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Abstract 

The rclalwnship between the timing of the synaptic 
inputs and the output spikes of leaky integrate and fire 
neurons with nOIsy periodic synaptic input is addressed 
using the recently developed integrated-input technique. 
The conditional output spike density in response to 
noisy periodic input is evaluated as a function of the 
initial phase of the inputs. This enables the phase tran
sitwn matrix to be calculated, which relates the phase at 
which the output spike is generated to the initial phase 
of the inputs. The interspike interval histogram and 
the period histogram for the neural response to ongo
ing periodic mput are then evaluated by using the lead
ing eigenvector of this phase transition matrix. The 
dependence of the synchronization index of the neural 
response upon the number and amplitude of synaptic in
puts, the membrane tl1ne constant, the average rate of 
inputs and IhFir frequency of modulation is examined. 

1. Introduction 

The temporal information contained in the responses of 
neurons plays an important role in a neuronal informa
tion processing in a number of diffe'rent parts of the cen
tral nervous systPrn (CNS). In auditory processing the 
degree of phase locking in the neural response to noisy 
lwriodic input plays an important role, where studies 
indicate that spikes in the auditory pathway are phase 
locked up to frequencies around :3-5 kHz in mammals 
[21], [1:3] and up to frequencies of 8 kHz in the Barn 
OwI [17]. Likewise, a similar phase-locked response is 
observed in electros('nsory systems of a number of fish 
[2]. This phase locke'd response has also been postu
lated to playa central role in temporal coding in the 
brain, where it Illay be used in feature linking and pat
te'fll segmentation [28], [9], [12]. For reviews of these 
and other instances of temporal information processing 
within the CNS S("e' [25], [7]. 

In this study we investigate the relationship between 
the timing of noisy periodic synaptic inputs and the 
output spikes that are generated in leaky integrate and 
fire neurons. A recent investigation of this problem [15] 
examined the input and output rates over the range of 
input vector strengths [II] (also called the synchroniza
tion index) as well as identifying the conditions under 
which a neuron can ad as a coincidence detector and 
thus convert a temporal code into a rate code. Their 
results show how the output rate depends upon the neu
ral parameters, such as the number of synapses and the 
time course of the postsynaptic response to the inputs, 
as well as upon the input statistics [15]. They iden
tify two parameters, namely the coherence gain and the 
quality factor for coincidence detection, which largely 
characterize the performance of a coincidence detector, 
and they plot these quantities for representative values 
of the neural parameters over the range of input vector 
strengths. However, since their analysis concerns only 
the output rate, they are not able to predict quantities 
that depend upon the details of the timing of individual 
output spikes. 

Our study provides a significant extension of these re
sults, in which we relate the time-distribution of the 
output spikes to the phase of the synaptic input, and 
thus calculate the synchronization index of the output 
spikes and their phase histogram as a function of the 
frequency and synchronization of the input. In order to 
carry out the analysis we make the approximation that 
the amplitude of the postsynaptic response to an indi
vidual input spike is small, which is equivalent to the 
diffusion approximation [27]. For neurons with large 
numbers of small amplitudf' inputs this approximation 
proves to be very accurate. 

II. Methods 

The relationship between the timing of the synaptic 
inputs and the output spike'S requires an analysis of 
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the interspike interval (lSI) distribution of the output 
8pikes, which is obtained using our recently developed 
integrated-input technique [3], [4], [5]. The membrane 
potential, V(t), is assumed to be reset to its initial value 
at time t = 0, V(O) = Vo after a spike (action potential, 
AP) has been generated. The membrane potential is 
the sum of the excitatory and inhibitory postsynaptic 
potentials (EPSPs and IPSPs respectively) 

N 

V(t) = Vo + L ak sdt ) (1) 
k==l 

Sk (t) =	 L
00 

udt - tk~), 
m==l 

where the index k = 1, ... , N denotes the afferent fiber 
and the index m denotes the m th input from the par
ticular fiber, whose time of arrival is tk~ (0 < tk 1 < 
tk 2 < ... < tk~ < ... ). The amplitude of the inputs is 
taken to be a constant, a, which is positive for EPSPs 
and negative for IPSPs. The time course of an input at 
the site of spike generation is described by the synaptic 
response function udt) for the leaky integrate and fire 
model 

{ ~-tIT for t > 0
Uk(t)	 (2)

for t < 0, 

where T is the time constant of the membrane potential 
decay. Consequently the membrane potential has a dis
continuous jump of amplitude ak upon the arrival of an 
EPSP and then decays exponentially between inputs. 
The decay of the EPSP across the membrane means 
that the contribution from EPSPs that arrive earlier 
have partially decayed by the time that later EPSPs 
arrive. 

The time-dependent rate of arrival of input spikes at a 
synap8e is taken to be periodic with frequency wand 
initial pha8e cP, i.e., the phase of the input at the time 
when the summation commences, 

'\(t) = \n (1 + 2Tin cos(wt + 4>)) ,0:::; Tin:::; 0.5, (3) 

where "'in i8 the time-averaged input rate on a single 
fiber and Tin i8 the synchronization index of the input 
8pike8, with Tin = 0.5 representing a highly modulated 
input and valucs of Tin closer to zero representing in
Pllt8 that contain less of the frequency dependent com
ponent. Thi8 input rate represents an inhomogeneous 
(i.e., nonstationary) Poisson process [18]. 

The probability density of the potential V (t) is denoted 
by p( v, t I Vo; W J cP), which is the probability that the po
tential has the value v at time t, given that the previous 
8pike occurred at time t = 0 when the potential is re
set to the value vo, the frequency of the input is wand 

the initial phase i8 cP. This probability density is giVi'n 
by the following normalized expectation value, which 
is the integrated average over the time-distribution of 
synaptic inputs [:3], [4], 

p( v, t IVo; w, 4» = E {J(V (t) - v)} , (4) 

where J(x) is the Dirac delta function and the expec
tation value is over the random time of arrival of the 
synaptic inputs. The frequency and phase dependence 
of the probability density arises through this averaging 
over the arrival tin1f's of the synaptic input, which is 
described here explicitly by '\(t), equation(:3). Using 
the Fourier integral representation of the Dirac delta 
function, the probability dmsity may be written as 

p(v, t IVo; w, 4> ) 

f
oo d 

---= exp{ix(v-vo)} x 
211'-00 

E{exp (-iX t ak Sdt ))} 

f
(.5)
 

OO d . N
 

. ;- exp{ix(v - vo)} II Fdx, t;w, cP)

211' 

-
00	 

k==l

I: ~; exp {iX(V - vol t In Fdx, t; w, cP)} , 

where the function Fdx, t; w, 4» is given by 

Fdx, t; w, cP) E{exp(-ixak sdt ))} , (6) 

and we have used the independence of tllf' contribu
tions from each fiber to obtain the product of Fk'S m 
equation(5). Expanding the exponential in powers of 
ak we obtain 

In Fdx, t; w, 4» 

x2a2 . }

InE 
{ 

l-ixaksk(t)- :/sk(t)+O(ai) 

In[l- ixak E{sdt)} 
2 2 (7)

x a	 ]-TE {s%(t)} + O(aZ) 

-ixak E{sdt )} 

.T2a~ [	 2] ~2-2 E{sdt)}-(E{sdt )}) + o (a;,) , 

where O(y) is a quantity that vanishe8 at least as fast 
as y when y -+ 00. We henceforth neglect thp O(an 
terms and retain only the linear and quadratic terms. 
This expansion to second order in powers of ak is an ap
proximation which allows the resulting equations to be 
solved formally, and we do not address questions such 



as the convergence of the expansion. We expect the 
approximation to be valid for amplitudes of the post
synaptic potential that are small in comparison to the 
threshold. 

The probability density function IS evaluated If! this 
Gaussian approximation as 

J

p(V, t IVa; w, ¢; )
 

oo dr {
= ;- exp iT (v - Va -l(t;w, ¢;)) 
-00 2rr 

2 } 
(8) 

- ~ f(t;w, ¢;) 

1 {(v-va-1(t;w,¢;))2}= exp - ,V2Jrr(t; w, ¢;) 2 r(t;w, ¢;) 

with 

N

l(t; w, ¢;) L ak E{Sk(t)} , 
k=l 

N (9) 

r(t;w, ¢;) L a~ (E{5k(t)} - (E{5k(t)})2). 
k=1 

These expressions allow inputs with arbitrary ampli
tude distributions, including inhibitory inputs, to be 
considered. However, for simplicity we consider here 
the situation where the postsynaptic potentials from 
the inputs are all excitatory and equal in both ampli
tude, ak = a > 0, and time course, Uk(t) = u(t), and 
where the rates on each of the N afferent fibers are 
identical, >.k(t) = >.(t) Consequently we drop the in
df'x k, since all input fiber characteristics are identical. 
In thf' ca..':if' of an inhomogeneous Poisson process with 
rate >.(t) on each fibre, the expressions for l(t;w, ¢;) 
and r(t;w, ¢;) take the forms [18] 

l(t;w,¢;) NaE{s(t)} 
t 

N a 1>.(t')u(t. - t')dt', 

f(t;w, tjJ) N a2(E {52 (t)} - (E {5( t)} )2) (10) 

t 

N a2 1>.(t')u2(t - t')dt l 

The dependence of the expressions for 1 (t; w, ¢;) and 
f(t; w, ¢;) above lIpon frequency and initial phase is 
therefore given explicitly through the dependence upon 
>.(t) (refractory effects are ignored here). 

In order to calculate the probability density of out
put spikes it is nf'cessary to find the time at which 
a spike is generatf'd, namely the time at which the 

summed membrane potential crosses the threshold, 
Vth = Va + (), for the first time (called the first-passage 
time). The conditional first-passage time to threshold 
density, fe(t;w,¢;), which depends upon the frequency, 
w, and phase, ¢;, of the synaptic input is obtained from 
the integral equation [20], [a] (for v ?: Vth ) 

p( v, t IVa; w, ¢; )

1t (11)
dt' fe(t';w,¢;) p(v,t IVth,t',va), 

where p( V2, t 2 IVI, t I, va) is the conditIOnal probability 
density of the potential having the valuf' V2 at time t 2 , 

given that V(ttJ = VI and the reset value of the po
tential after a spike is Va. This conditional probability 
density clearly depends upon wand ¢;, such that in ev
ery case the phase ¢;' associated with a particular time 
t' is given by ¢;' = [wt' + ¢;] mod 271"' where ¢; is the ini
tial phase (at time t = 0). This gives a direct and 
straightforward correspondence between times, t, and 
phases, ¢;, of the input. Note that the above expression, 
equation(ll), makes no assumptions about the station
arity of the conditional probability density (i.e., it doE'S 
not require time-translational invariance). 

The conditional probability density of the potential in 
response to noisy periodic input is evaluated in a simi
lar manner to that given above for the probability den
sity [3], and it is also a function of the initial phase of 
the inputs. The conditional output spike density then 
follows from equation( 11). This enablf's the phase tran
sition matrix to be calculated, which relates the phase 
at which the output spike is generated to the initial 
phase of the inputs [19]. In order to find the interspike 
interval density (lSI histogram) p(t; w) and the period 
histogram for the npural response to ongoing periodic 
input generated by inhomogeneous Poisson inputs with 
period w, it is necessary to form the appropriate av
erage over the initial phases ¢; of the conditional first 
passage-time densitif's [19] 

p(t;w) (12) 

where x(s)(¢;) is the stationary distribution of phases 
evaluated by using the leading eigenvector of the phase 
transition matrix [19]. The dependence of the synchro
nization index of the neural response upon the number 
and amplitude of the synaptic inputs, their synchro
nization and frequency, and the membrane time con
stant, are examined. 
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III. Results 

The typical lSI distribution we obtain is plotted in Fig
ure 1 and shows the characteristic multimodal response 
observed in recording from auditory neurons [10]. The 
amplitudes of the individual EPSPs in this figure are 
given by a = 0/16, where 0 is the difference between 
the threshold and reset values of the potential. Fre
quency, w, and rate, ..\, are measured here in units of 
the time constant of the membrane, T, i.e., a frequency 
(rate) of 1.0 corresponds to one cycle (spike) per T units 
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Fig. 2. The synchronization index is plotted against the fre
quency, w, (measured in units with T = I), for a value of the 
input synchronization index rin = 0.25. The amplitude of 

individual EPSPs is a = 2(j/N. The average input rate, ~in' 
is the same as the fn,quency in all cases and the numbers of 
inputs on the plot are N = 16,32, fl4, 128. 

SynchronIzatIon Index of Input rlJl 

Fig. 3. The synchronization index is plotted as a fUllc·tioll of 
the synchronization index of the input, rin' for a freq',,-ncy 

of w = 1.0 and average input rate ~in = 1.0 (in units with 
T = I). The amplitucJ<, of individual EPSPs is a = (j / N. The 
number of inputs on the plot are N = Ifi, :32, 64,128 (hottom 
to top plots respectively). 

input rate of -\in = 0.5 (i.e., onf' spikf' per input fibre 
per cycle). The synchronization index of the input is a 
linear function of the input synchronization index, rin' 
and varif's from O.fi to zero, so that all points on t1w 
plot show an enhancement of synchronization, which is 
more pronounced for large numbf'rs of inpu ts. 

of time. 
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Fig. 1. Plot of the interspike interval distribution, p(t; w), for 
N = 32 inputs, an input frequency of w = 0.3, input rate 
of ~in = 0 ..3, and the amplitudes of the individual EPSPs 
a = (j /16, where (j is the difference between the threshold 
and reset values of the potential. Frequency and rate are 
given as cycles (spikes) per unit of T. 

The dependence of the synchronization index upon the 
frequency is illustrated in Figure 2, which shows that 
the synchronization index decreases for increasing fre
quencies. The average rate of the inputs, -\in' is the 
same as the frf'quency in all cases, i.e., there is on aver
age one incoming spike per fibre per cycle of the stimu
lus. For each value of N the amplitude of the individual 
postsynaptic potentials is given by a = 20/N. The syn
chronization index of the output spikes is large for all 
cases in this plot and closest to one when the number 
of inputs is greatest (the case N = 128 in Figure 2). 
Note that thf' synchronization index of the sinusoidal 
input hf're is 0.25, so that the outputs represent an en
hancement of the synchronization relative to the input 
and this enhancement is more pronounced for larger 
numbf'rs of inputs and lower frequencies. 

In Figure 3 the dependence of the synchronization in
dex upon the degree of modulation of the input, rin' is 
illustrated for a frequency of w = 0.5 and an average 
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IV. Discussion 

This study extf'nds that of earlier studies of coinci
df'nce df'tf'ction and the neural response to noisy pe
riodic synaptic input in a number of important ways. 
Many of the earlier examinations of the question of co
incidencf' df'tf'ction were numerical, in which the re
sponse to a train of spike inputs was simulated, either 
llsing a threshold model with a shot-noise response [8], 
[6], [14], or a membrane-conductance model [23], [22]. 
The results of such simulations are, of course, subject 
to statistical uncertainties in the accuracy of the results 
obtained and frequently involve massive computational 
rf'sources, which limits the parameter space that can 
be explored. Nevertheless, such studies have been in
strumental in establishing many of the central features 
of the neural response, such as the importance of the 
convergence of inputs to the postsynaptic neuron and 
the effect of the coincident arrival of the inputs [14]. 
A comprehensive analytical study of the effect of noisy 
periodic spike input to an integrate and fire neuron has 
been carried out [15], in which the relationship between 
the input and output rates over the range of input syn
chronization is analyzed and the conditions under which 
a neuron can act as a coincidence detector are identi 
fied by analyzing the coherence gain and the quality 
factor for coincidf'nce detection. Their analysis, how
ever, centered upon the rate at which output spikes 
were generated and did not give any detailed informa
tion on the timing of individual output spikes. The 
results presented here extend their study by providing 
an analysis of the distribution of output spikes. Our 
analysis enablC's us to find the interspike interval distri 
bution of thf' output spikf's, the synchronization index 
of the outputs, and thf' phase distribution of the out
pll ts. 

Thf're are a number of approximations in the analysis 
presentf'd here whose effect requires closer examination. 
The integratf' and fire model has both strengths as well 
as shortcomings (see [16] for a review), such as the lack 
of specific currents that underlie spiking and the linear 
nature of the summation of the postsynaptic responsf'S. 
TlIP modf'l therf'fore does not incorporate any of the 
postulatf'd nonlinear f'fff'c1.s in the dendritic trf'e [24], 
nor is it capable of modeling the dynamic nature of 
syna.pses [26], [1]. The Gaussian approximation used 
ill this analysis requirf's that the amplitude of the in
dividual PSPs be small, since th(~ higher order terms 
in f'quation (7) (and the corresponding f'quation for the 
conditional probability dmsity) are neglected. This is 
a reasonable approximation in situations where many 
EPSPs are required to reach threshold. The expression 
for the conditional first-passage time density is exact for 
situations where the inputs arc uncorrelated, but may 

introduce errors whf'n the presynaptic spikf's arf' not 
generated by an (inhomogeneous) Poisson process or 
the synaptic currents haw' a finite duration (i.e., whf'n 
more general synaptic rf'sponsf' functions are used, such 
as those that include finite rise times of the postsynaptic 
response). However, it is straightforward to extend tIlt' 
analysis presented here to other forms of periodically 
varying input, such as the sum of Gaussian distribu
tions [15]. 

V. Conclusion 

In conclusion, this study examines the relationship be
tween the synchronization index of noisy oscillating 
synaptic input and the output spikes that are gener
ated. Previous studies have been concerned mainly 
with the rate at which output spikes have been gener
ated rather than their timing characteristics [1.5]. The 
effect upon the spike output (which itself acts as in
put to subsequent stages of processing) of both the 
periodicity of the input and the neural parameters of 
the leaky integrate and fire neuron upon the propaga
tion of the synchrop-ization and periodidty of the input 
has been examined, thus illuminating the domain over 
which temporal information may be transmitted in neu
ral systems. 
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