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Abstract

The diffusion algebra equations of the stationary state of the three param-
eter (α, β and q) Asymmetric Simple Exclusion Process are represented
as a linear functional L, acting on a tensor algebra. From L, a pair of
sequences, {Pn} and {Qm}, of monic polynomials are constructed which
are bi-orthogonal, that is, they satisfy L(PnQm) = Λnδn,m (where Λn is
a scalar). The uniqueness and existence of the pair of sequences arises
from the determinant of the bi-moment matrix whose elements satisfy a
pair of q-recurrence relations. The determinant is evaluated using an LDU-
decomposition. If the linear functional is represented as an inner product,
L(·) = 〈W | · |V 〉 then the action of the polynomials Qn on the boundary
vector |V 〉 generate a basis |Vn〉 = Qn|V 〉 whose orthogonal dual vectors
are given by the action of Pn on the dual boundary vector 〈W |, that is
〈Wn| = 〈W |Pn. This basis gives the representation of the algebra which is
associated with the Al-Salam-Chihara polynomials obtained by Sasamoto.

Several theorems associated with the three parameter (a, b and q) asym-
metric simple exclusion process are proven combinatorially. The theorems
involve the linear functional L which, for the three parameter case, is a
substitution morphism on a q-Weyl algebra. The two polynomial sequences
{Pn}n≥0 and {Qn}n≥0 are represented in terms of q-binomial lattice paths.
A combinatorial representation for the value of the linear functional L defin-
ing the matrix elements of a bi-moment matrix is established in terms of the
value of a q-rook polynomial and utilised to provide combinatorial proofs
for results pertaining to the linear functional. Combinatorial proofs are
provided for theorems in terms of the p, q-binomial coefficients, which are
closely related to the combinatorics of the three parameter ASEP.

The results for the three parameter diffusion algebra of the Asymmetric

3



4

Simple Exclusion Process are extended to five parameters: α,β γ, δ and q.
A pair of basis changes are derived from the LDU decomposition of the “bi-
moment” matrix. In order to derive the LDU decomposition a recurrence
relation satisfied by the lower triangular matrix elements is conjectured. As-
sociated with this pair of bases are three sequences of orthogonal polynomi-
als. The first pair of orthogonal polynomials generate the new basis vectors
(the boundary basis) by their action on the ‘boundary’ vectors (written is
the standard basis), whilst the third orthogonal polynomials are essentially
the Askey-Wilson polynomials. All theses results are ultimately related to
the LDU decomposition of a matrix.
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Chapter 1

Introduction

The Asymmetric Simple Exclusion Process (ASEP) is a model from statis-
tical mechanics. The model has been studied greatly from a wide range
of perspectives. It has been used as a model of biopolymeristation [2] and
transport across membranes [3]. It has also been used as a basic model for
traffic flow [4] and the formation of shocks [5] as well as in studies of bio-
physical transport [6, 7, 8, 9, 10]. It appears in sequence alignment problems
in computational biology as well as a being a discrete version of a hydrody-
namic system obeying the noisy Burgers’ equation [11]. As can be seen, the
ASEP is broadly applicable, mainly due to its simplicity and interesting be-
haviours which include phase separation, spontaneous symmetry breaking,
boundary-induced phase transitions, shocks front, condensation and jam-
ming.

The ASEP is a one-dimensional particle hopping stochastic process. There
are many different versions of the ASEP, with various generalisations. It
has been studied with both open and periodic boundary conditions. It has
also been investigated on a finite, semi-infinite and infinite one-dimensional
lattice. Most frequently it is studied with indistinguishable particles, how-
ever there are generalisations with different species of particles [12] where
the interactions of each particle, depends on the species of the particle. A
recent review of the Asymmetric Exclusion Process may be found in Blythe
and Evans [13]. This thesis only concerns itself with the finite, open bound-
ary ASEP with one species of particles.

15



16 CHAPTER 1. INTRODUCTION

A connection between the ASEP and orthogonal polynomials was explored
in [14] and extended in [15]. This thesis seeks to understand this connection
and to further investigate how the connection arises. Closely related to the
orthogonal polynomial connection are interesting combinatorial phenomena
[16, 17, 18, 19, 20]. The ASEP is a rich source combinatorial connections
and Chapter 3 will explore combinatorics related results obtained in this
thesis.

The ASEP is a continuous time Markov process defined on a one-dimensional
lattice of L sites – see Figure 1.1. Particles hop along the lattice by hopping
to adjacent sites. A particle hops to the left with rate q and hops to the
right with rate 1. Particles hop on to the lattice on the left with rate α
and hop off with rate γ. Particles hop off at the right with rate β and hop
on with rate δ. The particles also obey the exclusion process, meaning that
they satisfy the constraint that only one particle can occupy a site.

Figure 1.1: ASEP hopping model

At a given time, the state of the system can be described by the particle
occupancy of each of the sites. The state can be represented by a length
L binary string where a 1 corresponds to a site being occupied. A state is
defined by ~τ = (τ1, . . . , τL) such that

τi =

{
0 if site i is unoccupied

1 if site i is occupied.

The state of the system shown in Figure 1.1 is given by ~τ = (0, 1, 0, 1, 0, 0, 0, 1).
Let P (t; τ) be the probability of finding the system in state ~τ . The stationary
state probability is given by

PS(~τ) = lim
t→∞

P (~τ , t) (1.0.1)
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and is independent of the initial state of the system. It was shown by Der-
rida et. al [21] that the stationary state probability distribution could be
obtained from a matrix product Ansatz. The matrix product Ansatz gives
the relative stationary state probability P̄ (τ), where the stationary state
probability is obtained by normalising the relative probabilities.

The Matrix product Ansatz states

PS(~τ) =
1

ZL
〈W |

L∏
i=1

(τiD + (1− τi)E|V 〉 (1.0.2)

such that D and E are matrices that satisfy the equation

DE − qED = D + E (1.0.3)

and 〈W | and |V 〉 are vectors that satisfy

(βD − δE)|V 〉 = |V 〉 , (1.0.4a)

〈W |(αE − γD) = 〈W | . (1.0.4b)

The normalisation for the ASEP of size L is denoted by ZL and given by

ZL = 〈W |(D + E)L|V 〉 (1.0.5)

which is the matrix product Ansatz for all possible states of the size L lattice.

The matrix product Ansatz expresses the relative probability of the state
as an inner product on a certain quotient ring of matrices. This ring is
generated by two matrices that satisfy the relation (1.0.3). The inner prod-
uct 〈W | · |V 〉 is then defined by the two vectors 〈W | and |V 〉 (which will
be referred to as the boundary vectors) that satisfy (1.0.4). The relative
probability of a state is obtained by sandwiching the matrix product of a
state between the boundary vectors 〈W | and |V 〉 given in bra-ket notation.

As the name suggests, the matrix product Ansatz states that the stationary
state probability for a particular state can be calculated from a product of
matrices, where the matrix product is given by the particle occupancy for
the state. For a system of length L, the matrix product is a product of L
matrices such that the ith matrix is
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• D if τi = 1

• E if τi = 0.

For example, the matrix product for the state shown in Figure 1.1 is given
by EDEDEEED. The product (D + E)L represents all possible particle
configurations for a system of size L.

The matrix product Ansatz means that calculating the stationary state prob-
ability for any state reduces to finding representations for the matrices D
and E and vectors V and W . The representation theory of the matrices D
and E fall into three natural cases.

Two parameter: α, β; q = γ = δ = 0

Three parameter: q, α, β; γ = δ = 0

Five parameter: q, α, β, γ, δ

It was shown in [22] that in the two parameter case, the matrices and vectors
must be infinite-dimensional for general parameter. Three representations
were given in [21] and are as follows:

D1 =


1 1 0 0 . . .
0 1 1 0
0 0 1 1
0 0 0 1
...

. . .

 E1 =


1 0 0 0 . . .
1 1 0 0
0 1 1 0
0 0 1 1
...

. . .

 (1.0.6)

〈W1| = κ(1, a, a2, . . .) |V1〉 = κ(1, b, b2, . . .)T (1.0.7)

D2 =


β̄ β̄ β̄ β̄ . . .
0 1 1 1
0 0 1 1
0 0 0 1
...

. . .

 E2 =


0 0 0 0 . . .
1 0 0 0
0 1 0 0
0 0 1 0
...

. . .

 (1.0.8)

〈W2| = κ(1, β̄, β̄2, . . .) |V2〉 = κ(1, 0, 0, . . .)T (1.0.9)
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D3 =


β̄ κ 0 0 . . .
0 1 1 0
0 0 1 1
0 0 0 1
...

. . .

 E3 =


ᾱ 0 0 0 . . .
κ 1 0 0
0 1 1 0
0 0 1 1
...

. . .

 (1.0.10)

〈W3| = (1, 0, 0, . . .) |V3〉 = (1, 0, 0, . . .)T (1.0.11)

where

ᾱ = 1/α (1.0.12a)

β̄ = 1/β (1.0.12b)

a = ᾱ− 1 (1.0.12c)

b = β̄ − 1 (1.0.12d)

κ2 = 1− ab . (1.0.12e)

As demonstrated by the multiple matrix representations for the two param-
eter ASEP, there doesn’t exist a unique representation of the matrices D
and E and the vectors V and W . Furthermore, the matrix representations
for the three and five parameter cases are also infinite dimensional as well
as the boundary vectors. Representations for these cases will be given and
expanded upon in the corresponding chapter. There are particular represen-
tations which are strongly connected to well-studied orthogonal polynomials,
however these connections are more explicit when using a slightly modified
matrix Ansatz.

It was shown in [23] that the matrix product Ansatz is related to the q-
deformed quantum harmonic oscillator algebra [24], [25]. Just like the quan-
tum harmonic oscillator, there are creation and annihilation operators â† and
â, which satisfy the q-commutation relation

ââ† − qâ†â = 1− q (1.0.13)

and act on the standard basis vectors according to

â†|n〉 =
√

1− qn+1|n+ 1〉 (1.0.14a)

â|n〉 =
√

1− qn|n− 1〉 . (1.0.14b)
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Setting q = 0, these equations simplify to the well-known relationships satis-
fied by the creation and annihilation operators commonly used when study-
ing the quantum harmonic oscillator. It was shown in [23] that the matrices
in the matrix product Ansatz can be expressed in terms of the operators
given in (1.0.14a) as

D =
1

1− q
+

1√
1− q

â (1.0.15)

E =
1

1− q
+

1√
1− q

â† (1.0.16)

which can be shown to satisfy (1.0.3) using (1.0.13). This leads to defining
the shifted variables,

d = (1− q)D − 1 , (1.0.17a)

e = (1− q)E − 1 , (1.0.17b)

so that the matrix Ansatz is more familiar. In these variables, the relation
(1.0.3) takes on the well-known form (see for example, [26]),

de− q ed = 1− q (1.0.18)

of the q-deformed commutator of Boson operators [24] related to the quan-
tum oscillator. The equations satisfied by the boundary vectors are simpli-
fied by using the shifted boundary parameters

a =
1

2α
(1− q − α+ γ +

√
(1− q − α+ γ)2 + 4αγ) (1.0.19a)

c =
1

2α
(1− q − α+ γ −

√
(1− q − α+ γ)2 + 4αγ) (1.0.19b)

b =
1

2β
(1− q − β + δ +

√
(1− q − β + δ)2 + 4βδ) (1.0.19c)

d =
1

2β
(1− q − β + δ −

√
(1− q − β + δ)2 + 4βδ) (1.0.19d)

with

α =
1− q

1 + ac+ a+ c
(1.0.20a)

β =
1− q

1 + bd+ b+ d
(1.0.20b)

γ =
−(1− q)ac

1 + ac+ a+ c
(1.0.20c)

δ =
−(1− q)bd

1 + bd+ b+ d
. (1.0.20d)
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The equations satified by the boundary vectors, given in terms of the shifted
variables and parameters are

(d + bde)|V 〉 = (b+ d)|V 〉 (1.0.21a)

〈W |(e + acd) = (a+ c)〈W | (1.0.21b)

which in the case of the three parameter ASEP, simplifies to

d|V 〉 = b|V 〉 (1.0.22a)

〈W |e = a〈W | . (1.0.22b)

Using the shifted variables, the representation D1 and E1 (1.0.6) is expressed
as

d1 =


0 1 0 0 . . .
0 0 1 0
0 0 0 1
0 0 0 0
...

. . .

 e1 =


0 0 0 0 . . .
1 0 0 0
0 1 0 0
0 0 1 0
...

. . .

 (1.0.23)

where d1 and e1 are recognised [27] as the matrix representations for the
creation and annihilation operators for the quantum harmonic oscillator act-
ing on the standard basis.

Each matrix representation is associated with a basis for the vector space
upon which the matrices act. A very well-known basis, referred to previously
as the standard basis, is the set {|n〉}n≥0, generated by the action of the
creation operator on the vacuum vector |0〉. The vacuum vector is defined
by the action of the annihilation operator on the vacuum state giving zero.
The vector representation of this basis set are infinite-dimensional vectors
such that the ith element of the vector |n〉 is given by the Kronecker delta δn,i.

The shift from D and E to d and e is made so that the matrices d and e
can be defined as linear operators on the basis vectors as the annihilation
and creation operators given in (1.0.14a). This immediately ensures that
(1.0.18) is satisfied. The action of the linear operators d and e are defined
by their action on the basis vectors |n〉 in the standard way:

Two parameter: e|n〉 = |n+ 1〉 (1.0.24a)

d|n〉 = |n− 1〉 (1.0.24b)

d|0〉 = 0 (1.0.24c)
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Three and Five parameter: e|n〉 =
√

(1− qn+1)|n+ 1〉 (1.0.25a)

d|n〉 =
√

(1− qn)|n− 1〉 (1.0.25b)

d|0〉 = 0 (1.0.25c)

Matrix representations for d and e can be read directly from these equations.
These matrices are the three parameter versions of the matrices (1.0.23)

d1 =


0
√

(1− q) 0 0 . . .

0 0
√

(1− q2) 0

0 0 0
√

(1− q3)
0 0 0 0
...

. . .

 (1.0.26a)

e1 =


0 0 0 0 . . .√

(1− q) 0 0 0

0
√

(1− q2) 0 0

0 0
√

(1− q2) 0
...

. . .

 (1.0.26b)

and are the q-deformed Fock representation.

The basis |n〉 gives a matrix representation for the linear operators d and
e which necessarily satisfy the appropriate commutation relation, however
it remains to be shown that they satisfy the boundary equations (1.0.21).
To find the vectors |V 〉 (respec. 〈W |) there are (at least) two approaches.
The first is to two express |V 〉 (repec. 〈W |) as a linear combination of the
basis vectors |V 〉 =

∑
n an|n〉 (respec. 〈W | =

∑
n bn〈n|) and then try find

the components an (respec. bn).

This approach in the three parameter case this leads to

an = a0
∑
n≥0

(β̂(1− q)− 1)n∏n
k=1(1− qk)

|n〉 . (1.0.27)

This basis and its dual give a representation (1.0.26) in which the compo-
nents of the boundary vectors are related to q-binomial coefficients and the
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tri-diagonal matrix d + e gives a three term recurrence related to q-Hermite
polynomials [15].

The second approach is to find a new basis |Vn〉, n ≥ 0 where the ‘initial’
vector |V0〉 is the boundary vector |V 〉. The remaining vectors |Vn〉, n > 0
are constructed, in a similar fashion to the standard basis, from a sequence
of “bi-orthogonal polynomials”. The representations that arise from the
second approach are equivalent to representations connected to orthogonal
polynomials. Chapter 2 focuses on calculating this basis for the three param-
eter model and how it relates to the representation given in [14]. Chapter 4
will extend the calculations and theory developed in Chapter 2 to the five
parameter model, and relate the new basis to the representation given in [15].

A brief introduction to orthogonal polynomials and their relationships with
matrices will now be given in preparation for the material presented in Chap-
ter 2 and Chapter 4.

1.1 Orthogonal Polynomials

The ASEP is directly connected to the q-Hermite [14, 28], Al-Salam-Chihara
[14], and Askey-Wilson [15] orthogonal polynomials. The final two will fea-
ture in this thesis and more detailed descriptions are provided in the appro-
priate chapters. The combinatorial properties of orthogonal polynomials in
general, as well as the relevant orthogonal polynomials found in this the-
sis, will be investigated. This section will give an introduction to orthogonal
polynomials. It will provide basic definitions and theorems required for later
results.

Definition 1. Let K be a field and let {µn}n≥0 with µn ∈ K be a sequence
called the moment sequence. Let L : K[x] ⇒ K be a linear functional
acting on the vector space of polynomials K[x]. Then L is called a moment
functional if

L(xn) = µn, n ∈ N0 (1.1.1)

where µ0 6= 0.

The moment sequence is a defining property of orthogonal polynomials. The
moment sequences of the polynomials connected to the three parameter and
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five parameter models are equal to the normalisation for the relative sta-
tionary state probabilities.

Definition 2. Let {Pn(x)}n≥0 be a sequence of polynomials in variable x
with coefficients in the field K. The sequence is called a sequence of orthog-
onal polynomials with respect to moment functional L if

• Pn(x) is a polynomial of degree n for each n ≥ 0

• L(Pn(x)Pm(x)) = λnδn,m for all n,m ≥ 0, where λn 6= 0.

An important object associated with a moment sequence is the Hankel
determinant. The size n Hankel determinant of the moment sequence
{µn}n≥0 is defined to be

∆n =

∣∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn
µ1 µ2 . . . µn+1
...

...
. . .

...
µn µn+1 . . . µ2n

∣∣∣∣∣∣∣∣∣ (1.1.2)

The Hankel determinant is important in both determining the existence of
an orthogonal polynomial sequence given a moment sequence as well as ex-
plicitly calculating the orthogonal polynomials.

Theorem 1. A linear functional L defines an orthogonal polynomial se-
quence if and only if ∆n 6= 0 for all n ≥ 0. Furthermore, the orthogonal
polynomial sequence is uniquely determined up to a constant. The polyno-
mials Pn(x) in monic form, are given explicitly by

Pn(x) =
1

∆n−1

∣∣∣∣∣∣∣∣∣∣∣

µ0 µ1 . . . µn
µ1 µ2 . . . µn+1
...

...
. . .

...
µn− µn . . . µ2n−1

1 x . . . xn

∣∣∣∣∣∣∣∣∣∣∣
(1.1.3)

A consequence of this theorem is that for any moment sequence such that
the Hankel determinants are non-vanishing, there exists an orthogonal poly-
nomial sequence that can be explicitly calculated from the moments.
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Theorem 2 (Favard). Let {bk}k≥0 and {λk}k≥0 be sequences with bk, λk ∈ K
and let {Pk(x)}k≥0 be a sequence of polynomials satisfying

Pn+1(x) = (x− bn)Pn(x)− λnPn−1(x) (1.1.4)

with P−1 = 0 and P0 = 1. Then there exists a unique moment functional
L such that {Pk(x)}k≥0 are a monic orthogonal polynomial sequence with
respect to L if and only if all λk 6= 0.

A consequence of Favard’s theorem is that a sequence of orthogonal poly-
nomials is said to satisfy a three-term recurrence where the recurrence is
given by (1.1.4). Any orthogonal polynomial sequence will satisfy such a
three-term recurrence. The three term-recurrence satisfied by an orthog-
onal polynomial sequence identifies the sequence and is useful in proving
other properties of orthogonal polynomial sequences.

Theorem 3 ([29, 30]). Consider a sequence of monic orthogonal polynomials
{Pk(x)}k≥0 which satisfy the three-term recurrence (1.1.4). Then the nth

moment µn is equal to 〈W |Mn|V 〉 where M is the tridiagonal matrix with
elements given by Mi,j = λiδi,j−1 + biδi,j + δi,j+1. The vectors 〈W | and |V 〉
have elements given by Wi = Vi = δi,0.

Theorem 3 demonstrates that a tridiagonal matrix defines an orthogonal
polynomial sequence via the coefficients of the three term recurrence. Con-
sider the vector of orthogonal polynomials defined by

|P (x)〉 = (P0(x), P1(x), P2(x), . . .)T (1.1.5)

(where T denotes the transpose) and let M be the tridiagonal matrix that
represents the three term recurrence of the orthogonal polynomials. Then

M |P (x)〉 = x|P (x)〉 (1.1.6)

is an eigenvector equation equivalent to the three term recurrence for the
orthogonal polynomials.

Motzkin paths (Definition 14 and an exposition of lattice path models is
found in Section 3.2) are closely related to the combinatorics of orthogo-
nal polynomials. This is because Motzkin paths satisfy a three-term partial
difference equation, much like the three-term recurrence synonymous with
orthogonal polynomials. Motzkin paths are paths on the square lattice which
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begin, end and remain on or above the x-axis and have three types of steps.
In terms of the 8 cardinal compass directions these steps are SE, E and NE
steps.

Theorem 4. [29] Let Mn be the set of length n weighted Motzkin paths with
weight function given by

w(ei) =


λk if ei is an SE step

bk if ei is an E step

1 if ei is a NE step

(1.1.7)

where the height (see Definition 11 of step ei is k. Then the nth moment of
the orthogonal polynomial sequence {Pk(x)}k≥0 which satisfies the three-term
recurrence

Pk+1(x) = (x− bk)Pk(x)− λkPk−1(x)

is given by

µn =
∑
π∈Mpn

w(π) (1.1.8)

where the sum is over all weighted Motzkin paths of length n.

The link between Motzkin paths and orthogonal polynomials can be un-
derstood through tridiagonal matrices. The tridiagonal matrix representing
the three term recurrence of a polynomial is also the transfer matrix for
weighted Motzkin paths with weight function given by (1.1.7). Thus, the
expression 〈W |Mn|V 〉 also enumerates length n weighted Motzkin paths.

The moment sequences of orthogonal polynomial sequences often have nice
combinatorial representations, for example perfect matchings, set partitions
and permutations [31] are all enumerated by the moments of certain poly-
nomials. However the moment sequence for all orthogonal polynomial se-
quences are combinatorially represented by weighted Motzkin paths, where
the weights of the steps are determined by the three-term recurrence.

The following theorem is used to demonstrate that the representations pre-
viously demonstrated to be connected to orthogonal polynomials are equiv-
alent to the representations derived from using the boundary basis.
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Theorem 5. The orthogonal polynomial sequence {Pk(x)}k≥0 which satis-
fies the three-term recurrence

Pk+1(x) = (x− bk)Pk(x)− λkPk−1(x) (1.1.9)

has the same moment sequence as the orthogonal polynomial sequence {P ′k(x)}k≥0
that satisfies the three term recurrence

akP
′
k+1(x) = (x− bk)P ′k(x)− ckP ′k−1(x) (1.1.10)

if ak−1ck = λk.

The combinatorial representation for the moment sequence provides an easy
proof for this theorem. For every NE step at height k − 1 in a Motzkin
path, there is a SE step at height k (as with Motzkin paths “what goes
up, must come down”). Therefore the weights on SE steps can be dis-
tributed to the corresponding NE steps, since these steps occur as pairs.
The weights must be distributed such that ak−1ck = λk so that each SE
and NE step pair contribute a consistent weight. Consequently, this means
that for tridiagonal matrices M and M ′ representing three-term recurrences,
if the product of corresponding pairs of off-diagonal elements is the same
(Mi+1,iMi,i+1 = M ′i+1,iM

′
i,i+1) then the orthogonal polynomials they repre-

sent have the same moments.

When {Pk(x)}k≥0 and {P ′k(x)}k≥0 have the same moment sequence, then for
each k, the polynomials in each sequence differ by a constant factor. That
means converting between the equivalent polynomials simply requires mul-
tiplying one polynomial by the appropriate scalar multiple. The three term
recurrence for which ak = 1 provides the monic version of the polynomial
sequence.

Theorem 6. [29] If an orthogonal polynomial sequence {Pk(x)}n≥0 satisfies
the three-term recurrence relation

Pk+1(x) = (x− bk)Pk(x)− λkPk−1(x) (1.1.11)

then the moment generating function F (t) has the J-fraction representation

F (t) =
∞∑
n=0

µnt
n =

1

1− b0t− λ1t2

1−b1z−λ2z
2

...

(1.1.12)
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A simple consequence of this theorem is that the generating function for
weighted Motzkin paths, with step weights (1.1.7), has the J-fraction repre-
sentation (1.1.12).



Chapter 2

Three Parameter ASEP

The primary objective of this chapter is to calculate the basis associated
with the three parameter model representation obtained by Sasamoto [14],
where the tri-diagonal matrix d + e gives a three term recurrence related
to the Al-Salam-Chihara polynomials [32]. This basis is associated with a
pair of distinct sequences, {Pn} and {Qm}, of polynomials. The polynomi-
als Qn(e) generate the basis when acting on the boundary vector |V 〉 and
the orthogonal dual vectors are generated by the polynomials Pn(d) act-
ing on the dual boundary vector 〈W |. Thus the basis is the set of vectors
|Vm〉 = Qm|V 〉 and the orthogonal dual basis set is 〈Wn| = 〈W |Pn. Since
the basis is generated by the boundary vector |V 〉 and its dual 〈W |, the
basis will be referred to as the “boundary basis”.

The two polynomial sequences are bi-orthogonal with respect to a certain
linear functional L, that is L

(
PnQm

)
= Λnδn,m , where Λn is a scalar. For

convenience the pair {Pn} and {Qm} will be referred to as a bi-orthogonal
pair of polynomial sequences, or BiOPS. The three parameter BiOPS aren’t
orthogonal polynomials as they don’t satisfy a three-term recurrence as re-
quired by Theorem 2.

The uniqueness and existence of the BiOPS arises from the determinant
of the bi-moment matrix whose elements are given by Bn,m = L(dnem).
These elements satisfy a pair of q-recurrence relations. Unlike traditional
orthogonal polynomials defined by Favard’s theorem (see [33] or [34]) (ie.
they satisfy a three-term recurrence relation), the BiOPS satisfy first order

29
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(uncoupled) q-recurrence relations. We show that the BiOPS are intimately
associated with the decomposition of the bi-moment matrix into upper and
lower triangular matrices. In fact the polynomial coefficients are derived
from the matrix elements of the lower (for Pn) and upper (for Qn) matrices
– see Theorem 12.

The material in this chapter is the basis of the paper [1].

2.1 Al-Salam-Chihara polynomials

The Al-Salam-Chihara polynomial is a q-orthogonal polynomial with 2 pa-
rameters a and b as well as the q-extension parameter. It is part of the
Askey-scheme of q-orthogonal, one variable polynomials, which will be de-
scribed later. The Al-Salam-Chihara polynomials are a specialisation of the
Askey-Wislon polynomials. Notation used in q-calculus will be introduced
now and will be used to define the Al-Salam-Chihara polynomials, and later,
the Askey-Wilson polynomials.

Definition 3. The q-Pochhammer symbol, also known as the q-shifted
factorial, is defined to be

(a; q)n =

n∏
i=1

(1− aqi−1) (2.1.1)

where (a; q)0 = 1. For products of q−Pochammer symbols, the following
shorthand will be used;

(a1, a2, . . . , as; q)n =
s∏
r=1

(ar; q)n . (2.1.2)

The following is a q-analog generalisation of the generalised hypergeomet-
ric series. Just as certain orthogonal polynomials are expressed using the
generalised hypergeometric series, certain q-orthogonal polynomials are ex-
pressed in terms of the q-analog. Further details about q-analogs is provided
in Section 3.3
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Definition 4. The basic hypergeometric function is

rφs

[
a1, . . . , ar
b1, . . . , bs

; q, z

]
=
∞∑
k=0

(a1, . . . , ar; q)k
(b1, . . . , bs, q; q)k

(
(−1)kq(

k
2)
)1+s−r

zk .

(2.1.3)

The Al-Salam-Chihara polynomial Pn(x) = Pn(x; a, b|q) is explicitly defined
by

Pn(x) =
(ab; q)n
an

3φ2

[
q−n, aeiθ, ae−iθ

ab, 0
; q, q

]
(2.1.4)

with x = cos θ for n ∈ Z+. It satisfies the (Al-Salam-Chihara) three-term
recurrence relation

Pn+1(x) + qn(a+ b)Pn(x) + (1− qn)(1− qn−1ab)Pn−1(x) = 2xPn(x) (2.1.5)

with P0(x) = 1 and P−1(x) = 0.

This means that the tridiagonal matrix that represents the three term re-
currence of the Al-Salam-Chihara polynomials is given by

MASC =


a+ b (1− q)(1− ab) 0 . . .

1 (a+ b)q (1− q2)(1− abq)
0 1 (a+ b)q2

...
. . .

 . (2.1.6)

Let |P (x)〉 be the vector of Al-Salam-Chihara polynomials defined by

|P (x)〉 = (P0(x), P1(x), P2(x), . . .)T , (2.1.7)

then the vector |P (x)〉 is an eigenvector of the matrix MASC with the eigen-
value 2x.

MASC |P (x)〉 = 2x|P (x)〉 (2.1.8)

2.1.1 Representation related to Al-Salam-Chihara Polyno-
mials

In [14] Sasamoto explored the relationship between the ASEP and q−orthogonal
polynomials. He gave a representation directly related to the Al-Salam-
Chihara polynomials with all three parameters. The representation given
was
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d =


b
√

(1− q)(1− ab) 0 . . .

0 bq
√

(1− q2)(1− abq)
0 0 bq2

...
. . .

 (2.1.9a)

e =


a 0 0 . . .√

(1− q)(1− ab) aq 0

0
√

(1− q2)(1− abq) aq2

...
. . .

 (2.1.9b)

with
〈W | = (1, 0, 0, . . .), |V 〉 = (1, 0, 0, . . .)T . (2.1.10)

Since the matrices d and e are upper and lower bi-diagonal respectively,
their sum is clearly tri-diagonal and hence related to traditional three term
recurrence orthogonal polynomials. The matrix used to calculate the nor-
malisation factor for the 3 parameter ASEP is

d + e =


a+ b

√
(1− q)(1− ab) 0 . . .√

(1− q)(1− ab) (a+ b)q
√

(1− q2)(1− abq)
0

√
(1− q2)(1− abq) (a+ b)q2

...
. . .

 .

(2.1.11)

The products of the off-diagonal elements in (2.1.11) are the same as for
(2.1.6), therefore, due to Theorem 5, these matrices are three term recur-
rences for polynomials that have the same moments. These moments are for
the Al-Salam-Chihara polynomials, where (2.1.6) leads to the monic version
of the polynomials. This connection was discovered by Sasamoto and the
remainder of this chapter seeks to further understand this representation.

2.2 The ASEP Algebra

In order to calculate the basis associated with the Al-Salam-Chihara poly-
nomials, firstly an algebra to represent the ASEP is required [35], which
will be done using a tensor algebra. Let R be the ring of integer coefficient
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commutative polynomials, Z[a, b, q] and M the R-module

M =
⊕
n≥0
V⊗n2 (2.2.1)

where V2 is a free rank two R-module with generators d, e. Here V0 denotes
the ring R of the module and V⊗n2 = V2 ⊗ V2 ⊗ · · · ⊗ V2 (n factors). The
homogeneous submodule V⊗n2 , of degree n, is generated by the standard
monomial basis elements ei1 ⊗ ei2 · · · ⊗ ein where ei ∈ {d, e}. For brevity
the tensor product symbol will frequently be omitted, thus dmen denotes
d⊗m⊗e⊗n etc. Using this shorthand, it is convenient to consider an element
of M as a word using the alphabet {d, e}.

The matrix Ansatz algebra equations as modified in [36] will be used. This
form allows for arbitrary monomial pre- and post-factors (u and v in the
equations below). The original algebra was stated in terms of matrices and
vectors. Instead a slightly more abstract version using a linear functional
will be utilised.

Definition 5. Let V be a vector space over a field K. Let L be the function
L : V ⇒ K. Then L is a linear functional if

• L(u+ v) = L(u) + L(v) for all u, v ∈ V

• L(au) = aL(u) for all u ∈ V , a ∈ K

The equations that are required to be satisfied for the three parameter
shifted variable matrix product Ansatz, given in (1.0.18) and (1.0.22), are
redefined as a linear functional.

Definition 6. Let u, v be any monomial basis elements ofM. The R-module
homomorphism L : M→R is defined by the following equations:

L(u⊗ (d⊗ e− q e⊗ d− (1− q))⊗ v) = 0 (2.2.2a)

L(u⊗ (d− b)) = 0 (2.2.2b)

L((e− a)⊗ v) = 0 (2.2.2c)

with L(1) = 1 and extended linearly to other elements of M.
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Below is an example of the linear functional for each of the defining equa-
tions.

L(eded) = (1− q)L(ed) + qL(eedd) using (2.2.2a)

= bL(ede) using (2.2.2b)

= aL(ded) using (2.2.2b)

The reasons for the slightly more abstract linear functional formulation are
as follows. The primary reason is because this is how traditional three-term
recurrence polynomial orthogonality can be formulated (see Favard’s the-
orem [33]). This in turn allows for a direct combinatorial construction of
orthogonality [37] without going via any integral representations. It also
allows for other representations of the linear functional such as via double
integral measures [38] or via inner products as was done in the original Der-
rida et. al. paper [21].

The matrix product Ansatz of [21] for the stationary state, given in (1.0.2)
can now be restated using the linear functional L.

Theorem 7 (Derrida, Evans, Hakin and Pasquier [21]). The stationary state
probability distribution, f(τ), of the three parameter ASEP for the system
in state τ = (τ1, · · · , τL), is given by

f(τ) =
1

ZL
L

(
L∏
i=1

(τid + (1− τi)e)

)
(2.2.3)

where

ZL =L
(

(d + e)L
)

(2.2.4)

For a size 2 system, the stationary state probability for a particle in the first
position and no particle in the second position, given as τ = (1, 0) is

f(τ) =
1− q + qab

Z2
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2.3 Bi-Orthogonal Pair of Polynomial Sequences

Consider the pair of sequences,

{Pn(d)}n≥0 , {Qn(e)}n≥0 (2.3.1)

of monic polynomials, where Pn and Qn are degree n. The aim is to find a
pair of sequences such that they are orthogonal to each other with respect
to L. That is to say, do the sequences exist such that

L(PnQm) = Λnδn,m (2.3.2)

with Λn 6= 0? Note, that it is not necessary for the sequences to be orthog-
onal polynomials in their own right. The sequences of polynomials are said
to be “bi-orthogonal” as the orthogonality condition given in (2.3.2) is an
orthogonality between polynomials in different sequences, unlike classical
orthogonal polynomials which is between polynomials in the same sequence.
It will be shown that these sequences do in fact exist and furthermore, pro-
vide a basis and a dual basis where the representation of matrices d and
e associated with the Al-Salam-Chihara polynomials are bi-diagonal, as in
[14, 15].

The infinite dimensional “bi-moment” matrix, B, is introduced in order to
demonstrate the existence of the pair of sequences of polynomials as well
as to explicitly calculate the polynomials. The elements of the bi-moment
matrix are defined in terms of the linear functional L, to be

Bn,m = L(dn em) , n,m ≥ 0 . (2.3.3)

From here on and through-out, all matrices have rows and columns that
are indexed by non-negative integers. The top most row and the left most
column have the index of 0. Several matrices shall be defined by recurrence
relations that are satisfied by the elements of the matrix. For these recur-
sions, elements with indices that fall outside the boundary of the matrix (ie,
those with a negative index) are defined to be zero.

The bi-moment matrix elements satisfy a pair of partial difference equations
as given in the following theorem.
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Theorem 8. The bi-moment matrix elements, (2.3.3), satisfy the recursions

Bi,j = (1− qi)Bi−1,j−1 + aqiBi,j−1 , (2.3.4a)

Bi,j = (1− qj)Bi−1,j−1 + bqjBi−1,j , (2.3.4b)

i, j > 0 with boundary values B0,j = aj and Bi,0 = bi, i, j ≥ 0.

Thus the matrix looks like

B =


1 a a2 . . .
b 1 + abq − q a(1 + abq2 − q2) . . .
b2 b(1 + abq2 − q2) 1 + (abq − q)(1 + q + abq3 − q2) . . .
...

...
...

. . .


While the bi-moment matrix satisfies both recurrences (2.3.4a) and (2.3.4b),
only one recurrence along with the appropriate boundary condition is suf-
ficient to calculate the elements of the bi-moment matrix. Repeated use of
(2.3.4a) expresses any element in terms of the elements in the first column.
Thus, (2.3.4a) and the boundary values Bi,0 are sufficient, and equivalently
so too are (2.3.4b) with B0,j . An explicit formula for the values of the bi-
moment matrix is provided in Chapter 3.

Proof. The idea of the proof is to repeatedly use the commutator
de− qed = 1− q from (1.0.18) to move an e (resp. d) to the left (resp.
right). For convenience, the linear functional notation will be omitted in
the following. A single use of (1.0.18) leads to

dnem = (1− q)dn−1em−1 + qdn−1edem−1 (2.3.5)

while using it a second time gives

= (1− q2)dn−1em−1 + q2dn−2ed2em−1 (2.3.6)

and repeated use on the second term until the e is commuted to the left
gives

= (1− qn)dn−1em−1 + qnednem−1 . (2.3.7)

Finally, (2.2.2c) converts all terms in (2.3.7) into the form of bi-moment
matrix elements, giving the recurrence relation (2.3.4a). The recurrence
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relation (2.3.4b) is obtained similarly from (2.3.5) by commuting the lone d
to the right. The boundary terms are the powers of either d and e and the
value of the linear functional for these terms is obtained through repeated
use of either (2.2.2b) or (2.2.2c).

As will be shown below (Theorem 11), the existence of the BiOPS requires
that the determinant of the (n+ 1)× (n+ 1) sub-matrix

B(n) = (Bi,j)0≤i,j≤n

be non-zero for all n ≥ 0. Thus we require the following theorem.

Theorem 9. Let B(n) = (Bi,j)0≤i,j≤n be the truncated (n + 1) × (n + 1)
bi-moment matrix whose elements are defined by Theorem 8. Then

det B(n) =
n∏
i=1

(ab, q; q)i . (2.3.8)

The value of the determinant is a simple consequence of the LDU-decomposition
of the bi-moment matrix. The LDU-decomposition is a specialised LU-
decomposition, such that L and U are unit triangular matrices and D is
diagonal matrix.

Theorem 10. The LDU-factorisation of the bi-moment matrix is

B = LDU (2.3.9)

where the three matrices have elements determined by the following q-recurrences.
The lower triangular matrix elements satisfy

Li,j = Li−1,j−1 + bqjLi−1,j (2.3.10a)

with Li,0 = bi and L0,j = δ0,j. The upper triangular matrix elements satisfy

Ui,j = Ui−1,j−1 + aqiUi,j−1 (2.3.10b)

with U0,j = aj and Ui,0 = δi,0 and the diagonal matrix elements satisfy

Dj = (1− abqj−1)(1− qj)Dj−1 (2.3.10c)

with D0 = 1.
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The proof of this theorem is detailed later in Section 2.5.

The LDU-decomposition is the vital calculation to be made as it provides
the value of the determinant. However, once the decomposition has been
obtained, many other results follow as a consequence. For the case of q = 0
the LDU-decomposition and determinant in the D and E variables has been
obtained by Krattenthaler[39].

The LDU decomposition of the bimoment matrix provides the means for
computing the pair of polynomial sequences (2.3.1). This is because the
lower and upper triangular matrices allow for explicitly calculating the
BiOPS. The result of this calculation, culminates with the explicit formula
for the BiOPS given in Theorem 13. The LDU decomposition, rather than
an LU decomposition is desired as the triangular matrices have only 1’s on
the main diagonal. This corresponds to the monic constraint on the polyno-
mials, as the main diagonal is inversely proportional to the leading coefficient
of the polynomials. It has the additional benefit that the diagonal matrix
provides the orthogonal constants.

The condition for the existence of an LDU decomposition of the bimoment
matrix is that all principal minors of the bimoment matrix be non-zero [40].
This is the same condition for the existence of the BiOPS. The product of
the first n+ 1 diagonal elements of D gives the determinants, det B(n).

The bi-moment matrix is used to show the existence and uniqueness of the
BiOPS. For n,m ≥ 0 the bi-orthogonality condition requires that

L(Pn(d)Qm(e)) = Λmδn,m (2.3.11)

where Λn is a sequence of non-zero normalisation factors determined by L
and the monic constraint.

The linear functional formulation can be translated back into the inner prod-
uct form of the shifted variable matrix product Ansatz. In this language,
the bi-orthogonality condition requires that there exists polynomials Pn(d)
and Qm(e) in the matrices d and e such that

〈W |Pn(d)Qm(e)|V 〉 = Λmδn,m (2.3.12a)
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for vector |V 〉 and dual vector 〈W | defined by

(d− b1)|V 〉 = 0 (2.3.12b)

and

〈W |(e− a1) = 0 . (2.3.12c)

If these polynomials exists, there exists a sequence of basis vectors |V̂n〉n≥0
and their orthonormal (with respect to L) duals 〈Ŵn|n≥0, given by

〈Ŵn| = 〈W |Pn(d)
1√
Λn

and |V̂n〉 =
1√
Λn

Qn(e)|V 〉 , (2.3.13)

where |V̂0〉 = |V 〉 and 〈Ŵ0| = 〈W |, normalised so that 〈W |V 〉 = 1.

From these sequences, and since the identity matrix is

1 =
∑
n≥0
|V̂n〉〈Ŵn| , (2.3.14)

we get matrix representations of d and e via

dn,m = 〈Ŵn|d|V̂m〉 and en,m = 〈Ŵn|e|V̂m〉 (2.3.15)

which are readily shown to satisfy (1.0.18).

This procedure for constructing basis vectors (see for example [26]) is anal-
ogous to the quantum oscillator basis set |n〉n≥0 constructed by the action
of en on a vacuum vector and the dual vectors are given via the action of dn

on the dual vacuum 〈0|, given in (1.0.25). In the BiOPS case, the boundary
vector |V 〉 plays the role of the vacuum vector and the basis set |Vn〉n≥0 is
generated by the action of Qn(e) 6= en on |V 〉 defined by (d − b1)|V 〉 = 0.
The dual vectors 〈Wn| are similarly related to the action of Pn(d) on the
dual boundary vector 〈W |.

Definition 7. The boundary basis, |Vn〉n≥0 and their dual basis 〈Wn|n≥0
for the matrix representation of the ASEP algebra is given by

〈Wn| = 〈W |Pn(d) (2.3.16a)

|Vn〉 = Qn(e)|V 〉 (2.3.16b)

where (d− b1)|V 〉 = 0 and 〈W |(e− a1) = 0.
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In terms of the standard basis, the first n+ 1 entries of the vector |V̂m〉 are
the only potentially non-zero entries since the degree of Qn(e) is n. There-
fore they clearly define a basis.

Returning to the question of the existence of bi-orthogonal polynomials we
have the following theorem stating a unique pair of sequences exists.

Theorem 11. Let {Pn(d)}n≥0 and {Qn(e)}n≥0 be a pair of sequences of
monic polynomials satisfying

L(PnQm) = Λnδn,m (2.3.17)

where the linear functional L is defined by equations (2.2.2). Then {Pn}n≥0
and {Qn}n≥0 exist and are unique with

Λn = (ab, q; q)n (2.3.18)

for n > 0 and Λ0 = 1.

Proof. The existence of {Pn}n≥0 follows by applying Cramer’s rule to the
system of linear equations obtained by writing

Pn(d) =
n∑
i=0

k
(n)
i di (2.3.19)

with a
(n)
n = 1 and

ej = Qj(e) +

j−1∑
`=0

c
(j)
` Q`(e) . (2.3.20)

Then for j ≤ n
L(Pne

j) = Λnδn,j (2.3.21)

and substituting (2.3.19) gives the equations

n∑
i=0

k
(n)
i L(diej) = Λnδn,j . (2.3.22)

Using (2.3.3) results in the system of equations

(a
(n)
0 , a

(n)
1 , . . . , a(n)n )


B0,0 B0,1 . . . B0,n

B1,0 B1,1 . . . B1,n
...

...
. . .

...
Bn,0 Bn,1 . . . Bn,n

 = (0, . . . , 0,Λn) . (2.3.23)
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Since for all n ≥ 0 we have from Theorem 9 that det B(n) 6= 0, thus the
system has a unique solution given by Cramer’s rule

Pn(d) =
1

det B(n−1) det


B0,0 B0,1 . . . B0,n−1 1
B1,0 B1,1 . . . B1,n−1 d

...
...

. . .
...

...
Bn−1,0 Bn−1,1 . . . Bn−1,n−1 dn−1

Bn,0 Bn,1 . . . Bn,n−1 dn

 .

(2.3.24a)
Similarly

Qn(e) =
1

det B(n−1) det


B0,0 B0,1 . . . B0,n−1 B0,n

B1,0 B1,1 . . . B1,n−1 B1,n
...

...
. . .

...
...

Bn−1,0 Bn−1,1 . . . Bn−1,n−1 Bn−1,n
1 e . . . en−1 en

 .

(2.3.24b)
The scalar Λn follows from the monic requirement which gives

Λn = det B(n)/ det B(n−1) .

and hence from (2.3.8) we get (2.3.18).

Note (2.3.24a) and (2.3.24b) are very similar to those obtained when com-
puting classical orthogonal polynomials but have the important difference
that the moment matrix (replaced here by the bi-moment matrix) is no
longer a Hankel matrix. Since the bi-moment matrix isn’t a Hankel matrix,
it means Pn(d) 6= Qn(d) and that L 6= U, contrary to traditional orthogonal
polynomials.

The explicit form of the polynomials are given by (2.3.24a) and (2.3.24b).
These determinants are evaluated by calculating their LDU decomposition.
A slightly modified version of the bi-moment LDU-decomposition leads to
the following theorem.

Theorem 12. The pair of sequences of monic polynomials {Pn(d)}n≥0 and
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{Qn(e)}n≥0 satisfy the recurrence relations

Pn(d) = dn −
n−1∑
k=0

Ln,kPk(d) , (2.3.25a)

Qn(e) = en −
n−1∑
k=0

Qk(e)Uk,n , (2.3.25b)

where Ln,k and Uk,n are the matrix elements of the lower triangular L and
upper triangular U are given by (2.3.10).

Proof. The theorem follows from the LDU-decomposition (detailed in Sec-
tion 2.5) of the bi-moment matrix. This decomposition provides the follow-
ing expression for the matrix whose determinant is required in (2.3.24a)

L′D′U ′ =


B0,0 B0,1 . . . B0,n−1 1
B1,0 B1,1 . . . B1,n−1 d

...
...

. . .
...

...
Bn−1,0 Bn−1,1 . . . Bn−1,n−1 dn−1

Bn,0 Bn,1 . . . Bn,n−1 dn

 (2.3.26)

where the the modified L’D’U’ decomposition isn’t exactly an LDU decom-
position, but is defined in terms of the matrix elements from the LDU de-
composition.
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L′ =


L0,0 0 . . . 0 1
L1,0 L1,1 . . . 0 d

...
...

. . .
...

...
Ln−1,0 Ln−1,1 . . . Ln−1,n−1 dn−1

Ln,0 Ln,1 . . . Ln,n−1 dn

 (2.3.27)

D′ =


D0,0 0 . . . 0 0

0 D1,1 . . . 0 0
...

...
. . .

...
...

0 0 . . . Dn−1,n−1 0
0 0 . . . 0 1

 (2.3.28)

U ′ =


U0,0 U0,1 . . . U0,n−1 0

0 U1,1 . . . U1,n−1 0
...

...
. . .

...
...

0 0 . . . Un−1,n−1 0
0 0 . . . 0 1

 . (2.3.29)

The fact that detU ′ = 1 and detD′ = det B(n−1) leads to the following
simplified expression

Pn(d) = detL′ . (2.3.30a)

The equivalent expression for the matrix in (2.3.24b) leads to

Qn(e) = det


U0,0 U0,1 . . . U0,n−1 U0,n

0 U1,1 . . . U1,n−1 U1,n
...

...
. . .

...
...

0 0 . . . Un−1,n−1 Un−1,n
1 e . . . en−1 en

 . (2.3.30b)

The determinant in (2.3.30a) is calculated by determinant expansion using
the bottom row. Each minor determinant reduces down to a k× k determi-
nant of the same form as (2.3.30a), hence evaluates to Pk(d). Thus we get
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(2.3.25a). The minor determinant obtained by expanding around Ln,k is

L0,0 . . . 0 0 . . . 0 1
...

. . .
...

...
...

...
Lk−1,0 . . . Lk−1,k−1 0 . . . 0 dk−1

Lk,0 . . . Lk,k−1 0 . . . 0 dk

Lk+1,0 . . . Lk+1,k−1 Lk+1,k+1 . . . 0 dk+1

...
...

...
. . .

...
...

Ln−1,0 . . . Ln−1,k−1 Ln−1,k+1 . . . Ln−1,n−1 dn−1


. (2.3.31)

The second last column is all 0’s except the bottom term, which is 1. Ex-
panding about this column leaves a minor determinant in the same form as
(2.3.31) except smaller. This process can be repeated until a determinant of
size k × k remains. Expanding around Ln,k contributes a factor of (−1)n+k

to the determinant. There are n−k−1 expansions of the second last column
to get the k × k determinant minor, thus the total sign for the term about
Ln,k is (−1)2n−1 = −1. The minor obtained by expanding by the dn term
is a size n version of L which has a determinant equal to 1.

Only the existence, and not the explicit LDU decomposition, was required
for the proof above. Therefore this result is valid for any bi-moment ma-
trix. The equations (2.3.25) and the properties of the LDU decomposition
(2.3.10) can now be used to find explicit forms for Pn and Qn, which are
stated in the following theorem.

Theorem 13. The pair of sequences of monic polynomials {Pn(d)}n≥0 and
{Qn(e)}n≥0 are given by

Pn(d) =

n∏
k=1

(d− bqk−1) ,

and

Qn(e) =
n∏
k=1

(e− aqk−1)

with P0 = Q0 = 1.
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Proof. The theorem is equivalent to Pn and Qn satisfying the first order
recurrence relations

Pn+1(d) = (d− bqn)Pn (2.3.32a)

Qn+1(e) = (e− aqn)Qn (2.3.32b)

which we prove by induction using the recurrence relations (2.3.10) satisfied
by the upper and lower triangular matrix elements. Substituting the recur-
rence relation for L (2.3.10a) into the explicit formula for Pn+1 (2.3.25a)
gives

Pn+1 = dn+1 −
n−1∑
k=0

Ln,k(Pk+1 + bqkPk)− bqnLn,nPn . (2.3.33)

The induction assumption is that

dPk−1 = Pk + bqk−1Pk−1 (2.3.34)

is true for k ≤ n. Multiplying (2.3.25a) by d and substituting the induction
assumption (2.3.34) gives

dPn = dn+1 −
n−1∑
k=0

Ln,k(Pk+1 + bqkPk) . (2.3.35)

Substituting (2.3.35) into (2.3.33) and since Ln,n = 1, the induction assump-
tion is shown to be true for n + 1. Using (2.3.25), it is simple to calculate
that P0 = Q0 = 1 and P1 = d− b and Q1 = e− a. Therefore the induction
assumption is true for n = 1 and the proof is complete for (2.3.32a). The
result for (2.3.32b) follows a similar induction proof.

2.4 Matrix representation in boundary basis

This section will briefly discuss a representation of the linear functional L
by an inner product using a matrix representation of the tensor algebra.

The polynomials Qn(e) generate a basis set {vn}n≥0 for the module (2.2.1)

by their action on the boundary monomial element v0 satisfying L
(
u(d −

b)v0
)

= 0, that is, generated by the set of elements vn = Qn(e)v0. Denote
the module in this basis by VQ. Note, equation (2.2.2b) shows that in the
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tensor space v0 = 1 but is usually denoted |V 〉 when L is represented by an
inner product.

It is well known that since VQ is infinite dimensional that its dual space is
not spanned by the elements, v∗n dual to vn (ie. v∗n(vm) = δn,m). Thus it is
not clear a priori that all linear functionals L that satisfy (2.2.2) can be ex-
pressed as an element in the dual sub-module spanned by v∗n. However, for
the computational purposes of the ASEP model we only require a non-trivial
such linear functional. It turns out to be sufficient to restrict ourselves to
linear functionals in the dual sub-module spanned by v∗n. Call this dual
sub-module V ∗P . Thus we seek a linear functional L satisfying (2.2.2) that
exists in the dual sub-module V ∗P .

Theorem 11 tells us that given the set {vn} there exists a unique dual set
v∗n = Pn(d). We first find a matrix representation of the quotient module

S =M/(de− q ed− 1 + q) (2.4.1)

and then address the question of how to extract L(g), g ∈ S, from the matrix
representation of g.

In order to obtain a matrix representation we need to use normalised se-
quences {P̂n}, {Q̂n} of the two polynomials sequences. If (2.3.11) is replaced
by

L(P̂n Q̂m) = δn,m , (2.4.2)

then clearly

P̂n =Pn/
√

Λn , (2.4.3a)

Q̂n =Qn/
√

Λn . (2.4.3b)

gives a bi-orthonormal pair of polynomial sequences. The normalisation is
chosen to retain symmetry and as this results in obtaining the same matrices
found by Sasamoto.

The recurrence relations (2.3.32) for Pn and Qn can be used to compute the
following two moments which lead to a matrix representation.

Theorem 14. Let Pn and Qn be the polynomials of Theorem 13. The two
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first moments

Xn,m = L(Pn dQm), (2.4.4a)

Yn,m = L(Pn eQm), (2.4.4b)

for n,m ≥ 0, are given by

Xn,m = Λn+1δn+1,m + bqnΛnδn,m , (2.4.5a)

Yn,m = Λm+1δn,m+1 + aqmΛmδn,m , (2.4.5b)

for n,m ≥ 0.

Proof. Only the proof for (2.4.5a) will be given, as the proof for (2.4.5b)
follows analogously. Substituting the first order recurrence for Pn (2.3.32a)
into (2.4.4a) gives

Xn,m = L(Pn+1Qm) + bqnL(PnQm) (2.4.6)

which along with (2.3.11) gives the result stated.

It is the orthonormal versions of the bi-orthogonal polynomials that give rise
to a representation of the quotient module (2.4.1).

Theorem 15. The infinite dimensional matrices d and e with matrix ele-
ments

dn,m = L(P̂n d Q̂m) = Xn,m/
√

ΛnΛm , (2.4.7a)

en,m = L(P̂n e Q̂m) = Yn,m/
√

ΛnΛm , , (2.4.7b)

for n,m ≥ 0, give a matrix representation of the quotient module (2.4.1).

Proof. The theorem is proved by direct verification that the matrices (2.4.7)
satisfy the relation de−q ed = (1−q)1. From the following matrix product
equations obtained using (2.4.5) and (2.4.7),

(de)n,m = bqn
√
gn−1δn−1,m + (abq2n + gn)δn,m + aqn+1√gnδn+1,m (2.4.8)

(ed)n,m = bqn−1
√
gn−1δn−1,m + (abq2n + gn−1)δn,m + aqn

√
gnδn+1,m

(2.4.9)

where gn = (1 − qn+1)(1 − abqn), it is clear that the matrices satisfy the
relation since it is simple to show that gn satisfies

(abq2n + gn)− q(abq2n + gn−1) = 1− q (2.4.10)
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The matrices (2.4.7) have a simple bi-diagonal structure

d =


b
√
g0 0 . . .

0 bq
√
g1 . . .

0 0 bq2 . . .
...

...
...

. . .

 (2.4.11a)

and

e =


a 0 0 . . .√
g0 aq 0 . . .
0

√
g1 aq2 . . .

...
...

...
. . .

 . (2.4.11b)

These are the same matrices (2.1.9) as obtained by Sasamoto [14]. This
demonstrates that the three-term recurrence for the Al-Salam-Chihara poly-
nomials arises from the matrix representations for d and e in terms of the
boundary bases (Definition 7).

The following theorem states the relationship between L and the matrix
representation.

Theorem 16. Let m be the matrix representation, in the boundary basis,
of an element m in the quotient module S (2.4.1). Then

L(m) = m0,0 (2.4.12)

where m0,0 is the (0, 0) matrix element of m.

Equation (2.4.12) is the matrix product representation of L conventionally
written

L
(
c1c2 · · · ck

)
= 〈W |c1c2 · · · ck|V 〉 (2.4.13)

where ci ∈ {d, e}. In the basis |Vn〉 we have

〈W | = 〈W0| = (1, 0, . . . , ) , and |V 〉 = |V0〉 = (1, 0, . . . , )T .
(2.4.14)

were T denotes the transpose.
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Proof of Theorem 16. Clearly (2.4.12) defines a linear functional from the
space of matrices to R. It remains to verify that such a functional satisfies
the equations (2.2.2). Equation (2.2.2a) is satisfied as de−q ed− (1−q)1 is
the zero matrix as demonstrated by Theorem 15. Equation (2.2.2b) requires
L(u(d−b)) = u(d−b1)0,0 = 0 for any u ∈ S, which is trivially verified using
the matrix (2.4.11a). Similarly for (2.2.2c).

2.5 LDU-decomposition of the Bi-Moment Matrix

In this section we derive the decomposition of the bi-moment matrix B into
a product of a lower triangular matrix L, a diagonal matrix D and an upper
triangular matrix U as given in Theorem 17. In order to do this we extend
a theorem in [41] by extracting the upper and lower matrices.

In [41], a matrix whose elements are given by a recurrence relation that
satisfies a certain criteria are defined as a recursively defined matrix. It will
be shown that both recursive formulations for the bi-moment matrix satisfy
these criteria. Consequently, results pertaining to recursively defined matri-
ces can be used to determine the LDU decomposition of B.

Definition 8. Let α = (αi)i≥0, β = (βi)i≥0, γ = (γi)i≥0, µ = (µi)i≥0,
ν = (νi)i≥0, ε = (εi)i≥0 and λ = (λi)i≥−1 be given sequences. Let

Φ(i, j) = εi−1γj−1 + νi−1µj−1 for i, j ≥ 1,

Ψ(i, j) = εi−1λj−1 + νi−1 for i ≥ 1, j ≥ 0,

Ω(i, j) = (αi −Ψ(i, 0)αi−1)(βj − µj−1βj−1) for i, j ≥ 1.

A recursively defined matrix, is a matrix A = (ai,j) of order n+1, where
the matrix elements are given by

ai,j = µj−1ai,j−1 + Φ(i, j)ai−1,j−1 + Ψ(i, j)ai−1,j + Ω(i, j) (2.5.1)

for 1 ≤ i, j ≤ n. The boundary elements satisfy a0,j = α0βj and ai,0 = β0αi
for 0 ≤ i, j ≤ n.

For matrices that satisfy the above definition, the following theorem gives
the LDU decomposition.
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Theorem 17. The unique LDU-decomposition for a recursively defined ma-
trix is

A = L ·D ·U

where L (resp. U) is a lower (resp. upper) triangular matrix with diagonal
entries 1 and D is a diagonal matrix. The lower triangular matrix satisfies

l = L ·D(1)

where l = (li,j)0≤i,j≤n, li,0 = αi, l0,j = δ0,j and

li,j = εi−1li−1,j−1 + Ψ(i, j)li−1,j .

D(1) is a diagonal matrix with diagonal entries (D
(1)
i )0≤i≤n such that

D
(1)
i = α0

n−1∏
k=1

εk .

The upper triangular matrix satisfies

u = D(2) ·U

where u = (ui,j)0≤i,j≤n, u0,j = βj, ui,0 = δi,0 and

ui,j = µj−1ui,j−1 + (γj−1 + µj−1λi−2)ui−1,j−1 + (λj−1 − λi−2)ui−1,j .

D(2) is a diagonal matrix with diagonal entries (D
(2)
j )0≤j≤n such that

D
(2)
j =

j∑
k=1

{
βk−1(γk−1 + µk−1λk−2)

k−2∏
r=0

(λj−1 − λr−1)
j∏

s=k+1

(γs−1 + µs−1λj−1)
}

+ βj

j−1∏
t=0

(λj−1 − λt−1)

The diagonal matrix D has diagonal elements Di such that

Di = D
(1)
i D

(2)
i .

This is an elaboration of the main theorem in [41], where the theorem only
states the determinant of a recursively defined matrix. Included in the
proof of that theorem is an LU-decomposition for a recursively defined ma-
trix. The proof shows that when the decomposition matrices are multiplied
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together (using the recurrence relations), the result is a recursively defined
matrix. Theorem 17 converts the LU-decomposition provided in the proof
in [41] into the unique LDU-decomposition and states the result as a theo-
rem. The LDU decomposition for the bimoment matrix given previously in
the chapter is obtained by using Theorem 17. Both recursive definitions for
B are applied for Theorem 17 in order to obtain both the lower and upper
triangular matrices of the decomposition in the same form.

Proof of Theorem 10. The recursion (2.3.4b) demonstrates that the bi-moment
matrix is a recursively defined matrix with

Φ(i, j) = 1− qj , Ψ(i, j) = bqj , Ω(i, j) = 0, µj = 0

which is satisfied by

νi = 0, εi = 1, γj = 1− qj+1, λj = bqj+1, αi = bi, βj = aj .

By Theorem 17 D(1) = 1, leading to l = L. Therefore

Li,j = Li−1,j−1 + bqjLi−1,j

where Li,0 = bi and L0,j = δ0,j with

Dj =

j+1∑
k=1

(ab)k−1
k−2∏
r=0

(qj − qr)
j∏

s=k

(1− qs)

which can be shown to satisfy

Dj = (1− abqj−1)(1− qj)Dj−1 .

To get the upper triangular matrix, Theorem 17 will instead be used to find
the lower triangular matrix of the transpose of the bi-moment matrix. The
recursion (2.3.4a), demonstrates that the transpose of the bi-moment matrix
is a recursive matrix with

Φ(i, j) = 1− qj , Ψ(i, j) = aqj , Ω(i, j) = 0, µj = 0

which is satisfied by

νi = 0, εi = 1, γj = 1− qj+1, λj = aqj+1, αi = ai, βj = bj .

Therefore by Theorem 17

UT
i,j = UT

i−1,j−1 + aqjUT
i−1,j

where UT
0,j = aj and UT

i,0 = δi,0. Taking the transpose of this matrix gives
the required result.
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2.6 Concluding Remarks

The representation associated with the Al-Salam-Chihara polynomials ob-
tained by Sasamoto [14] is a matrix representation of the quotient module
M/(de − qed − (1 − q)) with respect to the basis |Vn〉 = Qn|V 〉 generated
by the boundary vector |V 〉 via the action of the polynomial sequence {Qn}.
The vectors, 〈Wn| = 〈W |Pn, dual to |Vn〉 are generated by the dual boundary
vector 〈W | through the action of the polynomials {Pn}. The two sequences
{Pn} and {Qn} are bi-orthogonal with respect to the linear functional L
defined by the equations (2.2.2), that is L(PnQm) = Λnδn,m. Using the
bi-moment matrix (2.3.3) we showed that the two bi-orthogonal sequences
exist and are unique. Through the LDU-decomposition of the bi-moment
matrix it is possible to find explicit forms for the bi-orthogonal sequences in
the case of the three parameter model.

The immediate question presented by this approach is does it generalise to
the five-parameter model and the Askey-Wilson representation obtained in
[15, 36]. Calculating the five parameter versions of Pn and Qn confirms this
intuition. Generalising the boundary basis approach to the five parameter
model is outlined in Chapter 4.

The connection between classical orthogonal polynomials and the combina-
torics of lattice paths is well established [37, 29] as is the combinatorics of
the ASEP model [13]. The bi-diagonal structure of the d and e matrices
connect to binomial lattice paths (aka. fully directed paths) and the tridi-
agonal matrix d + e to Motzkin paths. The combinatorics of this formalism
is explored in Chapter 3.



Chapter 3

Three Parameter
Combinatorics

The variations of the ASEP are a rich source of combinatorics, and com-
puting the stationary distribution combinatorially has been well studied.
Lattice paths models [42], permutations [43], alternative tableaux [19] and
staircase tableaux [36] have all been studied to further understand the sta-
tionary distribution. Understanding the origin of the combinatorial features
of the ASEP has been a well researched and fruitful topic [44, 45, 46].

The connection between orthogonal polynomials and the ASEP increased
the effort into understanding the stationary distribution combinatorially,
especially due to the well-known combinatorial understanding of orthogonal
polynomials [47, 29, 37]. Previous combinatorial results for the stationary
distribution were also applicable to the moment sequences for these orthogo-
nal polynomials. This culminated in the discovery of staircase tableaux and
a combinatorial formula for the moments of the Askey-Wilson polynomials,
which are at the top of the hierarchy of classical orthogonal polynomials.
Thus, specialisations of staircase tableaux reproduces [48] known results for
orthogonal polynomials further down the hierarchy and establishes connec-
tions between staircase tableaux and important number sequences in com-
binatorics (Catalan, Fibonacci etc.).

This chapter will explore the combinatorics of the results obtained in the
previous chapter. An overview of lattice paths, especially binomial paths,

53
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and rook placements will be provided as they are utilised frequently to estab-
lish combinatorial interpretations and proofs for the mathematical objects
covered in Chapter 2 (linear functional, BiOPS, bi-moment matrix etc.). Fi-
nally, several combinatorial proofs are provided for a further generalisation
of the binomial coefficients as well as its connection to the ASEP.

3.1 Involution Method

The Involution method for combinatorial proofs was laid out in [49]. It pro-
vides a tool for dealing with combinatorial formulas that contain negative
terms.

Definition 9. A signed set A is a set which has been partitioned into two
subsets A+ and A− such that

A+ ∪A− = A and (3.1.1)

A+ ∩A− = ∅ . (3.1.2)

The set of A+ are called the positive elements and the set of A− are called
the negative elements. The signed difference, denoted ||A||, of A is defined
as

||A|| = |A+| − |A−| (3.1.3)

The purpose of the signed set is to partition combinatorial objects such that
those represented by negative terms are in the negative set. The aim of
the involution method is then to pair up elements using a special type of
bijection.

Definition 10. A sign reversing involution φ is a bijection φ : A → A
on a signed set A such that

1. φ is an involution, ie. φ(φ(x)) = x

2. If x ∈ A+ and φ(x) 6= x then φ(x) ∈ A−

3. If x ∈ A− and φ(x) 6= x then φ(x) ∈ A+

Any x ∈ A such that φ(x) = x is called a fixed point of φ. The set of fixed
points in A+ are denoted A+

∗ and similarly A−∗ for A−.
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A sign reversing involution pairs elements from the positive set with ele-
ments of the negative set so that every pair of elements cancels each other
out. For weighted combinatorial objects, a weight preserving sign re-
versing involution has the additional requirement of only changing the
parity of the weight of the object.

Theorem 18 (Signed Difference). Let A be a signed set with positive and
negative sets A+ and A−. Then

||A|| = |A+
∗ | − |A−∗ | . (3.1.4)

The signed difference theorem demonstrates that a sign reversing involu-
tion cancels out “superfluous” elements and calculating ||A|| is simplified
to calculating of the difference in the fixed points of the signed sets of the
involution. The involution method is used to prove identities where the
LHS = |A+| − |A−| and RHS = |A+

∗ | − |A−∗ |.

3.2 Lattice Paths Models

Lattice path models are used in mathematical physics as they provide a
simplistic model for complex behaviour, such as Brownian motion and have
been used to further understand polymer adsorption and vesicle phase tran-
sitions [50, 51]. Lattice paths have very useful combinatorial properties and
are frequently used due to the recurrence relations they satisfy. It is for
these reasons and their geometric properties that paths are used to provide
combinatorial representations in this thesis.

There are many results linking the ASEP with lattice path models. Matrix
representations for solutions to the matrix Ansatz can be interpreted [42]
as a transfer matrices (in the same way a tridiagonal matrix encodes the
step set of Motzkin paths) for different lattice path models. Computing the
stationary state distribution translates into the combinatorial problem of
enumerating weighted lattice paths. Calculations for ZL for various param-
eter values in terms of lattice paths have been provided in [52, 53]. Under
the lattice path interpretation, the change of basis between representations
manifests as weight preserving bijections and involutions between the differ-
ent lattice path models [54].
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Definition 11. A lattice path, p, on the lattice Z2, with step set S ⊆ Z2

is a sequence of vertices v0, . . . , vt such that vi ≡ (xi, yi) ∈ Z2 and for t >
0, vi−vi−1 ∈ S. For a particular path, p, denote the corresponding sequence
of steps by E(p) = e1e2 . . . et with ei = (vi−1, vi) for all i = 1, 2, . . . , t.

• The height of a vertex v = (x, y) is h(v) = y. The height of a step is
given by the height of the starting vertex of the step.

• The length of a path is l(p) = t, the number of steps in the path.

A weighted lattice path is a lattice path such that there exists a weight
function ω(p).

• A vertex weight is a map ω(x) where x ⊆ (v0, . . . , vt).

• A step weight is a map ω(x) where x ⊆ (e1, . . . , et).

The same weight notation is used for paths, vertices and steps.

A weight for a path may be defined in terms of the steps, vertices or both.
Where the weight of a vertex or step hasn’t been explicitly defined, the
default value is 1. The weight of a path is the product of the vertex and
step weights given by ω(v0, . . . , vt, e1, . . . , et) where ω(x, y) = ω(x)ω(y). For
a path p, with e ∈ S, the notation |pe| denotes the total e steps in the path.

Figure 3.1: A binomial path, a Dyck path and a Motzkin path

For simplicity, lattice paths have been defined on the lattice Z2. However
the definition can be generalised to other lattices or a path can be gener-
alised further to graphs.

Definition 12. A binomial path is a lattice path with step set

S = {(0, 1), (1, 0)}
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for every step. The step (1, 0) will be called an east (E) step and the step
(0, 1) will be called a north (N) step. Binomial paths have initial vertex
v0 = (0, 0) and Bn,k denotes the set of binomial paths with final vertex
vf = (n− k, k).

The first two paths in Figure 3.1 are binomials paths. Binomial paths derive
their name from the fact that Bn,k is enumerated by the binomial coefficient(
n
k

)
. The symmetric property of binomial coefficients

(
n
k

)
=
(
n

n−k
)

is easily
demonstrated with binomial paths by using the bijection that switches N
and E steps. The binomial expansion

(N + E)n =
n∑
i=0

(
n

i

)
Nn−iEi (3.2.1)

is the generating function for length n binomial paths. In this identity, N
and E are formal commuting variables. This identity can be proven be
interpreting both sides as length n binomial paths.

• LHS: Each factor corresponds to the choice between E or N for each
step.

• RHS: Paths are grouped based on |pE | and |pN | (the totals of each
step type) and the sum is over all possible step total combinations.

This provides a combinatorial proof of the binomial expansion identity and
demonstrates via a simple example of how binomial paths can be used to
prove identities involving binomial coefficients.

Definition 13. A Dyck path is an even length binomial path such that the
final vertex is v2n = (n, n) and all vertices vi = (xi, yi) satisfy the condition
yi ≥ xi.

The second path in Figure 3.1 is a Dyck path. It is a well known result
that Dyck paths are enumerated by the Catalan numbers Cn = 1

n+1

(
2n
n

)
.

Richard Stanley has compiled a list of combinatorial interpretations of the
Catalan numbers and a book [55]. For all of these interpretations, there
exists a bijection to Dyck paths.
/;

Definition 14. A Motzkin path is a lattice path with step set

S = {(1, 1), (1, 0), (1,−1)}
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The step (1, 1) is called a north east (D) step and the step (1,−1) is called
a south east (SE) step. The initial vertex is v0 = (0, 0), the final vertex is
vn = (n, 0) and all vertices vi = (xi, yi) satisfy the condition yi ≥ 0.

The third path in Figure 3.1 is a Motzkin path. As previously outlined,
weighted Motzkin paths provide a combinatorial representation for the mo-
ments of orthogonal polynomials.

3.3 Binomial path generalisations

The q parameter introduced in the three parameter ASEP leads to connec-
tions with q-orthogonal polynomials, which are q-analogs of classical orthog-
onal polynomials. Studying q-orthogonal polynomials requires q-analogs
established for other mathematical objects. The following notation used
within q-calculus will be utilised. In each of the following q-analog defini-
tions, in the limit q → 1, the original expression is obtained. The q-analog
of the integer n is given by

[n]q =

n∑
i=1

qi−1 = 1 + q + q2 + . . .+ qn−1 =
1− qn

1− q
. (3.3.1)

The factorial operator is q extended by

[n]q! =
n∏
i=1

[i]q . (3.3.2)

The q-binomial coefficient is defined in terms of q-factorials as[
n

k

]
q

=
[n]q!

[k]q![n− k]q!
. (3.3.3)

Just as there is a q-analog of the the binomial coefficients, there is a q-analog
of binomial paths.

Definition 15. A q-binomial path is a weighted binomial path with step
weight function given by

ω(ei) =

{
qh(ei) if ei is an E step

1 if ei is a N step
(3.3.4)

where h(ei) is the height of step ei.



3.3. BINOMIAL PATH GENERALISATIONS 59

The weight function for q-binomial paths can be geometrically interpreted
as the area below the path. The area below a path is the area between
the path, the x-axis and the line y = yf where vf = (xf , yf ) is the final
vertex of the path. In other words, it is the area below the path confined by
the bounding rectangle of the path. The bounding rectangle of a path is
the minimal size rectangle on the lattice such that the paths fits within the
rectangle. For binomial paths, this is the rectangle with opposing vertices
given by the initial and final vertices of the path. The weights of the first
and second paths in Figure 3.1 are q11 and q20, which can be quickly calcu-
lated from the area below the paths. The weight of q-binomial paths can be
interpreted such that the q-weight of the step weight function is defined in
terms of the N steps, where each step weight is determined by the area in
the bounding triangle.

For binomial paths, the height of an E step can be interpreted as the number
of “cells” (or squares) between the step and the x-axis which is the area below
the step. Therefore the weight of a q-binomial path is the area underneath
each of the E steps. The following proposition makes explicit the relation-
ship between the q-binomial coefficients and the weights of q-binomial paths.

Proposition 1. Let Bqn,k be the set of length n q-binomial paths with |pN | =
k. Then [

n

k

]
q

=
∑

p∈Bqn,k

ω(p) (3.3.5)

where the sum is over all paths in Bqn,k and ω is the q-binomial path weight
function (3.3.4).

Proof. It is easy to verify that the q-binomial coefficients satisfy the recur-
rence [

n

k

]
q

=

[
n− 1

k − 1

]
q

+ qk
[
n− 1

k

]
q

(3.3.6)

with
[
n
n

]
q

=
[
n
0

]
q

= 1 for n ≥ 0.

The recurrence separates the paths into two distinct subsets, determined by
the last step. The first term of the recurrence corresponds to the last step
being a N step. In this case, the last step doesn’t change the area under the
path. The second term of the recursion corresponds to the last step in the
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path being an E step. This step adds an additional column of height k to
the area beneath the path, hence the qk factor. The initial conditions are
satisfied as paths with only one step type have zero area.

Another combinatorial interpretation of binomial coefficients are words us-
ing an alphabet with two letters. An example of this, is expressing binomial
paths in terms of the step sequence, as seen in (3.2.1). Such words are bi-
nary strings, with the most well known example being binary numbers.
Paths that have a step set size of two are binomial in nature, as these paths
can be represented by binary strings. However, binary strings lack the geo-
metric features of q-binomial paths that allow the q-weight to be interpreted
as an area. It is for this reason, that several q-weighted binomial type paths
will be defined for the purpose of combinatorial proofs of q identities related
to the 3 parameter ASEP.

Figure 3.2: Examples of 4 types of q-binomial paths



3.3. BINOMIAL PATH GENERALISATIONS 61

Definition 16. A stretched q-binomial path is a weighted lattice path
with step set

S = {(1, 0), (1, 1)}

and step weight function given by

ω(ei) =

{
qh(ei) if ei is an E step

1 if ei is a D step
(3.3.7)

where h(ei) is the height of step ei.

Note that a D step is the (1, 1) diagonal step, or a North-East step. Con-
verting a N step to a D step and vice versa is a weight preserving bijection
between q-binomial paths and stretched binomial paths. The width of a
path is defined as the difference between the final and initial vertices x-
coordinates, for example if vf − vi = (j, k) then j is the width of the path.
Stretched binomials paths are introduced so that q-binomial coefficients can
be interpreted as a path that has the property that the width of the path
equals the length of the path.

The Cauchy Binomial Theorem

n∏
i=1

(x+ yqk−1) =

n∑
i=0

xn−iyiq(
i
2)
[
n

i

]
q

(3.3.8)

is the q-analog of the binomial expansion given in (3.2.1). It can be used to
express the q-Pochhammer symbol as the sum

(a; q)n =
n∑
i=0

[
n

i

]
q

q(
i
2)(−a)i . (3.3.9)

The Cauchy Binomial Theorem can be proven bijectively (see Stanley [56])
via partitions of at most n distinct parts of size at most n. However,
the Cauchy Binomial Theorem can also be interpreted as counting the q-
binomial paths that outline these partitions, which gives rise to the following
definition.

Definition 17. An increasing q-binomial path is a q-binomial path such
that every E step is followed by a N step.
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The set of increasing binomial paths of length n with |pN | = k is a subset of
the binomial paths with the same parameters. The increasing condition for
these paths establishes the property that every E step has a distinct height.
This property ensures that increasing q-binomial paths define the outline of
partitions with distinct parts, where the q weight of the path is the size of
the partition. This interpretation of increasing q-binomial paths illustrates
the bijection between increasing q-binomial paths of length n + m with m
E steps and partitions with m distinct parts of size at most n. Parts of
size zero are included, however only one such part may be included in the
partition due to the distinct size condition.

Definition 18. A size n staircase path is an increasing q-binomial path
of length 2n, such that

ei =

{
E if i odd

N if i even
(3.3.10)

where 1 ≤ i ≤ 2n

Figure 3.3: Size 8 staircase path with weight q15

Staircase paths have alternating E and N steps resulting in their shape re-
sembling a flight of stairs, from which their name is derived. The weight

of a size n staircase path is q(
n
2). The

(
n
2

)
coefficients are referred to as

the triangular numbers as the area of a triangle is n
2 (n− 1) =

(
n
2

)
and this

triangular property is present in the shape of staircase paths.

The q-binomial type paths defined in this section can be uniquely expressed
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as a weakly increasing sequence

0 ≤ h1 ≤ h2 ≤ . . . ≤ hm

where hi is the height of the ith east step and |pE | = m. The weakly
increasing sequence representation of two paths p1 → h1, h2, . . . , hm and
p2 → g1, g2, . . . , gm is used to define their sum as the path with weakly in-
creasing sequence representation f1, f2, . . . , fm with fi = gi + hi. The sum
of two paths is created by adding the heights of corresponding E steps, with
the condition that both paths have the same number of E steps. Note that
this sum is weight preserving in that the weight of the new paths is the
product of the 2 constituent paths. An increasing q-binomial path can be
uniquely written as the sum of a q-binomial path and a staircase path.

In the interest of expressing the BiOPS combinatorially, a slight variation
of binomial paths will be introduced. This variation is introduced due to
certain properties possessed by these paths, in particular their width and
weight function. A variation of the staircase binomial is defined by replacing
a subset of the consecutive EN step pairs by a (1, 1) step. Correspondingly,
these paths can be represented as a binary string via the sequence of EN
step pairs or the replacement (1, 1) steps.

Definition 19. A faulty staircase q-binomial path is a weighted stair-
case path, such that diagonal steps may be inserted after N steps. The step
weight function is given by

ω(ei) =


qh(ei) if ei is an E step

1 if ei is a N step

1 if ei is a D step

(3.3.11)

For simplicity, faulty staircase q-binomial paths will be referred to as faulty
staircase paths. Just like staircase paths, a faulty staircase path has final
vertex (n, n). The size of a faulty staircase path is given by its width or
height, as they are equal.

There exists a non-weight preserving bijection between faulty staircase paths
and binomial paths. For faulty staircase paths, since the E and N steps oc-
cur in pairs the step set size is essentially two steps; either an E step (which
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must be followed by a N step) or a D step. The q-weight of a faulty stair-
case path is the area of the columns defined by the E steps. Only the area
beneath E steps and not D steps contribute to the q-weight of these paths.

Figure 3.2 displays an example of each of the 4 types of q-binomial paths
that have been defined above. This figure demonstrates the different geo-
metric properties of these paths with the weight of each path represented
by coloured cells. While these paths do all differ slightly, there exists weight
and non-weight preserving bijections between each type of path. Moving
left to right in the figure, demonstrates the weight preserving bijection of
converting a N step to a D step. Moving from top to bottom, demonstrates
the non-weight preserving bijection of adding a staircase path. The increase
in the q-weight by adding the staircase path is represented by the blue cells.

By adjusting the step weights (without changing the area weight) of faulty
staircase paths gives a combinatorial representation of the q-Pochhammer
symbol.

Theorem 19. The generating function Fn(q) for faulty staircase paths of
size n, where the weight of each E step has an additional factor of −1, is
given by

Fn(q) = (1; q)n (3.3.12)

Proof. The proof of this theorem will also serve as a combinatorial proof of
the Cauchy Binomial Theorem in terms of faulty staircase paths and cannot
be achieved by substituting q → −q. The q-Pochhammer symbol prod-
uct can be seen to be the generating function by associating the ith factor,
(1− qi−1), with the step that originates from the vertex (i− 1, i− 1). If the
step is an E step, it contributes weight −qi−1 otherwise if it is a D step, the
weight is 1. Thus, the product of these factors is the generating function for
all steps, by noting that N steps have weight 1.

Enumerating faulty staircase paths by collecting all paths with i E steps
together, demonstrates the the generating function is

Fn(q) =

n∑
i=0

[
n

i

]
q

q(
i
2)(−1)i.
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The q-binomial factor counts all length n stretched q-binomial paths with

|pE | = i (the red cells in Figure 3.2). The q(
i
2) factor accounts for the

difference in q-weight between stretched paths and faulty staircase paths,
(the blue cells in Figure 3.2). It relies on the fact that

q(
i
2) = q

∑i−1
j=0 j = q0q1 . . . qi−1 (3.3.13)

which accounts for the N step that occurs after every E step which leads to
incremental changes in area beneath each E step.

From Theorem 19 it can be seen that faulty staircase paths provide the
foundation for a combinatorial interpretation of the BiOPS. Recall that the
BiOPS Pn(d) and Qm(e), are given by

Pn(d) =
n∏
i=1

(d− aqi−1) =
n∑
i=1

q(
n
k)
[
n

k

]
q

dn−k(−a)k (3.3.14a)

Qn(e) =
n∏
i=1

(e− bqi−1) =
n∑
i=1

q(
n
k)
[
n

k

]
q

en−k(−b)k (3.3.14b)

where the sum expansion is obtained from the Cauchy Binomial Theorem.
The polynomials expressed in terms of the q-Pochhmammer symbol are

Pn(d) = dn(a/d; q)n (3.3.15)

Qm(e) = em(b/e; q)m. (3.3.16)

The polynomial Pn(d) is the generating function of size n weighted faulty
staircase paths, such that E steps contribute an additional weight of −a and
D steps have weight d, which leads to the adapted step weight function

ω(ei) =


−aqh(ei) if ei is an E step

1 if ei is a N step

d if ei is a D step.

(3.3.17)

Similarly, additional weights of −b and e on the E and D steps lead to a
generating function representation of Qn(e).
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3.4 Combinatorics of the linear functional

The aim of this section is to give a combinatorial interpretation of the linear
functional L, and then to prove the biorthogonality relation combinatorially.
The theory of rook numbers and rook polynomials will first be introduced
and their connection to the linear functional demonstrated. The combinato-
rial proof of the biorthogonality relation will firstly prove the orthogonality
condition using a sign reversing involution. Then it will be shown that the
fixed point set of the involution has a generating function given by the or-
thogonality constant.

3.4.1 Rook Polynomials

Calculating the value of the linear functional, is in essence a normal ordering
problem for d and e. In [57], it was shown that the normal ordering prob-
lem of d and e leads to rook placements, and thus provides a combinatorial
representation for the action of the linear functional. A normal ordering
problem is calculating the value of an expression of non-commutative vari-
ables in terms of a standard format.

The rook numbers, and their q-analog, are obtained by placing rooks (the
chess pieces) onto a Ferrer’s board. A Ferrer’s board (also known as Young
tableau) is a graphical representation of a partition (the English notation
will be used).

Figure 3.4: Example of a Ferrer’s board

Let λ be a partition, then the Ferrer’s board for that partition will be de-
noted as Bλ. The Ferrer’s board for the partition λ = (5, 5, 3, 2) is displayed
in Figure 3.4.
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Definition 20. A rook placement on a Ferrer’s board, B, is a placement
of rooks on the board such that they are non-attacking. Non-Attacking means
that each column and row of B may contain at most one rook. The set of
placements of k non-attacking rooks on a Ferrer’s board, B, is denoted by
Ck(B).

An inversion cell of B is a cell such that;

• the cell doesn’t contain a rook,

• there isn’t a rook below the cell,

• there isn’t a rook on the right of the cell.

The statistic inv(c) for a rook placement c is the number of inversion cells
in c.

Note that rook placements on a square board are a combinatorial represen-
tation of permutations. In this circumstance, the number of inversion cells
is equal to the number of inversions in the permutation. Inversion cells are
a generalisation of inversions in permutations.

The rooks in these placements can be considered as having directional at-
tacking. By considering rooks to only attack upwards and to the left, the
non-attacking condition is unaffected, however, now the statistic inv(c)
counts all non-attacked cells (see Figure 3.5). Cells containing rooks are
considered as an attacked cell, since they are not counted by this statistic.

Figure 3.5: A rook placement, with 2 rooks, on the board given in Figure
3.4 with inversion cells highlighted green

The rook numbers [58] for a board are given by the number of rook place-
ments that exist for that board. Their q-analog is derived via inversion cells,
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with the definition given below.

Definition 21. The kth q-rook number for a Ferrer’s board B is given by

rk(B, q) =
∑

c∈Ck(B)

qinv(c) , (3.4.1)

where the sum is over all possible rook placements with k rooks on the board
B.

Rook numbers are used to define rook polynomials. For rook polynomials,
the coefficient of xk is the kth rook number. Traditional rook polynomials
are defined on a m×n board, however they can be generalised to any board.
The q-rook polynomial for a given board is the rook placement generating
function for that board.

Definition 22. The q-rook polynomial RB(x; q) in variable x for a Fer-
rer’s board B, is given by

RB(x; q) =
∞∑
k=0

rk(B, q)x
k (3.4.2)

The order of the polynomial, will be the maximum number of rooks that can
be placed on the board. For a board of finite size, the maximum number of
rooks that can be placed on the board will be finite. For a 2× 1 board, the
rook polynomial is (1 + q)x+ q2.

3.4.2 Normal Ordering and the q-Weyl algebra

When discussing the combinatorics of the linear functional, the linear func-
tional will be considered to act on the q-Weyl algebra. The q-Weyl algebra
is isomorphic to the free algebra on two generators, d and e, quotiented by
the ideal generated by the element de = qed + 1. The q-Weyl algebra is
isomorphic to the algebra given in (2.2.1). A word w is an element of the
q-Weyl algebra if w has a representation w = w1w2 . . . wn where wi ∈ {d, e}
for which the word will be of length n.

The elements of the q-Weyl algebra are linear combinations of equivalence
classes of words in d and e where two elements w1 and w2 are in the same
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class if there exists a sequence of substitutions of de = qed+1 that takes w1

to w2 (or vice-versa). Each substitution pushes d’s right and e’s left. Con-
tinuing to conduct these substitutions until it is no longer possible results
in a standard choice for the representation of each equivalence class, known
as the normal ordered form.

Definition 23. For an element w in the q-Weyl algebra, the normal or-
dered form of w is the sum

w =
∑
i,j

ci,je
idj .

Terms of the form eidj are called normal ordered terms. The elements
ci,j are the normal order coefficients of w.

For example, the normal ordered form of dde is q2edd + (1 + q)d. The
normal ordered form of an element of the q-Weyl algebra is useful as it
provides a simple way of defining the action of the linear functional. The
attribute of normally ordered terms that all e’s are to the left of all d’s
means that the boundary equations, (2.2.2b) and (2.2.2c), can simply be
used repeatedly. The action of the linear functional on any normal ordered
term is

L(eidj) = aibj . (3.4.3)

which via its linearity defines the action on any linear combination of words.

A word w from the q-Weyl algebra is another form of a binary string. This
means there exists a bijection Γ from the set of all length n words to the
set of all size n binomial paths, where Γ : w = w1w2 . . . wn →= e1e2 . . . en is
defined by

Γ(w1w2 . . . wn) = γ(w1)γ(w2) . . . γ(wn)

and

γ(wi) =

{
E ifwi = d

N ifwi = e.
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A word w can be interpreted as defining a Ferrer’s board B, where the bino-
mial path associated with the word gives the boundary of the partition. For
example, the word ddededdee gives the boundary for the Ferrer’s board
in Figure 3.4. Note that the area of the board is given by the area above
the path, in comparison to q-binomial paths where the q-weight is the area
below the path.

For a word w, the number of d’s in w is denoted |w|d and similarly, |w|e is
the number of e’s in w. The following theorem from [57] relates the normal
order coefficients of a word w with the board Bw defined by that word.

Theorem 20 (Varvak). Let w be an element of the q-Weyl algebra with
|w|d = n and |w|e = m. Then

w =
∑
k

rk(Bw, q)e
m−kdn−k (3.4.4)

where Bw is the board defined by the word w.

This theorem states that determining the normally ordered form of a word
can be represented combinatorially as determining the set rook placements
on the board defined by the word. A rook placement with i non-rook rows
and j non-rook columns corresponds to the normal order term eidj . Thus
for a word w, the normal ordered coefficient ci,j enumerates the rook place-
ments on Bw with i non-rook rows and j non rook columns.

The proof of this theorem with q = 1 is given in [57], with the general q proof
following analogously. The essence of the proof is that q-rook placements
are a combinatorial representation of the q-Weyl algebra. The commutation
relation can be represented diagrammatically in a plane (see Figure 3.6) as
it is a quadratic relationship. Another example where this is the case re-
lated to the ASEP are alternative tableaux, as outlined in [19] by Viennot
and studied further in [59]. Further examples of planar representations of
quadratic algebras and their relationship to a matrix Ansatz approach are
outlined in [60].

Definition 24. A factor, f, of a word, w, is a string of consecutive letters
within the word.
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In order to obtain the normal ordered form of a word, the commutation
relation is used to replace of factor of de with qed + 1 and then expanded.
This process is repeated until all terms are normal ordered terms, meaning
that there are no terms that contain the factor de. This process can be
described by an algorithm. The purpose for describing this algorithm, that
normal orders the word w, is to show that it directly corresponds to the
algorithm that creates all q-rook placements on the Ferrer’s board Bw.

Normal order w algorithm:

Step 1: Consider a word w from the q-Weyl algebra.

Step 2: Select a factor of de within the terms of the expansion of the
word (any such factor in the word can be chosen, the choice doesn’t
impact the end result)

Step 3: Replace de with qed + 1 and expand

Step 4: Repeats steps 2 & 3 until there are no more factors of de within
the terms of the expansion of w.

For example

dde = qded + d

= q2edd + qd + d

Constructing all q-rook placements on the Ferrer’s board Bw replicates this
process. The key for converting the normal ordering algorithm into an al-
gorithm that creates rook placements, is the planarisation of the q-Weyl
algebra. The planarisation is achieved by a set of rules, outlined in Figure
3.6 and Figure 3.7, that shifts the path that defines the rook board from
the bottom right boundary, to the top left boundary, while simultaneously
filling the board with all the possible rook placements.

Figure 3.6: Planarisation for the q-Weyl algebra in terms of rook placements
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Figure 3.7: Supplementary rules for the planarisation of the q-Weyl algebra.
Commuting a single d or e through the board

Translating the normal ordering algorithm into the language q-rook place-
ments using the planarisation of the q-Weyl algebra leads to the following
algorithm.

Rook placements on Bw algorithm:

Step 1: Consider a word w from the q-Weyl albegra and construct the
associated Ferrer’s board Bw.

Step 2: Select a corner cell from the Ferrer’s board. A corner cell is a
cell with the defining path along the bottom and right of the cell.

Step 3: Create 2 replicas of the Ferrer’s diagram using the rule outlined
in Figure 3.6. Use the rules in Figure 3.7 wherever possible to shift
the defining path.

Step 4: Repeat steps 2 & 3 until the defining path has been shifted to
the top left boundary of each board.

Each Ferrer’s board created using the algorithm corresponds to a term in the
normally ordered form of the word w. Selecting a corner cell is the equiva-
lent to picking a factor of de from one of those terms. Filling the corner cell
with a q is equivalent to selecting the term qed in the expansion and filling
the corner cell with a rook is equivalent to selecting the term 1. Shifting the
defining path through the Ferrer’s diagram is equivalent to ensuring that
there are no factors of de within any of the terms of the expansion w.

The algebra of the linear functional is slightly different to the q-Weyl algebra.
The ideal is instead generated by the commutation relation de−qed = 1−q.
This algebra is called the Scaled q-Weyl algebra, as it can be obtained
from the q-Weyl algebra by scaling the generators. From the algorithms



3.4. COMBINATORICS OF THE LINEAR FUNCTIONAL 73

Figure 3.8: Example of the first 3 steps of the rook placment algorithm for
the word ddededdee

above it can be seen that the effect of the scaled commutation relation is
that the rooks carry weight 1 − q rather than weight 1. The 1 − q factor
is preferred as it leads to the representations of d and e related to the Al-
Salam-Chihara polynomials.

Theorem 21. Let w be an element of the scaled q-Weyl algebra. Let |w|d =
n and |w|e = m. The action of the linear functional on w is given by

L[w] = ambnRBw

(
(1− q)

(ab)
; q

)
where Bw is the Ferrer’s board defined by w.

Proof. From Theorem 20, and the fact that rooks carry weight 1 − q it is
known that

L[w] =
∑
k

rk(Bw, q)(1− q)kL[em−kdn−k], (3.4.5)

which is equivalent to the stated result using the definition of rook poly-
nomials and (3.4.3), the action of the linear functional on a normal order
term.

This theorem illustrates that weighted rook placements are a combinatorial
representation of the action of the linear functional. The action of the linear
functional on a word w enumerates the set of rook placements on the board
Bw where rook placements carry additional weights such that;

• each row has weight a

• each column has weight b

• each rook has weight (1−q)
(ab) .
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A rook can be considered to have weight 1 − q and removes the weights a
and b from the row and column within it is placed.

The elements of the bimoment matrix can be combinatorially interpreted as
rook placements on rectangular boards. This provides an explicit combina-
torial method to calculate the elements of the bimoment matrix, but first a
result concerning rook placements on rectangular boards in required.

Proposition 2. Let Bn×m be the rectangular Ferrer’s board with n columns
and m rows. The k q-rook number for this board is given by

rk(Bn×m, q) =

[
n

k

]
q

[
m

k

]
q

[k]q!q
(n−k)(m−k) (3.4.6)

Proof. Consider the bottom row of the board. It can either contain a rook
or not. If it doesn’t contain a rook, then each cell contains a q, if it does
contain a rook, there are n different cells that can contain the rook. This
gives the recurrence

rk(Bn×m, q) = [n]qrk−1(Bn−1×m−1, q) + qnrk(Bn×m−1, q) . (3.4.7)

Substituting (3.4.6) into (3.4.7) and factorising gives[
n

k

]
q

[k]q!q
(n−k)(m−k)

([m− 1

k − 1

]
q

+ qk
[
m− 1

k

]
q

)
= rk(Bn×m, q) .

The initial conditions for (3.4.7) are

r0(Bn×m, q) = qnm and r1(Bn×1, q) = [n]q

which are satisfied by (3.4.6) and satisfies the condition that rk(Bn×m, q) = 0
for k > min(n,m).

An alternative proof, which is closely related to the combinatorial proofs
used in the remainder of this thesis, is as follows.

Placing k rooks onto a board can be split into two distinct choices. Firstly,
there is the selection of the k rows and columns which will contain the rooks,
and secondly, where the rooks are placed within these cells. Based on this
rook placement process, a rook placement can be split into 4 distinct regions,
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defined by where the rooks are placed. Let R be the rows and let C be the
columns which contain rooks. Let R̄ and C̄ denote the rows and columns
without rooks. In Figure 3.9, these rows and columns are indexed by the
black circles. The sum of the weights of all rook placements, with k rooks
on a rectangular board is derived below by calculating the weights of the 4
distinct regions.

• The generating function for C̄ ∩R is given by
[
n
k

]
q

and the generating

function for C ∩ R̄ is given by
[
m
k

]
q

The weights of these cells are in bijection with stretched q-binomial paths.
The bijection is defined by whether the row or column contains a rook. For
the cells in C̄ ∩R (coloured blue in Figure 3.9) the path bijection is related
to the rook occupancy of the columns. If a columns contains a rook, then
the path has a D step, otherwise an E step. The corresponding path is
displayed above the rook placement in Figure 3.9). The bijection for the
cells C ∩ R̄ is constructed similarly via the rook occupancy of the rows.
These cells are coloured red and their corresponding path is displayed to
the left of the rook placement in Figure 3.9). The ordering of the rows and
columns, and consequently the steps in the paths, is given by the matrix
indexing of the Ferrer’s diagram.

• The generating function for the cells C ∩R is [k]q!.

Once the columns and rows for the rooks have been selected, it remains to
place the rooks onto a k × k sub-board. These cells are coloured grey in
the example given in Figure 3.9. It is known [61] that such placements are
in bijection with permutations, where the permutation 42351 is represented
by the rooks on the grey cells in Figure 3.9. The rightmost column of this
sub-board has k possible locations for the rook, thus the generating function
for this row is [k]q. The second rightmost column has k−1 possible locations
for the rook, hence a generating function [k − 1]q. Each subsequent rook
eliminates one possible location in the remaining columns which results in
the q-factorial generating function.

• The generating for the cells C̄ ∩ R̄ is q(n−k)(m−k)

All of these cells are non-attacked and therefore inversion cells carrying
weight q. Thus, the weight of these cells is independent of the location of
rows and columns containing the rooks and only depends on the number
(area) of these cells. The area of these cells is fixed for k rooks and is given
by (n − k)(m − k). These cells are coloured green in the example given in
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Figure 3.9.

Figure 3.9: Rectangular rook placement segmented into rook and non-rook
columns and rows

Summing over all possible selections of the rows and columns with k rooks,
and all possible placements of the rooks within these cells leads to all pos-
sible rook placements. The corresponding weight of these placements is the
product of the weights of the disjoint sections, which gives the result stated
in (3.4.6).

Corollary 1. The elements of the bimoment matrix Bn,m are given by

Bn,m = ambn
∑
k

[
n

k

]
q

[
m

k

]
q

[k]q!q
(n−k)(m−k)

(
1− q
ab

)k
(3.4.8)



3.4. COMBINATORICS OF THE LINEAR FUNCTIONAL 77

Proof. This is an application of Theorem 21 using the result from Proposi-
tion 2.

3.4.3 Indexed rook placements

Previously it was shown that the BiOPS can be expressed combinatorially
as weighted faulty staircase paths. However, the BiOPS can be expressed
combinatorially as tiling, deliberately similar to the way the rook rows and
columns were indexed in Figure 3.9. Traditional orthogonal polynomials
satisfy a three-term recurrence relation and can thus be represented combi-
natorially as tilings of weighted monomers and dimers [37, 29].

These BiOPS satisfy a simpler two-term recurrence and can be expressed
as weighted monomer tilings of an n-board (a line of n cells), which are
another form of a binary string. Analogous to the tiling interpretation for
three-term recurrence polynomials, empty cells (coloured white) are associ-
ated with polynomial variable and the monomer cells (coloured black) are
associated with weights derived from the recurrence relation. This can be
seen directly from the product form of the BiOPS. Each factor is associated
with a cell, and the term chosen from the factor in the expansion of the
product determines whether the cell is empty or contains a monomer.

Figure 3.10: The polynomial P2(d) = d2 − b(1 + q)d + b2q combinatorially
represented as monomer tilings.

The set of all monomer tilings of an n-board, with an empty cell carrying
weight d and a monomer cell at position i carrying weight −bqi−1, is denoted
by Pn. A cell with weight d will be referred to as a d-cell. An element of Pn
will be called a P -paving. Similarly for Qn: empty cells carry weight e and
monomer cells at position i carry weight −aqi−1. A cell with weight e will
be referred to as a e-cell and an element of Qn will be called a Q-paving.
Thus, the BiOPS can be written as

Pn(d) =
∑
ρ∈Pn

ω(ρ) and Qn(e) =
∑
ρ∈Qn

ω(ρ) (3.4.9)
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where the weight, ω(ρ) is the product of the weights of the cells of the n-
board ρ. The set P2, which is a combinatorial representation of P2(d), is
given in Figure 3.10. The bijection between the paving and path interpre-
tations of the BiOPS is demonstrated in Figure 3.11.

Combining P -pavings and Q-pavings gives us a combinatorial representation
of the product Pn(d)Qm(e), that is

Pn(d)Qm(e) =
∑

(ρ,τ)∈Pn×Qm

ω(ρ)ω(τ) (3.4.10)

where the weight of a pair is the non-commutative product ω(ρ)ω(τ).

Figure 3.11: A paving ρ ∈ P6 represented as a weighted monomer tiling of a
6-board and the associated faulty staircase path, with D steps above empty
cells of ρ and E then N step pairs above monomers.

Rather than pairs, the elements of Pn × Qm are diagrammatically repre-
sented as (n×m)-boards where the columns are indexed by P -pavings (and
rows by Q-pavings). Anticipating later uses of the grid associated with a
pair (ρ, τ) ∈ Pn ×Qm, the cells indexed by both a d-cell of a P -paving and
an e-cell of a Q-paving will be called the indexed board of (ρ, τ). For
a paving, |ρ|• denotes the number of monomer cells in a monomer paving.
Thus, the pair (ρ, τ) leads to a size (n− |ρ|• ×m− |τ |•) indexed board. An
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example is illustrated in Figure 3.12.

Figure 3.12: The term d7e6a2b3q23 from P10(d)Q8(e) represented as a
weighted (10× 8)-board. The (7× 6) indexed board is highlighted in grey.

The action of L on Pn(d)Qm(e) can be written

L[Pn(d)Qm(e)] =

n,m∑
i,j

ci,jL[dn−iem−j ] (3.4.11)

where ci,j ∈ Z[a, b, q] (the ring of polynomials in variables a, b, q with integer
coefficients). Comparing this equation to (3.4.10) it can be deduced that
the coefficients ci,j are enumerated by the set of pairs (ρ, τ) ∈ Pn×Qm such
that |ρ|• = i and |τ |• = j. Combining the rook placement combinatorial
interpretation of L[diej ] along with the indexed board interpretation of the
BiOPS inspires the following definition.

Definition 25. An indexed rook placement, is a n×m rectangular Fer-
rer’s board and the associated pair (ρ, τ) ∈ Pn × Qm, such that the indexed
board of (ρ, τ) contains a rook placement. The set of indexed rook placements
of size n×m is denoted Rn,m.

The purpose of indexed rook boards is to provide a combinatorial repre-
sentation for L[Pn(d)Qm(e)]. The weight of an indexed rook placement is
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Figure 3.13: An indexed rook placement for the pair on an indexed board.

determined by both the pair (ρ, τ) and the rook placement on the indexed
board. The column weight of an indexed rook placement is determined by
the index of the column. The index of a row or column is defined by the
corresponding cell in ρ or τ . If the index is a monomer, then the weight
is given by the monomer weight, however if the index is a d-cell, then it is
the weight of the column of the rook placement on the indexed board. The
weights for rows are determined analogously.

Any column of an indexed rook placement containing a rook must necessar-
ily be indexed by a d-cell, and the weight is determined by the location of
the rook within the column. However, columns without rooks may either be
indexed by a monomer or a d-cell. Consequently, determining the weight of
the column depends upon the index. If the index is a monomer, then the
weight corresponds to the weight of an E step in a faulty staircase path.
This leads to the following definition.

Definition 26. The column weight monomer path for an indexed rook
placement R, denoted mp(R), is the faulty staircase path such that the steps,
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ei, are determined by

ei =

{
D if column i contains a rook

E thenN otherwise .
(3.4.12)

The path interpretation (3.3.17) of the polynomial Pn(d) (shown in Figure
3.11), demonstrates that the column weight monomer path gives the column
weight of non-rook columns of an indexed rook placement, if the column is
indexed by a monomer.

The weight of a non-rook column indexed by a d-cell is given by the weight
of the (non-rook) column of the rook placement. The weights of the cells in
each column can be split into two cases:

• The weight for the C̄ ∩R cells in the column is given by the weight of
an E step in a stretched q-binomial path

• The weight for the C̄ ∩ R̄ cells in the column is given by the number
of non-rook rows (denoted by |R̄|) of the indexed board.

Combining these weights leads to the following definition.

Definition 27. The column weight d-cell path for an indexed rook place-
ment R, denoted cp(R), is the stretched q-binomial path such that the steps,
ei, are determined by

ei =

{
D if column i contains a rook

E otherwise
(3.4.13)

which begins from the vertex (0, |R̄|).

The column weight d-cell path is defined such that the E steps provide the
column weights of the non-rook columns, if the column is indexed by a d-
cell. Note that the path is shifted upwards due to the non-rook rows of the
indexed board. The column weight monomer path (red) and the column
weight d-cell path (blue) for the indexed rook placement in Figure 3.13 are
displayed in Figure 3.14.

Proposition 3. Let R ∈ Rn,m and let ci be a non-rook column of R. Then

ω(ci) = ω(ei)
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Figure 3.14: The column weight paths mp(R) and cp(R) for the indexed
rook placement in Figure 3.13

where

ei ∈

{
mp(R) if ci is indexed by a monomer

cp(R) if ci is indexed by a d-cell .

The purpose of the column weight paths is to graphically represent the possi-
ble, index dependent, weights of non-rook columns. These paths will be used
to construct a weight preserving involution for indexed rook polynomials to
demonstrate a property of the bi-orthogonality condition and ultimately to
provide a combinatorial representation of the orthogonality weights. The
theorem is equivalent to the statement that “the column weight monomer
path and the column weight d-cell path share an E step”.

fol

Theorem 22. Let R ∈ Rn,m and let c be a non-rook column of R. Let φ(c)
be the action of changing the index of c. If n > m then there exists a unique
non-rook column ci such that

ω(ci) = −ω(φ(ci)) . (3.4.14)

Proof. The heights of the initial vertex (v0) and final vertex (vn) of each
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path are given by

h(v0) =

{
0 v0 ∈ mp(R)

|R̄| v0 ∈ cp(R)
h(vn) =

{
n vn ∈ mp(R)

m− |τ |• vn ∈ cp(R)

The column weight d-cell path starts at or above and finishes below the
column weight monomer path, meaning they must cross. The feature dif-
ferentiating mp(R) and cp(R) is the succeeding N step for every E step in
mp(R). Thus, the height difference between mp(R) and cp(R) is weakly in-
creasing, with increases occurring after every E step. Combining this with
the crossing condition means that the paths must share one and only one E
step. The paths may share either none or multiple D steps.

These paths can be analogously defined for the row weight paths, with the
step weights derived from the monomer weights of Q-pavings and non-rook
rows from rook placements. The result from Theorem 22 is extended to the
case where n < m using the row weight paths. Replicating the results above
for rows instead of columns, leads to the following corollary.

Corollary 2. Let R ∈ Rn,m and let r be a non-rook row of R. Let φ(r) be
the action of changing the index of r. If n < m then there exists a unique
non-rook row ri such that

ω(ri) = −ω(φ(ri)) . (3.4.15)

Proof. Same as Theorem 22 except using the row weight paths for monomers
and e-cells.

The set of all indexed rook placements, R, is partitioned as a signed set, such
that R+ contains indexed rook placements with an even total of monomer
indexes while R− contains an odd total of monomer indexes. Theorem 22
and Corollary 2 demonstrate that for any indexed rook placement, where
n 6= m, there exists either a unique non-rook row or column where the
weight is absolute value indexation invariant (the only difference in weight
of changing the indexation is the parity). Therefore, the action φ of changing
the index of the absolute value indexation invariant column or row is a weight
preserving sign-changing involution, demonstrating combinatorially that

L[Pn(d)Qm(e)] = 0
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for n 6= m. This means that any fixed points of φ lie within Rn,n. Without
loss of generality, for square indexed rook placements, the column weight
paths will be utilised. The following proposition outlines the required con-
ditions for the non-existence of an index invariant column.

Proposition 4. Let R ∈ Rn,n and let τ ∈ Qn be the Q-paving that indexes
the rows of R. An index invariant column exists for all τ , except for τ = en.

Proof. As with n ≥ m, an index invariant column exists if and only if cp(R)
and mp(R) intersect, or in other words, share an E step. Since the initial
vertex of cp(R) cannot be below that ofmp(R), the paths only intersect if the
final vertex of cp(R) is below that of mp(R). This requires that n−|τ |• ≥ n,
which means the paths don’t intersect, only when |τ |• = 0.

The implication of Proposition 4 is that the fixed point set of the involution
φ is enumerated by

L[Pn(d)en] . (3.4.16)

This formula is also a consequence of the fact that Qm(e) are monomial.
The bi-orthogonality constants are calculated combinatorially in the follow-
ing corollary.

Corollary 3. The generating function for the subset of Rn,n where the rows
are indexed by τ = en is given by

L[Pn(d)Qn(e)] = L[Pn(d)en] =
n∏
i

(1− qi)(1− abqi−1) .

Proof. This result will be proven via construction, using similar techniques
to the constructive proof of the weight of rectangular rook placements. Each
factor from the double product applies to a specific column within an indexed
rook placement. The term which applies to the column depends on the
categorisation of the column, where the columns are categorised as

• columns indexed by a monomer,

• columns indexed by a d-cell that contain a rook,

• columns indexed by a d-cell that don’t contain a rook.
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The first product (the 1−abqi−1 terms) applies to the rook occupancy of the
columns. The term 1 from the ith factor corresponds to column i containing a
rook whereas the term −abi−1 corresponds to no rook. For a square indexed
rook placement, the number of non-rook rows and columns is equal. The
a factor in the weight for non-rook columns accounts for the corresponding
non-rook row, while the −bi−1 factor exactly matches the column weight for
a monomer index. The second product is rewritten based on the number of
rooks determined by the first product. For k rooks it is written

n−k∏
i=1

(1− qi)
n∏

i=n−k+1

(1− q)[i]q

The first n− k factors of this product apply to the non-rook columns. The
factor (1−qn−k−i) applies to the ith non-rook column from the left. Let j be
the number of rooks to the left of this column. This means it is column i+ j
of the indexed rook placement, and has already been attributed with weight
−abqi+j−1. The term −qn−k−i corresponds to a d-cell index for the column,
bringing the column weight to abqn−(k−j)−1 . Since there are k − j rooks
to the right of this column, this column contains n − (k − j) − 1 inversion
cells, thus the column has been attributed the required weight. The term 1
corresponds to a monomer index for the column.

The final k factors apply to the columns with rooks. The 1−q factor accounts
for the rook weight, while the q-number corresponds to all of the possible
placements of the rook within the column. Starting from the right most
rook column, there are n possible locations for the rook, where the weight of
the columns depends on which row contains the rook. Each subsequent rook
column to the left has one less possible location than the previous, with the
left most rook column having n− k + 1 possible locations.

To summarise, the first product accounts for all possible column locations
for the rooks. The second product accounts for both all possible indexes for
the columns, and all possible row locations for the rooks.

3.5 Combinatorial Proof of dn change of basis

The representation connected to the Al-Salam-Chihara polynomials arises
from a change in basis. This section will give new results for the upper and
lower triangular matrices related to this change of basis, including combina-
torial interpretations.
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Theorem 23. The elements of the triangular matrices L and U are given
by

Ln,k =

[
n

k

]
q

bn−k (3.5.1a)

Uk,m =

[
m

k

]
q

am−k . (3.5.1b)

Proof. The recurrence and initial conditions satisfied by L are very similar
to the recurrence and initial conditions satisfied by q-binomial paths. The
only difference is that the term in the recurrence related to N steps has an
extra factor of b, hence the bn−k term. It is simple to verify by substituting
(3.5.1a) into (2.3.10a) and it is clear that (3.5.1a) satisfies Ln,0 = bn and
L0,m = δ0,m. The proof for U follows similarly.

A consequence of Theorem 23 is that Ln,k is the generating function of length
n weighted q-binomial paths with |pE | = k, such that N steps receive weight
b. The upper triangular matrix counts very similar paths, however due to
the transpose symmetry between L and U it is more natural to consider U
as the generating function for paths such that E steps receive weight a and
the area between the y-axis and the path gives the q-weight of the path.

Pivotal to calculating the inverse of L and understanding the change of
basis between dn and Pn(d) is the orthogonality relation for q-binomial co-
efficients.

Theorem 24. The orthogonality relation for the q-binomial coefficients is
given by

n∑
k=i

(−1)n−kq(
k−i
2 )
[
n

k

]
q

[
k

i

]
q

=

n∑
k=i

(−1)k−iq(
n−k
2 )
[
n

k

]
q

[
k

i

]
q

= δn,i (3.5.2)

Calculating L-1 is an application of the q-binomial coefficient orthogonality
relation.

Proposition 5. The inverse of the lower triangular matrix L is the lower
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triangular matrix, L-1 with the matrix elements given by

L-1
n,k = (−1)n−k

[
n

k

]
q

q(
n−k
2 )bn−k (3.5.3)

Proof. The inverse relationship between (3.5.1a) and (3.5.3) is verified using
Theorem 24.

n∑
k=i

L-1
n,kLk,i = (−b)n−i

n∑
k=i

(−1)k−iq(
n−k
2 )
[
n

k

]
q

[
k

i

]
q

= δn,i (3.5.4)

Just as B, L and U satisfy two term recurrences, so too does L-1.

Corollary 4. The matrix elements of L-1 satisfy the recursion

L-1
i,j =


L-1
i−1,j−1 − bqi−1L-1

i−1,j for i, j ≥ 0 and i ≥ j
1 for i = j = 0

0 otherwise

(3.5.5)

Proof. By substituting (3.5.3) into the recurrence relation (3.5.5)

Li,j = (−1)i−jbi−jq(
i−j
2 )

([
i− 1

j − 1

]
q

+ qj
[
i− 1

j

]
q

)
(3.5.6)

and using q-binomial recurrence relation (3.3.6), the result is verified.

The preceding results demonstrate that L and L-1 are change of basis of
matrices that convert between dn and Pn(d), similar to the way the Stir-
ling numbers are change of basis matrices between falling or rising factorial
polynomials and powers, ie xn. The inverse lower triangular basis conversion
from Pn(d) to d

Pn(d) =
n∑
k=0

L-1
n,kd

k (3.5.7)

is a variant of the q-binomial theorem. Rearranging (2.3.25)

dn =

n∑
k=0

Ln,kPk(d) (3.5.8)



88 CHAPTER 3. THREE PARAMETER COMBINATORICS

demonstrates that L converts d into P (d). Substituting the explicit formulas
for L and P (d) gives

=
n∑
j=0

(−b)n−jdj
n∑
k=j

(−1)n−kq(
k−j
2 )
[
n

k

]
q

[
k

j

]
q

(3.5.9)

and by comparing coefficients for dj the equality can be seen as the sum
over k is the orthogonality relation (3.5.2) of the q-binomial coefficients.

The RHS of (3.5.8) can be combinatorially interpreted as the sum of pairs
(τ, p) where τ ∈ Pk and p ∈ Bqn,k where N steps carry weight a. There exists
a weight preserving, sign changing involution between these pairs, such that
the only fixed point is the pair represented by the LHS, which is the pair
where |τ |• = 0 and the path contains only E steps.

Let φ : (τ, p) → (τ, p) be the involution where the action is defined by the
smallest i such that either

• ei = N where ei ∈ p or

• ck−i is a monomer.

Let (τ, p) = (e1e2 . . . ek, c1c2 . . . ck). The action of the involution φ is defined
as

φ(τ, p) =

{
(e1 . . . ei−1Eei+1 . . . ek, c1 . . . ck−i • ck−i+1 . . . ck) if ei = N

(e1 . . . ei−1Nei+1 . . . ek, c1 . . . ck−ick−i+2 . . . ck) if ei = E

(3.5.10)

The action of the involution is to change ei from N to E and insert a
monomer after position k− i if ei = N whereas if ei = E then ei is changed
E to N and the monomer from position k − i + 1 is removed. This results
in the conversion of a step which contributes weight bqk−i into a monomer
with weight −bqk−1 (and vice-versa), which can be seen graphically in Figure
3.15. Writing the paving τ in reverse order simplifies identifying graphically
the step which is acted upon by φ and that the corresponding weight change
is accounted for by the inserted/removed monomer. Since all cells after k− i
carry weight d, inserting or removing a monomer doesn’t impact the weight
of these cells.
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Figure 3.15: Example of the involution φ(τ, p) with the step changed by the
involution highlighted yellow and the order of τ displayed in reverse

3.6 Lindstrom-Gessel-Viennot interpretation of LDU
decomposition

This section will combinatorially prove the LDU decomposition of the bi-
moment matrix. The Lindstrom-Gessel-Viennot [62] theorem gives a com-
binatorial interpretation of the determinant of a matrix if the elements of
the matrix satisfy certain conditions. Determinants whose value is a double
product have previously been shown [63] to arise out of Lindstrom-Gessel-
Viennot path problems.

The appearance of q-binomial coefficients in the triangular matrices and
their connection with path enumerations provides further evidence that con-
sidering the bimoment matrix as a LGV path problem will be illuminating.

Theorem 25 (Lindstrom-Gessel-Viennot). Let G be a locally finite directed
acyclic graph. Consider some set of vertices I = {i0, i1, i2, . . . , in} to be
initial vertices and another set of vertices D = {d0, d1, d2, . . . , dn} to be final
vertices. Let P be a path between two vertices and ω the weight function for
the paths. For any two vertices, ij ∈ I and dk ∈ D, define e(i, d) =

∑
ω(P )

where the sum is over all the paths from vertex i to d. Let

M =


e(i0, d0) e(i0, d1) . . . e(i0, dn)
e(i1, d0) e(i1, d1) . . . e(i1, dn)

...
...

. . .
...

e(in, d0) e(in, e1) . . . e(in, dn)
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then

det(M) =
∑

P0,...,Pn∈I→D
sign(σ(P ))

n∏
i=1

ω(Pi) (3.6.1)

where the sum is over all the non-intersecting (n + 1)-tuples of paths, and
Pk is the path from ik to dσ(k) and σ is a permutation of {1, . . . , n + 1}.
An (n+ 1)-tuple of paths is considered as non-intersecting if the paths don’t
share any vertices.

Since the bimoment matrix has an LDU decomposition, it can be treated as
an LGV path problem. The LDU decomposition for any matrix, if it exists,
can be used to construct a general LGV path problem. Consider the graph
G with vertices

• {i0, i1, . . . , iN}, designated as the initial vertices

• {m0,m1, . . . ,mN}, designated as the intermediate vertices

• {d0, d1, . . . , dN}, designated as the final vertices.

The graph has directed edges from ij to mk if j ≤ k and also from mj to
dk if j ≥ k. Let the edges and intermediate vertices receive the following
weights

• Ln,i for edges from in to mi

• Ui,n for edges from mi to dn

• Di,i for intermediate vertices mi.

The edges that would correspond to the triangular matrix elements that
must be zero, don’t exist, since the initial vertices only share edges with
intermediate vertices with an equal or lesser index, and the destination ver-
tices are only connected to the intermediate vertices with an equal or lesser
index. An example of the graph described above, is shown in Figure 3.16.

Constructing the graph in this manner, means that any element of the matrix
M is given by

Mn,m =
∑
i

Ln,iDi,iUi,m =
∑
p∈P

ω(p) (3.6.2)

where P is the set of all paths from vertex in to vertex dm and ω(p) is the
weight of such a path. This demonstrates that the matrix can be considered
as an LGV path enumeration. Hence, the determinant of M is given by
all non-intersecting configurations of paths from the initial vertices to the
final vertices. It is also known that the determinant is the product of entries
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Figure 3.16: The graph for a general LGV path interpretation of the LDU
decomposition of a matrix.

of the diagonal matrix, therefore, the product of the intermediate vertex
weights.

There is only 1 non-intersecting configuration of paths and the weight of this
configuration is given by the product of the weights of all the intermediate
vertices as required. By construction, all the paths from initial vertices to
final vertices consist of 2 steps and pass through an intermediate vertex.
There is only 1 path that starts from vertex i0 and finishes at a final vertex.
This path passes through vertex m0 and ends at d0. There is only 1 path
from i1 to a final vertex that avoids m0, this path passes through m1 and
ends at d1. Proceeding in this fashion, the only non-intersecting path config-
uration, is the set of paths, ij → mj → dj . The edge weights for these paths
are given by Lj,j = Uj,j = 1, meaning that the weight of the configuration
is the product of all the weight of the intermediate vertices.

While this result is fairly contrived, it demonstrates how the LDU decom-
position can be used to get an LGV path problem from a matrix. The
bi-moment matrix can be expressed as a modified version of a LGV path
problem as described above. The bi-moment matrix LGV path problem will
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retain the structure of the lower matrix elements providing the weights for
the paths from the set of initial vertices to a set of intermediate vertices
and the upper matrix giving weights for the paths from the intermediate
vertices to the final vertices. When the elements of the LDU decomposition
are “nice” enough, the geometry of the paths is less trivial.

Figure 3.17: The graph for a LGV path interpretation of the bi-moment ma-
trix. The horizontal edges are directed east and the vertical edges directed
north.

The elements of the triangular matrices of the bi-moment matrix enumerate
binomial paths. Consequently, this results in a LGV interpretation of the
bi-moment matrix, given by the graph in Figure 3.17. The graph is given by
a square lattice with directed edges, from now on referred to as steps, given
by E and N steps, and the vertices vi,j are indexed using matrix notation.
The initial vertices are given by ik = vk,0, the intermediate vertices given
by mk = vk,k and the final vertices given by dk = v0,k. This means that
i0 = m0 = d0 = v0,0 = v0, as shown in Figure 3.17.
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The step weights differ depending on whether they are above or below the
main diagonal. This is because steps below the main diagonal are enumer-
ated by L and steps above the main diagonal are enumerated by U. The
step weights below the diagonal are given by

w(e) =

{
bqj if e = N

1− qj if e = E
(3.6.3)

and the steps weights above the diagonal are given by

w(e) =

{
1− abqi−1 if e = N

aqi if e = E
(3.6.4)

where the end vertex of the step is vi,j .

From the step weight function, it can be seen that the N steps below the
diagonal have the appropriate weight such that the weights of these steps
for paths from ij to mk are given by Li,k. The equivalent is true for Uk,i

and E steps above the diagonal.

The graph in Figure 3.17 doesn’t have the usual diagonal matrix element
weights and are accounted for differently compared to the generic approach.
Due to the “nice” geometry provided by the binomial properties of the tri-
angular matrices, the intermediate vertex weights have been redistributed
across steps. The steps that recieve the weights, are steps that don’t con-
tribute weights due to the triangular matrices. Any path that passes through
vi,i, must contain i below the diagonal E steps, each with a unique weight
from {1 − qj}1≤j≤i. The path must also contain i above the diagonal N
steps, each with a unique weight from {1 − abqj−1}1≤j≤i. The product of
these weights is equal to Di.

3.7 Combinatorics of the p, q-binomial coefficients

The two, three and five parameter models are a simplification of equivalent
models containing an extra parameter. For the models in this thesis, time
has been scaled such that particles hop to the right at rate 1. Retaining a
generic right hopping rate introduces the additional parameter of p for the
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right hopping rate. When retaining the parameter p, equation (1.0.3) of the
Matrix product Ansatz is slightly changed [22] to

pDE − qED = D + E (3.7.1)

and the boundary equations remain the same. The work of Corteel and
Williams [36] on staircase tableaux has retained the right hopping parameter
and consequently staircase tableaux are defined in terms of six parameters.
The shifted variables are defined slightly differently as

d = (p− q)D − 1 (3.7.2a)

e = (p− q)E − 1 . (3.7.2b)

In terms of the shifted variables, (3.7.1) takes on a similar form to the
commutator (1.0.18)

pde− qed = p− q (3.7.3)

with the additional parameter p. Introducing the parameter p is similar to
keeping the value for q general and not setting q = 1. Results obtained
for the three parameter model will be extended to include the p parameter,
however notation for p, q-analogs is first required, analogous to the q-analogs
presented in Section 3.3.

3.7.1 Further generalisation of q-analog

Earlier in this thesis, q-analogs for an integer, factorial and binomial coeffi-
cient were presented. These analogs are generalised further via an additional
parameter p leading to p, q-analogs for an integer, factorial and binomial co-
efficient. This section will first introduce the required notation and provide
combinatorial proofs for p, q-binomial coefficient identities. These results
will then be used to extend results for the three parameter model to include
the additional p parameter.

The p, q-analog of the integer n is given by

[n]pq =

n∑
i=1

pn−iqi−1 = pn−1 + pn−2q . . .+ pqn−2 + qn−1 =
pn − qn

p− q
(3.7.4)

and the action of the factorial operator is extended by

[n]pq! =
n∏
i=1

[i]pq . (3.7.5)
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The p, q-binomial coefficient is defined in terms of p, q-factorials to be[
n

k

]
pq

=
[n]pq!

[k]pq![n− k]pq!
. (3.7.6)

Analogously to the q-binomial coefficients, the p, q-binomial coefficients are
the area generating function for binomial paths. As usual, the q factor counts
the area below the path while the p factor counts the complement area of
the path; the area above the path within the rectangle that bounds the path.

Figure 3.18: Example p, q-binomial path with p area highlighted in blue and
q area highlighted in red

The p, q-binomial coefficients retain the traditional symmetry satisfied by
the binomial coefficients and also satisfy symmetry of p and q.[

n

n− k

]
pq

=

[
n

k

]
pq

=

[
n

k

]
qp

(3.7.7)

The symmetry of p and q is demonstrated by a vertical reflection followed
by a horizontal reflection. The traditional symmetry is established via a
π/2 clockwise rotation followed by a horizontal reflection. The q-binomial
coefficient is obtained when p = 1 and the traditional binomial coefficient
for p = q = 1.

In [64] several theorems about the p, q-binomial coefficients that are analo-
gous to theorems for the q-binomial coefficients were proven. These theorems
will be proven combinatorially and utilised for a result concerning the the
three parameter ASEP with general right hopping rate.
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Figure 3.19: Traditional symmetry bijection followed by symmetry of p and
q bijection. In the p and q symmetry bijection, the red area becomes the p
area and the blue area becomes the q area.

Theorem 26. The p, q-binomial coefficients satisfy the following triangular
recurrence relations[

n+ 1

k

]
pq

= pk
[
n

k

]
pq

+ qn+1−k
[

n

k − 1

]
pq

(3.7.8a)[
n+ 1

k

]
pq

= qk
[
n

k

]
pq

+ pn+1−k
[

n

k − 1

]
pq

(3.7.8b)

with initial conditions[
0

0

]
pq

=

[
n

n

]
pq

=

[
n

0

]
pq

= 1 and

[
n

k

]
pq

= 0 for n < k (3.7.9)

Proof. Firstly, the paths satisfy the initial conditions, since the empty path
has no area and paths with only one step type don’t contain any area. For
every path, the final step, en is either a N step or an E step. When en = N ,
a row of width |pE | is added and when en = E, a column of height |pN | is
added. The second recurrence follows from the same argument applied to
the first step of the path and is also consequence of the p, q symmetry.

Each term in the expansion of a p, q-binomial coefficient is of the form qipA−i

where A is the area of rectangle that bounds the path. The area of length
n paths with |pE | = k is A = k(n− k).
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Theorem 27. The p, q-binomial coefficients satisfy recurrence relation[
n+ 1

k + 1

]
pq

=
n∑
j=k

p(n−j)(k+1)qj−k
[
j

k

]
pq

(3.7.10)

known as the hockey-stick identity.

Proof. The hockey-stick identity counts paths by the location of the final E
step. When the final E step is ej+1, it adds a column of height j − k while
the subsequent N steps add a rectangle of width k + 1 and height n − j
above the line.

Extending the Cauchy Binomial Theorem to p, q-binomial coefficients first
requires a variation of p, q-binomial paths. This variation incorporates the
additional staircase factor required in the q-binomial bijective proof of the
Cauchy Binomial Theorem. Incorporating the staircase factor into the path
is achieved through the addition of a staircase grid below the path, which
contributes to the q area and a staircase grid next to the path, which con-
tributes to the p area.

Figure 3.20: Example of a staircase weighted p, q-binomial path

Theorem 28. The horizontal generating function for the p, q-binomial co-
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efficeints is given by

n∏
r=1

(pr−1 + xqr−1) =
n∑
k=0

p(
n−k
2 )q(

k
2)
[
n

k

]
pq

xk (3.7.11)

Proof. The LHS generates all length n staircase weight p, q-binomial paths.
The rth factor is equivalent to the weight contributed by the rth step. The
rth step creates either a column or row of area r, since every step increases
the distance to the lower and left boundary of the staircase grid by 1. The
pr−1 term corresponds to er = N and xqr−1 corresponds to er = E, meaning
that a path with |pE | = k has the additional weight of xk.

The RHS also generates all length n staircase weight p, q-binomial paths.
The sum groups all paths with |pE | = k into the coefficient of xk. The p, q-
binomial coefficient accounts for the area within the bounding rectangle,

while p(
n−k
2 ) accounts for the staircase grid to the left of the path and q(

k
2)

accounts for the staircase grid below the path.

A corollary of Theorem 28 equates the set of paths with even horizontal steps
to those with odd horizontal steps by setting x = −1, since pr−1 − qr−1 = 0
for r = 1.

Corollary 5. For n > 0

n∑
k even

p(
n−k
2 )q(

k
2)
[
n

k

]
pq

=

n∑
k odd

p(
n−k
2 )q(

k
2)
[
n

k

]
pq

(3.7.12)

Proof. The weight of the kth step of a staircase weight p, q-binomial path
is independent of the preceding steps. Therefore, changing the type of first
step (ω(e1) = 1 independent of step type) is a weight preserving bijection
that changes the parity of the number of E steps.

Theorem 29. The orthogonality relation for the p, q-binomial coefficients
is given by

n∑
j=i

(−1)n−jp(
n−j
2 )q(

j−i
2 )
[
n

j

]
pq

[
j

i

]
pq

=

n∑
j=i

(−1)j−ip(
j−i
2 )q(

n−j
2 )
[
n

j

]
pq

[
j

i

]
pq

= δn,i

(3.7.13)
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Figure 3.21: Lattice for p, q-binomial path proof for the orthogonality rela-
tion

Proof. Firstly, the LHS of (3.7.13) is combinatorially represented by p, q-

binomial paths on the lattice in Figure 3.21. The p(
n−j
2 )[n

j

]
pq

weights are

accounted for by the n− j staircase lattice and a p, q-binomial path (upper)
traversing the j × (n − j) rectangular lattice from the bottom left to top

right corner. The q(
j−i
2 )[j

i

]
pq

weights are accounted for by the j− i staircase

lattice and a p, q-binomial path (lower) traversing the i× (j− i) rectangular
lattice from the top left to bottom right corner.

The paths on this set of lattices are segmented into signed sets based on
the parity of n− j. The action of the involution that acts on these paths is
determined the by the location of the first N/S step. In other words, find
the smallest i such that eupperi = N and/or eloweri = S. The action of the
involution is;

• If eupperi = N : convert the step into an E step and insert a S into
position i in the lower path.

• Otherwise: remove eloweri = S and convert eupperi = E into a N step.
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Fixed points for this involution occur when there are no vertical steps in
either path. This happens for n = j = i and there is only a single path com-
bination for a lattice with this construction. Namely, two length n paths
with only E steps, hence no area and therefore a weight of 1.

The involution is demonstrated in Figure 3.22, where the step converted in
the upper path is highlighted in yellow and the step inserted/removed in
the lower path is highlighted in purple. The action of the involution shifts
the location of the axes for the paths, but the weight for each cell remains
constant. To ensure this property, when the action of the involution is to
remove a step, the lower staircase lattice is directly right aligned with the
upper rectangular lattice, shown on the right in Figure 3.22. When the
action is to insert a step, the lower lattice is offset from the right boundary
by one cell, shown on the left in Figure 3.22.

Figure 3.22: Example of the involution for the p, q-binomial path proof for
the orthogonality relation

Note that the proof above is a generalisation of the combinatorial proof of
the dn change of basis proof. A purely path based proof of (3.5.7) arises by
setting p = 1 and adding the appropriate d and b weights to the steps.

Returning to the combinatorics of the three parameter ASEP, normal or-
dering the q-Weyl algebra is equivalent (Theorem 20) to enumerating rook
placements. Normal ordering the p, q equivalent of the q-Weyl algebra, which
has a commutator defined by (3.7.3), is again a rook enumeration problem,
however this time utilising the p, q analog of rook placements. The p, q
analog of rook placements have the additional weights such that
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• a cell attacked by a rook has weight p

• a rook has weight p− q rather than 1− q.

It can be seen that these are the appropriate weights required due to (3.7.3)
by looking at the modifications to the cells rules necessitated by the addi-
tional p parameter.

Figure 3.23: Cell rules for the planarisation of the p, q equivalent of the
q-Weyl algebra.

The planarisation of normal ordering a word w using (3.7.3) is achieved us-
ing cell rules outlined in Figure 3.23, starting with the Ferrer’s board defined
by the w with all cells initially having the weight p.

Proposition 6. Let Bn×m be the rectangular Ferrer’s board with n columns
and m rows. The k p, q-rook number for this board is given by

rk(Bn×m, p, q) =

[
n

k

]
pq

[
m

k

]
pq

[k]pq!p
(k2)q(n−k)(m−k) (3.7.14)

Proof. Following the proof of Proposition 2, these board satisfy the recur-
rence relation

rk(Bn×m, p, q) = [n]pqp
m−1rk−1(Bn−1×m−1, p, q) + qnrk(Bn×m−1, p, q) .

(3.7.15)
Substituting (3.7.14) into (3.7.15) and factorising gives[
n

k

]
pq

[k]pq!p
(k2)q(n−k)(m−k)

(
pm−k

[
m− 1

k − 1

]
pq

+ qk
[
m− 1

k

]
q

)
= rk(Bn×m, p, q)
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with the final equality attained by using the recurrence relation (3.7.8b) for
the p, q-binomial coefficients. The initial conditions for (3.7.15) are

r0(Bn×m, p, q) = qnm and r1(Bn×1, p, q) = [n]pq (3.7.16)

which are satisfied by (3.7.14), which also satisfies the condition that rk(Bn×m, p, q) =
0 for k > min(n,m).

Further work in this area would involve determining whether the other re-
sults obtained in the previous chapter extend to a p, q analog.



Chapter 4

Five Parameter ASEP

This chapter will extend the results from Chapter 2 to the five parameter
ASEP. As a result the calculations are more complex and the results are
more general.

Representations for the matrices d and e for the 5 parameter ASEP were
given in [15]. Just as was the case in [14], the matrices were closely related
to orthogonal polynomials, in particular, the Askey-Wilson polynomials.
The connection between the stationary state distribution of the ASEP and
Askey-Wilson polynomials inspired a combinatorial understanding of the
ASEP, which in turn led to a combinatorial formula for the moments of the
Askey-Wilson polynomials. The Askey-Wilson polynomials are particularly
important as they sit atop the hierarchy of hypergeometric orthogonal poly-
nomials. In the same way that the 5 parameter ASEP generalises the 2 and
3 parameter ASEP, the Askey-Wilson polynomials generalise other polyno-
mials in the hierarchy. The polynomials lower in the hierarchy (including
all polynomials presented in this thesis) are specialisations or limiting cases
of the Askey-Wilson polynomials.

4.1 Askey-Wilson Polynomials

The Askey-Wilson polynomial [65] is a q-orthogonal polynomial with 4 pa-
rameters a, b, c and d as well as the q-extension parameter. It is at the
top of the Askey-scheme of q-orthogonal, one variable polynomials. Before
defining the Askey-Wilson polynomials, notation used in q-calculus will be

103
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introduced. The following exposition of the Askey-Wilson polynomials fol-
lows that in [66] and [15] as well as in [36].

The Askey-Wilson polynomial Pn(x) = Pn(x; a, b, c, d|q) is explicitly defined
by

Pn(x) = a−n(ab, ac, ad; q)n 4φ3

[
q−n, qn−1abcd, aeiθ, ae−iθ

ab, ac, ad
; q, q

]
(4.1.1)

with x = cos θ for n ∈ Z+ and 4φ3 is a hypergeometric function. It satisfies
the (Askey-Wilson) three-term recurrence relation

AnPn+1(x) +BnP (x) + CnPn−1(x) = 2xPn(x) (4.1.2)

with P0(x) = 1 and P−1(x) = 0, where

An =
1− qn−1abcd

(1− q2n−1abcd)(1− q2nabcd)
(4.1.3)

Bn =
qn−1

[
(1 + q2n−1abcd)(qs+ abcds′)− qn−1(1 + q)abcd(s+ qs′)

]
(1− q2n−2abcd)(1− q2nabcd)

(4.1.4)

Cn =
(q, ab, ac, ad, bc, bd, cd; q)n(abcd, abcdq; q)2n−1
(q, ab, ac, ad, bc, bd, cd; q)n−1(abcd, abcdq; q)2n

(4.1.5)

and

s = a+ b+ c+ d, s′ = a−1 + b−1 + c−1 + d−1. (4.1.6)

For |a|, |b|, |c|, |d| < 1, using z = eiθ, the orthogonality is expressed by∮
C

dz

4πiz
w

(
z + z−1

2

)
Pm

(
z + z−1

2

)
Pn

(
z + z−1

2

)
= hnδn,m (4.1.7)

where the integral contour C is a closed path which encloses the poles at
z = aqk, bqkcqk, dqk and excludes the poles at z = (aqk)−1, (bqk)−1, (cqk)−1,
(dqk)−1 with (k ∈ Z+) and where

w(cos θ) =
(e2iθ, e−2iθ; q)∞

(aeiθ, aeiθ, aeiθ, aeiθ, aeiθ, aeiθ, aeiθ, aeiθ; q)∞
, (4.1.8)

hn
h0

=
(1− qn−1abcd)(q, ab, ac, ad, bc, bd, cd; q)n

(1− q2n−1abcd)(abcd; q)n
, (4.1.9)

h0 =
(abcd; q)∞

(q, ab, ac, ad, bc, bd, cd; q)∞
. (4.1.10)



4.1. ASKEY-WILSON POLYNOMIALS 105

In the other parameter region, the orthogonality is continued analytically.
The moments are defined by

µk =

∮
C

dz

4πiz
w

(
z + z−1

2

)(
z + z−1

2

)k
(4.1.11)

4.1.1 Representation related to Askey-Wilson Polynomials

Uchiyama et. al. found a representation of the matrices d and e related to
the Askey-Wislon polynomial with all five parameters. The representation
they found was tridiagonal matrices

d =


d\0 d]0 0 . . .

d[0 d\1 d]1
0 d[1 d\2
...

. . .

 e =


e\0 e]0 0 . . .

e[0 e\1 e]1
0 e[1 e\2
...

. . .

 (4.1.12)

with

〈W | = h
1/2
0 (1, 0, 0, . . .), |V 〉 = h

1/2
0 (1, 0, 0, . . .)T , (4.1.13)

where

d\n =
qn−1

(1− q2n−2abcd)(1− q2nabcd)

[bd(a+ c) + (b+ d)q − abcd(b+ d)qn−1 − {bd(a+ c) + abcd(b+ d)}qn

− bd(a+ c)qn+1 + ab2cd2(a+ c)q2n−1 + abcd(b+ d)q2n]

e\n =
qn−1

(1− q2n−2abcd)(1− q2nabcd)

[ac(b+ d) + (a+ c)q − abcd(a+ c)qn−1 − {ac(b+ d) + abcd(a+ c)}qn

− ac(b+ d)qn+1 + a2bc2d(b+ d)q2n−1 + abcd(a+ c)q2n]

An =

[
(1− abcdqn−1)(1− qn+1)(1− abqn)(1− acqn)(1− adqn)(1− bcqn)(1− bdqn)(1− cdqn)

(1− abcdq2n−1)(1− abcdq2n)2(1− abcdq2n+1)

] 1
2

d]n =
1

1− qnac
An e]n =

−qnac
1− qnac

An

d[n =
−qnbd

1− qnbd
An e[n =

1

1− qnbd
An
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Let |p(x)〉 be the vector of polynomials defined by

|p(x)〉 = (p0(x), p1(x), p2(x), . . .)T (4.1.14)

where

pn(x) =

√
h0
hn
P (x; a, b, c, d|q) (4.1.15)

then the vector |p(x)〉 is an eigenvector of the matrix d+e (given by (4.1.12))
with the eigenvalue 2x.

(d + e)|p(x)〉 = 2x|p(x)〉 (4.1.16)

The equation above is reminiscent of (1.1.6) and (2.1.8). Each element of
the vector equation corresponds to the three term recurrence relation of the
Askey-Wilson polynomials due to the tri-diagonal matrix sum d + e. The
three-term recurrence given by d + e isn’t the exact same recurrence given
above, however it is the three term recurrence of polynomials with the same
moments of the Askey-Wislon polynomials due to Theorem 5.

4.2 The Algebra

The tensor algebra used to represent the five parameter ASEP is essen-
tially the same as the algebra used for the three parameter ASEP. The only
change is that R is the ring of integer coefficient commutative polynomials,
Z[a, b, c, d, q]. By moving to the five parameter ASEP, the ring includes the
additional parameters c and d. M is the R-module defined in (2.2.1).

The five parameter version of the original matrix Ansatz algebra equations
of Derrida et. al. [21] as modified in [36], is used. However the shifted vari-
ables d and e are used rather than D and E. Accordingly, the adjusted
parameters a, b, c and d associated with the shifted variables are also used
instead. The more abstract version of the algebra using a linear functional
(as used with the three parameter) is given. The five parameter version of
the linear functional is defined below.

Definition 28. Let u, v be any monomial basis elements ofM. The R-module
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homomorphism L : M→R is defined by the following equations:

L(u⊗ (d⊗ e− q e⊗ d− (1− q))⊗ v) = 0 (4.2.1a)

L(u⊗ (d + bde− (b+ d)1)) = 0 (4.2.1b)

L((e + acd− (a+ c)1)⊗ v) = 0 (4.2.1c)

where a, b, c and d are defined in (1.0.19), with L(1) = 1 and extended
linearly to other elements of M.

The reasons for the slightly more abstract linear functional formulation were
outlined in Chapter 2. The matrix product Ansatz of [21] for the stationary
state restated using the linear functional is the same as for the three param-
eter model given in Theorem 7 however with the linear functional given in
Definition 28.

4.3 Bi-Orthogonal Pair of Polynomial Sequences

The calculations evaluated for the three parameter model will be utilised
and extended to find a pair of sequences {Pn(d)}n≥0 and {Qn(e)}n≥0 that
are bi-orthogonal with respect to the five parameter linear functional. The
extension of these calculations isn’t trivial and solves the more complex
problem of finding the basis and a dual basis for the representation associ-
ated with the Askey-Wilson polynomials obtained in [14, 15].

The five parameter bi-moment matrix, B = L(dnem), has the same defini-
tion as the three parameter bi-moment matrix given in (2.3.3) except that
the linear functional is given by Definition 28. Again the bi-moment matrix
elements satisfy a pair of partial difference equations. However these equa-
tions are considerably more complicated than in the three parameter case
and the increased complexity is compounded by the significant complica-
tion arising from the more complicated boundary conditions. The increase
in complexity comes from (4.2.1b) and (4.2.1c) which are derived from the
equations satisfied by the boundary vectors 〈W | and |V 〉 in the five param-
eter matrix product Ansatz and now both equations contain both d and e.

Theorem 30. The bi-moment matrix elements satisfy the recursions

Bi,j = (1− qi)Bi−1,j−1 + (a+ c)qiBi,j−1 − acqiBi+1,j−1 , (4.3.1a)

Bi,j = (1− qj)Bi−1,j−1 + (b+ d)qjBi−1,j − bdqjBi−1,j+1 , (4.3.1b)
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i, j > 0 with boundary values B0,j and Bi,0 given by

Bi,0 =
((b+ d− bd(a+ c)qi−1)Bi−1,0 − bd(1− qi−1)Bi−2,0

1− abcdqi−1
, (4.3.2a)

B0,j =
((a+ c− ac(b+ d)qj−1)B0,j−1 − ac(1− qj−1)B0,j−2

1− abcdqj−1
(4.3.2b)

i, j ≥ 0 where B0,0 =1.

For the three parameter case the bimoment matrix recursion was three
terms, however now the recursion has four terms. Furthermore, the bound-
ary elements satisfy a three term recursion compared to the monomial terms
as was the case for the three-parameter. The boundary terms will be inves-
tigated later in this chapter.

While the bi-moment does indeed satisfy both recursions, and the boundary
elements are given by (4.3.2), less information is sufficient to calculate the
bi-moment matrix. In fact (4.3.1b) with j ≥ 0 and i > 0 and (4.3.2b) are
sufficient to calculate the bi-moment matrix. The recursion (4.3.1b) equates
an element in terms of the elements in the row above. Repeted use of this
equation leads to any element in the matrix being expressed in terms of
the elements in the first row. Thus, (4.3.2b) is sufficient to populate the
whole matrix. The bi-moment matrix can be calculated similarly using the
recursion (4.3.1a) and calculating the left column boundary elements with
(4.3.2a). Thus, (4.3.1a) and (4.3.2a) provide one method to calculate the
matrix while (4.3.1b) and (4.3.2b) provide another way to calculate the
same matrix. This dual nature for calculating the bi-moment matrix is a
manifestation of a symmetry in the matrix which will be utilised in later
calculations.

Proof. In this proof is the essential trick to dealing with the boundary vec-
tors. Eliminating an e (resp. d) from the left (resp. right) side of is more
complicated due to the more complicated boundary vectors. Using (4.2.1c)
(resp. (4.2.1b)), an e (resp. d) on the left (resp. right) side of a word can
be removed.

L(ednem−1) = (a+ c)L(dnem−1)− acL(dn+1em−1) . (4.3.3)

L(dn−1emd) = (b+ d)L(dn−1em)− bdL(dn−1em+1) . (4.3.4)

Commuting an e all the way to the left (2.3.7) and substituting (4.3.3) gives
the recurrence (4.3.1a). Equivalently, the recurrence (4.3.1a) is obtained by
commuting a e to the right and utilising (4.3.4).



4.3. BI-ORTHOGONAL PAIR OF POLYNOMIAL SEQUENCES 109

It remains to calculate the boundary elements of the matrix. Rearrang-
ing (4.2.1b) and (4.2.1c), an e can be eliminated from the right and a d
eliminated from the left.

L(dne) =
1

bd

(
(b+ d)L(dn)− L(dn+1)

)
, (4.3.5)

L(dem) =
1

ac

(
(a+ c)L(em)− L(em+1)

)
(4.3.6)

Setting i = 1 for (4.3.1b) expresses L(dem) in terms of the form L(ej),
which combined with (4.3.6) results in (4.3.2a). Equivalently, (4.3.2b) can
be obtained by substituting (4.3.5) into (4.3.1a) for j = 1.

As previously shown, the existence of the BiOPS requires that the determi-
nant of the (n+ 1)× (n+ 1) sub-matrix

B(n) = (Bi,j)0≤i,j≤n

be non-zero for all n ≥ 0. For small values of n, the determinant det B(n)

can be found by computer by iterating the recurrence relations (4.3.1a) to
construct B. From these values a product form for det B(n) (stated below
in (4.3.29)) is quickly conjectured. For example

B(1) =

(
1 a+ c− ac(b+ d)

b+ d− bd(a+ c) b2d2(a+c)2(b+d)2−bd(b+d)(a+c)(1+q)−bd(1−q)
1−abcdq

)
(4.3.7)

and

det B(1) =
(1 + q)(1− ab)(1− bc)(1− ad)(1− cd)

(1− abcd)2(1− abcdq)
(4.3.8)

It is similarly straightforward to conjecture the LDU decomposition of B,
that is, find upper and lower triangular matrices, U and L respectively, such
that

B = LDU (4.3.9)

(with D diagonal). These small n computations lead us to define triangular
matrices L and U via recurrence relations for the matrix elements Li,j and
Ui,j .
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Definition 29. Let L be the lower triangular matrix, with the matrix ele-
ments defined recursively by

Li,j =


Li−1,j−1 + d\jLi−1,j − bdqjgjLi−1,j+1 for j ≥ 0 and i ≥ j
1 for i = j = 0

0 otherwise

(4.3.10)

Let U be the upper triangular matrix, with the matrix elements defined re-
cursively by

Ui,j =


Ui−1,j−1 + e\iUi,j−1 − acqigiUi+1,m−1 for i ≥ 0 and i ≤ j
1 for i = j = 0

0 otherwise

(4.3.11)

Let D be the diagonal matrix, with the matrix elements defined recursively
by

Di,i =


gi−1Di−1,i−1 for i ≥ 1

1 for i = 0

0 otherwise

(4.3.12)

where

gj =
(1− abcdqj−1)(1− qj+1)(1− abqj)(1− bcqj)(1− adqj)(1− cdqj)

(1− abcdq2j−1)(1− abcdq2j)2(1− abcdq2j+1)
.

(4.3.13)

For small values of n these matrices give the LDU decomposition of B, but
unfortunately it has not been proven to be the decomposition for arbitrary
n. Thus, the following is conjectured.

Conjecture 1. The bi-moment matrix, has an LDU decomposition with
lower triangular matrix, L, given by Definition 29.

Note, it is only necessary to conjecture L as, assuming Definition 29 is
valid, we can compute the corresponding recurrence relations for the upper
triangular matrix U by using a symmetry of B. The bi-moment matrix
is invariant when taking the transpose and performing the substitutions
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a ↔ b, c ↔ d or a ↔ d, b ↔ c. Under this action, the equations (4.3.1a)
and (4.3.1b) swap as do the equations (4.3.2a) and (4.3.2b). Thus the up-
per triangular matrix can be obtained from the lower triangular matrix by
performing these substitutions and leads to the following corollary.

Corollary 6. The upper triangular matrix, U of the LDU decomposition of
the bi-moment matrix is given by Definition 29.

The inverse of L is very important. To calculate L-1, a more general re-
sult regarding the inverses of recursively defined triangular matrices will be
given, which can then be specialised to give the inverses of L and U.

Theorem 31. Let T be a lower triangular matrix, such that the matrix
elements Ti,j are defined recursively in terms of the 3 closest elements in
the row above, given as

Ti,j =


Ti−1,j−1 + αjTi−1,j + βjTi−1,j+1 for j ≥ 0 and i ≥ j
1 for i = j = 0

0 otherwise

(4.3.14)

then the inverse matrix elements T-1 are also given recursively by

T-1
i,j =


βi−1T

-1
i−1,j+1 + αiT

-1
i,j+1 + T-1

i+1,j+1 for j ≥ −1 and i ≥ j
1 for i = j = 0

0 otherwise

(4.3.15)

Proof. This proof will show that the product of T-1 and T give the iden-
tity matrix. Using the recurrences for these matrices, a recurrence for the
elements of their product (T-1T)i,j will be obtained and then solved. Sub-
stituting a rearranged (4.3.15) followed by substituting (4.3.14) gives

(T-1T)i,j = (T-1T)i−1,j−1 + (αj − αi−1)(T-1T)i−1,j

+ βj(T
-1T)i−1,j+1 − βi−2(T-1T)i−2,j (4.3.16)

Using this recurrence, an element can be written in terms of the preceding
element in its diagonal and elements from the 2 diagonals immediately above.
Consider the main diagonal, all entries above this are zero since the matrix
is lower triangular. Therefore,

(T-1T)i,i = (T-1T)i−1,i−1 = (T-1T)0,0 = 1 . (4.3.17)
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Now consider the first off-diagonal such that j = i− 1. All the values above
this diagonal are known. Therefore,

(T-1T)i,i−1 = (T-1T)i−1,i−2 = (T-1T)0,−1 = 0 . (4.3.18)

Considering the second off-diagonal where j = i− 2 gives

(T-1T)i,i−2 = (T-1T)i−1,i−3 = (T-1T)1,−1 = 0 . (4.3.19)

It is important to note that (4.3.16) is valid for j ≥ 0 and i ≥ j. The
appearance of terms with negative indices comes from (4.3.16) with j = 0,
and these terms with negative indices are equal to zero. Since the first two
off-diagonals are zero and the recurrence only refers back to the previous
two diagonals and itself, we get for c > 0

(T-1T)i,i−c = (T-1T)i−1,i−1−c = (T-1T)c−1,−1 = 0 . (4.3.20)

This shows that the matrix is a Toeplitz matrix with the only non-zero
diagonal being the main diagonal. Thus

(T-1T)i,j = δi,j . (4.3.21)

Calculating the matrix L-1 is a direct application of Theorem 31 with

αj = d\j and βj = −bdqjgj .

The matrix U-1 can similarly be obtained from Theorem 31 with a little extra
work. The transpose of U satisfies the conditions of (4.3.14). Therefore U-1

is obtained by setting

αj = e\j and βj = −acqjgj

in (4.3.15) and taking the transpose. These results are stated in the corollary
below.

Corollary 7. Let L be the lower triangular matrix of the LDU decomposition
of the bi-moment matrix B. Then the elements L-1

i,j of the inverse of L satisfy

L-1
i,j =


L-1
i−1,j−1 − d

\
i−1L

-1
i−1,j + bdqi−2gi−2L

-1
i−2,j for j ≥ 0 and i ≥ j

1 for i = j = 0

0 otherwise.

(4.3.22)
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Let U be the upper triangular matrix of the LDU decomposition of the bi-
moment matrix B. Then the elements U-1

i,j of the inverse of U satisfy

U-1
i,j =


U-1
i−1,j−1 − e

\
j−1U

-1
i,j−1 + acqj−2gj−2U

-1
i,j−2 for i ≥ 0 and j ≥ i

1 for i = j = 0

0 otherwise.

(4.3.23)

The matrices L and U from the LDU decomposition of the bi-moment ma-
trix provide a method to calculate the the polynomials Pn(d) and Qm(e).
However, the diagonal matrix D is vital in determining that these polyno-
mials exist in the first place. For the polynomials to exist, all of the diagonal
entries of D must be non-zero. By conjecturing L, it has been shown that
U, L-1 and U-1 can be calculated. Multiplying the bi-moment matrix ap-
propriately by either of the inverse matrices allows for the elements of D to
be read straight from the diagonal of the product.

Theorem 32. Assuming Conjecture 1 is true. The diagonal matrix elements
Dn of the matrix D of (4.3.9) satisfy a first order recurrence relation giving

Dn =
n−1∏
i=0

gi =
(abcd/q, q, ab, bc, ad, cd; q)n

(abcd/q, abcd, abcd, abcdq; q2)n
(4.3.24)

for n ≥ 1, where gi is given by (4.3.13) and D0 = 1.

Proof. This proof follows similarly to the proof of L-1. Assuming the con-
jecture is true, L−1B is an upper triangular matrix. Using (4.3.22), the
recurrence for L-1, gives,

(L-1B)n,m =
n∑
i=0

L-1
n−1,i−1Bi,m − d\n−1(L

-1B)n−1,m + bdqn−2gn−2(L
-1B)n−2,m

(4.3.25)

Using (4.3.1b), the recurrence for the bi-moment matrix, gives

(L-1B)n,m = (1− qm)(L-1B)n−1,m−1 + ((b+ d)qm − d\n−1)(L
-1B)n−1,m

− bdqmgm(L-1B)n−1,m+1 + bdqn−2gn−2(L
-1B)n−2,m . (4.3.26)
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For n = m− 2, due to the fact that the matrix product is upper triangular
the recurrence becomes

bdqm(L-1B)m+1,m+1 = bdqmgm(L-1B)m,m . (4.3.27)

Therefore, the recursion on the main diagonal becomes the simple first order
recurrence

Dm+1 = gmDm (4.3.28)

which, along with D0 = 1 can be solved to give the stated result.

Note that the substitutions used to calculate U along with taking the trans-
pose converts calculations involving L into the equivalent calculation with
U instead. By analogously repeating the calculations above with BU-1 gives
the same recurrence for Dn. However, such a calculation can be avoided by
utilising the substitutions instead. As required, the elements of the diagonal
matrix remain unchanged by these substitutions.

The value of the determinant is simple to calculate from the LDU-decomposition
of the bi-moment matrix. It is the product of the elements of the diagonal
matrix and given by the following theorem.

Theorem 33. Assuming Conjecture 1 is true. Let B(n) = (Bi,j)0≤i,j≤n be
the truncated (n+1)× (n+1) bi-moment matrix whose elements are defined
by Theorem 30. Then

det B(n) =
n∏
i=1

(abcd/q, q, ab, bc, ad, cd; q)i
(abcd/q, abcd, abcd, abcdq; q2)i

(4.3.29)

Proof. The determinant is the product of the elements of the diagonal matrix
D.

In Chapter 2 it was shown that the existence of bi-orthogonal polynomials
is dependent on the existence of the determinant of the bi-moment matrix.
This determinant exists as per Theorem 33 and consequently there is the
following theorem stating the existence of a unique pair of polynomial se-
quences.
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Theorem 34. Assuming Conjecture 1 is true. Let {Pn(d)}n≥0 and {Qn(e)}n≥0
be a pair of sequences of monic polynomials satisfying

L(PnQm) = Λnδn,m (4.3.30)

where the linear functional L is defined by equations (4.2.1). Then {Pn}n≥0
and {Qn}n≥0 exist and are unique with

Λn = Dn . (4.3.31)

for n ≥ 0.

The proof of this theorem follows from the proof of Theorem 11. From that
proof, we also know that the polynomials satisfy the following determinantal
formulas in terms of the elements from the bimoment matrix.

Pn(d) =
1

det B(n−1) det


B0,0 B0,1 . . . B0,n−1 1
B1,0 B1,1 . . . B1,n−1 d

...
...

. . .
...

...
Bn−1,0 Bn−1,1 . . . Bn−1,n−1 dn−1

Bn,0 Bn,1 . . . Bn,n−1 dn


(4.3.32a)

Qn(e) =
1

det B(n−1) det


B0,0 B0,1 . . . B0,n−1 B0,n

B1,0 B1,1 . . . B1,n−1 B1,n
...

...
. . .

...
...

Bn−1,0 Bn−1,1 . . . Bn−1,n−1 Bn−1,n
1 e . . . en−1 en


(4.3.32b)

These formulas are analogous to those of traditional orthogonal polynomials
which satisfy a determinantal expression in terms their moment matrix. In
the three parameter case, the elements of the lower and upper matrices sat-
isfy two term Pascal-like recurrences which led to bi-diagonal representation
of d and e. However, in the five parameter case, the representation of the
matrices d and e given in (4.1.12) are tridiagonal. Consequently, the BiOPS
in the five parameter model are orthogonal polynomials in their own right,
and as such, they each satisfy a three term recurrence and are orthogonal
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with respect to a linear functional. The fact that the BiOPS are orthogo-
nal polynomials strongly supports that the elements of the lower and upper
matrices satisfy three term recurrences.

The BiOPS are defined to be one variable polynomials such that the variable
is one of the generators of the R-module V2. Since they are orthogonal, they
can be expressed in terms of their moment matrices, where the moments
of the polynomials are given by the action of the linear functional on the
powers of the generators. The moment matrices for Pn(d) and Qn(e) are

given respectively by the Hankel matrices H
(n)
d and H

(n)
e , where

H
(n)
d =


L(d0) L(d1) . . . L(dn−1) L(dn)
L(d1) L(d2) . . . L(dn) L(dn+1)

...
...

. . .
...

...
L(dn−1) L(dn1) . . . L(d2n−2) L(d2n−1)
L(dn) L(dn+1) . . . L(d2n−1) L(d2n)

 (4.3.33a)

H
(n)
e =


L(e0) L(e1) . . . L(en−1) L(en)
L(e1) L(e2) . . . L(en) L(en+1)

...
...

. . .
...

...
L(en−1) L(en) . . . L(e2n−2) L(e2n−1)
L(en) L(en+1) . . . L(e2n−1) L(e2n)

 . (4.3.33b)

Proposition 7. Let H
(n)
d be the (n + 1) × (n + 1) Hankel matrix given in

(4.3.33a). Then

det H
(n)
d = (−bd)(

n+1
2 )q(

n+2
3 ) det B(n) . (4.3.34)

Proof. The result will be obtained by using column operations. Note that

for the (i, j) element in both the B and H
(n)
d matrices, the power of the

monomial on which the functional acts is i+ j. The purpose of the column
operations will be to convert the rightmost d′s in the monomials into e′s.

To begin to transform H
(n)
d into B(n) using column operations, the following
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vector equation , obtained from (4.3.5)
L(dn)
L(dn+1)

...
L(d2n−1)
L(d2n)

 = (b+ d)


L(dn−1)
L(dn)

...
L(d2n−2)
L(d2n−1)

− bd

L(dn−1e)
L(dne)

...
L(d2n−2e)
L(d2n−1e)

 (4.3.35)

allows an e to be introduced into the bilinear functional. The first term of
the RHS is a scalar multiple of the second right most column within the

matrix H
(n)
d . The right most column of the Hankel matrix determinant

can be converted into the column in the second term of the RHS, with the
determinant gaining a factor of −bd. The rest of the calculation will follow
this method using the following vector equation, obtained using (4.3.1b)

L(diej)
L(di+1ej)

...
L(di+n−1ej)
L(di+nej)

 = (1− qj)


L(di−1ej−1)
L(diej−1)

...
L(di+n−2ej−1)
L(di+n−1ej−1)



+ (b+ d)qj


L(di−1ej)
L(diej)

...
L(di+n−2ej)
L(di+n−1ej)

− bdqj

L(di−1ej+1)
L(diej+1)

...
L(di+n−2ej+1)
L(di+n−1ej+1)

 . (4.3.36)

A column of the form of the LHS can be converted into a column of the form
in the third term of the RHS, with the determinant gaining a factor of −bdqj
so long as the first and second columns of the matrix appear in the deter-
minant calculation. Performing column operations in an appropriate order
will ensure that the columns in the first and second term of the RHS exist
in the determinant calculation. Note that all elements within a column have
the same power of e within the monomial. The matrix that is undergoing
column operations can be represented by the vector (c0, c1, . . . , cn) where ci
is the power of e’s in the ith column. Within this framework, the aim is to
convert

(0, 0, . . . , 0, 0)⇒ (0, 1, . . . , n− 1, n) (4.3.37)

Continuing with this framework, (4.3.35) is equivalent to

(. . . , 0, 0, . . .) = −bd(. . . , 0, 1, . . .) (4.3.38)
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and (4.3.36) is equivalent to

(. . . , j − 1, j, j, . . .) = −bdqj(. . . , j − 1, j, j + 1, . . .) . (4.3.39)

It is possible to achieve (4.3.37) using only (4.3.38) and (4.3.39). The appro-
priate order of these operations is to act on the rightmost column possible
with these two operations. Such an ordering of operations leads to the ith

column undergoing i column operations with a total factor gained of

n∏
i=0

i∏
j=0

−bdqj = (−bd)(
n+1
2 )q(

n+2
3 ) . (4.3.40)

The equivalent is also true where H
(n)
e is the (n+1)×(n+1) Hankel matrix.

The proof is analogous to the one above, however it is instead done using
row operations which are obtained from (4.3.6) and (4.3.1a). From Propo-
sition 7 it follows that the BiOPS can be expressed in determinant form of
their moments.

Theorem 35. The pair of sequences of monic polynomials {Pn(d)}n≥0 and
{Qn(e)}n≥0 are given by

Pn(d) =
1

det H
(n−1)
d

det


L(d0) L(d1) . . . L(dn−1) 1
L(d1) L(d2) . . . L(dn) d

...
...

. . .
...

...
L(dn−1) L(dn1) . . . L(d2n−21) dn−1

L(dn) L(dn+1) . . . L(d2n−1) dn


(4.3.41a)

Qn(e) =
1

det H
(n−1)
e

det


L(e0) L(e1) . . . L(en−1) L(en)
L(e1) L(e2) . . . L(en) L(en+1)

...
...

. . .
...

...
L(en−1) L(en) . . . L(e2n−2) L(e2n−1)

1 e . . . en−1 en

 .

(4.3.41b)

Proof. The determinant in (4.3.41a) can be obtained from the determinant
in (4.3.32b) by using the column operations that converts det B(n−1) into

det H
(n−1)
d . The factor obtained by these operations is cancelled out by

substituting det H
(n−1)
d for det B(n−1) into (4.3.32b) using (4.3.34).
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This theorem, along with Theorem 1, shows that the BiOPS are traditional
three-term recurrence orthogonal polynomials so long as the moment matrix
determinant is non vanishing, which is true as long as the same is true for
the determinant of the bimoment matrix. This means that if the BiOPS
exist, then they are consequently orthogonal. Thus, the linear functional
acting on the powers of d and e gives the moments for orthogonal polyno-
mial sequences Pn(d) and Qn(e).

Since the BiOPS are othogonal polynomials, they satisfy a three-term re-
currence. As was shown in Chapter 2, the BiOPS are shown to satisfy
recurrence relations derived from the recurrence relations of the lower and
upper matrices. The equivalent calculation will now be completed for the
five parameter BiOPS, culminating in the derivation of their three term re-
currences.

Theorem 36. Assuming Conjecture 1 is true. The pair of sequences of
monic polynomials {Pn(d)}n≥0 and {Qn(e)}n≥0 satisfy

dn =

n∑
k=0

Ln,kPk(d) , (4.3.42a)

en =
n∑
k=0

Qk(e)Uk,n , (4.3.42b)

where Ln,k and Uk,n are the matrix elements of the lower triangular L and
upper triangular U are given by Definition 29.

Proof. The result is obtained directly from Theorem 12 and by noting that
Ln,n = Un,n = 1.

The inverses of the triangular matrices provide the means for the converse
equation.

Corollary 8. Assuming Conjecture 1 is true. The pair of sequences of monic
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polynomials {Pn(d)}n≥0 and {Qn(e)}n≥0 can be expressed as

Pn(d) =

n∑
k=0

L-1
n,kd

k , (4.3.43a)

Qn(e) =

n∑
k=0

ekU-1
k,n , (4.3.43b)

where L-1
n,k and U-1

k,n are the matrix elements of the inverse lower triangular

L-1 and inverse upper triangular U-1 matrices given by (4.3.22) and (4.3.23)
respectively.

Proof. To prove (4.3.43a) start with the RHS and use (4.3.42a)

n∑
k=0

L-1
n,kd

k =
n∑
k=0

L-1
n,k

k∑
j=0

Lk,jPj(d) =
n∑
j=0

δn,jPj(d) = Pn(d) (4.3.44)

The proof for (4.3.43b) follows analogously.

This result (4.3.43), along with the recurrence relations for the inverse tri-
angular matrices provides the three term recursion formulation for Pn and
Qn.

Theorem 37. Assuming Conjecture 1 is true. The pair of sequences of
monic polynomials {Pn(d)}n≥0 and {Qn(e)}n≥0 are given by the three-term
recurrences

dPn(d) = Pn+1(d) + d\nPn(d)− bdqn−1gn−1Pn−1(d) (4.3.45a)

and

eQn(e) = Qn+1(e) + e\nQn(e)− acqn−1gn−1Qn−1(e) (4.3.45b)

with P0 = Q0 = 1 and P−1 = Q−1 = 0.

Proof. We prove the three term recurrences for the bi-orthogonal polyno-
mials by using the recurrence relations, given in Corollary 7, satisfied by
the inverses of the upper and lower triangular matrix elements. Multiplying
Theorem 36 by d gives

dPn(d) =
∑
k

L-1
n,kd

k+1 (4.3.46)
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and substituting (4.3.22), the recurrence for L-1, gives

=
∑
k

(L−1n+1,k+1 + d\nL
-1
n,k+1 − bdqn−1gn−1L-1

n−1,k+1)d
k+1 (4.3.47)

= Pn+1(d) + d\nPn(d)− bdqn−1gn−1Pn−1(d) (4.3.48)

The proof of the three-term recurrence for Qn(e) is analogous using the
recurrence for the inverse of the upper triangular matrix.

4.4 Matrix representation in boundary basis

In this section we briefly discuss a representation of the linear functional
L by an inner product using a matrix representation of the tensor algebra.
This matrix representation will be used to calculate a representation for d
and e in the basis known as the “boundary basis”, which is generated by the
biorthogonal polynomial sequences. As was the case for Chapter 2, firstly a
matrix representation of the quotient module

S =M/(de− q ed− (1− q)) (4.4.1)

is required. The value of the linear functional L(g), g ∈ S, will then be
calculated from the matrix representation of g. In order to obtain a matrix
representation, the normalised polynomial sequences

P̂n =Pn/
√

Λn , (4.4.2a)

Q̂n =Qn/
√

Λn . (4.4.2b)

are used, which satisfy the bi-orthogonal condition

L(P̂n Q̂m) = δn,m . (4.4.3)

Translating the bi-orthogonality condition of the five parameter ASEP back
into the inner product form of the original matrix product Ansatz, gives

〈W |Pn(d)Qm(e)|V 〉 = Λmδn,m (4.4.4)

for vector |V 〉 and dual vector 〈W | defined by

(d + bde− (b+ d)1)|V 〉 = 0
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and
〈W |(e + acd− (a+ c)1) = 0 .

From Chapter 2 it is known that the normalised basis vectors and their
orthonormal duals

〈Ŵn| = 〈W |P̂n(d) and |V̂n〉 = Q̂n(e)|V 〉 ,

allow for the calculation of the matrix representations of d and e via

dn,m = 〈Ŵn|d|V̂m〉 and en,m = 〈Ŵn|e|V̂m〉 . (4.4.5)

The three term recurrence relations (4.3.45) for Pn and Qn are used to com-
pute the following two moments which lead to a matrix representation for
d and e.

Theorem 38. Assuming Conjecture 1 is true. Let Pn and Qn be the poly-
nomials of Theorem 37. The two first moments

Xn,m = L(Pn dQm), (4.4.6a)

Yn,m = L(Pn eQm), (4.4.6b)

for n,m ≥ 0, are given by

Xn,m = Λn+1δn+1,m + d\nΛnδn,m − bdqn−1Λnδn−1,m , (4.4.7a)

Yn,m = Λm+1δn,m+1 + e\mΛmδn,m − acqm−1Λmδn,m−1 , (4.4.7b)

for n,m ≥ 0.

The orthonormal versions of the polynomials give rise to a representation of
the quotient module (4.4.1).

Theorem 39. Assuming Conjecture 1 is true. The infinite dimensional ma-
trices d and e with matrix elements

dn,m = L(P̂n d Q̂m) = Xn,m/
√

ΛnΛm , (4.4.8a)

en,m = L(P̂n e Q̂m) = Yn,m/
√

ΛnΛm , , (4.4.8b)

for n,m ≥ 0, give a matrix representation of the quotient module (4.4.1).
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The theorem is proved by direct verification that the matrices (4.4.8) satisfy
the quotient relation de − q ed = (1 − q)1. These matrices are similar to
those obtained by Sasamoto [14]. Given it is known that the matrix repre-
sentation given in (4.1.12) satisfies the quotient relation, it is simple to show
the same for this representation.

The matrices (4.4.8) have a simple tri-diagonal structure given by

d =


d\0

√
g0 0 . . .

−bd√g0 d\1
√
g1 . . .

0 −bdq√g1 d\2 . . .
...

...
...

. . .

 (4.4.9a)

and

e =


e\0 −ac√g0 0 . . .
√
g0 e\1 −acq√g1 . . .

0
√
g1 e\2 . . .

...
...

...
. . .

 . (4.4.9b)

Comparing (4.1.12) and (4.4.9) it can be seen that the representations are
very similar. The matrix elements expressed in terms of the elements from
(4.1.12) are

dn,n+1 = cnd
]
n en,n+1 = cne

]
n

dn,n = d\n en,n = e\n

dn+1,n = c-1n d
[
n en+1,n = c-1n e

[
n

where

cn =

√
1− acqn
1− bdqn

.

It can be seen that their main diagonals are exactly the same and that the
off-diagonals differ by a factor that has been shifted from one diagonal to
the other. This shift in factor is the same for both matrices and therefore
extends to the the sum of the matrices.

d + e =


d\0 + e\0 c0(d

]
0 + e]0) 0 . . .

c-10 (d[0 + e[0) d\1 + e\1 c1(d
]
1 + e]1) . . .

0 c-11 (d[1 + e[1) d\2 + e\2 . . .
...

...
...

. . .

 (4.4.10)



124 CHAPTER 4. FIVE PARAMETER ASEP

Since d + e is tri-diagonal, it defines a sequence of orthogonal polynomials,
{Tn(x)}n≥0, via the three term recurrence relation obtained from the rows,

(d + e)n,n−1Tn−1 + ((d + e)n,n − 2x)Tn + (d + e)n,n+1Tn+1 = 0 (4.4.11)

where

(d + e)n,n+1 = (1− acqn)
√
gn (4.4.12)

(d + e)n,n = d\n + e\n (4.4.13)

(d + e)n,n−1 = (1− bdqn−1)√gn−1 (4.4.14)

and initial values T0 = 1 and T−1 = 0. This three term recurrence is
not exactly that for Askey-Wilson polynomials (4.1.2) however, the middle
coefficient (d + e)n,n is the same as the Askey-Wilson middle recurrence
coefficient and the product of the first and last coefficients

(d + e)n,n+1(d + e)n+1,n = (1− acqn)(1− bdqn)gn = An

is the same as the product of the first and last coefficients of the the Askey-
Wilson recurrence. This means that the polynomials {Tn(x)}n≥0 have the
same moments as the Askey-Wilson polynomials.

The following theorem states the relationship between L and the matrix
representation.

Theorem 40. Let m be the matrix representation of an element m in the
quotient module (4.4.1). Then

L(m) = m0,0 (4.4.15)

where m0,0 is the (0, 0) matrix element of m.

Equation (4.4.15) is the matrix product representation of L conventionally
written

L
(
c1c2 · · · ck

)
= 〈W |c1c2 · · · ck|V 〉 (4.4.16)

where ci ∈ {d, e}. In the basis |Vn〉 we have

〈W | = 〈W0| = (1, 0, . . . , ) , and |V 〉 = |V0〉 = (1, 0, . . . , )T . (4.4.17)

were T denotes the transpose.
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Proof. Clearly (4.4.15) defines a linear functional from the space of matrices
to R. It remains to verify that such a functional satisfies the equations
(4.2.1). Equation (4.2.1a) is satisfied as de − q ed − (1 − q)1 is the zero
matrix. Equation (4.2.1b) requires

L(u⊗ (d + bde− (b+ d)1)) = u(d + bde− (b+ d)1)0,0 = 0

for any element u in the quotient module S, which is trivially verified using
the matrix (4.4.9a). Similarly for (4.2.1c).

4.5 Partial Proof of Conjecture 1

Conjecture 1 is vital for the results presented in this chapter. It is the pillar
upon which subsequent results have been derived. There is strong evidence
to suggest that the conjecture is true, however a conclusive proof has re-
mained elusive. This section will outline the various methods that have
been attempted and will outlined the progress made towards the proof.

Proving the main conjecture is equivalent to proving that the first columns
of the bi-moment matrix and the lower triangular matrix agree. This is a
necessary condition for the lower triangular matrix of the LDU decomposi-
tion of the bi-moment matrix since,

if B = LDU⇒ Bn,0 =
∑
i

Ln,iDiUi,0 = Ln,0 . (4.5.1)

This leads to a second conjecture, which assumes less than the main conjec-
ture.

Conjecture 2. Let Bi,j be the elements of the bi-moment matrix B and let
Li,j be the elements of the lower triangular matrix L of given in Definition
29, then

Bi,0 = Li,0 . (4.5.2)

It will be shown, that by proving Conjecture 2, then Conjecture 1, will also
be proven. Conjecture 1 allows the assumption that (L-1B) is upper trian-
gular. However, if Conjecture 2 is assumed instead, it can be proven that
(L-1B) is upper triangular, thus proving L is the lower triangular matrix of
the bimoment matrix.
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Proposition 8. If Conjecture 2 is true then Conjecture 1 is true.

Proof. By rewriting equation (4.3.26) as

(L-1B)n,m =
1

bdqmgm

(
(1−qm)(L-1B)n,m−2+((b+d)qm−1−dn\)(L-1B)n,m−1

+ (L-1B)n+1,m−1 + bdqn−1gn−1(L
-1B)n−1,m−1

)
(4.5.3)

it can be shown that each element below the diagonal can be written in terms
of elements from the left boundary that are within or below the diagonal
of that element. Assuming conjecture 2 is correct, then the left column
elements can be evaluated by

(L-1B)n,0 =
n∑
i=0

L-1
n,iBi,0 =

n∑
i=0

L-1
n,iLi,0 = δn,0. (4.5.4)

Therefore all the elements on the left boundary are zero, except for the first
entry. As all elements below the main diagonal can be expressed in terms
of these elements equal to zero, then so to must all the elements below the
diagonal of the matrix (L-1B) be zero. Thus it is shown that if Conjecture
2 is true, then (L-1B) is upper triangular and thus L is the lower triangular
matrix of the LDU decomposition of the bi-moment matrix. Hence, proving
Conjecture 1 reduces to proving Conjecture 2.

Various attempts have been made to prove Conjecture 2. These partial
proofs are detailed below.

4.5.1 Path Interpretation

Conjecture 2 can be re-expressed as a path problem. Both sides can be in-
terpreted as enumerating certain weighted lattice paths, thus a weight pre-
serving bijection between these paths would serve as a proof of Conjecture
2. The paths on both sides of the conjecture can be interpreted as weighted
Motzkin paths but with differing inital and final vertex conditions. The
Motzkin path interpretation arises due to the three term recurrences satis-
fied by the matrix elements of the matrices L and B. Such three-term recur-
rences lead to paths with the Motzkin path step set of {NE,E, SE}, as each
term in the recurrence corresponds to a step in the Motzkin path step set.
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The left boundary condition of the matrices (the fact that Ln,m = Bn,m = 0
for m < 0) corresponds to the fact that Motzkin paths have the property of
not stepping below the x-axis. The other boundary conditions satisfied by
the matrix element recursions determine the constraints of the initial and
final vertices of the Motzkin paths.

The paths associated with the matrix elements Ln,i are given by the follow-
ing definition.

Definition 30. Let Ln,i be the set of length n weighted Motzkin-like paths
that start at vertex (0, i) and finish at vertex (n, 0). The weight function for
each step is given by

w(et) =


−bdqjgj if et is an NE step

d\j if et is an E step

1 if et is a SE step

(4.5.5)

where j is the height of the step.

The fact that L is triangular restricts the final vertex of the path to be on
the x-axis. This also means that length n paths can start no higher than a
distance of n above the x-axis. This restriction doesn’t apply for the paths
associated with the bi-moment matrix. The finishing vertex for these paths
is only constrained by the length of the path and the starting height of
the path. Based on these two factors, only certain finishing heights can be
achieved.

The paths associated with the bi-moment matrix are given in the following
definition.

Definition 31. Let Bn,i be the set of length n weighted Motzkin-like paths
that start at vertex (0, i) and finish at vertex (n, j) where j ≥ 0. The weight
function for each step is given by

w(et) =


−bdqk if et is an NE step

(b+ d)qk if et is an E step

1− qk if et is a SE step

(4.5.6)

where k is the height of the step. The paths also receive weight B0,j for the
final vertex.
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The indices in the recursions for the matrix elements can be reinterpreted
as parameters of a path, where the first index gives the length of the path
and the second index gives the starting height of the path.

Proposition 9. Let Ln,i and Bn,i be the paths defined in Definition 30 and
Definition 31. Then

Ln,i =
∑
p∈Ln,i

w(p) and (4.5.7)

Bn,i =
∑
p∈Bn,i

w(p) . (4.5.8)

Proof. The paths and matrix elements satisfy the same recursion and bound-
ary conditions. To obtain the recursion for the paths, consider a length n
path and the first step of this path. The choice for this first step and the
weight associated to it leads to a three term recursion in terms of paths
of length n − 1. The boundary conditions satisfied by the paths has been
shown previously.

Proposition 9 demonstrates that Conjecture 2 is equivalent to equating Ln,0
and Bn,0. This requires finding a weight preserving bijection exists between
the two sets of paths, where each path is of the same length and start at the
same height.

Proving that there exists a bijection between these sets of paths is very dif-
ficult. While weights for the steps of Bn,i are quite simple, the difficulty in
obtaining a bijection arises in dealing with the weights of the final vertices
of the paths which aren’t provided with an explicit formula. Whereas Ln,i
all finish at the same vertex without a weight, the weights of the steps for
are significantly more complicated. As a combinatorial formula, both sides
of Conjecture 2 are too complicated to provide meaningful insight.

Taking the transpose of U demonstrates that the elements of U can be in-
terpreted in the exact same manner. The Motzkin paths enumerated by
Ui,n have a slightly different weight function, however it is obtained in the
exact same way as for L from the coefficients of the recursion.
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The path interpretation for L enumerates paths where the initial and final
vertices are given respectively by the row and column index of the matrix
element. This path interpretation is reminiscent of the LDU decomposition
path interpretation of the bi-moment matrix in the 3-parameter case. Just
as with the combinatorial interpretation of Conjecture 2, this adjusted path
problem is again too complicated. Since the path interpretation has so far
been unsuccessful, another route is attempted.

4.5.2 Moment Generating functions of the BiOPS

The BiOPS are orthogonal polynomials and correspondingly have a moment
sequence. The moments of the BiOPS are given by the boundary terms of
the bi-moment matrix. This means that the linear functional acting on
the powers of each individual generator of the ASEP algebra is a moment
sequence. The triangular matrices and the bi-moment matrix provide two
different formulations for the moment sequences of the BiOPS. Thus, prov-
ing Conjecture 2 is the equivalent of equating the two different formulations
of the moment generating functions of the BiOPS.

Definition 32. The generating function of the sequence (a0, a1, . . .) is
the formal power series

F (x) =
∞∑
i=0

aix
i (4.5.9)

These boundary elements of the bi-moment matrix satisfy the recursions
given in (4.3.2a) and (4.3.2b). The generating functions for the moments of
the BiOPS can be calculated from these recursions by using them to obtain
a functional equation satisfied by each moment generating function. These
functional equations are then solved iteratively to give an explicit expression
for the moment generating functions.

Proposition 10. The moment generating function F1(x) of the polynomial
sequence Pn(d) is given by

F1(x) =
q − abcd

q(1− x
a )(1− x

c )

∞∑
i=0

(xa ,
x
c ; q)i+1

(bx, dx; q)i+1

(
abcd

q

)i
(4.5.10)

The moment generating function G(x) of the polynomial sequence Qn(e) is
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given by

G(x) =
q − abcd

q(1− x
b )(1− x

d )

∞∑
i=0

(xb ,
x
d ; q)i+1

(ax, cx; q)i+1

(
abcd

q

)i
(4.5.11)

Proof. Multiplying the recursion (4.3.2a) for Bi,0 = L(di) by xj and sum-
ming over j gives∑
j=0

(1−abcdqj)Bj+1,0x
j =

∑
j=0

[b+d−bd(a+c)qj ]Bj,0x
j−
∑
j=0

bd(1−qj)Bj−1,0x
j .

(4.5.12)
Shifting the summations and grouping in terms of xj and (xq)j so that they
are of the form given in (4.5.9) gives

∞∑
j=0

(
1− (b+ d)x+ bdx2

)
Bj,0x

j =
q − abcd

q

+
1

q

∞∑
j=0

(
abcd− bd(a+ c)xq + bd(xq)2

)
Bj,0(xq)

j . (4.5.13)

Letting the moment generating function to be F (x) and simplifying this
result gives the functional equation

F (x) =
q − abcd

q(1− bx)(1− dx)
+
abcd

(
1− xq

a

) (
1− xq

c

)
q(1− bx)(1− dx)

F (xq) . (4.5.14)

Iterating this equation expresses F (x) as the infinite series. The generic
result is that if

F (x) = g(x) + f(x)F (xq) ⇒ F (x) =

∞∑
i=0

g(xqi)

i−1∏
j=0

f(xqi) . (4.5.15)

Substituting the values for f(x) and g(x) given in (4.5.14) into (4.5.15) and
simplifying gives the stated result. Performing the symmetry substitutions
used previously gives the result for the polynomials Qn(e).

From Theorem 4 it is known that the moments of an orthogonal polyno-
mial sequence are combinatorially represented by weighted Motzkin paths.
Proposition 9 shows that the Motzkin paths that give the moments of the
orthogonal polynomial sequence {Pn(x)}n≥0 are given by Ln,0 as defined by
Definition 30. Combining these results leads to the following proposition.
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Proposition 11. The generating function of the weighted Motzkin paths
Ln,0 is given by

F2(x) =
∞∑
n=0

Ln,0x
n =

1

1− d\0x+ bdg0x2

1−d\1z+
bdqg1z

2

...

(4.5.16)

Proof. This is an application of Theorem 6.

Proving Conjecture 2 is equivalent to proving that F1(x) = F2(x). While the
parameters in (4.5.10) factorise nicely, the series isn’t expressed explicitly
in terms of the powers of x and is reminiscent of Heine’s transformation.
Further complicating the proof of this equivalence is the fact that the infinite
continued fraction is of a completely different form to the infinite series. If
an alternative proof for Conjecture 2 is obtained, then as a consequence, so
too will the equivalence of these moment generating functions.

4.6 Concluding Remarks

The results of [1] have been generalised from three to five parameters (all
subject to Conjecture 1). The boundary basis vectors defined by the bi-
orthogonal polynomials results in a tri-diagonal representation of d, e and
d + e matrices related to the Askey-Wilson orthogonal polynomials. The
bi-orthogonal polynomials sequences now satisfy a three recurrence rela-
tion (unlike the two term recurrence of the three parameter case) and are
thus orthogonal (respectively) to themselves as well as each other. The bi-
orthogonal polynomials sequences also generate the change of basis from
the standard basis to the boundary basis (in which the bimoment matrix is
diagonal).

Subsequent work in this area would involve completing the proof for Con-
jecture 1. Also of interest is generalising the results from Chapter 3 to
provide a complete combinatorial understanding of the matrices L and U,
the BiOPS P and Q, the linear functional L and the LDU decomposition
of the bimoment matrix.
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