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Abstract
In this dissertation we present a study of the large-scale coherent structures that
are modelled by the linearized Navier–Stokes equations in a turbulent channel
flow. The results presented here are divided into three parts: i) a study of the wall-
normal coherence of these large-scale structures, ii) estimation of the instantaneous
and the statistical features of these structures and iii) an analysis of the effect of
stratification on the structures. In all three cases the trends obtained from the
linear model are compared to Direct Numerical Simulation (DNS) datasets.

In the first part, the wall-normal extent of the large-scale structures modelled
by the linearized Navier-Stokes equations subject to stochastic forcing is directly
compared to DNS data of a turbulent channel flow. A friction Reynolds number
of Reτ = 2000 is considered. We use the two-dimensional (2-D) linear coherence
spectrum (LCS) to perform the comparison over a wide range of energy-carrying
streamwise and spanwise length scales within the logarithmic region of the flow.
The study of the 2-D LCS from DNS indicates the presence of large-scale structures
that are coherent over large wall-normal distances and that are self-similar. We
find that, with the addition of an eddy viscosity profile, these features of the large-
scale structures are captured by the linearized equations, except in the region close
to the wall.

In the second part of this dissertation, the understanding of wall-normal coherence
is exploited to build and analyze linear estimators from the linearized Navier–
Stokes equations. For this purpose, we use the coherence-based estimation tech-
nique of spectral linear stochastic estimation (SLSE) (Tinney et al., 2006, Baars
et al., 2016). The estimator uses the instantaneous streamwise velocity field or
the 2-D energy spectrum of the streamwise velocity component at one wall-normal
location (obtained from DNS) as input, to predict the same quantity at other
wall-normal locations. We find that the addition of an eddy viscosity profile sig-
nificantly improves the estimation.

The final part of this dissertation focuses on the effect of stratification on the large-
scale structures that are modelled by the linearized equations. For this purpose, we
build an eddy-viscosity enhanced linearized Navier–Stokes based model for strati-
fied turbulent channel flows, and consider the model at different bulk Richardson
numbers Rib. Thereafter, we analyze the extent to which the model captures
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the large-scale features that emerge from competing shear and buoyancy driven
mechanisms in these flows. In particular, we compare the large-scale structures
modelled by linearized equations to the quasi-streamwise rolls observed in unsta-
bly stratified turbulent channel flows (Pirozzoli et al., 2017, Blass et al., 2019).
As we increase the influence of buoyancy, the linear model captures plume-like
channel-wide features that resemble these quasi-streamwise rolls.
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Chapter 1

Introduction

Turbulence is responsible for some of the most breathtaking, as well as devastating

occurrences in nature. An important class among turbulent flows is turbulent wall-

bounded flows. These flows, while being ubiquitous in nature, also play decisive

roles in the improvement or the deterioration of the efficiency of many engineering

systems. Acquiring the capability to model these flows, and hence finding ways

to control them, have occupied the scientific community for a long time. This

ambition is complicated by the fact that the Navier-Stokes equations that govern

these systems are notoriously hard to work with. An analytical treatment of these

infinite-dimensional, non-linear equations is difficult. Hence a significant amount

of work has been put into obtaining approximate models for these flows.

One such model that has been useful for the study of turbulent wall-bounded flows

is the linearized Navier-Stokes equations. To obtain this model, the non-linearity

in the Navier-Stokes equations are isolated as a disturbance term. The disturbance

is then considered to be a forcing to the linearized equations (e.g. Landahl, 1967,

1975, 1990, Reynolds & Hussain, 1972, Bark, 1975, Butler & Farrell, 1993, Farrell &

Ioannou, 1993a, 1998, Del Álamo & Jiménez, 2006, Pujals et al., 2009, Cossu et al.,

2009, McKeon & Sharma, 2010, Hwang & Cossu, 2010a). This rearrangement of

the equations gives us a linear model that can then be studied using standard tools

that are available from the field of dynamical systems and control theory.

1
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Previous work has demonstrated that these linearized equations model structures

that are reminiscent of the large-scale coherent structures found in turbulent wall-

bounded flows (e.g. Landahl, 1967, 1990, Bark, 1975, Butler & Farrell, 1993, Farrell

& Ioannou, 1993a, 1998, Del Álamo & Jiménez, 2006, Pujals et al., 2009, Cossu

et al., 2009, McKeon & Sharma, 2010, Hwang & Cossu, 2010a,b, Willis et al., 2010).

This observation is significant because such large-scale structures play crucial roles

in these flows. In this dissertation we concentrate on these large-scale structures

that are modelled by the linearized Navier–Stokes equations in a turbulent channel

flow. We consider three separate aspects of these structures: i) their wall-normal

coherence, ii) the estimation of their instantaneous and statistical features and iii)

the effect of stratification on them. In all three cases the trends from the model

are compared to direct numerical simulation (DNS) datasets.

1.1 Objectives and outline of the thesis

The following are the topics that are addressed in the present study.

1. In the first part of this work we study the wall-normal coherence of the large-

scale structures modelled by the linearized Navier-Stokes equations, over a

range of energy-carrying length scales within the logarithmic region. The

study of wall-normal coherence is important because it gives us an under-

standing of the wall-normal extent of the structures as a function of their

streamwise and spanwise length scales. The linear coherence spectrum (LCS)

that has been used in experiments (Tinney et al., 2006, Baars et al., 2016,

2017) is used here to quantify the wall-normal coherence of the structures.

The quantification of wall-normal coherence enables a direct comparison of

the wall-normal extent of the large-scale structures from the model with

DNS. This in turn helps to identify if the linearized Navier-Stokes equations

capture wall-attached geometrically self-similar structures.
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2. To further study the coherent large-scale structures, in the second part of

this thesis we use a coherence based estimation technique called spectral lin-

ear stochastic estimation (SLSE) (Tinney et al., 2006, Baars et al., 2016) to

build linear estimators using the linearized Navier-Stokes equations. The es-

timators take as input the instantaneous velocity field or the two-dimensional

energy spectrum of the streamwise velocity component at one wall-normal

location to provide the estimate of the same quantity at a different wall-

normal location.

3. Obtaining, from the previous sections, a geometrical understanding of the

large-scale structures from the linearized equations, paves the way for using

the model to understand the influence of stratification on these structures.

Hence, in the final part of this work, we extend the linearized Navier-Stokes

based model to study the coherent large-scale structures that have been ob-

served in turbulent channel flows with unstable stratification. In particular,

we concentrate on the quasi-streamwise rolls observed in these flows (e.g

Pirozzoli et al., 2017, Blass et al., 2019). The large-scale structures obtained

from the linear model are compared to the quasi-streamwise rolls observed

in DNS.

The outline of the thesis is as follows: Chapter 2 provides a review of the liter-

ature that is relevant to the goals of this thesis, with particular emphasis placed

on the study of wall-bounded turbulent flows using the linearized Navier-Stokes

equations. Chapter 3 describes the linear models that are used in this thesis and

also describes the validation of the code that is used to analyze the models. The

results are discussed in chapters 4, 5 and 6, with each of these chapters focusing

on the aforementioned objectives (i), (ii) and (iii), respectively. The final chapter

summarises the key results of the thesis and also contains suggestions for possible

directions in which the current work can be extended.



Chapter 2

Literature review

This literature review provides a brief overview of the studies relevant to the

goals of the thesis, with particular emphasis placed on the study of wall-bounded

turbulent flows using the linearized Navier-Stokes equations. It is not intended

to be exhaustive, but to provide sufficient foundation for the discussions in the

thesis.

2.1 Coherent structures in wall turbulence

Coherent structures (Robinson, 1991) in wall-bounded turbulent flows have been

the subject of intense scrutiny for many years. In their review, Smits et al. (2011)

broadly classify these structures into four main types: (i) near-wall streaks, (ii)

hairpin vortices, (iii) large-scale motions (LSMs) and (iv) very large-scale motions

(VLSMs), also called superstructures.

The near-wall streaks, first identified by Kline et al. (1967), were the earliest

observed coherent structures. They have an approximate spanwise spacing of 100

viscous units and are known to make a significant contribution to the variance of

the streamwise velocity in the region close to the wall. The second among these

coherent structures, the hairpin vortices, also have a long history beginning with

Theodorsen (1952) recognising their existence in wall-bounded flows. Following the

4
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flow visualization studies of Head & Bandyopadhyay (1981) that demonstrated the

importance of these hairpin vortices, they were extensively studied in the following

years (Acarlar & Smith, 1987a,b, Perry & Chong, 1982). A forest of these hairpin

vortices was observed in turbulent boundary layer flows in the more recent Direct

Numerical Simulation (DNS) study of Wu & Moin (2009).

The LSMs and the VLSMs are large-scale coherent structures that reside in the

outer layer of wall-bounded turbulent flows. The smaller among these structures,

the LSMs, have a characteristic length scale of 2 − 3 times the boundary layer

thickness (Kim & Adrian, 1999, Zhou et al., 1999, Adrian et al., 2000, Dennis

& Nickels, 2011, Jiménez, 2012). They are believed to be generated from the

streamwise alignment of hairpin vortices and appear as elongated regions of low

streamwise momentum that are inclined to the wall at 15 − 20◦ (Adrian et al.,

2000, Tomkins & Adrian, 2005, Brown & Thomas, 1977, Ganapathisubramani

et al., 2003, Hutchins et al., 2005). Some recent work has contested this idea of

hairpin vortices being the dominant structures in turbulent wall-bounded flows,

and suggested that their alignment might not be the mechanism behind the gen-

eration of LSMs (Jiménez, 2013, 2018, Schlatter et al., 2014).

The longer VLSMs, also called superstructures in boundary layer flows, are very

long regions of low momentum that meander in the streamwise direction (Kim

& Adrian, 1999, Adrian et al., 2000, Tomkins & Adrian, 2005, Smits et al., 2011,

Hutchins & Marusic, 2007b, Guala et al., 2006, Balakumar & Adrian, 2007, Monty

et al., 2007, Vallikivi et al., 2015, Wang & Zheng, 2016, Kevin et al., 2019). This

meandering makes their detection using spectral analysis difficult (Hutchins &

Marusic, 2007a). These structures span 10−15 times the boundary layer thickness

(Hutchins & Marusic, 2007b), or up to 30 times the channel half height in internal

flows (Monty et al., 2007). The origin of VLSMs is still a topic of debate. One

theory, put forward by Kim & Adrian (1999) and Adrian et al. (2000), suggests

that LSMs form the building blocks of VLSMs. However, based on the differences

in the wall-coherence and the length-scales of the LSMs and the VLSMs in different

regions of the flow, this theory was contested by Smits et al. (2011).
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Within the logarithmic layer of wall-bounded turbulent flows at high Reynolds

numbers, the LSMs and the VLSMs make a significant contribution to the turbu-

lent kinetic energy and the Reynolds shear stress (Tomkins & Adrian, 2005, Guala

et al., 2006, Balakumar & Adrian, 2007). The influence of these structures is also

felt within the inner layer of the flow (Abe et al., 2004, Hoyas & Jiménez, 2006,

Hutchins & Marusic, 2007a,b, Guala et al., 2011, Liu et al., 2019). Consequently

they play a major role in efforts to model and estimate these flows.

Hutchins & Marusic (2007b) observed that these large scales have a superimpos-

ing as well as a modulating effect on the small scales in the inner region. This

observation was identified by Mathis et al. (2009) and Marusic et al. (2010) as an

opportunity to build a predictive model of turbulence based on measurements of

the large scales alone. This predictive model, and its later extension using spec-

tral linear stochastic estimation (Baars et al., 2016), is dwelt upon in some further

detail in §2.1.1.

Geometrically self-similar eddies of the type proposed by Townsend’s Attached

Eddy Hypothesis (AEH) (Townsend, 1976) have been used to conceptually de-

scribe these large-scale structures (e.g. Klewicki et al. (2009), Lozano-Durán et al.

(2012), Hwang (2015), Hellström et al. (2016)). Within the log-region of wall-

bounded turbulent flows, the AEH predicts the existence of hierarchies of geo-

metrically self-similar structures that are attached to the wall. According to the

AEH, the lengths and the widths of these structures scale in proportion to their

heights, and their population densities scale inversely with their heights (Marusic

& Monty, 2019).

2.1.1 Stochastic estimation and linear coherence spectrum

From the previous section it is evident that the modelling of the large-scale struc-

tures in wall-bounded turbulent flows is important both for practical flow control

purposes and for furthering the theoretical understanding of these flows. One way
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of modelling them is by using available experimental data. Linear stochastic esti-

mation (LSE) techniques and the linear coherence spectrum (LCS) are examples

of such techniques that make use of experimental data to estimate and understand

these large-scale structures.

LSE has been used for the estimation of turbulent flows (Adrian, 1979, Adrian &

Moin, 1988, Cole & Glauser, 1998, Bonnet et al., 1998). At an instance in time,

this estimation technique takes as input the measurement of a signal at a point in

space and estimates the signal at another point in space. Ewing & Citriniti (1999)

observed that the estimates obtained by this method are improved by considering

measurements at a range of time instances, and hence performed the estimation in

Fourier space. Using this observation, the method was extended to spectral linear

stochastic estimation (SLSE) by Tinney et al. (2006). SLSE was used to obtain

estimates of pressure and velocity signals in high speed jets, and the estimates

were found to be in good agreement with measurements.

In the case of wall-bounded turbulent flows, Baars et al. (2016) used SLSE to

refine a predictive model that was introduced by Mathis et al. (2009) and Marusic

et al. (2010). The model proposed by Mathis et al. (2009) and Marusic et al.

(2010) was based on the observation that a velocity signal in the inner region of

turbulent wall-bounded flows consists of a small-scale signal that is universal across

Reynolds numbers. This signal is influenced by the large scales that are present

in the log-layer and beyond. These large scales are both superimposed on the

small scales and also have a modulating influence on them (Hutchins & Marusic,

2007b). Using SLSE, Baars et al. (2016) was able to propose a linear systems

theory based method of estimating these large-scale structures in the inner region

of the flow, based on measurements in the log-region. This estimate, together with

the universal small-scale signal, provides an estimate of the velocity field in the

inner region of the flow, based on measurements in the log-region alone.

For SLSE, Tinney et al. (2006) observed that it is important to filter out the

incoherent scales that cannot be estimated, and hence isolate the coherent scales.

For this purpose, the linear coherence spectrum (LCS) was defined by Tinney et al.
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Figure 5. (a) Coherence spectrogram of dataset E2 (with the wavelength-axis pre-divided by

z). The thicker portions of the curves correspond to 3Re
1/2
τ < z+ < 0.15Reτ and 20z < λx < 6δ.

Note that the inclined plane with the solid boundary (bounded by γ2
L = 1) reflects (3.2) with

C1 ≈ 0.302 and C2 ≈ −0.796 determined from fitting (3.2) to the thick portions of the coherence
spectra. Relation (3.2) has a region of validity bounded by an inner-limit of λx/z ≈ 14, an
outer-limit of λx/δ ≈ 10 and a wall-normal height of z+ = 80 (this region is also indicated
in figure 4d). (b) Linear coherence spectra γ2

L(z, zR;λx) for all datasets listed in table 1, for

wall-normal positions within the range 3Re
1/2
τ < z+ < 0.15Reτ .

transition in the coherence from a self-similar scaling via (3.2), to a scale-independent
trend at λx/δ ≫ 10. Vassilicos et al. (2015) emphasized that an outer-scaling limit is
required for modelling suitable sub-ranges in (λx, z)-space where the spectral energy
density adheres to the AEH; our identified limit of λx/δ ≈ 10 supports this.

Finally, regarding the wall-normal extent l of the smallest eddying motions in the self-
similar hierarchy, results (not explicitly shown) suggest that l+ ≈ 80 for all Reynolds
numbers. Note that a Reynolds-number dependence in the lower limit of a logarithmic

layer, such as the ∼ Re
1/2
τ dependence (Klewicki et al. 2009), may be equally valid but

is simply dependent on what types of motions are included in an analysis, namely self-
similar or non-self-similar motions. Recent support for self-similar behaviour down to
l+ ≈ 80 was presented by Agostini & Leschziner (2017) through examining sub-ranges
in (λx, z)-space of isotropic (associated with detached eddies) and anisotropic scales
(associated with attached eddies) in Reτ ≈ 4 200 channel flow. Note that the lower
bound for the validity of (3.2) cannot be deduced from fitting a proposed relation to the
coherence spectra. First of all, the spatial/temporal coherence discrepancy affects the

γ2
L-spectra of dataset E2 at z+ . 3Re

1/2
τ (see § 3.3). Secondly, within the near-wall region,

the coherence spectra are not only influenced by a self-similar wall-attached structure,
but also by the strong coherent near-wall streaks. This is particularly clear from the high
magnitude of the coherence in the spatial DNS dataset, S1, shown in figure 4(a).

To summarize the expected region of validity of (3.2), we drew the triangular plane
in figure 5(a) with a lower limit of z+ = 80, an inner-scaling limit of λx/z = A ≈ 14
and an outer-scaling limit of λx/δ ≈ 10 (note that the coherence is bounded by γ2

L = 1).
The same triangular region is drawn on all sub-figures in figure 4 (with the bounds
summarized in figure 4a). Intriguingly, the coherence spectrograms of the DNS data (S1

and S2) and atmospheric surface layer data (E3) in figures 4(a,c) appear to adhere to
these inner- and outer-scaling limits determined from dataset E2 (similarly for dataset
E1 in figure 4b, although this is expected due to the almost identical Reynolds number
between E1 and E2). To inspect the universality of (3.2) further, all γ2

L-spectra within the

Figure 2.1: Figure 5b from Baars et al. (2017) shows γ2 computed with the
reference wall-normal location fixed close to the wall and the second wall-normal
location z varied such that 3

√
Reτ ≤ z+ ≤ 0.15Reτ . The symbols S1, S2, ε1,

ε2 and ε3 denote the different datasets at Reynolds numbers ranging between
Reτ ≈ 2× 103 − 1.4× 106.

(2006). It was later used by Baars et al. (2016) for the case of turbulent wall-

bounded flows. The LCS gives the fraction of energy that is correlated between

two signals. It is denoted by γ2 and defined in Baars et al. (2016) as follows

γ2(f) = |〈û1(f)û∗2(f)〉|2
〈|û1(f)|2〉〈|û2(f)|2〉 . (2.1)

For a frequency f , û1(f) represents the coefficients from the Fourier transform

of the velocity signal at the estimation location and û2(f) represents the same

quantity at the measurement location. Here 〈·〉 represents an ensemble average

and ∗ represents a complex conjugate. The value of γ2 gives a measure of the

coherence of the structure between the estimation and the measurement locations,

and can hence be used to filter out the scales that are incoherent. Here, a structure

is identified by its frequency f .

Interestingly, Baars et al. (2017) later observed that the LCS in itself can be

used to understand the geometric scaling properties of the large-scale structures

in the log-layer of turbulent boundary layer flows. This was demonstrated using

the wall-scaling of the LCS computed as a function of the streamwise wavelength

λx. They constructed the LCS between a reference location zR close to the wall

and another location z within the log-region of the flow. Wall-scaling implies

that the LCS scales with z. To illustrate the wall-scaling of the LCS, figure
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5b from Baars et al. (2017) is shown here in figure 2.1. The figure shows the

LCS computed from different datasets with Reynolds numbers ranging between

Reτ ≈ 2×103−1.4×106, where S1, S2, ε1, ε2 and ε3 denote the different datasets.

When plotted with respect to λx/z, the LCS collapse across all the datasets that

they consider and obeys a logarithmic trend. To explain this trend, Baars et al.

(2017) used a simple model of two dimensional eddies arranged in a self-similar

fashion, as proposed by Townsend’s Attached Eddy Hypothesis. Using this model,

they argued that this wall-scaling of the LCS is expected in the presence of such

self-similar eddies. Hence, this scaling of the LCS supports the Attached Eddy

Hypothesis (Townsend, 1976, Marusic & Monty, 2019).

All of the methods reviewed in the section above analyse the coherent scales in wall-

bounded flows using empirically obtained trends. At the other end of the spectrum

are the theoretically obtained models used to understand these structures. It is

of interest to see if the techniques discussed above can be combined with one

such model, the linearized Navier-Stokes equations. This would help to analyse

the structures modelled by these equations, and compare them with DNS. Before

concentrating on this in the later chapters of the thesis, the rest of this chapter

focuses on providing a brief review of the literature regarding the Navier-Stokes

equations linearized around the turbulent mean velocity profile.

2.2 Linearized Navier-Stokes equations

As well as experimental and numerical efforts to understand the coherent large-

scale structures in wall-bounded turbulent flows, their modelling has also received

attention. Among these, the most relevant for this thesis are the studies that

were aimed at understanding the significance of linear mechanisms in turbulent

flows. The linear mechanisms of energy growth are known to be the lift-up mech-

anism and the Orr-tilting mechanism. The lift-up mechanism is responsible for
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the extraction of energy from the mean-shear by the wall-normal velocity fluctu-

ations (Ellingsen & Palm, 1975, Landahl, 1980), while the Orr-tilting mechanism

is responsible for the transient growth that arises due to the tilting of initial dis-

turbances (Orr, 1907, Jiménez, 2015).

The numerical studies of Lee et al. (1990) and Kim & Lim (2000) established the

significance of linear mechanisms in turbulent wall-bounded flows. In Lee et al.

(1990) they found that the streaks formed by the introduction of high shear into

homogeneous turbulence can be well modelled using the linearized equations of

rapid distortion theory. Their results suggested that the streaks that are ubiqui-

tous in wall-bounded shear flows are a result of the high shear introduced by the

wall, and that linear mechanisms play a crucial role in their existence. Later Kim

& Lim (2000) gave further illustration of the importance of linear mechanisms

in these flows by simulating the Navier-Stokes equations with some terms in the

equations suppressed. They first analysed the Navier-Stokes equations without

the linear coupling between wall-normal velocity and vorticity, and subsequently

analysed the equations without the non-linear terms. Using these modified simula-

tions of the Navier-Stokes equations, they were able to emphasize the importance

of linear mechanisms in the formation and the maintenance of the streamwise

streaks close to the wall. They also identified the role of the non-linear terms in

the selection of the length-scales of these streaks.

Apart from these numerical studies, another method that has been employed to

study linear mechanisms in turbulent flows is the study of the linearized Navier-

Stokes equations. Before their use to study fully turbulent flows, the linearized

Navier-Stokes equations were used to answer the question of why laminar flows

transition to turbulence. For this, the Navier-Stokes equations linearized around

the laminar velocity profile were analysed. The leading challenge was to under-

stand how these flows transition to turbulence in the absence of unstable modes.

Initially, this sub-critical transition to turbulence was attributed to the presence

of secondary instabilities that are observed when the Navier-Stokes equations are

linearized around profiles other than the laminar solution (e.g. Klebanoff et al.,
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1962, Orszag & Patera, 1983, Bayly et al., 1988). However, an alternative ex-

planation was later found, whereby the non-normality of the linearized equations

for the laminar flow causes exponentially decaying modes to interact (Trefethen

et al., 1993, Schmid, 2007), hence making the equations susceptible to transient

growth (Gustavsson, 1991, Butler & Farrell, 1992, Reddy & Henningson, 1993,

Henningson & Reddy, 1994, Schmid & Henningson, 1994, Andersson et al., 1999),

and making them highly sensitive to small perturbations (Trefethen et al., 1993,

Farrell & Ioannou, 1993b, Bamieh & Dahleh, 2001, Jovanović, 2004, Jovanović &

Bamieh, 2005). This sensitivity causes these flows to transition to turbulence even

in the absence of exponentially growing modes (Trefethen et al., 1993, Schmid,

2007). The structures that are most amplified by this non-normal mechanism

were identified to be streamwise streaks (Trefethen et al., 1993, Schmid, 2007).

Motivated by the observation of streamwise streaks modelled by the linearized

equations, there followed efforts to understand whether the non-normality of the

Navier-Stokes equations linearized around the turbulent mean velocity profile can

explain the large-scale coherent structures that have been observed in fully turbu-

lent flows. To understand the structures modelled by these equations, the pertur-

bations that experience the maximum transient growth due to the non-normality

of the equations have been studied (Butler & Farrell, 1993, Farrell & Ioannou,

1993a), and the sensitivity of the equations to initial perturbations has been anal-

ysed (Farrell & Ioannou, 1998). From these studies, it was observed that the struc-

tures that are most amplified by the model are coherent streaks elongated in the

streamwise direction, that are reminiscent of the streaks observed in experiments

(Butler & Farrell, 1993, Farrell & Ioannou, 1993a, 1998, Del Álamo & Jiménez,

2006, Pujals et al., 2009, Cossu et al., 2009, McKeon & Sharma, 2010, Hwang

& Cossu, 2010a,b, Willis et al., 2010). These efforts are reviewed in some more

detail in §2.3 and §2.4. Before that, in §2.2.1, we follow the derivation of the Orr-

Sommerfeld Squire form of the Navier-Stokes equations, as presented in Schmid

& Henningson (2001), with the linearization of the equations performed about the

turbulent mean velocity profile of a channel flow (Butler & Farrell, 1993). The

Orr-Sommerfeld Squire form of the Navier-Stokes equations is significant because
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it is commonly used to study the non-normality of the Navier-Stokes equations in

wall-bounded shear flows (Orr, 1907, Sommerfeld, 1908, Squire, 1933).

2.2.1 Orr-Sommerfeld Squire form of the Navier-Stokes

equations

To derive the Orr-Sommerfeld Squire form of the Navier-Stokes equations, consider

a statistically steady, incompressible turbulent channel flow, with the streamwise,

spanwise and wall-normal directions denoted by x, y and z, respectively, and the

corresponding velocity components by u, v and w. The Reynolds number used is

the friction Reynolds number Reτ = uτh/ν, defined using the kinematic viscosity

ν, the channel half-height h and the friction velocity uτ =
√

(τw/ρ), where τw is

the wall shear stress and ρ is the density. The velocities are normalized by uτ and

the spatial variables by h. The non-dimensional channel half-height then becomes

unity. In this thesis a ‘+’ superscript indicates the normalization of the spatial

variables by the viscous length scale ν/uτ . Pressure fluctuations p are normalized

by ρu2
τ .

By first substituting the Reynolds decomposition into the Navier-Stokes equations,

and then taking a time average, an equation for the mean as well as an equation

for the fluctuations can be obtained. With P denoting the mean pressure, U =

(U(z), 0, 0) denoting the one dimensional mean velocity profile and u = (u, v, w)

being the fluctuations of velocity from U , the mean equations are

(u · ∇)u+∇P = 1
Re
∇2U , ∇ ·U = 0. (2.2)

and the equations for the fluctuations are

∂u

∂t
+ (U · ∇)u+ (u · ∇)U +∇p− 1

Re
∇2u = d, ∇ · u = 0. (2.3)

The term d = (u · ∇)u−(u·∇)u denotes the non-linear term of the equation. The

equation can be expressed in terms of the wall-normal velocity w and wall-normal
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vorticity η (η = ∂u/∂y − ∂v/∂x) as

[(
∂

∂t
+ U

∂

∂x

)
∇2 − ∂2U

∂z2
∂

∂x
− 1
Re
∇4
]
w = − ∂

∂z
∇ · d+∇2dz,[

∂

∂t
+ U

∂

∂x
− 1
Re
∇2
]
η = −∂U

∂z

∂w

∂y
+
(
∂dx
∂y
− ∂dy

∂x

)
,

(2.4)

where the forcing d has the components dx, dy and dz in the x, y and z directions,

respectively. By adopting this velocity/vorticity formulation, we have eliminated

pressure from the governing equations.

The channel flow is homogeneous in the streamwise and the spanwise directions.

Hence in these directions, w, η and d can be expressed in Fourier space as

w(x, y, z, t) = ŵ(z)ei(kxx+kyy),

η(x, y, z, t) = η̂(z)ei(kxx+kyy),

d(x, y, z, t) = d̂(z)ei(kxx+kyy),

(2.5)

where ŵ(z) and η̂(z) represents the coefficients of the Fourier expansion, as a

function of the wall-normal direction z, and kx and ky represents the streamwise

and spanwise wavenumbers, respectively (λx and λy represents the corresponding

wavelengths). The term d̂ = (d̂x, d̂y, d̂z) represents the Fourier coefficients of the

forcing d. Using this Fourier decomposition, the Orr-Sommerfeld Squire form of

the equations are derived as

[
ikxU(D2 − k2)− ikxU ′′ −

1
Re

(D2 − k2)2
]
ŵ = −ikxDdx − ikyDdy − k2dz,[

ikxU −
1
Re

(D2 − k2)
]
η̂ = −ikyU ′ŵ + ikydx − ikxdy.

(2.6)

HereD and ′ represent differentiation in the wall-normal direction and k2 = k2
x+k2

y.

These equations can be expressed in matrix form as

˙̂q = Aq̂ +Bd̂,

û = Cq̂
(2.7)
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where, q̂ = (ŵ, η̂) is the vector containing the Fourier coefficients of the wall-

normal velocity and wall-normal vorticity. The matrices A, B and C are defined

as

A(kx, ky) =

(D2 − k2)−1 0

0 I


−1  LOS 0

−ikyU ′ LSQ

 , (2.8)

B(kx, ky) =

∆−1 0

0 I


−ikxD −ikyD −k2

iky −ikx 0

 , and (2.9)

C(kx, ky) = 1
k2


ikxD −iky
ikyD ikx

k2 0

 . (2.10)

The Orr-Sommerfeld and Squire operators, LOS and LSQ, are defined as

LOS = −ikxU∆ + ikxU
′′ + (1/Reτ )∆2,

LSQ = −ikxU + (1/Reτ )∆,
(2.11)

where ∆ = D2 − k2.

In the case of the linearized Navier-Stokes equations with the non-linear terms

ignored, the forcing d̂ is simply set to zero. This simplifies (2.7) to

˙̂q = Aq̂, û = Cq̂ (2.12)

The equations expressed in the Orr-Sommerfeld Squire form in (2.12) and (2.7) are

used in the following sections to study the transient response of these equations,

and the response of the equations to forcing.
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2.3 Transient growth analysis

The rest of this chapter reviews work that has sought to i) understand the struc-

tures modelled by the linearized equations and ii) compare them to the structures

observed in wall-bounded turbulent flows. The earliest among these studies was

concerned with the near-wall streak spacing that is predicted by the equations.

More specifically, these early studies considered whether the experimentally ob-

served spanwise spacing of 100 viscous units of the near wall streaks can be ob-

tained from the linearized equations. Regarding this, Waleffe et al. (1993) argued

that linear mechanisms alone cannot explain the characteristic streak spacing of

the near-wall streaks.

However, in order to model turbulent wall-bounded flows, it is important to con-

sider the different time-scales involved (Landahl, 1993). Therefore, in a perspective

conflicting to that of Waleffe et al. (1993), Butler & Farrell (1993) observed that

the spanwise length scales of these streaks can indeed be modelled using the lin-

earized equations, if the time-scales of the problem are accounted for. For this

purpose, they used optimal perturbation theory to compute the initial condition

that shows maximum transient growth when considering the energy norm. But-

ler & Farrell (1993) reasoned that, while perturbations in laminar flows can be

thought to be growing over infinite time, in turbulent flows the amplification of

these structures would be hampered by turbulent fluctuations. The time-scale at

which these small-scale fluctuations disrupt the turbulent flow is defined as the

eddy-turnover time. By restricting the growth of the perturbations to these eddy

turnover times, they were able to show that the obtained spanwise spacing of the

streaks were in agreement with experimental results.

2.3.1 The effect of an eddy viscosity

Before Waleffe et al. (1993), the mismatch between the predictions of the linearized

equations and experiments was observed by Landahl (1967). He observed that the

convection velocities predicted by the linear model were lower than the convection
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velocities of the statistically dominant structures in experiments. It was noted

that this mismatch could be fixed by simply increasing the value of viscosity. This

he argued was similar to accounting for an ‘eddy viscosity’ that would arise due to

the interaction of the coherent waves in the flow with the incoherent background

turbulence. Motivated by this work, Bark (1975) incorporated a simple model for

the closure of the Reynolds stresses into the linearized equations, and hence was

able to predict length and time scales of the large-scale motions that were in good

agreement with experiments.

In a separate work, Reynolds & Hussain (1972) further validated the requirement

for the inclusion of an eddy viscosity to the linearized equations by comparing the

observations from the models both with and without an eddy viscosity, against

the observations from experiments. To obtain the model with eddy viscosity they

used the empirically obtained Cess (1958) eddy viscosity profile and augmented

the constant kinematic viscosity that appears in the linearized equations with

this eddy viscosity that varies with wall height. It was later found that this

eddy-viscosity-based model can be used to predict the spanwise dimensions of the

near-wall streaks, without having to restrict the growth time as done in Butler

& Farrell (1993). This was demonstrated for the case of a turbulent channel flow

by Del Álamo & Jiménez (2006) and Pujals et al. (2009), and for the case of a

turbulent boundary layer by Cossu et al. (2009). In this section, we review this

analysis as done for the case of the turbulent channel flow (Del Álamo & Jiménez,

2006, Pujals et al., 2009).

The eddy viscosity νt is defined such that the turbulent mean velocity profile

becomes a solution of the mean equation (2.2), and is given by the relation

−Reτuw+ = ν+
t ∂U

+/∂z (Tennekes & Lumley, 1972). This gives rise to a total

viscosity νT , that is the sum of the molecular viscosity ν and the eddy viscosity

νt, and hence is a function of z. The mean velocity then is related to this total

viscosity as

∂U+/∂z = Reτ (1− z)ν/νT . (2.13)
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sponding to the main peak is found to increase with the
Reynolds number, contrary to what was found in Ref. 15. A
cross-stream view of the optimal perturbations correspond-
ing to the outer peak is reported in Fig. 3. The optimal initial
condition consists in counter-rotating streamwise vortices
filling the whole channel and inducing, optimally amplified
streamwise velocity streaks of spanwise alternating signs,
each streak filling half channel depth. The structures associ-
ated with the secondary peaks also consist in optimal initial
vortices and final streaks and are in very good agreement
with previous results15 and are not reported here.

V. SCALING WITH THE REYNOLDS NUMBER

A. Scaling of the maximum growth

From Fig. 2�b�, it is seen that the data obtained at differ-
ent Reynolds numbers and corresponding to the secondary
peak collapse on a single curve if they are scaled in inner
units and the Reynolds number is sufficiently large �roughly
larger than Re��4000 according to our computations�. This
is consistent with what was found by del Álamo and
Jiménez,15 even if the precise values of the peak slightly
differ. In particular, the maximum growth Gmax

�inn�=2.6 �less
than the �3.5 found in Ref. 15� is obtained for 	+=0.0683,
corresponding to a spanwise wavelength of �z

+=92 wall
units. The time tmax

+ = tmaxu�
2 /� at which the maximum growth

is attained roughly ranges from 19 to 16 slightly decreasing
with Re�. The fact that the maximum growth corresponding
to inner scaling structures is almost independent of Re� has
been qualitatively explained in Ref. 15 by showing that the
Reynolds number typical of these most amplified inner struc-
tures is close to constant and very low �of the order of ten�.

The primary peak Gmax
�out� is attained, for the considered set

of Re�, at 	h=1.5707 corresponding to an optimal spanwise
wavelength �z=4h �a value slightly larger than the �3h
value found in Refs. 12 and 15�. The maximum energy
growth is of the order of ten and increases with Re� �see Fig.
2�. In the laminar channel flow case the maximum energy
growth scales with the square of the Reynolds number11,23,24

based on the center line velocity Ue, half-channel width h
and the molecular viscosity. In the present turbulent case,
therefore, we try a scaling with an “effective” turbulent Rey-
nolds number Re•=Ueh /�Tmax

based on the outer units h, Ue

and the maximum total viscosity �Tmax
=supy �T�y�. This

outer-unit-effective Reynolds number should not be confused
with the effective Reynolds number defined in Ref. 15 asso-
ciated with inner layer structures and used to interpret the
inner peak growth. For the considered mean flow profiles,
Re• ranges from 256 to 368 when Re� is between 500 and
20 000. The maximum energy amplification Gmax

�out� is seen to
scale approximately linearly with Re•. In Fig. 4�a� Gmax

�out� and
its fit 0.037 87 Re• are plotted versus Re�. The optimal di-
mensionless time tmaxUe /h at which the outer peak optimal is
attained increases with the Reynolds number scaling ap-
proximately like Re•

3/2 �see Fig. 4�b��. As presently there is
no theoretical support for these scalings, they should be con-
sidered only as empirical data fits. Furthermore, for large
Reynolds numbers �Re��10 000� the Gmax

�out� curve begins to
deviate from the linear behavior in Re• �and it deviates even
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FIG. 2. �Color online� Maximum growth Gmax of streamwise uniform
��=0� perturbations for the Reynolds numbers Re�=500, 1000, 2000, 5000,
10 000, and 20 000 as a function of the spanwise wavenumber in �a� outer
units 	h with a vertical dotted line at the optimal spanwise wavenumber
	h=1.5707 corresponding to a spanwise wavelength �z=4h, �b� inner units
	+ with a vertical dotted line at the optimal spanwise wavenumber
	+=0.0683, corresponding to a spanwise wavelength �z

+=92 wall units.
Same line styles as in Fig. 1.
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FIG. 3. Transverse view of the optimal solution corresponding to the pri-
mary peak ��z=4h� for Re�=5000: �a� represents the initial �v ,w� field
�t=0�; �b� represents the optimal streamwise velocity streaks obtained in
response to this perturbation at t= tmax. The black contours are high velocity
streaks u0 and the gray contours are low velocity streaks u�0. The levels
are 0.2�+0.2�0.8.
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sponding to the main peak is found to increase with the
Reynolds number, contrary to what was found in Ref. 15. A
cross-stream view of the optimal perturbations correspond-
ing to the outer peak is reported in Fig. 3. The optimal initial
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streamwise velocity streaks of spanwise alternating signs,
each streak filling half channel depth. The structures associ-
ated with the secondary peaks also consist in optimal initial
vortices and final streaks and are in very good agreement
with previous results15 and are not reported here.
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+=92 wall
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value found in Refs. 12 and 15�. The maximum energy
growth is of the order of ten and increases with Re� �see Fig.
2�. In the laminar channel flow case the maximum energy
growth scales with the square of the Reynolds number11,23,24

based on the center line velocity Ue, half-channel width h
and the molecular viscosity. In the present turbulent case,
therefore, we try a scaling with an “effective” turbulent Rey-
nolds number Re•=Ueh /�Tmax

based on the outer units h, Ue

and the maximum total viscosity �Tmax
=supy �T�y�. This

outer-unit-effective Reynolds number should not be confused
with the effective Reynolds number defined in Ref. 15 asso-
ciated with inner layer structures and used to interpret the
inner peak growth. For the considered mean flow profiles,
Re• ranges from 256 to 368 when Re� is between 500 and
20 000. The maximum energy amplification Gmax

�out� is seen to
scale approximately linearly with Re•. In Fig. 4�a� Gmax

�out� and
its fit 0.037 87 Re• are plotted versus Re�. The optimal di-
mensionless time tmaxUe /h at which the outer peak optimal is
attained increases with the Reynolds number scaling ap-
proximately like Re•

3/2 �see Fig. 4�b��. As presently there is
no theoretical support for these scalings, they should be con-
sidered only as empirical data fits. Furthermore, for large
Reynolds numbers �Re��10 000� the Gmax

�out� curve begins to
deviate from the linear behavior in Re• �and it deviates even
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��=0� perturbations for the Reynolds numbers Re�=500, 1000, 2000, 5000,
10 000, and 20 000 as a function of the spanwise wavenumber in �a� outer
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Figure 2.2: Figure 2 from Pujals et al. (2009) shows Gmax plotted with respect
to the spanwise wavenumber for a fixed streamwise wavenumber of zero and
different Reynolds numbers of Reτ = 500 (black), 1000 (red), 2000 (green),
5000 (blue), 10000 (magenta) and 20000 (cyan), in (a) outer scaling and (b)
inner scaling. In Pujals et al. (2009) the streamwise and spanwise wavenumbers
are denoted by α and β, respectively. (It should be noted that this notation
differs from that used in this thesis, where kx and ky denote the streamwise and

spanwise wavenumbers.)

To obtain this total viscosity νT , in Del Álamo & Jiménez (2006) and Pujals et al.

(2009) an empirically obtained eddy viscosity profile from Cess (1958) was used.

The model provides an expression for νT :

νT (z) = ν

2

(
1 + κ2Re2

τ

9 (2z − z2)2(3− 4z + z2)2
[
1− exp

(−Reτz
A

)]2)1/2

+ ν

2 .

(2.14)

For convenience, the mean velocity profile of the flow can be obtained from νT by

integrating (2.13) in the wall-normal direction. In Del Álamo & Jiménez (2006),

the values of the constants in (2.14) are obtained as κ = 0.426 and A = 25.4,

through a least-squares fit to experimentally obtained mean velocity profiles at

Reτ = 2000.

With the inclusion of the eddy viscosity, the linearized Navier-Stokes equations

now become

∂u

∂t
+ (U · ∇)u+ (u · ∇)U +∇p−∇ · (νT (∇u+∇uT )) = 0, ∇ ·u = 0, (2.15)
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and the Orr-Sommerfeld and Squire operators in (2.11) become

LOS = −ikxU∆ + ikxU
′′ + νT∇4 + 2ν ′TD∇2 + ν ′′T (D2 + k2),

LSQ = −ikxU + νT∇2 + ν ′TD.
(2.16)

To understand the effect of this eddy viscosity, Del Álamo & Jiménez (2006) and

Pujals et al. (2009) obtained the initial conditions that experience the maximum

amplification. This was achieved using concepts that were constructed to study the

transient growth in laminar flows by Reddy & Henningson (1993). For each stream-

wise and spanwise wavenumber kx and ky, a growth function G(kx, ky, Reτ , t) gives

the maximum amplification that can be attained at a time t, starting from any

possible initial condition (Reddy & Henningson, 1993), i.e.

G(kx, ky, Reτ , t) = sup
u(0)6=0

||u(t)||2
||u(0)||2 = ||e−iAt||. (2.17)

Using G(kx, ky, Reτ , t), the maximum growth for all time t can be calculated as

Gmax(kx, ky, Reτ ) = supt≥0G(kx, ky, Reτ , t). Reddy & Henningson (1993) laid out

the numerical procedure for the calculation of Gmax.

In Del Álamo & Jiménez (2006) and Pujals et al. (2009), Gmax is used to find

the most amplified modes. They find that the most amplified modes are infinitely

long modes, i.e. modes with kx = 0. Figure 2.2 taken from Pujals et al. (2009)

shows Gmax as a function of ky, for kx = 0. The plot of Gmax is shown both

as a function of inner-scaled and outer-scaled variables. A significant feature of

the plot is the presence of two distinct peaks in Gmax. The peak that appears

at k+
y = 0.0683 (λ+

y = 92) is reminiscent of the near-wall cycle. Consistent with

the behaviour of the near-wall streaks, Pujals et al. (2009) observed that this peak

scales in inner units and remains constant with Reynolds number. Hence, with the

inclusion of an eddy viscosity, the near-wall streaks are modelled by the linearized

equations without considering restricted growth times for the perturbations.

The second peak appears at kyh = 1.5707 (λy = 4h). This peak scales in outer

units and also increases with Reynolds number, and hence is representative of the
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large-scale structures observed in experiments. Del Álamo & Jiménez (2006) also

find that structures modelled by these equations in the log-layer of the flow show

a self-similar behaviour.

2.4 Forced linearized Navier-Stokes equations

In §2.3 the linearized operator was considered without forcing. Another approach

that is often used in the literature to study these equations is to analyse the effects

of forcing on the linearized operator [e.g. McKeon & Sharma (2010), Hwang &

Cossu (2010b)]. The forcing can be interpreted as random fluctuations, a body

force or even the non-linear terms of the Navier-Stokes equations. As shown

in (2.12), in the presence of forcing d the Orr-Sommerfeld Squire form of the

equations are

˙̂q = Aq̂ +Bd̂,

û = Cq̂
(2.18)

where the matrices A, B and C are defined in §2.2.1.

A number of approaches have been employed to handle the forcing term d. It

can be treated as a harmonic disturbance with a fixed frequency [e.g. McKeon &

Sharma (2010), Hwang & Cossu (2010b)], or alternatively as white-in-time forcing

[e.g. Hwang & Cossu (2010b)]. These approaches are discussed in some detail in

the following sections.

2.4.1 White-in-time Forcing

As mentioned above, one method of treating the forcing d is to assume it to be

white-in-time. In addition to being white-in-time, many studies also assume the

forcing to be stochastic in the wall-normal direction. The use of the stochastically

forced linear operator to study turbulent flows was facilitated by earlier investi-

gations that sought to understand the problem of the transition of laminar flows



Literature review 20

Non-normal energy amplification in the turbulent channel flow 57

R
m

ax
U

e2 /
h2

(β
h)

2 (
R

m
ax

U
e2 /

h2 )

V
U

e
/h

(b)(a)
λz

+ = 80λz /h = 5.0λz
+ = 80λz /h = 5.5

λz
+ = 80λz /h = 3.5 λz

+ = 80λz /h = 3.5

10–1 100 101 102 103 104 105 10–1 100 101 102 103 104 105
10–5

10–3

10–1

101

103

105

107

10–2

10–1

100

101

102

103

104

(c) (d )

βh βh

(β
h)

(V
U

e
/h

)

10–1 100 101 102 103 104 105 10–1 100 101 102 103 104 105
103

104

105

106

107

102

103

104

α

β–1

α

α
α

β–2

Figure 1. Energy amplifications and corresponding pre-multiplied energy amplifications of
optimal harmonic and stochastic forcing at Reτ = 10 000: (a) Rmax(α, β), (b) V (α, β),
(c) β2Rmax(α, β) and (d ) βV (α, β). Here, αh = 0.0, 0.1, 0.2, 0.5, 1.0, 2.0, 5.0, 10.0, outer to
inner curves.

3. Energy amplifications at Reτ = 10 000

3.1. Wavenumber dependence of the energy amplifications

We begin by considering the single Reynolds number Reτ = 10 000. Rmax and V have
been computed for a set of selected streamwise and spanwise wavenumbers and are
reported in figures 1(a) and 1(b), respectively. In both cases, the largest amplifications
are reached for streamwise uniform perturbations (α = 0). Only streamwise-elongated
perturbations (α � β) are significantly amplified. Rmax and V have a peak at β =
1.25/h (λz = 5.0h) and β = 1.14/h (λz = 5.5h), respectively, and they monotonously
decrease as β increases, with a noticeable change of slope near λ+

z ≈ 80. For spanwise
wavenumbers roughly in the range 15 < βh < 400 (and for α 	 β), however, both
Rmax and V show an approximate linear dependence on β in log–log coordinates
denoting a power-law dependence. A best fit in this range reveals a β−2 scaling for
Rmax and a β−1 scaling for V . A detailed discussion of these scalings is deferred to
§ 5, where we will show that they are associated to geometrical similarity of optimal
structures in the log layer. The deviations from the approximate β−2 and β−1 scalings
are revealed by a pre-multiplication of Rmax and V with β2 and β , respectively. The
pre-multiplied amplification curves, reported in figures 1(c) and 1(d), reveal the same
double-peaked structure already observed for the optimal transient growth by del
Álamo & Jiménez (2006) and Pujals et al. (2009). For both Rmax and V , the peak
associated with the streamwise uniform large-scale structures is found at βh 
 1.8
(λz/h 
 3.5), while that associated with near-wall streaks is found at β+ 
 0.079
(λ+

z 
 80). These two optimal wavelengths delimit the range where the approximate
power law can apply. From figures 1(c) and 1(d), it is also seen how, however, even at
this very large Reτ , the influence of the inner and outer scales is also felt well inside
the intermediate wavenumber range.
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Figure 2.3: Figure 1d from Hwang & Cossu (2010b) shows V in pre-multiplied
form, as a function of spanwise wavenumbers, at Reτ = 10, 000. The arrow
represents increasing values of the streamwise wavenumbers with kx = 0.0, 0.1,
0.2, 0.5, 1.0, 2.0, 5.0 and 10.0. In Hwang & Cossu (2010b), the streamwise and
spanwise wavenumbers are defined as α and β, respectively. (It should be noted
that this notation differs from that used in this thesis, where kx and ky denote

the streamwise and spanwise wavenumbers.)

to turbulence. In the case of laminar flows, Farrell & Ioannou (1993b) showed

that despite the exponential stability of the operator, a stochastic white-in-time

forcing ensures the maintenance of large variances in the steady state statistics

of the flow modelled by the operator. They identified the non-normality of the

operator as the reason for this. Later, Bamieh & Dahleh (2001) showed that the

non-normality that specifically arises due to the coupling, through the mean-shear,

of the wall-normal velocity and vorticity (see (2.6)), is the significant mechanism

that leads to these large variances. Further, Jovanović & Bamieh (2005) analyzed

the amplification of different mechanisms in this flow to identify that the most

amplified structures are streamwise streaks that are forced by streamwise vortices.

These techniques developed for the case of laminar flows were later used to study

turbulent flows (Farrell & Ioannou, 1998, Jovanović & Bamieh, 2001a, Hwang &

Cossu, 2010b). In one of the first among these analyses, Farrell & Ioannou (1998)

studied the response of the linear operator to stochastic forcing over finite time

horizons (the argument for using a finite time horizon was similar to those used

by Butler & Farrell (1993) in the case of transient growth). A significant observa-

tion made in Farrell & Ioannou (1998) was that the model approximately captures
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some features of the streamwise-temporal two dimensional (2-D) energy spectrum

obtained from experiments. They thereby concluded that some key features of the

fully turbulent flow are well-captured by this linear analysis. Further to this, Jo-

vanović & Bamieh (2001a) showed that the forced linearized equations can model

the velocity statistics, without restricting the analysis to finite time. This was

achieved by removing the assumption of stochastic forcing, and including a spatial

correlation of forcing that depends on the wall-normal direction.

More recently, Hwang & Cossu (2010a,b) studied the effect of an eddy viscosity on

the response of the linear operator to stochastic white-in-time forcing, for the case

of high Reynolds number turbulent channel flows. As done for the case of transient

analysis in §2.3.1 (Del Álamo & Jiménez, 2006, Pujals et al., 2009), here viscosity

in the linearized Navier-Stokes equations is considered to be a sum of a molecular

viscosity and an eddy viscosity that depends on the wall-normal direction. To find

the most amplified structure in the case of white-in-time stochastic forcing, the

variance V (kx, ky) = 〈||û||〉 is computed for different combinations of kx and ky as

V (kx, ky) = trace(CXC†), (2.19)

where X is the matrix containing correlation of the wall-normal velocity and vor-

ticity vector, i.e. X = limt→∞〈q(t), q∗(t)〉, and hence the correlations of velocity

is obtained as limt→∞〈u(t),u∗(t)〉 = CXC†. The adjoint † here is defined with

respect to the inner product 〈u1,u2〉 =
∫ h
−h u

∗
1u2dz. The matrix X is obtained as

a solution to the Lyapunov equation

−Q = AX +XA†, (2.20)

where Q = B〈d(s),d∗(s)〉B† = BB†.

The results obtained by Hwang & Cossu (2010b) indicated a remarkable similarity

between the most amplified structures obtained from a transient growth analysis

and a stochastic forcing analysis (and also for the case of a harmonic forcing

analysis which will be discussed in §2.4.2). They found that, like in the case
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of transient growth analysis, the streamwise elongated structures (i.e. kx = 0)

are the most amplified. Among these modes with kx = 0, there are two peaks

observed when the pre-multiplied variance is plotted with respect to the spanwise

wavenumber ky. To illustrate this, figure 1(d) from Hwang & Cossu (2010b) is

shown here in figure 2.3. There are two peaks observed in the plot of V (kx, ky).

Reminiscent of the near-wall streaks, an inner peak is observed at λ+
y = 80, that

scales in inner units and remains invariant with Reynolds number. Also an outer

peak that scales in outer units and increases with Reynolds number is observed at

λy = 3.5h, which represents the large-scale structures in fully turbulent flows.

Further use of this analysis was made in Moarref & Jovanović (2012) where they

considered a white-in-time forcing with spatial correlations prescribed from DNS.

They were able to show that this model reproduces the 2-D energy spectrum

from DNS. Further, they used the model to study the effect of transverse wall-

oscillations on fully turbulent flows, thereby demonstrating a method by which

the linear model can be used for flow control. The most recent development in

the analysis of the stochastically forced linear operator was put forward in Zare

et al. (2017), where they observed that the second order statistics of a turbulent

channel flow cannot be captured with white-in-time forcing. Zare et al. (2017) used

an optimization framework to build a filter that gives coloured-in-time forcing, i.e.

forcing that is not random in time. They demonstrated that this forcing accurately

models the second order statistics of the flow.

2.4.2 Harmonic Forcing

An alternative approach used for treating the forcing term d is to consider it as

a harmonic disturbance. This method has most extensively been used for the re-

solvent analysis proposed by McKeon & Sharma (2010). In the resolvent analysis,

the forcing term d is assumed to be the non-linear terms of the Reynolds averaged

Navier-Stokes equations, i.e. d = −u ·∇u+u · ∇u. In a separate effort, Hwang &

Cossu (2010b) used the harmonically forced operator to study the most amplified
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Figure 1. Energy amplifications and corresponding pre-multiplied energy amplifications of
optimal harmonic and stochastic forcing at Reτ = 10 000: (a) Rmax(α, β), (b) V (α, β),
(c) β2Rmax(α, β) and (d ) βV (α, β). Here, αh = 0.0, 0.1, 0.2, 0.5, 1.0, 2.0, 5.0, 10.0, outer to
inner curves.

3. Energy amplifications at Reτ = 10 000

3.1. Wavenumber dependence of the energy amplifications

We begin by considering the single Reynolds number Reτ = 10 000. Rmax and V have
been computed for a set of selected streamwise and spanwise wavenumbers and are
reported in figures 1(a) and 1(b), respectively. In both cases, the largest amplifications
are reached for streamwise uniform perturbations (α = 0). Only streamwise-elongated
perturbations (α � β) are significantly amplified. Rmax and V have a peak at β =
1.25/h (λz = 5.0h) and β = 1.14/h (λz = 5.5h), respectively, and they monotonously
decrease as β increases, with a noticeable change of slope near λ+

z ≈ 80. For spanwise
wavenumbers roughly in the range 15 < βh < 400 (and for α 	 β), however, both
Rmax and V show an approximate linear dependence on β in log–log coordinates
denoting a power-law dependence. A best fit in this range reveals a β−2 scaling for
Rmax and a β−1 scaling for V . A detailed discussion of these scalings is deferred to
§ 5, where we will show that they are associated to geometrical similarity of optimal
structures in the log layer. The deviations from the approximate β−2 and β−1 scalings
are revealed by a pre-multiplication of Rmax and V with β2 and β , respectively. The
pre-multiplied amplification curves, reported in figures 1(c) and 1(d), reveal the same
double-peaked structure already observed for the optimal transient growth by del
Álamo & Jiménez (2006) and Pujals et al. (2009). For both Rmax and V , the peak
associated with the streamwise uniform large-scale structures is found at βh 
 1.8
(λz/h 
 3.5), while that associated with near-wall streaks is found at β+ 
 0.079
(λ+

z 
 80). These two optimal wavelengths delimit the range where the approximate
power law can apply. From figures 1(c) and 1(d), it is also seen how, however, even at
this very large Reτ , the influence of the inner and outer scales is also felt well inside
the intermediate wavenumber range.
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Figure 2.4: Figure 1c from Hwang & Cossu (2010b) shows Rmax in pre-
multiplied form, as a function of spanwise wavenumbers, at Reτ = 10, 000.
The arrow represents increasing values of the streamwise wavenumbers with
kx = 0.0, 0.1, 0.2, 0.5, 1.0, 2.0, 5.0 and 10.0. In Hwang & Cossu (2010b), the
streamwise and spanwise wavenumbers are defined as α and β, respectively. (It
should be noted that this notation differs from that used in this thesis, where

kx and ky denote the streamwise and spanwise wavenumbers.)

structures in the presence of an eddy viscosity in the model. Following these ref-

erences, the first step of the analysis of (2.18) in the presence of harmonic forcing

proceeds by taking a Fourier decomposition in the homogeneous streamwise and

the spanwise directions, as well as in time. This gives

iωq̂ = Aq̂ +Bd̂,

û = Cq̂,
(2.21)

where A can be considered as the operator both with or without an eddy viscosity,

and

q(x, y, z, t) =
∫ ∫ ∫ ∞

−∞
q̂(z)ei(kxx+kxx+ωt)dkxdkydω and

d(x, y, z, t) =
∫ ∫ ∫ ∞

−∞
d̂(z)ei(kxx+kxx+ωt)dkxdkydω.

(2.22)

Here q̂(z) = (ŵ(z), η̂(z)) denotes the wall-normal velocity-vorticity vector. Unlike

in the previous sections, where the Fourier decomposition was performed only in

the wall-parallel directions, here the Fourier decomposition is performed in time

as well, hence defining a q̂(z) for a particular choice of kx, ky as well as a temporal
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frequency ω. The equation (2.21) can also be written as

û(z) = H(z; kx, ky, ω)d̂(z), (2.23)

where H(z; kx, ky, ω) = C(iωI − A)−1B is the resolvent operator. A gain-based

decomposition of the operator H(z; kx, ky, ω) is then performed using a singular

value decomposition:

H(z;k) =
N∑
j=1

ψj(z;k)σj(k)φj(z;k), (2.24)

where k = (kx, ky, ω). Here φj and ψj represent the orthogonal basis functions for

the forcing and the response, respectively. The singular value σj represents the

gain between the forcing and response modes. Written another way

H(z;k)φj(z;k) = σj(k)ψj(z;k). (2.25)

The coefficients χj(k) obtained from projecting the forcing onto φj can be used to

represent the forcing as a linear superposition of the forcing modes, i.e.

d̂(z,k) =
∞∑
j=1

χj(k)φj(z;k). (2.26)

The velocity response can then be represented as a linear superposition of the

response modes as

û(z,k) =
∞∑
j=1

χj(k)σj(k)ψj(z;k). (2.27)

An instructive aspect to study in this case is the worst case amplification over

all possible forcing shapes and temporal frequencies ω. This worst case ampli-

fication, Rmax, is also known as the infinity norm of the transfer function, i.e.

||H(z,k)||∞, and it can be obtained from the SVD as supω(σmax). Here σmax rep-

resents the maximum singular value at a particular ω, and hence Rmax represents

the maximum singular value over all ω. To study the linear operator with the

eddy viscosity, Hwang & Cossu (2010b) plotted this Rmax as a function of the

spanwise wavenumber ky, for a few different values of the streamwise wavenumber
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FIGURE 4. (a) The twenty largest singular values of H for λ+x = 700, λ+z = 100, c = 10, and
Reτ = 2003. (b–d) The energy that is contained in the largest two response modes relative to
the total response, (σ 2

1 + σ 2
2 )/(

∑∞
j=1σ

2
j ), for different streamwise and spanwise wavelengths

and: (b) c = U(y+ = 15); (c) c = U(y+ = 100); and (d) c = U(y = 0.2). The black contours
show the turbulent kinetic energy spectrum from the DNS of Hoyas & Jiménez (2006) at
the corresponding critical wall-normal locations: (b) y+ = 15; (c) y+ = 100; and (d) y = 0.2.
The contours represent 10 % to 90 % of the maximum energy spectrum at each wall-normal
location with increments of 20 %.

σ 2
k /(
∑∞

j=1σ
2
j ). Figures 4(b)–4(d) highlight the low-rank nature of H by showing that

the first two principal response directions ψ̂1 and ψ̂2 contribute more than 80 % of the
total response over a large range of wall-parallel wavelengths (red region) for wave
speeds c = U(y+ = 15), U(y+ = 100), U(y = 0.2), and Reτ = 2003. The relevance of
studying the low-rank approximation of H is further emphasized by noting that the
most energetic wavenumbers from the DNS of Hoyas & Jiménez (2006) (contours)
coincide with the wavenumbers and critical wave speeds for which H is low rank.
We note that the streamwise velocity has the largest contribution to the kinetic energy.
Even though the shapes of the two-dimensional wall-normal and spanwise spectra may
be significantly different from the streamwise spectrum, the contours corresponding
to 70 % of the maximum in all spectra (not shown) lie within the region where the
contribution of the largest two singular values is more than 50 %.

2.4. Rank-1 model subject to broadband forcing
In the present study, we consider a rank-1 model by only keeping the most
energetic forcing and response directions corresponding to σ1 and show that significant

available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2013.457
Downloaded from https:/www.cambridge.org/core. The University of Melbourne Libraries, on 08 Feb 2017 at 08:34:02, subject to the Cambridge Core terms of use,

Figure 2.5: Figure 4b from Moarref et al. (2013) shows the low-rank nature
of the resolvent operator. The colours represent the fraction of energy in the
first two singular modes i.e. (σ2

1 + σ2
2)/

∑N
i=1 σ

2
i . Here ω = −ckx, with c =

U(z+ = 15). The black contours lines represent the energy spectrum of the fully
turbulent flow at this wall-height of z+ = 15, obtained from DNS. It should
be noted that λz denotes the spanwise wavenumber in Moarref et al. (2013),
which differs from the notation used in this thesis where λy is the spanwise

wavenumber.

kx. Figure 1c from Hwang & Cossu (2010b), which represents this plot of Rmax,

is shown here in figure 2.4. Similar to the case of stochastic white-in-time forcing,

the kx = 0 mode is the most amplified, with two distinct peaks observed in ky

corresponding to the near-wall streaks and the large-scale structures, respectively.

An alternative method of analysing the harmonically forced operator is the resol-

vent analysis put forth by McKeon & Sharma (2010). They observed that large

values of the leading singular value σ1 can arise due to three different factors:

(1) large values of shear, (2) at the critical layer when ω = −U(z)kx and (3) for

disturbances with kx = ω = 0. Hence in addition to the non-normality of the

operator, they proposed that the critical layer mechanism is also responsible for

highly amplified structures.

It was observed that, in the case of a channel or pipe flow, for select values of

(kx, ky, ω), the first singular values are orders of magnitude higher than the subse-

quent singular values. This makes a low-rank approximation of the model possible.

Notably, in Moarref et al. (2013), they found that within the energetic region of
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FIGURE 10. The relative position of swirl (isosurfaces in black) and isosurfaces of
streamwise velocity fluctuation (red and blue for high and low momentum, respectively).
(a) Model prediction of the swirl field (50 % of maximum) and streamwise velocity (±50 %
of maximum) arising from the mode combination KB, with mean shear of relative amplitude
500. (b) Reproduction of figure 18 from Dennis & Nickels (2011a) showing structure
conditionally averaged on occurrence of a spanwise swirl at y/δ = 0.42. While exact scale
comparisons are not meaningful, the arrangement and mechanism appear to be similar.

at the same streamwise location as the low-speed region. The results from this two-
mode model closely resemble the conditional structure identified by Dennis & Nickels
(2011a) and reproduced here in figure 10(b), although note that the condition in the
latter data was set further from the wall than where we observe spanwise swirl for
KB. Recall that, in the absence of mean shear, alternating prograde and retrograde
vortices are associated with this K combination, so that the initial relative phase
between the large and small streamwise scales is not the cause of this co-location
in space. Rather, the large wall-normal extent of the streamwise velocity variation
associated with the large-scale response mode, and in particular the shear, ∂u/∂y,
preferentially biases the swirling motion to be prograde and to occur along the location
of maximum shear corresponding to the large-scale low-momentum region. This
observation explains the relative locations of experimental observations of structure
and large-scale low-momentum regions (e.g. Meinhart & Adrian 1995; Adrian et al.
2000b; Ganapathisubramani et al. 2003). However, it essentially reverses the causality
proposed by Head & Bandyopadhyay (1981), who comment on shear layers consisting
of a forest of inclined hairpins. Note also that figures 8, 9 and 10(a) hint at spanwise
scale growth with wall distance, which is at least approximately linear in the overlap
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Figure 2.6: Figure 10a from Sharma & McKeon (2013) shows that a com-
bination of resolvent modes computed for a pair of wavenumber triplets, gives
structures similar to those observed in experiments. The red and the blue
regions represent regions of high and low momentum, respectively (±50% of
maximum velocity) and the black isosurfaces represent the swirl (50% of the

maximum).

the fully turbulent flow, the operator exhibits this low-rank behaviour. To il-

lustrate this, figure 2.5 here shows figure 4b from Moarref et al. (2013). The

figure shows the fraction of energy contained in the first two response modes, i.e.

(σ2
1+σ2

2)/∑N
i=1 σ

2
i . Here ω = −ckx, with the phase speed c chosen to be U(z+ = 15)

as an example. The black contour lines represent the energy spectrum of the fully

turbulent flow at this wall-height of z+ = 15, obtained from DNS. We see that

within the energetic region of the flow the resolvent operator is low-rank in nature,

with the first two modes capturing a significant fraction of the energy of the flow.

Further illustrating the usefulness of resolvent analysis, Sharma & McKeon (2013)

demonstrated that a combination of the resolvent modes model structures that

resemble those that have been observed in the experiments. Figure 2.6 taken from

Sharma & McKeon (2013) shows the structure constructed using the resolvent

modes computed from a pair of wavenumber triplets. Vortices straddling low

momentum regions are observed, similar to experimental observations of Dennis

& Nickels (2011). Apart from its use for the theoretical understanding of flows,

resolvent analysis can also be used for practical flow control purposes. This was

illustrated by McKeon et al. (2013), where the control of flows using dynamic

roughness was studied using resolvent analysis.



Chapter 3

Models and data

In chapters 4 and 5, we study the coherent large scale structures modelled by

the linearized Navier-Stokes equations for turbulent channel flows. The current

chapter focuses on describing the linear models used, and also concentrates on

describing the code that was constructed to analyse the models. To validate this

code, here we reproduce results from the literature. We consider two variations

of the model: i) LNS (linearized Navier-Stokes equations), where the viscosity

is equal to the kinematic viscosity and ii) eLNS (eddy-viscosity based linearized

Navier-Stokes equations), where the kinematic viscosity is augmented with an eddy

viscosity profile.

Additionally, §3.3 in the current chapter gives the details of the direct numerical

simulation (DNS) dataset obtained from Encinar et al. (2018), that are used for

comparison in chapters 4 and 5.

3.1 Linear models

As done in chapter 2, a statistically steady, incompressible turbulent channel flow

is considered, with the streamwise, spanwise and wall-normal directions denoted

by x, y and z, respectively, and the corresponding velocity components by u, v

and w. Here, the friction Reynolds number Reτ = uτh/ν is used, which is defined

27
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using the kinematic viscosity ν, the channel half-height h and the friction velocity

uτ =
√

(τw/ρ), where τw is the wall shear stress and ρ is the density of the fluid.

The velocities are normalized by uτ and the spatial variables by h. Pressure

fluctuations p are normalized by ρu2
τ .

Before describing the linear models used, we recall the Cess (1958) eddy viscosity

profile νT (z) defined in (2.14). This eddy viscosity will be used in different ways

for both the models described below. In chapters 4 and 5, for convenience, the

mean velocity profile of the flow is obtained from νT by integrating (2.13) in the

wall-normal direction. As done in §2.3.1, following Del Álamo & Jiménez (2006),

the values of the constants in (2.14) are taken to be κ = 0.426 and A = 25.4.

3.1.1 LNS

The first linear model is obtained by substituting a Reynolds decomposition into

the Navier-Stokes equations and then subtracting the mean equations, which gives

∂u

∂t
+ (U · ∇)u+ (u · ∇)U +∇p− 1

Reτ
∇2u = dLNS, ∇ · u = 0, (3.1)

where U = (U(z), 0, 0) is the mean velocity profile that is obtained using (2.14)

and u = (u, v, w) denotes the fluctuations of velocity from the mean (e.g. Butler

& Farrell (1993), McKeon & Sharma (2010)). The nonlinear terms are represented

by a disturbance term dLNS = −u · ∇u+ u · ∇u.

3.1.2 eLNS

The second linear model is obtained by substituting into the Navier-Stokes equa-

tions a triple decomposition of the velocity field as ũ = U + u + u′, where U as

before is the mean velocity, the term u denotes the organised motions and u′ rep-

resents the turbulent velocity fluctuations (Reynolds & Hussain, 1972, Del Álamo

& Jiménez, 2006, Pujals et al., 2009, Hwang & Cossu, 2010b). An eddy viscosity

can be used to incorporate the effects of the terms that are quadratic in u′ into
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the linear model. For this purpose, the Cess (1958) eddy viscosity profile (2.14),

which is an empirically obtained model of the incoherent terms u′, is used here.

The equation for eLNS can be written as

∂u

∂t
+ (U · ∇)u+ (u · ∇)U +∇p−∇ ·

[
νT (z)
ν

(∇u+∇uT )
]

= deLNS, ∇ · u = 0.

(3.2)

The mean velocity profile is again obtained using (2.14). Additionally, (2.14) also

provides the eddy viscosity profile νT (z) required for (3.2). As before, the term

deLNS represents the forcing, but this time defined using the u obtained from the

triple decomposition of the velocity field.

3.1.3 Orr-Sommerfeld Squire form

To analyse (3.1) and (3.2), we first write the equations in the Orr-Sommerfeld

Squire form introduced in §2.2.1:

˙̂q = Aq̂ +Bd̂,

û = Cq̂.
(3.3)

Here û(z, t; kx, ky) = (û, v̂, ŵ) and d̂(z, t; kx, ky) = (d̂x, d̂y, d̂z) are obtained from

a 2-D Fourier transformation of u and d, and the vector q̂ = (ŵ, η̂) contains

the Fourier coefficients of the wall-normal velocity and wall-normal vorticity. The

definitions of the matrices A, B and C for both LNS and eLNS are given in chapter

2. The boundary conditions are enforced on both walls as ŵ(±h) = ∂ŵ(±h)/∂z =

η̂(±h) = 0.

As explained in the literature review, there are different approaches to treating

the forcing term d in (3.3). It can be: i) neglected as done in the case of transient

analysis, ii) treated as a stochastic white-in-time disturbance or iii) considered

to be a harmonic disturbance as done in the case of resolvent analysis. These

three cases are considered in the current code for the linear model, and they are
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Figure 3.1: Reconstruction, using the current code, of figure 2.2 taken from
Pujals et al. (2009). The figure shows Gmax plotted with respect to the spanwise
wavenumber for a fixed streamwise wavenumber of zero and different Reynolds
numbers of Reτ = 500 (black), 1000 (red), 2000 (green), 5000 (blue), 10000

(magenta) and 20000 (cyan), in (a) outer scaling and (b) inner scaling.

separately validated against results in the literature. In §3.2.1, §3.2.2 and §3.2.3,

we give the details of this validation.

A Chebyshev grid, with N grid points in the wall-normal direction, is used to

discretize the above equations in the wall-normal direction and the convergence

of the results is ensured by reproducing them with more than double the number

of grid points. The number of grid points N depends on the Reynolds number

of interest. For the case of Reτ = 2000, that is dwelt upon in chapters 4 and 5,

N = 203 points are used.

3.2 Code and validation

In this section we validate the current code for the linear model against existing

literature. Three different analyses is considered for this purpose: i) transient

analysis in §3.2.1 where the forcing is neglected, ii) the analysis of the Lyapunov

equation in §3.2.2 where the forcing is assumed to be stochastic and white in time,

and iii) the resolvent analysis in §3.2.3 where the forcing is a harmonic disturbance.
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3.2.1 Transient Analysis

In §2.3 we reviewed the literature that analysed (3.3) after neglecting the forcing

term d. In particular, we concentrated on the results obtained by Del Álamo &

Jiménez (2006) and Pujals et al. (2009), where they used Gmax as a function of ky
to find the most amplified modes for eLNS (see figure 2.2 taken from Pujals et al.

(2009)). Using the current code, in figure 3.1 we reconstruct the plot of Gmax

with respect to ky, both in inner and outer variables. As observed in Pujals et al.

(2009), we obtain the double peak in the plot of Gmax, with one peak scaling in

inner variables, and the other in outer variables.

3.2.2 Lyapunov equations

Another way of treating the forcing term d is assuming it to be white-in-time. In

§2.4.1 we considered the literature that studied (3.3) with white-in-time forcing.

This assumption is of particular interest to this work, because it will later be used

in chapters 4 and 5. In these later chapters, we require the time-averaged velocity

correlations from LNS and eLNS, with stochastic white-in-time forcing, to compute

the linear coherence spectrum and for spectral linear stochastic estimation. These

correlations can be obtained using Lyapunov equations (Zhou et al., 1996). In

the literature, Lyapunov equations was first derived for laminar flows, and later

adapted for turbulent flows. Here we follow the analysis as put forth in Farrell &

Ioannou (1993b).

White-in-time forcing implies 〈d(t), d(t′)∗〉 = δ(t − t′). Let us assume that the

spatial correlation of forcing is given by R(kx, ky), where each entry in the matrix

R[i, j] = 〈d(zi, t), d(zj, t)∗〉, for a combination of wall-heights zi and zj. After

multiplying (3.3) with e−At we obtain

e−At ˙̂q(t) = e−AtAq̂(t) + e−AtBd̂(t). (3.4)
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Figure 3.2: Reconstruction, using the current code, of figure 2.3 taken from
Hwang & Cossu (2010b). The figure shows V in pre-multiplied form, as a func-
tion of spanwise wavenumbers for different values of the streamwise wavenumber

kx = 0.0, 0.1, 0.2, 0.5, 1.0, 2.0, 5.0 and 10.0.

Integrating in time gives

e−Atq̂(t) = q̂(0) +
∫ t

0
e−AsBd̂(s) ds,

q̂(t) = eAtq̂(0) +
∫ t

0
eA(t−s)Bd̂(s) ds.

(3.5)

When the eigenvalues of A are negative, statistics over an infinite time horizon

can be considered to be independent of the initial conditions. In this case

〈q̂(t), q̂∗(t)〉 =
∫ t

0
ds
∫ t

0
ds′ eA(t−s)B〈d̂(s), d̂∗(s′)〉B†eA†(t−s′)

=
∫ t

0
eA(t−s)QeA

†(t−s) ds,
(3.6)

where Q = B〈d̂(s), d̂∗(s)〉B† = BRB†. The assumption of white-in-time forcing

is used to remove the double integral in (3.6). Letting time t tend to infinity, and

τ = t− s,

lim
t→∞
〈q̂(t), q̂∗(t)〉 =

∫ ∞
0

eAτQeA
†τ dτ. (3.7)

Using this integral, the following expression can be derived

d

dτ

∫ ∞
0

eAτQeA
†τ dτ = A

(∫ ∞
0

eAτQeA
†τ dτ

)
+
(∫ ∞

0
eAτQeA

†τ dτ
)
A†. (3.8)
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The adjoint † here is defined with respect to the inner product 〈u1,u2〉 =
∫ h
−h u

∗
1u2dz.

From (3.8) the Lyapunov equation is obtained as

−Q = AX +XA†. (3.9)

We see from (3.7) that the matrix X gives the correlation of the wall-normal

velocity-vorticity vector. This X is then used to obtain the correlations of velocity,

limt→∞〈û(t), û∗(t)〉 = CXC†. The correlation matrix is also used to calculate the

variance V (kx, ky) for each wavenumber pair as

V (kx, ky) = trace(CXC†). (3.10)

To study the stochastically forced system, the matrix R is simply set to be the

identity matrix. The Lyapunov equation (3.9) can be solved both for LNS and

eLNS giving the velocity correlation matrices for these models as its solution.

The variance V (kx, ky) is computed for eLNS in Hwang & Cossu (2010b) for specific

values of kx and ky (see figure 2.3 taken from Hwang & Cossu (2010b)). As a

validation of the current code, this figure is reproduced here in figure 3.2. We

obtain the expected double peak structure, with one peak representing the near-

wall streaks and the other the large-scale structures.

3.2.3 Resolvent Analysis

Finally we consider the case where the forcing d is assumed to be a harmonic

disturbance. The literature regarding this analysis was reviewed in §2.4.2. In

particular, we focused on the analyses followed in McKeon & Sharma (2010) and

Hwang & Cossu (2010b).

One method of analysing the linearized equations under the impact of harmonic

disturbance is the resolvent analysis of McKeon & Sharma (2010). The model

they considered was LNS, and the forcing term d was assumed to be the full

non-linear terms of the Navier-Stokes equations. As discussed in §2.4.2, in the
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Figure 3.3: Reconstruction, using the current code, of figure 3 from Moarref
et al. (2013) shows the leading resolvent response mode ψ1 for the parameters
Reτ = 10000, λ+

x = 700, λ+
y = 100 and c = 10. In (a) the isosurfaces of stream-

wise velocity at 60% of the maximum is shown and (b) shows the streamwise
(contours), spanwise and wall-normal (arrows) velocities at a streamwise loca-
tion of x+ = λ+

x /2. The contours in (b) corresponds to positive (solid) and
negative (dashed) velocity fluctuations with values from 10% to 90% of the

maximum, with increments of 20%.

Figure 3.4: Reconstruction, using the current code, of figure 2.4 taken from
Hwang & Cossu (2010b). The figure shows Rmax in pre-multiplied form, as
a function of spanwise wavenumbers for different values of the streamwise

wavenumber kx = 0.0, 0.1, 0.2, 0.5, 1.0, 2.0, 5.0 and 10.0.

parameter regime where the linear operator is low-rank, the leading resolvent

mode can be used to analyse the structures in the flow. Moarref et al. (2013)

used this observation to analyse the near-wall streaks in channel flows. In figure 3

of Moarref et al. (2013), they plot the leading resolvent mode for the parameters

Reτ = 10000, λ+
x = 700, λ+

y = 100 and c = 10. Here, in figure 3.3, we reconstruct

this plot. As observed in Moarref et al. (2013), the leading resolvent mode is

characterised by streaks of alternating low and high momentum, that are flanked

by vortices on either side.

In an alternative method of analysing the harmonically forced operator, Hwang



Models and data 35

Figure 3.5: The figure compares the contours corresponding to pre-multiplied
energy spectrum values of kxkyφuu = (0.1, 0.3) calculated using the DNS dataset
available for this study from Encinar et al. (2018) (red solid line), with the
converged spectrum available from Hoyas & Jiménez (2006) (black dashed line),
at a wall-height of z+ ≈ 300. The red lines also give an indication of the range

of length scales available for this study.

& Cossu (2010b) use it to study the most amplified structures in eLNS. For this

purpose they plot the worst case amplification Rmax as a function of spanwise

wavenumbers (see figure 2.4 taken from Hwang & Cossu (2010b)). As a validation

of the harmonically forced operator for eLNS, this figure is reconstructed here in

figure 3.4. We obtain the double peak structure that was emphasised in Hwang &

Cossu (2010b)). As in the case of the stochastically forced operator, here one of

the peaks correspond to the near-wall streaks, while the other corresponds to the

large-scale structures.

3.3 Available DNS Dataset

The Direct Numerical Simulation (DNS) dataset for an incompressible turbulent

channel flow at a friction Reynolds number Reτ = 2000 has been provided by

the Polytechnic University of Madrid (UPM) (Encinar et al., 2018). The channel

has a streamwise and spanwise extent of 8πh and 3πh. The DNS was run on a

grid with 2048 × 2048 × 512 points in the streamwise, spanwise and wall-normal

directions. By retaining only the scales that are larger than the viscous scales,

Encinar et al. (2018) stored the data on a reduced grid of size 512 × 512 × 512.

Only a subset of the saved wavenumbers are available for this study, and the
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range of wavenumbers available are 0.25 ≤ |kxh| ≤ 8.0 (0.8 ≤ |λx/h| ≤ 25.0)

and 0.66 ≤ |kyh| ≤ 21.0 (0.3 ≤ |λy/h| ≤ 9.5). This range includes the large-

scale structures that are of interest here. It has been confirmed that the 1146

instances in time for which data are available gives rise to a converged 2-D energy

spectrum by comparing the spectra that was computed with the converged spectra

available from Hoyas & Jiménez (2006). This comparison for a sample wall-height

of z+ ≈ 300 is shown here in figure 3.5.



Chapter 4

Linear coherence spectrum from

the linearized Navier–Stokes

equations

In this chapter the wall-normal extent of the large-scale structures modelled by

the linearized Navier-Stokes equations subject to stochastic forcing is directly com-

pared to Direct Numerical Simulation (DNS) data. A turbulent channel flow at a

friction Reynolds number of Reτ = 2000 is considered. We use the two-dimensional

(2-D) linear coherence spectrum (LCS) to perform the comparison over a wide

range of energy-carrying streamwise and spanwise length scales. The study of

the 2-D LCS from DNS indicates the presence of large-scale structures that are

coherent over large wall-normal distances and that are geometrically self-similar.

We find that, with the addition of an eddy viscosity profile, these features of the

large-scale structures are captured by the linearized equations, except in the region

close to the wall.

37
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4.1 Introduction

Spectral linear stochastic estimation introduced by Tinney et al. (2006) neces-

sitated the development of the linear coherence spectrum (LCS). Baars et al.

(2017) used the self-similar scaling of the LCS to give evidence for the existence of

wall-attached, geometrically self-similar structures in the log-region of turbulent

wall-bounded flows, as proposed in Townsend’s Attached Eddy Hypothesis (AEH)

(Townsend, 1976, Marusic & Monty, 2019). These results were described in more

detail in §2.1.1.

In this chapter, we study the wall-normal coherence of the large-scale structures

modelled by the linearized Navier-Stokes equations, over a range of energy-carrying

length scales. The study of wall-normal coherence is important because it gives

us an understanding of the wall-normal extent of the structures as a function of

their streamwise and spanwise length scales. The LCS that has been used in

experiments is used here to quantify the wall-normal coherence of the structures.

The quantification of wall-normal coherence enables a direct comparison of the

wall-normal extent of the large-scale structures from the model with DNS.

The details of the linear models and the DNS dataset used in this chapter are given

in §4.2. In §4.3 we directly compare the coherence of the large-scale structures

from the linear models with DNS. We will see that the results from the linear

model are significantly improved by the inclusion of an eddy viscosity profile to

the model.

4.2 Models and data

Linear models: In this chapter and in chapter 5, the forced linearized Navier-

Stokes equations are considered. The forcing is assumed to be stochastic and

white-in-time (Hwang & Cossu, 2010a,b, Willis et al., 2010). This model has been

extensively studied in the literature, and these studies were reviewed in §2.4.1.

Two variations of the model are considered here: i) LNS (linearized Navier-Stokes
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equations), where the viscosity is equal to the kinematic viscosity and ii) eLNS

(eddy-viscosity based linearized Navier-Stokes equations), where the kinematic

viscosity is augmented with an eddy viscosity profile. These models were discussed

in chapter 3.

Time-averaged velocity correlations from LNS and eLNS are required to compute

the linear coherence spectrum (LCS), that will be used to understand the coher-

ence of the structures from the models. As explained in §3.2.2, these correlations

required for the LCS can be obtained using the Lyapunov equation (Zhou et al.,

1996)

AX +XA† = −BIB†, (4.1)

where the identity matrix I appears on the right hand side of the equation due

to the assumption of stochastic forcing. The matrix X gives the correlations of

the velocity-vorticity vector limt→∞〈q̂q̂∗〉, which can further be used to obtain the

velocity correlations limt→∞〈ûû∗〉 = CXC† (see §3.2.2). The Lyapunov equation

(4.1) can be solved both for LNS and eLNS giving the velocity correlation matrices

for these models as its solution. A Chebyshev grid with 203 grid points is used to

discretize the above equations in the wall-normal direction and the convergence of

the results is ensured by reproducing them with more than double the number of

grid points.

Direct Numerical Simulation dataset: The Direct Numerical Simulation

(DNS) data for an incompressible turbulent channel flow at a friction Reynolds

number Reτ = 2000 obtained from Encinar et al. (2018) are used in this chapter.

The details of this data are given in §3.3.

4.3 Linear Coherence Spectrum

We now investigate the coherence of the large scales using i) the linear coherence

spectrum, ii) coherence height and iii) the scaling of the linear coherence spectrum.
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The linear coherence spectrum gives the fraction of energy that is correlated be-

tween two signals (Tinney et al., 2006). In the present case, these signals cor-

respond to streamwise velocity. The LCS has been used to study the coherence

between velocity signals that were obtained as a function of one dimension; the

dimension of time in Tinney et al. (2006) and of streamwise length in Baars et al.

(2016). In Baars et al. (2016) the 1-D LCS was defined for turbulent channel and

boundary layer flows between signals taken at two wall-normal locations z1 and

z2. Here, the 1-D LCS in Baars et al. (2016) is extended to also include spanwise

variations in the velocity signals, thereby obtaining a 2-D LCS as a function of

both the streamwise and spanwise wavenumbers kx and ky. The 2-D LCS, denoted

here by γ2, can be written as

γ2(z1, z2; kx, ky) = | 〈û(z1; kx, ky)û∗(z2; kx, ky)〉 |2
〈|û(z1; kx, ky)|2〉 〈|û(z2; kx, ky)|2〉

. (4.2)

Here û(z; kx, ky) represents the coefficients of a 2-D Fourier transform of the

streamwise velocity signal u at a wall height z.

The denominator in (4.2) consists of two individual 2-D energy spectra at the wall

heights z1 and z2, while the numerator is the absolute value of the complex-valued

cross-spectrum between the two wall heights. By definition, 0 ≤ γ2 ≤ 1, where

γ2 = 1 indicates perfect coherence and γ2 = 0 indicates no coherence. Before

using (4.2) to analyse the linear models, we first plot in figure 4.1(b) an example

of the LCS using the DNS data described in §3.3. Also shown in figure 4.1(a)

is a schematic of the geometry for which the calculations are performed. We

are interested in studying the coherent large-scale structures in the log-layer of

the flow. Hence, z+
2 ≈ 300(= 0.15Reτ ) is kept fixed at the end of the log-layer

(Marusic et al., 2013), and z1 is taken beneath it. For the example in figure 4.1(b),

z+
1 ≈ 200 and the 2-D LCS is plotted as a function of λx and λy. We observe that

the larger scales are more coherent than the smaller scales.

As well as plotting the LCS for the DNS data, we can also compute it for the linear

models LNS and eLNS. In this case, rather than using velocity signals directly,

the statistically converged velocity correlations required for (4.2) are obtained by
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Figure 4.1: (a) The geometry of the turbulent channel flow. (b) The LCS
plotted for z1 and z2 as depicted in (a), with z+

2 ≈ 300 (= 0.15Reτ ) kept at the
end of the log-layer and z+

1 ≈ 200.

solving the Lyapunov equation (4.1). The solution to (4.1) gives the velocity

correlations | 〈û(z1; kx, ky)û∗(z2; kx, ky)〉 | for any combination of wall-heights z1

and z2, and therefore provides the correlations required for (4.2).

4.3.1 LCS with z+
1 < z+

2

First we consider the case where z1 is taken below z2 and closer to the wall, i.e.

z1 < z2. Figure 4.2 shows the LCS computed for DNS, LNS and eLNS for five

different values of z1 < z2.

Let us first consider the LCS from DNS. We start with the example shown in

figure 4.1, which is shown again in figure 4.2(a). Here the first wall height, z+
1 ≈

200 is relatively close to the second wall height, z+
2 ≈ 300, which remains fixed

throughout. Moving down the rows in figure 4.2 (from (a) to (e)) corresponds to

moving the first wall height z1 closer to the wall and further away from z2. For

every pair of wall heights we see that the larger scales are more coherent than the

smaller scales. Interestingly, the coherence of the largest scales remains high even

when z1 is moved very close to the wall (figure 4.2(e)). From this we can infer the

existence of structures that are attached to the wall and that extend to the end of

the log-layer, consistent with the observations from the 1-D LCS in Baars et al.

(2017).



Linear coherence spectrum from the linearized Navier–Stokes equations 42

Now consider the LCS computed from LNS. From figure 4.2(a) it can be seen that,

like in DNS, the larger scales are more coherent than the smaller scales when z1

and z2 are close to each other. However, the contours from LNS in figure 4.2(a)

look notably different to those computed from DNS. We also see that, unlike in

DNS, the coherence of the large scales quickly approaches zero as z1 moves away

from z2 and towards the wall. This indicates that the structures modelled by LNS

are localised in the wall-normal direction.

Finally, we examine the LCS computed from eLNS. Figure 4.2(a) shows that the

larger scales from this model also show a higher degree of coherence than the

smaller scales. The contours from eLNS look similar to DNS. As z1 moves away

from z2 (from (a) to (d)), the coherence of the large scales from eLNS remains

high and the contours remain similar to DNS. However, when z1 is moved close to

the wall (figure 4.2(e)), the correspondence with DNS is lost and the large scales

from the model show diminished coherence. Hence the structures from eLNS are

coherent over a wider range of wall-heights, similar to the large-scale structures

from DNS. However, unlike in the case of DNS, these structures from eLNS show

low coherence in the region close to the wall, and are therefore not attached to the

wall.

4.3.2 LCS with z+
1 > z+

2

Now we consider the case when the values of z1 are taken above z2 and hence

further away from the wall, i.e. z1 > z2. Figure 4.3 shows the LCS computed for

DNS, LNS and eLNS for five different values of z1 > z2. As before, let us consider

the cases of DNS, LNS and eLNS separately.

Let us first consider the LCS from DNS. We observe that, for the large scales, the

value of γ2 remains high even at significant distances away from z+
2 ≈ 300. This

indicates that these structures show coherence even at large distances from the

wall. This observation, along with the conclusion in §4.3.1 that the large scales

are attached to the wall, indicates the presence of tall wall-attached large-scale
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Figure 4.2: The LCS plotted from LNS and eLNS and compared with the
LCS from DNS, with z+

2 ≈ 300 (= 0.15Reτ ), and z+
1 varied beneath z+

2 . The
plots corresponding to z+

1 ≈ 200, 150, 100, 50 and 10 are shown from the top
row to the bottom row.
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structures in the flow. From figure 4.3(e) we observe that long structures with an

approximate spanwise wavelength of 100.5 (ky ≈ 2) show coherence all the way to

the channel centre. It is interesting to note here that these structures from DNS

that extend to the channel centreline have spanwise length-scales similar to those

observed from the linearized equations in Pujals et al. (2009) and Hwang & Cossu

(2010b).

Now consider the LCS from LNS. The large scales are coherent only over a narrow

range of wall heights, with the coherence of these scales quickly dropping to zero

as z1 moves away from z2. This is consistent with the observations in §4.3.1, and

further confirms that the structures from LNS are localised in the wall-normal

direction.

Finally, we consider the LCS from eLNS. Similar to the observations in §4.3.1, the

contours from eLNS are qualitatively similar to DNS. The value of γ2 computed

for the large-scales remains large a significant distance away from z+
2 ≈ 300. This

indicates that the large-scale structures from eLNS are coherent to large heights

above the wall. Hence, similar to DNS, the stochastically forced eLNS generates

tall structures, with the largest among them remaining coherent all the way to the

channel centre and having a spanwise wavelength of approximately 100.5 (figure

4.3(e)).

4.4 Coherence Height

In §4.3 the coherence of the large-scale structures was studied as a function of two

wall-normal locations z1 and z2. The coherence of the large scales from eLNS was

found to be in agreement with DNS except in the near-wall region. However, it is

unclear if these results are specific to the particular choice of z+
2 ≈ 300 considered

in §4.3. Hence, to probe into the agreement between DNS and eLNS over a range

of z1 and z2 combinations, the concept of a coherence height, as defined in Jiménez

et al. (2004), is now used. Since the coherence of the large scales from LNS was

found to show poor agreement with DNS, this model is not considered here. The
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Figure 4.3: The LCS plotted from LNS and eLNS and compared with the
LCS from DNS, with z+

2 ≈ 300 (= 0.15Reτ ), and z+
1 varied above z+

2 . The
plots corresponding to z+

1 ≈ 600, 900, 1200, 1500 and 1800 are shown from the
top row to the bottom row.
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coherence height Cuu is defined using γ (from (4.2)) as

Cuu(z0; kx, ky) =
(∫ z0

0

∫ z0

0
γdz1dz2

)1/2
. (4.3)

Since γ is a dimensionless quantity, Cuu has the dimensions of length. Coherence

height gives the approximate height over which a structure is coherent. The first

integral in (4.3) is equivalent to calculating γ while keeping one probe fixed at z2

and varying the second probe over all z1, such that 0 ≤ z1 ≤ z0. This returns

a ‘height’ that depends on the choices of z0 and also z2. The second integral

calculates this height for all positions of the second probe z2 such that 0 ≤ z2 ≤ z0

and hence returns a squared height that depends only on z0.

The integral in (4.3) can be calculated for different values of the integration limit

z0. The value of z0 sets the region of the channel being considered. For a wavenum-

ber pair (kx, ky), Cuu(z0, kx, ky) considers the coherence between all combinations

of wall heights z1 and z2 such that 0 ≤ z1 ≤ z0 and 0 ≤ z2 ≤ z0. Figure 4.4 plots

the coherence height as a function of λx/h and λy/h from DNS and eLNS, for

three different values of z+
0 ; i) z+

0 ≈ 40 in figure 4.4(a), ii) z+
0 ≈ 300(= 0.15Reτ )

in figure 4.4(b) and iii) z+
0 ≈ 2000(Reτ ) in figure 4.4(c).

First consider figure 4.4(a) where the integration limit is taken at z+
0 ≈ 40. We see

that in this case, the large-scale structures from DNS show coherence heights very

close to z0, suggesting that the structures extend all the way to the wall. However,

the contours from eLNS in this figure deviate in their trends from DNS, indicating

that the features of the flow in the near-wall region are not captured by eLNS.

Now consider figure 4.4(b), where the coherence height is computed with z+
0 ≈ 300.

From this figure we see that the large-scale structures from DNS have coherence

heights very close to the integration limit z0. This indicates that these structures

extend across most of the region between the wall and z+
0 ≈ 300. Considering

eLNS, the contours from this model in figure 4.4(b) approximately correspond to

those from DNS, with the large scales having coherence heights close to z0. Hence

the large-scale structures modelled by eLNS are also coherent across most of the

region till the end of the log-layer.
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Figure 4.4: Coherence height computed from DNS and eLNS with (a)
z+

0 ≈ 40, (b) z+
0 ≈ 300 and (c) z+

0 ≈ 2000. The line contours in (a)
corresponds to C+

uu ≈ (34, 35, 36, 37), (b) C+
uu ≈ (220, 240, 260, 280) and (c)

C+
uu ≈ (1200, 1300, 1400, 1500) .

Further, consider figure 4.4(c), with the integration performed over the entire

channel half height, i.e. z+
0 ≈ 2000. From this figure we observe that, both in the

case of DNS and eLNS, the largest among the large-scale structures extend all the

way to the centre of the channel. In conclusion, coherent large-scale structures are

modelled reasonably well by eLNS, except in the region close to the wall. These

observations are consistent with those from the LCS in §4.3.
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4.5 Scaling of the LCS

Having observed the presence of large-scale structures in eLNS that are similar to

those from DNS, it is important to identify if the structures from the model are

geometrically self-similar. Many authors have found evidence for the self-similar

scaling of these large-scale structures and hence for Townsend’s attached eddy

hypothesis (AEH) in turbulent flows (e.g. Marusic (2001), Klewicki et al. (2009),

Lozano-Durán et al. (2012), Hwang (2015), Hellström et al. (2016)). The linearized

Navier-Stokes equations have also been used to understand this geometric self-

similarity (Del Álamo & Jiménez, 2006, McKeon & Sharma, 2010, Hwang & Cossu,

2010b, Moarref et al., 2013).

Of particular relevance to this study is the coherence-based analysis carried out

by Baars et al. (2017) to demonstrate this self-similar scaling of the large-scale

structures. For this purpose, Baars et al. (2017) used the wall scaling of the

experimentally obtained 1-D LCS plotted as a function of λx. Wall scaling implies

that the 1-D LCS scales with z2, when plotted for a range of z2 in the log-layer and

z1 fixed close to the wall (see §2.1.1). Since λx represents the streamwise length

of the structures, wall scaling implies the existence of self-similar structures. The

streamwise lengths of the structures scale with their height, in accordance with

AEH.

Due to self-similarity, the spanwise dimensions of the structures should also scale

with their height. The arguments in Baars et al. (2017) can therefore be extended

to two dimensions, and the contours of 2-D γ2 should scale with z2 for a range of

z2. For this argument, z1 is taken close to the wall at z+
1 ≈ 40 and z2 is varied

within the log-layer, and hence 2.6
√
Reτ ≤ z+

2 ≤ 0.15Reτ (Klewicki et al., 2009,

Marusic et al., 2013). (Here z1 is not as close to the wall as in Baars et al. (2017),

where z+
1 ≈ 4. This is to facilitate a comparison with eLNS where, as observed in

§4.3, the large scales show very low coherence close to the wall.)

First, we verify the scaling of the 2-D γ2 using the DNS dataset. Figure 4.5(a)

shows the contours corresponding to γ2 = 0.3 as a function of (λx/h, λy/h) for a
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range of z2. Each line contour in the figure is plotted for one value of z2 in the

range considered, with the contour lines getting darker as z2 moves towards the

end of the log-layer and away from the wall. The contours collapse when plotted

as a function of the wavelengths scaled with z2 in figure 4.5(b). Figure 4.5(b)

also show the collapse of the contours corresponding to γ2 = 0.1 and γ2 = 0.5.

Therefore, the 2-D LCS from DNS shows wall scaling and thereby indicates the

presence of self-similar structures in the flow.

Now we consider the scaling of the LCS from the linear models. The LCS from LNS

(not shown) do not show wall scaling. In contrast, the LCS from eLNS does scale

with wall height, and therefore only the results from this model are discussed here.

Figures 4.5(c) and 4.5(d) demonstrate the wall scaling of the LCS from eLNS by

re-plotting figures 4.5(a) and 4.5(b) for the model. In figure 4.5(d) we observe the

collapse of the contours when plotted as a function of (λx/z2, λy/z2). The contours

collapse for approximately the same range of scales as in DNS. This self-similar

scaling of the 2-D LCS from eLNS indicates that the model not only captures the

large-scale structures of the flow, but also captures their self-similar behaviour.

4.6 The effect of spatial correlations of forcing

on the LCS

In the previous sections we observed that the structures from LNS, in the presence

of stochastic forcing, are highly localised in the wall-normal direction. In the

current section we analyse whether the addition of spatial correlations of forcing

(computed from DNS) to LNS will make these structures coherent over a wider

range of wall heights, and hence bring the trends of coherence obtained from

the model closer to DNS. Here we do not consider eLNS with the addition of

spatial correlations of forcing. This is because the eddy viscosity in eLNS already

incorporates a model for the non-linear forcing.
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Figure 4.5: The contour level corresponding to γ2 = 0.3 plotted for a fixed
value of z+

1 ≈ 40 and for different values of z2 such that 2.6
√
Reτ ≤ z+

2 ≤
0.15Reτ . The contours are plotted (a,b) from the DNS dataset and (c,d) from
eLNS. The plots in (a,c) show the contour levels plotted as a function of λx/h
and λy/h while the plots in (b,d) show the collapse of the contour levels when
plotted as a function of λx/z2 and λy/z2. In addition to the collapse of the
γ2 = 0.3 contours, (b,d) also show the collapse of the contours corresponding
to γ2 = 0.1 and γ2 = 0.5, with darker colours corresponding to higher values of

γ2.

To incorporate the spatial correlations of forcing to LNS, we first compute the

2-D Fourier coefficient of the non-linear term d̂(kx, ky) for each wavenumber pair

(kx, ky), using the DNS dataset of Encinar et al. (2018). The correlations of

the non-linear term 〈d̂(zi, t), d̂(zj, t)∗〉 are then obtained, which is averaged in

time to obtain the matrix R(kx, ky). We now define a new linear model sLNS,

where the forcing d̂(kx, ky) is correlated in the wall-normal direction, with the

correlations given by R(kx, ky). These spatial correlations are included in the
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Figure 4.6: The LCS plotted from sLNS and compared with the LCS from
DNS and LNS, with z+

2 ≈ 300 (= 0.15Reτ ), and z+
1 ≈ 100.

Lyapunov equation (4.1)

AX +XA† = −BRB†. (4.4)

As before, the matrix X gives the correlations of the velocity-vorticity vector

limt→∞〈q̂q̂∗〉, which is then used to obtain the velocity correlations limt→∞〈ûû∗〉 =

CXC† (see §3.2.2). The velocity correlations are then used to compute the LCS

using (4.2).

Figure 4.6 shows the comparison of the LCS computed sLNS, to LNS and DNS.

Here, as an example, the wall-normal locations are taken to be z+
2 ≈ 300 and

z+
1 ≈ 100. The basic trend of the larger scales showing more coherence than the

smaller scales, is captured by sLNS. However, the contours from sLNS only have

slight variations from LNS, and neither model captures the trends of the LCS

from DNS. The large-scale structures from both LNS and sLNS show very low

coherence, in contrast to the structures from DNS. Hence, even with the addition

of the spatial correlations of forcing to LNS, the structures from the model show

very low coherence, unlike in DNS. This suggests that coloured-in-time forcing is

essential for modelling coherent large-scale structures using the linearized Navier-

Stokes equations.



Linear coherence spectrum from the linearized Navier–Stokes equations 52

4.7 Chapter Summary

In this chapter we studied the 2-D Linear Coherence Spectrum (LCS) computed

for a turbulent channel flow at Reτ = 2000, and compared it with the 2-D LCS

computed from the linearized Navier–Stokes equations. The 2-D LCS computed

from DNS data indicates the presence of large-scale structures that i) are coherent

over large wall-normal distances (figure 4.2 and 4.3); ii) show high coherence close

to the wall (figure 4.2(e) & figure 4.4(a)); and iii) are self-similar (figure 4.5(b)).

These observations are all consistent with those made using the 1-D LCS in Baars

et al. (2017). We studied the extent to which each of these three features of

the large-scale structures are captured by the linearized Navier–Stokes equations

subject to stochastic forcing.

The stochastically forced linearized Navier-Stokes equations, denoted here as LNS,

model structures that are highly localised in the wall-normal direction and are

therefore coherent only over small wall-normal distances. We also observed that

even with the addition of the spatial correlation of forcing (computed from DNS)

to LNS, the structures remain localised and do not show coherence over large

wall-normal distances (figure 4.6(a)).

By considering a model where the kinematic viscosity is augmented with an eddy

viscosity profile, denoted here as eLNS, the structures that are modelled become

coherent over larger wall-normal distances and show better agreement with DNS

(figure 4.2, figure 4.3, figure 4.4(b) & figure 4.4(c)). This suggests that eLNS cap-

tures the first of the three features, i.e. coherence over large wall-normal distances.

As well as modelling coherent large-scale structures, eLNS is also able to capture

the self-similarity of the structures, as observed from the wall scaling of the LCS

(figure 4.5(d)). However, the structures from eLNS show lower coherence than

DNS in the near-wall region (figure 4.2(e) & figure 4.4(a)), and, therefore, eLNS

does not capture the second of the three features considered, i.e. high coherence

close to the wall.



Chapter 5

Linearized Navier–Stokes based

spectral linear stochastic

estimation

In this chapter, a coherence-based estimation technique, spectral linear stochastic

estimation (SLSE), is used to build linear estimators from the linearized Navier-

Stokes equations. The estimator uses the instantaneous streamwise velocity field

or the 2-D streamwise energy spectrum at one wall-normal location (obtained from

DNS), to predict the same quantity at other wall-normal locations.

5.1 Introduction

As discussed in §2.1.1, the coherence-based estimation technique of spectral linear

stochastic estimation (SLSE) introduced by Tinney et al. (2006) was used by Baars

et al. (2016) to estimate turbulent wall-bounded flows. In this chapter, we further

study the coherent large-scale structures modelled by the linearized Navier-Stokes

equation using SLSE. For this, we use SLSE to build linear estimators using the

linearized Navier-Stokes equations. The estimators take as input the instantaneous

53
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velocity field or the 2-D energy spectrum at one wall-normal location to provide

the estimate of the same quantity at a different wall-normal location.

The linear models considered here are the same as those used in chapter 4, where

the nonlinear terms of the linearized equations are considered to act as a forcing,

and this forcing is assumed to be stochastic and white-in-time (McKeon & Sharma,

2010, Hwang & Cossu, 2010a,b, Willis et al., 2010). The two variations of the

model that are discussed in §3.1 are considered: (i) LNS and (ii) eLNS. In this

chapter we obtain the estimates of the instantaneous streamwise velocity and

the 2-D streamwise energy spectrum using DNS, LNS and eLNS. Further, the

estimates obtained from LNS and eLNS are compared with the estimates obtained

from DNS. As in chapter 4, the DNS dataset obtained from Encinar et al. (2018)

are used for comparison. We will see that the results are significantly improved

by the inclusion of an eddy viscosity profile, consistent with chapter 4.

5.2 Description of SLSE

The estimation tool used here is Spectral Linear Stochastic Estimation (SLSE),

which was introduced in Tinney et al. (2006). Before showing any results, we first

review SLSE. In SLSE, a complex-valued linear transfer kernel HL(z1, z2; kx, ky) is

defined that takes as input the Fourier coefficient of the streamwise velocity at a

wavenumber pair (kx, ky) and a wall-height z2 (û(z2; kx, ky)). The same quantity

is estimated at a different wall-height z1 (û′(z1; kx, ky)), and this can be written as

û′(z1; kx, ky) = HL(z1, z2; kx, ky)û(z2; kx, ky), (5.1)

where the ′ represents the estimated quantity.
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Multiplying (5.1) with the complex-conjugate of û(z2; kx, ky) and taking an ensem-

ble average gives the transfer kernel HL(z1, z2; kx, ky)

HL(z1, z2; kx, ky) = 〈û(z1; kx, ky)û∗(z2; kx, ky)〉
〈û(z2; kx, ky)û∗(z2; kx, ky)〉

= |HL(z1, z2; kx, ky)|eiψ(z1,z2;kx,ky).

(5.2)

Here ψ(z1, z2; kx, ky) represents the phase of the transfer kernel. The denominator

in (5.2) is the 2-D energy spectrum at z2 and the numerator is the complex-

valued cross-spectrum between z2 and z1. The magnitude of the transfer kernel

|HL(z1, z2; kx, ky)| can be computed from the absolute value of the cross-spectrum

and the spectrum

|HL(z1, z2; kx, ky)| =
| 〈û(z1; kx, ky)û∗(z2; kx, ky)〉 |
| 〈û(z2; kx, ky)û∗(z2; kx, ky)〉 |

=

√√√√γ2 〈|û(z1; kx, ky)|2〉
〈|û(z2; kx, ky)|2〉

. (5.3)

The magnitude of the transfer kernel can be understood as the linear coherence

spectrum scaled by the ratio of the 2-D energy spectra at z1 and z2 (Baars et al.,

2016).

Only the scales that are coherent between z1 and z2 can be properly estimated

using SLSE. In other words, if a threshold value γ2
T is defined such that only scales

with γ2 > γ2
T are considered coherent, the transfer kernel HL(z1, z2; kx, ky) can

provide correct estimates only for these coherent scales. However, HL(z1, z2; kx, ky)

can have non-zero magnitudes at the incoherent scales with γ2 < γ2
T . Hence, using

HL(z1, z2; kx, ky), we will erroneously obtain estimates for these incoherent scales.

To avoid this, HL(z1, z2; kx, ky) is set to zero for wavenumber pairs where γ2 < γ2
T ,

yielding a filtered transfer kernel HL(z1, z2; kx, ky)filt (Tinney et al., 2006, Baars

et al., 2016), which is used for estimation. Here, a threshold value of γ2
T = 0.05

is chosen. Provided γ2
T is kept sufficiently low, the exact choice of the threshold

value does not have a significant effect on the results.
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Figure 5.1: (a) The instantaneous streamwise velocity field and (b) the cor-
responding 2-D energy spectrum from the DNS dataset at z+

1 ≈ 100. (c) The
instantaneous streamwise velocity field estimated at z+

1 ≈ 100 using the DNS
dataset and (d) the corresponding 2-D energy spectrum. Here z+

2 ≈ 300.

5.3 Estimation of the 2-D energy spectrum

Using SLSE, the 2-D energy spectrum at a wall-height z1 can be estimated using

only the 2-D energy spectrum at another wall-height z2 as an input. In other

words, the estimates of the 2-D energy spectrum can be obtained without di-

rectly estimating the time-resolved instantaneous velocity fields. From (5.1) we

see that the estimation of the 2-D energy spectrum requires the magnitude of

HL(z1, z2; kx, ky) and can be written as

φ′uu(z1; kx, ky) = |HL(z1, z2; kx, ky)|2φuu(z2; kx, ky), (5.4)

where φuu(z; kx, ky) represents the 2-D energy spectrum of streamwise velocity at

a wall height z.

5.4 Estimation using the DNS dataset

Before looking at the estimation from the linear models LNS and eLNS, we re-

quire a benchmark against which the estimates from the models can later be
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compared. The best estimate using SLSE is that obtained by the transfer ker-

nel HL(z1, z2; kx, ky) computed from DNS (Baars et al., 2016). The velocity sig-

nals from DNS are hence used to obtain the correlations required to compute

HL(z1, z2; kx, ky) using (5.2), and the LCS computed from the same data (in §4.3)

is used to filter the transfer kernel and obtain (HL(z1, z2; kx, ky))filt. Using this

transfer kernel, the estimated velocity field at z1 can be obtained with the veloc-

ity field at z2 provided as an input. This is the 2-D equivalent of the estimation

performed in Baars et al. (2016) for the 1-D velocity field. As an example, in this

section we consider the estimation of the velocity fluctuations and the 2-D energy

spectrum at z+
1 ≈ 100, taking the same quantities at z+

2 ≈ 300 as an input.

Figure 5.1(c) shows the estimate of the instantaneous velocity field at z+
1 ≈ 100

obtained using the transfer kernel built from the DNS data. The corresponding

2-D energy spectrum is shown, in pre-multiplied form, in figure 5.1(d). According

to (5.3) and (5.4), the energy spectrum of the estimated field at z1 is simply the 2-D

energy spectrum at z1 multiplied by the LCS between z1 and z2 (γ2φuu(z1; kx, ky)).

For comparison, the instantaneous velocity field and 2-D energy spectrum at z+
1 ≈

100, directly obtained from the DNS dataset, is shown in figures 5.1(a) and 5.1(b)

respectively. We see that only the larger scales remain in the estimated velocity

field and 2-D energy spectrum at z1. This is because only these scales are coherent

between z1 and z2, as observed in §4.3.

5.5 Estimation using the linear models

SLSE can also be used in conjunction with the linear models to estimate the instan-

taneous velocity field and the 2-D energy spectrum. The statistically converged

velocity correlations from LNS and eLNS are required to compute HL(z1, z2; kx, ky)

for each model. These correlations are obtained by solving the Lyapunov equa-

tion (4.1). The LCS computed from the model in §4.3 is then used to obtain

HL(z1, z2; kx, ky)filt. This HL(z1, z2; kx, ky)filt computed from the model takes as

input the velocity field or the 2-D energy spectrum (from DNS) at a measurement
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Figure 5.2: (a,c,e) The estimated instantaneous streamwise velocity field and
(b,d,f) the corresponding 2-D energy spectrum obtained using (a,b) the DNS
dataset, (c,d) LNS and (e,f) eLNS. The estimate is obtained at z+

1 ≈ 100 based
on a measurement at z+

2 ≈ 300.

location of z2. The estimated velocity field or 2-D energy spectrum at z1 is then

obtained.

Figures 5.2(c) and 5.2(e) show the estimates of the instantaneous streamwise ve-

locity field obtained at z+
1 ≈ 100 using a measurement at z+

2 ≈ 300, from LNS and

eLNS, respectively. From these estimated velocity fields we see that the magnitude

of the velocity fluctuations is not obtained correctly by either model. This is also

reflected in the estimated 2-D energy spectra in figures 5.2(d) and 5.2(f) where,

for the combination of z1 and z2 considered, LNS underestimates the energy of the

large scales while eLNS overestimates it. We observed in §4.3 that the large-scale

structures modelled by LNS are coherent only over a narrow range of wall-heights.

This observation explains the underestimation of energy by this model. On the

other hand, eLNS overestimates the energy even though it better models the LCS,

and hence the coherence of the large-scale structures. This is because the model

does not correctly obtain the magnitude of the ratio of the spectra at z1 and z2



Linearized Navier–Stokes based spectral linear stochastic estimation 59

Figure 5.3: (a,c,e) The estimated instantaneous streamwise velocity field and
(b,d,f) the corresponding 2-D energy spectrum obtained using (a,b) the DNS
dataset, (c,d) LNS and (e,f) eLNS, normalized by 〈u′2〉1/2 and 〈u′2〉 respectively.
The estimate at z+

1 ≈ 100 based on a measurement at z+
2 ≈ 300 is shown. The

contour lines in (b,d,f) correspond to (kxkyφu′u′/u2
τ )/〈u′2〉 = 0.05, 0.1 and 0.15.

that is used in (5.3).

From figure 5.2(e) we see that eLNS captures the distribution of the large scale

structures reasonably well. The model also approximately obtains the phase of

these structures. Hence, although the actual magnitudes of the velocity fluctu-

ations are overestimated by eLNS, the model captures large-scale flow features

similar to DNS. To clarify this argument further, we normalize the estimated

streamwise velocity and the energy spectra by 〈u′2〉1/2 and 〈u′2〉 respectively. The

normalization factor is computed separately for DNS, LNS and eLNS by inte-

grating the estimated energy spectra. Figure 5.3 shows the normalized estimates

corresponding to the estimates from DNS, LNS and eLNS in figure 5.2.

Considering the estimate from LNS in comparison to DNS, we see from figure

5.3(c) that the model estimates only the very large scales, and only these scales

remain energetic in the estimated 2-D energy spectrum shown in figure 5.3(d).
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The estimate from LNS hence does not agree with those obtained from DNS.

However, figure 5.3(e) shows that with the addition of an eddy viscosity profile,

the distribution and phase of the large-scale structures are represented well by the

linear model. From the estimated energy spectrum in figure 5.3(f) we see that the

relative distribution of energy among the large-scale structures, i.e. the shape of

the pre-multiplied energy spectrum, is captured reasonably well by the model.

5.6 Varying the estimation location

So far only one estimation location of z+
1 ≈ 100 has been considered. To investigate

the quality of estimation over a range of wall-normal locations, we now consider

multiple estimation locations in the inner region of the flow at 10 < z+
1 < 200,

as shown in figure 5.4. In this figure the energy spectra are normalized by the

variance, as previously shown in figure 5.3.

We first consider the estimates obtained using LNS. As z1 moves away from z2, the

scales for which a non-zero estimate is obtained diminishes rapidly. An explanation

for this can be obtained from the trends of the LCS plotted using LNS in §4.3,

which showed that the coherence of the large scales quickly drops as z1 moves

away from z2. In consequence, LNS does not estimate the shape of the 2-D energy

spectrum. (It should be noted that the energies estimated by LNS in figure 5.4(e)

are very small due to the low values of coherence, and appears significant only due

to the normalization.)

Now we look at the estimates obtained using eLNS. From figure 5.4 we see that

this model provides a non-zero estimate for a wider range of z1. This is consistent

with the conclusion made using the LCS in §4.3 that the large-scale structures from

eLNS are coherent over large wall-normal distances. Interestingly, for a range of z1,

the shape of the 2-D pre-multiplied energy spectrum is approximately estimated by

eLNS. In other words, the model captures the relative distribution of energy among

the large scales reasonably well when compared with DNS. The correspondence

with DNS deteriorates as z1 moves close to the wall. This is the region where the
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Figure 5.4: The estimates (in pre-multiplied form) of the 2-D energy spectrum
normalized by 〈u′2〉, from DNS, LNS and eLNS, at z+

1 ≈ 200, 150, 100, 50 and 10
(top row to bottom row), with z+

2 ≈ 300. The contour lines correspond to
(kxkyφu′u′/u2

τ )/〈u′2〉 = 0.05, 0.1 and 0.15. The regions where the estimate is
zero (white) indicate scales that are incoherent and hence not estimated by the

models.
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coherence from the model was observed to be too low in comparison to DNS in

§4.3. Hence, though eLNS cannot accurately estimate the magnitude of the 2-D

energy spectrum, it can provide a reasonable estimate for the shape of the energy

spectrum if z1 is away from the wall.

5.7 Chapter Summary

In §4 we compared the large-scale structures from LNS and eLNS with those from

DNS based on three features: i) coherence over large wall-normal distances; ii)

high coherence close to the wall; and iii) self-similarity. In the current chapter we

observed that these features of the large-scale structures also have an important

effect on any efforts to estimate them. In particular we used the linearized Navier–

Stokes equations together with spectral linear stochastic estimation (SLSE) to

build two linear estimators: the first using LNS and the second using eLNS. Each

estimator uses the instantaneous velocity fluctuations or the 2-D energy spectrum

at a measurement location of z+ ≈ 300 (obtained from DNS) to estimate the same

quantity over a range of wall-normal locations. For LNS the energy of the esti-

mated structures quickly drops to zero as the estimation location moves away from

the measurement location (figure 5.4). This is explained by the highly localized

nature of the structures in the wall-normal direction (see chapter 4). For eLNS,

meanwhile, the estimate remains energetic over a wider range of wall heights. This

is consistent with the observations made using the LCS from eLNS in chapter 4.

Furthermore the model is able to capture the relative distribution of the large-

scale structures and their energies across wavelengths (figure 5.3 and figure 5.4).

However, there are two aspects of the streamwise velocity fields that cannot be

captured by eLNS. First, the magnitude of the velocity fluctuations and hence the

2-D energy spectrum are not well-captured by the model. This is because, when

considering a coherent large-scale eddy, the ratio of its energy between any two

wall-normal locations is not well-captured by eLNS. And second, eLNS does not

correctly capture the features of the flow in the near-wall region. Nevertheless the

stochastically forced linearized Navier-Stokes equations, with the inclusion of an
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eddy viscosity profile, are able to model with reasonable accuracy the large-scale,

self-similar structures observed in turbulent channel flows. This is encouraging for

future efforts towards their modelling, estimation and control.



Chapter 6

Navier–Stokes based linear model

for stratified turbulent channel

flows

Previous work has demonstrated that the linearized Navier-Stokes equations model

the coherent large-scale structures in turbulent wall-bounded flows reasonably well.

In this chapter we aim to understand if this linear model can be extended to study

the coherent large-scale structures that have been observed in the direct numerical

simulations (DNS) of unstably stratified turbulent channel flows (Pirozzoli et al.,

2017, Blass et al., 2019). In particular, we concentrate on the quasi-streamwise

rolls observed in these flows. The large-scale structures obtained from the linear

model are compared to the quasi-streamwise rolls observed in DNS.

6.1 Introduction

Streamwise-elongated large-scale structures play an important role in wall-bounded

shear flows (e.g. Brown & Thomas, 1977, Kim & Adrian, 1999, Zhou et al.,

1999, Adrian et al., 2000, Ganapathisubramani et al., 2003, Hutchins et al., 2005,

Tomkins & Adrian, 2005, Dennis & Nickels, 2011, Jiménez, 2012, Hutchins &
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Marusic, 2007b,a, Monty et al., 2007, Smits et al., 2011, Guala et al., 2006, Bal-

akumar & Adrian, 2007). Hence a significant number of studies have concentrated

on the modelling of these structures (e.g. Del Álamo & Jiménez, 2006, Pujals et al.,

2009, Cossu et al., 2009, McKeon & Sharma, 2010, Hwang & Cossu, 2010a,b, Willis

et al., 2010, Gayme et al., 2010, 2011). In many real-world flows, in addition to

the shear-driven mechanisms that are active in these wall-bounded turbulent flows,

buoyancy can also play an important role. From the direct numerical simulations

of stratified turbulent flows that incorporate both the mechanisms of shear and

buoyancy, we know that large-scale flow features play a crucial role in these flows

as well (e.g. Domaradzki & Metcalfe, 1988, Garai et al., 2014, Pirozzoli et al., 2017,

Blass et al., 2019). However, the modelling of the large-scale features in these flows

have received significantly less attention. Hence in the current work we would like

to determine if a linearized Navier-Stokes based model can capture the flow struc-

tures that emerge from competing shear-driven and buoyancy-driven mechanisms

in fully turbulent flows. For this purpose we analyze a linearized Navier-Stokes

based model for stratified turbulent channel flows.

Before concentrating on the linear model, we first discuss the large-scale structures

that are obtained from the competition of shear and buoyancy (Pirozzoli et al.,

2017, Blass et al., 2019). For this purpose we concentrate on the direct numerical

simulation (DNS) dataset of Pirozzoli et al. (2017). They considered a turbulent

channel flow and heated the bottom wall of the channel and cooled the top wall,

thereby introducing unstable stratification into the flow. In their flow visualisa-

tions, for certain parameter ranges where the effect of buoyancy relative to shear

was low, they observed no discernible pattern in the flow fields (see figure 3(j) and

5(j) of Pirozzoli et al. (2017) shown here in figure 6.1(a) and 6.1(b), respectively).

As they increased the effect of buoyancy or equivalently decreased the effect of

shear, they observed the emergence of large structures that are as long as the length

of the channel (see figure 3(f ) of Pirozzoli et al. (2017) shown here in figure 6.1(c)).

These quasi-streamwise rolls that appear in these flows are channel-wide plume-

like features (see figure 5(f ) of Pirozzoli et al. (2017) shown here in figure 6.1(d)).

The temperature fluctuations of these plumes have a channel-wide distribution
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Figure 6.1(a,c) Figures 3(j) and 3(f ) from Pirozzoli et al. (2017) show temper-
ature fluctuations in the wall-parallel plane located at the channel centreline.
(b,d) Figures 5(j) and 5(f ) from Pirozzoli et al. (2017) show the streamwise-
averaged temperature fluctuations in the cross-stream plane. Two values of bulk
Richardson numbers (a,b) Rib = 0.001 and (c,d) Rib = 1 are shown. It should
be noted that in Pirozzoli et al. (2017), x, y and z represents the streamwise,
wall-normal and spanwise directions, respectively (the convention followed in

this chapter is different, and is explained in §6.2).

with two peaks located at each of the walls. Hence the DNS study of Pirozzoli

et al. (2017) shows that we obtain streamwise-constant channel-wide plume-like

features from competing shear-driven and buoyancy-driven mechanisms.

From the perspective of modelling the large-scale structures in wall-bounded flows

using a linear model, these streamwise-constant structures are important. Linear

analysis of the Navier-Stokes equations have shown that the streamwise-constant

structures are the most linearly amplified features in turbulent wall-bounded flows

(Del Álamo & Jiménez, 2006, Pujals et al., 2009, Cossu et al., 2009, Hwang &

Cossu, 2010a,b). More recently, Illingworth (2019) used a linear analysis to show

that, owing to the symmetry properties of Couette flow, it can very efficiently

leverage the mean wall-normal shear to produce channel-wide streamwise-constant

rolls. Importantly, this finding is consistent with the observations made from DNS

and experiments (Bech et al., 1995, Komminaho et al., 1996, Papavassiliou &
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Hanratty, 1997, Tillmark & Alfredsson, 1998, Kitoh et al., 2005, Tsukahara et al.,

2006, Kitoh & Umeki, 2008, Avsarkisov et al., 2014, Pirozzoli et al., 2014, Lee &

Moser, 2018). In the case of stratified channel flows, Jerome et al. (2012) used the

linearized Navier-Stokes equations to study these flows in the laminar regime. Here

again they showed that the streamwise-constant structures are the most amplified

features, and that these features are also the most sensitive to a variation in the

effect of buoyancy. These observations suggest that the quasi-streamwise rolls

that appear in fully turbulent stratified channel flows can be captured using linear

models of the flow.

Therefore, in the current chapter we build a linearized Navier-Stokes based model

for a stratified turbulent channel flow. We consider bulk Richardson numbers

(Rib) between 0.001 and 0.1 (Rib = 2βg∆θh/u2
b indicates the relative importance

of buoyancy and shear, and is defined using the thermal expansion coefficient β,

the acceleration due to gravity g, temperature difference ∆θ maintained across the

walls, the channel half-height h and the bulk velocity ub). The aim thereafter is

to understand to what extent the model can capture the quasi-streamwise rolls in

these flows. From DNS we know that these structures have length scales compa-

rable to the channel length (Pirozzoli et al., 2017). Hence we concentrate on the

streamwise-constant structures to model these flow features, thereby fixing their

streamwise length-scales. In contrast, it would be interesting to analyze these

structures without a priori selecting their spanwise length-scales or their temporal

frequencies. One way to achieve this would be to study the impulse response of

the linear operator. Since an impulse forces every Fourier mode considered, there

is no need to a priori choose a spanwise wavelength.

Impulse response of the linear operator was first studied in the context of lami-

nar channel flows (Jovanović & Bamieh, 2001b, Jovanović, 2004, Schmid, 2007).

In this case streamwise streaks, similar to those experimentally observed in both

transitional and fully turbulent flows, emerged as a response to the impulse. Har-

iharan et al. (2018) also extended this analysis technique to study viscoelastic

fluids. Of more direct relevance to the current work is the study by Vadarevu

et al. (2019) where an analysis of the impulse response of a turbulent channel flow
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was carried out. Motivated by the results of these work, to analyze the linear

model for a stratified turbulent channel flow, here we compute its response to an

impulse. An impulse located at a streamwise and spanwise location of (0, 0) and at

some prescribed wall-normal location is used to force the linearized equations. We

study the response to this impulse as a function of time, and analyze the coherent

structures in the response.

As observed in the DNS study of (Pirozzoli et al., 2017), the relative effect of shear

and buoyancy in the flow will have a significant impact on the coherent structures.

It is therefore important to consider the impact of varying the influence of buoy-

ancy (relative to shear) on these coherent structures. Additionally, the relative

importance of the competing shear-driven and buoyancy-driven mechanisms in

stratified channel flows varies with wall-height. More specifically, as we move

away from the wall and towards the channel centreline, the contribution of the

buoyancy-driven mechanisms to the turbulent kinetic energy production increases

relative to the shear-driven mechanisms (Tennekes & Lumley, 1972). Hence it

is also important to consider the impact of varying the forcing locations (in the

wall-normal direction) on the coherent structures in the impulse response.

The linearized Navier-Stokes based model for stratified turbulent channel flows is

described in §6.2. The details of how the impulse response is calculated is given in

§6.3, and the coherent structures that appear in these impulse responses are shown

in §6.4. In §6.5 the impact of varying the influence of buoyancy (relative to shear)

on these coherent structures is considered. Further, in §6.6 we describe the impact

of varying the forcing locations. In §6.7 the role of the streamwise-varying modes

on the modelling of the quasi-streamwise rolls is discussed. We will see that the

streamwise-constant linearized Navier-Stokes equations capture pertinent features

of the quasi-streamwise rolls in unstably stratified turbulent channel flows.
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6.2 Linear Model

A statistically steady, incompressible turbulent channel flow is considered, with the

streamwise, spanwise and wall-normal directions denoted by x, y and z, respec-

tively, and the corresponding velocity components by u, v and w. The temperature

is denoted by θ. A temperature difference ∆θ maintained across the walls gives

rise to an unstable stratification. Here, the velocities are normalized by the fric-

tion velocity uτ =
√

(τw/ρ), where τw is the wall shear stress and ρ is the density,

the spatial variables by the channel half-height h and the temperature by ∆θ.

The pressure fluctuations p are normalized by ρu2
τ . The non-dimensional channel

half-height is unity.

The non-dimensional numbers that define the problem are (i) the bulk Reynolds

number Reb = 2hub/ν defined using the bulk velocity ub, the channel half-height

h and the kinematic viscosity ν, (ii) the Rayleigh number Ra = (8βg∆θh3)/(αν)

where α is the thermal diffusivity, and (iii) the Prandtl number Pr = ν/α. These

non-dimensional numbers are used to define a bulk Richardson number Rib =

Ra/(Re2
bPr) that indicates the relative importance of buoyancy and shear. This

Rib will be used extensively in the later sections of this work as an indicator of the

relative effects of buoyancy and shear. Additionally the friction Reynolds number

is defined as Reτ = uτh/ν, and a corresponding friction Richardson number is

defined as Riτ = βg∆θh/u2
τ . The non-dimensional equations of this system are:

∂u
∂t

+ U
∂u
∂x

+ w
dU

dz
î +∇p−∇ · (νT∇u)−Riτθk̂ = d, ∇ · u = 0,

∂θ

∂t
+ U

∂θ

∂x
+ w

∂Θ
∂z
−∇ · (αT∇θ) = dθ

(6.1)

where u = (u, v, w) are the velocity fluctuations, U(z) is the turbulent mean-

velocity profile and Θ(z) is the mean-temperature profile. The terms î, ĵ and k̂

denote the unit vectors along x, y and z, respectively. Here d = (dx, dy, dz) =

−u ·∇u+u · ∇u represents the nonlinear terms in the velocity equation and dθ =

−u · ∇θ + u · ∇θ represents the nonlinear terms in the equation for temperature.
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The mean-velocity and the mean-temperature profiles required as input for the

model are obtained from Pirozzoli et al. (2017).

From the literature we know that the linearized Navier-Stokes equations aug-

mented with an eddy-viscosity profile correctly predicts the length-scales of the co-

herent structures in turbulent wall bounded flows without stratification (Reynolds

& Hussain, 1972, Del Álamo & Jiménez, 2006, Pujals et al., 2009, Hwang & Cossu,

2010b). Inspired by this here the viscosity and the thermal diffusivity are aug-

mented by wall-normally varying eddy-viscosity νt(z) and eddy-diffusivity αt(z)

profiles, respectively. Hence in (6.1), νT (z) = ν+νt(z) and αT (z) = α+αt(z). The

Cess (1958) profile that was used in chapters 4 and 5 to compute νt for a turbulent

channel flow cannot accurately model the mean profiles for the case of a stratified

turbulent channel flow. Therefore, the profiles for νt and αt are computed from

the mean profiles of Pirozzoli et al. (2017) using (Tennekes & Lumley, 1972)

νt(z) = uw+

dU+/dz
, αt(z) = θw

+

dΘ+/dz
. (6.2)

The computation of eddy-viscosity and eddy-diffusivity is further discussed in

§6.2.2.

6.2.1 Orr-Sommerfeld-Squire form

The model in (6.1) can now be written in Orr-Sommerfeld Squire (OSS) form,

augmented with the equation for the temperature fluctuations. A two-dimensional

(2-D) Fourier transformation of u, θ and d in the homogeneous streamwise and

spanwise directions gives the respective Fourier coefficients û(z, t; kx, ky) = (û, v̂, ŵ),

θ̂(z, t; kx, ky) and d̂(z, t; kx, ky) = (d̂x, d̂y, d̂z). Here (kx, ky) are the streamwise

and spanwise wavenumbers, and (λx, λy) the corresponding wavelengths. The

wavenumbers are non-dimensionalised by (1/h) and the wavelengths by h. In

terms of these Fourier coefficients, the Orr-Sommerfeld Squire form of the model
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in (6.1) is (Jerome et al., 2012)

˙̂q = Aq̂ +Bd̂,

û = Cq̂.
(6.3)

The vector q̂ = (ŵ, η̂, θ̂) is formed with Fourier coefficients of the wall-normal

velocity, wall-normal vorticity and temperature. We therefore have an additional

variable, θ, when compared to the standard OSS equations. The boundary condi-

tions enforced on both walls are ŵ(±1) = ∂ŵ/∂z(±1) = η̂(±1) = θ̂(±1) = 0. The

definitions of the matrices A, B and C are

A(kx, ky) =


(D2 − k2) 0 0

0 I 0

0 0 I


−1 

LOS 0 −Riτ k2

−ikyU ′ LSQ 0

−Θ′ 0 LSQT

 , (6.4)

B(kx, ky) =


∆−1 0 0

0 I 0

0 0 I




−ikxD −ikyD −k2 0

iky −ikx 0 0

0 0 0 1

 , (6.5)

C(kx, ky) = 1
k2



ikxD −iky 0

ikyD ikx 0

k2 0 0

0 0 k2


. (6.6)

Here D and ′ represent differentiation in the wall-normal direction, and ∆ =

D2 − k2 where k2 = k2
x + k2

y. The matrices LOS and LSQ in (6.4) are the Orr-

Sommerfeld and Squire operators, respectively. An additional operator LSQT ap-

pears in A(kx, ky) from the equation for θ in (6.1). These operators are defined

as

LOS = −ikxU∆ + ikxU
′′ + νT∇4 + 2ν ′TD∇2 + ν ′′T (D2 + k2),

LSQ = −ikxU + νT∇2 + ν ′TD,

LSQT = −ikxU + αT∇2 + α′TD.

(6.7)
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Table 6.1: The table provides the details of the three cases with different
Richardson numbers considered. The colour scheme shown is used throughout

this chapter.

6.2.2 Computation of the eddy-viscosity profile from DNS

The computation of the eddy-viscosity and the eddy-diffusivity profiles are sensi-

tive to the noise in the mean profiles used in (6.2). This is especially true when

i) the value of Ra is high, and ii) noise in the mean profiles is present towards

the channel centre where the profiles of U and Θ plateau, and hence have very

small derivatives (figure 12a and 12b in Pirozzoli et al. (2017)). The profiles of

νt and αt can therefore become unphysical in the presence of noise in this region

of the channel. To avoid this problem of working with unphysical viscosity and

diffusivity profiles, we use the method of interpolating the profiles that was used

by Cossu et al. (2009) for the case of a boundary layer. For this purpose, until

a specified wall-height z∗ we construct the profiles of νt and αt using the mean

profiles obtained from DNS. To obtain the profiles in the region beyond z∗ we

use interpolation. The value of z∗ is chosen so as to avoid evaluating (6.2) in the

region where the derivatives of U and Θ are too small, or where the mean-profiles

are noisy.

For the purposes of this chapter νt and αt are constructed for three cases with

different Rib (the parameters of these cases are shown in table 6.1). Higher values

of Ra are not considered because of the higher levels of noise in the available

profiles. The eddy-viscosity for all three cases are computed with |z∗| = 0.05. It

should be noted that here −1 < z∗ < 1, with z∗ = 0 hence representing the channel

centreline. The eddy-diffusivity profiles for the cases with Rib = 0.001 and 0.01 are

also computed with |z∗| = 0.05. For the eddy-diffusivity at Rib = 0.1, |z∗| = 0.3,

thereby considerably extending the interpolated region. The effect of changing

z∗ = 0.3 is shown in §A.2.
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Since the calculation of the eddy-viscosity and eddy-diffusivity profiles are sensitive

to the noise in the mean profiles, computing these profiles from the data obtained

from DNS or experiments is challenging. Hence there is the need to obtain a

model, such as a modified Cess profile (Cess, 1958), for the case of stratified

channel flows. The modified log-law obtained by Scagliarini et al. (2015) could

potentially be useful for this purpose. This direction is left as future work and is

not currently pursued in this chapter. As shown in §A.2, the conclusions derived

from this chapter remain largely unaffected by any noise in the profiles.

6.3 Coherent structures from the impulse response

In the current work we analyze if the linear model described in the previous section

can model the quasi-streamwise rolls in unstably stratified channel flows (Pirozzoli

et al., 2017, Blass et al., 2019). By the very definition of these structures we

know that only the largest streamwise length-scales are important for the purposes

of modelling them, and can therefore choose to analyze only these scales. In

contrast, it would be convenient if we do not have to a priori choose the spanwise

length-scales or the temporal frequencies of these structures. In the context of

a turbulent channel flow, Vadarevu et al. (2019) looked at the impulse response

of the linearized Navier–Stokes equations, thereby removing this requirement of

selecting a Fourier mode to analyze. Motivated by this, to study the linear model

for stratified turbulent channel flows, in this work we compute the response of the

linear operator (6.3) to an impulse. In this case an impulse in physical space is used

to force the linearized equations. The response to this impulse is computed, which

eliminates the requirement of choosing a Fourier mode to analyze the coherent

structures in the flow.

To compute this impulse response, an impulse centred at a wall-normal location

zf is introduced to the linearized equations at x = y = t = 0. The spatio-temporal

impulse is denoted by a Dirac delta function δ(x − x0, t). This impulse can be
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factored into impulses in x, y, z and t, i.e.

δ(x− x0, t) = δ(x)δ(y)δ(z − zf )δ(t). (6.8)

A Fourier decomposition of δ(x− x0, t) in x and y gives a coefficient of unity for

all kx and ky. Hence (6.3) can now be written as

˙̂q = Aq̂ +Bd̂δ(t),

û = Cq̂.
(6.9)

where d̂(z) = [mxδ(z − zf ),myδ(z − zf ),mzδ(z − zf ),mθδ(z − zf )]. The values

of mx, my, mz and mθ set the coefficients of the different components of forcing.

The delta function in the wall-normal direction is approximated with a Gaussian

function of the form

δ(z − z0) = K

2
√
πε

exp
(
−(Reτ (z − zf ))2

4ε

)
. (6.10)

The value of zf sets the wall-normal location at which the impulse is centred, and

ε sets the width of the impulse. Following Vadarevu et al. (2019), the value of

ε is chosen to be z+
f /4 and the constant K is chosen such that the area under

the Gaussian function (6.10) is unity. To compute the impulse response, the

code developed by Vadarevu et al. (2019) was modified to include the effect of

stratification (6.1).

The response to the forcing d̂(z) at each time t can be calculated independently

(of other times) using

û(z) = CeAtBd̂(z). (6.11)

Since the model (6.1) is linear, the impulse response can be computed indepen-

dently for each streamwise and spanwise wavenumber of interest, kx and ky. An

inverse Fourier transform is then used to obtain the three-dimensional velocity and

temperature fields of the response at different time instances t > 0. The responses

are computed for time instances between tuτ/h of 0.2 and 8, in increments of 0.2.

The wall-normal direction is discretized using a Chebyshev grid with N = 302
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grid points. Convergence has been checked by reproducing the results with more

than double the number of grid points.

6.3.1 Impulse response of kx = 0 modes

Since the structures of interest are quasi-streamwise rolls that have streamwise

extents comparable to the length of the channel, it would be interesting to deter-

mine if they can be modelled using the impulse response of the streamwise-constant

(kx = 0) modes alone. Therefore in this work we use the impulse response of the

streamwise-constant modes to model these structures. In §6.7 it is shown that

including modes with kx 6= 0 do not have a significant impact on the trends dis-

cussed here. We consider spanwise Fourier modes that have wavenumbers varying

from ky = 0 to 3π as integer multiples of ky0 = (2π)/(3π). Further, we trun-

cate the modes such that only the first 60 spanwise Fourier modes are kept. The

excluded larger wavenumbers (corresponding to the smallest structures) have less

than 0.001% of the energy of the most energetic streamwise-constant Fourier mode.

In §6.5 the coherent structures in these impulse responses are characterised for

three different values of Rib = 0.001, 0.01, and 0.1, with Reb = 104.5 and Pr = 1

fixed (table 6.1), and in §6.6 different values of zf are also considered. Before that,

as an example, we consider a fixed Rib = 0.1 and zf = 0 in §6.4.

6.4 The response to dx, dy, dz and dθ

In this section we first consider the case of Rib = 0.1, and compute the response to

an impulse at the channel centreline (zf = 0). The effects of changing Rib and zf

are discussed in §6.5 and §6.6, respectively. There are four different components

of the impulse d(z) in (6.9): dθ, dx, dy and dz. Rather than look at an arbitrary

superposition of the responses to all four components of the impulse, here we con-

sider each of them separately. For streamwise-constant modes, dx gives a response

only in u, and leaves v, w and θ unaffected. Although in this study this was
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Figure 6.2: The response to an impulse at (x, y, z, t) = (0, 0, 0, 0) for the case
of Rib = 0.1 computed at time tuτ/h = 0.8. Streamwise-averaged tempera-
ture fluctuations θ (contours) and cross-stream velocity components v and w
(streamlines) are shown. (The streamwise component of the velocity u in the
response is not shown). Three components of forcing are considered: (a) dθ, (b)
dy and (c) dz. The red and blue contours represent the positive and negative

temperature fluctuations, respectively.

confirmed by explicitly looking at the responses of dx in v, w and θ, we can also

show this by rewriting the equations in the form used by Illingworth (2019) (not

shown here). The impulse dx therefore does not model the quasi-streamwise rolls

that appear as channel-wide rolls (as represented by v and w) with temperature

distributions that represent plume-like structures. The forcing dx is therefore not

considered further. Figure 6.2 shows the response obtained from the other three

components of forcing: dθ, dy and dz. The figure shows the temperature fluctua-

tions θ (contours) and the cross-stream velocity components v and w (streamlines)

along a wall-perpendicular plane.

Let us first consider the response to dθ shown in figure 6.2(a). From the stream-

lines we observe the presence of channel-wide rolls. Additionally, the temperature

fluctuations associated with these rolls are channel-wide and have two peaks that

are located close to the walls. These rolls are reminiscent of the plume-like struc-

tures observed in DNS. Now consider figure 6.2(b) which plots the response to dy.

From the streamlines in this figure, we observe that the response is coherent only

across one half of the channel height, with the temperature fluctuations changing
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Figure 6.3: The norm φuu obtained from the responses of the streamwise-
constant modes to the impulse located at (x, y, z, t) = (0, 0, 0, 0). The norm
from the response to (a) dθ and (b) dz are plotted as a function of tuτ/h. The
colours indicate three values of Rib = 0.001(red), 0.01(green) and 0.1(black).

The dashed lines indicate the values of tc(Rib, zf ) used in figure 6.4.

sign across the channel centreline. Hence these structures are neither channel-

wide nor plume-like. Finally consider the response to dz in figure 6.2(c). As in the

case of the response to dθ, we observe that dz generates channel-wide plume-like

structures. It is worth noting that the temperature fluctuations in this case are

markedly more concentrated at the walls.

We can therefore make two conclusions: i) the response of streamwise-constant

modes to dx and dy do not faithfully model the large-scale channel-wide structures

in unstably stratified channel flows and ii) the responses to dθ and dz models

structures that show qualitative agreement with DNS. We further explore the

responses to dθ and dz in the rest of this chapter.

6.5 Effect of Richardson number

In the previous section we considered the impulse response at a fixed Rib. Now

we analyze the effect of varying Rib on the impulse response. In other words, we

would like to characterise the influence of buoyancy on the structures obtained, and

thereby analyze if the model is able to capture the flow structures that emerge from

the competition of shear-driven and buoyancy-driven mechanisms. We consider

three different values of Rib = 0.001, 0.01 and 1, while keeping Reb = 104.5 and
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Figure 6.4: The streamwise-averaged temperature fluctuations θ (contours)
and cross-stream velocities v and w (streamlines) obtained following an impulse
at (x, y, z, t) = (0, 0, 0, 0). (The streamwise component of the velocity u in the
response is not shown). The response is shown at the tc(Rib, zf ) computed
from figure 6.3. The forcing is either (a,c,e) dθ or (b,d,f ) dz. Three cases
(a,b) Rib = 0.001, (c,d) Rib = 0.01, and (e,f ) Rib = 0.1 are considered, with

Reb = 104.5 and Pr = 1 fixed.

Pr = 1 fixed. The details of the three cases are given in table 6.1. As discussed in

§6.4, dx does not give a response in θ or (v,w), and dy models structures that are

not consistent with the quasi-streamwise rolls in DNS. Hence we only compute the

responses to dθ and dz. In the current section the impulse location is kept fixed

at zf = 0.

To compare the responses across different Rib, there is the need to decide upon a

time tc(Rib, zf ) at which the structures are compared. This time will be a function

of both Rib and the forcing location zf (which is not varied in this section). One

method to determine a suitable time would be to choose, for each Rib, a time

based on the trends of a defined norm. Here we choose the kinetic energy norm

defined as

φuu(t) =
∫
z

∫
kx

∫
ky

û(kx, ky, z)û∗(kx, ky, z)dkxdkydz. (6.12)
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The effect of changing this choice of norm is considered in §A.1. In figure 6.3

φuu normalized by its maximum value in time is plotted as a function of tuτ/h.

The responses to dθ and dz are considered in figures 6.3(a) and 6.3(b) for all three

values of Rib.

First consider figure 6.3(a) which plots φuu computed from the response to dθ.

For all values of Rib considered the response shows transient growth before an

eventual decay. In this case, the time at which the norm peaks is chosen to be

the time tc(Rib, zf ) at which the responses are later compared in figure 6.4. The

trend of φuu computed from the response to dz that is shown in figure 6.3(b) is

slightly more complicated. The plot of φuu for all Rib first shows a decaying trend,

followed by an increasing trend and then again an eventual decay. This is because

of the combination of the transient growth in u, and the energy decay in v and w.

The peak that appears after the initial decay is the time at which the transient

growth in u attains a maximum, and this time is chosen as the value of tc(Rib, zf )

at which the responses are later compared.

We can now compute the response to dθ and dz at the tc(Rib, zf ) computed

from figure 6.3. This response is plotted in figure 6.4 for the three values of

Rib = 0.001, 0.01 and 0.1. The responses to dθ and dz are shown in the first and

the second columns of the figure, respectively. The streamwise-averaged temper-

ature fluctuations (contours) and the cross-stream velocity components (stream-

lines) along a wall-perpendicular plane for each Rib are shown. Hence figure 6.4

shows the temperature fluctuations and the cross-stream velocity components of

the structures that account for the maximum kinetic energy in the impulse re-

sponse. (It should noted that we are not concentrating on the streamwise velocity

component in this figure. This is to enable a more direct comparison with the

trends observed by Pirozzoli et al. (2017)).

Let us first consider the response to dθ. The value of Rib, and hence the effect

of buoyancy, increases as we move down the rows in figure 6.4. For all the values

of Rib considered, the cross-stream velocities (streamlines) indicate the presence

of channel-wide structures. However the distribution of the temperature field
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changes with increasing Rib. For the case of Rib = 0.001 (figure 6.7(i)), the

temperature is concentrated at the location of the impulse, i.e. at the channel

centreline. At the intermediate case of Rib = 0.01 (figure 6.4(c)) we observe

the structure transitioning to a plume-like structure. At the highest Richardson

number considered, Rib = 0.1 (figure 6.4(e)), we see the presence of channel-wide

plumes with temperatures fluctuations concentrated at the channel walls.

Now consider the response to dz. The streamlines again indicate the presence of

channel-wide structures for all the Rib considered. As in the case of the response to

dθ, with increasing Rib, the temperature field transitions from being centred at the

wall-normal height where the impulse was provided, to being channel-wide plume-

like structures. However, unlike in the responses to dθ, for the case of Rib = 0.1,

here the concentration of the temperatures close to the wall is markedly more

pronounced.

Hence the impulse response of the linear model to dθ and dz predicts the emergence

of channel-wide plume-like features with increasing Rib. This is consistent with

the DNS results of Pirozzoli et al. (2017) where they observed the presence of

large-scale plume-like features when the effect of buoyancy was increased. Hence

figure 6.4 suggests that, qualitatively, the linear model is able to capture the

structures that emerge from the competition of shear-driven and buoyancy driven

mechanisms. However the response to dz at Rib = 0.1 is highly pronounced at

the walls, a trend that is not consistent with the structures in DNS where the

concentration of temperature fluctuations remains high throughout the channel.

6.5.1 Variance from the impulse response

From the trends observed in figure 6.4 we were able to make a qualitative com-

parison of the large-scale structures from the model with DNS. For a more direct

comparison, in this section the normalized variance profiles θ2/∆θ obtained from

the model are compared with DNS. For this purpose, in figure 6.5 we plot the
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Figure 6.5: The normalized profiles of θ2/∆θ from (a) DNS (obtained from
Pirozzoli et al. (2017)), and the responses of the streamwise-constant modes
to the impulses (b) dθ and (c) dz. The profiles from the model are computed
from the fields shown in figure 6.4. The colours indicate the three values of

Rib = 0.001(red), 0.01(green) and 0.1(black).

normalized mean profiles of θ2/∆θ obtained from DNS and from the impulse re-

sponses. The figure includes the three values of Rib that were considered in figure

6.4. The profiles in figure 6.5(a) were obtained from the DNS dataset of Pirozzoli

et al. (2017). The profiles from the model are computed from the temperature

fields shown in figure 6.4. The responses to dθ and dz are shown in figures 6.5(b)

and 6.5(c), respectively.

First consider the profiles from DNS in figure 6.5(a). At Richardson numbers

Rib = 0.001 and 0.01, θ2/∆θ has a peak at the channel centre. We also observe

the presence of smaller near-wall peaks at these Rib. At Rib = 0.1 the profile

has two peaks located at each of the walls. This trend is consistent with the

emergence of the plume-like structures that was observed with increasing Rib in

Pirozzoli et al. (2017).

Now consider figure 6.5(b) computed from the response to dθ. As in the case

of DNS, at low Rib, the profile of θ2/∆θ has a peak at the channel centre. With

increasingRib the profiles transition to having peaks near the walls. This transition

is due to the appearance of the plume-like structures that was observed in figure

6.4. A comparison with figure 6.5(a) shows that this trend is consistent with DNS.

However there are some deviations from DNS. First, the profile corresponding to
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Ri = 0.01 in figure 6.5(b) does not have a peak at the channel centreline. This

suggests that the structures from the model transition to being plume-like at a

lower Rib than in DNS. Second, the model is not able to capture the near-wall

peaks observed in the profiles from DNS at low Rib. This is probably due to the

fact that we have only considered one impulse location of zf = 0 to obtain the

variance in figure 6.5(b).

Finally, let us consider figure 6.5(c) which is computed from the response to dz.

With increasing Rib, the profiles of θ2/∆θ transitions from having a peak at the

channel centre to having peaks close to the wall. This is consistent with the trends

from DNS in figure 6.5(a). However, as in the case of dθ, the structures modelled

by dz transition to being plume-like at a lower Rib than in DNS. The near wall-

peaks that are seen at lower Rib in DNS are also not captured. Additionally, at

Rib = 0.1 the profile in figure 6.5(c) is significantly more concentrated close to

the wall than in figure 6.5(a) and 6.5(b). This is consistent with the observations

made from figure 6.4(f). Hence, the response to dz captures the transition of the

channel-wide structures to plume-like features as in DNS. However, the variance

profiles that are obtained do not match DNS as closely as the response to dθ.

6.6 The effect of impulse location

In the previous section we observed that the response of the linear model to im-

pulses dθ and dz captures important features of the large-scale plume-like struc-

tures that appear in unstably stratified channel flows. However, we have so far

considered only one impulse location at the channel centreline, i.e. zf = 0. A

stratified channel flow is governed by competing shear-driven and buoyancy-driven

mechanisms, with the relative importance of these mechanisms varying with wall-

height. More specifically, as we move away from the wall and towards the channel

centreline, the contribution of the buoyancy-driven mechanisms to the turbulent

kinetic energy production increases relative to the shear-driven mechanisms (Ten-

nekes & Lumley, 1972). It is hence important to consider the effect of the location
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Figure 6.6: The norm φuu obtained from the responses of the streamwise-
constant modes to an impulse located at (x, y, t) = (0, 0, 0) for the case of
Rib = 0.1. The norm from the response to (a) dθ and (b) dz are plotted as
a function of tuτ/h. Four different impulse locations zf are considered. The

dashed lines indicate the values of tc(Rib, zf ) used in figure 6.7.

of the impulse on the responses. Therefore, in this section we fix Rib = 0.1, and

analyze the impact of varying the impulse location zf .

As a first step, in figure 6.6 we plot the normalized kinetic energy norm (6.12) as

a function of time for four different impulse locations of zf = −0.3,−0.5,−0.7 and

−0.9. Figure 6.6(a) shows the norm computed from the response to dθ, while figure

6.6(b) shows the norm computed from the response to dz. From figure 6.6(a) we

observe that, as the impulse location moves closer to the wall (i.e. zf decreases),

the norm attains a peak at an earlier time. Similarly, from figure 6.6(b) we see that,

with decreasing zf , the norm decays faster. Hence the response due to impulses at

lower wall-normal locations have faster timescales. Considering the response to dθ
represented in figure 6.6(a), we observe that the norm indicates transient growth.

To compare the responses, for each zf we choose the time at which the energy

peaks as tc(zf , Rib). The response to dz on the other hand exhibits a decaying

trend. Here for each zf , tc(zf , Rib) is chosen as the time at which 50% of the

energy in the response remains. The values of tc(zf , Rib) are marked with dashed

lines in the figures.

At the tc(Rib, zf ) computed from figure 6.6 we can now compute the responses at

the different impulse locations zf . Figure 6.7 shows the responses to impulses at

the four different values of zf considered. The responses to dθ and dz are shown in
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Figure 6.7: The streamwise-averaged temperature fluctuations θ (contours)
and cross-stream velocities v and w (streamlines) obtained following an impulse
at (x, y, t) = (0, 0, 0), for the case of Rib = 0.1. (The streamwise component of
the velocity u in the response is not shown). The forcing is either (a,c,e,g) dθ
or (b,d,f,h) dz. Four forcing locations of (a,b) zf = −0.3, (c,d) zf = −0.5, (e,f )
zf = −0.7 and (g,h) zf = −0.9 are considered. The responses are shown at the

time tc(Rib, zf ) computed from figure 6.6.

the first and the second columns, respectively. The contours represent temperature

fluctuations, while the streamlines represent the cross-stream velocity components

v and w.

Let us first consider the response to dθ. In figure 6.7(a) zf = −0.3, and hence

is close to the channel centreline. The response shows channel-wide plume-like

structures, which is similar to what was observed in figure 6.4(e) when zf = 0. As

we move down the rows in figure 6.7 and hence zf moves away from the channel

centreline and closer to wall, the temperature fluctuations transition to being

concentrated at the lower wall. Similar trends are observed when we consider

the response to dz in the second column of the figure. However, the plume-like
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behaviour of the response is evident for a much narrower range of zf close to the

channel centreline. Even in the case of zf = −0.5 in figure 6.7(d) we observe the

strong presence of structures that are concentrated at the lower wall.

Therefore, impulses located closer to the wall gives responses that are concentrated

at the wall. Plume-like structures appear in the response as the impulse is moved

towards the channel centreline. In other words, the plume-like features emerge

when the impulse is moved towards the region of the channel where the kinetic

energy production due to buoyancy increases (Tennekes & Lumley, 1972). This

suggests that buoyancy driven mechanisms are responsible for the emergence of

these features in the impulse response.

6.7 The effect of including modes with kx 6= 0

We have so far considered only the streamwise-constant modes while comput-

ing the impulse response. In this section we briefly study the impact of other

streamwise wavenumbers on the trends observed in the previous sections. For this

purpose, the impulse response is computed for a range of kx and ky. We consider

streamwise Fourier modes that have wavenumbers varying from kx = −8π to 8π

as integer multiples of kx0 = (2π)/(8π). Further, we truncate the modes such that

only the 160 wavenumbers closest to kx = 0 are kept. The excluded wavenumbers

(that correspond to the smallest structures) have less than 0.001% of the energy

of the most energetic Fourier mode. The spanwise wavenumbers considered are

kept the same as before.

As done in §6.5, here we compare the responses at different Rib. The impulse

location is kept fixed at the channel centreline, i.e. zf = 0. The first step is

to compute the time tc(Rib, zf ) at which the structures should be compared. To

this end, in figure 6.8 the normalized kinetic energy norm (6.12) is plotted with

respect to time. This is the equivalent of figure 6.3, but computed with the

inclusion of a range of modes with kx 6= 0. We can hence compare the trends

observed in figure 6.8 with those that were observed in figure 6.3. Let us first
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Figure 6.8: The norm φuu obtained from the responses to the impulse located
at (x, y, z, t) = (0, 0, 0, 0). Along with the kx = 0 modes considered in figure 6.3,
a range of non-zero streamwise wavenumbers are also included here. The norm
from the response to (a) dθ and (b) dz are plotted as a function of tuτ/h. The
colours indicate three values of Rib = 0.001(red), 0.01(green) and 0.1(black).

The dashed lines indicate the values of tc(Rib, zf ) used in figure 6.9.

consider the response to dθ. We observe that even with the addition of the kx 6= 0

modes in figure 6.8(a) the trends remain largely similar to figure 6.3(a). The main

difference is that the peaks that appear in figure 6.8(a) occur at slightly earlier

times. (Recall that the time tc(Rib, zf ) is the time at which the norm peaks.)

Now let us consider the response to dz. In this case the trends between figures

6.8(b) and 6.3(b) are different. The norm in figure 6.8(b) does not show transient

growth and instead monotonically decreases. Hence although the kx = 0 modes

show transient growth, the combination of the responses across streamwise Fourier

modes leads to a monotonic decay of the total energy with time. This is likely

due to the different time-scales at which each Fourier mode attains a peak in the

transient response. From figure 6.8(b), for tc(Rib, zf ) we choose the time at which

50% of the energy is remaining.

At the tc(Rib, zf ) computed from figures 6.8, we compute the responses to dθ and

dz. The normalized profiles of θ2/∆θ obtained from the responses are shown in

figure 6.9. To analyze the effect of the addition of modes with kx 6= 0, the profiles

in figure 6.9 can be compared to those in figure 6.5 (which shows the equivalent

profiles computed for the kx = 0 modes). We observe that for both the forcing dθ
and dz, the trends in the two figures are similar. In both figures, with increasing

Rib, the variance profiles from the models transition from having a peak at the
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Figure 6.9: The normalized profiles of θ2/∆θ from (a) DNS (obtained from
Pirozzoli et al. (2017)), and the responses to the impulses (b) dθ and (c) dz.
Along with the kx = 0 modes considered in figure 6.5, a range of non-zero
streamwise wavenumbers are also included here. The colours indicate the three
values of Rib = 0.001(red), 0.01(green) and 0.1(black). The responses are shown

at the time tc(Rib, zf ) computed from figure 6.8.

channel centreline to having two peaks located at the walls, consistent with DNS.

Hence the addition of the kx 6= 0 modes do not have a significant effect on this

trend, and hence on the emergence of the plume-like structures with increasing

Rib. This indicates that the streamwise-constant modes are the major contributors

to the plume-like features captured by the linear model. However, the kx 6= 0

modes contribute towards an increased variance at the channel centre. This can

be observed especially in the response to dθ at Rib = 0.01 (green), where the

profile in figure 6.9(b) has a peak at the channel centreline and hence is in better

agreement with DNS than the corresponding profile in figure 6.5(b). Considering

the response to dz, even with the inclusion of kx 6= 0, at higher Rib the response

is significantly more concentrated at the walls in comparison to DNS.

6.8 Discussion and chapter summary

In this chapter we constructed a linearized Navier-Stokes based model for stratified

turbulent channel flows. The non-linear terms of the equations were replaced by a

disturbance term d = (dx, dy, dz, dθ), the components of which were then assumed

to be impulses located at (x, y, t) = (0, 0, 0) and at variable wall-heights (Vadarevu
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et al., 2019). The responses to these impulses were computed, and the coherent

structures in the responses were compared to the quasi-streamwise rolls observed

in DNS by Pirozzoli et al. (2017). The streamwise-constant modes alone were used

to characterise these coherent structures (except in §6.7 where the effect of adding

kx 6= 0 modes was briefly discussed). It was first determined that, to obtain the

channel-wide modes that are characteristic of these quasi-streamwise structures,

the forcing should either be in dz or in dθ (figure 6.2). These components of

forcing were then further used to study two aspects: i) the effect of buoyancy on

the large-scale structures modelled by the linearized equations and ii) the effect of

the location of the forcing on these structures.

To determine the effect of buoyancy on the large-scale structures from the model,

the responses were obtained at different Rib (figure 6.4 and 6.5). The times at

which these structures were compared were determined based on the kinetic en-

ergy norm of the responses. The structures from the model were channel-wide for

all the Rib considered. As the effect of buoyancy was increased, the temperature

fluctuations of these responses transitioned from being localised at the impulse

location to being plume-like features with peak fluctuations close to the walls.

These trends were reflected in the normalized mean profiles of θ2/∆θ obtained

from the model. With increasing Rib these variance profiles transitioned from

having a peak at the channel centreline to having two peaks located at the walls

(figure 6.5). This emergence of plume-like features with increasing Rib is consis-

tent with the observations made from DNS in Pirozzoli et al. (2017). Hence the

normalized profiles of θ2/∆θ obtained from the model agree reasonably well with

those obtained from the DNS data (figure 6.5). However, the structures from the

model transitioned to being plume-like at lower values of Rib than in the case of

DNS. This problem can be resolved by including streamwise-varying modes to the

model (figure 6.9).

The second aspect that was considered in this chapter was the effect of the lo-

cation of the forcing on these structures. We found that the plume-like features

emerge as the dominant structures from the model only when the forcing location

is near the channel centreline (figure 6.7). This further suggests that buoyancy
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driven mechanisms, the effect of which increases as we move towards the channel

centreline, are responsible for the emergence of these plume-like features.

Together these observations suggest that the linearized Navier–Stokes equations

augmented with an eddy-viscosity profile capture the trends of the quasi-streamwise

rolls that are observed in turbulent channel flows with an unstable stratification

(Pirozzoli et al., 2017) reasonably well.



Chapter 7

Conclusions

This chapter provides a summary of the main observations made in this thesis and

also identifies a few directions in which this work could be extended in the future.

7.1 Summary

In this thesis we focussed on the large-scale coherent structures that are modelled

by the linearized Navier–Stokes equations in a turbulent channel flow. We concen-

trated on three separate aspects: i) the wall-normal coherence of these large-scale

structures, ii) estimation of the instantaneous and the statistical features of these

structures and iii) the effect of stratification on the structures. In all three cases

the obtained trends were compared to direct numerical simulation (DNS) datasets.

In chapter 4 we focussed on the wall-normal coherence of the large-scale struc-

tures. For this purpose the two-dimensional (2-D) Linear Coherence Spectrum

(LCS) was used. From the 2-D LCS computed from the DNS data of a turbulent

channel flow at a friction Reynolds number of Reτ = 2000, we found that the

structures from DNS are: i) coherent over large wall-normal distances; ii) show

high coherence close to the wall; and iii) are self-similar. These observations are

all consistent with those made using the 1-D LCS in Baars et al. (2017). The

stochastically forced linearized Navier-Stokes equations, here called LNS, models
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structures that are highly localised in the wall-normal direction and are therefore

coherent only over small wall-normal distances. The trends obtained from LNS

were hence not consistent with DNS. We therefore considered another model, here

called eLNS, where the kinematic viscosity in these equations is augmented with

an eddy viscosity profile. eLNS models structures that are coherent over large

wall-normal distances and are also self-similar. Hence the model captures the first

and the third features observed from DNS. However, even with the addition of

the eddy-viscosity profile, the model was not able to capture the second feature of

high coherence close to the wall.

These trends in wall-normal coherence will have a significant impact on any ef-

forts to estimate the flow using the linearized equations. To study this aspect, in

chapter 5 we concentrated on the estimation of the large-scale structures using the

linearized Navier–Stokes equations. The linearized equations together with spec-

tral linear stochastic estimation (SLSE) was used to build linear estimators. The

estimators used the instantaneous velocity fluctuations or the 2-D energy spec-

trum at a measurement location of z+ ≈ 300 (obtained from DNS) to estimate the

same quantity over a range of wall-normal locations. Consistent with the trends

of wall-normal coherence, LNS was not able to faithfully estimate the flow. With

the addition of the eddy-viscosity profile, eLNS was able to capture the relative

distribution of the large-scale structures and their energies across wavelengths, for

a range of estimation locations. However eLNS was not able to capture two fea-

tures of the streamwise velocity: i) the magnitude of the velocity fluctuations and

hence the 2-D energy spectrum and ii) the features of the flow in the near-wall

region.

Results from previous studies (e.g. Del Álamo & Jiménez, 2006, Pujals et al.,

2009, Cossu et al., 2009, Hwang & Cossu, 2010b), as well as those in chapters

4 and 5 of this thesis, have shown that the eddy-viscosity enhanced linearized

equations model the large-scale features in a turbulent channel flow reasonably

well. Encouraged by this, in chapter 6 we analyzed to what extent the model

can also capture the effect of competing shear-driven and buoyancy-driven mech-

anisms on these large-scale features. For this purpose we constructed a linearized
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Navier–Stokes based model for stratified turbulent channel flows. In this case,

the impulse response of the linear operator was used to characterize the model.

The model was simplified further by concentrating only on streamwise-constant

structures. The coherent structures in the impulse responses were compared to the

quasi-streamwise rolls that were observed in DNS by Pirozzoli et al. (2017). With

an impulse located close to the channel centreline, we found that the model was

able to capture pertinent features of these quasi-streamwise rolls. Consistent with

DNS, as the effect of buoyancy was increased in the flow, the temperature fluctua-

tions transitioned from being localised at the impulse location to being plume-like

features with peak fluctuations close to the walls.

To summarize, the stochastically forced linearized Navier–Stokes equations, with

the inclusion of an eddy viscosity profile, were able to model with reasonable

accuracy the large-scale coherent structures observed in turbulent channel flows.

The equations were also able to capture the effect of buoyancy on these structures

reasonably well. These observations are encouraging for future efforts towards the

modelling, estimation and control of these flows.

7.2 Suggestions for future work

(i) Incorporate temporal correlations of the non-linear forcing into the

modelling framework: In chapters 4 and 5 we identified that the linear

model cannot capture two features of the turbulent channel flow at Reτ =

2000: i) the magnitude of the velocity fluctuations and hence the 2-D energy

spectrum and ii) the structures in the near-wall region. In a recent work,

Zare et al. (2017) identified that coloured-in-time forcing is required to obtain

good predictions of velocity correlations from the linearized Navier-Stokes

equations. It would be interesting to see if the incorporation of coloured-in-

time forcing into the linear model will remedy the two problems identified

here.
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(ii) Construct a modified Cess profile (Cess, 1958) for stratified chan-

nel flows: In chapter 6 we saw that the calculation of eddy-viscosity and

eddy-diffusivity profiles are sensitive to the noise in the mean profiles, and

hence computing these profiles from the data obtained from DNS or experi-

ments is challenging. There is therefore the need to obtain a model, such as

a modified Cess profile (Cess, 1958), for the case of stratified channel flows.

The modified log-law obtained by Scagliarini et al. (2015) could potentially

be useful for this purpose. Obtaining this model will also remove our depen-

dence on DNS for obtaining the mean profiles required for the model. This

in turn will enable us to explore a wider range of Reynolds and Rayleigh

numbers (outside the parameter ranges for which DNS data are available).

(iii) Analyze the transient response of the linear model for stratified

channel flows: The non-normality of the linear operator amplifies expo-

nentially decaying modes. In the case of a turbulent channel flow without

stratification, the length-scales of the structures that show the maximum

non-normal amplification are shown to compare well with structures ob-

served in DNS and experiments (Del Álamo & Jiménez, 2006, Pujals et al.,

2009, Cossu et al., 2009). In the case of stratified flows, Jerome et al. (2012)

analyzed the transient response of the linear model in the laminar regime.

An as yet unexplored direction of work is the identification of the most lin-

early amplified structures in the case of stratified turbulent channel flows.

The model that was constructed in chapter 6 can be used for this purpose.

Further, the effect of increasing the influence of buoyancy on these structures

can be studied.

(iv) Study the stochastically and harmonically forced linear model for

stratified channel flows: In chapter 6 we computed the response of the lin-

ear model for stratified channel flows to disturbances in the form of impulses.

It is also important to characterize the model for other types of forcing such

as stochastic or harmonic forcing, as has been done in the literature for the

case of turbulent wall-bounded flows without stratification (e.g McKeon &

Sharma, 2010, Hwang & Cossu, 2010b).
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(v) Use LCS and SLSE to analyze the large-scale structures obtained

from the linear model for unstably stratified turbulent channel

flows: In chapters 4 and 5 we used coherence-based techniques to directly

compare the large-scale structures from the linear model to the structures

from the DNS of a turbulent channel flow. In the future, these techniques

can be extended to characterise the large-scale structures obtained from the

linear model for unstably stratified turbulent channel flows (that was con-

sidered in chapter 6). This characterization will help us to directly compare

the large-scale structures obtained from the model to DNS.

(vi) Analyze other canonical flows (apart from the turbulent channel

flow that is already considered here) using the methods discussed

in this thesis: In this thesis we have only considered the case of a turbulent

flow through a channel. The methods used in chapters 4, 5 and 6 can be

extended to study linear models of other canonical flows such as the turbulent

Couette, pipe and boundary layer flows. It is important to identify how the

conclusions made in this thesis will change with the geometry of the flow.

(vii) Study the linear model for stably stratified turbulent channel flows:

In chapter 6 we analyzed the linear model for unstably stratified channel

flows. The model can also be used to study stably stratified turbulent chan-

nel flows. The mean-velocity and mean-temperature profiles required for the

model can be obtained from numerical databases (e.g Armenio & Sarkar,

2002, Garćıa-Villalba & Del Álamo, 2011). It would be interesting to charac-

terize the effect of stable stratification on the large-scale structures obtained

from the linear model.

(viii) Extend the linear model to study other thermally stratified flows:

The linear model discussed in chapter 6 can be extended to study other

thermally stratified flows such as vertical natural convection and rotating

Rayleigh–Bénard convection. The mean-velocity and mean-temperature pro-

files that are required as input for these models can be obtained from the
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DNS studies of these flows (e.g. Ng et al., 2017, Rouhi et al., 2018). The

large-scale structures obtained from the model can be compared to DNS.



Appendix A

Navier–Stokes based linear model

for stratified turbulent channel

flows: The effect of norm and

interpolation

A.1 The effect of changing the norm

The optimal time tc(zf , Ri) at which the responses are plotted in figures 6.4 and

6.5 depend on the choice of norm. So far we have only considered the kinetic

energy norm (6.12). In this section we look at the effect of changing this choice of

norm on the observations made in chapter 6. Hence we define a norm φθθ as

φθθ =
∫
z

∫
kx

∫
ky

θ̂(kx, ky, z)θ̂∗(kx, ky, z)dkxdkydz. (A.1)

In figure A.1 φθθ is plotted with respect to time (this is the equivalent of figure 6.3

while considering φθθ as the norm). The responses to both dθ and dz are considered

in figures A.1(a) and A.1(b), respectively. Here the impulse location is kept fixed

at the channel centreline, i.e. zf = 0. The trends of the norm φθθ in figure A.1 are

different from those observed for φuu in figure 6.3. From figure A.1(a) we observe
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Figure A.1: The norm φθθ obtained from the responses of the streamwise
constant modes to the impulse located at (x, y, z, t) = (0, 0, 0, 0). The norm
from the response to (a) dθ and (b) dz are plotted as a function of tuτ/h. The
colours indicate three values of Rib = 0.001(red), 0.01(green) and 0.1(black).

The dashed lines indicate the values of tc(Rib, zf ) used in figure A.2.

Figure A.2: The normalized profiles of θ2/∆θ from (a) DNS (obtained from
Pirozzoli et al. (2017)), and the responses of the streamwise constant modes to
the impulses (b) dθ and (c) dz. The profiles from the model are computed at
the tc(Rib, zf ) obtained from figure A.1. The colours indicate the three values

of Rib = 0.001(red), 0.01(green) and 0.1(black).

that the response to dθ shows a decay in energy. The value of tc(zf , Ri) is hence

chosen to be the time at which 50% of the energy remains. It should be noted

that this tc(zf , Ri) chosen based on φθθ is at a much earlier time in comparison

to that chosen based on φuu. The norm from the response to dz in figure A.1(b)

indicates transient growth. The tc(zf , Ri) in this case is chosen to be the time at

which the norm attains a peak.
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We compare the responses to dθ and dz across different Rib at the tc(zf , Ri) com-

puted from figure A.1. To compare the responses, in figure A.2 the normalized

variance profiles obtained from the responses are shown. It should be noted that

the only difference between the figures A.2 and 6.5 is the tc(Rib, zf ) at which the

responses are compared. The responses to dθ and dz are shown in figures A.2(b)

and A.2(c), respectively. From the response to dθ in figure A.2(b) we observe that

the profiles transition to being plume-like with increasing Rib. This is consistent

with figure 6.5. However, due to the earlier times chosen as tc(Rib, zf ) from figure

A.1(a), the plume-like coherent structures in figure A.2(b) are not fully developed

in the impulse response. This is especially true for the case of Rib = 0.1, where the

variance close to the channel centreline in figure A.2(b) is higher in comparison to

figure 6.5(b). The responses to dz in figure A.2(c) on the other hand are almost

the same as those observed in figure 6.5(c). This is because the tc(Rib, zf ) chosen

for this case from figure A.1(b) are at sufficiently later times. Hence the choice

of norm does not impact the overall trend of the appearance of the plume-like

features with increasing effect of buoyancy. However, to observe the plumes, it

is better to select a norm that accounts for the slow time-scales at which these

features evolve in the impulse response.

A.2 Sensitivity to interpolation of eddy-diffusivity

The eddy-viscosity and the eddy-diffusivity profiles used in (6.1) are computed

from the mean profiles obtained from DNS. As discussed in §6.2.2, this introduces

the problem of the sensitivity of νt and αt to the noise in the mean profiles. To

account for this problem, we compute νt and αt until a wall-height z∗ and use

interpolation to obtain the profiles beyond z∗, as done by Cossu et al. (2009) for

the case of a boundary layer (see §6.2.2). In this section we discuss the effect

of this choice of z∗ on the trends discussed. Specifically we discuss the choice of

|z∗| = 0.3 to compute αt at Ri = 0.1 (see §6.2.2). We increase the value of |z∗|

used to compute this αt and analyze the changes in the trends observed.
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Figure A.3: The norm φuu obtained from the responses of the streamwise
constant modes to the impulse located at (x, y, z, t) = (0, 0, 0, 0) at Rib = 0.1.
The norm from the response to (a) dθ and (b) dz are plotted as a function of
tuτ/h. Four different values of |z∗| = 0.3, 0.4, 0.5 and 0.6 are considered for
computing the profiles of αt. The dashed lines indicate the values of tc(Rib, zf )

used in figure A.4.

Figure A.4: The normalized profiles of θ2/∆θ from the responses of the
streamwise constant modes to the impulses (a) dθ and (b) dz at Rib = 0.1.
The profiles from the model are computed at the tc(Rib, zf ) obtained from fig-
ure A.3. Four different values of |z∗| = 0.3, 0.4, 0.5 and 0.6 are considered for

computing the profiles of αt.

In figure A.3 the normalized φuu shown in figure 6.3 is computed again for four

different values of |z∗|. The responses to dθ and dz are shown in figures A.3(a) and

A.3(b), respectively. The solid lines corresponding to |z∗| = 0.3 are the same as

those shown in figure 6.3. The value of |z∗| is increased to 0.4, 0.5 and 0.6. From

figure A.3 we see that as |z∗| increases, the time at which the norm peaks moves

ahead. This time at which the norm peaks is chosen as tc(Ri, zf ). At |z∗| = 0.6

the operator A(kx, ky) is unstable and hence the norm monotonically increases.
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In this case tc(Ri, zf ) is simply chosen to be the maximum time considered in

figure A.3. Now let us look at the response to dz shown in figure A.3(b). As

|z∗| increases, the time at which the second peak appears, which is here chosen as

tc(Ri, zf ), moves slightly ahead.

At the tc(Ri, zf ) computed from figure A.3 we compute the responses to dθ and

dz. The normalized profiles of θ2/∆θ obtained from the responses are shown in

figure A.4. From the responses to both dθ and dz, we see that the overall trend of

obtaining a channel-wide structure with two peaks close to each wall is insensitive

to this choice of |z∗|. Hence the value of |z∗| has a significant impact on the trends

of the norm and hence the choice of tc(Ri, zf ). However the variance profiles

obtained at these tc(Ri, zf ) for the different choices of |z∗| remains similar. From

this we conclude that the trends of the channel-wide plumes discussed in chapter

§6 are reasonably insensitive to the choice of |z∗|.
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Jovanović, M. R. & Bamieh, B. 2001b The spatio-temporal impulse response

of the linearized Navier-Stokes equations. In Proc. 2001 Am. Control Conf.,

Arlington, VA, , vol. 3, pp. 1948–1953. IEEE.
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Pujals, G., Garćıa-Villalba, M., Cossu, C. & Depardon, S. 2009 A note

on optimal transient growth in turbulent channel flows. Phys. Fluids 21 (1),

015109.

Reddy, S. C. & Henningson, D. S. 1993 Energy growth in viscous channel

flows. J. Fluid Mech. 252, 209–238.

Reynolds, W. C. & Hussain, A. K. M. F. 1972 The mechanics of an organized

wave in turbulent shear flow. Part 3. Theoretical models and comparisons with

experiments. J. Fluid Mech. 54 (02), 263–288.

Robinson, S. K. 1991 Coherent motions in the turbulent boundary layer. Annu.

Rev. Fluid Mech. 23 (1), 601–639.

Rouhi, A., Chung, D., Marusic, I., Lohse, D. & Sun, C. 2018 Centrifugal

buoyancy driven turbulent convection in a thin cylindrical shell. In 21st Aus-

tralasian Fluid Mechanics Conference.

Scagliarini, A., Einarsson, H., Gylfason, Á. & Toschi, F. 2015 Law of
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