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stratified mixtures under homogeneous charge compression ignition (HCCI)
conditions. For this purpose, the CMC model is applied to two sets of di-
rect numerical simulations (DNSs) modelling ignition of lean n-heptane/air
and iso-octane/air mixtures with various levels of thermal stratification. The
results show excellent agreement for all n-heptane cases with thermal strati-
fication of 15-60 K. However, an advanced ignition is predicted by the CMC
model for the iso-octane case with thermal stratification of 60 K in comparison
with the DNS data. Inspection of homogeneous ignition delay demonstrates
that the ignition delay time fluctuations are much higher in the iso-octane
cases compared with the n-heptane cases having same level of temperature
inhomogeneities. This is because of the differing ignition responses to temper-
ature between these two fuels. The observed discrepancies in the iso-octane
case with T ′ = 60 K are due to the dominance of deflagration mode of combus-
tion resulting in large conditional fluctuations, which occurs in the iso-octane
case and not the n-heptane case because the temperature dependence of ig-
nition delay is stronger for iso-octane. To further investigate the reasons for
the observed discrepancies, a transport equation for the conditional variance
is derived for premixed combustion. Assessment of the conditional variance
equation using the DNS data shows that correlations between dissipation and
conditional fluctuation and correlations between reaction and conditional fluc-
tuations are the dominant sources of conditional fluctuations.

Keywords Conditional moment closure · thermal stratification · HCCI ·
n-heptane · iso-octane

1 Introduction

Homogeneous charge compression ignition (HCCI) is a fairly recent engine
technology developed to reduce emissions and improve combustion efficiency.
In an HCCI engine, a lean or highly diluted and nearly homogeneous mixture
of air and fuel (and possibly some combustion products) is used to achieve ex-
tremely low levels of NOx and soot. The fuel efficiency is also very high, similar
to a diesel engine, due mainly to the fact that throttling is avoided since load
control is achieved by altering the fuelling rate, but also due to the fact that
peak combustion temperatures are low, resulting in lower heat transfer and
dissociation losses. In spite of these favourable features of HCCI combustion,
it presents considerable challenges such as difficulties in controlling the auto-
ignition timing, especially during transients, and the high pressure rise at high
load [1]. As a result, HCCI is still in the phase of laboratory research and has
not seen commercial application except in demonstrations, for example in a
demonstration which used HCCI only at part load [2].

As widely reported in the literature, thermal stratification of the charge can
spread out the heat release rate profile and therefore reduce the pressure rise
rate [1,3,4,5,6]. Thermal stratification naturally occurs in all HCCI engines [1,
3,4,5,6,7] due to various reasons such as inhalation of the charge with a non-
uniform temperature distribution, wall heat transfer and incomplete mixing
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between the fresh charge and hot residuals or between fuel and air in the case
of early direct injection or port injection [1,3]. Thermal stratification leads to
sequential autoignition over a range of different times and in different regions
inside the cylinder and therefore reduces the pressure-rise and heat release
rates [3,5].

The effect of thermal stratification under HCCI conditions has been in-
vestigated using direct numerical simulation (DNS) for various fuels such as
hydrogen [8,9,10,11], n-heptane [12,13] iso-octane [14] and dimethyl ether
[15,16]. From some of these DNS studies, two combustion modes were found
under HCCI conditions: deflagration and spontaneous ignition. In the deflagra-
tion mode, importance of molecular transport (diffusion and convection) be-
comes significant in comparison with reaction whereas the spontaneous mode
presents simultaneous ignition events in which the role of molecular transport
is negligible and different regions are coupled only by pressure [8,9]. The DNS
data demonstrated that the deflagration combustion mode was predominant
in cases with large thermal stratifications which the mean heat release rate was
spread out. On the other hand, the spontaneous combustion mode was found
to prevail in cases with a low level of temperature inhomogeneities which fea-
tured a high pressure-rise rate [8,9,13,15]. The DNS studies have also showed
that increasing the level of thermal stratification generally advanced the ig-
nition. However, for fuels such as n-heptane [13,12] and dimethyl ether [15]
which exhibit negative temperature coefficient (NTC) behaviour, depending
on the mean temperature a higher stratification level can retard the ignition.
Although DNS is able to provide a detailed understanding of ignition charac-
teristics under HCCI conditions, it can not be used as a design tool to simulate
the combustion process in HCCI engines. Therefore, a number of numerical
models which are computationally more affordable than the DNS for engine
simulations have been proposed.

One common approach to model combustion under HCCI conditions is
the multi-zone model [17,18] in which a number of homogeneous zones are
employed to represent the in-cylinder conditions [17]. These zones are only
coupled by pressure and mixing between zones is not considered. Therefore,
this model is only applicable in the spontaneous ignition regime, and a poor
performance has been noted when the level of inhomogeneity and the impor-
tance of mixing increase [19].

HCCI-like conditions have been also modelled using flamelet-based ap-
proaches. A combined model based on a flamelet approach was developed in
Ref. [20] in which the reaction rates were calculated based on the solution of
a steady-state flamelet equation. Pitsch and co-workers [19,21] developed an
enthalpy-based flamelet model in which the transport equations in the phys-
ical domain were transformed on a system of coordinates constructed based
on enthalpy gradients. This new system includes a normal unit vector to the
enthalpy iso-surface and two tangential unit vectors. It was assumed that the
diffusion terms in the direction tangential to the enthalpy iso-surface were neg-
ligible. In a separate study, they extended the enthalpy-based flamelet model
to a two-dimensional mixture-fraction and enthalpy based flamelet model to
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study effects of thermal and mixture stratification under HCCI conditions [22].
A good agreement with the experimental pressure trace was observed while
unburned hydrocarbon emissions were over predicted.

The G-equation model combined with a multi-zone approach was applied
to spark-assisted HCCI engines [23]. In this model, an extended form of the
G-equation model was used for tracking the flame propagation whereas auto-
ignition was captured by a multi-zone model. It was shown that this mixed-
mode combustion model is required to capture the correct behaviour under
HCCI conditions.

Jay and co-workers [24] developed a method based on tabulated reaction
rates to simulate HCCI-like configurations. The prediction of the model to
capture the early heat release was found to be accurate however the model
over-predicted the peak pressure in comparison with the experiment. In a sep-
arate study, they applied a more advanced tabulation model based on intrinsic
low dimensional manifold (ILDM) and flamelet models [25]. The performance
of the model for homogeneous, constant volume reactors and diesel-engine con-
ditions was found satisfactory. However, the model had a poor performance
when enthalpy losses due to pressure work in the expansion stroke became
important. Therefore, they introduced a new variable volume tabulated ho-
mogeneous chemistry (VVTHC) approach to study diesel and HCCI engines
[26]. The results for the pressure trace agreed with the experiment while pre-
diction of the CO emission was still not satisfactory.

The probability density function (PDF) method has also been used to sim-
ulate HCCI conditions [27,28]. In this method, the PDF transport equation in
the composition or velocity-composition space is solved using Eulerian fields
or Lagrangian particles. Bisetti et al. [27] considered a spatially homogeneous
transported PDF model to simulate HCCI conditions and compared the results
against DNS. Using this model, they were able to capture the correct quanti-
tative trend for the time history of the heat release rate, and first and second
moments of temperature and hydroxyl radical mass fraction. Zhang et al. [28]
used the PDF method to study the effect of turbulence/chemistry interaction
in an HCCI engine. They used a hybrid particle/finite-volume method to solve
the PDF transport equation. In spite of its good performance and generality,
the computational cost for complex three-dimensional simulations with de-
tailed chemistry is still very large compared to the aforementioned techniques.
[28].

The conditional moment closure (CMC) model has also been used to sim-
ulate HCCI conditions [29]. Initially as a model for non-premixed flames, the
CMC model was independently developed, by Klimenko [30] based on the
joint PDF method and Bilger [31] based on the decomposition method. A set
of transport equations for the conditional moments of some reactive scalars
are solved. The equations are closed in the first order CMC model by assuming
the conditional fluctuations to be small.

Over the past decade, the CMC model has been successfully applied to
numerous non-premixed applications such as bluff body flames [32,33,34], jet
flames [35,36,37,38], hood fires [39,40], spray ignition [41], diesel engines [42,
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43,44,45] and soot formation [46]. However, fewer studies have been performed
in the context of premixed combustion [47,48,49].

For premixed combustion applications, the choice of a scalar as a condition-
ing variable which minimise the conditional fluctuations is a crucial task. In
non-premixed combustion, mixture fraction (indicating local fraction of mass
which emanated from the fuel stream), is the natural choice [50]. Mixture-
fraction has the advantage of being a conserved scalar whose PDF and scalar
dissipation rate can be estimated with reasonable confidence. However defining
a conditioning variable in premixed flames is more challenging. It is very case
dependent and has been defined based on the sensible enthalpy, temperature
and fuel or product mass fraction. One of the key challenges for premixed com-
bustion CMC is that with these choices of conditioning variable, it becomes
difficult to specify the scalar dissipation rate and the conditioning variable’s
PDF. This is because these variables are not passive scalars. They have a strong
chemical source term which results in the appearance of thin premixed com-
bustion fronts that are governed by reaction-diffusion balances. The structure
of these fronts affects the scalar dissipation rate and the PDF, making them
difficult to model, in contrast to the equivalent quantities for non-reacting
scalars which can be readily determined from large-scale quantities.

As discussed earlier in this section, since HCCI is by definition a pre-
mixed mode of combustion, it is possible that thin premixed deflagration fronts
can arise which are controlled by reaction-diffusion balances. For the reasons
mentioned above, these structures are problematic for CMC-based closures.
Whether or not these structures arise in HCCI has been studied by theory [51]
and as mentioned earlier by DNS [8,9,13]. These studies show that the speed
of ignition fronts is controlled by the gradient of ignition delay, and if this
speed is comparable to the laminar flame speed, then premixed deflagrations
can occur. However, as discussed in the literature, temperature fluctuations in
HCCI engines have a magnitude about 25 K [5]. In these conditions gradients
of ignition delay are believed to be insufficient to result in significant amounts
of burning in premixed flames, at least away from walls, such that the predom-
inant mode of combustion is a chemically controlled, spontaneous ignition [8,
9,13,14]. As a result of the dominance of spontaneous ignition, the combustion
process is mainly controlled by thermochemical state prior to ignition. In this
situation, total enthalpy can be used as a conditioning variable. Although total
enthalpy involves a source term, it spatially fluctuates only by compressible
effects, which are small away from knocking conditions. (Knocking is anyway
an undesirable operating condition.)

In our previous work [29], a CMC model based on a normalised enthalpy
as the conditioning variable was developed to investigate effects of the ther-
mal stratifications under HCCI conditions. The model was spatially zero-
dimensional and therefore is an affordable approach which could be used in a
practical design process. To the extent that the model’s assumptions are valid,
it could also be used for more detailed investigations to understand thermal
stratification effects in HCCI. The model was evaluated using two-dimensional
DNSs of a lean n-heptane/air mixture with two different mean temperatures
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within the NTC region where two-stage ignition occurred and having different
levels of thermal stratification [13]. The results showed an excellent perfor-
mance of the CMC model in cases with a low level of thermal stratifications
whereas the performance deteriorated as the level of stratification increased.
It was shown that the presence of large conditional fluctuations as a result of
the predominant deflagration combustion mode was the reason for the weak
performance of the CMC model at the highly stratified condition.

The present paper differs from our previous study [29] in that we consider
cases in which ignition occurs in a single stage, i.e. iso-octane/air mixtures [14],
or there is only a weak two-stage ignition, i.e. n-heptane/air mixtures with the
mean temperature of 1008 K [13]. The main motivation of considering these
cases in the present paper is to comparatively study the performance of the
CFD-CMC solver for different mixtures under various conditions. In particular,
anticipating the influence of the gradient of ignition delay, we expect that the
temperature-dependence of ignition delay, which is markedly different in cases
which have two-stage ignition and cases that have one-stage ignition, will have
a strong influence on the model performance. Additionally, in order to better
understand the sources of conditional fluctuations, we also develop the second
conditional moment equations in the context of premixed combustion, which is
not reported in the literature to the best of our knowledge. Although this could
ultimately be used in a second order closure, the second moment equations
here are only used to identify the sources of conditional fluctuations. The
contribution of the source terms is then investigated under different conditions.

2 Conditional Moment Closure (CMC)

To obtain the CMC equations, a normalised scalar variable is defined as:

θ (x, t) =
h (x, t)− hmin (t)

hmax (t)− hmin (t)
, (1)

where h is the total enthalpy (chemical plus sensible) while hmin and hmax

correspond to minimum and maximum enthalpies in the computational do-
main, respectively. The conditionally Favre-averaged mass fraction of species
α, Yα, as a function of the conditioning variable at time t and location x is
then defined as

Qα (ξ;x, t) = 〈Yα|θ=ξ〉 =
ρYα (x, t) |θ=ξ

ρ|θ=ξ

, (2)

where ρ is the density and ξ is the sample space for normalised enthalpy.
The symbols () |θ=ξ and 〈() |θ=ξ〉 refer to the conditional mean and the Favre-
conditional mean, respectively. In the following, () |θ=ξ is shown by () |ξ.

Using the above definition, the species mass fraction equations, can be
recast into a set of CMC transport equations by the decomposition method
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presented in Ref. [50],

ρẆα = ρ
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α
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(

ρD
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α
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(3)

where vj is the velocity in the xj direction, Y
′′

α is the conditional mass fraction

fluctuation of species α and Ẇα is ω̇α/ρ, where ω̇α is the reaction rate for
species α. The scalar dissipation rate,N , is defined asD ∂θ

∂xj

∂θ
∂xj

, whereD is the

molecular diffusivity, which is assumed to be equal to the thermal diffusivity.
The term Sθ results from the source term of normalised enthalpy, defined as:

Sθ =
1

hmax − hmin

(

1

ρ

Dp

Dt
− (1− θ)

∂hmin

∂t
− θ

∂hmax

∂t

)

. (4)

where p is the pressure. Proceeding, equation 3 is then conditionally aver-
aged, the primary closure hypothesis is applied, and high Reynolds number is
assumed [50]. In most CMC applications, this would leave spatial transport
terms in the CMC. Here, however the focus is on the bulk gas region, which
principally controls the rate of pressure rise and also emissions of NOx, and
it is assumed that in this region the flow has homogeneous conditional statis-
tics. As per Ref. [29], we therefore ignore the spatial transport terms and the
conditional moments evolve as:

∂Qα

∂t
= −vξ

∂Qα

∂ξ
+ 〈N |ξ〉

∂2Qα

∂ξ2
+ 〈Ẇα|ξ〉, (5)

where vξ is convective velocity in the ξ-space and is equal to 〈Sθ|ξ〉 and

〈Ẇα|ξ〉 = ω̇α|ξ/ρ|ξ. The conditional reaction rates can be obtained using the
first order CMC approximation [29],

ω̇α|ξ = f
(

Qα, QT , p|ξ

)

(6)

where QT = 〈T |ξ〉.
It is worth noting at this point that the final equations are the same as

the flamelet equations presented in Cook et al. [19]. The connections between
flamelet models and CMC models have been recognised for some time – as dis-
cussed comprehensively in Ref. [52]. The assumptions behind these models are
connected but somewhat different. Cook et al. [19] used an order of magnitude
argument to show that in deflagration dominated regions where enthalpy gra-
dients are high, diffusion in directions tangential to enthalpy gradients could
be neglected. In spontaneous ignition regions where enthalpy gradients are
low, tangential terms can still be ignored even though their magnitudes are
considerable in comparison to the non-tangential terms. This is due to the neg-
ligible molecular transport in spontaneous ignition regions. On the other hand



8 Fatemeh Salehi et al.

the present analysis simply assumes the conditional fluctuations are small and
does not assume any particular spatial structure. Nonetheless, the fact that
the final equations are the same suggests that these assumptions are connected
which provides mutual support for both modelling frameworks. The benefit of
considering the CMC framework is that because it is a rigorous mathematical
closure, the errors incurred by various assumptions can be quantified in terms
of their overall effect on the model performance.

3 Numerical methods and test cases studied

The open source C++ code known as OpenFOAM was employed to implement
the CMC model presented in section 2. A flowchart demonstrating the solution
algorithm is shown in Fig. 1. The CFD code implicitly solves the equations
governing evolution of continuity, momenta and enthalpy for a compressible
flow. It employs a pressure-implicit with splitting of operators (PISO) algo-
rithm to treat the pressure-velocity coupling. After advancing the CFD code
in time, the conditionally averaged normalised enthalpy source term, pressure
and scalar dissipation rate are calculated and passed to the CMC code. In the
next step, the conditional mass fraction equations, Eq. (5) are implicitly solved
using an operator splitting method [41] which leads to two sets of equations:
diffusion and convection, which are non-stiff, and the progress of chemical
reactions, which are a set of stiff ordinary differential equations (ODEs). A
semi-implicit Bullirsch-Stoer (SIBS) method is employed to solve the chemical
reaction ODEs in ξ-space. After solving Eq. (5) the Favre-averaged species
mass fractions on the CFD grid are obtained using an assumed Dirac-delta
PDF for enthalpy. The use of the Dirac PDF is possible in the present case
because the flow is deliberately resolved to a DNS level in terms of the condi-
tioning variable, in order to focus only on the effects of the conditioning and
not on the models for scalar dissipation and the conditioning variable PDF.
(Of course, this approach is not affordable in a real engine, but being as the
enthalpy source term does not fluctuate significantly in space, it is expected
that standard models of its PDF and dissipation rate would be applicable1.)
More details of the numerical methods can be found in Ref. [29].

Two sets of DNS data were used to examine the performance of CFD-
CMC solver. One DNS data-set modelled ignition of a lean n-heptane/air
mixture with thermal stratifications in a constant volume [13] while the other
modelled ignition of an iso-octane/air mixture in a similar configuration [14].
Both DNS databases were generated using S3D, a high order, fully explicit
finite-difference solver which has been used for many studies [53,54,55,56,57,
58,59]. A 58-species and a 99-species reduced chemical mechanism [13,14] were
used for the n-heptane and iso-octane cases, respectively. All the DNS cases
were initialised with a uniform mixture composition field having equivalence

1 This is expected to be true in the bulk gas region but the near-wall region may require
a different treatment.
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ratio of 0.3 and initial uniform pressures of 40 atm and 20 atm for the n-
heptane and iso-octane cases, respectively. The main parameters of the DNS
cases are shown in Table 1 [13,14]. The initial mean temperature is denoted
T0; the temperature fluctuation root mean square (RMS) T ′; the turbulence
velocity fluctuation u′ and most energetic turbulent length scale le. Three n-
heptane DNS cases were considered having a mean temperature of 1008 K,
slightly outside the NTC regime, while five iso-octane cases were considered
having a mean temperature of 1035 K. In both cases, the temperatures are
sufficiently high so that only a single stage ignition is observed, in contrast
to our previous study that considered lower mean temperatures having a two-
stage ignition [29]. Temperature inhomogeneities were varied from 15 to 60 K
for both fuels. As can be seen in Table 1, two last iso-octane cases, octane-8
and octane-9, have the same level of thermal stratifications as case octane-1
whereas the turbulence intensity and integral length scale are different. The
homogeneous ignition delay times, τig,0, corresponding to the mean temper-
atures of n-heptane and iso-octane cases were very similar between the two
cases at 2.49 ms [13] and 2.5 [14] ms, respectively.

The initial temperature fields for cases heptane-12 and octane-3 with iden-
tical temperature fluctuations of 60 K are shown in Fig. 2. As can be seen,
the initial temperature distributions are similar in both cases; the slight dif-
ference is because of the different mean temperatures in cases heptane-12 and
octane-3.

A uniform two-dimensional CFD grid of 160×160 was employed for all
cases, compared with the DNS grid of 640×640. Note that a coarser mesh can
be used for the CMC-based model since only the length scales of enthalpy
and velocity fluctuations need to be resolved, while the DNS needed to resolve
species that fluctuate on smaller length scales. The CMC conditioning variable
domain included 101 equally spaced grid points. The time-step used in the
CFD-CMC solver was 2.5 µs while the DNS time-step was 2.5 ns. The initial
and boundary conditions for the CFD-CMC were the same as those in the
DNS cases.

4 Results

4.1 Comparison of CFD-CMC results and DNS

Figure 3 presents the mean heat release rate and pressure versus time ob-
tained from the CFD-CMC solver in comparison with the DNS data. Time is
normalised by the homogeneous ignition delay times of 2.49 and 2.5 ms for
n-heptane and iso-octane cases, respectively. As can be seen, the predicted
mean values from the CFD-CMC solver are in excellent agreement with the
DNS data for all n-heptane cases with temperature fluctuations of 15-60 K,
in agreement with the observations in Ref. [29] for lower mean temperatures
where strong two-stage ignition was observed, demonstrating that good agree-
ment is not limited to conditions having two-stage ignition. On the other hand,
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the CMC model predicts the ignition delay time and the peak heat release rate
with good accuracy for the iso-octane cases with T ′ = 15 and 30 K whereas
for the case with a high level of temperature inhomogeneities (case octane-3
with T ′ = 60 K), the agreement is not as good as the other iso-octane cases
(but still reasonable).

It is interesting to note that the CMC model predicts the ignition delay
time and the peak heat release rate with a good accuracy for case heptane-12
with T ′ = 60 K whereas for case octane-3 with the same level of temperature
inhomogeneities, ignition occurs earlier than in the DNS. This demonstrates
that the level of temperature fluctuations alone cannot be used as a perfor-
mance indicator for the CFD-CMC solver.

To investigate the difference between cases heptane-12 and octane-3, it is
important to understand the differences in ignition characteristics between n-
heptane and iso-octane/air mixtures. To do so, a series of cases modelling igni-
tion in homogeneous n-heptane/air and iso-octane/air mixtures at a constant
volume were simulated for a range of initial temperatures from 800 K to 1250
K with equivalence ratio and pressure corresponding to the initial conditions
of 2D cases. The simulations were performed using the same DNS code as the
original DNS. Figure 4 presents the ignition delay times versus the reciprocal
of the temperature for both n-heptane/air and iso-octane/air mixtures. It is
readily observed that the iso-octane exhibits a positive temperature coefficient
of ignition delay whereas the n-heptane exhibits NTC behaviour towards the
lower temperature range. Over the range of temperatures considered, a larger
variation of ignition delay time is consequently observed for iso-octane com-
pared with n-heptane. As a result, the 2D iso-octane cases feature a higher
level of ignition delay time fluctuations.

Using a mapping between the initial temperature (shown in Fig. 2) at a
point and the ignition delay obtained for homogeneous conditions at a given
temperature and at constant volume (shown in Fig. 4) the distribution of ig-
nition delay times in the 2D cases can be obtained. Figure 5 shows this distri-
bution for cases heptane-12 and octane-3. As can be seen, the level of ignition
delay time fluctuations in case octane-3 with T ′ = 60 K is much higher than
that in case heptane-12 which has the same level of thermal stratifications.
This is consistent with the results presented in Fig. 4.

Table 2 presents the ignition delay time fluctuation RMS, τ ′ig,

τ ′ig =

√

∫

A

(

τ iig − τ̄ig
)2

dA

A
, (7)

where τ̄ig =
∫

A
τ iigdA/A and A is the domain area. The variable τ iig is the

initial ignition delay time distribution at a given point (e.g. shown in Fig.
5 for case octane-3) for all n-heptane and iso-octane cases. All iso-octane
cases have larger τ ′ig compared to those in n-heptane cases with the same level
of thermal stratification. This is again consistent with the results presented
in Fig. 4, as iso-octane shows a stronger ignition delay time dependency on
temperature compared with n-heptane. This finding as well as our observation
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in Fig. 3 suggests that there is a correlation between the performance of the
CFD-CMC solver and RMS of the ignition delay time at the initial conditions.
More discussion of this point will provided later in this paper.

The ignition delay time, τig , burning duration, τb, and maximummean heat
release rate, HRRmax, obtained from the CFD-CMC solver are also compared
with the DNS results in Table 2 for all cases. The burning duration is defined as
the full width at half maximum of the mean heat release rate. As can be seen,
there is a good agreement between the CFD-CMC results and DNS for the
burning duration. However, for the ignition delay time and peak heat release
rate, the agreement is worst for the highest τ ′ig .

Figure 6 presents error percentages of the peak heat release rate and igni-
tion delay time versus τ ′ig normalised by τig for all cases in comparison to the
DNS results. The errors are also presented in Table 2. Figure 6a shows that
on average, there is an increasing trend for the error percentage as a function
of normalised τ ′ig . This therefore suggests that the normalised τ ′ig can be used
as an indicator for the performance of the CMC model. Figure 6b, however,
does not show a similar trend. Nevertheless, one should note that for all cases
with the exception of case octane-3, the error percentage is less than 2%. This
therefore suggests that the CMC model can predict the ignition delay time
with a good accuracy for a large range of ignition delay time fluctuations.

It is also observed that case octane-8 exhibits a lower error value for the
peak heat release rate compared with the case octane-1. The only difference
between these two cases is that case octane-8 has a larger u′. As discussed in
Ref. [14], the turbulence has a key role to homogenise the mixture. Therefore,
higher level of homogenisation in octane-8 leads to the initial τ ′ig reducing
more quickly and less error percentage in the prediction of the peak heat re-
lease rate. Comparison of cases octane-9 and 1, featuring the same level of
velocity fluctuations, shows worse agreement for octane-9 with a lower initial
le and a shorter turbulence time scale, defined as τt = le/u

′. This may at
first seem counterintuitive. However, as discussed by Yoo et al. [14], since le
in case octane-9 is smaller than the length scale of temperature fluctuations
(le/lTe

= 0.2) a shorter turbulence time scale in case octane-9 compared with
case octane-1 does not lead to a higher level of mixture homogenisation. There-
fore, a better agreement for case octane-9 is not expected although it has the
same turbulence time scale as case octane-8.

Figure 7 presents isocontours of temperature obtained using the CFD-CMC
solver for case octane-3 with T ′ = 60 K in comparison with the DNS data at
t/τig = 0.3, 0.45, 0.63 and 0.8. As can be seen, there is an overall reason-
able agreement between the CMC model and DNS. It can also be observed
that ignition is advanced in some regions when the CMC model is used. For
instance, regions A and B marked in Fig. 7 show a higher temperature pre-
dicted by the CMC model at t/τig = 0.63 compared with that in DNS. These
regions are surrounded by the isocontour of ξ = 0.66 (solid black line) where
the conditional fluctuations are high and therefore, the performance of the
first CMC model is poor. Conditional mass fractions of fuel for case octane-3
obtained from the CFD-CMC solver at different instants are also compared
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with the DNS results in Fig. 8. It can be observed that at t/τig = 0.3 and
0.46, the CFD-CMC and DNS results are in agreement whereas at the later
time ignition is advanced in the CFD-CMC results for the regions of higher
enthalpy.

In the next section, additional analysis of the DNS data will shed light on
the reasons for disagreement between the CMC model and DNS.

4.2 Analysis of the DNS data

4.2.1 Conditional fluctuations

Figure 9 shows scatter plots of fuel mass fraction versus the conditioning vari-
able, ξ, at several instants for cases heptane-12 and octane-3 featuring the
highest level of temperature fluctuations. The scatter plots are coloured by
the logarithm of scalar dissipation rate, log10 (N).

As can be seen, in case heptane-12 ignition occurs in both regions with
low and high enthalpies, then propagates towards the unburned region. The
appearance of ignition kernels in both high and low enthalpy regions is due to
the NTC behaviour observed in case heptane-12 even though the mean tem-
perature of 1008 K is outside the NTC regime. In case octane-3, ignition starts
from the regions with high enthalpies and then propagates into the regions of
low enthalpies. As can be seen, in both cases, due to the importance of defla-
grative modes of combustion [13,14], conditional fluctuations are significant.
Nevertheless, there is a good agreement between CFD-CMC and DNS for the
mean quantities for case heptane-12. This observation therefore suggests that
large conditional fluctuations do not necessarily imply poor performance of
the CMC model.

As found in Ref. [29], dissipation rate fluctuations can also be the cause
of disagreement between the CMC model and the DNS results in cases with a
high level of thermal stratification. As shown in Fig. 9, in both cases heptane-12
and octane-3, dissipation rate fluctuations are correlated with the conditional
fluctuations. However, case octane-3 exhibits a stronger correlation. As a re-
sult, the disagreement between the CMC model and the DNS data observed
in case octane-3 may be due to this strong correlation.

Correlation factors defined by Pope [60] between dissipation rate and fuel
mass fraction for both cases heptane-12 and octane-3 at t/τig = 0.3, 0.45,
0.63 and 0.8, are also shown in Fig. 10. It can be seen that both cases present
mostly a negative correlation. This indicates that ignition is enhanced in re-
gions with higher scalar dissipation, and (relatively) retarded in regions having
a lower dissipation rate. Figure 10 also demonstrates that there is a stronger
correlation in case octane-3 compared with case heptane-12, hence the first-
order CMC model representing only mean scalar dissipation rate is not able
to predict ignition process accurately in the former case.

Figure 11 presents the local conditional dissipation rate fluctuations, i.e.
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log
10
N−log

10
〈N |ξ〉 and the local conditional fluctuations of fuel mass fraction,

i.e. Yα − 〈Yα|ξ〉, respectively, along the isocontour of ξ = 0.66 where the
conditional fluctuations are significant in case octane-3 at t/τig = 0.63. It can
be seen that both conditional dissipation and mass fraction fluctuations are
significant along the isocontour of ξ = 0.66. It can be observed that the positive
conditional fluctuations of the fuel mass fraction are often correlated with the
negative conditional fluctuations of dissipation rate and vice versa. Due to the
importance of both conditional dissipation rate and mass fraction fluctuations,
the accuracy of the CMC model is not satisfactory in case octane-3. This will
be discussed further in following sections.

4.2.2 Evaluation of the first order closure

To investigate the performance of the first CMC closure in case octane-3 with
T ′ = 60 K, the conditional closures appearing in Eq. (5) are evaluated using the
DNS data. To do so, all conditional terms as well as the PDF of the normalised
enthalpy, P (ξ), are obtained directly using the DNS data; details of this test
can be found in Ref. [29]. Figure 12a presents the trace of the mean CO2 mass
fraction compared to the DNS for case octane-3. The excellent agreement con-
firms that the CMC equation, i.e. Eq. (5), is closed. This leads us to conclude
that the primary closure hypothesis is not the reason for the discrepancy, and
moreover provides verification of the numerical implementation of the CMC
model.

To further investigate the first-order closure hypothesis, an a priori test
similar to what presented in Ref. [29] is defined. In this test, conditional mean
reaction rates directly obtained using the DNS data are compared with the
conditional reaction rates determined by feeding the DNS conditional averages
Qα and QT to the first order closure ω̇α (Qα, QT ). The results are presented in
Fig. 12b, which illustrates the mean CO2 reaction rate versus time normalised
by the ignition delay time for case octane-3 with T ′ = 60 K. As can be seen, the
first order closure over predicts the reaction rate of CO2 across all enthalpies,
particularly near the peak reaction rate.

4.2.3 Evaluation of the conditional variance

To further investigate the cause of the conditional fluctuations, the conditional
expectations of the second moments of reactive scalars [50] are considered in
the following. The conditional covariance Gαβ of species α and β is defined
as Gαβ = 〈Kαβ |ξ〉 where Kαβ = Y ′′

α Y ′′

β . The variable Y ′′

α , the conditional
mass fraction fluctuation of species α, is defined as Yα − 〈Yα|ξ〉. The condi-
tional covariance/variance equations for non-premixed combustion have been
investigated in the literature [50,61,62,63,64,65]; however, to the best of our
knowledge, the conditional covariance/variance equations for premixed flames
has not been reported. Here, an equation for the conditional variance, Gαα,
using the decomposition method [50] with the assumption of statistically ho-
mogeneous charge is derived from Eq. (3). For the details of the derivation,
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the reader is referred to appendix A. By neglecting the spatial derivatives, the
equation for the conditional variance may be written as follows,

∂Gαα

∂t
= 〈N |ξ〉

∂2Gαα

∂ξ2
− 〈Sθ|ξ〉

∂Gαα

∂ξ

+ 2〈Ẇ ′′

αY
′′

α |ξ〉+ 2〈N ′′Y ′′

α |ξ〉
∂2Qα

∂ξ2
− 2〈S′′

θY
′′

α |ξ〉
∂Qα

∂ξ
, (8)

where ()
′′

= ()− 〈() |ξ〉. The source terms in Eq. (8) consist of 〈Ẇ ′′

αY
′′

α |ξ〉 rep-
resenting the correlation between reaction rate and mass fraction fluctuations,

〈N ′′Y ′′

α |ξ〉
∂2Qα

∂ξ2
representing the correlation between dissipation rate and mass

fraction fluctuations and 〈S′′

θ Y
′′

α |ξ〉
∂Qα

∂ξ
representing the correlation between

fluctuations of the source term in the conditioning variable transport equa-
tion and mass fraction fluctuations. Compared with the conditional covari-
ance equation for a conserved scalar, the new terms are the conditional mean
source, which is an advective term in conditioning space, and the source-term
mass-fraction correlation.

The conditional variance for fuel obtained using the integration of the right
and left hand sides of Eq. (8) for case octane-3 is shown in Fig. 13 at different
instants. The derivatives with respect to ξ appeared in Eq. (8) are obtained
by fitting a ninth-order polynomial to the appropriate conditional mean and
covariance. Swaminathan and Bilger [47,62] showed that this method was able
to capture the derivatives accurately. Figure 13 shows that Eq. (8) is closed
when all terms are provided by the DNS.

As shown in Fig. 13, not surprisingly, at early stage of ignition, the condi-
tional variance is small while at later stage it becomes substantial. It can be
seen that from t/τig = 0.3 to t/τig = 0.8, the conditional variance becomes
considerable for a wider range of normalised enthalpies, which is consistent
with the observation in Fig. 9. It is interesting to note that as the peak of
the conditional variance moves from the region of high to low enthalpies, con-
ditional fluctuations appear in a wider region in the enthalpy domain. This
can be due to the increasing contribution of the deflagration mode as the
flame propagates into the unburned region. Once deflagrations appear, they
can propagate in directions which are not necessarily aligned with the con-
ditioning variable, thus generating more conditional fluctuations. Eventually
however, conditional variance is destroyed in the burned regions as equilibrium
is approached.

Figure 14 presents 〈Ẇ ′′

αY
′′

α |ξ〉, 〈N
′′Y ′′

α |ξ〉 and 〈S′′

θ Y
′′

α |ξ〉 at t/τig = 0.8 for
fuel in cases octane-1 with T ′ = 15 K and octane-3 with T ′ = 60 K. There are
several points to be made here. First, all source terms are negligible in case
octane-1 with low level of thermal stratification when compared with case
octane-3 with a large level of temperature inhomogeneities. It can be therefore
concluded the first order CMC model is accurate for cases with low level of
thermal stratification, as already noted in the earlier a posteriori tests. Second,
the term due to Sθ-fluctuations is relatively small in both cases octane-1 and
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octane-3. (It is important to note, however, that this is due to the choice of
total enthalpy as a conditioning variable, since as mentioned earlier, the fluctu-
ations of its source term are acoustically scaled and hence small in the present
non-knocking conditions. For conventional premixed combustion closures, in
which a progress-variable may be used as the conditioning variable, this term
could well be quite significant.) Coming back to the main argument, the third
point is that source terms due to reaction rate fluctuations and N -fluctuations
have the same order of magnitude in case octane-3. This is consistent with the
observation in Fig. 9, demonstrating a strong correlation between dissipation
rate fluctuations and conditional fluctuations in case octane-3. Fourth, the
source term due to N -fluctuations is negative across all normalised enthalpies
which is in agreement with dominant negative correlation found in Fig. 10d.
Finally, the reaction rate fluctuations reveal a positive correlation with the
conditional fluctuations in a significant part of the burning regions.

To shed more light on the cause of the conditional fluctuations observed
in case octane-3 with large thermal stratifications, all terms on the right hand
side of Eq. (8) for fuel mass fraction variance obtained from the DNS data
are presented at different instants in Fig. 15. As discussed previously, since
〈S′′

θ Y
′′

α |ξ〉 is small at all instants, the source term due to these fluctuations
is small as well. The contribution of the convective term, 〈Sθ|ξ〉

∂Gαα

∂ξ
, is also

insignificant. This is because Sθ represents the effects of the temporal evolution
of pressure in the normalised enthalpy domain (and not an un-normalised
domain), where the rate of pressure rise term roughly cancels the change of
the maximum to minimum enthalpy difference – c.f. Eq. (4). The importance

of the diffusion term, 〈N |ξ〉
∂2Gαα

∂ξ2
, is also found to be minor in comparison

with the source terms, 〈Ẇ ′′

αY
′′

α |ξ〉 and 〈N ′′Y ′′

α |ξ〉
∂2Qα

∂ξ2
.

As can be seen, the term due to N -fluctuations acts as a source (positive
values) in regions with low enthalpies while it acts as a sink in regions with high
enthalpies; for instance at t/τ = 0.8 about ξ = 0.45. This is consistent with the
data presented in the previous sections. However, as can be seen in Fig. 10d
and Fig. 14b, the correlation between conditional dissipation and mass fraction
fluctuations embedded in this term is negative across all enthalpies. Therefore,

the second derivative, ∂2Qα

∂ξ2
should be negative and positive for ξ < 0.45 and

ξ > 0.45, respectively. A similar trend for the second derivative, ∂2Qα

∂ξ2
, was also

found in Ref. [19] for a thermally stratified H2/air mixture. This term therefore
effectively transports conditional fluctuations from burned to igniting regions.
On the other hand, 〈Ẇ ′′

αY
′′

α |ξ〉 acts more prevalently as a production term,
but also tends to destroy fluctuations somewhat in the burned gases. It can be
seen that the terms due to W -fluctuations and N -fluctuations are respectively
the most dominant and second-most dominant terms in Eq. (8), in particular
at later stages of ignition (Note that the term due to N -fluctuations is about
two times smaller than the source term due to W -fluctuations at t/τig = 0.8).
Another point to note is that the terms never balance across the whole of the
enthalpy space, suggesting that transport equations would need to be solved for
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the conditional second moments rather than attempting to devise an algebraic
model from a balance of modelled source terms.

Figure 16a shows the source terms, 〈Ẇ ′′

αY
′′

α |ξ〉 and 〈N ′′Y ′′

α |ξ〉
∂2Qα

∂ξ2
for fuel,

which are found to be significant in Eq. (8) in cases heptane-12 and octane-3
at t/τig = 0.8. As can be seen, even though case octane-3 reveals a stronger
correlation between dissipation fluctuations and conditional fluctuations (Fig.

10.d), term 〈N ′′Y ′′

α |ξ〉
∂2Qα

∂ξ2
in case heptane-12 is relatively larger. On the other

hand, term 〈Ẇ ′′

αY
′′

α |ξ〉 is larger in case octane-3 compared with case heptane-
12. It also shows that these terms amplify each other, i.e. have the same sign,
across all conditioning variables, ξ, in case octane-3 whereas in case heptane-12
there is a region between around ξ = 0.45 and ξ = 0.55 where the dissipation
term is positive while the reaction term is negative. Figure 16b shows the
right hand side of the conditional variance equation, Eq. (8) for fuel in cases
heptane-12 and octane-3 at t/τig = 0.8. As can be seen, the right hand side of
Eq. (8) in case octane-3 is larger than that of case heptane-12. In particular the
integral of this term over the conditioning variable space is very much higher
for the iso-octane case. This therefore explains the overall better performance
of the CMC model in case heptane-12 relative to case octane-3.

5 Conclusions

The CMC model presented in Ref. [29] was applied to two sets of DNS data
featuring thermal stratifications in lean n-heptane/air and iso-octane/air mix-
tures with mean temperatures outside of the negative temperature coefficient
regime. The results for all n-heptane cases with the mean temperature of 1008
K and temperature fluctuations of 15-60 K show excellent agreement with the
DNS data. The results for the iso-octane cases with T ′ = 15 and 30 K show
an excellent performance of the CFD-CMC solver while the results for case
octane-3 with T ′ = 60 K show some departure. A series of homogeneous igni-
tion simulations corresponding to the initial conditions of the two-dimensional
cases revealed a stronger dependency of ignition delay time to the temperature
in the iso-octane/air mixture compared with the n-heptane/air mixture. As
a result, the level of ignition delay time fluctuations, τ ′ig , is much higher in
iso-octane cases in comparison with those in n-heptane cases with the same
level of thermal stratification. Case octane-3 (T ′ = 60 K) with the highest
level of ignition delay time fluctuations, presented maximum percentages of
error for the peak heat release rate and the ignition delay time of 9.7% and
12.5%, respectively.

To investigate the cause of conditional fluctuations, the transport equation
for the conditional variance was derived and studied using the DNS data. An
assessment of conditional variance equation for case octane-1 with a low level
of thermal stratifications (T ′ = 15 K) showed that source terms to generate
conditional fluctuations were negligible. This was consistent with the observed
small conditional fluctuations in case octane-1 and the good performance of
the a posteriori test of the first order closure model. On the other hand,
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the source term due to the correlation between mass fraction and dissipation
rate fluctuations and the source term due to the correlation between mass
fraction and reaction rate fluctuations were found to be the cause of significant
conditional fluctuations in case octane-3 with a large thermal stratification
level. These terms became significant in the later stages of ignition, leading to
an increased conditional fluctuations.

Further examination of the DNS data revealed that there was a stronger
correlation between dissipation rate fluctuations and conditional mass fraction
fluctuations in case octane-3 compared with case heptane-12. It was interest-
ing to note that although both source terms due to the dissipation rate and
reaction rate fluctuations were found larger in case heptane-12, their overall
effects were much lower compared with case octane-3. This observation may
be traced to the significantly higher temperature dependence of reaction rates
to temperature in the iso-octane cases (as evidenced by ignition delay times).
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Appendix

A derivation of the conditional variance equation for premixed combustion
using the decomposition method [50] is presented here. It is assumed that
all species have the same molecular diffusivity, which is equal to the thermal
diffusivity.

Multiplying Eq. (3) for species α and β by Y ′′

β and Y ′′

α , respectively and
then adding them together leads to the following equation:

ρY ′′

β

∂Y ′′

α

∂t
+ ρY ′′

α

∂Y ′′

β

∂t
= −ρvjY

′′

β

∂Y ′′

β

∂xj

− ρvjY
′′

α

∂Y ′′

α

∂xj

+ Y ′′

β

∂

∂xj

(

ρD
∂Y ′′

α

∂xj

)

+ Y ′′

α

∂

∂xj

(

ρD
∂Y ′′

β

∂xj

)

− ρY ′′

β

∂Qα

∂t
− ρY ′′

α

∂Qβ

∂t

− ρvjY
′′

β

∂Qα

∂xj

− ρvjY
′′

α

∂Qβ

∂xj

− ρSθY
′′

β

∂Qα

∂ξ
− ρSθY

′′

α

∂Qβ

∂ξ

+ ρNY ′′

β

∂2Qα

∂ξ2
+ ρNY ′′

α

∂2Qβ

∂ξ2
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+ Y ′′

β

∂

∂xj

(

ρD
∂Qα

∂xj

)

+ Y ′′

α

∂

∂xj

(

ρD
∂Qβ

∂xj

)

+ ρDY ′′

β

∂θ

∂xj

(

∂

∂xj

∂Qα

∂ξ

)

+ ρDY ′′

α

∂θ

∂xj

(

∂

∂xj

∂Qβ

∂ξ

)

+ ρẆαY
′′

β + ρẆβY
′′

α . (A.1)

If covariance Kαβ of species α and β is defined as Kαβ = Y ′′

α Y ′′

β , Eq. (A.1)
can be rearranged as:

ρ
∂Kαβ

∂t
= −ρvj

∂Kαβ

∂xj

+
∂

∂xj

(

ρD
∂Kαβ

∂xj

)
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(
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α . (A.2)

The covariance of species α and β can be decomposed to the conditional
covariance, Gαβ , and its fluctuations, K ′′

αβ :

Kαβ = Gαβ +K ′′

αβ , (A.3)

where using definition 〈K ′′

αβ |ξ〉 = 0. Using Eq. (A.3), the temporal derivative
at the left side of Eq. (A.2) can be written as:

∂Kαβ

∂t
=

∂Gαβ

∂t
+

∂Gαβ

∂ξ

∂θ

∂t
+

∂K ′′

αβ

∂t
, (A.4)

and also the first and second terms on the right hand side of Eq. (A.2) can be
described as follows:

∂Kαβ

∂xj
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∂Gαβ

∂xj
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∂θ
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∂
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. (A.5)

By substituting Eq. (A.4) and (A.5) into Eq. (A.2) and rearranging the
terms, the following equation is obtained:
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Then by decomposing vj , N , Sθ and Ẇα to their conditional mean, 〈() |ξ〉,
and fluctuations, ()

′′

, and taking conditional average of the resulting equation
leads to:

ρ|ξ
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∂xj
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By assuming that the cylinder charge is statistically homogeneous, all spa-
tial derivatives can be neglected and the variance equation can be obtained
as:

∂Gαα

∂t
= 〈N |ξ〉

∂2Gαα

∂ξ2
− 〈Sθ|ξ〉

∂Gαα

∂ξ

+ 2〈Ẇ ′′

αY
′′

α |ξ〉+ 2〈N ′′Y ′′

α |ξ〉
∂2Qα

∂ξ2
− 2〈S′′

θY
′′

α |ξ〉
∂Qα

∂ξ
. (A.8)
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the fractal characteristics of low Damköhler number flames. Combust. Flame 160(11),
242–2433 (2013)

60. Pope, S.: Turbulent Flowes. Cambridge (2000)
61. Kronenburg, A., Bilger, R., Kent, J.: Second-order conditional moment closure for tur-

bulent jet diffusion flames. Proc. Combust. Inst. 27(1), 1097–1104 (1998)
62. Swaminathan, N., Bilger, R.W.: Study of the conditional covariance and variance equa-

tions for second order conditional moment closure. Phys. Fluids 11(9), 2679–2695 (1999)
63. Kim, S.H., Huh, K.Y.: Second-order conditional moment closure modeling of turbulent

piloted jet diffusion flames. Combust. Flame 138(4), 336–352 (2004)
64. Richardson, E., Yoo, C., Chen, J.: Analysis of second-order conditional moment closure

applied to an autoignitive lifted hydrogen jet flame. Proc. Combust. Inst. 32(2), 1695–
1703 (2009)

65. Paola, G., Kim, I., Mastorakos, E.: Second-order conditional moment closure simulations
of autoignition of an n-heptane plume in a turbulent coflow of heated air. Flow Turbul.
Combust. 82(4), 455–475 (2009)



24 Fatemeh Salehi et al.

Flow variables

dx

dh

dx

dh
DSphh ,,,, maxmin 

Conditional mass 

fraction equations

Combustion 

code

CMC equations

Conditional closure

Mass fractions

Probability density 

function (PDF) 

CFD code

Continuity equation

Momenta equations

Enthalpy equation

start

Fig. 1 Schematic diagram of the solution algorithm.

Fig. 2 Initial temperature for case a) heptane-12 with T ′ = 60 K and b) octane-3 with
T ′ = 60 K.
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Table 1 Physical parameters of the DNS and CMC cases.

Case T0 (K) T ′ (K) u′ (m/s) le (mm)
octane-1 1035 15 0.5 1.25
octane-2 1035 30 0.5 1.25
octane-3 1035 60 0.5 1.25
octane-8 1035 15 2.5 1.25
octane-9 1035 15 0.5 0.25

heptane-10 1008 15 0.5 1.24
heptane-11 1008 30 0.5 1.24
heptane-12 1008 60 0.5 1.24

Fig. 3 Temporal evolution of the a) mean heat release rate and b) pressure obtained using
CFD-CMC solver (lines) in comparison with DNS (symbols) for a-b) n-heptane and c-d)
iso-octane cases.
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Fig. 4 Homogeneous ignition delay as a function of inverse of the temperature for a) n-
heptane/air b) iso-octane/air mixture.

Fig. 5 Initial ignition delay time distribution for case a) heptane-12 with T ′ = 60 K and
b) octane-3 with T ′ = 60 K.

Table 2 Mean values predicted by CMC model compared to DNS results.

DNS CMC Error

Case
τ ′ig τig τb HRRmax τig τb HRRmax τig HRRmax

(ms) (ms) (ms)
(

J/mm3/s
)

(ms) (ms)
(

J/mm3/s
)

% %

octane-1 0.62 2.43 0.10 45.0 2.43 0.10 41.6 0.00 1.10
octane-2 1.52 2.23 0.17 26.8 2.23 0.17 27.5 0.00 4.51
octane-3 6.25 1.51 0.33 13.4 1.32 0.33 14.7 12.6 9.70
octane-8 0.62 2.49 0.04 77.2 2.52 0.04 78.0 1.20 0.64
octane-9 0.62 2.43 0.11 35.7 2.46 0.12 36.4 1.23 1.96

heptane-10 0.24 2.43 0.07 123 2.47 0.07 123 1.65 0.10
heptane-11 0.46 2.23 0.10 86.0 2.18 0.09 86.9 2.24 1.05
heptane-12 0.69 1.50 0.19 45.4 1.52 0.20 47.5 1.33 4.63
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Fig. 6 Percentages of error for prediction of a) maximum of mean heat rate and b) ignition
delay time for all n-heptane and iso-octane cases

Fig. 7 Isocontours of temperature for case octane-3 with T ′ = 60 K obtained using DNS
(above row) and CFD-CMC solver (bottom row) at t/τig = 0.3, 0.46, 0.63 and 0.8.
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Fig. 8 Conditional mass fraction of fuel for case octane-3 with T ′ = 60 K obtained using
DNS (blue solid line) and CFD-CMC solver (red dashed line) at t/τig = 0.3, 0.46, 0.63 and
0.8.
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Fig. 9 Scatter-plot of fuel mass fraction versus normalised enthalpy for case octane-3 with
T ′ = 60 K (above row) and case heptane-12 with T ′ = 60 K (bottom row).
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Fig. 10 Correlation factor between fuel mass fraction and dissipation rate at t/τig = 0.3,
0.46, 0.63 and 0.8 for case octane-3 (red solid line) and case heptane-12 (dashed blue line).
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Fig. 11 Conditional a) dissipation rate fluctuations, log10N−log10〈N |ξ〉, and b) mass frac-
tion fluctuations, Yα −〈Yα|ξ〉 along isocontour of ξ = 0.66, at t/τig = 0.63 for case octane-3
with T ′ = 60 K.

Fig. 12 Evaluation of first order assumption; temporal evolution of mean CO2 a) mass
fraction and b) reaction rate for case octane-3 with T ′ = 60 K.
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Fig. 13 Comparison of the conditional variance for fuel obtained using the integration of
the right and left hand sides of Eq. (8) for case octane-3 with T ′ = 60 K at t/τig = 0.3,
0.46, 0.63 and 0.8.
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Fig. 14 Source terms in Eq. (8) including a)〈Ẇ ′′

αY ′′

α |ξ〉, b) 〈N ′′Y ′′

α |ξ〉 and c) 〈S′′

θ
Y ′′

α |ξ〉 for
cases octane-1 with T ′ = 15 K (dashed green line) and octane-3 with T ′ = 60 K (red solid
line) at t/τig = 0.8.



34 Fatemeh Salehi et al.

Fig. 15 Balance of terms in conditional variance equation, Eq. (8), for case octane-3 with
T ′ = 60 K at t/τig = 0.3, 0.46, 0.63 and 0.8.

Fig. 16 Source terms a) and right side of conditional variance equation, Eq. (8), b) for
cases octane-3 and heptane-12 with T ′ = 60 K at t/τig = 0.8 (Solid lines, case octane-3;
dashed lines, case heptane-12).
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