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In the original evaluation for the paper, a second term given by perturbation theory in the anharmonic rate
calculation was not included. Thus, Eq. (A6) for the transition rate is modified to include this term (last line of the
equation below),
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With this correction, there is a cancellation between the last two terms, which causes the anharmonic structure factor to scale
as ∼q4 rather than ∼q2 . There are corresponding changes to Eqs. (13), (17), (22)–(26), and (46)–(47) for the anharmonic
matrix element and structure factors.
The effect on the total multiphonon scattering rate is a decrease by 2–3 orders of magnitude. The updated numerical
structure factors and rates are reflected in Figs. 2 and 3, and the sensitivity in the dark matter cross section is also updated in
Fig. 4. The conclusions of this paper, namely that multiphonons are subdominant to production of single optical or acoustic
phonons for sub-MeV dark matter, are not changed. We give the detailed list of corrections below.

FIG. 2. The plot of the structure factors for each channel contains the updated anharmonic structure factors.
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FIG. 3. The differential rate plots are updated with the new anharmonic structure factors.

FIG. 4.

The cross section sensitivity plots feature updated multiphonon lines.
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Table I: The low-q scaling of the anharmonic channel is now #q4,
Channel

Low-q scaling

Single acoustic phonon
Single optical phonon
Multiphonon (contact)
Multiphonon (anharmonic)
Multiphonon (helium)

q
q4
q4
#q4
#q4

Equation 13: The anharmonic matrix element now includes the second term
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Equation 17: The unevaluated anharmonic structure factor includes the second term,
SðanhÞ ðq; ωÞ ¼
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Equations 22–26 The general and evaluated anharmonic structure factors have an updated propagator resulting from the
combination of both terms in the perturbation theory,
1
4c2LA q2
↦
:
½ðω − cLA qÞ2 þ Γ2LA;q =4
½ðω2 − ðcLA qÞ2 Þ2 þ ðcLA qÞ2 Γ2LA;q 

ð4Þ

Equations 46 and 47: The optical-acoustic anharmonic structure factors contain analogous changes as the acousticacoustic anharmonic structure factors,
ðanhÞ
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To reflect the changes in the results, we also update the following text:
Page 2, Sec. I B: “The right-hand diagram in Fig. 1 only relies on the DM coupling to a single phonon and is therefore
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lower order in q= mn ω. This process instead occurs via an off shell phonon and the phonon self-interactions, which arise
from the anharmonicity of the crystal potential.”
Updated text: “The right-hand diagram in Fig. 1 instead occurs via an off shell phonon and phonon self-interactions,
which arise in part from the anharmonicity of the crystal potential. While this diagram only relies on the DM coupling to a
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
single phonon and therefore appears to be lower order in q= mN ω, there is an additional suppression in q from the insertion
of the phonon self-interaction.”
“For both the single optical mode and the two-phonon contact interaction, Sðq; ωÞ scales as ∼q4 , while for the
anharmonic contribution, it scales more favorably as ∼q2 . However, the latter requires an insertion of the phonon selfinteraction, which also provides a suppression. […] and the reach ends up being competitive with or better than the cubic
crystals we considered.”
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Updated text: “For the single optical mode and the two-phonon processes, Sðq; ωÞ scales as ∼q4 . […] and the reach
therefore exceeds that of the cubic crystals we considered, under idealized experimental conditions.”
Page 9, Sec. III C: “The inset zooms in on the low momentum region and shows the ∼q2 and ∼q4 scaling of the
anharmonic and contact contributions, respectively.”
Updated text: “The inset zooms in on the low momentum region and shows the ∼q4 scaling of both multiphonon
contributions.”
Page 11, Sec. IV: “The anharmonic terms always dominate over the contact terms.” (removed)
Page 13, Sec. V A: “Integrating the structure factor to obtain the total rate we find that, for all the materials we consider,
the LO-LA scattering rate is 1–2 orders of magnitude smaller than the single optical rate, depending on the qcut used for the
acoustic phonons. The LO-LA process becomes further suppressed relative to the single optical with increasing DM mass.”
Updated text: “Integrating the structure factor to obtain the total rate we find that, for all the materials we consider, the
LO-LA scattering rate is 4 to 5 orders of magnitude smaller than the single optical rate, where we again impose the qcut
values in Table III on the acoustic phonons (relaxing this cut increases the LO-LA rate, but it always remains negligible).”
Page 13–14, Sec. V B: “Given that our results qualitatively differ from similar calculations in superfluid helium, it is
worthwhile to compare the symmetries of both systems in a bit more detail. Crystals spontaneously […] scaling in the low q
limit. Schematically, the matrix element for three acoustic phonons in a crystal is therefore always of the form,
jMcrys j2 ∼ jðq · eÞðk1 · e1 Þðk2 · e2 Þ þ permutationsj2 ∼ q2 :

ð7Þ

Superfluid helium on the other hand […] where the second ∼ follows from momentum conservation (q ¼ k1 þ k2 ). The
key point here is that […] phonon self-couplings in helium.”
Updated text: “Here, we briefly compare our results with similar calculations of multiphonon production in superfluid
helium. While the symmetries of the systems are different, in both cases the structure factor scales as q4 in the limit q ≪ ω.
Crystals spontaneously […] scaling in the low q limit. Combined with the q-dependent DM-phonon coupling, the resulting
matrix element goes as jMj2 ∼ q4 . Superfluid helium on the other hand […] where the second ∼ follows from momentum
conservation (q ¼ k1 þ k2 ). Despite the differences in symmetries, the scaling of the dynamic structure factor for phonons
in superfluid helium is the same as for longitudinal acoustic phonons in crystals. However, the multiphonon rate in helium
exceeds that in the crystals we considered (see Fig. 4), due to the stronger phonon self-couplings in helium.”
Page 14, Sec. VI: “despite the less favorable scaling of the structure factor in a low-momentum expansion.” (removed)
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