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We theoretically investigate the ground-state spin texture and spin transport properties of triangular rings with
on-site spins Sq = 21 (q = 1–3). In the limit of strong antiferromagnetic exchange coupling and weak spin-orbit
coupling, we find it is possible to prepare a noncollinear degenerate ground state with a zero magnetic moment

and a nonzero toroidal moment τ = gμB q rq × Sq , aligned along the C3 -symmetry axis. These pure toroidal
states can be prepared: (i) within the fourfold degenerate spin-frustrated ground state even without any spin-orbit
coupling; (ii) within the ground Kramers doublet resulting from weak spin-orbit splitting of the fourfold degenerate frustrated manifold via Dzyaloshinskii-Moriya antiferromagnetic exchange coupling. We also investigate
the relationship between toroidal states and chiral spin states, characterized by the eigenvalues of the scalar spin
chirality operator χ̂ = √43 Ŝ1 · Ŝ2 × Ŝ3 , and find that, since [τ̂ , χ̂] = 0, it is not possible to prepare states that
are both toroidal and chiral simultaneously. Finally, by setting up a quantum transport model in the Coulomb
blockade regime, we find that a spin current injected through a spin-polarized source electrode into the triangle
is partially reversed upon scattering with the molecular toroidal states. This spin-switching effect is, in fact, a
signature of molecular spin-transfer torque, which can be harnessed to modify the nonequilibrium populations
of the +τ - and −τ -toroidal states, thus, to induce a net toroidal magnetization in the device using a spin current.
DOI: 10.1103/PhysRevB.98.094417
I. INTRODUCTION

A toroidal moment, also known as an anapole moment
[1], is generated by a vortex arrangement of magnetic moments, which can have their origin in atomic spins and orbital
currents [2]. It can be defined as the antisymmetric part of
a general magnetic quadrupole moment, which is odd under
both time-reversal and space inversion transformations [3,4],
and hence, in an ordered phase [2], it can give rise to a linear
magnetoelectric effect [5].
In molecules, pure toroidal moments were first identified in
2008 when molecular quantum states having a large nonzero
toroidal moment and a zero magnetic moment were predicted
in strongly anisotropic molecular spin rings [6] and identified
[7,8] in a Dy3 triangle [9]. These systems featured a nonmagnetic degenerate ground state, originating from the interplay
between strong on-site magnetic anisotropy featuring in-plane
tangential easy axes (thus requiring strong spin-orbit coupled
systems) and weak antiferromagnetic exchange coupling [6].
Under such assumptions, the degenerate but nonmagnetic
ground state of the polynuclear ring-shaped complex displays
a nonzero toroidal moment defined as the expectation value of
the following operator:
N

r̂q × Ŝq ,
τ̂ = gμB
(1)
q=1

where g is the Landé g factor, μB is the Bohr magneton, N is
the number of spin centers in the ring, Ŝq is the spin operator
of center q, and r̂q is the position vector operator of center q
relative to the middle of the ring.
*
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The discovery of a toroidal moment in the Dy3 triangular
molecule [7,8] sparked a number of investigations of its
magnetoelectric and molecular spintronics properties [10–12]
as well as the identification and possible enhancement of
toroidal ground states in many other Dy3+ -based polynuclear
complexes [13–15] and in chiral heterometallic Cu2+ /Dy3+
polymers [16]. These systems were dubbed single-molecule
toroics [11] and are expected to be promising candidates to
develop molecular spintronics devices and molecular toroidal
qubit devices. (See the recent review by Ungur et al. [17] and
references therein.)
In order to harness toroidal states in spintronics devices
or to develop toroidal molecular qubits for quantum computation, it is necessary to control the dynamics of these
states via external fields. It should be noted however that direct manipulation of molecular quantum toroidal states using
magnetic fields would require control on the molecular scale
of magnetic-field gradients with a nonzero curl component
∇ × B [3,4]. As experimental control of field inhomogeneities
on the molecular scale is not easily achievable, the use instead
of electric currents [11,12] or spin currents [10] to control the
dynamics of toroidal states has been proposed as an alternative
route to toroidal state manipulation, expected to be within
reach in the fast evolving field of experimental molecular
spintronics [18–25]. In particular, ground states that are characterized by a toroidal moment have been shown to work as
spin switches in a molecular spintronics circuit [10]. Also, the
underlying spin-transfer torque leading to the spin-switching
effect can be harnessed to initialize the system’s quantum state
in one particular toroidal moment +τ or −τ perpendicular to
the molecular plane [10].
All efforts described so far aimed at the characterization
of molecular toroidal moments and the manipulation of their
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dynamics via electric or spin currents have been directed
towards systems in the strong spin-orbit coupling and weak
exchange-coupling limit. In particular, all these efforts have
concerned strongly spin-orbit coupled systems [17]. A different route to achieve noncollinear canted spin moments
in weakly spin-orbit coupled molecules consists of harnessing spin-frustrated states in strongly antiferromagnetically
exchange-coupled spin rings, such as Cu3 or V3 [3,26–31].
In particular, it has been shown that spin triangles with local
spin- 21 metal centers can be harnessed to achieve new chiral
quantum numbers where the scalar spin chirality operator is
defined as χ̂ = √43 Ŝ1 · Ŝ2 × Ŝ3 [3,27,28]. Furthermore, it was
shown in 2008 that through linear superpositions of states with
opposite spin chiralities, nonmagnetic toroidal states could be
realized [3]. Here, we characterize the symmetry properties
and spin textures of these states and propose their application
in a molecular spintronics device.
A subsequent proposal to achieve a toroidal moment in
a frustrated spin triangle was put forth in 2009 whereby a
toroidal moment appeared in directions perpendicular to a V3
triangle’s ideal C3 -symmetry axis due to vibronic coupling
effects [32]. In that case, the toroidal moment was mainly a
measure of the noncollinear spin texture of the resulting spin
states and coexisted with a perpendicular magnetic moment in
the resulting spin states [32].
Since the toroidal moment is the antisymmetric part of
a general magnetic quadrupole operator, it follows that the
toroidal moment is origin dependent in systems with a
nonzero magnetic moment [3,4]. In such systems, it is not
possible to provide an origin-independent definition of a
toroidal spin state [3,4]. Conversely, in systems with zero
magnetic moments, the toroidal moment is origin independent as it is the first nonzero magnetic multipole moment.
Hence, only systems with zero magnetic moments but nonzero
toroidal moments can be unambiguously characterized by a
pure toroidal spin texture.
In this paper we theoretically show that collective spin
states characterized by a pure toroidal moment, hence a zero
magnetic moment, can indeed be achieved in weakly spinorbit coupled and strongly antiferromagnetically exchangecoupled spin-frustrated triangular rings. Furthermore, we
present a theoretical and computational quantum transport
model in the Coulomb blockade regime showing how noncollinear toroidal spin states in spin-frustrated triangles can
be harnessed in spintronics circuits to reverse the sign of an
injected spin current (spin-switching effect). Our model also
shows that such a spin-switching effect is, in fact, based on
a molecular spin-transfer torque effect whereby the injected
spin current induces a nonzero toroidal polarization in the
spin-frustrated triangular device. In other words, our results
show that a spin current can be harnessed to electrically
manipulate pure toroidal spin states within the weak spin-orbit
coupling limit.
II. PURE TOROIDAL STATES
IN SPIN-FRUSTRATED TRIANGLES

spin- 21

We define our molecular wheel as three
atomic
centers, arranged as an equilateral triangle lying on the XY
plane with its center at the origin. The full spin Hamiltonian

reads [27]
Ĥ0 = −Jex

3

q=1

Ŝq · Ŝq+1 + DDM

3


(Ŝq × Ŝq+1 )Z ,

(2)

q=1

with contributions from Heisenberg exchange coupling
and the symmetry-allowed component of the asymmetric
Dzyaloshinskii-Moriya (DM) exchange interaction produced
by spin-orbit coupling [27]. Assuming an antiferromagnetic
exchange-coupling constant (i.e., Jex < 0), the ground exchange manifold will be spin frustrated, displaying two degenerate Stot = 21 Kramers doublets. These ground doublets
are separated from the Stot = 23 excited state by an energy gap
of 23 Jex . The pair of doublets is split into ground states and
excited states by the DM interaction. (See also Refs. [27],
[28].) The wave functions of the two Kramers doublets are
symmetry determined, using the relevant spinor group C3∗ .
We consider the product basis of all possible spin states
{|γ1 γ2 γ3 }, where γq is the spin projection of center q
along the common Z-quantization axis, lying along the C3 symmetry axis. For each center, γq = ± 21 (or α and β, respectively). To determine the behavior of {|γ1 γ2 γ3 } under the
rotational symmetry operations Ĉ3± , we must first understand
the behavior of a single spin component, being either |αq  or
|βq .
The transformation properties of spin- 21 eigenfunctions
under a Ĉ3± rotation read, where ± = e±2πi/3 ,
Ĉ3± [|αq  |βq ] = [−± |αq±1  −∓ |βq±1 ].

(3)

When Ĉ3+ (Ĉ3− ) acts on the composite state |γ1 γ2 γ3 , the
phase factors in Eq. (3) for the α and β components on different centers are compounded, whereas the spins are preserved
but cyclically permuted as |γ3 γ1 γ2  (|γ
2 γ3 γ1 ).
Consider the projectors P̂ = O X∗ (Ô )Ô for the
relevant spinor irreducible representations (irreps)  =
A3/2 , 1 E1/2 , 2 E1/2 with characters X (Ô ) under symmetry
operations Ô. We apply these projectors to states |βαα and
|αββ. The rotation operators in the projectors transform
|βαα and |αββ into all the elements of {|γ1 γ2 γ3 } with spinprojection Mtot = ± 21 . The phase factors ensure the elements
are combined to form symmetry-adapted eigenstates of Ĥ0 ,
Eq. (2).
Here, we only show the states in the ground exchange spinfrustrated manifold. Interestingly, these states can be classified
not only by spin and by the irreps of the C3∗ spinor group,
but also by the ±1 eigenvalues of the scalar spin chirality
operator χ̂ [27]. We obtain the symmetry-adapted states as
follows using the notation |, Mtot , χ :
√
3|A3/2 , +1/2, +1 = |βαα + + |αβα + − |ααβ,
√
3|A3/2 , −1/2, −1 = |αββ + − |βαβ + + |ββα,
√ 1
3| E1/2 , +1/2, −1 = |βαα + − |αβα + + |ααβ,
√ 2
3| E1/2 , −1/2, +1 = |αββ + + |βαβ + − |ββα. (4)
As alluded to above, the DM interaction splits the degeneracy
of this manifold into two doublets,
the energies being
√
√
3
3
+ 2 DDM for the A3/2 states and − 2 DDM for the E1/2 states.
(See also Refs. [27,28].)
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FIG. 1. The toroidal states |τ1  (left) and |τ2  (right) display
mixed chirality, zero net dipole moment, and an in-plane circular
magnetism (green). Expectation values for local spins Sq  are
oriented tangentially with magnitudes of 13 (blue). Toroidal moments
τ are perpendicular to the plane of the triangle (red).

We orient our triangle with one vertex on the X axis
at X = R > 0, so the three atoms’ position vectors form
angles θq with the X axis: θ1 = 0, θ2 = 2π
, θ3 = − 2π
. The
3
3
Z component of the toroidal moment operator τ̂ , Eq. (1) then
reads
τ̂Z = −

3
igμB R  −iθq
Ŝq+ − eiθq Ŝq− ,
e
2
q=1

(5)

where Ŝq± = ŜqX ± i ŜqY .
In the spin-frustrated manifold, the matrix representation
of τ̂Z has nonzero elements only within the A3/2 doublet and
only between states of opposite spin chirality and opposite
spin-projection Mtot . Since the A3/2 doublet is degenerate, the
eigenstates of τ̂Z within the doublet form an equally valid
representation of the doublet [33]. The eigenstates are termed
|τ1  and |τ2  and have opposite toroidal moments, mixed
chirality, and zero magnetic moment,
√
2|τ1,2  = ±|A3/2 , +1/2, +1 + i|A3/2 , −1/2, −1. (6)
For both ground-states |τ1  and |τ2 , the total spin expectation values are zero, see Eq. (7). The local spin-components’
expectation values all lie on the XY plane and form toroidal
vortex spin textures, shown in Fig. 1,
SqX  = ∓ 13 sin θq

SqY  = ± 13 cos θq

FIG. 2. Hypothetical spintronics device based on a toroidal nanomagnet. An external bias potential is applied to the source and drain
leads so their Fermi levels are μS = +eVB and μD = −eVB . An
H
induces a resonance between the
external gate potential VG = t−J
2e
neutral and the singly charged ground states. The source lead is
spin polarized; the drain lead is unpolarized. The device geometry is
parametrized by the angles (φ, ζ, ω), corresponding to consecutive
rotations about the (space-fixed) Z, Y , and X axes. The device is
shown with the ideal geometry, (φ, ζ, ω) = ( π3 , 0, 0) and the spin
texture of uncharged state |τ2 .

SqZ  = 0. (7)

Incidentally, we note here that [τ̂ , χ̂ ] = τ̂ χ̂ − χ̂ τ̂ = 0. We
thus find it is not necessarily appropriate to refer to systems
with a toroidal moment in their ground state as “chiral states”
[8,34]. This is to be expected for our system since the pure
toroidal states’ local spin expectation values all lie on a plane,
and all local spin operators on different centers commute with
each other. Thus, each spin will be perpendicular to the cross
product of its two neighbors, so the states should have zero
spin chirality. On a side note, we report that the eigenstates
of τ̂X and τ̂Y mix the A3/2 and E1/2 doublets, so toroidal
moments in the X and Y directions are only possible when
DDM = 0. These toroidal states have net magnetic moments
in the Z direction as in Ref. [32] such that SqX  = SqY  =
0, SqZ  = ± 21 , and Stot,Z  = ± 21 . The excited exchange
Stot = 23 states are completely nontoroidal.

Next, we will address the question of how such ground
states behave in a sequential tunneling molecular spintronics
device.
III. THE SPIN TRANSPORT PROBLEM
A. The charge-transfer toroidal states

To explore the possibility of using these toroidal states in
a frustrated molecular nanomagnet to achieve spin switching
and the associated spin-transfer torque, we set up a spin
transport model in the sequential tunneling regime. Our hypothetical spintronics device is depicted in Fig. 2. The source
and drain leads are weakly hybridized with the spin triangle
via the tunneling Hamiltonian [10,35–40],
ĤT =

↑,↓
S,D 
3 first
BZ 


q=1

k

L
†

†

†
ĉkLγ + ĉkLγ âqγ ),
βqL (âqγ

(8)

γ

where âqγ and âqγ annihilate and create, respectively, an
†
electron on center q with spin γ ; ĉkLγ and ĉkLγ annihilate and
create, respectively, an electron with wave-number k and spin
γ on lead L; k varies in the first Brillouin zone characterizing
a lead’s electronic band structure; L = S, D for the source
and drain leads; γ = ± 21 is quantized along the source spinpolarization axis, which is defined to be parallel to the Y axis,
see Fig. 2; βqL is the coupling coefficient between center q
and lead L and is modeled as being inversely proportional to
the square of the distance from center q to lead L.
The analytical model for the device we are presenting
here uses the ideal geometry shown in Fig. 2 with the triangle coplanar to the leads’ spin-quantization axes. Later, we
present the results of a more general model and explain why
this geometry produces the strongest spin-transfer torque.
Since the leads are weakly hybridized with the triangle,
we work under a model of sequential tunneling: An electron
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can only tunnel from the source lead onto the triangle after
the preceding electron has tunneled from the triangle to the
drain. This is the Coulomb blockade regime in which doubly
charged states of the triangle are assumed to be much higher in
energy than the neutral- and singly charged states [10,35–40].
In our models, we use incoherent rate equations under the
Born-Markov approximation. That is, we assume the leads
are weakly coupled to the triangle, remain close to thermal
equilibrium, and relax quickly, and we consider coherences
between different states of the triangle to be negligible. The
resulting master equation for the nonequilibrium populations
of neutral states and singly charged states then becomes
[10,35–40]


dPj
=
Pi Wi→j − Pj
Wj →i ,
(9)
dt
i=j
i=j
where Wm→n is the charging/discharging rate from initialstate |m to final-state |n.
Hence, we must now develop a model for the chargetransfer states for the singly reduced triangle. We assume
the exchange coupling between the atomic centers to be the
dominant energetic interaction and treat other interactions as
perturbations. The first-order Hamiltonian Ĥ1 of the singly
charged triangle then has three components [10,27,40,41],
ĤDM = DDM

3


(Ŝq × Ŝq+1 )Z

q=1

ĤHund = −JH

↑,↓
3 

†
âqδ (σ )γ δ · Ŝq ]
[âqγ
q=1 γ ,δ

Ĥhop = t

↑,↓
3 

q=1

†

†
âq+1,γ + âq+1,γ âqγ ).
(âqγ

(10)

γ

These three components are as follows: (i) the DM interaction; (ii) a Hund’s rule exchange-type interaction between
the extra electron’s spin and the local atomic spin arising
from the uncharged states with coupling constant JH ; (iii)
a hopping term describing intramolecular charge transfer of
the extra electron between the atomic centers with hopping
parameter t. The three Pauli matrices are collected in the
vector of matrices σ . The subscripts in (σ )γ δ denote the row
and column, respectively, of the elements to be used in the dot
product with Ŝq .
We solve the DM and Hund interactions simultaneously
under the limit of strong Heisenberg exchange and treat the
hopping term as a further perturbation. That is, our solution
for the charge-transfer states will apply to the regime: −Jex
|DDM |, |JH |
|t|.
We describe the charge-transfer states using a basis of
three localized atomic orbitals, denoted as |qγ  for the extra
electron being on center q with spin γ initially quantized
along the C3 axis. The ground-state manifold from Heisenberg
exchange coupling produces two toroidal and two nontoroidal
uncharged states, see Sec. II. The direct product basis of these
four uncharged states, three orbitals and two electron spins,
yields a 24-dimensional Hilbert space for the charged system: |τi  ⊗ |qγ  = |τi ; qγ , where i = 1–4; q = 1–3; γ =
± 21 ; | 1 E1/2 , + 21 , −1 ≡ |τ3 ; | 2 E1/2 , − 21 , +1 ≡ |τ4 .

First, we consider the DM interaction. From Eq. (10), we
see that ĤDM is not affected by the extra electron. Because the
product basis elements |τi ; qγ  form an orthonormal set, we
then have
τj ; q  γ  |ĤDM |τi ; qγ  = ξi δij δqq  δγ γ  ,

(11)

where δ√ij is the Kronecker δ and√the DM energies are ξ1 =
ξ2 = + 23 DDM and ξ3 = ξ4 = − 23 DDM . That is, the matrix
representation HDM of the DM interaction is diagonal in the
product basis.
Second, we consider the Hund interaction. In Eq. (10),
ĤHund does not couple states with the extra electron on different atomic centers. That is, τj ; q  γ  |ĤHund |τi ; qγ  = 0 if q =
q  . Therefore, the matrix representation HHund in the direct
product basis {|τi ; qγ } will be block diagonal, partitioned
into three 8 × 8 problems. Each block will correspond to the
eight basis elements possible for each center (four possible
spin textures, two possible spins for the extra electron),
3 XY

Z
.
σqλ ⊗ Tqλ ,
ĤHund = HHund = −JH
q=1

(12)

λ

where the matrices Tqλ are the representations of
Ŝq in the uncharged basis {|τi }. The elements of
Tqλ are Tij,qλ = τi |Ŝqλ |τj , evaluated as matrix
multiplications between the representations of τi |, Ŝqλ ,
and |τj  in the old product basis: {|γ1 γ2 γ3 } =
{|ααα, |ααβ, |αβα, |αββ, |βαα, |βαβ, |ββα, |βββ}.
The representations of Ŝqλ are built by taking the Kronecker
products of the Pauli matrices and the 2 × 2 unit matrix in
.
.
the appropriate order for site q: Ŝ1λ = h̄σλ /2 ⊗ 1 ⊗ 1, Ŝ2λ =
.
1 ⊗ h̄σλ /2 ⊗ 1, Ŝ3λ = 1 ⊗ 1 ⊗ h̄σλ /2.
We diagonalize the matrix HDM + HHund to obtain 24
eigenstates with energies,
√
3DDM − JH
,
E1 = E2 = E3 =
2

2
−JH − 27DDM
+ 4JH2
,
E4 = · · · = E9 =
6
√
− 3DDM − JH
,
E10 = E11 = E12 =
2
(13)

2
5JH − 27DDM
+ 16JH2
E13 = E14 = E15 =
,
6

2
−JH + 27DDM
+ 4JH2
,
E16 = · · · = E21 =
6

2
5JH + 27DDM
+ 16JH2
.
E22 = E23 = E24 =
6
We want to study the spin transport properties of toroidal
states and hence choose DDM < 0. For both cases JH > 0
and JH < 0, we find triply degenerate ground states which
are always the ground states when DDM < 0, regardless of the
ratio |JH |:|DDM | [42]. Without loss of generality, we discuss
the case JH > 0. That is, we assume ferromagnetic coupling
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between the local atomic spins and the extra electron’s spin,
which is the physically most likely situation.
When DDM < 0 and JH > 0, the extra electron aligns its
spin along the toroidal spin textures produced by |τ1  and
|τ2 . So, to simplify the expressions for the ground states, we
quantize our basis for the extra electron not along the C3 axis,
but rather along the tangential vectors to each atomic center.
(The tangential vectors are equivalent to the directions of the
local spin expectation values in |τ1 , shown in Fig. 1.) The new
noncollinear basis is termed {|τi ; γ q}, where ↑ q and ↓ q
denote that the extra electron is located on center q, and the
electron’s spin is parallel or antiparallel to the local tangential
axis on center q, respectively. Explicitly, we have
| ↑ q = 2−1/2 [e−i(θq /2+π/4) |αq  + ei(θq /2+π/4) |βq ],
| ↓ q = 2

−1/2

[−e

−i(θq /2+π/4)

|αq  + e

i(θq /2+π/4)

|βq ].

(14)

The expressions for the charge-transfer ground states when
DDM < 0 and JH > 0 then become for q = 1–3,
|q  = 2−1/2 (|τ1 ; ↑ q − |τ2 ; ↓ q).

(15)

We now allow the extra electron to be weakly delocalized
across the three atomic centers. Assuming Ĥhop represents
the smallest energy scale, we reiterate perturbation theory to
investigate the splitting of the charge-transfer ground states
in Eq. (15). Since Ĥhop is totally symmetric, its matrix representation will be block diagonal in a basis of symmetryadapted functions, see Eq. (10). The symmetry group of the
reduced triangle is still C3∗ , but now there is an even number
of electrons. So, we require the projectors of the vector irreps
A, 1 E, and 2 E instead of the spinor irreps used in Sec. II.
Combining Eqs. (3) and (14), we find Ĉ3+ |γ 1 = |γ 2 and
Ĉ3− |γ 1 = |γ 3. By writing |τ1  and |τ2  in the old basis
{|γ1 γ2 γ3 }, we find Ĉ3± |τ1,2  = −|τ1,2 . As such, applying the
projectors of A, 1 E, and 2 E to a charge-transfer state, such as
|1 , produces the symmetry-adapted states below
|A = 3−(1/2) (|1  − |2  − |3 ),
|E1,2  = 3−(1/2) (|1  − ± |2  − ∓ |3 ).

(16)

of the leads, in evaluating the charging/discharging rates between a charged state |Ej  and a triangle-lead entangled state
|τi ; Lγ  generated by the molecule-lead Hamiltonian Eq. (8),
the sum over k can be turned into an energy integral, resulting
in [40]

Lγ

Wτi →Ej =
Lγ

WEj →τi


2
3


2πρLγ 
†

E
|
β
a
|τ

j
qL qγ i  FL (E,τ ),

h̄
q=1

(18)

2
3


2πρLγ 
τi |
=
βqL aqγ |Ej  [1 − FL (E,τ )],
h̄ 
q=1
−1

L
where FL (ξ ) = [1 + exp ( ξk−μ
)] and E,τ is the energy
BT
gap between the charge-transfer ground-state |E1,2  and the
toroidal ground state of the uncharged triangle |τ1,2 . When
the conduction window is small (i.e., at low temperature and
weak bias voltage), an external gate voltage VG is applied so
that E,τ → 0. From Eq. (17), we see that |E1  and |E2  differ
Lγ
only by a phase factor in their components hence Wτi →E1 =
Lγ
Lγ
Lγ
Wτi →E2 and WE1 →τi = WE2 →τi .
In an ideal device, the source would be fully spin-up polarized, and the drain would be unpolarized: ρS↓ = 0, ρD↑ =
ρD↓ = 21 ρS↑ . So, for the geometry (φ, ζ, ω) = ( π3 , 0, 0)
with coupling coefficients {β1S , β2S , β3S , β1D , β2D , β3D } =
{0, βS , 0, βD , 0, βD }, the local spin on center two in |τ2  is
parallel to the source’s spin polarization, see Fig. 2.
This alignment causes charging from the source lead to
be performed exclusively to |τ2  when JH is ferromagnetic.
However, when discharging to the drain, it is possible to
repopulate both |τ1  and |τ2 . So, as electrons are driven
by the bias voltage from the source to the drain, the device
gradually transfers the nonequilibrium population from |τ2  to
|τ1 . Conversely, when electrons flow against the bias voltage,
|τ2  is repopulated. Thus, the populations of |τ1  and |τ2  are
split by the bias voltage, see Fig. 3. Next, we will quantify this
effect.

From Eqs. (10), (14), and (17), we find that |A, |E1 , and
|E2  are eigenstates of Ĥhop ,
t
|E1,2 , Ĥhop |A = −t|A.
(17)
2
At temperatures of kB T  |t|, we can select only the
ground state(s) among |A, |E1 , and |E2 . Since typically
t < 0, |E1 , and |E2  are the ground states of the chargetransfer system, see Eq. (17). In the next section, we will
use the ground-states |τ1,2  and |E1,2  to develop an analytical spin transport model working under the limit, −Jex
−DDM , JH
−t
kB T > 0.
Ĥhop |E1,2  =

B. Spin switching and population splitting

Assuming weak coupling between the triangle and the
leads, we use the Fermi golden rule to compute the rates
of all tunneling processes through the triangle [10,35–37].
Assuming that the lead-molecule coupling matrix elements
(βqL ) and the density of spin states in the leads (ρLγ ) are
approximately energy independent around the Fermi energies

FIG. 3. Nonequilibrium populations vs eVB /kB T , showing
P τ1 , P τ2 , and P E1 = P E2 ≡ P E, see Eq. (19). The bias voltage
VB splits the populations of the ground toroidal states |τ1  and |τ2  as
spin transport is performed via |τ2  and |E1,2 . Analytical calculation
in the four-state model, ideal geometry, βS /βD = 2, JH > 0.
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FIG. 4. Source and drain spin currents vs eVB /kB T . The spin
current’s polarization is partially reversed by the toroidal spin texture
of the triangle, giving −(ID↑ − ID↓ )/(IS↑ − IS↓ ) = 0.8, see Eq. (21).
Analytical calculation in the four-state model, ideal geometry,
βS /βD = 2, ρS↑ = 1 cm.

The master equation Eq. (9) can be solved analytically
under the steady-state approximation to give



eVB
2
P τ1 = η 4βS exp
+ 5βD2 ,
kB T



−eVB
(19)
+ 5βD2 ,
P τ2 = η 4βS2 exp
kB T



−eVB
2
2
P E1 = P E2 ≡ P E = η 4βS + 5βD exp
,
kB T
where η is a normalization constant.
Notice that as VB /T increases, P τ1 approaches unity
whereas P τ2 and P E approach zero, see Fig. 3. Therefore, by
controlling VB /T , one might be able to control the splitting
between P τ1 and P τ2 and initialize a toroidal qubit as |τ1 . To
initialize a qubit as |τ2 , one would only need to reverse the
direction of the bias voltage.
This population splitting can be viewed as evidence for
spin-transfer torque with rotating electron spins altering the
triangle’s spin texture. To quantify the strength of the spintransfer torque, we calculate the extent of switching of the
polarization of the spin currents through the source and drain
leads. For the ideal geometry (φ, ζ, ω) = ( π3 , 0, 0), the spin
currents are (see also Fig. 4) as follows:



10π eβS2 βD2 ηρS↑
−eVB
↑
↓
1 − exp
,
IS − IS =
3h̄
kB T
4 ↑
↑
↓
↓
ID − ID = − (IS − IS ).
(20)
5
This is a large spin-switching effect, which is independent
of VB , T , βS , and βD as long as these parameters are small
enough for our approximations to be valid.
Next, we wrote a computer program to calculate the
nonequilibrium populations of all 28 states and from them
determine the spin current and the strength of spin switching:
↑
↓
↑
↓
−(ID − ID )/(IS − IS ). The program has been used to diagonalize the charged triangle’s first-order Hamiltonian without
perturbation theory and thus to confirm the findings of the
analytical model and to explore further details concerning the
device’s properties, including a study of its spin-switching

FIG. 5. [(a) blue circles] Spin-switching vs Loge |JH /t|, varying t for fixed JH = 10 cm−1 , T = 50 mK. The ideal regime for
1. [(b) red squares] Spin switching vs
strong switching is |JH /t|
Loge |kB T /t|, varying T for fixed JH = 10 cm−1 , t = −0.1 cm−1 .
The ideal regime for strong switching is −t
kB T . Both calculations performed with the 28-state numerical program,
√ ideal geometry, βS /βD = 2, eVB = 0.001 cm−1 , JH /DDM = − 3.

performance as a function of its spatial orientation with respect to the spin-polarized source lead.
For example, we find that our device produces stronger
spin switching when |JH /t|
1 as in Fig. 5(a) because: (i)
If the intramolecular charge transfer can compete with the
Hund coupling to local spins, the extra electron may tunnel
to the drain lead before its spin is altered; (ii) the Hund
coupling produces a spin torque on the tunneling electron as
it crosses the triangle. However, if the electron is strongly
delocalized and couples to multiple centers simultaneously,
the spin torque will be diminished.
Our device also performs best when −t
kB T , so |E1 
and |E1  are populated rather than |A as in Fig. 5(b). This
is because the tunneling electron can discharge to the drain
via centers one and three when (φ, ζ, ω) = ( π3 , 0, 0), see
Fig. 2. Discharging from |E1,2  to |τ2 , these two pathways
interfere favorably, but when discharging from |A to |τ2 , the
|3  component’s phase in Eq. (17) causes the pathways to
interfere unfavorably. Thus, when −t
kB T and (φ, ζ, ω) =
( π3 , 0, 0), the strength of switching decreases by 37% if the
drain only couples to one center rather than to both centers
equally.
The geometry (φ, ζ, ω) = ( π3 , 0, 0) in Fig. 2 is ideal for
three reasons. First, the selectivity for |τ1  or |τ2  upon charging from the source is strongest when there is only one center
coupled to the source, and its spin is aligned with the source’s
spin polarization. This requires sin ω = 0, small | sin ζ |, and
φ = π3 , π, 5π
, see Fig. 6. When the alignment is imperfect, the
3
charging selectivity is worsened further by increasing VB /T
and/or βS /βD .
Second, it is desirable that the center(s) coupled to the
drain have spin(s) aligned vertically along the drain’s spin, 4π
. However,
quantization axis, e.g., sin ω = 0, φ = 0, 2π
3
3
we found that charging selectivity is more important. Choosing sin ω = 0 and φ = π3 , π, 5π
is the best compromise be3
tween charging selectivity and having a vertical spin coupled
to the drain, see Figs. 6(a) and 6(b).
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leads’ spin-quantization axes, whereas some disorder pertaining to in-plane rotations of the triangular toroidal device is not
expected to greatly affect our conclusions.
IV. SUMMARY

FIG. 6. [(a) blue circles] Spin switching vs φ for fixed
ζ = ω = 0, βqS = {max[0, cos(φ + θq + π )]}2 cm−1 , βqD =
{max[0, cos(φ + θq )]}2 cm−1 . There are local maxima when
an atomic center’s tangential axis is aligned with a lead’s
spin-quantization axis. [(b) red squares] Spin switching vs
ω for fixed φ = π3 , ζ = 0, (β1S , β2S , β3S , β1D , β2D , β3D ) =
(0, 1, 0, 34 , 0, 43 ) cm−1 . There are minima when the triangle’s
plane is perpendicular to the leads’ spin-quantization axes. [(c)
green diamonds] Spin switching vs ζ for fixed φ = π3 , ω =
0, β1S = β3S = 41 β2D = 41 sin2 ( ζ2 ) cm−1 , β1D = β3D = 41 β2S =
1
cos2 ( ζ2 ) cm−1 . There are minima when each lead couples to all
4
three centers equally. Each calculation performed with√the 28-state
numerical program eVB = 0.001 cm−1 , JH /DDM = − 3, JH /t =
−100, T = 10 mK.

A triangular ring with on-site spins Sq = 21 , strong antiferromagnetic exchange coupling, and weak spin-orbit coupling
can be prepared in a noncollinear ground spin state with
a zero magnetic moment and a nonzero toroidal moment
τ = (0, 0, ±gRμB ). These toroidal states are prepared in the
ground Kramers doublet from weak Dzyaloshinskii-Moriya
antiferromagnetic exchange coupling as coherent combinations of states with A3/2 symmetry, opposite spin chirality,
and opposite spin projection. In the singly charged triangle’s
ground states, a weakly delocalized extra electron aligns its
spin along the triangle’s toroidal spin textures.
The toroidal states of the spin triangle and their chargetransfer derivatives were used to construct a model for spin
transport through a three-terminal device in the sequential
tunneling regime. Under optimal conditions, the device is
found to split the nonequilibrium populations of the ground
toroidal states stabilizing a nonzero toroidal polarization in the
molecular device. This also results in the partial switching of
the polarization of a spin current passing through the triangle:
↑
↓
↑
↓
−(ID − ID )/(IS − IS ) → 0.8. We predict that such a device
would work best with a planar geometry and system parameters: −Jex
−DDM , |JH |
−t
kB T , |eVB |, |βS |,
|βD | > 0.
In conclusion, our results suggest that, by controlling the
bias voltage in a device built according to our specifications, it
will be possible to selectively control the toroidal polarization
of the molecular device, which can be monitored by the
amount of spin switching measured between an in-plane spinpolarized source electrode and, e.g., a drain electrode having
opposite spin polarization.

Third, a small | sin ζ | ensures each center is only coupled
to one lead. This means the tunneling electron must cross
the triangle’s toroidal spin texture before discharging from a
particular center rather than discharging immediately without
its spin being altered, see Fig. 6(c). In this geometry, the bias
voltage would produce an electric field parallel to the plane
of the triangle, which would weaken the spin switching by
mixing the states with A and E symmetries. However, this
effect is minimized when −DDM
−t
eVB , so a small
| sin ζ | is still desirable.
An interesting feature of Fig. 6 is that in-plane rotations do
not greatly affect the extent of spin switching, but out-of-plane
rotations do. Integrating over φ ∈ [0, 2π ) in Fig. 6(a) gives an
average spin switching of 0.638, but in Figs. 6(b) and 6(c), the
averages over ω and ζ are 0.335 and 0.151, respectively. Thus,
optimal spin switching and optimal spin-transfer torque can be
achieved by ensuring that the triangle’s plane is parallel to the
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