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Abstract

Ultra-Dense Networks (UDNs) are one of the most important trends towards

next generation cellular systems. It is expected that small cell densification will

offload traffic from traditional macro base stations, and thus significantly boost

network capacity. Despite its promising capacity gains, UDNs can lead to fre-

quent handovers (HOs), which in turn can cause significant network overheads

and a decline in user experience. With the aim of modelling handovers in the

context of ultra-dense heterogeneous networks, we first propose a low-complexity

analytical framework for multi-target small cell handovers. Our proposed HO

framework accurately models important context-aware parameters of user ve-

locity, small cell density and the effect of received power filtering and HO failure.

To avoid load imbalance, we derive a simple HO threshold condition that lever-

ages multiple cell load conditions while also guaranteeing the expected through-

put of small cell users. Furthermore, we also propose a novel approach to model

coverage regions of overlapping small cells. Based on this model, we derive the

cumulative distribution function of the sojourn time in small cells using bound-

ary length and chord length distributions of small cell coverage regions. Our

model is comprehensive enough to capture both inter-tier and intra-tier HOs in

small cell networks. The derived analytical results provide guidance for optimiz-

ing handover parameters based on user velocity and small cell density to reduce

network overhead and improve user experience. Finally, a downlink coverage
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analysis of an unmanned aerial vehicle (UAV) assisted network with clustered

UEs is presented. In this model, Nakagami fading is used to capture line-of-sight

channels for air-to-ground communication. Simulations show that line-of-sight

channels can be well approximated with minimal computation power.
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1
Introduction

1.1 Opportunities and Challenges

As we have seen in the last decade, dramatic mobile traffic growth is continu-

ing, and it is projected that we will see 1000-fold traffic explosion over the next

decade [1]. To keep up with this trend, a 1000-fold capacity increase in the next

generation of wireless cellular networks is expected.

In the first decade of this century, we witnessed a 1000-fold capacity explo-

sion of wireless networks with the main drivers being air-interference efficiency

improvement (20 times) and new-spectrum acquisition (25 times) [2], while net-

work densification only contributed to 1∼2 times of an increase. For the next

generation of wireless cellular networks, the required 1000 × gain will also be
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2 Introduction

achieved through combined gains from these three areas [2, 3]. Since technolo-

gies such as orthogonal frequency-division multiplexing (OFDM) and Multiple-

Input Multiple-Output (MIMO) have made spectrum efficiency approach its ca-

pacity limit [2] and new spectrum is mostly allocated to extremely high fre-

quency bands (e.g., mmWave ) that have very limited transmission range, the

gains from those two areas are expected to be limited. Therefore, it is expected

that small cell densification and offloading will provide the most significant gain

(40 ∼ 50 times) [2] by improving area spectral efficiency.

Deploying large numbers of small cells in ultra-dense heterogeneous net-

works (HetNets), or small cell densification, is a promising strategy for achiev-

ing high data rates in 5G cellular networks. Shrinking cell sizes means that each

cell has a smaller coverage area and fewer user equipments (UEs) to serve so that

more network resources can be allocated to each UE. Despite promising gains, as

cell densification becomes extreme and networks become more heterogeneous,

significant challenges, including inter-cell interference, load imbalance and UE

associations in HetNets and mobility support [3], arise.

1.2 Background and Motivation

As one of the key enabling technologies for 5G, HetNets can have elements

that include [4] microcells, picocells, femtocells and distributed antenna systems

which are distinguished by their transmit powers, physical footprint sizes, back-

haul, radio propagation characteristics or even radio access technologies (RAT).

One issue that can be caused by these differences is load imbalance (mainly

due to the substantial differences in transmitting powers), particularly if con-

ventional received-power-based user association rules are used. Another issue

brought by cell densification is inter-cell interference, which can also cause small

cells issues in serving their UEs, especially edge UEs who experience low signal-

to-interference-plus-noise ratios (SINRs). In order to capitalise on cell-splitting
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gains, techniques such as Cell Range Expansion (CRE), enhanced Inter-Cell In-

terference Coordination (eICIC) and Almost Blank Subframes (ABS) [5] can be

employed. CRE is a sub-optimal method to give preference to small cells for of-

floading UEs from congested macro cells so that small cells can be better utilised

to improve overall network throughput. eICIC and ABS, on the other hand, are

mainly designed to mitigate interference caused by macro cells by muting them

in certain subframes, during which edge UEs of small cells can have better chan-

nel capacities. This can also be jointly done with CRE to expand the coverage

region of small cells where nearby macro cells are not transmitting data.

Another significant issue is mobility management, which plays an important

role in providing seamless services for a UE as it moves from the coverage area of

one cell to another. This is commonly referred to as handover (HO), which can be

seen as a process that involves “deciding” and “execution” phases. During the

first phase, received powers or other more sophisticated metrics of the current

serving cell and potential target cell(s) are constantly monitored for a certain

period. If a certain condition is met, which usually implies that a target cell that

is confirmed to be a better cell than the current cell by a margin, then the process

will proceed to the execution phase to be completed. As described, a HO process

involves significant signalling overhead and inevitably causes delays to services.

In addition, there are other risks associated with the HO process. For example, if

at any time during the HO process, the SINR falls below a threshold for a certain

time period, a radio link failure (RLF) is declared which will cause a HO failure.

This is often caused by too strict of a HO condition, and the HO is not initiated

and completed on time, which can consequently result in RLF from its source

cell. On the other hand, a too relaxed condition may result in an outbound HO

followed by an inbound HO from/to the same cell (i.e, a ping-pong HO). In

other words, a UE only stays with its new serving cell briefly and then is handed

over to its original serving cell. Ping-pong HOs are undesirable as it introduces

unnecessary network overhead, traffic latency and call drops that degrade the
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Quality-of-Service (QoS) [6]. Techniques such as CRE, eICIC and ABS have been

widely studied to facilitate or mitigate unnecessary HOs by varying cell size

and mitigating interference. However, analytical work is still needed to better

understand the fundamentals of HOs in the context of HetNets. In Chapters 3

and 4, we develop models to study HO process and statistical properties using

Markov chains and stochastic geometry, respectively.

Despite the capacity improvement of the next generation of cellular networks,

it is possible that there will still be times when the terrestrial communications

system cannot keep up with the demand. For example, after incidents such as

terrorist attacks, fires or natural disasters, parts of the communication infras-

tructure may become damaged or dysfunctional [7], or devices that suffer severe

shadowing by urban or mountainous terrain [8] may not be able have access

to wireless network coverage. Another situation is during temporary events

or emergency assemblies, where on-demand traffic is unusually high, and ad-

ditional network relief is needed. Unmanned Aerial Vehicles (UAVs), can be

deployed in any of those situations to provide public safety communications or

instant traffic offloading from the cellular networks by leveraging their line-of-

sight (LoS) links. As a result of advancement in drone technology, UAVs are

now well-suited for such purposes due to their mobility, agility, flexible config-

urability and cost effectiveness [8]. To this end, we propose a clustering-based

UE distribution and UAV downlink coverage modelling in Chapter 5.

1.3 Overview of the Thesis Contributions

In Chapter 3, we propose a low-complexity analytical framework for multi-

target small cell HOs in ultra-dense heterogeneous networks using a Markov

chain method similar to [9]. We break UE trajectory into independent spatial in-

tervals, and at each interval, expected UE throughput is given by averaging out

a ratio of hypo-exponential functions (effect of small-scale fading). In addition,
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the HO state transition probability is computed for a given choice of the HO

threshold, which leverages load imbalance by biasing towards small cells while

also providing guaranteed small cell throughput. Our proposed HO framework

also accurately models important context-aware parameters such as small cell

size, UE travelling speed, received power filtering and HO failure probability.

Detailed simulation results are provided to highlight the impact of small cell bi-

asing, UE speed, and time-to-trigger (TTT) parameters on the HO performance.

We show that the for a given UE speed, careful choice of small cell size can effec-

tively reduce the number of HOs, improve UE throughput, and lower the chance

of ping-pong HOs and HO failures with low complexity.

In Chapter 4, with the aim of modelling handovers in the context of ultra-

dense HetNets, we propose a novel approach to model coverages of overlap-

ping small cells, which is based on a disk coverage modelling of small cells

from [10] and Poisson-Voronoi Tessellation (PVT). Results of small-cell cover-

age ratios, small cell sizes and small-cell overlapping ratios are given. Based

on this mixed coverage model, we derive the cumulative distribution function

(CDF) of the UE’s time-of-stay in small cells using boundary length and chord

length distributions of small cell coverage. Our results of boundary length dis-

tribution and chord length distribution are generalizations of results for PVTs

in [11] and [12], respectively. Our model is comprehensive enough to capture

the nature of both inter-tier and intra-tier HOs in small cell networks, the latter

of which is a major challenge in ultra-dense HetNets. Our analytical results can

provide guidance for the optimisation of HO parameters based on user velocity

and small cell density to reduce network overheads, improve user experience

and mitigate ping-pong HOs.

In Chapter 5, we perform downlink coverage analysis of UAVs with limited

and overlapped coverage areas and clustered UEs. Emphasis of this work is

on deriving closed-form result of UE-to-serving-UAV projection distance distri-

bution and approximating small-scale fading as generalised Nakagami fading
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instead of Rayleigh fading [13]. We consider the users to be groups of clusters,

and each cluster is scattered around the ground projection of a UAV following

a Thomas Cluster Process [14]. We model the coverage area of a UAV as a disk

with limited radius. We allow these disks to overlap and each user is assumed to

connect to its nearest UAV, which also means each UE can be associated with any

UAV. Using the density function of the Thomas Cluster Process, we first derive a

closed-form distribution of distance between a typical UE and its nearest UAV’s

ground projection conditioned on the user being within a coverage disk of any

UAV. Along with the distance distributions, we then use the Laplace transform

to calculate the average coverage probability of a typical UAV user that suffers

interference from other UAVs and ground base stations (GBSs). We use Nak-

agami fading to capture various types of small scale fading, including Rayleigh

fading for non-LoS connections, and most importantly, LoS fading when the pa-

rameter m of the fading goes to ∞. Simulations show that LoS fading can be

approximated well with a relatively small m.

The rest of the thesis is organized as follows. Chapter 2 gives provides back-

ground and a literature review of existing works in related areas as compared

with the work in this thesis. In Chapter 3, we propose a Markov-chain based

multi-target HO model to study the detailed HO process in HetNets. In Chap-

ter 4, we provide a inter-tier and intra-tier HO study in a two-tier HetNet using

stochastic geometry. In Chapter 5, a UAV downlink coverage analysis with clus-

ters users and a maximum radius constraint is performed. Finally, we offer some

conclusions in Chapter 6.

1.4 List of Publications

Below is a summary of relevant publications during the Ph.D. candidature.

• Conferences
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2
Background and Literature Review

2.1 Cell Densification and Ultra-Dense Networks (UDN)

With the ever-increasing wireless data demand, it is expected that global mobile

data traffic will reach 49 exabytes per month in 2021, which will be a seven-

fold increase compared to 2016 [1]. This tremendous trend drives the ambitious

goal of the next generation of cellular networks: a 100 to 1000X throughput gain

from the currently deployed fourth-generation cellular network and 1000 times

the traffic over the next decade [2]. To achieve the goals, there are three major

areas [3] that researchers and industry have been working on:

• Small cell densification and offloading in Heterogeneous Networks (Het-

Nets).

9



10 Background and Literature Review

• More bandwidth, primarily millimeter wave bandwidth.

• Higher spectral efficiency.

Fig. 2.1: Cell Densification in a Dense Network.

Among the three areas, small cell densification (see Fig. 2.1) in HetNets is the

most promising technology [15–19] as it is expected to provide a major impact

[20, 21] with a 40 to 50X capacity gain [22]. In a HetNet, there are typically mul-

tiple tiers of cells, where each tier has different transmitting powers, coverage

areas, spectrum or even communication protocols. Different tiers of small cells

are typically connected to a central controller via fronthaul. Compared with

HetNets, traditional homogeneous cellular networks are covered by a single tier

of macro base stations (BSs). According to [23], the density of a 3G macrocell

BS is about 4-5 BSs/km2, and a 4G microcell BS density is approximately 8-10

BSs/km2. Cell sizes have been shrinking as a result of the growth of wireless

data demand and limited spectrum resources.

In addition to microcells, small cells like picocells or femtocells are intro-

duced to offload traffic from macrocells or microcells to serve UEs in hot-spots

like shopping malls, stadiums, cinemas, etc. These small cells typically have a

much lower transmit power than macro cells, and thus a much smaller coverage

area, but can be deployed more densely. For instance, picocells have a range well
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under 100 meters and femtocells have a similar coverage area as Wi-Fi [3]. In the

upcoming 5G cellular networks, due to the integration of massive MIMO into

BSs, transmission power per antenna at 5G BSs need to be deceased 10-20 times

in comparison with 4G antennas so that the total BS transmission power is kept

at the same level. As a result, the coverage radius of a 5G BS is decreased by one

magnitude and the density of a 5G BS is expected to be 40-50 BS/km2 [23]. Fur-

thermore, the idea of Ultra Dense Networks (UDNs) has been proposed [23, 24],

and a UDN is defined as ‘a network with sites on every lamp post’ and ‘indoor

sites less than 10m apart’ [25], or small cells that have a 5 to 100 meter radius [26].

Small cells, together with conventional macrocells, form the emerging con-

cept of HetNets to support cell densification. Two main advantages of the cell

densification strategy are a decrease in connection distances and an increase in

network resources per user equipment (UE). The connection distances in UDNs

are significantly shorter than those in a legacy macro cell network due to the de-

ployment of hundreds (or even thousands) of small cell base stations per square

kilometre. The shorter connection distances automatically lead to better a signal

quality at UEs to support higher rate mobile services such as online gaming and

live video streaming. In addition to shorter connection distances, each cell has a

smaller number of UEs to support in UDNs due to its smaller coverage area, and

therefore more network resources can be allocated to each UE at a higher spatial

reuse.

2.2 Challenges in Cell Densification and UDN

2.2.1 Load imbalance and inter-cell interference

Despite the promising potential, increasing cell densities comes with various

problems to be solved. Among them, load imbalance has attracted significant

attention from both academia and industry. In HetNets, loads are typically im-
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balanced due to the difference in transmitted power and coverage area of dif-

ferent tiers of cells. This means that using conventional user association rules,

which are purely based on received powers, could cause small cells to be sub-

stantially under-utilised. Cell Range Expansion (CRE) is a popular sub-optimal

technique as part of 3GPP standardization [5] to solve this issue. In general,

CRE (also known as biasing), enabled through biasing and adaptive resource

partitioning, gives preference to small cells to offload traffic from the macro cells

to improve the overall network performance. Typically, a bias value is applied

to the UE association threshold of low power BSs or nodes to increase a UE’s

chance of associating with a small cell. Depending on the the difference in trans-

mitted power, in-band bias values typically range from 5-10dB [27]. We later

discuss how CRE can be used to facilitate user mobility.

In addition to load imbalance, inter-cell interference is another issue that is

more significant with cell densification [28]. To tackle this issue, enhanced Inter-

Cell Interference Coordination (eICIC) was standardized by 3GPP to mitigate

interference from macro cells by using Almost Blank Subframes (ABS) [5]. For

co-channel deployment of HetNets, ABSs are intended to reduce interference

from high transmitting power BSs or nodes. In ABSs, those interferers remain

muted and low power nodes are aware of the interference pattern. Therefore,

CRE can be applied so that low power BSs or nodes can schedule more edge

UEs without being severely interfered by macro cells. This is how CRE and ABS

can jointly achieve load balancing and inter-cell interference mitigation. A lot

of the research in this area has been on dynamically and jointly optimizing the

ABS ratio and CRE values [29–31]. Some work has also focused on using ABS

and eICIC for small cells in a very dense network [32, 33]. Their studies looked

at a multi-pattern eICIC, which mitigates interference from both macro cells and

small cells. This is especially applicable for UDNs and can be seen as a way of

controlling cell density and cell size, which can be potentially used for HO sup-

port for UEs with different speeds. The work in [32,33], together with [34–36], fo-
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cused on jointly solving load imbalance and inter-cell interference by finding op-

timal user association, resource allocation and interference mitigation schemes.

It is assumed in those works that UEs are stationary and perfect channel knowl-

edge is known so that an optimization problem can be formed. However, this

approach is not compatible with user mobility because users moving results in

constant changes in channel conditions.

2.2.2 Challenges in Handover Management

Another issue that has been overlooked is that the continuing small-cell densi-

fication poses serious challenges in terms of mobility support and management

in UDNs [37,38]. As densification makes the coverage range of cells smaller and

even overlaid, UEs with mobility in a UDN can end up undergoing frequent

handovers (HO) (see Fig .2.2) as they move across the small coverage areas of

cells, which may neutralize or even negate the high capacity from small cells.

Fig. 2.2: Frequent Handovers.

In wireless cellular networks, a HO is the process in which a call or data

session of a UE is transferred from its serving cell to a target cell while maintain-

ing quality of service [39]. Note that a HO can occur between different Radio

Access Technologies (RATs) or carriers. For example, one multi-RAT HO ap-
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plication presented in [40] is for high-speed trains. The authors proposed to use

multi-RAT (UMTS and LTE) so that a high-speed train with train relay stations is

simultaneously connected to multiple HetNets. This allows connection through

one link to be connected during the HO process of other(s). However, the focus

of this thesis will be on inter-cell HOs that are performed between the same RAT

and carrier.

The procedure for HOs in LTE systems has four phases: measurement, pro-

cessing, preparation and execution [37]. The measurement phase is based on

the Reference Signal Received Power (RSRP) [41] or other more sophisticated

metrics such as Reference Signal Received Quality (RSRQ) at the UE, and then

physical (Layer 1) and network (Layer 3) filtering are applied in the processing

phase to average out measurement imperfections and fading effects. Based on

the filtered measurement, a HO is triggered if the measurement meets certain

event entry conditions [42], which requires the neighbour or target cell to be bet-

ter than the serving cell by a margin (event A3) for intra-RAT intra-carrier HOs.

Once the condition is met, the UE starts the time-to-trigger (TTT) timer. The A3

condition needs to be satisfied throughout the TTT session for the HO prepara-

tion phase to start, where the UE alerts the serving cell and then the serving cell

issues a HO request to the target cell which contains admission control proce-

dures. Following this, the target cell starts preparing the HO process and sends

a request acknowledge back to the serving cell to start the data forwarding from

the original cell to the new cell, and the serving cell also sends a HO command

to the UE. In the final HO execution phase, UE synchronization occurs, and the

UE sends a HO complete command to the target cell so that data transmission

from the target cell can commence.

For analytical tractability, we can simplify the HO procedure into a two-

phase [9] process as per Fig. (2.3), in which the HO process is represented by

a Markov-chain state diagram. On can refer to the finer details of this diagram

in Chapter 3. Informally, one can see the first row of states in the figure represent
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the “deciding” phase and the second row represents the “execution” phase. In

the first phase, certain received power measurement conditions need to be met

for TTT seconds for the HO process to proceed, and therefore, this phase is prob-

abilistic depending on the received powers. TTT is the duration of the first phase

and is proportional to the number of transition states in the phase (first row of

states in Fig. 2.3). In the second phase, the HO execution is to be finished unless

a HO failure occurs, which is defined in the next paragraph. Nh in Fig. 2.3 is the

number of states in the execution phase (second row of states in Fig. 2.3) and is

proportional to the execution time th.
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Fig. 2.3: A Simplified HO Process.

During the entire process, HO parameters need to be carefully chosen. An

inappropriate choice of TTT may lead to more frequent HO failures or ping-

pong HOs (small values of TTT) or may cause HO failures (large values of TTT).

According to [43], a UE is out of synchronization when its wideband signal-to-

interference-plus-noise ratio (SINR) is below a pre-defined threshold Qout and is

back in synchronization once its wideband SINR becomes is above the thresh-

old. As soon as out-of-synchronization occurs, a T310 timer is triggered and if

the synchronization problem persists until the timer expires, a radio link failure

(RLF) is declared [38]. A HO failure occurs if (i) a RLF occurs anytime between
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the HO is triggered and before the HO execution phase, or (ii) a T310 timer is

triggered and still running at the start of HO execution, or (iii) the UE is out-

of-synchronization when the HO execution phase completes [37]. In Fig.2.4 we

present a simplified modelling of HO failure that is used in Chapter 3. A HO

failure timer is running simultaneously with the HO timber in Fig. 2.3 and a

HO failure is declared if the HO failure reaches its final state TnHOF while the HO

process is still running. Note that nHOF is the total number of states in the HO

failure process and is proportional to the duration of HO failure time threshold

tHOF. After a HO failure happens, a re-association process starts which can be

represented by similar Markov diagram and lasts for tre.

T1 T2 T3 TnHOF−1
. . . . . . TnHOF

pn
out 1− pn

in 1− pn
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1− pn
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Fig. 2.4: A Simplified Representation of HO failure Counter.

One can see that HOs with larger TTT values take longer to complete, which

makes synchronization an issue and RLFs more likely to occur. In other words,

a large TTT corresponds to late HOs which often indicate the connection to the

serving cell is usually poor towards the end of the HO process. Since a poor SINR

is the root cause of a HO failure, such failures are thus more likely to happen

with a large TTT. On the other hand, small values of TTT can result in ping-pong

HOs [38], which refers to the case of HOs that transfer the UE back to its last

serving cell after a short time-of-stay (sojourn time or dwelling time) with its

current serving cell . Note that ping-pongs are similar to frequent HOs caused

by fast-moving UEs or a small footprint of cells, with the only difference being

that HOs occur among the same cells [44]. The reason why small TTTs increase
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the chance of ping-pong HOs is that too low of a TTT can cause a early HO while

the UE’s SINR to the target cell is still low. Upon finishing the first HO, the UE is

therefore likely to be handed over back to its last serving cell due to the impact

of shadowing and fading which can not be fully eliminated within a short TTT

window.

In addition to TTT, the hysteresis margin (event A3 offset) also has an es-

sential impact on the chance of a HO occurring. A low offset facilitates a HO,

while high offset values decrease a HO likelihood. In addition to parameters

in 3GPP standards, other factors can also be considered. In [9], a context-aware

HO model was presented for a single target small cell using a Markov chain,

where cell size, traffic load and user velocity are considered in handover poli-

cies. In Chapter 3, we will extend their model to account for multiple target

cells for UDNs where the existence of horizontal HOs between small cells are

prevalent. In general, deciding whether to execute HOs in UDNs is always a

trade-off between utilizing small cells for high throughput and skipping HOs to

reduce network signalling overhead, which has been the focus of the majority

of existing works. In the next section, we discuss different techniques in HO

management and methods in HO modelling.

2.3 HO Management and Modelling in HetNets

2.3.1 Changes in Hierarchical Network Design

Under a cloud radio access network (C-RAN), a split control plane (CP) and

user plane (UP) (also known as Lean Carrier for LTE) are discussed in [45, 46]

for achieving throughput enhancement and minimizing control channel over-

head with mobility support. In such networks, macro cells are used for con-

trol signalling and small cells (also called Phantom Cells [45]) are used for high-

capacity data transmissions [47] in a master-slave configuration manner [46]. In
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the CP/UP split architecture, small cells are hidden from the users and SBS spe-

cific control signals are not broadcast in order to reduce signalling overhead. In

addition, macro cells act as HO anchors and only inter-macro HOs are reported

to the core network [48]. In comparison, in conventional network architectures,

all HOs are managed through the core network unless a direct X2 interface be-

tween the serving and target cell is available [48]. As a result of the simplified

HO reporting process, not only control overheads but also HO delays are signif-

icantly reduced.

The authors in [48] developed a two-tier downlink UDN model with a CP/CU

split architecture. In their work, the effect of mobility on the average per UE

throughput along its trajectory with and without the CP/UP split is quantified,

and most importantly, the impact of HO overhead and delay are incorporated

into the analytic derivations. Their simulation results revealed that the CP/UP

split architecture is most suitable when UE mobility is high and direct X2 inter-

face between BSs are limited, in which benefit from the reduction of HO over-

head can be most realised. Based on this finding they recommended carriers to

either deploy this plane split architecture or deploy more X2 links. It is worth

noting that the authors assumed every time a UE crosses a cell boundary that a

HO is always completed, and cases such as HO failures or uncompleted HOs are

not considered.

An application of the CP/UP decoupling architecture to the high-speed rail-

way wireless system was presented in [49]. By physically dividing and stag-

gering the CP and UP HOs, not only is the CP connected during HOs between

small cells, but the UP is also always kept connected during inter-macro HOs by

deploying small cells in the area where macro cells overlap. Their HO schemes

achieved soft and fast HOs which can lower communication overhead, increase

UP throughput and improve HO success probability by jointly applying coor-

dinated multipoint (CoMP) and bi-casting technologies. However, the schemes

in [45, 46, 48, 49] are not compatible with current cellular network architectures
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and still need many efforts to solve potential issues such as synchronization of

the CP and UP and backhaul overhead reduction [49].

2.3.2 HO Reduction and UE Scheduling

As discussed previously, a HO is a process that requires many message ex-

changes involving the serving cell, target cell, core network and UEs. According

to [50], at least 33 messages exchanges are needed to complete an intra-RAT HO.

In addition, HOs that are unsuccessful due to RLFs or unnecessarily triggered

but not completed could put more burden on the network. To this end, in ad-

dition to proposing architectural changes to the current cellular networks, many

works studied HO schemes that reduce unnecessary HOs to reduce their control

overhead and delays.

A simple delay timer algorithm was proposed in [26] to reduce inter-tier HOs

in HetNets. They focused on a scenario where the small cell density is high, but

the small cell service areas are still discontinuous, which may cause unnecessary

HOs between a SBS to a MBS, and the MBS to another SBS when a UE briefly

travels through the non-overlapping area that is supported by the MBS. As the

name suggests, the delay timer algorithm in [26] tackles the problem by setting

up a delay timer to reduce those inter-tier HOs. The then only needs to be ex-

ecuted between the two small cells, and in addition to reducing the number of

HOs, it can also increase the service time of the small cells with the help of bi-

asing. However, it may cause packet transmission delay which may reduce the

Quality-of-Service (QoS), and therefore, the delay timer must be chosen wisely.

In evaluating the effectiveness of the algorithm, the authors in [26] considered

traffic models adopted from ETSI and allowed for general distributions in the

user mobility model. Their results show the capability of substantially reduc-

ing HOs with slight losses in traffic offloading and QoS, particularly when UE

mobility is dynamic and packet inter-arrivals are longer.
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A mobility based eICIC is proposed in [37] in which small cells release the use

of certain subframes so that macro cells can schedule high mobility UEs without

co-channel interference from small cells. In addition, in order to avoid ping-pong

HOs, large TTT values are preferred for low mobility UEs [37]. In addition to op-

timizing HO strategy purely based on UE velocity, the authors in [51] proposed

a joint bandwidth allocation and call admission control scheme to schedule UEs

based on their traffic types as well. In particular, they categorized UEs into two

traffic types: delay-sensitive traffic, such as voice or video conferencing, and

rate-sensitive traffic, such as FTP sessions and streaming. Using a two-stage iter-

ation method, they were able to find a bandwidth allocation and call admission

control equilibrium to schedule some high-speed UEs to macro UEs for delay-

sensitive traffic and other high-speed UEs to small cells for rate-sensitive traffic.

A frequent-handover mitigation algorithm was proposed in [44] which cate-

gorized UEs experiencing frequent HOs as either fast-moving or ping-pong UEs.

Based on the UE type, fast-moving UEs were to be scheduled to macro cells and

ping-pong UEs were set to be managed by adjusting HO parameters such as

TTT and the hysteresis margin. In estimating the type for a UE, different meth-

ods were proposed in [44]. Ping-pong users were identified by looking at the

HO history and looking for a repeated pattern of serving cells while fast-moving

UEs were detected by estimating the UE’s dwelling time in a cell at the arrival

of the cell and continuously monitoring the remaining service time of the cell

when being served by the cell. Similar to ping-pong UE identification, dwelling

time estimation is also based on a UE’s history of dwelling times using an ex-

ponential smoothing method. In the case of accelerating slow-moving or sta-

tionary UEs, a RSRP-based method was used to estimate the UE’s remaining

service time within its serving cell. The authors in [44] claimed that this algo-

rithm can increase the network throughput by 10% and massively reduce almost

80% of the HOs. However this was at the cost of significant signalling overhead

which required the UE’s historical information from many cells and the contin-
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uous monitoring of its RSRP. This is similar to [52], where despite the proposed

cooperation-based cell clustering significantly reducing HOs, extra overhead is

needed to maintain the RSRP table of the neighbour cells and target anchor cells.

Similar to the remaining service time estimation method used in [44], [53–55]

used a RSRP-based UE-travelling-distance prediction method to reduce unnec-

essary HOs. However, such methods can be inaccurate since it is very difficult

to calculate the actual distance as the radio propagation model changes with the

environment [41].

Different from RSRP-based methods, there is another way to predict a UE’s

dwelling time (sojourn time) inside a small cell which is based on a UE’s tra-

jectory and speed. In [56], by modelling coverages of small cells using PV Tes-

sellations, the chord length distribution of a typical small cell can be obtained

to approximate the distribution of a UE travelling distance in a small cell. As-

suming a linear mobility model (straight line movement and constant velocity),

distributions of a UE’s sojourn time can then be calculated. This approximation

is suitable in the context of UDNs where the footprints of small cells are small

enough that a UE’s mobility can be assumed as linear.

A UE’s instantaneous direction and consequently chord length were pre-

dicted using Lagrange’s Interpolation in [56]. Simulations showed that a sojourn-

time-estimation-based HO method can effectively reduce ping-pong HOs as well

as unnecessary HOs. In Chapter 4, we look at two-tier HetNets where small cell

coverage areas are modelled by PV Tessellations and disk coverage constraints.

We derive distributions of small cells in order to find statistical properties of the

UE sojourn time.

Different from UE travelling distance or sojourn-time-prediction-based HO

reduction, [57, 58] proposed power control schemes to avoid unnecessary HOs

and co-channel interference from small cells. [57] presented a coverage coordina-

tion scheme using measurement of the radio environment at an indoor small cell

to prevent coverage leakage into an outdoor cell, without knowing the area of
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the building. The proposed two-stage scheme involves both self-configuration

and continuous self-optimisation of the small cell’s transmission power to en-

sure sufficient coverage to indoor UEs and asymptotically minimal coverage

leakage probability, the latter of which can prevent HOs of outdoor UEs and

mitigate interference to those UEs. This algorithm, however, is mainly devel-

oped for indoor small cells and is effective for buildings with high wall penetra-

tion losses [57]. The auuthors in [58] investigated a traffic-density-based power

control algorithm for small cells. The traffic queue length at the small cell is ex-

ploited to estimate traffic density, which is then compared with two pre-defined

thresholds to decide whether the cell will operate at half power or full power.

The thresholds are chosen in a way that the small cell is more likely to decrease

its power for interference mitigation. Moreover, the power operation mode is

broadcast to UEs in every frame so that unwanted HOs can be prevented.

2.3.3 Learning-Based HO Schemes

In dealing with the uncertainty (i.e., UE movement, received powers from serv-

ing cell and target cell, radio environment, etc.) of HO decisions, learning-based

approaches were studied in [59–63]. The authors in [59] proposed a learning

approach to mitigate frequent HOs under 3GPP mobility protocols. First, the

equivalence between bandit learning algorithms and CRE in the 3GPP HO en-

hancement standard is established. Then, a HO protocol that takes HO cost into

consideration is proposed, which is based on multi-armed bandit theory. The

protocol can slow down HOs and still achieves asymptotically optimal perfor-

mance [59]. Multi-armed bandit based learning is also used in [60] and [61] to

find optimal CRE values and reduce interference, respectively, to enhance mo-

bility support. In [62], techniques implemented by fuzzy logic controllers are

proposed to solve congestion problems at small cells. HO parameters such as

hysteresis margin are fine tuned in these techniques to balance the call block-
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ing ratio between the serving cell and target cell and avoid ping-pong HOs by

ensuring a certain hysteresis region.

A non-stochastic online-learning approach is presented in [62] to achieve

long-term optimal energy efficiency in UDNs without assuming any statistical

knowledge of the small cell activities. In addition, HOs are added to the utility

function to model their energy consumption, and frequent HOs are thus mini-

mized via a new algorithm. The above and other learning-based works, all have

the goal to maximize the long-term utility instead of the immediate performance

at the time of a HO. This way, the obtained solution can be dynamically evolving

as the system or context changes, without needing to re-run an optimization or

develop new algorithms [59, 62].

2.3.4 HO Modelling and Analysis using Stochastic Geometry

Stochastic geometry has been a power tool to develop tractable integrals and

closed-form mathematical results for key wireless network performance met-

rics such as interference power, coverage probability and average throughput

[64–66]. Using stochastic geometry, locations of BSs are often modelled as point

process, such as homogeneous Poisson Point Process (PPP), and the system per-

formance metrics can be evaluated by averaging over all cells. One simple ap-

plication is the homogeneous Poisson Voronoi cells in Fig. 2.5, where BSs are

randomly generated on R2 and the coverage areas of BSs are determined by

distance based partitioning (i.e., any point on R2 is covered by its nearest BS).

Despite the simplicity of PPPs, it has been shown in previous works that the

Poisson assumption is as accurate as the hexagonal grid assumption for realis-

tic urban cellular deployments both in terms of SINR calculations and mobility

analysis [67,68]. The authors in [69] examined the accuracy of the PPP model and

showed that the coverage probability predicated by the PPP model is a lower

bound of a real-world 4G model and the regular hexagonal grid model is an
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Fig. 2.5: Homogeneous Voronoi cells.

upper bound.

In [6], Bao and Liang provided an elegant HO analysis and derived HO rates

for general multi-tier heterogeneous networks with arbitrary UE trajectories.

They used weighted PV Tessellations, where path-loss exponents of different

tiers of BSs were assumed to be the same (an assumption later used in Chapter

4), to capture the irregularly shaped cell topologies. In addition, by utilizing the

theory of fiber processes, the boundary length intensities of all tiers of BSs were

given, which were used to derive HO rates between any two tiers of cells ac-

cording to [70]. Furthermore, assuming that different tiers of cells are allocated

non-overlapping portions of the frequency spectrum, some guidelines for opti-

mal tier selections based on UE data and HO cost are given in [6]. However, since
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the HO process was modelled as an instantaneous boundary-crossing event us-

ing the fiber process based analysis, their work cannot be directly extended to

study the HO process and UE sojourn time distribution in UDNs consisting of

different tiers of cells with different scales of cell sizes, which is what we achieve

in Chapter 4. We note that the UE sojourn time is an important system-level

metric to characterize the ping-pong HO phenomenon, and therefore the quality

of a HO mechanism in HetNets [67, 71]. Based on [6], [72] derived a generalized

HO rate in multi-tier heterogeneous networks with general path-loss exponents.

Different from [6], the work in [72] allows every tier of BSs to have a unique

pathloss exponent which is consistent with standardization efforts.

Using stochastic geometry, [73] proposed a speed-aware HO skipping and a

delay timer algorithm to reduce the frequency of HOs between macro and small

cells. Based on the mathematical model (weighted PV tessellation) developed

in [6], [73] studied some potential velocity-aware HO management schemes to

reduce blackout times during HO processes and overhead caused by high HO

rates. Instead of focusing on HO rate as in [6], they studied the impact of differ-

ent HO policies on UE coverage probability and UE throughput. Schemes they

proposed include skipping some or completely disregarding small cell HOs or

even some of the MBSs depending on UE speed. Whenever a cell is skipped,

CoMP and interference cancellation (IC) techniques are deployed to compen-

sate for skipping the better connectivity, the value of which is also quantified

for different UE speeds. Although UE mobility is not explicitly exploited, un-

der different HO schemes, distributions of distances between UE and serving

cell are different. Based on the different distributions, UE coverage probabili-

ties and data rates are calculated by averaging out all UEs’ locations in different

realizations using stochastic geometry. Comparisons of these results and simu-

lations in [73] show that proposed schemes show gains for various UE speeds.

They also show that HO cost may end up negating gain provided by small cell

intensification as cell density exceeds a certain threshold.
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A pioneering mobility and HO study in [67] proposed a modified random

waypoint (RWP) mobility model based on the original RWP model [74]. A de-

tailed HO analysis including HO rate and UE sojourn time were given for the

proposed mobility model for single-tier cellular networks consisting of either

hexagonal or PV macro cells. Different from the RWP model, a social-activity

aware mobility was considered in [75]. Probabilities of user pause, user arrival

and departure were derived to investigate the impact of human behaviours on

5G HetNets. It is worth mentioning that in addition to synthetic mobility mod-

els, there is another category called traced-based mobility models, which are

patterns observed in real-life [76]. The main drawbacks of trace-based models

are that they are sometimes only applicable to scenarios in which the pattern is

observed and often not mathematically tractable [67].

The authors in [71] studied the HO rate for a single tier network by defin-

ing it to be the probability of changing cell association in unit movement. By

associating a cost with HO, which is a penalty to coverage probability, they then

linked the UE coverage probability directly to HO rates. Based on this relation,

they used the single-tier HO rate to investigate the impact of bias factors on cov-

erage probability and optimal bias factors for maximum coverage in multi-tier

networks with orthogonal spectrum allocation. In particular, they showed that

adjusting the bias factor in a speed aware manner can improve the overall net-

work coverage.

In [10], Xu et al. put forward an analytical framework based on the recent

3GPP standards for approximating small cell coverage boundaries to calculate

the HO rates from macro to small cells. They show that the SBS coverage areas

in HetNets can be closely approximated as discs with random radii whose values

are determined as linear functions of distances between SBSs and their closest

macro cell BSs (MBSs). However, it is assumed in their work that small cell cov-

erage disks do not overlap, and therefore only intra-tier HOs are investigated.

Motivated by their result as well as realistic 3GPP simulation results verifying
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approximately circular HO trigger locations [37,77,78], we also approximate the

small cell coverage areas as discs in Chapter 4. However, different from [10], we

take into account the overlap of coverage areas of small cells and the possibility

of intra-tier HOs to obtain a more comprehensive model of HO process in UDNs.

2.4 Unmanned Aerial Vehicle assisted HetNets

With the continuous cost reduction and device miniaturization thanks to ad-

vancement in drone technology [8], the deployment of historically military end-

use unmanned aerial vehicles (UAVs) (also known as low altitude air-to-ground

communication systems) to enhance wireless cellular network capacity and cov-

erage have drawn significant attention [79, 80]. Due to their mobility, agility,

flexible configurability and cost effectiveness [8], UAVs can be deployed to pro-

vide temporally and spatially on-demand wireless connections for temporary

events, after natural disasters where terrestrial networks are damaged and de-

vices impacted by server shadowing by urban or mountainous terrain [7]. UAVs

can also be deployed to dense urban areas with high traffic demand for ground

cell offloading, which can lead to significant capacity enhancement by utilizing

short-range line-of-sight (LoS) links. In addition to coverage and capacity en-

hancement, UAVs can also assist more diverse applications including, but not

limited to, relaying, information collection and dissemination [8] and coopera-

tion between autonomous vehicles [79]. Our work in Chapter 5 will focus on

UAV-aided ubiquitous coverage.

Despite the promising potential, UAV assisted wireless networks are still fac-

ing many challenges ahead. Firstly, additional control and non-payload com-

munications (CNPC) [8], which are for critical safety functions such as real-time

control and collision avoidance, put more overhead on the system. For exam-

ple, complex path-planning [81,82] is often required for clash avoidance, as well

as shortening communication distances to achieve high capacity. Note that in
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Chapter 5, the purpose of deploying UAVs is to offload traffic from ground cells

for hot spots such as temporary events or emergency assemblies, where UEs are

typically scattered around. This setting eliminates the need for UAV mobility,

so we assume using rotary-wing UAVs that can hover around and act as static

aerial base stations [8] in our work.

Another challenge is the lack of wired backhaul. As a result, densely de-

ployed UAVs connect to the core network through ground base stations (GBS)

for all control signalling and data exchange which may cause congestion in fron-

thaul links [83] as well as interference. A feasible solution to ease this issue is

to use UAV with caching capability [83–85], since it releases most of the data

fetching through fronthaul links.

Last but not least, the performance and duration of a UAV communication

system are fundamentally constrained by the capacity of a limited onboard bat-

tery. This issue can be addressed via energy-aware deployment and energy ef-

ficient operations. The first method is often done via cooperation of UAVs to

enable sequential energy replenishment with minimal interruptions of the ser-

vice while an energy-efficient operation scheme is achieved by energy-efficient

mobility and communication [8]. More efficient energy management schemes,

advancement in battery technology and alternative or hybrid energy sources

(energy harvesting from wind and solar [86, 87]) are urgently needed to make

large-scale deployment of UAVs feasible.

One of the most significant features of air-to-ground (ATG) communications

is having LoS connections can significantly increase coverage and throughput.

Unlike channels for high-altitude platforms or piloted aircraft, UAV ATG chan-

nels are more complex due to blockage, shadowing and multi-path fading. There

are have been many important analytical and empirical studies on ATG channel

modelling for various environments [88–93]. [94] reveals an analytically tractable

modified Sigmoid function for LoS probability model which depends on the ele-

vation angle of the ATG link, as well as the environment (suburban, urban, dense
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Fig. 2.6: LoS channel and Maximum Coverage Zone of UAV.

urban, high-rise urban, etc.). The LoS probability equation is as follows:

PrLoS(θ) =
1

1 + a exp(−b[θ − a])
, (2.1)

where θ is the UAV-ground elevation angle, and a and b are environment-dependent

parameters. According to (2.1), while raising height of a UAV increases its trans-

mission distance to the ground users, the chance of a link experiencing LoS also

increases. Based on this, the maximum coverage radius (see Fig. 2.6) for a given

allowable pathloss can also be found by adjusting the height of UAV in [94].

Furthermore, [95] studied optimal 3D locations of UAVs to maximize the down-

link coverage with minimum transmit power, and maximize coverage without

overlapping in UAV coverage. Their results show that the quantity, altitude, lo-

cations of UAVs and beamwidth of the antennas can be properly adjusted for the

coverage requirements. Unlike [95], the purpose of our work in Chapter 5 is to
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provide wireless communications to high-density area therefore UAV overlap-

ping is specifically modelled.

Stochastic geometry has also been a very popular tool to analyse UAV-assisted

cellular networks. The work in [80, 96] studied the downlink coverage of UAVs

by considering the LoS feature of ATG links, which assumes the existence of

dominant LoS connections and negligible multi-path fading. In particular, [96]

derived the coverage probability of “no-fading” LoS links by exploiting Nak-

agami fading asymptotically, which results in a redundant condition. Following

this, an accurate approximation of the coverage probability is derived by cap-

turing the dominating interferer exactly and approximating the rest of interfer-

ences as a Gaussian random variable in [96]. To assist UAVs, one trend is to

deploy device-to-device (D2D) communications to provide UAV energy saving

and coverage and capacity improvements, as well as D2D-enhanced UAV infor-

mation dissemination [8]. Authors in [80] studied a UAV cellular network with

under-laid in-band D2D devices. First, in the static UAV case the lower/upper

bound of coverage probability and UE sum-rate are derived. In the case of UAVs

with mobility, the minimum number of stops required to fully cover the disk area

is derived as a disk covering problem.

3D PPP modelling of UAVs, which allows the height of a UAV to be randomly

distributed with a height range constraint, were studied in [83, 97]. In [97], ex-

pressions for UAV coverage probability and achievable throughput were given,

with or without co-existence of ground BSs. Most importantly, the optimal UAV

density that maximizes network throughput with an outage probability con-

straint and a cellular efficiency loss constraint (for the case with co-existence of

ground BSs) was found. To limit interference caused by the UAV network, the

authors in [97] also proposed to establish a protective region (a half sphere or

its segment) for each BS, around which no UAVs were allowed to be deployed.

However, in [97] all ATG links were assumed to undergo Rayleigh fading and

the existence of LoS was not considered. [83] investigated the coverage perfor-
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mance of cooperative UAVs randomly deployed in 3-D space with battery and

backhaul constraints (hybrid energy sources and pre-cached content). They pro-

posed a UAV cooperation scheme where UAVs within a cylinder can coopera-

tively offload ground UEs from the ground cellular network, and offload and

successful transmission probabilities were obtained. The optimal cooperative

cylinder radius, optimal average altitude and altitude difference to maximize

coverage performance were also determined.

Different from GBSs and UAVs, which are usually assumed to be generated

by homogeneous PPPs, [98] modelled the locations of UEs by a Thomas clus-

ter process (TCP) and Matern cluster process, which are two important types of

Poisson cluster process (PCPs). The authors in [99] further looked at modelling

a fraction of UEs and an arbitrary number of BSs with a PCP to capture the spa-

tial coupling between the location of UEs and BSs. The work in [13] specifically

modelled the UEs as groups of clusters, each of which is independently gener-

ated around a UAV following a TCP. Cell association and coverage probability

were also studied in [13] assuming all small scale fading is exponentially dis-

tributed. In Chapter 5, we relax the Rayleigh fading assumption in [13, 97] to

generalized Nakagami fading as in [96].





3
Multi-Target Context-Aware

Handover Modelling for Ultra Dense

HetNets

3.1 Introduction

To capture insights of the HO process in HetNets, we develop a low-complexity

analytical framework for multi-target small cell HOs in heterogeneous wireless

networks in this work. We consider a simple but representative HO scenario

with two small cells and one macro cell in UDN. By modeling the HO process

to each potential target cell as an independent Markov chain, we avoid using a

33
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multi-dimensional Markov chain in which the number of states could grow ex-

ponentially as the number of target cells grows. Therefore, we can easily extend

our work to an arbitrary number of target cells. Our proposed HO framework

also accurately models important context-aware parameters of small cell size,

UE speed, received power filtering, and HO failure probability. For our multi-

target cell HO model, we derive a new closed-form expression for the UE’s ex-

pected throughput from any cell at any location along its trajectory. We introduce

biasing and filtering to calculate received power and derive a closed-form result

of the HO state transition probability. A simple HO threshold condition is de-

rived to provide a guaranteed throughput performance for the small cells while

leveraging load imbalance. In addition, the event of HO failure is also modelled

using a Markov chain.

Our numerical simulations show how the bias factor, UE speed and time-

to-trigger (TTT) parameters affect HO failures. We also highlight the impact of

biasing on small cell size and show that each UE speed corresponds to a different

bias value or cell size for maximum throughput. Our results can be implemented

as a simple look-up table for the optimal biasing together with the HO threshold

condition to optimize UE throughput based on their speed and the multi-target

cell load.

3.2 System Model

We consider the UE trajectory in Fig. 3.1 where a UE passes through the coverage

area of two small cells at constant speed v in a straight line. The two small cells

are 2d apart and the UE can start at any point s that is distance d from the center

of the first small cell. Note that the disks in Fig. 3.1 are only the area that we will

be evaluating HO behaviour in and are not the actual coverage areas of the small

cells. The UE’s trajectory is defined by angles α, ω and a fixed traveling distance

L. We consider the network to have a universal frequency reuse.
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Fig. 3.1: Multi-target cell handover model for general UE trajectory through
multiple small cells.

A HO is triggered when the reference signal received power (RSRP) of the

current serving cell drops below a threshold as a UE moves away from the cell.

It is important for the UE to initiate HO with a target cell that has a better RSRP

so that its service is not interrupted. The HO process consists of two phases [9]:

preparation and execution. In the preparation phase, RSRP is periodically mea-

sured to check if there exists a better target cell and which cell is the target cell.

This phase is associated with a pre-configured time period, known as the time-

to-trigger (TTT), which we denote as tt. The TTT needs to be carefully chosen

to avoid frequent HOs or significant delays. In the execution phase, the target

cell performs admission control and resource allocation for the UE to complete

the HO process. During the execution time, denoted as th, it is assumed that the

throughput from both the serving cell and target cell is zero and HO process can-

not be interrupted unless a handover failure (HOF) occurs. The UE’s received

power from cell x at any point on the trajectory is given by

rx = ρxhx (3.1)

where ρx is the received power from cell x without small scale fading and hx
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is the Rayleigh distributed small scale fading from cell x to the UE. To approx-

imate the UE’s average expected throughput along its trajectory, we adopt the

approach of [9] to divide the UE’s trajectory into independent spatial intervals

based on the coherence time defined as [100] Tc =
√

9
16π

c
v fc

, where v is the UE

velocity, fc is the carrier frequency and c is the speed of light. Based on Tc, we

can obtain the corresponding coherence distance of hx given by Dc = Tcv. As

such, the UE trajectory can be divided into equal intervals of length Dc and the

UE’s location on its trajectory is denoted as kDc, where k is a non-negative inte-

ger. Within every coherence distance Dc we can model hx as an independent and

identically distributed (i.i.d.) Rayleigh fading. We define NL = d L
Dc
e as the total

number of sampling points over the total traveling distance L.

3.3 Throughput of Multi-Target Cell HO

In a multi-target cell HO scenario, we need to first derive the throughput of the

UE based on an interference-limited network [9] where the noise term in SINR

is negligible and the SIR for cell x at a given location k ∈ {1, 2, . . . , NL} along the

UE trajectory can be written as

δk
x =

rk
x

rk
y + rk

z
=

ρk
xhk

x
ρk

yhk
y + ρk

zhk
z
, (3.2)

where rk
x, rk

y and rk
z are the UE’s received powers at spatial interval k from the

serving cell x, and the interfering cells y, and z, respectively. For simplicity for

omit k for the rest of this section.

We note that in previous single target cell HO scenarios [9], the denominator

in (3.2) only contained a single interference term. Therefore, we will proceed to

derive a more general expression for the expected throughput from any cell x

with load nx (number of UEs in the cell) at any spatial interval k as a function of

the deterministic received powers ρx, ρy, ρz.
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Since the small scale fading h is Rayleigh distributed with parameter λ, the

cumulative distribution function (CDF) and probability density function (PDF)

of the received power from cell x, rx, are respectively given by

Frx(t) = P (ρxhx < t) = 1− e−
λ

ρx t, (3.3)

frx(t) =
λ

ρx
e−

λ
ρx t. (3.4)

Defining G = rx and H = ry + rz, we can express the pdf of G as

fG(t) = λxe−λxt, (3.5)

and the pdf of H as [101]:

fH(t) =
λy

λy − λz
λz exp(−λzt) +

λz

λz − λy
λy exp(−λyt), (3.6)

where we define λx = λ
ρx

, λy = λ
ρy

, λz =
λ
ρz

. The SIR expression of G
H in (3.2) can

be represented by a ratio of two independent hypo-exponential random vari-

ables, thus its pdf is given by [101]:

f G
H
(δx) =

ρx
ρz−ρy(

δx +
ρx
ρz

)2 +

ρx
ρy−ρz(

δx +
ρx
ρy

)2 . (3.7)

At any spatial interval, given the SIR δx in (3.2) and load nx of cell x, we can

define the instantaneous UE throughput as Cx = W
nx

log2(1 + δx). Therefore, the

expectation of Cx can be computed as

E [Cx] =
W
nx

∫ ∞

0
log2 (1 + δx) f G

H
(δx)dδx. (3.8)

Substituting (3.7) into (3.8) and solving the resulting integral (see appendix A.1

for detailed derivation) yields expected throughput of UE from cell x at any in-

terval as
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E [Cx] =
W
nx

ρx

ρz − ρy

(
log2

ρx
ρz

ρx
ρz
− 1
−

log2
ρx
ρy

ρx
ρy
− 1

)
. (3.9)

Later (3.9) will be used to help us see the impact of speed and biasing factors

on the average UE throughput. In addition, we will also see how (3.9) as a UE

moves along its trajectory in the simulation results.

The above result is for the case of having two small cells and one macro cell as

target/interfering cells, in the appendix A.2 we will derive the expected through-

put when there are arbitrary number of cells. The extension will enable us to

extend this work to have any number of cells as HO target cells.

3.4 HO Transition Probability with Biasing

In this section, we derive the HO state transition probability between any two

cells at any spatial interval. To do so, we need to compare the biased received

powers of every pair of base stations to make the final HO decision. The main

advantage of comparing every pair of cells instead comparing all cells is to avoid

the number of HO states growing exponentially as the number of cells grows.

As expected, the final result depends on the deterministic received powers only.

HO state transition probabilities will be used to calculate UE’s association prob-

abilities to different cells at each spatial interval. According to [102], received

power measurements obtained at a UE during its HO process is a two-stage fil-

tering process where averaging and filtering are performed. In the following, we

propose a simplified one-stage process to measure the weighted average of the

received powers using exponential smoothing method [103].

First, we define a window time interval Td and the number of samples per

window as Nd = dTd
Tc
e. Denote ak as the weight coefficient of the kth sample in
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the recent Nd number of samples and α is the forgetting factor

ak =


α, for k = Nd

(1−∑Nd
i=k+1 ai)α, for k = 2, 3 . . . Nd−1

1−∑Nd
2 ai, for k = 1,

(3.10)

note that the above is just a one way of choosing the filtering coefficients, other

windowing methods could also be apply to determine αk’s. An example is when

the forgetting factor α = 1, the weighted average power will simply be the most

recent power so that all other samples will have no effect.

For a UE, the biased weighted average received power at interval n from cell x

is given by:

Sx
n =

Nd−1

∑
k=0

an−krx
n−kBx, (3.11)

where in (3.11) Bx is the biasing factor of cell x. As such, we derive the CDF of

the biased received power from cell x at coherence interval k (n ≥ Nd) as

Frx
k
(t) = 1− exp

(
−λ

t
ρx

n−Nd+kan−Nd+kBx

)
. (3.12)

Next, according to [101], the PDF of the weighted biased average received power

from cell x at interval n is given by

fSx
n(t) =

Nd

∑
i=1

Nd

∏
j=1,j 6=i

(
λx

j

λx
j − λx

i

)
λx

i exp(−λx
i t), (3.13)

where λx
k = λ

ρx
n−Nd+kan−Nd+kBx

. Similarly, the PDF of the weighted average received
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power from cell y at interval n is derived as

fSy
n
(t) =

Nd

∑
p=1

Nd

∏
j=1,j 6=p

(
λ

y
j

λ
y
j − λ

y
i

)
λ

y
p exp(−λ

y
pt). (3.14)

Finally, we derive the CDF of the ratio Zn
xy = Sx

n/Sy
n as [101]

FZn
xy(t) = 1−

Nd

∑
i=1

Nd

∑
p=1

Nd
∏

j=1,j 6=i

(
λx

j
λx

j −λx
i

) Nd
∏

j=1,j 6=p

(
λ

y
j

λ
y
j−λ

y
i

)
λ

y
p

λx
i

t + λ
y
p

λx
i

. (3.15)

Using equation (3.15), we can derive the HO state transition probability from cell

x to y as

pn
xy =Pr

{
Zn

xy < γ
xy
th

}
= FZn

xy(γ
xy
th ). (3.16)

By introducing filtering, the HO transition probability in (3.16) now depends on

current and past received powers instead of the instantaneous received power

considered in [9].

3.5 Inter-tier HO Threshold with Load Balancing

In the context of HetNets, load difference between cells can be significant. There-

fore, in addition to SIR, load difference between cells have also to be considered

when making a HO decision. Assuming different tiers of cells have different

loads (nm and np) and cells of the same tier have the same load, our goal here is

to derive a inter-tier HO threshold condition that takes load difference into ac-

count. The special single-target cell HO case in [9] enables load difference to be

exactly offset by the chosen threshold. However, this is not possible for multi-

target cell HO. Our choice of inter-tier HO threshold γ
xy
th is to leverage the cells’
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load difference as much as possible. The HO threshold also needs to provide

a guarantee that, before applying biasing, the throughput from the small cell is

always greater than from the macro cell at the HO threshold-crossing point. This

is important because if the latter requirement is not satisfied then biasing should

not be applied. Overall, we require the HO threshold condition to provide max-

imum load balancing and guaranteed performance for small cells.

At the inter-tier HO threshold-crossing point, we have rm = γ
mp
th rp

1, where rx

the received power from cell x. We use sx (n is omitted for symbolic simplicity),

which is the filtered received power from cell x as in (3.11), as a proxy to rx. Dif-

ferent from [9], we use instantaneous powers to calculate ratio of throughput as

the decision of HO state transition is made in real-time. Therefore, based on the

instantaneous UE throughput, the ratio of macro cell and small cell throughput

can be expressed as

R =
Cm

Cp

=

1
nm

log2

(
1 +

rpγ
mp
th

rp + rp′

)
1

np
log2

(
1 +

rp

rpγ
mp
th + rp′

)

=
1

u
1
τ

ln
(

1 +
u

1 + a

)
ln
(

1 +
1

a + u

) ,

(3.17)

where we choose the HO threshold to be in the form of u = γ
mp
th =

(
nm
np

)τ
[9]

and rm = rpu is the received power from the macro cell at the threshold-crossing

point. a =
rp′
rp

> 0 and rp′ is the sum of received power from the interfering

small cell(s). Since rp′ is the total small-cell interference power, this ratio and

the following results also apply to the case where there are more than two small

1letter p is short for ’pico’ or small cell in this work
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cells. Note that for the single target cell (small cell) case (rp′ = 0), R in (3.17)

is always greater than 1 if u is set to nm
np

. This is different from the result in [9],

where R = 1, because we use current and past instantaneous powers to make

HO state transition decisions instead of approximating it using expected powers.

Now we have the following theorem for choosing parameter τ:

Theorem 3.1. At the threshold crossing point, τ = ln 2 is the maximum τ that guar-

antees the small cell throughput is larger than the macro cell throughput, i.e., R < 1.

To prove the theorem we need the following two corollaries.

Corollary 3.1.1. R < 1 if τ = ln 2

Proof. Let s = u
1+a and t = 1

a+u . Thus, (3.17) can be re-expressed as

R =

(
1 + 1

s

) 1
τ ln(1 + s)(

1 + 1
t

) 1
τ ln(1 + t)

, t < 1, t < s, (3.18)

where the denominator and numerator have the general form f (x) = (1 +

1
x
)

1
τ ln(1 + x), and f ′(x) = ( x+1

x )
1
τ (τx−ln(x+1))
τx(x+1) . Let b be a non-zero constant such

that

τb− ln (b + 1) = 0, (3.19)

then

f ′(x)

< 0, ∀ x < b,

> 0, ∀ x > b,
(3.20)

thus f (x)min = f (b). We now consider the following two cases for b relative to s

and t in (3.18).

Case I : t < s < b

Since f (x) is decreasing for x < b, it is straightforward to show that

R =
f (s)
f (t)

< 1. (3.21)
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Case II : t < b < s

In the case of τ = ln 2, we have b = 1. Therefore, we have the conditions

t =
1

a + u
<

1
u
< 1 = b < s =

u
1 + a

< u. (3.22)

From (3.20) and (3.22), we have f (t) > f ( 1
u ) and f (u) > f (s). We now prove

f (t) > f (s) by showing f ( 1
u ) > f (u) according to

g(u) =
f
(

1
u

)
f (u)

=
u

1
ln 2 ln

(
1 + 1

u

)
ln (1 + u)

> 1. (3.23)

Since when u = 1, f
(

1
u

)
= f (u) = ln(2), we can prove g(u) > 1 ∀u > 1 by

showing f ′
(

1
u

)
> f ′(u) ∀u > 1. Letting k(u) =

f ′
( 1

u

)
f ′(u) , we need to prove that

k(u) =
(u + 1) (ln (u + 1)− ln (u))− ln (2)

ln (2) u
ln(2)−1

ln(2)

> 1, ∀ u > 1. (3.24)

Since k(1) = 1, proving (3.24) is equivalent to proving that the derivative k′(u) >

0 is positive ∀ u > 1 which results in

j(u) = (u− ln (2) + 1) ln
(

1 + 1
u

)
+ ln2 (2)− 2 ln (2) > 0. (3.25)

Since j(1) = 0, (3.25) is equivalent to proving the derivative j′(u) > 0 ∀ u > 1,

which results in

l(u) =
(

u2 + u
)

ln
(

1
u + 1

)
+ ln(2) > m(u) = u + 1, ∀ u > 1. (3.26)

Since l(u) > m(u) at u = 1, (3.26) holds as long as l′(u) > m′(u). By rearranging,
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we finally need to prove that

q(u) =
o(u)
p(u)

=
ln
(

1 + 1
u

)
1

2u+1

> 1, ∀ u > 1, (3.27)

where we have

o′(u)− p′(u) = − 1
u(u + 1)(2u + 1)

< 0, (3.28)

and applying L’Hopital’s rule results in

lim
u→∞

q(u) = lim
u→∞

4 + 4
u + 1

4u2

4 + 4
u

= 1. (3.29)

We can see that q(1) > 1, and from (3.28) and (3.29) we know that q(u) is

monotonically decreasing ∀ u > 1 and it approaches 1 as u → ∞. Therefore,

q(u) > 1 ∀ u > 1.

Corollary 3.1.2. If τ > ln 2 then R is not always less than 1.

Proof. From equation (3.19), we have τ = ln(b+1)
b . Since τ(b) decreases as b in-

creases, and we also know that τ(b)
∣∣
b=1 = ln 2, so if τ > ln 2 then b < 1. Let

s = u
1+a > 1 then we have:

t =
1

a + u
<

1
u
< 1 < s =

u
1 + a

< u. (3.30)

Now we choose 1
u > b so that b < 1

u < 1 < u. Given that f (x) is increasing for

x > b, we have:

f (b) < f
(

1
u

)
< f (1) < f (u). (3.31)

On the other hand, we have:

lim
a→0

f (t) = lim
a→0

f (
1

a + u
) = f (

1
u
), (3.32)

lim
a→0

f (s) = lim
a→0

f (
u

1 + a
) = f (u). (3.33)
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From equations (3.31), (3.32) and (3.33), we show that as a→ 0:

f (t) = f (
1
u
) < f (u) = f (s). (3.34)

In conclusion, under the conditions that u > 1 + a, 1
u > b and a→ 0, R = f (s)

f (t) >

1 for τ > ln 2.

3.6 Multi-Target Handover Model

3.6.1 Independent HO State Transition

To avoid a multi-dimensional Markov process, we use independent Markov

chains to represent HOs processes from to serving cell to different target cells.

Fig. 3.2 is the transition diagram for serving cell x to a target cell y HO at spatial

interval k [9]. Note that Nt = d vtt
Dc
e is the number of states in HO preparation

stage and Nh = d vth
Dc
e is the number of states in HO execution stage.

X0
xy X1

xy X2
xy XNt−1

xy. . . . . . XNt
xy

H1
xyH2

xyH3
xyHNh−1

xy
. . . . . .HNh

xy
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xy pk
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xy pk

xy pk
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1− pk
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11111
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Fig. 3.2: State transition diagram for Cell x → y at interval k.

In a cell x to cell y counter, HO is initiated and continued with probability pk
xy
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which we have derived in (3.16) at spatial interval k. In the execution phase, HO

process must proceed regardless of the received powers and after the last state

it goes back to the initial state. Figure (3.2) is a general case of x → y HO states.

In the case of the existence of two small (pico) cells and one marco cells there are

six HO counters from the three cells, namely m→ p1, m→ p2, p1 → m, p1 → p2,

p2 → m, p2 → p1. The independence of the HO state counters between different

pairs of cells makes the HO modelling scalable. If there are a total nc number of

cells, then the total number of HO counters is 2-permutations of nc.

The details of how the Markov state transition diagram is presented mathe-

matically can be seen in appendix A.3.

In the case that multiple HO counters are about to finish, since the UE can

only be handed over to one cell at a time then we compare those target cells to

choose one. Choosing the right cell comes down to the difference in received

powers, as well as loads of the cells if they belong to different tiers. The prob-

ability of which cell is the preferred one out of every pair is calculated using

(3.16), and the threshold γ
xy
th is given in Theorem 3.1 for inter-tier pair or 1 oth-

erwise. Once any of the HO counters reaches HO completion state, all other HO

counters are initialized.

3.6.2 Complexity Reduction

As discussed, for a total of nc cells (including macro cells), the total number of

HO counters is 2-permutations of nc. However, for any given serving cell, the

number of HO counters that need to be kept track of using Markov chains is

equal to the number of target cells only. Consider there are np number of small

cells as target cells located within the coverage of a macro cells, then the total

number of Markov states is

Ntot = (np + 1)(Nt + Nh), (3.35)
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which shows linear relation of the number of Markov states and number of cells.

Such scalability makes Markov-chain based HO modelling possible in the con-

text of ultra-dense networks. In comparison, authors of [9] proposed a single

Markov chain model to capture transition states of all cells and the number of

transition states is given as

N′tot = (np + 1)(Nnp
t + Nh), (3.36)

which shows that the number of Markov of transition states grows exponentially

with the number of small cells. We give the complexity reduction as follows

1− Ntot

N′tot
= 1− Nt + Nh

Nnp
t + Nh

=
Nnp

t − Nt

Nnp
t + Nh

, (3.37)

which asymptotically goes to 1 as np increases.

3.7 HO failure modeling

We model the event of a HO failure (HOF) as a result of radio link failure. The

three main conditions of having a HOF based on our model are [102]

1. A T310 timer starts when the UE’s weighted SIR ratio Zn falls below thresh-

old γout
th .

2. The T310 timer stops when Zn increases above threshold γin
th.

3. The T310 timer expires after tHOF and a HOF is declared such that the UE’s

connection becomes idle.

Probabilities pn
out = Pr

{
Zn < γout

th
}

and pn
in = Pr

{
Zn > γin

th
}

can be calculated

using (3.16). Fig. 3.3 shows the HOF process using a Markov chain where nHOF =

d tHOF
TC
e is the number of transition states of a HOF.
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1− pn
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Fig. 3.3: HO failure at interval n.

After a HOF is declared, the UE re-associates with the cell that provides the

highest received power. Re-association can be modeled by a simple Markov

chain with all state transition probabilities being equal to 1. Finally, we derive

the probability that cell x has the highest received power at any interval given

by

Pr
{

rx > ry, rx > rz
}

=
∫ ∞

0
Pr
{

rx > ry, rx > rz | rx
}

frx(t)dt

=
∫ ∞

0
(1− exp(−λyt))(1− exp(−λzt))λx exp(−λxt)dt

=1−
ρy

ρx + ρy
− ρz

ρx + ρz
+

1
ρx

1
ρx

+ 1
ρy
+ 1

ρz

.

(3.38)

The closed-form result in (3.38) shows that re-association probability only de-

pends on the deterministic parts of the received powers of all cells.

3.8 Numerical Simulations

In this section, we present illustrative examples of the impact of bias factors, the

UE speeds and TTT parameter on HO probabilities. We then discuss the relation

between optimal bias value for different UE speeds. Pathloss models in Table 3.1
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are used to calculate the deterministic received powers.

Tab. 3.1: Simulation Parameters.

Parameter Description

Macro-cell power 46dBm

Small-cell power 24dBm

Macro antenna gain 14dBi

Small-cell antenna gain 5dBi

Bandwidth 10MHz

Macro path loss (in dB) 128.1 + 37.6 log10(d)

Small-cell path loss (in dB) 140.7 + 36, 7 log10(d)

number of macro cell UEs (nm) 100

number of small cell UEs (np) 5

HO execution time th 0.1s

T310 expiration time tHOF 0.05s

Re-association time tre 0.1s

In Fig. 3.4, we validate our derived throughput ratio expression in (3.9) and

see that the theoretical curves provide an excellent match with the experimental

simulation points. We simulate the UE trajectory with both of the incident angles

ω and α ranging from −30◦ to 30◦. In Fig. 3.5, we consider the impact of the bias

factors on the UE throughput. The figure shows that higher-speed UEs require

higher optimal bias factors, which is consistent with our qualitative analysis that

higher-speed UEs need to go through more states to complete HO. This, on the

other hand, can also result in frequent HOs for low-speed UEs, which highlights

an interesting observation that they may not necessarily have better throughput

in a multi-target cell HO scenario.

In Fig. 3.6, we plot the HO connection probability for the UE trajectory in

Fig. 3.1 where the angles α and ω are zero such that the UE passes through the

centres of the two small cells and the small cells are 100m apart. We consider the

impact of the bias factor, UE speed and TTT on the HO connection probability.
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Fig. 3.4: UE throughput theoretical vs experimental.

Different from results in [9] where only one target cell is considered, sub-figures

in Fig. 3.6 all have two pico-cell probability spikes. In addition, by utilising

independent Markov chains our model is general enough to consider arbitrary

number of small cells as target cells.

Comparing Figs. 3.6a and 3.6b, we see that a larger bias factor in Fig. 3.6b

effectively reduces extra HOs to the macro cell between small cells 1 and 2. How-

ever, the avoidance of extra HOs is at the cost of experiencing high interference

from the macro cell. It is important to note the re-connection curve reflects the

probability of HOF. One can see from the figures that increasing biasing factor

in a multi-target small cell scenario may actually increase the number of HO

failures. One explanation is that if the HO is executed too early then its poor
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Fig. 3.5: UE throughput versus biasing with 60◦ incident angle range and
TTT= 0.2s for different UE speeds.

connection to the small cell may result in HO failures. In multi-target cell HO, a

higher UE speed means more transition states such that the HO process is more

likely to be interrupted. In Figs 3.6c and 3.6d, we see that a 5m/s UE’s connection

probability to the macro cell starts to drop much slower than a 1m/s UE. This

means that a faster UE needs a higher bias factor for its HO process, otherwise it

may stay with its serving cell too long while experiencing severe interference. In

Figs. 3.6e and 3.6f, we see that a low TTT facilitates HO but can result in higher

chance of unnecessary cell-edge HOs known as the ping-pong effect.
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3.9 Conclusion

In this chapter, we presented a context-aware multi-target cell HO model to ex-

amine the HO process in UDNs. Our proposed HO model uses a Markov chain

to model the HO process and uses HO failures to calculate the UE’s association

probability to different cells along its trajectory. Furthermore, we derived ex-

pected throughput at any location so that the UE’s average capacity along its

trajectory can also be calculated. To tackle the issue of load imbalance between

cells, we proposed a simple HO threshold method which also provides a guar-

antee that lighter-loaded cells always offer higher throughput. Based on this, we

further proposed to bias towards small cells so as to expand their coverage areas

and allow higher-mobility UEs to facilitate their HO to small cells.
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(a) B = 1, v = 5m/s, TTT= 0.2s.
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(b) B = 16, v = 5m/s, TTT= 0.2s.
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(c) B = 2, v = 1m/s, TTT= 0.2s.
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(d) B = 2, v = 5m/s, TTT= 0.2s.
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(e) B = 4, v = 1m/s, TTT= 0.1s.
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(f) B = 4, v = 1m/s, TTT= 0.2s.

Fig. 3.6: HO Connection Probability.





4
Coverage Modelling and Handover

Analysis in Ultra-Dense

Heterogeneous Networks

4.1 Introduction

The key challenge for mobility management in UDNs is frequent and undesir-

able handovers (HOs). As a result of the small coverage size of small base sta-

tions (SBS), two possible scenarios of a UE being handed over to an SBS are that

it stays inside the coverage area for a very short period of time (UE sojourn time),

or that a HO is triggered but not completed before the UE leaves the SBS. These

55
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outcomes can lower data rates and cause significant overheads in UDNs.

Different from the aforementioned previous work discussed in Chapter 2, we

develop a comprehensive model to provide a detailed analysis of HOs includ-

ing both inter-tier HOs between small cells and intra-tier HOs between small

and macro cells in UDNs. In particular, we extend the pure disc-based coverage

model proposed in [10], and model the actual coverage of an SBS more realisti-

cally as the intersection of a disc with random radius determined by the relevant

small and macro cell locations and a random PV cell determined by small cell

locations. Under this model, we derive closed-form expressions for key network

parameters such as the expected coverage area of an SBS and expected boundary

length of a typical coverage region. The SBS coverage area can be used to derive

the proportion of the area that is covered by SBSs only, and the SBS boundary

length has significant implications on the HO trigger rate [67].

Using the linear contact distribution function, we obtain the cumulative dis-

tribution function (CDF) of the chord length of a typical SBS coverage area, from

which the UE sojourn time CDF is determined by assuming a straight line mobil-

ity model within small cell coverage areas. We compare and contrast our results

with the modified RWP mobility model in [67] by means of simulations. In par-

ticular, we demonstrate that the derived analytical results for the linear mobility

model match the modified RWP mobility model with small to moderate rate of

change in UEs’ travelling directions. In the last part of the chapter, we define

and calculate the probabilities for different types of HOs. Most importantly, we

derive a lower bound on the probability of ping-pong HO. A ping-pong HO oc-

curs when a UE small cell sojourn time is less than a pre-defined threshold, and

the UE is connected to a macro cell base-station (MBS) before and after traveling

through the small cell [10]. The derived lower bound can be used to optimize

network parameters to improve QoS to decrease the network overhead. Our

main contributions in this work are summarized as below:

• We propose a realistic model to model the coverage areas of SBSs as the
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intersection of random discs and PV cells determined by the locations of

SBSs and MBSs in the network.

• We derive closed form expressions for the expected coverage area of an

SBS, expected coverage percentage of SBSs in a two-tier UDN and expected

ratio of an SBS’s actual coverage (with SBS coverage overlapping consid-

ered) and maximum coverage area (i.e., disc).

• We derive a closed form analytical expression for the expected boundary

length of an SBS. Along with the linear mobility assumption within small

cells, we utilize the derived analytical expression for the expected bound-

ary length of an SBS to obtain the CDF of a typical UE’s sojourn time inside

the coverage area of an SBS.

• We use our analytical results to provide some useful network design in-

sights for optimization of HO parameters in UDNs.

The rest of the chapter is organized as follows. Section 4.2 covers network

coverage modeling and derives important small cell coverage probabilities. In

Section 4.4, the HO process is discussed in detail and the closed-form results

for the expected cell boundary length are derived, using which the CDF of UE

sojourn time inside a small cell is also analyzed. Different types of HOs are

defined and a lower bound on the ping-pong HO probability are provided in

Section 4.5. Finally, Section 4.6 concludes the chapter with some network design

insights and future extensions of the paper.

4.2 Network Setup and Small Cell Coverage Mod-
elling

We consider a two-tier heterogeneous cellular network in which the locations of

MBSs and SBSs are generated by two independent homogeneous Poisson point
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processes (HPPPs) with densities λm and λs, respectively. It was shown in pre-

vious work that the Poisson assumption we adopted for BS locations in this pa-

per is as accurate as the hexagonal grid assumption for realistic urban cellular

deployments both in terms of signal-to-interference-plus-noise ratio (SINR) cal-

culations and mobility analysis [67, 68]. We use Φs to represent the set of SBS

locations and Φm to represent that of MBS locations.

An important system parameter for our HO analysis is the distance between

a typical SBS located at S ∈ Φs and its nearest MBS belonging to Φm. We will

represent this distance by Γ. The statistical properties of Γ is well-known in

the literature [70]. In particular, its CDF is given by the complementary void-

probability for Φm, which is equal to

FΓ(γ) = 1− exp(−λmπγ2). (4.1)

The probability density function (PDF) of Γ is then equal to

fΓ(γ) = 2λmπγ exp(−λmπγ2). (4.2)

Another important system parameter for our analysis, which will determine

the trigger time for the HO process in heterogeneous networks, is the downlink

received signal strength (DL-RSS). According to the 3GPP standards, the DL-RSS

levels measured at UEs are filtered and averaged to eliminate the small-scale

random signal fluctuations due to channel fading as well as scaled by biasing

terms for cell range expansion, which results in Equal long-term biased DL-RSS

Boundary (ERB) for small cells [78, 104]. The ERB of a small cell on R2 consists

of the points at which the DL-RSSs from the umbrella MBS (i.e., umbrella MBSs

are the BSs covering all areas not covered by SBSs) and SBS are the same after

taking small cell biasing into account.

This boundary delimits the coverage area of an SBS, and hence it is important

to characterize ERBs accurately for specifying HO trigger points in R2. In [10],
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Tab. 4.1: Simulation Parameters.

Parameter Description

Range expansion biasing factor κ 4dB

MBS transmitting power Pm 46dBm

SBS transmitting power Ps 30dBm

MBS antenna gain Gm 14dBi

SBS antenna gain Gs 5dBi

Path-loss of SBS at do PLs,d0 140.7

Path-loss of MBS at do PLm,d0 128.1

assuming an SBS and its nearest MBS have the same path-loss exponent and

the SBS operates at a sufficiently lower transmitting power, circular ERBs with

random radii are found to be the best estimators for the actual ones. This result is

also consistent with the various 3GPP simulations and analysis in previous work

such as [37, 77, 78] indicating elliptical ERBs resembling to circles with almost

the same minor and major axes. Based on these results, we will assume that the

coverage area of a typical SBS is approximated by the disc D = B(S, R) centered

at S ∈ Φs and having radius R.

Following [10] and assuming the same large-scale signal propagation char-

acteristics for macro and small cells, R is given as a linear function of Γ. More

specifically, we set R to R = aΓ, where a =
√

D̂
1−D̂

and D̂ =
(

κPsGsPLs,d0
PmGmPLm,d0

)2/ζ
with κ,

ζ, Po, Go PLo,d0 being range expansion biasing factor, path-loss exponent, trans-

mitting powers, antenna gains and path-loss at the reference distance d0 for both

MBSs and SBSs, respectively, where o ∈ {s, m}. The values of the above and

other simulation parameters are summarized in Tab. 4.1.

Using (4.1) and (4.2), the CDF and PDF of R can be given as

FR(r) = 1− exp
(
−λmπ

( r
a

)2
)

, (4.3)
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and

fR(r) = 2λmπ
r
a2 exp

(
−λmπ

( r
a

)2
)

. (4.4)

In Fig. 4.1, we qualitatively illustrate how the SBS coverage areas change as

the distance between an SBS and its nearest MBS varies. It is important to note

that the circular ERB defines the maximum coverage area of an SBS without

considering the potential overlap between intra-tier small cell coverage regions.

This approximation is utilized in the HO analysis in [10]. However, in reality, as

different SBSs approach to each other, we start to observe overlap between their

coverage areas and the effective coverage region for each SBS begins to resemble

a PV cell generated by Φs. The phenomenon of circular SBS coverage regions

being transformed into quasi-PV cells is illustrated in Figs. 4.2 and 4.3. Accord-

ingly, we relax the pure circular coverage area approximation for small cells in

this paper by allowing the coverage areas of different SBSs to overlap, which will

be further explained in detail in Section 4.3, and obtain crucial statistics for the

HO process such as the sojourn time distributions for this complicated random

topological structure.

SBS1 SBS2 SBS3 SBS4MBS

Fig. 4.1: Non-overlapping SBSs.
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4.3 The SBS Coverage Model With Overlap

In this section, we will put forward the coverage model for analyzing the HO

process in UDNs. The proposed coverage model will amalgamate the circular

approximation model for the coverage areas of SBSs with respect to their dis-

tances to the closest MBSs and the conventional PV tessellations for coverage

area analysis in cellular networks [105, 106]. The circular coverage area model

is a good approximation for the coverage area of a typical SBS in the absence of

other SBSs [10, 37, 77, 78]. On the other hand, the PV tessellations in our model

will provide an analytical basis for associating a UE to a serving BS when it is

covered by multiple SBSs.

For this model, we will derive the expected cell size of a typical SBS, the

proportion of the area covered by SBSs in UDNs and the proportion of the ef-

fective coverage area of a typical SBS within its coverage disc. The analytical

results derived in this section will collectively show that small cell densification

not only increases the total coverage area of small cells to facilitate offloading

from macro cells but also shrinks per cell coverage area to allow higher through-

put per unit area. We note that although beneficial in terms of achieving higher

spectral efficiency with higher spatial reuse, the decrease in SBS cell sizes will

negatively affect the HO process and sojourn times, which will be studied in the

next section. It will also be shown that the effective coverage area proportion of

a typical SBS decreases to zero as the SBS deployment density increases and the

SBS coverage regions start to resemble pure PV cells with boundaries delimited

by straight lines.

In our model, the coverage area of an SBS located at Si ∈ Φs is determined

by the intersection of its coverage disc Di centered at Si with a random radius Ri

(i.e., see Section 4.2 for generation of Ri) and its PV cell generated with respect to

Φs as the set of seed points in R2. This implies that a UE lying in the intersection

of overlapping coverage discs is assigned to the SBS whose PV cell contains the
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UE in question. However, it is still possible that a UE lies inside the PV cell of

an SBS but not assigned to it since it is not contained within the coverage disc of

this particular SBS. In this case, the UE in question is covered by an MBS.

More formally, the PV cell of Si ∈ Φs is given by

Vi =
{

x ∈ R2 : ‖x− Si‖ ≤ ‖x− S‖, ∀S ∈ Φs \ {Si}
}

, (4.5)

where ‖x− y‖ is the distance between any two points x and y in R2 [70]. As an

example, the dashed straight lines in Fig. 4.2 are the PV cell boundaries gener-

ated by Φs, and the intersections of the circular areas and Voronoi cells are the

effective coverage cells (ECCs), which are also illustrated for the clarity of presen-

tation in Fig. 4.3. We will use Ci to denote the ECC of SBS i, which is given

by

Ci = Bi ∩ Vi. (4.6)

Any UE in Bi ∩Vi is closer to the ith SBS than any other SBSs in Φs \ {Si} and also

in the circular coverage area of SBS i. In Theorem 4.1, we derive the analytical

expression for the expected size of a typical ECC in a UDN.

Theorem 4.1. The expected area of a typical ECC, denoted by C, is given by

E [area (C)] = a2

a2λs + λm
. (4.7)

Proof. Without loss of generality, we consider an SBS located at the origin o since

Φs is a stationary point process and the Slivnyak’s theorem states that Φ!o
s =

Φs \ {o} is still an HPPP [14]. We denote the ECC belonging to the SBS located at

o by C and the radius of its coverage disc by R. To obtain (4.7), we will first

calculate the expected value of area (C) given R = r, and then average over

the random radius R by using (4.4). The expectation E
[
area (C)

∣∣R = r
]

can be
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SBS Voronoi coverage boundary

SBS

MBS

SBS circular coverage boundary

Fig. 4.2: SBS coverage with overlapping/Voronoi boundary.

calculated as

E
[
area (C)

∣∣R = r
]

= E

[∫
B(o,r)

1{x∈C}dx
]

(a)
=

∫
B(o,r)

Pr {x ∈ C} dx

(b)
=

∫
B(o,r)

exp
(
−λsπ ‖x‖2

)
dx,

where (a) follows from Fubini’s theorem and (b) follows from the observation

that any point x ∈ B (o, r) belongs to C if and only if there is no SBS in Φ!o
s at a

distance closer than ‖x‖ to x. Switching to polar coordinates, we can calculate
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Fig. 4.3: SBS coverage area and UE trajectories.

the final integral as

E
[
area (C)

∣∣R = r
]
=

1− exp(−λsπr2)

λs
. (4.8)

Averaging (4.8) over the distribution of R given in (4.4), we obtain

E [area (C)] = a2

a2λs + λm
, (4.9)

which concludes the proof.

At the one extreme case of λm = 0, Theorem 4.1 shows that E [area (C)] = 1
λs

.

This is an expected results since a typical ECC becomes a pure PV cell whose
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average area is given by 1
λs

when λm = 0 [14]. At the other extreme as λs goes to

zero, a typical ECC becomes a random disc with radius distributed according to

(4.4), which leads to E [area (C)] = a2

λm
. In between these two extremes, Theorem

4.1 also explicitly establishes the functional form for the expected size of ECCs

as a function of SBS and MBS densities. As the density of SBSs grows without

a bound, the sizes of PV cells decrease to zero, which results in the observed

behaviour in Theorem 4.1. Similarly, as the density of MBSs grows without a

bound, the radii of circular coverage areas of SBSs decrease to zero as well. The

net effect of the change of SBS and MBS densities jointly on E [area (C)] is gov-

erned by (4.7) in the theorem. This theorem also indicates that the fraction of

area covered by small cells is equal to a2λs
a2λs+λm

since there are on average λs SBSs

in any given region of unit area and the expected size of the ECC of each SBS in

this region is equal to a2

a2λs+λm
. The formal statement of this result is given in the

next theorem.

Theorem 4.2. The probability that the origin o is in the ECC of an SBS is equal to

Pr {o ∈ ∪i≥1Ci} =
a2λs

a2λs + λm
. (4.10)

Proof. The origin is covered by an SBS if and only if the radius of the coverage

disc of the SBS closest to o is larger than its distance to o. Let S? ∈ Φs be the

location of the SBS closest to o and R? be the radius of its coverage disc. Then,

Pr {o ∈ ∪i≥1Ci} = Pr {R? > ‖S?‖}
(a)
=

∫ ∞

0
exp

(
−λmπ

( r
a

)2
)

f‖S?‖(r)dr, (4.11)

where f‖S?‖(r) is the PDF of ‖S?‖, and (a) follows by using (4.3) and indepen-

dence of ‖S?‖ and R?. f‖S?‖(r) is the nearest neighbor distribution of Φs, and it

is given by f‖S?‖(r) = 2λsπr exp (−λsπr) [14]. Averaging (4.11) with respect to

f‖S?‖(r), we obtain (4.10).



66 Coverage Modelling and Handover Analysis in UDN

0 1 2 3 4 5 6 7

RSD

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
S

B
S

 C
o

v
e

ra
g

e
 P

ro
b

a
b

ili
ty

Simulations

Analytic

Fig. 4.4: SBS coverage probability.

An important remark about Theorem 4.2 is that the probability of any point

in R2 belonging to ∪i≥1Ci is the same with the probability that the origin belongs

to ∪i≥1Ci due to the stationarity of Φs. Hence, we can interpret the probability

Pr {o ∈ ∪i≥1Ci} as the fraction of the area covered by the SBSs. We will call this

probability the SBS coverage probability in the remainder of the paper.

The network level parameter that determines the value of the SBS coverage

probability is the relative SBS density λRSD, which is defined as

λRSD =
a2λs

λm
. (4.12)

Roughly speaking, λRSD represents the effective number of SBSs deployed per

unit area for each MBS. In Fig. 4.4, we illustrate the change of the SBS cover-



4.3 The SBS Coverage Model With Overlap 67

age probability given in Theorem 4.2 as a function of λRSD. We observe that the

SBS coverage probability increases at a rate slower than the increase in the rel-

ative SBS density. The main reason for this phenomenon is the more frequent

occurrences of the overlap of coverage discs of SBSs. This is especially an impor-

tant issue to address in order to have a reliable model for the coverage and HO

process in the context of UDNs.

Another important ramification of increasing the relative SBS density is that

the sizes of PV cells in the network become arbitrarily small when compared to

the sizes of coverage discs. Hence, as λRSD increases, a typical ECC goes through

a shape transformation, starting with a circular shape, then transforming into a

quasi-PV cell with boundary consisting of circular arcs and straight line seg-

ments, and finally transforming into a PV cell having much smaller size than

that of the coverage disc within which it is contained. In the next theorem, we

characterize this phenomenon by obtaining the expected value for the fractional

area covered by a typical ECC within the coverage disc of an SBS.

Theorem 4.3. Let C and D be the typical ECC and coverage disc of an SBS in Φs. Let

λRSD be given as in (4.12). Then, the expected fractional area covered by C within D is

equal to

E

[
area (C)
area (D)

]
=

1
λRSD

ln (1 + λRSD) . (4.13)

Proof. See appendix B.2.

We first note that limλRSD→0
1

λRSD
ln (1 + λRSD) = 1. Hence, observing C ⊆

D, a typical ECC starts to resemble a pure coverage disc as λRSD goes to zero.

Similarly, as λRSD goes to infinity, C occupies a vanishingly small portion of D
and starts to resemble a pure PV cell. In Fig. 4.5, we demonstrate the change

in the expected fractional area covered by C within the respective coverage disc

as a function of λRSD. Although the SBS coverage probability increases with the

increase in λRSD as shown in Fig. 4.4, the fractional area covered by C decreases
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Fig. 4.5: SBS coverage fraction of circular coverage.

to zero sub-linearly as a function of λRSD. This is a numerical manifestation of

the shape transition phenomenon in which a typical ECC gradually turns into

a PV cell of small size (with respect to the size of the respective coverage disc),

starting with a coverage disc as described above.

4.4 HO Modeling and Analysis

4.4.1 Handover and Mobility Model Overview

For HO analysis, we assume that UEs move along arbitrary trajectories outside

small-cell ECCs and along randomly generated straight lines within small cells.
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In addition to resulting in tractable analysis with insightful closed form results,

the linear mobility is also the mobility model of choice in 3GPP simulations as

well as in various previous work investigating mobility management issues in

heterogeneous networks [38, 77, 107]. It is also important to note that the HO

analysis given for the modified RWP in [67] and [10] mostly focuses on the sin-

gle movement period during which a UE moves along a randomly generated

straight line as in this paper but for simpler topological structures for coverage,

i.e., single-tier networks in [67] and non-overlapping small cell coverage circles

in [10]. For the sake of completeness, we will compare our results obtained for

the linear mobility model with those for the improved RWP model over multiple

movement periods in Section 4.4.4 and demonstrate a close match between two

models in terms of sojourn time distributions.

In general, the HO process consists of two stages [9]. In the first stage, a HO

event is triggered when the long-term averaged biased DL-RSS of the current

serving BS is less than the target cell’s. This event is modeled as a UE crossing the

coverage boundary of its current cell. In the second stage, the HO is completed if

the UE sojourn time in the target cell is greater than a pre-configured time period,

which is known as time-to-trigger (TTT). An important finding in [67] shows

that the HO trigger rate is a function of the cell boundary length. Therefore,

it is important to derive the expected boundary length of a typical ECC in our

model. In the next subsection, we will focus on the expected boundary length

of a typical ECC. Then, utilizing the derived results, we will obtain the CDF of

sojourn time for a given UE velocity in Subsection 4.4.3.

The main system parameter we are interested below is the chord length of

a typical ECC whose boundary intersected by the arbitrary user trajectory. The

derivation below involves multiple steps. We first obtain boundary length of a

typical ECC, which will help us to derive the conditional PDF of the coverage

radius of a typical ECC intersected by the user trajectory. Then, we obtain the

chord length distribution of a typical ECC given R = r. Finally, by averaging
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over the conditional distribution of R given the ECC is intersected by the user

trajectory, we obtain the random chord length distribution of any ECC inter-

sected by the user trajectory. This chord length distribution will determine the

sojourn times of UEs inside a typical ECC by assuming that trajectories inside

ECCs can be approximated by linear paths.

4.4.2 Boundary Length of a Typical ECC

In this subsection, we derive the expected boundary length of a small cell given

its radius. Note that in this work the statistical properties of small cells, including

expected boundary length and chord length distributions, can all be character-

ized by a small cell’s radius. Therefore, we will first derive the expected bound-

ary length for a given a radius. Then, the expected average boundary length of

all small cells is derived using (4.4). These two results are very important as we

will show in Lemma 4.5.1 that , the probability that a small cell is crossed by a

UE is linearly proportional to the ratio of a small cell’s expected boundary for a

given radius and the expected average boundary length of all small cells.

Theorem 4.4. The expected boundary length of a typical small cell with radius R = r

is

Ω(r) = Ωv(r) + Ωc(r), (4.14)

where Ωv(r) =
4 erf(

√
πλsr)√

λs
− 8ri exp(−λsπr2) and Ωc(r) = 2πri exp(−λsπr2) are

the expected Voronoi boundary length and expected circular boundary length, respec-

tively.

Proof. See appendix B.3.

In Theorem 4.4 the expected boundary length Ω(r) consists two parts, Ωv(r)

and Ωc(r). Ωv(r) corresponds to the Voronoi boundary part and lim
r→∞

Ωv(r) =

4√
λs

while Ωc(r) corresponds to the circular boundary part and lim
r→∞

Ωc(r) =
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0. This is because by removing the radius constraint the cell coverages become

purely Voronoi, therefore we have

lim
r→∞

Ω(r) =
4√
λs

, (4.15)

which is consistent with [11].

Averaging over r to derive the expectation of any SBS boundary length given

λs and λm

E [Ω] =
∫ ∞

0
Ω(r) fR(r)dri =

4a3λs + πaλm

(a2λs + λm)1.5 , (4.16)

which is verified in Fig. 4.6. We therefore have the following corollary.

Corollary 4.4.1. The expected average boundary length of all small cells in the network

is

E [Ω] =
4a3λs + πaλm

(a2λs + λm)1.5 . (4.17)

4.4.3 Chord Length Distributions

In this subsection, we derive chord length CDF of ECC with given disk radius r

using linear contact distribution. Then PDF of radius of SBSs that are intersected

by arbitrary UE trajectory is given. Using these results and assuming linear mo-

bility model within small cells, we derive the CDF of UE’s small cell sojourn

time.

Theorem 4.5. For a typical ECC, the CDF of its chord length given {R = r} is

FL|R(l, r) =


1, if l ≥ 2r

1 + K(r)mL|R(r)M(l, r), if l
2 < r ≤ l

1 + K(r)mL|R(r) (O(l, r) + N(l, r)) , else,

(4.18)

where M(l, r) =
∂
∫ r

l−r I(l,ρ,r)dρ

∂l , N(l, r) =
∂
∫ r

r−l I(l,ρ,r)dρ

∂l , O(l, r) =
∂
∫ r−l

0 J(l,ρ,r)dρ

∂l can

be evaluated by the Leibniz integral rule. Also K(r) = 2λs
1−exp(−λsπr2)

, I(t, ρ, r) =
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Fig. 4.6: Expectation of SBS boundary length.

∫ α̂(t,ρ,r)
0 ρ exp (−λsv2(t, α, ρ)) dα, J(t, ρ) =

∫ π
0 ρ exp (−λsv2(t, α, ρ)) dα, v2 is the

area of two overlapping discs with radii ρ,
√

t2 + ρ2 − 2tρ cos α and distance between

disk centres being t. In addition, mL|R(r) = − 1
K(r)(O(0,r)+N(0,r)) is the conditional mean

chord length.

Proof. See appendix B.4.

Note that as r → ∞, a typical ECC becomes a pure PV cell and the above

chord length CDF converges to the result in [12] where a PV tessellation is con-

sidered. The above result is useful as it gives the distribution UE’s travelling

distance if a linear mobility model is assumed. Similar assumption is implicitly

made in [67] when calculating chord length distribution of PV and hexagonal
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cells. With the CDF of chord length conditioned on radius of coverage disk, in

the next theorem we derive the PDF of the radius. More specifically, we allow a

typical UE to travel along any arbitrary trajectory and give the PDF of the radii of

ECCs that the UE hits. The reason why this PDF of radius is derived is because in

our UE mobility model, although arbitrary movement allowed, UE’s movement

within any ECC is assumed to be linear. As a result, every trajectory-boundary

intersecting event maps to a chord. Consequently, combining Theorem 4.5 and

Lemma 4.5.1 gives the overall CDF of chord length, which is stated in Theorem

4.6.

Lemma 4.5.1. Let L be the finite arbitrary trajectory of a UE, Tj be the ECC boundary

of SBS j and I =
⋃

j≥1
Tj ∩ L be the set of intersection points of ECCs’ boundaries and

L. Let also ψ be a randomly selected point from I . Then,

fR|ψ∈{I∩T }(r) = fR(r)
Ω(r)
E [Ω]

,

where T is the boundary of a typical ECC, R is its coverage radius, and fR(r), Ω(r) and

E [Ω] are defined as in (4.4), (4.14) and (4.16), respectively.

Proof. See appendix B.5.

This result shows that UEs are more likely to travel through larger SBSs (i.e.

cells with longer boundary length), which is consistent with [67]. As mentioned

earlier, one can see the UEs’ trajectories as a biased ’sampling’ process, with the

selection probability being linearly biased by the boundary length of the cell.

Note that since chord length CDF in Theorem 4.5 is for ECC with any fixed

coverage disk radius, therefore FL|R(l, r) = FLi|Ri,ψ∈{I∩Ti}(l, r). Based on this and

using Theorem 4.5 and Lemma 4.5.1, we have the following important Theorem.

Theorem 4.6. The conditional distribution of L given that the boundary of an ECC is
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intersected by the user trajectory is given by

FL|ψ∈{I∩T }(l) =
∫ ∞

0
FL|R(l, r) fR|ψ∈{I∩T }(r)dr,

where T is the boundary of the ECC in question.

Proof. The proof is omitted as it directly follows from Theorem 4.5 and Lemma

4.5.1.

From the above Theorem and assuming linear mobility model within any

small cell, the CDF of UE sojourn time can be calculated as

FT(t) = FL|ψ∈{I∩T }(tv), (4.19)

and the HO completion probability is

Pr

{
l
v
> tt

}
= 1− FL(ttv), (4.20)

where tt is the pre-configured TTT constant.

Figs. 4.7 and 4.8 collectively show that UE sojourn time in an SBS are lower

when the SBS density and UE mobility are higher. The exact analytical results

in Theorem 4.6 and (4.19) can be used, as in (4.20), to determine optimal TTT to

facilitate HOs or skip undesirable HOs.

In Fig 4.7, chord length distributions of non-overlapping disks and Poisson-

Voronoi cells are also compared. As expected, they are lower bounds of the CDF

of chord length of our model as a ECC in our model is the intersection of a disk

and a Voronoi cell. Based on the results in Fig 4.7, we emphasis that assuming

small cell coverage cells as non-overlapping disks [10] is unrealistic for HetNets

with high small cell densities as it would only provide loose upper bound of the

chord lengths. Therefore, our proposed ECC model or other models that take

cell overlapping into account should be considered for small-cell chord length
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(i.e. sojourn time) estimation, especially in the context of UDNs.
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Fig. 4.7: Chord Length CDFs.

4.4.4 Mobility Model Comparisons

In this subsection we compare our simplified mobility model with the improved

RWP mobility model proposed in [67] by simulations. In the improved RWP

model, the UE trajectory is modelled as an infinite sequence of line intervals,

with the nth interval being defined by the current waypoint Xn and target way-

point Xn+1. For any current waypoint Xn, a HPPP with density λ is indepen-

dently generated and the nearest point generated is selected as the target way-

point Xn+1, and λ is called the UE mobility parameter. The expectation of the



76 Coverage Modelling and Handover Analysis in UDN

0 50 100 150

UE SBS sojourn time(s)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
C

D
F

v=1m/s, Analytic

v=3m/s, Analytic

v=6m/s, Analytic

v=1m/s, Simulations

v=3m/s, Simulations

v=6m/s, Simulations

Fig. 4.8: Sojourn Time CDFs with λs = 100/km2.

line interval is given as 1
2
√

λ
, and therefore the larger mobility parameter λ is the

smaller the line interval length it is.

Results in Fig. 4.9 show that our simplified mobility model matches well

with the improved RWP for UEs for relatively low mobility parameters, while

sojourn time of UEs with very high mobility parameters will have heavier-tailed

PDFs.

4.5 HO types and ping-pong HO

In this section we discuss different types of HOs that involve small cells. Then

we calculate probabilities of combinations of a UE move-in and move-out HOs
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when traveling through a small cell. Based on that, we derive ping-pong HO

probability, which gives the percentage that a UE traveling through a small cell

is handed over from a MBS and handed over back to the MBS, and its sojourn

time inside the small cell is less than a pre-defined threshold [10]. In UDNs, it is

essential to understand the behaviours of ping-pong HOs as it involves unnec-

essary inter-tier HOs which require significant signalling overhead (at least 33

message exchanges as opposed to 25 message exchanges for a intra-tier HO [26]).
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4.5.1 Types of Small Cell Boundaries

In our two-tier HetNets, other than the macro-to-macro HOs which is considered

trivial in the context of UDN, there are two types of HOs: inter-tier HOs and

intra-tier HOs. As we model a HO trigger event as a UE crossing cell boundary,

in order to calculate probabilities of HO types it is important to define different

cell boundaries.

Inter-Tier Cell Boundary

Inter-tier cell boundary refers to cell boundary between a SBS and a MBS. For-

mally, inter-tier boundary of an arbitrary SBS i is

Gi =
{

x ∈ R2 : ‖x− Si‖ = Ri & ‖x− Si‖ ≤ ‖x− Sj‖, ∀j 6= i
}
∪{

x ∈ R2 : ∃j, j 6= i, Ri > ‖x− Si‖ = ‖x− Sj‖ > Rj

}
,

(4.21)

note that the first part of (4.21) represents circular boundaries of a SBS while the

second part is Voronoi boundaries. Now consider Gc
i as the collection of points

consisting the circular boundary of SBS i

Gc
i =

{
x ∈ R2 : ‖x− Si‖ = Ri & ‖x− Si‖ ≤ ‖x− Sj‖, ∀j 6= i

}
, (4.22)

we conclude that

Gc
i ⊂ Gi. (4.23)

(4.23) shows that circular boundary of a SBS is always an inter-tier boundary

between a MBS cell and a SBS cell. Thus, length of circular boundary is a lower

bound of inter-tier boundary length

‖Gc
i ‖ ≤ ‖Gi‖. (4.24)
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Intra-Tier Cell Boundary

Intra-tier cell boundary refers to cell boundary between two SBSs. Formally, if

exists, inter-tier boundary between an arbitrary SBS i and one of its neighboring

cell j (j 6= i) is

Hij =
{

x ∈ R2 : ‖x− Si‖ = ‖x− Sj‖ & ‖x− Si‖ ≤ Ri & ‖x− Sj‖ ≤ Rj
}

,

(4.25)

for completeness, we also have Ti = Gi
⋃ (∪j:j 6=iHij

)
and Ti is the boundary of

ECC of SBS i.

In comparison, considerHv
i as the collection of points consisting the Voronoi

boundary of SBS i

Hv
i =

{
x ∈ R2 : ∀k, k 6= i, ‖x− Sk‖ = ‖x− Si‖ ≤ Ri

}
. (4.26)

By the definitionsHij andHv
i we conclude that

x ∈ Hij =⇒ x ∈ Hv
i , (4.27)

and since (4.27) applies to any SBS j 6= i, we can extend it to

x ∈
⋃

j:j 6=i

Hij =⇒ x ∈ Hv
i . (4.28)

We therefore have proven that, for any SBS, the sum of its intra-tier cell boundary

lengths is a lower bound of the sum of its Voronoi boundary lengths:

∑
j:j 6=i
‖Hij‖ ≤ ‖Hv

i ‖. (4.29)
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HO Types and Approximations

From a network design point of view, it is important to understand the types of

different HOs a UE can experience and the corresponding probabilities. When

traveling through a small cell, a UE will pass two small cell boundaries and thus

four types of boundary combinations with each cell boundary being either the

inter- or intra-tier boundary. In this paper we approximate circular boundary as

inter-tier cell boundary and Voronoi boundary as intra-tier cell boundary, and

now we have four types of UE HO combinations as it travels through a small

cell: SBS-SBS-SBS (SSS), SBS-SBS-MBS (SSM), MBS-SBS-MBS (MSM), MBS-SBS-

SBS (MSS). Among them, MSM corresponds to the case of ping-pong HOs and

will be studied in details.

4.5.2 Ping-pong HO

As discussed previously, ping-pong HO happens in the case where a UE is served

by a MBS before and after moving inside a SBS coverage area. To calculate the

probability of having MSM HOs, we use circular boundary to approximate inter-

tier boundary. In the following subsections we will calculate the probability of

having a Circular-to-Circular (C2C) chord and the CDF of C2C chord length.

Note that C2C is the special case of MSM if two overlapping cells have the same

radius.

C2C Probability

Assuming that a random chord starts on circular boundary, the probability that

it ends on circular boundary is the same calculation as (B.18) where v2 is now

the area of two overlapping discs with the same radius r and centers o and o′ as

per Fig.4.10. Denoting distance from Si to chord oo′ as U, the conditional C2C

probability can be calculated as
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Fig. 4.10: Circular-to-Circular Chord.

PC2C|C,U,R(r, u) = exp(−λs Ac(r, u)), (4.30)

where Ac is the area of a disk minus the overlapped area of two disks

Ac(r, u)

=v2(r, u)− area (B(o, r)) = πr2 − 2 arccos

(√
r2 − u2

r

)
r2 + 2

√
r2 − u2u.

(4.31)

Now averaging over U to get the probability of C2C of a small cell with radius r

conditioning on UE entering on circular boundary

PC2C|C,R(r) =
∫ r

0

1
r

PC2C|C,U,R(r, u)du. (4.32)

Using the idea from Lemma 4.5.1, we have the unconditional probability of C2C

chord for a SBS with radius r as

PC2C|R(r) = PC2C|C,R(r)
Ωc(r)
Ω(r)

, (4.33)
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where Ωc(r) and Ω(r) are derived in 4.4.2. And the overall C2C chord probabil-

ity is given as

PC2C =
∫ ∞

0
PC2C|R(r) fR(r)

Ω(r)
E [Ω]

dr, (4.34)

where E [Ω] is given in (4.16).

As found in (4.24), circular boundary length is less than the actual inter-tier

boundary length, therefore PC2C is a lower bound of MSM HOs probability

PC2C < PMSM. (4.35)
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Fig. 4.11: Probability of MSM and C2C.
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CDF of C2C chord length

First as per Fig. 4.10 the relation between u and chord length L = ‖o− o′‖ is

U =
√

r2 − (L/2)2, U ∈ [0, r], (4.36)

where U is uniformly distributed between 0 and r. Then conditioning on UE

entering on circular boundary part of a cell with given radius r, the probability

that it will have a C2C chord and the chord length is less than l is

Pr {C2C, L < l | C, R} =
∫ r
√

r2−l2/2

1
r

PC2C|C,U,R(r, u)du, (4.37)

and

FL|R,C2C(l, r) = Pr {L < l | R, C2C}

=
Pr {C2C, L < l | R}

PC2C|R(r)
=

Pr {C2C, L < l | C, R} Ωc(r)
Ω(r)

PC2C|R(r)
=

Pr {C2C, L < l | C, R}
PC2C|C,R(r)

(4.38)

where L ≤ 2R and PC2C|C,R(r) is given in (4.32).

The overall CDF of length of a C2C chord can be computed as

FL|C2C(l)

=
∫ ∞

0
FL|R,C2C(l, r) fR|C2C(r)dr

=
∫ l

2

0
fR|C2C(r)dr +

∫ ∞

l
2

FL|R,C2C(l, r) fR|C2C(r)dr

=
∫ l

2

0

PC2C|R(r) fRi|ψ∈{I∩Ti}(r)
PC2C

dr +
∫ ∞

l
2

FL|R,C2C(l, r)
PC2C|R(r) fRi|ψ∈{I∩Ti}(r)

PC2C
dr,

(4.39)

where fRi|ψ∈{I∩Ti}(r) is given in Lemma 4.5.1. Simulation results in Fig. 4.12
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Fig. 4.12: CDF of MSM and C2C chord length with different λs (per km2).

show that,

FL|C2C(l) ≈ FL|MSM(l), (4.40)

and their difference is quite small.

Ping-pong HO probability

Assuming linear mobility model, for a UE with speed v, we define a ping-pong

HO as a UE’s sojourn time inside a SBS being less that a pre-defined threshold

tth and the UE experiences MSM HOs when traveling through the small cell.

Therefore, assuming all triggered HOs are completed, the probability of having

a ping-pong HO is

Pping-pong = PMSMFL|MSM(tthv), (4.41)
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Due to (4.40), we will need to rewrite (4.41) in a different way to find its lower

bound

Pping-pong = PMSMFL|MSM(tthv)

=
∫ ∞

0
FL,MSM|R(tthv, r) fRi|ψ∈{I∩Ti}(r)dr

(a)
≥
∫ ∞

0
FL,C2C|R(tthv, r) fRi|ψ∈{I∩Ti}(r)dr

= PC2CFL|C2C(tthv)

(4.42)

where (a) holds because FL,MSM|R(tthv, r) = Pr {L ≤ tthv & MSM | R = r} and

FL,C2C|R(tthv, r) = Pr {L ≤ tthv & C2C | R = r}, and as discussed in (4.24) C2C

chords are subset of set of MSM chords. Therefore we have the following relation

Pping-pong ≥ PC2CFL|C2C(tthv), (4.43)

which can be an important metric for network planning to provide guaranteed

performance in terms of ping-pong HO probability.

One can see from (4.41) that UE with higher velocity is more likely to expe-

rience ping-pong HO. UE velocity is another dimension to consider to optimize

HO parameter so that ping-pong HOs can be reduced. This is very important

in the context of Ultra-dense HetNets as it can increase UE throughput by hav-

ing UE spending less time and resources on executing HO, as well as reduce

network overhead.

Fig. 4.13 confirms the inequality in (4.43) with the C2C HO probability ap-

proximation in (4.35) being the main cause in the difference according to Fig.

4.11. An interesting factor to note is that as SBS density increases, the probability

of having C2C chord decreases. On the other hand, as a result of having more

small cells, especially larger cells, are more likely to overlap. Consequently, there

will be less and shorter C2C chords. One can see how the C2C chord lengths

decrease from the increase in CDF of C2C chord as per Fig 4.12. This figure,
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Fig. 4.13: Ping-pong HO Probability for various tth with UE speed v = 20m/s.

together with Figs 4.11 and 4.12 show that as SBS density increases, change in

ping-pong HO probability is dominated by change in PC2C so that the product of

PC2C and FL|C2C(tthv) decreases monotonically. The difference between Pping-pong

and PC2CFL|C2C(tthv) in Fig. 4.13 is mainly explained by the difference between

PC2C and PMSM (see Fig. 4.11). Note that assuming overlapping cells having the

same radius, which is the underlying assumption of the C2C approximation, will

eliminate the possibility of any being Voronoi boundary being inter-tier bound-

ary. This might be a better fit in real world since at any point on the Voronoi

boundary distances (received powers) from both small cells are the same, which

makes an intra-tier HO reasonable.
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4.6 Conclusion

In this chapter, we propose a novel coverage model of overlapping small cells

in UDNs. This model is general enough which can be easily adapted to the case

where all smalls have the same radius. Based on this coverage model, the exact

closed-form results of small cell coverage area and boundary length are derived,

the latter of which has significant implications for handovers as it is proportional

to how often handovers are triggered. By using the linear contact distribution

and the result of the boundary length CDF of small cells, the CDF of the small

cell chord length was found, which is directly related to the CDF of UE sojourn

time assuming a straight-line mobility model within small cells. We compared

our simplified mobility model with improved RWP model and show that that

they are closely related for users with low and moderate direction-changing mo-

bility parameters. We also derived a lower bound of the probability ping-pong

HO, which is a severe issue in the context of UDN. Analytical results in this work

can provide a guidance to optimise network parameters based on the UE veloc-

ity and cell densities to reduce handover overheads and improve UE experience

in UDNs. For example, it is possible to set different Time-to-Trigger constants

for UEs with different velocities. In this way, UEs travelling at lower speeds can

still take advantage of higher data rates from small cells while UEs travelling at

higher speeds can skip some inter- and intra-tier HOs to reduce network over-

head. It is also important from a network design’s perspective to wisely deploy

small cells by taking local UE’s mobility into account.

This work also has some extensions. One important extension is to study

other mobility models analytically, which can include RWP model and random

walk model. Another important extension is the analysis of heterogeneous net-

works with more than two tiers.





5
Downlink Coverage Analysis for

UAV-Assisted HetNets with

Maximum Coverage Constraint and

Clustered UEs

5.1 Introduction

In this chapter, we use stochastic geometry to perform the downlink coverage

analysis of a two-tier UAV and ground base station (GBS) HetNet network, where

the locations of UAVs and GBSs are generated by two independent Poisson point

89
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processes (PPPs) and the UEs are clustered around ground projection points of

UAVs. We derive the nearest UAV distribution of any UE first. Then, with the

UAV coverage radius constraint [94] and Voronoi tessellation which allows UAV

coverage discs to overlap, distributions of the distances between UEs and their

serving UAVs are given. Based on the distributions, we also derive the proba-

bility of successful transmission using Faa di Bruno’s formula by generalizing

the modelling of small-scale fading using Nakagami fading [96]. Our model

is general enough to account for various types of fadings including Rayleigh

fading for non-line-of-sight (NLoS) scenario and “no-fading” for the dominant

line-of-sight (LoS) scenario. Simulation results also show that one can have a

close match to the coverage probability in the non-fading LoS scenario with an

appropriate choice of the Nakagami parameter.

Note that in this work we focus on UAV-aided ubiquitous coverage. There-

fore, the purpose of deploying UAVs is to offload traffic from ground cells for

hot spots. As the hot spots area relatively fixed we thus assume the UAVs are

stationary and located at the centers of the hot spots. This setting eliminates the

need for optimal location and path finding in this work and we assume using

rotary-wing UAVs that can hover around and act as static aerial base stations [8].

We acknowledge UAV mobility can be allowed for future extension of this work.

5.2 System Model

5.2.1 System Overview

We consider a two-tier HetNet comprised of GBSs and UAVs at constant height

H, and we denote ΦB and ΦD as the sets of BSs and UAVs, respectively. The

2D locations of the GBSs and UAVs are generated by two independent PPPs

with densities λb and λd. Each UAV has its own coverage radius so that UEs

within the radius can be covered by it. We discuss how the coverage radius
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of a UAV is determined in the next subsection. The purpose of deploying the

UAVs is to offload traffic from the GBSs for hot spots such as sporting events,

emergency assemblies or other gatherings. UEs that are not covered by any UAV

are supported by GBSs.

5.2.2 UAV Maximum Coverage Radius

Fig. 5.1: Maximum Coverage Zone of UAV.

As depicted in Fig.5.1, consider the scenario where a UAV at constant height

H serving ground UEs around it. For a generic user that is distance x away

from the ground projection point of the UAV, its Air-to-Ground (ATG) channel

to the UAV has two types of propagation models: LoS and NLoS. According

to [94], the occurrence of LoS and NLoS depends on the elevation angle θ and

the environment. The probabilities of LoS and NLoS are given as

PrLoS(θ) =
1

1 + a exp(−b[θ − a])
,

PrNLoS(θ) = 1− PrLoS(θ),
(5.1)



92 Downlink Coverage Analysis of UAV-Assisted HetNets

where a and b are environmental parameters and θ(x) = arctan(h/x).

Using the free-space path loss model [94] and the LoS and NLoS probabilities

given in (5.1), the expected path loss of a generic UE is [94]

PL(d) = ∑
n

20 log
(

4π f d
c

)
ηnPrn(θ), n ∈ {LoS, NLoS}, (5.2)

where f is the system frequency, c is the speed of light and d =
√

x2 + h2 is

the distance between the UAV and the UE. Note that ηLoS and ηNLoS account for

additional path loss for LoS and NLoS links, respectively, and ηNLoS > ηLoS due

to additional attenuation experienced in NLoS connections.

To define the coverage area of a UAV, a threshold of the path loss PL is cho-

sen so that any UE whose path loss satisfies PL ≤ PLmax is considered to be

within the coverage area of the UAV. Since (5.2) is monotonically increasing as a

function of d, for any height H there exists a single solution d = r, which can be

determined numerically, such that

PLmax = PL(r). (5.3)

We therefore define r(h, PLmax) as the coverage radius of a UAV at height H with

maximum allowable path loss PLmax. Since in this work we assume H and PLmax

to be constants for all UAVs, we let R = r and H = h for the rest of the chapter.

We define the maximum coverage area of a generic UAV Ui as a disk centred at

its ground projection point with radius R, denoted as Bi. Note we refer to the

disk as the maximum coverage area for a UAV as the actual coverage area can

be less as a result of potential overlap with other disks.

5.2.3 Clustered UEs

UAVs are able to provide traffic offloading for hotspot areas where UEs tend to

be scattered around, and we assume the locations of the UEs follow a Thomas
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cluster process (TCP) [13]. A TCP is a doubly-Poisson cluster process [14] where

the parent points (UAVs) follow a homogeneous PPP ΦD of density λd and

the daughter points (UEs) in each cluster are independent and identically dis-

tributed (i.i.d) with the density function of a cluster given as

λUE(x) =
c̄

2πσ2 exp
(
−x2

2σ2

)
, (5.4)

where c̄ is the expected number of UEs in each UE cluster Ψ, and X = x is

the distance between a UE and the ground projection point of its parent UAV.

(5.4) shows that the UEs are normally scattered around each UAV with standard

deviation σ. Furthermore, the cumulative distribution function (CDF) of X is

FX(x) = Pr {X < x}

=

∫ x
0 2πλUE(ξ)ξdξ

c̄

= 1− exp
(
− x2

2σ2

)
,

(5.5)

and the probability density function (PDF) of X is

fX(x) =
x
σ2 exp

(
−x2

2σ2

)
. (5.6)

5.3 Coverage Area Analysis and UE distributions

5.3.1 UAV Coverage Overlapping and UAV Effective Coverage
Area

Although the maximum coverage area of UAV Ui is previously defined as a disk

Bi, it is possible UEs within the disk are not covered by the UAV. In the case

that coverage discs of multiple UAVs overlap with each other, we define the ac-
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tual boundary of areas that are simultaneously covered by multiple UAVs using

Voronoi tessellation [70]

Vi =
{

x ∈ R2 : ‖x− oi‖ ≤ ‖x− oj‖, ∀j 6= i
}

, (5.7)

where ‖x− sk‖ is the distance between point x and ground projection point sk of

UAV Uk. The effective coverage area of UAV Ui is

Ci = Bi
⋂

Vi, (5.8)

which can be seen in Figs 5.2 and 5.3, where overlapping disks are partitioned

into different regions based on distance to UAVs. More specifically, any point

that belongs to the effective coverage area of a UAV is within the coverage radius

of the UAV and there exists no other UAV that is closer to the point.

5.3.2 Clustered UEs vs Nearest UEs and Relevant Distance Dis-
tributions

Clustered UEs vs Nearest UEs

Consider any arbitrary UE ui ∈ Ψi with distance xi to its parent UAV Ui. ui is

covered by Ui if and only if ui ∈ Ci. In other words, if xi > r or if xi < r but

there exists another UAV Uj whose distance to ui is less than xi, then ui /∈ Ci.

The latter corresponds to the case where a UE is covered by UAV that is not its

parent UAV (i.e., ui ∈ Uj). This can happen if the density of UAVs is high or

UAVs are close to each other so that a UE that gathers around one UAV may be

assigned to another, provided that the other UAV is closer to the UE. This can be

seen in Fig 5.2, where each cluster of UAVs and UEs are of the same colour, and

that there are UAVs covering different coloured UEs (UEs from other clusters).

In Fig. 5.3, we change the colouring so that UEs are in the same colour as their
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Fig. 5.2: UAVs and Clustered UEs.

nearest UAV instead of parent UAV as in Fig. 5.2. To circumvent the analytical

problem of parent UAVs not necessarily being the serving UAVs, we define a

random variable Yi which is the distance from an arbitrary UE i to its nearest

UAV ground projection point. For notational simplicity we drop the subscript i

for the remainder of this work.

Distance Distributions of Nearest UAVs

Now consider a UE with X = x, and since Y is the distance to the nearest UAV,

then Y ≤ X. According to the nearest neighbour distribution [14], the condi-
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Fig. 5.3: UAVs and Nearest UEs.

tional CDF of Y is

FY|X=x(y, x) =

1− exp(−λdπy2), if y < x

1, if y ≥ x,
(5.9)

where (5.9) is discontinuous at Y = x. This is because Y follows the well-known

nearest neighbour distribution in a Poisson network for Y < x, however Y can-

not be greater than x since there already exists the UE’s parent UAV at distance

X = x away from the UE. Therefore, we have the conditional PDF of Y

fY|Y<X=x(y) = 2πλdy exp
(
−λdπy2

)
. (5.10)
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Combining (5.6) and (5.9) we derive the unconditional CDF of Y as

FY(y) =
∫ ∞

0
FY|X=x(y, x) fX(x)dx

=
∫ ∞

y
FY|X=x(y, x) fX(x)dx +

∫ y

0
1 fX(x)dx

= 1− exp
(
−λdπy2 − y2

2σ2

)
,

(5.11)

and the unconditional PDF of Y is

fY(y) =

(
2πλdσ2 + 1

)
y exp

(
− y2

2σ2 − πλdy2
)

σ2 . (5.12)

Different from eqs. (5.9) and (5.10), eqs. (5.11) and (5.12) are continuous nearest

UAV distributions of all UEs.

Distance Distributions of Parent UAVs

Since we are interested in UEs within the effective coverage area of UAVs (i.e.,

Y < r), we next derive the CDF and PDF of X conditioning on Y < r.

FX|Y<r(x, r) = Pr {X < r | Y < r}

=
Pr {Y < r | X < x}Pr {X < x}

Pr {Y < r}

=

∫ x
0 FY|X=ξ (r, ξ)

fX(ξ)

FX(x)
dξFX(x)

FY(r)

=

∫ x
0 FY|X=ξ (r, ξ) fX(ξ)dξ

FY(r)
.

(5.13)

We now derive FX|Y<r(x, r) by considering two cases:

Case I : x > r
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FX|Y<r(x, r)

=

∫ r
0 FY|X=ξ (r, ξ) fX(ξ)dξ +

∫ x
r FY|X=ξ (r, ξ) fX(ξ)dξ

FY(r)

=
FX(x)− exp

(
− r2

2σ2 − πλdr2
)
+ exp

(
− x2

2σ2 − πλdr2
)

FY(r)
,

(5.14)

Case II : x < r

FX|Y<r(x, r)

=

∫ x
0 FY|X=ξ (r, ξ) fX(ξ)dξ

FY(r)

=
FX(x)
FY(r)

.

(5.15)

Consequently, we have the PDF of X

fX|Y<r(x, r) =



(
1− eπλdr2

)
xe

r2−x2

2σ2

σ2
(

1− e
r2

2σ2 +πλdr2
) , if x < r

xe−
x2

2σ2

σ2
(

1− e−
r2

2σ2−πλdr2
) , if x ≥ r.

(5.16)

Note that the above conditional distributions FX|x<r(x, r) and fX|Y<r(x,r) are also

discontinuous functions and the discontinuities occur at X = r. Distributions of

X are used later to find the average probability of successful transmission of all

UEs.
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5.4 Signal-to-Interference Analysis

5.4.1 Radio Propagation Model

We consider the two-tier (GBS and UAV) HetNet with devices in each tier trans-

mitting at the same power. We model the wireless links between GBSs/UAVs

and UEs as undergoing large scale fading, path loss and small scale fading. The

received power of a UE ui from UAV Uk is expressed as follows

pUk,i = AU,nd−αU,n
Uk,i gk,i,n, n ∈ {LoS, NLoS}, (5.17)

where AU,n = PUGU,n is the constant part of the received power from a UAV and

is fixed for all UAVs, AU,LoS > AU,NLoS due to the additional attenuation experi-

enced in a NLoS link, dUk,i is the distance between UAV Uk and UE ui, αU,n > 2 is

the exponent of the corresponding link and αU,LoS < αU,NLoS, Small scale fading

gain gk,i,n accounts for Nakagami fading [96] and follows the Gamma distribu-

tion, gk,i,n ∼ Γ(mn, 1
mn

), where parameter mn defines the severity of multipath

fading. We assume gk,i,LoS (gk,i,NLoS) are i.i.d. with parameter mLoS (mNLoS).

Note that Gamma distribution is a generalised distribution that can be applied to

various fadings. For example, setting mNLoS = 1 means that gk,i,NLoS follows an

exponential distribution with unit mean. For the LoS case, to achieve gk,i,LoS = 1

(“no-fading”), which is based on the assumption that the reflected multi-path

component is negligible compared to the LoS component [80, 88, 94, 96], one can

have gk,i,LoS ∼ lim
mLoS→∞

Γ(mLoS, 1
mLoS

). For mathematical tractability and without

loss of generality, we restrict mn to be a positive integer and we will show in sim-

ulations how we can approximate the LoS with an appropriate choice of mLoS.

Similarly, the received power of a UE ui from GBS Bj is

pBj,i = ABd−αB
Bj,i

hBj,i , (5.18)
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where AB = PBGB is the product of transmission power and antenna gain of a

GBS and is fixed for all GBSs, dBj,i is the distance between GBS Bj and UE ui,

αB > 2 is the path loss exponent of any GBS and UE link, and small scale fading

gain hBj,i is exponentially distributed with unit mean. Without loss of generality,

we drop the subscript i for notational simplicity in the next subsection.

5.4.2 UAV Probability of Successful Transmission Analysis

SIR and Relation to the Laplace Transform

We consider an interference limited network and the UAV probability of suc-

cessful transmission is defined as the SIR at the UE being above a pre-defined

threshold τ. The SIR is defined as

ζ =
PUq

I
=

AU,nd−αU,n
Uq

gq,n

I
, n ∈ {LoS, NLoS} (5.19)

where the total interference power is

I = ∑
j∈ΦB

ABd−αB
B,j hj + ∑

k∈ΦD\q
∑
n
1k,n AU,nd−αU,n

Uk
gk,n. (5.20)

1k,n in (5.19) and (5.20) represents the indicator function which determines if a

link between the UE and UAV k is LoS or NLoS. Note that a UAV’s UE is always

served by the nearest UAV, therefore dUq =
√

y2 + h2 and q represent the nearest

UAV to the UE. Now for a UE with given n, X and Y, its UAV transmission

successful probability is formally given as

Pr {ζ > τ | n, X, Y} = Pr

AU,nd−αU,n
Uq

gq,n

I
> τ

 , (5.21)
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note that although only y appears on the numerator in (5.21), X has an impact

on I if X 6= Y, and therefore (5.21) conditions on variable X. For notational sim-

plicity, let ρq,n = AU,nd−αU,n
Uq

, and then (5.21) can be calculated as the following

using a similar approach as in [96]

Pr {ζ > τ | n, X = x, Y = y}

=Pr

{
gq,n >

τ I
ρq,n

}
(a)
=EI

exp
(
−mn

τ I
ρq,n

) mn−1

∑
k=0

(
mn

τ I
ρq,n

)k

k!


=

mn−1

∑
k=0

(
mn

τ
ρq,n

)k

k!
EI

[
exp

(
−mn

τ I
ρq,n

)
Ik
]

(b)
=

mn−1

∑
k=0

sk

k!
EI

[
exp (−sI) Ik

]
=

mn−1

∑
k=0

(−s)k

k!
∂kLI(s)

∂sk ,

(5.22)

where (a) holds because gq,n ∼ Γ(mn, 1
mn

) and mn is a positive integer so that the

CDF of gq,n as Fgq,n(c) = 1− Γ(mn,mnc)
Γ(mn)

= 1− exp(−mnc)∑mn−1
k=0

(mnc)k

k! . We obtain

(b) by setting s = mnτ/ρq,n.

We can now see that the outage probability can be calculated from the Laplace

transform of interference I and its derivatives. We next calculate the Laplace

transform of I and find its kth derivative subsequently.



102 Downlink Coverage Analysis of UAV-Assisted HetNets

The Laplace transform of I can be written as follows:

LI(s) = EI [exp (−sI)]

(a)
= E

[
∏

j∈ΦB

exp
(
−sABd−αB

Bj
hj

)]
︸ ︷︷ ︸

LIBS
(s)

×

E

 ∏
k∈ΦD\q

exp

(
−∑

n
s1k,n AU,nd−αU,n

Uk
gk,n

)
︸ ︷︷ ︸

LIUAV (s)

,

(5.23)

where n ∈ {LoS, NLoS} and (a) holds because locations of ΦB and ΦD are gener-

ated by two independent homogeneous PPPs. Using the probability generating

functional (PGFL) we have [14]

LIBS(s) = exp
(
−
∫ ∞

0
Eh

[
1− exp

(
−sABd−αB

B h
)]

2λbπdB ddB

)
= exp

(
−λbπΓ(1 + δ)Aδ

BΓ(1− δ)sδ
)

,
(5.24)

where δ = 2/αB and E[hδ] = Γ(1 + δ) assuming h has an exponential distribu-

tion with mean equal to 1. Note that calculations of LIUAV(s) are different when

X = Y and X > Y, and we will discuss and calculate the Laplace transforms and

probabilities separately.

Probability of Successful Transmission when X = Y

If X = Y, calculations of the interference is easier since the parent UAV acts

as the serving cell and therefore has no contributions to the interference. The
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Laplace transform of UAV interference is

LIUAV(s | Y = y, X = y)

=E

 ∏
k∈ΦD\q

exp

(
−∑

n
s1k,n AU,nd−αU,n

Uk
gk,n

)
(a)
=Ek

 ∏
k∈ΦD\q

(
∑
n
Prk,nEgk,n

[
exp

(
−sAU,nd−αU,n

Uk
gk,n

)])
(b)
=Ek

 ∏
k∈ΦD\q

∑
n
Prk,n

1 +
sAU,nd−αU,n

Uk

mn

−mn
(c)
= exp

∫ ∞

y

∑
n
Prn(l)

(
1 +

sAU,n(l2 + h2)−
αU,n

2

mn

)−mn

− 1

 2πλdl dl

 ,

(5.25)

where as in (5.1), PrLoS(l) =
1

1 + a exp (−b [arctan (h/l)− a])
and PrNLoS(l) =

1− PrLoS. Note that (a) follows from the independence of fading, (b) follows

from the moment generating function (MGF) of the Gamma distribution and (c)

follows from the PGFL. For notational simplicity, we will now rewrite

LI(s | Y, X = Y) = LIBS(s)LIUAV(s | Y, X = Y) as exp (F(s) + G(s)) = exp(χ(s)),

and by using Faa di Bruno’s formula [108] for the generalised chain rule, we ob-

tain the kth derivative of LI(s | Y, X = Y) as

∂kLI(s | Y = y, X = y)
∂sk

=
k

∑
i=1

exp (χ(s))∑
k!

j1!j2! . . . jα!
×
(

1
1!

∂1χ(s)
∂s1

)ji
. . .
(

1
α!

∂αχ(s)
∂sα

)jα
,

(5.26)

where the inner sum is the summation over all partitions such that ∑α
q=1 jq = i,

∑α
q=1 jqq = k. Since the Laplace transform is a natural exponential function,

its derivative is substantially reduced. The derivatives of the exponents can be
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calculated as

∂kχ(s)
∂sk =

∂kF(s)
∂sk +

∂kG(s)
∂sk

∂kF(s)
∂sk = −λbπΓ(1 + δ)Aδ

BΓ(1− δ)
k−1

∏
i=0

(δ− i)sδ−k,

∂kG(s)
∂sk = ∑

n

∫ ∞

y

(
k−1

∏
i=0

(−mn − i)

)(
AU,n

(
l2 + h2)− αU,n

2

mn

)k

Prn(l)

(
1 +

sAU,n
(
l2 + h2)− αU,n

2

mn

)−mn−k

2πλdldl.

(5.27)

Now, given that a UE’s parent UAV is its serving UAV (i.e., X=Y) and n ∈
{LoS, NLoS}, we can calculate the probability of successful transmission of the

UE as:

Pr {ζ > τ | n, Y = y, X = y}

=
mn−1

∑
k=0

(−s)k

k!
∂kLI(s | Y = y, X = y)

∂sk

∣∣∣∣
s=mnτ/(AU,ny−αU,n )

.
(5.28)

Note that as we increase mLoS, to better approximate LoS (i.e., “no-fading”) of

the serving UAV-UE channel, the computation time increases exponentially due

to the higher and more orders of derivatives needed to be evaluated. Therefore,

for the serving UAV, mLoS should be chosen carefully to keep evaluation time

reasonable. On the order hand, as shown in (5.27), the order of mLoS of the in-

terfering UAVs only has an impact on the calculations of each derivative. As a

result, one can choose a relatively larger mLoS for interfering UAVs.

Probability of Successful Transmission when X > Y

In the case that the parent UAV is not the nearest (serving) UAV, the parent acts

as an interferer. Therefore, when X > Y, the interferers are the set of drones
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whose ground distance to the UE ranges from y to ∞ following a 2D Poisson

distribution, and the parent UAV that is at ground plane distance x from the UE.

Denoting p as the parent UAV, the Laplace transform of the interference is then

LIUAV(s | Y = y, X = x, x > y)

=E

[
exp

(
−∑

n
s1p,n AU,nd−αU,n

Up
gp,n

)
∏

k∈ΦD\q,p
exp

(
−∑

n
s1k,n AU,nd−αU,n

Uk
gk,n

)]

=

(
∑
n
Prn(x)Egp,n

[
exp

(
−sAU,nd−αU,n

Up
gp,n

)])
E

 ∏
k∈ΦD\q,p

exp

(
−∑

n
s1k,n AU,nd−αU,n

Uk
gk,n

)
=

(
∑
n
Prn(x)

(
1 +

sAU,nd−αU,n
Up

mn

)−mn
)

︸ ︷︷ ︸
LIp (s|X=x)

LIUAV(s | Y = y, X = y),

(5.29)

where dUp =
√

x2 + h2. (5.29) is effectively the product of (5.25) and the Laplace

transform of interference from the parent UAV. Based on this, we can write the

Laplace transform of the total interference for x > y as:

LI(s | Y = y, X = x, x > y)

=LIp(s | X = x)LI(s | Y = y, X = y),
(5.30)

and using the general Leibniz rule to find its kth derivative

∂kLI(s | Y = y, X = x, x > y)
∂sk

=
k

∑
i=0

(
k
i

)
∂k−iLIp(s | X = x)

∂sk−i
∂iLI(s | Y = y, X = y)

∂si ,
(5.31)

where
∂jLIp (s|X=x)

∂sj = ∑n ∏
j−1
i=0(−mn− i)Prn(x)

(
1 +

sAU,nd
−αU,n
Up

mn

)−mn−j(
AU,nd

−αU,n
Up

mn

)j

,

dUp =
√

x2 + H2 and ∂iLI(s|Y=y,X=y)
∂si is given in (5.26). Plugging (5.31) into (5.22)
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gives the probability of successful transmission when x > y:

Pr {ζ > τ | n, Y = y, X = x, x > y}

=
mn−1

∑
k=0

(−s)k

k!
∂kLI(s | Y = y, X = x, x > y)

∂sk .
(5.32)

Overall Probability of Successful Transmission

We now put everything together to calculate the average probability of success-

ful transmission of UEs that are within the UAVs’ coverage disks. Combining

(5.1) with (5.28) and (5.32) gives the probability of successful transmission con-

ditioning on knowing the parent cell is the serving cell and the distance to the

cell:

Pr {ζ > τ | Y = y, X = y}

=∑
n
Prn(y)Pr {ζ > τ | n, Y = y, X = y} ,

(5.33)

as well as the conditional probability given that parent cell and serving cell being

different and the distances to the two cells

Pr {ζ > τ | Y = y, X = x, x > y}

=∑
n
Prn(y)Pr {ζ > τ | n, Y = y, X = x, x > y} .

(5.34)

Combining with (5.9) to average out Y to give the conditional probability given

that the distance to the parent UAV is known and the UE is within the coverage

disk the parent UAV, results in:

Pr {ζ > τ | R = r, X = x, x < r, Y < r} =∫ x

0
fY|Y<X=x(y)Pr {ζ > τ | Y = y, X = x, x > y} dy

+
(

1− FY|X=x=Y(x)
)
Pr {ζ > τ | X = x, Y = x} ,

(5.35)
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and the conditional probability given that the distance to the parent UAV is

known and the UE is outside the coverage disk the parent UAV

Pr {ζ > τ | R = r, X = x, x ≥ r > Y} =∫ r

0

fY|Y<X=x(y)
FY|X=x(r)

Pr {ζ > τ | Y = y, X = x, x > y} dy.
(5.36)

Now the average transmission probability of a UE that is within the coverage

disk of its nearest UAV can be computed as

Pr {ζ > τ | R = r, Y < r}

=
∫ r

0
Pr {ζ > τ | R = r, X = x, x < r, Y < r} fX|Y<r(x, r)dx

+
∫ ∞

r
Pr {ζ > τ | R = r, X = x, x ≥ r > Y} fX|Y<r(x, r)dx.

(5.37)

5.5 Simulation Results

In this section we run some simulations to verify the analytical results and pro-

vide some insights. The simulation parameters used are summarised in Table

5.1. Note that mLoS has different values for serving and interfering UAVs. As

discussed previously, we choose relatively small values (i.e., mLoS ∈ {1, 5, 9})
for Nakagami fading in the link between serving UAV and the UE due to the

limitation of computation time.

Fig. 5.4 shows the CDFs of distances between a generic UE and its nearest

UAV (Y) and its cluster parent UAV (X). Conditioning on a UAVs coverage area

is limited by radius R = 0.05km, we can see how the distributions of Y and X

change compared to FY and FX. Despite the changes, FX|R is still always less

than FY|R which indicates X ≥ Y. In addition, although Y ≤ R due to the radius

constraint, X can still be greater than R. This happens when a UE’s distance to

its own parent UAV is more than R and it is covered by another UAV whose
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Tab. 5.1: Simulation Parameters.

Parameter Description

GBS power PB 37dBm

UAV power PU 24dBm

GBS constant pathloss GB −14.54dB

UAV (LoS) constant pathloss GU,LoS −10.5dB

UAV (NLoS) constant pathloss GU,NLoS −14.5dB

GBS pathloss exponent αB 3.67

UAV pathloss exponent (LoS) αU,LoS 2.5

UAV pathloss exponent (NLoS) αU,NLoS 3.0

LoS probability parameters a, b 11.95, 0.136

Nakagami fading parameter mNLoS 1

Nakagami fading parameter (interfering) mLoS 40

number of UEs per cluster c̄ 20

UE distribution variance σ2 0.042

GBS density λb 3/km2

UAV density λd 10/km2

distance to the UE is less than R.

Figs. 5.5 and 5.6 collectively show that when mLoS ≥ 5, it provides a good

approximation for the ‘no-fading’ case where mLoS → ∞. It also appears that the

probability is an increasing function of mLoS with an upper bound being the ‘no-

fading’ case. This is true because the elimination of uncertainty in the serving

UAV’s fading will result in a deterministic serving power, which happens to be

more likely to cause the SIR to sit above the threshold. For example, without

fading, the SIR of a UE served by a LoS UAV is always above the threshold,

and by introducing fading the certainty is not guaranteed any more despite the

same expected serving power. However, this is not always the case. One can see

from Fig. 5.7 that when UAV’s height is above 70m, the probability of successful

transmission becomes a decreasing function of mLoS. This is because using our
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Fig. 5.4: CDFs of X and Y with R=50m.

simulation parameters, the LoS probability in (5.1) shows that almost all UE-

UAV links are LoS when h is above 70m and UEs are located within the radius

R = 50m. In addition, one can see from the mLoS = ∞ curve that for h > 70m,

the probability is very low at approximately 15%, therefore introducing fading or

uncertainty will make the SIR more likely to fluctuate to be above the threshold.

5.6 Conclusion

In this chapter, we considered a two-tier HetNet and studied the coverage per-

formance of UAVs that are at constant height and have limited coverage radius.

We assumed that the locations of UEs are distributed according to a TCP around
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Fig. 5.5: UAV Probability of Successful Transmission with τ = 20 and H = 10m.

the projection points of UAVs. We derived the closed-from distributions of dis-

tances from a UE to the ground projection of its serving (nearest) UAV and the

ground projection of its cluster centre UAV. In addition, we also found the cov-

erage probability of any UE within the coverage disk of a UAV by modelling

the small scale fading as Nakagami fading in order to capture the nature of both

NLoS and LoS connections. In the end, the average coverage probability of any

UE is found by averaging over the distance distributions. Analytical results are

verified by simulations and LoS coverage probability was also accurately ap-

proximately by choosing appropriate Nakagami fading parameters.



5.6 Conclusion 111

0 5 10 15 20 25

SIR threshold 

0.1

0.2

0.3

0.4

0.5

0.6

0.7

T
ra

n
s
m

is
s
io

n
 S

u
c
c
e
s
fu

l 
P

ro
b
a
b
ili

ty

Simulation m
LoS

=1

Analytic m
LoS

=1

Simulation m
LoS

=5

Analytic m
LoS

=5

Simulation m
LoS

=9

Analytic m
LoS

=9

Simulation m
LoS

=

Fig. 5.6: UAV Probability of Successful Transmission with R = 50m and H =
10m.

0 0.02 0.04 0.06 0.08 0.1

UAV Height (km)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

T
ra

n
s
m

is
s
io

n
 S

u
c
c
e
s
fu

l 
P

ro
b
a
b
ili

ty

Simulation m
LoS

=1

Analytic m
LoS

=1

Simulation m
LoS

=5

Analytic m
LoS

=5

Simulation m
LoS

=9

Analytic m
LoS

=9

Simulation m
LoS

=

Fig. 5.7: UAV Probability of Successful Transmission with τ = 1 and R = 50m.





6
Conclusion

6.1 Summary

In this thesis, we focused on modelling and analyzing challenges in handover

support that are brought on by cell densification in the next generation of cellu-

lar networks. In addition, we also performed a downlink coverage analysis of

unmanned aerial-vehicle-assisted networks.

In Chapter 3, with a focus on different phases in the handover process, we

presented a context-aware multi-target cell HO modelling in UDNs by using a

Markov chain which is enabled by a discretization of the UE trajectory. The event

of HO failure was considered and a UE’s connection probability to different cells

at each spatial interval was calculated. Using the probabilities, as well as the

113
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expected throughput calculated at each interval, the overall expected through-

put along a UE’s trajectory was given. To tackle the issue of load imbalance in

heterogeneous networks, we proposed a simple HO threshold biasing condition

which provides a guaranteed throughput of small cells. We also revealed some

insight of the impact of UE speed, handover parameters, and biasing factors on

handovers in simulations. From this work, it is clear that optimal HO param-

eters depend on various factors which are difficult to choose in real time. For

example, UE trajectory so as its distances to small cells can be unpredictable as

user moves. Therefore, we consider machine-learning as an important future

possibility for more intelligent HO decision making.

In Chapter 4, a general model of overlapping small cells with various radii

was proposed and Poisson Voronoi Tessellation was used to determine their cov-

erage areas in UDNs. Closed-form results of expectations of the small cell cov-

erage ratio, coverage size and coverage overlapping ratio were given based on

this coverage model. In order to derive the UE boundary-crossing event for an

arbitrary UE trajectory, the expected boundary length of a small cell of given cov-

erage radius was given. In addition, using the linear contact distribution gave

us the CDF of the small cell chord length, which was used to derive CDF of the

UE sojourn time assuming a straight-line mobility model within small cells in

UDNs. We claimed that, with low to moderate direction-changing mobility pa-

rameters, this assumption was a close match to the modified random way point

mobility model especially in the context of UDNs where small cell coverages

are usually limited and changes in directions are relatively rare. Furthermore,

the probability of undesirable ping-pong HOs was also given. Results from this

chapter can provide network carriers more insight on optimizing network pa-

rameters to reduce HO overhead and user experience. For example, users can

be assigned with different Time-to-Trigger constants to facilitate HOs to small

cells or to avoid ping-pong HOs. The results are also applicable to network

planning where local user mobility patterns can now be considered for smarter
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small cell deployment. For future work, the most important extension would

be to develop a more generalized mobility model and derive a UE sojourn time

distribution accordingly.

In Chapter 5, we performed a downlink coverage analysis of a cellular net-

work assisted by unmanned aerial vehicles (UAVs) whose altitude is constant

and coverage radius is limited. As we considered a scenario where the UAVs are

deployed for network congestion relief in traffic hotspots, we realistically model

the UEs distribution to follow the Thomas Cluster Process around the ground

projection of each UAV. Based on this cluster distribution, closed-from distribu-

tions of distances from a UE to the projection of its serving (nearest) UAV and

the projection of its cluster centre UAV were given. Furthermore, using the UE

distance distributions together with the coverage probability of any UE within

the coverage disk of a UAV, the expected coverage probability of any UE was

found by averaging over the distance distributions. In the coverage probability

calculations, the small scale fading between a UE and a UAV was modelled by

Nakagami fading in order to capture the nature of both NLoS and LoS channels.

We were also able to show that LoS fading can be approximated by choosing a

relatively small Nakagami fading parameter to reduce the computation required

for the calculations of Faa Di Bruno’s formula. This work can be extended by us-

ing other realistic user distribution models. In addition, the potential of UAV co-

ordination to improve coverage performance of edge users can also be exploited.

6.2 Future Work

In this section we highlight the potential extensions to each chapter in this thesis.

• Chapter 3

– Using non-stochastic, learning-based method for more intelligent HO

decision making. This could be more beneficial because using more
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generalized fading model or assuming out-of-band spectrum deploy-

ment for different tiers of base stations will only make HO transition

probability and HO threshold condition mathematically intractable.

As a result, there is a need to deploy non-stochastic method in order

to make real-time HO decision.

– Proposing inter-cell coordination to reduce inter-cell interference as

well as the frequency of handover failures. This is important espe-

cially for HOs from a small cell to a macro cell as macro cell can act as

a severe interferer due to transmitting power difference in HetNets.

• Chapter 4

– Deriving distribution of user sojourn time based on more generalized

user mobility model, which can allow for change in direction and/or

pause when travelling within the small cell. This will lead to a more

realistic mobility model.

– Generalizing to include more tiers of base stations. This will make the

shape of small cell coverage more irregular which is more realistic.

• Chapter 5

– Based on dynamic UE distributions (i.e. UE mobility), find optimal

UAV path-planning, locations and HO strategy to maximize coverage

probability.

– Considering battery-constraint and optimal battery replenishment strat-

egy to minimize the impact on coverage probability.
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Appendix of Chapter 3

A.1 Expected throughput Integration

Let a = ρx
ρz

and b = ρx
ρy

so (3.7) can be rewritten as

f G
H
(δx) =

ab
b− a

(
1

(δx + a)2 −
1

(δx + b)2

)
, (A.1)
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then substitute (A.1) into (3.8) the expected throughput can be computed as

E [Cx] =
W
nx

∫ ∞

0
log2 (1 + δx) f G

H
(δx)dδx

=
W
nx

∫ ∞

0
log2 (1 + δx)

ab
b− a

(
1

(δx + a)2 −
1

(δx + b)2

)
ddeltax

=
W
nx

ab
b− a

∫ ∞

0
log2 (1 + δx) d

(
1

δx + b
− 1

δx + a

)
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W
nx

ab
b− a

(
1

δx + b
− 1

δx + b

)
log2(1 + δx)

∣∣∣∞
0
−

W
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b− a

1
ln 2

∫ ∞

0

(
1

δx + b
− 1

δx + b
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1

1 + δx
dδx

= 0 +
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nx
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1
ln 2

(
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a− 1
− ln b

b− 1
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=
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nx
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b− a

(
log2 a
a− 1

−
log2 b
b− 1

)
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W
nx

ρx

ρz − ρy

(
log2

ρx
ρz

ρx
ρz
− 1
−

log2
ρx
ρy

ρx
ρy
− 1

)
.

(A.2)

A.2 Expected throughput in the existence of arbitrary
number of cells

Similar as in Section 3.3, we call the serving cell as cell x and we assume there

are n number of interfering cells. Then at any spatial interval k ∈ {1, 2, . . . , NL}
the SIR for cell x is

δx =
rx

∑n
i=1 ri

=
ρxhx

∑n
i=0 ρihi

, (A.3)

note that k is omitted for simplicity, rx is UE’s received power from serving cell x

and ri is UE’s received power from interfering cell i. Here we also assume all the

small scale fading h is i.i.d. distributed with parameter λ. Letting G = rx and
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H = ∑n
i=1 ri we have the pdf of G as fG(t) = λxe−λxt and the pdf of H as [101]

fH(t) =
n

∑
i=1

n

∏
j=1,j 6=i

λj

λj − λi
λi exp (−λit) , (A.4)

where λx = λ
ρx

and λk = λ
ρk

, ∀ k ∈ {1, 2, 3, . . . , n}. The SIR G
H is a ratio of two

independent hypo-exponential random variables, therefore we have its pdf [101]

f G
H
(δx) =

n

∑
i=1

∏n
j=1,j 6=i

λj
λj−λi

λi
λx(

t + λi
λx

)2

=
n

∑
i=1

∏n
j=1,j 6=i

ρi
ρi−ρj

ρx
ρi(

t + ρx
ρi

)2 .

(A.5)

Using the pdf of the SIR (A.5) we can find the expected throughput of UE at any

spatial interval as

E [Cx] =
W
nx

∫ ∞

0
log2 (1 + δx) f G

H
(δx)dδx

=
W
nx

n

∑
i=1

∏n
j=1,j 6=i

λj
λj−λi

λi
λx

log2

(
λi
λx

)
λi
λx
− 1

.
(A.6)

The above result is a generalised expression for (3.9). In the case of n = 2 so that

there are only two interfering cells (x and y), (A.6) is equivalent to (3.9).

A.3 Matrix Representations of Markov Chain

To represent the Markov Chain in Figure 3.2 mathematically, now define column

vector Pk
xy as a (Nt + Nh + 1)× 1 vector to represent probability distribution of

HO transitions from cell x to cell y at spatial interval k. And define Tk
xy as the

transition matrix to update Pk
xy.
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1− pk
xy 1− pk

xy 1− pk
xy · · · · · · · · · 1− pk

xy 0 0 · · · 0 1

pk
xy 0 0 · · · · · · · · · 0 0 0 · · · 0 0

0 pk
xy 0 · · · · · · · · · 0 0 0 · · · 0 0

0 0 pk
xy · · · · · · · · · 0 0 0 · · · 0 0

...
...

... .
...

...
... · · · ...

...
...

...
... .

...
...

... · · · ...
...

0 0 0 · · · · · · pk
xy 0 0 0 · · · 0 0

0 0 0 · · · · · · 0 1 0 0 · · · 0 0
0 0 0 · · · · · · 0 0 1 0 · · · 0 0
0 0 0 · · · · · · 0 0 0 1 · · · 0 0
...

...
...

...
...

...
...

...
...

...
...

0 0 0 · · · · · · 0 0 0 0 · · · 1 0





Nt

Nt + 1 Nh

Nh

Fig. A.1: transition matrix Tk
xy

Also initialize the probability state vector P0
xy as a (Nt + Nh + 1)× 1 vector

P0
xy =

[
1 0 0 · · · 0

]T
.

Now we can calculate Pk
xy, which is the probability distribution vector for cell

x → y counter at interval k, as:

Pk
xy = Tk

xyTk−1
xy . . . T2

xyT1
xyP0

xy =
1

∏
i=k

Ti
xyP0

xy. (A.7)

Being a (Nt + Nh + 1) × 1 vector, Pk
xy tells the probabilities of all the states at

spatial interval k. The last term in Pk
xy, Pr

{
HNh

xy

}
, is the probability of having

HO state transition from cell x to y completed at spatial interval k. It is also

the HO probability from cell x to y given there are not other HO state transition

finished at the same spatial interval.
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B.1 Proof of Corollary 4.2

Consider an arbitrary point p on R2, the PDF of the nearest SBS distance from p

is

fdp2s(xp) = 2λsπxp exp(−λsπx2
p). (B.1)

121
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Combining equations (4.3) and (B.1), the probability that p is covered by any SBS

is

Pr

{
p ∈

⋃
k∈Φs

Ck

}
=Pr

{
Ri > ‖p− si‖

∣∣∣ ‖p− si‖ ≤ ‖p− sj‖, ∀j 6= i
}

=
∫ ∞

0

(
1− FRi(xp)

)
fdp2s(xp)dxp

=
a2λs

a2λs + λm
.

(B.2)

B.2 Proof of Theorem 4.3

Let p be a point chosen uniformly at random within Di. Since we have Ci ⊂ Di,

then Pr {p ∈ Ci | p ∈ Di} < 1, which indicates the effect of overlapping circular

coverage areas of SBSs. We here calculate Pr {p ∈ Ci | p ∈ Di}.

First consider point p is distance ρ from si and si has a coverage radius ri > 0,

then the event p is within Ci is equivalent to that si is the nearest SBS to p

Pr
{

p ∈ Ci

∣∣∣ p ∈ Di, Ri = ri, ‖p− si‖ = ρ
}
= vλs (B(si, ρ)) = exp

(
−λsπρ2

)
.

(B.3)

Then since f‖p−si‖(ρ) =
2πρ
πρ2 ,

Pr
{

p ∈ Ci

∣∣∣ p ∈ Di, Ri = ri

}
=
∫ ri

0
Pr
{

p ∈ Ci

∣∣∣ p ∈ Di, Ri = ri, ‖p− si‖ = ρ
}

f‖p−si‖(ρ)dρ

=
1− exp

(
−λsπr2

i
)

λsπr2
i

.

(B.4)
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Lastly by using (4.4) we obtain

Pr
{

p ∈ Ci

∣∣∣ p ∈ Di

}
= lim

δ→0

∫ ∞

δ
Pr
{

p ∈ Ci

∣∣∣ p ∈ Di, Ri = ri

}
fRi(ri)dri

=
2λm

a2λs
lim
δ→0

∫ ∞

δ

1− exp
(
−λsπr2

i
)

ri
exp

(
−λmπ

(ri

a

)2
)

dri

=
2λm

a2λs
lim
δ→0

∫ ∞

δ

exp
(
−λmπr2

i /a2)
ri

dri

− 2λm

a2λs
lim
δ→0

∫ ∞

δ

exp
(
−λsπr2

i − λmπr2
i /a2)

ri
dri

=
λm

a2λs

(∫ C

A

exp(−u)
u

du−
∫ D

B

exp(−v)
v

dv
)

=
λm

a2λs

(∫ ∞

A

exp(−t)
t

dt−
∫ ∞

C

exp(−t)
t

dt
)

− λm

a2λs

(∫ ∞

B

exp(−t)
t

dt−
∫ ∞

D

exp(−t)
t

dt
)

= lim
ri→0

λm

a2λs

(∫ ∞

u

exp(−t)
t

dt−
∫ ∞

v

exp(−t)
t

dt
)

− lim
ri→∞

λm

a2λs

(∫ ∞

u

exp(−t)
t

dt−
∫ ∞

v

exp(−t)
t

dt
)

=
λm

a2λs

(
lim
ri→0

(E1(u)− E1(v))− lim
ri→∞

(E1(u)− E1(v))
)

,

(B.5)

where u =
πλmr2

i
a2 , v =

π(a2λs+λm)r2
i

a2 and A = lim
ri→0

u, C = lim
ri→0

v, B = lim
ri→∞

u, D =

lim
ri→∞

v. E1(x) =
∫ ∞

x
exp(−t)

t dt is the exponential integral function. Furthermore,

since lim
ri→∞

E1(u) = lim
ri→∞

E1(
πλmr2

i
a2 ) = 0 and lim

ri→∞
E1(v) = lim

ri→∞
E1(

π(a2λs+λm)r2
i

a2 ) =
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0, we have

Pr
{

p ∈ Ci

∣∣∣ p ∈ Di

}
=

λm

a2λs
lim
ri→0

(E1(u)− E1(v))

(a)
=

λm

a2λs
lim
ri→0

((−γ− log (u))− (−γ− log (v)))

=
λm

a2λs
log
(

a2λs + λm

λm

)
,

(B.6)

where (a) is given by the expansions of exponential integral function in [109], γ

is the Euler Mascheroni constant and log represents the natural logarithm.

B.3 Proof of Theorem 4.4

Fig. B.1: Infinitesimal Small Voronoi Boundary Length

Without loss of generality, consider a typical SBS i at Si with coverage disk

radius ri and its boundary consists of n number of boundary segments (Voronoi

or circular boundary segment) with each being defined by an infinitesimal angle
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γ = lim
n→∞

2π/n. Consider a point p that belongs to the boundary of i and denote

‖Si − p‖ = χ, when χ = ρ we have the length of a boundary segment crossing

point p

∆Ω ∈


2π
n

ρ
θ/2 + O(1/n) = ∆Ωv|χ,Θ, if ρ < ri

2π
n ri = ∆Ωc, if ρ ≥ ri,

(B.7)

where Θ = θ is shown in Fig. B.1 and since n→ ∞ the Little-O term O(1/n) goes

to 0. Note that ∆Ωv|χ,Θ = ‖g − p‖ is the length of Voronoi boundary segment

between SBSs i and j. By isotropy of an SBS’s boundary, the expected boundary

length of i is

Ω(ri) = lim
n→∞

n

∑
k=1

E [∆Ω] = lim
n→∞

nE [∆Ω] . (B.8)

From equations (B.7) and (B.8) we can see that to calculate Ω(ri) we also need

PDFs of χ and Θ.

Firstly, the probabilities related to the realization of χ are

Pr {χ < ri} = Fχ(ρ) = 1− exp(−λsπr2
i ) (B.9)

Pr {χ ≥ ri} = exp(−λsπr2
i ), (B.10)

and PDF of χ is

fχ(ρ) = 2λsπρ exp(−λsπρ2). (B.11)

In order for the Voronoi boundary to intersect between [ρ, ρ + dρ] as per Fig.

(B.1), sj needs to be inside the crescent created by circle centred at (ρ, 0) with

radius ρ and circle centred at (ρ + dρ, 0) with radius ρ + dρ. Given the coordi-

nate sj = [ρ(1 + cos θ), ρ sin θ], dxsj dysj = (1 + cos θ)ρdθdρ as the area element

changes by the Jacobian determination of Cartesian-polar transformation. Since
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sj is uniformly distributed across the crescent, the PDF of Θ is

fΘ(θ) =
dxsj dysj

(π(ρ + dρ)2 − πρ2)/2
1
dθ

=
(1 + cos θ)

π
. (B.12)

Therefore, combining equations (B.7), (B.8), (B.11) and (B.12) we have the ex-

pected Voronoi boundary length of cell i

Ωv(ri) = lim
n→∞

nE
[
∆Ω1{ρ<ri}

]
= lim

n→∞
n
∫ ri

0

∫ π

0
∆Ωv|χ,Θ fχ(ρ) fΘ(θ)dθdρ

=
4 erf(

√
πλsri)√
λs

− 8ri exp(−λsπr2
i ),

(B.13)

and expected circular boundary length

Ωc(ri) = lim
n→∞

nE
[
∆Ω1{ρ≥ri}

]
= 2πri exp(−λsπr2

i ). (B.14)

B.4 Proof of Theorem 4.5

As defined in (4.6), a ECC is defined as the intersection of the coverage disk of

a SBS and its Voronoi cell. Therefore, the ECC of a SBS does not depend on the

radii of any other SBSs. Based on this argument, in this proof we consider a

network where all SBSs have the radius R = r for the purpose of deriving CDF

of chord length of ECC for a given radius. Following the notations in [70], we

let the union of ECCs in the network form a random closed set Ξ = ∪i≥1Ci. Ξ

represents the area covered by SBSs, whereas Ξc = R2 \ Ξ represents the area

covered by MBSs.

Without loss of generality, consider the origin o belongs to a randomly di-

rected line g whose direction is determined by choosing a random point W uni-

formly distributed on the boundary of B (o, 1), i.e., W ∈ ∂B (o, 1). We denote the
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angle between W and x-axis as α. Let Xo be the first time that g intersects with

the boundary of an ECC in the direction of o to W . Define the remaining chord

length CDF conditioned on the event {o ∈ Ξ} as

HL|R(t, r) = Pr {‖Xo‖ ≤ t | o ∈ Ξ} . (B.15)

Note that HL|R(t, r) is a biased distribution for the remaining chord length since

we condition on the event {o ∈ Ξ}. Let L be the length of a typical chord length

generated by the intersection of g and ECCs. Let FL|R(l, r) be the CDF of L. We

note that FL|R(l, r) is the unbiased distribution of the total chord length contained

in an ECC. The relationship between them is given as [70]

HL|R(t, r) =
1

mL

∫ l

0

(
1− FL|R(l, r)

)
dt,

where mL is the average chord length, i.e., mL =
∫ ∞

0 ldFL|R(l, r), and HL|R(t, r)

is also known as Linear Contact Distribution. Our aim is to obtain FL|R(l, r) by

obtaining HL|R(t, r) first.

First let S? be the location of the SBS closest to the origin and C? be the ECC

associated with the SBS. Let also o′ = tW , which is the point on the line g and t

distance away from o in the direction of o to W . Then,

HL|R(t, r) (B.16)

= 1− Pr {‖Xo‖ > t | o ∈ Ξ}
(a)
= 1− Pr

{
o′ ∈ C? | ‖S?‖ < r

}
(b)
= 1− Pr

{
o′ ∈ B (S?, r) & Φ!S?

s ∩ B
(
o′,
∥∥o′ − S?

∥∥) = ∅ | ‖S?‖ < r
}

where (a) follows from the observation that the line segment

go,o′ = {θW : 0 ≤ θ ≤ t} is in C? if its both endpoints are in C? (i.e., C? is a

convex set) and the condition ‖S?‖ < r is equivalent to o ∈ C?. (b) follows be-
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cause o′ ∈ C? if and only if Φ!S?

s ∩ B (o′, ‖o′ − S?‖) = ∅ (i.e., the SBS located at

S? is the closest SBS to o′) and o′ ∈ B (S?, r) (i.e., o′ is in the coverage disc of

the SBS located at S?). To calculate the probability in (B.16) we first note that the

conditional PDF of ‖S?‖ is given as

f‖S?‖ | ‖S?‖<r(ρ) =
2λsπρ exp

(
−λsπρ2)

1− exp(−λsπr2)
, ρ ∈ [0, r] , (B.17)

and for a given value of ‖S?‖, Pr
{

Φ!S?

s ∩ B (o′, ‖o′ − S?‖) = ∅
∣∣ ‖S?‖ < r

}
is

Pr
{

Φ!S?

s ∩ B
(
o′,
∥∥o′ − S?

∥∥) = ∅
∣∣ ‖S?‖ ρ < r

}
= exp(−λsv2(t, α, ρ)− area (B(o, ρ))),

(B.18)

where v2 (see Fig, B.2) is the area of two overlapping discs with radii ρ,√
t2 + ρ2 − 2tρ cos α and distance between centres t. v2 − area (B(o, ρ)) is the

area of v2 excluding disc B(o, ρ). v2 is given as [12]

v2(t, α, ρ)

=π
(

ρ2 (a0(α) + a1(α))
)
+
(

t2 + ρ2 − 2tρ cos α
)
(a0(β(t, α, ρ)) + a1(β(t, α, ρ))) ,

(B.19)

where a0(α) = 1− α
π , a1(α) =

1
π cos α sin α, and β(t, α, ρ) = cos−1 t−ρcosα√

t2+ρ2−2tρ cos α
.

In addition, for ‖S?‖ = ρ < r the event o′ ∈ B (S?, r) requires

ρ2 + t2 − 2ρt cos(α) ≤ r2, (B.20)
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Fig. B.2: Contact of line interval and small cell

which is equivalent to

α ∈



[0, π], if 0 ≤ ρ ≤ r− t, r ≥ t

[0, α̂(t, ρ, r)], if r− t < ρ ≤ r, r ≥ t

[0, α̂(t, ρ, r)], if t− r ≤ ρ ≤ r, t
2 ≤ r < t

∅, else,

(B.21)

where α̂(t, ρ, r) = arccos
(

ρ2+t2−r2

2ρt

)
.

Using (B.17), (B.18) and (B.21), (B.16) can be calculated

HL|R(t, r) =


1, if t ≥ 2r

1− K(r)
∫ r

t−r I(t, ρ, r)dρ, if t
2 < r ≤ t

1− K(r)(
∫ r−t

0 J(t, ρ)dρ−
∫ r

r−t I(t, ρ, r)dρ), else,

(B.22)
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where
K(r) =

2λs

1− exp(−λsπr2)

I(t, ρ, r) =
∫ α̂(t,ρ,r)

0
ρ exp (−λsv2(t, α, ρ)) dα

J(t, ρ) =
∫ π

0
ρ exp (−λsv2(t, α, ρ)) dα.

Now using the relation in (B.16) and result of (B.22), the conditional chord length

distribution is

FL|R(l, r) =


1, if l ≥ 2r

1 + K(r)mL|R(r)M(l, r), if l
2 < r ≤ l

1 + K(r)mL|R(r) (O(l, r) + N(l, r)) , else,

(B.23)

where

M(l, r) =
∂
∫ r

l−r I(l, ρ, r)dρ

∂l
= −I(l, l − r, r) +

∫ r

l−r

∂I(l, ρ, r)
∂l

dρ

N(l, r) =
∂
∫ r

r−l I(l,ρ,r)dρ

∂l = I(l, r− l, r) +
∫ r

r−l
∂I(l,ρ,r)

∂l dρ

O(l, r) = ∂
∫ r−l

0 J(l,ρ,r)dρ

∂l = −J(l, r− l) +
∫ R−l

0
∂J(l,ρ)

∂l dρ,

and by the Leibniz integral rule we have

∂I(l,ρ,r)
∂l = ρ exp (−λsv2 (l, α̂(l, ρ, r), ρ))

∂α̂(l, ρ, r)
∂l

−

λsρ
∫ α̂(l,ρ,r)

0
exp (−λsv2(l, α, ρ))

∂v2(l, α, ρ)

∂l
dα

as well as

∂J(l, ρ)

∂l
= −λsρ

∫ π

0
exp(−λsv2(l, α, ρ))

∂v2(l, α, ρ)

∂l
dα.

In addition, since FL|R(0, r) = 0, we have the mean chord length for a ECC with
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given radius

mL|R(r) = −
1

K(r)(O(0, r) + N(0, r))
. (B.24)

B.5 Proof of Lemma 4.5.1

Without loss of generality, denote the SBS that a typical ECC belongs to as i. De-

note Ti as the boundary of the SBS’s ECC, |L| as the length of the finite trajectory

and Rx = {j ≥ 1 : Rj ≤ x} as the set of cells whose radius is less than x. As-

sume there are infinite number of realisations of the network (Φm and Φs) and

in the kth realisation , we consider Ak as a disk centred at origin with radius l.

Therefore area (Ak) = πl2 is constant in all realisations. We use FAk to repre-

sent the set of cells that are fully contained in Ak, which is formally written as

FAk = {j ≥ 1 : Cj ⊂ Ak}. First we calculate the following conditional probabilty

Pr
{

Ri ≤ x | ψ ∈ {I ∩ Ti}, i ∈ FAk

}
(a)
= lim

n→∞

n
∑

k=1
∑

i∈{FAk
⋂Rx}

N (L, Ti)

n
∑

k=1
∑

i∈FAk

N (L, Ti)

(b)
=

E

 ∑
i∈{FAk

⋂Rx}
N (L, Ti)


E

[
∑

i∈FAk

N (L, Ti)

]

(c)
=
|L| 2

π

∫ x
0 Ω(r)nA fRi|i∈FAk

(r)dr/area (Ak)

|L| 2
π

∫ ∞
0 Ω(r)nA fRi|i∈FAk

(r)dr/area (Ak)

=

∫ x
0 Ω(r) fRi|i∈FAk

(r)dr∫ ∞
0 Ω(r) fRi|i∈FAk

(r)dr

(B.25)
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where in (a) N (L, T ) is the total number of intersections of trajectory L and

boundary T . Thus (a) is the expected percentage of intersections of L and ECCs

whose radius is less than x. Note that in (a) any intersection on the Voronoi

boundary is counted twice when calculating the total number of intersections.

(b) is given by law of large numbers. In (c), nA = E
[∣∣FAk

∣∣] is the expectation of

quantity of setFAk and nA fRi|i∈FAk
(r)dr can be interpreted as the number of cells

whose radius is equal to r.
∫ ∞

0 Ω(r)nA fRi|i∈FAk
(r)dr/area (Ak) is therefore the

conditional mean boundary length per unit area. Similarly,

∫ x
0 Ω(r)nA fRi |i∈FAk

(r)dr

area(Ak)

is the conditional mean boundary length per unit area with cells that have radii

less than x included only. We use equation (8.38) from [70] in (c) to calculate

numbers of intersections along trajectory L from the mean boundary lengths

per unit area.

Now take the limit of the radius l of Ak in (B.25) to derive FRi|ψ∈{I∩Ti}(x)

FRi|ψ∈{I∩Ti}(x)

= lim
l→∞

Pr
{

Ri ≤ x | ψ ∈ {I ∩ Ti}, i ∈ FAk

}
=

∫ x
0 Ω(r) fR(r)dr∫ ∞
0 Ω(r) fR(r)dr

=

∫ x
0 Ω(r) fR(r)dr

E [Ω]
.

(B.26)

From (B.26) the conditional PDF of Ri can be written as

fRi|ψ∈{I∩Ti}(r) = fR(r)
Ω(r)
E [Ω]

. (B.27)
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