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Abstract 

Scores estimated from multidimensional item response theory (IRT) models are not 

necessarily comparable across dimensions. In this paper, the concept of aligned dimensions is 

formalized in the context of Rasch models, and two methods are described – delta 

dimensional alignment (DDA) and logistic regression alignment (LRA) – to transform 

estimated item parameters so that dimensions are aligned. Both the DDA and LRA methods 

are applied to real and simulated data, and it is demonstrated that both methods are broadly 

effective for achieving aligned scales. The routine use of scale alignment methods is 

recommended prior to comparing scores across dimensions. 

In many assessment contexts, researchers wish to measure multiple distinct constructs 

in the same population. Historically, this required modeling each measured dimension sepa-

rately with either classical or unidimensional item response theory (IRT) methods. More re-

cently, multidimensional item response models have been developed that allow multiple 

measurement dimensions to be modeled simultaneously (e.g., Adams, Wilson, & Wang, 1997; 

McKinley & Reckase, 1983; Whitely, 1980). Recent innovations in IRT software and compu-

tational speed have permitted the widespread application of multidimensional IRT to data 

gathered from moderate to large samples. Compared to separate (consecutive) estimation of 

each dimension, between-item multidimensional IRT models, under which each item belongs 

to exactly one dimension, allow dimensions to be more reliably estimated because of shared 

information across correlated dimensions. That is, information about the correlation among 

dimensions can be used to improve the precision of parameter estimates, even if some dimen-

sions include only a small number of items. Multidimensional IRT has the additional ad-

vantage of directly estimating the disattenuated correlation among dimensions (Adams, et al., 
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1997).  

When simultaneously measuring multiple dimensions, a common substantive question is 

how an individual or a group of individuals perform on one dimension relative to another 

dimension that is related but qualitatively distinct (c.f., Angoff’s (1971) discussion of 

comparable scores). Such comparisons are appropriate when dimensions are meaningfully 

related, for example, in contexts for which it is sensible to report composite scores. As a 

concrete example, consider an achievement test that contains both science and mathematics 

items. Even though these tests measure different constructs, it is sensible to ask questions 

such as ―which test is more difficult?‖ and ―is a particular student more proficient in science 

than in mathematics?‖. Unfortunately, traditional procedures do not provide straightforward 

answers to these questions. The raw (number correct) scores on the science and mathematics 

tests are not necessarily on comparable metrics because tests can vary in difficulty, and the 

distribution of student abilities might vary across the two tests. The interpretational problem 

of comparing scores on the two dimensions persists when using IRT logit score estimates 

rather than raw scores. As will be detailed in a later section, fitting item response models 

requires specifying model identification constraints, which are almost always specified 

separately for each dimension in a multidimensional analysis. In other words, 

multidimensional identification constraints may not lead to dimensions that are directly 

comparable to each other.  

The purpose of the current work is to propose a criterion for scaling multiple dimensions 

so that dimension scores can be compared. These procedures will be referred to as scale 

alignment methods. Under these methods, rather than modifying the model identification 

constraints for multidimensional model estimation, linear transformations (similar to those 

used to link separate calibrations) are applied to item parameters after estimation. 
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Before reviewing the history of similar methods, the concept of scale alignment is 

illustrated in Figure 1. To create this figure, item response data were simulated under a two-

dimensional Rasch model for which each item belongs to only one dimension (between-items 

multidimensionality). These data were then fit to the data-generating model using the TAM 

(Robitzsch, Kiefer, & Wu, 2017) package for R (R Core Team, 2018), and by constraining 

person means to equal zero on both dimensions. This figure displays estimated item response 

functions for two items belonging to two different dimensions with the same value for their 

sufficient statistics for the same sample of persons. The first two panels of Figure 1 show the 

item response functions for the selected items and the marginal latent trait distributions for 

each dimension. For this data set, these two items have the same proportion of correct 

responses (𝑝 = .84), but different estimated item difficulties 𝛿1 = −1.95 and 𝛿2 = −2.62. 

Note that it is almost always the case that items with the same sufficient statistic will have 

different item difficulty estimates for different dimensions. In the final panel of Figure 1, the 

two items are placed on aligned scales, where the ―~‖ symbol is used to denote alignment, 

such that the same proportion correct leads to the same estimated item difficulties on both 

dimensions. In this example, 𝛿1 = 𝛿2 = −2.03. In other words, for aligned scales, items for 

which examinees (as a group) perform equally well have identical item parameter estimates, 

regardless of dimension.  

 

Scale alignment is conceptually related to battery scaling methods, according to the 

taxonomy of scaling methods proposed by Holland and Dorans (2006). These authors use the 

term battery scaling to refer to methods intended to put scales representing different 

constructs onto comparable metrics. However, the ideas behind battery scaling appear much 

earlier in the literature. Nearly a century ago, Kelley (1923) described methods to achieve 
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comparable measures of the distinct constructs of intelligence and achievement. Later, the 

term comparable scores was used to describe scores on related constructs such as reading and 

mathematics (Angoff, 1971; Flanagan, 1951) that have been scaled to have the same score 

distribution in a given population. The most prominent example of battery scaling is the 

alignment of the Verbal and Mathematical subtests of the scholastic aptitude test (SAT-V and 

SAT-M; Dorans, 2002). Battery scaling of the SAT-V and SAT-M was done with reference to 

the full distribution of scores on each dimension. In this and other instances of battery 

scaling, scale scores were transformed so that, for a representative population, the 

distributions of transformed scores were approximately equal for all scales. These 

transformations used equipercentile equating methods which apply nonlinear transformations 

to scaled scores.  

To apply battery scaling ideas in a Rasch context requires different methods for two 

main reasons. First, within a Rasch modeling framework, only linear metric transformations 

are appropriate. In contrast, the transformations required by equipercentile equating are 

typically nonlinear. Second, item parameters should be placed on the transformed scales, not 

only person parameters. Because Rasch model item and person parameters are on the same 

scale, scaling transformations should result in both types of parameters being comparable 

across dimensions. Notably, the classical item difficulty – that is, the proportion of examinees 

who answer an item correctly - already exists as an intuitive way to compare item locations 

on different dimensions. This statistic can be used to determine which items are more difficult 

than others, even if the items being compared belong to different dimensions. As will be seen 

in a later section, our proposed methods for IRT-based scale alignment rely on the 

comparability of estimated item parameters across dimensions. Thus, although scale 

alignment is similar to battery scaling in purpose and in the fact that both approaches are 
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sample-specific, the methods proposed in this paper are unlike those used for battery scaling.  

We prefer to use the term sample-specific rather than norm-referenced when referring 

to scale alignment. Norm-referencing typically refers to methods that directly reference a 

distribution of examinees. This type of norm-referencing is prevalent in multidimensional 

latent variable modeling. For example, most applications of exploratory and confirmatory 

factor analysis standardize the latent variables. The consequence of this standardization 

process is that the means and variances of the sample scores are set equal on each dimension. 

As a result, score estimates are interpreted relative to a standardized distribution of scores on 

each dimension. The multidimensional Rasch model is free from some of the scaling 

assumptions of factor analysis. Whereas factor analysis models are usually identified by 

setting latent variable means to zero and variances to one, the latent variable variances can be 

freely estimated for Rasch models. However, some assumptions are required to identify the 

origin of each dimension. This can be done (a) by fixing the average person location to zero, 

(b) by fixing the average item difficulty to zero, or (c) by anchoring to pre-calibrated item or 

person parameters. Often the identification restrictions are chosen for convenience rather than 

for substantive psychological reasons. In addition, for between-item multidimensional Rasch 

models, these identification restrictions are effectively separate for each dimension. For this 

reason, there is no clear basis for which to directly compare scores across dimensions. 

The problem of comparing scores on different multidimensional IRT dimensions was 

first identified by Yamada, Draney, Karelitz, Moore, and Wilson (2006; see also Schwartz, 

2012; Schwartz & Ayers, 2011). These authors proposed a scale alignment method originally 

called the delta technique (Yamada et al., 2006) and later referred to as delta-dimensional 

alignment (DDA; Schwartz, 2012; Schwartz & Ayers, 2011). The DDA method builds on the 

idea of a reference dimension, a single dimension that is a composite of all dimensions 
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represented by the data (Ackerman, 1988, 1992; Wang, 1986). As will be detailed in a later 

section, under the DDA method, the distributions of item parameters when data are fit to a 

unidimensional model is used to transform multidimensional item parameters into alignment. 

The DDA method has since been used to align dimensions of teacher candidate proficiency 

(Castellano, Duckor, Wihardini, Tellez, & Wilson, 2016), knowledge of structure of matter 

concepts in middle school science (Morell, Collier, Black, & Wilson, 2017), and scientific 

content knowledge with scientific argumentation ability (Osborne, Henderson, MacPherson, 

Szu, Wild, & Yao, 2016; Yao, Wilson, Henderson, & Osborne, 2015). The need for aligning 

multiple dimensions was later independently identified by Twiss and McKenna (2015). These 

authors suggested aligning dimensions using a multidimensional Rasch model under which 

some items load on multiple dimensions (within-item multidimensionality). Twiss and 

McKenna argue that allowing some items to load on multiple dimensions automatically 

aligns dimensions so that direct comparisons are warranted. However, as the preliminary use 

of the DDA method shows, common items across dimensions are not necessary for 

alignment, and the remainder of this paper discusses scale alignment in the context of 

between-items multidimensional Rasch models. 

The goal of this paper is to formalize a set of methods for aligning multidimensional 

IRT scales such that direct comparisons across dimensions are warranted. Specifically, a 

formal definition for aligned dimensions is proposed for use under multidimensional Rasch 

models. Based on this definition, a modification of the original DDA method is described, 

and a second alignment method called logistic regression alignment (LRA) is developed. 

Admissible Transformations of the Between-Items Multidimensional Rasch Model 

 The unidimensional Rasch model for dichotomous data is defined as follows. For 



 

SCALE ALIGNMENT   

 

This article is protected by copyright. All rights reserved. 

 

8 

person 𝑗 and item 𝑖, the probability 𝑃 of a correct response equals  

logit(𝑃𝑖𝑗) = 𝜃𝑗 − 𝛿𝑖, (1)  

where 𝜃 is a person location parameter and 𝛿 is an item location parameter. Equivalently, the 

Rasch model can be written 

logit(𝑃𝑖𝑗) = 𝛼(𝜃𝑗 − 𝛿𝑖), (2)  

where 𝛼 controls the steepness of the item characteristic curve and is usually set equal to 1. It 

should be emphasized that the models expressed in Equations (1) and (2) are identical, even if 

𝛼 ≠ 1, so long as 𝛼 does not vary across items. Specifying 𝛼 ≠ 1 simply affects the unit size 

of the latent variable. As a result, the latent variance for the model specified in Equation (1) 

will differ from the latent variance for the model specified in Equation (2) if 𝛼 ≠ 1. 

In Equation (2), suppose that 𝛼 is set to a constant for a set of items. It is also possible to 

set 𝛼 to different constants for subsets of pre-specified items (e.g., Hoijtink, Rooks, & 

Wilmink, 1999). Recent research has suggested that, within a test, 𝛼 may vary for sets of 

items due to empirical factors (Bolsinova, Maris, & Hoijtink, 2016; Humphrey, 2011) or 

across groups of persons (Humphrey, 2010). For a between-items multidimensional Rasch 

model, it is also possible to let 𝛼 vary across dimensions (Gochyyev, 2015). Specifically, if 

item 𝑖 belongs to dimension 𝑑, 

logit(𝑃𝑖(𝑑)𝑗)  = 𝛼𝑑(𝜃𝑑𝑗 − 𝛿𝑖(𝑑)),          (3)  

where 𝛼𝑑 is the steepness parameter for dimension 𝑑, 𝜃𝑑𝑗  is the ability of person 𝑗 on 

dimension 𝑑, and 𝛿𝑖(𝑑) is the location of item 𝑖 belonging to dimension 𝑑. 

A general form for the between-items multidimensional Rasch model is shown in Figure 2, 

where 𝜎𝑑
2 indicates the latent variable variance on dimension 𝑑. Notice in this figure that each 

dimension can have a different steepness parameter 𝛼𝑑 and a different latent variable variance 
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𝜎𝑑
2. As with unidimensional models, multidimensional Rasch models are typically specified 

by setting all 𝛼 values to 1. Gochyyev (2015) suggested instead setting dimension variances, 

𝜎𝑑
2, equal to 1 and estimating the 𝛼𝑑 parameters. In this solution, if latent variable means are 

all set equal to zero, this model effectively standardizes the latent variables. If instead scales 

are to be aligned based on properties of the items, then the general specification of the 

between-items multidimensional Rasch model shown in Figure 2 and given in Equation (3) is 

needed to align scales. In this paper it is assumed that data are generated and models are fit 

using the convention that 𝛼𝑑 = 1 for all dimensions. Then, the general model given in 

Equation (3) is used to express the model after scale alignment.  

To transform any set of item or dimension parameters 𝛼𝑑, 𝜃𝑑𝑗 , and 𝛿𝑖(𝑑) to a transformed 

set of parameters �̃�𝑑, �̃�𝑑𝑗 , and 𝛿𝑖(𝑑) (Davey, Oshima, & Lee, 1996, 2000) requires two 

constants per dimension: a scaling constant 𝑟𝑑 and a shift constant 𝑠𝑑 such that 

�̃�𝑑 =
𝛼𝑑

𝑟𝑑
,      (4)  

�̃�𝑑𝑗 = 𝑟𝑑𝜃𝑑𝑗 + 𝑠𝑑 , (5)  

and 

𝛿𝑖(𝑑) = 𝑟𝑑𝛿𝑖(𝑑) + 𝑠𝑑.         (6)  

The transformations shown in Equations (4) - (6) may be applied separately for each 

dimension, and these transformations affect the distribution of  �̃�𝑑. If the original dimension 

𝑑 has mean 𝜇𝑑 and variance 𝜎𝑑
2, then the transformed dimension 𝑑 has mean 𝑟𝑑𝜇𝑑 + 𝑠𝑑 and 

variance 𝑟𝑑
2𝜎𝑑

2.  

Before setting forth a definition of aligned scales, the purpose of scale alignment 

should be clarified in a broader context. It is well-known that the IRT latent trait metric does 
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not provide an absolute (ratio-level) metric. Therefore, the metric must be anchored using 

identification constraints that are usually chosen out of convention or convenience rather than 

substantive theory. Different (but linearly related) scales can be defined by choosing other 

identification constraints or by making appropriate transformations after using any 

constraints. There is no mathematical reason to choose one set of identification constraints 

over another. Transforming parameters using the equations presented in this paper will have 

absolutely no effect on the fit of the data to the model. In this respect, any of these solutions 

are admissible. The notion of scale alignment merely suggests that some of these admissible 

solutions are better for interpretation and comparison than others. In this respect, scale 

alignment serves a similar role in between-items multidimensional IRT that factor rotation 

serves in exploratory factor analysis (EFA). In EFA, factor rotation does not affect model-

data fit. Instead, most factor rotation methods aim to satisfy the idea of simple structure 

(Thurstone, 1935), which should lead to a more interpretable factor pattern than the unrotated 

factor pattern. Similarly, score comparisons across dimensions are interpreted more 

appropriately for aligned scales than for unaligned scales. 

Scale Alignment 

 When between-items multidimensional IRT models are identified by constraining 

item or person parameter means equal to zero, dimensions are not necessarily on directly 

comparable scales. In order to align dimensions, the metric of each dimension can be 

transformed to reflect these across-dimension differences. To retain the measurement 

properties of the fitted Rasch model, we only consider linear metric transformations.  

 In this paper, we define aligned dimensions for the between-items multidimensional 

Rasch model for binary data. If dimensions are aligned and there are no missing data, then the 
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entire set of item difficulty parameters 𝛿𝑖(𝑑) are related to the observed proportion-correct 

scores 𝑝𝑖(𝑑) by a unique bijective function that does not depend on 𝑑. For this model, the 

𝑝𝑖(𝑑) are sufficient statistics for the item parameters (Andersen, 1977), meaning that the 

estimated item parameters do not depend on any features of the data other than 𝑝𝑖(𝑑). 

Therefore, dimension alignment ensures that the sufficient statistics imply the same item 

difficulty estimates regardless of dimension. As a result, items that have the same aligned 

difficulty estimate actually have the same operational characteristics, even if the items belong 

to different dimensions. Finally, because in the Rasch model, item and person parameters are 

on the same metric, if item difficulties are aligned to each other, then person parameters 

estimated from the aligned item parameters are also aligned. 

 There is no general closed-form expression for the functional relationship between 

𝑝𝑖(𝑑) and 𝛿𝑖(𝑑) for the Rasch model.  For a given population, the expected proportion of 

correct responses, denoted 𝐸(𝑝𝑖(𝑑)), equals 

𝐸(𝑝𝑖(𝑑)) = ∫ 𝑃𝑖(𝑑)(𝜃𝑑)𝑔(𝜃𝑑)d𝜃𝑑 , (7)  

where 𝑃𝑖(𝑑) is defined in Equation (3) and 𝑔(𝜃𝑑) is the population distribution of person locations on 

dimension 𝑑. Importantly, Equation (7) shows that 𝑝𝑖(𝑑) depends not only on the difficulty of the 

item but on the distribution of scores on the dimension to which the item belongs.1 In the special 

case for which 𝑔(𝜃𝑑) is normal, Equation (7) is equivalent to the logistic-normal integral. Even in this 

simplified case, closed-form expressions of the logistic-normal integral are only approximations 

  

1 It is noteworthy that scale alignment methods do not necessarily result in equal latent trait vari-

ances across dimensions. Equation (7) shows that dimensions are necessarily aligned if the latent 

trait distribution is exactly the same across dimensions. However, it is not the case that matching the 

first two distributional moments across dimensions leads to alignment. For this reason, scaling 

methods that standardize scores on each dimension do not necessarily lead to aligned dimensions. 
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(Demidenko, 2013). These approximations may be inaccurate even under normality, and may be 

even more inaccurate under non-normal trait distributions. Despite these caveats, we later demon-

strate that the logistic function usually provides a fairly close approximation.  

Dimension alignment requires solving for the 𝑟𝑑 and 𝑠𝑑 values used in Equations (4) – (6) for 

each dimension such that the 𝑝𝑖(𝑑) values are related to the transformed item parameters 𝛿𝑖(𝑑) by a 

bijective function. Below, we describe one previously developed method designed to align dimen-

sions, delta-dimensional alignment (DDA), and propose a new method, logistic regression alignment 

(LRA). In the Appendix, we provide greater detail about how to implement these methods using 

Rasch modeling software.  

 As presented in this paper, scale alignment is an adjustment made to multidimensional 

item and person parameters that have been estimated using any identification constraints. In 

the future, it may be possible to implement alignment as an identification constraint (i.e., 

directly into the parameter estimation algorithm). For now, we recommend a multistage when 

applying scale alignment to real data. First, fit the multidimensional item response model. 

Second, apply either the DDA or LRA method to find the aligned item parameter 

estimates �̃̂�𝑑 for each dimension. Third, anchor the �̃̂�𝑑 parameters to estimate person 

parameters or to fit a latent regression model. This multistage approach guarantees that the 

standard errors of person parameters are appropriate for the aligned dimensions. 

Method 1: Delta-Dimensional Alignment 

 Although the delta-dimensional alignment (DDA) method has been used previously 

(as noted above), none of these applications give a detailed mathematical explanation of why 

the DDA method works, a description of how scale alignment affects the distribution of 

scores across dimensions, or a concrete definition of aligned dimensions. As it was originally 
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proposed, DDA assumed that the steepness parameters did not differ across dimensions, that 

is, that all 𝛼𝑑 equaled 1 both before and after alignment. As a result, dimension alignment 

using the original DDA method will generally lead to a worse-fitting model than a method 

that incorporates differing 𝛼𝑑. Below, a modified DDA method is described that adjusts the 

dimension steepenesses and does not lead to any loss of model fit. Because the logic 

underlying the scale alignment process remains the same as that in the original DDA method, 

we will continue to refer to the method below as delta-dimensional alignment.  

 When scales are aligned, the proportions of correct responses 𝑝𝑖(𝑑) have a one-to-one 

relationship with the estimated item difficulties 𝛿𝑖(𝑑), regardless of dimension. Furthermore, 

note that the 𝑝𝑖(𝑑) are the sufficient statistics for both the unidimensional and the 

multidimensional models, and that under the unidimensional model, the sufficient statistics 

will have a one-to-one relationship with the estimated item difficulties. Therefore, one way to 

obtain item difficulties that are in the desired order is to fit all items to a unidimensional 

model. Because the unidimensional model will order the estimated item difficulties according 

to the order of the sufficient statistics, the means and variances of item parameters from the 

unidimensional model are an indication of the desired means and variances of item 

parameters in the multidimensional model.   

 To implement the DDA method, it is necessary to fit both a multidimensional model 

and a unidimensional model. Let ℳ denote the multidimensional model, and let 𝒰 denote the 

unidimensional model. For items belonging to each dimension 𝑑, the means and standard 

deviations of the multidimensional difficulty estimates �̂�ℳ𝑑 and of the unidimensional 

difficulty estimates �̂�𝒰𝑑 are calculated. The DDA method then transforms the item difficulties 

for each dimension of the multidimensional model to have the same means and variances as 
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the item difficulties for items on that dimension estimated relative to the unidimensional 

model. Put formally,  

�̂�𝑑 =
sd(�̂�𝒰𝑑)

sd(�̂�ℳ𝑑)
,        (8)

and 

�̂�𝑑 = mn(�̂�𝒰𝑑) − �̂�𝑑mn(�̂�ℳ𝑑), (9)  

where sd(𝒙) represents the standard deviation of 𝒙, and mn(𝒙) represents the arithmetic 

mean of 𝒙. Equations (8) and (9) can be used to find  �̂�𝑑 and �̂�𝑑 for each dimension. Those 

values can then be used in Equations (4) - (6) to find the transformed item and person 

parameters. Alternatively, one might choose only to transform the item parameters (Equations 

(4) and (6)) and re-estimate person parameters conditional on the aligned item difficulties. 

Note that whenever the value of �̂�𝑑 differs across dimensions, the transformed steepnesses 

will also differ across dimensions. 

 Using the DDA method as defined in Equations (8) and (9) results in adjustments to 

each dimension based on information from the reference dimension. Instead, some users may 

find it more intuitive to preserve the metric of one of the dimensions and to transform the 

remaining dimensions. In this case, the same quantities can be used to calculate the DDA 

adjustment. Suppose that 𝑑 = 1 is specified as the unchanged dimension. Then, the 

appropriate transformation parameters for dimension 𝑑 are  

�̂�𝑑 =
sd(�̂�𝒰𝑑)sd(�̂�ℳ1)

sd(�̂�ℳ𝑑)sd(�̂�𝒰1)
, (10)  

and 

�̂�𝑑 =
mn(�̂�𝒰𝑑)−mn(�̂�𝒰1)+

sd(�̂�𝒰1)

sd(�̂�ℳ1)
mn(�̂�ℳ1)−

sd(�̂�𝒰𝑑)

sd(�̂�ℳ𝑑)
mn(�̂�ℳ𝑑)

sd(�̂�𝒰1)

sd(�̂�ℳ1)

.       (11)
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Applying Equations (10) and (11) to 𝑑 = 1 gives  �̂�𝑑 = 1 and  �̂�𝑑 = 0, which defines an 

identity transformation in Equations (4) – (6). Any dimension may be chosen as the 

unchanged reference dimension. Different choices of reference dimension will lead to 

different aligned parameter estimates but will not affect the success of the DDA adjustment 

(e.g., as assessed by the rank-order correlation between sufficient statistics and parameter 

estimates, dimensions combined). 

Method 2: Logistic Regression Alignment 

 One disadvantage of the DDA method is that it requires fitting a unidimensional item 

response model in addition to the multidimensional model. Moreover, mean and variance 

statistics are often unstable, especially when dimensions are composed of only a few items. 

As such, the DDA method might be overly sensitive to outliers or to estimated item 

parameters with large standard errors. Responding to these concerns, another method for 

scale alignment is developed below that builds directly on the above definition of aligned 

dimensions. 

 Recall that there is no general closed-form solution for the relationship between 𝑝𝑖(𝑑) 

and 𝛿𝑖(𝑑) in Equation 7.  However, we have found that simple logistic regression often 

provides a highly accurate description of the relationship between sufficient statistics 

estimated item difficulties under Rasch models for binary data. For example, in the math and 

science data set described below under ―Illustration‖, the root mean squared difference 

(RMSD) between the model-predicted 𝑝 and the observed 𝑝 ranged from .0004 to .0006 (on a 

0-1 probability metric). Moreover, across all of the fitted logistic regression models for data 

simulated under the two simulation studies described below, the median RMSD equaled 

.0012 and the maximum RMSD equaled .0083. Because the logistic regression approximation 
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usually describes the data very well, the intercept 𝛾0𝑑 and slope  𝛾1𝑑 of the logistic regression 

of 𝑝𝑖(𝑑) on 𝛿𝑖(𝑑) for dimension 𝑑 can be used to align dimensions by placing estimated item 

difficulties onto the same logistic regression curve. 

 The LRA technique hinges on the logistic approximation to the relationship between 

𝑝𝑖(𝑑) and 𝛿𝑖(𝑑). To implement the LRA method, first fit a between-items multidimensional 

model. Then, for each dimension, calculate 𝛾0𝑑 and 𝛾1𝑑 from the logistic regression of the 

observed responses to item 𝑖 (the average of which equals 𝑝𝑖(𝑑)) on 𝛿𝑖(𝑑):  

logit(Pr(𝑦𝑖𝑗 = 1|𝛿𝑖(𝑑))) = 𝛾0𝑑 + 𝛾1𝑑𝛿𝑖(𝑑)       (12)  

where Pr(𝑦𝑖𝑗 = 1|𝛿𝑖(𝑑)) is the probability that person 𝑗 responds correctly to item 𝑖 

conditional on the (previously computed) multidimensional difficulty estimate for item 𝑖. 

Next, choose a dimension for which the item difficulties will not be transformed (throughout 

this section, 𝑑 = 1 denotes the unchanged dimension and hence  �̂�1 = 1 and  �̂�1 = 0). The 

scale transformation parameters  �̂�𝑑 and  �̂�𝑑 can then be found by  

�̂�𝑑 =
𝛾1𝑑

𝛾11
     (13)  

and 

�̂�𝑑 =
𝛾0𝑑 − 𝛾01

𝛾11
.     (14)  

 In practice, we recommend that both DDA and LRA be applied to the same data. 

Researchers can then choose the solution that objectively provides better alignment. Because 

alignment is defined in terms of the relationship between sufficient statistics and parameter 

estimates, the absolute rank-order correlation between these two quantities (dimensions 

combined) is an appropriate indicator of the success of either alignment method. In a later 

section, we describe simulation studies that show few systematic advantages of either method 
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over the other in terms of this criterion. 

 

Illustration 

 The purpose of scale alignment is illustrated below using 1,000 responses from 

Australian students to 12 multiple-choice TIMSS items. This data set is described in chapters 

3 and 9 of the ConQuest manual (Wu, Adams, Wilson, & Haldane, 2007), and it is available 

within the ConQuest tutorial materials. In this data set, each item was scored dichotomously 

as correct or incorrect, and missing responses were scored as incorrect. The first six items 

measure mathematics ability and the final six items measure science ability.  

 

 A two-dimensional Rasch model for binary item responses was fit to these data using 

ConQuest. The model was fit twice, first by setting equal to 0 the mean ability on each 

dimension, and second by setting equal to 0 the mean item difficulty on each dimension. In 

Figure 3, the estimated item difficulties are plotted against the proportion-correct scores. To 

aid comparisons, the estimated item difficulties are connected by a best-fit logistic regression 

curve for each dimension. The left-side panel corresponds to the model for which mean 

person abilities were constrained to equal 0, and the right-side panel corresponds to the model 

for which mean item difficulties were constrained equal to 0. In addition, two items are 

highlighted, one on each dimension. In terms of the observed proportion-correct, the 

highlighted mathematics item is slightly more difficult than the highlighted science item, 

𝑝math = .765 and 𝑝science = .767. However, both fitted models suggest that the mathematics 

item is easier than the science test item. That is, when constraining the person mean,  𝛿math =

−1.46 and  𝛿science = −1.38, and when constraining the item mean,  𝛿math = −.66 

and  𝛿science = −.01. Because the metrics for math and science are separately defined, this 
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result should not be surprising. However, there is no reason why the estimated item 

difficulties cannot be aligned, and dimension alignment provides a clear basis for which to 

compare item or person scores across dimensions. 

 

  The effects of scale alignment for the example data set are illustrated in Figure 4. This 

figure shows the results using both the DDA and LRA adjustments (both with an unchanged 

first dimension) to align dimensions that were estimated by constraining the person mean 

equal to zero. In Panels A and B, the success of the DDA and LRA alignment methods is 

evident because the DDA-adjusted  𝛿 and LRA-adjusted  𝛿 lie on the same estimated logistic 

regression curve regardless of dimension. In other words, the relationship between the math 

and science items is correctly shown in Panels A and B of Figure 4 because the two methods 

have been brought into alignment.  In contrast, Panels C and D illustrate that scale alignment 

using DDA or LRA does not align the person sufficient statistics with the person parameter 

estimates. This is as it should be. Because it is usually implausible that tests are equally 

difficult, it should not necessarily be the case that a subject who obtains the same proportion-

correct score on both subtests should have the same estimated ability on the two dimensions.  

In fact, for both methods, the difference between WLEs on the two dimensions appears to be 

related to the mean difference in item difficulty on the two dimensions. Specifically, the mean 

difference in aligned item difficulties across dimensions equals .66 for the DDA alignment 

and .67 for the LRA alignment. Similarly, the across-dimension mean differences in WLEs 

conditional on person sufficient statistics equals .66 for both the DDA and LRA alignment 

methods. 
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Simulation Studies 

 As the above illustration demonstrated, the DDA and LRA methods effectively align 

dimensions in the example data set. Next, two simulation studies were designed to evaluate 

the characteristics and performance of these two alignment methods. These simulations were 

designed to investigate several scale alignment issues simultaneously. A primary goal was to 

determine whether scale alignment using DDA or LRA effectively aligns dimensions in a 

wide variety of contexts. A secondary goal was to establish whether any major performance 

differences exist between the two scale alignment methods. A final goal was to investigate 

patterns of estimated 𝑟𝑑 and 𝑠𝑑 alignment parameters to identify contexts in which scale 

alignment has the greatest effect.  

Simulation 1 

 Simulation 1 aimed to establish (a) which factors affect the accuracy of scale 

alignment, and (b) whether there are any performance differences between DDA and LRA. In 

particular, the extents to which sample size, test length, the distribution of person parameters, 

and the correlation between dimensions affect scale transformations were investigated. In all 

cases, two-dimensional binary item response data were simulated with between-items 

multidimensionality. For all simulations, the latent trait distribution of Dimension 1 and the 

distribution of item difficulties for both dimensions were held constant. Specifically, person 

abilities on Dimension 1 and the item difficulties on Dimensions 1 and 2 were all generated 

from standard normal distributions. The data-generating 𝜃1 values and item difficulties were 

redrawn for each data set. 

 The following factors were manipulated. Sample size was set equal to either 100, 200, 

500, or 1000. Four combinations of subtest lengths were simulated by specifying Dimensions 
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1 and 2 to have either 5 or 20 items. In addition, the mean of 𝜃2 was set equal to either 0, .5, 

or 1. The standard deviation of 𝜃2 was set equal to either .5, 1, 1.5, or 2. The skewness of 𝜃2 

equaled either 0 or .75, and the kurtosis of 𝜃2 equaled either 0 or 3. Finally, the correlation 

between 𝜃1 and 𝜃2 was set equal to 0, .3, .6, or .9. All manipulated factors were fully crossed 

for a total of 3072 conditions (4 sample sizes × 2 Dimenesion 1 test lengths × 2 Dimension 2 

test lengths × 3 mean 𝜃2 values × 4 standard deviations of 𝜃2 × 2 skewness values of 𝜃2 × 2 

kurtosis values of 𝜃2 × 4 correlations between 𝜃1 and 𝜃2). We conducted 20 replications of 

each simulated condition.  

After the data were generated, multidimensional item parameters were estimated using 

the TAM (Robitzsch, et al., 2017) package for R (R Core Team, 2018) and by constraining 

the mean 𝜃 on each dimension equal to zero. Multidimensional latent trait values were 

generating according to the specified correlation, mean, standard deviation, skewness, and 

kurtosis values using the method developed by Vale and Maurelli (1983) as implemented in 

the SimDesign (Chalmers, 2017) package for R. Using these randomly generated latent trait 

values and item difficulties, multivariate binary item response data were generated using the 

TAM (Robitzsch et al., 2017) package. After fitting the data to multidimensional models, all 

items were fit to a unidimensional model (for use in the DDA method) using TAM, 

constraining person means to zero for both dimensions. The DDA alignment was performed 

using Equations (10) and (11) such that  �̂�1 = 1 and �̂�1 = 0. For the LRA method, the logistic 

regression curves were estimated using the glm function included in the R stats library. As 

with DDA, the LRA Dimension 1 was unchanged such that that  �̂�1 = 1 and �̂�1 = 0. 

The accuracy of the DDA and LRA alignment procedures was assessed using Kendall’s 

(1970) 𝜏 coefficient for rank-order correlations. Specifically, combining dimensions, rank-
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order correlations were calculated between the item sufficient statistics and the aligned item 

difficulty estimates. Throughout this paper, the absolute values of these rank-order 

correlations are reported because there is always an inverse relationship between 𝑝𝑖(𝑑) and 

𝛿𝑖(𝑑) (more difficult items will have lower proportions of correct responses). The median 

absolute rank-order correlation between 𝑝 and  𝛿  across all conditions equaled 1 for both 

LRA and DDA. When evaluating the magnitude of the alignment effect, it is worthwhile to 

compare these correlations to the rank-order correlations between the item sufficient statistics 

and the unaligned item difficulty estimates. Because within dimensions, this rank-order 

correlation should equal 1, the across-dimension correlation should also be rather large for 

the unaligned parameters. Before alignment, the median rank-order correlation between 𝑝 and 

𝛿 equaled .987, and the DDA and LRA alignment methods provided a median .013 and .010 

increase in absolute rank-order correlation. In addition, both DDA and LRA led to aligned 

rank-order correlations equal to 1.000 in 55% of fitted models, whereas before alignment 

only 23% of fitted models had absolute rank-order correlations of 1.000.  

We next investigated the conditions for which scale alignment has the greatest potential 

effect, that is, which conditions had the lowest absolute rank-order correlation between 𝑝 

and 𝛿 before alignment. We regressed these absolute rank-order correlations on all 

manipulated factors and interactions, which resulted in a multiple 𝑅2 of only .38. The greatest 

effect size was found for the main effect of the standard deviation of 𝜃2 (𝜂2 = .27), followed 

by the interaction of the two test lengths (𝜂2 = .04), the three-way interaction of the two test 

lengths with the standard deviation of 𝜃2 (𝜂2 = .02), the interaction between the standard 

deviation and kurtosis of 𝜃2 (𝜂2 = .009), and the main effect of the kurtosis of 𝜃2 (𝜂2 =

.007). Part of the reason why test length has a relatively large effect is that with the 5-item 
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conditions, there are only a small number of rank-order correlations that can be observed, and 

so the rank-order correlation is more sensitive to a single deviation from perfect ordering. 

Indeed, among the conditions with only 5 items per dimension, the minimum absolute rank-

order correlation equaled .64 whereas among the conditions with 20 items in at least one 

dimension, the minimum absolute rank-order correlation equaled .87.  Apart from sample 

size, the most salient factors relate to the distribution of 𝜃2, and in particular the standard 

deviation of 𝜃2. Further investigation suggests that the smallest absolute rank-order 

correlations occur when the standard deviation of 𝜃2 is not equal to 1 (i.e., not equal to the 

standard deviation of 𝜃1)—the median absolute rank-order correlation for 

𝜃2 = *0.5, 1.0, 1.5, 2.0+ equals .983, .996, .982, and .961, respectively. These results suggest 

that scale alignment is most needed when the latent variable variances on the two dimensions 

differ.  

We next considered whether the accuracy of DDA or LRA, as evaluated by the absolute 

rank order correlation between  𝑝 and  𝛿,  is affected by any of the manipulated factors. In 

general, it was found that the accuracy of DDA or LRA procedures could not be predicted 

based on the manipulated factors. Specifically, when the absolute rank-order correlations 

between 𝑝 and  �̂̃� were regressed on all of the manipulated factors and their interactions, the 

multiple 𝑅2 was only .20 for the DDA adjustment and .17 for the LRA adjustment. These 

results indicate that most of the variability in the performance of the DDA and LRA methods 

is not associated with the factors manipulated in this first study. Although there is some 

systematic variability in the rank-order correlations between 𝑝 and  𝛿 before alignment, the 

DDA and methods may be used equally well to achieve alignment in a wide variety of data 

sets. 
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Finally, we compared the performance of the DDA and LRA methods, and found that 

these methods usually led to very similar solutions. In 97.2% of replications, the two 

alignment methods resulted in exactly the same rank-order correlation between 𝑝 and  𝛿, in 

1.9% of replications DDA led to a higher absolute rank-order correlation than LRA, and in  

.9% of replications LRA led to a higher rank-order correlation than DDA. The Pearson 

product-moment correlation equaled .999 between the DDA �̂�2 and the LRA �̂�2, and equaled 

.962 between the DDA �̂�2 and the LRA �̂�2. Similarly, the DDA and LRA methods resulted in 

similar rank-order correlations between 𝑝 and  𝛿; the root mean squared difference between 

these two sets of rank-order correlations equaled .002 across the studied conditions. In a 

small number of cases, there were large differences (> .02) in the rank-order correlations 

recovered by the DDA and LRA methods. All of these large differences occurred when both 

dimensions included only 5 items. Notably, in practice it is always possible to compute both 

the DDA and LRA alignments and to empirically compare their performance using a rank-

order correlation between 𝑝 and  𝛿.   

Overall, Simulation 1 provides initial evidence that (a) both DDA and LRA are broadly 

effective in aligning the dimensions of a multidimensional Rasch model when the model is 

correctly specified, (b) characteristics such as sample size, test length, the distribution of 𝜃2, 

and the correlation between dimensions have little effect on the effectiveness of the alignment 

procedures, and (c) there are no major differences in performance between DDA and LRA. 

Simulation 2 

 A second simulation study was conducted to evaluate the patterns of �̂�2 and �̂�2 under 

more controlled conditions. Based on the results of Simulation 1 and the theoretical results 

presented after Equation (7), we decided to focus Simulation 2 on the effects of the latent trait 
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distribution. In Simulation 2, binary item response data were generated under a two-

dimensional Rasch model with between-items multidimensionality. Data were generated for 

1000 examinees and 10 items on each dimension. Both dimensions included the same set of 

data-generating item difficulties evenly spaced between -2 and 2. In these simulations, the 

correlation between dimensions equaled .5, and the 𝜃1 values were generated from a standard 

normal distribution. The only manipulated parameters in Simulation 2 were those that defined 

the 𝜃2 distribution. Namely, the mean of 𝜃2 ∈ *0, .5, 1, 1.5, 2+, the standard deviation of 

𝜃2 ∈ *.5, 1, 1.5, 2+, the skewness of 𝜃2 ∈ *0, .5, 1, 1.5, 2+, and the kurtosis of 𝜃2 ∈

*−2, −1, 0, 1, 2, 3+. These four factors were fully crossed, except for those skewness/kurtosis 

combinations that are impossible (Fleishman, 1978), for a total of 260 conditions. Each 

condition was replicated 100 times. As in Simulation 1, the method of Vale and Maurelli 

(1983) was used to simulate multivariate normal and non-normal data using the SimDesign 

package (Chalmers, 2017) for R (R Core Team, 2018).  After the data were generated, 

between-items multidimensional models were estimated and aligned item difficulty estimates 

with DDA and LRA using the same methodological choices described for Simulation 1.  

As was found in Simulation 1, both the DDA and LRA methods successfully aligned 

scales in nearly all conditions and replications. Both methods had median absolute rank-order 

correlations of 1.000 between 𝑝 and  𝛿. The minimum absolute rank-order correlation 

equaled .956 for DDA and .968 for LRA. Compared to the unaligned parameters, both DDA 

and LRA had a median increase in absolute rank-order correlations of .024. Moreover, none 

of the manipulated conditions (i.e., distributions of 𝜃2) resulted in systematically lower rank-

order correlations for either DDA or LRA. When the rank-order correlations were regressed 

on all manipulated factors and their interactions, the resulting  𝑅2 equaled .04 for DDA and 
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.07 for LRA. These results support the Simulation 1 results that suggest the DDA and LRA 

methods can be applied to align multidimensional Rasch scales in a broad variety of contexts.  

 Next, the patterns of �̂�2 and  �̂�2 values obtained by DDA and LRA were investigated. 

Recall that for both methods �̂�1 = 1 and  �̂�1 = 0, and so  �̂�2 = 1 and  �̂�2 = 0 would define an 

identity (no change) transformation for Dimension 2. For the conditions manipulated in 

Simulation 2, it was found that . 67 ≤ �̂�2 ≤ 1.20 and −.07 ≤ �̂�2 ≤ .04 for DDA and that 

. 66 ≤ �̂�2 ≤ 1.23 and −.08 ≤ �̂�2 ≤ .03 for LRA. It was also found that DDA and LRA 

reliably suggest similar metric transformations.  The Pearson product-moment correlation 

between the DDA and LRA  �̂�2 equaled .998 and between the DDA and LRA �̂�2 equaled .814. 

Moreover, the root mean squared difference between �̂�2,𝐷𝐷𝐴 and �̂�2,𝐿𝑅𝐴 equaled .013 and 

between 𝑠2,𝐷𝐷𝐴 and 𝑠2,𝐿𝑅𝐴 equaled .009. These results show that although the two methods 

find very similar solutions on average, there are some small differences between the two 

methods. Upon closer inspection, we found that LRA usually suggests  �̂�2 values further from 

1 than does DDA. Moreover, LRA usually suggests larger shifts (in terms of absolute value of 

�̂�2) than does DDA. Despite these differences, it should be emphasized that the LRA and 

DDA methods provide, in the vast majority of conditions, equally accurate alignments.  

Next, the across-replication variability of  �̂�2 and  �̂�2 for the DDA and LRA methods 

was considered. Specifically, for each method and for each of the 260 experimental 

conditions, the standard deviation of �̂�2 and  �̂�2 across the 100 replications was computed. In 

all but one condition, the DDA �̂�2 was less variable across replications than the LRA  �̂�2, and 

in 89% of conditions, the DDA �̂�2 was less variable across replications than the LRA �̂�2. In 

the one condition where the LRA �̂�2 was less variable than the DDA �̂�2 involved a 𝜃2 mean of 

0, standard deviation of 2, skewness of .5, and kurtosis of 1. In contrast, in all cases for which 
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the DDA �̂�2 was always less variable than the LRA �̂�2, the mean 𝜃2 equaled 1.5 or 2.0 and the 

standard deviation of 𝜃2 equaled .5 or 1. Note that these conditions are those for which 

Dimension 2 should be least reliably determined. Specifically, when the mean of 𝜃2 is far 

from 0 and the standard deviation of 𝜃2 is relatively small, the 𝜃2 distribution is less well-

matched the item difficulty distribution. Thus, one interpretation of these results is that the 

DDA alignment is more stable than the LRA alignment except when the second dimension is 

not estimated reliably. Nevertheless, the differences in the stability of the alignment 

coefficients are very small and appear to have little effect on the accuracy of the alignment. 

 Finally, we explored whether characteristics of the 𝜃2 distribution predict  �̂�2 and  �̂�2. 

Box plots of these exploratory results are shown for �̂�2 in Figure 5, and for �̂�2 in Figure 6. 

Because DDA and LRA lead to very similar solutions, and because DDA is usually less 

variable than LRA, these plots only show the DDA results. The plots in Figures 5 and 6 are 

conditional on only the standard deviation, skewness, and kurtosis of 𝜃2 because the mean of 

𝜃2 predicts only 2% of the variance in the DDA  �̂�2 and only .4% of the variance in the DDA 

�̂�2.  

For these simulations, it was found that the standard deviation of 𝜃2 is highly 

predictive of �̂�2. For DDA, the 𝑅2 value from regressing �̂�2 on 𝑠𝑑(𝜃2) equals .95, and for 

LRA, this 𝑅2 value equals .94. Recall that when the distribution of 𝜃1 is identical to the 

distribution of 𝜃2, no scale realignment is necessary. Thus, when 𝑚𝑛(𝜃2) = 0, 𝑠𝑑(𝜃2) =

1, 𝑠𝑘𝑒𝑤(𝜃2) = 0, and 𝑘𝑢𝑟𝑡(𝜃2) = 0, the expected scale transformation parameters are  �̂�2 =

1 and  �̂�2 = 0. For the 100 replications for which the identity transformation is appropriate, 

the mean  �̂�2 = .998 and the mean  �̂�2 = .000 for both DDA and LRA. The standard 

deviations of  �̂�2 and  �̂�2 values equaled .016 and .001 for both DDA and LRA. These results 
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confirm that both the DDA and LRA methods suggest transformations close to identity when 

the identity transformation is expected.  

As the conditioning plot in Figure 5 shows, the standard deviation of  𝜃2 is inversely 

related to  �̂�2. As expected from the facts that the standard deviation of 𝜃1 = 1 and  �̂�1 = 1, �̂�2 

is closest to 1 when the standard deviation of 𝜃2 = 1. This result implies that, when the 

standard deviation of 𝜃2 is larger than the standard deviation of 𝜃1 (before alignment), then 

the aligned Dimension 2 will also have higher steepnesses (�̃�2) than Dimension 1 after 

alignment. In addition, the skewness and kurtosis of 𝜃2 affect the DDA  �̂�2.  Specifically, 

Figure 5 shows that larger kurtosis values lead to higher  �̂�2 values, especially when the 

standard deviation of 𝜃2 is greater than 1. Finally, the skewness of 𝜃2 affects the variability of 

�̂�2. This result might be explained in terms of the reliability of Dimension 2. When 

Dimension 2 is less reliably estimated, as is the case here as the 𝜃2 distribution becomes 

increasingly skewed, then this lack of reliability leads to increased variability in the estimated 

scale transformation coefficients. 

 The effects of the standard deviation, skewness, and kurtosis of 𝜃2 on the distribution 

of the DDA �̂�2, as shown in Figure 6, are more complex than for the DDA  �̂�2. First note that 

relatively small shifts are estimated when 𝑠𝑑(𝜃2) = 1. Conditional on 𝑠𝑑(𝜃2) = 1, the �̂�2 

values are uniformly close to 0 and are little affected by the skewness and kurtosis of 𝜃2 

(though somewhat more variable with low kurtosis). Similarly, when 𝑠𝑑(𝜃2) = .5, the 

estimated shift parameters tend to be slightly greater than 0 and insensitive to the skewness 

and kurtosis values. In contrast, when the standard deviation of 𝜃2 is greater than 1, the 

estimated shift parameters tend to be negative, especially for large amounts of skewness and 

low kurtosis. These conditions lead to �̂�2 values that are lower and also more variable than in 
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the other conditions. As with �̂�2, it appears that this latter result is confounded with the 

reliability of Dimension 2. Finally, it should be noted that the �̂�2 values are very close to zero 

for most of these conditions because models were fit by constraining the means of 𝜃1 and 𝜃2 

equal to zero. If instead the item difficulty means were set equal to zero, the estimated shifts 

would be of greater magnitude, and would largely reflect differences in the person 

distribution means. Returning to Equation (7), we see that the only mediating factor affecting 

the relationship between the item sufficient statistics and the item difficulties is the 

distribution of the latent trait. Thus, in a multidimensional model, if the distribution of person 

scores is identical for each dimension, then no realignment is necessary. In this case, 

constraining person means equal to zero accomplishes much of the work of scale alignment. 

However, as the real and simulated examples given in this paper show, the DDA and LRA 

methods often suggest scale transformations that are reliably different than the identity 

transformation.  

Discussion 

When several related but qualitatively distinct constructs are assessed simultaneously 

(e.g., verbal ability and mathematics ability), it is desirable to report these scores on scales 

that facilitate direct comparisons (Angoff, 1971; Holland & Dorans, 2006; Kelley, 1923). 

However, in multidimensional Rasch analyses, scores estimated on different dimensions are 

not necessarily on comparable scales. This feature of multidimensional models has been 

identified in the past, and DDA (Schwartz & Ayers, 2011; Yamada et al., 2006) has been 

proposed as one alignment method. Because the DDA method requires the extra 

computational cost of fitting additional item response models, the LRA alignment method is 

developed in this paper. Through a series of real and simulated data examples, is it shown that 
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both DDA and LRA are effective alignment methods for a wide variety of datasets. In 

practice, we recommend applying both the DDA and LRA methods and using whichever 

provides the highest absolute rank-order correlation between the item sufficient statistics and 

the aligned item parameter estimates.  

The concept of scale alignment provides an important link between classical test theory-

based battery scaling methods (Angoff, 1971) and item response theory. Rather than rescaling 

dimensions according to the full distribution of scores, IRT-based scale alignment transforms 

dimensions so that an individual’s score estimates are directly comparable across dimensions. 

Because IRT-based scale alignment relates sample statistics to parameter estimates, it is 

inherently a sample-specific procedure (as is battery scaling). If aligned item parameters are 

applied to a new population, there is no necessary relationship between the new sample 

statistics and the item difficulties. However, if the scales are aligned with a large 

representative sample from the population of examinees, it is expected that the alignment 

properties will translate to other representative samples from that population. 

There are several issues involved in scale alignment that are not addressed in this paper. 

Sufficient statistics are not available in the presence of missing data, and so additional 

research needs to be done to investigate the usefulness of alignment methods when some data 

are missing. Furthermore, because the definition of alignment used in this paper depends on 

sufficient statistics, these ideas do not apply directly to IRT models with no available 

sufficient statistics (i.e., models outside the Rasch family such as the two- and three-

parameter models). Finally, the extension of the DDA and LRA methods to polytomous data 

does not follow directly from these results, primarily because the sufficient statistics in the 

partial credit model do not have a monotonic relationship with the estimated item parameters 

(Masters, 1982, 1988). We plan to develop methods for scale alignment for polytomous data 



 

SCALE ALIGNMENT   

 

This article is protected by copyright. All rights reserved. 

 

30 

in a separate paper.  

In this paper, scale alignment in multidimensional Rasch models is formally defined, and 

two methods are described for aligning dimensions. After applying these methods to real and 

simulated data sets, it was shown that the two alignment methods lead to similar results and 

are both broadly effective. It is recommended that scale alignment be routinely used in 

between-items multidimensional Rasch models so that the scores for individual and groups 

can be appropriately compared across dimensions. 
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Appendix 

 Special care must be taken when anchoring the �̃̂�𝑑 parameters in some Rasch 

modeling software such as ConQuest (Wu, Adams, Wilson, & Haldane, 2007). Specifically, 

some item response modeling software expresses the multidimensional Rasch model as  

logit(𝑃𝑖(𝑑)𝑗)  = 𝛼𝑑𝜃𝑑𝑗 + 𝜉𝑖(𝑑), (𝐴1)  

instead of the parameterization used throughout the paper: 

logit(𝑃𝑖(𝑑)𝑗)  = 𝛼𝑑(𝜃𝑑𝑗 − 𝛿𝑖(𝑑)).        (𝐴2)  

Note that scale alignment methods align the  𝛿𝑖(𝑑) values rather than the  𝜉𝑖(𝑑) values, and that 

the two values will differ by more than a sign when 𝛼𝑑 ≠ 1. Thus, when using software that 

uses the parameterization in Equation (A1), further adjustments must be made to align the 

𝜉𝑖(𝑑) parameters. Specifically,  

𝜉𝑖(𝑑) = 𝜉𝑖(𝑑) −
𝛼𝑑𝑠𝑑

𝑟𝑑
,         (𝐴3)  

and no further adjustments are needed for the aligned steepnesses  �̃�𝑑.  
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Figure 1. Illustration of scale alignment for two items on two dimensions with the same 

proportion-correct score 𝑝. After the scales have been brought into alignment, items with the 

same 𝑝 have the same difficulty estimate.  

 

 

Figure 2. Path diagram of the between-items multidimensional Rasch model. 
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Figure 3. Illustration of the scale alignment problem. In each panel, estimated item 

difficulties are plotted against the observed proportion-correct scores. The highlighted 

mathematics item has a proportion-correct score of .765, and the highlighted science item has 

a proportion-correct score of .767. In both panels, the estimated item difficulty is higher for 

the science item than for the mathematics item.  
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Figure 4. Scatter plots of sufficient statistics against item parameter estimates (Panels A and 

B) and person parameter estimates (Panels C and D) after DDA adjustment (Panels A and C) 

and LRA adjustment (Panels B and D).  
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Figure 5. Box plots of the DDA �̂�2 conditional on the standard deviation (sd), skewness (sk) 

and kurtosis (ku) of the 𝜃2 distribution.  

 

Figure 6. Box plots of the DDA �̂�2 conditional on the standard deviation (sd), skewness (sk), 

and kurtosis (ku) of the 𝜃2 distribution.  
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