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Abstract

This thesis presents a series of original studies exploring the space of neutrino-mass
models, and the connection that a class of these models might have with the recently
purported violations of lepton flavour universality measured in 𝐵-meson decays.

We begin by describing and implementing an algorithm that systematises the pro-
cess of buildingmodels ofMajorana neutrinomass starting from effective operators that
violate lepton number by two units. We use the algorithm to generate computational
representations of all of the tree-level completions of the operators up to and including
mass-dimension eleven, almost all of which correspond to models of radiative neutrino
mass. Our study includes lepton-number-violating operators involving derivatives, up-
dated estimates for the bounds on the new-physics scale associated with each operator,
an analysis of various features of the models, and a look at some examples. Accompa-
nying this work we also make available a searchable database containing the catalogue
of neutrino-mass models, as well as the code used to find the completions.

The anomalies in 𝐵-meson decays have known explanations through exotic scalar
leptoquark fields. We add to this work by presenting a detailed phenomenological anal-
ysis of a particular scalar leptoquarkmodel: that containing 𝑆1 ∼ (3, 1, −1

3). We find that
the leptoquark can accommodate the persistent tension in the ratios 𝑅𝐷(∗) as long as its
mass is lower than approximately 10 TeV, and show that a sizeable Yukawa coupling to
the right-chiral tau lepton is necessary for an acceptable explanation. Agreement with
the measured 𝑅𝐷(∗) values is mildly compromised for parameter choices addressing the
tensions in the 𝑏 → 𝑠 transition. The leptoquark can also reconcile the predicted and
measured value of the anomalous magnetic moment of the muon, and appears naturally
in models of radiative neutrino mass. As a representative example, we incorporate the
field into a two-loop neutrino mass model from our database. In this specific case, the
structure of the neutrino-mass matrix provides enough freedom to explain the small
masses of the neutrinos in the region of parameter space dictated by agreement with
the anomalies in 𝑅𝐷(∗) , but not in the 𝑏 → 𝑠 transition.

In order to address the shortcomings of the 𝑆1 scenario, we construct a non-minimal
model containing the scalar leptoquarks 𝑆1 and 𝑆3 ∼ (3, 3, −1

3) along with a vector-like
quark, necessary for lepton-number violation. We find that this new model permits
a simultaneous explanation of all of the flavour anomalies in a region of parameter
space that also reproduces the measured pattern of neutrino masses and mixing. A
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characteristic prediction of our model is a rate of muon–electron conversion in nuclei
fixed by the 𝑏 → 𝑠 anomalies and the neutrino mass. The next generation of muon–
electron conversion experiments will thus potentially discover or falsify our scenario.

We also present a general overview from our model database of those minimal ra-
diative neutrino-mass models that contain leptoquarks that are known to explain the
anomalies in 𝑅𝐷(∗) and the 𝑏 → 𝑠 transition. We hope that our model database can fa-
cilitate systematic analyses similar to this, perhaps on both the phenomenological and
experimental fronts.

We conclude by presenting a study of the diphoton decay of a scalar SU(𝑁 ) bound
state, motivated by the 2016 750GeV diphoton excess.
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Preface

Particle physics currently finds itself in a strange or exciting place, depending on who
you ask. The discovery of a Higgs-like boson at close to 125GeV has meant both the
completion of the Standard Model (SM), and the end of clear signs of new particles
at the electroweak scale. Although the Large Hadron Collider (LHC) will continue to
collect datawell into the next few decades, themass reachwill not increase significantly.
The community waits for a new machine, for which there are many candidates and
promises, that will continue to push the energy frontier and test theories addressing the
many shortcomings of the SM. Time frames for many of these see data taking beginning
at the end of my career. If progress is driven by experiment, where do we go from here?

Thankfully, there are already clear signs of new physics in the neutrino sector.
The observation of neutrino oscillations, and therefore neutrino masses, is by far the
strongest terrestrial evidence demanding an extension of the SM. It is no surprise that
a full understanding of the neutrinos has alluded us so far; they are, with the possi-
ble exception of the Higgs boson, the most elusive particles currently under laboratory
scrutiny. As we move into an era of precision neutrino measurements, now is the right
time to take stock of the phenomenologically viable and economic models that explain
the pattern of neutrino masses and mixings observed. Armed with the list of possible
mechanisms, we can make progress in probing those that are testable and, given that
these models are falsified, build circumstantial evidence in favour of those that are not.

Even on the collider front, it is unclear yet that the LHC has left us with the so-
called ‘nightmare scenario’ of a lonely Higgs. Perhaps unexpectedly, the most inter-
esting signs of new physics from CERN have come from the LHCb experiment. The
now famous ‘flavour anomalies’ are a collection of theoretically consistent anomalous
measurements indicating a departure from the lepton-flavour universality present in
the SM. Are these related to the growing evidence for deviations in leptonic anomalous
magnetic moments? Might they be clues to a deeper theory of flavour and mass? The
Belle II experiment has only just begun taking data, and we wait eagerly for what it
has to say on these matters. LHCb too will continue to improve its measurements with
more collisions; if the anomalies persist, these will be undeniable evidence of physics
beyond the SM accessible to the next generation of hadron colliders.

These measurements are tantalising because of their consistency and breadth, but it
would not be the first time that physicists have been lead astray, should they disappear
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withmore statistics. Even so, what is perhaps the central result of my doctoral workwill
remain unchanged: that deviations from lepton-flavour universality in four-fermion
operators may be intimately connected to mass generation in the neutrino sector.

This idea is developed over the six chapters of this thesis, four of which are based
on publications and preprints written in collaboration. These are summarised below
with a statement of contribution and the publication status of the papers on which the
chapters are based.

• Chapter 1 is an original introduction and literature review outlining the back-
ground necessary to understand the remaining chapters.

• Chapter 2 is based on the preprint ‘Exploding operators for Majorana neutrino
masses and beyond,’ written in collaboration with Raymond R. Volkas [5]. The
paper has recently been accepted for publication in JHEP. The calculations, analy-
sis and technical writing in this chapter are largely my own. The ideas motivating
the work were developed with Raymond R. Volkas.

• Chapter 3 is based on the publication ‘Reconsidering the One Leptoquark so-
lution: flavor anomalies and neutrino mass,’ written in collaboration with Yi
Cai, Michael A. Schmidt and Raymond R. Volkas [2], and ‘A near-minimal lepto-
quark model for reconciling flavour anomalies and generating radiative neutrino
masses,’ written with Innes Bigaran and Raymond R. Volkas [3]. The calculations,
analysis and technical writing in this chapter are largely my own. Themotivation
for this detailed phenomenological analysis of the 𝑆1 leptoquark model stemmed
from an idea of Michael A. Schmidt of embedding it into a model of radiative
neutrino mass.

• Chapter 4 is based on the publications ‘Reconsidering the One Leptoquark so-
lution: flavor anomalies and neutrino mass,’ written in collaboration with Yi
Cai, Michael A. Schmidt and Raymond R. Volkas [2], and ‘A near-minimal lepto-
quark model for reconciling flavour anomalies and generating radiative neutrino
masses,’ written with Innes Bigaran and Raymond R. Volkas [3]. The content of
all sections except Sec. 4.4 has been published in one of the aforementioned publi-
cations. Sec. 4.3 contains work performed by collaborators, specifically the devel-
opment of the model and the underlying computational machinery discussed in
Sec. 4.3.4. The remaining technical work is largely my own, and the exposition of
the model presented here is also my own. The motivation for this work followed
from the limited success of the 𝑆1 leptoquark scenario in both the neutrino-mass
setting and as a combined explanation of the flavour anomalies. It was the idea of
Raymond R. Volkas to combine the two dimension-seven completions containing
𝑆3 and 𝑆1 into the non-minimal model studied in detail in Sec. 4.3.
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• Chapter 5 is based on the publication ‘Explaining the 750GeV diphoton excess
with a colored scalar charged under a new confining gauge interaction,’ written
in collaboration with Robert Foot [1]. The calculation of the production cross
section was my own work, otherwise the work was mostly completed by Robert
Foot.

• Chapter 6 provides some concluding comments of my own about the thesis as a
whole.
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1
Introduction

The following is a general introduction to the background topics referred to and assumed
in subsequent chapters. This includes a review of popular theories of neutrino mass, the cur-
rent status of neutrino-oscillation parameters, a general introduction to Effective Field Theory
(EFT), the experimental situation relevant to the flavour anomalies, and topics peripheral to
all of these.

1.1 The Standard Model and neutrinos

Laboratory experiments to date have firmly established the predictive power of the
Standard Model (SM) of particle physics, a combined theory of the electroweak and
strong interactions described by the gauge group 𝐺SM = SU(3)𝑐 ⊗ SU(2)𝐿 ⊗ U(1)𝑌 . It
is a model whose probes and predictions span at least 33 orders of magnitude1 with
varying degrees of precision, and these are consistent with almost all known experi-
ments. Although it displays a number of arbitrary features, the dynamics of the theory
are mostly fixed by the fundamental principles of gauge theory and Lorentz invariance.
Most of this arbitrariness resides in the matter sector of the theory, whose properties
(masses, coupling constants, quantum numbers, etc.) are not predicted, but are instead
motivated on phenomenological grounds. We show the fields of the SM and their defin-
ing properties in Table 1.1, according to the mathematical conventions of Appendix A.

1The interval given is from the distance scales probed at the LHC (roughly 10−17 cm) to the average
diameter of the galaxy (roughly 1023 cm), for which some electromagnetic effects have been tested.
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Field SU(3)𝑐 ⊗ SU(2)𝐿 ⊗ U(1)𝑌 SU(2)+ ⊗ SU(2)−
𝑄𝛼𝑎𝑖 (3, 2, 16) (2, 1)
𝐿𝛼𝑖 (1, 2, −1

2) (2, 1)
̄𝑢𝛼𝑎 (3̄, 1, −2

3) (2, 1)
̄𝑑𝛼𝑎 (3̄, 1, 13) (2, 1)
̄𝑒𝛼 (1, 1, 1) (2, 1)

(𝐺𝛼𝛽)𝑎𝑏 (8, 1, 0) (3, 1)
(𝑊𝛼𝛽)𝑖 𝑗 (1, 3, 0) (3, 1)
𝐵𝛼𝛽 (1, 1, 0) (3, 1)
𝐻 𝑖 (1, 2, 12) (1, 1)

Table 1.1: The SM fields and their transformation properties under the SM gauge
group 𝐺SM and the Lorentz group written as SU(2)+ ⊗ SU(2)−. The final unbolded
number in the 3-tuples of the 𝐺SM column represents the U(1)𝑌 charge of the field,
normalised such that 𝑄 = 𝐼3 + 𝑌 . For the fermions a generational index has been
suppressed. See Appendix A for details about the mathematical notation used here
and throughout this work.

The SM inherits the experimental success of the SU(2) ⊗ U(1) theory of the weak
interactions, first proposed by Glashow [23] in 1961 as a possible underlying structure
for Fermi’s theory of beta decay. Before the end of the same decade, Weinberg [24]
and Salam [25] had constructed the modern theory of leptons based on the sponta-
neous breaking of SU(2)𝐿 ⊗ U(1)𝑌 to the electromagnetic symmetry. Interestingly, it
seems that these seminal papers went mostly unnoticed (see Fig. 1.1) until the early
1970s, when ’t Hooft proved the renormalisability of spontaneously broken gauge the-
ories [26] as a graduate student working under the supervision of Veltman. By the mid
1970s the framework had been extended to include the quarks [27] and the unbroken
chromodynamic group, which was successfully shown to reproduce the Bjorken scaling
seen in deep-inelastic-scattering experiments through asymptotic freedom [28].

Despite its successes, the SM cannot be the complete theory of fundamental particles
and their interactions. It does not explain phenomena such as the baryon asymmetry
present, and the particle spectrum contains no viable candidate for dark matter. The SM
cannot explain why the electric dipole moment of the neutron is so small, why there are
three generations of matter or, notably in our case, the origin of neutrino oscillations
and the implied small but non-zero neutrino masses.
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Figure 1.1: The cumulative citation graph for a selection of papers presenting foun-
dational results relevant to the SM. Weinberg’s seminal paper ‘A model of leptons’
(1967) saw an explosion of citations following ’t Hooft’s work on the renormalisabil-
ity of gauge theories (1971).

1.2 Massive neutrinos in experiment and theory

The minimal SM predicts massless neutrinos, a prediction that today sits in contra-
diction to a wealth of empirical evidence. This evidence could in principle have come
frommany kinds of experiments, but currently only neutrino oscillations provide strong
signs that the masses are non-zero. Below we discuss the phenomenon of neutrino os-
cillations in the context of the outstandingly successful three-flavour mixing paradigm.
We then move on to other probes of neutrino masses, which currently only provide lim-
its on the mass scale. On the theory side, we summarise some popular and motivated
extensions of the SM that accommodate massive neutrinos, placing particular empha-
sis on the direction we have followed in the novel work presented in this thesis. This
includes an overview of tree- and loop-level models of Majorana neutrino mass.

1.2.1 Neutrino oscillations

The neutrino flavour eigenstates ̆𝜈𝑖 = (𝜈𝑒 , 𝜈𝜇 , 𝜈𝜏 ) are defined as the states that couple
at charged-current interaction vertices with the corresponding charged lepton. These
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are the states in which the neutrinos are almost always produced in experiments, and
certainly always measured. If neutrinos are massive there is no reason to expect these
to coincide with the mass eigenstates 𝜈𝑖 = (𝜈1, 𝜈2, 𝜈3). In general, the flavour eigenstates
will be an admixture of the propagating fields

̆𝜈𝑖 = 𝑈 𝑗
𝑖 𝜈𝑗 , (1.1)

where the 𝑈 𝑗
𝑖 are elements of the unitary Pontecorvo–Maki–Nakagawa–Sakata (PMNS)

neutrino mixing matrix [29, 30]. The PMNS matrix is defined such that it diagonalises
the neutrino mass matrix:

U†m𝜈U∗ = diag(𝑚1, 𝑚2, 𝑚3), (1.2)

where the 𝑚𝑖 are the neutrino masses. Being a 3 × 3 unitary matrix, U is in general
parametrised by three mixing angles and six phases. Not all of the phases are physical,
since the neutrino and charged-lepton fields can be redefined in such a way that five of
the phases are removed in the case of Dirac neutrinos. In the presence of a Majorana
mass term, only the charged leptons can be rephased. This leaves three physical phases
with the two additional ones termed Majorana phases. In general

U = [
𝑐12𝑐13 𝑠12𝑐13 𝑠13𝑒−𝑖𝛿CP

−𝑠12𝑐23 − 𝑐12𝑠23𝑠13𝑒𝑖𝛿CP 𝑐12𝑐23 − 𝑠12𝑠23𝑠13𝑒𝑖𝛿CP 𝑠23𝑐13
𝑠12𝑠23 − 𝑐12𝑐23𝑠13𝑒𝑖𝛿CP −𝑐12𝑠23 − 𝑠12𝑐23𝑠13𝑒𝑖𝛿CP 𝑐23𝑐13

] P , (1.3)

where 𝑐𝑖𝑗 = cos 𝜃𝑖𝑗 , 𝑠𝑖𝑗 = sin 𝜃𝑖𝑗 and

P = {diag(𝑒
𝑖𝛼1 , 𝑒𝑖𝛼2 , 1) for Majorana neutrinos

13×3 for Dirac neutrinos
. (1.4)

The phase 𝛿CP is often called the Dirac phase, while 𝛼1,2 are the Majorana phases dis-
cussed above.

Neutrino oscillation experiments typically involve the production of neutrino flavour
states from charged-current processes, e.g. leptonic pion decays. Each mass eigen-
state evolves in time independently according to the Schrödinger equation: i.e. |𝜈𝑖(𝑡)⟩ =
exp (−𝑖𝐸𝑖𝑡)|𝜈𝑖(0)⟩, for evolution in vacuo. This alters the initial superposition away from
being a pure flavour eigenstate:

| ̆𝜈𝑖(𝑡)⟩ = ∑
𝑗
𝑈 ∗𝑗
𝑖 𝑒−𝑖𝐸𝑗 𝑡 |𝜈𝑗⟩ (1.5)

= ∑
𝑗,𝑘

𝑈 ∗𝑗
𝑖 𝑒−𝑖𝐸𝑗 𝑡𝑈 𝑘𝑗 | ̆𝜈𝑘⟩ . (1.6)
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The probability of measuring a specific flavour through the charged-current interaction
then oscillates with time:

P( ̆𝜈𝑚 → ̆𝜈𝑛) = |⟨ ̆𝜈𝑛| ̆𝜈𝑚(𝑡)⟩|2 = |∑
𝑖
𝑈 ∗𝑖𝑚 𝑈 𝑛𝑖 𝑒−𝑖𝐸𝑖𝑡 |

2
. (1.7)

The expression can be expanded and the kinematic factors simplified from the fact
that the neutrinos are ultra-relativistic. We follow the usual convention and take 𝐸𝑖 =
√p2 + 𝑚2𝑖 ≈ |p| + 𝑚2𝑖 /(2𝐸) with 𝐸 = |p|. This gives

P( ̆𝜈𝑚 → ̆𝜈𝑛) = 𝛿𝑚𝑛 − 4∑
𝑖<𝑗

Re (𝑈 𝑖𝑚𝑈 ∗𝑗𝑚 𝑈 ∗𝑖𝑛 𝑈 𝑗𝑛 ) sin2
Δ𝑚2𝑖𝑗𝐿
4𝐸

+ 2∑
𝑖<𝑗

Im (𝑈 𝑖𝑚𝑈 ∗𝑗𝑚 𝑈 ∗𝑖𝑛 𝑈 𝑗𝑛 ) sin
Δ𝑚2𝑗𝑖𝐿
2𝐸 ,

(1.8)

where Δ𝑚2𝑖𝑗 ≡ 𝑚2𝑗 −𝑚2𝑖 are the squared neutrino mass differences and 𝐿 = 𝑐𝑡 , sometimes
called the baseline, is the approximate distance travelled by the particles. To interpret
the results ofmany experiments, it is often sufficient to consider an effective two-flavour
oscillation paradigm. In this case, the neutrino-oscillation probabilities are governed by
a single squaredmass differenceΔ𝑚2 and a single angle 𝜃 . We note that the CP-violating
phase is completely absent from the two flavour formula:

P( ̆𝜈𝑚 → ̆𝜈𝑛)𝑛𝑓=2 = sin2(2𝜃) sin2 Δ𝑚
2𝐿

4𝐸 . (1.9)

From the expressions in Eqs. (1.8) and (1.9) a number of properties of the vacuum
neutrino oscillations become clear.

1. The neutrino oscillation probabilities depend on the neutrino mass differences,
and not on the absolutemass scale. For three flavours, there are only two indepen-
dent squared mass differences. Typically chosen to be Δ𝑚221 and Δ𝑚231, although
often they are referred to with the historical names Δ𝑚2

sol and Δ𝑚2
atm, discussed

in detail below.

2. From Eq. (1.8) it is clear that the oscillations only occur if the neutrinos are non-
degenerate and the neutrino mixing is non-trivial, i.e. if Δ𝑚𝑖𝑗 ≠ 0 and U ≠ 1.

3. The PMNS matrix elements only appear in the combination 𝑈 𝑖𝑚𝑈 ∗𝑗𝑚 , to which the
Majorana phases contained within the matrix P do not contribute. This implies
that oscillation experiments cannot comment on the Dirac or Majorana nature2

of the neutrinos. Oscillations can however probe 𝛿CP.
2Of course, this is already clear from the fact that neutrino oscillations conserve total lepton number,

despite breaking the individual familial lepton-number symmetries 𝐿𝑒,𝜇,𝜏 .
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Thus, neutrino oscillations imply that the neutrino masses of at least two of the mass
eigenstates are non-degenerate, and therefore only one neutrino could potentially be
massless. The largest squared mass difference can therefore be translated into an lower
bound on the mass of the heaviest neutrino, which we present later with modern data.

Historically, the effective two-flavour mixing paradigm has provided a good frame-
work for interpreting early indications of neutrino oscillations. Specifically, the solar
and atmospheric neutrino puzzles have approximate descriptions in terms of a two-
flavour picture. Oscillations 𝜈𝑒 → 𝜈active, where 𝜈active is a coherent superposition of 𝜈𝜇
and 𝜈𝜏 , in bothmatter and vacuum account for the deficit of electron neutrinosmeasured
from the sun, and 𝜈𝜇 → 𝜈𝜏 oscillations in vacuo explain the shortage of muon neutrinos
from cosmic-ray-induced production in the upper atmosphere. Today, it is understood
that the former effect is rather due to non-oscillatory adiabatic flavour conversion [31],
although both are consequences of neutrino mixing.

The measurement and resolution of these puzzles is an interesting and exciting
chapter in the recent history of physics. Experiments as early as the 1960s had no-
ticed a shortage of electron neutrinos coming from the sun relative to the predictions
of solar models [32–35], which themselves were subject to much uncertainty [36]. For
detection there were three main approaches: Raymond Davis and collaborators [37] pi-
oneered experiments that measured the solar electron-neutrino flux using Chlorine, the
Kamiokande and later Super-Kamiokande collaborations [38, 39] used water Cherenkov
detectors, and the experiments GALLEX [40] and SAGE [41] had Gallium as the detect-
ing material. All of these experiments showed a deficit of solar electron neutrinos,
although they were sensitive to neutrinos of different energies. The Sudbury Neutrino
Observatory gave the final word on the solution to the solar neutrino puzzle with ac-
curate confirmation of the electron-neutrino deficit, along with a measurement of the
total neutrino flux which was found to be in agreement with the solar models [42, 43].

Atmospheric neutrinos were known to come about from helicity-suppressed pion
and kaon decays to muons and muon neutrinos. A zenith-angle and energy-dependent
suppression in the flux of atmosphericmuon neutrinoswasmeasured by the Kamiokande
and Irvine–Michigan–Brookhaven experiments [44, 45] in the early 1990s, and after the
upgrade to Super-Kamiokande the deficit was confirmed to high precision with results
presented at the ‘Neutrino 1998’ conference [46–49].

The pairs of mixing parameters associated with these two classes of measurements
are usually dubbed 𝜃sol, Δ𝑚2

sol and 𝜃atm, Δ𝑚2
atm. Experimental results find Δ𝑚2

sol ≪
Δ𝑚2

atm and that both 𝜃sol and 𝜃atm are large compared to any angles found in the Cabibbo–
Kobayashi–Maskawa (CKM) matrix, the quark mixing matrix. Interpreted in terms of
three-flavour mixing, common convention identifies Δ𝑚2

sol with the squared mass dif-
ference between 𝜈2 and 𝜈1, which is known to be positive3 (i.e. Δ𝑚221 > 0). The solar
mixing angle 𝜃sol is then associated with 𝜃12. The atmospheric mixing parameters are

3We note that the sign of Δ𝑚221 can be known since oscillations in matter are also relevant for the
solar squared mass difference, which depart from the simple formula of Eq. (1.9).



1.2 Massive neutrinos in experiment and theory 7

identified with |Δ𝑚231| or |Δ𝑚232| and 𝜃23. Of course, three-flavour effects alter the sim-
plistic picture presented here and must be included to interpret measurements of 𝜃13
and 𝛿CP, see e.g. Ref. [50] and references therein for a more detailed discussion. The
picture that emerges from these experiments is then

Δ𝑚2
sol ≈ Δ𝑚221 ≪ |Δ𝑚231| ≈ |Δ𝑚232| ≈ |Δ𝑚2

atm| , (1.10)

with which both the normal mass ordering 𝑚1 < 𝑚2 < 𝑚3 and the inverted mass ordering
𝑚3 < 𝑚1 < 𝑚2 are consistent.

Neutrino oscillation experiments have continued to probe the squared mass differ-
ences and mixing parameters with impressively high precision, see e.g. Refs. [6, 51].
Reactor neutrino experiments like KamLAND [52] are sensitive to solar neutrino mix-
ing parameters, while accelerator long-baseline experiments, e.g. T2K [53], MINOS [54]
and NO𝜈A [55], are sensitive to the atmospheric parameters. The parameter 𝜃13 is best
measured at short-baseline reactor experiments like Double Chooz [56], RENO [57] and
Daya Bay [58]. Today the octant of 𝜃12 is certainly known, while 𝜃13 is constrained to be
close to 0.15. The sign of the atmospheric squared mass difference is still unknown, and
therefore so is the mass ordering for the neutrinos. The value of the CP-violating Dirac
phase 𝛿CP is less clear, although there is a preference for a value somewhere between
𝜋 and 3𝜋/2. The extent of CP-violation in the neutrino sector can be represented in a
rephasing-invariant way with the leptonic Jarlskog invariant [59]

𝐽𝐶𝑃 = 1
8 cos 𝜃13 sin 2𝜃12 sin 2𝜃13 sin 2𝜃23 sin 𝛿CP , (1.11)

so a value of 𝜋 would imply no CP-violating effects, while 𝛿CP = 3𝜋/2 would make
these maximal. For this work we take the results of the most recent fit to neutrino
oscillation data by the NuFit collaboration [6, 7] in the context of the three-flavour
paradigm. These results are summarised in Fig. 1.2 separately for the cases of normal
and inverted mass ordering. Results including atmospheric neutrino oscillation data
from Super-Kamiokande and those not are also distinguished. Two-dimensional pro-
jections of the 𝜒2 fit for the same parameters are shown in Fig. 1.3. These data suggest
a leptonic mixing matrix that has a very different form to the CKM matrix, which we
call V. We represent this qualitatively by using boxes whose side lengths are scaled to
the magnitude of the best-fit values of the parameters in the matrices, the textures are

U ∼ ( ) , V ∼ ( ) . (1.12)

For the PMNS matrix we take the best fit values for the normal mass ordering including
the Super-Kamiokande results, i.e. the numbers in the top-left quadrant of Fig. 1.2. The
same numbers also imply a lower bound on the mass of the heaviest neutrino at

𝑚heaviest ≥ √|Δ𝑚2
atm| ≈ 0.05 eV . (1.13)
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Normal Ordering (best fit) Inverted Ordering (∆χ2 = 2.7)

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.304+0.013
−0.012 0.269→ 0.343 0.304+0.013

−0.012 0.269→ 0.343

θ12/
◦ 33.44+0.78

−0.75 31.27→ 35.86 33.45+0.78
−0.75 31.27→ 35.87

sin2 θ23 0.570+0.018
−0.024 0.407→ 0.618 0.575+0.017

−0.021 0.411→ 0.621

θ23/
◦ 49.0+1.1

−1.4 39.6→ 51.8 49.3+1.0
−1.2 39.9→ 52.0

sin2 θ13 0.02221+0.00068
−0.00062 0.02034→ 0.02430 0.02240+0.00062

−0.00062 0.02053→ 0.02436

θ13/
◦ 8.57+0.13

−0.12 8.20→ 8.97 8.61+0.12
−0.12 8.24→ 8.98

δCP/
◦ 195+51

−25 107→ 403 286+27
−32 192→ 360

∆m2
21

10−5 eV2 7.42+0.21
−0.20 6.82→ 8.04 7.42+0.21

−0.20 6.82→ 8.04

∆m2
3`

10−3 eV2 +2.514+0.028
−0.027 +2.431→ +2.598 −2.497+0.028

−0.028 −2.583→ −2.412
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Normal Ordering (best fit) Inverted Ordering (∆χ2 = 7.1)

bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12 0.304+0.012
−0.012 0.269→ 0.343 0.304+0.013

−0.012 0.269→ 0.343

θ12/
◦ 33.44+0.77

−0.74 31.27→ 35.86 33.45+0.78
−0.75 31.27→ 35.87

sin2 θ23 0.573+0.016
−0.020 0.415→ 0.616 0.575+0.016

−0.019 0.419→ 0.617

θ23/
◦ 49.2+0.9

−1.2 40.1→ 51.7 49.3+0.9
−1.1 40.3→ 51.8

sin2 θ13 0.02219+0.00062
−0.00063 0.02032→ 0.02410 0.02238+0.00063

−0.00062 0.02052→ 0.02428

θ13/
◦ 8.57+0.12

−0.12 8.20→ 8.93 8.60+0.12
−0.12 8.24→ 8.96

δCP/
◦ 197+27

−24 120→ 369 282+26
−30 193→ 352

∆m2
21

10−5 eV2 7.42+0.21
−0.20 6.82→ 8.04 7.42+0.21

−0.20 6.82→ 8.04

∆m2
3`

10−3 eV2 +2.517+0.026
−0.028 +2.435→ +2.598 −2.498+0.028

−0.028 −2.581→ −2.414

Figure 1.2: The figure shows a table taken from the latest global fit to neutrino mass
and mixing parameters by the NuFit collaboration [6, 7] in the three-flavour picture.
The results presented in the upper (lower) panel are obtained by excluding (includ-
ing) the 𝜒2 data on atmospheric neutrinos provided by the Super-Kamiokande col-
laboration (SK). The numbers in the 1st (2nd) column are obtained assuming normal
(inverted) neutrino mass ordering. See Ref. [7] for more information.
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Figure 1.3: The figure shows the two-dimensional allowed regions obtained by
the latest fit to the neutrino mass and mixing parameters by the NuFit collabora-
tion [6, 7]. Each plot shows the two-dimensional projection of the allowed region
after marginalising with respect to the other parameters. The coloured regions (black
contour curves) are obtained by excluding (including) the Super-Kamiomande 𝜒2
data. The different contours correspond to the two-dimensional allowed regions at
1𝜎 , 90%, 2𝜎 , 99%, 3𝜎 confidence. See Ref. [7] for more information.
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1.2.2 Other experimental probes

Although neutrino oscillations provide a wealth of evidence for non-zero masses for
at least two of the neutrino fields, they do not probe the absolute mass scale. There
are however kinematic and cosmological probes which bound the neutrino masses, and
some of these are mentioned here.

Beta decay

A study of the kinematics of beta-decay experiments shows that differences in the en-
ergy distribution of the emitted electron are expected for different values of the neutrino
mass. Currently these experiments only provide upper bounds on the effective neutrino
mass [60]

𝑚𝛽 ≡
√
∑
𝑖
|𝑈 𝑖1 |2𝑚2𝑖 . (1.14)

The best results come from tritium experiments which probe 3H → 3He + 𝑒 + ̄𝜈𝑒 . The
KATRIN experiment recently presented the most stringent upper bound [61, 62]

𝑚𝛽 < 1.1 eV , (1.15)

at 90% confidence, with a projected limit of 𝑚𝛽 < 0.2 eV with the full dataset.
Another processwith the potential to probe the absolute scale of the neutrinomasses,

as well as the Majorana phases, is neutrinoless double beta decay (0𝜈𝛽𝛽). The process
requires the violation of lepton-number by two units, and is therefore intimately tied
to the neutrinos’ possible Majorana nature. If double-beta decay is seen, the black box
theorem [63–65] guarantees that the neutrinos pick up a radiative Majorana mass, even
if the neutrino masses vanish at tree level. Graphically this is easy to understand: a
0𝜈𝛽𝛽 operator can always be turned into a neutrino self-energy graph with four loops.
The amplitude for the process is proportional to

⟨𝑚𝜈⟩𝛽𝛽 = ∑
𝑖
(𝑈 𝑖1 )2𝑚𝑖 , (1.16)

which features both the neutrino masses and the Majorana phases. (Of course it may
be that the four-loop contribution to the neutrino mass implied by the double-beta-
decay operator represents only a small correction to the neutrino masses, which could
arise at lower order.) Current limits on ⟨𝑚𝜈⟩𝛽𝛽 are around 0.2 eV, see e.g. Ref. [66]
for a recent review of the experimental status and prospects. Constraints on ⟨𝑚𝜈⟩𝛽𝛽
are usually presented against the mass of the lightest neutrino mass eigenstate. The
behaviour of ⟨𝑚𝜈⟩𝛽𝛽 is very sensitive to the neutrino mass ordering, in such a way that
the inverted scenario implies a minimum allowed value of ⟨𝑚𝜈⟩𝛽𝛽 , which will begin
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Figure 1.4: The figure shows limits on the effective neutrino mass for different val-
ues of 𝑚lightest for both normal and inverted mass ordering. The grey region rep-
resents the combined sensitivity from a number of leading experiments [68]. The
yellow regions are projections for the DARWIN experiment under different back-
ground hypotheses. The figure is taken from Ref. [67], and we point the reader there
for more information.

to be probed by the next generation of experiments. A combined global limit and the
projected sensitivity of the DARWIN experiment [67] are shown in Fig. 1.4, which also
illustrates the different behaviour of the inverted and normal neutrino mass orderings
in the ⟨𝑚𝜈⟩𝛽𝛽 vs. 𝑚lightest plane.

Cosmological limits

The most stringent limits on the sum of the neutrino masses come from cosmology,
although they are model-dependent. In the minimal ΛCDMmodel adjusted for massive
neutrinos, the limit implied by the most recent Planck data release [69] is

∑
𝑖
𝑚𝑖 < 0.12 eV , (1.17)

at 95% confidence. This is impressively small, and puts pressure on the inverted-ordering
scenario, for which ∑𝑖 𝑚𝑖 ≳ 0.1 eV. Excitingly, future cosmological probes will likely
make a measurement of the sum of the neutrino masses.
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1.2.3 Models of neutrino masses

In the SM the neutrino fields appear only within the lepton doublet 𝐿, and one cannot
write down—in analogy to the up-type Yukawa—a renormalisable operator that leads
to neutrino masses because of the absence of the right-handed fields. There is also
no isotriplet scalar that couples to 𝐿𝐿 to provide a tree-level Majorana mass for the
left-handed neutrinos. A simple model of neutrino mass then involves introducing a
gauge-singlet fermion field ̄𝜈 ∼ (1, 1, 0)(2,1), extending the Yukawa sector of the SM
accordingly to

−ℒ𝑌 ⊃ 𝑦𝑒 ̄𝑒𝐿𝐻† + 𝑦𝑑 ̄𝑑𝑄𝐻† + 𝑦𝑢 ̄𝑢𝑄𝐻 + 𝑦𝜈 ̄𝜈𝐿𝐻 , (1.18)

in a simplified one-flavour picture. This implies Dirac neutrinos with a mass 𝑚𝜈 ≈ 𝑦𝜈𝑣 ,
and makes mass generation symmetric between the quarks and leptons.

There are a number of problems with this simplistic scenario. First, it is perhaps
uncomfortable to suppose that the neutrinos are many orders of magnitude lighter than
the charged fermions only because 𝑦𝜈 is a very small number. Indeed, the posited large
hierarchy between 𝑦𝜈 and 𝑦𝑢 seems to spoil any aesthetic arguments for quark–lepton
symmetry in favour of this hypothesis. Although the Yukawa couplings for the other
SM fermions span six orders of magnitude, couplings within any one generation are all
of similar order. We illustrate this in Fig. 1.5, where the fermion masses are plotted by
generation. Whereas one could consider that some underlying theory of flavour may
explain, for example, the disparity in scale between the masses of the electron and the
top quark, the large mass difference between the electron and the lightest neutrino,
although technically natural, seems to cry out for its own explanation.

A second point of criticism with the simple scenario presented above is that it ig-
nores the Majorana mass term for ̄𝜈

ℒ ⊃ −1
2𝜇 ̄𝜈 ̄𝜈 + h.c. (1.19)

In order to maintain the Dirac neutrino mass with the relation 𝑚𝜈 ≈ 𝑦𝜈𝑣 , the Majorana
mass must be forbidden or else chosen to be negligibly small, assumptions adding layers
of contrivance to the theory. A sensible choice for the scale 𝜇 is some high scale Λ
associated with the breaking of U(1)𝐵−𝐿. Taking 𝜇 ≫ 𝑦𝜈𝑣 , the neutrino-mass matrix
takes on the form

m𝜈 = ( 0 𝑦𝜈𝑣
𝑦𝜈𝑣 𝜇 ) , (1.20)

with eigenvalues

𝑚𝑙 ≈
𝑦2𝜈 𝑣2
𝜇 , 𝑚ℎ ≈ 𝜇 . (1.21)
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Figure 1.5: The masses of the SM fermions grouped by generation. While the SM
Yukawa couplings span a wide range of values, within any specific generation they
are all of similar order. The tiny masses of the neutrinos seem to suggest an alternate
mass-generation mechanism.

The assumption 𝜇 ≫ 𝑦𝜈𝑣 implies that 𝑚𝑙 ≪ 𝑦𝜈𝑣 , and the neutrino is successfully ar-
ranged to be much lighter than 𝑦𝜈𝑣 , which can now be taken to be on the order of the
charged fermionmasses. The theory also leaves us with a neutrino whose mass must be
significantly larger than the electroweak scale: 𝑚ℎ ≳ 1014 GeV, assuming 𝑚𝑙 = 0.05 eV
and 𝑦𝜈 = 1. After transforming into the mass-diagonal basis, the physical fields 𝜈𝑙 and
𝜈ℎ correspond to Majorana particles. Thus, in the most motivated region of param-
eter space, the phenomenology of the light neutrinos in even the SM + ̄𝜈 scenario is
Majorana. This toy scenario illustrates the mechanism commonly called the seesaw
mechanism: making the neutrinos very light at the expense of making other fields very
heavy. This is discussed more broadly below.

Tree-level models of neutrino mass

The toy seesaw scenario discussed above can be understoodmore generally by studying
the effective theory valid below the scale 𝜇, which does not contain the field ̄𝜈 . The
leading-order lepton-number-violating (LNV) effects appear at dimension five in the
operator

ℒ ⊃ 𝜅
Λ(𝐿𝑖𝐿𝑗)𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 , (1.22)

with 𝜅 a dimensionless coefficient. This operator is commonly called the Weinberg op-
erator. In the broken phase it gives rise to a Majorana mass for the neutrinos consistent
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with the seesaw formula:

ℒ ⊃ 𝑣2𝜅
Λ 𝜈𝜈 . (1.23)

The SM + ̄𝜈 scenario is not the only simplified model that generates the Weinberg
operator at tree-level. A simple diagram-topology analysis suggests there are another
two seesaw mechanisms in the UV: a model with a scalar isotriplet field Ξ1 ∼ (1, 3, 1)𝑆 ,
called the type-II mechanism, and another with an isotriplet Majorana fermion Σ ∼
(1, 3, 0)𝐹 , called type-III. Along with the type-I heavy ̄𝜈 model, these are collectively
referred to as the canonical seesawmechanisms [70–80] and have been studied at length
in the literature. They are simple models in that they introduce only very few exotic
degrees of freedom and free parameters. However, the high seesaw scale makes these
models practically untestable at current and future collider experiments.

Models of Majorana neutrino mass can be made more testable if, instead of the
suppression of the neutrino masses coming from a large Λ in Eq. (1.23), the coefficient
𝜅 were somehow arranged to be small. Although there are a number of mechanisms to
achieve this, we concentrate below on radiative models of Majorana neutrino mass, in
which 𝜅 is made small through loop and coupling suppression.

Radiative models and their classification

It may be the case that the field content of whatever high-energy theory describes the
neutrino masses is such that no neutrino self-energy diagram can be drawn at the tree
level. Indeed, this will be the case if there is lepton-number violation by two units
(Δ𝐿 = 2) from interactions other than those present in the canonical seesaw models.
Such models are called radiative, since the neutrino masses arise through loop graphs.
The historically important Zee [81] and Zee–Babu [82, 83] models have come to be
archetypal radiative scenarios in which the neutrinos gain masses through Δ𝐿 = 2 the
interactions of exotic scalars at one and two loops respectively. In the Zee model, an
additional Higgs doublet 𝜑 ∼ (1, 2, 12) and a charged scalar 𝒮1 ∼ (1, 1, 1) are introduced,
while the Zee–Babu model contains 𝒮1 and the doubly-charged scalar 𝒮2 ∼ (1, 1, 2).
The neutrino self-energy diagrams for these models are shown in Fig. 1.6 as examples.
The corresponding neutrino-mass matrices are

[mZee𝜈 ]𝑟 𝑠 =
𝜇𝑣2
16𝜋2 ∑𝑡

𝑥[𝑟 𝑡]𝐼𝑡[m𝑒]𝑡𝑦𝑡𝑠 + (𝑟 ↔ 𝑠) , (1.24)

[mZee–Babu𝜈 ]𝑟 𝑠 =
𝜇′𝑣2

(16𝜋2)2 ∑𝑡 ,𝑢
𝑥[𝑟 𝑡][m𝑒]𝑡𝑧{𝑡𝑢}[m𝑒]𝑢𝑥[𝑢𝑠]𝐼 ′𝑡𝑢 + (𝑟 ↔ 𝑠) , (1.25)

written in terms of the couplings 𝑥, 𝑦 , 𝑧 ∈ ℂ as shown in Fig. 1.6, and the associated loop
functions 𝐼 and 𝐼 ′. One can see that in these models, the coefficient of the Weinberg
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Figure 1.6: The neutrino self-energy diagrams relevant to the Zee (left) and Zee–
Babu (right) models.

operator 𝜅 is naturally suppressed with respect to the seesaw formula by SM-fermion
masses (charged-lepton masses in this case), exotic couplings, and loop factors.

Such models are economic, since they do not require the imposition of ad hoc sym-
metries, and in many cases make a connection to other unsolved problems of the SM
such as the nature of dark matter or the matter–antimatter asymmetry of the Universe.
They are also elegant, since the smallness of the neutrino masses emerges as a natu-
ral consequence, rather than through the imposed requirement of exceedingly small
coupling constants. Radiative models are easier to probe experimentally since the ad-
ditional loop suppression and products of couplings bring down the allowed scale of
the new physics, in some cases to LHC-accessible energy ranges [84]. The Zee–Babu
model, for example, is non-trivially constrained by same-sign dilepton searches per-
formed by ATLAS [85–87] and CMS [88–90]. Additionally, the predicted dependence
of the neutrino-mass matrix on SM parameters, as is clear from Eqs. (1.24) and (1.25),
can make these models very predictive as far as neutrino phenomenology is concerned.
For example, the minimal version of the Zee model has the charged-lepton masses aris-
ing from couplings to 𝜑, allowing for a simplification of the expression Eq. (1.24) such
that the leptonic flavour index 𝑡 must be the same as 𝑠. The antisymmetry in the lep-
tonic flavour indices implied by 𝑥[𝑟𝑠] must be accounted for by an antisymmetry in the
loop integral such that 𝐼 ∼ 𝐼𝑟 − 𝐼𝑠 . The flavour structure then becomes [91]

[mMin. Zee𝜈 ]𝑟 𝑠 ∝ 𝑥[𝑟𝑠]([m𝑒]2𝑟 − [m𝑒]2𝑠 ) , (1.26)

which makes clear predictions relevant to neutrino oscillations that in this case rule out
the model. For recent reviews of radiative models see Refs. [92, 93].

The Zee and Zee–Babu scenarios are only two of a very large number of radiative
models, none of which are a priori more likely to be true than any other. In the context
of such a large theory-space, it is useful to have an organising principle to aid in the
study and classification of these models, and beginning with Δ𝐿 = 2 effective operators
has been shown to be an effective strategy.
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One approach to this model taxonomy involves studying loop-level completions of
the Weinberg operator, and its dimension-(5 + 2𝑛) generalisations

𝒪 ′⋯′1 = (𝐿𝐿)𝐻𝐻(𝐻†𝐻)𝑛 .
Here, models can be systematically written down by studying the various topologies
able to be accommodated by the operator with increasing number of loops. This is done
in such a way that models implying lower-order contributions to the neutrino mass can
be discarded [94]. Such an approach has been applied to the Weinberg operator up to
three loops [95–97] and to its dimension-seven generalisation at one loop [98]. An al-
ternative and complementary method begins by considering all of the gauge-invariant
Δ𝐿 = 2 operators in the SM Effective Field Theory (SMEFT), first listed in this con-
text by Babu and Leung [99] and extended by de Gouvêa and Jenkins [84]. Supposing
that the tree-level coefficient of one of these is non-zero at the high scale, neutrino
masses will be generated from loop graphs contributing to the mixing of this opera-
tor and the Weinberg-like operators 𝒪 ′⋯′1 . The process of expanding the operator into
a series of UV-complete, renormalisable models that generate the parent operator at
tree-level is called opening up or exploding the operator. The remaining external fields
must be looped-off, with additional loops of SM gauge bosons or Higgs fields added
as necessary in order to obtain a neutrino self-energy diagram. A model-building for-
mula along these lines has been formulated in Ref. [100], and it has been used to write
down all of the minimal, tree-level UV-completions of Δ𝐿 = 2 operators at dimen-
sion seven [101] corresponding to tree-level and radiative neutrino-mass models. The
tree-level completions of the Weinberg-like operators have been written down up to
dimension eleven [101–103].

We note that an economic classification scheme, separate from an eft framework,
was presented in Ref. [104] based on the number of exotic degrees of freedom by which
the SM is extended. There, the method is applied to the case of radiative models with
two exotics4, and has also been used to studyminimal neutrino-massmodels compatible
with SU(5) unification [105].

1.3 Effective field theory
In the following we introduce EFT in general, and then specialise to those built out of
SM fields: the SMEFT and the Weak Effective Theory (WET). We place particular em-
phasis on the operators appearing at dimension-six, since these play an important role
in phenomenological analyses. Much of the focus of this work is the operators of odd
mass-dimension up to dimension eleven, which organise the building of neutrino-mass
models in the tradition of Refs. [84, 99–101]. Many of the principles introduced here

4Including models with one scalar and one Dirac fermion.
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for the dimension-six SMEFT will be directly relevant there. We begin with prefatory
comments on the process of tree-level matching, then move on to discuss the SMEFT
and some of the intricacies associated with redundancies among operators.

1.3.1 Tree-level matching

Suppose one has a theory with light particle states described by fields 𝜋𝑖 and heavy
states described by Π𝑖 with a Lagrangian of the form

ℒUV[𝜋, Π] = ℒkin[𝜋, Π] + ℒint[𝜋, Π], with

ℒint[𝜋, Π] = ℒ 𝑙[𝜋] + ℒ ℎ[Π] + ℒ 𝑙ℎ[𝜋, Π]. (1.27)

Below the threshold for Π𝑖 production, an effective description of the theory can be
used that involves interactions only between the light fields. This effective theory is
described by a Lagrangian ℒeff[𝜋] involving interactions between the 𝜋𝑖 that corre-
spond to diagrams in the full theory containing only heavy internal propagators and
light external states. At the classical level, ℒeff can be written down by integrating
out the Π𝑖. Perturbatively this corresponds to expanding the heavy propagators Δ in
powers of momenta on the heavy mass scale5 Λ, such that

Δ =

⎧⎪⎪⎪
⎨⎪⎪⎪
⎩

− 1
Λ2 (1 +

𝑝2
Λ2 + ⋯) for

−𝛿
𝛽𝛼
Λ (1 + 𝑝2

Λ2 + ⋯) for β α

−𝑖𝑝 ⋅ ̄𝜎 �̇�𝛽
Λ2 (1 + 𝑝2

Λ2 + ⋯) for β α̇

. (1.28)

In this notation, the arrow-preserving propagator corresponds to the part of the regu-
lar four-component fermion propagator proportional to momentum, while the arrow-
violating one is the part proportional to the fermion mass. Expressions for the fermion
propagators with reversed arrows follow from ̄𝜎𝜇 → 𝜎𝜇 and interchanging dotted and
undotted indices (see Ref. [106] Sec. 4.2 for the Lorentz structure).

Equivalently, the integration can be performed using the classical equations of mo-
tion (EOM) of theΠ𝑖. For some heavy fieldΠ, the linearised solution to its classical EOM
can be used to remove it from the Lagrangian completely. This procedure is mildly dif-
ferent for scalars and fermions, and we briefly outline these separately below. In both
cases, we begin with a Lagrangian ℒUV for which we imagine that kinetic and mass
mixing terms between heavy and light fields have been removed.

5We note that some UV scenarios may have more than one characteristic scale. In this case Λ can be
understood as an effective scale which may not necessarily correspond to the mass of a specific particle.
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There are tree-level contributions to ℒ eff as long as there are interaction terms
linear in Π. For scalar Π, the UV Lagrangian contains the terms

ℒUV[Π, 𝜋] ⊃ Π†(−𝐷2 − 𝑚2Π)Π + (Π𝜕ℒ 𝑙ℎ
𝜕Π + h.c.) , (1.29)

where 𝜕ℒ 𝑙ℎ/𝜕Π is a function only of light fields, and we are neglecting interactions of
the form Π†Π𝑓 (𝜋) for the sake of conciseness. The EOM are

(−𝐷2 − 𝑚2Π)Π = −𝜕ℒ
𝑙ℎ

𝜕Π† + 𝒪(Π2) , (1.30)

which can be solved forΠcl, the classical field configuration, by inverting the differential
operator on the LHS of Eq. (1.30) and expanding in 𝐷2/𝑚2Π:

Πcl = − 1
𝑚2Π

(1 − 𝐷2

𝑚2Π
+ ⋯) 𝜕ℒ 𝑙ℎ

𝜕Π† . (1.31)

This solution can be substituted back into Eq. (1.29) to give interactions between light
fields in the tree-level effective Lagrangian:

ℒeff[𝜋] ⊃ −𝜕ℒ
𝑙ℎ

𝜕Π
1
𝑚2Π

(1 − 𝐷2

𝑚2Π
+ ⋯) 𝜕ℒ 𝑙ℎ

𝜕Π† . (1.32)

Many concrete examples of this procedure can be found in the literature, see e.g. Ref. [107].
The expansion in 𝐷2/𝑚2Π corresponds to the expansion in 𝑝2/Λ2 in the first case of
Eq. (1.28), showing the expansion of the scalar propagator.

Next we sketch out the procedure for a Dirac fermion Π + Π̄†, where Π and Π̄ are
separate two-component spin-12 fields transforming oppositely under 𝐺SM. In this case,
the UV theory is described by a Lagrangian like

ℒUV[Π, 𝜋] ⊃ 𝑖Π† ̄𝜎𝜇𝐷𝜇Π+ 𝑖Π̄† ̄𝜎𝜇𝐷𝜇Π̄ + (Π𝜕ℒ 𝑙ℎ
𝜕Π + Π̄𝜕ℒ 𝑙ℎ

𝜕Π̄ − 𝑚ΠΠ̄Π + h.c.) (1.33)

Varying the action with respect to the heavy fields gives two coupled EOM:

𝑖 ̄𝜎𝜇𝐷𝜇Π − 𝑚Π̄† + 𝜕ℒ 𝑙ℎ

𝜕Π† = 0 , (1.34)

𝑖 ̄𝜎𝜇𝐷𝜇Π̄ − 𝑚Π† + 𝜕ℒ 𝑙ℎ

𝜕Π̄† = 0 . (1.35)

Substituting Eq. (1.34) into Eq. (1.35) gives a second-order partial differential equation
in Π, analogous to Eq. (1.30). Inverting the differential operator in a similar way gives

Πcl
𝛽 = 1

𝑚2Π
(𝜖𝛼𝛽 +

1
2𝑋𝛼𝛽 − 𝐷2𝜖𝛼𝛽

𝑚2Π
+ ⋯)(𝑖𝐷𝛼�̇� 𝜕ℒ 𝑙ℎ

𝜕Π†
̇𝛽
𝜖�̇� ̇𝛽 + 𝑚Π

𝜕ℒ 𝑙ℎ
𝜕Π̄𝛼

) , (1.36)
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where the field-strength tensor comes about from a structure like

[𝜎𝜇 ̄𝜎 𝜈 ] 𝛽𝛼 𝐷𝜇𝐷𝜈 = 𝜂𝜇𝜈𝐷𝜇𝐷𝜈𝛿 𝛽𝛼 − 2𝑖[𝜎𝜇𝜈 ] 𝛽𝛼 𝐷𝜇𝐷𝜈 (1.37)

= 𝐷2𝛿 𝛽𝛼 − 1
2𝑋

𝛽𝛼 . (1.38)

Here, and later in this section, the replacement Π̄ → Π should be understood for Ma-
jorana Π. Each contribution corresponds to a particular kind of propagator in the per-
turbative picture. The first term in the last parenthesis of Eq. (1.36) results from the
fermion propagator proportional to momentum: the arrow-preserving fermion prop-
agator shown as the last case of Eq. (1.28). The second term in the same parenthe-
ses stems from the fermion propagator proportional to the mass, corresponding to
the arrow-violating propagator shown in the middle case of Eq. (1.28). Replacing Π
in Eq. (1.33) gives the tree-level effective Lagrangian with the heavy fermion integrated
out:

ℒeff[𝜋] ⊃ 𝜕ℒ 𝑙ℎ
𝜕Π𝛽

1
𝑚2Π

(𝜖𝛼𝛽 +
1
2𝑋𝛼𝛽 − 𝐷2𝜖𝛼𝛽

𝑚2Π
+ ⋯) 𝑖𝐷𝛼�̇� 𝜕ℒ 𝑙ℎ

𝜕Π†
̇𝛽
𝜖�̇� ̇𝛽

+ 𝜕ℒ 𝑙ℎ
𝜕Π𝛽

1
𝑚2Π

(𝜖𝛼𝛽 +
1
2𝑋𝛼𝛽 − 𝐷2𝜖𝛼𝛽

𝑚2Π
+ ⋯) 𝜕ℒ 𝑙ℎ

𝜕Π̄𝛼
.

(1.39)

As shown in Eqs. (1.32) and (1.39), expanding in powers of derivatives on heavy
masses leads to a tower of local operators of increasing mass dimension 𝑑𝑖 organised as
a power series in the inverse heavy scale:

ℒeff[𝜋] = ℒ 𝑙[𝜋] +∑
𝑖

𝐶𝑖
Λ𝑑𝑖−4𝒪𝑖[𝜋]. (1.40)

The 𝐶𝑖 are dimensionless coefficients which are in general calculable if one knows the
high-energy theory.

1.3.2 Effective field theories of the SM

Below we discuss EFTs constructed from SM fields and invariant under SM symmetries.
The main theory of study is the SMEFT: the gauge- and Lorentz-invariant EFT built
from the fields listed in Table 1.1. We also mention the WET, also known as the LEFT
(Low-energy Effective Field Theory), for which invariance under SU(2)+ ⊗ SU(2)− ⊗
SU(3)𝑐 ⊗ U(1)EM is required.
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The SMEFT at dimension six

Given the broad experimental success of the SM, it is perhaps a sensible assumption that
there should be a sizeable mass gap between the electroweak scale and the mass-scale
characterising any new physics. In this context, the SMEFT can be a powerful tool for
constraining how this new physics might look in a model-independent way. Indeed, the
SMEFT operators at dimension six are already coming to play an increasingly impor-
tant role in particle phenomenology, and they have become the de facto framework for
interpreting low-energy constraints on theoretical models and experimental deviations
from SM predictions. For an extensive review, we point the reader to Ref. [108].

It has not been easy to write down a complete basis of operators in the SMEFT [18,
19], although this is now a mostly solved problem [109–113]. The lowest-dimensional
operator appearing in the EFT is also the only dimension-five operator:

ℒ (5) = [𝐶5]{𝑟𝑠}(𝐿𝑖𝑟𝐿𝑗𝑠)𝐻 𝑘𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 + h.c. , (1.41)

already discussed briefly in Sec. 1.2.3. The matrix of operator coefficients is necessar-
ily symmetric by Fermi–Dirac statistics. The operator violates lepton-number by two
units, and usually gives the dominant contribution to the neutrino mass in Majorana
models. Ref. [114] shows that operators in the SMEFT of mass-dimension 𝑑 satisfy

1
2(Δ𝐵 − Δ𝐿) = 𝑑 mod 2 , (1.42)

and thus oddmass-dimension operators must violate 𝐵−𝐿 by two units, while operators
of even mass-dimension cannot violate 𝐵 − 𝐿. So, aside from lepton-number-violating
effects, the leading-order deviations from the SM appear at dimension six, where there
are many more operators.

The dimension-six operators come in eight general classes: 𝑋 3, 𝐻 6, 𝐻 4𝐷2, 𝑋 2𝐻 2,
𝜓 2𝐻 3, 𝜓 2𝑋𝐻 , 𝜓 2𝐻 2𝐷 and 𝜓 4. (Here, 𝑋 represents a general field-strength tensor, 𝐷 is
a covariant derivative and 𝜓 is a fermion field.) The 𝜓 4-type operators illustrate some
of the difficulties encountered when writing down a complete basis of operators, since
they can be simplified by Fierz and Schouten identities relating to the spinor, isospin
and colour structure. The most common basis found in the literature is the Warsaw
basis [18, 19], which tends to prefer vector currents for fermions. Thus, for example,
the four-fermion operators with field content 𝐿4 written in this way are

[𝒪𝑙 𝑙]𝑟 𝑠𝑡𝑢 = (𝐿†𝑟 ̄𝜎𝜇𝐿𝑠)(𝐿†𝑡 ̄𝜎𝜇𝐿𝑢) , (1.43)

[𝒪 (3)
𝑙𝑙 ]𝑟 𝑠𝑡𝑢 = (𝐿†𝑟 ̄𝜎𝜇𝜏 𝐼𝐿𝑠)(𝐿†𝑡 ̄𝜎𝜇𝜏 𝐼𝐿𝑢) . (1.44)

Here 𝒪 (3)
𝑙𝑙 contracts the 2̄ ⊗ 2 of the 𝐿† and 𝐿 into the triplet representation. Naively

there seem to be two operators, however 𝒪 (3)
𝑙𝑙 can be rewritten using the SU(2) Fierz
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identity

[𝜏 𝐼 ]𝑖 𝑗[𝜏 𝐼 ]𝑘𝑙 = 2𝛿 𝑖𝑚𝛿𝑘𝑗 − 𝛿 𝑖𝑗𝛿𝑘𝑙 (1.45)

and the related identity acting on the spinor structure

(𝜓†1 ̄𝜎𝜇𝜓2)(𝜓†3 ̄𝜎𝜇𝜓4) = (𝜓†1 ̄𝜎𝜇𝜓4)(𝜓†3 ̄𝜎𝜇𝜓2) (1.46)

such that

[𝒪 (3)
𝑙𝑙 ]𝑟 𝑠𝑡𝑢 = 2[𝒪𝑙 𝑙]𝑟𝑢𝑡𝑠 − [𝒪𝑙 𝑙]𝑟 𝑠𝑡𝑢 . (1.47)

Thus, the operators [𝒪 (3)
𝑙𝑙 ]𝑟 𝑠𝑡𝑢 can be expressed as linear combinations of the [𝒪𝑙 𝑙]𝑟 𝑠𝑡𝑢 ,

and both operators should not be included in a genuine basis. The situation is slightly
more complicated for the four-quark operators, since there is an additional space of
indices to handle. In the case of operators with field content 𝑄4, there seem to naively
be four invariants, which can be written as vector currents

(𝑄† ̄𝜎𝜇Γ𝑄)(𝑄† ̄𝜎𝜇Γ𝑄) , (1.48)

where the possible structures Γ ⊗ Γ can be expressed schematically as

1 ⊗ 1, 𝜏 𝐼 ⊗ 𝜏 𝐼 , 𝜆𝐴 ⊗ 𝜆𝐴, 𝜏 𝐼𝜆𝐴 ⊗ 𝜏 𝐼𝜆𝐴 . (1.49)

The SU(2)𝐿 and SU(3)𝑐 index contraction can either be internal to the fermion current,
or it may connect fermions in adjacent currents. For example, the SU(2)𝐿 contraction
is internal for the structures 1⊗1 and 𝜆𝐴⊗𝜆𝐴, but external for 𝜏 𝐼 ⊗𝜏 𝐼 and 𝜏 𝐼𝜆𝐴⊗𝜏 𝐼𝜆𝐴.
The spinor identity Eq. (1.46) exchanges the 𝑄 fields, so it interchanges the isospin and
colour indices so that

both internal ↔ both external, SU(2)𝐿 external ↔ SU(3)𝑐 external . (1.50)

This means only two of the four invariants are independent. These are chosen to be
1 ⊗ 1 and 𝜏 𝐼 ⊗ 𝜏 𝐼 in the Warsaw basis.

The operators in the Warsaw basis are listed in Tables 1.2 and 1.3. This is the form
in which we use the operators throughout the rest of this work. Each operator is given
in four-component spinor notation, as is usual in the literature. We refer the reader to
Appendix A for the correspondence to the two-component notation we use elsewhere,
along with other relevant mathematical notation used in the tables. Our conventions
are chosen to comply with those of Ref. [115].
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Operator Label Operator Label

( ̄𝐿𝐿)( ̄𝐿𝐿)
( ̄𝐿𝛾𝜇𝐿)( ̄𝐿𝛾𝜇𝐿) 𝒪𝑙 𝑙
( ̄𝑄𝛾𝜇𝑄)( ̄𝑄𝛾𝜇𝑄) 𝒪 (1)𝑞𝑞 ( ̄𝑄𝛾𝜇𝜏 𝐼𝑄)( ̄𝑄𝛾𝜇𝜎 𝐼𝑄) 𝒪 (3)𝑞𝑞
( ̄𝐿𝛾𝜇𝐿)( ̄𝑄𝛾𝜇𝑄) 𝒪 (1)

𝑙𝑞 ( ̄𝐿𝛾𝜇𝜎 𝐼𝐿)( ̄𝑄𝛾𝜇𝜎 𝐼𝑄) 𝒪 (3)
𝑙𝑞

( ̄𝑅𝑅)( ̄𝑅𝑅)
( ̄𝑒𝑅𝛾𝜇𝑒𝑅)( ̄𝑒𝑅𝛾𝜇𝑒𝑅) 𝒪𝑒𝑒
( ̄𝑢𝑅𝛾𝜇𝑢𝑅)( ̄𝑢𝑅𝛾𝜇𝑢𝑅) 𝒪𝑢𝑢 ( ̄𝑑𝑅𝛾𝜇𝑑𝑅)( ̄𝑑𝑅𝛾𝜇𝑑𝑅) 𝒪𝑑𝑑
( ̄𝑢𝑅𝛾𝜇𝑢𝑅)( ̄𝑑𝑅𝛾𝜇𝑑𝑅) 𝒪 (1)

𝑢𝑑 ( ̄𝑢𝑅𝛾𝜇𝜆𝐴𝑢𝑅)( ̄𝑑𝑅𝛾𝜇𝜆𝐴𝑑𝑅) 𝒪 (8)
𝑢𝑑

( ̄𝑒𝑅𝛾𝜇𝑒𝑅)( ̄𝑢𝑅𝛾𝜇𝑢𝑅) 𝒪𝑒𝑢 ( ̄𝑒𝑅𝛾𝜇𝑒𝑅)( ̄𝑑𝑅𝛾𝜇𝑑𝑅) 𝒪𝑒𝑑

( ̄𝐿𝐿)( ̄𝑅𝑅)
( ̄𝐿𝛾𝜇𝐿)( ̄𝑒𝑅𝛾𝜇𝑒𝑅) 𝒪𝑙𝑒 ( ̄𝑄𝛾𝜇𝑄)( ̄𝑒𝑅𝛾𝜇𝑒𝑅) 𝒪𝑞𝑒
( ̄𝐿𝛾𝜇𝐿)( ̄𝑢𝑅𝛾𝜇𝑢𝑅) 𝒪𝑙𝑢 ( ̄𝐿𝛾𝜇𝐿)( ̄𝑑𝑅𝛾𝜇𝑑𝑅) 𝒪𝑙𝑑
( ̄𝑄𝛾𝜇𝑄)( ̄𝑢𝑅𝛾𝜇𝑢𝑅) 𝒪 (1)𝑞𝑢 ( ̄𝑄𝛾𝜇𝜆𝐴𝑄𝐿)( ̄𝑢𝑅𝛾𝜇𝜆𝐴𝑢𝑅) 𝒪 (8)𝑞𝑢
( ̄𝑄𝛾𝜇𝑄)( ̄𝑑𝑅𝛾𝜇𝑑𝑅) 𝒪 (1)

𝑞𝑑 ( ̄𝑄𝛾𝜇𝜆𝐴𝑄𝐿)( ̄𝑑𝑅𝛾𝜇𝜆𝐴𝑑𝑅) 𝒪 (8)
𝑞𝑑

( ̄𝐿𝑅)( ̄𝑅𝐿) ( ̄𝐿𝑒𝑅)( ̄𝑑𝑅𝑄) 𝒪𝑙𝑒𝑑𝑞

( ̄𝐿𝑅)( ̄𝐿𝑅) ( ̄𝑄𝑖𝑢𝑅)( ̄𝑄𝑗𝑑𝑅)𝜖 𝑖𝑗 𝒪 (1)
𝑞𝑢𝑞𝑑 ( ̄𝑄𝑖𝜆𝐴𝑢𝑅)( ̄𝑄𝑗𝜆𝐴𝑑𝑅)𝜖 𝑖𝑗 𝒪 (8)

𝑞𝑢𝑞𝑑
( ̄𝐿𝑖𝑒𝑅)( ̄𝑄𝑗𝑢𝑅)𝜖 𝑖𝑗 𝒪 (1)

𝑙𝑒𝑞𝑢 ( ̄𝐿𝑖𝜎𝜇𝜈 𝑒𝑅)( ̄𝑄𝑗𝜎𝜇𝜈𝑢𝑅)𝜖 𝑖𝑗 𝒪 (3)
𝑙𝑒𝑞𝑢

Δ𝐵 = 1
(𝑑𝑎𝑅𝑢𝑏𝑅)(𝑄𝑐𝑖𝐿𝑗)𝜖𝑎𝑏𝑐𝜖𝑖𝑗 𝒪𝑑𝑢𝑞
(𝑄𝑎𝑖𝑄𝑏𝑗)(𝑢𝑐𝑅𝑒𝑅)𝜖𝑎𝑏𝑐𝜖𝑖𝑗 𝒪𝑞𝑞𝑢

(𝑑𝑎𝑅𝑢𝑏𝑅)(𝑢𝑐𝑅𝑒𝑅)𝜖𝑎𝑏𝑐 𝒪𝑑𝑢𝑢
(𝑄𝑎𝑖𝑄𝑏𝑘)(𝑄𝑐𝑙𝐿𝑗)𝜖𝑎𝑏𝑐𝜖𝑖𝑗𝜖𝑘𝑙 𝒪𝑞𝑞𝑞

Table 1.2: The table shows the four-fermion operators in the dimension-six SMEFT
in the Warsaw basis [18, 19]. The operators are listed in four-component spinor nota-
tion, and a full correspondence to the two-component notation we use elsewhere can
be found in Appendix G of Ref. [106]. We remind the reader that we intend combina-
tions like (𝑄𝑄) stand for ( ̄𝑄𝐶𝑄), where 𝑄𝐶 is the charge-conjugated spinor. Flavour
indices are omitted, and should be understood to label the fermions in the order
{𝑟 , 𝑠, 𝑡 , 𝑢} as they appear.
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Operator Notation Operator Notation

𝑋 3 𝑊 𝐼 𝜈𝜇 𝑊 𝐽𝜌𝜈 𝑊𝐾𝜇𝜌 𝜖𝐼 𝐽𝐾 𝒪𝑊 �̃� 𝐼 𝜈𝜇 𝑊 𝐽𝜌𝜈 𝑊𝐾𝜇𝜌 𝜖𝐼 𝐽𝐾 𝒪�̃�
𝐺𝐴𝜈𝜇 𝐺𝐵𝜌𝜈 𝐺𝐶𝜇𝜌 𝑓𝐴𝐵𝐶 𝒪𝐺 �̃�𝐴𝜈𝜇 𝐺𝐵𝜌𝜈 𝐺𝐶𝜇𝜌 𝑓𝐴𝐵𝐶 𝒪�̃�

𝐻 6 (𝐻†𝐻)3 𝒪𝐻

𝐻 4𝐷2 (𝐻†𝐻)□(𝐻†𝐻) 𝒪𝐻□ 𝐻†
𝑖 (𝐷𝜇𝐻)𝑖 ⋅ (𝐷𝜇𝐻)†𝑗 𝐻 𝑗 𝒪𝐻𝐷

𝜓 2𝐻 2 (𝐻†𝐻)( ̄𝐿𝐻𝑒𝑅) 𝒪𝑒𝐻
(𝐻†𝐻)( ̄𝑄𝐻𝑑𝑅) 𝒪𝑑𝐻 (𝐻†𝐻)( ̄𝑄�̃�𝑢𝑅) 𝒪𝑢𝐻

𝑋 2𝐻 2
(𝐻†𝐻)𝐵𝜇𝜈𝐵𝜇𝜈 𝒪𝐻𝐵 (𝐻†𝐻)�̃�𝜇𝜈𝐵𝜇𝜈 𝒪𝐻�̃�
(𝐻†𝐻)𝑊 𝐼𝜇𝜈𝑊 𝐼 𝜇𝜈 𝒪𝐻𝑊 (𝐻†𝐻)�̃� 𝐼𝜇𝜈𝑊 𝐼 𝜇𝜈 𝒪𝐻�̃�
(𝐻†𝜏 𝐼𝐻)𝑊 𝐼𝜇𝜈𝐵𝜇𝜈 𝒪𝐻𝑊𝐵 (𝐻†𝜏 𝐼𝐻)�̃� 𝐼𝜇𝜈𝐵𝜇𝜈 𝒪𝐻�̃�𝐵
(𝐻†𝐻)𝐺𝐴𝜇𝜈𝐺𝐴𝜇𝜈 𝒪𝐻𝐺 (𝐻†𝐻)�̃�𝐴𝜇𝜈𝐺𝐴𝜇𝜈 𝒪𝐻�̃�

𝜓 2𝑋𝐻
( ̄𝐿𝜎𝜇𝜈 𝑒𝑅)𝐻𝐵𝜇𝜈 𝒪𝑒𝐵 ( ̄𝐿𝜎𝜇𝜈 𝑒𝑅)𝜏 𝐼𝐻𝑊 𝐼𝜇𝜈 𝒪𝑒𝑊
( ̄𝑄𝜎𝜇𝜈𝑢𝑅)�̃�𝐵𝜇𝜈 𝒪𝑢𝐵 ( ̄𝑄𝜎𝜇𝜈𝑢𝑅)𝜏 𝐼 �̃�𝑊 𝐼𝜇𝜈 𝒪𝑢𝑊
( ̄𝑄𝜎𝜇𝜈𝑑𝑅)𝐻𝐵𝜇𝜈 𝒪𝑑𝐵 ( ̄𝑄𝜎𝜇𝜈𝑑𝑅)𝜏 𝐼𝐻𝑊 𝐼𝜇𝜈 𝒪𝑑𝑊

( ̄𝑄𝜎𝜇𝜈𝜆𝐴𝑢𝑅)�̃�𝐺𝐴𝜇𝜈 𝒪𝑢𝐺 ( ̄𝑄𝜎𝜇𝜈𝜆𝐴𝑑𝑅)𝐻𝐺𝐴𝜇𝜈 𝒪𝑑𝐺

𝜓 2𝐻 2𝐷

(𝐻†𝑖�̃�𝜇𝐻)( ̄𝐿𝛾𝜇𝐿) 𝒪 (1)
𝐻 𝑙 (𝐻†𝑖�̃�𝐼𝜇𝐻)( ̄𝐿𝛾𝜇𝜏 𝐼𝐿) 𝒪 (3)

𝐻 𝑙
(𝐻†𝑖�̃�𝜇𝐻)( ̄𝑒𝑅𝛾𝜇𝑒𝑅) 𝒪𝐻𝑒
(𝐻†𝑖�̃�𝜇𝐻)( ̄𝑄𝛾𝜇𝑄) 𝒪 (1)

𝐻𝑞 (𝐻†𝑖�̃�𝐼𝜇𝐻)( ̄𝑄𝛾𝜇𝜏 𝐼𝑄) 𝒪 (3)
𝐻𝑞

(𝐻†𝑖�̃�𝜇𝐻)( ̄𝑢𝑅𝛾𝜇𝑢𝑅) 𝒪𝐻𝑢 (𝐻†𝑖�̃�𝜇𝐻)( ̄𝑑𝑅𝛾𝜇𝑑𝑅) 𝒪𝐻𝑑
𝐻 𝑖(𝑖𝐷𝜇𝐻)𝑗𝜖𝑖𝑗 ⋅ ( ̄𝑢𝑅𝛾𝜇𝑑𝑅) 𝒪𝐻𝑢𝑑

Table 1.3: The table shows the operators featuring in the Warsaw basis [18, 19] of
the dimension-six SMEFT that are not four-fermion operators. We point the reader
to Appendix G of Ref. [106] for the correspondence between the four-component no-
tation used here and the two-component notation used elsewhere in this work for
spinors, while the definition of �̃�𝜇 can be found in Eq. (A.4). Flavour indices are omit-
ted and should be understood to act on fermions in the order {𝑟 , 𝑠} as they appear in
each operator.
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The Low-energy or Weak Effective Theory

Many experimental constraints on the SM and its extensions come from low-energy
flavour-changing process involving four fermions. These can be accurately described
using an effective theory, similar to the Fermi theory of theWeak interactions, in which
the electroweak gauge bosons, the physical higgs and the top quark have been inte-
grated out. The dimension six operators in this low-energy EFT [116–119] have been
extensively applied to 𝐵, 𝐾 and 𝐷 meson decays, meson–anti-meson oscillations and
leptonic decays, e.g. [120]. They are also an invaluable tool for studying deviations
from the SM in a way independent from many of the assumptions underlying SMEFT.
The symmetries of the theory are only those of QCD and electromagnetism, and the
fermions are the usual quarks and leptons with the top quark excluded from the the-
ory. At dimension six there are 3,631 Δ𝐵 = Δ𝐿 = 0 operators [116], and we do not list
them all here. Rather, we introduce the pertinent operators within the discussion of
each specific phenomenological process we study in this work.

1.3.3 Operator redundancy and the Hilbert series

The previous section introduced some of the difficulties involved with writing down a
basis of four-fermion operators for a complex EFT like the SMEFT. Additional redun-
dancy can occur once operators with (covariant) derivatives are included. These include
operator relations through integration by parts (IBP) and field redefinitions involving
the classical equations of motion [18, 121, 122]. At mass-dimensions larger than six,
these come to be a large source of the difficulty in writing down a complete operator
basis, but the problem can be addressed through Hilbert-series methods [109–113]. Be-
low, we motivate how the EOM can be used to simplify effective operator bases, and
explain how these redundancies can be accounted for throughHilbert series techniques.

Field redefinitions and the equations of motion

It is clear that operators can be simplified using the EOM at lowest order [18, 123–125],
since the external legs are put on-shell in the Feynman rules. That is, an operator like

(𝐻†𝐻)( ̄𝑒𝑅𝑖 /𝐷𝑒𝑅) (1.51)

can be simplified when it appears in calculations with all legs external. So, any leading-
order amplitude involving the operator can be reduced through

𝑖 /𝐷𝑒𝑅 = 𝑦𝑒𝐻†𝐿 , (1.52)

(or equivalently ℳ ∼ /𝑝𝑢𝑒 = 𝑚𝑒𝑢𝑒 by the momentum-space Dirac equation) to 𝒪𝑒𝐻 .
Surprisingly, this useful result can be extended even to cases involving propagators and
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loops by performing field redefinitions. Specifically, field redefinitions that preserve the
symmetries of the theory and contain a term linear in the original field allow the EOM
to simplify a local effective Lagrangian without affecting the 𝑆-matrix [126–132]. We
illustrate this with a toy 𝜙4 theory:

ℒ = 1
2(𝜕𝜇𝜙)(𝜕

𝜇𝜙) − 1
2𝑚

2𝜙2 − 𝜆
4!𝜙

4 + 𝑐1
Λ2𝜙6 +

𝑐2
Λ2𝜙3□𝜙 + 𝒪(Λ−4) . (1.53)

Under the field redefinition

𝜙 → 𝜙 + 𝑐2
Λ2𝜙3 , (1.54)

the kinetic term becomes

1
2(𝜕𝜇𝜙)(𝜕

𝜇𝜙) → 1
2(𝜕𝜇𝜙)(𝜕

𝜇𝜙) − 𝑐2
Λ2𝜙3□𝜙 + 𝒪(Λ−4) , (1.55)

where the second term comes from integrating 𝑐2Λ−2(𝜕𝜇𝜙)(𝜕𝜇𝜙3) by parts. This term
cancels the last term in Eq. (1.53), for which the additional operators induced by the
field redefinition are all 𝒪(Λ−4) terms. Performing the field redefinition on the other
interaction terms in the Lagrangian leads to an effective redefinition of 𝜆 and 𝑐1, with
all other induced operators suppressed by four powers of Λ. Concretely,

ℒ → 1
2(𝜕𝜇𝜙)(𝜕

𝜇𝜙) − 1
2𝑚

2𝜙2 − 𝜆
4!𝜙

4 + 𝑐1
Λ2𝜙6 +

𝑐2
Λ2𝜙3□𝜙

+ 𝑐2
Λ2𝜙3 (−□𝜙 − 𝑚2𝜙 − 𝜆

3!𝜙
3)⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵

≡𝐸[𝜙]

+⋯

= 1
2(𝜕𝜇𝜙)(𝜕

𝜇𝜙) − 1
2𝑚

2𝜙2 − ( 𝜆4! +
𝑐2
Λ2𝑚2)⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵

≡𝜆′/4!

𝜙4 + ( 𝑐1Λ2 − 𝑐2
Λ2

𝜆
3!)⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵⎵

≡𝑐′1/Λ2

𝜙6 + 𝒪(Λ−4) .

(1.56)

This is guaranteed since in the effective theory all of the operators consistent with the
symmetries are already present, so the effects of the additional terms are exclusively to
shift the coefficients of the theory around. The appearance of the EOM operator 𝐸[𝜙]
above can be understood on the basis of the nature of the field redefinition Eq. (1.54).
The additional terms induced by the field redefinition up to 𝒪(Λ−2) will be those in
which a 𝜙 or its derivative has been replaced with 𝑐2Λ−2𝜙3. That is,

Δℒ = 𝑐2
Λ2𝜙3

𝜕ℒ
𝜕𝜙 + 𝑐2

Λ2 (𝜕𝜇𝜙3)
𝜕ℒ

𝜕(𝜕𝜇𝜙)
+ 𝒪(Λ−4)

= 𝑐2
Λ2𝜙3 [

𝜕ℒ
𝜕𝜙 − 𝜕𝜇 𝜕ℒ

𝜕(𝜕𝜇𝜙)
] + 𝒪(Λ−4) ,

(1.57)
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where we have integrated the second term by parts in the last step. In order to show
that the 𝑆-matrix is unaffected, it is not sufficient to show only that the Lagrangian has
not changed form (up to order Λ−2). In the path integral picture, the field redefinition
Eq. (1.54) will also change the measure of the path integral and the sources𝒥𝑖 for each of
the fields, whose effects we have not considered. These additional changes can be dealt
with generically [121]. In short, the Jacobian can be written as a Lagrangian involving
ghost fields, similar to the Fadeev–Popov approach taken in Gauge Theory. In this case
the ghost fields acquire a mass of order Λ, and are therefore not relevant to the effective
theory. The change to the source 𝒥𝜙 does lead to a change in the Green’s functions of
the theory, although the 𝑆-matrix remains unchanged. We can see this easily in our toy
theory. The LSZ reduction formula [133]

𝐺(𝑛+𝑚)(𝑞1, … , 𝑞𝑚; 𝑝1, … , 𝑝𝑛)

∼
𝑝2𝑗 →𝑚2

𝑞2𝑘→𝑚2

(
𝑚
∏
𝑗=1

𝑖√𝑍𝑗
𝑝2𝑗 − 𝑚2 + 𝑖𝜖 ) (

𝑛
∏
𝑘=1

𝑖√𝑍𝑘
𝑞2𝑘 − 𝑚2 + 𝑖𝜖 ) ⟨𝑞1, … , 𝑞𝑚|𝑆|𝑝1, … , 𝑝𝑛⟩ , (1.58)

relates the poles in the (𝑚 + 𝑛)-point Green’s function to the 𝑆-matrix, up to wavefunc-
tion renormalisation factors 𝑍𝑖. Here momenta 𝑝𝑖 label the 𝑚 incoming particles and 𝑞𝑖
label the 𝑛 outgoing particles. Consider, for example, the four-point Green’s function
with all particles taken to be incoming for simplicity:

𝐺(4)(𝑝1, 𝑝2, 𝑝3, 𝑝4) = (
4

∏
𝑖=1

∫𝑑4𝑥𝑖 ⋅ 𝑒−𝑖𝑝𝑖⋅𝑥𝑖) ⟨0|𝑇 {𝜙(𝑥1)𝜙(𝑥2)𝜙(𝑥3)𝜙(𝑥4)}|0⟩ . (1.59)

The effect of the term 𝑐1Λ−2𝒥𝜙𝜙3 is to alter the momentum-space Green’s function to

⟨0|𝑇 {[𝜙(𝑥1) + 𝑐1Λ−2𝜙(𝑥1)3] ⋯ [𝜙(𝑥4) + 𝑐1Λ−2𝜙(𝑥4)3]}|0⟩
= ⟨0|𝑇 {𝜙(𝑥1)𝜙(𝑥2)𝜙(𝑥3)𝜙(𝑥4)}|0⟩ + ⟨0|𝑇 {𝑐1Λ−2𝜙(𝑥1)3𝜙(𝑥2)𝜙(𝑥3)𝜙(𝑥4)}|0⟩

+
4
∑
𝑖=2

(1 ↔ 𝑖) + 𝒪(Λ−4) ,
(1.60)

which differs only by the terms like ⟨0|𝑇 {𝑐1Λ−2𝜙(𝑥1)3𝜙(𝑥2)𝜙(𝑥3)𝜙(𝑥4)}|0⟩ to order Λ−2.
These matrix elements do not affect the 𝑆-matrix, since the singularity structure is dif-
ferent. In this case, there is no single-particle pole at 𝑥1, and so there is no contribution
to scattering.

In the context of this toy 𝜙4 theory we have motivated that terms in the effective
Lagrangian ℒ that are connected by the EOM are redundant when working to a fixed
order in Λ. Such field redefinitions are a powerful tool for simplifying operator bases,
and they are often used to eliminate as many operators with derivatives as possible.
We proceed to illustrate how such redundancies, along with those from IBP, can be
accounted for systematically with the Hilbert series.
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The Hilbert series

In the followingwe discuss theHilbert series (HS), also known as theMolien or Poincaré
function, as a tool for enumerating Lagrangian invariants in a conceptually clean and ef-
ficient way. The Hilbert series is a generating function that contains information about
the number and structure of the invariants that can be constructed from a set of mul-
tiplets. The approach has been used in more formal contexts e.g. [134–136], although
it has also been used to count lepton and quark flavour invariants [137, 138] as well as
operators in the SMEFT [112]. Our aim here is to illustrate the essential components of
the HS approach with examples.

TheHSH is a generating function that counts the number of operatorswith a certain
field content, i.e.

H({𝜒𝑗}) = ∑
𝑖
𝑐𝑖𝒪𝑖({𝜒𝑗}) , (1.61)

where 𝑐𝑖 ∈ ℕ is the number of independent invariants with field content 𝒪𝑖, a polyno-
mial in the fields of the theory {𝜒𝑗}. The 𝑐𝑖 and 𝒪𝑖 in the simplified case of a theory with
a single field 𝜒 transforming under the compact Lie group 𝐺 can be computed from the
general formula for the HS:

H(𝜒) = ∫𝐺 𝑑𝜇𝐺 exp [
∞
∑
𝑟=1

Δ(𝑟)𝜒 𝑟𝜒𝑅(𝑧𝑟𝑗 )
𝑟 ] , (1.62)

where 𝑑𝜇𝐺 is the Haar measure of the group, the invariant measure one can use to
integrate over the manifold of 𝐺, and 𝜒𝑅(𝑧𝑟𝑗 ) is the character function associated with
the representation 𝑅 in which 𝜒 transforms under 𝐺. The character functions can be
found using character generating functions [139] in general, but the functions relevant
to the SM representations are listed in Appendix A.1 of Ref. [109]. The function

Δ(𝑟) = {1 𝜒 bosonic
(−1)𝑟+1 𝜒 fermionic

, (1.63)

accounts for the fact that 𝜒 is anticommuting in the fermionic case [139].
Even redundancies due to IBP and EOM relations can be incorporated into the HS

technique. The space of invariants modulo EOM can be organised into representa-
tions of the conformal group [112, 113]. Irreducible representations of the conformal
group involve a ‘primary operator’ 𝒪 and its derivatives, called ‘descendant operators’:
(𝒪, 𝜕𝜇𝒪, 𝜕𝜇𝜕𝜈𝒪,…). The invariants can be constructed by decomposing tensor prod-
ucts of these irreps, which accounts for EOM redundancy, and then projecting out the
primary operator, which deals with IBP relations. This alters the formula Eq. (1.62)
slightly:

H(𝐷, 𝜒) = ∫𝐺 𝑑𝜇𝐺 1
𝑃(𝐷, 𝑥+, 𝑥−)

exp [
∞
∑
𝑟=1

Δ(𝑟)𝜒 𝑟𝜒𝑅(𝑧𝑟𝑗 )
𝑟𝐷𝑑𝑟 ] + ΔH(𝐷, 𝜒) , (1.64)
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where𝐷 is a spurion field representing the (covariant) derivative, 𝑑𝑟 is themass-dimension
of the field 𝜒𝑟 and

𝑃(𝐷, 𝑥+, 𝑥−) = 1
(1 − 𝐷𝑥+𝑥−) (1 − 𝐷

𝑥+𝑥−) (1 −
𝐷𝑥+
𝑥− ) (1 − 𝐷𝑥−

𝑥+ )
, (1.65)

with 𝑥± the SU(2)± integration variables. The function ΔH can be obtained from a
general formula presented in Ref. [113]. Its role is to cancel unwanted terms (of mass-
dimension 𝑑 ≤ 4) from the HS that come about because the character functions of the
conformal group are not orthonormal [113].

We illustrate the use of Eq. (1.64) with a simple example: the independent invariants
built out of the SM Higgs doublet 𝐻 . The Higgs doublet transforms in the fundamental
representation of SU(2)𝐿 and carries hypercharge 𝑌 = 1

2 , for which the relevant Haar
measures are [140]

∫
SU(2)

𝑑𝜇SU(2) = 1
2𝜋𝑖 ∮|𝑥|=1

𝑑𝑥
𝑥 (1 − 𝑥2) , ∫

U(1)
𝑑𝜇U(1) = 1

2𝜋𝑖 ∮|𝑦 |=1
𝑑𝑦
𝑦 , (1.66)

and the character functions are [109, 141]

𝜒𝐼=1
2
(𝑥) = 1

𝑥 + 𝑥 , 𝜒𝑌=1
2
(𝑦) = 𝑦1/2 , (1.67)

for 𝑥, 𝑦 ∈ ℂ. This gives [113]

H(𝐻 , �̃� ) = 1
(2𝜋𝑖)4 ∮|𝑥+|=1

𝑑𝑥+∮|𝑥−|=1
𝑑𝑥− ⋅ ∮|𝑥|=1

𝑑𝑥
𝑥 (1 − 𝑥2) ⋅ ∮|𝑦 |=1

𝑑𝑦
𝑦

⋅ exp [𝑛𝑓
∞
∑
𝑟=1

𝐻 𝑟
𝑟𝐷 ( 1

𝑥 𝑟 + 𝑥 𝑟) 𝑦 𝑟/2𝜒 𝑟
(0,0)] ⋅ exp [𝑛𝑓

∞
∑
𝑟=1

�̃� 𝑟
𝑟𝐷 ( 1

𝑥 𝑟 + 𝑥 𝑟) 𝑦−𝑟/2𝜒 𝑟
(0,0)]

⋅ 1
𝑃(𝐷, 𝑥+, 𝑥−)

+ (𝐻†𝐻𝐷2 − 𝐷4)

(1.68)

for the Hilbert series, where we have accounted for 𝐻 and it’s conjugate �̃� separately,
and included the possibility of 𝑛𝑓 flavours. The last term in parentheses is the relevant
part of ΔH in this case, and 𝜒(0,0) is the scalar character function:

𝜒(0,0) = 𝐷𝑃(𝐷, 𝑥+, 𝑥−)(1 − 𝐷2) . (1.69)

The contour integrals can be done by expanding the integrand in 𝐻 and �̃� , and inte-
grating up to the required order [134]. For this example, the dimension-six terms are

H(𝐻 , �̃� ) =
𝑛2𝑓
36(𝑛𝑓 +1)2(5𝑛2𝑓 −4𝑛𝑓 +8)𝐻 3�̃� 3+𝑛2𝑓 (3𝑛2𝑓 +1)𝐻 2�̃� 2𝐷2+𝑛2𝑓𝐻�̃�𝐷4 , (1.70)
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where we have allowed for the possibility of 𝑛𝑓 Higgs generations.
The HS approach has an attractive modular structure. For example, if one wanted

to count the number of invariants while not accounting for IBP and EOM redundancies,
one need only remove the Lorentz integrals, character functions and ΔH. Something
that is perhaps less clear is that the HS can also be used to construct operators that
are not invariants of the symmetry groups in 𝐺, but rather violate those symmetries in
specific ways.

We work through this point with an even simpler example than the previous one:
a scalar 𝜙 charged only under a U(1) symmetry, motivated by Ref. [109]. In this case,
the HS is

H(𝜙, 𝜙∗) =
∞
∑
𝑛=0

(𝜙∗𝜙)𝑛 (1.71)

= 1
1 − 𝜙∗𝜙 , (1.72)

where we treat 𝜙∗𝜙 as a c-number less than one. This sum can be written as a contour
integral, making a more clear connection6 to Eq. (1.62):

H(𝜙, 𝜙∗) = 1
2𝜋𝑖 ∮|𝑧|=1

𝑑𝑧
𝑧

1
(1 − 𝜙𝑧)(1 − 𝜙∗/𝑧) , (1.73)

whose integrand we expand

1
(1 − 𝜙𝑧)(1 − 𝜙∗𝑧) = [1 + 𝜙∗𝜙 + (𝜙∗𝜙)2 + ⋯] + 𝑧[𝜙 + 𝜙(𝜙∗𝜙) + 𝜙(𝜙∗𝜙)2 + ⋯]

+ 𝑧2[𝜙2 + 𝜙2(𝜙𝜙∗) + ⋯] + ⋯
(1.74)

The invariants sit in the first term, and so are picked out by the contour integral after
dividing through by 𝑧 in Eq. (1.73). Importantly, the terms proportional to 𝑧 in Eq. (1.74)
violate the symmetry by one unit, and so these can be picked out by the contour integral
if we divide by 𝑧2 in Eq. (1.73), and similarly for any desired value of charge violation.

The HS provides information about the field content of the invariants and the num-
ber of independent operators, but does not tell us exactly how to construct the singlets.
This is an important drawback of the approach, although even here there has beenmuch
recent progress using on-shell methods, e.g. [142–145].

6The integrand can also be written as an exponential like in Eq. (1.62) containing 𝜙 and 𝜙∗:

1
(1 − 𝜙𝑧)(1 − 𝜙∗/𝑧) = exp [

∞
∑
𝑟=1

(𝜙𝑧)𝑟
𝑟 +

∞
∑
𝑟=1

(𝜙
∗

𝑧 )
𝑟 1
𝑟 ] .
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1.4 The flavour anomalies and their explanation
In recent years, measurements of a number of processes involving leptons have estab-
lished a large set of significant and unresolved deviations from SM predictions. Many
of these measurements involve semileptonic 𝐵-meson decays, and these can be placed
into two broad classes:

Neutral-current These involve flavour-changing neutral-current (FCNC) 𝑏 → 𝑠 tran-
sitions and include branching-ratio measurements in final states with muons,
anomalous angular observables in 𝐵 → 𝐾∗𝜇𝜇, and violations of 𝜇–𝑒 lepton flavour
universality (LFU) in 𝐵 → 𝐾 (∗)ℓℓ processes, where ℓ represents a charged lep-
ton. This class corresponds to hundreds of discrepant measurements in total, and
single-operator fits suggest a preference for new-physics at roughly 6𝜎 , e.g. [13].

Charged-current These involve 𝑏 → 𝑐ℓ𝜈 transitions and shown apparent deviations
from 𝜏–𝜇 and 𝜏–𝑒 LFU. The main observables measured in this case are LFU ratios
in 𝐵 → 𝐷(∗)ℓ𝜈 , for which the combined deviation from the SM expectation is just
over 3𝜎 [14].

Excitingly there is a high-degree of self-consistency between the measurements, both
within and across these two classes. That is, the measurements imply coherent and
theoretically well-motivated patterns when interpreted in terms of deviations in four-
fermion operator coefficients.

In addition to these classes, the most precise measurement of the anomalous mag-
netic moment of the muon (𝑔 − 2)𝜇 [146], is in tension with the SM expectation [147]
at roughly 3.5𝜎 . More recently, a smaller discrepancy has also been measured in (𝑔 −
2)𝑒 [148, 149]. Taken together, these anomalies paint a picture of new-physics coupling
to leptons in way that violates the LFU present in the SM. In the following we discuss
the experimental situation relevant to each of these classes, and the extent to which new
contributions to dimension-six operator coefficients can reconcile the discrepancies.

1.4.1 Neutral-current anomalies

The neutral-current anomalies represent a large family ofmeasurements in tensionwith
SMpredictionwith a common underlying 𝑏 → 𝑠 transition at the quark level and usually
a 𝜇+𝜇− pair. The measurements come in three main categories: branching ratios, LFU
ratios, and angular observables.

There are many discrepancies seen in branching ratio data at dimuon invariant
masses below the charmonium threshold. Examples include the branching ratios for
the semileptonic decays 𝐵 → 𝐾 (∗)𝜇𝜇 [150] and 𝐵𝑠 → 𝜙𝜇𝜇 [151], the leptonic decay
𝐵𝑠 → 𝜇𝜇 [152–155], and the hyperon channels Λ𝑏 → Λ𝜇𝜇 [156]. In all cases, the mea-
sured values tend to fall short of the respective SM expectations.
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Semileptonic 𝐵 decays like 𝐵 → 𝐾 (∗)𝜇𝜇 had already been recognised as good probes
of new physics even before the start of the LHC, e.g. [157]. This is because, being FCNC
processes, they are additionally suppressed in the SM by off-diagonal CKM matrix el-
ements, weak couplings, and a loop factor. The differential decay rate for 𝐵+ → 𝐾+ℓℓ
is [158]

𝑑Γ
𝑑𝑞2 = 𝐺2𝐹𝛼2|𝑉𝑡𝑏𝑉 ∗𝑡𝑠 |2

128𝜋5 |𝑘|𝛽[23 |𝑘|
2𝛽2|𝐶10𝑓+(𝑞2)|2 +

4𝑚2ℓ (𝑚2𝐵 − 𝑚2𝐾 )2
𝑞2𝑚2𝐵

|𝐶10𝑓0(𝑞2)|2

+ |𝑘2| (1 − 1
3𝛽

2) |𝐶9𝑓+(𝑞2) + 2𝐶7
𝑚𝑏 + 𝑚𝑠
𝑚𝐵 + 𝑚𝐾

𝑓𝑇 (𝑞2)|
2
] ,

(1.75)

where 𝑘 is the kaon momentum, 𝛽 = (1 − 4𝑚2ℓ 𝑞−2)1/2, and 𝑓0,+,𝑇 are the 𝐵 → 𝐾 scalar,
vector and tensor form factors. The expression is representative of the structure of
the whole class of relevant semileptonic decays. The strongest dependence is on the
operator coefficients 𝐶9 and 𝐶10 in the WET, defined as

𝒪9 = ( ̄𝑠𝛾𝜇𝑃𝐿𝑏)( ̄𝜇𝛾𝜇𝜇) , (1.76)

𝒪10 = ( ̄𝑠𝛾𝜇𝑃𝐿𝑏)( ̄𝜇𝛾𝜇𝛾5𝜇) , (1.77)

with the coefficients usually normalised such that

ℒ = 4𝐺𝐹
√2

𝑉𝑡𝑏𝑉 ∗𝑡𝑠
𝑒2

16𝜋2 ∑𝑖
𝐶𝑖𝒪𝑖 . (1.78)

Experimentally, semileptonic process like 𝐵 → 𝐾𝜇𝜇 are difficult to separate from the
corresponding background processes like 𝐵 → 𝐾𝜓(→ 𝜇𝜇), where 𝜓 represents any
of the vector charmonium resonances. For this reason, kinematic regions close to the
narrow charmonium resonances are excluded from experimental analyses. The most
significant single deviation is in the semileptonic decay 𝐵𝑠 → 𝜙𝜇𝜇, for which the data
depart from the SM prediction by more than 3𝜎 in the 𝑞2 ∈ [1, 5] GeV2 bin [151]. A
problematic feature of this and many of these channels is that the SM prediction is
plagued by hadronic uncertainties, which can be difficult to calculate. We show the
differential branching ratio for 𝐵𝑠 → 𝜙𝜇𝜇 measured by LHC𝑏 in Fig. 1.7, taken from
Ref. [159], along with the SM predictions using different methods to deal with the form
factors [160–162]. Both the large uncertainties on the theory side and the apparent
suppression of the measured values are clear. The discrepancy with the SM is largest
in the aforementioned 𝑞2 bin.

The decay 𝐵𝑠 → 𝜇𝜇 is cleaner than the semileptonic decays on the theory side:
the final state is leptonic and the only non-perturbative physics needed is the 𝐵𝑠 decay
constant, which can be calculated to high precision on the lattice [163]. The measure-
ments performed by ATLAS [155], LHC𝑏 [153, 154] and CMS [152] are shown in Fig. 1.8,
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Figure 1.7: The figure shows the measured and predicted values for the differential
branching ratio for 𝐵𝑠 → 𝜙𝜇𝜇 by bins of 𝑞2. The data points are the LHC𝑏 measure-
ments, while the coloured rectangles are the SM predictions with form factors calcu-
lated using light-cone sum rules [160, 161] and lattice QCD [162]. The greyed out re-
gions correspond to charmonium resonances, exluded from the analysis as discussed
in the main text. The LHC𝑏 data points are generally lower than the SM expectation,
especially in the 𝑞2 ∈ [1, 5] GeV2 bin where the discrepancy is larger than 3𝜎 . The
plot is taken from Ref. [159].

along with correlated limits on 𝐵0 → 𝜇𝜇. The combination of the measurements shown
is taken from Ref. [13], and suggests a compatibility with the SM at close to 2𝜎 . Cur-
rently, measurements of 𝐵𝑠 → 𝜇𝜇 are statistically limited; the branching ratio in the SM
is very small because it is chirality suppressed, but this also makes it a promising mode
for measuring new-physics effects.

The large theoretical uncertainties featuring in the expressions for the decay rates
Γ[𝐵 → 𝐾 (∗)𝜇𝜇] can be tamed in a more direct way by constructing a ratio with the
electronic mode 𝐵 → 𝐾 (∗)𝑒𝑒, in which many sources of uncertainty cancel in the regime
where new-physics effects are small [164–166]. Interestingly, the LHCb collaboration
has measured a suppression in the ratios

𝑅𝐾 (∗) = Γ[𝐵 → 𝐾 (∗)𝜇𝜇]
Γ[𝐵 → 𝐾 (∗)𝑒𝑒] (1.79)

in the 𝑞2 ∈ [1, 6] GeV2 bin. In the SM the prediction of the observables outside of the
low-𝑞2 region is determined by physics which is wholly independent of the flavour of
the lepton pair in the final state, making 𝑅𝐾 and 𝑅𝐾∗ finely sensitive to violations of
LFU. LHCb finds [8]

𝑅𝐾 = 0.846 +0.060+0.016−0.054−0.014 , (1.80)
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Figure 1.8: The figure shows the two-dimensional likelihood contours in Br(𝐵0 →
𝜇𝜇) and Br(𝐵𝑠 → 𝜇𝜇). The thin contours are individual measurements, while the
thick contours are the combination. A Gaussian approximation to the combined fit is
shown with thick dashed contours. For more details see Ref. [13], from where the fig-
ure is taken. The SM prediction (shown with a star) is compatible with the combined
fit at 2𝜎 .

for dilepton invariant mass squared range 𝑞2 ∈ [1.1, 6] GeV2, while the SM demands
𝑅SM𝐾 = 1.0003±0.0001 [167]. The analysis accounts for systematic differences in the re-
construction of muons and electrons by LHC𝑏 by first normalising the decay rates to the
𝐵+ → 𝐾+𝐽/𝜓(→ 𝜇𝜇/𝑒𝑒) rates. The measurement is then a double ratio in which many
theoretical and experimental uncertainties cancel. The ratio 𝑅𝐾 has also been measured
by Belle [9] and BaBar [10] to be suppressed, although with larger uncertainties.

The 𝐾∗ ratio has also been measured by LHCb [12] to show an approximately 2.5𝜎
discrepancy in the central 𝑞2 bin:

𝑅𝐾∗ = {0.660
+0.110−0.070 ± 0.024 for 0.045GeV2 < 𝑞2 < 1.1GeV2

0.685 +0.113−0.069 ± 0.047 for 1.1GeV2 < 𝑞2 < 6GeV2 . (1.81)

The Belle measurement [11] is consistent with the SM prediction at ≲ 2𝜎 :

𝑅𝐾∗ = {0.90
+0.27−0.21 ± 0.10 for 0.1GeV2 < 𝑞2 < 8GeV2

1.18 +0.52−0.32 ± 0.10 for 15GeV2 < 𝑞2 < 19GeV2 . (1.82)

Although the error bars are large, the central value is still suppressed with respect to the
SM prediction in the low-𝑞2 region. A summary of the experimental situation relevant
to 𝑅𝐾 and 𝑅𝐾∗ is presented in Fig. 1.9.



34 Introduction

Figure 1.9: (top) The measurements of the LFU 𝑅𝐾 by LHC𝑏 [8], Belle [9] and
BaBar [10]. All measurements are suppressed relative to the SM prediction, shown
in red. (bottom) The figure shows the experimental situation for 𝑅𝐾∗ [10–12]. Like
𝑅𝐾 , the measured values are found to be smaller than the SM value, shown in red.
Both figures are taken from Ref. [168].
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Figure 1.10: The figure shows the measured values of the 𝑃 ′5 angular observable
in the decays 𝐵 → 𝐾∗𝜇𝜇 binned by 𝑞2. With the exception of the CMS measure-
ments, there is an enhancement with respect to the SM prediction (green) around
𝑞2 ∼ 5GeV2. The plot is taken from Ref. [168].

The distribution of final-state particles in the semileptonic decays 𝐵 → 𝐾∗𝜇𝜇 de-
fine a number of angular observables, some of which have also been measured to be
in disagreement with SM predictions. The 𝑃 ′5 asymmetry [169–171] is constructed as
a ratio of angular observables to minimise from-factor uncertainties. Measurements
show a significant deviation from the SM at around 𝑞2 ∼ 5GeV2 [172–175] as shown
in Fig. 1.10, although the CMS measurement [176] is consistent with the SM predic-
tion [160, 161, 177, 178] in this region. The hadronic uncertainties are still sizeable in
this case.

Fits

The picture of the neutral-current anomalies given above is still only a small cross-
section of the several hundred observables that are in tension with the SM predictions.
A large number of global-fit analyses have been conducted in which these anomalies
are interpreted in terms of deviations in the operators 𝐶9 and 𝐶10, introduced above in
Eq. (1.76). These analyses are all in mutual agreement, and generally find that a sizeable
negative value for 𝐶9 is preferred over the SM value at between 4 and 7𝜎 [13, 179–181].
(This was first pointed out in Ref. [182], which analysed the 2013 data.) This wide range
is largely due to differences in dealing with uncertainties in the semileptonic decays.
Importantly, no large deviation in the electronic modes is necessary for a good fit. An
example of one of the recent global fits [13] to 𝐶9 and 𝐶10 is shown in Fig. 1.11. The
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Figure 1.11: The figure shows the results of the global fit conducted in Ref. [13] in
the 𝐶9–𝐶10 plane. The fit to just the LFU ratios is shown in blue, while that for the
other 𝑏 → 𝑠 data is shown in yellow, with the combined fit shown in red. The SU(2)𝐿-
invariant direction 𝐶9 = −𝐶10 gives a good fit to the data, and any acceptible fit re-
quires a sizeable negative value for 𝐶9. The plot is taken from Ref. [13].

authors find the single-operator best-fit scenario to be in the SU(2)𝐿-invariant direction
𝐶9 = −𝐶10, with 𝐶9 = −𝐶10 = −0.53 giving a pull from the SM of 6.6𝜎 . We note
that following the updated measurements of 𝑅𝐾 [8] and 𝑅𝐾∗ [11] presented at the 2019
Moriond conference, there is a slight tension between explaining the LFU ratios and the
rest of the 𝑏 → 𝑠 data. We point the reader to Ref. [13] for a more detailed discussion
on this point.

That much of the tension is driven by a deviation in 𝐶9 also allows for an explana-
tion of many of the anomalies in a way that does not require the introduction of new
physics. The deviation in 𝐶9 necessary to explain much of the anomalous 𝑏 → 𝑠 data
can be mimicked by non-perturbative effects associated with loops of charm quarks,
e.g. [159], and the data seem to be currently consistent with both hypotheses [183, 184].
Such effects cannot account for the violation of LFU seen in the ratios 𝑅𝐾 (∗) , again
highlighting their importance in understanding the potential role of new physics in
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explaining the neutral-current anomalies.

1.4.2 Charged-current anomalies

The class of charged-current anomalies in the 𝑏 → 𝑐 transition consists of a smaller
number of measurements and processes. The primary observables of interest are the
LFU ratios

𝑅𝐷(∗) = Br[𝐵 → 𝐷(∗)𝜏 𝜈]
Br[𝐵 → 𝐷(∗)ℓ𝜈] , (1.83)

where ℓ denotes one of the light leptons: ℓ ∈ {𝑒, 𝜇}. The ratio has been measured by
BaBar [185, 186], Belle [15, 187–189] and LHC𝑏 [190–192], with combined values from
HFLAV given by [14]

𝑅𝐷 = 0.340 ± 0.027 ± 0.013 and 𝑅𝐷∗ = 0.295 ± 0.011 ± 0.008 . (1.84)

These combinations are in tension with the SM predictions [193–196] as averaged by
HFLAV:

𝑅SM𝐷 = 0.299 ± 0.003 and 𝑅SM𝐷∗ = 0.258 ± 0.005 (1.85)

at approximately 3𝜎 . We note that BaBar and Belle use the average of the electronic and
muonicmodes in the denominator, while LHC𝑏 uses only themuonicmode. The tension
was significantly decreased following the most recent Belle measurement presented at
the Moriond 2019 conference [15]; this combined measurement is consistent with the
SM prediction at 1.2𝜎 . A summary of the measurements of 𝑅𝐷(∗) is shown in Fig. 1.12.
BaBar [186] and Belle [187] have measured the 𝑞2 distributions of the tau-mode decay
rate, which has proven to be a powerful model discriminator, e.g. [197].

Although the ratios 𝑅𝐷(∗) are our primary concern in this work, we also introduce a
number of other observables relevant to the charged current process. The first of these
is the LFU ratio 𝑅𝐽/𝜓 :

𝑅𝐽/𝜓 = Br(𝐵𝑐 → 𝐽/𝜓𝜏𝜈)
Br(𝐵𝑐 → 𝐽/𝜓𝜇𝜈) , (1.86)

which has recently been measured by LHC𝑏 to be 𝑅𝐽/𝜓 = 0.71 ± 0.17 ± 0.18 [198].
Although the ratio is also measured to be enhanced with respect to the SM predic-
tion 𝑅SM

𝐽/𝜓 ≈ 0.25–0.29 [199–211], the central value of the measurement shows a very
large effect that cannot be well-accommodated with beyond-the-SM (BSM) contribu-
tions [212], although the error bars are very large. The observable 𝑓 𝐷∗

𝐿 , the longitudinal
polarisation of the 𝐷∗ in 𝐵 → 𝐷∗𝜏 𝜈 , also differs from the SM expectation by ∼ 1.6𝜎 :

𝑓 𝐷∗
𝐿 = 0.60 ± 0.08 ± 0.04, (1.87)
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Figure 1.12: The figure shows the combined fit to the available 𝑅𝐷 and 𝑅𝐷∗ data
from HFLAV [14]. The combination is shown in red, just over 3𝜎 away from the SM
prediction (black data point). Both ratios are measured to be enhanced compared to
the SM value.

as measured by the Belle collaboration [213], and has been shown to have good discrim-
inating power for BSM explanations of 𝑅𝐷(∗) . The third class of observables we consider
are tau polarisation asymmetries {see Ref. [214] for a detailed discussion in the context
of explaining 𝑅𝐷(∗) }. The polarisation asymmetry in the longitudinal direction of the 𝜏
in the 𝐷∗ mode has also recently been measured by Belle [188]:

𝒫 ∗𝜏 = −0.38 ± 0.51+0.21−0.16. (1.88)

Although the errors are large, the projected Belle II sensitivity at 50 ab−1 for the same
observable in the 𝐷 mode is estimated at about 3% [215], and we expect the 𝒫 ∗𝜏 to be
measured even more precisely at Belle II.

The leptonic decays of the charmed 𝐵 meson have not been measured yet, although
measurements of its lifetime may imply serious constraints on models attempting to
explain the discrepancies in 𝑅𝐷 and 𝑅𝐷∗ with new physics. A number of groups have
inferred a wide variety of limits

Br(𝐵𝑐 → 𝜏𝜈) < [0.1, 0.6] (1.89)

using differing theoretical arguments [216–220]. The range of limits is so wide because
it is sensitive to the ratio of hadronisation probabilities of the charm and up quarks:
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𝑓𝑐/𝑓𝑢 . The range of values given for the limit in Eq. (1.89) corresponds only to a change
in 𝑓𝑐/𝑓𝑢 of a factor of five [220].

Fits

The charged-current 𝑏 → 𝑐 anomalies can be interpreted in terms of deviations from
dimension-six operator coefficients in the WET. The pertinent Hamiltonian for 𝑏 →
𝑐ℓ𝑟 𝜈𝑠 is

𝐻 𝑏→𝑐
eff = 4𝐺𝐹

√2
𝑉𝑐𝑏 ∑

𝑟 𝑠
[(𝛿 𝑟 𝑠 +𝐶 𝑟 𝑠𝑉𝐿)𝒪 𝑟 𝑠𝑉𝐿 +𝐶 𝑟 𝑠𝑉𝑅𝒪 𝑟 𝑠𝑉𝑅 +𝐶 𝑟 𝑠𝑆𝐿𝒪 𝑟 𝑠𝑆𝐿 +𝐶 𝑟 𝑠𝑆𝑅𝒪 𝑟 𝑠𝑆𝑅 +𝐶 𝑟 𝑠𝑇 𝒪 𝑟 𝑠𝑇 ]+h.c. (1.90)

where

𝒪 𝑟 𝑠𝑉𝑋 = ( ̄𝑐𝛾𝜇𝑃𝑋 𝑏)( ̄𝑒𝑟 𝛾𝜇𝑃𝐿𝜈𝑠) , 𝒪 𝑟 𝑠𝑆𝑋 = ( ̄𝑐𝑃𝑋 𝑏)( ̄𝑒𝑟𝑃𝐿𝜈𝑠) , 𝒪 𝑟 𝑠𝑇 = ( ̄𝑐𝜎𝜇𝜈𝑃𝑋 𝑏)( ̄𝑒𝑟𝜎𝜇𝜈𝑃𝐿𝜈𝑠) , (1.91)

and 𝑋 ∈ {𝐿, 𝑅}. The left-handed vector operator is the same one generated in the SM,
while the scalar and tensor operators can provide large enhancements to the decay rate,
since they lift the helicity-suppression.

A number of analyses have considered interpreting themeasurements of𝑅𝐷 and𝑅𝐷∗
in the context of these operators, usually restricting to single-operator fits, e.g. [197, 208,
212, 221–224]. In Fig. 1.13 we present a plot taken from Ref. [212] in which the effects of
each of the operators on the observables of interest are explored. The plot indicates that
a number of single-operator solutions exist that reconcile the predicted and measured
values for both 𝑅𝐷 and 𝑅𝐷∗ , although single-operator resolutions of the mild tension in
𝑓 𝐷∗
𝐿 are disfavoured by the limits on the 𝐵𝑐 lifetime, discussed above.

1.4.3 Anomalous magnetic moment of the muon

The most precise measurement of the anomalous magnetic moment of the muon

𝑎𝜇 ≡ (𝑔 − 2)𝜇
2 (1.92)

shows a sizeable tension with the SM prediction. The difference between the measured
value [147, 225] and the SM prediction [226] is

Δ𝑎𝜇 = 𝑎exp𝜇 − 𝑎SM𝜇 = (286 ± 63 ± 43) ⋅ 10−11 , (1.93)

corresponding to a 3.6𝜎 discrepancy. More recently, the measured value 𝑎𝑒 , the anoma-
lous magnetic moment of the electron, has also been found to disagree with the SM
value at 2.5𝜎 [148, 149].
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Figure 1.13: The figure shows the contributions of the coefficients of the operators
presented in Eq. (1.91) in different observables, where Δ𝑋 = 𝑋 − 𝑋SM. (top left) The
directions implied by contributions to the operator coefficients in Δ𝑅𝐷–Δ𝑅𝐷∗ space.
The experimental central value is denoted by a black cross and the 1𝜎, 2𝜎 and 3𝜎 un-
certainties by yellow contours. (top right and bottom) Similar directions for Δ𝑅𝐷∗ ,
Δ𝒫 𝐷∗

𝜏 and Δ𝑓 𝐷∗
𝐿 . The experimental central values are displayed by a solid yellow line

and their 1𝜎 uncertainty by a yellow band. Dashed lines indicate regions excluded by
the constraint Br(𝐵𝑐 → 𝜏𝜈) < 0.1. The figure is taken from Ref. [212].
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1.4.4 Our contention: a connection between neutrino physics and the
anomalies

The flavour anomalies together present an interesting case for new physics violating
lepton flavour universality. This new physics should live at less than 40 TeV, and many
of the simplest models in the literature generate the appropriate pattern of dimension-
six operators required to explain them through scalar leptoquark fields, e.g. [223, 227,
228]. In the remainder of this thesis, we suggest that there may be some connection
between the physics underlying mass generation in the neutrino sector and the flavour
anomalies, since, as we show in the next chapter, the landscape of minimal Majorana
neutrino mass models is dominated by scalar leptoquarks.





2
Neutrino mass ex machina

This chapter is based on the publication ‘Exploding operators for Majorana neutrino masses
and beyond,’ written in collaboration with Raymond R. Volkas [5]. We describe and imple-
ment an algorithm for ‘exploding’ operators: taking an effective operator and deriving from it
renormalisable models that generate the operator at the low scale. We systematise this model-
building procedure in a way that is easy to automate, and our methods are implemented in
our publicly available example code [229]. We use the algorithm to generate computational
representations of all of the tree-level completions of the Δ𝐿 = 2 operators in the SMEFT up to
and including mass-dimension eleven. Almost all of these correspond to models of radiative
neutrino mass. Our work includes operators involving derivatives, updated estimates for the
bounds on the new-physics scale associated with each operator, an analysis of various features
of the models, and a look at some examples. We also make available a searchable database
containing all of our results [20].

2.1 Introduction

We saw in Sec. 1.2.3 that the space of neutrino-mass models can be organised in various
ways. One way we call the loop-level-matching paradigm, in which graphs of various
loop orders are matched onto the Weinberg operator. Thorough analyses have been
conducted in this framework, studying the Weinberg operator and its dimension-seven
generalisation [95–98] up to three and one loop, respectively. An alternative approach
to neutrino-mass model taxonomy is to start with the Δ𝐿 = 2 operators in the SMEFT
and considerwhat field content generates these operators at tree-level in the UV [84, 99–
101]. As discussed briefly in Sec. 1.2.3, this approach has been applied up to dimension-
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seven [101] to systematically write down a large class of simple models of neutrino
mass.

Our analysis continues in the tradition of the latter methodology, but where appro-
priate we make a connection to the results from loop-level matching for completeness.
We consider that there is complementary insight to be gained from thorough and com-
plete analyses involving both approaches. Building models from tree-level completions
of theΔ𝐿 = 2 operators allows for a direct connection to be made between the neutrino-
mass mechanism and other lepton-number-violating phenomena. The models derived
in this way are also minimal in the sense that they involve the fewest number of exotic
fields required to furnish a given loop-level topology, since the neutrino self-energy
graphs always involve some SM fields. This has a number of important implications.
First, the neutrinomasses depend on SMparameters, and their rough scale can therefore
be readily estimated from the effective operator alone. Second, neutrino-mass mecha-
nisms containing SM gauge bosons are included automatically, and these constitute a
large fraction of the models. Finally, it also means that our approach never produces
models that contain loops of only exotic fields, although these can be added easily (see,
for example, section IV.C of Ref. [100]). The appeal of these models notwithstanding,
a benefit of giving up heavy loops is that the transformation properties of the beyond-
the-standard-model particle content of each model are now uniquely determined, and
therefore the total number of minimal models is finite. Minimal exotic particle content,
in the aforementioned sense, is an attractive feature of this approach. Indeed, there
are many examples of operators whose insertion and closure lead to neutrino masses
at dimension nine and higher, but for which the number of exotic degrees of freedom
introduced are not more than those of a garden-variety model generating theWeinberg
operator at the low scale. The consideration of such equally simple models in the loop-
level matching paradigm would require a detailed analysis of the dimension-seven and
dimension-nine analogues of the Weinberg operator1 up to a large number of loops.

Here, we sharpen themodel building prescription developed in Ref. [100] and extend
it to the case of operators involving field-strength tensors and derivatives. This proce-
dure is automated and applied to all Δ𝐿 = 2 operators in the SMEFT up to dimension
eleven. We classify the neutrino-mass topologies, completions and their exotic fields.
We also make available a database containing our main results and example code used
to generate the operators along with their completions and Lagrangians [229]. We em-
phasise that the usefulness of these methods and tools extends beyond the study of
neutrino mass and lepton-number-violating phenomena. To illustrate this point we
reproduce some recent results of work listing completions of SMEFT operators [22].

The remainder of the paper is structured as follows. Sec. 2.2 sets out some con-
ventions. Sec. 2.3 contains a description of the methods we use to find the tree-level

1One can always generate the dimension-five Weinberg operator from its analogues at dimensions
seven, nine and eleven with additional Higgs loops, but these models usually contain more than three
loops.
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completions of the operators. Neutrino mass model building is described in Sec. 2.4,
while Sec. 2.5 presents a preliminary analysis of the models along with some examples.

2.2 Conventions
In this section we establish the conventions we employ throughout the rest of the paper:
our operational semantics and the classification of the lepton-number-violating opera-
tors on which our analysis is based. We highlight that this classification differs mildly
from that found in earlier work, since our list includes additional structures as well as
operators containing derivatives. We find the operators containing field-strength ten-
sors to be uninteresting from the perspective of model building — a point justified in
detail in Sec. 2.3.1 — and choose not to include them in our classification in this section.
We remind the reader that our mathematical and notational conventions can be found
in Appendix A, and these are drawn on heavily in this chapter.

2.2.1 On operators and tree-level completions

Below we discuss our use of the terms operator and completion. We establish naming
conventions of types of operators that we use throughout the paper, and illustrate the
sense in which we talk about models as completions of operators with the use of a
simple example from the dimension-six SMEFT.

The term operator is used in the literature to loosely denote one of three2 things:

1. A gauge- and Lorentz-invariant product of fields of specified flavour and their
derivatives. Understood in this sense, the Weinberg ‘operator’

𝒪 {𝑟𝑠}
1 = (𝐿𝑖𝑟𝐿𝑗𝑠)𝐻 𝑘𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 (2.1)

is really 𝑛𝑓 (𝑛𝑓 + 1)/2 complex operators for 𝑛𝑓 SM-fermion generations.

2. A gauge- and Lorentz-invariant product of fields of unspecified flavour and their
derivatives. According to this definition, 𝒪 {𝑟𝑠}

1 is counted as a single operator.

3. A collection of fields and their derivatives whose product contains a Lorentz-
and gauge-singlet part. In this sense, the string of fields 𝐿𝐿𝐻𝐻 could be called
an operator. In this category we also include operators of an intermediate type
for which some gauge or Lorentz structure is specified but the rest is implied.
For example, a term like3 𝒪3𝑎 = 𝐿𝑖𝐿𝑗𝑄𝑘 ̄𝑑𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 , for which colour and Lorentz
structure are implicit.

2These correspond to operators, terms and (roughly) types of operators in the convention of Ref. [230].
3Although the colour structure is unique here, this is not true of the Lorentz structure.
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The catalogues of Δ𝐿 = 2 operators are lists of operators of type 3 in the above
sense, since they are only distinguished on the basis of field content and SU(2)𝐿 struc-
ture. Thus, the operators 𝒪3𝑎 and 𝒪3𝑏 = 𝐿𝑖𝐿𝑗𝑄𝑘 ̄𝑑𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 , for example, are understood
to stand in for a large family of operators of types 1 and 2. In this case these differ in
Lorentz structure (since the colour contraction is unique), and almost all of them are lin-
early dependent. They are related to each other by Fierz and SU(2)-Schouten identities,
and can in general be related to other dimension-seven operators such as ( ̄𝑑𝐿)(𝐿𝐷 ̄𝑢†)
and (𝐿𝐿)𝐻□𝐻 through field redefinitions involving the EOM of SM-fermion and Higgs
fields. The total number of independent operators of type 1 can be found using Hilbert-
series techniques [109–113], which give 2𝑛4𝑓 independent operators with field content
𝐿2𝑄 ̄𝑑𝐻 with the methods of Ref. [112]. These can be arranged into two terms with the
Lorentz structure of the operators chosen such that the flavour indices don’t have any
permutation symmetries [231]:

𝒪 (𝐿𝑄)(𝐿𝑑)
3𝑎𝑟𝑠𝑡𝑢

= (𝐿𝑖𝑟𝑄𝑘𝑡 )(𝐿𝑗𝑠 ̄𝑑𝑢)𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 , (2.2a)

𝒪 (𝐿𝑄)(𝐿𝑑)
3𝑏𝑟𝑠𝑡𝑢

= (𝐿𝑖𝑟𝑄𝑘𝑡 )(𝐿𝑗𝑠 ̄𝑑𝑢)𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 . (2.2b)

From the perspective of Δ𝐿 = 2 phenomenology, the SU(2)𝐿 structure of the operators
is most important. This can be seen in the following way: given a non-zero value for
the coefficient of such an operator, the SU(2)𝐿 structure is sufficient to tell at howmany
loops the neutrino self-energy or neutrinoless-double-beta-decay diagrams will arise,
and what they will look like. Considering the example of operators 𝒪3𝑎 and 𝒪3𝑏 intro-
duced above, it is clear that no component of 𝒪3𝑎 contains two neutrino fields. There-
fore, the Weinberg operator will be generated by one-loop graphs involving𝑊 bosons,
which are additionally suppressed by powers of the weak coupling 𝑔. This coupling
and loop suppression leads to inferred values of the new-physics scale characterising
the operators 𝒪3𝑎 and 𝒪3𝑏 that differ by three orders of magnitude. On the other hand,
predictions for the neutrino-mass scale from operators with different Lorentz structures
differ only by 𝒪(1) factors [84].

Thus, our main goal is to find particle content in the UV that generates particular
SU(2)𝐿 structures of Δ𝐿 = 2 operators at the low scale through tree graphs. In this
way, we organise the catalogue of radiative neutrino-mass models by the number of
loops in the neutrino self-energy diagram, or equivalently, by the implied scale of the
new physics. In this sense, exploding the operator 𝒪3𝑎, for instance, means finding the
combinations of heavy field content that generate an operator of type 2 with SU(2)𝐿
structure 3𝑎. This generated operator will not in general be 𝒪 (𝐿𝑄)(𝐿𝑑)

3𝑎 of Eq. (2.2), but

will be expressible as a linear combination of 𝒪 (𝐿𝑄)(𝐿𝑑)
3𝑎 and 𝒪 (𝐿𝑄)(𝐿𝑑)

3𝑏 , or any other
chosen spanning set of operators.

This last point highlights the importance of the operator basis in talking about the
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completions of operators. A completion of an operator 𝒪 is a model generating a non-
zero value for the operator coefficient 𝐶𝒪 at the high scale. Even a change of basis
that leaves 𝒪 unchanged will in general change 𝐶𝒪 , so one cannot talk about the com-
pletions of 𝒪 in vacuo, apart from the other operators which together constitute the
EFT. Restricting to the case of tree-level matching, after eliminating the heavy fields
through their EOM, a UV model will generate some structure organically, which we
call the organic operator, and this must then be matched onto the operator basis to ex-
tract coefficients. Our goal here is not to perform this matching onto a complete set
of operators. Instead, we work with an implicitly overcomplete set of operators and
define a convention that allows us to speak unambiguously about the UV models that
might give rise to an operator in the set.

The existing catalogues of Δ𝐿 = 2 operators enumerate operators of type 3 with
definite SU(2)𝐿-structure. The different isospin contractions are constructed by con-
tracting indices in all possible ways with the invariant 𝜖 tensor. Operators with sym-
metric combinations of indices [which come about from non-trivial exotic irreps of
SU(2)𝐿] generate organic operators in general expressible as many linear combinations
of different operators in the spanning set. One such combination is sufficient for our
purposes, andwe choose the one implied by the convention that non-trivial irreps never
give rise to fields contracted with an 𝜖 symbol. We now illustrate this with an example
from the dimension-six SMEFT below.

An overcomplete spanning set of two-Higgs–two-derivative operators is

𝒪 (1)
𝐻 2𝐷2 = �̃� 𝑖�̃� 𝑗□𝐻 𝑘𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 , (2.3a)

𝒪 (2)
𝐻 2𝐷2 = �̃� 𝑖𝐻 𝑗□�̃� 𝑘𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 , (2.3b)

𝒪 (3)
𝐻 2𝐷2 = �̃� 𝑖𝐻 𝑗□�̃� 𝑘𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 , (2.3c)

𝒪 (4)
𝐻 2𝐷2 = �̃� 𝑖𝐻 𝑗□�̃� 𝑘𝐻 𝑙𝜖𝑖𝑙𝜖𝑗𝑘 . (2.3d)

The renormalisable UV models of interest are a scalar SU(2)𝐿 triplet with unit hyper-
charge Ξ1 ∼ (1, 3, 1)𝑆 , as well as a triplet and a singlet with vanishing hypercharge:
Ξ ∼ (1, 3, 0)𝑆 and 𝒮 ∼ (1, 1, 0)𝑆 . We envisage integrating these out from an interaction
Lagrangian like

−ℒ ⊃ �̃� 𝑖𝐻 𝑗(𝑥𝒮 𝜖𝑖𝑗 + 𝑦Ξ{𝑘𝑙}𝜖𝑖𝑘𝜖𝑗𝑙) + (𝑧𝐻 𝑖𝐻 𝑗Ξ̃{𝑘𝑙}
1 𝜖𝑖𝑘𝜖𝑗𝑙 + h.c.), (2.4)

with couplings 𝑥, 𝑦 , 𝑧 ∈ ℂ. They will generate organic operators that can be written as
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linear combinations of the operators listed above

𝒮 ∶ 𝑥2
𝑀2𝒮

𝒪 (2)
𝐻 2𝐷2 , (2.5a)

Ξ ∶ 𝑦2
𝑀2Ξ

[𝒪 (3)
𝐻 2𝐷2 + 𝒪 (4)

𝐻 2𝐷2] , (2.5b)

Ξ1 ∶ |𝑧|2
𝑀2Ξ1

𝒪 (1)
𝐻 2𝐷2 , (2.5c)

up to 𝒪(1) factors. Of course, these can then be matched onto a genuine basis of oper-
ators like

𝒪𝜙□ = 𝒪 (2)
𝐻 2𝐷2 = �̃� 𝑖𝐻 𝑗□�̃� 𝑘𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 , (2.6a)

𝒪𝜙𝐷
IBP∼ 𝒪 (3)

𝐻 2𝐷2 = �̃� 𝑖𝐻 𝑗□�̃� 𝑘𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 , (2.6b)

but this is unnecessary for our purposes. (Note here that IBP stands for integration
by parts.) The construction of the organic operator is in general not unique, since we
work with an overcomplete set of operators. Here, for example, 𝒪 (3)

𝐻 2𝐷2 + 𝒪 (4)
𝐻 2𝐷2 =

2𝒪 (3)
𝐻 2𝐷2 − 𝒪 (2)

𝐻 2𝐷2 , indicating clearly the redundancy of one of the operators. The con-
vention that non-trivial representations never give rise to fields contracted with an 𝜖
symbol implies 𝒪 (2)

𝐻 2𝐷2 should not be chosen to feature in Eq. (2.5b). Thus, we call Ξ a

completion of operators 𝒪 (3)
𝐻 2𝐷2 and 𝒪 (4)

𝐻 2𝐷2 , even though the operator it generates can

also be expressed as a linear combination of 𝒪 (2)
𝐻 2𝐷2 and 𝒪 (3)

𝐻 2𝐷2 . This convention allows
us to talk unambiguously about completions of the Δ𝐿 = 2 operators in a way that
makes their implications for neutrino mass most clear, while avoiding constructing a
complete basis all the way up to dimension eleven.

We remark that this discussion can be extended to operators of type 3 with explicit
SU(3)𝑐-structure with minor modifications. Here, irreducible representations are fur-
nished by traceless tensors with raised and lowered symmetrised indices, which can
be written as sums of operators in which contractions between raised and lowered in-
dices are written with the 𝛿 symbol. The tracelessness condition can be enforced by
additionally allowing contractions with the three-index 𝜖 symbol, and choosing that
non-trivial representations never give rise to fields contracted with a 𝛿 , i.e. always
choosing [𝜆𝐴]𝑎𝑐 [𝜆𝐴]𝑏𝑑 = 4

3𝛿𝑎𝑑 𝛿𝑏𝑐 − 2
3𝜖𝑐𝑑𝑒𝜖𝑎𝑏𝑒 over [𝜆𝐴]𝑎𝑐 [𝜆𝐴]𝑏𝑑 = 2𝛿𝑎𝑑 𝛿𝑏𝑐 − 2

3𝛿𝑎𝑐 𝛿𝑏𝑑 . Explicit
examples involving non-trivial colour contractions are presented in Sec. 2.3 and in the
publicly available notebook we introduce in Sec. 2.3.2, which contains complete match-
ing calculations for some of the dimension-six operators in the SMEFT.
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2.2.2 Operator taxonomy

The list of gauge-invariant, Δ𝐿 = 2 operators first provided by BL runs from 𝒪1 to
𝒪60 [99]. Each numbered operator is distinguished on the basis of field content, al-
though each in general corresponds to a family of operators differing in SU(2)𝐿-, Lorentz-
, and flavour-structure. The operators are constructed from SM fermion fields andHiggs
fields only and no internal global symmetries are imposed on the operators aside from
baryon number. To violate lepton number by two units, each operator must contain at
least one Δ𝐿 = 2 fermion bilinear: one of {𝐿𝐿, 𝐿 ̄𝑒†, ̄𝑒† ̄𝑒†}. The operators enter the list at
odd mass dimension [114] and only up to dimension eleven, since it was thought that
higher dimensional operators generally imply neutrinos insufficiently heavy to meet
the atmospheric lower bound. (It seems that a truly exhaustive treatment requires op-
erators of higher mass-dimension [4], and this is discussed in detail in Sec. 2.4.1.) An
additional 15 operators (acknowledged by BL, but left implicit) of mass dimension nine
and eleven were added to the list by dGJ, increasing the total number to 75. These
are constructed as products of lower-dimensional operators with the dimension-four
Yukawa operators of the SM. Thus, they have the same field content as other operators
in the list but carry different numerical labels. Latin subscripts were introduced by the
same authors to distinguish different SU(2)𝐿 contractions. The number of type-3 opera-
tors counted in this way is 129. Inclusion of the all-singlets operator ̄𝑒† ̄𝑒† ̄𝑢† ̄𝑢† ̄𝑑 ̄𝑑 , whose
tree-level completions were recently written down [232], brings the tally to 130. Even
in the extended dGJ scheme, product operators of the form 𝒪 ⋅ 𝐻†

𝑖 𝐻 𝑖 are left implicit.
Here we work with a modified classification schemewhich differs mildly from those

used in the previous analyses. We list all operators explicitly, including product oper-
ators built from lower-dimensional ones and SM Yukawas or 𝐻†𝐻 , and enforce that
operators with the same field content carry the same numerical labels. We adopt the
convention of labelling SU(2)𝐿-structures with an additional Latin subscript4. We have
a greater number of such structures for each numbered operator than the other cata-
logues because we include product-type operators and new structures which may have
been missed previously. We attempt to ensure that these new operators have labels that
do not break compatibility with these and other previous works using lepton-number
violating operators. A small exception is the case where only one structure is listed by
BL and dGJ. In such situations this corresponds to operator 𝑎 in our classification.

We find some new non-product operators not appearing in previous classifications
even implicitly. These include new SU(2)𝐿-structures but also new numbered operators.
Dimension-eleven product-type operators built from a lower-dimensional operator and
factors of 𝐻†𝐻 that are not given numerical labels in the previous catalogues are given
primed labels here, a common convention in the literature. In cases where a number
of such operators carry the same field content, we prefer to use a new numerical label.

4We note that this introduces a notational ambiguity with colour indices, the resolution of which
must be based on context.
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For example, operators 𝒪 ′5𝑎 = 𝒪5𝑎(𝐻†𝐻) and 𝒪 ′′3𝑎 = 𝒪3𝑎(𝐻†𝐻)2 have the same field
content. They appear in our list as different SU(2)𝐿-structures of the new numbered
operator 𝒪80.

This means that the 75 numbered type-3 operator classes presented by dGJ now
correspond to 82 classes and additional SU(2)𝐿-structures {𝑎, 𝑏, 𝑐, …}. We present our
list of Δ𝐿 = 2 operators containing SM fermion and Higgs fields in Table B.1, lo-
cated in Appendix B. Product operators as presented in our tables must be read with
care. This is just a convenient shorthand to represent the field-content of an operator
and illustrate that isospin indices are internally contracted. For example, by writing
𝒪5𝑏 = 𝒪1𝑄 𝑖 ̄𝑑�̃� 𝑗𝜖𝑖𝑗 , we do not mean to suggest that Lorentz indices must be contracted
internally to 𝒪1 and the down-type Yukawa. We discuss the additional information
presented in Table B.1 as it is introduced throughout the paper.

The table also includes a list of Δ𝐿 = 2 operators involving derivatives up to dimen-
sion nine. The pertinent operators at dimension seven were mentioned in Ref. [99] and
listed in the context of a complete basis of operators for the dimension-seven SMEFT in
Ref. [231]. The operators of higher dimensionwere excluded from the earlier catalogues
of Δ𝐿 = 2 operators on the basis that they may be less important for neutrino-mass
model building, although they have appeared recently [145]. We find that opening
up these operators does yield novel neutrino-mass models, although this is not clear
at dimension seven. The derivative operators are also interesting from a broader phe-
nomenological perspective, for example in the study of lepton-number-violating hadron
decays, see e.g. Ref. [233]. The procedure we use for identifying these operators draws
from the earlier Δ𝐿 = 2 catalogues, Hilbert series techniques [109–113] as well as more
recent automated approaches [230, 234–238].

Although operators related by field redefinitions through the classical EOM lead to
identical 𝑆-matrix elements, we do not account for these redundancies in our catalogue
of operators containing derivatives. This is done for two reasons: (1) we are ultimately
interested in comparing Green’s functions in the effective theory to those in various
compatible UV theories; and (2) we are only interested in tree-level completions of
effective operators, and EOM redundancies may relate operators generated from tree
graphs to those generated by loops [239, 240]. Redundancies arising from integration
by parts are also not accounted for, and it should be understood that derivatives act on
the operators listed in Table B.1 in all possible ways. In our listing, we prefer to act
them in whichever way maximises the number of non-vanishing SU(2)𝐿 structures, so
that they can all be labelled. Often this means that derivatives will be carried by Higgs
fields.
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2.3 Tree-level matching in reverse

In this section we outline the procedure we use for opening up operators of the sort
introduced in Sec. 2.2.1 and Sec. 2.2.2 for the purpose of exploratory model building.
We refer back to the prefatory comments made in Sec. 1.3.1 on tree-level matching for
scalars and fermions, and include a discussion of the tree-level completions of operators
containing derivatives and field-strength tensors. We highlight that the results of this
section are not specific to Δ𝐿 = 2 physics, and the model-building prescription can be
applied (high-dimensional) operators in other EFTs. To illustrate the point, we apply
the methods to an EFT unrelated to neutrino masses: the SMEFT at dimension-six.

The model-building framework introduced and used in Ref. [241] assumes that the
new heavy fields introduced in the UV completions are only scalars, vector-like Dirac
fermions or Majorana fermions. This particle content ensures the models are genuinely
UV complete in the sense that their predictions can be extrapolated to arbitrarily high
energies. Chiral fermionswill in general introduce gauge anomalies, and the generation
of their masses may introduce unnecessary complications. This treatment of exotic
fermion fields is also used in Ref. [22], where a tree-level dictionary of the dimension-
six SMEFT is written down. Exotic Proca fields will still need to be interpreted in the
context of some larger UV framework (e.g. an extended gauge group), and so these
are not introduced in our approach. Thus for the remainder of the paper we limit the
discussion of building UV-complete models to those containing only scalars and non-
chiral fermions.

In Sec. 1.3.1 we introduced the process of matching a UV Lagrangian onto an effec-
tive theory. In this case, we are interested in the case where the UV theory is unknown.
Here, the EFT is a useful way to encapsulate the effects of the entire class of possible UV
theories in a model-agnostic way. We advocate that it is also a practical model-building
tool, since the operators provide information about the types of UV models from which
the EFT may arise. Subject to a number of assumptions, the possible UV models im-
plied by an effective operator can be enumerated by building all possible tree graphs
with an external-leg structure reflecting that of the operator. The quantum numbers of
the heavy propagators can then be read off by imposing Lorentz- and gauge-invariance
at every vertex, starting with vertices with two or three (for scalars) external edges.
This is equivalent to exploring all of the possible ways the light fields may have been
grouped into terms in ℒ[𝜋, Π] and distributed in the products of Eqs. (1.32) and (1.39).
In the following we develop this picture into a precise algorithm.

Exploding operators

As an introductory examplewe use theWeinberg operator𝒪1 = (𝐿𝑖𝐿𝑗)𝐻 𝑘𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 , whose
minimal tree-level completions are the canonical seesawmodels: 𝑁 ∼ (1, 1, 0)(2,1), Ξ1 ∼



52 Neutrino mass ex machina

(1, 3, 1)𝑆 and Σ ∼ (1, 3, 0)(2,1). These can be derived by considering the allowed ways of
decorating the two tree-level two-scalar–two-fermion topologies with the field content
of the operator. These topologies are shown in Fig. 2.1 along with the possible ways
of furnishing the topologies into Feynman diagrams, each corresponding to a seesaw
model. As discussed above, this is equivalent to grouping fields together as they may
have arisen in the partial derivatives of Eqs. (1.32) and (1.39). For theWeinberg operator,
these groupings are:

𝐿𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 ⇒ 𝜕ℒ 𝑙ℎ
𝜕𝑁𝛼

⊇ 𝑥𝑟𝐿𝛼𝑖𝑟 𝐻 𝑘𝜖𝑖𝑘 ∼ 𝑁 , (2.7a)

𝐿𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 ⇒ 𝜕ℒ 𝑙ℎ

𝜕Ξ𝑘𝑙1𝛼
⊇ [𝑦𝑟 𝑠(𝐿{𝑖𝑟 𝐿𝑗}𝑠 ) + 𝜅�̃� 𝑖�̃� 𝑗]𝜖𝑖𝑘𝜖𝑗𝑙 ∼ Ξ†

1 , (2.7b)

𝐿𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙𝜖𝑖𝑘𝜖𝑗𝑙 ⇒ 𝜕ℒ 𝑙ℎ

𝜕Σ𝑘𝑗𝛼
⊇ 𝑧𝑟𝐿𝛼{𝑖𝑟 𝐻 𝑙}𝜖𝑖𝑘𝜖𝑗𝑙 ∼ Σ, (2.7c)

where we use ∼ to mean ‘transforms as’ under SU(2)+ ⊗ SU(2)− ⊗ 𝐺SM. Each pattern
of contractions corresponds to a topology, with each individual grouping of the fields
corresponding to a vertex, or equivalently, a term in the Δ𝐿 = 2 UV Lagrangian. The
explicit form of these terms can be written down by keeping track of the isospin in-
dices as in Eq. (2.7), and expanding implicit index structures in all possible ways (i.e.
decomposing products of fields into irreducible representations), consistent with our
model building assumptions. (In our case this means keeping only scalar and fermion
Lorentz irreps.) In Eq. (2.7c), the indices 𝑖, 𝑙 are symmetrised since this is the only way
the component 𝐿𝑖𝐻 𝑙 (with 𝑖, 𝑙 not antisymmetric under exchange) can appear in the
Yukawa interaction 𝐿Σ𝐻 . Note that we adopt the convention that the conjugate exotic
field couples to the contracted fields in the operator. This means that Ξ†

1 transforms
like 𝐿{𝑖𝐿𝑗}, as implied in Eq. (2.7b), but the renormalisable term in the UV theory which
corresponds to the vertex is 𝐿Ξ1𝐿. For Majorana fermions there is only one state which
can couple in both cases, while for a Dirac fermion 𝜓 + ̄𝜓† we arbitrarily choose ̄𝜓 to
couple to the contracted fields.

This process of grouping fields into renormalisable interaction terms can be conve-
niently expressed with the following replacement rules:

𝜓 𝛼1𝜓 2𝛼 → Φ†, 𝜙1𝜙2 → Φ†, 𝜙1𝜙2𝜙3 → Φ†, 𝜙𝜓 𝛼 → Ψ̄𝛼 , 𝜓 𝛼1𝜓†�̇�2 → 7, (2.8)

with free raised or lowered gauge-indices (suppressed above) of the same type always
symmetrised on the right-hand side. We are using Φ and Ψ̄ to represent a heavy scalar
and fermion; while the lowercase 𝜙𝑖 and 𝜓𝑖 represent scalar and fermion fields that may
be light or heavy. Note that Ψ̄ = Ψ for a Majorana fermion. The mark 7 signals that the
completion should be discarded, in this case because it represents a model involving a
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Figure 2.1: (top) Scalar-only and fermion-only topologies which complete
dimension-five two-scalar–two-fermion operators, like the Weinberg operator 𝒪1.
(bottom) The three minimal tree-level completions of 𝒪1, each corresponding to a
different permutation of the fields on the external lines of the topologies. These are
traditionally called (read from left to right) the type-I, type-II and type-III seesaw
models. The SU(2)𝐿 indices are included explicitly to distinguish type-I and type-III,
while making a more clear connection to Eq. (2.7). The exotic propagators are shown
in bold.

heavy vector field. The repeated application of these rules allows us to build explicit
computational representations of the Δ𝐿 = 2 Lagrangian and diagram topology for a
completion.

We move on with a more involved example that also involves colour structure: a
completion of 𝒪12 = 𝐿𝐿𝑄†𝑄† ̄𝑢† ̄𝑢†. According to Table B.1 there are two SU(2) struc-
tures. Both of these structures need to be opened up to enumerate all of the completions,
and models will in general generate sums of these with a specific Lorentz structure, as
per the discussion in Sec. 2.2.1. We choose to look at

𝒪12𝑎𝑟𝑠𝑡𝑢𝑣𝑤
= 𝐿𝑟

𝑖𝐿𝑠
𝑗 �̃�
𝑡
𝑘�̃�
𝑢
𝑙 ̄𝑢𝑣
† ̄𝑢𝑤

†𝜖𝑖𝑘𝜖𝑗𝑙 (2.9)

and begin with some preliminary comments. There are only two topologies that ac-
commodate tree-level completions for six-fermion operators. A scalar-only topology
(shown in Fig. 2.2a), where pairs of fermions are contracted into scalars which meet at
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a trilinear vertex, and a scalar-plus-fermion topology (shown in Fig. 2.2b) in which two
exotic scalars come about by fermion contractions and each meets another SM fermion.
Since we are not interested in introducing exotic vector fields, contractions between
fermions must come about by grouping only fields with dotted or undotted indices, i.e.
from (2, 1) ⊗ (2, 1) or (1, 2) ⊗ (1, 2) contracted into a SU(2)±-scalar representation with
an epsilon tensor. These contractions fix the Lorentz-structure of the generated type-2
operator. For 𝒪12𝑎 it is clear that all scalar-only completions will contain the triplet
scalar Ξ1, since the two 𝐿 fields in the operator are the only fermions carrying undotted
indices, making the contraction

Ξ†
1∼(1,3,−1)
𝐿𝑖𝐿𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢† ̄𝑢†𝜖𝑖𝑘𝜖𝑗𝑙 (2.10)

unique. For the quark fields there are a number of choices to bemade. First, the choice of
grouping. There are only two choices for how to group the quark fields: as (�̃��̃�)( ̄𝑢† ̄𝑢†)
or (�̃� ̄𝑢†)2. The second choice is of the colour representations. These can be explored
recursively, or all invariants can be constructed and each opened up separately, follow-
ing the conventions of Sec. 2.2.1. We opt for the latter case, and enumerate the colour
contractions

𝒪12𝑎𝜖 = 𝐿𝑖𝐿𝑗 �̃�𝑘𝑎 �̃� 𝑙
𝑏 ̄𝑢†𝑐 ̄𝑢†𝑑𝜖𝑖𝑘𝜖𝑗𝑙𝜖𝑎𝑏𝑒𝜖𝑐𝑑𝑒 , (2.11a)

𝒪12𝑎𝛿 = 𝐿𝑖𝐿𝑗 �̃�𝑘𝑎 �̃� 𝑙
𝑏 ̄𝑢†𝑐 ̄𝑢†𝑑𝜖𝑖𝑘𝜖𝑗𝑙𝛿𝑎𝑐 𝛿𝑏𝑑 . (2.11b)

The colour sextet combinations 𝑄†
{𝑎𝑄

†
𝑏} ̄𝑢†𝑎 ̄𝑢†𝑏 come about as a sum of flavour permuta-

tions of the left-handed quark doublets in 𝒪12𝑎𝛿 , and the octet combinations (𝑄†𝜆𝐴 ̄𝑢†)2
as a linear combination of 𝒪12𝑎𝛿 and 𝒪12𝑎𝜖 . Thus, we understand contractions like
𝑄†𝑎 𝑄†

𝑏 𝛿𝑎𝑐 𝛿𝑏𝑑 as coming about from colour-sextet scalars, and 𝑄†𝑎 ̄𝑢†𝑏𝛿𝑎𝑐 𝛿𝑑𝑏 or 𝑄†𝑎 ̄𝑢†𝑏𝜖𝑏𝑐𝑒𝜖𝑎𝑑𝑒
as coming about from octets.

Finding all of the completions of 𝒪12𝑎 involves contracting all fields in all possible
ways for each colour contraction. We work through the example of a particular scalar-
only completion of 𝒪12𝑎𝛿 in Fig. 2.3. Each step follows the grouping of fields into a
vertex, the Lagrangian term this grouping corresponds to, and the evolving topology of
the completion under the replacement rules of Eq. (2.8). At intermediate stages in the
explosion of the operator, the theory described is still effective because some vertices
still correspond to irrelevant operators5. The procedure stops once all vertices have
mass-dimension 𝑑 ≤ 4. We replace the contracted fields in the operator with the irre-
ducible representation that, following the restrictions described in Sec. 2.2.1, could give

5We note that one can make a connection here to the framework of Ref. [242], where neutrino-mass
models are classified and studied in the context of single-field extensions of the SM, corresponding to the
first intermediate step in our completions procedure. Similar approaches to SMEFT extensions have also
been considered elsewhere in the literature, e.g. [243].
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Figure 2.2: The two tree-level topologies relevant to six-fermion operators. For some
operators, some fermion arrows may be reversed. The exotic propagators are shown
in bold. (a) The scalar-only topology. (b) The scalar-plus-fermion or central-fermion
topology.

rise to the contraction. This will in general require the addition of other structures6,
although this is not the case here. The operator generated by the model highlighted in
Fig. 2.3 is

(𝐿𝑟
{𝑖𝐿𝑠

𝑗})(𝑄†
𝑖𝑎𝑡
𝑄†
𝑗𝑏
𝑢
)( ̄𝑢𝑣

†{𝑎 ̄𝑢𝑤
†𝑏}) = 𝒪12𝑎𝛿𝑟𝑠𝑡𝑢𝑣𝑤

+ 𝒪12𝑎𝛿𝑠𝑟 𝑡𝑢𝑣𝑤
+ 𝒪12𝑎𝛿𝑟𝑠𝑢𝑡𝑣𝑤

+ 𝒪12𝑎𝛿𝑠𝑟𝑢𝑡𝑣𝑤
, (2.12)

with the same Lorentz structure carried through 𝒪12𝑎𝛿 . The relevant part of the Δ𝐿 = 2
Lagrangian of the model can be read directly off each contraction

−ℒΔ𝐿=2 ⊇ 𝑥{𝑟𝑠}(𝐿𝑖𝑟 𝐿
𝑗
𝑠 )Ξ1{𝑖𝑗} + 𝑦{𝑡𝑢}(�̃�𝑘𝑎𝑡

�̃� 𝑙
𝑏𝑢
)Υ{𝑎𝑏}{𝑘𝑙} + 𝑧[𝑣𝑤]( ̄𝑢𝑣

†𝑎 ̄𝑢𝑤
†𝑏)Ω4{𝑎𝑏}

+ 𝜅Ξ1{𝑖𝑗}Υ{𝑎𝑏}{𝑘𝑙}Ω4{𝑎𝑏}𝜖𝑖𝑘𝜖𝑗𝑙 + h.c.,
(2.13)

although the generation of the entire Lagrangian implied by the field content requires
a program implementing group-theory methods, spin-statistics and tensor algebra (see
Sec. 2.3.2). This particular model inherits the high level of symmetry in the effective
operator. This introduces symmetries in the Yukawa couplings of the model, reducing
the total number of free parameters.

Given an effective operator, we have established a simple rule for reducing it to
a renormalisable interaction through a processes of contracting fields into each other,
corresponding diagrammatically to pairing the fields off into Yukawa or scalar inter-
action vertices according to a system of rewrite rules. Applying these groupings in all

6The organic operator of the model can be written as a linear combination of these other operators
and the operator being opened up, and all of these share the model as a completion in our sense.
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ū
ū
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Figure 2.3: The graph visualises our completion procedure by showing some of the
possible ways to explode the operator 𝒪12𝑎𝛿 = 𝐿𝑖𝐿𝑗𝑄†

𝑖𝑎𝑄†
𝑗𝑏 ̄𝑢†𝑎 ̄𝑢†𝑏 . The options are only

followed to a fully UV-complete model on one branch, shown in bold with yellow
edge labels. In each step groups of fields are contracted at a vertex, fixing the proper-
ties of the exotic field as well as the structure of the term describing the interaction,
shown alongside each diagram. The effective operator is gradually opened up until
each vertex in the diagram corresponds to a term with mass-dimension 𝑑 ≤ 4. Open-
ing up the operator fully requires repeating this procedure for all possible contrac-
tions. In this case this includes other scalar-only completions and scalar-plus-fermion
models. We also show steps that we choose to forbid in our approach in red, like the
vector contraction giving rise to the vector leptoquark 𝒰2 in the figure. Flavour in-
dices have been suppressed.
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possible ways and following quantum numbers through index structure allows one to
efficiently write down not only the particle content generating the operator at tree-
level, but also the pertinent interaction terms in the Lagrangian. In the next section, we
discuss how to expand this rule to reducing operators containing derivatives.

2.3.1 Tree-level completions of derivative operators

In the followingwe broaden the discussion to exploratorymodel building through effec-
tive operators containing (covariant) derivatives and field-strength tensors. We begin
by summarising the main results of this section. We argue that (if only scalars and
fermions are introduced) a large class of such operators do not contribute new com-
pletions to the pool of models. That is, models derived from these operators could be
found by opening up operatorswithout derivatives and field strengths. With notable ex-
ceptions, it is usually sufficient to study only single-derivative operators. Some of the
derivative operators also admit fermion-only completions, which are otherwise only
found for the Weinberg-like operators [103]. The completion of operators containing
derivatives has been studied before in the context of Δ𝐿 = 2 physics [244–246], and our
work expands on this.

Exploding derivative operators

In our setup, derivatives in effective operators arise at tree-level by the expansions
given in Eqs. (1.39) and (1.32). It is clear that derivatives occur in one of two ways: (1)
in pairs as 𝐷2 or 𝑋 from next-to-leading order terms in the EFT expansion, or (2) as
single derivatives contracted with fermions (/𝐷 in traditional notation) coming about
from arrow-preserving fermion propagators. The job of finding the completions of op-
erators containing derivatives is therefore equivalent to enumerating all possible tree
graphs with the appropriate external-leg structure including arrow-preserving propa-
gators proportional to momentum for heavy fermion fields and taking powers of mo-
mentum from past the leading order in the expansion of all propagators. As in the
non-derivative case, the quantum numbers of the heavy fields can then be deduced by
imposing Lorentz and gauge invariance at each vertex.

It is not always guaranteed that a tree-level topology with internal fermion and
scalar lines exists for an effective operator containing derivatives. This is in contrast to
the non-derivative case, where this is guaranteed for all operators of mass dimension
larger than four. For example, at dimension seven there are Δ𝐿 = 2 effective operators
like ̄𝑑𝛼 ̄𝑢†�̇� 𝐿𝑖𝛽𝐷𝛼�̇�𝐿𝑖𝛽𝜖𝑖𝑗 containing four fermions: three with undotted indices and one
with a dotted index. In this case there is no tree-level topology that allows a arrow-
preserving fermion propagator to give rise to the derivative, and so the operator can
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only be generated with loops. We call such operators non-explosive. This distinction
between tree and loop operators has been discussed in the literature in the context of
the dimension-six operators of the SMEFT, see e.g. [22, 239, 240], and more recently for
the dimension-eight operators [247].

The derivatives originating from arrow-preserving fermion propagators in the UV
theory enter the effective Lagrangian through the first term in Eq. (1.39). Here, the
derivative acts on an object with which it shares a contracted index, i.e. it is contracted
as (2, 2)⊗(1, 2) = (2, 1)with the object carrying the index ̇𝛽 . This object must be a (1, 2)-
fermion if it comes from a renormalisable interaction, which in our case is uniquely a
Yukawa interaction. Thus,

𝜕ℒ 𝑙ℎ

𝜕Π†
̇𝛽
= ∑

𝑖
𝜓† ̇𝛽
𝑖 𝜙𝑖, (2.14)

with 𝜓𝑖 and 𝜙𝑖 defined as in Eq. (2.8). For example, a structure like 𝐷𝛼�̇�𝜓† ̇𝛽
1 𝜙1𝜖�̇� ̇𝛽 could

enter an effective operator by integrating out a heavy fermion Π that couples through
ℒ ⊃ Π†𝜓†1 𝜙1. For clarity, the effective Lagrangian looks like

ℒeff[𝜋] ⊃ 𝜕ℒ 𝑙ℎ
𝜕Π𝛽

1
𝑚2Π

𝐷𝛼�̇� 𝜕ℒ 𝑙ℎ

𝜕Π†
̇𝛽
𝜖𝛼𝛽𝜖�̇� ̇𝛽 + ⋯ (2.15)

= 𝜕ℒ 𝑙ℎ
𝜕Π𝛽

1
𝑚2Π

𝐷𝛼�̇� (𝜓† ̇𝛽
1 𝜙1 + ⋯) 𝜖𝛼𝛽𝜖�̇� ̇𝛽 (2.16)

in this case. The fields 𝜙𝑖 and 𝜓𝑖 need not be light, and could have arisen from the
contraction of fields in a complicated way. For example, 𝜙1 may have come from the
contraction of two light fermions 𝜙1 ∼ 𝜉1𝜉2. This situation is visualised diagrammati-
cally in Fig. 2.4a. The figure shows the 𝜉𝑖 fermions coupling to the heavy 𝜙 propagator,
which in turn couples to 𝜓†1 leading to the arrow-preserving fermion propagator for the
heavy Π carrying momentum 𝑘𝛼�̇� . It is clear from Eq. (2.16) that the derivative acts on
both the fermion and the scalar, reflecting the fact that in the diagram 𝑘 is the sum of
the 𝜓 and 𝜙 momenta. So, derivatives acting on fermions or scalars can be grouped off
into a Yukawa interaction in this way, leaving a arrow-preserving fermion propagator
in their wake. This corresponds to the replacement rules

𝐷𝛼�̇� (𝜓†�̇� )𝜙 → Π𝛼 , 𝐷𝛼�̇� (𝜓†�̇�𝜙) → Π𝛼 , 𝐷𝛼�̇� (𝜙)𝜓†�̇� → Π𝛼 . (2.17)

We highlight that the arrow-preserving propagator implies that only one chirality of
the Dirac fermion Π is necessary for LNV in these models. However, we still only work
with vector-like fermions in our completions to guarantee anomaly cancellation and
straightforwardly give them large masses.
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Figure 2.4: (a) The diagram shows an example opening of an operator containing at
least one derivative. The derivative can be understood as arising from the leading-
order term in the expansion of the arrow-preserving fermion propagator, emphasised
in the diagram. As shown, the fields 𝜉𝑖 and 𝜓1 are external and therefore light, but in
general they could themselves be heavy propagators. (b) The case where the fermion
𝜓1 is heavy, coupling to the light fields 𝜓2 and 𝜙2. The 𝜎 -matrix structure of the prop-
agators is in accordance with the conventions of Ref. [106]. Here, the Lorentz struc-
ture is such that the momenta are contracted, which arises from contractions of
derivatives which share one contracted index.

In an effective operator the derivative may act on a fermion with which it does not
share a contracted index. For example, in the model shown in Fig. 2.4a, the effective
operator at the low scale looks something like

𝐷𝛽 ̇𝛽(𝜉 𝛼1 𝜉2𝛼𝜓†1 ̇𝛽)
𝜕ℒ 𝑙ℎ

𝜕Π𝛽 = 𝐷𝛽 ̇𝛽(𝜉 𝛼1 )𝜉2𝛼𝜓†1 ̇𝛽
𝜕ℒ 𝑙ℎ

𝜕Π𝛽 + ⋯ (2.18)

although as long as the operator is generated at tree-level, the term with the derivative
acting on 𝜓† will always also be present as long as it is not removed by a field redef-
inition involving its classical EOM. Our approach is the following: act the derivative
in all possible ways on the fields constituting the effective operator and discard the

topologies in which a contraction like (𝐷𝛼�̇�𝜓 𝛽1 )𝜙 is made. After a UV-complete model
is derived, the operator it implies will still have the form of the one on the left-hand
side of Eq. (2.18), so no information is lost. This implies the rules

(𝐷𝛼�̇�𝜓 𝛽)𝜙 → 7, (𝐷𝛼�̇�𝜓 𝛽𝜙) → 7, (𝐷𝛼�̇�𝜙)𝜓 𝛽 → 7, (𝐷𝛼�̇�𝜙1)𝜙2 → 7 . (2.19)

The first parentheses of Eqs. (1.39) and (1.32) contribute powers of 𝐷2 or 𝑋 to oper-
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ators in the effective Lagrangian. They contribute the rules

(𝐷𝛼�̇�𝜓 𝛽1 )(𝐷𝛼�̇�𝜓 2𝛽) → Φ†, (𝐷𝛼�̇�𝜙1)(𝐷𝛼�̇�𝜙2) → Φ†

(𝐷𝛼�̇�𝜓 𝛽)(𝐷𝛼�̇�𝜙) → Ψ̄𝛽 , (𝐷𝛼�̇�𝜙1)(𝐷𝛼�̇�𝜙2)𝜙3 → Φ† (2.20)

to those discussed previously. We intend these to stand in for similar rules like e.g.

𝜙1□𝜙2
as well. For the field-strength contractions, there is the additional requirement that
one or both of the fields in the contraction be charged under the corresponding gauge
interaction, but these cannot be contracted into a gauge singlet, since the field-strength
tensor comes about from the anticommutator of the covariant derivatives acting on the
exotic fermion. These rules are

𝜓 𝛼i 𝑋 i𝛽
𝛼 j 𝜙 → Ψ̄𝛽

j , 𝜙𝑋 𝛽𝛼 𝜙 → 7, 𝜓 𝛼i 𝑋 i𝛽
𝛼 j 𝜙j → 7, (2.21)

where i and j stand in for fundamental indices of SU(2)𝐿, SU(3)𝑐 , or no indices at all for
the field-strength tensor of U(1)𝑌 .

Operators with derivatives coming about as this way, i.e. as 𝐷2 or 𝑋 , are often
redundant from the perspective of model discovery, since they imply the existence of
the leading-order operator in which these derivatives do not appear. Thus, the tree-
level completions of these operators can be found by studying the lower-dimensional
operators without those derivatives or field-strength tensors. It may however be the
case that the leading-order operator is absent, in which case these operators may be
important. For the 𝑛𝑓 = 3 SMEFT with one Higgs doublet, we conjecture this can only
come about from operators with a structure like

𝒪𝜇𝐻 𝑖𝜕𝜇𝐻 𝑗𝜖𝑖𝑗 , (2.22)

which vanishes when the derivative is removed. (Similar structures like 𝐿𝑖𝑟𝐿𝑗𝑠𝜖𝑖𝑗 are
non-vanishing since there is an additional space of flavour indices to carry the anti-
symmetry.) This exception does not apply to the case of field-strength tensors, since
[𝑋 𝜇𝜈 , 𝐻 ] = 0 for all field strengths 𝑋 . This is the justification for our earlier comments
that operators containing field-strength tensors are not interesting from the perspective
of model discovery.

The replacement rules given in Eq. (2.20) do not exhaust the possible Lorentz struc-
tures for two derivatives, scalars and fermions. The additional structures involve single
indices contracted between the derivatives, and others contracted into fermions. Di-
agrammatically, we find that these combinations come about from fermion lines con-
taining two arrow-preserving propagators, each contributing a factor of momentum.
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This would be the case, for example, if 𝜓 in Fig. 2.4 were a heavy arrow-preserving
propagator, as shown in Fig. 2.4b. Here the rules are

(𝐷𝛼�̇�𝜓 1𝛼 )(𝐷𝛽 ̇𝛽𝜓 2𝛽)𝜖�̇� ̇𝛽 → Φ†, (𝐷𝛼�̇�𝜓)(𝐷𝛽 ̇𝛽𝜙)𝜖�̇� ̇𝛽 → Ψ̄𝛽 , other combinations → 7.
(2.23)

In summary, exploding derivative operators can lead to novel models that would
not be found by exploding non-derivative operators. We have already seen that this
happenswhen a structure such as Eq. (2.22) is present in the operator. It can also happen
when the presence of an odd number of derivatives allows new topologies with novel
chirality structures. The presence of an even number of derivatives implies either that
the derivatives arose as 𝐷2 or 𝑋 , which usually do not contribute new models, or else
from the contractions of structures like those in Eq. (2.23). It is clear from Fig. 2.4b that in
such cases, the two arrow-preserving fermion propagators can be replaced with arrow-
violating propagators, and indeed these will generically be present since we work with
vector-like fermions. So, with the exception of operators with structures like Eq. (2.22),
studying single derivative operators is sufficient for model discovery.

Derivative operator examples

Among the simplest derivative operators in the Δ𝐿 = 2 SMEFT is the dimension seven
operator

𝒪𝐷3 = 𝐿𝑖𝛼 ̄𝑒†̇𝛽𝐻 𝑗(𝐷𝐻)𝛼 ̇𝛽𝑘𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 (2.24)

which we use as a paradigm for showing how single-derivative operators can be opened
up. We note that the operator’s tree-level completions have also been discussed in
Ref. [245]. The placement of the derivative on the Higgs field is enforced by the unique
SU(2)𝐿 contraction. This is not generally true, and the derivative should be acted in all
possible ways if it can be. The contraction of (𝐷𝐻) into another Higgs is forbidden by
Eq. (2.19). Thus, the (𝐷𝐻) must be contracted into a fermion. The options are

𝐿𝑖𝛼 (𝐷𝐻)𝛼 ̇𝛽𝑘𝜖𝑖𝑗𝜖𝑘𝑙 ∼ Σ† ̇𝛽
𝑗𝑙 and ̄𝑒†̇𝛽 (𝐷𝐻)𝛼 ̇𝛽𝑘 ∼ Δ̄𝛼𝑘1 (2.25)

with the Dirac fermion Δ1 + Δ̄†
1 ∼ (1, 2, −1

2) transforming like 𝐿 under 𝐺SM. The field Σ
is the protagonist in the type-III seesawmodel, and further contractions on the resulting

operator Σ†𝑗𝑙 ̄𝑒†𝐻 𝑗𝐻 𝑙 lead to the models {Σ, Δ1 + Δ̄†
1 } (from ̄𝑒†𝐻 ) and {Σ, Ξ1} (from 𝐻𝐻 )

in that case. The second option in Eq. (2.25) leads to the operator 𝐿𝑖Δ𝑘1𝐻 𝑗𝐻 𝑙𝜖𝑖𝑗𝜖𝑗𝑙 , which
is the Weinberg operator with the second 𝐿 replaced with the exotic vector-like lepton.
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This contraction is illustrated diagrammatically in Fig. 2.5a. It thus implies the same
completions7 as 𝒪1, each along with Δ1+Δ̄†

1 . This is expected since ̄𝑒†(𝐷𝐻) transforms
like 𝐿. There are then a total of five completions, but four models, since two have
the same particle content: {Σ, Δ1 + Δ̄†

1 }. In Fig. 2.5b we show how this can be seen
as coming about from the fact that the chirality structure of the diagram allows two
positions for the arrow-preserving fermion propagator. Note that this is not the case
for the completionwith the singlet fermion𝑁 . Interestingly, there are two fermion-only
models found: {𝑁 , Δ1+Δ̄†

1 } and {Σ, Δ1+Δ̄†
1 }. Both of them contain seesaw fields, which

is consistent with the proof of Ref. [104] that models containing two exotic fermion
fields must contain one of 𝑁 or Σ if they violate lepton-number by two units. Since the
structure of the operator 𝒪𝐷3 is unique, there is no work to be done in writing down
the organic operator generated by these models at the low scale.

We move on to a two-derivative operator example by studying a completion of

𝒪18𝑑 = 𝐿𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙(𝐷𝜇𝐻)𝑚(𝐷𝜇�̃� )𝑛𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛, (2.26)

which has the property that it vanishes when the derivatives are removed. (Note that,
comparing to the operator in Table B.1, the first derivative has been moved onto a Higgs
field.) Applying the only allowed replacement rule on the derivatives first implies the
presence of the real triplet scalar8 Ξ ∼ (1, 3, 0)𝑆 in the theory

𝐿𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙(𝐷𝜇𝐻)𝑚(𝐷𝜇�̃� )𝑛𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛 → 𝐿𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙Ξ𝑚𝑛𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛. (2.27)

From here there are a number of choices. We choose to look at a particular scalar-only
completion involving the unit-hypercharge isosinglet scalar present in the Zee model
𝒮1 ∼ (1, 1, 1):

𝐿𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙Ξ𝑚𝑛𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛 → 𝒮 †
1 𝐻 𝑘𝐻 𝑙Ξ†

𝑘𝑙 , (2.28)

implying the interaction Lagrangian

ℒint ⊃ 𝑥[𝑟𝑠]𝐿𝑟𝐿𝑠𝒮1 + 𝜅𝐻 𝑖�̃� 𝑗Ξ{𝑖𝑗} + 𝜆𝒮1Ξ𝑖𝑗𝐻†
𝑖 𝐻†

𝑗 + h.c. (2.29)

This model was studied in Ref. [248] and identified as the simplest neutrino mass model
according to their assumptions. It has remarkably few free parameters since the scalar
Ξ does not have Yukawa couplings to SM fermions, and the couplings of 𝒮1 to lep-
tons are antisymmetric in flavour. As in the minimal Zee–Wolfenstein scenario [91]
(see Eq. (1.26) and surrounding discussion), this model implies a neutrino-mass matrix

7This phenomenon is discussed in more detail in Sec. 2.4.2.
8We remind the reader that this is not the seesaw field present in the type-II scenario, which has unit

hypercharge.
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Figure 2.5: (a) An intermediate topology representing the operator 𝒪𝐷3 with all
heavy fields except Δ1 integrated out. The contraction ̄𝑒†𝐻 ∼ Δ†

1 gives rise to an
effective operator similar to the Weinberg operator 𝒪1, shown in blue. This branch
of the completion tree therefore involves models featuring Δ1 along with one of the
seesaw fields. (b) The model with field content {Σ, Δ1 + Δ̄†} arises from two similar
diagrams, shown here. These correspond to the two ways the arrow-preserving and
arrow-violating fermion propagators can be placed in the graphs for this furnishing
of the topology.

with zeros down the diagonal and is therefore incompatible with neutrino oscillation
data [249]. It is, however, a good example of how interesting models can be missed
when overlooking operators with derivatives in this model-building framework. The
model generates the following combination of basis operators at the low scale

𝒪 [𝑟𝑠]
𝒮1+Ξ = (𝐿𝑖𝑟𝐿𝑗𝑠)𝐻 𝑘𝐻 𝑙□(𝐻𝑚�̃� 𝑛)𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛. (2.30)

Note that the operator is already symmetric under the interchage 𝑚 ↔ 𝑛, so another
structure need not be added.
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2.3.2 An algorithm for model building

With our basic completion recipe established, in the following we outline the proce-
dures we use to build the UV models that generate the operators listed in Table B.1,
along with relevant metadata: the tree-level diagrams and the models’ Lagrangians.
The methods are presented as they are implemented in our example code [229].

We use a computational representation for tensors representing fields transform-
ing as irreducible representations of SU(2)+ ⊗ SU(2)− ⊗𝐺SM built on top of the SymPy
package [250] for symbolic computation in Python, as well as BasisGen [235] for group-
theory functionality. The code implements the Butler–Portugal algorithm [251, 252] for
obtaining the canonical form of tensorial expressions, which we use to simplify opera-
tors and compare them for equality. Strings of fields and their derivatives representing
gauge- and Lorentz-invariant effective operators are dressed with 𝜖 and 𝛿 tensors to
form all possible invariants. In our specific case, the content of these operators is con-
structed directly by taking the product of all field combinations and keeping only those
that contain a singlet part in the decomposition. We checked this against results from
the Hilbert series, projecting out the Δ𝐿 = 2 component for the pertinent operators by
the method described in Sec. 1.3.3 and removing the spurions accounting for redundan-
cies from field redefinitions involving the classical EOM and IBP. For our study of the
Δ𝐿 = 2 operators, since we are interested in model discovery, we excluded derivative
operators that are non-explosive along with those that contain field-strength tensors
and contracted pairs of derivatives that do not lead to a vanishing structure upon re-
moval.

In practice we start with a template pattern of contractions corresponding to the
topologies that can accommodate the field content of the operators at tree-level. These
are generated using FeynArts [253] throughMathematica, and filtered for isomorphism
with graph-theory tools [254–257]. These templates provide the order and pattern of
contractions for classes of operators based on the number of scalars and fermions they
contain. Since no distinction is made at this level between (2, 1)- and (1, 2)-fermions,
for some operators only a subset of these templates will be relevant for our purposes,
since some contractions may always imply Proca fields. These templates are used to
open up the operator with the assumptions and methods presented in Sec. 2.3. Every
time a replacement rule is applied, the Feynman graph information is updated and a
Lagrangian term is generated as described in Sec. 2.3. After the procedure is finished,
the full Lagrangian of the model can be generated in the same way as the input effective
operators, described above.

We keep track of the quantum numbers of the heavy fields so as to be economic with
exotic degrees of freedom, while still providing some flexibility in the model database.
Concretely, if a field arises from a contraction whose corresponding term has already
appeared in the Lagrangian, the two associated exotic fields are identified. If two fields
come about from different contractions but share the same quantum numbers they are
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distinguished, since it may be possible that some symmetry would forbid one term but
not the other. The choice to identify fields not only reduces the number of fields in
each model, but may also reduce the total number of completions for a given operator.
This is due to couplings between exotic fields that vanish in the absence of some ex-
otic generational structure. For example, 𝜙𝑖𝜙𝑗𝜖𝑖𝑗 = 0 for some exotic isodoublet 𝜙, or
𝜂𝑎𝜂𝑏𝜂𝑐𝜖𝑎𝑏𝑐 = 0 for a colour-triplet 𝜂.

We have attempted to validate our example code against many results in the lit-
erature. We have been able to reproduce the results of Refs. [22, 101, 232, 245, 246],
which give systematic listings of models that generate effective operators at tree-level.
Ref. [22] provides a UV dictionary for the dimension-six SMEFT. Validation of these
results first required the adaptation of the dimension-six operators to something anal-
ogous to the overcomplete spanning set of type-3 operators used here. The entire pro-
cess in this case—including generating the set of operators, finding the completions and
matching examples back onto theWarsaw basis—is provided as an interactive notebook
accompanying our example code. We note that such matching calculations can also be
automated with the help of automated tools [258, 259]. For the other studies mentioned,
we provide our validation of their results along with our example code.

2.4 Neutrino mass model building

Up until now we have tried to keep the discussion of exploding operators general, but
in this and following sections we specialise to the case of opening up operators to build
radiative models of Majorana neutrino mass. We discuss the process of turning Δ𝐿 = 2
operators into neutrino self-energy graphs, the tree-level topologies of the operators,
and the methods we use to ensure a given model’s contribution to the neutrino mass is
the dominant one.

2.4.1 Operator closures and neutrino-mass estimates

For operators other than the Weinberg-like ones, neutrino masses are necessarily gen-
erated at loop level. The fields of the Δ𝐿 = 2 operator need to be looped off using
SM interactions in such a way that a Weinberg-like operator is generated after the SM
fields are integrated out. We call this the operator closure and it represents the mixing
between the Δ𝐿 = 2 operator and theWeinberg-like ones. Examples of Δ𝐿 = 2 operator
closures are given in Table 2.1, and these are referred to throughout this section. The
closure provides enough information to know the number of loops in the neutrino self-
energy graph (since the Δ𝐿 = 2 operator is generated at tree level) and to estimate the
scale of the new physics underlying the operator. We automate the operator-closure
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process by applying the methods discussed below through a pattern-matching algo-
rithm [260, 261]. The program is a part of our public example-code repository.

Current neutrino oscillation data provide a lower bound on the mass of the heavi-
est neutrino, coming from the measured atmospheric mass-squared difference Δ𝑚2

atm ≈
(0.05 eV)2 [7, 262]. We take the neutrino-mass scale 𝑚𝜈 ≈ 0.05 eV, so that the new-
physics scale is bounded above by the implied scale we estimate for each operator.
This is derived by estimating the loop-level operator closure diagrams. In our case we
are interested in estimating the scale of the neutrino mass in the UV models gener-
ating the operator, rather than the calculable loop-level contributions to the neutrino
mass in the EFT. We associate a factor of (16𝜋2)−1 ≈ 6.3 ⋅ 10−3 with each loop and as-
sume unit operator coefficients for the non-renormalisable Δ𝐿 = 2 vertices. We take
the SM Yukawa couplings to be diagonal and include factors of 𝑔 ≈ 0.63 appropriately
for interaction vertices involving 𝑊 bosons. Neutrino-mass matrices proportional to
Yukawa couplings will be dominated by the contributions from the third generation of
SM fermions in the absence of any special flavour hierarchy in the new-physics cou-
plings. For this reason, we consider only the effects of third-generation SM fermions
in our estimates, but mention that our program can be straightforwardly extended to
accommodate the general casewhere light-fermion Yukawas and off-diagonal CKMma-
trix elements appear in the neutrino-mass matrix. For derivative-operator closures, we
can include the 𝑊 boson from the covariant derivative if it is present and necessary to
correctly close off the diagram. Otherwise, the vertex should come with an additional
factor of momentum. We work in the Feynman gauge to avoid spurious factors of Λ in
the neutrino-mass estimates [245]. The overall scale-suppression of the neutrino mass
is determined by the Weinberg-like operator generated at the low scale. In most cases,
this is the dimension-five operator 𝒪1, which implies 𝑚𝒪1𝜈 ∼ 𝑣2/Λ. Closures leading to
the loop-level generation of 𝒪 ′1 and 𝒪 ′′1 can also be found, and these naively imply a
significant suppression of the neutrino mass compared to the 𝒪1 case: 𝑚𝒪 ′1𝜈 ∼ 𝑣4/Λ3

and 𝑚𝒪 ′′1𝜈 ∼ 𝑣6/Λ5. However, a diagram with additional Higgs loops can always be
drawn to recover the Weinberg operator at the low scale. Despite the additional loop
suppression, these diagrams will dominate over those generating 𝒪 ′1 and 𝒪 ′′1 as long as
Λ ≳ 4𝜋𝑣 ≈ 2.2 TeV [84, 99].

It is still true that higher-dimensional operators typically imply smaller neutrino
masses. There are two main reasons for this. First, the number of loops required for the
closure of the operator generally increases with increasing mass dimension. Second,
operators containing more fields imply neutrino self-energy diagrams containing more
couplings. Many of these are SM Yukawas which (with the exception of 𝑦𝑡 ) are small
and tend to suppress the neutrino mass, despite the contributions being dominated by
the third generation. Non-minimal choices such as small exotic Yukawa couplings or
hierarchical flavour structures in the operator coefficients can also lead to additional
suppression of the neutrino mass, and in turn of the implied scale of the new physics.
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Table 2.1: The table shows an assortment of Δ𝐿 = 2 operator closures, displaying a
number of paradigmatic motifs. We represent flavour indices in a sans-serif typeface
here to avoid confusion with subscripts labelling the Yukawa couplings. The expres-
sions given for 𝑚rs𝜈 needs to be symmetrised in rs, something we do not explicitly
indicate in the table. These expressions carry flavour indices in alphabetical order on
the fields as they appear in Table B.1. Here 𝜅 represents the operator coefficient, 𝑉 is
the CKM matrix and 𝑦 r𝑒,𝑢,𝑑 are the diagonal electron, up-type and down-type Yukawa
couplings in the SM. A number of operators require an external electron to be con-
verted into a neutrino. This often necessitates the introduction of a 𝑊 boson or an
unphysical charged Higgs 𝐻+. Operator 𝒪8 generates the dimension-seven analogue
of the Weinberg operator with the two-loop diagram shown. (There is a lower or-
der diagram with an 𝐻+ in place of the 𝑊 that happens to vanish [263].) A three-
loop diagram in which two of the external Higgs lines are looped off leads to mixing
with the Weinberg operator. Operator 𝒪76 generates the dimension-nine operator
𝐿𝐿𝐻𝐻(𝐻†𝐻)2, and hence five- and six-loop diagrams are also implied. There is usu-
ally more than one choice about where to attach the 𝑊 boson if one is present in a
diagram, and the additional diagrams with the 𝑊 connecting in other possible ways
are left implicit.

Op. Diagram 𝑚rs𝜈

4𝑏

Qū
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In Fig. 2.6 we show the new-physics scales Λ associated with neutrino-mass gen-
eration from the Δ𝐿 = 2 operators in the SMEFT up to dimension 13, assuming unit
operator coefficients and the dominance of third-generation couplings. We separate
single-derivative operators from those that contain no derivatives, and choose not to
include operators containing more than one derivative in the figure. This is because
these operators most often arise at next-to-leading order in the EFT expansion, and
therefore usually imply a neutrino-mass scale identical to that of lower-dimensional
operators. The dimension-eleven operators with derivatives as well as the dimension-
13 operators are constructed only as products of lower-dimensional ones, making the
set of operators incomplete. We highlight that similar kinds of product operators at di-
mensions eleven and nine do not imply special values for the estimated neutrino-mass
scale or Λ, and therefore we expect the results to be representative of the situation up
to dimension 13. From the figure, it is clear that there is a trend towards smaller values
of Λ with increasing mass dimension. By dimension 13, the implied new-physics scale
is between 1 and 100 TeV for most operators. It seems to be the case that the most
constrained closures are generally those of non-derivative operators.

We note that at dimension eleven it begins to become clear that the neutrino-mass
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estimates associated with a category of operators remain large. These operators include
𝒪47𝑎, whose closure is shown in Table 2.1, and 44 others like it which have loops that
contain no connecting Higgs, and therefore no additional suppression from SM Yukawa
couplings9. These operators have the form

𝒪1 ⋅
𝑛

∏
𝑖=1

𝜓†𝑖 𝜓𝑖, (2.31)

where 𝜓𝑖 are SM fermion fields, and imply

𝑚𝜈 ∼ 𝜅 1
(16𝜋2)𝑛

𝑣2
Λ , (2.32)

with 𝜅 the operator coefficient. The loop suppression becomes too great to meet the
atmospheric bound at 𝑛 = 6. Although five loops are viable in the absence of any other
suppression, the operators 𝒪1 ⋅ ∏5

𝑖=1(𝜓†𝑖 𝜓𝑖) cannot form a Lorentz-singlet without a
derivative. This suggests that dimension-21 operators of the form

𝐿𝐿𝐻(𝜕𝜇𝐻) ⋅ (𝜓0𝜎𝜇𝜓†0 )
4

∏
𝑖=1

𝜓†𝑖 𝜓𝑖 (2.33)

are the highest-dimensional operators leading to phenomenologically viable neutrino
masses. They require new physics below ∼ 6 TeV. All of the tree-level topologies as-
sociated with the structure in Eq. (2.33) imply that the neutrino mass depends on the
product of nine or more dimensionless couplings. It is clear from Fig. 2.6 that these op-
erators are outliers, and the associated new-physics scale is already heavily constrained
by dimension 13 for most.

Estimates for the neutrino mass for the majority of the Δ𝐿 = 2 operators without
derivatives have been given previously in Ref. [84]. Those that we present here differ
in two ways:

1. We aim to estimate the contribution to the neutrino mass implied by the com-
pletions of the operator, not the operator alone. This means, for example, that
we do not need more loops of gauge bosons to provide additional factors of mo-
mentum on fermion loops with no mass insertions, since it is implicit that the
appropriate factors of momentum will arise at higher orders in the EFT expan-
sion. Such arrow-preserving loops, as shown in the closures of 𝒪47𝑎 and 𝒪56 in
Table 2.1, vanish by even–odd parity arguments absent these higher-order con-
tributions [84]. Indeed, in UV models built from these operators the additional

9A UV example of such a model was presented and studied in Ref. [4] for 𝒪47𝑗 . A number of other
examples were also mentioned in Ref. [264], including a two-loop model generating a dimension-13
operator at tree level.



70 Neutrino mass ex machina

7 9 11 13

Mass dimension

−5

0

5

10

15
lo

g 1
0

Λ
/T

eV

O8 O76 O47a
Only products

No derivatives

Derivatives

Figure 2.6: The figure shows smoothed histograms of the number of operators that
have an estimated upper bound of Λ on the new-physics scale. Black dots gener-
ally represent more than one operator. The strips are broken up by mass dimension
and whether the operators contain derivatives or not. We assume unit operator co-
efficients and the dominance of third-generation SM-fermion contributions in the
closure diagrams. Operators containing no derivatives (blue) are separated from
those containing one derivative (orange). Those containing more than one deriva-
tive are not included in the figure, since in most cases these come about at next-to-
leading order in the EFT expansion, and therefore imply the same Λ values as the
lower-dimensional operator with two fewer derivatives. The dimension-eleven oper-
ators containing one derivative and all of the dimension-13 operators shown are con-
structed from the lower-dimensional operators in our listing only as products. This
means that the set of operators plotted above that do not feature in Table B.1 are in-
complete. However, we do not find that similar product-type operators at dimensions
nine and eleven give special estimates for the neutrino mass or Λ, and so we expect
these results to be representative of the true situation up to mass-dimension 13. The
general decrease in Λ with increasing operator mass dimension is evident in the fig-
ure. The most suppressed closures tend to be of non-derivative operators. By mass-
dimension eleven it becomes clear that a class of operators, those with the structure
shown in Eq. (2.31), are less suppressed than the rest.
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Figure 2.7: For some operators containing ̄𝑑 ̄𝑢† the operator closure involves a motif
like that shown in the figure. There is always an additional diagram with the roles of
the unphysical Higgs and 𝐻 0 interchanged. Both diagrams are proportional to 𝑦𝑢𝑦𝑑
but related by a negative sign coming from the couplings of 𝐻+ to up- and down-
type quarks as shown in Eq. (2.34), and therefore their sum vanishes.

gauge-boson loops are not necessary [4, 241]. This means that for operators such
as 𝒪47𝑎 and 𝒪56, our neutrino-mass estimates are enhanced with respect to those
presented in Ref. [84] by 16𝜋2/𝑔2.

2. In some cases, operators containing a factor of ̄𝑢† ̄𝑑 require a closure with 𝑊
bosons rather than 𝐻+, since the sum of the diagrams with the unphysical Higgs
fields vanishes [263]. The situation is shown in Fig. 2.7 for a general one-loop
case of this phenomenon. Ultimately this comes from the relative negative sign
in the Lagrangian between the up- and down-type Yukawa interactions:

ℒYuk ⊃ 𝑦 𝑟𝑢𝑉𝑟 𝑡𝑑𝑡 ̄𝑢𝑟𝐻+ − 𝑦 𝑟𝑑𝑉𝑡𝑟 ̄𝑑†𝑟 𝑢†𝑡 𝐻+ . (2.34)

As shown in the Fig. 2.7, the fermion loop requires a mass insertion on the quark
line to which the 𝐻+ does not connect, making both loops proportional to 𝑦𝑢𝑦𝑑
but with differing signs. Care must be taken to ensure that the loop functions are
also necessarily the same in cases where this property is used.

It might be possible that, in a similar way to (2) above, the sum of diagrams with dif-
ferent 𝑊 placements or of the neutrino-flavour-symmetrised diagrams might also lead
to additional cancellations which further decrease the upper bound on the new-physics
scale. This not a possibility we explore in detail here, but note that similar cancellations
have been noted in the literature [4].

Our estimates for the neutrino mass are provided as symbolic mathematical expres-
sions in our model database. Where possible these been checked against more detailed
calculations and UV models in the literature generating the operators to ensure accept-
able agreement [4, 16, 82, 83, 101, 245, 263, 265, 266]. The predictions for the new-
physics scale associated with each operator are provided in Table B.1, along with the
number of loops in the closure. Operators for which a range is given for the number of
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loops are those that generate the dimension-seven or dimension-nine analogues of the
Weinberg operator. As touched on above, the additional Higgs fields in these closures
can always be closed off, adding more loops to the neutrino self-energy diagram while
reducing the overall scale suppression. The contribution with the highest number of
loops will dominate for scales Λ ≳ 4𝜋𝑣 .

We note that in some cases, more insights can be made about the structure of the
neutrino-mass matrix from the nature of the operator, even in the general form with
which they appear in our classification. For example, there is only one independent
Lorentz-structure associated with 𝒪4𝑏: 𝜅𝒪4𝑏𝑟 𝑠𝑡 𝑡 (𝐿𝑖𝑟𝐿𝑗𝑠𝜖𝑖𝑗)(𝑄†

𝑡𝑘 ̄𝑢†𝑡 )𝐻 𝑘 , from which it can be
seen that the operator coefficient must be antisymmetric in 𝑟 𝑠 from Fermi–Dirac statis-
tics. It is clear from the diagram associated with the operator in Table 2.1 that the loop
integral will depend on an external lepton flavour, and this dependence can only come
from charged-lepton masses, i.e. 𝐼 (𝑚𝑟𝑒). Then the complete expression for the estimated
neutrino mass will be something like

𝑚{𝑟𝑠}𝜈 ∼ ∑
𝑡

𝑔22𝑦 𝑡𝑢
(16𝜋2)2

𝑣2
Λ [𝜅[𝑟𝑠]𝑡 𝑡 𝐼 (𝑚𝑟𝑒) + 𝜅[𝑠𝑟]𝑡 𝑡 𝐼 (𝑚𝑠𝑒)] (2.35)

= ∑
𝑡

𝑔22𝑦 𝑡𝑢
(16𝜋2)2

𝑣2
Λ 𝜅[𝑟𝑠]𝑡 𝑡[𝐼 (𝑚𝑟𝑒) − 𝐼 (𝑚𝑠𝑒)], (2.36)

which implies a neutrino-mass matrix with zeros down the diagonal, similar to that
following from the Lagrangian in Eq. (2.29). Such a texture is disfavoured by neutrino
oscillation data. Studying the structure of the neutrino-mass matrices implied by a
complete basis of Δ𝐿 = 2 operators would allow more, similar conclusions to be drawn
in a model-independent way. Recently, a complete basis of operators in the SMEFT at
dimension nine has been written down [145], and this could facilitate such an effort.

2.4.2 UV considerations

We now turn to the UV structure of the operators: their completion topologies, the
associated neutrino self-energy graphs, and the nature of the exotic fields that feature
therein. Central to our study of neutrinomass is the requirement that a model represent
the leading contribution to the neutrino mass, a condition we impose through a process
of model filtering, also discussed in the present section.

Tree-level completion topologies

The tree-level UV topologies depend on the number of fermions and scalars in the op-
erator, and this is how we choose to label them. Thus, a dimension-eleven operator
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with two scalars and six fermions has topologies labelled 2𝑠6𝑓𝑖. We do not distinguish
between (2, 1)- and (1, 2)-fermions in this classification, and some of these topologies
will therefore always imply the existence of heavy vector particles in the completions.
In our analysis these models are not considered, but the topologies are still presented
here in general. Each topology corresponds to a pattern of contractions in the language
of Sec. 2.3, and sometimes we use this perspective.

We present the different topology types in Table 2.2 along with peripheral infor-
mation relating to these. The number of propagators in the diagrams represents an
inclusive upper bound on the number of exotic fields allowed in the completions of
the associated operators, counting Dirac fermions as one exotic field. In many cases,
repetition in the operator’s field content can lead to fewer fields furnishing the internal
lines of the diagram, since we identify fields with the same quantum numbers. To avoid
clutter we keep the complete gallery of tree-level diagrams in our online example-code
repository, and instead only show some of the graphs here. For some topology types
the relevant diagrams have already appeared in earlier parts of the paper, and these fig-
ures are referenced in the table. We make more specific comments about the topology
types by operator mass dimension below.

Dimension seven At dimension seven there are three broad classes of Δ𝐿 = 2 opera-
tors by field-content: 0𝑠4𝑓 , 1𝑠4𝑓 and 4𝑠2𝑓 in our classification scheme. Operator 𝒪𝐷1 is
one of only two 0𝑠4𝑓 operators in the entire listing, both of which are non-explosive10.
The Weinberg-like 𝒪 ′1 is the only 4𝑠2𝑓 operator at dimension seven, while there are six
4𝑠2𝑓 operators: 𝒪2, 𝒪3𝑎,𝑏 , 𝒪4𝑎,𝑏 and 𝒪8. The UV topologies relevant for the dimension-
seven operators are presented in Fig. 2.8. There are only two tree-level topologies as-
sociated with the 1𝑠4𝑓 operators. One involves two exotic scalars, the other an exotic
scalar and a heavy fermion with an arrow-violating propagator line. There are ten
topologies associated with the 4𝑠2𝑓 class, for which the only pertinent operator is 𝒪 ′1 .
Only topology 4𝑠2𝑓3 is associated with a model that does not contain seesaw fields.
Topology 4𝑠2𝑓6 accommodates up to three exotic scalars and 4𝑠2𝑓8 allows up to three
exotic fermions. Such fermion-only models are expected only for the Weinberg-like
operators, in the absence of derivatives. The remaining topologies allow all other com-
binations up to three fields for the number of exotic scalars and fermions introduced.
Radiative neutrino mass from the dimension-seven operators without derivatives was
also studied in Ref. [101].

Dimension nine At dimension nine there are 79 operators in our catalogue. There are
16 operators containing six fermions, these are 𝒪9 through to 𝒪20 as well as 𝒪76. The
relevant tree-level topologies are presented in Fig. 2.2. There are 15 3𝑠4𝑓 operators,

10We note that although 𝒪𝐷1 is non-explosive, one-loop completions exist that lead to three-loop neu-
trino mass models.
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Topology type Operators Topologies Propagators Figure

0𝑠4𝑓 2 1 1 ↪
0𝑠6𝑓 16 2 3 2.2
1𝑠4𝑓 16 2 2 2.8b
2𝑠2𝑓 7 1 1 2.1
2𝑠4𝑓 29 8 2,3 2.9b
2𝑠6𝑓 137 35 4,5 2.11
3𝑠2𝑓 3 4 1,2 2.10b
3𝑠4𝑓 15 23 3,4 2.9a
4𝑠2𝑓 8 10 2,3 2.8a
5𝑠2𝑓 1 24 2,3,4 2.10a
5𝑠4𝑓 15 264 4,5,6 ↪
6𝑠2𝑓 1 66 3,4,5 ↪

Table 2.2: The table shows the topology classes encountered in our operator listing
along with related information: the number of pertinent operators, the number of
tree-level topologies associated with each topology type, the number of internal lines
featuring in the diagrams (given as a range), and the appropriate figure reference in
the text. Although there is one 0𝑠4𝑓 topology, all of the pertinent operators in our
listing are non-explosive because they contain derivatives. The symbol ↪ indicates
that we do not present these topologies in this paper; instead, we point the interested
reader to our online database and example code for the relevant diagrams. We high-
light that although the topologies are labelled only by their field content, the perti-
nent operators may include one or more derivatives. We point the reader to the main
text for a detailed breakdown by mass-dimension of the topologies that are relevant
to each operator.

most of which have the form 𝒪1 ⋅ 𝒪SM Yukawa or 𝐻†𝐻 times a 1𝑠4𝑓 dimension-seven
operator. These are operators 𝒪5 through to 𝒪7 as well as 𝒪61, 𝒪71, 𝒪77, 𝒪78 and 𝒪 ′8 .
These topologies are shown in Fig. 2.9a. There is a single 6𝑠2𝑓 operator: the Weinberg-
like 𝒪 ′′1 . The remaining 47 operators contain derivatives. Those that contain an even
number share topologies with dimension-five or dimension-seven operators. These
include 𝒪𝐷19, a 2𝑠2𝑓 operator, 𝒪𝐷18 and 𝒪𝐷22 which are 4𝑠2𝑓 operators with associated
topologies shown in Fig. 2.8a, as well as 𝒪𝐷4, 𝒪𝐷7, 𝒪𝐷13 and 𝒪𝐷15 for which the 1𝑠4𝑓
topologies of Fig. 2.8b are relevant. The remaining operators contain an odd number
of derivatives. The operators 𝒪𝐷5, 𝒪𝐷6, 𝒪𝐷8 – 𝒪𝐷10, 𝒪𝐷12, 𝒪𝐷14, 𝒪𝐷16 and 𝒪𝐷17 are
of type 2𝑠4𝑓 , implying entirely new topologies, shown in Fig. 2.9b. To these we add
the 5𝑠2𝑓 operator 𝒪𝐷20 and the 3𝑠2𝑓 operator 𝒪𝐷21, which also have novel structure.
Fig. 2.10a and Fig. 2.10b are relevant in this case. For the operators that contain an
odd number of derivatives, only the topologies allowing at least one arrow-preserving
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(a)

(b)

Figure 2.8: (a) The tree-level topologies relevant for the completions of the four-
scalar–two-fermion operator 𝒪 ′1 . Only topology 4𝑠2𝑓4 leads to a novel comple-
tion that does not feature a seesaw field. We point out that topology 4𝑠2𝑓8 permits
fermion-only completions, which are expected only for the Weinberg-like operators
in the absence of derivatives. (b) The two tree-level topologies relevant for the com-
pletions of the one-scalar–four-fermion dimension-seven operators in Table B.1. The
internal fermion line on 1𝑠4𝑓2 must be arrow-violating for all of the operators we con-
sider.

fermion propagator do not contain exotic Proca fields. Some 3𝑠4𝑓 and 5𝑠2𝑓 topologies
have the interesting property that they involve exotic fields that couple only to other
exotic fields in the diagram. These are the lowest-dimensional operators in our listing
having this feature, although this becomes more common at dimension eleven.

We note that the tree-level topologies can also be important in telling which deriva-
tive operators might provide novel completions. As discussed in Sec. 2.3.1, many op-
erators containing more than one derivative have no model-discovery utility. These
are operators generated past the leading order in the expansion of the heavy propaga-
tors in the UV theory, and their completions are always found by exploding the lower-
dimensional operators with an even number of fewer derivatives. One way to diagnose
such a situation is to check how many arrow-preserving fermion lines are present in
the tree-level topologies associated with an operator. If all of the graphs contain fewer
such propagators than the number of derivatives in the operator, then any model gen-
erating this operator will also generate the corresponding lower-dimensional one. At
dimension nine there are seven operator classes that fall into this category. The four
operator families 𝒪𝐷4, 𝒪𝐷7, 𝒪𝐷13 and 𝒪𝐷15 each contain two derivatives. These opera-
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tors are identified above as fitting into the 1𝑠4𝑓 topology class. It is clear from Fig. 2.8b
that no two-fermion completions are relevant to this class, and the Lorentz structure of
these operators is such that the internal fermion can only by arrow-violating. This sug-
gests that models generating these operators at tree-level will always also generate the
derivative-free dimension-seven operators 𝒪2, 𝒪3, 𝒪4 and 𝒪8, respectively. There are
two three-derivative operators: 𝒪𝐷21, of topology class 3𝑠2𝑓 , and 𝒪𝐷11, a 0𝑠4𝑓 operator.
The latter is non-explosive and therefore not relevant to a discussion of tree-level model
building. The 3𝑠2𝑓 class admits completions that contain one and two fermions: those
associated with topologies 3𝑠2𝑓4 and 3𝑠2𝑓2, respectively. In both cases we find that the
operator’s structure allows for only a single arrow-preserving propagator in each dia-
gram. As before, this suggests that 𝒪𝐷21 is not interesting for model discovery, and its
completions will be found by studying 𝒪𝐷3. Finally, there is also one four-derivative
operator at dimension nine: the 2𝑠2𝑓 operator 𝒪𝐷19 whose completions coincide with
those of the Weinberg operator 𝒪1. This means that the only two-derivative operators
in our listing that could contribute new completions to the pool of neutrino-mass mod-
els are 𝒪𝐷18 and 𝒪𝐷22. Operator 𝒪𝐷22 has the feature that the removal of the derivatives
causes the operator to vanish, while this is not true for all of the SU(2)𝐿 structures as-
sociated with 𝒪𝐷18.

Dimension eleven By far the largest class of operators at dimension eleven is the
2𝑠6𝑓 topology type, for which the topologies are presented in Fig. 2.11. These oper-
ators are mostly formed as products of 0𝑠6𝑓 dimension-nine operators with 𝐻†𝐻 , or
1𝑠4𝑓 dimension-seven operators with SM Yukawa couplings. They are operators 𝒪21
through to 𝒪65, excluding the structures associated with 𝒪61, as well as 𝒪75, 𝒪 ′76 and
𝒪82. The only other major class relevant to the derivative-free dimension-eleven opera-
tors is 5𝑠4𝑓 for which there are 264 tree-level topologies. These are presented with our
example code, along with the topologies relevant to the single 6𝑠2𝑓 operator 𝒪 ′′′1 . This
dimension-eleven generalisation of the Weinberg operator has already received some
attention in the literature [103].

Model filtering

The completions constructed by exploding the Δ𝐿 = 2 operators are not all automati-
cally guaranteed to provide the leading-order contribution to the neutrino mass. The
same Δ𝐿 = 2 Lagrangian may, for example, inevitably imply another, larger contribu-
tion. Alternatively, the dominant contribution may come from other LNV combina-
tions of couplings in the model’s full Lagrangian. The relative importance of different
mechanisms may also depend on the assumptions of the model builder. Some neutrino-
mass diagrams will dominate over others only in certain regions of parameter space.
Are these regions accessible without large hierarchies in exotic couplings? Are such
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(a)

(b)

Figure 2.9: (a) The figure shows the tree-level topologies relevant to 3𝑠4𝑓 operators.
Topologies 3𝑠4𝑓3, 3𝑠4𝑓13, 3𝑠4𝑓20 and 3𝑠4𝑓23 imply one exotic field that couples only
to other exotics in the diagram. This topology class is relevant to a large number of
dimension-nine operators, and these are the lowest-dimensional examples of opera-
tors containing this property in our listing. (b) The two-scalar–four-fermion topolo-
gies associated with dimension-nine single-derivative operators in our catalogue.
Since only single-derivative operators furnish these graphs, only those topologies
containing at least one arrow-preserving internal fermion line are relevant. These are
topologies 2𝑠4𝑓4 – 2𝑠4𝑓8; the other fermion propagator in 2𝑠4𝑓4 and 2𝑠4𝑓5 must be ar-
row violating. Topologies 2𝑠4𝑓1 – 2𝑠4𝑓3 each give rise to completions involving exotic
Proca fields.
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(a)

(b)

Figure 2.10: (a) The 5𝑠2𝑓 topologies relevant only to the single-derivative operator
𝒪𝐷20. Only those topologies allowing one arrow-preserving internal fermion line give
completions allowed in our framework. Topologies 5𝑠2𝑓4, 5𝑠2𝑓7 and 5𝑠2𝑓10 contain
heavy fields that couple only to other exotics in the diagram. (b) The UV diagrams
associated with the 3𝑠2𝑓 operator 𝒪𝐷21. Only the last two diagrams can generate the
operator under our model-building assumptions.
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Figure 2.11: The tree-level topologies associated with the large class of 2𝑠6𝑓
dimension-eleven operators in our listing. A number of graphs display the feature
— less common at dimension nine — that an exotic field in the diagram couples only
to other internal lines.
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hierarchies acceptable, if necessary to render a mechanism dominant? What about
exotic flavours or additional symmetries? Model filtering is the process of removing
those models that, under some set of assumptions, do not provide the leading-order
contribution to the neutrino mass. Our approach to filtering neutrino mass models is
contrasted against other possible approaches below, and we also make more general
comments about model filtering in other contexts. We mention that the following dis-
cussion of filtering is similar in intent to that of ‘genuineness’ in the loop-level matching
paradigm [94–97]. We sometimes adopt this notation as well, and call models ‘genuine’
if they represent the dominant contribution to the neutrino mass.

Filtering criterion We begin by noting that model filtering is ubiquitous when con-
sidering tree-level effects. Here, the filtering criterion is unambiguously the operator
dimension, since higher-dimensional operators are inevitably suppressed compared to
lower-dimensional ones. With regard to the Δ𝐿 = 2 EFT, such a dimension-focused cri-
terion is useful for thinking about LNV scattering events, for example. As discussed in
Sec. 2.4.1, the operator dimension is also a rough indication of the predicted neutrino-
mass scale, and therefore has some utility in anticipating which models will dominate
the neutrino mass.

We point out that this approach to model filtering allows for the immediate rejec-
tion of some models, already during the process of opening up the operator. This can
happen, for example, when a contraction introduces an exotic particle transforming like
a SM field. Taking 𝒪2 as an example, contractions like

𝜑†∼(1,2, 12 )

𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 → 𝐿𝑖𝐿𝑘 �̃�𝑗𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 , (2.37)

with �̃� a second Higgs doublet, always imply that further contractions will produce see-
saw fields, since the RHS of Eq. (2.37) has the same structure as the Weinberg operator.
We note that for fermions the situation is more subtle because of the Lorentz structure.
Specifically, although 𝐻 ̄𝑢 transforms like 𝑄† under 𝐺SM, the Lorentz transformation
properties are different. The derivative contraction (𝐷𝛼�̇�𝐻) ̄𝑢𝛼 does transform like 𝑄
under SU(2)+⊗SU(2)−⊗𝐺SM and that makes a number of such contractions forbidden
if one is interested in only dominant contributions according to the mass-dimension
criterion. This is the same phenomenon as that seen in the paradigmatic opening of the
derivative operator 𝒪𝐷3 given in Sec. 2.3.1, where an exotic field transforming like 𝐿
[see Eq. (2.25)] lead to a similar Weinberg-like operator at an intermediate stage in the
completion procedure. We note that this does not completely rule out exotic copies of
SM fields featuring in radiative neutrino mass models. Using 𝒪2 again as an example:

𝜑†∼(1,2, 12 )

𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 → 𝐿𝑖𝐿𝑗 �̃�𝑘𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 (2.38)
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is allowed, since the SU(2)𝐿 structure of this operator differs to that of theWeinberg op-
erator. Similarly, vector-like quarks and leptons are extensively found in completions of
both derivative and non-derivative operators after the filtering procedure, but their SM
and Lorentz quantum numbers are interchanged with respect to their SM counterparts.
For example, a particular completion of 𝒪3𝑎 is

𝑈∼(3,1, 23 )

𝐿𝑖𝐿𝑗𝑄𝑘 ̄𝑑𝐻 𝑙𝜖𝑖𝑗𝜖𝑘𝑙 →
𝒮 †
1 ∼(1,1,−1)
𝐿𝑖𝐿𝑗𝑈 ̄𝑑𝜖𝑖𝑗𝜖𝑘𝑙 → 𝒮 †

1 𝑈 ̄𝑑 , (2.39)

which contains the vector-like quark 𝑈 + ̄𝑈 †. Note however that 𝑈 transforms like ̄𝑢†
under 𝐺SM, but oppositely under the Lorentz group. It is true that ̄𝑈 , the vector-like
partner of 𝑈 , does transform like ̄𝑢, but this plays no role in the operator.

Since we are most interested in radiative neutrino mass, a more direct and relevant
filtering criterion in our case is the neutrino-mass estimate from the closure graph of
the operator. This is the metric we use to compare and filter models in the results we
present in Sec. 2.5. Whichever filtering criterion is chosen, the conditions for generating
the lower-dimensional operator or the dominant neutrino self-energy graph still depend
on the filtering philosophy.

Filtering philosophy The filtering criterion defines a hierarchy among the effective
operators. If one is interested in tree-level effects, then operators of low dimension
have a high priority in the sense that their effects are dominant over those of high-
dimensional operators, whose influence is suppressed by additional powers of Λ. Sim-
ilarly, the operators whose closure graphs imply large contributions to the neutrino
mass have a higher priority than those implying small contributions.

One could take the view that it is sufficient for a subset of the field content associated
with a completion of a high-priority operator to be present in that of a lower-priority
one for it to be filtered out, even if the relevant diagrams depend on entirely different
couplings and interactions. We call this perspective democratic, in the sense that it
treats all allowed couplings and interactions fairly and ignores possible hierarchies in
free parameters. A democratic approach would then filter out all completions of Δ𝐿 = 2
operators of mass dimension larger than five containing one of the seesaw fields, for
example, since these always imply a dominant contribution from the dimension-five
Weinberg operator. Even if the same couplings are not present in both diagrams, there
is no reason, on this view, for one coupling to be very much larger than another, making
the tree-level contribution dominant.

An alternative approach might be to filter out only those completions that necessar-
ily lead to subdominant contributions to the neutrino mass in all regions of parameter
space. Naively it seems that neutrino-mass mechanisms involving different couplings
would all survive the filtering process in this case, since the relative ordering of the
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contributions from each diagram depends on the chosen values of the coupling con-
stants. This is in general only guaranteed if a symmetry is recovered in the Lagrangian
when one coupling is turned off, so that the forbidden coupling is not generated at some
higher order in perturbation theory. We call this approach stringent filtering, since the
conditions for removing a model are more difficult to satisfy.

For our results in Sec. 2.5 we take an intermediate view, leaning more towards the
democratic side. We filter on the basis of particle content, but always keep track of the
baryon-number assignment of the field. We then keep models with identical SM quan-
tum numbers if the baryon-number assignments of the fields differ. With a concrete
example, we treat 𝜁 (′) ∼ (3̄, 1, 13) in 𝑥(𝐿𝑖𝑄𝑗)𝜁 {𝑘𝑙}𝜖𝑖𝑘𝜖𝑗𝑙 and 𝑦(𝑄 𝑖𝑄𝑗)𝜁 ′{𝑘𝑙}𝜖𝑖𝑘𝜖𝑗𝑙 as different
fields.

In practice, we enumerate the completions of the operators in order of their esti-
mated contribution to the neutrinomass. We associate a prime number with each exotic
field encountered, including baryon-number as a distinguishing property. Models then
correspond to products of prime numbers. As we explode each operator in order, we
remove models from the list of completions if their characteristic number is divisible
by that of any models already seen. In this way, we remove those mechanisms that are
subdominant contributions to the neutrino mass in the democratic sense.

We emphasise that this procedure is not sufficient to fully ensure that the remain-
ing models are genuinely dominant contributions to the neutrino mass. For example,
it may be the case that the Weinberg operator is generated by loops of a subset of the
exotic particles in one of our models. We are not sensitive to these models since we are
concerned only with tree-level completions of the operators. One-loop contributions
to the neutrino mass from heavy loops can be diagnosed easily on topological grounds.
For example, topology T-3 of Ref. [102] will come about whenever the neutrinos in
the diagram are connected by a single exotic fermion [241]. At two-loops, one could
check the full gauge- and Lorentz-invariant Lagrangian for each model against Table 1
of Ref. [96], for example. We do not include this in our default filtering procedure, since
it would require generating the full Lagrangian of each model. This is a computation-
ally prohibitive task, especially since Table 2.2 suggests that the completions of some
operators can contain up to six exotic fields. Should any model from our database be
chosen for further study, the full Lagrangian can be generated with the functions in our
example code and studied for the presence such heavy loops. We note that sometimes
the presence of a heavy loop can be diagnosed from the neutrino self-energy graph, or
even the tree-level topology, and we give a detailed example of such a case in Sec. 2.5.2.
An additional filter on the models that goes beyond our initial tree-level filtering anal-
ysis is the possibility of exotic fields gaining vacuum expectation values. In this case,
diagrams may exist that imply larger contributions to the neutrino mass than that sug-
gested by our approach, and we are not sensitive to these since they generate exotic
operators other than the Weinberg operator at the low scale. Examples are presented
in Refs. [267, 268], where in both cases a two-loop completion of theWeinberg operator



2.5 Models 83

also generates the exotic operator 𝐿𝐿𝐻†Θ3, where Θ3 ∼ (1, 4, 32)𝑆 .
We note that ourmodel database [20] contains both the unfiltered completions of the

operators in Table B.1, as well as themodels filtered according to the abovemethod. Our
example code also includes functions for filtering on interactions rather than fields, and
finding U(1) symmetries present in models’ Lagrangians. Thus, the results presented
in Sec. 2.5 and Table B.1 can be readily reproduced with alternative filtering criteria,
philosophies or approaches.

2.5 Models

In this section we present the radiative models derived by exploding the Δ𝐿 = 2 opera-
tors catalogued in Table B.1. We give an overview of themodels, and explore their parti-
cle content and the effects of the partial model-filtering method we present in Sec. 2.4.2.
We do not provide the entire listing of models here because there are very many, but
instead give some examples. We point the interested reader to our database for the full
searchable listing.

We distinguish the terms ‘model’ and ‘neutrino-mass mechanism’ or ‘Δ𝐿 = 2 La-
grangian’ in this section. By model we mean a collection of particle content. Those
same multiplets may have many combinations of couplings that violate lepton-number
by two units, leading to meany neutrino-mass mechanisms, or Δ𝐿 = 2 Lagrangians.
We use the word ‘completion’ here to mean a neutrino-mass mechanism derived from
a particular effective operator. Used in this way, the same Δ𝐿 = 2 Lagrangian may be
shared by two completions, but they correspond to the same model. We also remind
the reader that we use the words ‘field’ and ‘multiplet’ interchangeably.

We note here that the following analysis does not include the dimension-eleven
generalisation of the Weinberg operator 𝒪 ′′′1 , since the operator has an unwieldy num-
ber of topologies and the relevant tree-level completions have already been studied in
the literature [103].

2.5.1 Overview

The models are generated by running the algorithm summarised in Sec. 2.3.2, as found
in our example code, on our catalogue of the Δ𝐿 = 2 operators. The results for the
number of completions before and after filtering are presented in Table B.1. In the
language of Sec. 2.4.2, we use the democratic filtering procedure with the neutrino-mass
scale as the filtering criterion for these data. We note again that this leaves us with an
overestimate of the actual number of genuine neutrino-mass models. Even so, one can
see that 54 operators end up with no completions after filtering, ruling them out as
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possibly playing a dominant role in generating the neutrino masses, at least according
to our model-building assumptions. The complete list of unfiltered Δ𝐿 = 2 Lagrangians
and tree-level completion diagrams is compiled in our database, and the documentation
provides information for how to perform different kinds of filtering on the models.

The database contains 430,810 inequivalent Δ𝐿 = 2 Lagrangians before filtering.
Counted democratically (i.e. by particle content) these correspond to 141,989 unfiltered
models. Of the distinct Lagrangians, only around 3% (11,483) survive democratic filter-
ing with the neutrino-mass criterion. This corresponds to 11,216 distinct models. In our
filtering analysis we also incorporate information from the one-loop study of theWein-
berg operator11 done in Ref. [95]. We generate a listing of the models from Tables 2 and
3 of Ref. [95] with hypercharges that are multiples of 1/6 in the range [−3, 3] and ranges
for the SU(3)𝑐 and SU(2)𝐿 representations that cover those of the exotic fields featuring
in our models. We remove the completions in our listing that contain a subset of these
fields and imply neutrino masses suppressed by more than one loop factor, since the
models presented in Ref. [95] generate the Weinberg operator at one loop.

We visualise the number of models with democratic and no filtering in Fig. 2.12
broken down by mass dimension. After filtering there are three models at dimension
five, 16 models at dimension seven, 244 models at dimension nine and 10,969 models at
dimension eleven12. It is clear that the number of filtered neutrino-mass models grows
with operator dimension, which is perhaps unintuitive. For any high dimensional op-
erator, there are competing effects influencing the number of viable completions. First,
the large number of models derived already from lower-dimensional operators means
that the chances some model will be filtered out are larger. Second, high dimensional
operators involve more fields, meaning that there are more combinations of contrac-
tions that can bemade, and therefore more completions expected. Despite the increased
filtering odds, evidently the combinatorial explosion of different models wins.

In Fig. 2.13 we present data relevant to the number of fields present in the models.
Fig. 2.13a shows the number of exotic scalars and fermions present in the completions.
Despite the fact that the UV topologies associated with some derivative operators al-
low completions containing no scalars, we find that only the Weinberg-like operators
keep their fermion-only models after the democratic filtering procedure. By far the
most common kinds of models contain five heavy fields, especially three fermions and
two scalars, or two fermions and three scalars. This is due to the fact that, as is clear
from Fig. 2.12, most of the models generate dimension-eleven operators. In Fig. 2.13b
we show the estimated new-physics scale Λ against the number of fields featuring in
the models. With the exception of one model with two fields, those required to lie at

11We anticipate the number of models in our database generating the Weinberg operator with exotic
loops at higher-loop order to be small. Such models would need to contain upwards of four exotic fields,
and it becomes increasingly less likely that a model will contain a subset of these fields to be filtered out.

12We note that the sum of these numbers is not 11,216 since one model can generate multiple operators
of different mass dimension in a way consistent with our neutrino-mass filtering criterion.
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Figure 2.12: The bar chart shows the number of distinct Lagrangians derived from
operators of different mass dimension. The orange bars show the number of distinct
unfiltered models. The blue bars show the number after democratic filtering. The
number of filtered completions grows with mass dimension.

collider-accessible energies contain three or more fields. Models with few fields that im-
ply suppressed neutrino masses, or equivalently a low new-physics scale, have a kind
of selection pressure acting against them: since there are few fields, it is likely they
will arise in the completion of other operators, that generally will filter out the former
and imply a larger value of Λ. At dimension-seven, for example, 𝒪8 is generated by
models featuring two fields and predicts that these should not be heavier than about
15 TeV. However, of its four tree-level completions, only one survives the filtering pro-
cedure. This is the outlier two-field model evident in the figure. It was first derived13

in Ref. [101] and later in Ref. [104]. The model contains the fields Π1 ∼ (3, 1, 16)𝑆 and

𝑄7 ∼ (3, 2, 76)𝐹 . We list the models containing three exotic fields that are required to lie
below 100 TeV in Sec. 2.5.2.

Of the unfiltered 430,810 models, close to 67% (290,492) contain at least one of the
seesaw fields: 𝑁 ∼ (1, 1, 0)𝐹 , Ξ1 ∼ (1, 3, 1)𝑆 or Σ ∼ (1, 3, 0)𝐹 . We present the exact
breakdown by the interactions involved in the models in Table 2.3. These are by far the
most common fields appearing in the list of unfilteredmodels. Since our default filtering
philosophy in this analysis is democratic, all of these are absent from the filtered list of
models, and they only appear in completions of the Weinberg operator and 𝒪𝐷2.

The distinct exotic fields appearing in the completions number 171, although five
fields are completely removed following filtering. These are (6̄, 1, 76)

1/3
𝑆 , (6̄, 3, 53)

1/3
𝑆 ,

(1, 3, 3)0𝑆 , (1, 5, 2)0𝐹 and (6̄, 1, 53)
1/3
𝑆 , where the superscript represents the 𝐵 assignment

of the field. There are 83 different scalar fields and 83 different fermion species. We

13We note that the other completion of 𝒪8 listed in Ref. [101] also generates 𝒪50𝑎 through a diagram
which dominates the neutrino mass.
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Figure 2.13: (a) The number of filtered models containing different numbers of ex-
otic scalar and fermion fields. Most models contain five fields, with the most com-
mon combination being three fermions and two scalars. The fermion-only models
are associated only with Weinberg-like operators. (b) The rough upper bound on
the new-physics scale Λ shown against the number of exotic fields introduced in
the models. The black dots show the upper bound on the scale of the new physics
for each model. A given black dot generally denotes more than one model. Each
strip is a smoothed histogram of the number of models having a given Λ as the new-
physics upper bound for the specified number of fields. A sizeable class of models are
testable at current or future collider experiments.
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Field Interactions Δ𝐿 = 2 Lagrangians Models

𝑁 ∼ (1, 1, 0)𝐹 𝐿𝐻𝑁 51,245 (11.9%)
17,139 (17.1%)

Other 12,433 (2.9%)

Σ ∼ (1, 3, 0)𝐹 𝐿𝐻Σ 87,535 (20.3%)
31,629 (31.5%)

Other 28,157 (6.5%)

Ξ1 ∼ (1, 3, 1)𝑆
𝐿𝐿Ξ1 59,791 (13.0%)

51,576 (51.4%)𝐻𝐻Ξ†
1 95,410 (22.1%)

Both 10,323 (2.4%)
Other 30,761 (7.1%)

Table 2.3: The table shows the number of unfiltered models in which the seesaw
fields appear. The category ‘other’ includes interactions such as 𝐿𝜑𝑁 , where one of
the SM fields in the interaction has been replaced with an exotic copy, as well as cou-
plings involving other exotic fields whose quantum numbers are unrelated to those of
SM fields.

distinguish three broad classes of scalars on the basis of their interaction with the SM
fermions: leptoquarks, diquarks and dileptons. For exotic fermions we differentiate be-
tween those arising from contractions between the Higgs and a SM quark (vectorlike
quarks), and the Higgs and a SM lepton (vectorlike leptons). The relative frequencies
withwhich these field classes appear in the filtered completions are shown in Fig. 2.14 as
pie charts. The wedges represent the number of Lagrangians in which the field couples
as a leptoquark, diquark, dilepton, vectorlike quark or vectorlike lepton. We label fields
coupling in all other ways as ‘other’ in the figure. Themost represented family of scalars
are leptoquarks, with the most common field being Π7 ∼ (3, 2, 76)𝑆 , commonly called 𝑅2
in the literature [269]. This leptoquark appears in simplified models of 𝑅𝐷(∗) and the
neutral-current flavour anomalies like𝑅𝐾 (∗) , see e.g. Refs. [221, 223, 267, 270, 271]. It was
recently shown to be able to reconcile the discrepant measurements in the anomalous
magnetic moments of both the muon and the electron [272, 273]. The secondmost com-
mon scalar appearing in our neutrino-mass models is 𝜁 ∼ (3̄, 3, 13)𝑆 , frequently referred
to as 𝑆3. This leptoquark is a popular explanation of the neutral-current 𝑏 → 𝑠 anoma-
lies such as 𝑅𝐾 (∗) , see e.g. [223, 274–277]. The most frequently encountered fermions are
vectorlike quarks, with the most common being 𝑇2 ∼ (3, 3, 23)𝐹 . It contains components
that mix with both the up- and down-type SM quarks. We emphasise that the plots
and numbers presented here are directly related to our filtering and model-counting
conventions. In Fig. 2.14 for example, we do not count fields just by their quantum
numbers, but also include coupling information as discussed above. Additionally, we
count independent Lagrangians as different models rather than just counting distinct
sets of fields, which is perhaps more in line with our ‘democratic’ approach to filter-
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ing. We note that the qualitative features discussed here are all relatively robust against
these different conventions. We encourage the interested reader to explore our model
database to see how different approaches to filtering and counting can answer specific
questions they may have of the data.

We are also interested in the connectivity between fields as they feature in the mod-
els. To explore this we study a graph in which each vertex represents one of the 163
exotic fields introduced in the completions that contain at least two fields, and an edge is
drawn between fields featuring together in a model. The graph is shown Fig. 2.15. The
exterior sectors at each node represent the number of degree of the node. The edges in
the graph are weighted by the number of times the corresponding pair of fields appears
in the models; this is shown with a linear colour scaling in the figure. There are 3036
edges in the graph, and the average node degree is approximately 37. About a fifth of
all possible connections in the graph are realised. The ten most heavily weighted edges,
representing the ten most common pairs of fields appearing in the models, are shown
in Table 2.4. Many of these correlations can be understood on the basis of common con-
tractions in the derivation of the models, especially those involving 𝐻 or 𝐿. There is a
propensity for scalars and fermions with the same gauge quantum numbers to appear
in models together. This seems to come about from the fact that 𝐻 ⊗𝐿 is a gauge singlet
but transforms like (2, 1) under SU(2)+ ⊗ SU(2)−. We note that all of the fields in the
table have |𝐵| = 1

3 , and so this edge cannot come about from (3̄, 2, 56)𝐹 ⊗ ̄𝑑 ∼ (3, 2, 76)𝑆 .

2.5.2 Example models

In this section we present some example neutrino-mass models, illustrating use cases
of the model database, aspects to be careful of in its use, and representative features of
the novel models derived from dimension-eleven and dimension-nine operators.

Simple models at the TeV scale

We are particularly interested in models that are simple, in the sense that they involve
few exotic fields, and testable, in that they predict new physics at currently or nearly
accessible energy ranges. We query our model database to return models featuring
three fields or fewer with the estimated upper bound on the new-physics scale required
to be between 700GeV and 100 TeV. The results of the query are presented in Table 2.5.
There are twelve14 models listed, only one of which has explicitly appeared before in the
literature to our knowledge: the completion of𝒪8 discussed in Sec. 2.5.1. It is interesting

14We note that there are technically more models: those for which the colour-sextet fields in Table 2.5
are replaced with colour triplets, with a corresponding baryon-number assignment such that the same
interactions as the sextet are picked out.
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Figure 2.14: The number of models in which each field appears in the completions
shown as a pie chart for scalars and fermions separately. The exotics are distin-
guished by their couplings to SM fields. (a) The pie chart of scalar fields appearing in
the completions. Primed fields represent leptoquarks whose baryon-number assign-
ment allows only the diquark couplings. (b) The pie chart of fermion fields appearing
in the completions. See Table A.2 or Ref. [22] for the convention used for the field
names.
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Rank Edge

1 (3, 3, 23)𝐹 , (3, 4,
1
6)𝑆

2 (3, 2, 16)𝑆 , (3, 2,
1
6)𝐹

3 (3, 3, 23)𝑆 , (3, 2,
7
6)𝑆

4 (3, 2, 76)𝐹 , (3, 2,
1
6)𝑆

5 (3, 3, 23)𝐹 , (3, 4,
7
6)𝐹

6 (3̄, 3, 13)𝑆 , (3, 4,
1
6)𝑆

7 (3, 2, 16)𝐹 , (3, 3,
2
3)𝑆

8 (3̄, 3, 43)𝐹 , (3̄, 2,
5
6)𝐹

9 (3, 2, 16)𝑆 , (3, 3,
2
3)𝑆

10 (3, 2, 76)𝑆 , (3̄, 2,
5
6)𝐹

Table 2.4: The table shows the pairs of fields that most often appear together in the
filtered completions of the Δ𝐿 = 2 operators we consider. In the context of the graph
of field connections introduced in the main text, these are the top ten edges by edge
weight. Many of the connections can be understood on the basis of common cou-
plings to SM fields, especially 𝐿 and 𝐻 . For example, (3, 3, 23)𝐹 ⊗ 𝐿 ∼ (3, 4, 16)𝑆 and
(3, 3, 23)𝑆 ⊗ 𝐻 ∼ (3, 2, 76)𝑆 . All of the fields in the table have |𝐵| = 1

3 .

to note that the scalar leptoquark15 Π1 ∼ (3, 2, 16)𝑆 appears in almost every model listed
in the table. This suggests that our general analysis of the frequency of fields appearing
in the completions in Sec. 2.5.1 may look different if specific selection criteria are placed
on the data. We have checked the full Lagrangians implied by the field content of each
model and found that seven of the models listed in the table imply the generation of
the Weinberg operator through heavy loops. We emphasise that these non-genuine
completions are potentially interesting and new radiativemodels, although the neutrino
self-energy diagram will look different to that implied by the closure of the tree-level
graph from which the model was derived. This means that the bound on the implied
new-physics scale is in general higher than that suggested by the closure of the original
operator. In this class are all of the models for which the upper bound on the new-
physics scale is larger than 15 TeV. This means that there are only five models in our
database with fewer than four fields for which the upper bound onΛ is between 700GeV
and 100 TeV, and they all predict new physics below 15 TeV. In the following we present

15We mention parenthetically that although this leptoquark does not possess diquark couplings,
baryon-number violation does occur through a term in the scalar potential. The leading-order contribu-
tion is through a dimension-ten operator mediating 𝑝 → 𝜋+𝜋+𝑒−𝜈𝜈 [278].
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Figure 2.15: The graph is a representation of the connectivity between exotic fields
in the neutrino-mass models. Each node represents an exotic field and edges con-
nect fields featuring together in a neutrino-mass model. The colour is an indication
of the weight of the edge, i.e. the number of times the two nodes appear in models
together. The graph is clustered into roughly five communities within which there
are many mutual connections. Only a handful of node labels are shown.

two example models from the table:

1. We look at one of the models—the one derived from 𝒪62𝑏—that generates the
Weinberg operator through a heavy loop. We intend this to be an example of
how this phenomenon can appear and how it is easy to diagnose in some cases.

2. We present a brief study of the implications for neutrino mass implied by the
model given in the last row.

Model derived from 𝒪62𝑏 The model derived from 𝒪62𝑏 is especially simple since
it does not require the imposition of U(1)𝐵. The exotic fields introduced are Δ1 ∼
(1, 2, 12)𝐹 , 𝒮1 ∼ (1, 1, 1)𝑆 and 𝜒 ∼ (1, 2, 32)𝑆 . The additional interaction Lagrangian
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Field content Operators Λ [TeV] Dominant?

(3, 2, 16)𝑆 , (3, 2,
7
6)𝐹 8, 𝐷15 15 Y

(1, 2, 12)𝐹 , (1, 1, 1)𝑆 , (1, 2,
3
2)𝑆 62𝑏 16 N

(3̄, 2, 56)𝑆 , (3, 2,
1
6)𝐹 , (3, 2,

1
6)𝑆 8′ 1 N

(3̄, 1, 13)𝑆 , (6̄, 2,
1
6)𝑆 , (3, 2,

1
6)𝐹 24𝑓 89 N

(3̄, 3, 13)𝐹 , (6̄, 2,
1
6)𝑆 , (3, 2,

1
6)𝑆 24𝑑 89 N

(3̄, 2, 56)𝑆 , (1, 2,
3
2)𝐹 , (3, 2,

1
6)𝑆 8′ 1 N

(3̄, 3, 13)𝐹 , (6̄, 4,
1
6)𝑆 , (3, 2,

1
6)𝑆 24𝑓 89 N

(3̄, 1, 13)𝐹 , (6̄, 2,
1
6)𝑆 , (3, 2,

1
6)𝑆 24𝑑 89 N

(6̄, 2, 76)𝐹 , (8, 2,
1
2)𝑆 , (3, 2,

1
6)𝑆 20 0.8 Y

(6, 1, 43)𝑆 , (6, 1,
1
3)𝐹 , (3, 2,

1
6)𝑆 20 0.8 Y

(6, 2, 56)𝑆 , (3, 2,
1
6)𝐹 , (3, 2,

1
6)𝑆 50𝑎, 𝑏 10 Y

(6̄, 2, 16)𝑆 , (3̄, 2,
5
6)𝐹 , (3, 2,

1
6)𝑆 50𝑎, 𝑏 10 Y

Table 2.5: The table shows the models in our filtered list that contain fewer than
four fields with the estimate of the upper-bound on the new-physics scale Λ in the
range 700GeV < Λ < 100 TeV. Models containing colour sextet fields can be re-
placed with the corresponding colour-triplet fields with a different baryon-number
assignment. The fields and models are listed in no special order. The scalar lepto-
quark Π1 ∼ (3, 2, 16) appears in almost all of the models listed. Completions marked
as non-dominant may be viable and interesting neutrino-mass models, but the main
contribution to the neutrino mass does not come from the closure of the tree-level di-
agram from which the particle content was derived. This means, among other things,
that the upper bound on the scale of the new physics associated with the model will
differ to that presented here.
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necessary to generate 𝒪62𝑏 at tree level is Δℒ = ℒ𝑌 − 𝒱 , with

−ℒ𝑌 = 𝑚Δ1Δ̄1Δ1 + 𝑥[𝑟𝑠]𝐿𝑖𝑟𝐿𝑗𝑠𝒮1𝜖𝑖𝑗 + 𝑦𝑟 ̄𝑒𝑟 Δ̄𝑖1�̃� 𝑗𝜖𝑖𝑗 + 𝑧𝑟 ̄𝑒𝑟 ̃𝜒 𝑖Δ𝑗
1𝜖𝑖𝑗 , (2.40)

𝒱 = 𝑚2𝒮1𝒮
†
1 𝒮1 + 𝑚2𝜒𝜒†𝜒 + 𝑤𝐻 𝑖𝜒 𝑗𝒮 †

1 𝒮 †
1 𝜖𝑖𝑗 . (2.41)

This implies that the neutrino-mass mechanism depends on 13 new parameters: nine
Yukawa couplings, 𝑤 and the three masses; although there are a much larger num-
ber of terms present in the full Lagrangian of the model. Importantly, one of these
is 𝑥′𝑟 𝐿𝑖𝑟 Δ̄𝑗

1𝒮1𝜖𝑖𝑗 , which we now show is sufficient to generate the Weinberg operator
through a two-loop diagram containing one heavy loop.

The tree-level completion diagram and the neutrino-mass diagram relevant to the
model are shown in Fig. 2.16. There are two- and three-loop neutrino self-energies,
where the three-loop models arise by connecting the 𝐻 and 𝐻† lines in Fig. 2.16b in all
possible ways. In this case, the first part of the fermion line (highlighted in Fig. 2.16b)
can be replaced with the aforementioned 𝐿Δ̄1𝒮1 vertex so that the left loop contains
only 𝒮1, 𝜒 and the Dirac fermion Δ1 + Δ̄†

1 . (It can also be noticed from the tree-level
opening in Fig. 2.16a that the Δ1 line can be connected directly to one of the 𝐿𝐿𝒮1
vertices, giving rise to a loop-level completion of 𝒪2.) This heavy-loop neutrino-mass
diagram, although interesting in its own right, predicts a different mass-scale for the
exotic fields (roughly 106 TeV), and a different structure for the neutrino-mass matrix.

A genuine low-scale model Below we present a brief exploration of the model de-
rived from 𝒪50 that contains the exotic fields 𝜙 ∼ (6, 2, −1

6)𝐹 , Π1 ∼ (3, 2, 16)𝑆 and

𝑄5 ∼ (3, 2, −5
6)𝐹 . The estimate for the neutrino mass derived from the operator clo-

sure suggests this model’s exotic particle content should live roughly below 10 TeV.
The corresponding Δ𝐿 = 2 Lagrangian we write again as Δℒ = ℒ𝑌 − 𝒱 , with

−ℒ𝑌 = 𝑥𝑟 𝑠𝐿𝑖𝑟 ̄𝑑𝑠𝑎Π𝑎𝑗
1 𝜖𝑖𝑗 + 𝑦𝑟𝜙{𝑎𝑏}𝑖 ̄𝑢𝑟𝑎 ̄𝑄𝑗

5𝑏𝜖𝑖𝑗 + 𝑧𝑟 ̄𝑑𝑟𝑎𝐻 𝑖𝑄𝑎𝑗
5 𝜖𝑖𝑗 + h.c. (2.42)

𝒱 = 𝜆Π̃𝑖1𝑎Π̃𝑗
1𝑏𝜙{𝑎𝑏}𝑘𝐻 𝑙(𝜖𝑖𝑘𝜖𝑗𝑙 + 𝜖𝑖𝑙𝜖𝑗𝑘) . (2.43)

We note that U(1)𝐵 must be imposed on the Lagrangian to prevent terms like Π31𝐻†,
|𝜙|2𝜙†Π1 and |Π1|2Π1𝜙 that destabilise the proton in the presence of the Yukawa inter-
actions of Eq. (2.42). The field 𝜙 only couples to SM fermions together with 𝑄5 in this
model, and so it generates no dimension-six operators at tree level. The completion
graph and one of the neutrino self-energy diagrams are shown in Fig. 2.17. The tree-
level topology is again 2𝑠6𝑓4, and the neutrino masses are realised at three and four
loops, with the additional loop arising from the connection of an 𝐻 and 𝐻†. One of the
loops involves a𝑊 boson, and so the diagram does not fit into existing topological clas-
sifications. The three-loop diagram is similar to the topology 𝐷𝑀9 of Ref. [97], with one
of the scalar lines replaced with a vector boson. The𝑊 boson line must connect to 𝑄 in
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Figure 2.16: (a) The furnishing of the tree-level topology, labelled 2𝑠6𝑓4 in our
scheme, that generates 𝒪62𝑏 at tree level. The interactions allowed in the theory are
such that the Δ1 line can be connected straight into one of the 𝐿𝐿𝒮1 vertices in place
of an 𝐿, leading to a loop-level completion of 𝒪2. (b) The neutrino self-energy dia-
gram relevant to the non-genuine completion of 𝒪62𝑏 . It is clear that this diagram
does not represent the dominant contribution to the neutrino mass, since the high-
lighted collection of fields can be replaced with the interaction Δ̄1𝐿𝒮1. This leads
to a diagram with heavy loop involving Δ1, 𝜒 and 𝒮1, which dominates the neu-
trino masses. In both cases, the relevant topology is CLBZ-7 in the classification of
Ref. [96].

the diagram, but could end on any field with non-trivial SU(2)𝐿 charge. The connection
to the 𝐿 line is shown, since the loop integral then depends on leptonic flavour indices,
which can change the structure of the neutrino-mass matrix. There are also several
ways of connecting the Higgs lines and only one combination is shown in the figure.
The four-loop diagrams will be the dominant contribution to the neutrino masses for
exotic fields above 4𝜋𝑣 ≈ 2 TeV.

The neutrino-mass matrix in this model can be estimated as

[m𝜈 ]𝑟 𝑠 =
𝜆𝑔2

(16𝜋2)3 (
𝑣2
Λ2 + 1

16𝜋2)
1
Λ ∑

𝑡 ,𝑢,𝑣
𝑥𝑟 𝑡𝑧∗𝑡 𝑦∗𝑢 [m𝑢]𝑢𝑉𝑢𝑣 [m𝑑 ]𝑣𝑥𝑠𝑣 𝐼𝑟 𝑠𝑡𝑢𝑣 +(𝑟 ↔ 𝑠) , (2.44)

where the 𝑉𝑟 𝑠 are CKM matrix elements, Λ is the generic UV scale, and 𝐼𝑟 𝑠𝑡𝑢𝑣 is the loop
function. The dependence on the masses of the up- and down-type quarks implies that
the largest contributions to the neutrino masses will come from loops containing top
and bottom quarks. If the parameters 𝑦1,2, 𝑥𝑟1 and 𝑥𝑟2 play no significant role in the
physics of neutrino mass, then the matrix will have rank 1 if the loop function carries
no leptonic flavour indices. It may be the case that an additional generation of 𝑄5, 𝜙 or
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Figure 2.17: (a) The tree-level completion diagram for the model derived from ex-
ploding 𝒪50 and discussed in the main text. The topology is 2𝑠6𝑓4 in our classifica-
tion scheme. The closure involves an arrow-preserving loop connecting the ̄𝑑† to
one of the ̄𝑑 lines, and the 𝑊 -boson closure motif discussed in Sec. 2.4.1. (b) One
of the neutrino-mass diagrams relevant to the model derived from 𝒪50. There is a
three-loop diagram with the 𝐻 line broken into an 𝐻†, 𝐻 pair that generates the
dimension-seven generalised Weinberg operator. The four-loop diagrams all involve
connecting the 𝐻† to each of the three 𝐻 legs in the diagram. There are also mul-
tiple places the 𝑊 could end in the diagram, although it must couple to the 𝑄 line.
The four-loop diagrams will give larger contributions to the neutrino mass than the
three-loop diagrams for Λ ≳ 2 TeV.

Π7 is therefore required for the model to successfully reproduce the measured pattern
of neutrino masses and mixings.

A model derived from a derivative operator

Wemove on to discuss a model generating the single-derivative dimension-nine opera-
tors 𝒪𝐷10𝑎,𝑏,𝑐 . The estimated upper-bound on the exotic scale is close to 1.5 × 103 TeV in
this case. The model contains the fields 𝜌 ∼ (1, 2, 32)𝑆 , 𝑄5 ∼ (3, 2, 56)𝐹 and Σ1 ∼ (1, 3, 1)𝐹 .
Such two-fermion–one-scalarmodels are unique to completions of single-derivative op-
erators at dimension nine.

The part of the Lagrangian relevant to lepton-number violation is

−Δℒ = 𝑥𝑟𝐿𝑖𝑟Σ{𝑗𝑘}1 𝐻†
𝑘 𝜖𝑖𝑗 +𝑦𝑟𝐿𝑖𝑟𝜌𝑗 Σ̄{𝑘𝑙}1 𝜖𝑖𝑘𝜖𝑗𝑙 + 𝑧𝑟 ̄𝑑𝑟𝑎𝐻 𝑖𝑄𝑎𝑗

5 𝜖𝑖𝑗 +𝑤𝑟 ̄𝑢𝑟𝑎𝜌𝑖𝑄𝑎𝑗
5 𝜖𝑖𝑗 + h.c. (2.45)

The only additions to the scalar potential are the expected |𝜌|2|𝐻 |2 and |𝜌|4 terms, and
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these play no role in the lepton-number violation. Notably, there are no Yukawa cou-
plings involving ̄𝑄5, and the field 𝜌 generates no dimension-six operators at tree-level,
since the naively expected coupling 𝐻 𝑖𝐻 𝑗𝐻 𝑘𝜌𝑘𝜖𝑖𝑗 vanishes. The model also has the nice
feature that no baryon-number violating interactions are present.

The tree-level completion diagram and one of the neutrino-mass diagrams are shown
in Fig. 2.18. The completion diagram has topology 2𝑠4𝑓8, which requires one of the
heavy fermions to have an arrow-preserving propagator. The neutrino-mass diagram
shown is cocktail-like [279], although there are also two-loop diagrams generating 𝒪 ′1
at the low scale, as well as other diagrams with the 𝑊 and 𝐻 lines in different places.
The topology of the neutrino self-energy diagram is similar to 𝐷𝑀15 in Ref. [97].

The flavour structure of the neutrino-mass matrix has the approximate form

[m𝜈 ]𝑟 𝑠 =
𝑔2

(16𝜋2)3
1
Λ ∑

𝑡 ,𝑢
𝑦𝑟𝑥𝑠𝑤∗𝑡 𝑧𝑡[m𝑑 ]𝑡𝑉𝑢𝑡[m𝑢]𝑢𝐼𝑟 𝑠𝑡𝑢 + (𝑟 ↔ 𝑠) . (2.46)

The dependence on the up- and down-type mass matrices, as in the example presented
in Sec. 2.5.2, means that the couplings 𝑤1,2 and 𝑧1,2 will not play an important role in
generating the observed pattern of neutrino masses andmixings. In this case the matrix
has at least rank 2, even if the leptonic-flavour structure of the loop integrals 𝐼𝑟 𝑠𝑡𝑢 is flat.
Thus, the structure of the neutrino masses and mixing parameters emerges mostly from
the six parameters 𝑥𝑟 and 𝑦𝑟 .

A model of neutrino mass and the flavour anomalies

Here we present a model designed specifically to generate a particular set of dimension-
six operators. The example is motivated by the flavour anomalies, discussed in detail
in Sec. 1.4. In the following we adhere to the conventions16 of Ref. [115] relevant to the
Warsaw basis for the SMEFT and the flavio basis [280] for the Weak Effective Theory
(WET). The leptoquarks 𝜔1 ∼ (3̄, 1, 13)𝑆 and Π7 ∼ (3, 2, 76)𝑆 can provide an explanation
of the anomalies in 𝑅𝐷(∗) with contributions to the SMEFT operators

[𝐶(1)𝑙𝑒𝑞𝑢]3332 = {−4[𝐶
(3)
𝑙𝑒𝑞𝑢]3332 for 𝜔1

4[𝐶(3)𝑙𝑒𝑞𝑢]3332 for Π7
, (2.47)

since they have Yukawa couplings to left- and right-handed SM fields. [We note that
Eq. (2.47) holds at the high scale, and the relation between the operators is altered by
running.] The Yukawa terms are

−ℒ𝜔1 = 𝑓𝑟 𝑠𝐿𝑟𝑄𝑠𝜔1 + 𝑔𝑟 𝑠 ̄𝑒†𝑟 ̄𝑢†𝑠 𝜔1 + h.c. (2.48)

−ℒΠ7 = 𝑥𝑟 𝑠𝐿𝑟 ̄𝑢𝑠Π7 + 𝑦𝑟 𝑠 ̄𝑒†𝑟 𝑄†𝑠 Π7 + h.c. (2.49)

16These can be accessed easily at https://flav-io.github.io/docs/operators.html.

https://flav-io.github.io/docs/operators.html
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Figure 2.18: (a) The tree-level completion diagram for the model that generates the
single-derivative operators 𝒪𝐷10,𝑎,𝑏,𝑐 and discussed in the main text. The topology is
2𝑠4𝑓8 in our classification scheme. This class of topologies is only relevant to single-
derivative operators, and contains an arrow-preserving fermion propagator, that
of 𝑄5 in the diagram. The closure of the diagram involves a 𝑊 -boson loop, similar
to that required in Fig. 2.17. (b) One of the neutrino-mass diagrams relevant to the
model generating 𝒪𝐷10𝑎,𝑏,𝑐 . The diagram generates the Weinberg operator as drawn,
but additional diagrams exist with the central 𝐻 line cut into an 𝐻,𝐻† pair that gen-
erate 𝒪 ′1 instead. These diagrams will only be relevant for exotic masses less than
about 2 TeV. Additional three-loop diagrams exist in which the Higgs coming from
the Σ1𝐿𝐻† interaction loops into any of the other external 𝐻 fields. The 𝑊 boson
must connect to the 𝑄 line, but could end on any other field with non-trivial SU(2)𝐿
charge. The topology is cocktail-like [279], and resembles 𝐷𝑀15 in Ref. [97].

and these imply

[𝐶(1)𝑙𝑒𝑞𝑢]3332 =
⎧⎪
⎨⎪
⎩

𝑓33𝑔∗32
2𝑚2𝜔1

for 𝜔1
𝑥∗32𝑦33
2𝑚2Π7

for Π7
(2.50)

at tree level. A satisfactory explanation of 𝑅𝐷(∗) requires 𝒪(1) couplings, e.g. [2, 267],
and for Π7 fits are consistent with the operator coefficient being purely imaginary,
e.g. [223].

The 𝑏 → 𝑠 data can be explained by the tree-level exchange of the leptoquark 𝜁 ∼
(3̄, 3, 13)𝑆 , which generates

[𝐶(1)𝑙𝑞 ]2223 = 3[𝐶(3)𝑙𝑞 ]2223 , (2.51)

relevant for the neutral-current anomalies. We saw in Sec. 1.4.1 that fits are performed
to the four-fermion operators 𝐶𝑏𝑠𝜇𝜇9 and 𝐶𝑏𝑠𝜇𝜇10 in the WET. For the 𝑏 → 𝑠ℓℓ data, a good
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fit is given for [13]

𝐶𝑏𝑠𝜇𝜇9 = −𝐶𝑏𝑠𝜇𝜇10 = 1
2 (𝑉𝑡𝑏𝑉

∗𝑡𝑠
𝑒2

16𝜋2
4𝐺𝐹
√2

)
−1

[𝐶(1)𝑙𝑞 + 𝐶(3)𝑙𝑞 ]2232 ≈ −0.5 , (2.52)

where 𝐶𝑏𝑠𝜇𝜇9,10 are referred to simply as 𝐶9,10 in Sec. 1.4.
It was pointed out in Ref. [13] that there exists a mild tension between the fit to

𝑅𝐾 (∗) and the other anomalous 𝑏 → 𝑠 data, which can be reconciled with an additional
LFU contribution to 𝐶𝑏𝑠ℓℓ9 such that

𝐶𝑏𝑠𝜇𝜇9 ≈ −0.44 and 𝐶𝑏𝑠ℓℓ9 ≈ −0.5 , (2.53)

for ℓ ∈ {𝑒, 𝜇, 𝜏 }. A potential source of this universal contribution to 𝐶9 is new physics in
four-quark operators like [13]

[𝒪 (1)𝑞𝑢 ]2322 = ( ̄𝑄2𝛾𝜇𝑄3)( ̄𝑢2𝛾𝜇 ̄𝑢2) , (2.54)

which can be generated, for example, by Φ ∼ (8, 2, 12)𝑆 . The relevant Yukawa terms are

−ℒΦ = 𝑤𝑟 𝑠𝑄𝑎𝑖𝑟 ̄𝑢𝑠𝑏Φ𝑏𝑗𝑎𝜖𝑖𝑗 + h.c. (2.55)

and a contribution of about the right size to 𝐶𝑏𝑠ℓℓ9 can be generated while avoiding dijet
exclusion bounds from the LHC for 𝑚Φ ∼ 2 TeV and |𝑤22|, |𝑤32| ∼ 1 [13].

We construct a UV model that contains 𝜁 and Φ as well as one of 𝜔1 or Π7 in an
attempt to incorporate this explanation into a model of neutrino mass. We emphasise
that our goal here is not to present the most elegant or motivated model of neutrino
mass and the flavour anomalies, but rather to show that our database can be used to
motivate complex models with a specific structure.

We query the filtered model database for neutrino-mass models that contain the
interactions 𝑄 ̄𝑢Φ, needed to generate 𝒪 (1)𝑞𝑢 ; 𝐿𝑄𝜁 , needed to generate 𝐶𝑏𝑠𝜇𝜇9 = −𝐶𝑏𝑠𝜇𝜇10 ;
and one of 𝜔1 or Π7, required to explain 𝑅𝐷(∗) . Our query returns a number of models,
and we choose one to study briefly below. We note that none of the models involve the
leptoquark 𝜔1, and none feature the interaction ̄𝑒†𝑄†Π7, implying some freedom in the
explanation of 𝑅𝐷(∗) since the couplings 𝑦𝑟 𝑠 of Eqs. (2.49) and (2.50) will be unrelated17

to the neutrino mass.
17Expanding our search criteria, we find no viable models in the database in which both sets of cou-

plings presented in Eqs. (2.48) and (2.49) feature. This can be understood in the following way. Any
neutrino self-energy diagram containing both couplings will also imply another where ̄𝑒† ̄𝑢†𝜔1 or ̄𝑒†𝑄†Π7
is replaced with the corresponding coupling to 𝐿, which contains a neutrino field. This generally gives a
larger contribution to the neutrino mass, since the closure of the diagram containing the ̄𝑒 will involve an
additional loop with a 𝑊 boson. Thus, diagrams with both sets of Yukawa interactions to SM fermions
relevant to 𝜔1 and Π7 are likely to be removed by our filtering procedure. We note that, after studying
the unfiltered list of models, we find that some models can be engineered so that a sizeable (but not
dominant) contribution to the neutrino masses does come from such diagrams involving both sets of
leptoquark–fermion Yukawa couplings.
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The model contains the additional fields Φ, 𝜁 , Π7 and 𝜂 ∼ (8, 1, 1)𝑆 , necessary for
lepton-number violation. It generates 𝒪29𝑏 , which implies an upper bound on the new-
physics scale of roughly 107 TeV. The additional piece of the Lagrangian is Δℒ =
ℒ𝑌 − 𝒱 , with

−ℒ𝑌 = 𝑥𝑟 𝑠𝐿𝑖𝑟 ̄𝑢𝑠𝑎Π𝑗𝑎
7 𝜖𝑖𝑗 + 𝑦𝑟 𝑠 ̄𝑒†𝑟 𝑄†

𝑠𝑎𝑖Π𝑎𝑖7 + 𝑧𝑟 𝑠𝐿𝑖𝑟𝑄𝑗𝑎𝑠 𝜁 {𝑘𝑙}𝑎 𝜖𝑖𝑘𝜖𝑗𝑙 + 𝑤𝑟 𝑠𝑄𝑎𝑖𝑟 ̄𝑢𝑠𝑏Φ𝑏𝑗𝑎𝜖𝑖𝑗 + h.c.
(2.56)

𝒱 = 𝜅𝐻 𝑖Φ𝑎𝑗
𝑏𝜂†𝑏𝑎𝜖𝑖𝑗 + 𝜆𝐻 𝑖𝜂𝑎𝑏Π̃𝑗

7𝑎 ̃𝜁 𝑏{𝑘𝑙}𝜖𝑖𝑘𝜖𝑗𝑙 + h.c. + ⋯ , (2.57)

where we have only shown the part of the scalar potential relevant to lepton-number
violation in this model, since the full expression contains a large number of terms. The
leptoquark 𝜁 has a diquark coupling which we forbid by imposing U(1)𝐵 on the La-
grangian, assigning baryon numbers of −1

3 and 1
3 to 𝜁 and Π7, respectively. (All other

exotic fields have 𝐵 = 0.) The model contains 33 free parameters, although not all
of them are necessary to address the flavour anomalies and generate viable neutrino
masses.

The tree-level completion diagram and the neutrino self-energy diagram are shown
in Fig. 2.19. The neutrino mass arises at two loops, and the topology has the feature
that no fermion propagators are arrow-violating. This implies that the neutrino masses
are not proportional to any SM-fermion masses. This feature has been studied before
in the context of a specific UV model in Ref. [4]. The phenomenon is particular to
models derived from operators whose closures feature arrow-preserving loops, as dis-
cussed in Sec. 2.4.1. From a model-building perspective, one consequence is that the
neutrino masses need not be dominated by Yukawa couplings to SM fermions of the
third generation. Indeed, motivated by the pattern of operators required to explain the
flavour anomalies, we adopt textures for the Yukawa couplings of Eq. (2.56) that imply
dominance of the bottom-quark couplings for 𝜁 , but the charm-quark couplings for Π7:

x = (
0 𝑥12 0
0 𝑥22 0
0 𝑥32 0

) , z = (
0 0 𝑧13
0 𝑧22 𝑧23
0 0 𝑧33

) , (2.58)

where the additional coupling 𝑧22 is required to generate the relevant dimension-six
operators [𝒪 (1,3)

𝑙𝑞 ]2232. Interestingly, the minimal set of couplings 𝑤𝑟 𝑠 that gives vi-
able neutrino masses while incorporating the key ingredients required to generate both
[𝒪 (1,3)

𝑙𝑞 ]2232 and [𝒪 (1,3)
𝑙𝑒𝑞𝑢 ]3332 is

w = (
0 0 0
0 𝑤22 0
0 𝑤32 0

) , (2.59)
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which is exactly the correct set required to also generate the operator given in Eq. (2.54).
Thus, there is a natural connection in thismodel between the explanation of the charged-
and neutral-current anomalies through the neutrino masses. With the exception of 𝑦33,
all of the couplings featuring in the explanation of the flavour anomalies also play a role
in the generation of the neutrino masses. The structure of the neutrino-mass matrix is

[m𝜈 ]𝑟 𝑠 ≃ 𝜆𝜅
(16𝜋2)2

𝑣2
Λ2 ∑𝑡 ,𝑢

[𝑧𝑟 𝑡𝑤𝑡𝑢𝑥𝑠𝑢 + (𝑟 ↔ 𝑠)]

= 𝜆𝜅
(16𝜋2)2

𝑣2
Λ2 [𝑧𝑟2𝑤22𝑥𝑠2 + 𝑧𝑟3𝑤32𝑥𝑠2 + (𝑟 ↔ 𝑠)] .

(2.60)

The matrix is rank 2, and so implies an almost massless neutrino. Since there is no
suppression of the neutrino-mass scale by SM Yukawa couplings, we distinguish the
UV scales Λ and 𝜅 so that

Λ ≃ max (𝑚𝜁 , 𝑚Φ, 𝑚𝜂, 𝑚Π7) (2.61)

and consider the region of parameter space in which 𝜆𝜅 ≪ Λ.
An explanation of the flavour anomalies in this picture can be achieved with 𝒪(1)

couplings for Π7 and Φ at a few TeV, and 𝜁 at tens of TeV. We take 𝜂 slightly heavier
at ∼ 50 TeV to decouple its phenomenology and aid in suppressing the neutrino mass.
This implies 𝜆𝜅 ∼ 0.05GeV for neutrino masses saturating the atmospheric bound.
This choice is technically natural, since in the limit of vanishing 𝜆 or 𝜅 the Lagrangian
regains U(1)𝐿. We rewrite Eq. (2.60) as

[m𝜈 ]𝑟 𝑠 = 𝑚0[𝑥𝑠2(𝑧𝑟2𝑤22 + 𝑧𝑟3𝑤32) + (𝑟 ↔ 𝑠)] , (2.62)

where 𝑚0 ≈ 𝜆𝜅𝑣2(16𝜋2)−2𝑚−2𝜂 . This allows for the adoption of a Casas–Ibarra-like
parametrisation of the vectors 𝑥𝑠2 and

Z = (
𝑧13𝑤32

𝑧22𝑤22 + 𝑧23𝑤32
𝑧33𝑤32

) , (2.63)

so that [101]

𝑥𝑟2 =
𝜉

√2𝑚0
(√𝑚2𝑢∗2 + 𝑖√𝑚3𝑢∗3) ,

𝑍𝑟 = 1
𝜉√2𝑚0

(√𝑚2𝑢∗2 − 𝑖√𝑚3𝑢∗3) ,
(2.64)

where the 𝑢𝑖 are the 𝑖th columns of the PMNS matrix; 𝑚𝑖 are the neutrino masses, fixed
by the measured squared mass differences and the choice of normal ordering; and 𝜉 is
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Figure 2.19: (a) The figure shows the tree-level completion diagram for the model
constructed to address the flavour anomalies and neutrino masses. The topology
is labelled 2𝑠6𝑓2 in our scheme. The closure contains two arrow-preserving loops,
which arise by looping the ̄𝑢 into the ̄𝑢† and the 𝑄 into the 𝑄†. (b) The self-energy
diagram for the same model. The diagram has a CLBZ-10 topology in the language
of Ref. [96]. The neutrino masses are not suppressed by SM-fermion masses on ac-
count of the arrow-preserving fermion lines. This feature raises the bound on the
new-physics scale relevant to the model, but also allows couplings to the second gen-
eration of fermions to play a role in the physics of neutrino mass. This is beneficial
in our case since many of these couplings are involved in generating the pattern of
dimension-six operators that motivates this example, and so provides for a more inti-
mate connection between the flavour anomalies and neutrino masses.

a free complex parameter. We find, for example, that the choices 𝑚Φ = 2 TeV, 𝑚Π7 =
1 TeV, 𝑚𝜁 = 15 TeV, 𝑚𝜂 = 50 TeV, 𝜆𝜅 = 0.05GeV, 𝜉 = 𝑒3𝑖/2, 𝑧23 = 1, 𝑤22 = −𝑤32 = 1
and 𝑦33 = 2𝑒2𝑖 give approximately the right values to generate the pattern of dimension-
six operators discussed and explain the flavour anomalies. This includes the additional
lepton-flavour universal contribution to 𝐶𝑏𝑠ℓℓ9 , discussed in Ref. [13]. Although a more
detailed study of the phenomenological implications of themodel is beyond the scope of
this simple example, we have shown how a specific UV scenario can be embedded into
a radiative model in a way consistent with the measured neutrino masses and mixing
parameters.
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2.6 Conclusions
We have described a procedure for building UV-complete models from effective opera-
tors in a way amenable to automation. We have applied the algorithm, as found in our
publicly available example code [229], to the Δ𝐿 = 2 operators in the SMEFT up to and
including dimension eleven, producing just over 11,000 minimal and predictive models
of radiative Majorana neutrino mass. We share our complete listing of models, as well
as the set reduced by model filtering, in our searchable model database [20].

Our analysis includes new operators that have not appeared in previous catalogues,
alongwith updated estimates for the upper bounds on the new-physics scales associated
with these. We performed a preliminary study of the UVmodels, showing that the most
represented exotic fields featuring in the completions are leptoquarks. We find that a
number of simple models predict new physics that must live below 100 TeV. Adding the
additional requirements that the models contain fewer than four exotic fields and that
the new-physics scale should be larger than 700GeV gives at most five models fitting
this description, all of which predict new fields below 15 TeV. One of these models was
studied briefly, along with a model derived from a derivative operator, and one that
addresses the flavour anomalies.

Our model database is perhaps a good laboratory for experiments in automated
phenomenological analysis. Now that themodels have beenwritten down and compiled
into this computationally accessible format, our hope is that a large number of them can
be ruled out in a systematic way through improved model filtering, neutrino oscillation
data, or collider constraints. Our results also pave the way for more detailed studies of
the models that are currently accessible to experiments. As each model is tested, we
will either get very lucky and discover the origin of neutrino masses at low energies,
or else falsify these scenarios and build a stronger circumstantial case for those that
cannot be tested at collider experiments.



3
The 𝑆1 leptoquark as an explanation of

the flavour anomalies

This chapter is based on the publications ‘Reconsidering the One Leptoquark scenario:
flavour anomalies and neutrino mass,’ written in collaboration with Yi Cai, Michael A.
Schmidt, and Raymond R. Volkas [2], and ‘A near-minimal leptoquark model for
reconciling flavour anomalies and generating radiative neutrino masses,’ written with
Innes Bigaran and Raymond R. Volkas [3]. We study the potential of the 𝑆1 leptoquark to
explain the flavour anomalies and the anomalous magnetic moment of the muon. Our
analysis points to a previously unconsidered region of parameter space for the model,
which has now become the de facto region in which this scenario is viable. We exclusively
use four-component spinor notation in this chapter.

3.1 Introduction

In Sec. 1.4 we introduced the flavour anomalies: two classes of anomalous measure-
ments in 𝑏 → 𝑐 and 𝑏 → 𝑠 transitions. A number of models exist in the literature which
purport to explain both anomalies e.g. [197, 221, 227, 228, 271, 274, 275, 281–306] and
among these minimal explanations the Bauer–Neubert (BN) model [227] is one of no-
table simplicity and explanatory power: a TeV-scale scalar leptoquark protagonist me-
diating 𝐵 → 𝐷(∗)𝜏 𝜈 at tree-level and the 𝑏 → 𝑠 decays through one-loop box diagrams.
The leptoquark transforms under the SM gauge group like a right-handed down-type
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quark, and its pattern of couplings to SM fermions can also reconcile the measured and
predicted values of the anomalous magnetic moment of the muon. The leptoquark has
come to be known as 𝑆1 in the literature, and this is the notation we use as well [269].

Our aim in this chapter is to study the 𝑆1-leptoquark model in the context of some
previously unconsidered constraints and comment more definitely on its viability as
an explanation of both the charged- and neutral-current anomalies. The remainder of
this chapter is structured as follows. Section 3.2 outlines the scalar leptoquark model in
which the phenomenological analysis of Section 3.3 takes place. Within this analysis,
we present the regions of parameter space interesting for the flavour anomalies in Sec-
tion 3.3.1, relevant constraints for the model in Section 3.3.2, and a general discussion
of our results in Section 3.4.

3.2 The scalar leptoquark model

The leptoquark 𝑆1 that features in the BN model transforms under the SM gauge group
as 𝑆1 ∼ (3, 1, −1/3). These transformation properties lead to generalised Yukawa cou-
plings of the leptoquark to SM quarks and leptons as well as baryon number violating
diquark couplings, which we choose to turn off to avoid destabilising the proton1. The
part of the Lagrangian relevant to 𝑆1 is2

ℒ𝑆1 = (𝐷𝜇𝑆1)†(𝐷𝜇𝑆1) + 𝑚2𝑆1 |𝑆1|2 − 𝜅|𝐻 |2|𝑆1|2 + �̂�𝑟 𝑠�̂�𝑟 �̂�𝑠𝑆†1 + ̂𝑦𝑟 𝑠 ̂𝑒𝑟𝑅�̂�𝑠𝑅𝑆1 + h.c. , (3.1)

where interaction eigenstate fields are hatted, 𝜒𝜓 = 𝜒𝐶𝜓 for spinor fields, and SU(2)𝐿
indices have been suppressed. We move from the interaction to the charged-fermion
mass basis through the unitary transformations

�̂�𝑟𝐿 = (𝐿𝑢)𝑟 𝑠𝑢𝑠𝐿, �̂� 𝑟𝐿 = (𝐿𝑑)𝑟 𝑠𝑑 𝑠𝐿, �̂�𝑟𝑅 = (𝑅𝑢)𝑟 𝑠𝑢𝑠𝑅,
̂𝑒𝑟𝐿 = (𝐿𝑒)𝑟 𝑠𝑒𝑠𝐿, ̂𝜈 𝑟𝐿 = (𝐿𝑒)𝑟 𝑠 ̆𝜈 𝑠𝐿, ̂𝑒𝑟𝑅 = (𝑅𝑒)𝑟 𝑠𝑒𝑠𝑅,

(3.2)

where V = L†𝑢L𝑑 is the CKM matrix and the PMNS matrix U rotates the neutrino weak-
eigenstate fields ̆𝜈 𝑟𝐿 into the mass basis: 𝜈 𝑟𝐿 = 𝑈 𝑟 𝑠 ̆𝜈 𝑠𝐿. Applying these transformations,
the pertinent parts of the Lagrangian can be written

ℒ𝑆1 ⊃ 𝑥𝑟 𝑠 ̆𝜈 𝑟𝐿𝑑 𝑠𝐿𝑆†1 − [xV†]𝑟 𝑠𝑒𝑟𝐿𝑢𝑠𝐿𝑆†1 + 𝑦𝑟 𝑠𝑒𝑟𝑅𝑢𝑠𝑅𝑆†1 + h.c.

≡ 𝑥𝑟 𝑠 ̆𝜈 𝑟𝐿𝑑 𝑠𝐿𝑆†1 − 𝑧𝑟 𝑠𝑒𝑟𝐿𝑢𝑠𝐿𝑆†1 + 𝑦𝑟 𝑠𝑒𝑟𝑅𝑢𝑠𝑅𝑆†1 + h.c.
(3.3)

1This can be achieved through the imposition of an appropriate symmetry.
2The correspondence between our Yukawa couplings and those of Ref. [227] is �̂�𝑟 𝑠 = −𝜆𝐿𝑠𝑟 and ̂𝑦𝑟 𝑠 =

𝜆𝑅𝑠𝑟 ∗.
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where the Yukawa couplings to the left-handed fermions are related through

z = xV† . (3.4)

The 𝑥𝑟 𝑠 and 𝑦𝑟 𝑠 are free parameters in ourmodel, with the 𝑧𝑟 𝑠 fixed through Eq. (3.4). The
Yukawa couplings of the leptoquark to the first generation of SM fermions are heavily
constrained by a number of processes we discuss in Section 3.3.2. In general, constraints
from processes involving the down-quark are more severe for this leptoquark, and for
the sake of simplicity we therefore take

x = (
0 0 0
0 𝑥22 𝑥23
0 𝑥32 𝑥33

) (3.5)

throughout this work. Note that in our notation 𝑥22 = 𝑥𝜈𝜇𝑠 , etc. We emphasise that even
with such a texture, non-zero Yukawa couplings to the up-quark cannot be avoided
since they are generated through the quark mixing of Eq. (3.4).

Approximate bounds on the mass of the 𝑆1 can be inferred from collider searches.
After pair-production, the final states of interest for this work are ℓℓ𝑗𝑗, ℓ𝑗𝑗 + /𝐸𝑇 and
𝑗𝑗 + /𝐸𝑇 , where ℓ ∈ {𝜇, 𝜏 }. The current most stringent results from these channels are
presented here. Experimental limits are usually presented in (𝑚LQ, 𝛽) space, where 𝛽
represents the branching ratio to the charged lepton and quark. The CMS collaboration
places an upper limit of 1530GeV (1285GeV) on the mass of second generation scalar
leptoquarks in the 𝜇𝜇𝑗𝑗 channel assuming 𝛽 = 1(0.5) [307]. The most stringent limits
on third-generation decays come fromATLAS. Their analysis excludes third generation
leptoquark masses below 800GeV at 95% confidence for 𝛽 = 0 and 𝛽 = 1, while the
exclusion reaches 1 TeV for 𝛽 = 0.5 [308]. Ref. [309] finds a lower bound between
400GeV – 640GeV for the BN leptoquark, although this range is specific to certain
parameter choices.

3.3 Phenomenological analysis
The leptoquark 𝑆1 supports a rich beyond-the-standard-model phenomenology, which
includes FCNC interactions as well as the possibility of lepton-flavour violation and
non-universality. The primary motivations for this work are charged-current processes
in the up-quark sector and FCNCs in the down-quark sector, since these are posited to
explain the anomalous measurements in 𝑅𝐷(∗) and the 𝑏 → 𝑠 transition, respectively.
The new physics essential to explain these anomalies also implies many heavily con-
strained exotic processes, whose adverse effects on the parameter space available to the
model are also computed. Throughout this section, we account for the running of 𝛼𝑠
from the leptoquark mass scale to the scale appropriate to the process considered.
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For notational convenience, we remove the breve from the neutrino flavour-eigenstate
fields, since we work exclusively with these in this section. We also define

�̂�𝑆1 =
𝑚𝑆1
TeV

. (3.6)

3.3.1 Signals

Below we study the ways in which the leptoquark can ameliorate the discrepancies in
the charged-current processes 𝐵 → 𝐷𝜏𝜈 and 𝐵 → 𝐷∗𝜏 𝜈 as well as the neutral-current
decays associated with the anomalous 𝑏 → 𝑠 data. We also include the leptoquark’s
contribution to the anomalous magnetic moment of the muon.

Charged-current processes

The leptoquark’s role in decays of the form 𝑏 → 𝑐𝑒𝑟 𝜈𝑠 can be parameterised by the
effective Lagrangian [221]

ℒ 𝑟 𝑠
CC = −4𝐺𝐹

√2
𝑉𝑐𝑏 [𝐶 𝑟 𝑠𝑉 ( ̄𝑐𝛾𝜇𝑃𝐿𝑏)( ̄𝑒𝑟 𝛾𝜇𝑃𝐿𝜈𝑠) + 𝐶 𝑟 𝑠𝑆 ( ̄𝑐𝑃𝐿𝑏)( ̄𝑒𝑟𝑃𝐿𝜈𝑠)

+𝐶 𝑟 𝑠𝑇 ( ̄𝑐𝜎𝜇𝜈𝑃𝐿𝑏)( ̄𝑒𝑟𝜎𝜇𝜈𝑃𝐿𝜈𝑠)] + h.c. ,
(3.7)

with the vector, scalar and tensor contributions generated after Fierz transformation,
with Wilson coefficients at the leptoquark mass scale given by

𝐶 𝑟 𝑠𝑉 = 1
2√2𝐺𝐹𝑉𝑐𝑏

𝑧∗𝑟2𝑥𝑠3
2𝑚2𝑆1

+ 𝛿𝑟 𝑠 , (3.8a)

𝐶 𝑟 𝑠𝑆 = 1
2√2𝐺𝐹𝑉𝑐𝑏

𝑦𝑟2𝑥𝑠3
2𝑚2𝑆1

, (3.8b)

𝐶 𝑟 𝑠𝑇 = −14𝐶
𝑟 𝑠𝑆 . (3.8c)

We note that these are respectively equivalent to 𝐶𝑉𝐿 , 𝐶𝑆𝐿 and 𝐶𝑇 of Eq. (1.90).
The values of these coefficients required for a good fit to the available 𝑅𝐷 and 𝑅𝐷∗

data have been studied in the literature, e.g. [197, 221, 310–313], often under the as-
sumption of lepton-flavour conservation—that is, new physics allowed only in 𝐶33𝑉 ,𝑆,𝑇 .
One of the best-fit points suggested by Ref. [197]:

𝑧∗32𝑥33
�̂�2𝑆1

≈ 0.35, 𝑦32𝑥33
�̂�2𝑆1

≈ 0 , (3.9)



3.3 Phenomenological analysis 107

is compatible with new physics only in 𝐶33𝑉 , and this is the benchmark considered in
the original conception of the BN model. The most recent measurements of 𝑅𝐷∗ [15,
188, 189, 191, 192] could not have been included in their analysis.

We use these results to guide our study but proceed more generally. We evaluate
𝑅𝐷 and 𝑅𝐷∗ by taking an incoherent sum over neutrino flavours in the final state while
accounting for the interference between the SM and leptoquark contributions when the
flavours of the charged lepton and neutrino coincide. We use the flavio software [280] to
calculate 𝑅𝐷 and 𝑅𝐷∗ . The ratio 𝑅𝐷 is evaluated using recently calculated form factors
from lattice QCD [314], and 𝑅𝐷∗ using form factors [315] extracted from experiments
by BaBar [316, 317] and Belle [318–320], since the lattice results are as yet unavailable.
We stress that the 𝐵 → 𝐷∗ form factors are extracted from measurements of the decays
𝐵 → 𝐷∗(𝑒, 𝜇)𝜈 assuming the SM, and therefore the calculation may become unreliable
when the leptoquark effects in the muonic mode are large.

The effects of the running of the strong coupling 𝛼𝑠 down from the high scale (Λ)
to the 𝑏-quark mass scale (𝜇𝑏) for the scalar and tensor currents must also be accounted
for. The vector coefficient 𝐶𝑉 does not run due to the Ward identity of QCD. At leading
logarithmic order

𝐶𝑆(𝜇𝑏) = [𝛼𝑠(𝑚𝑡)
𝛼𝑠(𝜇𝑏)

]
𝛾𝑆

2𝛽(5)0 [ 𝛼𝑠(Λ)𝛼𝑠(𝑚𝑡)
]

𝛾𝑆
2𝛽(6)0 𝐶𝑆(Λ), (3.10a)

𝐶𝑇 (𝜇𝑏) = [𝛼𝑠(𝑚𝑡)
𝛼𝑠(𝜇𝑏)

]
𝛾𝑇

2𝛽(5)0 [ 𝛼𝑠(Λ)𝛼𝑠(𝑚𝑡)
]

𝛾𝑇
2𝛽(6)0 𝐶𝑇 (Λ), (3.10b)

where 𝛾𝑆 = −8, 𝛾𝑇 = 8/3 and 𝛽(𝑛𝑓 )0 = 11 − 2𝑛𝑓 /3 [321]. We use the Mathematica
package RunDec [322] to run 𝛼𝑠 from Λ ∼ TeV to 𝜇𝑏 = 𝑚𝑏 = 4.2GeV. This results in a
modification of the relation between the scalar and tensor Wilson coefficients: 𝐶𝑇 (Λ) =
−1
4𝐶𝑆(Λ). Although most of the running occurs at the low scale (between 𝜇𝑏 and 𝑚𝑡 ),

the relationship between these coefficients still depends non-negligibly on the chosen
high scale. To illustrate this dependence, we plot the ratio 𝐶𝑆(𝜇𝑏)/𝐶𝑇 (𝜇𝑏) against Λ in
Fig. 3.1. Running down to 𝜇𝑏 from higher scales increases the magnitude of the scalar
coefficient relative to the tensor one.

We incorporate the new Belle combined measurement [15] into a fit of all mea-
surements of 𝑅𝐷 and 𝑅𝐷∗ using the fitting software flavio [280]3. The fit contours are
shown in Fig. 3.2, with the fit excluding the new Belle measurement shownwith dashed
contours to indicate its effect. We find the best-fit point

(𝐶𝑉 , 𝐶𝑆) ≈ (−0.18, 0.36), (3.11)

3We note that our fit does not include the measurements of 𝑓 𝐷∗
𝐿 and 𝑅𝐽/𝜓 , since errors here are still

large. Instead, we take the central values from our fits and discuss predictions for these observables in
section 3.4.
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Figure 3.1: The dependence of the ratio of the tensor and scalar Wilson coefficients
evaluated at 𝜇𝑏 in 𝑏 → 𝑐ℓ𝜈 as a function of the new-physics scale Λ, at which the ratio
is −4. The figure depicts the values down to which the ratio 𝐶𝑆/𝐶𝑇 evolves at 𝜇𝑏 . For
example, running from 1 TeV to 𝜇𝑏 implies 𝐶𝑆/𝐶𝑇 = −7.8.

for the 2D fit to Re𝐶𝑉 and Re𝐶𝑆(Λ) = −4𝐶𝑇 (Λ) at Λ = 2 TeV. We also fit to 𝐶𝑉 with
𝐶𝑆(Λ) = 0 and vice versa. These results are summarised in Table 3.1. We comment here
that even for 𝑆1 contributing to the direction 𝐶𝑆(Λ) = −4𝐶𝑇 (Λ), the vector operator will
also always be non-zero. This follows from the relation in Eq. (3.4). The leading con-
tribution where only 𝑥33 is non-zero is suppressed by |𝑉𝑡𝑠 | ≈ 0.04, but this contribution
can still be sizeable if 𝑥33 is chosen to be large.

Neutral-current processes

The physics underlying the neutral-current 𝑏 → 𝑠 transitions in the model can be de-
scribed by the effective Lagrangian ℒNC:

ℒNC = 4𝐺𝐹
√2

𝑉𝑡𝑏𝑉 ∗𝑡𝑠
𝑒2

16𝜋2 ∑𝐼 𝐽
𝐶𝜇𝐼 𝐽𝒪𝜇

𝐼 𝐽 , (3.12)

where 𝐼 , 𝐽 ∈ {𝐿, 𝑅} and the operators in this chiral basis are defined below in terms of
𝒪9,10. We note that this is equivalent to Eq. (1.78). Following the matching procedure
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Figure 3.2: The results of our fit to 𝑅𝐷 and 𝑅𝐷∗ including the new Belle measure-
ment [15]. Contours show the 1, 2 and 3𝜎 regions of the fit, dashed lines show the
fit results without the recent Belle measurement. The scalar and tensor coefficients
are run to the 𝑏-quark mass scale from 2 TeV. See Table 3.1 for central values and the
text for more details.
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Fit Best fit 1𝜎 region 2𝜎 region

𝐶𝑉 0.069 [0.044, 0.094] [0.026, 0.11]
𝐶𝑆 0.14 [0.077, 0.15] [0.047, 0.18]

(𝐶𝑉 , 𝐶𝑆) (−0.18, 0.36) — —

Table 3.1: The results of our fit to 𝑅𝐷 and 𝑅𝐷∗ including the new Belle combined
measurement [15]. The first row shows the best fit point and 𝜎 -regions fitting to 𝐶𝑉
with all other operator coefficients vanishing. The second row shows the same for
𝐶𝑆(Λ) = −4𝐶𝑇 (Λ) for Λ = 2 TeV and all other coefficients set to zero. The third row
shows the best fit point for a 2D fit to Re 𝐶𝑉 and Re 𝐶𝑆(Λ) = −4Re 𝐶𝑇 (Λ), again for
Λ = 2 TeV.

performed in Ref. [323], we find that the field 𝑆1 generates the operators

𝒪𝜇
𝐿𝐿 ≡ 1

2(𝒪
𝜇
9 − 𝒪𝜇

10) = ( ̄𝑠𝛾𝜇𝑃𝐿𝑏)( ̄𝜇𝛾𝜇𝑃𝐿𝜇),
𝒪𝜇
𝐿𝑅 ≡ 1

2(𝒪
𝜇
9 + 𝒪𝜇

10) = ( ̄𝑠𝛾𝜇𝑃𝐿𝑏)( ̄𝜇𝛾𝜇𝑃𝑅𝜇)
(3.13)

at the one-loop level with coefficients [227]

𝐶𝑆1,𝜇𝐿𝐿 = 𝑚2𝑡
8𝜋𝛼𝑚2𝑆1

|𝑧23|2 − √2
64𝜋𝛼𝐺𝐹𝑚2𝑆1𝑉𝑡𝑏𝑉 ∗𝑡𝑠

∑
𝑟
𝑥𝑟3𝑥∗𝑟2∑

𝑠
|𝑧2𝑠 |2, (3.14a)

𝐶𝑆1,𝜇𝐿𝑅 = 𝑚2𝑡
16𝜋𝛼𝑚2𝑆1

|𝑦23|2 [ln
𝑚2𝑆1
𝑚2𝑡

− 𝑓 ( 𝑚2𝑡
𝑚2𝑊

)]

− √2
64𝜋𝛼𝐺𝐹𝑚2𝑆1𝑉𝑡𝑏𝑉 ∗𝑡𝑠

∑
𝑟
𝑥𝑟3𝑥∗𝑟2∑

𝑠
|𝑦2𝑠 |2,

(3.14b)

where

𝑓 (𝑥) = 1 − 3
𝑥 − 1 + 3

(𝑥 − 1)2 ln 𝑥. (3.15)

For the rest of the discussion we remove the 𝜇 superscript from the Wilson coefficients
and operators associated with 𝑏 → 𝑠𝜇𝜇, since we only consider new-physics effects
in the muonic mode. The dominant contributions are from the box diagrams shown
in Fig. 3.3. There are additional lepton flavour universal contributions from 𝛾 and 𝑍
penguins, however these are subdominant: the 𝑍 penguins are suppressed by small
neutrino masses and only the small short-range contribution from the 𝛾 penguins con-
tributes to 𝐶𝑆19 .
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Figure 3.3: The box diagrams contributing to 𝐶𝑆1𝐿𝐿 and 𝐶𝑆1𝐿𝑅 in this scalar leptoquark
model.

The authors of Refs. [13] conduct a global fit of all available experimental data on
the 𝑏 → 𝑠 decays. They find a good fit to the data for the chiral coefficients generated
by the leptoquark for

𝐶NP𝐿𝐿 ≈ −1.0 and 𝐶NP𝐼 𝐽 ≈ 0 otherwise, (3.16)

where new physics is assumed to significantly alter only the muonic mode and the fit
is performed for 𝐶𝐼 𝐽 ∈ ℝ. This choice of coefficients results in a significantly improved
fit to all of the 𝑏 → 𝑠 data, with a total 6.6𝜎 pull from the SM. Although a better fit
to all of the data can be achieved for 𝐶NP𝐿𝑅 < 0 (this is clear from Fig. 1.11), the choice
𝐶NP𝐿𝑅 ≈ 0 allows slightly smaller values of 𝐶NP𝐿𝐿 to explain the 𝑅𝐾 (∗) anomalies. The 2𝜎
region for the fit is −1.4 ≲ 𝐶𝑆1𝐿𝐿 ≲ −0.74 with 𝐶𝑆1𝐿𝑅 = 0. The condition 𝐶𝑆1𝐿𝑅 ≈ 0 implies
a suppression of the Yukawa couplings 𝑦2𝑟 , while 𝐶𝑆1𝐿𝐿 ≈ −1 requires large leptoquark
couplings to the second and third generation of left-handed quarks for the second term
in Eq. (3.14a)—corresponding to the second diagram in Fig. 3.3—to dominate over the
first, since it alone can be negative.

Anomalous magnetic moment of the muon

The leptoquark also mediates one-loop corrections to the 𝛾𝜇𝜇 vertex, contributing to
the muon anomalous magnetic moment. In the limit that 𝑚2𝑆1 ≫ 𝑚2𝑡 , the contribution
of 𝑆1 to 𝑎𝜇 = (𝑔 − 2)𝜇/2 is given by [227, 324–326]

𝑎𝑆1𝜇 = ∑
𝑖

𝑚𝜇𝑚𝑢𝑖
4𝜋2𝑚2𝑆1

(74 − ln
𝑚2𝑆1
𝑚2𝑢𝑖

)Re(𝑦2𝑟𝑧2𝑖) −
𝑚2𝜇

32𝜋2𝑚2𝑆1
[∑

𝑖
|𝑧2𝑖|2 +∑

𝑖
|𝑦2𝑖|2] , (3.17)

and the same-chirality terms are suppressed relative to the mixed-chirality term by a
factor of the muon mass, leading to the requirement of non-vanishing right-handed
couplings for an adequate explanation. We require that the leptoquark contribution
account for the measured anomaly, and thus that 𝑎𝑆1𝜇 = (287 ± 80) ⋅ 10−11 [226].
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Figure 3.4: The 1 and 2𝜎 allowed regions for 𝑎𝜇 in the 𝑦23–𝑧23 plane for leptoquark
masses of 𝑚𝑆1 = 1 TeV (left) and 𝑚𝑆1 = 5 TeV (right). The top-mass enhancement
in the first term of Eq. (3.17) allows the model to accommodate 𝑎𝜇 with very small
values for |𝑦23| with 𝑧23 ≠ 0.

The top-mass enhancement in the first term makes this the dominant contribution
in this model, and we illustrate the interesting values of 𝑦32 and 𝑧32 in Fig. 3.4 for lepto-
quark mass values of 𝑚𝑆1 = 1 TeV and 𝑚𝑆1 = 5 TeV. Large 𝑧23 values assist the model’s
explanation of the 𝑏 → 𝑠 anomalies, hence a combined explanation of this and the
(𝑔 − 2)𝜇 anomaly prefers a small 𝑦23. Explicitly, the condition [227]

−20.7(1 + 1.06 ln �̂�𝑆1)Re(𝑦23𝑧23) ≈ 0.08�̂�2𝑆1 (3.18)

must be satisfied to meet the central value of the measurements of 𝑎𝜇 in this minimal
case.

3.3.2 Constraints

We proceed by studying the constraints important for the leptoquark 𝑆1 in the regions
of parameter space dictated by the flavour anomalies. This analysis includes the con-
straints imposed by 𝐵, 𝐾 and 𝐷 meson decays, 𝐵𝑠– ̄𝐵𝑠 mixing, lepton-flavour violating
processes and electroweak measurements.

Many of these processes are studied in the context of an effective-operator frame-
work. Since much of the nomenclature for four-fermion operator coefficients is of-
ten only based on the Lorentz-structure of each term, keeping the naming conventions
present in the flavour-physics literature for each process can lead to ambiguity. For this
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reason we index each effective Lagrangian appearing in this section and retain the com-
mon names for each term, with the Lagrangian’s index prepended to the label. For ex-
ample, 𝐶𝑖,𝑉𝐿 might correspond to the coefficient of an operator like ( ̄𝑆1𝛾𝜇𝑃𝐿𝜒)( ̄𝜓 𝛾𝜇𝑃𝐿𝜔)
in ℒ𝑖, where 𝑆1, 𝜒 , 𝜓 , 𝜔 represent Fermion fields. For clarity we remind the reader that
the coefficients of ℒCC and ℒNC from the previous section are left unindexed.

For the reader’s convenience, we signpost the important results of this section be-
low.

Constraints on the left-handed couplings. A feature of the BN model is that the ef-
fective operators mediating the 𝑏 → 𝑠𝜇𝜇 decays are generated through box diagrams,
since 𝑆1 only couples down-type quarks to neutrinos at tree-level. As a consequence, the
large Yukawa couplings required to meet the 𝑏 → 𝑠 measurements will mediate FCNC
processes with a neutrino pair in the final state—processes to which they are related by
SU(2)𝐿 invariance—at tree level. This makes the 𝑏 → 𝑠𝜈𝜈 decays and 𝐾+ → 𝜋+𝜈𝜈 very
constraining for this model’s explanation of the 𝑏 → 𝑠 anomalies. The former decay is
more important, since it involves the combination of left-handed couplings present in
Eq. (3.14): ∑𝑟 𝑥𝑟3𝑥∗𝑟2, and essential to ensure a negative value for 𝐶𝑆1𝐿𝐿. The leptoquark
also contributes to 𝐵𝑠– ̄𝐵𝑠 mixing through box diagrams similar to those given in Fig. 3.3
with neutrinos running through both internal fermion lines. We find measurements
of 𝐵𝑠– ̄𝐵𝑠 mixing to be more constraining than those of FCNC decays for leptoquark
masses larger than a few TeV. For small leptoquark masses, precision electroweak mea-
surements of the 𝑍ℓ ̄ℓ couplings place upper bounds on the sum of the absolute squares
of left-handed couplings, and a relative sign difference between couplings to the third-
generation quarks and those to the second implies the possibility of a mild cancellation
taming these effects. A very important constraint on the left-handed coupling |𝑥22| can
be derived from the meson decay 𝐷0 → 𝜇𝜇, a large value of which aids the explanation
of 𝑅𝐾 (∗) in this scenario. It has also recently been pointed out [228] that the LFU evi-

dent in the ratio 𝑅𝜇/𝑒𝐷 = Γ(𝐵 → 𝐷𝜇𝜈)/Γ(𝐵 → 𝐷𝑒𝜈) represents a significant hurdle to the
leptoquark’s explanation of the 𝑏 → 𝑠 data, and we discuss this constraint below.

Constraints on the product of left-handed couplings discussed above also frustrate
the model’s attempts to explain measurements of the ratios 𝑅𝐷 and 𝑅𝐷∗ , specifically
in those areas of parameter space suggested by new-physics effects only in 𝐶 𝑟 𝑠𝑉 . This
implies the need for non-vanishing right-handed couplings 𝑦𝑟 𝑠 so that the 𝐶𝑆 = −4𝐶𝑇
direction is generated.

Constraints on the right-handed couplings. The right-handed couplings 𝑦𝑟 𝑠 are gen-
erally less constrained in this leptoquark model, since they mediate interactions in-
volving fewer fermion species. The most stringent limits come from mixed-chirality
contributions to tau decays such as 𝜏 → 𝜇𝜇𝜇 and 𝜏 → 𝜇𝛾 , as well as the precision elec-
troweak measurements mentioned above. Many right-handed couplings also feature in
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the model’s contributions to 𝐵, 𝐷, and 𝐾 decays.

Semileptonic charged-current processes

Leptonic and semileptonic charged-current processes are a sensitive probe of the model
we study, since the leptoquark 𝑆1 provides tree-level channels for leptonic pseudoscalar
meson decays and semileptonic decays of the tau. In order to describe these processes,
we generalise the Lagrangian presented in Eq. (3.7) to

ℒ 𝑟 𝑠𝑡𝑢1 = −4𝐺𝐹
√2

𝑉𝑢𝑟𝑑𝑠 [𝐶 𝑟 𝑠𝑡𝑢1,𝑉 ( ̄𝑢𝑟 𝛾𝜇𝑃𝐿𝑑𝑠)( ̄𝑒𝑡𝛾𝜇𝑃𝐿𝜈𝑢) + 𝐶 𝑟 𝑠𝑡𝑢1,𝑆 ( ̄𝑢𝑟𝑃𝐿𝑑𝑠)( ̄𝑒𝑡𝑃𝐿𝜈𝑢)

+𝐶 𝑟 𝑠𝑡𝑢1,𝑇 ( ̄𝑢𝑟𝜎𝜇𝜈𝑃𝐿𝑑𝑠)( ̄𝑒𝑡𝜎𝜇𝜈𝑃𝐿𝜈𝑢)] ,
(3.19)

where the vector, scalar and tensor Wilson coefficients at the leptoquark mass scale
now read

𝐶 𝑟 𝑠𝑡𝑢1,𝑉 = 1
2√2𝐺𝐹𝑉𝑢𝑟𝑑𝑠

𝑧∗𝑡𝑠𝑥𝑢𝑟
2𝑚2𝑆1

+ 𝛿𝑡𝑢 , (3.20a)

𝐶 𝑟 𝑠𝑡𝑢1,𝑆 = 1
2√2𝐺𝐹𝑉𝑢𝑟𝑑𝑠

𝑦𝑡𝑠𝑥𝑢𝑟
2𝑚2𝑆1

, (3.20b)

𝐶 𝑟 𝑠𝑡𝑢1,𝑇 = −14𝐶
𝑟 𝑠𝑡𝑢1,𝑆 , (3.20c)

in analogy with Eqs. (3.8). The leptonic decay rate for a pseudoscalar meson 𝑃𝑟 𝑠 ∼ ̄𝑢𝑟𝑑𝑠
is then given by [228]

Γ(𝑃𝑟 𝑠 → 𝑒𝑡𝜈𝑢) =
𝐺2𝐹𝑚𝑃 |𝑉𝑢𝑟𝑑𝑠 |2

8𝜋 𝑓 2𝑃𝑚2𝑒𝑡 (1 −
𝑚2𝑒𝑢
𝑚2𝑃

)
2

⋅ |𝐶 𝑟 𝑠𝑡𝑢1,𝑉 − 𝐶 𝑟 𝑠𝑡𝑢1,𝑆
𝑚2𝑃

𝑚𝑒𝑡 (𝑚𝑢𝑟 + 𝑚𝑑𝑠 )
|
2
,

(3.21)

where 𝑓𝑃 is the pseudoscalar meson decay constant. As before, we account for the
effect of the running of 𝛼𝑠 from the high scale to the scales appropriate for each decay
for the scalar operator. We take the relevant scale to be 𝜇 = 𝑚𝑐 = 1.27GeV for the 𝐷
meson decays and 𝜇 = 2GeV for the 𝐾 decays, since this is the matching scale used in
Ref. [327], from which we take the decay constants. Explicitly,

𝐶1,𝑆(𝜇) = [𝛼𝑠(𝑚𝑏)
𝛼𝑠(𝜇)

]
𝛾𝑆

2𝛽(4)0 [ 𝛼𝑠(𝑚𝑡)
𝛼𝑠(𝑚𝑏)

]
𝛾𝑆

2𝛽(5)0 [ 𝛼𝑠(Λ)𝛼𝑠(𝑚𝑡)
]

𝛾𝑆
2𝛽(6)0 𝐶1,𝑆(Λ), (3.22)



3.3 Phenomenological analysis 115

Observable Experimental value

Br(𝐾 → 𝜇𝜈) (63.56 ± 0.11)%
Br(𝐷𝑠 → 𝜇𝜈) (0.549 ± 0.016)%
Br(𝐷𝑠 → 𝜏𝜈) (5.55 ± 0.24)%
Br(𝐵 → 𝜇𝜈) (6.46 ± 2.22 ± 1.60) ⋅ 10−7 [328]
Br(𝐵 → 𝜏𝜈) (1.09 ± 0.24) ⋅ 10−4
Br(𝐵𝑐 → 𝜏𝜈) ≲ 30% [218]

𝑟 𝑒/𝜇𝐾 = Γ(𝐾→𝑒𝜈)
Γ(𝐾→𝜇𝜈) (2.488 ± 0.009) ⋅ 10−5

𝑅𝜏/𝜇𝐾 = Γ(𝜏→𝐾𝜈)
Γ(𝐾→𝜇𝜈) (1.101 ± 0.016) ⋅ 10−2

𝑅𝜏/𝜇𝐷𝑠 = Γ(𝐷𝑠→𝜏𝜈)
Γ(𝐷𝑠→𝜇𝜈) 10.73 ± 0.69+0.56−0.53 [329]

𝑅𝜇/𝑒𝐷 = Γ(𝐵→𝐷𝜇𝜈)
Γ(𝐵→𝐷𝑒𝜈) 0.995 ± 0.022 ± 0.039 [330]

𝑅𝑒/𝜇𝐷∗ = Γ(𝐵→𝐷∗𝑒𝜈)
Γ(𝐵→𝐷∗𝜇𝜈) 1.04 ± 0.05 ± 0.01 [320]

Table 3.2: A table summarising the experimental values we take for the various
leptonic branching ratios and LFU ratios considered in this section. Measurements
quoted without explicit citation are taken from Ref. [21].

while the running for the scalar operator featuring in the 𝐵 decays is the same as in
Eq. (3.10). Eq. (3.21) is finely sensitive to the Wilson coefficient 𝐶1,𝑆 since it has the
effect of lifting the chiral suppression of the SM due to the charged lepton mass in the
denominator of the last term. Recent work [228] has pointed out the importance of
considering the decays 𝐵 → ℓ ̄𝜈 , 𝐾 → ℓ ̄𝜈 , 𝐷𝑠 → ℓ ̄𝜈 and 𝐵 → 𝐷(∗)ℓ𝜈 , to which we also
add a discussion of 𝜏 → 𝐾𝜈 and 𝐵𝑐 → ℓ ̄𝜈 below. In addition, for each relevant process
we calculate a LFU ratio, since in many cases these are well measured quantities which
constitute powerful probes of any new-physics attempting to explain 𝑅𝐷(∗) or 𝑅𝐾 (∗) . We
summarise the limits and values we take for these decays and their relevant ratios in
Table 3.2. All values of the decay constants used throughout this discussion are taken
from Ref. [327].

The ratio

𝑟 𝑒/𝜇𝐾 = Γ(𝐾 → 𝑒𝜈)
Γ(𝐾 → 𝜇𝜈) (3.23)

is one of the most precisely measured quantities in weak hadronic physics. As such,
the consideration of next-to-leading-order corrections becomes important for our phe-
nomenological analysis of the effects of the leptoquark 𝑆1 on these decays. Electroweak
effects contributing to 𝑟 𝑒/𝜇𝐾 have been calculated to order 𝑒2𝑝4 in chiral perturbation
theory, e.g. [331, 332]. Higher order contributions to the quotient Eq. (3.23) are pro-
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portional to the lowest order contribution: 𝑟 𝑒/𝜇,(0)𝐾 , calculated directly from Eq. (3.21).
Including the effects of leading higher-order logarithms through Δ𝐿𝐿, Eq. (3.23) can be
written

𝑟 𝑒/𝜇𝐾 = 𝑟 𝑒/𝜇,(0)𝐾 (1 + Δ𝐾
𝑒2𝑝2 + Δ𝐾

𝑒2𝑝4 + ⋯) (1 + Δ𝐿𝐿) (3.24)

and we take Δ𝐿𝐿 = 0.055%, Δ𝐾
𝑒2𝑝2 = −3.786% and Δ𝐾

𝑒2𝑝4 = (0.135 ± 0.011)% [331] in our
calculation.

One can extend the study of lepton-flavour universality in leptonic kaon decays by
considering the crossed process 𝜏 → 𝐾𝜈 . More specifically, the ratio

𝑅𝜏/𝜇𝐾 = Γ(𝜏 → 𝐾𝜈)
Γ(𝐾 → 𝜇𝜈) (3.25)

can be used to derive constraints on the muon and tau couplings of the leptoquark 𝑆1,
and a similar approach has been taken to constrain the couplings of a vector leptoquark
in Ref. [289]. For the numerator, we find

Γ(𝜏 → 𝐾𝜈) = 𝐺2𝐹 |𝑉𝑢𝑠 |2
8𝜋 𝑓 2𝐾𝑚3𝜏 (1 −

𝑚2𝐾
𝑚2𝜏

)
2
∑
𝑟
|𝐶123𝑟1,𝑉 − 𝐶123𝑟1,𝑆

𝑚2𝐾
𝑚𝜏 (𝑚𝑢 + 𝑚𝑠)

|
2
, (3.26)

and the ratio 𝑅𝜏/𝜇𝐾 is required to lie within 2𝜎 of its experimental value: (1.101± 0.016) ⋅
10−2 [21].

Pion leptonic decays have been well-studied in the context of leptoquark models,
and measurements of the ratio 𝑅𝜇/𝑒𝜋 = Γ(𝜋 → 𝜇𝜈)/Γ(𝜋 → 𝑒𝜈) demand that leptoquark
interactions with the electron and first-generation quarks are small4 [333, 334]. The
electron and down-quark couplings play no role in the anomalies we consider in this
work, and we only require that the appropriate couplings are small enough to evade
these constraints.

Comments on lepton flavour universality in 𝐵 → 𝐷(∗)(𝑒, 𝜇)𝜈 . An additional con-
straint comes from the observation that LFU is respected in the ratio of decay rates

𝑅𝜇/𝑒𝐷(∗) =
Γ(𝐵 → 𝐷(∗)𝜇𝜈)
Γ(𝐵 → 𝐷(∗)𝑒𝜈) , (3.27)

implying a tension with the purported violation in 𝜇–𝑒 universality evident in 𝑅𝐾 (∗) .
This constraint has been studied in Ref. [228], where it was concluded that the lep-
toquark model cannot respect this constraint while explaining the suppression of 𝑅𝐾

4In the most minimal case, a non-zero 𝑥21 implies 𝑧21 ≈ 𝑥21 and these couplings alone are sufficient to
mediate the decay 𝜋+ → 𝜇+𝜈 .
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in the absence of the right-handed couplings 𝑦𝑟 𝑠 . The ratio has been measured to be
𝑅𝜇/𝑒𝐷 = 0.995 ± 0.022 ± 0.039 [330], while the reciprocal is presented for the 𝐷∗ ratio:

𝑅𝑒/𝜇𝐷∗ = 1.04±0.05±0.01 [320]. In the case of 𝑅𝜇/𝑒𝐷 , 2𝜎 consistency with the measurement
allows for an approximately 10% deviation from the SMprediction, a weaker bound than
that presented in Ref. [228], while the recent Belle result for 𝑅𝑒/𝜇𝐷∗ permits only a 4% de-
viation for contributions to the muonic mode. We find that these constraints become
less important for leptoquark masses larger than 1 TeV, permitting sizeable contribu-
tions to 𝐶𝐿𝐿 in this model. We illustrate this point in the top plot of Fig. 3.5, where
random points passing all of the constraints presented in our analysis except 𝑅𝑒/𝜇𝐷∗ are

presented in the 𝐶𝐿𝐿–𝑅𝜇/𝑒𝐷∗ plane. The parameters and ranges taken in our scan are the
same as those of scan I in Sec. 3.4 in whichmasses are sampled randomly from the range
[1, 5] TeV. The complementary set-up for 𝑅𝑒/𝜇𝐷 is shown in the bottom figure of Fig. 3.5,
mutatis mutandis.

Comments on 𝐵𝑐 → 𝜏𝜈 . The leptonic decays of the charmed 𝐵 meson have not yet
been measured—few 𝐵𝑐 mesons are produced at 𝑒+𝑒− 𝐵-factories and the leptonic mode
cannot be reliably reconstructed at LHCb. Despite this, measurements of the 𝐵𝑐 lifetime
have recently been shown to imply serious constraints [216, 218] for models explaining
𝑅𝐷(∗) with contributions to the operator 𝐶3𝑟𝑆 defined in Eq. (3.7). Here, we wish to point
out that the 𝐵𝑐 → 𝜏𝜈 rate remains SM-like in this leptoquark model due to the presence
of the tensor contribution 𝐶3𝑟𝑇 , and thus that measurements of the 𝐵𝑐 lifetime do not
constitute a serious constraint on the model.

In Fig. 3.6 we plot the branching ratio Br(𝐵𝑐 → 𝜏𝜈) in this leptoquark model against
interesting values of 𝑅𝐷∗ , in the spirit of Fig. 1 of Ref. [218]. The blue curve represents
the contribution from only theWilson coefficient 𝐶𝑆 , while the orange curve represents
the contribution from the scalar leptoquark 𝑆1 where the scalar and tensor contributions
are related through Eq. (3.20c). The presence of both the scalar and tensor contributions
results renders the branching ratio sufficiently small in the region of interest.

Lepton flavour violating processes

The lepton-flavour symmetries present in the SM are broken by the Yukawa couplings
of the leptoquark to the SM fermions. This implies that 𝑆1 can mediate processes that
do not conserve lepton flavour, of which those considered in our analysis are 𝑒𝑖 →
𝑒𝑗𝛾 , 𝑒𝑖 → 𝑒𝑗𝑒𝑘𝑒𝑙 and muon–electron conversion in nuclei: 𝜇A

ZN → 𝑒AZN. We use the
expressions for these processes found in the Appendix of Ref. [16], adapted to the case
of one leptoquark, and direct the reader there for more details. We impose the following
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Figure 3.5: The results of our random scan showing 𝐶𝐿𝐿 against 𝑅𝜇/𝑒𝐷 (bottom) and

𝑅𝑒/𝜇𝐷∗ (top) for the parameter choices detailed in Sec. 3.4 for ‘scan I’, in which the lep-
toquark mass is allowed to vary to values as large as 5 TeV. For leptoquark masses
between 3 and 5 TeV, the tension in the 𝑏 → 𝑠 data can be significantly resolved while
keeping LFU effects between electron and muon 𝑏 → 𝑐 modes mild.
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Figure 3.6: The branching ratio Br(𝐵𝑐 → 𝜏𝜈) against 𝑅𝐷∗ with new physics only in
𝐶𝑆 (solid blue) and new physics in both 𝐶𝑆 and 𝐶𝑇 satisfying 𝐶𝑆/𝐶𝑇 = −4 (solid or-
ange) and 𝐶𝑆/𝐶𝑇 = −7.8 (dashed orange). The 30% limit is shown in red (dot-dashed).
The dark and light grey regions represent the 1 and 2𝜎 regions for 𝑅𝐷(∗) . In this lepto-
quark model, Br(𝐵𝑐 → 𝜏𝜈) remains ≲ 30% in the region of interest.

limits for the constraints:

Br(𝜏 → 𝜇𝛾) < 4.4 ⋅ 10−8 [335], (3.28)

Br(𝜏 → 𝜇𝜇𝜇) < 2.1 ⋅ 10−8 [336], (3.29)

Br(𝜇197
79Au → 𝑒19779Au) < 7.0 ⋅ 10−13 [337]. (3.30)

In the 𝜇 → 𝑒 transition, we only consider muon–electron conversion since this is the
most stringent of themuon’s lepton-flavour-violating (LFV) decaymodes that the lepto-
quark canmediate [16, 101, 263]. The tree-level contributions tomuon–electron conver-
sion imply very strong constraints on the coupling combinations involved. Assuming
no accidental cancellation between terms, the order-of-magnitude bounds [16]

𝑧21𝑦∗11, 𝑦21𝑧∗11 ≲ [4 ⋅ 10−9, 7 ⋅ 10−8]
𝑚2𝑆1
𝑚2𝑊

, (3.31)

𝑧21𝑧∗11, 𝑦21𝑦∗11 ≲ [10−8, 10−7]
𝑚2𝑆1
𝑚2𝑊

. (3.32)

can be evaded with small electron couplings.
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Rare meson decays

The most important rare meson decays remain to be mentioned. We group them here
and separate their discussion based on the species of lepton in the final state. The decays
studied are: (1) 𝐵 → 𝐾𝜈𝜈 and 𝐾+ → 𝜋+𝜈𝜈 , involving neutrinos, and (2) 𝐷0 → 𝜇𝜇 and
𝐷+ → 𝜋+𝜇𝜇, involving charged leptons.

The decays 𝐵 → 𝐾 (∗)𝜈𝜈 and 𝐾+ → 𝜋+𝜈𝜈 heavily constrain the combination of
Yukawa couplings 𝑥𝑟 𝑠 in this model since the SM contributions proceed at loop-level,
while our leptoquark mediates such neutral-current quark decays at tree-level. The
physics describing this class of decays is described by the effective Lagrangian [338, 339]

ℒ 𝑟 𝑠𝑡𝑢2 = 8𝐺𝐹
√2

𝑒2
16𝜋2𝑉𝑡𝑑𝑟𝑉

∗𝑡𝑑𝑠 [𝐶 𝑟 𝑠𝑡𝑢2,𝐿 ( ̄𝑑𝑟 𝛾𝜇𝑃𝐿𝑑𝑠)( ̄𝜈𝑡𝛾𝜇𝑃𝐿𝜈𝑢)

+𝐶 𝑟 𝑠𝑡𝑢2,𝑅 ( ̄𝑑𝑟 𝛾𝜇𝑃𝑅𝑑𝑠)( ̄𝜈𝑡𝛾𝜇𝑃𝐿𝜈𝑢)] + h.c.
(3.33)

and operator coefficients

𝐶 𝑟 𝑠𝑡𝑢2,𝐿 = − √2𝜋2
𝑒2𝐺𝐹𝑚2𝑆1

𝑥∗𝑡𝑠𝑥𝑢𝑟
𝑉𝑡𝑑𝑟𝑉 ∗𝑡𝑑𝑠

+ 𝐶SM𝐿 𝛿𝑡𝑢 , 𝐶 𝑟 𝑠𝑡𝑢2,𝑅 = 0, (3.34)

where 𝐶SM𝐿 = −𝑋(𝑚2𝑡 /𝑚2𝑊 )/𝑠2𝑤 . The SM loop function 𝑋(𝑥) is given by [338–341]

𝑋(𝑥) = 𝑥
8 [𝑥 + 2

𝑥 − 1 + 3𝑥 − 6
(𝑥 − 1)2 ln 𝑥] , (3.35)

and the ratios 𝑅𝜈𝜈𝐾 (∗) ≡ Γ(𝐵 → 𝐾 (∗)𝜈𝜈)/Γ(𝐵 → 𝐾𝜈𝜈)SM are constrained to satisfy 𝑅𝜈𝜈𝐾 <
3.9 and 𝑅𝜈𝜈𝐾∗ < 2.7 at 90% C.L. [342]. We find

𝑅𝜈𝜈𝐾 (∗) = 1
3 ∑𝑟 𝑠

|𝐶32𝑟𝑠2,𝐿 |2
|𝐶SM𝐿 |2

= 1 + 𝑎2
3𝑚4𝑆1

∑
𝑟 𝑠

| 𝑥
∗𝑟2𝑥𝑠3
𝑉𝑡𝑏𝑉 ∗𝑡𝑠

|
2
− 2𝑎
3𝑚2𝑆1

∑
𝑟

Re (𝑥
∗𝑟2𝑥𝑟3
𝑉𝑡𝑏𝑉 ∗𝑡𝑠

) ,
(3.36)

where 𝑎 = √2𝜋2/(𝑒2𝐺𝐹 |𝐶SM𝐿 |). Due to the absence of right-handed currents, our model
predicts 𝑅𝜈𝜈𝐾 = 𝑅𝜈𝜈𝐾∗ although the bound on 𝑅𝜈𝜈𝐾 is slightly weaker, as is that for the
inclusive decay. A conservative limit on the combination (∑ 𝑥∗𝑟2𝑥𝑟3)/�̂�2𝑆1 can be derived
using the Schwartz inequality [227]:

−0.05 ≲ [x†x]23
�̂�2𝑆1

≲ 0.1, (3.37)
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Figure 3.7: The region allowed by experimental limits on the decay 𝐵 → 𝐾𝜈𝜈 in the
|𝑥33|–|𝑥32| plane for 𝑚𝑆1 = 1 TeV. All other couplings are switched off. A large value
of |𝑥33| is essential to explaining 𝑅𝐷(∗) , and the figure implies that such a requirement
keeps |𝑥32| small.

where we have assumed Arg(𝑥∗𝑟2𝑥𝑟3) = Arg(𝑉𝑡𝑏𝑉 ∗𝑡𝑠). We emphasise that this bound
represents an insufficient condition for the model to respect the experimental limits.
In Fig. 3.7 we present the allowed region for non-zero 𝑥32 and 𝑥33 and 𝑚𝑆1 = 1 TeV—a
coupling texture interesting for explaining 𝑅𝐷(∗) , although heavily constrained by 𝑅𝜈𝜈𝐾∗ .

The decay 𝐾+ → 𝜋+𝜈𝜈 constitutes the most stringent constraint on our model from
the kaon sector [343]. We find

Br(𝐾+ → 𝜋+𝜈𝜈) = 1
3 ∑𝑟 𝑠

𝜅+ [(Im
𝑉𝑡𝑠𝑉 ∗𝑡𝑑 𝑠2𝑤𝐶21𝑟𝑠2,𝐿

𝜆5 )
2

+(Re
𝑉𝑡𝑏𝑉 ∗𝑡𝑠𝑠2𝑤𝐶21𝑟𝑠2,𝐿

𝜆5 + 𝑃(𝑢,𝑐)𝛿𝑟 𝑠)
2
] ,

(3.38)

by adapting Eq. (3.29) of Ref. [338], where the factor 𝜅+ = (5.27 ± 0.03) ⋅ 10−11 is due
mainly to hadronic matrix elements, 𝜆 is the CKMWolfenstein parameter, 𝑃(𝑢,𝑐) = 0.41±
0.05 accounts for the effects of light-quark loops, and the small electromagnetic correc-
tions have been neglected. The branching ratio for the decay has most recently been
measured by the E949 collaboration to be Br(𝐾+ → 𝜋+𝜈𝜈) = (1.73+1.15−1.05) ⋅ 10−10 [344].
A conservative limit can be placed on the combination of new-physics couplings fea-
turing in 𝐶21𝑟𝑠2,𝐿 by considering only same-flavoured neutrinos in the final state of the
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decay. Under the assumptions that the couplings involved are real and that only one
combination dominates, we find

−9.1 ⋅ 10−4 < [x†x]21
�̂�2𝑆1

< 4.8 ⋅ 10−4. (3.39)

This bound can be avoided by considering a suppression of the leptoquark couplings to
the first generation of quarks.

In this leptoquark model, the coupling of the 𝑐-quark to the charged leptons is
essential for the explanation of the 𝑏 → 𝑐𝜏𝜈 anomalies. Also, as discussed earlier,
the up-quark couplings cannot be entirely avoided due to the stringency of Eq. (3.39)
and the mixing of Eq. (3.4). These factors make the physics of operators of the form
𝒪𝑟 𝑠𝑡𝑢 ∼ (𝑢𝑟Γ𝑢𝑠)(𝑒𝑡Γ𝑒𝑢) an important source of constraint on this model. Additionally,
in order to ensure 𝐶𝑆1𝐿𝐿 ≈ −1.2 in the model’s original conception, an ansatz for 𝑧𝑟 𝑠 was
chosen such that |𝑧22| takes 𝒪(1) values. Constraints from the decays 𝐷0 → 𝜇𝜇 and
𝐷+ → 𝜋+𝜇𝜇 are especially worrying in this case, since the leptoquark mediates these
processes at tree-level. Even within the context of vanishing first-generation couplings,
one cannot avoid inducing new-physics interactions involving up quarks because of the
mixing of Eq. (3.4). The new-physics contributions to decays of the form 𝑢𝑟 → 𝑢𝑠𝑒𝑡 𝑒𝑢
can be contained within the effective Lagrangian

ℒ 𝑟 𝑠𝑡𝑢3 = 4𝐺𝐹
√2

[𝐶 𝑟 𝑠𝑡𝑢3,𝑉𝑅( ̄𝑢𝑟 𝛾𝜇𝑃𝑅𝑢𝑠)( ̄𝑒𝑡𝛾𝜇𝑃𝑅𝑒𝑢) + 𝐶 𝑟 𝑠𝑡𝑢3,𝑉𝐿( ̄𝑢𝑟 𝛾𝜇𝑃𝐿𝑢𝑠)( ̄𝑒𝑡𝛾𝜇𝑃𝐿𝑒𝑢)
+ 𝐶 𝑟 𝑠𝑡𝑢3,𝑇 ( ̄𝑢𝑟𝜎𝜇𝜈𝑃𝑅𝑢𝑠)( ̄𝑒𝑡𝜎𝜇𝜈𝑃𝑅𝑒𝑢) + 𝐶 𝑟 𝑠𝑡𝑢3,𝑆𝐿 ( ̄𝑢𝑟𝑃𝐿𝑢𝑠)( ̄𝑒𝑡𝑃𝐿𝑒𝑢)
+ 𝐶 𝑟 𝑠𝑡𝑢3,𝑆𝑅( ̄𝑢𝑟𝑃𝑅𝑢𝑠)( ̄𝑒𝑡𝑃𝑅𝑒𝑢) + h.c.],

(3.40)

with coefficients 𝐶3,𝑟 at the leptoquark mass scale given by

𝐶 𝑟 𝑠𝑡𝑢3,{𝑉𝐿,𝑉𝑅} =
1

2√2𝐺𝐹
{ 𝑧𝑡𝑠𝑧

∗𝑙𝑟𝑦∗𝑡𝑠𝑦𝑢𝑟}
1

2𝑚2𝑆1
, (3.41)

𝐶 𝑟 𝑠𝑡𝑢3,{𝑆𝐿,𝑆𝑅} =
1

2√2𝐺𝐹
{𝑧𝑡𝑠𝑦𝑢𝑟𝑦∗𝑡𝑠𝑧∗𝑢𝑟}

1
2𝑚2𝑆1

, (3.42)

𝐶 𝑟 𝑠𝑡𝑢3,𝑇 = −14𝐶
𝑟 𝑠𝑡𝑢3,𝑆𝐿 . (3.43)

For the scalar and tensor operators we account for the running of 𝛼𝑠 down to the charm-
quark mass scale as in Sec. 3.3.2.
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For the leptonic decay, we find

Γ(𝐷0 → 𝜇𝜇) = 𝑓 2𝐷𝑚3𝐷𝐺2𝐹
32𝜋 (𝑚𝐷

𝑚𝑐
)
2
𝛽𝜇[ |𝐶21223,𝑆𝐿 − 𝐶21223,𝑆𝑅 |2 𝛽2𝜇

+ |𝐶21223,𝑆𝐿 + 𝐶21223,𝑆𝑅 − 2𝑚𝜇𝑚𝑐
𝑚2𝐷

(𝐶21223,𝑉𝐿 + 𝐶21223,𝑉𝑅 )|
2
]

(3.44a)

= 𝑓 2𝐷𝑚3𝐷
512𝜋𝑚4𝑆1

(𝑚𝐷
𝑚𝑐

)
2
𝛽𝜇 [|𝑦∗22𝑧∗21 − 𝑧22𝑦21|2𝛽2𝜇𝜂2

+ |𝜂(𝑦∗22𝑧∗21 + 𝑧22𝑦21) −
2𝑚𝜇𝑚𝑐
𝑚2𝐷

(𝑧22𝑧∗21 + 𝑦∗22𝑦21)|
2
] ,

(3.44b)

where 𝛽𝜇 = (1−4𝑚2𝜇/𝑚2𝐷)1/2 ≈ 0.99, 𝑓𝐷 = 212(2)MeV [327] and 𝜂 = 𝐶21223,𝑆𝐿 (𝑚𝑐)/𝐶21223,𝑆𝐿 (𝑚𝑆1).
In the limit that the left-handed contribution dominates, the bound

|𝑥22| < 0.46�̂�𝑆1 (3.45)

can be derived from the experimental upper limit Br(𝐷0 → 𝜇𝜇) < 7.6 ⋅ 10−9 [345]
assuming 𝑥23 ≪ 𝑥22. One can arrange for a mild cancellation between the same- and
mixed-chirality terms in Eq. (3.44) by allowing the right-handed couplings 𝑦2(1,2) to take
𝒪(0.1) values, however this creates tensions with other meson decays such as 𝐷𝑠 → 𝜇𝜈 ,
𝐾 → 𝜇𝜈 and 𝐷+ → 𝜋+𝜇𝜇, and we find no overlapping allowed region.

For the decay 𝐷+ → 𝜋+𝜇𝜇, we implement the calculation of Ref. [346]. The branch-
ing ratio

Br(𝐷+ → 𝜋+𝜇+𝜇−) < 8.3 ⋅ 10−8, (3.46)

is measured by extrapolating spectra over the resonant region [347], while the bounds
on the separate high- and low-𝑞2 bins are

Br(𝐷+ → 𝜋+𝜇+𝜇−)𝑞2∈[1.56,4.00] < 2.9 ⋅ 10−8, (3.47)

Br(𝐷+ → 𝜋+𝜇+𝜇−)𝑞2∈[0.0625,0.276] < 2.5 ⋅ 10−8, (3.48)

where 𝑞2 ranges are given in GeV2. Both Eq. (3.47) and Eq. (3.48) are imposed in our
numerical scans.

Meson mixing

A complementary constraint on the left-handed couplings can be derived from 𝐵𝑠– ̄𝐵𝑠
mixing, providing a stronger bound than 𝑅𝜈𝜈𝐾 for leptoquark masses larger than a few
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TeV. The UTfit collaboration determines constraints on Δ𝐹 = 2 processes in terms of
the quotient of the meson mixing amplitude and the SM prediction:

𝐶𝐵𝑠 𝑒2𝑖𝜙𝐵𝑠 ≡
⟨𝐵𝑠 |ℋΔ𝐹=2| ̄𝐵𝑠⟩
⟨𝐵𝑠 |ℋΔ𝐹=2

SM | ̄𝐵𝑠⟩
, (3.49)

and the current best fit values for these parameters are 𝐶𝐵𝑠 = 1.110 ± 0.090 and 𝜙𝐵𝑠 =(0.42 ± 0.86)∘ [348]. In the notation of Ref. [348], our leptoquark only generates the ef-
fective operator 𝑄𝑟 𝑠1 = 𝐶𝑏𝑠1 ( ̄𝑞𝑟𝑎𝛾𝜇𝑃𝐿𝑞𝑎𝑠 )( ̄𝑞𝑡𝑏𝛾𝜇𝑃𝐿𝑞𝑏𝑢) through box diagrams with neutrinos
and leptoquarks in the loop. The relevant operator coefficient, defined at the high scale
Λ, is

𝐶𝑏𝑠,𝑆11 (Λ) = 1
128𝜋2 (∑𝑟

𝑥∗𝑟3𝑥𝑟2
𝑚𝑆1

)
2
, (3.50)

in the limit of vanishing SM fermion masses. The SM processes involve similar box
diagrams with top quarks and 𝑊 bosons in the loop, inducing the Wilson coefficient
(see e.g. [349])

𝐶𝑏𝑠,SM1 = 𝐺2𝐹𝑚2𝑊
4𝜋2 (𝑉 ∗𝑡𝑏𝑉𝑡𝑠)2𝑆0(𝑚2𝑡 /𝑚2𝑊 ) , (3.51)

where 𝑆0(𝑥) is the well-known Inami-Lim function [350]:

𝑆0(𝑥) = 𝑥3 − 11𝑥2 + 4𝑥
4(𝑥 − 1)2 − 3𝑥3

2(𝑥 − 1)3 ln 𝑥 . (3.52)

We account for the effect of the running of 𝛼𝑠 down to 𝑚𝑊 for the coefficient 𝐶𝑏𝑠,𝑆11 to
compare with the SM result using [117]

𝐶𝑏𝑠,𝑆11 (𝑚𝑊 ) = [ 𝛼𝑠(𝑚𝑡)
𝛼𝑠(𝑚𝑊 )]

𝛾
2𝛽(5)0 [ 𝛼𝑠(Λ)𝛼𝑠(𝑚𝑡)

]
𝛾

2𝛽(6)0 𝐶𝑏𝑠,𝑆11 (Λ) , (3.53)

where 𝛾 = 4 and 𝛽(𝑛𝑓 )0 = 11 − 2𝑛𝑓 /3. The combination of left-handed couplings in
Eq. (3.50) is thus required to satisfy

𝐶𝐵𝑠 𝑒2𝑖𝜙𝐵𝑠 = 1 + 1
32𝐺2𝐹𝑚2𝑊 𝑆0(𝑚2𝑡 /𝑚2𝑊 ) (

𝜂′
𝑉 ∗𝑡𝑏𝑉𝑡𝑠

∑
𝑟

𝑥∗𝑟3𝑥𝑟2
𝑚𝑆1

)
2
, (3.54)

where 𝜂′ = 𝐶𝑏𝑠,𝑆11 (𝑚𝑊 )/𝐶𝑏𝑠,𝑆11 (𝑚𝑆1).
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Precision electroweak measurements

The Yukawa interactions of the leptoquarkwith both left- and right-handed SM fermions
give corrections to many electroweak observables. Precision measurements of these
have been translated into bounds on dimension-six operators in the literature, and we
proceed by applying the results of a recent fit to the electroweak precision data [351].
Specifically, we consider the way in which the couplings 𝑥𝑟 𝑠 and 𝑦𝑟 𝑠 are constrained
by precision electroweak measurements of the 𝑍ℓ ̄ℓ couplings 𝑔𝐿 and 𝑔𝑅. These receive
corrections from leptoquark loops in our model [227]:

𝛿𝑔𝑒𝑟𝑋 = (−1)𝛿𝑋𝑅 3
32𝜋2

𝑚2𝑡
𝑚2𝑆1

(ln
𝑚2𝑆1
𝑚2𝑡

− 1) |𝜆𝑋𝑟3|2

− 1
32𝜋2

𝑚2𝑍
𝑚2𝑆1

2
∑
𝑠
|𝜆𝑋𝑟𝑠 |2 [(𝛿𝑋𝐿 −

4𝑠2𝑤
3 ) (ln

𝑚2𝑆1
𝑚2𝑍

+ 𝑖𝜋 + 1
3) − 𝑠2𝑤

9 ] ,
(3.55)

where 𝑋 ∈ {𝐿, 𝑅}, 𝜆𝐿𝑟𝑠 = 𝑧𝑟 𝑠 and 𝜆𝑅𝑟𝑠 = 𝑦𝑟 𝑠 . From Eq. (3.28) and Table 10 of Ref. [351], we
calculate the conservative constraints

Re𝛿𝑔𝑒𝑟𝐿 ∈ [−8.5, 12.0] ⋅ 10−4, Re𝛿𝑔𝑒𝑟𝑅 ∈ [−5.4, 6.7] ⋅ 10−4 (3.56)

at 95% confidence from the fit results obtained using the large-𝑚𝑡 expansion. The ex-
pressions in Eq. (3.56) are conservative sincewe do not account for correlations between
different operators but this does not affect our results in an important way. The results
of the fit are sensitive to the interference between the SM and leptoquark contributions,
hence only the real part of the 𝛿𝑔𝑒𝑟𝐼 is constrained.

3.4 Results and discussion

Below we study the extent to which the experimental anomalies in 𝑅𝐷(∗) , the 𝑏 → 𝑠
transition and (𝑔 − 2)𝜇 can be accommodated in light of the constraints presented in
Sec. 3.3.2. We first consider each anomaly separately and then present the combined
parameter space.

For all of the random scans in this section our Monte Carlo strategy proceeds as
follows. We sample random real values of the free parameters 𝑥𝑟 𝑠 for 𝑟 , 𝑠 ≠ 1 and lepto-
quark masses in the range �̂�𝑆1 ∈ [0.6, 5]. Values are sampled from the region described
in Eq. (3.37)—a necessary condition for the 𝑥𝑟 𝑠 to respect the bound from 𝐵 → 𝐾𝜈𝜈 , dis-
cussed in Sec. 3.3.2—and the perturbativity bound |𝑥𝑟 𝑠 | ≤ √4𝜋 is imposed at sampling.
The values chosen for the right-handed couplings 𝑦𝑟 𝑠 depend on the process studied, al-
though we find that only the 𝑦2𝑟 and 𝑦32 are important for our analysis. Two scans are
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performed, here labelled I and II. Scan I explores the parameter space associated with
the 𝑏 → 𝑠 anomalies and thus only contains the couplings featuring in Eq. (3.14), while
scan II is intended to elucidate the parameter space associated with both the neutral-
current and charged-current anomalies, hence 𝑦32 is included. An important difference
between scans I and II is that the former allows 𝐶𝑆1𝐿𝑅 ≠ 0, although this comes at the
expense of fewer points passing all of the constraints since the couplings 𝑦22 and 𝑦23 are
heavily constrained by semileptonic charged-current processes discussed in Sec. 3.3.2.
Explicitly, the parameters and respective ranges over which they are scanned are as
follows.

Scan I. 6 ⋅ 106 points sampled from the region in Eq. (3.37) subject to

• �̂�𝑆1 ∈ [0.6, 5],
• |𝑥𝑟 𝑠 | ≤ √4𝜋 for 𝑟 , 𝑠 ≠ 1,
• |𝑦22|, |𝑦23| ≤ √4𝜋 ,
• All other couplings are set to zero.

Of the 6 ⋅ 106 points, only ∼ 5 ⋅ 103 pass all of the constraints.

Scan II. 6 ⋅ 106 points sampled from the region in Eq. (3.37) subject to

• �̂�𝑆1 ∈ [0.6, 5],
• |𝑥𝑟 𝑠 | ≤ √4𝜋 for 𝑟 , 𝑠 ≠ 1,
• |𝑦23| ≤ 0.05, |𝑦32| ≤ √4𝜋 ,
• All other couplings, including 𝑦22, are set to zero.

We will see from the results of scan I that 𝑦22 ≈ 0 is preferred for 𝑅𝐾 (∗) , hence
we take it to vanish in scan II. The range |𝑦23| ≤ 0.05 is motivated a posteriori by
the fit to (𝑔 − 2)𝜇 and the avoidance of a number of constraints. These relaxed
requirements on the 𝑦2𝑟 mean that, of the 6 ⋅ 106 generated points, ∼ 3.7 ⋅ 104 pass
all of the constraints.

For each of the points the relevant observables and operators 𝑅𝐷 , 𝑅𝐷∗ , 𝐶𝑆1𝐿𝐿 and 𝐶𝑆1𝐿𝑅
are calculated and then the associated coupling constants are filtered through the con-
straints considered, including 𝑅𝜈𝜈𝐾∗ < 2.7.

Our analysis mainly focuses on answering the following questions: (1) To what ex-
tent can the present leptoquark model explain 𝑅𝐾 (∗) while maintaining a SM-like 𝑅𝐷(∗)?
(2) To what extent can it explain 𝑅𝐷(∗) with a SM-like 𝑅𝐾 (∗)? (3) How well can all of
the anomalies be explained together? These questions are addressed below in the order
given above. Throughout this discussion, the relative ease with which this leptoquark
model can explain the tension in (𝑔 − 2)𝜇 is exploited to simplify our study. We do not
include its calculation in our numerical scans, since the values of 𝑥23 and 𝑦23 required—
namely, those satisfying Eq. (3.18)—are such that no constraints are encountered.
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3.4.1 Flavour anomalies

Explaining the 𝑏 → 𝑠 data. In order for the leptoquark model to explain the measured
tensions in the 𝑏 → 𝑠 transition the left-handed couplings of 𝑆1 to the second and third
generation of quarks are necessary to ensure a non-vanishing 𝐶𝑆1𝐿𝐿, a parameter space
very heavily constrained by the limits from rare meson decays discussed in Sec. 3.3.2.
The necessary condition Eq. (3.37) imposed by the bound on 𝑅𝜈𝜈𝐾∗ can be combined with
Eq. (3.14a) to give [227]

2
∑
𝑖=1

|𝑧2𝑟 |2 + (1 − 0.77
�̂�2𝑆1

) |𝑧23|2 ≈ (|𝑉𝑢𝑠 |2 + 1) |𝑧22|2 + (1 − 0.8
�̂�2𝑆1

) |𝑧23|2

≳ −6𝐶𝑆1𝐿𝐿.
(3.57)

It follows that 𝒪(1) couplings to the muon are necessary for the model to meet the
benchmark 𝐶𝑆1𝐿𝐿 ≈ −1.0. For small leptoquark masses the model prefers a large |𝑧22|
since the top contribution is suppressed through destructive interference between the
box diagrams in Fig. 3.3, however the limit from 𝐷0 → 𝜇𝜇 [see Eq. (3.45)] prohibits such
a scenario. Indeed, the analysis of Ref. [228] indicates that the constraint following from
the LFU evident in 𝑅𝜇/𝑒𝐷 also constitutes a very serious stumbling-block for the model’s
explanation of the 𝑏 → 𝑠 data for 𝑚𝑆1 ≲ 1 TeV. We make progress by performing a
random scan in which the leptoquark mass is allowed to vary up to 5 TeV—such large
masses have the effect of lifting the suppression on the last term in Eq. (3.57) and per-
mitting larger values for 𝑧22 according to Eq. (3.45). In addition to the 𝑥𝑟 𝑠 , we turn on
the 𝑦2𝑟 with 𝑟 ≠ 1 in order to study the extent to which 𝐶𝑆1𝐿𝑅 can contribute. These define
the parameters of scan I, introduced above, and we present the results of this scan along
with those of scan II, for which 𝐶𝐿𝑅 = 0, in Fig. 3.8 and Fig. 3.9. Consistent with our
comments in Section 3.3.2, we find that any phenomenologically viable explanation of
the anomalous 𝑏 → 𝑠 data in this leptoquark model requires 𝑚𝑆1 ≳ 2.5 TeV. Addition-
ally, constraints from the 𝜏 → 𝜇 flavour-changing observables require |𝑥32| > |𝑥33| for
large |𝑥32|. Although the benchmark value 𝐶𝑆1𝐿𝐿 ≈ −1.0 is unattainable in light of the
constraints we have considered for a perturbative 𝑥23, the model can reduce the tension
with the 𝑏 → 𝑠 data to within ∼ 1.5𝜎 , a significant improvement on the SM. Points in
parameter space implying such large, negative values for 𝐶𝑆1𝐿𝐿 also entail a vanishing
𝐶𝐿𝑅.

Explaining 𝑅𝐷(∗) . We move on to consider the extent to which the leptoquark can ex-
plain the anomalies in the 𝑏 → 𝑐 transition. The fit presented in Fig. 3.2 suggests two
scenarios for explaining the measured tensions in the 𝑏 → 𝑐ℓ𝜈 decays: (i) new physics
only in 𝐶33𝑉 ; or (ii) new-physics in 𝐶33𝑆 and 𝐶33𝑇 , perhaps along with contributions in
𝐶33𝑉 . Possibility (i) is the region of parameter space considered in the model’s original
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(a) The results of scan I (black) and scan II (red) projected onto the 𝐶𝑆1𝐿𝐿–𝐶𝑆1𝐿𝑅 plane. The con-
tours are those of Fig. 1.11 projected onto the chiral basis, originally from Ref. [13]. The blue
contours represent the fit to only LFU observables, the green the fit to the other 𝑏 → 𝑠 data,
while the global fit contours are shown in orange. The model can alleviate the tensions in
LFU observables to just shy of the 1𝜎 region, a significant improvement on the SM. In this
region, 𝐶𝑆1𝐿𝑅 ≈ 0, implying a suppression of the 𝑦2𝑟 . Agreement with only the LFU observables
is not as good.

(b) A scatter plot showing the results of scan
II projected onto the 𝐶𝑆1𝐿𝐿–�̂�𝑆1 plane. Yellow
points imply SM-like values for 𝑅𝐷 and 𝑅𝐷∗ .
The constraints imposed by 𝐷0 → 𝜇𝜇, 𝐷+ →
𝜋+𝜇𝜇 and 𝑍 → 𝜇 ̄𝜇 disfavor light leptoquark
masses.

(c) A scatter plot of 𝐶𝑆1𝐿𝐿 against the ratio
𝑥33/𝑥23 for parameters subject to scan II.
Again, yellow points correspond to SM-like
𝑅𝐷 and 𝑅𝐷∗ . A large, negative value for 𝐶𝑆1𝐿𝐿
requires |𝑥23| > |𝑥33| to keep LFV 𝜏 → 𝜇
observables at bay.

Figure 3.8: The key results probing the extent to which the model can explain the
tensions in 𝑏 → 𝑠 data. Significant improvement from the SM is possible for lepto-
quark masses between 3 and 5 TeV, |𝑥23| > |𝑥33| and suppressed 𝑦2𝑟 . The grey areas in
(b) and (c) are the 1 and 2𝜎 allowed regions for 𝐶𝑆1𝐿𝐿.
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Figure 3.9: Slices through the parameter space investigated through scan II. The
value of 𝐶𝑆1𝐿𝐿 is plotted against each Yukawa coupling scanned over. Plots against the
𝑥𝑟 𝑠 contain points from scan II and hence 1 and 2𝜎 regions for 𝐶𝑆1𝐿𝐿 can be specified
since 𝐶𝑆1𝐿𝑅 = 0; these are shaded grey. Large values of 𝑥23 are essential for an ade-
quate explanation of the 𝑏 → 𝑠 data in this model, while small, but non-zero, values
for 𝑥22 are necessary to allow 𝐶𝑆1𝐿𝐿 to be negative. The values of 𝑥23 required to ex-
plain the LFU observables to 2𝜎 begin to impinge on the perturbativity constraint
|𝑥23| < √4𝜋 . Only points implying SM-like 𝑅𝐷(∗) are shown.
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form. However, we emphasise that the conditions presented in Eq. (3.37) and Eq. (3.56)
are sufficient to preclude that effects in 𝐶33𝑉 alone could be responsible for the enhance-
ment of the 𝑅𝐷(∗) ratios. The product 𝑥∗32𝑥33 is heavily constrained from 𝑅𝜈𝜈𝐾 and 𝐵𝑠– ̄𝐵𝑠
mixing, as indicated in Fig. 3.7. One could consider generating 𝑧23, and therefore 𝐶33𝑉 ,
through quark mixing, thus making do only with a non-zero 𝑥33 and avoiding these
constraints. This set-up, however, requires excessively large values of 𝑥33 to explain
𝑅𝐷(∗) , causing the leptoquark’s contributions to the 𝑍𝜏 ̄𝜏 coupling to exceed current ex-
perimental limits—a result we illustrate in Fig. 3.10. In addition, we find the effects of
lepton-flavour violation to be subdued, since such contributions add incoherently to
the 𝑊 -mediated SM processes, and thus entail couplings large enough to conflict with
measurements of 𝐵𝑠– ̄𝐵𝑠 mixing and precision electroweak observables. Scenario (ii) in-
volves new physics in 𝐶 𝑟 𝑠𝑆 and 𝐶 𝑟 𝑠𝑇 . The most minimal approach here is to turn on only
the bottom–tau-neutrino interaction 𝑥33 and the right-handed tau–charm coupling 𝑦32.
A non-zero 𝑥33 will generate 𝐶33𝑉 through quark-mixing. We find the coupling 𝑦32 to be
weakly constrained by the precision electroweak measurements discussed earlier: in
the limit |𝑦32| ≫ |𝑦3(1,3)|, the bound

|𝑦32| <
3.69�̂�𝑆1

√1 + 0.39 ln �̂�𝑆1
, (3.58)

follows from Eq. (3.56). In addition, small values of the muon–top coupling 𝑦23 will
allow sizeable contributions to (𝑔−2)𝜇 in the presence of 𝑥23 ≠ 0 because of the top-mass
enhancement in the mixed-chirality term of Eq. (3.17). This minimal texture involving
only third-generation couplings to left-handed quarks comes with the additional benefit
that the leptoquark can evade the constraints from measurements of 𝑅𝜈𝜈𝐾∗ and 𝐵𝑠– ̄𝐵𝑠
mixing. In fact, the only serious constraint is that arising from the modification of the
𝑍𝜏 ̄𝜏 coupling from a large 𝑥33, a situation that can be remedied for 𝑦32 ∼ 𝒪(1), allowing
a good fit to the 𝑅𝐷(∗) data for slightly smaller values of 𝑥33. A sizeable 𝑦32 is thus a
necessary requirement for this leptoquark model to explain the experimental anomalies
in 𝑅𝐷 and 𝑅𝐷∗ . Note also that the measured tension in (𝑔 − 2)𝜇 can be accommodated
at the same time since the couplings involved are unimportant for 𝑏 → 𝑐𝜏𝜈 . Saturating
both 𝑥33 and 𝑦32 at the perturbativity bound √4𝜋 , we find that an explanation of 𝑅𝐷(∗)
loses viability at ∼ 10 TeV.

In Fig. 3.11 we present the results of scan II in the 𝑅𝐷–𝑅𝐷∗ plane, while Fig. 3.12
displays the values of the Yukawa couplings from the same scan that lead to interesting
𝑅𝐷∗ values. Limits on the 𝐵 → 𝐾∗𝜈𝜈 rate and measurements of 𝐵𝑠– ̄𝐵𝑠 mixing constrain
the 𝑥𝑟2 to be small, while large values for 𝑥33 and 𝑦32 are necessary since their product
appears in the expressions for 𝐶33𝑉 , 𝐶33𝑆 and 𝐶33𝑇 . As discussed above, these large 𝑥33
values imply dangerous contributions to 𝑍 → 𝜏𝜏 , causing few points to stray into the
1𝜎 region. The model can, however, significantly reduce the tension in the 𝑏 → 𝑐𝜏𝜈
measurements in a large region of parameter space.
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Figure 3.10: The solid blue lines represents the dependence of 𝑅𝐷 (left) and 𝑅𝐷(∗)
(right) on |𝑥33| when all other couplings are set to zero and 𝑚𝑆1 = 1 TeV. A non-zero
𝑥33 generates a small 𝑧32 through the quark mixing of Eq. (3.4), although the |𝑥33| val-
ues required to meet the anomalies become large enough to dangerously modify the
𝑍 → 𝜏𝜏 rate. The values of |𝑥33| excluded by measurements of the 𝑍𝜏𝜏 coupling are
shaded red. The solid black line represents the central values of the measurements
for 𝑅𝐷 and 𝑅𝐷(∗) , and the grey areas are the 1 and 2𝜎 regions.

Other 𝑏 → 𝑐 observables. The fit we present in Sec. 3.3.1 does not include the less-
precisely measured observables 𝑅𝐽/𝜓 , 𝑓 𝐷

∗
𝐿 and 𝒫 ∗𝜏 , introduced in section. 1.4.2. We

instead use the preferred values from our fit to make predictions for these observables,
concentrating on the scalar–tensor solution, since we find this to be the easiest to ac-
commodate with the leptoquark. We note that this solution gives negligible efficiency
variation from the SM for the measurement in the 𝐷∗ mode [352] and displays a 𝑞2
spectrum that agrees well with experiment [197].

In figure 3.13 we project the 2𝜎 preferred region for 𝐶𝑆𝐿 (see Table 3.1) onto combi-
nations of 𝑏 → 𝑐 related observables to illustrate the ability of combined measurements
to close in on this scenario. Were possible, we have also shown Belle II 50 ab−1 sensitiv-
ity [215] in grey centred around the SM prediction in black. Current measurements are
shown in red with their 1𝜎 errors in orange. With contributions in the scalar–tensor
direction, the 𝑆1 leptoquark’s contributions to 𝑓 𝐷∗

𝐿 are in the opposite direction to cur-
rent measurements, although still within the 2𝜎 region. If the central value of 𝑓 𝐷∗

𝐿 stays
close to where it is, or moves down slightly, the model would then predict 𝒫𝜏 ≈ 0.4,
which compromises the potential mild improvement in 𝑅𝐽/𝜓 the model can offer. This

scenario leads to a SM-like𝒫 ∗𝜏 , but potentially large deviations in the𝒫 (∗)
⟂ observables.
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Figure 3.11: The results of scan II (orange points) presented as a scatter plot of
𝑅𝐷 against 𝑅𝐷∗ . The dashed black ellipses represent the 1, 2 and 3𝜎 contours from
our fit with an assumed correlation 𝜌 = −0.2, while the solid red curve indicates
the 1𝜎 allowed region implied by the Belle measurement from Ref. [15]. The green
points place 𝐶𝐿𝐿 in the 3𝜎 region of the fit of Ref. [13], while the blue points place
𝐶𝐿𝐿 within the 2𝜎 region. It is clear that the anomalies in 𝑏 → 𝑐𝜏𝜈 can be well ac-
commodated in this model, with relatively good agreement with the 𝑏 → 𝑠 data at
the same time. Almost all of the points in the region of interest contribute along the
scalar–tensor direction.

Explaining both the 𝑏 → 𝑠 data and 𝑅𝐷(∗) . In order to establish the full power of the
model to explain both 𝑅𝐷(∗) and the 𝐵 → 𝑠 data, we perform a complete scan over the
7-dimensional parameter space spanned by the leptoquark mass and the couplings 𝑥𝑟 𝑠
for 𝑟 , 𝑠 ≠ 1, 𝑦23 and 𝑦32—the parameters of scan II. Results from this scan have been
presented above in Fig. 3.11, where the green and blue points project the results of scan
II into 𝐶𝐿𝐿–𝑅𝐷–𝑅𝐷∗ space, where colour is used as the third axis. The green points imply
𝐶𝐿𝐿 ∈ [−1.54, −0.58] (the 3𝜎 region), while the blue points have 𝐶𝐿𝐿 ∈ [−1.38, −0.74] (the
2𝜎 region) [13]. This plot demonstrates a mild tension between 𝑏 → 𝑠 and 𝑅𝐷(∗) in this
leptoquark model: points lying within the 1𝜎 region for 𝐶𝐿𝐿 keep 𝑅𝐷(∗) SM-like. This

can be attributed to the behaviour evident in Fig. 3.8c: large, negative values of 𝐶𝑆1𝐿𝐿
require 𝑥33 ≈ 0, but 𝑥33 is essential to this model’s explanation of 𝑅𝐷(∗) , since it features
in 𝐶33𝑉 ,𝑆,𝑇 . At best, we find that the model can explain all of the discrepant measurements
to within 2𝜎 , a striking level of consistency with all constraints and anomalies. In both
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Figure 3.12: Slices through the parameter space of scan II shown against 𝑅𝐷∗ . The
grey bands correspond to the 1 and 2𝜎 regions for the measurements to 𝑅𝐷∗ . The or-
ange points keep 𝐶𝐿𝐿 SM-like, while blue points show > 1% deviation in 𝐶𝐿𝐿 from the
SM prediction. Large values 𝑥33 and 𝑦32 are necessary for an adequate explanation of
𝑅𝐷∗ since these feature in 𝐶𝑆 and 𝐶𝑇 . Other left-handed couplings must be small to
evade constraints from 𝑅𝜈𝜈𝐾 and 𝐵𝑠– ̄𝐵𝑠 mixing. The results for 𝑅𝐷 are qualitatively the
same.
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cases the (𝑔 − 2)𝜇 anomaly can also be accommodated.

3.5 Conclusions

We have reconsidered the potential of a scalar leptoquark 𝑆1 ∼ (3, 1, −1/3) to explain
recent 𝐵-physics anomalies: the LFU ratios 𝑅𝐾 (∗) and 𝑅𝐷(∗) , anomalies in branching ratio
data and angular observables in the 𝑏 → 𝑠 transition, as well as the anomalous magnetic
moment of the muon.

The leptoquark can reduce the tension in the 𝑅𝐷(∗) observables to within 1𝜎 of their
current experimental values at the price of a sizeable coupling to the right-handed tau
and charm quark. The explanation loses viability for masses above about 10 TeV. The
leptoquark can also reduce the tensions in the 𝑏 → 𝑠 data, albeit at some expense to
the explanation of 𝑅𝐷(∗) . Explicitly, the region of parameter space in which 𝑅𝐷(∗) is
accommodated to within 1𝜎 implies 𝐶𝐿𝐿 values differing from the SM value by < 1%,
and coupling textures explaining the neutral-current anomalies to within 1𝜎 keep 𝑅𝐷(∗)
within theoretical uncertainty from SM prediction. At best, we find that the model can
accommodate the combined tensions in both the 𝑏 → 𝑠 and 𝑏 → 𝑐 transitions to within
2𝜎 as well as eliminate the tension in (𝑔 − 2)𝜇 , a remarkable feat for a single-particle
extension of the SM.

A crucial new ingredient for this model’s explanation of 𝑅𝐷(∗) is the consideration of
the area of parameter space inwhich the coupling 𝑦32 is large. The combination of right-
and left-handed couplings induces scalar and tensor operators, which lift the chirality
suppression of the 𝐵-meson decays and consequently produce a sizeable new-physics
contribution. Moreover the tensor contribution resolves a possible tension induced by
the scalar contribution to leptonic charmed 𝐵-meson decays, 𝐵𝑐 → 𝜏𝜈 . In our numerical
scans we found that the right-handed Yukawa coupling 𝑦32 need take𝒪(1) values, while
the left-handed couplings 𝑥22 and 𝑥32 and the right-handed coupling 𝑦22 are required
to be small. Interestingly, this model predicts a value of 𝑅𝐷∗ slightly smaller than that
suggested by current data, consistent with the Belle results. Future measurements of
the asymmetry observable 𝑃𝜏 by Belle II can also test this model, which prefers 𝑃𝜏 ≈ 0.4,
assuming the central values of 𝑓 𝐷∗

𝐿 and 𝑅𝐷(∗) remain constant.
An explanation of 𝑏 → 𝑠 data requires 𝒪(1) couplings of the leptoquark to the

muon, a scenario in conflict with the experimental measurements of the decays of the
𝑍 boson and 𝐷0 mesons in the context of this leptoquark model. Moreover, the tension
between the preferred value of 𝐶𝐿𝐿 and the lepton universality ratio 𝑅𝜇/𝑒𝐷(∗) , pointed out
in Ref. [228], is naturally relieved for leptoquark masses 𝑚𝑆1 ≳ 1 TeV. Consequently,

the best fit to the 𝑏 → 𝑠 data (requiring large, negative values of 𝐶𝑆1𝐿𝐿) is obtained for
large leptoquark masses of ∼ 5 TeV with a large hierarchy between the left-handed
couplings |𝑥32| ≫ |𝑥33| to avoid constraints from 𝜏 → 𝜇 LFV transitions.
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Apart from the anomalies in lepton flavor universality ratios, the leptoquark can
easily account for the anomalous magnetic moment of the muon by an appropriate
choice of the product of couplings 𝑦23𝑧23.

At a future 100 TeV proton–proton collider the pair-production cross section of the
leptoquark will be substantially enhanced compared to the LHC with about 1 fb for a
5 TeV leptoquark [353] and thus will be able to probe most of the relevant parameter
space for the 𝐵-physics anomalies studied here.
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Figure 3.13: A grid plot of the various 𝑏 → 𝑐 related observables in addition to 𝑅𝐷
and 𝑅𝐷∗ considered in our analysis. Solid black lines represent the SM predictions
around which the grey shaded regions are the Belle II 50 ab−1 sensitivities [215], bor-
dered by the black dashed lines. Red lines are current measurements and orange re-
gions are their 1𝜎 errors. Where the Belle II sensitivity is unavailable we present only
the SM prediction without a shaded region. The blue points explain 𝑅𝐷(∗) to 2𝜎 .



4
Models of neutrino mass and the flavour

anomalies

This chapter is based on the publications ‘Reconsidering the One Leptoquark scenario:
flavour anomalies and neutrino mass,’ written in collaboration with Yi Cai, Michael A.
Schmidt, and Raymond R. Volkas [2], and ‘A near-minimal leptoquark model for
reconciling flavour anomalies and generating radiative neutrino masses,’ written with
Innes Bigaran and Raymond R. Volkas [3]. We explore the tantalising connection between
models of radiative neutrino mass and explanations of the flavour anomalies. We
consider two specific models, and conclude with more general comments about interesting
models we choose from our model database. We exclusively use four-component spinor
notation in this chapter.

4.1 Introduction

Taken together, the flavour anomalies paint a picture of new physics interacting more
strongly with the second and third generations of SM fermions, introducing lepton
flavour non-universality and FCNC interactions at energies not significantly higher
than the electroweak scale. Interestingly, many of these phenomenological motifs arise
naturally in radiativemodels of neutrinomass, hinting towards the attractive possibility
of a common explanation for both phenomena.

In Chapter 2, we presented our model database containing all minimal tree-level

137
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𝜈 𝜈𝑆𝑎1 𝑏

𝑏 𝑆𝑎1
𝑓

Figure 4.1: Two loop neutrino mass generation in the model of Ref. [16]. For sim-
plicity we consider the case where the leptoquark 𝑆1 couples significantly only to the
third generation of quarks. At least two flavours of 𝑆1 are required to meet the neu-
trino data.

Δ𝐿 = 2 models. These give rise to neutrino masses at the loop level with exotic par-
ticle content that we have already seen is dominated by (scalar) leptoquarks. In the
present chapter we explore the relationship between the flavour anomalies and models
of radiative neutrino mass by (i) studying a radiative scenario containing the 𝑆1 lepto-
quark in detail, (ii) building a more complex model involving an additional leptoquark,
𝑆3 ∼ (3, 3, −1

3), for a more precise explanation of the anomalies, and (iii) commenting
more generally on a more systematic approach to studying the possible relationship
between the anomalies and radiative models of Majorana neutrino mass.

Previous work has also considered radiative neutrino mass models whose particle
content addresses the 𝑏 → 𝑠 anomalies, 𝑅𝐷(∗) , and (𝑔 − 2)𝜇 , e.g. [263, 287, 293, 301, 354–
356]. In Refs. [287, 301] the flavour anomalies are explained through two light scalar
or vector leptoquarks whose couplings to the SM Higgs doublet and fermions prohibit
a consistent assignment of lepton number to the leptoquarks such that the symmetry
is respected. Thus U(1)𝐿 is explicitly broken by two units and the neutrinos gain mass
at the one-loop level [357], apart from the imposition of any additional symmetries1.
A general feature of such models is that large amounts of fine-tuning are required to
suppress the neutrino mass to the required scale with at least one set of leptoquark–
fermion couplings sizeable enough to explain the anomalies.

4.2 A minimal neutrino-mass scenario with 𝑆1
In this section we incorporate the BN leptoquark into a two-loop neutrino mass model
also containing the colour octet Majorana fermion 𝑓 ∼ (8, 1, 0). The model can be
derived as a tree-level completion of 𝒪11𝑏 = 𝐿𝐿𝑄 ̄𝑑𝑄 ̄𝑑 , in the notation of Table B.1. The
model has been studied in detail apart from the anomalies in Ref. [16]. We summarise

1Mass generation in Ref. [263] occurs at the two-loop level because the Yukawa couplings of one of
the leptoquarks to the left-chiral fermions is turned off.
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the key features of the model below, and point the reader to this paper for more detail.
Following Ref. [16] we couple the leptoquark 𝑆1 to the Majorana fermion 𝑓 in order

to introduce the lepton-number violating terms 𝑚𝑓 𝑓 𝑓 and 𝑤𝑟 ̄𝑑𝑟𝑓 𝑆1. The neutrino mass
is proportional to the product of down-type quark mass matrices, which is dominated
by the bottom quark mass. We do not consider the case where a strong hierarchy in
the 𝑤𝑟 undermines this dominance, and thus only the coupling to the third generation
of quarks (𝑤3) is important for the neutrino mass generation. For this reason we set
𝑤1,2 = 0 to simplify the calculation of the neutrino mass. In this limit the neutrino mass
matrix will have unit rank and an additional generation of the leptoquark 𝑠1 is needed
to satisfy current oscillation data. Replacing 𝑆1 with2 𝑆𝑎1 = (𝑆11 , 𝑆21) in Eq. (3.1), small
neutrino masses are generated through the two-loop graph shown in Fig. 4.1 and the
neutrino mass is given by

𝑀𝑖𝑗 ≈ 4𝑚𝑓𝑚2𝑏
(2𝜋)8

2
∑
𝑎,𝑏

(𝑥𝑖3𝑎𝑤3𝑎)𝐼𝑎𝑏(𝑥𝑗3𝑏𝑤3𝑏), (4.1)

where I is thematrix of loop integrals in the leptoquark-generation space whose explicit
form can be found in Ref. [16]. This expression for the mass matrix can be solved for
the 𝑥𝑟3𝑎 through the Casas–Ibarra procedure [358] to give

𝑥𝑟3𝑎 = (2𝜋)4
2𝑤3𝑎𝑚𝑏√𝑚𝑓

𝑈 ∗𝑟𝑠[M̃1/2]𝑠𝑡𝑅𝑡𝑏[Ĩ−1/2S]𝑏𝑎, (4.2)

where tildes denote real and positive diagonal matrices, S diagonalises the matrix I and
𝑚𝑏 is the mass of the bottom quark. We use the best-fit values from the NuFIT collabo-
ration for the neutrino mixing angles and mass-squared differences [7, 359], shown in
Fig. 1.2. The mass-squared differences fix the elements of M̃, since the lightest neutrino
in this model is almost massless. In the cases of normal and inverted neutrino mass
hierarchy:

RNO = (
0 0

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

) , RIO = (
cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃
0 0

) , (4.3)

and 𝜃 ∈ ℂ parameterises the leptoquark–fermion Yukawa couplings through Eq. (4.2)
in such a way that the correct pattern of neutrino masses and mixings is produced.
Here we consider the region of parameter space where 𝑚𝑆21 , 𝑚𝑓 ≫ 𝑚𝑆11 so that 𝑆11 comes
to be identified as the BN leptoquark, while 𝑆21 and 𝑓 are effectively divorced from
the flavour anomalies. For this reason we refer to 𝑆11 simply as 𝑆1 and suppress the

2We highlight to the reader a redundancy in our notation: here we use 𝑎, 𝑏, … to label the leptoquark
generations, not as colour indices, since these play no role in the discussion of this section.
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(a) Normal neutrino mass hierarchy.
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(b) Inverted neutrino mass hierarchy.

Figure 4.2: Plots of the relative sizes of the couplings of the leptoquark 𝑆11 to the
bottom quark and the 𝑟th neutrino flavour against 𝜃 , the Casas–Ibarra parameter, for
𝑚𝑓 = 25 TeV, 𝑚𝑆21 = 20 TeV, 𝑚𝑆11 = 4 TeV and 𝑤3 = 0.003. We only consider the case
𝜃 ∈ ℝ here.

leptoquark-flavour indices for the remainder of the discussion unless a distinction is
necessary. The limit 𝑚𝑆11 ≪ 𝑚𝑆21 also allows for a simplification in the matrix product

Ĩ−1/2S featuring in Eq. (4.2):

Ĩ−1/2S ≈ 𝐼−1/211 (−𝑖 𝑖/𝜖
1 𝜖 ) , (4.4)

where 𝜖 ≡ 𝐼12/𝐼11 ≪ 1. This flavour structure implies that its contribution to neu-
trino mixing is small, and thus the PMNS parameters are principally determined by the
Yukawa couplings 𝑥𝑟3𝑎. We exploit this relative insensitivity to 𝑚𝑓 and 𝑚𝑆21 to simplify
our analysis in the following.

The decoupling of 𝑓 and 𝑆21 from the relevant flavour physicsmakes𝑤3 an effectively
free parameter that acts as a lepton-flavour-blind scaling factor on the couplings of the
leptoquark to the third generation of quarks, while 𝜃 governs their relative sizes for a
given leptoquark flavour. We plot the 𝑥𝑖3 against real 𝜃 values in Fig. 4.2 for the mass
choices 𝑚𝑓 = 25 TeV, 𝑚𝑆21 = 20 TeV and 𝑚𝑆11 = 4 TeV with fixed 𝑤3 = 0.003. Both the
normal and inverted hierarchies are considered.

Both Fig. 4.2 and Eq. (4.2) indicate that, with the inclusion of neutrino mass, the
couplings to the electron and electron-neutrino cannot be turned off ad libitum. Even a
small electron coupling 𝑧13 ≠ 0 can generate dangerous contributions tomuon–electron
conversion in nuclei in the presence of 𝑧23 ≠ 0, necessary for the model to alleviate
the tensions in the 𝑏 → 𝑠 transition. We plot the current limit from muon–electron
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Figure 4.3: The figure shows the current (solid) and expected [17] (dashed) limits
from muon–electron conversion in nuclei in the 𝜃–𝑤3 plane for normal mass ordering
(blue) and inverted ordering (orange). The region below each curve is ruled out. The
dips at 𝜃 ≈ 3.08 and 𝜃 ≈ 6.22 stretch to negative infinity. Aside from accidental can-
cellation, the values 𝜃 ≈ 3.08, 6.22 ensure that the coupling to the electron vanishes.
Only real values of 𝜃 are considered.

conversion experiments in gold nuclei Br(𝜇197
79Au → 𝑒19779Au) < 7.0 ⋅ 10−13 [21] against

𝜃 and 𝑤3 in Fig. 4.3 for both the normal and inverted hierarchies and a range of masses
𝑚𝑆11 . The prospective limit from the COMET experiment: Br ∼ 10−16 [17], is also shown.
A fit to the neutrino oscillation data while respecting measurements of muon–electron
conversion implies a fine-tuning in 𝜃—or, equivalently, 𝑧31—to arrange |𝑧31| ≪ |𝑧33|,
pushing the model into a very specific region of parameter space. The required 𝑥31 ≈ 0
can be arranged with 𝜃 ≈ 3.08 ± 𝑛𝜋 , fixing the ratio 𝑥33/𝑥32 = 1.96 for the normal
neutrino mass hierarchy, and 𝑥33/𝑥32 = −0.85 for the inverted hierarchy. Comparison
with Fig. 3.8c, however, indicates that neither of the aforementioned ratios can allow
large contributions to 𝐶𝐿𝐿 in the correct direction, although the inverted hierarchy does
slightly better than the normal mass ordering. This makes a combined explanation of
the 𝑏 → 𝑠 anomalies and neutrino mass in this model problematic. If, instead, one
required that this model explain 𝑅𝐷(∗) , (𝑔 − 2)𝜇 and neutrino mass, the values of 𝑥33
required are compatible with both the normal and inverted hierarchies, and the model
remains agnostic with respect to its preference.
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Model 1 Model 2

𝑆3 ∼ (3, 3, −1
3) 𝑆1 ∼ (3, 1, −1

3)
𝜒𝐿,𝑅 ∼ (3, 2, −5

6) 𝜒𝐿,𝑅 ∼ (3, 2, −5
6)

Table 4.1: Particle content of two radiative models derived from dimension-seven
operators identified in our model database [20] that contain 𝑆1 and 𝑆3. Both models
contain the vector-like quark 𝜒𝐿 + 𝜒𝑅 whose components mix into the bottom quark.

4.3 A non-minimal model: 𝑆1 and 𝑆3
In the previous chapter it was shown that the BN scenario, although powerful given its
simplicity, is restricted in its ability to adequately explain both the neutral- and charged-
current anomalies. Additionally, the simple neutrino-mass embedding we study above
is incompatible with an explanation of the neutral-current anomalies on account of LFV
effects, which must be present in radiative neutrino-mass models. To further explore
the extent to which these LFV effects can be circumnavigated in a model of neutrino
mass and the flavour anomalies, we build a non-minimal model that also can better
accommodate a simultaneous explanation of the 𝑏 → 𝑠 and 𝑏 → 𝑐 data.

It is known that a particularly simple model that can accommodate the neutral-
current anomalies is that involving the scalar isotriplet leptoquark 𝑆3 ∼ (3, 3, −1

3) [274,
360]. The field mediates the 𝑏 → 𝑠𝜇𝜇 interaction at tree-level, and 𝐶𝐿𝐿 ≃ −1.0 can be
accommodated in the face of almost no other constraints. It is also clear from Fig. 3.11
that the BN leptoquark with contributions along the scalar–tensor direction can explain
𝑅𝐷(∗) to within the 1𝜎 region of the combined fit. Thus, it seems sensible to construct
a radiative neutrino-mass model containing both the 𝑆1 and 𝑆3 leptoquarks in the hope
that the LFV bounds can be alleviated with the increased parameter choices. The opera-
tor analysis presented in Chapter 2, along with other similar approaches [95, 101, 104],
finds two UV models derived from the dimension-seven operators 𝒪3𝑎,𝑏 that contain
these fields, shown in Table 4.1. In the following we study the combined model that
contains the three fields 𝑆1, 𝑆3 and the vector-like fermion

𝜒𝐿,𝑅 ∼ (3, 2 − 5
6) (4.5)

with the intention that 𝑆1 explain 𝑅𝐷(∗) at tree-level, 𝑆3 explain the 𝑏 → 𝑠 data at tree-
level, and 𝜒𝐿,𝑅 participate in the neutrino-mass mechanism. Our aim is to explore the
extent to which this next-to-minimal model can accommodate neutrino masses, the
flavour anomalies and bounds from LFV processes, as a representative example.
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4.3.1 The model

The combination of models 1 and 2 of Table. 4.1 provides a particle content of

𝜒𝐿 ∼ (3, 2, −5
6)(2,1) , 𝜒𝑅 ∼ (3, 2, −5

6)(1,2) , 𝑆1 ∼ (3, 1, −1
3)𝑆 , 𝑆3 ∼ (3, 3, −1

3)𝑆
for the model. The extension to the SM Lagrangian is Δℒ = ℒint + 𝒱 , where

ℒint = 𝑚𝜒 ̄̂𝜒𝐿 ̂𝜒𝑅+�̂�𝑑 ̄�̂�𝑅𝐻 ̂𝜒𝐿+(�̂�1𝑆†1 −�̂�3𝑆†3 )�̂��̂�+ ̂𝑦 ̂𝑒𝑅�̂�𝑅𝑆1+(�̂�1𝑆1−�̂�3𝑆3) ̄̂𝜒𝑅�̂�+h.c. (4.6)

and the potential is

−𝒱 = ∑
𝑎∈{1,3}

(𝑚2𝑆𝑎 |𝑆𝑎 |2 + 𝜆𝑎 |𝑆𝑎 |4 + 𝜆𝐻𝑎 |𝑆𝑎 |2|𝐻 |2) + 𝜆13|𝑆1|2|𝑆3|2 + 𝜆′𝐻3|𝑆3𝐻|2

+ (𝜅𝐻𝑆1𝐻†𝑆†3 + h.c.) .
(4.7)

Here again, we use hats to indicate interaction-eigenstate fields. Isospin, colour and
flavour indices have been suppressed, and we use 𝑎 to index the leptoquark types. The
last term in the potential leads to a mixing between the 𝑆1 and 𝑆3 leptoquarks, governed
by 𝜅. We choose to set all quartic terms in the scalar potential to zero for simplicity,
since they play no role in the neutrino mass or the anomalies. As this implies 𝜅 = 0
at least at tree-level, we show the leptoquarks as unhatted fields in Eqs. (4.6) and (4.7).
Global U(1)𝐵 has been imposed on the Lagrangian to prevent the simultaneous presence
of the diquark and lepton–quark couplings for both 𝑆1 and 𝑆3, since these are together
sufficient to mediate tree-level proton decay. The second term in ℒint leads to mixing
between the down-type quarks and 𝜒 . For simplicity, we set the 𝑥𝑑 coupling to the
first two generations of down-type quarks to zero, i.e. 𝑥1𝑑 = 𝑥2𝑑 = 0, so that there is
only mixing between 𝜒 and the bottom quark. We will see this to be motivated by
the structure of the neutrino-mass matrix in Sec. 4.3.2. We choose to label the SU(2)𝐿
components of 𝜒𝐿,𝑅

̂𝜒𝑋 = (�̂�𝑋�̂�𝑋 ) , (4.8)

where 𝑋 ∈ {𝐿, 𝑅}. The fields �̂�𝐿,𝑅 mix with the interaction-eigenstate bottom quark �̂�𝑋 :

(𝑏𝑋𝐵𝑋) = ( cos 𝜃𝑋 sin 𝜃𝑋
− sin 𝜃𝑋 cos 𝜃𝑋)

†
(�̂�𝑋�̂�𝑋)

, (4.9)

forming the mass eigenstates 𝐵𝑋 and 𝑏𝑋 . The physical masses are given by

𝑚2𝑏 = 𝑚2
�̂� − 𝑚2𝑏𝐵

𝑚2𝜒
𝑚2𝜒 − 𝑚2

�̂�
, 𝑚2𝐵 = 𝑚2𝜒 + 𝑚2𝑏𝐵

𝑚2
�̂�

𝑚2𝜒 − 𝑚2
�̂�
, (4.10)
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with 𝑚𝑏𝐵 = 𝑥3𝑑 𝑣/√2, 𝑚�̂� = 𝑦𝑏𝑣/√2, and

𝜃𝐿 = sin−1
𝑚𝑏𝐵𝑚𝜒
𝑚2𝜒 − 𝑚2

�̂�
, 𝜃𝑅 = sin−1

𝑚𝑏𝐵𝑚�̂�
𝑚2𝜒 − 𝑚2

�̂�
. (4.11)

Using the expressions given in Eq. (3.2), wemove from the interaction to the charged-
fermion mass basis. We again use ̆𝜈𝐿 to represent the weak-eigenstate neutrino fields.
The pertinent parts of the Lagrangian are

ℒ ⊃ 𝑥 𝑟 𝑠1 ̆𝜈 𝑟𝐿�̂� 𝑠𝐿𝑆†1 − [x1V†]𝑟 𝑠𝑒𝑟𝐿𝑢𝑠𝐿𝑆†1 + 𝑦 𝑟 𝑠𝑒𝑟𝑅𝑢𝑠𝑅𝑆†1 + 𝑤 𝑟1( ̄𝑌𝑅𝑒𝐿 + ̄�̂�𝑅 ̆𝜈𝐿)𝑆1
+ 𝑥 𝑟 𝑠3

√2
̆𝜈 𝑟𝐿𝑑 𝑠𝐿𝑆1/33 + 1

√2
[x3V†]𝑟 𝑠𝑒𝑟𝐿𝑢𝑠𝐿𝑆1/33 + 𝑥 𝑟 𝑠3 𝑒𝑟𝐿�̂� 𝑠𝐿𝑆4/33 − [x3V†]𝑟 𝑠 ̆𝜈 𝑟𝐿𝑢𝑠𝐿𝑆−2/33

+ 𝑤 𝑟3( ̄𝑌𝑅𝑒𝑟𝐿 − ̄�̂�𝑅 ̆𝜈 𝑟𝐿)𝑆−1/33 + 𝑤 𝑟3
̄�̂�𝑅𝑒𝑟𝐿𝑆−2/33 + 𝑤 𝑟3 ̄𝑌𝑅 ̆𝜈 𝑟𝐿𝑆4/33 + h.c.

(4.12)

and we have now dropped the hats, except on the 𝑑3 = 𝑏 and 𝐵 fields, since the mixing
of Eq. (4.9) is still to be accounted for. We write flavour indices as superscrpts here and
in the remainder of this chapter in order to accommodate the leptoquark labels 𝑎 on the
coupling constants 𝑥𝑎 and 𝑧𝑎. As in Chapter 3, we define

z𝑎 = x𝑎V† (4.13)

with 𝑎 ∈ {1, 3} for the left-handed couplings of the leptoquarks to up-type quarks.

4.3.2 Neutrino mass

In this model there are two one-loop neutrino-mass mechanisms that are a priori active:
one involving 𝑆1 and 𝜒𝐿 + 𝜒𝑅, the other involving 𝑆3 and 𝜒𝐿 + 𝜒𝑅. The neutrino-mass
diagrams are shown in Fig. 4.4 in a generic way. There are also two-loop diagrams
coming about from the closure of 𝒪8, generated by the 𝑆1 and 𝜒𝐿 + 𝜒𝑅 model. Neutrino
masses arising from 𝒪8 are very suppressed (see Tables 2.1 and B.1) and so we disregard
these contributions as subdominant.

We calculate these one-loop diagrams in the mass-basis, finding

[m𝜈 ]𝑟 𝑠 =
3𝑚𝐵𝑚𝑏
16𝜋2 𝑚𝑏𝐵 ∑

𝑎∈{1,3}
(2 − 𝛿𝑎3)[𝑥 𝑟3𝑎 𝑤 𝑠𝑎 + (𝑟 ↔ 𝑠)] 1

𝑚2𝐵 − 𝑚2𝑆𝑎
log

𝑚𝐵
𝑚𝑆𝑎

, (4.14)

in the sensible limit that 𝑚𝑏 ≪ 𝑚𝜒 . The relative factor of 2 arises from the different
group-theory factors relevant for each leptoquark. The mass matrix has rank 2 and
therefore the model implies one almost massless neutrino. We have encountered this
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Figure 4.4: The one-loop neutrino-mass diagrams in the combined 𝑆1, 𝑆3 and 𝜒𝐿 +
𝜒𝑅 model, shown here in the unbroken phase. A priori there are two neutrino-mass
mechanisms operating in this model: one with 𝑆1 in the loop, and another with 𝑆3. It
is clear from the diagram that the neutrino-mass matrix is proportional to the down-
quark mass matrix.

mass-matrix structure before in Eqs. (2.62), and we apply the same Casas–Ibarra-like
parametrisation of the Yukawa couplings:

𝑥 𝑟3𝑎 = 𝜁
√2𝑚0(𝑎)

[√𝑚2u∗2 + 𝑖√𝑚3u∗3]𝑟 ,

𝑤 𝑟𝑎 = 1
𝜁√2𝑚0(𝑎)

[√𝑚2u∗2 − 𝑖√𝑚3u∗3]𝑟 ,
(4.15)

where

𝑚0(𝑎) = (1 + 𝛿𝑎1)
3𝑚𝑏𝐵𝑚𝑏𝑚𝐵

16𝜋2
1

𝑚2𝐵 − 𝑚2𝑆𝑎
log

𝑚𝐵
𝑚𝑆𝑎

, (4.16)

and 𝜁 ∈ ℂ is a free parameter.
Up to this point we have been general in our treatment of the neutrino mass in this

model, keeping the leptoquark index 𝑎 throughout. For the rest of our analysis wemake
the simplifying choice that 𝑎 = 3, i.e. that only 𝑆3 couples to 𝜒𝐿 + 𝜒𝑅 and participates
in the neutrino-mass mechanism. Our reasoning is as follows. The main goal of our
study is to explore the extent to which bounds from LFV can be avoided in a model
of neutrino-mass and the flavour anomalies. A key point is that the parametrisation of
Eq. (4.15) does not allow 𝑥13𝑎 to be very small compared to 𝑥23𝑎 and 𝑥33𝑎 for any value of 𝜁 .
(This is a very different situation to that seen in Chapter 3, where specific values of the
Casas–Ibarra parameter 𝜃 let the electron coupling vanish, at the cost of fixing the ratio
of the muon and tau couplings to the leptoquark.) Our analysis of the 𝑆1 leptoquark
model showed that an adequate explanation of the 𝑏 → 𝑐 anomalies requires 𝑆1 to live
at scales of a few TeV. We anticipate that values of |𝜁 | sufficiently large to imply 𝑥331
sizeable enough to explain 𝑅𝐷(∗) , would also be too large to avoid muon–electron LFV
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Figure 4.5: The figure shows the diagram through which the |𝑄| = 4/3 component of
𝑆3 mediates the 𝑏 → 𝑠𝜇𝜇 decays.

bounds. Indeed, this has been shown in Ref. [3]. For this reason, we let only 𝑆3 couple
to 𝜒𝐿 + 𝜒𝑅 and generate the neutrino masses. Thus, we expect an intimate connection
in this model between the neutrino-mass parameters and those governing the 𝑏 → 𝑠
physics.

4.3.3 Flavour anomalies

Below we discuss the explanation of the flavour anomalies in our model. Specifically,
we write down the leading-order contibutions to 𝐶9 and 𝐶10, 𝑅𝐷(∗) , and (𝑔−2)𝜇 from the
particle content in the model. In summary, the dominant contributions are 𝑆3 contribut-
ing to 𝐶9 = −𝐶10 to explain the 𝑏 → 𝑠 data, and 𝑆1 generating 𝐶𝑆 = −4𝐶𝑇 to solve the
𝑅𝐷(∗) discrepancies. The 𝑆1 leptoquark also participates in the usual top-mass-enhanced
loop-level mechanism to explain (𝑔 − 2)𝜇 .

Neutral-current anomalies

As mentioned briefly above, the model is constructed so that 𝑆3 can give the dominant
contribution to 𝐶9 = −𝐶10 [the direction characterised by new physics in the operator
𝒪𝐿𝐿 of Eq. (3.13)]. The |𝑄| = 4/3 component of the isotriplet generates 𝒪𝐿𝐿 at tree-
level, through the diagram shown in Fig. 4.5. As discussed in detail in Chapter 3, 𝑆1
contributes to the operators 𝒪𝐿𝐿 ∼ 𝒪9 −𝒪10 and 𝒪𝐿𝑅 ∼ 𝒪9 +𝒪10 at the loop level, with
the relevant expressions given by Eq. (3.14). We take this contribution to be negligible,
and concentrate on the tree-level generation of the operator through 𝑆3. Meeting the
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Figure 4.6: The leading-order diagrams contributing to 𝑅𝐷 and 𝑅𝐷∗ in our model.
There are additional LNV diagrams that we ignore in our analysis.

best-fit value requires3

𝐶9 = −𝐶10 = −𝜋 cos(𝜃𝐿)
2√2𝐺𝐹𝛼

1
𝑉𝑡𝑏𝑉 ∗𝑡𝑠

𝑥233 𝑥22∗3
𝑚2𝑆3

≈ −0.53 , (4.17)

corresponding to the choice of couplings

|𝑥233 𝑥22∗3 | cos 𝜃𝐿 ≈ ( 𝑚𝑆3
24 TeV

)
2
. (4.18)

Note that the couplings above are derived from a global fit to real valued Wilson coeffi-
cients [13]. To ensure a 𝐶9 = −𝐶10 consistent with this, we fix the value of 𝐶9 such that
Im 𝐶9 ≈ 0. This requires a constraint to be imposed on the Casas-Ibarra parametrisation,
since Eq. (4.2) in general generates complex 𝑥233 , a point we elaborate on in Sec. 4.3.5.

Charged-current anomalies

There are a number of contributions to 𝑏 → 𝑐𝜏𝜈𝑟 diagrams in our model. Those which
dominate are shown in Fig. 4.6: the ones mediated by the |𝑄| = 1/3 leptoquarks (of
which one is present in the 𝑆3 multiplet). The additional diagrams involve only 𝑆3 and
are lepton-number violating, and thus we expect them to be suppressed by the same
combination of parameters required to render the neutrino masses sufficiently small.
The diagrams in Fig. 4.6 imply the same set of Wilson coefficients discussed in ear-
lier chapters, see e.g. Eq. (3.8). The neutrino flavour index 𝑟 is left general since the
process could be lepton-flavour violating, although only the vector contribution with

3Here and throughout this chapter, we use 𝐶9,10 to represent the new-physics contribution to the
muonic operator for brevity. We freely interchange between 𝐶9,10 and 𝐶𝜇𝜇

9,10, but we intend no difference
between these.
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a tau neutrino (i.e. 𝐶𝑉 with 𝑟 = 3) constructively interferes with the SM diagram. The
contributions are

[𝐶𝑆]𝑟 = √2 cos 𝜃𝐿
8𝐺𝐹𝑉𝑐𝑏

(𝑥
𝑟31 𝑦32∗1
𝑚2𝑆1

) , (4.19)

[𝐶𝑉 ]𝑟 = √2 cos 𝜃𝐿
8𝐺𝐹𝑉𝑐𝑏

(𝑥
𝑟31 𝑧32∗1
𝑚2𝑆1

− 𝑥 𝑟33 𝑧32∗3
2𝑚2𝑆3

) , (4.20)

[𝐶𝑇 ]𝑟 = −14[𝐶𝑆]𝑟 . (4.21)

We will often use the notation that 𝐶𝑆,𝑉 ,𝑇 , written without an explicit index 𝑟 , corre-
sponds to [𝐶𝑆,𝑉 ,𝑇 ]3. In Chapter 3, we saw that contributions to the vector operator
𝐶𝑉 could only be mild on account of constraints from 𝐵 → 𝐾∗𝜈𝜈 and ̄𝐵𝑠–𝐵𝑠 mixing.
These constraints are reassessed in this model to additionally acount for the role of 𝑆3
in Sec. 4.3.4, although the simplest approach is to fit 𝐶𝑆 = −4𝐶𝑇 to the best-fit value of
Table 3.1: 𝐶𝑆 = −4𝐶𝑇 = 0.14. This implies

𝑥331 𝑦32∗1 cos 𝜃𝐿 ≈ ( 𝑚𝑆1
1.6 TeV)

2
, (4.22)

although contributions to the vector operator are inevitable for both leptoquarks since
𝑥331,3 ≠ 0, and 𝑧32 is therefore necessarily also non-zero on account of Eq. (4.13).

Anomalous magnetic moment of the muon

There are three diagrams contributing to the anomalous magnetic moment of the muon
in this model. These are known results, e.g. [227, 269], and so we simply quote and
interpret the results. The contributions are

𝑎𝑆1𝜇 = ∑
𝑟

𝑚𝜇𝑚𝑢𝑟
4𝜋2𝑚2𝑆1

(74 − ln
𝑚2𝑆1
𝑚2𝑢𝑟

)Re(𝑦2𝑟𝑧2𝑟1 )− 𝑚2𝜇
32𝜋2𝑚2𝑆1

(∑
𝑟
|𝑧2𝑟1 |2 +∑

𝑟
|𝑦2𝑖|2) , (4.23)

for 𝑆1 [the same as Eq. (3.17) with the analogous notation for this model], and

𝑎𝑆3𝜇 = − 𝑚2𝜇
32𝜋2𝑚2𝑆3

∑
𝑟
|𝑧2𝑟3 |2 , (4.24)

for 𝑆3. The same-chirality terms are suppressed by𝑚2𝜇/𝑚2𝑆𝑎 , and so negligibly small. This
implies non-vanishing right-handed couplings for the 𝑆1 leptoquark. This is the same
situation as in Chapter 3, where it was found that the scalar–tensor solution to 𝑅𝐷(∗)
could also accommodate the measured value of 𝑎𝜇 easily, since 𝑦23 is a free parameter
unrelated to any other anomalies and relatively unconstrained.



4.3 A non-minimal model: 𝑆1 and 𝑆3 149

4.3.4 Constraints

Below we discuss the constraints relevant to our model and the limits we require in
our subsequent analysis. We restrict our main discussion to what we consider to be the
minimal scenario to explain the 𝐵 anomalies and (𝑔 − 2)𝜇 . Here, the isotriplet lepto-
quark 𝑆3 explains the neutral-current anomalies, while the SU(2)𝐿 singlet 𝑆1 explains
the charged-current anomalies with contributions to the scalar, tensor and vector op-
erators. Minimally, this implies non-zero values for 𝑥331 and 𝑦32. The top-mass en-
hancement evident in Eq. (4.23) means that only small values for the product of 𝑦23 and
𝑧231 = 𝑥231 are required to explain the anomalous magnetic moment of the muon.

The 𝑆3 leptoquark, which participates in the neutrino-mass generation, must have
a non-zero Yukawa coupling to the electron, and this is the most import phenomeno-
logical consequence for the constraints we consider. This, together with the relation
in Eq. (4.13), means that constraints from processes involving the first generation of
SM fermions cannot be avoided completely. In fact, the hierarchy present in the lepto-
quark couplings to charged leptons is fixed by measured PMNS matrix elements, while
the couplings to light quarks are suppressed by CKM matrix elements. Explicitly

𝑧𝑟 𝑠3 = 𝑥 𝑟33 𝑉 ∗𝑠3

= 𝑉 ∗𝑠3
𝜁

√2𝑚0
(√𝑚2𝑢∗𝑟2 + 𝑖√𝑚3𝑢∗𝑠3) , (4.25)

where 𝑚0 = 𝑚0(3) of Eq. (4.15). Of course, the Lagrangian in Eq. (4.12) contains many
more parameters than these. For simplicity, we turn off any couplings not immediately
related to the anomalies or neutrino mass. In reality these need only be small enough
to respect any limits placed on them by experiment4.

The constraints presented in this section assume the following set of non-zero Yukawa
couplings:

x1 = (
0 0 0
0 0 0
0 0 𝑥331

) , y = (
0 0 0
0 0 𝑦23
0 𝑦32 0

) and x3 = (
0 0 𝑥133
0 𝑥223 𝑥233
0 0 𝑥333

) . (4.26)

It is understood that𝑤 𝑟1 = 0, sincewework in the regimewhere 𝑆1 does not contribute to
the neutrino mass. We discuss other Yukawa-coupling textures throughout this section
where appropriate. Notably, we comment briefly on explaining 𝑅𝐷(∗) with contributions
only to the vector operator 𝐶𝑉 , and the constraints associated with this scenario are
presented in this section as well.

4Note that constraints from neutrinoless double beta decay are not explicitly considered in this anal-
ysis. The contributions are CKM suppressed and the couplings involved are exactly those involved in
the neutrino-mass generation. As such, new-physics contributions from this model to this process are
negligible.
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This parameter space is explored in the context of the constraints implied by fits to
the flavour anomalies and neutrino mass. We use a suite of computational machinery
formost of the calculations, and this setup is discussed briefly below. Where appropriate
we explicitly write out the dominant contributions to observables where we consider
that this provides useful insight. Some observables are also calculated separate to these
methods, and these are also discussed in detail below.

We use the computational frameworks SARAH [361, 362] and SPheno [362] to cal-
culate Wilson coefficients, decay rates and a subset of the flavour observables, defined
by FlavorKit [361], in our analysis. A full discussion of the underlying machinery
and relation between these programs can be found in Ref. [363]. In addition, we use
flavio [280] to calculate some flavour observables from the Wilson-coefficient output
files of SPheno. This allows us to consider a broader range of flavour observables in
our analysis. The renormalisation-group running of Wilson coefficients in flavio is im-
plemented using the Wilson package [364].

Collider bounds

The ATLAS collaboration has dedicated searches for the heavy quarks 𝐵 and 𝑌 . The
most stringent limits come from searches for singly produced 𝑌 decaying to𝑊𝑏, where
a limit of 𝑚𝑌 ≳ 1.85 TeV is set with 95% confidence [365]. Limits on the 𝐵 fermion come
from searches for singly produced 𝐵 decaying as 𝐵 → 𝐻𝑏 [366], or pair-produced 𝐵
decays through 𝐵 → 𝑍𝑏/𝐻𝑏/𝑊 𝑡 [367]. The latter search gives the more stringent limit
of 𝑚𝐵 ≳ 1.34 TeV. In our phenomenological analysis, we take 𝑚𝜒 to be much larger
than these scales, safely avoiding the direct-production bounds.

Collider limits relevant for the scalar leptoquark 𝑆1 are discussed in Sec. 3.2. Here
we extend the discussion to 𝑆3 as well. The |𝑄| = 1/3 component of 𝑆3 contributes
to the same decay channels as 𝑆1, that happen to be the most constraining. Thus, the
direct-production limits quoted in Sec. 3.2 apply also to the 𝑆3 leptoquark.

In our model couplings of third-generation quarks to the muon through 𝑆3 are un-
avoidable. Here, limits from 𝑡 𝑡𝜇𝜇 searches can exclude leptoquarkmasses below 1.3 TeV,
assuming Br(𝑆𝑎 → 𝑡𝜇) ≈ 100% [368]. Additionally, since 𝑆3 must couple the strange
quark to the muon, dimuon–dijet searches are also potentially relevant. In this case,
the limits can be as large as 𝑚𝑆3 ≳ 1.5 TeV [307, 369].

High-𝑝𝑇 dilepton production through the 𝑆3 leptoquark has also been shown to pro-
vide interesting constraints and signatures for the leptoquarks in our model [223]. The
leptoquark contributes to the processes 𝑝𝑝 → ℓℓ through tree-level 𝑡-channel graphs
whose effects can alter the tail of the differential cross-sections for 𝑝𝑝 → ℓℓ. We take
the limits from Ref. [223] for the muon and tau modes derived from 36 fb−1 of ATLAS
data at 13 TeV [370, 371]. We derive bounds on 𝑏𝑏 → 𝑒𝑒 and extract the 3000 fb−1 ATLAS
sensitivity for the electron and muon modes from Ref. [372]. These bounds are shown
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Figure 4.7: The figure shows the current (solid) and projected (dashed) upper lim-
its on the couplings of the 𝑆3 leptoquark to down-type quarks and charged leptons
𝑥 𝑟 𝑠3 . The limits are from LHC searches in 𝑝𝑝 → ℓℓ high-𝑝𝑇 tails at 13 TeV from AT-
LAS [373], derived from Ref. [372]. The Yukawa coupling being constrained depends
on the process. For example, 𝑠𝑠 → 𝜇𝜇 will constrain 𝑥223 .

in Fig. 4.7. We find that the limits on 𝑐𝑐 → 𝑒𝑒 and 𝑢𝑢 → 𝑒𝑒 give less stringent bounds on
|𝜁 |, and thus we do not include them in our numerical scans.

Fermion mixing

Of central importance in this model is the mixing generated by the terms 𝑥3𝑑 �̄�𝑅𝐻𝜒𝐿+h.c.
between the 𝑏 quark and the quark field 𝜒𝐿. This mixing is a necessary ingredient for
the violation of lepton number by 𝑆3, and plays a governing role in the overall scale of
the neutrino mass 𝑚0 = 𝑚0(3) according to Eq. (4.2). Its size also dictates the extent to
whichΔ𝐿 = 2 neutrino final states are important to consider, for example in 𝐵 → 𝐾 (∗)𝜈𝜈 .

The mixing of the 𝑏 with 𝜒 leads to new contributions to the oblique electroweak
parameters 𝑆 and 𝑇 . These have been measured to high precision by LEP [374]. The
mixing also leads to an alteration of the 𝑍𝑏𝑏 coupling at tree-level, for which global
electroweak fits have suggested a small deviation from the SM value, e.g. [351]. The
dominant contributions to these effects are encapsulated in the effective dimension-six
Lagrangian generated by the heavy 𝜒𝐿 + 𝜒𝑅 at the scales probed by experiment:

ℒ (6)𝜒 ⊃ 𝐶33𝐻𝑑
𝑚2𝜒

(𝐻†𝑖
↔
𝐷𝜇𝐻)(�̄�𝑅𝛾𝜇𝑏𝑅) +

𝐶33𝑑𝐻
𝑚2𝜒

𝑦𝑏(𝐻†𝐻)( ̄𝑄3𝑏𝑅𝐻). (4.27)
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The first operator modifies the electroweak precision observables discussed above and
the second affects Higgs measurements and is currently poorly constrained. We take
the 2𝜎 bounds on the operator coefficient 𝐶33𝐻𝑑 from the electroweak fit performed in
Ref. [351] 𝐶33𝐻𝑑 ∈ [−0.38, 0.03] to derive

|𝑥3𝑑 | ∈ [0.25, 0.87] (
𝑚𝜒
TeV

) . (4.28)

This implies the bounds 𝜃𝑅 ∈ [0.06, 0.21] at 95% confidence, with central value 𝜃𝑅 ≈ 0.16.
This agrees with Ref. [375] which studied the effects of the doublets 𝜒𝐿 + 𝜒𝑅 and other
vector-like quarks. The relation 𝜃𝐿 ≈ 𝑚𝑏

𝑚𝜒
𝜃𝑅 from Eq. (4.11) implies the cos 𝜃𝐿 factors

appearing in Eq. (4.17) and Eq. (4.19)–(4.21) do not suppress the contributions to the
anomalous observables5. Restricting this mixing to be small consequentially reduces
the mass-splitting between the components of the exotic doublets 𝜒𝐿 + 𝜒𝑅, such that
𝑚𝜒 ∼ 𝑚𝐵 ∼ 𝑚𝑌 remains a valid approximation.

Lepton-flavour violation

Both leptoquarks contribute to lepton-flavour violating processes, although the dia-
grams involving both the left- and right-handed Yukawa couplings of 𝑆1 are generally
dominant due to the top-enhancement in expressions, see e.g. Ref. [16]. In our analysis
we calculate LFV observables using the SARAH and SPheno pipeline discussed above.
We present a summary of the processes we include in our phenomenological analysis
along with the limits we impose in Table 4.2.

𝑍 decays

The leptoquarks 𝑆1 and 𝑆3 will modify the 𝑍 coupling to leptons through one-loop di-
agrams involving SM quarks and the vector-like quark 𝜒𝐿 + 𝜒𝑅. For the contributions
involving leptoquarks and SM fermions we use the results of Ref. [376], which include
corrections due to the external momenta of the 𝑍 . The additional diagrams with the
vector-like quark in the loop are shown in Fig. 4.8. We find the contributions to the
leptonic 𝑍 couplings from these to be

𝛿𝑔𝑟 𝑠𝐿 = 𝑤 𝑠3𝑤 𝑟∗3
768𝜋2𝑥(𝑥 − 1)4 [𝑥𝑍 𝑓 (𝑥) + 𝑥2𝑍𝑔(𝑥)] (4.29)

5This result is a stronger, and more general, constraint than that quoted from direct searches in
Ref. [365], which suggests a 95% confidence interval of sin 𝜃𝑅 ∈ [0.17, 0.55] for 𝑚𝜒 ∼ 800GeV.
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Process Limit

Br(𝜇 → 𝑒𝛾) < 4.2 ⋅ 10−13
Br(𝜇 → 3𝑒) < 1.0 ⋅ 10−12
𝜎(𝜇Au→𝑒Au)

𝜎(𝜇Au→capture) < 7.0 ⋅ 10−13
Br(𝜏 → 𝑒𝛾) < 3.3 ⋅ 10−8
Br(𝜏 → 𝜇𝛾) < 4.4 ⋅ 10−8
Br(𝜏 → 3𝜇) < 2.1 ⋅ 10−8
Br(𝜏 → 3𝑒) < 2.7 ⋅ 10−8

Table 4.2: The table shows the limits we take on the LFV processes considered in our
analysis [21]. These are calculated using SARAH and SPheno.

where 𝑥 ≡ 𝑚2𝜒/𝑚2𝑆3 , 𝑥𝑍 ≡ 𝑚2𝑍/𝑚2𝑆3 and the functions 𝑓 (𝑥) and 𝑔(𝑥) are

𝑓 (𝑥) = 3𝑥(𝑥 − 1) [(4𝑥3 − 30𝑥 + 20) − (𝑥 − 1)(19𝑥2 − 53𝑥 + 28) log 𝑥]
+ 6𝑥 cos2 𝜃𝑊 (𝑥 − 1) [(𝑥 − 1)(𝑥2 − 17𝑥 + 10) + 2(𝑥3 + 6𝑥 − 4) log 𝑥]

(4.30)

𝑔(𝑥) = 5(𝑥 − 1)(𝑥3 − 5𝑥2 + 13𝑥 + 3) + 60𝑥 log 𝑥
+ cos2 𝜃𝑊 [4(𝑥 − 1)(𝑥3 − 5𝑥2 + 13𝑥 + 3) − 48𝑥 log 𝑥] . (4.31)

The couplings𝑤 𝑟3 are inversely proportional to 𝜁 , and thuswe expect these contributions
to be suppressed when 𝜁 and the 𝜒–𝑏 mixing parameter 𝑥3𝑑 are sizeable.

Charm-meson decays

Since couplings to up-type quarks and charged leptons cannot be avoided for the lep-
toquark that couples to 𝜒 , the physics of operators of the form 𝑂𝑟 𝑠𝑡𝑢 ∼ (𝑢𝑟Γ𝑢𝑠)(ℓ𝑡Γℓ𝑢)
is important to study. Here, we consider the leptonic decays of the 𝐷0 meson, since a
sizeable coupling to the charm quark can assist in the explanation of the large effects
seen in the charged current anomalies [346].

In Sec. 3.3.2 we saw that 𝑆1 generates the entire spectrum of operators which can in
principle contribute to the leptonic decays of the 𝐷0, since it interacts with both left-
and right-chiral SM fermions. Concretely, the dimension-six Lagrangian of Eq. (3.40),
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Figure 4.8: The figure shows the additional diagrams contributing to 𝑍 → 𝑒𝑟 𝑒𝑠 and
𝑍 → 𝜈𝑟 𝜈𝑠 involving both 𝜒 and 𝑆3 in our model. In all cases, there are diagrams with 𝐵
and 𝑌 in the loop with different charge states of 𝑆3.

repeated here in a slightly altered notation:

ℒ𝑢𝑟𝑢𝑠𝑒𝑡 𝑒𝑢 =
4𝐺𝐹
√2

[𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑉𝑅( ̄𝑢𝑟 𝛾𝜇𝑃𝑅𝑢𝑠)( ̄𝑒𝑡𝛾𝜇𝑃𝑅𝑒𝑢) + 𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑉𝐿( ̄𝑢𝑟 𝛾𝜇𝑃𝐿𝑢𝑠)( ̄𝑒𝑡𝛾𝜇𝑃𝐿𝑒𝑢)
+ 𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑇 ( ̄𝑢𝑟𝜎𝜇𝜈𝑃𝑅𝑢𝑠)( ̄𝑒𝑡𝜎𝜇𝜈𝑃𝑅𝑒𝑢) + 𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑆𝐿( ̄𝑢𝑟𝑃𝐿𝑢𝑠)( ̄𝑒𝑡𝑃𝐿𝑒𝑢)
+ 𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑆𝑅( ̄𝑢𝑟𝑃𝑅𝑢𝑠)( ̄𝑒𝑡𝑃𝑅𝑒𝑢) + h.c.] ,

(4.32)

is generated with tree-level contributions from both leptoquarks:

𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑉𝐿 =
1

2√2𝐺𝐹
(𝑧

𝑡𝑠1 𝑧𝑢𝑟∗1
2𝑚2𝑆1

+ 𝑧𝑡𝑠3 𝑧𝑢𝑟∗3
𝑚2𝑆3

) , (4.33)

𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑉𝑅 = 1
4√2𝐺𝐹

𝑦 𝑡𝑠∗𝑦𝑢𝑟
𝑚2𝑆1

, (4.34)

𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑆𝐿 =
1

4√2𝐺𝐹
𝑧𝑡𝑠1 𝑦𝑢𝑟
𝑚2𝑆1

, (4.35)

𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑆𝑅 = 1
4√2𝐺𝐹

𝑦 𝑡𝑠∗𝑧𝑢𝑟∗1
𝑚2𝑆1

, (4.36)

𝐶 𝑟 𝑠𝑡𝑢𝐷,𝑇 = −14𝐶
𝑟 𝑠𝑡𝑢𝐷,𝑆𝐿 , (4.37)
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although in our phenomenological analysis only the relevant 𝑆3 couplings are present.
As highlighted in Ref. [346], the strongest experimental constraints on these co-

efficients come from measurements of the process 𝐷0 → 𝜇𝜇, for which Eq. (3.44) is
relevant. We impose the experimental upper limit Br(𝐷0 → 𝜇𝜇) < 7.6 ⋅ 10−9 [345].
Contributions to the electronic mode from the vector operators are helicity suppressed
and we ensure |𝑦1𝑟 | ≪ 1 in all numerical scans to avoid contributions to the electronic
scalar and tensor operators.

Bottom-meson decays and mixing

Here we consider the decays 𝐵 → 𝐾 (∗)𝜈𝜈 and constraints from ̄𝐵𝑠–𝐵𝑠 mixing, found to
be very important constraints on the BN scenario for explaining 𝑅𝐷 and 𝑅𝐷∗ .

We saw in Sec. 3.3.2 that 𝑆1 contributed to the decays 𝐵 → 𝐾 (∗)𝜈𝜈 through contri-
butions to a vector four-fermion operator. There are similar contributions to the same
operator

𝒪 𝑟 𝑠𝜈𝜈 =
8𝐺𝐹
√2

𝛼
4𝜋 𝑉𝑡𝑏𝑉

∗𝑡𝑠[ ̄𝜈𝑟 𝛾𝜇𝑃𝐿𝜈𝑠][ ̄𝑠𝛾𝜇𝑃𝐿𝑏] , (4.38)

also from 𝑆3 in this case. That is:

𝐶 𝑟 𝑠𝜈𝜈 =
cos 𝜃𝐿

2√2𝐺𝐹𝑉𝑡𝑏𝑉 ∗𝑡𝑠
4𝜋
𝛼 (𝑥

𝑟31 𝑥 𝑠2∗1
𝑚2𝑆1

+ 𝑥 𝑟33 𝑥 𝑠2∗3
2𝑚2𝑆3

) . (4.39)

The presence of both contributions presents the possibility of arranging for a cancella-
tion. This approach has been employed in the literature to recover an explanation of
𝑏 → 𝑐 data with only contributions to the vector operator [286]. We impose 𝑅𝜈𝜈𝐾∗ < 2.7,
as in Sec. 3.3.2, in our numerical analysis.

The process of 𝐵𝑠– ̄𝐵𝑠 mixing provides a complementary constraint on the same cou-
plings involved in the 𝑏 → 𝑠𝜈𝜈 processes. It was found in Chapter 3 that the process
leads to a weaker constraint than 𝐵 → 𝐾𝜈𝜈 and 𝐵 → 𝐾∗𝜈𝜈 for low 𝑆1 masses, but be-
comes relevant for masses larger than a few TeV. In our model, we have contributions
from both the isosinglet and isotriplet leptoquarks through box diagrams with neutri-
nos and charged leptons in the loop. These contribute to the operator 𝐶𝑏𝑠1 ,

ℒΔ𝐵=2 ⊃ 𝐶𝑏𝑠1 (�̄�𝛾𝜇𝑃𝐿𝑠)(�̄�𝛾𝜇𝑃𝐿𝑠), (4.40)

where colour indices are contractedwithin parentheses. The combination 𝐶𝐵𝑠 exp 2𝑖𝜙𝐵𝑠 =
Δ𝑚exp𝑠 /Δ𝑚SM𝑠 is calculated using SPheno [362, 363, 377], and we impose the UTfit col-
laboration’s result [348]

𝐶𝐵𝑠 = 1.110 ± 0.090 (4.41)
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in our numerical scans. Wewill work with small imaginary parts for the couplings fixed
by the neutrino mass and we maintain 𝜙𝐵𝑠 ≈ 0 for the phase, consistent with UTfit’s
result.

Summary of constraints

In Tables 4.2 and 4.3 we present summaries of the constraints of this section. The tables
contain the observables we consider in our later phenomenological analysis as well as
the limits we require.

4.3.5 Results and discussion

Below we explore the extent to which this model can accommodate the charged- and
neutral-current anomalies, the anomalous magnetic moment of the muon and neutrino
mass in light of the constraints presented in the previous section.

First, we review the minimal setup introduced at the beginning of Section 4.3.4 and
present the results of our Monte Carlo analysis. We also comment briefly on non-
minimal scenarios.

Monte Carlo analysis

In the minimal scenario the deviations in 𝑅𝐷(∗) are explained by the isosinglet lepto-
quark 𝑆1 with contributions in the direction 𝐶𝑆𝐿(𝑚𝑆1) = −4𝐶𝑇 (𝑚𝑆1), implying 𝒪(1) val-
ues for the couplings 𝑥331 and 𝑦32 [2, 223, 379]. Contributions to the vector operator are
more heavily constrained since they necessarily imply large effects in 𝐵 → 𝐾 (∗)𝜈𝜈 and
𝐵𝑠– ̄𝐵𝑠 mixing, in the absence of any kind of cancellation. The 𝑆1 particle also explains
the anomalous magnetic moment of the muon with the values of 𝑦23 and 𝑧231 = 𝑥231
fixed according to Eq. (4.23). The limits derived in Ref. [3] and sketched out in Sec. 4.3.2
suggest the extent to which 𝑆1 can contribute to the generation of neutrino masses is
small. Since we consider suppressed leptoquark mixing, this means there is no con-
nection between the neutrino-mass mechanism and the anomalies in 𝑅𝐷(∗) and (𝑔 − 2)𝜇
in this model. For this reason, we fix 𝑚𝑆1 and the couplings involved in Eq. (4.23) and
Eq. (4.19) to meet the respective central values to explain these deviations. Explicitly,
the conditions

Re(𝑥231 𝑦23) ≈
0.004�̂�2𝑆1
1 + log �̂�𝑆1

and 𝑥331 𝑦32 ≈ 2.7𝐶𝑆�̂�2𝑆1 , (4.42)

[with �̂�𝑆1 defined as in Eq. (3.6)] are met with 𝑚𝑆1 = 2 TeV, 𝐶𝑆 = 0.14, 𝑥333 = 0.7,
𝑦32 = 2.15, 𝑦23 = 0.5 and 𝑥231 = 0.02 in all results presented in this section. Many of
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Process Quantity Requirement

𝑠𝑠 → 𝜇𝜇 |𝑥223 | < 0.41𝑚𝑆3/TeV [223]
𝑏𝑏 → 𝜇𝜇 |𝑥233 | < 0.58𝑚𝑆3/TeV [223]
𝑠𝑠 → 𝜏𝜏 |𝑥323 | < 0.54𝑚𝑆3/TeV [223]
𝑏𝑏 → 𝜏𝜏 |𝑥333 | < 0.80𝑚𝑆3/TeV [223]
𝑏𝑏 → 𝑒𝑒 |𝑥133 | < 0.44𝑚𝑆3/TeV [372]
𝑍 → 𝑏𝑏 𝐶33𝐻𝑑 ∈ [−0.38, 0.03] [351]
𝜏 → 𝜂𝑒 Br < 9.2 ⋅ 10−8
𝜏 → 𝜋𝑒 Br < 8.0 ⋅ 10−8
𝜏 → 𝜙𝜇 Br < 8.4 ⋅ 10−8

𝑍 → 𝑒±𝜇∓ Br < 7.5 ⋅ 10−7
𝑍 → 𝑒±𝜏∓ Br < 9.8 ⋅ 10−6
𝑍 → 𝜇±𝜏∓ Br < 1.2 ⋅ 10−5
𝑍 → 𝑒𝑟 𝑒𝑠 𝑔𝐿 ∈ [−8.5, 12] ⋅ 10−4
𝑍 → 𝑒𝑟 𝑒𝑠 𝑔𝑅 ∈ [−5.4, 6.7] ⋅ 10−4
𝑍 → 𝜈𝑟 𝜈𝑠 𝑁𝜈 within 2.9840 ± 0.0164
𝐷0 → 𝜇𝜇 Br < 7.6 ⋅ 10−9 [345]

𝐵+ → 𝐾+𝑒±𝜇∓ Br < 9.1 ⋅ 10−8
𝐵0 → 𝐾0∗𝑒±𝜇∓ Br < 1.8 ⋅ 10−7
𝐵𝑠 → 𝜇±𝑒∓ Br < 5.4 ⋅ 10−9
𝐵 → 𝐷ℓ𝜈 𝑅𝜇/𝑒𝐷 = Br(𝐵→𝐷𝜇𝜈)

Br(𝐵→𝐷𝑒𝜈) within 0.995 ± 0.090 [330]

𝐵 → 𝐷∗ℓ𝜈 𝑅𝑒/𝜇𝐷∗ = Br(𝐵→𝐷∗𝑒𝜈)
Br(𝐵→𝐷∗𝜇𝜈) within 1.04 ± 0.10 [320]

𝐵𝑠– ̄𝐵𝑠 mixing 𝐶𝐵𝑠 ∈ [0.942, 1.288] [348]
𝐵 → 𝐾𝜈𝜈 𝑟 𝜈𝜈𝐾 = Br

BrSM
< 3.9 [342]

𝐵 → 𝐾∗𝜈𝜈 𝑟 𝜈𝜈𝐾∗ = Br
BrSM

< 2.7 [342]

𝑏 → 𝑠𝛾 Br ∈ [−0.17, 0.24] [378]
𝐵𝑐 → 𝜏𝜈 Br < 30% [218]

𝐾 → ℓ𝜈 𝑟𝜇/𝑒𝐾 = Br(𝐾→𝑒𝜈)
Br(𝐾→𝜇𝜈) within (2.488 ± 0.018) ⋅ 10−5

Table 4.3: The table is a summary of the constraints considered in this section, not
also mentioned in Table 4.2. In cases where opposite-sign lepton pairs can have dif-
fering flavour, we choose the observable with both combinations of signs averaged.
For the rare tau decays not elsewhere referenced, we have included only those which
we found gave most competitive constraints. Where citations are omitted the re-
quirements are taken from Ref. [21].
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the implications of explaining 𝑅𝐷(∗) with 𝐶𝑆𝐿(Λ) = −4𝐶𝑇 (Λ) have been discussed in the
literature [214, 379, 380], and we have expanded on this in Sec. 3.4.

The isotriplet scalar 𝑆3 explains the neutral-current anomalies and participates in
the neutrino-mass generation. Thus, the couplings entering the expression for 𝐶𝜇𝜇9 =
−𝐶𝜇𝜇10 [Eq. (4.17)] are fixed by the Casas–Ibarra parametrisation, itself following from
the structure of the neutrino-mass matrix. A consequence of this is that the 𝑥 𝑟33 take
complex values and in general Im(𝐶𝜇𝜇9 ) ≠ 0. Indeed, for 𝜁 ∈ ℝ the imaginary part of
𝐶𝜇𝜇9 is much larger than the real part, since Re(𝑥233 ) = √𝑚2/𝑚3Im(𝑥233 ) from Eq. (4.15).
Although Im𝐶𝜇𝜇9 > Re𝐶𝜇𝜇9 may lead to an acceptable explanation of the 𝑏 → 𝑠 anomalies
(see e.g. Appendix C of Ref. [161]), most fits in the literature assume Im𝐶𝜇𝜇9 = 0 and we
aim to reproduce this in our model as well. The simplest way to do this is to assume
arg 𝜁 ≈ 𝜋/2, so that 𝜁 is mostly imaginary. This now implies Re(𝑥233 ) = √𝑚3/𝑚2Im(𝑥233 ),
and so the muonic couplings of 𝑆3 are mostly real.

One may worry that the central value of 𝛿𝐶𝑃 (used in our numerical analysis) or a
non-zero value for the Majorana phase 𝛼2 will spoil the desired Im𝐶𝜇𝜇9 ≪ Re𝐶𝜇𝜇9 . Using
Im𝐶𝜇𝜇9 /Re𝐶𝜇𝜇9 = tan arg 𝐶𝜇𝜇9 as a measure of the relative size of imaginary part of 𝐶𝜇𝜇9 ,
we find

tan arg 𝐶𝜇𝜇9 ≈ − cot arg 𝜁
+
√
𝑚2
𝑚3

[0.085 cos(𝛼2 + 𝛿𝐶𝑃 ) − 0.72 cos 𝛼2] csc2 arg 𝜁 + 𝒪 (𝑚2
𝑚3

) , (4.43)

for our model, derived from Eq. (4.15) and Eq. (4.17). This clarifies that the effects of the
phases are subleading in √𝑚2/𝑚3. In figure 4.9 we plot Im(𝑥 𝑟33 )/Re(𝑥 𝑟33 ) for 𝑟 = 1, 2, 3 as
contours with varying arg 𝜁 and 𝛼2. This illustrates the behaviour discussed above but
also investigates the effect on the other leptonic couplings. It is evident that the choice
arg 𝜁 ≈ 𝜋/2 also leaves the tau couplingmostly real, although this cannot be said for the
electron coupling where the dependence on 𝛼2 is significant. We nevertheless proceed
with the choice arg 𝜁 = 𝜋/2 in our numerical analysis and account for the possibility
of a large imaginary part in the coupling 𝑥133 .

To explore the extent to which this scenario can explain the flavour anomalies and
neutrino mass, we perform a random scan over the 5 free parameters of the setup: |𝜁 |,
𝑥223 , 𝑚𝑆3 , 𝑚𝜒 , 𝛼2. Random values are drawn uniformly over the intervals defined for
these parameters in Table 4.4. Notably, the Yukawa coupling 𝑥3𝑑 is fixed to 0.25𝑚𝜒/TeV,
the lower edge of the 2𝜎 region from Eq. (4.28) needed to explain the small discrepancy
in 𝑍 → 𝑏�̄�. We generate 2 ⋅ 106 points which are filtered through all of the constraints
presented in section. 4.3.4.

The leptoquark 𝑆3 mediates highly-constraining processes of muon–electron con-
version in nuclei at tree-level, and the couplings involved are directly related to those
that explain the neutrino masses and the 𝑏 → 𝑠 anomalies.

We find that only about 12% of the points in our numerical scan are rejected on
the basis of a constraint, but from among these almost all are disallowed because they
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Figure 4.9: Contours of | tan arg 𝑥 𝑟33 | = |Im(𝑥 𝑟33 )/Re(𝑥 𝑟33 )| with varying arg 𝜁 and
Majorana phase 𝛼2. The index 𝑟 enumerates over charged-lepton flavours. It is clear
that the choice arg 𝜁 ≈ 𝜋/2 ensures Im𝑥 𝑟33 ≪ Re𝑥 𝑟33 for the muon and tau couplings
(𝑟 = 2, 3). The ratio of the imaginary and real parts of the electron coupling (𝑟 = 1)
varies significantly with 𝛼2. The Dirac phase and all other neutrino parameters have
been set to their central values.

violate the muon–electron conversion bound given in Table 4.2. In Fig. 4.10 we present
the results of our random scan with slices through the parameter space and various
projections. We find that our model requires muon–electron conversion in Gold nu-
clei at a rate no less than 2 ⋅ 10−13 to accommodate the preferred value of 𝐶𝜇𝜇9 . The
COMET [381–384] and Mu2e [385–387] experiments have projected sensitivities of
Br(𝜇Al → 𝑒Al) ≲ 10−16 at 90% confidence6. These will provide an improvement on the
current limit by four orders of magnitude, and will test and potentially falsify this sce-
nario. Interestingly, our model cannot simultaneously avoid the muon–electron con-
version bound and explain the 𝑏 → 𝑠 anomalies with a vanishing Majorana phase 𝛼2,
a result made clear in Fig. 4.11a. There, it is also apparent that the constraint can be

6Although COMET and Mu2e will measure muon–electron conversion in Aluminium, we neverthe-
less display the result on the same plot since we find that the calculations in Gold and Aluminium differ
by less than an order of magnitude.
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Parameters |𝜁 | 𝑥223 𝑚𝑆3 𝑚𝜒 𝛼2
Interval [1, 600] [0, √4𝜋] [1, 30] TeV [1, 10] TeV [0, 2𝜋]

Table 4.4: The table shows the intervals from which the corresponding free param-
eters are randomly drawn for our Monte Carlo analysis. All other parameters are
fixed, see the text for details.

Figure 4.10: The results of the random scan projected onto Br(𝜇Au → 𝑒Au) and
𝐶𝜇𝜇9 . All constraints except muon–electron conversion in Gold have been applied. The
solid black line represents the central value of the fit of Ref. [13] to the anomalous
𝑏 → 𝑠 data, and the heavier and lighter shaded regions are the 1 and 2𝜎 regions.
The dashed red line corresponds to the current most stringent limit on Br(𝜇Au →
𝑒Au) from SINDRUM II [337] and the black dot-dashed line is a representation of the
projected sensitivity of future experimental reach [381–387]. The plot on the right
is an enlarged look at the interesting region of the plot on the left. The colour axis
represents the value of the Majorana phase 𝛼2.

avoided for 100∘ ≲ 𝛼2 ≲ 300∘, a region that overlaps with that shown in Fig. 4.9, needed
for a small imaginary part for the electron couplings 𝑥133 . We find that an additional two
constraints cut into the parameter space significantly: bounds from 𝐷0 → 𝜇𝜇 and the
ATLASmeasurement of 𝑠𝑠 → 𝜇𝜇. Our model predicts the𝐷0 → 𝜇𝜇 rate to be an order of
magnitude larger than estimates of the SM contribution Br(𝐷0 → 𝜇𝜇)SM ∼ 3⋅10−13 [388]
(see Fig. 4.11b), while the ATLAS 3000 fb−1 projected limit from 𝑠𝑠 → 𝜇𝜇 indicates that
a non-observation would almost entirely rule out the model for low leptoquark masses
(see Fig. 4.11c).
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(a) (b)

(c)

Figure 4.11: The other interesting results of our Monte Carlo analysis. (a) The re-
lation between 𝐶𝜇𝜇9 and the Majorana phase 𝛼2. The points shown pass all of the
constraints considered in our analysis. The colour axis represents the imaginary
part of 𝐶𝜇𝜇9 . The plot shows the preference away from a vanishing 𝛼2, driven by the
constraint Br(𝜇Au → 𝑒Au), and the consistency of the available parameter space
with a small imaginary part of 𝐶𝜇𝜇9 . (b) The results of the random scan projected
onto Br(𝐷0 → 𝜇𝜇) and 𝐶𝜇𝜇9 . Points shown pass all constraints. Our model predicts
Br(𝐷0 → 𝜇𝜇) ≳ 10−12, about an order of magnitude larger than the SM estimate
from Ref. [388]. We note that our calculation is not valid below the dashed orange
line since it only represents the new-physics contribution. (c) The plot shows the in-
fluence of the ATLAS 𝑠𝑠 → 𝜇𝜇 limits on the parameter space of our model. Coloured
points lie in the 2𝜎 region of the 𝑏 → 𝑠 fit we use. Dark blue points cannot explain
the 𝑏 → 𝑠 data. The dashed orange line corresponds to the current ATLAS limit, while
the solid red line is the 3000 fb−1 projection. The abrupt absence of points in the bot-
tom left of the plot is due to the constraint 𝐷0 → 𝜇𝜇.
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Comments on explaining 𝑅𝐷(∗) with the vector operator

In our analysis above we consider only contributions in the scalar–tensor direction
to explain the charged-current anomalies in 𝑅𝐷 and 𝑅𝐷∗ , necessitating the inclusion
of 𝑆1 in this model to generate these contributions. This choice is made to avoid the
dangerous contributions to 𝐵 → 𝐾 (∗)𝜈𝜈 , which necessarily exist in the presence of a
large 𝐶𝑉𝐿 . We explored two ways these constraints could be avoided in the context of
our model:

1. As discussed previously in the literature [2, 288, 389], one way to avoid the con-
straints from 𝐵 → 𝐾 (∗)𝜈𝜈 and 𝐵𝑠– ̄𝐵𝑠 mixing is to explain the 𝑅𝐷(∗) anomalies with
a large 𝑥331 while ensuring 𝑥321 ≈ 0. The coupling 𝑧321 required to explain 𝑅𝐷(∗)
is generated through Eq. (4.13), while keeping the strange-quark coupling to the
neutrinos zero. Combining Eq. (4.13) and Eq. (4.20) with 𝑥331 ≫ 𝑥333 gives

𝐶𝑉 = cos 𝜃𝐿
4√2𝐺𝐹𝑉𝑐𝑏

|𝑥331 |2𝑉𝑡𝑠
𝑚2𝑆1

, (4.44)

which implies 1.7 ≲ |𝑥331 |/(𝑚𝑆1 TeV) ≲ 7.2 for cos 𝜃𝐿 ≈ 1 to explain𝑅𝐷(∗) according
to our fit to 𝐶𝑉 (see Table 3.1). We note here that even saturating the lower 2𝜎
bound on 𝐶𝑉 leads to contributions to 𝑍 → 𝜏𝜏 that disagree with experiment,
despite the reduction of the global average driven by the latest Belle result.

2. Ref. [286] proposed that the 𝑅𝐷(∗) anomalies could be explained through the vec-
tor operator by considering a cancellation between the 𝑆1 and 𝑆3 particles in this
model to the processes 𝐵 → 𝐾 (∗)𝜈𝜈 . This was further studied in Ref. [390] and
Ref. [391]. We have investigated this suggestion in considerable detail for this
model, and could not find any parameter space that could simultaneously resolve
the 𝑅𝐷(∗) anomalies and be consistent with constraints from 𝐵𝑠– ̄𝐵𝑠 mixing. Our
findings are in agreement with Ref. [391]. We note that Ref. [391] proposed some
lines of investigation, such as the use of complex-valued couplings constants, that
could potentially alter this conclusion, but an investigation of such a scenario is
beyond the scope of this study.

4.4 Radiativemodels explaining the flavour anomalieswith
leptoquarks

The success of the non-minimal model just studied is a promising indication for com-
bined explanations of neutrino mass and the flavour anomalies. Fig. 2.14a suggests that
the scalar leptoquarks 𝑆1 and 𝑆3, there respectively denoted 𝜔1 and 𝜁 , appear often in
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models of radiative neutrino mass. Indeed, the appearance of both fields together in
the non-minimal model studied above is somewhat ad hoc, since any one leptoquark
is sufficient to violate lepton number by two units in the presence of 𝜒 . It would be
attractive to therefore search for radiative models in which both 𝑆1 and 𝑆3 were neces-
sary for the mechanism of lepton-number violation. Doing so would introduce an even
tighter connection between all of the anomalies and the neutrino masses. As discussed
briefly in Sec. 2.5.2, the leptoquark 𝑅2 ∼ (3, 2, 76) can also explain the charged-current
anomalies in a relatively unconstrained way. Our analysis of the exotics appearing in
the model database indicates that it is the most common field to appear in radiative
models. Again, this is clear from Fig. 2.14a, where 𝑅2 is denoted Π7.

We search the filtered model database introduced in Chapter 2 for Lagrangians con-
taining (i) 𝑆1 and 𝑆3, or (ii) 𝑅2 and 𝑆3, where all of these fields are required to couple
as leptoquarks. We find 84 models for case (i) and 203 models for case (ii). All of the
models are derived from dimension-eleven operators and contain more than three ex-
otic fields, with the exception of four of the 𝑅2 + 𝑆3 models that require only one more
scalar to violate lepton number. These models are summaried in Table 4.5, along with
a small random sample from the remaining 283 models of cases (i) and (ii). The models
tend to imply a large upper bound on the new-physics scale, since the operators from
which they are derived tend to contain two 𝐿 fields. This reduces the number of loops
and SM-lepton mass insertions required in the operator closure. Models in which 𝑆1
or 𝑅2 couple to ̄𝑒 instead of 𝐿 are in general filtered out by those models in which the
leptoquark couplings to 𝐿 feature in the Δ𝐿 = 2 mechanism. This phenomenon is also
seen and discussed in Sec. 2.5.2.

4.5 Conclusions

In this chapter we have begun to explore the connection between models of radia-
tive neutrino mass and explanations of the flavour anomalies. We did this by first
taking the BN scenario and embedding it into a simple two-loop model, first studied
in Ref. [16], from the model database studied in Chapter 2. The tight connection be-
tween the neutrino-mass generation and the explanation of the anomalies means that
the model cannot simultaneously explain the neutrino masses and the 𝑏 → 𝑠 data on
account of 𝜏 → 𝜇 and 𝜇 → 𝑒 LFV observables. Specifically, bounds frommuon–electron
conversion in nuclei fix the ratio of the couplings 𝑥33 and 𝑥23 in the 𝑆1 model, so that
the large value of 𝑥23 required to generate 𝐶𝐿𝐿 ≈ −1 (see Eq. (3.57)) leads to 𝜏 → 𝜇𝛾
and 𝜏 → 𝜇𝜇𝜇 rates incompatible with experiment. The fixing of 𝑥33/𝑥23 in this model
is ultimately due to the fact that the coupling of 𝑆1 to the electron cannot be avoided
in the neutrino-mass model, and the structure of the mass matrix is such that one can
ensure 𝑥13 ≈ 0 at the cost of fixing 𝑥33/𝑥23.
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𝑆3 + field content Operators Λ [TeV]
𝑅2, (3, 1, 23)𝑆 71 2 ⋅ 107
𝑅2, (3, 3, 23)𝑆 71 2 ⋅ 107
𝑅2, (3, 4, 16)𝑆 71 2 ⋅ 107
𝑅2, (1, 4, 32)𝑆 71 2 ⋅ 107

𝑅2, (8, 1, 1)𝑆 , (3, 1, 23)𝐹 25𝑐 4 ⋅ 103
𝑅2, (8, 3, 1)𝑆 , (3, 3, 23)𝐹 25𝑐 4 ⋅ 103
𝑅2, (8, 2, 12)𝐹 , (8, 3, 0)𝐹 29𝑐 2 ⋅ 107
𝑆1, (3, 2, 16)𝐹 , (6̄, 2,

1
6)𝑆 25𝑐 4 ⋅ 103

𝑆1, (3̄, 3, 13)𝐹 , (6̄, 3,
2
3)𝑆 47𝑖 2 ⋅ 107

𝑆1, (3, 3, 23)𝑆 , (3, 4,
1
6)𝐹 40ℎ 2 ⋅ 107

Table 4.5: The table shows a small sample of the 287 models of radiative neutrino
mass that also contain either both of 𝑆3 and 𝑅2 or both of 𝑆3 and 𝑆1. The first four
models listed are the only ones of the 287 that contain only three fields in total. The
models tend to have a high predicted scale since two 𝐿 fields are generally present in
the operators, reducing the number of loops and SM-lepton mass insertions required
in the operator closure.
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To address the limited success of this neutrino-mass model, we also studied a non-
minimal scenario containing the leptoquark 𝑆3 in addition to 𝑆1. Here, we were mainly
interested in the extent to which bounds frommuon–electron conversion could accom-
modate an explanation of the flavour anomalies in a neutrino-mass model. Although
the 𝑆3 explanation of the 𝑏 → 𝑠 anomalies is usually relatively unconstrained, introduc-
ing the neutrino-mass connection leads to a rich phenomenology wherein a value of
𝐶𝐿𝐿 compatible with an explanation of the neutral-current anomalies requires a muon–
electron conversion rate in Gold nuclei of no less than 2 ⋅ 10−13, within reach of the
upcoming COMET and Mu2e experiments. The model also predicts a range for the Ma-
jorana phase 𝛼2 of 100∘ ≲ 𝛼2 ≲ 300∘, and a rate for 𝐷0 → 𝜇𝜇 an order of magnitude
larger than the SM value.

The 𝑆1+𝑆3 model can successfully explain all of the flavour anomalies to within 1𝜎 ,
while respecting all of the constraints we consider in our analysis. The model is non-
minimal both in the sense that two fields explain the anomalies separately, but also in
the sense that both of these fields are not necessary for lepton-number violation. A
tighter connection between the neutrino mass and the flavour anomalies may be seen
in a model in which all of the exotic multiplets play some role in the violation of lepton
number. We find 287 suchmodels that explain the 𝑏 → 𝑠 anomalieswith 𝑆3 and the 𝑏 → 𝑐
anomalies with one of 𝑆1 or 𝑅2. There are four 𝑆3 + 𝑅2 models that contain only three
exotic fields in total. From here the stage is set for a fuller exploration of these models
and the exciting predictions they may imply for both neutrino and flavour physics.





5
The two-photon decay of a scalar-quirk

bound state

This chapter is based on the publication ‘Explaining the 750 GeV diphoton excess with a
coloured scalar charged under a new confining gauge interaction,’ written in collaboration
with Robert Foot [1]. We use the extinct Greek letter ϝ (digamma) to represent a bound
state of scalars charged under an unbroken SU(𝑁 ), whose two-photon decay is posited to
explain the 750 GeV diphoton excess, which similarly went extinct. The explanation in
terms of the SU(𝑁 ) bound state provides an especially simple explanation for the large
production cross-section, which characterised the excess. Given the sensitivity of the
diphoton channel to new physics, we hope that the conclusions of this paper still provide
useful insight into how such a diphoton resonance might be explained economically. We
note that this chapter is somewhat parenthetical to the earlier narrative of the thesis.

5.1 Introduction

An excess of events containing two photons with invariant mass near 750GeV has
been observed in 13 TeV proton–proton collisions by the ATLAS and CMS collabora-
tions [392, 393]. The cross section 𝜎(𝑝𝑝 → 𝛾𝛾) is estimated to be

𝜎(𝑝𝑝 → 𝛾𝛾) = {(10 ± 3) fb ATLAS
(6 ± 3) fb CMS

(5.1)

167
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and there is no evidence of any accompanying excess in the dilepton channel [394]. If
we interpret this excess as the two photon decay of a single new particle of mass 𝑚
then ATLAS data provide a hint of a large width: Γ/𝑚 ∼ 0.06, while CMS data prefer a
narrow width.

There has been vast interest in the possibility that the diphoton excess results from
physics beyond the SM. Most discussion has focused on models where the excess is due
to a new scalar particle which subsequently decays into two photons e.g. Ref. [395].
The possibility that the new scalar particle is a bound state of exotic charged fermions
has also been considered, e.g. Refs. [396–400]. Here we consider the case that the
750GeV state is a non-relativistic bound state constituted by an exotic scalar particle 𝜒
and its antiparticle, charged under SU(3)𝑐 as well as a new unbroken non-abelian gauge
interaction. Having 𝜒 be a scalar rather than a fermion is not merely a matter of taste:
in such a framework a fermionic 𝜒 would lead to the formation of bound states which
(typically) decay to two leptons more often than to photons; a situation which is not
favoured by the data.

The bound state, which we denote ϝ, can be produced through gluon–gluon fusion
directly (i.e. at threshold √𝑠𝑔𝑔 ≃ 𝑀ϝ) or indirectly via 𝑔𝑔 → 𝜒†𝜒 → ϝ + soft quanta (i.e.
above ϝ threshold: √𝑠𝑔𝑔 > 𝑀ϝ). The indirect production mechanism can dominate the
production of the bound state, which is an interesting feature of this kind of theory.

5.2 The model
We take the new confining unbroken gauge interaction to be SU(𝑁 ), and assume that,
like SU(3)𝑐 , it is asymptotically free and confining at low energies. However, the new
SU(𝑁 ) dynamics is qualitatively different fromQCD as all the matter particles [assumed
to be in the fundamental representation of SU(𝑁 )] are taken to be much heavier than
the confinement scale, Λ𝑁 . In fact we here consider only one such matter particle, 𝜒 ,
so that 𝑀𝜒 ≫ Λ𝑁 is assumed. In this circumstance a 𝜒†𝜒 pair produced at the LHC
above the threshold 2𝑀𝜒 but below 4𝑀𝜒 cannot fragment into two jets. The SU(𝑁 )
string which connects them cannot break as there are no light SU(𝑁 )-charged states
available. This is in contrast to heavy quark production in QCD where light quarks can
be produced out of the vacuum enabling the colour string to break. The produced 𝜒†𝜒
pair can be viewed as a highly excited bound state, which de-excites by SU(𝑁 )-ball and
soft glueball/pion emission [401].

With the new unbroken gauge interaction assumed to be SU(𝑁 ) the gauge symme-
try of the SM is extended to

SU(3)𝑐 ⊗ SU(2)𝐿 ⊗ U(1)𝑌 ⊗ SU(𝑁 ). (5.2)

This kind of theory can arise naturally inmodelswhich feature large colour groups [402–



5.3 Explaining the excess 169

404] and in models with leptonic colour [405–408] but was also considered earlier by
Okun [409]. The notation quirks for heavy particles charged under an unbroken gauge
symmetry (where𝑀𝜒 ≫ Λ𝑁 ) was introduced in [401] where the relevant phenomenol-
ogy was examined in some detail in a particular model1. For convenience we bor-
row their nomenclature and call the new quantum number hue and the massless gauge
bosons huons (ℋ ).

The phenomenological signatures of the bound states (quirkonia) formed depend
on whether the quirk is a fermion or boson. Here we assume that the quirk 𝜒 is a
Lorentz scalar in light of previous work which indicated that bound states formed from
a fermionic 𝜒 state would be expected to be observed at the LHC via decays of the
spin-1 bound state into opposite-sign lepton pairs (ℓ+ℓ−) [401, 408]. In fact, this appears
to be a serious difficulty in attempts to interpret the 750GeV state as a bound state of
fermionic quirk particles (such as those of Refs. [396–398]). The detailed consideration
of a scalar 𝜒 appears to have been largely overlooked2, perhaps due to the paucity of
known elementary scalar particles. With the recent discovery of a Higgs-like scalar at
125GeV [412, 413] it is perhaps worth examining signatures of scalar quirk particles. In
fact, we point out here that the two photon decay is the most important experimental
signature of bound states formed from electrically charged scalar quirks. Furthermore
this explanation is only weakly constrained by current data and thus appears to be a
simple and plausible option for the new physics suggested by the observed diphoton
excess.

5.3 Explaining the excess
The scalar 𝜒 that we introduce transforms under the extended gauge group (Eq. 5.2) as

𝜒 ∼ (3, 1, 𝑌 ;N), (5.3)

where we use the normalisation 𝑄 = 𝑌/2. The possibility that 𝜒 also transforms non-
trivially under SU(2)𝐿 is interesting, however for the purposes of this letter we focus
on the SU(2)𝐿 singlet case for definiteness. Since two-photon decays of non-relativistic
quirkonium will be assumed to be responsible for the diphoton excess observed at the
LHC, the mass of 𝜒 will need to be around 375GeV.

We have assumed that 𝜒 is charged under SU(3)𝑐 so that it can be produced at tree-
level through QCD-driven pair production. We present the production mechanisms in
Fig. 5.1. To estimate the production cross section of the bound states, we first consider
the indirect production mechanism which we expect to be dominant. Here, a 𝜒†𝜒 pair

1Some other aspects of such models have been discussed over the years, including the possibility that
the SU(𝑁 ) confining scale is low (∼ keV), a situation which leads to macroscopic strings [410].

2The idea has been briefly mentioned in recent literature [399, 411].
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Figure 5.1: Tree-level pair production mechanisms for the scalar quirk 𝜒 .

is produced above threshold and de-excites emitting soft glueballs/pions and hueballs:
𝑔𝑔 → 𝜒†𝜒 → ϝ + soft quanta. We first consider the case where the confinement scale
of the new SU(𝑁 ) interaction is similar to that of QCD. What happens in this case can
be adapted from the discussion in [401], where a fermionic quirk charged under an
unbroken SU(2) gauge interaction was considered. As already briefly discussed in the
introduction, the 𝜒†𝜒 pairs initially form a highly excited bound state, which subse-
quently de-excites in two stages. The first stage is the non-perturbative regime where
the hue string is longer than Λ−1𝑁 . The second stage is characterised by a string scale
significantly less than Λ−1𝑁 : the perturbative Coulomb region. Here the bound state
can be characterised by the quantum numbers 𝑛 and 𝑙. De-excitation continues until
quirkonium is in a lowly excited state with 𝑙 ≤ 1 and 𝑛. Imagine first that de-excitation
continued until the ground state (𝑛 = 1, 𝑙 = 0) is reached. Given we are considering 𝜒
to be a scalar, the quirkonium ground state, ϝ, will have spin 0, and is thus expected to
decay into SM gauge bosons and huons. The cross section 𝜎(𝑝𝑝 → ϝ → 𝛾𝛾) in this case
is then

𝜎(𝑝𝑝 → 𝛾𝛾) ≈ 𝜎(𝑝𝑝 → 𝜒†𝜒) × Br(ϝ → 𝛾𝛾). (5.4)

Since production is governed by QCD interactions, we can use the values of the
pair production cross sections for stops/sbottoms in the limit of decoupled squarks and
gluinos [414]. For a 𝜒 mass of 375GeV

𝜎(𝑝𝑝 → 𝜒†𝜒) ≈ {2.6𝑁 pb at 13 TeV
0.5𝑁 pb at 8 TeV

. (5.5)
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The branching fraction is to leading order

Br(ϝ → 𝛾𝛾) ≃ 3𝑁𝑄4𝛼2
2
3𝑁𝛼2𝑠 + 3

2𝐶𝑁 𝛼2𝑁 + 3𝑁𝑄4𝛼2
, (5.6)

where 𝐶𝑁 ≡ (𝑁 2 − 1)/(2𝑁 ), 𝛼𝑁 is the new SU(𝑁 ) interaction strength and we have
neglected the small contribution of ϝ → 𝑍𝛾/𝑍𝑍 to the total width. Eq. (5.6) also ne-
glects the decay to Higgs particles: ϝ → ℎℎ, which arises from the Higgs potential
portal term 𝜆𝜒𝜒†𝜒𝜙†𝜙. Theoretically this rate is unconstrained given the dependence
on the unknown parameter 𝜆𝜒 , but could potentially be important. However, limits
from resonant Higgs boson pair production derived from 13 TeV data: 𝜎(𝑝𝑝 → 𝑋 →
ℎℎ → 𝑏𝑏𝑏𝑏) ≲ 50 fb at 𝑀𝑋 ≈ 750GeV [415, 416] imply that the Higgs decay channel
must indeed be subdominant (c.f. ϝ → 𝑔𝑔, ℋℋ ).

The renormalised gauge coupling constants in Eq. (5.6) are evaluated at the renor-
malisation scale 𝜇 ∼ 𝑀ϝ/2. Taking for instance the specific case of 𝑁 = 2, 𝛼𝑁 = 𝛼𝑠 ≃
0.10 (at 𝜇 ∼ 𝑀ϝ/2) gives

𝜎(𝑝𝑝 → 𝛾𝛾) ≈ 5 ( 𝑄
1/2)

4
fb at 13 TeV . (5.7)

At √𝑠 = 8 TeV the cross section is around five times smaller. We present the cross
section 𝜎(𝑝𝑝 → ϝ → 𝛾𝛾) for a range of masses 𝑀ϝ and different combinations of 𝑄 and
𝑁 in Fig. 5.2. The parameter choice 𝛼𝑁 = 𝛼𝑠 and Λ𝑁 = ΛQCD has been assumed. (The
cross section is not highly sensitive to Λ𝑁 , 𝛼𝑁 so long as we are in the perturbative
regime: Λ𝑁 ≲ ΛQCD.) Evidently, for 𝑁 = 2, a 𝜒 with electric charge 𝑄 ≈ 1/2 is
produced at approximately the right rate to explain the diphoton excess.

In practice de-excitation of the produced quirkonium does not always continue un-
til the ground state is reached. In this case annihilations of excited states can also con-
tribute. However those with 𝑙 = 0 will decay in the same way as the ground state. The
only difference is that the excited states will have a slightly larger mass (which we will
estimate in a moment) due to the change in the binding energy. This detail could be im-
portant as it can effectively enlarge the observed width. Annihilation of excited states
with non-zero orbital angular momentum could in principle also be important, how-
ever these are suppressed as the radial wavefunction vanishes at the origin: 𝑅(0) = 0
for 𝑙 ≥ 1. They are expected to de-excite predominately to 𝑙 = 0 states rather than an-
nihilate [401]. Nevertheless, for sufficiently large 𝛼𝑁 the 𝑙 = 1 annihilations: ϝ → 𝜇+𝜇−
and ϝ → 𝑒+𝑒− could potentially be observable.

The 𝑙 = 0 excited states can be characterised by the quantum number 𝑛with binding
energies:

𝐸𝑛
𝑀ϝ

= − 1
8𝑛2 [

4
3 ̄𝛼𝑠 + 𝐶𝑁 ̄𝛼𝑁 + 𝑄2 ̄𝛼]

2
. (5.8)
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Figure 5.2: The cross section 𝜎(𝑝𝑝 → ϝ → 𝛾𝛾) at 13 TeV for a range of quirkonium
masses 𝑀ϝ and charge assignments. Solid lines denote choices of 𝑁 = 2 and dashed
lines choices of 𝑁 = 5. The rectangle represents the 𝜎 ∈ [3, 10] fb indicative region
accommodated by the ATLAS and CMS data. The solid red line is the ATLAS 13 TeV
exclusion limit. Uncertainties reflect error associated with the parton distribution
functions.

The above formula was adapted from known results with quarkonium, e.g. [396] (and of
course also the hydrogen atom). The coupling constants ̄𝛼𝑠 , ̄𝛼𝑁 and ̄𝛼 are evaluated at a
renomalisation scale corresponding to the mean distance between the particles which is
of order the Bohr radius: 𝑎0 = 4/[(4 ̄𝛼𝑠/3+𝐶𝑁 ̄𝛼𝑁 +𝑄2 ̄𝛼)𝑀ϝ]. The bound state, described
by the radial quantum number 𝑛 has mass given by 𝑀ϝ(𝑛) = 2𝑀𝜒 + 𝐸𝑛. Considering as
an example 𝑁 = 2 and ̄𝛼𝑁 = ̄𝛼𝑠 = 0.15, ̄𝛼 = 1/137 we find the mass difference between
the 𝑛 = 1 and 𝑛 = 2 states to be Δ𝑀 = (𝐸1 − 𝐸2) ≈ 0.01𝑀ϝ. Larger mass splittings
will be possible3 if ̄𝛼𝑁 > ̄𝛼𝑠 , although it has been shown in the context of fermionic
quirk models that the phenomenology is substantially altered in this regime [397]. In
particular, the hueballs can become so heavy that the decays of the bound state into
hueballs is kinematically forbidden.

3Additional possibilities arise if 𝜒 transforms non-trivially under SU(2)𝐿, i.e. forming a representation
N𝐿. The mass degeneracy of the multiplet will be broken at tree-level by Higgs potential terms along with
electroweak radiative corrections. The net effect is that the predicted width of the 𝑝𝑝 → 𝛾𝛾 bump can be
effectively larger as there are N𝐿 distinct bound states, ϝ𝑖, (of differing masses) which can each contribute
to the decay width. Although each state is expected to have a narrow width, when smeared by the
detector resolution the effect can potentially be a broad feature.
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In the above calculation of the bound state production cross section, we considered
only the indirect production following pair production of 𝜒†𝜒 above threshold. The
bound state can also be produced directly: 𝑔𝑔 → ϝ, where √𝑠𝑔𝑔 ≈ 𝑀ϝ. The cross
section of the ground state direct resonance production is

𝜎(𝑝𝑝 → ϝ)DR ≈ 𝐶𝑔𝑔𝐾𝑔𝑔Γ(ϝ → 𝑔𝑔)
𝑠𝑀ϝ

, (5.9)

where 𝐶𝑔𝑔 is the appropriate parton luminosity coefficient and 𝐾𝑔𝑔 is the gluon NLO
QCD K-factor. For √𝑠 = 13 TeV we take 𝐶𝑔𝑔 ≈ 2137 [395] and 𝐾𝑔𝑔 = 1.6 [417]. The
partial width Γ(ϝ → 𝑔𝑔) of the 𝑛 = 1, 𝑙 = 0 ground state is given by

Γ(ϝ → 𝑔𝑔) = 4
3𝑀ϝ𝑁𝛼2𝑠 |𝑅(0)|

2

𝑀3ϝ
, (5.10)

where the radial wavefunction at the origin for the ground state is:

|𝑅(0)|2
𝑀3ϝ

= 1
16 [

4
3 ̄𝛼𝑠 + 𝐶𝑁 ̄𝛼𝑁 + 𝑄2 ̄𝛼]

3
. (5.11)

Considering again the example of 𝑁 = 2 and ̄𝛼𝑁 = ̄𝛼𝑠 = 0.15, ̄𝛼 = 1/137 we find

𝜎(𝑝𝑝 → ϝ)𝐷𝑅 ≈ 0.40 pb at 13 TeV . (5.12)

Evidently, the direct resonance production cross section is indeed expected to be sub-
dominant, around 8% that of the indirect production cross section (Eq. 5.5)4.

We now comment on the regime where Λ𝑁 is smaller than ΛQCD. In fact, if the
SU(𝑁 ) confining scale is only a little smaller thanΛQCD then a light quark pair can form
out of the vacuum, leading to a bound state of two QCD colour singlet states: 𝜒 ̄𝑞 and
𝜒†𝑞. These colour singlet states would themselves be bound together by SU(𝑁 ) gauge
interactions to form the SU(𝑁 ) singlet bound state. Since only SU(𝑁 ) interactions bind
the two composite states (𝜒 ̄𝑞 and 𝜒†𝑞), it follows that 4

3 ̄𝛼𝑠+𝐶𝑁 ̄𝛼𝑁 +𝑄2 ̄𝛼 → 𝐶𝑁 ̄𝛼𝑁 +(𝑄−
𝑄𝑞)2 ̄𝛼 in Eqs. 5.8 and 5.11. Therefore if the confinement scale of SU(𝑁 ) is smaller than
that of QCD then the direct production rate becomes completely negligible relative to
the indirect production mechanism. The rate of ϝ production is the same as that found
earlier in Eq. 5.5, but the branching ratio to two photons is modified:

Br(ϝ → 𝛾𝛾) ≃ 3𝑁𝑄4𝛼2
7
3𝑁𝛼2𝑠 + 3

2𝐶𝑁 𝛼2𝑁 + 3𝑁𝑄4𝛼2
, (5.13)

4If ̄𝛼𝑁 is sufficiently large, one can potentially have direct resonance production comparable or even
dominating indirect production (such a scenario has been contemplated recently in [398, 399]). Naturally
at such large ̄𝛼𝑁 the perturbative calculations become unreliable, and one would have to resort to non-
perturbative techniques such as lattice computations.
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where, as before, we have neglected the small contribution of ϝ → 𝑍𝛾/𝑍𝑍 to the total
width, and also the contribution from ϝ → ℎℎ. In this regime somewhat larger values
of 𝑄 can be accommodated, such as 𝑄 = 5/6 for 𝑁 = 2 5.

Notice that in the Λ𝑁 < ΛQCD regime the size of the mass splittings between the
excited states becomes small as 4

3 ̄𝛼𝑠 +𝐶𝑁 ̄𝛼𝑁 +𝑄2 ̄𝛼 → 𝐶𝑁 ̄𝛼𝑁 + (𝑄 −𝑄𝑞)2 ̄𝛼 in Eq. 5.8. We
therefore expect no effective width enhancement due to the excited state decays at the
LHC in the small Λ𝑁 regime. Of course a larger effective width is still possible if there
are several nearly degenerate scalar quirk states, which, as briefly mentioned earlier,
can arise if 𝜒 transforms nontrivially under SU(2)𝐿.

Other signatures

While the two photon decay channel of the bound state should be the most important
signature, the dominant decay is expected to be via ϝ → 𝑔𝑔 and ϝ → ℋℋ . The former
process is expected to lead to dijet production while the latter will be an invisible decay.
The dijet cross section is easily estimated:

𝜎(𝑝𝑝 → 𝑗𝑗) ≈ {2.6𝑁 × Br(ϝ → 𝑔𝑔) pb at 13 TeV
0.5𝑁 × Br(ϝ → 𝑔𝑔) pb at 8 TeV

. (5.14)

The limit from 8TeV data is 𝜎(𝑝𝑝 → 𝑗𝑗) ≲ 2.5 pb [419, 420]. If gluons dominate the ϝ
decays (i.e. Br(ϝ → 𝑔𝑔) ≈ 1) then this experimental limit is satisfied for 𝑁 ≤ 5. For
sufficiently large 𝛼𝑁 the invisible decay can be enhanced, thereby reducing Br(ϝ → 𝑔𝑔).
In this circumstance the bound on 𝑁 from dijet searches would weaken.

The invisible decays ϝ → ℋℋ are not expected to lead to an observable signal at
leading order formuch of the parameter space of interest6. However, the bremsstrahlung
of a hard gluon from the initial state: 𝑝𝑝 → ϝ𝑔 → ℋℋ𝑔 can lead to a jet plus miss-
ing transverse energy signature. Current data are not expected to give stringent limits
from such decay channels, however this signature could become important when a
larger data sample is collected. Note though that the rate will become negligible in the
limit that 𝛼𝑁 becomes small. Also, in the small Λ𝑁 regime, where the bound state is
formed from 𝜒 ̄𝑞 and 𝜒†𝑞, the two-body decay ϝ → 𝑔𝛾 (jet + photon) will also arise as

5Although it is perhaps too early to speculate on the possible role of 𝜒 in a more elaborate framework,
we nevertheless remark here that particles fitting its description are required for spontaneous symmetry
breaking of extended Pati–Salam type unified theories [418].

6Scalar quirk loops can mediate hueball decays into gluons and other SM bosons [401, 421, 422]. The
decay rate is uncertain, depending on the non-perturbative hueball dynamics. However, if the hueballs
are able to decay within the detector then they can lead to observable signatures including displaced
vertices. This represents another possible collider signature of the model.
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in this case the scalar quirk pair is not necessarily in the colour singlet configuration.
The decay rate at leading order is substantial:

Γ(ϝ → 𝑗𝛾)
Γ(ϝ → 𝛾𝛾) =

8𝛼𝑠
3𝛼𝑄2 . (5.15)

Nevertheless, we estimate that this is still consistent with current data [423], but would
be expected to become important when a larger data sample is collected.

Another important signature of the model will be the 𝑝𝑝 → ϝ → 𝑍𝛾 and 𝑝𝑝 → ϝ →
𝑍𝑍 processes. The rates of these decays, relative to ϝ → 𝛾𝛾 , are estimated to be:

Γ(ϝ → 𝑍𝛾)
Γ(ϝ → 𝛾𝛾) = 2 tan2 𝜃𝑊 ,
Γ(ϝ → 𝑍𝑍)
Γ(ϝ → 𝛾𝛾) = tan4 𝜃𝑊 .

(5.16)

If 𝜒 transforms non-trivially under SU(2)𝐿 then deviations from these predicted rates
arise along with the tree-level decay ϝ → 𝑊+𝑊−.

5.4 Conclusions
We have considered a charged scalar particle 𝜒 of mass around 375GeV charged under
both SU(3)𝑐 and a new confining gauge interaction (assigned to be SU(𝑁 ) for definite-
ness). These interactions confine 𝜒†𝜒 into non-relativistic bound states whose decays
into photons can explain the 750GeV diphoton excess observed at the LHC. Taking the
new confining group to be SU(2), we found that the diphoton excess required 𝜒 to have
electric charge approximately 𝑄 ∼ [12 , 1]. An important feature of our model is that the
exotic particle 𝜒 has a mass much greater than the SU(𝑁 )-confinement scale Λ𝑁 . In
the absence of light SU(𝑁 )-charged matter fields this makes the dynamics of this new
interaction qualitatively different to that of QCD: pair production of the scalars and the
subsequent formation of the bound state dominates over direct bound state resonance
production (at least in the perturbative regime where Λ𝑁 ≲ ΛQCD). Since 𝜒 is a Lorentz
scalar, decays of 𝜒†𝜒 bound states to lepton pairs are naturally suppressed, and thus
constraints from dilepton searches at the LHC can be ameliorated. This explanation
is quite weakly constrained by current searches and data from the forthcoming run at
the LHC will be able to probe our scenario more fully. In particular, dijet, mono-jet,
di-Higgs and jet + photon searches may be the most promising discovery channels.





6
Conclusions and Outlook

The strongest indication of physics beyond the Standard Model is the clear and over-
whelming evidence for neutrino oscillations and the non-zero neutrino masses these
observations imply. Unfortunately there are many viable scenarios for explaining the
origin of mass andmixing in the neutrino sector, and it is not clear whichmodels should
receive more attention. The simplest tend to be far beyond the current or near-future
reach of experiments, at least in their most motivated regions of parameter space. There
are many non-minimal but testable models one can construct that explain the smallness
of the neutrino masses in a satisfying way, although studying these models systemat-
ically has proven to be difficult. In this thesis we have mapped out the space of one
very motivated class of such models: minimal models of Majorana neutrino mass. In
doing so we hope to have provided a platform for various systematic studies, perhaps
both phenomenological and experimental. We have also begun to explore the poten-
tial role these models might play in underlying the exciting but still illusive 𝐵-meson
anomalies, whose connection to neutrino physics was an unexpected but welcome de-
velopment that occurred in the course of this doctoral work.

In Chapter 2 we presented the algorithm and computational machinery we used to
generate the roughly eleven thousand models that constitute our model database. Al-
most all of the models have the neutrinos picking up mass at loop level, and therefore
the database is essentially one of radiativemodels ofMajorana neutrinomass. Our anal-
ysis was built on lepton-number-violating effective operators, many of which appear
for the first time in our study. The models are represented in a computational format
designed to facilitate future automated phenomenological analysis, and we have made
both the code we used to implement the algorithm as well as the database publicly avail-
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able. We conducted a preliminary study on the basis of the database, finding a number
of interesting models containing relatively few free parameters while predicting very
low-scale new physics. We also investigated the structure of the neutrino-massmatrices
of some novel models, including one derived from an operator containing derivatives,
and a four-multiplet model incorporating a specific explanation of the flavour anoma-
lies. The model database is a fantastic tool for identifying different motifs and patterns
across the space of Majorana neutrinomass models. One important finding of our study
was the preponderance of scalar leptoquarks in the completions.

The recent experimental hints of lepton flavour non-universality in neutral- and
charged-current 𝐵 decays have ignited interest in phenomenological models of scalar
leptoquarks, since these have been identified as strong candidates that could underlie
the discrepant measurements. In Chapter 3 we detailed a comprehensive study of a
particularly simple such scenario, originally proposed in Ref. [227]. The so-called one
leptoquark model presents the 𝑆1 leptoquark as an economic explanation of both the
𝑏 → 𝑠 and 𝑏 → 𝑐 anomalies through related sets of Yukawa couplings to left-handed SM
fermions. The results of our detailed phenomenological analysis of the model showed
that its viability was compromised by a full consideration of its constraints. The ability
of the leptoquark to explain the measured values of 𝑅𝐷 and 𝑅𝐷∗ remained, although
in a previously unconsidered region of parameter space entailing Yukawa couplings
to both left- and right-handed SM fermions. A combined explanation of both sets of
anomalies was found to be possible, along with a mechanism to explain the discrepant
value of the anomalous magnetic moment of the muon. In this combined scenario, we
found that the 𝑏 → 𝑠 and 𝑏 → 𝑐 anomalies could be explained to within 2𝜎 while also
accommodating the measurement of (𝑔 − 2)𝜇 , an impressive improvement on the SM
for such a simple model.

The analysis we conducted on our model database suggests that there may be a
connection between radiative models of neutrino mass and the flavour anomalies. This
is a phenomenologically rich research direction that we have only begun to explore,
and our work on this topic is described in Chapter 4. There, we studied two models
of radiative neutrino mass involving scalar leptoquarks. The first contained the 𝑆1 lep-
toquark; we explored the extent to which the pattern of neutrino masses and mixings
observed could be reproduced in this model, while at the same time accommodating the
flavour anomalies. We found that the structure of the mass matrix was such that the
problematic coupling of 𝑆1 to the electron could be arranged to be small at the cost of
fixing the ratio of the tau–top 𝑆1 coupling to the muon–top 𝑆1 coupling. This implied
very clear predictions of tau–muon LFV observables like 𝜏 → 𝜇𝛾 and 𝜏 → 𝜇𝜇𝜇 if the
muon couplings were at all sizeable. Large couplings to the muon are necessary in this
model to explain the 𝑏 → 𝑠 anomalies and so these could not be explained along with
the neutrino masses without unacceptably large rates for 𝜏 → 𝜇 observables.

Given this simplemodel’s limited success, we also considered a next-to-minimal sce-
nario in which the mechanisms explaining the charged- and neutral-current anomalies
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were somewhat divorced. The model we studied is a completion of a dimension-seven
operator containing the 𝑆3 leptoquark, known to provide a good explanation of the
neutral-current anomalies, and the vector-like quark 𝜒 . We add 𝑆1 to the model in or-
der to incorporate the successes of the one leptoquark in explaining the anomalies in 𝑅𝐷 ,
𝑅𝐷∗ and (𝑔 − 2)𝜇 . In this model, the coupling to the electron could not be avoided on
account of the structure of the neutrino-mass matrix. This implied a parameter space
constrained most strongly by muon–electron LFV observables, the most important of
which we found to be muon–electron conversion in nuclei. Interestingly, our analysis
showed an intimate connection between the muon–electron conversion rate, the size
of the 𝐶𝑏𝑠𝜇𝜇9 = −𝐶𝑏𝑠𝜇𝜇10 Wilson coefficients, and even the value of the Majorana phase 𝛼2.
Excitingly, the model predicts a muon–electron conversion rate that will be observed
or excluded by the next generation of experiments, along with a 𝐷0 → 𝜇𝜇 rate an order
of magnitude larger than the SM prediction. The model can successfully explain all
of the discrepant measurements along with neutrino mass, showing that a combined
explanation is possible.

We expect our model database to be a useful resource for exploring the connec-
tion radiative models might have to the flavour anomalies. To facilitate future work
in this direction, we finished Chapter 4 with a selection of models from the database
that contain particle content sufficient to explain the anomalies. These models pre-
dict a tighter connection between the anomalies and neutrino physics than seen in the
next-to-minimal scenario studied above, since each field is necessary for the violation
of lepton number.

We eagerly await the results of future measurements, particularly of the clean ratios
𝑅𝐾 and 𝑅𝐾∗ , to see what they may imply about these models and the connection to ra-
diative neutrino mass going forward. Should they show that the anomalies were really
some statistical or experimental effect, it would not be the first time this has happened.
Indeed, in Chapter 5 a remarkably simple explanation of the 750GeV diphoton excess
was introduced, and this anomaly has since vanished. The model introduced a scalar
field charged under a new confining SU(𝑁 ), the diphoton decay of whose bound state
ϝ explained the excess seen by ATLAS and CMS. An interesting feature of the model
is that pair production of the scalar and the subsequent formation of the bound state
dominates over the direct ϝ production, since there are no light SU(𝑁 )-charged states
that can be produced from the vacuum to break the SU(𝑁 ) string.

This is perhaps a good example of scientific creativity and useful model building,
albeit in response to spurious new physics. Should some or all of the flavour anomalies
also go like ϝ, we hope that the same can be said of our research connecting radia-
tive neutrino masses and the flavour anomalies. Indeed, in this case the main results
of this doctoral work will essentially remain unchanged: models explaining deviations
in dimension-six four-fermion operators will always have some possible connection to
models of radiative neutrino mass. Now that, subject to certain minimality assump-
tions, these have been catalogued in our model database, it remains for experimental-
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ists to continue to probe the coefficients at dimension six, and for phenomenologists to
continue to constrain and draw out predictions from the models.



A
Mathematical notation

Throughout this thesis we choose to label representations by their dimension, whichwe
typeset in bold. Fields are labelled by their transformation properties under the Lorentz
group and the SM gauge group SU(3)𝑐⊗SU(2)𝐿⊗U(1)𝑌 . All spinors are treated as two-
component objects transforming as either (2, 1) (left-handed) or (1, 2) (right-handed)
under the Lorentz group, written as SU(2)+ ⊗ SU(2)−. The left-handed spinors carry
undotted spinor indices 𝛼, 𝛽, … ∈ {1, 2}, while the right-handed spinors carry dotted
indices �̇� , ̇𝛽, … ∈ {1̇, 2̇}. Wherever possible we attempt to conform to the conventions
of Ref. [106] when working with spinor fields (see appendix G for the correspondence
to four-component notation and appendix J for SM-fermion nomenclature). For objects
carrying a single spacetime index 𝑉𝜇 we define

𝑉𝛼 ̇𝛽 = 𝜎𝜇𝛼 ̇𝛽𝑉𝜇 and ̄𝑉�̇�𝛽 = ̄𝜎𝜇�̇�𝛽𝑉𝜇 . (A.1)

Note that in this notation

□ = 𝜕𝜇𝜕𝜇 = 1
2Tr[𝜕 ̄𝜕] = 1

2Tr[ ̄𝜕𝜕] , (A.2)

and we will often just use □ to represent the contraction of two covariant derivatives
𝐷𝜇𝐷𝜇 where this is clear from context. For field-strength tensors, generically 𝑋𝜇𝜈 , we
work with the irreducible representations (irreps) 𝑋𝛼𝛽 and ̄𝑋�̇� ̇𝛽 , where

𝑋{𝛼𝛽} = 2𝑖[𝜎𝜇𝜈 ] 𝛾𝛼 𝜖𝛾𝛽𝑋𝜇𝜈 and ̄𝑋{�̇� ̇𝛽} = 2𝑖[ ̄𝜎𝜇𝜈 ] ̇𝛾
̇𝛽𝜖�̇� ̇𝛾𝑋𝜇𝜈 , (A.3)

or the alternate forms with one raised and one lowered index. We also define

𝜙1�̃�𝜇𝜙2 = 1
2[𝜙1𝐷

𝜇𝜙2 − (𝐷𝜇𝜙1)𝜙2] , (A.4)

181



182 Mathematical notation

for some fields 𝜙𝑖. Where we use four-component spinor fields, we always simplify 𝜒𝐶𝜓
(where 𝜒𝐶 is the charge-conjugate spinor) to 𝜒𝜓 to avoid clutter.

Indices for SU(2)𝐿 (isospin) are taken from the middle of the Latin alphabet. These
are kept lowercase for the fundamental representation for which 𝑖, 𝑗, 𝑘, … ∈ {1, 2} and the
indices of the adjoint are capitalised 𝐼 , 𝐽 , 𝐾 , … ∈ {1, 2, 3}. Colour indices are taken from
the beginning of the Latin alphabet and the same distinction between lowercase and
uppercase letters is made. For both SU(2) and SU(3), a distinction between raised and
lowered indices is maintained such that, for example, (𝜓 𝑖)† = (𝜓†)𝑖 for an isodoublet
field 𝜓 . However, we often specialise to the case of only raised, symmetrised indices
for SU(2), and use a tilde to denote a conjugate field whose SU(2)𝐿 indices have been
raised:

̃𝜓 𝑖 ≡ 𝜖 𝑖𝑗𝜓†𝑗 . (A.5)

We adopt this notation from the usual definition of �̃� , and note that throughout the
paper we freely interchange between ̃𝜓 𝑖 and 𝜓†𝑖 . For the sake of tidiness, we sometimes
use parentheses (⋯) to indicate the contraction of suppressed indices. Curly braces
are reserved to indicate symmetrised indices {⋯} and square brackets enclose antisym-
metrised indices [⋯], but this notation is avoided when the permutation symmetry be-
tween indices is clear. We use 𝜏 𝐼 and 𝜆𝐴 for the Pauli and Gell-Mann matrices, and
normalise the non-abelian vector potentials of the SM such that

(𝑊𝛼 ̇𝛽)𝑖 𝑗 =
1
2(𝜏

𝐼 )𝑖 𝑗𝑊 𝐼
𝛼 ̇𝛽 and (𝐺𝛼 ̇𝛽)𝑎𝑏 =

1
2(𝜆

𝐴)𝑎𝑏𝐺𝐴
𝛼 ̇𝛽 . (A.6)

Flavour (or family) indices of the SM fermions are represented by the lowercase Latin
letters {𝑟 , 𝑠, 𝑡 , 𝑢, 𝑣 , 𝑤}.

For the non-gauge degrees of freedom in the SM we capitalise isospin doublets (𝑄,
𝐿, 𝐻 ), while the left-handed isosinglets are written in lowercase with a bar featuring as
a part of the name of the field ( ̄𝑢, ̄𝑑 , ̄𝑒). The representations and hypercharges for the SM
field content are summarised in Table A.1. Our definition of the SM gauge-covariant
derivative is exemplified by

�̄��̇�𝛽𝑄𝛽𝑎𝑖𝑟 = [𝛿𝑎𝑏 𝛿 𝑖𝑗( ̄𝜕�̇�𝛽 + 𝑖𝑔1𝑌𝑄 ̄𝐵�̇�𝛽) + 𝑖𝑔2𝛿𝑎𝑏 (�̄��̇�𝛽)𝑖 𝑗 + 𝑖𝑔3𝛿 𝑖𝑗( ̄𝐺�̇�𝛽)𝑎𝑏] 𝑄
𝛽𝑏𝑗𝑟 . (A.7)

Note that the derivative implicitly carries SU(2)𝐿 and SU(3)𝑐 indices [explicit on the
right-hand side of Eq. (A.7)] which are suppressed on the left-hand side to reduce clutter.
Where appropriate we show these indices explicitly.

We represent the SM quantum numbers of fields as a 3-tuple (C, I, 𝑌 )𝐿, with C and I
the dimension of the colour and isospin representations, 𝑌 the hypercharge of the field,
and 𝐿 an (often omitted) label of the Lorentz representation: 𝑆 (scalar), 𝐹 (fermion) or 𝑉
(vector), although sometimeswe use the irrep, e.g. (2, 1). We normalise the hypercharge
such that 𝑄 = 𝐼3+𝑌 . Finally, for exotic fields that contribute to dimension-six operators
at tree-level, we try and adopt names consistent with Table 3 of Ref. [22], which we
reproduce here in Table A.2.
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Field SU(3)𝑐 ⊗ SU(2)𝐿 ⊗ U(1)𝑌 SU(2)+ ⊗ SU(2)−
𝑄𝛼𝑎𝑖 (3, 2, 16) (2, 1)
𝐿𝛼𝑖 (1, 2, −1

2) (2, 1)
̄𝑢𝛼𝑎 (3̄, 1, −2

3) (2, 1)
̄𝑑𝛼𝑎 (3̄, 1, 13) (2, 1)
̄𝑒𝛼 (1, 1, 1) (2, 1)

(𝐺𝛼𝛽)𝑎𝑏 (8, 1, 0) (3, 1)
(𝑊𝛼𝛽)𝑖 𝑗 (1, 3, 0) (3, 1)
𝐵𝛼𝛽 (1, 1, 0) (3, 1)
𝐻 𝑖 (1, 2, 12) (1, 1)

Table A.1: The SM fields and their transformation properties under the SM gauge
group 𝐺SM and the Lorentz group. The final unbolded number in the 3-tuples of the
𝐺SM column represents the U(1)𝑌 charge of the field, normalised such that 𝑄 = 𝐼3+𝑌 .
For the fermions a generational index has been suppressed.
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Name 𝑆 𝑆1 𝑆2 𝜑 Ξ Ξ1 Θ1 Θ3
Irrep (1, 1, 0) (1, 1, 1) (1, 1, 2) (1, 2, 12 ) (1, 3, 0) (1, 3, 1) (1, 4, 12 ) (1, 4, 32 )
Name 𝜔1 𝜔2 𝜔4 Π1 Π7 𝜁
Irrep (3̄, 1, 13 ) (3, 1, 23 ) (3̄, 1, 43 ) (3, 2, 16 ) (3, 2, 76 ) (3̄, 3, 13 )
Name Ω1 Ω2 Ω4 Υ Φ
Irrep (6, 1, 13 ) (6̄, 1, 23 ) (6, 1, 43 ) (6, 3, 13 ) (8, 2, 12 )

Name 𝑁 𝐸 Δ1 Δ3 Σ Σ1
Irrep (1, 1, 0) (1, 1, 1) (1, 2, 12 ) (1, 2, 32 ) (1, 3, 0) (1, 3, 1)
Name 𝑈 𝐷 𝑄1 𝑄5 𝑄7 𝑇1 𝑇2
Irrep (3, 1, 23 ), (3̄, 1, 13 ) (3, 2, 16 ) (3, 2, − 5

6 ) (3, 2, 76 ) (3̄, 3, 13 ) (3, 3, 23 )

Table A.2: The table shows the exotic scalars (top) and vectorlike or Majorana
fermions (bottom) contributing to the dimension-six SMEFT at tree-level [22]. We
sometimes use the label of a field as presented in the table to represent its conjugate,
although we always define the transformation properties each time a field is men-
tioned to avoid confusion. For the leptoquarks (second row), we add a prime to the
field name presented here if the baryon-number assignment is such that only the
diquark couplings are allowed.
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Table of lepton-number-violating

operators

Below we present the catalogue of Δ𝐿 = 2 operators we use in our study. The oper-
ators are listed and labelled in a way consistent with the previous catalogues [84, 99],
although we enforce that operators with the same field content carry the same numer-
ical labels. This means that our listing may contain more SU(2)𝐿 structures for any
numbered family of operators. Product operators as presented in the table must be
read with care. This is just a convenient shorthand to represent the field-content of
an operator and illustrate that isospin indices are internally contracted. For example,
by writing 𝒪5𝑏 = 𝒪1𝑄 𝑖 ̄𝑑�̃� 𝑗𝜖𝑖𝑗 , we do not mean to suggest that Lorentz indices must be
contracted internally to 𝒪1 and the down-type Yukawa.

In each row we also provide information relevant to the number of completions.
The number of unfiltered models (sets of field content) derived from the operator using
our techniques is presented, alongwith the number that survive the democratic filtering
procedure with the neutrino-mass filtering criterion. A sizeable number of operators
end up with no completions that can play a dominant role in the physics of neutrino
mass.

Other information relevant to the operators is also shown, including the number of
loops required for the operator closure (the same as the number of loops appearing in
the associated neutrino self-energy diagram) and the upper-bound on the scale of the
new physics generating the operator at tree level, derived from the atmospheric lower
bound on the mass of the heaviest neutrino. Operators for which a range is given for
the number of loops are those that generate the dimension-seven or dimension-nine
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analogues of the Weinberg operator. The additional Higgs fields in these diagrams can
always be closed off, adding more loops to the neutrino self-energy while reducing
the overall scale suppression. The contribution with the highest number of loops will
dominate for scales Λ ≳ 4𝜋𝑣 .

We remind the reader that our analysis does not include the number of unfiltered
completions of 𝒪 ′′′1 . In this case, the number of filtered models comes from Ref. [103].
Other operators featuring a ‘—’ are non-explosive, i.e. they do not support tree-level
topologies containing only scalars and fermions.

Table B.1: The table displays our listing of the Δ𝐿 = 2 operators along with the
number of completions before and after our model-filtering procedure, the number of
loops in the neutrino self-energy diagram, and the upper bound on the new-physics
scale associated with each operator. See the main text of the appendix for more in-
formation.

Labels Operator Models Filtered Loops Λ [TeV]
1 𝐿𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 3 3 0 6 ⋅ 1011
2 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 8 2 1 4 ⋅ 107
3𝑎 𝐿𝑖𝐿𝑗𝑄𝑘 ̄𝑑𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 9 2 2 2 ⋅ 105
3𝑏 𝐿𝑖𝐿𝑗𝑄𝑘 ̄𝑑𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 14 5 1 9 ⋅ 107
4𝑎 𝐿𝑖𝐿𝑗 �̃�𝑘 ̄𝑢†𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 5 0 1 4 ⋅ 109
4𝑏 𝐿𝑖𝐿𝑗 �̃�𝑘 ̄𝑢†𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 4 2 2 10 ⋅ 106
5𝑎 𝐿𝑖𝐿𝑗𝑄𝑘 ̄𝑑𝐻 𝑙𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑛𝜖𝑘𝑚 790 36 2 6 ⋅ 105
5𝑏 𝒪1 ⋅ 𝑄 𝑖 ̄𝑑�̃� 𝑗 ⋅ 𝜖𝑖𝑗 492 14 1,2 6 ⋅ 105
5𝑐 𝒪3𝑎 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 509 0 2,3 1 ⋅ 103
5𝑑 𝒪3𝑏 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 799 16 1,2 6 ⋅ 105
6𝑎 𝐿𝑖𝐿𝑗 �̃�𝑘 ̄𝑢†𝐻 𝑙𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑛𝜖𝑘𝑚 289 14 2 2 ⋅ 107
6𝑏 𝒪1 ⋅ �̃� 𝑖 ̄𝑢†�̃� 𝑗 ⋅ 𝜖𝑖𝑗 177 0 1,2 2 ⋅ 107
6𝑐 𝒪4𝑎 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 262 0 1,2 2 ⋅ 107
6𝑑 𝒪4𝑏 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 208 0 2,3 6 ⋅ 104
7 𝐿𝑖 ̄𝑒†𝑄𝑗 �̃�𝑘𝐻 𝑙𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 240 15 2 2 ⋅ 105
8 𝐿𝑖 ̄𝑒† ̄𝑢† ̄𝑑𝐻 𝑗 ⋅ 𝜖𝑖𝑗 5 1 2,3 2 ⋅ 101
9 𝐿𝑖𝐿𝑗𝐿𝑘𝐿𝑙 ̄𝑒 ̄𝑒 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 14 1 2 3 ⋅ 103
10 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒𝑄 𝑙 ̄𝑑 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 50 1 2 6 ⋅ 103
11𝑎 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 ̄𝑑 ̄𝑑 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 48 0 3 4 ⋅ 101
11𝑏 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 ̄𝑑 ̄𝑑 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 72 16 2 1 ⋅ 104
12𝑎 𝐿𝑖𝐿𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢† ̄𝑢† ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 19 0 2 2 ⋅ 107
12𝑏 𝐿𝑖𝐿𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢† ̄𝑢† ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 17 4 3 6 ⋅ 104
13 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒�̃� 𝑙 ̄𝑢† ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 12 0 2 2 ⋅ 105
14𝑎 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙 ̄𝑢† ̄𝑑 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 29 1 3 1 ⋅ 103
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Labels Operator Models Filtered Loops Λ [TeV]
14𝑏 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙 ̄𝑢† ̄𝑑 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 43 1 2 6 ⋅ 105
15 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑢† ̄𝑑 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 12 1 3 1 ⋅ 103
16 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒† ̄𝑢† ̄𝑑 ⋅ 𝜖𝑖𝑗 13 1 3 1 ⋅ 103
17 𝐿𝑖𝐿𝑗 ̄𝑢† ̄𝑑 ̄𝑑 ̄𝑑† ⋅ 𝜖𝑖𝑗 18 12 3 1 ⋅ 103
18 𝐿𝑖𝐿𝑗 ̄𝑢 ̄𝑢† ̄𝑢† ̄𝑑 ⋅ 𝜖𝑖𝑗 22 8 3 1 ⋅ 103
19 𝐿𝑖 ̄𝑒†𝑄𝑗 ̄𝑢† ̄𝑑 ̄𝑑 ⋅ 𝜖𝑖𝑗 27 0 3,4 2 ⋅ 10−1
20 𝐿𝑖 ̄𝑒†�̃�𝑗 ̄𝑢† ̄𝑢† ̄𝑑 ⋅ 𝜖𝑖𝑗 27 3 3,4 8 ⋅ 10−1
21𝑎 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒𝑄 𝑙 ̄𝑢𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 3943 1 2,3 2 ⋅ 103
21𝑏 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒𝑄 𝑙 ̄𝑢𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 4080 4 3 2 ⋅ 103
22𝑎 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑒 ̄𝑒†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 726 0 2 2 ⋅ 107
22𝑏 𝒪2 ⋅ �̃�𝑖 ̄𝑒†𝐻 𝑗𝜖𝑖𝑗 931 0 2 2 ⋅ 107
23𝑎 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒�̃� 𝑙 ̄𝑑†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 780 0 2,3 4 ⋅ 101
23𝑏 𝒪2 ⋅ �̃� 𝑖 ̄𝑑†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 969 0 2,3 4 ⋅ 101
24𝑎 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 ̄𝑑 ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑛𝜖𝑘𝑚 9613 193 3 9 ⋅ 101
24𝑏 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 ̄𝑑 ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 6058 110 3 9 ⋅ 101
24𝑐 𝒪3𝑎 ⋅ 𝑄 𝑖 ̄𝑑�̃� 𝑗 ⋅ 𝜖𝑖𝑗 6022 34 3,4 1
24𝑑 𝒪3𝑏 ⋅ 𝑄 𝑖 ̄𝑑�̃� 𝑗 ⋅ 𝜖𝑖𝑗 9616 211 2,3 9 ⋅ 101
24𝑒 𝒪11𝑎 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 3834 18 3,4 1
24𝑓 𝒪11𝑏 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 5915 131 2,3 9 ⋅ 101
25𝑎 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 ̄𝑢 ̄𝑑𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 5960 151 2,3 4 ⋅ 103
25𝑏 𝒪3𝑎 ⋅ 𝑄 𝑖 ̄𝑢𝐻 𝑗 ⋅ 𝜖𝑖𝑗 5913 9 3,4 10
25𝑐 𝒪3𝑏 ⋅ 𝑄 𝑖 ̄𝑢𝐻 𝑗 ⋅ 𝜖𝑖𝑗 14036 470 2,3 4 ⋅ 103
26𝑎 𝐿𝑖𝐿𝑗 �̃�𝑘 ̄𝑒†𝑄 𝑙 ̄𝑑𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 1600 0 3 4 ⋅ 101
26𝑏 𝐿𝑖𝐿𝑗 �̃�𝑘 ̄𝑒†𝑄 𝑙 ̄𝑑𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 1040 0 2,3 4 ⋅ 101
26𝑐 𝒪3𝑎 ⋅ �̃�𝑖 ̄𝑒†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 1149 0 3 4 ⋅ 101
26𝑑 𝒪3𝑏 ⋅ �̃�𝑖 ̄𝑒†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 1797 0 2,3 4 ⋅ 101
27𝑎 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙 ̄𝑑 ̄𝑑†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 3851 164 2 2 ⋅ 107
27𝑏 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙 ̄𝑑 ̄𝑑†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 2226 74 2 2 ⋅ 107
27𝑐 𝒪3𝑎 ⋅ �̃� 𝑖 ̄𝑑†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 2469 33 3 6 ⋅ 104
27𝑑 𝒪3𝑏 ⋅ �̃� 𝑖 ̄𝑑†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 3443 165 2 2 ⋅ 107
28𝑎 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙 ̄𝑢† ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑛𝜖𝑘𝑚 4038 64 3 4 ⋅ 103
28𝑏 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙 ̄𝑢† ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 4103 0 3,4 10
28𝑐 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙 ̄𝑢† ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑛𝜖𝑙𝑚 4305 123 3 4 ⋅ 103
28𝑑 𝒪3𝑎 ⋅ �̃� 𝑖 ̄𝑢†�̃� 𝑗 ⋅ 𝜖𝑖𝑗 2749 7 3,4 10
28𝑒 𝒪3𝑏 ⋅ �̃� 𝑖 ̄𝑢†�̃� 𝑗 ⋅ 𝜖𝑖𝑗 4304 90 2,3 4 ⋅ 103
28𝑓 𝒪4𝑎 ⋅ 𝑄 𝑖 ̄𝑑�̃� 𝑗 ⋅ 𝜖𝑖𝑗 4039 74 2,3 4 ⋅ 103
28𝑔 𝒪4𝑏 ⋅ 𝑄 𝑖 ̄𝑑�̃� 𝑗 ⋅ 𝜖𝑖𝑗 2748 14 3,4 10
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Labels Operator Models Filtered Loops Λ [TeV]
28ℎ 𝒪14𝑎 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 2701 10 3,4 10
28𝑖 𝒪14𝑏 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 4177 90 3 4 ⋅ 103
29𝑎 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙 ̄𝑢 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 2226 267 2 2 ⋅ 107
29𝑏 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙 ̄𝑢 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 3846 498 2 2 ⋅ 107
29𝑐 𝒪4𝑎 ⋅ 𝑄 𝑖 ̄𝑢𝐻 𝑗 ⋅ 𝜖𝑖𝑗 3444 422 2 2 ⋅ 107
29𝑑 𝒪4𝑏 ⋅ 𝑄 𝑖 ̄𝑢𝐻 𝑗 ⋅ 𝜖𝑖𝑗 2468 64 3 6 ⋅ 104
30𝑎 𝐿𝑖𝐿𝑗 �̃�𝑘 ̄𝑒†�̃� 𝑙 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 1772 0 3 2 ⋅ 103
30𝑏 𝐿𝑖𝐿𝑗 �̃�𝑘 ̄𝑒†�̃� 𝑙 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 1140 2 3 2 ⋅ 103
30𝑐 𝒪4𝑎 ⋅ �̃�𝑖 ̄𝑒†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 1776 2 2,3 2 ⋅ 103
30𝑑 𝒪4𝑏 ⋅ �̃�𝑖 ̄𝑒†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 1398 11 3 2 ⋅ 103
31𝑎 𝒪4𝑎 ⋅ �̃� 𝑖 ̄𝑑†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 3107 10 2,3 4 ⋅ 103
31𝑏 𝐿𝑖𝐿𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢† ̄𝑑†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 1404 4 2,3 4 ⋅ 103
31𝑐 𝒪4𝑏 ⋅ �̃� 𝑖 ̄𝑑†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 1654 8 3,4 10
32𝑎 𝐿𝑖𝐿𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢† ̄𝑢†𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑛𝜖𝑘𝑚 2103 157 3 2 ⋅ 105
32𝑏 𝐿𝑖𝐿𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢† ̄𝑢†𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 1493 151 3 2 ⋅ 105
32𝑐 𝒪4𝑎 ⋅ �̃� 𝑖 ̄𝑢†�̃� 𝑗 ⋅ 𝜖𝑖𝑗 2100 56 3 2 ⋅ 105
32𝑑 𝒪4𝑏 ⋅ �̃� 𝑖 ̄𝑢†�̃� 𝑗 ⋅ 𝜖𝑖𝑗 1747 26 3,4 4 ⋅ 102
32𝑒 𝒪12𝑎 ⋅ 𝐻 𝑖�̃� 𝑗 1250 36 3 2 ⋅ 105
32𝑓 𝒪12𝑏 ⋅ 𝐻 𝑖�̃� 𝑗 1143 24 3,4 4 ⋅ 102
33 𝒪1 ⋅ ̄𝑒 ̄𝑒 ̄𝑒† ̄𝑒† 451 5 2 2 ⋅ 107
34 𝐿𝑖 ̄𝑒 ̄𝑒† ̄𝑒†𝑄𝑗 ̄𝑑𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 1377 231 3 4 ⋅ 101
35 𝐿𝑖 ̄𝑒 ̄𝑒† ̄𝑒†�̃�𝑗 ̄𝑢†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 1126 15 3 2 ⋅ 103
36 ̄𝑒† ̄𝑒†𝑄 𝑖𝑄𝑗 ̄𝑑 ̄𝑑𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 970 208 4 6 ⋅ 10−5
37 ̄𝑒† ̄𝑒†𝑄 𝑖�̃�𝑗 ̄𝑢† ̄𝑑𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 2470 58 4,5,6,7 4 ⋅ 10−2
38 ̄𝑒† ̄𝑒†�̃� 𝑖�̃�𝑗 ̄𝑢† ̄𝑢†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 3358 451 4 1 ⋅ 10−1
39𝑎 𝒪1 ⋅ 𝐿𝑖𝐿𝑗 �̃�𝑘 �̃�𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 296 0 2 2 ⋅ 107
39𝑏 𝐿𝑖𝐿𝑗𝐿𝑘𝐿𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙𝜖𝑚𝑝𝜖𝑛𝑞 220 6 2 2 ⋅ 107
39𝑐 𝐿𝑖𝐿𝑗𝐿𝑘𝐿𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑛𝜖𝑘𝑝𝜖𝑚𝑞 588 0 2 2 ⋅ 107
39𝑑 𝒪1 ⋅ 𝐿𝑖𝐿𝑗 �̃�𝑘 �̃�𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 324 0 2 2 ⋅ 107
40𝑎 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑛𝜖𝑘𝑝𝜖𝑚𝑞 963 22 2 2 ⋅ 107
40𝑏 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑝𝜖𝑘𝑞𝜖𝑚𝑛 729 25 2 2 ⋅ 107
40𝑐 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑛𝜖𝑗𝑝𝜖𝑘𝑞𝜖𝑙𝑚 759 25 2 2 ⋅ 107
40𝑑 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙𝜖𝑚𝑝𝜖𝑛𝑞 953 0 3 6 ⋅ 104
40𝑒 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑝𝜖𝑛𝑞 1321 31 2 2 ⋅ 107
40𝑓 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑛𝜖𝑙𝑝𝜖𝑚𝑞 963 100 2 2 ⋅ 107
40𝑔 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑝𝜖𝑙𝑞 1339 30 2 2 ⋅ 107
40ℎ 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑝𝜖𝑛𝑞 820 56 2 2 ⋅ 107



189

Labels Operator Models Filtered Loops Λ [TeV]
40𝑖 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑝𝜖𝑘𝑞𝜖𝑙𝑛 844 9 2 2 ⋅ 107
40𝑗 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑝𝜖𝑙𝑛𝜖𝑚𝑞 908 60 2 2 ⋅ 107
40𝑘 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑝𝜖𝑙𝑚𝜖𝑛𝑞 970 98 2 2 ⋅ 107
40𝑙 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙𝑄𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑝𝜖𝑙𝑞𝜖𝑚𝑛 933 87 2 2 ⋅ 107
41𝑎 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑑 ̄𝑑†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 729 6 2 2 ⋅ 107
41𝑏 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑑 ̄𝑑†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 933 71 2 2 ⋅ 107
42𝑎 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑢 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 729 21 2 2 ⋅ 107
42𝑏 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑢 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 933 120 2 2 ⋅ 107
43𝑎 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑢† ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑛𝜖𝑙𝑚 1068 7 3,4 10
43𝑏 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑢† ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 1438 7 3,4 10
43𝑐 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑢† ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 1068 8 3,4 10
43𝑑 𝐿𝑖𝐿𝑗𝐿𝑘 �̃�𝑙 ̄𝑢† ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙𝜖𝑚𝑛 1068 8 3,4 10
44𝑎 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒†𝑄𝑘�̃� 𝑙𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 1571 155 2 2 ⋅ 107
44𝑏 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒†𝑄𝑘�̃� 𝑙𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 1016 91 2 2 ⋅ 107
44𝑐 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒†𝑄𝑘�̃� 𝑙𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛 1137 2 3 6 ⋅ 104
44𝑑 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒†𝑄𝑘�̃� 𝑙𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 1765 133 2 2 ⋅ 107
45 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒† ̄𝑑 ̄𝑑†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 1016 81 2 2 ⋅ 107
46 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒† ̄𝑢 ̄𝑢†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 1016 49 2 2 ⋅ 107
47𝑎 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑝𝜖𝑙𝑞 1013 236 2 2 ⋅ 107
47𝑏 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑝𝜖𝑘𝑛𝜖𝑙𝑞 2253 423 2 2 ⋅ 107
47𝑐 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑝𝜖𝑗𝑞𝜖𝑘𝑚𝜖𝑙𝑛 1007 200 2 2 ⋅ 107
47𝑑 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑛𝜖𝑘𝑝𝜖𝑚𝑞 2838 690 2 2 ⋅ 107
47𝑒 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑛𝜖𝑗𝑝𝜖𝑘𝑙𝜖𝑚𝑞 1730 387 2 2 ⋅ 107
47𝑓 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑛𝜖𝑙𝑝𝜖𝑚𝑞 1702 60 3 6 ⋅ 104
47𝑔 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑝𝜖𝑘𝑛𝜖𝑚𝑞 2796 530 2 2 ⋅ 107
47ℎ 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑝𝜖𝑙𝑞𝜖𝑚𝑛 924 46 3 6 ⋅ 104
47𝑖 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑝𝜖𝑘𝑞𝜖𝑚𝑛 2078 369 2 2 ⋅ 107
47𝑗 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑝𝜖𝑗𝑞𝜖𝑘𝑙𝜖𝑚𝑛 902 183 2 2 ⋅ 107
47𝑘 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙𝜖𝑚𝑝𝜖𝑛𝑞 1203 258 2 2 ⋅ 107
47𝑙 𝐿𝑖𝐿𝑗𝑄𝑘𝑄 𝑙 �̃�𝑚�̃�𝑛𝐻𝑝𝐻 𝑞 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙𝜖𝑚𝑝𝜖𝑛𝑞 814 46 3 6 ⋅ 104
48 𝐿𝑖𝐿𝑗 ̄𝑑 ̄𝑑 ̄𝑑† ̄𝑑†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 921 125 2 2 ⋅ 107
49 𝐿𝑖𝐿𝑗 ̄𝑢 ̄𝑢† ̄𝑑 ̄𝑑†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 2086 384 2 2 ⋅ 107
50𝑎 𝐿𝑖𝐿𝑗 ̄𝑢† ̄𝑑 ̄𝑑 ̄𝑑†𝐻 𝑘�̃� 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 2285 68 3,4 10
50𝑏 𝒪17 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 1523 52 3,4 10
51 𝐿𝑖𝐿𝑗 ̄𝑢 ̄𝑢 ̄𝑢† ̄𝑢†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 921 225 2 2 ⋅ 107
52𝑎 𝐿𝑖𝐿𝑗 ̄𝑢 ̄𝑢† ̄𝑢† ̄𝑑𝐻 𝑘�̃� 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 2896 170 3,4 10
52𝑏 𝒪18 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 1872 94 3,4 10



190 Table of lepton-number-violating operators

Labels Operator Models Filtered Loops Λ [TeV]
53 𝐿𝑖𝐿𝑗 ̄𝑢† ̄𝑢† ̄𝑑 ̄𝑑�̃� 𝑘�̃� 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 939 162 4,5,6 2 ⋅ 10−1
54𝑎 𝐿𝑖 ̄𝑒†𝑄𝑗𝑄𝑘�̃� 𝑙 ̄𝑑𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 2203 92 3 4 ⋅ 101
54𝑏 𝐿𝑖 ̄𝑒†𝑄𝑗𝑄𝑘�̃� 𝑙 ̄𝑑𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑙𝜖𝑘𝑛 3393 89 3 4 ⋅ 101
54𝑐 𝐿𝑖 ̄𝑒†𝑄𝑗𝑄𝑘�̃� 𝑙 ̄𝑑𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑘𝜖𝑙𝑛 2456 30 3 4 ⋅ 101
54𝑑 𝐿𝑖 ̄𝑒†𝑄𝑗𝑄𝑘�̃� 𝑙 ̄𝑑𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 3835 100 3 4 ⋅ 101
55𝑎 𝐿𝑖 ̄𝑒†𝑄𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 3478 143 3 2 ⋅ 103
55𝑏 𝐿𝑖 ̄𝑒†𝑄𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑙𝜖𝑘𝑛 3493 144 3 2 ⋅ 103
55𝑐 𝐿𝑖 ̄𝑒†𝑄𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 2049 86 3 2 ⋅ 103
55𝑑 𝐿𝑖 ̄𝑒†𝑄𝑗 �̃�𝑘�̃� 𝑙 ̄𝑢†𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛 2156 106 3 2 ⋅ 103
56 𝐿𝑖 ̄𝑒†𝑄𝑗 ̄𝑑 ̄𝑑 ̄𝑑†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 2273 252 3 4 ⋅ 101
57 𝐿𝑖 ̄𝑒†�̃�𝑗 ̄𝑢† ̄𝑑 ̄𝑑†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 4251 481 3 2 ⋅ 103
58 𝐿𝑖 ̄𝑒†�̃�𝑗 ̄𝑢 ̄𝑢† ̄𝑢†𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 2408 183 3 2 ⋅ 103
59𝑎 𝐿𝑖 ̄𝑒†𝑄𝑗 ̄𝑢† ̄𝑑 ̄𝑑𝐻 𝑘�̃� 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 2638 65 3,4,5 2 ⋅ 10−1
59𝑏 𝒪19 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 2583 65 3,4,5 2 ⋅ 10−1
59𝑐 𝒪8 ⋅ 𝑄 𝑖 ̄𝑑�̃� 𝑗 ⋅ 𝜖𝑖𝑗 2639 42 4,5,6 6 ⋅ 10−2
60𝑎 𝐿𝑖 ̄𝑒†�̃�𝑗 ̄𝑢† ̄𝑢† ̄𝑑𝐻 𝑘�̃� 𝑙 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑘 2687 35 4,5 1 ⋅ 10−1
60𝑏 𝒪8 ⋅ �̃� 𝑖 ̄𝑢†�̃� 𝑗 ⋅ 𝜖𝑖𝑗 2687 121 3,4,5 4 ⋅ 10−1
60𝑐 𝒪20 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 2687 104 3,4,5 4 ⋅ 10−1
61𝑎 𝒪1 ⋅ 𝐿𝑖 ̄𝑒�̃� 𝑗 ⋅ 𝜖𝑖𝑗 382 0 1,2 2 ⋅ 105
61𝑏 𝒪2 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 408 0 1,2 2 ⋅ 105
62𝑎 𝐿𝑖𝐿𝑗𝐿𝑘𝐿𝑙 ̄𝑒 ̄𝑒𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 1820 0 2,3 2 ⋅ 101
62𝑏 𝒪9 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 830 1 2,3 2 ⋅ 101
63𝑎 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒𝑄 𝑙 ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑛𝜖𝑙𝑚 4619 12 3 4 ⋅ 101
63𝑏 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒𝑄 𝑙 ̄𝑑𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 7216 77 2,3 4 ⋅ 101
63𝑐 𝒪2 ⋅ 𝑄 𝑖 ̄𝑑�̃� 𝑗 ⋅ 𝜖𝑖𝑗 4621 49 2,3 4 ⋅ 101
63𝑑 𝒪10 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 4590 45 2,3 4 ⋅ 101
64𝑎 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒�̃� 𝑙 ̄𝑢†𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 1370 0 3 2 ⋅ 103
64𝑏 𝐿𝑖𝐿𝑗𝐿𝑘 ̄𝑒�̃� 𝑙 ̄𝑢†𝐻𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑛𝜖𝑙𝑚 1050 0 3 2 ⋅ 103
64𝑐 𝒪2 ⋅ �̃� 𝑖 ̄𝑢†�̃� 𝑗 ⋅ 𝜖𝑖𝑗 1049 0 2,3 2 ⋅ 103
64𝑑 𝒪13 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 1008 0 3 2 ⋅ 103
65𝑎 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒† ̄𝑢† ̄𝑑𝐻 𝑘�̃� 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 1925 17 3,4 10
65𝑏 𝒪16 ⋅ 𝐻 𝑖�̃� 𝑗 ⋅ 𝜖𝑖𝑗 1259 11 3,4 10
71 𝒪1 ⋅ 𝑄 𝑖 ̄𝑢𝐻 𝑗 ⋅ 𝜖𝑖𝑗 396 9 2 2 ⋅ 107
75 𝒪8 ⋅ 𝑄 𝑖 ̄𝑢𝐻 𝑗 ⋅ 𝜖𝑖𝑗 3951 84 3 4 ⋅ 101
76 ̄𝑒† ̄𝑒† ̄𝑢† ̄𝑢† ̄𝑑 ̄𝑑 16 4 4,5,6 2 ⋅ 10−2
77 𝒪1 ⋅ �̃�𝑖 ̄𝑒†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 156 0 2 2 ⋅ 105
78 𝒪1 ⋅ �̃� 𝑖 ̄𝑑†𝐻 𝑗 ⋅ 𝜖𝑖𝑗 156 0 2 6 ⋅ 105
1′ 𝒪1 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 53 1 0,1 4 ⋅ 109
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8′ 𝒪8 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 301 4 2,3,4 1
1′′ 𝒪1 ⋅ �̃� 𝑖𝐻 𝑗�̃� 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 1893 6 0,1,2 2 ⋅ 107
1′′′ 𝒪1 ⋅ �̃� 𝑖𝐻 𝑗�̃� 𝑘𝐻 𝑙�̃�𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙𝜖𝑚𝑛 — 2 0,1,2 2 ⋅ 107
7′ 𝒪7 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 24951 374 2,3 2 ⋅ 103
8′′ 𝒪8 ⋅ �̃� 𝑖𝐻 𝑗�̃� 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 19229 197 2,3,4,5 7 ⋅ 10−1
71′ 𝒪71 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 39331 446 2,3 2 ⋅ 105
76′ 𝒪76 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 679 209 4,5,6,7 4 ⋅ 10−2
77′ 𝒪77 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 14598 0 1,2,3 2 ⋅ 103
78′ 𝒪78 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 14644 1 2,3 4 ⋅ 103
79𝑎 𝒪61𝑎 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 31791 14 1,2,3 2 ⋅ 103
79𝑏 𝒪2 ⋅ �̃� 𝑖𝐻 𝑗�̃� 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 23931 14 1,2,3 2 ⋅ 103
80𝑎 𝒪5𝑎 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 72694 154 2,3 4 ⋅ 103
80𝑏 𝒪5𝑏 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 49108 371 1,2,3 4 ⋅ 103
80𝑐 𝒪3𝑎 ⋅ �̃� 𝑖𝐻 𝑗�̃� 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 31569 16 2,3,4 1 ⋅ 101
80𝑑 𝒪3𝑏 ⋅ �̃� 𝑖𝐻 𝑗�̃� 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 49505 367 1,2,3 4 ⋅ 103
81𝑎 𝒪6𝑎 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 26174 95 2,3 2 ⋅ 105
81𝑏 𝒪6𝑏 ⋅ �̃� 𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 17298 18 1,2,3 2 ⋅ 105
81𝑐 𝒪4𝑎 ⋅ �̃� 𝑖𝐻 𝑗�̃� 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 15575 18 1,2,3 2 ⋅ 105
81𝑑 𝒪4𝑏 ⋅ �̃� 𝑖𝐻 𝑗�̃� 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 12400 41 2,3,4 4 ⋅ 102
82 𝐿𝑖�̃�𝑗 ̄𝑒† ̄𝑒† ̄𝑢† ̄𝑑𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 1151 56 3,4,5 2 ⋅ 10−1
𝐷1 (𝐷𝐿)𝑖𝐿𝑗 ̄𝑢† ̄𝑑 ⋅ 𝜖𝑖𝑗 — — 3,4,5 2 ⋅ 10−1
𝐷2𝑎 (𝐷𝐿)𝑖𝐿𝑗(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 1 0 1 2 ⋅ 109
𝐷2𝑏 (𝐷𝐿)𝑖𝐿𝑗(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑘 3 3 0 6 ⋅ 1011
𝐷2𝑐 (𝐷𝐿)𝑖𝐿𝑗(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 3 3 0 6 ⋅ 1011
𝐷3 𝐿𝑖 ̄𝑒†𝐻 𝑗𝐻 𝑘(𝐷𝐻)𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 4 0 1 4 ⋅ 107
𝐷4𝑎 𝐿𝑖𝐿𝑗(𝐷𝐿)𝑘(𝐷 ̄𝑒)𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 8 2 1 4 ⋅ 107
𝐷4𝑏 𝐿𝑖𝐿𝑗(𝐷𝐿)𝑘(𝐷 ̄𝑒)𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 8 2 1 4 ⋅ 107
𝐷5𝑎 𝐿𝑖𝐿𝑗(𝐷𝐿)𝑘 �̃�𝑙𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 21 0 1 4 ⋅ 109
𝐷5𝑏 𝐿𝑖𝐿𝑗(𝐷𝐿)𝑘 �̃�𝑙𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 30 4 1 4 ⋅ 109
𝐷5𝑐 𝐿𝑖𝐿𝑗(𝐷𝐿)𝑘 �̃�𝑙𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛 30 4 1 4 ⋅ 109
𝐷5𝑑 𝐿𝑖𝐿𝑗(𝐷𝐿)𝑘 �̃�𝑙𝐻𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 21 0 1 4 ⋅ 109
𝐷6𝑎 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒†(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 30 2 1 4 ⋅ 109
𝐷6𝑏 𝐿𝑖𝐿𝑗 ̄𝑒 ̄𝑒†(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 16 0 2 10 ⋅ 106
𝐷7𝑎 (𝐷𝐿)𝑖𝐿𝑗𝑄𝑘(𝐷 ̄𝑑)𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 9 2 2 2 ⋅ 105
𝐷7𝑏 (𝐷𝐿)𝑖𝐿𝑗𝑄𝑘(𝐷 ̄𝑑)𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 14 5 1 9 ⋅ 107
𝐷7𝑐 (𝐷𝐿)𝑖𝐿𝑗𝑄𝑘(𝐷 ̄𝑑)𝐻 𝑙 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑘 14 5 1 9 ⋅ 107
𝐷8𝑎 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙(𝐷𝐻)𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑛𝜖𝑗𝑘𝜖𝑙𝑚 53 11 1 4 ⋅ 109
𝐷8𝑏 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙(𝐷𝐻)𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑛𝜖𝑗𝑙𝜖𝑘𝑚 44 6 1 4 ⋅ 109
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𝐷8𝑐 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙(𝐷𝐻)𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙𝜖𝑚𝑛 25 0 2 10 ⋅ 106
𝐷8𝑑 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙(𝐷𝐻)𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑘𝜖𝑙𝑛 53 11 1 4 ⋅ 109
𝐷8𝑒 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙(𝐷𝐻)𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑙𝜖𝑘𝑛 44 6 1 4 ⋅ 109
𝐷8𝑓 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙(𝐷𝐻)𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑛𝜖𝑘𝑙 30 5 1 4 ⋅ 109
𝐷8𝑔 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙(𝐷𝐻)𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛 35 7 2 10 ⋅ 106
𝐷8ℎ 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙(𝐷𝐻)𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑛𝜖𝑙𝑚 35 7 2 10 ⋅ 106
𝐷8𝑖 𝐿𝑖𝐿𝑗𝑄𝑘�̃� 𝑙(𝐷𝐻)𝑚𝐻 𝑛 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙𝜖𝑚𝑛 16 3 2 10 ⋅ 106
𝐷9𝑎 𝐿𝑖𝐿𝑗 ̄𝑑 ̄𝑑†(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 30 5 1 4 ⋅ 109
𝐷9𝑏 𝐿𝑖𝐿𝑗 ̄𝑑 ̄𝑑†(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 16 4 2 10 ⋅ 106
𝐷10𝑎 (𝐷𝐿)𝑖𝐿𝑗 ̄𝑢† ̄𝑑𝐻 𝑘�̃� 𝑙 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑘 56 13 2,3 1 ⋅ 103
𝐷10𝑏 (𝐷𝐿)𝑖𝐿𝑗 ̄𝑢† ̄𝑑𝐻 𝑘�̃� 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 36 7 2,3 1 ⋅ 103
𝐷10𝑐 (𝐷𝐿)𝑖𝐿𝑗 ̄𝑢† ̄𝑑𝐻 𝑘�̃� 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 56 13 2,3 1 ⋅ 103
𝐷11 (𝐷𝐿)𝑖𝐿𝑗(𝐷 ̄𝑢†)(𝐷 ̄𝑑) ⋅ 𝜖𝑖𝑗 — — 2,3 1 ⋅ 103
𝐷12𝑎 𝐿𝑖𝐿𝑗 ̄𝑢 ̄𝑢†(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 30 5 1 4 ⋅ 109
𝐷12𝑏 𝐿𝑖𝐿𝑗 ̄𝑢 ̄𝑢†(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 16 4 2 10 ⋅ 106
𝐷13𝑎 (𝐷𝐿)𝑖𝐿𝑗 �̃�𝑘(𝐷 ̄𝑢†)𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 4 2 2 10 ⋅ 106
𝐷13𝑏 (𝐷𝐿)𝑖𝐿𝑗 �̃�𝑘(𝐷 ̄𝑢†)𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 5 0 1 4 ⋅ 109
𝐷14𝑎 𝐿𝑖 ̄𝑒†𝑄𝑗 ̄𝑑(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 53 0 2 6 ⋅ 103
𝐷14𝑏 𝐿𝑖 ̄𝑒†𝑄𝑗 ̄𝑑(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑘 53 0 2 6 ⋅ 103
𝐷14𝑐 𝐿𝑖 ̄𝑒†𝑄𝑗 ̄𝑑(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 27 0 2 6 ⋅ 103
𝐷15 (𝐷𝐿)𝑖 ̄𝑒†(𝐷 ̄𝑢†) ̄𝑑𝐻 𝑗 ⋅ 𝜖𝑖𝑗 5 1 2,3 2 ⋅ 101
𝐷16𝑎 𝐿𝑖 ̄𝑒†�̃�𝑗 ̄𝑢†(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 58 8 2 2 ⋅ 105
𝐷16𝑏 𝐿𝑖 ̄𝑒†�̃�𝑗 ̄𝑢†(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑘 58 8 2 2 ⋅ 105
𝐷16𝑐 𝐿𝑖 ̄𝑒†�̃�𝑗 ̄𝑢†(𝐷𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 27 4 2 2 ⋅ 105
𝐷17 ̄𝑒† ̄𝑒† ̄𝑢† ̄𝑑(𝐷𝐻)𝑖𝐻 𝑗 ⋅ 𝜖𝑖𝑗 16 7 3,4 2 ⋅ 10−1
𝐷18𝑎 (𝐷𝐿)𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙(𝐷𝐻)𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑚𝜖𝑙𝑛 53 1 0,1 4 ⋅ 109
𝐷18𝑏 (𝐷𝐿)𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙(𝐷𝐻)𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙𝜖𝑚𝑛 53 1 0,1 4 ⋅ 109
𝐷18𝑐 (𝐷𝐿)𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙(𝐷𝐻)𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑚𝜖𝑗𝑙𝜖𝑘𝑛 53 1 0,1 4 ⋅ 109
𝐷18𝑑 (𝐷𝐿)𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙(𝐷𝐻)𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑚𝜖𝑙𝑛 24 1 1,2 10 ⋅ 106
𝐷18𝑒 (𝐷𝐿)𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙(𝐷𝐻)𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑛𝜖𝑗𝑙𝜖𝑘𝑚 34 0 1 4 ⋅ 109
𝐷18𝑓 (𝐷𝐿)𝑖𝐿𝑗𝐻 𝑘𝐻 𝑙(𝐷𝐻)𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑛𝜖𝑘𝑚 34 0 1 4 ⋅ 109
𝐷19𝑎 (𝐷2𝐿)𝑖𝐿𝑗(𝐷2𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑗𝜖𝑘𝑙 1 0 1 2 ⋅ 109
𝐷19𝑏 (𝐷2𝐿)𝑖𝐿𝑗(𝐷2𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑘 3 3 0 6 ⋅ 1011
𝐷19𝑐 (𝐷2𝐿)𝑖𝐿𝑗(𝐷2𝐻)𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 3 3 0 6 ⋅ 1011
𝐷20 𝐿𝑖 ̄𝑒†𝐻 𝑗𝐻 𝑘𝐻 𝑙(𝐷𝐻)𝑚�̃� 𝑛 ⋅ 𝜖𝑖𝑙𝜖𝑗𝑚𝜖𝑘𝑛 129 0 1,2 2 ⋅ 105
𝐷21 (𝐷𝐿)𝑖(𝐷 ̄𝑒†)𝐻 𝑗𝐻 𝑘(𝐷𝐻)𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 2 0 1 4 ⋅ 107
𝐷22 ̄𝑒† ̄𝑒†(𝐷𝐻)𝑖(𝐷𝐻)𝑗𝐻 𝑘𝐻 𝑙 ⋅ 𝜖𝑖𝑘𝜖𝑗𝑙 9 0 2 3 ⋅ 103
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Definition of Symbols and Abbreviations

𝑎𝜇 The anomalousmagneticmoment of the
muon

(𝑔 −2)𝜇 The anomalous magnetic moment
of the muon

𝐵 Baryon number
BSM Beyond the Standard Model

CC Charged current
CKM Cabibbo–Kobayashi–Maskawa
CP Charge-parity

Δ𝐿 = 2 Lepton number violation by two
units

ϝ The Greek letter Digamma
𝑑 Mass dimension

EFT Effective Field Theory
EOM Equations of motion

FCNC Flavour changing neutral current

𝑔 The gluon
𝐺𝑆𝑀 The SM gauge group

h.c. Hermitian conjugate
HS Hilbert series
ℋ The huon, the massless gauge boson as-

sociated with an unbroken confin-
ing SU(𝑁 )

IBP Integration by parts
IO Inverted ordering
Irrep Irreducible representation

ℓ A charged lepton; sometimes only 𝑒 or 𝜇
𝐿 Lepton number, or the left-handed lep-

ton doublet
LFU Lepton flavour universality
LFV Lepton flavour violation
𝜆𝐴 The Gell-Mann matrices
LHC Large Hadron Collider
LNV Lepton number violation
LQ Leptoquark

NC Neutral current
NO Normal ordering
NP New physics

PMNS Pontecorvo–Maki–Nakagawa–
Sakata

QCD Quantum chromodynamics

𝑆1 The scalar leptoquark transforming as
(3, 1, −1

3) under 𝐺SM
𝑆3 The scalar leptoquark transforming as

(3, 3, −1
3) under 𝐺SM

SM Standard Model
SMEFT Standard Model Effective Field

Theory

𝜃𝑊 The weak mixing angle
𝜏 𝐼 The Pauli matrices

UV Ultraviolet

vev Vacuum expectation value

WET Weak Effective Field Theory
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𝑦 𝑟 𝑠𝑑 The down-type quark Yukawa cou-
plings

𝑦 𝑟 𝑠𝑒 The charged-lepton Yukawa couplings
𝑦 𝑟 𝑠𝑢 The up-type quark Yukawa couplings
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