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The relation between rogue wave occurrence statistics and properties of the directional

and unidirectional wind-wave spectrum, described by the JONSWAP spectrum, are in-

vestigated. The free surface statistics are obtained from phase-resolving simulations.

The stochastic approach to rogue wave occurrence is conducted based on the quantita-

tive indicator parameters, which are designed to represent instabilities in wave-trains.

Numerical findings are compared with measurements. Further, extreme value analy-

sis (EVA) has been applied to indicator parameters based on 40 years of global wave

hindcast data.
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θp Peak Wave Direction rad

Π Unidirectional Pi Index

Π2 Directional Pi Index
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Ib Modified Steepness Function Hwang et al.(2012)

fs1 Wind - Swell Separation Frequency

fpx,1 fpx,2 Adjacent Spectrum Partitions

Sxx Source Terms used in Wavewatch III

Nact Action Density Spectrum



Chapter 1

Introduction

1.1 Background on Individual Extremes

The existence of exceptionally larger individual waves which “appears out of the blue”

have known by the marine folklore for a long time. For centuries, sailors have reported

giant waves (Bitner-Gregersen and Gramstad, 2015); however, the existence of such

waves were believed to be “mariners legends” with their mythical descriptions of “walls of

water” and “holes in the sea”. The first scientific proceeding is the Draper (1964) study,

where the occurrence of “Freak” ocean waves was discussed. Anecdotal observations

have started increasing since the 1970s, with increased human activity in the oceans.

Oil and shipping industry have suggested that the “mariners legends” is, in fact, real

and poses a threat to the ships and offshore platforms which likely result in substantial

financial loses.

The increased research interest has not started until the well-known recording of the

“New Year Wave” or “Draupner Wave” on the Draupner platform in the North Sea, off

the coast of Norway on January 1st, 1995. In the last two decades, there has been sig-

nificant attention from both scientific communities and industry to rogue events due to

increased awareness of the possible devastating consequences. Rogue waves have caused

many accidents, which resulted in ship damage and human casualties and caused opera-

tional problems for offshore platforms (Buchner et al., 2011; Hennig et al., 2015; Kharif

and Pelinovsky, 2003; Liu, 2007; Nikolkina and Didenkulova, 2012; Toffoli et al., 2005).

Considering the projected increases in the frequency and severity of the extreme storms

1
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as a consequence of the climate change (Bitner-Gregersen and Gramstad, 2015; Kirezci

et al., 2020; Young and Ribal, 2019) and the ever-increasing human activity in coastal

and offshore waters, risk of occurrence of such incidents would also enhance. Therefore,

precise and accurate predictions of individual extreme sea states have significant impor-

tance for the design of marine and coastal structures, the safety of the naval operations

and various other coastal and ocean applications. Accordingly, once “mariners legends”

has become a subject of many scientific research and projects today.

The conventional definition of “rogue waves” is based on the relative comparison of indi-

vidual extreme to the significant wave height (Hs). Even though there is no consensus of

a unique definition of rogue waves, the wave is usually identified as “rogue” when single

individual wave height (Hi) exceed 2.0 or 2.2 times of the significant wave height (Hs)

or surface elevation (η) exceeds 1.25 times of Hs (Haver, 2001). Nevertheless, large wave

heights and unexpected nature of the events are more significant and critical than strict

nondimensional definitions of rogue waves. Gemmrich and Garrett (2008) argues that

even 1.9Hs wave is dangerous, since it is still unexpected at the lower end of the proba-

bility of occurrence. Following this, a more overarching definition of the rogue waves can

be made as an anomaly to the short-term wave statistics (Babanin and Rogers, 2014;

Benetazzo et al., 2017; Dean, 1990; Fujimoto et al., 2019; Janssen and Bidlot, 2009;

Toffoli and Bitner-Gregersen, 2011).

Today, the known formation mechanisms of the rogue waves are well studied and docu-

mented. Experimental, theoretical and numerical studies that are carried out in the last

two decades have pointed out several different mechanisms and conditions which can

lead to rogue wave occurrences. In literature, three main mechanisms commonly held

responsible for the rogue wave occurrence are:

Linear Superposition. Study of Kharif and Pelinovsky (2003) implied that local

intercrossing of a large number of monochromatic waves with appropriate phases and

direction could result in the formation of extreme events. Rogue waves can also be

formed due to dispersive nature of the waves, where local extreme (rogue waves) may

form when long waves overtake the short waves.

Wave-current interaction. Peregrine (1976) suggested that in cases of strong cur-

rent wave interaction is concentrated by refraction into the caustic region. White and
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Fornberg (1998) demonstrated that intense wave action would arise when uniform waves

enter a region of random current.

Nonlinear interactions in the sea state. A large body of literature has focussed

on the impact of nonlinear interactions and their contributions to the occurrence of

rogue waves (Babanin and Rogers, 2014; Chalikov, 2009; Fedele et al., 2016; Janssen,

2003; Kharif and Pelinovsky, 2003; Mori et al., 2011; Onorato et al., 2009a; Osborne

et al., 2000; Peregrine, 1976). The discussion on nonlinear mechanisms active in rogue

wave generation has been commonly focussed around the “modulational instability” phe-

nomenon where small perturbations of a wave train can lead to the growth of expectedly

high waves due to high order nonlinear interactions.

Even though several physical phenomena responsible for the rogue occurrences are well

studied, the governing mechanism of rogue waves in the real ocean is not fully under-

stood (Toffoli and Bitner-Gregersen, 2011). Limited knowledge is due to the limited

number of recorded incidents. At present, the scientific interest has focussed on deter-

mining the governing rogue wave mechanism in real ocean conditions and estimating the

associated probability of occurrence of these events. A recent study of Cattrell et al.

(2018) has reported that, an observation based on rogue occurrences shows site-specific

characteristics whilst their reason of occurrence differs spatially with each location likely

to have its unique sensitivities.

1.2 Research Objective

In this thesis, five main objectives have been set that are addressed by reproducing

the free surface using multiple phase-resolving numerical models; that are, fully nonlin-

ear model of Chalikov et al. (2014) for directional sea states; fully nonlinear model of

Chalikov and Sheinin (1996) for unidirectional sea states and the High Order Spectral

Model of HOS-Ocean (Ducrozet et al., 2016). Further analyses related to the indicator

parameters are conducted based on both the field measurements and the long term wave

hindcast data. The specific objectives are:

• to present the relationship between rogue wave occurrence statistics and proper-

ties of the directional and unidirectional wind-wave spectrum (described by the
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JONSWAP spectrum) using indicator parameters which are designed to define

instability of wave trains,

• to investigate the impact of the spectral tail length on the evolution of the surface

and extreme wave statistics by means of the indicator parameters,

• to provide a detailed comparison of the results between two different numerical

approaches used to reproduce free surface evolution,

• to compare the numerical findings on rogue wave occurrence against the field

measurements, and

• to demonstrate the applicability and the statistical meaning of the selected indi-

cator parameters for real ocean conditions along with the possible use of those

parameters in the estimation of extreme critical condition based on a long term

(40 years) wave hindcast data.

1.3 Outline

The chapters’ outlines are as follows. Chapter 2 provides a comprehensive literature

review of the physical mechanisms active in the formation of rogue waves. Description

of sea states and short-term wave statistics of ocean wave are given in this chapter.

The definitions of the rogue wave indicators and their theoretical background are also

described in Chapter 2.

Chapter 3 is devoted to the numerical modelling of the nonlinear wave fields. The de-

scription of the considered numerical schemes and the literature review on the nonlinear

wave modelling are also given here. The differences between the numerical tools are

highlighted.

In Chapter 4, rogue wave evolution in unidirectional JONSWAP sea states is investi-

gated. Here, initial conditions and further configurations of the numerical simulations

are given. Obtained results in unidirectional simulations are broadly examined and com-

pared with respect to the adopted numerical models. Moreover, the impact of spectral

tail length on modulation instability has been explored using a fully nonlinear Chalikov-

Sheinin (CS) model, and related discussions are given in this chapter.
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Chapter 5 of the thesis is devoted to three-dimensional simulations of the surface evo-

lution. The relationship between rogue wave occurrence statistics and properties of the

directional JONSWAP spectrum is investigated. Results are evaluated based on the

indicator parameters and discussed regarding the included the effects of directionality

following the results of the previous chapter.

In Chapter 6, the statistics for rogue wave occurrence in the real ocean is investigated

using measurement data gathered from three locations: the Southern Ocean, the Black

Sea and, East Indian Ocean. The application of the indicator parameters to the measure-

ment data is explained explicitly. The connection between the sea state characteristics

and rogue wave occurrence is investigated based on the results of the wave statistics and

compared with the numerical findings given in Chapter 5.

In Chapter 7, the indicator parameters’ long-term assessments that are obtained from the

40 years of wave hindcast are given. The results and the findings of the extreme values

analysis and trend analysis of the indicator parameters are presented here. This chapter

demonstrates the applicability and meaning of the selected indicator parameters for the

real ocean conditions along with the possible use of those parameters in the estimation

of extreme critical condition. Moreover, the behaviour of the indicator parameters with

respect to known wind/wave climate observations (i.e. seasonal and temporal behaviour

and extreme values) are further investigated.

Finally, the conclusion and the overview of the study is given in Chapter 8, where

planned and further possible tasks are also mentioned.



Chapter 2

Description of Ocean Waves, the

Generation Mechanisms of Rogue

Waves and the Indicator

Parameters

2.1 Description of Ocean Waves

Ocean waves refer to the waves that are created by the friction between wind and

surface water. Ocean surface is never still, which means waves are present at all times.

Therefore, knowledge of characteristics of those waves (wave height and wave period)

for many different aspects (forecasting and hindcasting, wave climate) is crucial for all

kind of coastal and ocean applications. Hence, the accurate description of waves is vital.

2.1.1 Theoretical Description

Navier- Stokes equations, which are set of partial differential equations are used to

describe the dynamic nature of ocean waves. These set of equation accounts for the

conversation of mass and momentum. The solution of such equations can be highly

complex due to challenges caused by the boundary condition on the free surface which

requires that surface is impermeable, water is inviscid, and pressure is a continues to

6
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function across it. Therefore, a common approach for simplicity is to use potential theory

where viscous effects of fluid are ignored. Hence, the system of Euler equations is used

to define the flow. There are two boundary conditions, one for the surface elevation and

another one for velocity potential calculated on the surface, which are both nonlinear.

Although, these boundary conditions can be linearized when small amplitude waves

(according to wavelength) are assumed so that dispersion relation (Eq. 2.1) would be

straightforward (Onorato et al., 2013).

ω =
√
gk tanh (kd) (2.1)

Here, g is the acceleration of gravity, ω is the angular frequency, and k is the correspond-

ing wavenumber. In deep water, kd goes to ∞ , so that dispersion equation becomes

ω =
√
gk. The single sinusoidal wave component of ocean wave can be given as in Eq.

2.2.

η (x, t) = a cos (Θ) , Θ = ωt− kx+ ξ (2.2)

where η (x, t) represent the vertical position of the water surface at horizon location x

at time t, a is the wave amplitude, and ξ is the phase shift.

The dispersion equation shows that waves are dispersive which mean wave components

travel with different wavelengths and propagation speeds (Bitner-Gregersen and Gram-

stad, 2015). Based on this information, sea surface can be represented as a sum of

different monochromatic waves with different wavelengths, frequencies and propagation

direction, which is known as the linear description of waves (Eq. 2.3).

η (x, t) =
∑
j

aj cos (Θj) (2.3)

The linear description of waves is valid under the assumption of significantly low steep-

ness, which is the ratio of wave amplitude to wavelength. Rather than that, waves follow

a nonlinear regime, so that nonlinearity should also be considered in the description. The

nonlinear counterpart of a single uniform wave, first derived by Stokes (1847), corrected

based on steepness ε = ak.
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η (x, t) = a cos (Θ) +
a2k

2
cos (2Θ) (2.4)

The above description (Eq. 2.4) is called “stokes waves” which is a nonlinear periodic

surface wave. This second-order correction part is called as ‘bound’ or ‘locked’ wave,

which means that both parts of the equation cannot propagate free from each other.

Bound waves affect the shape of the wave by making crest sharper and troughs flatter,

although they do not affect the dynamics of wave evolution since they are phase-locked

to the carrier wave. The first-order correction in the Stokes theory is an ‘extra’ har-

monic wave defined with the wave steepness raised to the second power (second-order

correction) (Eq. 2.5).

η (x, t) = εη1 (x, t) + ε2η2 (x, t) (2.5)

where ε2η2 represent the extra harmonic wave. The generalized second-order correction

to the wave surface first derived by Longuet-Higgins (1963) for deep water, then given

by Sharma and Dean (1981) as in Eq. 2.6.

η(2) =
1

4

N∑
i=1

N∑
j=1

aiaj{K− cos (Θi −Θj) +K+ cos (Θi + Θj)} (2.6)

where K− and K+ are the coefficients given in Sharma and Dean (1981). Follow-

ing the second-order correction, increasing interest in nonlinear wave propagation and

kinematics of particle and the improvements in numerical modelling lead to different

methodologies to describe the sea surface, including a third or even higher-order correc-

tions. Moreover, Toffoli et al. (2009) has shown that deep-water third-order nonlinear

effects cause strong deviation from both Gaussian and second-order statistics which can

lead to focusing of wave energy resulting in the formation of rogue waves. In deep wa-

ter, cubic NLS equations are derived by Zakharov (1968) which is valid third order in

bandwidth and nonlinearity. These equations are called the Zakharov equation, which is

a simplified model assuming weak nonlinearity. Dysthe (1979) extended the solution for

cubic NLS equation one step further to fourth-order, which is called Dysthe equation.
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2.1.2 Wave Characteristics

The wave height and wave period are the most basic variables one can use to define

the ocean surface and its characteristics. Hence, such definitions are also important to

understand the wave statistics. The considered methods in order to obtain basic wave

variables are described below.

2.1.2.1 Wave Spectrum – Stochastic Approach

The frequency spectrum concept, which is a representation of the distribution of energy

on temporal (wave frequency or wave period) and spatial (wavelength) scales along

directional, was introduced to ocean waves in the 1950s. Then, quickly it became the core

of the analysis of predictions of wind-generated ocean waves (Liu, 1999). The creation

of the wind-wave spectrum has occurred due to the need for a broader description of sea

surface rather than one observation. Based on the spectral analysis, the sea surface is

described as a stochastic process, which an observation is treated as one realization of

this process (Holthuijsen, 2007). Sea surface spectral is obtained based on the Fourier

analysis of surface elevation signal, where the sea surface is treated as the sum of a larger

number of statistically independent sinusoidal waves. The success of this representation

is achieved since most of the common measure of wind-wave conditions are conveniently

related to the moments of a wave frequency spectrum (Liu, 1999). The most common

average parameters used for the statistical description of waves such as significant wave

height (Eqs. 2.7-2.8) and significant wave period are defined based on the wave spectrum.

Such advantages lead to spectral analysis to be an essential part of numerical modelling

for wind-wave predictions over the last five decades (Liu, 1999).

m0 = ∫2π
0 ∫∞0 S (f, θ) dfdθ (2.7)

Hs ≈ 4
√
m0 (2.8)

where S is the wave spectrum, f is the wave frequency, θ is the angle of wave direction,

m0 is the 0th order moment of the spectrum.
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2.1.2.2 Wave Characteristics Obtained from Surface

In order to understand the wave height and wave crest distributions, we need to under-

stand the definition of wave height and how they are obtained from observational data

concerning different spaces.

- At Fixed Point

The conventional buoys and wave gauges record sea surface elevation as times series at

a fixed location. In order to define the individual waves from time series, zero-crossing

points are selected. Wave height is defined as the difference between the elevation of a

crest and neighbouring trough (Kinsman, 1984). If only zero-crossing points which go

from negative to positive are used for defining individual waves, this method is called

zero up-crossing and waves are defined as a crest and following through between two

successor zero-up crossing methods. Vice versa, if the wave is defined using through first

and the following crest, the used method is zero-down crossing. Small differences occur

in wave statistics due to the type of preferred method. Moreover, since this process

takes place on the time axis, time passes for each wave is defined as its wave period.

Zero crossing methods are used for fixed-point observations.

- Space-Time Series

The zero-crossing methods applied to time series recorded at a fixed point are suitable

for wave gauges and laboratory probes. In reality, wave surface is 3D dimensional and

consist of many nonlinear wave modes, and with different phases. Due to this complex

structure and the rapid changes in the surface, it becomes hard to determine wave height

and number of waves in fields. That is one reason why theoretical studies of random

surfaces still face difficulties due to the erratic nature of the object (waves) which merge,

split or disappear easily (Podgórski et al., 2000). There is no consensus on a clear

description of basic wave parameters when 3D wave fields and time considered due to

both rapid changes in the surface shape and existence of many nonlinear dispersing wave

modes (Chalikov, 2017). Moreover, the geometry of the waves also must be taken into

account for space-time domains (Baxevani and Rychlik, 2006). Therefore, information

of wave direction and short or long crested nature of waves become essential for the

definition of waves in 3D dimensional wave fields. The statistical results obtained from

the space-time series can differ due to the selected method used to determine wave height
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and crest elevations. Baxevani and Rychlik (2006) and Fedele (2012) assume Space-Time

series are homogeneous Gaussian fields function of η(x, y, t) over the bounded space-time

volume with zero mean and standard deviation. The approach is based on zero down

crossing of waves in both time and space separately. Since the surface is assumed to

be Gaussian, statistical counterparts of deterministic definitions (based on zero down

crossing) of the average period (Tz) and average wavelength on X and Y axis, Lx and Ly

respectively can be expressed using spectral moments of the directional wave spectrum.

Directional wave spectrum is represented as S(ω,θ) so that spectral moments can be

defined as in (Eqs. 2.9-2.11).

mijk = ∫ ∫ kix kjyωkS (ω, θ) dω dθ (2.9)

Here, k= (kx, ky) is defined as a wavenumber vector associated with frequency. (Since

all our solution is in deep water, dispersion equation, Eq. 2.1, is used).

kx = kcosθ and ky = ksinθ (2.10)

Lx = 2π

√
m000

m200
, Ly = 2π

√
m000

m020
(2.11)

Wave fields are usually associated with Gaussian statistics due to the randomness of

the wave phases. Nevertheless, random phases do not immediately imply Gausianity

since wave amplitudes do not follow the particular distribution fixed by Gaussianity

(Nazarenko and Lukaschuk, 2016). Moreover, Sanina et al. (2016) show that nonlinear

processes in the 2D field do not fit the long-crested definition. Hence, they do not

follow the Gaussian distribution. Liu (1999) has also stated that the assumption of

“wave fields of wind waves are stationary random processes” does not always hold.

Even though space-time fields are not Gaussian, the definition of average wavelengths is

acceptable when estimating the number of waves in the 3D wave field. Chalikov (2017)

suggests that the only way to distinguish an extreme wave in a nonlinear 3D wave field

is the direct search of closely located crest-trough pairs. The vertical distance between

the maximum and minimum observation in the frame would give the wave height. So

that, Chalikov (2017) suggests using a rectangular two-dimensional moving frame with

sizes of 1.5 Lp x 1.5 Lp (Lp, peak wavelength) with discrete steps of 0.5 Lp. The only

drawback of this approach is the possible recounting of the same wave when the narrow
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banded spectrum is considered. Waves tend to be long-crested in the narrow-banded

spectrum. If the frame is moving perpendicular to the main propagation direction, it is

highly likely that the next frame would still be on the same wave (considering 0.5 Lp

discrete steep size as suggested). It is reasonable to define the wave height as the vertical

distance between the maximum and minimum in some interval of the order of the peak

wavelength Chalikov (2017). Following that, the method applied here is based on pairing

the closely located crest trough couples; therefore, it can be considered as an updated

version of Chalikov (2017) approach. Nevertheless, the frame boundaries are defined

using average wavelengths on the X-axis, and Y-axis calculated using Baxevani and

Rychlik (2006) methodology. Despite the deviations, wave fields are close to Gaussian

states, therefore using Lx and Lx values to define frame length would not cause an

additional problem for wave statistics. The applied steps to determine wave height and

crest values are given below;

• Regional maxima on the sea surface are determined by the selection of points that

are greater than their eight surrounding points on the z-axis.

• Single Lx and Ly are not long enough to defined large waves; therefore, the frame

of 1.25∗Lx to 1.25∗Ly is created while placing each regional maxima in the centre

of those frames. (1.25 coefficient has found to be the most appropriate value so

that the estimated number of waves are almost equal to the expected number of

waves.)

• Each frame is checked whether they include one or more regional maxima.

• If there is only a single regional maximum in a frame, wave height is determined

as the elevation difference between regional maximum and minimum in the chosen

frame (same as in Chalikov (2017)).

• If more than one regional maxima are in the selected frame, the surface elevation

between two local peaks is controlled. If the modelled surface goes below zero

between maxima points, they counted as two separate individual waves. If not,

assume it is a continuous wave, and the highest maxima are selected as crest height

and again regional minimum elevation as the through in that certain frame.

The differences between the applied method and Chalikov (2017) are; the varying size

of the frame and the location of regional maxima.
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Figure 2.1: Probability of exceedence of the considered wave definition vs. Rayleigh
Distribution Normalized Wave Crest (left) , Normalized Wave Heights (right)

In order to represent the statistical impact of the wave definition considered here, the

crest and wave height distributions of obtained from linear HOS simulation are given with

the Rayleigh distributions. As seen in Fig. 2.1, deviations are largest for the lower values

of η/Hs and Hi/Hs . Towards to higher values of those parameters, where exceedance

probability is smaller, considered definition converges to Rayleigh distributions. The

probabilities corresponding to rogue wave threshold are similar to values observed from

Rayleigh distributions.

2.1.3 Statistical Properties of Ocean Surface

2.1.3.1 Gaussian Sea State and Rayleigh Distribution

Linear wave theory is the linearized version of the flow problem which describes the

propagation of gravity waves as discussed in section 2.1.2, which usually considered

for simplification of problem and used in some engineering application. According to

linear theory, waves are consist of the single dominant crest which does not display any

secondary maxima or minima Longuet-Higgins (1957). The linear theory assumes that

free surface follows a gaussian distribution, while wave crest and wave heights follow

Rayleigh distribution (Eqs. 2.12-2.14). Large amplitude waves can only occur due to



Chapter 2 – Description of Ocean Waves, the Generation Mechanisms of Rogue Waves
and the Indicator Parameters 14

linear superposition of different Fourier modes.

P (η) =
1√

2πm0
exp(− η2

2m0
) (2.12)

where, m0 is the 0th moment of the wave energy spectrum, and η is the surface elevation.

P (Hi > Hs) = exp

(
−Hi

2

8m0

)
(2.13)

where, Hs is the significant wave height calculated from the spectrum.

P (nc > n) = exp

(
−Cr

2

2m0

)
(2.14)

where, Cr stands for the crest height, nevertheless can be alternately represented trough

height as well.

2.1.3.2 Second-Order Corrections

In reality, ocean waves are nonlinear, so that surface distribution tends to deviate from

Gaussian distribution. The most obvious sign of nonlinearity is the sharpening of crest

and flatting of the troughs, which cause the deviation to be in the form of a positive

skewness (Fedele and Tayfun, 2009). In order words, due to nonlinearity wave crest

are higher and sharper than the summation of the sinusoidal waves with random phase.

Even though the nonlinearity of waves are known for a long time, the exact theoreti-

cal solution for the statistics (crest height distribution) of random waves is not known.

Longuet-Higgins (1963) approximated that, surface elevation distribution resembles a

Gram-Charlier type distribution. Following to that, numerous nonlinear crest height

distribution models have been proposed for the last 40 years based on theoretical ap-

proximations of Gram-Charlier type expansions (Fedele and Tayfun, 2009). Moreover,

many others used empirical statistics based on observational data and numerical model

simulation to reflect second-order effects on sea surface distributions (Alkhalidi and

Tayfun, 2013). Here, two of the most commonly accepted distribution are mentioned.

- Tayfun (1980) Distribution

The main second-order correction to crest distributions comes from the consideration

of weakly nonlinear properties of waves. When waves are considered to be weakly
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nonlinear, each wave consists of free modes and their bound contributions. Tayfun

(1980) has proposed a crest height distribution model based on the Stokes model, where

sea state is approximated to be unidirectional and narrow-banded in deep water. In

this approach, free waves are described by a gaussian statistics, and second-order effects

are included by considering stoke-like contributors which give sea surface distribution a

positive skewness. According to second-order theory, crest elevation can be written as

in Eq. 2.4 using wave steepness. By replacing crest definition in Rayleigh distribution

by new corrected crest height definition according to second-order effects, Tayfun (1980)

distribution has presented (Eq. 2.15).

P (nc > n) = exp

[
− 8

H2
sk

2
p

(√
1 + 2kpη − 1

)2
]

(2.15)

- Forristall (2000) Distribution

Forristall (2000) is another crest distribution which aims to reach better representation

of surface elevation distribution by including second-order nonlinear effects. Forristall

(2000) has considered second-order effects by using the equation system second-order

correction to wave surface suggested by Sharma and Dean (1979). Those set of equations

are applied to numerical modelling sea states using various JONSWAP spectra. Then,

obtained data are compared with actual observations belonging to various events and

locations (storms, hurricanes, shallow water waves in Lake, Forristall, 2000 ). Numeri-

cal results and measurements show quite a high resemblance; however, such application

was highly time-consuming. This situation leads to the definition of a new parametric

distribution based in the simulated crest with variety of steepness and Ursell numbers.

Weibull type distribution (Eq. 2.16) has chosen for this new distribution where coeffi-

cients af and bf have been specified according to sea state characteristics (Eq. 2.17).

P (nc > n) = exp

[
−
(

η

afHs

)bf]
(2.16)
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where;

forunidirectionalwaves;

af = 0.3536 + 0.2892 S1 + 0.1060Ur

bf = 2− 2.1597S1 + 0.0968Ur2

fordirectionalwaves;

af = 0.3536 + 0.2568 S1 + 0.0800Ur

bf = 2− 1.7912S1 − 0.5302Ur + 02840Ur2

Ur =
Hs

k2
1d

3

S1 =
2π

g

Hs

T 2
m01

(2.17)

In, S1 is the steepness parameter, Tm01 is the mean wave period calculated as m0/m1. Ur

is the Ursell number, h is water depth, and k1 is the wavenumber estimated as 1/Tm01.

Here, Ursell number tends to 0 since deepwater conditions are assumed.

2.1.3.3 Rogue Wave Occurrence Probability

The statistical properties of rogue waves are not very well known due to their rare occur-

rence and lack of measurements. Moreover, scarcity of the evidence of these events ren-

ders to build a statistical relationship challenging (Haver, 2001). Therefore, rogue waves

are usually predicted from the extrapolation of distributions that are initially obtained

for regular waves (e.g. Toffoli et al., 2007). According to both of those second-order

corrected distributions given above (Tayfun, 1980 and Forristall, 2000), the occurrence

of rogue waves is more likely than suggested by the linear theory.

Although the Tayfun (1980) and Forristall (2000) distributions approximate the occur-

rence of rogue events better than the linear theory, there are certain sea states which

cannot be represented by second-order distributions. In the third-order dynamic effects

come into existence such as nonlinear energy exchange, resonances and modulational

instability (Benjamin and Feir, 1967; Yuen and Lake, 1982; Zakharov, 1967; Zakharov,

1966, 1968). The instabilities can lead to occurrences of rare transient events of high

waves, which will not be depicted through the geometric quasi-stationary approach due

to their transience. Besides, those rare transient extreme waves are very unlikely to be
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included in observations or simulations (unless the simulations specifically target such

events). Thus, those individual extreme events cannot be pinpointed by extrapolations

of the bulk observations/modelling and focusing on the low-probability tail of the wave

crest/height distributions. Therefore, it is crucial to understand, which nonlinear wave

trains and fields are stable, and which are unstable. The stable wave trains can be

treated in terms of the superposition approach, but the approach should be different for

the unstable wave trains (Babanin, 2013; Babanin et al., 2014). The presence of mod-

ulational instability that causes dynamic nonlinear exchanges and instabilities among

wave trains can have a definite impact on short term wave statistics (Babanin, 2013).

It is expected that probability functions of unstable wave-fields differ from the stable

probability functions. Therefore, Babanin (2013) and Babanin et al. (2014) suggest that

unstable wave field probability distributions should be examined separately from the

stable ones.

2.2 Generation Mechanisms of Rogue Waves

Various mechanisms are held responsible for the generation of such unexpected waves.

Furthermore, those mechanisms can also be initiated under different circumferential

conditions, such as the presence of ocean currents and irregular bathymetry Bitner-

Gregersen and Gramstad (2015). These numerous variations of mechanisms and differ-

ent conditions make rogue waves studies appealing for research and keep the discussions

ongoing about what takes place in real ocean conditions. Since the 1970s, many phys-

ical models have been developed, and many laboratory experiments are conducted to

investigate the physics behind occurrence rogue waves and its relation to environmental

conditions (Kharif and Pelinovsky, 2003). In most plain context, rogue wave generation

can be explained based on linear and nonlinear factors.

2.2.1 Linear Mechanisms

In linear theory, wind-wave fields can be represented as the summation of various

monochromatic waves with randomly distributed phases and directions. An extreme

local event could form when different monochromatic waves intercrossing in the ocean

(Kharif and Pelinovsky, 2003). In other words, rogue waves occurrence may take place
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due to the superposition of many monochromatic waves with appropriate direction and

phase. This intercrossing of waves could take place randomly due to directionality in the

ocean and also occur due to refraction of waves in shallower water. Aligning of waves

with bottom contour lines can lead to focusing of wave energy at some local extremes.

The local spatial focusing mechanism of waves also a substantial phenomenon for deep

water waves as well. Chalikov and Babanin (2016) show that probability distribution

by superposition of linear modes with random phases can show similar properties with

fully nonlinear numerical model results.

Another linear mechanism which causes the formation of rogue waves is due to the

dispersive nature of water waves. Waves with different wavelength and periods propagate

with different speeds. In deep water, long waves propagate faster than short waves.

When long waves overtake the short waves, local extreme (rogue waves) may form at

a fixed time due to increased concentration of waves in a single location. After that

certain time, long-wave passes the short wave and amplitude decreases. This linear

superposition mechanism due to dispersion is also referred to as spatio-temporal focusing

or dispersion enhancement (Kharif and Pelinovsky, 2003). This mechanism has been

used for decades for producing rogue waves in the laboratory environment (Onorato

et al., 2013). Depending on the characteristics of the superposed waves (sinusoidal

or nonlinearly shaped), the probability distribution for wave crests and trough could

differ(Forristall, 2000; Toffoli et al., 2008b; Young, 1999). When numerical models are

used for investigation of rogue wave occurrence, probability of occurrence of extreme

events are higher in 1D model results compared with the 2D model results. One of

the reasons for that is that the presence of dispersion enhancement is more probably to

come across in 1D modelling in the absence of directional distribution. Even though the

dispersive superposition mechanisms theoretically probable, the statistical occurrence

probability of a wave higher than 2Hs with this phenomena is significantly low. Babanin

and Rogers (2014) state that, to be able to provide statistically feasible conditions for

waves higher than conventional rogue wave limit, the storms need to unrealistically long.

2.2.2 Nonlinear Mechanisms

The effect of nonlinear interactions and their contributions to the occurrence of rogue

waves have lately resulted in a large body of literature (Babanin and Rogers, 2014;
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Chalikov, 2009; Fedele et al., 2016; Janssen, 2003; Kharif and Pelinovsky, 2003; Mori

et al., 2011; Onorato et al., 2009a; Osborne et al., 2000; Peregrine, 1976). Nonlinear

effects related both bound waves (Stokes’ type contribution) and dynamic high order

impacts of free waves are known to contribute to the extreme wave statistics. Although,

multiple nonlinear mechanisms can lead to the rogue wave occurrence, third order effects

which bring dynamic nonlinear exchanges and instabilities mainly shown as the driven

mechanism for the formation evolution of transient rogue events (Babanin and Rogers,

2014). Modulational instability, instability to the sideband modulations, is one of the

main suspected instability mechanism for realistic ocean waves.

Deviations from periodic waveform lead to the generation of spectral sideband, which

could lead to the focusing of wave energy in space and time (Benjamin and Feir, 1967;

Mclean, 1982; Zakharov, 1967; Zakharov, 1966). Instability of a uniform narrowband

wave train resulting in sideband modulations is an example of a nonlinear modulation,

which is called modulational instability or Benjamin Feir Instability. Benjamin and

Feir (1967) and Zakharov (1967) and Zakharov (1966) introduced the stability condi-

tion of periodic wave trains to sideband modulations using the wavenumber and the

amplitude of the perturbed wave train. Stokes’ waves are unstable to small-amplitude

long perturbations (Onorato et al., 2005). “As stoke wave becomes unstable, a single

wave in the middle of the group begins to grow at the expense of surrounding waves,

giving rise to a large amplitude wave” (Onorato et al., 2006b). The stability condition

applicable to spectrum initially has been suggested by Onorato et al. (2001) which is

based on the steepness and bandwidth. Later, Janssen (2003) had also shown that there

had been strong evidence for rogue waves to occur when waves were sufficiently steep

because nonlinear focusing may overcome the spreading of energy by linear dispersion.

The steepness and the spectral bandwidth, which are the measures of nonlinearity and

dispersion, respectively, are generally accepted as essential parameters in the formation

of extreme events (Mori et al., 2011).

The theory of modulational instability (Benjamin and Feir, 1967; Zakharov, 1967; Za-

kharov, 1966) is initially based on monochromatic wave trains. Real waves are not

monochromatic and are not linear. However, the same instability mechanism is still

present where the ratio between the wave steepness and bandwidth (later to be defined

as an indicator) is restricted to certain limits (Babanin et al., 2019). It has been sup-

ported both theoretically and experimentally that if wave steepness is large enough and
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spectral bandwidth is sufficiently small, modulational instability may also take place in

random spectra (Onorato et al., 2006b). Janssen (2003) also shows that nonresonant

four-wave interactions could result in nonlinear focusing of energy and shows the rela-

tion between wave steepness and bandwidth based stability criterion and higher-order

cumulants such as kurtosis. The occurrence of rogue waves due to modulational in-

stability can be explained by using breather-type equations as well (Chabchoub et al.,

2011). Those equations which in principle describe a large wave appears from nowhere

(Akhmediev et al., 2009). Breathers are defined as nonlinear beats which “breathe” up

and down smoothly over the cycle of times of minutes to hours (Osborne et al., 2019).

The breather type solutions are based on spectral decomposition of nonlinear wave fields

into sine waves, Stokes waves and breather-trains which are phase-locked Stokes waves

(Osborne et al., 2019). It has been found that modulational instability leads to the for-

mation of these breathers (Osborne, 2010). In this case, energy trapped leads to rogue

wave formation.

The theory and the stability condition suggested by Benjamin and Feir (1967), Za-

kharov (1967), and Zakharov (1966) was also limited to unidirectional waves. Benney

and Roskes (1969) stated that stability of directional wave fields was also dependent

on the direction of the disturbance, after investigation of the stability characteristics of

nonlinear gravity wave fields. Later, Davey and Stewartson (1974) rederived the cubic

NLS equations for directional waves on finite depth and investigated stability conditions

of nonlinear gravity waves to oblique perturbations. Following that, Alber (1978) stud-

ied instability of homogeneous wave fields to inhomogeneous disturbances and showed

that deterministic modulational instability could also exist in random deep-water waves.

Alber (1978) showed that the stability condition is also a function of the perturbation

wave angle. Directionally limited sea-states can result in wave group formation due to

instability (Babanin et al., 2011c; Chabchoub et al., 2019; De Pinho and Babanin, 2015;

Waseda et al., 2009a). Therefore, modulational instability is most effective in the direc-

tionally limited sea states Alber (1978). NLS based numerical modelling has justified

that by showing, the occurrence of extreme events decreases with increasing direction-

ality due to the reduced effect of modulational instability (Onorato et al., 2002).

Inversely correlated nature of directionality and rogue wave occurrence is often examined

and explained by using kurtosis as a proxy for freakiness in the wave train (Waseda et

al., 2009a). Gramstad and Trulsen (2007) showed that kurtosis values and maximum
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crest heights are less in directional sea states when compared to unidirectional cases.

Furthermore, the monotonical decreases of kurtosis with increased directionality in a

series of laboratory tests. Onorato et al. (2009b) have stated that the deviation from

second-order distribution becomes less accentuated with directionality. Waseda et al.

(2009a) also verified the same effect of directionality on rogue wave occurrence based on

laboratory experiments. They commented that the decrease of rogue wave probabilities

due to broadening the spectrum is very rapid.

Another hypothesis on nonlinear rogue wave mechanisms is the purely dispersive fo-

cusing of second-order nonresonant or bound harmonic waves which do not satisfy the

linear dispersion relations (Fedele et al., 2016). This hypothesis denies the effect of

modulational instability on the rogue wave occurrence in real oceans based on the mul-

tidirectional (short-crested) structure of the real ocean. Fedele et al. (2016) states that

nonlinear focusing due to modulational effects should have been diminished since energy

could spread directionally. The argument was also supported by stating, “analysis of

storm-generated extreme waves does not display any breather-type pattern observed in

1D flumes”(Fedele et al., 2016).

2.2.3 Others Mechanisms

The remaining main mechanism that causes rogue waves is wave-current interaction

(Peregrine, 1976; White and Fornberg, 1998) which is, actually, the combined effect of

wave nonlinearity and currents. In the presence of ambient opposing current, dispersion

relation changes which leads to growth in amplitude and reduction of wavelength for

the effected waves (Peregrine, 1976). Such a change in wave characteristics causes an

increase in the wave steepness and nonlinearity. In other words, such linear mechanisms

could increase the nonlinearity, which leads to nonlinear effects such as modulational

instability that results in rogue wave occurrence. This phenomenon has been numerically

studied by Janssen and Herbers (2009), which shows the change of stability conditions

of the sea surface with respect to modulational instability in the presence of opposing

current. Moreover, Toffoli et al. (2015) has conducted various laboratory experiments

which proves that opposing currents increases the rogue wave occurrence probabilities

for both unidirectional and directional sea states.
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Rogue wave investigations are usually carried for unimodal spectral conditions; how-

ever, in reality, ocean conditions could be more complex and variable. Another rogue

wave mechanism is actually related to the coexistence of multiple wave system which

propagates different directions (Onorato et al., 2010). Rogue wave formation is possible

during intercrossing of these multiple sea states Onorato et al. (2006a). These wave sys-

tems either could be one swell system and one storm condition or both storm conditions.

This condition is also referred to as one of the most common weather conditions in the

cases of ship accidents (Toffoli et al., 2005). Moreover, the most well know rogue wave,

Draupner wave (New Year wave), occurred in crossing sea conditions (Rosenthal, 2005).

Rogue wave formations in crossing sea states are investigated numerically by the solution

of the system of two coupled Nonlinear Schrödinger equations (Onorato et al., 2010) or

by using High order spectral method (Toffoli and Bitner-Gregersen, 2011). Moreover,

Toffoli et al. (2011) also conducted lab test in order to investigate statistical properties

of crossing sea states and found that the angle between two wave systems also has a

critical effect on deviation from Gaussian statistics.

In ocean, other conditions such as bottom topography and refraction could cause fo-

cusing of energy in a particular location which leads to rogue wave occurrence. Physics

behind this condition is explained using the above linear and nonlinear mechanisms; nev-

ertheless, the presence of right conditions could be directly related to changes in seabed

elevation. Moreover, weakly nonlinear interactions in a shallow water environment could

also cause rogue wave formation.

A rogue wave could take place also in other physical systems rather than ocean waves and

conditions, such as in superfluid Helium in the presence of weak turbulence, transport

in microwave systems, plasmas, optical systems, capillary waves (Onorato et al., 2013).

2.3 Indicator Parameters

2.3.1 Benjamin-Feir Indices

The stability condition of monochromatic wave trains to sideband modulations is intro-

duced using the wavenumber and the amplitude of the perturbed wave train (Benjamin

and Feir, 1967; Zakharov, 1967; Zakharov, 1966). The instability itself is referred to as
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modulational instability. Although ocean waves are not monochromatic, modulational

instability can still take place and be restricted to certain limits related to steepness and

bandwidth in real ocean conditions (Babanin et al., 2019). The stability condition ap-

plicable to spectrum initially has been suggested by Onorato et al. (2001) as the square

of the definition given in Eq. (2.18). Onorato et al. (2001) described the parameter

as “kind of Ursell number” which estimates the influence of nonlinearity in deep water.

Following that, Janssen (2003) has shown the effect of nonlinear four-wave interactions

role in spectrum evolution and modulational instability and has redefined the condition

as in Eq. (2.18) which is referred as the Benjamin-Feir Index.

BFI =
ε√
2δω

=
a0k0√

2δω
(2.18)

Here ε is spectral steepness calculated using wave amplitude a0 (Eq. 2.19) and dominant

wavenumber, k0, calculated based on the dispersion equation in deep water when needed.

δω is the bandwidth given in Eq. (2.20), which is defined by Serio et al. (2005) for the

discrete spectrum.

a0 =
Hs

2
= 2
√
m0 , mn = ∫∞0 fnS (f) df (2.19)

where, m0 is the 0th spectral moment.

δω =
1

Qp
√
π

(2.20)

Here, Qp is the Goda’s peakedness parameter (Eq. 2.21), which is the found to be the

most robust parameter to apply to discrete spectra to replace conventional the half-width

at half maximum approach (Serio et al., 2005). Serio et al. (2005) has also considered

different parameters along with Qp using various JONSWAP spectra (different shape

parameters and tail lengths) and concluded that Qp is the most robust parameter for

JONSWAP spectrum.

Qp =
2

m2
0

∫ ωS2 (ω) dω (2.21)

There are two main drawbacks of BFI utilization for wind seas. The theory of Benjamin-

Feir instability is initially defined for the simple monochromatic wave perturbed by two

small sidebands. The perturbation of the carrier wave in the complex spectrum of the
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Figure 2.2: (a) The conventional “half-width of half maximum” definition used in
BFI (b) The “r times the spectral width at r times the spectral maximum” definition
used in BFIr illustrated for r=0.2

real ocean cannot be viewed to be the same (Babanin et al., 2019; Onorato et al., 2002).

Although the Benjamin-Feir instability is present during the evolution of the full spec-

trum, the active mechanism becomes more complex than the slow growth of new wave

components, particularly as the sidebands whilst the primary waves are not distinguish-

able in the continuous spectrum. Chalikov (2007) disapprove of the applicability of

the Benjamin-Feir instability to the finite-amplitude fast wave evolution controlled by

conservation of energy and strong nonlinearity. Hence, the application of BFI is also

questionable for developed spectrum (Chalikov, 2009). The second drawback is related

to the qualitative definition of spectral bandwidth. In the conventional approach, spec-

tral bandwidth is taken as “half spectral width on half maximum” of the spectrum (Fig.

2.2), which makes spectral bandwidth not robust especially when the “noisy spectra”

are considered. Moreover, this bandwidth definition is heavily criticized since it mostly

focuses on the peak of the spectrum and does not include the tail.Gramstad (2017) has

updated the definition for spectral bandwidth in BFI to put a weight on the tail of

spectrum by introducing parameter ‘r’, which makes possible to adjust spectral width

close to peak or base (heaviness of spectral tail, Eq. 2.22). The new definition shows that

broader spectral bandwidth provides a better parameterization of the unstable growth

rate due to modulational instability.

BFIr =
ε ω p

∆r
(2.22)

Here, is equal to r times the spectral width at r times the spectral maximum Fig. 2.2. For
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instance, r=0.5 becomes equal to the conventional bandwidth definition of half spectral

width on half maximum of the spectrum. Gramstad (2017) suggests taking r=0.2, where

it has the highest correlation with the maximum growth rate.

BFI is found to be a robust indicator of modulational instability and extreme wave

occurrence for unidirectional narrow banded spectra. Hence, in the open ocean condi-

tions, BFI does not correlate well with extreme wave statistics where directionality is

also a factor. Mori et al. (2011) examined these relations of wave height distribution and

kurtosis in the directional sea. They stated that “accurate estimation of kurtosis is of

paramount interest for rogue wave prediction”. Hence, BFI2D (Eq. 2.23) is introduced

to reflect the behaviour of kurtosis as a function of BFI which consider directional

spread in sea states (Mori et al., 2011). The relation is derived based on numerical

simulations based on the cubic nonlinear Schrödinger equation with a two-dimensional

spectrum. Later on, the validity of the obtained formula examined using laboratory

data (Mori et al., 2011).

BFI2
2D =

BFI2

1 + α2R
(2.23)

Here R (Eq. 2.24) is the measure of the angular width with respect to the frequency

width (Eq. 2.20) and α2 = 7.1. The constant value of α2 is calculated based Monte

Carlo simulation using 2D NLS equations depending on the relation between dynamic

kurtosis, BFI and directional spreading (Mori et al., 2011).

R =
1

2

δ2
θ

δ2
ω

(2.24)

Here, δω is the spectral bandwidth on the frequency axis and δθ is the directional width

at the peak of the spectrum (Janssen and Bidlot, 2009). Directional width is assumed

to be equal to the directional spreading factor Mori et al. (2011). The definitions used

here are based on Janssen and Bidlot (2009) (Eqs. 2.25-2.27)

σθ = δθ =
√

2 (1−M1) (2.25)

M1 =
1

m0
∫ cos (θ − θp (ω))S (ω, θ) dωdθ (2.26)

Here, θp is the peak direction as a function of frequency defined as follows.

θp (ω) = arctan

(
∫ sin (θ)S (ω, θ) dθ

∫ cos (θ)S (ω, θ) dθ

)
(2.27)
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2.3.2 Π Indices

Ribal et al. (2013) have investigated the instability of homogeneous wave fields mentioned

by Alber (1978) and found that “Alber’s findings are the stochastic counterpart of

deterministic Benjamin Feir instability.” Based on the Alber equation and JONSWAP

spectrum, Ribal et al. (2013) suggested that instability depends on the energy scale (α)

and peak enhancement factor (γ) of JONSWAP spectra (Eq. 4.2) since both parameters

influence steepness of waves and spectral bandwidth. Therefore, the dimensionless width

parameter (Π) was suggested by Ribal et al. (2013), which shows the detailed meaning

of the ratio of wave steepness to wave bandwidth in the spectral context.

Π =
ε

αγ
(2.28)

Π2 =
ε

αγ
+

B

εAd
, B � 1 (2.29)

Π2 is the directional counterpart of the Π number with the addition of the width pa-

rameter
(

B
εAd

)
to include the effect of the directionality of the JONSWAP spectrum.

Directional spreading is parametrized using the inverse normalized directional spectral

depth (Ad), defined by Babanin and Soloviyev (1987) and Babanin and Soloviev (1998)).

Assume that the directional spectrum is defined in the form of S (ω, θ) = F (ω) .φ (ω, θ)

where F (ω) is the JONSWAP spectrum and φ (ω, θ) is the directional distribution of

the spectral components as in Eq. (2.30). All directional distributions are normalized

with the maximum value in the dominant direction in which the waves are travelling,

for instance, K(ω, θ0)=1 (Babanin and Soloviev, 1998). Here, So, the spectrum after

normalization can be written as in Eq. (2.30), and the directional spreading can be

parameterized using K (ω, θ) as in Eq. (2.31).

∫π−π Φ (ω, θ) dθ = 1, Φ (ω, θ) = Ad (ω) K (ω, θ) (2.30)

Ad
−1 = ∫π−π K (ω, θ) dθ (2.31)
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Here, θ0 is the dominant direction and K(ω, θ) is the spectrum normalized with the

maximum value in the dominant direction. The width of directional spreading depends

on properties such as wind energy, wave development stage, relative frequency, and wave

steepness. Hence, those properties can be used for parameterization of the direction

spreading (Ad), regardless of any specific function. Therefore, it is possible to define a

general parametrization of the directional distribution of the wave energy, which can be

applied to all directional spectrum (Babanin and Soloviyev, 1987; Babanin and Soloviev,

1998).

In Eq. 2.29, ε
αγ and B

εAd
are the dimensionless scaled widths in the peak direction and

transverse direction, respectively. B is the coefficient suggested by Ribal et al. (2013) as

0.0256 based on the most unstable mode and its maximum growth rate. JONSWAP spec-

trum has been found to be stable to inhomogeneous disturbance when Π > 1, Π2 > 1.1

based on the most unstable mode and its maximum growth rate. Later, Gramstad (2017)

has used the inverse version of Π and updated the stability condition as αγ
ε < 0.77,

considering the cases very close to the stable region. Nevertheless, both studies have

considered the steepness definition as a0k0 =
√

2m0k0 (see Gramstad and Trulsen, 2007;

Ribal et al., 2013). Therefore, the adjusted stability limits of Π values can be approx-

imated here as Π > 1.84 and Π2 > 1.91, and for inverse definition as Π−1 < 0.54 and

Π2
−1 < 0.52. The advantage of Π values to BFI and similar parametrizations is that

defined width definitions allow covering more cases. For instance, in the same spectral

environment, the same steepness and same bandwidth can be achieved by varying dif-

ferent parameters of the spectrum, which has different physical meanings (Ribal et al.,

2013). However, when BFI is considered for continuous spectra, where properties as

steepness and bandwidth are ambiguous, different spectra with the same steepness and

bandwidth properties are treated as equal.

2.3.3 Modulational Index

Babanin et al. (2010) argue that bandwidth definition in conventional BFI is not an

independent property but determined by steepness. Therefore, steepness becomes promi-

nent as the most important parameter to define stability limitations of one-dimensional

wave trains. Nonetheless, growth of perturbation is also dependent on the directional

spreading of the spectrum (Mclean, 1982). As a consequence, the direction spreading
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is related with modulational instability (Onorato et al., 2002; Tulin and Waseda, 1999;

Waseda et al., 2009a). To indicate the occurrence of modulational instability and define

the stability limits for direction wave fields, Babanin et al. (2010) has suggested a new

index (MId), which is consist of directional spreading and steepness.

MId = Ada0k0 = Adε (2.32)

MId represents the relation of directionality and steepness, in a sense that, if the direc-

tional spreading broadens, this can be compensated by increasing characteristic steepness

or vice versa. MId is validated with laboratory tests using monochromatic wave trains

with small sidebands and a variety of directional spreading. Modulational instability

limit is defined based on the criteria as MId = 0.18 (Babanin et al., 2011c). Considering

the typical steepness of storm waves are a0k0 = 0.10 − 0.12, and directional width is

generally is in the interval of Ad = 0.8 − 1.8, the limit value defined for MId is quite

probable to occur in storm conditions. Babanin et al. (2011c) also discussed that, MId

can be used along with Ad to distinguish the probable physical cause of the wave break-

ing. It is observed from the experiments that, modulational instability did not lead to

breaking when Ad < 0.8 or MId < 0.18 (Babanin et al., 2011c).

2.3.4 Kurtosis estimated from Spectrum

Kurtosis is the fourth-order moment of the water surface which is a measure of the

peakedness of the surface distribution (Hatori, 1984). As an indicator of the extreme

sea state in wind-waves, the parameter is widespread among the related studies. In

Gaussian sea states, kurtosis should be equal to 3, and larger values may indicate

higher wave heights and higher-order effects in the sea state (e.g., Babanin and Pol-

nikov (1995)). Longuet-Higgins (1963) states that the fourth-order moment of surface

elevation is related to a third-order nonlinear interaction. Formulation of kurtosis as a

function of spectral wave action density is derived by Onorato et al. (2005), which leads

to the expression of kurtosis as a sum of three contributors; pure Gaussian system, the

contributions from free modes and bound modes.

Kurtosis parameter is related not only to wave steepness but also to spectral bandwidth

(Fedele, 2015; Janssen and Janssen, 2019; Mori et al., 2011). Excess kurtosis, which

is the excess part related to bound waves and dynamic nonlinear modulation, can be
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explained as the nonlinear correction to the Rayleigh distribution for maximum wave

height distribution function (Mori et al., 2011). Kurtosis is not a spectral parameter;

hence, derivation of this parameter from the spectrum requires some statistical assump-

tions. Nevertheless, kurtosis can be parameterized using spectral information (Janssen,

2009; Mori and Janssen, 2006). The parametrizations of kurtosis given in Eq. (2.33) are

considered in this study.

κ4 = 3 + κ4
(bound) + κ4

(dyn)

κ4
(bound) =

9

2
ε2,

κ4
(dyn) =

π√
3
BFI2

(2.33)

Bound wave contribution part in Eq. (2.33) (κ4
(bound)) is estimated based on Janssen

(2009), which express the bound waves in terms of free waves using the Zakharov equa-

tion. Nevertheless, this definition of the bound contributor is based on narrow banded

waves where the applicability of this contributor to all spectra is uncertain. Dynamical

nonlinear contribution (κ4
(dyn)) to sea surface kurtosis, which is associated with third-

order interactions, can be expressed using BFI (Eq. 2.18). Mori and Janssen (2006)

stated that, for unidirectional waves the main kurtosis contributor was the dynamic one,

and rogue wave occurrence probability was significantly enhanced by kurtosis increase

due to four-wave interactions.

Therefore, the relation between the κ4
(dyn) and rogue wave occurrence probability can

be related to modulational instability. Nevertheless, high order nonlinear interactions do

not always correspond to kurtosis larger than 3. For directional sea states, Hatori (1984)

showed that four-wave nonlinear interaction might also result in negative contributor

values. Therefore, spectral parametrizations of kurtosis should be considered carefully.



Chapter 3

Numerical Modelling of

Nonlinear Wave Fields

3.1 Introduction

Full dynamics of fluid flow can be numerically complex. A common approach would be

to use potential theory where viscous effects of fluid are disregarded. Hence, the system

of Euler equations is employed to define the flow. The Nonlinear Schröndinger Equation

(NLS), which is derived from Euler equations assuming that the waves are weakly non-

linear (Zakharov, 1968), has been a widely used tool for investigation of nonlinear waves

(Chalikov, 2009). However, NLS based numerical models have limitations due to the

narrowband assumptions, and they are only valid up to a certain degree of nonlinearity

(Bitner-Gregersen and Gramstad, 2015). Therefore, more advanced numerical methods

have been developed to solve the system of high order Euler equations.

One of the fundamental approaches to the problem is based on the fourth-order deriva-

tion of NLS equation in deep water given by Dysthe (1979), also referred as Modified

NLS or Dysthe equation which is still commonly used. However, the issue of the NLS

approach arises from the restriction of perturbation amplitude being small (Longuet-

Higgins, 1978). The Dysthe equation is further extended by Trulsen and Dysthe (1996)

by relaxing the narrow bandwidth constraint to render the equation more applicable to

realistic ocean spectrum. Even though Dysthe’s improvements extended the validity of

NLS equations, they are limited to relatively narrow spectral bandwidth and a certain

30
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level of steepness. Another method used for the simulation of 3D surfaces is developed

by Dold and Peregrine (1984) who solve a two-dimensional Laplace equation at the sur-

face by using Cauchy’s integral theorem. Even though the method was rather simplistic

and straightforward for application, it was not always reliable for calculations of higher

derivatives (Dold and Peregrine, 1984). For some instances, higher derivatives, that are

used in series expansions, vary in an extensive range. The solution tends to be suffering

due to reduction of the numerical resolution caused by spreading of surface particles

(Sanina et al., 2016).

Nonlinear transformation and growth of waves can take place over tens of wave peri-

ods. Modelling nonlinear interactions requires accurate reproduction of relatively slow

evolution of spectrum, which is a challenging task for numerical models. Numerical

simulations require large spatial and temporal domains to provide a sufficient amount

of time and space for the nonlinear growth of waves (Kharif and Pelinovsky, 2003)

and to obtain enough data for statistical evaluation. Moreover, numerical modelling of

three-dimensional wave dynamics also requires substantial computation power. There-

fore, various methods have been developed to decrease the computational demand of

the model. These methods are usually either based on assumptions and approximate

solutions to fully nonlinear principal equations, or simplified equations.

3.2 One Dimensional Fully Nonlinear (CS Model)

CS model is based on the direct hydrodynamic modelling of 1D potential period surface

waves, which are described by 2D equations in Cartesian coordinates (x,z). The principal

Laplace equation for velocity potential (Eq. 3.1) and its boundary conditions (Eq. 3.2

and Eq. 3.3) at the free surface h = h (x, t) are rewritten using the nonstationary

conformal mapping in surface following coordinate system (ξ, ζ) (Chalikov and Sheinin,

1996, 2005).

φxx + φzz = 0 (3.1)

ht + hxφx − φz = 0 (3.2)

φt +
1

2

(
φ2
x + φ2

z

)
+ h+ p0 − ψhxx

(
1 + h2

x

)− 3
2 = 0 (3.3)
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Here, t is time, p0 is external surface pressure. Subscripts denote the partial derivation

with respect to those variables. Above equations are solved in the domain given in Eq.

(3.4)

−∞ < x < ∞, −H ≤ z ≤ h (x, t) (3.4)

The variables φ and h are periodic on the x-axis. Using the periodicity conditions,

conformal mapping for infinite depth can be represented by Fourier series as follows

(Chalikov, 2009)

x = ξ + x0 (τ) +
∑

−MCS≤k<MCS ,k 6=0

η−k (τ)
cosh k

(
ζ + H̃

)
sin kH̃

ϑk (ξ) (3.5)

z = ζ + η0 (τ) +
∑

−MCS≤k<MCS ,k 6=0

ηk (τ)
sinh k

(
ζ + H̃

)
sinh kH̃

ϑk (ξ) (3.6)

Here, τ is time, ηk are the coefficients of Fourier expansion for free surface, η(ξ, ζ), in

new conformal coordinates given in Eq. (3.7). MCS is the truncation number and ϑk is

the function in Eq. (3.8).

η (ξ, τ) =
∑

−MCS≤k≤MCS

ηk (τ) ϑk (ξ) (3.7)

ϑk(ξ) =

coskξ, k ≥ 0,

sinkξ, k < 0,
(3.8)

The new coordinate definitions ( ξ and ζ) are based on Fourier coefficients for surface

elevations (Chalikov and Sheinin, 1996, 2005). Based on Eqs. 3.5 and 3.6, the time

derivatives zτ and xτ for Fourier components can be as in Eq.(3.9) .

(xτ )k = (zτ )−k (3.9)

In new coordinate system, Laplace equation keeps its form due to the conformity (Eq.

3.10). The boundary conditions at the surface ζ = 0 in new coordinate system (z = η)

can be written as in Eq.(3.11) and Eq. (3.12) (Chalikov and Sheinin, 1996, 2005).

φξξ + φζζ = 0 (3.10)
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zτ = xξξg + zξf (3.11)

φτ = fφξ −
1

2
J−1

(
φ2
ξ + φ2

ζ

)
− z − p0 + σJ−

3
2 (−xξξzξ + zξξxξ) = 0 (3.12)

Here, J (Eq.3.13) is the Jacobian of the transformation, g (Eq.3.14) is an auxiliary

function and f (Eq.3.15) is a generalization of the Hilbert transform of g for k 6= 0

defined in Fourier space (Chalikov and Sheinin, 1996, 2005).

J = xξ
2 + zξ

2 = xζ
2 + zζ

2 (3.13)

g = (J−1φζ)ζ=0 (3.14)

fk = g−k, gk = −f−k (3.15)

The boundary condition assumes vanishing of vertical velocity in depth as in Eq. (3.16)

(Chalikov, 2009).

φζ (ξ, ζ → −∞, τ) = 0 (3.16)

The new form of Laplace equation (Eq. 3.10) and the boundary conditions (Eq. 3.11

and (Eq. 3.12) yield to Fourier expansion, which reduces the system to a 1D problem

(Chalikov, 2009)

φ =
∑

−MCS≤k≤MCS

φk (τ) exp (k ζ)ϑk (ξ) (3.17)

The numerical scheme used in CS model enables the consideration of high spectral reso-

lution and large wave numbers. Nevertheless, the energy flux into the truncated part of

the spectrum could cause numerical instability if not treated. Hence, a simple dissipa-

tion term is introduced by Chalikov and Sheinin (1996, 2005) to dump the accumulated

energy at large wave numbers.

∂ηk
∂τ

= Ek − µk ηk (3.18)

∂ϕk
∂τ

= Fk − µk ϕk (3.19)

with,

µk =

rM( |k|−kdM−d )2, if |k| > kd

0, otherwise
(3.20)

Here, Ek and Fk are the Fourier coefficients for the right-hand sides of Eq.(3.18) and
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Eq.(3.19) Chalikov and Sheinin (1996, 2005) state that kd should be chosen within the

interval of 0.5 to 0.9. Here, kd = 0.5 is considered and r = 0.25 as suggested by Chalikov

and Sheinin (1996, 2005). This scheme does not affect the energy at wavenumbers

|k| ≤ kd.

The new set of equations are given here in a non-dimensional form with the length

scale of L, where 2πL is a dimensional period in the horizontal axis, the time scale as

L1/2g−1/2, and the velocity potential with the scale L3/2g−1/2, where g is the acceleration

of gravity (Chalikov and Sheinin, 1996). For, detailed description of conformal mapping

transformation, please see (Chalikov and Sheinin, 1996, 2005).

3.3 Three Dimensional Fully Nonlinear (Ch Model)

Ch model has been developed specifically for the simulation of long-term multimode

wavefield evolution in deep water Chalikov et al. (2014). The approach to the problem

can be considered as an extension of a 1D fully nonlinear model of Chalikov and Sheinin

(1996, 2005), where conformal mapping transformation is used. Therefore, reduced

problems of surface equations can be solved with high accuracy using Fourier transform

(Chalikov et al., 2014). However, 3D waves are challenging to simulate since the problem

cannot be reduced only to a surface problem. To overcome that, the simulation domain

is considered as a small part of an infinitely large basin for simplification. Therefore,

periodicity could be assumed over horizontal coordinates (Chalikov et al., 2014). Given

below are the basic descriptions of the transformations of the equations to the new

coordinates.

The principal set of equations is treated in nondimensional form. Laplace equation for

velocity potential in cartesian coordinates can be written as in Eq. (3.21)

φxx + Υ2φyy + φzz = 0 (3.21)

Its non-dimensional kinematic (Eq. 3.22), and dynamic conditions (Eq. 3.23) at the free

surface are given respectively

ηt + ηxϕx + Υ2ηyϕy − φz = 0 (3.22)
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ϕt +
1

2
(ϕ2

x + Υ2ϕ2
y + φ2

z) + η + p = 0 (3.23)

Here, (x,y,z) is the cartesian system, t is time, and η(x,y,z) represents the single-valued

interface (free surface), φ is the 3D velocity potential, ϕ is a value of φ at the surface, p

is the external pressure created by the flow above the surface and normalized using the

density of water. Since the model is focused on large waves, the surface tension term is

omitted (Chalikov et al., 2014).

The eqs. (3.21) to (3.23) are written in a non-dimensional form using length scale L,

where 2πL is the dimensional period on horizontal direction, time scale is L1/2g−1/2, and

velocity potential scale L3/2g1/2, where g is the acceleration of gravity. The pressure

scale is Lg after the normalization of pressure by water density. The eqs. (3.21) to (3.23)

at p = 0 are self-similar to transformation with respect to L. It is found convenient

to introduce different length scales of L and Ly for direction x and y, since the wave

spectrum is more or less narrow. Considering that equations are solved in square domain

(0-2π), the ratio of Υ = L/Ly is included in the Eq. (3.21) (Chalikov et al., 2014).

As mentioned above, the main reason for numerical models being based on simplified

approaches, is the excessive computationally demand of the solutions in Cartesian coor-

dinates. In this model, the non-stationary surface-following non-orthogonal coordinate

system (Eq. 3.24) is introduced to deal with this problem. The considered scheme in-

creases the models’ efficiency in terms of computational cost. In this new coordinate

system, the vertical coordinate is presented for only deep-water cases. Therefore, the

difference between fix and fluctuating levels for depth becomes negligible since |H| � |η|,

where H defines the depth.

ξ = x, ϑ = y, τ = t, ζ = z− η (ξ, ϑ, τ) (3.24)

Moving a periodic wave surface can be written as a Fourier series (Eq. 3.25).

η (ξ, ϑ, τ) =
∑

−MCh<k<MCh

∑
−MChy<l<MChy

hk,lθk,l (3.25)

Here, MCh and MChy are the number of modes and θk,l is the function below
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cos(kξ + lϑ), −MChx ≤ k ≤MChx , −MChy < l < 0

cos(kξ) −MChx ≤ k ≤ 0 l = 0

sin(kξ) 0 ≤ k ≤MChy l = 0

sin(kξ + lϑ), −MChx ≤ k ≤MChx , 0 < l ≤MChy

(3.26)

Finally, differentiation of surface represented by the Fourier coefficients over coordinates

(ξ and ϑ) take their following form;

∂
∂ξ

( ∑
−MCh<k<MCh

∑
−MChy<l<MChy

Fk,l (τ) θk,l

)
= −

∑
−MCh<k<MCh

∑
−MChy<l<MChy

kF−k,−l (τ) θk,l

(3.27)

∂
∂ϑ

( ∑
−MCh<k<MCh

∑
−MChy<l<MChy

Fk,l (τ) θk,l

)
= −Υ

∑
−MCh<k<MCh

∑
−MChy<l<MChy

lF−k,−l (τ) θk,l

(3.28)

The 3D equations of the potential waves are written in the new coordinates (Eq. 3.24)

(Chalikov et al., 2014).

ητ = −ηξϕξ − ηϑϕϑ +
(
1 + η2

ξ + η2
ϑ

)
φζ (3.29)

ϕτ = −1

2

(
ϕ2
ξ + ϕ2

ϑ −
(
1 + η2

ξ + η2
ϑ

)
φ2
ζ

)
− η − p0 (3.30)

φξξ + φϑϑ + φζζ = Υ (φ) (3.31)

Here, φ is the 3D velocity potential, p0 is the external pressure, ϕ is a value of φ at

surface ζ = 0, and Υ () is the operator given below in Eq.(3.32)

Υ () = 2ηξ()ξζ + 2ηϑ()ϑζ + (ηξξ + ηϑϑ) ()ζ −
(
η2
ξ + η2

ϑ

)
()ζζ (3.32)
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The velocity potential (ϕ) can be represented as a sum of analytic (linear, ϕ̄) and

arbitrary (nonlinear,ϕ̃) components (Eq. 3.33) (Chalikov et al., 2014).

ϕ = ϕ̄+ ϕ̃, φ = φ̄+ φ̃ (3.33)

The analytic (linear) component satisfies the Laplace equation and has a known solution

in Eq. (3.34) with the boundary conditions given in Eq. (3.35).

φ̄ (ξ, ϑ, ζ) =
∑
k.l

ϕ̃k,lexp (|k| ζ) Θk,l (3.34)

ζ = 0 : φ̄ = ϕ̄

ζ → −∞ : φ̃ζ → 0
(3.35)

The nonlinear component satisfies the Eq. (3.36) and solved with the boundary condi-

tions give in Eq. (3.37). (Chalikov et al., 2014).

φ̃ξξ + φ̃ϑϑ + φ̃ζζ = Υ
(
φ̃
)

+ Υ
(
φ̄
)

(3.36)

ζ = 0 : φ̃ = 0

ζ → −∞ : φ̃ζ → 0
(3.37)

The Ch model uses the extended grid on the physical space to ensure minimum ap-

proximation error. The Fourier transform method assumes that nonlinear terms are

calculated on the extended grid NxxNy, where Nx = 4Mx and Nx = 4Mx in physical

space, the results being transformed into the Fourier space.

As in CS model similar dumping scheme at spectral tail is also introduced in Ch to

prevent energy accumulation at the truncated part of the spectrum. Dumping term

were added to the right-hand sides of Fourier form of Eq. 3.29 Eq.3.30 as follows;

∂ηk,l
∂τ

= Ek,l − µk,l ηk,l (3.38)

∂ϕk,l
∂τ

= Fk,l − µk,l ϕk,l (3.39)
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with,

µk,l =

rM( |k|−kdM−d )2, if |k| > kd

0, otherwise
(3.40)

Here, kd = 0.5 is considered and r = 0.25.

3.4 High Order Spectral Model - HOS-Ocean

In recent years, HOSM has become significantly popular in nonlinear wave modelling in

deep water waves and computational rogue wave studies due to their accuracy in higher

orders and lesser computational demand compared to its counterparts (Ducrozet et al.,

2016; Fujimoto et al., 2019; Slunyaev and Kokorina, 2020; Toffoli et al., 2008a; Xiao

et al., 2013). Based on the Zakharov equations (Zakharov, 1968) and mode coupling

approach, Dommermuth and Yue (1987) and West et al. (1987) have developed the

direct numerical approach for the computation of nonlinear waves up to an arbitrary

order m in wave steepness (Section 3.1.3). Different HOSM schemes are developed and

applied in order to investigate rogue waves (Bitner-Gregersen and Toffoli, 2012; Ducrozet

et al., 2007; Gramstad and Bitner-Gregersen, 2019; Liu and Zhang, 2019; Slunyaev and

Kokorina, 2020; Xiao et al., 2013)), modulational instability (Fernandez et al., 2014;

Toffoli et al., 2010), and nonlinear energy transfers (Tanaka, 2001) both in deep water

and in varying bathymetry (Ducrozet and Gouin, 2017).

The HOS − Ocean (Ducrozet et al., 2016) is a HOSM scheme that solves the Laplace

equation (Eq. 3.21) and its boundary conditions (Eq. 3.22 and Eq. 3.23) (using sur-

face quantities, free surface elevation z = h (x, t) and, free surface velocity potential

φ̃ (x, t) = φ (x, z = h (x, t) , t). Therefore, kinematic and dynamic boundary conditions

of the Laplace equation can be written as in new form (Eq. 3.41 and Eq. 3.42) (Dom-

mermuth and Yue, 1987; West et al., 1987).

ht + hxφ̃x −W
{

1 + hx
2
}

= 0 (3.41)

φ̃t + gh+
1

2

(
φ̃x

)2
− 1

2
W 2

{
1 + hx

2
}

= 0 (3.42)
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Here, x and z are Cartesian coordinates, t is time, and W (x, t) is the vertical velocity

at the free surface given in Eq. (3.43)

W =
∂φ

∂z
|z=h(x,t) (3.43)

HOSM approach intends to evaluate the vertical velocity at the free surface W (x, t) once

the surface elevation (η) and surface velocity potential (φ) are known (Dommermuth and

Yue, 1987; West et al., 1987). This procedure is based on a series expansion in wave

steepness (ε) up to orderm(order of approximation of nonlinearity) with φ(m) quantities

of ε(m) (Eq. 3.44) (Dommermuth and Yue, 1987; West et al., 1987).

φ (x, z, t) =
m∑

mt=1

φ(mt) (x, z, t) (3.44)

Using the Taylor series expansion around z=0 and collection terms at each order, the

system of φ(m)can be written as in Eq. (3.45) (Dommermuth and Yue, 1987; West et al.,

1987).

φ(1) (x, 0, t) = φ̃ (x, t) ,

φ(mt) (x, 0, t) = −
mt−1∑
k=1

hk

k!

∂k

∂zk
φ(mo−k) (x, 0, t) (mt = 2, 3 . . . .,m)

(3.45)

Similar expansion is also applied on vertical velocity and solved iteratively, which finally

takes its form in Eq. (3.46) (Dommermuth and Yue, 1987; West et al., 1987).

W (x, t) =

M∑
m=1

W (m) (x, z, t) (3.46)

In HOSM, nonlinear part of free surface boundary conditions is treated and solved as

an individual problem, not as an adjustment to the linear solution. The linear part of

the system is analytically integrated. Nonlinear evolution of the system is numerically

calculated using an efficient fourth-order Runge-Kutta Cash-Karp scheme with a pre-

defined tolerance in the range of [10−510−7] (Ducrozet et al., 2016). The adaptive time
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step is automatically chosen in HOS −Ocean according to the selected tolerance limit.

Relaxation period is another aspect that needs to be considered in HOSM since the

definition of initial linear wavefields for nonlinear computations can lead to numerical

instabilities (Ducrozet et al., 2016). A relaxation period of 10 peak period is introduced

to allow a smooth transition.

3.5 Comparison of The Numerical Models

The direct hydrodynamic numerical modelling of theoretical 1D potential surface waves

is possible by using nonstationary conformal mapping (CS model, see section 3.2). CS

model is an exact fully nonlinear model which has been tested with a wide variety of

applications from the monochromatic wave trains to more complex conditions such as

waves with extreme steepness, bichromatic waves with very close wavenumbers and the

simulation of full spectrum. Model results are validated against the known solutions

and compared against the results with various horizontal resolutions (Chalikov, 2016).

Three-dimensional Ch model (3.3) is different than one-dimensional Ch model(3.2), since

same unidirectional approach cannot be directly applied to complex 3D waves. Never-

theless, numerical schemes have certain similarities (sections 3.2 - 3.3) both approaches.

Hence, the discussions given here are mostly based on the differences between the 3D

models, in other words Chalikov et al. (2014) approach and the HOSM approach (Dom-

mermuth and Yue, 1987; Ducrozet et al., 2016; West et al., 1987).

HOSM approach has been widely used for the numerical investigation of rogue wave

studies (Bitner-Gregersen and Toffoli, 2012; Ducrozet et al., 2007; Ducrozet et al., 2016;

Fujimoto et al., 2019; Gramstad and Bitner-Gregersen, 2019; Kokorina and Slunyaev,

2019; Liu and Zhang, 2019; Sergeeva and Slunyaev, 2013; Slunyaev et al., 2016; Xiao

et al., 2013) due to its accuracy and lesser computational demand compared to its

counterparts. Nevertheless, HOSM is not a fully nonlinear approach. The modeling

scheme provides an approximate solution depending on the selected order. Typically

selected orders of m=3-5 allows the demonstration of deep-water four-wave interactions

and Benjamin-Feir instability (Slunyaev and Kokorina, 2019). Such orderof solution

is usually satisfactory for small-amplitude waves and narrow wave spectrum (Sanina
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et al., 2016). However, the applicability of the HOSM approach for a relatively broad-

banded spectrum is not well clarified (Chalikov, 2016). Chalikov (2016) states that if

the selected order was not sufficient, HOSM ability to reproduce high-frequency waves

decreased, reducing the nonlinearity of the model. Meanwhile, selecting higher orders of

solution (m=10-15) require substantially increased computational power whilst numeri-

cal instability is more likely due to occasional amplification of high wavenumber modes

(Chalikov, 2016).

The models consider similar approaches for solving the velocity potential; however, they

show differences in the application and used methods. In both directional models, ve-

locity potential is represented as a sum of analytical and nonlinear components, and the

linear (analytic) part is integrated using the known analytical solution. Meanwhile, the

nonlinear components of the velocity potential are obtained iteratively. Decoupling of

the governing equation into its linear and nonlinear parts brings significant advantage

in terms of relative accuracy of the nonlinear part and computational time (Chalikov

and Babanin, 2014; Chalikov et al., 2014; Slunyaev and Kokorina, 2019). The linear

component of the velocity potential is typically greater than the nonlinear component

by two orders of magnitude. Therefore, the decoupling enables us to use larger time

steps and reduces the number of iterations, hence increases the computational speed.

HOS-Ocean is a pseudo-spectral method (Ducrozet et al., 2016) in which nonlinear

terms are treated in the physical space (vertical surface velocity) while others treated in

spectral space. Transformations between the spectral and physical space are efficiently

conducted with the use of the Fast Fourier Transform (FFT) algorithm (West et al.,

1987). Nevertheless, aliasing error is also inevitable during this transformation due to

Fourier modes above the Nyquist frequency. Aliasing is a common problem for HOSM

and other spectral atmospheric/ocean models, i.e. models which use the Fourier Trans-

form. Ducrozet et al. (2016) use zero-padding on the spectral space to deal with the

problem. Here, full dealiasing is applied as suggested by Ducrozet et al. (2016). The

number of points chosen in physical space in order to remove aliasing error is deter-

mined by “half rule” which was originally used by West et al. (1987). In Ch model, all

nonlinear terms are calculated on the extended grid on physical space, where number

of grids points are eight times higher than the number of Fourier modes considered.

The aliasing problem is restrained with the consideration of extended grid space. This

extension allows us to calculate the quadratic nonlinearities with high accuracy.
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Wave breaking is a crucial physical process which has a significant effect on extreme wave

statistics (Babanin, 2013; Slunyaev and Kokorina, 2019). However, the wave breaking

is one of the most complex phenomena in fluid mechanics due to its rapid progress,

random nature and two-phase physics (bubbles, spray) (Babanin, 2011a; Babanin et al.,

2010). In order to consider the breaking process, the breaking onset should be identified,

then the energy dissipation due to breaking process should be accounted for. Neither

Ch nor HOS-Ocean models can explicitly simulate the breaking-in-progress waves as

both models describe the free surface as single-valued function. Ch model terminates

when the surface is no longer single-valued due to breaking instability, i.e. surface

becomes vertical in some point (we note that the model can actually simulate this point

and even past the vertical surface, but the water would not go back over the vertical

again, and hence the breaking is inevitable).Chalikov and Babanin (2012) stated that

no dynamical and geometrical characteristics (steepness, wave height, asymmetry) could

be used as a clear predictor of breaking. Thus, it is logical to characterize the breaking

onset by appearance of a non-single value of surface. The Ch model breaking onset

was compared against several laboratory experiments (Babanin et al., 2010; Galchenko

et al., 2010), and the model results showed good agreement with measured data. In

HOS-Ocean, simulation is terminated when the surface gets too steep due to numerical

instability, and the termination point is also associated with the wave breaking onset.

The model’s skill to predict the breaking onset is directly based on its ability to simulate

near-breaking conditions.

The parameterization of breaking dissipation is left out of the scope of this study. Even

though there are robust approaches available for both models (Chalikov et al., 2014;

Seiffert and Ducrozet, 2018), any parametrization would alter the free wave statistics.

Besides, these efforts are usually validated with laboratory models which are not always

fully applicable to the ocean scale. Moreover, wave heights and steepness to decrease

as a result of breaking dissipation; hence, it is not crucial for rogue wave occurrence

probability. Here, we note that wave statistics given in this study are obtained until the

termination of simulations due to breaking onset.



Chapter 4

Probabilistic Assessment of

Rogue Wave Occurrence in

Unidirectional JONSWAP Sea

States

Here, probability of rogue wave occurrence due to modulational instability in unidirec-

tional sea states, described by the JONSWAP spectrum, is investigated. This investi-

gation has been conducted based on the quantitative indicators of Benjamin-Feir index

(BFI), Π-index and kurtosis estimated from spectrum, which are used to represent in-

stability in wave trains. Evolution of wave-fields is simulated using the fully nonlinear

phase-resolving numerical model of Chalikov-Sheinin (CS) and the high order spectral

model of HOS-Ocean (given in section 3.2-3.4). Effects of the high-frequency end (tail) of

the spectrum on modulational instability and rogue wave occurrence are also discussed,

considering four different tail lengths.

4.1 Introduction

In this theoretical exercise, we aim to determine the practical stability conditions based

on the shape of the unidirectional spectrum and justify the effect of the various factors

or parameters on the occurrence of extreme events in unstable wave fields. Accordingly,

43
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the relation between short term wave statistics and the spectral characteristics such as

steepness, bandwidth and tail length, and the physical properties such as high-frequency

modulation, are investigated rigorously.

The evolution of the free surface is simulated using the 1D fully nonlinear CS model

developed by Chalikov and Sheinin (1996, 2005) and HOSM based HOS-Ocean model

developed by Ducrozet et al. (2016). The basis of the HOSM is the expansion of surface

potential into Taylor series, where the accuracy of the method is dependent to the order

this expansion. The common approach is to use the HOSM with a typical order of

solution 3-5. Nevertheless, the applicability of the HOSM approach for broad wave

spectrum is criticised by Chalikov (2016) stating that the order of Taylor series should

have been significantly larger to reproduce high-frequency waves (see section 3.5 for

discussions). Therefore, here we consider the CS model and HOSM numerical schemes

to demonstrate the effect of high-frequency waves on stability and to test the model

ability. Therefore, here our rigorous assessment of the CS model and HOSM enables us

to identify potential shortcomings related to the phase resolving models.

In addition, this chapter also includes discussions of the limiting effect of wave breaking

on wave growth and wave statistics. Since limits of wave growth due to breaking is a sig-

nificantly important aspect of rogue wave studies, it should be handled with uppermost

care. Numerical modelling of wave breaking is one of the most difficult and challeng-

ing physical phenomena of ocean waves, and its impacts on rogue waves are essential

(Slunyaev and Kokorina, 2019). Numerical instability caused by breaking has a physical

nature and can be eliminated by using algorithms that parameterize breaking (Chalikov,

2016). The typical approach to determine wave breaking energy dissipation is based on

introducing a viscous diffusion term (Liu and Zhang, 2019; Seiffert and Ducrozet, 2018)

using the eddy viscosity term by Tian et al. (2012). However, such algorithms have

not been applied here as they affect the statistics of free waves (Chalikov, 2016) and

potentially introduce another uncertainty in the results. Here, the statistics are taken

until the breaking onset. Therefore, testing the model ability to simulate waves that are

close to breaking onset is of great importance as well as the general application of phase

resolving models.

One of the novel points here is the further investigation of the effect of spectrum tail

length on modulational instability and rogue wave occurrence in JONSWAP sea states.
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The modulations at the high-frequency tail have a significant impact on the stability of

the wave-field (Gramstad, 2017) and correspondingly on the breaking process (Babanin

et al., 2011a; Babanin et al., 2010). Hence, information on spectrum tail is essential

for the investigation on the occurrence of rogue waves and the statistics of the wave

field (Babanin et al., 2011a; Babanin et al., 2010). Moreover, Gramstad (2017) shows

that broader spectrum bandwidth definition provided a better parametrization of the

unstable growth rate due to modulational instability. Here, we demonstrate the impact

of high-frequency modes on the evolution of the free surface by simulating the JONSWAP

spectrum with various tail lengths and with fully nonlinear CS model.

4.2 Initial Conditions and Model Configurations

Here, the details of the implemented configurations and the initial conditions considered

in numerical simulations are given. JONSWAP spectrum is used for the definition of

irregular wave-field in both models. Initial sea state is defined using amplitude values

for each mode obtained from the JONSWAP spectrum and randomly assigned initial

phases. In the CS model, Fourier coefficients of free surface η(x) are defined as in 4.1

(Chalikov, 2009);

|hk| = (2S (k))
1
2

ηk = |hk| sin (ϕ)

η−k = |hk| cos (ϕ)

k = 1, 2, 3. . . , km

(4.1)

Here, |hk| is the amplitude at kth mode and ηk and η−k are Fourier coefficients in the

Cartesian coordinates. Phases of modes (ϕ) are assigned with a random number so that

they are uniformly distributed in the interval (0-2Π). In 4.1, S(k) is the JONSWAP
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spectrum as a function of wavenumber Eq. (4.2)

S (ω) = αjHs
2ωp

4ω−5 exp
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4

(
ω

ωp

)−4
]
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exp

[
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]
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2k1
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)−2
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√
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2σ2kp

]
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σ =

 σa = 0.007, ω ≤ ωp or k ≤ kp

σb = 0.009, ω > ωp or k > kp


(4.2)

where α is Philips parameter (energy scale) and γ is peak enhancement factor. ω and

ωp are the angular frequency and angular peak frequency, k and kp are the wavenumber

and peak wavenumber. HOS-Ocean defines the amplitude of each component similar to

the CS model based on the JONSWAP spectrum with randomly assigned phase values

distributed over the range [0 2π] (Ducrozet et al., 2016). Nevertheless, Ducrozet et al.

(2016) have considered the frequency version of the JONSWAP spectrum given in Eq.

(4.2) Note that, αj in 4.2 is not equal to α, and calculated according to Hs.

h (x, t) =
∑
m

Bh
m (t = 0) exp (ikmx) (4.3)

In this chapter, both models have been applied for the long-term simulations of the evo-

lution of one-dimensional wave fields. Nevertheless, termination of runs due to breaking

onset have occurred quite often in CS model, especially for sea states with high ini-

tial steepness. Only cases with initial integral steepness (s in Eq. 4.4), which is used

to explain the ‘Lifetime of Waves’, less than 0.11 (smallest corresponding values of

ε = aok0 = 0.07) were able to finish a full run (Chalikov and Sheinin, 2005) without

termination due to breaking onset. When s is in the order of 0.20 (∼= ε > 0.12) termina-

tion due to breaking onset takes place in less than one peak period of waves (Chalikov,

2007).

s ∼=
(
∫M
0 k2S (k) dk

)1/2
(4.4)

On the other hand, such termination of runs due to numerical instability happens very

rarely and only occurred when extremely high initial steepness (ε > 0.10 approximately
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corresponds to s > 0.14) is introduced in HOS-Ocean. A threshold limit for the sea

surface is included in the model to prevent any unrealistic sea states. The default value

of the threshold is kept as four times the significant wave height. However, terminations

that are due to excessive growth of surface elevation caused by numerical instability

happens instantaneously (in one-time step) at great scales (surface height suddenly reach

up to 102 - 103 fold of its value). Therefore, changing the threshold would not affect the

time step of the termination.

Initial sea surface is controlled by spectral shape parameters (α and γ) and random

initial phases. Shape parameters, α and γ, vary within the intervals of 0.001-0.020 and

1.00-7.00, respectively. The incremental step size for α is chosen as 0.001 and 0.1 for γ

in the corresponding intervals. Set of nearly 1250 different cases are compared between

both models. Moreover, to test the impact of tail length on the probability of rogue

wave occurrence, JONSWAP sea states are simulated with four different spectral tail

lengths which are chosen according to the ratio of cut off frequency to the peak of the

spectrum (kcut/kp) as 3.5, 5.0, 6.5, 8.0. Simulations with different tail lengths are carried

out using only fully nonlinear CS model, which corresponds to additional ∼3750 cases.

In the CS model, high wavenumber end of the spectral space has been set as 100 times

the peak wavenumber of the spectrum (kend/kp=100). Hence, very high wavenumbers

are also considered. A large number of modes (MCS = 2000) and the specification of the

location of spectral peak provides sufficient resolution and abounding length of spectral

space for simulations in the CS model. Therefore, higher wave frequency modes are

considered in the simulations; even though the initial spectra tails have been cut at

kcut/kp = 5. Simulation duration has been set approximately to 350 periods of peak

waves (with respect to used kp and time stepping). In order to include the effect of the

random initial phase, at least 50 realizations are simulated for each case. Termination of

runs due to the early breaking of waves have made it challenging to obtain enough data

for cases with comparably higher initial steepness (extreme α and γ values). Therefore,

the number of realizations for highly steep cases have reached up to 600.

In HOS-Ocean model, the resolution is chosen as NHOS = 2048 for the unidirectional

simulations after various trials with other resolutions(NHOS = 512, 1024, 4096). The

duration of HOS-Ocean simulations is selected as 310 Tp (the first ten periods are the

relaxation periods), so that simulations are statistically compatible with the CS model.
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The duration is long enough to represent the slow growth of the waves with moderately

small steepness (T = ε−2 wave periods, Slunyaev and Kokorina (2019)) and the rogue

wave lifetimes. Sergeeva and Slunyaev (2013) and Slunyaev et al. (2016) stated that the

deep-water rogue wave lifetimes in numerical simulations could reach 60 wave periods.

The initial spectral is also cut at kcut/kp=5 and kend/kp ratio corresponds to 20 when

the given settings are chosen. The full dealiasing is used as suggested by Ducrozet

et al. (2016). The number of realizations for HOS-Ocean model varies between 50-100

depending on the steepness of the initial cases. The simulation domain length is selected

as 50 peak wavelengths.

4.3 Statistical Properties of the Surface Elevation

4.3.1 Numerical Model Results of CS Model vs. HOS-Ocean Model

Here, both HOS-Ocean and CS model results are presented using dimensionless crest

height, the ratio of surface elevation to significant wave height (η /Hs). The rogue wave

occurrence probability (PRW , hereafter) of each case is calculated as the ratio of the

number of rogue wave occurrences for all realisations over the number of waves for all

realisations. In Figs. 4.1-4.4 and Figs. 4.10-4.11, blue triangles represent CS model

results while green circles represent HOS-Ocean model with m = 5. Each point stands

for a different parameterization controlled by shape variables α and γ of the JONSWAP

spectrum. Correlation between the selected indicator parameters and PRW obtained

from both numerical models are presented in Figs. 4.1-4.3, where the cyan line represents

rogue waves probability according to the Rayleigh distribution (which is same for all

cases), while grey hatched part represents all Forristall (2000) distributions with all the

different configurations. The red line represents the probability of 10−3 (one Rogue wave

for every 1000 waves) which will be referred to the high-risk part in terms of rogue wave

occurrence. The rogue formation has been observed in almost all cases except for low

steepness and extremely high steepness cases in the CS model. Furthermore, PRW for

the majority the cases exceed their corresponding Forristall (2000) distributions (Fig.

4.1), so that rogue waves occur more frequently than the estimates provided by second-

order correction for most of the cases. These findings support Babanin and Rogers
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(2014) that, second-order corrections to the crest distributions are not representative of

the unstable unidirectional wave trains.

Maximum normalized crest heights (Crmax/Hs) are obtained from simulations varying

between 1.1 to 2.1 for CS and 1.15 to 2.60 for HOS-Ocean. The wave growth and maxi-

mum height of crest are physically limited by the wave breaking (Babanin, 2013; Babanin

et al., 2007, 2010).The maximal possible relative crest heights using amplitude (η /a0)

is estimated to be approximately 3.5 (Babanin et al., 2010, 2011c), which corresponds

to 1.75 for η/Hs (a0 is the half of significant wave height) in case of monochromatic lab-

oratory waves. Therefore, upper limits of dimensionless crest height (η /Hs) obtained

from both models are unrealistic. This behaviour can be associated with the model’s

performance to simulate breaking onset. It can be interpreted from the number of ex-

tra ordinary occurrences in HOS-Ocean, the breaking limiter used in HOS-Ocean is not

quite successful in terms of preventing waves from growing unrealistically high. On the

other hand, CS model performance is found to be more successful in terms of limiting the

wave height through the breaking, compared to HOS-Ocean. Here, it should be noted

that compared laboratory experiments based on monochromatic waves while simulation

carried out using JONSWAP spectrum.

In general, three different trends are observed between the indicator parameters and

PRW , which are found to be mutual between the two models for all indicators except

bound kurtosis. The first trend is associated with low indicator and steepness values

(BFI < 0.35 , BFI0.2 < 1.5 and Π < 0.2), where a rapid increase in probability levels

are observed with an increase of indicator values. Increase in steepness signifies the

increasing nonlinearity. Hereby, the second-order distributions perform well, and prob-

abilities of rogue wave occurrence usually do not exceed 2e-4. The accordance between

the two models is significantly high. The second trend mainly belongs to cases with

moderate steepness or low steepness but narrower bandwidths, where crest distributions

start to deviate from second-order distribution, obviously due to high order interactions.

Probabilities obtained from both models reach and occasionally exceed 1 in 1000 waves.

In this part, modulational instability can take place mainly due to increased steepness

and also due to narrowing of spectral bandwidth. The CS model estimates higher prob-

abilities than HOS-Ocean (Fig. 4.1, 1st column), especially for the cases with high γ

values. In general, both model results show parallel trends of PRW compared to each

other for the first two parts. In the final part, which corresponds to extremely steep sea
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Figure 4.1: 1st column represents the Probability of Rogue Wave Occurrence (PRW )
vs. Indicator parameters 2nd column represent the bin averaged PRW vs. Indicator
parameters. Rows, A, B, C, D, E corresponds to decision criterion, BFI, BFI0.2 Π,
kurtosis 1 (κ4 = 3 + κ4

(bound)), and kurtosis 2 ( κ4 = 3 + κ4
(dyn)), respectively

states (ε > 0.12 ) with narrow spectral bandwidth (both high γ a and α values), the dif-

ferent behaviour of numerical models becomes apparent. The conspicuous behaviour of

the HOS-ocean model is such that, results do not significantly vary with changes of the

indicator parameters, while its probabilities are steady after BFI > 0.35 and Π > 0.2.

Meanwhile, in the CS results, notable increasing and decreasing trends arise concerning

changes of indicator parameters and probability, whilst probability levels become less

scattered. PRW decreases substantially with increasing values of indicator parameters

in the CS model, which can be explained by breaking of waves due to high nonlinear-

ity. Some cases were not even able to run past ten peak period duration with the CS

model due to early breaking. Similarly, early terminations due to breaking onset also
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Figure 4.2: 1st column represents the Maximal Non-dimensional Crest Height per
parametrization vs. Indicator parameters, 2nd column represents the bin averaged
Maximal Non-dimensional Crest Height vs. Indicator parameters. Rows, A, B, C, D,
E corresponds to decision criterion, BFI, BFI0.2 Π, kurtosis 1 (κ4 = 3 + κ4

(bound)),
and kurtosis 2 ( κ4 = 3 + κ4

(dyn)), respectively

frequently observed in HOS-ocean model. Nevertheless, for highly nonlinear sea states,

breaking onset does not happen as early and as frequent as the CS model due to scheme

difference in HOS-Ocean approach. Besides the difference in breaking onset definitions,

consideration of longer spectral tail in CS model is also responsible for the more frequent

early termination. Inclusion of high wave numbers in CS simulation increases the chance

of wave breaking.

Changes of maximal non-dimensional crest height against indicator parameters are par-

allel to changes of PRW as in Fig. 4.1. Similar increasing and decreasing trends (affected

by the nonlinearity of the surface) are also observed between maximal normalized crest
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heights and indicator parameters. Model results agree well except for the high values

of indicator parameters (BFI > 1.0, BFI0.2 > 3.5, Π > 0.54, κ4
(bound) > 0.07 and

κ4
(dyn) > 4) (Fig. 4.2). The impact of modulational instability on rogue wave formation

can be indicated with the correlation observed between PRW and selected parameters.

Moreover, the stability of the JONSWAP spectrum in short wave modulations can also

be interpreted using the spectral parameters.

PRW does not show significant variance or any behavioural difference among the different

selection criteria, i.e., BFI, BFI0.2 and Π . However, the interdependence of kurtosis

and the occurrence of extreme events slightly differ from other indicator parameters. For

the kurtosis parameter that is only with bound wave contribution, rogue wave occurrence

is significantly less scattered, especially when it is smaller than 3.05, which is a very

convenient representation of the effects of bound waves on the extreme wave occurrence.

Nevertheless, bound part of kurtosis gets more scattered towards extreme steepness

values where higher-order interactions and breaking also become effective in terms of

rogue wave occurrence. The dynamic contributor of kurtosis does not show a good

conformity PRW , especially with when BFI is small. The correlation does not increase

towards higher values even though the scatter decreases. Moreover, bin averaged PRW

values (Fig. 4.2 2E) and bin averaged maximal crest heights (Fig. 4.2. 2E) are observed

to be decreasing with increasing κ4
(dyn). This condition does not indicate that free

wave modulation is not correlated with rogue wave occurrence, but only shows that, the

considered κ4
(dyn) definition is not appropriate for practical determination of PRW . The

reduction of PRW is also a result of high order effects which leads waves to become more

prone to breaking, and that limits the wave growth. Even though PRW decreases for

large values of κ4
(dyn), formation of rogue waves due to modulational instability is still

commonly observed.

The effect of steepness and bandwidth on PRW are also investigated separately in Fig.

4.3. Steepness behaviour (Fig. 4.3. 2A) is found to be highly similar to the (BFI and Π

indicators, meaning that the steepness dominates the behaviour of the indicators. Band-

width appears to be more subsidiary parameter in definition, even though narrowing of

the spectral bandwidth enhances the PRW .

One of the aims here is to define practical threshold values of indicator parameters which

indicates increased PRW . Both BFI’s (BFI > 1.0 ; Janssen (2003)) and Π’s (Π > 0.54,
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Figure 4.3: 1st column represents the Probability of Rogue Wave Occurrence (PRW )
vs. Indicator parameters, 2nd column represents the bin averaged PRW vs. Indicator
parameters. Rows, A, B, C, corresponds to parameter, steepness, bandwidth, band-
width used in BFI0.2), respectively

Gramstad (2017) and Ribal et al. (2013)) theoretical stability limits for modulational

instability do not show full conformity with the PRW obtained from both models. Nev-

ertheless, those theoretical limits are associated with modulational instability, and not

the rogue wave occurrence. Rogue wave formation can take place due to different mech-

anisms, and modulational instability does not always lead to rogue wave occurrence.

Therefore, the connection between indicator parameters and PRW is not straightfor-

ward. Defining a strict threshold value of any indicator to point out significant PRW

would not be precise. This argument can be supported with the numerical model re-

sults here showing that no strict threshold value can be determined for any indicator

parameters (Fig. 4.1).

However, the probability of the occurrence of rogue waves significantly decreases when

BFI < 0.35 and Π < 0.2. The stability limit calculated from Alber equation for Π <
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Figure 4.4: Crest Distribution of the cases with low, medium, high, extremely high
BFI and Π values. BFI & Π values of Cases a, b, c, d are equal to 0.21 & 0.12, 0.69
& 0.35, 1.03 & 0.54, 1.54 & 0.86, respectively

0.54 (or Π < 0.77 with steepness definition as given in Gramstad (2017)) appears to be

too strict which is implied in Gramstad (2017). The similar implication is also true for

commonly used stability limit of BFI < 1.

In Fig. 4.4 , four different cases are selected for further representation of the perfor-

mance of second-order crest distribution functions and the impact of breaking on crest

distribution for highly nonlinear cases. In Fig. 4.4(a) represents the general behaviour

of cases with very low steepness, BFI and Π values. Here, Tayfun (1980) and Forristall

(2000) distributions provide a good estimation to model data, which are also located

close to Rayleigh distribution due to low steepness. Deviations from the second-order

distributions become significant for (b) and (c) of Fig. 4.4, which indicates the ef-

fect of higher-order nonlinearity. The extreme wave statistics of long-crested waves is

underestimated by one order of magnitude compared to second-order corrections (Fig.

4.4 b and c). This difference is due to disregarded high order effects (Onorato et al.,

2009b). In Fig. 4.4(d), the effect of high nonlinearity and breaking on the existence

of extreme waves can be observed. Both models deviate from given distributions in
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Fig. 4.4 up to η/Hs ≈ 1.0. However, this deviation attenuates in the CS model due

to the waves reaching breaking onset. The CS distribution curve falls towards Forristall

(2000) and Tayfun (1980) distribution and gets very close to second-order guesses. Here,

PRW approximately coincides to 1e-4 for the CS model.

On the other hand, deviation from the second-order is still present for HOS-Ocean

model, PRW are usually 4-5 times higher than second-order guesses. Such deviation is

found to be unrealistic when simulation results are compared to the laboratory results

of Onorato et al. (2009b) for the nonlinear JONSWAP sea states. Nevertheless, a de-

crease in the deviation from the second-order distributions is observed experimentally

for unidirectional waves in Onorato et al. (2009b), numerically in Socquet-Juglard et al.

(2005). This behaviour can be associated with the effect of high order interactions on

spectral evolution in high steepness sea states. It is known that third-order resonant

interactions can be responsible for local and rapid spectral changes which affect the crest

height statistics (Gibson and Swan, 2007).

Finally, for a better understanding of the stability of the JONSWAP spectrum, the dif-

ference caused due to different models, and the practical use of simulation results in

terms of the JONSWAP shape parameters, PRW are also presented on α − γ planes

(Fig. 4.5). Modulational instability of JONSWAP spectra is calculated by Onorato

et al. (2003) and Gramstad (2017) based on different approaches and solvers. Marginal

stability limits are presented in α−γ plane of our probability results (Fig. 4.5). Stability

limit of Onorato et al. (2003) is found to be more conservative compared to Gramstad

(2017) stability limits (Π = 0.54 line on α − γ plane). Even though obtained results

shows resemblance, probability level does not show full compatibility with stability lev-

els. High levels of PRW are also observed in Fig. 4.5 before reaching to stability limits.

This situation proves that, rogue wave formation could be the result of a different mech-

anism. Neither modulational instability nor any other mechanisms should be solely held

responsible for rogue wave formation.

In CS runs, the initial location of the peak wave number is always constant meaning that

the spectral bandwidth is only affected by the changes in γ while steepness is affected

by the changes in both α and γ. As shown in our results (Figs. 4.4 and 4.5) increase in

γ enhances rogue wave occurrence probability as expected. Meanwhile, the steepness is
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Figure 4.5: α − γ planes for rogue wave occurrence probability CS model (a), HOS-
Ocean (b)

more sensitive to changes in α, which initiates breaking after certain values. Therefore,

low rogue wave occurrence is observed for high values of α (α > 0.13).

The difference in models’ responses can also be observed from α − γ planes (Fig. 4.5).

Obvious increases and decreases in PRW can be seen for CS model according to varying

α and γ (Fig. 4.5a). Meanwhile, HOS-Ocean (Fig. 4.5(b)) has shown a homogeneous

distribution of PRW which is in accordance with the unvarying trend observed for PRW

in Fig. 4.1.
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4.3.2 HOS-Ocean Model Sensitivity

The HOS-ocean simulations have been compiled with varying orders of the solution

between m = 2− 5 to investigate the impact of higher-order solutions on statistics. The

sensitivity of the HOSM model to the different resolutions is also investigated here by

considering different number of modes (NHOS = 512, 1024, 4096). For all the other

settings default configurations of the HOS-Ocean are kept.

High order simulations (m ≥ 3) has returned consistent PRW and the maximal crest

height compared to CS model results. Meanwhile, m = 2 simulations have failed to

represent the increasing PRW with increasing BFI (Figs. 4.6 and 4.7) and have returned

unrealistic maximum crest height values for many cases. These findings are in accordance

with other studies where high order effect have a significant effect on PRW (Babanin and

Rogers, 2014; Mori and Yasuda, 2002; Toffoli et al., 2008a). Mori and Yasuda (2002)

stated that after series of similar HOSM tests with different order, high order nonlinear

interactions could transfer energy aiming the Fourier modes and could excite chaotic

mode elevation which results in as the increased probability of occurrence of large wave

heights. Fujimoto et al. (2019) have also shown that the growth rate of modulational

instability is faster when higher-order solutions are considered rather than second order

solution. No significant difference among the high order cases (m ≥ 3) is observed from

the statistical point of view (Fig. 4.6). Only, PRW for m = 4 are found to be slightly

smaller compared m = 3 and m = 5. The spectral resolution of HOS-Ocean model

can have a very significant effect on extreme statistics and surface parameters such

as kurtosis for narrow and unidirectional conditions (Toffoli et al., 2010). In order to

observe the sensitivity of the HOS-Ocean model, runs repeated with different resolutions

of 4096, 1024 and 512 modes besides the used 2048 modes configurations. The scatter

plots of the resolution comparisons (Fig. 4.9) and the PRW vs. BFI index (Fig. 4.8)

are given.

The changes of resolution significantly affect the rogue wave probabilities, especially for

the cases with moderate to high BFI values which also corresponds to higher steepness.

The behaviour of NHOS=512, 1024, 2048 resembles to CS model until BFI =0.85.

However, PRW for NHOS=512 & NHOS=1024 and the corresponding maximum crest

heights keep increasing with higher BFI and nonlinearity (Fig. 4.8). Decrease in PRW

due to high nonlinearity as BFI gets larger (as discussed in section 4.1) comes much
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Figure 4.6: Probability of Rogue wave occurrence, PRW , (row A) and Maximal Nondi-
mensional Crest Height per parametrization (row B) vs. BFI graphs with HOS-Ocean
simulations using order of solution m = 2, m = 3, m = 4, m = 5 and CS model

Figure 4.7: Scatter diagrams of HOS-Ocean simulations with the different order of
solution with respect to m = 5), (a) m=5 vs. m=2, (b) m=5 vs. m=3, (c) m=5 vs.
m=4

later for NHOS=512& 1024 compared to CS and NHOS=2048. This means that wave

growth continues further without being interrupted by breaking as in the CS model which

increases the inconsistency between results further for higher values of PRW (Fig. 4.9).

Therefore, the coarser versions of HOS-Ocean simulations are found to be consistent and

reasonable for small values of BFI and Π. Nevertheless, continuous growth of waves with

the absence of breaking in high steepness cases are found to be unrealistic. On the other

hand, quite stable PRW is observed for the cases with higher resolution (NHOS=4096),

where PRW does not significantly fluctuate after BFI > 0.35 and never reaches higher
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Figure 4.8: Probability of Rogue wave occurrence, PRW , (row A) and Maximal
Nondimensional Crest Height per parametrization (row B) vs. BFI graphs with HOS-
Ocean simulations using order resolution of NHOS=512, NHOS=1024, NHOS=2048,
NHOS=4096 and CS model

Figure 4.9: Scatter diagrams of HOS-Ocean simulations with the different resolu-
tions with respect to NHOS=2048; (a) NHOS = 2048vs.NHOS = 512, (b)NHOS =
2048vs.NHOS = 1024, (c)NHOS = 2048vs.NHOS = 4096

values as in other configurations. The invariance of PRW for vastly different JONSWAP

spectrum is also interpreted as unrealistic behaviour.

4.4 Effects of Spectral Tail Length

BFI for continuous spectra is introduced by analogy (Janssen, 2003; Onorato et al.,

2001) where the choice of the bandwidth is flexible and does not have strict analytical
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Figure 4.10: Indicator Parameters vs Rogue Wave Occurrence Probability with re-
spect to different tail length (BFI (a), BFI0.2 (b), Π, (c))- all cases are simulated with
the CS model

constraints. Usually, some property of the spectrum peak width is employed for this pur-

pose; therefore, bandwidth definition is heavily related to the spectral peak. However,

Gramstad (2017) has shown that wider spectral bandwidth (up to a certain width) rep-

resents the unstable growth rate better than the standard “half-width at half-maximum”

bandwidth definition. Therefore, information on the tail of the spectrum is also crucial

for the investigation of the stability of the sea state. In this part, the impact of tail

length of JONSWAP spectrum on PRW and its correlation with indicator parameters

(BFI, BFIr and Π) are examined using only CS model.

Highly similar trends with small discrepancies are observed among the selected indicators

(Fig. 4.10). Although the differences are mostly indistinguishable among cases with

different tail lengths here, it is clear, however, that cases associated with high rogue

wave probabilities with the shortest tail (green dots) have resulted in slightly higher

PRW values. This result contradicts with our initial assumptions; hence, the presence

of high-frequency modes in spectra is expected to contribute to rogue wave occurrence.

It is observed here that, however, adverse effect of increasing tail length on rogue wave

probability is present, regardless of the indicator parameter.
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This adverse behaviour between PRW and nonlinearity could be better represented with

the relationship between initial spectral steepness (ε) and PRW . Histogram plot of

steepness (bin width of 0.01) and corresponding average rogue wave probabilities for

each tail lengths are given in Fig. 4.11. The common behaviour observed for all tail

lengths is such that, average PRW increases with increasing steepness until reaching

its maximum (turning point). PRW demonstrates a decreasing trend with a further

increase of steepness, where high nonlinearity causes waves reach breaking onset earlier.

Nonlinearity works in a paradoxical way (Chalikov, 2009) that it can either enhances

the PRW by increasing the wave-wave interactions (before turning point) or it works as

a limiting factor to the wave growth which would eventually result in a decrease of the

PRW (after turning point).

The main difference among varying tail lengths stands out as the location of this turning

point (Kirezci and Babanin, 2019). PRW values of the longest tailed spectra are observed

to start decreasing at a smaller steepness (Fig. 4.11), similar to the indicator parameters

(Fig. 4.10). The following decrease in PRW has been observed for the spectra with the

relatively shorter tail until finally, the shortest tail reaches its turning point (Figs. 4.10

and 4.11). In simulations, this behaviour corresponds to longer survival time for the

spectra with the shortest tail before breaking. This argument is also related to the

higher probabilities of rogue wave occurrence. Discrepancies among probability levels

due to different tail lengths become more distinct at higher steepness after ε > 0.11.

It is stated by Christou et al. (2008) that, increase in nonlinearity results in an increase in

high-frequency amplitudes. Moreover, Chalikov and Babanin (2012) showed that short

waves were effective on breaking when unidirectional full-spectrum was considered. Here,

simulation results with various tail lengths also validate the presence of high-frequency

mode contribution to wave breaking. Furthermore, the same mechanism also affects

extreme wave statistics by decreasing rogue wave probabilities. If only wave breaking

is absent (integral steepness, s < 0.11), high-frequency modes contribute to the rogue

wave occurrence probability. Therefore, spectra with a longer tail have resulted in higher

PRW . Rogue wave probability for non-breaking cases (cases without the termination due

to breaking onset) is not as significant as cases with breaking.

Altering the tail lengths has resulted in the same rogue wave occurrence probabilities

for ε ≈ 0.1, highlighting the ineffectiveness of the tail lengths for around this particular
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Figure 4.11: Initial Spectral Steepness vs. Average Probability of Rogue Wave Oc-
currence

Figure 4.12: Scatter Probability Plots of Different Tail Lengths (a) kcut/kp= 3.5 vs.
kcut/kp=8, (b) kcut/kp= 3.5 vs. kcut/kp=6.5 and (c) kcut/kp= 3.5 vs. kcut/kp=5

steepness value. As this range of steepness values are widespread in real sea states, our

results here are presumably a suitable indicator in practical applications (Kirezci and

Babanin, 2019). The impact of the tail length can also be easily identified from scatter

probability plots (Fig. 4.12) which are biased towards the shorter tail. The probabilities

become more scattered in Fig. 4.12(c), which shows the comparison of the longest and

the shortest tailed cases. Breaking and freaking processes can be both initiated by

modulational instability and are strongly affected by the initial steepness.

Probability distribution on α− γ planes and related two stability limits (Onorato et al.

(2003) and Gramstad (2017)) have been investigated for a variety of tail lengths (Fig.
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Figure 4.13: Probability of Occurrence of Rogue Waves On α−γ Plane with Different
Tail Length (I) kcut/kp= 3.5 , (II) kcut/kp= 5.0 , (III) kcut/kp= 6.5, (IV) kcut/kp= 8.0

4.13). Although stability limits do not show full conformity with our simulation results,

here, we find that the stability limit is better represented by Onorato et al. (2003)

regardless of the tail length. The tail length has a greater impact on cases with γ > 5.00

and 0.005 > α > 0.010 where spectra with longer tails are already significantly altered

by breaking.

4.5 Conclusion

Rogue wave formation is dependent on two opposing processes: those which make the

waves higher and those which limit the wave height. If we consider stationary conditions

(i.e. wind input is balanced by dissipation at the time scales of interest), then the former

can either be due to linear or nonlinear wave superpositions or due to instabilities within

the wave system. The latter is the result of wave breaking and nonlinear wave-wave

interactions. Note that, we do not consider wind forcing where the dynamics, balance

of source terms, and evolution of wave fields are different, and this is beyond the scope

of this study.
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Steepness and bandwidth stand out as two controlling parameters in rogue wave for-

mation. It has been found that spectral bandwidth (in combination with the steep-

ness) further instigates or limit the modulational instability conditions. Nevertheless,

no prominent effect of spectral bandwidth on PRW is observed from a statistical point

of view based on the simulation results. Note that, the findings here are limited to

unidirectional JONSWAP spectrum. Hence, the impact of spectral bandwidth on more

complex bi-model or directional spectrum would differ from the unidirectional spectra.

On the other hand, nonlinearity (defined by wave steepness) is found to be the domi-

nant spectral feature on rogue wave occurrence probability due to its relation to various

physical processes active in sea states (i.e. both to modulational instability and super-

position in stable wind fields, and the breaking). Rogue wave occurrence increases with

enhanced nonlinearity until it is restricted again by very high nonlinearity.

Gramstad and Bitner-Gregersen (2019) also state that steepness as a key parameter

for the estimation of extreme sea states after examining the relation between spectral

parameters (Hs, Tp, steepness, bandwidth) and kurtosis. Similar conclusions can also

be drawn from the tail length differences. The effect of tail length on rogue wave

occurrence is also found to be relevant with the nonlinearity of the total wave field.

In cases with respectively lower steepness (no breaking), a longer tail contributes to

the freaking process. Nonetheless, when breaking is present (high nonlinearity), cases

with shorter tail results in higher rogue wave occurrence. Our results highlight that

after certain steepness limits are reached, increased nonlinear interactions are more

prone to take part in “breaking” process than “freaking” process. This phenomenon

was explained by Chalikov (2009) as “for high steepness, nonlinearity works opposite

to what is expected” because in highly nonlinear fields wave-wave interactions lead to

the breaking faster than cases with low steepness. In other words, very energetic wave-

wave interactions (extremely nonlinear sea states) devastate the growth of waves before

they reach larger wave heights (Chalikov, 2009). Rogue wave occurrence increases with

increased nonlinearity (instability) until it is restricted again by very high nonlinearity.

It is observed here that modulational instability results in either freaking or breaking of

waves (Babanin et al., 2011a). However, the fate of waves in modulational instability is

highly dependent on the spectral steepness.

In one dimensional simulations, rogue wave occurrence is found to be greater than 1 over

1000 waves, when 0.3 < Π < 0.55 , 0.9 < BFI < 1.4, and 3.0 < BFI0.2 < 5.0 . Those
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intervals can be interpreted as “high-risk sea states” along with Hs of the sea states.

Moreover, according to α−γ planes, “high risk sea states” are more concentrated where

γ > 5.0 and 0.005 < α < 0.015. Even though PRW is affected by the high-frequency

modes, “dangerous sea states” can still be defined as the same regardless of tail length.

The various JONSWAP spectra considered in this chapter are shown to be unstable for

high α and γ parameters. JONSWAP stability curve suggested by Onorato et al. (2003),

which is based on theoretical results from a Wigner approach on the NLS equations,

has shown a better correlation with our PRW statistics. Application of BFI0.2 could

be better representing maximum unstable growth rate as given in Gramstad (2017);

nevertheless, in terms of rogue wave occurrence probability, no practical advantage over

conventional BFI is observed. As given in Fig. 4.10, the behaviours of BFI0.2 and BFI

are almost identical.

The model performances are also evaluated under a range of different conditions. During

low and moderate values of indicator parameters, models show high conformity and no

significant differences arise between HOS-Ocean and CS models. Also, results obtained

here are consistent with theoretical and experimental findings. Nevertheless, for high

values of indicator parameters and highly nonlinear cases; fully nonlinear scheme of the

CS model is found to more reliable with its exact solution and realistic results (Figs.

4.1-4.4). This performance discrepancy between models can be accounted for the dif-

ferences in modelling high-frequency mode and the breaking onset. Consequently, these

factors significantly affect the rogue wave occurrence probability. The computational

cost of HOS-Ocean is less than the CS model when m =3, but computational demand

exceeds CS when m = 5. Even so, both models are appropriate for operational usage

for unidirectional cases due to their low computational demand. Another remark can be

made on the breaking of a rogue wave. It has been stated before that, nonlinear focusing

either goes in ‘freaking’ or ‘breaking’ process; however, this does not mean that all rogue

waves also end up breaking. On the contrary, it has been observed that, most of the

extreme cases continue evolving and result in shrinking in height to become medium or

small size waves. The same observation has also been made by Chalikov (2009) with a

different initial setup.



Chapter 5

Probabilistic Assessment of

Rogue Wave Occurrence in

Directional JONSWAP Sea States

In this chapter, the relation between rogue wave occurrence statistics and the properties

of directional wind-wave spectrum is investigated using a fully nonlinear phase-resolving

numerical model by Chalikov et al. (2014) and the High Order Spectral Model of HOS-

Ocean developed by Ducrozet et al. (2016) (see Sections 3.3 and 3.4). Benjamin-Feir

Index (BFI), Π numbers and modulation index, which are designed to represent in-

stabilities due to high order interactions, are used as indicators for the extreme wave

occurrences.

5.1 Introduction

The nonlinear dynamics of surface waves, which can impact the extreme wave statistics,

can be separated into two groups. The first one is related to the bound waves (Stokes’

type contribution), where respective contributions to wave statistics are usually consid-

ered at the second-order of the equations of fluid mechanics (Forristall, 2000; Tayfun,

1980). The second contribution is associated with high order dynamics of free waves,

such dynamics can result in instabilities and hence lead to transient event of abnormally

66
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high waves. These days, research interest has focused on understanding connections be-

tween rogue-wave occurrences and other sea state characteristics, hence on predictability

of rogue events by means of probabilistic approaches. Therefore, considering that the

wave-forecast systems are based on spectral modelling, the following question arises: can

these events be predicted by using wave spectra?

The original modulational instability theory (Benjamin and Feir, 1967; Zakharov, 1967;

Zakharov, 1966) is limited only to unidirectional monochromatic wave trains. Later,

Benney and Roskes (1969) have shown that stability condition in 3D fields (based on

Zakharov (1968) equations) also depends on the direction of the disturbance. Follow-

ing that, Alber (1978) has extended the theory of instability of the wave system to

random directional field and has shown that modulational instability mechanisms are

most effective when directionality is limited. Today, many numerical and experimental

studies have shown an inverse correlated relationship between modulational instability

and directionality (Gramstad and Trulsen, 2007; Onorato et al., 2009a,b; Waseda et al.,

2009a). Therefore, rogue waves are more probable in sea states with narrow-spectrum

in both frequency and directional space (Babanin et al., 2011c; Mori et al., 2011). Wind

waves are usually known to have a broad directional distribution of energy (Wang and

Hwang, 2001). Therefore, rogue wave occurrence due to modulational instability in wind

wave conditions and directionality should be investigated further.

Prediction of the exact wave surface elevations is practically impossible due to many

reasons such as random phase information and numerical limitations of the domain

size. Therefore, wave-forecasting is based on the prediction of the two-dimensional wave

variance spectrum, which is a function of the wavenumber vector, spatial coordinates

and time. Wave spectrum becomes the main information source that represents the wave

variance density as a function of wavenumber (Janssen and Janssen, 2019). Therefore,

for practical applications, it is necessary to understand the reasons that cause deviation

from the ensemble mean state (Janssen and Janssen, 2019).

In this chapter, we aim to associate the spectrum-shape related parameters with the

probability of occurrence of rogue events by using advanced numerical models. The

evolution of the free surface is simulated using the fully nonlinear model by Chalikov

et al. (2014) and High Order Spectral (HOS) Model developed by Ducrozet et al. (2016).
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Initial conditions of each simulation are defined using the conventional JONSWAP spec-

trum with a simple cosine-based directional distribution function. The indicator param-

eters that are associated with modulational instability or linear superposition are used

to demonstrate the probabilistic connection between the spectral shape and rogue wave

occurrence. To extend the application of this study to real conditions, the indicators and

simulation results presented here are compared against the buoy measurements obtained

from various locations.

5.2 Initial Conditions and Model Configuration

In both models, the directional JONSWAP spectrum is considered. HOS − Ocean

uses the JONSWAP spectrum defined in the form of S (ω, θ) = F (ω) .G (θ) where

F (ω) is the JONSWAP spectrum in Eq. (4.2a), and G (θ) is the directional spreading

function (Eq. 5.1). Meanwhile Ch model uses the JONSWAP spectrum as a function

of wavenumber (Eq. 4.2b) given by Holthuijsen (2007).

In HOS −Ocean model (3.4), Ducrozet et al. (2016) has considered the cosine squared

directional distribution function given in Eq. (5.1). This function is controlled by β in

the interval from [-π,π].

G (θ) =


1
β cos

2
(

2πθ
4β

)
, |θ| ≤ β

0, |θ| > β

 (5.1)

In order to have consistent comparison between the models, the directional spreading

function of Eq. (5.1) also applied in the Ch model. The following parametrization of Ad

(Eq. 5.2) is obtained for the chosen directional spreading functions of Eq. 5.1.

Ad =
1

β
(5.2)

Spectrum tends to be unidirectional with Ad goes to infinity. Babanin and Soloviev

(1998) has validated Ad up to 1.5 using the Black sea measurements. Waseda et al.

(2009b) have extended the validation of Ad for narrower directional spreading (Ad >

2) using the laboratory experiments, and concluded that modulational instability in
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JONSWAP sea states commonly observed when Ad > 4. To represent wind waves, Ad

should be in the interval of 0.8 to 1.8 (Babanin and Soloviev, 1998). In this study,

Ad values up to 10 are used to consider the narrow-banded spectrum. Accordingly, the

limits of β are defined as 0.1 < β < 1.4.

Intervals of the JONSWAP scale parameters and the directional spreading are given in

Table 5.1. Selected ranges of the parameters correspond to 1428 individual cases for

each model. In both models, domain and mesh size is decided according to the compu-

tational cost of the models and required amount of data for statistical evaluation. In

the Ch model, the optimum number of modes are chosen as MCS = 128,MCSy = 128,

which corresponds 512*512 grid points on x and y directions with the extended grid in

physical space. The nondimensional wavenumber, kp, is selected as 20; therefore, the

computational domain consists of 20 main waves, which corresponds to the resolution

of 25.6*25.6 points per dominant wavelength. The total simulation time is selected as

200 Tp and outputs are taken every 0.5 Tp. In HOS − Ocean model same resolution

is achieved by setting the number of grid points to NHOS ∗ NHOSy = 512 ∗ 512 and

the computational domain length to 20 dominant wavelengths. Simulation duration and

output intervals are selected same as the Ch model (Tmax= 200Tp, and 0.5 Tp, respec-

tively). In the HOS −Ocean model, the order of the solution is truncated at the third

order. Therefore, effects of modulational instability are considered, and computational

requirements are within accessible limits.

Table 5.1: Selected ranges of JONSWAP parameters and directional spreading width

Lower Limit Upper limit Increment

α 0.006 0.016 0.002

γ 2 6 0.25

Ad 0.7 10 0.1 step size for (1/Ad) from 0.1 to 1.4

ε 0.077 0.161 Calculated according to JONSWAP
parameters

Multiple realizations of the simulations are considered to include the effect of random

phases and to ensure the obtained enough number of waves for reliable statistical anal-

ysis. The number of individual waves in one sample differs due to the considered di-

rectional spreading. The spectra with smaller spreading result in significantly a smaller
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number of individual waves for the same simulation duration compared to spectra with

broad directional spreading. Moreover, the considerable number of simulations (espe-

cially with high steepness) are also terminated due to wave breaking. Nevertheless, the

limit of at least 100,000 individual waves has reached for each of 1428 cases in both

models. At least five realizations are considered for each case. However, the number

of realizations has reached up to 60 for the cases with high steepness and very narrow

directional spreading.

5.3 Statistical Properties of the Surface Elevation

5.3.1 Performance of Indicator Parameters

The indicator parameters are evaluated regarding their relationship with the probability

of the rogue wave occurrence (PRW ) based on normalized crest height (η /Hs) and

normalized wave heights (Hi/Hs), where significant wave height is calculated as Hs =

4
√
m0. In Figs.5.1-5.5 (a) and (c), each marker stands for a different parameterization

controlled by shape variables α and γ of the JONSWAP spectrum and β of directional

spreading. Blue triangles and green circles represent Ch model and HOS − Ocean

models, respectively. In Figs. 5.1-5.5, continuous red lines correspond to probabilities of

Hi/Hs = 2.0 of Rayleigh distribution and η/Hs = 1.25 of halved Rayleigh distribution

for crest, while dashed red lines represent the probability of Hi/Hs = 2.2. Indicator

parameters are computed according to initial spectra at T=0, and the corresponding

simulation results are associated with those values.

As can be seen from Figs. 5.1-5.5, the vast majority of the estimated rogue wave occur-

rence probabilities are located in a quite wide range (1e-5 to 1e-3) for both crest-based

and wave height-based rogue wave definitions. Ch model has usually returned higher

PRW compared to HOS − Ocean model, especially when crest heights are considered.

On the other hand, bin averaged PRW based on wave height has returned similar re-

sults for both models, which interprets the occurrence of higher and sharper crests in

Ch simulations compared to HOS − ocean simulations. Higher wave crests in Ch sim-

ulations can be explained with the consideration of high harmonics. It is known that

energy flux into the high-frequency part of the spectrum could cause numerical instabil-

ity; therefore, it should be treated. Ch model accurately describes the high harmonics
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Figure 5.1: Probability of Rogue Wave Occurrence vs. BFI, PRW, crest vs. BFI (A)
all cases (B) bin averaged, PRW, wave height vs. BFI, (C) all cases (D) bin averaged

Figure 5.2: Probability of Rogue Wave Occurrence vs. BFI2D, PRW, crest vs. BFI2D
(A) all cases (B) bin averaged, PRW, wave height vs. BFI2D, (C) all cases (D) bin
averaged

by applying high-frequency dumping scheme, which supports the numerical stability at

the high wavenumbers (Chalikov et al., 2014). Meanwhile, HOS − Ocean simulations

considered here are based on the truncated Taylor expansion up to the order of 3, which

limits the reproduction of waves with high wave numbers that are superposed over the

surface of larger waves.
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In Fig. 5.1 (a-b), positive linear correlation between unidirectional BFI and Ch model’s

PRW stands out initially. Meanwhile HOS−Ocean results show similar increasing trend

up to BFI = 0.7 , then remain constant within the probability interval of [1e-5 1e-4] for

the higher values of BFI. The lack of directionality in BFI definition is evident in Fig.

5.1 with a broad range of PRW corresponds to same BFI value. Therefore, the impact

of modulational instability on rogue wave probabilities is hard to determine from this

graph. Nevertheless, small cluster Ch simulations with PRW greater than 1 over 1000

waves (Fig. 5.1A) are usually observed when BFI > 1.0, which is the stability criterion

suggested by Janssen (2003). It should be noted that, these particular cases are also

associated with the narrowest directional spreading parameters.

The recurrent values of BFI due to lack of directional spreading definition are spread

out with the introduction of directionality in BFI2D, as expected (Fig. 5.2. Both

models’ PRW are clustered within similar probability interval with considerably stable

trend for BFI2D < 0.15. However averaged Ch model PRW s are approximately 10 fold

of the HOS−Ocean in this zone. An explicit trend change observed for both model for

BFI2D > 0.15, where PRW are increased significantly for both model with increasing

BFI2D. Higher BFI2D are associated with a narrow spectrum, both on directional

and frequency axes, and also with higher steepness. Such spectra are more prone to

rogue wave occurrence due to modulational instability. The increasing trend in PRW

for BFI2D > 0.15 can be associated with nonlinear instability mechanism. Hence,

BFI2D=0.15 can be defined as practical instability limit for the JONSWAP spectra

when the crest heights are considered. On the other hand, PRW obtained using wave

height definition usually located just above the Rayleigh distribution of Hi/Hs = 2.0.

Nevertheless, no clear correlation or trend is observed between BFI values (both 1D

and 2D) and wave-height based PRW values (Figs. 5.1,5.2 c & d). PRW. wave height is not

significantly affected by the changes in BFI or BFI2D.

The relationship between PRW and Π parameters are represented as in 1/ Π form for

easier comparison with its BFI counterparts (Figs. 5.3-5.4). Here, Π−1
1 values have

resulted in similar behaviour as in BFI. No significant advantage of using either of the

unidirectional indicator parameters has been observed (Kirezci and Babanin, 2019). The

behaviour of unidirectional Π1 is highly similar to BFI. However, higher correlation

is observed for Π2 (Fig. 5.4) compared to BFI2D (Fig. 5.2) for both models. Better

correlation has been observed especially for the smaller values of 1/Π2 (corresponding
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Figure 5.3: Probability of Rogue Wave Occurrence vs. Π, PRW, crest vs. Π (A) all
cases (B) bin averaged, PRW, wave height vs. Π, (C) all cases (D) bin averaged

Figure 5.4: Probability of Rogue Wave Occurrence vs. Π2, PRW, crest vs. Π2 (A) all
cases (B) bin averaged, PRW, wave height vs. Π2, (C) all cases (D) bin averaged

to BFI2D < 0.15), where BFI2D fails to distinguish any explicit relationship for the

PRW . This difference can be associated with the definition of directional spreading

for the parameters. Furthermore, positive trend between 1/Π2 and PRW. wave height is

observed in Fig. 5.4D, which makes Π2 also convenient for wave height based probability

evaluations.

Ribal et al. (2013) state that the growth rate of the most unstable disturbance depends
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on various parameters such as total energy, peak wave number, spectral width. Unidi-

rectional BFI and Π indicators include all these dependencies except for directionality.

Therefore, a correction is needed for the directional cases that parametrize the effect of

directional spreading. Such parameter is defined by Babanin et al. (2011b) as a function

of both steepness and directional spreading given in form of MId=Ad∗ε. This parameter

(Ad ∗ ε) is considered in Π2 as the directional correction to Π (Eqs. 2.28-2.29). The

simulation results of both models suggest that, consideration of nondimensional direc-

tional width is statistically robust. Meanwhile, PRW, wave height again do not show any

remarkable trend with respect to Π and Π2 values.

MId has also been examined as a standalone parameter (Fig. 5.5) to observe its per-

formance to quantify the effect of modulational instability in directional wave fields.

Modulational instability limit for MId is defined as 0.18 based on laboratory experi-

ments and numerical simulations (Babanin et al., 2011b; Babanin, 2013). Here, the

cases with MId < 0.3 (Fig. 5.5) create a cluster of data with no apparent relation to

rogue wave occurrence probability. Nevertheless, a correlation is distinguished cases with

MId > 0.3 that corresponding PRW tend to increase with increasing MId. Therefore,

MId is useful for its large values, where the effect of modulational instability on rogue

wave statistics are visible. For smaller values of MId, the absence of frequency band-

width in definition (even though steepness is present) decreases the statistical meaning

of the parameter due to the congregation of the values. Similar behaviour is observed

for both PRW, crest and PRW, wave height.

The suppressing effect of directional dispersion on modulational instability has been

observed as the bandwidth broadens. Correspondingly,PRW significantly decreases for

decreasing large values of Ad. Initially, this effect is very rapid (e.g. from Ad=10 to

Ad=2 ), as discussed in Waseda et al. (2009a). The suppressing effect slowly fades as

the bandwidth continues to broaden to relatively small Ad values (1.5 < Ad < 2). If

spectra broaden further towards to even lower Ad values (Ad < 1.5 for Ch and Ad < 0.9

for HOS − Ocean), an adverse effect of the slight increase of rogue wave probabilities

are observed (Fig. 5.6). Since the effect of modulational instability is suppressed in

broad-banded sea states, and superposition due to dispersive focusing of waves cannot

be effective in short time scales; the occurrence of rogue events can only be explained

by the linear superposition due to directionality. Slunyaev et al. (2011) state that the

interaction between the waves propagating with a large angle between them is weak, and
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Figure 5.5: Probability of Rogue Wave Occurrence vs. . Modulational Index (MId)
, PRW, crest vs. MId (A) all cases (B) bin averaged, PRW, wave height vs. MId, (C) all
cases (D) bin averaged

wave superposition is almost linear, which can produce a rogue event in focus. Spatial

focusing due to directionality is stated to be a natural cause leading to breaking by

Babanin et al. (2011b) as well. Here, the occurrence of extreme events due to the same

mechanism is also interpreted to be plausible.

The wave growth and the maximum wave and crest heights are physically limited by

the wave breaking in nature (Babanin, 2013; Babanin et al., 2007, 2010) and its ef-

fects are essential for rogue wave studies (Slunyaev and Kokorina, 2019). Nevertheless,

wave breaking is one of the most challenging physical phenomena to apply in numer-

ical modelling. Even though breaking dissipation can be accurately parameterized, it

would also affect the free wave statistics (Chalikov and Babanin, 2016). Therefore,

no parametrization for breaking dissipation has been considered here (see discussion in

Chapter 3). Both models have been tested with various cases of extremely steep waves

and long-term evolutions where their ability to model up to breaking onset is found to

be successful (Chalikov and Babanin, 2016; Ducrozet et al., 2016). Correspondingly,

obtained statistics up to breaking onset are considered to be accurate.

The models’ capability of estimation maximum crest and wave height values are also

considered with respect to each other (Fig. 5.7). In simulations, maximum normalized

crest and wave height values observed for Ch are 1.8 and 2.61 and for HOS are 1.83
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Figure 5.6: Probability of Rogue Wave Occurrence vs. Directional Spreading,
PRW, crest vs. Ad (a), PRW, wave height vs. Ad (b)

and 2.69, respectively. The larger values of the extreme crest heights can be explained

by the lack of breaking dissipation. Nevertheless, both models’ results have found to

be consistent. The maximal possible relative crest heights using amplitude (η/a0) is

estimated to be approximately 3.5 (Babanin et al., 2011c), which corresponds to 1.75

for η/Hs (a0 is the half of significant wave height) for directional waves. Stansell (2005)

has observed that normalized wave height can be as large as 3 in ocean.

The relationship between the maximal crest height and PRW is also investigated (Fig.

5.7). This relation is substantial when real ocean data is considered, since long time
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Figure 5.7: PRW vs. Maximal Normalized Crest (a) and Wave Height (b) along with
the least-squares’ regression lines (dash lines - Ch, dotted lines - HOS −Ocean)
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stationarity is one of the main problems for measurement data. It is observed that

higher PRW are associated with higher maximal crest elevation, even though the data

is quite scattered. The same inference also can be made based on the least-squares’

regression lines (linear) fitted to the data in Fig. 5.7. On the other hand, asymptotic

behaviour is observed for increasing maximum normalized wave heights (Fig. 5.7). PRW

do not significantly change for values of Hi/Hs > 2.4 (except for a few cases). All the

regression lines have positive slopes, hence the directly proportional relationship between

the maximal crest/wave heights and corresponding PRW are demonstrated. The ratio

of the regression line slopes are calculated as MChcr/MHOScr = 3.12 for maximal crest

heights and MChHs/MHOSHs = 1.27 for maximal wave heights, which indicates the

more coherent behaviour of models when wave heights are considered. Therefore, here

we conclude that maximum normalized wave heights vs. PRW is a useful relation when

rogue wave probability is estimated based on the wave measurements.

5.3.2 Crest and Wave Height Distributions

The linear theory assumes the symmetrical wave shape, which estimates crest and trough

statistics to follow Rayleigh distribution (Longuet-Higgins, 1952). However, waves get

asymmetrical in real sea states due to nonlinear interactions between phase-locked modes

(second-order theory) and among free waves (high order effects). As a consequence, this

asymmetry causes deviation from the Gaussian statistics. The Rayleigh distribution and

Gaussian statistics are still used as a reference, which helps to quantify the effects of

other physical processes. In general, frequently used crest distributions are estimated

by considering Stokes-type second-order contributions to the surface elevations such

as Tayfun (1980) and Forristall (2000).Forristall (2000) distribution (Eq. 2.16) is a

Weibull type distribution to the wave crest statistics, where coefficients (a and b) have

been specified according to sea state characteristics. Here, the coefficients suggested for

directional sea states are based on steepness.

The occurrences of rogue waves are known to be transient events (Janssen and Janssen,

2019), which are known to occur very sudden within the scale of one wave period (Cha-

likov, 2009). The transient rogue occurrences due to modulational instability, cannot

be depicted through the geometric quasi-stationary approaches, such as second-order

corrections to wave crest distributions. Besides, those rare transient extreme waves
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are very unlikely to be included in observations or simulations (unless the simulations

specifically target such events). Hence, extrapolations based on the low-probability tail

of the wave crest/height distributions are also cannot specify the occurrence of transient

rogue events. In other words, the commonly used probability distributions do not intend

to represent individual transient rogue wave occurrence due to modulational instability

(Babanin et al., 2014). Therefore, deviations from second-order crest distributions for

highly nonlinear sea states can be attributed to modulational instability.

As discussed above, the effect of directionality is very significant for narrow banded sea

states. If cases ranked according to their probability values, all top 50 cases for Ch and,

48 of the top 50 cases for HOS − Ocean belong to least directionally spread states of

Ad = 10. Crest distributions of cases (Fig. 5.8, a) with PRW > 1e − 3 (1 over 1000

waves) for Ch models and their corresponding cases are given to be representative of the

high deviation from second-order distributions.In Figs. 5.9 and 5.9, dashed and dotted

lines corresponds to HOS −Ocean and Ch models, respectively.

In crest distributions (Fig. 5.8a), Ch results usually remain over HOS −Ocean results

when η
Hs

> 1. However, towards the tail of the distribution, attenuation of the deviation

for Ch values is also visible. Such a decrease occurs since waves were no longer grow after

reaching certain physical limitations. Accordingly, this behaviour is more prominent for

highly nonlinear sea states (as in Fig. 5.8), since increasing nonlinear effects causes waves

to grow and reach their breaking onset. Wave height distributions of both models (Fig.

5.8b) remain closer to Rayleigh distribution. Again, the difference in crests distributions

and similarities in wave height distributions together interpret the existence of higher

crests and shallower troughs in Ch simulations.

It is highly unlikely for wind waves to have such low directionality (Ad = 10) as in Fig.

5.8. Therefore, to represent a more natural sea state, crest and wave height distributions

of the case γ = 3.25 and α = 0.008, which is the closest case to suggested averaged values

of γ and α by the original JONSWAP study (Hasselmann et al., 1973), are given as a

reference in Fig. 5.9. It has been observed in Fig. 5.9a, HOS − Ocean simulations

follow the Forristall (2000) distribution exceptionally well, while Ch results show some

deviations. All wave height distributions (Fig. 5.9b) remain below the Rayleigh line

for lower probabilities. In Figs. 5.8-5.9, the low correlation of wave height distribution

can be attributed to the specific wave height definition used in this study. Nevertheless,
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Figure 5.8: The crest (a) and the wave height (b) distributions of cases with PRW >
1e− 3 in Ch model and corresponding HOS −Ocean distributions
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Figure 5.9: The crest (a) and the wave height (b) distributions of case γ =
3.25 and α = 0.008
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Figure 5.10: The crest distributions of average values of directional spreading param-
eters for Ch model (left) and HOS −Ocean (right)

higher conformity observed in crest distributions represents the numerical models’ ability

to reproduce the sea surface. Effect of directionality on rogue wave occurrence also can

be seen from Fig. 5.10, where the tails of crest distributions are plotted for averaged

values of cases with the same Ad.

The most substantial deviations are observed for the largest Ad value for both models,

while the other distributions remain closer to each other (Fig 5.10). This consequently

visible impact of directionality on the crest distribution statistics interprets the signif-

icance of the order of the directional spreading on the quasi-resonant wave-wave inter-

actions and modulational instability. For values of 2.0 < Ad < 5.0, despite high order

effects are still active and causes the occurrence of extreme events, they are not easily

distinguishable among other crest distributions. On the other hand, the most spread

sea states do not result as the closest distribution to Rayleigh distributions. In other

words, the adverse impact of increasing probabilities for widely spread sea states can

also be spotted here. As discussed, modulational instability is suppressed by directional

dispersion for widely spread sea states, therefore occurring rogue events are likely to

have resulted due to linear interactions.

Indicators such as BFI2D and Π2 are considered as proxies for the modulational insta-

bility. In Fig. 5.11, the residual between the PRW obtained from simulation results and

the corresponding Forristall distributions are given for each case. The residual probabil-

ities, which represent the deviation from the second order, increase with higher indicator

values towards the x-axis. So, both BFI2D and Π2 are found to reliable measures to
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Figure 5.11: The residual of the rogue wave probability estimated from simulation
and corresponding Forristall (2000) distributions vs. BFI2D (a) and Π2 (b)
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present the existence of high order effects. Although, the highly scattered nature of the

data decreases the indicators’ ability to quantify those effects.

5.4 Conclusion

In this section, the relationship between rogue wave occurrence statistics and proper-

ties of the directional wind wave spectrum is investigated. Spectral characteristics are

quantified using various indicators that are designed to represent high order interactions

and modulational instability. Steepness, bandwidth, and directional spreading are the

main spectral parameters that are associated with the stability conditions of sea states

and corresponding PRW . Among those parameters, steepness (nonlinearity) stands out

as the most indicative parameter since it is related to various physical processes in sea

states. Nevertheless, taking only steepness into account is not sufficient to comprehend

the occurrence of rogue events and related statistics.

Simulation results here suggest that the effect of quasi-resonant wave interactions on

spectral evolution is decreasing with increasing directionality. As a result, rogue wave

occurrence is observed to be the highest for narrowest sea states and it substantially

decreases as the directional spectrum broadens. Consequently, deviations from second-

order distributions decrease as well. Nevertheless, the decreasing trend slows down and

eventually fades for the continuous increase of directional spreading. If the directional

spreading kept increasing further after the high order effects are no longer dominant,

a slight increase of rogue wave probabilities is observed as the sea states reach high

directional spreading (we note that such spreading remains realistic for the ocean wind-

generated waves). This adverse effect of the increase can be explained with linear super-

position due to directional focusing as modulational instability is unlikely for such sea

states anymore. This hypothesis also supports the low correlation between small values

of BFI2D and PRW in the open ocean where directionality is broad.

Directionality and nonlinearity are vital parameters to define the dominant physical

mechanisms, which can initiate the occurrence of rogue waves and change the surface

statistics. It has been found that the probability distribution function corrected with

second-order distribution is not sufficient enough to represent the probability distribution

of unstable sea states. When the directional spreading is low, however, it is observed
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that the same distribution function performed well for the majority of the cases. Despite

a good overall performance, the second-order distribution functions still cannot indicate

the changes in the PRW for the varying directionality. As a result, to have a more precise

assumption on rogue wave occurrence, it is essential to understand governing physical

mechanisms and the corresponding statistical distributions.

According to the simulation results of both numerical models, both Π2 and BFI2D are

found to be robust indicator parameters for the rogue wave occurrence. Π2 shows a

general increasing trend starting from the lower values. Meanwhile, the effects of insta-

bility become visible in the probability levels BFI2D > 0.15. MId, another parameter

that represents the modulation instability, is only found to be useful for its extreme

values. MId only contains the information on frequency bandwidth via steepness,

which decreases its correlation with rogue wave statistics and makes this parameter less

favourable among others. Indicator parameters reflect the trend and enhance the under-

standing of rogue wave occurrence; however, the respective results are quite scattered.

These results show that the indicators by themselves are not sufficient in wave fields

with full spectrum. It is likely that wave phases or other dynamics in the fully nonlinear

wave fields (e.g. quasi-1D groups on 2D surfaces, Sanina (2016)) overlay the general

trends and contribute to the scatter.

Consequently, the Ch model results indicated higher rogue wave occurrence probabilities

and higher deviation from second-order distributions for the larger values of indicator

parameters compared to HOS-Ocean. Wave height distributions are quite similar, which

suggests that troughs are flatter in the Ch model. The changes in directional spreading

have similar outcomes from both models. A similar rapid decrease in rogue wave prob-

abilities followed by a small increase as the spectrum broadens are observed for either

model for both crests and wave height-based definitions.



Chapter 6

Rogue Waves Statistics obtained

from Buoy Measurements

In this Chapter, performance of the rogue wave indicator parameters obtained from in-

situ measurements are analysed. Surface elevation records obtained from three different

locations, the Southern Ocean, the Black Sea and Indian Ocean (IOP), are considered.

In total, 92 rouge waves are observed among 3.6 million individual waves.

The correlation between rogue wave occurrence and sea states characteristics are in-

vestigated using indicator parameters. Estimation of indicator parameters from surface

measurement are described in details. Observed rogue wave statistics are compared with

the numerical findings.

6.1 Introduction

The relationship between sea state properties and rogue waves recorded by point mea-

surements has not been properly acquired due to sampling variability in short time

series and the scarcity of the rogue events. Any attempt to represent such connection

using point measurements is subjected to large uncertainties associated with sampling

variability and the lack of spatial information. This has always been a restriction for

the applicability of the rogue wave occurrence studies to real ocean conditions unless

more advanced measurement techniques are considered. Nevertheless, the information

obtained from numerical models and indicator parameters can be used as a reference

86
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to have a better understanding of the relation between rogue occurrence and sea state

properties in the real ocean. In this chapter, measurement data gathered from three

locations, the Southern Ocean, the Black Sea and Indian Ocean (IOP) (Babanin et al.,

2016) are evaluated considering the indicator parameters. Different locations are selected

to include various physical conditions.

6.2 Measurement Data

The Southern Ocean measurements were obtained by Southern Ocean Flux Stations,

which consists of five deployments. SOFS Project (Schulz et al., 2012, 2011; Trull et

al., 2010) has started in 2010 to provide a better understanding of the rarely explored

meteo-oceanographic conditions of the Southern Ocean. Here, measurements obtained

from SOFS 1, 2 and 4 are considered (accessible via https://portal.aodn.org.au/). All

buoys are equipped with a system based on a motion reference unit (MRU) developed

by CSIRO. Besides, data recorded with commercial TriAxys 3D accelerometer was also

available for SOFS-4. MRU configured to record the first 10 minutes of every hour

with 5 Hz sampling frequency, while TriAxys has recorded the first 20 minutes of every

two hours with a 1.28 Hz sampling rate (Rapizo et al., 2015). Obtained measurements

from different sensors are validated against each other and resulted in minimal bias

(Rapizo et al., 2015). Southern Ocean data is preferred due to its consistent and strong

wind climate, which can result in the generation of extreme wave heights (Rapizo et al.,

2015). Stationary characteristics of Southern Ocean winds and wave fields are essential

for the accuracy of the estimated spectral parameter and wave statistics of measured

data (Ewans and McConochie, 2018). Measured spectra in the Southern Ocean are

predominantly unimodal (Rapizo et al., 2015), which is ideal for comparison of the

numerical cases considered in here.

The Black Sea measurements were taken as part of the study of integral and spectral wave

parameter variations by Marine Hydro-physical Institute of Ukrainian National Academy

of Sciences in 1981-89 (Babanin and Soloviyev, 1987; Babanin and Soloviev, 1998).

The observation points are located in the north-western part of the Black Sea. Wave

measurements were made mainly by a wire resistance wave gauge, while an accelerometer

wave buoy was also occasionally used. The Black Sea is a closed basin, where mainly

most of the storm conditions are fetch limited and free of other wave systems. The basin
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is ideal for observing the developing sea states. Due to the absence of swell systems,

wind-wave sea states can be easily identified and studied. So that, obtained statistics

are also convenient for comparison with numerical findings. Most of the Black Sea

measurements consist of short developing waves; therefore, the majority of the samples

satisfies the deep water conditions at 30 meters of water depth. However, samples still

contain waves in the intermediate depths (kh < π). Table 6.1 contains more information

on the used data.

Table 6.1: Properties of Recordings

Measurement Method Location Time # record fs Sampling
Duration

Sampling
Frequency

Depth/ kh

IOP DWR - Nov 2018 to
Apr2019

6718 1.28 hz 18 min 30 min 125 m /kh=
[1.75-20]

Black Sea Wave Gauge (Babanin
and Soloviev, 1987)

Various
Locations in
the
Black Sea

1981-1989 189 5hz - 10hz 6 min –
10 min

Not Regular 30 m / kh =
[2.8-15]

SOFS-1 MRU 46.723 S
141.870 E

Mar 2010 to
Jan 2011

7083 5hz 10 min 1hr Deep Water/
kh >>

SOFS-2 MRU 46.772 S
141.980 E

Nov 2011 to
July 2012

5640 5hz 10 min 1hr Deep Water

SOFS-4 MRU / TriAxys 46.777 S
141.993 E

Apr 2013 to
Oct 2013

4090 / 2017 5hz / 7.14 hz 10 min 1hr Deep Water

The last set of measurements are obtained from the oil platform in Indian Ocean. The

wave surface data is recorded using the Datawell Directional Waverider buoy (DWR).

Datawell DWR buoy uses the one vertical and two horizontal accelerometers for mea-

suring the surface displacements measurements along with the direct pitch and roll

measurements (Vries, 2019). DWR buoy measurements have a length of 18 minutes

with 1.28 Hz sampling frequency. The oil platform is located in tropical regions, where

significantly different wind and wave systems are active compared to the other two re-

gions. Due to the existence of both local winds and swell systems, multiple peaked

spectra are commonly found in the region. The cases with high directional spread are

also available to evaluate the directional indicator parameters Table 6.1.

6.3 Estimation of Indicators from Measurements

6.3.1 Quality Control of The Raw Data

Field measurements usually contain errors due to instrumentation faults such as lock-in,

dropout, and spikes (Christou and Ewans, 2014). Removal of those errors is essential

to obtain a reliable dataset, especially when statistical evaluation of such rare occurring
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events is considered. To ensure that, multiple-step quality control analysis has been

applied to all samples.

Here, flag-based quality control is adopted similar to Christou and Ewans (2014). In

the control scheme, some flags cause direct rejection of the sample, while others lead to

further analysis if a certain number of repetitions of that flag occurs. For each sample,

the following checks are considered.

• Repetitive occurrences of equal value ten consecutive times -rejection criteria

• Spectral energy greater than 10% below 0.03 Hz – rejection criteria

• Spectral energy greater than 10% above 0.6 Hz – rejection criteria

• Number of Rogue Wave Occurrence (both crest and wave height criterion applied

• Number of zero up crossing wave periods longer than 25 seconds

• Number of occurrences that limit the rate of change of water surface elevation

(Sy =
(

2πσ
Tz

)√
2lnNz )is exceeded. σ is the standard deviation, Tz are the mean

zero up crossing periods, and Nz is the number of zero up crossing periods. Tz =

Nt
srNz

, where sr is the sample rate, N is the number of points in time history of the

surface elevation.

If the number of non-rejection flags occurs more than 2-time, the wave sample is checked

manually. All withstanding samples remaining after the quality control are considered

in the statistical analysis.

6.3.2 Estimation of Directional Wave Spectra

Accuracy of the indicator parameters is depending on the quality of the estimated spec-

trum and fitted spectral parameters. Ewans and McConochie (2018, 2019) stated that

the reliability of the spectrum depends on many aspects including; sampling frequency,

records length, number of segments used in the transformation. Heave (vertical surface

elevation) is the only signal which needed to determine the frequency variance spectrum

using the Fourier Transform. Directional characteristics of sea state can be estimated

using the other motion signals of the single point measurement such as slopes of pitch



Chapter 6 – Rogue Waves Statistics obtained from Buoy Measurements 90

and roll motions or the displacement on x and y directions. The conventional methods

are based on cross-spectral analysis of the signals along with the vertical displacement

(Hasselmann et al., 1980; Kuik et al., 1988; Mitsuyasu et al., 1975). The first four

Fourier coefficients which are derived from auto, co and quad spectra are considered to

approximate the directional energy distribution per frequency (Longuet-Higgins, 1963).

Here, directional spectra are obtained using the Maximum Likelihood Method (MLM)

(Capon, 1969; Isobe and Kondo, 1985; Krogstad, 1988), which is based on the assump-

tion of directional spreading function can be expressed as a linear combination of cross

spectra. The recordings are required to be stationary for the application of statistical

methods such as MLM (Donelan et al., 2015). Shortcomings of MLM are discussed in

various studies, such as spectra estimated using MLM is found to be too broad (Benoit

and Teisson, 1995), especially compared with the other conventional approach of MEM

(Maximum Entropy Method). Moreover, there are other limitations associated with the

usage of fixed-point measurement for the estimation of directional spreading are also

stated (Benoit et al., 1997; Donelan et al., 2015; Forristall and Ewans, 1998; Young,

1994). Conventionally used “segment averaging estimator” method of Welch (1967)

is applied to surface elevation measurements for the estimation of the spectrum. The

number of Fourier Transform (FFT) points are selected as 128 and 256 depending on

the record length and sampling frequency of measurements (Table 6.1). Ewans and

McConochie (2018, 2019) compared various windowing methods for the estimation of

the JONSWAP spectrum shape parameters and stated that the boxcar method, which

has unity over the segment, has the best overall performance. Therefore, the boxcar

windowing method with no overlapping segment is considered here. The number of seg-

ments is selected accordingly; so that the estimated spectrum would be smooth enough

while still satisfying sufficient frequency resolution.

TriAxys measurements contain wave elevation (z), north-south and east-west velocities

(u and v), along with accelerations in all three dimensions, and displacements in three

dimensions. DWR system has provided the measurements of displacement along the

xyz axis calculated with double integration from the accelerometer measurements. At

last, MRU data both consist of raw values of accelerometer measurement on three axis

and rotational data gathered using the three angular rate gyros. Fourier coefficients

are estimated using the Kuik et al. (1988) approach, while the method is modified for

used signals (Benoit et al., 1997; Miles et al., 2003). On the other hand, Black sea
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measurement recordings consist of arrays of sensors with a distance of 0.6 to 20 m

between them (Babanin and Soloviev, 1998). The resolution of the arrays and patterns

were adjusted to selected direction and wavelength, while signals were also synchronized

(Babanin and Soloviev, 1998). The cross-spectra matrix is estimated considering the

measurement of sensors and corresponding placements respect to each other in the same

array. Here, considered measurements are recorded with 5- 10 Hz of sampling frequency

and consist of at least an array of 4 sensors. The main wave parameters are calculated

from the estimated spectrum via spectral moments. The peak direction (θ1 (fp)) and

the peak directional spread as a function of frequency Eq. (6.1) are obtained using the

first pair of Fourier coefficients at peak frequency (Ewans, 1998; Kuik et al., 1988)

θ1 (f) = arctan

(
b1 (f)

a1 (f)

)
(6.1)

The statistical bulk parameters of mean direction (θ1) and mean directional spread

(σ1) are defined using the lowest order spectrally weighted mean directional moments

(ā1, b̄1, ā2, b̄2) (Eq. 6.2). Angular parameters are measured counter-clockwise starting

from x-axis (x-axis being equal to 0).


ā1

b̄1

ā2

b̄2

 =
1

m0
∫


a1 (f)

b1 (f)

a2 (f)

b2 (f)

S (f) df (6.2)

Therefore, Eq. (6.3) and Eq. (6.4) take the following forms;

θ1 = arctan

(
b̄1
ā1

)
(6.3)

σ1 (f) =
{

2
[
1−

(
ā2

1 + b̄21
) 1

2

]} 1
2

(6.4)

In SOFS data, TriAxys and MRU measurements show good agreement, as stated in

Rapizo et al. (2015). However, some discrepancies are present, especially for the di-

rectional spreading of the spectra. Rapizo et al. (2015) have favoured the TriAxys
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measurements due to their longer sampling time, which is crucial in spectral estimation

for the better representation of sea states.

6.3.3 Spectral Partitioning and JONSWAP fitting

Indicator parameters are only applicable to wind-sea spectrum. Hence, spectral parti-

tioning should be applied in order to obtain wind-sea partition. The identification of

unimodal spectra is rather simple since only one system is present, and that can be easily

classified depending on the local wind conditions. Moreover, commonly used integrated

parameters such as Hs, Tp can be directly associated with the wave system and its char-

acteristics. On the other hand, integrated parameters fail to accurately represent waves

in complex situations since integration over all frequencies does not provide information

on the presence of various systems (Portilla-Yandún et al., 2015; Rapizo et al., 2015).

The estimated spectra can be a compound of multiple swell systems along with the local

wind-sea state, where the separation of wind-sea is not straight forward. Partitioning

of spectra is needed so that parts of spectra can be associated with various wave and

meteorological systems.

Rogue wave occurrence can also be formed due to this complexity in the wave system

(e.g., intercrossing sea states). Nevertheless, the focus here is the rogue wave occur-

rence probability in directional wind-sea states. Therefore, to understand the governing

physical mechanism behind the occurrence of individual extreme events, identification

of all different sea states present in the measurement is essential. As a result, accurate

partitioning of spectra is crucial for this study. Besides, indicator parameters considered

here are designed for the wind-sea states where nonlinear interactions are expected to

be dominant. Moreover, Π values are dependent on the JONSWAP shape parameters.

The consistent approach to wave system identification is spectral partitioning (Portilla-

Yandún et al., 2015). Nevertheless, the partitioning process might introduce additional

uncertainty. The partitioning process is highly dependent on the assessment of partition

as either ”significant” or ”spurious”, which is based on the arbitrary parametrizations

and certain thresholds (Portilla et al., 2009). Therefore, the actual condition in the

ocean might not be entirely represented. Moreover, applied processes such as filtering,

thresholding also could lose some information that might be important in rogue wave

studies.
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The primary process of partitioning is straightforward from the numerical perspective.

Local peak with the steepest ascending path is found in frequency-direction space. All

the points climbing to the same local peak are grouped and create the partition (Portilla-

Yandún et al., 2015). Nevertheless, defining the limits of partitions and association of

those partitions with correct systems is the more complex step. During this process

spurious peaks in a discrete spectrum can be formed due to the applied method or

selection of the improper sampling frequency. Such numerical anomaly should also be

eliminated during partitioning. Several studies that tackled this process and suggested

their criteria based on the physical properties of the wind-wave state (Guedes Soares and

Nolasco, 1991; Hanson and Phillips, 2001; Hasselmann et al., 1996; Portilla et al., 2009;

Violante-Carvalho et al., 2002; Wang and Hwang, 2001). The main embraced approach

is the watershed algorithm (Hasselmann et al., 1996), which is to treat the wave spectrum

as an inverted catchment area. In general, many implementations (Hanson and Phillips,

2001; Portilla et al., 2009; Voorrips et al., 1997) are adopted a similar approach with

some discrepancies in limits. Approaches have some necessary steps to identify peaks

such as low energy threshold, the distance between the local peaks, trough between two

peaks. Here, the method suggested in Portilla et al. (2009) is applied for directional

spectral partitioning. The steps of the procedure are given below as follows;

• (1)Spectrum is partitioned with the watershed algorithm, and peaks are selected

using the watershed algorithm from the original spectrum.

• (2) Low-energy partitions are merged with the adjacent partition if their energy is

less than 2% of the total spectral energy (thresholding).

• (3) If the number of partitions is higher than 6, the spectrum is filtered using the

2D convolution operation using the convolution kernel that averages all immediate

neighbours of a central bin. A kernel is chosen as a constant 3 x 3 matrix

Ŝ (i, j) = λ (m,n)⊗ S (i, j) =
1∑

m=−1

1∑
n=−1

λ (m,n)S (i−m, j − n) (6.5)

• (4) Step 2 and 3 repeated until the number of partitions is less than 6.

• (5) Low energy partitions with their energy are less than 6% of the total spectral

energy is merged (combining).
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6.3.4 Wind Sea Identification

Following the partition process, defined spectral partitions are identified based on their

characteristics as either wind sea or swell sea states. Wind-sea states are locally gener-

ated under the influence of the local wind and usually represented with a respectively

broader spectrum compared to swell waves. Wind waves are irregular and short-crested

in shape; also, they respond quickly to changes in wind variations (Holthuijsen 2007).

On the other hand, swell waves are defined as the wind-generated waves, which are no

longer receiving energy from the local wind. Swell sea states have a narrower spectrum

and consist of long-crested waves. It is accepted that swell waves travel faster than the

wind. Therefore, using the inverse wave age criterion (U10/cp), where U10 is the wind

speed at 10m above sea level and cp is the phase velocity of the wave peak frequency, the

wind sea partition of the spectrum can be identified. Donelan et al. (1985) suggested

that, U10/cp = 0.83 is the limit, below of which waves are categorized as swell. Simi-

lar threshold of U10/cp < 0.80 can also be estimated from the Pierson and Moskowitz

(1964) spectrum. Nevertheless, some other studies suggested higher values for the same

criterion. For instance, Thomson and Rogers (2014) used the limit as 1, stating that

wind-sea waves cannot run travel faster than the winds.

The separation between the wind sea and swell states is not always apparent. Wave

systems can overlap both in direction and frequency domain and result in a rather

continuous spectrum (Portilla et al., 2009). To have more distinctive separation, wind

and wave direction should also be considered. The mean direction corresponding to peak

wave frequency must remain within the interval of -+90 degrees of the wind direction

(Rapizo et al., 2015; Voorrips et al., 1997). Therefore, the following criterion (Eq. 6.6),

based on the formulation of Komen et al. (1984) considering both direction and wind

speed, is also applied here.

Bs
Uz
cp

cos (υdiff ) > 1 (6.6)

where Uz is the wind speed at height z, and υdiff is the angle difference between wind

and wave direction. The commonly applied value of Bs equal to 1.3 (Hasselmann et al.

1996; Voorrips et al. 1997) is used here. Nevertheless, Hasselmann et al. (1996) state
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the existence of old wave systems whose spectral peaks located within the interval of

1.3 < Bs < 2.0.

The criterion given in Eq. 6.6 is applied to each partition to obtain the wind-sea state.

Weighted estimate of the true peak frequency (Eq. 6.7) suggested by Young (1995) is

considered for calculation of phase speed. According to Young (1995), the peak frequency

of the discrete spectrum can be considered as a stochastic variable due to the statistical

variability of the estimate and discrete frequency resolution.

f̂p =
∫∞0 fS4 (f) df

∫∞0 S4 (f) df
(6.7)

Here S (f) is the frequency spectrum.

Wind speed and direction measurements (1-min averages) are available for SOFS-4 mea-

surements, which are recorded by the “Air-Sea Interaction METeorology (ASIMET)

Sonic Wind Module” (Rapizo et al., 2015). The measurements are recorded using high

resolution two-dimensional sonic anemometer at the height of 3.52 meters above the

surface. The available wind speed converted from 3.52 m to 10 m above the water by

applying appropriate sea drag coefficient for high wind speeds (Eq. 6.8) (Hwang, 2011;

Rapizo et al., 2015). The respective U10 values of each sample are obtained by averaging

the 1-minute records for the duration corresponding MRU and TriAxys records.

CD ∗ 10−4 = 8.058 + 0.967U10 − 0.016U2
10 (6.8)

where CD is the drag coefficient.

The wind speed measurements are not available for the Black Sea. Therefore, steepness-

based methods are used to identify sea states (Gilhousen and Hervey, 2001; Wang and

Hwang, 2001). The contribution of swell to wave steepness is significantly less due to

long wavelengths (small wavenumbers). Hence, the peak of the wave steepness function

is closer to the peak of the wind sea portion with a higher contribution to steepness

by short wind-waves (Hwang et al., 2012). The steepness methods are based on the

estimation of the separation frequency between swell and wind-sea state. The swell

separation frequency, which is frequency lower than wind sea peak frequency and larger

than swell peak frequency, is based on the steepness function (Eq. 6.10). Nevertheless,

the variability of wave age of a wind sea makes it difficult to determine the separation
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frequency (Hwang et al., 2012).

ε (f) =
Hs (f)

L (f)
=

8πm2 (f)

g
√
m0 (f)

(6.9)

Here, Eq. 6.9 is integrated from a given frequency to the maximum frequency.

Portilla et al. (2009) has tested the method with measurements from the Gulf of Tehuan-

tepec and stated that the technique has erratic performance for very young sea states

(wave age around 0.3), where algorithm finds the separation frequency higher than wind

waves peak frequency. A similar problem has also occurred for the old wind seas, where

wave age is greater than 1. Hwang et al. (2012) has modified the steepness function as

in Eq. (6.11) by replacing S (f) with S (f) /f b and called it the spectrum integration

method, since Ib (f) no longer carries the meaning of the wave steepness (except b =0).

Use of b =1 is suggested for developing sea states. The new method (Eq. 6.10) also

represents the spectral tail better (Hwang et al., 2012).

I1 (f) =
m1 (f)
√
m−1(f)

(6.10)

Ib (f) =
∫fuf f

′2
[
S (f ′) /f

′b
]
df ′√

∫fuf [S (f ′) /f ′b] df ′
(6.11)

The peak frequency of the function in (Eq. 6.10) given here as fm1 . The analytical

relationship between fm1 and separation frequency (Eq. 6.12 obtained from least square

regression ) is given as follows by Hwang et al. (2012);

fs1 = 24.2084fm1
3 − 9.2021fm1

2 + 1.8906fm1 − 0.04286 (6.12)

The conformity of the Eq 6.10 is compared with the method based on wind speed (Eq.

6.6) for SOFS data. It has been found that criterion based on the wind speed is more

robust since the accuracy of the separation frequency is questionable for some cases.

Separation frequency has found to be lower than it should be, which interprets some

swell partitions as wind sea cases.

At the last stage, each partition is controlled again and combined with its neighbouring

partition if necessary. Wind sea partitions are all connected if one more than one

partition satisfies the wind sea conditions since local winds can only be responsible
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for the wave system. Adjacent swell partitions are also controlled and combined if they

belong to the same swell system. This process depends on the distance between the

peaks, which was not considered in the initially applied partitioning algorithm. The

adjacent partitions are merged if the square spectral distance between two peaks is less

than half of the spread if each partition (Hanson and Phillips, 2001).

∆f2 = (fpx,1 − fpx,2)2 + (fpy,1 − fpy,2)2,

fpx = fpcosθp, fpy = fpsinθp

(6.13)

The spread of each peak;

δf2 =
(
fx − fx

)2
+
(
fy − fy

)2
= f2

x − fx
2

+ f2
y − fy

2

fx = fcosθ =
1

e
∫ ∫ S (f, θ) fcosθ dθ df

fy = fcosθ =
1

e
∫ ∫ S (f, θ) f sinθ dθ df

f2
x = f2cos2θ =

1

e
∫ ∫ S (f, θ) f2cos2θ dθ df

f2
y = f2sin2θ =

1

e
∫ ∫ S (f, θ) f2sin2θ dθ df

(6.14)

where;

e = ∫ ∫ S (f, θ) dθ df (6.15)

After the identification of the partitions, JONSWAP function (Eq. 4.2) fitted to the

wind-sea partition. JONSWAP fitting is based on the shape parameters of (α and γ)

along with the fp using nonlinear least square regression analysis. Estimated of JON-

SWAP parameters are profoundly affected by the choices of spectral resolution, record

length, applied method, and used the number of segments (Ewans and McConochie,

2018, 2019). Problems associated with fitting the JONSWAP peak enhancement factor

via curve-fitting spectra are discussed and quantified by Ewans and McConochie (2018,

2019) and Saulnier (2013). The peak enhancement factor bias can reach up to 100% for

the curve-fitting spectra (Saulnier, 2013).

Finally, the directional spreading of the measured spectra is parametrized using Ad (Eq.

2.30). Ad calculated for the peak frequency is used here, since modulational instability

is expected to be effective around the peak frequency. Moreover, the peak of directional

spreading also is located near the spectral peak (Hasselmann et al., 1980; Mitsuyasu et
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al., 1975). Komen et al. (1984) has shown that for fully developed spectrum narrowest

point of the directional spectrum should be located at 0.95 fp.

6.4 Statistical Properties of the Measurement Data

The characteristics of the measurements are used to understand the usual wave patterns

of different locations (Table 6.2). Black Sea and Southern Ocean (SOFS data) wave

systems usually consist of single-peak spectra by shape. Black Sea spectra satisfy the

wind sea condition, where most of the sea states are found to be the fetch limited

young developing sea states in accordance with the geophysical conditions of the closed

Black Sea basin. Therefore, most of the spectra can be associated with the JONSWAP

spectral shape (Babanin and Soloviev, 1998), which is an ideal case for the application

of accurate Π values in this study. Besides, the highest mean steepness values are also

observed in the Black Sea as a consequence of the developing nature of sea states. The

maximum measured significant wave height is approximately 2.5 meters, with 7 seconds

of the peak period. The dominant wind direction and peak wave directions are S and

SE, respectively, which is consistent with the location of the platform in the northern

Black Sea region. 4 rogue occurrences are recorded, which corresponds to the highest

percentage of occurrence among other sites.

Table 6.2: Statistics of Measurement Data

# Spectra Rogue Occurrence Wind Sea Dom. 0.8 < Ad < 1.8 IWA(Up/Cp) < .85 Steepness > 0.08

IOP 6765 27 3994 349 NWD 176
% 1.00 0.0058 0.59 0.09 NWD 0.04

Black Sea 114 4 108 33 106 5
% 1.00 0.0351 0.95 0.31 0.98 0.05

SOFS-1 (MRU) 7079 27 478 3386 4850 365
% 1.00 0.0038 0.07 0.48 0.69 0.05

SOFS-2 (MRU) 5440 12 64 2967 2760 197
% 1.00 0.0026 0.01 0.55 0.51 0.04

SOFS-4 (TriAxys / MRU) 2017 / 4090 10 / 12 46 / 213 1168 / 2310 1794 / 3554 73 / 215
% 1.00 / 1.00 0.005 / 0.0029 0.02 / 0.05 0.58 / 0.56 0.89 / 0.87 0.04 / 0.05

Total 25505 92 4903 10213 10304 834
% 1.00 0.0036 0.19 0.40 0.55 0.032

Even though most of the Southern Ocean spectra turn out to be single peak spectra,

the ones that satisfy the wind-sea conditions Eq. 6.6 are found to be less than 10%. In

other words, despite the presence of the significantly high prevailing winds, sea states

are identified as swell due to already existent energetic wave fields with low frequency.

The waves are still within the Pierson- Moskowitz (PM) limit meaning that the system

keeps receiving energy from the local winds. We note here that, single-peak spectra can
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characterise waves well below the PM limit, where dominant waves still receive energy

from the local winds (Thomson and Rogers, 2014; Young, 2006), perhaps through the

nonlinear interactions and energy cascade from the tail, but this discussion is beyond

the topic of this study. Young (2006) stated that “swell dominated mixed sea states that

are still connected to local wave systems” are possible without having precise bimodal

distribution. Rapizo et al. (2015) concluded that the development of the local waves

is often in their advanced stages (old wind sea). However, the shifts in their direction

and drop in the wind speeds cause waves to fall into the swell category. The peak

wave direction is SW and WSW, while the dominant wind direction is W and SW.

The maximum angle between the wind and wave direction is usually found to be in the

interval of 60 - 90 degrees and increases asymptotical to 90 degrees with increasing wind

speed (Rapizo et al., 2015; Young et al., 2020b).

Thomson and Rogers (2014) showed that waves are travelling faster than local winds can

still demonstrate dependence on the fetch and dimensionless energy for wave growth.

The locally generated wind waves can pass their energy through the swell system with

nonlinear wave-wave interactions (Young, 1998). This condition seems to be consistent

in time and dominates over the Southern Ocean wave systems. It has been found that

the use of a steepness function based partitioning algorithm significantly increases the

number of cases identified as wind seas. The percentage of wind-sea dominated sea

states are increased from 10% to 70% due to the difference in partitioning algorithm.

Therefore, indicator parameters are calculated for all single peaked spectra estimated

from the SOFS measurements without application of the identification criteria. The

maximum observed significant wave height and corresponding peak period are 14.9 m

and approximately 17 seconds in SOFS records. The maximum observed wave height

and corresponding period observed is 26.6 m and 22.4 seconds, which does not satisfy

the rogue wave condition of Hi/Hs > 2. The peak wave direction is SW and WSW,

while the dominant wind direction is W and SW.

In IOP, the partitioning is carried out using steepness function since the wind speeds

were not available. It has been found that IOP spectra usually correspond to mixed sea

states with up to several swell partitions. 60% of the sea states identified as the wind-sea

dominated spectra, while rogue waves are observed in 27 of those corresponding records.

However, due to the complexity of the wave systems in this location, the rogue occurrence

can be occurred mechanism such as crossing sea states. The maximum observed wave
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height and corresponding period observed is 12.77 m and 17.1 seconds. The peak wave

direction is SW and WSW, while the dominant wind direction is W and SW (Table 6.2].

In total, 92 number of rogue events are observed in 18740 samples (1 occurrence in almost

300 samples). The total number of 3629040 waves are detected using a zero up crossing

method, which returns PRW of approximately 2.1e-5 when all data is considered. 77

of rogue waves have occurred when only a single wave system is present (single peaked

spectra). Hence, the intercrossing sea state is not a main mechanism for the selected

areas. Only 12 cases in the IOP and 3 cases in SOFS1 occur in mixed sea states. Rogue

waves are having high individual steepness (clustered closer to 1/7 breaking line in Fig.

6.1 a) as expected. However, they are scattered as much as standard records when their

corresponding Hs and Tp are considered. Hence, rogue occurrences can be observed in

all sea states regardless of samples spectral steepness (Fig. 6.1 b). Therefore, spectral

steepness is not enough solely to explain for rogue occurrences (Christou and Ewans,

2014). Moreover, many of observed the highest individual waves in Southern Ocean

(Hi > 15 m) do not satisfy the rogue wave conditions. Thus, occurrence of such indi-

vidual exteremes are not unanticipated for the energetic Southern Ocean wave climate.

Nonetheless, these occurrences also represent that strict nondimensional definitions of

rogue waves are also not adequate to represent extreme conditions.

Crest, Trough and Wave Height distributions of samples with the rogue event are given

(Fig. 6.2) along with Rayleigh distribution. 10-20 minutes samples of surface measure-

ments only consist of 50-300 waves. Hence, the number of observed waves in a single

measurement is too less to give out any probabilistic statistical information on rogue

wave occurrence. The bulk of the data follows or located above the Rayleigh distribution,

while sudden deviations (stretch outs) are observed towards the tail of the distributions

due to rogue occurrence. Those crest/wave height distributions make it very challenging

to understand the connection between rogue waves and the belonging sea state.

It is also observed from the distribution of the samples that, stretch outs due to rogue

waves are stronger (farther apart) in crest distribution, as expected. However, for several

cases, rogue waves are observed while the normalized crest ratio was less than 1, which

points out to stronger deviations in through distribution. Therefore, some rogue wave

occurrences have deeper troughs than their crests heights.
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Figure 6.1: (a) Individual wave height (Hi) vs. corresponding wave periods (T )
(b) Significant Wave Height (Hs) vs. Peak Wave Period(Tp) (grey dots indicate regular
records while black dots indicate rogue occurrences and samples with rogue occurrences
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Figure 6.2: Normalized crest (a), Normalized Troughs (b) and Normalized Wave
Height (c) distributions of each Rogue wave record

Indicator parameters are calculated for wind-sea dominated sea states with special con-

sideration of the single peak spectra of SOFS as explained. Parameters are evaluated

based on their relationship with the normalized maximum wave heights since the record

lengths are not long enough to provide the tail of the exceedance probability distribution

(Fig. 6.2). This condition obstructs the estimation of reliable rogue wave occurrence

probability.

The indicator values that are associated with higher rogue wave occurrence in Chapter

5 were not observed in the records. Both BFI2D and Π2 values remain in the stable

region with respectively low values. Even though, the range of directional spreading

parameters (Ad) match with interval applied in numerical investigations. Thus, the

reason behind the low indicator values is associated with the low nonlinearity of the

records. For the majority of cases, steepness values have found to be less than 0.08.

Consequently, no remarkable correlation has been observed for both indicators, which

are designed to represent higher-order effects of the nonlinearity. As can be seen in Fig.

(6.3), the distribution of BFI2D and Π2 are also significantly scattered to drive definite

conclusions on the performance of the indicator value for real measurements. These

findings also indicate that, occurrence of “dangerous” values of indicator parameters are

so rare.

According to indicator versus probability behaviour observed here, no significant site-

specific difference has been observed. Parameters estimated for all three locations are

consistent with each other. However, some characteristic behaviour can be observed in

further analysis. Black Sea measurements contain the highest normalized values of wave

height and crest height, followed by the IOP data. On the other hand, the energetic

conditions of the Southern Ocean have not resulted in higher occurrence probability of
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Figure 6.3: (a) BFI2D vs. Maximum Normalized Crest Height, (b) BFI2D vs. Max-
imum Normalized Wave Height, (c) 1/Π2 vs. Maximum Normalized Crest Height, (d)
1/Π2 vs. Maximum Normalized Wave Height, (e) Directional width (Ad) vs. Maximum
Normalized Crest Height, (f) Directional width (Ad) vs. Maximum Normalized Wave
Height (η/Hs)

extremes despite the high waves and strong winds. Therefore, it can be indicated that

developing sea states are more prone to the occurrence of individual extremes. Also, the

narrow directional spreading values (high Ad) were absent in the Black Sea, where wave

systems are generally categorized as fetch limited wind-wave conditions.

In Fig. (6.4), bin averaged values of indicator parameters are analysed against the mea-

surements. Histogram of the indicator parameters are used to decrease the scatter and

to provide a more straightforward demonstration of possible coherence between indicator

parameters and normalized crest heights. Nevertheless, no clear correlation between the

likelihood of rogue wave occurrence and selected parameters has been observed.Christou

and Ewans (2014) also were not able to find convincing evidence that suggests a con-

nection between sea state condition and PRW . Most of the relations follow a similar

flat pattern; however, these evaluations are based on the maximal normalized crest and

wave height values; not the actual rogue wave occurrence probability.
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Figure 6.4: Indicator parameters vs. Mean Averaged Normalized Wave Height (a)
BFI, (b) BFI2D, (c) Π index, (d) Π2 index, (e) MId, (f) Steepness, (g) Normalized
Directional Width (Ad)

To further examine the indicator performance, crest distributions of the bin averaged

indicator values are also investigated (Fig. 6.5). The samples with similar indicator

parameters or directional spreading width are merged, and the exceedance probability

of crests are examined together. The most remarkable result is the observation of adverse

behaviour of increasing PRW with increasing directionality in highly spread sea states.

It is observed from the measurements that (Fig. 6.5), the deviation from the Rayleigh

distribution of Ad < 0.8 are higher than the deviations observed in the following interval

of 4.0 > Ad > 0.8, which is in accordance with the results of the numerical simulations.

A similar comparison for higher Ad is not reliable since the number of samples with

very narrow spreading (Ad¿4) is significantly less than the number of samples of other
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Figure 6.5: Crest Distributions of bin averaged indicator parameters, Ad (a), BFI2D
(b), Π2 (c)

intervals. Therefore, these findings along with the numerical simulation results ( Chapter

5) clearly show the enhancing effect of extensive directional spreading (Ad < 0.8 ) on

rogue wave occurrence. On the other hand, no distinctive behaviour has been observed

among different intervals of Π2 and BFI2D (Fig. 6.5), since the obtained values are still

significantly further away from the unstable region. Therefore, it is not possible to draw

clear interpretations of the performance of the indicator parameters within the scope of

the used data. Even though there is a deviation in crest distributions for Π2 > 0.4, which

can be expected according to numerical simulations, the sample size of the interval is

smaller compared to other intervals.

6.5 Conclusion

Here, the most obvious conclusion can be made as the effect of steepness and band-

width on rogue wave occurrence being not distinguishable based on the measurement

data. Observed rogue events and corresponding occurrence probabilities cannot be as-

sociated with any physical mechanism directly, such as modulational instability since

can be represented by such range of values of indicator parameters. A similar outcome

by Christou and Ewans (2014) shows that rogue wave occurrence is not a function of

steepness- which is considered in all parameters here- or no common trend related to

the shape of spectra is observed. As a result, even though the present and previous

findings related with directional spreading are encouraging for a better understanding of

the rogue wave statistics, the relationship between the other spectral shape parameters

and the real rogue wave statistics are yet to be discovered. The scarcity of the rogue



Chapter 6 – Rogue Waves Statistics obtained from Buoy Measurements 106

wave observations remain as the significant drawback for further analysis of spectral

parameters and rogue waves.



Chapter 7

Assessment of Rogue Wave

Indicators Obtained from Forty

Years of Global Hindcast

In this chapter, applicability and the meaning of indicator parameters in realistic ocean

conditions are investigated based on the extreme value estimates of the indicators ob-

tained from the 40 years of global wave hindcast data. The extreme value analysis

(EVA) techniques applied to indicator parameters and the results are evaluated con-

cerning global wind/wave climates, seasonal variability, temporal changes. Finally, the

correlation between the indicator parameters and other wind and wave parameters is

explored.

The highest 100-year return values of the indicators have been observed in wind-sea

dominated regions (western boundary of both North Pacific and North Atlantic, and

the Southern Ocean). Meanwhile, lower values are observed in the swell dominated

regions near the equator and low latitudes.

7.1 Introduction

The prediction of rogue waves remains as one of the most challenging topic (Cousins

and Sapsis, 2016). This is discussed to be due to several reasons including multiple

107
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possible formation mechanisms, the complexity of the ocean surface dynamics, arbitrary

phase information and scarcity of the available measurements. The predictions on the

likelihood of rogue occurrences can only be made from the stochastic approach since

the phases of the individual waves are arbitrary. Hence, the typical approach is to

conduct Monte Carlo simulations of the ocean surface with random phases and estimate

the occurrence of rogue wave probability corresponding to spectral characteristics. The

applicability of the instability criteria to real conditions and their correspondence to

rogue wave occurrence can be investigated through such exercise. Numerical simulation

results in Chapter 5 have shown the probabilistic correlation between the indicator

parameters of BFI & Π (along with their directional counterparts) and rogue wave

occurrence is present to a certain extent.

The scope here is to demonstrate the applicability and meaning of the selected indicator

parameters for the real ocean conditions along with the possible use of those parameters

in the estimation of extreme critical conditions. Here, we have further evaluated the

possibility of rogue wave prediction based on previous probabilistic correlations given in

Chapter 5, together with the relation between indicator parameters and the wind/wave

characteristics. We have conducted the extreme value and trend analysis for indicator

parameters calculated from 40 years of wave hindcast data (1980-2019), and the indi-

cators’ exceedance probability for respective theoretical stability limits are evaluated.

The indicator parameter behaviors are investigated with respect to known local /sea-

sonal climate conditions, and other spectral parameters. The spatial locations where

the marginal values of indicators occur are determined.

The arrangement of the chapter is as follows. Section 7.2 explains the rogue wave indica-

tor parameters included in the new ST6 hindcast (Liu et al., 2019). The methodology of

the extreme value analysis techniques applied to the indicator parameters is also given in

this section. Section 7.3 assesses the statistical properties of indicator parameters. Here,

extreme value analysis results, seasonal variability, temporal evolution of the indicator

parameters and finally, correlation of indicator parameters with other wind and wave

parameters are investigated. In Section 7.4 findings of the present chapter are discussed

and concluded.
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7.2 Data and Methodology

7.2.1 Model Hindcast

In this chapter, the latest wave hindcast, which is produced using ST6 physics in Wave-

watch III model (WW3), has been considered. WW3 is a third generation spectral wave

model, that represents the evolution wave action density spectrum in time considering

the radiative transfer equation (Eq. 7.1) (action-balance equation).

dNact

dt
=
Sin + Snl + Swc + Sswl

ω
(7.1)

Here, the wave action density spectrum is Nact (k, θ;x, t) = F (k, θ;x, t) /ω, and S pa-

rameters refer to the source term representing the physical processes in the model (Sin

wind input, Snl nonlinear interactions, Swc whitecapping, Sswl swell decay). In this

hindcast, the source term parameterisation of ST6 physics package (Zieger et al., 2015)

with the latest updates by Liu et al. (2019) is considered for wind input and dissipation

parameters. Discrete interaction approximation (DIA) is applied for the nonlinear four-

wave interactions (Hasselmann et al., 1985). External wind forcing fields of the ERA5

global reanalysis (Hersbach et al., 2020) is used for the reanalysis. The new global ST6

hindcast data for forty years (1980-2019) has 3-hour temporal and 0.25° spatial resolution

and evaluated using the calibrated and validated altimeter dataset of Ribal and Young

(2019). The hindcast data shows a high correlation against both altimeter observations

and buoy measurement, where model errors at extreme values are decreased.

The rogue indicators such as unidirectional Π and BFI, the inverse directional width

parameter Ad and directional BFI2D are included in this hindcast. This makes the

first instance of the datasets of nonlinear instability parameters at a global scale. Π2

is not initially included as a default parameter due to the unknown accordance of the

B coefficient in Π2 definition (Eq. 2.29), since the B suggested (Ribal et al., 2013) is

calculated based on JONSWAP spectra confined within certain interval. However, Π2

can be easily estimated using the available parameters of the hindcast.

The indicator parameters are designed to represent high-order interaction effects and

related instabilities in wind-sea. Therefore, they are initially considered for the wind sea

partition of the estimated spectrum. Additionally, indicator parameters are also applied
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for primary and secondary swell partitions. This extension does not imply any physical

meaning. However, it is aimed to include all the specific spectral formation which would

not be identified as wind sea by partitioning algorithm, but still receive energy from

the local winds. Wind sea identification is based on the wave age definition, which is a

highly efficient and successful criterion (Eq. 6.6). However, the β coefficient used in the

criterion is not ideal for all spectra or all locations. The commonly applied value of is

1.3 (Hasselmann et al., 1996; Voorrips et al., 1997) is considered here.

7.2.2 Extreme Value Analysis (EVA) Techniques

Modulational instability is known to be active mechanism in real ocean resulting rapid

wave growth and wave breaking (Babanin et al., 2011a; Babanin and Rogers, 2014).

However, the knowledge of the occurrence of modulational instability in real ocean con-

dition is still limited due to several reasons including the rapid evolution of modulational

instability, complexity of ocean dynamics and the issues related to available surface

records (wave recording techniques, sampling variability). Moreover, the conditions

that yield to modulational instability (combination of high wave steepness, and suffi-

ciently narrow the spectral bandwidth and directionality) are not commonly observed

in the real ocean. The physical stability conditions of ocean spectra are theoretically

estimated through the indicator parameters as discussed. Here, extreme value analysis

can be applied to estimate the exceedance probability of instability conditions consid-

ering the 40 years of indicator parameters obtained from the reanalysis. Moreover, the

EVA findings are assumed to interpret the likelihood of rogue wave occurrence consider-

ing the directly proportional relationship between the extreme events and the indicator

parameters based on the numerical simulations (Chapter 5).

In EVA, the aim is to represent the probability of the extreme events which are located

in the tail of the probability distribution (Coles, 2001; Goda, 1988). Two conventional

EVA methods are considered here, that are, the Annual Maximum (AM) method and the

Peak Over Threshold (PoT) methods. Generalized Extreme Value Distributions (GEV)

(Coles, 2001) is fitted to the AM data. The special case of GEV, Gumbel (GUM)

distribution is applied as a reference due to its former popularity. AM, considering only

the most significant event in a yearly period, is a preferred method since it satisfies

statistical independence of data and also focuses on the tail. Nevertheless, a low sample
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number leads to significantly large confidence limits during the extrapolation of the

probability distribution function (pdf) (Kirezci et al., 2020). The PoT method addresses

such shortcomings of AM by using the sample above the defined threshold (Young et al.,

2012). The statistical independence of the selected samples has been satisfied by applying

a 48-hour rule (typical storm duration), where a single peak value in 48 hours of time

intervals chosen (Caires and Sterl, 2005; Vinoth and Young, 2011; Young et al., 2020c).

The main shortcoming of the PoT method is due to the selection of threshold values that

does not have any theoretical approach; it is arbitrary (Coles, 2001; Young et al., 2012).

Therefore, the most convenient approach to PoT method is to apply several different

thresholds in order to determine the best fitting sample. Here, the PoT method is

considered with five different thresholds, which are determined as percentile values (98th,

98.5th, 99th, 99.5th and 99.9th) of indicator parameters at each grid points. Coles (2001)

has shown that PoT method with the percentile approach shows higher conformity with

The Generalized Pareto Distribution (GPD) and the Exponential Distribution (EXP).

In total, 12 different EVA fits (10 PoT & 2 AM) are considered to ensure that the

optimum probability distributions for the indicator parameters are selected.

7.3 Statistical Properties of the Indicator Parameters

Here, we analyse the statistical properties of the indicator parameters from various

aspects. Initially, the upper percentiles are analysed to observe the global spatial dis-

tribution of the indicator parameters. Afterwards, EVA analysis has been conducted

to estimate return values for different periods (2-100 years). The obtained results are

evaluated with respect to the theoretical stability limits of the parameters. Further dis-

cussions are also made considering the effects of geographic characteristics on indicator

parameters.

The seasonal variability of the indicator parameters is also analysed (considering the

99th percentiles of the parameters). Long term changes in indicator parameters are also

evaluated by percentiles considering the climatology. Finally, the relationship between

indicator parameters and other wind/wave (spectral parameters) parameters such as

significant wave height (Hs), directional spreading (Ad) and inverse wave age (IWA)

and indicator parameters are investigated in subsection 3.4.
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Figure 7.1: 99.9 Percentile of the indicator parameter (A) BFI (A) BFI2D (C) Π −1

(D) Π2
−1

7.3.1 Extreme Value Analysis of the Indicator Parameters

Numerical studies have shown that spectral characteristics such as steepness, spectral

bandwidth and directional spreading can be associated with the probability of occurrence

of the individual extremes. Even though the results of numerical simulations contain

a large scatter for some parameters, correlations between the indicator parameters and

probability of rogue wave occurrence are evident. Therefore, upper percentiles of indi-

cator parameters (99th, 99.5th and 99.9th percentiles) is expected to correspond to the

increased likelihood of rogue wave occurrence due to the instability in wave spectrum.

The 99.9th percentile of the four indicator parameters (BFIs and inverse Πs) are given

in Fig. 7.1. It is observed that global distributions of the parameter values are consistent

with the prior global wind and wave climate studies (Echevarria et al., 2019; Meucci et

al., 2018, 2020; Takbash et al., 2019; Young, 1999; Young and Donelan, 2018). Thus, the

indicator parameters reflect the global and regional physical mechanism. High wind sea

dominated regions (western boundary of both North Pacific and North Atlantic, and

the Southern Ocean) have returned higher values of indicator parameters, which are

consistent with the major storm tracks. Moreover, higher percentile values are heavily

affected by tropical storms in the northern hemisphere, where storm tracks are east to

west across the tropics but turn north along the western boundaries of North Atlantic

and North Pacific (Takbash et al., 2019).
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Bands of higher values across the Pacific Ocean and the Atlantic Ocean just north of the

equator (approximately up to 10° N) are also observed. Similar bands in global wind

speed EVA (100-year return periods) in Takbash et al. (2019) and Meucci et al. (2018)

are explained as signatures of tropical cyclones. It is expected that, tropical cyclones

would result in extreme values indicator parameters due to their high steepness values

(corresponds to high values of indicator parameters as well). Accordingly, tropical cy-

clone tracks are also observable in high percentile global maps of the indicator parameters

and impacted the EVA analysis, especially around tropical regions.Nevertheless, these

extremes do not necessarily represent the correct physical conditions or wave crest/height

probability distributions under extreme wind forcing. Trulsen and Dysthe (1992) sug-

gests that modulational instability stops at very strong wind speed. Similarly, Babanin

(2011b, 2013) discusses that even if the modulational instability still exist under extreme

wind forcing, it has no time to take its course before the waves grow and break due to

wind energy in the system. Therefore, spectral wave steepness would expected to in-

crease while the maximal possible wave height decreases. Considering the uncertainties

associated with modulational instability in an extreme wind forcing, larger indicator

parameters observed in Tropical Cyclones or hurricane-like events should not be used

for interpretations on rogue wave occurrence probability. Babanin (2011b) suggests that

U10 > 33 m/s signify a change of physical regimes near the air-sea interface; therefore

rogue wave occurrence under extreme wind forcing should be further investigated.

The lower values of indicator parameters are observed in the swell dominated regions

near the equator and low latitudes. This is an expected outcome considering mild wind

climate of the regions and the indicator parameters being based only on wind-sea states.

The lowest values are observed in low latitudes around South America, which are also

in agreement with the wave and wind extremes of that region.

The indicator extremes show both features of distributions of wind and wave extremes.

The spatial distribution of the indicator extremes resembles more to the wind speeds

extremes distributions where larger values are even closer to the western boundaries

of the regions. However, uniform (smooth) characteristics of indicators distribution

is similar to wave height extreme distributions. This is due to consideration of only

the wind-wave partitions for the indicator parameters which limits the representation of

dispersive nature of the waves on those plots (due to disregarding of the swell partitions).
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Accordingly, the spatial distributions of indicator parameters are in correlation with wave

age distributions in the higher latitudes both hemispheres.

The indicator parameters reach higher values towards to coasts. Nevertheless, those

could also be misleading due to insufficient spatial resolution, shallow bathymetry and

obstruction to the grid approach of WW3. This effect is most evident in the Caribbean

Sea, southeast Asian Islands, and mainly in closed basins. Other false increases of in-

dicator values are observed in higher latitudes closer to polar regions. Those increases

are associated with the unrealistic growth of waves regarding the issues of considered

ice term in the reanalysis model. According to the ice term (IC0) considered for the

hindcast, as the ice concentration reaches higher than 75% the total wave energy is

removed assuming the area is land (Liu et al., 2020). This crude parametrisation of

ice term can lead to the growth of unrealistic waves (waves evolving from the coastal

line) (Liu et al., 2020). Such unrealistic outliers are observed in Fig. 7.1. The general

spatial distribution of the unidirectional indicator parameters (BFI and Π−1) signifi-

cantly resembles (Figs. 7.1a-7.1c). It is also observed that, the stability limits of those

parameters were not exceeded according to 40 years of hindcast data. Considering their

highly similar behaviour also for probability of rogue wave occurrence (Fig. 5.1-5.4), no

apparent reason has been found to favor one parameter against the other one.

The general behaviour of the directional parameters, BFI2D and Π2
−1, are also similar

when they are compared with their unidimensional counterparts, BFI and Π−1, respec-

tively. Nevertheless, some imperceptible differences are also observed, most of which are

only on a small scale and site-specific differences. The most important and apparent dif-

ference between BFI and BFI2D (Fig. 7.1a-7.1b) is the occurrence of high values closer

to stability limits near the eastern coast of Japan (Fig. 7.1b). That particular area in

Northwest Pacific is the largest area that contains the grid points with BFI2D > 0.12

(without ice extent and the effect of land masses). Therefore, the occurrence probability

of individual extrema is expected to be higher in that region. Furthermore, some freak

wave observations are also recorded in that region (Fujimoto et al., 2019).

The difference between Π values is the dimensionless scaled width on the transverse

direction ( β
εAd

) (Eqs. 2.28-2.29). The larger the β
εAd

means smaller the directional

width parameter (Ad), which corresponds to broader directional distributions. In Fig.

7.2, the normalized discrepancy between Π values are plotted (Π2-Π is given in Fig.
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Figure 7.2: The normalized relative difference between Π2-Π (a) and (Π2-Π) *ε (b)
used to determine Directional Spreading Width. Normalization is done with respect to
99th percentile of the data

7.2a and steepness neutralized version of (Π2-Π)* ε is given in Fig. 7.2b) to remark the

locations where the large directionality is a factor for stability.

The differences tend to get higher closer to land and enclosed basin. The highest dif-

ferences observed for Fig. 7.2a are in Southeastern Asian islands (around Indonesian,

Philippines, Northern coast of Australia), Sea of Japan, Gulf of Mexico, the Mediter-

ranean and the Red Sea. It is observed that Fig. 7.2b is smoother with the neutralization

of the steepness. The impact of steepness can be observed in Fig. 7.2b around Japan,

where no significant impact of directionality observed without the impact of large wave

steepness observed in region.

EVA for indicator parameters is carried out using the 40 years of hindcast data with

the given temporal and spatial resolutions. The assessment of the best fits is based on

the root mean squared error (RMSE) of quantile estimates (Kirezci et al., 2020). The

EVA fits are again evaluated with and without ice extent due to explained error related

to the ice term in reanalysis data. As expected, three parameter fit of Generalized

Pareto Distribution (GPD) for PoT method, and Generalised Extreme Values (GEV)

fit for AM have shown better overall performance compared to their two-parameter

counterparts (Gumbel and Exponential distributions, respectively). The Generalised

Pareto Distribution has found to be the best performing method, which has yielded

similar RMSE for different percentiles. Among the 12 different fits/methods, GPD P98

(with 98th percentile) has returned the lowest RMSE values; which is followed by GPD

98.5 (Table 7.1).

GDP, GEV and GUM have returned considerably low RMSE and similar performance.

Meanwhile, exponential (EXP) fit has shown the worst overall performance by far with
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Table 7.1: RMSE of the applied EVA techniques and samples

RMSE with ice without ice

BFI BFI2D Π−1
1 Π−1

2 BFI BFI2D Π−1
1 Π−1

2

AM GUM 0.01484 0.00775 0.01196 0.01126 0.01109 0.00787 0.00527 0.00449

GEV 0.00798 0.00452 0.00431 0.00361 0.00644 0.00496 0.00370 0.00294

PoT GDP 98.0 prctl 0.00511 0.00219 0.00227 0.00248 0.00407 0.00226 0.00182 0.00227
98.5 prctl 0.00494 0.00230 0.00217 0.00240 0.00401 0.00237 0.00183 0.00224
99.0 prctl 0.00489 0.00250 0.00221 0.00235 0.00400 0.00257 0.00189 0.00224
99.5 prctl 0.00498 0.00294 0.00238 0.00239 0.00412 0.00301 0.00209 0.00231
99.9 prctl 0.00563 0.00442 0.00301 0.00286 0.00499 0.00440 0.00292 0.00284

EXP 98.0 prctl 0.23725 0.05110 0.34592 0.09371 0.23005 0.05110 0.14561 0.09371
98.5 prctl 0.23682 0.04826 0.14696 0.09700 0.23682 0.04826 0.14696 0.09700
99.0 prctl 0.24700 0.05360 0.15345 0.10203 0.24700 0.05360 0.15345 0.10203
99.5 prctl 0.26667 0.05531 0.14883 0.11132 0.26667 0.05531 0.14883 0.11132
99.9 prctl 0.32161 NaN 0.15609 0.14328 0.32161 NaN 0.15609 0.14328

the highest normalized RMSE of 15-23 %. It is also observed that the RMSE decreases

when the ice extent is excluded from the evaluation. The statistical improvement is

evident for all parameters and methods when ice grids are removed except forBFI2D. No

physical connection has been observed between the directional BFI2D and the presence

of the ice grids. It is observed that the ranking of the best fitting methods has not been

affected by the ice (Table 7.1). The unidirectional indicator parameters have returned

slightly lower normalized RMSE compared to directional ones.

Table 7.2: Best Fitting EVA techniques to grid points

with ice without ice

BFI BFI2D Π−1
1 Π−1

2 BFI BFI2D Π−1
1 Π−1

2

GUM 2.72% 4.40% 2.55% 5.24% GUM 0.28% 0.24% 0.10% 2.11%

GEV 4.34% 5.69% 2.35% 16.35% GEV 2.76% 2.87% 1.06% 18.16%

GDP 98.0 prctl 29.95% 50.13% 42.41% 29.67% GDP 98.0 prctl 30.11% 55.60% 43.62% 32.36%
98.5 prctl 14.46% 12.44% 17.69% 12.40% 98.5 prctl 15.18% 12.48% 18.58% 12.21%
99.0 prctl 16.93% 12.30% 17.10% 13.05% 99.0 prctl 18.35% 12.72% 18.04% 12.38%
99.5 prctl 21.78% 11.42% 14.25% 14.92% 99.5 prctl 22.95% 11.78% 14.78% 14.43%
99.9 prctl 9.82% 3.62% 3.66% 8.37% 99.9 prctl 10.38% 4.32% 3.83% 8.34%

In addition to RMSE comparisons, the best fitting methods for each grid are also identi-

fied. GDP P98 fit has resulted in the highest count number for all four variable variables

and become best fit for approximately more than one-third of the grid data for all 4 in-

dicator parameters (Table 7.2). Nevertheless, the number of best fitting methods are

found to be highly variable depending on both the indicator parameters (Table 7.2) and

the geographic location (Fig. 7.3-7.4).

GDP P98 has shown the best fit around equator in the range of 30° N-30° S where wave

systems are usually swell dominated (Fig. 7.3-7.4). However, the best-fitted methods

shift towards to the higher percentile GDP fits (P99 and P99.5) for the higher latitudes
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Figure 7.3: Best Fitting EVA approach to grid points without ice (a) BFI (b) BFI2D
(c) Π −1 (d) Π2

−1

Figure 7.4: Best Fitting EVA approach to grid points with ice (a) BFI (b) BFI2D
(c) Π −1 (d) Π2

−1

up until the polar circles. In other words, extremes in the wind-sea dominated regions

are better represented by the pdf tail. This is due to the fact that pdfs of the parameters

at higher latitudes are narrower with lower deviation and extremes are located at the

end of the tail. The effect is more prominent on the western boundaries in the northern

hemisphere for latitudes higher than 30° N, except for BFI2D (Fig. 7.3b-7.4b) .

The Southern Ocean generates an exception to that condition due to its unique wind

and wave climate. The Southern Ocean is known with its extreme wave conditions that
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are present all around the year caused by its long fetches, persistent westerly winds

and procession of low-pressure systems (Young et al., 2020b). The seasonal variations

are significantly low when compared with the similar latitudes in Northern Hemisphere

(Young, 1999; Young and Donelan, 2018; Young et al., 2020a). Accordingly, the wave

climate in the Southern Ocean is also uniform with spatially and temporally consistent

distributions of extreme wave events (Young et al., 2020a). Despite the presence of the

extreme waves and respectively higher indicator parameters in the Southern Ocean, the

resulting pdfs are more similar to the swell dominated regions. Therefore, unlike the

prominent variation in the best-fit methods in the northern hemisphere, the best EVA

fit to indicator parameters for the Southern Ocean is the GDP with P98. For Southern

Ocean, the percentage of best-fitting grid points for GDP P98 lies above the global

average and even reaches to 77% for BFI2D between the latitudes of 45°S -75°S.

Another location of interest is the tropical region of the Atlantic Ocean in the northern

hemisphere, where the certain tracks of best fit of GDP P99.9 are observed (track consist

of black points in Fig. 7.3-7.4) for BFI and Π2
−1. Considering that GDP P99.9 fits

are very heavily concentrated to the end of the tail; these tracks can be associated with

the tropical storm tracks. Since the area is swell dominated and wind speeds are low,

a small number of tropical cyclone events would populate the tail of the pdf. Hence,

it is logical that the most heavily tail dependent distribution (P99.9 only considers 116

data while P98 considers around 2300 data) shows the highest conformity along these

individual tracks. There are some other locations close to the polar regions, which are

best represented with P99.9 fits; nonetheless, we have not observed any patterns. The

thin track close to the Antarctic region in BFI (Fig. 7.3a-7.4a) is again related to ice

extent.

Two different behaviours are observed when directional and unidirectional indicator pa-

rameters are considered. For BFI, directionality significantly shifts the threshold of the

best fitting GDP to the lower percentiles, meaning that BFI2D is better represented

when a larger number of extreme data are present. This is not surprising as the direc-

tionality introduces additional variability. A similar behavior in the best-fitting method

also observed for the Π values in higher latitudes, as seen in Fig. 7.3-7.4.

A distinct behavior is observed for Πs at the lower latitudes where the introduction of

the nondimensional directional width has caused significant changes to the best-fitted
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Figure 7.5: Global distribution of the 100-year return period of (a) BFI (b) BFI2D
(c) Π −1 (d) Π2

−1

EVA methods. The best fitting method has shifted from the GPD distributions to GEV

and GUM distributions (18% GEV and 2 % GUM) for more than 20% of the grid points

for Π −1 and Π2
−1 indicators in the range of 15° S to 15° N latitudes. This is observed

mostly around low latitudes of South America (Fig. 7.3c-d and Fig. 7.4c-d). Moreover,

the best-fitting method has deviated from GDP P98 to GEV within the same region.

The best fitting methods the 100 year return period values are given in Fig. 7.5.

The global exceedance probabilities for 100-year return periods for various EVA methods

given in Fig. 7.6 are estimated based on more than 500000 global grid points. As can be

seen in Fig. 7.6, probability of exceedance of stability limits of the indicator parameters

are significantly low, even for 100-year return period values. Hence, the rogue wave

probability assumptions based on theoretical limits of the indicator parameters are not

practical. This is an important finding, nevertheless it does not refer to the non-existence

of modulational instability in the real ocean. This is representative approach at large

scales when spectral information with the current spatial and temporal resolution is

coarse to trace the instability. This situation occurs since the precision of the indicator

value estimation is highly dependent on the spatial and temporal resolutions of reanalysis

and the accuracy of the model spectrum.
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Figure 7.6: Global Exceedance Probability for a 100-year return period of indica-
tor parameters. Respective theoretical stability limits (SL) are shown with dashed
lines (a) BFI, SLBFI = 1 b) BFI2D no theoretical stability limit given (c) Π −1

, SLΠ −1 = 0.54 (d) Π2
−1, SLΠ2

−1 = 0.52

7.3.2 Seasonal Variations of the Indicator Parameters

The seasonal variability of indicator extremes is also investigated using the 99th per-

centile of the data (Fig. 7.7-7.10). The findings are evaluated by means of the known sea-

sonal variability characteristics of wind/wave parameters (Gulev and Grigorieva, 2006;

Young, 1999; Young and Donelan, 2018; Young et al., 2020a,d) and rogue wave occur-

rence (Cattrell et al., 2019).

All indicator parameters show a clear seasonal cycle in the northern hemisphere as the

higher values of indicator parameters occur in the higher latitudes in the boreal winter,

and the lowest values in summer. This behaviour is similar to the wind speed and

wave heights’ seasonal zonal variability (Young, 1999; Young and Donelan, 2018). The

highest values of indicator parameters (without the effect of the ice parameters) occur

along the western boundaries of North Atlantic and North Pacific similar to the zonal

variations of the wind speed. High values of indicator parameters are observed all year

in the Southern Ocean. The seasonality is very subtle in the lower latitudes of the

southern hemisphere where the wind and wave climate is consistent all year-round (also

see Section 6).
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Figure 7.7: Seasonal distribution of the 99.9th percentile for BFI (a) Dec-Jan-Feb
months (boreal winter) (b) Mar-Apr-May (c) Jun-Jul-Aug (d) Sep-Oct-Nov

Figure 7.8: Seasonal distribution of the 99th percentile for BFI2D (a) Dec-Jan-Feb
months (boreal winter) (b) Mar-Apr-May c) Jun-Jul-Aug d) Sep-Oct-Nov

The impact of the presence of ice on indicator parameters values was discussed pre-

viously, which can also be observed in Fig. 7.7-7.10. In both hemispheres, there are

significant unnatural jumps of indicator values at the ice zones in their respective win-

ters.

The only unexpected season-specific behaviour of indicator parameters are observed in

the Indian ocean, specifically the Arabian sea and Bay of Bengal during monsoon season.

A clear seasonality occurs for both local wind speeds and wave heights. In this region,
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Figure 7.9: Seasonal distribution of the 99th percentile for Π −1 (a) Dec-Jan-Feb
months (boreal winter) (b) Mar-Apr-May (c) Jun-Jul-Aug (d) Sep-Oct-Nov

Figure 7.10: Seasonal distribution of the 99.9th percentile for Π2
−1 (a) Dec-Jan-Feb

months (boreal winter) (b) Mar-Apr-May (c) Jun-Jul-Aug (d) Sep-Oct-Nov

the peak wind speeds and wave heights are observed in June to August (Patra and

Bhaskaran, 2016; Shanas and Kumar, 2015; Young and Donelan, 2018; Young et al.,

2020d). Nevertheless, indicator parameters have shown inverse behaviour and returned

the lowest values in the observed region. The variable seasonal dynamics of this region

and its impact on indicator parameters should be investigated further.

Interannual variability of rogue events is an underexplored topic due to the scarcity of

the rogue event recordings. Hence, there is no available information or global estimation



Chapter 7 – Assessment of Rogue Wave Indicators Obtained from Forty Years of
Global Hindcast 123

on the seasonality of the rogue wave occurrence. Neverthless, a recent regional study of

Cattrell et al. (2019) has shown that rogue wave occurrence has also been susceptible

to seasonal variability based on the buoy measurements on the Pacific coast of the

USA. Cattrell et al. (2019) has shown that rogue waves occurrence doubles in winter

compared to the summer season and the intensity (quantified by Hi/Hs) also increases in

winter season. Similarly here, we have also observed a seasonal increase in the indicator

parameters along the US Pacific coast during winter season. It should be mentioned that,

the increase observed here does not directly coincides for the observation of Cattrell et

al. (2019). However, it is worth to investigate the implications of indicator parameters

in the seasonality of rogue occurrences.

7.3.3 Temporal Trends of the Indicator Parameters

Young and Ribal (2019) have observed the global trends in wind speeds and wave heights

using satellite data and concluded that increases in extreme conditions are more substan-

tial than the mean values. Considering the respective behaviours so far, the indicator

parameters also are expected to be affected by those increases in extreme events. There-

fore, temporal trends analysis has been conducted for indicator parameters to observe

any time dependent changes.

The 40 year-long trends are given in Figs. 7.11-7.13 for median (50th), 90th and 99th

percentiles of the indicator parameters, respectively. Estimation of trends is based on

nonparametric trend analysis with Theil-Sen estimator (Sen, 1968; Theil, 1950) which is

an unbiased estimator of the slope in linear regression. This method is a commonly used

approach for parameters of which probability density functions do not fit the Gaussian

shape (nonnormally distributed data); therefore trend analysis cannot be based on the

simple regression (Aarnes et al., 2015). The approach has been applied numerous times

to wind speed and significant/individual wave height data that are obtained from var-

ious sources such as reanalysis data (Aarnes et al., 2015; Meucci et al., 2020), satellite

observations (Young et al., 2011; Young and Ribal, 2019) and gauge measurements (Cat-

trell et al., 2019). This method has been chosen for indicator parameters considering

the relevance and relation of the parameters to wind speed and wave height data. The

Mann-Kendall test Kendall (1948) and Mann (1945), adapted to account for seasonality

and serial dependence (SKTT) (Hirsch and Slack, 1984; Hirsch et al., 1982), has been
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Figure 7.11: The 40-year trends (1980-2019) of median indicator parameters for
(a) BFI (b) BFI2D (c) Π −1 (d) Π2

−1

conducted here as seasons are defined as months. Accordingly, the trend estimates are

based on monthly values of median, 90th and 99th percentile of the indicator parameters.

In Figs. 7.11-7.13, the results are shown for statistical significance at 90th percent which

is determined with a two-sided p-value of the overall statistic (Cattrell et al., 2019).

The most significant variations of all three percentile values are observed for unidirec-

tional BFI (Figs. 7.11a,b 7.12a,b -7.13a,b); meanwhile, both Π values (Figs. 7.11a,b

7.12a,b 7.13a,b) have shown very subtle changes in all of the percentile values over 40

years. Total relative differences remain within +- 12 % for BFI, 10 % for BFI2D and

5 % for Π values. Some trends are found to statistically not significant (white color

in Figs. 7.11 7.13), according to SKKT. One of the most apparent increasing trends

for BFI is observed around 0.35-0.4% per year in tropical regions of Pacific Ocean and

south of equation in Atlantic ocean (Figs. 7.11a,b 7.12a,b -7.13a,b) which compare well

to the positive trend observed for 90th percentile wind speed altimeters records presented

in Young and Ribal (2019).

According to altimeter and radiometer data, the largest positive trend for wind speed has

been observed in the Southern Ocean (Vinoth and Young, 2011; Young and Donelan,

2018); however, those increases have not been reflected on the indicator parameters.

The Southern Ocean has a unique energy balance, where waves at spectra peak grow
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Figure 7.12: The 40 year trends (1980-2019) of 90th percentile indicator parameters
for (a) BFI (b) BFI2D (c) Π −1 (d) Π2

−1

due to nonlinear interaction without any local input from the local wind, even though

large wind speeds are present (Young et al., 2020b). This condition frequently causes

Southern Ocean wave system to be categorised as a swell system due to consideration of

crude definitions used in wave system categorisation (Eq. 6.6). However, wave spectra

have many similarities with fetch-limited spectra (Young et al., 2020a). Therefore, a

substantial increase in wind speed cannot be fully reflected in the indicator parameters

that are specifically applied to partitioned wind-sea spectra. The large changes closer

to the Arctic and Antarctic regions are observed due to the issues with ice terms. Nev-

ertheless, the majority of those grid points trends are found to be insignificant by the

SKTT test. Other locations where cluster of grid points returned null hypothesis are

the tropical regions near south America in both Atlantic and Pacific oceans (0-20° S).

The magnitude of the variations is found to be larger for the higher percentiles (Fig.

7.13) for all indicator parameters. Young and Ribal (2019) and Vinoth and Young

(2011) that has also found similar behaviour for both wind and wave data which is

interpreted as a faster rate of intensification of the extreme events compared to mean

conditions. Even though extreme events often result in higher values of indicator pa-

rameters, same explanation cannot be directly accepted for indicator parameters since

many non-extreme cases (developing sea states) could also correspond to extreme val-

ues of indicator parameters. The positive trend in extreme values (99th percentile) are
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Figure 7.13: The 40-year trends (1980-2019) of 99th percentile indicator parameters
for (a) BFI (b) BFI2D (c) Π −1 (d) Π2

−1

larger and more frequent compared to the median value trends in Arabian Sea and Bay

of Bengal. Nevertheless, these increases are not associated with the monsoon season

since extreme indicator parameters are usually observed in pre-monsoon (April-May)

or post-monsoon (October-November) seasons (see Figs. 7.7b,d 7.8b,d 7.9b,d 7.10b,d).

Different trend patterns with respect to different seasons are observed in both wind

speeds and significant wave heights in this region (Patra and Bhaskaran, 2016; Shanas

and Kumar, 2015). Shanas and Kumar (2015) have found that increases in 90th per-

centile of significant wave heights are found to be higher in the post-monsoon season

whilst mean wave height values show negligible trends during the whole season. These

findings are also comparable to our results.

7.3.4 Comparison of Indicator Parameters with other Wind and Wave

Parameters

The relationship between indicators and wind/spectral wave parameters are investigated

based on the 98th percentile threshold of indicator parameters for each grid points over

40 years period. Corresponding values of significant wave height (Hs) (Fig. 7.14, panel

1), peak wave period (Tp) (Fig. 7.14, panel 2) and wind speed (U10) (Fig. 7.14, panel

3) are compared to indicator values of the top 2%. Correlation coefficient and scatter
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Figure 7.14: Comparison of the indicator parameters vs. the spectral parameters
based on density plots. Hs Panel (1), Tp Panel (2), U10 Panel (3); top to bottom BFI,
BFI2D, Π −1 ,Π2

−1. The trendlines fitted to are shown in red lines; for the cases with
negative correlation coefficient, trendlines are asymptotic to x-axis.

indexes are calculated using approximately 700 million data obtained from each grid

point from the global reanalysis model.

Very large scatter indices with no correlation are observed for Hs (Fig. 7.14, Panel (1)),

which means that critical values of indicator parameters can also be associated to the sea

states with very small waves. Therefore, the classification of dangerous sea states should

be based on bivariate approaches using both the indicator parameters and the significant

wave height. Low negative and low positive correlation values with indicator parameters

are observed for peak wave period and wind speed, respectively. Similar comparisons

have been conducted for dimensionless sets of parameters of spectral steepness (ε0)

(Fig. 7.15, Panel (1)), dimensionless directional bandwidth (Ad) (Fig. 7.15, Panel (2)),

and inverse wave age (IWA = U10/cp ) (Fig. 7.15, Panel (3)), where cp is the group

velocity calculated as ω/k. As observed in Fig. 7.15 (Panel 1), the high correlation

between indicator parameters and steepness is a natural consequence since all indicator

parameters contain steepness (ε0) in their definition. However, BFI definitions have

been found to be more dependent on the steepness (Fig. 7.15, A1). The decrease in
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Figure 7.15: Comparison of indicator parameters vs. the spectral parameters based
on density plots. ε Panel (1), Ad Panel (2), Inverse Wave Age (IWA) Panel (3) ; top
to bottom BFI, BFI2D, Π −1 ,Π2

−1. The trendlines fitted to are shown in red lines;
for the cases with negative correlation coefficient, trendlines are asymptotic to x-axis.

the correlation between ε0 and directional BFI is also expected since the addition of

new terms reduces the relative impact of steepness in BFI2D. Meanwhile, the higher

correlation between ε0 and Π2
−1 rather than Π1

−1 (Fig. 7.15, C-D rows) can be

explained with the existence of steepness parameter also in the directional part of the

Π2.

The small changes in the correlation coefficient between the directional and unidirec-

tional counterparts of parameters with Ad (Fig. 7.15, Panel (2)) indicate that directional

spreading is not the governing parameter for the indicator parameters. Especially, con-

sideration of small B = 0.0256 for Π2 (Fig. 7.15, B4) makes this difference even more

subtle for Π values. Here, the one significant outcome is the apparent coherence between

wave age and the indicator parameters where correlation coefficients are considerably

higher and show smaller variance among parameters (Fig. 7.15, Panel (3)). High val-

ues of wave correspond to young wave states which are associated with actively wind-

generated sea states. As wave ages, the steepness decrease with the moving of the peak
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towards lower frequencies and longer waves contribute dissipation (Young and Donelan,

2018). Therefore, it is not surprising for the energetic young wave fields, which corre-

sponds to high values wave age parameter, to initiate the fast growth of the waves and

occurrence of rogue waves. Considering the relation between the indicator parameters

and the rogue wave occurrence, a positive correlation between wave age and rogue wave

occurrence probability is expected. Nevertheless, Chalikov (2009) also found that, rogue

occurrences were found to be more common in old sea states. Chalikov (2009) arrives

at that conclusion considering the paradoxical effect of nonlinearity that, in energetic

sea states with high nonlinearity wave growth is restricted due to the early occurrence

of breaking. The early breaking caused by high nonlinearity is also discussed in other

studies (Babanin and Rogers, 2014). Therefore, interpretations based on wave age and

rogue wave occurrence should also include the considered sea states steepness.

7.4 Conclusion

In this chapter, we investigated the applicability and the meaning of the commonly

considered rogue wave indicators for the real ocean conditions, globally. This unique

investigation is based on the long term analysis of the indicator parameters against the

spectral characteristics. It is observed that even for the 100-year return period, the

exceedance of the theoretical stability limits of the indicator parameters is rarely seen.

This result does not indicate the non-existence of modulational instability in the real

ocean, although pointing out the fact that spectral information with the current spatial

and temporal resolution is still coarse to trace the instability phenomena. In other

words, the evolution of the spectrum and modulational instability happens too quickly

to be observed by spectral models. Therefore, statistical assessments on the occurrence

of modulational instability and rogue wave formation considering the theoretical values

of indicator parameters cannot be precise. Nevertheless, indicator parameters could

still be beneficial for the practical assessment of rogue wave occurrences up to a certain

extent. Indicator parameters’ correlation with PRW (discussed in Chapter 5) along with

their relation to conventional spectral parameters (Figs. 7.14 and 7.15) shown in the

present chapter demonstrate the applicability of indicator parameters for rogue wave

predictions.
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Here, it is observed that, steepness and inverse wave age are the prominent parameters

for tracing extreme wave occurrence, which should be investigated further. On the

contrary, no connection of any kind can be mentioned between the indicator parameters

and the significant wave heights, peak wave period, and wind speed. Dimensionless

definition of rogue waves does not contain any information about the corresponding sea

state. Therefore, considering the low correlation between indicator parameters and Hs,

the rogue wave definition becomes vague from the practical point of view. Rogue wave

can occur for any Hs, however they are only dangerous when Hs is also high. Extreme

conditions at a specific location should be assessed considering the joint probability of

the long term indicator parameters and significant wave height together.

Directional spreading is another well-investigated parameter in rogue wave studies (Ba-

banin et al., 2011c; Gramstad and Trulsen, 2007; Mori et al., 2011; Onorato et al.,

2009a; Waseda et al., 2009a) due to its significant impact. It is known that rogues are

more probable when directionality is smaller. Nonetheless, hindcasted spectra show that

extreme values of directional indicator parameters often belong to spectra with a broad

directional distribution of energy (Ad < 1.5).

The findings here imply that connection between rogue wave occurrence and wind/wave

parameters are highly probable whilst this relationship is yet to be fully explored. The

Christou and Ewans (2014) and Cattrell et al. (2018) studies analysed a large amount

of point measurements and reported either no or very weak connection between the

rogue wave occurrence and sea state conditions. Nevertheless, those studies are based

on single-point measurements which are only capable of measuring rogue wave occurring

at that single point. Several studies (Benetazzo et al., 2015, 2017; Fedele et al., 2013)

show that wave crest maxima acquired from space-time records are generally larger than

the values expected at a single point of observation. Benetazzo et al. (2017) discussed

that single point measurement underrepresents the extreme sea state occurrences due to

being bounded to a “tunnel vision”. An extreme individual wave could be formed near

the buoy’s location and not detected in the records. Based on a detailed information

on the ocean surface, Benetazzo et al. (2017) conclude that rogue wave occurrence is

slightly dependent on the sea state conditions.

Several uncertainties and limitations are associated with the application of indicator

parameters to real ocean conditions and their correspondence to actual rogue wave
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occurrences. Considering no deterministic prediction is also possible for rogue waves

resulted from random superposition and the issues related to quantification of nonlinear

mechanisms, rogue wave predictability is still not fully unveiled, and large pieces of

this direction of research are still missing. Even though findings given here are not

deterministic, we believe that the novel comparisons and promising relations will initiate

the future practical applications of the indicator parameters for the predictability of

rogue waves.



Chapter 8

Conclusion

8.1 Summary

Precise and accurate predictions of individual wave parameters, especially for the ex-

treme sea states such as ”Rogue waves”, are of great importance for the design of offshore

structures, for the safety of navigation purposes and for other various coastal and ocean

applications. Although the physical mechanisms that cause the occurrence of unexpect-

edly high individual extreme events are well known today, predicting those events in the

real ocean remains one of the most challenging topics due to their rare occurrence and

consequent limited measurements.

The main scope of this thesis is to present the relationship between rogue wave occur-

rence statistics and properties of the directional and unidirectional wind-wave spectrum

(described by the JONSWAP spectrum). This investigation has been made possible

by reproducing the free surface using a fully nonlinear phase-resolving numerical model

of Chalikov et al. (2014) (for directional sea states), Chalikov and Sheinin (1996) (for

unidirectional sea states) and the High Order Spectral Model of HOS-Ocean Ducrozet

et al. (2016).

The stochastic approach to rogue wave occurrence is conducted through quantitative

indicator parameters of Benjamin-Feir indices (BFIs), Π-numbers, modulation index

and kurtosis, which are designed to represent instabilities in wave trains due to high

order interactions. Extensive number of simulations with various configurations are

considered to represent a wide range of possible realistic sea states along with theoretical

132
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unidirectional exercises (different spectral tail length, spectral resolutions, extremely

steep sea states).

According to the results here, steepness, bandwidth, and directional spreading are the

three main spectral parameters that are associated with the stability conditions of sea

states and correspondingly PRW . Among those, steepness (nonlinearity) stands out

as the most effective parameter since it is related to various physical processes in sea

states. Higher steepness in sea states can usually be associated with higher PRW . The

only exception is observed in unidirectional simulations that high steepness could also be

a limiting factor of the wave growth, which decreases the occurrence of rogue waves. In

very energetic wave-wave interactions (i.e., extremely nonlinear sea states), the growth

in waves are restricted by reaching breaking onset earlier. Nevertheless, in realistic

conditions, the directional distribution of energy renders this mechanism less likely.

The impact of tail length on rogue wave occurrence is also found to be relevant with

the nonlinearity of the total wave field. In cases with respectively lower steepness (no

breaking), a longer tail contributes to the freaking process. Nonetheless, when breaking

onset occurs (high nonlinearity), cases with shorter tail result in higher rogue wave

occurrences. Even though steepness is crucial for rogue wave occurrence, its impact

cannot be discussed without considering the effect of directionality and bandwidth.

The directional simulation results demonstrate that the effect of nonlinear wave interac-

tions on spectral evolution decreases as the spectrum widens; hence, PRW also decreases.

If directional spreading kept increasing further after the high order effects are no longer

dominant, a small increase of rogue wave probabilities is observed as the sea states

reach high directional spreading with increasing directionality. Similar results are also

obtained from the in-situ measurements when the exceedance probability of crests are

represented according to bin averaged directional spreading parameters. This adverse

effect observed in directionality can be attributed to the linear superposition mechanism

due to directional focusing since the modulational instability is quite unlikely for such

sea states. Rayleigh distribution does not depend on the directional spread. Never-

theless, the used technique for wave identification, which considers wave geometry in

3D fields, resulted in statistical differences depending on directional spread. Therefore,

the visibility of this circumstance in short term statistics should be further investigated

considering 3D fields measurements.
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One of the most significant findings of this study is the correlation between the indicator

parameters and PRW based on a number of different spectra. Even though the individual

values are quite scattered (with large uncertainty), the coherence and the existence of

certain trends are apparent. It is also indicated that wave phases or other dynamics in

the fully nonlinear wave fields overlaid the general trends and contributed to the scatter.

Both directional indicators, Π2 and BFI2D are found to be robust indicators for rogue

wave occurrence, where higher values of parameters associated with increased PRW .

There is little reason in mentioning differences have been observed between unidirec-

tional parameters of BFI, Π and BFI0.2. The effect of directional bandwidth is also

clearly observed when MId (only based on the information on frequency bandwidth

via steepness) is considered. The correlation between PRW and MId has found to

be significantly low compared to other indicators due to lack of information related to

bandwidth.

The measurements taken from three different locations have also been considered within

the scope of the thesis. No significant correlation between spectral characteristics and

rogue wave occurrence probability has been observed. Rogue waves are found in sea

states with a very wide range of steepness; therefore, even the prominent effect of steep-

ness observed in numerical results are not distinguishable for the measured data. The

vast majority of rogue waves have occurred in unimodal spectra. Hence, intercrossing

sea states are not the main cause of rogue wave formation for the selected locations.

Rogue wave occurrences are not associated with any physical mechanism due to low

coherence between the waves observed in rogue events and corresponding occurrence

probability. Our findings obtained from the measured data agree with another study

by Christou and Ewans (2014) that, no salient connection between rogue wave occur-

rence and corresponding sea states are observed. However, it is anticipated that the

low correlation observed here could be related to the fixed point measurement tech-

niques and related uncertainties caused by sampling variability. Benetazzo et al. (2017)

have discussed that extreme sea state occurrences were underrepresented in single-point

measurements due to the tunnel vision effect, which resulted in missed extrema of near

occurring transient rogue events. This condition diminishes the convenience of the fixed

point records for the rogue wave studies.
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The model performances are also evaluated under various circumstances. It is observed

that, for the unidirectional cases, the main discrepancy is due to the models’ ability

to simulate breaking onset. For nonbreaking waves, both model results show high con-

formity; however, with increasing steepness and breaking, the discrepancy between the

results are increasing. It is observed that waves reach the breaking onset earlier in sea

states with steepness ε > 0.13 in the CS model, which decreases the corresponding PRW

(the dual effect of steepness).

In directional models, fewer discrepancies between the models exist compared to uni-

dimensional cases. The larger variability in PRW also correspond to higher values of

indicator parameters which relate to a more nonlinear sea state. HOS − Ocean model

results are found to be more scattered compared to Ch model results. Higher crest

elevation that is observed in Ch model is associated with the fully nonlinear approach

of the model; meanwhile, the order of solution was limited to 3 in HOS − Ocean . It

is concluded that both numerical schemes are competent for the modelling of nonlinear

wave fields, especially for typical ocean states. The fully nonlinear models are preferred

for their high nonlinearity.

Following the numerical and measurement-based assessments, the applicability and

meaning of the rogue wave indicators for the real ocean conditions is investigated based

on extreme value and trend analysis conducted for 40 years of global wave hindcast data.

The highest 100-year return values of the indicator parameters have been observed in

wind sea dominated regions (western boundary of both north Pacific and north Atlantic,

and the Southern Ocean). This finding is consistent with the major storm tracks. The

main outcome here is that, even for the 100-year return period of the indicator param-

eters, the exceedances of the theoretical stability limits of the indicator parameters are

rarely seen. Our results imply that spectral information with the current spatial and

temporal resolution is still coarse to trace the modulational instability.

In this thesis, it is concluded according to our numerical findings, indicator parameters

implemented here can act as a proxy to the occurrence of extreme events. Even though

the numerical correlations with PRW show promising results, indicator values are not yet

applicable for an accurate estimation of the likelihood of rogue wave occurrence based

on a model produced spectrum.
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8.2 Future Work

In the present thesis, wave breaking, and wind-wave interactions and finite depth were

not considered in rogue wave occurrences. A more comprehensive analysis could be

possible after implementing additional energy input schemes and/or accurate parame-

terization of certain processes (such as breaking dissipation) to the models. The numer-

ical simulations were also limited to the unimodal spectra. More complex ocean states

with bimodal or multimodal properties can be considered in order to investigate the

properties of the intercrossing sea states.

The recent study of Kokorina and Slunyaev (2019) has also discussed that shape and

lifetime properties of rogue waves could be valuable to identify certain physics and the

mechanisms based on HOSM simulations. Similar applications are also straightforward

to conduct in a fully nonlinear model, where comparable findings would be beneficial

for the numerical scheme and contribute to the rogue wave literature.

The limitations associated with the quality and quantity of rogue wave measurements

have been mentioned throughout the study. Promisingly, the availability of spatio-

temporal measurement is rapidly increasing, where the new 3D surface measurement

data would contribute to the knowledge on rogue wave formation and increase our ability

to estimate the likelihood of rogue wave occurrence. Multiple studies (Benetazzo et al.,

2015, 2017; Fedele et al., 2013) have stated that wave crest maxima (both in quantity

and acquired from space-time records) are generally larger than the values expected at

a single point of observation.
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