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Abstract

Flow passing over the surface of vehicles creates significant skin-friction drag. The reduc-

tion of that drag through flow-control techniques, driven by environmental and financial

incentives, has already received substantial attention by fluid mechanicians and will con-

tinue to be one of the prominent topics in the field. In this dissertation, we study turbulent

flow over riblets, i.e. over tiny streamwise-aligned surface grooves that have the potential

to reduce skin-friction drag compared to a smooth wall.

Small riblets with spacings of typically less than 20 viscous units (a few tens of micro-

metres on an aircraft fuselage in cruise conditions) are known to reduce skin-friction drag

compared to a smooth wall, but larger riblets allow inertial-flow mechanisms to appear

and cause drag reduction to break down. One of these mechanisms is a Kelvin–Helmholtz

instability that Garćıa-Mayoral & Jiménez (J. Fluid Mech., vol. 678, 2011, pp. 317–347)

identified in turbulent flow over blade riblets. In order to evaluate its dependence on riblet

shape and thus gain a broader understanding of the underlying physics, we employ the

minimal-span channel concept for cost-efficient Direct Numerical Simulations of rough-

wall flows (MacDonald et al., J. Fluid Mech., vol. 816, 2017, pp. 5–42). This allows us

to investigate seven different riblet shapes and various viscous-scaled sizes between those

of maximum drag reduction and significant drag increase for a total of 29 configurations.

We verify that the small numerical domains capture all relevant physics by varying the

domain size and by comparing to reference data from full-span channel flow. Specifically,

we find that, in the previously identified spectral region occupied by drag-increasing Kel-

vin–Helmholtz rollers, the energy-difference relative to smooth-wall flow is not affected

by the narrow domain, even though these structures have large spanwise extents. This

allows us to evaluate the influence of the Kelvin–Helmholtz instability by comparing the

flow fields over riblets to that over a smooth wall.

We find that in this data set only large sharp-triangular and blade riblets have a

drag penalty associated with the Kelvin–Helmholtz instability and that the mechanism

appears to be absent for blunt-triangular and trapezoidal riblets of any size. We therefore

investigate two indicators for the occurrence of Kelvin–Helmholtz rollers in turbulent

flow over riblets. First, we confirm for the different riblet shapes that the groove cross-

sectional area in viscous units serves as a proxy for the wall-normal permeability that is

necessary for the development of Kelvin–Helmholtz rollers. Additionally, we find that the

occurrence of the instability correlates with a high momentum absorption at the riblet

tips. The momentum absorption can be qualitatively predicted using Stokes flow.

We further investigate the drag characteristics of multi-scale riblets, i.e. trapezoidal
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grooves with a half-height riblet in the centre. Garćıa-Mayoral & Jiménez (J. Fluid Mech.,

vol. 678, 2011, pp. 317–347) proposed to measure the riblet size by the square root of

their cross-sectional area `+g , which scales the size of minimum drag for different fully

open single-scale grooves. We find that `+g is not the optimal description of the riblet size

for multi-scale geometries. Upon investigating effects of the secondary riblet on the flow

field and overall drag of the surface, we propose a generalised measure of the riblet size

for multi-scale surfaces.
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Chapter 1

Introduction

In this study we zoom in very close to the surface of an aircraft and analyse the turbulent

flow in a thin layer above it. We employ computer simulations to investigate the drag-

reducing properties of surfaces with micro-scale grooves called riblets. The grooves are

aligned with the mean direction of the flow and reduce drag compared to a perfectly

smooth surface if their size and shape are designed correctly for given flow conditions

(e.g. Walsh & Weinstein, 1978; Walsh, 1982; Luchini et al., 1991; Bechert et al., 1997).

Vehicles moving through a fluid like air or water expend energy to overcome drag and

riblets can reduce the skin-friction portion of the drag, which is caused by a viscous

fluid rubbing against the surface. Skin-friction drag is proportional to the surface area

of the vehicle and it increases with increasing velocity. Commercial aircraft for example

have a large fuselage area and travel at high velocities relative to the surrounding air.

Consequently, about 50 % of the fuel is expended to overcome skin-friction drag (e.g.

Schrauf, 2005).

1.1 Drag reduction depends on the flow conditions

Riblets displace small turbulent eddies in the flow, which can reduce drag by limiting

the mixing of streamwise momentum in the vicinity of the surface (e.g. Luchini, 1996).

The size of these small flow structures close to the wall is well known to depend on both

the free-stream velocity and the fluid properties. It is therefore not surprising that the

ability of riblets to displace near wall turbulence for drag reduction depends on the free-

stream velocity. Experiments by e.g. Walsh (1982) demonstrate that riblets of a given

physical size achieve the lowest drag for certain combinations of velocity, pressure and

temperature. The drag-reduction benefits are lost if the near-wall turbulent structures

become too small relative to the riblets (i.e. if the viscous-scaled riblet size becomes large).

This dependence of drag reduction on the flow conditions is illustrated in figure 1.1. Here,

we approximate the drag reduction by riblets with a spacing of 83 µm relative to a smooth

wall for different velocities and altitudes of an aircraft. If the two flights represented by

the black lines had had these riblets on the fuselage, they would have deviated from

optimal drag reduction during the ascend. The increase of drag beyond smooth-wall
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Figure 1.1: Percentage drag reduction (DR) by a riblet surface relative to a smooth
wall for different flight conditions. The drag measurements by Gatti et al. (2020) for
trapezoidal riblets are converted to flight conditions by scaling the tip spacing to 83 µm
and approximating the aircraft fuselage by a flat plate. The lines represent the ascent
portion of two flights (flightradar24.com). A long-haul flight from Melbourne to Los
Angeles ( ) and a short-haul flight from Melbourne to Sydney ( ). Here, the velocity
measured with respect to ground approximates the true airspeed.

levels (bottom right in figure 1.1) has been known to occur since at least the 1980s and

promising explanations for it have been proposed for some riblet shapes (Choi et al.,

1993; Goldstein & Tuan, 1998; Garćıa-Mayoral & Jiménez, 2011b). Nevertheless, we lack

a complete and generally applicable description of the flow mechanisms responsible for the

breakdown of drag reduction. In this study, we therefore investigate off-design conditions

of the flow over different riblet surfaces in order to gain insight into the physical processes

that are responsible for the loss of drag reduction.

1.2 Flow simulations provide the details

The direct simulation of turbulent flow without making any assumptions is prohibitively

expensive for many applications, because the size of turbulent structures stretches across

a wide range. For instance, the size of the smallest structures in the flow over a modern

airliner at typical cruise conditions is approximately 0.6 mm (100 viscous units), while

the air is simultaneously perturbed over many kilometres. The discretisation of space for

simulations of the flow around riblets has to be 1–2 orders of magnitude finer than the

smallest structures to resolve the sharp edges of riblets with spacings of at most 0.1 mm.

Our numerical domains would roughly cover a plan area of 6 mm × 1.5 mm on the aircraft

surface, but we instead scale them in viscous (friction) units that are derived from flow-

specific properties to make the results universally applicable for any Newtonian subsonic

fluid flow.

By restricting the domain to this small section of the flow field, we can employ Direct

Numerical Simulations (DNS) to obtain an accurate and very detailed description of the

flow in three spatial dimensions and time. For example, the flow field over sharp triangular

riblets is depicted in figure 1.2, where colours encode the magnitude and direction of the
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Figure 1.2: Visualisation of flow over a section of a riblet surface that could be on an
aircraft. Showing fluctuations of wall-normal velocity at a height of 5 viscous units above
the riblet tips and over the first 50 viscous units in the vertical cuts.

vertical component of velocity. Despite the small domain sizes, the computational effort

nevertheless calls for high-end national-facility machines, which illustrates one of the

challenges we face in advancing the understanding of turbulent flow.

1.3 Outline

We vary the riblet shape and viscous-scaled size and therefore the drag characteristics to

then analyse the resulting flow fields.

In chapters 2 and 3, we focus on the Kelvin–Helmholtz instability that, as Garćıa-

Mayoral & Jiménez (2011b) discovered, increases drag in the flow over blade-shaped

riblets. Kelvin–Helmholtz rollers had long before been known to develop in free shear

flows at the interface between two parallel streams of different velocities (e.g. Rayleigh,

1879; Drazin & Reid, 2004). Although the flow over riblets is strongly affected by the

proximity of the solid surface, Kelvin–Helmholtz rollers can also develop between the slow

flow in the riblet groove and the faster flow above, if the groove is large enough for fluid

fluctuations to enter (Garćıa-Mayoral & Jiménez, 2011b). A three-dimensional view of

pressure fluctuations above triangular riblets in figure 1.3(a) visualises spanwise aligned

Kelvin–Helmholtz rollers in the flow immediately above the riblet grooves. However,

in chapter 2 we observe that the groove geometry significantly affects the strength of

structures resulting from the Kelvin–Helmholtz instability. For example, the flow over

the trapezoidal grooves in figure 1.3(b) shows no indication of large, spanwise aligned

Kelvin–Helmholtz rollers. In chapter 3 we therefore analyse the drag penalty due to Kel-

vin–Helmholtz rollers over six different riblet shapes and identify two parameters that

describe the occurrence of the Kelvin–Helmholtz instability based on the geometry of the

riblet surface.

In chapter 4 we install half-sized secondary riblets in trapezoidal grooves to investigate

their effect on drag reduction and to derive a measure of the size of multi-scale riblets

that generalises their drag characteristics. Conclusions are offered in chapter 5.
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(a)

(b)

Figure 1.3: Visualisation of Kelvin–Helmholtz rollers in instantaneous spectral-filtered
fluctuations of pressure above drag-increasing triangular riblets with tip angle α = 30° (a).
The flow above trapezoidal riblets of similar groove size (b) does not have such spanwise
coherent Kelvin–Helmholtz rollers.

No doubt, I shall trouble some readers by my habit . . . of using

“z” [rather than “y”] to denote displacement in the direction

of shear. I offer them my sympathy but not my repentance.

– Townsend (1976)



Chapter 2

Turbulent flow over riblets in

minimal-span channels

This chapter is based on the article

Endrikat, S., Modesti, D., MacDonald, M., Garćıa-Mayoral,

R., Hutchins, N. & Chung, D. 2020 Direct numerical simulations

of turbulent flow over various riblet shapes in minimal-span channels.

Flow, Turbulence and Combustion DOI 10.1007/s10494-020-00224-z.

2.1 Drag-reduction performance of riblets

Riblets are small streamwise-aligned grooves on a surface that have been shown to reduce

skin-friction drag compared to a smooth wall (Walsh & Weinstein, 1978; Walsh, 1982;

Luchini et al., 1991; Bechert et al., 1997). The skin-friction coefficient Cf = 2/U+2
δ is

defined by the friction-scaled mean streamwise velocity U+ ≡ U/uτ at the half-channel or

boundary-layer height δ. The superscript + denotes viscous scaling with the kinematic

fluid viscosity ν and friction velocity uτ ≡ √
τw/ρ, where ρ is the fluid density and τw the

wall shear stress (drag per unit plan area), such that Cf = 2τw/(ρU2
δ ). Drag reduction of a

riblet surface compared to a smooth wall is commonly given by the relative change of the

skin-friction coefficients DR ≡ 1 −Cf /Cf,smooth. However, Cf,smooth, and therefore DR,

degrades with increasing Reynolds number (Spalart & McLean, 2011). An alternative,

Reynolds number independent measure of the drag-change is given by the decrement of

the viscous-scaled mean streamwise velocity, ∆U+ ≡ U+
smooth −U+, at matched heights in

the outer layer of two flows with the same friction Reynolds number Reτ ≡ δ+ = δuτ/ν.

For example, DR ≈ −0.1∆U+ at Reτ = 395, which is accessible through Direct Numerical

Simulation (DNS), but DR ≈ −0.06∆U+ at flight conditions with Reτ = 50000, based on

the conversion derived by Spalart & McLean (2011).

The flow mechanism responsible for drag-reduction by riblets is well understood and

can be explained by the concept of protrusion heights in the limit of vanishingly small

riblets. The streamwise mean-flow reaches an average depth below the riblet crest given by

the longitudinal protrusion height `+U , that depends on the groove shape and size (Bechert
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& Bartenwerfer, 1989). Turbulent lateral flow is obstructed by the riblets and therefore

only penetrates the groove to a depth given by `+T < `+U (Luchini et al., 1991). Luchini

(1996) points out that a reference smooth wall should be considered at the height given

by `+T for the two flows to be similar, i.e. that their total stresses match at every height.

This placement of the reference wall therefore provides the correct measure of the drag-

change ∆U+. At the height of the reference smooth-wall, the riblet flow has the velocity

U+ = `+U − `+T (Luchini, 1996), because the slope dU+/dz+ ≈ 1 in the viscous sublayer.

The velocity difference compared to the smooth wall flow extends into the logarithmic

layer, where it describes the drag-change ∆U+ = `+U − `+T (Luchini, 1996). However, this

relation between the protrusion heights and ∆U+ is only valid for vanishingly small riblets

and as their viscous-scaled size increases, drag characteristics change significantly. The

drag-change optimum of traditional riblet shapes was empirically shown to scale with

the viscous-scaled groove cross-section A+
g and is obtained for riblet sizes `+g ≡ √

A+
g ≈ 11

(Garćıa-Mayoral & Jiménez, 2011b).

For larger riblets, drag increases and ultimately surpasses smooth-wall drag, because

the flow in and around the grooves becomes less dominated by viscosity as different

inertial flow effects contribute to drag. The spanwise component of streamwise vortices is

deflected downward by the riblet tips, creating secondary flows that transport momentum

towards the wall (Goldstein & Tuan, 1998). Particularly for widely spaced riblets, the

streamwise vortices and their secondary flows sweep streamwise momentum towards the

large wetted surface area (Choi et al., 1993). Furthermore, Kelvin–Helmholtz rollers

have been shown to augment wall-normal momentum transport towards the wall above

blade riblets, leading to increased drag (Garćıa-Mayoral & Jiménez, 2011b). These rollers

evolve around an inflection point in the profile of mean streamwise velocity that is created

between the slower flow in the groove and the faster bulk flow above. Kelvin–Helmholtz

rollers are well known in free shear flows (Drazin & Reid, 2004), but have also been

observed in wall-bounded flows over porous surfaces (Jiménez et al., 2001; Breugem et al.,

2006; Gómez-de-Segura et al., 2018a) and vegetation canopies (Raupach et al., 1996; Poggi

et al., 2004; Nepf et al., 2007; Sharma & Garćıa-Mayoral, 2020b) that allow wall-normal

velocity fluctuations. For riblets, fewer data are available, but Garćıa-Mayoral & Jiménez

(2011b, 2012) note that the Kelvin–Helmholtz instability affects a distinct spectral region

in the flow over blade riblets. By comparing 2D spectra in DNS at heights of less than 30

viscous units above the riblet crest to smooth-wall flow, they find that Kelvin–Helmholtz

rollers have an average streamwise periodicity in the range 65 ≲ λ+x ≲ 290 and that they are

spanwise coherent with wavelengths λ+y ≳ 130. In this study we will more conservatively

only consider structures with λ+y ≳ 250 to separate them more clearly from other near-wall

turbulence (details in §2.4.3).

Garćıa-Mayoral & Jiménez (2011b) evaluate the momentum transport by Reynolds

stresses due to Kelvin–Helmholtz rollers to quantify the drag penalty associated with the

instability. They demonstrate that drag from Kelvin–Helmholtz rollers becomes more

significant with increasing size of blade riblets, which coincides with the breakdown of

drag reduction for `+g ≳ 11. Therefore, Kelvin–Helmholtz rollers contribute to the drag

increase of large blade riblets (Garćıa-Mayoral & Jiménez, 2011b, 2012), as also observed
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for vegetation canopies (Poggi et al., 2004; Sharma & Garćıa-Mayoral, 2020b) and porous

surfaces (Gómez-de-Segura et al., 2018a). However, it remains to be seen if Kelvin–

Helmholtz rollers develop above all riblets, because studies of plant canopies and porous

substrates also show that the Kelvin–Helmholtz instability only develops if the surface

creates the necessary drag and inflectional velocity profile (Raupach et al., 1996; Poggi

et al., 2004; Nepf et al., 2007). In fact, in the present study, we show that the appearance

of Kelvin–Helmholtz rollers over riblets is likewise not universal, but instead dependent on

the riblet geometry. We visualise a dependence of Kelvin–Helmholtz rollers on the groove

shape (§2.4.2) and quantify the contribution of Kelvin–Helmholtz rollers in spectral space

across distances from the wall for six different riblet geometries (§2.4.4).

In order to study the drag characteristics of a broad range of riblet cross sections and

sizes, we conduct DNS in minimal-span channels, which reduce the computational cost

in exchange for unphysical results towards the top of the domain. Minimal-span chan-

nels have previously been used to investigate the flow over generic roughness (MacDon-

ald et al., 2017), but Kelvin–Helmholtz rollers, having a large spanwise extent (Garćıa-

Mayoral & Jiménez, 2012), may pose a unique challenge for spanwise narrow domains.

In §2.3, we therefore rigorously investigate the velocity spectrum at different scales,

wall-normal distances and for varying riblet geometries, to determine the limitations of

minimal-span channels for riblet flows.

2.2 Numerical setup of minimal-span channel flow

Using DNS in minimal-span channels, we investigate the turbulent flow over six different

riblet shapes at various viscous-scaled sizes (i.e. by varying the riblet spacing s+ and

riblet height k+ as shown in table 2.1). We consider triangular riblets with varying tip

angle α = 30°,60°,90° (case names T3s+, T6s+, T9s+), asymmetric triangular riblets with

α = 63.4° (ATs+, sketched in table 2.1), trapezoidal riblets with α = 30° (TAs+), and

blade riblets with a spacing-to-thickness ratio s/t = 5 (BLs+). The simulations for two

large triangular riblets (T321 and T950) are repeated in channels of varying width to

study minimal-span channel effects on the flow. The case T950 is further repeated with

different mesh resolutions to verify results. Domain and simulation parameters for all

corresponding smooth-wall flows are given in table 2.2.

We employ the incompressible second-order accurate finite volume DNS solver Cliff by

Cascade Technologies Inc. (Ham et al., 2006, 2007) to solve the Navier–Stokes equations

and the transport equation of a passive scalar θ that can be interpreted as temperature

fluctuation

∂u

∂t
+∇⋅ (uu) = −1

ρ
∇p + ν∇2u − 1

ρ

dP

dx
ex, (2.1)

∇⋅u = 0, (2.2)

∂θ

∂t
+∇⋅ (uθ) = νθ∇2θ − udΘ

dx
. (2.3)

In the present study, the passive scalar is primarily used to visualise flow structures

and the analysis of heat transfer properties will be discussed separately. The velocity u
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Case s+ k+ `+g α ∆x+ ∆y+ ns ∆z+ ∆t+(×103) L+x L+y δ+ δ′+ Ltuτ/δ ∆U+ ± ζ+ ε′+(×103)

Symm. triang.

ℓ
2
gℓ
2
g α

s

k

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T310 10.1 18.8 9.75 30.0° 6.0 0.057 − 1.5 29 0.033 − 7.0 15.8 1027 252 395.0 386.3 69.3 −0.77 ± 0.12 6.1
T321 21.1 39.4 20.4 30.0° 6.0 0.12 − 3.2 29 0.023 − 6.9 15.8 1027 253 395.0 376.9 65.0 +0.83 ± 0.12 5.4
T321W 21.1 39.4 20.4 30.0° 6.0 0.12 − 3.2 29 0.023 − 6.9 15.8 1027 443 395.0 376.9 25.8 +1.05 ± 0.19 4.6
T333 33.3 62.2 32.2 30.0° 6.0 0.83 − 3.4 41 0.20 − 8.5 25.0 2000 600 1000.0 971.4 19.1 +2.75 ± 0.10 8.4

T615 14.7 12.7 9.68 60.0° 6.0 0.083 − 2.2 29 0.041 − 7.0 31.6 1027 250 395.0 390.0 91.1 −0.82 ± 0.10 3.3
T635 35.0 30.3 23.0 60.0° 6.0 0.16 − 4.9 33 0.014 − 4.7 23.7 1027 245 395.0 383.1 93.5 +0.64 ± 0.10 4.1

T919 19.2 9.6 9.60 90.0° 6.0 0.11 − 2.9 29 0.047 − 7.1 47.4 1027 250 395.0 392.2 127 −0.61 ± 0.08 4.7
T950W 50.0 25.0 25.0 90.0° 6.0 0.30 − 7.1 33 0.029 − 7.0 47.4 1027 450 395.0 387.8 93.7 +0.79 ± 0.10 2.5
T950 50.0 25.0 25.0 90.0° 6.0 0.30 − 7.1 33 0.029 − 7.0 47.4 1027 250 395.0 387.8 95.0 +0.78 ± 0.10 7.8
T950NF 50.0 25.0 25.0 90.0° 4.0 0.19 − 6.2 43 0.015 − 3.6 39.5 1027 150 395.0 387.8 124 +0.54 ± 0.11 3.9
T950N 50.0 25.0 25.0 90.0° 6.0 0.30 − 7.1 33 0.029 − 7.0 47.4 1027 150 395.0 387.8 177 +0.56 ± 0.09 5.4
T950NC 50.0 25.0 25.0 90.0° 8.0 0.46 − 8.1 25 0.045 − 9.3 98.8 1027 150 395.0 387.8 345 +0.54 ± 0.07 5.2
T950NVC 50.0 25.0 25.0 90.0° 11.9 0.65 − 8.9 21 0.083 − 14 158 1027 150 395.0 387.8 523 +0.56 ± 0.05 5.9

Asymm. triang.

ℓ
2
gℓ
2
g α

s

k

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

AT15 14.7 7.4 7.36 63.4° 6.5 0.23 − 2.0 26 0.40 − 5.8 47.4 1027 250 395.0 392.6 45.4 −0.49 ± 0.14 3.1
AT19 19.2 9.6 9.62 63.4° 6.5 0.37 − 1.9 28 0.40 − 5.8 47.4 1027 250 395.0 391.9 121 −0.50 ± 0.09 3.4
AT31 31.3 15.6 15.6 63.4° 6.5 0.15 − 4.3 55 0.40 − 5.7 47.4 1027 250 395.0 390.0 47.5 −0.32 ± 0.14 7.2
AT42 41.7 20.8 20.8 63.4° 6.5 0.45 − 2.7 46 0.40 − 4.9 47.4 1027 250 395.0 388.3 117 +0.22 ± 0.09 2.4
AT50 50.0 25.0 25.0 63.4° 6.5 0.32 − 1.7 63 0.40 − 4.4 47.4 1027 250 395.0 387.0 60.3 +0.49 ± 0.12 1.6

Trapezoidal

ℓ
2
gℓ
2
g α

s

k

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

TA18 17.9 8.9 11.8 30.0° 6.0 0.27 − 3.0 27 0.31 − 7.0 47.4 2054 250 395.0 389.6 50.1 −1.06 ± 0.10 4.2
TA31 31.3 15.6 20.6 30.0° 6.0 0.47 − 2.4 27 0.31 − 7.0 47.4 2054 250 395.0 385.5 46.7 +0.44 ± 0.10 3.4
TA36 36.5 18.2 24.0 30.0° 6.0 0.55 − 2.9 27 0.31 − 7.1 47.4 2054 255 395.0 383.9 49.2 +0.81 ± 0.10 4.5
TA50 50.0 25.0 32.9 30.0° 6.0 0.76 − 3.9 27 0.31 − 7.1 47.4 2054 250 395.0 379.8 45.7 +1.76 ± 0.10 5.9
TA63 62.5 31.3 41.1 30.0° 6.0 0.95 − 4.9 27 0.31 − 7.1 47.4 2054 250 395.0 376.0 46.7 +2.47 ± 0.10 7.3

Blade s/t

ℓ
2
gℓ
2
g

s

k

t ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
BL20 20.3 10.1 12.8 5.0 6.0 0.51 − 2.1 41 0.27 − 6.1 47.4 1027 264 395.0 388.5 94.6 −0.60 ± 0.10 3.0
BL33 33.3 16.7 21.1 5.0 6.0 0.83 − 3.4 41 0.28 − 6.3 47.4 1027 266 395.0 384.4 94.6 +0.58 ± 0.10 3.0
BL39 39.0 19.5 24.7 5.0 6.0 0.97 − 3.9 41 0.29 − 6.5 47.4 1027 273 395.0 382.5 93.3 +1.19 ± 0.10 3.1
BL49 49.0 24.5 31.0 5.0 6.0 1.2 − 4.9 41 0.30 − 6.7 47.4 1027 294 395.0 379.3 118 +1.84 ± 0.09 2.9

z

y x

Table 2.1: Surface parameters, spacings of the numerical mesh ∆+ and domain sizes L+. Close to the wall, spanwise meshes have ns nodes per riblet
period. We measure the half-channel height δ+ from the mean riblet height and δ′+ from the virtual origin. Statistics are averaged in the time interval
Lt to obtain an uncertainty in ∆U+ given by ζ+ and the convergence error ε′+ given by equation (2.9). W indicates a wide, and N a narrow channel.
F stands for a fine mesh and (V)C for (very) coarse.
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Case ∆x+ ∆y+ ∆z+ ∆t+(×103) L+x L+y δ+ Ltuτ/δ ε′+(×103)
SFull 6.5 3.2 0.27 − 4.4 83.0 2482 1241 395.0 34.9 2.3
SW 6.0 3.0 0.21 − 4.7 79.0 1027 450 395.0 95.2 3.7
S 6.0 3.0 0.21 − 4.7 79.0 1027 250 395.0 173 3.6
SNF 4.0 2.3 0.21 − 4.7 86.9 1027 150 395.0 152 4.1
SN 6.0 3.0 0.31 − 7.1 98.8 1027 150 395.0 533 4.5
SNC 8.0 3.9 0.42 − 9.5 158 1027 150 395.0 350 5.9
SNVC 11.9 4.7 0.64 − 14 296 1027 150 395.0 402 11
SH 6.0 3.0 0.32 − 8.8 80.0 2000 600 1000.0 58.5 3.3

Table 2.2: Smooth wall simulation parameters: spacings of the numerical mesh ∆+,
domain sizes L+ and half-channel height δ+. Statistics are averaged in the time interval
Lt to obtain the convergence error ε′+ given by (2.9). W indicates a wide, and N a narrow
channel. F stands for a fine mesh and (V)C for (very) coarse.

has components u, v and w in the streamwise (x), spanwise (y) and wall-normal (z)

directions respectively and t denotes time. We solve for the x-y-periodic component of

pressure p, while the constant mean dP /dx drives the flow in the streamwise direction

along the unit vector ex. The spanwise-averaged channel-depth is δ and therefore, the

spatially and temporally averaged wall-shear stress per unit plan area integrates to τw/ρ =−(δ/ρ) dP /dx for smooth-wall and riblet cases alike. Analogously, the temperature field

has an x-y-periodic component θ and mean Θ. The spatially and temporally averaged

heat flux into the wall is thus given by qw/(ρcp) = −δUbulk dΘ/dx, where Ubulk is the

volume-averaged streamwise velocity and cp is the specific heat at constant pressure. In

our setup, dΘ/dx < 0 such that the wall serves as a heat sink in analogy to momentum.

Computational domains (figure 2.1b) are rectangular open channels with a symmetry

boundary condition at the top such that the domain height equals the half-channel height

δ. The no-slip bottom wall is either smooth for reference or it has streamwise aligned

riblets. For the passive scalar, we set the isothermal boundary condition on the fluctuation

θ = 0 at the wall. Periodicity is applied in both horizontal directions x and y. All

quantities are nondimensionalised using the friction velocity uτ, half-channel height δ,

kinematic viscosity ν and friction temperature θτ = qw/(ρcpuτ). The friction Reynolds

number is fixed at Reτ = 395 and for one case Reτ = 1000. The Prandtl number Pr = 0.7

of air at room temperature sets the thermal conductivity (scalar diffusivity) νθ = ν/Pr.
With Pr < 1, we avoid imposing additional restrictions on the computational mesh and

domain size for the passive scalar.

2.2.1 Definition of turbulent fluctuations

We define turbulent fluctuations of any given scalar field φ ∈ {u, v,w, p, θ} as φ′(x, y, z, t) =
φ(x, y, z, t) − φxrt(y, z), i.e. as deviations from the streamwise (x), riblet-period (r) and

temporal (t) average φxrt. We use the overbar to denote plane averages across x, y and t

at a given height above the riblet tips z ≳ zt and apply it to products of two fluctuating

quantities φ′ψ′ (such as Reynolds shear stress u′w′). We use the common notation U = u
for streamwise velocity. Two-dimensional energy (co)spectral density Eφψ is calculated

in wall-parallel planes above the riblet tips for streamwise wavelengths λx and spanwise

wavelengths λy (§B.1). We collect spectral energy at the positive wavelengths such that
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Figure 2.1: Computational domain of minimal-span open channels (b) and representative
near-wall meshes for the four types of riblets in a cross section spanning one riblet period
(a,c–e). The half-channel height δ is measured from the mean-height z = zm and δ′ from
the virtual origin z = 0 with riblet tips at height z = zt = `T .

their energy integrates to the variance

∫ ∞
0
∫ ∞

0
Eφψdλxdλy = φ′ψ′(z). (2.4)

Accounting for energy from the negative wavelengths at 0 < (λx, λy) < ∞ is justi-

fied because of the symmetry Eφψ(λx, λy) = Eφψ(−λx,−λy) and because statistically,

Eφψ(λx, λy) ≈ Eφψ(−λx, λy) = Eφψ(λx,−λy) for real signals φ and ψ (§A.3). Integrating

in only one direction, we define

Exφψ(λx, z) = ∫ ∞
0

Eφψdλy and Eyφψ(λy, z) = ∫ ∞
0

Eφψdλx. (2.5)

When the integration bound is at a finite wavelength, it is important to remember that

discrete wavenumbers ki ∈ kx are centred in their interval, i.e. Ei = ∫ ki+∆kx/2
ki−∆kx/2 Ex (§A.3).
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2.2.2 Origin of the wall-normal coordinate

We need to define a virtual origin for the wall-normal coordinate in order to measure

the drag-change by ∆U+ (Garćıa-Mayoral et al., 2019), i.e. by the shift in the velocity

profile between smooth wall and riblet flow at matched heights. The outer layers of

flows over smooth walls and riblets are similar (Townsend, 1956) and therefore the latter

perceive an equivalent smooth wall at the virtual origin, located `T below the riblet crest

(Luchini, 1996) (figure 2.1a). We determine `T for small riblets near the size of lowest

drag by matching profiles of turbulent Reynolds shear stress u′w′+ in the point of largest

slope to that of a smooth wall. However, eddies above larger riblets might not perceive

a homogeneous boundary that we could use to define the virtual origin (Garćıa-Mayoral

et al., 2019). For consistency, we therefore fix `T /k for each riblet shape and extrapolate

the location of the virtual origin from the small riblets of the same shape. The half-channel

height measured from the virtual origin is δ′ < δ (figure 2.1(a) and table 2.1).

2.2.3 Minimal-span channels

We employ minimal-span channels for all riblet flows and corresponding smooth-wall

references. Minimal-span channels were first used by Jiménez & Moin (1991) and Flores

& Jiménez (2010) in numerical experiments on smooth walls and later employed as an

economical alternative to costly full-span channel flow DNS for roughness (Chung et al.,

2015). By definition, the width Ly < δ of minimal-span channels is small enough to

constrict large eddies in the flow. This leads to a significantly altered flow field in the

outer layer, but below a critical height z+c , average velocities and turbulent statistics

match experimental results (Jiménez & Moin, 1991).

The study of smooth-wall pipe flow by Chin et al. (2010) suggests that a streamwise

domain length L+x ≳ 1000 is necessary to resolve the near-wall streaks and avoid affecting

the mean flow. For channel sizes beyond that length, the largest structures are nev-

ertheless not fully resolved and effectively infinitely long in the periodic domain. Such

restrictions of the longest structures however do not affect the resolved scales (Lozano-

Durán & Jiménez, 2014). In the spanwise direction, at least one streak needs to be

resolved in a box of width L+y ≳ 100 for the flow to match experimental data below z+c
(Jiménez & Moin, 1991). The critical height above which results are unphysical scales

with the domain width as z+c ≈ 0.3L+y (Flores & Jiménez, 2010) or less conservatively

z+c ≈ 0.4L+y (Hwang, 2013). Chung et al. (2015) introduce modelled roughness on the

wall and also observe z+c ≈ 0.4L+y . Roughness only alters the near-wall region of the flow

in the roughness sublayer and outer-layer similarity is presumed for flows over different

surfaces (Townsend, 1956). In order to capture all roughness effects, we therefore need

to choose the channel width such that z+c exceeds the height of the roughness sublayer.

Consistent with sinusoidal roughness (Chan et al., 2018), we expect this layer to extend

to a height 0.5s+, that depends on the lateral riblet spacing s+. A systematic analysis of

constraints posed by the minimal-span channel is given by MacDonald et al. (2017), who

vary the streamwise and spanwise extent of numerical domains with modelled roughness

to identify and compile limitations for the domain size. For streamwise uniform riblets,
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these come to

L+x ≳ max (3L+y ,1000) , (2.6)

z+c = 0.4L+y ≳ 0.5s+. (2.7)

Channels of the present study have a width L+y ≈ 250 at Reτ = 395 and L+y = 600 at

Reτ = 1000. Therefore, the critical heights are z+c = 0.4L+y ≈ 100 and z+c = 240 respectively,

both of which are inside the logarithmic layer and above the roughness sublayer (z+c > 0.5s+
in table 2.1). Some simulations are repeated in channels with L+y = 150 and L+y ≈ 450

(table 2.1) to analyse effects of the channel width. This enables us to verify that the

minimal-span channel constraints found for flow over smooth walls and uniform roughness

are valid for the specific case of fully resolved 2D riblets, which differ from traditional

roughness in that they do not experience pressure drag. Particularly, since we expect

Kelvin–Helmholtz rollers in some of these flows that are not present over many other

types of rough surfaces, we verify in §2.3.2 that the minimal domains resolve all relevant

fluctuations.

Computational grids are stretched in the wall-normal direction using the tanh dis-

tribution suggested by Moin & Kim (1982) with smallest spacings near the riblet tips.

Cross-sections of the meshes close to the riblet surfaces are shown in figure 2.1 with de-

tails given in table 2.1. Meshes for asymmetric triangular riblets (figure 2.1e) are refined

using Adapt by Cascade Technologies Inc., which iteratively subdivides cells in different

mesh zones (distances from the wall) to meet prescribed requirements for the maximum

node spacing in the spanwise and wall-normal direction. Specifically, we set maximum

spacings ∆y+m = {1.5,3,4,5} and ∆z+m = {0.9,2,4,6} for heights z+ − z+t ≲ {16,40,80} and

above respectively.

2.2.4 Runtime and statistical convergence

We report the statistical uncertainty in ∆U+ given by ζ+ for all riblet cases in table 2.1.

In minimal-span channels, ζ+ can be estimated based on an eddy-counting approach over

the averaging time Lt (MacDonald et al., 2017)

Lt
uτ
δ

≈ ( 91.4

ζ+z+c )2
7.5zc
Lx

2.5zc
Ly

T +b
L+z . (2.8)

If z+c is in the log-layer of a minimal channel, the bursting period T +b = 6z+c (MacDonald

et al., 2017). Along with Ly = 2.5zc, the runtime required to converge statistics in (2.8)

becomes independent of Ly (§A.2). Therefore, a further reduction of the spanwise extent

of minimal channels (that nevertheless keeps z+c = 0.4L+y in the log-layer) reduces the

number of cells in the mesh without affecting the runtime, which saves computational

costs. In full-span channels, Lt depends on both Lx and Ly and the required runtime

is typically much shorter than in minimal-span channels. The larger mesh in x and y

however makes the overall computational cost for a full-span channel significantly higher

than for a simulation in a minimal channel.

As a measure of statistical convergence, we follow the suggestion by Vinuesa et al.
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(2016) and check (table 2.1) that the x-y-t-averaged total stress above the height of the

riblet tips z+t is close to linear

ε′+ = ( 1

δ′+ − z+t ∫
δ′+

z+t

ε+2dz+)1/2
, where ε+ = δ′+ − z+

δ+ + (u − u)(w −w)+ − dU+
dz+ . (2.9)

2.2.5 Mesh convergence study

The simulation for the narrow version of large blunt triangular riblets (T950N) is repeated

on two coarser meshes as well as a finer mesh (table 2.1). The number of mesh nodes

in each direction are (nx, ny, nz) = (257,127,193), (172,97,129), (129,73,97), (87,61,65),
which means the numbers of nodes spanning one riblet period with s+ = 50 are ns =
43,33,25,21 (table 2.1). With fixed domain sizes, the streamwise mesh spacings are

∆x+ ≈ 4,6,8,12. Our regularly used spacing for all riblet and smooth-wall cases is ∆x+ ≈ 6

(table 2.1), which is finer than ∆x+ = 10 used by Moser et al. (1999) at Reτ = 395 for a

smooth wall DNS with a spectral code. The wall-normal and spanwise grids close to our

riblets are likewise finer than for their smooth wall, because the mesh resolution in these

directions is dictated by the riblet geometry rather than the viscous length scale. All four

cases have a smaller spanwise extent (L+y = 150) than our usual channels (L+y ≈ 250) with

minimal-span effects discussed in §2.3.

The streamwise spectrum of streamwise velocity fluctuations against distance from

the wall shows collapsing contour lines for all four meshes (figure 2.2a). Minor differences

become visible for Reynolds stresses (figure 2.2b) at heights z+ − z+t ≳ 20. Here, the two

coarsest meshes have higher fluctuation energy, because the smallest structures are not

resolved by the mesh. This directly affects the mean streamwise velocity and therefore

profiles of the roughness function U+
s − U+ in figure 2.2(c), that compares the smooth

wall velocity profile (subscript s) to that of riblets. Below z+c , the roughness functions

on different meshes are close, but they diverge distinctly towards the top of the domain.

Velocities at z+c , where we measure the drag-change ∆U+ = U+
s (z+c )−U+(z+c ), are shown in

the inset for both the riblet cases (◾) and smooth walls with corresponding mesh quality

(●). The difference, ∆U+, is almost independent of the mesh quality, provided that the

resolution in the streamwise and wall-normal direction is similar for both flow cases. We

therefore maintain ∆x+ ≈ 6 for all cases and ∆z+ ≈ 0.3 around the height of the riblet

crests and about `+T above the smooth wall. If we were to use the smooth-wall spanwise

resolution for riblets, the geometry would not be resolved properly as we can appreciate

by comparing the finest smooth-wall SNF (L+y/ny = 2.3, ∆x+ ≈ 4) and coarsest riblet

mesh T950NVC (L+y/ny = 2.5, ∆x+ ≈ 12). The ∆U+ between those mismatched meshes

with similar L+y/ny would be close to zero ( ● - ◾ in the inset of figure 2.2c), which

is unphysical for riblets with `+g = 25. The average spanwise spacing around riblets is

therefore significantly smaller than that of the smooth-wall mesh and ns ≳ 26 in table 2.1.

Reynolds stresses that may be affected by Kelvin–Helmholtz rollers (details in §2.4.3)

are shown in figure 2.2(d). The two coarse meshes have increased energy in this spectral

region, even though the considered wavelengths are greater than the mesh spacing (65 ≲
λ+x ≲ 290 and λ+y ≳ 250). Profiles of Reynolds stresses in that spectral region −u′w′+

KH
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Figure 2.2: The solution on coarse meshes deviates, but further refining the computa-
tional mesh does not change our results based on these flows in a narrow channel (L+y =
150) with different mesh qualities (T950NF, T950N, T950NC, T950NVC). Premultiplied
streamwise spectra with contours from light to dark at k+xEx+uu = (0.5,0.75,1,1.25,1.5)
in (a) and k+xEx+uw = −(0.05,0.1,0.15,0.2,0.25) in (b). The roughness function in (c) with
error bars for ∆U+ measured at z+c compares to smooth-wall simulations of matched span-
wise extent and mesh resolution (table 2.1). The inset shows U+

s (z+c ) (●) for the smooth
wall and U+(z+c ) (◾) for riblet flow as a function of the streamwise mesh spacing ∆x+.
(d) Reynolds stresses in the spectral region that can be occupied by Kelvin–Helmholtz
rollers (Garćıa-Mayoral & Jiménez (2011b) and §2.4.3).

for the two finer meshes align, even above z+c . This gives us confidence that the regular

mesh resolution, which we also use for the main cases of this study (those with L+y ≈ 250

in table 2.1), is sufficient to capture the effects of Kelvin–Helmholtz rollers on the flow

field over riblets.

2.3 The minimal-span channel for flow over riblets

In this section, we verify that constricting the flow in the spanwise direction unphysically

alters the flow in the outer layer, while the near-wall region remains unchanged (Mac-

Donald et al., 2017). Figure 2.3 shows wall-normal velocity fluctuations 5 viscous units

above riblets in channels of three different widths. At this height, the flow fields in all

three domains have qualitatively the same streamwise-aligned features, because only flow

structures above certain sizes and wall-normal distances are affected by the spanwise con-
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Figure 2.3: The flow close to the wall is not affected by the spanwise constraint: instant-
aneous wall-normal velocity w+ in a plane 5 viscous units above the crest of triangular
riblets with opening angle α = 90° in channels of different spanwise extent. (a) wide
T950W with L+y = 450, (b) our regular width T950 with L+y = 250 and (c) narrow T950N
with L+y = 150.

straint. We will quantify these effects in spectral space after first considering implications

for the mean streamwise velocity.

2.3.1 Mean streamwise velocity in minimal-span channels with

riblets

Constricting the flow in the spanwise direction leads to unphysically high streamwise ve-

locity for heights z+ > z+c = 0.4L+y in rough-wall channels, because the largest structures

that would otherwise carry momentum are not resolved (Chung et al., 2015). This estim-

ate for z+c agrees well with profiles of mean streamwise velocity shown in figure 2.4(a) for

triangular riblets and smooth walls in numerical domains of three different widths. The

viscous-scaled spanwise extents are L+y = {150,250,450}. Increased velocities above z+c
are clearly visible for the narrow and medium width channels. The smooth-wall profile

from the wide channel with spanwise extent L+y = 450 is almost identical to that from

a full-span channel with L+y = 1241 except for the very top of the wake region, because

z+c = 180 is fairly close to δ+ = 395 on a log-scale.

We calculate the roughness function from the difference between the smooth-wall

reference (subscript s) and the riblet profile at matched spanwise extent L+y (figure 2.4b).

The statistical uncertainty ζ+ (found through equation 2.8) is marked by error bars at the

height z+c , where we measure the drag-change ∆U+. These riblets with groove size `+g = 25
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Figure 2.4: Minimal channels have unphysically high velocity only above the height
z+c : (a) velocity profiles of smooth-walls (SW, S, SN) and triangular riblets (T950W,
T950, T950N) in domains of three different widths. A profile for a smooth-wall full-
span channel (SFull) with L+y = 1241 is shown additionally for reference. (b) The Hama
roughness function U+

s −U+ for the three cases. Vertical lines mark the height z+c = 0.4L+y
beyond which results are unphysical and error bars mark the statistical uncertainty ±ζ+
as defined in (2.8).

(table 2.1) are well within the drag-increasing regime as ∆U+ > 0. For the two widest

minimal-span channels, U+
s − U+ collapses within the statistical uncertainty such that

the measured drag-change is the same regardless of the domain size. The very narrow

channel with L+y = 150 has a noticeably different roughness function (figure 2.4b) and

the drag-change ∆U+ measured at its z+c deviates a bit from the ∆U+ found in wider

channels (table 2.1). We therefore use L+y ≈ 250 to study the flow over riblets and thus

avoid minimal-span effects on the drag-change.

2.3.2 Velocity fluctuations in minimal-span channels with riblets

Our region of interest for this study is close to the wall, where roughness affects the

flow. Kelvin–Helmholtz rollers can appear at heights ≲ 20 viscous units above the riblets

(Garćıa-Mayoral & Jiménez, 2011b) and their analysis requires an accurate representation

of turbulent flow structures. However, above a certain height in minimal-span channels,

the distribution of velocity fluctuations across spectral space is affected by the confined

domain. That critical height for fluctuations depends on the size of considered structures

as well as L+y and it is generally lower than the z+c for the mean-flow (Hwang, 2013;

MacDonald et al., 2017).

Smooth walls and triangular riblets in channels with L+y = {150,250,450}
Unphysically amplified velocity fluctuations are evident in the streamwise spectra above

z+c in our narrow domains with both smooth-walls and riblets (figure 2.5a,b). The same

amplification is observed by Hwang (2013) (their figure 6b) and MacDonald et al. (2017)

(their figure 4e–h). Closer to the wall however, fluctuations become progressively less

dependent on the channel width.
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Figure 2.5: Velocity fluctuations in minimal channels carry unphysically high energy
above the height z+c : triangular riblets (α = 90°) with three different channel widths (left,
T950W, T950, T950N) and corresponding smooth walls (right, SW, S, SN). Premultiplied
streamwise (a, b) and spanwise (c, d) spectra of streamwise velocity against distance from
the riblet crest or wall with contours from light to dark at k+x,yEx,y+uu = (0.5,1,1.5,2,2.5).

Effects of the narrow domain on spanwise spectra are particularly pronounced in

figure 2.5(c,d), where wide fluctuations with large λ+y have increased energy as the domain

becomes more narrow. Structures wider than L+y appear as spanwise uniform and their

energy consequently accumulates in the mode with λ+y =∞, which is not visible in these

spectrograms. As L+y reduces, more fluctuations would be wider than the channel and

therefore appear in the infinite wavelength. A side effect of this restriction appears to be

an increase of energy in wavelengths just shorter than L+y . The width of structures affected

by this amplification varies with distance from the wall, as also seen in MacDonald et al.

(2017). Taking the widest channel as a reference, the lowest-energy contour line diverges

roughly at z+c for the two more narrow channels. Higher-energy contour lines diverge

closer to the wall, but also at larger λ+y . For the medium-width channel, all resolved

spanwise wavelengths appear to show unrestricted turbulence below z+ − z+t ≈ 30. For

the narrow channel however this is not achieved even at the highest-energy contour level

suggesting that energy in the widest structures is overestimated down to some height

closer to the riblets or smooth wall respectively.

Figure 2.6 shows that the region even closer to the wall, only 5 viscous units above

the riblets or smooth wall, is not affected by any of our narrow domains. At this height,
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Figure 2.6: Velocity fluctuations close to the wall are not affected by the spanwise
constraint: triangular riblets (α = 90°) with three different channel widths (left, T950W,
T950, T950N) and corresponding smooth walls (right, SW, S, SN). Premultiplied 2D
spectra in a plane 5 viscous units above the crest with contours at fractions of turbulent
fluctuations k+xk+yE+

φψ/(φ′ψ′)+ = (0.02,0.08,0.14,0.2,0.26). In (a, b) for uw and in (c, d)
for ww.

all contour lines agree across the resolved scales regardless of L+y , including for L+y = 150,

because energy at larger wavelengths accumulates at λ+y =∞.

Blade riblets in minimal-span and full-span channels

In figure 2.7 we further compare spectra of two blade riblet cases in minimal-span channels

to similar reference cases from Garćıa-Mayoral & Jiménez (2012) in full-span channels to

verify that we accurately capture all relevant fluctuations. The reference cases have a

spacing-to-thickness ratio s/t = 4 and Reτ ≈ 550, while for the blade riblets of this study

s/t = 5 and Reτ = 395, but the riblet sizes are `+g ≈ 13 and `+g ≈ 21 for both data sets. The

most notable difference is the channel width. The reference full-span channels are about

9 to 10 times wider in viscous units than our minimal-span channels. The streamwise and

spanwise spectra shown against distance from the wall in figure 2.7(a–d) match closely

across riblets of a given size, except for the minimal-span channel effects discussed above

for the triangular riblets and smooth walls.

Two-dimensional spectra at a height 5 viscous units above the crest, that can be

influenced by Kelvin–Helmholtz rollers, are shown in figure 2.7(e–h). The spectra are

normalised by their respective turbulent variance at that height and show matching trends
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Figure 2.7: Comparing velocity spectra for blade riblets in minimal-span channels
to reference data in full-span channels. On the left (a,b,e,f ) are small riblets with
`+g ≈ 13 (BL20 with L+y = 264, Reτ = 395, s/t = 5 compared to 13L from Garćıa-
Mayoral & Jiménez (2012) with L+y = 2603, Reτ ≈ 550, s/t = 4). On the right (c,d,g,h)
are large riblets with `+g ≈ 21 (BL34 with L+y = 266, Reτ = 395, s/t = 5 compared
to 20L from Garćıa-Mayoral & Jiménez (2012) with L+y = 2396, Reτ ≈ 550, s/t = 4).
The premultiplied streamwise and spanwise spectra of streamwise velocity in (a–d)
are shown against distance from the riblet crest with contours from light to dark at
k+x,yEx,y+uu = (0.5,1,1.5,2,2.5). The premultiplied 2D spectra of uw in (e,g) and of ww in
(f,h) are in a plane 5 viscous units above the crest with contours at fractions of turbulent
fluctuations k+xk+yE+

φψ/(φ′ψ′)+ = (0.02,0.08,0.14,0.2,0.26). Boxes near the top delimit the
region of Kelvin–Helmholtz rollers (Garćıa-Mayoral & Jiménez (2011b) and §2.4.3).

regardless of the channel size. Effects of the different blade width are noticeable at this

height close to the crest, and presumably explain the small discrepancies between the

energy levels (contour lines). However, these misalignments between contour lines for

different blade widths are small compared to the changes with riblet size (figure 2.7e,g

and figure 2.7f,h). The minimal-span channels of the present study (grey contours in

figure 2.7) accurately capture fluctuations of resolved wavelengths close to the wall, as

also seen for triangular riblets and smooth walls in figure 2.6. The agreement across

channels of different width is most readily visible in figure 2.7(h) for wall-normal velocity

fluctuations above the large riblets, that are known to support the Kelvin–Helmholtz

instability (Garćıa-Mayoral & Jiménez, 2012). The spectral region of Kelvin–Helmholtz

rollers (65 ≳ λ+x ≳ 290 and λ+y ≳ 250) is framed with a black box near the top of figure 2.7(e–

h), but these spectra are restricted to finite wavelength λ+x ≲ L+x and λ+y ≲ L+y . In the

following, we therefore selectively integrate velocity spectra in channels of different width.

Spectral region of Kelvin–Helmholtz rollers in channels of different widths

In figure 2.8(b,d,f,h), we show spanwise spectra of Reynolds shear stress integrated in

λ+x only across wavelengths that may be affected by the Kelvin–Helmholtz instability,
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Figure 2.8: Minimal channels capture the energy in the spectral region of Kelvin–Helm-
holtz rollers: premultiplied streamwise (left) and spanwise (right) spectra of Reynolds
shear stress integrated only over the shaded wavelengths that are affected by the Kelvin–
Helmholtz instability 65 ≲ λ+x ≲ 290 and λ+y ≳ 250 (Garćıa-Mayoral & Jiménez (2011b) and
§2.4.3). In a plane 5 viscous units above smooth walls (a, b), above the crest of triangular
riblets T950W, T950, T950N (α = 90°, `+g = 25.0 in c, d), triangular riblets T321W, T321
(α = 30°, `+g = 20.4 in e, f ) and blade riblets 20L (s/t = 4, `+g = 20.4) in a full-span channel
from Garćıa-Mayoral & Jiménez (2012) and BL33 (s/t = 5, `+g = 21.1) in our minimal-span
channel (g, h).
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65 ≳ λ+x ≳ 290 (Garćıa-Mayoral & Jiménez, 2011b). Narrow domains have a low spectral

resolution at large λ+y , but wherever a data point is available, it matches those from wider

channels. The sharp triangular riblets with α = 30° in figure 2.8(f ) have more energy in

those streamwise wavelengths than the smooth wall in figure 2.8(b) or the blunt triangular

riblets with α = 90° in figure 2.8(d). Nevertheless, for all of them, the energy at large λ+y
matches closely between channels of different width. In figure 2.8(h) we further compare

the blade riblets to slightly thicker blades with almost matching `+g in exceptionally wide

full-span channels by Garćıa-Mayoral & Jiménez (2012) and also observe close agreement

of the energy across all resolved wavelengths.

The spanwise extent of Kelvin–Helmholtz rollers is up to 1000–1500 viscous units in

the flow over blade riblets (Garćıa-Mayoral & Jiménez, 2012), which means a large portion

of their energy accumulates in the spanwise-infinite wavelength of our simulations, which

is not visible in the premultiplied spectra of figure 2.8(b,d,f,h). In order to visualise energy

in modes with λ+y ≳ 250 including λ+y =∞, we integrate cospectra of Reynolds shear stress

for the different channels across λ+y ≳ 250 in figure 2.8(a,c,e,g). Smooth wall flow at

z+ = 5 has very little energy in these large spanwise wavelengths, but the spectrum is the

same for all four channel widths. In the case with comparatively high energy at these

large spanwise wavelengths in figure 2.8(e), the spectrum likewise matches within the

statistical uncertainty for both domain widths. Even the narrow domains with L+y = 150

in figure 2.8(a,c), that end short of the integration bound, have the same spectrum,

because the energy is contained in the spanwise-infinite wavelength. (The integration in

discrete wavenumber space covers all of mode 0 with λ+y =∞ and 10 % of mode 1 with

λ+y = 150.) In figure 2.8(g), we integrate the spectrum for our blade riblets over only

two spanwise modes (L+y = 266) and the spectrum of the reference case (Garćıa-Mayoral

& Jiménez, 2012) with a similar geometry over 11 modes (L+y = 2396), but the resulting

streamwise spectra for large spanwise wavelengths nevertheless match closely.

In summary, we observe in figures 2.4 and 2.5 that if L+y ≳ 250, turbulence in roughly

the first 30 viscous units above the riblet crest is not affected by the channel width and

both the mean and the turbulent flow that we simulate in that region (including at large

λ+y) reflect the true physics. Furthermore, figures 2.6 and 2.8 illustrate that 5 viscous units

above the wall or riblet crest, Reynolds stresses and wall-normal velocity in minimal-span

channels with L+y ≳ 150 closely match those in wider domains. Energy at wavelengths

λ+y > L+y accumulates at the infinite wavelength such that fluctuations of large structures

are accounted for even in narrow domains (figure 2.8). Our minimal-span channels with

L+y ≈ 250 (table 2.1) therefore allow us to investigate fluctuations due to Kelvin–Helmholtz

rollers. Even more narrow domains (e.g. with L+y = 150) also accurately capture energy

in wavelengths that are affected by the Kelvin–Helmholtz instability (figure 2.8), but the

separation from other near-wall turbulence is cleaner if L+y ≳ 250 as we will demonstrate

in §2.4.3.
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Figure 2.9: Drag curves for different riblet shapes with experimental (☀☆ Gatti
et al. (2020), ▼▽ Bechert et al. (1997), ◀◁ Bechert et al. (1997)) and numerical
(DNS: ∎◻ Garćıa-Mayoral & Jiménez (2012), LES: ☀☆ Bannier et al. (2015)) reference
data. Experimental channel flow data are converted from ∆τw/τw,smooth to ∆U+ =−DR ((2cf,smooth)−1/2 + 1/(2κ)) with cf = 2/U+2

bulk at matched Rebulk (Bechert et al.,
1997, and §A.1). The term 1/(2κ) is omitted for data from Bechert et al. (1997) as
suggested in Garćıa-Mayoral (2011). The boundary layer LES data are converted to
∆U+ = −DR(2Cf,smooth)−1/2 with Cf = 2/U+2

δ at matched U+
δ (Spalart & McLean, 2011).

Direct measurements of ∆U+ for the present data are shown by coloured symbols with
lines. The straight lines starting at `+g = 0 indicate the viscous prediction of ∆U+ calcu-
lated from Stokes flow as per Luchini et al. (1991), for trapezoidal riblets with α = 53.5°
( , as Gatti et al. (2020)) and α = 30° ( , as Bannier et al. (2015) and our data).

2.4 The Kelvin–Helmholtz instability above riblets

2.4.1 Roughness function of riblets

Our riblet DNS data set spans six shapes and various viscous-scaled sizes, which means

that drag characteristics vary as shown in figure 2.9, where we compare the streamwise

velocity to smooth-wall flow in channels of matched width, ∆U+ = U+
s (z+c ) − U+(z+c ).

Measures of the drag-change ∆U+ by blade riblets (∎◻) are slightly lower than for the

reference data of thicker blades (∎◻) by Garćıa-Mayoral & Jiménez (2012), which is con-

sistent with Stokes flow that predicts the lowest ∆U+ for infinitely thin blades (Luchini

et al., 1991). We further converted various reference data from DR to ∆U+ for compar-

ison. The blunt trapezoidal riblets from Gatti Gatti et al. (2020) with α = 53.5° (☀☆)

have a higher drag at matched `+g than our trapezoidal riblets with α = 30° (☀☆). Around

the size of optimum drag reduction at `+g ≈ 11, drag curves of various riblet shapes scale

with `+g (Garćıa-Mayoral & Jiménez, 2011b). Nevertheless, our triangular riblets (▼▽, ◀◁)

have a lower minimum drag than measured experimentally by Bechert et al. (1997) (▼▽,◀◁). The trapezoidal riblets show the same trend of lower drag in numerical compared

to experimental studies: our DNS (☀☆) and the wall-resolved large eddy simulations by

Bannier et al. (2015) (☀☆) of trapezoidal riblets with α = 30° have a lower drag at the
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optimum than the experimental data from Gatti et al. (2020) (☀☆) for trapezoidal rib-

lets with α = 53.5°. The lower drag of the sharper trapezoidal riblets is only partially

explained by Stokes flow (Luchini et al., 1991), which predicts a small reduction of ∆U+
when the tip angle reduces from α = 53.5° to α = 30° (straight lines starting at `+g = 0 in

figure 2.9).

Garćıa-Mayoral & Jiménez (2011b) demonstrated for blade riblets, that Kelvin–Helm-

holtz rollers appear in the flow ≲ 20 viscous units above the crest for groove sizes `+g ≳ 11,

i.e. for larger than optimal riblets. Fourteen of our cases have a size above that threshold

in order to analyse the effects of Kelvin–Helmholtz rollers on the flow field and therefore

on the drag characteristics of different riblet geometries.

2.4.2 Visualising Kelvin–Helmholtz rollers

We use the scalar θ, that represents temperature, to visualise perturbations in the fluid.

Fluctuations θ′+ in a plane 5 viscous units above a smooth wall or small riblets (figure

2.10, left) show long, nominally streamwise aligned, streaks of positive or negative fluctu-

ations. For some of the larger, drag-increasing riblets however spanwise coherent patches

dominate the flow field at that height (figure 2.10, right). This is most prominently visible

in figure 2.10(c) for the triangular riblets with α = 30°, where it suggests the presence of

spanwise-coherent Kelvin–Helmholtz rollers. The flow field of the blunt triangular riblets

with α = 90° in figure 2.10(g) and the asymmetric riblets in figure 2.10(m) looks qual-

itatively similar to that of the corresponding small riblets (figure 2.10(f,l) respectively),

where no significant spanwise coherence is visible at this instance. These instantaneous

flow visualisations therefore suggest that the strength of Kelvin–Helmholtz rollers depends

on the riblet shape.

Figure 2.11 shows isosurfaces of the passive scalar to visualize spanwise coherence

in a volume z+ − z+t < 20, highlighting the striking dependence of the Kelvin–Helmholtz

instability on the riblet cross-section. The two riblet geometries are the same as in

figure 2.10(c,g), except in wider domains with L+y ≈ 450. In combination with regions

of negative streamwise velocity in the groove of the large triangular riblets with α = 30°

(blue in figure 2.11a), wave-like structures become visible in the flow field, which match

the description of a Kelvin–Helmholtz instability (roughly spanwise coherent and with a

streamwise spacing λ+x ≈ 200). Kelvin–Helmholtz rollers are absent above the blunt riblets

with α = 90° in figure 2.11(b), even though the riblet size `+g is similar for both cases and

the domain size and Reτ are matched.

In order to quantify the intensity of the Kelvin–Helmholtz instability and its relevance

in the flow field, we now apply a spectral filter to time-averaged fluctuating quantities.

2.4.3 Identifying Kelvin–Helmholtz rollers in spectral space of

minimal channels

For sufficiently large blade riblets, spanwise coherent rollers related to a Kelvin–Helmholtz

instability form just above the riblet crest (Garćıa-Mayoral & Jiménez, 2011b). These

structures can be identified in spectral space, where they alter velocity fluctuations in the
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Figure 2.10: Spanwise coherence due to Kelvin–Helmholtz rollers is visible for some of
the large riblets: fluctuations of the passive scalar (temperature) θ′+ in the wall-parallel
plane 5 viscous units above a smooth wall (a) or riblet crest (b–m). Riblet cases on the
left are close to their drag-reducing optimum size, while those on the right side are large
enough to be in the drag increasing regime (figure 2.9).

region roughly delimited by 65 ≲ λ+x ≲ 290 and λ+y ≳ 130 according to Garćıa-Mayoral &

Jiménez (2011b).

Signature of Kelvin–Helmholtz rollers in 2D spectra

In figure 2.12, we show premultiplied 2D spectra of various flow quantities normalised by

their turbulent variance at a height 5 viscous units above drag-increasing triangular riblets

with α = 30°. This normalisation visualises how these riblets change the distribution of

energy across both spectral dimensions relative to the smooth wall ( ). Energy in the

spectral region associated with the instability (box at the top in figure 2.12) is altered in

spectra of u, v, w and θ. Pressure fluctuations are shifted to slightly lower λ+x, but contour

lines mostly retain the shape of smooth-wall flow. Wall-normal velocity and temperature
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Figure 2.11: Flow visualisation for two drag-increasing riblets of similar size `+g but
different shape. Kelvin–Helmholtz rollers develop over the triangular riblets with tip
angle α = 30° (a: T321W with `+g = 20.4), but not over the riblets with α = 90° (b: T950W
with `+g = 25). Both channels have a spanwise extent L+y ≈ 450. The mean flow is aligned
with the riblets from left to right. Regions of negative streamwise velocity (reversed flow)
inside the groove are shown in blue. An isosurface of the passive scalar θ+ = 3.5 above
the riblet crest is coloured by its height from transparent to black.

fluctuations in particular are strongly affected with a distinct peak in the spectral region

of the instability.

The effect of Kelvin–Helmholtz rollers on fluctuations in the temperature field has

implications for heat transfer of the surface. The temperature is modelled as a pass-

ive scalar that cannot affect Kelvin–Helmholtz rollers. However, the Kelvin–Helmholtz

instability can enhance the transport of the passive scalar into the wall, akin to forced

convection of heat. The differences between figure 2.12(a) and figure 2.12(e) indicate

that Kelvin–Helmholtz rollers affect heat transfer differently from momentum transfer

into the wall. The reversed flow regions seen in figure 2.11(a) have negative wall-shear

stress and positive heat transfer into the wall, affecting the overall ratio of heat transfer

to momentum transfer and thus breaking the similarity implied by the Reynolds analogy.
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Figure 2.12: Kelvin–Helmholtz rollers changing the distribution of energy in
premultiplied 2D spectra in a plane 5 viscous units above the crest of drag in-
creasing sharp triangular riblets T321 (contours) compared to smooth-wall flow
( ). Contours are from light to dark at fractions of turbulent fluctuations
k+xk+yE+

φψ/(φ′ψ′)+ = (0.03,0.06,0.09,0.12,0.15,0.18). Boxes near the top delimit the re-
gion of Kelvin–Helmholtz rollers (65 < λ+x < 290, λ+y > 130) according to Garćıa-Mayoral
& Jiménez (2011b).

Signature of Kelvin–Helmholtz rollers in 2D shear stress cospectra

We further consider the spectrum of Reynolds shear stress, because this is the component

of the Reynolds stress tensor that appears in the mean streamwise momentum equation,

where it directly relates to the drag variation (Fukagata et al., 2002; Garćıa-Mayoral &

Jiménez, 2011b; MacDonald et al., 2016). Figures 2.13(a,b) show normalised 2D spectra

of Reynolds shear stress in a plane 5 viscous units above the crest of triangular riblets with

α = 30°. For the small drag-reducing riblets (T310), contours are similar to those above a

smooth wall ( ). An impermeable smooth wall does not provide the conditions for the

Kelvin–Helmholtz instability to develop and the same is true for small riblets, typically

below the size of optimum drag, i.e. `+g ≲ 11 (Garćıa-Mayoral & Jiménez, 2011b). There-

fore, the spectrum of Reynolds shear stress contains negligible energy in the associated

spectral region.

The spectral region of Kelvin–Helmholtz rollers for the drag-increasing riblets of the

same shape (T321 in figure 2.13b) features a strong peak and the distribution of Reynolds

shear stress across the 2D spectrum is distinctly different from that over a smooth wall, as

discussed for figure 2.12. The bulk of the energy over smooth walls is distributed around

wavelengths close to λ+x ≈ 1000 (e.g. Hutchins & Marusic, 2007) with high energy down

to λ+x ≈ 300 based on figure 3(c) from Jiménez et al. (2004) or the contour lines in our

figure 2.13(b). However, for the large riblets with α = 30° in figure 2.13(b), the strong

peak is instead at λ+x ≈ 200 and the relative influence of large streamwise structures on

Reynolds stress at this particular height is reduced significantly compared to smooth-wall

flow.
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Figure 2.13: Determining which spanwise wavelengths are affected by Kelvin–Helmholtz
rollers using drag reducing (T310) and drag increasing (T321) sharp triangular riblets
with tip angle α = 30° and a smooth wall. (a, b) Premultiplied 2D cospectra of Reynolds
shear stress in a plane at 5 viscous units above the crest. Contours are from light to dark
at fractions of turbulent fluctuations k+xk+yE+

uw/(u′w′)+ = (0.03,0.06,0.09,0.12,0.15,0.18),
filled for riblets and lines for the smooth wall. Open boxes near the top delimit the region
of Kelvin–Helmholtz rollers (65 < λ+x < 290, λ+y > 130) according to Garćıa-Mayoral &
Jiménez (2011b). (c–g) Premultiplied 1D cospectra of Reynolds shear stress at different
spanwise wavelengths (modes 0,1,2,3,6) for a smooth wall ( ), a drag reducing riblet
(T310, ) and a drag increasing riblet (T321, ) with matched domain size. (h–l)
Profiles of Reynolds shear stress at different spanwise wavelengths after integrating across
the λ+x that are framed in (a), (b) and shaded in (c–g).

1D shear stress cospectra at individual spanwise wavelengths

The aim now is to isolate the effect of the Kelvin–Helmholtz instability by integrating

fluctuations only over the wavelengths affected by Kelvin–Helmholtz rollers. As visible in

the 2D spectrum of figure 2.13(b), the peak associated with the instability is an extension

of the main peak of near-wall turbulence at lower spanwise wavelengths and not entirely

separated from it, at least along the λ+y dimension.

In an effort to judge how far the influence of Kelvin–Helmholtz rollers extends, stream-
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wise spectra at large spanwise wavelengths are shown in figure 2.13(c–g), including at

λ+y =∞, which is not visible in the premultiplied 2D spectra (figure 2.13a,b). The stream-

wise region that Garćıa-Mayoral & Jiménez (2011b) identified for the instability (shaded

in figure 2.13c–g) contains the peak in the spectrum ( ). Since we are employing

minimal-span channels with L+y ≈ 250, the spanwise-infinite wavelength (figure 2.13c)

contains a large portion of the energy. In fact, the peak associated with Kelvin–Helm-

holtz rollers at the infinite wavelength is stronger than at any other wavelength resolved

in this channel, which underlines the spanwise two-dimensional nature of the Kelvin–

Helmholtz rollers. For λ+y = L+y ≈ 250 in figure 2.13(d), the distribution of energy across

λ+x is similar to the one for the spanwise-infinite wavelength in figure 2.13(c), although

the position of the peak reduces from λ+x ≈ 205 at λ+y = ∞ to λ+x ≈ 170. Both peaks are

inside the shaded region of λ+x, but for smaller wavelengths (figure 2.13e–g), the energy

peak is reducing in strength and broadening as fluctuations from the near-wall-cycle are

affecting the spectrum (also visible in figure 2.13b).

In contrast to the large riblets ( ), the curves for the small drag-reducing riblets

( ) in figure 2.13(c–g) are almost indistinguishable from those of smooth-wall flow

( ), because the contours in figure 2.13(a) do not extend into the spectral region of

Kelvin–Helmholtz rollers for either flow. We interpret smooth-wall like flow over riblets in

the spectral region of the instability as Kelvin–Helmholtz rollers not being present, which

we expect for riblets with `+g ≲ 11 that lack wall-normal permeability (Garćıa-Mayoral &

Jiménez, 2011b).

Profiles of shear stress contributed by individual spanwise wavelengths

This analysis is so far limited to one representative distance from the wall, 5 viscous units

above the crest. However, we can expect Kelvin–Helmholtz rollers to be three-dimensional

structures and to account for the z-dependence, we integrate Reynolds stresses at every

height across the range of streamwise wavelengths 65 ≲ λ+x ≲ 290 that are affected by

the instability. For now, we integrate separately at every spanwise wavelength to obtain

profiles of Reynolds stresses due to Kelvin–Helmholtz rollers shown in figure 2.13(h–l)

that depend on λ+y . The drag reducing riblet case ( ) has profiles that are very close

to that of the smooth wall ( ) at all spanwise wavelengths. For the drag increasing

case ( ), the effect of Kelvin–Helmholtz structures is evident. In agreement with the

description by Garćıa-Mayoral & Jiménez (2011b) and visible in figure 2.13(h, i), Kel-

vin–Helmholtz rollers increase energy in large spanwise wavelengths for roughly the first

20 viscous units above the riblet crest. At λ+y ≈ 125 (figure 2.13j ), the peak is lower and

farther from the wall as structures from the near wall cycle are beginning to affect the

profile. Particularly for the graphs in figure 2.13(k, l) at λ+y < 100, the profile no longer

captures energy associated exclusively with Kelvin–Helmholtz rollers, but mainly with

the near-wall cycle. This is more readily visible in the 2D spectrograms of figure 2.13(b).

Summary of scales affected by Kelvin–Helmholtz rollers

The above spectral analysis of the flow over sharp triangular riblets demonstrates that the

lower bound for the spanwise extent of Kelvin–Helmholtz rollers should be in the range
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125 < λ+y ≲ 250. More precisely, figure 2.13(i,j ) suggest the threshold should be closer to

λ+y = 250 in order to exclude turbulence from the near-wall cycle. We therefore consider

the spectral region associated with the Kelvin–Helmholtz instability in our minimal-span

channels as λ+y ≳ 250 in the spanwise direction, which is more conservative than the

threshold λ+y ≳ 130 that Garćıa-Mayoral & Jiménez (2011b) suggested. In the streamwise

direction, the range 65 < λ+x < 290 (Garćıa-Mayoral & Jiménez, 2011b) is appropriate also

for the present data set. This way, we only let fluctuations pass the spectral filter that

are due to the Kelvin–Helmholtz instability, while we discard fluctuations associated with

the near-wall cycle that characterises both the smooth and riblet wall flows.

2.4.4 Dependence of Kelvin–Helmholtz rollers on riblet shape

and size

We now integrate fluctuations in spectral space for only the wavelengths affected by the

Kelvin–Helmholtz instability to impose a spectral filter on variance profiles of different

flow quantities

φ′ψ′+KH(z+) = ∫ ∞
250

[∫ 290

65
E+
φψdλ+x]dλ+y , (2.10)

where (φψ) ∈ {uu,uw,wθ}. In figure 2.14, we compare those filtered profiles for all

riblet cases to smooth-wall flow. Even though Kelvin–Helmholtz rollers are absent over

a smooth wall, (u′u′+KH)1/2 increases over the first 20 viscous units from the wall.

Drag-reducing riblets of any shape have almost the same profile ( in figure 2.14,

left) as the smooth wall, because they lack Kelvin–Helmholtz rollers. The profiles of

Reynolds shear stress (figure 2.14, centre) and wall-normal transport of the passive scalar

(figure 2.14, right) in the spectral region of Kelvin–Helmholtz rollers are likewise not

affected by the presence of small riblets.

For larger, drag-increasing riblets ( in figure 2.14), differences emerge between

riblet shapes. The two drag-increasing triangular riblets with α = 30° in figure 2.14(a–c)

have profiles that are distinctly different from those of the smooth-wall flow. All three

quantities peak at z+ − z+t < 10, which is not the case for the smooth wall and therefore

indicative of Kelvin–Helmholtz rollers. The distances from the riblet crest match those

found by Garćıa-Mayoral & Jiménez (2011b) for Kelvin–Helmholtz rollers over blade

riblets. Indeed, our blades in figure 2.14(m–o) have similar peaks, that are however lower

in magnitude than for the sharp triangular riblets. For the other riblet shapes, fluctuations

in the spectral region of Kelvin–Helmholtz rollers resemble more closely those of smooth-

wall flow, indicating that the instability is weak or does not develop. For example, we can

observe minor effects of the instability for trapezoidal riblets and symmetric triangular

riblets with α = 60°, that are much weaker than for the sharper triangular riblets with

α = 30°. Here, w′θ′+KH is the most sensitive indicator of all possible cospectra (as also

evident in figure 2.12). The two largest trapezoidal riblets (lightest curves in figure 2.14j –

l) have higher values of −u′w′+
KH and −w′θ′+KH and monotonously increasing profiles not

seen for any other riblet, suggesting that structures related to the near-wall cycle influence

the spectral region for these very large riblets (s+ = 50,63). The instability appears to

be absent or vanishingly weak for the triangular riblets with α = 90° in figure 2.14(g–i)
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Figure 2.14: Kelvin–Helmholtz rollers strongly affect fluctuations in (a–c), (m–o), but
not in (p–r): profiles of streamwise velocity fluctuations (left), Reynolds shear stress
(centre) and the wall-normal transport of θ (right), filtered only for wavelengths associated
with the Kelvin–Helmholtz instability as per (2.10). Smooth wall flow ( ), riblets that
reduce ( ) or increase ( ) drag. Curves for each shape get lighter with increasing
riblet size. Light curves in (a–c) are for smooth-wall and riblet flow at Reτ = 1000,
all others at Reτ = 395. Data from the wider domains with L+y ≈ 450 is shown in grey
(a–c and g–i). Grey curves in (m, n) are for reference full-span channel cases 13L and
20L at Reτ ≈ 550 from Garćıa-Mayoral & Jiménez (2012) along with the corresponding
smooth-wall profile.
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and the asymmetric triangular riblets in figure 2.14(p–r), for which fluctuations in the

considered spectral region are almost identical to those over a smooth wall.

The filtered profiles for channels of different width L+y ≈ {250,450} in figure 2.14(a–c)

and in figure 2.14(g–i) match within the statistical uncertainty, because energy at λ+y > L+y
is accounted for in the spanwise-infinite wavelength, as also observed in figure 2.8 at the

height z+ − z+t = 5. Reynolds-number effects are negligible, as we can observe for the

smooth-wall flows in figure 2.14(a–c) at Reτ = 395 and Reτ = 1000 respectively and also

for the blade riblets in figure 2.14(m–o) at Reτ = 395 and Reτ ≈ 550.

2.5 Main takeaways

� Minimal-span channels with L+y ≈ 250 correctly represent the fluctuations due to

Kelvin–Helmholtz rollers.

� Our requirement of the domain width L+y ≳ 250 is more stringent than the one given

by MacDonald et al. (2017) for general roughness, in order to filter fluctuations with

sufficient spanwise spectral separation between Kelvin–Helmholtz rollers and other

near-wall turbulence.

� Kelvin–Helmholtz rollers develop over blade-shaped and sharp triangular riblets,

but not over trapezoidal or blunt triangular riblets.



Chapter 3

Influence of riblet shapes on

Kelvin–Helmholtz rollers

This chapter is based on the article

Endrikat, S., Modesti, D., Garćıa-Mayoral, R., Hutchins, N.

& Chung, D. Influence of riblet shapes on the occurrence of Kelvin–

Helmholtz rollers. Under review for the Journal of Fluid Mechanics.

3.1 Riblets and Kelvin–Helmholtz rollers

Riblets are streamwise-aligned surface grooves with design sizes on the order of 10 vis-

cous units that have the potential to reduce skin-friction drag compared to a smooth

wall. They are classified as passive flow-control devices, as no energy input is required

to favourably alter the flow field, making them attractive for aeronautical (Szodruch,

1991) and maritime (Letcher et al., 1987) applications as well as for pipes (e.g. Liu et al.,

1990; Peet et al., 2009). The design of riblets builds on the idea by Kramer (1937) for

streamwise-aligned wires that shield a surface below from drag-increasing turbulence.

Early experimental results by Liu et al. (1966) suggested the possibility of drag reduction

by riblet surfaces and Walsh et. al investigated drag characteristics of different riblet geo-

metries at varying flow conditions (e.g. Walsh & Weinstein, 1978; Walsh, 1982). Roughly

half of the drag transport aircraft experience in cruise conditions results from skin-friction

drag (e.g. Schrauf, 2005), making its reduction financially and environmentally attract-

ive. Laboratory tests of riblets have reduced skin-friction drag by up to 8.2 % for friction

Reynolds numbers Reτ ≡ δuτ/ν ≲ 700 (Bechert et al., 1997), where δ is the half-channel

height, ν the kinematic viscosity and uτ ≡ √
τw/ρ the friction velocity defined with the

density ρ and the wall-shear stress (drag per unit plan area) τw. Following Spalart &

McLean (2011), this reduction in skin-friction drag scales to approximately 5.5 % for flight

conditions at Reτ ≈ 48 000 and it is only marginally affected by yawed flow up to angles

of 15° (Walsh & Lindemann, 1984). Possible applications explain ongoing interest by

the aircraft industry and continued effort to overcome practical challenges (e.g. Bilinsky,

2019; Linde & Hegenbart, 2019).



Chapter 3. Influence of riblet shapes on Kelvin–Helmholtz rollers 46

0 10 20 30 40 50

Riblet size ℓ+
g

−1

0

1

2

3

D
ra

g
-c

h
a
n
g
e
∆

U
+

Drag increase

Drag reduction

(a)

.

.

.

near-wall
turbulence of

riblet or smooth

z+

v+

z+

u+

u
+

s
(s
m
oo
th
)

u
+

r
(r
ib
le
t)

because
du+

r
dz+

=
du+

s
dz+

=1

v
+ r
(r
ib
le
t)

u+
r −u+

s ∼
ℓ+u−ℓ+v

ℓ+u
∼ ℓ+U

ℓ+Tℓ+v

(b)

ℓ2g

Figure 3.1: (a) Drag-change between a smooth and a riblet surface measured by a
shift in the profile of mean streamwise velocity ∆U+ for riblets of varying viscous-scaled
cross-sectional area `+2

g . The drag optimum is typically at `+g ≈ 10.7 (Garćıa-Mayoral &
Jiménez, 2011b). Data shown here are measured experimentally by Bechert et al. (1997)
(▼, Reτ ≈ 250 − 770) and Deyn et al. (2019) (◯, Reτ ≈ 150 − 2270) and converted from
∆τw/τw,smooth to ∆U+ at matched Rebulk (§A.1). DNS data of channel flow are from
Garćıa-Mayoral & Jiménez (2012) (◻, Reτ ≈ 180 − 550). Straight lines indicate slopes
for infinitely small riblets of the three shapes calculated in the Stokes-flow limit (Luchini
et al., 1991). (b) Near-wall portion of streamwise (u+r ) and spanwise (v+r ) Stokes flow
profiles for a riblet, where shaded regions delimit the spanwise dependence close to the
surface. Protrusion heights `+u and `+v in the Stokes-flow limit approach the true solution
`+T and `+U for small viscous-scaled riblet sizes.

Drag reduction by riblets relative to a smooth wall at matched Reτ is defined as

DR ≡ 1 −Cf /Cf,smooth. The skin friction coefficient Cf = 2/U+2
δ is determined by the

viscous-scaled mean streamwise velocity U+ = U/uτ evaluated at the half-channel or

boundary-layer height δ. The superscript + is used to denote viscous scaling with ν

and uτ throughout this paper. For small differences in drag between the two surfaces,

DR ∝ −∆U+, where ∆U+ ≡ U+
smooth −U+ is the shift between the profiles of mean stream-

wise velocity for the smooth and riblet surfaces at matched height in or above the log-

arithmic layer. Unlike a fractional drag-change, ∆U+ is independent of the Reynolds

number for large Reτ and low blockage (Spalart & McLean, 2011). In figure 3.1(a) we

observe that the drag-change ∆U+ depends strongly on the riblet size, which we measure

using the viscous-scaled square-root of the groove cross-sectional area `+g as proposed by

Garćıa-Mayoral & Jiménez (2011b). Small riblets repel turbulent eddies by obstruct-

ing their induced spanwise flow and thus reduce mixing of streamwise momentum and

consequently skin-friction drag. The detailed description of the flow around riblets that

explains drag-reduction mainly comes from various works of Bechert et. al and Luchini et.

al and was recently reviewed by Garćıa-Mayoral et al. (2019). Luchini et al. (1991) explain

the drag-reduction mechanism for riblets that are small enough for the flow around them

to be dominated by viscosity, which is therefore described by Stokes flow. In this frame-

work, the cross flow from quasi-streamwise vortices is represented by spanwise Stokes-flow

vr (figure 3.1b), which penetrates the groove to a depth below the crest given by the lateral

protrusion height `v. Importantly, this is less than the protrusion height of streamwise

Stokes-flow `u > `v. In turbulent flow, the penetration depth of Reynolds stresses given
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by `T ∼ `v is thus less than the streamwise protrusion height `U > `T (Luchini, 1996). If

we now consider a reference smooth wall `T below the riblet crest, both flows are similar

(Luchini, 1996) in that their total stresses match at every height. The origins of stream-

wise flow of the two surfaces however differ by `U −`T = `u−`v > 0 in the Stokes-flow limit.

That difference describes the velocity decrement ∆U+ ≈ `+T − `+U < 0, because both riblet

and smooth-wall velocity profiles have the same slope dU+/dz+ ≈ 1 in the viscous sublayer

(Luchini, 1996). Consequently, U+ ≈ U+
smooth − ∆U+ at every height above the reference

smooth wall. In the Stokes-flow limit, riblet geometries with sharp tips (triangular and

parabolic grooves) have a higher protrusion height difference than rounded sinusoidal pro-

files (Luchini et al., 1991). However, the protrusion height difference of finite-thickness

blade riblets increases through tip rounding, because it effectively sharpens the otherwise

flat tips (Garćıa-Mayoral & Jiménez, 2011a). The theoretical maximum `u − `v ≈ 0.13s,

where s is the riblet spacing, is attained for infinitely thin (sharp) and deep blade riblets

(Luchini et al., 1991). Viscous analysis further predicts a linear decrease of drag for small

riblets (straight lines in figure 3.1a), which implies that drag reduces with increasing riblet

size until they are large enough that inertial effects contribute to momentum transport

in the vicinity of the wall. For larger riblets therefore, viscous theory no longer fully

captures the drag-change and we find a minimum in the drag curve (figure 3.1a). This

breakdown of the drag-reducing regime scales with `+g for various riblet shapes, and the

drag-minimum is typically at `+g ≈ 10.7 (Garćıa-Mayoral & Jiménez, 2011b).

For large riblets with `+g ≳ 10.7, drag reduction degrades with increasing riblet size and

for `+g ≳ 17 typical grooved surfaces have higher drag than a smooth wall (figure 3.1a).

Even though the drag-increase has been known to occur since at least the 1980s, the

physical processes responsible for the breakdown of drag reduction have thus far evaded

complete understanding, which might limit our ability to design riblets that provide

enough drag reduction to be economically viable for airlines. In general, drag increases

as Reynolds shear stresses transport streamwise momentum into sufficiently large grooves

and three main mechanisms have been proposed to explain the details of this transport.

Choi et al. (1993) suggest that as the spacing of triangular riblets becomes large enough

for streamwise vortices to descend into the groove, they sweep high-speed fluid towards an

increased wetted area and thus enhance skin-friction drag. Goldstein & Tuan (1998) on

the other hand attribute vertical mixing to secondary mean flows created as triangular

riblets deflect lateral flow into the wall-normal direction. Garćıa-Mayoral & Jiménez

(2011b) demonstrate that spanwise-aligned vortical structures related to a Kelvin–Helm-

holtz instability contribute to drag of blade riblets that are larger than the optimum size

for drag reduction (figure 3.1a).

What is currently lacking is a data set comprising several riblet geometries to assess

whether Kelvin–Helmholtz rollers appear also in the earlier studies. While Kelvin–Helm-

holtz rollers typically develop in free shear flows (e.g. Drazin & Reid, 2004), coherent

spanwise-aligned rollers related to a Kelvin–Helmholtz instability have also been repor-

ted to appear in the flow directly above plant canopies (Raupach et al., 1996; Nepf et al.,

2007). Furthermore, Kelvin–Helmholtz rollers contribute to turbulent mixing and thus

drag of porous walls (Jiménez et al., 2001; Breugem et al., 2006; Gómez-de-Segura &
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Garćıa-Mayoral, 2019) and blade riblets (Garćıa-Mayoral & Jiménez, 2011b). The flow

over natural plant canopies and artificial porous surfaces suggests two parameters that

describe the formation of Kelvin–Helmholtz rollers in wall-bounded flow. First, these sur-

faces impede wall-normal velocity fluctuations to varying extent depending on the depth

and wall-normal permeability of the substrate, which affects the ability of coherent rollers

to develop in their proximity (Jiménez et al., 2001; Gómez-de-Segura & Garćıa-Mayoral,

2019). This is how Garćıa-Mayoral & Jiménez (2011b) explain that Kelvin–Helmholtz

rollers only appear over large blade riblets of sizes `+g ≳ 11. Second, a mixing layer with

an inflection point in the profile of mean-streamwise velocity may be created between

slow flow around the roughness elements and the faster stream above (Raupach et al.,

1996). This inflection point is usually proposed as a necessary condition for instability

in shear flows (Rayleigh, 1879), although the linear stability analysis of smooth-wall flow

with added wall-normal permeability by Garćıa-Mayoral & Jiménez (2011b) suggests that

Kelvin–Helmholtz rollers can also appear without an inflection point, because in the limit

of infinite permeability, the impedance boundary condition mimics a free shear layer.

Canopy drag generally increases shear in the mixing layer and thus growth of the in-

stability, but particularly high resistance to streamwise velocity fluctuations also damps

Kelvin–Helmholtz rollers (Nepf et al., 2007; Singh et al., 2016; Sharma & Garćıa-Mayoral,

2020b). Sparse canopies with low drag on the other hand have a weaker mixing layer and

their turbulent flow field is consequently less affected by the Kelvin–Helmholtz instability

(Poggi et al., 2004; Sharma & Garćıa-Mayoral, 2020a). Changing the riblet geometry

therefore has the potential to not only alter the wall-normal permeability of the plane at

the riblet crest, but also the mixing layer around the riblet tips from which Kelvin–Helm-

holtz rollers develop. For example, the blade riblets with a finite tip-width studied by

Garćıa-Mayoral & Jiménez (2011b) absorb part of the momentum at the top of the crest,

where high local drag creates strong shear. This distinguishes them from other common

riblet shapes with pointed tips.

In this study, we conduct Direct Numerical Simulations (DNS) of the flow over riblets

of six different shapes, and compare them to smooth-wall flow to study how geometry

differences affect the Kelvin–Helmholtz instability and thus the drag-characteristics of a

riblet surface. We visualize differences in physical space (§3.3.1) and in spectral space

(§3.3.2). Garćıa-Mayoral & Jiménez (2011b) observed that the instability affects the

flow in a distinct spectral region of streamwise wavelengths 65 ≲ λ+x ≲ 290, which allows

evaluating its influence on drag. Following the same method in §3.4, we quantify the

drag-penalty that is due solely to the instability. In §3.5.1, we verify effects of wall-

normal permeability on Kelvin–Helmholtz rollers for all six riblet shapes with varying

viscous-scaled sizes. Lastly, in §3.5.2, we illustrate how the shear in the mixing layer, and

thus the development of the instability, depend on the riblet shape.

3.2 DNS data set of six riblet shapes and varying sizes

We investigate the flow over six different riblet shapes with varying viscous-scaled sizes for

a total of 21 cases. Four of those shapes are triangular riblets. Symmetric triangles have
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Trapezoidal Case s+ k+ `+g α ∆x+ ∆y+ ns ∆z+ ∆t+×103 L+x L+y δ+ δ′+ Ltuτ/δ ∆U+ ± ζ+ ε′+×103

ℓ
2
gℓ
2
g α

s

k

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

TA18 17.9 8.9 11.8 30.0° 6.0 0.27 − 3.0 27 0.31 − 7.0 47.4 2054 250 395.0 389.6 50.1 −1.06 ± 0.10 4.2
TA31 31.3 15.6 20.6 30.0° 6.0 0.47 − 2.4 27 0.31 − 7.0 47.4 2054 250 395.0 385.5 46.7 0.44 ± 0.10 3.4
TA36 36.5 18.2 24.0 30.0° 6.0 0.55 − 2.9 27 0.31 − 7.1 47.4 2054 255 395.0 383.9 49.2 0.81 ± 0.10 4.5
TA50 50.0 25.0 32.9 30.0° 6.0 0.76 − 3.9 27 0.31 − 7.1 47.4 2054 250 395.0 379.8 45.7 1.76 ± 0.10 5.9
TA63 62.5 31.3 41.1 30.0° 6.0 0.95 − 4.9 27 0.31 − 7.1 47.4 2054 250 395.0 376.0 46.7 2.47 ± 0.10 7.3

Symm. triang.

ℓ
2
gℓ
2
g α

s

k

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T310 10.1 18.8 9.75 30.0° 6.0 0.057 − 1.5 29 0.033 − 7.0 15.8 1027 252 395.0 386.3 69.3 −0.77 ± 0.12 6.1
T321 21.1 39.4 20.4 30.0° 6.0 0.12 − 3.2 29 0.023 − 6.9 15.8 1027 253 395.0 376.9 65.0 0.83 ± 0.12 5.4
T333 33.3 62.2 32.2 30.0° 6.0 0.83 − 3.4 41 0.20 − 8.5 25.0 2000 600 1000.0 971.4 19.1 2.75 ± 0.10 8.4

T615 14.7 12.7 9.68 60.0° 6.0 0.083 − 2.2 29 0.041 − 7.0 31.6 1027 250 395.0 390.0 91.1 −0.82 ± 0.10 3.3
T635 35.0 30.3 23.0 60.0° 6.0 0.16 − 4.9 33 0.014 − 4.7 23.7 1027 245 395.0 383.1 93.5 0.64 ± 0.10 4.1

T919 19.2 9.6 9.60 90.0° 6.0 0.11 − 2.9 29 0.047 − 7.1 47.4 1027 250 395.0 392.2 127 −0.61 ± 0.08 4.7
T950 50.0 25.0 25.0 90.0° 6.0 0.30 − 7.1 33 0.029 − 7.0 47.4 1027 250 395.0 387.8 95.0 0.78 ± 0.10 7.8

Asymm. triang.

ℓ
2
gℓ
2
g α

s

k

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

AT15 14.7 7.4 7.36 63.4° 6.5 0.23 − 2.0 26 0.40 − 5.8 47.4 1027 250 395.0 392.6 45.4 −0.49 ± 0.14 3.1
AT19 19.2 9.6 9.62 63.4° 6.5 0.37 − 1.9 28 0.40 − 5.8 47.4 1027 250 395.0 391.9 121 −0.50 ± 0.09 3.4
AT31 31.3 15.6 15.6 63.4° 6.5 0.15 − 4.3 55 0.40 − 5.7 47.4 1027 250 395.0 390.0 47.5 −0.32 ± 0.14 7.2
AT42 41.7 20.8 20.8 63.4° 6.5 0.45 − 2.7 46 0.40 − 4.9 47.4 1027 250 395.0 388.3 117 0.22 ± 0.09 2.4
AT50 50.0 25.0 25.0 63.4° 6.5 0.32 − 1.7 63 0.40 − 4.4 47.4 1027 250 395.0 387.0 60.3 0.49 ± 0.12 1.6

Blade s/t

ℓ
2
gℓ
2
g

s

k

t ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
BL20 20.3 10.1 12.8 5.0 6.0 0.51 − 2.1 41 0.27 − 6.1 47.4 1027 264 395.0 388.5 94.6 −0.60 ± 0.10 3.0
BL33 33.3 16.7 21.1 5.0 6.0 0.83 − 3.4 41 0.28 − 6.3 47.4 1027 266 395.0 384.4 94.6 0.58 ± 0.10 3.0
BL39 39.0 19.5 24.7 5.0 6.0 0.97 − 3.9 41 0.29 − 6.5 47.4 1027 273 395.0 382.5 93.3 1.19 ± 0.10 3.1
BL49 49.0 24.5 31.0 5.0 6.0 1.2 − 4.9 41 0.30 − 6.7 47.4 1027 294 395.0 379.3 118 1.84 ± 0.09 2.9

Smooth wall S395 - - - - 6.0 3.0 - 0.21 − 4.7 79.0 1027 250 395.0 - 173 - 3.6
S1000 - - - - 6.0 3.0 - 0.32 − 8.8 80.0 2000 600 1000.0 - 58.5 - 3.3

Table 3.1: Geometrical parameters, mesh spacings and domain sizes L+ of riblet and smooth-wall flow simulations. The number of spanwise mesh
nodes per period ns is for the near-wall region. The time interval Lt is used to gather flow statistics resulting in a statistical uncertainty ζ+ (3.4) for
∆U+. The half-channel height δ+ is measured from the riblet mean-height and δ′+ from the virtual origin (§3.2.3). The linear-stress convergence error
ε′+ is defined in (3.5).
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tip angles α = 30°, 60° and 90° ( , case names T3s+, T6s+, T9s+) making

them similar to those studied by Choi et al. (1993); Bechert et al. (1997); Goldstein

& Tuan (1998) and Deyn et al. (2019). Asymmetric triangular riblets have α = 63.4°

( , ATs+). Our trapezoidal riblets ( , TAs+) have the same tip angle α = 30°

that Bechert et al. (1997) used, and are therefore a bit sharper than those from Deyn et al.

(2019) with α = 53.5°. We further consider blade riblets with a spacing-to-thickness ratio

s/t = 5 ( , BLs+) that are similar to the blades by Garćıa-Mayoral & Jiménez (2011b,

2012) with s/t = 4. The groove depth k is half of its spacing s, except for the triangular

riblets with α = 30° and 60°. Simulation parameters are summarised in table 3.1.

3.2.1 Numerical Setup

We conduct DNS to solve the Navier–Stokes equations for an incompressible fluid
∂u

∂t
+∇⋅ (uu) = −1

ρ
∇p + ν∇2u − 1

ρ

dP

dx
ex, ∇⋅u = 0, (3.1a,b)

in open channels that have a no-slip smooth (flat) wall or riblet surface on the bottom

and a free-slip wall with symmetry boundary conditions at the top (figure 3.2). Peri-

odic boundary conditions are applied in both wall-parallel directions. The half-channel

height δ is measured from the riblet mean-height to the top of the open channel, such

that the cross-sectional area matches that of the smooth-wall channel. The velocity u has

components u, v and w in the streamwise (x), spanwise (y) and wall-normal (z) direc-

tions respectively and t represents time. Fluctuations are defined as deviations from the

temporal, streamwise and riblet-period mean u′(x, y, z, t) = u(x, y, z, t) −U(z) − ũ(y, z),
where U = u is the x-y-t-average at each height z and ũ are dispersive or form-induced

fluctuations (ũ = 0) that are invariant with the streamwise direction for 2D riblets and

found by averaging over x, t and riblet periods. Spanwise averages below the riblet tips

are superficial, i.e. they include solid regions with zero velocity, to avoid a jump in in-

trinsic averages at the crest, particularly for blade riblets. Pressure is decomposed into

the x-y-periodic component p and the driving contribution P , whose gradient acts along

the unit vector in the streamwise direction ex. Therefore, the time-averaged wall-shear

stress integrates to τw/ρ = −(δ/ρ) dP /dx, where the parameters τw/ρ, δ and (1/ρ)dP /dx
are held constant across all cases. The friction Reynolds number Reτ = δuτ/ν = 395 for

all but one riblet case with Reτ = 1000 (table 3.1).

We solve (3.1) using the incompressible second-order accurate finite-volume flow solver

Cliff by Cascade Technologies Inc. (Ham et al., 2006, 2007). Variables are collocated at

the nodes of unstructured meshes and time marching is based on the fractional-step

method (e.g. Kim & Choi, 2000) with a constant step size ∆t (table 3.1) chosen small

enough to ensure that the maximum convective CFL number is generally below 1. Time-

averages of the maximum CFL numbers for the present cases are in the range 0.38–0.76

and fluctuations above 1 occurred for about 1.4 % of the time steps.

Near-wall portions of meshes for the four riblet types are shown in figure 3.3. The

wall-normal mesh with nz nodes is non-uniform according to

zi = 1

2
tanh (ξi tanh−1(α)) with ξi = 2(i − 1)

nz − 1
− 1, where i = 1,2, ..., nz (3.2)
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Figure 3.2: Minimal-span (Ly ≪ δ) open-channel computational domain with triangular
riblets. Full view in (a) and close-up of the surface in (b), with δ measured from the
mean-height zm and δ′ from the virtual origin for turbulence at z = 0 (§3.2.3). Riblet
tips are at zt and the groove bottom is at zb. (c) Sketches of the six riblet shapes in the
spanwise wall-normal plane.

as proposed by Moin & Kim (1982) with α = 0.978 for simulations at Reτ = 395 and

α = 0.982 at Reτ = 1000. For triangular riblets (figure 3.3a), a smooth-wall mesh with

this spacing is conformally mapped to the geometry. For trapezoidal (figure 3.3b) and

blade (figure 3.3c) riblets, the node distribution according to (3.2) starts at the tip height

zt. The mesh in the groove is mirroring that wall-normal spacing to ensure a high resol-

ution around the riblet tips. At least 26 nodes per riblet period are used in the spanwise

direction to resolve the geometry (table 3.1), which is finer than the spanwise mesh neces-

sary to capture relevant turbulent flow structures over a smooth wall. The asymmetric

triangular riblets in figure 3.3(d) are meshed using the algorithm Adapt by Cascade

Technologies Inc., for which maximum spacings in every direction are prescribed for in-

dividual regions resulting in the spacings given in table 3.1. In the case of a smooth wall,

the streamwise mesh is sufficiently fine based on a refinement from our present ∆+
x = 6 to

∆+
x = 4 (not shown), that does not change spectra of Reynolds shear stress, wall-normal

and streamwise velocity. As a reference, Garćıa-Mayoral & Jiménez (2012) use ∆+
x ≈ 6 at

Reτ ≈ 180 and ∆+
x ≈ 9 at Reτ ≈ 550 for blade riblets with a spectral solver. A mesh refine-

ment study (chapter 2) in all three directions for triangular riblets confirms that velocity

fluctuations are resolved across all relevant scales and that ∆U+ is approximately mesh

independent. For example, we made the mesh finer by factors of about 1.5, 1.3 and 1.5 in

x, y and z relative to our present mesh in figure 3.3(a) and observed an increase in ∆U+
of 0.02, which cannot be discerned from the statistical uncertainty ∆U+ ± 0.1 that we set

to control the runtime of our simulations (details below). We also coarsened the mesh

by factors of about 2, 1.6 and 2 in x, y and z relative to that in figure 3.3(a) and found

that fluctuations of Reynolds stresses, considered separately at different wavelengths, only

deviate from the solution on the finer present mesh for heights z+ − z+t ≳ 20. The mean

flow and fluctuations in and just above the groove might therefore be over-resolved on the

meshes from our present study, which gives us confidence that they accurately describe

the surface geometry and the flow around it.

All simulations for this study employ the minimal-span channel concept. First con-

ceived as a numerical experiment for understanding the structure of near-wall turbulence
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Figure 3.3: Near-wall cross-sections of representative computational meshes for one period
of the triangular (a), trapezoidal (b), blade (c) and asymmetric triangular (d) riblets.
The number of points per riblet span ns in table 3.1 is for the near-wall region after
refinement. Meshes are coarsened towards the top of the domain in both spanwise and
wall-normal directions (∆y+ and ∆z+ in table 3.1), except for the symmetric triangular
riblets (a) that only stretch in z. Meshes for the trapezoidal riblets (b) are coarsened in
y at z − zt = 2.5k, where they are spanwise uniform.

over a smooth wall (Jiménez & Moin, 1991; Flores & Jiménez, 2010; Hwang, 2013), it

revealed that flow close to the wall is only marginally affected by unphysically narrow com-

putational domains. For rough-wall channels, Chung et al. (2015) and MacDonald et al.

(2017) demonstrated that the minimal-span channel can be used to accurately determ-

ine the drag-change of a given surface with respect to a smooth wall, while significantly

reducing the computational cost compared to traditional full-span channel simulations.

In minimal-span channels, the velocity profile diverges from that of a full-span channel

for heights z+ > z+c , which Flores & Jiménez (2010) find depends on the spanwise domain

extent z+c ≈ 0.3L+y . Later (Hwang, 2013; Chung et al., 2015) determine less conservatively

z+c ≈ 0.4L+y , provided that this location is in the logarithmic layer. Consequently, the shift

in the profile of mean streamwise velocity ∆U+, used to measure a drag-change, needs to
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be evaluated at z+ ≤ z+c in the log-layer to obtain a result that does not depend on the

channel width. Furthermore, we need to measure ∆U+ above the roughness sublayer in

order to capture all effects of the surface. Consistent with sinusoidal roughness (Chan

et al., 2018), we can expect the roughness sublayer to be limited to z+ ≲ z+RSL ≈ 0.5s+,

where s+ is the riblet spacing. Following MacDonald et al. (2017), the spatial domains of

our channels are constrained by

L+x ≳ max (3L+y ,1000) , z+c = 0.4L+y ≳ 0.5s+. (3.3a,b)

We chose L+y ≈ 250 at Reτ = 395 such that z+c ≈ 100 and L+y = 600 at Reτ = 1000 such that

z+c = 240, which is inside the log-layer and above the height of the roughness sublayer.

For the present code we varied the channel width L+y = {150,250,450} at Reτ = 395

(chapter 2), to verify that our minimal channels accurately resolve both the mean flow

and fluctuations of size λ+x < L+x and λ+y < L+y for z+−z+t ≲ 30, in agreement with MacDonald

et al. (2017). The same conclusions hold when we compare the flow over blade riblets

in minimal-span channels to those from full-span channels by Garćıa-Mayoral & Jiménez

(2012). Our domains with L+y ≈ 250 resolve all relevant fluctuations in the spectral and

wall-normal region that may be affected by the Kelvin–Helmholtz instability and the

energy in that spectral region matches that in wider domains, both for flows with and

without Kelvin–Helmholtz rollers (chapter 2). Therefore, the constraint of the largest

scales in the flow does not seem to affect the occurrence or strength of Kelvin–Helmholtz

rollers, whose energy accumulates partly in the spanwise infinite wavelength of minimal-

span channels.

For flows with z+c in the log-layer, the minimum simulation time Lt following initial

transients that is required to reach a 95 % confidence interval for the roughness function

∆U+ ± ζ+ can be estimated according to MacDonald et al. (2017),

Lt
uτ
δ

≈ ( 91.4

ζ+z+c )2
7.5zc
Lx

2.5zc
Ly

6zc
Lz

, (3.4)

as summarised in §A.2. The uncertainty ζ+ is given in table 3.1. In channel flow, the

time-averaged total stress profile is linear and we evaluate convergence of statistics using

the departure from the ideal profile as suggested by Vinuesa et al. (2016),

ε′+ = ( 1

δ′+ − z+t ∫
δ′+

z+t

ε+2dz+)1/2
, where ε+ = δ′+ − z+

δ+ + u′w′+ + ũw̃+ − dU+
dz+ . (3.5)

For riblet channels, the stress balance defining ε+ is only valid above the crest zt (fig-

ure 3.2b), which defines the lower integration bound for ε′+. Vinuesa et al. (2016) report

typical values for ε′+ in smooth-wall full-channel flow at Reτ ≈ 395 by Moser et al. (1999);

Iwamoto et al. (2002) as ε′+ = 4.8 × 10−3 and ε′+ = 9.4 × 10−4 respectively. Convergence

values ε′+ for the present cases in table 3.1 are similar to those of the referenced studies.

3.2.2 Profiles of mean velocity and turbulence intensities

Profiles of mean streamwise velocity, Reynolds shear stress and streamwise velocity vari-

ance are shown in figure 3.4 for all riblet cases and the reference smooth wall ( ). All
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Figure 3.4: Superficially averaged streamwise velocity profiles U+, Reynolds shear stresses−u′w′+ and streamwise velocity fluctuations u+rms = (u′2+)1/2. Profiles originate at the
mean-height z+m and line colours get lighter with increasing viscous-scaled riblet size and
corresponding higher crest (●). The height z+c up to which data are representative of
full-span channel flow is marked by vertical lines. Smooth wall reference data are shown
with dotted lines ( ). The friction Reynolds number Reτ = 395, except for the largest
sharp triangular riblet case in (a–c) with Reτ = 1000.
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cases of each riblet shape are shown in the same panel. Comparing streamwise velocity

in the left column of figure 3.4 to the smooth wall reference, drag-reducing cases have

a higher velocity (∆U+ = U+
smooth − U+ < 0) and drag-increasing cases a lower velocity

(∆U+ > 0) at the height z+c , above which flow in minimal-span channels is unphysical.

Velocity fluctuations in minimal-span channels depart from those in full-span channels

starting at a lower height than the mean velocity that likewise depends on L+y (MacDonald

et al., 2017). The near-wall portion however, that is representative of full-span channel

flows, shows a peak in average Reynolds shear stress −u′w′+ (figure 3.4, centre column)

and streamwise velocity fluctuations u+rms (figure 3.4, right column). In figure 3.4, the

origin of the wall-normal coordinate is at the riblet mean-height and the peak of tur-

bulence quantities is shifted upwards as the riblet size increases. For small riblets, this

displacement of turbulent structures reduces momentum transfer towards the wall and

consequently drag, as envisioned by Luchini (1996). For larger riblets however, drag

increases nevertheless (positive ∆U+ as shown in the left column of figure 3.4).

3.2.3 Virtual origin

We need to account for the virtual origin of the velocity profile so that its decrement

∆U+ becomes a measure of the drag-change that is independent of the Reynolds num-

ber (Garćıa-Mayoral et al., 2019). This allows us to then draw conclusions regarding

drag-increasing mechanisms that generalise to higher Reτ (Spalart & McLean, 2011).

Accounting for the correct origin is particularly important at our low Reynolds num-

ber Reτ = 395, because we measure ∆U+ in the log-layer (at z+c = 100 in minimal-span

channels, §3.2.1), where the velocity profiles have a slope dU+/dz+ ≈ 0.025. Therefore,

shifting two profiles by for example 2 viscous units with respect to each other changes the

measured ∆U+ by about 0.05. At higher Reynolds numbers, ∆U+ is measured farther

from the wall in viscous units, where the slopes of the velocity profiles are smaller such

that the choice of origin has a lesser effect on ∆U+.

In order to define the origin, we assume that drag-reducing riblets can be considered

rough walls with surface features that are small relative to near-wall flow structures. The

outer layers of such flows are similar and the only effect of roughness is captured by

∆U+ (Clauser, 1956). Based on that assumption, Luchini (1996) suggests we consider a

reference smooth wall for riblets at the origin perceived by near-wall turbulent eddies.

We determine the location of the perceived smooth wall by finding the value of Reynolds

shear stress in the point of largest slope of the profile (● in figure 3.5a) and asking

at what height smooth-wall flow attains that same value. Over large riblets, turbulent

eddies might not perceive the equivalent origin as a homogeneous boundary, and hence

the concept of the virtual origin based on the profile of Reynolds shear stress might not

be applicable in these cases (Garćıa-Mayoral et al., 2019). For a consistent definition of

the origin across riblet sizes, we therefore determine the distance between the origin and

the riblet crest `+T for riblets near the drag-optimum and hold `T /k constant across all

sizes for a given riblet shape. Profiles of turbulent Reynolds shear stress after adjusting

the origin are shown in figure 3.5(d). The profile for the smallest riblets closely matches

that for the smooth wall as recognised by Luchini (1996) and in accordance with full
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Figure 3.5: Profiles for blade riblet cases with s+ = [20,33,39,49] (dark to light) and a
smooth wall ( ) with the origin at the mean-height (a–c) and at the origin of turbulence

defined by u′w′+ of the smallest riblets (d–f ). Profiles start at the riblet crest and are
representative of full-span channel flows below z+c = 100. Dots (●) in (a) and (d) mark
the point of largest slope for the riblet flow profiles.

similarity. Only minor differences between the two curves are noticeable in the range

40 ≲ z+ ≲ 60, because these riblets with `+g = 12.8 are not strictly in the viscous regime.

For the larger riblets, differences compared to the smooth-wall profile above the peak

of −u′w′+ in figure 3.5(d) are due to a mismatch of effective Reynolds numbers after

adjusting the origin, δ′+ < δ+ (table 3.1). Closer to the wall, in the roughness sublayer,

deviations for the larger riblets suggest that flows are not similar to the smooth-wall

reference at the virtual origin, because not all effects of large riblets on the flow can be

captured by an origin shift alone (Garćıa-Mayoral et al., 2019). With the approach to

keep `T /k constant for each shape, outer-layer similarity in terms of the mean velocity

profiles (above the roughness sublayer) can be observed for all riblet sizes as seen in figure

3.5(f ), where velocity profiles become parallel to that of the smooth wall by accounting

for the virtual origin. At z+ = z+c , where the shift ∆U+ for a given geometry is measured,

figure 3.5(f ) demonstrates that the slope of U+
smooth − U+ is small and thus provides an

accurate measure of the drag-change, particularly for the small riblets.

3.3 Kelvin–Helmholtz instability at the riblet crest

3.3.1 Visualisation in physical space

In order to assess the presence of spanwise elongated structures compatible with a Kel-

vin–Helmholtz instability, we first qualitatively analyse the instantaneous flow field. We

can expect a spanwise extent of Kelvin–Helmholtz rollers of up to 1000–1500 viscous units

in flow over blade riblets (Garćıa-Mayoral & Jiménez, 2012). Therefore, they are likely

wider than the present minimal-span channels with L+y ≈ 250. However, consistent with
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and along various riblet surfaces (b–m) to visualise reverse flow close to the surface.

conclusions by (Garćıa-Mayoral & Jiménez, 2012), we show in §3.3.2 that the spanwise

constraint of the domain does not affect the resolved wavelengths of the instability by

comparing to full-span channel DNS. Although Kelvin–Helmholtz rollers develop at the

riblet crest, their fluctuations extend into the groove as shown by Sharma & Garćıa-

Mayoral (2020b) for filament canopies. Therefore, footprints of Kelvin–Helmholtz rollers

are readily visible in the local wall-shear stress on the surface of large triangular rib-

lets T321 with α = 30° in figure 3.6(c). Negative wall-shear stress in adjacent grooves

suggests the presence of spanwise coherent structures in the overlying flow that have an

average streamwise spacing of about 200 viscous units. The large drag-increasing trian-

gular (α = 60°), trapezoidal and blade riblets in figure 3.6(e,i,k) show similar but weaker

footprints, while the large blunt triangular riblets (α ≈ 63° and α = 90°) in figure 3.6(g,m)
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Figure 3.7: Instantaneous spanwise-averaged fluctuations of pressure. Shown against
distance from the crest of large triangular riblets T321 with α = 30° (a) and a smooth
wall (c). Time evolution at one height 3 viscous units above the crest (b) and smooth
wall (d). Flow fields are sampled every 0.79 ν/u2

τ after the flow has become statistically
stationary. Time in (b,d), starts at the reference time used in (a,c). Lines indicate
constant convection velocities: in (b) 6 uτ ( ) and 13 uτ ( ), in (d) 16 uτ ( ).

have few and unconnected patches of negative wall-shear stress. In early DNS of riblet

flow, Chu & Karniadakis (1993) report local flow reversal in a plane below the crest of

small triangular riblets with α ≈ 53° and `+g ≈ 12.1 at Reτ ≈ 86. Similarly, our small

drag-reducing triangular (α = 30°, α = 60°) and blade riblets in figure 3.6(b,d,j ) experi-

ence local reverse flow in some grooves. These patches of negative wall-shear stress have

a much less pronounced spanwise coherence than on the larger and sharp triangular rib-

lets in figure 3.6(c), but they are nevertheless much wider than their streamwise extent

and are presumably the result of weak Kelvin–Helmholtz rollers. This agrees with the

observation by Garćıa-Mayoral & Jiménez (2011b) that for small riblets with `+g ≲ 11, the

instability is weak and has a negligible effect on drag. The smooth wall (figure 3.6a) and

the remaining small riblets in figure 3.6(f,h,l) do not experience significant reverse flow.

Wall-shear stress on the large and sharp triangular riblets T321 with α = 30° (figure

3.6c) shows the most prominent spanwise coherence, which suggests the presence of Kel-

vin–Helmholtz rollers in the overlying flow. Therefore, we visualise fluctuations of pressure

for that case in figure 3.7. The standard deviation of pressure is unphysically amplified

in minimal-span channels, but the structures shown here are shorter than 3L+y in the
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streamwise direction and therefore not affected (MacDonald et al., 2017). In the spanwise

average of pressure fluctuations just above the riblet tips in figure 3.7(a), small scales are

averaged out and only spanwise extended eddies are visible. Many of these low-pressure

regions at this instance are confined to roughly the first 25 viscous units above the crest,

in agreement with the location of Kelvin–Helmholtz rollers found by Garćıa-Mayoral &

Jiménez (2011b).

We further focus on the temporal evolution of spanwise averaged pressure fluctuations

in a plane 3 viscous units above the riblet crest (figure 3.7b) and a smooth wall (fig-

ure 3.7d). In the flow over a smooth wall, large structures travelling downstream with a

convection velocity of about 16 uτ (parallel to ) leave a low-pressure mark in this plane

close to the surface, but they likely originate far (≳ 50ν/uτ) from the wall (figure 3.7c).

Low-pressure regions above the sharp riblets T321 in figure 3.7(b) are dominated by struc-

tures with a much lower and fairly constant velocity of about 6 uτ (parallel to ). This

convection velocity is similar to the 6 uτ to 8 uτ of Kelvin–Helmholtz rollers over blade

riblets (Garćıa-Mayoral & Jiménez, 2011b) and it is consistent with an expected convec-

tion velocity between that of the low-speed side of the mixing layer (in the groove) and

the high-speed side (some 20–30 viscous units above). The average flow speed at the riblet

tips U+
t ≈ 3.6, which means that the low-pressure regions in figure 3.7 that convect with

about 6 uτ originate close to the riblet crest and are likely created by the Kelvin–Helm-

holtz instability. Based on pressure fluctuations in the relatively short time interval of

figure 3.7(b) (600 ν/u2
τ compared to the total averaging time Lt ≈ 65 δ/uτ = 25 675 ν/u2

τ),

it appears that these Kelvin–Helmholtz rollers persist for times of roughly 100 ν/u2
τ to

200 ν/u2
τ before they break up and form anew. The faster structures that dominate the

smooth-wall flow are only faintly visible over the riblets (e.g. marked by a short

around t+ ≈ 485 and x+ ≈ 700 in figure 3.7b).

3.3.2 Evidence in spectral space

In order to analyse the effect of Kelvin–Helmholtz rollers on momentum transfer, we

focus on their contribution to Reynolds shear stress. Figure 3.8 shows premultiplied

2D spectra of Reynolds shear stress in a plane 3 viscous units above the riblet crests.

Contour lines are normalised by u′w′+ at that height to illustrate the distribution in

spectral space as it changes with riblet size and shape. The normalisation excludes

dispersive Reynolds stresses ũw̃
+
, that are streamwise invariant for 2D riblets and thus

located at (λ+x, λ+y) = (∞, s+) and its spanwise harmonics, which is not visible in figure

3.8. Previous studies by Garćıa-Mayoral & Jiménez (2011b, 2012) focussed on blade

riblets and two of their cases with a spacing-to-thickness ratio s/t = 4 are shown in figure

3.8(e,f ). Blade riblets from the present study with s/t = 5 in figure 3.8(a,b) respectively

are of approximately the same size and shape with a close match in the distribution of

Reynolds stresses in spectral space. The domains used by Garćıa-Mayoral & Jiménez

(2012) at Reτ ≈ 550 are roughly 9 to 10 times wider in viscous units than our minimal-

span channels at Reτ = 395, but the close agreement in figure 3.8 demonstrates that the

small domains correctly capture the resolved scales. Energy that would be at λ+y > L+y if

the domains were larger instead accumulates in the infinite mode as shown by Garćıa-
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Figure 3.8: Premultiplied 2D co-spectra of Reynolds shear stress k+xk+yE+
uw in the plane

3 ν/uτ above the riblet crest (a–u) or smooth wall (v). Horizontal lines on the left
mark the riblet spacing s+ and open boxes near the top delimit the region of Kelvin–
Helmholtz rollers (65 ≲ λ+x ≲ 290, λ+y ≳ 130) according to Garćıa-Mayoral & Jiménez

(2011b). Normalisation: u′w′+ = ∫ ∞0 ∫ ∞0 E+
uwdλ+xdλ+y by considering that e.g. E(λx, λy)+

E(λx,−λy) = E(−λx, λy) +E(−λx,−λy). Cases 13L (e) and 20L (f ) are for channel flow
data from Garćıa-Mayoral & Jiménez (2012). In the upper right, (✓) flags drag reducing
and (×) drag increasing cases.

Mayoral & Jiménez (2012) for full-span channels with varied spanwise extent.

Large blade and triangular riblets with α = 30° show spanwise coherent structures in

visualizations of wall-shear stress (figure 3.6). For these cases, Reynolds shear stress close

to the wall is amplified at large spanwise wavelengths and λ+x ≈ 180 in figure 3.8(b,c,d,h,i).

This is the same spectral region that Garćıa-Mayoral & Jiménez (2011b) associate with

Kelvin–Helmholtz rollers. They include streamwise wavelengths in the range 65 ≲ λ+x ≲ 290

and large spanwise wavelengths λ+y ≳ 130, which we frame with a black box near the top
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of each spectrogram in figure 3.8. The instability appears to be more pronounced over

the sharp triangular riblets (figure 3.8h,i) than over the blades (figure 3.8b,c,d). The

small riblets near the drag optimum of both shapes (figure 3.8a,g) have a weak peak

in the same spectral region, suggesting that the instability exists but does not develop

as strongly as for larger riblets, in agreement with Garćıa-Mayoral & Jiménez (2011b).

In general, drag reducing cases (marked ✓) have little energy in wavelengths related to

the instability, much like the smooth wall flow at that height (figure 3.8g). Triangular

riblets with α = 60°−90° (figure 3.8j –m,s–u) and trapezoidal riblets (figure 3.8n–r) show

little or no energy in the framed spectral regions associated with spanwise aligned rollers,

regardless of their groove size. For the largest trapezoids TA50 and TA63 (figure 3.8q,r),

some fluctuations related to the main peak from the near-wall cycle extend to large

spanwise wavelengths, but their energy this close to the wall is low compared to the flow

over triangular riblets with the same opening angle α = 30° or the blades.

The Reynolds stress associated with Kelvin–Helmholtz rollers can be estimated by

integrating the corresponding part of the spectra in figure 3.8 at every wall-normal loc-

ation. Parts of that spectral region are also affected by turbulence from the near-wall

streaks and vortices, which are responsible for the main peak in the 2D spectra in figure

3.8. As a conservative choice for the strength of Kelvin–Helmholtz rollers, and to exclude

structures from the near-wall cycle, we henceforth only consider spanwise wavelengths

λ+y ≳ 250 to be affected by the instability. In minimal-span channels with L+y ≈ 250,

this lower bound essentially reduces the integral to the first two spanwise modes, which

correspond to λ+y = ∞ and λ+y ≈ 250 respectively. Full-span channels resolve some of

the wavelengths λ+y > 250, whereas energy in our minimal-span channels at wavelengths

λ+y > L+y ≈ 250 accumulates in the λ+y =∞ mode. Therefore, the small integration region in

narrow domains captures all energy of fluctuations that are due to the Kelvin–Helmholtz

instability. A more detailed analysis is given in chapter 2.

In figure 3.9, spectra of Reynolds shear stress are integrated for the largest spanwise

wavelengths (λ+y ≳ 250) only and shown against distance from the riblet crest. Large

spanwise-aligned structures that are compatible with a Kelvin–Helmholtz instability are

clearly visible close to the crest of blade riblets (figure 3.9a–f ) and sharp triangular

riblets with α = 30° (figure 3.9g–i), but not over the other shapes investigated here. For

trapezoidal and blunt triangular riblets, this portion of the spectrum is similar to that of

smooth-wall flow in figure 3.9(v). For the riblet cases that appear to support development

of the instability, the peak in figure 3.9 seems to move upwards away from the crest and

from the virtual origin as the riblet size, and thus the drag of the surface, increases.

Reynolds stress related to quasi-streamwise vortices in the near-wall cycle on the other

hand remains at about the same distance from the crest for all riblet sizes (figure 3.5d)

as the virtual origin is found farther below the crest. The wall-normal location of Kelvin–

Helmholtz rollers is not captured by the virtual origin, because they do not exist in the

reference smooth-wall flow and are therefore not part of the smooth-wall-like flow that

we shift in the wall-normal direction to define the virtual origin (§3.2.3).

The dominant λ+x of Kelvin–Helmholtz rollers seems to increase slightly with increasing

riblet size (figure 3.9a–d, g–i). This trend was previously reported by Chavarin & Luhar
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Figure 3.9: Premultiplied 1D co-spectra of Reynolds shear stress k+xE+
uw(λ+y ≳ 250)

integrated only for large spanwise wavelengths. Same normalisation at every height as
in figure 3.8. Cases 13L (e) and 20L (f ) are for channel flow data from Garćıa-Mayoral
& Jiménez (2012). In the upper right, (✓) flags drag reducing and (×) drag increasing
cases.

(2019) for a resolvent analysis of riblet flow and for plant canopies in experiments by

Raupach et al. (1996) and based on a linear stability analysis by Sharma & Garćıa-Mayoral

(2020b). The range of streamwise wavelengths that are affected by the Kelvin–Helmholtz

instability might therefore shift to higher values for very large riblets. However, for the

present riblets we nevertheless consider fluctuations in the range 65 ≲ λ+x ≲ 290, given by

Garćıa-Mayoral & Jiménez (2011b) for blade riblets up to `+g = 20, to avoid including

energy from the near-wall cycle at larger λ+x. After integrating over spanwise wavelengths

affected by the instability, we now also integrate over these streamwise wavelengths, to

obtain profiles of Reynolds stress associated with Kelvin–Helmholtz rollers. In other
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Figure 3.10: Profiles of Reynolds shear stress associated with Kelvin–Helmholtz rollers

u′w′+
KH = ∫ ∞250 ∫ 290

65 E+
uwdλ

+
xdλ

+
y starting at the crest with lighter colours as riblet size

increases. Smooth-wall profile is dashed. Additional smooth-wall profile in (a) is at
Reτ = 1000 matching the largest (lightest) sharp triangular riblet case. Dotted profiles in
(e) are cases 07L, 13L and 20L from Garćıa-Mayoral & Jiménez (2012) at Reτ ≈ 550.

words, we split Reynolds shear stress at every height into

u′w′+
KH(z+) = ∫ ∞

250
∫ 290

65
E+
uwdλ+xdλ+y (3.6)

due to the instability and a remainder.

Profiles of Reynolds shear stress associated with the Kelvin–Helmholtz instability are

shown in figure 3.10 for the six riblet shapes and different sizes. Profiles for the large

sharp triangular and blade riblets (figure 3.10a,e) have a peak below z+ ≈ 10 (measured

from the virtual origin), which is not seen in smooth-wall flow, and is therefore due to

Kelvin–Helmholtz rollers. The flow over small drag reducing riblets of both shapes (dark

lines) resembles that of the smooth wall as rollers are not supported by grooves with

`+g ≲ 11 (Garćıa-Mayoral & Jiménez, 2011b). Data for blade riblets by Garćıa-Mayoral &

Jiménez (2012) at Reτ ≈ 550 in full-span channels (dotted in figure 3.10e) show the same

trend. Profiles for the blunt triangular riblets (figure 3.10b,c,f ) are close to the smooth-

wall profile, even for larger riblets, which we interpret as Kelvin–Helmholtz rollers not

being present over these surfaces. The slanted triangular riblets in figure 3.10(f ) are

a particularly convincing example of riblets that do not alter Reynolds stresses in the

spectral region associated with the Kelvin–Helmholtz instability, as the profiles for all

riblet sizes are almost identical to that of the smooth wall. Profiles of −u′w′+
KH for the

trapezoidal riblets (figure 3.10d) are also similar to the smooth-wall reference, except for

the largest two cases (TA50, TA63) that increase drag substantially. For these two cases,−u′w′+
KH increases monotonically with distance from the crest, which is not observed for

riblets of traditional (near drag-reducing) size. At these very large riblet sizes (s+ = 50,

63), the broad-band near-wall turbulence (strongest peak of Reynolds stress in figure 3.8)
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extends across a wide range of wavelengths and partly into the spectral region that is

otherwise associated with the instability. Therefore, the two largest trapezoidal cases are

excluded from the following analysis of the drag change due to Kelvin–Helmholtz rollers.

3.4 Drag-change decomposition

As discussed in the previous section, structures related to a shear-flow instability found

over sharp triangular and blade riblets account for a significant portion of Reynolds

shear stress close to the wall, while the flow over blunt triangular and trapezoidal rib-

lets resembles more closely that of a smooth wall. The Reynolds shear stress transports

streamwise momentum in the wall-normal direction and is therefore directly related to

skin-friction drag experienced by a surface. We consider a momentum integral to de-

compose the drag-change in order to quantify if and how Kelvin–Helmholtz rollers affect

the drag characteristics of a riblet surface. Garćıa-Mayoral & Jiménez (2011b) used this

concept to decompose the skin-friction coefficient and MacDonald et al. (2016) applied

it instead to the Reynolds number independent ∆U+, which has since been a useful tool

to gain insight into the drag characteristics of various surfaces (e.g. Jelly & Busse, 2018;

Abderrahaman-Elena et al., 2019; Gómez-de-Segura & Garćıa-Mayoral, 2019). For our

setup, ∆U+ is decomposed as follows. The streamwise mean-momentum balance for tur-

bulent channel flow above the riblet tips

1

ρ

dP

dx
= −1

δ

τw

ρ
= −du′w′

dz
− dũw̃

dz
+ ν d2U

dz2
(3.7)

is integrated in the wall-normal direction z to obtain the viscous scaled total stress

δ′+ − z+
δ+ = −u′w′+ − ũw̃+ + dU+

dz+ (3.8)

as the sum of Reynolds and viscous stresses. The discrepancy between both sides of

(3.8), defined in (3.5), is given by ε′+ in table 3.1. Our simulations are set up such

that δ measures the distance between the riblet mean-height and the top of the open

channel (figure 3.2b) to match the cross-sectional areas of smooth-wall and riblet channels.

Therefore, the total stress, extrapolated below the riblet crest, reaches τw at the mean-

height. The effective half-channel height, i.e. the distance between the virtual origin and

top of the domain is δ′. The total stress on the left-hand side of (3.8) is described using

both δ+ and δ′+, because τw is not measured at the virtual origin and therefore δ ≠ δ′
(table 3.1). After integrating again between the riblet tips at z+t and the height up to

which data are representative of full-span channel flow z+c , we find an expression for the

mean streamwise velocity at z+c ,

U+(z+c ) = ∫ z+c

z+t

δ′+ − z+
δ+ dz+ + ∫ z+c

z+t

u′w′+ + ũw̃+
dz+ +U+(z+t ), (3.9)

as a function of integrated stress profiles. Finally, we subtract (3.9) from the same

equation for a smooth wall (denoted by a subscript s) that is positioned at the height of
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the virtual origin (§3.2.3) to obtain an expression for the velocity shift that measures the

drag change

∆U+(z+c ) =U+
s −U+ = ∆U+

t + ∆U+
uw´¹¹¹¹¹¸¹¹¹¹¹¶

∆U+

KH
+∆U+

R

, (3.10)

where ∆U+
t = U+

s (z+t ) −U+(z+t ) (3.11)

∆U+
uw = ∫ z+c

z+t

δ+s − z+
δ+s − δ′+ − z+

δ+ dz+ + ∫ z+c

z+t

u′w′+
s − u′w′+ − ũw̃+

dz+ (3.12)

∆U+
KH = ∫ z+c

z+t

u′w′+
KH,s − u′w′+

KHdz+. (3.13)

The term ∆U+
uw includes the difference of total stresses, which is a measure of the Reτ

mismatch after adjusting the origin and not an effect of riblets on the drag-change, as

discussed by Gómez-de-Segura & Garćıa-Mayoral (2019) in the context of permeable sur-

faces. However, we only consider the Reynolds stresses u′w′+ and split them in spectral

space according to (3.6) into those due to Kelvin–Helmholtz rollers u′w′+
KH and a re-

mainder (subscript R). We therefore follow the approach by Garćıa-Mayoral & Jiménez

(2011b), except with a more conservative integration over λ+y ≳ 250 instead of λ+y ≳ 50. In

figures 3.9 and 3.10 we see that the effect of Kelvin–Helmholtz rollers is mostly limited

to the first 15–20 viscous units above the crest. Similarly, Garćıa-Mayoral & Jiménez

(2011b) observe them within 20 ν/uτ to 30 ν/uτ from the tips of blade riblets and integ-

rate the difference in the stresses u′w′+
KH,s −u′w′+

KH up to z+ = 35. For the present cases

however, the peak in figure 3.10(a,e) shifts to slightly higher z+ with increasing riblet

size. Therefore, instead of integrating up to a fixed height, we consider a difference in

the stresses u′w′+
KH,s − u′w′+

KH only where the riblet-wall profile of −u′w′+
KH is positive

in figure 3.10. After this adjustment, the remaining difference is integrated up to z+c as

per (3.13) to find the drag-change due solely to Kelvin–Helmholtz rollers ∆U+
KH .

The total drag-change ∆U+ and the contribution to it by Kelvin–Helmholtz rollers are

shown in figure 3.11 for all riblet cases. The flow over blunt triangular and trapezoidal

riblets resembles that over a smooth wall in the spectral region associated with Kel-

vin–Helmholtz rollers (figure 3.10). Therefore, the integrated difference ∆U+
KH in figure

3.11(b) amounts to negligible drag changes. For sharp triangular and blade riblets, the

instability contributes significantly to the drag-change in agreement with data by Garćıa-

Mayoral & Jiménez (2012).

Nevertheless, ∆U+
KH < ∆U+ which means that even without the drag-change due to

the Kelvin–Helmholtz instability, large riblets increase drag above smooth-wall values.

This suggests that flow mechanisms other than those related to the Kelvin–Helmholtz

instability, like dispersive stresses from secondary flows (Goldstein & Tuan, 1998), might

also contribute to the drag-increase relative to a smooth wall for large riblets. Given that

the occurrence of drag-increasing Kelvin–Helmholtz rollers depends strongly on the riblet

shape, other possible mechanisms of drag increase (Choi et al., 1993; Goldstein & Tuan,

1998) might likewise depend on the exact groove geometry.
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Figure 3.11: (a) Drag-change compared to a smooth wall ∆U+. (b) Contribution of
Kelvin–Helmholtz rollers to ∆U+. Reference data ◯ at Reτ ≈ 150–2270 experimentally
obtained by Deyn et al. (2019) and ◻ at Reτ ≈ 180–550 from DNS by Garćıa-Mayoral &
Jiménez (2012).

3.5 Indicators for the development of Kelvin–Helm-

holtz rollers over riblets

Having observed a dependence of the drag penalty of Kelvin–Helmholtz rollers on the

riblet shape in figure 3.11(b), we now explore indicators that describe which riblet sur-

faces trigger the Kelvin–Helmholtz instability. The strength of the Kelvin–Helmholtz

instability in wall-bounded flows depends on the wall-normal permeability of the surface

(e.g. Jiménez et al., 2001; Garćıa-Mayoral & Jiménez, 2011b; Gómez-de-Segura & Garćıa-

Mayoral, 2019) and on the mixing layer around the roughness tips as observed for plant

canopies (e.g. Raupach et al., 1996; Nepf et al., 2007; Sharma & Garćıa-Mayoral, 2020b).

Here we characterise both separately for riblets.

3.5.1 How the wall-normal permeability varies with riblet size

Riblet grooves allow streamwise flow below the riblet crest, akin to porous substrates that

are preferentially permeable in x. For these surfaces, the appearance of Kelvin–Helm-

holtz rollers is fully described by the wall-normal permeability at the interface between

flow and substrate (Gómez-de-Segura et al., 2018a). Jiménez et al. (2001) describe a

permeable boundary by relating wall-normal velocity to fluctuations of pressure through

the porosity coefficient β = −ρw/p′, that has the dimensions of an inverse velocity. In the

context of riblets, we therefore use β evaluated in the plane at the crest as a measure

of the wall-normal permeability that the groove provides. Following Gómez-de-Segura

et al. (2018b), we calculate the magnitude of the porosity coefficient ∣β+∣(λ+x, λ+y , t+) =∣ŵ+∣/∣p̂+∣, where ⋅̂ denotes Fourier coefficients and retain a dependence on wavelengths

and time. Only large spanwise wavelengths λ+y ≳ 250 are affected by the Kelvin–Helm-

holtz instability (§3.3.2) and figure 3.12 shows the probability of the porosity coefficient

for these wavelengths ∣β+∣λ+y≳250 taking a certain value. The impermeability condition of
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Figure 3.12: Ratio between wall-normal velocity and pressure fluctuations for large span-
wise wavelengths λ+y ≳ 250 at the riblet crest. Colours represent the probability of∣β+∣λ+y≳250 falling into each of 30 logarithmically spaced bins between 10−3 and 1 at a

given λ+x, based on the occurrence of ∣β+∣λ+y≳250 in each bin across the total averaging time
(table 3.1). Ticks on the vertical axis mark the bins. On the right, ✓ mark drag-reducing
and × drag-increasing cases.

the smooth wall prohibits all wall-normal motion in figure 3.12(t), in contrast to riblets

of any size and shape. In flow over riblets, ∣β+∣λ+y≳250 depends strongly on the streamwise

wavelength with the highest values around λ+x ≈ 20–40. The porosity coefficient of small,

drag-reducing riblets (✓) has a high probability of falling into a narrow range of ∣β+∣λ+y≳250,

i.e. it is fairly stationary at given λ+x. For drag-increasing cases (×), ∣β+∣λ+y≳250 takes higher

values than over small riblets, because wall-normal velocity fluctuations are greater above

large grooves. Furthermore, ∣β+∣λ+y≳250 fluctuates more in time than for small riblets, i.e.

the observed occurances are spread out across many bins in figure 3.12 and the contours

are lighter. However, the drag-increasing cases that support Kelvin–Helmholtz rollers,

based on the drag-change decomposition in figure 3.11(b), reduce the range of values that∣β+∣λ+y≳250 takes for those wavelengths that are affected by the instability (65 ≲ λ+x ≲ 290).

For example, the range for which the probability of occurrence is at least 0.02 at λ+x = 171

is 0.03 ≲ ∣β+∣λ+y≳250 ≲ 0.175 for case T321 in figure 3.12(f ), which is smaller than the
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0.015 ≲ ∣β+∣λ+y≳250 ≲ 0.205 for case AT42 in figure 3.12(r). Coherent Kelvin–Helmholtz

rollers therefore appear to reduce the randomness of fluctuations of ∣β+∣λ+y≳250 in time,

which is here visible as concentrated dark spots in figure 3.12. This is most noticeable

for the triangular riblets with α = 30° (figure 3.12f,g) and blades (figure 3.12b,c,d), but

also to a lesser extent for the triangular riblets with α = 60° (figure 3.12i) and mid-sized

trapezoids (figure 3.12m,n). Over larger riblets without Kelvin–Helmholtz rollers on the

other hand (figure 3.12k,o,p,r,s), ∣β+∣λ+y≳250 is more randomly distributed in time and not

fixed by coherent motions. Both figure 3.12(m,n) and the wall-shear stress in figure 3.6(i)

indicate a weak signature of Kelvin–Helmholtz rollers for mid-sized trapezoidal riblets.

Nevertheless ∆U+
KH ≈ 0 for all trapezoidal riblets in figure 3.11(b).

We find the porosity coefficient averaged in time and over wavenumbers kx and ky

affected by the Kelvin–Helmholtz instability

∣β+∣KH = 1
2π
250

1
2π
65
− 2π

290

∫ 2π
250

0
∫ 2π

65

2π
290

∣ŵ+∣/∣p̂+∣dk+xdk+y (3.14)

for all cases and observe an almost linear increase with riblet size in figure 3.13. Curves for

the different shapes collapse when shown against the groove size `+g rather than the riblet

spacing, presumably because the volume available below the crest determines the response

in terms of w to a given pressure disturbance. Therefore, the geometrical parameter `+g cor-

relates with the wall-normal permeability of fully open grooves. Indeed, Garćıa-Mayoral

& Jiménez (2011b) observe rollers over blade riblets with `+g ≳ 11 (also figure 3.11b), and

attribute it to the sufficiently permeable interface between riblet grooves and the overly-

ing flow. They propose a model that accounts for this permeability through a viscous

approximation for the flow in the groove and also find a linear increase with `+g , that ex-

plains why ∆U+
KH ≈ 0 for small riblets with `+g ≲ 11 in figure 3.11(b). Likewise for porous

surfaces, Kelvin–Helmholtz rollers appear if the (Darcy) wall-normal permeability exceeds

a threshold,
√
K+
z ≳ 0.4, as observed in DNS (Gómez-de-Segura & Garćıa-Mayoral, 2019)

and predicted by resolvent analysis (Chavarin et al., 2020). Furthermore, for superhy-

drophobic microgrooves, which can be considered riblets with free-slip grooves, Rastegari

& Akhavan (2018) also observe a dependence of the Kelvin–Helmholtz instability on the

mean depth of the grooves. Reynolds stress spectra at z+ − z+t ≈ 5 above these free-slip

grooves in their figure 7(c–f,i) show that energy in the spectral region of Kelvin–Helm-

holtz rollers increases with `+g . However, even the free-slip grooves with a small `+g ≈ 6 by

Rastegari & Akhavan (2018) exhibit Kelvin–Helmholtz rollers, presumably because the

slip condition allows the flow to easily move along the groove, which in turn leads to large

wall-normal permeability of the plane at the crest, despite the low `+g . This is consistent

with the model of Garćıa-Mayoral & Jiménez (2011b) for the flow within the groove and

its effect on the Kelvin–Helmholtz instability. In excursus §3.A, we show results from a

numerical experiment in which the formation of Kelvin–Helmholtz rollers is shown to be

suppressed when the riblet grooves are replaced by impermeable and flat (`+g = 0) free-slip

strips at the crest.

The increasing permeability of the plane at the riblet crest in figure 3.13(b) barely

depends on the riblet shape, and it therefore does not explain the results from our drag-
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Figure 3.13: Time averaged porosity coefficient at the riblet crest integrated over
wavelengths that may be affected by Kelvin–Helmholtz rollers ∣β+∣KH .

change decomposition (§3.4) that four of the six riblet shapes do not support strong

Kelvin–Helmholtz rollers regardless of `+g . We therefore additionally consider shear in the

mixing layer as a second indicative parameter that is affected by both the riblet shape

and size.

3.5.2 How riblets affect shear in the mixing layer

Kelvin–Helmholtz rollers can develop in a mixing layer that forms between slow flow in

the riblet groove and a faster stream above, as first suggested by Raupach et al. (1996)

for plant canopies and later assumed by Garćıa-Mayoral & Jiménez (2011b) for riblets.

This mixing layer is susceptible to the Kelvin–Helmholtz instability, because the profile

of mean-steamwise velocity has an inflection point at the canopy or riblet tips, which is a

necessary condition for instability in free shear flows (Rayleigh, 1879). Above streamwise

porous surfaces however, the wall-normal permeability alone describes the appearance

of Kelvin–Helmholtz rollers (Gómez-de-Segura et al., 2018a; Chavarin et al., 2020) and

the linear stability analysis by Garćıa-Mayoral & Jiménez (2011b) predicts the instability

as a result of wall-normal permeability of riblets for non-inflectional velocity profiles.

Nevertheless, many of our large (drag-increasing) riblets do not experience significant

drag due to the instability (§3.4) despite their wall-normal permeability (figure 3.13b).

Therefore, we will now consider shear strength in the mixing layer as a second parameter

to describe flow conditions that generate Kelvin–Helmholtz rollers above riblets. In this

section we first follow the characterisation of the mixing layer from previous literature,

by investigating the shear length scale Ls (Raupach et al., 1996) and a mixing-length

model (Poggi et al., 2004). However, the complete description of the mixing layer for

riblets emerges when we additionally consider the distribution of wall-shear stress across

the riblet height.
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Figure 3.14: Superficially averaged velocity profiles in and above the groove normalised
by the riblet height k and velocity at the tips. For (a) turbulent flow and (b) 2D Stokes-
flow. Insets show a larger velocity range. (c) Velocity gradient at the riblet crest expressed
using the shear length scale L+s = U+

t /(dU+/dz+)t relative to the groove-depth k+ (Raupach
et al., 1996) with Stokes-flow values for `+g ∼ 0. (d) Contribution of the mixing-layer length
to the effective total mixing length at the riblet crest based on the model by Poggi et al.
(2004).

Shear length scale

At the height of the inflection point, Raupach et al. (1996) measure shear in the mixing

layer relative to the mean velocity by defining the shear length scale Ls ≡ Ut/(dU/dz),
which decreases with increasing shear. For plant canopies, various studies (e.g. Raupach

et al., 1996; Dunn et al., 1996; Finnigan, 2000; Poggi et al., 2004; Coceal & Belcher,

2004) consider the velocity profile after normalising U/Ut and z/k. This way, the vertical

velocity gradient at the crest can be rewritten as k/Ls, i.e. as the shear length scale

relative to the canopy height. Based on the drag-decomposition in figure 3.11(b), we

would expect the strongest shear for the triangular riblets with α = 30°, followed by

the blades and weaker shear for the remaining four shapes. Indeed, the velocity profiles

for the sharp triangular riblets are steepest (figure 3.14a) and the gradient at the crest,

where the instability originates, is strongest (figure 3.14c). We also observe in figure

3.14(c), that shear in the mixing layer appears to become weaker with increasing riblet

size, which suggests that it might be too weak to support Kelvin–Helmholtz rollers for

very large riblets. Furthermore, it is conceivable that Kelvin–Helmholtz rollers need to
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perceive spanwise homogeneous shear to develop, which widely spaced riblet tips might

not provide. In DNS of small (drag-reducing) riblets, turbulent flow in large parts of the

groove is dominated by viscosity. We can therefore describe the near-wall flow field in

the limit `+g ∼ 0 by streamwise shear-driven Stokes flow ∇2u = 0 with a fixed velocity at

the top and no-slip walls on the bottom. The Stokes flows differ from the turbulent flow

of larger riblets, because they lack turbulent motions including Kelvin–Helmholtz rollers

and secondary flows in the riblet cross-section. However, in agreement with Garćıa-

Mayoral & Jiménez (2011b), superficially spanwise averaged velocity profiles inside the

smallest riblet grooves of each geometry (figure 3.14a) closely resemble the Stokes flow

solution (figure 3.14b). Above the crest, the Stokes flow is no longer representative of

the turbulent solution and the profiles are linear, because the flow is driven by shear

rather than a pressure gradient. Directly at the crest however, where we characterise the

mixing layer, the Stokes-flow simulations correctly predict a strong velocity gradient for

the triangular riblets with α = 30° (shown in figure 3.14(c) at `+g = 0) and a more gentle

velocity increase for the other shapes. The Stokes-flow gradient for the blades is low

and thus indicative of a weak mixing layer, even though they support Kelvin–Helmholtz

rollers in turbulent flow (§3.3 and §3.4). Furthermore, the shear-strength in turbulent

flow over the blades in figure 3.14(c) is similar to that of the slanted triangular riblets for

which the instability is absent. This suggests that the velocity gradient at the riblet crest,

in Stokes and turbulent flow alike, does not fully describe the mixing layer that can give

rise to Kelvin–Helmholtz rollers. We therefore additionally consider the mixing-length

model proposed by Poggi et al. (2004) to describe the mixing layer at the tips of plant

canopies.

Mixing-length model

Poggi et al. (2004) compare the mixing length due to the Kelvin–Helmholtz instability

`+ML = L+s ≡ U+
t /(dU+/dz+) to that of turbulent eddies that are likewise found over a

smooth wall `+BL. The tips of plant canopies by Poggi et al. (2004), where the instability

develops, are in the log-layer at heights hundreds of viscous units and about 0.08δ above

the virtual origin. At those heights above a smooth wall, the mixing length is `+BL = κz+,

with the von-Kármán constant κ = 0.4. For riblets, the inflection point of the velocity

profile is also at the tips (● in figure 3.4), which is however much closer to the virtual

origin (§3.2.3). For the present cases, the inflection point is at heights `+T ≈ 0.8–8.0.

Above a smooth wall at those heights, in the viscous sublayer or buffer-layer, viscous

effects reduce `+BL, which van Driest (1956) accounts for by multiplying the mixing length

with the damping term (1−e−z+/26). Here, the constant 26 was determined empirically to

recover a measured smooth-wall velocity profile (van Driest, 1956). After including that

damping term to account for viscous effects, the mixing-length scale representing smooth-

wall flow at the height of the riblet crest z+ = `+T is given by `+BL = κ`+T (1 − e−`+T /26).
Poggi et al. (2004) propose that inside the mixing layer around the canopy tips, the

mixing lengths of the instability and of turbulent eddies can be superimposed with

the weighting parameter αML to describe the effective mixing length in that region

`+eff = (1 − αML)`+BL +αML`
+
ML. By modelling the Reynolds stress and the eddy-diffusivity
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using the velocity gradient, they can describe the effective mixing length as `+eff =√−u′w′+/(dU+/dz+). We measure `+eff at the riblet crest and solve for the parameter

αML that describes the relative contribution of the mixing-layer length (Kelvin–Helmholtz

rollers) and of background turbulence `+BL to the net wall-normal momentum transfer.

The sparsest canopy investigated by Poggi et al. (2004) has αML ≈ 0 and does not

create a mixing layer. The instability starts to emerge for the denser cases with αML ≈
0.05,0.25 and αML appears to asymptote towards 0.5 for the densest canopies. The

triangular riblets with opening angle α = 30° have the highest values of αML in figure

3.14(d), because the Kelvin–Helmholtz instability contributes significantly to the mo-

mentum transfer, as seen in §3.4. The blades have reduced αML, that is however notice-

ably higher than for the remaining riblet shapes that do not support the Kelvin–Helmholtz

instability. Drag reducing riblets of all shapes have small αML, and therefore weak mixing

layers, in agreement with the drag-decomposition in §3.4. Interestingly, the differences

between riblet shapes in αML (figure 3.14d) can be traced back to the slip length `+T and

the slip (crest) velocity U+
t (§3.B).

Distribution of wall-shear stress

In order to relate the riblet geometry to the strength of shear in the mixing layer, we

consider the distribution of wall-shear stress across the riblet, by integrating it below

every height to obtain profiles τw,z (figure 3.15a). The analysis is motivated by the

observation that plant canopies create an inflectional velocity profile with a mixing layer

that supports Kelvin–Helmholtz rollers if the drag exerted by plants is large compared to

the bed-drag on the ground (White & Nepf, 2007). Similarly for riblets in figure 3.15(a), a

steep curve in the tip region indicates a significant momentum absorption over that wall-

normal distance, which creates a strong mixing layer. The flat tips of blade riblets with

a finite thickness have high shear stress such that the flow over blades loses a significant

proportion of momentum to the tip region, which creates a discontinuity of wall-shear

stress at the riblet crest. The other riblet shapes all have a pointed crest and therefore a

smooth distribution of τw,z. Nevertheless, the triangular riblets with α = 30° experience

most wall-shear stress near the tips, which explains low groove velocities in figure 3.14(a).

On the other hand, trapezoidal riblets for example, with the same opening angle α = 30°,

have a more balanced distribution of τw,z across the height owing to their larger tip

spacing at the same `+g and the flat bottom of the groove. For these and other riblet

shapes with somewhat evenly distributed wall-shear stress in figure 3.15(a), streamwise

momentum penetrates farther into the groove, which appears to weaken the mixing layer

at the riblet tips to a point where it no longer supports the Kelvin–Helmholtz instability.

Stokes-flow in figure 3.15(b) shows the same trend between riblet shapes, because even

the turbulent flow at these riblet sizes is dominated by viscosity in large parts of the

groove. Our idea that high drag at the tips promotes Kelvin–Helmholtz rollers is further

supported by the DNS of flow over superhydrophobic free-slip microgrooves by Rastegari

& Akhavan (2018). Based on spectra of Reynolds shear stress, Kelvin–Helmholtz rollers

only develop over the free-slip grooves (their figure 7c–f,i), that are set up to absorb

all momentum at the tips. The no-slip riblet versions of the same microgrooves in their
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Figure 3.15: Wall-shear stress (drag per unit plan area) accumulated from below given
heights z, τw,z = ∫Lt ∫A(z) νρ(∂u/∂n)dAdt/(LxLyLt) relative to the total wall-shear stress

τw = ∫Lt ∫A(zt) νρ(∂u/∂n)dAdt/(LxLyLt), where n is the locally wall-perpendicular dir-

ection and A(z) the wetted wall-surface below height z. The domain extents Lx, Ly and
time-averaging intervals Lt are given in table 3.1. For (a) DNS of turbulent flow and (b)
2D Stokes-flows. (c) Fraction of wall-shear stress that acts on only the top 20 % of the
riblets (threshold is marked by vertical line in a,b) with Stokes-flow values that are valid
for `+g ∼ 0.

figure 7(l–o,r) lack pronounced Kelvin–Helmholtz rollers, because a significant portion of

the wall-shear stress acts well below the crest.

In order to measure the effect of high wall-shear at the riblet crest, we pick a threshold

at (z − zb)/k = 0.8 to integrate the wall-shear stress only over the tip region and show

that portion of the total τw in figure 3.15(c). As expected from the drag-decomposition,

triangular riblets with α = 30° and blades experience most wall-shear stress near the riblet

crest. The distribution of wall-shear stress across the riblet height correlates reasonably

well with the existence and strength of Kelvin–Helmholtz rollers for all six riblet shapes

including the blades, as only high values in the tip-region appear to lead to strong mixing

layers that support the instability. Even though the threshold for the tip region at(z − zb)/k = 0.8 is arbitrary, figure 3.15(a) shows that any threshold between roughly

0.75 ≲ (z − zb)/k ≲ 0.95 leads to qualitatively matching results.

The approximate region of riblets that support Kelvin–Helmholtz rollers in figure

3.15(c) is delimited by the two parameters discussed in this section. Wall-shear stress

in the tip region has to be roughly above the lower bound based on the drag-change
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decomposition for this data set (figure 3.11b) and there should be a maximum above

which fluctuations are damped by high resistance to streamwise flow in the groove (Nepf

et al., 2007). On the horizontal axis in figure 3.15(c), small grooves with low wall-normal

permeability prevent fluctuations (figure 3.13 along with figure 3.11b) and very large

riblets seem to have weak shear in the mixing layers (figure 3.14). Wall-shear stress from

Stokes-flow for `+g ∼ 0 in figure 3.15(c) shows the same trend we observe in turbulent

flow. Therefore, the strength of Kelvin–Helmholtz rollers over other riblet shapes could

be estimated by taking `+g as an indicator for the wall-normal permeability and then

comparing the Stokes-flow wall-shear stress in the tip region to values from the present

data set, for which we found ∆U+
KH (figure 3.11b).

The absence of strong drag-increasing Kelvin–Helmholtz rollers outside of the approx-

imate region in figure 3.15(c) does not mean that these riblet shapes provide improved

drag reduction compared to riblets that support the instability (figure 3.11a). For ex-

ample, dispersive Reynolds stresses associated with secondary cross flows (Goldstein &

Tuan, 1998) can contribute to drag for large riblets, including potentially alongside Kel-

vin–Helmholtz rollers.

3.6 Main takeaways

� Decomposing the drag penalty ∆U+ shows that for trapezoidal or blunt triangular

riblets, the Kelvin–Helmholtz instability is vanishingly weak and does not contribute

significantly to drag regardless of the groove size.

� The drag penalty of Kelvin–Helmholtz rollers is larger for sharp triangular riblets

than for blade riblets.

� Two parameters describe if a riblet surface triggers the Kelvin–Helmholtz instabil-

ity: we observe that only riblet shapes with high momentum absorption in the tip

region seem to create a pronounced mixing-layer profile that drives the instabil-

ity. Additionally, as previously known for blade riblets, only riblet grooves with a

large viscous-scaled cross-sectional area provide the necessary effective wall-normal

permeability at the riblet tips.

3.A Excursus: An impermeable boundary suppresses

Kelvin–Helmholtz rollers

The necessity of wall-normal permeability for the development of Kelvin–Helmholtz rollers

has been discussed by Jiménez et al. (2001); Garćıa-Mayoral & Jiménez (2011b); Gómez-

de-Segura et al. (2018a); Gómez-de-Segura & Garćıa-Mayoral (2019) based on stability

analysis and DNS. Nevertheless, here we demonstrate through comparison of the blade

riblet case BL49 to an impermeable counterpart BS49, that Kelvin–Helmholtz rollers do

not develop if the plane at the riblet crest is impermeable. The simulation BS49 has the

same computational box, Reynolds number and mesh spacing as the blade riblet case

BL49 (table 3.1), except that the riblet grooves are replaced by impermeable (w = 0) and
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Figure 3.16: Premultiplied spectra of wall-normal velocity in the flow above blade riblets
BL49 (a,d), blades with free-slip strips instead of grooves BS49 (b,e) and a uniform no-slip
smooth wall (c,f ), normalised by the respective variance at each height. The 2D spectra
(a–c) are taken at a height of 5 viscous units (above the riblet crest) with 5 contour

levels from light to dark in the range [0.04,0.2]w′w′+. The 1D spectra (d–f ) are only for
large spanwise wavelengths λ+y ≳ 250 with 5 contour levels from light to dark in the range[0.02,0.1]w′w′+. The spectral region of Kelvin–Helmholtz rollers is framed by black lines
(65 ≲ λ+x ≲ 290, λ+y ≳ 130, as given by Garćıa-Mayoral & Jiménez, 2011b).

non-deformable free-slip strips at the height of the riblet crest (following the setup of

Martell, Perot & Rothstein, 2009).

At a height of 5 viscous units above the crest, where Kelvin–Helmholtz rollers may de-

velop, the contours of the wall-normal velocity spectrum for the blade riblets (figure 3.16a)

extend farther into the region of Kelvin–Helmholtz rollers than for the slip/no-slip sur-

face (figure 3.16b) and least for the uniform no-slip smooth wall (figure 3.16c). The large

spanwise wavelengths (λ+y ≳ 250) that may be affected by the Kelvin–Helmholtz instability

in figure 3.16(d–f ), carry far more energy over the blade riblets than over the slip/no-slip

surface. Nevertheless, wall-normal velocity at the large spanwise wavelengths is slightly

stronger over the slip/no-slip wall compared to the uniform no-slip smooth wall. Import-

antly though, these fluctuations do not extend down close to the surface as they do above

the riblet. The permeable plane at the riblet crest allows for w ≠ 0, which stability analysis

shows to be critical for the development of Kelvin–Helmholtz rollers (Jiménez et al., 2001;

Garćıa-Mayoral & Jiménez, 2011b, cf. mode shapes in their figure 19c–e). Consequently,

only the riblet flow in figure 3.16(d) has a distinct and isolated peak at z+ − z+t ≲ 12 and

λ+x ≈ 180, i.e. in the region of Kelvin–Helmholtz rollers (§3.3.2). Decomposing the drag-

change as in §3.4 shows that the slip/no-slip surface has a drag penalty from wavelengths

in the region of Kelvin–Helmholtz rollers ∆U+
KH = 1.7 × 10−5 ≈ 0, whereas for the blade

riblets the penalty is ∆U+
KH ≈ 0.13.

Overall, the spectral analysis of the impermeable (i.e. `+g = 0) case BS49 supports
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Figure 3.17: Terms at the riblet tips, that make up the smooth-wall mixing length
`+BL = κ`+T (1 − e−`+T /26), the mixing length due to the Kelvin–Helmholtz instability `+ML =
L+s = U+

t /(dU+/dz+) and the combined effective mixing length `+eff = √−u′w′+/(dU+/dz+),
following the model by Poggi et al. (2004) in §3.5.2. The slip velocity at the riblet tips U+

t

(a) is marked by (●) in the profiles of figure 3.4. The slip length `+T (b, §3.2.3) measures
the distance between the virtual origin and the riblet crest.

our conclusions in §3.5 on Kelvin–Helmholtz rollers: shear forces the Kelvin–Helmholtz

instability, but impermeability suppresses it. In figure 3.15(c), the slip/no-slip case BS49

with full momentum absorption at the riblet tips and `+g = 0 would appear in the top left

corner, outside of the region of Kelvin–Helmholtz rollers.

3.B Excursus: Flow at the riblet tips

In the viscous regime of small riblet sizes, the slip velocity at the riblet tips U+
t and the

slip length `+T describe the drag-change ∆U+ ≈ `+T −`+U , because the streamwise protrusion

height `+U ≈ U+
t (Luchini (1996) and §3.1). It appears that in the turbulent regime, the in-

fluence of the Kelvin–Helmholtz instability on the drag-change is qualitatively noticeable

through the same two parameters: for cases with strong Kelvin–Helmholtz rollers, U+
t and

`+T are particularly low at a given `+g (figure 3.17(a,b) and ratio `+T /`+g in the legend), i.e.

the virtual origin is close to the riblet crest. This has implications for the mixing length

model (§3.5.2 based on that by Poggi et al., 2004), that compares the mixing length of

Kelvin–Helmholtz rollers to that of turbulent eddies based on the slip length `+T and three
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quantities measured at the riblet crest: U+
t , dU+/dz+ and u′w′+. The last two vary as a

function of `+g that is roughly the same for all considered riblet shapes (figure 3.17c,d).

Therefore, the value of αML in the mixing length model, that indicates the presence of

Kelvin–Helmholtz rollers in figure 3.14(d), is predominantly influenced by `+T and U+
t .



Chapter 4

Drag-scaling of multi-scale

riblets

This chapter is a part of ongoing work in collaboration with D. Modesti, R. Garćıa-

Mayoral, N. Hutchins & D. Chung.

4.1 Drag-change curves of riblet surfaces

Riblets are small streamwise-aligned grooves with spacings s ≈ (30–100)µm on an aircraft

fuselage that reduce skin-friction drag by displacing turbulent motions upwards in the

boundary layer (e.g. Walsh & Weinstein, 1978; Walsh, 1982; Bechert & Bartenwerfer,

1989; Luchini et al., 1991; Bechert et al., 1997). Nevertheless, to date, riblets are not

employed on commercial flights, because installation and maintenance costs outweigh the

currently achievable drag-reduction benefits (Spalart & McLean, 2011). For small riblets,

drag reduction relative to a smooth wall increases with viscous-scaled riblet spacing s+ in

figure 4.1(a), where we measure the drag-change by the decrement of mean streamwise

velocity in the logarithmic layer ∆U+ = U+
smooth −U+. We use the superscript + to denote

viscous scaling with the kinematic viscosity ν and friction velocity uτ ≡ √
τw/ρ, where ρ

is the fluid density and τw the wall shear stress (drag per unit plan area). The desirable

trend of reducing drag breaks down for large riblets as turbulent flow descends into the

groove and enhances momentum transfer towards the wall (Choi et al., 1993; Goldstein

& Tuan, 1998; Garćıa-Mayoral & Jiménez, 2011b).

Initial drag curves (e.g. Walsh, 1982) were shown against both the riblet height k+ and

the lateral spacing s+, but soon the spacing prevailed as the common measure of riblet size

when a multitude of different riblet geometries were tested (e.g. by Bechert et al., 1997).

Later, Garćıa-Mayoral & Jiménez (2011b) re-evaluated available drag measurements in

search for a length that could describe the riblet size of optimal drag reduction across a

wide range of groove shapes. They determined empirically that the square-root of the

cross-sectional area of the groove `+g is a suitable measure of the riblet size for fully open

and single-scale grooves. Unlike the spacing s+, this length captures the size of minimum

drag around `+g ≈ 10.7 ± 1 for different geometries (Garćıa-Mayoral & Jiménez, 2011b)
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Figure 4.1: Drag-change between riblets and a smooth wall measured by the decrement
in the log layer of the profile of mean streamwise velocity ∆U+ = U+

smooth −U+ for grooves
with lateral spacing s+ and cross-sectional area `2g. The straight lines are viscous slopes
of drag-curves ∆U+ = −(`+u − `+v), that are indicative of maximum drag reduction (Garćıa-
Mayoral & Jiménez, 2011b) and valid in the Stokes flow limit of vanishingly small riblets
for which we determine the longitudinal (`u) and lateral (`v) protrusion height (Luchini
et al., 1991). Data for triangular riblets (▼▽, ◀◁ Bechert et al., 1997), for trapezoidal
riblets (○ Gatti et al., 2020), for single-scale blade riblets (▲, Bruse et al., 1993) and for
two-scale blade riblets (▶▷ Bruse et al., 1993) are converted from ∆τw/τw,smooth to ∆U+
at matched Rebulk (§A.1).

and even collapses the drag curves of many riblet shapes into the drag-increasing regime

(◀◁ and ▼▽, ○ in figure 4.1b). Furthermore, they solved a Poisson equation in the cross-

section to calculate the penetration length L+w that accounts for the groove shape and

size. This measure of the riblet size roughly correlates with `+g for many riblet shapes,

which provides some theoretical explanation for the improved scaling with `+g compared

to s+ (Garćıa-Mayoral & Jiménez, 2011b).

Bruse et al. (1993) install shorter secondary riblets between blades on the surface,

that have the potential to repel eddies of the smaller size and thus maintain favourable

drag-characteristics as the riblet size increases. For viscous-scaled riblet sizes close to

the drag-optimum, they find no significant difference between the drag reduction of two-

scale blade riblets and single-scale counterparts in oil-channel drag measurements. For

riblet sizes below the optimum, viscous momentum transfer dominates and multi-scale

riblets might degrade the drag-curve based on a study of Stokes flow by Alinovi et al.

(2018). Following the approach of Luchini et al. (1991), we calculate the slope of the

drag curve in the limit of vanishingly small riblets (drawn starting at s+ = 0, `+g = 0 in

figure 4.1). Indeed, introducing the additional blade riblet with height k1/s = 0.3 reduces

the slope ∆U+/`+g by 21.8 %, which is indicative of higher drag at the optimum point on

the drag curve (Garćıa-Mayoral & Jiménez, 2011b). However, the difference of lowest

drag suggested by Stokes flow is small and may be below the measurement accuracy,

because the actual drag measurements by Bruse et al. (1993) suggest the opposite trend,

i.e. a marginally lower drag with the two-scale variant. For larger riblets with `+g ≳ 11,

the drag curve in figure 4.1 (▶▷) suggest a more gentle breakdown of drag reduction with
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Figure 4.2: Spanwise wall-normal cross-section of the computational mesh for two riblet
geometries. Showing the near-wall portion for one of seven riblet periods in the spanwise
direction. The origin used when solving for the flow field is at the mean height z+ = z+m
and the virtual origin is z+ = 0. The riblet tips are at z+ = z+t = `+T . Meshes are uniformly
spaced in the streamwise direction with ∆x+ = 6.

riblet size than for the single-scale geometry (▲). The additional riblet appears to extend

the range of drag-reducing riblet sizes measured by s+ or `+g .

We conduct Direct Numerical Simulations (DNS) of turbulent channel flow over single-

scale and two-scale trapezoidal riblets with a tip angle α = 30° and varying viscous scaled

sizes between that of optimum drag reduction and significant drag increase. In §4.3, we

evaluate the assumption that secondary riblets in the groove displace small momentum

carrying eddies upwards to reduce drag compared to single-scale riblets at matched s+
or `+g beyond the optimum for drag reduction, where turbulent motions contribute to

momentum transfer. In §4.4, we observe that s+ and `+g may not be the most appropriate

measure of the size for multi-scale riblets and that the drag-benefit compared to the

single-scale variant in figure 4.1 appears to be an artefact of the measure of riblet size.

4.2 DNS of turbulent channel flow over riblets

We conduct DNS of turbulent and fully developed open channel flow at a friction Reynolds

number of Reτ ≡ δuτ/ν = 395 to obtain the flow field over riblets. Here, δ measures

the half-channel height which is equal to the domain height. Our data set comprises

single-scale trapezoidal riblets with a tip angle α = 30° (case names Ss+) and multi-

scale trapezoidal riblets (Ms+) that have one additional half-sized riblet with the same

tip angle in the centre of the groove. The geometries with corresponding representative

meshes are shown in figure 4.2 for one spanwise period. Geometrical parameters including

domain extents are given in table 4.1. A simulation of smooth-wall flow at the same
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Case s+ k+0 k+1 `+g `+g,i ∆x+ ∆y+ ∆z+ ∆t+×103 L+x L+y δ+ δ′+ `+T Ltuτ/δ ∆U+ ± ζ+ ε′+×103

S18 17.9 8.93 0.0 11.8 11.8 6.0 0.27 − 3.0 0.31 − 7.0 47.4 2054 250 395.0 389.6 2.30 50.1 −1.06 ± 0.10 4.2
S31 31.3 15.6 0.0 20.6 20.6 6.0 0.47 − 2.4 0.31 − 7.0 47.4 2054 250 395.0 385.5 4.02 46.7 +0.44 ± 0.10 3.4
S36 36.5 18.2 0.0 24.0 24.0 6.0 0.55 − 2.9 0.31 − 7.1 47.4 2054 255 395.0 383.9 4.69 49.2 +0.81 ± 0.10 4.5
S50 50.0 25.0 0.0 32.9 32.9 6.0 0.76 − 3.9 0.31 − 7.1 47.4 2054 250 395.0 379.8 6.43 45.7 +1.76 ± 0.10 5.9
S63 62.5 31.3 0.0 41.1 41.1 6.0 0.95 − 4.9 0.31 − 7.1 47.4 2054 250 395.0 376.0 8.04 46.7 +2.47 ± 0.10 7.3

M13 12.5 6.25 3.12 8.07 6.94 6.0 0.089 − 1.6 0.31 − 7.0 19.8 2054 250 395.0 391.0 1.24 37.4 −0.83 ± 0.11 4.8
M17 16.7 8.33 4.17 10.8 9.25 6.0 0.064 − 2.1 0.31 − 7.0 13.8 2054 250 395.0 389.7 1.66 37.3 −0.96 ± 0.11 4.5
M21 20.8 10.4 5.21 13.4 11.6 6.0 0.086 − 2.6 0.31 − 7.1 15.8 2054 250 395.0 388.4 2.07 37.3 −0.99 ± 0.11 3.5
M25 25.0 12.5 6.25 16.1 13.9 6.0 0.11 − 3.1 0.31 − 7.1 15.8 2054 250 395.0 387.1 2.49 37.5 −0.69 ± 0.11 3.0
M31 31.2 15.6 7.81 20.2 17.3 6.0 0.14 − 1.9 0.31 − 7.1 23.7 2054 250 395.0 385.1 3.11 37.4 −0.17 ± 0.11 3.3
M36 36.5 18.2 9.12 23.5 20.2 6.0 0.18 − 2.2 0.31 − 7.1 27.6 2054 255 395.0 383.4 3.63 39.2 +0.24 ± 0.11 4.8
M42 41.7 20.8 10.4 26.9 23.1 6.0 0.21 − 2.4 0.31 − 7.1 27.6 2054 250 395.0 381.8 4.14 45.2 +0.51 ± 0.10 3.4
M63 62.5 31.2 15.6 40.3 34.7 6.0 0.39 − 2.8 0.31 − 7.0 47.4 2054 250 395.0 375.2 6.22 37.6 +1.79 ± 0.11 3.7

Smooth - - - - - 6.0 3.0 0.21 − 4.7 79.0 1027 250 395.0 - - 173 - 3.6

Table 4.1: Simulation parameters for the single-scale (S) and multi-scale (M) riblet configurations and smooth wall reference flow. Riblet spacing s+,
heights k+0 and k+1 and sizes `+g ≡ √

A+
g and `+g,i as per figure 4.9 for k1/k0 = {0,0.5}. Mesh spacings and domain extents in the streamwise (x), spanwise

(y) and wall-normal (z) direction. The half-channel height δ+ is measured from the riblet mean-height and δ′+ from the virtual origin to the top of
the open channels. The virtual origin is `+T below the riblet crest (figure 4.2). The drag-change ∆U+ is measured at the critical height z+c = 0.4L+y of
these minimal-span channels with a statistical uncertainty ζ+ as per (4.3). The statistical convergence is measured by ε′+ (4.4).



Chapter 4. Drag-scaling of multi-scale riblets 82

Reynolds number serves as a common reference. The finite volume code Cliff by Cascade

Technologies Inc. (Ham et al., 2006, 2007) is used to solve the Navier–Stokes equations

for an incompressible fluid

∂u

∂t
+∇⋅ (uu) = −1

ρ
∇p + ν∇2u − 1

ρ

dP

dx
ex, (4.1)

∇⋅u = 0. (4.2)

The velocity u has components (u, v,w) in the streamwise (x), spanwise (y) and wall-

normal (z) direction and the temporal dimension is t. A constant pressure gradient dP /dx
drives the flow along the unit vector in the streamwise direction ex and p is the fluctuating

component of pressure that we solve for. The ⋅ operator denotes averages in t, x and

y at one height z. In the case of streamwise velocity, we simplify the notation to U = u.

Angular brackets ⟨⋅⟩ indicate averages in t, x and over spanwise riblet periods such that

the resulting quantity depends on y ∈ [0, s] and z.

All simulations are conducted in minimal-span channels (Jiménez & Moin, 1991; Flores

& Jiménez, 2010; Hwang, 2013), which reduces the computational cost of evaluating the

flow over roughness compared to using full-span channels (MacDonald et al., 2017). Flow

above z+c = 0.4L+y is unphysically constricted in narrow domains (Chung et al., 2015), but

the flow field close to the wall is representative of that in full-span channels and allows

us to evaluate the effects of riblets. In the present channels with L+y ≈ 250, we therefore

measure the drag-change ∆U+ at z+c = 0.4L+y ≈ 100 in the log layer at Reτ = 395 to obtain

a result that does not depend on the channel width. A detailed analysis of minimal-span

channel effects in the context of riblets is given in chapter 2.

We initially set the origin for the wall-normal coordinate at the riblet mean height zm

(figure 4.2) so that the driving pressure gradient acts on the same volume for all cases

including the smooth wall, which fixes τw/ρ = −(δ/ρ) dP /dx. However, after running the

simulation, we determine the virtual origin of turbulence at z+ = 0 in order to compare

mean streamwise velocity to smooth-wall flow at matched heights as a measure of the

drag-change, ∆U+ = U+
smooth − U+ (Garćıa-Mayoral et al., 2019). For small riblets near

the drag optimum (S18 and M13), we find the virtual origin as the distance `T below

the riblet crest, such that the profile of turbulent Reynolds shear stress matches that of

the smooth wall in the point of largest slope. For larger riblets, Reynolds shear stress

might not define an equivalent smooth wall (Garćıa-Mayoral et al., 2019) and we therefore

extrapolate the location based on the small riblets by keeping `T /k0 constant for each

riblet geometry. We determine the averaging time Lt (table 4.1) of simulations by setting

the desired uncertainty in ∆U+ ± ζ+ based on an eddy-count (MacDonald et al., 2017),

Lt
uτ
δ

≈ ( 91.4

ζ+z+c )2
7.5zc
Lx

2.5zc
Ly

6zc
Lz

. (4.3)

The statistical convergence is then evaluated (table 4.1) based on the plane and time

averaged total stress in channel flow (Vinuesa et al., 2016) above the highest riblet crest
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that statistically equals the sum of Reynolds and viscous stresses,

ε′+ = ( 1

δ′+ − z+t ∫
δ′+

z+t

ε+2dz+)1/2
, where ε+ = δ′+ − z+

δ+ + (u − u)(w −w)+ − dU+
dz+ . (4.4)

4.3 Effects of secondary riblets

In order to compare the drag-characteristics of the single-scale and two-scale trapezoidal

riblets, we measure the drag-change relative to a common smooth surface. The roughness

function U+
smooth − U+, shown in figure 4.3(a), can be evaluated at the critical height in

minimal-span channels, z+c , to obtain ∆U+ (Chung et al., 2015). The curves start at the

riblet crest z+t = `+T , which increases with riblet size (table 4.1). The smallest riblets of

either surface type reduce drag relative to the smooth wall as their roughness function is

negative at all heights. Many of the larger riblets increase drag (their roughness function

is positive at z+ = z+c ) and for those sizes, clear differences emerge between the two

riblet geometries. The largest (most drag-increasing) two-scale riblet ( ) and the

second largest single-scale riblet ( ) have almost the same roughness function above

z+ ≈ 60, even though their spacings are s+ = 63 and s+ = 50 respectively. Therefore, the

two-scale riblets achieve the same drag-change at larger spacings than the single-scale

riblets. This difference in drag suggests that the additional half-sized riblet in the groove

reduces turbulence and thus mean momentum in the vicinity of the surface, which leads

to lower drag at fixed `+g in figure 4.3(b). However, if we approximate an aircraft fuselage

as a flat plate and select the kinematic viscosity that corresponds to flight conditions

at a height of 40 000 ft, we can express the drag curves as a function of the free-stream

velocity Uδ for riblets of a certain physical size. In figure 4.3(c), we chose the physical

riblet spacing such that the curves overlap for velocities just higher than that of optimum

drag. Nevertheless, the drag minima occur for roughly the same free-stream velocity and

the drag-curves therefore appear less dependent on the riblet geometry than when shown

against `+g . This suggests that the reduced drag for two-scale riblets at a given `+g in

figure 4.3(b) is an artefact of the measure of the riblet size and that the effect of altered

flow structures on ∆U+ can be accounted for by redefining the riblet size.

Before considering measures of the riblet size in §4.4, we first visualize the time-

averaged streamwise velocity for different sizes of both riblet geometries in figure 4.4,

to illustrate how the riblets affect the velocity profiles and thus ∆U+ (figure 4.3). For

the small riblets with s+ ≈ 18, the velocity in large parts of the groove is u+ ≲ 2 for

both the single-scale and the two-scale variant of the surface (figure 4.4a,d). For larger

riblet spacings, streamwise momentum inside the groove increases to u+ ≳ 8 at s+ = 63.

Comparing the lower half of the groove in figure 4.4(c,f ), the secondary riblet reduces

streamwise momentum as expected when s+ is large. In order to visually gauge the

effect of turbulent flow on mean streamwise momentum, we further consider a laminar

solution. In the limit of infinitely small riblets, the flow field is described by Stokes

flow (Luchini et al., 1991). We solve the shear-driven longitudinal Stokes flow in the

cross-stream plane ∇2
yzu = 0 with uδ = 1 at the top and a no-slip condition on the

surface in domains normalised by the riblet spacing. In order to scale the Stokes-flow
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Figure 4.3: (a) Roughness function for single-scale and two-scale trapezoidal riblets of
varying size. (b) Drag curves for trapezoidal (table 4.1) and blade riblets (Bruse et al.
(1993)) with a fixed s/k0 = 2. Experimental data are converted to ∆U+ at matched Rebulk

between smooth and riblet wall and have heights k1/s = {0,0.2,0.25,0.3}. In (c), the riblet
size is converted to free-stream velocity Uδ for flow conditions that roughly correspond
to flight at a height of 40 000 ft (density ρ = 0.302 kg/m3 and dynamic viscosity µ =
1.425 × 10−5 Pa s) and a streamwise position of 10 m along a flat plate that approximates
the fuselage of an aircraft. The assumed riblet spacings in physical units s are chosen
for each geometry separately to roughly match ∆U+ around Uδ ≈ 95m/s. In practice, s
would likely be smaller to achieve the drag-optimum at a higher Uδ.

result and obtain a laminar solution for riblets of a given viscous-scaled size, we find the

longitudinal protrusion height `u/s as described by Luchini et al. (1991) and scale it by

the desired viscous-scaled riblet spacing, `+u = s+`u/s. With dU+/dz+ = 1 at the riblet

crest in Stokes-flow, the laminar velocity at the height of the riblet crest is U+
t,lam = `+u

and we can scale the Stokes-flow velocity field by the factor U+
t,lam/Ut,Stokes to obtain

a laminar flow field for a given viscous-scaled riblet size. In figure 4.4, we compare

the time-averaged streamwise velocity from DNS of turbulent flow (contours and solid

lines) to the viscous Stokes flow approximation (dotted lines) and observe a close match

inside the smallest groove with s+ = 18 (figure 4.4a). For larger riblets, the turbulent

field diverges from the approximation as the significance of viscous momentum transfer
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Figure 4.4: Visualizing the effect of turbulent momentum transfer on the streamwise
velocity ⟨u+⟩ in the cross-stream plane as the riblet spacing s+ changes for single-scale
(a–c) and two-scale (d–f ) trapezoidal riblets. Contours outlined by solid lines are for
turbulent flow from DNS and dotted lines represent the viscous Stokes-flow approximation
(Luchini et al., 1991) that fails for large riblets as turbulent momentum transfer becomes
dominant.

reduces. Streamwise velocity for the two-scale riblets in figure 4.4(d–f ) however more

closely matches the Stokes flow compared to the single-scale riblets of roughly the same

spacing. This comparison therefore provides a visual indicator for reduced turbulent

momentum transfer in the presence of the secondary riblet, which agrees with the lower

drag in figure 4.3.

Time averaged wall-normal velocity in figure 4.5 increases with riblet size and the

secondary riblet in the groove limits the downward velocity in the centre. Equivalently, the

cross-flow stream function (solid and dashed lines in figure 4.5) takes higher values as the

riblet size increases and streamlines inside the groove are reshaped by the secondary riblet.

The largest two-scale riblet in figure 4.5(f ) allows enough momentum to enter the main

groove that similar secondary flows become visible on either side of the smaller riblet. The

Poisson solver used to compute the stream function on potentially unstructured meshes is

described in the appendix (§B.2). Above a smooth wall, w+ = 0, because all fluctuations

average out. High values in figure 4.5 therefore indicate a spanwise dependence of the

flow in the vicinity of the riblets. In this sense, flow over the small riblets of both

shapes with s+ ≈ 18 is similar to that above a smooth wall, as these riblets introduce

little spanwise dependence. Over the large riblets however, the average downward flow
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Figure 4.5: Visualizing turbulence by time-averaged wall-normal velocity ⟨w+⟩ in the
cross-stream plane as the riblet spacing s+ changes for single-scale (a–c) and two-scale
(d–f ) trapezoidal riblets. The lines are for constant values of the stream function in the
cross-section ψ+ = ±(1,21,41,61) × 10−4, for counter-clockwise rotation and for
clockwise rotation, such that ∇2+ψ+ = ∂⟨v+⟩/∂z+ − ∂⟨w+⟩/∂y+.

transports streamwise momentum into the groove and towards the wall, where it increases

drag.

The effect of riblets on the flow extends to a certain height typically referred to as

the top of the roughness sublayer. For sinusoidal roughness this height is about half of

the horizontal roughness spacing (Chan et al., 2018), which translates to z+RSL = 0.5s+
for streamwise aligned riblets. This estimate seems to be roughly appropriate for the

present riblets based on the spanwise dependence of wall-normal velocity in figure 4.5.

The critical height above which the flow in our minimal-span channels is unphysical (z+c =
0.4L+y ≈ 100) exceeds the roughness sublayer by this definition, which gives us confidence

that the narrow domains correctly resolve all roughness effects. A more detailed analysis

of minimal-span channel effects is presented in chapter 2.

The symmetry of the ⟨w+⟩ field with respect to y = s/2 in figure 4.5 is a result of

the time average and not representative of particular instances in time. We therefore

consider a conditional average of the wall-normal velocity field in figure 4.6 for a more

intuitive representation that more closely resembles instantaneous flow. This average is

conditioned on the spanwise flow at the height of the riblet crest, such that the flow is going

from left to right above the groove, as shown by Garćıa-Mayoral & Jiménez (2011b) for
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Figure 4.6: Visualizing turbulence by wall-normal velocity ⟨ẃ+⟩ that is averaged in time
conditioned on the mean direction of spanwise flow at z+ = z+t across y ∈ [0, s] for each
streamwise position and spanwise groove. The averaged spanwise flow ⟨v́⟩ is from left
to right. The lines are for constant values of the stream function in the cross-section
ψ́+ = (4,8,12,16) × 10−3 ( ) for counter-clockwise rotation and ψ́+ = (−4,−2) × 10−4

( ) for clockwise rotation, with ∇2+ψ́+ = ∂⟨v́+⟩/∂z+ − ∂⟨ẃ+⟩/∂y+.

blade riblets. This way, wall-normal velocity above the small riblets persists and we can

further observe how the secondary riblet in figure 4.6(d–f ) reduces the downward velocity

in the groove. The conditional average appears to capture an average representation of

the quasi-streamwise vortices above the groove, that we visualise with streamlines of the

conditioned flow in the cross-section ( in figure 4.6). The streamwise vortex partially

enters the groove for the riblets with larger spacings, but the secondary riblet prevents

that flow from penetrating into the lower half of the groove. This is most readily visible

in the lowest streamlines of counter-clockwise rotating flow ( ) in figure 4.6(e,f ). The

interaction of that spanwise flow with the riblet creates secondary reverse flows ( ), that

are broken up by the small riblet in the groove, which might reduce momentum transfer

towards the wall in agreement with reduced ∆U+ at matched s+ or `+g (figure 4.3a).

4.4 Measures of the riblet size

For traditional single-scale riblets, Garćıa-Mayoral & Jiménez (2011b) rescale drag curves

from various experimental studies by measuring the riblet size as the square-root of the
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Figure 4.7: Visualisation of f that is integrated to compute Lw via (4.5) for single-scale
and two-scale trapezoidal riblets in (a, b) and in (c, d) for the single-scale and two-scale
(k1/s = 0.25) blade riblets used by Bruse et al. (1993).

cross-sectional area, `+g ≡ √
A+
g . They find that this geometrical length is a fairly close ap-

proximation of the characteristic penetration length L+w, that describes the size and shape

of the groove. Garćıa-Mayoral & Jiménez (2011b) determine the penetration length Lw

for a given riblet shape by solving a Poisson equation that models turbulent fluctuations

in the cross-section of the riblet groove,

L3
w = 1

s
∫
Ag
fdA, where

∇2
yzf = −1 with

df

dz
∣
t
= 0, and fw = 0.

(4.5)

They argue that the wall-normal gradient of f should vanish at the height of the riblet

tips (subscript t) and that the no-slip boundary condition of velocity applies to f at the

wall (subscript w). We solve the same equation to find Lw in the groove of our single-scale

and two-scale riblets as well as the blade riblets investigated by Bruse et al. (1993). The

field f from (4.5) is shown in figure 4.7 for the different riblet geometries. The secondary

riblet reduces values of f and therefore Lw compared to the single-scale geometry with

the same spacing.

The drag curves are much closer when we use L+w to describe the riblet size (figure 4.8b)

than with s+ or `+g (figure 4.8a,c). Furthermore, the slopes of drag curves as the riblet

size approaches zero (shown by straight lines in figure 4.8 based on Luchini et al., 1991)

also match closely when scaled with Lw. Therefore, this scale appears to be a suitable

description of the riblet size in both the viscous drag-regime (Stokes-slopes) and in the

post-breakdown regime (experimental and DNS measurements). The slope ∆U+/`+g at

`+g ≈ 0 is indicative of the lowest attainable drag (Garćıa-Mayoral & Jiménez, 2011b) and

it therefore suggests slightly higher drag at the optimum for the two-scale scale trapezoidal

riblets compared to the single-scale variant (figure 4.8c). This seems to agree with our

DNS values for ∆U+, although the difference is on the same order as the statistical
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Figure 4.8: Drag curves for trapezoidal (table 4.1) and blade riblets (Bruse et al., 1993)
with fixed s/k0 = 2. Experimental data are converted to ∆U+ at matched Rebulk between
smooth and riblet wall and have heights k1/s = {0,0.2,0.25,0.3}. Straight lines starting at
0 represent the slope of the drag curve for infinitely small riblets, ∆U+ = −(`+u − `+v) based
on Stokes flow protrusion heights (Luchini et al., 1991). Each panel shows a different
measure of the riblet size: (a) the (large) riblet spacing s+, (b) the length L+w from (4.5)
as suggested by Garćıa-Mayoral & Jiménez (2011b), (c) the square-root of the whole
groove cross-sectional area, (d) the geometrical length `+g,i defined for mutli-scale riblets
in figure 4.9.

uncertainty ζ+ ≈ 0.1 (table 4.1).

The drag curves of multi-scale riblets against `+g in figure 4.8(c) are spread farther than

when shown against L+w (figure 4.8b), suggesting that `+g is not the optimal description of

the riblet size for two-scale geometries. We therefore propose a different generalisation of

L+w for two-scale riblets by interpolating between the two extreme cases with the height of

the smaller riblet k1 = 0 and k1 = k0 to define an interpolated version of the riblet size, `+g,i.
In the former case, the length used for single-scale riblets applies and `+g,i = √

A+
g when

k1 = 0. In the latter case, when all riblets have the same height and k1 = k0, the groove

size should really be `+g,i = √
A+
g/2. For ratios k1/k0 in between, we linearly interpolate

the radicant such that

`g,i = √
sk0 − k2

0 tan(α/2) − sk1/2 (4.6)

for two-scale trapezoidal riblets, which is different from using the whole groove area

(figure 4.9). Using the newly defined `+g,i to describe the groove size of two-scale riblets,

drag curves in figure 4.8(d) collapse as they do when shown against L+w (figure 4.8b).
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Figure 4.9: Definition of the riblet size `g,i ( ) for two-scale trapezoidal and

blade riblets compared to `g ≡ √
Ag ( ) that Garćıa-Mayoral & Jiménez (2011b)

suggest for single-scale riblets. The main riblet has height k0 = s/2 and the addi-
tional one height k1. For trapezoidal riblets, Ag = sk0 − k2

0 tan(α/2) − k2
1 tan(α/2) and

`g,i = √
sk0 − k2

0 tan(α/2) − sk1/2. For blade riblets with a spacing-to-thickness ratio of
100, Ag = 0.99sk0 − 0.01sk1 and `g,i = √

0.99sk0 − 0.5sk1. Lw is found from (4.5).

The curves for two-scale trapezoidal and blade riblets closely match their single-scale

counterparts for post-drag-breakdown sizes and into the drag-increasing regime, i.e. for

`+g,i ≲ 20. The ratio `+g,i/L+w ≈ 2.7 for the two-scale trapezoidal and blade riblets (open

symbols in figure 4.9), which is close to the ratio `+g/L+w ≈ 2.8 observed by Garćıa-Mayoral

& Jiménez (2011b) for single-scale riblets. Describing the size of two-scale riblets by `+g,i
therefore seems to capture their drag characteristics, because it closely approximates L+w,

offset by a constant factor. Conveniently, `+g,i is a geometrical length (figure 4.9) found

without having to solve the Poisson equation (4.5).

4.5 Main takeaways

� Secondary, half-sized riblets in the groove further reduce drag at a fixed riblet

spacing by displacing turbulence upwards inside the groove.

� The lowest attainable drag is not affected by the secondary half-sized riblet in the

groove.

� We propose a generalised measure of the riblet size for the two-scale riblets, which

collapses the drag curves and demonstrates that the secondary half-sized riblets in

the groove do not provide a drag benefit.



Chapter 5

Conclusions

The objective of this study was to investigate off-design flow conditions for different riblet

geometries in order to advance our understanding of the physical mechanisms responsible

for the loss of drag reduction compared to a smooth wall. To that end, we first generated

an extensive data set of Direct Numerical Simulations (DNS) comprising seven riblet

shapes and different viscous-scaled sizes for a total of 29 cases. We then studied the details

of the interaction between riblets and turbulent flow to gain a broader understanding of

the underlying physics.

5.1 Drag contribution of Kelvin–Helmholtz rollers

Kelvin–Helmholtz rollers have been known to develop in the flow above plant canopies

(e.g. Raupach et al., 1996; Nepf et al., 2007; Sharma & Garćıa-Mayoral, 2020b), permeable

surfaces (e.g. Jiménez et al., 2001; Breugem et al., 2006; Gómez-de-Segura & Garćıa-

Mayoral, 2019) and riblets (Garćıa-Mayoral & Jiménez, 2011b), because these boundaries

can all create a mixing layer with an inflectional velocity profile and provide sufficient

wall-normal permeability for the instability to develop. In the flow above blade riblets,

Kelvin–Helmholtz rollers have been shown to develop less than 20 viscous units above the

riblet tips, where they contribute to drag (Garćıa-Mayoral & Jiménez, 2011b).

In order to investigate effects of the Kelvin–Helmholtz instability on riblets of dif-

ferent shapes, we applied the minimal-span channel framework for cost-efficient DNS of

rough-wall flows (MacDonald et al., 2017) to this particular roughness type of streamwise

uniform riblets. The minimal domain reduced the computational cost and allowed us to

investigate 29 different riblet cases. Since Kelvin–Helmholtz rollers have a larger span-

wise extent than turbulence close to a smooth wall (Garćıa-Mayoral & Jiménez, 2012),

we systematically evaluated effects of the minimal domain width L+y ≈ 250 on large flow

structures. Specifically, we compared velocity spectra at different heights to those from

minimal channels with L+y = {150,450} and also to full-span channel reference data from

Garćıa-Mayoral & Jiménez (2012). In agreement with MacDonald et al. (2017), we find

that large flow structures are unphysically affected down to a lower height than smaller-

scale turbulence. Nevertheless, our domains with L+y ≈ 250 correctly represent fluctuations
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across all wavelengths, including those of Kelvin–Helmholtz rollers, for at least the first

30 viscous units above the riblet crest.

We re-evaluated the spectral filter by Garćıa-Mayoral & Jiménez (2011b) for the

present riblet geometries to extract variance profiles solely due to the Kelvin–Helmholtz

instability. In order to filter fluctuations with sufficient spanwise spectral separation

between Kelvin–Helmholtz rollers and other near-wall turbulence, our domain constraint

L+y ≳ 250 is more stringent than the one determined by MacDonald et al. (2017) for general

roughness. Comparison to smooth-wall flow, for which the Kelvin–Helmholtz instability

is absent, suggests that Kelvin–Helmholtz rollers form in the flow above blade riblets, as

shown by Garćıa-Mayoral & Jiménez (2011b), and also above triangular riblets with a

tip angle α = 30°. However, the filtered variance profiles revealed a dependence of Kel-

vin–Helmholtz rollers on the riblet shape, because the profiles of blunt triangular riblets

with α = 60° to α = 90° and trapezoidal riblets with α = 30° resemble that above a smooth

wall, indicating that these riblet shapes do not trigger the Kelvin–Helmholtz instability.

In order to quantitatively measure the effect of the Kelvin–Helmholtz instability on

the flow, we decomposed the drag change ∆U+ between riblet surfaces and a smooth

wall to extract the drag penalty due to Kelvin–Helmholtz rollers ∆U+
KH . In agreement

with results by Garćıa-Mayoral & Jiménez (2011b), ∆U+
KH ≈ 0 for small riblets near the

drag optimum, because the impermeability condition of the wall obstructs the roll-up of

coherent structures. The instability contributes significantly to the drag-change for lar-

ger, drag-increasing triangular riblets with opening angle α = 30° and blade riblets with

a spacing-to-thickness ratio s/t = 5. However, in line with the comparison of spectrally

filtered variance profiles to smooth-wall flow, trapezoidal riblets with α = 30° and trian-

gular riblets with α = 60° to α = 90° have ∆U+
KH ≈ 0 regardless of their viscous-scaled

groove size. We therefore proposed two parameters that together describe the occurrence

of the Kelvin–Helmholtz instability in turbulent flow over riblets.

First, Kelvin–Helmholtz rollers may only develop if the viscous-scaled groove volume

is sufficiently large to provide the necessary wall-normal permeability of the plane at the

riblet crest, as demonstrated for blade riblets by Garćıa-Mayoral & Jiménez (2011b). We

illustrated this by averaging the porosity coefficient, i.e. the ratio of fluctuations of wall-

normal velocity and pressure, across wavelengths affected by the instability. This measure

of the wall-normal permeability increases linearly with the groove size `+g regardless of

the riblet shape. Therefore, the first parameter illustrates why the instability is absent

for small (`+g ≲ 11) riblets with fully open grooves (Garćıa-Mayoral & Jiménez, 2011b).

However, this parameter alone is insufficient to explain why only certain riblet shapes sus-

tain the Kelvin–Helmholtz instability at larger `+g and correspondingly high wall-normal

permeability.

The second parameter describes the strength of shear in the mixing layer around the

inflection point at the crest from which the Kelvin–Helmholtz instability develops. We

first considered the velocity gradient relative to the riblet height, which is strongest for the

triangular riblets with α = 30°, but it does not fully explain why the blade riblets support

Kelvin–Helmholtz rollers (figure 3.14c). However, a mixing-length model based on that by

Poggi et al. (2004) appears to capture the relative contribution of Kelvin–Helmholtz rollers
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to turbulence for all considered riblet shapes (figure 3.14d). In order to arrive at a possibly

more predictive and intuitive description of the mixing layer, we further considered the

distribution of wall-shear stress across the riblet height and found that Kelvin–Helm-

holtz rollers only develop if the riblet tips absorb a large proportion of the momentum

to create high shear in the neighbourhood of the inflection point. The Kelvin–Helmholtz

instability is therefore absent for groove shapes that allow momentum to descend towards

the bottom, like the blunt triangular or trapezoidal riblets we investigated. Wall-shear

stress in the tip region appears to correlate more robustly with the occurrence of Kel-

vin–Helmholtz rollers for the six riblet shapes than the velocity gradient in the inflection

point. Furthermore, qualitative distributions of wall-shear stress from 2D Stokes-flow

calculations show the same trend across riblet shapes. Together with the geometrical

parameter `+g that describes the wall-normal permeability, the Stokes-flow solution gauges

the ability of these riblet shapes to support Kelvin–Helmholtz rollers.

The absorption of momentum in the tip region and the wall-normal permeability are

generally connected, but adjusting the riblet shape has the potential to change one more

than the other. As a result, four out of the six riblet shapes do not support strong

Kelvin–Helmholtz rollers.

5.2 Multi-scale riblets

Riblets are known to reduce drag by displacing turbulence upwards and out of the groove

such that less streamwise momentum is brought to the surface compared to smooth-wall

flow. As we increase the spanwise spacing s+ of trapezoidal riblets with a tip angle

α = 30°, turbulence enters the groove and the flow field diverges from the viscous-flow

solution, which ultimately leads to an increase in drag. We demonstrated that the riblet

spacing from which on inertial momentum transfer significantly contributes to drag can

be increased to higher s+ by installing a second half-sized riblet in the groove. The

smaller generation riblet affects turbulence that enters the main groove and keeps it at

distance to the lower part of the groove surface, thereby reducing drag. The lowest

attainable drag is about the same for both geometries, because the flow is almost entirely

dominated by viscosity at that riblet size. Therefore the increased wetted area might

degrade the drag-optimum slightly. That degradation however is too small to discern

from the statistical uncertainty of our DNS and can only be inferred from Stokes-flow,

that is valid for infinitely small riblets.

For traditional riblet shapes, Garćıa-Mayoral & Jiménez (2011b) empirically demon-

strate that measuring the riblet size by the groove-area collapses drag curves reasonably

well. For the two-scale trapezoidal riblets, we define a surrogate groove area by interpol-

ating between the two extreme cases: Without the smaller riblet, the groove-area is that

of regular (single-scale) trapezoids. If on the other hand the smaller riblet is in fact as tall

is the larger one, the spacing is halved and only one side of the groove area is considered.

Our geometry is in between and a linear interpolation defines the equivalent groove area

whose square-root `+g,i, we find, scales the drag curve to collapse with that of single-scale

trapezoidal riblets. Stokes flow suggests the scaling is suited for the viscous-regime of
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small groove-sizes and measurements from experiments by Bruse et al. (1993) and our

DNS show a close match for post-drag-breakdown sizes and into the drag-increasing re-

gime `+g,i ≲ 20. Scaling the drag curves this way shows that there is no drag benefit by

using the multi-scale riblets, as we obtain the same drag curve in the post-optimum re-

gime by considering the appropriate length to define the riblet size. The same conclusion

can be reached by considering the drag-change as a function of free-stream velocity in a

boundary layer with suitably chosen physical riblet dimensions.

5.3 Closing remarks and future work

We observed in chapters 2 and 3, that drag reduction breaks down for large riblets even in

the absence of drag-increasing Kelvin–Helmholtz rollers. It seems the maximum achiev-

able drag reduction could only be extended by delaying the onset of other drag-increasing

mechanisms. In a separate study (Modesti et al., under review), we demonstrate that

form-induced (dispersive) Reynolds stresses due to time-averaged secondary flows present

another relevant contribution to drag that also depends on the riblet shape. The drag

penalty of these secondary flows is comparatively dominant for riblet surfaces without

Kelvin–Helmholtz rollers. We attempted delaying the effects of secondary flows to larger

riblet sizes in chapter 4 by installing half-sized riblet in the groove, but observed no drag

benefit.

Future efforts to increase the maximum drag reduction could extend the work of Mod-

esti et al. (under review) by testing other spanwise riblet variations as well as untraditional

riblet geometries to devise a surface that displaces turbulence upwards for drag reduction

with only limited creation of drag-increasing secondary flows. The reduced-order model of

restricted nonlinear riblet flows presented by Zhu, Minnick & Gayme (2020) may provide

a highly efficient framework for evaluating streamwise invariant secondary flows of novel

riblet surfaces.



Appendix A

Formulae and relations

A.1 Converting drag-reduction DR to ∆U+
Drag reduction DR is often measured using the relative difference of the skin-friction coef-

ficients of a smooth wall (subscript S) and a rough (riblet) wall (subscript R). However,

the skin-friction coefficient and thus this measure of the drag-change depend strongly on

the Reynolds number (Spalart & McLean, 2011) as seen in figures A.1(a, c). An alternat-

ive and approximately Reynolds number independent measure of the drag-change is the

viscous-scaled decrement of the mean-streamwise velocity ∆U+ at matched heights in the

outer layer of two flows with the same friction Reynolds number. The following is a brief

summary of the conversion between DR and ∆U+ for two definitions of the skin-friction

coefficient.

A.1.1 Conversion at matched U+δ

One definition of the skin-friction coefficient is Cf = 2/U+2
δ , i.e. using the viscous-scaled

mean streamwise velocity U+ at the half-channel or boundary-layer height δ. Spalart &

McLean (2011) derive an approximate relation assuming small drag changes,

DR = Cf,S −Cf,R
Cf,S

≈ −√2Cf,S∆U+ = −1
1
2
U+
δ

∆U+, (A.1)

for fixed friction Reynolds numbers between the smooth-wall and rough-wall flows. The

conversion factor ∆U+/DR is shown in figure A.1(b).

A.1.2 Conversion at matched U+bulk

Another definition of the skin-friction coefficient is cf = 2/U+2
bulk, i.e. using the viscous-

scaled volume-averaged bulk velocity U+
bulk. Bechert et al. (1997) derive the approximate

relation for fixed bulk velocity and friction Reynolds number between both configurations

DR = cf,S − cf,R
cf,S

≈ −1

(2cf,S)− 1
2 + 1

2κ

∆U+ = −1
1
2
U+

bulk + 1
2κ

∆U+, (A.2)
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Figure A.1: (a) Smooth-wall skin-friction coefficient Cf,S = 2/U+2
δ,S as a function of the

friction Reynolds number and (b) conversion factor ∆U+/DR = −U+
δ /2 (Spalart & McLean,

2011). (c) Smooth-wall skin-friction coefficient cf,S = 2/U+2
bulk,S as a function of the bulk

Reynolds number and (d) conversion factor ∆U+/DR = −U+
bulk/2−1/(2κ) (●) from Bechert

et al. (1997) and ∆U+/DR = −U+
bulk/2 (∎) as recommended by Garćıa-Mayoral (2011) for

certain experimental data. Solid lines in (a,b) are based on the law of the wall with κ = 0.4
and A = 5.1 and solid lines in (c,d) are based on an extended law of the wall given by
(Schlichting & Gersten, 2006, p. 523). DNS data (symbols) at Reτ = 180,395,590 are
from Moser et al. (1999), at Reτ = 1000 from Lee & Moser (2015), at Reτ = 2000 from
Hoyas & Jiménez (2008) and at Reτ = 4200 from Lozano-Durán & Jiménez (2014).

where κ is the von-Kármán constant κ ≈ 0.4 The factor between both sides is shown in

figure A.1(d). For data from the Berlin oil channel (e.g. Bechert et al., 1997; Bruse et al.,

1993), Garćıa-Mayoral (2011) recommends omitting the term 1/(2κ) in (A.2) on account

of the short development length of riblet flow in these experiments.
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A.2 Minimal-span channel run time

The run time necessary to converge statistics in minimal-span channels is found using the

approach by MacDonald et al. (2017) that we summarise here. They set an uncertainty

for the drag change ∆U+±ζ+ and calculate the necessary run time using an eddy-counting

approach,

Lt ≈ CTb 7.5zc
Lx

2.5zc
Ly

δ

Lz
, (A.3)

with the bursting period Tb and eddy count C. If the channel is wide enough for zc to

be in the logarithmic layer, the bursting period is Tb = 6zc/uτ or T +b = 6z+c . Assuming the

same uncertainty ζ for both the smooth and rough-wall channel, the eddy count required

for a 95 % confidence interval ∆U+ is

C = ( 91.4

ζ+z+c )2

. (A.4)

Substitution yields

Lt
u2
τ

ν
≈ ( 91.4

ζ+z+c )2

6z+c 7.5zc
Lx

2.5zc
Ly

δ

Lz
(A.5)

for the runtime in viscous-scaled time units or alternatively in large-eddy turnover times

Lt
uτ
δ

≈ ( 91.4

ζ+z+c )2
7.5zc
Lx

2.5zc
Ly

6zc
Lz

. (A.6)

With L+y = 2.5z+c in minimal-span channels (Hwang, 2013; Chung et al., 2015),

Lt
uτ
δ

≈ (91.4

ζ+ )2 7.5

L+x
6

L+z . (A.7)

This demonstrates that the runtime in minimal-span channels does not depend on the

channel width L+y , as long as the bursting period is expressed as a function of z+c =
0.4L+y . Since the computational cost increases linearly with L+y , minimal-span channels

can greatly reduce required resources. As MacDonald et al. (2017) describe, the bursting

period T +b depends on both z+c and Reτ for narrow minimal channels with z+c ≲ 50–80 in

the buffer layer. For wider channels with z+c ≳ 50–80, that capture parts of the log-layer,

T +b is also a function of z+c , but not of Reτ. Therefore, in both cases, substituting T +b
into (A.3) eliminates the dependence of Lt on Ly if we assume zc = 0.4Ly. An exception

is the combination of very narrow channels (z+c ≲ 50–80) with high Reynolds numbers

(Reτ > 1000 based on figure 14 in MacDonald et al., 2017), for which the buffer layer

bursting period reduces as it appears to approach T +b ≈ 400 regardless of the channel

width, which re-introduces the dependence of Lt on Ly.

In full-span channels, zc is not defined (or capped at δ regardless of Ly) and the

required runtime depends on both wall-parallel dimensions. This is intuitive seeing as in

full channels, both Lx and Ly govern the amount of data obtained from a single snapshot

of the simulation. Therefore, flows in large domains need only be run for a relatively

short time as each measurement point contributes significantly to the flow statistics.
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A.3 Averaging and 2D spectra

A.3.1 Definition of fluctuations

We consider a triple decomposition similar to the one given by e.g. Nikora et al. (2001)

to define turbulent fluctuations from the temporal (t), streamwise (x) and riblet-period

(r) mean of any given scalar field φ ∈ {u, v,w, p, θ} as

φ′(x, y, z, t) = φ(x, y, z, t) − φ(z) − φ̃(y, z). (A.8)

Here, φ is the plane average (across x, y and t at a given height z) and φ̃ are riblet-

induced (dispersive) fluctuations with φ̃ = 0. Dispersive fluctuations are the difference

between the average across the whole span and the average of riblet periods across the

span. Specifically, if we denote averages using subscripts x (streamwise), y (across the

entire span), r (over riblet periods) and t in time, turbulent fluctuations

φ′(x, y, z, t) = φ(x, y, z, t) − φxrt(y, z) (A.9)

and dispersive fluctuations

φ̃(y, z) = φxrt(y, z) − φxyt(z). (A.10)

This way, components of the stress tensor for any two scalar fields φ and ψ are given by

turbulent stresses φ′ψ′ = (φ′ψ′)xyt = (φψ)xyt − (φxrtψxrt)y (A.11)

dispersive stresses φ̃ ψ̃ = (φ̃ ψ̃)
xyt

= (φxrtψxrt)y − φxytψxyt (A.12)

all stresses φ′ψ′ + φ̃ ψ̃ = (φψ)xyt − φxytψxyt, (A.13)

where φ and ψ might for example combine to Reynolds shear stress u′w′.

A.3.2 Quadrants of 2D spectra

Two-dimensional energy (co)spectral density Eφψ is defined in wall-parallel planes above

the riblet tips for streamwise wavelengths λx and spanwise wavelengths λy. Here, we

collect spectral energy at the positive wavelengths such that their energy integrates to

the variance of fluctuations from the plane average (turbulent and dispersive stresses)

∫ ∞
0
∫ ∞

0
Eφψdλxdλy = φ′ψ′ + φ̃ ψ̃. (A.14)

Accounting for energy from the negative wavelengths at 0 < (λx, λy) < ∞ is justi-

fied because of the symmetry Eφψ(λx, λy) = Eφψ(−λx,−λy) and because statistically,

Eφψ(λx, λy) ≈ Eφψ(−λx, λy) = Eφψ(λx,−λy) for real signals φ and ψ. These symmetries

can be visualised for a simple example of a real 2D signal with nx = 6 modes in one



Appendix A. Formulae and relations 99

direction (shown horizontally) and ny = 9 modes in the other direction (shown vertically)

f(x, y) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

+0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i

+0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i

+0.0+0.0i +5.0+0.0i +25.0+0.0i +45.0+0.0i +0.0+0.0i +0.0+0.0i

+0.0+0.0i +10.0+0.0i +30.0+0.0i +50.0+0.0i +0.0+0.0i +0.0+0.0i

+0.0+0.0i +15.0+0.0i +35.0+0.0i +55.0+0.0i +0.0+0.0i +0.0+0.0i

+0.0+0.0i +20.0+0.0i +40.0+0.0i +60.0+0.0i +0.0+0.0i +0.0+0.0i

+0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i

+0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i

+0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i +0.0+0.0i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(A.15)

with the normalised Fourier transform

f̂(λx, λy) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 2 3 −2 −1

0 +7.2+0.0i −4.6 − 2.9i +2.2 + 1.3i −2.4 − 0.0i +2.2 − 1.3i −4.6 + 2.9i

1 −4.5 − 2.7i +1.8 + 3.8i −0.6 − 1.7i +1.5 + 0.9i −1.8 − 0.3i +3.7 + 0.0i

2 +1.1 + 0.8i −0.1 − 1.1i −0.1 + 0.3i −0.4 − 0.3i +0.2 + 0.3i −0.7 + 0.0i

3 −1.1 + 1.4i +1.2 − 0.5i −0.6 + 0.3i +0.4 − 0.5i +0.0 + 0.6i +0.1 − 1.4i

4 +1.0 − 0.8i −1.1 + 0.0i +0.4 + 0.1i −0.3 + 0.3i +0.3 − 0.3i −0.3 + 0.8i

−4 +1.0 + 0.8i −0.3 − 0.8i +0.3 + 0.3i −0.3 − 0.3i +0.4 − 0.1i −1.1 − 0.0i

−3 −1.1 − 1.4i +0.1 + 1.4i +0.0 − 0.6i +0.4 + 0.5i −0.6 − 0.3i +1.2 + 0.5i

−2 +1.1 − 0.8i −0.7 − 0.0i +0.2 − 0.3i −0.4 + 0.3i −0.1 − 0.3i −0.1 + 1.1i

−1 −4.5 + 2.7i +3.7 − 0.0i −1.8 + 0.3i +1.5 − 0.9i −0.6 + 1.7i +1.8 − 3.8i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(A.16)

The mode (0,0), i.e. the mean of the signal, is shown in the top left corner and the modes

with positive wavelengths are in the top left quadrant. In this representation, modes for−λx follow to the right, past the Nyquist wavelength, and those for −λy are shown in the

lower half of the array. This example with nx = 6 has an even number of modes in x,

such that the symmetry is given around the Nyquist mode 3. In y on the other hand,

ny = 9 is odd, which sets the line of symmetry after mode 4. Using these symmetries

visualised here in the Fourier transform, we collect all fluctuations of energy spectra in

the quadrant with positive wavelengths. This allows drawing premultiplied spectra on

logarithmic scales that nevertheless represent fluctuations for all (finite) wavelengths and

furthermore, it simplifies integrating portions of the spectrum to obtain spectrally filtered

variance profiles.

A.3.3 Integration in spectral space

When the integration bound is at a finite wavelength, it is important to remember that

discrete wavenumbers are centred in their interval, as sketched in figure A.2. We define

the integral in wavelength space, because λy has the same units as the computational

domain, but then integrate in wavenumber space where the discrete modes are spaced

linearly. While energy is stored at the discrete wavenumber k+y , it covers the interval[k+y − dk+y /2, k+y + dk+y /2], as shown by vertical ticks in figure A.2. The linear wavenumber

scale allows us to set the integration bound anywhere in the domain and take the respect-
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wavenumber k+
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y = 450

L+
y = 250

L+
y = 150

∞ 450 250 150 100 75

wavelength λ+
y

Figure A.2: Illustrating spanwise integration in wavenumber space for channels of three
different widths L+y . Energy is given at the discrete wavenumbers marked by ●, that carry
energy for the interval dk+y delimited by ∣. The shaded patch marks the integration region

defined in wavelength space, ∫ ∞250 dλ+y . Energy at negative wavelengths has been added to
this side of the spectrum.

ive portion of the mode whose interval the boundary splits. For example, the integral

∫ ∞250 dλ+y in a channel with L+y = 150 starts at a wavelength that is too large to be resolved

in the domain. Nevertheless, the integral covers 10 % of mode 1 (λ+y = 150) and then all

of mode 0 (λ+y = ∞). In wider domains, more modes enter the integral as seen for the

channels with L+y = 250,450, for which dk+y is correspondingly smaller.



Appendix B

Documentation of data

processing

B.1 Weighted least squares flow field interpolation

The flow fields in this study are computed on unstructured body-conforming meshes that

are only uniform along the streamwise direction x (and time). In order to calculate spatial

spectra in wall-parallel planes, we interpolate flow variables at discrete time steps onto a

spanwise uniform mesh at desired heights z. The weighted least squares interpolation us-

ing nearest neighbour points follows the same principle that e.g. Kuhnert & Tiwari (2001)

describe for a Poisson solver, except in only two dimensions and with fewer derivatives.

We interpolate each field φ ∈ {u, v,w, p, θ} only in the y-z plane, because the streamwise

mesh is already uniform in the simulation. In the spanwise direction, we account for peri-

odicity of the domain by duplicating relevant points of the original unstructured mesh

prior to this interpolation. Therefore, finding the value in a point at e.g. y = 0 includes

some data from the other side of the domain at y ≲ Ly. For each point p on the regular

mesh, we then find the smallest possible number of neighbour points i ∈ {1,2, . . . , k} on

the unstructured mesh and consider the Taylor series

φi = φp +∆yi
∂φ

∂y
∣
p

+∆zi
∂φ

∂z
∣
p
+ ei, (B.1)

where ei is an error term and ∆yi = yi − yp, ∆zi = zi − zp. We combine the system into

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ1

φ2⋮
φk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 ∆y1 ∆z1

1 ∆y2 ∆z2⋮ ⋮ ⋮
1 ∆yk ∆zk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
φp

∂φ/∂y∣p
∂φ/∂z∣p

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

e1

e2⋮
ei

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(B.2)
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or K = AR+E. We want to minimise the sum of the weighted squared errors J = ETWE,

where the k × k weight matrix is

W =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w1 0 ⋯ 0

0 w2 ⋯ 0⋮ ⋮ ⋱ ⋮
0 0 ⋯ wk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (B.3)

The weights on the diagonal are wi = ε/(∆y2
i +∆z2

i +ε), where ε = α(∆y2
1 +∆z2

1) measures

a typical distance to neighbours using the closest neighbour point of all k to that point p,

denoted here by the index i = 1. The weighting parameter α can be used to adjust spatial

averaging. If α → 0, all weights tend towards zero and only the closest neighbour points

are used. The weights increase for larger α and we use α = 1, which adds more weight to

the closest points than to those that are far away. For α → ∞, all neighbour points are

weighted equally, which promotes spatial averaging.

By minimising J = (AR −K)TW (AR −K), we find

R =
⎡⎢⎢⎢⎢⎢⎢⎣

φp

∂φ/∂y∣p
∂φ/∂z∣p

⎤⎥⎥⎥⎥⎥⎥⎦
= [(ATWA)−1

ATW ]K (B.4)

at each point p. Note that the term in square brackets need only be calculated once for

each point p and can then be used at all streamwise locations and time steps. The ideal

number of neighbours k ≳ 3 used at a given point p is the smallest that nevertheless makes(ATWA) invertible, to avoid unnecessary spatial averaging. We allow for as many as 50

neighbour points to be used, but minimise the effectively used number. For our riblet

case T950 for example, the highest number of neighbour points used is k = 17 and the

average across the domain is k ≈ 6.7.

B.2 Weighted least squares Poisson solver

The Poisson equation ∇2f(y, z) = s(y, z) (B.5)

in a 2D domain is featured in various parts of our riblet-flow analysis. The longitudinal

Stokes flow in the riblet cross-section (Luchini et al., 1991) provides an estimate of the

strength of the mixing layer from which Kelvin–Helmholtz rollers can develop (chapter 3)

and it also serves as an ideal (low drag) reference case as visualised in chapter 4. Garćıa-

Mayoral & Jiménez (2011b) solve the Poisson equation in the groove cross-section to find

the penetration length Lw, which we repeat for different riblet geometries in chapter 4.

In both of these cases, the right-hand side s is constant, but that source term varies

across the domain in the Poisson equations used for the two-dimensional drag-change

decomposition (Modesti et al., under review) and when calculating the stream function

from the vorticity field (chapter 4).

If s is constant, we can solve Stokes flow with three components in up to three dimen-
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sions using the finite volume DNS solver Cliff by Cascade Technologies Inc. (Ham et al.,

2006, 2007). In order to determine the protrusion heights that describe the drag-change

of infinitely small riblets relative to a smooth wall (Luchini et al., 1991), we use Cliff

for three-component Stokes flow in thin, nominally 2D domains. This section covers a

weighted least squares method for finding f with spatially varying s(y, z) using a more

light-weight and free solver that is readily integrated into existing post-processing routines

on personal computers. With this solver, we avoid having to interpolate input data to

very fine (uniform) meshes for the immersed boundary method that would otherwise be

a convenient alternative. Instead, we can use the same unstructured mesh from the DNS

solution (that can be considered a point cloud for this purpose) and include, for example,

the vorticity field (chapter 4) for s(y, z) without any interpolation. Furthermore, the un-

structured mesh used for this method allows adding suitable points for an exact definition

of the boundary (i.e. the riblet surface), that can significantly affect the magnitude of f .

This solver for the Poisson equation on unstructured meshes is a 2D implementation

of the 3D algorithm described in detail by Kuhnert & Tiwari (2001). The code is publicly

available at github.com/SebastianEndrikat/poisson2D. We want to solve (B.5) in a 2D

riblet cross-section (y, z), where s(y, z) is a potentially spatially varying source term that

does not depend on f . For points p on the riblet surface, fp = 0 and at the top boundary,

∂f/∂z∣p = 0. Dirichlet boundaries are passed as additional points at which the solution is

not found but instead given, which allows for an accurate description of the riblet surface.

The Neumann boundary condition is applied to the subset of the regular points that forms

the respective boundary. Periodic boundaries are prescribed along y for a fixed distance

by duplicating relevant points in the domain.

For each point p in the domain, we find the smallest possible number of neighbour

points i ∈ {1,2, . . . , k} and consider the Taylor series

fi = fp+∆yi
∂f

∂y
∣
p

+∆zi
∂f

∂z
∣
p
+ (∆yi)2

2

∂2f

∂y2
∣
p

+ (∆zi)2

2

∂2f

∂z2
∣
p

+∆yi∆zi
∂2f

∂y∂z
∣
p

+ei, (B.6)

where ei is an error term and ∆yi = yi − yp, ∆zi = zi − zp. Further,

∂2f

∂y2
∣
p

+ ∂2f

∂z2
∣
p

= sp (B.7)

or potentially instead
∂f

∂n
∣
p
= b, (B.8)

if p is on a boundary with normal vector n that is scaled to satisfy ∣n∣ = 1. We combine

https://github.com/SebastianEndrikat/poisson2D
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the system into

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sp

b

f1

f2⋮
fk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 {0,1} {0,1} 0

0 {0, ny} {0, nz} 0 0 0

1 ∆y1 ∆z1 (∆y1)2/2 (∆z1)2/2 ∆y1∆z1

1 ∆y2 ∆z2 (∆y2)2/2 (∆z2)2/2 ∆y2∆z2⋮ ⋮ ⋮ ⋮ ⋮ ⋮
1 ∆yk ∆zk (∆yk)2/2 (∆zk)2/2 ∆yk∆zk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

fp

∂f/∂y∣p
∂f/∂z∣p
∂2f/∂y2∣

p

∂2f/∂z2∣
p

∂2f/(∂y∂z)∣
p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

erhs

eb

e1

e2⋮
ei

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(B.9)

or K = AR +E. For the riblet cross-sections, we set ∂f/∂z = 0 at the top of the domain

(i.e. b = 0, ny = 0, nz = −1 with only zeros in the first row of A and sp = 0). At other points

p, the second row of A contains only zeros as the first row accounts for (B.7). We want to

minimise the sum of the weighted squared errors J = ETWE, where the (k + 2) × (k + 2)
weight matrix is

W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 ⋯ 0

0 1 0 0 ⋯ 0

0 0 w1 0 ⋯ 0

0 0 0 w2 ⋯ 0⋮ ⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 0 ⋯ wk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (B.10)

The weights on the diagonal wi = (α+ 1)/ (α + (∆i/∆1)2) are inverse proportional to the

distance between p and the neighbour point, ∆i = √
∆y2

i +∆z2
i . Weights are assigned

relative to that of the closest point (denoted here by the index i = 1), so that w1 = 1 and

wi>1 ∈ [0,1] are similar to the first two weights on the diagonal in (B.10) regardless of the

mesh dimensions. The weighting parameter α can be used to adjust spatial averaging.

For α = 0, only the closest points are effectively used to find the value at p, as the

weights are given by the inverse of the squared distance, relative to the that of the closest

neighbour point. The weights of neighbours farther from p increase with α and for α →∞,

all neighbour points are weighted equally, which promotes spatial averaging. We chose

α = 0.1 to include all points necessary to solve for fp, while at the same time avoiding

spatial averaging as much as possible.

By minimising J = (AR −K)TW (AR −K), we find

R =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

fp

∂f/∂y∣p
∂f/∂z∣p
∂2f/∂y2∣

p

∂2f/∂z2∣
p

∂2f/(∂y∂z)∣
p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= [(ATWA)−1
ATW ]K (B.11)

at each point p, update the field values fτ+1
p = rRτ1 + (1 − r)fτp and iterate τ = 1,2, . . .

following the Jacobi method with optional relaxation r > 0 until the field f is converged.

For convergence, we require the relative change of the maximum norm ∣∣f ∣∣∞ between
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iterations to fall below r × 10−12 (which is a suitable threshold for the riblet cross-section

meshes) and then verify that erhs and eb from (B.9) are small. Note that the term in

square brackets on the right-hand side of (B.11) need only be calculated once for each

point p of a given mesh. The ideal number of neighbours k ≳ 6 used at a given point p

is the smallest that nevertheless makes (ATWA) invertible. For our riblet case T950 for

example, the highest number of neighbour points used is k = 33 and the average across

the domain is k ≈ 29. These values are higher than for the interpolation routine in § B.1,

because unlike (B.2), (B.9) includes the second derivatives.
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Endrikat, S., Modesti, D., Garćıa-Mayoral, R., Hutchins, N. & Chung, D.

2021 Influence of riblet shapes on the occurrence of Kelvin–Helmholtz rollers. Under

review for J. Fluid Mech. pp. 1–34.

Endrikat, S., Modesti, D., MacDonald, M., Garćıa-Mayoral, R., Hutchins,
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