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Abstract
In this thesis, the performance of the scanning-stereo-particle image velocime-
try (PIV) technique for three-dimensional (3D) measurement of turbulent flows
is studied. Scanning-PIV is an increasingly popular tool for volumetric measure-
ments owing to its ability to deal with high particle seeding density while using
only two cameras. The 3D velocity field is computed from the scanning-PIV data
using two different methods. In the first (referred to here as the scan-stack), one
can apply the standard (single plane) stereoscopic-PIV (SPIV) technique to the
images at each scan-position and stack them together (Hori and Sakakibara, 2004;
Partridge et al., 2019, for example). While in the second approach (referred to
as scan-tomo), the images at all scan-positions are used at once and particle re-
construction techniques similar to that used in tomographic PIV (TPIV) are used
(Lawson and Dawson, 2014, for example). There is not enough evidence in the
literature as to which of these two methods is optimal for a scanning-PIV configu-
ration, especially since their processing algorithms are entirely different. Hence, in
the present study, the performance of these two methods is studied extensively us-
ing numerical simulations of scanning-PIV, which is also complemented by physical
experiments. The results of this study inform future experiments of the optimal
scanning-method for a chosen set of parameters, namely, the camera frequency,
volume scan-time and depth of measurement volume.

Numerical simulations of scanning-PIV are conducted using synthetic particle im-
ages generated from the direct numerical simulations (DNS) data (del Álamo et al.,
2004) of a fully-developed turbulent channel flow, at a friction Reynolds number
of 1000. The study is conducted for 30 ≤ Ls/ηk ≤ 150 and a fixed spacing be-
tween the successive scan-positions, where Ls and ηk are the laser sheet thickness
and Kolmogorov length scale, respectively. Using the DNS as the reference input,
error maps of the turbulent kinetic energy and divergence are generated for both
methods. The maps reveal that the scan-stack is more accurate for Ls/ηk . 65,
while the scan-tomo performs better for Ls/ηk & 100, whereas the two methods
are comparable for in-between range of Ls/ηk. The comparison made using the
topological quantities of the velocity gradient and strain rate tensors also follow
the trends of the error maps. Furthermore, these observations from the numerical
simulations are validated by conducting scanning-PIV experiments in a confined
water tank with an oscillating grid to generate nominally isotropic turbulence.



iv

The accuracy of the methods discussed above is also influenced by the experimental
conditions such as the alignment between the laser sheet and the calibration target.
In this dissertation, an algorithm is proposed for correcting misalignment artefacts
in the scan-tomo method. The algorithm is based on the correction principles used
for (single plane) SPIV, and generates misalignment-free calibration images that
can be used for volume-calibration mapping. The existing misalignment-correction
schemes for volumetric PIV use sophisticated concepts like that used in the particle
tracking velocimetry (Wieneke, 2008, 2018) or TPIV (Lawson and Dawson, 2014).
Since the proposed algorithm uses concepts from SPIV, it is simpler to implement
than the existing methods. Using a test case simulation, the corrected calibration
image is compared with an independently generated misalignment-free image. The
root-mean-square difference (' 0.26 pixels) in the marker positions in these two
images indicates that the proposed scheme works quite effectively.

Finally, the misalignment aspects are studied for (single plane) SPIV as well. This
study focuses on quantifying the misalignment effects on the statistics of wall-
bounded turbulent flows, as there is limited understanding of SPIV errors for
wall-turbulence in the literature. The study is performed both numerically, using
the turbulent channel flow data of del Álamo et al. (2004), and experimentally, by
conducting SPIV measurements in a turbulent channel flow at a matched Reynolds
number. The study reveals that when compared to the streamwise-wall-normal
plane, the statistics of streamwise-spanwise plane measurements are more sensitive
to misalignments, meaning that a misalignment-correction is essential in this case.
Furthermore, the wall-normal variance is found to be the most affected by the
misalignments, while the streamwise variance and the streamwise mean velocity
are relatively insensitive.
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6.1 The scanning-stereo-PIV arrangement used in the oscillating grid
turbulence experiments. Here, the stereo-view-angle between the
two cameras is 60◦, and the principal axis of each camera is per-
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is perpendicular to (and pointing out-of-) the plane of the paper.
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6.2 Schematic of the top-view of the optical path of the laser beam
for both the stereo-PIV and scanning-PIV experiments listed in
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region (zg & 130mm) is plotted. The blue line is the linear curve
fit to the data up to zg = 136mm. b) Contour of the urms shown
in figure 6.8(a), normalised by (fg Sg). The contour between the
two black dashed lines is averaged in the horizontal direction and
plotted against the normalised virtual distance, zv/(SgMg)1/2 in
(c). Here, the virtual distance zv = zg − 10.4mm, and the red
curve represents the fit, urms ∝ z−1

v . The blue dotted line in (c)
corresponds to the onset of isotropic region (zg ' 130 mm) observed
earlier in figure 6.8(d). . . . . . . . . . . . . . . . . . . . . . . . . . 197
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A.1 Schematic of a stereoscopic-PIV system a) without and b) with the
misalignment of the calibration plane (red solid line) with respect
to the object (or measurement) plane (blue solid line). Note here
that only the angular misalignment (∆θ) about the z-axis and the
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tres (C0

1 ,C0
2 ) and the local view-angles (γ0

1 , γ0
2) are expressed with

reference to the (correct) x0 − y0 − z0 coordinate system, whereas
in b) these (C1,C2, γ1 and γ2) are expressed with respect to the
(misaligned) x− y− z coordinate system. . . . . . . . . . . . . . . . 217

A.2 Schematic of the stereo-PIV system shown in figure A.1, depicting
the true displacement −→AB of a particle that has moved from A to B
in a small time-difference ∆t. The corresponding (erroneous) mea-
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is −−−→A1B1. Here, δxt and δyt are the components of the true dis-
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B.1 Illustration of the particle tracking used in the PTV algorithm, re-
produced from Malik et al. (1993). Here, all the tiny circles (with
and without fill) refer to the particles. A single black arrow refers
to a link (between two particles), and a set containing more than
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where i = 1, 2, are the neighbourhoods spheres of radius equal to
r2. Here, ef+1
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i , where i = 1, 2 are the
expected positions of the (pink-face) particles after ∆t (in frame
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E.1 Convergence statistics of root-mean-square error of the error in the
kinetic energy (a & b) and velocity divergence (c & d) as a func-
tion of the laser sheet thickness (L+

s ). These statistics are made
dimensionless using Kolmogorov scales. Here, a & d correspond
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Chapter 1

Introduction

Particle image velocimetry (PIV) has seen remarkable advancements in the last
three decades owing to its ability to simultaneously resolve multi-component and
multi-dimensional information of the flow. The basic version of PIV uses only
one camera to capture a single plane of the flow-field, and thereby resolving the
two in-plane components of the velocity. This is referred to as two-dimensional,
two-component (or 2D-2C) PIV. The addition of another camera enables the re-
maining out-of-plane velocity component to also be measured and is referred to as
2D-3C PIV, or stereoscopic-PIV (SPIV). Unlike 2D-2C or 2D-3C measurements,
three-dimensional, three-component (or 3D-3C) measurements have been found to
be more challenging, as they involve complex hardware and processing methods.
The commonly employed techniques for the 3D-3C velocity measurement are the
tomographic-PIV (TPIV) or laser-scanning-PIV techniques.

Like any measurement technique, PIV also incurs measurement uncertainty due
to various error sources, both at the experimental set up and the data processing
stages. The basic framework of the SPIV technique and to a large extent, the
various error sources, have been well-established. When it comes to the 3D-3C or
volumetric-PIV, the techniques are still maturing, as their elaborate and complex
procedures introduce additional issues that are not present or severe in the SPIV
techniques. As a result, many studies have been trying to improve volumetric-PIV
techniques, both in terms of the accuracy and the uncertainty caused by the limi-
tations in the experimental set-up. In the present thesis, these aspects concerning
both the SPIV and the volumetric PIV techniques have been addressed. For the
SPIV, the focus is on the experimental set-up related error sources (especially for
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wall-bounded turbulent flows), where as for the volumetric PIV, the aspect of the
measurement accuracy is also considered. Therefore, the research work in this
thesis is categorized into three topics: (i) experimental set-up related errors in the
SPIV; (ii) experimental set-up related errors in the volumetric-PIV and (iii) the
accuracy of two volumetric-PIV techniques for turbulent wall-flow statistics. In
the following, a few more details that motivate the main objectives of the thesis
are discussed.

1.1 Motivation

1.1.1 Misalignment errors in SPIV measurements

Among others, a prominent issue in any PIV measurement is the misalignment be-
tween the laser sheet and the calibration target that arises during the set-up stage.
The existing studies in the literature have reported the effects of misalignments on
various types of flows, and suggested correction methods to minimise the uncer-
tainty in the final three-component velocity fields. Willert (1997) first suggested
an approach to quantify the misalignment but corrected the errors arbitrarily. All
the latter studies followed this approach for quantifying misalignments.

The first systematic correction was proposed by Coudert and Schon (2001), who
tested their algorithm on uniform displacement fields as well as on a turbulent
jet flow. However, they addressed only the positional error induced by the mis-
alignments, and the magnitude error in the velocity field cannot be corrected by
their method. The method of Scarano et al. (2005) minimises both types of er-
rors, and tested their algorithm on synthetic random particle patterns subjected
to uniform and rotational displacements. Their correction method reduces the
error in the displacements to within 0.1%. Wieneke (2005) proposed a method
that corrects large misalignments to similar accuracy as above, and also tested to
recover highly vortical flow fields. Finally, the algorithm proposed by Giordano
and Astarita (2009) also corrects misalignment-induced errors on par with the
previous methods.

Note that the amount of error induced by misalignments can get amplified or
attenuated depending on the direction and magnitude of the local instantaneous
velocity vector. Also, the degree of misalignment does not tend to be the same
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across the field-of-view, and hence, the error also varies accordingly. Therefore, the
cumulative error incurred in statistical flow-quantities can vary among different
class of flows, for instance, between isotropic and anisotropic flows. All the above
mentioned studies quantify the effects of misalignments on the instantaneous ve-
locity fields (and subsequently minimise the impact), not on flow-statistics. The
knowledge on how misalignments modify the statistical quantities is useful to de-
termine if a misalignment-correction is essential in a particular type of flow so that
one can find out if the time taken to perform the correction could be saved.This
forms the motivation for the first objective of this thesis. To this end, the study
aims to quantify the effects of misalignments on the flow-statistics obtained from
the SPIV of a fully-developed turbulent channel flow. In addition, another ex-
perimental parameter, the stereo-camera view-angle, is also considered. For a
detailed analysis of various SPIV parameters, both numerical simulations (using
DNS database) and experiments are conducted.

1.1.2 Characterisation of volumetric PIV methods for tur-
bulent wall flows

As mentioned above, the topic of the measurement of 3D-3C velocity information
is taken up towards the second objective of this thesis. In the following, a detailed
description is given on the two popular types of volumetric techniques (TPIV and
laser-scanning-PIV), which lead to the identification of the best of the two and lay
the outline of the third objective.

The TPIV technique applicable to the measurement of turbulent flows has been
first proposed by Elsinga et al. (2006). Unlike the SPIV technique, the TPIV
starts with the calculation of the particle positions using particle images of all the
cameras at once. Subsequently, the particle intensities are computed by means
of iterative procedures to obtain a volume that is representative of the recorded
images. The volume obtained is commonly referred to as the reconstruction. A 3D
cross-correlation of two reconstructions gives the 3D-3C velocity field. While in
the planar PIV techniques the spanwise resolution is determined by the thickness
of the laser sheet, the spanwise dimension of the interrogation volume determines
the resolution in the case of TPIV. Furthermore, the iterative procedure of the
TPIV invites additional issues that compromise the accuracy of the final velocity
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field. These include, (i) introduction of ghost or pseudo-particles; (ii) the need for
more imaging cameras and (iii) the requirement of a longer computational time.

The first aspect, the ghost particles, is borne by the reconstruction-ambiguity, i.e.,
the inability to calculate the correct depth position of the particle when its images
are back-projected onto the physical (or object) space. The higher the number
of particles present in an image, the greater the ambiguity. One can overcome
or minimise the occurrence of ghost particles by deploying more cameras or by
reducing the particle seeding, i.e., the number of particles (present in the images)
per unit pixel area, referred to as ppp. However, these result in an increase in cost
of the experiments, or a reduction in the spatial resolution, respectively.

The above issues prompted many subsequent studies to improve the TPIV method.
The latest TPIV technique that delivers higher reconstruction accuracies (Q ' 0.9,
where Q = 1 is 100% accurate by definition) with particle seeding as high as
ppp ' 0.17, is that of Lynch and Scarano (2015). However, like all the TPIV
techniques proposed till date, this method also requires four cameras (at least
three) to achieve a sufficient accuracy, i.e., Q & 0.7 as per Elsinga et al. (2006).
Therefore, though this TPIV method has succeeded in handling higher particle
seedings, the necessity for three or four cameras may restrict the wide use of this
technique.

Perhaps, this could be the reason why there have been contemporary efforts to
come up with new methods such as laser-scanning-PIV techniques. In a typical
scanning-PIV, the cameras record images as the light deflected off a rotating drum
or an oscillating mirror scans or sweeps the flow field in a direction normal to the
laser sheet. The laser sheets used are very thin and one can generate tens to a
hundred consecutive measurement planes. Strictly speaking, scanning-PIV is more
of an experimental arrangement than a method for velocity field calculation. That
is, with the availability of the scanning-PIV images, one can choose to compute
3D-3C velocity field either by treating images at each laser sheet position as an
individual SPIV and stack the velocity fields at the end. In another way, one
can reconstruct particle positions in the volume (like the TPIV) by using all the
images of the volume at once and employ 3D cross-correlation. In the entire thesis,
the former approach is referred to as the ‘scan-stack’ method, while the latter is
referred to as the ‘scan-tomo’ method.
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In the case of the scan-tomo approach, since the particle seeding in each scanned
image is lesser when compared to that obtained from TPIV (which records all
the particles in the volume in one image), the number of ghost particles would
be considerably less in the scanning-(tomo)-PIV. Thus, the issue of the particle
seeding is resolved. Further, all the scanning-PIV methods available in the liter-
ature are based on one or two cameras. The latest scanning-PIV (of scan-tomo
type) is the reconstruction method of Lawson and Dawson (2014), who used only
two cameras to capture homogeneous isotropic turbulence at the camera frequency
equal to 2000 Hz (at full resolution of the camera). Under this configuration, their
experiments with particle seeding as high as 0.13 ppp showed a very low error
(ξ = 0.045, where 0 ≤ ξ ≤ 1 as per Zhang et al. (1997), and ξ = 0 corresponds
to satisfying the mass conservation) in the velocity gradients. The success of the
scan-tomo method, however, does not rule out the scan-stack approach, i.e., stack-
ing of SPIV velocity fields. This is because one can achieve spatial and temporal
resolution in the scan-stack comparable to those of the scan-tomo. That is, one
can use laser sheets of thickness comparable to the spanwise dimension of the in-
terrogation volume that would be used in the scan-tomo approach. Also, with the
availability of high speed cameras (and pulsed laser sources and scanner-mirrors),
one can conceive experiments with a greater number of laser shots or measurement
planes (per volume) without compromising on the temporal resolution.

Therefore, one can infer from the above discussion that laser scanning-PIV meth-
ods can offer higher spatial resolutions and accuracy on par with the best TPIV
techniques with just two cameras. Also, there are two approaches (scan-stack
and scan-tomo) to extract 3D-3C velocity information from the same set of par-
ticle images. However, one is unsure of which of the two methods is better and
faster, as currently there is no direct comparison of these two methods available
in the literature. This marks the motivation for the final objective of the thesis. In
this study, the performance of the two methods is compared by systematically
varying selected experimental parameters in the scanning-PIV. The study aims to
suggest future experimentalists of the optimal scanning method when the details,
namely, the depth of measurement volume, the operating camera frequency and
the volume scan-time are known for measurement.
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1.1.3 Misalignment errors in volumetric PIV measurements

As mentioned above, the topic of misalignment-correction in volumetric-PIV is
taken up as the final objective of the thesis. In comparison with the planar PIV
techniques (2D-2C and 2D-3C), the advancements on resolving misalignment issues
in volumetric-PIV could be considered to be in the development stage. This is true
as there are only a few methods available in the literature: Wieneke (2008); Cornic
et al. (2016); Wieneke (2018) for TPIV techniques; Lawson and Dawson (2014);
Knutsen et al. (2017) for laser-scanning PIV methods. It is evident from the
previous section that the laser scanning-PIV is more promising than the TPIV
in terms of accuracy for a specified particle seeding. Also, the former PIV type
requires only two cameras, while the latter generally employs a minimum of four
cameras. In view of these merits, the misalignment-correction aspect is considered
only for the scanning-PIV in this thesis.

Laser scanning-PIV measurement starts with building of calibration functions that
map the object space to the image plane of each of the recording cameras. Us-
ing these mapping functions, the laser sheet parameters, namely, i) the position
of the sheet, ii) its orientation, iii) thickness and iv) the spacing between suc-
cessive scan positions are calculated. Using these parameters and the mapping
functions, together with the particle images corresponding to a time instant, the
scan-tomo method proceeds with the volume reconstruction of the positions and
intensities of the particles. A three-dimensional cross-correlation of two such re-
constructed volumes gives the required three-dimensional velocity information of
the flow. While the method of Lawson and Dawson (2014) involves calculation of
the updated calibration functions and laser sheet parameters using disparity maps,
such as in the case of SPIV methods, Knutsen et al. (2017) claims to correct the
misalignment-induced errors by producing accurate laser sheet parameters. In
view of two different approaches, in the following, a brief discussion is given on
both the evaluation of laser sheet parameters and the misalignment-correction.

The correction method of Lawson and Dawson (2014) involves elaborate TPIV
type volume reconstructions. The correction results in updated models for the
laser sheet parameters and the calibration mapping functions. To test the method,
the mapping functions and the laser sheet parameters are perturbed to result in
a specified disparity. Then, the method is tested for its ability to predict and
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correct the input disparity. It is found from their simulations that the root-mean-
square deviations noticed after the correction are (0.057 pixel, 0.016 pixel) in the
horizontal and vertical directions of the plane, respectively. Further, the correction
also helped reducing the error in the laser sheet position and orientation to 0.15
voxels (the volume equivalent of the pixel) and 0.54×10−3 rad, respectively.

The method of Knutsen et al. (2017) claims to reduce the misalignment error by
producing accurate laser sheet parameters directly from the particle images, un-
like Lawson and Dawson (2014) who follow the laborious procedure of recording
and processing of the images of the laser sheet taken at various target positions.
Knutsen et al. (2017) constructs laser sheet intensity profile from changes in the
gray level values of the particles in the images recorded at very close time in-
stants. Change in the intensity of the particle is equal to the change in the power
of the laser across the sheet in high-speed imaging since in thse measurements the
spanwise motion of the particle is within one pixel distance. The laser intensity
curve determined at every scan-position in this manner is iteratively updated using
the standard object matching procedures that utilise particle position information
from the two camera views. Though this method gives the laser parameters faster
and accurate than Lawson and Dawson (2014), the alignment issue is not com-
pletely solved. This is because, the calculation of the laser intensity curve relies
mainly on the original mapping functions which assume that the target and the
laser sheet are aligned.

These observations imply that proposing a simpler correction scheme for scanning-
tomo-PIV is non-trivial. This marks the final objective of this thesis. The pro-
posed method starts with the knowledge of the laser sheet model, obtained by
any of the above-discussed methods, and generates misalignment-free calibration
images. The new calibration images will be used to compute a single calibration
mapping function for the entire volume, which in turn, will be used in the volume
reconstruction. The proposed scheme builds on the established correction method
(Wieneke, 2005) for stereoscopic-PIV.
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1.2 Objectives and organisation of the thesis

The broad objectives of the present study are as follows.

1. To quantify the uncertainties in the SPIV measurement of a fully-developed
turbulent channel flow for different misalignments and also various stereo-
view-angle configurations. To this end, both numerical simulations and ex-
periments are conducted.

2. To propose a new correction scheme for accounting misalignment errors in
the scan-tomo type scanning-PIV methods.

3. To assess the scan-stack and scan-tomo type scanning-PIV methods using
various flow-characteristics by conducting numerical simulations and physi-
cal experiments. Here, an oscillating grid turbulent flow is constructed and
chosen for the experiments.

1.2.1 Organisation of thesis chapters

The thesis is organised as follows.

• Chapter 2: A brief literature review concerning the objectives of the thesis
is given in this chapter.

• Chapter 3: This chapter describes the various PIV methods used in the
thesis, and is arranged in three parts.

– Part-1: This part gives a detailed description on the SPIV method
(Willert, 1997) and the misalignment-correction scheme (Wieneke, 2005)
used in the thesis, and presents the performance of the computer code
developed for the same purpose.

– Part-2: The new misalignment-correction scheme proposed for the scan-
tomo type scanning-PIV is described and tested in this part.

– Part-3: In this part, a comprehensive description is given on scan-tomo
method (i.e., the reconstruction method of Lawson and Dawson (2014))
used in the thesis.
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• Chapter 4: Presents results from the SPIV channel flow simulations and
experiments pertaining to the parameters, the stereo-view-angle and the laser
sheet-misalignment. The computer code developed in part-1 of chapter 3 is
used for this purpose.

• Chapter 5: Presents results for the comparison of two scanning-PIV meth-
ods: scan-stack method described in part-1 of chapter 3 and the scan-tomo
method described in part-3 of chapter 3.

• Chapter 6: Scanning-PIV experiments of an oscillating grid turbulent flow
are conducted. The two methods used in processing the experimental data
are the same as that used in chapter 5. Here, the misalignment-corrections
are performed using the methods described in part-1 and part-2 of chapter 3
for the scan-stack and the scan-tomo methods, respectively.

• Chapter 7: The key contributions of the present study are summarised and
direction for future work is presented in this chapter.



Chapter 2

Literature review

In this chapter, a literature background is given for various particle image ve-
locimetry (PIV) techniques. This serves to elaborate on the objectives of the
research work, and they are arranged as follows.

1. Canonical (or 2D-2C) PIV technique

2. Two dimensional and three component (2D-3C) PIV techniques

3. Three dimensional and three component (3D-3C) PIV techniques

2.1 Canonical (or 2D-2C) PIV technique

The PIV technique is a non-intrusive, laser-based flow measurement technique for
extracting two-dimensional (2D) or three-dimensional (3D) instantaneous velocity
information of the flow that can be approximated to be continuum (Adrian and
Westerweel, 2011). The principle behind the simplest form of PIV is as follows. As
a laser sheet is made to pass through a flow seeded with tiny tracer particles, the
light scattered by the particles is captured by a camera at two successive instants
of time. The time interval between the two instants is set to be short enough so
that the displacement of the particle (pattern) from the first time instant to the
next can be approximated to be linear, while being long enough to obtain a large
signal to noise ratio. Here, noise refers to the random displacement error caused
by the uncertainty of the correlation algorithm; longer time intervals allow the
measured displacements to be sufficiently larger than this random error and hence
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a large signal to noise ratio. The instantaneous velocity of the flow field imaged is
then equal to the displacement divided by the time interval.

In PIV studies, the common laser source is a Nd:YAG laser that emits green light
of wavelength ' 532 nm. The thickness of the laser sheet (for the single plane PIV)
is usually in the range 1 mm to 2 mm. The tracer particles, which are typically
oil droplets for gas flows and hollow glass spheres for liquid flows, are tiny (1 to
100 µm) enough to mimic fluid molecules, and these are approximately neutrally
buoyant to the flow under consideration. The imaging cameras are either Charge
Coupled Device (CCD) or Complementary metal-oxide-semiconductor (CMOS)
cameras that allow a higher dynamic range (usually, 12 bit) to achieve a larger
gray level intensity range in the recorded images.

The quality of a PIV result depends on several experimental parameters, and
these are different for different variants of PIV that have been developed over
three decades. In the following, these advancements are thoroughly discussed,
eventually leading to the formulation of main objectives of the thesis. In this
process, where applicable, the parameters concerning the specific PIV technique
are emphasized.

2.2 2D-3C velocity measurement techniques

The canonical PIV described above gives only the two in-plane components of
the velocity vector, and extracting the out-of-plane velocity component requires
additional information of the same field-of-view. This is obtained by adding an-
other camera to the canonical PIV arrangement and is commonly referred to as
the stereoscopic PIV (SPIV). In the SPIV arrangement, the (principal axes of the)
two cameras can be parallel to each other or separated by a finite view-angle. The
former type is referred to as the ‘ translation ’ type and the latter as the ‘ angular
displacement ’ type arrangement. Prasad (2000) gives a review of the various SPIV
camera configurations that can be obtained from these two basic arrangements,
and argues that the ‘ angular displacement ’ type gives a higher accuracy compared
to the other configurations. A schematic of the typical ‘ angular displacement ’ type
SPIV configuration is shown in figure 2.1. Here, the stereo view-angle between the
cameras is indicated by 2α. In the entire thesis, wherever the SPIV configuration
is discussed, it is always referred to as the ‘ angular displacement ’ type. In this
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Figure 2.1: Schematic of an SPIV system in a rectangular channel flow. Here,
2α is the (included) stereo view-angle between the cameras, 2h is the height of
the channel from the inner dimensions and Ls is the thickness of the laser sheet.

section, the principle of the SPIV technique and the various experimental errors
that occur in the SPIV measurements are discussed, eventually leading to the first
objective of the thesis.

2.2.1 Stereoscopic PIV techniques

In the schematic of the SPIV system shown in figure 2.1, the arrangement of the
axes x− y− z refers to the coordinate system adopted in the present study. In the
figure, the two cameras are mounted symmetrically with respect to the normal of
the measurement plane so that the angle subtended by the principal axis (dashed-
black line) of each camera with the plane-normal is α. The typical calculation of
a velocity field from an SPIV system is as follows.

Each camera records a pair of images of the flow seeded with tracer particles
that are illuminated by a laser sheet. Calibration images are recorded (by the two
cameras) by positioning the calibration target at one or more positions within
the laser sheet along the out-of-plane direction; for a 2D-calibration scheme (e.g.,
Van Oord (1997),Willert (1997)) one position, at the centre of the laser sheet,
is chosen, whereas for a 3D calibration mapping, a minimum of two positions
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Figure 2.2: Schematic depicting forward-mapping of a dot-pattern in the phys-
ical space to its images recorded by two cameras with different view directions.
The object-plane is in the world coordinate system with x− y − z as the axes,
while the image plane of a camera is the plane of the camera sensing device, with
X − Y −Z as the axes of the coordinate system, as indicated. While the world
coordinate system is always expressed in physical units, the image coordinate

system is expressed in pixel units.

encompassing the thickness (Ls) of the laser sheet are required (e.g., Soloff et al.
(1997), Lawson and Wu (1997b)). The calibration images are used to calculate the
mapping function between the measurement plane (at y = 0) and the image plane
of each camera:

Forward mapping :

 Xi

Zi

 = MF
i


x

z

y

 , (2.1)

where (Xi,Zi) are the coordinates of the (forward) projection of the real space
point (x, z, y) on the image plane of camera i. This method of relating the physical
space points to their images captured by a camera is called forward mapping (or
forward projection) by the function MF

i . Figure 2.2 depicts forward mapping
applied between a dot pattern (on a calibration target) in the physical space and
its image recorded by each camera in a stereo-camera-arrangement. Here, the
superscripts on the axes refer to the first and second camera, respectively. The
mapping functionsMF

i could be calculated using either the Pinhole camera model
(explained in § 3.1.1) or the multi-variate polynomial function used by Soloff et al.
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(1997).

By constructing a regular grid of points on the particle images, interrogation win-
dows (IWs) are chosen around every grid point. Then, for each camera the dis-
placements (at every IW) in the two in-plane directions of the image are calculated
by cross-correlating the particle images recorded at two successive instants of time.
As a result, one obtains four in-plane displacements (δxi, δzi) at every IW. Owing
to the perspective view of the cameras, each camera sees the computed in-plane
displacements to be the projections of the actual displacement, while the infor-
mation on the out-of-plane motion is embedded in the projected displacement.
The mapping functions and the four in-plane displacements are used to compute
the actual three component (3C) displacements (and hence the velocities) in the
measurement plane at every IW. This calculation is performed either by the stan-
dard Least-squares error methods (Soloff et al., 1997, for example) or using the
geometric relations between the object and (camera) image planes (Willert, 1997;
Coudert and Schon, 2001, for example). Details of the methods used in this thesis
are discussed later in the chapter.

2.2.2 Advancements on the accuracy of stereoscopic-PIV

The developments on the SPIV technique until year 2000 were on the establish-
ment of two aspects: i) the basic framework of the experimental arragement and
ii) the 3C velocity field calculation method which does not require geometric con-
figuration of the setup. Prasad (2000) gives a detailed review of the evolution
of the framework. The advancements made subsequent to these works have been
concerned with multiple aspects. While some studies have assessed the existing
calibration methods (Willert, 2006, for example) and proposed new calibration
schemes (Fouras et al., 2007, 2008; Grizzi et al., 2010), others have focused on two
important parameters - the misalignment between the calibration target and the
laser sheet, and the stereo-view-angle (2α) between the cameras. In the following,
the studies concerning these two aspects are discussed separately.

2.2.2.1 Studies related to misalignment corrections in SPIV

Misalignment is generally associated with the limitations of the manual positioning
or the traversing systems that are used to align the target with the laser sheet. The
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(a) (b)

(c) (d)

Figure 2.3: Schematic showing a calibration target that is aligned with the
measurement plane in blue colour (a), and the three possible target misalign-
ments (b-d) that occur during measurements in a streamwise - wall-normal (x -
z) plane for the SPIV system shown in figure 2.1. Here x− y− z and x′− y′− z′,
are the coordinate systems in the aligned and the misaligned cases, respectively.
b, angular misalignment (∆ψ) about the x-axis; c, angular misalignment (∆θ)

about the z-axis; d, translational misalignment (∆y) along the y-axis.
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misalignment can be one or both of the two types - 1. angular and 2. translational.
Angular misalignment refers to the calibration target experiencing angular rotation
about any of the axes, whereas the translational type refers to the linear shift of the
target with respect to the measurement plane. Figure 2.3(a) shows the schematic
of a calibration target (white-dotted pattern) aligned with the measurement plane
(y = 0) of the vertical laser sheet (green hexahedron). Figures 2.3(b-c) show the
schematics of angular misalignments of the target with the measurement plane
(light blue square), expressed as rotations about the x- and z-axis, respectively.
The translational misalignment along the y-axis is depicted in figure 2.3(d). Note
that angular misalignments about axes other than those represented in the figure
can still be expressed as a combination of the possible ways shown here. For
example, an angular rotation about the vertical edge of the target can be thought
of as a combined effect of angular rotation about the z-axis and translational
misalignment along the y-axis.

The misalignments cause two types of errors in the calculated velocity fields,
namely, the origin error and the magnitude error. The origin error refers to the sit-
uation that the displacements calculated from the two cameras do not correspond
to the same location in the object plane. Even if one corrects the origin error,
the velocity field can become erroneous owing to the magnitude error. Since the
origin error corrects for only the positional-mismatch, the calibration plane is still
misaligned with the object or measurement plane. As a result, the camera centres
and the local view-angles, which are the angles subtended by the principal axes
(of the cameras) with the normal to the calibration plane, will become incorrect.
Consequently, the magnitude of the displacement (and hence, the velocity) vector
will also become erroneous. An illustration of these two types of errors is given in
Appendix A.

A significant number of researchers (Willert, 1997; Coudert and Schon, 2001;
Scarano et al., 2005; Wieneke, 2005; Giordano and Astarita, 2009) have attempted
to quantify and correct these errors. Precisely, the nature of correction suggested
is either to explicitly correct the positional mismatch and the local-view-angles, or
to indirectly correct them by updating the orientation and position of the camera
centres (and obtain a new calibration mapping). In either approach, after the
correction, the calibration plane will be aligned with the object plane. It will be
evident from the below discussion that the early methods follow the first approach.
Among those, Willert (1997) has come up first with the idea of quantifying the
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misalignment. He uses a two-dimensional rational polynomial mapping of the
form:

Backward mapping :MB
i


wiXi

wi Zi

wi

 =


wo x

wo z

wo

 , (2.2)

for the calibration, where MB
i is the mapping function of camera i, and (x, z)

is the real space point and (Xi,Zi) is the point on the image plane of camera i.
Here, wi and wo are the scale factors. Equation (2.2) expresses the transformation
from the image plane to the object plane. In the literature, this transformation is
referred to as Backward mapping (or Back-projection), and note that it is converse
to that given in (2.1). Willert chooses the first and the second camera particle
images that belong to the same time instant, back-projects and cross-correlates
them to obtain the disparity field (see figure A.1(b)). Since the back-projected
images of the two cameras should be identically the same when the laser sheet and
the calibration target are aligned (for example, point A in figure A.1), any finite
disparity observed is an indication of misalignment. However, Willert accounts for
the misalignment by offsetting the interrogation grid of the second camera-view
by six pixels, which is arbitrary. It becomes evident from the following that all
the misalignment correction methods proposed to date rely on the concept of the
disparity map calculation, followed offsetting the interrogation grid of the second
camera-view by the amount of disparity displacement.

The first systematic correction has been proposed by Coudert and Schon (2001),
who also start with the calculation of the disparity (displacement) map (D(x, z, y0),
where y0 is y = 0 plane). In addition to calculating the backward mapping func-
tion (for each camera), they calculate a forward (projection) mapping function
(like (2.1)) as well. If G(x, z, y0) refers to the interrogation grid used in comput-
ing the disparity map, then the algorithm starts with the calculation of a new grid
(G′(x, z, y0)) as,

G′(x, z, y0) = G(x, z, y0) + D(x, z, y0). (2.3)

Since the grid points in G and G′ correspond to each other, the positional mis-
match due to the misalignment is now accounted for. The grids G and G′ are
forward-projected from the object plane to the image plane (using MF such as
given in (2.1)) of the first and the second camera, respectively, to obtain G̃ and
G̃′. Then, the raw particle images of the first and second camera, respectively,
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are cross-correlated at G̃ and G̃′ to obtain the in-plane displacements (in pixel
units) at each instant. Using MB

i these displacements are then back-projected
onto the object plane for subsequent 3C velocity calculation (in real units) using
the geometric relations proposed by Van Oord (1997).

Coudert and Schon tested their method using a synthetic random dot pattern. A
stereoscopic-PIV system with imposed translational misalignment equal to 1.56 mm
(in the out-of-plane direction) was used for this purpose. They captured the images
by translating or rotating the pattern by uniform increments. The misalignments
had only a little effect on the uniform displacement fields, and hence the correction
improved the measured displacements by a negligible margin (0.01%). When it
comes to the rotational displacements, 10% improvement was achieved after the
correction. The authors claim that, in these tests, the remaining error in the com-
puted displacements is around 0.1 pixels, which is comparable to the correlation
accuracy. Further to these, the algorithm was applied to turbulent jet flow exper-
iments. The data from the uncorrected and corrected data (from only two fields)
showed a difference of 10% in the displacement field.

While these results appear promising, their algorithm corrects only the origin (or
position) error. Thus, the calculated velocity field could still be erroneous as a
correction for the magnitude error (illustrated in §A.2) was not performed. Mag-
nitude error could be significant in measurements involving substantial misalign-
ments. Further, one cannot ascertain the performance of this algorithm for real
flows since no statistical flow-quantities are presented from their experiments. The
other limitations of this method are that it assumes the geometric parameters of
the setup, such as the nominal image magnification, the lens focal length, and
the local view-angles, although they are optimized before calculating the three
velocity components. Also, this method requires an extra calibration function for
(forward projection of) each camera. These additional steps need more compu-
tational time. Further, for the experimental arrangements in which the lens and
the measurement plane are far apart, even the optimized geometrical parameters
might incur a considerable error in the velocity field measurement.

Later, Scarano et al. (2005) proposed an iterative correction scheme, in which
initially a synthetic random particle image pattern is cross-correlated with its im-
ages obtained from either camera to obtain displacement fields called dewarping
(vector) fields. In this step, the images of the pattern are taken at two spanwise
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positions (say, y = y+ & y = y− and let δy = y+ − y−) on either side of the mea-
surement plane (y0 = 0). Let the resulting dewarping fields be −→D+

i = (D+
U, i,D

+
V, i)

and −→D−i = (D−U, i,D
−
V, i), where the subscripts U and V, respectively, refer to the

horizontal and vertical directions, and i refer to the index of the correlation grid
point. Using the images of the same random particle pattern, 3D backward map-
ping functions of cubic polynomial type are calculated for each camera. Then, the
first iteration of the algorithm proceeds as follows.

Initially, as suggested by Willert (1997) an average disparity map −→R = (RU,RV)

is calculated. Using −→R , a correction is applied to every grid point on both the
positive and the negative dewarping fields as,

−→
D corr

i =
−→
D i +

1 + ∂
−→
D i

∂
−→
X

 Coi
−→
R , (2.4)

where Coi = tan γi/(tan γ1 + tan γ2) and tan βi/(tan β1 + tan β2) in X and Z

directions, respectively. In (2.4) the gradients are calculated using the 2D poly-
nomial fittings to the dewarping fields, and they account for the non-uniform
magnification caused by the perspective stereo-view arrangement. In the first it-
eration, for example, Co1 is computed by treating the stereo view-angles (α1,α2)

of the cameras as the local view-angles (γ1, γ2). Equation (2.4) accounts for the
positional error introduced by the misalignments. Using these corrected fields, the
dewarping field (

−→
D0

i
corr = (D0

U, i,D0
V, i)) pertaining to the y0 plane is obtained

through linear interpolation.

Subsequently, the displacements from a pair of particle images, say, It and It+∆t

(of any camera), are calculated using two interrogation grids constructed as fol-
lows. The grid positions (of the previous iteration) on image It are updated by
adding the corresponding component of

−→
D0

i
corr, while simultaneously subtracting

the product of the gradient term (shown within the parentheses in (2.4)) and the
predictor displacement component obtained from the previous iteration. In the
case of image It+∆t, this product would be added to the grid positions, in addition
to the component of

−→
D0

i
corr. Subtracting the updated grid of It from that It+∆t

gives four in-plane displacements at every grid point.
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Before proceeding to the next iteration, the magnitude error is corrected by up-
dating the the local view-angles as,

tanγ =
D+

U, i −D
−
U, i

δy

 1
1 + ∂DU, i

∂X

 , tanβ =
D+

V, i −D
−
V, i

δy

 1
1 + ∂DV, i

∂Z

 , (2.5)

where β is the angle subtended by the line-of-sight from the camera with the
horizontal in the y − z plane. The view-angles (γ &β) calculated in the current
iteration (through (2.5)) are used to obtain a new set of coefficients Co1 and Co2

for (2.4). This step completes the 1st iteration.

The second iteration starts with the calculation of a new disparity map, ob-
tained from the cross-correlation of particle images that are dewarped onto the
updated calibration plane. Subsequently, a new set of dewarping fields are calcu-
lated through (2.4) using Co1 and Co2 evaluated in the 1st iteration. Using these
new dewarping fields, the grid positions of It and It+∆t are updated as explained
above to arrive at a new set of four in-plane displacements at every grid point.
Subsequently, the local view-angles are updated using (2.5). If the disparity map
computed in the next iteration contains finite displacements, then the entire pro-
cedure is repeated until the disparities are within the prescribed threshold. Once
convergence is achieved, the actual three-component displacements are calculated
using the recently computed in-plane displacements in the geometric relations of
Van Oord (1997) and Coudert and Schon (2001).

The authors conducted experiments using uniform displacements of the synthetic
random particle pattern to test the efficacy of the algorithm. The cases considered
include unidirectional displacements (for example, in either of x, y or z direction)
as well as combinations of displacements in multiple directions. The misalignments
introduced were of three types: translational offsets in the out-of-plane direction,
angular misalignments about the vertical axis, and a combination of both. The
uncorrected results for angular misalignment of 2◦ showed that the maximum error
was around 50µm (or 5%) relative to the known displacement, in almost all types
of cases investigated. After the correction, the error reduced to a negligible value
of ' 0.1%. These results indicate that the correction works quite effectively, and
also both the positional and magnitude errors are overcome.

The key contribution of this method is that the local view-angles are iteratively
computed using the calibration mapping functions and the dewarping fields (in the



Literature review 21

same manner as Fei and Merzkirch (2004)), unlike Coudert and Schon (2001) who
guess and optimize the view-angles. Moreover, the proposed method performs de-
warping and window deformation (to account for the velocity gradients in the flow)
in a single step, and the non-uniform magnification in the images is accounted for
at every stage. Despite these merits, the algorithm is computationally expensive
since the in-plane displacements (used for final 3C velocity computation) are cal-
culated in every iteration. Also, the performance of this algorithm is unknown
for real flows; similar to Coudert and Schon (2001), here too the testing was done
only for uniform displacement fields.

At around the same time, Wieneke (2005) proposed a relatively simpler itera-
tive misalignment correction method that also starts with the calculation of the
disparity map, but uses the second approach. That is, this method corrects the
orientation and position of the cameras so that these updated camera parameters
will be expressed with respect to the (correct) calibration plane coordinate sys-
tem that coincides with the measurement plane coordinate system. For example,
with reference to figure A.1, C1,C2, γ1 and γ2 become C0

1 ,C0
2 , γ0

1 and γ0
2 after the

misalignment-correction, owing to the reason that the calibration plane coincides
with the object plane. Subsequently, the calibration mapping functions will be
updated. This procedure is referred to as the self-calibration algorithm and is
extensively used in the thesis. The various steps involved in the self-calibration al-
gorithm are comprehensively described in § 3.1.2. At the end of the self-calibration
algorithm, the raw particle images are back-projected on to the object plane using
the updated calibration mapping functions. Later on, the in-plane displacements
will be calculated from the images of either camera and used in the final 3C velocity
calculation.

The author investigated the performance of the method in three different types
of experiments. These include measurements on a 2D-2C velocity field of reg-
ular vortices, a random dot pattern subjected to uniform displacements and a
twin-jet flow emanating through two stationary cylinders. The tests on regular
vortices involved the establishment of a reference calibration case, in which eight
views were used for computing the pinhole type calibration function, followed by
a bundle adjustment (see Hartley and Zisserman (2003) for an overview) for fine
tuning the calibration parameters. This exercise formed a baseline on the maxi-
mum achievable accuracy with the standard calibration and the self-calibration for
misalignment-correction. Subsequently, corrections were applied to the cases with
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various degree of misalignments that include disparities as high as 500 pixels. The
results showed that the method corrects the misalignment-induced errors in the
origin as well as the final velocity vector to within 0.1 pixel accuracy, on par with
the reference case. Such an accuracy was attained even in the largest disparity
case, suggesting the superior efficacy of the method.

Similar performance was achieved in the other two experiments as well. For in-
stance, in measurements with the random pattern, where the pattern was given
5mm translational displacement across the plane, the residual displacement error
was ' 1.2%. In the experiment with water as the medium (instead of air as in the
regular vortices study), the uncorrected error in the measured displacement was
' 0.3%. In the experiments on twin-jet flow of water droplets in air, the resid-
ual origin error after the self-calibration was 0.4 pixels. In summary, Wieneke’s
method has been proved to deliver sub-pixel accuracies in challenging flow envi-
ronments - high-vorticity field (first experiment type); flows with strong refractive
index changes (random pattern experiments); high-shear flows (twin-jet flow ex-
periment). It will become obvious that the self-calibration algorithm of Wieneke
(2005) is the best available in the literature that has been shown to work quite
effectively for real flows.

A little later, Giordano and Astarita (2009) came up with a correction method
that follows the first approach of correcting misalignments, i.e., explicitly correct
the positional-mismatch and the local view-angles. As illustrated in Appendix A,
one needs to use the disparity map to account for the origin error, whereas correct
local view-angles are needed to estimate the local misalignment so that the (dis-
placement) magnitude error can be eliminated eventually. The algorithm contains
an inner and an outer loop and proceeds as follows. In the first iteration of the
outer loop, similar to that of Coudert and Schon (2001), a new interrogation grid
(see (2.3)) is calculated using the disparity map. Then, the method calculates the
translational misalignment (∆y) using an inner iterative loop: for example, with
reference to figure A.1(b), the translational misalignment,

∆y = DU
(tan γ1 + tan γ2)

. (2.6)

The misalignment ∆y in (2.6) is calculated using γ1 and γ2, which are evaluated
at points A1 and A2 respectively, using the respective camera centres (see fig-
ure A.1(b)). Alternatively, these angles can be computed at the midway between
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A1 and A2. ∆y computed at every grid point in this way, in turn, is used for
calculating a new set of local view angles. This inner loop is iterated until the
difference in ∆y calculated from two successive iterations is less than a predefined
threshold.

The next iteration of the outer loop starts with dewarping of the particle images
onto a new plane by taking into account the converged ∆y calculated in the current
(outer loop) iteration, meaning that the calibration plane would have a lesser
misalignment than observed before. Note that the magnitude and sign of the
converged ∆y varies across all the grid points in a SPIV measurement that incurs
angular misalignments; experiments with only translational misalignments involve
a constant ∆y. Then, the entire procedure starts again with the estimation of
∆y using the inner loop. The outer-loop is stopped when the converged ∆y is
less than a predefined threshold. At this stage, the calculated new plane (almost)
coincides with the laser sheet plane. Thus, both the positional-mismatch and the
magnitude error are overcome.

Giordano and Astarita tested their algorithm on simulated sinusoidal displacement
fields containing various wavelengths. The results indicate that the correction
scheme works quite effectively in extracting the imposed displacements for nearly
all wavelengths. Further, the method is applied to experiments on the wake of a
cylinder, and a significant improvement is noticed in the vortex region of the mean
flow field. In addition to suggesting a scheme for accounting misalignments, the
authors proposed expressions for local view-angles using gradients of calibration
mapping functions, for example, such as that used in the stereo-PIV algorithm
of Soloff et al. (1997). Recall that these view-angles are used in the calculation
of final three-component velocity fields (see Appendix A.1). Calculating the local
view-angles in this way is simple since one does not need to explicitly calculate the
geometric parameters of the cameras, for instance, the coordinates of the camera
centres.

All these studies have shown that the presence of a finite misalignment in the
recorded data introduces errors in the final 3C velocity fields, and also suggested
various correction methods. Note, however, that the amount of error induced by
the misalignments varies among the flows since these errors depend on the mag-
nitude and the instantaneous direction of the local velocity vector. Therefore, the
cumulative error represented by statistical flow quantities varies among different
class of flows. For instance, the way the flow-characteristics are affected, could
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vary from isotropic to anisotropic turbulent flows, or cases with and without sig-
nificant mean flow. It can be deduced from the above discussion that no study
has reported how misalignments modify the flow-statistics. Such a knowledge is
quite useful to determine if the misalignment-correction is essential in a particular
flow configuration, and thereby reduce the time involved in performing the cor-
rection. This aspect will form a part of the study presented in chapter 4. To this
end, the effects of misalignments on the statistics of wall-bounded turbulent flows
are investigated. The simulations are substantiated using SPIV experiments of a
fully-developed turbulent channel flow. To quantify and correct the misalignments
in the experimental data, the self-calibration algorithm of Wieneke (2005) is em-
ployed since this Wieneke’s method is robust and shown to perform quite well in
a wide-variety of flows.

In addition, a study is conducted on the impact of another critical experimen-
tal parameter, the stereo viewing angle (2α). This parameter also has received
minimal attention in the literature, especially for wall-bounded turbulent flows.
In the following, a few earlier studies related to the view-angle configurations are
discussed before formulating the detailed objectives of the studies presented in
chapter 4.

2.2.2.2 Studies related to stereo-view-angle (α) in SPIV

Earlier studies concerning the choice of α are that of Lawson and Wu (1997a) and
Lawson and Wu (1997b). Lawson and Wu (1997a) derived theoretical expressions
for the three-component displacements as a function of the view-angle α, and
proposed an error model (for displacement fields) that is based on the geometry
and different configurations of the SPIV system. Their expressions rely on the
physical distance between the measurement plane and the imaging system. In
their later study (Lawson and Wu, 1997b), they tested their theory on uniform
displacement fields, rather than on real flows. Recently, Bhattacharya et al. (2016)
proposed theoretical expressions to quantify the errors that occur at various stages
of the 3C velocity field calculation in the standard SPIV system. In their analysis
they find how the errors propagate across the various calculation steps involved in
the SPIV (for a misalignment-free case). They tested their theory on synthetic as
wells as real flows (vortex rings).
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From the above discussion, it can be concluded that there is no literature on how
the flow statistics of wall-bounded turbulent flows are affected by misalignments
in the measured data and the choice of α. Wall-bounded turbulent flows are of
particular concern owing to the continuing interest in using the SPIV technique
in these flows (Herpin et al., 2010; Mejia-Alvarez and Christensen, 2013; Lemoult
et al., 2014; Barros and Christensen, 2014; Kerhervé et al., 2017; Kevin et al.,
2017; Willert et al., 2018). This marks the motivation of the study presented
in chapter 4, i.e., to investigate the sensitivity of the characteristics of the wall-
bounded turbulent flows to the changes in α and the various types of laser sheet-
calibration target misalignments in a typical SPIV configuration.

Since simulations enable individual parameters to be studied by excluding the ef-
fects of the other factors, and are also devoid of the significant effort required for
conducting many experiments, the objectives in the study are addressed through
numerical simulations mimicking SPIV experiments. However, physical SPIV ex-
periments, with imposed misalignments, are also conducted under matched simu-
lation conditions to determine the extent to which the simulations and experiments
are comparable. The following section gives the details of this study.

2.2.2.3 Objectives of the study on SPIV measurements: Chapter 4

In chapter 4, an attempt is made to answer the following questions especially in
relation to wall-bounded turbulent flows.

1. Which velocity component is most sensitive to the changes in α and what is
the optimal value of α?

2. Which measurement plane is most influenced by the misalignments?

3. Which type of misalignments (rotational and/or translational) cause higher
errors in the statistics?

4. Finally, what are the magnitudes of the misalignments below which misalign-
ment correction might not be essential (because misalignment correction is
a time-consuming step)?

The answers to questions 1 to 3, for example, enable one to choose the appropriate
orientation of the laser sheet (and the camera arrangement) in 3D measurements,
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where the 3C-velocity fields from individual planes are stacked together so that
errors due to misalignments are minimal; refer to § 2.3.4 for information on stacking
the velocity fields. The answer to the final question gives future experimentalists
an idea of whether or not misalignment correction is essential, at the set-up stage
of the experiment.

The synthetic particle images required for the simulations are generated from the
channel flow direct numerical simulations (DNS) data of del Álamo et al. (2004).
While misalignment effects are quantified for measurements in both streamwise
- wall-normal and streamwise - spanwise planes, the study on the effects of α is
limited to measurements in a streamwise - wall-normal plane.

2.3 3D-3C velocity measurement techniques

Until now, the flow measurement techniques pertaining to a single measurement
plane have been discussed. These techniques cannot offer sufficient information
that is required to thoroughly understand the 3D nature of turbulent flows (that
can be realised in a laboratory), as well as to quantify the turbulent flows that
are of practical importance. Therefore, there has been a significant effort towards
extracting 3D information of turbulent flows. Knowledge of the 3D velocity field
information allows one to understand various physical processes, like momentum
and energy transport. In the following, the advancements from the early attempts
to the current state-of-the-art techniques are discussed by categorizing them into
the following groups:

• Multi-plane PIV measurement techniques

• Particle-tracking velocimetry techniques

• Tomographic PIV techniques

• Laser-scanning PIV techniques

The discussion on these 3D-3C velocimetry techniques ends with the motivation
for the research work presented in chapters 5 and 6. Further, the background of
these four techniques is essential in understanding the volumetric PIV technique
used in these chapters.
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Figure 2.4: Schematic of a typical multi-plane PIV setup in a simulated tur-
bulent channel flow. Here, the laser sheet (of thickness, Ls) is sent into the
channel from the bottom, Dv is the total depth of the volume and ∆ys is the

spacing (along the depth) between the successive laser sheet positions.

2.3.1 Multi-plane PIV measurement techniques

Multi-plane measurement comprises simultaneous measurement of the flow infor-
mation in two or more parallel planes of the flow using one or more cameras.
Figure 2.4 shows a schematic of the multi-plane measurement in the x− z plane of
the flow through a rectangular channel. Here, Ls is the thickness of the laser sheet
used to measure the depth of the volume Dv by firing the laser sheets at several
spanwise positions that are separated by ∆ys distance. Information of the 3C ve-
locity field in more than one plane enables one to calculate the nine components of
the deformation rate tensor for understanding the phenomenon like the vorticity-
transport mechanism in turbulent flows. It is very critical to achieve laser sheets
at multiple positions simultaneously, and it requires a careful synchronization of
the specialized optical arrangement and the laser source hardware.

Kähler and Kompenhans (2000) first attempted to obtain 3D-3C velocity infor-
mation in two parallel planes of the flow. The setup consisted of an orthogonally
polarized light generated by four frequency-doubled Nd:YAG lasers and four cam-
eras. The filters used for the cameras allow scattered light of the particles specific
to a light sheet. The system has been tested to measure the zero-pressure gradient
laminar boundary layer over a flat plate. This technique was adopted in the study
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of Hu et al. (2001), who measured air jet mixing flow emanated from a lobed
nozzle, and that of Kähler (2004), who investigated the spatio-temporal structure
of turbulent boundary layer over a flat plate.

Another important multi-plane measurement is that of Liberzon et al. (2004), who
generated three parallel light sheets using an optical arrangement consisting of a
polarized and non-polarized beam-splitters, along with the standard prism. The
stereo-cameras capture the light scattered by all the planes in one image recording,
implying that the flow-information of all three planes is embedded in one image.
Subsequently, they separate the particles in each plane using various specialised
methods that precisely distinguish particles by the size and grey scale intensity
values. Though this method is novel compared to the earlier, it seriously suffers
from considerably less particle seeding in the images. Perhaps, this could be one
of the reasons why this method did not see any further development.

Later, a slightly modified (in terms of the generation of the laser sheet) set up of
Kähler and Kompenhans (2000) was used by Mullin and Dahm (2005) for mea-
suring velocity gradients of a turbulent shear flow. They further commented on
various aspects of the measurements, namely the required laser sheet thickness, the
spacing and the parallelism between the two measurement planes. At around the
same time, Ganapathisubramani et al. (2005) has proposed a dual-plane technique
for the measurement of 3D-3C velocity fields. Contrary to the previous studies,
they use three cameras for recording the particles illuminated by the laser sheets
(generated by orthogonal polarizations) in two parallel planes.

In summary, the majority of the multi-plane techniques for 3D-3C velocity mea-
surements use sophisticated optics and synchronization of the laser source with
three or more cameras. Nevertheless, these methods present some insights to fu-
ture advancements. The advanced techniques might involve hardware as complex
as that of the multi-plane techniques, but offer more information about the flow.
In the following, such advancements, namely, the particle tracking velocimetry,
the tomographic PIV and the laser scanning PIV techniques, are discussed.

2.3.2 Particle tracking velocimetry (PTV) technique

The flow-measurement technique that first attempted to extract 3D flow informa-
tion by using volume-illumination of the flow is the particle tracking velocimetry
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Figure 2.5: Schematic of the typical volume illumination used in the particle
tracking velocimetry (and also in the tomographic-PIV (TPIV), described in
§ 2.3.3.2) setup in a simulated turbulent channel flow. Here, the laser sheet,
that is sent into the channel from the bottom, is of the same thickness (Ls) as

the depth of volume, Dv.

(PTV) technique. The earliest PTV algorithm that dealt with a significant amount
of particle seeding (∼ 1000 particles in a volume of size 200× 160× 60 mm3) is
that proposed by Maas et al. (1993) and Malik et al. (1993). Figure 2.5 shows
the schematic of a four-camera arrangement that would be used in a typical PTV
measurement. The principle behind their algorithm is as follows.

At each time instant, the raw particle images, typically from three to four simul-
taneous camera views, are used to determine the coordinates of the particles in
real space using the concepts of epipolar geometry (Maas et al., 1993); the details
are explained shortly. Subsequently, the particle coordinates obtained at several
time instants are used to establish the particle-tracks. That is, for every particle
position at a time instant t, its position at the subsequent times are calculated
by searching in the small neighbourhoods around the expected positions (Malik
et al., 1993). This procedure of obtaining tracks is followed for the entire time-
series data. Then, the velocity of the particles can be calculated through one of
several approaches, for example, i) displacement divided by the time-difference,
like in the standard PIV; ii) by approximating the travel-path of the particles to
be a quadratic or fourth-order polynomial and calculating the velocity from more
than two particle positions.
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Although the work presented in this thesis is about SPIV and volumetric PIV, a
short description is given on the basic algorithm of PTV for two reasons. First, the
concepts of the epipolar geometry used in determining the real space coordinates
of the particles in PTV, are the same as that used in one of the scanning-PIV
techniques used in this thesis (see § 3.3.1 and § 3.3.2.1). Also, the other variants of
3D-3C calculation methods, described later in the chapter in § 2.3.3.3, have some
commonality with the concepts of particle-tracking employed in PTV. In view
of these, in the following, the algorithm of PTV is explained before discussing its
merits and demerits in the context of the other volumetric velocity field calculation
methods. The description given in the following is divided into two parts: i)
calibration and determination of 3D positions of the particles as per Maas et al.
(1993); ii) computation of particle-tracks using the particle positions as per Malik
et al. (1993).

2.3.2.1 Calibration and determination of 3D positions of the particles

The pinhole camera model (explained in § 3.1.1) is used to compute the projection
matrix of each camera using the respective calibration images, recorded at 3 to 5
positions in the out-of-plane direction. The effects of lens-distortion and changes
in the refractive index (of the media from the test zone to the camera sensor) can
also be incorporated into the standard model given in §3.1.1.

Initially, the particle positions in the images are calculated by searching for the
pixels with intensities that are greater than a pre-set threshold, which is usually
the average intensity of the background. Then, the following criteria are used in
identifying and treating a group of pixels as a particle. These are, i) a particle is
said to be identified when a discontinuity in the grey values of the pixel (i.e., a
change from a large grey value to that of the background) is encountered; ii) the
group of pixels contain only one peak grey intensity value; iii) the grey values
of the pixels within the particle decrease continuously from the peak value to
lower values. After identifying the particle positions, the next task is to establish
the stereoscopic correspondences between particles in every pair of camera images
using the concepts of epipolar geometry, which will be explained later in § 3.3.1.

Now, using the three corresponding particle positions (in a three-camera PTV sys-
tem), the 3D coordinates of the real space position are found in the least-squares
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sense. This procedure of finding the correspondences and their real space coordi-
nates is repeated for all the particles, resulting in a volume of particle positions
corresponding to one time instant. Once the 3D coordinates of the particles at
all time instants (in the time-series data) are determined, then the velocities of
the particles can be calculated by establishing the particle-tracks, i.e., finding a
particle in the subsequent time frames corresponding to every particle in the cur-
rent (time) frame. The details of the typical particle-track calculation are given
in Appendix B.

The PTV method described above becomes challenging when there is a significant
measurement noise and/or the particle seeding density is high in the images. The
first aspect makes it difficult to detect the particles in the image, as the difference
in the grey values of the pixels become comparable to that of the background.
Higher seeding density causes the particles to overlap and also makes it challenging
to identify a true link of the particle in the next frame, as there would be too many
particles found in the neighbourhood of the expected location. Another bottle-
neck that prevents the wide implementation of the PTV is that the algorithm
relies on the availability of a minimum of three to four camera-views.

Since the advent of this algorithm, a number of advancements have been proposed
to minimise the issues caused by these two aspects. These studies are not discussed
here, as the focus of the thesis is only on the scanning-PIV that employs and SPIV
and tomographic PIV approaches. However, some hybrid methods that utilise the
concepts of both PTV and tomographic PIV are discussed in the following section,
as they are the current state-of-the-art techniques for computing volumetric veloc-
ity fields. Also, some of the concepts used in these hybrid algorithms are related
to the scanning-(tomographic-)PIV used in this thesis.

2.3.3 Tomographic PIV (TPIV) techniques

The arrangement shown in figure 2.5 for a typical PTV measurement, is the same
as that used in the tomographic-PIV (TPIV) measurement. However, the principle
of operation of the TPIV techniques is entirely different from that of the PTV
(and the planar PIV) technique. In a typical TPIV measurement, the laser light
scattered by the tracer particles (in the thick illuminated flow domain) is captured
by three or more cameras. Then, the 3D-3C velocity information is calculated in
two steps:
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• Volume reconstruction of tracer particles

• 3D cross-correlation

Volume reconstruction involves initially the calculation of probable positions of
the particles, followed by the calculation of particle intensities in the real space
through iterative techniques such as multiplicative algebraic reconstruction tech-
nique (MART) of Herman and Lent (1976). The MART reconstruction process
in simple terms can be described as follows. Since it is known that the pixel-
position on a recorded image is the projection of a space point, triangulation of
the coordinates of the pixel in different images obtained from different camera-
views gives the original space point. As there would be numerous particles in the
field-of-view and hence in the recorded particle images, it is practically impossible
to directly find the images corresponding to every particle in the space. Hence, the
volume reconstruction involves guessing and updating the particle intensities at
the probable positions in the space through an iterative process. After obtaining
two (converged) reconstructed volumes from the set of images that are separated
in time by the PIV time-difference, the standard 3D cross-correlation techniques
are applied to calculate the 3C velocity information in the 3D space of the flow.

The work of Elsinga et al. (2006) marks the genesis of the tomographic PIV tech-
nique used for the measurement of turbulent flows. The term “ tomography ” came
from the particle reconstruction method used in this technique. In the planar PIV
techniques, the spatial resolution in the out-of-plane (or spanwise) direction is
equal to the laser sheet thickness. In the case of TPIV, on the contrary, it is
the spanwise dimension of the interrogation volume used in the cross-correlation
determines the spanwise resolution, regardless of the thickness of the laser sheet
used for the illumination. Unless the laser sheet used in the planar PIV is thin, the
TPIV gives a better spanwise resolution than the planar PIV. Also, since TPIV
uses a thicker laser sheet than the planar PIV, one can obtain 3D information
of the flow as there would be more than one interrogation volume in the span-
wise direction. As a result, this technique turned out superior to the planar PIV
techniques. However, TPIV comes with limitations that are not present or severe
in the planar PIV techniques. These are, the occurrence of the ghost or pseudo
particles in the (guess and update procedure of the) reconstruction process and
the requirement of more significant computer memory and longer computational
time.
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Figure 2.6: Schematic of the formation of ghost particle (G) in the typical
TPIV reconstruction of two true particles (T1 and T2): a, two camera-views,
Cam1 and Cam2; b, three camera-views, Cam1 to Cam3. Here, the grey colour
grid represents the reconstruction zone in the object space, each square repre-
sents a voxel. The blue lines are the image planes (or sensors) of the cameras,
and the red lines represent line(s)-of-sight from the pixels on the images. The
green patches represent the (back-) projection width from three pixels, and Dv

is the depth of the reconstruction volume.
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Figure 2.6 shows an illustration of how reconstruction-ambiguity arises in different
scenarios using two particles (T1 and T2) in the reconstruction space (i.e., the grey
colour grid in the figure). The reconstruction space corresponds to a slice in an
x− y plane of a volume whose depth (Dv) is predetermined from the calibration
mapping functions. In general, the volume is discretised into small cubes called
‘voxels’ (grey colour squares in the figure) whose unit length is (approximately)
the same as that of the pixels on the camera images. The red lines represent the
line(s)-of-sight (or rays) from the pixels to the object (reconstruction) space. As
the (average) diameter of the particle in the images is (chosen to be) approximately
three pixels in length, the size of the reconstructed particle would also have the
diameter equal to three voxels (= the width of the green patches).

In the two-camera TPIV arrangement shown in figure 2.6(a) for the particles
T1 and T2, there are three intersections within the depth Dv. As the particle
positions are unknown, mathematically, every intersection of the rays (within Dv)
from different camera-views is a potential particle position. As a result, the (guess
and update process of the) reconstruction introduces ghost particles (such as ‘G’
in figure 2.6) along with the true particles (T1 and T2) as shown in the illustration.
When an additional camera view (Cam3) is available, as shown in figure 2.6(b), the
corresponding image contains only T1 and T2. Since a true particle must be seen
in every image, the additional information from Cam3 can be used to overcome
the reconstruction-ambiguity and hence the ghost particle can be eliminated.

Furthermore, an ambiguity can arise when more than one particle is present in
the line-of-sight, i.e., when the particles overlap. Availability of an extra camera
view, say Cam4, gives additional information to resolve this issue. So, one can
continue adding cameras to get more accurate reconstructions. However, it is not
economical to use many cameras; note that the typical TPIV uses four cameras. It
is now evident that the ghost particles occur owing to the ambiguity caused either
by the insufficient number of (camera-) views in the experimental arrangement or
by the presence of too many particles in the line(s)-of-sight. The second aspect is
related to the number of particles present in the volume, which directly translates
to that in the recorded images. One way of expressing the particle seeding is the
source image density (Adrian, 1984; Scarano, 2012), given by the expression,

Ns =
CpWo

D2
R

π

4d
2
τ , (2.7)
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where Cp is the particle concentration per unit volume (in number of particles/mm3),
DR is the resolution of the digital image (in pixels/mm), Wo is the (out-of-plane)
dimension of the volume illuminated, which is the thickness of the laser sheet (for
example in the present case, Ls = Dv), and dτ (in pixels) is the (effective) diame-
ter of the image of a typical particle. Physically, Ns represents the fraction of the
region occupied by the particles in the digital image. In the literature, the particle
seeding is also expressed as the number of particles per (unit) pixel (area), ppp, of
the image, which is given by (Scarano, 2012),

ppp =
Ns
π
4d

2
τ

. (2.8)

The two parameters, the number of camera views and the particle seeding, play
a crucial role in determining the accuracy of the reconstruction and hence that of
the final 3D velocity field. Hence, reduction of the ghost particles has been one of
the main concerns of the many developers of this technique. In the literature, it
is a common practice to express the quality of the reconstruction (obtained from
a TPIV method) using the expression given by (Elsinga et al., 2006),

Q =

∑
x,y
Er(x, y) .Eo(x, y)√∑

x,y
E2
r (x, y) . ∑

x,y
E2
o (x, y)

, (2.9)

where Eo(x, y) and Er(x, y) correspond to the original (or actual) and the recon-
structed distributions of particles in a particular x− y plane. Q ranges between 0
and 1, with 1 corresponding to the ideal case, and Elsinga et al. (2006) suggests
that the reconstructions that give Q & 0.7 are reliable. As mentioned above, the
value of Q is dependent on the number of camera-views and the particle seeding,
and in general, Q decreases as the number of views decreases and/or the particle
seeding increases. Note that (2.9) applies to 2D reconstructions obtained from 1D
particle images. One can extend (2.9) to the case where 3D reconstructions are
obtained from 2D particle images.

The other task pertinent to TPIV is to speed up the reconstruction process, as the
MART successively updates tens of thousands of particles that would be present
in a typical TPIV measurement. A significant number of researchers have worked
towards improving the speed of the reconstruction and its accuracy. In the fol-
lowing, a brief description of the currently available studies, categorized based on
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these two aspects, are discussed; a detailed review of the literature corresponding
to various aspects of TPIV can be found from the review Scarano (2012).

2.3.3.1 Advancements of the TPIV technique: reconstruction speed

As TPIV reconstruction involves an iterative update procedure of the particle
positions and intensities, a faster convergence can be achieved with a guess that
is as close to the final solution as possible. All the efforts aimed at improving
the convergence rate are based on calculating a better initial guess. When TPIV
was introduced (Elsinga et al., 2006), the method was described using uniform
intensities for all the voxels of the reconstruction volume. Clearly, this is not a
good guess.

Worth and Nickels (2008) first came up with a multiplicative first guess (MFG)
procedure that gives a better estimate of the initial intensities of the voxels.
This method suggests using the intensities resulting from the multiplication of
the weighting coefficients of the voxels in the line-of-sight of each pixel by the
pixel intensity. The weighting coefficient of a particular voxel, corresponding to
a camera (view-angle), is the fraction of the pixel(s) on the image viewing the
voxel, like the green patches (for three pixels) shown from the camera sensor to
the reconstruction space in figure 2.6. Note that the calculation and storage of
weighting coefficients of all the voxels, corresponding to the images from all camera
views, is quite time consuming and memory-intensive. In fact, these two factors
are also considered in determining the performance of any TPIV method. Worth
and Nickels (2008) showed that the MFG + (five iterations of) MART method
is 35 times faster than the uniform intensity + 5-iter MART case at the seeding
density ppp ' 0.05, with a negligible compromise on the reconstruction accuracy.
Hereafter, MART with five iterations, referred to as the standard MART, is used
as the reference in assessing the speed/accuracy of the other methods discussed
below.

With the observation that only about 5% of the voxels have non-zero intensities
in any typical reconstruction, Atkinson and Soria (2009) proposed the concept of
multiplied-line-of-sight (MLOS) that identifies and reconstructs only the non-zero
intensity voxels. That is, the intersections (or 3D coordinates) of the line-of-sight
from every pixel on the first camera with that from every pixel on the other cameras
are obtained by solving the calibration mapping equations. For example, if a 3D
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polynomial mapping (such as that proposed by Soloff et al. (1997)) is used for the
calibration in a four-camera TPIV arrangement, then the 3D coordinates of an
intersection are calculated by solving the system of eight equations constructed
from the mapping equations.

Subsequently, the intensities corresponding to each pixel location in all the cameras
are multiplied and assigned to the corresponding voxel. As intensities of all the
voxels are known at this stage, the reconstruction is limited to voxels with non-zero
intensity. As a result, the time required to perform a reconstruction and the need to
determine the computational- and memory-intensive weighting matrix are avoided.
Atkinson and Soria (2009) showed that reconstructions with the MLOS, along with
the simultaneous-ART (of Andersen and Kak (1984)) or simultaneous-MART (of
Mishra et al. (1999)), are 5.5 times faster to arrive at the same accuracy as that
of the standard MART at ppp ' 0.017. MLOS + MART is quite significant when
processing and the storage of the weight matrix are considered, as at ppp ' 0.017,
they claim, MLOS-S(M)ART is 77 times faster and 15 times less memory-intensive
than the standard MART. However, at a higher seeding (ppp) ' 0.033, it is only
twice as fast. Note here that ppp given by the authors is divided by the particle
diameter (used in their study) to express it to the case of 3D reconstructions.

Discetti and Astarita (2012) came up with a multi-resolution (MR) approach for
accelerating the MART. In this method, initially the raw images are compressed
by a factor of two and the MART reconstruction is performed to obtain a smaller
size volume using uniform voxel intensities as the guess. Subsequently, the smaller
volume is interpolated to generate a larger (by the same factor 2) volume. Then,
MLOS (of Atkinson and Soria (2009)) is applied to the new volume and the stan-
dard MART reconstructions are performed to obtain the final volume. To compare
with the computational time of the standard MART (that has five iterations), they
limited the whole process to three multi-resolution iterations (3MR) along with
MLOS and two iterations of the MART (2MART). They conducted the simulations
for the seeding density 0.01 . ppp . 0.07 using a four camera system. They found
that their method (3MR-MLOS-2MART) at the largest seeding (ppp ' 0.07) is
nearly 2.5 times faster, with only a slight (2%) improvement on the accuracy when
compared to the standard MART, while it is 10 times faster and 3% more accurate
for ppp ' 0.02. Clearly, 3MR-MLOS-2MART is faster than MLOS-S(M)ART at
the seeding (ppp ≈ 0.05) commonly used in the TPIV measurements.
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2.3.3.2 Advancements of the TPIV technique: reconstruction accuracy

As for the improvement of accuracy, significant advancements have been made, in
particular, using the temporal information of the flow. Novara et al. (2010) pro-
posed a method called motion-time-enhancement (MTE) that improves MART
reconstruction quality of a volume at a particular instant by using (one or more)
reconstructions corresponding to later in time. As a result, instead of using uni-
form intensities (or MFG/MLOS), a better initial voxel intensities can be used to
initiate MART so that a more accurate 3D velocity field is achieved. The key step
here is that from two (E1,E2) successive MART reconstructions (using uniform
initial intensities), a 3D displacement field is calculated. This displacement field
is used to deform (as discussed in Scarano and Poelma (2009)) E2 so that a new
(E′2) reconstruction (corresponding to the same time instant as E1) is available;
E′2 serves as an additional camera-view for the first time instant. Therefore, by
combining E1 and E′2, a new guess of voxel intensities, EG1, is calculated, which
is shown to be a better initial solution than the uniform intensities. Similarly,
one can obtain EG2 by combining E′1 and E2. Individual MART iterations are
performed with EG1 and EG2 and the returned reconstructions are used for com-
puting the 3D displacement field in the next iteration. The entire procedure, i.e.,
iterations of ‘initial MART + deformation + final MART’ is followed for every
consecutive pair in the time series data.

The key contribution of the MTE-MART is that it improves the voxel intensities
of the actual particles (and reduces that of the ghost particles). Thus, even at a
high particle seeding density (approximately three times that used in the standard
TPIV), a four camera system gives reliable (Q > 0.7 as per Elsinga et al. (2006))
reconstructions with just two MTE-MART iterations. For subsequently more it-
erations (of about 10), Q is as high as 0.9, with the largest displacement error
within ≈ 0.2 voxels. Further, from their experiments at low seeding (ppp < 0.05),
this technique is shown to be reliable even with three cameras (QR ' 0.8 after five
MTE-MART iterations, where QR is Q relative to that of the four-camera system),
whereas it is found to be very inaccurate (QR ' 0.3) for a two-camera system (for
the same particle seeding) even after 10 iterations. Though MTE-MART gives
superior reconstruction quality, it comes with the additional computational time
required for repeated volume reconstruction, which prohibits its application to
larger time series data like time-resolved measurements.
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This aspect has been addressed by Lynch and Scarano (2015), who simplified
the process by utilising the deformed reconstruction of the earlier time step (for
example, 2nd volume) as the initial guess for the reconstruction of the present
time step (3rd volume). In this way, unlike the MTE-MART, which start from
uniform voxel intensities for every pair of successive volumes, this method uses a
better initial guess throughout the time series data. Thus, there is no necessity for
calculating an initial MART and the deforming process (and hence their iterations)
from the 3rd volume in the series. For a four camera system (with the seeding as
high as ppp ' 0.2), Lynch and Scarano’s method, referred to as sequential-MTE
(SMTE), asymptotically returns Q ' 0.85 from about 9th volume, even with just
one MART iteration. At ppp ' 0.2, SMTE is 30% more accurate and 20% faster
than the standard MART (for each reconstruction), which is quite remarkable.

Meanwhile, De Silva et al. (2012) proposed a non-iterative technique, referred to as
‘simulacrum matching-based reconstruction enhancement (SMRE)’, for detection
and elimination of ghost particles from a volume reconstructed using MLOS (of
Atkinson and Soria (2009)) + MART. The technique relies on the observation that
smaller-sized ghost particles are more frequent in a typical reconstruction, than
those of the same size as the actual particle. Under this premise, the algorithm
searches for the blobs of voxels that are smaller than the size of a predefined
template. The optimum value of the template that is observed to be independent
of laser sheet thickness and the range (0 . ppp . 0.085) of particle seeding tested
is found to be a cube of size equal to five voxels. Their simulations showed an
improvement in Q over 20% in the range 0.02 . ppp . 0.07, with the highest
improvement of about 32% witnessed at ppp ' 0.05.

Another attempt in improving the reconstruction accuracy is that of Discetti et al.
(2013), who proposed a spatial-filtering algorithm that takes negligible (only '
1 % extra) additional computational time compared to the standard MART. The
algorithm, referred to as spatial filtering improved tomography (SFIT)-MART,
proposes to apply Gaussian filtering to the reconstructed particles after every
iteration of the MART update; the filter is 3×1 vx2 (anisotropic) kernel with the
standard deviation equal to one voxel. Such an approach is shown to improve the
isotropic shape of the actual particles and reduce that of the (relatively small-
sized) ghost particles, while simultaneously improving the intensities of the true
particles and reducing that of the ghost particles. For a four-camera system, SFIT-
MART is shown to improve Q of the standard MART by about 4% and 14% at
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the lowest (ppp ' 0.007) and the highest (ppp ' 0.04) seeding investigated. While
this algorithm offers only marginal improvement on the accuracy compared to the
earlier methods, the anisotropic filtering is quite useful when the included view-
angle of the cameras is lesser (' 30o) and the mean diameter of the digital image
of the typical particle is as low as 2 pixels.

In an attempt to improve the reconstruction accuracy, Elsinga and Tokgoz (2014)
first analysed the properties of the particles to identify the characteristics capable
of separating the true particles from the ghost. The characteristics considered
include, i) the peak particle intensity; ii) the particle size and iii) the particle track
length, which is the length (in voxels) up to which the same particle is seen (across
the depth of the reconstruction) over several time steps. It is shown that no single
characteristic is capable of distinguishing the true particles from the ghost, nor
are the combinations ‘peak intensity + particle size’ or ‘peak intensity + particle
track length’. This is established from the observation that in all these possibilities
a considerable number of true and ghost particles have similar characteristics. It is
shown that a complete separation of the true and ghost particles can be achieved
based on ‘peak intensity + particle track length’, as it is witnessed that only the
true particles contain these two characteristics simultaneously, while the ghost
contain only one of these at a time.

This analysis explains the reason why earlier methods based on a single character-
istic, De Silva et al. (2012) (particle size), Novara et al. (2010) and Discetti et al.
(2013) (particle intensity), could not achieve a significant improvement inQ, by not
being able to completely eliminate the ghost. Elsinga and Tokgoz (2014) proposes
to use the approach “MART + detection and separation + (5 iter) MTE-MART”,
termed as ‘ultimate-MTE’, for complete ghost removal. With this approach, the
improvements in Q are 4%, 8% and 10% at ppp ' 0.02, 0.03 and 0.05, respec-
tively. While the insights provided are profound, the ultimate-MTE delivers this
performance only for lower seeding densities, i.e., up to ppp ' 0.05, which is the
currently used seeding density in the standard TPIV measurements. Further, the
track lengths computed might be reliable only from time-resolved measurements.

While earlier attempts dealt with improving the reconstruction accuracy, de Silva
et al. (2013) proposed a divergence correction scheme (DCS) that minimizes the
(velocity-) divergence error in the final 3D velocity field. This is achieved using an
optimizing algorithm that ensures that the average difference between the kinetic
energy obtained from the corrected and the original fields is minimal while reducing
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the divergence error. In addition to reducing the divergence error to near zero
(≈ 10−8 in viscous units), it is shown from their channel flow simulations that
the DCS improves the measurement noise on the velocity fields that amounts to
± 2% of the root-mean-square magnitude of the streamwise velocity. Further, the
kinematic features like kinetic energy, enstrophy and dissipation are also found to
be substantially improved by their scheme. The important contribution here is
that in addition to ease in the implementation, the scheme is applicable to the
other velocimetry techniques, such as holographic-PIV (Barnhart et al., 1994) and
3D-PTV (Maas et al., 1993).

2.3.3.3 Advancements of the TPIV technique: 3D-PTV approach

Wieneke (2012) proposed a 3D-PTV based iterative reconstruction technique that
treats the particles in the volume as points, rather than as blobs of voxels. In this
algorithm, initially, the calibration mapping (Xip,Zip) = Mi(xp, zp, yp) is obtained
between the physical space (xp, zp, yp) and the image plane (Xi,p,Zi,p), where p
denotes the particle and i the camera index. Then, the algorithm proceeds with
the definition of an optical transfer function (OTF) that specifies the (Gaussian-
ellipse) shape and the normalized intensity of a typical particle in the image. That
is, given the three-dimensional coordinates of a space point, one can calculate the
intensities of the pixels surrounding the space point projected onto the image plane
using the OTF. The subsequent steps in the algorithm predict and correct the
particle positions and intensities in the volume using the original particle images
and the OTF.

Initially, using the original particle images Iiorig(Xi,Zi) an approximate particle
distribution (xp, zp, yp) is calculated by following the 3D-PTV method of Wieneke
(2008). Then, a projected image is generated using (xp, zp, yp) and the OTF.
Subsequently, a residual image (for each camera) is obtained by subtracting the
projected image from the raw particle image. If the residual image contains a
lesser number of non-zero intensity pixel (clusters), it is an indication that a larger
number of (probably) true particles are detected in the first step itself. This also
means that the non-zero pixel (clusters) in the residual image are the projections
of the particles in the volume whose positions are not accurate. The whole idea
of the algorithm is to correct the positions of these particles iteratively so that
the final residual image contains no or negligible non-zero intensity pixels. At this
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stage, a particle-augmented image is generated by adding the particle intensity
shape from OTF to the residual intensities in the image. Addition of particle
shape to the residual intensities shifts the particle position (or the peak intensity).
Now, the task is to minimize the distance between the particles in the augmented
image and that obtained from the projection of (x′p, z′p, y′p) using OTF, where
(x′p, z′p, y′p) = (xp, zp, yp) + δxp. Here, δxp, the shaking distance, is equal to -0.1,
0 and +0.1 pixel. In the minimization step, initially three residuals are calculated
by first varying xp by the three shaking distances. Then, the corrected coordinate
x′p is taken to be the value corresponding to the minimum of the quadratic fit to
the residuals. Similarly, y′p and z′p are also calculated. Note that the minimization
is done over all the camera-views at once.

Subsequently, the approach similar to that of the standard MART is used to obtain
the corrected particle intensity (I ′p). With the new particle distribution (x′p, z′p, y′p)
and the intensity (I ′p), the procedure repeats, starting with the calculation of the
projected image and hence the residual image. The entire process is repeated
until the residual image has no or negligible number of non-zero intensity pixel
(clusters). For a four-camera system, the method, referred to as iterative particle
reconstruction (IPR), detects the true particles on par with the standard 5-iter
MART for seeding up to ppp ' 0.05, while it performs poorly at ppp ' 0.1.
However, the (mean) particle positional error is superior for up to ppp ' 0.05,
while it is higher at the subsequently higher seeding. Further, the number of ghost
particles remain in the volume is consistently lower for all seeding when compared
to the MART. While the accuracy of the IPR method might be comparable to
the MART, the reconstruction process, the author claims, is several orders faster
than the MART at the lower seeding (ppp � 0.05), whereas it is comparable
for ppp ' 0.05. In summary, this method performs comparably with the MART
with only a slightly better positional accuracy at the seeding (ppp ' 0.05) that is
common to many canonical TPIV measurements.

Schanz et al. (2016) proposed a PTV based algorithm that uses the IPR method
of Wieneke (2012) and the temporal information of the data to arrive at accurate
reconstructions in the time series. In this method, initially volume reconstructions
corresponding to four successive time-steps are obtained as per the IPR method.
The particle positions in the volumes are considered as true particle candidates,
while the undetected particles as potential ghost particles. At this stage, for every
particle in the first time-step, the corresponding particle in the subsequent three
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time-steps are identified using the 3D velocity field obtained from the standard
TPIV cross-correlations of the volumes. Using the positions in the four time steps,
a particle-track is constructed for every particle using the Wiener filter (Wiener,
1949). Broadly, the reconstructions of the subsequent time steps (i.e., from time
step 5) are calculated as follows.

Using the coefficients of the filter from that of time step tn (for example, n = 4), the
coefficients and hence the initial (or predictor) positions (xI , zI , yI) of the particles
of tn+1 (n = 5) are extrapolated. Then, the following correction is applied to the
predictor particle positions, treating one particle at a time. Initially, the IPR
method is applied to detect the true particle positions (x′, z′, y′) in the volume
by minimizing the residual distance between the positions of the particles in the
projected and the original images. Following the position-correction, the intensities
of the particles (Ip) are corrected similar to that performed in the IPR method.
Since the IPR method determines the residual (distance in pixel units) by searching
the neighbourhood of the particle in all three directions, this method is referred
to as ‘Shake-The-Box (STB)’ method. The search distance could be 0.1 to 2 pixel
distance depending on the temporal resolution of the time series. After about five
to ten iterations of ‘shaking’ (position + intensity correction), depending upon the
seeding and the image noise, a stable solution is obtained, i.e., the number of true
particles detected does not alter in the successive iterations.

Since the true particles detected (and corrected) are lesser in number than the total
number of particles, the residual image, i.e., original image minus the projection
of the corrected true particles, would still have a considerable number of particles.
These particles are further triangulated to obtain a new volume. Here, the particles
that lie within 1 pixel distance to the already tracked particles are discarded.
Then, a few iterations of ‘shaking’ are applied to the new and the already tracked
particles to obtain accurate positions and intensities. At this stage, the calculated
residual image would have fewer particles than observed before. The process of
triangulation of the remaining particles in the residual image together with the
‘shaking’, is continued until almost no particle appears in the residual images of
all the cameras. This marks the completion of calculation of the final positions
and intensities of the particles of tn+1.

Using the converged particle distribution at tn+1, the predictor positions at tn+2

are constructed from the tracks extended using the Weiner filter. It is shown that
after about 30-40 (for the synthetic case) time steps, the STB method recovers



Literature review 44

almost all the true particles (99.6%) while incurring a positional error of only
0.018 pixels, even at very high seeding densities (ppp ' 0.125); the corresponding
undetected ghost particles are just 0.3%. The MLOS-SMART (of Atkinson and
Soria (2009)) at the same seeding recovers about 91.5% of true particles (with 0.3
pixel positional error), leaving the ghost particles undetected of about 2.54%). The
reconstruction accuracy of the STB method is superior to many of the methods
discussed above. Further, the STB method delivers this performance nearly four
times faster than the MLOS-SMART at this seeding, while it is about seven times
faster at ppp ' 0.1. Another attracting feature of STB is its spatial resolution.
Owing to the availability of Lagrangian particle information, the spatial resolution
is far superior compared to any canonical TPIV method; the author suggests using
the method of Gesemann (2015) to convert the positions from the Lagrangian to
the corresponding Eulerian grid.

2.3.3.4 Summary of TPIV techniques

As the TPIV technique is maturing, there have been a number of attempts in
testing its reliability for measuring various turbulent flows (Schröder et al., 2008;
Elsinga et al., 2011; de Silva et al., 2012; Novara and Scarano, 2012). From the
above discussed methods, aimed at improving both the speed and the accuracy of
the reconstruction procedure, the SMTE technique (of Lynch and Scarano (2015))
is clearly superior (in both aspects) for seeding densities as high as ppp ' 0.2. In
the category of hybrid TPIV, i.e., the methods based on 3D-PTV, though they
are more complicated than the standard TPIV methods, the ‘Shake-The-Box’
approach outperforms all the canonical TPIV methods available to date. Despite
such significant advancements in TPIV (and its hybrid version), the requirement
of a higher number of cameras (three or more) prompted many researchers to
simultaneously look to other methods such as the laser scanning methods discussed
in the following section. These methods can be used with higher seeding densities,
typically with just one or two cameras. Of course, the scanning method requires
a high speed or continuous laser (which puts limits on the laser power available)
and high speed cameras, where, the above methods are well-suited to the usual
pulsed laser and the standard (non-time-resolved) PIV cameras.
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Figure 2.7: Schematic of scanning-(stereo)-PIV setup in a simulated turbulent
channel flow. Here, Ls is the thickness of the laser sheet. Note that in this

schematic the successive laser sheets have zero overlap.

2.3.4 Laser-scanning PIV techniques

Laser-scanning PIV technique refers to the arrangement where the recording cam-
eras capture images as a laser sheet is fired rapidly at several positions in the flow
in a direction normal to the laser sheet. Figure 2.7 shows a schematic of the (laser)
scanning PIV arrangement (with two cameras) in a channel flow. As indicated in
the figure, the distance between the first and the last position of the sheet (plus
the thickness of the laser sheet) constitute the depth (Dv) of the flow domain,
which in the case of TPIV, is obtained with a laser sheet of thickness equal to Dv

and fired only once (compare figures 2.5 and 2.7).

As it takes a finite time for the laser to sweep the flow from one end of the volume
to the other, all the captured images do not correspond to the same time in-
stant, and such a situation is undesirable. To avoid this scenario, one has to scan
the whole volume in a short time, which requires high-speed cameras. High-speed
imaging results in the amount of light received in the images to be less due to short
camera exposure times. Consequently, one needs high-power laser sources (with
high frequencies for pulsed lasers) to acquire images with a good signal-to-noise
(SNR) ratio. Therefore, the performance of a scanning-PIV method is determined
not only by the sources of errors that are also encountered in the standard SPIV
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and the TPIV techniques, but also by the parameters of the scanning and imag-
ing hardware. Hence, as we see from the below literature, the earlier studies on
scanning-PIV were concerned mainly with establishing the basic framework of the
technique and the scanning parameters.

Furthermore, it is observed from the literature that broadly there are two ways of
obtaining the final 3D-3C velocity field by starting from the same set of scanning-
PIV images. The first approach is obtaining 3C velocity fields from images at
each laser sheet plane individually and subsequently stacking them together to
represent the 3D-3C flow information. In the thesis, these are referred to as the
‘scan-stack’ methods. The other approach is to employ particle reconstruction
techniques such as that of TPIV to initially obtain two reconstructions that are
separated in time by the PIV time-difference. Then, apply the standard 3D cross-
correlation technique to obtain the 3D-3C velocity field. These are referred to as
the ‘scan-tomo’ methods in this thesis. Note that both approaches start with the
establishment of the laser sheet parameters, namely, the position, orientation and
thickness of the laser sheet at each scan-position, along with the spacing between
consecutive scan-positions. In the following, a brief description is given on the
currently available scanning-PIV methods under the same classification.

2.3.4.1 Scan-stack methods

The first study that used the scanning PIV arrangement for 3D flow measurements
dates back to the work of Brücker (1995), who investigated the 3D unsteady flow
around the wake of a circular cylinder. Brücker used an oscillating mirror to
generate thin laser sheets. The Reynolds number was 300, based on the cylinder
diameter (20 mm) and the mean velocity of the flow. They scanned 45 mm deep (10
planes, spaced apart by 5 mm) in the flow at 12.5 Hz. After obtaining the 2D-2C
velocity field from the standard 2D cross-correlation, the out-of-plane component
was obtained by using the continuity equation (as suggested by Robinson and
Rockwell (1993)), i.e., by integrating the sum of the in-plane gradients along the
depth. The scan-frequency (' 12.5Hz) used in their study is undoubtedly very
low by the current standards, but it was restricted owing to the limitations in the
imaging hardware.

While there is no issue with his image-acquisition method as such, the reliability
of the measurements was limited owing to the usage of continuity equation for
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the calculation of the out-of-plane velocity component, as concurrently (Prasad
and Adrian, 1993) the stereoscopic-PIV technique was available to give a much
reliable estimate. To overcome this issue, he incorporated the stereoscopic-PIV
arrangement in his later (scanning PIV) study (Brücker, 1996) of the same flow
at approximately the same scanning parameters. Further, Brücker used front-
and-rear camera arrangement (i.e., cameras on either side of the laser sheet) and
proposed equations to compute the actual three velocity components from the in-
plane velocity field, which are later adopted by Willert (1997) and these equations
are extensively used in this thesis.

The first scanning-PIV method that is applied to investigate moderate speed flows
is that of Hori and Sakakibara (2004), who use a two-camera (stereo) arrangement.
They studied turbulent water jet flow by scanning the measurement volume using a
2 mm thick laser sheet reflecting off an oscillating mirror. They recorded 50 planes
in the flow at a camera frequency equal to 225 Hz (with the camera sensor size
= 1024 × 1024). As noted above, the typical scanning-PIV measurement involves
the determination of the laser sheet parameters, followed by the velocity field
calculation. To this end, Hori and Sakakibara initially established equations of the
measurement (or laser sheet) plane at the two extreme ends of the measurement
volume from the 3D positions of the calibration plate. Using this information,
a relation between the mirror-angle and the laser sheet angle (with reference to
the axis normal to the volume-depth) and hence the equation of the measurement
plane at any angle of the mirror is obtained.

The calculation of 3C velocity field is slightly different from that of the canonical
stereoscopic PIV systems (Prasad and Adrian, 1993; Soloff et al., 1997; Willert,
1997). Initially, a 2D-2D mapping (similar to that (2.2)) that transforms a point
(X,Z) on the image plane to a point (x, z, y = y∗) in the object space at a specified
depth position (y = y∗) is determined for each camera. Then, the in-plane dis-
placement fields, δXi = Xt0+∆t, i−Xt0, i, where i is the camera index, are calcu-
lated directly from the raw images using the standard cross-correlation algorithms.
Then, the typical calculation of the displacement vector of a particle proceeds as
follows. The points Xt0+∆t, i and Xt0, i, that are on the image plane, are mapped
to two positions, y = ya, i and y = yb, i, in the object space using the previously
obtained 2D-2D mappings. Let the resulting four positions (for each camera) of
the points in the object space be (x, z, ya)t0, i , (x, z, yb)t0, i , (x, z, ya)t0+∆t, i and
(x, z, yb)t0+∆t, i. The 3D position (x, z, y)t0 of the particle (corresponding to time
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t0) is calculated to be the intersection of the lines L1, t0 and L2, t0, where L1, t0 is the
line joining (x, z, ya)t0,1 and (x, z, yb)t0,1, and L2, t0 is the line joining (x, z, ya)t0,2

and (x, z, yb)t0,2. Similarly, the 3D position of the particle at time t0 + ∆t is ob-
tained using the points corresponding to t0 + ∆t. Then, the displacement vector
(δx, δz, δy) is written as (xt0+∆t − xt0, zt0+∆t − zt0, yt0+∆t − yt0).

While the 3C velocity calculation is quite unique, this method relies on knowing
the precise positions of the calibration plate, as there is no correction applied to
the laser sheet-calibration target misalignments. The method obtains displace-
ment fields with accuracy (∼ 0.1 pixels) on par with that of the standard SPIV
measurements that are regarded as accurate enough.

Brücker et al. (2013) proposed a unique, single camera based, non-iterative scanning-
PIV method that reconstructs particles by stacking the particle intensities in the
images, unlike the standard TPIV that uses MART. The method works under the
premise that when a Gaussian laser sheet is used to sample the flow at very high
repetition rates in close successive shifts (i.e., an overlap of about 75% along the
depth), then the intensity of a (part of a) particle in the recorded image is the
same as (or directly proportional to) the intensity of the laser sheet corresponding
to the particle position. Hence, by keeping a constant magnification (of the field-
of-view) along the depth (using telecentric lenses), the intensity of the images at
the successive laser sheet positions can be stacked to obtain a volume of particles.
Here, the sizes of the voxel and the pixel are taken to be the same, and the stacking
proceeds in layers corresponding to the rows of pixels in the image.

The typical reconstruction of a layer proceeds as follows. Initially, the intensities
of each pixel (in a row of the image) from four successive laser shot positions are
stacked (or represented) in the voxel column of the layer along the scan direction.
Then, using these voxel intensities, a four-point Gaussian regression fit is obtained
to arrive at the intensity distribution and the position of the particle corresponding
to the peak of the fit. Subsequently, the fit is scaled so that the diameter of
the particle equals three voxels. This procedure, referred to as ‘isotropic voxel
restructuring’, is repeated for the remaining rows of the image, generating as
many number of layers as the number of rows in the image. Subsequently, 3D
least-squares-matching (LSM) algorithm of Maas et al. (1994) is used to calculate
the 3D-3C velocity field.
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The unique advantage of this method over the standard TPIV (and its advanced
methods discussed in § 2.3.3) is that there is no introduction of ghost particles in
the reconstruction, as it does not involve the ‘guess-and-update’ of the particle po-
sitions and intensities. Additionally, such a clean reconstruction can be achieved
with just one camera. However for an accurate reconstruction, this method re-
quires higher sampling rates, often forcing a compromise on camera resolution
(i.e., image binning), along with an additional requirement for bright illumination
sources owing to the short camera exposures. For example, in their ring vortex flow
experiment, Brücker et al. (2013) operated their camera at ' 9000 Hz to capture
100 images (along the depth = 50 mm) of size ' 750× 750 pixel2, correspond-
ing to 75×75 mm2 field-of-view, using a 2.1 mm thick laser sheet (with ' 75%
overlap). Further, the variation of the laser light intensity between the successive
shots must be very small.

2.3.4.2 Scan-tomo methods

Unlike the methods previously mentioned, Lawson and Dawson (2014) proposes a
tomographic reconstruction approach for the same scanning-PIV data that would
be used in the stacking methods. The method of Lawson and Dawson (2014)
utilises the standard stereo camera arrangement, and similar to that of Hori and
Sakakibara (2004), starts with the calculation of the laser sheet parameters. A
comprehensive description of the method is given in § 3.3.

The scan-tomo method of Lawson and Dawson (2014) produces accurate recon-
structions (with positional error ' 0.1 vx) on par with the accurate TPIV tech-
niques at the particle seeding (of the total volume) as high as Ns = 0.9, even
if the separation between the consecutive sheets is as large as 18 voxels. They
demonstrated the performance of this method to diagnose the characteristics of
homogeneous isotropic turbulence produced by a large mixing tank (‘French wash-
ing machine’); the Taylor microscale based Reynolds number was 219. The stereo
cameras recorded images (of size 1024 × 1024) of 50 parallel planes (spanning 23
mm depth) in the flow at 2000 Hz, allowing a 75% overlap between the successive
planes. They found that at the high particle seeding (Ns ∼ 0.9), the errors in the
normalized divergence (that range between 0 to 1 as per Zhang et al. (1997)) are
substantially lower (0.045, where 0 corresponds to satisfying the mass continuity)
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than earlier measurements at similar experimental conditions, proving the high
fidelity of the method.

From the above description on the various scanning-PIV methods, it is noticeable
that both the ‘scan-stack’ (such as that of Hori and Sakakibara (2004) or Brücker
et al. (2013)) and the ‘scan-tomo’ (Lawson and Dawson, 2014) methods can give
high accuracies on par with the best TPIV techniques such as that of Lynch and
Scarano (2015) or Schanz et al. (2016). When there is a constraint on the number
of cameras, the TPIV techniques are ruled out of the possible methods that one
can look forward to. Among the different stacking methods, the method of Brücker
et al. (2013) is the obvious choice when one can afford very high camera repetition
rates (∼ 10000Hz) without compromising on the camera resolution, which is not
possible to achieve based on the currently available hardware. Consequently, one is
left with two choices. One is to choose the stacking method of Hori and Sakakibara
(2004) or any of the standard SPIV methods whose 3C velocity calculation is
simpler than that of Hori and Sakakibara (2004), such as that of Soloff et al.
(1997) or Willert (1997). The other choice is the scan-tomo method of Lawson
and Dawson (2014).

Currently, there is no comparison available among the stacking methods and that
of Lawson and Dawson (2014) on various counts, such as the computational time
and the accuracy of the final 3D-3C velocity field at matched conditions. So, it is
unclear which one to choose for carrying out the scanning-PIV experiments. This
marks the motivation for one of the objectives of the study presented in chapter 5.
To this end, an attempt is made to compare the method of Lawson and Dawson
(2014) with the stacking method of Willert (1997) using numerical simulations
of the scanning-PIV, which are later validated using physical experiments (chap-
ter 6). Note that one could choose the method of Soloff et al. (1997) in the place
of Willert (1997) since both methods result in the 3C velocity field of the same
accuracy for symmetric stereo view-angle configurations (Giordano and Astarita,
2009). In the following, the details and the objectives of this comparison study are
described.
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2.3.4.3 Objectives of the study on the comparison of scanning-PIV
methods: Chapters 5 & 6

The comparison study presented in chapter 5 is carried out using numerical simu-
lations that mimic typical scanning-stereo-PIV measurements. The DNS data of
a fully-developed turbulent channel flow (of del Álamo et al. (2004)) are used to
generate synthetic raw particle images under different simulated experimental con-
ditions. The comparison between the two scanning PIV methods (i.e., Scan-stack
and Scan-tomo) presented in chapter 5 is conducted as follows.

• Initially, the chapter focuses on the establishment of a relation among the
various parameters involved in a typical scanning-PIV arrangement because
hardware and flow physics restrict choosing parameters arbitrarily. The pa-
rameters include, the laser sheet thickness, the spacing between the con-
secutive laser shots, the number of measurement planes in a volume, the
operating frequency of the camera and the time required to scan the vol-
ume.

• Determine a few important parameters (out of several) that can be used for
comparing the scanning PIV methods.

• Compare the two methods using various flow characteristics, such as the
kinetic energy, the velocity gradients, the velocity divergence and the topo-
logical flow quantities to arrive at recommendations of a scanning method
suiting specific requirements.

In order to show that the numerical simulations are representative of the real mea-
surements, oscillating grid turbulent flow experiments are conducted at selected
experimental conditions. The experimental data are processed using the same two
methods and the results are presented in chapter 6.

2.3.5 Misalignment correction for scanning-tomo-PIV

In PIV experiments, a perfect alignment between the laser sheet and the cali-
bration target cannot be achieved owing to limitations in the traversing systems.
Therefore, a correction needs to be applied to obtain a reliable flow informa-
tion. The correction schemes for 2D-3C PIV techniques are well established (see



Literature review 52

§ 2.2.2.1). These schemes are applicable to the scan-stack methods described
above. In contrary, the misalignment-correction algorithms for the scan-tomo
methods can be considered to be in the development stage since as on this date
only two methods, Lawson and Dawson (2014) and Knutsen et al. (2017), are
available. While Lawson and Dawson (2014) corrects misalignments similar to
that of Wieneke (2005) for the standard SPIV technique, Knutsen et al. (2017)
suggests a method based on improving the laser sheet parameters, there by reduc-
ing the misalignment. In the following, the procedure for constructing the laser
sheet parameter model and the misalignment-correction are discussed for both the
methods, which form a basis for the correction method proposed in the thesis.

In the study of Lawson and Dawson (2014), there are mainly three stages for ob-
taining the final three-dimensional flow information: i) calculation of laser sheet
model, ii) self-calibration for minimising the misalignments, and iii) volume re-
construction and three-dimensional cross-correlation. In this section, only the
first two steps are discussed, while a full description of the third step is given in
chapter 3 (§ 3.3).

The laser sheet parameters are calculated as follows. Initially, the calibration
target is placed in the measurement zone such that it is at an angle (say, 30◦)
to the laser sheet. As the laser hits the target and forms a vertical stripe of
the laser light, a camera mounted normal to the sheet records an image of the
stripe. These stripes are recorded for several closely spaced traverse positions (of
the target) in the out-of-plane direction, with the laser sheet position unchanged.
The pixel intensities across the stripe give the laser intensity distribution, for
example, Gaussian- type, and the thickness of the laser sheet. Since the object
space coordinates of the stripe are known at all the traversed positions, one can
construct a plane from these coordinates. A least-square fit to these coordinates
gives the the orientation and position of the laser sheet plane corresponding to the
chosen scan-position. The entire procedure is repeated for all the scan-positions
to obtain the sheet parameters and the successive sheet-spacing.

Now, the misalignment-correction proceeds as follows. Initially, a calibration map-
ping function using the Pinhole camera model (described in § 3.1.1) is calculated
for each stereo camera. Two single camera reconstructions (one from each cam-
era) are obtained using the particle images and the calibration mapping functions.
These reconstructions are cross-correlated to obtain three-dimensional disparity in
the object space. Recall that a finite disparity is an indication that the target and
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the laser sheet are not aligned. Let the particle positions of the first camera recon-
struction be x1. The disparity displacements are added to x1 to generate a new set
of positions, x2. The coordinates x1 and x2 are now forward-projected to obtain
y1 and y2 on the image planes of the first and second camera, respectively. The
misalignment-correction problem is now posed as, for some updated laser sheet
parameters and the mapping functions, the distance between the coordinates x′1
and x′2, that are back-projected from y1 and y2, is minimum. This procedure is
performed iteratively, with the corrections to the laser sheet model and the map-
ping functions are introduced as small perturbations to the orientation and the
translation of the laser sheet and cameras.

The back-projection points x′1 and x′1 are calculated as follows. The point x′1 from
the first camera could be anywhere on a ray passing through the first camera centre
(xc,1) and y1. Similarly, x′2 lies on a ray joining the second camera centre (xc,2)
and y1. Note that a particle illuminated brightest at a particular time (tB(x1)),
will likely to appear in both camera images. Therefore, x′1 is calculated using tB,
and the corrected laser sheet and the camera models from the parametric form of
the ray as,

x′j = xc,j + u(tB)eu(Pj
′, yj). (2.10)

Here, j refers to the camera number, u(tB) is the parametric variable correspond-
ing to time tB, and eu the vector is associated with the projection of yj using the
corrected mapping function Pj ′.

The correction scheme of Lawson and Dawson (2014) involves computationally
expensive procedure of volume reconstructions. To bypass this elaborate approach,
Knutsen et al. (2017) proposed a laser sheet self-calibration method that aims to
construct the laser sheet parameters directly from the particle images, without
having to record the laser stripes as in the case of Lawson and Dawson (2014). The
authors claim that constructing laser sheet parameters from the particle images is
faster and accurate, thereby the misalignment is minimal. The method of Knutsen
et al. (2017) proceeds as follows.

Using the standard particle-tracking concepts, particles are identified from the
recorded images. A particle identified in an image is followed in successive images
that are recorded in close time instants. For low speed flows, or alternatively in
an high-speed imaging, the out-of-plane displacement of the chosen particle would
be within a unit pixel distance. As the laser sheet used in experiments typically
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contains a non-uniform distribution of power across the sheet, for example, of
a Gaussian, the intensity of the particle in the successive images varies as the
intensity of the profile corresponding to its position from the centre of the sheet.
Based on this idea, an intensity curve is fitted from every particle identified on the
first camera image. Then, for each identified particle in the first camera image,
object-matching is performed with the particles identified in the second camera
image using the concepts of epipolar geometry (see § 3.3.1 for a brief overview).
Subsequently, the error associated with the particle match is iteratively minimised
to obtain an updated laser intensity curve fit.

Though the method of Knutsen et al. (2017) simplifies the calculation of the sheet
parameters, their study showed that the method could not correct the misalign-
ment between the laser sheet and the calibration target. Their method starts with
the calculation of calibration mapping functions using the recorded calibration
images and proceeds with object matching after identifying the particles in the
images. This object matching involves several back-and-forth excursions between
the image plane (of the cameras) and the object space using the calibration func-
tions. Consequently, the sheet parameters are calculated under the condition that
the target and the laser sheet are aligned since the laser sheet is referenced with
respect to the calibration coordinate system. Their simulations (see figure 9(d) of
their article) showed that the error in the sheet position increases up to 2 pixels
with the increase in the calibration misalignment of just one pixel, regardless of
the seeding density. Therefore, a misalignment algorithm is still warranted though
an accurate laser sheet model is obtained.

The method proposed in this thesis (§ 3.2), starts with the known laser sheet
parameters, for example, calculated using the study of either Lawson and Dawson
(2014) or Knutsen et al. (2017), and generates misalignment-free calibration images
that can be used to obtain a new mapping function. This new function will be
used subsequently in the tomographic reconstruction of the scan-tomo method.



Chapter 3

2D-3C and 3D-3C velocity
measurement techniques

This chapter is organised into three parts. In Part-1, a detailed description is given
on the Matlab code developed for the SPIV measurements of a turbulent flow,
along with a misalignment correction algorithm. Part-2 proposes a misalignment
correction algorithm for scan-tomo type scanning-PIV method. Finally, Part-3
discusses the details of the scan-tomo method for extracting the three velocity
components in a three-dimensional (3D) domain of the flow.

3.1 Part-1: Development of stereoscopic-PIV code
for turbulent flows

The code contains the self-calibration algorithm of Wieneke (2005) and the ve-
locity field extraction method of Willert (1997). The self-calibration algorithm
corrects for various types of misalignments between the calibration target and the
measurement plane that are generally encountered in SPIV experiments. Willert’s
method calculates three velocity components using simple geometric relations be-
tween displacements of the particles and the spatial locations of the camera centres
obtained from calibration mapping functions.

The main aims of the code development are as follows. The first one is to use
this code to understand the influence of the misalignment of the target on various
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flow-statistics of turbulent channel flows; the details of the study are presented in
chapter 4. The second aim is to adopt this single (measurement) plane technique
to multiple planes for extracting 3D velocity information of the flow and assess
the potential of the method against a tomographic, particle reconstruction based
technique described in Part-3 (§ 3.3). The data required for this study are obtained
by recording particle images at multiple, adjacent planes as the laser sheet traverses
the flow.

The current section is arranged as follows. Initially, the procedure for camera
calibration is given in § 3.1.1. Then, a detailed description on the working principle
of the self-calibration algorithm is given in § 3.1.2, followed by the description on
the cross-correlation features and the velocity field calculation in § 3.1.3. The
subsequent sections focus on the generation of synthetic particle images (§ 3.1.4)
and the validation of the code using a test case (§ 3.1.5). Finally, a summary of
the code development is given in § 3.1.6.

3.1.1 Camera calibration using the Pinhole model

The transformation of a point in the physical space into that on an image plane,
i.e., the sensor of the imaging camera, is best comprehensible with the Pinhole
(camera) model, as opposed to the camera model using polynomial mapping func-
tions. Recall that the arrangement of the x− y− z axes shown in figure 2.1, is the
world (or object plane) coordinate system adopted here and in the remainder of
the thesis. The pinhole model projects a point, (x, z, y), in the object space onto
a point, (X,Z), on the image plane as,


X

Z

1

 = P3×4


x

z

y

1

 . (3.1)

Note that the point in physical space is indicated by the lower case letters, whereas
that on the image plane is indicated by the upper case letters. Equation (3.1) is the
same as that defined in (2.1), note that an extra element 1 is included in (3.1) to
match the number of columns of the projection matrix, P . The projection matrix
can be expressed as a product of the intrinsic camera matrix, called the cam-
era calibration matrix (K), and the matrices containing the extrinsic parameters
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(Hartley and Zisserman, 2003):

P3×4 ≡ K3×3R3×3
ˆ̂C3×4, where

K3×3 =


fx s X0

0 fz Z0

0 0 1

 and ˆ̂C3×4 =


1 0 0 −C1

0 1 0 −C2

0 0 1 −C3

 . (3.2)

Here, fx = mxf and fz = mzf are the focal lengths in the X and Z (in-plane)
directions of the image plane in pixel units, f is the focal length in physical units,
andmx andmz are the number of pixels per unit distance in theX and Z directions
of the images, respectively. The point (X0,Z0) is the principal or centre point of
the image plane in pixel units, and s is the skewness factor of the pixel which is
non-zero when the in-plane axes of the image plane are non-perpendicular (Hartley
and Zisserman, 2003).

The extrinsic parameters are the orientation of the camera, R, and the camera
centre, C = (C1,C2,C3), expressed with respect to the world coordinate system.
The rotation matrix (R) is a measure of orientation of an another coordinate
system (that is also expressed in physical units) relative to the world coordinate
system. This new coordinate system is called the camera coordinate system whose
origin is at C. In summary, (3.2) first transforms the point expressed in the world
coordinate system (in physical units) into that of the camera coordinate system
(in physical units) and then into that of the image plane coordinate system (in
pixel units).

For the simulations discussed in chapter 4, a regular dot-pattern in the calibra-
tion images are synthetically generated at five different planes in the out-of-plane
direction; the details of synthetic image generation are given in § 3.1.4. Using the
calibration images, the projection matrix for each camera is calculated as explained
in Appendix C; here, the details pertaining to the performance of the model are
also discussed. It becomes evident in the following section that the projection
matrices play a central role in the detection and correction of the misalignment,
as this is the parameter that gets updated in the process. Note that the types
of misalignments are not entirely common for measurements in different planes
of flow, for instance, the types that affect the measurements in the streamwise
- wall-normal plane are slightly different from those that affect the wall-parallel
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Figure 3.1: Schematic of the self-calibration algorithm of Wieneke (2005).
Here P1 and P2 refer to the projection matrices of the first and the second
camera, respectively; R and C are the rotation matrix and the camera centre
given in (3.2); the symbol ε is the predefined threshold for misalignment. Here,
the algorithm is demonstrated for detection of an imposed angular misalignment
about the z-axis. In the present study, ε is 0.03◦ for angular misalignment
simulations and 5% of the thickness of the laser sheet for that of translational

misalignments.

and the cross-stream plane measurements. The following section illustrates the
self-calibration algorithm that accounts for all such misalignments.

3.1.2 Self-calibration algorithm for misalignment-correction

In order to correct for the potential misalignments, a MALTAB code has been
developed in-house, which is based on the self-calibration algorithm proposed by
Wieneke (2005). This algorithm is applied before the calculation of the final ve-
locity field and contains several steps that need to be operated iteratively, as
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illustrated in figure 3.1. The steps are listed below, but they are thoroughly dis-
cussed later in the section. Note that every new iteration starts with the projection
matrices updated in the previous iteration, and the algorithm usually converges
in a few iterations. The inputs to the algorithm are 10-50 pairs of particle images
(only ten pairs shown in figure 3.1) which are recorded by the two cameras simul-
taneously, and the projection matrices, P1 and P2, each calculated as explained in
§ 3.1.1.

Self-calibration steps:

1. Dewarp or back-projection of the raw particle images of the two cameras
(which are recorded simultaneously) onto the (measurement) plane in the
world coordinate system.

2. Average disparity map calculation from the disparity displacements ob-
tained from the cross-correlation of several pairs of dewarped particle images.

3. Calculation of the shifted interrogation window (IW) grid centres
by adding the average disparity (displacements) to the IW grid used in the
cross-correlation.

4. Triangulation and misalignment calculation - as each point in the orig-
inal IW grid (used in the cross-correlation) has a known (or corresponding)
point in the shifted grid, triangulation is the process of calculating the grid
of points in the physical space from their projection grids i.e. the original
and the shifted.

5. Threshold check for misalignments - if the misalignments are greater than
the (predefined) threshold, correct P1 and P2 using the detected misalign-
ments and repeat steps 1− 4, otherwise, stop the algorithm.

Step-1: Dewarp or the back-projection process:

Dewarp is the process of retrieving a scene from its projection, which is the im-
age recorded by a camera. This is also referred to as the back-projection. In
this algorithm, it is required to dewarp the particle images which are recorded
simultaneously by the two cameras, and each particle image-pair (one from each
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camera) is used in the cross-correlation discussed in Step-2. The dewarp or the
back-projection process is carried out as follows. Since the region captured by
each camera is not entirely the same, a common two-dimensional region in the
physical space that coincides with the measurement plane (y = 0), is chosen. In
general, this region is chosen from the known dimensions of the calibration image.
That is, since the physical distance between the adjacent dots on the calibration
target is known, this region is chosen to be the space enclosed by the quadrilateral
whose vertices are the centroids of the outermost markers or dots on the calibra-
tion image. For instance, if the centre to centre distance between the dots on the
calibration image is 5mm in each in-plane direction, then the size of the region
enclosed by a 20 × 20 dot pattern is 95 x 95 mm2.

Now, assume that the chosen (physical) space is discretised into n = nv × nh
number of points, where nh and nv are the number of points in the horizontal and
vertical directions, respectively. If the discretised points are denoted by (xi, zi, 0),
where i runs from 1 to n, then their new positions (X1i,Z1i) are calculated using
the projection matrix (P1) of the first camera as,


w11X11 w12X12 ... w1nX1n

w11 Z11 w12 Z12 ... w1n Z1n

w11 w12 ... w1n


3×n

=
[
P1
]
3×4


x1 x2 ... xn

z1 z2 ... zn

0 0 ... 0
1 1 ... 1


4×n

. (3.3)

where w1i is the scale factor that would be determined during the calculation, and
note that in (3.3) all the elements in the third row of the 4× n matrix are zero.
This is because, the region is chosen to coincide with the measurement plane, i.e.,
y = 0. Similarly, using the projection matrix (P2) of the second camera in (3.3),
the new positions (X2i,Z2i) for the second camera image are calculated using the
same discretised points, (xi, zi, 0).

Now, the dewarped particle image of the first camera is obtained by interpolating
the pixel intensities of the raw particle image (of the first camera) onto the grid
(X1i,Z1i) of points obtained above. The dewarped image of the raw particle image
of the second camera is obtained similarly using the grid (X2i,Z2i). Though the
dewarp process takes points on the image plane to the physical space, the positions
of the dewarped image would still be in pixel units, as we just created one image
from another through interpolation. At the moment, the pixel units are retained
to perform the cross-correlation for obtaining the disparity field in Step-2; these
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Figure 3.2: Synthetic calibration images generated with stereo-view-angle be-
tween the cameras equal to 75◦: top row, raw images; bottom row, dewarped

images.

positions will be converted to physical units in Step-3 and also for the calculation
of the true displacement vector.

Figure 3.2 illustrates the effect of the dewarping process on two calibration images
(one from each camera). In the figure, the top row shows two synthetic calibration
images which are simulated to be recorded by each camera viewing the same white-
dot pattern (at y = 0) at a perspective angle equal to 37.5◦. The bottom row
shows the corresponding dewarped images (that are expressed in physical units,
obtained after transforming the pixel units into physical units, as explained in
Step-3). Since all the dots in the physical space belong to the same plane (y = 0),
the spatial location of the dot-pattern in the two dewarped images appears to be
the same. Note that, if the physical distance between the successive dots on the
calibration target is the same in the horizontal and the vertical directions, then it
is essential that the image-resolution (no. of pixels/unit-physical-distance) of the
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dewarped images is also the same in the two directions of the image.

Step-2: Average disparity field calculation:

Unlike the dewarped calibration images (shown in the bottom row of figure 3.2),
the dewarped particle images of the first and the second camera (obtained as
explained in Step-1) do not appear to be the same, even if there is no misalignment.
This is because, the particles in the flow do not lie on a single plane, but are
randomly dispersed in the volume, defined by the two-dimensional size of the field-
of-view multiplied by the thickness of the laser sheet. As a result, the calculation
of the displacement field, which is called the disparity map in this algorithm,
from one dewarped particle image pair does not correctly reveal the misalignment
information. To overcome this, in general, depending on the thickness of the laser
sheet, 10 to 50 pairs of dewarped particle images are chosen (Wieneke, 2005), and
cross-correlation is performed using every image-pair.

In the present simulations, 50 particle image-pairs are chosen and each pair is
cross-correlated independently; the details of the cross-correlation are discussed in
the following section (§ 3.1.3.1). An average displacement field is calculated from
the 50 sets of displacements fields. The resulting average displacement field, which
is called the average disparity map, is nearly zero (or of order of the uncertainty
in the cross-correlation) for measurements without any misalignment. Any finite
disparity determined is an indication of misalignment which is quantified as ex-
plained in the following steps. In figure 3.1, the schematic shows disparity maps
obtained from the cross-correlation of ten different (dewarped) particle image-
pairs and their average disparity map, in a simulation with an imposed angular
misalignment about the z-axis equal to 5◦.

Step-3: Calculation of shifted IW centres in the image planes:

If g1 denotes a grid of centres of all the IWs used in the above cross-correlation step,
then a shifted grid, g2, is calculated by adding the average disparity displacements,
Da, to g1. In figure 3.1, the dot-pattern with open circles are that of g1, and that
of filled circles are that of g2. Then, these two grids, which are currently in
pixel units, are converted into physical units using two-dimensional interpolation.
To perform the interpolation, the centroid positions of the dot-pattern on the
dewarped calibration image (at y = 0) and their corresponding locations in the
physical space (used in the calculation of P1 and P2), are used. Subsequently,
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Figure 3.3: Triangulated points obtained after the 1st iteration of the self-
calibration algorithm in an SPIV simulation with imposed angular misalign-
ment about the z-axis equal to 5◦. The angle between the fitted plane and the
measurement plane (y = 0) indicates the detected angular misalignment: (a)

isometric view; (b): top-view showing the misalignment.

g1 and g2, respectively, are projected onto the first and the second camera image
planes to obtain the new grids, G1(X,Z) and G2(X,Z):

G1(X,Z) =
[
P1
]
3×4

g1; G2(X,Z) =
[
P2
]
3×4

g2 (3.4)

In the following, these new grids are used in calculation of the misalignments.

Step-4: Triangulation and misalignment calculation:

Triangulation is the process of determining the three-dimensional position of a
point in the physical space from its projections on the image planes, and these pro-
jections are said to be ‘corresponding points’. The grids G1(X,Z) and G2(X,Z)
calculated above also correspond to each other, as the grid positions are the images
of the same points (to be determined) in the physical space. Hence, the points in
the two grids can be triangulated, and to carry out this step, an inhomogeneous
system of equations,

Ax = B, (3.5)

is constructed from every corresponding pair of points in the grids to determine
their (source) point, x = (x, z, y), in the physical space (Hartley and Zisserman,
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2003, pp. 312–313). Here,

A4×3 =


X1P

3,1
1 − P 1,1

1 X1P
3,2
1 − P 1,2

1 X1P
3,3
1 − P 1,3

1

Z1P
3,1
1 − P 1,1

1 Z1P
3,2
1 − P 1,2

1 Z1P
3,3
1 − P 1,3

1

X2P
3,1
2 − P 1,1

2 X2P
3,2
2 − P 1,2

2 X2P
3,3
2 − P 1,3

2

Z2P
3,1
2 − P 1,1

2 Z2P
3,2
2 − P 1,2

2 Z2P
3,3
2 − P 1,3

2

 and (3.6)

B4×1 =


−(X1P

3,4
1 − P 1,4

1 )

−(Z1P
3,4
1 − P 2,4

1 )

−(X2P
3,4
2 − P 1,4

2 )

−(Z2P
3,4
2 − P 2,4

2 )

 . (3.7)

Here, the points (X1,Z1) and (X2,Z2) represent the coordinates of the points on
the grids, G1(X,Z) and G2(X,Z), respectively. Further, the superscript numbers
for the projection matrices represent the elements in the corresponding row and
column of the matrix. For instance, P i,j1 represents the element in the ith row and
jth column of P1. Subsequently, the standard Linear-Least-Squares (LLS) method
is employed to determine the cluster of points, g, in the physical space.

Now, using the multilinear regression routine of MATLAB, a plane is fitted through
the cluster of triangulated points. Figure 3.3 shows a plane that is fitted through
the triangulated points, obtained (in the 1st iteration of the algorithm) in an SPIV
simulation with the imposed angular misalignment about the z-axis, ∆θ = 5◦. The
detected orientation of the fitted plane with respect to the measurement plane,
∆θd ' 4.96◦. The fitted plane can be imagined as the plane that coincides with
x′− z′ (with y′ = 0) plane of an another world coordinate system that is obtained
by rotating the measurement plane by ∆θ (see figure 2.3(c) for the illustration).
When the misalignments are corrected, the fitted plane in the final iteration coin-
cides with the measurement plane, and the velocity information calculated subse-
quent to that, will be (correctly) expressed with respect to the world coordinate
system.

Step-5: Threshold check and correction of the projection matrices:

In this step, the determined misalignments are checked to identify whether they are
less than the threshold misalignments. The threshold values used in the following
chapter are, 0.03◦ for ∆ψ and ∆θ, and 5% of the thickness of the laser sheet for
∆y. Before checking the misalignments, the projection matrices of the first and
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the second camera, P1 and P2, are decomposed independently using the method
given in Appendix D, to obtain their calibration matrices, K1 and K2, rotation
matrices, R1 and R2, and centres of the cameras, C1 = (C11,C12,C13) and C2 =

(C21,C22,C33). If the misalignments are found to be lesser than the thresholds,
no correction is required. Then, one proceeds to the final velocity field calculation
that uses P1, P2, C1 and C2.

If the misalignments are greater than the thresholds, then a correction is applied
to the projection matrices of both cameras, and the matrices obtained from the de-
composition are used in the correction process. The following expressions describe
the correction procedure for the projection matrix, P1 (with the first subscript 1
indicating the first camera, and the second subscript, where applicable, indicating
the element number):

R∆θd
=


cos(∆θd) 0 −sin(∆θd)

0 1 0
sin(∆θd) 0 cos(∆θd)

 (3.8)

R∆ψd
=


1 0 0
0 cos(∆ψd) −sin(∆ψd)
0 sin(∆ψd) cos(∆ψd)

 (3.9)

R1
′ = R1R∆ψd

R∆θd
(3.10)

C1
′ ≡


C11 ′

C12 ′

C13 ′

 =


C11

C12

C13

−


0
0

∆yd

 , (3.11)

P1
′ = K1R1

′ ˆ̂C1
′, (3.12)

where

ˆ̂C1
′ =


1 0 0 −C11 ′

0 1 0 −C12 ′

0 0 1 −C13 ′

 (3.13)

where ∆θd and ∆ψd, respectively, are the detected angular misalignments about
the z-axis and the x-axis, and R∆θd

and R∆ψd
are the rotation matrices formed

using the corresponding detected angular misalignments, and ∆yd is the detected
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translational misalignment. The matrices, R1 ′ and C1 ′, respectively, represent
the corrected rotation matrix and the camera centre, which are further used to
compute the corrected projection matrix P1 ′ (in 3.12)) withK1 still being the same
as before the correction. Note that (3.12) is expressed similar to the definition of
the (decomposed) projection matrix given in (3.2).

To correct the projection matrix (P2) of the second camera, R∆θd
and R∆ψd

in
(3.8) and (3.9) are used along with R2 in (3.10) (i.e., R2 ′ = R2R∆ψd

R∆θd
), and

∆yd is used in (3.11) along with C2 (i.e., ˆ̂C2 = C2 − [0 0 ∆yd]), to obtain the
corrected projection matrix P2 ′ as,

P2
′ = K2R2

′ ˆ̂C2
′. (3.14)

The entire procedure is repeated and the correction is performed every time, un-
til the detected misalignments are less than the threshold values. In every new
iteration, the projection matrices corrected in the previous iteration are used. In
general, a maximum of five iterations are required when appropriate preprocessing
is done and spurious vector detection algorithms are used during the intermediate
stages of the cross-correlation process. After the final iteration, the projection ma-
trices are decomposed as explained in Appendix D. The camera centres obtained
from the decomposition step are used in the final velocity field calculation. The
details of the cross-correlation process used in the algorithm have many common-
alities with that used in the velocity field calculation, and these details are given
in the following section.

3.1.3 Details of cross-correlation and velocity field calcu-
lation

3.1.3.1 Details of the cross-correlation

For cross-correlation in both the self-calibration algorithm and the computation of
the velocity field, a standard PIV algorithm consisting of the hierarchical interroga-
tion method (Willert, 1997) and the iterative window-deformation (Jambunathan
et al., 1995; Scarano, 2001) schemes are used. The initial IW for the self-calibration
is 128× 128 pixel2, while it is 64× 64 pixel2 for the velocity calculation. The final
IW size, however, is chosen to be 32 × 32 pixel2 for both the computations, with
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a reduction of the grid size to be in steps of 32 pixels in each dimension of the IW.
The overlap between the successive windows is 50% in both cases.

3.1.3.2 Three-component velocity field calculation

For calculating the three-component displacements (δx, δz, δy) and then the three-
component velocity field in the final measurement plane, the raw particle images of
each camera are dewarped using the corresponding corrected projection matrices,
P1 ′ and P2 ′ (obtained from the final iteration of the self-calibration algorithm).
Then, the image-pairs of each camera are cross-correlated for obtaining the in-
plane displacements. Note that the two images in the image-pair of a camera are
separated in time by the PIV time difference chosen while generating the synthetic
images.

From the cross-correlation of an image-pair of the first camera, the (in-plane)
displacements obtained at a given IW can be represented as (δx1 ′, δz1 ′). Here,
the subscript 1 denotes the first camera. Similarly, the displacements obtained
(at a given IW) for the second camera can be represented as (δx2 ′, δz2 ′). Note
that the grid of centres of the IWs chosen in the cross-correlation, g ′(x, z, y = 0),
is the same for both camera images. The calculated displacements, (δx1 ′, δz1 ′)

and (δx2 ′, δz2 ′), are still in pixel units (for reasons mentioned in Step-1) and are
converted into physical units as follows.

Using the computed displacements that correspond to g ′(x, z), a new grid is de-
fined for the first camera as,

g1
′(x, z) = g ′(x, z) + (δx1

′, δz1
′). (3.15)

Then, as explained in Step-3 of the self-calibration algorithm, two-dimensional
interpolation is performed on g ′ to obtain a new grid g ′′ in physical units. Simi-
larly, g1 ′′ is obtained by interpolating g1 ′. Then, the physical displacements are
obtained for the first camera as,

(δx1, δz1) = g′′1 (x, z)− g′′(x, z). (3.16)

For obtaining the second camera displacements, (δx2, δz2), the same procedure is
followed, starting with the cross-correlation grid, g ′(x, z, y = 0), and (δx2 ′, δz2 ′).
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Figure 3.4: Schematic of a stereo-PIV system depicting the displacement −→AB
of a particle that has moved from A to B in a small time-difference ∆t: a, top-
view; b, side-view. Here, δx, δy and δz are the magnitudes of components of−→AB in the x, y and z directions, respectively. L11 and L12 are the lines-of-sight
from the first camera centre (not shown in the figure), corresponding to the
particle positions A and B, respectively. L21 and L22 are that from the second
camera centre. The displacements δx1 and δx2, respectively, are the projected
displacements of δx, as seen by the first and second cameras in the x-direction
of the corresponding image planes. The displacements δz1 and δz2 represent

the projected displacements of δz in the z-direction of the image planes.
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The new computed displacements, (δx1, δz1) and (δx2, δz2), are projections of the
actual displacements (δx, δz, δy), for example, a particle that has moved from A
to B in a small time-difference ∆t as shown in figure 3.4. The local-view-angles
γ1, γ2, β1 and β2 (as defined in figure 3.4) are calculated using the coordinates of
point B = (xB, zB, yB) and that of the camera centres, ˆ̂C1 ′ and ˆ̂C2 ′:

γ1 = tan−1
(
C11 ′ − xA
C13 ′ − yA

)

β1 = tan−1
(
C12 ′ − zA
C13 ′ − yA

)

γ2 = tan−1
(
C21 ′ − xA
C23 ′ − yA

)

β2 = tan−1
(
C22 ′ − zA
C23 ′ − yA

)
(3.17)

Note here that one could define the local view-angles with respect to point A
as well. However, as the change in view-angle from A to B is minor, the error
introduced in the displacement calculation is negligible (Willert, 1997).

As per the geometry shown in figure 3.4, the three-component displacements
(δx, δz, δy) at any generic point (for example, point A in figure 3.4) on the grid
g ′(x, z, 0) are then calculated using the four in-plane displacements (δx1, δz1, δx2 and δz2)

and the local view-angles (3.17) as (Brücker, 1996; Willert, 1997):

δx =
δx1 tan(γ2)− δx2 tan(γ1)

tan(γ1) + tan(γ2)

δz =
δz1 + δz2

2 −
(
δx1 + δx2

2

)
tan(β1) + tan(β2)

tan(γ1) + tan(γ2)

δy =
δx1 + δx2

tan(γ1) + tan(γ2)
. (3.18)

3.1.4 Generation of synthetic particle images from DNS
turbulent channel flow database

The procedure given in this section is for the synthetic particle images used in the
SPIV simulations presented in chapter 4 - the effects of (i), the stereo view-angle;
(ii), calibration target misalignments, and the test case simulation (§ 3.1.5) for
validating the developed code. The images are generated as per the coordinate
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system and the camera arrangement as shown in figure 2.1. The cameras are
symmetric with respect to the normal to the measurement plane. The symbols,
u, v and w are chosen to be the fluctuating velocity components in the x, y and z
directions, respectively.

3.1.4.1 Study on effects of stereo view-angle, α, in § 4.2

In this study, the measurement plane is chosen to be coinciding with the streamwise
× wall-normal plane at the centre of the channel as depicted in figure 2.1. In these
simulations, the distance, Dw−c, between the world (or object space) and the
camera coordinate systems is chosen to be a constant regardless of the view-angle.
In doing so, a fixed magnification of the object space is achieved for simulations
with all view-angles. For each stereo view-angle, the cameras are positioned at a
distance equal to the sine and cosine components of Dw−c in x and y-directions
from the world coordinate system. Note that the origin of the camera coordinate
system is the same as the camera centre.

3.1.4.2 Study on effects of misalignments in § 4.3 & § 4.4

In these simulations, the stereo-view-angle between the two imaging cameras, 2α,
is fixed at 75◦. The study is conducted for both the streamwise × wall-normal and
the streamwise × spanwise planes. Further details on the positions of these planes
are given shortly. The angular misalignments about the x, y and z-axes are denoted
by the angles, ∆ψ (see figure 2.3(b) for illustration), ∆ϕ (not shown) and ∆θ (see
figure 2.3(c)), respectively. Further, ∆y (see figure 2.3(d)) and ∆z (not shown)
represent the translational misalignments along the y and z axes, respectively.
Consequently, a target aligned with the measurement plane has ∆ψ = ∆ϕ =

∆θ = 0◦ and ∆y = ∆z = 0. Table 3.1 shows the misalignment parameters that
are specific to measurements in each plane: these are ∆θ, ∆ψ and ∆y for xz-plane
(see figure 2.3), and ∆ϕ, ∆ψ and ∆z for x− y plane (shown in figure 4.7). In
these simulations, the stereo-view-angle between the two imaging cameras, 2α, is
fixed at 75◦. The misalignments are introduced by applying the desired angular
rotations or linear translations to the calibration target, while the particle images
used are the same for measurements in a given plane.
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Parameter x− z plane x− y plane

Dimensions
of the volume
(wall-units)

along x 1238 1238

along y 27 1074

along z 1074 29

Angular mis-
alignments
about

x-axis ∆ψ ∆ψ

y-axis - ∆ϕ

z-axis ∆θ -

Translational

misalignments ∆y ∆z

Table 3.1: Simulation parameters and misalignments considered; dimensions
are given in wall units (ν/uτ ).

3.1.4.3 DNS database for SPIV simulations in Chapter 4

From the channel flow DNS data base of del Álamo et al. (2004), the particle
images are synthetically generated using the in-house PIV package developed by
de Silva et al. (2012). The friction-Reynolds number, Reτ = uτh/ν, of the data
is equal to 934, where uτ is the friction velocity, h is the channel half-height and
ν is the kinematic viscosity of the fluid. The image generation algorithm uses a
Phong reflection model (Phong, 1975) to mimic the illumination of the spherical
synthetic particles by a near-Gaussian light intensity (or top-hat) distribution.
Such a top-hat laser sheet is devoid of the low energy edge effects that would
be induced by a Gaussian laser sheet. Subsequently, the algorithm applies the
Mie-scattering effects to the illuminated particles. The Mie-scattering takes into
account of the variation of light intensity registered by the camera sensor with
the position of the particle in the field-of-view. Note that the Mie-scattering
phenomenon prevails when the wavelength of the incident light is comparable
to the nominal diameter of the scattering particle (Bohren and Huffman, 2008).
The resulting image size is 1732 pixel × 1732 pixel, and the particle size in the
images is approximately 3 × 3 pixel2. Further, no lens aberrations and background
noise are modelled while generating the particle images. These images enable the
effects of the misalignments to be quantified exclusive of background noise and
lens distortions.

Table 3.1 shows the dimensions of the DNS volumes (in viscous units) considered
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for generating the synthetic particle images used in the SPIV simulations. The
smallest dimension in the volume is the thickness of the laser sheet. While the
stereo view-angle study is conducted only for the x− z plane, the misalignment
effects are studied for the x− y plane as well. For the x− z plane images, a total
of 1080 statistically independent simulation volumes are used for achieving the
convergence of second-order statistics. Here, the wall-normal dimension of the
volume is considered to be from the bottom bounding wall to just above the cen-
treline of the channel. Due to the additional homogeneous direction, convergence
is faster for the x− y planes such that 350 volumes are sufficient in this case.
Here, the volumes in the z-axis direction correspond to DNS data from z+ = 96
to 125, resulting in thickness of 29 in viscous units, and central measurement
plane at z+ ' 110. Throughout the thesis, the superscript + is used to indicate
normalisation by inner scales formed by uτ and ν. To identify an optimal par-
ticle seeding density, expressed as the number of particles per (unit) pixel (area)
(ppp), independent simulations are carried out with data sets of varying seeding
density, 0.014 ppp to 0.11 ppp (or 0.1 ≤ Ns ≤ 0.8, where Ns is given by (2.7)).
The seeding density for the current study is chosen to be approximately 0.057 ppp
(Ns ≈ 0.4), as around this value lowest root-mean-square error is observed in the
instantaneous velocity components with DNS data as the reference.

3.1.5 SPIV code validation using test case simulations

3.1.5.1 Base case with no misalignments

Before testing the SPIV code for misalignment-correction, a test case with no im-
posed misalignments (∆θ = 0◦, ∆ψ = 0◦, ∆y = 0) is simulated to establish the
baseline error of the final velocity field; this case is referred to here as the base
case. The dimensions of the DNS volume used in this simulation are the same as
that given for x− z plane in table 3.1. Fifty particle image-pairs are considered for
performing the self-calibration explained in § 3.1.2. Recall that each camera con-
tributes one image to each image-pair, and the two images of the pair correspond
to the same time instant. Table 3.2 shows the magnitudes of the misalignments
detected after the 1st iteration of the self-calibration algorithm applied to the base
case. Here, the subscript d refers to the detected misalignments. Though there are
no misalignments imposed in the input particle images, the algorithm still detects
minor finite misalignments. This could be due to the presence of finite disparities,
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After 1st iteration of self-calibration of SPIV with no imposed misalignments

∆ψd ∆θd ∆y+d /l+ |∆px| |∆pz| % δu+
1/2 % δw+1/2 % δv+

1/2

0.012◦ 0.009◦ 0.011 1.1 pixel 0.04 pixel 0.33 7.6 9.7

Table 3.2: List of detected misalignments obtained from an SPIV simulation
with no imposed misalignments; this case is intended to show the minimum
uncertainty achievable with SPIV code developed (self-calibration + 3C ve-
locity reconstruction). The details are obtained after the 1st iteration of the
self-calibration algorithm. The subscript d refers to the detected misalignment
and l+( = 20) is the dimension of the interrogation window in the wall-normal
direction. |∆px| and |∆pz| are the mean of the absolute disparities in the x
and z-directions, respectively. % δu+

1/2, % δw+1/2 and % δv+
1/2 are the root-

mean-square (RMS) errors of the velocity components in x, z and y directions,
normalised with the corresponding RMS velocity component of the filtered DNS.

the overall mean of which are found to be (1.1 pixel, 0.04 pixel) in the x and
z-directions respectively, as shown in table 3.2. The disparities are equivalent to
(6, 0.22) in viscous units, ν/uτ . The table also shows the normalised root-mean-
square (RMS) errors of the deviations of the computed velocity field from the
filtered DNS fields from which the synthetic particle images are generated. Here,
the RMS velocity components of the filtered DNS are used for the normalisation.
The errors in the wall-normal and the spanwise directions are significantly higher
than that in the streamwise direction. This could be attributed to the uncertainty
in resolving smaller magnitudes displacements (such as that occur in y and z direc-
tions) is higher. These statistics indicate the minimum achievable accuracy with
the present SPIV code.

Finite disparity is the direct manifestation of the positional error, whereas the
magnitude (and direction) error arises from inaccurate local-view angles, which
are calculated from the still misaligned calibration coordinate system. Note that
the errors reported in table 3.2 arise from various sources in the self-calibration
procedure. These errors include both the bias and random components, and prop-
agate right from the dewarping process (step-1) to the final least-squares fitting of
the new measurement plane (step-5), as explained in the study of Bhattacharya
et al. (2016). In addition, the uncertainty in the cross-correlation algorithm adds
to the accuracy of the final velocity field. In the following, the performance of the
present SPIV code in correcting significant misalignments is presented.
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After 1st iteration of self-calibration of SPIV Without correction

∆ψd ∆θd ∆y+d /l+ |∆px| |∆pz| % δu+
1/2 % δw+1/2 % δv+

1/2

3.97◦ 4.96◦ 1.25 66.16 pixel 0.19 pixel 7 125 268

After 5th iteration of self-calibration of SPIV After correction

∆ψr ∆θr ∆y+r /l+ |∆px| |∆pz| % δu+
1/2 % δw+1/2 % δv+

1/2

0.01◦ 0.01◦ 0.024 1.47 pixel 0.09 pixel 0.36 6.8 8.8

Table 3.3: List of detected and residual misalignments obtained from the test
case simulation, where the imposed misalignments are, ∆θ = 5◦, ∆ψ = 4◦
and ∆y+/l+ = 1.35, where l+ = 20 wall-units is the size of the interrogation
window in the wall-normal direction. Here, the top and bottom rows correspond
to the statistics obtained after the 1st and 5th iteration of the self-calibration
algorithm. The subscript r refers to the residual misalignment. The remaining

symbols have the same meaning as in table 3.2.

3.1.5.2 Test case with significant misalignments

The SPIV code is validated by testing an xz-plane simulation by imposing the
misalignments, ∆θ = 5◦, ∆ψ = 4◦ and ∆y+/l+ = 1.35. The dimensions of the
DNS volume used in this simulation are the same as that given for x− z plane in
table 3.1. A total of five iterations are required to achieve the residual, angular
and translational misalignments under 0.02◦ and ∆y+/l+ = 0.03, respectively.
Table 3.3 shows the list of detected and residual misalignments obtained after the
first and the fifth iterations, respectively. The corresponding disparity maps (in
pixel units), averaged from fifty image-pairs, are shown in figure 3.5. It is evident
from the figure that the significant disparity present in the data (revealed from
the 1st iteration) is removed in the final iteration, specifically in the streamwise
direction. The disparities that remain after the final iteration determine the ac-
curacy of the final velocity field. The positional and magnitude errors induced by
these residual disparities are quantified as follows.

The positional (or origin) error is determined as follows. The mean of the absolute
disparities after the first and the final iterations are (66.16 pixel, 0.19 pixel) and
(1.47 pixel, 0.09 pixel) in the x and z-directions, respectively, as shown in table 3.7.
The equivalents of these in the viscous units are (9.7, 0.82) and (9.7, 0.82). Note
that the uncorrected disparities are comparable to those detected in the base case
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Figure 3.5: Disparity maps obtained from the self-calibration algorithm ap-
plied to the same test case simulation mentioned in table 3.3. First column,

after 1st iteration; Second column, after correction (5th iteration).

shown in table 3.2. The residual disparities are found to be approximately the same
regardless of the type and degree of misalignment investigated in the simulation
study presented in chapter 4. Recall that the disparity fields are obtained from the
cross-correlation of the raw images that are dewarped onto the real space. So, the
residual disparity (displacement) field which is in pixels units, is converted into
that in physical space units by cubic interpolation. The average of these errors in
viscous units are found to be (9.7, 0.82) in the x and z directions.

Figure 3.6 shows the instantaneous velocity fields obtained from the test case
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δu+ = u+f−DNS− u+Sim
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f−DNS −w+

Sim
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Figure 3.7: Probability Density Functions (PDFs) of error in the instantaneous
velocity fields of the test case (mentioned in figure 3.5), calculated with respect
to the DNS, filtered to match spatial attenuation caused by the interrogation
volume (23× 27× 20 : streamwise × spanwise × wall-normal). The subscripts
f-DNS and Sim correspond to filtered DNS and simulations, respectively. Here,
a total of 1080 statistically independent velocity fields are considered for com-

puting the error distribution.

simulations (middle column, uncorrected; right column, corrected), as well as that
of DNS (left column), filtered to match the spatial resolution (23 × 27 × 20 :
streamwise × spanwise × wall-normal) of the simulations. It is evident from
the figure that the imposed misalignments have a stronger effect on the spanwise
velocity (bottom of the middle column), while the other two (in the middle column)
are relatively less affected. Further, the resemblance of the last column figures with
that of the first column indicate that the self-calibration algorithm has successfully
corrected the misalignments. To obtain an estimate of the error in the velocity
magnitude with the filtered DNS as the reference, 1080 statistically independent
fields are simulated, and the errors are computed from both the uncorrected and
corrected fields.

Figure 3.7 shows the probability density functions (PDFs) of the error in the
velocity fields in both the uncorrected and corrected simulations. In either case,
the error distributions show that the spanwise velocity error is higher compared
to that in the other two components. Further, the wall-normal component is
better recovered compared to the streamwise component. The distributions of the
corrected simulations show that the errors in all three components are distributed
within ± 0.15 of the velocity components in wall-units, whereas they are as high as
± 3.0 in the uncorrected case. It is found that the percentage of root-mean-square
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(rms) errors of δu+, δw+ and δv+, normalized by the rms of the filtered DNS, are
7%, 125% and 268% in the uncorrected simulations, and 0.36%, 6.8% and 8.8%
in the corrected simulations, as also shown in table 3.3.

The performance of the self-calibration code developed needs to be improved in
order to achieve a better positional accuracy and eventually that of the final cal-
ibration model for a better accuracy of the velocity vector. Despite that the
residual deviations are significant in the cross-stream directions, the experimental
results presented in chapter 4 are not affected since the misalignment effects are
quantified with respect to the base case, eliminating the effects that are common
to the uncorrected and corrected cases.

3.1.6 Summary of Part-1

In this section, a detailed description is given on various aspects of stereoscopic-
PIV code that is developed for extracting velocity information in a plane in turbu-
lent flows. A special feature of the code is that it contains an algorithm proposed
by Wieneke (2005) that corrects any undesirable misalignments between the cal-
ibration target and the measurement plane that occur in the experiments. The
test case presented shows that the code corrects for the imposed misalignments to
an acceptable accuracy.
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3.2 Part-2: An algorithm for misalignment cor-
rection for scanning-stereo-PIV techniques

In this section, a misalignment-correction algorithm is proposed for scanning-tomo-
PIV technique. The proposed scheme starts with the knowledge of the laser sheet
parameters, namely, the orientation, thickness, position of the laser sheet (at all
scan-positions), and the spacing between the consecutive sheets. These parameters
are obtained, for instance, either from Lawson and Dawson (2014) or Knutsen
et al. (2017). The correction method proposed uses the recorded particle and
(misaligned) calibration images to generate corrected (and aligned) calibration
images that are necessary for volume calibration.

In the following, the performance of the proposed scheme is tested using synthetic
scanning-PIV data. While this method is employed in the scanning-PIV experi-
ments presented in chapter 6, the performance comparison of the present method
with the existing methods in the literature is not taken up. The steps involved
in the proposed algorithm are illustrated in figure 3.8(a). If the number of scan-
positions in the volume is ns as shown in figure 3.8(b), then the correction-method
proceeds as follows.

Step-1: Starting from one end of the scan-volume, consider three consecutive
calibration images from each camera. The images considered will be k, k+1 and
k+2 with the first image considered as k = 1.

Step-2: Using the calibration images, calculate the projection matrices of the
1st and 2nd camera, P1 and P2, respectively, as per the pinhole camera model
given in (3.1).

Step-3: Perform the self-calibration of Wieneke (2005) using P1, P2 and the
raw particle images of either camera corresponding to (k + 1)th position to obtain
the corrected projection matrices, P1 ′ and P2 ′. The number of (sample) particle
images required in the self-calibration varies from 10 to 50 depending on the thick-
ness of the laser sheet, with a thicker sheet requiring more images (Wieneke, 2005).

Step-4: In this step, (k + 1)th calibration images of the two cameras are back-
projected onto the real space using the respective uncorrected projection matrices
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Figure 3.8: a, The proposed misalignment-correction algorithm for scanning-
stereo-PIV; b, Laser sheets (green rectangles) at ns number of scan-positions,
along with (a few) angular-misaligned calibration images (black rectangles); c,
Illustration of the correction algorithm for the (k + 1)th calibration image of
1st camera: red and blue colour quadrilaterals indicate the regions containing
the calibration markers in the raw (or misaligned) calibration image and the
corrected (or aligned) calibration images, respectively. Here, the filled circles are
representatives of the the outermost calibration markers that would be found
on the misaligned (red quadrilateral) and the corrected (blue quadrilateral)

calibration images.
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(P1 and P2), as explained in Step-1 of the self-calibration algorithm (§ 3.1.2). Let
Ib1 and Ib2 be the resulting back-projected images of the first and second camera,
respectively, and let the coordinates of the real space points used in the back-
projection be denoted by x.

Step-5: Forward-project the points x, which are in the real space, onto the image-
planes of either camera using the corresponding corrected projection matrices. For
example, using the corrected projection matrix (P ′1) of the 1st camera, forward-
projecting x obtains X1 as,

X1 =
[
P1
′
]
3×4

x. (3.19)

Note that the transformation given in (3.19) is the same as the expression in (3.1).
If the grid of black crosses shown in figure 3.9(a) represents x, then the grid of blue
crosses shown in figure 3.9(b) represents the forward-projected points X1 in the
image-plane of the 1st camera. Similarly, one obtains the forward-projected points
X2 of the 2nd camera. It is clear from figure 3.9 that a regular grid of points
in the real space translates into a distorted grid in the image-plane. Further,
note that the points X1 are in pixel units. Now, considering that the images
Ib1 and Ib2, respectively, correspond to the (distorted) grids X1 and X2, two-
dimensional interpolation is applied to calculate the intensities of the images I1

′

and I2
′ corresponding to a new, regular grid of points (in pixel units), X1 ′ = X2 ′;

the sizes (in pixel units) of I1
′ and I2

′ are the same as that of the raw calibration
images.

Figure 3.8(c) shows a schematic of the back-projection and forward-projection
steps for the 1st camera for a case where the calibration target has an angular
misalignment (about the z-axis) with the laser sheet at (k + 1)th position. The
figure shows that the calibration markers that are found in the red quadrilateral
region in the raw calibration image, would appear in the blue quadrilateral region
in the corrected-aligned image that is of the same size as that of the raw image.

In order to verify the calculation, synthetic calibration and particle images (at
one scan-position) are generated (as explained in § 3.1.4) from the DNS data of a
fully-developed turbulent channel flow (del Álamo et al., 2004), with and without
the angular misalignment about the z-axis. The centroids of the markers in the
aligned-raw and the corrected calibration image (obtained from the proposed al-
gorithm) of the 1st camera are calculated and plotted in figure 3.10. An excellent
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Figure 3.9: a, A grid of points in the real space; b, The projections of the points
in (a) onto the image plane of the 1st camera using the corrected projection

matrix, P1
′, as given by (3.19).

match is obtained between the grid of circles of the aligned-raw calibration image
and the grid of crosses of the corrected calibration image. The root-mean-square
error of the deviations in the centroids of the markers on these two images are
found to be approximately 0.26 pixel and 0.16 pixel in the X (column) and Z

(row) directions of the image. This indicates that the algorithm works quite effec-
tively.

Step-6: Now, increment k by 1 and check if k ≤ ns − 2.

Step-7: If k ≤ ns− 2, then repeat the steps from 1 to 6, otherwise, go to Step-8.

Step-8: Upon calculating the (ns − 2) number of aligned calibration images for
each camera, use all of them at once to calculate the new projection matrices
required to proceed with the volume reconstruction.
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Figure 3.10: Centroids of the calibration markers, obtained from the synthet-
ically generated images: , from the separately generated calibration image of
the 1st camera that has no misalignments; ×, from the corrected calibration
image of the 1st camera, obtained by applying the proposed algorithm on a
calibration image with a simulated misalignment. The details of the synthetic

image generation are given in the text.

3.3 Part-3: Tomography based 3D-velocity mea-
surements from scanning-stereo-PIV

This section gives a comprehensive explanation on the volumetric, particle re-
construction method for scanning-stereo-PIV (the ‘scan-tomo’ method). Details
of the “ reconstruction method ” are as proposed by Lawson and Dawson (2014).
As mentioned earlier, in chapters 5 (using numerical simulations), the potential of
this technique for extracting three-dimensional flow-information is assessed against
the standard SPIV technique (discussed in Part-1) adopted to multiple planes (the
‘scan-stack’ method). In the recent method of Lawson and Dawson (2014), here-
after referred to as scan-tomo method, the concepts of epipolar geometry are em-
ployed to obtain the potential locations of the particles in real space. Subsequently,
the Multiplicative First Guess (MFG) method of Worth and Nickels (2008) and the
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Multiplied Algebraic Reconstruction Technique (MART) of Mishra et al. (1999)
are applied to generate a final volume of particle intensities. Two such volume
of particle images separated by the PIV time difference, are cross-correlated in
three-dimensions to arrive at the volumetric, three component velocity field of the
flow.

Note that the real or world coordinate system adopted here is the same as the
x − y − z arrangement shown in figure 2.1, whereas the coordinate systems
of the image planes of the first and second camera are X(1) − Y (1) − Z(1) and
X(2) − Y (2) − Z(2) arrangements shown in figure 2.2. The current section is or-
ganised as follows. Before introducing the scan-tomo method for reconstruction,
a concise explanation of the concepts of epiploar geometry that are used in the re-
construction step are provided in § 3.3.1. Since the camera calibration is the same
as that explained in § 3.1.1, the volume reconstruction procedure is described in
the next section (§ 3.3.2). This section is broadly categorized into five subsec-
tions - construction of parametric form of epipolar lines (§ 3.3.2.1); reconstruction
grid generation in epipolar space (§ 3.3.2.2); calculation of illumination (or pro-
jection) coefficients (§ 3.3.2.3), calculation of the multiplicative first guess (MFG)
(§ 3.3.2.4) and reconstruction using iterative MART algorithm (§ 3.3.2.5). Finally,
the information on the three-dimensional velocity field computation is given in
§ 3.3.3, and a summary of the contents discussed in the chapter is presented in
§ 3.3.4.

3.3.1 Concepts of epipolar geometry for volume recon-
struction

Epipolar geometry defines the relation between a scene or a space point in real
space and their projections obtained from a stereo-view-arrangement, i.e., from two
camera views (Hartley and Zisserman, 2003). For example, if a point x = (x, z, y)
in the real space is imaged by a camera, then the image formed on the camera
sensor is the projection from x to X1 = (X1,Z1). If the projection of the same
real space point onto a second camera is X2 = (X2,Z2), epipolar geometry defines
the relation between these two projections through several geometrical properties
(Hartley and Zisserman, 2003). In the remainder of the section, a few properties
relevant to the volume reconstruction are discussed; for more details, the reader is
referred to Hartley and Zisserman (2003).
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(a) Schematic of an epipolar plane

(b) Top-view of the schematic shown in (a)

Figure 3.11: (a) Schematic depicting a space point (x) in real space and its
projections X1 and X2 on the image planes of the first (I1) and second (I2)
cameras, respectively. Here C1 and e1 are the camera centre and epipole of the
first camera, and C2 and e2 are that of the second camera. L1 and L2 are the
epipolar lines, which are projections of the rays, r2 and r1, respectively. (b)

top-view of the schematic shown in (a).
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If C1 and C2, respectively, are the centres of the first and second camera, one can
draw a ray from x to C1 through X1, and a ray from x to C2 through X2, as shown
in figure 3.11(a); the top-view of the schematic is shown in figure 3.11(b). The
line joining the two camera centres is called the baseline. The locations at which
the baseline intersects the two images are called epipoles. Accordingly, e1 and e2

shown in figure 3.11(a) are the epipoles on the first and second camera images,
respectively. Further, the projection of the ray joining C1 and x is the epipolar
line on the second camera, indicated by L2 in figure 3.11. Similarly, the epipolar
line (L1 in figure 3.11) on the first camera is the projection of the ray joining x
and C2. This implies that e1 = (e11, e12) and e2 = (e21, e22), respectively, are
the projections of C2 and C1, as per the expressions,


Λ1 e11

Λ1 e12

Λ1

 =
[
P1
]
3×4

[
C2
]
4×1

(3.20)

and 
Λ2 e21

Λ2 e22

Λ2

 =
[
P2
]
3×4

[
C1
]
4×1

, (3.21)

where Λ1 and Λ2 are the scale factors, and P1 and P2 are the projection matrices
of the first and second camera, respectively, as defined in (3.2). As shown in
figure 3.11(a), the plane formed by the two rays and the baseline is called epipolar
plane (Hartley and Zisserman, 2003). Consequently, one can generate as many
epipolar planes as the number of space points chosen, and doing so, a pencil of
epiplolar planes can be generated, as shown in figure 3.12. In the figure, all the
epipolar lines in an image pass through the epipole that is unique to the image.
The location of the epipoles and epipolar lines are dependent on the optics used
and the stereo-view-arrangement, i.e., perspective stereo view-angle with respect
to the plane-normal. Consequently, an epipole may not be visible in the region of
the image captured. Further, as indicated in figures 3.11 and 3.12, the epipolar
lines may not be parallel to the horizontal axis of the image plane coordinate
system. All these concepts are used in the reconstruction method detailed below.
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Figure 3.12: Schematic depicting a pencil of epipolar lines (white lines) formed
from several chosen space points (blue dots) in the real space. In the actual
volume reconstruction (explained in § 3.3.2), usually, a much higher number
of epipolar lines are obtained by choosing points on a fine grid in (the z-axis
direction in) the real space. Here, only a few lines are shown to avoid clutter.
As indicated in the schematic, the steps in the volume reconstruction (§ 3.3.2)
are applied to every epipolar plane, formed by each space point (such as any
blue dot in the schematic) and its projections on the image planes (represented

by red dots in the schematic). Note that the baseline is not shown here.

3.3.2 Volume reconstruction

For volume reconstruction of particle intensities, initially, a three-dimensional,
regular grid of points is generated in the real space from the known size of the
volume. This implies that one obtains as many horizontal planes as the number
of grid points in the vertical direction. Reconstructing the entire volume means,
reconstructing each of the horizontal planes independently, as explained in this
section. Reconstruction of a plane starts with the selection of any point on the
plane, for example, (x, z = 50 mm, y). Since the reconstructed epipolar plane
may not be parallel to the horizontal plane from which the space point is chosen,
the reconstructed particle intensities (on the epipolar plane) will be interpolated
onto the regular grid of the horizontal plane at the end. In the remainder of this
section, a detailed description of an epipoloar plane reconstruction is given, which
is broadly categorized into the following steps:

• Construction of parametric form of epipolar lines
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• Generation of the reconstruction grid in epipolar plane

• Calculation of the illumination coefficients

• Calculation of the voxel intensities using multiplicative first guess (MFG)

• Calculation of the voxel intensities using iterative multiplied algebraic re-
construction technique (MART)

3.3.2.1 Construction of parametric form of epipolar lines

Since intensities on the epipolar lines are required for the reconstruction, it is con-
venient to express the lines in the parametric form for obtaining the coordinates
of the points on the lines. Consider a real space point x = (x, z, y), whose im-
ages on the first and the second camera are X1 = (X1,Z1) and X2 = (X2,Z2),
respectively. Recall that the epipolar line on the first camera image, L1, is the
projection of the ray joining x and X2. Then, then the parametric form of L1

passing through X1 can be expressed as,

L1 = X1 + s es, (3.22)

where s is the parametric variable and

es =

es1
es2

 =
e1 −X1
|e1 −X1|

(3.23)

is the unit vector from X1 to e1 on L1. Note that s is the distance from the
point X1, and by choosing values of s from -∞ to +∞ in (3.22), one obtains the
coordinates of the points on L1. Similarly, since the epipolar line L2 (on the second
camera image) is the projection of the ray connecting x and X1, the parametric
form of L2 passing through X2 can be expressed as,

L2 = X2 + t et, (3.24)

where t is the parametric variable and

et =

et1
et2

 =
e2 −X2
|e2 −X2|

(3.25)
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Figure 3.13: Illustration of the bounding points of the epipolar lines L1 and
L1

′ on the first camera image (denoted by the subscript 1), shown here as the
red square. If the size of the image is 2000 × 2000 pixel2 as indicated, then
the lower and upper bounds (dashed black lines) of the image in the horizontal
direction are X l

1 = 1 and Xu
1 = 2000, and that in the vertical direction Z l1 = 1

and Zu1 = 2000. Note that the origin (O(1,1)) of the image is at the bottom-left
vertex of the square, and e1 represents the epipole. The points sb1 to sb4 are
the intersections of L1 with the four bounds of the image, whereas the points
sb1
′ to sb4 ′ represent the intersections of L1

′. In this illustration, the bounds
of L1 are sb1 and sb2, whereas that of L1

′ are sb3 ′ and sb2 ′.

is the unit vector from X2 to e2 on L2. As explained in the following section, the
parametric form of the epipolar lines are used to obtain a reconstruction grid on
the epipolar plane.

3.3.2.2 Reconstruction grid generation in epipolar plane

In order to generate the reconstruction grid, the required limits or bounding points
on L1 and L2 are to be calculated from the sizes of the camera images. Using the
illustration shown in figure 3.13, in the following, the calculation of the bounds
are explained in detail for L1. In the figure, the red square represents the first
camera image, and its bounds are represented as dashed black lines. Accordingly,
X = X l

1 and X = Xu
1 represent the lower and upper bounds in the horizontal (or

X(1)-axis of the image plane) direction, and Z = Z l1 and Z = Zu1 are that in the
vertical (or Z(1)-axis of the image plane) direction. Note here that, the origin of
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the image (plane coordinate system) is chosen to be the bottom-left vertex of the
square in the figure, indicated by O. If, for example, the size of the image is 2000
× 2000 pixel2, then the bounds (X l

1,Xu
1 ,Z l1,Zu1 ) are equal to (1, 2000, 1, 2000) in

pixels, as indicated in figure 3.13. The epipolar line L1 and the epipole e1 are also
shown in figure 3.13.

It is noticeable from the figure that L1 intersects the bounds of the image at four
points. In figure 3.13, the intersections of L1 with X l

1 and Xu
1 , respectively, are

indicated by the parametric values, sb1 and sb2, whereas that with Z l1 and Zu1

are indicated by sb3 and sb4, respectively. These parametric distance values are
calculated using (3.22) and (3.23) as,

sb =


sb1

sb2

sb3

sb4

 =



(
X l

1 −X1
)

/es1
(Xu

1 −X1) /es1(
Z l1 −Z1

)
/es2

(Zu1 −Z1) /es2

 , (3.26)

where (X1,Z1) is the projection of the space point, for example, x = (x, z =

50 mm, y), on the first camera image, chosen at the start of the epipolar plane
reconstruction. Note that, if one substitutes the values of sb for s in (3.22), then
the coordinates of the corresponding points on L1 are obtained. After calculating
sb, the four intersections are arranged in ascending order, and the second and third
intersections are considered the bounding points of L1. This can be understood
from figure 3.13 and (3.26) as follows. Since X l

1 < X1 < Xu
1 , sb1 is less than

sb2, and it is negative. Further, since sb4 lies farther away from X1 compared to
sb1, sb4 < sb1. Similarly, since sb3 lies farther way (on the other side) from X1

compared to sb2, sb3 > sb2. Therefore, from these observations one can write that
sb4 < sb1 < sb2 < sb3. In this hierarchy of intersections, the second and third
intersections are sb1 and sb2, which agrees with the schematic shown in 3.13.

In fact, it is true for all the epipolar lines that the bounds are always the sec-
ond and third intersections, when all four intersections are arranged in ascending
order. This can be verified by observing another epipolar line, say, L1 ′ passing
through the point X1 ′ in figure 3.13. Note, however, that only one epipolar plane,
formed by L1 and L2, is reconstructed at a time, and L1 ′ is shown here only for
demonstration. Let the intersections of L1 ′ with X l

1 and Xu
1 , respectively, be sb1 ′

and sb2 ′, and that with Z l1 and Zu1 be sb3 ′ and sb4 ′. Then, the hierarchy of the
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intersections is sb1 ′ < sb3
′ < sb2

′ < sb4
′, and the second and third intersections,

which are also the bounds of L1 ′, are sb3 ′ and sb2 ′.

The bounds of L1 calculated as explained above, are denoted as the lower (sl) and
the upper (su) bounding points. Similarly, using (3.24) and (3.25), the vector (tb)
containing the intersection points of L2 with the four boundaries of the second
camera image are calculated as,

tb =



(
X l

2 −X2
)

/et1(
Z l2 −Z2

)
/et2

(Xu
2 −X2) /et1

(Zu2 −Z2) /et2

 , (3.27)

where X l
2 and Xu

2 are the lower an upper bounds of the second camera image
in the horizontal direction, and Z l2 and Zu2 are that in the vertical direction.
The point (X2,Z2) is the projection of the same space point (for example, x =

(x, z = 50 mm, y)) on the second camera image, chosen at the start of the epipolar
plane reconstruction. The second and third elements in the sorted tb matrix are
considered the lower (tl) and the upper (tu) bounding points on L2.

After obtaining the bounds on the epipolar lines, the number of points (Nu) on
L1 is calculated as su − sl, and the number of points (Nt) on L2 as tu − tl. This
way, the size of the voxel (in the reconstruction space) is chosen to be the same as
that of the pixel, and the resolution of the image is preserved. Further, L1 and L2

are discretized to obtain coordinates of the points lying on them. Subsequently,
in order to generate the reconstruction grid, the intersections of rays from all the
points on L1 with all that on L2 are computed as per the following description.
This procedure is given for calculating any intersection point (i, j, k).

A ray, r1i = (r11, r12, r13), starting from a point (i1, j1, 1) on L1, and a ray,
r2j = (r21, r22, r23), starting from a point (i2, j2, 1) on L2 are written as the
solutions of the equations,

[
P c1

2 P c2
2 P c3

2
]
r1i =

[
i2 j2 1

]T
(3.28)

[
P c1

1 P c2
1 P c3

1
]
r2j =

[
i1 j1 1

]T
, (3.29)
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Figure 3.14: Schematic showing the reconstruction grid in the epipolar space.
The quadrilaterals represent the voxels centred at the intersections of rays from
camera-1 (dotted-blue lines) with that of camera-2 (dotted-red lines). The
shapes of the voxels depend on the number of cameras present in the exper-
iment and the included angle between the principal axes of the cameras. In this

schematic, 2α = 60◦ is used.

where superscripts c1 to c3 indicate all elements in the column corresponding to
that number in the projection matrix, and the superscript T indicates matrix-
transpose. Subsequently, the intersection point (i, j, k) is calculated by solving for
the parametric variables, q1 and q2, in the equations for the two rays,


i

j

k

 =


C11

C12

C13

+

r11

r12

r13

 q1 (3.30)


i

j

k

 =


C21

C22

C23

+

r21

r22

r23

 q2. (3.31)

Here, (C11,C12,C13) and (C21,C22,C23) are the coordinates of the camera centres
C1 and C2, respectively. It is apparent from (3.30) and (3.31) that only four of
the six equations are sufficient to calculate q1 and q2. Figure 3.14 shows a typical
reconstruction grid obtained from the intersections of rays from camera-1 (dotted-
blue lines) with that from camera-2 (dotted-red lines). Here, the quadrilaterals
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Figure 3.15: Schematic showing the Gaussian distribution of laser illumination
(blue curve) within the thickness of the laser sheet, obtained using (3.32); Ic is
maximum at the central plane (i.e. x.ên = dn). Here, wn is the 1/e2 width, i.e.,
the width at which Ic becomes max(Ic)/e2; dth is the threshold distance from
the central plane, and all the voxels that lie within 2 dth are considered bright-
enough for reconstruction. The colour coding given to circles is an indication
of change in illumination (Ic) from the centre of the sheet (highest) to its edges

(lowest). Here, the axes are expressed in arbitrary units.

are the voxels centred on the intersection points.

3.3.2.3 Calculation of illumination coefficients

After obtaining the ray-intersections, i.e., positions of voxels in the epipolar space,
the intensity or illumination coefficients at each voxel position, due to each laser
sheet, are calculated as follows. The expression,

Ic (x,n) = e(−8(x.ên−dn)
2/w2

n) (3.32)

gives the Gaussian distribution of illumination in the direction normal to the laser
sheet that has a unit maximum illumination. Here, n stands for the specific sheet
under consideration and varies from 1 to Nk (equal to the total number of scanning
laser sheet positions), x refers to the three-dimensional position of the voxel under
consideration, ên and dn define the equation of the plane at which the Gaussian



2D-3C and 3D-3C velocity measurement techniques 94

is maximum, and wn is the 1/e2 width of the distribution, i.e., the width at which
the intensity becomes e−2. Figure 3.15 shows Gaussian distribution as per (3.32).
The exponent in (3.32) represents the square of the perpendicular distance from
the point x to the nth plane, normalized by w2

n.

Since the laser sheet can only illuminate the voxels that are within the thickness
of the laser sheet, the threshold illumination distance is calculated as follows.
Assuming that the threshold illumination coefficient of the voxel, i.e., the voxel
with the lowest brightness as 0.01 units, the corresponding perpendicular distance,
dth, is calculated using (3.32) as,

dth =

√
− log(0.01)w2

n

8 = ± 0.103. (3.33)

The red dotted lines in figure 3.15 indicate the threshold illumination distance,
dth. Since there are Nu and Nt number of points on L1 and L2, respectively, one
obtains Nu ×Nt number of voxels in the epipolar plane. At this stage, for each
laser sheet position (out of the total Nk positions), all the bright voxels, i.e., the
voxels whose perpendicular distances from the centre of the sheet are lesser than
dth, are identified. In figure 3.15, for an arbitrary number of discrete points chosen
in the distribution, all the points that lie within 2 dth distance are bright enough.
The colour coding given to circles in the figure represents the brightness with
which a voxel is illuminated based on their position with respect to the centre of
the laser sheet. These illumination coefficients are critical in the calculation of the
voxel intensities in the multiplicative first guess (MFG) method (given in § 3.3.2.4)
and the iterative ‘MART ’ algorithm (given in § 3.3.2.5).

3.3.2.4 Calculation of the voxel intensities using multiplicative first
guess (MFG)

To perform the MFG step of Worth and Nickels (2008), the required pixel in-
tensities of the points on L1 and L2 are to be obtained. Since there are Nk
number of laser shots, there exist a pair of L1 and L2 on each of the Nk image-
pairs. Therefore, for every image-pair, the pixel intensities are calculated through
two-dimensional linear interpolation. Subsequently, for every image-pair, the in-
tensities on L1 are multiplied by that on L2 to obtain multiplied-intensities.
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However, all these intensity values are not useful in the reconstruction, as it is
mentioned earlier that only a few voxels among these would be bright enough.
Hence, the multiplied-intensities of all the bright voxels are identified and fur-
ther multiplied by the corresponding illumination coefficients. For example, if
a voxel is visible (or bright-enough) in five laser sheets, then one obtains five
multiplied-intensities. Then, multiplied-intensity times the corresponding illumi-
nation coefficient gives five contributions of intensity to the voxel. The required
MFG intensity of the voxel is then calculated as the sum of the five contributions.
The MFG intensities calculated in this way for all the bright voxels are then used
in the final volume reconstruction step explained below.

3.3.2.5 Reconstruction using iterative MART algorithm

The reconstruction or calculation of the voxel intensities contains two steps, which
are applied iteratively. The first step is referred to as projection. This involves
obtaining a new set of intensities of the pixels on L1 and L2 (which are on the
image plane) from the intensities of all the bright voxels (in the epipolar plane),
obtained in the MFG step. Then, the second step is to use these projection pixel
intensities and the corresponding measured intensities to recalculate the voxel
intensities (in the epipolar plane) using the MART algorithm.

(i) Projection of voxel intensities onto the particle images
To demonstrate the projection step, an experimental arrangement is conceived,

in which, it is assumed that five images are captured by each camera as a (virtual)
laser sheet is fired at five successive positions in the flow (in the out-of-plane
direction, i.e., along y-axis). The successive laser shots are assumed to have 75%
overlap. Further, the number of rays from the epipolar lines L1 and L2 are assumed
to be 17 each, so that the reconstruction grid contains (Nu×Nt =) 17× 17 number
of voxels. A schematic of this arrangement is shown in figure 3.16. As in figure
3.14, here too, the quadrilaterals represent voxels in the reconstruction space.
When there is no illumination, the intensity of the voxles is zero, as indicated
by the dark shading in figure 3.16(a). The intensity is finite (and positive) when
the voxels are illuminated by the (Gaussian) laser, as shown in figures 3.16(b) to
3.16(f) for different positions of the laser. The colour coding given to the bright
voxels (non-dark) is according to the illumination coefficients of the Gaussian. As
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(a) (b)

(c) (d)

(e) (f)

Figure 3.16: Schematic showing voxels in the reconstruction grid (a) with
no illumination and (b)-(f) with illumination by laser (indicated by Gaussian
profile) at five positions in the scan direction, i.e, from left to right. The colour
coding indicates the distribution of laser intensity in the Gaussian with centre
having highest (yellow) compared to that of the edges (nearly-black). The
horizontal distance between the vertical lines near the profiles indicates 2dth
shown in figure 3.15. In the case of (b)-(f), each bright voxel is illuminated
according to the laser intensity at the corresponding position of the voxel. Here,
it is assumed that the successive positions of the laser have 75% overlap, and

Nu = Nt = 17.
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Figure 3.17: Schematic showing the reconstruction grid with the illuminated
voxels (in white colour) and the unilluminated voxels (in black), as per the laser
position arrangement shown in figure 3.16. For the voxels that lie along the
rays r′1 (from camera-1) and r′2 (from camera-2), the number of laser sheets in

which a particular voxel is visible, is indicated. Here, Nu = Nt = 17.

a consequence, in figures 3.16(b) to 3.16(f), all the voxels that are not illuminated
by the laser have zero intensity, which are indicated by dark shading.

Since the laser sheet spans more than one voxel distance and the successive laser
shots have 75% overlap, some voxels may be visible in more than one laser sheet.
This scenario can be visualized from figure 3.17, which shows the same recon-
struction grid that is shown in figure 3.16, but without illumination shading for
the bright voxels. Besides, all the overlapping laser positions are drawn in the
figure. Among the voxels that lie along the rays r1i and r2j , the outer voxels,
i.e., that are closer to the boundaries of the illumination, are visible in fewer laser
sheets than those at the centre, as indicated by the number. Note that the max-
imum visibility shown in the schematic is only indicative, and the actual number
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depends on the thickness of the laser sheet relative to unit voxel distance in a
particular experiment.

Let the points on the epipolar line L1 be indexed with m1i, where i runs from
1 to Nu, and the points on the epipolar line L2 be indexed with m2j , where j
runs from 1 to Nt. Accordingly, the rays from m1i and m2j are indexed with r1i

and r2j , respectively. Let fs(r1i, r2j) represents the intensity of the voxel (i, j)
obtained from the previous iteration (or from the MFG step if the current iteration
is the first iteration), and Ic(r1i, r2j ,n) is the illumination coefficient of the same
voxel due to the nth laser sheet. Then, the first task in the projection step is to
obtain the multiplied-intensity, which is illumination coefficient times the voxel
intensity, (fs Ic), of each voxel that is visible in each laser sheet. Subsequently,
multiplied-intensities of all the voxels corresponding to a given laser sheet are
added to represent the projected intensity of the pixels on the epipolar lines. For
example, the projected intensity φ1 of the pixel m1i (on L1) due to nth laser sheet
is written as,

φ1(m1i,n) =
∑

fs(r1i, vxl : vxr) Ic(r1i, vxl : vxr,n). (3.34)

Here, the term vxl : vxr represents all the voxels from the left to the right of the
illumination boundaries of the particular laser sheet in the direction of j. Similarly,
the projected intensity φ2 of the pixel m2j (on L2) due to nth laser sheet is written
as,

φ2(m2j ,n) =
∑

fs(vxl : vxr, r2j) Ic(vxl : vxr, r2j ,n), (3.35)

where the term vxl : vxr represents all the voxels from the left to the right of
the illumination boundaries of the particular laser sheet in the direction of i. The
projection intensities are then used to calculate the updated voxel intensities using
the MART algorithm, as explained in the following section.

Note that, before starting the iterative MART algorithm, the voxel intensities
obtained from the MFG step (§ 3.3.2.4) are normalised using the projection step
described above. This is because, the MFG step gives multiplied-intensities (in
practice, the gray scale values in the range 0 to 212) which are several orders higher
than the measured intensity range. To carry out the normalisation process, the
voxel intensities from the MFG step are passed on to the projection step explained
above to obtain the projected pixel intensities on L1 and L2. This step is carried
out for all the laser shots (i.e. Nk images). Subsequently, the norm of the projected
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pixel intensities (on L1 and L2) and that of the measured pixel intensities, which
are nothing but intensities on the raw particle images, are calculated. Then, the
resulting normalised voxel intensities (fn) are calculated as,

fn = fMFG

(
|φim||φjm|
|φ′i||φ′j |

)
, (3.36)

where fMFG are the voxel intensities obtained from the MFG step (§ 3.3.2.4). In
(3.36), |φim| and |φjm|, respectively, represent the norm of the measured intensities
on L1 and L2, whereas |φ′i| and |φ′j | represent the norm of the projected pixel
intensities, and i = 1, ...,Nu and j = 1, ...,Nt.

(ii) Calculation of updated solution using MART
In the update step, the correction proposed by Mishra et al. (1999), referred

to as ‘MART2-new ’, is used. In order to update the intensity of a given voxel,
(i, j), the correction scheme takes into account the projected (φ1,φ2, obtained
from (3.34) and (3.35)) and the measured (pixel) intensity contributions from all
the rays (nr) that pass through the voxel. Since in a stereo-camera arrangement
there exist only two views, there are only two contributions to any given voxel. The
correction matrices for the first (∆φ1) and the second (∆φ2) camera, respectively,
are calculated as,

∆φ1(m1i,n) =
φ1m(m1i,n)
φ1(m1i,n)

(3.37)

∆φ2(m2j ,n) =
φ2m(m2j ,n)
φ2(m2j ,n)

, (3.38)

where φ1m(m1i,n) and φ2m(m2j ,n), respectively, are the measured intensities of
the points m1i and m2j (on L1 and L2, respectively) corresponding to the nth

laser sheet. Subsequently, for every bright voxel, the number of sheets (nv) in
which the voxel is visible, is found. The geometric mean (fg) of each voxel (i, j)
is then calculated using the correction matrices as,

fg(i, j,nl) =
(

∆φ1(nl)×∆φ2(nl)
)1/nr

, (3.39)

where nr = 2. Here, fg(i, j,nl) represents the geometric mean intensity values of
the voxel (i, j) and nl = 1 to nv. Then, the updated voxel intensity, fc(i, j), is
calculated as,

fc(i, j) =
nv∏
k=1

[
1− µr

Ic(k)

Ic,max
(1− fg(i, j, k))

]
, (3.40)
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where ∏ stands for the product of the expression within the bracket for the index
k from 1 to nv, µr = 0.2 is the relaxation factor and Ic,max is the maximum of
all the values of Ic(nv). The projection and the update steps are performed for
15 iterations to obtain the final voxel intensities. Since the voxel intensities on
the epipolar space are on an irregular grid, it is resampled initially onto a regular
grid on the epipolar space, before resampling further onto a regular, Cartesian
grid. This entire procedure (§ 3.3.2) is repeated for all the horizontal planes (refer
to the discussion at the start of § 3.3.2) in the volume with the reconstruction of
one plane at a time, and each time, the reconstruction starts by choosing any one
point on the particular plane.

3.3.3 Three-dimensional cross-correlation

The reconstructed volumes, which are separated by the PIV-time difference, are
cross-correlated in three-dimensions using the Matlab code developed by de Silva
(2014). In the cross-correlation, the code uses template matching of the pattern
of particles in the frequency domain, and the normalization proposed by Lewis
(1995). Subsequently, a three-point Gaussian fit is used for extracting sub-pixel
displacements. The other features used in this calculation are as follows. The
code implements multi-grid with the discrete-window-offset algorithm proposed
by Scarano and Riethmuller (1999), with an extra search-region to account for the
in-plane displacements that are comparable to the size of the interrogation volume
(IV). Usage of extra search region ensures larger dynamic velocity range (DVR),
and smaller grid size improves the dynamic spatial resolution (DSR), which are
defined by Adrian (1997) as,

DVR =
umax
σu

, (3.41)

and
DSR =

lx
∆xmax

. (3.42)

Here umax is the maximum or full-scale velocity in the field-of-view in the flow,
σu is the root-mean-square error in the velocity measurement, lx is the size of the
field-of-view in the horizontal direction, and ∆xmax is the full-scale displacement
in the PIV-cross-correlation. The start and end sizes of the IVs are 64× 64× 64
and 32× 32× 32, respectively, with 50% overlap between the successive IVs of the
smaller size, in all the three directions. After the calculation of displacements of
volumes with every IV size, the median test proposed by Westerweel and Scarano
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(2005) is used for the detection and replacement of spurious vectors. The required
three-dimensional velocity fields are obtained by dividing the displacement fields
by the PIV-time-difference.

3.3.4 Summary of Part-3

In this section, the procedures for the volumetric reconstruction of particle inten-
sities and three-dimensional velocity field calculation are explained for scanning-
stereo-PIV. The reconstruction method is as proposed by Lawson and Dawson
(2014). The essence of the method lies in the best utilization of concepts of
epipolar geometry in establishing the required reconstruction grid in the three-
dimensional, epipolar space. Further, the details of the iterative ‘MART ’ process
for obtaining the reconstructed volume of particle intensities, are presented. In
this step, positions of laser sheets are used to reduce the number of voxels that
needs to be updated in each iteration.



Chapter 4

Quantification of uncertainty in
stereoscopic-PIV of turbulent
channel flow

Through numerical simulations, this chapter quantifies how the statistics of a fully
developed turbulent channel flow are affected by two experimental parameters in
the stereoscopic-PIV (SPIV). The first parameter to be considered is the choice
of stereo-view-angle (2α) between the two imaging cameras that define a specific
SPIV system. The other parameter is the degree of misalignment between the
measurement plane and the calibration target. While the first parameter is studied
with the flow in a streamwise - wall-normal plane, the other is studied for the flow
in streamwise - spanwise plane as well. The SPIV methods used in the study
are explained in the following section. To conduct the simulations, an in-house
developed MATLAB code (de Silva et al., 2012) is used for generating synthetic
particle images from the DNS data of del Álamo et al. (2004) whose Reτ ≈ 1000.
The procedure for synthetic particle image generation is explained in the preceding
chapter (§ 3.1.4).

The study answers the following questions - i) what is the value of the stereo-
view-angle with which a minimal uncertainty in the flow-statistics is achievable?;
ii) which statistics are most sensitive to a specific type of misalignment?; iii) what
are the configurations under which misalignment-correction is essential? At the
end of the chapter, the inferences drawn from the simulations are validated with
SPIV experiments.

102
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4.1 Methods used in the study

In this chapter, the study is carried out using the following two SPIV methods:
Method-A:

• Self-calibration of Wieneke (2005)

• 3C reconstruction of Willert (1997)

Method-B:

• Calibration and 3C reconstruction of Soloff et al. (1997)

While the influence of α is studied using method-B, both methods are employed
for quantifying the misalignment effects. In both methods, images of a pattern
of circular dots in five parallel planes are used for the calibration; the synthetic
calibration images are generated using the same MATLAB code as that used for
generating the particle images. In method-A, a pinhole camera model (explained
in § 3.1.1) is used as the calibration mapping function for transforming physical
space points to that on the image plane of the camera. The explanation of the
self-calibration algorithm is given in detail in § 3.1.2, while the velocity vector field
calculation of Willert (1997) is explained in § 3.1.3.2.

Method-B uses polynomial equations (cubic in the streamwise and wall-normal
directions and quadratic in the spanwise direction) for mapping the physical space
to the image plane, and does not contain a misalignment-correction step. Further,
the cross-correlation is performed directly on the raw particle images to obtain two
in-plane displacements at every interrogation grid point. Using the four in-plane
displacements, computed two from each camera, the actual displacement vector
at every grid point is calculated in the Least-squares sense. In the following,
initially the results on the influence of α are presented. Then, the effects of the
misalignment parameter are discussed.
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Figure 4.1: Schematic of an SPIV system in a rectangular channel flow for
measurements in a streamwise-wall-normal (x− z) plane. Here, 2α is the (in-
cluded) stereo-view-angle between the cameras, 2h is the height of the channel

from the inner dimensions and Ls is the thickness of the laser sheet.

4.2 Choice of the camera view-angle α

For the parametric study of α, method-B is used for calculating the velocity field
from the particle images, as this method, in comparison with method-A, is rela-
tively easier to implement. Figure 4.1 shows the schematic of the SPIV arrange-
ment used. The study is carried out with x− z plane as the measurement plane
and the stereo-view-angles (with the normal to the x− z plane) of the two cameras
are chosen to be equal, i.e., α1 = α2 = α. The details of synthetic particle image
generation are given in § 3.1.4.

Note that methods A and B differ only in the calibration and the final three-
component velocity field calculation; the input calibration and particle images,
and the cross-correlation algorithm used in the velocity calculation are the same
for both methods. Giordano and Astarita (2009) showed from their simulations
that for a symmetric stereo-view configuration such as used in the present simu-
lations (see figure 4.1), the accuracies of the final 3C velocity field are the same in
the two methods (in the absence of a finite misalignment). However, no study has
reported a direct comparison of the calibration models adopted in these methods.
Recall that method-A uses a camera pinhole model (see § 3.1) for relating the
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physical space to the image plane of each viewing camera; method-B uses polyno-
mial functions (cubic in the in-plane directions and quadratic in the out-of-plane
direction) for the same purpose.

To predict the uncertainty of the calibration models used in these stereo-PIV meth-
ods, an error analysis is conducted. In each method, the real space coordinates
used in the calibration procedure are substituted into the mapping functions to
obtain the corresponding image plane coordinates in pixel units. The differences
between the new coordinates and that measured directly from the calibration im-
ages are computed at all five out-of-plane positions. The re-projection errors, i.e.,
the root-mean-square values of the positional deviations, computed from 6480 (=
1296× 5 planes) calibration markers, are as follows:

• Method-A: (0.058 pixel, 0.061 pixel) and (0.056 pixel, 0.058 pixel)

• Method-B: (0.06 pixel, 0.06 pixel) and (0.06 pixel, 0.06 pixel)

for the first and second camera, respectively. The deviations are negligibly low, and
are of the same level in both methods. Also, the residual deviations are found to be
invariant with the out-of-plane position. Therefore, the accuracy of the calibration
as well as that of the final 3C velocity field are the same for both methods. Hence,
the results presented in this section will not be different if method-A is used.

As discussed in the earlier chapter, the fluctuating velocity component in the
streamwise direction is defined as u = ũ− u, where ũ is the instantaneous value
and the overbar (or 〈·〉 where appropriate) denotes an ensemble average. The same
definition is followed for the fluctuating velocity components in the spanwise (v)
and the wall-normal (w) directions. The study is conducted for 10o ≤ α ≤ 45o,
and for each α, a total of 1080 statistically independent velocity fields are used
to achieve the convergence of the (normalized) variances, u2+ = u2/u2

τ , w2+ =

w2/u2
τ and v2+ = v2/u2

τ , where uτ is the friction velocity.

Figures 4.2(a, c and e) show the influence of different view-angles on variances in
the three directions. Since the PIV algorithm acts as a spatial filter, the original
DNS result (dashed-black curve) is included in the figures along with a box filtered
version (blue curve). The size of the filter dimension was chosen to be equal to
the size of the PIV interrogation window multiplied by the light-sheet thickness,
which in the present case is equivalent to 29× 27× 20 wall units ν/uτ in x, y and
z directions, respectively.
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Figure 4.2: Variation of normalised variances with z+ of the (a) streamwise,
(c) wall-normal and (e) the spanwise components of velocity for different stereo-
view-angles (α). The insets in (c) and (e) are the magnified views of the regions
in the ellipses, and they indicate that at z+ ' 100, the relative discrepancies of
the simulations (case: α = 45◦) with the filtered DNS are 3% and 1%, respec-
tively. The root-mean-square (rms) discrepancies in the instantaneous velocities
in the streamwise (εũ), wall-normal (εw̃) and the spanwise (εṽ) directions are
shown in (b), (d) and (f). Here, the discrepancies are calculated with respect
to the filtered DNS. The symbols and line styles for (c) and (e) are the same as

that of (a), and for (d) and (f) are the same as that of (b).
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The figures indicate that for all three components the variance decreases with
increasing α and approaches the filtered DNS for α = 45◦. The dependence on
α is generally more pronounced closer to the wall and is strongest for the out-of-
plane component v in figure 4.2(e), and the optimal α is approximately 45o. The
insets in (c) and (e) are the magnified regions enclosed by the ellipses shown in
the main figures. The insets show that the discrepancies with the filtered DNS
are smaller for the data with optimal α - at z+ ∼ 100, the errors in w2+ and
v2+ are approximately 3% and 1%, respectively. However, the relative errors of
their instantaneous values (e.g. εw̃ = 〈(w̃sim − w̃f−DNS)

2〉
1/2

for w̃-velocity, where
the subscripts ‘sim’ and ‘f−DNS’ refer to the simulations and the filtered DNS) are
found to be significant even at the optimal α.

Figures 4.2(b, d and f) show the relative errors of the instantaneous velocity com-
ponents with reference to the box-filtered DNS result. While the relative errors in
the streamwise direction remain smaller irrespective of the view-angle, they are as
high as 15% in the other two directions when compared with that in the variances
under the same conditions. Essentially, this implies that measurement noise masks
the effect of under-resolution to some extent. In a study on measurement errors in
hotwire velocimetry, Philip et al. (2013) also arrive at the same conclusion that the
errors in the measurements are larger considering instantaneous velocities than in
their statistical mean quantities. Further, these errors are seen to decrease away
from the wall and display only little angle dependence for the in-plane components
ũ and w̃. In contrast, the relative error for ṽ decreases when increasing α from
10◦ and the curves flatten out around α = 37.5◦.

These observations are only in partial agreement with the findings of Lawson and
Wu (1997b), who conducted SPIV experiments using uniform displacement fields
for 10 ≤ α ≤ 45◦. They found that the error in the out-of-plane displacement
component decreases significantly when α is increased, and the opposite trend is
observed for the in-plane component. They concluded from these observations
that the optimum angle for angular SPIV systems lies between 20◦ to 30◦. How-
ever, figures 4.2(b, d and e) indicate that only the root-mean-square (rms) of
the spanwise velocity component shows similar trends, while that of the in-plane
components are nearly constant for all α. This partial discrepancy suggests that
the amount of error incurred in the measurements depends on the direction and
magnitude of the instantaneous local velocity vector. Hence, although the trends
observed by Lawson and Wu (1997b) are valid for individual displacements, the
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Figure 4.3: Variation of the ratio of root-mean-square errors relative to
the filtered DNS: a) wall-normal/streamwise (εw̃/εũ); b) spanwise/streamwise
(εṽ/εũ). The dashed curve in (b) is the theoretical prediction by Lawson and
Wu (1997a), and valid only for the measurements made at the geometric centre

(x = 0, z = 0, y = 0) of the measurement plane.

characteristics of the statistical quantities seem to be flow-dependent. This aspect
once again emphasizes that the study of the influence of α for a flow type, which
in the present context, the wall-bounded turbulent flows, is not trivial.

Further, Lawson and Wu (1997b) computed the ratios of the errors in the out-of-
plane to the in-plane horizontal displacements for the same range of α as above.
They showed that the ratios decrease with increasing α for all the tested displace-
ment magnitudes, and the ratios reach around one at α ' 45◦. This behaviour is
shown to match well with the theoretical error ratio (= 1/tanα) proposed earlier
(Lawson and Wu, 1997a) by them, for the largest tested displacements (= 30%
of the IW length or laser sheet thickness). The relatively smaller displacements
incurred more significant errors than those observed for the largest displacements,
and the errors are found to be non-monotonic with the magnitudes of the displace-
ments. Note that the expression 1/tanα corresponds to measurements made only
at the geometric centre (x = 0, z = 0, y = 0) of the measurement plane; the full
expression (that is a function of the coordinates of the measurement plane) gives
lower errors for measurements at locations other than (0,0,0): farther the position
from (0,0,0), smaller is the error.

The rms error ratios computed for the present simulations are presented in fig-
ure 4.3: a, the ratio of the in-plane components; b, the ratio of the out-of-plane
to the in-plane horizontal component. Overall, the error ratios do not show any
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dependence on z+, and that of the in-plane components are insensitive to the
changes in α (see figure 4.3(a)). It is interesting to see from figure 4.3(b) that
although the error ratios display the trend discovered by Lawson and Wu (1997b),
the values are the same for the statistics measured at all three z+ locations in the
logarithmic region. Further, the values match the theoretical expression (1/tanα)
of Lawson and Wu (1997a), given as dashed-black curve, only at α ' 45◦. These
observations once again imply that the statistical behaviour of the error ratios
would not be known for any flow beforehand.

In summary, it is found that box filtering with a filter size equivalent to the size
of IW is a good approximation of the effect of the PIV algorithm on the spatial
resolution, especially of α ' 45o. This result is in agreement with the study
of Lee et al. (2016), who also provide empirical relations for how this spatial
attenuation effect can be corrected in the statistics. Further, the best results are
obtained for α ≥ 37.5◦. Around this α, while the relative errors (with respect to
the filtered DNS) in all the variances are low (∼ 3%), the instantaneous velocity
components incur ∼ 1% in the streamwise direction and ∼ 15% in the other two
directions. Further, the amount of error incurred in the out-of-plane and in-plane
velocities is comparable for α ≥ 37.5◦. In the following sections of this chapter,
the misalignment parameter is studied by keeping the stereo-view-angle α as 37.5◦,
for both x− z and x− y plane simulations.

4.3 Assessment on misalignments in x− z plane
simulations

The SPIV system used in this study is the same as that shown in figure 4.1, and
the misalignments imposed are angular misalignments about the x and z-axis (∆ψ
and ∆ϕ, respectively) and translational misalignments (∆y) along the y-axis, as
indicated in figures 2.3(b-d). Noting that the self-calibration algorithm used in
method-A corrects for the misalignments, all results for the misaligned cases are
expected to be close to that of the aligned case irrespective of the misalignment-
type and degree. In fact this is true to a degree that the data are indistinguishable
in the plots. However, misalignments have a strong effect on the results obtained
using method-B, which are discussed in the following.
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Figure 4.4: Variation of the streamwise mean velocity (a), the variances (b
- d), and the Reynolds shear stress (e) with angular misalignment about the

x-axis (∆ψ). The symbols and colours in (a) are the same for (b-e).
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4.3.1 Angular misalignments

Figure 4.4(a) shows the streamwise mean velocity u+ plotted against the wall-
normal distance z+ for different angular misalignments ∆ψ about the x-axis. Here
and in the following, along with the unfiltered DNS data (dashed-black curves),
filtered DNS data (blue curves) matching the spatial resolution in the simulations,
are plotted as a reference. The dimensions of the box-filter kernel in wall-units
are 23× 27× 20 in the streamwise, the spanwise and the wall-normal directions,
respectively. As can be seen from the figure, the data of method-A but also
the results for method-B, which does not employ misalignment correction, agree
closely with the filtered DNS curve. This implies that u+ is largely insensitive to
the imposed misalignments, at least for the investigated range of wall distances
z+ ≥ 80.

A similar behaviour is also noticeable for the streamwise turbulence intensity u2 +,
which is presented in figure 4.4(b) for different ∆ψ. Only in the range 80 ≤ z+ ≤
140 (coinciding with the bounds of the logarithmic layer given in Klewicki et al.
(2009) at the present Reτ ), there is a small deviation in results for method-B
at the highest misalignment ∆ψ = 5◦; the variance is slightly attenuated (red
circles). Note, that in the remainder of the article, the results are restricted to the
logarithmic region for brevity and also for the reason that this region is arguably
the most important region in wall-bounded turbulent flows.

Simulation results for the spanwise turbulence intensity v2 + at different misalign-
ments are shown in figure 4.4(c). The figure reveals that v2 + for the aligned case
(for both methods) is slightly over-predicted compared to the filtered DNS curve,
with the results closer to the wall most affected by misalignments. It is further seen
that v2 + increases with increasing ∆ψ, which is unlike the behaviour observed for
u2 +. The effect of the imposed misalignment is strongest for the measurements
of w2 +, which is plotted against z+ in figure 4.4(d). The curves for ∆ψ = 0, i.e.,
the aligned case, indicate that w2 + is also over-predicted compared to the filtered
DNS. However, a non-zero misalignment ∆ψ is seen to reduce w2 + drastically
when method-B is employed. Unlike for the other components, this effect is not
limited to the lowest z+ investigated here but affects a considerable range up to
z+ ≈ 300 in the present data.

From the preceding discussion, it is noticeable that w2 + is most sensitive to the
imposed misalignment, but its effect is also noticeable in the other components



Quantification of uncertainty in stereoscopic-PIV of turbulent channel flow 112

closer to the wall. Note that these trends and the question whether a misalignment
leads to an increase or reduction of the respective component are not trivial as
the reconstruction of the 3C velocity vector involves an overdetermined system of
equations (for example, see Soloff et al. (1997)). Errors due to the alignment will
depend on the instantaneous direction of the velocity vector and therefore cannot
be predicted by simple models.

The remaining significant 2nd order flow-statistic in the channel flow is the so-
called Reynolds shear stress −uw +, which is shown in figure 4.4(e). Similar to
the normal stresses u2 +, v2 + and w2 +, the shear stress is also over-predicted
for the aligned case when compared to the corresponding filtered DNS curve.
Analogous to the observations for w2 +, −uw + decreases with increasing angular
misalignment ∆ψ and this behaviour is not restricted to low z+. Since the curve of
∆ψ = 2o coincides with the filtered DNS curve, caution must be exercised before
accepting the calculated −uw +.

In order to scrutinize the effect of the misalignment alone, the error in the second-
order statistics are computed with respect to that of the aligned case as,

% δq = 100× q− q0
q0

. (4.1)

where q is the quantity under consideration, and q0 is the corresponding quantity
of the aligned case. The definition of δq effectively excludes the effects of PIV
uncertainty. The discussion is restricted to only the spanwise and the wall-normal
components since the effect of misalignments was seen to be negligible for the
streamwise component in figure 4.4, and also to only the logarithmic region (80
≤ z+ ≤ 140), as the misalignment effects were seen to be most severe here.

Figures 4.5(a, c and e) show the differences of the variances and the Reynolds
stress for different angular misalignments ∆ψ with respect to the aligned case in
the logarithmic region. Even here, the data of method-A (‘+’ markers) collapse
on to each other in each of the three quantities, and more importantly they all lie
at zero. Figure 4.5(a) shows that the discrepancies in v2 + of method-B are less
than 3% up to ∆ψ = 2o. Even for ∆ψ = 5o, the discrepancies are reasonably
low at high z+, but they reach values as high as 13% closer to the wall. One can
anticipate that the discrepancy continues to increase if observed even closer to the
channel wall.
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Figure 4.5: Relative difference with respect to the aligned case according to
equation (4.1) for % v2 , %w2 and %uw . (a), (c) and (e) are for different ∆ψ,
and (b), (d) and (f) are for different ∆θ. The deviations are calculated in the
logarithmic region (80 ≤ z+ ≤ 140). The colour and symbols for (c) and (e) are
the same as that of (a), while that for (d) and (f) are the same as that of (b).
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The negative sign for the results for w2 + and −uw + in figures 4.5(c) and 4.5(e),
respectively, clearly indicates that, in contrast to v2 +, an angular misalignment
reduces these quantities relative to the aligned case. Generally, the errors incurred
in w2 + are much larger when compared to that of v2 + for the same ∆ψ. Even
at ∆ψ = 2o the difference in w2 + reaches almost 10% at the position closest to
the wall. However, similar to v2 +, the discrepancies in the Reynolds shear stress
shown in figure 4.5(e) only exceed 5% for angular misalignments ∆ψ > 2o.

As a general trend, it can be noticed that the effect of the misalignment increases
with decreasing distance to the wall leading to larger errors there. The dependence
on the wall distance becomes more pronounced for larger misalignment angles
∆ψ. The discussion now focuses on angular misalignments around the wall-normal
axis. The flow-statistics of simulations with angular misalignment ∆θ, which are
presented in figures 4.5(b, d and f), bear some resemblance with the previous
results for ∆ψ. Also here, v2 + increases with increasing misalignment angle while
w2 + and uw + are reduced. Moreover, the strongest misalignment effect is again
observed for the wall-normal velocity component. However, the results are seen
to be much less sensitive to ∆θ than to ∆ψ with only w2 + at ∆θ = 5◦ exceeding
5%. Also the dependence on z+ is hardly noticeable for misalignments around the
wall-normal axis.

4.3.2 Translational misalignments

Figure 4.6 shows the percentage deviations of the normalized, spanwise, wall-
normal turbulence intensities and the Reynolds shear stress for the imposed trans-
lational misalignments ∆y. Here too, the deviations are calculated with refer-
ence to the aligned case according to (4.1). The translations are imposed along
the spanwise direction. They are equal to the half and the full thickness of the
laser sheet Ls, equivalent to ∆y/l = 0.68 and ∆y/l = 1.35, respectively. Here,
l ' 20 (viscous units) is the size of the interrogation window in the wall-normal
direction.

Figures 4.6(a) and 4.6(c) show that v2 + and uw + are largely unaffected when
∆y = Ls/2, but the discrepancies are higher when ∆y = Ls, whereas w2 + is very
sensitive even when ∆y is as small as Ls/2, as shown in figure 4.6(b). Further, the
translational misalignments cause fairly constant discrepancies in the logarithmic
region similar to angular misalignments of ∆θ type.
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Figure 4.6: Relative differences with respect to the aligned case for (a) % v2 ,
(b) %w2 , and (c) the Reynolds stress (%uw ) for different translational mis-
alignments ∆y in the logarithmic region (80 ≤ z+ ≤ 140). The colour and
symbols for (b) and (c) are the same as that of (a). Here, l = 20 (in wall-units)

is the size of the PIV interrogation window in the wall-normal direction.

4.4 Assessment on misalignments in x− y plane
simulations

Figure 4.7 shows the illustrations of the types of target misalignments that are
encountered during measurements in a streamwise - spanwise (x− y) plane: an-
gular type about the x and y-axis (∆ψ and ∆φ) and translation type along the
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(a) (b) (c)

Figure 4.7: Illustrations showing three types of calibration target misalign-
ments that occur during measurements in a streamwise - spanwise (x - y) plane.
Here, x− y − z and x′ − y′ − z′ are the coordinate systems in the aligned and
misaligned cases, respectively. a) angular misalignment (∆ϕ) about the y-axis;
b) angular misalignment (∆ψ) about the x-axis; c) translational misalignment
(∆z) along the z-axis. In the x - y plane simulations, the cameras are chosen
to be on the x - z plane, y = 0, and arranged on either side of the y - z plane,

x = 0.

z-axis (∆z). Here, the arrangement of x − y − z axes refers to the coordinate
system of the measurement plane and x′− y′− z′ to that of the misaligned target.
In the present study, simulations are carried out for these three cases. Further,
the cameras are chosen to be on the x− z plane, y = 0, and arranged on either
side of the y − z plane, x = 0, so that both cameras receive side-scatter of light.
The synthetic images for these simulations are generated by using the velocity
fields in the DNS box in the range 96 . z+ . 125 so that the wall-normal po-
sition of the measurement plane is at z+ ' 111. The size of the interrogation
window is 23× 20× 29 in the x, y and z directions, respectively. A total of 350
statistically independent velocity fields are used to arrive at the convergence of
the second-order statistics.

4.4.1 Angular misalignments

Figures 4.8 shows the discrepancies of the variances u2+, w2+ and v2+ along with
uw+ for different values of ∆ϕ. All misalignment errors in figure 4.8 are plotted
without taking the average along x. In this way, information on the spatial dis-
tribution of the error across the measurement domain is retained. Especially for
w2+ and v2+ in figures 4.8(b) and 4.8(c), the error is seen to increase with increas-
ing distance from the centerline of the optical setup. Note that the misalignment
(slightly) breaks the symmetry of the configuration, and as such the misalignment
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Figure 4.8: Percentage deviations of the variances (a - c) and the Reynolds
shear stress (d) for measurements in the x− y plane and increasing values of
angular misalignments about the y-axis (∆ϕ). The percentages are computed as
per (4.1) but no average over x is taken here in order to illustrate the systematic
deviation in this direction. The black, dotted line in the plots refers to the axis

about which the angular misalignment is imposed.

error is not necessarily expected to be symmetric with respect to the centerline.
This is most obvious in figure 4.8(b) and once again underlines that the behaviour
of the misalignment error is non-trivial. Overall, misalignments of ∆ϕ = 1◦ al-
ready induce considerable errors ∼ 5% in v2+, w2+ and especially uw+ when
using method-B in this configuration, while u2+ is slightly less sensitive. In this
case, u2+ and v2+ decrease with increasing ∆ϕ, while w2+ and uw+ are seen to
increase.

The observations made in figure 4.8 for the most part also transfer to the case of
misalignments around the streamwise axis (see figure 4.7(b)), which are plotted in
figure 4.9. The only exception is uw+ (see figure 4.9(d)), where the errors due to
the misalignment are considerably lower and change sign from one side to the other
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Figure 4.9: Percentage deviations of the variances (a - c) and the Reynolds
shear stress (d) for measurements in the x− y plane and increasing values of
misalignments about the x-axis (∆ψ); note that here no average is taken over y.
The inset in (d) shows the error recomputed using the absolute of the difference
between the aligned and the misaligned cases averaged over the entire domain.

(top and bottom in the figure). The inset in the panel shows the error computed
using the absolute of the numerator in (4.1) and averaged over the entire domain.
This quantity increases steadily with ∆ψ, but the error levels remain low.

4.4.2 Translational misalignments

Finally, results for the effect of translational misalignments on the statistics in the
x− y plane are presented in figure 4.10. Here, ∆z/l = 0.7 corresponds to half the
laser sheet thickness, where l = 20 (in wall-units) is the IW size in the spanwise
direction. Consistent with the fact that the symmetry of the geometry is not
broken in this case, the error does not show a dependence on y or x (not shown)
for either quantity. Again, the error for uw+ is relatively low. Even when the
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Figure 4.10: Same as figure 4.8 for translational misalignments ∆z; no av-
erage is taken over y in the computation. Here, ∆z/l = 0.7 corresponds to
half the laser sheet thickness, where l ' 20 (in wall-units) is the size of the
PIV interrogation window in the spanwise direction. The insets show the error
recomputed using the absolute of the difference between the aligned and the

misaligned cases averaged over the entire domain.

misalignment is equal to the thickness of the laser sheet (or ∆z/l = 1.4), the error
is below 4% when averaging the absolute discrepancy (see inset in figure 4.10(d)).
By far the largest errors arise for v2+, which decreases significantly (figure 4.10(c)),
while those for u2+ (figure 4.10(a)) once again remain small. Further an interesting
observation is made for w2+ (figure 4.10(b)), where the discrepancy is negative for
small misalignments but switches to positive values at the largest misalignment of
∆z/l = 1.4, displaying clearly non-linear behaviour.
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Figure 4.11: Front-view of the stereoscopic-PIV experimental arrangement in
the turbulent channel flow facility at the University of Melbourne. Here, 2h is

the height of the channel measured from the inner dimensions.

4.5 Experimental validation

To understand realistic misalignments, a stereo-PIV experiment was conducted in
the turbulent channel flow facility available at the university of Melbourne. The
Reτ was chosen to be (≈ 1000) and measurements were conducted only in the
x− z plane. The experiments will not only incorporate realistic errors but since
the DNS database at Reτ = 934 is available, the experiments can be compared
to error-free DNS data. In this section, initially the experimental arrangement
is described, and subsequently the camera-calibration, data acquisition and the
velocity field calculation are detailed. The results are then compared with that of
the simulations.

4.5.1 Experimental arrangement

The picture in figure 4.11 shows the front-view of the stereo-PIV experimental
arrangement used in the study. The working medium is air, and the inner di-
mensions of the channel cross-section are 1170 mm × 100 mm (width × height).
The flow was established by a blower, powered by a DC motor upstream of the
channel. The channel was open to the atmosphere at the exit. Further details on
the construction of the channel are given in Monty (2005), de Silva (2014) and
Kwon et al. (2014).

Measurements were taken on a streamwise - wall-normal plane, which was approx-
imately 21 m away from the channel inlet. The measurement plane was chosen
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to be at the half-width of the channel in the spanwise direction. The flow was
fully-developed far upstream of the measurement zone at Reτ ≈ 1000. Two imag-
ing cameras (pco.4000) were mounted such that the included stereo-view-angle
between the cameras was approximately ' 61◦. A Scheimpflug adapter was fixed
between each camera and its lens (TAMRON, 180 mm, F/3.5) for obtaining a bet-
ter focus throughout the field-of-view, which is of size ' 140 mm × 75 mm (width
× height). This arrangement resulted in the resolution of the perspective image
of the left (right) camera to be 25.2 (26.8) pixel/mm and 29.6 (30.7) pixel/mm in
the streamwise and the wall-normal directions, respectively.

The laser beam from a double-headed, green laser source (BIG SKY; wavelength
' 532 nm) was expanded into a sheet of thickness ' 1.5 mm through a series
of positive and negative lenses, and routed vertically upwards into the measure-
ment zone from the bottom of the channel. This arrangement helped in achieving
side-scatter of laser light for both cameras. The thickness of the laser sheet in
the measurement zone was computed using a standard burn paper. Polyamide
particles (of mean diameter ≈ 1µm) generated by a smoke machine (ROSCO)
were used for seeding the air flow, and when imaged the average diameter of the
particle was approximately 3 pixels. The particle seeding density is approximately
0.053 ppp. (or Ns ≈ 0.38) and note that this value is very close to that used in
the simulations. The two cameras and the laser were synchronized using two dig-
ital delay generators (DG645, Stanford Research Systems). Each delay generator
triggers the laser head that is connected to it and the two cameras simultaneously.
The time delay between the two delay generators was equal to the time period
required for forming a typical particle image-pair for velocimetry, which is 185 µs.

4.5.2 Calibration and data acquisition

In the present study, the dot-pattern on the calibration target used in the exper-
iment was obtained by laser-cutting. For capturing the calibration images, first,
the calibration target was made to align with the measurement plane as best as
possible. Then, the target was given a small (unknown) perturbation to intro-
duce the misalignment. The images of the misaligned target were recorded at five
positions by translating the target along the direction normal to its plane. The
perpendicular distance between the successive locations was 0.5 mm and between
the outermost planes was 2 mm.
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To establish the flow with the required Reτ , one needs to know the wall-shear
stress. The flow was nearly two-dimensional in the statistical sense as per Monty
(2005), and the (bottom) wall-shear stress (τw|y=0) is related to the pressure gra-
dient in the flow by the expression,

τw|y=0 = h
dps
dx . (4.2)

Here, ps is the local static pressure and h is the half-height of the cross-section
of the channel. The required pressure gradients were calculated from the mea-
surements of static pressure taps stationed at discrete locations downstream of
the fully-developed zone; the distance between the successive measurement sta-
tions was approximately 2440 mm.The power to the fan motor connected to the
channel was adjusted so that the Reτ , calculated using the τw|y=0 in (4.2), was
approximately 1000.After the desired flow was established, acquisition of the par-
ticle images started with a pre-set burst of triggers in the delay generators, and
approximately 1100 statistically independent particle image-pairs were recorded.

4.5.3 Data processing and velocity field computation

In these experiments, three sets of data are obtained using the misaligned cal-
ibration images and particle images. Initially, the data are processed with the
two methods as, (i) method-A excluding the self-calibration algorithm and (ii)
method-B. For convenience, we refer to these two types of data as Experiment-1
and Experiment-2, respectively. Since in Experiment-1, no misalignment correc-
tion is applied, and Experiment-2 (method-B) does not have a correction step,
the velocity fields from these two experiments are erroneous. The third and fi-
nal experiment refers to using method-A, including the self-calibration algorithm.
Therefore, Experiment-3 gives misalignment-free velocity field. In Experiment-3,
the algorithm is employed using 50 particle images from each camera.

It is found from the algorithm that the target had the following misalignments.
The angular misalignment about the x-axis (∆ψd) and the z-axis (∆θd) are found
to be 0.18◦ and 0.07◦, respectively, while the translational misalignment along the
y-axis (∆yd) is 0.77 mm, equivalently, ∆yd/l = 0.73, where l = 20 is the size
of the PIV interrogation window in wall-units in the wall-normal direction. Note
that the predominant misalignment observed here is of translational offset type.
Therefore, in the following we use the data (i.e., of ◦ whose ∆y/l = 0.68, shown
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Figure 4.12: Variation of the streamwise mean velocity (a), the variances (b-
d) and the Reynolds shear stress (e) obtained from an experiment conducted
in a fully-developed, turbulent channel flow at Reτ ≈ 1000. +, Experiment-
1 (method-A without misalignment-correction); ^, Experiment-2 (method-B);
×, Experiment-3 (method-A including misalignment-correction). The dashed-
black and solid-blue curves represent the unfiltered DNS data and its spatially
filtered version at the matching Reτ . The symbols and curve styles in (a) are

the same for (b-e).
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earlier in figure 4.6) of the simulations close to the misalignment (∆yd/l = 0.73)
detected in Experiment-3 to compare Experiments (1 and 2) with the simulations.

4.5.4 Results

Figure 4.12 shows the streamwise mean velocity, the variances in the three di-
rections and the Reynolds shear stress for the three cases mentioned above. The
corresponding curves for the unfiltered DNS data (of del Álamo et al. (2004),
Reτ ' 1000) and that of the spatially filtered version are also shown in the fig-
ures. As mentioned in the preceding section, Experiment-1 (+) and Experiment-
2 (^), respectively, represent misalignment-affected statistics, while the data of
Experiment-3 (×) represent the misalignment-free statistics obtained using method-
A.The figures indicate that, as observed in the simulations (please refer to fig-
ures 4.4(a-b)), both u+ and u2+ are mostly insensitive to the detected misalign-
ments. The other two variances and the Reynolds shear stress, on the other hand,
are affected. It is also noticeable that the data of ‘+’ and ‘^’ overlap, implying
that the uncertainty associated with the velocity calculation is nearly the same.
This also means that the velocity field calculation techniques used in method-A
and method-B have similar accuracies, as noted earlier by Giordano and Astarita
(2009). This observation enables us to calculate the misalignments-caused error in
the flow-statistics in Experiments-1 and 2 with the misalignment-corrected data
(Experiment-3) as the reference in the following.This way of calculating the errors
also allows us to determine the effects of misalignment exclusive to the effects of
background noise and baseline error of the cross-correlation.

Figure 4.13 shows the errors in Experiments-1 and 2 for the three variances (a-
c) and the Reynolds stress (d) as a function of z+ in the logarithmic region
(80 ≤ z+ ≤ 140). The data of the translational misalignment simulations for
∆y/l = 0.68 (i.e., data of ◦), shown earlier in figure 4.6, are also presented for
comparison. Here, the symbols for the experiments are the same as that of fig-
ure 4.12. The figure indicates that the errors in the experiments and simulations
are comparable. The error plots corroborate the observation made in the simu-
lations that while u2+ is relatively insensitive, w2+ and uw+ decrease and v2+

increases in the presence of misalignments in the measured data (compare fig-
ures 4.13(b-d) with the corresponding in figure 4.6). In particular, these trends are
obvious in Experiment-2 and simulations. As the misalignments in the simulations
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Figure 4.13: Relative differences in the statistics of Experiments-1 and 2
shown in figure 4.12. Here, the error or the differences are calculated with re-
spect to Experiment-3 shown in figure 4.12, and ◦ corresponds to the simulations
with translational misalignment (∆y/l) imposed equal to 0.68 (see figure 4.6).

The symbols in (a) are the same for (b-d).

(∆y/l = 0.68) are slightly lower than that in the experiments (∆yd/l = 0.73),
the data of simulations in figures 4.13(c) are below Experiment-2, while they are
above in figure 4.13(d).

4.6 Chapter summary

In this chapter, numerical simulations of stereoscopic-PIV are conducted to in-
vestigate the effects of the stereo-view-angle and the laser sheet-calibration target
misalignments under various simulated experimental parameters. The important
observations made from the analysis are as follows.
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Measurement
plane

Misalignment
parameter

Uncertainty

≤ 3 % > 3 % & ≤ 5 %

x - z plane

about x - axis: ∆ψ ' 1o < 2o

about z - axis: ∆θ ' 1o ≤ 2o

along y - axis: ∆y ≈ Ls/4 ≈ Ls/2

x - y plane

about x - axis: ∆ψ < 1o ' 1o

about y - axis: ∆ϕ < 1o ' 1o

along z - axis: ∆z ≈ Ls/4 ≈ Ls/2

Table 4.1: List of magnitudes of misalignments that cause uncertainties in the
flow-statistics within 3% and 5% in the x - z and the x - y plane measurements.
The uncertainties reported here are in the logarithmic region (80 ≤ z+ ≤ 140),
and they are exclusive of the PIV uncertainty and the background noise in the

particle images. Here, Ls is the thickness of the laser sheet.

The investigation on the choice of the stereo-view-angle (α), conducted using the
method of Soloff et al. (1997), suggests that the uncertainty incurred in the mea-
surement of the spanwise and the wall-normal components is higher than that in
the streamwise direction. Further, the spanwise component of velocity is found to
be the most sensitive to the choice of α, and the lowest uncertainty achievable is
when α & 37.5◦.

Note that method-A (Willert (1997) & self-calibration of Wieneke (2005)) success-
fully accounts for all kinds of misalignments, and method-B (Soloff et al., 1997)
has no misalignment-correction. Therefore, the observations made in the following
refer to the data obtained using method-B; method-A is used in confirming the
findings of the simulations with experiments. When it comes to the influence of
misalignments of the calibration target, a number of observations could be made.
It is found from the x− z plane simulations that the streamwise variance is least
sensitive and that of the wall-normal direction is the most affected, by both the
angular and the translational misalignment types. Further, angular misalignments
about the x-axis (∆ψ) cause more uncertainty than those about the z-axis (∆θ)
and the translational type. In comparison, x− y plane measurements are more
sensitive than that of the x− z plane. While the wall-normal and the spanwise
variances are most affected by the angular type misalignments, with that about
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the y-axis (∆ϕ) being severe than about the x-axis (∆ψ), the translational type
predominantly affect the spanwise variance.

Stereoscopic-PIV experiments conducted in a fully-developed turbulent channel
flow at matched friction Reynolds number corroborate the simulations. In the
presence of an (imposed) translational misalignment, the variances in all three
directions and the Reynolds stress responded similar to that noticed in the simu-
lations: translational misalignment causes the Reynolds stress and the variances
corresponding to the in-plane directions to decrease, while that of the spanwise
direction to increase. Note that the experimental error sources, such as the imper-
fections in the calibration markers, background image noise and electrical noise in
the cameras are not modelled in the present simulations. Nevertheless, the exper-
iments show a good agreement with the simulations. From this observation, one
may also infer that the way misalignments affect the stresses does not get altered
by the presence of the above-mentioned error sources arising in experiments.

Table 4.1 lists the error levels (3% and 5%) induced in the flow-statistics when
specific magnitudes of misalignments are not corrected or method-B (Soloff et al.,
1997) is used for velocity field calculation. The uncertainties shown are exclusive
to the baseline error of the cross-correlation process and also due to background
image noise. The table indicates angular misalignments ≈ 1o or translational
misalignments of order of half the laser sheet thickness, introduce uncertainty of
approximately 3%. We stress that such a degree of alignment is achievable by any
simple traverse system, and is sufficiently large to be detected during the alignment
stage. Therefore, when such an alignment is achieved, one may proceed to calculate
the velocity field using method-B (Soloff et al., 1997) when the measurements are
taken in the x− z plane of the flow. However, when it comes to the measurements
in the x− y plane, self-calibration of Wieneke (2005) (in method-A) is essential.



Chapter 5

Comparison of 3D turbulence
statistics obtained from
tomographic and stacked
stereo-PIV

This chapter deals with comparison of two volumetric velocity field evaluation
methods that start with the same raw particle images recorded in a scanning-PIV
arrangement using numerical simulations. In a typical scanning-PIV experiment,
each camera records particle images as the laser sheet is fired at several positions
in the flow in the direction normal to the measurement plane (i.e., the laser sheet).
The spatial difference between the extreme (scan-)positions is approximately equal
to the depth of the volume to be measured. In order to perform this study,
numerical simulations are carried out using synthetic particle images generated
using DNS data (del Álamo et al., 2004) of a fully-developed turbulent channel
flow at Reτ = 934.

Given these images, the first method computes the 3C velocity field information
using the standard stereoscopic-PIV technique at each scan-position. The velocity
fields at all the scan-positions are spanwise-stacked to represent three-dimensional
velocity information of the flow. This method is referred to as the “scan-stack”
method in the present study. Alternatively, the second method takes all the par-
ticle images at once and reconstructs the particle positions and intensities of the
measured volume in real space. Subsequently, three-dimensional cross-correlation

128
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of the two reconstructed volumes (which are separated by a time difference ∆t)
gives the 3C velocity fields in the three-dimensional space. This method is re-
ferred to as the “scan-tomo” method. Note that, unlike the other volumetric
velocity evaluation methods that use more than two imaging cameras, this study
uses a simple stereo-camera-arrangement.

The key objectives aimed to address are as follows.

• Establish the character of the measurement uncertainty using the parameters
involved in the scanning-PIV

• Quantify the biased and unbiased error associated with the two methods in
the kinetic energy and the velocity gradients for varying laser sheet thickness.
Here, the error is calculated using the input DNS as the reference.

• Quantify the changes in the topological characteristics of the flow associated
with two methods for varying laser sheet thickness.

The results of the study inform future experiments of the optimal scanning method
for a chosen set of scanning parameters.

The chapter is organised as follows. It starts with a brief note (§ 5.1) on the
methods used in the study. In § 5.2, details are given on the parameters in the
scanning-PIV measurement and the character of the measurement-uncertainty,
which will motivate the comparison study presented in this chapter. Then, a
specific set of configurations is picked from the various possibilities for performing
the comparison study, and these are presented in § 5.3. The remainder of the
chapter focuses on the results. Starting with the analysis on the effect of particle
seeding (§ 5.4), the two methods are compared using various physical quantities,
namely, the turbulent kinetic energy (§ 5.5.1), the velocity gradients and divergence
(§ 5.5.2), and finally using the topological features of the invariants of the velocity
gradient, the strain rate and the rotation-rate tensors (§ 5.5.3). A summary of the
chapter is given in § 5.6.

5.1 Methods used in the study

For both the scan-stack and the scan-tomo methods, the camera calibration is
performed using the pinhole camera model explained in § 3.1.1. Subsequent to
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this, the velocity fields are calculated as given below.
Scan-stack method:

• Back-projection of the recorded particle images

• Two-dimensional cross-correlation in physical space using in-house code (de Silva
et al., 2012)

• Three-component velocity calculation using the method of Willert (1997)

Scan-tomo method:

• Particle reconstruction using the method of Lawson and Dawson (2014)

• Three-dimensional cross-correlation using in-house code (de Silva et al.,
2012) for three component velocity fields

Note that the raw particle images are generated under the premise that the images
at all the scan-positions are recorded at once. Essentially, this assumes that the
displacements of the particles in the time span of one laser-shot to the next, is
negligible compared to the total scan-time of the volume itself. The two methods
are comprehensively described earlier (scan-stack, § 3.1; scan-tomo, § 3.3), and
note that the particle images used in the simulations are generated without any
imposed misalignment between the laser sheet (or the measurement plane) and
the calibration target.

Further, the coordinate system used here is the same as that used in the previous
chapters: x, y and z-axes correspond to the streamwise, the spanwise and the wall-
normal directions of the flow, and u, v and w the associated fluctuating velocity
components. In the following, the parameters involved in a typical scanning-PIV
measurement and their role in the measurement-uncertainty are discussed. This
discussion is central to the comparison work presented in this chapter, and moti-
vates the subsequent section that details the scanning-PIV configuration chosen
in the current simulations.
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Figure 5.1: Illustration of laser sheet scan-positions in a typical scanning-PIV
arrangement, view from the top. Numbers 1 to 5 refer to the number index
of the laser sheet position and the corresponding double-arrows span the laser
sheet thickness, Ls. In this schematic, ns = 5, the percentage of overlap between
the consecutive laser sheets (Po) is chosen to be 75%, and Dv (as per (5.1)) is

the thickness of the measurement volume.

5.2 Parameters in the scanning-PIV and charac-
ter of the measurement-uncertainty

5.2.1 Parameters in the scanning-PIV measurement

Figure 5.1 depicts the arrangement of laser sheet scan-positions of a typical scanning-
PIV experiment. Here, Ls and Dv, respectively are the laser sheet thickness and
the depth of the measurement volume. In the figure, the numbers point to the
position of the laser sheet at successive instants of time. Further, the number
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of scan-positions (ns) and the percentage overlap (Po) between the successive
positions are chosen to be 5 and 75%, respectively. In such a scanning-PIV con-
figuration, Dv is related to the other parameters as,

Dv

Ls
= (1 + (ns − 1) (1− Po/100)) . (5.1)

Further, if the time required for the laser to move from the first sheet position to
the second is τ ′s, then the time taken for moving from the first to the nth(= ns)

sheet position, i.e., the total volume scan-time, τs = (ns − 1)τ ′s. Therefore, the
operating frequency (fo) of the recording camera can be expressed as,

fo =
ns − 1
τs

. (5.2)

The scan-time τs is proportional to the flow-scales to be resolved, i.e., it is equal
to a factor multiplied by the Kolmogorov time-scale, τk. This factor is ≤ 1 if the
flow is to be time-resolved and > 1 otherwise.

In general, for a scanning-PIV measurement, the required Dv and the attainable
camera frequency (fo) are known to the experimentalist before setting up the
experiment. Further, since the operating Reynolds number and the time-scales to
which the flow is required to be resolved, are also generally known, the volume
scan-time (τs) is also known beforehand. Thus, by selecting an appropriate Po
and using (5.1) and (5.2), the thickness (Ls) of the laser sheet to be used in the
experiment would also be known.

In addition to the parameters in (5.1) and (5.2), there exist several other pa-
rameters that are crucial in obtaining accurate velocity fields. These include the
exposure time, laser power, aperture size and the ratio of (laser) sheet speed (us)

to the local instantaneous velocity vector (ũ). For instance, a larger Dv can be
measured by increasing one or both of the two parameters Ls and ns as per (5.1).
If Ls is kept constant and ns is increased, it forces to choose a higher camera
frequency (fo) as τs is fixed as explained above. Consequently, the exposure time
reduces, and this demands a brighter laser source to achieve a good signal-to-noise
ratio (SNR) in the images. On the other hand, if ns is kept constant and Ls is
increased, while there will not be any change in fo and hence the exposure time,
the laser power available to illuminate the particles reduces. Such a scenario will
again demand a brighter laser source for a good SNR.
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Additionally, measurement of thicker volumes also requires a larger depth-of-field
(DoF) to focus the particles spanning the entire depth acceptably. Larger DoF
is achievable only with smaller aperture sizes (or higher f -numbers), which in
turn, requires high power lasers to achieve sufficient gray level intensity of the
particles in the entire image. The other important parameter is the ratio, us/ũ.
As scanning the flow field involves a finite time (τs), lower us/ũ results in the
time corresponding to the velocity field at one end of the volume to be different
from that at the other end. Consequently, such a time-gradient will compromise
the accuracy of the flow-quantities determined using the calculated 3D-3C velocity
field. To overcome such undesirable consequence, one has to measure at higher
sheet speeds or use shorter τs, which, in turn, necessitates a high camera frequency
and a powerful laser source; a full description of the effect of finite scan-time on
the measured velocity fields is given in § 6.7.

In summary, measurement of thicker volumes needs high-frequency cameras and
high power laser sources. In the following analysis, the effects of exposure time,
laser power, aperture size and us/ũ are excluded. In doing so, the isolated effect
of the scanning-parameters on the accuracy of the velocity field can be determined.

Even when the above mentioned parameters are excluded, not all of the remain-
ing parameters in (5.1) and (5.2) determine the performance of a scanning-PIV
method. The values of τs and fo (or, their product, ns) determine only the mag-
nitude of Dv, and will have no bearing on the accuracy of the computed velocity
fields. The accuracy of the velocity field in a plane in the flow depends only on
Ls used in the measurement and the inherent velocity field calculation steps in
the scanning-method, regardless of the value of Dv chosen for the measurement.
Consequently, one can study the performance of a scanning method from the mea-
surements taken for a range of Ls (for a fixed Po and ns = fo τs) and obtain
an error (or uncertainty) map for the velocity field (or the kinetic energy) at a
Reynolds number.

It is proposed here that the error map obtained for the scanning-method is inde-
pendent of ns and Dv to be measured, provided Po and the Reynolds number are
kept the same. In other words, suppose that one aims to measure a specific Dv at
the same Reynolds number to resolve (temporally) a finer or coarser-turbulence (
- change in τs), or, use a different camera hardware ( - change in fo), relative to
the configuration used to compute the error map. Then, it is hypothesized that
the uncertainty involved in this measurement can be readily read from the same
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Case Dv ns Po Ls ∆ys
number from (5.1) from (5.3)

(mm) (-) (%) (mm) (mm)
1 4 5 75 2 0.5
2 6 5 75 3 0.75
3 8 5 75 4 1
4 10 5 75 5 1.25
5 12 5 75 6 1.5
6 14 5 75 7 1.75
7 16 5 75 8 2
8 18 5 75 9 2.25
9 20 5 75 10 2.5
10 22 5 75 11 2.75
11 24 5 75 12 3
12 16 13 75 4 1
13 16 5 50 ' 5.3 ' 2.7

Table 5.1: List of various scanning-PIV cases for demonstrating the character-
istic variation of error in the kinetic energy and the spanwise velocity gradient
for different scanning parameters: Dv, ns and Po. Note that the details of the
cases used for comparison of the two scanning methods are given in table 5.2.

error map generated above even before performing the experiment. Availability
of such information allows one to choose an optimum scanning-PIV configuration.
This aspect is elaborated in the following section.

5.2.2 Character of the measurement-uncertainty

As shown in table 5.1, consider cases 1 and 2, in which depths of volumes to be
measured at a Reynolds number are, say, equal to 4mm and 6mm, respectively.
Here, ns and Po are chosen to be 5 and 75% respectively, and these values are the
same for both cases. Then, from (5.1) one obtains the corresponding laser sheet
thicknesses as 2mm and 3mm. The measurements taken using these two laser
sheets would be associated with some uncertainties in the calculated velocity field
and hence in the kinetic energy. These errors could be calculated from a reference
flow field, say, from a DNS. Similar to the two cases, one can conceive experiments
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(at the same Reynolds number) for a range of Dv (keeping ns and Po to be the
same as before), say, from 8mm to 24mm and obtain measurements with laser
sheets of thicknesses equal to 4mm to 12mm, as shown in table 5.1. The errors
(in the kinetic energy) associated with these measurements will be different from
each other and also from that of cases 1 and 2. From these 11 measurements, one
can generate an error trend or a map for the kinetic energy.

Now, suppose that one chooses to measure Dv equal to that of case 7, i.e., 16 mm,
in the same flow as before but with a volume scan-time (τs) and the operating
camera frequency (fo) different from that of case 7, and let the resulting number
of scan-positions ns (= τs fo) be 13. This new measurement is tagged as case 12 in
table 5.1. Consequently, as per (5.1) one has to use a thinner laser sheet compared
to that used in case 7 (refer to table 5.1), and it turns out that the laser sheet
thickness Ls = 4 mm, which is equal to that of case 3 in table 5.1. Therefore, the
measurement error for case 12 is readily known from the map obtained previously.

Further, since the spanwise-spacing,

∆ys = Ls (1− Po/100) , (5.3)

between the successive laser sheets (in the measurement volume) changes with
a change in Ls (see table 5.1) for the same ns and Po, the uncertainty in the
computed spanwise velocity gradients also changes accordingly. Therefore, an
error map can be generated for the spanwise velocity gradient as well. For case 12
discussed above, in addition to Ls since ∆ys is also the same as that of case 3, the
error incurred in the spanwise velocity gradient will also be equal to that of case 3.
This discussion suggests that the error maps produced (for the kinetic energy and
the spanwise velocity gradient) for a range of Ls serve as a guide to measurements
aimed at a different volume scan-time (τs) or with a different camera-hardware,
so long as the Po is taken to be 75%. The implications of a change in Po are
understood as follows.

Now, consider a scenario where one chooses to measure the depth equal to that
of case 7 again with ns = 5, but using Po different to that of case 7. Then,
the resulting Ls could still fall within the range of Ls for which the error map is
already known. This scenario is shown to be case 13 in table 5.1. If Po is chosen
to be, say 50%, then the error in the kinetic energy will be nearly equal to that
of case 4, as Ls is (approximately) the same in these two cases. This implies
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that the kinetic energy error can be read from the error map obtained previously.
However, the error in the spanwise velocity gradient will be different from that
of both case 4 and 7 owing to ∆ys being different (see table 5.1), and hence the
error in the spanwise velocity gradient cannot be read from the existing error map.
Since ∆ys of case 13 is approximately equal to that of case 10, one might argue
that the error in the spanwise velocity gradient might also be (approximately)
the same in these two cases. This, however, might be unlikely, as the error in the
spanwise velocity gradient might be dependent on the local velocity field (or kinetic
energy). Therefore, one is required to generate a new error map with Po = 50 %. An
error map for the spanwise velocity gradient would consist error trends for varying
Ls as well as Po.

If error maps are generated (for the kinetic energy and the spanwise velocity gra-
dient) for two different scanning methods, then the maps allow future experimen-
talists to choose a relatively accurate scanning-method for a chosen scanning-PIV
configuration, in addition to giving information on the amount of uncertainty in-
volved prior to the measurements. With such an aim, a comprehensive comparison
is presented on two scanning methods (mentioned in § 5.1) in the remainder of the
chapter. Since it is computationally expensive to conduct a study over two param-
eters (Ls andPo), in the present study the two scanning methods are investigated
only by varying Ls, keeping Po as a constant. The configuration of these simula-
tions are discussed in detail in the following section, followed by a discussion on
the performance of each method.

5.3 Configuration of the scanning-PIV simula-
tions

5.3.1 Parameters used in the simulations and the input
DNS data

The parameters used in the current simulations are shown in table 5.2; these are
the parameters that one needs to finalize for measuring a flow before designing a
scanning-PIV configuration. Here, the laser sheet thickness (L+

s ) is varied from 46
to 229 viscous units, and the number of scan-positions (ns) is taken to be equal to
5. It could be thought that fo and τs, respectively, are 2000 Hz and 2 milli seconds,
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Parameter Symbol Units Value(s)
Scanning parameters
Inputs:
Depth of measurable volume D+

v ν/uτ 92− 460
Number of scan-positions (or laser shots) ns - 5
Overlap between successive laser shots Po % 75
Laser sheet thickness as per (5.1) L+

s ν/uτ ' 46− 229
Laser sheet thickness in voxels Lsv vx ' 48− 239
Product of camera frequency (fo) and
scan-time (τs) of the volume as per (5.2) foτs - 4
Input from DNS data
Size of volume (x × y × z) - ν/uτ ' 1070 × D+

v × 1070
Scanning-PIV setup
Common parameters:
Stereo-view-angle between the cameras 2α - 60◦

Laser sheet type - - Gaussian
Diameter of the particle in the image dτ pixel ≈ 3
Voxel size - ν/uτ ' 1
Size of the raw particle image pixel2 ' 1707 × 1707
Method-specific parameter:
Source image density (of each image) Ns - 0.1 - 0.8
Parameters for velocity
field computation
In-plane IV size vx (ν/uτ ) 32 × 32 (31 × 31)
Out-of-plane IV size

- Scan-stack vx (ν/uτ ) Ls (L+
s )

- Scan-tomo vx (ν/uτ ) 32 (31)
Overlap between successive IV
in the cross-correlation P x

o % 50 × 50 × 50
Number of in-plane velocity vectors - - 110 × 114
Number of planes in y-direction - -

- Scan-stack - - 5
- Scan-tomo - - 4-28

Number of statistically
independent volumes - - 5

Table 5.2: The configurations of scanning-PIV arrangement used in the sim-
ulations. Here, IV refers to the interrogation volume and vx is short for voxel.
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to result in ns = 5 as per (5.2). Note that these are the specifications (at full
resolution) of the current camera hardware available. Further, the laser intensity
distribution in the direction normal to the sheet is assumed to be Gaussian and
Po is chosen to be 75%. Substituting these parameters in (5.1) results in 92 .
D+
v . 460 in viscous units. In the present study, ns greater than 5 could also be

used. However, it is restricted to limit the computational time required for the
volumetric reconstruction and the 3D cross-correlation processes in the scan-tomo
method.

Furthermore, since the scan-stack method, in principle averages the flow informa-
tion in the out-of-plane direction over the laser sheet thickness, one can anticipate
beforehand that this method might perform better at smaller Ls. When it comes
to the scan-tomo method, though the out-of-plane spatial attenuation is constant
throughout the range of Ls, it is still unsure how this method performs with the
increase in Ls. This is because the accuracy of the final velocity field is dependent
on both volume reconstruction and the subsequent cross-correlation process. The
key objective of the study is to quantify the uncertainties in these two methods for
the range of L+

s chosen. The input velocity fields used in the simulations are taken
from the DNS data of a fully-developed turbulent flow in a channel at Reτ = 934
(del Álamo et al., 2004), and the size of each volume is 1070×D+

v × 1070 (in
viscous units) in the x × y × z directions (see table 5.2). Using these velocity
fields, synthetic particle images are generated using the in-house PIV package (by
de Silva et al. (2012)) as per the following setup.

5.3.2 Details of the scanning-PIV setup

When it comes to the design of the scanning-PIV setup, there is a range of pa-
rameters that offer various possibilities. Since a PIV experiment is specific to a
particular flow, it is typically designed by choosing the setup parameters opti-
mum to the flow-scales to be resolved and the velocity evaluation technique to be
used. These are selected in the present study too. In the present study, since the
principle by which the velocity information extracted by each scanning method
has differences, the parameters are categorized into two types - common and the
method-specific parameters. Table 5.2 lists the setup parameters in these two
categories.
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Under the common parameters, the illuminated synthetic particles are chosen to
be recorded by two cameras arranged on either side of the laser sheet that is
entering from the bottom of the channel so that both cameras receive side scatter
of laser light (Adrian and Westerweel, 2011). Further, the stereo-view-angle (2α)
between the cameras is chosen to be 60◦; a relatively higher camera angle would
increase the occurrence of ghost particles and a very low angle results in elongated
reconstructed particle in the scan-tomo method (Scarano, 2012). Furthermore, a
lower angle increases the uncertainty in the spanwise velocity component. These
considerations resulted in the (effective) diameter (dτ ) of a typical particle to be
approximately 3 pixel units, and the size of the images is chosen to be 1707 ×
1707 pixel2.

In the following, the details of velocity field computation as well as selection of par-
ticle seeding density are presented. Optimal seeding density depends on method,
either scan-stack or scan-tomo. In the following, the details of these are provided.

5.3.3 Details of the velocity field computation

In the present study, the following arrangement is used for the scan-tomo method.
The 3D cross-correlation is performed as per the description in § 3.3.3. Here,
the 3D-3C velocity field is calculated directly from the displacements, as this
method uses three-dimensional cross-correlation of two consecutive reconstructed
volumes. Note that in scanning-PIV experiments with Gaussian laser sheets (such
as shown in figure 3.15), the particles near the outer edges of the reconstructed
volume are less illuminated in comparison with those in the interior. Besides,
these brighter particles are visible in many images due to laser sheet overlap, as
illustrated in figure 3.17. As a result, the interior particles are better reconstructed.
Consequently, one would find that the accuracy of the measured velocity fields to
be decreasing towards the edges of the volume.

As explained in § 5.2.1, in the present study, the parameters, laser power, exposure
time, aperture size, the time-gradient effects that would arise due to finite scan-
time (see § 6.7), are not modelled. Further, the effects of background image
noise and lens aberrations are not simulated. Such a choice allows determining
the exclusive effect of laser sheet thickness on the accuracy of the velocity field
in the two scanning methods. Since the computed flow information is devoid of
the influence of these parameters, the velocity field at each spanwise plane can
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be considered to be an independent sample for statistical purposes. Hence, the
error statistics presented in this chapter are calculated by combining the data from
four spanwise planes (i.e., planes in the y-direction) from each of five statistically
independent volumes. However, the actual number of velocity fields available per
volume in the scan-tomo method is much higher: 4 planes for the thinnest laser
sheet (L+

s = 46) and 28 planes for the thickest laser sheet (L+
s = 229) investigated,

as indicated in table 5.2.

In the case of the scan-stack method, on the other hand, the number of planes in
which the velocity fields available is always five. Also, in this method, there is no
scope for excluding the edge-effects since the particle images are cross-correlated
without volume reconstruction. The essential features of the 2D cross-correlation
and the 3C velocity calculation performed in this method are described in § 3.1.3.
To be consistent with the scan-tomo method, here too the velocity fields from
four consecutive planes and five statistically independent volumes are used. In
summary, in the following analysis, the total number of sample points used for
determining the error statistics of kinetic energy (discussed in § 5.4 and § 5.5.1) are
1.94× 105 (x× z× y× volumes : 100× 97× 4× 5), as indicated in table 5.2. The
total number of samples used for evaluating the statistics of the velocity gradients
(and its derived quantities) are 2.27×105 (x× z× y×volumes : 108×105×4×5).

5.4 Effect of particle seeding density

In the present study, the particle seeding is chosen to be in the range, 0.1 ≤ Ns ≤
0.8, where Ns is the source image density as defined in (2.7). As explained in the
following, the optimal Ns for each method is dependent on various factors.

5.4.1 Effect on the scan-stack method

In the scan-stack method, the particle images are directly cross-correlated to ob-
tain the displacement and hence the velocity field. For a given background noise,
the laser sheet thickness (Ls) and the diameter (dτ ) of the particle image, the
displacement correlation coefficient for each method depends on the number of
particles present in the interrogation window (for the scan-stack method) or inter-
rogation volume (for the scan-tomo method) as per Adrian and Westerweel (2011).
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Figure 5.2: The standard deviation of the error (as defined in (5.5)) in the
kinetic energy in the simulations of the scan-stack method for the range of Ls
and the Ns investigated. The second horizontal axis corresponds to the particle
seeding expressed as the number of particles per (unit) pixel (area), ppp, as
defined in (2.8). The black solid line refers to the exponential decay fit to the

data of L+
s = 46.

The uncertainty or the error involved in obtaining an accurate correlation peak,
decreases with the increase in the number of particles (Westerweel, 2000). In the
present simulations, in order to determine the effect of seeding, the kinetic energy,
which is defined as,

ks =
1
2

(
ũ2 + w̃2 + ṽ2

)
, (5.4)

is calculated from the instantaneous velocity components for different amounts of
particle seeding (0.1 ≤ Ns ≤ 0.8) for the entire range (46-229 in viscous units)
of L+

s investigated; the details are listed in table 5.2 as well. Here, the subscript
“s” stands for the simulation and “ ˜ ” for the instantaneous quantity. Similarly,
the kinetic energy (kF) is calculated from the original, unfiltered DNS velocity
fields from which the synthetic particle images are generated. Then, the standard
deviation of the errors,

σ(ek) = σ (kF − ks) , (5.5)
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are calculated for all the data, and are presented in figure 5.2. Here, the second
horizontal axis corresponds to the particle seeding expressed in number of parti-
cles per pixel2 (ppp) as defined in (2.8). It is found that the mean values of the
kinetic energy error (ek) do not show any discernible trend with the increase in
the laser sheet thickness. However, the error is found to be negative for all the L+

s

investigated, implying that the method over-predicts the kinetic energy.

As the background noise and lens aberrations are not simulated in the present
study, the errors shown in figure 5.2 correspond to the measurement-noise or the
cross-correlation error. It is evident from the figure that the response of the corre-
lation error to different amounts of particle seeding is similar for laser sheets with
different thicknesses, but the magnitude of the error increases with the increase
in Ls. These trends can be understood as follows. With the increase in Ls, the
spanwise dimension of the IW increases. Consequently, the likelihood of the parti-
cles in the IW to assume non-uniform displacements also increases. Non-uniform
displacements occur due to non-uniform in-plane and out-of-plane motions within
the IW, and such a scenario is detrimental to the detection-probability of the cor-
relation peak. Therefore, the correlation-error increases with the increase in Ls. It
is interesting to note from the figure that there exists a constant error for Ns ≥ 0.4
for all the Ls. This implies that the optimal particle seeding is approximately the
same for the scan-stack method, at least, for all the Ls investigated in the present
study. The details on the convergence of σ(ek) are discussed in Appendix E.

5.4.2 Effect on the scan-tomo method

In the scan-tomo method, the variation of the measurement-noise or correlation-
error with different Ns and Ls is more complicated, as this method involves the
particle-reconstruction step. In the reconstruction process, the triangulation (that
is the intersection of rays) of more than one pixel-pair results in reconstruction-
ambiguity, that is, the scenario where there is a possibility for (a portion of) the
particle to take more than one physical location. The reconstruction-ambiguity
causes ghost particles to appear in the final reconstructed volume, as demonstrated
in figure 2.6. Elsinga (2008) proposed the number of ghost particles as a function
of ppp for a canonical tomographic-PIV as,

Nv
g = (pppAp)

Nc Lx LyDv = (Ns)
Nc Lx LyDv, (5.6)
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Figure 5.3: Schematic of the variation of errors in the scan-tomo method
for two representative laser sheets (Ls2 � Ls1) as a function of the particle
seeding, Ns (as defined in (2.7)): solid red and blue curves refer to the error
(R′e) in the volume reconstruction; solid black curve refers to error (X ′c) in the
3D cross-correlation; dotted curves represent the total error, R′e +X ′c. Here,
n′s = (1 + (ns − 1)(1− Po/100)), and the blue and red colours represent the
thinnest (Ls1) and the thickest (Ls2) laser sheets, respectively. Note that the
errors R′e and X ′c are independent of each other. The second horizontal axis
corresponds to the particle seeding expressed as the number of particles per

unit pixel-area, ppp, as defined in (2.8).

where the superscript “v” stands for full-volume-illumination, Nc = 2 represents
the number of cameras (or views) used in the measurement, Ap = (π/4) d2

τ is the
area of the digital image of a typical particle, and Lx and Ly are the dimensions
of the (full-camera) image. In (5.6), equation (2.8) is invoked to replace (pppAp)

with Ns.

Note that the ppp used in (5.6) is for the entire measurement volume. In the case
of scanning-PIV, the particle seeding for each (thin) laser sheet reduces depending
upon ns and Po, provided the total particle seeding for the entire volume is kept the
same as that of the tomographic-PIV. Therefore, the number of ghost particles that
would appear in the tomographic reconstruction of a scanning-PIV measurement
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would be,

N s
g =

(
Ns

1 + (ns − 1)(1− Po/100)

)Nc

Lx LyDv (5.7)

=
Nv
g

(1 + (ns − 1)(1− Po/100))Nc
, (5.8)

where the superscript ‘s’ refers to the scanning-PIV. Note that the denominator in
(5.7) is the same as that on the right-hand-side of (5.1). Also, the term within the
brackets in (5.7) represents the amount of seeding per laser sheet, and therefore,
the thicker the laser sheet, higher is the seeding for the same Dv. Since the number
of ghost particles generated in the reconstruction process is directly proportional
to the amount of error incurred in the final velocity field, one can model the
reconstruction error (R′e) as the number of ghost particles. In figure 5.3, the
number of ghost particles per unit image-area is schematically shown as R′e (solid
red and blue curves) for two representative laser sheet thicknesses (Ls2 � Ls1) as
a function of Ns:

R′e ∝
Ns
g

Lx Ly
=

(
Ns

1 + (ns − 1)(1− Po/100)

)Nc

Dv. (5.9)

Also shown in the figure are the error (X ′c) in the cross-correlation (solid black
curve) and the total error (dotted curves), R′e+X ′c. Here, the red and blue colours
correspond to the thinnest (Ls1) and the thickest (Ls2) laser sheets represented.
Note that the exponential decay equation that is used for modelling the correlation-
error in figure 5.3, is obtained by curve-fitting the data of L+

s = 46 (sold black
curve) shown in figure 5.2. Such modelling is reasonable because the variation of
correlation-error with Ns would not depend on the number of dimensions involved
in the cross-correlation. Further, X ′c represented in figure 5.3 refers to the error
in the cross-correlation when the particles are faithfully reconstructed without
introducing any ghost particles during the reconstruction process, implying that
R′e and X ′c are independent of each other. Further, the figure indicates that at
lower particle seeding the correlation error is higher and the reconstruction error
is lower, and the opposite occurs at higher seeding, indicating that there exists
an optimal seeding. It is interesting to note that the optimal Ns is not the same
between the two laser sheets considered; it is higher for the thinner laser sheet
(Ls1).

Equation (5.9) implies that reconstructions with particle images from thicker laser
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Figure 5.4: The standard deviation of the error (as defined in (5.5)) in the
kinetic energy in the simulations of the scan-tomo method for the range of Ls
and Ns investigated. The second horizontal axis corresponds to the particle
seeding expressed as the number of particles per pixel, ppp, as defined in (2.8).

The inset shows a closer view of the data for lesser particle seeding.

sheets incur larger errors. This is true owing to the fact that the rays from each
camera-view are longer for thicker laser sheets and hence the reconstructions will
contain more ray-intersections, resulting in a greater reconstruction-ambiguity
(Scarano, 2012). The cross-correlation error adds to the reconstruction error.
Since in the scan-tomo method the cross-correlation is performed after the volume
reconstruction, the size of the IV is the same for all the Ls cases. Therefore, the
cross-correlation error is also the same.

In the present simulations, the standard deviation of errors in the kinetic energy
(with reference to the fully-resolved DNS) are computed for the scan-tomo method
for the same range of Ns and Ls as that considered for the scan-stack method,
and are presented in figure 5.4. The inset in the figure shows a closer-view of the
data for the lesser particle seeding. Note that as found in the case of the scan-stack
method, here too the mean value of the error has no clear trend with the increase in
L+
s . However, contrary to the scan-stack, the scan-tomo method under-predicted
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the kinetic energy for all L+
s investigated. Figure 5.4 shows that except at lower

seeding (Ns ∼ O(0.2)), the qualitative trends shown in figure 5.3 are reasonably
captured in the present simulations. Further, it is expected that simulations with
a finer resolution in the particle seeding in the range 0.1 . Ns . 0.4, would give a
better picture of the optimal particle seeding.

In the comparison presented in the remainder of the chapter, in either method,
the data set corresponding to the optimal Ns is chosen for each Ls. Initially, the
two methods are assessed for their ability to recover the expected (DNS) velocity
fields. Subsequently, their performances are evaluated for capturing the expected
characteristics of the first-order velocity gradients and the topological features of
invariants of the deformation-rate, strain rate and the rotation-rate tensors.

5.5 Comparison of the techniques

In this section, the performances of the two methods are assessed using various
flow-characteristics. Since each local velocity vector in a typical PIV measurement
is the average velocity over the interrogation volume used in the cross-correlation,
the performance of the methods exclusive of the spatial attenuation effect can be
determined when the measurement is compared with the spatially filtered DNS
data. In this regard, the error (or the discrepancy) in the velocity field (obtained
from the simulations) is quantified with respect to the spatially filtered DNS, in
addition to the unfiltered or fully-resolved DNS data. Further, each flow quan-
tity is calculated by considering the velocity vectors from the entire field-of-view.
And for every L+

s and each method, the velocity vectors from twenty statistically
independent fields (four planes × five volumes) are used.

5.5.1 Fluctuating velocity components and turbulent ki-
netic energy

5.5.1.1 Assessment with respect to fully-resolved DNS

Figure 5.5 shows the probability density functions (PDFs) of the distribution of
errors in the fluctuating velocities (a-c) and the turbulent kinetic energy (d) for
both methods as a function of L+

s . Here, the error is calculated with respect to
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Figure 5.5: Probability density functions (PDFs) of the error in the fluctuating
velocity components (a, streamwise; b, wall-normal; c; spanwise) and kinetic
energy (d) for the two methods used in the study. Here, the error is calculated
with respect to the fully-resolved DNS data (denoted by the superscript F),
and the subscripts refer to the quantity associated with the fluctuating velocity.
The line styles and their colour are the same for all four figures. Note that only
the data from every alternate L+

s and the largest L+
s are presented to prevent

clutter.

the fully-resolved DNS data (denoted by the superscript F), and only the data
from every alternate L+

s and the largest L+
s are presented to avoid clutter. It is

evident from the figure that among the three velocity components, the velocity in
the wall-normal direction is more accurate and that in the spanwise direction is
least accurate in both methods.

Between the two methods, regardless of the direction, the scan-stack method is
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Figure 5.6: Variation of the standard deviation (σ) of errors in the kinetic
energy for the scan-stack (red curves) and scan-tomo (blue curves) methods
with the laser sheet thickness (L+

s ) in viscous units: solid lines, with respect to
fully-resolved DNS (denoted by the superscript F); dashed lines, with respect to
the spatially filtered DNS (denoted by the superscript f). D+

v corresponding to
L+
s for ns = 5 and Po = 75% are indicated as the second x-axis. The bottom-

most horizontal axis refers to the values of L+
s normalized with the Kolmogorov

length scale η+k = 1.5, which is the mean value in the logarithmic region.

significantly more accurate for smaller to moderate L+
s . As L+

s increases, the
accuracy drops for both methods in all three velocity components, and the two
methods appear to perform comparably in capturing the streamwise and the span-
wise velocity components at the largest L+

s investigated. In contrast, at the largest
L+
s , the accuracy of the wall-normal velocity component is found to be lower for

the scan-stack method than that for the scan-tomo method. Further, the PDF of
the errors in the turbulent kinetic energy, shown in figure 5.5(d), has a close resem-
blance with that of the streamwise and the spanwise velocity components. That
is, the scan-stack method performs better at smaller to moderate L+

s , whereas it
is comparable at the highest L+

s .
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The error trends observed in the PDFs are also prevalent in the standard deviation
of the errors, and these are presented in figure 5.6 for different L+

s ; the standard
deviation is calculated in order to characterize these observations with a single
error index. Here, the red and blue lines correspond to the scan-stack and the
scan-tomo methods, respectively. The second horizontal axis corresponds to D+

v

for ns = 5 and Po = 75%, while the third horizontal axis refers to the values of
L+
s normalized using the Kolmogorov length scale η+k = 1.5, which is the mean

value in the logarithmic region 80 ≤ z+ ≤ 140, as per Klewicki et al. (2009). As
observed in the error PDFs, the data (solid-red and solid-blue curves) indicate
that the scan-stack method is accurate at the smaller to moderately thick L+

s . In
contrast, the scan-tomo method performs better at subsequently thicker L+

s .

Further, while the error in the scan-stack method steadily increases, that in the
scan-tomo method does not show such a monotonic trend, rather it appears to be
comparable 60 . L+

s . 120, equivalently at 120 . D+
v . 240. To understand this

behaviour, recall that the errors presented here are the overall errors, i.e., cumu-
lative of the errors from various sources. In addition to the spatial-attenuation
error, which is present in both methods (though not the same across the range
of L+

s ), in the scan-stack method, the error is only due to that arising from the
cross-correlation process. In the case of the scan-tomo method, on the other hand,
the particle-reconstruction step is an additional source of error. In order to un-
derstand the origins of the errors that are devoid of spatial-attenuation effects,
errors are calculated with respect to the filtered-DNS for both methods, and are
discussed in the following.

5.5.1.2 Assessment with respect to spatially-filtered DNS

Figure 5.7(a-c) shows the PDFs of errors in the three fluctuating velocity com-
ponents calculated with respect to the filtered DNS. Note that the filtered-DNS
is calculated by mean-filtering the fully-resolved data with a filter-size equal to
the size of the IW multiplied by L+

s (or IV for the scan-tomo method). The
PDFs indicate that the relative performance of the two methods with the change
in L+

s is similar to that observed with the overall-errors, i.e., the wall-normal ve-
locity (shown in (b)) is well captured while the spanwise velocity (shown in (c))
involves relatively more uncertainty. Nevertheless, the accuracies of the velocity
components are higher when the spatial attenuation effects are removed (compare
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Figure 5.7: Same as figure 5.5, except that here, the error is calculated with
respect to the spatially filtered-DNS data, denoted by the superscript f, and
again, the subscripts refer to the quantity associated with the fluctuating veloc-

ity. The line styles and their colour are the same for all four figures.

figures 5.5(a-c) and 5.7(a-c)), and this behaviour is noticeable even for the kinetic
energy, shown in figure 5.7(d).

The corresponding standard deviations of the errors, shown in figure 5.6, also cor-
roborate this trend. In the case of scan-stack, as observed for the overall errors, the
uncertainty grows with L+

s even when the spatial-attenuation effects are removed.
However, the growth here is rapid. This behaviour could be attributed to two
competing effects - increase in uncertainty (with L+

s ) owing to the measurement-
noise associated exclusively with the cross-correlation (the red-dashed curve) and
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smoothing of the velocity field due to additional spatial-attenuation effects (the
red-solid curve). It appears that the mean-filtering caused by the interrogation
window (multiplied by L+

s ) has an effect of masking the measurement-noise as
L+
s increases. On the contrary, as the size of the IV is constant in the scan-tomo

method, the method-specific (blue-dashed curve) and the overall (blue-solid curve)
errors have a constant offset all along the L+

s .

The method-specific errors (dashed curves) in figure 5.6 further indicate that the
scan-tomo surpasses the scan-stack at a lower L+

s (' 90) when compared to the
overall errors, for which the take-over occurs at L+

s ' 120. Recall that, as ex-
plained in § 5.2.2, the error map shown in figure 5.6 is independent of the config-
uration (D+

v and ns) used in the scanning-(stereo)-PIV experiments. Therefore,
these characteristics are quite valuable for future experimentalists in suggesting
the appropriate scanning method that gives lower measurement errors for a chosen
configuration. In the following, the performances of the two methods are assessed
for their ability to capture the expected characteristics of the first-order velocity
gradients accurately.

5.5.2 Velocity gradients and divergence

In the present study, the velocity gradients are calculated using the standard Least-
squares method. Accordingly, the streamwise gradient of u-velocity component at
a spatial location (i, j), where i and j correspond to the wall-normal and the
streamwise grid point locations, is written as (Raffel et al., 2007),

∂u

∂x
=

2ui, j+2 + ui, j+1 − ui, j−1 − 2ui, j−2
10 δx , (5.10)

where δx is the uniform spacing between successive points in the streamwise di-
rection. Similarly, the velocity gradients in the wall-normal and the spanwise
directions are computed. Like the velocity components, the velocity gradients
computed from the simulations involve errors due to both spatial attenuation ef-
fects and method-specific errors. In the present study, the overall errors (arising
due to both the spatial attenuation and the method-type) are computed by sub-
tracting the velocity gradients of the simulations from that of the fully-resolved
DNS data. The errors exclusive of that due to the scanning method used, i.e., the
method-specific errors, are calculated by subtracting the velocity gradients of the
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Figure 5.8: The standard deviations of the errors in the velocity gradients
as a function of L+

s in the two methods used in the study: a, streamwise; b,
wall-normal; c, spanwise. Here, the red and blue curves, respectively, refer to
the errors in the scan-stack and scan-tomo methods. The errors calculated with
respect to the unfiltered DNS are shown as solid curves, while that with the

filtered DNS as dashed curves.

simulations from that of the DNS data that is filtered using the size of IV used in
the simulations.

Figures 5.8 shows the standard deviation (σ) of the errors in the velocity gradients
as a function of L+

s for the two scanning methods. Here, the subscript eux
in

the y-label refers to the error in ∂u/∂x, and accordingly, for example, that in
∂u/∂z would be represented by the subscript euz

. The red and blue colours,
respectively, refer to the scan-stack and the scan-tomo methods, while the solid
and dashed curves represent the errors with respect to the unfiltered and filtered
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Figure 5.9: Standard deviation (σ) of the error in the divergence (∂u+i /∂x+i )
as a function of L+

s for the two scanning methods used in the study. Here, the
solid and the dashed curves correspond to the error with respect to the unfiltered
and filtered DNS, respectively, while the red and blue correspond to the scan-
stack and the scan-tomo. The bottom-most x-axis refers to the normalisation
of L+

s with the Kolmogorov length scale (η+k = 1.5), whereas the y-axis on the
left of the figure refers to the normalisation with the Kolmogorov time scale,
τk = 0.0553. Note that the Kolmogorov scales are chosen to be the mean values

in the logarithmic region (80 ≤ z+ ≤ 140).

DNS, respectively. It is noticeable from the figures that the overall errors in the
scan-tomo method (blue solid lines) decrease as L+

s increases from smaller L+
s ,

and the errors are comparable for 60 . L+
s . 120 and increase again for further

increase in L+
s . This implies that the scan-tomo method has a range of L+

s at
which the errors are lower compared to that at the other L+

s investigated in the
present study. When it comes to the scan-stack method, the overall errors (solid
red lines) show a decreasing and increasing trend for the wall-normal and the
spanwise velocity gradients, whereas a monotonic increasing trend is noticeable
for the streamwise velocity gradient.

Further, the solid lines in the figures indicate that the two methods recover the
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in-plane velocity gradients better than the spanwise velocity gradient. As observed
for the kinetic energy error map (shown in figure 5.6), the two methods do show
a crossover in the error trends in figures 5.8(a-c), though this occurs at L+

s ' 60
for the streamwise velocity gradient and at L+

s ' 100 for the other two gradients;
recall that the crossover noticed in the overall kinetic energy error (see solid lines
in figure 5.6) is at L+

s ' 120.

The method-specific errors, obtained with respect to the filtered-DNS, are pre-
sented as dashed curves in figures 5.8. The curves indicate that these errors are
lesser compared to the overall errors. The method-specific errors in the scan-tomo
show a trend similar to their overall error counterparts: occurrence of a minimal
error for 60 ' L+

s ' 120. Further, these errors are lesser by a constant offset,
again owing to the fact that the IV size is constant for all the L+

s investigated.
On the contrary, these errors in the scan-stack method (red dashed curves) show
a monotonic increasing trend with L+

s for the in-plane velocity gradients, while
a decreasing trend is noticeable in the spanwise velocity gradient. The counter-
intuitive behaviour observed for the spanwise component could be due to the
following. In the scan-stack method, the spanwise spacing ∆ys (defined in (5.3))
increases with an increase in L+

s , owing to Po being constant in all cases. There-
fore, the magnitudes of the spanwise gradients decrease with L+

s , and it appears
that, perhaps, the associated errors are also diminished with L+

s .

Figure 5.9 shows the standard deviation of the errors in the divergence (∂ui/∂xi)
as a function of L+

s for both methods. Here, the second y-axis (on the left of
the figure) refers to the standard deviations normalised with the Kolmogorov time
scale, τk = 0.0553, which is chosen to be the average value in the logarithmic
region. These normalised values will be used for comparing the experimental
results presented in chapter 6. It is noticeable that in either method, the difference
between the overall and the method-specific error (at the corresponding L+

s ) is
quite low when compared to that in the individual velocity gradients. Further,
both the overall and the method-specific errors show a crossover between the two
methods at L+

s ' 120 (or Ls/ηk ' 80), and recall that this transition observed for
the kinetic energy error (shown in figure 5.6) is also at the same L+

s . In summary,
the scan-stack method performs better at smaller L+

s . 100 (or Ls/ηk . 65), while
the scan-tomo is suitable when thicker laser sheets (L+

s & 150 or Ls/ηk & 100) are
to be used.
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5.5.3 Invariants of the velocity gradient, strain rate and
rotation-rate tensors

The two scanning-PIV techniques are compared using the joint PDFs of the invari-
ants of the velocity gradient tensor (VGT), the strain rate tensor (SRT) and the
rotation-rate tensor (RRT). The invariant-spaces of these tensor quantities exhibit
certain flow-characteristics that are found to be common to many canonical tur-
bulent flows: incompressible mixing layers (Soria et al., 1994); turbulent channel
flows (Blackburn et al., 1996); homogeneous isotropic turbulence (Martín et al.,
1998; Ooi et al., 1999); turbulent boundary layers (Chacín et al., 1996; Chong
et al., 1998; Elsinga and Marusic, 2010b); turbulent jets (da Silva and Pereira,
2008), to name a few. The characteristics of the invariants are sensitive to the
measurement-noise and the spatial resolution associated with the measurements
(Buxton et al., 2011; de Silva et al., 2013). Hence, it is important to understand
these measurement-artefacts in order to correctly interpret the geometry and the
structural composition of the flow being investigated. In this section, the perfor-
mances of the two scanning-PIV techniques are assessed for their ability to capture
the expected characteristics of the invariants, and before which, a brief background
is given on the the mathematics and physical meaning of the invariant-space in
order to facilitate the understanding of the subsequent discussion.

5.5.3.1 Background of the invariants-space

The invariants are introduced in the application of the critical-point theory to
complex three-dimensional flows for understanding the geometry of the flow and
its topology. A point in the flow is said to be a critical point if the three components
of velocity are zero and the slope of the streamline is indeterminate at that point
(Perry and Fairlie, 1975). Conceptually, since every point in the flow is a critical
point when the frame-of-reference of the observer is at the point being considered,
by applying the critical-point theory at all points in the flow, one can generate
instantaneous trajectories of fluid particles around every critical point. Further,
the theory also enables understanding of the mechanisms in the vorticty-transport
such as vortex-stretching (or contraction) in the flow, which is essentially the
physical mechanism responsible for the transfer of energy from larger scales of
motion to smaller (Tennekes and Lumley, 1972). In a flow field, it is possible
to have different types of critical points; nodes, saddles, foci and their variants
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under special conditions. The classification of the critical points have been given
by Perry and Fairlie (1975), which have been generalized later by Chong et al.
(1990) for both incompressible and compressible flows (Perry and Chong, 1994).

The velocity vector, u = (u,w, v), around a critical point, x = (x, z, y), in the
flow can be expressed as a linear function of the VGT evaluated at the same point
as (Chong et al., 1990),

u = Ax, (5.11)

where Aij = ∂ui
∂xj

, and i and j are the indices each run from 1 to 3. Equation (5.11)
can be written in terms of the eigenvalues as,

[
A− λI

]
eλ = 0, (5.12)

where λ is the eigenvalue, I is the 3×3 identity matrix and eλ is the eigenvector.
The eigenvalues corresponding to the above matrix system are obtained by solving
the equation resulting from taking the determinant of (5.12) and equating it to
zero:

det
[
A− λI

]
= 0. (5.13)

Equation (5.13) when expanded, results in the characteristic equation,

λ3 + PAλ
2 +QAλ+RA = 0, (5.14)

where

PA = −Sii, (5.15)

QA =
1
2
(
P 2
A − SijSji −RijRji

)
and with PA = 0,

=
1
4

(
−2SijSij +

1
2ωkωk

)
; (5.16)

RA =
1
3
(
−P 3

A + 3PAQA − SijSjkSki − 3RijRjkSki
)

and with PA = 0,

= −1
3

(
SijSjkSki +

3
4ωkωiSki

)
(5.17)

represent the first, second and third invariants of the VGT, respectively, and ωk ≡
εkij Rij is the vorticity vector, where εkij is the alternating tensor (Tennekes and
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Lumley, 1972). Here, the terms

Sij =
1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
and (5.18)

Rij =
1
2

(
∂ui
∂xj
− ∂uj
∂xi

)
= −1

2εijk ωk (5.19)

are the SRT and RRT, respectively. From the definition (5.15), it can be deduced
that PA is zero for incompressible flows. Therefore, the flow-geometry and the
topology are entirely determined by QA and RA. The second set of equations
given for QA and RA correspond to PA = 0 and here, the terms with the RRT are
replaced by the vorticity vectors.

As defined for the VGT, the invariants could be set for the SRT and RRT, and
the first invariants of the SRT and the RRT become zero for incompressible
flows. Therefore, the second (Qs) and third (Rs) invariants of the SRT deduce to
(da Silva and Pereira, 2008)

Qs = −1
2SijSji = −

ε

4ν and (5.20)

Rs = −1
3SijSjkSki, (5.21)

where ε = 2νSijSij is the viscous dissipation of kinetic energy (Tennekes and
Lumley, 1972). The only non-vanishing invariant of the RRT is the second (QW )

invariant, which, for incompressible flows, deduces to (da Silva and Pereira, 2008)

QW = −1
2RijRij = −

1
4Ω, (5.22)

where Ω ≡ ωkωk/2 is the enstrophy (Davidson, 2015). The invariants Qs and
Rs signify the viscous dissipation (ε) of kinetic energy and the production of
strain-product (da Silva and Pereira, 2008), respectively, while QW is a measure
of enstrophy (Ω). Since QA can be written as the sum of Qs and QW from
(5.20) and (5.22), QA denotes the strength of the enstrophy relative to the viscous
dissipation of the kinetic energy. Therefore, owing to symmetric nature of Sij ,
the regions of the flow with QA > 0 will have predominance of enstrophy, while
viscous dissipation dominates when QA < 0.

The third invariant of the VGT, RA, contains Rs and the term that signifies vortex
stretching/compression, −1

4ωkωiSki. The sign of RA is dependent on the sign of
QA (da Silva and Pereira, 2008). When QA � 0, i.e., when enstrophy is stronger
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Figure 5.10: The space diagram of the 2nd (Q) and 3rd (R) invariants of the
VGT for incompressible flows (P = 0), adopted from Soria et al. (1994). The
description given at each distinct zone indicates the type of critical point and
the associated flow-trajectories that starts from or ends with the critical point.

than the viscous dissipation, then RA becomes ∼ −1
4ωkωiSki. In such a scenario,

the regions of the flow with RA < 0 signifies a stronger vortex-stretching, while
regions with stronger vortex-compression are associated with RA > 0. On the
other hand, when QA � 0, then RA becomes ∼ −SijSjkSki/3. This situation
implies that the regions of flow with RA > 0 are associated with sheetlike struc-
tures, while the regions with RA < 0 are associated with tube-like structures; more
detailed information on the physical interpretation of the invariants can be found
in da Silva and Pereira (2008) and the references therein.

Figure 5.10 shows a schematic of the invariant-space of QA versus RA. The ‘ tent-
like ’ curve represents the discriminant,

DA = −4Q3
A − 27R2

A = 0, (5.23)
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of the characteristic equation (5.14) when PA = 0. The zero-discriminant curve
separates the type of solutions obtained from the characteristic equation (5.14).
The real eigenvalues lie below the tent (DA > 0), whereas solutions with one real
and two complex eigenvalues lie above (DA < 0). Depending upon the zones into
which the solutions belong to and the sign of the invariants, the type of critical
point and the surrounding flow-trajectories are determined, as described in figure
5.10. For example, a point in the flow whose QA > 0 and RA < 0, the flow-
trajectories emanate from a ‘ focus ’ type critical point. The invariant-space of
QA versus RA (and that of Qs versus Rs) for different types of canonical flows
mentioned above exhibit a specific pattern of different critical points and associated
flow-trajectories. In the following, patterns obtained from the two methods are
compared against the reference pattern obtained from the DNS of a fully-developed
turbulent channel flow (Reτ = 934), and before which, in the following, a brief
discussion is given on the physical meaning of the universal patterns of QA versus
RA space and that of Qs versus Rs obtained from the DNS.

5.5.3.2 Invariant-space of QA versus RA: Fully-resolved DNS

From the fully-resolved DNS data, velocity fields are considered from 20 statis-
tically independent volumes, where each volume contains velocity fields in five
streamwise × wall-normal planes of size 800 × 800 in viscous units. Since in the
raw DNS data the grid-spacing in the wall-normal direction increases away from
the wall, the velocity fields are linearly interpolated onto a uniform grid in this
direction so that the resulting resolution of the data obtained is 7.6× 7.6× 3.8
in the streamwise, the wall-normal and the spanwise directions, respectively. The
velocity gradients are computed using the standard Least-squares method as per
the expression (5.10), and subsequently the invariants are calculated as per the
expressions given in § 5.5.3.1.

Figure 5.11(a) shows the joint PDF of QA versus RA, normalised by QW . There-
fore, the joint PDF is a measure of coexistence of the amount of viscous dissipa-
tion, the production of strain-product and the vortex stretching (or compression),
with reference to the enstrophy. The contour levels are in the logarithmic space.
Here, the dashed-grey curves represent DA = 0 given in (5.23). The joint PDF
is categorized into four quadrants (QI to QIV) using the dotted-black lines, and
this classification of the quadrants is followed thoughout the chapter for all the
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Figure 5.11: Joint PDF of QA versus RA (a) and Qs versus Rs (b) for the
fully-resolved DNS of a fully-developed turbulent flow through a channel (Reτ '
1000). The contours are in the logarithmic space. The single contours (level =
1.5) of the same data are plotted in blue colour in (c) and (e). The contours
in (c-d) from light-red to dark-red correspond to the fully-resolved data mean-
filtered with the spanwise dimension (L+

s ) = 46, 92, 122, 183 and 229, while the
in-plane dimensions being 31× 31 in viscous units. The contours in (e) and
(f) are the magnified views of that in (c) and (d), respectively. The dashed-
grey curves in the figures indicate the zero-discriminants of the characteristic
equation for the velocity gradient (a,c,e) and the strain rate (b,d,f) tensors.



Comparison of tomographic and stacked stereo-PIV: Simulations 161

invariant-spaces. The pattern shown in figure 5.11(a) is the expected shape for
incompressible flows (Blackburn et al., 1996; de Silva et al., 2013). Note here
that in the numerical simulations study of Blackburn et al. (1996), who evaluated
various topological characteristics of a fully-developed turbulent flow through a
channel (Rew = 7860), the pattern shown in 5.11(a) was observed only in the
logarithmic (35 < z+ < 105) and the wake regions (z+ > 105), where Rew is
the Reynolds number based on the channel half-width and the centreline velocity.
However, in the present simulations, though the entire region from the wall to the
channel-centreline is considered, the pattern observed here is predominantly that
of the logarithmic (or the wake) region.

The figure indicates that many of the motions in the flow have smaller velocity
gradients as indicated by the maximum value of the PDF occurring at the cusp,
i.e., where the two grey curves meet. Also, QA takes larger negative values when
RA is larger and positive (QII). Further, taking cues from figure 5.10, it can be
observed that larger population of the flow is dominated by stable-focus-stretching
type of critical points that occur when both QA > 0 and when RA < 0 (QIV),
implying that many of the regions in the flow have a predominance of vortex-
stretching than compression.

5.5.3.3 Invariant-space of Qs versus Rs: Fully-resolved DNS

The joint PDF of the Qs versus Rs, normalised by QW , is shown in figure 5.11(b).
Here, the dashed-grey curves represent the zero-discriminant curve of the char-
acteristic equation for the Sij . The invariant-space is a measure of the coex-
istence of the viscous dissipation and the production of strain-product relative
to the enstrophy. Since Sij is symmetric, all the eigenvalues are real and Qs

(5.20) is always negative. Therefore, all the points in the flow must conform to
Ds (= −4Q3

s − 27R2
s) > 0, as shown in figure 5.11(b). The aforementioned stud-

ies report that the pattern shown in figure 5.11(b) is the characteristic shape for
turbulent channel flows, homogeneous isotropic turbulence as well as many other
turbulent flows.

The pattern in figure 5.11(b) shows that larger (absolute) values of Qs occur when
Rs is also larger, implying that the production of a stronger straining is always
accompanied by a higher viscous dissipation. Further, many regions in the flow
are dominated by a lower Qs and a lower Rs, indicated by the larger magnitude of
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the PDF occurring at the cusp. This pattern suggests that many of the regions in
the flow are dominated by stronger enstrophy, as both Qs and Rs are normalised
by QW . Therefore, the flow has fewer regions where the viscous dissipation and
the enstrophy are stronger simultaneously.

Earlier studies (Buxton et al., 2011; de Silva et al., 2013) have reported that
these topological features are sensitive to various types of measurement-noise and
the spatial attenuation caused by the interrogation volumes used in the cross-
correlation. While de Silva et al. (2013) considered the unbiased white noise that
would occur due to the electrical noise present within the cameras (Christensen
and Adrian, 2002), Buxton et al. (2011) studied how Gaussian-distributed (biased)
noise that mimic the errors arising from the velocity evaluation method used, affect
the topological features.

The present study is focused on the biased (measurement) noise that arising from
the cross-correlation process, the formation of ghost particles in the reconstruction
process of the scan-tomo method and the algorithm used in the velocity field
calculation. Also, it is aimed at understanding how this biased noise changes with
the spatial resolution in each method. To this end, initially the effects of spatial
attenuation are explored by mean-filtering the raw DNS data using the sizes of
the interrogation volumes adopted in the present study. Subsequently, using the
characteristics of the spatially-attenuated topological quantities, the performances
of the two scanning methods are assessed.

5.5.3.4 Invariant-spaces: Filtered DNS

The fully-resolved DNS data used in figure 5.11(a) is mean-filtered using various
interrogation volume sizes, defined by 31× 31×L+

s (viscous units) in the stream-
wise, wall-normal and spanwise directions. From the filtered data, the joint PDF
contour levels equal to 1.5 are plotted in figure 5.11(c) and (d), while the un-
filtered data is plotted as the blue contour of the same level. The filtered data
contours from the light-red to dark-red correspond to the spanwise dimension
(L+

s ) = 46, 92, 122, 183 and 229. The magnified views of (c) and (d) are shown in
(e) and (f), respectively.

It is evident from the contours (see (c)) that spatial attenuation reduces motions
with larger QA and RA in QII, and an increase in spatial attenuation (i.e., increase



Comparison of tomographic and stacked stereo-PIV: Simulations 163

0 50 100 150 200 250

−6

−4

−2

0

2

4

6

L+
s

%
D

f q
,
%
D

s q

0 50 100 150 200 250

−6

−4

−2

0

2

4

6

L+
s

%
D

f q
,
%
D

s q

 

 

0 50 100 150 200 250

−6

−4

−2

0

2

4

6

L+
s

%
D

f q
,
%
D

s q

0 50 100 150 200 250

−6

−4

−2

0

2

4

6

L+
s

%
D

f q
,
%
D

s q

%Df
q

Scan-stack: %Ds
q

Scan-tomo: %Ds
q

0 50 100 150
Ls/ηk

0 50 100 150
Ls/ηk

QIV QI

QIII QII

Figure 5.12: Ratio of the change in population in each quadrant of the
invariant-space of QA versus RA as a function of L+

s and Ls/ηk. Here, QI
to QIV are given in the clockwise direction, starting with QI from top-right of
the figure. Here, the black curves refer to the change between mean-filtered and
unfiltered DNS data, while the red and blue curves refer to change between the
simulations and the spatially mean-filtered DNS data. Also, red corresponds to

the scan-stack and blue to the scan-tomo.

in L+
s ) causes the population of these motions to decrease. Everywhere else, the

contours of the filtered data are wider than that of the unfiltered data in all four
quadrants. In particular, the wider contours in QI suggests that spatial attenuation
makes it appear as if the number of regions of the flow with straining of enstrophy
by vortex-compression increase, as QA > 0 and RA > 0, while that in QIV imply
increase in the regions of the flow with straining of enstrophy by vortex-stretching,
as QA > 0 and RA < 0. As the spatial resolution reduces (contours from light-red
to dark-red in (e)), the contour appears to shift from QIV to QI.
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Buxton et al. (2011), who studied the effect of spatial resolution on the QA-RA
pattern using DNS of a nominally two-dimensional planar mixing layer, observed a
similar effect of broadening of the contour when the spatial resolution was reduced
from that of the DNS by half. However, a further reduction of the spatial resolution
did not show any shift of the contours, rather observed the contours to grow wider
in almost all quadrants. Note here that in their studies, the size of the IV increases
in all three-dimensions, while in the present study only the spanwise dimension
varies.

The effect of the spatial attenuation is further studied by noting the (percentage)
change (%Df

q) in the population in each quadrant of the filtered DNS (N f
q) from

that of the unfiltered (NF
q ) as,

%Df
q =

NF
q −N f

q

NF
q

× 100. (5.24)

From the definition (5.24), the sum ofDf
q over all four quadrants is zero. Therefore,

for example, a decrease in Df
q in one quadrant should reflect an increase in Df

q in
the other quadrants. Also, a negative Df

q is an indication of loss of data, while the
opposite is true when Df

q is positive.

Figure 5.12 shows the change of %Df
q with L+

s (black curves) in all four quadrants,
arranged in the clockwise direction, starting from QI in top-right plot. It is notice-
able from the figure that there is an increase in population in QII at the expense
of that in the other three quadrants. This suggests that though the motions with
larger RA and negative QA are reduced (i.e., the tail in figure 5.11), the motions
in the flow with a relatively smaller QA and RA still increase with an increase in
spatial attenuation. While the population in QI to QIII change monotonically, a
decreasing and increasing trend is noticeable in QIV.

The characteristics of the joint PDF of Qs versus Rs of the mean-filtered data
are shown in figure 5.11(d), and the magnified view of (d) is shown in (f). A
reduction in the spatial resolution causes the population of the motions in the
flow with a simultaneous larger Qs and Rs in QII to reduce. In addition, the loss
of spatial resolution causes the contours to grow wider, indicating that one would
observe more regions of flow with a dominant straining and viscous dissipation,
than with a dominant enstrophy, since the population near the cusp and in the
nearby regions of the contour decrease in the process. Further, the increase in the
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spatial attenuation has another consequence of a slight increase in the population
(of the motions in the flow) outside the zero-discriminant (dashed-grey) curves in
QII and QIII. Such a prospect has an adverse effect of increasing the error in the
velocity-divergence. In the following, it is explored whether the above observed
characteristics get modified when the (biased) noise from the method(s) adds to
the noise induced by the spatial attenuation.

5.5.3.5 Invariant-space of QA versus RA: Simulations

Figure 5.13 shows the joint PDFs of QA versus RA for the scan-stack (a - d) and
the scan-tomo (e - h) methods at L+

s = 61, 92, 122 and 229 (from left to right).
Here, all the contours are in the logarithmic space, and the contours in (light
to dark) grey correspond to the mean-filtered DNS for increasing L+

s : top-row,
scan-stack; bottom-row, scan-tomo. The data of the simulations of the scan-stack
(top-row) are represented as (light to dark) red contours, while that of the scan-
tomo (bottom-row) as (light to dark) blue contours. Each contour is obtained from
velocity fields in five statistically independent volumes, where each volume con-
tains four streamwise-wall-normal planes of size 800× 800 in viscous units. Here,
unlike the fully-resolved and mean-filtered DNS data shown in figure 5.11, fewer
samples are used in the simulations in the interest of time taken for running simula-
tions in the scan-tomo method. However, both methods use the synthetic particle
images generated from the same input data.

It is evident from the figure that the overall ‘tear-drop’ shape is well captured
by both methods for the entire range of L+

s shown. As observed with the spatial
attenuation (see figure 5.11(c)), the method-specific errors in the two methods
have the same effect of reducing the population of the motions with larger QA and
RA in QII. Here, the red as well as the grey contours (and similarly, the blue and
the grey for the scan-tomo) are different from left to right in figure 5.13. Therefore,
the effect of the method-specific error (for each method) at different L+

s could be
understood by noting the change (Df

q) in the population of the simulations (N s
q)

in each quadrant from that of the mean-filtered data (N f
q) in the same quadrant

using the expression given by,

%Ds
q =

N f
q −N s

q

N f
q
× 100. (5.25)
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Figure 5.12 shows the variation of %Ds
q with L+

s in each quadrant for the scan-
stack (red curves) and the scan-tomo methods (blue curves). It is noticeable from
the figure that in quadrants QI to QIII, the method-specific errors are dominant in
the scan-tomo method rather than the scan-stack, as the blue curves are farther
from zero. On the other hand in QIV, except at smaller L+

s , both display the same
amount of error. While the spatial attenuation tends to increase the population in
QII (the black curve) at the loss of that in the other quadrants, the method-specific
noise (in both methods) has an effect of increasing the data in both QII and QIV.
This implies the method-specific errors compensate for the loss (in QIV) caused
by a decrease in the spatial resolution. Physically, this implies that the two types
of errors counter each other when it comes to the redistribution of motions in the
flow with a predominant vortex-stretching.

Further, the red curves in the figure indicate that the measurement-noise in the
scan-stack is almost constant for L+

s & 120 in QI and QII, while a decreasing
trend is noticeable in QIII and an increasing trend in QIV. This implies that for
L+
s & 120, the measurement-noise in the scan-stack merely redistributes the data

between QIII and QIV. Physically, this means that the population of the motions
with a predominant viscous dissipation (in QIII) reduce and that with a stronger
enstrophy (in QIV) increase proportionately. In the case of scan-tomo, no such
clear redistribution could be discerned. The blue curves imply that the sensitivity
of the method-specific noise to the change in L+

s is not monotonic in the scan-tomo
method.

In summary, while reducing the ‘tail’ (in QII) in both methods, the measurement-
noise (or the method-specific error) causes a flow of data from QI and QIII to the
other two quadrants, within the range of L+

s investigated. However, this effect is
observed to be stronger in the scan-tomo than that in the scan-stack method.

5.5.3.6 Invariant-space of Qs versus Rs: Simulations

Figure 5.14 shows the joint PDFs of Qs versus Rs, normalised by QW , at L+
s =

61, 92, 122 and 229 (from left to right). The data used in these figures are the
same as that used in figure 5.13. Also, the red and blue contours, respectively,
correspond to the simulations for the scan-stack and the scan-tomo, while the
corresponding grey contours refer to that of the mean-filtered DNS - top row,
scan-stack method; bottom-row, scan-tomo method. As observed in figure 5.13,
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Figure 5.15: Variation of the standard deviation (σ) of Ps = −∂ui/∂xi, the
first invariant of the strain rate tensor (SRT), as a function L+

s for the two
scanning methods used in the study. Here, the red and blue curves correspond
to the scan-stack and the scan-tomo, respectively. Ds = −4Q3

s − 27R2
s is the

discriminant of the characteristic equation for the SRT, and Qs and Rs are the
second and the third invariants of the SRT, respectively. While the solid curves
correspond to Ps for all Ds, the dashed and the dash-dotted curves represent

the data conditioned on the sign of Ds, as indicated in the figure.

the method-specific error reduces the population of the regions in the flow with
larger Qs and Rs in QII, and it is stronger in the case of invariants of the SRT
than that of the VGT.

Recall from the discussion in § 5.5.3.4 (and from figures 5.11(b, d and f)) that
reducing the spatial resolution causes the contours to grow wider (in QII largely
and QIII) with very less population above the zero-discriminant curves (in dashed-
grey). When it comes to the method-specific error, all the contours in figure 5.14
suggest that the predominant effect is to increase the population of motions in
the flow which have complex eigenvalues (i.e., contour above the zero-discriminant
curves). The data above the discriminant curves of the SRT, defined by Ds =

−4Q3
s − 27R2

s = 0, is an indication that the first invariant of the SRT, Ps =
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−∂ui/∂xi, is non-zero. Physically, this implies that the measurement-noise (or
the method-specific error) induces an artificial compressibility.

Though the contours in figure 5.14 indicate that the scan-tomo has a larger pro-
portion of the data above Ds = 0 curves, the actual amount of error could be
different. Therefore, the standard deviation (σ) of Ps is computed for both meth-
ods and plotted as a function of L+

s in figure 5.15. In addition, the error is
plotted with conditioning on the sign of Ds. Here, the bottom most x-axis and
the left y-axis correspond to normalisation by the Kolmogorov scales η+k = 1.5
and τk = 0.0553, respectively, and these are the average values in the logarithmic
region. In all these cases, the red and blue curves represent the scan-stack and the
scan-tomo methods, respectively. The solid curves in the figure indicate that for
up to L+

s ' 120 (or Ls/ηk ' 80), the measurement-noise in the scan-stack is lower
than the scan-tomo, while the scan-tomo is only slightly accurate for subsequently
larger L+

s . Recall that such a trend was noticeable in the error in the divergence
(dashed curves), shown earlier in figure 5.9. It is interesting to note that the con-
ditioned data in figure 5.15 also show similar trends with L+

s . Besides, the data
below the zero-discriminant curves also reveal the artificial compressibility effect
induced by the measurement-noise, however, the error is lower than for the data
that lie above the zero-discriminant curves (compare the dotted curves with the
dash-dotted curves).

In summary, the method-specific error in the scan-tomo has a stronger effect of
redistributing the data in the invariant-space of Qs-Rs. However, the amount of
error induced, in both the unconditioned and conditioned with the sign of Ds,
follows the trends observed with the error maps for the kinetic energy (figure 5.6)
and the divergence (figure 5.9): scan-stack is accurate for L+

s . 100 (or Ls/ηk .
65), while scan-tomo is better for L+

s & 150 (or Ls/ηk & 100).

5.5.4 Characteristics of strain rate eigenvalues

Since the characteristics of the three principal strain rates, i.e., the eigenvalues
(λs1 6 λs2 6 λs3) of the strain rate tensor determine the local flow-topology and
the interaction between strain and vorticity, there have been numerous attempts
in quantifying them for various turbulent flows - turbulent jets (Ganapathisubra-
mani et al., 2007, 2008); isotropic turbulence (Ashurst et al., 1987; She et al., 1991;
Vincent and Meneguzzi, 1991; Lund and Rogers, 1994; Nomura and Post, 1998);
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turbulent channel flows and boundary layers (Blackburn et al., 1996; Elsinga and
Marusic, 2010a); mixing layers (Buxton et al., 2011), to name a few. It is found
from these studies that the principal strain rates display some universal charac-
teristics, such as the orientation of the strain rates with the local vorticity vector
(Vincent and Meneguzzi, 1991; Nomura and Post, 1998; Leung et al., 2012), the
characteristic tendency of the flow to attain a specific strain-state type (Ashurst
et al., 1987; Lund and Rogers, 1994; Nomura and Post, 1998; Ganapathisubra-
mani et al., 2007, 2008) and the coherence with the local enstrophy, to name a
few. Further, these universal features are found to be sensitive to the (biased
and unbiased) measurement-noise (Lund and Rogers, 1994; Ganapathisubramani
et al., 2007; Buxton et al., 2011). Quantifying the effect of the measurement-noise
on these features enable one to correctly interpret the flow-features. Hence in
the following, the performances of the two methods are further assessed for their
ability to exhibit the characteristics of the strain rate tensor.

From the definition of the incompressibility, it can be deduced that ∂ui/∂xi = 0.
Therefore, the sum λs1 + λs2 + λs3 is also zero. Consequently, the local state-
of-strain in the flow is determined by only two eigenvalues. Further, λs1 < 0
(compressive-type strain rate) and λs3 > 0 (extensive-type strain rate) and λs2

can be either positive or negative (i.e., extensive or compressive type). Depending
on the sign of λs2, the intermediate eigenvalue, the local flow-topology can be
determined (Ganapathisubramani et al., 2008). If λs2 > 0, then the local flow
field would have two extensive-type strain rates and hence sheet-like structures,
whereas line-like structures would be found when λs2 < 0, as the local flow-field
would have two compressive-type strain rates. Therefore, studying the distribution
of the strain rates gives an understanding of the strain-state in the flow and the
associated flow-topology.

Lund and Rogers (1994) proposed the normalisation for the eigenvalues as,

S∗ =
−3
√

6λs1λs2λs3
(λ2
s1 + λ2

s2 + λ2
s3)

3/2 . (5.26)

It is found from many of the earlier investigations (mentioned above) that the
values of S∗ are bounded by ±1. They witnessed in their studies that the spatial
attenuation and the measurement-noise (associated with the velocity field evalua-
tion) could change the shape of the distribution and also that some regions of the
flow could have the values of S∗ outside the expected bounds. In the following,
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Figure 5.16: Unconditional (a-b) and conditional (c-f) PDFs of the normalised
eigenvalues (S∗ as defined in (5.26)) of the strain rate tensor (SRT) at various
L+
s , obtained from the mean-filtered DNS data. Here, the figures in the left

column correspond to that of the scan-stack method, while the right column
correspond to that of the scan-tomo method. Figures in (c-d) are conditioned
with Ds > 0, where Ds is the discriminant of the characteristic equation for the

SRT, and figures in (e-f) are conditioned with Ds < 0.
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the two scanning methods are assessed for their ability to reproduce the expected
characteristics of the distribution of S∗. Here too, initially the spatial attenuation
effects are discussed, followed by that of the method-specific error.

5.5.4.1 Spatial resolution effects

Figures 5.16(a) and (b) show the PDFs of S∗ obtained from the mean-filtered DNS
data at various L+

s . To investigate the dependency of the distribution of S∗ on
the location of the data in the Qs−Rs invariant-space, the PDFs are plotted with
conditioning on the sign of Ds in figures 5.16(c-f). Here, the PDFs of the scan-
stack are arranged in the left column, the scan-tomo in the right, and the magnified
views of the distributions are given as insets. Except the data outside the bounds
-1 and 1 (shown as vertical black-dotted lines in the figures), the distributions
shown here are typical of many turbulent flows (Ashurst et al., 1987; Lund and
Rogers, 1994; Ganapathisubramani et al., 2007; Buxton et al., 2011). That is, in
an error-free data the peak of the distribution would be at +1 and there would be
no data outside the bounds. This implies that it is a universal feature that many
turbulent flows have a strong preference for positive intermediate eigenvalue (i.e.,
λs2 > 0), and hence the formation of sheet-like structures with large strain rates.

It is noticeable from figures 5.16(a-b) that in either method, the spatial atten-
uation causes the high frequency S∗ in the distribution to reduce from 1 to 0.9
(approximately). This implies that the spatial attenuation makes it appear as if
strain-states of magnitude equal to one no longer dominate the flow. A further
change in the spatial attenuation (i.e., change in L+

s ) does not affect the distribu-
tion in the scan-tomo, and this is expected as in this method the size of IV is the
same for all L+

s . On the contrary, in the scan-stack the peak of the distribution
decreases with the increase in L+

s (or decrease in the spatial resolution); however,
the peak values occur at the same S∗ for all L+

s . A reduction in the peak value
makes it appear as if the high strain rate sheet-like structures are less frequent to
occur in the flow.

This observation is in good agreement with Buxton et al. (2011), who studied the
effect of spatial resolution on the distribution of S∗ obtained from the DNS of
a nominally two-dimensional planar mixing layer. However, they reported that
the values of high frequency S∗ continued to reduce with a further reduction
in the spatial resolution. Note that in their study, the spatial resolution was
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decreased in all directions, unlike in the present simulations, in which, only the
spanwise dimension (i.e., L+

s ) is varied. Further in figures 5.16(a-b), some data
are noticeable outside the bounds of the distribution, meaning that the decrease
in spatial resolution has an effect of adding some noise to the data.

When it comes to the PDFs conditioned on the sign of Ds, interesting character-
istics are observed. The PDFs (c and d) with Ds > 0, i.e., the data that lie below
the ‘tent-like’ curves in the Qs −Rs space, show no data outside the bounds in
both methods. The conditioning causes only a slight improvement in the peaks of
the distributions but do not alter their characteristic behaviour from that of the
unconditioned: the values of high frequency S∗ and the response to the changes
in L+

s are the same as that of the unconditioned. This implies that the data ob-
served outside the bounds ±1 are only due to those that have Ds < 0, as can be
observed from the distributions shown in figures 5.16(e) and (f); notice that in
these PDFs there is no data within ±1. In both methods, a preference towards
S∗ > +1 is also noticeable. While the scan-tomo shows only a little change in these
distributions with L+

s , that of the scan-stack show trends similar to that of the
unconditioned and the data with Ds > 0: increase in L+

s significantly decreases
the peaks of the distributions (more rapidly that of S∗ close to +1 than that to
-1). In the following, the distributions of S∗ obtained from the simulations are
presented to investigate how the method-specific error affects the above observed
characteristics.

5.5.4.2 Method-specific errors

Figure 5.17 shows the PDFs of S∗ obtained from the simulations at the same L+
s

used in figure 5.16. Here too, both the unconditional (a-b) and the conditional
(c-f) distributions are shown. The distributions shown here represent the overall
errors (spatial attenuation + method-specific) and have a strong resemblance with
that obtained in many of the earlier experimental investigations: Lund and Rogers
(1994); turbulent duct flow, Tao et al. (1999); turbulent jets, Ganapathisubramani
et al. (2007). Therefore, these PDFs are representatives of the distributions in real
experiments.

The PDFs in (a-b) indicate that the method-specific errors have substantially
changed the shape of the PDFs from that of the spatially attenuated data: a
relatively larger proportion of the data is seen outside the bounds (±1), and
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Figure 5.17: Unconditional and conditional PDFs of S∗ obtained from the
simulations of the two scanning-methods. All other information is the same as

that given in figure 5.16.
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also that the peak values of the distributions are lower in both methods. In
figures 5.17(a-b), the high frequency S∗ observed (at L+

s = 46 or Ls/ηk = 30) for
the scan stack and the scan-tomo are at 0.7 and 0.6, whereas in figures 5.16(a)
and (b), they are observed at 0.9. These suggest that the measurement-noise
in the methods, which arise from both the isotropic (velocity-divergence) and
the anisotropic part of the strain rate tensor (Lund and Rogers, 1994), has a
substantial influence on the larger strain rates. As a result, the error makes it
appear as though smaller and moderate magnitude strain rates dominate the flow.
Besides, as per the definition (5.26), one would find a higher number of regions
with λs2 < 0 (compared to the noise-free data), and hence, tube-like structures in
the flow. The figures (a-b) also show that there exists an increasing and decreasing
trend of the peak values in both methods. This indicates that there exists maxima
in both methods, while a monotonically decreasing trend is observed when the
spatial resolution is decreased (see insets in figures 5.16(a-b)).

It is apparent from the conditional PDFs (with Ds > 0) shown in figures 5.17(c)
and (d) that their shapes are better (in terms of the frequency of larger strain rates)
than that of the unconditioned distributions. Nevertheless, they are still inferior
to that shown in figure 5.16(c)-(d). The distributions indicate that the peak
values of the PDFs are higher for the scan-stack for L+

s up to 120 (or Ls/ηk = 80)
approximately, and for subsequently larger L+

s , the scan-tomo exhibits higher peak
values. This indicates that the measurement-noise causes more uncertainty in the
scan-tomo for up to L+

s ' 120. These performance trends are very well aligned
with that observed earlier in the error maps for the kinetic energy (figure 5.6),
the divergence (figure 5.9) and the invariant-space of Qs −Rs (figures 5.14 and
5.15). Interestingly, here too, almost no data are seen outside the bounds in both
methods, as evident in figure 5.16(c)-(d). This suggests that for the data with
Ds > 0 both the spatial attenuation and the method-specific errors have the same
effect of merely redistributing the values of S∗ within ±1 and hence, the number
of regions of the flow between sheet-like and line-like flow topologies.

Buxton et al. (2011) argues that (Gaussian) noise, which is the same as the method-
specific error that is referred to in the present simulations, has an effect of intro-
ducing error in the velocity-divergence and causes the values of S∗ to be outside
±1. However in the present simulations, it is observed that the data (shown in
figure 5.17(c-d)) that lie below the zero discriminant curves also incur the diver-
gence error, i.e., Ps , 0, as shown by the dash-dotted curves in figure 5.15. This
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suggests that the absence of data outside the bounds of S∗ does not necessarily
imply a zero velocity-divergence.

The conditional PDFs with Ds < 0 (shown in (e) and (f)) seem to follow the same
trends as that observed in figure 5.16. The strong preference towards S∗ = +1
observed in figures 5.16(e-f), is also noticeable here. By comparing figures 5.16(e-f)
with figures 5.17(e-f), it is clear that the method-specific error makes it appear as
if some regions of the flow (with Ds < 0) have S∗ within the bounds ±1, and this
error is slightly higher for the scan-tomo at all L+

s , as the area under their curves
would be higher than that of the scan-stack.

5.6 Chapter summary

In this chapter, the performance of two 3D-3C scanning-PIV techniques are com-
pared using the particle images obtained by simulating a typical scanning-stereo-
PIV arrangement from a turbulent channel flow at Reτ = 934. The comparison
provides future experimentalists an idea of the optimal method for measuring a
particular depth of volume when the laser sheet thickness, camera frequency and
the resolvable flow-scales are chosen. To serve this purpose, the study is conducted
for a range of laser sheet thicknesses, considering the volume depths that are of
common interest.

The first technique, referred to as the scan-stack method, evaluates the velocity
field using the standard stereoscopic-PIV technique (2D-3C) from the images at
each scan-position separately. The 3C velocity planes are then stacked in the depth
direction to obtain 3D-3C field. The other technique, referred to as the scan-tomo
method, uses the images at all scan-positions at once to reconstruct the particle
positions in the entire volume using a tomographic technique. Subsequently, 3D
cross-correlation is applied in this method for calculating the three-components of
velocity in the volume.

To assess the performance of the two methods, the error (with respect to the
input DNS) incurred in the kinetic energy and the divergence are considered. In
addition, the topological flow-quantities, such as the invariants of the velocity
gradient tensor (VGT) and the strain rate tensor (SRT), and the eigenvalues of
the SRT are studied. To this end, two types of errors, namely, the overall and the
method-specific errors, are considered. The overall errors are determined using
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the unfiltered (or fully-resolved DNS) as the reference. These errors include the
bias errors related to the spatial attenuation (caused by the PIV interrogation
windows), as well as that arising from the particle reconstruction (for the scan-
tomo method) and the cross-correlation processes. The performance of the two
scanning techniques that are devoid of the spatial attenuation effects is determined
using the mean-filtered DNS data as the reference.

The errors in the turbulent kinetic energy and the divergence, both the overall
and the method-specific errors, indicate that the scan-stack performs better at
lower L+

s . In particular, the trends of the method-specific error reveal that the
scan-stack method is relatively more accurate when the laser sheet thickness (L+

s )

is under 100 viscous units (or Ls/ηk = 65, where ηk is the Kolmogorov length
scale, evaluated in the logarithmic region); the scan-tomo method takes over for
subsequently larger L+

s .

The two scanning techniques are further assessed for their ability to reproduce
the universal ‘tear-drop’ shape of the joint PDF of the VGT invariants (QA and
RA) and the characteristic pattern of the SRT invariants (Qs and Rs). It is found
from both the invariant-spaces that the decrease in the spatial resolution causes
the contours to grow wider. Further, the “Vieillefosse” tail in the QA−RA space,
where QA > 0 & RA < 0, is observed to shrink with the spatial attenuation.
When it comes to the method-specific errors, the joint PDFs of QA-RA showed
that both methods aggravate the effect of shrinking of the “Vieillefosse” tail, while
causing an outflow of population from the regions with (QA > 0 & RA > 0) and
(QA < 0 & RA < 0) into other regions. The invariant-space of Qs-Rs showed that
the scan-stack method is more accurate than the scan-tomo when L+

s is below
100 viscous units, similar to that observed in the case of the errors in the kinetic
energy and the divergence.

The PDFs of the normalised eigenvalues of the SRT suggest that both the spatial
attenuation and the method-specific errors have an effect of reducing the frequency
of high-strain sheet-like structures in the flow, though the effect of the method-
specific error is higher. The PDFs showed that the scan-stack is more accurate
until L+

s ' 100 and the scan-tomo surpasses for larger L+
s .

In summary, for experiments with L+
s . 100 wall units (or Ls/ηk . 65) the

scan-stack method better realises the statistical flow quantities up to third-order:
velocity divergence; turbulent kinetic energy, viscous dissipation and enstrophy;
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production of strain product, −1
3 sijsjkski. Here, sij is the strain rate tensor. For

experiments with L+
s sufficiently greater than 100 viscous units, the scan-tomo

method is recommended.



Chapter 6

Oscillating grid turbulence
experiments

This chapter attempts to experimentally assess the performance of the scan-stack
and the scan-tomo methods to substantiate the conclusions drawn about their per-
formance in the previous chapter. Recall that the first technique, the scan-stack
method, involves spanwise stacking of the velocity fields obtained from the individ-
ual stereoscopic-PIV calculations of the data of different planes in the flow. The
other technique, the scan-tomo method, involves tomography-based PIV calcula-
tions. The experiments are conducted in the turbulence generated by oscillating
a regular grid in a tank containing water. Oscillating grid turbulence is statisti-
cally homogeneous (in the planes parallel to the horizontal grid) and isotropic at
distances sufficiently far from the vicinity of the grid (Hopfinger and Toly, 1976;
McCorquodale and Munro, 2017).

In this chapter, initially a stereoscopic-PIV experiment was conducted to make
sure that the experiment yields the expected characteristics of the flow; the Taylor
microscale Reynolds number is approximately equal to 70. Subsequently, under
the same experimental conditions, two scanning-PIV experiments, corresponding
to each method, are conducted for enabling the comparison. The hardware and
the imaging techniques are the same in the two scanning experiments; they are
different only in the size of the measurement volume and the associated timings
of the hardware. These details are given later in the chapter.

The chapter is organised as follows. Initially, an overview of the experimental
setup is given in § 6.1, followed by a description of the laser sheet arrangement and
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Figure 6.1: The scanning-stereo-PIV arrangement used in the oscillating grid
turbulence experiments. Here, the stereo-view-angle between the two cameras
is 60◦, and the principal axis of each camera is perpendicular to its facing water-
prism. The laser sheet (not shown) is perpendicular to (and pointing out-of-)
the plane of the paper. The grid is suspended in the water tank by means of an
oscillating connector rod from the top. Note that the origin of the coordinate

system indicated is at the mean position of the grid.

hardware-synchronisation in § 6.3. Then, the details of the imaging methodologies
used in the experiments are given in § 6.4. Subsequent sections focus on the results,
which are categorized into two types - i) characterization of the flow, discussed in
§ 6.6; ii) comparison of the two techniques, presented in § 6.8. A summary of the
chapter is given in § 6.9.

6.1 Experimental setup

Figure 6.1 shows the arrangement used in the oscillating grid turbulence exper-
iments. The setup consisted of a rectangular tank mounted on a levelling table
which was standing on a breadboard. The inner dimensions of the tank are 288
× 288 × 437 (breadth × width × height) mm3. The inlet at the bottom of the
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Parameter Symbol Unit Stereo-PIV Scan-stack Scan-tomo
Grid & oscillation
parameters
Mesh spacing of the grid Mg mm ' 36 ' 36 ' 36
Mesh depth of the grid Dg mm 8 8 8
Grid oscillation frequency fg Hz 2.4 2.4 2.4
Stroke length of the grid Sg mm 17 17 17
Imaging parameters
Stereo-view-angle 2α - 60◦ 60◦ 60◦

Field-of-View FoV mm2 88× 89 110× 90 110× 90
Laser source type - - CW? Pulsed Pulsed
Laser sheet thickness Ls mm '1.4 ' 1.4 ' 2
PIV time difference ∆t ms 14 29.4 32
Scanning parameters
Number of scan-positions
(or images) per volume ..... ns - - 17 11
Spacing between successive
scan-positions ................... ∆ys mm - ' 0.7 ' 0.8
Scan-position overlap (5.3) Po % - 50 60
Time between successive
scan-positions ................... ∆ts ms - 0.7 0.8
Volume scan-time τs ms - 11.2 8
Camera frequency (5.2) fo kHz - ' 1.43 ' 1.25
Depth of volume (5.1) Dv mm - ' 12.6 ' 10
Turbulence scales
Kolmogorov time scale τk ms 242 242 242
Kolmogorov length scale ηk mm 0.49 0.49 0.49
Reynolds number (6.5) Reλ - ' 70 ' 70 ' 70
Processing parameters
Interrogation volume
size (x× y× z) ................ IV mm 1.9×Ls × 1.9 1.9×Ls × 1.9 1.95× 1.95× 1.95
Interrogation volume
size (x× y× z) ................ IV/ηk - 3.9× 2.9× 3.9 3.9× 2.9× 3.9 4× 4× 4
Velocity fields
Number of velocity vectors
per volume (x× y× z) .... - - 110 × 1 × 114 99 × 6 × 31 99 × 6 × 31
Number of statistically
independent volumes ....... - - - 128 128

Table 6.1: List of parameters pertaining to three types of oscillating grid
turbulence experiments conducted. Here, ? refers to the continuous wave laser.
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Figure 6.2: Schematic of the top-view of the optical path of the laser beam for
both the stereo-PIV and scanning-PIV experiments listed in table 6.1. Note that
all the lenses indicated are of cylindrical type. The negative lens, N1, causes the
beam to slightly expand into a sheet so that the reduced power density of the
laser does not burn the scanner-mirror, S. In this schematic, the optical path
from the scanner mirror to the imaging volume shows five positions of the laser
sheet as the scanner-mirror rotates from position 1 to 5 as indicated. The actual
number of laser sheet positions used in the scanning-PIV experiments are listed
in table 6.1. In the stereo-PIV experiment, the scanner mirror was fixed to one

position throughout the experiment.

tank was used to fill water to a desired level. A regular grid made out of 8 mm
thick perspex sheet was suspended horizontally from the top by a rod connected
to a stepper motor. The mesh spacing of the grid (Mg) is approximately 36 mm.
The details of the selection of the grid geometry are given in § 6.6. The motor and
the connector-rod arrangement allows setting of the desired stroke length (Sg) and
the frequency (fg) of the rod and hence the grid; table 6.1 lists the values of these
parameters. When the grid was at half of the stroke length, the central plane of
the grid was approximately 240 mm from the free surface of water.

As mentioned in table 6.1, a continuous wave laser (Innova 70 Argon-ion laser,
13 W, COHERENT) was used in the stereo-PIV experiment, whereas a pulsed
Nd:YAG laser (532 nm, DM50-527-DH, Photonics industries) was used in the
scanning-PIV experiments. Figure 6.2 shows the optical path of the laser beam
that was made into a sheet at the measurement zone. As indicated in the figure, in
either type, initially, the width of the diverging (circular) laser beam was reduced
using a series of positive cylindrical lenses (P1 & P2). Then, the beam was made
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to pass through a negative lens (N1) and then deflected off a scanner-mirror or
scanner (dynAXIS 3S, Scanlab) whose size is 10 mm × 15 mm (width × height).
Subsequently, the beam was made to pass through a positive and a negative lens.
The negative lens (N1) introduced before the scanner protects the scanner from
damage by the high power density of the beam. The positive lens (P3) mounted
after the scanner was used to make the laser sheets (nearly) parallel to each other,
and the lens N2 expands the laser sheet sufficiently so that it spans the desired
field-of-view at the measurement zone. Before mounting the final negative lens
(N2), the thickness of the laser sheet in the tank was measured using a standard
burn paper; the details on the laser sheet thickness pertaining to the stereo-PIV
and scanning-PIV experiments are given in table 6.1. The details of the working
mechanism of the scanner and its synchronisation are discussed in § 6.3. Note that
in the stereo-PIV experiment, the scanner was kept stationary so that the laser
sheet was approximately at the mid-spanwise plane of the measurement volume
used in the scanning-PIV experiments.

Two high speed cameras (pco.dimax HS4) were mounted on either side of the laser
sheet to benefit from the forward-refraction of laser light by the tracer particles,
which are silver-coated hollow glass spheres of diameter 10 µm. The stereo-view-
angle between the cameras was 60◦. A triangular (water-filled) prism was fixed
to each side of the tank facing the corresponding camera (see figure 6.1), with-
out which would have resulted in all the particles near the edges of the recorded
images to be elongated. The water-prism arrangement results in the wall of the
prism facing the camera to be perpendicular to the principal axis of the camera.
As the laser sheet sweeps the flow (in the y-direction, as indicated in figures 6.1
and 6.2), the two cameras record the particle images of a common flow region
simultaneously in synchronous with the laser sheet. The details of the synchroni-
sation are discussed in § 6.3, and in the following, a brief description is given on
the characteristics of the oscillator.

6.1.1 Characteristics of the oscillator

The grid follows the motion of the oscillator, i.e., the motor-connector rod ar-
rangement. Since the relation between the motor speed (in revolutions per minute,
hereafter referred to as R.P.M.) and the oscillation frequency (fg) of the grid was
not available, video recordings of the grid-motion at various motor R.P.M. were
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Figure 6.3: a) The characteristic path of the oscillator (i.e., the motor-
connector rod arrangement) used in the current study at motor speed ' 10
R.P.M. (or fg ' 1.5 Hz) and stroke length (Sg) ' 21 mm; b) Motor speed vs
grid-oscillation frequency. Here, the circle with yellow face corresponds to the

oscillator parameters of all the experiments presented in this chapter.

taken. Here, a tracker-spot was affixed to the grid so that by tracking the path
of the spot, the path of the grid would be known. Subsequently, the videos were
converted into individual images and then processed further to obtain the displace-
ment of a tracker-spot. It is found from this analysis that the grid follows the path
of a compound sine-wave. Figure 6.3(a) shows the path of the grid at motor speed
' 10 R.P.M. and Sg ' 21 mm. From the time period of the motion of the grid
at each R.P.M., the corresponding frequency is calculated; figure 6.3(b) show the
calculated grid-frequency (open circles) at various motor R.P.M. Subsequently, a
linear curve (blue line in figure 6.3(b)) was fitted to the data so that the frequency
of the grid could be calculated at any R.P.M. All the experiments presented in this
chapter were conducted at a motor speed ' 13 R.P.M. (indicated in figure 6.3(b)
with a yellow-faced circle), and from the linear fit relation, this speed corresponds
to fg ' 2.4 Hz.

6.2 Selection of grid-geometry and position of
the grid

The nature of the flow generated by oscillating a grid in a confined fluid environ-
ment such as the water tank used in the current experiments strongly depends on a
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range of experimental parameters. These are, the geometry of the grid, its position
(in the tank) and the oscillation parameters (fg,Sg). Under certain experimental
conditions, such a flow is associated with a mean (or secondary) flow. The extent
to which the mean flow influences the turbulence generated by the grid, is again
associated with one or more of these experimental parameters as explained below.

Hopfinger and Toly (1976) proposed that the secondary currents generate in the
flow if the solidity of the grid is & 40%. For grids with higher solidity such as the
perforated plate (solidity ' 60%) used by Bouvard and Dumas (1967), the velocity
in the opening holes (of the plate) or mesh-spaces (of the grid) becomes higher
than the oscillation frequency, and turbulence originates from the jets formed
through the opening holes. In the case of grids with lower Sg/Mg, turbulence
emanates from the pockets of wake regions formed on either side of the bars of the
grid. Therefore, the higher the solidity, stronger are the jets and hence the mean
flow. Hopfinger and Toly (1976) found a stronger mean flow in their experiments
when Sg/Mg . 0.8 and also when the grid was kept closer to the base of the
tank. Contrarily, similar experiments by Fernando and De Silva (1993) did not
reveal any such mean flow, though the ratio Sg/Mg was much less than 0.8 in
their experiments. Fernando and De Silva (1993) found that a closed-end type
of grid causes the undesirable mean flow, and showed that the presence of finite
Reynolds-stress gradients in the flow is the source of the mean flow. From these
studies, it is not conclusive about what geometry of the grid and the boundary
conditions determine the source of the mean flow in the turbulence generated by
an oscillating grid.

Presence of a finite mean flow is troublesome for studying shear-free isotropic
turbulence, and one of the undesired consequences is that the mean flow modifies
the decay-rate of the turbulent kinetic energy. With an aim to study the structure
of turbulence in the scalar-mixing and transport, Thompson and Turner (1975)
first came up with a power-law model,

urms =
(
u2
)1/2

= u0
r

(
z

z0

)−B/3B ′

, (6.1)

for the decay of the root-mean-square horizontal velocity (urms) with the distance
(z) for the turbulence generated by an oscillating grid. Recall that z is measured
normal to and away from the mean-position of the grid. Here, u0

rms is the rms
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Figure 6.4: a) Schematic of the water-tank and the details of field-of-view
(FoV) used in the oscillating grid turbulence experiments; b) Schematic of the
grid geometry. The mesh spacing (Mg) of the grid, the stroke length, Sg =
17mm, and the thickness of the grid bar, dg, are the same in all experiments

presented in this chapter (see table 6.1).

velocity at a reference distance z0, and B is a constant and B ′ is a proportionality
constant for the integral length scale, lI = B ′z.

Later, through experimental observations and dimensional reasoning, Hopfinger
and Toly (1976) solved (6.1) to obtain

urms = cuM
1/2
g S3/2

g fz−1, (6.2)

where cu is a constant for a given grid-geometry. Hopfinger and Toly (1976) found
that the presence of the mean flow causes the exponent of z to deviate from -1.

In the present experiments, the geometry of the grid and its position in the tank
are selected in view of the recommendations made by the earlier studies such that
the mean flow could be minimized. Figure 6.4 shows the schematic of the tank
and the grid-geometry. The grid is chosen to have open-ends (as per Fernando
and De Silva (1993)) with solidity equal to ' 30% (as per Hopfinger and Toly
(1976)). Further, Sg and Mg are chosen to be 17 mm and 36 mm, respectively,
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implying that Sg/Mg = 0.47, and the grid was positioned approximately 174 mm
above the base of the tank. It was observed in the present setup with Sg & 17 mm
or when the grid was near the free surface (like in Fernando and De Silva (1993)
and De Silva and Fernando (1994)), the returning flow (from the free surface),
which otherwise was observed only near the side walls of the tank, was found to
span up to the central (measurement) region (FoV in the figure). It was observed
from the preliminary experiments (not reported here) that the turbulence decay
region would be observed by choosing the bottom of the FoV to be at a distance
approximately equal to 2.5 times Mg (= 2.5× 36 mm = 90 mm).

Since Sg/Mg < 0.8 in the current experiments, it is expected that a mean flow
would exist in the measurements. Since the present experiments are intended only
for the comparison of the two scanning techniques as mentioned at the beginning,
but not for studying the physics, further attempts to minimise the strength of
the mean flow were not taken. Nevertheless, the character of the oscillating-grid
turbulence is studied to extract the expected characteristics of the flow so that the
Taylor microscale Reynolds number could be calculated, and these are discussed
before presenting the comparison of the two scanning techniques.

6.3 Hardware and synchronisation

The hardware used in the current experiments facilitate recording of the particle
images as the laser sheet sweeps or scans the flow. The equipment involved are,
a pulse generator (DT9836, Data Translation), a function generator (AFG1022,
Tektronix) to generate a saw-tooth type signal, and two delay generators (DG645,
Stanford Research Systems) to trigger the two cameras. In this section, the syn-
chronisation of the hardware is illustrated using the timings used in the experi-
ments for the scan-tomo method. The various equipments used in this experiment
and the experimental procedure are the same for the two scanning-PIV experi-
ments, except the geometry of the measurement volume and the hardware-timings,
as mentioned in table 6.1.

Figure 6.5 shows the timing diagram used in the recording of the particle images
in the scanning-PIV experiment of the scan-tomo method. Through a Matlab
programme, the pulse generator simultaneously triggers the function generator, the
pulsed-laser (in scanning-PIV experiments) and the two delay generators. Every
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Figure 6.5: Schematic of the timing diagram of the hardware for the scan-tomo
experiment. Note that, the hardware used here is the same for the scan-stack
experiment; these experiments have differences only in the timings B to E, as

mentioned in table 6.1.

time the function generator receives a trigger, a signal is sent to the scanner (S in
figure 6.2) for generating one saw-tooth cycle, which consists of a (ramp) rise-time
and a fly-back time, as indicated in figure 6.5. During the rise-time, the scanner
rotates from its starting position to an end position. These positions are controlled
by the function generator, and was chosen before the start of the measurements.
During the fly-back time, which is relatively shorter compared to the rise-time (see
figure 6.5), the scanner reverses its direction and returns to its starting position.

As the scanner rotates from one end to the other, the laser sheet gets deflected off
the scanner accordingly, and the particle images are recorded only in the rise-time.
Note that the rise-time (given as C in figure 6.5), which is the time (τs) required to
scan the desired depth of volume (Dv), would be chosen based on the time-scales
of the flow to be resolved in the experiment. The sweep-angle, which is the angle
between the start and the end positions of the laser sheet, depends on the Dv to
be measured, and was chosen before the start of the measurements; Dv used in
the current experiments are listed in table 6.1.
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(a) (b)

Figure 6.6: Pictures of the calibration target used in the oscillating grid tur-
bulence experiments: a, the machined plate; b, the plate after anodizing and

filling the holes with Plasticine white-glue.

Every time the delay generator receives a signal (from the pulse generator), it
triggers the camera in a burst mode. That is, each burst-signal to the camera
contains a pre-defined number of triggers whose number is chosen to be equal to
the number of images required per volume or the number of scan-positions (ns).
In the schematic shown in figure 6.5, ns = 11. The total time taken for recording
ns images is equal to τs (shown as C in figure 6.5). The time between successive
triggers in a burst is called burst-period, which is shown as B in figure 6.5. The
inverse of the burst-period is the camera frequency (fo) for recording the particle
images in a volume. Table 6.1 lists the vales of ns, τs and fo used in the two
scanning-PIV experiments.

6.4 Details of the image acquisition for calibra-
tion

In order to generate the calibration images, a calibration target with through-holes
was fabricated, and after anodizing, the holes were filled with Plasticine white glue;
figure 6.6 shows the pictures of the calibration target used in the experiments. The
spacing between the adjacent holes is 10 mm and the thickness of the target is
' 9.58 mm. Using this target, the calibration images are recorded as follows.
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After filling the tank with water up to the desired level, the scanner position
was adjusted such that the laser sheet was at the centre plane of the volume to be
imaged. Subsequently, the target was mounted from the top, and its position in the
y-axis (or scan) direction was adjusted such that the plane of the laser sheet just
grazes the side of the target facing the first camera. Ideally, this effort must make
sure that there would be no misalignment between the target and the laser sheet.
Since it would be difficult to achieve an accurate alignment, the misalignments are
eliminated using the algorithm described in § 3.1.2 for the scan-stack method and
the new algorithm proposed in § 3.2 for the scan-tomo method.

Since the calibration plate was larger than the field-of-view, positional adjustment
of the target was required only in the y-axis direction, and for this purpose, a
single-axis linear-translation stage was used. Initially, the cameras (with f60 focal
length lenses) were mounted such that the principal axis of each camera was normal
to the plane of the facing water-prism. Since the size of the field-of-view changes
as the calibration target moves from one end of the volume to the other, the
positions of the cameras were finalized when the target was closer to the cameras.
For example, the position of the first camera was fixed when the target was at
y = −6mm, where as that of the second camera was fixed when the target was
at y = +6mm, and the field-of-view was chosen to be the same in each camera
view at these positions; table 6.1 lists the dimensions of the field-of-view chosen in
the various experiments. The average image resolutions achieved in the horizontal
and the vertical directions of the images are approximately 17 pixel/mm and 18
pixel/mm, respectively.

Initially, the calibration images were recorded with the first camera by moving the
target from y = +6mm to y = −6mm in steps of 0.5 mm. Since the thickness ( =
9.58 mm) of the calibration target was precisely known, the micrometer readings
were adjusted for the thickness of the target and the calibration images were
taken with the second camera at exactly the same positions as that of the first
camera. The calibration is the same for both the stereo-PIV and the scanning-PIV
experiments, and the details of the flow-character, which are obtained using the
stereo-PIV measurements, are discussed in the following.
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6.5 Selection of particle seeding

In the present experiments, silver-coated hollow glass spheres (from Potters In-
dustries LLC) were used for both scanning methods; the mean size of the spheres
is approximately 10µm. However, the seeding density was optimized in situ for
each method separately as follows. Starting with a low seeding, tracer particles
were incrementally added to the flow, and a correlation map was calculated from
two sample particle images recorded at every particle concentration. Then, the
seeding density corresponding to the highest average correlation coefficient was
chosen for the experiment.

The particle seeding for each scanning method is estimated using 100 sample
images (50 images from each camera). The typical calculation proceeds as follows.
Initially, the background intensity of the image is determined by visually observing
the particle motion between two consecutive images, and this grey level is chosen
as the threshold intensity. Then, the tracer density is calculated as the ratio of
the number of pixels in the image whose intensity is greater than the threshold to
the total number of pixels in the image. The particle seeding expressed this way
is equivalent to the source image density, Ns, defined in (2.7). Note that Ns is a
dimensionless quantity.

The averageNs computed in this way is approximately 0.76 (± 0.04) and 0.75 (± 0.06)
for the scan-stack and scan-tomo methods, respectively. To determine if the seed-
ing used in the scan-stack experiment is optimal or not, refer to figure 5.2. The
figure shows the variation of the standard deviation of the error in the kinetic
energy as a function of Ns and the laser sheet thickness L+

s . Here, 46 . L+
s . 230,

equivalently, 30 . Ls/ηk . 153, where η+k ' 1.5 is the Kolmogorov length scale (in
viscous units) computed in the logarithmic region. The figure indicates that the
error is constant for Ns & 0.4 regardless of the laser sheet thickness. Therefore,
Ns (' 0.76) used in the scan-stack experiment is optimal.

A similar error plot for the scan-tomo simulations is shown in figure 5.4. The figure
indicates that in general, the optimal seeding is in between 0.1 to 0.4. However, the
dependence of error on Ns reduces with the decrease in the laser sheet thickness.
Therefore, one can deduce that an experiment with a further thinner sheet, such
as that used in the scan-tomo measurement whose Ls/ηk ' 4, would involve a
much weaker dependence of error on Ns. Consequently, the particle seeding in the
scan-tomo experiment could also be considered to be optimal.
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6.6 Flow-characteristics using (single plane) stereo-
PIV experiment

The experiments were conducted using the oscillation and grid parameters as
mentioned in table 6.1. The misalignments of the calibration target with the
laser sheet are corrected using the self-calibration algorithm of Wieneke (2005);
the details of the algorithm are explained in § 3.1.2. Subsequently, the 3C velocity
fields are calculated using the geometric relations of Willert (1997) (see § 3.1.3.2).
In the following, the characteristics of the flow described below are obtained using
a total of 1499 instantaneous velocity fields. Further, the mean velocities along
the x, y and z axes are denoted by u, v and w, respectively, and the associated
fluctuating velocities by u, v and w, respectively.

6.6.1 Mean flow and rms velocities

Figures 6.7 show the three mean velocity components along with the two-dimensional
streamlines. Here, zg corresponds to the z-axis when the origin is chosen to be as
indicated in figure 6.4. The velocity fields indicate that w is finite and positive,
whereas the other two velocity components are relatively negligible. This implies
that the flow is predominantly in the z direction.

Using the above mean velocity components, the root-mean-square (rms) values are
calculated from the instantaneous velocity fields and presented in figure 6.8(a-c).
The rms velocity fields indicate that the fluctuating velocities are lesser than the
upward mean velocity w. The higher mean velocity (w) compared to the rms
velocity (wrms) could be attributed to the ratio Sg/Mg < 0.8, as discussed in
§ 6.2. Further, it is expected that choosing a taller tank, as in Hopfinger and Toly
(1976), would allow positioning the grid far from the base of the tank, and reduce
the strength of the mean flow.

The figures indicate that for zg & 130mm, the rms velocity fields are nearly uniform
in the horizontal direction, and are of comparable magnitude. The rms velocities
are averaged in the x-direction and their ratios are presented in figure 6.8(d). The
red colour data in figure 6.8(d) corresponds to the anisotropic region (denoted by
the superscript A), and that of black colour corresponds to the isotropic region
(denoted by the superscript I) in the flow. It is noticeable that near the grid,
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Figure 6.7: Contours of the mean velocity components (u, w and v) obtained
from the stereo-PIV experiment, and the 2D streamlines (red curves) along with

the 2D vectors (blue arrows).

the horizontal rms velocity is considerably larger than the that in the vertical and
out-of-plane directions. At distances around 3.5 mesh-spacings (' 130 mm) above
the grid, the rms velocities in all three directions are comparable. The ratios in
the isotropic region are in the range 0.82 to 0.96 and 0.94 to 1.1 for wrms/urms and
wrms/vrms, respectively. Similar observations were reproted by Hopfinger and Toly
(1976). They found from their experiments that the ratios of the rms velocities in
the isotropic turbulence region are around 1.2 with the values varying from 1 to
1.2.
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Figure 6.8: Contours of the root-mean-square velocity components (a-c) ob-
tained from stereo-PIV experiments in the oscillating grid turbulence setup
shown in figure 6.1; d, the ratios of wrms/urms (circles) and wrms/vrms (aster-
isks). Here, black and white colours correspond to the anisotropic and isotropic

regions in the plane.
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The Taylor microscale (λT) of the flow is calculated from the auto-correlation of
the horizontal fluctuating velocity, which is defined as,

Ruu =
〈u(x) u(x+ δx)〉

〈u(x)2〉1/2〈u(x+ δx)2〉1/2 , (6.3)

where δx is the increment in the x-direction, and 〈.〉 refers to the ensemble average.
Then, λT is calculated from the relation (Tennekes and Lumley, 1972):

dR2
uu

dx2 = −2/λ2
T (6.4)

The Taylor microscale computed in the present experiments in the isotropic region
(see figure 6.8(d)) is approximately equal to 15 mm, and the corresponding Taylor
microscale Reynolds number, defined as,

Reλ =
urms λT

ν
, (6.5)

is approximately equal to 70, where ν is the kinematic viscosity of water. The
functional dependency of wrms and urms on the normal distance z (and the grid
and the oscillation parameters) is the same (Hopfinger and Toly, 1976). In the
following, this aspect is studied only for urms, as this is widely reported in the
literature.

6.6.2 Decay of u-rms velocity

It is found from the earlier investigations (Bouvard and Dumas (1967), Thompson
and Turner (1975), Hopfinger and Toly (1976), Matsunaga et al. (1999), Dohan
and Sutherland (2002)) that the turbulence produced by a grid-oscillation exhibits
a power-law decay of the kinetic energy with the normal distance zg from the grid.
This decay is a strong function of the (virtual) origin, which is different from
the mean position of the grid. It is a common practice to compute this virtual
origin using the values of the integral length scales at different zg. That is, by
plotting the integral length scale (lI) on the abscissa (x-axis) and the distance
from the grid on the ordinate (z-axis), the virtual origin is calculated to be the
value of zg at which the abscissa is zero. To investigate the decay of urms in
the present study, integral length scales are computed from the stereo-PIV data
in the region where the flow is (approximately) isotropic (see figure 6.8(d)) and
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Figure 6.9: a) Variation of the integral length scale (lI) as a function of the
vertical distance from the mean position of the grid, zg. Here, the experimental
data (black circle) corresponding to only the isotropic region (zg & 130mm) is
plotted. The blue line is the linear curve fit to the data up to zg = 136mm. b)
Contour of the urms shown in figure 6.8(a), normalised by (fg Sg). The contour
between the two black dashed lines is averaged in the horizontal direction and
plotted against the normalised virtual distance, zv/(SgMg)1/2 in (c). Here,
the virtual distance zv = zg − 10.4mm, and the red curve represents the fit,
urms ∝ z−1

v . The blue dotted line in (c) corresponds to the onset of isotropic
region (zg ' 130 mm) observed earlier in figure 6.8(d).
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plotted against zg in figure 6.9(a). Ignoring the region where lI is non-linear (i.e.,
z & 136mm), a linear curve (blue line) is fitted to the remaining data. The curve
fit, zg = 8.1 lI − 10.4mm, indicates that the virtual origin is 10.4 mm below the
mean position of the grid, i.e, zv = zg − 10.4mm.

Figure 6.9(b) shows the contour of urms that is shown in figure 6.8(a), but nor-
malised by (fg Sg). The data between the two black dashed lines on the contour
is averaged in the horizontal direction and plotted against the normalised virtual
distance, zv/(SgMg)1/2, in figure 6.9(c). The red curve represents the z−1

v fit.
In the figure, zv/(SgMg)1/2 ' 5.8 (blue dotted line) corresponds to the onset
of isotropic region (zg ' 130 mm) shown earlier in figure 6.8(d). It is evident
from the figure that in the present experiments urms does not follow the expected
power-law decay. This deviation could be attributed to the stronger mean flow
observed, as explained in § 6.2.

6.7 Effect of finite scan-time

Since the laser sheet scans the flow from one end of the volume (to be recorded) to
the other end in a finite time, two particles that are separated by a distance δy in
a reconstructed volume correspond to different times. This time difference is given
by δy/us, where us is the scanning velocity of the laser sheet. Measurements with
finite scan-time have two consequences on the computed 3D-3C velocity field.

First, there is an effective time-dilation, which is understood as follows. Consider
a particle whose spanwise velocity is sufficiently high that it can travel a distance
greater than the thickness of the laser sheet within the PIV time difference, ∆t.
Let the position (say, A) of the particle in the first volume corresponds to time
t1 relative to the start time of the scan. If the same particle is observed at a
spanwise distance δmy from A in the second volume, say, at position B, then the
effective time difference between A and B is equal to ∆t+ δmy/us, since after
the lapse of ∆t time the particle would be at an intermediate position between A
and B. Depending upon the direction of the instantaneous local velocity, the sign
of δmy changes, and ∆t gets shortened or extended accordingly. Therefore, the
corrected velocity vector ũc can be calculated from the measured displacement
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vector δm = (δmx, δmz, δmy) as (Lawson and Dawson, 2014),

ũc =
δm

∆t+ δmy/us
, (6.6)

Note that the particles with spanwise displacement less than the laser sheet thick-
ness will not be affected by the time-dilation.

Though time-dilation is taken into account through (6.6), the corrected velocity
field is still subjected to an error due to the time-gradient across the measurement
volume. That is, the velocity vectors of the particles at two ends of the volume
correspond to different times owing to the finite scan-time. This time-gradient
related error depends on the unsteadiness in the flow and τs (Lawson and Daw-
son, 2014): longer τs and higher degree of unsteadiness cause a larger error in the
velocity field. To find out the error induced by the time-gradient, Lawson and
Dawson (2014) conducted a parametric study using the DNS of a homogeneous
isotropic turbulent flow (with Taylor microscale Reynolds number, Reλ = 433)
for different us/ũc. It is found from their study that the root-mean-square er-
ror in the velocity is within 0.1 voxel as long as the ratio, us/ũc & 25. In the
present oscillating grid turbulent flow, which is isotropic (see figure 6.8(d)) and
homogeneous in the planes parallel to the grid, this ratio is approximately 60 in
the experiments of both the scan-stack and the scan-tomo methods.

6.8 Experimental validation of the two techniques
using scanning-PIV experiments

As mentioned in table 6.1, a scanning-PIV experiment corresponding to each
method is conducted. Before determining the velocity fields, misalignment cor-
rection is performed for each method. The self-calibration algorithm of Wieneke
(2005), described in § 3.1, is employed to minimise the misalignment-induced er-
rors in the scan-stack method. For the scan-tomo, the algorithm proposed in § 3.2
is used, and the resulting detected (denoted by the subscript ‘ d ’) and residual mis-
alignments (denoted by ‘ c ’) obtained before and after the correction respectively,
are shown in figure 6.10. Here, ∆ψ and ∆θ correspond to the angular misalign-
ment about the x and z-axes respectively, while ∆y refers to the translational
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Figure 6.10: Misalignments obtained from the oscillating grid turbulence data,
calculated using the scan-tomo method: a, ∆ψ, the angular misalignment about
x-axis; b, ∆θ, the angular misalignment about z-axis; c, ∆y, the translational
misalignment along y-axis. Here, filled circles, Detected misalignments (be-
fore correction); open circles, After correction. d, Probability density function
of the dimensionless velocity divergence (∂ui/∂xi)τk for the uncorrected and
misalignment-corrected data from the experiments. Here, τk = 242ms is the
Kolmogorov time scale of the flow. The number of three-dimensional fields
used is 83, whereas the population of data used for computing P (∂ui/∂xi) is

1.5× 106.

misalignment along the y-axis. The figures indicate that the angular misalign-
ments are small compared to the translational type, which are approximately 1.5
times the thickness of the laser sheet (Ls ' 2mm) used in the experiment.

Since there is no reference DNS available to these experiments, the performance
of the method cannot be quantified using the velocity fields. Instead, the velocity
gradients are calculated using the standard least-squares method as per equation
(5.10). Subsequently, the divergence, normalised using the Kolmogorov time scale
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(τk = 242 ms), is calculated. The probability density functions of the diver-
gence are shown in figure 6.10(d) for the uncorrected and corrected cases. These
statistics are computed using 83 statistically independent volumes with each vol-
ume containing 99× 6× 31 velocity vectors in x× y × z directions, resulting in
the total population of the data equal to ' 1.5× 106. The distributions indicate
that there is only a little improvement after the correction, though considerable
misalignments (∆yd) are noticeable in the scan-direction.

The statistics presented in figure 6.10(d) indicate an approximate performance of
the proposed correction method since in these experiments the laser sheet thickness
was computed using the standard burn test. In the scanning-PIV measurements,
the knowledge of the laser sheet parameters, namely, the thickness of the sheet,
its orientation and position are critical to obtain accurate calibration as well as
volume reconstructions. Therefore, the performance of the proposed scheme will
have to be quantified with a more rigorous estimation of the laser sheet parameters.

Subsequent to the correction, three-dimensional velocity fields are computed for
each method separately. In the case of scan-stack, the method of Willert (1997),
described in § 3.1.3.2, is employed. On the other hand, for the scan-tomo, volume-
reconstruction followed by three-dimensional cross-correlation are performed, as
described in § 3.3.2 and § 3.3.3, respectively. Note that as explained in § 5.3.3,
the volume reconstruction in the scan-tomo is subjected to laser sheet edge ef-
fects owing to inadequate illumination of the outer particles of the volume by the
Gaussian laser sheet. Consequently, the velocity fields near the edges of the com-
puted three-dimensional velocity field become less reliable compared to those in
the middle. In the following analysis, these edge effects are overcome by consider-
ing only the inner velocity fields: 128 statistically independent volumes with each
volume containing 99× 6× 31 velocity vectors in x× y× z directions. In the case
of scant-stack, such edge effects could not be removed since the particle images
are directly cross-correlated without volume reconstruction. So, in order to draw
a fair comparison of the two methods, the number of data points is chosen to be
the same in both methods, as indicated in table 6.1.
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Figure 6.11: Joint PDFs of (a) QA versus RA space and (b) Qs versus Rs space
obtained from the scanning-PIV experiments: thinner contour lines, scan-stack;
thicker contour lines, scan-tomo. Here, the contour lines are in logarithmic
space: blue, 1.0; orange, 1.5 and red, 2. In (a) and (b), the dashed-grey curves
represent zero-discriminants of the characteristic equation for the velocity gra-

dient tensor and the strain-rate tensor, respectively.

6.8.1 Invariant-spaces of the VGT, SRT and RRT and di-
vergence

To determine whether the conclusions reached from the simulations are also appli-
cable to experiments, one would have to check whether the quantities computed
from the experiments behave in the same way as that of the simulations under
identical conditions. Recall that in the simulations, the effects of the spatial res-
olution could be separated from that arising from the method used, since the
reference DNS data was available. Since there is no such reference available to the
experiments, a comparison between the experiments and the simulations could
only be made by observing the overall error. Since the sizes of the IVs of the two
methods in the experiments are smaller than the lowest IV size used in the simu-
lations, in the following wherever applicable, the experiments are compared with
the extrapolated trends of the simulations. To start with, the invariant-spaces of
the VGT and the SRT are discussed.
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6.8.1.1 Invariant-space of QA versus RA

Figure 6.11 shows the joint PDFs of the normalisedQA versusRA (a) andQs versus
Rs (b) for the scan-stack (thinner contour lines) and the scan-tomo (thicker contour
lines) methods at PA = Ps = 0 plane. Here, the contours are in the logarithmic
space: blue, 1.0; orange, 1.5 and red, 2. As in the case of the simulations, the
invariant-spaces are categorized into four quadrants as indicated in the figures.
Note here that the sizes of the interrogation volume of the scan-stack and the scan-
tomo methods are 1.9× 1.4× 1.9 mm3 and 1.95× 1.95× 1.95 mm3 in x, y and z
directions, as shown in table 6.1. The corresponding values, made dimensionless
with the Kolmogorov length scale (ηk) are, 3.9× 2.9× 3.9 and 4× 4× 4. The
PDFs of QA versus RA (shown in (a)) indicate that both methods capture the
overall shape of the contours.

To compare the two methods, recall the trends of the patterns observed in the
simulations. It is observed from figure 5.11 of the simulations that a decrease in
the spatial resolution (i.e., increase in the IV size) causes the “Vieillefosse” tail to
shrink, i.e., the regions of the flow with simultaneous larger (absolute) QA and RA
in QII to reduce. Since in the present study, the IV of the scan-tomo is 30% higher
than the scan-stack, the scan-tomo would have a lesser tail. This observation
is in good agreement with the pattern obtained in the present experiments (see
figure 6.11(a)). As there is no reference available for the experiments, it is difficult
to quantify the method-specific error. However, a qualitative estimate is obtained
as follows.

For the method-specific error, recall the trends observed in the simulations for the
percentage change in the population of the data in QA −RA space (figure 5.12).
Since the sizes of the interrogation volumes (IV/η3

k ' 44 and 64 for the scan-
stack and the scan-tomo) in the experiments are much smaller than the lowest
IV (IV/η3

k ' 12× 103) used in the simulations, the present experimental data
fall on the far left side of the plot in figure 5.12, i.e., towards Ls/ηk � 30. In
figure 5.12(d), i.e., in QII, since both methods show monotonic trends for smaller
to moderate Ls/ηk, it is fair to extrapolate the trends to thinner laser sheets in
both methods. Therefore, by comparing the trends of the red and blue curves in
figure 5.12(d), one would expect that for thinner laser sheets the red curve would
grow much higher and cross the blue curve, as the blue curve would be constant.
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Consequently, the scan-stack would have a higher population in QII, than the scan-
tomo. From the pattern shown in figure 6.11(a), it is observed that the scan-stack
contains 38% of the total population in QII, whereas the scan-tomo (for the same
total population as the scan-stack = 2.35× 106) contains only 34%. Thus, the
experimental data (qualitatively) agrees with the trends in the simulations.

6.8.1.2 Invariant-space of Qs versus Rs and divergence

The invariant-space of the normalised Qs = −1
2SijSji and Rs = −

1
3SijSjkSki for

the two scanning methods are shown in figure 6.11(b). The colour and the curve-
types are the same as that of (a). The figure shows that both methods recover the
overall characteristic shape. Recall from the discussion in § 5.5.3.4 that the effect
of the spatial attenuation is to suppress the regions of the flow with simultaneous
larger |Qs| and Rs (in QII). Since the experimental data of the scan-tomo has
30% larger interrogation volume, a smaller tail of the contour is expected for the
scan-tomo, as shown in the figure.

It is witnessed in the simulations (see figure 5.14) that the scan-tomo has a higher
proportion of data above the zero-discriminant curves of the SRT (dashed-grey
curves in figures 5.14 and 6.11(b)), regardless of the thickness of the laser sheet.
In the present experiments (for the same population of velocity data), about 27%
of the data lie above the zero-discriminant curves in the case of scan-stack method,
whereas 34% of the data lie above the curves in the case of scan-tomo method.
Therefore, the experiments are well aligned with the finding of the simulations.
To further understand the error trends in the velocity gradients, the values of
the divergence (∂ui/∂xi) are calculated for the present experimental data and
compared with the simulations in the following.

Figure 6.12 shows the PDFs of the velocity-divergence for the two methods, with-
out (a) and with (b) conditioning on the sign of Ds = −4Q3

s − 27R2
s. Here, the

red and the blue curves correspond to the scan-stack and the scan-tomo meth-
ods, respectively. In (b), the solid and the dashed lines correspond to data with
Ds > 0 and Ds < 0, respectively. The distributions, regardless of the conditioning,
show that the scan-stack has a relatively lesser (overall) measurement error than
the scan-tomo. Recollect from the trends in the simulations (shown in figure 5.15)
that the scan-tomo experiences a higher overall measurement-uncertainty than the
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Figure 6.12: Probability density functions of the divergence of the veloc-
ity fields obtained from the scanning-PIV experiments: red curve, scan-stack
method; blue curve, scan-tomo method. a, without conditioning on the sign of

Ds; b, conditioned with Ds > 0 and Ds < 0.

scan-stack at lower to moderately thick laser sheets (30 . Ls/ηk . 65). There-
fore, at further lower Ls/ηk, the trends would continue to exist, meaning that the
scan-stack is still accurate when compared to the scan-tomo. Therefore, the ex-
perimental trends conform to the expected trends of the simulations. Accordingly,
the standard deviation of the divergence in the two methods in the experiments
and the simulations (at the lowest Ls/ηk) agree well: σ(∂ui/∂xi)τk = 0.043 and
0.05 for the scan-stack and scan-tomo of the experiments, whereas they are 0.021
and 0.025 in the simulations (see figure 5.15). Further, as observed in the simula-
tions (see the dash-dotted curves in figure 5.15), the data that lie below Ds = 0
curves also incur measurement errors in the experiments, as can be observed in
figure 6.12(b) (see solid curves). In the following, the performance of the two
methods are further validated using the characteristics of the eigenvalues of the
strain rate tensor.

6.8.2 Characteristics of strain rate eigenvalues

Figure 6.13 shows the PDFs of the eigenvalues of the strain-rate tensor for the
two scanning methods, normalised as given in (5.26). The red curves correspond
to that of the scan-stack and the blue curves to that of the scan-tomo method.
The distributions obtained from the experiments are the characteristic shapes
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Figure 6.13: PDFs of the normalised intermediate eigenvalues of the strain rate
tensor obtained from the scanning-PIV experiments: a, without conditioning on
the sign of Ds; b, Ds > 0; c, Ds < 0. Red curves, scan-stack; blue curves, scan-

tomo

observed in the simulations (see figure 5.17) as well as in many earlier experimen-
tal investigations. Recall from the simulations (figure 5.16) that as the spatial
resolution is reduced, the frequency of the high magnitude strain-states is also
observed to reduce. In addition, the method-specific error (shown in figure 5.17
of the simulations) has a higher impact in altering the characteristic shape of
the distributions than that by the spatial attenuation. It was concluded that the
higher the method-specific error, the lower the peak-value of the distributions and
consequently a larger proportion of the data lies outside the bounds (±1) of S∗.

Further, when the two methods are compared, only for Ls/ηk & 100, the method-
specific error of the scan-tomo is lesser than the scan-stack. Recall that the IVs of
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the two methods in the present experiments are much lower than the thinnest laser
sheet (Ls/ηk = 30) considered in the simulations. Besides, the IV of the scan-
tomo is approximately 1.3 times larger than that of the scan-stack. Therefore,
the effects of both the spatial resolution and the method-specific error will be
higher for the scan-tomo. Thus, it is expected that the PDF of the scan-tomo
would have a lower peak value of the S∗ distribution and a lower value of high-
frequency strain-state than that of the scan-stack. Figure 6.13(a) agrees well with
this conclusion.

The PDFs conditioned on Ds > 0 (figure 6.13(b)) show the distributions similar to
that obtained from the simulations: there is no data outside the bounds ±1, and
the peak value of the distribution and the magnitude of the high-frequency strain-
state are higher than that of the unconditioned case (compare figure 6.13(b) with
figures 5.17(c) and(d)). The distributions with Ds < 0 (shown in figure 6.13(c))
show a larger proportion of the data towards S∗ = +1 in both methods, much
like that observed in the simulations (see figures 5.17(e) and (f)). Further, a larger
area under the blue curve (within S∗ = ±1), compared to the red curve, is an
indication that the scan-tomo method would have a higher method-specific error
and the error due to the spatial attenuation. This observation also agrees well
with the conclusion drawn from the simulations.

6.9 Chapter summary

In this chapter, the results from the scanning-stereo-PIV experiments of the oscil-
lating grid turbulence are presented. These experiments are intended to verify the
conclusions drawn from the simulations presented in chapter 5. Initially, a (single
plane-) stereo-PIV experiment is conducted to recover the expected characteristics
of the flow, such as the isotropy and the decay of the root-mean-square velocity of
the horizontal velocity. The results obtained from the experiment agree well with
the earlier investigations of the same flow. Later, two scanning-stereo-PIV exper-
iments, corresponding to the two scanning methods (scan-stack and scan-tomo),
are conducted. In both experiments, the errors incurred by the calibration target
misalignments are corrected: in the case of the scan-stack method, the method
of Wieneke (2005) described in § 3.1.2 is employed, whereas for the scan-tomo
method, the new method proposed in § 3.2 is used.
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Subsequently, after a brief discussion given on the correction applied to account for
the effects of finite scan-time, the two scanning methods are compared using the
same flow-quantities as that used in the simulations. The characteristic patterns
observed for the invariant-spaces of the velocity gradient tensor and the strain-rate
tensor agree well with that observed from the simulations. Further, the probability
density functions of the velocity-divergence and that of the eigenvalues of the
strain-rate tensor indicate that scan-tomo has a higher method-specific error than
that in scan-stack at the current experimental conditions. This observation also
agrees well with the trends noticed in the simulations.



Chapter 7

Conclusions and future work

7.1 Summary and conclusions

In this thesis, three different topics concerning PIV are addressed. The first is
related to the effects of the misalignments and the choice of stereo-view-angle on
the stereoscopic-PIV (SPIV) measurements of a fully-developed turbulent channel
flow. Here, both numerical simulations and physical experiments are conducted.
The second topic concerns misalignment corrections in scan-tomo type scanning-
PIV. Finally, the last topic is pertinent to the scanning-PIV methods (Scan-stack
and Scan-tomo) for extracting the three-dimensional and three-component velocity
information of the flow. The simulations were based on channel flow DNS, whereas
the experiments were conducted in an oscillating grid turbulence setup.

7.1.1 Misalignment and camera view-angle aspects of SPIV

The study is conducted using numerical simulations of SPIV mimicking the ex-
periments from synthetic particle images generated from the DNS. Misalignment
aspects are studied in the streamwise× wall-normal (x− z) plane as well as stream-
wise × spanwise (x− y) plane. As no background noise is simulated, the study
reveals the effects that are exclusive to the misalignments. It is found that the
flow-statistics measured from the x− z plane are more susceptible to misalignment
errors than that from the x− y plane. This suggests that while setting up the case
of scanning-PIV, it is advisable to choose x− z planes and scan along the spanwise
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direction, rather than scanning x− y planes along the wall-normal direction. Also,
one cannot afford to skip misalignment-correction for x− y plane measurements.
The study further reveals that the variance in the wall-normal direction is found
to be most vulnerable to many types of misalignments, indicating that not all the
variances get affected to the same extent by any particular type of misalignment.

Further, it is found that when the calibration target experiences angular mis-
alignments about an axis passing through its geometric centre, the uncorrected
measurement error may not be symmetric with respect to the axis. SPIV ex-
periments are conducted in a fully-developed turbulent channel flow at matched
Reτ (≈ 1000) with the aligned and the deliberately misaligned calibration target.
The uncorrected statistics from the experiments showed an excellent agreement
with the simulations.

7.1.2 Comparison of the scanning-PIV methods

It is shown from the analysis that the parameters, the laser sheet thickness (Ls)
and the percentage overlap between the successive laser shots determine the ac-
curacy of the velocity fields in a typical scanning-PIV method. It is recognised
that for extracting the 3D-3C velocity information from the scanning-PIV images,
one could go in either of the two approaches. The first approach is stacking the
SPIV (2D-3C) velocity fields obtained from the individual measurement planes,
and this approach is referred to as the scan-stack method in the thesis. The
second approach is obtaining tomographic reconstructions using all the scanned
images at once, followed by 3D cross-correlation, and this approach is referred to
as the scan-tomo method. By choosing the best method for each approach, i.e.,
the algorithm of Willert (1997) for the scan-stack method and that of Lawson
and Dawson (2014) for the scan-tomo method, a comparison study is conducted
using the numerical simulations of scanning-(stereo)-PIV for various magnitudes
of Ls (at a fixed laser sheet overlap). The required synthetic particle images are
obtained from the DNS of a fully-developed turbulent channel flow.

Based on the earlier investigations, it is argued that the optimal particle seeding
is the same for the scan-stack method, regardless of the thickness of the laser
sheet used in the measurements. In contrast, in the case of the scan-tomo, the
optimal seeding decreases with the increase in the laser sheet thickness. The
simulations agree well with this analysis. The performance of the two scanning
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methods is assessed using two types of errors, namely, the overall errors and the
method-specific errors. The overall errors are calculated with the unfiltered (or
fully-resolved) DNS as the reference. The method-specific errors are calculated
with respect to the filtered DNS data. Here, the size of the filter is equal to
that of the interrogation volume (IV) used in the cross-correlation. While the
method-specific errors take into account the measurement-noise associated with
the cross-correlation and the volume reconstruction (in the scan-tomo method), the
overall errors, besides, take into account the effects of spatial attenuation caused
by the interrogation volume. Note that in the scan-stack method, the size of IV
changes with the change in Ls, while in the scan-tomo it is constant regardless
of Ls used, since in this method the cross-correlation is performed after volume
reconstruction.

From the simulations, error maps are generated for the errors in the kinetic en-
ergy and the divergence for 30 ≤ Ls/ηk ≤ 150, where ηk is the Kolmogorov length
scale, evaluated in the logarithmic region. The equivalent range in terms of viscous
units is 46 ≤ L+

s ≤ 230. In either method, at every Ls the data corresponding to
the optimal particle seeding are used. The overall errors in the kinetic energy map
indicate that the scan-tomo surpasses the scan-stack at Ls/ηk ' 80, indicating
that the scan-stack is suitable for measurements with smaller to moderately thick
laser sheets. This takeover is found at a relatively lower Ls/ηk (' 60) when the
method-specific errors are compared. In the case of divergence, both the overall
and the method-specific errors showed the crossover at Ls/ηk ' 80. These error
maps serve as the basis for future experimentalists in choosing the appropriate
scanning method for a chosen set of scanning parameters (the scan-position over-
lap, the volume scan-time, the camera frequency and the depth of measurement
volume).

The topological flow quantities, such as the invariants of the velocity gradient
and strain rate tensors, are also computed to assess the performance of the two
scanning methods. The predominant influence of the method-specific errors on the
invariant-space of the velocity gradient tensor is to alter the characteristic ‘tear-
drop’ shape. With the increase in Ls, the measurement error causes a shift of data
from the regions that signify a stronger vortex-compression to one that involves a
stronger vortex-stretching. It is observed from the invariant-spaces of the strain-
rate tensor (SRT) that the method-specific errors cause an artificial compressibility
effect, i.e., the amount of divergence error increases with the increase in Ls.
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From the probability density functions (PDFs) obtained for the normalised eigen-
values (S∗) of the SRT, three significant effects are observed. First, when compared
to the spatial attenuation, the method-specific errors are seen to have a substantial
impact by suppressing the frequency of high-magnitude strain-states in the flow as
Ls is increased. As a consequence, it appears as if the flow contains a lesser num-
ber of sheet-like structures when compared to the noise-free case. Also, in the case
of the method-specific errors, a large proportion of the data is noticed outside the
expected bounds (±1) of the distribution. Second, as observed in the case of the
error maps for the divergence, the method-specific errors also showed a crossover
in the peak values of the PDFs at Ls/ηk ' 80, indicating again that at lower Ls,
the scan-stack method is the appropriate method for measurements. Finally, the
PDFs conditioned on the sign ofDs, the discriminant of the characteristic equation
for the SRT, showed that the PDFs with Ds > 0 have no data outside the bounds
(±1) of S∗, suggesting that here the effect of the measurement-noise is to merely
redistribute the shapes of the flow between sheet-like and tube-like topologies.

Scanning-stereo-PIV experiments are conducted in an oscillating grid turbulent
flow to confirm the findings from the simulations. It is found from earlier studies
that the flow is isotropic and homogeneous in planes parallel to the (horizontal)
grid. The data are processed using the same two scanning methods. Initially a (sin-
gle plane) stereo-PIV experiment is conducted to ensure that the flow-statistics are
recovered as observed in the earlier investigations; the Taylor microscale Reynolds
number is approximately 70. Though the misalignment effects are not included
in the numerical simulations, as there could be finite misalignments in the ex-
periments, corrections are applied to the experimental data. The self-calibration
algorithm of Wieneke (2005) is applied to the scan-stack method and the new cor-
rection scheme proposed in § 3.2 is applied to the scan-tomo method. The char-
acteristics of the invariant spaces of the velocity gradient and strain rate tensors
showed an excellent agreement with the simulations. Further, the distributions of
the divergence and S∗ are also found to conform to the findings of the simulations.

Given the results, it is recommended to use the scan-stack method for measure-
ments with smaller to moderately thick laser sheets, i.e., Ls/ηk . 65 (or L+

s . 100)
for realising statistical flow quantities up to third-order, and use the scan-tomo
method for any higher L+

s values.
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7.2 Future work

7.2.1 Comparison of the scan-stack and scan-tomo meth-
ods

A key finding of the comparison study is that no single method performs better
than the other for the entire range (30 ≤ Ls/ηk ≤ 150) of laser sheet thickness
investigated. This implies that the error (in the kinetic energy and divergence)
computed with respect to the DNS has a crossover. A suggestion for improving
the accuracy of these error trends in the future is as follows.

Recall that in the scan-tomo, a volume of particles is reconstructed using the set
of particle images corresponding to every time instant. The 3D cross-correlation
of successive volumes gives the required volumetric velocity field. One of the error
sources in the final 3D velocity fields is due to the formation of pseudo or ghost
particles in the reconstruction process. The reconstruction accuracy can be im-
proved by exploiting the temporal information of the flow. In other words, when
the reconstructions are time-resolved, then the ghost particles formed in a volume
can be eliminated (or minimized) by utilizing the velocity fields (of volumes) cor-
responding to previous times. Such an approach was adopted earlier by Novara
et al. (2010) and Lynch and Scarano (2015). The accuracy can also be improved
by constructing Lagrangian paths of the particles in the current volume using
particle positions in the volumes that correspond to (typically four) earlier time
instants. This approach is shown to give accurate velocity fields in the ‘Shake-
The-Box’ algorithm of Schanz et al. (2016). In doing so, the procedure becomes
similar to using additional simultaneous views for reconstruction of the same vol-
ume. As demonstrated in § 2.3.3.2, the higher the number of views, better is the
reconstruction accuracy. Note, however, that these three studies use four cameras
while the scanning methods (scan-stack and scan-tomo) used in the comparison
study require only two.

Furthermore, simulations can be conducted using DNS data at high Reynolds
numbers and also with different values of scan-position overlap so that more generic
error maps can be established for broader implementation. In this dissertation,
oscillating grid turbulence experiments are conducted for validating the scanning-
stereo-PIV simulations. However, one could look into the physics of the flow as
well. Some physical aspects investigated in the present experiments include, the
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isotropy, the decay of the root-mean-square (rms) horizontal velocity, the invariant-
spaces of the velocity gradient and strain rate tensors, and the distribution of strain
rate eigenvalues.

7.2.2 Misalignment correction scheme for scanning-stereo-
PIV technique

In this thesis, a misalignment-correction algorithm is proposed for scanning-stereo-
PIV that uses scan-tomo approach for computing 3D velocity field. The scheme
is tested by comparing the corrected calibration image with an independently
generated image that is free of misalignments. The difference in the positions of
the calibration markers on these two images is chosen as the performance metric. A
few suggestions are listed in the following for improving the fidelity of the proposed
method.

1. Since the difference in the positions of the markers includes the error in the
marker-detection as well, one can separate the detection error by quantifying
the baseline error associated with the centroid detection algorithm.

2. A test case mimicking scanning-stereo-PIV experiments can be simulated
to investigate how the uncertainty in the correction scheme propagates into
the final velocity field. In this simulation, one can incorporate the real
experimental conditions like background noise in the images.

3. The proposed scheme can be compared with the existing correction algo-
rithms (Wieneke, 2008, 2018) using test case simulations to obtain an esti-
mate of the speed and accuracy.

4. The proposed algorithm assumes that the laser sheet is sufficiently thin.
Hence, the accuracy of the correction scheme depends on the laser sheet
thickness as well. Given this, one can apply this correction method on the
data generated with varying laser sheet thicknesses and quantify the error.
Creating such information allows one to know the upper limit of the laser
sheet thickness for achieving the best results with the proposed algorithm.

Recall that in the comparison study presented in this thesis (§ 5.5), the
measurement error as a function of laser sheet thicknesses is quantified using
misalignment-free data. Hence, the proposed future work complements this
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understanding and gives an estimate of the total error in the velocity field
measurement.

7.3 Publications

Rama Reddy, G.V., Philip, J. and Marusic, I. (2016) The effects of laser-sheet
misalignment on stereo-PIV measurements in wall-bounded turbulence. In 20th

Australasian Fluid Mechanics Conference, Perth, Australia.



Appendix A

Errors caused by misalignments
in stereoscopic-PIV (SPIV)

A.1 Origin error or positional mismatch

Origin error is the predominant error incurred by the velocity fields in the presence
of mislignments, and this error arises when the in-plane displacements calculated
from the two cameras do not correspond to the same location on the object plane.
This effect can be visualised through figure A.1. Consider figure A.1(a) that shows
a schematic of the x− y plane of a stereo-PIV system where the object plane (solid
blue line) and the calibration plane are aligned or coincide. In this scenario, both
cameras view a point on the object plane at the same location, for example, point
A in the figure. Here, γ0

1 and γ0
2 are the local view angles, different from the

stereo-view-angles α0
1 and α0

2, as indicated in the figure. Similarly, one can define
another set of view angles β0

1 and β0
2 (not shown in the figure) that are measured as

the angles subtended by the lines-of-sight of the first and the second cameras with
the x− y plane, measured in the y− z plane (see figure 3.4 for an illustration). It
is assumed here that the principal axes (that connect the camera centres and the
origin of the x0 − y0 − z0 coordinate system) are parallel to the x− y plane.

Since the calibration mapping functions are computed with respect to the (correct)
x0− y0− z0 coordinate system, C0

1 and C0
2 are correct and hence γ0

1 and γ0
2 (and β0

1

and β0
2), which are determined using the coordinates of C0

1 and C0
2 for any generic

point A on the object plane. The camera centres and the local view-angles will
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Figure A.1: Schematic of a stereoscopic-PIV system a) without and b) with
the misalignment of the calibration plane (red solid line) with respect to the
object (or measurement) plane (blue solid line). Note here that only the an-
gular misalignment (∆θ) about the z-axis and the translational misalignment
(∆y) are simulated; the angular misalignment (∆ψ) about the x-axis is zero.
DU is the disparity displacement component in the x-axis direction. In a) the
camera centres (C0

1 ,C0
2 ) and the local view-angles (γ0

1 , γ0
2) are expressed with

reference to the (correct) x0 − y0 − z0 coordinate system, whereas in b) these
(C1,C2, γ1 and γ2) are expressed with respect to the (misaligned) x− y − z co-

ordinate system.
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Figure A.2: Schematic of the stereo-PIV system shown in figure A.1, depicting
the true displacement −→AB of a particle that has moved from A to B in a small
time-difference ∆t. The corresponding (erroneous) measured displacement in
the presence of misalignments (∆θ and ∆y) is −−−→A1B1. Here, δxt and δyt are the
components of the true displacement of the particle, and δx and δy are that of

the measured displacement.

be used in the final 3C velocity calculation, for example, as suggested by Willert
(1997), detailed in § 3.1.3.2.

In the presence of misalignments, such as ∆θ and ∆y depicted in figure A.1(b),
the coordinate systems x0 − y0 − z0 and x− y − z (of the calibration plane) do
not coincide. As a consequence, the cameras observe point A on the object plane
as points A1 and A2 on the calibration plane, and hence a positional-mismatch or
origin error arises. The distance between A1 and A2 is commonly referred to as
the disparity displacement field, and figure A.1(b) shows the disparity component
(DU) in the x-direction.
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A.2 Magnitude error

Even when the origin error is taken into account, the computed velocity field can
become wrong due to the magnitude error, which is significant when the misalign-
ments are larger. The magnitude error occurs because the displacements would
be calculated with reference to the wrong coordinate system, and this scenario is
illustrated in figure A.2. Consider a particle that moves from point A to B within
a small time difference ∆t so that −→AB is the true displacement vector. Let δxt and
δyt be the corresponding displacement components in the x0 and y0 directions
respectively, and the displacement in the z0-direction (not shown in the figure)
be δzt. In a misalignment-free case, the cameras observe the true displacements
(δxt, δzt, δyt) to be the projections on to the object plane: δxt

1, δxt
2 along the x0-

axis and δzt
1, δzt

2 (not shown in the figure) along the z0-axis, as indicated in the
figure.

Presence of the misalignments ∆θ and ∆y causes the cameras to observe the in-
plane displacements as δx1 and δx2 in the x− y− z coordinate system as indicated
in figure A.2, and similarly δz1 and δz2 in the z-direction (not shown in the figure).
In this scenario, the origin error is usually taken into account as follows. The
displacement δx2 (observed by the second camera) is due to the lines-of-sight L21

and L22, and is expressed from A2 to B2. In the correction for the origin error,
δx2 will be expressed with respect to A1 (to B′2) along the calibration plane, as if
the second camera observes this displacement through the (shifted) lines-of-sight
L21

s and L22
s, as shown in the figure. An analogous argument can be made to the

displacement (δz2) in the z-direction.

Even after the origin error correction is performed, the computed calibration map-
ping functions are still with respect to the (wrong) x− y − z coordinate system,
as indicated in figure A.2. This is because the calibration plane is still misaligned
with the measurement plane. Consequently, the computed camera centres (C1,C2)

and the local view-angles (γ1, γ2) are also incorrect (compare figures A.1(a) with
figure A.1(b) and figure A.2); recall that these values are always calculated with
respect to the calibration plane coordinate system. These incorrect in-plane dis-
placements, together with the wrong local view-angles, cause the final 3C displace-
ment to be erroneous such as the displacement vector −−−→A1B1 shown in figure A.2.
These aspects imply that both sources of the misalignment-error have to be ac-
counted for in order to obtain an error-free velocity field, and that can be achieved
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only when the misalignment-correction results in the x− y − z and x0 − y0 − z0

coordinate systems to be coincident.



Appendix B

Calculation of particle-tracks in
PTV

In this description, each volume is referred to as frame f for convenience. Also, f
belongs to time t, and f + 1 belongs to time t+∆t, and so on; here ∆t is the time
difference between the successive frames. Let (f , i) denotes the particle i in the
frame f , and accordingly, for example, the particle i in the frame f + 1 is denoted
by (f + 1, i). If xfi = (x, z, y)fi denotes the coordinates of (f , i), then its expected
position in the next frame (f + 1) is calculated as follows.

In the illustration shown in figure B.1, the tiny circles refer to the particles, and
the yellow-faced circle refers to (f , i), for which a track is sought. As shown in
the illustration, initially, a neighbourhood of (f , i), Nf

i , of size equal to a sphere
of radius r0 is defined, with xfi as the centre of the sphere. Let the number of
particles in Nf

i be nfi (= 4 in figure B.1). If (f , i) is already linked to a particle in
the previous frame f − 1 (through earlier calculation), then its expected location
in f + 1, ef+1

i , is calculated as,

e
f+1
i = xfi + ufi ∆t, (B.1)

where ufi = (u, v,w)fi represents the velocity vector of the particle (f , i). If (f , i)
is not linked and if mf

i (< nfi ) number of particles (in the same neighbourhood,
Nf
i ) is found to have links with some particles in the previous (f − 1) frame,

then the expected position is defined by (B.1), with the exception that here the
velocity ufi is calculated as the average of the velocity of the mf

i particles. In
the schematic shown, mf

i = 3; the calculation of ef+1
i for other scenarios can be
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Figure B.1: Illustration of the particle tracking used in the PTV algorithm,
reproduced from Malik et al. (1993). Here, all the tiny circles (with and without
fill) refer to the particles. A single black arrow refers to a link (between two
particles), and a set containing more than one link is called a track. Here,
Nf
i and Nf+1

i refer to the neighbourhood spheres of radii equal to r0 and r1,
respectively; Nf+2

i , where i = 1, 2, are the neighbourhoods spheres of radius
equal to r2. Here, ef+1

i is the expected position of the (yellow face) particle after
time ∆t (in frame f + 1), and ef+2

i , where i = 1, 2 are the expected positions
of the (pink-face) particles after ∆t (in frame f + 2).

found from Malik et al. (1993). The critical aspect in this calculation is to choose
the correct radius value r0 so that the correct candidate particles are chosen for
the calculation of the velocity of (f , i). Malik et al. (1993) recommends that the
radius r0 = F0 λT, where λT is the Taylor microscale of the flow: F0 ≈ 1 if the
imaging volume is much lesser than λ3

T, and F0 � 1 if the volume is of the same
order as λ3

T.

After obtaining ef+1
i , a search neighbourhood Nf+1

i is defined (as shown in fig-
ure B.1) such that the size Nf+1

i is equal to that of a sphere with a radius r1 and
centre at ef+1

i . The radius r1 ≈ 3u′∆t , where u′ is the root-mean-square velocity
vector; an alternate and accurate estimation of r1 can be obtained from the knowl-
edge of dissipation rate and the integral length scales of the flow as explained by
Malik et al. (1993). If Nf+1

i contains only one particle, then ef+1
i becomes the true

position of xfi in f + 1 and hence, a true link is established between xfi and ef+1
i .
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If more than one particle is found in Nf+1
i (e.g., two particles are found Nf+1

i

in figure B.1), then all these particles become probable links to xfi , and hence, a
true link cannot be established directly. In such a scenario, the information of the
particles from the next frame (f + 2), referred to as the Acceleration frame in the
figure, is required to resolve the ambiguity. To this end, for all the particles in
Nf+1
i , their expected positions in f + 2 are calculated as,

e
f+2
j = xf+1

j + (xf+1
j − xfi ), (B.2)

where j = 1, ...,nf+1
i . Subsequently, to identify the probable particles around

each of ef+2
i , a search neighbourhood has to be defined as above. Here, the

(neighbourhood) sphere (Nf+2
i ) is defined with radius equal to r2 and the centre

of the sphere equal to ef+2
j ; the calculation of r2 is the same as that of r1.

Any particle in the frame that has more than one link, i.e., at least a double link,
is said to have a (particle-) track. Now, the probable tracks of the particle (f , i)
are,

xfi → xf+1
j → xf+2

k , (B.3)

where j = 1, ...,nf+1
i and k = 1, ...,nf+2

i refer to all the particles in the neigh-
bourhoods Nf+1

i and Nf+2
i , respectively. In the schematic shown in figure B.1,

for the yellow-face particle in f , there are two probable links (pink-faced cir-
cles) in f + 1 frame. Then, the probable tracks are formed from each of these
two links to all the particles within the two neighbourhoods (Nf+2

1 and Nf+2
2 )

in the f + 2 frame. In the schematic, Nf+2
1 contains three particles (nf+2

i =

3) and Nf+2
2 contains only two particles (nf+2

i = 2). Consequently, if T fi =

(f , i, j, k) represents the system containing all the probable tracks of (f , i), then
for the schematic shown in figure B.1, the set of probable tracks become, T fi =

(f , i, 1, 1); (f , i, 1, 2); (f , i, 1, 3); (f , i, 2, 1); (f , i, 2, 2). From each of these five prob-
able tracks, two accelerations (corresponding to times of f and f + 1) are calcu-
lated. Then, the track which has a minimum change in acceleration between f

and f + 1 is considered as the true track. The entire procedure in this section is
repeated for all the particles in the frame f .
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Calculation of the projection
matrices for the two cameras

The calculation detailed here is as per the approach suggested by Hartley and Zis-
serman (2003). For calculating the projection matrix of the first camera, initially,
the centroids of the dots or markers in all the calibration images are considered.
The coordinates of the centroids, which are of the form (X1i,Z1i), are then ex-
pressed in the homogeneous form, (X1i,Z1i, 1); here, the subscript 1 refers to the
first camera, and the index i runs from 1 to nc, where nc is the total number of
points taken from all the five calibration images. Note that, the in-plane coordi-
nates of these points are usually of the order of 100, while the third coordinate is
equal to just 1; for instance, the homogeneous form of an image point (500, 800)
is (500, 800, 1). Owing to the fact that the third coordinate is orders of magni-
tude lesser compared to the other two coordinates, the solution of the singular
value decomposition (SVD) that uses these coordinates, diverges when they are
not normalised, and hence the calculated projection matrix will be erroneous.
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To avoid this issue, the coordinates are normalised as explained below. Initially,
the nc number of points are expressed as,

[
X̂1

]
nc×3

=



X11 Z11 1
X12 Z12 1

. . .

. . .

. . .
X1nc Z1nc 1


(C.1)

where the first subscript refers to the first camera. Then, a new matrix, X̂1
′, whose

points are of the form, (X1i ′,Z1i ′, 1), where i runs from 1 to nc, is obtained by
subtracting the mean of X̂1 points, M1 = (M11,M12, 1), from X̂1:

X̂1
′
= X̂1 −M1, (C.2)

Then, X̂1
′ is transformed to X̂1

′′ as,

X̂1
′′
= Tr1X̂1

′, (C.3)

where Tr1 is the transformation matrix, defined as,

[
Tr1

]
3×3

=


d1 0 −d1M11

0 d1 −d1M12

0 0 1

 . (C.4)

Here, d1 =
√

2/d1 ′, where d1 ′ is the mean distance, defined as,

d1
′ =

1
nc

nc∑
i=1

(√(
X ′1i

2 + Z ′1i
2)) . (C.5)

Equations (C.2) to (C.5) represent the normalisation process, which takes the
points X̂1 to X̂1

′′ such that the centroid of all the points in X̂1
′′ is the origin

(0,0,1), and their average distance from the origin is
√

2 (Hartley and Zisserman,
2003, pp. 108–109).

The aforementioned procedure is followed for the normalisation of the centroids
of the dots on the second camera calibration images. Let the resulting normalised
points and the corresponding transformation matrix be X̂2

′′ and Tr2, respectively.
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Then, for calculating the projection matrices, the physical space points, x̂, which
are of the form, (x, z, y), also need to be normalised, and the equations involved
here, are slightly different from that of the calibration image points. This is be-
cause, the homogeneous form of the physical space points contains four coordinates
(x, z, y, 1), while that of the (calibration) image points contains only three coor-
dinates (X1,Z1, 1), for example, of the first camera. The normalisation process
discussed above is given for points on the image plane, and here, it is extended to
the space points as follows.

To start with, the coordinates of all nc points are expressed as,

[
x̂
]
nc×4

=



x1 z1 y1 1
x2 z2 y2 1
. . . .
. . . .
. . . .
xnc znc ync 1


. (C.6)

Then, the grid, x̂′′, is obtained from the following two equations:

x̂′ = x̂−mp, (C.7)

x̂′′ = Tr x̂′, (C.8)

where mp = (m1,m2,m3, 1) is the mean of the space points x̂, and Tr is the
transformation matrix, defined as,

[
Tr
]
4×4

=


dp 0 0 −dpm1

0 dp 0 −dpm2

0 0 dp −dpm3

0 0 0 1

 . (C.9)

Here, dp =
√

3/dp ′, where dp ′ is the mean distance, defined as,

dp
′ =

1
nc

nc∑
i=1

(√(
x′i

2 + z′i
2 + y′i

2)) . (C.10)

Subsequent to the normalisation of the physical space points and the calibration
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image points, the approach described below is followed for calculating the pro-
jection matrix of each camera. In the case of the first camera, using nc number
of space points, x̂′′, and nc number of image points, X̂1

′′, an inhomogeneous
system of equations, as given in Hartley and Zisserman (2003)(pp. 178–179), is
constructed as follows: [

A1
]
2nc×12

[
p1
]
12×1

= 0. (C.11)

Here, the subscript 2nc × 12 represents two times nc number of rows and 12
columns in the matrix A1, and p1 is the column matrix containing the (twelve)
elements of the projection matrix (of the first camera) to be determined, and

[
A1
]
2nc×12

=



0T −W ′′
11 x̂

′′T
1 −Z ′′

11 x̂
′′T
1

W
′′
11 x̂

′′T
1 0T −X ′′

11 x̂
′′T
1

0T −W ′′
12 x̂

′′T
2 −Z ′′

12 x̂
′′T
2

W
′′
12 x̂

′′T
2 0T −X ′′

12 x̂
′′T
2

. . .

. . .

. . .
0T −W ′′

1nc
x̂′′T
nc

−Z ′′
1nc
x̂′′T
nc

W
′′
1nc
x̂′′T
nc

0T −X ′′
1nc
x̂′′T
nc



. (C.12)

In (C.12), 0T represents a row vector with four zeros, and the lower case letters
represent the real space points transformed as per (C.8), for example, the trans-
formed, first real space point is x̂′′T

1 = (x′′1, z′′1 , y′′1 ,w′′1). The upper case letters in
(C.12) belong to the corresponding image points (on the first camera) obtained
after the transformation (given in (C.3)), for example, X̂1

′′
= (X

′′
11,Z ′′

11,W ′′
11).

Then, (C.11) is solved using the standard singular value decomposition (SVD)
routine in MATLAB to express A1 as,

A1 = U1
′ S1

′ V1
′T, (C.13)

where U1 ′ is the ‘left-singular’ column matrix, S1 ′ is the singular diagonal matrix
and V1 ′ is the ‘right-singular’ column matrix, and the superscript T stands for
the matrix transpose. Then, after rewriting V1 ′as a 3× 4 matrix, the projection
matrix is calculated as,

[
P1
]
3×4

=
[
Tr1

−1
]
3×3

[
V1
′
]
3×4

[
Tr
]
4×4

. (C.14)
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Here, the superscript -1 refers to the matrix inversion. On the same lines, by
solving an inhomogeneous system of equations constructed from x̂′′ and X̂2

′′, the
projection matrix of the second camera is calculated as,

[
P2
]
3×4

=
[
Tr2

−1
]
3×3

[
V2
′
]
3×4

[
Tr
]
4×4

. (C.15)



Appendix D

RQ-decomposition of the
projection matrix

In the following, each projection matrix is decomposed into the camera calibration
matrix, K, the rotation matrix, R, and the camera centre, C, as per the RQ-
decomposition algorithm given in (Hartley and Zisserman, 2003, pp. 579). The
following steps explain the decomposition for the projection matrix of the first
camera, P1. If P1 is written as,

[
P1
]
3×4

=


p11 p12 p13 p14

p21 p22 p23 p24

p31 p32 p33 p34

 , (D.1)

then the decomposition process starts with the definition of a sub-matrix, Ms1,
of size 3× 3, which is constructed by considering the elements in three columns
(counting from left) in P1:

[
Ms1

]
3×3

=


p11 p12 p13

p21 p22 p23

p31 p32 p33

 . (D.2)
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Here, an element of the form pij stands for the element in the ith row and jth

column of P1. Then, the first Givens rotation matrix, Qx, is constructed as,

Qx =


1 0 0
0 c1 −s1

0 s1 c1

 (D.3)

where

c1 =
p33√

p2
32 + p2

33
and s1 =

p32√
p2

32 + p2
33

. (D.4)

Then, using Qx and Ms1 a new sub-matrix M ′s1 is calculated as,

[
M ′s1

]
3×3

= Ms1Qx =


p′11 p′12 p′13

p′21 p′22 p′23

p′31 p′32 p′33

 . (D.5)

Subsequently, the second Givens rotation Qy is calculated as,

Qy =


c2 0 s2

0 1 0
−s2 0 c2

 , (D.6)

where
c2 =

p′33√
p′31

2 + p′33
2

and s2 =
p′31√

p′31
2 + p′33

2
. (D.7)

Using Qy and M ′s1 from above, a new sub-matrix M ′′s1 is then calculated as,

[
M ′′s1

]
3×3

= M ′s1Qy =


p′′11 p′′12 p′′13

p′′21 p′′22 p′′23

p′′31 p′′32 p′′33

 . (D.8)

The last Givens rotation Qz is calculated as,

Qz =


c3 −s3 0
s3 c3 0
0 0 1

 , (D.9)
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where
c3 =

p′′22√
p′′22

2 + p′′21
2

and s3 =
p′′21√

p′′22
2 + p′′21

2
. (D.10)

Then, the camera calibration matrix, K1, turns out to be,

[
K1
]
3×3

= M ′′s1Qz = Ms1QxQy Qz, (D.11)

and the rotation matrix, R1, as,

[
R1
]
3×3

= QT
z Q

T
y Q

T
x . (D.12)

Here, the superscript T refers to the matrix transpose. In order to calculate the
camera centre, initially a new matrix, C ∗, is calculated as,

[
C∗
]
3×4
≡


C∗11 C∗12 C∗13 C∗14

C∗21 C∗22 C∗23 C∗24

C∗31 C∗32 C∗33 C∗34

 = R−1
1 K−1

1 P1. (D.13)

Here, the superscript -1 refers to the matrix inversion. Subsequently, the camera
centre, C1, is calculated from the three elements in the fourth column of C∗ as,

C1 =


−C∗14

−C∗24

−C∗34

 . (D.14)

For the decomposition of the second camera projection matrix, P2, the entire pro-
cedure is repeated by starting with the 3× 3 sub-matrix,Ms2, which is constructed
from the elements in the three columns (counting from left) of P2.



Appendix E

Convergence of error in kinetic
energy and divergence

To determine the convergence of the data presented in figures 5.2 and 5.4, the
running average of the root-mean-square values of the error in kinetic energy,
(e2
k)

1/2, and velocity divergence, (∂ui/∂xi)21/2, are computed for all L+
s . In both

methods, for each L+
s , the value of Ns corresponding to the lowest error is chosen.

Figure E.1 shows these statistics for five selected L+
s , covering the thinnest and

thickest laser sheet investigated (see table 5.2). Here, top-row, (e2
k)

1/2; bottom
row, (∂ui/∂xi)21/2, and left and right columns correspond to the scan-stack and
scan-tomo methods, respectively. It is noticeable from the top-row plots that the
kinetic energy error is fairly converged in both scanning methods. Similarly, the
bottom row plots indicate that the divergence errors are also fairly converged,
except the case of the thickest laser sheet (red curve in (d)) of the scan-tomo
method. It would be interesting to see if a better convergence can be achieved
with addition of a few more volumes.
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Figure E.1: Convergence statistics of root-mean-square error of the error in
the kinetic energy (a & b) and velocity divergence (c & d) as a function of
the laser sheet thickness (L+

s ). These statistics are made dimensionless using
Kolmogorov scales. Here, a & d correspond to the scan-stack method, and b & c
correspond to the scan-tomo method. The error is calculated with the unfiltered
DNS data as the reference. Here, the Kolmogorov length scale, η+k = 1.5, and
the Kolmogorov time scale, τ+k = 2.35, are evaluated in the logarithmic region
(80 ≤ z+ ≤ 140) and expressed in wall units, where z+ is the wall normal

distance in wall units.
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