∗SD of signal ; 0 ≤ k ≤ 1} values
can be used to obtain the ApEn profile, it may or may not include all potential r
values of the signal. Moreover, the traditional set of r values was proposed based
on its success when experimented on specific classification problems and therefore,
cannot be generalized across all applications. Keeping aside this fact, even if we were
to use r values from the defined set, it becomes extremely tedious to repeatedly find
ApEn for each r to obtain the complete ApEn profile. Thus, a computationally
inexpensive algorithm is necessary that would provide an accurate estimate of the
to-be used potential set of r values for generating complete ApEn profile of a time
series.

This study focuses on introducing an adaptive, data-driven approach to capture
the entire ApEn profile of a signal with respect to tolerance r at a fixed choice
of embedding dimension m. We propose to automatically select an appropriate
range and resolution of r so that all potential values of the parameter are obtained.
The selection is entirely dependent on input signal information and is free of any
presumptions. We make our approach computationally efficient by using the concept
of histograms, one that has been attempted earlier in other irregularity calculations
[43, 126]. We thus introduce the Cumulative Histogram Method (CHM) to capture
the complete ApEn profile of a signal of length N and embedding dimension m.
CHM eliminates the need to choose r. In effect, ApEn which was a function of N ,
m and r now becomes a function of just N and m.

3.2.1 Data used for the study

Synthetic data Two sets of signals with increasing order of irregularity named as
‘periodic’ and ‘chaotic’ are used in the study. These signals are generated using the
logistic map equation of the chaotic systems toolbox of MATLAB 2014Rb, given by
xn+1 = axn(1 − xn), where a is a constant that denotes level of irregularity. a is
set as 3.5 and 4 in the function in order to generate a ‘periodic’ and ‘chaotic’ level
signal respectively. Also, the noise level of the function is kept at zero while the
initial value is 0.1.

Each set is composed of eight subsets of data, the subsets corresponding to eight
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different data lengths varying from 50 to 1000. Every subset has ten different real-
izations of the signal type. In total, we use 2(sets) X 8(subsets)X 10(realizations)synthetic
data to support our study.

RR-interval data Forty six healthy RR-interval data from two different cate-
gories have been considered for analysis; (i) twenty six obtained from ambulatory
ECG recordings of subjects between the ages of 20 and 50 who have no known car-
diac abnormality and (ii) twenty synthetically simulated using various models [127].
After extraction of all RR series from the the PhysioNet database [128] , each signal
segment is selected from the beginning by varying length from 50 to 1000 beats.

Physiological data RR interval data of twenty healthy ‘Young’ (21 - 34 years
old) and twenty healthy ‘Old’ (68 - 85 years old) subjects are obtained from the
Fantasia module of the PhysioNet database [128]. Each data corresponds to a 120
minutes recording of the subject’s electrocardiogram (ECG) when in continuous
supine resting, sampled at a frequency of 250Hz. Each group of subjects has an
equal number of men and women. Each RR interval is computed by an automated
arrhythmia detection algorithm from annotated heartbeats of subjects [129] . After
extraction of RR series of all subjects from the database, each signal segment is
selected from the beginning by varying length from 50 to 1000 beats for each subject.

All data taken from Physionet have been manually filtered for removal of ectopic
beats.

3.2.2 Methods

3.2.2.1 ApEn estimation: traditional approach

The method of approximate entropy calculation as introduced by Pincus [27] is
elaborated stepwise below. Input parameters m and r must be specified to compute
ApEn. The embedding dimensionm is the length of compared segments of the input
time series and r is the threshold of distance, which is fixed to match segments when
they are compared with each other.
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For a given time series data of lengthN , approximate entropy is calculated as follows.
Let a time series of length N be defined as {x(n) : 1 ≤ n ≤ N}.

For a given value of the embedding dimension m:

1. Form (N −m+ 1) vectors of length m each, given by

{Xm
i : 1 ≤ i ≤ (N −m+ 1)}where

Xm
i = {x(i+ k) : 0 ≤ k ≤ m− 1} (3.1)

2. Similarly, form (N −m) vectors of length (m+ 1) each, given by

{
Xm+1
i : 1 ≤ i ≤ (N −m)

}
where

Xm+1
i = {x(i+ k) : 0 ≤ k ≤ m} (3.2)

3. Take each Xm
i vector of step 1 as a template vector and find its distance from

every vector Xm
j , where the distance is given by

dmij = {max|Xm
i −Xm

j |: 1 ≤ j ≤ (N −m+ 1)} (3.3)

4. Let Bi be the count of the number of vectors of Xm which lie within a distance
r of the vector Xm

i

5. The probability of a vector Xm
j to lie within a distance r of the vector Xm

i is
given by

Cm
i (r) = Bi

N −m+ 1 (3.4)

6. Finally, we take the average of the natural logarithms of these probabilities
for i ≤ (N −m+ 1) as

Φm(r) = 1
N −m+ 1


N −m+ 1∑
i = 1

lnCm
i (r)

 (3.5)
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7. Repeating steps 3 to 6 for the (m+ 1) dimension, we get

Φm+1(r) = 1
N −m


N −m∑
i = 1

lnCm+1
i (r)

 (3.6)

8. Approximate Entropy,

ApEn(m, r) = Φm(r)− Φm+1(r) (3.7)

3.2.2.2 ApEn profile generation: traditional approach

The most obvious means to obtain the ApEn profile of a signal with respect to r
is to keep repeating the traditional ApEn calculation (described in section 3.2.2.1)
for each and every value of r in the traditional r range. As is the general case, the
range of r is set from 0 to 1 times SD of signal, sampled at a resolution of 0.1 times
SD of signal. At each r, an ApEn value is calculated and this when repeated for
all distinct r values in the set range, the ApEn profile is attained.

3.2.2.3 ApEn profile generation: Cumulative Histogram Method (CHM)

In order to obtain the complete ApEn profile of a signal at the highest accuracy,
the cumulative histogram method uses the highest possible resolution of ‘r’ for the
calculation. The steps are listed below:

Let a time series of length N be defined as

{x(n) : 1 ≤ n ≤ N}.

For a given value of the embedding dimension m:

1. Form (N −m+ 1) vectors of length m each, given by

{Xm
i : 1 ≤ i ≤ (N −m+ 1)}where
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Xm
i = {x(i+ k) : 0 ≤ k ≤ m− 1} (3.8)

2. Similarly, form (N −m) vectors of length (m+ 1) each, given by

{
Xm+1
i : 1 ≤ i ≤ (N −m)

}
where

Xm+1
i = {x(i+ k) : 0 ≤ k ≤ m} (3.9)

3. Take each Xm
i vector of step 1 as a template vector and find its distance from

every vector Xm
j , where the distance is given by

dmij = {max|Xm
i −Xm

j |: 1 ≤ j ≤ (N −m+ 1)} (3.10)

so, for an ith template vector, the distance vector for an embedding dimension
m will be of the following form

dmi = [ dmi1 dmi2 dmi3 · · · dmi(N−m+1) ] (3.11)

similarly, for an embedding dimension m + 1, the distance vector can be ob-
tained as

dm+1
i = [ dm+1

i1 dm+1
i2 dm+1

i3 · · · dm+1
i(N−m) ] (3.12)

4. From the distance vector dmi , the cumulative distribution function cdfmi is
calculated as:

cdfmi (qδ) = p(dmi ≤ qδ) ; for 1 ≤ q ≤ nbin (3.13)

where δ is the bin size, which is defined as the nonzero minimum absolute
successive difference of elements of dmand dm+1sorted in ascending order. This
can be expressed as:

δ = min(4) (3.14)

4i = {|Di −Di+1| : Di 6= Di+1}; for 1 ≤ i ≤ ne − 1 (3.15)

where,ne = ((N −m+ 1)(N −m))2.

Dis the vector containing all elements of dm and dm+1.
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The total number of bins nbin is defined as:

nbin = max(D)−min(D)
δ

(3.16)

.

5. Repeat step 4 for all dmi :1 ≤ i ≤ (N−m+1) to calculate the entire cumulative
distribution matrix cdfm for the embedding dimension m as shown:

cdfm =


cdfm1 (1δ) · · · cdfm1 (nbinδ)
cdfm2 (1δ) · · · cdfm2 (nbinδ)

... · · · ...
cdfmN−m+1(1δ) . . . cdfmN−m+1(nbinδ)

 (3.17)

6. Similarly for embedding dimension m + 1 the cumulative distribution matrix
cdfm+1can be obtained by repeating step 4 for all dm+1

i .

cdfm+1 =


cdfm+1

1 (1δ) · · · cdfm+1
1 (nbinδ)

cdfm+1
2 (1δ) · · · cdfm+1

2 (nbinδ)
... · · · ...

cdfm+1
N−m(1δ) . . . cdfm+1

N−m(nbinδ)

 (3.18)

7. Now, for each column of cdfm and cdfm+1, we calculate the average natural
logarithm of the probabilities, which is represented as Φm(qδ) and Φm+1(qδ)
respectively. For 1 ≤ q ≤ nbin, this can be expressed as

Φm(qδ) = 1
N −m+ 1


N −m+ 1∑
i = 1

ln(cdfmiq )

 (3.19)

Φm+1(qδ) = 1
N −m


N −m∑
i = 1

ln(cdfm+1
iq )

 (3.20)

8. ApEn which is an approximation of the conditional probability of of two seg-
ments matching at a length m + 1 if they match at m, can be defined from
Φm and Φm+1 as ApEn = Φm − Φm+1. In this case, we will have nbin number
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of ApEn values since Φm and Φm+1are calculated over 1 ≤ q ≤ nbin.

9. This can be expressed as ApEn(qδ) = Φm(qδ)− Φm+1(qδ), where, qδ = r .

Here, the entire ApEn profile is obtained using simplified matrix operations rather
than looped iterations. Also, the range and resolution of r (i.e., qδ) is entirely
adaptive to the data in hand and not based on arbitrary assumptions.

3.2.2.4 Secondary measures of irregularity from the ApEn Profile

From the CHM based complete ApEn profile of a signal, we introduce two simple
secondary measures: i) total approximate entropy value (TotalApEn); and iii) the
variability of approximate entropy (SDApEn). Apart from these, there can be
various other secondary measures that can be extracted from an ApEn profile such
as AvgApEn, skewnessApEn, kurtosisApEn and so on. Once we have the complete
ApEn profile in hand, it becomes easy to extract any form of required information
from it.

Total approximate entropy (TotalApEn) TotalApEn is calculated by adding
up all the individual values of ApEn along the ApEn profile of a signal.

TotalApEn =
nbin∑
q=1

ApEn(qδ) (3.21)

The value is usually very high because of the summing effect. The high value of
TotalApEn can be normalized by dividing it by the respective number of bins in
each case. This gives rise to another ApEn based measure which can be called the
average approximate entropy or AvgApEn.

Standard deviation of approximate entropy (SDApEn) SDApEn corre-
sponds to the standard deviation of of values in the ApEn profile.
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SDApEn =
√√√√ 1
nbin

nbin∑
q=1

[ApEn(qδ)− AvgApEn]2 (3.22)

3.2.3 Geometric interpretation of ApEn profile generation

3.2.3.1 Traditional approach

Here, we take a simple ‘periodic’ time series data of length N = 30 and divide it
into m dimensional vectors using m = 2 (Fig.3.1). A geometric interpretation of
the traditional approach to obtain the count Bi for a single vector Xi (as explained
in step 4 of section 3.2.2.1 ) for all r values in the traditional range (0 to 1) times
SD of signal, with an r resolution of 0.1 times SD of signal is illustrated in Fig.3.2.
Thus, r = {rj; 1 ≤ j ≤ nr}, where rj = (j ∗ 0.1 ∗ SD of signal ). nr being the total
number of r values is equal to 10 in this case. The threshold in each case can be
imagined to be a circle of radius rj, which filters out matching vectors in reference
to the template vector Xi. Thus we obtain the count Bi(r) at every single value of
r (Fig.3.2). This process is then repeated for all the (N −m + 1) vectors in order
to eventually generate the ApEn profile. The process becomes cumbersome when
nr or N is much higher than what is assumed in this case. In addition to that,
the r resolution also plays an important role in deciding the value of nr. Higher
the r resolution, higher will be the value of nr, leading to an increase in repeated
computations. Since the traditional approach uses assumed parameter values, it is
possible to reduce the computational burden by choosing lower values for both r

range and resolution. But, this will have an adverse effect on the accuracy of profile
generation.

3.2.3.2 Cumulative Histogram Method (CHM)

Considering vectors shown in Fig.3.1, a geometric interpretation of CHM to obtain
the count Bi for a single vector Xi of the space is illustrated in Fig.3.3. Here,
unlike the traditional approach, the range and resolution of r (δ in this case ) is
data driven and is extracted from an individual signal based on its dynamics. The
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Figure 3.1: m-dimensional state space formed from the ‘periodic’ time series of
length N = 30. Here, embedding dimension m = 2.

tolerance parameter r is equivalent to qδ, where δ is the bin size and q represents
the bin number; for 1 ≤ q ≤ nbin. Hence, the number of q values (nbin) to be used
for profile generation is unique for each data and is automatically designated by the
algorithm. nbin circles each of radius equal to qδ; 1 ≤ q ≤ nbin are generated around
the template vector Xi (Fig.3.3a). The representation in Fig.3.3a shows that unlike
the traditional approach, the template vector is compared for match with every
other vector (including the farthest vector) in the space. The algorithm ensures
that the largest circle (of radius say rnbin = nbin ∗ δ) embeds all vectors in the space
(Fig.3.3a). This guarantees capture of the complete ApEn range. The cumulative
count of vectors falling within each circle is then obtained, as shown in Fig.3.3b.
The cumulative histogram seen in Fig.3.3b gives the individual counts Bi for the
vector Xi, at every single r (i.e. qδ) value of the data driven range.
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(a) nbin number of circles generated around the template vector Xi ,
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Figure 3.3: Geometric interpretation of CHM to obtain the count Bi for a single
vector Xi.
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3.2.4 Experimental results

Range and resolution of r: Cumulative Histogram Method
(CHM)

For the two sets of synthetic data, namely ‘periodic’ and ‘chaotic’ and a physiolog-
ical healthy RR-interval time series (of section 3.2.1), the respective ApEn profiles
were generated at a data length of N = 1000 and an m value of 2 , by means of the
cumulative histogram method (Fig.3.4). The standard deviations of the ‘periodic’,
‘chaotic’ and ‘physiological healthy’ signals are 0.21, 0.34 and 0.06 respectively. The
range and resolution of r in the case of CHM are 0 to (nbin ∗ δ) and δ respectively,
where nbin (last bin number) and δ (bin size) are both data driven and thus auto-
matically computed by the algorithm for each specific data.
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Figure 3.4: Complete ApEn profiles of ‘periodic’, ‘chaotic’ and ‘physiologic healthy
RR-interval’ time series generated at a data length N = 1000 and embedding di-
mension m = 2.
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The values of range and resolution of r for the ‘periodic’, ‘chaotic’ and ‘physiological
healthy’ signals of Fig.3.4 have been tabulated below (Table 3.1). It can be seen
that the range and resolution of r is different for each signal group.

Table 3.1: Data driven selection of range and resolution of r for different signals

Signal Range of r Resolution of r
Periodic 0− 0.6111 5.054 ∗ 10−4

Chaotic 0− 1.136 5.23 ∗ 10−4

Physiological healthy 0− 0.611 0.001

rTrVs rCHM

The ApEn profiles of a synthetic ‘periodic’ signal of length N = 1000 and a physio-
logical healthy RR-interval time series of length N = 1000 are obtained by means of
a) The traditional approach and b) The cumulative histogram based approach. In
the traditional approach, the range of r used extends from 0 to 1 times SD of signal,
with an r resolution of 0.01 times SD of signal. At each r value, traditional ApEn
(ApEnTr) is calculated. A plot of ApEnTr Vs r for the synthetic and physiological
signals across the entire r range is shown in Fig.3.5. In the CHM approach, the
range and resolution of r is 0 to (nbin ∗ δ) and δ respectively, where nbin is the last
bin number and δ is the bin size, both being automatically selected by the algo-
rithm based on signal information. The algorithm calculates ApEnCHM over the
entire nominated range of r and provides the complete ApEn profile as output, the
plot of which is shown in Fig.3.5 for the synthetic and physiological signals respec-
tively. From Fig.3.5 , it can be seen that compared to the traditional approach,
CHM captures ApEn information over a wider range and higher resolution of r.
The maximum r value that can be used in the traditional approach is largely re-
stricted to 1 ∗ SD of signal, whereas in CHM, this maximum r is data dependent.
Similarly, as can be seen from Fig.3.5, ApEn is calculated at r values spaced at
0.01 ∗ SD of signal in the case of traditional method whereas this spacing is data
driven in the case of CHM and hence equals a required minimum (δ).
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Figure 3.5: ApEn profiles of ‘periodic’ and ‘physiologic healthy RR-interval’ time
series generated using (i) TraditionalApEn calculation approach and (ii) Cumulative
Histogram Method. Here, data length N = 1000 and embedding dimension m = 2.

Data classification using irregularity measures

Irregularity measures like ApEn, TotalApEn and SDApEn are used to classify
different groups of data based on the regularity information contained in them.
Here, the first measure ApEn is obtained traditionally by using an m value of 2 and
an r value of 0.15 ∗ SD of signal. The remaining measures are obtained from the
complete ApEn profiles of signals generated at an m = 2, by the CHM approach.
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Statistical analysis In order to test the efficiency of regularity measures as clas-
sification features, we need to find their strength in separating data belonging to
different classes. In our study, we have used the statistical test parameter p for the
purpose. The value obtained using Mann-Whitney U test, represents the probability
of X and Y belonging to continuous distributions of the same median, where X and
Y are samples taken from two independent populations. p can take values from 0
to 1 and in this study we have considered three different p-zones; p < 0.05, p < 0.01
and p < 0.001 to represent ‘satisfactory’, ‘good’ and ‘best’ statistical significance
respectively. The statistics toolbox of MATLAB R2014b was used to perform all
statistical tests.

• Classification of synthetic data based on type

The different sets of synthetic data described in section 3.2.1 namely ‘periodic’ and
‘chaotic’ are classified based on the irregularity measures mentioned above. For data
lengths varying from 50 to 1000, the irregularity measures are computed for each
signal of the four data sets. Plots showing the mean and SD variation of ApEn,
TotalApEn and SDApEn of the four data sets with respect to data length N are
shown in Fig.3.6.
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Figure 3.6: Variation of irregularity measures with data length N observed in syn-
thetic ‘periodic’ and ‘chaotic’ data generated using the logistic map equation. The
irregularity constant in the logistic equation equals 3.5 and 4 in the case of ‘periodic’
and ‘chaotic’ data respectively. For TotalApEn and SDApEn, the two sets of data
are completely separable at all values of data length. In the case of ApEn, data are
completely separable at all data lengths but N = 50.

• Classification of real physiologic data from simulated physiologic data

RR-interval data belonging to two categories namely (i) synthetically simulated and
(ii) obtained from real subjects, are classified using the different irregularity measures
as features. For data lengths varying from 50 to 1000, the irregularity measures are
computed for each signal of the two data sets. Plots showing the mean and SD

variation of ApEn, TotalApEn and SDApEn of the data sets with respect to data
length N are shown in Fig.3.7 The classification performance of each measure is
indicated in the form of their respective p values (shown in Fig.3.7).
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Figure 3.7: Variation of irregularity measures with data length N observed in phys-
iologic and simulated RR interval series. Performance of irregularity measures in
classifying the two sets of RR series is indicated at each data length by means of
their respective p values.

• Classification of physiologic data based on age

Healthy old Vs healthy young populations RR-interval data belonging to
young and aged subjects are classified using the different irregularity measures as
features. For data lengths varying from 50 to 1000, the irregularity measures are
computed for each subject of the two population data sets. Plots showing the mean
and SD variation of ApEn, TotalApEn and SDApEn of the two populations with
respect to data length N are shown in Fig.3.8 The classification performance of each
measure is indicated in the form of their respective p values (shown in Fig.3.8).
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interval series of healthy old and healthy young subjects. Performance of irregularity
measures in classifying the two sets of RR series is indicated at each data length by
means of their respective p values.

3.2.5 Discussions on ApEn profiling

Given a signal of length N and embedding dimension m, CHM generates a com-
plete profile of ApEn values with respect to the parameter r, facilitating enhanced
information retrieval. By eliminating the need to use r as an input parameter, we
have taken a major step towards making entropy formulations non-parametric.

For over two decades now, ApEn of a given time series data has been evaluated
at a single specific choice of the control parameter r [43]. This choice has most of
the time been random or based on previous studies and assumptions [54][130]-[132].



3.2. ApEn profiling 72

Also, the choice has always been inconsistent over different data groups. The lack
of clarity adjoining selection of an appropriate r value has often headed researchers
towards unstable irregularity results [21, 22, 26]. Different choices of r give different
measures of irregularity when used for the same time series data [24]. Particularly,
for short-term signals, ApEn statistics is highly affected by an incorrect r selection
[22]. This implies that the selection of r in itself introduces an inaccuracy in entropy
calculation. We believe that the inability of ApEn to confidently handle short-term
data is mainly due to the incorrectness in r selection. Eliminating this inaccuracy
due to r selection may help improve the efficiency of ApEn and its successors in
dealing with short-term and long-term data. Finding the entropy value at a single
r value fails to convey any concrete information about the signal’s regularity, since
the r choice in itself is unreliable and variable in the first place. However, the
credibility of an appropriately chosen r value cannot be validated unless we are
aware of the entire set of possible r values and their corresponding ApEn values.
However, this has not been attempted so far since (i) The limit or range of r and
its resolution were not well defined for a given data, (ii) The process demanded
repetitive time consuming calculations. We, in our present study have successfully
overcome these limitations and come forth with a much more reliable measure of
entropy. Based on the time series in hand, the proposed algorithm automatically
selects an appropriate range and resolution for the r parameter. Following this,
a complete ApEn(r) profile is generated. The traditional method is unsuitable to
generate complete ApEn profiles because it would need to repeat a run of ApEn
computation nr number of times, each time using a different r, where nr is the
number of r values required to generate the ApEn profile (section 3.2.3.1). The
process becomes extremely cumbersome and time consuming when applied to high
dimensional signals. On the other hand, the method of cumulative histograms is
computationally inexpensive (as proved earlier in other studies [43, 126]) since ApEn
at all possible r values is obtained in just one run of ApEn computation, irrespective
of nbin (section 3.2.3.2). Since the algorithm uses cumulative histograms, repetitive
rounds of the same calculation are avoided.

CHM is completely adaptive and hence every time chooses data specific r values for
generating a signal’s ApEn profile (see Table 3.1). The resolution of r in each case is
an appropriate maximum. This ensures that not a single ApEn or potential r value
of the signal is missed out in its ApEn profile. This is unlike traditional methods
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where the r resolution is a randomly chosen value. Similarly, we can note from Table
3.1 that the range of r for the signals is not restricted to 0 to 1 times SD of signal like
in traditional methods. The actual range of ApEn of a signal extends way beyond
its SD and needs to be acquired in order to retrieve reliable information about
the source signal. This has been successfully accomplished by CHM. Secondary
regularity measures like TotalApEn and SDApEn obtained from a CHM generated
profile are useful in classifying data from different population groups. This has been
experimented on synthetic and physiological data and the respective classification
performances have been compared to that of ApEn evaluated at a single r value
(0.15 times SD of signal).

Classification of synthetic data based on type

In the past few years, there have been several studies centered on classifying synthetic
logistic data [41, 43, 56, 133]. It is a well established fact that a ‘periodic’ signal is
more regular and therefore has a lower entropy value compared to a ‘chaotic’ signal
[41]. In our study, efficiency of CHM based secondary regularity measures are tested
on the basis of this standard. Thus, ‘chaotic’ signals must have the highest entropy
magnitudes, followed by the ‘periodic’.

The mean and SD variation of ApEn, TotalApEn and SDApEn of synthetic data
across data lengths varying from 50 to 1000 has been shown in Fig.3.6. From Fig.3.6.,
it can be seen that ‘periodic’ and ‘chaotic’ data are best differentiated by measures
like TotalApEn and SDApEn. As far as ApEn is concerned, the classification is
good only for higher data lengths (≥ 100). On the other hand, it is undoubtedly clear
from Fig. 3.6 that TotalApEn,AvgApEn,and SDApEn offer excellent classification
even at data lengths as low as 50. This makes TotalApEn and SDApEn better
classifiers for short length data in comparison to ApEn.

Classification of real physiological data from simulated physiological data

Intricate patterns of real-time heart rate data cannot be synthetically generated
that easily. This statement has been proved through various attempts to mimic
RR sequences [127]. The difference in pattern of a synthetic RR sequence from a
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real one translates to a difference in signal regularity between them. The irregu-
larity information contained in these two distinct cases of data has been estimated
using CHM based secondary regularity measures. Fig.3.7 shows the mean and SD
variation of complexity measures with data length N in case of the real and syn-
thetic RR data sets. The classification performances of the measures is evaluated
by finding their p values at the different data lengths (Fig.3.7 ).It can be seen that
the data sets are best differentiated when using CHM based secondary measures
like SDApEn and TotalApEn in comparison to using traditional ApEn. p values
are highest significant in the case of SDApEn, but is seen only for data lengths
N ≥ 300. TotalApEn gives a significant performance at almost all data lengths and
shows a consistent behavior. Also, TotalApEn differentiates data at data lengths
as low as N = 50. ApEn shows an inconsistent classification performance and picks
up significance towards the higher data lengths (N ≥ 1000) For shorter lengths of
data, ApEn fails to separate data.

Classification of physiological data based on age

Numerous regularity measures including ApEn and SampEn have been used so far
to analyze the aging effect on variability of heart rate signals [43, 73, 90, 129, 134].
Heart rate variability is known to decrease with age [64, 65, 135, 136]. This makes
heart rate signals more regular in the elderly as compared to younger populations
[64, 137]. However, ApEn has not been able to classify age based populations in
many cases [22], a common reason being inapt use of control parameters, especially
the threshold parameter r. This has been proved in our study as well ( top first
panel of Fig.3.8). Here, we have attempted to capture the impact of aging on
heart rate variability using CHM based secondary measures. Fig.3.8 shows the
mean and SD variation of complexity measures with data length N in the case of
physiological populations belonging to two different age groups; ‘Old’ and ‘Young’.
The classification performances of the measures is evaluated by finding their p values
at the different data lengths (shown in Fig.3.8 ). Fig.3.8 shows that the p values are
highest significant in the case of TotalApEn, followed by SDApEn. ApEn shows
significant p values only at higher data lengths (N = 1000) . A classification feature
is considered most effective when it shows significant performance with consistency.
The classification performances of ApEn profile based measures TotalApEn and
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SDApEn are consistently significant across all data lengths. Also, they differentiate
data at data lengths as low as N = 50. In effect, we see that secondary regularity
measures apprehend the impact of aging on heart rate variability, unlike ApEn
corresponding to a single r.

Short-length HRV analysis

As an attempt to decrease diagnosis time and overhead costs, it is widely desired
to carry out HRV studies on short-term data [18, 138]. This implies extracting nec-
essary regularity based information from HRV signals lasting less than or equal to
5 minutes [5]. So far, various linear and non-linear indices of regularity including
ApEn have been explored to perform short-term HRV analysis [1, 28]. Many linear
measures have been successful in this regard [5] though they are less preferred to
handle non-linear HRV. In the case of non-linear measures like ApEn and SampEn
that are known to be useful for short-term analysis, a minimum of 1000 data points
(15 min data) are necessary to reflect age based effects on HRV [120, 124, 139].
Though using 15 minute data does not quite serve the credentials of short-term
analysis, ApEn and SampEn were considered more accurate than their linear coun-
terparts [120]. Eventually, even data as long as 30 minutes were regarded short-term
when it came to using ApEn and SampEn [81]. By using secondary measures from
an ApEn profile (i.e., TotalApEn and SDApEn ), we are able to classify subjects
based on age even at data lengths as low as 50 (1 min data). Using a single choice
of r in calculating ApEn creates its own inaccuracy with regard to signal length
variations. In other words, for signals lasting less than 15 minutes, ApEn is mostly
insensitive to physiological changes like age because of an inappropriate choice of
r. In our approach, this inaccuracy due to r selection is removed and hence we
are able to extract information from short-length signals (even 1 min data). By
removing the dependence of ApEn on r, we overcome limitations of ApEn as far
as short-length HRV analysis is concerned. The same analysis can also be done for
other physiological factors like gender and disease.
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3.3 SampEn profiling

ApEn that is considered a biased regularity measure was later in 2000 replaced
by Sample entropy (SampEn) [24] and in 2007 replaced by corrected approximate
entropy (CApEn) [140]. The bias is mainly because ApEn counts a self-match
of vectors. Also, ApEn lacks relative consistency with respect to parameters m
and r [122]. In other words, at a given length of data, with change in parameter
values, ApEn has a tendency to ‘flip’ values [22, 24]. CApEn corrected ApEn’s
bias towards regularity by eliminating self-match counts from the algorithm [140].
However, CApEn did not gain much popularity within the research community due
to the already well accepted SampEn. SampEn eliminates self-match counts as well
as exhibits relative consistency in cases (of data) where ApEn fails [24]. However,
SampEn is also not excepted from limitations. Richman et al. clearly state that
relative consistency of SampEn is not guaranteed across all data sets. Especially for
shorter lengths of data (N < 200), ApEn and SampEn are equally highly sensitive
to the choice of parameters m and r [22, 24], the most critical choice being that of r,
the tolerance of similarity. Parametric sensitivity of these measures towards ‘r’ has
a negative impact on accuracy and consistency of regularity prediction. Selection of
an appropriate value of r has therefore become very important in order to produce
reliable results of sample entropy [21, 22, 25].

For short segments of data, an incorrect r choice leads to undefined or inaccurate
SampEn estimates in many cases [41, 43]. Several proposals have been made to
handle this dependence of SampEn on parameter r, which include the introduction
of newer entropy measures like FuzzyEn (Fuzzy entropy) [56] and DistEn (Dis-
tribution entropy) [43]. FuzzyEn is found to be less influenced by changes in r

and thus considered a better regularity measure in comparison to SampEn [42, 56].
But, the problem that persists even with FuzzyEn is the need to select a single
appropriate r value; a wrong choice probably leading to flipped entropy estimates
[43, 57]. DistEn quite efficiently handles the problem by completely eliminating
the parameter r from its calculations. But, the measure cannot be compared to
SampEn since DistEn is not a KS-entropy measure, but one based on Shannon
entropy [43]. Thus, inconsistent and indefinite entropy estimates are consequences
of an inappropriate r choice in SampEn calculations.
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Parametric dependence on ‘r’ is a major contributor that limits entropy measures
like SampEn in analyzing short-term data. The root cause of the issue lies in the
fact that a user is left to choose an appropriate r for the data or application from
a predefined set of r values (usually 0.1 to 0.25 times standard deviation (SD) of
the signal and 0.1 to 0.25 in the case of uni-variance signals) [83]. But, several
studies have reported the incorrectness of such a random r choice that in turn
leads to misleading regularity results [21, 54]. This implies that the recommended
r range does not necessarily suit all different applications (or data). This issue can
be addressed if the selection of ‘r’ is data driven or application specific rather than
a random choice by the user.

In traditional SampEn measurement, the entropy value is estimated for a single r
value, which is not a reliable estimation of regularity information of a given signal.
This is because, given a signal, different choices of r will correspond to different val-
ues of entropy [24] i.e., as the choice of r varies, the same signal can have different
estimates of its regularity. This adds inconsistency in retrieving regularity infor-
mation of a signal using SampEn measurement. We hypothesize that extracting a
complete SampEn profile corresponding to a data specific set of r values, instead
of a single value estimation, will eliminate existing problems of inconsistency and
indefiniteness seen in SampEn estimates. This in turn will facilitate more reliable
and enhanced information retrieval from short-term HRV signals.

Now, obtaining a data specific set of r values is challenging due to two reasons (as
mentioned in the case of ApEn profiling):

1. Insufficient information: In order to produce a signal’s set of potentially ap-
propriate r values, it is necessary to define the range and resolution at which
r values need to be spanned. In this context, the only available information
regarding an r range is the existence of a recommended one (0.1 to 0.25 times
SD of the signal) [23, 83]. But, credibility of this range remains questionable
[21, 54]. In the past years, a few previous studies have attempted to explore
entropy at multiple r values rather than a single one [21, 25, 42]. A consoli-
dated analysis of these studies shows that the highest range of r explored so
far is one that extends from (0− 1) ∗ SD of signal and the highest resolution
used to span r has been 1

0.1∗SD of signal . These choices were again random and
had only one motive to satisfy; reduction of computational complexity. Since
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our objective is to get a ‘complete’ entropy profile, use of such random choices
of r range and resolution will hinder achievement of the goal and affect the
accuracy of our process.

2. Computational expense involved: Once the data specific r set is obtained, the
next step will be to evaluate entropy at each of the r values. This repeti-
tive process could be really tedious and time consuming for high dimensional
signals. This will affect the efficiency of the process.

This is where our novel ‘Cumulative Histogram Method (CHM)’ finds place, the
method being computationally efficient and completely data driven.

3.3.1 Data used for the study

Case study 1

In our first case study, forty six healthy RR interval data belonging to two different
categories have been considered for analysis; (i) obtained from twenty six ambulatory
ECG recordings of subjects between the ages of 20 and 50 who have no known cardiac
abnormality and (ii) obtained from twenty ECG recordings simulated synthetically
[127]. We call these two categories as ‘physiologic’ and ‘simulated’ RR interval data
respectively.

Case study 2

For our second case study, RR interval data of twenty healthy ‘young’ (21 - 34 years
old) and twenty healthy ‘elderly’ (68 - 85 years old) subjects were obtained from
the Fantasia module of the PhysioNet database [128]. Each data corresponds to a
120 minutes recording of the subject’s electrocardiogram (ECG) when in continuous
supine resting, sampled at a frequency of 250Hz. Each group of subjects has an
equal number of men and women. Each RR interval is computed by an automated
arrhythmia detection algorithm from annotated heartbeats of subjects [129] .
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Case study 3

RR interval data corresponding to the ECG recordings of 18 ‘healthy’ and 48 ‘ar-
rhythmic’ subjects have been used for the third case study and were obtained from
the MIT-BIH module of the PhysioNet database [128]. The MIT-BIH database con-
tains long-term ECG recordings of subjects referred to the Arrhythmia Laboratory
at Boston’s Beth Israel Hospital. The Normal sinus rhythm database contains 18
long-term ECG recordings of subjects who were found to have no significant ar-
rhythmia; they include 5 men, aged 26 to 45, and 13 women, aged 20 to 50. The
Arrhythmia Database contains 48 ECG recordings obtained from 47 subjects [141].
The subjects included 25 men aged 32 to 89 years and 22 women aged 23 to 89
years.

Since the current study focuses on ’short-term’ signal analysis, the maximum signal
length used has been restricted to 300 beats. In addition, we intend to test the
efficiency of our method on very short-term data as low as 50 beats. Hence, after
extraction of all RR interval data from the the PhysioNet database [128] , each signal
segment is selected from the beginning by varying length from 50 to 300 beats, at a
step size of 50.

All RR interval data taken from Physionet have been manually filtered for the
removal of ectopic beats.

3.3.2 Methods

3.3.2.1 Sample entropy profile

To generate a SampEn profile, the first and foremost requirement is to span r values
at a particular range and resolution. The more accurate this range and resolution,
the more complete and accurate will the profile be.

In order to obtain the complete SampEn profile of a signal at the highest accuracy,
we propose the cumulative histogram method (CHM) that adopts a data driven mul-
tiresolution binning scheme. The steps are listed below and illustrated in Fig.3.10:
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Let a time series of length N be defined as {x(n) : 1 ≤ n ≤ N}. An example data
of length N = 10 has been shown in Fig. 3.9.

1 2 3 4 5 6 
Data length N

7 8 9 10

S
ig

n
al

 m
ag

n
it

u
d

e

0.2

0.4

0.6

0.8

1
Data

0.2 0.4 0.6 0.8 1
0.2

0.4

0.6

0.8

1
Template vectors at m

1

Template vectors at m+1

0.5
00

0.5

1

0

0.5

1

TV1 TV2
TV3

TV4

TV5
TV6

TV7

TV8

TV1

TV2

TV3

TV4

TV5

TV6
TV7

TV8

x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

x(n)

Figure 3.9: An example data of length N = 10 and the formation of template vectors
from the data at embedding dimensions m and m+ 1. Here m has been taken to be 2.

For a given value of the embedding dimension m:

1. Form (N −m) vectors of length m each, given by

{Xm
i : 1 ≤ i ≤ (N −m)}where

Xm
i = {x(i+ k) : 0 ≤ k ≤ m− 1} (3.23)

2. Similarly, form (N −m) vectors of length (m+ 1) each, given by

{
Xm+1
i : 1 ≤ i ≤ (N −m)

}
where

Xm+1
i = {x(i+ k) : 0 ≤ k ≤ m} (3.24)
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The above two steps have been illustrated in the lower sub panels of Fig. 3.9
for an m = 2.

3. Take each Xm
i vector of step 1 as a template vector and find its distance from

every vector Xm
j , where the distance is given by

dmij = {max|Xm
i −Xm

j |: 1 ≤ j ≤ (N −m), j 6= i} (3.25)

so, for an ith template vector, the distance vector for an embedding dimension
m will be of the following form

dmi = dmij : 1 ≤ j ≤ (N −m), j 6= i (3.26)

similarly, for an embedding dimension m + 1, the distance vector can be ob-
tained as

dm+1
i = dm+1

ij : 1 ≤ j ≤ (N −m), j 6= i (3.27)

This step has been illustrated in Fig. 3.10a.

4. Let D be the matrix containing all elements of dm and dm+1. Then, we define
range as the set of all unique elements of D, sorted in ascending order. Also,
let nbin be the number of elements in range (shown in Fig. 3.10b).

5. From the distance vector dmi , the cumulative distribution function cdfmi is
calculated as:

cdfmi (q) = p(dmi ≤ range(q)) ; for 1 ≤ q ≤ nbin (3.28)

where, p is the probability.
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(a) Calculation of distances of each template vector
from remaining vectors at embedding dimensions of
m and m + 1. The left sub-panel as a whole rep-
resents the matrix dm and the right sub-panel as a
whole represents the matrix dm+1. Then, Dis the
matrix containing all elements of dm and dm+1.
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Figure 3.10: Sample entropy profile generation by the Cumulative Histogram
Method

6. Repeat step 5 for all dmi :1 ≤ i ≤ (N −m) to calculate the entire cumulative
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distribution matrix cdfm for the embedding dimension m as shown:

cdfm =


cdfm1 (1) · · · cdfm1 (nbin)
cdfm2 (1) · · · cdfm2 (nbin)

... · · · ...
cdfmN−m(1) . . . cdfmN−m(nbin)

 (3.29)

(shown in left sub panel of Fig. 3.10c).

7. Similarly for embedding dimension m + 1 the cumulative distribution matrix
cdfm+1can be obtained by repeating step 4 for all dm+1

i .

cdfm+1 =


cdfm+1

1 (1) · · · cdfm+1
1 (nbin)

cdfm+1
2 (1) · · · cdfm+1

2 (nbin)
... · · · ...

cdfm+1
N−m(1) . . . cdfm+1

N−m(nbin)

 (3.30)

(shown in right sub panel of Fig. 3.10c).

8. Now, for each column of cdfm and cdfm+1, we calculate the average of the
probabilities, which is represented as Φm(q) and Φm+1(q) respectively. For
1 ≤ q ≤ nbin, this can be expressed as

Φm(q) = 1
N −m

N −m∑
i = 1

(cdfmiq ) (3.31)

Φm+1(q) = 1
N −m

N −m∑
i = 1

(cdfm+1
iq ) (3.32)

9. SampEn which is an approximation of the conditional probability of of two
segments matching at a length m+ 1 if they match at m, can be defined from
Φm and Φm+1 as SampEn = ln Φm

Φm+1 . In this case, we will have nbin number
of SampEn values since Φm and Φm+1are calculated over 1 ≤ q ≤ nbin (shown
in Fig.3.10d). This can be expressed as SampEn(q) = ln Φm(q)

Φm+1(q) , where,
1 ≤ q ≤ nbin.
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Here, the entire SampEn profile is obtained using simplified matrix operations
rather than looped iterations. Also, the range and resolution of r are entirely adap-
tive to the data in hand and not based on arbitrary assumptions. This is because
the range and resolution of r used here are equal to those of the range vector spec-
ified above that in turn depend directly on the unique distances between template
vectors in the defined state space of the signal. An important point to note here is
that the r resolution used here is not a single constant value. Based on the spread of
the distances between template vectors, the r values also take up a multiresolution
spread. Thus, CHM adopts a multiresolution binning procedure here.

3.3.2.2 New measures of irregularity from a SampEn profile

Total sample entropy (TotalSampEn) TotalSampEn is calculated by adding
up all the individual values of SampEn along the SampEn profile of a signal.

TotalSampEn =
nbin∑
q=1

SampEn(q) (3.33)

The value is usually very high because of the summing effect. The high value of
TotalSampEn can be normalized by dividing it by the respective number of bins in
each case. This gives rise to another SampEn based measure which can be called
the average Sample entropy or AvgSampEn.

Average of sample entropy (AvgSampEn) AvgSampEn corresponds to the
average of values in the SampEn profile.

AvgSampEn = 1
nbin

nbin∑
q=1

SampEn(q) (3.34)
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Statistical analysis

In our study, we have used two statistical test parameters; the p value and area under
the ROC (Receiver Operating Characteristic) curve in order to test the efficiency of
regularity measures in signal classification. The p value represents the probability of
indicating samples of one population as equal to or greater than samples of another
population and is obtained using Mann-Whitney U test . p can take values from 0 to
1 and in this study, p < 0.05 was considered statistically significant. The area under
the ROC curve (AUC) is the probability that a classifier ranks a randomly chosen
instance X higher than a randomly chosen instance Y , X and Y being samples
taken from two independent populations. An AUC value of 0.5 indicates that the
distributions of the features are similar in the two groups with no discriminatory
power. Conversely, an ROC area value of 1.0 would mean that the distribution of the
features of the two groups do not overlap at all. The AUC value was approximated
numerically using the trapezoidal rules [142] where the larger the ROC area, the
better the discriminatory performance. MATLAB R2014b Statistics toolbox was
used to perform all statistical operations.

3.3.3 Experimental results

SampEn and FuzzyEn at single r Vs SampEn profile based
irregularity measures

For all three case studies of data, i.e. a) ‘physiologic’ Vs ‘synthetic’ HRV data,
b) healthy ‘elderly’ Vs healthy ‘young’ HRV data and c) ‘healthy’ Vs ‘arrhyth-
mic’ HRV data, plots showing the mean and SD variation of SampEn, FuzzyEn,
TotaSampEn and AvgSampEn are shown in Fig.3.11. In addition, for each mea-
sure, the respective p values at each data length, representing statistical significance
of data classification are indicated in the figure. Tables 3.2, 3.3 and 3.4 summarize
the results seen in Fig.3.11 with the inclusion of the respective AUC values as well.

Taking ‘physiologic’ and ‘synthetic’ HRV data sets (Table 3.2), at the lower data
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lengths such as 50 and 100, SampEn of one or both data sets was undefined. This
prevents us from calculating the respective p values, thereby eliminating the possi-
bility of any classification there. This makes estimation of the respective p values
non-applicable (NA). As data length increases, SampEn was no longer undefined
for the two data sets. However, when calculating the respective p values, we find
them to be statistically insignificant till a data length of 200. The two data sets
appear separable through SampEn only for data lengths beyond 200. In the case of
FuzzyEn, at the lower data lengths of 50 and 100, there is no significant data classi-
fication. As data length increases, classification performance of FuzzyEn improves.
As for TotalSampEn, classification of the two data sets is statistically significant
at all data lengths. In the case of AvgsampEn, statistical significance of data clas-
sification begins at a data length greater than 50. In comparison to SampEn, both
profile based measures namely TotalSampEn and AvgSampEn offer a more consis-
tent and efficient classification performance across data length N . Amongst them,
TotalSampEn performs well at all data lengths while AvgSampEn performs very
well (lower p values), but only from a data length beyond 50. The AUC values of
Table 3.2 further reinstate the above observations. At the lower data lengths of 50
and 100, SampEn offers no significant data classification, while FuzzyEn performs
well below the profile based measures. As N increases, SampEn and FuzzyEn

pick up performance and eventually outrun TotalSampEn, but still do not beat
AvgSampEn even remotely. Thus, at every data length, low or high, the highest
classification performance is always bagged by a profile based measure. All other
traditional measures are highly inconsistent in this regard.

Similarly, for the second case study, as can be seen from Table 3.3, the p values for
SampEn at all data lengths beyond 100 are found to be insignificant. In the case of
FuzzyEn, there is no significant data classification till a data length of 150, beyond
which the measure picks up performance. For TotalSampEn and AvgSampEn, the
p values calculated are statistically significant at all the data lengths. Thus, it is ev-
ident that TotalSampEn and AvgSampEn are capable of separating the two data
sets efficiently and consistently across data length N , while SampEn and FuzzyEn
lack this ability. From the AUC values of Table 3.3, the best performance is of-
fered by TotalSampEn followed by AvgSampEn and FuzzyEn. As N increases,
SampEn and FuzzyEn improve their performances. However, their performances
remain incomparable to profile based measures till the data length of 250. At the
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Data
length
N

SampEn FuzzyEn TotalSampEn AvgSampEn

p

value
AUC p

value
AUC p

value
AUC p

value
AUC

50 NA NA NS 0.52 0.0183 0.71 NS 0.66

100 NA NA NS 0.61 0.0127 0.72 0.00180 0.77

150 NS 0.64 0.0363 0.68 0.0231 0.70 0.00085 0.79

200 NS 0.60 0.0307 0.69 0.0404 0.68 0.00150 0.78

250 0.0172 0.71 0.0058 0.74 0.0143 0.71 0.00017 0.83

300 0.0025 0.76 0.0005 0.80 0.0206 0.70 0.00008 0.84

Table 3.2: Classification of ‘Physiologic’ and ‘Simulated’ HRV data

highest data length used N = 300, FuzzyEn manages to outrun the performance
of one of the profile based measures namely TotalSampEn. But it can be clearly
seen that at all data lengths, it is AvgSampEn that offers the highest unbeatable
performance.

For signals belonging to ‘healthy’ and ‘arrhythmic’ HRV data sets (Table 3.4), as
was seen for the previous two case studies, here also SampEn was undefined for one
or both data sets at data lengths of 50 and 100. The respective p value estimation
thus becomes non-applicable at these two data lengths. For all N > 100, SampEn
offers no significant classification of the two data sets. For FuzzyEn, a significant
data classification takes place only at data lengths greater than 100. In contrast,
TotalSampEn and AvgSampEn offer significant classification at each of the data
lengths. As observed from the respective AUC values of Table 3.4, SampEn has
no significant performance at N = 50, 100. Gradually, with increasing N , both
SampEn and FuzzyEn gain significance in their performances. At the higher data
lengths of 250 and 300, FuzzyEn shows better performance than AvgSampEn.
But, at all data lengths, starting from the lowest, TotalSampEn is the only one
that offers the best and most consistent classification performance.
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Data
length
N

SampEn FuzzyEn TotalSampEn AvgSampEn

p

value
AUC p

value
AUC p

value
AUC p

value
AUC

50 NA NA NS 0.62 0.00051 0.82 0.0012 0.80

100 NA NA NS 0.68 0.00022 0.84 0.0106 0.74

150 NS 0.54 NS 0.64 0.00022 0.84 0.0179 0.72

200 NS 0.62 0.0315 0.70 0.00004 0.88 0.0077 0.75

250 NS 0.65 0.0193 0.72 0.00004 0.88 0.0084 0.75

300 NS 0.68 0.0098 0.74 0.00005 0.88 0.0207 0.72

Table 3.3: Classification of healthy ‘elderly’ and healthy ‘young’ HRV data

Significance of data driven range and resolution of r in SampEn
profiling

Is traditional r range or lesser sufficient to obtain the profile based mea-
sures? In classifying two different data sets, performances of TotalSampEn and
AvgSampEn over data length N are indicated as a variation of AUC with data
length (shown in Fig. 3.12). This behavior of performance across data length is ob-
tained at three different ranges of r namely; a) the data driven range of r (retrieved
by the proposed CHM approach), b) 0 to1 ∗ SD of signal and c) 0 to 0.5 ∗ SD of
signal, by order of their magnitude, while the r resolution is maintained a constant
at the data driven value.

Case study 1: physiologic RR Vs simulated RR Looking at the left sub-
panel of Fig. 3.12a, we see that performance of TotalSampEn is consistently high
at all the data lengths when the measure is calculated using the data driven range of
r. Use of the other two r ranges gives best performance at some of the data lengths
but also leads to a drop in performance at some other data lengths as shown in the
figure. Thus, there is a lack of consistency in TotalSampEn performance when the
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Data
length
N

SampEn FuzzyEn TotalSampEn AvgSampEn

p

value
AUC p

value
AUC p value AUC p

value
AUC

50 NA NA NS 0.61 1.88e-08 0.95 0.0001 0.81

100 NA NA NS 0.65 1.73e-08 0.95 0.0005 0.78

150 NS 0.60 0.0098 0.71 8.82e-09 0.96 0.0007 0.77

200 NS 0.61 0.0016 0.75 1.34e-08 0.96 0.0002 0.80

250 NS 0.65 0.0022 0.75 2.85e-08 0.95 0.0034 0.74

300 NS 0.66 0.0021 0.75 1.46e-08 0.96 0.0058 0.72

Table 3.4: Classification of ‘healthy’ and ‘arrhythmic’ HRV data

measure is estimated using incomplete or assumed ranges of r. On the other hand,
from the right sub-panel of Fig. 3.12a, it is undoubtedly clear that using the data
driven r range alone can fetch the highest performance of AvgSampEn in classifying
the two data sets. The other two ranges give a relatively lower performance at all
data lengths, as can be seen from the figure.

Case study 2: healthy elderly RR Vs healthy young RR The left sub-panel
of Fig. 3.12b shows that performance of TotalSampEn in classifying the two data
sets is more or less equivalent at the data driven and (0−1)∗SD ranges of r. While
using the (0− 0.5) ∗ SD range of r, TotalSampEn performance drops significantly.
In the case of AvgSampEn, the right sub-panel of Fig. 3.12b shows clearly that at
almost all data lengths used in the study, the best performance is obtained when
the measure is calculated from the data driven range of r.

Case study 3: healthy RR Vs arrhythmic RR From both sub-panels of Fig.
3.12c, we see that TotalSampEn and AvgSampEn give the highest performance at
most of the data lengths, when obtained using the data driven r range. At most
of the data lengths used in the study, the other two r ranges give a much lower
performance in the case of both measures.
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(c) ‘Healthy’ Vs ‘arrhythmic’ RR interval data

Figure 3.12: Significance of r range in determining the performances of SampEn
profile based measuresTotalSampEn and AvgSampEn is shown here. The variation
of AUC (Area under the ROC curve) with data length N at three different r ranges
is shown for individual case studies. The three different ranges considered are; a)
Data driven range of r, b) 0 to1 ∗ SD of signal and c) 0 to 0.5 ∗ SD of signal. The
behavior is shown for three different case studies; 1) ‘physiologic’ Vs ‘simulated’
RR interval data 2) healthy ‘elderly’ Vs healthy ‘young’ RR interval data and 3)
‘healthy’ Vs ‘arrhythmic’ RR interval data.
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Is traditional r resolution sufficient to obtain the profile based mea-
sures? In classifying two different data sets, performances of TotalSampEn and
AvgSampEn over data length N are indicated as a variation of AUC with data
length (shown in Fig. 3.13). This behavior of performance across data length is
obtained at three different resolutions of r namely; a) the data driven resolution of
r (retrieved by the proposed CHM method), b) 1

0.01∗SD of signal and c) 1
0.1∗SD of signal ,

while the r range is kept fixed at the data driven value.

Case study 1: physiologic RR Vs simulated RR Looking at the left sub-
panel of Fig. 3.13a, we see that performance of TotalSampEn, calculated using the
data driven resolution of r is best only at the smallest two data lengths of 50 and
100. At all other data lengths, the other two resolutions score better, as can be seen
from the figure. On the other hand, the right sub-panel of Fig. 3.13a clearly shows
that using the data driven r resolution alone can fetch the highest performance
of AvgSampEn in classifying the two data sets. The other two resolutions give a
relatively lower performance at all data lengths, as can be seen from the figure.

Case study 2: healthy elderly RR Vs healthy young RR The left sub-
panel of Fig. 3.13b shows that performance of TotalSampEn in classifying the
two data sets is highest at the data driven resolution of r. While using the other
two resolutions of r, TotalSampEn performance drops significantly. In the case of
AvgSampEn, the right sub-panel of Fig. 3.12b shows that at most data lengths used
in the study, the best performance is obtained when the measure is calculated using
the data driven resolution of r. At a few data lengths, the 1

0.1∗SD of signal resolution
scores better though.

Case study 3: healthy RR Vs arrhythmic RR From both sub-panels of Fig.
3.13c, we see that TotalSampEn and AvgSampEn give the highest performance at
all data lengths, when obtained using the data driven r resolution. The other two r
resolutions consistently give a much lower performance in the case of both measures.
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Computational efficiency of CHM over traditional approach
of profile generation

Computational efficiency analysis In our study, we compare the computational
efficiencies of (1) traditional approach and (2) CHM in generating a SampEn profile.
The experiment uses 20 signals (each of data length 300) from each data set. Here,
we first obtain the data specific set of r values (of size n) using CHM. Then, this r set
is used by the traditional approach and CHM to generate the respective SampEn
profiles. In each case, the execution time required to generate the profile is observed.
All executions are carried out using MATLAB 2014Rb that was run on an Intel(R)
Core(TM) i7-4770 processor at 3.4 GHz base frequency and 16 GB RAM.

Comparison of computational efficiencies of a) traditional approach and b) CHM, in
generating entropy profiles has been shown in Table 3.5. It is obvious that the exe-
cution time required by CHM is smaller than traditional approach for each example
signal (Table 3.5).

3.3.4 Discussions on SampEn profiling

Significance of a multiresolution binning scheme in CHM

In generating a signal’s complete entropy profile, our approach clearly chooses to
retrieve a data driven set of r values. A complete range of r values, spread at
an appropriate resolution defines the data driven r set. Usually, the appropriate
resolution is expected to be a single constant value and the highest possible one.
This is in order to ensure accuracy of profile generation.
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Table 3.5: Execution times of 1) traditional approach and 2) CHM, in generating an
entropy profile; calculations have been done on 20 healthy ‘elderly’ and 20 healthy
‘young’ RR interval signals, each of 300 data points. Here, n represents the number
of elements in the r set.

Healthy ‘elderly’ Healthy ‘young’

Signal n
Execution time

n
Execution time

Traditional approach CHM Traditional approach CHM
1 127 1.08 0.08 280 2.53 0.10
2 143 1.17 0.09 352 3.14 0.11
3 127 1.10 0.08 137 1.24 0.09
4 323 2.75 0.12 340 3.01 0.12
5 31 0.29 0.07 275 2.41 0.10
6 78 0.74 0.08 314 2.76 0.12
7 91 0.77 0.09 508 4.44 0.16
8 119 1.15 0.08 209 1.91 0.08
9 356 3.23 0.12 135 1.11 0.08
10 144 1.23 0.08 197 1.72 0.09
11 460 4.10 0.14 201 1.84 0.09
12 265 2.36 0.10 384 3.37 0.13
13 62 0.63 0.07 123 1.08 0.09
14 133 1.18 0.09 96 1.12 0.08
15 64 0.61 0.08 407 3.53 0.12
16 186 1.65 0.09 251 2.32 0.11
17 99 0.87 0.08 321 2.89 0.12
18 267 2.24 0.10 415 3.71 0.12
19 396 3.49 0.12 559 5.26 0.16
20 97 0.78 0.08 424 3.75 0.12

As is explained in section 3.3.2.1, r resolution in CHM is generally estimated based
on the spread of distances between template vectors. If the r resolution needs to
be the highest possible, the bin width can be set equal to the smallest value in the
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set of distances between template vectors, as was the case in our previous study
on ApEn [8]. The histogram binning of CHM would then be done using a uniform
bin width (the smallest estimated). But, the disadvantage of this procedure is
that such a high resolution may lead to unnecessary redundancy of values in the
entropy profile [8]. Too closely placed r values may at most times fetch the same
entropy estimates. Thus, there will be regions in the entropy profile where small
changes in r do not reflect any change in entropy values, leading to repetition of
the same entropy values in the profile. Such redundancies increase computational
expense and aid no useful information retrieval. In order to avoid such a scenario, in
this study, we have replaced CHM’s uniform binning scheme with a multiresolution
binning scheme. r resolution is no longer a single constant value. It keeps varying
based on the variation in spread of distances between template vectors. Such a
multiresolution binning guarantees capture of only those r values that fetch distinct
entropy estimates, thereby eliminating redundancy in the entropy profile. Since the
basic nature of the algorithm remains unchanged, i.e., the r resolution still depends
on the dynamics of the signal (spread of distances between template vectors), there
are no chances of missing any relevant estimates from the entropy profile.

Efficiency of entropy profiling over SampEn and FuzzyEn in
short-length HRV analysis

A single random choice of r to estimate signal entropy introduces inaccuracies in
SampEn and FuzzyEn measures. Inaccuracies generally take two forms here; (i)
the estimates become undefined due to inappropriate input parameter choices or (ii)
the estimates fail to differentiate two different signal types. Both these instances of
inaccuracy have been proved and demonstrated in section 3.3.3 for three different
case studies; (i) ‘physiologic’ Vs ‘simulated’ RR interval data, (ii) healthy ‘elderly’
Vs healthy ‘young’ RR interval data and (iii) ‘healthy’ Vs ‘arrhythmic’ RR inter-
val data. As can be seen from Figure 3.11 and Tables 3.2, 3.3 and 3.4, SampEn
remains undefined for data lengths N ≤ 100. As data length increases, the esti-
mates are defined, yet they do not provide any useful information for the purpose of
signal classification. As with FuzzyEn, significant information from the estimates
are available only if we analyze a minimum of 200 data points. On the contrary,
SampEn profile based measures such as TotalSampEn and AvgSampEn largely
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eliminate such inaccuracies. Firstly, these measures are always defined since they
were extracted from a completely defined entropy profile. It can be seen from Tables
3.2, 3.3 and 3.4 that TotalSampEn efficiently classifies all signal types at all the
given data lengths while AvgSampEn fails to do so only at one single instance (at
N = 50 in Table 3.2). At all other places, AvgSampEn shows highly significant
data classification.

A more specific comparison of the measures in terms of their capacity to classify
data (corresponding to the three case studies) can be seen from the AUC values of
Tables 3.2, 3.3 and 3.4. It is very evident that for all three case studies, SampEn
is the measure that shows the least performance capabilities (at any given data
length). FuzzyEn shows better performance at the higher data lengths than the
lower ones. Both profile based measures TotalSampEn and AvgSampEn show
relatively good consistency (with respect to data length) and great efficiency in
their performances for all three case studies. At the lowest data lengths (N = 50 to
150), they are the best classification features and this holds true for all case studies.
For the higher data lengths (N = 200 to 300), one of them (either TotalSampEn or
AvgSampEn) continues to remain the best, while the other is slightly overtaken by
FuzzyEn. Though picking the best profile based measure (out of the two) cannot
be generalized across case studies, one of the two remained best at all data lengths.

Here, one may observe that TotalSampEn and AvgSampEn behave differently
while being measured from the same set of profile values. Generally when handling
a set of values, the average of values will always be linearly related to the sum of
values. This linear relationship holds true irrespective of a change in the number
of values in the set i.e, data length. But in our case, with varying data length
we see that TotalSampEn and AvgSampEn estimates are not linearly related to
each other (Figure 3.11 and Tables 3.2, 3.3 and 3.4). This is because our profile
based measures TotalSampEn and AvgSampEn are calculated over the number
of bins used in the distribution or in other words the number of r values used for
profiling. This number depends purely on the dynamics of the signal and has no
linear relationship with data length. Thus, when we monitor the behavior of these
profile based measures over a varying data length, it appears as though they are non
linearly related to each other.

One reason for better performance obtained using TotalSampEn over AvgSampEn



3.3. SampEn profiling 96

can be attributed to the sensitivity of AvgSampEn to signal noise. Since the set
of r values are defined by the unique inter-vector distances, it is highly sensitive to
noise, i.e., a small noise can affect the number of r values and thus the AvgSampEn.
However, effect of such change in numbers of r (or bins) on TotalSampEn is less
since it is not normalized by number of bins.

Importance of a data driven range and resolution for entropy
profiling

An entropy profile is complete if and only if the profile values are spanned across
the entire potential range at the right resolution. This implies that the number
of r values required to generate a profile is critical here. The proposed algorithm
automatically derives a data driven number of r values to be used and the efficiency
of this data driven approach has already been demonstrated in the earlier sections.
In order to simplify the number of computations made, one can choose to restrict the
number of r values used for profiling. For instance, the well known recommended
range and resolution of r : (0 − 1) ∗ SD of signal and 1

0.1∗SD of signal respectively
can be used, in which case the number of r values for profiling would be much less
than our data driven approach thereby reducing computational expense. But the
consequences of using such assumed choices of r range and resolution for entropy
profiling have been demonstrated in section 3.3.3. Fig. 3.12 shows the significance
of using a data driven r range while Fig. 3.13 depicts the importance of choosing
a data driven r resolution. From Fig. 3.12, it can be seen that the profile based
measures largely perform exceptionally better when estimated from the data driven
SampEn profile, rather than from profiles obtained using assumed r values. This
effect can be predominantly seen in the case of AvgSampEn for all three case studies
(see Fig. 3.12). With regard to r resolution, Fig. 3.13 shows that for classifying
Physiologic RR data from Simulated ones, the data driven resolution is a must
to achieve highest performance from AvgSampEn while it is not very significant
for TotalSampEn. On the other hand, when classifying age based RR interval
data, a data driven r resolution is indispensable for TotalSampEn performance
and compromisable for AvgSampEn. In classifying healthy from arrhythmic RR
data, a data driven r resolution alone can extract best performances from both
TotalSampEn and AvgSampEn. In summary, data driven r range is the best means
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to extract profile based measures with higher classification performances. A data
driven r resolution may or may not be significant depending on the data set used,
however, it always provided a significant level of classification performance when
using any profile based measure. Further results comparing the data driven and
traditional approaches of r definition can be found in section 1 of the supplemental
material.

Computational efficiency of CHM over traditional approach
of profile generation

The traditional SampEn estimation (at a single r value) will require o(N2) execu-
tion time [143]. In order to provide a quantitative comparison of the computational
loads involved in (a) traditional SampEn profile generation and (b) CHM, let us
assume that the complete r set has ‘n’ elements. The traditional approach would
generate the profile by repeating a run of SampEn estimation n number of times,
each time using a different r from the r set. Thus, the total execution time would
be o(N2n). Higher the value of n, greater is the computational expense and time
consumed to complete the profile generation. On the other hand, CHM involves
no repetitive rounds of estimation. As is clear from section 3.3.2.1, CHM simul-
taneously generates SampEn corresponding to all r values in a single run of the
algorithm. This is irrespective of the value of n (small or large). Thus, in this case,
the total execution time will be o(N2) only. In this way, CHM is computationally
efficient compared to the traditional approach in generating an entropy profile. An
experimental verification of the efficiency of CHM to handle computational load is
given in Table 3.5. As can be calculated from the table, for the healthy aged data
set, the mean±SD of execution times are 1.57±1.08 and 0.09±0.02 respectively for
a) traditional approach and b) CHM, whereas these execution times are 2.66± 1.16
and 0.11± 0.02 for the healthy young data set. As is evident from the mean values,
computational load is much higher for the traditional approach in comparison to
that for CHM. Also, the SD (standard deviation) values show that the dependence
of traditional execution time on n is prominent, while it is not so for CHM.

As is described in section 3.3.2.1, CHM uses matrix operations and the cumulative
distribution concept to become computationally more efficient than the traditional
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approaches that have in turn used only looped operations to compute entropy at
multiple r values. Any user-defined r set may now seem applicable in such a matrix
based approach. However, such attempts have not been reported so far. In addi-
tion, the computational benefit demonstrated above may vary with the computing
platform used. Our results have been validated in MATLAB where the kernel loops
are optimized compared to traditional loops.

3.4 Summary

This chapter introduces a novel algorithm, the Cumulative HistogramMethod (CHM)
that can generate an entropy profile, given a time-series data of length N and
embedding dimension m. Entropy profiling is a significant step towards making
entropy formulations non-parametric. Eliminating the dependence of ApEn and
SampEn over the most critical parameter, tolerance r, has been made possible us-
ing CHM. This has in turn significantly reduced the data length limitations seen
in ApEn and SampEn. The measures which were considered suitable for data
lengths 1000 and above only (' 15min data), can now be used to analyze data
as short as 50 samples (' 1min data). The effectiveness of CHM has been well
demonstrated in this chapter, using different synthetic and physiologic time-series
signals. In addition to performance efficiency, we have also elaborated on the high
computational efficacy of CHM here. Put together, CHM has addressed a serious
concern of parametric dependence in KS-entropy algorithms, that has remained un-
resolved for over two decades now. Additionally, CHM introduces secondary mea-
sures of irregularity such as TotalApEn/TotalSampEn, AvgApEn/AvgSampEn
and SDApEn/SDSampEn that are far superior to the traditional ApEn/SampEn
estimates, in terms of information retrieval and signal classification. This chapter
thus addresses the issue of irresolute r-selection in entropy methods used to evaluate
irregularity of short-length HRV signals. Now, if the topic of interest in HRV analysis
is ‘complexity’ rather than ‘irregularity’, how do we use the same entropy methods
for the purpose. To answer that, we must first study the scenarios that require com-
plexity information retrieval, existing methods used for it, current limitations and
potential solutions. The next chapter discusses the relevance of complexity analysis
in HRV signals and addresses issues related to parametric limitations.
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(a) ‘Physiologic’ Vs ‘simulated’ RR interval data
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(b) Healthy ‘elderly’ Vs healthy ‘young’ RR interval data
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(c) ‘Healthy’ Vs ‘arrhythmic’ RR interval data

Figure 3.13: Significance of r resolution in determining the performances of SampEn
profile based measuresTotalSampEn and AvgSampEn is shown here. The varia-
tion of AUC (Area under the ROC curve) with data length N at three different
r resolutions is shown for individual case studies. The three different resolutions
considered are; a) Data driven resolution of r, b) 1

0.01∗SD of signal and c) 1
0.1∗SD of signal .

The behavior is shown for three different case studies; 1) ‘physiologic’ Vs ‘simulated’
RR interval data, 2) healthy ‘elderly’ Vs healthy ‘young’ RR interval data and 3)
‘healthy’ Vs ‘arrhythmic’ RR interval data.



Chapter 4

Multiscale entropy profiling for
complexity analysis of short-length
HRV signal

This chapter explains how signal complexity is different from signal regularity and
the need to measure the level of complexity contained in a physiological signal. Mul-
tiscale entropy analysis (MSE) is a concept introduced to enable the ‘irregularity’
statistic SampEn to function as a ‘complexity’ statistic. An elaborate introduction
to the idea of multiscaling, its merits and limitations have been discussed here pri-
marily. The biggest limitation of multiscaling is its dependence on long-term data.
Several improvisation methods were proposed to address the issue, which have also
been briefed in this chapter. This is followed by experimental verification of our hy-
pothesis that entrusts entropy profiling to equipMSE to be applicable on short-length
data. The concept of entropy profiling (introduced in the previous chapter) relieves
multiscaling too from the tricky process of selecting an appropriate r. This in turn
reduces data length limitations seen in multiscaling, since the problem of irresolute
r-selection is the main reason for such limitations. Traditional multiscaling (using
SampEn estimates) has tried to retrieve complexity information from HRV signals
related to cardiac conditions such as atrial fibrillation. The procedure requires a min-
imum of 20,000 data points from the input HRV signal, under assumed parametric
conditions (inclusive of r). By making multiscaling independent of r-selection (using

101
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SampEn profiling), the procedure requires only 500 data points from the same HRV
signal, keeping all other parametric conditions unchanged. By dealing with just the r
parameter, multiscaling that was so long considered suitable for just long-term data,
now becomes suitable for short-length data too.

This chapter has produced the following journal publication

1. R. K. Udhayakumar, C. Karmakar, and M. Palaniswami, “Multiscale entropy
profiling to estimate complexity of heart rate dynamics”, Physical Review E, 2019.

4.1 Introduction

Complexity of a physiological system cannot always be attributed to the pres-
ence of chaos or order in it [60]-[62]. Here, it is important to understand the

difference between ‘irregularity in a signal’ and ‘complexity of a system’. In the
previous chapter, we have focused on obtaining a measure to quantify the amount
of irregularity/randomness in a given physiological signal. This has meant to search
for similar patterns in the signal, in turn trying to judge its predictability in time.
On the contrary, when we are interested in studying the nature of the underlying
physiological system (more so than the output signal), we may have to relate the ir-
regularity/randomness seen in the signal to the structural dynamics and interactions
of the system. A system with highly uncorrelated interactions will be more complex
to comprehend. A signal arising from such a complex system should be categorized
as complex, irrespective of the regularity of patterns seen in it [144]. For instance,
arrhythmia is a condition where there is additional irregularity in the normal heart
rate pattern. But, a normal cardiac system has better reflexes and adaptability to
a changing environment than an arrhythmic cardiac system, making it a more com-
plex system [62]. Thus, an arrhythmic signal can be more irregular than a normal
heart signal, despite coming from a low complex system. In such cases, it becomes
necessary to particularly extract complexity information (not just irregularity) from
the signal. For this, the signal must be examined across various temporal and spatial
scales, which is equivalent to exploring the structural complexity of the system.

HRV by definition is the beat-to-beat variations in RR interval time series. The RR
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intervals possess highly complex fluctuations that are seemingly irregular, underlying
the intrinsic complexity of cardiac dynamics and the corresponding control mecha-
nism [137]. Such a complexity has been widely accepted as a promising non-invasive
marker for cardiovascular health. This has been evidenced by the high complexity
of HRV present in healthy young subjects and the loss of complexity observed in
aging and diseased population [24, 27, 137]. Mostly intriguingly, HRV complexity
appears to possess important prognostic value and be an important predictor for the
vulnerability of adverse cardiovascular events, such as atrial fibrillation [145]-[147].
Although statistical measures such as approximate Entropy (ApEn) and sample En-
tropy (SampEn) are also designed to retrieve information about system complexity,
in reality they only provide information about regularity[24, 73, 144]. In 2002, Costa
et al. [60] introduced the concept of multiscale entropy (MSE) to measure sys-
tem complexity, where a scale dependent entropy is obtained by considering coarse
grained variables of an original time series. In this approach, irregularity estimated
at the higher scales eventually reveals the system’s complexity. The method was
devised in order to address the issue of abnormal physiologic signals (less complex)
having higher entropy values (ApEn or SampEn) than their healthy counterparts
(more complex), in some cardiac pathologies like atrial fibrillation [60, 62] [63]-[66].
In their work, Costa et al. have shown how a multiscaled SampEn estimation
can accurately estimate ‘complexity’ based information from heart rate time series
signals of patients with atrial Fibrillation and congestive heart failure [60, 62].

One big limitation of MSE is the dependency on longer data length N , since coarse
graining in MSE analysis reduces the data length with increasing scale factor. In
addition, longer data length reduces the accuracy of MSE analysis, since such a
signal is more prone to be non-stationary. Enabling MSE to analyse short-length
signals can overcome these limitations. A few improvements and generalizations to
MSE analysis such as modified MSE (MMSE), short-time MSE (sMSE) and
refined generalizedMSE (RMSEσ2) showed application ofMSE analysis on short-
term synthetic data [148]-[88], however their applicability on physiologic signals have
been unknown.

Dependency ofMSE on long-term signal is inherited from the embedded irregularity
estimation technique (SampEn). At an embedding dimension m, the SampEn
algorithm needs a minimum data length of ' 30m to ensure a meaningful estimation
[24, 27]. In MSE analysis, coarse graining process reduces the data length by the



4.2. Background on MSE analysis methods 104

factor of scale. Therefore, Costa et al. have demonstrated multiscaling results on AF
and CHF data using 20,000 points with a maximum scale factor of 20 (at m = 2)
[60]. When only 1000 points of the same AF data are used, multiscaling fails to
capture complexity information at the given m. (evident from Fig. 4.1(a)).

This implies that multiscaling has so far been treated unsuitable for use on short-
term data, due to parametric restrictions (N and r) seen in the SampEn algorithm.
As was demonstrated in the previous chapter, data length limitations on SampEn
estimation was mainly due to constraints placed on the choice of r. In 2006, Lake
et al. [58, 74] proposed the concept of a ‘minimum numerator count’ to select the
optimal value of threshold r. The idea was to vary the value of r from an initial
0.03 to a point where a certain number of vector matches at m + 1 is achieved.
The number of matches to be achieved has been specified by the authors based on
the data set in use. This method helps to remove data length limitations seen in
SampEn estimation. Another study [75] has used the ‘minimum numerator count’
idea on FuzzyMEn (Fuzzy Measure Entropy) and demonstrated results on 12-beat
data, the new statistic being called ‘normalized fuzzy measure entropy’. However,
the ‘minimum numerator count’ method requires the user to keep varying r and
repeat estimation steps till the optimal point is reached.

Our proposed method of ‘entropy profiling’ breaks all constraints and equips SampEn
to handle short-length heart rate data. Similarly, here we hypothesize that augment-
ing the multiscaling procedure with ‘entropy profiling’ will eliminate the former’s
dependency on long-term data.

In this study, we hypothesize that integrating entropy profiling with multi-scaling
approach will make MSE independent of data length. We believe the proposed
MSE analysis technique will advance the field of measuring system complexity
using short-length signal.

4.2 Background on MSE analysis methods

Multiscale entropy (MSE) analysis [60] is estimation of entropy of a given time series
at different time scales. At each time scale τ , the original time series {x(n) : 1 ≤ n ≤ N}
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is coarse grained to form yτ (n) : 1 ≤ n ≤ N
τ
, where,

yτ (n) = 1
τ

nτ∑
i = (n− 1)τ + 1

x(i) (4.1)

whose SampEn is then estimated. Here, SampEn is calculated with a delay factor
δ = 1.

Delay factor (δ) in SampEn estimation

The concept of a time delay factor (δ) in SampEn estimation was first introduced
in 2007 by Govindan et al. [150]. δ can be defined as the time delay between
successive elements in the formation of a template vector. For the time series
{x(n) : 1 ≤ n ≤ N}, at an embedding dimension m, a template vector of length
m is generated as Xm

i = {x(i), x(i+ 1), ..... x(i+ (m− 1))} . Here, the time
delay between successive elements of Xm

i is 1. We can modify this definition as,
Xm
i = {x(i), x(i+ δ), ..... x(i+ δ(m− 1))} , in which case the time delay be-

tween successive elements of Xm
i becomes δ.

4.2.1 Modified Multiscale Entropy (MMSE)

TheMMSE [148] procedure has two differences in comparison to the originalMSE

method.

1. The coarse graining step of MSE is replaced by a moving-average process in
the MMSE, i.e., in place of 4.1, we generate

zτ (n) = 1
τ

n+ τ − 1∑
i = n

x(i); for 1 ≤ n ≤ N − τ + 1 (4.2)

2. At each time scale τ , SampEn of 4.2 is estimated with a time delay δ = τ .



4.2. Background on MSE analysis methods 106

The MMSE was introduced in order to try and equip MSE analysis for short-
term time series. Since the coarse graining process keeps on shortening data length
N with increasing τ , the former was replaced by a moving-average process. Using
moving average process, the number of template vectors generated is much higher in
modified multiscale entropy. This increases the chances of finding template matches
and reduces the probability of getting undefined entropy values. Thus modified
multiscale entropy becomes more reliable for use in short-term signals. Also, having
a non-unity time delay (δ) was supposed to improve efficiency of the complexity
analysis [148, 150]. The performance of MMSE was demonstrated to be good on
short-term synthetic signals. However, the analysis has not been extended on real-
time physiologic signals. Most importantly, the method was declared unsuitable for
use on long-term signals [148].

4.2.2 Short-time Multiscale Entropy (sMSE)

Here, from the original time series{x(n) : 1 ≤ n ≤ N}, L+1 different time series are
generated as below, L being the lag factor:

For 0 ≤ p ≤ L

x(p) = { x(k), x(k + 1), ... x(N) } (4.3)

where k = p+ 1.

Each of the L + 1 time series, x(p) is then coarse grained at different time scales
τ and sent for SampEn estimation (with unity delay), i.e., each x(p) is subjected
to MSE analysis. At each τ , the L + 1 SampEn estimates are then averaged to
get the sMSE value. The method was however found to be computationally quite
expensive [149].
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4.2.3 Refined Generalized Multiscale Entropy (RMSEσ2)

In 2015, Costa et al [68] introduced the concept of ‘generalized MSE (MSEσ2)’
that used variance (σ2) instead of mean/average to coarse grain the original time
series in MSE analysis, i.e., the coarse grained time series at a time scale τ would
be:

yτ (n) = 1
τ−1

nτ∑
i = (τ − 1)n+ 1

(x(i)− x̄)2; for 1 ≤ n ≤ N
τ

(4.4)

Here, x̄, denotes the mean of each sequence in τ .

In RMSEσ2 , at each τ , once again, τ different coarse grained time series are gener-
ated instead of 1 (as in MSEσ2). 4.4 now becomes

yτ (k, n) = 1
τ−1

nτ + k − 1∑
i = (τ − 1)n+ k

(x(i)− x̄)2; for 1 ≤ n ≤ N
τ
and1 ≤ k ≤ τ

(4.5)

At each τ , the number of vector matches obtained at embedding dimensions m and
m + 1 are denoted as amk,τ and bm+1

k,τ respectively, for all of the 1 ≤ k ≤ τ coarse
grained series. Let their averages across all k be āmτ and b̄m+1

τ respectively. RMSEσ2 ,
at each τ is then given by −ln b̄

m+1
τ

āmτ
.

Though the method was intended for use on short-term time series, results have not
been proven on short-term physiologic data. Liu et al. [88] have instead demon-
strated the possibility of performing MSE analysis at higher scale factors using
RMSEσ2 .
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4.3 Data used for the study

RR interval data corresponding to the ECG recordings of 18 ‘healthy’ and 25 ‘atrial
fibrillated (AF)’ subjects have been used here. The data were obtained from the
MIT-BIH module of the PhysioNet database [128]. The MIT-BIH database contains
long-term ECG recordings of subjects referred to the Arrhythmia Laboratory at
Boston’s Beth Israel Hospital. The Normal sinus rhythm database contains 18 long-
term ECG recordings of subjects who were found to have no significant arrhythmia;
they include 5 men, aged 26 to 45, and 13 women, aged 20 to 50. The AF database
contains 25 long-term ECG recordings of human subjects with atrial fibrillation
(mostly paroxysmal) [141]. All signals have been manually filtered for the removal
of ectopic beats.

4.4 Methods

4.4.1 Sample entropy

SampEn is an approximation of the conditional probability [27] of two segments
matching at a length of m+1 if they match at m, where the match is decided by the
tolerance parameter r. A time series {x(n) : 1 ≤ n ≤ N}is divided into (N−m) over-
lapping vectors, each of length m, given by {Xm

i : 1 ≤ i ≤ (N −m)} ,whereXm
i =

{x(i+ k) : 0 ≤ k ≤ m− 1}. Cm
i (r) is then the probability of a vector Xm

j to lie
within a distance r of the vector Xm

i ,1 ≤ j ≤ (N − m),j 6= i, distance given by
dmij = {max|Xm

i − Xm
j |: 1 ≤ j ≤ (N −m), j 6= i}. So, for an ith template vector,

the distance vector for an embedding dimension m will be of the following form
dmi = dmij : 1 ≤ j ≤ (N − m), j 6= i. Similarly, we obtain dm+1

i = dm+1
ij : 1 ≤ j ≤

(N −m), j 6= i at an embedding dimension m+ 1 and compute Cm+1
i (r).
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SampEn estimate

SampEn(N,m, r) = ln Φm(r)
Φm+1(r)

where

Φm(r) = 1
N −m


N −m∑
i = 1

Cm
i (r)


For all experiments conducted in this study, SampEn is evaluated at an r value
of 0.15 ∗ SD of signal and an m value of 2. Further in this chapter, we represent
SampEn as HS.

SampEn profile

Instead of choosing a single value of tolerance r to estimate SampEn, we compute
a complete set of data driven r values and generate a profile of SampEn values [7].
Let D be the matrix containing all elements of dm and dm+1. Then, we define range
as the set of all unique elements of D, sorted in ascending order. Also, let nbin
be the number of elements in range . The cumulative distribution function cdfmi

is then calculated as cdfmiq = p(dmi ≤ range(q)) ; for 1 ≤ q ≤ nbin, where p is the
probability. Here, each value of q represents an r in the profile. Thus,

SampEn(q) = ln Φm(q)
Φm+1(q)

for 1 ≤ q ≤ nbin to get the complete profile of SampEn values, where Φm(q) =

1
N−m

N −m∑
i = 1

(cdfmiq ).
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Total sample entropy (TotalSampEn)

TotalSampEn is calculated by adding up all the individual values of SampEn along
the SampEn profile of a signal;

TotalSampEn =
nbin∑
q=1

SampEn(q)

Further in this chapter, we represent TotalSampEn as HTS.

4.4.2 Normalized Fuzzy Measure Entropy

From the given time series, a set each of local and global vector sequences are
formed (as elaborated in [75]); Lmi and Gm

i respectively at an embedding dimension
m. Then, the local and global similarity degrees or fuzzy functions are computed as

DLmij (nL,rL) = exp
(
−
(
dLmij
rL

)nL)

and
DGm

ij (nG,rG) = exp
(
−
(
dGm

ij

rG

)nG)

where dLmij and dGm
ij are the distances between the local and global vector se-

quences respectively, computed as per [75]. The mean values of these fuzzy func-
tions are computed as BLm(nL, rL) and BGm(nG, rG), respectively. The same steps
when repeated with an embedding dimension m+ 1, produce mean fuzzy functions
ALm+1(nL, rL) and AGm+1(nG, rG). The fuzzy local and global measure entropies
are then estimated as

FuzzyLMEn = ln
(
BLm(nL, rL)
ALm+1(nL, rL)

)
+ ln(2rL)− ln(RRmean)

and
FuzzyGMEn = ln

(
BGm(nG, rG)
AGm+1(nG, rG)

)
+ ln(2rG)− ln(RRmean)

respectively. Finally, normalized FuzzyMEn is given by

HNF = FuzzyLMEn+ FuzzyGMEn
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Here, rL and rG are the local and global thresholds of distance and are estimated
using the minimum numerator count method [74, 75]. Also, nLand nG are called
the local and global similarity weights and both carry a value of 2 here.

4.4.3 Multiscale Entropy (MSE)

The time series {x(n) : 1 ≤ n ≤ N}is divided into N
τ
non-overlapping segments, each

of length τ , where τ is the scale factor. The mean of elements in each of the
consecutive segments form the new coarse grained time series; yτ (n) : 1 ≤ n ≤ N

τ
,

where

yτ (n) = 1
τ

nτ∑
i = (n− 1)τ + 1

x(i)

. For every coarse grained time series, the entropy estimate (here, HS, HNF or HTS)
is then obtained.

For all entropy estimations, we use an m = 2.

4.4.4 Statistical analysis

In our study, we have used area under the ROC (Receiver Operating Characteristic)
curve in order to test the efficiency of our measures in signal classification. The area
under the ROC curve (AUC) is the probability that a classifier ranks a randomly
chosen instance X higher than a randomly chosen instance Y , X and Y being sam-
ples taken from two independent populations. An AUC value of 0.5 indicates that
the distributions of the features are similar in the two groups with no discriminatory
power. Conversely, an ROC area value of 1.0 would mean that the distribution of
the features of the two groups do not overlap at all. MATLAB R2014b Statistics
toolbox was used to perform all statistical operations.



4.5. Results and discussion 112

2 4 6 8 10 12 14 16 18 20
0

1

2

H
S

Healthy AF

2 4 6 8 10 12 14 16 18 20

Scale Factor

0

1000

H
T

S

2 4 6 8 10 12 14 16 18 20
-5

-4

-3

H
N

F

(a)

(b)

(c)

Figure 4.1: MSE analysis of RR-interval time series derived from healthy subjects
and atrial fibrillation subjects using (a)SampEn, (b) normalized FuzzyMEn and
(c) TotalSampEn at N = 1000.

4.5 Results and discussion

4.5.1 Measure of irregularity or complexity?

For the largest data length used in our study, i.e., N = 1000, we estimate the respec-
tive multiscaled versions of HS, HNF and HTS using scales 1 to 20. As can be seen
from Fig. 4.1(a), multiscaling on SampEn consistently places healthy signals’ en-
tropy below that of the diseased ones, indicating a misleading complexity judgment.
Looking at Fig. 4.1(b) and (c), we understand how multiscaling on HNF and HTS

changes the scenario in favor of an accurate complexity analysis, where the healthy
signals have a much higher entropy compared to their diseased counterparts.

4.5.2 Data length requirement for multiscaling

To find the minimum length of original data that would show an impact when sub-
jected to multiscaling, we estimatedHNF andHTS at different scales for a decreasing
order of data length N = 1000, 500, 100, 50, 30, 20. As can be seen from Figs. 4.2a
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and 4.2b, the effect of multiscaling on both measures tends to decay, as data length
decreases. In case of HNF , at N = 50, 30 and 20 (sub-panels (d), (e) and (f) of Fig.
4.2a), the measure no longer reveals consistent or indisputable complexity informa-
tion and in fact eventually falls back to being a regularity statistic at N = 20. For
HTS, the same behavior can be seen from sub-panels (d), (e) and (f) of Fig. 4.2b.
Also, at N = 100 (sub-panel (c) of Fig. 4.2b), the demarcation between healthy
and AF signals, thereby complexity information, remains insufficient at the higher
scale factors. The maximum scale factor intended for use in our experiments was
20. But, for data lengths 100, 50, 30 and 20 of HNF and 50, 30 and 20 of HTS,
multiscaling could not be done at all of these scales. The minimum length of coarse
grained signal that could be handled by HNF was 8, while for HTS, it was 5. Hence,
the choice of maximum scale factor, given a data length N will have to be N

8 for
HNF and N

5 for HTS.
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(a) Themean±SD values of HNF to differentiate healthy from AF signals, across
a varying scale factor. The subplots represent analysis performed at data lengths
(a) 1000, (b) 500, (c) 100, (d) 50, (e) 30 and (f) 20.
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Figure 4.2: MSE analysis of HNF and HTS
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(a) The respective AUC values of HNF to differentiate healthy from AF signals,
across a varying scale factor. Analysis is performed at data lengths (a) 1000,
(b) 500 and (c) 100.
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(b) The respective AUC values of HT S to differentiate healthy from AF signals,
across a varying scale factor. Analysis is performed at data lengths (a) 1000,
(b) 500 and (c) 100.

Figure 4.3: Classification performances of multiscaled HNS and HTS

4.5.3 Efficiency of multiscaled complexity measures

Taking the minimum data length requirement to be 100 for both HNF and HTS,
we next try to find out the maximum scale factor necessary to give us the best
classification performance for N ≥ 100. Lesser the scale factor required, lesser is the
computational cost. The AUC values ofHNF andHTS in classifying healthy from AF
signals are shown at multiple scale factors in Figs. 4.3a and 4.3b. At N = 1000, 500
and 100, the respective AUCmax values and corresponding scale factors are shown
in Table 4.1. As can be seen, at each of the data lengths, classification performance
of HTS is significantly higher than that of HNF . Also, at every data length, HTS

reaches the highest performance at a much lower scale factor than HNF . For HTS,
at N = 100, though complexity behavior at the higher scale factors was insufficient
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(sub-panel (c) of Fig. 4.2b), highest classification performance is obtained before
the issue sets in.

Table 4.1: Highest classification performances of HNF and HTS

Measure Data length AUCmax ScaleFactorAUCmax

HNF

1000 0.8622 19
500 0.8533 19
100 0.6733 7

HTS

1000 0.9156 9
500 0.8778 7
100 0.7311 5

Costa et al’s [60] MSE analysis required 20,000 data points and a maximum scale
factor of 20 (at m = 2) for extraction of complexity information. Under the same
parametric conditions, our method (HTS ) requires only 100 data points while HNF

requires 160 data points for the purpose. This is because, while traditional SampEn
needs a minimum of N ' 1000 (at m = 2) for an accurate estimation, SampEn
profiling (and therefore HTS) can do an accurate estimation even with an N as low
as 5 (at m = 2). Additionally, though HTS and HNF seem to be capable of handling
almost similar lengths of short-length data, as far as classification performance and
computational efficiency is concerned, using multiscaled HTS over multiscaled HNF

is undoubtedly beneficial in detecting complexity of short-length AF signals.

4.5.4 CHM based multiscaling: robustness in classification
performance

Four random sets of healthy and AF signals, each of length 500 are generated for this
section of analysis. We use N = 500 here (and not the minimum length requirement
of 100) to see a consistent behavior of HTS as a complexity measure across all 20
scale factors used. The initial pool of data constitutes 18 healthy and 25 AF signals
of varying data lengths (all above 20,000 beats). From each of these primary signals,
we generate 40 non-overlapping secondary segments, each of length 500. To induce
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randomness, each 500-beat signal here will have a unique starting point (beat value)
chosen from the original signal, followed by the next consecutive 499 points. Thus,
each set will contain (18X40) + (25X40) = 1720 random 500-beat signals. (i) set
1: Uses i = [1 {500(k) + 1; 1 ≤ k ≤ 39}] as starting points for the 40 secondary
segments. (ii) set 2, set 3 and set 4 use 120 other unique starting points to generate
their respective random 500-beat signals. At each scale factor, the mean ± SD of
TotalSampEn of the18X40 healthy versus 25X40 AF signals is plot in Fig 4.4a, for
all four sets. Their respective performance analysis is shown in Fig 4.4b. As can be
seen from the figures, the choice of signal segment can be random and this does not
affect multiscale entropy profiling in any way. Thus, any random segment (from the
original signal) of minimum length 500 is sufficient for an accurate classification of
data based on complexity analysis. This proves the robustness of multiscale entropy
profiling.
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(a) SampEn profiling based MSE analysis of four random sets of RR-interval time
series derived from healthy subjects and atrial fibrillation subjects at data length
N = 500. Subplots (a), (b), (c) and (d) correspond to random set 1, set 2, set 3
and set 4 respectively.
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Figure 4.4: SampEn profiling basedMSE analysis of random 500-beat RR-interval
time series
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4.6 Summary

Multiscale entropy analysis (MSE) has become an indispensable choice in order to
examine complexity based information from physiologic data. Unfortunately, the
method requires input data to be long-term as well as stationary, one contradicting
the other. This chapter demonstrates the need to use entropy profiling with MSE

analysis. Traditional SampEn and Normalized FuzzyEn estimation in MSE anal-
ysis have been compared with TotalSampEn estimation in MSE analysis. Here,
TotalSampEn is the new complexity measure obtained from the signal’s SampEn
profile. Since SampEn profiling works well on short-length data, MSE analysis is
benefited when TotalSampEn is the complexity measure instead of SampEn. For
complexity based classification of AF signals from healthy cardiac signals, where
MSE required a data length as high as 20,000, our method of entropy profiling re-
quires only 500 data points. Our study also shows that these 500 data points can be
randomly picked from anywhere in the original data, thereby proving robustness of
our approach. Our novel idea of multiscale entropy profiling thus equipsMSE anal-
ysis to perform accurate complexity analysis of short-length heart rate variability
signals.

So far, we have been discussing irregularity and complexity analysis of HRV signals
that are univariate in nature, involving just one variable, the heart rate. In cases
where physiological data analysis may involve multiple variables and the relationship
between them, we may have to use correlation measures to analyse the data. For
instance, a physiological condition like exercise can be better studied by analysing
heart rate variability and respiration rate together, rather than taking just one of
these. The correlation between the two variables will give a better understanding of
the condition. This way, data can carry bivariate or multivariate information for us
to analyse. In order to equip entropy methods to handle multivariate data, we must
first discuss the probability of using the entropy measures as correlation statistics
more than just irregularity/complexity statistics. The next chapter elaborates on
the prospects of using entropy methods for multivariate data analysis (involving
HRV), with special focus on short-length signals.



Chapter 5

Cross-entropy profiling for
irregularity analysis on
short-length multivariate signals

This chapter gives an insight to the use of statistics such as ApEn and SampEn
in the analysis of multivariate signals. Focusing on bi-variate time-series, the chap-
ter describes the methodology of cross entropy (X-entropy) analysis and outlines its
limitations when required to be used on short-length signals. This is followed by a de-
tailed discussion on how the concept of entropy profiling can be used in multivariate
SampEn estimation, thereby enabling short-length analysis. Validation results have
been presented using synthetic MIX(P) processes and cardio-respiratory data. Here,
the correlation analysis is predominantly based on irregularity information from the
signals.

This chapter has produced one conference publication and a submission ready journal ar-
ticle

1. R. K. Udhayakumar, C. Karmakar, and M. Palaniswami, “Cross entropy pro-
filing to test pattern synchrony in short-term signals”, 41st Annual International
Conference of the IEEE Engineering in Medicine and Biology Society (EMBC),
2019

2. R. K. Udhayakumar, C. Karmakar, and M. Palaniswami, “Testing pattern syn-
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chronization in short-term multivariate signals to assess their irregularity”, ready
for journal submission.

5.1 Introduction and background

Looking for correlation in bi-variate time series has been a topic of profound inter-
est in the recent years, specially when it involves physiologic data [24, 70, 72,

91]. Finding mutual synchrony or asynchrony between two distinct physiologic sig-
nals may reveal significant information about the underlying sources; the physiologic
systems.

The commonly used traditional techniques for the purpose are coherency and spec-
tral estimates. Coherency is the frequency domain equivalent of covariance, where
the phase difference between two signals is measured. But, coherence can give us
information about linear correlations only [72]. Same is the problem with a spec-
tral or cross power spectral density analysis [91]. Physiological signals and their
underlying systems have nonlinear correlations.

When dealing with highly nonlinear systems as these, it becomes important to use
powerful nonlinear tools such as cross approximate entropy (X-ApEn) or cross sam-
ple entropy (X-SampEn) to detect any kind of synchrony between the systems or
sub-systems [24, 72]. ApEn and SampEn were introduced for the very purpose of
detecting patterns or regularity in nonlinear and non-stationary physiologic signals
[23, 24, 27, 151]. These measures have been extended for use in bivariate series
analysis, in the form of their cross estimates [24, 70].

Generalized bivariate X-entropy estimation

The estimation involves two normalized time series, say {u(n) : 1 ≤ n ≤ N} and
{v(n) : 1 ≤ n ≤ N}, instead of one as in the usual univariate regularity analysis.
One of the time series is assigned to be the target series (here, v(n) ), while the other
is the template series (u(n)). u(n) and v(n) are each divided into N−m overlapping
vectors of length m each, m being the embedding dimension. All N −m template
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vectors of u(n) are then compared with each target vector of v(n). The number of
template matches are counted for every target vector, finally calculating X-entropy
as a function of the average logarithmic probability of match, the matching decided
by threshold r. Here, we denote the entropy estimate as X-entropy(target‖template)
because of the difference in target and template parent series.

X-ApEn is known to be a direction dependent statistic since X-ApEn(target‖template)
is not equal to X-ApEn(template‖target). This is not the case with X-SampEn,
where the target and template series can be interchanged and still yield the same
X-entropy estimates. X-SampEn being a direction-independent statistic, is known
to be more advantageous to the direction dependent X-ApEn [24] when it comes to
synchrony detection. A handful of studies have been reported using X-ApEn, X-
SampEn and X-FuzzyEn for bi-variate signal regularity analysis, involving synthet-
ically generated data as well as real-time physiological data [71, 72, 86, 90, 91, 152].
Synthetic data such as MIX(P) processes, logistic map time-series and the like have
shown satisfactory regularity estimates at higher lengths of data, but failed to do
so at the lower data lengths [72, 91]. This is because of using irresolute r choices
for the estimation. This behavior is also seen in the case of real-time physiological
data involving cardio-respiratory coupling, electromagnetic muscle activity, chemi-
cal/hormonal concentration-secretion and so on [71, 72, 86]. In many such cases,
results have also concluded X-FuzzyEn to be a better alternative to X−SampEn,
since the former is less influenced by r. In 2013, Li et al. even tried to improve
the fuzzy function used in X-FuzzyEn estimation from Heaviside to piecewise in
an attempt to further reduce r dependence [86], Despite this, we are still in need
of a better solution to deal with SampEn’s problem of irresolute r-selection. This
is where we use our concept of SampEn profiling (as explained in chapter III) to
eliminate irresolute r-selection issues in multivariate regularity analysis.
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5.2 Data used for the study

Synthetic data

In this work, the MIX(P) stochastic process has been used to test pattern synchrony.
MIX(P) could be defined as a simple sinusoidal signal of n points, in which n x P
randomly chosen points are replaced by random noise [24, 72]. P generally takes
values between 0 and 1 [24, 72]. We generated three sets each of MIX(0.2), MIX(0.3)
and MIX(0.5) processes, the sets corresponding to signal lengths of N = 50,100 and
200 respectively. Further, each set contains 500 distinct time-series signals of the
respective process.

Physiological data

RR interval data of twenty healthy ‘young’ (21 - 34 years old) and twenty healthy
‘elderly’ (68 - 85 years old) subjects are obtained from the Fantasia module of the
PhysioNet database [128]. Each data corresponds to a 120 minutes recording of
the subject’s electrocardiogram (ECG) when in continuous supine resting, sampled
at a frequency of 250Hz. Each group of subjects has an equal number of men
and women. Each RR interval is computed by an automated arrhythmia detection
algorithm from annotated heartbeats of subjects [129] . Also, signals are manually
filtered for the removal of ectopic beats.

For the same set of young and elderly subjects in Fantasia module, the corresponding
respiratory signals were obtained from PhysioNet [128], from which the IBI (inter-
breath-interval) series were generated for each individual subject [73, 90]. Cardio-
respiratory coupling can then be estimated by measuring the cross entropy between
RR intervals and IB intervals.
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5.3 Methods

Given two normalized time series {u(n) : 1 ≤ n ≤ N} and {v(n) : 1 ≤ n ≤ N}, at
an embedding dimensionm, each is divided into N−m overlapping vectors of length
m each, given by {Xm

i : 1 ≤ i ≤ (N −m)} ,where

Xm
i = {u(i+ k) : 0 ≤ k ≤ m− 1}

and
{
Y m
j : 1 ≤ j ≤ (N −m)

}
,where

Y m
j = {v(j + k) : 0 ≤ k ≤ m− 1}

Cross SampEn estimate (X-SampEn)

Cm
i (r) is then the probability of a vector Y m

j to lie within a distance r of the vector
Xm
i ,1 ≤ j ≤ (N −m),j 6= i, distance given by

dmij = {max|Xm
i − Y m

j |: 1 ≤ j ≤ (N −m), j 6= i}

So, for an ith template vector, the distance vector for an embedding dimension m

will be of the following form dmi = dmij : 1 ≤ j ≤ (N − m), j 6= i. Similarly, we
obtain dm+1

i = dm+1
ij : 1 ≤ j ≤ (N −m), j 6= i at an embedding dimension m + 1

and compute Cm+1
i (r). Then, the X − SampEn estimate is calculated as X-

SampEn(N,m, r) = ln Φm(r)
Φm+1(r)

where

Φm(r) = 1
N −m

N −m∑
i = 1

Cm
i (r)

For all experiments conducted in this study, X-SampEn is evaluated at an r value of
0.15 of signal and an m value of 2, a common choice for physiologic signals [22, 122].
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Cross SampEn (X-SampEn) profile

Instead of choosing a single value of tolerance r to estimate X-SampEn, we compute
a complete set of data driven r values and generate a profile of X-SampEn values
[7]. Let D be the matrix containing all elements of dm and dm+1 (as defined above).
Then, we define range as the set of all unique elements of D, sorted in ascending
order. Also, let nbin be the number of elements in range . The cumulative distri-
bution function cdfmi is then calculated as cdfmiq = p(dmi ≤ range(q)) ; for 1 ≤ q ≤
nbin,where p is the probability. Here, each value of q represents an r in the profile.
Thus,

X-SampEn(q) = ln Φm(q)
Φm+1(q)

for 1 ≤ q ≤ nbin to get the complete profile of X-SampEn values, where

Φm(q) = 1
N −m

N −m∑
i = 1

(cdfmiq )

Total cross sample entropy (Total X-SampEn)

Total X-SampEn is calculated by adding up all the individual values of X-SampEn
along the X-SampEn profile of a signal.

Total X-SampEn =
nbin∑
q=1

X-SampEn(q)

5.4 Results and discussion

We test the pattern synchrony ofMIX(P ) processes, when P takes different values.
In general, the cross entropy estimate of a MIX(p) series with a MIX(q) series is
denoted as X-(p, q) here. The ideal results expected out of such an experiment with
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MIX(P ) processes are elaborated below.

A time series signal being more synchronous with itself than with another signal,
i.e., say P = {p, q, r : p < q < r}, then X-entropy value of

X-(p, p) < X-(p, q) (5.1)

X-(q, q) < X-(p, q)
and X-(q, q) < X-(q, r)

(5.2)

Since all cross entropy estimates used in this work are direction independent [72],

X-(q, p) = X-(p, q)

X-(r, r) < X-(r, q) (5.3)

X-entropy estimate of self synchrony increases its magnitude as the value of P
increases, i.e.,

X-(p, p) < X-(q, q) < X-(r, r) (5.4)

X-entropy estimate of synchrony between two different series increases its magnitude
as the value of at least one P choice increases. In our case

X-(p, q) < X-(q, r) (5.5)

Here, q remains common for both cross entropy estimations, so the deciding factors
are p and r. Since p < r, X-entropy involving p will be lesser in magnitude than
X-entropy involving r.

From equations (1)− (5), we can conclude that ideally,

X-(p, p) < X-(q, q) < X-(r, r) < X-(p, q) < X-(q, r) (5.6)
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Figure 5.1: Box plots of X-SampEn and X-TotalSampEn of all signals for (1)
X-(0.2, 0.2), (2) X-(0.2, 0.3), (3) X-(0.3, 0.3), (4) X-(0.3, 0.5), and (5) X-(0.5, 0.5).

5.4.1 Testing synchrony

In our experiment, we computed cross entropy values; (a) X-SampEn, and (b)
X-TotalSampEn for testing pattern synchrony of

1. MIX(0.2) with itself: X-(0.2, 0.2),

2. MIX(0.2) with MIX(0.3): X-(0.2, 0.3)

3. MIX(0.3) with itself: X-(0.3, 0.3)

4. MIX(0.3) with MIX(0.5): X-(0.3, 0.5)

5. MIX(0.5) with itself: X-(0.5, 0.5)

Fig. 5.1 shows the box-plots of the cross entropy estimates (calculated for all signals
mentioned in section 5.2) for each of the signal combinations.

The analysis from Fig. 5.1 and Table 5.1 shows that for X-SampEn the self cross
entropy estimates are in accordance with equation (4) at data lengths N = 50
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Table 5.1: Median values from box-plots of X-SampEn and X-TotalSampEn of
Fig.5.1

Estimate X-(0.2, 0.2) X-(0.3, 0.3) X-(0.5, 0.5) X-(0.2, 0.3) X-(0.3, 0.5)

N = 50
X-SampEn 0.47 0.53 0.61 undefined 1.56

X-TotalSampEn 144.69 192.76 266.36 568.85 696.95

N = 100
X-SampEn 0.47 0.55 0.58 1.36 1.21

X-TotalSampEn 508.47 730.58 1116.97 2025.42 2586.32

N = 200
X-SampEn 0.45 0.51 0.44 1.05 0.98

X-TotalSampEn 1825.48 2834.81 4693.81 7473.22 10117.51

and 100, but not N = 200. Also, at N = 50 and 100, the differences between
X-SampEn(0.2, 0.2), X-SampEn(0.3, 0.3) and X-SampEn(0.5, 0.5) cannot be con-
sidered highly significant. At N = 100 and 200, X-SampEn(0.2, 0.3) is greater in
magnitude thanX-SampEn(0.3, 0.5). This is opposite to the ideal expected behav-
ior . At N = 50, X-SampEn(0.2, 0.3) becomes undefined due to the parametric
restrictions of SampEn [91].

In contrast to X-SampEn, our proposed measure X-TotalSampEn offers a very sig-
nificant demarcation between each of the signal cross combinations (self and other)
at all the data lengths used. Also, as expected, the self-cross estimates are all less
in magnitude compared to the other cross estimates. The self synchrony reduces
(X-TotalSampEn increases) with an increasing P . Also, X-TotalSampEn(0.2, 0.3) <
X-TotalSampEn(0.3, 0.5). This behavior becomes increasingly prominent with data
length N .

5.4.2 Influence of data length on synchrony estimates

In order to find how an increase in data length would effect performances of the
cross entropy estimates, especially X-SampEn, we repeated the experiment of sec-
tion 5.4.1 for higher data lengths such as N = 500 and 1000. The purpose of this
trial was to verify if X-SampEn has chances of performing better in segregating
data, at the higher data lengths. As can be seen from Fig. 5.1, the overall perfor-
mance of X-SampEn is not very promising at any of the short data lengths used
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Figure 5.2: Box plots of X-SampEn and X-TotalSampEn of all signals for
(1)X-(0.2, 0.2), (2) X-(0.2, 0.3), (3) X-(0.3, 0.3), (4) X-(0.3, 0.5), and (5) X-(0.5, 0.5)
at the higher data lengths.

there. SampEn estimates change with data length N , tolerance r and embedding
dimension m. While r and m choices are generally presumed in the computation
of SampEn (or X-SampEn in our case) [24], N is simply the length of the input
signal. SampEn is known to work efficiently (as a regularity measure) for signals
with length N ≥ 1000 [24, 7]. Since our study focuses on short-length signals, our
major analysis is restricted to N < 500. However, we intend to understand if the
poor performance of X-SampEn in our study is due to the low data lengths used.
In this section we have taken 50 signals from each set of MIX(P ) processes for
analysis.

As can be seen from Fig. 5.2, an increase in data length seems to have no significant
positive change in X-SampEn behavior. Table 5.2 further reinstates the point by
means of the median values, where X-SampEn(0.3, 0.3) > X-SampEn(0.5, 0.5) at
N = 500 and {X-SampEn(0.2, 0.2) > X-SampEn(0.3, 0.3), X-SampEn(0.2, 0.2) >
X-SampEn(0.5, 0.5), X-SampEn(0.2, 0.3) > X-SampEn(0.3, 0.5)} at N = 500, are
all opposite to the ideal behavior of equation (6). Thus, even at the higher data
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Table 5.2: Median values from box-plots of X-SampEn and X-TotalSampEn of
Fig.5.2

Estimate X-(0.2, 0.2) X-(0.3, 0.3) X-(0.5, 0.5) X-(0.2, 0.3) X-(0.3, 0.5)

N = 500
X-SampEn 0.24 0.32 0.30 0.36 0.60

X-TotalSampEn 10034.77 16019.02 28499.98 38099.42 58576.80

N = 1000
X-SampEn 0.26 0.006 0.057 0.44 0.06

X-TotalSampEn 32236.70 56684.68 111051.82 151840.23 202058.37

lengths, X-SampEn shows no improvement in accuracy of synchrony measurement.

On the other hand, X-TotalSampEn shows consistently accurate synchrony results
at the small and higher data lengths (see Table 5.2).

5.4.3 X−entropy analysis on short-length multivariate phys-
iological signals

For the healthy young and elderly subjects, the average values of X-SampEn, X-
FuzzyEn and X-TotalSampEn (between RR and IB interval series) are estimated
at data lengths varying from N = 50 to 500. The RR and IB interval series are
then randomized and the estimations repeated at each of the data lengths. Here, we
have adopted simple shuffling to induce randomization in signals. The PS (pattern
synchronization/synchrony) of cardio-respiratory coupling (CRC) in individuals is
used for the primary age-based classification. The general expectation will be for
the CRC to become weaker with age, thereby reducing synchrony and showing a
higher X-entropy estimate as age increases. But, studies have shown that CRC is
prone to phase transitions under the influence of physiological effects such as sleep
[153]. The influence of sleep on CRC is known to be stronger than that of age [153].
Hence, the PS estimates of CRC may not follow the expected directionality in our
case of age-based study. Taking into consideration the possibility of a phase reversal
in X-entropy estimates, we analyse the results of Figs. 5.3a, 5.3b and 5.3c and look
for the effect of randomization on the estimates.
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(a) X-SampEn for multivariate regularity analysis
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(b) X-FuzzyEn for multivariate regularity analysis
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(c) X-TotalSampEn for multivariate regularity analysis

Figure 5.3: Multivariate regularity analysis of healthy young and elderly subjects
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Figure 5.4: Magnified view of Fig. 5.3c showing estimates at N = 50

The distinction between young and elderly subjects becomes clearer with increasing
data length, for all three measures of PS namely X-SampEn, X-FuzzyEn and X-
TotalSampEn . This is true for both the (a) original and (b) randomized sets of
data. However, from Figs. 5.3a, 5.3b, it can be seen that the original data-set
estimates overlap with the randomized data-set estimates across all data lengths,
whereas in Fig. 5.3c, the original and randomized data-sets have clearly distinct
levels of X-estimates (no overlaps) even at the lowest data length used here,N = 50
(Fig. 5.4). X-SampEn and X-FuzzyEn are not capable of distinguishing a time-
series from its randomized or surrogate version even at N as high as 500, whereas
our method of SampEn profiling (X-TotalSampEn) does that very efficiently at
very low data lengths. The X-TotalSampEn estimates show that the randomized
data-set is visibly more chaotic/irregular in comparison to the original data-set.

5.5 Summary

An inappropriate r choice leads to erroneous synchrony detection, even for the case
of X-SampEn analysis on simple synthetically generated signals like the MIX(P)
process. This gives us an intimation of how difficult it would be for such synchrony
measures to handle the more complex physiological data. In this chapter, we demon-
strate how entropy profiling with respect to r can be implemented on cross entropy
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analysis, particularly X-SampEn . We have used different sets of simple MIX(P)
processes for the purpose and validated the impact of X-SampEn profiling over
X-SampEn estimation, with a special focus on short-length data. In the case of
physiological signals, synchronization level in cardio-respiratory coupling has been
used as an indicator to segregate original from randomized signals in an age-based
study.

The cross correlation between heart and respiratory data is observed here for the
young and elderly subjects. The analysis of interest is irregularity. Young subjects
always have a higher irregularity i.e., entropy (here, cross estimates) than the elderly
counterparts. When a sequence is randomized, the irregularity increases leading to
higher entropy estimates. This behaviour is seen in the results of this chapter,
where the cross-entropy estimates of both young and elderly subjects increase after
randomization. The focus here is to see how much the estimate is able to distinguish
a signal from its randomized version.

Here too, X-TotalSampEn outperforms traditional X-SampEn and X-FuzzyEn as
a correlation measure and has potential applicability in finding pattern synchrony
from short-length (N as low as 50 data points) nonlinear signals. Here, the cor-
relation analysis performed for cardio-respiratory coupling is based on irregularity
information retrieved from HRV and respiratory rate signals. In other words the
cross entropy measures are used as irregularity measures here. To also use them
for complexity analysis, we may have to adopt the concept of multiscaling once
again. This leaves us with a scope for further investigations and improvement in
this domain.



Chapter 6

Investigations on distribution
entropy analysis

This chapter examines the stability, consistency and performance efficiency of Dis-
tribution entropy (DistEn), a complexity measure closely related to ‘elimination of
r’ and the idea of ‘multiscaling’. DistEn was introduced in 2015, as an alternative
to MSE analysis, with the additional advantage of having no r involvement in its
computation. The measure intended to evaluate a signal’s complexity information,
completely eliminating the use of parameter r. This chapter elaborates on how this
is done by DistEn and further investigates into the merits and demerits involved.
The chapter starts by introducing the statistic, its advantages, disadvantages and
parametric involvement. DistEn has in a way tried to address the issue of irreso-
lute r-selection, the subject of interest to this thesis. This makes DistEn a target of
scrutiny for us, due to which we perform a thorough analysis on various aspects of
parametric dominance on DistEn. A description of the basic DistEn formulation is
followed by experimental validation of parametric influences and performance anal-
ysis of DistEn. We see that DistEn is a measure less influenced by its parameters,
including data length N . But, it also needs to be noted that DistEn is methodologi-
cally unrelated to measures ApEn or SampEn. Additionally, this chapter presents
a novel contribution in the form of a modified version of DistEn (mDistEn). Un-
like DistEn, mDistEn takes into consideration the physiological relevance of find-
ing inter-vector distances and places a check on using the whole set of distances.

134
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By using just the physiologically relevant inter-vector distances, mDistEn outper-
forms DistEn in computational efficiency. The efficiency of modified DistEn over
DistEn is discussed and summarized elaborately in this chapter.

This chapter has produced the following journal and conference publications

1. C. Karmakar, R. K. Udhayakumar, S. Li, Peng and Venkatesh, and M. Palaniswami,
“Stability, consistency and performance of distribution entropy in analysing short
length heart rate variability (HRV) signal”, Frontiers in Physiology, no. 8, p. 720,
2017 [154].

2. R. K. Udhayakumar, C. Karmakar, P. Li, and M. Palaniswami, “Influence of
embedding dimension on distribution entropy in analyzing heart rate variability”,
38th Annual International Conference of the IEEE Engineering in Medicine and
Biology Society (EMBC), 2016 [155].

3. R. K. Udhayakumar, C. Karmakar, P. Li, and M. Palaniswami, “Effect of em-
bedding dimension on complexity measures in identifying arrhythmia”, 38th Annual
International Conference of the IEEE Engineering in Medicine and Biology Society
(EMBC), 2016 [156].

4. C. Karmakar, R. K. Udhayakumar, and M. Palaniswami, “Distribution entropy
(DistEn): A complexity measure to detect arrhythmia from short length RR interval
time series”, 37th Annual International Conference of the IEEE Engineering in
Medicine & Biology Society (EMBC), 2015 [69].

5. R. K. Udhayakumar, C. Karmakar, P. Li, and M. Palaniswami, “Effect of data
length and bin numbers on distribution entropy (DistEn) measurement in analyzing
healthy aging”, 37th Annual International Conference of the IEEE Engineering in
Medicine & Biology Society (EMBC), 2015 [157].

6.1 Introduction

In an attempt to eliminate the use of r from entropy calculations, Li et al. [43]
recently came up with the use of a new entropy tool called ‘Distribution entropy’

(DistEn). DistEn being a variance independent measure, is calculated based on
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the empirical probability distribution function (ePDF ) of distances among vectors
formed from the input time-series signal. Although DistEn eliminates the need of a
variance dependent parameter like r, it introduces another parameter M . Here, M
corresponds to the number of bins used in generating the probability distribution.
M is observed to be less influential on the DistEn measure as compared to the effect
of r on ApEn or SampEn. Also, unlike the case of r, selection of M is independent
of data variance [43].

DistEn was proposed in 2015 as an alternative to the multiscale entropy analysis
(MSE) technique, that retrieved ‘complexity’ information from signals in addition
to their ‘regularity’. Implementing MSE required the use of multiple temporal and
structural scales, for which having long-term data was a per-requisite [43, 60]. The
importance of signal complexity analysis, specially in the case of cardiac conditions
such as atrial fibrillation and congestive heart failure had been widely established
by then. MSE’s requirement of large data lengths was primarily due to r-parametric
restrictions seen in traditional entropy algorithms. The formulation of DistEn com-
pletely eliminated the involvement of r, thereby attempting to address data length
limitations of MSE analysis.

DistEn is a function of data length N , number of binsM and embedding dimension
m. Li et al. [43] have tested the influence of parameters N and M on DistEn in
the case of logistic time series data and age-related physiological data. Experiments
show the variation of DistEn to be negligible with a change in N or M . Thus,
DistEn is considered stable with respect to N and consistent with regard to M .
However, in these experiments, either N or M is kept constant while varying the
other. The combined impact of N and M on DistEn is not entirely investigated.
Since DistEn is predominantly intended for use on short-term heart rate variability
(HRV) signals, it is important to comprehensively study the stability, consistency
and performance of the measure using multiple case studies. Thus apart from N and
M , we also study the effect of embedding dimension m on DistEn. This chapter
focuses on evaluating the combined impact of data length N , embedding dimension
m and number of binsM on DistEn for both synthetic and physiological time-series
signal. The complete DistEn space is revealed by varying N , m and M for each
signal.
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6.2 Data used for the study

In this study, we have used both synthetic and physiologic time series signal to
evaluate the effect of data length N , embedding dimension m and number of bins
M on the performance of DistEn as a complexity measure.

Synthetic data - Logistic time series at two different levels of irregularity were used
for the study. Two sets of signals with increasing order of irregularity are named
as ‘periodic’ and ‘chaotic’. Each set contains ten different realizations of the same
type and were generated using the logistic map given by xn+1 = axn(1− xn), using
MATLAB R2014b. The constant a is set as 3.5 and 4 with initial value 0.1 in order
to generate a ‘periodic’ and ‘chaotic’ level signal respectively.

Physiologic data - RR interval data of twenty healthy ‘Young’ (21 - 34 years old)
and twenty healthy ‘Elderly’ (68 - 85 years old) subjects were obtained from the
Fantasia module of the PhysioNet database [128]. Each data corresponds to a 120
minutes recording of the subject’s electrocardiogram (ECG) when in continuous
supine resting, sampled at a frequency of 250Hz. Each group of subjects has an
equal number of men and women. Each RR interval is computed by an automated
algorithm from annotated heartbeats of subjects [129] .

RR interval time-series of ‘arrhythmia’ and ‘healthy’ subjects were obtained from
the MIT-BIH module of the PhysioNet database [128]. The MIT-BIH database
contains long-term ECG recordings of subjects referred to the Arrhythmia Labora-
tory at Boston’s Beth Israel Hospital. The Arrhythmia Database contains 48 ECG
recordings obtained from 47 subjects [141]. The subjects included 25 men aged 32
to 89 years and 22 women aged 23 to 89 years. The recordings were digitized at 360
samples per second per channel with 11-bit resolution over a 10 mV range. Each
beat of every record was then annotated independently using a slope sensitive QRS
detector [141]. From this, the inter beat interval or RR interval was then com-
puted for each subject. The Normal sinus rhythm database contains 18 long-term
ECG recordings of subjects who were found to have no significant arrhythmia; they
include 5 men, aged 26 to 45, and 13 women, aged 20 to 50.

After extraction of RR series of all subjects from the database, each signal segment
was selected from the beginning by varying length from 50 to 1000 beats for each
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subject. All data taken from Physionet have been manually filtered for the removal
of ectopic beats.

6.3 Methods

Distribution entropy (DistEn)

Distribution entropy (DistEn) is calculated based on the empirical probability dis-
tribution function (ePDF ) of distances among vectors formed from a given time
series [43]. For a given time series data {x(n) : 1 ≤ n ≤ N} of length N and embed-
ding dimension m, DistEn is calculated as follows:

1. Form (N −m) vectors of length m each, given by

{Xm
i : 1 ≤ i ≤ (N −m)}

where,
Xm
i = {x(i+ k) : 0 ≤ k ≤ m− 1} (6.1)

2. Take each Xm
i vector of step 1 as a template vector and find its distance from

every vector Xm
j , where the distance is given by

dmij = {max|Xm
i −Xm

j |: 1 ≤ j ≤ (N −m), j 6= i} (6.2)

3. This when repeated for all ith template vectors where 1 ≤ i ≤ (N − m), a
distance matrix D of dimension (N − m) ∗ (N − m − 1) is formed as shown
below

D =



dm12 dm13 · · · dm1(N−m)

dm21 dm23 · · · dm2(N−m)
...

... · · ·
...

...
... · · · dm(N−m−1)(N−m)

dm(N−m)1 dm(N−m)2 · · · dm(N−m)(N−m−1)


(6.3)

4. From matrix (6.3), it is evident that elements in D are being repeated twice,
i.e., dmij = dmji . This is true because the distances are absolute values as can be
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seen from equation (6.2). Thus, in formulating DistEn, it becomes sufficient
to use either the upper triangle or lower triangle of D [43]. Here, we use the
upper triangle only and denote the resulting matrix as D′ , where

D
′ =



dm12 dm13 · · · · · · dm1(N−m)

dm23 dm24 · · · dm2(N−m)

dm34 · · · dm3(N−m)
...
...

dm(N−m−1)(N−m)


(6.4)

5. The elements of distance matrix D
′ are now divided equally into M number

of bins and the corresponding histogram is obtained.

6. Now, at each bin t of the histogram, its probability is estimated as

pt = count in bin t
total number of elements in matrix D (6.5)

for 1 ≤ t ≤M . pt is the probability of the tth bin in the histogram.

7. By the definition of Shannon entropy, the normalized DistEn of a given time
series x(n) is defined by the expression

DistEn(m,M) =
M

−1
log2(M)

∑
pt log2(pt)

t = 1
(6.6)

where m is the embedding dimension, M is the number of bins used to construct
the histogram of the distances and pt is the probability of each bin in the histogram.

In this study, we usedm = 2, 3, 4, 5 andM = 50, 100, 200, 300, 400, 500, 750, 1000, 1500, 2000
to calculate DistEn for all signals.

6.4 Results

The results of this study are divided into two subsections to summarize -
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1. The effect of parameters on the entropy values

2. The performance of entropy measurements in distinguishing various synthetic
signals and physiologic conditions

6.4.1 Entropy values with varying parameters

Synthetic data

The variation of mean values of ApEn, SampEn and DistEn with varying N ,
m and r (for ApEn and SampEn) or M (for DistEn) for periodic and chaotic
synthetic signals are shown in Figs. 6.1, 6.2 and 6.3 respectively. ApEn values of
both periodic and chaotic signals were rapidly changing at low values of tolerance
r = k ∗ SD (6.1). In addition, for smaller data lengths this variation has resulted
in opposite result showing lower mean ApEn value of chaotic signal than periodic
signal. These characteristics of ApEn values remained similar for all embedding
dimensions m = [2, 5] used in this study. Moreover, with increasing m value the
range of data length N and tolerance r also increased for which mean ApEn values
were unstable (6.1). Although average SampEn values varied with variation of
parameters N , r and m, the value of periodic always remained smaller than chaotic
signal (6.2). Moreover, the variation was more pronounced for chaotic signal than
periodic. In contrast to the ApEn, SampEn showed more variation with respect
to tolerance r than the data length N for synthetic signal. In addition, similar to
ApEn the variation in SampEn values especially for chaotic signal increased with
increasing embedding dimension m. Similar to SampEn, average DistEn value was
always lower in periodic signal than chaotic (6.3). However, in contrast to SampEn
characteristics the variation in average DistEn values were more pronounced in
periodic signal than chaotic. For the periodic signal, DistEn values were affected
by variations in bin numberM for all values of data length N . On the other hand,
for chaotic signal although there was any subtle variation in DistEn value, it was
mostly due to change in data length N rather than bin number M . Therefore, in
general, the influence of N is more pronounced than the influence of M on DistEn
of synthetic data. In addition, these characteristics of DistEn remained similar over
all embedding dimensions m = [2, 5].



6.4. Results 141

1

Tolerance r
0.5

0.11000Data length N
500

0

0.5

1

1.5

0

A
pE

n

1

Tolerance r
0.5

0.11000
500

Data length N

0

1

1.5

0.5

0
A

pE
n

1

Tolerance r
0.5

0.11000Data length N
500

1

0

0.5

1.5

0

A
pE

n

1

Tolerance r
0.5

0.11000Data length N
500

1.5

0

0.5

1

0

A
pE

n

0 0.5 1 1.5

Chaotic

Chaotic

Periodic

(d)

Chaotic

Periodic

Periodic Periodic

Chaotic

(a)

(c)

(b)

Figure 6.1: Variation of approximate entropy (ApEn) for synthetic signals
(“Chaotic” and “Periodic” ) with varying parameters N and r for (a) m = 2, (b)
m = 3, (c) m = 4, and (d) m = 5.
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6.4. Results 143

Number of bins M

2000
1000

01000
Data length N

500
0

0.5

0

1

D
is

tE
n

Number of bins M

2000
1000

01000Data length N
500

0.5

1

0
0

D
is

tE
n

Number of bins M

2000
1000

01000Data length N
500

0

1

0

0.5

D
is

tE
n

Number of bins M

2000
1000

01000Data length N
500

0

0.5

1

0

D
is

tE
n

0 0.2 0.4 0.6 0.8 1

Chaotic

Periodic(a) (b)

Chaotic

Periodic

(c)

Chaotic

Periodic (d)

Chaotic

Periodic

Figure 6.3: Variation of distribution entropy (DistEn) for synthetic signals
(“Chaotic” and “Periodic” ) with varying parameters N and r for (a) m = 2, (b)
m = 3, (c) m = 4, and (d) m = 5.

Physiologic signal

Variation of average ApEn, SampEn and DistEn values with varying parameter
values for physiologic HRV signal of healthy young and elderly population are shown
in Figs. 6.4, 6.5 and 6.6 respectively. For ApEn and SampEn, effect of parameter
r (tolerance) is predominantly higher than data length N for all embedding dimen-
sions, which was quantified as the average variance across r and N as shown in
Table 1 (Columns 1 and 2 of ApEn and SampEn measures). However, in contrast
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to ApEn, SampEn is undefined for smaller data length either for healthy young
or healthy elderly population. This undefined SampEn region increases with de-
creased N , decreased r and increased m (Figure 6.5). Table 6.1 (Column “Case
study 1:Healthy Elderly and Young subjects”) shows the ranges of N and r for each
embedding dimension m for which SampEn is defined. From the results it is obvi-
ous that with increasing m higher r values are required for shorter data length (N)
to obtain SampEn values. Therefore, the SampEn surface is sparser compared to
both ApEn and DistEn, since both are defined for all values of N and r or M .
The variation of DistEn values with change ofM is higher than variation of N that
indicates that the effect of bin number M on DistEn values for both healthy old
and young subjects are higher than effect of N (Figure 6.6). This is opposite to
the behavior observed for Synthetic signal and this pattern remained similar over
all embedding dimensions m = [2, 5] (Figure 6.6).
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Table 6.1: Common range of parameter values for which sample entropy (SampEn)
measure is defined for both case studies (Case study 1: Healthy Old and Young
subjects, Case study 2: Healthy and Arrhythmia subjects).

Embedding
dimension

Defined range of N and r
Case study 1:

Healthy Old and
Young subejects

Case study 2:
Healthy and

Arrhythmia subjects

m = 2
N = 50; for
0.3 ≤ r ≤ 1

N = 50; for
0.3 ≤ r ≤ 1

N = 100, 200; for
0.2 ≤ r ≤ 1

N = 100; for
0.2 ≤ r ≤ 1

300 ≤ N ≤ 1000; for
0.1 ≤ r ≤ 1

200 ≤ N ≤ 1000; for
0.1 ≤ r ≤ 1

m = 3

N = 50; for
0.4 ≤ r ≤ 1

N = 100, 200; for
0.3 ≤ r ≤ 1

N = 100; for
0.3 ≤ r ≤ 1

300 ≤ N ≤ 500; for
0.2 ≤ r ≤ 1

200 ≤ N ≤ 500; for
0.2 ≤ r ≤ 1

N = 750, 1000; for
0.1 ≤ r ≤ 1

N = 750, 1000; for
0.1 ≤ r ≤ 1

m = 4

N = 50; for
0.6 ≤ r ≤ 1

N = 50; for
0.6 ≤ r ≤ 1

N = 100; for
0.5 ≤ r ≤ 1

N = 100; for
0.4 ≤ r ≤ 1

N = 200; for
0.4 ≤ r ≤ 1

N = 200, 300; for
0.3 ≤ r ≤ 1

300 ≤ N ≤ 500; for
0.3 ≤ r ≤ 1

400 ≤ N ≤ 1000; for
0.2 ≤ r ≤ 1

N = 750, 1000; for
0.2 ≤ r ≤ 1

m = 5

N = 100; for
0.6 ≤ r ≤ 1

N = 50; for
0.7 ≤ r ≤ 1

N = 200; for
0.4 ≤ r ≤ 1

N = 100; for
0.5 ≤ r ≤ 1

300 ≤ N ≤ 750; for
0.3 ≤ r ≤ 1

N = 200; for
0.4 ≤ r ≤ 1

N = 1000; for
0.2 ≤ r ≤ 1

300 ≤ N ≤ 500; for
0.3 ≤ r ≤ 1

N = 750, 1000; for
0.2 ≤ r ≤ 1
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Figure 6.9: Variation of distribution entropy (DistEn) for physiological signal (Nor-
mal sinus rhythm and Arrhythmia) with parameters N , r and M for (a) m = 2, (b)
m = 3, (c) m = 4, and (d) m = 5.

The variation of average entropy (ApEn, SampEn and DistEn) values with varying
parameter values for NSR and Arrhythmia population are shown in Figs. 6.7, 6.8
and 6.9. Similar to previous case study (healthy young and elderly population),
SampEn is the only entropy measure that is undefined for different combinations of
N , m and r especially at lower N , r and higher m (Table 6.1- Column “Case study
2: Healthy and Arrhythmia subjects”). In addition, variation of entropy values is
higher with respect to change of r than m for both ApEn and SampEn. On the
other hand, although DistEn values changed with varying N and M , the changes
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are relatively small for both of them. Moreover, in contrast to ApEn there is no
crossover of SampEn and DistEn values for any combination of N , m and r or M .

6.4.2 Parametric influences on entropy performance

Table 6.2 summarizes the performance of three entropy parameters for classifying i)
Healthy Elderly from Young and ii) Healthy (Normal Sinus Rhythm) from Arrhyth-
mia subjects. For “Case study 1” (Healthy Elderly vs Young), the change in average
AUC was maximum for ApEn (0.72, 0.68) and minimum for DistEn (0.80, 0.79)
with respect to embedding dimension m. Similarly, change in median AUC was also
minimum for DistEn (0.81, 0.79) along with SampEn (0.75,0.73). However, the
standard deviation (SD) and inter-quartile range of DistEn was the lowest for each
embedding dimension m among all entropy measures. In addition, DistEn showed
the highest average and median AUC values for each embedding dimensionm, which
indicate that DistEn is a better measure to distinguish Elderly from Young subjects
than SampEn and ApEn.

On the other hand for “Case study 2” (Healthy vs Arrhythmia), although the av-
erage AUC value of ApEn and SampEn changed with the variations of embedding
dimension m, it remained constant for DistEn. Similarly, the median AUC values
of DistEn also remained same (0.92) over the variations of embedding dimension.
Interestingly, although SampEn showed the lowest SD of AUC values for each em-
bedding dimension m, the inter-quartile range was the lowest for DistEn. Since
performance of SampEn was calculated only for the range of parameters defined in
Table 6.1, this reduced number of AUC values might lead to such small SD values.
Similar to ”Case Study 1", DistEn was also found to be the best measure for distin-
guishing Healthy from Arrhythmia subjects (average and median AUC values were
0.88 and 0.92, respectively).

Table 6.3 showed the best performance obtained for each entropy measure by varying
parameters m and r/M for minimum (50 beats) and maximum (1000 beats) data
lengths. It is obvious that DistEn outperformed ApEn and SampEn for minimum
data length (50 beats) in both case studies (AUC for DistEn (0.82, 0.94), ApEn
(0.75, 0.67) and SampEn (0.75, 0.66)). In contrast to minimum data length, DistEn
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showed a comparable performance in both case studies for maximum data length
(1000 beats) ( 6.3 ).

Table 6.2: Comparison of classification performances of ApEn, SampEn and
DistEn for two case studies. Performances measured for each embedding dimen-
sion m. Mean- average AUC value; SD - standard deviation of AUC values; Me-
dian - median AUC vaue; 1st- AUC value at 25thpercentile; and 3rd- AUC value at
275percentile.

Embedding
dimension

Complexity
measure

Elderly vs Young Healthy vs Arrhythmia
Mean(SD) Median

(1st − 3rd)
Mean(SD) Median

(1st − 3rd)

m = 2
ApEn 0.72(0.08) 0.74

(0.68-0.78)
0.75(0.10) 0.77

(0.68-0.83)
SampEn 0.72(0.07) 0.73

(0.68-0.77)
0.74(0.08) 0.77

(0.71-0.779)
DistEn 0.80(0.05) 0.81

(0.76-0.84)
0.88(0.11) 0.92

(0.89-0.93)

m = 3
ApEn 0.71(0.11) 0.72

(0.63-0.80)
0.69(0.12) 0.72

(0.57-0.79)
SampEn 0.74(0.06) 0.75

(0.70-0.80)
0.74(0.07) 0.76

(0.72-0.79)
DistEn 0.80(0.05) 0.79

(0.76-0.84)
0.88(0.11) 0.92

(0.90-0.93)

m = 4
ApEn 0.69(0.10) 0.70

(0.61-0.78)
0.66(0.12) 0.66

(0.56-0.77)
SampEn 0.74(0.07) 0.74

(0.68-0.80)
0.75(0.07) 0.77

(0.73-0.79)
DistEn 0.79(0.05) 0.80

(0.76-0.83)
0.88(0.11) 0.92

(0.90-0.93)

m = 5
ApEn 0.68(0.09) 0.69

(0.60-0.76)
0.65(0.10) 0.62

(0.57-0.74)
SampEn 0.73(0.06) 0.74

(0.69-0.80)
0.76(0.05) 0.76

(0.74-0.78)
DistEn 0.79(0.05) 0.79

(0.76-0.82)
0.88(0.10) 0.92

(0.91-0.93)
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Table 6.3: Combination of parameters r/M,m that shows best classification perfor-
mances (AUCmax) of ApEn, SampEn and DistEn with minimum (50 beats) and
maximum (1000 beats) data lengths for two case studies used in this study.

Data length N Complexity
measure

Elderly vs Young
r/M,m(AUCmax)

Healthy vs
Arrhythmia

r/M,m(AUCmax)

50
ApEn 1, 2(0.75) 0.9, 5(0.67)

SampEn 1, 2(0.75) 1, 2(0.66)
DistEn 100, 4(0.82) 200, 2(0.94)

1000
ApEn 0.8, 3(0.85) 1, 2(0.92)

SampEn 0.8, 3(0.84) 0.3, 2(0.87)
DistEn 2000, 5(0.82) 400, 5(0.93)

6.5 Discussions on DistEn’s parametric dependence

Plenty of studies have evidenced HRV capable of tracking cardiovascular disease
development [158], assessing mental disorders [159], and reflecting autonomic dys-
regulation [160]. The recent emergence of wearable devices and mobile apps further
promotes the development of this translational field by offering the opportunity for
continuous and long-time monitoring of HRV [161]. To achieve this goal, the quan-
tification methods should be able to accept short or even extremely short HRV series
as input without (or minimally) affecting the results.

Distribution entropy (DistEn) has been shown to be a reliable measure of complex-
ity using short length HRV time series [43, 157]. DistEn takes full advantage of
the state space representation of the original HRV series to alleviate the problem
that traditional measures, e.g., approximate entropy (ApEn) and sample entropy
(SampEn), either do not work or give some extreme results (severely deviated from
the normal range) when used to analyze short data [43]. DistEn introduced another
parameter –M (bin number used to estimate the empirical probability density) – to
replace its counterpart – r (threshold value) – in ApEn, SampEn, and FuzzyEn

calculation. We have shown using both benchmark data and real HRV series that the
selection ofM is not as critical as r [43, 157]. We have also proved that DistEn still
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keeps relatively stable with extremely short series whereas all the three traditional
measures fail [43]. In addition to M and N , there is yet another parameter – m
(embedding dimension) – needed to be considered in order to fully span the DistEn
space. Together, they may have some combined impacts on DistEn performance,
which has not yet been determined and which in fact motivated our current study.

Intriguingly, the results are as what we expected:

• DistEn varied less with different combinations of m, M , and N as compared
with ApEn and SampEn (Figure 6.3, 6.6 and 6.9).

• For even very small data length N , DistEn still could result in reasonable
values rather than invalid or extreme values (Table 6.1).

• DistEn performed the best among the three in differentiating healthy elderly
group from healthy young, or differentiating arrhythmic subjects from healthy
controls (Table 6.2).

• Performance of DistEn is minimally affected by the input parameters com-
pared to ApEn and SampEn for both case studies (Table 6.2).

• The best performance ofDistEn is always the highest among the three entropy
parameters in differentiating Elderly subjects from Young, or differentiating
Arrhythmia subjects from Healthy for shortest data length and comparable
for longest data length (Table 6.3).

In brief, the main findings of this study proves the stability and consistency of
DistEn with variations of input parameters. DistEn also shows better performance
in distinguishing healthy “Young” from “Old” and “Healthy” from “Arrhythmic”
subjects than other popular entropy measures ApEn and SampEn. The calculation
over the inter-vector distances in DistEn algorithm may essentially account for its
improvement. Specifically, by estimating the probability density of all inter-vector
distances, the amount of used information in DistEn is strikingly increased from
the order of N to N2. When N is small, the estimation of the probability of only
“similar vectors” in ApEn and SampEn will become severely unreliable (due to
inadequate information of the “similar vectors” though ApEn and SampEn indeed
also calculate all the inter-vector distances), whereas DistEn will not be affected
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significantly with the increase of used information. Besides, we also proved that the
use of the probability density rather than the probability of only “similar vectors” is
theoretically reasonable. With this study, it is further confirmed hat the performance
of complexity estimates could be improved by globally quantifying the inter-vector
distances in the state-space [43].

6.6 Modified distribution entropy

Heart rate variability (HRV) is a powerful non-invasive method to analyze function-
ing of the autonomic nervous system (ANS). It is useful to understand the interplay
between the sympathetic and parasympathetic wings of ANS that serve to speed up
and slow down the heart rate respectively [44]. HRV, a variation of the time pe-
riod between consecutive heart beats (RR intervals), is thought to reflect the heart’s
adaptability to changing physiological conditions. Therefore, various HRV measures
are considered to be critical bio-markers for understanding and diagnosing cardiac
health [28, 12].

However, in HRV analysis, the physiological relevance of DistEn is yet to be an-
alyzed. Popular entropy measures like ApEn and SampEn have been applied on
HRV signals [120, 56, 21]. Since ApEn and SampEn measure irregularity of the
signal [123, 22]and a healthy heart shows higher variability, it is considered that
entropy values should be higher for a healthy heart in comparison to an unhealthy
one [64]. However, some exceptions have also been reported in this regard for dis-
eases like arrhythmia, where arrhythmic subjects have shown higher entropy values
than healthy subjects [60, 62]. DistEn has also been applied to analyze HRV signals
[69, 43, 157]. However, it is unclear what the distance between template vectors rep-
resents in DistEn measurement while in the case of ApEn and SampEn it is used
for measuring regularity. In this study, we have tried to redefine DistEn considering
aspects of physiological relevance.

In this study our first aim is to analyse the physiological explanation of DistEn for
HRV signals. We hypothesize that since the physiological explanation of Distribution
entropy has not been explored so far, the quantified entropy value may not be
a direct consequence of the underlying physiological mechanism. Therefore, our
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second aim is to introduce a variant of DistEn - ‘modified Distribution Entropy
(mDistEn)’, which is defined considering the underlying physiology of a HRV signal.
We hypothesize that this will enhance the performance of DistEn as a bio-marker
in classifying pathology.

Let an inter heartbeat RR interval time series of length N be defined as

RR = { RR1 RR2 RR3 . . . RRN } (6.7)

For an embedding dimension m, (N − m) template vectors can be defined using
equation 6.1 and for m = 1 the template vectors of RR will be:

X1
1 = RR1, X

1
2 = RR2, X

1
3 = RR3,

. . . . . . X1
(N−1) = RR(N−1)

(6.8)

Now, the distance of vectors {X1
j |2 ≤ j ≤ N − 1} from template vector X1

1 can be
computed using equation (6.2) as follows:

d1
12 = |X1

1 −X1
2 | = max(|RR1 −RR2|)

= |RR1 −RR2| = ∆RR1
1

d1
13 = |X1

1 −X1
3 | = max(|RR1 −RR3|)

= |RR1 −RR3| = ∆RR2
1

. . .

d1
1(N−1) = |X1

1 −X1
(N−1)| = max(|RR1 −RRN−1|)

= |RR1 −RRN−1| = ∆RRN−2
1

(6.9)

where ∆RRli = |RRi−RRi+l| and i denotes the ith RR interval and l is the lag or delay
used to calculate the change between RR intervals (shown in Fig. 6.10). Similarly,
for embedding dimension m = 2, the template vectors can be defined as:

X2
1 = (RR1, RR2), X2

2 = (RR2, RR3),
X2

3 = (RR3, RR4),
. . . X2

(N−2) = (RR(N−2), RR(N−1))
(6.10)
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Now, the distance of vectors {X2
j |2 ≤ j ≤ N − 2} from template vector X2

1 can be
computed using equation (6.2) as follows:

d2
12 =

|X2
1 −X2

2 | = max(|RR1 −RR2|, |RR2 −RR3|)
= max(∆RR1

1,∆RR1
2)

d2
13 =

|X2
1 −X2

3 | = max(|RR1 −RR3|, |RR2 −RR4|)
= max(∆RR2

1,∆RR2
2)

. . .

d2
1(N−2) =

|X2
1 −X2

(N−2)| = max(|RR1 −RRN−2|, |RR2 −RRN−1|)
= max(∆RRN−3

1 ,∆RRN−3
2 )

(6.11)

This signifies that d2
ij quantifies the maximum of changes of individual RR interval

from their l(1 ≤ l ≤ N−m−1) lagged or delayed RR interval for embedding dimension
m = 2 (shown in Fig. 6.10). Therefore, the generalized distance equation (6.2) can
be rewritten with respect to RR interval signal as:

dmij = {max(∆RRli,∆RRli+1, . . . ,∆RRli+m−1})

: 1 ≤ i, j ≤ (N −m), j 6= i, l = |i− j|} (6.12)
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Figure 6.10: Changes of individual RR intervals from their l lagged RR interval for
embedding dimension m = 1, 2

Therefore, DistEn is a measure of Shannon entropy of change of RR interval cal-
culated for lags ranging from 1 : N −m− 1. The embedding dimension m controls
the calculation of change by defining the number of candidates for maximum change
calculation.

Elimination of lags > 10

From the analytical explanation of DistEn, it is obvious that it measures entropy
of the change or derivative of HRV signal at all lags 1 : N −m− 1. Therefore, the
maximum lag at which the change is measured depends on the data length N and
embedding dimension m. Since N � m, we can say that the maximum lag predomi-
nantly depends on the length of the signal. The physiological discrepancy in defining
DistEn lies behind this dependency of lag on data length. If we consider the physio-
logical mechanism of heart rate variability, the effect of present heart beat on future
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heart beats is defined by the properties of cardiovascular mechanisms rather than
recording length or number of heart beats. Therefore, use of lags depending on data
length for calculating change in HRV signal measures mostly random phenomena
rather than physiological information. In previous studies, it has been reported that
a heartbeat’s influence is felt on an average of only 6-10 beats following it [162, 163].
Thus it becomes physiologically irrelevant to find the change between a given beat
and all other beats following it, as is done in the case of DistEn. So, from D

′ , it
is physiologically justified to remove all changes corresponding to lags> 10. This
modification to D′results in D′′ .

D
′′ =

d12 d13 · · · d1(11)

d23 d24 · · · d2(12)

d34 · · · · · ·
d46 · · ·

d(N−m−10)(N−m)
...

d(N−m−1)(N−m)


(6.13)

This modified distance matrix D′′ (6.13) is now subjected to Shannon entropy cal-
culation using steps 5 to 7 of section 6.3 for evaluation of modified Distribution
entropy (mDistEn) of the signal.

Results

Effect of eliminating lags > 10 from D
′

For a data of length N = 100, DistEn is calculated for each lag l ranging from
1 to 99, where the histogram consists of elements of D corresponding to lags 1 :
l. The embedding dimension value is 2 and the value of parameter M is kept
fixed at 500. As can be seen from Fig. 6.11, The entropy values obtained using
lags from 1 to 10 (i.e., mDistEn) are 0.4838, 0.9066 and 0.3885 (marked by a
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Figure 6.11: Effect of eliminating lags > 10 from D

vertical line in each sub graph) for periodic, chaotic and healthy RR interval time
series respectively. These values increased by 0.0804, 0.0665 and 0.0266 respectively
using DistEn measure i.e., considering lags from 1 : 98. The increase in entropy
values due to the addition of elements corresponding to lags over 10 was negligible
compared to the already attained values from the first 10 lags. This supports our
hypothesis that the entropy of underlying physiological mechanism can be captured
from change of the signal up to 10 lags rather than using all lags based on data
length. In addition, this increases the suitability of mDistEn over DistEn as a bio-
marker for autonomic nervous system or cardiac health. Another benefit of using
maximum lag as 10 is it reduces computational cost from O(N2) to O(N). From
equation (6.3) it is obvious that for any data length N the number of elements to be
calculated is (N −m)(N −m− 1) ≈ O(N2). On the other hand, for mDistEn the
number of elements in D′′ is 10(N −m) ≈ O(N). Therefore, mDistEn reduces the
computational burden and is suitable for energy constraint devices such as mobile
or sensor devices.

mDistEn as a classification feature: comparison with DistEn

The AUC values of DistEn and mDistEn corresponding to synthetic (Panel A)
and physiological data (Panels B and C) are shown in Fig. 6.12. For synthetic
signals (Panel A) , the AUC values of both mDistEn and DistEn are same and
consistent with respect to data length N . Looking at healthy Vs arrhythmia data
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Figure 6.12: Comparison of DistEn and mDistEn as classification features

(Panel B), the AUC values of mDistEn are higher to DistEn and consistent with
data length N . Therefore, mDistEn performs better than DistEn for all N and
this improvement can be attributed to physiologically motivated selection of lags
for evaluation of change in mDistEn measurement. Similarly, for healthy Vs Atrial
fibrillation data the AUC values show that mDistEn performs better than DistEn
for all N ≥ 100. At the lowest used data length of 50, the performances of the two
methods are equal. This may indicate that the increasing lags in DistEn measure
with increasing data length negatively affects the classification performance, which
is avoided in mDistEn by choosing physiologically relevant number of lags.

6.7 Summary

Many entropy measures have been established to assess the complexity information
contained in HRV signals [164]. Among these, DistEn is an algorithm that fo-
cuses particularly on short-term data [43, 154]. The idea behind DistEn is to map
an N -length RR interval signal to an inter-vector distance matrix of dimensions
(N −m+ 1)× (N −m+ 1) (where m represents the embedding dimension) in the
state space. This logarithmically expands the limited information contained in the
original RR interval time-series [43]. Examinations on both bench mark and real
clinical data have indicated significantly improved stability and reliability of DistEn
[43, 154]. This is assumed to be rendered by use of the probability distribution of all
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inter-vector distances in the distance matrix, a global quantification as compared to
the partial quantification in traditional entropy measures such as approximate en-
tropy and sample entropy [43]. However, the major issue with DistEn is that it does
not belong to the family of KS-entropy metrics, but is based on Shannon entropy
formulation. This makes comparisons between ApEn, SampEn and the like with
DistEn extremely difficult and biased. While our idea of entropy profiling (elab-
orated in previous chapters) directly addresses and improves the ApEn/SampEn
family, DistEn tries to adopt the Shannon-family scheme to match or outperform
the former. Though, this is not an insignificant attempt, it leads to unfair compar-
isons of DistEn with ApEn/SampEn.

Secondly, we have reformed the calculation procedure of inter-vector distances in
the DistEn algorithm by taking physiological relevance into consideration. This
reformation has been reminiscent of the possibility that not all the elements in the
distance matrix are physiologically relevant since the influence of a heartbeat may
last until only 6-10 beats following it [162, 163]. A modified DistEn (mDistEn)
algorithm was developed accordingly to restrict the time lag; from all possible lags
(which are signal length dependent that corresponds to DistEn algorithm) to a
fixed value, thus counting in only those that are relatively close to the template
vector. Our simulation tests based on logistic time series suggest that the proposed
mDistEn has already accounted for ~90% the level of DistEn when using the
time lag of up to 10, which indicates that all vectors corresponding to time lag >10
contribute to a very small portion. Another advantage of the use of this lag-restricted
algorithm is the reduction of computational complexity.

A limitation here is that the mDistEn algorithm is proposed in the context of HRV
analysis, supported by prior knowledge on the possible effect time of a heart beat.
It cannot be used as a general complexity measure for other physiological signals
(non-HRV), while DistEn can. Unless there are clear implications on the restriction
of effect time in a given signal, the original DistEn algorithm is still recommended.
However, the better performance indicated by mDistEn in the current chapter does
imply that the establishments of algorithms in future should take the physiological
contexts into consideration in order for better suitability and computational effi-
ciency.



Chapter 7

General discussions, conclusions
and future scope

7.1 Summary of contributions

Heart rate variability is a useful diagnostic indicator of physiology and pathology in
the human system. Several forms of information can be derived from a HRV signal
for diagnostic and analytic purposes. Simple statistical or geometrical methods to
more complex nonlinear options are available for extracting useful HRV information.
The information retrieval becomes challenging as data length decreases. For short
recordings of HRV, getting accurate and reliable information is not easy. At the
same time, short-term HRV signals are preferred over long-term counterparts, since
the short-term ones are easier, less expensive and more patient-friendly to obtain and
process. KS-entropy algorithms such as ApEn and SampEn are the most popularly
used in this regard. These methods assess irregularity or complexity information
from a given HRV signal, by detecting patterns and pattern matching in the signal.
A typical KS-entropy algorithm finds the conditional probability of signal segments
to match at a length m + 1 if they match at a length m, the original signal length
being N and the threshold of match being r.

Despite the good reputation of entropy methods to handle short-term HRV signals,
they are widely known to be affected by parametric dominance. This is especially

164
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true when it comes to the tolerance parameter r. Entropy formulations require
the selection of an appropriate value for parameter r, given a signal of length N .
The choice of r is generally made from a predefined set of values, commonly used
in HRV analysis. Several studies have reported a lack of logical clarity in making
such a choice in addition to cases where these choices fail. A wrong choice of r is
capable of generating completely wrong estimates of entropy, giving erroneous HRV
information.

The most appropriate choice of r for a given signal depends purely on the nature
of the signal, e.g. the signal dynamics and signal length. It is said that r being too
small or too large has biased impacts on information retrieval. A high or low value
of r is a very relative term, since we do not have a method to decide the perfect
r for a specific signal. Having said that, rather than randomly selecting a single r
and allowing entropy to give us partial information (can be biased or misleading),
we believe that it is an advancement to capture the entire domain of entropy, in
response to variations in r.

The issue of irresolute r-selection has been dealt in different ways. Entropy methods
have been modified to reduce the impact of r on them, to eliminate r from their
formulations and so on. However, the actual source of the issue remains unexplored.
A single choice of r gives a single entropy estimate that does not represent complete
information present in the HRV. Using multiple r choices would mean calculating
multiple entropy estimates, which when used together may yield more information
about the signal. In this way, in order to get a complete representation of a sig-
nal’s irregularity/complexity information, it becomes important to try and estimate
entropy at all potential r values (usable for the given signal). This generates a
complete profile of entropy values, in contrast to the traditional single estimate of
entropy. Having a profile of entropy values is certainly a bigger opportunity to ex-
tract maximum information from the signal. How entropy profiling can be done
efficiently and how the profiling can be used to improve short-length HRV signal
analysis have been the main contributions of the thesis.
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7.1.1 Irregularity analysis on short-length HRV data

For a signal of length N and embedding dimension m, a right choice of tolerance
r is essential to get an accurate measure of signal regularity. Arriving at this

right r choice continues to be a matter of debate. Our proposed approach (CHM)
fetches not one but a complete set of appropriate r values that can be used for
estimating entropy rate of a signal, given its N and m. This r set is essentially
derived from signal dynamics and thus called data driven. Entropy evaluated at
a single choice of r is not always a good classification feature.When at a single r
value, the estimate does not translate complete regularity information of the signal.
Also, choice of this single r value has always been based on preset assumptions and
generalizations, therefore irresolute in most cases of data analysis.This is rectified
by evaluating entropy at all potential r values that can exist for the given signal. In
addition, the method generates an entropy profile using this data driven r set and
thereby facilitates enhanced information retrieval from the signal.

Entropy which was initially a function of parameters N , m and r now becomes a
function of just N and m. Thus, r is no longer an input requirement to generate
regularity information from a signal. In other words, entropy calculation is made
independent of the parameter r.

Accuracy of the entire process of entropy profiling lies in proper selection of potential
r values. This cannot be done efficiently using traditional approaches since they are
all based on preset assumptions (therefore do not have sufficient information) and
also because of the computational expense involved. Data driven CHM eradicates
such problems by

1. Using the given signal’s structural dynamics to carefully extract a set of unique
r-values; in such a way that the set is complete. The term ‘complete’ refers
to a state where there will be no redundancies or missing estimates in the
generated entropy profile. This is how tight the data driven r-selection is in
CHM (a detailed discussion is given in chapter III).

2. Using a cumulative distribution to get all entropy estimates in a single run
of the algorithm, in contrast to repetitive runs seen in the traditional case,
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thereby keeping computational complexity to a minimum (as elaborated in
chapter III).

An irresolute r choice has placed its share of limitations over the use of data length
N . With the available generalized mode of r-selection, entropy algorithms could be
used only on data lengths N ≥ 1000. This being approximately 15-minutes of HRV
data, is surely considered short-term. However, the inability of these algorithms
to work on N < 1000 (highly preferred for ease of data acquisition) is majorly
due to lameness in r-selection scheme, which can therefore surely be rectified. By
generating a complete set of r values and thereby all possible entropy estimates
specific to the given signal (of any N), CHM does not place any kind of restrictions
on data length. With a signal of any given N , CHM unconditionally tries and
retrieves as much information from it as possible. In effect, our novel approach
contributes to short-length signal irregularity analysis in two unique ways; (i) by
eliminating the ambiguity in choosing an appropriate tolerance value r for entropy
estimations and (ii) by enhancing the quality and quantity of information retrieved
from a given short-length signal.

An entropy profile contains accurate and complete information about signal irregu-
larity. Depending on the nature of applications, different forms of the profile based
information can be extracted. In this thesis, secondary measures of regularity such
as TotalEntropy, SDEntropy and AvgEntropy have been used to demonstrate the
quality of information retrieval achievable from an entropy profile. Getting useful
information from a signal’s entropy profile is not restricted to the usage of secondary
measures mentioned in this work. Once we capture a signal’s complete entropy in-
formation, it becomes easy to further process it in different ways to obtain useful
measures that would suit our purpose.

7.1.2 Complexity analysis on short-length HRV data

While studying heart rate dynamics, it nevertheless becomes more important to
extract information about complexities associated with the heart, rather than the
regularity of signal patterns produced by it. A complex physiological system does
not necessarily produce irregular signals and vice-verse. In order to equip a regu-



7.1. Summary of contributions 168

larity statistic to see through the respective system’s level of complexity, the idea
of multiscaling was introduced in SampEn estimation. Multiscaling ideally requires
an input signal to be (a) long and (b) stationary. But, longer the data the less
stationary it is. Owing to data length restrictions imposed by SampEn estima-
tion procedure, multiscale SampEn analysis remains unsuitable for applications
involving short-length physiologic data.The requirement multiscaling places on its
data length largely limits its accuracy. CHM, the novel method of entropy profil-
ing makes multiscaling require very short signal segments, granting better prospects
of signal stationarity and estimation accuracy. For complexity based classification
of AF signals from healthy cardiac signals, where MSE required a data length as
high as 20,000, entropy profiling requires only 500 data points; at an embedding
dimension m = 2. This study also shows that these 500 data points can be ran-
domly picked from anywhere in the original data, thereby proving robustness of
our approach. Thus, the proposed multiscale entropy profiling approach facilitates
accurate complexity analysis of short-length heart rate variability signals.

7.1.3 Irregularity analysis on short-length multivariate data

Examining nonlinear bi-variate time series for pattern synchrony has been largely
carried out by cross entropy estimates. The problem of irresolute r-selection has
been curbing opportunities for cross correlation analysis on data withN < 1000. The
proposed novel technique of entropy profiling has enabled cross entropy estimates to
retreive regularity-based information from bi-variate time series. This information
of correlation/synchrony can further be used to identify a physiological state or
condition. Using CHM, such analysis has been made possible on physiological data
as short as N = 50, technically this corresponds to ∼1-minute HRV data.

7.1.4 Improvements on distribution entropy for complexity
analysis

DistEn, an important addition to the family of non-parametric entropy estimations
is a complexity measure totally devoid of r. Despite involvement of other para-
meters such as data length, bin number and embedding dimension, DistEn has
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been found stable and consistent with parametric variations. The major drawback
here is the impossibility of including DistEn to the class of KS-entropy measures
such as ApEn and SampEn. It is worth mentioning that although the performance
of DistEn was compared with ApEn and SampEn, they are not from the same
family of probability measurement. In empirical terms, ApEn and SampEn are a
measure of the conditional probability of a signal to remain similar at embedding
dimensions m and m + 1. Therefore, the regularity is measured for embedding di-
mensions m and m+ 1. In contrast, for DistEn, entropy is measured based on the
distribution of vector distances for an embedding dimension of m only. Thus, the
information obtained using DistEn is different from that of ApEn and SampEn.
ApEn and SampEn compute KS-entropy, while DistEn uses Shannon entropy for-
mulation. This shows that DistEn can be used to obtain additional information
besides ApEn or SampEn. However, further exploration is required to quantify the
mutual information obtained from these ststistics.

7.2 Future Research

7.2.1 Multiscale X−entropy analsyis on multivariate physiolo-
gical signals

In order to discuss why multiscaling is necessary for pattern synchrony analysis
in physiologic signals, we must revisit the result of Fig. 5.3c. The figure shows
randomized data-set estimates to be more irregular. An original time series loses
information when randomized, thereby leading to a loss of complexity. As discussed
in the previous chapters, a loss of complexity may not necessarily indicate a loss of
irregularity. In this case, randomization decreases complexity and increases irregu-
larity. However, X-TotalSampEn has been able to capture only irregularity based
information, since analysis is on a single scale only. Performing the same analysis
(as presented in Fig. 5.3c) over mutiple scales will reveal complexity information as
well. This category of analysis is called multivariate multiscale entropy analysis [73].
Using CHM and thereby entropy profiling to perform MMSE will improve prospects
of analysis on short-length multivariate signals. This can be an important direction
of future experimentation and validations.



7.2. Future Research 170

7.2.2 Data driven selection of embedding dimension m

Similar to the case of r, embedding dimension m is yet another parameter that
limits entropy methods in the analysis of short-term data. Though not as critical
as r, m-selection also requires a certain extent of discretion when used in entropy
estimations. A perfectly appropriate m value can greatly help improve information
retrieval from short-length HRV signals. Since the right choice of m is as ambiguous
as that of r, we will need methods to help us choose the appropriate m. Thinking
along the same lines as dealing with r, it is best if we are able to completely eliminate
the need to choose m from entropy estimations.

The prospects of eliminating embedding dimension (m) from entropy formulations
is the primary future target. Following an elaborate survey on the selection, use and
impact of varying embedding dimension (m) on entropy, a geometrical explanation
of the parameter’s properties and behavior is obtainable. This helps formulate a
relation between data and its potential range of m values. Then the demand is for a
data driven algorithm capable of generating these potential m values automatically.
In this way, once the complete entropy profile is obtained with respect to m, benefi-
cial measures of regularity or complexity can be extracted from it. The physiological
relevance of m-selection in the context of HRV analysis can also be another stream
of research here.

7.2.3 Non-parametric entropy formulation

All KS-entropy measures are a function of data length N , embedding dimension m
and tolerance r. Data driven algorithms for choosing r and m will in future make
entropy a function of just data length N . m and r will no longer be input parameters
to entropy estimations. The individual algorithms (of m and r) could be fused at
this stage in order to generate Entropy(N) profile, given a signal of length N . All
potential values of entropy, at all values of m and r will then be generated as a single
complete profile, for the signal of length N . This will make entropy formulations
completely non-parametric.
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7.2.4 Data length studies

The main application focus of the current study is maximum information retrieval
from short-term recordings of HRV. Once Entropy(N) profile becomes obtainable,
one line of research could focus on the influence of N on the complete profile. How
N influences the data driven selections of r and m, how it quantifies information
retrieval, what is the minimum data length at which maximum information is ob-
tained and so on can be examined. This is to identify the sensitivity of the methods
(when combined) to data length, the methods being specially intended for short-
term analysis.This will help us validate our applications and case studies related to
short-length HRV analysis.

7.3 Conclusion

In KS-entropy methods, the ambiguity of r-selection has remained an unresolved
issue for over two decades now. The impact of the problem has greatly been felt
when dealing with short-length recordings of HRV signals to extract irregularity or
complexity based information. By removing the need of a manual r-selection process
in entropy methods, this work has opened up new avenues in short-length HRV anal-
ysis. The proposed novel approach of entropy profiling being accurate, reliable and
computationally efficient, demonstrates great potential for high-quality information
retrieval from HRV signals as short as a 1-minute recording. Additionally, the con-
tribution of entropy profiling to short-length HRV analysis indicates a possibility to
incorporate real-time HRV irregularity/complexity monitoring to modern wearable
devices, e.g. wrist watch or cell phone with built-in ECG/heart rate measurement
module. This will be of significant help not only now but also in the future era of
cardiovascular health monitoring.
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