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Abstract

In this thesis I investigate the idea of modeling epistemic updates as static modal opera-

tors. I discuss Extended Model Semantics for Dynamic Epistemic Logics, specifically Action

Model Logic and Action Model Logic with postconditions. I argue that we get a better and

more versatile framework for epistemic actions than with the standard update semantics.

This comes from the use of normality conditions which act like frame conditions for the

modal relationships corresponding to actions. By defining those we pin-point the exact

type of action we are trying to model and so they give us an easy option to change our

actions by simply adding, removing, or changing normality conditions.

Extended models will be used to develop new axiomatic systems. These axioms are non-

reductive, i.e. do not simply reduce the truth of dynamic formulas down to the truth

of corresponding static epistemic formulas, in nature and therefore allow for a better

categorization of epistemic actions mirroring the normality conditions from which they

are derived. These axioms will also be used to develop Display Logic proof systems

for all logics discussed in the thesis. These are then analyzed and shown to be sound

and complete and allow for cut-elimination. This has a twofold purpose: It shows the

usefulness of normality conditions and the corresponding axioms and it also helps us

add to the toolbox of Display Logic as a proof system for modal logic.

I also develop logics of forgetting that allow for modelling of the forgetting of positive

epistemic formulas in multi-agent epistemic logic. I also discuss and develop extensions

that allow for considering epistemic entrenchment of formulas and the forgetting of neg-

ative epistemic formulas and so all epistemic formulas. Additionally, extended semantics

for the different logics of forgetting are developed with corresponding non-reductive ax-

ioms and, as already mentioned, display calculi.
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Chapter 1

Introduction and Preliminaries

In recent decades the study of Dynamic Epistemic Logics has been established as an in-

credibly fruitful and active field of research both in philosophical logic and computer

science. It extends multi-agent epistemic logic with update operators that model the

change of information caused by actions like announcements. The first such actions

that have been studied were public announcements in Public Announcement Logic, inde-

pendently developed in [48] and [35]. From there other epistemic actions, like private

announcements, have been discussed and more general frameworks for epistemic actions

like Action Model Logics [5, 6] and the Logic of Epistemic Actions [21] developed. In [8]

methods of AML have been combined with Propositional Dynamic Logic [32], to obtain

actions that are not just epistemic but also allow for propositional change. The resulting

logic is Acton Models with postconditions. AML and AMLp have established themselves

as the go-to frameworks for epistemic updates to the point where they are sometimes

taken to be synonymous with DEL.

A combination of Temporal Logics and DEL, Epistemic Temporal Logic [50, 51] has also

proven to be a fruitful extension when discussing the temporal aspects of epistemic

actions. It also has close connections to AML.

Many impulses in this field have been taken from a different approach to modeling the

change of epistemic (or doxastic) attitudes of agents: AGM Belief Revision Theory [1].

It allows for belief expansion, i.e. the gaining of beliefs from new information, belief

contraction, the abandoning of beliefs, and complex belief revision.

As mentioned AML and AMLp are the usual frameworks for epistemic actions as they

allow us to model many different actions. They do, however, still have limits and are

not able to model all epistemic actions that we might want to discuss. Extended Model

1



Introduction 2

Semantics is a candidate for an even broader framework. I argue the case by showing

that the conditions used to define actions in extended semantics allow for more options.

Another advantage of these conditions is that they can be used to develop axiomatic

systems for our dynamic logics. Generally, the research in this area has been focused

on the semantics and proof theory has traditionally been treated as an afterthought.

Although in more recent years the proof theory of Dynamic Epistemic Logics has been

addressed more and more, there is still catch-up to be done. I add to this by using these

new axiomatic systems and developing display calculi from them. This fulfills the dual

purpose of showing the value of the new axioms (and by extension extended semantics)

and building on the ongoing project of establishing Display Logic as a general framework

for modal proof theory.

The general focus of Dynamic Epistemic Logic has been on announcements and, in general,

actions that increase the knowledge of agents. Although AML and AMLp, as general

frameworks of modeling dynamic actions, do allow for actions that take information away

from agents, few specific cases of such actions have been discussed. One obvious such

epistemic action would be forgetting. An update semantics for forgetting of propositional

formulas in a single agent system has been developed in [31]. I expand on this work to

develop a more universal forgetting operation.

Chapter 2 is dedicated to Extended Model Semantics. I introduce the extended semantics

for AML and then add to the research of extended models by generalizing it to AMLp.

I argue for it’s versatility by discussing how we get to this result and how similar gen-

eralizations can be made by changing the normality conditions that are used to define

the actions modeled by a specific extended model. These normality conditions are also

used to develop non-reductive axioms for AMLp.

In Chapter 3, I generalize the method of forgetting introduced by [31] to multiple agents

and to forgetting positive epistemic formulas (intuitively those that do not contain

negated knowledge for any agent). First, I identify which formulas can/cannot be for-

gotten and then I identify the minimal ways of forgetting a formula. Finally, I define an

update operation that corresponds to those minimal ways of forgetting.

Chapter 4 builds on this work and presents two extensions to that: First a dependency

relation ≺ that can be used to model epistemic entrenchment and allows us to hold

certain formulas as easier/harder to forget. This allows us, for example, to fix the rules

of the situation we want to model. Secondly, I extend the methods from Chapter 2 to

negative forgetting, allowing us to forget the full range of epistemic formulas. Some

general properties of this method of modeling forgetting are also discussed.
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Chapter 5 combines the work of the earlier chapters and gives an extended semantics

for forgetting and corresponding non-reductive axiomatisations.

Finally, in Chapter 6 I develop display calculi for PAL, AML, AMLp, and the logics of

forgetting discussed in this thesis, based on the non-reductive axioms given.

The rest of this chapter will be dedicated to establishing the underlying logical for-

malisms used in the rest of the thesis. Specifically, I give a static multi-agent modal

logic as our basic Epistemic Logic and Action Modal Logic both with and without post-

conditions. Public Announcement Logic is given as a special case of AML.

1.1 Epistemic Logic

The underlying static models used herein are multi-agent epistemic models. Tradition-

ally S5 has been the logic of choice here and I will discuss some results from using S5

later in the paper. Generally, however, only K is assumed with the option to add further

restrictions without loss of generality. The exception is that for forgetting (starting in

Chapter 3) T is also required.

1.1.1 Language

The language for knowledge will be based on a countable set of atomic propositions P

and a finite set of agents A. I will generally write p, q, . . . for propositions in P and

a, b, . . . for agents in A.

Definition 1.1. (Basic Epistemic Language L) For a set of atomic propositions P ,

p ∈ P and a set of agents Ω, the language L is generated by the following grammar:

φ := p | ¬φ | (φ ∧ φ) | Kaφ

1.1.2 Semantics

The semantics of our basic system are given in the usual way by Kripke models of K.

Definition 1.2. For a countable set of atomic propositions P and a finite set of agents

A, a Kripke model M = 〈W,RA, V P 〉 is a structure, where

− W is a set of worlds interpreted as epistemic states.
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− RA is a function that gives us an accessibility relation RA(a) ⊆ W ×W for each

agent a in A. Generally I will simply write Ra for RA(a).

− V P : P → 2S is a valuation function that gives us the set of worlds in which p is

true V P (p) ⊆W for every p ∈ P . Generally I will omit the P and simply write V

for V P .

Given the omissions mentioned above I will represent models simply as M = 〈W,R, V 〉.

In the usual way formulas will be interpreted at worlds. In general, I will talk about

a formula φ being true at a world w in a model M , although I will omit at a world w

and/or in a model M if it is clear from the context which world/model is in question at

any time.

Definition 1.3. For a model M = 〈W,R, V 〉 and a world w ∈ W , a formula φ is true

at (M,w), written M,w � φ as follows:

M,w �e p iff w ∈ V (p)

M,w �e (φ ∧ ψ) iff M,w �e φ and M,w �e ψ

M,w �e ¬φ iff not M,w �e φ

M,w �e Kaφ iff ∀v : Rawv implies M, v �e φ

If a formula φ is true at all worlds in a model M , M �e φ, I will say φ is true in M . A

formula is valid if it is true in all M .

The boolean connectives ∨, → and ↔ are defined as usual, i.e. M,w �e φ ∨ ψ iff

M,w �e ¬(¬φ ∧ ¬ψ), M,w �e φ → ψ iff M,w �e ¬(φ ∧ ¬ψ) and M,w �e φ ↔ ψ

iff M,w �e (φ → ψ) ∧ (ψ → φ). The diamond ♦ is defined as the dual of K, i.e.

M,w �e ♦aφ iff M,w �e ¬Ka¬φ.

When given Rawv for some agent a and worlds w and v, it is useful to think of Ra as an

indistinguishability relation for agent a or as connecting those worlds that agent a cannot

distinguish between. Given Rawv at world w agent a cannot securely say whether she

is at world w or at world v. Using this reading we exclude those worlds that a can tell

apart from the world she is in and that therefore cannot be the actual world. This gives

us a very natural reading of M,w �e Kaφ: φ is true at all those worlds which agent a

considers possible to be the actual world, so a knows φ.

One might want to say that this does not really constitute knowledge and this might be a

fair point, however in the idealized world of formal logic this account has shown to be very

useful in dealing with epistemic puzzles and to closely approach our intuitions regarding

knowledge. If the reader is still uncomfortable in coining this notion knowledge, it might
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Epistemic Logic: `e

Axioms

All propositional tautologies

Ka(φ→ ψ)→ Kaφ→ Kaψ K
Kaφ→ φ T
Kaφ→ KaKaφ 4
¬Kaφ→ Ka¬Kaφ 5

Rules

From φ and φ→ ψ, infer ψ Modus Ponens
From φ, infer Kaφ Ka–Necessitation (NECa)

Table 1.1: The axioms of S5 modal logic.

help to think of this framework as to model handling of information instead. In this case

we interpret Kaφ as “φ follows from the information a has.” and we take how exactly

this information was obtained as being outside the scope of the logic.

To conclude the introduction to Epistemic Logic, here are the axioms for it. Note, T,4

and 5 together correspond to the frame conditions of S5 and are only required because

we are using S5 as the standard system for DEL. Especially, the systems of forgetting,

starting in Chapter 3, will be based on S4 and S5.

1.2 Action Model Logic

When we are talking about the knowledge of multiple agents, it is pertinent to ask how

that knowledge changes under certain circumstances. A dynamic approach to epistemic

logic appears useful in answering questions about the change of knowledge of agents,

much like belief revision (first introduced in [1]) is an important part of doxastic logic.

One approach to model this is with Action Model Logic. Changes to the agent’s knowl-

edge are triggered by so called epistemic actions. An epistemic action can be anything

that changes the knowledge of the agents, generally, without changing the actual propo-

sitional values of the worlds. The most common examples of such actions are speech

acts like public or private announcements, but reading a note or similar acts can also be

understood as epistemic actions. The idea is that actions can be formalized and then

we can create an action model by combining the epistemic model and the action. This

action model represents the model after the action took place. My presentation of AML

follows [26].
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1.2.1 Language

To define the language L[α], I need to define a set of actions α simultaneously. An

action frame is a pair 〈K,PRE〉, where K = 〈WK , RK〉 is a finite Kripke frame over

the set of agents in A and a map PRE: WK → L. This will be the general form of the

action. The worlds on an action frame are possible actions the agents consider and the

relation will tell us which agent considers which actions much like the relation in the

epistemic model told us which agent considers which worlds. The map PRE gives us

which conditions a world in an epistemic model needs to fulfill in order for an action to

be possible at that world. Note that this means PRE cannot include action formulas

itself. An action α is a triple 〈K, k, PRE〉, with K and PRE such that 〈K,PRE〉 is an

action frame and k ∈ K.

As the static modal operators of the models, K-operators will be used as the epistemic

operators, one for each agent. A formula of the form Kaφ is read as “a knows φ.” For

an action α we will get an operator [α], such that [α]φ is read as “after α (takes place),

φ.”

Definition 1.4. (Action Language L[α]) For a countable set of atomic propositions

P , p ∈ P , a finite set of agents Ω and a (possibly infinite) set of actions α, the language

L[α] is generated by the following:

φ ::= p | ¬φ | (φ ∧ φ) | Kaφ | [α]φ

1.2.2 Semantics

In order to interpret formulas of the form [α]φ, we first need to define the way actions

change models. For this we need to define a model MK for some model M and an action

frame 〈K,PRE〉:

Definition 1.5. Given a model M = 〈W,R, V 〉, a set of agents A, and an action

structure 〈K,PRE〉, define the model Mα = 〈Wα, RαA, V
α〉 in the following way:

− Let Wα be the set of pairs 〈w, k〉 ∈W ×WK such that W,w � PRE(k).

− For some agent a, let Rαa 〈w, k〉〈w′, k′〉 iff Raww
′ in M and RKa kk

′ in K.

− For some atomic proposition p, let V α(p) = V (p), i.e. p is true in 〈w, k〉 iff p is

true in w.
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For some action α = 〈K, k, PRE〉, model M = 〈M,R, V 〉 and world w ∈ W , let

(M,w)α = (Mα, 〈w, k〉). Note that this only works when M,w � PRE(α), otherwise

(M,w)α remains undefined.

Note that an action model will still be an epistemic model and soall frame conditions

imposed on the initial model, like T, will still hold after an action takes place.

With this I can give a definition of truth for the standard semantics (represented by

�AML).

Definition 1.6. For a model M = 〈W,R, V 〉, a world w ∈ W and an action α =

〈K, k, PRE〉, a formula φ is true at (M,w), written M,w �AML φ as follows:

M,w �AML p iff w ∈ V (p)

M,w �AML (φ ∧ ψ) iff M,w �AML φ and M,w �AML ψ

M,w �AML ¬φ iff not M,w �AML φ

M,w �AML Kaφ iff ∀v : Rawv implies M, v �AML φ

M,w �AML [α]φ iff (M,w)α being defined implies

(M,w)α �AML φ

As in epistemic logic, a formula φ is true in a model M , if it is true on all w ∈ W and

valid if it is true for all M .

As mentioned previously, we can think of the elements of WK as possible actions and RK

as telling us which actions the agents consider possible at any given action. k specifies

the actual action taking place given α. PRE(l) excludes those worlds v, l that are not

possible, since l was not possible on v.

For all actions α = 〈K, k, PRE〉 and β = 〈K, k′, PRE〉, etc., we can construct a Kripke

frame of actions by simply letting Raαβ iff Rakk
′ in K. This can be useful to visualize

the relation between actions. If we have actions α and β such that Raαβ for some agent

a, it means given α agent a thinks β might be the action that happened and so for all

w and w′ ∈ W such that Raww
′ we will have Ra〈w, k〉, 〈w′, k′〉 where k and k′ are the

actual actions for α and β respectively.

Before getting to the axiomatisation of AML, I discuss action composition:

Definition 1.7. For actions α = {Kα, kα, PREα} and β = {Kβ, kβ, PREβ} with K =

{Wα, Rα} and K ′ = {W β, Rβ}, their composition is α;β = {Kα;β, kα;β, PREα;β} with

Kα;β = {Wα;β, Rα;β} such that:

− Wα;β = Wα ×W β

− For some agent a, let Rα;β
a (s, s′)(t, t′) iff Rαast and Rβas′t′
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Action Modal Logic: `AML

Axioms

All propositional axioms
All epistemic tautologies

[α]p↔ (PRE(α)→ p) Atomic Permanence

[α](φ→ ψ)→ ([α]φ→ [α]ψ) Kα

[α]¬φ↔ (PRE(α)→ ¬[α]φ) Partial Functionality

[α]Kaφ↔ (PRE(α)→
∧

(Ka[β]φ : Rααβ)) Action-Knowledge

[α;β]φ↔ [α][β]φ Action-Composition

Rules

From φ and φ→ ψ, infer ψ Modus Ponens
From φ, infer Kaφ Ka–Necessitation (NECa)
From φ, infer [α]φ [α]–Necessitation (NECα)

Table 1.2: The axioms of AML

− kα;β = (kα, kβ)

− PREα;β((s, s′)) = 〈α〉PREβ(s′)

Lemma 1.8. For all models M , worlds w and actions α and β the following holds for

all formulas φ:

M,w �AML [α][β]φ iff M,w �AML [α;β]φ

Proof. Following [26], this is shown by proving that the models (Mα)β and Mα;β are

isomorphic.

Let (w, (k, k′)) ∈ Wα;β. So, by definition, we have M,w �AML PREα;β(k, k′) and

so M,w �AML 〈α〉PREβ(k′). This means that we have M,w �AML PREα(k) and

M,w �AML [α]PREβ(k′). From first conjunct it follows that (w, k) ∈ Wα and from

that, together with the second conjunct, it follows that ((w, k), k′) ∈ (Wα)β. The other

direction of this works similarly.

Rα;β
a (w, (k, k′))(v, (l, l′)) iff Rawv,R

α
akl and Rβak′l′ and so (Rα)βa((w, k), k′)((v, l), l′) fol-

lows directly from the definitions.

Lastly, for both (w, (k, k′)) and ((w, k), k′) the valuations remain unchanged from the

original world w.
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1.2.3 Public Announcement Logic

There is one special case of AML that is worth discussing here: Public Announcement

Logic. In [6] it has been shown that we can express public announcements in AML. PAL

is of special interest for this thesis as extended models like those discussed later in the

paper to develop non-reductive axiomatic systems have first been given for it in [54] and

then in [53] extended to AML.

So to get an action of public announcements we simply have to restrict our actions to

the following:

Definition 1.9. Let an action [φ] be the action based on the action frame {K,PRE}
be a public announcement of φ if the following hold:

− K = {k} and

− PRE(k) = φ.

− For all agents a, Rφakk

A public announcement of φ is the action that eliminates all worlds in which φ is not

true and does not change the model in any other way. We can show that the action

defined above does exactly that: Since PRE(k) = φ, we know that we only end up

with an w, k for those w on which phi is true and since k is the only possible world in

[φ], this tells us that we have eliminated all non-φ worlds. Rφakk tells us that we get

Rφa(w, k)(v, k) iff we have Rawv and so that the epistemic relations between the worlds

we preserve remain unchanged. Finally, note that the action does not change the truth

of any propositional formula from w to w, k.

An axiomatic system based on the extended model semantics developed in [54], can be

found in Table 1.3. Note that since Invariance corresponds to the idea that the truth of

atomic formulas remain unchanged, it only holds for atoms p.

1.3 Action Model Logic with Postconditions

In this section I discuss another type of model: action models with postconditions.

Postconditions are an important part in modelling epistemic actions that do not just

change the knowledge of the agents, but also propositional truths about the worlds.
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Public Announcement Logic: `φext

Axioms

all propositional axioms
all epistemic axioms

[φ](ψ → χ)→ ([φ]ψ → [φ]χ) Kφ

(p→ [φ]p) ∧ (¬p→ [φ]¬p) Invariance
〈φ〉ψ ↔ φ ∧ [φ]ψ Partial Functionality
♦a〈φ〉ψ → [φ]♦aψ No Miracle
〈φ〉♦aψ → ♦a〈φ〉ψ Perfect Recall
〈φ〉〈ψ〉χ↔ 〈φ ∧ [φ]ψ〉χ Announcement Comp

Rules

From φ and φ→ ψ, infer ψ Modus Ponens
From φ, infer Kaφ Ka–Necessitation (NECa)
From ψ, infer [φ]ψ [φ]–Necessitation (NECφ)

Table 1.3: The extended model axioms of PAL

1.3.1 Language

In order to define the language of action models with postconditions L[α]p, I simply

tweak the definition for L[α] from above to now require actions to have a postcondition

defined. An action structure is now the tuple 〈K,PRE,POST 〉, with K and PRE

defined as above. POST is a function that assigns an epistemic formula φ to each

propositional atom ∈ L[α]p and possible action k ∈ WK such that only for all but a

finite amount of p, POST (k, p) = p.

Definition 1.10. (Actions with Postconditions Language L[α]p) For a countable

set of atomic propositions P , p ∈ P , a finite set of agents Ω and a (possibly infinite) set

of actions with postconditions α, the language L[α]p is generated by the following:

φ ::= p | ¬φ | (φ ∧ φ) | Kaφ | [α]φ

1.3.2 Semantics

Given this we can now define action models with postconditions:

Definition 1.11. Given a model M = 〈W,R, V 〉, a set of Agents A, and an action

structure 〈K,PRE,POST 〉, define the model

Mα
post = 〈Wα, RαA, V

α〉 in the following way:

− Let Wα be the set of pairs 〈w, k〉 ∈W ×WK such that W,w |= PRE(k)
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− For some agent a, let Rαa 〈w, k〉〈w′, k′〉 iff Raww
′ in M and RKa kk

′ in K.

− For some atomic proposition p, let V α(p) = {〈w, k〉 ∈ Wα : M,w � POST (k, p)},
i.e. p is true at 〈w, k〉 iff POST (k, p), the postcondition of p for k, is true at w.

− Additionally let POST (k,>) = > and POST (k,⊥) = ⊥ for all k.

As for standard action models, for some action α = 〈K, k, PRE,POST 〉, model M =

〈M,R, V 〉 and world w ∈ W , let (M,w)α = (Mα, 〈w, k〉). Note that this only works

when M,w � PRE(α), otherwise (M,w)α remains undefined.

With this we can define truth:

Definition 1.12. For a model M = 〈W,R, V 〉, a world w ∈ W and an action α =

〈K, k, PRE,POST 〉, a formula φ is true at (M,w), written M,w �AMLp φ as follows:

M,w �AMLp p iff w ∈ V (p)

M,w �AMLp (φ ∧ ψ) iff M,w �AMLp φ and M,w �AMLp ψ

M,w �AMLp ¬φ iff not M,w �AMLp φ

M,w �AMLp Kaφ iff for all v such that Rawv,M, v �AMLp φ

M,w �AMLp [α]φ iff (M,w)α is defined implies (M,w)α �AMLp φ

As with the modal operators, we define a dual for [α]: 〈α〉φ := ¬[α]¬φ.

Note that he definition of truth stays unchanged from the definition of truth for action

models without postconditions (Definition 1.6). The only thing that changes are the

action models referred to in the dynamic cases.

The notion of action composition naturally extends to models with postconditions:

Definition 1.13. The definition of the action α;β follows the Definition 1.7 with the

following added for postconditions:

− POSTα;β((k, k′), p) = POSTα(k, (POST β(k′, p))

Lemma 1.14. For all models M , worlds w and actions α and β the following holds for

all formulas φ:

M,w �AMLp [α][β]φ iff M,w �AMLp [α;β]φ

Proof. The proof largely follows the proof of Lemma 1.8.
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AMLp: `AMLp

Axioms

all propositional axioms

All epistemic tautologies K(+T, 4, 5)

[α]p↔ (PRE(α)→ POST (α, p)) Atomic Change

[α](φ→ ψ)→ ([α]φ→ [α]ψ) Kα

[α]¬φ↔ (PRE(α)→ ¬[α]φ) Partial Functionality

[α]Kaφ↔ (PRE(α)→
∧

(Ka[β]φ : Rααβ)) Action-Knowledge

[α;β]φ↔ [α][β]φ Action-Composition

Rules

From φ and φ→ ψ, infer ψ Modus Ponens
From φ, infer Kaφ Ka–Necessitation (NECa)
From φ, infer [α]φ [α]–Necessitation (NECα)

Table 1.4: The axioms of AMLp

The only thing left to show is that the postconditions line up. By definition, POSTα;β((k, k′), p) =

POSTα(k, (POST β(k′, p) and so we know that M,w �AMLp [α]POST β(k′, p) and so

M,w �AMLp [α][β]p. The other direction works analogously.

Finally, the axiomatic system for AMLp can be found in Table 1.2.



Chapter 2

Extended Models for AML

Look at this example: Two stockbrokers, Ann and Bob, are at lunch. Ann receives

an envelope with information about some stock. How does this change the knowledge

of Ann and Bob? Standard epistemic logic is not equipped to deal with change in

knowledge, and, consequently, a dynamic component needs to be added. The go-to logic

for these cases has been the Action Model Logic of [6]. This approach, however, does not

permit modeling of all the relevant information an agent might have. Specifically it does

not allow an agent to look back to what was true before a certain action happened. It

also makes it less straightforward to model different types of actions.

In [54] Wang and Cao introduce a new semantics for Public Announcement Logic (PAL)1,

intended as a general approach for dynamic epistemic logics. This approach is called

extended model semantics, as it combines the model representing the world before an

announcement happened with those models representing the world after the announce-

ments happened. This is achieved via a new type of modal arrow that connects the

original world to the world that results from making the announcement.

Extended models were used as auxiliary semantics to develop new axiomatic systems for

PAL and, in [53], AML that are not simply reductive to epistemic logic, i.e. where the

provability of dynamic formulas are not just reduced to equivalent epistemic formulas.

Although those are important result, here, I argue extended models can be fruitful from

a semantic standpoint as well.

To do so, I discuss it in contrast to the standard semantics and also generalise it to

AMLp. This allows me to discuss some examples of how extended models can be used to

allow agents to have a memory and to model epistemic actions with different properties

to the ones usually discussed. Additionally the normality (frame) conditions produced

1Originally developed, independently, in both [48] and [35]

13
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w

p

v
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a, b

Figure 2.1: M : The epistemic model of Buy or Sell?

by this approach can be altered to model a large variety of epistemic actions and agents

that have different properties to the ones assumed in standard AML.2

My contribution to this field is that I generalize the technical results for extended models

for PAL and AML to AMLp and give an axiomatization that is not simply reductive to

epistemic logic. I use these to build on the points made by Wang and Cao on the

usefulness of such an axiomatization and try to further expand on why non-reductive

axiomatizations give a better foundation for dynamic epistemic logics than reductive

ones. Following the theme of this paper, I argue that axioms based on the normality

conditions represent the fundamental properties of epistemic actions and agents.

2.1 The (Buy or Sell?) Scenario

As an example, I will take a variation on the (Buy or Sell?) scenario, to which I have

already hinted in the introduction of this chapter, from [26]: There are two stockbrokers

Ann and Bob out for lunch. They are talking about the stock of some company GCN

(Generic Company Name). Neither of them knows whether GCN is doing well or not.

A messenger arrives and hands Ann an envelope on which “requested data about GCN”

is written. While Bob is gone, Ann opens the letter and learns that GCN is doing well.

Let’s first look at how we can model this using the standard semantics and then look at

an extended model of it.

We can represent the initial conditions of the scenario with the model M in Figure 2.1.

Let a and stand for Ann, b for Bob and let p be our single propositional letter standing

for “GCN is doing well”. There are now two worlds to consider: w in which GCN is

doing well and v in which it is not.

The epistemic action of Ann reading the letter can be represented by the action α =

〈K, k, PRE〉. Although for Ann there is only one possible action k, she opened the

envelope and learned that GCN is doing well, Bob considers two additional actions: l,

Ann did open the letter and learned that GCN is not doing well, and m, Ann did not

2Similar work trying to equate properties of epistemic actions with specific axioms has been done in
[45]. The main difference here is that the approach taken is semantic rather than axiomatic and that
preference is given to non-reductive axioms.
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Figure 2.2: K: The Action Frame of Buy or Sell?
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Figure 2.3: Mα: The Action Model of Buy or Sell?

open the letter. This means that for all x, y ∈ K, RKb xy and RKa xx. The preconditions

for the possible actions are straightforward. PRE(m) = > as regardless of how GCN

is doing Ann could have not opened the envelope and PRE(k) = p and PRE(l) = ¬p
since in order for Ann to learn that GCN is (not) doing well, GCN has to, in fact, (not)

do well. This gives us the following action α in Figure 2.2.

Lastly we combine M and α and the resulting model Mα Figure 2.3 represent the

situation after Ann read the letter.

Looking at the Mα, we can see that Bob has now 4 cases to consider: Ann looked and

GCN is doing well, Ann looked but GCN is doing badly, and the two cases where Ann

did not look. So, Bob does not know whether GCN is doing well or not, and more over

he also does not know whether Ann knows or not. As these all seem to be the intuitive

results we were expecting to achieve this looks good so far.

However, the action model Mα does not contain all the information that could be

available to the agents at that point. For example, if we wanted to find out about

whether Ann learned p by α, we could not do so from Mα alone, since there are multiple

models that updated with α result inMα. Think of an action in which all possible actions

have a precondition and a world u that does not fulfill any of those preconditions. There
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will not be a version of u left in the resulting model and just looking at the resulting

model and the action we cannot tell whether u existed in the initial model. We cannot

necessarily reconstruct M from Mα and α alone and so we cannot evaluate the agent’s

knowledge about the past. The extended models of the next section are better equipped

to handle these questions.

2.2 Extended Model Semantics

The general idea of the extended model approach is to provide a single model that

combines the epistemic model we start with, and the action model. This is done by

introducing a different set of arrows between the worlds that correspond to specific

actions. It is evident that this allows us to keep the information of the initial epistemic

model even after transitioning to the action model. Additionally, representing actions

as arrows, allows us to use frame conditions to exactly express and pinpoint what the

properties of epistemic actions are.

Following is a discussion the extended model approach for AML given in [53]. For some

action α = 〈K, k, PRE〉, the α–arrow will go from a world w to a world v in our model

if v corresponds to the world 〈w, k〉 given the standard semantics.

As we are talking about Kripke models, the notion of correspondence will be bisimu-

lation, to be defined below. First, however, we need to define what it means to be an

extended model:

Definition 2.1. An extended model M for AML is a tuple 〈W,R,Rα, V 〉 where:

− M− = 〈W,R, V 〉 is a model of epistemic logic. M− is called the Kripke core of M .

− For each α, Rα is a binary relation over W .

With the following definition for truth in a model:

Definition 2.2. For a model M = 〈W,R,Rα, V 〉, a formula φ is true at (M,w), written

M,w �AML
ext φ as follows:

M,w �AML
ext p iff w ∈ V (p)

M,w �AML
ext ¬φ iff not M,w �AML

ext φ

M,w �AML
ext φ ∧ ψ iff M,w �AML

ext φ and M,w �AML
ext ψ

M,w �AML
ext Kaφ iff ∀v : Rawv implies M, v �AML

ext φ

M,w �AML
ext [α]φ iff ∀v : Rαwv implies M, v �AML

ext φ
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Again, a formula φ is true in a model M , if it is true on all w ∈W and valid if it is true

for all M .

In order to pinpoint only those extended models that coincide with the standard seman-

tics for AML, I need to introduce a notion of normality. This will make sure we only

take the right models and ultimately allow us to show the bisimulation between the right

worlds.

2.2.1 Normality

Definition 2.3. (Normality Conditions of Action Modal Logic) An extended

model M = 〈W,R,Rα, V 〉 for AML is called normal if the following properties hold for

all w, v in M :

A-Functionality For any action α: If M,w �AML
ext PRE(α) then there is a unique v

such that Rαwv. If M,w 2AML
ext PRE(α), then there is no v such that Rαwv.

A-Invariance If Rαwv then for all p: w ∈ V (p)↔ v ∈ V (p).

A-Zig If for some agent a and some β such that Rαaαβ: Raww
′, Rαwv and Rβw

′v′,

then Ravv
′.

A-Zag If for some agent a: Ravv
′ and Rαwv then there exists an w′ and a β such that

Raww
′, Rαaαβ and Rβw

′v′.

A model is called α-normal, for a specific action α, if it has the conditions A-Invariance,

A-Zig and A-Zag together with α-Functionality:

α-Functionality For a specific action α and all β and a such that Rαaαβ: If M,w �AML
ext

PRE(β) then there is a unique v such that Rβwv. If M,w 2AML
ext PRE(β), then

there is no v such that Rβwv.

Intuitively, A-Functionality ensures that every time a precondition for an action is fulfilled

there is exactly one world that results from the action happening at that world, and A-

Invariance makes sure that propositional values stay unchanged. A-Zig and A-Zag ensure

epistemic arrows on the initial model are also present on the resulting model and vice-

versa. Figure 2.4 illustrates this.

Note, the names of the latter three properties correspond to the conditions for bisim-

ulation and it should not be surprising that they will turn out to correspond to these
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Figure 2.4: A-Zig and A-Zag
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Figure 2.5: Zig and Zag

conditions directly. Given the right circumstances, we have a bisimulation between

worlds w in the Kripke core M− of an extended model M and 〈w, k〉, with k ∈ α, in

the action model M−α. Given the conditions this will mean going along the α–arrow

in the model will do the same as applying the α action. This allows us to show the

alternative semantics for extended models is equivalent to the standard semantics given

the extended model is normal.

Before we can show this, it is useful to state the definition of bisimulation in order to

see precisely what we are trying to proof:

Definition 2.4. A binary relation Z is called a bisimulation between two pointed Kripke

models M,w and N, v, if Zwv and whenever Zst the following hold:

Invariance: p ∈ VM (s) iff p ∈ V N (t),

Zig: if Rass
′ for some s′ and some agent a in M then there is a t′ with Ratt

′ in N and

Zs′t′,

Zag: if Ratt
′ for some t′ and some agent a in N then there is a s′ with Rass

′ in M and

Zs′t′.

If there is a bisimulation between M,w and N, v, we write M,w - N, v.

Zig and Zag are maybe easier to see using the Figure 2.5 with the dotted lines expressing

bisimilarity and the arrows Ra.

Lemma 2.5. Given an action α = 〈K, k, PRE〉 and an α–normal extended model M

such that the following holds:

1. Rαwv in M , and



Extended Models 19

w, k

〈w′, k′〉

w

w′

v

v′

α

β

α

α–Functionality

β

A-Zig

Figure 2.6: Proof of Zig

2. for every world u in M and every possible action l in α,

M−, u �AML PRE(l)↔M,u �AML
ext PRE(l),

we have:

M−α, 〈w, k〉 - M−, v

Proof. Let Z be a binary relation such that Z〈w, k〉t iff Rαwv in M . What is left to

show is that Z is the necessary bisimulation.

− Invariance: Follows directly from A-Invariance.

− Zig : This proof is illustrated by Figure 2.6 below. Take some 〈w, k〉 and 〈w′, k′〉
with R−αa 〈w, k〉〈w′, k′〉. By definition we have R−a ww

′, M−, w �AML PRE(k) and

M−, w′ �AML PRE(k′). By the second assumption: M,w′ �AML
ext PRE(k′). Thus

by α-Functionality, there is a v′ such that Rβw′v′ in M and, from A-Zig, we have

R−a vv
′.

− Zag :Again this proof is illustrated below, by Figure 2.7. Take some v such that

R−a vv
′, then, by A-Zag there is an w′ such that R−a ww

′ and, by

α-Functionality M,w′ �AML
ext PRE(k′). So by the second assumption we have

M−, w′ �AML PRE(k′) and so R−αa 〈w, k〉〈w′, k′〉.

As this lemma demonstrates, the world at the end of an α-arrow, for some action α, is

bisimilar to the one that would result if you updated the epistemic core by α. So, ex-

tended models take the dynamic components of the standard semantics and successfully

express them statically.
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Figure 2.7: Proof of Zag

This allows for expression of the equivalence of the extended model semantics and the

standard semantics in a straightforward manner:

Theorem 2.6. (Equivalence) For any L[α] formula φ and any normal extended model

M :

M,w �AML
ext φ iff M−, w �AML φ

Proof. The proof of this theorem goes via induction on the structure of the formula

φ. For announcement-free formulas �AML
ext and �AML have the same conditions and

therefore the Boolean and K cases are trivial.

For the case that φ = [α]ψ, there are two cases to distinguish: If M,w 2AML
ext PRE(α),

then by the inductive hypothesis M−, w 2AML PRE(α), as

PRE(α) ∈ L the basic epistemic language, and by the standard semantics M−, w �AML

[α]ψ. By α-Functionality there is no outgoing transition from w in M and therefore

M,w �AML
ext [α]ψ.

Now assume M,w �AML
ext PRE(α). By α-Functionality there is a unique α-successor of

w (call it v). From the inductive hypothesis and Lemma 1, M−α, 〈w, k〉 - M−, v. So,

M−α, 〈w, k〉 �AML φ iff M−, v �AML φ and from the inductive hypothesis M−α, w �AML

φ iff M−, v �AML
ext φ. So, following the semantics, M,w �AML

ext [α]φ iff M−, w �AML

[α]φ.

2.2.2 Extended Models for (Buy or Sell?)

In order to model the (Buy or Sell?) example from above in an extended model, what

we need to do is take M (Figure 2.1) and Mα (Figure 2.3) from above and combine

them into a single extended model, with M as its Kripke core. Note, we no longer need
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Figure 2.8: M+
α : Extended model of Buy or Sell?

to deal with pointed models, as the information of the actual actions is already built

into the relations of extended models. Let this model be M+ = 〈W+, R+, R+
α , V

+〉. For

W+ and V + we simply take the worlds from the initial model M , i.e. w and v such

that w ∈ V +(p) and v /∈ V +(p) For the new worlds I take w′ to correspond to 〈w, k〉, v′

to 〈v, l〉 and t′ and u′ to 〈w,m〉 and 〈v,m〉 from Mα, respectively. Additionally I take

the action structures resulting from substituting l or m as the actual action of α to be

β and γ, respectively.

Note, there should also be α, β and γ arrows originating from the new worlds (w′, . . . ).

I have omitted them here repeating the action will not result in any change of the model

and so the arrows will point to the same worlds again, i.e. from w′ to w′, v′ to v′ and

from t′ and u′ to t′ and u′, respectively. With the exception of the case where Ann did

not read the message at first, but does so now. For this case we also have an α-arrow

from u′ to w′ and an β-arrow from t′ to v′.

This provides the model in Figure 2.8, which, unfortunately, is still crowded.

It is easy to see that all the information of the action model is included in the extended

model, as the right part of the extended model is simply the action model. We do,

however, preserve the original model as well. This gives us the option to talk about

what was the case before a certain action happened. If we define [̃α] as a backwards

version of [α] (by simply reversing the direction of the α-arrow), we can formulate and

analyze some new and interesting statements.

Let us look at a variation of the example in which Bob actually sees Ann open the

envelope and read what is inside. The possible action m now disappears and there are

only 2 possible actions left, k and l. If we let everything else unchanged this gives us

the following action frame, called K’ (Figure 2.9).
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Figure 2.10: Mδ: The Action Model of Buy or Sell?
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Figure 2.11: M+
δ : The Extended Model of Buy or Sell?

From this action frame we get the action δ which allows us to construct an action model

M δ, with w, k and v, l represented as w′ and v′, respectively:

Again we combine the action model M δ and the epistemic model M to an extended

model M+
δ :

This example allows me to highlight one of the advantages of extended models: It

preserves the original model as its Kripke core. We can see that at the world 〈w, k〉
in the action model M δ Ann knows that GCN is doing well, however we can not tell

whether Ann actually gained this information from the action δ or not. For the extended

model, however, we can introduce [̃δ] and this allows us to formulate that “Ann knew

that GCN is doing well before she opened the envelope.” as [̃δ]Kap. As we can see

M+
δ , w

′ 2AML
ext [̃δ]Kap, since w 2AML

ext Kap. Note, it is not possible to define [̃ ] in a

similar manner for an action model. Given an action model like M δ, we cannot undo

the action δ as M δ could have resulted from the combination of δ with some other model,

say N . So, the extended model can keep the knowledge of the agents about the past

unchanged and this allows us to talk about what agents knew before some action took

place.
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Similarly we can talk about what the agents know, after an action, about what used to

be before that action took place. We can, for example, discuss whether Ann is aware

that she did not know GCN is doing well before she got the envelope. This can be

formalized as Ka [̃α]Kap and it is obvious this formula is not true at w′ in M+
δ because

Kap is not true at w. However, Ann also does not know that she did not know Kap,

since this is true at w′ and we have an α-arrow from w′ to itself. So, in this case Ann

might think it is possible that she already knew GCN is doing well. This does not,

however, fit the way the example is set up and we know, as part of the introduction of

the example, that Ann did not know that GCN is doing well at that point. There are,

of course, ways of setting up the extended model that preserves this information. I will

discuss how this can be done in the section about alternative normality conditions.

In addition, consider the case in which a completely differently epistemic action might

have taken place. Maybe Bob also requested information about GCN and it might be

just as likely that a messenger brought him an envelope. Let us call this action α′.

In the standard semantics we would have to create a new action model Mα′ and if we

want to compare the information of our agents we now have to deal with 3 models. On

the other hand the extended model can simply be modified by adding the appropriate

post-α′ worlds. We can think of these ‘partial models’ representing the model before or

after certain actions happen as (potential) points-in-time. So, extended models allow us

to model multiple such points in a single model. This enables discussion of counterfac-

tual statements in a straightforward manner: Using the above introduced [̃α], we can

formalize a sentence like “If Bob instead of Ann had gotten the envelope, Ann would

not know that GCN is doing well.” as [̃α][α′]¬Kap.

These examples demonstrate that the added structures of extended models allow us to

express and analyze some fruitful and interesting statements in the context of dynamic

epistemic logic that are not possible given the standard semantics. In the next section

of this chapter I go further than the extended model as they have been presented so

far, and talk about the normality conditions and how they can be modified to allow the

modeling of different dynamic epistemic logics.

2.3 Altering the Normality Conditions

In this section, I discuss ways in which the normality conditions can be altered to be

able to change the properties of the actions and agents modeled. This will serve a dual

purpose: It will show some possible applications of the extended model approach and it

will show how the conditions exactly express typical properties of epistemic actions. The
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first alteration to be discussed is adding another condition that forces perfect memory

on the agents.

2.3.1 Before Actions

As the (Buy or Sell?) examples show, extended models allow us to model the memories

of the agents, i.e. to talk about what they still know of the past. There is nothing in

the current set-up of extended model semantics keeping us from having multiple worlds

connecting to some world by the same action.3 A technical reason for looking at before

actions is that they correspond to the modal operator • in Display Logic that on the

left side of a sequent is interpreted as a backwards modality as we will see in Chapter

6. This means the agents might at that world no longer remember from which of these

worlds they came from, i.e. what they did or did not know before some action occurred.

Before I go into more detail, I will need to define the operator [̃α] already mentioned,

formally. Fortunately, this can be done in a straightforward manner:

Definition 2.7. (Action Language L[̃α]) For a set of atomic propositions P , p ∈ P ,

a set of agents A and a set of actions α, the language L[̃α] is generated by the following:

φ ::= p | ¬φ | (φ ∧ φ) | Kaφ | [α]φ | [̃α]φ

Definition 2.8. For a model M = 〈W,R,Rα, V 〉, the truth of a formula φ is as defined

in Definition 2.3 together with the following:

M,w �AML
ext [̃α]φ iff ∀v : Rαvw implies M, v �AML

ext φ

Just adding backwards-looking actions does not give us much insight into the memory

of agents yet. If, however, we add a condition that forces the action relation to be one-

to-one, agents will always be fully aware which world they started from and can track

back their knowledge through the model. This opens up the possibility to have more or

less forgetful agents. I have already alluded to how an agent may be forgetful about its

past in this sense: Ann might not be aware that some of her knowledge comes from a

certain action (and was not already there to begin with).

Take the following simple example: After a public announcement of p, call this action

α, there is only one world Ann considers w. Now Ann, however, does not remember

whether she already knew p or not, so there are two worlds from which the α could have

originated v and u. On v Ann already knew p, but not on u. This gives us the following

Figure 2.12:

3A discussion of a ’before an announcement’ operator added to PAL can be found in [4] and for AML
in [52] and [3]. Past public announcements in the standard semantics have also been discussed in [50, 51]
and [39]. For problems with that approach and a more in-depth treatment in extended models check
[37].
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Figure 2.12: What was before α?

In order to get an agent that is knowledgeable about every step it took to get to where

it is now, i.e. aware of all the worlds it went through to get to here, we can force the

action relationship to be one-to-one. As the A-Functionality already forces a world to

have at most one outgoing α-arrow, what is left is to also force the worlds to have only

one incoming α-arrow. I call this condition A-Awareness, as the agents are aware of the

path they took:

A-Awareness: If Rαwv, then for all w′ s.t. Rαw
′v, w = w′.

Remember that the other normality conditions do not take into account what actions

might have happened before and as so this condition has no influence on the truth of

the regular, forward-looking part of AML and only regulates the backwards looking [̃α].

Here is a corresponding lemma:

Lemma 2.9. For all extended models M and MC such that Rα and RCα only differ in

some frame condition C that restricts only the incoming arrows for all worlds w but not

their outgoing arrows, if MC is the minimal extension of M that fulfills that condition,

then for all w and φ that do not contain backwards actions

M,w �AML
ext φ iff MC , w �AML

ext φ

.

Or in words: The introduction of a backwards-only frame condition does not change

truth for the forward looking part of the model.

For this proof we need to define the notion of action depth
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Definition 2.10. The action depth |φ| of a formula φ is defined as follows:

|p| = 0

|Kψ|, |¬ψ| = |ψ|
|ψ ∧ χ| = max(|ψ|, |χ|)
|[α]ψ| = |ψ|+ 1

Proof. This proof will go by induction on the action depth of the formula φ. The

propositional base case follows directly from A-Invariance and the epistemic and other

propositional cases trivially from that.

What is left to show is the action case. I will only do the left-to right direction of

this proof as the right-to-left direction is similar. Let φ = [α]ψ for some action α,

since M,w �AML
ext [α]ψ, we know that M,w �AML

ext PRE(α) by A-Functionality and that

there is a v such that RCαwv and M, v �AML
ext ψ. By the inductive hypothesis we know

that MC , w �AML
ext PRE(α), as |PRE(α)| = 0, and so that there is a v′ such that

MC , v′ �AML
ext ψ. Since |ψ| < |[α]ψ| it follows that v and v′ agree on ψ.

In the (Buy or Sell?) example above it would cause our extended model to become

infinite, which will be the case when iterated applications of an action do not change the

model. For every iteration of the action we simply get a copy of the model and connect

it according to A-Functionality. So, for w′ there is a w′′ such that Rαw′w′′ and there

is a w′′′ with Rαw′′w′′′, and so on. Additionally, this allows the agent to go backwards

through the model and count the iterations of the action that have taken place: At w′′′,

Ka [̃α][̃α][̃α]¬Kap will hold and therefore Ann knows that before 3 iterations of the α

action she did not know that p was the case. Depending on the situation this is probably

too much introspection from the agents and so weaker versions of A-Awareness would be

necessary in order to fine tune the level of awareness the agents have about the actions

that took place and how their knowledge was changed by it.

Another situation in which we need to pay more careful attention to the position of

those parts of the model that represent a certain situation when looking at synchronous

actions. A close cousin of AML is Epistemic Temporal Logic (ETL) [46]. It expresses

worlds as strings of events that have taken place. In [11] a translation from AML to ETL

is proposed and [19] shows this translation forces a synchronicity that is not inherent

to either AML or ETL by having a stronger notion of Perfect Recall. In the normality

conditions from Definition 2.3 Perfect Recall corresponds to A-Zag, as we will see when

discussing the axioms of our system in Section 2.4. This work has been extended in

[25]. This notion of synchronicity might be useful to model situations, for example,
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Figure 2.13: M+ with actions β and γ

in which there are turns or rounds in which a single action can take place. So, a

condition that corresponds to this idea of synchronicity or a synchronous version of

Perfect Recall/A-Zag might be a worthwhile addition to the toolkit of extended models.

Having a pointed extended model with a clear starting model (with ‘time’ 0 worlds),

together with a restriction on actions so that they can only occur at specific ‘times’ (e.g.

α0, α1, . . . ), would make it possible to implement synchronicity of actions. Especially

promising would be looking into the framework of Dynamic Epistemic Temporal Logic

[51] combining ETL and AML. Perfect Recall is also an important notion in Game Theory

where it represents the agents retraining their information through multiple iterations

of a game, i.e. the agents know what was played in the previous rounds.4 An exact

analysis of how this notion of PR compares to the notion used here would also yield

fruitful results. These comparisons of our system to ETL and Game Theory, however, go

beyond the scope of this thesis and are left for future work.

2.3.2 Weaker Normality Conditions

Another approach to modifying the epistemic actions is to weaken or otherwise change

the modal restrictions given by the normality conditions. A syntactic version of this

approach is also discussed in [54]. They discuss altering the axioms resulting from the

normality conditions for PAL. Here are some examples of some interesting changes to

the normality conditions:

1. We can weaken the A-Functionality criterion to allow for some world having multiple

outgoing α-arrows for some action α. This can allow for modeling of non-deterministic

actions. Take α to be β ∪ γ, where ∪ is a non-deterministic ‘or’, i.e. either β or γ will

take place, but it is not determined which one it will be. So, given the actions β and γ

and a world w, we could have the model in Figure 2.13.

Given that α is just either β or γ, we get the model with the non-deterministic action

α in Figure 2.14.

4For examples of analysis of games without perfect recall check [47] and [41].
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Figure 2.14: M+ with non-deterministic action α

2. A common extension of Action Modal Logic first proposed in [12] adds postconditions

to actions. I have already introduced it in Section 1.3. These postconditions are supposed

to represent the way the world itself changes given some action and allow modelling of

actions that are not restricted to just changing the knowledge of the agents. In order

to model such a logic with extended models we would have to relax the A-Invariance

condition to allow for actions to effect whether propositional formulas are true at a

world or not. This variation will be discussed in more detail in the next section of this

paper, as this is a common variant of AML and will be necessary for modeling forgetting.

3. As already mentioned the A-Zig and A-Zag conditions state that all epistemic steps

on one side of an action arrow are mirrored on the other side. Therefore, the knowledge

of the agents behaves predictably: A-Zig guarantees no epistemic arrows are wrongfully

lost by actions, i.e. no new knowledge is gained that does not follow from the action and

A-Zag guarantees no new epistemic arrows are added after an action took place and so

nothing that was previously known are forgotten. However, one might want to have less

perfect reasoners, or simply allow for actions that have these effects on agents. In this

case one could alter one or both of these conditions.

Note, the normality conditions are defined in the way they are to allow for a proof of

completeness between an extended model and a model using the standard semantics via

bisimulation. So, if the goal is to give an extended model that corresponds to an already

existing logic with a similar semantic to the standard semantics for AML, extra care

has to be taken in order to keep the bisimulation result intact, unless another way of

proving completeness is used. In the following example of an extended model for AML

with postconditions, I propose a condition replacing A-Invariance that does not interfere

with the bisimulation.

2.3.3 Extended Models with Postconditions

To give extended models with postconditions we only need to change Definition 9. from

above, i.e. the normality conditions. Specifically Definition 1.12 of truth need not be

changed except that I will use �AMLp
ext in place of �AML

ext
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As mentioned already the condition of A-Invariance needs to be adapted to allow for this

change in the propositional values. Instead we will need an A-Effectiveness condition:

Definition 2.11. An extended model for AMLp is called normal if the following prop-

erties hold.

A-Functionality For any action α: If M,w �AML
ext PRE(α) then there is a unique v

such that Rαwv. If M,w 2AML
ext PRE(α), then there is no v such that Rαwv.

A-Effectiveness 5 If Rαwv then for all p: v ∈ V α(p)↔ w �e POST (k, p).

A-Zig If for some agent a and some β such that Rαaαβ: Raww
′, Rαwv and Rβw

′v′,

then Ravv
′.

A-Zag If for some agent a: Ravv
′ and Rαwv then there exists an w′ and a β such that

Raww
′, Rαaαβ and Rβw

′v′.

A model is called α-normal, for a specific action α, if it has the conditions A-Effectiveness,

A-Zig and A-Zag together with α-Functionality:

α-Functionality For α and all β such that Rααβ: If M,w �AML
ext PRE(γ) then there

is a unique v such that Rγwv. If M,w 2AML
ext PRE(γ), then there is no v such

that Rγwv.

With both systems now defined, we can show the following theorem:

Theorem 2.12. For any L[α]p formula φ and any normal extended model M :

M,w �AMLp
ext φ iff M−, w �AMLp φ

Proof. To prove this, we need to adapt the bisimulation proof from Lemma 2.5. above

and show v is bisimilar to 〈w, k〉 given the standard semantics. Note that this is the only

change we needed to make from the extended system for AML. Since the other normality

conditions stay unchanged, what is left to show is v and 〈w, k〉 agree on the same

propositional letters. It is apparent this follows directly from A-Effectiveness since both

〈w, k〉 and v make exactly those propositions p true for which w �AMLp POST (k, p).

5I call this condition Effectiveness because, given the condition, actions are effective in forcing their
postconditions.
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2.4 Axiomatization

Now I will discuss axiomatizations of Action Modal Logic based on extended models.

These will differ from the standard axiomatization of AML and AMLp by not relying

on reduction. Because of this in the following I will refer to them as non-reductive and

conversely the standard axiomatization as reductive. What is meant here by reduction

is the provability of action formulas is reduced to that of epistemic formulas. In a sense,

the reductive axioms can be used to translate any action formula into one of (static)

epistemic logic. Although from a technical standpoint this is a great result and makes

working with these axioms easy, as epistemic logic is already fairly well researched and

understood, this puts the emphasis on the wrong part of the logic. The main focus of

the research into Dynamic Epistemic Logic should be on gaining a better understanding

of the actions and the dynamic part of the logic. As such it should be the goal to give an

axiomatization that highlights the fundamental properties of epistemic actions. I argue,

the normality conditions do just that.

Therefore, in this section I develop an axiomatization for AMLp, that does not rely on

reduction to epistemic logic like the standard axioms do, but rather is based on the nor-

mality conditions for AMLp. I contrast it with a similarly non-reductive axiomatisation

for AML. It turns out we can give an axiom corresponding to each of these conditions.

A-Zig and A-Zag correspond to axioms that are close to the axioms No Miracles and

Perfect Recall respectively and are therefore named after them. A-Functionality can be

shown by expressing the special relation between the box operator [α] and its corre-

sponding diamond 〈α〉. A-Invariance states simply that the truth of propositional letters

cannot be changed via epistemic actions and, in contrast, A-Effectiveness makes sure

that propositional truth is changed accordingly. Since [α] is now treated as a regular

modal operator corresponding versions of K and Necessitation are also required.

The non-reductive axiomatic system for AML and AMLp, can be found in Table 2.1 with

A-INV only applying to AML and A-POST only applying to AMLp. Note that action

frames are finite and so the set of βs can be used to form the necessary disjunction for

No Miracles and Perfect Recall.

Before going to the soundness and completeness proofs for these axioms, I want to note

the following lemma:

Lemma 2.13. Given the axioms T, 4 and 5, following are derivable:

1. `AML
ext [α](Kaφ→ φ)

2. `AML
ext [α](Kaφ→ KaKaφ)
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Extended AML and AMLp: `AML
ext and `AMLp

ext

Axioms

All propositional axioms

All epistemic tautologies K(+T, 4, 5)

[α](φ→ ψ)→ ([α]φ→ [α]ψ) Kα

[α;β]φ↔ [α][β]φ Compositionality
〈α〉φ↔ PRE(α) ∧ [α]φ Partial Functionality
(
∨

♦a〈β〉φ : Rαaαβ)→ [α]♦aφ No Miracles
〈α〉♦aφ→ (

∨
♦a〈β〉φ : Rαaαβ) Perfect Recall

(p→ [α]p) ∧ (¬p→ [α]¬p) Invariance

POST (k, p)→ [α]p ∧ ¬POST (k, p)→ [α]¬p Effectiveness

Rules

From φ and φ→ ψ, infer ψ Modus Ponens
From φ, infer Kaφ Ka–Necessitation (NECa)
From φ, infer [α]φ [α]–Necessitation (NECα)

Table 2.1: The extended model axioms of AML and AMLp

3. `AML
ext [α](¬Kaφ→ Ka¬Kaφ)

Proof. By NECα on T, 4 and 5, respectively.

Note that these formulas correspond to their usual frame properties but on action mod-

els, i.e. [α](Kaφ → φ) (which is [α]T), for example, corresponds to the action models

resulting from α, e.g. Mα, being reflexive. This corresponds to the standard semantics

as we want action models to still be epistemic models and so we want the initial frame

conditions to be preserved. So it is important that this is also the case given extended

models.

The following proposition will be useful later:

Proposition 2.14. For ψ = PRE(α): `AML
ext ¬ψ → [α]φ

Proof.

1. `AML
ext 〈α〉¬φ↔ (ψ ∧ [α]¬φ) P. Functionality

2. `AML
ext ¬[α]φ↔ (ψ ∧ ¬〈α〉φ) From 1

3. `AML
ext ¬[α]φ↔ ¬(ψ → 〈α〉φ) From 2

4. `AML
ext [α]φ↔ (ψ → 〈α〉φ) From 3

5. `AML
ext ¬ψ → (ψ → 〈α〉φ) Tautology

6. `AML
ext ¬ψ → [α]φ Modus Ponens on 3,4
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Theorem 2.15. `AML
ext is sound w.r.t. the extended semantics, i.e. for all formulas φ:

If `AML
ext φ, then �AML

ext φ.

Proof. I prove this by showing that all the axioms and rules are valid for the extended

semantics. Let M be some arbitrary extended model, w, v, . . . worlds on that model,

φ, ψ, . . . arbitrary formulas and p an arbitrary propositional letter of the language of

L[α]. Note that the static part of L[α] stays unchanged and the propositional and

epistemic parts need not be checked.

− Kα: Assume M,w �AML
ext [α](φ → ψ). If M,w 2AML

ext PRE(α), then M,w �AML
ext

[α]ψ. If M,w 2AML
ext PRE(α), then there must be a unique v such that Rαwv.

Assume that M,w �AML
ext [α]φ and so M, v �AML

ext φ. But M, v �AML
ext φ → ψ and

so M, v �AML
ext ψ and M,w �AML

ext [α]ψ.

− Compositionality : This follows directly from Lemma 1.8.

− Invariance: Assume M,w �AML
ext p. If M,w 2AML

ext PRE(α), then M,w �AML
ext [α]p,

so assume M,w �AML
ext PRE(α). By α-Functionality, there must be a unique v such

that Rαwv and by A-Invariance M, v �AML
ext p. Similar for ¬p.

− Partial Functionality : First assume M,w �AML
ext 〈α〉φ. So there exists a v such

that Rαwv and M, v �AML
ext φ. By α-Functionality this v is the unique α–successor

of w, so M,w �AML
ext [α]φ and M,w �AML

ext PRE(α).

Now assume M,w �AML
ext PRE(α) ∧ [α]φ. So by α-Functionality there must be a

unique v such that Rαwv and M,v �AML
ext φ, so M,w � 〈α〉φ.

− No Miracles: Assume M,w �AML
ext

∨
♦a〈β〉φ : Rαaαβ, so there is some β s.t.

M,w �AML
ext ♦a〈β〉φ. So there must be a world w′ such thatRaww

′ andM,w′ �AML
ext

〈β〉φ. So M,w′ � PRE(β) and there is a v′ such that Rβw′v′ and M,v′ �AML
ext φ. If

M,w 2AML
ext PRE(α), then M,w �AML

ext [α]♦φ.If M,w �AML
ext PRE(α), then there

is a v such that Rαwv. Since Rαaαβ we have Ravv
′ by A-Zig and so M,v �AML

ext ♦aφ

and M,w �AML
ext [α]♦aφ.

− Perfect Recall : Assume M,w �AML
ext 〈α〉♦aφ. So M,w � PRE(α) and there must

be a v such that Rαwv and M,v �AML
ext ♦φ. Then there is a v′ such that Ravv

′

and m, v � φ. By A-Zag there must be a w′ such that Raww
′ and some action β

such that Rααβ and Rβw
′v′. So M,w′ �AML

ext 〈β〉, M,w �AML
ext ♦a〈β〉φ and, finally,

M,w �AML
ext

∨
♦a〈β〉φ : Rαaαβ.

− NECα: Assume φ is valid on extended models. For all w and M , if M,w 2AML
ext

PRE(α), then M,w �AML
ext [α]φ. If M,w � PRE(α), then there is a v such that

Rαwv. Since φ is valid on M , M,v �AML
ext φ and M,w �AML

ext [α]φ.
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The proof of the validity of the rules and axioms for the standard semantics of AML

goes similarly:

Theorem 2.16. `AML
ext is sound w.r.t the standard semantics for AML,i.e. for all for-

mulas φ: If `AML
ext φ, then �AML φ.

Proof. Assumptions as in the proof above with the exception that M is a standard

epistemic model and additionally k and l are the possible actions that are the specific

actions for α and β, respectively. In the following, for the sake of brevity, I will omit

the trivial cases in which [α]φ PRE(α) does not hold.

Kα: Assume M,w �AML [α](φ→ ψ). So Mα, 〈w, l〉 �AML φ→ ψ. Now if M,w �AML

[α]φ, then Mα, 〈w, k〉 �AML φ. So Mα, 〈w, k〉 �AML ψ and M,w �AML [α]ψ.

Compositionality : This, again, follows directly from Lemma 1.8.

Invariance: Assume M,w �AML p, so w ∈ V (p). There is a 〈w, k〉 in Mα and

Mα, 〈w, k〉 �AML p if and only if w ∈ V (p). So Mα, 〈w, k〉 �AML p and M,w �AML

[α]p. Similar for ¬p.

Partial Functionality : First assume M,w �AML 〈α〉φ. So there is 〈w, k〉 in Mα such

that Mα, 〈w, k〉 �AML φ. So M,w �AML PRE(α) ∧ [α]φ.

Now assumeM,w �AML PRE(α)∧[α]φ. So there is 〈w, k〉 inMα withMα, 〈w, k〉 �AML

φ. So M,w �AML 〈w, k〉.

No Miracles: Assume M,w �AML
∨
♦a〈β〉φ : Rαaαβ, so there is some β s.t.

M,w �AML ♦a〈β〉. So there must be a world v such that Rawv and M,v �AML

〈β〉φ. Additionally, M,v �AML PRE(β) and there is a world 〈v, 〉 in Mβ, such

that Mβ, 〈v, l〉 �AML φ. Assuming M,w �AML PRE(α), there is a world 〈w, k〉 in

Mα. Note that, by the restriction on A-No Miracles, Mβ is Mα and Rα〈w, k〉〈v, l〉
and so Mα〈w, k〉 �AML ♦aφ and M,w �AML [α]♦aφ.

Perfect Recall : Assume M,w �AML 〈α〉♦aφ. So there is 〈w, k〉 and 〈v, l〉 in Mα with

Mα, 〈w, k〉 �AML ♦aφ, Rα〈w, k〉〈v, l〉 and Mα, 〈v, l〉 �AML φ. So, by definition,

there must be a v in M such that Rawv and M,v �AML PRE(l). Now take β to

be α with l substituted for the specific action. So M,v �AML 〈β〉φ, M,w �AML

♦a〈β〉φ and, finally, M,w �AML
∨
♦a〈β〉φ : Rααβ.

NECα: Assume φ is valid on epistemic models. For all w and M , since Mα is also an

epistemic model, Mα, 〈w, k〉 �AML φ and so M,w �AML φ.
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This concludes the soundness proofs for our axioms. What is left to show is completeness.

For extended models this will be shown in the standard way by creating the canonical

model, prove a Lindenbaum and a Truth Lemma. This result will then be used to show

the completeness with respect to the standard semantics, by showing that the extended

canonical model is just a normal extended model.

Lemma 2.17. (Lindenbaum Lemma) Each `AML
ext -consistent set of formulas can be

extended into a maximally consistent set.

Proof. This is shown by giving the standard procedure of generating maximally consis-

tent sets from sets of formulas: Let φ0, φ1, . . . be an enumeration of the formulas of L[α]

and Σ an �AML
ext -consistent set of formulas. Σ+ is the union of `AML

ext -consistent sets as

follows:

Σ0 = Σ

Σn+1 =

{
Σn ∪ {φn}, if this is `AML

ext -consistent

Σn ∪ {¬φn}, otherwise

Σ+ =
⋃
n≥0 Σn.

It is obvious that the sets generated by this procedure are maximally consistent sets.

Definition 2.18. The canonical model MC is the triple 〈WC , RC , V C〉 where:

1. WC is the set of all `AML
ext -maximal consistent sets:

2. RC is the set of binary relations on WC defined by RCa wv if for all formulas φ,

φ ∈ v implies ♦aφ ∈ w for all agents a. RCa is called canonical relation for a:

3. V C is the valuation defined by V C(p) = {w ∈ WC : p ∈ w}, V C is called the

canonical or natural valuation.

I now will amend this definition to allow for canonical models for extended models.

Definition 2.19. The canonical model MC
ext is a tuple 〈WC , RC , RCα , V

C〉 where:

1. 〈WC , RC , V C〉 is a standard canonical model.
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2. RCαwv iff for all φ: φ ∈ v implies 〈α〉φ ∈ w.

Note that the Kripke core (as defined above) of the canonical extended model MC
ext is

just the canonical model MC .

Two more lemmas are required in order to show the Truth Lemma.

Lemma 2.20. RCαwv iff for all φ : [α]φ ∈ w implies φ ∈ v.

Proof. Suppose RCαwv and φ /∈ v. So, by maximality, ¬φ ∈ v and 〈α〉¬φ ∈ w. Since w

is consistent ¬〈α〉¬φ /∈ w, i.e. [α]φ /∈ w.

For the right–to–left direction suppose 〈α〉φ ∈ w implies φ ∈ v, but not RCαwv. For some

arbitrary ψ, 〈α〉¬ψ ∈ w implies ¬ψ ∈ v or by contraposition ψ ∈ v implies ¬〈α〉¬ψ ∈ w,

i.e. [α]ψ ∈ w. Since ψ is arbitrary this suffices.

Lemma 2.21. (Existence Lemma) For any world w ∈WC and action α, if 〈α〉φ ∈ w
then there is a state v ∈WC such that RCαwv and φ ∈ w.

Proof. Suppose 〈α〉φ ∈ w. Construct a state v such that RCαwv and φ ∈ v. Let v− be

{φ} ∪ {ψ : [α]ψ ∈ w}. For contradiction assume that v− is inconsistent. So there are

ψ1, . . . , ψn such that `AML
ext (ψ1 ∧ · · · ∧ψn)→ ¬φ and by necessitation and distributivity

`AML
ext [α](ψ1∧· · ·∧ψn)→ [α]¬φ. Since we are treating actions as normal modal operators

in the extended model, the following holds: ([α]ψ1 ∧ . . . [α]ψn)→ [α](ψ1 ∧ · · · ∧ ψn) and

so `AML
ext ([α]ψ1 ∧ . . . [α]ψn) → [α]¬φ. [α]ψ1 ∧ · · · ∧ [α]ψn ∈ w, as [α]ψ1, . . . , [α]ψn ∈ w

and w is a maximally consistent set, and so [α]¬φ ∈ w. It follows that ¬〈α〉φ ∈ w. This

is a contradiction since 〈α〉φ ∈ w. So v− is consistent.

Let v be any maximally consistent set extending v− which is possible due to the Lin-

denbaum Lemma proven above. By construction φ ∈ v and for all formulas ψ, [α]ψ ∈ w
implies ψ ∈ v. By Lemma 2.20 , RCαwv.

Given this we can now prove the Truth Lemma in a pretty straightforward manner.

Lemma 2.22. (Truth Lemma) For any L[α]–formula φ, MC
ext, w �AML

ext φ iff φ ∈ w

Proof. The proof proceeds by induction on the complexity of φ. The case that φ is

propositional follows from the definition of the extended canonical model above. The

boolean cases follow from the properties of maximally consistent sets and since the

extended canonical model is just an extension of the standard canonical model, the

modal cases follow from the canonical model for epistemic logic. What is left to show

are the cases for action–formulas. For the left–to–right direction:
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MC
ext, w �AML

ext 〈α〉φ iff ∃v(RCαwv ∧MC
ext, v �AML

ext φ)

iff ∃v(RCαwv ∧ φ ∈ w) by i.h.

only if 〈α〉φ ∈ w by definition of RC

For the right–to–left direction, suppose 〈α〉 ∈ w. By the above it suffices to find an

maximally consistent set v such that RCαwv and φ ∈ v. This is done via the Existence

Lemma.

The following directly follows from this result:

Theorem 2.23. (Completeness) �AML
ext is sound and strongly complete w.r.t. the

extended model semantics of AML on the class of Kripke frames that have the same

restrictions as its action frames.

What is left to show is that this completeness extends to the standard semantics for

AML. This is done by showing that MC
ext has all the properties of a normal extended

model.

Proposition 2.24. For any world w in MC
ext, if RCαwv then for all propositional p : If

p ∈ w, then p ∈ v,i.e. MC
ext has the A-Invariance property.

Proof. Follows directly from Invariance and Lemma 2.20.

Proposition 2.25. For any world w in MC
ext, w has at most one α–successor.

Proof. Assume there are two different α–successor v and v′. So there exists a φ such that

φ ∈ v and ¬φ ∈ v′. Since φ ∈ v and by definition of RCα , 〈α〉φ ∈ w. By Perfect Recall

and Modus Ponens, [α]φ ∈ w. This is a contradiction by Lemma 2.20. and ¬φ ∈ v′.

Proposition 2.26. For any action α with PRE(α) = ψ: if ψ ∈ w then w must have a

unique α–successor v and v = {φ : 〈α〉φ ∈ w} = {φ : [α]φ ∈ w}. If ψ /∈ w then w does

not have any α–successor.

Proof. Note that due to Partial Functionality, given that ψ ∈ w, {φ : 〈α〉φ ∈ w} = {φ :

[α]φ ∈ w}. So, it suffices to show that v = {φ : [α]φ ∈ w} is a maximally consistent set.

Suppose that v is not consistent with respect to L[α]. So there are ψ1, . . . , ψn ∈ v such

that `AML ψ1 ∧ · · · ∧ψn → ⊥. From NECα and Kα it follows that `AML ([α]ψ1 ∧ · · · ∧
[α]ψn) → [α]⊥. So [α]⊥ ∈ w. Note, however, that > ∈ w and from NECα [α]> ∈ w.
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By our assumptions ψ ∈ w and from Partial Functionality we have 〈α〉> ∈ w. This is a

contradiction since w is consistent.

Suppose that v is not maximal, then there is a formula φ such that φ /∈ v and ¬φ /∈ v,

therefore neither [α]φ nor [α]¬φ in w. Since w is maximal, ¬[α]¬φ and 〈α〉φ ∈ s. From

Partial Functionality, [α]φ is in w, which is a contradiction.

So v is a maximal consistent set. By the definition of RCα , it is clear that RCαwv and

since ψ ∈ w it follows that {φ : 〈α〉φ ∈ w} = {φ : [α]φ}. From the proposition above

there cannot be another α–successor of w.

To show that if ψ /∈ w then w does not have any α–succesor, suppose ψ /∈ w and

RCαwv. Then 〈α〉> ∈ w since > ∈ v. However, since ψ /∈ w we have ¬ψ ∈ w and so by

Proposition 2.14. ¬〈α〉> ∈ w.

Proposition 2.27. MC
ext has the A-Functionality property.

Proof. This follows directly from the Truth Lemma and the propositions above.

Proposition 2.28. MC
ext has the A-Zig property, i.e. if Raww

′, Rαwv and Rβw
′v′, for

some α and β such that Rαaαβ then Ravv
′.

Proof. Assume some φ ∈ v′. What is to show is that ♦aφ ∈ v. Since Rβw
′v′ we have

〈β〉φ ∈ w′ and so ♦a〈β〉φ ∈ w by Raww
′. By No Miracles, [α]♦aφ ∈ w and, since Rαwv,

♦aφ ∈ v.

In order to show the same for A-Zag, I am going to need some handy propositions:

Proposition 2.29. 1. `AML
ext [α]φ ∨ [α]ψ → [α](φ ∨ ψ)

2. `AML
ext Ka([α]φ0 ∨ · · · ∨ [α]φn)→ Ka[α](φ0 ∨ · · · ∨ φn)

Proof.

1. `AML
ext φ→ (φ ∨ ψ) Tautology

2. `AML
ext [α](φ→ (φ ∨ ψ)) NECα

3. `AML
ext [α]φ→ [α](φ ∨ ψ) Kα

4. `AML
ext [α]ψ → [α](φ ∨ ψ) Similarly

5. `AML
ext [α]φ ∨ [α]ψ → [α](φ ∨ ψ) By 3. and 4.
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1. `AML
ext φ0 ∨ · · · ∨ φn → φ0 ∨ φn Tautology

2. `AML
ext [α](φ0 ∨ · · · ∨ φn → φ0 ∨ · · · ∨ φn) NECα

3. `AML
ext [α](φ0 ∨ · · · ∨ φn)→ [α](φ0 ∨ · · · ∨ φn) Kα

4. `AML
ext [α]φ0 ∨ · · · ∨ [α]φn → [α](φ0 ∨ · · · ∨ φn) By the above

5. `AML
ext Ka([α]φ0 ∨ · · · ∨ [α]φn → [α](φ0 ∨ · · · ∨ φn)) NECa

6. `AML
ext Ka([α]φ0 ∨ · · · ∨ [α]φn)→ Ka[α](φ0 ∨ · · · ∨ φn)) K

Proposition 2.30. MC
ext has the A-Zag property, i.e. if Ravv

′ and Rαwv then there

exists a w′ and a β such that, Raww
′, Rαaαβ and Rβw

′v′.

Proof. Let X = {〈β〉φ : φ ∈ v′} ∪ {φ : ♦aφ ∈ w}. If X is consistent it can be extended

into the needed maximal consistent set v. So what is left to show is that X is consistent.

If it is not, there are φ0, . . . , φn ∈ v′ and Kaχ0, . . . ,Kaχm ∈ w such that `AML (〈β〉φ0 ∧
· · · ∧ 〈β〉φn ∧ χ0 ∧ · · · ∧ χm) → ⊥. So (χ0 ∧ · · · ∧ χm) → ¬(〈β〉φ0 ∧ · · · ∧ 〈β〉φn) or

`AML (χ0 ∧ · · · ∧χm)→ ([β]¬φ0 ∨ · · · ∨ [β]¬φn). By NECa and K, `AML Ka(χ0 ∧ · · · ∧
χm)→ Ka([β]¬φ0 ∨ · · · ∨ [β]¬φn).

The fact that Kaχ0, . . . ,Kaχm ∈ w suffices to show that Ka([β]¬φ0 ∨ · · · ∨ [β]¬φn) ∈ w.

By this and the proposition above Ka[β](¬φ0 ∨ · · · ∨ ¬φn) ∈ w. By contraposition

on Perfect Recall Ka[β]φ → [α]Kaφ, thus [α]Ka(¬φ0 ∨ · · · ∨ ¬φn) ∈ w. Since Rαwv,

Ka(¬φ0 ∨ · · · ∨ ¬φn) ∈ v and so, by Ravv
′, ¬φ0 ∨ · · · ∨ ¬φn ∈ v′. This is contradictory

to our assumptions.

Since MC
ext has all the properties of a normal extended model, the following lemma

follows immediately:

Lemma 2.31. MC
ext is a normal extended Kripke model.

Lemma 2.32. For any L[α] formula φ and world w in MC :

φ ∈ w ↔MC , w �AML φ

Proof. This follows from Theorem 2.6, the lemma above, the Truth Lemma and the fact

that the Kripke core of MC
ext is just MC .

From this it follows that every L[α] consistent set of formulas has a model and therefore

we have strong completeness:
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Theorem 2.33. (Completeness) `AML
ext is sound and strongly complete w.r.t. the

standard semantics of AML on the class of Kripke frames that have the same restrictions

as its action frames.

Now we have to show that this result extends to completeness for AMLp.

Theorem 2.34. (Completeness) `AMLp
ext is sound and complete with respect to (1) the

extended model semantics and (2) the standard semantics for AMLp, respectively.

I will only sketch the proofs here as they follow the scheme from above. For completeness,

we build a canonical extended model with epistemic and action arrows. The Truth

Lemma follows directly. This gives us (1). For (2) we need to show the canonical

model does in fact obey all the normality conditions. This is easy to demonstrate.

I will only focus on the parts of this proof that are sufficiently different for actions

with postconditions. Note that the definition of a canonical extended model remains

unchanged and we only need to show that it satisfies A-Effectiveness for `AMLp
ext .

To show the relevant parts of the proof, there is one more lemma required.

Lemma 2.35. RCαwv iff for all φ : [α]φ ∈ w implies φ ∈ v.

Proof. This is an adaptation of Lemma 2.20.

Suppose RCαwv and φ /∈ v. So, by maximality, ¬φ ∈ v and 〈α〉¬φ ∈ w. Since w is

consistent ¬〈α〉¬φ /∈ w, i.e. [α]φ /∈ w.

For the right-to-left direction suppose 〈α〉φ ∈ w implies φ ∈ v, but not RCαwv. For some

arbitrary ψ, 〈α〉¬ψ ∈ w implies ¬ψ ∈ v or by contraposition ψ ∈ v implies ¬〈α〉¬ψ ∈ w,

i.e. [α]ψ ∈ w. Since ψ is arbitrary this suffices.

Finally, we can show that the axioms are complete:

Theorem 2.36. `AMLp
ext is complete with respect to (1) the extended model semantics

and (2) the standard semantics for AMLp, respectively.

Proof. For A-Effectiveness, we need to, similarly, show that for any w in MC
ext such

that RCαwv, with k the actual action of α, then for all p: p ∈ V C(v) iff MC , w �AML

POST (k, p). This follows from the lemma above and Effectiveness.
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What is left to show is soundness. This proof is straightforward, but I want to show

the cases for Effectiveness here. Otherwise we leave the original proof fundamentally

unchanged:

Theorem 2.37. `AMLp
ext is sound with respect to (1) the extended model semantics and

(2) the standard semantics for AMLp, respectively.

Proof. Take a model M− and an action with postconditions α with k their actual action.

We need to show that Effectiveness is valid on that model(1) and on the extended model

M (2). For brevity, I omit the trivial case in which PRE(α) does not hold.

Assume M,w �e POST (k, p).

For (1), by assumption there is going to be a world 〈w, k〉 in Mα and 〈w, k〉 ∈ V α(p)

and so M,w `AMLp
ext [α]p. Similar for ¬POST (k, p).

For (2), by α-Functionality, there must be a unique v such that Rαwv and by A-

Effectiveness, M,v �e p and so M,w �AMLp [α]p. Similarly, for ¬POST (k, p).

2.4.1 Reductive vs Normality Axioms

I want to address one important questions here: Given that there are already (reductive)

axiomatizations for logics like PAL or AML, why should one care about the axiomati-

zations given above? I want to highlight here, why the non-reductive axiomatization is

important. Apart from the possibilities already discussed in the section on the semantics

of extended models, I also add a more fundamental difference between the two sets of

axioms: The understanding of the logic from its axiomatization.

In [12] there is the discussion about the interaction between epistemic formulas and

dynamic formulas that is described by the reductive axioms: The reductive axioms can

be used as a translation of dynamic formulas into epistemic ones. This means we could

evaluate the dynamic formulas on the starting model already, i.e. from the starting

model we can already tell what would be true if a particular action happened. This

result comes from the deterministic nature of epistemic actions and should therefore

not come as a surprise. This seems like a natural way of thinking about epistemic

actions: They are predictable in the sense that if you know which action is going to take

place, you can predict what the agents will know after the action actually takes place.

This should be an intuitive result because we can create a unique, specific model that

exactly represents the model after that action, i.e some action α and a model M will
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always result in the same Mα, so if we can represent this α as a formula (like PRE(α)

represents α in [α]p) in M then we can evaluate whether the formula is true after the

action on the initial model (PRE(α)→ p). The reductiveness of epistemic action to the

underlying static epistemic logic, however, does not seem to be a fundamental property,

i.e. one we would use to define them. But this is exactly what we are doing by giving an

axiomatization using reductive axioms: The reduction to an epistemic formula becomes

the defining feature of epistemic actions.

The normality conditions (and the corresponding axioms) tell a better story about what

an epistemic action actually does than the standard semantics (and reductive axioms)

and therefore what action model logic is. They directly represent fundamental proper-

ties of epistemic actions and can be naturally changed when the properties of epistemic

actions change (as I shown in this chapter). In [54] variants of the non-reductive axioms

used to give axiomatizations to dynamic epistemic logics that do not allow for simple

reductive axioms are discussed. This highlights that the reduction is but a contingent

property of some of these logics and the non-reductive approach allows for a more de-

tailed picture of the fundamental properties of dynamic epistemic logics. The normality

axioms give a more fine grained tool for adjusting the logics of epistemic actions depend-

ing on what you want the properties of the actions and the agents to be like.6 Reductive

axioms can still be a very useful for proving properties of the logics, like the expressivity

results in [42]. Additionally, they provide straightforward and easy completeness proofs.

I make use of this in Chapters 3 and 4.

Lastly, in Chapter 6, I work on developing a Display Logic proof system using these

reductive axioms. It turns out the axioms directly correlate to structural rules in the

display system. This should not come as a surprise, as the extended models read the

action operator closer to a traditional modal operator.

I have demonstrated, that there is a lot of merit to be found in extended model semantics

for dynamic epistemic logic. The results in this chapter have added to [54] and argued for

non-reductive axiom systems that derive from the extended model approach. However,

my main contribution is arguing for the use of the semantics for its own sake. The

added structure of extended models compared to the standard approach to action models

allows for fine tuning of the actions and the agents that we want to represent and allow

modelling a type of memory for our agents. The normality conditions directly represent

the properties of epistemic actions and agents and so changing them is a promising

approach to further research in dynamic epistemic logic.

6In [9] a different approach to this problem has been analysed by comparing the rules of updates to
Social Choice Theory.
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Developing the changes to the normality conditions named in this paper and other

variants of the normality conditions is promising work that is left for the future. Further

investigating the relationship between ETL, Game Theory and extended models is also

left for future work.

The main technical results of this chapter have been the generalization of the extended

model approach to AMLp and the completeness results for the corresponding axiomati-

zation EANp: I give a new axiomatic system for a key logic in dynamic epistemic logic

that does not purely rely on reduction to epistemic logic. This shows that the extended

model approach, in fact, does represent a valid strategy for dealing with a variety of

different epistemic actions.

In Chapter 5 I use the extended models discussed in this chapter together with the

forgetting systems of Chapter 3 and 4 to develop extended models of forgetting. In

Chapter 6 we use the non-reductive axioms to develop Display Logics for the systems

discussed in this thesis.



Chapter 3

Positive Forgetting

Ann has just received some exciting news (her doctoral thesis just passed) and so she

runs around the office telling people about her fortune. In her glee she is not great about

keeping track about who she has already told and so she bursts into Bob’s office and

tells him, forgetting that she has already done so. What does Ann know before Bob

informs her that he already knew? How can we represent her knowledge using the tools

of epistemic logic?

Although a few different approaches to modelling a forgetting operator have been sug-

gested (e.g. [31, 44, 58, 59]), they generally only consider the forgetting of propositional

formulas in a single agent system1. These systems are therefore incapable of addressing

one particularly interesting question about forgetting: What happens to the knowledge

of other agents when something is forgotten? The procedure outlined in this chapter

gives a straightforward way of dealing with forgetting of propositional formulas in a

multi-agent system. For a general account of forgetting one more step is necessary. It is

a reasonable restriction on the forgetting operator to only allow propositional formulas

for a single agent system, since (at least in S5) the stacking of epistemic operators does

not grant us more insight, e.g. in order to forget that you know that φ, you have to

actually forget φ. This radically changes when we are adding other agents.

The goal of this chapter is to introduce a method of modeling forgetting in the context

of multi-agent epistemic logic. The method discussed here is based on [31] and can be

understood as a generalization of it from propositional or boolean formulas to what I

call ‘positive epistemic’ formulas, the subset of epistemic formulas that does not have

the epistemic operator appear in a negative context, similar to Positive Announcements

as in [22]. The system presented here will follow the principle of minimal impact.

1One exception is [23] which allows for multiple agents.
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In order to forget a formula, we need to give the agents epistemic access to worlds in

which the formula is not true, i.e. after forgetting the agents need access to worlds on

which the formula is false. It is not always straightforward what the best way is to make

a formula false and so to identify what needs to be falsified in order for a formula to be

forgotten, I will adapt the notions of clause and sets of clauses from [31] and generalize

them to be able to deal with positive epistemic formulas. I will also give a direct way of

producing a set of clauses from a formula. My main contribution lies in introducing the

notions of branch clause, branch and twig as the required minimal notions for clauses and

sets of clauses for a formula and in defining a procedure that takes an epistemic model

M and a branch B and turns it into a model MB that represents M after forgetting

B. I will then define an operator [†φ]A for a positive epistemic formula φ and a set of

agents A is interpreted as “After the agents A forget φ . . . ”. Intuitively w �+ [†φ]Aψ

will be true iff after every minimal way of the As forgetting φ, ψ is true.

Although it is outside of the scope of this thesis to go into any depths on this topic, I

want to make some remarks on the rationality of forgetting. Forgetting seems to be an

inherently irrational act. Maybe given no restrictions losing information is something a

rational agent should not do. So why are we trying to bring a rational approach to this

seemingly irrational act? My answer is fairly simply based on the fact that forgetting

does happen. Even if no rational agent would ever choose to forget something it is

still useful to see how we can model it simply because people do forget. In this sense,

forgetting is not so much irrational than arational. Rationality need not be involved

at all. So even among perfectly rational agents there needs to be a toolkit to deal

with forgetting and to give the possibility to reason about the other agents forgetting.

Additionally, in some situations forgetting might become a choice for certain types of

agents. Perhaps the most obvious example of this is a computer with limited memory

deciding to delete unnecessary information to make room for more important new entries.

3.1 What to Forget?

In order for an agent α to forget a formula φ there needs to be some world after the

forgetting action on which φ is false to which α has access. For literals, i.e. propositional

atoms or their negations, this is straightforward. Since the truth of the boolean formulas

is based on the truth of their constituent parts, it seems straightforward to falsify them

by falsifying the appropriate literals. This, however, is not always straightforward and

sometimes there might even be multiple ways of doing so. So there are two questions, I

want to discuss in this section: ‘What exactly needs to happen to falsify a formula φ?’,

i.e. what needs to be false in order for φ to be false, and ‘What are the possibilities we
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should consider?’. Together these two questions tell us exactly what needs to happen in

order for a complex boolean, and ultimately an epistemic, formula to be forgotten.

To illustrate the both questions, here are some examples:

1. p ∨ q

2. p ∧ q

The case of (1) is fairly straightforward. There is a natural way of making p∨ q false, by

falsifying p and q at the same time. Additionally it does not seem necessary to consider

the truth of any other literals (like r), as they should not influence p∨ q. However p∧ q
can be falsified in 2 different simple ways: By falsifying p or by falsifying q. There is,

however, one more way of falsifying (2) we might consider: falsify both p and q at the

same time.

If we were to go with an approach that has the minimal impact on the knowledge of the

agent, it seems to me that we should not allow the falsification of both p and q in case

(2), since regardless of whether we falsify p or q, p ∨ q will still remain true. Whether

this, however, is a desired effect is up in the air. It seems to be a fairly unnatural thing

to talk about forgetting a conjunction and I do not have any intuitions that would help

me differentiate the two possibilities. In the following I take the approach in which we

will not forget both p and q, not out of any philosophical conviction but for the less

satisfying reasons that it is easier to define the necessary notions. I do want to point out

here that the following notions and results can be straightforwardly adapted for the other

case, since we are only changing which cases should be considered and not how they are

treated. Specifically, the update operation does not change whether we only consider p

and q or more formulas, we only need to also consider the update corresponding to p∧q.

A charitable view of my choice here might also say that this minimalist approach gives us

a baseline of the minimal things that need to be forgotten. In Section 4.1 I will discuss

an alternative in which a dependency relationship between literals can be defined in

order to avoid certain unintuitive results. A particularly intuitive application of this

specific minimal version of forgetting is from the point of view of an outsider. The

forgetting agents themselves forgot p ∧ q in some specific way, but as an observer you

might be aware that they forgot p ∧ q without having access to the information of how

exactly. In such a case you would not want to make an assumption about how exactly

the information was lost but rather check all minimal cases.

An important question to answer here is why go with an approach that considers different

ways of forgetting a formula at all? Why not take a deterministic approach in which
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there is a single way a complex formula is forgotten? If we knew the exact way in which

p ∧ q was forgotten, then forgetting it would simply reduce to either forgetting p or

forgetting q depending on which is the actual way. I do not want to go into details

about how such a way could be found, but it might be worthwhile to mention one

approach that seems pretty natural. If we had an ordering of all literals based on their

epistemic entrenchment in the agents mind, it would be a simple case of forgetting which

ever literal is least entrenched. It does, however, seem implausible for an agent to have

such an ordering on all his knowledge. Additionally, there is nothing guaranteeing that

agents always forget their least entrenched formulas. At best we could say that it is

more likely that they forget them first. Leaving aside problems with identifying such a

unique way in which a formula was forgotten, there are still reasons to allow for non-

deterministc forgetting, especially in the multiple agent case. An agent a might realise

that agent b has forgotten p ∧ q without being able to say whether b forgot p or q. In

this case we still want to be able to model what the agent’s knowledge is after a forgets

p ∧ q.

3.1.1 What can be forgotten?

I have discussed the basic idea of how the forgetting of complex formulas is supposed to

work, but there are also formulas that cannot be forgotten successfully.

This, in general, for actions of DEL is still an open question and I do not present a

complete list of such formulas. I can, however, mention some formulas that turn out to

be impossible to forget and show why this is the case. Firstly, due to the nature of Kripke

models, there is no way to find a world that falsifies a tautology. For that very reason it

will turn out that the approach of this chapter, and really any approach relying on Kripke

models, cannot be used to model the forgetting of tautologies. Although this is definitely

a disadvantage of this approach, it does fit with the notion of knowledge discussed in this

thesis: As mentioned in Section 1.1, we can take the knowledge operator to correspond

to something akin to “has sufficient information to know” or “would know if they made

themselves aware of the fact”. Under these readings of the knowledge operator, it is only

natural that tautologies cannot be forgotten and, more generally, will always be known

by all agents. There is simply no way to deprive the agents of all the information they

need to know a tautology, because they don’t need any information in the first place.

For another group of unforgettable formulas see negative forgetting in S5 in Section 4.2.2:

Formulas of the form KA¬KAφ cannot be forgotten if the epistemic logic underlying

forgetting is S5. I discuss a way to deal with that. For similar reasons (but without the

work around) formulas like “A forgets that A does not know that p” will turn out to be
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problematic in S5. This would result in A at least thinking they know p and, so, cause

them to suddenly gain knowledge about p that they did not possess before. This points

to some general difficulty with negative forgetting: We have to create knowledge on

some worlds that was not there before and so there is a danger that things are ‘learned’

that shouldn’t be simply by forgetting something. The system discussed here solves this

problem by making the forgetting process unsuccessful, as we will see later.

The following section is dedicated to formalizing the ideas of this section, i.e. identifying

these minimal ways of forgetting a formula and putting it into the form of sets that can

then be used to create models that represent the initial model after something was

forgotten.

3.2 Clauses and Sets of Clauses for Positive Epistemic For-

mulas

In order to decide what exactly has to be falsified to forget a formula such that there is

only minimal impact on the model it will be useful to represent formulas using clauses.

For the case of forgetting propositional atoms a clause D is a (possibly empty) finite set

of literals interpreted disjunctively. For non-empty D the resulting formula is
∨
D. For

D = ∅ take any tautology. Let D be a consequence of some formula φ when �e φ→
∨
D.

Let C be the (finite) set of clauses D interpreted conjuctively. C represents the formula∧
D∈C

∨
D. Since there are multiple equivalent sets of clauses for any formula it is useful

to define a canonical version. Further let any clause D 6= ∅ that is not tautological be

contingent. Additionally, a clause D is a minimal consequence of a propositional formula

φ iff it is a consequence of φ and there are no D′ ⊂ D such that �e φ→
∨
D′.

Definition 3.1. Let φ be a formula of propositional logic. A clause D is a prime

implicate of φ if it is a minimal, and contingent consequence of φ. The prime clausal

form C(φ) of φ is the set of all prime implicates of φ. For any set of clauses C and set

of agents A let CA = C ∪A.

Now we need to make sure that
∨
D is actually a formula.

Definition 3.2. For any clause D that is a minimal consequence of some formula φ,

let
∨
D be obtained by interpreting D disjunctively, i.e. for D = {l1, . . . , ln} let

∨
D =

l1 ∨ · · · ∨ ln with appropriate parenthesis.

Lemma 3.3. For any clause D that is a minimal consequence of some propositional

formula φ,
∨
D is a formula.



Positive Forgetting 48

Proof. As D only contains literals, this is trivial.

The following lemma should be obvious as it directly follows from the definitions and

formulas are finite.

Lemma 3.4. For any propositional formula φ, the set C(φ) is finite, the clauses it

contains are finite, and it satisfies �e φ↔
∧
D∈C

∨
D. C(>) = ∅ and C(⊥) = {∅}.

Let us look at an example formula: (p∧q)∨r. For p∧q we get two minimal consequences:

{p} and {q}. For a disjunction we get a single clause containing both disjuncts, but since

we divided up p∧q, we just add r to both of them and so C((p∧q)∨r) = {{p, r}, {q, r}}.
As C is interpreted conjunctively and D disjunctively we get �e ((p ∧ q) ∨ r) ↔ ((p ∨
r) ∧ (q ∨ r)), which obviously holds.

So far these are known results, so here come my two main contributions for this topic

from this chapter:

We have not mentioned epistemic formulas. Our definition of clause and of the set of

clauses has to be adapted in order to deal with epistemic formulas. Additionally, I have

not talked about who does the forgetting. In a single-agent system it is not required to

keep track of specific agents. There is, however, an easy way of extending the idea of a

set of clauses corresponding to a formula φ to one that in corporates which agents are

forgetting φ.

Definition 3.5. For a set of agents A and a formula φ. Let C(φ)A = C(φ)×A. C(φ)A

corresponds to “The agents A are forgetting φ”.

Following Bienvenu in [13] there are multiple ways of adapting the notions of clauses

and prime implicates to modal logic. The following three properties need to hold for

prime implicates in order for them to be able to embody the minimal consequences of a

formula we require:

− Finiteness: Every formula must have a finite number of prime implicates modulo

logical equivalence.

− Covering: Every implicate of a formula is entailed by some prime implicate of

that formula.

− Equivalence: A model M is a model of φ if and only if it is a model of all prime

implicates of φ.
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Finiteness guarantees that there are only a finite number of ways for a formula to be

falsified and that it is possible for us to check all of these ways. Covering guarantess

that the prime implicates cover all of the minimal ways and there is no case that is not

considered. Equivalence guarantees that if all of these ways are true they will indeed

imply the initial formula and therefore they are actually ways of making that formula

true.

The only approaches discussed by Bienvenu that fulfills all of these criteria is (D4). It

is, however, only defined on formulas in negative normal form(nnf), in fact it is defined

as those formulas in nnf that cannot be split further using propositional means. Using

(D4) yields the following definition of literal (l) and clause (D) for formulas in nnf.

Definition 3.6. literal and clause

l ::= p|¬p|Kaφ|¬Kaφ where p ∈ P and φ is in nnf

D ::= l|D ∨D

Fortunately we can make use of the fact that for every formula φ there is a formula in

nnf that is equivalent to it.

I further need restrict it to the postive epistemic part of it. In the following the notion

of a positive epistemic formula is quite important. The idea is that such a formula

does not contain any negated epistemic statements. Since negation is only allowed on

propositional atoms and epistemic operators for formulas in nnf , the only way to get a

non-positive epistemic formula is by having a negated epistemic operator.

Definition 3.7. An epistemic formula φ is called a positive epistmic formula if it equiv-

alent to a formula in nnf that does not contain negated epistemic operators, i.e. ¬Kaφ

for any formula φ or agent a.

Proposition 3.8. For a formula φ that is not in negative normal form, the prime

implicates of φ are simply the prime implicates of some φ′ that is in nff s.t. �e φ↔ φ′.

So, using these definitions for literals, clauses, and prime implicates, the set of clauses

C(φ) will give us what we need for the propositional cases but will not be enough to

solve the modal issues. The clause for a formula Kaφ will simply be {Kaφ}. How are

we to decide what needs to be falsified to forget a formula of this form? There is a

straightforward way of dealing with falsifying a formula of the form Kaφ that is natural

to the approach taken in this chapter: By a forgetting φ. The guiding idea is that in
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order for an agent a to forget that another agent b knows φ, a has to have access to new

worlds in which b does not have access to φ, specifically worlds in which b forgets φ. In

this sense we can replace Kaφ in any clause with the set of clauses C(φ)A.

Definition 3.9. For any formula φ and agents A. If φ is in nnf, then let the set C(φ)∗A

be created by replacing any formula of the form KBψ in a clause D ∈ C(φ) with C(ψ)∗B.

Otherwise there is a φ′ such that φ′ is in nnf and �e φ↔ φ′. Let C(φ)∗A = C(φ′)∗A.

The resulting set includes for all the prime implicates of the initial formula either that

prime implicate as a clause, if it is a propositional formula, or, if it is of the form Kaφ,

a clause that contains the set of clauses corresponding to a forgetting φ.

Lemma 3.10. for any clause D that is a minimal consequence of some epistemic for-

mula φ,
∨
D is a formula.

Proof. This follows directly from the definition of D in Definition 3.6, as D can only

contain literals, i.e. formulas of the form (¬)p or (¬)KAφ.

So we are able to show the following lemma:

Lemma 3.11. For any epistemic formula φ, the set C(φ)∗A is finite, the clauses it

contains are finite, and it satisfies � φ↔
∧
D∈C(φ)∗A

∨
D. C(>)∗A = ∅ and C(⊥)∗A = {∅}.

Proof. Both the finiteness of C(φ)∗A and its clauses follow from the finiteness of C(φ)

proven in [13] and the fact that we only made finite additions. C(>) = ∅ and C(⊥) = {∅}
follow from Lemma 3.4. What is left to show is that �e φ↔

∧
D∈C(φ)∗A

∨
D. It suffices

to point out that all D are clauses of φ.

In the following, for convenience, the term set of clauses corresponding to A forgetting

φ will exclusively refer to C(φ)∗A, even though this is not (only) a set of clauses in the

regular sense. C will be used to refer to an arbitrary set of clauses. The term clause

will refer to the sets D in sets of clauses.

To capture the notion of minimal impact of forgetting, some more notions that are

required here are those of atomic clauses and sets of clauses and branches. If a stronger

approach to forgetting is required, the operations of the following sections need to only

be extended to non-atomic clauses and sets of clauses. One can simply take those clauses

that correspond to the notion of forgetting one has in mind.



Positive Forgetting 51

Since a set of clauses corresponds to all the minimal ways of falsifying a formula, we

need to find a way of isolating a single way of doing so. For this we need atomic versions

of clauses and sets of clauses. An atomic set of clauses should only contain a single

clause, however, due to the more complicated nature of clauses, it is important to keep

the clauses atomic as well, i.e. that they cannot contain non-atomic sets of clauses.

Note that the propositional version, i.e. that of a clause that does not contain any sets

of clauses at all, is just a special case. The idea behind branches is to give a notion of

being an atomic part of a set of clauses. This can be visualised in the following way

which should make it clear why I choose the name of branch for this notion:

Take a set of clauses C((Kbp∨q)∧(¬p∧Kc¬q))∗a = {a, {{b, {p}}, q}, {{¬p}, {{c, {¬q}}}}}.
It is obvious that this contains multiple ways of making the formula false. An atomic

set of clauses is such that it represents one of these ways and eliminates the others.

You can think of sets of clauses as trees coming from a single formula to the different

ways of making them false. Every branch of such a tree will then correspond to being a

minimal way of falsifying that formula, such that formulas on the same branch need to

be forgotten at the same time. Here is the tree for the formula above:

Ka(Kbp ∨ q) ∧ (¬p ∧Kc¬q)

Ka(Kbp ∨ q)

Kaq

KaKbp

Ka(¬p ∧Kc¬q)

Ka¬p KaKc¬q

Definition 3.12. A clause that does not contain any non-atomic sets of clauses is called

atomic.

A set of clauses that contains only a single atomic clause (and no other clauses) is called

atomic.

Definition 3.13. For all clauses D, DB is called a branch clause of D iff

1. DB is atomic,

2. for all sets of clauses C ∈ D, there is a branch B and B ∈ DB, and

3. nothing else is in DB.

For all sets of clauses C, B is called a branch of C if
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1. B is atomic and

2. for all agents a ∈ A, a ∈ B iff a ∈ C and either

3. the clause DB ∈ B is a branch clause of some D ∈ C.

In the following, I will use a standardised method of generating the set of clauses corre-

sponding to a formula. This makes it easier to see how a set of clauses express a formula.

The idea is that we want to transform any formula into a logically equivalent one that

has a form that easily translates to clauses and sets of clauses. This means we want

the formula to be a conjunction of disjunctions where the disjuncts are either literals or

positive epistemic formulas Kaφ such that φ is also conjunction of disjunctions in this

way. An adaptation of conjunctive normal form is the most obvious way to do this. I

will say that such a formula is in positive branch form.

Definition 3.14. A formula φ is in positive branch form iff it is of the form

n∧
i=j

mi∨
j=1

ψij

where ψij is either

− a literal or

− ψij is of the form Kaχ such that a ∈ Ω and χ is in branch form itself.

Note that this method also allows us to quickly see whether a formula is a positive

epistemic formula: All formulas that have an equivalent formula in positive branch

form, i.e. that do not contain any negations of epistemic formulas, are positive epistemic

formulas.

For the following branches are a bit unwieldy and overly complicated things. For this

reason, I want to give a simplified version of branches, twigs, these get rid of some of the

superfluous structure. Since there can only ever be a single branch clause in a branch,

we might as well get rid of it and put the literals and subsequent branches in that clause

into the branch directly.

Definition 3.15. A twig T is a set iff for all n ∈ T ,

n ∈ Ω, where Ω is the set of agents in the language,
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n is a propositional literal,

or n is a twig itself.

In order to show that there is indeed a twig for every branch, we need to define the

notion of the depth of a branch |B|:

Definition 3.16. For any branch B, let its depth |B| be defined in the following way:

|p| = 0

For a clause: |{n1, . . . , nm}| = max(|n1|, . . . , |nm|)

For a set of clauses: |{a1, . . . , an, D}| = |D|+ 1

Lemma 3.17. For every branch B there is a twig T .

Proof. It is easy to see how we can turn a branch into a twig. Take some branch B. We

know that B will contain a clause D and a agents a1, . . . , an. We can now create T by

making a set containing the agents in B and the members of D, after we turned every

branch in D into twigs as well.

3.3 Positive Epistemic Forgetting

Before we can look at how a forgetting update can work, we first need to extend our

language with a forgetting operator [†φ].

Definition 3.18. (The Language of Positive Forgetting L†) The language L†

extends the basic epistemic language L with the expressions [†φ]Aψ, “after the members

of the set of agents A forget that φ, ψ is the case”, where φ is a non-tautological positive

epistemic formula and ψ is a arbitrary formula. Let 〈†φ〉ψ be its dual (¬[†φ]¬ψ).

The general idea behind modeling forgetting like this is that in order to forget a formula,

possibilities have to be considered that were already ruled out before. For Kripke models

this straightforwardly translates into adding new worlds to our model such that the

agents doing the forgetting have access to those worlds that falsify their knowledge.

Identifying in what way is the problematic part. Here the set of clauses defined in the

section before come into play. They directly tell us what we minimally need to falsify

in order for a formula to become false. So in order to make a formula φ false, one of
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the branches of C(φ)∗A needs to be false as well. It should be easy to see how using

the branches as defined above does that. In order to leave the impact of forgetting as

small as possible, I will create copies of the worlds the agents already consider that do

not differ from the original worlds in anything but the truth value they assign to the

formulas on the branch. This is done via the operation in Definition 3.19.

Since this process is fairly complicated I want to briefly explain what the steps of this

operation do before defining them properly. The first four steps tell us how to forget

propositional statements by creating a copy world for each world that only differs in the

propositions that are forgotten. These worlds are accessible only by the agents doing

the forgetting. This is a straightforward adaptation from the work in [31] to twigs and

multiple agents. The last four steps are what allow us to forget epistemic formulas. The

idea behind step 5 is that in order to model that some agent a forgets Kbφ, we create a

model corresponding to a forgetting (the model MT1) and have b forget φ on that new

model. We repeat this process until all parts of our twig are exhausted.

The remaining steps combine all the models we have created so far into a single big

model. Let’s say we want to falsify KaKbp. For every world w, w create a world (w, 0)

that is a propositional copy and corresponds to the initial world w. We then create a

copy of that model which will have a world ((w, 0), 0). On that model there will also

be a world that is a propositional copy of w but with p falsified on it, called ((w, 0), 1),

such that Rb((w, 0), 0)((w, 0), 1). This means that on this model b forgets p and we have

((w, 0), 0) 2+ Kbp
2. Lastly, when all the models are combined, we connect (w, 0) and

((w, 0), 0) with Ra(w, 0)((w, 0), 0) and this means that (w, 0) 2+ KaKb. Since (w, 0) is

supposed to correspond to w, the operation has falsified KaKbp.

In detail this will go according to the following definition:

In the following I will use N∗ for the set of all finite strings of natural numbers.

Definition 3.19. Let M = 〈W,R, V 〉 be a model. The recursive process of generating

the model MB for a branch B of C(φ)∗A and its corresponding twig T1 is defined as

follows given that M,w �e KAφ.

1. For any twig Tm and model M = 〈W,R, V 〉, let W Tm := W × {0,m};

2. For any agent a, all w, v ∈W and i, j ∈ {0,m}, RTma (w, i)(v, j) iff Rawv and either

(a) i = j or

(b) a ∈ Tm, i = 0 and j = m;

2A formal definition of �+ follows in Definition 3.21.
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3. for all w ∈W , (w, 0) ∈ V Tm(p) iff w ∈ V (p);

4. for all w ∈W , (w,m) ∈ V Tm(p) iff one of the following holds:

(a) ¬p ∈ BT
m or

(b) both [p,¬p] ∩Dm = ∅ and w ∈ V (p).

5. For all twigs BT
m1, . . . , B

T
mn ∈ BT

m and the model MTm = 〈W Tm , RTm , V Tm〉 repeat

the steps so far including this one, i.e. create the models MTm1 , . . . ,MTmn and

repeat the process for any subsequent sets of clauses until all sets of clauses are

resolved.

6. WB :=
⋃

n∈N∗
(W Tn)

7. for any agent a, all w, v ∈WB, Rbawv iff either

(a) 〈w, v〉 ∈
⋃

n∈N∗
(RTna ) or

(b) w ∈ W Tx , where W Tx ∈
⋃

n∈N∗
(W Tn) , v = (w, 0), so that v ∈ W Ty and

Ty, a ∈ Tx.

For all agents a, let RBa be the euclidean and transitive closure of Rba.

8. for all w ∈WB, w ∈ V B(p) iff for all m such that w ∈Wm, w ∈ V m(p).

If M,w 2e KAφ, then MB is not defined.

One thing to note here is that the closure in step 7 makes sure that we end up with an

S5 model. This is only necessary because be take our underlying epistemic logic to be

S5. The only frame condition that is truly built into the construction of the model is

reflexivity. Different logics can be achieved depending on the closure used. Specifically,

one can get the logic T by not taking any closure or S4 by only taking the transitive

closure.

It might be helpful here to show how exactly this operation creates the type of model

we need. I would like to do so here by going step by step through an example. This

should also illustrate how this generalizes to arbitrary epistemic models and formulas,

with the exeption of falsified epistemic formulas as was already mentioned. Take the

following model M = {W,R, V } such that W = {w, v}. Let i ∈ {a, b} and x, y ∈ W ,

Rixy, V (p) = {w, v}, V (r) = {w, v} and V (q) = {w} (Figure 3.1).

Take the set of clauses C = {b, {{r}, {a, {p}}, {b, {q}}}} withD = {{r}, {a, {p}}, {b, {q}}},
which corresponds to the formula Kbr ∨ (Kap ∨Kbq) (Bob forgets either r or that Ann
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w

p, q, r

v

p, r

a,b

Figure 3.1: M : The starting Model.

knows p or that he knows q). Note that C is already a branch and so we can simply

transform it into the twig T1 = {b, r, {a, p}, {b, q}} By step 1 and 2, we create 2 sets of

copies of the worlds: 0- and 1-worlds. We get W T1 = {(w, 0), (v, 0), (w, 1), (v, 1)}. By

step 2, we only give agent b access to the 1-worlds from the 0-worlds, since they represent

the posibilities b now deems possible after forgetting. We have for all agents c, worlds

x, y and i, j ∈ {0, 1}, RT1
c (x, i)(y, i) and RTib (x, i)(y, j). By step 3 we fix the valuation

for the 0-worlds to be like that of the original worlds and by step 4 that of the 1-worlds

to only differ in the propositional literals that are in T1, i.e. the propositional literals

that need to be falsified for b to forget φ, in this case r. So we get that for all i ∈ {0, 1},
world x and s ∈ {p, q}, (x, i) ∈ V T1(s) iff x ∈ V (s) and (x, i) ∈ V T1(r) iff x ∈ V (r) and

i 6= 0. This means that the model MT1 looks like Figure 3.2.

w, 0

p, q, r

v, 0

p, r

w, 1

p, q

v, 1

q

a, b

b

b

b

b

a, b

Figure 3.2: MT1 : Forgetting propositional formulas

By 5., we repeat the first four steps only now for the model MT1 and get two more models

with T11 = {a, p} and T12 = {b, r} on which a forgets p and b forgets r respectively.

As above we get 0-worlds (like ((w, 0), 0)) that are unchanged, but now we have both

1-worlds in MT11 and 2-worlds in MT12 . With a having access to the 1-worlds and b to

the 2-worlds. Specifically, for all worlds x, y ∈ W T1 and numbers i, j ∈ {0, 1} and k,

l ∈ {0,m}, RT1m
a ((x, i), k)((y, i), k) and RT1m

b ((x, i), k)((y, i), k), RT1m
b ((x, i), k)((x, j), k).

Additionally RT11
a ((x, i), k)((x, i), l) and RT12

b ((x, i), k)((x, i), l). Nothing else is in RT1m
a

or RT1m
b . By step 3 we get that for any proposition s, world x and number i ∈ {0, 1},
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((x, i), 0) ∈ V T1m(s) iff (x, i) ∈ V T1(s). And by step 4 that for any proposition r 6= p

(for m = 1) or r 6= q (for m = 2), world x and number i ∈ {0, 1}, ((x, i),m) ∈ V T1m(r).

Leaving out the diagonal arrows for visibility, we get the model of Figure 3.3 for m = 1.

The model for m = 2 is similar.

((w, 0), 0)

p, q, r

((v, 0), 0)

p, r

((w, 1), 0)

p, q

((v, 1), 0)

q

((w, 0), 1)

q, r

((v, 0), 1)

r

((w, 1), 1)

q

((v, 1), 1)

∅

a, b

b

b

a, b
a

a

a

a

a, b

b

b

a, b

Figure 3.3: MT11 : Forgetting that a knows p

Since there are no further sets of causes, we complete step 5 and continue with 6. We

take the big union of all the worlds created so far. Note that some worlds appear

multiple times, namely worlds like ((w, 0), 0), this will, however, not be a problem since

they share the same valuation in each model they appear and we actually want them to

act as the connecting point between these models. Step 9 simply states that they keep

the valuation they had in their inital models. Maybe the most cruicial step is number

7. Here all the models from above get connected into the end model we were looking for

all along. The first part of 7 simply guarantees that the relations of the inital models

get preserved. Note that this now means that the worlds that appeared in multiple

models now have all the relations that appeared in all those models taken together. For

the second step we connect all the worlds x with the ones of the form (x, 0) for those

agents whose knowledge is being forgotten at this stage. In this case it means that

RBb (w, i)((w, i), 0) since bs knowledge of Kap and Kbq is being forgotten. Note that at

this point it becomes propositional forgetting for a and b respectively. Lastly step 8

defines the valuation for each world to be the same as it was on the partial models. In

order to make the resulting picture more accessible I will do a couple of simplyfications.

First, again, I will omit the diagonal arrows. Additionally the nodes ((w, 0), 1) will be

behind ((v, 1), 2), with dashed arrows going to the former and straight ones to the later.
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Lastly, I will put the worlds of the first model around the ones of the second one. This

results in the, hopefully accessible, Figure 3.4.

((w, 0), 0)

((v, 0), 0)

((w, 1), 0)

((v, 1), 0)

((v, 0), 1)

((w, 1), 1)

((v, 1), 1)

((w, 0), 2)

((v, 0), 2)

((w, 1), 2)

((w
, 0), 1)

((v, 1), 2)

(w, 0)

(v, 0)

(w, 1)

(v, 1)

a, b

b

b

a, b
a

a

a

a

a, b

b

b

a, b

b

b

b

b

a, b a, b

b

b
a, b

b

b

b

b

a, b

Figure 3.4: MB : The completed model

We can now check whether our transformation was actually successful, i.e. ifMB, (w, 0) 2+

Kb(Kap ∨Kbr). The way our model is set up this is the case when MB, ((w, 0), 0) 2+

Kap∨Kbr. So we have two cases to check: Kap andKbr. So, sinceRBa ((w, 0), 0)((w, 0), 1),

MB, ((w, 0), 1) �+ ¬p, RBb ((w, 0), 0)((w, 0), 2) and MB, ((w, 0), 2) �+ ¬r, our transfor-

mation turns out to be, in fact, successful.

Lemma 3.20. For every twig Tx of a branch B and model M , we have a unique model

MTx created by the operation above.

Proof. This follows directly from Definition 17.

Before we can define when a formula of the form [†φ]aψ is true, just one more thing

should be mentioned: Intuitively an agent can only forget a formula they already know.

We have already limited our model construction to cases in which φ is known by a, but

let us have a look at what happens if we ignore that restriction. Intuitively, for the

case that an agent a does not know φ, the forgetting operation [†φ]a should fail and

everything should stay unchanged. However, there is nothing so far that restricts our

operation to go through given a formula that is not know. We can create [†φ]aψ even if
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a does not know φ. To see that this leads to problematic results, look at the following

example:

Take a model M1 with two worlds, w and v, and two propositions, p and q. Let p and q

only be true at w and not at v. The only agent a has access to all worlds, so we know

that ¬Kap. We get Figure 3.5.

w

p, q

v

¬p,¬q

a

Figure 3.5: M1: A model with ¬Kap

If we know have the agent a forget p, we get a set of clauses C(p)∗a = {a, {p}} with a

single twig T1 = {a, p}. So there is only one model to consider: Figure 3.6.

w, 0

p, q

v, 0

¬p,¬q

w, 1

¬p, q

v, 1

¬p,¬q

a

a

a

a

a

a

Figure 3.6: MB
1 : The model after a forgetting p.

Note that in the original model Ka(p→ q) was true. This has now changed. Forgetting

something that is not known leads to lose of conditional knowledge is lost, i.e. the

knowledge about in which conditions p is true.

After having discussed these examples, we move on to discussing consequence. The

consequence relation �+ will be the �e with an appropriate condition added for the case

[†φ]aψ.

Definition 3.21. Let M = 〈W,R, V 〉 be a model and w a world of W . The consequence

relation �+ is defined by the following:
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M,w �+ p iff w ∈ V (p)

M,w �+ (φ ∧ ψ) iff M,w �+ φ and M,w �+ ψ

M,w �+ ¬φ iff not M,w �+ φ

M,w �+ Kaφ iff ∀v : Rawv implies M, v �+ φ

M,w �+ [†φ]Aψ iff all sets of clauses B that are branches of

C(φ)∗A if MB is defined, then MB, (w, 0) �+ ψ

Lastly, I want to verify that the operator is successful, i.e. that after forgetting a formula

φ, the agents A will no longer know φ. It seems like this is a minimum requirement

for being able to call something forgetting. In order to do so, I will need some more

definitions:

Definition 3.22. For any formula KAφ that corresponds to a set of clauses C(φ)∗A, that

is a branch, call the corresponding twig T (KAφ).

Definition 3.23. Let |T | be the epistemic depth of a twig T :

|p| = |¬p| = |a| = 0

|{N1, . . . , Nn}| = max(|N1|, . . . , |Nn|) + 1

Lemma 3.24. Let 0n be a string of 0s of the same length as the string n. For every

twig Tn = T (KAφ), such that φ is non-tautological and n is a string of natural numbers,

that is part of a twig T1 corresponding to a branch B:

MB, w, 0n 2+
∨
a∈A

Kaφ.

Proof. This proof will be done via induction on the epistemic depth of Tn. In this proof

steps will always refer to steps of Definition 15. For the base case |Tn| = 1, we know

that Tn only contains the agents of A and propositional literals. We need to show that

M, (w, 0n) 2+ Kaφ for all a ∈ A. By step 4 we know that for all propositions p, if p ∈ Tn,

then w, n 6∈ V Tn and if ¬p ∈ Tn, then (w, n) ∈ V Tn and so MTn , (w, n) 2+ φ. By step 2

we get that for all a ∈ A, RTna (w, 0n)(w, n) and so MTn , w, 0n 2+ Kaφ. Then by 6., 7.

(a) and 8. MB, (w, 0n) 2+ Kaφ for all a ∈ A.

For the inductive step we need to show that this also works for a twig of epistemic depth

i+1. Note that the formula φ can still contain propositional parts. Proof that those will

be forgotten follows the proof of the base case. Take an epistemic formula ψ that is part

of φ. We know that T (ψ) ∈ T (KAφ) and that |T (ψ)| ≤ i. By the inductive hypothesis

we know that MB, w, 0i 2+ ψ and so, by 7.(b) we get RBa (w, 0i)(w, 0i+1) and so, finally,

MB, (w, 0i+1) 2+ Kaφ for all a ∈ A.
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The following theorem follows immediately:

Theorem 3.25. (Forgetting)

For every non-tautological positive epistemic formula φ, model M and world w,

M,w 2+ [†φ]A
∨
a∈A

Kaφ.

Since I have shown that forgetting is successful for all non-tautological formulas, it might

be worthwhile to have a quick look of why forgetting fails for tautological formulas.

Lemma 3.26. For all positive epistemic tautologies φ, models M and worlds w,

M,w �+ [†φ]AKAφ,

and, given S5, even for arbitrary ψ, such that M,w �+ KAψ,

M,w �+ [†φ]Aψ.

Proof. We know that all tautologies are equivalent and so it suffices to show this for one

example in branch form. Take p∨¬p for our tautology. So for the operator [†p∨¬p]A, we

get the corresponding twig T = {A, p,¬p}. So we know that for every w, there is going

to be a w, 1 such that MT , (w, 1) �+ ¬p but also MT , (w, 1) �+ p. And so, by explosion,

we get that for an arbitrary ψ, MT , (w, 1) �+ KAψ and by symmetry MT , (w, 0) �+ ψ.

The case for KAφ follows as a specific case of ψ, but even if we don’t have symmetry, we

can take φ as result of the explosion and so MT , (w, 1) �+ φ, and since MT , (W, 0) �+ φ,

we get MT , (w, 0) �+ KAφ.

The second formula tells us that the worlds created by forgetting tautologies fail to act

as defeaters for any knowledge. Everything will simply be true on them and so they

cannot falsify anything that was known before they are introduced. This is why for the

rest of this thesis tautologies will be excepted from all forgetting operations.
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3.4 Axiomatization

The strategy behind giving an axiomatization for the logic of forgetting will be done via

Action Model Logic. The general idea will be to interpret the strings of numbers that

are part of the model as possible actions and creating an action frame from them. This

gives us an alternative way of creating a model MB by combining the starting model

M with this action frame. Using the mechanics of AML we can then refer to specific

worlds in the forgetting model by their respective possible action. Ultimately, this yields

a straightforward axiomatization for the logic of forgetting. Remember that I will use `e

for provable in epistemic logic, `AML (`AMLp) for provable in action modal logic (with

postconditions) and from now on, finally, `+ for provable in the logic of forgetting of

positive epistemic formulas.

A formal defintion for the logic of AML with postconditions has been given in Section

1.3 and extended models for them in Section 2.3.3.

Given this we can now see how we can create an action frame for any model created by

the forgetting operation. The idea is that for any copy of the starting worlds that is

present in the end becomes a possible action in the action frame. Since we require KAφ

to be true in order for the forgetting action to work, we use KAφ as the precondition

for all possible actions.

Definition 3.27. For any possible action k, let Dk∗ be the clause which corresponds to

that specific action, i.e. k∗ = i such that Ti is the twig with which we updated to arrive

at k.

This definition makes sure that ks that include 0s still get assigned the right clause and

so observe the corresponding postconditions, e.g. if we arrived at a 02-world through

twig T12, then k∗ = 12 and so we look at D12.

Definition 3.28. For any model M = {W,R, V }, set of agents Ω and branch B, let

α = {Wα, Rα, PRE,POST} be an action frame corresponding to B such that:

− If for all w ∈W , (w, k) ∈MB, then k ∈Wα,

− for all a ∈ Ω, w, v ∈W and k, l ∈Wα, Rαakl iff RBa (w, k)(v, l),

− for all k ∈Wα, PRE(k) = KAφ,

− for all propositional p and k, POST (0, p) = p and POST (k0, p) = POST (k, p),
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− for all single digit k ∈Wα such that k 6= 0,

POST (k, p) =


p if {p,¬p} ∩Dk∗ = ∅;

> if ¬p ∈ Dk∗ ;

⊥ if p ∈ Dk∗ .

− for all non-single digit k ∈Wα such that k 6= k′0,

POST (k, p) =


POST (k, p) if {p,¬p} ∩Dk∗ = ∅;

> if there is a k∗ ∈ {k∗} s.t. ¬p ∈ Dk∗ ;

⊥ if there is a k∗ ∈ {k∗} s.t. p ∈ Dk∗ .

Additionally let (B, k) be the action α based on B with k as its actual action. The

model resulting from combining α with a model M will be called Mα.

Looking at the example from above and creating the corresponding action model shows

that the action frame directly mimics the structure given by the forgetting operation. For

visibility I will omit reflexive and transitive arrows and the post conditions concerning

those formulas that stay unchanged. We get the action frame in Figure 3.7.

00 10

01
q = ⊥

11
q = ⊥

02
r = ⊥

12
r = ⊥

0 1
b

a a

b

b b

b

b b

Figure 3.7: α: The action frame obtained by removing w and v from MB with
PRE(k) = KAφ for all possible actions k

The model resulting from combining this α with M will look quite familiar (Figure 3.8).

Just from looking at them, it should already be obvious that MB (Figure 3.4) and

Mα are basically the same. In order to show that the models MB and Mα are in fact

appropriately equivalent, I will show that they are isomorphic. It might be useful here

to give the definition of isomorphism:
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(w, 00)

(v, 00)

(w, 10)

(v, 10)

(v, 01)

(w, 11)

(v, 11)

(w, 02)

(v, 02)

(w, 12)

(w
, 01)

(v, 12)

(w, 0)

(v, 0)

(w, 1)

(v, 1)

a, b

b

b

a, b
a

a

a

a

a, b

b

b

a, b

b

b

b

b

a, b a, b

b

b
a, b

b

b

b

b

a, b

Figure 3.8: Mα: The action model obtained by combining M and α.

Definition 3.29. Let M and M ′ be models. An isomorphism is a function f : M →M ′

which satisfies the following conditions:

1. For each propositional letter p and world w ∈M , w ∈ V (p) iff f(w) ∈ V ′(p).

2. For all a, Rawv iff R′af(w)f(v).

3. f is bijective.

If there is such a function f , we sat that M is isomorphic to M ′.

Lemma 3.30. Given a branch B, a corresponding action α and a model M , MB =

{WB, RB, V B} and Mα = {Wα, Rα, V α} are isomorphic.

Proof. Since both models will contain worlds of the shape (w, k), I will subscript them

with B and α to mark the model they belong to. I will use j and k to denote a string

of numbers and l a single number.

Take the following function: f(w, k)B = (w, k)α. Let us show that f is an isomophism.

In order to show 1., we have to make use of an induction on the length of k. For the

base cases consider the case where k = 0 and k 6= 0 but is a single number. For the first

case: (w, 0)B ∈ V B(p) iff w ∈ V (p) and (w, 0)α ∈ V α(p) iff M,w �AML POST (0, p), or
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p ∈ V (p). Let l 6= 0, then for (w, l)B ∈ V B(p) there are two possibilities: If ¬p ∈ Tl, then

(w, l)B ∈ V B(p) iff M,w �AML >. If ¬p ∈ Tl, then POST (l, p) = > and (w, l)α ∈ V α(p)

iff M,w �AML >. But if {p;¬p} ∩ T = ∅, then (w, l)B ∈ V B(p) iff M,w �AML p and

POST (l, p) = p, so (w, l)α ∈ V α(p) iff M,w �AML p.

With this we can now look at the inductive step: For worlds of the form (w, kl), if l = 0,

then (w, k0)B ∈ V B(p) iff (w, k)B ∈ V B(p) and (w, k0)α ∈ V α(p) iff (w, k)α ∈ V α(p).

We conclude by the inductive hypothesis. For the cases that l 6= 0, there are again two

options. First, if ¬p ∈ Tkl, then (w, kl)B ∈ V B(p) iff M,w �AML > and POST (p, kl) =

>. If {p,¬p} ∩ Tkl = ∅, then (w, kl)B ∈ V B(p) iff (w, k)B ∈ V B(p), (w, kl)α ∈ V α(p) iff

(w, k)α ∈ V α(p) and we can conclude with the inductive hypothesis.

In order to show 2., we need to show that RBa (w, k)B(v, j)B iff Rαa (w, k)α(v, j)α. For

the left-to-right direction note that RBa (w, k)B(v, j)B iff Rαak, j and if RBa (w, k)B(v, j)B

then Rwv and so Rαa (w, k)α(v, j)α. For right-to-left, Rαa (w, k)α(v, j)α, so Rαakj and we

can conclude RBa (w, k)B(v, j)B.

For 3. it suffices to note that we proofed (1) and (2) as biconditionals.

As we have shown that forgetting corresponds to AML, we can now define action com-

position for forgetting axioms.

Definition 3.31. Let α and β be forgetting actions. α;β is the action as defined in

Definition 1.7.

Although α;β is not an action corresponding to forgetting and not directly obtainable

following the Definition 3.19, it is still useful to add it here.

With this we can now have a look at the axioms of forgetting:

Definition 3.32. Let the axiomatic proof system for positive epistemic forgetting, called

`+ be defined by the axioms of epistemic logic together with those in Table 3.1.

It is easy to see that the axioms and rule are sound, as they are simple more specific

versions of the axioms of AMLp, with the exception of the first axiom, `+ [†φ]Aψ ↔∧
BofC(φ)A

[B, 0]ψ, which corresponds to the new condition in Definition 3.21. What is

left to show is that they are complete.

This proof will be via a translation function from action formulas into the underlying

epistemic logic corresponding to the axioms. This will allows us to utilise the complete-

ness of epistemic logic to show the completeness of the forgetting axioms.

Definition 3.33. Let t : L† → L, such that
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Positive Forgetting: `+

Axioms

[†φ]Aψ ↔
∧
B of C(φ)A

[B, 0]ψ for not modally valid

positive epistemic φ

[B, 0]p↔ (PRE(B)→ p) for all prop. p
[B, k0]p↔ (PRE(B)→ [B, k]p) for all k, k0 ∈Wα

[B, k]p↔ (PRE(B)→ >) if ¬p ∈ Dk

[B, k]p↔ (PRE(B)→ ⊥) if p ∈ Dk

[B, l]p↔ (PRE(B)→ p) l ∈ N: if {p,¬p} ∩Dl = ∅
[B, kl]p↔ (PRE(B)→ [B, k]p) l ∈ N: if {p,¬p} ∩Dkl = ∅

[α]¬φ↔ (PRE(B)→ ¬[α]φ)
[α](φ ∧ ψ)↔ (PRE(B)→ ([α]φ ∧ [α]ψ))
[α](φ→ ψ)↔ ([α]φ→ [α]ψ)
[B, k]Kaφ↔ (PRE(B)→ (

∧
RklKa[B, l]φ))

[α;β]φ↔ [α][β]φ

Rules

From `+ φ, infer `+ [α]φ

Table 3.1: The axioms of positive forgetting

− t(p) = p,

− t(>) = >,

− t(⊥)−⊥,

− t(¬φ) = ¬t(φ),

− t(φ ∧ ψ) = t(φ) ∧ t(ψ),

− t(Kaφ) = Kat(φ),

− t([†φ]Aψ) = t(
∧
BofC(φ)∗A

[B, 0]ψ)

− t([α]¬φ) = t(PRE(α)→ ¬[α]φ),

− t([α](φ ∧ ψ)) = t([α]φ ∧ [α]ψ),

− t([α](φ→ ψ)) = t([α]φ→ [α]ψ),

− t([α]Kaφ) = t(PRE(α)→ Ka[α]φ),

− t([α][β]φ) = t([α]t([β]φ)),

− t([α;β]φ) = t([α][β]φ),
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These cover all cases but the ones in which we have an atom inside the scope of an

action. For those cases note that only one ever applies for any action and atom. In this

definition k is used as an action corresponding to a non-empty string of numbers not

ending in 0 and l is used as an action corresponding to a single number but not 0.

− t([B, 0]p) = PRE(B, 0)→ t(p),

− t([B, k0]p) = PRE(B, k0)→ t([B, k]p),

− (t([B, l]p) = PRE(B, l)→ t(p)) iff {p,¬p} ∩ Tl = ∅,

− (t([B, kl]p) = PRE(B, kl)→ t([B, k]p)) iff {p,¬p} ∩ Tkl = ∅,

− (t([B, k]p) = PRE(B, k)→ >) iff ¬p ∈ TK ,

− (t([B, k]p) = PRE(B, k)→ ⊥) iff p ∈ TK .

By the soundness of our axioms it follows that the translation function preserves the

truth of the formulas. What is left to show is that a formula and it’s translation are

provably equivalent. We do so by induction the complexity of the formula:

Definition 3.34. Let |k| be the length of the string k and |C(φ)∗A| the number of

branches in C(φ)∗A. We call c(φ) the complexity of φ. It is defined in the following way:

− c(p) = c(>) = c(⊥) = 1

− c(¬φ) = 1 + c(φ)

− c(φ ∧ ψ) = 1 +max{c(φ); c(ψ)}

− c(Kaφ) = 1 + c(φ)

− c([B, k]φ) = (max{PRE(k′)|k′ ∈ B}+ |k|)× c(φ)

− c([B, k;B′, k′]]φ = 1 + c([B, k][B′, k′]φ)

− c([†φ]Aψ = |C(φ)∗A|+max{c(B, 0]ψ|BofC(φ)A}

We need to show some properties of the complexity function before we can use it for

the inductive proof. We need to make sure that the induction in fact terminates. In

order to do so we need a definition of what it means to be a subformula. I do so in a

straightforward manner:

Definition 3.35. For all formulas φ, (proper) subformulas are defined in the following

way:
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− If φ = p, then then are no proper subformulas of φ,

− if φ = ⊥ or φ = >, then there are no proper subformulas of φ

− if φ = ¬ψ, then ψ and all of ψs proper subformulas are proper subformulas of φ,

− if φ = ψ ◦ χ, where ◦ ∈ {∧,∨,→,↔}, then ψ, χ, and all proper subformulas of ψ

and χ are proper subformulas of φ,

− if φ = Kaψ, then ψ and all it’s proper subformulas are proper subformulas of φ,

− if φ = [B, k]ψ, then ψ and all it’s proper subformulas are proper subformulas of φ,

− if φ = [B, k;B′, k′]ψ, then [B, k][B′, k′]ψ and all it’s proper subformulas are proper

subformulas of φ,

− if φ = [†χ]ψ, then χ, ψ and all their proper subformulas are proper subformulas

of φ and

− nothing else is a proper subformula of φ

ψ is a subformula of φ if it is a proper subformula of φ or φ itself.

Lemma 3.36. For all p, φ, ψ, B and k:

1. c(φ) ≥ c(ψ) if ψ is a subformula of φ.

2. c([B, 0]p) > c(p)

3. c([B, k0]p) > c(p)

4. c([B, l]p) > c(p)

5. c([B, kl]p) > c([B, k]p)

6. c([B, k]p) > c(>)

7. c([B, k]p) > c(⊥)

8. c([B, k]¬φ > c(¬[B, k]φ)

9. c([B, k]φ ∧ ψ) > c([B, k]φ ∧ [B, k]ψ)

10. c([B, k]φ→ ψ) > c([B, k]φ→ [B, k]ψ)

11. c([B, k]Kaφ) > c(Ka[B, k]φ)

12. c([B, k][B′, k′]φ) > c([B, k]t([B′, k′]φ)
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13. c([B, k;B′, k′]φ) > c([B, k][B′, k′]φ)

14. c([†φ]Aψ) > c(
∧
B of C(φ)∗A

[B, 0]ψ)

Proof. 1. follows straightforwardly from our definition of the complexity function and

subformulas. The cases 2.-7. and 13. also follow directly from the definition of

complexity. For the remaining cases it might be useful here to look at some details.

Take 8.: c([B, k]¬φ) = (max{PRE(k′)|k′ ∈ B} + |k|) × c(¬φ) = (max{PRE(k′)|k′ ∈
B} + |k|) × (1 + c(φ) and c(¬[B, k]φ) = 1 + c([B, k]φ) = 1 + ((max{PRE(k′)|k′ ∈
B} + |k|) × c(φ). It suffices now to note that c(φ) ≥ 1 and (|k| + 1) > 1. The cases

9.-11. work similarly. For case 12. it suffices to refer to the definition of the transla-

tion function and the cases 2.-11. Let’s look at the last case: c((
∧
B of C(φ)∗A

[B, 0]ψ)) =

(|C(φ)∗A|−1)+max{c(B, 0]ψ|B of C(φ)A}+max{c(KAφ→
∧
B of C(φ)∗A

[B, 0]ψ)}, as we

have one less conjunction then there are B, 0 actions. This is obviously smaller than

c((
∧
B of C(φ)∗A

[B, 0]ψ).

With all this we can proof one more Lemma to be able to show completeness:

Lemma 3.37. For all formulas φ,

`+ φ↔ t(φ)

Proof. Proof by induction on c(φ). We have three options to consider for the base case

that c(φ) = 1: φ = >, ⊥ or p. For all of these `+ φ↔ φ.

For the inductive hypothesis take it as given that for all φ such that n > c(φ), `AMLp

φ↔ t(φ).

For the inductive step, we have a number of different cases to consider. The boolean and

epistemic cases follow straightforwardly from the inductive hypothesis and item 1 of the

lemma above. What is left to show are the action cases and, finally, the forgetting case.

The cases for φ = [B, k]¬ψ, [B, k](ψ ∧ χ) and [B, k]Kaψ follow straightforwardly from

the inductive hypothesis and the lemma above. I want to focus on the more interesting

cases. First note the cases in which we have φ = [B, k]p, even though there are 6 of

them, those 6 cover all possibilities and only one ever applies at a time. They also all

follow directly from the inductive step and the Lemma 3.36.

Left to show is the case in which φ = [B1, k1][B2, k2]ψ. Note that by the induc-

tive step `+ [B2, k2]ψ → t([B2, k2]ψ). By the necessitation rule for actions, we get
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`+ [B1, k1]([B2, k2]ψ ↔ t([B2, k2]ψ)) and by distributing over the implication we get `+

[B1, k1][B2, k2]ψ ↔ [B1, k1]t([B2, k2]ψ). By the Lemma 3.36 and the inductive hypothe-

sis we know that `+ [B1, k1]t([B2, k2]ψ)↔ t([B1, k1]t([B2, k2]ψ)), so `+ [B1, k1][B2, k2]ψ ↔
t([B1, k1]t([B2, k2]ψ)) and by the translation function `+ [B1, k1][B2, k2]ψ ↔ t([B1, k1][B2, k2]ψ).

Lastly, the case for φ = [†ψ]Aχ, again, follows from the Lemma 3.36 and the inductive

step.

With this all done, we can finally show the following theorem:

Theorem 3.38. For every ψ ∈ L†

�+ φ implies `+ φ

Proof. By soundness and the Lemma 3.37, if �+ φ, then �+ t(φ). The way the trans-

lation function is set up guarantees that t(φ) does not contain any action or forgetting

operators and so �e t(φ) since the epistemic logic is a subsystem of our system. By

completeness of the epistemic logic `e t(φ). and since we have `+ φ ↔ t(φ), it follows

that `+ φ.

Since the language of action models is only auxiliary, our final result is the following,

important Completeness Theorem:

Theorem 3.39. (Completeness) The axiomatic system `+ is sound and complete

with respect to the language of L†, i.e.

�+ φ if and only if `+ φ

At the beginning of this chapter I introduced the concepts and notions necessary for

modelling forgetting. I have also discussed what formulas we are interested, specifically

positive epistemic formulas. I have used this to develop an update semantics based on

[31]. I identified which AMLp actions this update corresponds to and used that to give

a sound and complete axiomatization for the logic of positive epistemic forgetting.

Left for future work is deciding whether there are positive epistemic formulas that cannot

successfully be forgotten, outside of the tautologies mentioned in Section 3.1.

In the following Chapter 4, I develop two extensions to this: Firstly, I discuss adding

entrenchment to decide which formulas are most likely to be forgotten between two
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otherwise equivalent options and, secondly, I generalize the system to negative forgetting

or the forgetting of arbitrary epistemic formulas. In Chapter 5 I develop extended model

semantics for positive forgetting and in Chapter 6 I use the resulting non-reductive

axiomatisation to develop a Display Logic system for it.



Chapter 4

Extensions of Forgetting

In this chapter I want to discuss some natural expansions of the positive forgetting

notion from the previous chapter. This will be in the form of a dependency relation that

helps us talk about the underlying structure of the agent’s knowledge by defining how

entrenched the knowledge of certain formulas is in the agents, which can be used to fix

important knowledge like rules of a game. Another expansion will be by generalizing the

forgetting operator to allow for negative epistemic formulas as well as positive ones. This

will give us coverage of all types of epistemic formulas and only those will be excluded

that cannot be forgotten in the first place.

4.1 Dependency and Conditional Knowledge

As already mentioned earlier in this thesis, there is a problem with losing conditional

knowledge. The forgetting operation focuses solely on falsifying literal statements, even

in the epistemic case. This leads to problems specifically with conditionals. Given two

formulas φ and ψ, it might be that the conditional statement of φ → ψ is especially

important or fundamental to our knowledge. Take the following example: Ann gets a

new pet bird and she tells Bob all about it. Let p be “Ann’s pet is a bird” and q “Ann’s

pet was hatched from an egg”. We get a model with a single world in which both p and

q are true (Figure 4.1).

w

p, q

Figure 4.1: Mbird with p and q

72
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Note that KB(p→ q) is true at w. But more than that it seems natural that most people

would agree that if Ann’s pet is a bird, it was hatched from an egg, simply because all

birds are hatched from eggs. If now, however, we want Bob to forget q, we get the

following model (Figure 4.2).

w, 0

p, q

w, 1

p,¬q

b

Figure 4.2: Mbird after forgetting q

We now get the unintuitive result that Kb(p → q) is no longer true and so Bob thinks

that it’s possible that Ann’s bird was not hatched from an egg. This example shows that

there are cases where there is an epistemic connection between certain formulas that are

logically independent of each other. We want to say that Bob only knows that Ann’s

pet was hatched from an egg because he knows that it was a bird and because birds are

hatched from eggs. Still in accordance with Figure 4.2 this means that we need to forget

more than just q, we also need to forget p or p → q1. The problem with the method

so far is that in situations like this it will always forget the conditional in favour of the

propositional literal. In our example, however, it seems far more likely that Bob forgets

that Ann’s pet is a bird because the fact that if it is a bird, then it was hatched from

an egg seems somehow more epistemically entranched for Bob. Whether or not Ann’s

bird is a pet might slip his mind, while it is hard to imagine that he simply forgets that

birds come from eggs.

Fortunately it is possible to handle these types of cases by modifying the forgotten

formula according to the epistemic dependencies that one wants to preserve.

4.1.1 Epistemic Dependency

The goal of this subsection is to define a relation ≺ between formulas that is supposed

to represent a sort of epistemic dependency between two formulas, i.e. if φ ≺ ψ, then if

you want to forget ψ, you also have to forget φ (to preserve φ→ ψ). Or, put differently,

φ→ ψ is, somehow, more epistemically entrenched than φ.

I do not want to make any philosophical claims about how exactly a formula can be

more or less epistemically entrenched and when exactly ≺ should hold between two

formulas. This decision lies outside of the logical framework and will be different for

each forgetting action. Take the example from above but instead of Bob we have a

1So the question becomes what comes first in Bob’s mind: the chicken or whether it was hatched
from an egg.



Extensions of Forgetting 74

martian alien Bobulon. Mars does not have any birds and so Bobulon is not familiar

with their reproductive biology (to learn is why they was sent to earth) and so they

will not make the connection between eggs and birds. They might be perfectly happy

accepting that this is a bird that was not hatched from an egg. Obviously instances of

rules (like all birds hatch from eggs) are prime candidates for this relation but it might

also be more specific non-general information. Cathy might have told David that she

is definitely going to get ice cream if she wins her tennis match today (and this is not

something she regularly does). If David the next day forgets that Cathy had ice cream,

we might want to also have him forget that she won the game.

Definition 4.1. A relation ≺ ⊆ L× L is called an epistemic dependency relation iff it

is transitive and irreflexive and fulfills the following conditions for all φ and ψ:

≺ is finitely based, i.e. for all φ, there are only a finite amount of ψ, such that ψ ≺ φ.

If φ ≺ ψ, then ¬ψ ≺ ¬φ, eliminating double negation when necessary and

if φ ≺ ψ, φ is not a tautology.

The restriction of transitivity is pretty natural, since if we have φ ≺ ψ and ψ ≺ χ

and we want to forget χ, we need to also forget ψ and in order to forget ψ, we need

to forget φ. The relation is irreflexive since in order to forget φ you have to forget φ

anyway. The first new condition guarantees that Modus Tollens inferences are preserved.

It makes sure that if φ → ψ is more epistemically entrenched than φ, then ¬ψ → ¬φ
is more entrenched than ¬ψ. The second condition guarantees that we are not adding

tautologies to our branches. Given Lemma 3.26, we know that adding a tautology to our

twigs means that the forgetting operation fails because the resulting worlds no longer

act as defeaters. This seems like a reasonable restriction as no formula should be more

entrenched than a tautology (as they cannot be made false). The only case in which

this could be debated it when both φ and ψ are tautologies and so φ → ψ is as well.

Since we know that all tautologies are equivalent forgetting ψ is equivalent to forgetting

φ → ψ anyways. So, even if forgetting a tautology was possible, this restriction would

not cause any problem.

Lastly, we require the relation to be finitely based for technical reasons. In order to

keep the dependencies for a relation ≺ intact, we need to forget all ψ such that ψ ≺ φ

whenever we forget φ. We do so by substituting instances of φ in the formula we want to

forget with φ∨ψ. If ≺ was not finitely based this would lead to infinitely long formulas.

There might be one restriction we would want depending on the exact purpose for the
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dependency relation that contradicts finiteness: closure under logical equivalence, i.e. if

φ ≺ ψ, then for all χ ↔ ψ, φ ≺ χ and for all χ ↔ ψ, φ ≺ χ. For the purposes of this

thesis a restriction like this is not required and so I leave it at finitely based ≺, but it is

worthwhile to sketch how such an infinite dependency relation could still be used. If we

restrict the relation to propositional formulas, we can create a set of equivalent formulas

for any formula φ, i.e. the set {ψ : ψ is equivalent to φ}. We can then define ≺ over

those equivalence classes instead of the formulas themselves and then pick some formula

for each equivalence class to substitute into the formula we want to forget. Finiteness is

not necessary the limiting factor to what we can actually do with a dependency relation,

but rather reflects a simple approach that already turns out to be fruitful.

4.1.2 A dependent forgetting operator

The goal is now to use ≺ to define a new forgetting operator that keeps the epistemic

dependencies intact [†φ]≺A. As mentioned above for all φ and ψ such that χ ≺ ψ, if we

have to forget ψ, we also want to forget χ. This can be done by replacing all instances

of ψ in φ with (χ∨ψ) (remember that both parts of a disjunction are forgotten). So we

can define φ≺ to be that formula:

Definition 4.2. For all formulas φ, such that φ is in branch form, ψ, χ0, . . . , χn and

epistemic dependency relations ≺ with Γ = {χi|χi ≺ ψ}, let φ≺ result from replacing all

ψ that are not inside the scope of a ¬ in φ with
∨
χ∈Γ χ.

Note that since φ is in branch form, ψ can only be in the scope of a negation if ψ is

a positive atom. This clause guarantees that we don’t replace instances of ¬ψ with

¬(ψ ∨ χ0 ∨ · · · ∨ χn). Since given some ≺ we simply want to forget φ≺ instead of φ, it

is straightforward to now define the truth condition for the operator [†φ]≺A:

Definition 4.3. (The Language of Dependent Positive Forgetting L≺† ) Let L≺+

be the language obtained by adding an [†φ]≺A operator to L† for every non-modally valid

positive epistemic formula φ, set of agents A and epistemic dependency relation ≺.

Definition 4.4. Let M = {M,R, V } be a model, w a world of W , φ≺ be a formula in

branch form equivalent to φ and A a set of agents such that for all χ ≺ ψ, M,w �+

KAχ→ ψ. �+
≺ is defined by the following conditions:
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M,w �+
≺ p iff w ∈ V (p)

M,w �+
≺ (φ ∧ ψ) iff M,w �+

≺ φ and M,w �+
≺ ψ

M,w �+
≺ ¬φ iff not M,w �+

≺ φ

M,w �+
≺ Kaφ iff ∀v : Rawv implies M, v �+

≺ φ

M,w �+
≺ [†φ]Aψ iff all sets of clauses B that are branches of

C(φ)∗A if MB is defined, then MB, (w, 0) �+
≺ ψ

M,w �+
≺ [†φ]≺Aψ iff M,w �+

≺ [†φ∗≺]Aψ.

It should be straightforward to see that this does exactly what we want it to do. Given

χ ≺ ψ, whenever forgetting ψ, we will keep χ→ ψ intact by making sure that φ is also

forgotten. It should be noted that for the case in which A do not know φ, the forgetting

operation does not change the agents knowledge since we are relying on the unmodified

forgetting operator from before.

Before proving that this operation is in fact functional in the way we want it to be, it

might be useful to first look back at the example from above. We can define ≺ to simply

be p ≺ q and then we get that p≺ = p ∨ q and so [†p]≺Aφ iff [†p ∨ q]Aφ. We get the

following model (Figure 4.3).

w, 0

p, q

w, 1

¬p,¬q

b

Figure 4.3: Mbird after forgetting q≺

It is easy to see that [†p]≺AKB(p→ q) is true and so Bob still knows that if Ann’s pet is

a bird, then it was hatched from an egg.

Theorem 4.5. For all models M and formulas φ, ψ and χ such that φ ≺ ψ and

M,w �+ KA(φ→ ψ),

M,w �+
≺ [†χ]≺AKA(φ→ ψ).

Proof. There are two cases to consider:

First consider the case in which ψ does not appear in χ. It is easy to see that the truth

of φ → ψ will remain unchanged. For the second case consider that ψ at some point

appears in χ. This means there is at least one branch of χ in which ψ appears. Again,

there are two cases to consider: If ψ is an atomic formula and only appears inside a

negation, nothing changes. On the other hand, if ψ appears on its own, then we know

that in φ≺ it is replaced by ψ∨φ and so we know that for all worlds w in which ψ, there

will be a copy created in which ¬ψ and ¬φ and so φ→ ψ will still hold.
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Lemma 4.6. (Forgetting) For every non-tautological positive epistemic formula φ,

model M , worlds w and dependence relation ≺,

M,w 2+
≺ [†φ]≺A

∨
a∈A

Kaφ

Proof. This follows straightforwardly from the Definition 4.4 and Theorem 3.25. It

suffices to point out that all things forgotten by [†φ]A are also forgotten by [†φ≺]A and

so everything needed to defeat Kaφ is still achieved.

In order to get an axiomatic system for L≺† , we simply have to add the following ≺–axiom

to the axiomatic system from above:

Positive Forgetting with ≺: `+
≺

Axioms

[†φ]Aψ ↔
∧
B of C(φ)A

[B, 0]ψ for non-modally valid positive epistemic φ

[†φ]≺Aψ ↔ [†φ∗≺]Aψ For φ∗ is in branch form and equivalent to φ

[B, 0]p↔ (KAφ→ p) for all prop. p
[B, k0]p↔ (KAφ→ [B, k]p) for all k, k0 ∈Wα

[B, k]p↔ (KAφ→ >) if ¬p ∈ Dk

[B, k]p↔ (KAφ→ ⊥) if p ∈ Dk

[B, l]p↔ (KAφ→ p) l ∈ N: if {p,¬p} ∩Dl = ∅
[B, kl]p↔ (KAφ→ [B, k]p) l ∈ N: if {p,¬p} ∩Dkl = ∅

[α]¬φ↔ (KAφ→ ¬[α]φ)
[α](φ ∧ ψ)↔ (KAφ→ ([α]φ ∧ [α]ψ))
[α](φ→ ψ)↔ ([α]φ→ [α]ψ)
[B, k]Kaφ↔ (KAφ→ (

∧
RklKa[B, l]φ))

[α;β]φ↔ [α][β]φ

Rules

From `+
≺ φ, infer `+

≺ [α]φ

Table 4.1: The axioms of positive forgetting with epistemic entrenchement ≺

Theorem 4.7. (Completeness) The axiomatic system �+
≺ is sound and complete with

respect to the language of L≺† , i.e.

�+
≺ φ if and only if `+

≺ φ
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Proof. Both soundness and completeness follow straightforwardly from the soundness

and completeness of L† and the results earlier in this section.

The epistemic dependence relation can be used for various purposes when trying to

exactly pinpoint the parameters of forgetting for an agent. Specifically it allows us to

keep the rules of our logical games fixed in the minds of the agents. If an agent draws a

card from a deck, but forgets what card he drew, he will still know that he only drew a

single card and that if he drew, for example, the ace of spades, this card cannot be held

by any other agent. Even though earlier in this section, I tried to motivate this relation

from an epistemic point of view, it also plays an importent role simply for modeling

purposes and, if required, can be just used as such. Let us look at a concrete version

of the example mentioned: Ann and Bob openly draw a card each from a deck of two

cards (1 and 2). Let A1 and A2 stand for “Ann drew card 1” and “Ann drew card 2”,

respectively and similar for B1 and B2. An important rule, among others, here is that

Bi ↔ ¬Ai. Ann and Bob cannot have the same card. Take a world in which B1 and A2

are the case. If Bob now were to forget B1 (in the non-depended way of [†B1]B), then

Bob will consider a world in which ¬B1 but also ¬A1, i.e. in which neither Ann nor Bob

drew card 1. If we, however, add the appropriate ≺ that fixes the above biconditional

(specifically ¬A1 ≺ B1 and A2 ≺ ¬A1 ), then instead of creating a world that contradicts

the rules of the game, we require Bob to also forget that Ann did not draw card 1 and

consequently that she drew card 2.

w

(A2, B1)

w, 0

(A2, B1)

w, 1

(¬A2, B1)

b

w, 0

(A2, B1)

w, 1

(A1, B2)

b

Initial Model M MB after [†φ]b MB after [†φ]≺b

Figure 4.4: Example: Ann and Bob draw cards.

Generally when modeling epistemic puzzles the agents only gain new knowledge and

nothing gets lost. Since we are here talking about forgetting, however, it becomes

paramount to keep the rules of our games/puzzles fixed over iterations of forgetting.

The dependency relationship can fulfill that purpose. As long as the rules of the game

can be expressed as conditionals, we can make sure that the agents can never forget
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those rules. This allows us to answer the more interesting question of what an agents

knowledege is after forgetting something in a situation if they still have to adhere to

the rules. This means that the agents still have a high level of rationality (given that

forgetting in the first place is not a rational act) and allows us to draw more interesting

and fruitful conclusions.

4.2 Negative Epistemic Formulas

So far our treatment of forgetting has only been concerned with positive epistemic for-

mulas. At first this might seem natural, as in order to defeat that a formula is not

known, we need to add the knowledge of that formula to our model in some way and

that seems to be the purview of learning or remembering rather than forgetting. And it

does seem problematic to talk about Ann forgetting that she does not know something,

i.e. Ann thinking she knows something she in fact doesn’t. It is possible for this to

occur but it does not seem to be a case of forgetting but rather of Ann making some

sort of different mistake. There are, however, cases for which forgetting that something

is not known is absolutely appropriate specifically in a multi-agent context: Ann might

very well forget that Bob does not know something.

Definition 4.8. (The Language of Negative Forgetting L−† ) The language L−†

extends the basic epistemic language L with the expressions [†φ]Aψ, “after the members

of the set of agents A forget that φ, ψ is the case”, where φ is a non-tautological epistemic

formula and ψ is a arbitrary formula. Let 〈†φ〉ψ be its dual (¬[†φ]¬ψ). Additionally

when necessary I will use L4−† or L5−† to signify whether the underlying epistemic logic

is S4 or S5

The approach here will be fundamentally based on the approaches already discussed in

this thesis: We create copies of worlds (the 0-worlds) and give them access to worlds

that act as defeaters (the 1-worlds, etc.). Now, however, we cannot simply change the

valuations of the defeater worlds to get what we want since no matter how many p

worlds we add to our model it cannot undo the fact that an agent has access to a ¬p
world. So what we need to change for the 1-worlds is not there valuation but rather the

epistemic arrows between them. So that if we want A to forget that B does not know p,

we have to make it so that there are no epistemic arrows for B from 1-worlds at which

p is true to those at which it is not. This will make “B knows p” true at those worlds

and so they act as defeaters for “A knows that B does not know p”.

In order to get there, however, we need to start by redefining some of the notions about

the types of formulas that are allowed to be forgotten.
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The majority of definitions from Section 3.2 remain unchanged. And so we can show

the following straightforwarldly:

Lemma 4.9. For any epistemic formula φ, the set C(φ)∗A is finite, the clauses it contains

are finite, and it satisfies � φ↔
∧
D∈C(φ)∗A

∨
D. C(>)∗A = ∅ and C(⊥)∗A = {∅}.

Proof. This proof follows the same method as the proof of Lemma 3.11.

We do need an updated definition of Branch Form to allow for the new type of formulas.

Definition 4.10. A formula φ is in branch form iff it is of the form

n∧
i=j

mi∨
j=1

ψij

where ψij is either

− a literal,

− of the form Kaχ such that a ∈ A and χ is in branch form itself or

− of the form ¬Kaχ such that a ∈ A.

Since we are treating the new formulas similar to the literals, it will not be surprising

that we take their branch depth to be 0:

Definition 4.11. For any branch B, let its depth |B| be defined in the following way:

|p| = 0

|¬Kaφ| = 0

For a clause: |{n1, . . . , nm}| = max(|n1|, . . . , |nm|)

For a set of clauses: |{a1, . . . , an, D}| = |D|+ 1

The following Lemma still follows as before in Section 3.2.

Lemma 4.12. For every branch B there is a twig T .
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Definition 4.13. The truth conditions for the consequence relation �− remain un-

changed from �+ (Definition 3.21), i.e.

M,w �− p iff w ∈ V (p)

M,w �− (φ ∧ ψ) iff M,w �− φ and M,w �− ψ

M,w �− ¬φ iff not M,w �− φ

M,w �− Kaφ iff ∀v : Rawv implies M, v �− φ

M,w �− [†φ]Aψ iff all sets of clauses B that are branches of

C(φ)∗A if MB is defined, then MB, (w, 0) �− ψ

4.2.1 Forgetting negative formulas in S4

Given that we now have branches that contain formulas of the form ¬Kaφ, we can now

look at how to incorporate them into our update operation. The basic idea is that we

need to make sure that agent a only has access to φ worlds by cutting off their access

to ¬φ worlds. I will do this first for an epistemic logic of S4 as it turns out that the

euclidean frame condition will provide some problems.

Remember that we are trying to create a world that acts as a defeater to the forgotten

formula, i.e. one on which the forgotten formula is false that is considered by the agent

or agents doing the forgetting. So in order to forget that an agent does not know some

φ, we need to create a world in which that agent only has access to φ worlds. It seems

like a straightforward restriction to say that an agent can only do this if they think that

the formula is possible, i.e. if they themselves don’t know that ¬φ, since otherwise the

second agent would have ‘wrong knowledge’. So the basic strategy is to create a world

that is cut off from all non-φ worlds. We can do so simply by using our strategy of

making copies of those worlds and modifying the connections those new worlds have.

But instead of adding connections by creating new worlds for them to consider, we

instead eliminate already existing ones (or at least their copies).

Let us first see how this is supposed to work on a simple example: Take a model MN

with two worlds w, v such that MN , w �− p and MN , v 2− p. Let’s say we have two

agents a and b and Rnawv. The model looks like Figure 4.5.

w

p

v

¬p

a

Figure 4.5: MN : The starting Model

Let us now take this model and have agent b forget that a does not know p. So we want

to model [†¬Kap]b.
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So we want to create 1-worlds that act as defeaters to ¬Kap, i.e. on which p is true and

no non-p world can be seen by a. We do so by simply cutting the connection between p

and non-p worlds. Note that because we are in S4 we only need to do so in one direction.

And so we get Figure 4.6.

w, 0

p

v, 0

¬p

w, 1

p

v, 1

¬p

a

b b

a

Figure 4.6: MN after [†¬Kap]b

We can see that (w, 1) acts as the defeater we need. Although if ¬p were the case and v

was the actual world, v, 1 would not act as a defeater for ¬Ka¬p. This is not important

here, but I want to highlight it as it will become relevant later when talking about S5

and forgetting that someone doesn’t know whether.

In order to allow negative forgetting for S4 epistemic logic, we can now take the procedure

in Definition 3.19 with the following modifications:

1. Item 2 (a) is changed to i = j unless i = j = m, (w, i) �e φ, (v, j) �e ¬φ, and

¬Kaφ ∈ Tm.

2. The last sentence in item 7 is changed to ’Let RB be the transitive closure of Rb’.

These changes result in the following definition:

Definition 4.14. Let M = 〈W,R, V 〉 be a model. The recursive process of generating

the model MB for a branch B of C(φ)∗A and it’s corresponding twig T1 is defined as

follows iff M,w �e KAφ.

1. For any twig Tm and model M = 〈W,R, V 〉, let W Tm := W × {0,m};

2. For any agent a, all w, v ∈W and i, j ∈ {0,m}, RTma (w, i)(v, j) iff Rawv and either

(a) i = j unless i = j = m, (w, i) �e φ, (v, j) �e ¬φ, and ¬Ka ∈ Tm or

(b) a ∈ Tm, i = 0 and j = m;

3. for all w ∈W , (w, 0) ∈ V Tm(p) iff w ∈ V (p);
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4. for all w ∈W , (w,m) ∈ V Tm(p) iff one of the following holds:

(a) ¬p ∈ BT
m or

(b) both [p,¬p] ∩Dm = ∅ and w ∈ V (p).

5. For all twigs BT
m1, . . . , B

T
mn ∈ BT

m and the model MTm = 〈W Tm , RTm , V Tm〉 repeat

the steps so far including this one, i.e. create the models MTm1 , . . . ,MTmn and

repeat the process for any subsequent sets of clauses until all sets of clauses are

resolved.

6. WB :=
⋃

n∈N∗
(W Tn)

7. for any agent a, all w, v ∈WB, Rbawv iff either

(a) 〈w, v〉 ∈
⋃

n∈N∗
(RTna ) or

(b) w ∈ W Tx , where W Tx ∈
⋃

n∈N∗
(W Tn) , v = (w, 0), so that v ∈ W Ty and

Ty, a ∈ Tx.

For all agents a, let RBa be the transitive closure of Rba.

8. for all w ∈WB, w ∈ V B(p) iff for all m such that w ∈Wm, w ∈ V m(p).

If M,w 2e KAφ, MB is not defined.

It should be easy to see that the second modification means that we force S4 instead

of S5 unto our resulting model. The first change makes it so that for the m-worlds, if

¬Kaφ is to be forgotten, that all φ worlds do not have a access to non-φ worlds. Note

that in S4, due to the lack of symmetry, this does not necessarily mean that the same

goes for non-φ worlds.

Since all we had to do is change the way the new model is created, we can keep the

definition of truth unchanged for the new consequence relation �− from Definition 4.13.

What is left to show is that the forgetting operator remains successful:

Theorem 4.15. (Forgetting) For every non-tautological epistemic formula φ, S4 model

M and world w,

M,w 2− [†φ]A
∨
a∈A

Kaφ
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Proof. It follows from Theorem 4.4 that M,w 2− [†φ]A
∨
a∈AKaφ for all positive epis-

temic formulas φ. What is left to show is the negative epistemic part of φ. So there is

some negative part ¬Kaψ of φ. So for all worlds w ∈M and twigs T of φ, if M,w 2− ψ,

then there is a w′ ∈ MB, such that MB �− ψ and for all v ∈ MB, MB, v 2− ψ, it is

not the case that RBa w
′v by Definition 4.13. There are only two ways for this relation to

come into place: By item 2(a) which explicitly blocks it and by the closure in item 7. So

we only need to show that the transitive closure does not cause any problems. So there

would have to be a world u, such that RBa w
′u and RBa uv. For this I will differentiate

3 levels a world can be on: Worlds with the same length string of numbers at the end

are on the same level, a world with a shorter string is of lower level and with a longer

string is of higher level. Since we are in S4, item 7 (b) means there are no arrows going

to lower level worlds. So we only have to consider cases in which u and v are of the

same or higher level than w′. If either u or v are on a higher level, it follows directly

because following Definition 4.14, there is no way of adding arrows between worlds that

have been removed at lower levels. If w′, v and u are on the same level, then in order

for RBa w
′u, MB, u �− ψ and so it’s not the case RBa uv.

The strategy to find an axiomatisation stays largely unchanged. We identify the action

model that corresponds to the forgetting operation and derive our axioms from that.

Although the resulting model has different properties and we get a different action frame

to reflect that. We can no longer just identify each number with an action, as we have

to cut the connection between φ and non-φ worlds, even if they share the same number.

Since those parts of the action frame dealing with positive epistemic formulas remain

unchanged, we can show how this works on the example above (Figures 4.5 and 4.6). I

omit the precondition Kb¬Kap as it is shared by all possible actions.

0

p

1p

PRE=p

1¬p

PRE=¬p

b b

a

Figure 4.7: The action frame corresponding to the forgetting action [†¬Kap]b.
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There are two things to note here: Firstly, we now have multiple possible actions cor-

responding to 1 instead of just one and, secondly, we are now making use of additional

preconditions for possible actions to make sure that only one of those possible actions

applies to each world, i.e. that we only end up with a single w, 1. This split allows us

to represent the loss of arrows from p worlds to non-p worlds on the 1-level. This split

will carry on onto higher levels and we will have a 1p0 and a 1¬p0 and so on.

w, 0

p

v, 0

¬p

w, 1p

p

v, 1¬p

¬p

a

b b

a

Figure 4.8: MN after update with the action frame in 4.7.

Of course we could have more than one negated epistemic formula in T and to see how

exactly forgetting behaves in those cases, and how the corresponding action frames look

like, it is important to go through an example for this. So let’s update the example

model MN from Figure 4.5 and adopt it to also include information about q and worlds

u and x to cover all cases. Lastly, let agent a know whether q and b whether p in all

worlds (Figure 4.9):

w

p, q

v

¬p, q

u

p,¬q
x

¬p,¬q

a

b b

a

Figure 4.9: MN ′

Now we want T = {c.¬Kaq,¬Kbp}, i.e. “c forgets that a knows q and that b knows p”,

so that we have to consider multiple different 1-worlds. First let us look what the model

MN ′ looks after updating by T . First we have 0-worlds that are immediate copies and

1-worlds that stay unchanged too as there are no literals in T . The epistemic arrows

between 0-worlds also stay unchanged and the 0-worlds are connected to the 1-worlds

for agent c.
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w, 0

p, q

v, 0

¬p, q

u, 0

p,¬q
x, 0

¬p,¬q

w, 1

p, q

v, 1

¬p, q

u, 1

p,¬q
x, 1

¬p,¬q

a

b b

a
c

c

c

c
a

a

bb

Figure 4.10: MN ′ after forgetting

c
a

0

1pq

PRE = p ∧ q

1q

PRE = ¬p ∧ q

1p

PRE = p ∧ ¬q

1

PRE = ¬p ∧ ¬q

c c

c

a

bb

Figure 4.11: The action frame corresponding to MN ′

Note that these have been very simple examples in the sense that they have not dealt

with positive and negative forgetting at the same time. As it turns out the way we have

chosen our preconditions so far does not hold up for those cases. It should not come

as a surprise to the reader that we cannot simply rely on what used to be true before

the update to the 1-world, if there are postconditions that change what propositions are

true at 1. For a telling example let us take the above model MN again but use the twig

T ′′ = {b,¬Kap, p} to update it, i.e. let b forget that a does not know p and that p. We

start with the model from Figure 4.5. We want the resulting model to look like Figure

4.12.

But if we take the preconditions as before we would get the same action frame as in

Figure 4.7 only with the added postconditions and the resulting model would be as in

Figure 4.6 except that ¬p is true at (w, 1). So we need to refine the postconditions in



Extensions of Forgetting 87

w, 0

p

v, 0

¬p

w, 1

¬p
v, 1

¬p

a

b b

Figure 4.12: MN after [†¬Kap ∨ p]b.

such a way that they take into account whether p or ¬p is true after the update and

not before. Fortunately, we can do this by using the postconditions of the axioms. In

this example we simple let PRE(1p) = POST (1p, p). Since a world to be updated by 1p

fulfilles the postcondition for 1p, p it is guaranteed that p is true after 1p at that world.

This, however, is again only a partial solution, as postconditions are only defined for

propositional atoms. We require therefore something that extends the idea to complex

formulas.

Definition 4.16. For any forgetting or support k and epistemic formula φ, let POST ∗(k, φ)

be defined by the following:

POST ∗(k, p) = POST (k, p)

POST ∗(k,¬φ) = ¬POST ∗(k, φ)

POST ∗(k, φ ∧ ψ) = POST ∗(k, φ) ∧ POST ∗(k, ψ)

POST ∗(k,Kaφ) = KaPOST
∗(k, φ)

Given this we can now formal definitions for the action models corresponding to negative

forgetting.

Definition 4.17. For any model M = {W,R, V }, set of agents Ω and branch B, let

α = {Wα, Rα, PRE,POST} be an action frame corresponding to B such that:

− If for all w ∈ W and k such that (w, k) ∈ MB, if k = k′0, then k ∈ Wα, and if

k 6= k′0, then for all ∆ = {φi or ¬φi|¬Kiφ ∈ T k},

− for all a ∈ Ω, w, v ∈W and k, l ∈Wα, RBa (w, k)(v, l) iff

• k = k′0, j = j′0, and Rαakj,

• k 6= k′0, j = j′0, and Rαak∆j for all k∆ ∈Mα s.t. for all φa ∈ ∆, PRE(j)→
POST ∗(φ, j),



Extensions of Forgetting 88

• k = k′0, j 6= j′0, and RαakjΓ for all jΓ ∈Mα,

• k 6= k′0, j 6= j′0, and Rαak∆jΓ for all jΓ ∈ Mα and k∆ ∈ Mα s.t. for all

φa ∈ ∆, PRE(jΓ)→ POST ∗(φ, jΓ),

− for all k ∈Wα,

PRE(k) =


KAφ if k = 0;

KAφ ∧ PRE(k′) if k = k′0;

KA ∧
⋃
φi∈∆ POST

∗(k, φ) if k = k′∆,

− for all propositional p, POST (0, p) = p,

− for all k∆ ∈Wα such that k 6= 0,

POST (k∆, p) =


p if {p,¬p} ∩Dk∗ = ∅;

> if ¬p ∈ Dk∗ ;

⊥ if p ∈ Dk∗ .

Additionally let (B, k) be the action α based on B with k as its actual action. The

model resulting from combining α with a model M will be called Mα.

Of course, we need to show that this definition actually does the job we need it to. So

we need to revisit Lemma 3.30, but first we need one more useful result:

Lemma 4.18. Given an action α that corresponds to a twig T and a model M , and

every k that appears in B there is exactly one ∆ such that M,w �− PRE(k∆).

Proof. It suffices to point out that in order for M,w 2− PRE(k∆), there needs to be

some φ ∈ ∆ such that M,w 2− φ and that there is then a ∆′ s.t. ∆ and ∆′ agree on all

formulas except for φ. Additionally for all Γ 6= ∆′ there is a ψ (or ¬ψ) ∈ Γ such that

¬ψ (ψ) ∈ ∆′ and so if M,w �− PRE(k∆), then M,w 2− PRE(kΓ).

Lemma 4.19. Given a branch B, a corresponding action α and a model M , MB =

{WB, RB, V B} and Mα = {Wα, Rα, V α} are isomorphic.

Proof. Again, I will mark worlds with α and B to show which model they belong to.

So we can take the following function: for k = k′0 let f(w, k)B = f(w, k)α, otherwise

from Lemma 4.18 we know there is exactly one ∆ for which (w, k∆)α ∈ Mα, so let

f(w, k)B = (w, k∆)α. Now we need to proof that f is an isomorphism.

This follows largely the proof of Lemma 3.30 and so I will only consider the differences

here.
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First of for the induction to proof requirement 1 of isomorphism, we need to review the

case that k 6= 0.

Let k 6= 0, then for (w, k)B ∈ V B(p) there are two possibilities: If ¬p ∈ T k, then

(w, k)B ∈ V B(p) iff M,w �− >. If ¬p ∈ Tk, then POST (k∆, p) = > and (w, k∆)α ∈
V α(p) iff M,w �− >. But if {p;¬p} ∩ T = ∅, then (w, k)B ∈ V B(p) iff M,w �− p and

POST (k∆, p) = p, so (w, k∆)α ∈ V α(p) iff M,w �− p.

Similarly we have to change the inductive step for worlds (w, kl) in which l 6= j0.

For the cases that l 6= 0, there are, again, two options. First, if ¬p ∈ T kl, then (w, kl)B ∈
V B(p) iffM,w �− > and POST (p, kl∆) = >. If {p;¬p}∩T kl = ∅, then (w, kl)B ∈ V B(p)

iff (w, k)B ∈ V B(p), (w, kl∆)α ∈ V α(p) iff (w, k′∆)α ∈ V α(p) and we can conclude with

the inductive hypothesis.

Note that all we had to do for these changes is to add the appropriate ∆s to the possible

actions for α. A little more substantive are the changes to proof 2:

Again the cases in which we need to show thatRBa (w, k)B(v, j)B iffRαa (w, k(∆))α(v, j(Γ))α
2.

This follows directly from the definition of Rαakj from Definition 4.17.

For 3. it suffices to point out that 1 and 2 were proofed as biconditionals.

For our axiomatic system, the only change we need is for the axiom

`−4 [†φ]≺Aψ ↔
∧

B of C(φ)A

[B, 0]ψ

to allow for φ to be any epistemic formula, as we no longer require it to be limited to

positive epistemic formulas. The resulting axioms can be seen in the Table 4.2 below.

Definition 4.20. Let `−4 be the axiomatic system defined by the axioms in Table 4.2

plus the axioms of epistemic logic.

What is left to show is Completeness for these axioms.

Theorem 4.21. (Completeness) The axiomatic system for the logic of forgetting in

S4 is sound and complete with respect to the language of L4−† , i.e.

�− φ if and only if `−4 φ

2(∆) and (Γ) are meant to convey that there are ∆ and Γ for those cases in which they are needed,
i.e. in which k 6= k′0 and/or j 6= j′0.
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Negative Forgetting S4: `−4

Axioms

[†φ]Aψ ↔
∧
B of C(φ)A

[B, 0]ψ for not modally valid epistemic φ

[B, ])p↔ (PRE(B, 0)→ p) for all prop. p
[B, k0]p↔ (PRE(B, k0)→ [B, k]p) for all k, k0 ∈Wα

[B, k]p↔ (PRE(B, k)→ >) if ¬p ∈ Dk

[B, k]p↔ (PRE(B, k)→ ⊥) if p ∈ Dk

[B, l]p↔ (PRE(B, l)→ p) l ∈ N: if {p,¬p} ∩Dl = ∅
[B, kl]p↔ (PRE(B, kl)→ [B, k]p) l ∈ N: if {p,¬p} ∩Dkl = ∅

[α]¬φ↔ (PRE(α)→ ¬[α]φ)
[α](φ→ ψ)↔ [α]φ→ [α]ψ
[B, k]Kaφ↔ (PRE(α)→

∧
RklKa[B, l]φ)

[α;β]φ↔ [α][β]φ

Rules

From `−4 φ, infer `−4 [α]φ

Table 4.2: The axioms of negative forgetting in S4

Proof. This proof is a fairly straightforward adaptation of the proof of Theorem 3.38

and Corollary 3.39.

Before moving on, I want to briefly discuss something I have mentioned in Section

3.1.1: Forgetting can leads to some information gain. Specifically if an agent a forgets

some formula φ, they will know that they no longer know it, i.e. ¬KaKaφ will be

true. If this is all the knowledge game possible it will not be a problem, as you only

gain knowledge about what you know but not about any propositional truths. But, as

already mentioned, this is not the case given negative forgetting.

Take the starting model from before (Figure 4.5). If we now allowed negative forgetting

on arbitrary epistemic formulas we could have a forget that they do not know that p.

We end up with the model in Figure 4.13

Although a now has access to a world in which they know p, they do not lose those

worlds in which p was false and so, importantly, Kap does not become true. This is,

therefore, an unproblematic application of forgetting.

4.2.2 Negative Forgetting in S5

It should be straightforward to see how the definition from above does not work for S5,

as a euclidean closure of the relations on the forgetting model would cause the φ and the
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w, 0

p

v, 0

¬p

w, 1

p

v, 1

¬p

a

a a

a

Figure 4.13: MN after [†¬Kap]a

¬φ worlds to be connected again. Of course this would undo the forgetting we wanted

to achieve. So, we need to tweak the definition, again, in such a way as to avoid this

problem. Fortunately there is an easy fix for this:

Item 2 (a) is changed to i = j unless i = j = m, w, i |= φ and v, j |= ¬φ , and

¬Kaφ ∈ Tm and vice versa.

This still guarantees that φ worlds are no longer connected to ¬φ worlds, but also that

the ¬φ worlds are not connected to the φ worlds. And we, of course, need to add the

euclidean closure back to Item 7.

Definition 4.22. Let M = 〈W,R, V 〉 be a model. The recursive process of generating

the model MB for a branch B of C(φ)∗A and it’s corresponding twig T1 is defined as

follows iff M,w �e KAφ.

1. For any twig Tm and model M = 〈W,R, V 〉, let W Tm := W × {0,m};

2. For any agent a, all w, v ∈W and i, j ∈ {0,m}, RTma (w, i)(v, j) iff Rawv and either

(a) i = j unless i = j = m, (w, i) �e φ, (v, j) �e ¬φ, and ¬Ka ∈ Tm and vice

versa or

(b) a ∈ Tm, i = 0 and j = m;

3. for all w ∈W , (w, 0) ∈ V Tm(p) iff w ∈ V (p);

4. for all w ∈W , (w,m) ∈ V Tm(p) iff one of the following holds:

(a) ¬p ∈ BT
m or

(b) both [p,¬p] ∩Dm = ∅ and w ∈ V (p).
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5. For all twigs BT
m1, . . . , B

T
mn ∈ BT

m and the model MTm = 〈W Tm , RTm , V Tm〉 repeat

the steps so far including this one, i.e. create the models MTm1 , . . . ,MTmn and

repeat the process for any subsequent sets of clauses until all sets of clauses are

resolved.

6. WB :=
⋃

n∈N∗
(W Tn)

7. for any agent a, all w, v ∈WB, Rbawv iff either

(a) 〈w, v〉 ∈
⋃

n∈N∗
(RTna ) or

(b) w ∈ W Tx , where W Tx ∈
⋃

n∈N∗
(W Tn) , v = (w, 0), so that v ∈ W Ty and

Ty, a ∈ Tx.

For all agents a, let RBa be the euclidean transitive closure of Rba.

8. for all w ∈WB, w ∈ V B(p) iff for all m such that w ∈Wm, w ∈ V m(p).

If M,w 2e KAφ, MB is not defined.

This, however, is not enough of a change to model negative forgetting for S5. Adding

negative introspection to our conditions on the epistemic operator causes another prob-

lem. Take a look at the following example: We have two worlds w and v with w � p

and v � ¬p. We can now have b forget that a knows that a does not know that p which

corresponds to [†Ka¬Kap]b. This is illustrated in the following Figure 4.14.

w, 0

p

v, 0

¬p

w, 00

p

v, 00

¬p

w, 01

p

v, 01

¬p

a

b b

a

a a

a

Figure 4.14: b Forgetting Ka¬Kaφ causes trouble!
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The dotted line represents the connection we wanted to eliminate but in this case we

cannot because of the euclidean frame condition imposed by S5. So it seems like not

every forgetting operation turns out to be successful. This problem arises when we

are forgetting that an agent knows that they do not know something. This is not a

surprising result, however, given negative introspection. It tells us that the negated

knowledge Ka¬Kaφ comes as a package with the equivalent ¬Kaφ. As we have seen the

methods of forgetting positive and negative epistemic formulas is fundamentally different

and so what we have to do is make sure that both the positive formula and its negative

implications get forgotten at the same time. Fortunately this can be achieved by simply

forgetting ¬Kaφ, as it turns out that this will automatically also eliminate Ka¬Kaφ.

As can be seen in the following Figure 4.15.

w, 0

p

v, 0

¬p

w, 1

p

Kaφ, ¬Ka¬Kaφ

v, 1

¬p

a

b b

Figure 4.15: b Forgetting ¬Kaφ does the trick!

The worlds w, 1 now acts as a defeater for both Kb¬Kap and KbKa¬Kap and since we do

not have the same problem of repeated a arrows, the problem of unwanted connections

being put back in due to euclidean and transitivity cannot occur.

For the general approach of how to solve this problem I, therefore, propose to use a

translation to an equivalent formula that helps us avoid forgetting those formulas that

cause problems by forgetting their unproblematic equivalents instead. This is done,

basically, by pushing negated epistemic operators to the beginning of any subformula

that includes multiple instances of epistemic operators sharing the same agents, i.e. if

we have a formula like Ka¬Ka . . . as a part of our forgotten formula, we want to push

¬Ka to the beginning of that part. We then replace this resulting formula with the

initial formula much like we did when we considered the dependency relations ≺.

It is easy to show that this can be done by replacing the problematic part of a formula

φ. Since we require our formulas to be in branch form, we know that there are only two

cases to consider in which this can happen: Ka¬Kaψ and Ka(¬Kaψ ∨ χ).

Proposition 4.23. 1. M,w �− Ka¬Kaψ iff M,w �− ¬Kaψ
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2. M,w �− Ka(¬Kaψ ∨ χ) iff M,w �− (¬Kaψ) ∨ (Kaχ)

Proof. The first is simply the semantic equivalent of the negative introspection axiom.

The second is a well know result about S5 modal logic: �(♦ψ ∨ χ)↔ (♦χ ∨�ψ).

Definition 4.24. We call a formula φ NI-free, if for all agents a, φ does not contain

any instances of ¬Ka appearing directly inside the scope of an Ka operator.

This suffices to proof the following:

Corollary 4.25. For every formula φ, there is a formula φ′, such that M,w �− φ iff

M,w �− φ′ and φ′ is NI-free.

From a technical standpoint this is all we need, but for practical purposes it might

be helpful to find a way of uniformly transforming φ into φ′. We can do so by directly

creating the relevant twigs necessary for the forgetting operation and showing that those

twigs will turn out the be part of a branch corresponding to a formula equivalent to the

original formula.3

Definition 4.26. For every twig T , we call T NI-free, if for all agents a ∈ T and formulas

φ, ¬Kaφ 6∈ T and for all twigs T ′ ∈ T , T ′ is also NI-free.

A branch B is called NI-free, if all its twigs are NI-free.

The following definition outlines a method for turning twigs NI-free:

Definition 4.27. For a twig T , we create T ′ in the following way:

For all twigs T i ∈ T , agents a and formulas ¬Kaφ ∈ T i, remove ¬Kaφ from T i and add

it to T and, if afterwards T i ⊂ Ω, i.e. only a set of agents, remove T i altogether.

What we are doing here is taking the instances of negated knowledge and move them

outside of the scope of the epistemic operator. For cases in which this leaves the epistemic

operator empty (like Ka¬Kaφ), we then eliminate it.

Lemma 4.28. Applying the method defined in the definition above starting with the

inside most twigs and moving to the outside of a twig T , will give us NI-free twigs for

any twig.

3We could also just transform the branch directly but the added structure in branches makes the
process a lot more convoluted.
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Proof. It is easy to see that by moving inside-out, this process will terminate. Since

we are pushing ¬Kaφ to the outside with each step, it is also easy to see that it will

eliminate instances of them appearing inside the scope of Ka. The only thing that is

left to note is that outer most twig T will correspond to the formula that is forgotten

and that, by definition, an agents a cannot forget ¬Kaφ, there never arises the instance

were a formula needs to be moved outside of T .

What is left to show is that we can combine these twigs back into a branch that cor-

responds to the formula φ′ and that φ′ is equivalent to the φ we started out with.

Fortunately there is a straightforward way of doing this, although it does not provide

the simplest of formulas. First we need to show that a twig can be turned into a branch.

Lemma 4.29. For any twig T there is a corresponding branch B.

Proof. All we really need to do to get a branch B from a twig T is putting those members

of T that are not agents, into a clause D and let B be the set containing all agents in T

and the clause D. For all twigs T i in D we repeat the process, and so on.

To show that B is infact a branch, it suffices to point out that B only contains a single

clause D and that all sets of clauses Bi in D are also branches.

Definition 4.30. For a formula φ, let ϕ be the formula corresponding to the set of

clauses C(ϕ) obtained by the following steps:

1. Turn all twigs of φ into NI-free twigs T 1, . . . , Tn using the method described above

2. Turn those twigs into corresponding branches B1, . . . , Bn

3. Combining all those branches into the set C(ϕ), such that for all i ≤ n, for all

agents a and clauses D in Bi, then a and D ∈ C(ϕ). Note that by the lemma

above, all Bi will share the same agents.

Following this definition ϕ is going to be a formula of the form KB(ψ1 ∧ · · · ∧ψn) where

B are the agents in C(ϕ) and each ψi corresponds to a minimal way of making φ false

after replacing all instances of negated knowledge inside the scope of a positive epistemic

operator.

Lemma 4.31. For all models M , worlds w and formulas φ, if ϕ is defined,

M,w �− φ iff M,w �− ϕ
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Proof. For the right-to-left direction, it suffices to point out that if φ is false, then one of

it’s twigs will be false. By the construction of ϕ this would mean that the corresponding

ψi is false.

Let A be the agents in C(ϕ). Similarly for the left-to-right direction, if ϕ is false, there

has to be a ψi, such that M,w 2− KBψi and so one of the twigs of φ is false.

There is another problem with forgetting in S5, if we look at the example at the end of

the last section and apply a forgetting ¬Kap to the model in Figure 4.5, we run into

problems (Figure 4.16).

w, 0

p

v, 0

¬p

w, 1

p

v, 1

¬p

a

a a

a

Figure 4.16: MN after [†¬Kap]a

This should not come as a surprise as we are basically trying to falsify Ka¬Kap and

are, therefore, dealing with stacking Ka operators. The difference here is that we cannot

simply get rid of them. It does, however, not seem unreasonable to simply disallow these

types of formulas, i.e. those that are of the form ¬Ka when a is the agent forgetting.

This does not seem like a dramatic limitation as it seems unintuitive to have an agent

forget that they don’t know something in an S5 setting. Remember that this forgetting

operation was not problematic in S4. This is a direct consequence of the choice between

whether the notion of knowledge is taken to be S4 or S5, as in S4 you can not be sure

whether you know something while in S5 not knowing something means that you also

know that you do not know it.

This allows us now to define a new forgetting operator that does not fail in the same

way as the old one.

The truth of a new forgetting operator [†∗] is defined in the following way:

Definition 4.32. For all models M , worlds w, and formulas φ and ψ,

M,w �− [†∗φ]Aψ iff M,w �− [†ϕ]Aψ.
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Theorem 4.33. (Forgetting) For every non-tautological epistemic formula φ, such

that φ 6= ¬KBψ and B ⊆ A, S5 model M and world w,

M,w 2− [†∗φ]A
∨
a∈A

Kaφ

Proof. This proof will be similar to the proof of Theorem 4.15, but it is sufficiently

different to go through in detail here.

It follows from Theorem 4.15 that M,w 2− [†ϕ]AKAϕ for all positive epistemic formulas

ϕ. So let there be some ¬Kaψ that is part of ϕ. So we know that for all worlds w ∈M
and twigs T of ϕ, if M,w �− ψ, then there is a w′ ∈ MT , such that MT , w′ �− ψ and

for all v ∈MB, MB, v 2− ψ, it is not the case that RBa w
′v by Definition 4.22. The only

ways for that relation to be established is via item 2(a) which explicitly blocks it and

by the closure in item 7. So what is left to show is that the euclidean and transitive

closure cannot cause the relation. In order for euclidean to be a problem, there needs to

be some worlds u, v such that RBa uv and RBa uw and MB, v 2− ψ. In order for there to

be a-arrows to w and v from u, we need to have Ka¬Kaψ and u needs to be on the part

of the model that corresponds to that formula being forgotten. Note here that there is

one more case in which we could have an a arrow from u to v and that is if u is further

down the line of forgetting (i.e. is (v, 0)), fortunately this will not be a problem because

according to Definition 4.22 there is no way to add arrows back in to non-ψ worlds once

they have been removed. This, however, contradicts the definition of ϕ. Similarly to

the S4 version, for transitivity, there would have to be worlds u and v, such that RBa wv

and RBa vu such that MB, u 2− ψ. So either v is on the same level (i.e. has the same

length string of numbers) as w and MB, v �− ψ, then u cannot be on that level and the

a arrow has to be due to Ka¬Kaψ, or the a arrow from w to v is already because of

this. Both cases are contradictory.

For the definition of action models for negative forgetting in S5, we simply have to adapt

the Definition 4.17 again, specifically we have to require the epistemic relations Ra to

be S5 instead of S4.

So, we have to change

k = k′0, j 6= j′0, and RαakjΓ for all jΓ ∈Mα,

to
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k = k′0, j 6= j′0, and RαakjΓ for all jΓ ∈Mα s.t. for all φa ∈ Γ,

PRE(k)→ POST ∗(φ, k).,

as we can only have RαakjΓ if we also have Rαa jΓk due to symmetry.

Definition 4.34. For any model M = {W,R, V }, set of agents Ω and branch B, let

α = {Wα, Rα, PRE,POST} be an action frame corresponding to B such that:

− If for all w ∈ W and k such that (w, k) ∈ MB, if k = k′0, then k ∈ Wα, and if

k 6= k′0, then for all ∆ = {φi or ¬φi|¬Kiφ ∈ T k},

− for all a ∈ Ω, w, v ∈W and k, l ∈Wα, RBa (w, k)(v, l) iff

• k = k′0, j = j′0, and Rαakj,

• k 6= k′0, j = j′0, and Rαak∆j for all k∆ ∈Mα s.t. for all φa ∈ ∆, PRE(j)→
POST ∗(φ, j),

• k = k′0, j 6= j′0, and RαakjΓ for all jΓ ∈ Mα s.t. for all φa ∈ Γ, PRE(k) →
POST ∗(φ, k).,

• k 6= k′0, j 6= j′0, and Rαak∆jΓ for all jΓ ∈ Mα and k∆ ∈ Mα s.t. for all

φa ∈ ∆, PRE(jΓ)→ POST ∗(φ, jΓ),

− for all k ∈Wα,

PRE(k) =


KAφ if k = 0;

KAφ ∧ PRE(k′) if k = k′0;

KA ∧
⋃
φi∈∆ POST

∗(k, φ) if k = k′∆,

− for all propositional p, POST (0, p) = p,

− for all k∆ ∈Wα such that k 6= 0,

POST (k∆, p) =


p if {p,¬p} ∩Dk∗ = ∅;

> if ¬p ∈ Dk∗ ;

⊥ if p ∈ Dk∗ .

Additionally let (B, k) be the action α based on B with k as its actual action. The

model resulting from combining α with a model M will be called Mα.

Lemma 4.19 follows in the same way as before.

We can now discuss the axiomatisation. Similarly to the case for S4, we can leave the

axioms fundamentally unchanged. We only have to add a single axiom dealing with the

fact that we are forgetting ϕ instead of φ as defined in Definition 4.30.
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Negative Forgetting S5: `−5

Axioms

[†φ]Aψ ↔
∧
B of C(φ)A

[B, 0]ψ for not modally valid epistemic φ

such that φ 6= ¬KBψ with B ⊆ A
[†∗φ]Aψ ↔ [†ϕ]Aψ

[B, 0]p↔ (PRE(B, 0)→ p) for all prop. p
[B, k0]p↔ (PRE(B, k0)→ [B, k]p) for all k, k0 ∈Wα

[B, k]p↔ (PRE(B, k)φ→ >) if ¬p ∈ Dk

[B, k]p↔ (PRE(B, k)→ ⊥) if p ∈ Dk

[B, l]p↔ (PRE(B, l)→ p) l ∈ N: if {p,¬p} ∩Dl = ∅
[B, kl]p↔ (PRE(B, k)→ [B, k]p) l ∈ N: if {p,¬p} ∩Dkl = ∅

[α]¬φ↔ (PRE(α)→ ¬[α]φ)
[α](φ ∧ ψ)↔ (PRE(α)φ→ ([α]φ ∧ [α]ψ))
[α](φ→ ψ)↔ ([α]φ→ [α]ψ)
[B, k]Kaφ↔ (PRE(B, k)φ→ (

∧
RklKa[B, l]φ))

[α;β]φ↔ [α][β]φ

Rules

From `−5 φ, infer `−5 [α]φ

Table 4.3: The axioms of negative forgetting in S5

Theorem 4.35. (Completeness) The axiomatic system for the logic of negative for-

getting in S5 is sound and complete with respect to the language of L5−† , i.e.

�− φ if and only if `−5 φ

The proof follows the proofs of Theorem 4.21 above and does not need to be reiterated

here.

4.2.3 Forgetting that they don’t know whether

As we have already seen there are some difference here in how negative forgetting is to

be handled in S4 or S5. Here I want to talk about a differentiation we can make in

S4 that will not hold if we add negative introspection. In the literature of forgetting a

difference is made between ’forgetting that’ and ’forgetting whether’. So far I have only

talked about ’forgetting that’ as it seems to be the more fundamental idea (forgetting

whether ends up being forgetting that and forgetting that not). Inside the context of

negative forgetting for S4 there is some fruitful discussion to be had here. Intuitively it

boils down to the fact that S5 has the symmetry property and so in order to disconnect

φ and ¬φ worlds, we have to disconnect them in both direction, while in S4 we can be a
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bit more discriminatory. It turns out that in S5 forgetting ¬Kap will result in the same

model than forgetting ¬(¬Kap)∨ (¬Ka¬p). First we can look how this is handled in S4

with the following example:

w
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v

¬p

a
w, 0

p

v, 0

¬p

w, 1

p

v, 1

¬p

a

b b

a

w

p

v

¬p

w, 1

p

v, 1

¬p

a

b b

Initial Model M b forgets that a b forgets that a
doesn’t know that p doesn’t know whether p

Figure 4.17: Example: Negative forgetting ’whether’ and ’that’.

It is easy to see from this example, why the middle model could not happen in S5:

Symmetry would force it to be the same as the right model. Again this boils down to

the added level of introspection by 5. An agent at the world v, 1 in the middle model is

in a position to realise that if p was in fact true, then they would know for it to be true

and since they don’t know it, they can conclude that ¬p has to be the case and that

they have to be in v, 1. The following proposition should not come as a surprise given

this:

Proposition 4.36. Given S5 epistemic logic, for all models M and worlds w,

M,w �− [†¬Kaφ]bψ iff M,w �− [†((¬Kaφ) ∨ (¬Ka¬φ))]bψ.

Proof. It will suffice to show the left-to-right direction, as the right-to-left direction is

analogous. For contradiction, take some Model M with a world w, formulas φ and ψ,

and agent a, such that M,w �− [†¬Kaφ]bψ, but M,w 2− [†(¬Kaφ) ∨ (¬Ka¬φ)]bψ. For

simplicity let M1 = {W 1, R1, V 1} be the model obtained by the [†¬Kaφ]b operation

and M2 = {W 2, R2, V 2} the model we get from [†(¬Kaφ) ∨ (¬Ka¬φ)]b. We know that

ψ cannot be propositional as it would remain unchanged by either forgetting operator.

Since the boolean connectives rely on the truth of their parts and epistemic formulas

are only relevant if they share agents, there are only two interesting cases to consider:

1. Let ψ = ¬Kaχ. Since M1, w, 0 2 Ka¬Kaφ which is equivalent to M1, w, 0 �−

Kaφ,for all v ∈ M1 such that R1
aw, 0v ∈ R1, M1, v �− φ. We also know that

M1, w, 0 �− ¬Kaχ and so that there is a u, s.t. Raw, 0u and M1, u �− ¬χ. But

since M1, u �− φ, we know that R2
aw, 0u and so that M2, w, 0 �− ¬Kaχ.
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2. ψ = Kaχ. As above, we get that for all v, s.t. R1
aw, 0, v, M1, v �− φ, but now we

also get that M1, v �− Kaχ, since M1, w, 0 �− Kaχ. As above, we know that all

those v are also in R2
aw, 0v and so M2, w, 0 �− Kaχ.

This, of course, boils down to a more fundamental difference between epistemic logic

with or without symmetry: If the accessibility relation for knowledge is symmetric an

agent can only know whether φ is true if they know that φ or if they know that ¬φ. It

should not come as a surprise that this extends to what one is able to forget. So, it is

important that the approaches discussed in this thesis preserve that difference.

4.3 Irrelevance

Theorem 3.25, and its equivalents, can be seen as a minimum requirement for succesful

forgetting. It is not clear, however, what other properties are that should be obeyed. In

[58] four postulates are discussed that seem reasonable requirements to put on forgetting

and so it is useful to determine whether my approach satisfies these postulates. The

system they suggest uses different language then the one discussed here and so I give

a translation of the postulates that fits my system but keeps the original ideas behind

them unchanged.

I first need to give an appropriate account of what it means for a formula to be irrelevant

to another formula. Relevance in [58] is defined between sets of atoms as their notion

of forgetting only allows for propositional propositional statements to be forgotten on

a single agents system. As such we need to enrich this notion to be able to deal with

cases in which either the agents don’t line up (Intuitively, Ann forgetting p is irrelevant

to Bob’s knowledge of p.) or in which we are dealing with more entrenched epistemic

formulas (Bob forgetting that Ann knows p is irrelevant to Ann knowing p, but Ann

forgetting p is certainly relevant to Bob knowing that Ann knows p). Note also that

nothing is relevant to negated knowledge, as no forgetting will influence the things we

already don’t know.

Definition 4.37. Let B(KBφ) be the branch corresponding to some formula φ. B(KBφ)

is the set containing B(KBφ), all members of B(KBφ) and their members, and so on.

Note that the members of B(KBφ) are going to be branches, agents, and literals. In the

following we will only need the branches and literals. In the following I will say that a

formula ψ is in a formula φ if B(ψ) ∈ B(φ).
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Definition 4.38. An epistemic formula KAφ is irrelevant to a formula ψ iff

1. ψ is of the form ¬KBχ or p, or

2. ψ is of the form ¬χ and is irrelevant to χ or

3. ψ is of the form χ1 ◦ χ2, where ◦ is a boolean connective and KAφ is irrelevant to

χ1 and χ2 or

4. ψ is of the form KBχ, and for all B ∈ B(KBχ), T ∩B ⊆ Ω.

If a formula φ is not irrelevant to ψ, we call it relevant to ψ.

Nothing is relevant to negated knowledge and atoms. Irrelevance for the boolean for-

mulas straightforwardly boils down to the irrelevance to their parts. What is left is

irrelevance for positive epistemic formulas. The idea is that for a formula to be relevant

it needs to be relevant to some part of it. The definition above makes sure that φ is

relevant to a formula ψ if inside of ψ there is a part χ such that φ and χ share agents

and relevant literals. Take an example from above the definition: Kap is relevant to

KbKap because Kap is a part of Kb. For a more substantial example we can show that

Ka(p ∨ q) is relevant to KbKap because Kap is in KbKap and shares both agent a and

literal p with Kap. Note especially that this notion of (ir)relevance is not symmetric.

KbKap is not relevant to Ka(p ∨ q) because there is no part of Ka(p ∨ q) in KbKap.

In any consequence relation � for a logic of forgetting, the following need to hold for all

models M , worlds w, sets of agents A, positive epistemic formulas φ and ψ,

Weakening: If M,w � [†φ]AKBψ, then M,w � KBψ, where KBψ is a positive epis-

temic formula,

Positive Persistence: If KAφ is irrelevant to ψ and M,w � ψ, then M,w � [†φ]Aψ

Negative Persistence: If KAφ is irrelevant to ψ and M,w 2 ψ, then M,w 2 [†φ]Aψ

Irrelevance: If M,w � [†φ]AKBψ, then KAφ is irrelevant to KBψ.

Intuitively, Weakening tells us that no positive knowledge (regardless of relevancy) can

be gained by forgetting a formula. Positive and Negative Persistence guarantee the

truth and falsity of formulas that should not be changed by the forgetting operation ac-

tually stay unchanged, i.e. that no formula becomes true or false for which the forgotten

formula is irrelevant. Lastly, Irrelevance tells us that if a formula ψ is true after A

forget some formula φ, then KAφ was irrelevant to φ., i.e. that everything that should

be forgotten.
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Theorem 4.39. For any model M and forgetting consequence relation �′ discussed in

this thesis, Weakening, Positive Persistance, Negative Persistance and Irrele-

vance are satisfied.

Proof. Weakening: This is easy to see for positive forgetting, since we only introduce

new worlds but never change the existing ones it is impossible to gain new positive

knowledge, i.e. there is no positive knowledge that is not known after forgetting that

wasn’t already known before. For negative forgetting note that even though we are

introducing new worlds, the original worlds stay unchanged and so no new positive

knowledge can be gained.

Positive Persistence: Assume some model M , world w, agents A and B, and formulas

φ and ψ, such that M,w �′ ψ and M,w �′ [†φ]Aψ for contradiction. If KAφ is relevant

to ψ, then there is some KCχ in ψ since ψ needs to be an epistemic formula, and at

least one agent c both in A ∩ C and some formula π in TKAφ ∩ TKCχ. By Lemma 4,

MB, w, 0 2′ Kcπ and so M,w 2′ [†φ]AKcπ and so M,w 2′ [†φ]AKBψ.

Negative Persistence: Assume some model M , world W , agents A and B, and for-

mulas φ and ψ, such that M,w 2′ ψ and M,w 2′ [†φ]Aψ for contradiction. There are 3

basic cases to consider: ψ is atomic, negative knowledge, or epistemic knowledge. The

boolean connectives follow straightforwardly. For atomic/ negative knowledge it suffices

to point out that those cannot be falsified by forgetting. Taking the contraposition of

Weakening gives us the positive epistemic case.

Irrelevance: Take some KAφ and KBψ such that KAφ is relevant to KBψ. If KAφ

is relevant to KBψ, then there is some KCχ in KBψ and at least one agent c both in

A ∩ C and some formula π in TKAφ ∩ TKCχ. By Lemma 4, MB, w, 0 2′ Kcπ and so

M,w 2′ [†φ]AKcπ and so M,w 2′ [†φ]AKBψ.

In this chapter I have added two extensions to the system of positive forgetting of

Chapter 3. I have introduced an epistemic entrenchment function to deal with the

problem of conditional forgetting. Generalisations of the notions of positive forgetting

to deal with the forgetting of arbitrary epistemic formulas and a system based on this

called negative forgetting have been developed. This has highlighted some fundamental

differences between forgetting in S4 and S5 epistemic logic. I have addressed the main

problem with forgetting in S5. Lastly, some properties of forgetting found in [58] have

been shown to hold for the new system.

Further extensions of forgetting remain open. The systems discussed in the last two

chapters are only capable of dealing with the forgetting of formulas. Systems for more

complex types of forgetting are left for future research. An example of this is mentioned
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in Section 2.3.1 in which a way is outlined in which we can model the memory the agents

have of what actions last took place.

In Chapter 5 I develop extended model semantics for positive and negative forgetting

and use it to develop non-reductive axiomatisations that are then used in Chapter 6 to

develop Display Logic proof systems.



Chapter 5

Extended Models Of Forgetting

The goal of this chapter is to combine the two main notions of this thesis, forgetting

and extended models. I will use the methods discussed in the section on extended

models to give an alternative semantics for the logic of forgetting that will then be used

to identify a non-reductive axiomatization. In addition to the axiomatization this will

also yield the the same positive results as general extended models for Action Model

Logic. It will help us further pin down the exact properties of forgetting actions via

the corresponding normality frame conditions. I will establish the normality conditions

based on the actions of AMLp that correspond to forgetting. As we have already shown

the equivalence between the semantics of forgetting and the representation of forgetting

as AMLp actions, it will suffice to show that the new extended semantics is equivalent

to forgetting actions.

The first thing to note here is that we already know that the forgetting corresponding to

a twig T is a type of AMLp action and so we can take those conditions as our baseline.

We will, obviously, have to put further restrictions to get the exact type of actions we

want. The strategy will be to go step by step from the most simple forgetting actions

and refine until we get the normality conditions that correspond to the general class of

actions of forgetting.

We start with the simplest forgetting actions, those of purely propositional forgetting,

and generalize from there to positive and, ultimately, negative epistemic formulas.

5.1 Propositional Forgetting

Definition 5.1. (The Language of propositional Forgetting Lprop† ) The language

Lprop† extends L with the expressions [†φ]Aψ, where we restrict φ to be a propositional

105
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formula. As usual, let 〈†φ〉ψ be its dual (¬[†φ]¬ψ).

For the semantics we will use the extended model semantics defined in Chapter 2 of

this thesis. As we have seen in Chapter 3, forgetting actions are a special type of AMLp

actions and so we only need to use more specific normalisation conditions to restrict the

extended models to those we need. Before we can do that, however, we need to define

simple forgetting.

Definition 5.2 (Propositional Forgetting). We call a twig T propositional, if it only

contains agents and literals. We call an action B or a forgetting action B, 0 propositional

forgetting if it corresponds to a propositional twig T .

In the following I will use T for a twig and B for the action corresponding to that twig

and not for the branch. This allows me to use T exclusively for the set of clauses and

B for actions while still highlighting their connection.

We can also simply adapt the definition of truth from postive epistemic forgetting in

Definition 3.21, by limiting forgetting to propositional twigs.

Definition 5.3. Let M = 〈W,R, V 〉 be a model and w a world of W . The consequence

relation �p is defined by the following:

M,w �p p iff w ∈ V (p)

M,w �p (φ ∧ ψ) iff M,w �p φ and M,w �p ψ

M,w �p ¬φ iff not M,w �p φ

M,w �p Kaφ iff ∀v : Rawv implies M, v �p φ

M,w �p [†φ]Aψ iff all sets of clauses B that are branches of

C(φ)∗A if MB is defined, then MB, (w, 0) �p ψ

It might be useful before we start getting into how exactly our normality conditions

need to be to look at the form an action has to take to accomplish the task of forgetting

a propositional formula.

Definition 5.4 (Propositional Forgetting Action). Let T be a propositional twig. The

following is the action B, 0 corresponding to T :

− WB,0 = {0, 1},

− RB,001,

− for all k ∈WB,0, PRE(w) = KAφ, and
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− for all p, POST (0, p) = > and

POST (1, p) =


p if {p,¬p} ∩ T = ∅;

> if ¬p ∈ T ;

⊥ if p ∈ T.

Definition 5.5. For a model M = 〈W,R,RB, V 〉, a formula φ is true at (M,w), written

M,w �pext φ, as follows:

M,w �pext p iff w ∈ V (p)

M,w �pext ¬φ iff not M,w �pext φ

M,w �pext φ ∧ ψ iff M,w �pext φ and M,w �pext ψ

M,w �pext Kaφ iff ∀v : Rawv implies M, v �pext φ

M,w �pext [B, k]φ iff ∀v : RBk wv implies M,v �pext φ

M,w �pext [†φ]Aψ iff M,w �pext [B, 0]φ for all B

corresponding to forgetting φ.

Now we need to identify the normality conditions for extended models for propositional

forgetting.

Note that there is a difference in type between the actions B, 0 and B, 1, as the conditions

for the two will have to be very different. Although B, 0 and B, 1 share the same action

frame B, we do not require for B, 1 to be a forgetting action. In order to keep track of

actions like B, 1, that are based on the same action frame but aren’t forgetting actions

themselves, the following definition is handy:

Definition 5.6 (Support Action). Any action B, k that is based on the same action

frame as a forgetting action B, 0, is called a support action of B, 0.

With this we can now define the normality condition for propositional forgetting.

Definition 5.7 (Normality Conditions of Propositional Forgetting). An action B, 0

corresponding to a propositional twig T and agents A forgetting a propositional formula

φ will be called φpA-normal, if the following conditions hold:

P-Functionality 1 For all worlds w and support or forgetting actions B, k, such that

M,w �e KAφ there is v such that RBk wv

P-Forgetting There are two possible actions inB: the forgetting action 0 and a support

action 1 such that for all propositional atoms p and worlds w, v, if RB0 wv, then

v �e p iff w �e p. If RB1 wv, then either

1I call this condition Functionality to keep it in line with the normality conditions in Definition 2.3.
As this condition does not require a unique successor a more descriptive name would Seriality.
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− If p ∈ T , v 2e p or

− If ¬p ∈ T , v �e p or

− otherwise, v � p iff w �e p.

P-Exclusion All other possible actions k /∈ {0, 1} for all w, v, if RBk wu and RB0 wv, then

v = u.

All other possible actions are equivalent to the forgetting action 0.

P-Zig If for some agent a ∈ T and some possible actions k, i: Raww
′, RBk wv and

RBi w
′v′, then Ravv

′.

P-Zag If for some agent a ∈ T and possible action k : Ravv
′ and RBk wv then there

exists a w′ and a B, i such that RBa ww
′ and RBi w

′v′.

P-Innocent Bystanders If for some agent b /∈ T and the possible action k: Rbww
′,

RBk wv and RBk w
′v′, then Ravv

′.

If for some agent b /∈ T and the possible action k : Rbvv
′ and RBk wv then there

exists a w′ such that Raww
′ and RBk w

′v′.

If a forgetting action B, 0 is φpA-normal for all sets of agents A and propositional φ, we

call it P -normal.

As mentioned the above conditions are phrased in terms of both support and forgetting

actions. This is different from the normality conditions we had in chapter 2, in which

every possible action on an action frame would lead to a different epistemic action.

In general, we only require the 0-action to actually give rise to a forgetting action.

Remember that the 0-worlds are supposed to correspond to the original worlds only

after forgetting. So, it should not come as a surprise that here, again, we are focusing

on 0-worlds and only define the requirements for the other worlds in light of how this

influences the 0–worlds.

We already know that propositional forgetting actions are a special type of epistemic

action with postconditions and so it should not come as a surprise that we get nor-

mality conditions that are adaptations of the ones we already know. Since all positive

forgetting actions do not have preconditions we get full P-Functionality. P-Forgetting

incorporates aspects of A-Invariance for action 0 and A-Effectiveness such that all the

forgotten propositional atoms are negated for action 1.

P-Zig and P-Zag do two things: They guarantee that epistemic arrows are mirrored

on both sides of the forgetting action, like A-Zig and A-Zag, for all agents in T , but

they also impose epistemic arrows between all actions for the agents in T . Note that
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we can simply do this because we take forgetting actions to be S5, for S4 we would

need to exclude arrows from 1-worlds to the others. Similarly P-Innocent Bystanders

deals with the epistemic arrows for the agents that are not in T : It makes sure that

for all those agents the only arrows between actions are between actions of the same

type, i.e. 0-worlds to 0-worlds and 1-worlds to 1-worlds. This also guarantees that the

Zig and Zag conditions for bisimulation are fulfilled as we will see. The condition is so

called because it makes sure that the propositional knowledge of no innocent bystander

is harmed during the forgetting process.

There is one completely new condition we need to talk about: P-Exclusion. Since, unlike

before for AML and AMLp, we want to pick out very specific forgetting actions, we need to

not just make sure that the general structure of a P-normal extended model is right, but

also that the action arrows specifically match the forgetting action. Similar to how P-Zig,

P-Zag and P-Innocent Bystander make sure that we have the correct epistemic arrows, P-

Exclusion makes sure that only those action arrows that correspond to a possible action

for the forgetting action are included. P-Forgetting does part of the job in governing

the arrows corresponding to the forgetting action 0 and the support action 1. Lastly,

P-Exclusion guarantees that there are no other possible actions.

Let us come back to the example from chapter 3. We had the twig T1 = {b, r, {a, p}, {b, q}}
corresponding to “Bob forgets either r or that Ann knows p or that he knows q”. Ulti-

mately, we want to show how extended models deal with this example, but for now we

have to limit ourselves to the propositional part of T1. So let T−1 = {b, r} and correspond

to “Bob forgets r”. As a reminder, the starting model M can be seen again in Figure

5.1.

w

p, q, r

v

p, r

a,b

Figure 5.1: M : The starting Model (again).

Note that this is only a reminder as the extended models do not update from a starting

model but rather require the modal action arrows to do the work that updating does

in the standard semantics for the logics of forgetting or AML. So our goal is to find a

model that includes w and v but is also rb-normal. First off, we have to note that Kbr

is in fact true at both w and v and so, by P-Functionality there are w′, w′′, v′ and v′′

such that R
B−1
0 ww′, R

B−1
0 vv′, R

B−1
1 ww′′ and R

B−1
1 vv′′. By P-Forgetting we know that the

truth of atoms in w′ and v′ remain unchanged and for w′′ and v′′ only the truth of r

gets changed such that w′′ and v′′ 2e r. P-Zig and P-Zag tell us that for Bob there

are epistemic arrows between all the post-forgetting worlds, since Rbwv, and P-Innocent
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Bystanders tells us that Ann can only access those worlds that correspond to the same

possible action, i.e. between w′ and v′ and between w′′ and v′′. Lastly, P-Exclusion tells

us that if there are other possible actions in B, they behave like 0 and can be be ignored.

We get the following model (Figure 5.2). I will omit the crisscrossing epistemic arrow

for b for readability.

w v

w′

p, q, r

v′

p, q

w′′

p, r

v′′

p

B,0 B,0B,1 B,1

a,b

a,b

a,b

bb

Figure 5.2: Mrb after b forgets r

It should be straightforward to see that the worlds w′ and v′ and the worlds w′′ and v′′

correspond to the worlds w, 0 and v, 0 and w, 1 and v, 1 in Figure 3.2, respectively.

So, at least for this example, the normality conditions seem promising. What is left to

show is that we can prove that the three semantics for propositional forgetting actions

(the forgetting semantics of [54], the corresponding AML actions, and the extended

models given here) are equivalent and this is done, as before, using bisimulation:

For convenience it is useful in the following to deal with those φA-normal models that

only use the necessary possible action. I will call these models minimal.

Definition 5.8 (Minimal φA-normal Model). A φA-normal model M is called minimal

if it only contains the two action relations RB0 and RB1 for any action B corresponding

to A forgetting φ.

Now we need to show that minimal models suffice for our goals:

Lemma 5.9. For every φA-normal model M there is a model M∗ that is minimal, such

that for all w ∈WM , there is a w∗ ∈WM∗ such that

M−, w - M∗−, w∗

Proof. This proof is trivial since M and M∗ only differ in action arrows and so we can

simply let for every world Zww∗.
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Lemma 5.10. Given a propositional forgetting action B, 0 = 〈WB, 0, PRE〉 with cor-

responding support actions B, i, and a minimal normal extended model for propositional

forgetting M such that the following hold:

If RBk wv in M , then

M−B, (w, k) - M−, v,

Proof. This proof follows fundamentally the same structure as the proof of bisimulation

for extended models for AML, but it is a bit more complex.

To show Invariance it suffices to point out that P-Forgetting makes sure that v agrees

with (w, i) for RB0 and RB1 .

For Zig and Zag we need to be more careful here because we don’t just need to make sure

that epistemic arrows are preserved compared to the action the action arrow is supposed

to mimic, but we are talking about very specific actions with specific relations. There

also needs to be a difference made between those agents that forget and those that do

not. Another difference, making the proof a bit simpler, is that we do not have to

consider preconditions.

We start with Zig. For a ∈ T , take some (w, i) and (w′, k) with R−Ba (w, i)(w′, k). By

definition we have R−a ww
′. By P-Functionality, there is a v′, s.t. RTkw

′v′ and by P-Zig

R−a vv
′.

For agents b /∈ T , take some (w.i) and (w′, i) with R−Bb (w, i)(w′, i). Again, we get

R−b ww
′ and by P-Functionality, there is a v′, s.t. RBi w

′v′ and by P-Innocent Bystanders

R−b vv
′. For some (w, i) and (w′, k) with i 6= k, note that even though we get RBk w

′v′, we

also have to have RBi w
′v′ and so the actions k and i have to be equivalent, specifically

if either of k or i is 1, so is the other one.

And, finally, we show Zag. For a ∈ T , take some v and v′, such that RBi wv and R−a vv
′

by P-Zag there are w and w′ such that R−a ww
′. By P-Functionality we know that there

are no preconditions and so that R−Ba (w, i)(w′, k′).

For b /∈ T this prove again goes analogous for k = i with P-Zag replaced by P-Innocent

Bystanders. For k 6= i it suffices to point out that in order to have R−b vv
′, we require to

be RBi w
′v′ and so that i and k are equivalent.

Lemma 5.11. For all formulas φ, if the truth of φ is defined for all worlds in M , then
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M,w �pext φ iff M∗, w∗ �pext φ

Proof. This follows straightforwardly from the definitions of M , M∗ and our truth-

conditions.

Lemma 5.12. For any action B, 0 corresponding to the simple forgetting of a simple

twig T and all worlds w and formulas φ,

M∗, w∗ �pext φ iff M−, w �p φ

Proof. This will largely follow the proof of Theorem 3.25 and so will require two things:

The first is the bisimultion above and the second is that P-Functionality is capable of

fulfilling the same role as A-Functionality. For this it suffices to see that in the case of

simple forgetting there are only two possible actions 0 and 1, neither of which has a

precondition, and P-Functionality forces that for every w, there is a world corresponding

to w, 0 and w, 1 in the extended model.

Theorem 5.13. For all formulas φ, if the truth of φ is defined according to the standard

semantics, then

M,w �pext φ iff M−, w �p φ

Proof. By Lemma 5.12, we know that this holds for the minimal model M∗ and so it

suffices to refer to Lemma 5.11 to show that M and M∗ agree on all the required φ.

This is a smooth special case of the extended models of AMLp, specifically one in which

we have only two actions without a precondition and in which the postcondition corre-

spond to forgetting the formulas in the corresponding twig.

This gives us some idea of how to generalise this to full positive forgetting: We will have

to find a version of Functionality that gives us exactly 1 action for each initial twig, 00

for twigs in twigs, 0n for all the actions in those twigs, etc.
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This is also a good time to have another look at Perfect Recall and No Miracles, as they

largely stay unchanged from AMLp. As already mentioned in Chapter 2, they make the

knowledge of the agents behave predictably, nothing is lost unless specifically through

the forgetting, and nothing is gained unless specifically through an action that provides

knowledge. No Miracles should be fairly obvious here. Forgetting actions don’t give us

any new positive knowledge as discussed in Section 4.3 and so we are fine with no new

knowledge coming in. On the other hand, Perfect Recall merits a closer look as it deals,

in a sense, with memory. The agents perfectly recall everything they already knew and

that is exactly what we are trying to avoid when modeling forgetting. The method

of this paper, however, is to use postconditions to change the already existing worlds

rather than introducing new ones created from scratch. We can see that in the context

of postconditions Perfect Recall no longer lives up to it’s name, but rather only blocks

completely new worlds from coming into the model (or relations between worlds that

did not have them before). It is easy to see how this is a property we want to hang on to

in our pursuit of a minimal and controlled forgetting: We want to make small surgical

changes rather than completely scramble the memory of the agent.

5.2 Positive Forgetting

The strategy for generalizing the methods of extended models to positive forgetting will

mirror the techniques for developing positive forgetting models in the first place. We

take propositional forgetting as the basic method of how knowledge gets lost and simply

combine the models in an appropriate way. The resulting normality conditions will then,

naturally, rely on the normality conditions from the section above.

Definition 5.14. For a twig T = {A, T1, . . . , Tm, l1, . . . , In}, let T− = {A, l1, . . . , ln}
be the propositional forgetting part of T . If T corresponds to “A forgetting φ”. T−

corresponds to “A forgetting l1 ∨ · · · ∨ ln”. Analogously, B− is the action corresponding

to forgetting the propositional part of B.

The truth conditions remain unchanged from propositional forgetting.

Definition 5.15. Let �+
ext be the consequence relation for positive epistemic forgetting,

i.e. L†, defined as follows:

Definition 5.16. For a model M = 〈W,R,RB, V 〉, a formula φ is true at (M,w),

written M,w �pext φ, as follows:
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M,w �+
ext p iff w ∈ V (p)

M,w �+
ext ¬φ iff not M,w �+

ext φ

M,w �+
ext φ ∧ ψ iff M,w �+

ext φ and M,w �+
ext ψ

M,w �+
ext Kaφ iff ∀v : Rawv implies M, v �+

ext φ

M,w �+
ext [B, k]φ iff ∀v : RBk wv implies M,v �+

ext φ

M,w �+
ext [†φ]Aψ iff M,w �+

ext [B, 0]φ for all B

corresponding to forgetting φ.

It is helpful here to change the naming convention of Definition 5.7. For a twig Tn simply

replace the name of the action 1 with n. All other parts of the normality conditions for

propositional forgetting remain unchanged.

Definition 5.17 (Normality Conditions of Positive Forgetting). We call an action B, 0

corresponding to a positive twig T = {A, T1, . . . , Tm, l1, . . . , In} and agents A forgetting

a positive epistemic formula φ, φ+
A-normal if the following conditions hold:

B− World Inclusion For all worlds w, such that M,w �e KAφ, and v s.t. RB
−

n wv

there is a v′ s.t. RBnwv
′ and v �e p iff v′ �e p,

Bn World Inclusion For all worlds w, such that M,w �e KAφ, v and u s.t. RB
−

n wv

and RBi
m vu there is a u′ s.t. RBnmwu

′ and u �e p iff u′ �e p,

World Exclusion For all worlds w, such that M,w �e KAφ, and v s.t. that there is

RBk wv, either k = lm and there are T i ∈ T , u, and v′ s.t. RB
−

l wu and RB
i

m uv′ or

RB
−

k wv′. And v �e p iff v′ �e p.

B− Arrow Inclusion For all worlds w, v, such that M,w and M,v �e KAφ, u and s

and agents a s.t. RB
−

n wu and RB
−

m vs with Raus, there are u′ and s′ s.t. RBnwu
′

and RBmvs
′ with Rau

′s′

Bn Arrow Inclusion For all worlds w, v, such that M,w and M,v �e KAφ, u, s, k

and l agents a s.t. RB
−

n wu, RBi
n′ uk, RB

−
m vs and RBi

m′sl with Rakl there are k′ and

l′ s.t. RBnn′wk
′ and RBmm′vl

′ with Rak
′l′.

Connectedness For all worlds w, such that M,w �e KAφ, v, and u and agents a s.t.

RBi
n wv and RBn0vu, Ravu and Rauv.

Arrow Exclusion For all worlds w and v and agents a with Rawv, one of the following

holds:

1. (B− Arrow Inclusion) there are k, l, w′ and v′ and m and n such that RBn kw

and RBmlv, RB
−

n kw′ and RB
−

m lv′ with Raw
′v′ and M,w′ and M,v′ �e KAφ,
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2. (Bn Arrow Inclusion) there are k, l, u, s, w′ and v′, m, m′, n and n′, and

i such that RBnn′kw and RBmm′ lv, RB
−

n ku, RBi
n′ uw

′, RB
−

m ls and RBi
m′sv

′ with

Raw
′v′ and M,w′ and M, v′ �e KAφ,

3. (Connectedness) there is a u, M,u �e KAφ s.t. RBn uw and RBn0wv or RBn uv

and RBn0vw,

4. (Closure Under Transitivity) there is a u s.t. for Rawu and Rauv the first

three conditions hold.

If a forgetting action B, 0 is φ+
A-normal for all sets of agents A and non-valid positive

epistemic φ, we call it +-normal.

These are basically two sets of conditions here: Those governing action arrows and

those governing the epistemic arrows. These can then be divided up into Inclusion and

Exclusion conditions. The basic idea is that B− World Inclusion makes sure that all

actions of B− and, similarly, Bn World Inclusion that all actions obtained from first

applying B− and then Bn for all Tb ∈ T are included. World Exclusion then makes sure

that these are all the actions of B. B− Arrow Inclusion and Bb Arrow Inclusion make sure

that all epistemic arrows in B− and Bb, respectively, are preserved and Connectedness

adds the necessary epistemic arrows from n to n0 worlds. Lastly, Arrow Exclusion says

that these, and their closure under transitivity, are all the epistemic relations of B.

Let us return to our example twig T1 = {b, r, {a, p}, {b, q}} corresponding to “Bob forgets

either r or that Ann knows p or that he knows q”. We have seen how to handle T−1

and by the B− Inclusion axioms we know that equivalent worlds and arrows will still be

around. What is left to see is how we handle the twigs T11 = {a, p} and T12 = {b, q}
inside of T1. We start with the model in Figure 5.2. Take T−11, we want to include B−11, 0

and B−11, 1 arrows from the worlds after B−1 to appropriate worlds. For convenience

let us rename the worlds w′ and v′ to w0 and v0 and w′′ and v′′ to w1 and v1. By

P-Functionality we know that there are 0- and 1-arrows from all of these worlds to new

worlds (let’s just add a 0 or 1 to the name) and by P-Forgetting that the valuations of

the 0-worlds remain unchanged and that the 1-worlds make p false. As before, P-Zig and

P-Zag make sure that all worlds are connected for the agents in T1, in this case Ann,

and Innocent Bystanders connects the 0-worlds to each other and the 1-worlds to each

other for all other agents, here Bob. We get the following model with both the B−1 and

the B−11 step (Figure 5.3).

As you can see, the models quickly become even more unwieldy then models for regular

forgetting. Note, however, that the worlds in the top part of the model correspond to

the worlds in Figure 3.2. The case for T12 is analogous. By the World Inclusion axioms we
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w v

w0 v0

w1 v1

w00 v00

w10 v10

w01 v01

w11 v11

B−1 ,0 B−1 ,0B−1 ,1 B−1 ,1

a,b

a,b

a,b

bb

B−11,0

B−11,0
B−11,0 B−11,0

B−11,1

B−11,1

B−11,1

B−11,1
a,b

a,b

a,b

a,b
a

a

a

a

a,b a,b

a,b a,b

Figure 5.3: Mrpab First b forgets r, then a forgets p.

know that worlds corresponding to the worlds after B− and after B−11 and B−12 arrows

will be included in the final model. By World Exclusivity these are all the worlds we

need to consider. The Arrow Inclusion axioms guarantee that the epistemic arrows are

conserved. Due to Connectedness there will be b arrows from B−1 worlds to B−11, 0 and

B−12, 0 worlds. Lastly, Arrow Exclusion makes sure that those and those following through

transitivity are the only epistemic arrows after B actions. Take Figure 3.8 as a reminder

for what the resulting model would look like.

This method mirrors standard approach of positive epistemic forgetting as defined in

Definition 3.19. We create a model that corresponds to forgetting the propositional parts

of T (as described by the normality conditions for propositional forgetting in Definition

5.7) and then we do the same for the twigs in T and combine all those models into a

single model, add the necessary epistemic arrows and close under transitivity.

What is left to show is that this actually lines up with the standard semantics from
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above. This will, of course, have to rely on the completeness of extended models for

propositional forgetting. As always, we start with proving bisimulation between worlds

we arrive at via the action arrow and those we arrive at via update.

Definition 5.18 (Epistemic Length). Let the epistemic length of a twig l(T ) be defined

by the following:

l(T−) = 0

l(T ) = 1 +max(l(Tm ∈ T )

Lemma 5.19. For any action B, 0 = {B, 0, PRE} with corresponding support actions

B, i and an normal extended model for forgetting M such that the following holds:

If RBk wv, then

M−B, w - M−, v

Proof. Remember Definition 3.28. This proof will be by induction on the epistemic

length of T .

For the base case it suffices to point out that the B− Inclusion and the Exclusion axioms

guarantee that the result from propositional forgetting in Lemma 5.10 is preserved.

What remains is the inductive case. For Invariance, we need to remind ourselves of the

original definition for positve epistemic forgetting in 3.19. M−B, w �+ [B,mk]φ iff there

is a MB−n , (w,mk) �+ φ and by points 5 and 6, this is iff MB− , (w,m) �+ [Bn, k]φ and,

lastly, iff M,w �+ [B−,m][Bn, k]φ. It suffices to point out that this is guaranteed by Bn

World Inclusion and the Exclusion axioms.

For Zig, let k = k0, k1 and k′ = k′0, k
′
1 s.t. Ra(w, k)(w′, k′), so Raww

′ and we know

by Lemma 5.10 there are w′0, w
′
n such that RB−

k′0
w′w′0 and RB

n

k′m
w′0w

′
1 and by Bn World

Inclusion there is a v′ such that RBk′0k′1
w′v′. There are now 3 cases to consider: First let

RB
n

a kk′ and so by Bn Arrow Inclusion Ravv
′. Secondly, let either k = k′, 0 or k′ = k, 0

and a ∈ Tn, so by Connectedness Ravv
′. Lastly, there is a v′′ s. t. Ravv

′′ and Rav
′′v′

and so Ravv
′ by transitivity.

For Zag, it suffices to point out that the cases in the proof of Zig cover all Ravv
′ and so

by Arrow Exclusivity Ra(w, k)(w′, k′).

And, again, the following follow immediately.
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Theorem 5.20. For all formulas φ, if the truth of φ is defined according to the standard

semantics, then

M,w �+
ext φ iff M−, w �+ φ

5.3 Axioms

Given that we now have two sets of normality conditions, one for propositional forgetting

and one for positive forgetting, we can use those to derive non-reductive axioms like in

Chapter 2, using the following definition.

Definition 5.21 (RBp
a ). Let RBp

a be defined as follows:

RBp
a =

{
(i, j)|

a ∈ T−

a /∈ T− and i = j

}

Note that since sets of clauses are finite, for every i, there will only be a finite number

of j, such that RBp
a ij.

Again we first start with the propositional forgetting case and take that us the foundation

for positive epistemic forgetting. The normality conditions in Definition 5.7 can be

straightforwardly put into the axioms in Table 5.1.

Extended Propositional Forgetting: `pext

Axioms

[†φ]Aψ ↔
∧
B of C(φ)A

[B, 0]ψ for tautological

propositional φ

(POST (k, p)→ [B, k]p) ∧ (¬POST (k, p)→ [B, k]¬p) Effectiveness
[α](φ→ ψ)→ ([α]φ→ [α]ψ) Kα

〈α〉φ↔ [α]φ ∧ PRE(α) P. Functionality
[α;β]φ↔ [α][β]φ Action Comp.

(
∨

♦a〈B, k〉φ : RBp
a ki)→ [B, i]♦aφ No Miracles

♦a〈B, k〉φ→ (
∨
♦a〈B, i〉φ : RBp

a ki) Perfect Recall

Rules

From `pext φ, infer `pext [α]φ Necessitation (NECα)

Table 5.1: The extended model axioms of propositional forgetting

Definition 5.22. Let `pext be defined by the axioms of epistemic logic plus those in

Table 5.1.
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Theorem 5.23. The axioms of propositional forgetting are sound and complete with

respect to both standard and extended model semantics of propositional forgetting, i.e.

M,w �pext φ iff M,w `pext φ.

Proof. This proof can be done via the canonical model method as is usual, however,

there is an easier way to do it:

Take a minimal extended model, i.e. one that does not have any actions k 6= 0. For

Effectiveness it suffices to point out that we have chosen the postconditions to line up

with the Forgetting condition. Also note that the conditions No Miracles and Perfect

Recall require RBpki for agents a ∈ T and Innocent Bystanders does the same for b /∈ T
with k = i. This is guaranteed by Definition 5.21. So the No Miracles and Perfect

Recall axioms are the versions of the axioms for AMLp that correspond to forgetting T .

And, so, the proof of soundness and completeness of AMLp in Section 2.4 extends to

propositional forgetting.

There is one more definition we need to adapt to develop the axioms for positive epistemic

formulas:

Definition 5.24 (RBa ). Let rBa be defined as follows:

rBa =

{
(i, j)|

(i, j) ∈ RBp
a

there is a Tn ∈ T s.t. (i, j) ∈ RBn
a

a ∈ T , i ∈ B− and j = i0 or

a ∈ T , j ∈ B− and i = j0

}

Let RBa be the transitive closure of rBa .

With this as our foundation we can now look into the axioms we can derive from the

extended models for positive epistemic forgetting. Note here that the goal behind non-

reductive axioms is not to eliminate all reductivity but to give the fundamental properties

of the actions in form of their axiomatizations like the normality conditions do in the form

of modal frame conditions. As the normality conditions for positive epistemic forgetting

rely on propositional forgetting, it should come as no surprise that the axioms mirror

that behaviour. They are given in Table 5.2.

Definition 5.25. Let `+
ext be defined by the axioms of epistemic logic plus those in

Table 5.2.
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Extended Positive Forgetting: `+
ext

Axioms

[†φ]Aψ ↔
∧
B of C(φ)A

[B, 0]ψ for non-modally valid

positive epistemic φ

(POST (k, p)→ [B, k]p) ∧ (¬POST (k, p)→ [B, k]¬p) Effectiveness
[α](φ→ ψ)→ ([α]φ→ [α]ψ) Kα

〈α〉φ↔ [α]φ ∧ PRE(α) P. Functionality
[α;β]φ↔ [α][β]φ Action Comp.

(
∨

♦a〈B, k〉φ : RBa ki)→ [B, i]♦aφ No Miracles
♦a〈B, k〉φ→ (

∨
♦a〈B, i〉φ : RBa ki) Perfect Recall

Rules

From `+
ext φ, infer `+

ext [α]φ Necessitation (NECα)

Table 5.2: The extended model axioms of positive forgetting

Lemma 5.26. For all agents a, twigs T and possible actions k, l, RBa kl iff RBa kl.

Proof. This follows from the prove of Lemma 5.19 and the definition of R in Definition

5.24.

Theorem 5.27. The extended model axioms of positive forgetting are sound and com-

plete with respect to both standard and extended model semantics of positive epistemic

forgetting, i.e.

M,w �+
ext φ iff M,w `+

ext φ.

Proof. Again we can refer to Completeness of the axioms for AMLp. As in Theorem

5.23, we need to show that No Miracles and Perfect Recall cover all necessary cases.

Fortunately, we have shown this in Lemma 5.26.

The only other thing we need to check are the propositional axioms. `+
ext [B, i0]p ↔

[B−, 10]p follows immediately from the completeness of propositional forgetting. So

what is left to show is `+
ext [B, 10, . . . , in]p ↔ [B−, 10]

⋃
Tm∈T [Bm, i1, . . . , in]p. We have

already shown this in the proof of Lemma 5.19.
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5.4 Negative Forgetting

Since we treat negative epistemic formulas as a different type of literal in our twigs,

we need to update the normality conditions for the base case of T−. Specifically, there

needs to be special care taken with preconditions. The results in this subsection are

for negative forgetting in S5. How to obtain similar results for S4 are discussed later in

this section. As we have seen in 4.22 we have to do some extra work to make sure that

our forgetting actions are always successful. For simplicity here I will omit the use of

ϕ as a substitute for φ as defined in Definition 4.30. It should be obvious to the reader

that this does not change the fundamental treatment of negative forgetting in extended

models.

Definition 5.28 (Negative Propositional Forgetting). We call a twig T negative propo-

sitional, if it does not contain any twigs, i.e. only agents, literals, or formulas of the form

¬Kaφ. We call an action B or a forgetting action B, 0 negative propositional forgetting

and a formula φ negative propositional if it corresponds to a negative propositional twig

T .

Definition 5.29. The language Lprop−† extends L with the expressions [†φ]Aψ, where

we restrict φ to be a negative propositional formula. As usual, let 〈†φ〉ψ be its dual

(¬[†φ]¬ψ).

We can define truth Lprop−† both following the standard semantics and the extended

models:

Definition 5.30. Let M = 〈W,R, V 〉 be a model and w a world of W . The consequence

relation �p− is defined by the following:

M,w �p− p iff w ∈ V (p)

M,w �p− (φ ∧ ψ) iff M,w �p− φ and M,w �p− ψ

M,w �p− ¬φ iff not M,w �p− φ

M,w �p− Kaφ iff ∀v : Rawv implies M,v �p− φ

M,w �p− [†φ]Aψ iff all sets of clauses B that are branches of

C(φ)∗A if MB is defined, then MB, (w, 0) �p− ψ

Definition 5.31. Let �p−ext be the consequence relation for negative propositional for-

getting, i.e. Lp−† . For a model M = 〈W,R, {RB}, V 〉, a formula φ is true at (M,w),

written M,w �p−ext φ, as follows:
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M,w �p−ext p iff w ∈ V (p)

M,w �p−ext ¬φ iff not M,w �p−ext φ

M,w �p−ext φ ∧ ψ iff M,w �p−ext φ and M,w �p−ext ψ

M,w �p−ext Kaφ iff ∀v : Rawv implies M, v �p−ext φ

M,w �p−ext [B, k]φ iff ∀v : RB,kwv implies M, v �p−ext φ

M,w �p−ext [†φ]Aψ iff M,w �p−ext [B, 0]φ for all B

corresponding to forgetting φ.

With the preliminary work done, we can look at the normality conditions for negative

propositional forgetting:

Definition 5.32 (Normality Conditions of Negative Propositional Forgetting). We call

an action B, 0 corresponding to a propositional twig T and agents A forgetting a propo-

sitional formula φ φp−A -normal, if the following conditions hold:

P− Functionality For all worlds w and support or forgetting actions B, k, such that

M,w �e PRE(B, k) there is v such that RBk wv.

P− Forgetting There are two types of possible actions in B: the forgetting action 0

and a support actions 1∆ such that for all propositional atoms p and worlds w, v,

if RB0 wv, then v �e p iff w �e p. If RT1∆
wv, then either

− If p ∈ T , v 2e p or

− If ¬p ∈ T , v �e p or

− otherwise, v �e p iff w �e p.

P− Exclusion All other possible actions k /∈ {0, 1∆} for all w, v, if RBk wu and RB0 wv,

then v = u.

P− Zig If for some agent a ∈ T and some possible actions k, i: Raww
′, RBk wv and

RBi w
′v′, then Ravv

′.

P− Zag If for some agent a ∈ T and possible action k : Ravv
′ and RBk wv then there

exists a w′ and a B, i such that Raww
′ and RBi w

′v′.

P− Guilty Bystanders If for some agent b /∈ T and possible actions 1Γ and !∆:

Raww
′, RB1Γ

wv and RB1∆
w′v′ and if for all ¬Kbφ ∈ T , if v �e φ, then v′ �e φ,

then Ravv
′.

If for some agent b /∈ T and possible action 1Γ : Ravv
′ and RB1Γ

wv and then there

exists a w′ and a 1∆ such that Raww
′ and RB1∆

w′v′.
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P− Innocent Bystanders If for some agent b /∈ T and the possible action 0: Raww
′,

RB0 wv and RB0 w
′v′, then Ravv

′.

If for some agent b /∈ T and the possible action 0 : Ravv
′ and RB0 wv then there

exists a w′ such that Raww
′ and RB0 w

′v′.

If a forgetting action B, 0 is φp−A -normal for all sets of agents A and negative propositional

φ, we call it P−-normal.

As Innocent Bystanders makes sure that the agents that aren’t supposed to forget are

kept out of the forgetting process, we now have Guilty Bystanders which makes sure that

on the 1-worlds the necessary forgetting is taking place. This is done by restricting all

agents b such that for ¬Kbφ ∈ T , from those 1-worlds at which φ is true they cannot

access 1-worlds at which ¬φ is true, i.e. at all 1-worlds on which φ is true, they know φ.

From Section 4.2, we know how a forgetting action model looks like. It is pretty straight-

forward to see how a negative propositional forgetting model looks like from that:

Definition 5.33 (Negative Propositional Forgetting Action). Let T be a negative propo-

sitional twig. The following is the action B corresponding to T :

− WB,0 = {0, 1∆1 , . . . , 1∆n},

− RB,0a 01∆ for all 1∆,

− RB,0a 1∆1Γ iff for all φa, φa ∈ ∆ iff φa ∈ Γ,

− for 0 ∈WB,0, PRE(w) = KAφ,

− for all 1∆ ∈WB,0, PRE(w) = KAφ ∧
⋃
φa∈∆ POST

∗(φ, 1∆, and

− for all p, POST (0, p) = p and

for all 1k, POST (1∆, p) =


p if {p,¬p} ∩ T = ∅;

> if ¬p ∈ T ;

⊥ if p ∈ T.

Lemma 5.34. The model given in Definition 5.33 is the special case of the model given

by Definition 4.34 for T that do not contain any other twigs.

Proof. It is easy to see that they agree on pre- and post-conditions. What is left to

show is that the relations Ra are equivalent. Note that we have RBa 01∆ only for a such

that there is no φa ∈ ∆ because agents are not allowed to forget that they don’t know

something. The other cases are straightforward.
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Lemma 5.35. Given a negative propositional forgetting action B, 0 = 〈B, 0, PRE〉 with

corresponding support actions B, i∆, and a minimal normal extended model for negative

propositional forgetting M such that the following hold:

If RBk wv in M , then

M−B, w, k∆ - M−, v,

Proof. This proof mostly follows the proof of Lemma 5.10. We only need to consider the

cases of Ra(w, 1∆)(w′, 1∆′) in which there is some φa ∈ ∆ such that M−B(w′, 1∆′) 2 ¬φ,

as those are the only cases in which propositional and negative propositional forgetting

differ.

For both Zig and Zag it suffices to point out that for both models those are excluded by

Guilty Bystander and the third bullet point in Definition 5.33.

The following theorem follows as usual.

Theorem 5.36. For all formulas φ, if the truth of φ is defined according to the standard

semantics, then

M,w �p−ext φ iff M−, w �p− φ

Let us look at the example for negative forgetting again: We want to model [†¬Kap]b

from the starting model given in Figure 5.4.

w

p

v

¬p

a

Figure 5.4: MN again

Focusing on the new aspects of negative propositional forgetting, we can see that there

are now two support actions 1p and 1¬p. Let the 0-actions be called w′ and v′ again.

Since M,w �e p, we know we get a w′′ s.t. RN1pww
′′ but no w′′′ s.t. RN1¬pww

′′′ and since

M,v �e ¬p, we know we get a v′′ s.t. RN1¬pvv
′′ but no v′′′ s.t. RN1pvv

′′′ . Lastly, by

the new Guilty Bystanders condition, we know that RNa v
′′w′′ but not RNa w

′′v′′. So the

resulting model looks like Figure 5.5.
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w v

w′

p

v′

¬p

w′′

p

v′′

¬p

B,0 B,0B,1 B,1

a

a

a

bb

Figure 5.5: M+
N : After negative forgetting

Finally, we can adapt the normality conditions for positive forgetting to negative for-

getting by simply basing it on negative propositional forgetting instead of (regular)

propositional forgetting:

Definition 5.37 (Normality Conditions of Negative Forgetting). We call an action T, 0

corresponding to a Twig T = {A, T1, . . . , Tm, l1, . . . , In} and agents A forgetting any

epistemic formula φ, φ−A-normal if the following conditions from Definition 5.17 hold:

B− World Inclusion For all worlds w, such that M,w �e KAφ, and v s.t. RB
−

n wv

there is a v′ s.t. RBnwv
′ and v �e p iff v′ �e p,

Bn World Inclusion For all worlds w, such that M,w �e KAφ, v and u s.t. RB
−

n wv

and RBi
m vu there is a u′ s.t. RBnmwu

′ and u �e p iff u′ �e p,

World Exclusion For all worlds w, such that M,w �e KAφ, and v s.t. that there is

RBk wv, either k = lm and there are T i ∈ T , u, and v′ s.t. RB
−

l wu and RBi
m uv

′ or

RB
−

k wv′. And v �e p iff v′ �e p.

B− Arrow Inclusion For all worlds w, v, such that M,w and M,v �e KAφ, u and s

and agents a s.t. RB
−

n wu and RB
−

m vs with Raus, there are u′ and s′ s.t. RBnwu
′

and RBmvs
′ with Rau

′s′

Bn Arrow Inclusion For all worlds w, v, such that M,w and M, v �e KAφ, u, s, k

and l agents a s.t. RB
−

n wu, RBi
n′ uk, RB

−
m vs and RBi

m′sl with Rakl there are k′ and

l′ s.t. RBnn′wk
′ and RBmm′vl

′ with Rak
′l′.

Connectedness For all worlds w, such that M,w �e KAφ, v, and u and agents a s.t.

RBi
n wv and RBn0vu, Ravu and Rauv.

Arrow Exclusion For all worlds w and v and agents a with Rawv, one of the following

holds:
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1. (B− Arrow Inclusion) there are k, l, w′ and v′ and m and n such that RBn kw

and RBmlv, RB
−

n kw′ and RB
−

m lv′ with Raw
′v′ and M,w′ and M,v′ �e KAφ,

2. (Bn Arrow Inclusion) there are k, l, u, s, w′ and v′, m, m′, n and n′, and

i such that RBnn′kw and RBmm′ lv, RB
−

n ku, RBi
n′ uw

′, RB
−

m ls and RBi
m′sv

′ with

Raw
′v′ and M,w′ and M, v′ �e KAφ,

3. (Connectedness) there is a u, M,u �e KAφ s.t. RBn uw and RBn0wv or RBn uv

and RBn0vw,

4. (Closure Under Transitivity) there is a u s.t. for Rawu and Rauv the first

three conditions hold.

If a forgetting action B, 0 is φ−A-normal for all sets of agents A and epistemic φ, we call

it −-normal.

As these conditions remain unchanged, the results from Theorem 5.20 remain correct

and we get the following:

Theorem 5.38. For all formulas φ, if the truth of φ is defined according to the standard

semantics, then

M,w �−ext φ iff M−, w �− φ

Specifically note that the axioms from Table 5.2 remain the same and only the axioms

governing T− need to be updated.

Lastly, I want to remind the reader that the results of this chapter have been given for for-

getting in S5 epistemic logic. The results can simply be updated to deal with S4 straight-

forwardly by changing Connectedness to not be symmetric, as the euclidean/symmetry

are only forced by the conditions if the underlying epistemic logic is euclidean/symmet-

ric.

Before we go to the axiomatic system we need to update the notion of R for negative

propositional twigs:

Definition 5.39 (RBp−
a ). Let RBp−

a be defined in the following way:

RBp−
a =

(i, j)|
a ∈ T−

a /∈ T− and i = j = 0 or

a /∈ T− and i = kΓj = k∆ and for all φa ∈ Γ iff φa ∈ ∆


Definition 5.40. Let `p−ext be defined by the axioms of epistemic logic plus those in

Table 5.3.



Extended Models of Forgetting 127

Extended Negative Prop. Forgetting: `p−ext

Axioms

[†φ]Aψ ↔
∧
B of C(φ)A

[B, 0]ψ for non-modally

valid propositional φ

(POST (k, p)→ [B, k]p) ∧ (¬POST (k, p)→ [B, k]¬p) Effectiveness
[α](φ→ ψ)→ ([α]φ→ [α]ψ) Kα

〈α〉φ↔ PRE(α) ∧ [α]φ P. Functionality
[α;β]φ↔ [α][β]φ Action Comp.

(
∨

♦a〈B, k〉φ : RBp−
a ki)→ [B, i]♦aφ No Miracles

♦a〈B, k〉φ→ (
∨
♦a〈B, i〉φ : RBp−

a ki) Perfect Recall

Rules

From `p−ext φ, infer `p−ext [α]φ Necessitation (NECα)

Table 5.3: The extended model axioms of negative propositional forgetting

Theorem 5.41. The axioms of propositional forgetting are sound and complete with re-

spect to both standard and extended model semantics of negative propositional forgetting,

i.e.

M,w �p−ext φ iff M,w `p−ext φ.

Proof. There are two differences between propositional forgetting and negative proposi-

tional forgetting are that we had to add preconditions and that we have to change the

handling of Innocent Bystanders and Guilty Bystanders conditions. For the preconditions

it suffices to point out that we are just adding them back in line with how they were

used in AML and AMLp and we only ever left them out because for positive forgetting

the preconditions for all possible actions were simply >.

This leaves the Guilty Bystander. They, of course, also correspond to No Miracles and

Perfect Recall and so all we have to show is that they do this properly. Or that Rb1∆1Γ

for exactly those Γ and ∆ for which φb ∈ ∆ iff φb ∈ Γ. This is guaranteed by Definition

5.39.

Definition 5.42. Let �−ext be the consequence relation for positive epistemic forgetting,

i.e. L−† . The truth conditions remain unchanged from Definition 5.16.

Definition 5.43 (RB−a ). Let rBa = be defined as follows:
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r
Bp−
a =


(i, j)|

(i, j) ∈ RBp−
a

there is a Tn ∈ T s.t. (i, j) ∈ RBn−
a

a ∈ T , i ∈ T− and j = i0 or

a ∈ T , j ∈ T− and i = j0


Let RB−a be the transitive closure of r

B−
a .

Extended Negative Forgetting: `−ext

Axioms

[†φ]Aψ ↔
∧
B of C(φ)A

[B, 0]ψ for non-modally

valid epistemic φ

(POST (k, p)→ [B, k]p) ∧ (¬POST (k, p)→ [B, k]¬p) Effectiveness
[α](φ→ ψ)→ ([α]φ→ [α]ψ) Kα

〈α〉φ↔ [α]φ ∧ PRE(α) P. Functionality
[α;β]φ↔ [α][β]φ Action Comp.

(
∨

♦a〈B, k〉φ : RB−a ki)→ [B, i]♦aφ No Miracles

♦a〈B, k〉φ→ (
∨
♦a〈B, i〉φ : RB−a ki) Perfect Recall

Rules

From `−ext φ, infer `−ext [α]φ Necessitation (NECα)

Table 5.4: The extended model axioms of negative forgetting

Definition 5.44. Let `−ext be defined by the axioms of epistemic logic plus those in

Table 5.2 with RB replaced with RB− .

Since the generalisation from the T− to more complex T is not changed the following

results follow immediately

Theorem 5.45. For all formulas φ, if the truth of φ is defined according to the standard

semantics, then

M,w �−ext φ iff M−, w �− φ

and, lastly,

Theorem 5.46. The axioms of negative forgetting are sound and complete with respect

to both (1) standard and (2) extended model semantics of negative forgetting, i.e.

1. M,w �−ext φ iff M,w `−ext φ

2. M,w �− φ iff M,w `−ext φ
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This chapter has combined the results on extended models of Chapter 2 and the forget-

ting systems of Chapters 3 and 4 to give extended models of forgetting. Non-reductive

axiomatisations have been developed for the extended models of forgetting and shown

to be sound and complete with respect to the initial semantics.

In the following Chapter 6 I use those non-reductive axioms to develop Display Logic

proof systems for forgetting.

In this sense this chapter is the core of this thesis, as it combines all other chapters

together and shows the general path of this thesis. It shows the versatility of extended

models, especially the normality conditions, and shows that forgetting acts as other

action model semantics (like PAL or AML) that have extended models and lastly, it

gives us the non-reductive axioms used for Display Logic.



Chapter 6

Display Logic

This chapter will serve as a contribution to the ongoing project of developing proof

systems of modal logic. Display Logic is chosen as the most promising candidate for a

general framework. It’s expressive power is derived from stating the underlying structure

of proofs as explicitly as possible. Although this does not come without a cost, as actually

carrying out proofs in Display Logic can be complicated and tedious. This is, however, to

be expected for a system strong enough to be a serious contender for a general framework

of modal proofs.

Specifically, in this chapter I give a Display Logic, based on the extended model semantics

proof system for the logics PAL (Section 1.2.3) , AML (Section 2.2), AMLp (Section 1.3),

and the different logics of Forgetting (Chapter 5). These proof systems will be sound

and complete and observe Cut-Elimination. In addition to expanding our toolbox for

handling Dynamic Epistemic Logic and Display Logic, it also shows that the non-reductive

axioms directly correspond to the treatment of actions in Display Logic proof systems in

a natural way.

Generally, I follow the basic formulation of Belnap’s [7] together with Wansing’s [57]

addition of a structural • operator to represent modal operators, including our action

operators which mirrors our treatment of actions in the extended semantics. I also make

use of [33] in their treatment of axioms and the resulting conditions we need to adapt

Belnap’s general Cut-Elimination proof.

Another break with the traditional treatment of Display Logic is the use of rules that are

structural in nature but still include formula variables. These are necessary to describe

the relationship between an action and its preconditions. It will, unfortunately, turn

out that we cannot uniformly guarantee the subformula property. However, for some

130
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restricted actions, ways of showing the subformula property and some preliminary results

for proof-search based on these thoughts can be found in the final part of this chapter.

Before we can get into the details of the Display logics for our new logics, we need to

introduce the basic structure of Display Logic and a Display Logic of Epistemic Logic to

base our additions on.

6.1 Fundamentals of Display Logic

This section introduces the basic and epistemic notions of Display Logic that are required

later in this chapter. Generally it follows [7] except for the use of the • to represent a

structural operator that corresponds to the epistemic K, in which it is based on [57].

Display Logic has structures as well as formulas together with connectives for both and

they need to be defined together. For the rest of this chapter I will be using lower case

greek letters (φ, ψ, χ, . . . ) to represent formulas and upper case greek letters (Γ,∆,Ω, . . . )

for structures.

Definition 6.1. (The Language of DL for Epistemic Logic: LD.E)

φ := p|¬φ|(φ ∧ φ)|(φ ∨ φ)|(φ→ φ)|Kaφ where a is an agent in the system and p is a

propositional atom.

Γ := I|φ| ∗ Γ|(Γ ◦ Γ)| •a Γ where a is an agent of the system.

Definition 6.2. A line in a proof in Display Logic is called a sequent. A sequent is of

the form Γ =⇒ ∆, where Γ and ∆ are structures. Γ is called the antecedent and ∆ the

consequent of the sequent.

For the logical connectives the usual syntax is used. The structural connectives cor-

respond to the logical connectives except that they are applied to structures and not

formulas. Their interpretation depends on their position in the sequent. So first I need

to clarify what I mean by their position:

Definition 6.3. A structure occurs negatively if it is in the scope of an odd number of

∗ and positively otherwise.

Definition 6.4. A structure occurs in the antecedent (consequent) part of a sequent

if it appears positively in the antecedent (consequent) or negatively in the consequent

(antecedent) of that sequent.
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Similarly to the comma in sequent calculus the ◦ is interpreted as ∧ if it occurs in the

antecedent part and as ∨ if it occurs in the consequent part of the sequent. The •
corresponds to the modal operator and is interpreted as a K in the consequent part, but

a �, i.e. a backwards looking �, in the antecedent part. I is the empty structure and is

interpreted as > in the antecedent and ⊥ in the consequent part. The only connective

that keeps its meaning regardless of its position is the negation ∗. The double lines

in the proofs below express the fact that they can be applied upwards additionally to

downwards.

Given this, there are a number of so called Display Rules that express equivalences

between sequents based on their structural connectives:

Display Rules

Γ ◦Θ =⇒ ∆

Γ =⇒ ∆ ◦ ∗Θ
Θ =⇒ ∗Γ ◦∆

Γ =⇒ ∆

∗∆ =⇒ ∗Γ
Γ =⇒ ∗ ∗∆

Γ =⇒ ∆ ◦Θ

Γ ◦ ∗Θ =⇒ ∆

∗∆ ◦ Γ =⇒ Θ

There is one more display rule corresponding to the modal •:

•aΓ =⇒ ∆
(•)

Γ =⇒ •a∆

These Display Rules allow us to display any part of the sequent, i.e. have them either be

the whole antecedent or the whole consequent depending on which part of the sequent

they first appeared in. So we get the following Display Theorem

Theorem 6.5. (Display Theorem) Each antecedent (consequent) part Γ of a sequent

can be displayed as the whole antecedent (consequent) of a sequent Γ =⇒ Θ (Θ =⇒ Γ)

equivalent to the original one, i.e. we can derive the sequents from each other suing only

the display rules. Θ is only determined by the original sequent and Γs position in it and

not by the shape of Γ.

Proof. Γ can be a substructure of the antecedent, the consequent or both parts of the

sequent. Let us consider the case that Γ is part of the antecedent as the other cases are

similar. Let the sequent be of the form Θ(Γ) =⇒ ∆ with Θ(Γ) a structure containing Γ

as a substructure. The proof now goes by induction on the complexity of Θ(Γ). For the

base case Θ(Γ) can either be the empty structure I or a formula ψ. In both cases I or

ψ are the whole antecedent of the sequent and the theorem follows.

The inductive step of this proof makes use of the display equivalence rules. I will here

only show the example of a structure of the form ∗Θ(Γ). It should, however, be easy to

see how this works given ◦ and the later introduced •s:
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∗Θ(Γ) =⇒ ∆

∗∆ =⇒ Θ(Γ)

...
Γ =⇒ ∆′

6.1.1 Displaying Epistemic Logic

The above is a skeleton for a proof system that we need to flesh out. In order to do

so we need to add axioms and two types of rules: structural and logical rules. In the

following sections I will build a Display Logic for PAL build on a calculus for S5 modal

logic taken from [57]. The S5 system has been shown to be sound and complete with

respect to the modal semantics for epistemic logic which PAL is based on and allows

for Belnap’s standardized proof of Cut–Elimination. This makes it the ideal system to

build on.

6.2 Displaying PAL

Now we can get to the new results this thesis presents. Building on this epistemic Display

Logic, I will take PAL as the first steps towards Display Logic for AMLp. I start here

with the simplest logic as the approaches both for completeness and, as we will see in

Section 6.4, Cut-Elimination generalise straightforwardly to both AML and AMLp and

even Forgetting. The strategy is going to consist of 3 points: First I capture Invariance

(and later Effectiveness and Forgetting) by modifying the axioms to allow for action •s
following the method given in [33]. Then I will break with what has been done before and

introduce semi-structural rules for Partial Functionality that can have formula variables

in the initial sequents of the rule but may not have them in the concluding sequent. This

is to deal with the vanishing of the preconditions when establishing an action. Lastly, I

give structural rules that straightforwardly correspond to the other axioms of the non-

reductive systems. The system for PAL is based on the extended model semantics by

[54] and the axioms of PAL that can be derived from it, given in Table 1.3.

The main advantage for the use of the non-reductive axiomatization is the fact that these

axioms do not completely rely on the underlying epistemic logic. I will call this system

D.Eφ (adding φ for announcements of the form [φ] in PAL). Public announcements will

then be represented as a type of modal formula with its own set of structural operators of

the form •φ for all formulas φ. As such the logical rules for modal formulas will also hold

for announcements. This allows us to express the properties of public announcements
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Display Epistemic Logic (D.E)

Axioms

p =⇒ p, for propositional atoms p

Logical Rules

∗φ =⇒ ∆
(¬l)¬φ =⇒ ∆

Γ =⇒ ∗φ
(¬r)

Γ =⇒ ¬φ

φ ◦ ψ =⇒ ∆
(∧l)

φ ∧ ψ =⇒ ∆

Γ =⇒ φ ∆ =⇒ ψ
(∧r)

Γ ◦∆ =⇒ φ ∧ ψ

φ =⇒ Γ ψ =⇒ ∆
(∨l)

φ ∨ ψ =⇒ Γ ◦∆

Γ =⇒ φ ◦ ψ
(∨r)

Γ =⇒ φ ∨ ψ

Γ =⇒ φ ψ =⇒ ∆
(→ l)

φ→ ψ =⇒ ∗Γ ◦∆

Γ ◦ φ =⇒ ψ
(→ r)

Γ =⇒ φ→ ψ

φ =⇒ ∆
(Kl)

Kaφ =⇒ •a∆

•aΓ =⇒ φ
(Kr)

Γ =⇒ Kaφ

Structural Rules

Γ =⇒ ∆ (I+)
I ◦ Γ =⇒ ∆

I ◦ Γ =⇒ ∆ (I−)
Γ =⇒ ∆

I =⇒ ∆ (Il)
Γ =⇒ ∆

Γ =⇒ I (Ir)
Γ =⇒ ∆

Γ ◦∆ =⇒ Θ (P )
∆ ◦ Γ =⇒ Θ

Γ ◦ Γ =⇒ ∆ (C)
Γ =⇒ ∆

Γ ◦ (∆ ◦ Σ) =⇒ Θ
(A)

(Γ ◦∆) ◦ Σ =⇒ Θ

Γ =⇒ φ φ =⇒ ∆
(Cut)

Γ =⇒ ∆

I =⇒ ∆ (•I)•aI =⇒ ∆
Γ =⇒ •a∆

(T )
Γ =⇒ ∆

Γ =⇒ •a∆
(4)

Γ =⇒ •a •a ∆

∗ •a ∗Γ =⇒ ∆
(b)•aΓ =⇒ ∆

Display Rules

Γ ◦Θ =⇒ ∆

Γ =⇒ ∆ ◦ ∗Θ
Θ =⇒ ∗Γ ◦∆

Γ =⇒ ∆

∗∆ =⇒ ∗Γ
Γ =⇒ ∗ ∗∆

Γ =⇒ ∆ ◦Θ

Γ ◦ ∗Θ =⇒ ∆

∗∆ ◦ Γ =⇒ Θ

•aΓ =⇒ ∆
(•)

Γ =⇒ •a∆

Table 6.1: The display calculus D.E
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directly in the form of (semi) structural rules. Structurally public announcements will

be expressed similarly to modal formulas with a •φ. This will be interpreted as [φ] in

the consequent part and as a backwards looking diamond version of [φ] called 〈̃φ〉 in the

antecedent part of the sequent. A more in-depth look at the 〈̃φ〉 can be found in the

section about Completeness and Soundness later in this paper.

This, however, is not the full story, as the Invariance axiom is still reductive in nature, as

propositional truths remain unchanged. An additional problem arises from the treatment

of the announced formula φ in a formula of the form [φ]ψ. Following the standard

interpretation of PAL, [ ] is a function turning a formula φ into the specific operator [φ],

as such the formula φ is lost. This will pose 2 problems: 1. The subformula property

cannot be preserved in a straightforward manner and 2. we lose the property of general

substitution. The second is the more problematic one given the Display Logic set-up:

Following a variation of Belnap’s standard cut-elimination proof based on criteria (C1)–

(C8), an important point is the preservation of a rule by the substitution of parametric

structures. This, however, cannot be guaranteed when a formula that is tied up in

the introduction of an announcement formula is swapped with an arbitrary structure.

Those formulas φ directly tied to an already existing •φ will become a problem. This

will become more clear when discussing the Cut-Elimination proof for the system later

in this paper.

Before going into the axioms and rules of the display system for PAL, we first need

to extend the definitions of structures and formulas of Display Logic to incorporate the

additions of AML.

Definition 6.6. (The Language of DL for PAL: LD.Eφ)

φ := p|¬φ|(φ ∧ φ)|(φ ∨ φ)|(φ→ φ)|Kaφ|[φ]φ for a ∈ Ω and propositional atom p.

Γ := I|φ| ∗ Γ|(Γ ◦ Γ)| •a Γ| •φ Γ for a ∈ Ω.

Given this we can now have a closer look at the axioms and rules of the system. Note that

the axioms for epistemic Display Logic have been of the form p =⇒ p with a propositional

p. Invariance corresponds to the property that propositional values are not changed by

public announcements and to capture that I expand the axioms to allow for propositions

(and their negations) to appear inside the scope of an action, for this I make use of X,

Y , X and Y as prefixes representing strings of •s and ∗s This leads to the following

new axiom schemata, which are a adaptations of the axiom scheme in [33]. However,

for the later proof of cut-elimination it is important that all sequents that are display

equivalent to the axioms of the system are axioms themselves and so we need to allow

some additional axioms.
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Axioms

Xp =⇒ Y p X ∗ p =⇒ Y ∗ p

Xp =⇒ Yp X ∗ p =⇒ Y ∗ p

with X and Y consisting of potentially empty strings of •φ1 •φ2 . . . and X and Y are

also potentially empty strings such that for all x in X or Y:1

− x = •φ for some formula φ,

− x = ∗∗,

− or x = ∗ and x is the first (left most) member of both X and Y,

Note that the first two axiom schemata are special cases of the last one. I treat them

separately since only the first two are strictly required for my completeness proof, while

the second two guarantee Cut-Elimination.

The following rules for the •a have to be adapted so that they also hold for the new

announcement •φ. They are now taken to hold for both kinds of •s. This is signified by

the lack of a subscript. With (•) remaining a display and (•I) a structural rule.

Adapted Rules

I =⇒ ∆ (•I)•I =⇒ ∆
•Γ =⇒ ∆ (•)
Γ =⇒ •∆

Let’s first look at the unproblematic structural rules: Those corresponding to the No

Miracles and the Perfect Recall axioms. They simply play with the ordering of epistemic

•as and dynamic •φs in the same way that the axioms do. Note that No Miracles is not

as straight forward as Perfect Recall is, as we deal with the relation between ♦s and Ks.

Additionally the first of the rules corresponding to Partial Functionality is in this group.

It captures the following part of the axiom: 〈φ〉ψ → [φ]ψ. The parts involving the

formula φ directly will pose more problems and will be discussed following this. Lastly

we have the Compositionality axioms represented here.

There are two parts of Partial Functionality left that are not yet given by the rules so

far. As already mentioned these deal with the relation between φ and 〈φ〉. Since 〈φ〉
1 X and Y are completely independent of each other. They do not need to contain the same sequence

of •s or even the same •s in a different order.
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Structural Rules

Γ =⇒ •a •φ ∆
(PR)

Γ =⇒ •φ •a ∆

∗ •a ∗Γ =⇒ ∆
(NM)•φ ∗ •a •φ ∗Γ =⇒ ∆

Γ =⇒ ∆ (PF1)
Γ =⇒ ∗ •φ ∗ •φ ∆

Γ =⇒ •φ •ψ ∆
(COMP − I)

Γ =⇒ •φ∧[φ]ψ∆

Γ =⇒ •φ∧[φ]ψ∆
(COMP − E)

Γ =⇒ •φ •ψ ∆

is an operator and does not technically contain the formula φ this leads ot problems

both with the subformula property as in going from φ to 〈φ〉 the formula φ vanishes

and more importantly, as already discussed, substitutivity. In order to follow Belnap’s

proof of Cut-Elimination, however, we need our rules to work under the substitution of

parameters. As such φ can in this case not be viewed as a parameter but rather has

to be a principle formula. In this sense the following rules will not strictly speaking be

structural rules (as they have principal formulas), however, since φ vanishes they will

not have principal formulas in the concluding sequent. This will be important for the

Cut-Elimination proof later. These rules can not be called logical rules as they do not

deal with the introduction of a formula connective, so I will call them semi–structural

rules. (PF2) will correspond to 〈φ〉ψ → φ and (PF3) to [φ](ψ ∧ φ)→ 〈φ〉ψ.

Semi–Structural Rules

φ =⇒ ∆
(PF2)∗ •φ ∗Γ =⇒ ∆

∗ •φ ∗ •φ Γ =⇒ ∆ Γ′ =⇒ φ
(PF3)

Γ ◦ Γ′ =⇒ ∆

What is left is to give the logical rules. Since we treat public announcements like a

modality, we simply have to adapt the usual logical rules introducing modal operators,

like our epistemic K:

Logical Rules

ψ =⇒ ∆
([ ]l)

[φ]ψ =⇒ •φ∆

•φΓ =⇒ ψ
([ ]r)

Γ =⇒ [φ]ψ

We can now look at soundness and completeness results for the rules given above will

be given indirectly via the non-reductive axiomatization given above. It suffices to show

that the new rules correspond to these axioms. Since our rules are taken directly to

correspond to a (part of) single axiom, this proof will be rather straightforward.
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Displaying PAL (D.Eφ)

Axioms

Xp −→ Y p X ∗ p =⇒ Y ∗ p

Xp =⇒ Yp X ∗ p =⇒ Y ∗ p

Adapted Rules

I =⇒ ∆ (•I)•I =⇒ ∆
•Γ =⇒ ∆ (•)
Γ =⇒ •∆

Structural Rules

Γ =⇒ •a •φ ∆
(PR)

Γ =⇒ •φ •a ∆

∗ •a ∗Γ =⇒ ∆
(NM)•φ ∗ •a •φ ∗Γ =⇒ ∆

Γ =⇒ ∆ (PF1)
Γ =⇒ ∗ •φ ∗ •φ ∆

Γ =⇒ •φ •ψ ∆
(COMP − I)

Γ =⇒ •φ∧[φ]ψ∆

Γ =⇒ •φ∧[φ]ψ∆
(COMP − E)

Γ =⇒ •φ •ψ ∆

Semi-Structural Rules

φ =⇒ ∆
(PF2)∗ •φ ∗Γ =⇒ ∆

∗ •φ ∗ •φ Γ =⇒ ∆ Γ′ =⇒ φ
(PF3)

Γ ◦ Γ′ =⇒ ∆

Logical Rules

ψ =⇒ ∆
([ ]l)

[φ]ψ =⇒ •φ∆

•φΓ =⇒ ψ
([ ]r)

Γ =⇒ [φ]ψ

Table 6.2: The display calculus D.Eφ

A proof of completeness only requires to show that the axioms are derivable in the

Display Logic of PAL. The general way of proving soundness cases like this requires a

translation function from the language of display logic to the language of the axiomatic

system. My proof here will only need a simple extension of that standard translation.

Before we get to that the following preliminary result is necessary:

Lemma 6.7. φ =⇒ φ is derivable for arbitrary φ.

Proof. This is shown by induction on the complexity of the formula φ. For the boolean

and epistemic part this result has already been shown by [7] and [57], respectively. What

is left to show is that this extends to announcement formulas. This, however, directly
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follows from the fact that the announcement rules have the same shape as the epistemic

rules.

Let φ be of the form [ψ]χ

χ =⇒ χ
([ ]l)

[ψ]χ =⇒ •ψχ
(•)

•ψ[ψ]χ =⇒ χ
([ ]r)

[ψ]χ =⇒ [ψ]χ

Lemma 6.8. For all φ: If `φext φ, then `D.Eφ I =⇒ φ.

Proof. It suffices to show that the axioms of PAL are derivable in D.Eφ making use of

the lemma above. All cases are straightforward and so I will only give an example here.

The other cases can be found in the Appendix A. Here is the proof for Perfect Recall.

For left-to-right:

Partial Functionality

φ =⇒ φ
(PF1)

φ =⇒ ∗ •ψ ∗ •ψ φ
(Display)•ψ ∗ •ψφ =⇒ ∗φ

(¬r)•ψ ∗ •ψφ =⇒ ¬φ
([ ]r)

∗ •ψ φ =⇒ [ψ]¬φ
(Display)

∗[ψ]¬φ =⇒ •ψφ
(¬l)

¬[ψ]¬φ =⇒ •ψφ
(•)

•ψ¬[ψ]¬φ =⇒ φ

•ψ〈ψ〉φ =⇒ φ
([ ]r)

〈ψ〉φ =⇒ [ψ]φ

φ =⇒ φ
(PF2)∗ •ψ ∗φ =⇒ ψ

(Display)∗ψ =⇒ •ψ ∗ φ
(•)•ψ ∗ ψ =⇒ ∗φ

(¬r)•ψ ∗ ψ =⇒ ¬φ
([ ]r)

∗ψ =⇒ [ψ]¬φ
(Display)

∗[ψ]¬φ =⇒ ψ
(¬l)

¬[ψ]¬φ =⇒ ψ

〈ψ〉φ =⇒ ψ
(∧r)

〈ψ〉φ =⇒ [ψ]φ ∧ ψ

And right-to-left:

φ =⇒ φ
([ ]l)

[ψ]φ =⇒ •ψφ
(•)

•ψ[ψ]φ =⇒ φ
(Display)

∗φ =⇒ ∗ •ψ [ψ]φ
(¬l)

¬φ =⇒ ∗ •ψ [ψ]φ
([ ]l)

[ψ]¬φ =⇒ •ψ ∗ •ψ[ψ]φ
(Display)

∗ •ψ ∗ •ψ [ψ]φ =⇒ ¬[ψ]¬φ
∗ •ψ ∗ •ψ [ψ]φ =⇒ 〈ψ〉φ ψ =⇒ ψ

(PF3)
[ψ]φ ◦ ψ =⇒ 〈ψ〉φ

(∧l)
[ψ]φ ∧ ψ =⇒ 〈ψ〉φ
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Since the language of D.Eφ is richer than the axiomatic system, there needs to be a trans-

lation function mapping the structures of Display Logic to the formulas of the axiomatic

system. In order to do so, there need to be backwards looking diamond corresponding

to the box-like operators [φ]. As already mentioned, I will denote them by 〈̃φ〉. Those

operators are not part of the language of the axiomatic system. They are, however, nec-

essary in order to provide a complete translation function for the Display Logic sequents

to formulas of PAL. Although, it is not clear how to define this operation on the standard

semantics for PAL, since in extended models announcements are represented by simple

modal arrows, its definition will simply mirror the definition of the usual backwards-

looking diamond, the �. To make the proofs simpler I will also define their duals � and

[̃φ].

Definition 6.9. M,v �AML
ext �aφ iff there is a w s.t. Rawv and M,w �AML

ext φ,

M,v �AML
ext 〈̃ψ〉φ iff there is a w s.t. Rψwv and M,w �AML

ext φ.

M,v �AML
ext �aφ iff for all w s.t. Rawv, M,w �AML

ext φ,

M,v �AML
ext [̃ψ]φ iff for all w s.t. Rψwv, M,w �AML

ext φ.

Lemma 6.10. � and [̃ψ] are the duals of � and 〈̃ψ〉, respectively, i.e.

M,w �AML
ext �aφ↔ ¬�a¬φ

M,w �AML
ext [̃ψ]φ↔ ¬〈̃ψ〉¬φ

Proof. Looking at the definitions it is easy to see that both � and 〈̃ψ〉 are diamond

operators and � and [̃ψ] their box versions.

There are 3 cases of residuation that correspond to the different meaning of the •s
depending on their position in the sequent

Lemma 6.11. The following equivalences hold for our operators:

M,w �AML
ext ♦aψ → χ iff M,w �AML

ext ψ → �aχ

M,w �AML
ext 〈φ〉ψ → χ iff M,w �AML

ext ψ → [̃φ]χ

M,w �AML
ext 〈̃φ〉ψ → χ iff M,w �AML

ext ψ → [φ]χ
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Proof. These if-and-only-if statements represent different ways of expressing the same

property from the view point of different worlds. Take a world w such that �a(or 〈φ〉 or

〈̃φ〉) ψ → χ holds. This means if there is a world v such that v |= ψ, w |= φ and Rawv

(or Rφwv; Rφvw). Now take a v such that v |= ψ. This means that for all worlds w

such that Rawv (or Rφwv; Rφvw), w |= χ.

Definition 6.12. Let I be a translation function such that I(Γ =⇒ ∆) = I1(Γ) →
I2(∆), with I1 and I2 defined in the following way:

I1(Γ) =



φ if Γ = φ,

> if Γ = I,

¬I2(∆) if Γ = ∗∆,
I1(∆) ∧ I1(Ω) if Γ = (∆ ◦ Ω)

�aI1(∆) if Γ = •a∆
〈̃ψ〉I1(∆) if Γ = •ψ∆

I2(Γ) =



φ if Γ = φ,

⊥ if Γ = I,

¬I1(∆) if Γ = ∗∆,
I2(∆) ∨ I2(Ω) if Γ = (∆ ◦ Ω)

KaI2(∆) if Γ = •a∆
[ψ]I2(∆) if Γ = •ψ∆

Given this we can show the following lemma:

Lemma 6.13. These two sequents are provable for all Γ and ∆:

1. Γ =⇒ I1(Γ)

2. I2(∆) =⇒ ∆

Proof. This follows from I1 and I2 in Definition 6.12 and by induction on the complexity

of Γ and ∆.

Theorem 6.14. For all Γ and ∆: If I1(Γ) `φext I2(∆), then `D.Eφ Γ =⇒ ∆.
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PR

1. I(Γ =⇒ •a •φ ∆) Premise
2. I1(Γ)→ I2(•a •φ ∆) I
3. I1(Γ)→ KaI2(•φ∆) I2

4. I1(Γ)→ Ka[φ]I2(∆) I2

5. I1(Γ)→ ¬♦a〈φ〉¬I2(∆) Dual
6. ¬¬♦a〈φ〉¬I2(∆)→ ¬I1(Γ) Inverse of 5
7. ♦a〈φ〉¬I2(∆)→ ¬I1(Γ) Double negation
8. 〈φ〉♦a¬I2(∆)→ ♦a〈φ〉¬I2(∆) Perfect Recall
9. 〈φ〉♦a¬I2(∆)→ ¬I1(Γ) by transitivity on 7, 8
10. ¬¬I1(Γ)→ ¬〈φ〉♦a¬I2(∆) Inverse of 9
11. I1(Γ)→ ¬〈φ〉♦a¬I2(∆) Double negation
12. I1(Γ)→ [φ]KaI2(∆) Dual
13. I1(Γ)→ [φ]I2(•a∆) I2

14. I1(Γ)→ I2(•φ •a ∆) I2

15. I(Γ =⇒ •φ •a ∆) I

Proof. Assume I1(Γ) `φext I2(∆), then `φext I1(Γ) → I2(∆). By Lemma 6.8, `D.Eφ
I =⇒ I1(Γ) → I2(∆) and so `D.Eφ I1(Γ) =⇒ I2(∆). By Lemma 6.13, we know that

Γ =⇒ I1(Γ) and I2(∆) =⇒ ∆. All that is left to do is apply (cut) twice and we get

`D.Eφ Γ =⇒ ∆.

The proof of soundness comes from showing that the rules and axioms of D.Eφ are

admissible in the axiomatic system of PAL. These results are already known for the

boolean and epistemic parts. So what is left to show is that our new rules and axioms

are admissible as well.

Lemma 6.15. The rules of D.Eφ are admissible in the axiomatic system of PAL.

Proof. This is done by showing that whenever the translation of a premise of one of our

rules is derivable in PAL, so is its conclusion. Here is the example for (PR).

The proof for all rules can be found in the Appendix A.

The axioms require a slightly different approach as we have to show this for arbitrary X

and Y . First it will be useful to show the following, where
←−
X is the string X backwards,

i.e. if X is x1, . . . , xn, then
←−
X is xn, . . . , x1.

Lemma 6.16. The following is a definable rule of our system.
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XΓ =⇒ Y∆
(•)

Γ =⇒
←−
XY∆

Proof. Remember that the double line notion means we can go either way between the

two sequents. This is easily achieved by multiple applications of (•). Note that the first

item of X will be the first to be flipped to the right side of the sequent and therefore
←−
X

is indeed X backwards and since we only used a display rule, we can easily reverse it.

Lemma 6.17. The axioms of D.Eφ are provable in the axiomatic system of PAL.

Proof. The proof goes via induction on the number of •s in X and Y . For the base case

in which |X|+ |Y | = 0 we get two cases: the standard axiom p =⇒ p which is straight

forward and ¬p→ ¬p so what is left to show is only the following:

1. ¬p→ ¬p Tautology

2. ¬I2(p)→ ¬I1(p) I1 and I2

3. I1(∗p)→ I2(∗p) I1 and I2

4. I(∗p =⇒ ∗p) I

In the following let [
←−
X ] and [Y ] stand for the translations of

←−
X and Y , i.e. for strings

of [χ1][χ2] . . . corresponding to the •χ1 •χ2 . . . in
←−
X and Y (Note that

←−
X and Y do not

appear on the left side of the sequent and therefore their •s are always translated as [ ]s

here). For the inductive step let (∗)p =⇒
←−
XY (∗)p be provable with |X|+ |Y | = n. We

need to show that so is (∗)p =⇒ •φ
←−
XY (∗)p. Here is the non-negated case:

1. p→ [
←−
X ][Y ]p Premise

2. [φ](p→ [
←−
X ][Y ]p) NECφ

3. [φ](p→ [
←−
X ][Y ]p)→ ([φ]p→ [φ][

←−
X ][Y ]p) Kφ

4. [φ]p→ [φ][
←−
X ][Y ]p MP on 2. and .3

5. p→ [φ]p by Atomic Permanence

6. p→ [φ][
←−
X ][Y ]p by 4. and 5.

7. I1(p)→ [φ][
←−
X ][Y ]I2(p) I1 and I2

8. I1(p)→ I2(•φ
←−
XY p) I2

9. I(p =⇒ •φ
←−
XY p) I

Both cases of the proof can be found in the appendix.

For the remaining two axioms it suffices to show that they are display equivalent to

other axiom schemata. This is done by showing that we can get from any axiom of
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these two schemata to one of the first two only by using display rules. This is done by

reducing the number of ∗ in X and Y. If there are no ∗, then we just have the initial

axiom schemata.

The only way for there to be an odd number of ∗ in both X and Y is if the outermost

part is an ∗. In this case we can simply eliminate them using only Display Rules.

∗X′p =⇒ ∗Y′p
(Display)

Y′p =⇒ X′p

For the even numbered cases we can either reduce the number of ∗ via eliminating double

negation if they are the outermost parts:

∗ ∗ X′p =⇒ Yp
(Display)

∗ ∗ X′p =⇒ ∗ ∗Yp
(Display)

∗Yp =⇒ ∗X′p
(Display)

X′p =⇒ Yp

Xp =⇒ ∗ ∗Y′p
(Display)

Xp =⇒ Y′p

If the negations are not the outermost structural connectives, we can push them to the

outside by flipping the •s. Let X′(Y′) be the part before the first occurrence of ∗∗ in

X(Y) and X′′(Y′′) the part after it. Note that the first parts will now only contain •, so

we can use the solution from before.

X′ ∗ ∗X′′p =⇒ Yp
(•)

∗ ∗ X′′p =⇒
←−
X′Yp

Xp =⇒ Y′ ∗ ∗Y′′p
(•)←−

Y′Xp =⇒ ∗ ∗Y′′p

The cases with ∗p are similar. The transformation concludes by first eliminating all the

negations in X and then in Y.

From the last two lemmas, we get the following corollary

Corollary 6.18. For all φ: If `DEP Γ =⇒ ∆, then `φext t(Γ =⇒ ∆).

The following Completeness Theorem follows directly:

Theorem 6.19. (Completeness)

`D.Eφ is strongly sound and complete with respect to `φext, i.e.

For all Γ and ∆: `D.Eφ Γ =⇒ ∆ iff `φext t(Γ =⇒ ∆).
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Proof. We have shown the left-to-right direction in Corollary 6.18 and the right-to-left

direction in Theorem 6.14.

6.3 Action Model Logic

Similarly to PAL, we can also translate the axiomatic system �AML
ext for AML from Sec-

tion 2.4 to give a display system. In this section I will develop that system and proof

its completeness. As I already mentioned, the approach will be a straightforward gen-

eralisation from the section above as AML is a generalized version of PAL and there will

be very little actual new work to be done here. First off, we have to give a new type of

•-operator such that structural •α corresponds to [α] for an epistemic action [α]. Again,

this means we need to extend the language of Display Logic.

Definition 6.20. (The Language of DL for AML: LD.Eα)

φ := p|¬φ|(φ ∧ φ)|(φ ∨ φ)|(φ→ φ)|Kaφ|[α]φ where a ∈ Ω, p is a propositional atom and

α is an action of the system.

Γ := I|φ| ∗ Γ|(Γ ◦ Γ)| •a Γ| •α Γ where a ∈ Ω and α is an action of the system.

With this we can now look at the axioms and rules of the system. Much like AML is

a generalization of PAL and our axioms for AML are a generalization of the axioms for

PAL, the rules for D.Eα will be generalized versions of the rules for D.Eφ with [α] instead

of [φ] and PRE(α) instead of φ. This will go in a straightforward manner for all but

those parts that will represent the No Miracle and the Perfect Recall axioms. These two

axioms now deal with two actions instead of just a single one. As such there need to

be restrictions on which actions can be used in these rules. Additionally since Perfect

Recall is essentially a existence statement (there is an action such that it can see a world

. . . ), we need a free-variable condition similar to the ones required for first-order logic.

As we will see the rules of D.Eα are mostly straightforward adaptations of the rules of

D.Eφ. As mentioned the rules for No Miracles and Perfect Recall are different in that

regard. I will, therefore, limit the discussion of the system to those cases. For the

reasoning behind the other rules and the axioms it suffices to look at the reasons given

for the D.Eφ rules and axioms with the same name given above.

Axioms

Xp =⇒ Yp X ∗ p =⇒ Y ∗ p



Display Logic 146

with X and Y such that for all x in X and Y

− x = •α for some epistemic action α,

− x = ∗∗,

− or x = ∗ and is the first (left most) member of X and Y.

Perfect Recall and No Miracle

Γ =⇒ •a •β2 ∆
(A− PR)

Γ =⇒ •α •a ∆

∗ •a ∗Γ =⇒ ∆
(A−NM)•α ∗ •a •β1 ∗Γ =⇒ ∆

These two rules cannot go without further restrictions. Both No Miracles and Perfect

Recall represent the connection between the epistemic and the dynamic operators. Re-

peating from the discussion of the axioms earlier, they make sure that epistemic arrows

are preserved between worlds that are connected via dynamic arrows and vice versa.

This means that we need α and β be based on the same action frame with potentially

different actual actions. Let k be the actual action of α and k′ be the actual action

of β, then there needs to be Rαakk
′ or expressed simpler: we need Rαaαβ between the

actions α and β. Additionally, as already mentioned, (A − PR) contains an existence

claim about some β. So what we need to do is incorporate the same restrictions on the

actions α and β that are imposed on the No Miracles and Perfect Recall axioms in the

form of 1 and 2:

1. Raαβ.

2. Neither •β nor [β] appear in Γ or ∆, β and α are different action variables and

Raαβ.

With this we can now look at the Completeness Theorem:

Theorem 6.21. (Completeness)

`D.Eα is strongly sound and complete with respect to �AML
ext , i.e.

For all Γ and ∆: `D.Eα Γ =⇒ ∆ iff �AML
ext t(Γ =⇒ ∆).

Proof. The strategy behind proving the completeness theorem will unsurprisingly be the

same as it was for D.Eφ. I will not go through this in general again. All that has to be

done is adapting some of the definitions and results from above.
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Displaying Action Model Logic (D.Eα)

Axioms

Xp −→ Y p X ∗ p =⇒ Y ∗ p

Xp =⇒ Yp X ∗ p =⇒ Y ∗ p

Adapted Rules

I =⇒ ∆ (•I)•I =⇒ ∆
•Γ =⇒ ∆ (•)
Γ =⇒ •∆

Structural Rules

Γ =⇒ •a •β2 ∆
(A− PR)

Γ =⇒ •α •a ∆

∗ •a ∗Γ =⇒ ∆
(A−NM)•α ∗ •a •β1 ∗Γ =⇒ ∆

Γ =⇒ ∆ (A− PF1)
Γ =⇒ ∗ •α ∗ •α ∆

Γ =⇒ •α •β ∆
(COMP − I)

Γ =⇒ •α;β∆

Γ =⇒ •α;β∆
(COMP − E)

Γ =⇒ •α •β ∆

With the superscripts standing for the following restrictions on β: 1 : Raαβ and 2.
Neither •β nor [β] appear in Γ or ∆, β and α are different actions variables and Raαβ.

Semi-Structural Rules

PRE(α) =⇒ ∆
(A− PF2)∗ •α ∗Γ =⇒ ∆

∗ •α ∗ •α Γ =⇒ ∆ Γ′ =⇒ PRE(α)
(A− PF3)

Γ ◦ Γ′ =⇒ ∆

Logical Rules

ψ =⇒ ∆
([ ]l)

[α]ψ =⇒ •α∆

•αΓ =⇒ ψ
([ ]r)

Γ =⇒ [α]ψ

Table 6.3: The display calculus of D.Eα
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A–Perfect Recall

φ =⇒ φ
(Display)∗φ =⇒ ∗φ
(¬l)¬φ =⇒ ∗φ
(¬r)¬φ =⇒ ¬φ

([ ]l)
[β]¬φ =⇒ •β¬φ

(Kl)
Ka[β]¬φ =⇒ •a •β ¬φ

(A–PR)
Ka[β]¬φ =⇒ •α •a ¬φ

(•)
•αKa[β]¬φ =⇒ •a¬φ

(•)
•a •α Ka[β]¬φ =⇒ ¬φ

(Kr)
•αKa[β]¬φ =⇒ Ka¬φ

([ ]r)
Ka[β]¬φ =⇒ [α]Ka¬φ

(Display)
∗[α]Ka¬φ =⇒ ∗Ka[β]¬φ

(¬l)
¬[α]Ka¬φ =⇒ ∗Ka[β]¬φ

(¬r)
¬[α]Ka¬φ =⇒ ¬Ka[β]¬φ

(¬l)
〈β〉♦aφ =⇒ ♦a〈α〉φ

We get the similar results as before:

Lemma 6.22. φ =⇒ φ is derivable for arbitrary φ.

Proof. The proof goes as before in Lemma 6.7. Since the logical rule stays the same

extending the proof is trivial.

Lemma 6.23. For all φ: If �AML
ext φ, then `D.Eα I =⇒ φ.

Proof. The only cases worth discussing are the ones for No Miracles and Perfect Recall

as we have to check the conditions on the actions α and β which was not necessary for

PAL.

We have two conditions on α and β imposed by (A − PR): Raαβ and that β is a new

action variable. It shows that this holds for an arbitrary β and so we can conclude the

disjunction (
∨
♦a〈β〉φ : Raαβ) since action frames are finite.

Again, we have Raαβ and so we are done.

All cases are, again, in the Appendix B.

Definition 6.24. M,v �AML
ext 〈̃α〉φ iff there is a w s.t. Rαwv and M,w �AML

ext φ.

M,v �AML
ext [̃α]φ iff for all w s.t. Rαwv, M,w �AML

ext φ.
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A–No Miracle

φ =⇒ φ
(Display)∗φ =⇒ ∗φ
(¬l)¬φ =⇒ ∗φ

(Kl)
Ka¬φ =⇒ •a ∗ φ (Display)∗ •a ∗φ =⇒ ∗Ka¬φ (¬r)∗ •a ∗φ =⇒ ¬Ka¬φ
∗ •a ∗φ =⇒ ♦aφ (A–NM)•α ∗ •a •β ∗φ =⇒ ♦aφ

([ ]r)
∗ •a •β ∗ φ =⇒ [α]♦aφ

(Display)
∗[α]♦aφ =⇒ •a •β ∗φ

(•)
•a ∗ [α]♦aφ =⇒ •β ∗ φ

(•)
•β •a ∗[α]♦aφ =⇒ ∗φ

(¬r)
•β •a ∗[α]♦aφ =⇒ ¬φ

([ ]r)
•a ∗ [α]♦aφ =⇒ [β]¬φ

(Kr)
∗[α]♦aφ =⇒ Ka[β]¬φ

(Display)
∗Ka[β]¬φ =⇒ [α]♦aφ

(¬l)
¬Ka[β]¬φ =⇒ [α]♦aφ

♦a〈β〉φ =⇒ [α]♦aφ

We get two more lemmas that are straightforward generalisations from above:

Lemma 6.25. [̃α] is the dual of 〈̃α〉, i.e.

M,w �AML
ext [̃α]φ↔ ¬〈̃α〉¬φ

Lemma 6.26. The following equivalences hold:

M,w �AML
ext 〈α〉φ→ ψ iff M,w �AML

ext φ→ [̃α]ψ

M,w �AML
ext 〈̃α〉φ→ ψ iff M,w �AML

ext φ→ [α]ψ

Definition 6.27. We define the translation functions Iα, Iα1 and Iα2 in the following

way:

Iα(Γ =⇒ ∆) = Iα1 (Γ)→ Iα2 (∆)
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Iα1 (Γ) =



φ if Γ = φ,

> if Γ = I,

¬Iα2 (∆) if Γ = ∗∆,
Iα1 (∆) ∧ Iα1 (Ω) if Γ = (∆ ◦ Ω)

�aIα1 (∆) if Γ = •a∆
〈̃α〉Iα1 (∆) if Γ = •α∆

Iα2 (Γ) =



φ if Γ = φ,

⊥ if Γ = I,

¬Iα1 (∆) if Γ = ∗∆,
Iα2 (∆) ∨ Iα2 (Ω) if Γ = (∆ ◦ Ω)

KaI
α
2 (∆) if Γ = •a∆

[α]Iα2 (∆) if Γ = •α∆

Now we need one more lemma and we get strong completeness again:

Lemma 6.28. These two sequents are provable for all Γ and ∆:

1. Γ =⇒ I1(Γ)

2. I2(∆) =⇒ ∆

Proof. This follows in the same way as Lemma 6.13.

Theorem 6.29. For all Γ and ∆: If I1(Γ) �AML
ext I2(∆), then `D.Eα Γ =⇒ ∆.

Lemma 6.30. The rules of D.Eα are admissible in the extended models axiomatic system

of AML.

Lemma 6.31. The axioms of D.Eα are provable in the extended models axiomatic system

of AML, �AML
ext .

Proof. The strategy behind the proofs for these two lemmas is the same as the case for

D.Eφ. All cases can be found in Appendix B.

Note that for PR we have shown that this holds arbitrary action β with the only require-

ment being Raαβ. So, any such β will suffice and we can can conclude the required
∨
β

for the Perfect Recall axiom. Note that we know that
∨
β is finite because action frames

are finite.
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PR

1. Iα(Γ =⇒ •a •β ∆) Premise
2. Iα1(Γ)→ Iα2 (•a •β ∆) Iα

3. Iα1 (Γ)→ KaI
α
2 (•β∆) Iα2

4. Iα1 (Γ)→ Ka[β]Iα2 (∆) Iα2
5. Iα1 (Γ)→ ¬♦a〈β〉¬Iα2 (∆) Dual
6. ¬¬♦a〈β〉¬Iα2 (∆)→ ¬Iα1 (Γ) Inverse of 5
7. ♦a〈β〉¬Iα2 (∆)→ ¬Iα1 (Γ) Double negation
8. 〈α〉♦a¬Iα2 (∆)→ ♦a〈β〉¬Iα2 (∆) Perfect Recall
9. 〈α〉♦a¬Iα2 (∆)→ ¬Iα1 (Γ) MP on 7, 8
10. ¬¬Iα1 (Γ)→ ¬〈α〉♦a¬Iα2 (∆) Inverse of 9
11. Iα1 (Γ)→ ¬〈α〉♦a¬Iα2 (∆) Double negation
12. Iα1 (Γ)→ [α]KaI

α
2 (∆) Dual

13. Iα1 (Γ)→ [α]Iα2 (•a∆) Iα2
14. Iα1 (Γ)→ Iα2 (•α •a ∆) Iα2
15. Iα(Γ→ •α •a ∆) Iα

NM

1. Iα(∗ •a ∗Γ =⇒ ∆) Premise
2. Iα1 (∗ •a ∗Γ)→ Iα2 (∆) Iα

3. ¬Iα2 (•a ∗ Γ)→ Iα2 (∆) Iα1
4. ¬KaI

α
2 (∗Γ)→ Iα2 (∆) Iα2

5. ¬Ka¬Iα1 (Γ)→ Iα2 (∆) Iα2
6. ♦aIα1 (Γ)→ Iα2 (∆) Dual
7. Iα1 (Γ)→ �aI

α
2 (∆) Residuation

8. �aI
α
2 (∆)→ �aI

α
2 (∆) Axiom

9. ♦a�aI
α
2 (∆)→ Iα2 (∆) Residuation

10. [α](♦a�aI
α
2 (∆)→ Iα2 (∆)) NECα

11. [α]♦a�aI
α
2 (∆)→ [α]Iα2 (∆) By Kα and 10.

12. ♦a〈β〉�aI
α
2 (∆)→ [α]♦a�aI

α
2 (∆) No Miracles

13. ♦a〈β〉�aI
α
2 (∆)→ [α]Iα2 (∆) by transitivity on 11. and 12.

14. 〈β〉�aI
α
2 (∆)→ �a[α]Iα2 (∆) Residuation

15. �aI
α
2 (∆)→ [̃β]�a[α]Iα2 (∆) Residuation

16. Iα1 (Γ)→ [̃β]�a[α]Iα2 (∆) MP on 7. and 15.
17. 〈β〉Iα1 (Γ)→ �a[α]Iα2 (∆) Residuation
18. ♦a〈β〉Iα1 (Γ)→ [α]Iα2 (∆) Residuation
19. ¬Ka[β]¬Iα1 (Γ)→ [α]Iα2 (∆) Dual

20. 〈̃α〉¬Ka[β]¬Iα1 (Γ)→ Iα2 (∆) Residuation

21. 〈̃α〉¬Ka[β]Iα2 (∗Γ)→ Iα2 (∆) Iα1
22. 〈̃α〉¬KaI

α
2 (•β ∗ Γ)→ Iα2 (∆) Iα2

23. 〈̃α〉¬Iα2 (•a •β ∗Γ)→ Iα2 (∆) Iα2
24. 〈̃α〉Iα1 (∗ •a •β ∗ Γ)→ Iα2 (∆) Iα2
25. Iα1 (•α ∗ •a •β ∗Γ)→ Iα2 (∆) Iα1
26. Iα(•α ∗ •a •β ∗Γ) =⇒ ∆) Iα
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Here we only need to point out that Raαβ is both the requirement for the axiomatic

system and the display calculus.

6.4 Cut-Elimination

One of the main advantages of Display Logic is a generalised proof strategy for Cut-

Elimination. Belnap has introduced the following conditions (C1)–(C8) that guarantee

cut-elimination holds for Display Logic proof systems:

(C1) Preservation of formulas: With the exception of (Cut), each formula occurring in

a premise of an inference is a subformula of some formula in the conclusion.

(C2) Shape-alikeness of parameters: Congruent parameters are occurrences of the same

structure.

(C3) Non-proliferation of parameters: Each parameter is congruent to at most one

constituent in the conclusion; that is, no two constituents in the conclusion are

congruent to each other.

(C4) Position-alikeness of parameters: Congruent parameters are either all antecedent

or all consequent parts in their respective sequents.

(C5) Display of principal constituents: If a formula is principal constituent in the conclu-

sion of an inference, then it is either the entire antecedent or the entire consequent

of the conclusion.

(C6) Closure under substitution of consequent parts: Each inference rule is closed under

simultaneous substitution of arbitrary structures in consequent parts for congruent

parameters.

(C7) Closure under substitution of antecedent parts: Each inference rule is closed under

simultaneous substitution of arbitrary structures in antecedent parts for congruent

parameters.

(C8) Cut of matching principal constituents: Suppose there are inferences (Inf1) and

(Inf2) with respective conclusions Γ→M and M → ∆, where M principal in both

inferences. Then, one of two things must follow: (1) Γ→ ∆ is identical to Γ→M

or M → ∆, or (2) there is a derivation of Γ→ ∆ from the premises of (Inf1) and

(Inf2), where (Cut) is only used on proper subformulas of M .
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Before discussing how these conditions guarantee Cut-Elimination (and whether or not

they hold for our systems) the notions of congruency, parametric and principle need to

be introduced. Parameters are those parts of the sequent that do not change when using

a certain rule and principle formulas are those parts that are specifically changed by that

rule. The idea behind congruency is to keep track of parameters along the different steps

of the proof. This allows for applications of (Cut) to be pushed along these congruent

parameters, as we can be sure that they are not further manipulated along the way (or

they would not be congruent anymore). And so we know that we only need to consider

cutting on principle formulas and, by (C8), this guarantees Cut-Elimination.

Definition 6.32. Those parts of the sequent that in the stating of the rules are assigned

structure variables are parametric. They are called parameters.

Definition 6.33. Those parts of the sequent that in the stating of the rules are assigned

formula variables are principle. They are called principle formulas.

Definition 6.34. Occurrences of parameters assigned the same structure variable in

the application of a rule that occupy the similar positions are said to be congruent.

As an example take the rule (PR): The occurrence of Γ in the premise of the rules

and the occurrence of Γ in the conclusion of the rule are congruent. They occupy a

similar position (they are both positive in the antecedent) and are assigned the same

structure-variable Γ.

The following theorem was shown in [7]:

Theorem 6.35. For any calculus satisfying the conditions (C2)–(C8), the

(Cut)-rule is admissible.

Given this what is left to show here is that the calculi above in fact satisfies the conditions

(C2)–(C8).

Lemma 6.36. The rules and axioms for the display calculi D.Eφ and D.Eα satisfy the

conditions (C2)–(C4) and (C6)–(C8). (C5) does not hold for the new axiom schemata.

Proof. (C2) This condition holds by the definition of congruency in Definition 6.34.

(C3) Any structure variable in the conclusion of an inference only occurs a once and so

no part of the premise of the inference can be congruent to two structures in the

conclusion.

(C4) This condition can easily be checked by looking at the parametric structures in

the rules of D.Eφ and D.Eα.
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(C5) For the logical rules it is easy to see that the principal parts are either the whole

antecedent or the whole consequent of the sequent. It might be worthwhile here

to highlight the the semi–structural rules as they are my addition. Note that for

them the principle formulas do not occur in the conclusion of the rule and this

condition holds trivially.

Here, however, lies the problem as the new axiom schemata do not satisfy this

condition.

(C6) The way the rules are formulated guarantee that the shape and content of the

parameters do not matter. As such they can easily be substituted without invali-

dating the inference.

(C7) See (C6).

(C8) This condition is usually the crucial one as every logical rule needs to be thoroughly

checked. In this case, however, the logical rules are simply copies of the standard

modal logical rules for which, as we know, this condition holds. So what is left

to check is the new axiom schemata. Again note that in the conclusion of the

semi–structural rules no principle formula occurs.

Lemma 6.37. Condition (C8) holds for the axioms of D.Eφ and D.Eα.

Proof. Remember that the first two axiom schemata are simply special cases of the latter

two. Any propositional p can only be principle when it occurs as part of one of these

axioms and (C8) only applies if it is the whole antecedent or consequent of the sequent.

Therefore there is only a single case to consider:

Xp =⇒ p p =⇒ Yp
(C8)

Xp =⇒ Yp

Note that the resulting sequent is still an axiom.

The D.Eφ versions can be obtained by replacing α with φ.

In order to show cut-elimination for the system above there need to be adjustments in

the conditions by Belnap. Fortunately in [33], based on work in [57] there is a set of

conditions that makes use of a weaker version of (C5) that I can makes use of here.
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Definition 6.38. − (C5’) If a formula is principal constituent in the conclusion of

an inference, then it is either the entire antecedent or the entire consequent of the

conclusion. Unless the sequent is the whole inference, i.e. it is an axiom.

− (C5”) Any sequent that is display equivalent to an axiom is also on axiom.

− (C8’) If Γ =⇒ φ and φ =⇒ ∆ are axioms, so is Γ =⇒ ∆.

In [33] these conditions have been shown to guarantee proof of

Cut-Elimination in place of (C5):

Theorem 6.39. For any logic which satisfies the conditions (C2)–(C4), (C6)–(C8) and

(C5’), (C5”) and (C8’), Cut-Elimination is admissible.

Proof. I will only sketch this proof here, as it is easy to see how this works: Since we

still have (C2)–(C4), (C6) and (C7), we know that we can still push the cut up along

congruent structure variables. (C5’) tells us that the principle parts of our rules are still

either the whole antecedent or consequent and so, by (C8), we can still eliminate cuts on

them. What is left to show is that we can also eliminate cuts on axioms. (C8’) allows us

to eliminate all cuts on axioms and the only other case we need to consider is the case

in which we did not apply a display rule to an axiom, which by (C5”) is guaranteed to

yield another axiom and so we can eliminate all instances of (cut).

Corollary 6.40. (C8’) holds for the axioms of D.Eφ and D.Eα.

Proof. This was already shown in the proof of (C8) above.

Lemma 6.41. (C5”) holds for the axioms of D.Eφ and D.Eα.

Proof. I proof this by showing that any application of the display rules on one of the

axioms has to result in another axiom. Again, I will give the proof for D.Eα the cases

for D.Eφ can be gotten by replacing φ, ψ, . . . with α, β, . . . .

It suffices to show that this holds for the last two axioms as the others are simply special

cases. Since all our axioms have only two structural letters, we need not consider those

Display Rules using three. This leaves only those rules that deal with ∗ and •. Since

(•) can only flip a • from one side to the other we only need to consider those axioms

in which the outermost structural connective on one of the sides is a •:

•αXp =⇒ Yp
(•)

X =⇒ •αYp
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The case for the display rules involving ∗ is more complicated than that, as these rules

do not simply flip ∗ but can create new ones or get rid of old ones.

The cases in which we add ∗ are straightforward:

Xp =⇒ Yp
(Display)

∗Yp =⇒ ∗Xp
(Display)

Xp =⇒ ∗ ∗Yp

So what is left is to show those cases in which the Display Rules reduce the number of

∗. For this let X = ∗X′ and Y = ∗ ∗Y′. Note that in those cases in which X and Y do

not end in enough ∗ the rules simply cannot be applied in that way. It suffices to show

that when the rules can be applied in that way, they will result in axioms.

∗X′p =⇒ ∗ ∗Y′p
(Display)

∗Y′p =⇒ X′p
(Display)

∗X′p =⇒ Yp

It is easy to see that these are all still axioms and that the cases for ∗p are analogous.

Since all cases are covered this concludes the proof.

Theorem 6.42. (Cut-Elimination) For any proof in D.Eφ or D.Eα using the (Cut)-

rule, there is a proof with the same conclusion that does not make use of (Cut).

Here is a quick final remark about the subformula property: One condition I have so far

not discussed is (C1). In Belnaps original proof it is used to establish the subformula

property. As already mentioned, however, we do not generally have the subformula

property, since we turn the formula φ into the operator [φ] or PRE(α) into [α]. It

should therefore not come as a surprise that (C1) does not hold for D.Eφ or D.Eα.

6.5 AML with postconditions

We can now, again, generalize these results to AMLp. In many ways this is the important

result as all other logics discussed here can be expressed as special cases of AMLp. It

should not be surprising that after this the system for Forgetting will be easy. Again we

start by defining the language.

Definition 6.43. (The Language of DL for AMLp: LD.Eαp)
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φ := p|¬φ|(φ∧ φ)|(φ∨ φ)|(φ→ φ)|Kaφ|[α]φ where a is an agent, p a propositional atom

and α an action of the system.

Γ := I|φ| ∗ Γ|(Γ ◦ Γ)| •a Γ| •α Γ where a is an agent and α is an action of the system.

The following definition helps with readability of the axioms:

Definition 6.44. For all actions α and β,

POST (αβ, p) = POST (α;β, p)

Definition 6.45. Let X− and Y− be obtained by removing all ∗ from X and Y, respec-

tively.

There is another definition that we can use for convenience and to keep from inflating

the number of axioms unnecessarily.

Definition 6.46. Let ∅ be a null action, i.e. an action that represents that nothing

happens and let the postcondition ∅ keep the formula unchanged, i.e. POST (∅, p) = p.

This allows us to cover the basic case of p =⇒ p, as POST (∅, p) =⇒ p is then an

instance of our axioms.

To extend the result from before to AMLp, we only need to define a new set of ax-

ioms. Again we differentiate between the axioms necessary for completeness and those

necessary for Cut-Elimination.

We need to make the following adjustment:

X and Y such that for all x in X and Y:

− x = •φ for some formula φ,

− x = ∗∗,

We no longer allow X or Y to end on a single ∗, as the positioning of them inside the

sequent matters. Another difference is that we not have two identical formulas in the

antecedent and consequent of the sequent, but a postcondition that is supposed to in

the antecedent part and a corresponding propositional atom in the consequent part.

Lemma 6.47. The axioms for D.Eφ and D.Eα are special cases of the axioms of D.Eαp.
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Displaying AMLp (D.Eαp)

Axioms

XPOST (
←−
XY, p) =⇒ Y p X ∗ POST (

←−
XY, p) =⇒ Y ∗ p

∗Y p =⇒ ∗XPOST (
←−
XY, p) ∗Y ∗ p =⇒ ∗X ∗ POST (

←−
XY, p)

XPOST (
←−
X−Y−, p) =⇒ Yp X ∗ POST (

←−
X−Y−, p) =⇒ Y ∗ p

∗Yp =⇒ ∗XPOST (
←−
X−Y−, p) ∗Y ∗ p =⇒ ∗X ∗ POST (

←−
X−Y−, p)

Adapted Rules

I =⇒ ∆ (•I)•I =⇒ ∆
•Γ =⇒ ∆ (•)
Γ =⇒ •∆

Structural Rules

Γ =⇒ •a •β2 ∆
(A− PR)

Γ =⇒ •α •a ∆

∗ •a ∗Γ =⇒ ∆
(A−NM)•α ∗ •a •β1 ∗Γ =⇒ ∆

Γ =⇒ ∆ (A− PF1)
Γ =⇒ ∗ •α ∗ •α ∆

Γ =⇒ •α •β ∆
(COMP − I)

Γ =⇒ •α;β∆

Γ =⇒ •α;β∆
(COMP − E)

Γ =⇒ •α •β ∆

With the superscripts standing for the following restrictions on β: 1 : Raαβ and 2. Neither •β
nor [β] appear in Γ or ∆, β and α are different actions variables and Raαβ.

Semi-Structural Rules

PRE(α) =⇒ ∆
(A− PF2)∗ •α ∗Γ =⇒ ∆

∗ •α ∗ •α Γ =⇒ ∆ Γ′ =⇒ PRE(α)
(A− PF3)

Γ ◦ Γ′ =⇒ ∆

Logical Rules

ψ =⇒ ∆
([ ]l)

[α]ψ =⇒ •α∆

•αΓ =⇒ ψ
([ ]r)

Γ =⇒ [α]ψ

Table 6.4: The display calculus of D.Eαp
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Proof. We just need to set POST (α, p) = p for all α and p.

We now need to show that these are sound and complete.

Note that the definition of IA remains unchanged since POST (α, p) is a propositional

formula.

Lemma 6.48. The axioms of D.Eαp are provable in the extended models axiomatic

system for AMLp.

Proof. This proof follows the proofs for D.Eφ and D.Eα (see Lemma 6.17). It is easy to

see that the display equivalence proof part remains unchanged. Note that the postcondi-

tion always stays in positive positively in the antecedent or negatively in the antecedent

and the corresponding propositional formula negatively in the antecedent and positively

in the consequent. For the other part of the proof we need to show that the axioms

using X and Y are provable. Here is an example case:

1. POST (
←−
XY, p)→ [

←−
X ][Y ]p Premise

2. [α](POST (
←−
XY, p)→ [

←−
X ][Y ]p) NECα

3. [α](POST (
←−
XY, p)→ [

←−
X ][Y ]p)→

([α]POST (
←−
XY, p)→ [α][

←−
X ][Y ]p) Kα

4. [α]POST (
←−
XY, p)→ [α][

←−
X ][Y ]p MP on 2. and 3.

5. POST (α, POST (
←−
XY, p))→ [α]POST (

←−
XY, p) by Effectiveness

6. POST (α, POST (
←−
XY, p))↔ POST (α

←−
XY, p) by definition

7. POST (α
←−
XY, p)→ [α][

←−
X ][Y ]p by 4, 5 and 6

8 . I1(POST (α
←−
XY, p))→ [α][

←−
X ][Y ]I2(p) I1 and I2

9. I1(POST (α
←−
XY, p))→ I2(•α

←−
XY p) I2

10. I(POST (α
←−
XY, p) =⇒ •α

←−
XY p) I

The case with ∗ is analogous.

As the rules remain unchanged, this suffices for our proof of soundness. The following

lemma takes care of completeness:

Lemma 6.49. For all φ: If `AMLp
ext φ, then `D.Eαp I =⇒ φ.

Proof. Since only the axioms are different from D.Eα, those are the only cases we need

to consider.



Display Logic 160

A-Effectiveness

•αPOST (α, p)p
([ ]r)

POST (α, p)[α]p

∗p•α ∗ POST (α, p)
(¬l)

¬p•α ∗ POST (α, p)
(•)

•α¬p∗POST (α, p)
(¬r)

•α¬p¬POST (α, p)
([ ]r)

¬p[α]¬POST (α, p)

Theorem 6.50. For all Γ and ∆: If I1(Γ) `AMLp
ext I2(∆), then `D.Eαp Γ =⇒ ∆.

And so we get the Completeness Theorem:

Theorem 6.51. (Completeness)

`D.Eαp is strongly sound and complete with respect to `AMLp
ext , i.e.

For all Γ and ∆: `D.Eαp Γ =⇒ ∆ iff `AMLp
ext t(Γ =⇒ ∆).

Lemma 6.52. Conditions (C8) and (C8’) hold for the axioms of D.Eαp.

Proof. Again we follow the proof from before Lemma 6.37. We only have one instance

to consider:

XPOST (
←−
X−, p) =⇒ p p =⇒ Yp

(C8)
XPOST (

←−
X−, p) =⇒ Yp

There are two cases to consider: If we let Y be empty, the conclusion is equivalent

to the first premise. For the case that Y is not empty, it suffices to point out that

XPOST (
←−
X−Y−, p) =⇒ Yp is an axiom and since we know that POST (Y−, p) = p,

XPOST (
←−
X−, p) = XPOST (

←−
X−Y−, p).

Lemma 6.53. (C5”) holds for the axioms of D.Eαp.

Proof. Similar to the proof of Lemma 6.48, we simply use the proof for D.Eφ and D.Eα

and keep track that the postcondition and the propositional formula do not change

polarity.

This theorem follows immediately:

Theorem 6.54. (Cut-Elimination) For any proof in DEαp using the (Cut)-rule, there

is a proof with the same conclusion that does not make use of (Cut).
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6.6 Displaying Forgetting

Now we can talk about a Display Logic for the systems of forgetting developed in the

earlier chapters of this thesis. The break with the other logics is that instead of using

the relation R, we use R, similarly to how we have done for the axiomatic systems.

Depending on which R we choose defines whether we get propositional, positive, or

negative forgetting. What is left is adding [†φ]a to our system.

Definition 6.55. (The Language of DL for Forgetting: LD.E†)

φ := p|¬φ|(φ∧φ)|(φ∨φ)|(φ→ φ)|Kaφ|[α]φ|[†ψ]Aφ where a is an agent, p a propositional

atom, A a group of agents, α an action and ψ a non-valid epistemic formula.

Γ := I|φ| ∗Γ|(Γ◦Γ)| •aΓ| •αΓ|•†ψA
where a is an agent, A a group of agents, α an action

and ψ a non-valid epistemic formula.

Similarly to when action •s were introduced, we have to adapt the (•I) and the (•) rules.

Note that we do not change our axioms and so that we may not have •†φA as part of X

or y.

The logical rules for introducing [†φ]A are the same as those introducing other �-like

operators, i.e. Ka or [α]. So what is left to discuss are the new semi-structural rules

that govern the interaction between our different operators. Note that, like the other

semi-structural rules, these rules have their principal part in the premise of the rules

only. So we can proof the following couple of Completeness Theorems together:

Theorem 6.56. (Completeness) For any `† corresponding to one of the versions of

forgetting discussed in Chapter 5, i.e. propositional forgetting, positive forgetting, or

negative forgetting, the following holds:

`D.E† is strongly sound and complete with respect to `†, i.e.

For all Γ and ∆: `D.E† Γ =⇒ ∆ iff `† t(Γ =⇒ ∆).

Proof. Much of this proof depends on the underlying actions we allow. We have already

shown that the axioms and rules above are sound and complete with respect to AMLp.

What is left to show are that the new rules match their axiomatic counterpart, i.e.

[†φ]Aψ ↔ (KAφ →
∧

[T, 0]ψ). Note that the adapted rules and the new logical rules

just make sure that •†φA act as a regular •-operator. The proofs for the new rules can

be found in Appendix D.

Lemma 6.57. φ =⇒ φ is derivable for arbitrary φ.
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Forgetting (D.E†)

Axioms

XPOST (
←−
XY, p) =⇒ Y p X ∗ POST (

←−
XY, p) =⇒ Y ∗ p

∗Y p =⇒ ∗XPOST (
←−
XY, p) ∗Y ∗ p =⇒ ∗X ∗ POST (

←−
XY, p)

XPOST (
←−
X−Y−, p) =⇒ Yp X ∗ POST (

←−
X−Y−, p) =⇒ Y ∗ p

∗Yp =⇒ ∗XPOST (
←−
X−Y−, p) ∗Y ∗ p =⇒ ∗X ∗ POST (

←−
X−Y−, p)

Adapted Rules

I =⇒ ∆ (•I)•I =⇒ ∆
•Γ =⇒ ∆ (•)
Γ =⇒ •∆

Structural Rules

Γ =⇒ •a •β2 ∆
(A− PR)

Γ =⇒ •α •a ∆

∗ •a ∗Γ =⇒ ∆
(A−NM)•α ∗ •a •β1 ∗Γ =⇒ ∆

Γ =⇒ ∆ (A− PF1)
Γ =⇒ ∗ •α ∗ •α ∆

Γ =⇒ •α •β ∆
(COMP − I)

Γ =⇒ •α;β∆

Γ =⇒ •α;β∆
(COMP − E)

Γ =⇒ •α •β ∆

Γ =⇒ •†φA
∆

(†1)
Γ ◦ Γ′ =⇒ •T,0∆

Γiφ =⇒ •T 1,0∆ . . . Γnφ =⇒ •Tn,0∆
(†2)

Γ1 ◦ · · · ◦ Γn =⇒ •†φA
∆

With the superscripts standing for the following restrictions on β: 1 : Raαβ and 2. Neither •β
nor [β] appear in Γ or ∆, β and α are different actions variables and Raαβ.

Semi-Structural Rules

PRE(α) =⇒ ∆
(A− PF2)∗ •α ∗Γ =⇒ ∆

∗ •α ∗ •α Γ =⇒ ∆ Γ′ =⇒ PRE(α)
(A− PF3)

Γ ◦ Γ′ =⇒ ∆

Logical Rules

ψ =⇒ ∆
([ ]l)

[α]ψ =⇒ •α∆

•αΓ =⇒ ψ
([ ]r)

Γ =⇒ [α]ψ

Table 6.5: The display calculus of D.E†
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Proof. As the logical rules of [†φ]A remain the same as those for other modal operators

this follows trivially.

Lemma 6.58. For all φ: If `† φ, then `D.E† I =⇒ φ.

Proof. The structure of this proof remains unchanged. The only new cases we have to

consider are the ones for the † rules.

†1

ψ =⇒ ψ
([†]r)

[†φ]Aψ =⇒ •†φAψ (†1)
[†φ]Aψ =⇒ •T,0ψ

(•)
•T,0[†φ]Aψ =⇒ ψ

([ ]r)
[†φ]Aψ ◦KAφ =⇒ [T, 0]ψ

†2

ψ =⇒ ψ
([ ])

[T 1, 0]ψ =⇒ •T 1,0ψ . . . =⇒ . . . [Tn]ψ =⇒ •Tn,0ψ
(†2)

[T 1, 0]ψ ◦ · · · ◦ [Tn]ψ =⇒ •†φAψ (•)
•†φA [T 1, 0]ψ ◦ · · · ◦ [Tn]ψ =⇒ ψ

([†]r)
[T 1, 0]ψ ◦ · · · ◦ [Tn]ψ =⇒ [†φ]Aψ

(∧r)∧
[T, 0]ψ =⇒ [†φ]Aψ

If we view [†φ]A as a box ranging over all the different T, 0-arrows these results follow

directly:

Definition 6.59. M, v �† 〈̃†φ〉Aφ iff there is a w and a T, 0 corresponding to A forgetting

φ, s.t. RB,0wv and M,w �† φ.

M,v �† [̃†φ]Aφ iff for all w s.t. RB,0wv, M,w �† φ.

Lemma 6.60. [̃†φ]A is the dual of 〈̃†φ〉A, i.e.

M, v �† [̃†φ]Aψ ↔ ¬〈̃†φ〉A¬ψ

Lemma 6.61. M, v �† 〈†φ〉Aψ → χ iff M, v �† ψ → [̃†φ]Aχ

M, v �† 〈̃†φ〉Aψ → χ iff M, v �† ψ → [†φ]Aχ
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To get the necessary translation function I†, we simply have to add the cases for •†φA .

Definition 6.62. We define the translation functions I†, I†1 and I†2 in the following

way:

I†(Γ =⇒ ∆) = I†1(Γ)→ I†2(∆)

I†1(Γ) =



φ if Γ = φ,

> if Γ = I,

¬I†2(∆) if Γ = ∗∆,
I†1(∆) ∧ I†1(Ω) if Γ = (∆ ◦ Ω)

�aI
†
1(∆) if Γ = •a∆

〈̃α〉I†1(∆) if Γ = •α∆

〈̃†φ〉AI†1(∆) if Γ = •†φA∆

I†2(Γ) =



φ if Γ = φ,

⊥ if Γ = I,

¬I†1(∆) if Γ = ∗∆,
I†2(∆) ∨ I†2(Ω) if Γ = (∆ ◦ Ω)

KaI
†
2(∆) if Γ = •a∆

[α]I†2(∆) if Γ = •α∆

[†φ]AI
†
2(∆) if Γ = •†φA∆

With that we once again get strong completeness:

Theorem 6.63. For all Γ and ∆: If I1(Γ) `AMLp
ext I2(∆), then `D.Eαp Γ =⇒ ∆.

Lemma 6.64. The rules of Forgetting are admissible in the extended models axiomatic

systems for all versions of forgetting.

Proof. The only new rules are the † rules.

†1
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1.I†(Γ =⇒ •†φA∆) Premise

2.I†1(Γ)→ I†2(•†φA∆) I†

3.I†1(Γ)→ [†φ]AI
†
2(∆) I†2

4. [†φ]AI
†
2(∆)→ [T, 0]I†2(∆) By the † axiom

5. I†1(Γ)→ ([T, 0]I†2(∆)) MP on 3. and 4.

6. I†1(Γ)→ I†2(•T,0∆) By I†1 and I†2

7. I†(Γ =⇒ •T,0∆) By I†

†2

1.I†(Γi =⇒ •T i,0∆) Premise for all T i

2.I†1(Γi)→ I†2(•T i,0∆) by I†

3.I†1(Γi)→ [T i, 0]I†2(∆) by I†1 and I†2

4.I†1(Γ1) ∧ · · · ∧ I†1(Γn)→
∧
i[T

i, 0]I†2(∆) by 3.

5.
∧
i[T

i, 0]I†2(∆)→ [†φ]AI
†
2(∆) By the † axiom

6.I†1(Γ1) ∧ · · · ∧ I†1(Γn)→ [†φ]AI
†
2(∆) MP on 4. and 5.

7.I†1(Γ1 ◦ · · · ◦ Γn)→ I†2(•†φA∆) by I†1 and I†2

8.I†(Γ1 ◦ · · · ◦ Γn =⇒ •†φA∆) by I†

Note that we do not consider the axioms, as they remain unchanged from AMLp and

D.Eαp.

With this we can now show cut-elimination. The strategy will remain unchanged and

so all we need to do is that the necessary conditions still hold.

Lemma 6.65. The conditions (C2)-(C4), (C6)-(C8) and (C5’), (C5”) and (C8’) hold

for the rules of D.E†.

Proof. The conditions (C2)-(C4), (C6) and (C7) can be verified by eye. (C5”), (C8) and

(C8’) follow as we have not changed the axioms from D.Eαp. What is left to show is

(C5’). Again the axiomatic part follows and the rest can be checked by eye.

And so we get the following result:

Theorem 6.66. (Cut-Elimination) For any proof in D.E† using the (Cut)-rule, there

is a proof with the same conclusion that does not make use of (Cut).
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Semi-Structural Rules for PRE = ⊥

∗I =⇒ ∆ (⊥− PF2)∗ •α ∗Γ =⇒ ∆

∗ •α ∗ •α Γ =⇒ ∆ Γ′ =⇒ I
(⊥− PF3)

Γ ◦ Γ′ =⇒ ∆

Semi-Structural Rules for PRE = >

I =⇒ ∆ (>− PF2)∗ •α ∗Γ =⇒ ∆

∗ •α ∗ •α Γ =⇒ ∆ Γ′ =⇒ ∗I
(>− PF3)

Γ ◦ Γ′ =⇒ ∆

6.7 Notes on Proof Search

Finally, I want to expand on my remarks considering the subformula properties and

I want to especially at least sketch how those impact any proof search results for our

systems.

As we have seen, due to the semi-structural rules, we do not receive the subformula prop-

erty or Belnap’s (C1) in a straightforward manner. There are, however, some restricted

cases in which the subformula property can be salvaged. As the preconditions are what

causes the problems, it is those we need to restrict. First take the case in which we only

allow actions that have > or only actions that have ⊥ as their precondition. Unlike other

formulas, > and ⊥ directly correspond to a structural object: I. This allows us to get

rid of formulas in the rules (PF2) and (PF3) and replace them with purely structural

rules.

Of course this leaves us with a very limited number of actions and, especially in the

cases of actions with ⊥ as their preconditions, not very interesting ones at that.

A different approach that seems more natural comes from extending our notion of sub-

formula to the structural • operator: For every action α2, let PRE(α) be a subformula

of •α. Given this (PF2) becomes non-problematic, however the problem for (PF3) re-

mains. So the case for the subformula property for more interesting actions looks bleak.

There is another obstacle for an extension of the subformula property for all actions that

have more than one possible actions: (NM) and (PR) can change a •α into •β and vice

verse. So even if we can pinpoint PRE(α) as something akin to a subformula of •α or

[α], this would still not suffice to guarantee the subformula property.

2I take α here to be an arbitrary action, i.e. one of PAL, AML, AMLp or Forgetting
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There is, however, something we can do for proof-search, even though we cannot rely on

the subformula property to help us. Note that the only cases in which we have to make

use of the problematic semi-structural rules, are those cases in which we are dealing with

action formulas and not just with the epistemic fraction of the language. This means

that we can, at the very least, disregard the problems for purely epistemic proofs and it

tells us that in proof having to make use of (PF2) or (PF3) there has to be some [α] in

the final sequent of the proof. This can give us some hint about the formulas involved in

much the same way as the subformula property would have, because we know that we

can restrict the formulas we consider to be involved in the proof to the subformulas (as

normally) and to those preconditions that are relevant to α. In the general case this is

unfortunately not as straightforward as it might appear because it is not just PRE(α)

that is relevant to α but rather also PRE(β) for all β that share an action frame with

α, i.e. all β that only differ in their actual action. This is because (NM) and (PR)

can change a •β into a •α and so we cannot say which precondition was potentially lost

in an application of (PF2) or (PF3). This means that proof-search has to consider

potentially a lot more formulas, depending on the size of the action frame, but at the

very least only a finite amount, as action frames are finite.

A special case that merits mentioning is the cases in which the actions of a frame all

share the same precondition, as is the case for PAL and positive Forgetting. Since all

actions share the same precondition for any [α] in the final sequent we only have to

consider PRE(α). Specifically for PAL this corresponds to treating φ as a subformula

of [φ]ψ and for positive Forgetting to treating KAφ as a subformula of [†φ]Aψ.

In this final regular chapter of the thesis, I have developed Display Logic proof systems

for all the logics discussed in this thesis, making use of the non-reductive axioms from

Chapters 2 and 5, and proved the cut-elimination theorem for them. I have also shown

that we cannot simply preserve the subformula property, but I have sketched some

possible avenues of dealing with the lack of a subformula property where proof search is

concerned.

A more in-depth proof theoretic analysis of the proof systems is left for future work.

Especially the question of complexity is left unadressed for now.
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Conclusion and Future Work

In this thesis I have examined some of the advantages of representing update semantics

statically. The main method for doing this has been giving extended models for logics

of DEL and showing that Extended Model Semantics can be used as a more versatile

framework than alternative semantics. I have especially shown that normality conditions

allow for great customisability. Although this method has been shown to be fruitful, I

have not been able to sound out its limits.

I have also shown that normality conditions can be used to develop axiomatic systems

that highlight the exact properties of the type of actions they define. This has been used

in the development of display calculi for various logics that are sound and complete and

allow for Cut-Elimination. There is still much work to be done in this field in analyzing

more in-depth proof theoretic properties like proof-search.

Logics of forgetting have also been discussed and developed in this thesis allowing for

more applications of forgetting actions. The extensions discussed in this thesis allow for

many new interesting applications of forgetting that we were not able to model before,

by 3 big generalisations: multiple agents, forgetting of epistemic formulas, and fixing of

epistemic entrenchment.

Lastly, I want to outline some research avenues that have come up during the writing of

the thesis that I was unable to dedicate sufficient time and effort to. These are left for

future work. I have mentioned some already at the points of the thesis at which they

arise, but, I think, it’s worthwhile to reiterate and elaborate on them here.

− Maybe the biggest research area is left open by the Extended Model Semantics.

Although this thesis only discussed epistemic logic, there are many other areas of

modal logic that can, and some already do, make good use of update semantics
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similar to DEL. Applying extended semantics in these semantics looks to be a

fruitful approach to both showing its versatility and increasing the toolkit for

these logics. I am especially interested in applying this to deontic logic in which

actions can represent things like commands or prohibitions or even acts by the

agents that change the obligations of the other agents.

− Related to applying these methods to other modal logics but also in the area of

epistemic logic, I have already mentioned some ideas in Chapter 2 for changes

in the normality conditions and how the resulting actions. This can be used to

represent a wide range of actions that might not have been possible using the

traditional AML style approach.

− As we know there is a strong relationship between AML and Epistemic Tempo-

ral Logic. Naturally the question arises what the relationship between extended

models and ETL is. More generally, this suggests modeling temporal notions in ex-

tended semantics as a natural extension. A straightforward such extension would

be by adding a ‘turn’ to our actions, allowing us to model games in which specific

actions can only be taken at specific times, like white acting only on odd turns

in chess. There are, of course, many other interesting possibilities. Similarly, a

comparison to Game Theory and it’s notions can yield some interesting adaptations

and deepen our understanding of the relationship between the two systems.

− There are still some technical results left for the systems discussed in this paper.

As mentioned in Section 3.1.1 a complete analysis of what formulas can be suc-

cessfully forgotten still needs to be developed. Additionally an investigation of

what formulas are preserved by any given forgetting is still necessary. Similarly,

there are still questions like computational complexity for the proof systems and

satisfiability in extended models left to be addressed. In 6.7 I have pointed to

some preliminary results for proof search but there is still much work to be done

on that too.

− Group notions of knowledge are important parts of any epistemic system with

multiple agents. Given that forgetting notions have rarely been discussed on multi-

agent systems, if would be especially interesting to investigate how notions like

common knowledge or distributive knowledge are affected by forgetting.

− The forgetting parts of this thesis have been solely focused on semantic memory, i.e.

on the memory of propositions. There are, however, many more types of memory

that can be explored. As mentioned in Chapter 2 another way of representing the

memory of agents is by giving them access to the worlds that used to be before

an action took place and by letting them know which actions took place. This is
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related to episodic memory, i.e. the memory of specific experiences or events. I

have only been able to sketch how to broach this topic here and more work has to

be done. There are also more implicit types of memory like procedural memory,

i.e. how to perform a certain task, that are less straightforward but nonetheless

important and worth exploring.

This thesis was set out an attempt to fill some of the gaps in the exciting and quick

developing field of Dynamic Epistemic Logics. As I quickly realized, this is too tall a task

to ask from a single work, even one as large as this dissertation. Instead this should be

seen as a small, but significant, step to address and highlight some of the avenues that

are left to pursue.
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D.Eφ

Lemma A.1. For all φ: If `φext φ, then `D.Eφ I =⇒ φ.

Proof.

Invariance

•φp =⇒ p
([ ]r)

p =⇒ [φ]p

∗p =⇒ •φ ∗ p
(¬l)¬p =⇒ •φ ∗ p
(•)•φ¬p =⇒ ∗p

(¬r)•φ¬p =⇒ ¬p
([ ]r)

¬p =⇒ [φ]¬p

Perfect Recall

φ =⇒ φ
(Display)∗φ =⇒ ∗φ
(¬l)¬φ =⇒ ∗φ
(¬r)¬φ =⇒ ¬φ

([ ]l)
[ψ]¬φ =⇒ •ψ¬φ

(Kl)
Ka[ψ]¬φ =⇒ •a •ψ ¬φ

(PR)
Ka[ψ]¬φ =⇒ •ψ •a ¬φ

(•)
•ψKa[ψ]¬φ =⇒ •a¬φ

(•)
•a •ψ Ka[ψ]¬φ =⇒ ¬φ

(Kr)
•ψKa[ψ]¬φ =⇒ Ka¬φ

([ ]r)
Ka[ψ]¬φ =⇒ [ψ]Ka¬φ
〈ψ〉♦aφ =⇒ ♦a〈ψ〉φ
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No Miracle

φ =⇒ φ
(Display)∗φ =⇒ ∗φ
(¬l)¬φ =⇒ ∗φ

(Kl)
Ka¬φ =⇒ •a ∗ φ (Display)∗ •a ∗φ =⇒ ∗Ka¬φ (¬r)∗ •a ∗φ =⇒ ¬Ka¬φ
∗ •a ∗φ =⇒ ♦aφ (NM)•ψ ∗ •a •ψ ∗φ =⇒ ♦aφ

([ ]r)
∗ •a •ψ ∗ φ =⇒ [ψ]♦aφ

(Display)
∗[ψ]♦aφ =⇒ •a •ψ ∗φ

(•)
•a ∗ [ψ]♦aφ =⇒ •ψ ∗ φ

(•)
•ψ •a ∗[ψ]♦aφ =⇒ ∗φ

(¬r)
•ψ •a ∗[ψ]♦aφ =⇒ ¬φ

([ ]r)
•a ∗ [ψ]♦aφ =⇒ [ψ]¬φ

(Kr)
∗[ψ]♦aφ =⇒ Ka[ψ]¬φ

(Display)
∗Ka[ψ]¬φ =⇒ [ψ]♦aφ

(¬l)
¬Ka[ψ]¬φ =⇒ [ψ]♦aφ

♦a〈ψ〉φ =⇒ [ψ]♦aφ

Partial Functionality

φ =⇒ φ
(PF1)

φ =⇒ ∗ •ψ ∗ •ψ φ
(Display)•ψ ∗ •ψφ =⇒ ∗φ

(¬r)•ψ ∗ •ψφ =⇒ ¬φ
([ ]r

∗ •ψ φ =⇒ [ψ]¬φ
(Display)

∗[ψ]¬φ =⇒ •ψφ
(¬l)

¬[ψ]¬φ =⇒ •ψφ
〈ψ〉φ =⇒ •ψφ

(•)
•ψ〈ψ〉φ =⇒ φ

([ ]r)
〈ψ〉φ =⇒ [ψ]φ

φ =⇒ φ
(PF2)∗ •ψ ∗φ =⇒ ψ

(Display)∗ψ =⇒ •ψ ∗ φ
(•)•ψ ∗ ψ =⇒ ∗φ

(¬r)•ψ ∗ ψ =⇒ ¬φ
([ ]r)

∗ψ =⇒ [ψ]¬φ
(Display)

∗[ψ]¬φ =⇒ ψ
(¬l)

¬[ψ]¬φ =⇒ ψ

〈ψ〉φ =⇒ ψ
(∧r)

〈ψ〉φ =⇒ [ψ]φ ∧ ψ

φ =⇒ φ
([ ]l)

[ψ]φ =⇒ •ψφ
(•)

•ψ[ψ]φ =⇒ φ
(Display)

∗φ =⇒ ∗ •ψ [ψ]φ
(¬l)

¬φ =⇒ ∗ •ψ [ψ]φ
([ ]l)

[ψ]¬φ =⇒ •ψ ∗ •ψ[ψ]φ
(Display)

∗ •ψ ∗ •ψ [ψ]φ =⇒ ¬[ψ]¬φ
∗ •ψ ∗ •ψ [ψ]φ =⇒ 〈ψ〉φ ψ =⇒ ψ

(PF3)
[ψ]φ ◦ ψ =⇒ 〈ψ〉φ

(∧l)
[ψ]φ ∧ ψ =⇒ 〈ψ〉φ
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Announcement Composition

φ =⇒ φ
([ ]l)

[ψ ∧ [ψ]χ]φ =⇒ •ψ∧[ψ]χφ
(COMP − E)

[ψ ∧ [ψ]χ]φ =⇒ •ψ •χ φ
(•)

•ψ[ψ ∧ [ψ]χ]φ =⇒ •χφ
(•)

•χ •ψ [ψ ∧ [ψ]χ]φ =⇒ φ
([ ]r)

•ψ[ψ ∧ [ψ]χ]φ =⇒ [χ]φ
([ ]r)

[ψ ∧ [ψ]χ]φ =⇒ [ψ][χ]φ

φ =⇒ φ
([ ]l)

[χ]φ =⇒ •χφ
([ ]l)

[ψ][χ]φ =⇒ •ψ •χ φ
(COMP − I)

[ψ][χ]φ =⇒ •ψ∧[χ]ψφ
(•)

•ψ∧[χ]ψ[ψ][χ]φ =⇒ φ
([ ]r)

[ψ][χ]φ =⇒ [ψ ∧ [χ]ψ]φ

Lemma A.2. The axioms of D.Eφ are provable in the axiomatic system of PAL.

Proof.

1. p→ [
←−
X ][Y ]p Premise

2. [φ](p→ [
←−
X ][Y ]p) NECφ

3. [φ](p→ [
←−
X ][Y ]p)→ ([φ]p→ [φ][

←−
X ][Y ]p) Kφ

4. [φ]p→ [φ][
←−
X ][Y ]p MP on 2. and .3

5. p→ [φ]p by Atomic Permanence

6. p→ [φ][
←−
X ][Y ]p by 4. and 5.

7. I1(p)→ [φ][
←−
X ][Y ]I2(p) I1 and I2

8. I1(p)→ I2(•φ
←−
XY p) I2

9. I(p =⇒ •φ
←−
XY p) I
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1. ¬p→ [
←−
X ][Y ]¬p Premise

2. [φ](¬p→ [
←−
X ][Y ]¬p) NECφ

3. [φ](¬p→ [
←−
X ][Y ]¬p)→ ([φ]¬p→ [φ]

←−
XY ¬p) Kφ

4. [φ]¬p→ [φ][
←−
X ][Y ]¬p MP on 2. and .3

5. ¬p→ [φ]¬p by Atomic Permanence

6. ¬p→ [φ][
←−
X ][Y ]¬p by 4. and 5.

7. ¬I2(p) → [φ][
←−
X ][Y ]¬I1(p) I1 and I2

8. I1(∗p)→ [φ][
←−
X ][Y ]I2(∗p) I1 and I2

9. I1(∗p)→ I2(•φ
←−
XY ∗ p) I2

10. I(∗p =⇒ •φ
←−
XY ∗ p) I

Lemma A.3. The rules of D.Eφ are admissible in the axiomatic system of PAL.

Proof.

.

PR

1. I(Γ =⇒ •a •φ ∆) Premise

2. I1(Γ)→ I2(•a •φ ∆) I

3. I1(Γ)→ KaI2(•φ∆) I2

4. I1(Γ)→ Ka[φ]I2(∆) I2

5. I1(Γ)→ ¬♦a〈φ〉¬I2(∆) Dual

6. ¬¬♦a〈φ〉¬I2(∆)→ ¬I1(Γ) Inverse of 5

7. ♦a〈φ〉¬I2(∆)→ ¬I1(Γ) Double negation

8. 〈φ〉♦a¬I2(∆)→ ♦a〈φ〉¬I2(∆) Perfect Recall

9. 〈φ〉♦a¬I2(∆)→ ¬I1(Γ) by transitivity on 7, 8

10. ¬¬I1(Γ)→ ¬〈φ〉♦a¬I2(∆) Inverse of 9

11. I1(Γ)→ ¬〈φ〉♦a¬I2(∆) Double negation

12. I1(Γ)→ [φ]KaI2(∆) Dual

13. I1(Γ)→ [φ]I2(•a∆) I2

14. I1(Γ)→ I2(•φ •a ∆) I2

15. I(Γ =⇒ •φ •a ∆) I
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NM

1. I(∗ •a ∗Γ =⇒ ∆) Premise

2. I1(∗ •a ∗Γ)→ I2(∆) I

3. ¬I2(•a ∗ Γ)→ I2(∆) I1

4. ¬KaI2(∗Γ)→ I2(∆) I2

5. ¬Ka¬I1(Γ)→ I2(∆) I2

6. ♦aI1(Γ)→ I2(∆) Dual

7. I1(Γ)→ �aI2(∆) Residuation

8. �aI2(∆)→ �aI2(∆) Tautology

9. ♦a�aI2(∆)→ I2(∆) Residuation

10. [φ](♦a�aI2(∆)→ I2(∆)) NEC

11. [φ]♦a�aI2(∆)→ [φ]I2(∆) By K and 10.

12. ♦a〈φ〉�aI2(∆)→ [φ]♦a�aI2(∆) No Miracles

13. ♦a〈φ〉�aI2(∆)→ [φ]I2(∆) MP on 11. and 12.

14. 〈φ〉�aI2(∆)→ �a[φ]I2(∆) Residuation

15. �aI2(∆)→ [̃φ]�a[φ]I2(∆) Residuation

16. I1(Γ)→ [̃φ]�a[φ]I2(∆) MP on 7. and 15.

17. 〈φ〉I1(Γ)→ �a[φ]I2(∆) Residuation

18. ♦a〈φ〉I1(Γ)→ [φ]I2(∆) Residuation

19. ¬Ka[φ]¬I1(Γ)→ [φ]I2(∆) Dual

20. 〈̃φ〉¬Ka[φ]¬I1(Γ)→ I2(∆) Residuation

21. 〈̃φ〉¬Ka[φ]I2(∗Γ)→ I2(∆) I1

22. 〈̃φ〉¬KaI2(•φ ∗ Γ)→ I2(∆) I2

23. 〈̃φ〉¬I2(•a •φ ∗Γ)→ I2(∆) I2

24. 〈̃φ〉I1(∗ •a •φ ∗ Γ)→ I2(∆) I2

25. I1(•φ ∗ •a •φ ∗Γ)→ I2(∆) I1

26. I(•φ ∗ •a •φ ∗Γ =⇒ ∆) I
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PF1

1. I(Γ =⇒ ∆) Premise

2. I1(Γ)→ I2(∆) I

3. 〈φ〉I2(∆)→ [φ]I2(∆) Partial Functionality

4. I2(∆)→ [̃φ]KaI2(∆) Dual

5. I1(Γ)→ [̃φ]KaI2(∆) MP on 2. and 4.

6. I1(Γ)→ [̃φ]I2(•a∆) I2

7. I1(Γ)→ ¬〈̃φ〉¬I2(•a∆) Dual

8. I1(Γ)→ ¬〈̃φ〉I1(∗ •a ∆) I2

9. I1(Γ)→ ¬I1(•φ ∗ •a∆) I1

10. I1(Γ)→ I2(∗ •φ ∗ •a ∆) I1

11. I(Γ =⇒ ∗ •φ ∗ •a ∆) I

PF2

1. I(ψ =⇒ ∆) Premise

2. I1(ψ)→ I2(∆) I

3. ψ → I2(∆) I1

4. 〈ψ〉φ→ ψ Partial Functionality

5. 〈ψ〉φ→ I2(∆) MP on 3. and 4.

6. ¬[ψ]¬φ→ I2(∆) Dual

7. ¬[ψ]¬I1(φ)→ I2(∆) I1

8. [ψ]¬I2(∗φ)→ I2(∆) I1

9. ¬I1(•ψ ∗ φ)→ I2(∆) I2

10. I1(∗ •ψ ∗φ)→ I2(∆) I2

11. I(∗ •ψ ∗φ =⇒ ∆) I
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PF3

1. I(Γ′ =⇒ ψ) Premise

2. I1(Γ′)→ Iα2 (ψ) I

3. I1(Γ′)→ ψ I2

4. I(∗ •ψ ∗ •ψ Γ =⇒ ∆ Premise

5. I1(∗ •ψ ∗ •ψ Γ)→ I2(∆) I

6. ¬I2(•ψ ∗ •ψΓ)→ I2(∆) I1

7. ¬[ψ]I2(∗ •( ψ)Γ)→ I2(∆) I2

8. ¬[ψ]¬I1(•ψΓ)→ I2(∆) I2

9. ¬[ψ]¬〈̃ψ〉I1(Γ)→ I2(∆) I1

10. 〈̃ψ〉I1(Γ)→ [̃ψ]I2(∆) Residuation

11. I1(Γ)→ [ψ][̃ψ]I2(∆) Residuation

12. [̃ψ]I2(∆)→ [̃ψ]I2(∆) Tautology

13. 〈ψ〉[̃ψ]I2(∆)→ I2(∆) Residuation

14. [ψ][̃ψ]I2(∆) ∧ ψ → 〈ψ〉[̃ψ]I2(∆) Partial Functionality

15. [ψ][̃ψ]I2(∆) ∧ ψ → I2(∆) From 13. and 14.

16. [ψ][̃ψ]I2(∆)→ (ψ → I2(∆)) From 15.

17. I1(Γ)→ (ψ → I2(∆)) from 11. and 16.

18. I1(Γ′) ∧ I1(Γ)→ I2(∆) from 3. and 17.

19. I1(Γ′ ◦ Γ)→ I2(∆) I1

20. I(Γ′ ◦ Γ =⇒ ∆) I

COMP-I

1. I(Γ =⇒ •φ •ψ ∆) Premise

2. I1(Γ)→ I2(•φ •ψ ∆) I

3. I1(Γ)→ [φ]I2(•psi∆) I2

4. I1(Γ)→ [φ][ψ]I2(∆) I2

5. [φ][ψ]I2(∆)→ [φ ∧ [φ]ψ]I2(∆) Compositionality

6. I1(Γ)→ [φ ∧ [φ]ψ]I2(∆) MP on 4. and 5.

7. I1(Γ)→ I2(•φ∧[φ]ψ∆) I2

8. I(Γ =⇒ •φ∧[φ]ψ∆) I
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COMP-E

1. i(Γ =⇒ •φ∧[φ]ψ∆) Premise

2. I1(Γ)→ I2(•φ∧[φ]ψ∆) I

3. I1(Γ)→ [φ ∧ [φ]ψ]I2(∆) I2

4. [φ ∧ [φ]ψ]I2(∆)→ [φ][ψ]I2(∆) Compositionality

5. I1(Γ)→ [φ][ψ]I2(∆) MP on 3. and 4.

6. I1(Γ)→ [φ]I2(•psi∆) I2

7. I1(Γ)→ I2(•φ •ψ ∆) I2

8. I(Γ =⇒ •φ •ψ ∆) I
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D.Eα

Lemma B.1. For all φ: If �AML
ext φ, then `D.Eα I =⇒ φ.

Proof.

Invariance

•αp =⇒ p
([ ]r)

p =⇒ [α]p

∗p =⇒ •α ∗ p (¬l)¬p =⇒ •α ∗ p (•)•α¬p =⇒ ∗p
(¬r)•α¬p =⇒ ¬p

([ ]r)
¬p =⇒ [α]¬p

Perfect Recall

φ =⇒ φ
(Display)∗φ =⇒ ∗φ
(¬l)¬φ =⇒ ∗φ
(¬r)¬φ =⇒ ¬φ

([ ]l)
[β]¬φ =⇒ •β¬φ

(Kl)
Ka[β]¬φ =⇒ •a •β ¬φ

(A–PR)
Ka[β]¬φ =⇒ •α •a ¬φ

(•)
•αKa[β]¬φ =⇒ •a¬φ

(•)
•a •α Ka[β]¬φ =⇒ ¬φ

(Kr)
•αKa[β]¬φ =⇒ Ka¬φ

([ ]r)
Ka[β]¬φ =⇒ [α]Ka¬φ
〈β〉♦aφ =⇒ ♦a〈α〉φ
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No Miracle

φ =⇒ φ
(Display)∗φ =⇒ ∗φ
(¬l)¬φ =⇒ ∗φ

(Kl)
Ka¬φ =⇒ •a ∗ φ (Display)∗ •a ∗φ =⇒ ∗Ka¬φ (¬r)∗ •a ∗φ =⇒ ¬Ka¬φ
∗ •a ∗φ =⇒ ♦aφ (A–NM)•α ∗ •a •β ∗φ =⇒ ♦aφ

([ ]r)
∗ •a •β ∗ φ =⇒ [α]♦aφ

(Display)
∗[α]♦aφ =⇒ •a •β ∗φ

(•)
•a ∗ [α]♦aφ =⇒ •β ∗ φ

(•)
•β •a ∗[α]♦aφ =⇒ ∗φ

(¬r)
•β •a ∗[α]♦aφ =⇒ ¬φ

([ ]r)
•a ∗ [α]♦aφ =⇒ [β]¬φ

(Kr)
∗[α]♦aφ =⇒ Ka[β]¬φ

(Display)
∗Ka[β]¬φ =⇒ [α]♦aφ

(¬l)
¬Ka[β]¬φ =⇒ [α]♦aφ

♦a〈β〉φ =⇒ [α]♦aφ

Partial Functionality

φ =⇒ φ
(A− PF1)

φ =⇒ ∗ •α ∗ •α φ
(Display)•α ∗ •αφ =⇒ ∗φ

(¬r)•α ∗ •αφ =⇒ ¬φ
([ ]r)

∗ •α φ =⇒ [α]¬φ
(Display)

∗[α]¬φ =⇒ •αφ
(¬l)

¬[α]¬φ =⇒ •αφ
(•)

•α〈α〉φ =⇒ φ
([ ]r)

〈α〉φ =⇒ [α]φ

φ =⇒ φ
(A− PF2)

∗ •α ∗φ =⇒ PRE(α)
(Display)

∗PRE(α) =⇒ •α ∗ φ
(•)

•α ∗ PRE(α) =⇒ ∗φ
(¬r)

•α ∗ PRE(α) =⇒ ¬φ
([ ]r)

∗PRE(α) =⇒ [α]¬φ
(Display)

∗[α]¬φ =⇒ PRE(α)
(¬l)

¬[α]¬φ =⇒ PRE(α)

〈α〉φ =⇒ PRE(α)
(∧r)

〈α〉φ =⇒ [α]φ ∧ PRE(α)

φ =⇒ φ
([ ]l)

[α]φ =⇒ •αφ
(•)

•α[ψ]φ =⇒ φ
(Display)

∗φ =⇒ ∗ •α [α]φ
(¬l)

¬φ =⇒ ∗ •α [α]φ
([ ]l)

[α]¬φ =⇒ •α ∗ •α[α]φ
(Display)

∗ •α ∗ •α [α]φ =⇒ ¬[α]¬φ
∗ •α ∗ •α [α]φ =⇒ 〈α〉φ PRE(α) =⇒ PRE(α)

(A− PF3)
[α]φ ◦ PRE(α) =⇒ 〈α〉φ

(∧l)
[α]φ ∧ PRE(α) =⇒ 〈α〉φ



Appendix 181

Action Composition

φ =⇒ φ
([ ]l)

[α;β]φ =⇒ •α;βφ
(COMP − E)

[α;β]φ =⇒ •α •β φ
(•)

•α[α;β]φ =⇒ •βφ
(•)

•β •α [α;β]φ =⇒ φ
([ ]r)

•α[α;β]φ =⇒ [β]φ
([ ]r)

[α;β]φ =⇒ [α][β]φ

φ =⇒ φ
([ ]l)

[β]φ =⇒ •βφ
([ ]l)

[α][β]φ =⇒ •α •β φ
(COMP − I)

[α][β]φ =⇒ •α;βφ
(•)

•α;β [α][β]φ =⇒ φ
([ ]r)

[α][β]φ =⇒ [α;β]φ

Lemma B.2. The axioms of D.Eα are provable in the extended models axiomatic system

of AML, �AML
ext .

Proof.

1. p→ [
←−
X ][Y ]p Premise

2. [α](p→ [
←−
X ][Y ]p) NECα

3. [α](p→ [
←−
X ][Y ]p)→ ([α]p→ [α][

←−
X ][Y ]p) Kα

4. [α]p→ [α][
←−
X ][Y ]p MP on 2. and .3

5. p→ [α]p by Invariance

6. p→ [α][
←−
X ][Y ]p by 4. and 5.

7. I1(p)→ [α][
←−
X ][Y ]I2(p) I1 and I2

8. I1(p)→ I2(•α
←−
XY p) I2

9. I(p =⇒ •α
←−
XY p) I

1. ¬p→ [
←−
X ][Y ]¬p Premise

2. [α](¬p→ [
←−
X ][Y ]¬p) NECα

3. [α](¬p→ [
←−
X ][Y ]¬p)→ ([α]¬p→ [α]

←−
XY ¬p) Kα

4. [α]¬p→ [α][
←−
X ][Y ]¬p MP on 2. and .3

5. ¬p→ [α]¬p by Invariance

6. ¬p→ [α][
←−
X ][Y ]¬p by 4. and 5.

7. ¬I2(p) → [α][
←−
X ][Y ]¬I1(p) I1 and I2

8. I1(∗p)→ [α][
←−
X ][Y ]I2(∗p) I1 and I2

9. I1(∗p)→ I2(•α
←−
XY ∗ p) I2

10. I(∗p =⇒ •α
←−
XY ∗ p) I
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Lemma B.3. The rules of D.Eα are admissible in the extended models axiomatic system

of AML.

Proof.

A-PR

1. Iα(Γ =⇒ •a •β ∆) Premise

2. Iα1(Γ)→ Iα2 (•a •β ∆) Iα

3. Iα1 (Γ)→ KaI
α
2 (•β∆) Iα2

4. Iα1 (Γ)→ Ka[β]Iα2 (∆) Iα2

5. Iα1 (Γ)→ ¬♦a〈β〉¬Iα2 (∆) Dual

6. ¬¬♦a〈β〉¬Iα2 (∆)→ ¬Iα1 (Γ) Inverse of 5

7. ♦a〈β〉¬Iα2 (∆)→ ¬Iα1 (Γ) Double negation

8. 〈α〉♦a¬Iα2 (∆)→ ♦a〈β〉¬Iα2 (∆) Perfect Recall

9. 〈α〉♦a¬Iα2 (∆)→ ¬Iα1 (Γ) MP on 7, 8

10. ¬¬Iα1 (Γ)→ ¬〈α〉♦a¬Iα2 (∆) Inverse of 9

11. Iα1 (Γ)→ ¬〈α〉♦a¬Iα2 (∆) Double negation

12. Iα1 (Γ)→ [α]KaI
α
2 (∆) Dual

13. Iα1 (Γ)→ [α]Iα2 (•a∆) Iα2

14. Iα1 (Γ)→ Iα2 (•α •a ∆) Iα2

15. Iα(Γ→ •α •a ∆) Iα
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A-NM

1. Iα(∗ •a ∗Γ =⇒ ∆) Premise

2. Iα1 (∗ •a ∗Γ)→ Iα2 (∆) Iα

3. ¬Iα2 (•a ∗ Γ)→ Iα2 (∆) Iα1

4. ¬KaI
α
2 (∗Γ)→ Iα2 (∆) Iα2

5. ¬Ka¬Iα1 (Γ)→ Iα2 (∆) Iα2

6. ♦aIα1 (Γ)→ Iα2 (∆) Dual

7. Iα1 (Γ)→ �aI
α
2 (∆) Residuation

8. �aI
α
2 (∆)→ �aI

α
2 (∆) Tautology

9. ♦a�aI
α
2 (∆)→ Iα2 (∆) Residuation

10. [α](♦a�aI
α
2 (∆)→ Iα2 (∆)) NECα

11. [α]♦a�aI
α
2 (∆)→ [α]Iα2 (∆) By Kα and 10.

12. ♦a〈β〉�aI
α
2 (∆)→ [α]♦a�aI

α
2 (∆) No Miracles

13. ♦a〈β〉�aI
α
2 (∆)→ [α]Iα2 (∆) by transitivity on 11. and 12.

14. 〈β〉�aI
α
2 (∆)→ �a[α]Iα2 (∆) Residuation

15. �aI
α
2 (∆)→ [̃β]�a[α]Iα2 (∆) Residuation

16. Iα1 (Γ)→ [̃β]�a[α]Iα2 (∆) MP on 7. and 15.

17. 〈β〉Iα1 (Γ)→ �a[α]Iα2 (∆) Residuation

18. ♦a〈β〉Iα1 (Γ)→ [α]Iα2 (∆) Residuation

19. ¬Ka[β]¬Iα1 (Γ)→ [α]Iα2 (∆) Dual

20. 〈̃α〉¬Ka[β]¬Iα1 (Γ)→ Iα2 (∆) Residuation

21. 〈̃α〉¬Ka[β]Iα2 (∗Γ)→ Iα2 (∆) Iα1

22. 〈̃α〉¬KaI
α
2 (•β ∗ Γ)→ Iα2 (∆) Iα2

23. 〈̃α〉¬Iα2 (•a •β ∗Γ)→ Iα2 (∆) Iα2

24. 〈̃α〉Iα1 (∗ •a •β ∗ Γ)→ Iα2 (∆) Iα2

25. Iα1 (•α ∗ •a •β ∗Γ)→ Iα2 (∆) Iα1

26. Iα(•α ∗ •a •β ∗Γ) =⇒ ∆) Iα
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A-PF1

1. Iα(Γ =⇒ ∆) Premise

2. Iα1 (Γ)→ Iα2 (∆) Iα

3. 〈α〉Iα2 (∆)→ [α]Iα2 (∆) Partial Functionality

4. Iα2 (∆)→ [̃α]KaI
α
2 (∆) Dual

5. Iα1 (Γ)→ [̃α]KaI
α
2 (∆) MP on 2. and 4.

6. Iα1 (Γ)→ [̃α]Iα2 (•a∆) Iα2

7. Iα1 (Γ)→ ¬〈̃α〉¬Iα2 (•a∆) Dual

8. Iα1 (Γ)→ ¬〈̃α〉Iα1 (∗ •a ∆) Iα2

9. Iα1 (Γ)→ ¬Iα1 (•α ∗ •a∆) Iα1

10. Iα1 (Γ)→ Iα2 (∗ •α ∗ •a ∆) Iα1

11. Iα(Γ =⇒ ∗ •α ∗ •a ∆) Iα

A-PF2

1. Iα(PRE(α) =⇒ ∆) Premise

2. Iα1 (PRE(α))→ Iα2 (∆) Iα

3. PRE(α)→ Iα2 (∆) Iα1

4. 〈α〉φ→ PRE(α) Partial Functionality

5. 〈α〉φ→ Iα2 (∆) MP on 3. and 4.

6. ¬[α]¬φ→ Iα2 (∆) Dual

7. ¬[α]¬Iα1 (φ)→ Iα2 (∆) Iα1

8. [α]¬Iα2 (∗φ)→ Iα2 (∆) Iα1

9. ¬Iα1 (•α ∗ φ)→ Iα2 (∆) Iα2

10. Iα1 (∗ •α ∗φ)→ Iα2 (∆) Iα2

11. Iα(∗ •α ∗φ =⇒ ∆) Iα
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A-PF3

1. Iα(Γ′ =⇒ PRE(α)) Premise

2. Iα1 (Γ′)→ I2(PRE(α)) Iα

3. Iα1 (Γ′)→ PRE(α) Iα2

4. Iα(∗ •α ∗ •α Γ =⇒ ∆ Premise

5. Iα1 (∗ •α ∗ •α Γ)→ Iα2 (∆) Iα

6. ¬Iα2 (•α ∗ •αΓ)→ Iα2 (∆) Iα1

7. ¬[α]Iα2 (∗ •( α)Γ)→ Iα2 (∆) Iα2

8. ¬[α]¬Iα1 (•αΓ)→ Iα2 (∆) Iα2

9. ¬[α]¬〈̃α〉Iα1 (Γ)→ Iα2 (∆) Iα1

10. 〈̃α〉Iα1 (Γ)→ [̃α]Iα2 (∆) Residuation

11. Iα1 (Γ)→ [α][̃α]Iα2 (∆) Residuation

12. [̃α]Iα2 (∆)→ [̃α]Iα2 (∆) Tautology

13. 〈α〉[̃α]Iα2 (∆)→ Iα2 (∆) Residuation

14. [α][̃α]Iα2 (∆) ∧ PRE(α)→ 〈α〉[̃α]Iα2 (∆) Partial Functionality

15. [α][̃α]Iα2 (∆) ∧ PRE(α)→ Iα2 (∆) From 13. and 14.

16. [α][̃α]Iα2 (∆)→ (PRE(α)→ Iα2 (∆)) From 15.

17. Iα1 (Γ)→ (PRE(α)→ Iα2 (∆)) from 11. and 16.

18. Iα1 (Γ′) ∧ Iα1 (Γ)→ Iα2 (∆) from 3. and 17.

19. Iα1 (Γ′ ◦ Γ)→ Iα2 (∆) Iα1

20. Iα(Γ′ ◦ Γ =⇒ ∆) Iα

COMP-I

1. I(Γ =⇒ •α •β ∆) Premise

2. I1(Γ)→ I2(•α •β ∆) Iα

3. I1(Γ)→ [α]I2(•β∆) Iα2

4. I1(Γ)→ [α][β]I2(∆) Iα2

5. [α][β]I2(∆)→ [α;β]I2(∆) Compositionality

6. I1(Γ)→ [α;β]I2(∆) MP on 4. and 5.

7. I1(Γ)→ I2(•α;β∆) Iα2

8. I(Γ =⇒ •α;β∆) Iα
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COMP-E

1. i(Γ =⇒ •α;β∆) Premise

2. I1(Γ)→ I2(•α;β∆) Iα

3. I1(Γ)→ [α;β]I2(∆) Iα2

4. [α;β]I2(∆)→ [α][β]I2(∆) Compositionality

5. I1(Γ)→ [α][β]I2(∆) MP on 3. and 4.

6. I1(Γ)→ [α]I2(•β∆) Iα2

7. I1(Γ)→ I2(•α •β ∆) Iα2

8. I(Γ =⇒ •α •β ∆) Iα
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D.Eαp

Lemma C.1. For all φ: If `AMLp
ext φ, then `D.Eαp I =⇒ φ.

Proof.

A-Effectiveness

•αPOST (α, p) =⇒ p
([ ]r)

POST (α, p) =⇒ [α]p

∗p =⇒ •α ∗ POST (α, p)
(¬l)

¬p =⇒ •α ∗ POST (α, p)
(•)

•α¬p =⇒ ∗POST (α, p)
(¬r)

•α¬p =⇒ ¬POST (α, p)
([ ]r)

¬p =⇒ [α]¬POST (α, p)

Lemma C.2. The axioms of D.Eαp are provable in the extended models axiomatic

system for AMLp.
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Proof.

1. POST (
←−
XY, p)→ [

←−
X ][Y ]p Premise

2. [α](POST (
←−
XY, p)→ [

←−
X ][Y ]p) NECα

3. [α](POST (
←−
XY, p)→ [

←−
X ][Y ]p)→

([α]POST (
←−
XY, p)→ [α][

←−
X ][Y ]p) Kα

4. [α]POST (
←−
XY, p)→ [α][

←−
X ][Y ]p MP on 2. and .3

5. POST (α, POST (
←−
XY, p))→ [α]POST (

←−
XY, p) by Effectiveness

6. POST (α, POST (
←−
XY, p))↔ POST (α

←−
XY, p) by definition

7. POST (α
←−
XY, p)→ [α][

←−
X ][Y ]p by 4., 5. and 6.

8 . I1(POST (α
←−
XY, p))→ [α][

←−
X ][Y ]I2(p) I1 and I2

9. I1(POST (α
←−
XY, p))→ I2(•α

←−
XY p) I2

10. I(POST (α
←−
XY, p) =⇒ •α

←−
XY p) I

1. ¬POST (
←−
XY, p)→ [

←−
X ][Y ]¬p Premise

2. [α](¬POST (
←−
XY, p)→ [

←−
X ][Y ]¬p) NECα

3. [α](¬POST (
←−
XY, p)→ [

←−
X ][Y ]¬p)→

([α]¬POST (
←−
XY, p)→ [α]

←−
XY ¬p) Kα

4. [α]¬POST (
←−
XY, p)→ [α][

←−
X ][Y ]¬p MP on 2. and .3

5. ¬POST (α, POST (
←−
XY ), p)→ [α]¬POST (

←−
XY, p) by Effectiveness

6. ¬POST (α, POST (
←−
XY, p))↔ ¬POST (α

←−
XY, p) by definition

7. ¬POST (α
←−
XY, p)→ [α][

←−
X ][Y ]¬p by 4., 5. and 6.

8. ¬I2(POST (α
←−
XY, p)) → [α][

←−
X ][Y ]¬I1(p) I1 and I2

9. I1(∗POST (α
←−
XY, p))→ [α][

←−
X ][Y ]I2(∗p) I1 and I2

10. I1(∗POST (α
←−
XY, p))→ I2(•α

←−
XY ∗ p) I2

11. I(∗POST (α
←−
XY, p) =⇒ •α

←−
XY ∗ p) I
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D.E†

Lemma D.1. For all φ: If `† φ, then `D.E† I =⇒ φ.

Proof.

†1

ψ =⇒ ψ
([†]r)

[†φ]Aψ =⇒ •†φAψ (†1)
[†φ]Aψ =⇒ •T,0ψ

(•)
•T,0[†φ]Aψ =⇒ ψ

([ ]r)
[†φ]Aψ ◦KAφ =⇒ [T, 0]ψ

†2

ψ =⇒ ψ
([ ])

[T 1, 0]ψ =⇒ •T 1,0ψ . . . =⇒ . . . [Tn]ψ =⇒ •Tn,0ψ
(†2)

[T 1, 0]ψ ◦ · · · ◦ [Tn]ψ =⇒ •†φAψ (•)
•†φA [T 1, 0]ψ ◦ · · · ◦ [Tn]ψ =⇒ ψ

([†]r)
[T 1, 0]ψ ◦ · · · ◦ [Tn]ψ =⇒ [†φ]Aψ

(∧r)∧
[T, 0]ψ =⇒ [†φ]Aψ

Lemma D.2. The rules of Forgetting are admissible in the extended models axiomatic

systems for all versions of forgetting.
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Proof.

†1

1.I†(Γ =⇒ •†φA∆) Premise

2.I†1(Γ)→ I†2(•†φA∆) I†

3.I†1(Γ)→ [†φ]AI
†
2(∆) I†2

4. [†φ]AI
†
2(∆)→ [T, 0]I†2(∆) By the † axiom

5. I†1(Γ)→ ([T, 0]I†2(∆)) MP on 3. and 4.

6. I†1(Γ)→ I†2(•T,0∆) By I†1 and I†2

7. I†(Γ =⇒ •T,0∆) By I†

†2

1.I†(Γi =⇒ •T i,0∆) Premise for all T i

2.I†1(Γi)→ I†2(•T i,0∆) by I†

3.I†1(Γi)→ [T i, 0]I†2(∆) by I†1 and I†2

4.I†1(Γ1) ∧ · · · ∧ I†1(Γn)→
∧
i[T

i, 0]I†2(∆) by 3.

5.
∧
i[T

i, 0]I†2(∆)→ [†φ]AI
†
2(∆) By the † axiom

6.I†1(Γ1) ∧ · · · ∧ I†1(Γn)→ [†φ]AI
†
2(∆) MP on 4. and 5.

7.I†1(Γ1 ◦ · · · ◦ Γn)→ I†2(•†φA∆) by I†1 and I†2

8.I†(Γ1 ◦ · · · ◦ Γn =⇒ •†φA∆) by I†
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