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We present theoretical and experimental studies of the dynamics of Bose-Einstein condensates in a one-
dimensional optical lattice and a three-dimensional harmonic trap. For low atom densities and inertial forces,
the condensate performs regular Bloch oscillations, and its center-of-mass motion closely follows semiclassical
single-particle trajectories, shaped by the lowest-energy band. But in other regimes, the center-of-mass motion
disrupts the internal structure of the condensate by generating solitons and vortex rings, which can trigger
explosive expansion of the atom cloud. We use images of the atom cloud to provide experimental evidence for
this internal disruption, and find that the process occurs most readily in high-density condensates undergoing
slow Bloch oscillations.
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I. INTRODUCTION

Optical lattices are currently attracting considerable theo-
retical and experimental interest, in part because they pro-
vide an opportunity to investigate the predictions of solid-
state physics, but with a far greater degree of experimental
control than is possible with crystalline periodic potentials.
Consequently, optical lattices have been used to observe
atom diffraction [1], Bloch oscillations[2], and Wannier-
Stark ladders[3]. As a natural progression from studies of
noninteracting ultracold atom clouds in optical lattices, re-
cent work has focused on the dynamics of Bose-Einstein
condensates in optical lattices[4–24]. Initially, this work in-
vestigated effects similar to those observed previously for
noninteracting ultracold atom clouds. For example, Bose-
Einstein condensates were observed to undergo Bloch oscil-
lations[4,5] and diffraction[6,7]. However, further work re-
vealed that the interatomic interactions, described by the
nonlinear term in the Gross-Pitaevskii equation, can have a
pronounced effect on the transport properties of condensates
in optical lattices, and produce completely different dynam-
ics from those observed for individual atoms. There has been
particular interest in the instability and disruption of conden-
sates in optical lattices[8–11], and in the breakdown of
Bloch oscillations[4,5,9,12]. Such effects have been attrib-
uted to Landau-Zener tunneling[4,5,11,13], dynamical insta-
bility [11], and Landau instability[8].

In previous work[25], we demonstrated that Bragg reflec-
tion of a Bose-Einstein condensate can generate solitons and
vortices, hence disrupting the internal structure of the atom
cloud and damping the Bloch oscillations. Furthermore, we
showed that the density of the condensate is a crucial factor
in determining the extent of the disruption. In this paper, we
study the dynamics of Bose-Einstein condensates in optical
lattices in more detail, by considering two systems realized
in recent experiments[4,8]. In particular, we investigate how
the temporal period of the Bloch oscillations affects soliton
and vortex production. We show that solitons and vortices
form more readily for low-frequency Bloch oscillations,

whose period is much longer than the condensate correlation
time, that is, the time taken for the atom density profile to
respond to a perturbation. Our results provide insights for
understanding the mechanisms of soliton and vortex produc-
tion, and identify key factors that determine the dynamical
behavior of condensates in optical lattices. Moreover, we
present experimental data and corresponding theoretical
simulations, which provide direct evidence for our previous
prediction that Bragg reflection can severely disrupt the atom
cloud [25]. Our calculations are in good quantitative agree-
ment with the experimental data presented in this paper, and
also with previously published experimental work[8].

The two systems, referred to asA andB, are analyzed in
Secs. III and IV, respectively. SystemA was realized in re-
cent experiments by Morschet al. [4], which demonstrated
Bloch oscillations of Bose-Einstein condensates in an accel-
erating optical lattice. We simulate these Bloch oscillations
by solving the three-dimensional Gross-Pitaevskii equation.
Furthermore, by adjusting the system parameters we identify
a regime of condensate behavior, in which solitons and vor-
tices disrupt the internal structure of the atom cloud. The
theoretical predictions are related to experimental data that
show the disruption of the condensate as it reaches the
Brillouin-zone boundary. SystemB was realized in recent
experiments by Burger and co-workers[8]. These experi-
ments concerned the motion of a Bose-Einstein condensate
in an optical lattice, and revealed, under certain conditions, a
distortion and broadening of the condensate, and damping of
the condensate oscillations. Burger and co-workers explained
their results in terms of a Landau instability of the conden-
sate. Landau instability occurs when the condensate velocity
exceeds the local speed of sound, causing production of el-
ementary excitations and heating of the atom cloud. This
interpretation was questioned by Wu and Niu[26,27], who
accounted for the distortion of the condensate as mainly due
to a dynamical instability. However, their work does not de-
scribe the subsequent effects of the dynamical instability on
the condensate motion or internal structure. The results in
Sec. IV provide a complementary interpretation, in which the
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instability of the condensate originates from rapid vortex
production at the point of Bragg reflection, leading to disrup-
tion and explosive expansion of the atom cloud.

II. THEORETICAL MODEL OF A BOSE-EINSTEIN
CONDENSATE IN A ONE-DIMENSIONAL OPTICAL

LATTICE AND A THREE-DIMENSIONAL
HARMONIC TRAP

We consider87Rb Bose-Einstein condensates containing
N atoms in a one-dimensional optical lattice, formed by two
counterpropagating laser beams of wavelengthl, and a
three-dimensional harmonic trap. The potential energy of a
single atom in the optical lattice is

VOLsxd = V0 sin2spx/dd, s1d

whereV0 andd=l /2 are, respectively, the depth and period
of the optical potential. The harmonic trap is symmetrical
under rotation about the axis of the optical latticesthe x
axisd. Its potential-energy profile is given by

Vtrapsx,rd =
m

2
svx

2x2 + vr
2r2d, s2d

wherem is the mass of a single87Rb atom,vx andvr are the
trap angular frequencies, and

r = Îy2 + z2 s3d

is the radial coordinate.
Due to its translational symmetry, the optical lattice gen-

erates an energy band structure for motion in thex direction.
We calculated the energy-wave-vector dispersion relation for
the two lowest-energy bands using Mathieu functions[28].
In principle, the harmonic trap breaks the translational sym-
metry of the potential. However, for the parameters consid-
ered in this paper, the condensate remains sufficiently close
to the trap center to ensure that the change inVtrapsx,rd
across each lattice period is much less than the width of the
lowest-energy band. Consequently, the trap potential can be
treated as a perturbation to the lattice potential, and the band
structure remains intact[25,29]. Moreover, in the following
sections, we show that the band structure plays a crucial role
in the condensate dynamics.

The total potential energy of a single atom in the optical
lattice and harmonic trap is

VTsx,rd = VOLsxd + Vtrapsx,rd. s4d

SinceVTsx,rd is invariant under rotation about thex axis, the
condensate wave function is described in cylindrical polar
coordinatessx,r ,wd, and is taken to be of the form

Csx,r,w,td = csx,r,tdeilw, s5d

where

w = tan−1S z

y
D s6d

and l =0, ±1, ±2, . . . is thequantum number for thex com-
ponent of angular momentuml". Here, we consider the con-

densate ground state withl =0, which, as in the experiments
of Refs.f4,8g, does not rotate about thex axis. Consequently,
any derivatives ofC with respect tow are zero, and we can
determine the condensate dynamics by solving the effective
two-dimensional time-dependent Gross-Pitaevskii equation

i"
] Csx,r,td

] t
= F−

"2

2m
¹2 + VTsx,rd + U0uCsx,r,tdu2GCsx,r,td,

s7d

where

¹2 =
]2

] x2 +
]2

] r2 +
1

r

]

] r
s8d

and

U0 =
4p"2a

m
, s9d

in which a=5.4 nm is thes-wave scattering lengthf30g. In
our calculations, we express Eq.s7d as a finite-difference
equation, and then solve it numerically using the Crank-
Nicolson method, incorporating time or operator splitting
f31g.

III. DYNAMICS OF SYSTEM A

The parameters of systemA are N=104, V0=36.2 peV
=2.32ER (whereER=h2/2ml2 is the photon recoil energy),
d=390 nm, vx=2p342 rad s−1, and vr =2p325 rad s−1.
Figure 1(a) shows the potential-energy profiles of the optical
lattice (solid curve) and harmonic trap(dotted curve) along
r =0. The energy range of the lowest band is indicated by the
gray rectangle. The width of this band is 8.5 peV=0.54ER.
The bottom of the second band is at 83 peV=5.3ER, which is
well above the top of the optical potential. As a consequence,
interband Zener tunneling is not important in this system.
The equilibrium atom density profile of the condensate along
r =0 is shown in Fig. 1(b). The density is strongly modulated
by the optical lattice potential and has a peak value of
,3.131013 cm−3.

The condensate is set in motion by accelerating the opti-
cal potential. Experimentally[4], this was done by setting a
constant frequency drift between the two laser beams, result-
ing in a constant acceleration of the optical lattice. In the
absence of a magnetic trap, this acceleration is equivalent to
the application of a constant inertial force on the atoms,
which therefore perform Bloch oscillations in the rest frame
of the lattice. The presence of the magnetic trap complicates
the motion, since the accelerating optical lattice tends to drag
the condensate up one side of the harmonic trap potential.
Hence, the variation of the trap potential across each lattice
period increases with time. As a consequence, the magnetic
trap eventually begins to disrupt the band structure, which
ultimately leads to the breakdown of Bloch oscillations.

Initially, we considered a lattice accelerationā=
−5.0 ms−2. We simulated the condensate motion by solving
Eq. (7), and hence calculated the mean position of the con-
densate,kxl, as a function of timet. We then determined the
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time evolution of this mean position in the rest frame of the
optical lattice,kxl−xOL [solid curve in Fig. 2(a)], where

xOL = 1
2āt2 s10d

is the lattice displacement resulting from the lattice accelera-
tion ā, switched on abruptly at timet=0. Figure 2sad shows
that the condensate performs oscillations in the rest frame of
the accelerating optical potential. Note that the amplitude
and period of these oscillations decrease ast increases, for a
reason that we will explain later.

The condensate dynamics can also be represented in re-
ciprocal space by taking the Fourier transform

fskx,td =E
−`

`

csx,0,tde−imātx/"eikxdx s11d

of the wave function alongr =0. Note that the factore−imātx/"

is included in the integral in order to account for the accel-
eration of the optical lattice.

Figure 2(b) shows that the distribution of the Fourier
power ufskx,tdu2, corresponding to wave vectorkx, remains
narrow throughout the simulation. The condensate’s meankx
value increases approximately linearly witht until it reaches
the Brillouin-zone boundary, at which point the condensate
undergoes Bragg reflection. Each Bragg reflection corre-

sponds to an upper turning point in Fig. 2(a). The lower
turning points occur when the condensate’s meankx value
passes through zero. Our solution of the full time-dependent
Gross-Pitaevskii equation for the system therefore shows that
accelerating the optical lattice at −5.0 ms−2 causes the con-
densate to perform Bloch oscillations in the lowest-energy
band of the optical lattice, as observed in the experiments of
Morschet al. [4].

We now compare our full quantum-mechanical simula-
tions with the corresponding semiclassical trajectory of a
pointlike particle in the lowest-energy band of the optical
lattice. In the optical lattice rest frame, the single-particle
trajectoriesxstd and kxstd in real and reciprocal space are
determined by the semiclassical equations of motiondx/dt
="−1dEskxd /dkx and dkx/dt="−1Fx [32], whereEskxd is the
energy-wave-number dispersion relation for the band andFx
is the force along thex axis produced by the acceleration of
the optical lattice and by the harmonic trap. The semiclassi-
cal trajectories in real and reciprocal space are shown by the
open circles in Figs. 2(a) and 2(b), respectively. These paths
agree with the corresponding quantum-mechanical calcula-
tions to within a few percent. The good agreement between
the two theories demonstrates that the condensate behaves
like a pointlike particle, obeying semiclassical laws of en-
ergy band transport.

As explained in our previous paper[25], at Bragg reflec-
tion the condensate wave function is a standing wave. At
each maximum inVOLsxd, the atom density is zero and the
phase of the condensate wave function changes abruptly by
p. In our earlier work, we showed that this standing wave
can generate solitons, which eventually decay into vortex
rings. However, in systemA, the standing wave has no long-
term effect on the internal structure of the condensate. In-
deed, even though the condensate Bragg reflects five times
during our simulation, no solitons are produced, and thekx

FIG. 1. (a) Solid curve: potential-energy profile of the optical
lattice in systemA. Gray rectangle: energy range of the lowest-
energy band. Dotted curve:x dependence of the harmonic potential
energy alongr =0. (b) Initial atom density profile of the condensate
in systemA, alongr =0.

FIG. 2. (a) Solid curve:kxl−xOL vs t calculated for systemA
with ā=−5.0 ms−2. Open circles: corresponding semiclassical tra-
jectory. (b) Gray-scale plot:ufskx,tdu2 within the first Brillouin zone
(white=0, black high) for system A with ā=−5.0 ms−2. Open
circles: points on corresponding semi-classical trajectory.(c) and
(d) Gray-scale plots of condensate density(white=0, black high) in
the x-r plane(axes inset) for t=0 ms and 8 ms, respectively. Plots
are symmetrical under rotation about thex axis. Horizontal bar
shows scale.
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distribution of the atoms remains very narrow[see Fig. 2(b)].
Figures 2(c) and 2(d) show the condensate atom density pro-
file in thex-r plane at the startst=0 msd and endst=8 msd of
the simulation, respectively. Comparison of these figures re-
veals that there is almost no change in the internal structure
of the condensate during the motion.

Even though there has been little change in the internal
structure of the condensate, the Bloch oscillations are not
completely regular in two respects. First, Fig. 2(a) shows a
gradual reduction in the amplitude of the Bloch oscillations.
Second, the period of the oscillations decreases during the
motion. This second effect can be seen most easily in Fig.
2(b), which shows that the condensate’s meankx value rises
at an increasing rate throughout the simulation. The decreas-
ing amplitude and period of the Bloch oscillations both origi-
nate from the force exerted by the static magnetic trap and,
as such, are entirely different from the damping processes
that we described in previous work[25]. As the optical lat-
tice drags the condensate towards more negative values ofx,
the trap imparts an additional and increasing force on the
condensate, which tends to push it back towards larger val-
ues ofx, that is, back towards the minimum in the trap po-
tential. Thispositiveforce due to the trapaddsto the inertial
force imparted by the accelerating lattice. Consequently, the
condensate is subjected to an ever-increasing total force driv-
ing it throughk space in the positivekx direction. As a result,
the period and amplitude of the oscillations both decrease
with increasing time. In our previous studies[25], this pro-
cess was not observed because the condensates were accel-
erated through astatic lattice by displacing the harmonic
trap. Note that in the present work, the period and amplitude
of the quantum mechanicaland the single-particle semiclas-
sical trajectories in systemA [Fig. 2(a)] both change with
time in the same way. Consequently, these changes must
have a fundamentally different origin from the damping
mechanism proposed previously[25], which is due to inter-
atomic interactions and collective excitations. Accelerating
the condensate further and further from the trap potential
minimum will eventually cause the band to break and the
Bloch oscillations to break down. This occurs when the prod-
uct of the lattice period and the total inertial force on the
condensate becomes approximately equal to the width of the
lowest-energy band. For the parameters described above, this
condition is fulfilled whent=10.5 ms.

We propose that solitons are not produced during the
simulation shown in Fig. 2 because the period of the Bloch
oscillations is much shorter than those studied in our previ-
ous work[25], in which solitons were created by Bragg re-
flection. The time scale in which the condensate density pro-
file reacts to a perturbation is characterized by the correlation
time tc, given by the healing length divided by the speed of
sound [23]. For the simulation summarized in Fig. 2, the
Bloch period T=2.2 ms is comparable totc=m/2Î2hnMa
.0.9 ms, wherenM is the mean atom density. Consequently,
the condensate does not have sufficient time to form solitons
in response to the phase and density imprinting associated
with Bragg reflection. Hence, soliton production is sup-
pressed, and the internal structure of the atom cloud remains
almost unchanged by the motion. Within this picture, soliton
production should occur at lower lattice accelerations, corre-

sponding to longer Bloch oscillations, for whichtc!T. To
test this hypothesis, we now consider the dynamics of system
A for a very small lattice acceleration of −0.3 ms−2. Semi-
classical theory predicts that the resulting Bloch oscillations
will have a period of 17.6 ms. Sincetc remains,0.9 ms, the
condition tc!T is satisfied.

Figure 3(a) shows the time evolution ofkxl−xOL for a
lattice acceleration of −0.3 ms−2, and Fig. 3(b) shows the
corresponding Fourier powerufskx,tdu2. The condensate dy-
namics are radically different from those shown in Fig. 2 for
ā=−5.0 ms−2. As t increases from zero, the condensate’s
meankx value increases as the atoms accelerate up the first
energy band. Att=14.1 ms, the meankx value reaches the
Brillouin-zone boundary[Fig. 3(b)], and the condensate un-
dergoes Bragg reflection. But, in contrast to the case of high
acceleration, after Bragg reflection the Bloch oscillation am-
plitude decreases dramatically[Fig. 3(a)]. Furthermore, mul-
tiple peaks appear inufskx,tdu2, and thekx distribution of the
atoms becomes broad, extending across approximately half
the Brillouin zone.

As before, we compare our full quantum-mechanical
simulations to the corresponding semiclassical trajectory of a
pointlike particle in the lowest-energy band of the optical
lattice, shown by the open circles in Figs. 3(a) and 3(b). As
for ā=−5.0 ms−2, the two theories agree to within a few
percent. But forā=−0.3 ms−2, the effect of the magnetic trap
on the motion is more obvious. First, it causes a severe re-
duction in the amplitude of the Bloch oscillations. Second,
the condensate’s meankx value rises at a rapidly increasing
rate throughout the simulation[Fig. 3(b)]. But the principal
difference between the two theories is the appearance of
multiple peaks inufskx,tdu2 for t*14.1 ms., which a semi-
classical model cannot hope to explain.

This behavior can be understood by considering the inter-
nal structure of the condensate, which is shown for various

FIG. 3. (a) Solid curve:kxl−xOL vs t calculated for systemA
with ā=−0.3 ms−2. Open circles: corresponding semiclassical tra-
jectory. (b) Gray-scale plot:ufskx,tdu2 (white=0, black high) for
systemA with ā=−0.3 ms−2. Open circles: corresponding semiclas-
sical trajectory.(c), (d), and(e) Gray-scale plots of condensate den-
sity (white=0, black high) in the x-r plane (axes inset) for t
=0 ms, 16.0 ms, and 18.0 ms, respectively. Plots are symmetrical
under rotation about thex axis. Horizontal bar shows scale. Cross in
(d) marks center of a soliton. Arrows in(e) show direction of cir-
culation around vortices.
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times in Figs. 3(c)–3(e). As for higher lattice accelerations, a
standing wave is formed at the point of Bragg reflection.
This standing wave has a density node and an associatedp
phase shift at each maximum inVOLsxd [25]. Consequently,
the density and phase variations induced by Bragg reflection
are similar to those realized in recent experiments[21,23,24],
in which laser illumination was used to imprint the conden-
sate with density minima andp phase shifts, which subse-
quently evolved into dark solitons. In the same way, the den-
sity minima andp phase shifts in the standing wave formed
at Bragg reflection can evolve into dark solitons, an example
of which is marked by the cross in Fig. 3(d). The solitons
then decay swiftly via the snake instability[18,33] into vor-
tex rings, which lie in a plane perpendicular to thex axis.
Figure 3(e) shows a cross section through such a vortex ring
that has formed in the center of the condensate att
=18.0 ms. The core of the vortex ring cuts thex-r plane at
two points, which are enclosed by arrows indicating the di-
rection of circulation. The formation of solitons and vortices
disrupts the internal structure of the condensate and broadens
the kx distribution of the atom cloud[Fig. 3(b)].

To confirm our theoretical predictions, we conducted an
experiment to realize systemA. When the rubidium atoms
had been loaded into the optical lattice[34], we began lin-
early chirping the frequency offset between the two counter-
propagating lattice beams, and so accelerated the optical po-
tential at a constant rate. After a timet, we switched off both
the optical lattice and the magnetic trap, in which the con-
densate was held, and observed the resulting interference
pattern within the atom cloud after a time of flight of 21 ms.

We now examine results for which the optical and mag-
netic potentials were switched off whenkx<p /d (i.e., when
the condensate first reaches the Brillouin-zone boundary).
For a lattice acceleration ofā=−5.0 ms−2, we found that
there is no disruption of the condensate internal structure
during Bragg reflection. Figure 4(a) shows an image of the
atom cloud following the period of free expansion. Note that
the condensate has split into two smaller atom clouds corre-
sponding to the two distinct wave-number componentskx
= ±p /d in the original condensate at Bragg reflection. Both
condensates have tightly peaked density profiles, indicating

that there have been no significant changes in the internal
structure of the atom cloud, and that the condensate has
moved through the energy band like a pointlike semiclassical
particle. By contrast, following an acceleration ofā
=−0.3 ms−2, each of the two subcondensates has a diffuse
and fragmented density profile[Fig. 4(b)], indicating that the
internal structure of the condensate has changed radically
during the motion.

To relate the experimental results directly to the theory,
we performed simulations of the condensate evolution, in-
cluding the period of free expansion, using explicit experi-
mental parameters. The simulations forā=−5.0 ms−2 and ā
=−0.3 ms−2 presented in Fig. 5(a) and 5(b), respectively, are
equivalent to the experimental images in Figs. 4(a) and 4(b).
Figure 5(a) shows two tightly peaked condensates that have
smooth atom density profiles, in good agreement with the
experimental observations shown in Fig. 4(a). In contrast,
Fig. 5(b) shows two irregularly shaped condensates that have
complicated internal structures. This is in reasonable qualita-
tive agreement with the diffuse and fragmented atom cloud
observed in experiment[Fig. 4(b)]. However, the changes in
the atom density profile are more pronounced in the experi-
ment [Fig. 4(b)] than in the corresponding simulation[Fig.
5(b)]. This is probably due to heating of the atom cloud,
which cannot be described by the Gross-Pitaevskii equation.

The results presented in this section demonstrate that slow
Bloch oscillationsstc!Td promote the production of solitons
and vortex rings, and, conversely, that fast Bloch oscillations
stc<Td suppress this excitation process. This conclusion is
supported by the theoretical work of Holthaus[9], who, us-
ing a one-dimensional calculation, demonstrated a broaden-
ing of the condensate and distortion of the Bloch oscillations
under weak forcing through an optical lattice. Similar ideas
were discussed by Konotop and Salerno[10], and Wu and
Niu [11], who reported that Bose-Einstein condensates in
Bloch states near the Brillouin-zone boundary are unstable
with respect to small perturbations.

IV. EXPLOSIVE EXPANSION OF SYSTEM B

The parameters of systemB are N=33105, V0
=23.3 peV=1.55ER, d=397.5 nm,vx=2p38.7 rad s−1, and

FIG. 4. (a) Experimental gray-scale image(white=0, black
high) of the condensate inx-r plane(axes inset) for ā=−5.0 ms−2.
The optical lattice and trap were switched off whenkx< ±p /d,
(i.e., at the Brillouin-zone boundary) and the condensate was sub-
sequently allowed to expand freely for 21 ms. Horizontal bar shows
scale. (b) Corresponding image of the condensate forā
=−0.3 ms−2. [Note that the dynamic range of the gray scale for(b)
is only 1/3 of that for(a).]

FIG. 5. (a) Theoretical gray-scale image of the condensate den-
sity (white=0, black high) in x-r plane (axes inset) for ā
=−5.0 ms−2. The optical lattice and trap were switched off when
kx< ±p /d, (i.e., at the Brillouin-zone boundary) and the condensate
was subsequently allowed to expand freely for 21 ms. Horizontal
bar shows scale.(b) Corresponding theoretical gray-scale plot of the
condensate density forā=−0.3 ms−2.
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vr =2p390 rad s−1. These parameters create a cigar-shaped
condensate, with a peak atom density of,1.731014 cm−3,
which is approximately five times larger than the correspond-
ing density for systemA. The width of the lowest-energy
band of the optical lattice is 10.0 peV=0.67ER, which is
slightly larger than that of systemA. Figure 6(a) shows the
equilibrium ground-state atom density profile calculated for
the combined trap and optical potential in systemB.

In contrast to systemA, the optical lattice in systemB is
not accelerated. Instead, as in the experiments of Ref.[8], the
condensate is set in motion by suddenly displacing the har-
monic trap through a distanceDx along thex axis at timet
=0. Immediately after the trap displacement, the potential
energy of each atom in the condensate increases by

DV . 1
2mvx

2sDxd2. s12d

This potential energy is then converted into kinetic energy as
the condensate accelerates up the first energy band.

We now consider the condensate dynamics produced by a
trap displacementDx=150mm, which was realized in the
experiments of Ref.[8]. For this displacement, the semiclas-
sical model of single-particle band transport predicts that the
resulting Bloch oscillations will have a period of,28 ms.
For systemB, tc.0.2 ms, so the soliton formation condition
tc!T, proposed in Sec. III, is satisfied. Hence, a large trap
displacement of 150mm might be expected to induce rapid
generation of solitons and vortices and, consequently, a
breakdown of the Bloch oscillations.

Furthermore, the high density of the condensate in system
B might alsobe expected to promote soliton and vortex pro-
duction. To explain the reason for this, let us first consider
the condensate in systemA undergoing Bloch oscillations. In
this system, at the first Bragg reflection, the local mean atom
density is,331013 cm−3 near the center of the condensate.
Hence, the local healing lengthj=1/Î8pnMa.0.5 mm
.1.25d, which corresponds to a soliton widthw.2j
.2.5d [24]. Since this width is much greater than the sepa-
ration of adjacent density minima andp phase slips im-
printed at the point of Bragg reflection, it is difficult for these
features to evolve into solitons. But, some solitons do, nev-
ertheless, form in systemA if the acceleration is slow enough
[see Fig. 3(d)].

By contrast, solitons should form more readily ifw&d
[25], because the standing wave then more closely resembles

a chain of black solitons. This condition can be satisfied in a
high-density condensate, which has a small healing length
and, consequently, a small soliton widthw. In the case of
systemB, the density is high enough for the soliton width to
match closely the separation of adjacent density minima and
p phase slips in the standing wave formed at Bragg reflec-
tion. Hence, the system might be expected to exhibit rapid
soliton and vortex production.

Figures 7(a) and 7(b) show the time evolution ofkxl and
ufskx,tdu2 in systemB for a trap displacement of 150mm,
calculated using Eqs.(7) and(11) (note thatā=0 for system
B). Figure 7(b) shows that the meankx value of the conden-
sate reaches the Brillouin-zone boundary at approximately
13 ms. As for systemA, at the point of Bragg reflection a
standing wave forms, which has nodal planes and associated
p phase shifts at each maximum inVOLsxd. But, for system
B, the local mean atom density at Bragg reflection is,1.6
31014 cm−3 near the center of the condensate. Consequently,
the local healing length is approximately 0.2mm.0.5d,
which corresponds to a soliton widthw.2j.d. Hence, for
these parameters, both the conditionw&d and the condition
tc!T are satisfied. As a result, the standing wave formed on
Bragg reflection should evolve rapidly into a chain of sta-
tionary solitons.

As expected from this argument, Bragg reflection does
indeed cause the self-assembly of,20 stationary solitons,
which form a chain across the central third of the condensate.
Figure 6(b) shows the compact cigar-shaped density profile
of the condensate just after the first Bragg reflection. Each
extended white area within the dashed box contains several
tightly grouped solitons. The region within the dashed box is
shown enlarged in Fig. 8(d), which reveals,10 stationary
solitons.

Figure 8 shows key stages in the formation of the solitons,
and their subsequent decay into vortex rings. Figure 8(a)
shows the atom density profile in the central third of the
condensate immediately after the first Bragg reflection. The
nodal planes in the standing wave appear as vertical white
stripes. As time increases, depressions grow in the conden-
sate[Figs. 8(b) and 8(c)], which, after 14 ms, have evolved
into groups of solitons(large white regions in Fig. 8(d)],
which form a chain along thex axis. It is actually difficult to
display the soliton chain in a single image because the soli-
tons decay extremely rapidly into vortex rings. In Fig. 8(d),
some of the solitons have already begun to break up, while
others are still forming. Since their decay is so rapid, the
solitons create a chain of vortex rings[seen most clearly in

FIG. 6. Gray-scale plots of density(white=0, black high) in the
x-r plane(axes inset) for systemB with Dx=150mm andt=0 ms
(a), 14.0 ms(b), and 18.0 ms(c). Plots are symmetrical under ro-
tation about thex axis. Horizontal bar shows scale. Region within
dashed box in(b) is shown enlarged in Fig. 8(d).

FIG. 7. (a) kxl vs t calculated for systemB with Dx=150mm.
(b) Corresponding gray-scale plot ofufskx,tdu2 (white=0, black
high).
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Figs. 8(e) and 8(f)], which form a complex interacting sys-
tem. The cores of two of the vortex rings are enclosed by
arrows in Fig. 8(f), which indicate the direction of circula-
tion.

The interactions now create a large internal strain, which
causes the condensate to explode laterally(perpendicular to
the x axis), resulting in the diffuse and fragmented atom
density profile shown in Fig. 6(c). The explosion has a dra-

matic effect on thekx distribution of the atoms[Fig. 7(b)],
which is initially extremely narrow but, at the point of Bragg
reflection, spreads through the whole Brillouin zone. The
condensate loses all coherence ink space, and so does not
perform Bloch oscillations. Instead, once the condensate has
reached the Brillouin-zone boundary, its center of mass re-
mains approximately stationary[see Fig. 7(a)]. This behavior
is consistent with the experimental observations of Burger
et al. [8], who noted that, following a trap displacement of
150 mm, the atom cloud broadens and distorts and the
center-of-mass motion is severely damped.

V. CONCLUSION

We have presented experimental and theoretical studies of
the transport and disruption of Bose-Einstein condensates in
optical lattices. Our experimental results are in good quanti-
tative agreement with the corresponding simulations, per-
formed by solving the three-dimensional time-dependent
Gross-Pitaevskii equation for explicit experimental param-
eters. Our simulations also account for the complex conden-
sate dynamics observed in previous experiments by Burger
and co-workers[8], and provide fresh insights for under-
standing these experiments. Moreover, they enable us to
identify parameter regimes in which qualitatively new physi-
cal effects should be observable, in particular the dramatic
explosion induced by the Bragg reflection of high-density
condensates.

Our study of two different condensate systems provides a
broad picture of the nature of condensate transport in optical
lattices. Initially, we considered a set of parameters for which
the condensate undergoes approximately periodic Bloch mo-
tion, and its internal structure hardly changes witht, as in
recent experiments[4]. But in other parameter regimes, the
center-of-mass motion disrupts the condensate through the
production of solitons and vortices. We have shown that soli-
tons and vortices form most readily in high-density conden-
sates undergoing slow Bloch oscillations, such thatw&d and
tc!T. New experiments are now needed to explore the rich
dynamical properties of condensates in optical lattices and,
in particular, to determine whether the catastrophic effect of
soliton and vortex formation on high-density condensates,
predicted by our calculations, occur in actual systems.
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