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Abstract—In this paper, we analyse the optimality of binary
power allocation in a network that includes full-duplex communication links. Considering a network with four communicating
nodes, two of them operating in half-duplex mode and the other
two in full-duplex mode, we prove that binary power allocation
is optimum for the full-duplex nodes when maximizing the sum
rate. We also prove that, for half-duplex nodes binary power
allocation is not optimum in general. However, for the two special
cases, 1) the low signal-to-noise-plus-interference (SINR) regime
and, 2) the approximation by the arithmetic mean-geometric
mean inequality, binary power allocation is optimum for the
approximated sum rate even for the half-duplex nodes. We
further analyse a third special case using a symmetric network
for which the optimum power allocation is binary, under a
sufficient condition. Numerical examples are included to illustrate
the accuracy of the results.

I. I NTRODUCTION
Throughput optimization in wireless networks has been very
important for decades. In a wireless network, if interference is
treated as Gaussian noise, we can write the Shannon theoretic
rate of a node as log(1 + SIN R), with SIN R representing
the received signal-to-interference-plus-noise ratio of the given
node [1]. Maximizing the sum rate, when links have maximum
power constraints, is a difficult problem because of its nonlinear and non-convex nature [2].
One approach to solve this problem is the use of approximation techniques to develop sub-optimal algorithms
through convexification and linearization [3], [4]. However,
these approximations could introduce extra constraints that
cause the resulting power vector to steer away from the
optimum solution in certain cases. For example, in [5], [6]
a high SINR approximation is used to establish convexity in
the sum rate objective function, while in [4], Taylor expansion
and arithmetic mean-geometric mean approximation in low
SINR region is used to establish convexity in the sum rate
objective function. The approximation by construction does
not allow completely turning off the power of any link at any
time, which causes significant sub-optimality in the resulting
power vector in certain cases. Another common approach is
the use of simple power allocation structures such as the binary
power allocation. “Binary” here means that a link is either “on”
or “off”, with the transmitting node either operating at zero
power, or maximum power, without taking any value in the
continuum of possible values between zero and the maximum
transmit power.
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Interestingly, binary power allocation - as simple as it may
sound - shows close to optimal results in certain interfering
networks [4], [7]–[9]. More specifically, in [2], the authors
consider the uplink of a single-cell where multiple users
transmit to a single base station, and show, via the theory
of majorization, that optimal power control is binary. In [9],
the authors consider a symmetric interfering network where
all direct links have one particular gain, and all the crosslinks have another particular gain and show that binary power
allocation is optimal when such total symmetry is maintained.
The work mentioned above considers half-duplex networks
where nodes cannot transmit and receive simultaneously using
the same time/frequency resources. With the introduction of
full-duplex mode, nodes are now allowed to transmit and receive simultaneously using the same time/frequency resources.
In this paper, we focus on the optimality of binary power
allocation in an interference network with full-duplex links
when the objective is to maximize the sum rate.
Binary power allocation in full-duplex networks has received very little attention in the past [10]–[12]. In [10], [11]
the authors consider a single-cell network with a full-duplex
base station and two half-duplex users. By decomposing the
network into two half-duplex links they show that binary
power allocation is optimal when the objective is to maximize
the sum rate. In [12], the authors consider a simple network
with just two nodes operating in full-duplex mode and obtain
a similar conclusion. They further generalize it to a multiuser network even for which the optimality of binary power
allocation holds.
In the present paper we take a step further, and consider
a network with four nodes where two operate in half-duplex
mode while the other two operate in full-duplex mode. Such a
network model can practically arise in device-to-device (D2D)
communication system underlaying cellular communication
[13]. Within this setting, we show that binary power allocation
is optimal for the full-duplex nodes but it is not optimal
for the half-duplex nodes in general. We analyse the binary
power optimality of the half-duplex nodes under three special
cases. Firstly, the low SINR regime where the approximation
R
log2 (1+SIN R) ≈ SIN
ln2 holds. Secondly, using the approximation by the arithmetic mean-geometric mean inequality and
thirdly using a symmetric network for which binary power
allocation is optimum under a sufficient condition. We include
numerical results to further illustrate our results.

Figure 1: Extended Full-duplex network model

Figure 2: Half-duplex network with three node pairs where
interference between two pairs are equal to each other.

II. S YSTEM M ODEL
We consider a network with four communicating nodes as
illustrated in Fig. 1, where the links between nodes A and
B and nodes C and D are desired links while the rest are
interference. Nodes A and B operate in full-duplex mode and
can transmit and receive at the same time. Nodes C and D
operate in half-duplex mode with node C transmitting to node
D. The link gains between nodes i and j are denoted by Gij
where ij ∈ {AB, BA, CD, CA, AD, CB, BD}.
Based on the above notations, the received SINR of nodes
A, B and D can be defined as
PB GBA
γA = 2
,
σ + IA + PC GCA
PA GAB
γB = 2
,
σ + IB + PC GCB
PC GCD
γD = 2
,
σ + PA GAD + PB GBD
where PA , PB and PC denote the transmit powers of nodes
A, B and C, respectively, IA and IB denote the residual selfinterference in nodes A and B and σ 2 is the noise power at
nodes A, B and D. Thus, the sum rate of the entire network
can be defined as
R = log2 (1 + γA ) + log2 (1 + γB ) + log2 (1 + γD ).

(1)

III. B INARY P OWER O PTIMALITY
We formulate an optimization problem to maximize the sum
rate of the entire network as
max

PA ,PB ,PC

log2 ((1 + γA )(1 + γB )(1 + γD ))

Subject to 0 ≤ PA , PB , PC ≤ Pmax ,

(2)

where Pmax is the maximum power allowed per node. By
considering the fact that log2 is a monotonically increasing
function, the optimization in (2) can be further simplified as
max

PA ,PB ,PC

(1 + γA )(1 + γB )(1 + γD )

Subject to 0 ≤ PA , PB , PC ≤ Pmax .

(3)

Assuming that self-interference is treated as zero mean
additive Gaussian noise, we model the variance of the residual
self-interference when active as [14]
I = βPiλ ,

(4)

where Pi is the average power transmitted by the node i
when active and β and λ (0 ≤ λ ≤ 1) are constants that
reflect the quality of the selected interference cancellation
technique. Based on this general model, which is extremely
hard to analyse, we extract two interesting models for the selfinterference when λ = 1 and λ = 0.
A. Model I
Under this model we set λ = 1 and the residual selfinterference is modelled as zero mean additive Gaussian noise
where variance increases linearly with the transmission power
[15], [16]. Therefore, we can re-write the self-interference in
nodes A and B as
Ix = βPx ,

∀Px ≥ 0, x ∈ {A, B}.

(5)

Based on (5), the the sum rate maximization problem in (3)
can be reformulated as
)
(
PB GBA
max
1+ 2
PA ,PB ,PC
σ + βPA + PC GCA
(
)
PA GAB
× 1+ 2
σ + βPB + PC GCB
(
)
PC GCD
× 1+ 2
σ + PA GAD + PB GBD
Subject to 0 ≤ PA , PB , PC ≤ Pmax .
(6)
The optimization in (6) becomes equivalent to the sum rate
optimization of three half-duplex node pairs where interference
between two pairs are equal to each other, as illustrated in Fig.
2. In [4], the authors have shown that for a general half-duplex
network with node pairs, N > 2 binary power allocation is
not optimum but it yields only a negligible capacity loss when
compared to the optimal solution resulting from continuous
power control. We can conclude that these results hold for the
special case where two lowest interference gains, i.e., the self
interference β, are equal as indicated by the example below.
Example 1: Consider a half-duplex network with three node
pairs similar to Fig. 2 and following parameters. Maximum
and minimum power constraint of Pmax = 1 and Pmin = 0
as commonly used in literature [4]. Assuming identical noise
figures for the different receivers, the additive white Gaussian
noise (AWGN) power is found as kT0 B, where k is the

Boltzmann’s constant, T0 = 290 Kelvin is the ambient tem- where,
perature, and B = 1 MHz is the equivalent noise bandwidth,
a = GAB G2AD ,
i.e, σ 2 = 4.0039 × 10−15 . As an example of the randomly
b = GAB GAD (σ 2 + PB GBD ),
generated channel gains, let




2
c = GAB (σ 2 + PB GBD )2 − PC GCD GAD (σB
+ PC GCB )
β
0.8
0.029
GAA′ GAB ′ GAD
2
−12
GBA′ GBB ′ GBD  = 10 × 0.7
+ PC GAB GCD (σ + PB GBD ),
β
0.091 ,
2
0.031 0.018 0.9
GCA′ GCB ′ GCD
d = (σ 2 + PA GAD + PB GBD )2 (σA
+ PC GCA )
2
where residual self interference constant β = 0.009. Then by
(σB + PC GCB ).
the best binary power allocation PA = PB = PC = Pmax ,
we can obtain a sum rate of 11.8697 bits/Hz while optimal Even though the sign of c can not be determined, from the
power allocation of PA = Pmax , PB = 0.95Pmax and PC = above expressions we can clearly see that the values of a, b
that, for the first derivative in (9)
0.29Pmax gives a maximum achievable sum rate of 12.1603 and d are all positive. Note
2
to
be
zero,
the
term
aP
+
2bP
A + c has to be zero. Thus, the
A
bits/Hz.
second
derivative
of
R̂
at
∂
R̂
con
con /∂PA = 0 can be evaluated
Therefore, under this linear self-interference model, we can
as
conclude that binary power allocation is not optimum for
2aPA + 2b
the full-duplex nodes A and B or the half-duplex node C ∂ 2 R̂con
2
= (σA
+ PC GCA + PB GBA )
,
in general. However, we note that binary power allocation
∂ 2 PA ∂ R̂con
d
|
=0
is optimum for the approximated sum rate in the low SINR
∂PA
SIN R
regime, under the approximation log2 (1 + SIN R) ≈
, which is strictly positive. Having ∂ 2 R̂con /∂ 2 PA > 0 at
ln 2
as shown in [4].
∂ R̂con /∂PA = 0 indicates that the range 0 ≤ PA ≤ Pmax
can only has a global minimizer. Thus, within this range R̂con
B. Model II
is either increasing or decreasing or convex with respect to PA .
When sufficient self-interference cancellation has been perTherefore, maximum sum rate would be in the corner points
formed on the full-duplex nodes, we can assume that the
(0, Pmax ) proving that optimum power allocation is binary.
residual self-interference is modelled as zero mean additive
To draw a conclusion about the binary optimality of R̂ given
Gaussian noise, with the noise variance being independent of
in (8) we compare R̂ with R̂con and note that they are the same
the transmission power of the full-duplex nodes [17]–[19] and
except at corner point PA = 0 where R̂ > R̂con . Since R̂con
we set λ = 0. Therefore, we can re-write the noise plus self
is convex with respect to PA , we can conclude that R̂ remains
interference in nodes A and B as
convex as well. Thus, binary power allocation is optimum for
{ 2
σ + β Px > 0,
PA . Since the network is defined such that nodes A and B are
σx2 =
x
∈
{A,
B}.
(7)
σ2
Px = 0,
symmetric to each other, we can conclude that binary power
Then the sum rate maximization problem in (3) can be allocation is optimal for node B as well.
reformulated as
D. Binary Power Optimality of Half-Duplex Node
max

PA ,PB ,PC

R̂

Subject to 0 ≤ PA , PB , PC ≤ Pmax ,

(8)

where

(
R̂ = 1 +

)(
)
PB GBA
PA GAB
1
+
2 +P G
2 +P G
σA
σB
C CA
C CB
)
(
PC GCD
.
1+ 2
σ + PA GAD + PB GBD
Next, we proceed to analyse the optimality of binary power
allocation in different communication nodes with this selfinterference model.
C. Binary Power Optimality of Full-Duplex Nodes
Let us focus on the binary power optimality with respect to
the full-duplex node A. Since the self-interference model in
(7) is discontinuous let us first consider a continuous model
2
for PA where σA
= σ 2 + β, ∀PA ≥ 0. The resulting R̂ of this
continuous self-interference model is denoted as R̂con . Taking
the partial derivative of R̂con with respect to PA we obtain,
aP 2 + 2bPA + c
∂ R̂con
2
= (σA
+ PC GCA + PB GBA ) A
, (9)
∂PA
d

Next, we consider the binary power optimality with respect
to the half-duplex node C. Since PA and PB are binary
optimum, we can analyse the network under three scenarios
as,
1) PA = PB = 0
2) PA = Pmax and PB = 0 (or PA = 0 and PB = Pmax )
3) PA = PB = Pmax
In the first scenario, the optimum PC value is Pmax as it will
be the only transmitting node.
For the second scenario, let us consider the case where
PA = Pmax and PB = 0 and re-express the sum rate
optimization problem as,
max R̂
PC

Subject to 0 ≤ PC ≤ Pmax ,
PA = Pmax ,
PB = 0.
Taking the partial derivative of (10) with respect to PC ,
∂ R̂
áPC2 + 2b́PC + ć
,
=
∂PC
d´

(10)

where,

1) Symmetric Network: Let us consider a symmetric network under the third scenario where GCA = GCB = GAD =
2
2
á = GCD G2CB ,
GBD = ϵ, GAB = GAB = GCD = G, σA
= σB
= σ 2 +β and
2
PA = PB = Pmax and analyse the binary power optimality
b́ = GCD GCB σB
,
of node C. Taking the first derivative of R̂ with respect to PC
4
2
2
ć = GCD σB + Pmax GAB [GCD σB − GCB (σ + Pmax GAD )],
we write
2
d´ = (σB
+ PC GCB )2 (σ 2 + Pmax GAD ).
∂ R̂
(ϵPC + σ 2 + β + GPmax )(ăPC2 + b̆PC + c̆)
=
∂PC
d˘
Similar to section III-C, we can clearly see that the values of
´
á, b́ and d are all positive and the sign of ć is in-deterministic. where,
However, analysing the second derivative of R̂ at ∂ R̂/∂PC = ă = Gϵ2 > 0,
0 we find
b̆ = 2Gϵ(σ 2 + β) − Pmax G2 ϵ,
2
∂ R̂
2áPA + 2b́
c̆ = G(σ 2 + β)2 + Pmax G[G(σ 2 + β) − 2ϵ(σ 2 + 2Pmax ϵ)],
=
,
´
∂ 2 PC ∂ R̂
d
|
=0
d˘ = (σ 2 + 2Pmax ϵ)(σ 2 + β + PC ϵ)3 > 0.
∂PC
2
˘
which is strictly positive. Therefore, similar to section III-C Since ϵPC + σ + β + GPmax and d are always positive, we
can
see
that
real
and
non-negative
P
C can only occur such
we can conclude that binary power allocation is optimum for
2
that
∂
R̂/∂P
=
0
when
ăP
+
b̆P
+
c̆ = 0. Analysing the
C
C
C
PC under the second scenario.
second derivative of R̂ with respect to PC at ∂ R̂/∂PC = 0
In the third scenario, the partial derivative of (8) with respect
we get
to PC can be derived as,
∂ 2 R̂
(ϵPC + σ 2 + β + GPmax )(2ăPC + b̆)
¨ C + ë
.
=
äPC4 + 2b̈PC3 + c̈PC2 + 2dP
∂ R̂
2
˘
∂ PC ∂ R̂
d
=
,
|
=0
∂PC
f¨
∂PC
(11)
where,
Since the sign of (11) is in-deterministic, we cannot guarantee
ä = GCD G2CA G2CB ,
the convexity or the binary optimality of PC . However, we
2
2
can define a sufficient condition under which binary power
b̈ = GCD GCA GCB (GCA σB + GCB σA ),
allocation is optimum for PC as,
2
2
2
2
c̈ = Pmax GCD (GAB GCA σB + GBA GCB σA )+
2(σ 2 + β)
4
2 2
4
GCD (G2CB σA
+ 4GCA GCB σA
σB + G2CA σB
)−
Pmax ≤
.
(12)
G
2
Pmax GAB GBA GCD GCA GCB − Pmax GCA GCB
∂ 2 R̂
∂ R̂
The above condition guarantees that 2
≥ 0 at
=
(σ 2 + Pmax (GAD + GBD ))(GAB GCA + GBA GCB ),
∂ PC
∂PC
2 2
2
2
2 2
0, ∀PC . Thus, the range 0 ≤ Pc ≤ Pmax can only have
d¨ = GCD σA
σB (GCB σA
+ GCA σB
) + Pmax GCD σA
σB
a global minimizer. Therefore, within this range R̂ is either
2
(GAB GCA + GBA GCB ) − Pmax GCA GCB [σ + Pmax
increasing or decreasing or convex with respect to PC proving
2
2
(GAD + GBD )](GAB σA
+ GBA σB
+ Pmax GAB GBA ), that optimum power allocation is binary for PC under the
4 4
2 2
2
2
condition given in (12). We would like to highlight that the
ë = GCD σA σB + Pmax GCD σA σB (GAB σA
+ GBA σB
+
2
Pmax GAB GBA ) − Pmax [σ + Pmax GAD + Pmax GBD ] Pmax value in the derived sufficient condition does not depend
on the interference ϵ. Therefore, we can design a network
4
4
[GBA GCA σB
+ GAB GCB σA
+ Pmax GAB GBA
such that binary power allocation is optimum for all nodes by
2
2
(GCA σB
+ GCB σA
)],
simply controlling the noise power, the self-interference and
2
2
2
2
the desired gain of each link.
f¨ = (σB + PC GCB ) (σA + PC GCA )
2) Arithmetic mean-geometric mean approximation: Ac2
(σ + Pmax GAD + Pmax GBD ).
cording to the arithmetic mean-geometric mean inequality
As we end up with a quartic equation without any visible given by [20], the following holds
(N
)1/N
factorization, providing a condition for real and non-negative
N
∑
∏
xn
PC such that ∂ R̂/∂PC = 0 becomes too complex. In addi≥
xn
,
N
tion, as there can be more than one critical point such that
n=1
n=1
∂ R̂/∂PC = 0, proving the convexity of R̂ with respect to PC
becomes impossible. Thus, we cannot prove the convexity of
R̂ with respect to PC to satisfy all three scenarios given above.
In the following, we consider the binary power optimality of
the half-duplex node under three special cases, 1) symmetric
network, 2) approximation by the arithmetic mean-geometric
mean inequality, and 3) the low-SINR regime.

where x1 , x2 , . . . , xN are non-negative real numbers.
Apply√
3
ing the above inequality we can approximate R̂ by ∆ where
PB GAB
PA GAB
∆=1+
+
2 +P G
2 +P G
3(σA
)
3(σ
C CA
C CB )
B
PC GCD
+
.
(13)
3(σ 2 + PA GAD + PB GBD )

Taking the second derivative of ∆ with respect to PC we can
write
2PA GAB G2CB
∂2∆
2PB GAB G2CA
=
+
,
2
2 +P G
2
3
3
∂ PC
3(σA + PC GCA )
3(σB
C CB )

Taking the second derivative of Θ with respect to Pc we can
write
2PB GAB G2CA
∂2Θ
2PA GAB G2CB
=
+
,
2
2 +P G
3
∂ 2 PC
ln 2(σA + PC GCA )3
ln 2(σB
C CB )
which is positive. Since second derivative is non-negative, Θ is
convex with respect to PC . Therefore, in the low SINR regime,
binary power allocation for half-duplex node C is optimum for
the approximated sum rate.
In the next section, we have illustrated that for both the
full-duplex network under the third scenario and the special
symmetric network that does not satisfy the sufficient condition in (12), we can find an optimum PC value which is not
0 or Pmax . Thus, proving that binary power allocation is not
always optimum for PC in general or even in the symmetric
network.
IV. S IMULATION AND N UMERICAL R ESULTS
In this section, we first consider a general network set up
where PA and PB values are set to Pmax = 3.5 as in the
third scenario in section III-D. We assume normalized desired
channels gains of GAB = 0.81, GBA = 0.79, GCD = 0.9
and interference gains of 0.25, 0.25, 0.3, 0.1 and 0.005 for
GCA , GCB , GAD , GBD and β respectively. Noise power (σ 2 )
is assumed to be 1. Fig. 3 plots the sum rate R versus PC ,
the transmit power of the half-duplex node C for the above
example scenario. We can see that the sum rate graph has both
a global minimizer and a global maximizer within the range
0 ≤ PC ≤ Pmax . Thus, the optimum power allocation of PC
is different from {0, Pmax }.
Next, we have considered a simple network with symmetric
desired and interference channel gains as in the special case
we considered in section III-D1. We have assumed that the
desired gains between nodes are 1, interference gains between
nodes are 0.25, self-interference powers of both full-duplex
nodes are 0.01 and noise power is 1. The maximum power
of each node is set to 3.1 W, such that Pmax is outside the
required range in the sufficient condition in (12) as
Pmax <=

2(σ 2 + β)
= 2.02.
G

3.844

3.843

Sum-Rate (kbps)

which is positive. Thus, ∆ is convex with respect to PC .
Therefore, binary power allocation for half-duplex node C
is optimum for approximated sum rate under the arithmetic
mean-geometric mean inequality.
3) Low SINR regime: In the low-SINR regime, the approxSIN R
which is obtained by
imation log2 (1 + SIN R) ≈
ln 2
Taylor expansion holds [21]. Therefore, the sum rate R in (1)
can be approximated by Θ where
PB GAB
PA GAB
Θ=
+
2 +P G
2
ln 2(σA
ln
2(σ
)
C CA
B + PC GCB )
PC GCD
.
(14)
+
2
ln 2(σ + PA GAD + PB GBD )

3.845

3.842

3.841

3.84

3.839

3.838
0

0.5

1

1.5

2

2.5

3

3.5

Transmit Power - P C (W)

Figure 3: Sum rate vs. PC in general case

First, we consider binary power allocation and find the maximum sum rate as 4.053 kbps, which results when PA =
PB = PC = Pmax . However, by solving this simple optimization problem, we find that the maximum sum rate is
4.05915 kbps which results when PA = PB = Pmax and
PC = 0.94 = 0.3Pmax . Therefore, in this scenario, even
though we have considered a simple symmetric network binary
power allocation is not optimum for node C.
Finally, in Fig. 4 and 5, we consider a symmetric network
where full-duplex nodes are transmitting with full power and
plot the sum rate versus PC . In Fig. 4, Pmax is selected
within the sufficient condition in (12), while in Fig. 5, Pmax
is selected outside the sufficient condition in (12). We can
clearly see that when Pmax is within the sufficient condition,
optimum power allocation is PC = Pmax , thus binary power
allocation is optimum. However, for the case where Pmax is
outside the sufficient condition, the graph is concave with a
global maximum in between 0 and Pmax which contradicts
with binary power allocation.
V. C ONCLUSION
We considered a simple network with four communicating
nodes, two of them operating in half-duplex mode and the
other two in full-duplex mode, and focused on maximizing
the overall sum rate of the network with maximum power
constraints on each node. We have shown that for the fullduplex nodes, binary power allocation remains optimal, but for
the half-duplex node binary power allocation is not always optimal. However, for low SINR regime where the approximation
R
log2 (1+SIN R) ≈ SIN
ln2 holds and where the approximation
by the arithmetic mean-geometric mean inequality is accurate,
binary power allocation is optimum for the approximated
sum rate. Furthermore, we have identified a requirement on
the maximum transmit power that is allowed per node, such
that the binary power allocation becomes optimum for the
half-duplex node under the assumption of symmetric gains
and interference. Obtained results can be further extended to
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Figure 4: Sum rate vs. PC in symmetric network with
Pmax = 2
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[18]

a more general network setting through grouping of nodes
using orthogonal frequency division multiplexing (OFDM)
sub-carrier allocation. A future line of work would be to
identify specific types of full-duplex networks where we can
use binary power allocation to simplify the optimization of
network sum rate with power control.
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