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ABSTRACT
We present a new technique for analyzing the probability distribution of output spikes for the
integrate and fire model. Using this method we investigate models with arbitrary synaptic re
sponse functions and the results, which are compared with numerical simulations, are exact in the
limit of a large number of small amplitude inputs. We apply this method to the synchronization
problem, in which the relationship between the spread in arrival times of the inputs (the temporal
jitter of the synaptic input) and the resultant spread in the times at which the output spikes are
generated (output jitter) is analyzed. The results indicate that the ratio of the output jitter to the
input jitter is consistently less than one and that it decreases for increasing numbers of inputs,
in agreement with earlier studies. We identify the variation in the spike generating thresholds
of the neurons and the variation in the number of active inputs as being important factors that
determine the timing jitter in layered networks, in addition to those identified previously.

1. Introduction
In this paper we present a new technique for ana
lyzing the integrate and fire model [1, 2], in which
the incoming postsynaptic potenti~ls (PSPs) gen
erate an action potential (spike) when their sum
reaches a threshold, in the presence of stochastic
synaptic input (see [3, 4] for a review of stochastic
processes in neuroscience). The technique allows
us to include incoming excitatory and inhibitory
postsynaptic potentials (EPSPs and IPSPs respec
tively) that have arbitrary time courses, so that we
can incorporate such physiological features as the
decay of the membrane potential and rise time of
the synaptic current. A central part of the analysis
is a Taylor's series expansion in the amplitude of the
incoming postsynaptic potential. Only the linear
and quadratic terms are retained and consequently
the technique is accurate in the limit of small am
plitude EPSPs, which necessitates a large number
of inputs for the potential to reach threshold. This
small amplitude expansion enables us to calculate
the probability density function of the membrane
potential reaching threshold and the probability
density of output spikes, as discussed in the next
section.
In the study described here this new technique is
used to examine the temporal relationship between
the synaptic input and spike output of neurons for
the situation where the input i~ synchronized-within
some narrow time interval, which is characterized
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by the standard deviation in the time of arrival
(denoted as the input jitter). The situation in
which the inputs are Poisson distributed can also
be analyzed using similar techniques [5].
The principal reason that synchrony of neuronal
firing in groups of neurons has attracted such at
tention is the belief that it provides an efficient
method to increase the reliability of responses: a
neuron that receives many inputs simultaneously is
much more likely to generate' a spike than one that
either receives fewer inputs or the same number of
inputs distributed over a longer time interval. The
importance of synchronization for neuro.nal infor
mation processing is on the level of groups of neu
rons, such as proposed by the synfire model [6, 7] in
which synchronized input to a group of neurons is
propagated to successive groups of neurons, called
a synfire chain. Synchronization provides the possi
bility of es~ablishing relationships between neuronal
responses [8], such as grouping together (binding)
neurons that respond to the same features of a
stimulus [9]. By establishing a synchronous firing
pattern the grouping of neurons is resistant to am
plitude fluctuations and several such assemblies of
neurons can coexist. Such a mechanism would pro
vide a neurophysiological correlate to the cognitive
phenomena of scene s,egmentation. and feature link
ing [10, 11]. Increasing the likelihood of firing for
neurons associated with a particular feature enables
the selection of responses for further processing.
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2. New method for the analysis of in
tegrate and fire neurons
We analyze an integrate and fire neuron with a large
number N of incoming EPSPs, 60 that the resultant
membrane potential at time t is given by the sum
of the inputs
.

= Vo +

V(t)

We consider the si.tuation where the number of in
puts N is large and each of the inputs has an ampli
tude a that is small (in comparison to the thresh
old). Expanding the exponential to second order in
the amplitude a of the EPSP and neglecting higher
order terms,

N

a

L

F(x, t)
u(t - tk)

x:2 a:2

(6)

1 - i:r. a D(t) - -2-E(t)

(1)

k

where

where Vo is the resting membrane potential, N is
the number of active inputs (i.e., number of .affer
ent fibers which actually contribute a postsynaptic
input) each of amplitude a, and t.rc is the time of
arrival of the EPSP from the kth fiber, which has a
time-dependence that is described by the synaptic
response function u(t). We wish to calculate the re
lationship between the time of arrival of the inputs,
characterized by a Gaussian distribution with mean
tk 0 and standard deviation (Tin (also called input
jitter), and the spread in the timing of the output
distribution of spikes (Tout (the output jitter).
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2.1. The probability distribution
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with

In order to calculate the probability that a spike
is generated, we first calculate the probability dis
tribution of the sum V(t) of the incoming EPSPs,
equation(I). The probability that this potential
V(t) exceeds the value v at time t is evaluated
by considering the proportion of cases for which
this is true. This is given by integrating over the
distribution of arrival times for all incoming EPSPs

= vol =

1] 1-00 dtk p(tk) H(V(t) - v)

[00 dt' p(t' ) u(t -

=

The probability distribution can then be evaluated
(see [12] for details)
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The probability density function of V(t) is given by
d
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where we assume that the membrane potential is at
its resting value Vo before the arrival of the EPSPs
(i.e., V(-oo)
vol. The Heaviside step function
H(x) gives a contribution of one for V(t) ~ v and
zero otherwise. Using an integral representation of
the Heaviside step function

=

H(z-zo) =

f'0
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-
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211"
the contributions from the incoming fibers can be
treated independently. Since each incoming fiber
has the same distribution of arrival times of EPSPs,
the above probability may be written as
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Na

where there are N contributions each of ampli
tude a. We choose the units of voltage to be set by
the threshdld, ()
1. The expansion of equation(6)
to second order in the amplitude a of the individual
EPSPs is an approximation that is good for values
of a that are small in comparison to the threshold,
which is frequently the case in biological neural sys
tems.

=

(4)

_

where the function F(x, t) is given by

F(x, t) =

In the following analysis the threshold will be ex
pressed in terms of the threshold mtio R, which is
ratio of the threshold Vth = () + Vo to the maximum
possible value Vmax of V(t) (i.e., if all contributions
arrived simultaneously), both with respect to the
resting potential Vo,

dt' p(t' ) exp{ -i x a u(t - t')} (5)
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2.2. Probability density of output spikes
The probability density of the output spikes is the
density of the potential V(t) reaching the thresh
old Vth for the first time, called th~_~rst-passage
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time to threshold. This may be obtained from the
renewal-like equation (for v > Vth)

p(v, tlvo) =

['00 dt' fe(t') p(v, t/Vth' t', va)

assumption, it may provide a reasonable approxi
mation for situations in which the integration oc
curs over a time scale much shorter than the decay
constant. The model has been extensively studied
because it is more amenable to analytical solution
than the leaky integrate and fire model.
In this leakless model the probability density of
output spikes fe(t) may be solved exactly by con
sidering the distribution of arrival times of the con
tributing EPSPs as a combinatorial problem. If
the threshold is crossed with the arrival of the M th
input, then the resulting distribution of the output
spikes is

(11)

where the function p(V2, t21vl' t I. va) is 'the condi
tional probability density of V(t) taking the value
V2 at time t 2 given that it had taken the value
VI at time tl (and also had the value va at time
-00). The conditional probability density may be
evaluated via the relation (Bayes' theorem)

N!M
f M (t) = M!(N-M)! p(t) {3M-l(t) (1 - {3(t))N-M

The joint probability density p(V2,t2,vl,tI!vO) is
evaluated in a similar way to the probability density
(see [12] for details)
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-
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The first passage-time density may be parame
terized as a Gaussian distribution with probabil
ity p of a spike being produced, average time of
the first threshold crossing tf (i.e., time of spike
production relative to the distribution of inputs),
and jitter of the output distribution of spikes lTout.
Equation(l1), which defines the probability density
of output spikes, is in general difficult to solve ana
lytically. However it is straightforward to solve for
the parameters p, tf and lTout using the Newton
Raphson method for nonlinear systems of equations
(see, for example, [13]).
3. Synchronization

in integrate and
fire neural models

3.1. Perfect integrator Illo.~el

Within the family of integrate and fire models-the
simplest case to consider is that of the perfect in
tegrator, in which there is no decay of the poten
tial with time. Although this is an unphysiological
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where

and

(16)
where p(t) is the Gaussian probability distribution
of incoming EPSPs and {3(t) is given by

dt' p(t')

= -1 [ 1 + erf (-t ) ]
2

V2lTin

(17)

This exact result is compared with the result ob
tained by our new analytical method. Since there
is no inherent unit of time in this model, we choose
the time scale to be set by lTin = 1. The results for
the perfect integrator model are shown in Figure I
for a number of inputs N in the range 10 to 800, and
a range of threshold values R. The dotted lines con
nect the exact results of equation(16) and the solid
lines connect the results of the numerical solution
to equation(l1). These re.sults clearly show that
the output jitter ITout decreases with increasing N,
and that it is substantially less than the input jitter
(lTin = I) over the whole range of values of N.
The results from the analytical expression show ex
tremely good agreement with the exact results over
a wide range of thresholds for 50 inputs, and the
difference diminishes for increasing N such that the
error is less than 1% for 100 inputs. For N ~ 200
the analytical results agree with the exact results
over the range of threshold ratios investigated. For
large numbers of inputs the exact output spike dis
tribution, equation(16), becomes Gaussian, but for
small N there will be corrections to the Gaussian
parameterization, which will contribute to the dif
ferences b~tween the exact and the analytic expres
sions evident in Figure 1. In addition, for a fixed
number of inputs the small amplitude approxima
tion will be least accurate for small threshold ratios
(equation 10). General considerations indicate that
very low threshold ratio neurons tend to have high
levels of spontaneous activity. whereas very high
ratio neurons tend to have very low activity and be
difficult to excite. Biological neural systems would
therefore be expected to function within the broad
intermediate threshold region, where the technique
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presented here provides an accurate approximation
for large numbers of input. neurons.
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Fig. 1: Results for the perfect integrator model. The de
pendence of the output jitter O"out upon the threshold for
a range of afferent fibers N is shown, with O"in
1. The
threshold ratio R is given by DINa. The solid lines connect
the results of the solution to equation(ll) and the dotted
lines connect the results of the exact solution (equation 16).
The two sets of :-esults are indistinguishable for N ~ 200.

=

and threshold ratios R (defined as before by equa
tion 10). The renewal-like equation(ll) for the
output spike density was solved numerically, using
the Newton-Raphson method as before, for a range
of threshold ratios R = 0.10,0.15, ...,0.55, and the
results are connected by the solid lines. Also plot
ted are the results of a number of numerical sim
ulations, each point representing the average over
10,000 trials. The error bars give the standard de
viation over the trials, and the results for each value
of N are connected by a dashed line (for the larger
values of N the error bars are roughly the width of
the lines and therefore barely discernable). The rel
ative output jitter is clearly substantially less than
the input jitter over the whole range of inputs and
threshold ratios investigated. The results from the
analytical expression derived here are very accurate
for large numbers of inputs N, as shown by their
closeness with the results of the numerical simula
tions. As before, the expected error of the method
presented here decreases as the number of inputs
N increases and the amplitude a of each individual
contribution decreases.

3.2. Stein lIlodel

4. Discussion and Conclusions

Although the perfect integrator model may be ade
quate to explain some phenomena, it is nevertheless
necessary in general to consider the effect of the
leakage of the potential across the membrane, as
first analyzed by Stein [14]. In the Stein model the
membrane potential has a discontinuous jump of
amplitude a upon the arrival of an EPSP and then
decays exponentially with time constant T between
inputs.

In this study we have presented a new method for
analyzing integrate and fire neurons with a large
number of small amplitude inputs. This technique
allows the analysis of models with arbitrary synap
tic response functions, and in particular models
that incorporate both leakage (the Stein model,
analyzed here) and a finite rise time of the postsy
naptic potential (analyzed in [12]), which has pre
viously been possible only in very restricted cases.
The method has been used to examine the question
of the relationship between the temporal dispersion
of synchronized inputs and the resulting jitter of the
spikes that are generated. The results are compared
with the exact solution for the perfect integrator
model and with numerical simulations for the Stein
model. The results of the analysis of the relation
ship between the input jitter and the output jitter
provides clear support for earlier studies [15, 16, 17]
showing that the jitter of the spike output is much
less than the jitter on the incoming PSPs, i.e.,
that the temporal dispersion of the output spikes
is less than the temporal dispersion of the inputs,
(Tout < (Tin' over a wide range of physiologically re
alistic conditions. Such a reduction in the temporal
jitter has indeed been observed experimentally m
the anteroventral cochlear nucleus [18].
In a cascade of neurons there are a number of
sources of variability, in addition to the jitter of the
inputs, that determine the stability of the neuronal
firing pattern [19] and prevent the output jitter
from converging to zero. Marsalek et al. [17] iden
tified two important factors that introduce timing
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rig. 2: The relative output jitter O"outlO"in for the Stein
model with various numbers of input EPSPs and threshold
ratios R. The jitter of the input O"in is 0.2 in units of the
membrane time constant (r=I). The solid line shows the
value obtained from the solution of equation( 11) and the
data points connected by the "dotted lines are.each the result
of 10,000 numerical simulations.

The relative output jitter is plotted in Figure 2
for (Tin = 0.2 and a range of input values N
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