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Abstract

Turbulence is of interest in many engineering applications, ranging from aerospace

design to naval architecture. The inherent complexities of turbulence make it difficult

to measure experimentally, and, to simulate numerically. The focus of this dissertation

is the simulation of turbulent flow with the computational methodology known as large-

eddy simulation (LES). LES uses a filter to partition a flow-field into large- (or resolved)

and small- (or subgrid) scales and solves only for the large-scales. This method provides

more accuracy when compared to other computational methods, such as those based

on the Reynolds-averaged Navier–Stokes equations. The increased accuracy, however,

comes with an associated increase in computational cost. Indeed, the computational

cost of LES can often be prohibitive, especially for cases involving wall-bounded flow

over complex geometries at high Reynolds numbers. This high computational expense

is one of the primary limitations of LES. Methods to reduce the cost of LES form the

focus of this dissertation.

The high cost of LES is in great part due to the near-wall resolution requirement.

To accurately represent a flow-field with LES, it is necessary to sufficiently resolve

all of the dynamically important scales of motion. This is relatively inexpensive in

free-shear flows, where the large-scales are the most energetic, but it is more difficult

in wall-bounded flows, where the energy-containing scales get increasingly small near

a wall. These near-wall small-scales make it impractical to resolve all of the energy

containing scales. Therefore, models that mimic the effect of the near-wall turbulent

structures on the wall and on the core of the flow are often used. These models
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are known as wall-models, and, if accurate, they are able to significantly reduce the

computational cost of a large-eddy simulation.

At present there is no wall-modelling approach that has been shown to be apposite in

a broad range of applications. In particular, current wall-models are often inaccurate

when applied to separating wall-bounded flow and are limited by their inability to

predict fluctuations of wall-shear-stress and the near-wall velocity. Because of this, a

key focus of this dissertation is the proposal and investigation of a new wall-model

that aims to overcome these two limitations. In addition, the new model aims to

reduce the computational cost of LES by significantly reducing the near-wall resolution

requirement.

Before introducing this new wall-model, flow over a circular cylinder is investigated

in order to gain familiarity with the large-eddy simulation methodology and to assess

the effect of some key computational parameters in LES. In this investigation, the

effects of mesh resolution, discretisation schemes, SGS-models, and wall-models on

prediction of the flow-field are assessed. One of the primary outcomes of this study is

the finding that ‘standard’ wall-models are inadequate for turbulent separating flows.

This motivated the investigation of the new wall-model.

The new wall-model is able to predict the fluctuating wall-shear-stress from a large-

scale velocity input. The model is based on the spectral structure of the turbulent

boundary layer and the interaction between large-scale events in the logarithmic layer

and small-scale events near the wall. Importantly, the model includes many important

parameters that are able to preserve the structure of the boundary layer while remain-

ing relatively straightforward to implement in a solver. Further, the model does not

increase the computational cost of a simulation compared to current wall-modelling

approaches. The model is implemented in large-eddy simulations of channel flow to as-
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sess its efficacy compared to a standard wall-model. The influence of two subgrid-scale

models on the large-scale velocity input is also investigated. Results show that the new

wall-model is able to resolve more of the wall-shear-stress variance when compared to

a standard wall-model, and it has a small effect in the outer-regions of the boundary

layer.
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Chapter 1

Introduction

This dissertation is concerned with the physics of fluids and the physical phenom-

ena that occur when flowing fluid interacts with a solid boundary. Study of these

phenomena—amongst others—is encompassed by the science of fluid dynamics. Here,

‘fluid’ refers to both liquids and gases; indeed, fluid dynamics includes the sub-disciplines

of aerodynamics (the study of air and other gases in motion) and hydrodynamics (the

study of water and other liquids in motion). Despite consisting of discrete molecules,

fluids are considered continuous. This postulate is known as the continuum hypothesis

and is the most general simplifying assumption of fluid dynamics. It underlies osten-

sibly all aspects of analysis and dictates that intrinsic fluid properties such as density,

pressure and temperature are well-defined at infinitesimally small intervals. The con-

tinuum hypothesis is implicit in all of the calculations and analysis presented in this

dissertation.

Moving fluid—be it water moving around the hull of a yacht or air flowing over its

sails—can be classed in one of three flow regimes—laminar, transitional or turbulent.

The focus of this dissertation is turbulent flow. Formulating a universally applica-

ble definition of turbulence and its causes is difficult, but its importance in many

aspects of science and engineering is readily apparent. Turbulence is a phenomenon

that permeates many different areas of science, including the biological sciences (blood

flow through veins and arteries, and air flow through the trachea and lungs); the

natural sciences (weather patterns, rivers, and ocean waves); and industrial applica-

tions (aeroplanes, ships, cars, trains, wind turbines, and jet and internal combustion

engines). Turbulence is characterised by unsteady chaotic flow that appears to be

1



1. Introduction

random. It arises from small instabilities in a flow-field, which grow to become large

energy-containing structures. The difficulty in defining its causes vis-à-vis its seemingly

unpredictable effects (see Lorenz, 1963) renders turbulence an enduring—and at times

contentious—topic of research. Discussion of the nature of turbulence and methods

used to model its effects form a large part of this dissertation.

An introduction to turbulence would not be complete without mention of the most

prevalent non-dimensional parameter in fluid dynamics—the Reynolds number (Re).

The Reynolds number is a simple relation between a characteristic length scale, a char-

acteristic velocity, and the kinematic viscosity. It captures the essence of turbulence

and describes the relative significance of the inertial- and viscous-forces in a fluid. At

low Reynolds numbers, the viscous forces dominate and the flow tends to be ordered

and laminar. As the Reynolds number increases—this typically occurs when the veloc-

ity increases—the inertial forces in the flow begin to dominate and the flow becomes

disordered, chaotic and turbulent. Perhaps the most easily identifiable features in

a turbulent flow are local regions of recirculating or reversed flow, known as eddies.

These eddies are responsible for energy and momentum transfer and range in size from

large to small. The largest eddies are typically referred to as the energy containing

scales, and the smallest eddies dissipate energy as heat via molecular viscosity (these

small scales are know as the Kolmogorov scales and are denoted by the length scale, η,

based on the work presented in Kolmogorov (1941a,b)—this will be discussed in more

detail later). The disparity between the large and small eddies increases with increas-

ing Reynolds number (or, increasing ‘turbulence’). The range of eddy sizes is often

referred to as the ‘range of scales’, which increases with increasing Reynolds number.

The concepts of ‘eddies’ and ‘ranges of scales’ are of primary importance throughout

this dissertation since they describe the conceptual and theoretical foundations of the

computational methodology employed.

Noise generated by turbulent flows is also of interest in many engineering applica-

tions. Turbulence affects the sound generated by any body moving through a fluid—or

indeed, any fluid moving around a body—and can sometimes overwhelm sound gener-

ated by other sources, such as mechanical vibrations. It is of particular interest in the

design of aircraft and naval vessels, including ships and submarines. A thorough un-

derstanding of the mechanisms underlying flow-generated sound is vital to predict and

control its effects. The foundations of these mechanisms are in the fields of aeroacous-
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tics and hydroacoustics. These fields are distinct from the study of classical acoustics,

which is concerned with sound generated from externally applied forces or motions.

Accurate methods of predicting flow-generated noise allow engineers to design ships

and aeroplanes that are both quieter and more efficient. Although acoustic predictions

do not form part of this dissertation, the foundations of aeroacoustics and hydroacous-

tics inform and motivate the study of velocity and pressure fluctuations at the wall in

the results sections of this dissertation. Further, it is hoped that the tools developed in

this dissertation will be applicable to, and will reduce the computational requirements

of, computational aeroacoustics studies.

As with most problems in fluid dynamics, there are two common approaches used in

the analysis of turbulence and flow-generated sound—experimental methods and com-

putational simulations. Due to the size and cost of many aero- and hydro-craft that

are of interest in large-scale engineering projects (commercial aeroplanes, naval ves-

sels, etc.), full-scale experiments are often not practical, nor is testing on scale-models.

Therefore, computational methodologies provide a means of obtaining flow-field infor-

mation from different types of vessels at a reduced-cost (often by simulating reduced-

size models and ensuring dynamic similarity of key parameters defining the problem).

Further, computational simulations are able to provide greater fine-scale detail, and,

data everywhere in a given domain. This is dissimilar to the discrete single-point (hot-

wire anemometry) or planar (particle image velocimetry) data often obtained from

experimental measurements. The disparate length-scales of the turbulent structures

associated with the flow around aerodynamic and hydrodynamic bodies make simu-

lations difficult and computationally expensive. Indeed, contemporary computational

predictive methods are often prohibitively expensive when applied to physically sig-

nificant flows, such as water flowing over a submarine in cruise. To this end, much

of this dissertation is devoted to investigating modelling approaches that reduce the

excessive cost of flow-field prediction, while maintaining accuracy (Piomelli & Balaras,

2002; Bou-Zeid, 2015). In order to develop such robust computational methods, it

is instructive to begin simulating the flow from simpler geometries—such as a circu-

lar cylinder in cross-flow. Another disadvantage of computational simulations is that

their accuracy cannot be guaranteed across different flow scenarios. Therefore, sim-

ulating the flow over simple geometries and comparing to experimental results is the

common—and perhaps only—means by which to validate numerical methods.
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1. Introduction

There are three predominant methods used to compute the flow-field in compu-

tational fluid dynamics—direct numerical simulation (DNS), large-eddy simulation

(LES), and methods based on the Reynolds-averaged Navier–Stokes (RANS) equa-

tions. Each of these methods has their own relative advantages and disadvantages.

The choice of one method over the other two typically depends on a compromise be-

tween the computational cost of the simulation and the required level of accuracy.

DNS is the most accurate and most costly method. It directly solves the equations

that govern fluid motion (the Navier–Stokes equations) without the need for averaging

or other approximations. This means that all scales in the flow have to be resolved,

from the largest energy containing scales to the smallest dissipating scales. This reso-

lution requirement becomes more onerous with increasing Reynolds number since the

small-scales become smaller, while the large-scales remain the same size. Since there

are no approximations involved in DNS, it is generally considered to be exact, with

errors arising only from the schemes used to discretise the governing equations.

Methods based on the RANS equations aim to reduce the resolution requirement by

applying an averaging operator to the Navier–Stokes equations (NSE). This process re-

sults in equations for the average velocity and pressure, rather than their instantaneous

values. The averaging process applied to the non-linear terms of the NSE also intro-

duces new unknowns into the governing equations. These unknowns are contained in

the Reynolds stress tensor, which represents the effect of all turbulent fluctuations and

has to be modelled to close the system of equations. There are many RANS turbulence

models available, ranging from simple algebraic models to more complicated additional

differential equations. Because of the reduced resolution requirements, RANS methods

can be used to simulate the flow at high Reynolds numbers and in complex geometries.

The fundamental disadvantage of RANS methods is that the turbulence model has to

represent all turbulent scales. While the small-scales are largely dependent on viscosity

and are thus relatively universal, the larger-scales depend strongly on the boundary

conditions and are therefore unique to a particular flow scenario. This means that tur-

bulence models designed for flow over a race car—or any other bluff body—will most

likely not perform well when applied to flow through a pipe—or other internal flows.

Large-eddy simulation offers a compromise between the austere computational re-

quirements of DNS and the shortcomings of RANS methods. LES directly calculates

the large-scales in the flow (the grid resolution is typically finer than the largest scales
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in the flow, i.e. ∆g/L ≪ 1, where ∆g is the grid size and L is the integral length

scale (boundary layer height, pipe radius, etc.)) and models the effect of the smaller-

scales (the grid resolution not fine enough to resolve the smallest scales in the flow,

i.e. ∆g/η > 1, where η is the Kolmogorov length scale). Conceptually, this approach

seems to be justified since the large energy-containing eddies that are dependent on

the boundary conditions are resolved, while the small eddies that are thought to be

more universal are modelled. Therefore, LES is potentially more accurate than RANS

and has a reduced computational requirement when compared to DNS. An additional

advantage of LES when compared to RANS is that large-scale turbulent fluctuations

of velocity and pressure are captured, which is important for aeroacoustic predictions.

Indeed, LES is the method chosen for all studies in this dissertation.

There are several computational methods capable of predicting far-field noise. The

most general of these is an extension of direct numerical simulation in which the equa-

tions of fluid motion are directly evaluated everywhere in a given domain. The compu-

tational cost of this technique, however, is often too great to be feasible for physically

realistic problems. Therefore, hybrid methods—or acoustic analogies—offer a viable

alternative. These methods partition the solution process into a flow simulation and

an aeroacoustic simulation. Inherent in this technique are four key challenges: the

large separation of energy scales between the flow- and acoustic-variables; the long

propagation distance of acoustic waves compared to that of the flow-field-structures;

significantly smaller acoustic quantities compared to bulk flow quantities (up to ten

orders of magnitude difference); and the distinct speeds of propagation of acoustic

waves and vortices. These challenges are confounded with the fact that the accuracy

of the aeroacoustic simulation is directly dependent on the accuracy of the flow simu-

lation. For this reason, the succeeding work is focussed on the factors that affect the

accuracy—and cost—of the flow simulation.

1.1 Research Objectives

The central objective of this research project was to assess the influence of turbulence

models for large-eddy simulations on flow-field prediction. To make an objective as-

sessment about the effect of a particular model, it is first necessary to understand

the limitations of both LES and the current paradigm of modelling approaches. This
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fundamental understanding also provides a necessary perspective on the abilities of

modelling in LES and helps to set realistic expectations of their effectiveness.

Perhaps the largest limitation of LES is its high-cost. The cost of LES can be ex-

pressed in terms of the relationship between the Reynolds number and the number of

grid points required for a simulation (denoted here as N3). This relationship concisely

summarises the principal challenge of LES and, according to the resolution scaling

argument of Piomelli & Balaras (2002), can be written as N3 ∼ Ren, where n > 1. Al-

though significantly reduced compared to DNS, the computational cost of LES is often

still prohibitive in applications involving wall-bounded flow over complex geometries

and at high Reynolds numbers. Here, emphasis should be placed on the high-cost of

wall-bounded flows. To accurately represent a flow-field with LES, it is necessary to

sufficiently resolve all of the dynamically important scales of motion. This is relatively

inexpensive in free-shear flows, where the large-scales are the most energetic, but it is

more difficult in wall-bounded flows, where the energy-containing scales get increas-

ingly smaller near a wall. Indeed, it is generally accepted that the integral length scale

of the small-scale motions varies linearly with wall-normal distance (Piomelli, 1999,

2008). The near-wall small-scales make it impractical to resolve all of the energy con-

taining scales, and it is the task of wall-models to approximate their effect on the wall,

and on the flow-field more generally.

At present there is no wall-modelling approach that has been shown to be apposite in

a broad range of applications. In particular, current wall-models are often inaccurate

when applied to separating wall-bounded flow and are limited by their inability to

predict fluctuating wall-shear-stress and near-wall velocity. Because of this, a key

focus of this study is a new wall-model that aims to overcome these two limitations. In

addition, the new model aims to reduce the computational cost of LES by significantly

reducing the near-wall resolution requirement.

The new model’s ability to predict fluctuating quantities near a surface is also

important for aeroacoustic applications. As mentioned above, accurate prediction of

flow-generated noise is heavily reliant on how accurately the flow variables—such as

pressure and velocity—are predicted. Of greater importance is how accurately the

fluctuations of the flow variables can be predicted, particularly near a solid surface.

Until recently, methods based on the Reynolds-averaged Navier–Stokes equations were

used to predict these fluctuations for aeroacoustic simulations. These methods have
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been shown to be inadequate, especially when applied to complex flow phenomena such

as those apparent in the boundary layer and wake of bluff-bodies. Most modern tools

used to predict far-field sound require information about fluctuations of pressure (and

wall-shear-stress) at the surface. Thus, this study also seeks to investigate the efficacy

of the new wall-model for predicting these fluctuating ‘sources’ of sound.

1.2 Content Outline

This dissertation is divided into two parts. The first aims to introduce the theory,

literature, equations and concepts that are required to understand the various method-

ologies used throughout the dissertation. The second presents validation studies and

test cases that have been chosen to investigate the models and concepts from the first

section. More detailed descriptions of the two parts as well as some of the important

aspects of each section are presented below.

1.2.1 Theory and literature

Chapters 2 and 3 aim to present a review of the literature concerned with turbulence

and numerical modelling. The topics of turbulence and computational fluid dynamics

are each associated with a vast literature, so it is pertinent to only present material

important for the modelling attempts in the later chapters. The characteristics of

turbulence form a large part of the review. Particular attention is given to the phe-

nomena that constitute the turbulent boundary layer. This discussion is central to

understanding the near-wall modelling approach that forms one of the key outcomes

of this dissertation.

Chapter 2 first presents an historical perspective on the study of turbulence and the

boundary layer. It introduces one of the most prominent figures in the development

of turbulence theory today, Ludwig Prandlt, and provides context for the major chal-

lenges in turbulence research for the twenty first century. The chapter then considers a

possible definition of turbulence and introduces the important concepts of the Reynolds

number and the turbulence energy cascade. A brief introduction to the equations gov-

erning fluid motion—the Navier–Stokes equations—is also given since they form an

important part of the discussion of computational methods. A major focus of this
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chapter is the turbulent boundary layer and its structure. To this end, the anatomy

of the boundary layer is discussed at length in an effort to provide the relevant theory

necessary to understand the wall-modelling approaches described in the later chapters.

The discussion includes descriptions of the interactions between velocity, pressure and

wall-shear-stress fluctuations.

Chapter 3 provides a brief summary of the predominant computational methodolo-

gies in fluid dynamics—direct numerical simulation, large-eddy simulation, and those

based on the Reynolds-averaged Navier–Stokes equations. A more detailed discussion

of large eddy simulation is then provided. Other concepts discussed in the chapter

include subgrid-scale modelling and wall-modelling. A particular focus is placed on

wall-modelling, and several types of wall-models are introduced in conjunction with

examples of their application in previous studies.

1.2.2 Test cases and results

The second part of this dissertation focusses on the application of the various numerical

techniques and modelling approaches that are discussed in chapters 2 and 3.

The simulations presented in chapter 4 aim to investigate the sensitivity of LES

to four of the most important computational variables—grid resolution, subgrid-scale

models, wall-models, and discretisation schemes. This study focusses on a circular

cylinder in cross-flow at a Reynolds number of ReD = U∞D/ν = 3,900 (see figure 1.1 for

a schematic of the flow geometry). This problem is commonly chosen as a validation

U∞

D

Figure 1.1: Schematic of a cylinder in cross flow. The Reynolds number based on the
cylinder diameter for this flow configuration is defined as ReD = U∞D/ν.
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case for LES (Panton, 2013). It is a challenging case since it involves laminar to

turbulent boundary layer transitions, a separating shear layer, a large recirculation

zone aft of the cylinder, and a fully turbulent wake. Additionally, given that it is such

a common test case, there are many data to compare against. These data come from

experimental, as well as direct numerical, RANS, and large-eddy simulations.

The flow over a cylinder is dominated by large-scale features in the wake region aft

of the cylinder. This implies that the accuracy of the solution obtained with large-eddy

simulation should be heavily influenced by the subgrid-scale (SGS) model, rather than

the wall-model. To effectively scrutinise the efficacy of a particular wall-model, it is

necessary to consider a flow in which the dynamics of the small-scale motions in the

boundary layer (near the wall) dominate the global flow-field. In such flows, results

rely heavily on the ability of the wall-model to model the small-scale features. An

example of a flow that is dominated by boundary layer dynamics is fully developed

turbulent channel flow, which was chosen as the second test case.

Fully developed turbulent channel flow (see figure 1.2 for a schematic of the flow

geometry) is commonly used in LES as a validation case for SGS- and wall-models

due to its simple geometry and the amount of data available for comparison. Another

advantage is that its computational requirements are relatively modest, meaning that

high Reynolds numbers can be simulated to investigate Reynolds number dependence

U0 (mean flow)

2δ

Figure 1.2: Schematic of channel flow. The top and bottom are shaded to illus-
trate that they are walls. The sides, inlet and outlet are left blank and are all given
periodic boundary conditions in the simulations. The Reynolds number for this flow
configuration is defined as Re = U0δ/ν.
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and the characteristics of boundary layers in highly turbulent flow. It is used here to

assess the new wall-model proposed in this study and to compare it to available data

and other wall-modelling approaches.

1.2.3 Accomplishments

Throughout this dissertation, there are periodic summaries of the important issues

raised and the significant outcomes of the results and analysis. Some of the key results

include:

• An analysis of the effect of SGS-models on the flow structures near the surface

and in the wake of turbulent flow over a bluff body;

• An analysis of the impact of wall-models on flow over a bluff body with large

separation regions;

• A comparison of non-dissipative and dissipative discretisation schemes for sepa-

rating flow over a bluff body;

• An investigation of the near-wall resolution requirements for separating flow over

a bluff body, including an analysis of the impact of poor resolution on the per-

formance of wall-models;

• An analysis of the effect of SGS-models on the flow structures—near the wall and

throughout the boundary layer—in a fully developed turbulent channel flow;

• The influence of a new wall-model on the prediction of fluctuating wall-shear-

stress, and the flow structures in the core of the flow; and

• The effect of shifting the wall-model input location in both the streamwise and

wall-normal directions.

Based on these results, the key contributions of this dissertation are:

• A comprehensive review of the current literature on turbulent boundary layers.

This review includes discussion of the various regions of the turbulent bound-

ary layer; the near-wall turbulence cycle; the characteristics of the logarithmic
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1.2. Content Outline

region; and observations of wall-pressure and wall-shear-stress fluctuations in tur-

bulent boundary layers. Importantly, this review also includes an investigation

of the interactions between large-scale events (that can be resolved with large-

eddy simulations) in the logarithmic region and small-scale events (that cannot

be resolved with large-eddy simulations) near the wall. Observations of these

interactions form the foundations of the new wall-model proposed in this dis-

sertation and are summarised as a combination of amplitude modulation of the

small-scales by the large-scales and a superposition mechanism;

• A thorough overview of wall-modelling techniques, including a detailed analy-

sis of the new wall-model proposed in this dissertation. The overview of wall-

modelling techniques includes a discussion of the need for wall-models and re-

views many of the most commonly used models. These models are grouped into

three general classes—equilibrium-stress models, zonal approaches, and hybrid

RANS/LES methods. Implementation of the new wall-model is discussed in de-

tail, and experimental data are used to justify assumptions and simplifications.

A detailed discussion and investigation of the shifted wall-model input location

(in both the wall-normal and streamwise directions) is also presented;

• A parametric study of separating flow over a circular cylinder. This study serves

as a general introduction to large-eddy simulations and investigates many of its

fundamental aspects. One of the key outcomes of this study is a clear illustration

of the inadequacy of standard wall-models for separating turbulent flow. This

outcome motivated the investigation and implementation of a new wall-model;

• Implementation and validation of a novel wall-model for LES. The model inves-

tigated is based on observations of the interaction between large-scale structures

in the outer-regions of a turbulent boundary layer and small-scale features in

the near-wall region. The model was originally proposed based on observations

from experiments, but is here simplified and implemented in large-eddy simu-

lations. The implemented model includes consideration of the inclination angle

of near-wall turbulent structures by shifting the wall-model input in both the

wall-normal and streamwise directions. In principle, the model is well suited to

non-homogeneous wall-bounded flows (e.g. separated flows). This has not been

11



1. Introduction

tested here, however, and is left for further investigation;

• Implementation and validation of a contemporary static subgrid-scale model for

LES. The majority of subgrid-scale models used in large-eddy simulations include

some type of dynamic procedure. Dynamic models offer several advantages and

are generally more accurate when compared to static models. Static models,

however, are typically less computationally expensive and are simpler to imple-

ment. A relatively new static model that is able to predict the correct near-wall

behaviour of the eddy viscosity is implemented and investigated. This model is

based on the singular values of the velocity gradient tensor and considers only

local gradients of the resolved velocity field. The performance of this model

is compared to that of a standard subgrid-scale model and is found to provide

improved results for most diagnostics; and

• Implementation of a Reynolds-stress-constrained (RSC) procedure in LES. The

RSC procedure was originally introduced for hybrid RANS/LES simulations in

response to discrepancies between the RANS and LES regions. Here, it is used to

reduce the so-called velocity kink, which is frequently observed in the near-wall

grid points of the mean streamwise velocity profiles from LES studies.

This is a very brief summary of the key contributions. More detailed summaries

and explanations of these contributions, as well as others, are given in the conclusions

chapter. The majority of the outcomes just mentioned are the result of the following

publications and conference presentations:

Peer-Reviewed Publications

W. Sidebottom, O. Cabrit, I. Marusic, C. Meneveau, A. Ooi, and D. Jones. Mod-

elling of wall-shear-stress fluctuations for large-eddy simulation. Physics of Fluids,

(currently undergoing final revisions), 2015.

W. Sidebottom, A. Ooi, and D. Jones. A parametric study of turbulent flow past a

circular cylinder using large eddy simulation. Journal of Fluids Engineering, vol. 137,

p. 091202, 2015.
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Conference proceedings and presentations

W. Sidebottom, O. Cabrit, I. Marusic, C. Meneveau, A. Ooi, and D. Jones. The

influence of subgrid-scale modelling on the performance of a new non-equilibrium wall-

model for large-eddy simulation. In Proc. 15th European Turbulence Conference, Delft,

The Netherlands, 2015.

W. Sidebottom, O. Cabrit, I. Marusic, C. Meneveau, A. Ooi, and D. Jones. Mod-

elling of wall shear-stress fluctuations for large-eddy simulation. In Proc. 19th Aus-

tralasian Fluid Mechanics Conference, Melbourne, Australia, 2014.

W. Sidebottom, O. Cabrit, I. Marusic, C. Meneveau, A. Ooi, and D. Jones. In-

vestigation of a wall shear-stress inner-outer interaction model for large-eddy simula-

tions. 67th Annual Meeting of the APS Division of Fluid Dynamics (abstract available

at: http://meetings.aps.org/link/BAPS.2014.DFD.M26.3), San Francisco, California,

2014.

W. Sidebottom, A. Ooi, and D. Jones. Large eddy simulation of flow past a cir-

cular cylinder at Reynolds number 3900. In Proc. 18th Australasian Fluid Mechanics

Conference, Launceston, Australia, 2012.
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Chapter 2

Fluid Dynamics and Turbulence

In order to understand the topics considered in the later chapters of this dissertation,

an appreciation of the fundamental concepts of fluid dynamics, turbulence and turbu-

lent boundary layers is required. Many of the complexities of large-eddy simulations

(LES) are concerned with modelling, or approximating, the effects of turbulence. In-

deed, one of the key outcomes of this study is the assessment of a new model used

to approximate the effect of turbulent fluctuations in the near-wall region of turbu-

lent boundary layers. To understand this model, and the various other models and

modelling approaches involved in LES, familiarity with turbulence structures and their

interaction is necessary.

This chapter aims to provide an overview of turbulence by first making a brief

comment on some of the important historical events that have shaped the development

of fluid dynamics since the introduction of boundary layer theory at the beginning of the

twentieth century by Ludwig Prandtl. This discussion relies on two outstanding fluid

dynamics texts from the mid-twentieth century, Boundary-Layer Theory by Herman

Schlichting (1968), and An Introduction to Fluid Dynamics by George Batchelor (1970).

This is followed by an attempt to characterise turbulence and an outline of the equations

that govern fluid flow—the Navier–Stokes equations. The remainder of this section is

devoted to describing various regions of turbulent boundary layers and the dominant

structures that reside therein.

Figure 2.1 shows the outline for this chapter, and depicts the relationship between

many of the key concepts discussed.
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Turbulence

DefinitionHistory NSE

3-Dimensional
Unsteady

Energy Cascade

Compressible/
Incompressible

Prandtl
The Boundary Layer

Inner/Outer Scaling
Log Law

Coherent Structures

APG/ZPG TBL
Pipes

Channels

Figure 2.1: Chapter 2 outline. The acronyms are defined in the nomenclature section.

2.1 Historical Perspective

An historical perspective is presented here in an effort to provide the appropriate

context for the remaining sections of this dissertation. It also provides an insight to

the maturity of the field of fluid dynamics. This section is intended to only provide a

brief comment on the broad development of fluid dynamics and it is left to succeeding

sections to add focussed reviews of aspects pertaining to specific studies—such as flow

over a cylinder and wall-modelling in LES.

Towards the end of the nineteenth century, fluid mechanics consisted of two di-

vergent branches that had little in common. The first was the science of theoretical

hydrodynamics, which was built on Euler’s equations of motion for a frictionless, in-

viscid fluid and was predominantly studied in Europe. The second was the highly

empirical science of hydraulics, which resulted from the need to solve the problems

associated with the rapid progress in technology—specifically, the pressure losses as-

sociated with flow through pipes and channels (Schlichting, 1968), and was the focus

of study mainly in the United Kingdom. Not surprisingly—from the perspective of
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2. Fluid Dynamics and Turbulence

modern fluid dynamics—the results from these two sciences did not agree since real

fluids of course have friction, and are viscous.

The concepts of friction and viscosity were indeed known at the time, however, their

effects were assumed to be negligible since the viscosities of the two most important

fluids—water and air—are small. For this reason, it was difficult to comprehend that

exclusion of viscous forces from the equations of motion would have a large effect.

Additionally, the Navier–Stokes equations had been known for some time, and it had

been long realised that the discrepancy between the two sciences was due to the neglect

of fluid friction by hydrodynamics. However, the immense difficulty associated with

finding a solution to the Navier–Stokes equations prohibited the inclusion of viscosity

in theoretical methods. Prandtl was able reconcile these difficulties in his 1904 paper

On the motion of fluids of very small viscosity (Prandtl, 1904), which he presented

before the Third International Mathematical Congress in Heidelberg.

In this paper, Prandtl showed it was possible to include viscosity in the analysis of

flows that had great practical importance. By presenting results from both theoretical

workings and experiments, which he conducted in a water tunnel that he had built,

Prandlt proved that the flow about a solid body can be divided into two regions: a

very thin layer immediately adjacent to the solid boundary where friction plays an

essential part—the boundary layer ; and the rest of the flow field, where friction is not

significant (Schlichting, 1968). Prandtl thus succeeded in bridging the divide between

the theoretical and the practical, and provided a method for studying viscous flows

analytically. Since Prandtl’s presentation of his boundary layer theory at the Congress,

the science of fluid dynamics has developed at a rapid rate, which was also helped

greatly by the Wright brothers and the impetus they provided for the development of

the field of aerodynamics around the same time.

Prandtl is now considered the founder of modern fluid dynamics. His legacy in-

cludes many fundamental concepts of fluid dynamics, especially for compressible flows.

The index of any fluid dynamics or aerodynamics text book will typically have numer-

ous references to Prandtl. Some of these may include: the Prandtl number, which is

commonly used in the study of viscous, compressible flow and describes the ratio of

frictional dissipation and thermal conduction; the Prandlt–Glauert rule, which allows

calculation of the compressible pressure distribution over an aerofoil from the incom-

pressible pressure distribution; and Prandtl–Meyer expansion waves, which describe
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the centred expansion wave emanating from a sharp convex corner in supersonic flow

(Anderson, 2007). Many of Prandtl’s students were also influential in their own right.

Some of them include: Theodor Meyer, after whom Prandtl–Meyer expansion waves

were named; and Walter Tollmien and Herman Schlichting, after whom the transi-

tional phenomena of Tollmien–Schlichting waves were named. Schlichting, of course,

also wrote the famous text Boundary-Layer Theory (Schlichting, 1968).

In this century, as has been the case for several decades now, there is great inter-

dependence between theory and experiments. Theoretical studies, or computational

simulations, typically require experimental results for validation; and experimental

studies require theoretical studies, or computational simulations, to understand physi-

cal interactions at the finest scales, which are typically not captured in an experiment.

The fundamental challenge in modern fluid mechanics is how to understand turbu-

lence, its underlying causes, its driving mechanisms, and how to best model its effects

on the broader flow-field. Indeed, this dissertation—and many others like it—is in

great part concerned with understanding the phenomenon of turbulence and how best

to model it.

In recent history, over the past forty years or so, there have been two predominant

postulates on how to analyse turbulence. These are those contended by Taylor and

Kolmogorov—inter alia— in which statistical analysis is used to study the evolution

of averaged quantities in the flow, and points to an energy cascade between turbulent

scales; and that which considers turbulence as a deterministic phenomenon in which

coherent vortices are found (Lesieur, 2008). The rigorous mathematical theory devel-

oped by Taylor in the 1930s and by Kolmogorov in the 1940s is used extensively in this

dissertation. Taylor assumed turbulence to be a random phenomenon and introduced

statistical methods such as correlations, Fourier transforms, and spectral analysis in his

investigations. Kolmogorov published three papers (in Russian) in 1941 that analysed

the energy spectrum of three-dimensional homogeneous isotropic turbulence using sim-

ilar methods to those introduced by Taylor. In these papers, Kolmogorov showed that

even though the velocity field fluctuates unpredictably, its energy spectrum was pre-

dictable. The second postulate relies on techniques developed in the first and assumes

turbulence to consist of a hierarchy of coherent structures (regions of locally uniform

momentum) that reside at different heights in the boundary layer. The distinction

between the two postulates is now less clear, however, and the methods used to under-
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2. Fluid Dynamics and Turbulence

stand turbulence are continually evolving. This is in great part due to the ever-changing

applications of turbulence research. Now, there is less impetus to develop faster aero-

planes than there is to develop quieter engines with lower emissions. Increased popular

awareness of changes to our climate is sure to engender fluid dynamicists with the obli-

gation to develop accurate three-dimensional models of the atmosphere and the ocean

(Lesieur, 2008)—both of which will, at least in the foreseeable future, heavily rely on

large-eddy simulations.

In a remarkable period in science, which included Einstein’s famous papers in 1905,

Prandtl’s boundary layer theory was, and continues to be, an important and broadly-

applicable concept in science and technology. As listed by Klewicki (2010), some im-

portant applications, processes, and devices that dependent on the behaviour of the

turbulent boundary layer include: gas exchange at the interface of the atmosphere

and ocean; heat and momentum transport in gas turbines; atmospheric dispersion of

chemical plumes; transport of oil through long pipes; and external aerodynamic and

hydrodynamic flows concerned with ships, submarines, aeroplanes and trains.

2.2 An Introduction to Turbulence

As mentioned in the introduction, there is an abundance of examples where the dy-

namics of fluids are important. From aircraft and cars moving through the atmosphere

to the dynamics of pulsatile flow in blood vessels. In these examples, and most of the

fluid flows that are of interest to scientists and engineers today, turbulence is of pri-

mary importance. Indeed, turbulence is the rule rather than the exception in modern

fluid dynamics (Moin & Kim, 1997). An understanding of turbulence can, for exam-

ple, allow engineers to reduce the drag on aeroplanes and ships; model sediment and

nutrient transport in estuaries and rivers; and further understand the pathogenesis of

atherosclerosis in arteries.

Two common examples of turbulence that help to illustrate its characteristics are

the smoke rising from a cigarette and water flowing around bridge pylons. Close to

a cigarette, smoke rises in a smooth, ordered plume, but as this plume rises further,

it begins to fluctuate and become messy. This disordered state is characteristic of

turbulence. The breakdown of the smoke from the ordered (laminar) plume to the

fluctuating (turbulent) plume can be described in terms of Reynolds number. By con-
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sidering a coordinate, x, with origin at the end of the cigarette and increasing in the

vertical direction (opposite to gravity), it is apparent that the gradient of Re with

respect to x is positive (i.e. ∂Re/∂x > 0). Thus, while the flow is initially laminar,

it quickly transitions to turbulence and becomes more disorganised with increasing x.

Similarly, small whorls—local regions of rotating fluid—can often be seen downstream

of a bridge pylon in a flowing river. Theses whorls, or eddies, are the result of turbu-

lence. Turbulence is thus the random or chaotic motion that results when the inertial

forces—forces due to the motion of the fluid—dominate over the viscous forces—forces

due to molecular interactions—in a fluid.

Turbulence can have disastrous consequences if not properly accounted for, yet it

can be a useful and necessary attribute in many applications of fluid dynamics. It

prevents boundary layer separation on aerofoils at large angles of attack thereby de-

laying stall and decreasing drag; and it increases rates of mass, momentum and heat

transfer. But it can be a very expensive consequence of pumping fluid through long

pipes (see, for example, (White & Mungal, 2008) for an introduction to drag reduction

in pipes using hydrophobic and superhydrophobic surface texturing or addition poly-

mers to suppress turbulence), and can cause phenomenon such as metal erosion due to

cavitation on the propellers of ships.

As mentioned in chapter 1, due to its various causes and effects, it is difficult to

devise a universally applicable definition of turbulence. Many definitions are provided

in the literature, but the rather comprehensive definition provided by Ferziger & Perić

(2002) will be discussed here to formalise the characteristics of turbulence for the

succeeding sections of this dissertation. In this definition, turbulent flows are described

as having the following features:

• High unsteadiness. That is, a plot of velocity at a point over time would look

almost random;

• An instantaneous flow-field that is inherently three-dimensional;

• The presence of vorticity. Indeed, vortex stretching is one of the key mechanisms

through which turbulence intensity is increased;

• The irreversible conversion of flow-energy to internal energy through the dissipa-

tive process known as mixing;
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• The presence of coherent structures, which are described as repeatable and deter-

ministic events that differ in strength, size and life-time, due to the randomness

of turbulence; and

• A large range of both time and length scales making resolution requirements for

computational modelling restrictive.

This extensive definition of turbulence is concisely summarised by Klewicki (2010), who

defines turbulent flows as those that are chaotic, three dimensional, and time varying

owing to instabilities intrinsic to their dynamics.

The third point in the Ferziger & Perić definition highlights the central importance

of vorticity in turbulent flows. This point is further elucidated by Lesieur (2008), who

notes that turbulent flows are inherently rotational—that is, their vorticity, ω = ∇×u,

is non-zero, at least in some regions of the flow-field. It is then interesting to consider

how vorticity arises in a flow that is initially irrotational. The answer, Lesieur contends,

is obviously viscosity. This is explained with the aid of the Helmholtz–Kelvin theorem,

which will not be discussed at length here, but states that zero-vorticity is conserved

following the motion of a perfect fluid. Therefore, in a real fluid, where viscosity is

considered, the no-slip condition at the wall produces vorticity which is then able to

disperse throughout the flow-field. Klewicki (2010) contends that the existence of non-

zero vorticity is the most significant attribute that distinguishes boundary layer flow

from the freestream.

Perhaps the most basic and significant method for the characterisation of turbulence

is the Reynolds number. This non-dimensional number was originally introduced by

Osborne Reynolds—who studied theoretical hydrodynamics—in 1883 in the Proceedings

of the Royal Society of London (Reynolds, 1883). In this paper, Reynolds postulated

that “the birth of eddies ... depend upon some definite value of—”

cρU

µ
, (2.1)

where c is some characteristic length, ρ is the density, U is the free-stream velocity,

and µ is the dynamic viscosity. Now, a similar concept is often used to describe the

origins of turbulence. That is, turbulence originates from instabilities in laminar flows,

which are related to interactions between viscous and non-linear inertia terms in the
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Navier–Stokes equations.

Although unsure about many aspects of the generation of turbulence, such as

whether eddies “first make their appearance as small, and then increase gradually with

velocity” (Reynolds, 1883), or whether eddies only appear above a certain value of the

relationship shown in equation (2.1), Reynolds had captured the essence of turbulence

in this simple relationship. Importantly, the Reynolds number describes the relative

significance of the inertial and viscous forces in a fluid. At low Reynolds numbers,

the viscous forces dominate and the flow tends to be ordered and laminar, but as the

Reynolds number increases—this typically occurs when the velocity increases—the in-

ertial forces in the flow begin to dominate and the flow becomes disordered, chaotic and

turbulent. Reynolds was a hugely influential figure in fluid dynamics and introduced

many important concepts, such as Reynolds–averaging, which will be discussed later.

But the simple non-dimensional number that is the Reynolds number is arguably his

most significant contribution. The Reynolds number in its typical form is shown in

equation (2.2).

Re = ρUL
µ

→ [ inertial forces

viscous forces
] , (2.2)

where L is some characteristic length.

The final concept that will be discussed in this section is that of the so-called

energy cascade. That is, the vaguely understood process through which large coherent

structures are transformed into small eddies. These small eddies are completely three-

dimensional, pseudo-random and are independent of how the larger eddies were formed.

This is in contrast to the large eddies in the flow, which are structured and display

predictable or cyclical behaviour (de Villiers, 2006).

The importance of the cascade will become clearer later in this dissertation when

wall models are discussed, however, the theoretical foundations will be discussed here.

The energy cascade describes how turbulent kinetic energy is transferred—with no

losses—from larger eddies to smaller eddies in the flow, and assumes that there is a

continuous range of eddy sizes with a lower size limit. At the small-scale limit, energy

is dissipated as heat due to the action of molecular viscosity, or fluid friction. The

concept of such an energy cascade was introduced by Andrey Kolmogorov to derive an

estimate for the size of the smallest eddy in a turbulent flow (Kolmogorov, 1941a,b).

Kolmogorov assumed that the turbulence energy was dissipated from the smallest
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eddies in the flow, whose size is now known as the Kolmogorov length scale, η. This

length scale, in isotropic (invariant under rotation) turbulence, is a function of the

rate of energy dissipation per unit mass, ε, and, since energy dissipation is entirely due

to fluid friction, the length scale was also thought to be a function of the kinematic

viscosity, ν = µ/ρ. That is:

η = η(ε, ν). (2.3)

This implies that, if the length scale at which turbulence is injected to a system is

sufficiently different from the scale at which energy is dissipated due to molecular

viscosity, the character of the turbulence will be independent of both the large forcing

scales and molecular viscosity (de Villiers, 2006). This statement is perhaps counter

intuitive, but as de Villiers (2006) contends, it has been demonstrated experimentally

to be true for a wide range of flows, including the atmosphere (Campagne et al., 1977)

and jets (Giger et al., 1985). As an aside, it is interesting to consider that conservation

of energy dictates that energy input to the flow (from the production of turbulence,

P), must be identically equal to the amount that is dissipated (defined by ε). Thus,

P − ε = 0, or P = ε, which explains that the Kolmogorov length scale can also be

described in terms of the macroscale turbulence production.

Using a scaling analysis to derive a length from the relationship in equation (2.3),

the size of the smallest eddies is found to be:

η ∼ (ν
3

ε
)

1/4
. (2.4)

This statement can be refined through dimensional analysis to yield Kolmogorov’s law

(Pope, 2000):

E(k) = Ckε2/3k−5/3, (2.5)

where k is the wavenumber, Ck is a constant, typically of the order of 1.5 (de Villiers,

2006), and E(k) is the turbulence energy. Higher wavenumbers correspond to smaller

eddies and vice versa. The region of the energy spectrum which follows this k−5/3 form

is restricted to the inertial range. The turbulent energy spectrum is shown in figure

2.2. Here, the straight dot-dash line has a constant slope of ε2/3k−5/3, which illustrates

Kolmogorov’s law in the inertial region. The interaction of eddies of different sizes and

the energy transfer between them is explained at great length by Hinze (1975). No
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such detail will be provided here, rather a summary of the key aspects of the schematic

diagram in figure 2.2, which is adapted from similar diagrams in Hinze (1975) and

de Villiers (2006), will now be presented. This idealised spectrum can be divided into

several sections:

Dependent on
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Largest eddies

(permanent)

[ ∂E(k,t)
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Energy-
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Figure 2.2: Form of the three-dimensional energy spectrum in the various wave
number ranges. The dot-dash line demonstrates Kolmogorov’s Law. (Adapted from
(Hinze, 1975) and (de Villiers, 2006)).

• k < ke: This is the range in which turbulence energy is typically introduced to a

system. These large eddies contain the majority of the turbulence kinetic energy

in the flow and there is little change in energy with time, that is ∂E(k,t)
∂t is small

(de Villiers, 2006). The scale of these large eddies, known as the production scale

is set by the boundary conditions or some characteristic scale of the flow;

• k > ke: For increasing wavenumber, energy is transferred from larger eddies to
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smaller ones. According to Hinze (1975), this constitutes a continuous flux of

energy through the wavenumber range and a continuous dissipation at the highest

wavenumbers. The range denoted as the inertial subrange is a transitive range.

Eddies in this range obey Kolmogorov’s law—they are independent of the forcing

scales, but are dominated by inertial forces rather than viscosity (de Villiers,

2006);

• ke < k < kd: This region is termed the equilibrium range. Turbulence in this range

is independent of external conditions and any change in the time or length scale

is due to changes in either viscosity, ν, or dissipation rate, ε. Further, turbulence

in this range is considered to be fully developed. An hypothesis proposed by

Kolmogorov provides a concise restatement of this notion; “[a]t sufficiently high

Reynolds numbers there is a range of high wavenumbers where the turbulence is

statistically in equilibrium and uniquely determined by the parameters ν and ε.

This state of equilibrium is universal.”; and

• k > kd: For wavenumbers above kd, where kd ∼ (ε/ν3)1/4, viscous effects become

very strong. Indeed, Townsend (1951) has shown that most viscous dissipation

occurs in the range kη < 0.5. The sharp drop in the curve beyond point kd

demonstrates that energy is being dissipated at these small scales.

This description of the turbulence energy spectrum is only one way in which to

describe the interaction of large and small scales—or large and small eddies—in a

turbulent flow. There are many extraneous factors that may alter the distribution

of energy amongst the scales, such as energy being added to the system close to the

dissipative scales (de Villiers, 2006). Additionally, this description neglects the effect

of smaller eddies on larger eddies (also known as the ‘inverse energy cascade’). This

interaction is particularly relevant for large-eddy simulation, since the smallest, or

subgrid, scales and their interaction with the larger scales are modelled (Mazzi &

Vassilicos, 2004).

Returning now to the description of Kolmogorov’s law as shown in equation (2.4), a

useful consequence of this relationship is that it allows, after some further analysis, an

order of magnitude estimate of the computational cost of numerical simulations. Since

the turbulent kinetic energy per unit mass scales like U2∞, where U∞ is the free-stream
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velocity, the overall rate of dissipation is:

ε ∼ U2∞
L/U∞ = U

3∞
L

, (2.6)

where L is some characteristic length, typically chosen as the size of the largest eddies.

Using this relationship and equation (2.4), the following can be obtained:

η ∼ ( ν3

U3∞/L)
1/4

= ( ν3L4

U3∞/L3
)

1/4
= LRe−3/4. (2.7)

This result is useful since it can be used to illustrate the computational grid require-

ments for a full three-dimensional simulation of a flow at some Reynolds number. The

number of grid points required for a cube-shaped domain with side length l is given

by:

Ngrid ∼ ( l

∆x
)

3

∼ ( l
η
)

3

∼ ( l
L
)

3

Re9/4, (2.8)

where ∆x is the grid spacing in the streamwise direction. This result, although inter-

esting in itself, can now be used to derive a more useful measure of computational cost.

The total cost of a direct numerical simulation is proportional to NgridNt, where Nt is

the number of timesteps. The maximum size of the timestep, ∆t, is usually expressed

as (Cohen, 2009):

∆t ∼ ∆x

u
∼ ∆x

η
, (2.9)

and the total number of timesteps required during the time period T , is:

Nt ∼
T

∆t
∼ T

η/U∞ ∼ T

L/U∞Re
3/4. (2.10)

Combining the estimates for Ngrid and Nt, an estimate of the total cost can be obtained

from equation (2.11).

Cost ∼ NgridNt ∼ ( l
L
)

3

( T

L/U∞)Re3. (2.11)

Therefore, the computational cost of a direct three-dimensional numerical simulation

scales with Reynolds number to the third power. Given that typical Reynolds numbers

for cars and aeroplanes are 107 and 109, respectively, the grid requirements alone are
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prohibitively large. Therefore, for most engineering applications, full direct simulation

is not feasible. The computational cost of large-eddy simulation for these flows is less

than that of direct simulation, but is still significant as will be discussed in chapter 3.

2.3 Navier–Stokes Equations

The most general equations that govern fluid motion are the Navier–Stokes equations.

They are derived in detail in most elementary fluid dynamics texts and will not be

described in detail here. Rather, the key stages of derivation and equations will be

presented. This short section is included to aid discussion of numerical methods that

are introduced later in this dissertation.

The Navier–Stokes equations generally consist of expressions describing conserva-

tion of mass and conservation of momentum. Other conservation equations, such as

conservation of energy, are also commonly included in the equations governing fluid

motion, but will not be discussed here (since the present interest is incompressible flow,

wherein ρ is presumed constant). The conservation of mass is derived by considering

the amount of a fluid passing through a small area dA on a surface S in a given time.

After integrating over an arbitrary control volume and simplifying, the conservation of

mass for a compressible fluid is given as:

∂ρ

∂t
+ ∂

∂xi
(ρui) = 0. (2.12)

Here, ρ is the fluid density and ui is the i-th component of the velocity vector. For an

incompressible fluid, ρ is constant and therefore ∂ρ
∂t = 0, which leads to the conservation

of mass for an incompressible fluid given by:

∂ui
∂xi

= 0. (2.13)

The conservation of momentum equation is derived by applying Newton’s Second Law

to an arbitrary control mass. This approach considers all of the forces acting on the

fluid element—including those due to pressure and shear stress. The equation that
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results from integrating over an arbitrary control volume is:

∂

∂t
(ρui)

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
rate of increase

of momentum at
fixed point P

+ ∂

∂xj
(ρuiuj)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
net rate of

momentum carried
into P by fluid

flow ρui

= ρFi

°
i-body

force at P

− ∂p

∂xi
°

net pressure
force at P

+ ∂σij
∂xj
±

net viscous
force at P

, (2.14)

where Fi is any arbitrary body force, p is pressure, σij = 2µ (Sij − 1
3Skkδij), where

Sij ≡ 1
2 ( ∂ui∂xj

+ ∂uj
∂xi

) is the rate of strain tensor (Skk = 0 for incompressible flows), and P

is some arbitrary point in the control volume. For a constant property fluid, that is,

one with constant viscosity, µ, the conservation of momentum for a compressible fluid

may be written as:

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj) = ρFi −

∂p

∂xi
+ 2µ(∂Sij

∂xj
− 1

3

∂Skk
∂xi

) . (2.15)

For an incompressible fluid with negligible body forces, ρ is constant, Fi = 0, and the

divergence of the velocity field is zero (i.e. ∂ui
∂xi

= 0 from conservation of mass for

an incompressible fluid—equation (2.12)). Therefore, the incompressible momentum

equation may be written as:

∂ui
∂t

+ ∂

∂xj
(ujui) = −

1

ρ

∂p

∂xi
+ ν ∂2ui

∂xj∂xj
, (2.16)

where ν = µ/ρ.

As an aside, the velocity gradient in a fluid may be written as:

∂ui
∂xj

= 1

2
(∂ui
∂xj

+ ∂uj
∂xi

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

symmetric part
RATE OF STRAIN TENSOR

+ 1

2
(∂ui
∂xj

− ∂uj
∂xi

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
anti-symmetric part

RATE OF ROTATION TENSOR

. (2.17)

This equation contains two important tensors; the rate of strain tensor, Sij, and the rate

of rotation tensor, Ωij. For completeness, these definitions are shown in the following

equations.

Sij ≡
1

2
(∂ui
∂xj

+ ∂uj
∂xi

) (2.18)
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Ωij ≡
1

2
(∂ui
∂xj

− ∂uj
∂xi

) (2.19)

These two definitions will become useful when analysing the results from the simula-

tions in chapters 4 and 5. Specifically, these two tensors can be used to define what is

known as the Q-criterion. Here, Q corresponds to the second invariant of the velocity

gradient tensor and is defined as (Verhoeven, 2011):

Q = 1

2
(∣∣Ωij ∣∣2 − ∣∣Sij ∣∣2) . (2.20)

In summary, the compressible Navier–Stokes equations are shown in equations

(2.21), and the incompressible Navier–Stokes equations are shown in equations (2.22).

∂ρ

∂t
+ ∂

∂xi
(ρui) = 0

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj) = ρFi −

∂p

∂xi
+ 2µ(∂Sij

∂xj
− 1

3

∂Skk
∂xi

)
(2.21)

∂ui
∂xi

= 0

∂ui
∂t

+ ∂

∂xj
(ujui) = −

1

ρ

∂p

∂xi
+ ν ∂2ui

∂xj∂xj

(2.22)

2.4 Turbulent Boundary Layers

Despite decades of research, which have led to an ever-increasing understanding of its

nature, turbulence still remains an unresolved problem of classical physics. Because

of this, the turbulence literature is vast with often disparate arguments regarding how

best to understand and model its effects. Indeed, it would be very difficult—and

rather tedious for the reader—to present all of the current approaches to understand-

ing turbulence. Therefore, this section will present the concepts and theories that are

necessary to understand the remainder of this dissertation, with a particular focus on

the concepts associated with wall-modelling for large-eddy simulations. In the author’s
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opinion, the theory presented henceforth is that which the broader literature is con-

verging upon with respect to understanding the underlying dynamics of the turbulent

boundary layer.

This section aims to further explain the central branch of figure 2.1. The ideas of

inner- and outer-scaling and Reynolds number dependence will be discussed in conjunc-

tion with the regions of the boundary layer in which they are valid. The interaction

between structures in the inner- and outer-regions is discussed as a preamble to the

inner-outer scale interaction wall-model, which is the focus of chapter 5. This section

relies heavily on the writing of Joe Klewicki and his Physics of Fluids review article

(Klewicki, 2010), and that of Ivan Marusic et alia in their various publications. In ac-

cordance with these publications, this section aims to show that the scaling behaviours

that are presented are the result of an internal hierarchy of motions—similar to that

discussed in section 2.2—that approach a dynamically similar state as the Reynolds

number becomes large (Klewicki, 2010). Finally, discussion in this section is limited to

means and variances of statistical quantities, rather than higher order moments and

spectra, which will be discussed in later sections.

As previously mentioned in the discussion of Prandtl’s original boundary layer

theory, viscosity is central to boundary layer dynamics. Viscous forces—embodied by

divergence of the viscous stress tensor in the momentum transport equations—have

a leading order importance across the entire thickness of a laminar boundary layer,

yet they are only dominant in sub-regions of a turbulent boundary layer (Evans, 1968;

Afzal, 1982; Sreenivasan & Sahay, 1997; Wei et al., 2005; Klewicki, 2010). This is

illustrated in figure 2.3, which shows the distribution of viscous and inertial stresses

throughout a fully developed turbulent boundary layer in channel flow. It can be seen

that the viscous stresses, τviscous = ν (∂u
∂z

) (where u is the instantaneous streamwise

velocity, and z is the wall-normal coordinate), are confined to the region immediately

adjacent to the wall (small z/δ); and the Reynolds stresses, τReynolds = u′iu′j (where u′
denotes the fluctuating streamwise velocity), are dominant away from the wall. Indeed,

the stress at the wall (z/δ = 0) is entirely due to the viscous contribution (since the

velocity is necessarily zero due to the no-slip condition).

29



2. Fluid Dynamics and Turbulence

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

z/δ

N
o
rm

a
li
se
d
S
tr
e
ss

Viscous stress

(

∂u+

∂z+

)

τ/τw

- - - Reτ = 950
—– Reτ = 2003

0 0.2 0.4 0.6 0.8 1

z/δ

Reynolds stress
(

u ′v ′

)

τ/τ
w

- - - Reτ = 950
—– Reτ = 2003

Figure 2.3: Comparison of viscous stress and Reynolds stress in a fully developed
turbulent boundary layer (channel flow). z is the wall-normal distance and δ is the
half-channel height. Data are from Hoyas & Jiménez (2008).

2.4.1 Boundary layer anatomy and scaling

The boundary layer of flows over smooth surfaces can be divided into three distinct

regions. The region closest to the wall, or, the ‘near-wall region’ or ‘viscous wall

region’, is the thinnest of the layers and is defined as the region where turbulent

energy production exceeds dissipation. Additionally, some of the produced energy is

exported towards the layers further from the wall. The layer furthest from the wall

is characterised as having dissipation that is greater than production, and turbulence

that is partially maintained by energy from the inner regions. The intermediate layer

between the near-wall region and the outermost region is known as the logarithmic

region, or ‘log-layer’. This region occupies about 20% of the total boundary layer

thickness (Jiménez, 2013) and acts to connect the other two regions. Since it borders

both the near-wall region where turbulence production is dominant, and the outer

region where dissipation is dominant, it is generally considered that production is

approximately equal to dissipation in the log-layer (Jiménez & Pinelli, 1999).

Table 2.1 and figure 2.4 describe the common textbook definitions associated with

the various layers (Pope, 2000). Note that inner-regions of the boundary layer are

typically defined in terms of z+, which is the inner-scaled wall-normal distance (inner-

scaling is described in detail in the discussion associated with equation (2.23)), and

outer-regions are defined in terms of z/δ, which includes the outer length scale, δ.

According to the definition provided by Pope (2000), the log-law begins at z+ ≈ 30.
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More recent experimental data, however, suggests that the influence of viscosity ex-

tends much further from the wall. Indeed, Marusic et al. (2010b) contend that recent

experimental results at very high Reynolds numbers suggest that the log-layer begins at

z+ ≳ 200 in boundary layers, and, z+ ≳ 600 in pipes (based on data from the Superpipe

at Princeton University).

Region Location Defining Property

INNER LAYER z/δ < 0.1
ū determined by uτ and z+, indepen-
dent of U∞ and δ

Viscous sublayer z+ < 5
Reynolds shear stress negligible
compared with the viscous stress

Buffer layer 5 < z+ < 30

Region between the viscous sublayer
and the log-law region—both viscos-
ity and inertial effects should be con-
sidered (Jiménez, 2013)

Viscous wall region z+ < 50
Viscous contribution to shear stress
is significant

OUTER LAYER z+ > 50
Direct effects of viscosity on ū are
negligible

Log-law region z+ > 30, z/δ < 0.3 The log-law holds

Overlap region z+ > 50, z/δ < 0.1
Region of overlap between inner and
outer layers (at large Reynolds num-
bers)

Table 2.1: Wall regions and their defining properties (reproduced from (Pope, 2000)).

It is worth briefly noting the differences between wall-bounded flows and two other

flow types that are commonly referred to in the literature—isotropic flows and shear

flows. Turbulence is said to be isotropic if there is no mean flow and all mean quantities

are invariant under any arbitrary rotation of coordinates. Isotropic turbulence rarely

occurs in natural flows, but it can be useful when interpreting aspects of real flows.

Indeed, near the centre of a channel, the flow approaches an isotropic state. In isotropic
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Figure 2.4: Depiction of the various wall regions and layers in terms of z+ = z/δν and
z/δ for turbulent channel flow at high Reynolds number (Reτ = 104) (reproduced from
(Pope, 2000)).

turbulence, energy resides in the largest eddies and is dissipated in the smaller viscous

scales. The theoretical rate that energy is dissipated in isotropic flows closely resembles

observations from experiments in real flows such as boundary layers and channels. The

application of isotropic theory is limited by the absence of a preferred spatial orientation

and lack of theory relating to how energy enters the energy cascade.

Shear flows occur when a velocity gradient develops in the absence of boundaries.

This type of flow occurs naturally when moving fluid passes into stationary fluid, or

fluid that is moving more slowly. Examples of this include smoke rising from a chimney

and milk being poured into a cup of coffee or tea. Turbulence energy in shear flows is

generated by the interaction between the mean velocity gradient and transverse velocity

fluctuations (Tennekes & Lumley, 1972). This interaction typically defines the scale

of the energy containing eddies, and the spatial direction in which properties such as

momentum are transferred. Wall-bounded flows differ from shear flows in that the size

of the eddies is determined by their distance from the wall—small eddies close to the

wall and large eddies in the outer-regions of the boundary layer.
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In the succeeding discussion, some regions of the turbulent boundary layer will be

referred to as isotropic or shear dominated. These are approximations only and do

not fully describe the complicated nature of the boundary layer, but they serve to

help the analysis of this complicated multiscale (many time- and length-scales) and

nonlinear problem. There are two characteristic scaling parameters that are commonly

used to describe the length and time scales of the motions in the inner- and outer-

regions of the boundary layer. Inner-scales are associated with the dynamics, motions,

and phenomena resulting from the interaction of the turbulent flow with the wall. In

particular, inner-scales are associated with the generation of shear force at the wall

(Klewicki, 2010; Marusic et al., 2010b). Thus, from dimensional analysis, the following

velocity-like parameter can be derived:

uτ =
√

τw
ρ

. (2.23)

uτ is known as the friction velocity, τw is the mean wall-shear-stress and ρ is the mass

density. The friction velocity is used as the characteristic velocity scale in the inner

region of the boundary layer (Fox et al., 2004). The characteristic length scale in this

inner-region is derived by combining the friction velocity with the kinematic viscosity,

ν/uτ ; and the time scale is similarly defined as ν/u2
τ (Klewicki, 2010). The inner length

scale is characteristic of the size of the smallest features of the turbulent boundary layer,

which are found very near the wall. The inner time scale is inversely proportional to

the magnitude of the mean wall vorticity, u2
τ/ν = ∣Ωz ∣. It is therefore characteristic of,

but not equal to the highest frequency of the flow (Klewicki, 2010). It is conventional

to denote variables normalised by inner-scales with a ‘+’ superscript (i.e. u+ = u/uτ
and z+ = zuτ/ν).

The outer length scales are characteristic of the motions responsible for the bulk

flow and the cross-stream scale of the largest turbulent eddies. The boundary layer

thickness, δ, or a scale related to δ, is therefore commonly used as the outer length

scale. δ represents the half-height in channel flow, the pipe radius in pipe flow, and the

disturbance thickness in boundary layer flow (Klewicki, 2010). For the internal flows—

pipe and channel flows—δ does not vary with downstream distance, but it evolves with

distance for boundary layer flows. The friction velocity is often used as the velocity scale

in the outer regions of the boundary layer, since it is important in forming the inner
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boundary condition for the outer flow (Marusic et al., 2010b). However, the freestream

velocity, U∞, is also used for the velocity scale in the outer regions for boundary layer

flows, and the centreline velocity, Uc, is also used for the internal flows. The outer-

scalings are not as pervasive as the inner-scales and alternatives to the scalings just

mentioned are often used, such as those outlined by Zagarola & Smits (1998).

Three of these alternate outer length scales, which are also used in broader fluid

mechanics discussions, are the mass deficit and momentum deficit thicknesses—also

referred to as the displacement and momentum thicknesses, respectively—and the

Clauser–Rotta length scale. The definitions of the mass deficit thickness, δ∗, the mo-

mentum deficit thickness, θ, and the Clauser–Rotta length scale, ∆, for incompressible

flow are shown in equations (2.24)-(2.26) (Anderson, 2007; Klewicki, 2010; Kuethe &

Chow, 1998).

δ∗ = ∫
∞

0
(1 − u(z)

U∞ )dz, (2.24)

θ = ∫
∞

0

u(z)
U∞ (1 − u(z)

U∞ )dz, (2.25)

∆ = δ∗U∞
uτ

= δ∗U+∞ = δ∗
√

2

Cf
. (2.26)

Here, u(z) refers to the velocity profile within the boundary layer.

The ratio of the inner- and outer-length scales is termed the friction Reynolds

number, Reτ (also denoted as δ+ and referred to as the Kármán number). This non-

dimensional parameter describes the ratio of the smallest and largest scales of motion

in a turbulent wall flow. The smallest scales are O(ν/uτ), and the largest scales are

O(δ). Therefore, all scales of motion exist in the range O(ν/uτ) ≲ l ≲ O(δ) (Klewicki,

2010; Pope, 2000). This range increases with increasing Reynolds number. The friction

Reynolds number is defined as:

Reτ = δ+ = δ

ν/uτ
= δuτ

ν
. (2.27)

The value of this number is representative of the scale separation between the large

and small motions in the flow. That is, as Reτ increases, so too does the separation of

scales.

The final parameter that will be presented in this section is the distance from the
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wall measured in wall units—or viscous units—which is defined as:

z+ ≡ z

δν
= zuτ

ν
. (2.28)

z+ is similar to the local Reynolds number in that its magnitude is indicative of the

relative importance of the viscous and turbulent processes (Pope, 2000). Indeed, dif-

ferent regions in the boundary layer are defined based on z+ as will be discussed in

detail shortly. For example, the viscous wall region—z+ < 50—is defined as the region

where molecular viscosity has a direct effect on the shear stress; and the outer-layer—

z+ > 50—is defined as the region where viscosity has negligible influence.

In summary, the parameters detailed above have been derived to describe the char-

acteristic length, time and velocity scales of the two principal regions in a turbulent

boundary layer—the inner-region in which viscosity is important, and the outer-region

in which viscosity is not of significant importance (Marusic et al., 2010b). These scales

are then used in an attempt to remove the Reynolds number dependence of the depen-

dent variables in the equations of motion, or to derive universal functions to describe

the dynamics in the two regions of the boundary layer (Klewicki, 2010). Some of the

important scaled quantities from the above discussion are shown below, and a summary

of the various scaling parameters is provided in table 2.2.

u+ = u

uτ
; z+ = zuτ

ν
; Reτ = δ+ = δuτ

ν

velocity length time

inner-scaling uτ =
√

τw
ρ ν/uτ u2

τ/ν

outer-scaling uτ or U∞ δ t

Table 2.2: Summary of inner- and outer-scaling parameters.

The next two sections will discuss two of the most dynamically important regions

of the boundary layer—the near-wall region and the log-region. The concepts of inner-

and outer-scaling will be used extensively to describe the important turbulent features

in these regions.
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2.4.2 Near-wall turbulence

Since a primary focus of this dissertation is wall-modelling for large-eddy simulation,

the characteristics of turbulence in the viscous-dominated near-wall region are particu-

larly important. With reference to figure 2.4, the near-wall region includes the viscous

sublayer, the buffer layer and the inner part of the logarithmic layer. In order to inter-

pret the various wall-models and understand the relevant advantages and disadvantages

of each, it is important to be familiar with the dominant dynamics in the near-wall

region. Recent reviews of wall-bounded turbulence are provided by Raupach et al.

(1991); de Villiers (2006); Adrian (2007); Castro (2007); Smits et al. (2011); Jiménez

(2012); Kawahara et al. (2012); Marusic & Adrian (2013) and Jiménez & Kawahara

(2013).

The near-wall region of a turbulent boundary layer is responsible for increased drag

and heat transfer near the wall. The energy that is transferred from the near-wall

structures to the outer regions of the boundary layer results in the characteristic loga-

rithmic profile (as discussed in section 2.4.3) (de Villiers, 2006; Eitel-Amor et al., 2014).

The dynamics of the near-wall region are governed by the no-slip condition at the wall,

which retards the flow via viscous shear and inhibits fluid motion normal to the wall.

The viscous shear functions as a source of turbulent energy for structures in the buffer

and logarithmic regions (de Villiers, 2006). Many features of the near-wall region, such

as low speed streaks, longitudinal coherent structures and vortical motions have regu-

larly been seen in both experimental (Kline et al., 1967) and numerical studies (Sillero,

2014), but their generation mechanisms and interactions with each other are less well

understood. Several possible explanations have been proposed (Panton, 2001), but

there is no universally accepted theory to describe the mechanisms for the sustenance

of wall turbulence. According to Marusic et al. (2010b), the various explanations can

be classified into two classes. The first generally consists of conceptualisations based

on instability and transient growth mechanisms in the inner-region, and on the vortex-

structure regeneration mechanism (including hairpin vortices) (Adrian, 2007; Dennis

& Nickels, 2011a,b). The second is contradictory to this and suggests that complete

hairpin vortices do not exist (Schoppa & Hussain, 2002). According to Marusic et al.

(2010b) this dichotomy is likely to persist for some time since there are no universal

definitions of exactly what constitutes a coherent structure or a hairpin vortex, which
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Figure 1. Top view of the near-wall region covering (x+
, z

+) = (1400, 450) in the streamwise and
spanwise directions. Lifted low-speed streaks (black) denote u

0

< 0 at y

+ = 20 and streamwise
vortices (grey-shaded) are indicated by the �2 vortex definition (Jeong & Hussain 1995) in the
region 0 < y

+
< 60.

generation is now widely accepted (e.g. Kim, Moin & Moser 1987). Although the
outer layer also contains energetic (larger) structures (Adrian, Meinhart & Tomkins
1999), recent ‘numerical experiments’ (Jimenez & Pinelli 1999) confirm that the essen-
tial inner-layer dynamics (namely y

+
< 60) can operate autonomously. Note that this

claim is asserted in several early works (e.g. Kline et al. 1967), in contrast to studies
which emphasize coupling of near-wall and outer-layer events (e.g. Rao, Narasimha &
Narayanan 1971). The dominance of streamwise vortices is supported quantitatively
by the educed (i.e. ensemble-averaged) near-wall CS, whose model (Jeong & Hussain
1992; Jeong et al. 1997) captures well the documented near-wall features. Clearly, a
formidable challenge is to identify and explain the prevalent dynamics of streamwise
CS generation and evolution near the wall – the key to modelling and control of
turbulent boundary layers.

A representative snapshot of fully developed near-wall turbulence (figure 1) il-
lustrates the dominant structural features, i.e. streamwise vortices and elongated
‘streaks’ of relatively lower-speed and less-stirred fluid. We reiterate that the so-
called ‘bursting’ – used to describe the intermittent, energetic process perceived from
scalar markers in flow visualization or from stationary sensors – does not reflect any
particular event, but is primarily the consequence of passage of near-wall vortices.
Hence, ‘bursting’ as well as the more meaningful ‘sweep’ and ‘ejection’ events can at
most be indirect indicators of streaks, as streaks can exist without streamwise vor-
tices (see figure 1) and hence exhibit no energetic process. Note also the distinction
between lifted streaks – regions of u < 0 in the bu↵er region – and ejections where
both u < 0 and v > 0 occur simultaneously (u, v, and w denoting streamwise (x),
wall-normal (y), and spanwise (z) velocity fluctuations). Physically, a lifted low-speed
streak is the result of ejection during passage of a previous streamwise vortex (or
vortices). Furthermore, ejections are actually long-lived as they advect several hun-
dred wall units downstream (Johansson, Alfredsson & Kim 1991). Robinson (1991)
concludes that advecting streamwise vortices eject low-speed fluid which, left behind,
creates elongated streaks. An additional connection between near-wall vortices and
streaks explored here is that new vortices are, in turn, generated via growth of streak
perturbations.

The central issue addressed herein is: how are streamwise vortices generated?
As reviewed below, numerous widely disparate mechanisms for vortex formation

Figure 2.5: Top view of near-wall region (x+, y+) = (1400,450) in the streamwise
and spanwise directions (note the spanwise direction is denoted as z in the figure).
Black streaks represent regions of low velocity (u′ < 0) at z+ = 20; and grey structures
represent streamwise vortices identified with the λ2 criterion of Jeong et al. (1997) in
the region 0 < z+ < 60. Reproduced from figure 1 of Schoppa & Hussain (2002).

are two of the key elements in the near-wall turbulence cycle and are fundamental to

the explanations of both Adrian (2007) and Schoppa & Hussain (2002).

The theory adopted for the purposes of this dissertation conforms to the former of

the two classes from the previous paragraph. This theory describes a self-regenerating

cycle of near-wall streaks, longitudinal vortices and internal shear layers (see figure

2.5 for an illustration) and accounts for most of the turbulent phenomena observed in

boundary layers (de Villiers, 2006). The theory is supported by numerical and physical

experiments at low Reynolds numbers (Hamilton et al., 1995; Jeong et al., 1997; Le

et al., 2000; Schoppa & Hussain, 2000), and is best represented by the studies of Jiménez

et al. (Jiménez & Moin, 1991; Jiménez, 1994; Jiménez & Pinelli, 1999), Hussain et al.

(Jeong et al., 1997; Schoppa & Hussain, 2002), and Waleffe (Hamilton et al., 1995;

Waleffe, 1997, 2001). There is some evidence that this theory breaks down at high

Reynolds numbers (DeGraaff et al., 1998; Hunt & Morrison, 2000), where turbulence

energy production begins to shift away from the wall and into the logarithmic region.

This will be discussed in this section after a brief overview of the streak instability

cycle.

The ‘coherent structures’ mentioned in the previous paragraph are defined as re-

current and quantifiable features that are persistent in space and time and contribute

significantly to the transport of heat, mass and momentum (Hutchins & Marusic,
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2007b; Marusic et al., 2010b). The most widely recognised of these coherent structures

are quasi-streamwise vortices. These vortices were originally visualised by Kline et al.

(1967) as streakiness in the wall-parallel velocity field of the viscous sublayer (see fig-

ures 2.5 and 2.6) and are indicative of regions of low and high streamwise momentum

(velocity) (see figure 2.7). The dominant spanwise spacing of these near-wall streaks

is found to scale with viscous wall-units, and is commonly found to be l+ ≈ 100 (Smith

& Metzler, 1983; Klewicki et al., 1995; Kunkel & Marusic, 2006; Jiménez & Kawahara,

2013; Eitel-Amor et al., 2014). Figure 2.8 shows a comparative view of the wall-normal

velocity fluctuations. To limit confusion for the ensuing discussion, coherent structures

are found throughout the height of the boundary layer and can be classified into three

classes: the inner-streaks associated with the near-wall cycle with a spanwise spacing

of y+ ≈ 100 (located in the viscous wall region); large-scale motions (LSMs) with a

streamwise length of O(δ) (LSMs are located in the outer layer); and superstructures

(as used by Marusic et al.) or very-large-scale motions (VLSMs) (as used by Adrian

et al.), whose streamwise length is O(10δ) (VLSMs are located in the outer layer and

are commonly described as being an assembly of LSMs). It is now common for super-

structures to be associated with boundary layers, and VLSMs to be associated with

internal flows, such as channels. The coherent structures that reside in the outer layer

(LSMs, VLSMs and superstructures) will be described in more detail in section 2.4.3.

There are several review articles that provide a comprehensive overview of near-wall

streaks and their pathology (for example, see Robinson, 1991; Panton, 2001). Jeong

et al. (1997) applied the λ2 criterion for vortex identification to conclude that the

streakiness identified by Kline et al. (1967) was due to staggered quasi-streamwise vor-

tices that surround low-speed streaks (see figure 2.9 for an illustration). These vortices

were slightly inclined away from the wall, and were only present in the buffer layer

for a length of x+ ≈ 100, beyond which they merged into more disorganised vorticity

away from the wall (Klewicki et al., 1995; Jiménez & Kawahara, 2013). The high-

and low-speed streaks consist of long regions (x+ ≈ 1000) of alternating positive and

negative streamwise velocity fluctuations. Wall-shear-stress is higher than the aver-

age underneath high-speed streaks (also known as high momentum regions), and lower

than average underneath the low-speed streaks (also known as low momentum regions).

It is commonly considered that the processes relating streaks and vortices involve in-

stabilities in the streaks that lead to the formation of quasi-streamwise vortices, that
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Figure 2.6: Root-mean-square of streamwise velocity fluctuations, (
√
u′2), at the

location of the inner-peak on the streamwise velocity spectrogram, z+ = 15 (where
maximum velocity fluctuations are found). The Reynolds number based on the mo-
mentum thickness, Reθ, ranges from 3000 (left end) to 5000 (right end). Images from
Sillero (2012).

then interact with the mean shear to generate new streaks (Eitel-Amor et al., 2014).

This cycle is apparently autonomous and continues even in the absence of overlying

turbulent flow (Jiménez & Pinelli, 1999). A more detailed description of the near-wall

cycle and the instability mechanisms that lead to the formation of vortices and streaks

is presented in Schoppa & Hussain (2000) and de Villiers (2006, see section 2.3).

The streak instability cycle is bound on one side by the wall and by flow in the outer-

regions on the other side. To appropriately model this region in LES, it is necessary

to understand its extent and its interactions with each of these boundaries (de Villiers,

2006).

As discussed in the introduction to section 2.4.1, the viscous sublayer extends to z+ ≈
5; the buffer region, where inertial effects begin to become influential, extends over the

range 5 ≲ z+ ≲ 30; and the logarithmic region, where inertial effects dominate is located

yet further away from the wall. Observations of Schoppa & Hussain (2000) suggest that

the coherent structures produced by the streak instability cycle form above z+ ≈ 20,
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Figure 2.7: High- (top) and low-momentum (bottom) velocity structures in a bound-
ary layer of dimensions 16δ × 7δ × 1.5δ in the streamwise, spanwise and wall-normal
directions, respectively. Flow is from lower left to upper right. Structures shorter than
1.5δ have been removed. Images from Sillero (2014).

which is further from the wall than the commonly observed peak velocity fluctuations

(z+ ≈ 15, see figures 2.11 and 2.10). Jiménez & Pinelli (1999), who also investigated the

wall-normal location of the regeneration cycle, provide support for the conclusions of

Schoppa & Hussain (2000) by also concluding that it lay some distance from the wall.

To investigate the dependence of the near-wall cycle on the turbulent structures in the

outer regions of the flow, Jiménez & Pinelli (1999) diffusively damped the perturbations

in the interior of a channel. Their results show that despite this filtering, the near-wall

velocity profile is relatively unchanged when compared to the standard channel flow
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Figure 2.8: Root-mean-square of wall-normal velocity fluctuations, (
√
w′2), at the

location of the inner-peak on the streamwise velocity spectrogram, z+ = 15 (where max-
imum velocity fluctuations are found). The Reynolds number based on the momentum
thickness, Reθ, ranges from 3000 (left end) to 5000 (right end). Images from Sillero
(2012).

case. The results also show that the logarithmic region is able to develop despite the

attenuation of the turbulent fluctuations away from the wall. Jiménez & Pinelli (1999)

conclude that the near-wall flow is essentially self-sustaining, is not dependent upon

the fluctuations in the outer flow (above z+ ≈ 60), and is not sensitive to damping of

perturbations below its lower extent, z+ ≈ 20. Importantly, these conclusions are based

on analysis of direct numerical simulation data at 201 < Reτ < 633. This Reynolds

number range exceeds the threshold for sustaining the near-wall cycle (Moser et al.,

1999), but does not include the onset of the outer-peak (Hutchins & Marusic, 2007b).

More recent studies have challenged this classical description, and have shown that

the inner-region has a dependence on the Reynolds number, and thus on the outer

length scale, δ (De Graaff & Eaton, 2000; Metzger & Klewicki, 2001; Marusic & Kunkel,

2003; Hoyas & Jiménez, 2006). This apparent contradiction with the classical descrip-

tion of the autonomous nature of the near-wall region is the result of observations

from boundary layer data at moderate-to-high Reynolds numbers (higher than those
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Figure 25. Streamwise vortices generated by STG of linearly stable streaks in (a) top view, (b)
side view at t

+ = 45. Isosurfaces of !
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at levels +0.6!
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are (dark) shaded and
hatched, respectively; contours of u at y+ = 20 are shaded to indicate the low-speed streak.

tex generation mechanism is inherently three-dimensional, dominated by intense !
x

stretching. Note that past the initial (transient) vortex formation, streamwise vortices
and hence turbulence are sustained indefinitely as the minimal channel regeneration
cycle commences (figure 22), indicating the robustness of this STG mechanism.

The three-dimensional geometry of the new STG-generated vortices (i.e. SP and SN,
with positive and negative !

x

, respectively) is characterized by x-overlapping of tilted,
opposite-signed streamwise vortices on either side of a low-speed streak (figure 25).

Figure 2.9: (a) top view and (b) side view of streamwise vortices generated by the
streak transient growth of linearly stable sublayer streaks as described by Schoppa &
Hussain (2002). Isosurfaces of ωx at 0.6ωx,max and −0.6ωx,max are (dark) shaded and
hatched, respectively. Contours of u at z+ = 20 are shaded to indicate a low speed
streak. Reproduced from figure 25 of Schoppa & Hussain (2002).

assessed by Jiménez & Pinelli (1999)). While the classical description is still essen-

tially valid at low Reynolds numbers, as Reynolds number increases, so too does the

influence of the structures in the outer-region. Specifically, the aforementioned very-

large-scale motions (VLSMs) have been found and identified in the logarithmic layer

(Kim & Adrian, 1999; Hutchins & Marusic, 2007b,a). These structures will be dis-

cussed in the succeeding section, but here it is important to say that these VLSMs

have been noted in high-Reynolds number pipe, channel and flat-plate boundary layer

flows (Hoyas & Jiménez, 2006; Hutchins & Marusic, 2007a; Monty et al., 2007; Marusic

& Hutchins, 2008). Further, despite being centred predominately in the logarithmic

region, their influence extends to the wall, where they have been shown to modulate

the near-wall turbulence (Marusic et al., 2010a). As an aside, while this description of

the near-wall region has gained popularity recently, it is not a new finding. Rao et al.

(1971) and Wark & Nagib (1991) discussed and documented the interdependence of

the near-wall production cycle and the large scale structures decades ago. However, the

detailed nature of the interactions has remained remarkably elusive (Klewicki, 2010).

High-Reynolds number data from both experimental and DNS studies in recent years

have allowed more effective scrutiny of the inner-outer interactions, and have led to a

better understanding of their nature.
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The importance of the near-wall features, and their key role in a stress-producing

cycle that leads to the large peak in near-wall turbulence production, is illustrated

by the pre-multiplied energy spectra, kxφuu, in figures 2.10 and 2.11. The data in

these figures are from hot-wire measurements in the high Reynolds number boundary

layer facility at the University of Melbourne (Nickels et al., 2005) at Reτ ≈ 7300 and

Reτ ≈ 1000. Considering the near-wall region, figure 2.10 shows the spectra for both

Reynolds numbers at z+ ≈ 15 (the two plots on the left hand side). This wall-normal

height corresponds to the peak in turbulence production and the peak in the streamwise

turbulence intensity, u2 (as shown by the filled circles in figure 2.11). In both figures, the

near-wall peak occurs at λ+x ≈ 1000, which indicates that the most energetic streamwise

velocity fluctuations are of this length (Hutchins & Marusic, 2007b).

The characteristics of the turbulence intensity profile include a rapid rise from the

wall to a near-wall peak, and a plateau-like region coinciding with the inner-part of

the logarithmic region of the mean profile (Klewicki, 2010). A similar profile is also

evident in results from channel flow, however, the peak tends to rise less quickly with

increasing Reτ than for the boundary layer case. There is evidence that this peak

increase is due to increasing low-frequency content in the near-wall region, which can

be traced to the influence of large-scale motions further from the wall on the near-

wall structures (Metzger & Klewicki, 2001; Mathis et al., 2009; Klewicki, 2010). The

location of this inner-peak is also considered to be fixed in viscous-units at z+ = 15.

Data at high Reynolds numbers (Reτ > 2000 (Hutchins & Marusic, 2007a)) has shown

the emergence of an outer peak in the turbulence intensity profile. The outer-peak is

not apparent at low Reynolds numbers since the spectral content of the superstructures

in the outer-regions of the boundary layer at these Reynolds numbers overlaps with

the motions corresponding to the near-wall cycle (Marusic et al., 2010b).

The plots in the right hand column of figure 2.10 show the streamwise pre-multiplied

spectra at z/δ = 0.06, which corresponds to the approximate centre of the logarithmic

region. At this wall-normal location, a peak is apparent at λx ≈ 6δ (especially for

the higher Reynolds number case), which is many times larger than the boundary

layer thickness. Mathis et al. (2009) investigated the location of this outer-peak and

concluded that it normally follows the geometric centre of the logarithmic region. The

distribution of the pre-multiplied spectra throughout the boundary layer is shown in

figure 2.11. The distribution illustrates the bimodal composition of the boundary layer
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Viscous buffer region Logarithmic region

Reτ ≈ 7300

Reτ ≈ 1000

Figure 2.10: Pre-multiplied energy spectra of streamwise velocity fluctuations
kxφuu/U2

τ for a turbulent boundary layer at Reτ ≈ 7300 (top) and Reτ ≈ 1000 (bot-
tom). Plots in the left column show the spectra in the viscous buffer region at z+ ≈ 15;
and plots in the right column show the spectra in the logarithmic region at z/δ ≈ 0.06.
The dashed vertical lines show the location of the inner (left column) and outer (right
column) spectral peaks. Figures adapted from figures 1 and 2 of Hutchins & Marusic
(2007b).

with two competing energy sites, one due to the viscous-scaled near-wall features and

the other due to the larger features in the outer-regions. It should also be noted

that this outer-peak becomes more significant, and more visible, at higher Reynolds

numbers, as is shown by the comparison between the spectra at Reτ ≈ 7300 and that

at Reτ ≈ 1000 in both figures 2.11 and 2.10.

The fixed position of the inner-peak and the emergence of the outer-peak are clearly

illustrated in figure 2.12. Plots shown in (a)-(e) are from laboratory data, and (f)
is from measurements of the atmospheric surface layer taken in the Great Salt Lake

Desert in Western Utah (Klewicki et al., 1995; Metzger & Klewicki, 2001; Kunkel &
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Figure 2.11: Pre-multiplied energy spectra of streamwise velocity fluctuations
kxφuu/U2

τ for a turbulent boundary layer at Reτ ≈ 7300 (top) and Reτ ≈ 1000 (bottom).
The three-dimensional plots show the spectra at all wall-normal locations; and the
two-dimensional plots show the corresponding mean velocity (open small circles) and
turbulence intensity (filled circles) profiles and the solid lines show U+ = (1/κ) ln (z+)+A
(where κ = 0.41 and A = 5.0). In both plots, the dashed lines denote the locations of
the inner and outer spectral peaks. Figures adapted from figures 1 and 2 of Hutchins
& Marusic (2007b).
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Figure 12. Reynolds number effect – iso-contours of the pre-multiplied energy spectra of
streamwise velocity fluctuation kxφuu/U 2

τ : (a) Reτ = 2800; (b) Reτ = 3900; (c) Reτ = 7300;
(d) Reτ = 13 600; (e) Reτ = 19 000; (f ) Reτ = 650 000; Contour levels are form 0.2 to 1.8 in
steps of 0.2; The large ‘+’ marks the inner-peak location (z+ = 15, λ+

x =1000); the vertical
dot-dashed line show the middle of the log layer (3.9Re1/2

τ ).

outer peak. Hutchins & Marusic (2007a) have shown that the magnitude of the outer
peak becomes increasingly comparable to that of the inner peak as Reynolds number
increases. Thus, we might expect the modulation caused by the large-scale events
on the near-wall cycle to show a similar increase with Reτ . To study this, five sets
of hot-wire experimental measurements acquired in the high-Reynolds-number wind
tunnel at the University of Melbourne and a set of sonic anemometer measurements
from the ASL (SLTEST) are considered. These data cover a range of three decades of
Reτ , from 2800 to 650 000. (Details of experimental conditions are given in table 1.)

Figure 12 presents the pre-multiplied energy-spectra maps kxφuu/U 2
τ for all sets

of measurements, in the same manner as presented in figure 1(b). The inner peak
is marked by the ‘+’ symbols and is seen to scale well in viscous units (z+ = 15;

Figure 2.12: Reynolds number effect on pre-multiplied energy spectra of streamwise
velocity fluctuations kxφuu/U2

τ for (a) Reτ = 2800; (b) Reτ = 3900; (c) Reτ = 7300; (d)
Reτ = 13,600; (e) Reτ = 19,000; and (f) Reτ = 650,000. Contour levels are from 0.2
to 1.8 in steps of 0.2; the large ‘+’ marks the inner-peak location (z+ = 15, λ+x = 1000);
and the vertical dot-dashed lines show the middle of the log-layer. Reproduced from
figure 12 of Mathis et al. (2009).

Marusic, 2006). Mathis et al. (2009) caution that the data in (f) are considerably

less reliable than the data in (a)-(e), and should only be viewed as indicative of the

general form of the spectra at high Reynolds numbers. Further discussion of these

spectral plots will be provided in conjunction with the results in chapter 5.
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2.4.3 The logarithmic region

While the near-wall cycle has been understood at some level for a number of decades, a

similar understanding of the structures and dynamics in the logarithmic region has not

been apparent until more recently. The logarithmic region is important in the context

of near-wall modelling for LES since it has been shown to affect the near-wall region

through a superposition mechanism (Abe et al., 2004; Hutchins & Marusic, 2007b)

and an amplitude modulation effect (Bandyopadhyay & Hussain, 1984; Mathis et al.,

2009; Ganapathisubramani et al., 2012). Indeed, these two phenomena are critical to

the new-wall model proposed in this dissertation and will be discussed at length later.

The structures in the logarithmic region contribute to the outer peak in the spectra

presented in figures 2.11 and 2.10.

Similar to the equivalent fields in the near-wall region (z+ ≈ 15, see figure 2.6),

instantaneous fields of streamwise velocity fluctuations in the logarithmic region ex-

hibit a distinct stripiness. This similarity is readily visible by comparing figure 2.13(a)
(log-region) and (b) (near-wall region), and is also illustrated by the PIV studies of

Ganapathisubramani et al. (2003); Tomkins & Adrian (2003a) and Hambleton et al.

(2006). These stripes indicate long regions of streamwise momentum deficit with neigh-

bouring regions of high-speed fluid. The low-speed structures have a spanwise width of

0.3−0.5δ and are long in the streamwise direction (> 2δ) (Hutchins & Marusic, 2007b).

Indeed, Hutchins & Marusic (2007a) investigated these long streamwise structures with

a spanwise array of hot-wires and found both low- and high-speed structures that fre-

quently exceeded 15δ in the stremwise direction (see figure 2.14 for an illustration of

a long meandering streamwise structure in the atmospheric surface layer). These fea-

tures typically occur as alternating spanwise patterns—a high-speed streak flanked on

each side by two low-speed streaks, and vice-versa (Hutchins & Marusic, 2007b). This

configuration is illustrated in figure 2.15. The very large features are typically referred

to as ‘superstructures’, or very-large-scale motions (VLSMs) as mentioned previously,

and are thought to be the cause of the outer peak in the pre-multiplied energy spectra

(kxφuu, as shown in figures 2.11 and 2.10).

To avoid confusion, the large-scale structures mentioned so far (LSMs, VLSMs and

superstructures) are typically defined based on their length (in terms of the boundary

layer thickness, δ); their streamwise wavelength, λx; and the type of flow in which they
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Figure 7. Instantaneous flow fields from Reτ =934 channel simulations (del Álamo et al.
2004). Shading shows u fluctuations (a) at z+ = 150; (b) at z+ = 15 (see upper grey-scale). Plots
(c) and (d) show the filtered data at the same respective heights (shading shows negative u
fluctuations, grey-scale as figure 4).

Figure 2.13: Instantaneous flow fields from Reτ = 934 channel simulations (del Álamo
et al., 2004). Shading shows streamwise velocity fluctuations, u, at (a) z+ = 150 (log-
region) and (b) z+ = 15 (near-wall region). Plots (c) and (d) show the filtered data
at the same heights (as labelled). Shading shows negative u fluctuations. Reproduced
from figure 1 of Hutchins & Marusic (2007a).
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Figure 14. Example of signal across the spanwise array of sonic anemometers at SLTEST,
z/δ =0.037, Reτ = 660 000. The x-axis is reconstructed using Taylor’s hypothesis and a
convection velocity based on the local mean, U = 5.46m s−1. Shading shows only negative
u fluctuations (see grey scale).

behaviour is a typical statistical signature of the ‘superstructure’. Figure 14 shows
instantaneous streamwise velocity fluctuations for a 100 s trace across the spanwise
array. The streamwise ordinate is reconstructed using Taylor’s hypothesis, in exactly
the same way as for figure 4. It is immediately obvious that the same very long
meandering features inhabit the log region of the ASL. The feature shown in figure 14
is almost half a kilometre in length. Some sense of proportion can be obtained from
the schematic of the measurement array, which is drawn to scale on the figure
(compare to the photograph in figure 12). A comparison with laboratory results
would indicate that even longer features will occur (>20δ). Indeed, the meandering
tendency of these large-scale features means that they often wander into and out of
our measurement domain before we can assess their true length (the spanwise width
of the sonic anemometer array is only 0.5δ and the sample length is also somewhat
limited).

The feature shown in figure 4 is enormous in comparison to the near-wall structure
(1000 wall units in the ASL equates to 90 mm). With this kind of scale separation
between the near-wall cycle and the log region structure, it becomes increasingly less
intuitive to sanction a situation whereby the near-wall cycle can influence or give rise
to the ‘superstructure’. Certainly at lower Reynolds number the degree of scale-overlap
tends to give the impression that these two scales are intimately entwined. Perhaps this
is so at low Reynolds numbers, with the log region structure subject to a certain degree
of wall-up interaction from the near-wall cycle. However, for the ASL, we are left with
the notion that the inner and outer energy site (figure 11) could be two quite separate
regimes, and that any substantial interaction is likely to be top-down (Hunt &
Morrison 2000). Circumstantial evidence for this scenario comes from Jiménez &
Pinelli (1999), who demonstrate that the near-wall cycle is autonomous and can

Figure 2.14: Example of a long meandering structure in the atmospheric surface
layer in the Great Salt Lake Desert in Western Utah (Reτ = 660,000). Shading shows
negative u fluctuations (see grey scale). Reproduced from figure 14 of Hutchins &
Marusic (2007a).

occur (pipe, channel or boundary layer). In pipe flow, Guala et al. (2006) estimated the

wavelengths of LSMs and VLSMs to be 2δ ≲ λx ≲ 3δ and 8δ ≲ λx ≲ 16δ, respectively; and

Monty et al. (2007) estimated the length of VLSMs to be up to 25δ. In channel flow,

Monty et al. (2007) estimated the length of VLSMs to be O(25δ) and that of LSMs

to be up to 3δ in the streamwise direction. In boundary layers, the largest energetic

structures are typically termed superstructures and are smaller (about 6δ) than VLSMs

in pipe and channel flow (Marusic et al., 2010b). The width of the VLSMs in pipe and

channel flow was also found to be about 1.6 times that of the similar structures in a

boundary layer (Monty et al., 2007). It is still unclear how similar the largest structures

are in pipes, channels and boundary layers. Monty et al. (2009) compared the spectra

from pipe, channel and boundary layer flows at Reτ = 3000 and concluded that the

VLSM energy in pipes and channels agrees well, but lies at larger wavelengths and a

greater distance from the wall than those in the boundary layer. Marusic et al. (2010b)

speculate that the quantitative differences are likely due to the interaction with the

opposite wall in the internal flows and the intermittency of the outer layer in boundary

layers. These differences might mean that the largest structures in boundary layers
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Figure 2.15: Schematic of organised coherent structures (superstructures) and their
interaction across the turbulent boundary layer. These very-large-scale motions extend
from the log-region down toward the wall and impose their signature on, and modulate
the near-wall structures. The z+ axis shows the location of the features in terms of
wall-normal distance. Red and blue represent positive and negative fluctuations of u,
respectively. Reproduced from figure 1 of Marusic et al. (2010a).

are different in detail to those in pipes and channels, or it might imply that the outer

scale, δ, is not equivalent between the three flows Marusic et al. (2010b). Indeed,

the increased length of the largest scales in internal flows might help to explain the

increased energy at larger scales in these flows. The geometrical constraints of internal

flows must play a role in decreasing the meander of the large features, and thus, their

increased length. The influence of these differences on modelling approaches for LES

is yet to be fully understood.

DNS studies have also noted the influence of superstructures in the near-wall region.

A summary of the discussion provided by Hutchins & Marusic (2007b) on this topic is

presented in table 2.3. These findings provide added support for the realisation that the

large-scale structures in the outer region of a boundary layer influence the structures in

the near-wall region. Yet further evidence of this interaction was provided by Metzger

& Klewicki (2001). By low-pass filtering the u signal at z+ = 15 in a turbulent boundary

layer, they were able to show that the well known increase in the inner-scaled peak
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of the streamwise turbulence intensity with Reynolds number (De Graaff & Eaton,

2000; Metzger & Klewicki, 2001; Metzger et al., 2001; Marusic & Kunkel, 2003) is

due to low-wavenumber events (i.e. large-scale motions). That is, the increase in

the turbulence intensity of the near-wall small-scale motions with increasing Reynolds

number is due to their interaction with the large-scale motions in the outer regions.

Hutchins & Marusic (2007a) and Hutchins & Marusic (2007b) analysed time series to

illustrate the instantaneous ‘footprint’ of the superstructures on the near-wall flow.

This footprint effect is illustrated in figure 2.13(c) and (d), where it can be seen that

the large-scale features in the middle of the logarithmic region closely resemble those in

the near-wall region. Additionally, by low-pass filtering fluctuating streamwise velocity

time series, Hutchins and Marusic show that the inner-outer interaction resembles an

amplitude modulation of the small-scales by the large-scales. That is, a suppression

of the near-wall fluctuating velocity during a large-scale negative velocity event in the

outer-region, and an amplification of the near-wall fluctuations during a large-scale

positive velocity event. These findings are consistent with, and extend, the findings of

Metzger & Klewicki (2001), who show that the influence of the large-scales on the near-

wall flow involve non-linear interactions that cannot be described by a superposition of

scales alone. The inner-outer interaction effect extends from the log-region to the wall,

thus influencing the fluctuating wall-shear-stress. This interaction with the wall-shear-

stress is the basis for the LES wall-model proposed in this work and will be explained

in more detail later.

There are several conceptual frameworks to explain the dynamics of the logarithmic

region, and the origins of these high- and low-speed regions. As stated by Klewicki

(2010), there are two predominant theories that describe the dynamics of these large-

scale structures. Researchers such as Jiménez and co-workers contend that the large-

scale velocity features are associated with vortex cluster wakes, and the dynamical

interactions between vortical clusters and the elongated wakes closely replicate the

near-wall cycle (on a much larger scale). In contrast, researchers such as Adrian and

Marusic suppose that the large-scale velocity perturbations are induced by the action

of packets of hairpin-like vortices. While there is still debate about which perspective

is most valid, there appears to be some agreement on the hairpin packet scenario.

This model is an extension of Townsend’s attached eddy model (Townsend, 1951,

1976; Perry & Chong, 1982; Perry et al., 1986), and predicts that there are loop-like
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Study Reτ Key findings

Abe et al. (2004) 640

Very-large-scale structures exist in
the outer layer and these are instan-
taneously visible in the wall-shear-
stress fluctuations.

Iwamoto et al. (2005) 2320
Instantaneous snapshots of VLSMs
interacting with near-wall stream-
wise velocity field.

Hutchins & Marusic (2007a)† 547 − 1901
Evidence of a 20δ structure interact-
ing with near-wall region (z+ ≈ 15).

Tsubokura (2005) -
Log-region structures impose outer-
scaled energy onto the wall.

†using data from del Álamo et al. (2004)

Table 2.3: Summary of the discussion by Hutchins & Marusic (2007b) on the influence
of superstructures in the near-wall region.

vortices (illustrated in figures 2.16 and 2.17, and referred to as ‘hairpin vortices’) at-
366 A.  E. Perry and I. MaruSiC 

mean flow " I  

FIGURE 2. Sketch of a representative attached eddy. 

As a measure of how close a layer is to quasi-equilibrium we could evaluate and 
tabulate a quantity r~ defined thus: 

0- = a[0.5,ZI,S,[,fl]. (17) 

An interesting point is that for equilibrium and quasi-equilibrium layers the hy- 
potheses of Perry et al. (1994) state that the mean non-dimensional defect distributions 
and the shear stress distributions are fixed by the parameter ZI alone. This means we 
have automatically, whether one believes in a gradient diffusion mechanism or not, a 
universal distribution of eddy viscosity e given by e / (SCUT)  = y [q, ZI], where y is a 
universal function. This was also proposed by Clauser (1956). However one should 
keep in mind that this can only be approximately true and once condition (16) is 
violated, as is often the case (e.g. in Part 2), this eddy viscosity formulation breaks 
down. 

Another interesting point here is that according to equation (10) a 'linear stress 
layer' does not generally occur (analytically at least) in a developing boundary layer 
as was often assumed in the past. One exception to this is in the logarithmic wall 
region of a zero pressure gradient layer with S + co (see Perry, Li & M a r u Z  1991 
and Perry et al. 1994). 

3. Formulation of the attached eddy hypothesis 
Figure 2 shows schematically a representative attached eddy in a turbulent boundary 

layer. It leans in the streamwise direction with a fixed orientation as it slips relative 
to the boundary. This velocity of slip is assumed to occur across a thin viscous 
region which could be regarded as a vortex sheet. The eddy height is 6. The vortex 
tube shown is symmetrical about the (x,z)-plane and for z/6 sufficiently large the 
plane of the loop is probably at about 45" to the wall. It should be mentioned that 
this representative eddy should be regarded as a statistical concept which possesses 
the gross features of an assemblage of eddies. An instantaneous realizable eddy will 
probably be a gross distortion of this representative eddy. 

It will be assumed that a turbulent boundary layer is made up of a random array 
of such eddies distributed over the surface with an average density proportional to 
1/h2. In previous work, for example Perry & Chong (1982), Perry et al. (1986), and 
Perry, Lim & Henbest (1987), this was referred to as a 'hierarchy' because it really 

Figure 2.16: Schematic representation of an attached eddy depicting its key geometric
and kinematic features. Note that here, δ refers to the height of the eddy (not the
boundary layer height). Reproduced from figure 2 of Perry & Marusic (1995).
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tached to the wall. Townsend’s attached eddy concept is succinctly summarised as a

family of geometrically similar motions whose characteristic length varies in proportion

to their distance from the wall (i.e. their geometric lengths scale with z) (Klewicki,

2010), and whose population density is inversely proportional to z (see also Perry &

Chong (1982); Perry et al. (1986); Perry & Li (1990); Perry et al. (1994) and Perry

& Marusic (1995)). Townsend showed that the attached eddy model leads to a log-

arithmic profile for the streamwise (and spanwise) turbulence intensity (as shown in

equation (2.31) and is further discussed below). The hairpin packet scenario was origi-

nally described by Theodorsen (1952), and is considered to embrace many of the same

kinematic properties of Townsend’s attached eddies. Figure 2.16 shows a characteristic

member of a hairpin packet (or an attached eddy). It shows that the hairpin extends a

distance of δ away from the wall (not to be confused with the boundary layer height),

has a vorticity and thickness (and thus a circulation, K), and is orientated at an angle

to the wall (usually 45○). Attached eddies are generally considered to be distributed

over a surface in a density inversely proportional to their height squared (Perry &

Marusic, 1995; Klewicki, 2010). Hairpins grow by merging with each other (Tomkins

& Adrian, 2003a), and by the parent-offspring regeneration mechanism (Zhou et al.,

1999) (shown in figure 2.17). In addition to the complete hairpin vortices just described,

incomplete variants have also been found in the analysis of direct numerical simulation

data by Robinson (1991). These variants include hooks and canes—the head region

and legs, respectively, of a fully formed hairpin vortex. Indeed, hairpin vortices are

statistically representative structures, and their shape does not necessarily correspond

to any instantaneous realisation (Marusic et al., 2010b). Evidence of these vortices

has been found in experimental (Head & Bandyopadhyay, 1981; Perry & Chong, 1982;

Adrian, 2007) and numerical (Robinson, 1991; Chong et al., 1998) studies, which have

all shown a strong correspondence between attached eddy concepts and the instanta-

neous flow field. While there exists other conceptual models to describe the dynamics

of the logarithmic region, such as a ‘top-down mechanism’ and a ‘mean momentum

balance mechanism’ (see Klewicki, 2010), the above explanation has been shown to be

adequate for many current analyses.

In summary, evidence of inner-outer interactions in wall-turbulence is compelling.

Rao et al. (1971) first noted that large outer-scaled structures were able to influence the

near-wall region, and recent studies have shown that this influence increases with in-
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creasing Reynolds number, particularly for the streamwise turbulence intensity (Maru-

sic et al., 2010b). Indeed, these large- and very-large-scale motions in the outer layer

have been shown to be responsible for the outer-layer spectral energy density. This

contradicts the so-called classical view of the near-wall dynamics, which assumes that

all near-wall statistics scale exclusively with inner-variables. While the peak locations

of the streamwise turbulence intensity and pre-multiplied spectra scale with inner-

variables, there is a clear increase in peak magnitude with Reynolds number that is

not described by such scaling. Recent studies by Hutchins, Marusic and co-workers

have attempted to further quantify the inner-outer interactions as a combination of a

superposition mechanism and an amplitude modulation effect.

2.4.3.1 Superposition

To illustrate the superposition mechanism, figure 2.18 shows time series of velocity

fluctuations in the outer-layer (near the middle of the logarithmic region), and wall-

shear-stress fluctuations. Data for this figure were taken from the wind tunnel experi-
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Figure 2.17: Vortical structures in a turbulent boundary layer at Reτ = 500 (back-
ground), and in a turbulent channel at Reτ = 590. The structures are visualised by
isocontours of λ2 for 0.5% of the minimum λ2 value. Reproduced from figure 3 of
Eitel-Amor et al. (2014).
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ments of Talluru et al. (2012), who used hot-wire anemometry in conjunction with wall

mounted hot-film sensors to investigate the inner-outer interactions at Reτ ≈ 7000. The

top two time series show the raw fluctuating signals of the velocity and wall-shear-stress

(the ‘O’ sub-script in u
′+
O denotes the outer region); the two middle time series (u

′+
OL

and τ
′+
w,L, where the ‘L’ sub-script denotes the large-scale component) show only the

large-scale components of the raw signals (here, the large-scale component is obtained

by using a spectral filter with a wavelength cut-off of λ+x > 7,000, which is typically

taken to differentiate small-scales from large-scales); and the bottom plot shows the

two large-scale signals plotted on the same axes. The high correlation between the

two large-scale time series illustrates the effect of superposition—that is, the influence

of the large-scale motions felt near, or, at the wall. A similar analysis was also done

by Mathis et al. (2009) (shown in figure 2.19). This analysis involved the velocity
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Figure 2.18: Time series of the raw fluctuating velocity in the outer-region (u
′+
O );

the raw fluctuating wall-shear-stress (τ
′+
w ); the large-scale component of the velocity

fluctuations in the outer region (u
′+
OL); and the large-scale component of the wall-shear-

stress fluctuations (τ
′+
w,L) (all variables have been inner-scaled). The bottom plot shows

the superposition of the large-scale component of each variable. Data are taken from
the experiments of Talluru et al. (2012) at Reτ ≈ 7,000.
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Figure 5. Example of large-scale decomposition on the fluctuating u velocity signal:
(a) inner-peak location z+ = 15; (b) outer-peak location z/δ = 0.06; (I) raw signals, with
37% of correlation; (II) large-scale components, with 72 % of correlation. Dashed vertical
lines show region of negative large-scale u+

oL fluctuation.

is first applied to the synchronized two-point measurements, located at z+ = 15 and
z/δ =0.06 (as described in table 2). Each location represents the peak activity of the
two kinds of structures considered in the modulation process: the modulated small-
scale motions associated with the inner peak and the modulating superstructure-type
events associated with the outer peak. A second analysis is then undertaken on
a single-point measurement at z+ = 15. This is to demonstrate that a single-point
measurement is sufficient to characterize the degree of amplitude modulation.

6.1. Two-point analysis

For the synchronized samples the subscript ‘o’ refers to the outer signal and the
subscript ‘i’ to the inner signal. A time shift of "T + = 90 is applied to the inner
signal, to account for a structural inclination angle of θ = 14.5◦ (this time shift was
found to give the maximum correlation), and is consistent with the structure angle
reported across many wall-bounded flows by Marusic & Heuer (2007).

Figure 5 represents raw signals u+
o and u+

i (plots I) and their corresponding large-
scale components u+

oL and u+
iL (plots II). A visual comparison of the inner and outer

signals indicates a significant degree of correlation. This is confirmed by calculating
the long-time average correlations between the signals, found to be 37 % for the
raw signals and 72 % for the large-scale components. The high degree of correlation
between large-scale components is not surprising. Townsend (1976) already assumed
this behaviour through the attached eddy hypothesis, where events close to the
wall feel wall-parallel motions due to all attached eddies centred above that height.
As shown later by Metzger & Klewicki (2001) this results in a long-wavelength
component superimposed on the near wall. Moreover, Hutchins & Marusic (2007a)
have shown from DNS data (Reτ = 934; del Álamo et al. 2004) the occurrence in the

Figure 2.19: Fluctuating streamwise velocity, u′, signal at: (a) the inner-peak loca-
tion (z+ = 15); (b) outer-peak location (z/δ = 0.06). (I) show raw signals and (II) show
large-scale components. The dashed vertical lines show a region of negative large-scale
fluctuation. Reproduced from figure 5 from Mathis et al. (2009).

at the inner-peak location (z+ ≈ 15), u+i , instead of the wall-shear-stress as in figure

2.18. Nevertheless, the same superposition effect of the large-scale on the small-scales

is clearly visible. This effect is commonly called the ‘footprint’ of the large-scales at

the wall.

Although quantification of this superposition effect has only gained momentum in

the last couple of decades, it is not unexpected. The high degree of correlation between

large-scale components in the logarithmic region and near the wall was assumed by

Townsend (1976) in his attached eddy hypothesis. In this, events close to the wall

feel wall-parallel motions due to all attached eddies centred above their height (Mathis

et al., 2009).

The superposition effect was also investigated by Abe et al. (2004), as shown in

figure 2.20. In order to examine the interactions between the inner- and outer-regions,

Abe et al. (2004) superimposed the instantaneous low-speed regions in the outer-layer

on the filtered streamwise wall-shear-stress fluctuations (the wall-shear-stress fluctua-
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OLR!"!"0 or """0!#!#0 or #"#0$#% "̂#̂/% #̂2,
(6)

where "0 and #0 are the threshold values. We obtain the OLR
between the filtered &1 !i.e., &̃1) and the projected area of high- or
low-speed regions in the VLSMs. First, &̃1 is binarized with a
threshold of &̃10 / &̃1rms#$1.5. Next, the projected and binarized
high- and low-speed regions are obtained through the following
operations: !i$ u! is binarized with respect to u0!/u rms! #$1.75, !ii$
the binarized values û! are integrated along the wall-normal di-
rection up to the channel center, and !iii$ the integrated values are
rebinarized to be either 0 or 1 with a threshold of 1. This proce-
dure reveals that the OLR between the low-speed region in the
VLSMs and the negative region of &1 is OLR(u!!
%1.75u rms! ! &̃1!%1.5&̃1rms)#0.76, whereas the OLR between the
low-speed region in VLSMs and the positive region of &1 is
OLR(u!!%1.75u rms! ! &̃1"1.5&̃1rms)#0.20. Moreover, it is found
that the OLR between the high-speed region in the VLSMs and
the positive region of &1 is OLR(u!"1.75u rms! ! &̃1"1.5&̃1rms)
#0.65, whereas the OLR between the high-speed region in
VLSMs and the negative region of &1 is OLR(u!"1.75u rms! ! &̃1
!%1.5&̃1rms)#0.19. These results clearly indicate that the very
large-scale structure observed in &1 is essentially associated with
the VLSMs existing in the outer layer of the flow.
Now we will examine the active and inactive regions of &3 in

detail. To emphasize the difference between these two regions, the
filtering procedure is again applied to &3 . In the filtering of &3 , its
absolute value is filtered to avoid possible cancellation of &3 be-
cause its positive and negative values lie quite close to each other.
The filtered instantaneous field with !x

&#80 and !z
&#28 is shown

in Fig. 15!a$, where the active !red color$ and inactive !green

color$ regions are more clearly seen for &3 . From Figs. 14!a$ and
15!a$, one can easily notice that the active region of &3 corre-
sponds much more often to the positive dominant region of &1
than the negative one of &1 . The OLR between the positive region
of &1 and the active region of &3 is OLR( &̃1"1.0&̃1rms!! &̃3!
"1.5&̃3rms)#0.43, whereas the OLR between the negative region
of &1 and the active region of &3 is OLR( &̃1!%1.0&̃1rms!! &̃3!
"1.5&̃3rms)#0.02, which clearly supports the visual impression
mentioned above.
To examine the relation between &3 and the VLSMs, the top

view of the high-speed regions in the outer layer (u!/u rms!
"1.75) shown in Fig. 8!b$ is superimposed on the filtered &3
shown in Fig. 15!a$, and the result is given in Fig. 15!b$. The OLR
between the high-speed region in the VLSMs and the active re-
gion of &3 is OLR(u!"1.75u rms! !! &̃3!"1.5&̃3rms)#0.55, whereas
the OLR between the high-speed region in VLSMs and the inac-
tive region of &3 is OLR(u!"1.75u rms! !! &̃3!!0.3&̃3rms)#0.16.
Thus, the active region of &3 mostly corresponds to the high-speed
region in the VLSMs.

5 Summary and Conclusions
In this study, we obtained the mean flow variables, root-mean-

square !rms$ values, power spectra, and two-point correlations
from direct numerical simulation of turbulent channel flow at
Re&#180, 395, and 640, and examined the very large-scale struc-
tures and their effects on the wall shear-stress fluctuations.
It was shown that very large-scale structures with a spanwise

spacing of 1.3–1.6' exist in the outer layer and that they certainly
contribute to the inner layer structures for high Reynolds number.
Moreover, it was found that the effects of the very large-scale
structures in the outer layer on the mean flow variables and the
turbulence quantities are negligibly small for the Reynolds num-

Fig. 14 Contours of the filtered !1 and top view of the low-
speed regions in the VLSMs for Re!Ä640: „a… filtered !1 ; „b… top
view of the low-speed regions in the outer layer „u!Õurms!
ËÀ1.75 denoted as blue iso-surfaces… shown in Fig. 8„b…,
which is superimposed on the filtered !1 shown in Fig. 14„a…

Fig. 15 Contours of the filtered !3 and top view of the high-
speed regions in the VLSMs for Re!Ä640: „a… filtered !3 ; „b… top
view of the high-speed regions in the outer layer „u!Õurms!
Ì1.75 denoted as red iso-surfaces… shown in Fig. 8„b…, which is
superimposed on the filtered !3 shown in Fig. 15„a…
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Figure 2.20: Contour plots from direct numerical simulation of fully developed chan-
nel flow at Reτ = 640. (a) large-scale component of streamwise wall-shear-stress; and
(b) superposition of the field from (a) and low-speed regions in the outer-layer. Re-
produced from figure 14 of Abe et al. (2004).

tions are shown in figure 2.20(a), and the superposition of the two fields is shown in

figure 2.20(b)). Abe et al. (2004) conclude from this figure that it is clear that the neg-

ative dominant regions of wall-shear-stress are mostly overshadowed by the low-speed

regions from the large-scale motions in the outer-layer (VLSMs).

A similar analysis to that of Abe et al. (2004) is shown in figure 2.21. Here,

large-scale fields of velocity fluctuations in the middle of the logarithmic region and

wall-shear-stress fluctuations are shown. These fields were obtained from large-eddy

simulations conducted as part of the present study and are also presented in chapter

5. The similarities between the large-scale features of these fields are readily visible.
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Figure 2.21: Contour plots from large-eddy simulation of fully developed turbulent
channel flow at Reτ ≈ 10,100. The top plot shows the large-scale fluctuating velocity
field in the middle of the logarithmic region; and the bottom plot shows the large-
scale fluctuating wall-shear-stress field. These data are from simulations presented in
chapter 5.

2.4.3.2 Amplitude modulation

The second concept used to describe the inner-outer interactions is amplitude mod-

ulation. Mathis et al. (2009) describe amplitude modulation as the modulation of

a high-frequency signal (carrier signal) with a low-frequency component (modulating

signal). Simplistically, this is summarised as a carrier signal, which is multiplied by a

modulating signal added to some constant offset, B. To illustrate this, Mathis et al.

(2009) consider a pure harmonic carrier signal (c(t), shown in figure 2.22(a)); and an

arbitrary waveform that represents a modulating signal (m(t), shown in figure 2.22(b)).
Amplitude modulation is then obtained by forming the product u(t) = [B +m(t)] c(t)
(shown in figure 2.22(c)). In this example, the carrier signal is analogous to the small-

scale component of near-wall velocity fluctuations (or wall-shear-stress fluctuations);

the modulating signal is analogous to the large-scale fluctuating velocity signal in the

outer-layer; and the amplitude modulated signal is the signal of raw near-wall velocity

fluctuations (or wall-shear-stress fluctuations).

Amplitude modulation in a real signal is shown in figure 2.23. Here, the behaviour of
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Large-scale amplitude modulation in turbulent boundary layers 319
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Figure 3. Example of amplitude modulation: (a) represents the carrier wave c(t) = sin(10t);
(b) represents the modulating wave m(t) = sin(2t); (c) represents the modulated signal
u(t) = [2 + m(t)]c(t) (solid line) and its envelope calculated from the Hilbert transform (dashed
line).

the associated complex analytic signal Z(t) of x(t) as

Z(t) = x(t) + iX(t) = A(t)eiφ(t), (4.4)

where A(t) and φ(t) indicate instantaneous modulus and phase respectively. In the
analytic signal all negative frequencies have been removed. It can be demonstrated
that the modulus A(t) of the analytic signal,

A(t) =
!

x2(t) + X2(t), (4.5)

represents the envelope of the original real-valued signal x(t) (see for example Papoulis
1962; Hahn 1996; Bracewell 2000; Papoulis & Pillai 2002; Mathis, Hutchins &
Marusic 2007). As will be seen, this relationship is very useful when attempting to
interpret (or demodulate) amplitude-modulated signals. A brief tutorial on the Hilbert
transform, with emphasis on physical interpretation, can be found in Bendat & Piersol
(1986).

Amplitude modulation refers to the modulation of a high-frequency signal (carrier
signal) with a low-frequency component (modulating signal). The principle is simple:
the carrier signal is multiplied by the modulating signal added to a judiciously selected
offset B . This is well illustrated if one considers a pure harmonic, with the carrier
signal defined as

c(t) = C sin(ωct + φc),

where C and φc are arbitrary constants. Here, for simplicity, these constants are set
to the values 1 and 0 respectively. Figure 3(a) shows a carrier signal with ωc =10. Let
us also consider an arbitrary waveform representing the modulating signal

m(t) = M sin(ωmt + φm),

where M and φm are again arbitrary constants also set to 1 and 0 for simplicity
(typically ωm <ωc; figure 3b shows an example modulating signal with ωm = 2).

Figure 2.22: Example of amplitude modulation: (a) represents the carrier wave; (b)
represents the modulating wave; and (c) represents the modulated signal (as well as
its envelope, shown by the dashed line). Taken from figure 3 from Mathis et al. (2009).

the small-scale fluctuations is clearly modulated by the large-scale component. Figure

2.23(a) shows a typical fluctuating u signal at z+ = 15 (recall figures 2.10 and 2.11 and

the accompanying discussion on the inner-peak at z+ = 15). It can be seen that when

the large-scale fluctuation (shown in figure 2.23(b)) is positive, the amplitude of the

small-scales (figure 2.23(c)) is larger; and when the large-scale fluctuation is negative

(as shown by the dashed lines), the amplitude of small-scales is smaller. This effect

is even clearer when a smaller cut-off filter is applied (figure 2.23(d)). Figure 2.24

illustrates the combined effect of superposition and amplitude modulation (see caption

for further details).

To conclude this section, it is interesting to note that recent evidence suggests that

amplitude modulation is also apparent in free shear flows (i.e. flows where shear is

not driven by the no-slip condition on a bounding surface). Buxton (2015) recently

demonstrated that small-scale fluctuations are modulated by concurrent large-scale

fluctuations in fully developed turbulent mixing layers. This modulation is observed

to persist even when there is a large gap between the small- and large-scales.
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is even clearer when a smaller cut-off filter is applied as in figure 4d ðlCx !1000Þ.
Hutchins & Marusic (in press) showed that the very low wavenumber motions at
zCZ15 are strongly correlated with the log region. However, the data in figure 4
further indicate that the low-wavenumber motions (associated with the
log-region structure) influence the near-wall u fluctuations in a manner akin to
pure amplitude modulation.

We can understand this by considering a simple sinusoidal carrier of frequency
fc modulated by a sinusoidal envelope of lower frequency fe. The energy in the
Fourier transform of the modulated signal will appear at the original carrier
frequency fc and the two new frequencies fc–fe and fcCfe. For this analogy, the
large-scale component (figure 4b ) can be considered the envelope, and the small-
scales the carrier. Thus, even when the u signal is low-pass filtered to remove the
large-scale component, information relating to the large scales can remain as an
envelope, applying an amplitude modulation of the small scales (as is discernable
in figure 4c,d ). This highlights the need for caution when interpreting turbulence
spectra. Though Fourier analysis is successful in sorting linearly superimposed
signals, it will tend to mask modes that amplitude modulate, especially where
the periods of the ‘carrier’ and ‘envelope’ are widely separated and have
broadband energy.
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Figure 4. Example fluctuating u signals in the near-wall region, zCZ15 (Retz7300). (a) Raw
fluctuating component, (b) large-scale fluctuation lCx O7300, (c) small-scale fluctuation lCx !7300
and (d ) smaller-scale fluctuation lCx !1000. Dashed vertical lines show region of negative large-
scale fluctuation.
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Figure 2.23: Fluctuating streamwise velocity signals in the near-wall region, z+ = 15
(Reτ ≈ 7,300). (a) Raw fluctuating component; (b) large-scale fluctuation (λ+x > 7,300);
(c) small-scale fluctuation (λ+x < 7,300); and (d) smaller-scale fluctuation (λ+x < 1,000).
Dashed vertical lines show region of negative large-scale fluctuation. Taken from figure
4 from Hutchins & Marusic (2007b).
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Figure 2.24: Combined effect of superposition and amplitude modulation on the
wall-shear-stress signal. Data are taken from the experiments of Talluru et al. (2012)
at Reτ ≈ 7,000. The time series in the top plot show the envelope of the large-
scale component of the fluctuating velocity signal in the logarithmic region (blue)
and the amplitude modulated wall-shear-stress signal (τ

′+
w,AM , i.e. with the large-scale

component removed); and the time series in the bottom plot show the fluctuating wall-
shear-stress signal, and the large-scale component of the fluctuating velocity in the
logarithmic region multiplied by some constant, α (α will be discussed in chapter 5).
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2.4. Turbulent Boundary Layers

2.4.3.3 Equations for the logarithmic region

The preceding discussion of the logarithmic layer has focussed on describing the impor-

tant structural features and their interactions. A quantitative description of the mean

dynamics of this region is provided by the ‘log-law’. The log-law is an equation that

describes the intermediate region of the mean velocity profile for a turbulent boundary

layer. The recent reviews by Smits et al. (2011) and Jiménez (2012) provide a summary

of the empirical evidence supporting the applicability of the log-law.

The log-law (Prandtl, 1925; von Kármán, 1930) can be derived by integrating the

mean velocity gradient in the outer part of the inner layer. The mean velocity gradient

is given by:
du+
dz+ = 1

κz+ , (2.29)

and, after integrating, this becomes:

u+ = 1

κ
ln(z+) +A. (2.30)

Here, A and κ are constants (κ is known as the von Kármán constant). Equation

(2.30) is the logarithmic law of the wall, or simply the log-law (von Kármán, 1930;

Pope, 2000). A more thorough derivation of the log-law is given by Marusic et al.

(2010b) and Klewicki (2010). The log-law and the various regions of the boundary

layer are illustrated in figure 3.5(c) and (a), respectively, as well as figure 2.25. The

von Kármán constant, κ, is generally regarded as universal (i.e. it can be given one

value that is applicable to all boundary layers). Its exact value and its universality

between pipes, channels and boundary layers, however, are subject to debate (Marusic

et al., 2010b; Klewicki, 2010; Smits et al., 2011; Jiménez, 2012). Indeed, recent well

analysed data provide compelling evidence that κ varies between the three canonical

flows. Some of the confusion arises from inconsistencies between empirical evidence

derived from low to moderate Reynolds numbers and that obtained at higher Reynolds

numbers. From data at low to moderate Reynolds numbers, Monkewitz et al. (2007,

2008) and Nagib & Chauhan (2008) arrive at κ = 0.384 for zero-pressure gradient

boundary layer flows. Monty (2005) found a similar value for κ in pipe and channel

flows at 1000 < Reτ < 4000. Studies at higher Reynolds numbers find values of κ

ranging between 0.387 (see the study of atmospheric boundary layers by Andreas et al.
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κ A Comments

Pipe 0.42 5.6 Estimates based on limited data.

Channel 0.37 − 0.39 4.2
Estimates are uncertain, but κ is
clearly less than widely used value
of 0.41.

ZPG BL 0.38 − 0.39 4.2
Estimates are made with confidence,
based on data from a wide range of
facilities.

Table 2.4: Summary of best estimates for the log-law constants κ and A, given by
Marusic et al. (2010b) for pipe, channel and zero-pressure-gradient boundary layer
flows.

(2006)) and 0.421 (see the Princeton Superpipe study by McKeon et al. (2004)). From

just these studies, it is clear that there is no agreement on the value of κ and it can

be supposed that the value of 0.41, which has been commonly used since the 1960s,

is not the correct value. Indeed, Marusic et al. (2010b) state that, if the log-law is

actually the correct asymptotic description of the mean profile, then determining the

von Kármán constant from first principles is a ‘grand challenge’ for turbulence research.

The additive constant, A, depends on the geometry of the flow (i.e. pipe, channel, or

boundary layer), and the wall roughness (Marusic et al., 2010b). A summary of the

best estimates of κ and A for different flows is shown in table 2.4.

There are several alternatives to the log-law, as discussed by Marusic et al. (2010b).

These will not be considered here. For the analyses presented in this dissertation, and

the analyses presented in much of the literature, the log-law is sufficient to describe

the scaling behaviour of the mean velocity profile. Indeed, the log-law’s utility is a

direct result of the simple way in which it describes the complex multiscale, non-linear

behaviour of the turbulent boundary layer.

Recently, logarithmic behaviour of the variance of streamwise velocity fluctuations

in the inertial region has also been observed (see the brief reviews of Marusic et al.

(2013) and Meneveau & Marusic (2013)). Interest in the scaling of higher-moments

has been motivated by predictions of models based on Townsend’s attached eddy hy-
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2.4. Turbulent Boundary Layers

Facility Reference Reτ A1 B1 κ A

LCC Kulandaivelu (2012) 18,010 1.21 ± 0.08 2.20 ± 0.25 0.384 4.17

Melbourne Winkel et al. (2012) 68,780 1.26 ± 0.06 2.30 ± 0.18 0.387 ± 0.004 4.32 ± 0.20

Superpipe Hultmark et al. (2012) 98,190 1.23 ± 0.05 1.56 ± 0.16 0.391 ± 0.004 4.34 ± 0.19

SLTEST Hutchins et al. (2012) 628,000 1.33 ± 0.17 2.14 ± 0.40 0.410 ± 0.028 4.44 ± 1.83

Table 2.5: Summary of parameters from equations (2.30) and (2.31) obtained from
various experimental facilities. Data replicated from table 2 of Marusic et al. (2013).
LCC denotes data from the US Navy’s William B. Morgan Large Cavitation Channel;
and SLTEST denotes data from the Surface Layer Turbulence and Environmental
Science Test facility in the western salt flats of Utah.

pothesis. To describe the observed scaling behaviour, there has been some agreement

(Marusic & Kunkel, 2003; Hultmark et al., 2012; Marusic et al., 2013) on a universal

law of the form:

(u′+)2 = B1 −A1 ln (z/δ) , (2.31)

where B1 is a non-universal constant (it depends on the flow geometry), and the slope

A1 is found to be quite insensitive to Reynolds number. This equation is consistent

with the attached eddy hypothesis, in which, as mentioned previously, the length scale

of eddies is proportional to their distance to the wall, and their population density is

inversely proportional to the distance (Meneveau & Marusic, 2013).

The logarithmic behaviour of the mean velocity and the streamwise turbulence

intensity is illustrated in figure 2.25, where data from various experimental facilities

are plotted in conjunction with equations (2.30) and (2.31). It can be seen that, in the

inertial region, the data follow the logarithmic laws closely. To conclude this discussion,

table 2.5 shows a summary of the constants from equations (2.30) and (2.31) that have

been obtained in the experimental facilities listed in the caption of figure 2.25.

From an analysis of the datasets presented in figure 2.25 and table 2.5, Marusic

et al. (2013) calculate (weighted on experimental uncertainty and number of points

in the logarithmic region) best estimates of the parameters to be κ = 0.39, A = 4.3

and A1 = 1.26. In the analysis shown in chapter 5, similar values are used (κ = 0.384,

A = 4.173 and A1 = 1.25).
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FIGURE 1. Streamwise turbulence intensity and mean velocity profiles: Melbourne wind tunnel,
Re⌧ = 18 010 (2.5 µm hot wire); LCC, Re⌧ = 68 780 (LDV); Princeton Superpipe, Re⌧ = 98 190
(NSTAP); SLTEST, Re⌧ ⇡ 628 000 (Sonics). The solid straight lines correspond to (1.1) and
(1.2) with  = 0.39, A = 4.3 and A1 = 1.26, respectively.

the average value of the Reynolds shear stress (U2
⌧ = �uw) across the sonics, as

described in Hutchins et al. (2012), and the value of � is roughly estimated based on
prior radiosonde measurements that determine the edge of the logarithmic region (see
Metzger, McKeon & Holmes 2007).

3. Results and discussion

A compilation of the results is shown in figure 1, and clear support for logarithmic
regions is seen for both the mean flow and turbulence intensities. As mentioned
earlier, it is difficult to discern the precise locations where the mean velocity profiles
deviate from the logarithmic law. However, as seen in figure 1, the turbulence intensity

716 R3-4

Figure 2.25: Streamwise turbulence intensity and mean velocity profiles: Melbourne
wind tunnel (Reτ = 18,010); LCC (Reτ = 68,780); Princeton Superpipe (Reτ = 98,190);
and SLTEST (Reτ = 628,000). The solid straight lines correspond to equation (2.30)
and equation (2.31) with κ = 0.39, A = 4.3 and A1 = 1.26. Reproduced from figure 1 of
Marusic et al. (2013). See caption of table 2.5 and the nomenclature list for definitions
of LCC and SLTEST; and for citations to the data used in this figure.
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2.4. Turbulent Boundary Layers

2.4.4 Pressure fluctuations

Turbulent fluctuations of pressure are of interest in this study for two primary reasons:

they are fundamental to the analysis of the production and radiation of sound; and

their governing equation (the Poisson equation) is a fundamental part of most computa-

tional methodologies. Accurately capturing pressure fluctuations in both experiments

and numerical simulations is difficult due to their small magnitude (compared to fluctu-

ations of velocity and momentum), and the fact that they are a non-localised variable,

meaning the pressure fluctuations at one point depend on the flow at many other points

in the flow domain (the equation governing pressure fluctuations is an elliptic partial

differential equation). The aim of the subsequent discussion of pressure fluctuations is

to provide an overview of their character and complexities.

2.4.4.1 Flow noise

Pressure fluctuations are a fundamental source of aerodynamic noise in a turbulent

boundary layer. They are also important because they appear in correlations present

in the transport equations for the Reynolds stresses and the dissipation tensor (Pope,

2000; Jovanović, 2004; Gerolymos et al., 2013). Aerodynamic noise, which is also

known as flow noise, is primarily produced through two mechanisms: an indirect noise

contribution resulting from excitation of the wall (i.e. surface vibrations caused by

an inhomogeneous distribution of pressure) (Corcos, 1964); and a direct contribution

resulting from sound waves generated by turbulent pressure fluctuations (Hu et al.,

2002, 2006; Gloerfelt & Berland, 2013). The latter of these mechanisms is the focus of

this sub-section.

An understanding of pressure fluctuations and their sound-producing mechanisms

can be applied to many problems in engineering. Common examples of these appli-

cations include: the sound produced by flow over the aerodynamic surfaces of aircraft

and turbine blades (Kim, 1989); the sound produced by flow over sonar transducers

mounted on a ship or submarine (Willmarth, 1975); aircraft cabin noise (Na & Moin,

1998; Gloerfelt & Berland, 2013); and the role of fluctuating pressure in sediment

transport by fluid flowing over a bed of particulate matter (Willmarth, 1975). In-

deed, as Gloerfelt & Berland (2013) contend, due to recent progress in reducing other

sources of cabin noise—road and engine noise in cars and trucks; and jet and fan noises

65



2. Fluid Dynamics and Turbulence

in aircraft—direct noise resulting from turbulent boundary layers is providing an in-

creasingly significant contribution. Quantitative knowledge of exactly how large this

proportion is is currently incomplete (Gloerfelt & Berland, 2013).

The sound produced by direct noise has a low intensity, but a transfer function

close to unity (Yang & Wang, 2013). In contrast, the sound produced by indirect

noise is more energetic, but its transfer function becomes very weak at high wavenum-

bers. Therefore, the direct contribution is not necessarily negligible with respect to the

indirect vibro-acoustic contribution (Gloerfelt & Berland, 2013). Importantly, sound

producing pressure fluctuations are intimately linked to fluctuations of velocity and

vorticity (Kim, 1989). Moreover, the pressure field at a particular point in a boundary

layer is the result of velocity fluctuations everywhere (Willmarth, 1975; Kim, 1989;

Gloerfelt & Berland, 2013). This means that the turbulent pressure field at the wall

represents a ‘fingerprint’ of the structures everywhere in the boundary layer (Will-

marth, 1975; Schewe, 1983; Gloerfelt & Berland, 2013). The streamwise and spanwise

distributions of two-point correlations between pressure fluctuations ([R(x,z)
p′p′ ]+), and

the streamwise ([R(x,z)
p′u′ ]

+) and wall-normal ([R(x,z)
p′v′ ]+) velocity fluctuations are shown

in figure 2.26. Here, the two-point correlation coefficient between two variables a and

b is defined as:

Ra′b′(x,r) = a′(x, t)b′(x + r, t). (2.32)

In figure 2.26, ‘Present DNS’ corresponds to DNS data from the study of Gerolymos

et al. (2013) (and not this study), z is the spanwise coordinate, and v is the wall-normal

velocity. It can be seen that the maximum of the two-point correlations with streamwise

([R(x,z)
p′u′ ]

+) and wall-normal ([R(x,z)
p′v′ ]+) velocity have a peak at rx/δ, rz/δ > 0 close to the

wall (y+ ≈ 10). Further from the wall (y+ ≈ 40 and y+ ≈ 100), the maximum value for

[R(x,z)
p′u′ ]

+ occurs at rx/δ, rz/δ ≈ 0—more closely mimicking the distribution of [R(x,z)
p′p′ ]+

away from the wall. Familiarity with these distributions will become important when

applying the wall-model proposed in this dissertation to analysis of wall-pressure fluc-

tuations with large-eddy simulations.

For incompressible flows (ρ ≈ const.∀x, t and µ ≈ const.∀x, t), pressure fluctuations

are related to velocity fluctuations through Poisson’s equation (Chou, 1945):

∂2p′
∂x2

i

= −ρ∂
2 (uiuj)
∂xi∂xj

, (2.33)
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FIGURE 1. (Colour online) Comparison of present DNS-computed (Re⌧w = 179; M̄CL = 0.34;
193 ⇥ 129 ⇥ 169 grid; table 1) two-point correlations (2.1) containing the fluctuating
pressure in wall scaling ([R(x)

p0p0]+, [R(x)
p0u0]+ and [R(x)

p0v0]+ in the homogeneous streamwise (x)
direction; [R(z)

p0p0]+, [R(z)
p0u0]+ and [R(z)

p0v0]+ in the homogeneous spanwise (z) direction), as
a function of distance in outer scaling (��1rx and ��1rz), with reference results of
incompressible pseudospectral (Kim et al. 1987) DNS computations (Moser et al. 1999;
Re⌧w = 178, MCL = 0).

by (2⇡)�1 L+
x or (2⇡)�1 L+

z to get actual one-dimensional spectra E+
uiuj

(Pope 2000,

(6.206), p. 225), as those given by del Álamo et al. (2004).
In order to evaluate more precisely how the small compressibility in the DNS

computations affects the fluctuating pressure field, an order-of-magnitude analysis of
the complete compressible flow equation for r2p0 (A 1e) was performed (appendix A),
indicating that the additional compressible terms in (A 1e) scale with density
fluctuations and gradients (A 8), and may be reasonably neglected for the present flow
conditions (figure 14). The main effect of compressibility in the present computations,

Figure 2.26: Two-point correlations containing the fluctuating pressure in wall-scaling
([R(x)

p′p′ ]
+, [R(x)

p′u′ ]
+ and [R(x)

p′v′ ]
+ in the streamwise (x) direction; and [R(z)

p′p′ ]
+, [R(z)

p′u′ ]
+

and [R(z)
p′v′ ]

+ in the spanwise (z) direction), as a function of distance in outer scaling

(rx/δ and rz/δ). Data are from DNS computations of Moser et al. (1999) (Reτ = 178)
and Gerolymos et al. (2013) (Reτ = 179, denoted as ‘Present DNS’) (details shown in
table at the top of thefigure). Reproduced from figure 1 of Gerolymos et al. (2013).

which is obtained by taking the divergence of the momentum equation. The integral

solution of Poisson’s equation dictates that the pressure fluctuations at one point are

produced by momentum fluctuations everywhere else in the domain (Willmarth, 1975).

67



2. Fluid Dynamics and Turbulence

Equation (2.33) can also be written as:

∂2p
′

∂x2
i

= ∂2

∂x2
i

(p′r + p
′
s) = −2ρ

∂u
′
i

∂xj

∂ū

∂xi
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

rapid

−ρ ∂2

∂xj∂xi
(u′iu

′
j − u

′
iu

′
j)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
slow

. (2.34)

This equation suggests that the pressure fluctuations associated with the fluctuating

velocity field are generated by two separate mechanisms (Lumley, 1979; Piquet, 1999;

Pope, 2000; Jovanović, 2004; Gerolymos et al., 2013):

(a) mean flow-turbulence interaction terms—resulting from the interaction of ve-

locity fluctuations with mean velocity gradients (also known as: rapid pressure

fluctuations because they interact immediately with an imposed mean velocity

gradient; and linear pressure fluctuations because the corresponding source term

in equation (2.34) is linear in u
′
i), and

(b) turbulence-turbulence interaction terms—resulting from the interaction between

velocity fluctuations (also known as: slow pressure fluctuations because they

react much more slowly to an imposed mean velocity gradient than the rapid

ones; and non-linear pressure fluctuations because the corresponding source term

in equation (2.34) is quadratic in u
′
i).

Because of the linearity of p
′

in equation (2.34), separate solutions based on the free

space Green’s function for the Poisson equation can be obtained for each of the two

source terms (Katz & Plotkin, 1991; Gerolymos et al., 2013). These solutions are

discussed in detail in Gerolymos et al. (2013), and will not be discussed here. For

the purposes of this study, analysis of the fluctuating pressure directly computed from

large-eddy simulations will suffice (i.e. p
′
, which is the sum of p

′
rapid and p

′
slow).

The distribution of the instantaneous fluctuating pressure in wall-units, [p′]+, for

channel flow is shown on the left side of figure 2.27; and the reconstructed field from

the sum of its components resulting from the splitting described above ([p′(r)]+, [p′(s)]+,

and [p′(τ)]+) is shown on the right side. These fields are calculated using the com-

pressible DNS solver outlined in Gerolymos et al. (2010). p(τ) is known as the Stokes

pressure and corresponds to the separately computed solution at the boundary con-

dition [∂zp′]wall = [µ∂2
zzw

′]wall (where z is the wall-normal coordinate and w is the

68



2.4. Turbulent Boundary Layers

Wall e�ects on pressure fluctuations in turbulent channel flow 33

 

x x
 

z
 

y
 

 

z
 

y
 

Low
er 

wall

Low
er 

wall

Outflow Outflow

–5 +5

obsGF GFCLCL
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obtained by the Green’s function solution (2.7), and Stokes field [p0
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contours in the range [�5, +5] on the lower wall, the outflow x periodic interface, and the z
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(⌧ ) = p0 (2.2), from the present DNS computations

(Re⌧w = 179; M̄CL = 0.34; 193 ⇥ 129 ⇥ 169 grid; table 1) with reference results of
incompressible pseudospectral (Kim et al. 1987) DNS computations of Hoyas & Jiménez
(2008, Re⌧w = 186, MCL = 0) and of Moser et al. (1999, Re⌧w = 178, MCL = 0), in wall
units, plotted against the non-dimensional distance from the wall in inner (y+) and outer
(��1(y � yw)) scaling.

Figure 2.27: Instantaneous fluctuating pressure in wall units [p′]+ obtained directly
from the DNS solver of Gerolymos et al. (2010) (Reτ = 179); compared to the superpo-
sition of the rapid [p′(r)]+, slow [p′(s)]+, and Stokes [p′(τ)]+ pressure fields in wall units.
50 contours between −5 and 5 on the lower wall, the outflow x periodic interface, and
the z periodic interface. Reproduced from figure 7 of Gerolymos et al. (2013).

associated velocity) (Pope, 2000, (equation 11.173), p. 439). Gerolymos et al. (2013)

note that this boundary condition is associated with the source term ∂2
xjxi

[τ ′ij] in the

Poisson equation for p
′
, which is equal to zero in the incompressible flow limit (Kim

et al., 1987; Moser et al., 1999; Hu & Sandham, 2001; Hoyas & Jiménez, 2006). In-

deed, Manceau et al. (2001) neglect this term. Figure 2.27 is presented here to show

what the instantaneous field of pressure fluctuations looks like, as well as to show that

the [p′]+ field is essentially identical to the field resulting from the pressure splitting

([p′(r)]+ + [p′(s)]+ + [p′(τ)]+).

Figure 2.28 illustrates the distribution of pressure fluctuations throughout the

boundary layer. p
′
rms and the root-mean-square (r.m.s.) values ([p′(r)]rms, [p′(s)]rms,

and [p′(τ)]rms) of the p
′

splitting are plotted against wall normal distance (denoted by

Gerolymos et al. (2013) as y). ‘Present DNS’ in figure 2.28 corresponds to DNS data

from the study of Gerolymos et al. (2013) (and not this study). It is noted that the peak

in [p′]+
rms

is further from the wall when compared to the peak of the inner-normalised

velocity fluctuations, which occurs at z+ ≈ 15 (as shown in figure 2.11).

The radiation of sound created by turbulent pressure fluctuations is described by
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FIGURE 7. Instantaneous fluctuating pressure in wall units [p0]+ obtained directly (Re⌧w =
179; M̄CL = 0.34; 193 ⇥ 129 ⇥ 169 grid; table 1) by the compressible DNS solver (Gerolymos
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obtained by the Green’s function solution (2.7), and Stokes field [p0
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q
p02 of the fluctuating

pressure p0 and of the fields p0
(r) + p0

(s) + p0
(⌧ ) = p0 (2.2), from the present DNS computations

(Re⌧w = 179; M̄CL = 0.34; 193 ⇥ 129 ⇥ 169 grid; table 1) with reference results of
incompressible pseudospectral (Kim et al. 1987) DNS computations of Hoyas & Jiménez
(2008, Re⌧w = 186, MCL = 0) and of Moser et al. (1999, Re⌧w = 178, MCL = 0), in wall
units, plotted against the non-dimensional distance from the wall in inner (y+) and outer
(��1(y � yw)) scaling.

Figure 2.28: Distribution of r.m.s. values of pressure fluctuations, p
′
, p

′(r), p′(s), and

p
′(τ) from the DNS of Gerolymos et al. (2013) (Reτ = 179) (denoted as ‘Present DNS’),

Hoyas & Jiménez (2008) (Reτ = 186), and Moser et al. (1999) (Reτ = 178) in wall
units, plotted against non-dimensional distance from the wall in inner (y+) and outer
((y − yw)/δ) scaling. Reproduced from figure 8 of Gerolymos et al. (2013).

Lighthill’s acoustic analogy (Lighthill, 1952) (see reviews by Blake (1986) and Dowling

(1992)). Curle (1955) and Powell (1960) have since added to Lighthill’s original equa-

tion, but Lighthill’s analogy still remains fundamental to understanding flow-generated

noise. Powell (1960) showed that noise sources from turbulent boundary layers are

rather inefficient, and are thus related to relatively weak acoustic intensity. This weak

intensity is the reason experimental studies have not been able to effectively assess the

sources of sound from turbulent boundary layers (for a review of recent experimental

attempts, see Gloerfelt & Berland, 2013, p. 319). There have also been many numeri-

cal investigations aimed at investigating the sources of sound in a turbulent boundary

layer (again, see Gloerfelt & Berland, 2013, p. 319-320, for a review of these studies).

It is worth reiterating here that although no acoustic simulations or results are pre-

sented in this dissertation, an understanding of flow-generated noise and the character-
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istics of pressure fluctuations throughout a turbulent boundary layer aids interpretation

of the results from the flow simulations presented in the later chapters.

2.4.4.2 Wall-pressure

Because of the focus on wall-modelling for large-eddy simulations in this dissertation,

the fluctuations of pressure at the wall are of particular importance. Extensive reviews

of the topic are provided by Willmarth (1975) and Bull (1996). There have also been

many experimental and theoretical investigations of various aspects of wall-pressure

(Willmarth & Wooldridge, 1962; Bull, 1967; Blake, 1970; Wills, 1971; Schewe, 1983;

Farabee & Casarella, 1991; Panton & Robert, 1994; Gravante et al., 1998; Ehrenfried

& Koop, 2008; Arguillat et al., 2010; Catlett et al., 2010; Yang & Wang, 2013, amongst

others). Numerical studies have been less prevalent until more recently. Increasing

computational power has allowed effective scrutiny of the disparate scales and magni-

tudes of both pressure and velocity fluctuations. Examples of DNS and LES studies

include Corcos (1964); Kim (1989); Choi & Moin (1990); Chang et al. (1999); Hu et al.

(2002, 2006); Hwang et al. (2009) and Gerolymos et al. (2013) (amongst others). To il-

lustrate the magnitude difference between wall-pressure and velocity, Willmarth (1956)

showed that the ratio of r.m.s. wall-pressure to dynamic pressure was approximately

0.0035, while Mull & Algranti (1956) found that the ratio decreased as speed increased,

becoming constant and equal to 0.0013 above a Mach number of 0.5.

Figure 2.29 shows some of the spectral characteristics of wall-pressure, as well as

some of the common scaling parameters used for analysis of pressure statistics. Al-

though there are no universal scaling parameters for velocity statistics, uτ and U∞ are

pervasive options for inner- and outer-scaling, respectively. There is less understanding

of the appropriate scaling variables for pressure statistics. It is common to see both

the dynamic pressure, q = 1/2ρU2∞, and the wall-shear-stress, τw, used for pressure

scales. For spectral analysis, it is common to see δ/U∞, δ/uτ or ν/u2
τ as the time scale

(used to non-dimensionalise the frequency). Scaling issues associated with pressure

are discussed by Blake (1986), Farabee & Casarella (1991), Keith et al. (1992), Bull

(1996), Goody (2004) and others. It is noted that there is no single scaling that results

in satisfactory collapse of data from experiments at all important frequencies. With

reference to the work of the authors just listed, Hwang et al. (2009) provides a concise
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summary of the various scalings used to collapse data in different regions of the spec-

tra. This summary is abbreviated in table 2.6 (see also the schematic shown in figure

2.29). Note also that in the following discussion ω is the angular frequency and δ∗ is

the displacement thickness. The effect of the various scaling parameters is illustrated

in figure 2.30.

There are obvious similarities between the schematic description of the wall-pressure

spectra (figure 2.29) and that of the velocity spectra (figure 2.2). This implies that

Region Bounds
Pressure

scale
Time
scale

Notes

Low-
frequency

ωδ/uτ ≤ 5 or
ωδ∗/U∞ ≤ 0.03

q or τw δ∗/U∞ The spectrum varies as ω2.

Medium-
frequency

5 ≤ ωδ/uτ ≤ 100 τw δ∗/uτ
This region includes the
spectral peak, which occurs
at approximately ωδ/uτ =
50.

Overlap
(universal)

100 ≤ ωδ/uτ ≤
0.3(uτδ/ν)

q or τw
δ∗/U∞ or
δ∗/uτ

This region exists when
Reτ > 333. Both inner-
and outer-scaling are appli-
cable in this layer, which
implies the spectra should
vary as ω−1, but Goody
(2004) shows that it might
vary as ω−0.7.

High-
frequency

0.3 ≤ ων/u2
τ τw ν/uτ

Spectrum is influenced by
viscosity and varies from
ω−1 to ω−5.

Table 2.6: Summary of pressure and time scaling for the wall-pressure spectra (Hwang
et al., 2009).
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Figure 2.29: General spectral characteristics of wall-pressure from a turbulent bound-
ary layer at various frequency regions. Reproduced from figure 1 of Hwang et al. (2009).

wall-pressure shows similar hierarchical behaviour to velocity. When plotting wall-

pressure spectra calculated from LES, there are two limitations that should be kept in

mind during the analysis: high frequencies are not resolved due to the relatively coarse

grid in the near-wall region; and low frequencies are dependent on the computational

box size and might be attenuated or cut-off. This will be discussed in the results in

chapter 5.

The description of the distinct spectral characteristics in table 2.6 and figure 2.29

indicate that a suitable model capable of describing the wall-pressure spectra must

be a function of multiple scaled variables, which will behave differently in each of the

four regions of frequencies described (Hwang et al., 2009; Catlett et al., 2010). Many

semi-empirical models for predicting the wall-pressure spectrum have been proposed by

various investigators. Hwang et al. (2009) provide a comparative assessment of many of
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336 X. Gloerfelt and J. Berland

10–3 10–2 10–1 100
–20

–10

0

10

20

10–2 10–1 100 101

–50

–40

–30

–20

–10

–80

–70

–60

–50

–40

10–1 100 101 102100 102 104

–30

–20

–10

0

10
(a) (b)

(c) (d)

FIGURE 13. Frequency power spectra of wall pressure for successive streamwise abscissae
shown as continuous curves, dark to light (left to right) with the following values:
x1/�

⇤
ref = 75.9 (Re✓ = 848); x1/�

⇤
ref = 151.8 (Re✓ = 1180); x1/�

⇤
ref = 227.8 (Re✓ = 1491);

x1/�
⇤
ref = 303.7 (Re✓ = 1781); x1/�

⇤
ref = 379.6 (Re✓ = 2058); x1/�

⇤
ref = 455.6 (Re✓ = 2328).

(a) Scaling by inner variables: ⌧w as the pressure scale and ⌫/u2
⌧ as the time scale.

Experimental spectra are superimposed: ++ Gravante et al. (1998) (Re✓ = 2953); ⇤⇤ Farabee
& Casarella (1991) (Re✓ = 2945); �� Schewe (1983) (d = 2 mm, Re✓ = 1400); Schewe
(1983) (d = 4 mm, Re✓ = 1400). The semi-empirical model of Goody (2004) for RT = 20
is plotted with a black dashed line, and the vertical dashed line indicates the frequency
cut-off of the LES. (b) Scaling by outer variables: ⌧w as the pressure scale and �⇤

ref /U1 as
the time scale. The arrows show the increasing longitudinal locations; – – –: Goody’s model
(RT = 20). (c) Scaling by outer variables: ⌧w as the pressure scale and �ref /u⌧ as the time
scale. The measurements of Farabee & Casarella (1991) for U1 = 15 m s�1 are superimposed
(• • •), along with Goody’s model for RT = 47.11 (– – –). (d) Scaling by outer variables: the
dynamic pressure Q1 = ⇢1U2

1/2 as the pressure scale and �ref /U1 as the time scale; – – –:
Goody’s model (RT = 20).

which would correspond to Re✓ = 1500. The experimental spectra from the works of
Schewe (1983), Farabee & Casarella (1991) and Gravante et al. (1998) are in fair
agreement with the model of Goody for !⌫/u2

⌧ > 0.01. For very high frequencies,
the spectra from the LES fall off too fast and do not follow the !�5 decay law. In
fact, the vertical thick dashed line indicates the frequency cut-off of the simulation as
defined in the previous section and thus explain the discrepancies for !⌫/u2

⌧ > 0.67.
The good collapse of the different spectra in the high-frequency range with inner
scaling is directly related to the fact that the smaller scales develop near the wall.
The use of outer variables in the other figures allows a good collapse at middle

Figure 2.30: Frequency power spectra of wall-pressure for increasing Reynolds num-
ber based on the momentum thickness (left (dark) to light (light)) for the following
values: Reθ = 848; Reθ = 1180; Reθ = 1491; Reθ = 1781; Reθ = 2058; and Reθ = 2328.
(a) Scaling by inner variables: τw as the pressure scale and ν/u2

τ as the time scale. Ex-
perimental spectra are also shown: ++ Gravante et al. (1998) (Reθ = 2953); ∗∗ Farabee
& Casarella (1991) (Reθ = 2945); and ○○ Schewe (1983) (Reθ = 1400). The empirical
model of Goody (2004) for RT = 20 is plotted with a black dashed line, and the vertical
dashed line indicates the LES cut-off. (b) Scaling by outer variables: τw as the pres-
sure scale and δ∗/U∞ as the time scale. The arrows show increasing Reynolds number;

Goody’s model (RT = 20). (c) Scaling by outer variables: τw as the pressure
scale and δ/uτ as the time scale. The measurements of Farabee & Casarella (1991)
for U∞ = 15ms−1 are superimposed (. . . ), along with Goody’s model for RT = 47.11
( ). (d) Scaling by outer variables: the dynamic pressure q = ρ∞U2∞/2 as the pres-
sure scale and δ/U∞ as the time scale; : Goody’s model (RT = 20). Reproduced
from figure 13 of Gloerfelt & Berland (2013).

these models in terms of their similarities, differences and limitations when predicting

spectral behaviour. They conclude from their investigation that the recent multi-scale

model proposed by Goody (2004) is the most suitable model. Goody’s model is shown
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in figure 2.30 and is written as:

φ(ω)U∞
τ 2
wδ

= C2 (ωδ/U∞)2

[(ωδ/U0.75∞ ) +C1]3.7 + [C3R−0.57
T (ωδ/U∞)]7 , (2.35)

where φ(ω) is the frequency power spectra of wall-pressure; C1 = 0.5, C2 = 3 and

C3 = 1.1 are empirical constants; RT = (δU∞/(ν/u2
τ)) is the ratio of the outer to inner

boundary layer time scales (and represents the effect of the Reynolds number since

RT ∝ uτδ/ν). Goody’s model will be used in chapter 4 to analyse the wall-pressure

results.

2.4.5 Wall-shear-stress

In flows over smooth surfaces, the near-wall dynamics are governed by the no-slip

condition, which dictates a region of high shear immediately above the wall. This high

shear is coupled with tangential stress at the surface, which is commonly referred to

as wall-shear-stress and is the focus of the present section.

Wall-shear-stress is an important parameter in many wall-bounded flows. It often

manifests as drag—in aerodynamic and hydrodynamic vehicles, increased wall-shear-

stress results in the need for increased propulsion; and in pipe networks, an increase in

wall-shear-stress results in an increase in the required pumping energy. Fluctuations

of wall-shear-stress are also important in many applications. Indeed, extreme and

sustained stress fluctuations can lead to scouring and mechanical damage on ships and

aircraft. Fluctuations can also affect erosion and bed formation in rivers and estuaries

(Fischer, 1976; Kim et al., 2000); sediment and nutrient transport in the ocean (Grant

& Madsen, 1986; Papanicolaou et al., 2008); and the pathogenesis of atherosclerosis in

vascular flows (Cunningham & Gotlieb, 2004). Estimating and predicting wall-shear-

stress and its fluctuations is difficult due to the presence of the very small motions

that occur in a thin inner-layer near the wall. As mentioned previously, this thin layer

is important because it contains the region where viscous effects dominate inertial

effects such as momentum, heat, and/or mass transport between the wall and the fluid

(Adrian, 2010). Indeed, the surface stress is purely viscous since the turbulent velocity

fluctuations have to satisfy the no-slip condition (i.e. the Reynolds stress is zero at

the surface) (Tennekes & Lumley, 1972). Because the motions in this thin region are
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so small, and become smaller relative to the boundary layer thickness with increasing

Reynolds number, it is impractical to fully resolve them with direct computation at

high Reynolds numbers. This, in conjunction with the aforementioned wide range

of applications, has motivated the development of methods to model and predict the

wall-shear-stress and its fluctuations in turbulent wall-bounded flows.

Various Reynolds-number dependent empirical/semi-theoretical formulations for

the friction coefficient (Petukhov, 1970; Fernholz & Finley, 1996; Schlichting & Ger-

sten, 2000; Monkewitz et al., 2007), and use of the law-of-the-wall in Reynolds-averaged

Navier–Stokes (RANS) simulations, have enabled sufficiently accurate predictions of

the mean wall-shear-stress, τw. There are, however, very few models available to pre-

dict the fluctuating component, τ ′w, where τ ′w = τw − τw and τw is the instantaneous

value. Experimental (Alfredsson et al., 1988; Marusic & Heuer, 2007) and numerical

(Örlü & Schlatter, 2011) studies have both shown that instantaneous values of wall-

shear-stress can be significantly larger than the mean value and occur more frequently

as Reynolds number increases (Klewicki, 2010; Lenaers et al., 2012). Indeed, Örlü &

Schlatter (2011) show that the instantaneous fluctuating wall-shear-stress can exceed

five times the mean value. These large excursions from the mean are typically in the

positive direction, leading to a significantly skewed probability density function (this

is not surprising, since τw ∼ u2, and u exhibits skewness in turbulent boundary layers

(Mathis et al., 2009)).

Large-eddy simulation (LES) is a promising approach for predicting these shear-

stress fluctuations with a good level of fidelity. LES has shown particular promise in

applications involving free shear layers (Fureby & Grinstein, 1999; Wilcox, 2010), large

separation zones (Temmerman et al., 2003; Kuban et al., 2012), and where accurate

prediction in regions near solid boundaries is not of primary concern (Piomelli et al.,

2003). In these flows, resolving the large, dynamically important motions is relatively

inexpensive. In wall-bounded flows, however, the length-scale of the energy-containing

eddies gets increasingly smaller toward the wall (as before, the integral length scales

linearly with distance to the wall) and thus, it becomes increasingly difficult to suffi-

ciently resolve the energetically important motions in the flow (Park & Moin, 2014).

Indeed, as Baggett et al. (1997) contend, the computational cost of wall-resolved LES—

simulations where the near-wall region is resolved—rapidly becomes prohibitive with

increasing Reynolds number. The grid requirements of large-eddy simulations that
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attempt to resolve the dynamically important near-wall vortical structures show simi-

lar Reynolds number scaling to that of direct numerical simulation (Chapman, 1979).

This is because, in wall-resolved LES, over 90% of grid points are used to resolve the

inner-layer, which covers only 10% of the boundary layer thickness (this estimate was

made for boundary layer flow at ReL = O (106), where ReL is the Reynolds number

based on an integral scale of the flow) (Piomelli & Balaras, 2002). Therefore, to re-

alise the full utility of LES for wall-bounded flows at physically significant Reynolds

numbers, approximate boundary conditions must be used to bypass the inner-layer

by modelling its effects in a global sense (Piomelli & Balaras, 2002; Piomelli et al.,

2003; Piomelli, 2008). The computational saving afforded by this wall-modelled LES

(WMLES) method is illustrated by Choi & Moin (2012) who estimate that the number

of grid points required for WMLES is one to three orders of magnitude less than the

equivalent wall-resolved LES grid.

Applications of WMLES include predicting separation (Temmerman et al., 2003),

surface pressure fluctuations (Wang & Moin, 2000), and aerodynamic noise in high-

Reynolds number flow over heterogeneous surfaces (Wang & Moin, 2002). With the

aim of eventual application to these more complex flow scenarios, the results presented

in this dissertation provide a precursory analysis of a new wall-model capable of re-

ducing the (exhaustive) near-wall grid requirements and predicting wall-shear-stress

fluctuations. Wall-modelling and other modelling techniques required in LES are the

focus of the next chapter.
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Chapter 3

Computational Fluid Dynamics

Having now discussed the fundamental concepts of fluid dynamics and turbulence, it is

pertinent to consider their application in computational fluid dynamics (CFD). CFD

not a new field of research, but its associated literature is by no means complete. Many

aspects are still ill-defined causing scepticism about the applicability of CFD to many

physically significant flows. As it matures however, CFD is becoming more reliable due

to increased computing capacity and improved means for modelling complex flow phe-

nomena, such as near-wall turbulence. Indeed, much of the research carried out for this

dissertation is concerned with the accuracy of current near-wall treatments and how

to improve them. CFD has numerous advantages over other means of flow prediction,

namely experimental methods and theoretical methods. Experimental methods are

often prohibitively expensive, both temporally and financially, especially when investi-

gating full-scale objects or vehicles, such as submarines. Theoretical methods are often

inadequate since the nonlinearity of the Navier–Stokes equations precludes their direct

solution. Therefore, simplifications and assumptions are necessary for a theoretical so-

lution to be found. CFD, notwithstanding its disadvantages, is relatively inexpensive

and allows accurate prediction of flow phenomena up to Reynolds numbers associated

with large-scale engineering problems.

The purpose of this chapter then, is to build on the fundamental theoretical frame-

work presented in chapter 2 and apply it to the field of computational fluid dynamics.

A brief discussion of the predominant techniques in modern CFD will first be presented,

followed by a more thorough discussion of the technique of large-eddy simulation and

its associated modelling requirements. A particular focus is placed on the various meth-
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ods used to model the near-wall region. Figure 3.1 shows the outline for this chapter,

and depicts the relationship between some of the key concepts discussed.

CFD

LESDNS RANS

SGS Models Wall Models

Smagorinsky
One-equation-
eddy-viscosity
σ-model

Spalding
Reichardt

IOSI Model

Figure 3.1: Chapter 3 outline. The acronyms are defined in the nomenclature section.

3.1 Computational Methods

As mentioned briefly in the introduction, there are three predominant methods for solv-

ing computational fluid dynamics problems; Reynolds-Averaged Navier–Stokes (RANS)

methods, large-eddy simulations (LES), and direct numerical simulations (DNS) (other

less common techniques include Lattice Boltzman methods and Monte Carlo methods).

Since LES was primarily used to obtain the results presented in this dissertation, it

will form the focus of the subsequent discussion. A brief outline of the other two tech-

niques is also presented. The choice of computational method is dictated by two main

considerations; computational resources, and the type of problem being solved. The

available computational resources dictate the size of a computation—from the size of

the computational domain to the amount of data that can be stored. And the type

of problem being solved dictates what features of the flow are important—some prob-

lems are concerned only with the large-scale flow features, while others require more

detail of the small-scale structures in the flow (it is noted here that the CFL condition

dictates that any increase in spatial resolution requires an associated increase in tem-
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poral resolution). Each of these must be considered when choosing a computational

methodology, along with the required accuracy of the solution.

3.1.1 Direct numerical simulation

Direct numerical simulation (DNS) is perhaps the most conceptually simple computa-

tional methodology. DNS explicitly accounts for all scales of motion from the largest

(energy containing) scales to the smallest (energy dissipating) scales—the Kolmogorov

scales (Lesieur, 2008). Because all scales of motion are resolved, solutions obtained

with DNS do not involve averaging (which is present in both RANS and LES), and

the only approximations arise from the process of discretising the continuous Navier–

Stokes equations (partial differential equations). Errors introduced by the discretisation

process can be estimated and controlled (Ferziger & Perić, 2002). Therefore, any dis-

crepancies between results obtained with DNS and those obtained from a well-resolved

experiment should be due only to the errors introduced by numerical approximation

(de Villiers, 2006).

The large computational cost of DNS has previously been discussed in section 2.2,

however, it is worth reiterating here the often prohibitively large requirements. To

capture all of the dissipation, the grid must be at least as small as the smallest scales—

the Kolmogorov scales, η—and at least as large as the physical domain or the largest

eddies, L (Ferziger & Perić, 2002; de Villiers, 2006). For example, a direct numerical

simulation of the Earth’s atmosphere would need to consider the planetary scales—of

the order of several thousands of kilometres—and the dissipative scales—of the order

of 1 millimetre (Lesieur, 2008). This is prohibitively restrictive, even with the super

computers that are currently available. Even in a wind tunnel where the largest scales

are of the order of 5 centimetres and the dissipative scales are of the order of 0.1

millimetres, direct simulation is still very expensive.

DNS provides very detailed results, which can be useful for studying the fine-scale

features of the flow. However, DNS often provides more information than is required

by an engineer, and is also too expensive to be used regularly as a design tool (Ferziger

& Perić, 2002). It is therefore pertinent to ask what DNS is used for. Since it provides

very detailed data on the coherent structures of a turbulent flow, it can be used to study

the underlying mechanisms of turbulence including the origin and evolution of these
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structures. Further, it can be used to validate numerical models to be used in RANS

or LES analysis (Ferziger & Perić, 2002). DNS is therefore predominantly confined to

the research domain, but has provided great insights to the mechanisms of turbulent

flows.

Since it is not possible to explicitly simulate all of the scales of motion, alternative

techniques have been derived to reduce the scale-requirement. These techniques con-

centrate on resolving the larger, energy-containing features of the flow while modelling

the energy exchanges that occur at the smallest scales. This provides the required

information for many industrial applications since much of the turbulent transfer of

momentum and heat, for example, occurs at the larger scales (Lesieur, 2008). These

techniques include RANS and LES, which will form the subject of the subsequent

discussion.

3.1.2 Reynolds-averaged Navier–Stokes equations

The Reynolds-averaged Navier–Stokes equations are often used to reduce the compu-

tational cost of solving the equations of fluid motion. The RANS equations reduce cost

by applying an averaging operator to the equations of motion, which acts to reduce

the number of scales that are resolved (de Villiers, 2006). The averaging procedure

assumes that an ensemble average has been taken. Ensemble averaging is equivalent

to taking an infinite number of time series of a flow variable at a point and averaging

across all realisations at a particular time, t. An ensemble average is distinct from a

‘time average’, which simply averages one time series over a period of time (equality of

the two averaging procedures is a condition known as ergodicity). An ensemble aver-

age is an idealistic concept and is never actually achievable, but for steady flow, time

averaging and ensemble averaging will produce the same result (de Villiers, 2006). The

RANS equations are based on the Reynolds decomposition, where any flow variable,

f , is decomposed into a fluctuating component, f ′, and an average component, f̄ (the

overbar denotes the averaging process). That is:

f = f̄ + f ′ (3.1)
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Importantly, the averaging process is defined such that:

f ′ = 0

f̄ ḡ = f̄ ḡ.

f̄ g′ = 0.

(3.2)

Using this turbulence decomposition, instantaneous realisations of the dependent variables—

pressure (p) and velocity (ui)—may be written as:

p = p̄ + p′
ui = ūi + u′i.

(3.3)

Now, substituting the decomposed velocity into the continuity equation—equation

(2.13)—yields the mean continuity equation:

∂ūi
∂xi

= 0. (3.4)

The fluctuating continuity equation can be derived in a similar manner, and is defined

as:
∂u′i
∂xi

= 0. (3.5)

The mean momentum equation can now be derived by substituting the turbulence

decomposition for each of pressure and velocity—as shown in equation (3.1)—into the

incompressible momentum equation—equation (2.16)—and averaging. The result of

this process can be written as:

∂ūi
∂t

+ ∂

∂xj
(ūjūi) = −

1

ρ

∂p̄

∂xi
+ ν ∂2ūi

∂xj∂xj
− ∂Rij

∂xj
. (3.6)

Here, Rij = u′iu′j, and ρRij is called the Reynolds stress tensor. The Reynolds stress

tensor acts like a stress, but it is not actually a stress. It is an effective stress resulting

from exchanges in fluctuating momentum and thus represents the exchange of momen-

tum due to turbulence. If the Reynolds stresses were known, equations (3.4) and (3.6)

would permit calculation of the mean density and velocity. However, since they are

not known there is a closure problem. This problem can be addressed by turbulence
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models, but not solved. The physics that give rise to the Reynolds stresses are dif-

ferent to those that give rise to viscous stresses. Therefore, closure ideas that work

well for viscous stresses cannot be expected to also work well for the Reynolds stresses.

There are two broad categories of closure models for the RANS equations—Boussinesq

approximations and Reynolds Stress Models (RSM).

Reynolds Stress Models generally involve solving seven additional equations to cal-

culate the Reynolds stress tensor (Chen, 1996). This means that the solution method

requires solving eleven partial differential equations simultaneously (considering the

continuity and three momentum equations also). Therefore, these methods can be

quite computationally expensive and will not be presented in more detail here. Boussi-

nesq approximations are predicated on a linear scaling between the turbulent stress

tensor and the rate of strain tensor and. They simplify the solution method by ig-

noring the individual components of the Reynolds stress tensor, and instead, calculate

the turbulent (or eddy) viscosity. Hence, Boussinesq approximations are also known

as eddy or turbulent viscosity models.

Boussinesq approximations seek to model the Reynolds stress tensor with an equa-

tion of the form:

Rij = −µT
1

2
(∇ū + (∇ū)T ) +⋯, (3.7)

where µT is the turbulent viscosity and the final form of the equation is obtained by

considering the trace of Rij. Concentrating only on the diagonal elements of Rij:

Rij = ρ
⎡⎢⎢⎢⎢⎢⎢⎣

u′1u′1 ⋯ ⋯
⋯ u′2u′2 ⋯
⋯ ⋯ u′3u′3

⎤⎥⎥⎥⎥⎥⎥⎦
, (3.8)

the trace is tr(ρRij) = 2ρk, where k is here the average kinetic energy defined as:

k = 1

2
(u′1u′1 + u′2u′2 + u′3u′3) . (3.9)

Therefore, any model of the Reynolds stress tensor must also have a trace of 2ρk and

hence, it is now possible to define the final form of the Boussinesq approximation shown
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in equation (3.7). Expanding equation (3.7) results in:

Rij = µT

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎣

∂ū1
∂x1

⋯ ⋯
⋯ ∂ū2

∂x2
⋯

⋯ ⋯ ∂ū3
∂x3

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

∂ū1
∂x1

⋯ ⋯
⋯ ∂ū2

∂x2
⋯

⋯ ⋯ ∂ū3
∂x3

⎤⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

+⋯ (3.10)

And the trace of this equation is:

tr(Rij) = µT {(∂ūi
∂xi

) + (∂ūi
∂xi

)} +⋯ (3.11)

Using the mean continuity equation—equation (3.4)—it can be seen that the trace of

equation (3.11) is zero. Therefore, the final form of the Boussinesq approximation to

the Reynolds stress tensor must be:

Rij = −µT (∇ū + (∇ū)T ) + 2

3
ρkδ. (3.12)

This equation now has a trace of 2ρk since the trace of δ (which is the Kronecker

delta function) is 3. Therefore, most closure methods in RANS-type analysis focus

on models to calculate the turbulent viscosity, since ū, ρ and k are known—this is

not dissimilar to large-eddy simulation as will become evident later in this chapter.

Such closure models include Spalart–Allmaras, k − ω, and k − ε, which are discussed

by Kalitzin et al. (2005). Since a filter is also applied to the Navier–Stokes equations

to derive the governing equations for large-eddy simulations (a different filter to the

temporal-averaging filter for the RANS equations), a similar process is followed to find

closure models for LES.

Because of the averaging process, RANS analysis is often unable to capture the

turbulent structures of complex separating flows. Additionally, RANS analysis is com-

plicated by requiring the turbulence model to represent a very wide range of scales.

As was noted in figure 2.2, the small scales are dependent mainly on viscosity and

are universal, but the larger structures depend on the conditions of formation and are

therefore unique to each flow problem. This means that a model that is adequate for a

particular flow—say, a channel flow—will not be adequate for a different flow—say, a

separating shear layer (de Villiers, 2006). These disadvantages of RANS methods have

led to the increasing popularity of methods such as large-eddy simulation.
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3.1.3 Large-eddy simulation

Like RANS analysis, large-eddy simulations also rely on reducing the range of scales

necessary for a numerical solution. The means by which this reduction occurs in LES is

different, however. LES partitions the flow field into scales larger than some arbitrary

length-scale—these are solved using a spatially and temporally accurate algorithm—

and scales smaller than the same length-scale—these are known as unresolved or subgrid

scales and require modelling (Svennberg & Fureby, 2010). As mentioned in chapter 2,

the small scales of the flow are thought to be universal (or close to universal), according

to Kolmogorov’s hypothesis, and less dependent on boundary conditions than the large-

scale components. Therefore, LES models derived for one type of flow should exhibit

more universality than RANS models. It should also be noted that the terms small-

scale and large-scale are not well defined and are almost entirely dependent on the

unique characteristics of a particular flow and simulation (Garnier et al., 2009).

LES can be considered a compromise between the aforementioned methods of direct

numerical simulation and RANS. It directly solves the large scales, as does DNS, but

averages the small scales and models their effect, similar to RANS methods (de Vil-

liers, 2006). The method of large-eddy simulation seems physically reasonable when

considering that the large scale motions often contain most of the energy in a flow,

and their size and strength make them much more effective at transporting conserved

properties than the weaker small scales (Ferziger & Perić, 2002). The fundamental

aspects of large-eddy simulations will be described in the next section.

It is worth mentioning here the technique of detached-eddy simulation (DES), which

is a hybrid technique that blends the methodologies of RANS and LES. It was initially

conceptualised by Spalart et al. (1997) to address the challenge posed by very high

Reynolds number flows with significant separation. In such flows, LES is often too

computationally expensive owing to the costly refinement requirements in the boundary

layers. RANS models can be adjusted to predict boundary layers and their separation,

but do not deal well with large separation regions. Thus, in DES, the boundary layer is

modelled with RANS methods and the massively separated regions with LES (Spalart,

2009). The crucial aspect of DES is the interface between the RANS region and the

LES region of the domain. Various methods for modelling this interface are explored

by Mathey (2008). The method of DES is considered again later in this chapter in the

85



3. Computational Fluid Dynamics

discussion of wall-modelling techniques.

3.2 Equations and Modelling for LES

The governing equations used for all of the analyses in this study are the incompressible

Navier–Stokes equations, which are comprised of the continuity equation—equation

(3.13)—and the momentum equation—equation (3.14) (as shown in section 2.3):

∂ui
∂xi

= 0 (3.13)

∂ui
∂t

+ ∂

∂xj
(ujui) = −

1

ρ

∂p

∂xi
+ ν ∂2ui

∂xj∂xj
. (3.14)

Here ui and xi are the i-th components of the velocity vector, u, and the position vector,

x, respectively; p is the pressure; ρ is the density; and ν is the kinematic viscosity. As

mentioned previously, large-eddy simulations use a filter to partition the turbulent flow

into a resolved scale and a sub-filter, or subgrid-scale (SGS). That is, any flow variable,

f , can be decomposed into a large-scale and a small-scale contribution:

f = ⟨f⟩ + f ′. (3.15)

This is of course similar to the analysis used to derive the RANS equations, however,

here, the prime denotes the small scales—referred to as subgrid or subfilter scales—and

the angled brackets denote a large scale variable—referred to as the grid or resolved

scales (Piomelli, 1999; Pope, 2000; de Villiers, 2006). In contrast to the RANS analysis,

the large-scale variable is here defined with the aid of a filter. The filtering operation

as introduced by Leonard (1974) is described as:

⟨f(x, t)⟩ = ∫
Ω
G(r,x)f(x − r, t)dr, (3.16)

where Ω is the entire flow domain and G is a spatial filter that removes high spatial-

frequency information. The width of the filter is typically denoted by ∆ and is pro-

portional to the wavelength of the smallest scale retained by the filtering operation

(Beaudan & Moin, 1994; de Villiers, 2006). The filter width defines the size of eddies

86



3.2. Equations and Modelling for LES

that will be resolved and those that will be modelled. Typically, the filter width is

chosen to be the size of the cells in a given domain, and within the inertial subrange

of turbulence, which justifies assumptions of self-similarity of sub-filter width flow pro-

cesses, and supports modelling the turbulent stresses based on the resolved flow or the

strain-rate tensor. The filter kernel, G(r,x), is a localised function (meaning that it

is large only when r is small) that satisfies the condition:

∫ G(r,x)dr = 1. (3.17)

An exhaustive discussion of filter kernels and their application can be found in Pope

(2000). A summary of three commonly used filters is given in table 3.1.

The shapes of the filters in table 3.1 are shown in figure 3.2 and their effect on

a test function is shown in figure 3.3. The results from the Gaussian and top-hat

filters are similar since they both smooth the large- and small-scale fluctuations. The

Filter Equation Comments

Gaussian filter G (r; ∆) =
√

6
π∆2 exp (−6r2

∆2 ) Smooth and differentiable.

Top-hat filter
G(r; ∆) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1
∆ if (∣x − r∣ ≤ ∆

2
)

0 otherwise.

Simply an average over a rectangu-
lar region. Common choice for fi-
nite volume methods since average
is over a cell volume.

Sharp Fourier
cutoff filter Ĝ(k; ∆) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 if (k ≤ π
∆
)

0 otherwise.

Defined in Fourier space and elimi-
nates all wavenumbers above a cho-
sen frequency. This filter is normally
used in spectral methods. Ĝ de-
notes the Fourier coefficient of the
filter function, and k denotes the
wavenumber.

Table 3.1: Summary of common filter kernels for LES. Information summarised from
de Villiers (2006, section 3.1).
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Fig. 1. Typical filter functions. —— sharp Fourier cutoff; — — — truncated Gaussian; — ) — top hat. (a) real space; (b) Fourier space.

Fig. 2. Filtering of a test function. —— Unfiltered; #sharp Fourier cutoff; ! Gaussian; " top hat; — — — k!"#$.

the SGS Reynolds stresses. The Leonard stresses repres-
ent interactions between resolved scales that result in
subgrid-scale contributions; they can be computed ex-
plicitly, and, when the sharp cutoff filter is used, they are
the aliasing errors. The cross terms represent interactions
between resolved and unresolved scales, whereas the SGS
Reynolds stresses represent interactions between small,
unresolved, scales. While the SGS stresses are invariant
with respect to a Galilean transformation, neither ¸

!"
nor

C
!"

are [8]. For this and other reasons (see [9]), the
decomposition (9) has largely been abandoned.

3. Subgrid-scale models

In LES the dissipative scales of motion are resolved
poorly, or not at all. The main role of the subgrid-scale

model is, therefore, to remove energy from the resolved
scales, mimicking the drain that is associated with the
energy cascade. Most subgrid-scale models are eddy-
viscosity models of the form

!
!"
!"

!"
3

!
##

"!2#
%
SM
!"
, (10)

that relate the subgrid-scale stresses !
!"

to the large-scale
strain-rate tensor SM

!"
"(!uN

!
/!x

"
#!uN

"
/!x

!
)/2. In most

cases the equilibrium assumption (namely, that the small
scales are in equilibrium, and dissipate entirely and in-
stantaneously all the energy they receive from the re-
solved ones) is made to simplify the problem further and
obtain an algebraic model for the eddy viscosity [10]:

#
%
"C!&$SM $SM

!"
, $SM $"(2SM

!"
SM
!"
)'#&, (11)

U. Piomelli / Progress in Aerospace Sciences 35 (1999) 335—362 339

Figure 3.2: Filter functions as discussed in table 3.1. truncated Gaussian;
− ⋅ − ⋅ − top-hat; and sharp Fourier cutoff. From Piomelli (1999).

Fourier cutoff filter only affects the scales below the chosen cutoff wavelength. Because

of the smoothing behaviour of the Gaussian and top-hat filters, they require a higher

resolution if they are to capture the same high frequency behaviour as the Fourier

cutoff filter. This implies that spectral methods are more accurate given a particular

grid resolution (de Villiers, 2006).

Applying the LES filtering operation to the incompressible Navier–Stokes equations

(equations (3.13) and (3.14)) leads to the filtered equations of motion, which may be

written as:
∂⟨ui⟩
∂xi

= 0 (3.18)

∂⟨ui⟩
∂t

+ ∂

∂xj
⟨ujui⟩ = −

1

ρ

∂⟨p⟩
∂xi

+ ν ∂
2⟨ui⟩

∂xj∂xj
. (3.19)

The momentum flux term on the left-hand side of equation (3.19), ⟨ujui⟩, is nonlinear

and cannot be found in terms of the resolved components ⟨ui⟩. Therefore, similar to the
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3.2. Equations and Modelling for LESFig. 1. Typical filter functions. —— sharp Fourier cutoff; — — — truncated Gaussian; — ) — top hat. (a) real space; (b) Fourier space.

Fig. 2. Filtering of a test function. —— Unfiltered; #sharp Fourier cutoff; ! Gaussian; " top hat; — — — k!"#$.

the SGS Reynolds stresses. The Leonard stresses repres-
ent interactions between resolved scales that result in
subgrid-scale contributions; they can be computed ex-
plicitly, and, when the sharp cutoff filter is used, they are
the aliasing errors. The cross terms represent interactions
between resolved and unresolved scales, whereas the SGS
Reynolds stresses represent interactions between small,
unresolved, scales. While the SGS stresses are invariant
with respect to a Galilean transformation, neither ¸

!"
nor

C
!"

are [8]. For this and other reasons (see [9]), the
decomposition (9) has largely been abandoned.

3. Subgrid-scale models

In LES the dissipative scales of motion are resolved
poorly, or not at all. The main role of the subgrid-scale

model is, therefore, to remove energy from the resolved
scales, mimicking the drain that is associated with the
energy cascade. Most subgrid-scale models are eddy-
viscosity models of the form
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!
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SM
!"
, (10)

that relate the subgrid-scale stresses !
!"

to the large-scale
strain-rate tensor SM

!"
"(!uN

!
/!x

"
#!uN

"
/!x

!
)/2. In most

cases the equilibrium assumption (namely, that the small
scales are in equilibrium, and dissipate entirely and in-
stantaneously all the energy they receive from the re-
solved ones) is made to simplify the problem further and
obtain an algebraic model for the eddy viscosity [10]:
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U. Piomelli / Progress in Aerospace Sciences 35 (1999) 335—362 339

Figure 3.3: Filtering of a test function: solidrule unfiltered; + sharp Fourier cutoff;
◇ Gaussian; and △ top-hat ( k−5/3). From Piomelli (1999).

way the nonlinear term is modelled in the RANS equations, this term is decomposed

into resolvable and modelled components such that:

⟨ujui⟩ = ⟨uj⟩⟨ui⟩ + [⟨ujui⟩ − ⟨uj⟩⟨ui⟩]. (3.20)

The term bracketed by the square braces on the right-hand side of this equation now

becomes the subgrid-scale stress tensor, τij. That is:

τij = [⟨ujui⟩ − ⟨uj⟩⟨ui⟩]. (3.21)

Upon substituting this decomposition of the nonlinear term back into equation (3.19),

the momentum equation becomes:

∂⟨ui⟩
∂t

+ ∂

∂xj
(⟨uj⟩⟨ui⟩) = −

1

ρ

∂⟨p⟩
∂xi

+ ν ∂
2⟨ui⟩

∂xj∂xj
− ∂τij
∂xj

. (3.22)

This equation looks very similar to the momentum equation obtained from the Reynolds-

averaging as described above—see equation (3.6). Indeed it is, with the only differences

being the definition of the resolved variables and the stress tensor—the subgrid-scale

stress tensor in this case compared to the Reynolds stress tensor in RANS. Therefore, it

is the task of LES turbulence models to predict τij based on the resolved-scale velocity,
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⟨ui⟩.
There are two types of modelling necessary in LES—SGS- and wall-modelling.

Many different models have been proposed for both SGS- and wall-modelling, and it

would be impractical to mention them all here. While every effort is made to present

a comprehensive overview of the topics of SGS- and wall-modelling, it is by no means

complete or exhaustive. The reader is referred to the detailed reviews by Rogallo &

Moin (1984), Piomelli (1999), Meneveau & Katz (2000) and Lesieur et al. (2005) on

SGS-modelling; and Piomelli (1999), Cabot & Moin (2000), Piomelli & Balaras (2002),

de Villiers (2006, section 3.3) and Piomelli (2008) on wall-modelling.

3.2.1 Wall-modelling

In addition to the extensive reviews on wall-modelling just cited, the reader is also

referred to the introductions of Piomelli et al. (2003) and Park & Moin (2014) for a

concise summary of some of the seminal papers on the topic. Throughout this section,

frequent reference is made to the ‘near-wall region’, which was described in the previous

chapter and is the region where viscous scaling alone applies for the mean flow and is

typically taken to be below the logarithmic region. Importantly, motions in the near-

wall region are not independent of motions in the outer-region (as discussed in chapter

2).

Wall-modelling, as the name suggests, is concerned with approximating the bound-

ary conditions at a solid wall, where the grid resolution in a large-eddy simulation is

often insufficient to capture the small-scale motions. These small motions close to a

solid surface, as previously discussed, are amongst the most important aspects of wall-

bounded turbulent flow and account for a large fraction of the overall drag on a body

moving through a fluid (Schlatter et al., 2011). Thus, a better understanding of their

dynamics may allow engineers to affect wall turbulence in favourable ways that lead

to a decrease in drag. The study of wall-models is a relatively recent addition to the

fields of large-eddy simulation and computational fluid dynamics more generally (the

first wall-model was proposed by Deardorff in 1970). As such, the associated literature

is diverse and continually evolving. The aim of this section is to provide a thorough

overview of wall-modelling including a brief review of some of the commonly used for-

mulations. The discussion of wall models relies heavily on many of the theoretical
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concepts that were introduced in section 2.4. These include the concept of scaling by

wall units and the definitions of the various regions and layers within the boundary

layer.

Historically, most studies of turbulent boundary layers and the region near the wall

have been conducted experimentally in wind-tunnels, and channel-flow and pipe-flow

facilities. More recently, numerical studies have also been able to provide valuable data

in the near-wall region. These data have predominately come from direct numerical

simulations of periodic channel flow (due to its unambiguous boundary conditions and

easily defined cartesian grid) (Schlatter et al., 2011). Pipe flow and turbulent boundary

layers have also been studied with DNS in an attempt to gain turbulent statistics in the

near-wall region of these flows. These studies are important for the investigation and

development of wall-models since they provide insight to the dynamics of the near-wall

region as well as data to validate against.

As mentioned previously, LES has gained popularity in recent years due to its

ability to simulate flows at higher Reynolds numbers, and over more complex ge-

ometries, than DNS. The most successful applications of LES, however, have been

at moderate Reynolds numbers of the order of 106 (Piomelli & Balaras, 2002). At

these Reynolds numbers, it is possible to resolve the small wall-layer structures in the

simulation. Thus, these simulations are referred to as wall-resolved LES. For flows at

higher Reynolds numbers, such as those in the geophysical sciences—meteorology and

oceanography—and in engineering—ship hydrodynamics and aircraft aerodynamics—

the grid resolution requirement near the wall renders LES less successful (Piomelli &

Balaras, 2002). That is, wall-resolved LES is too computationally expensive at these

Reynolds numbers. Therefore, to simulate high-Reynolds number flows, it is necessary

to develop models that allow accurate estimation of the physical interactions in the

near-wall layer, without the need to fully resolve this layer.

It is interesting to consider the grid requirements for wall-resolved LES and non-

wall-resolved LES (or wall-modelled LES). The first study to comprehensively review

the resolution requirements of the near-wall region in a turbulent boundary layer for

LES was published by Chapman (1979). This study examined the resolution require-

ments of both the inner-layer—in which viscosity is important—and the outer-layer—in

which the effects of viscosity on the mean velocity are negligible (Piomelli & Balaras,

2002). In the outer-layer, Chapman (1979) showed that the number of points in the
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wall-normal direction that are required to resolve a given fraction of the turbulent ki-

netic energy is essentially independent of the Reynolds number. This was not found

to be also true for the inner-layer. The dynamics of the inner-layer are dominated by

quasi-streamwise vortices, which have constant dimensions in wall units. Therefore,

to resolve these vortices, a constant grid spacing in wall units must be used (Piomelli

& Balaras, 2002). For a boundary layer or channel flow, this requirement means that

the streamwise and spanwise grid sizes must be ∼ 100 and ∼ 20 wall units, respectively

(wall units are defined as x+i = xiuτ/ν).

Based on the predictions of resolution requirements in the boundary layer made by

Chapman (1979), and their own estimates, Piomelli & Balaras (2002) conclude that at

a Reynolds number of the order of 106, about 90% of grid points are used to resolve the

inner-layer, which constitutes only 10% of the boundary layer thickness. A different

measure of the cost of resolved LES was made by Baggett et al. (1997), who estimated

that the number of grid points necessary to accurately resolve a channel flow scales

as Re2
τ . Therefore, even at moderate Reynolds numbers, the computational expense

of resolving the inner-layer is prohibitive. The only effective method to simulate high-

Reynolds number flows therefore, is to compute the outer layer only, and use some

model for the complex interactions that occur in the inner-layer (Piomelli & Balaras,

2002). In this case, the grid size can be set according to the size of the outer flow eddies

and the cost of the simulation becomes only weakly dependent on Reynolds number

(Piomelli & Balaras, 2002).

By choosing to only resolve the outer layer, the momentum flux at the wall—or, the

wall shear stress—cannot be calculated. This is due to two main reasons. First, the

sharp velocity gradients immediately adjacent to the wall are not known; and second,

the momentum transfer that occurs near the wall due to the streamwise and hairpin

vortices is not captured (Piomelli & Balaras, 2002). This necessitates the inclusion of

a model to relate the outer-layer flow to phenomena that occur at the wall.

3.2.1.1 Common wall-models

Most standard wall models attempt to predict the wall-shear-stress. Some, however,

attempt to predict secondary properties of the near wall flow, such as the subgrid-scale

viscosity, which is then related to the mean velocity (de Villiers, 2006). The focus
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Figure 3.4: (a) Instantaneous profiles of the filtered streamwise velocity (blue) com-
pared to the mean profile, and, +/−5% and +/−20% deviations from it. (b) Illustration
of the alignment between the wall-shear-stress and the velocity throughout the bound-
ary layer (they are aligned for β = 0). Plots have been reproduced from a presentation
given by Olivier Cabrit.

of this section will be on models that predict the wall-shear-stress (which is typically

hidden by the inner-scaling of the velocity). Typically, these models either implicitly

or explicitly consider the inner-layer to be Reynolds-averaged. That is, because the

mesh in this region is more coarse than the size of the eddies, only their average

effect is modelled. Therefore, the flow in this region is modelled by the Reynolds-

averaged Navier–Stokes equations, rather than the filtered Navier–Stokes equations of

LES (Piomelli & Balaras, 2002). Models of this form are thus derived from the mean

velocity profile and are strictly well posed for RANS simulations. When applied to LES,

two assumptions are implicitly made: (i) the filtered velocity instantaneously follows

the mean profile (⟨u⟩+ ≡ u+); and (ii) the wall-shear-stress is aligned with the velocity

at the first off-wall grid point. These two requirements are illustrated in figure 3.4,

which shows (a) instantaneous profiles of the filtered streamwise velocity compared to

the mean profile; and (b) the instantaneous relative alignment of the wall-shear-stress

and the velocity throughout the boundary layer. It can be seen that, if the first off-

wall grid point is sufficiently close to the wall, the two assumptions are valid since

the instantaneous streamwise velocity profile does not deviate significantly from the

mean profile; and, near the wall, the wall-shear-stress is in alignment with the off-wall

velocity (β ∼ 0).

To provide an accurate representation of the near-wall dynamics for these models,
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the resolution of the grid is very important. If the grid is too fine, the assumption of

Reynolds-averaging can no longer be made since eddy size is of the same order as the

grid spacing; but if the mesh is too coarse in the plane parallel to the wall, the turbulent

eddies in this region are not captured, which may lead to inaccurate prediction of the

velocity field in this region (Piomelli & Balaras, 2002).

Figure 3.5(a) shows the mean velocity profile of a fully developed turbulent channel

flow at Reτ = 2000, and illustrates the various regions of the boundary layer that were

discussed in section 2.4. The middle of the log-layer is also depicted at approximately

z+ =
√

15Reτ . The middle of the log-layer is the ideal location for the first-off wall

grid point (and thus, the wall-model input) to be located. As discussed in the previous

chapter, the location of the outer-peak is approximately at the centre of the logarithmic

region, implying that this is the location of the most energetic structures in the outer-

layers of the boundary layer. Using information from these structures to predict what

is happening at the wall is desirable given the recent advances in understanding of the

influence of the large-scale motions at the wall. Additionally, placing the first off-wall

grid point in the centre of the log-layer, coupled with an effective wall-model, would

decrease the near-wall grid requirements and allow LES to be used for high Reynolds

number flows.

When the (inner-scaled) mean velocity profiles at several Reynolds numbers are

plotted on top of each other, a similarity region appears (this is illustrated in figure

3.5(b)). This similarity region is useful for the study of wall-models since it allows

general (inner-scaled) formulations to be derived that are applicable to all (turbulent)

Reynolds numbers (in general). The similarity region typically extends from the wall to

the top of the log-layer, where ‘wake’ effects dominate. To predict this similarity region,

perhaps the simplest model is the ‘two-layer approximation’. This is shown in figure

3.5(c) and consists of two separate models: one for the linear region (close to the wall);

and one for the logarithmic region (further from the wall). These two approximations

combined provide a reasonable estimate of the shape of the mean velocity profile.

However, they do not provide a good estimate of the buffer region between the inner-

layers and the logarithmic region. More complicated models, such as Reichardt’s law

(shown in figure 3.5(d)) provide a more accurate description of the mean profile.

These approaches, and others, will now be discussed in more detail following the

framework outlined by Piomelli (2008), who grouped the current paradigm of wall-
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Figure 3.5: Mean velocity profiles from data obtained with direct numerical sim-
ulations of fully developed plane turbulent channel flow (550 ≤ Reτ ≤ 2000) (Hoyas
& Jiménez, 2008). (a) The various regions of the boundary layer; the vertical arrow
shows the location of the centre of the logarithmic region (z+ ≈ √

15Reτ ). (b) Profiles
from three different Reynolds numbers illustrating the similarity region (highlighted).
(c) The ‘two-layer’ approximation to the mean velocity profile using equations for the
linear region (u+ = z+) and the logarithmic region (u+ = 1/κ ln (z+) + A). (d) The
‘two-layer’ approximation and Reichardt’s law (equation in top left corner of plot).

modelling techniques into three general classes—equilibrium-stress models, zonal ap-

proaches, and hybrid RANS/LES methods. This framework is also reflected in table

3.2, which provides a summary of several commonly used wall-models. This section

relies heavily on the extensive review by de Villiers (2006, section 3.3).

3.2.1.2 Equilibrium stress models

Equilibrium stress models are based on the assumption that there exists an equilibrium

layer near the wall in which the stress is constant (i.e. the stresses in the boundary

layer are in instantaneous equilibrium). This implies the existence of a logarithmic

layer, which can be used to relate the velocity in the outer-layer to the wall-stress
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using the standard log-law (this removes the no-slip condition and its associated costs

from the LES calculation) (Schumann, 1975; Grant & Madsen, 1986; Piomelli et al.,

1989; Nicoud et al., 2001; Templeton et al., 2005; Chung & Pullin, 2009). In general,

these wall-models use an approximate correlation to calculate the wall-shear-stresses

from the velocity at the first off-wall grid point. The use of equilibrium-stress models

requires two key assumptions: that the near-wall grid is so coarse that it contains a

very large number of near-wall eddies; and that the LES time-scale is much larger than

the eddies’ time-scale so that the filtering operation becomes equivalent to a Reynolds-

average.

Wall-models that provide the wall-shear-stresses to the LES of the outer flow are

typically called wall-stress models (Wang & Moin, 2002). The simplest of these are

similar to the wall-functions used in RANS simulations, where the wall-function pre-

scribes an algebraic relationship between the wall-stresses and the tangential velocities

at the first off-wall grid point (Wang & Moin, 2002). This approach was first used

by Schumann (1975), and was subsequently modified by Grötzbach (1987), Piomelli

et al. (1989) and Werner & Wengle (1993). The original model proposed by Schu-

mann (1975) was derived for channel flow simulations at finite Reynolds numbers and

is based on the assumption that deviations of wall-shear-stress from its mean value

are linearly correlated to fluctuations of streamwise velocity above the wall (see figure

3.5). A major limitation of this model is its requirement that the mean wall-shear-

stress be known a priori (from the driving pressure gradient, for example (de Villiers,

2006)), making it rather ineffective as a predictive tool. Grötzbach’s (1987) modifi-

cation (known as the SG model) removed the requirement that the pressure gradient

be known a priori by calculating the mean velocity as a temporal and spatial average

at the first off-wall grid point. This modification still imposes the logarithmic-law in

the mean, which implies that the first off-wall grid point must be in the logarithmic

layer. This model has several limitations (see section 3.3.1 of de Villiers, 2006), but has

shown reasonable comparisons with experimental data in simulations of channel flow

(Grötzbach, 1987; Piomelli et al., 1989; Schumann, 1975) and flow through an annulus

(Schumann, 1975). Piomelli et al. (1989) attempted to incorporate the effect of fluid

movement toward (sweeps) and away (ejections) from the wall on the wall-shear-stress.

This model will be discussed in more detail in chapter 5 since it has some similarities to

the new wall-model proposed in this dissertation. More recently, Lee et al. (2013) used
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this approach to accurately predict the mean velocity profile and low-order turbulence

statistics at high Reynolds numbers (Reτ = O(108)). In 2015, Yang et al. proposed a

new wall-stress model based on the momentum integral method designed to extend the

applicability of equilibrium-type models by including pressure gradient and unsteadi-

ness effects while preserving the relatively low computational cost of equilibrium-stress

models. Several commonly used equilibrium stress models are summarised in table 3.2.

The primary limitation of this approach is the models’ reliance on the log-law (or

some other formulation) for the mean velocity, which makes them unsuitable for many

complex flows involving pressure gradients, separation, or highly three-dimensional

velocity fields (non-equilibrium effects) (Piomelli, 2008). Additionally, because of their

underlying assumption, these models should be more accurate if they take their input

in or below the buffer layer, which effectively includes information from the streak

instability cycle. This restriction means that, if used properly, they do not significantly

reduce the near-wall grid requirement, which is a major concern for LES studies at high

Reynolds numbers. Further, this reduces the effect of the wall-model when compared

to the no-slip boundary condition.

3.2.1.3 Zonal approaches/two-layer models

Zonal approaches model the near-wall region with a set of simplified equations—

typically the thin boundary layer equations—between the wall and first off-wall grid

points. These equations are solved on an embedded near-wall mesh that is decoupled

from the grid for the bulk flow, and resolves only part of the inner-layer (Park & Moin,

2014) (see figure 3.6). The grid for the inner-layer is much finer than the grid for the

bulk flow, and there is generally a region of overlap between the two grids, where some

form of coupling is applied. Standard LES equations are solved on the coarse bulk-

flow grid, using the wall-shear-stress supplied by the fine-grid solution as a boundary

condition. Thus, like the equilibrium stress models just discussed, two-layer models

generally use instantaneous wall-parallel velocities and pressure gradients from the LES

solution to calculate and return the wall-shear-stress (Piomelli, 2008).

Zonal approaches are able to incorporate non-equilibrium effects, such as pressure

gradients and unsteady flow, in the wall-model and are thus also commonly termed

non-equilibrium wall-models. Indeed, this method has been shown to provide good
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Figure 3.5: Typical two-layer model implementation (cross-hatched region) embedded in the

lower half of the wall cell.

layer. The simplest of these is probably the mixing length model [10],

νt = (κyw)2 D(yw) |S| (3.71)

where κ is the von Karman constant, yw is the distance to the wall, |S| is the magnitude

of the local rate of strain and D is an ad-hoc damping function used to ensure the correct

limiting behaviour for νt in the viscous layer. In the literature there are various forms of

this “van Driest” damping function, all of which can be expressed as follows:

D(yw) =
h
1 − e−( ywuτ /ν

A+ )
nim

, (3.72)

where A+ is an adjustable constant, normally in the range of 15 − 30, uτ is the friction

velocity and the parameters m and n have been used in the following combinations:

n = 1,m = 2[20, 57] and n = 3 − 4, m = 1[10]. LES results using the TBLEs with the

mixing length model and “van Driest” damping function in rotating pipe and square duct

flows [10], have shown marked improvement over the standard equilibrium SG model and

its derivatives in regions where the wall function assumptions do not hold.

Slightly more complex, is the adaptation of the Johnson-King [78] model for the thin

boundary layer equations [20, 21],

νt = κywusD
2, D = 1 − e

−
≥

ywud/ν

A+

¥

(3.73)

In the simplified Johnson-King (JK) model, both velocity scales us and ud are taken

equal to the shear velocity uτ =
√

τw. The simplified model has been used in the LES
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Figure 3.6: Typical two-layer model implementation (cross-hatched region) embedded
in the lower half of the wall cell. From figure 3.5 of de Villiers (2006).

results in some cases where the boundary layer structure departs from the traditional

log-law (i.e. in separated and compressible flows with fixed separation points) (Balaras

et al., 1996; Cabot & Moin, 2000; Wang & Moin, 2002; Bocquet et al., 2012). Both

equilibrium-stress models and zonal approaches, however, do not inherently control the

wall-shear-stress fluctuations.

The most common example of this approach are the thin boundary layer equations

(TBLE), which are derived from the Navier–Stokes equations (without the requirement

for the equilibrium stress assumption) and are outlined in table 3.2. The main difference

between the TBLE and other two-layer models is the treatment of eddy-viscosity in the

sub-layer (de Villiers, 2006). Examples of these alternate two-layer models include the

mixing length model (Balaras et al., 1996) and the more complex Johnson–King model

(Johnson & King, 1985; Cabot & Moin, 2000) (see de Villiers (2006) for an explanation

of these models).

Two-layer models share some limitations with the equilibrium stress models, includ-

ing the requirement for a fine near-wall mesh. Additionally, they require a secondary

mesh that continuously conforms to the boundary of a given domain, which increases

the computational requirements by 20% to 30% compared to equilibrium stress models

(de Villiers, 2006). This requirement has the further complication of constructing the

refined mesh, which is not trivial given complex geometries. Finally, the simplifying

assumptions used to derive the TBLE (small streamwise velocity and wall-normal pres-

sure gradients) do not apply if the boundary has regions of high curvature and sudden
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changes. These limitations combined with the complexity of the coupling mechanism

between the fine near-wall mesh and the bulk-flow mesh are considerable when com-

pared to the equilibrium stress models.

3.2.1.4 Hybrid RANS/LES methods

Hybrid RANS/LES approaches rely on unsteady RANS turbulence modelling and grid

spacing in the boundary layer, and the LES filtered Navier–Stokes equations in the core

and separated regions of the flow. The prevailing example of this method is detached

eddy simulation (DES), which was originally described by Spalart et al. (1997). The

RANS turbulence model has sole responsibility for the solution of the streak instability

cycle, the inertial layer, and most of the ‘wake’ regions (see figure 3.7). The LES

turbulence model (SGS-model), in comparison, has a less significant influence since the

large, energy containing eddies in the LES region are predominately resolved. This

results in a realistic solution in the core of the flow and reasonably accurate boundary

conditions for the RANS portion. Thus, the modelling in the RANS regions has a

comparatively large influence over the global solution, which should theoretically reduce

to the RANS result unless large perturbations are introduced into the core of the

flow. If large perturbations are introduced, which might be caused by a separation

region, DES remains plausible so long as the length scales of the perturbations are

large (compared to the LES grid size). Therefore, DES, as it has been described, is

inherently unsuitable to cases where the wall-attached eddies dominate the flow, or

have a significant affect on the global flow dynamics (de Villiers, 2006). Examples of

such flows include fully developed channel flow (Baggett, 1998; Nikitin et al., 2000) and

flows with fully developed inlet conditions, such as backward facing steps and diffusers.

The cost of hybrid methods is significantly greater than the two methods just

described since the wall-normal direction must be well-resolved. However, the cost

compared to wall-resolved LES is lower due to the reduction in the near-wall resolution

requirement afforded by the RANS turbulence modelling. The total number of grid

points is found to scale with the logarithm of Reτ , rather than Reτ raised to a power

for conventional LES (Nikitin et al., 2000). An additional difficulty with the hybrid

RANS/LES method is the disparity in scales between the LES and RANS regions

(Piomelli, 2008). Equilibrium-stress models and zonal approaches impose the outer-
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Figure 3.6: Typical distribution of DES turbulence zones for flow over a bluff body.

spanwise streak spacings and eddy sizes. In the limit of mesh refinement however, the

solution should in general tend to that of a fully resolved LES, making DES a possible

candidate for inner layer matching.

Spalart-Allmaras Model

For their DES formulation, Spalart et al. [149] use the Spalart-Allmaras (S-A) one-

equation eddy viscosity model [147] as their base RANS turbulence model, included here

for completeness. The eddy viscosity νt is given by,

νt = eνfv1, (3.76)

fv1 =
χ3

χ3 + c3
v1

, (3.77)

χ ≡ eν
ν
, (3.78)

and ν is the molecular viscosity, while eν is the working variable that obeys the transport

equation

Deν
Dt

= cb1
eSeν +

1

cσ

£
∇· ((ν + eν) ∇eν) + cb2 (∇eν)2§ − cw1fw

∑ eν
yw

∏2

, (3.79)

eS ≡ ω +
eν

κ2y2
w

fv2, (3.80)

fv2 = 1 − χ

1 + χfv1

. (3.81)
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Figure 3.7: Typical distributions of DES turbulence zones for flow over a bluff body.
From de Villiers (2006, figure 3.6).

layer scales on the inner-layer, which therefore contains eddies as small as the filter

size. However, in hybrid RANS/LES methods, the inner-layer has its own time- and

length-scales, which are typically different from those in the outer-layer and thus create

a discrepancy between the two regions (Brasseur & Wei, 2010). RANS turbulence

models in the near-wall region also tend to damp the resolved scales, leading to a flow

in which the eddy dynamics correspond to those at a much lower Reynolds number

(including increased spanwise streak spacing) (de Villiers, 2006).

A common DES approach is to use the Spalart–Allmaras (S–A) turbulence model

(Spalart & Allmaras, 1992) in the RANS region of the flow (see Spalart et al., 1997).

This approach is outlined in table 3.2. Other hybrid RANS/LES methods are outlined

in section 3.3.3 of de Villiers (2006), but will not be discussed here. The mesh size

in the S–A approach is critical to the accuracy of the simulation. If the wall-parallel

mesh spacing is too small, the coupling point between the LES and RANS regions

will be inside the boundary layer, resulting in eddy dynamics resembling those at a

lower Reynolds number. If the wall-parallel mesh is too coarse, in addition to the

obvious errors due to poor resolution, large scale fluctuations produced as a result of

separation will be unnaturally damped. The suitability of the DES method is entirely

dependent upon the importance of the boundary layer eddies to the bulk flow. If

their influence on the flow outside the wake region is significant, such as in channel

or pipe flow, then modelling the boundary layer region with the RANS equations is

not a suitable approach. Conversely, if the dynamics of the boundry layer eddies do

not significantly affect the global dynamics of a flow, such as in some bluff body flows
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where the thickness of the boundary layer is small compared to the length scales of

separation induced eddies (de Villiers, 2006), then DES is a suitable method. Indeed,

it is expected to produce results similar to wall-resolved LES in these flows.

3.2.1.5 A final comment

Each of the three general classes of wall-layer models, and the specific models therein,

have their own advantages and disadvantages. There is, however, no obvious choice of

model that is apposite for all fluid dynamics applications. Indeed, given the inherent

complexities of the inner-layer, and its important role in the production cycle (Piomelli,

2008), it is perhaps not surprising that it has been difficult to develop accurate wall-

models for LES. This lack of clarity is not the result of lack of research effort—Piomelli

& Balaras (2002) hoped that substantial advancement would occur in the subsequent

five years or so after their review article. Despite increased attention since this article,

still no single model has taken precedence over all others. It is hoped that the model

presented in chapter 5 is able to substantially improve the ability of current wall-

models in two key areas: prediction of the fluctuating wall-shear-stress; and, since its

formulation is not dependent upon the standard log-law, appropriateness for separating

wall-bounded flows over complex terrain.

It is the former of these two key areas that is the primary focus of the study pre-

sented in chapter 5. In the models mentioned thus far, the wall-shear-stress fluctuations

are simply a consequence of the model, rather than being explicitly controlled by it.

Baggett et al. (1997) investigated the importance of prescribing accurate fluctuations

by imposing off-wall velocity components from a wall-resolved simulation in a separate

wall-modelled simulation. Nicoud et al. (1998) and Nicoud et al. (2001) attempted a

similar approach by relating an interior layer of points to an off-wall boundary con-

dition. More recently, Mizuno & Jiménez (2013) proposed a modelling approach that

mimics the linear dependence of the length scales of velocity fluctuations between

an off-wall boundary and an interior parallel plane. In all of these models, however,

information about wall-shear-stress fluctuations is not provided since the boundary

condition is lifted away from the wall in order to avoid resolution of the near-wall re-

gion. This is a concern if the wall-shear-stress is a desired output of the simulation

and one of the key aims of the present study is to fill this gap.
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Name Relevant Equations References & Comments

Equilibrium Stress Models

Deardorff

Model

∂2ū
∂y2

= − 1
κy20

+ ∂2ū
∂z2

v̄w = 0

∂2w̄
∂y2

= ∂2w̄
∂x2

Not strictly an equilibrium stress model, but perhaps the first LES wall treatment.

Applicable to wall bounded flow at infinite Reynolds number (no consideration of

viscosity). Uses second-order wall-normal derivatives to constrain the wall-parallel

velocities, such that the log-law is satisfied in the mean. The model assumes that

the turbulence in the near-wall layer is isotropic (see Deardorff, 1970).

Schumann-

Grötzbach (SG)

Model

τxy,w =
ū(x,y0,z)⟨ū(x,y0,z)⟩ ⟨τw⟩,
v̄w = 0,

τzy,w = νt
w̄(x,y0,z)

y0

The mean wall-shear, ⟨τw⟩, is used to

calculate mean near-wall velocity, ⟨ū0⟩ as:

⟨ū⟩(x, y0, z) =
uτ
κ
log(y0uτ

ν
E) (Schumann)

⟨ū0⟩
uτ

= 1
κ
log(y0uτ

ν
E) (Grötzbach)

The first true equilibrium stress model. For use in channels and annuli at finite

Reynolds numbers. Based on the premise that deviations from the mean stream-

wise wall-shear-stress are linearly correlated to deviations of streamwise velocity

from its mean value. Requires mean wall-shear-stress to be known a priori (not a

good predictive tool). Since the log-law is imposed in the mean, first off-wall point

must be in the logarithmic region. In the equations, ⟨xy⟩, and ⟨zy⟩ are the stream-

wise and spanwise directions, respectively (Schumann, 1975; Grötzbach, 1987).

Shifted Model

τxy,w =
ū(x+∆s,y0,z)⟨ū0⟩ ⟨τw⟩

v̄w = 0

τzy,w =
w̄(x+∆s,y0,z)⟨ū0⟩ ⟨τw⟩

∆s is the streamwise displacement:

∆s =
⎧⎪⎪⎨⎪⎪⎩

(1 − ∣y0∣) cot (8○) if 30 < y+0 < 60

(1 − ∣y0∣) cot (13○) if y+0 > 60

Numerical experiments by Rajagopalan & Antonia (1979) show that Schumann’s

assumption regarding the correlation between the velocity in the log-layer and the

wall-stress is generally valid, but could be improved by introducing a streamwise

displacement to account for the inclination of the near-wall structures, and by

removing small-scale features (which is done implicitly in LES). Piomelli et al.

(1989) modified Schumann’s 1975 model to incorporate these observations. The

model has performed well in plane channel flow (Piomelli et al., 1989; Balaras et al.,

1996), but does not account for the effects of the streak-instability cycle near the

surface, making it unsuitable for flows where the log-law is not applicable.

102



3
.2

.
E

q
u
a
tio

n
s

a
n
d

M
o
d
e
llin

g
fo

r
L

E
S

Ejection Model

τxy,w = ⟨τw⟩ −Cuτ v̄(x +∆s, y0, z)

v̄w = 0

τzy,w =
w̄(x+∆s,y0,z)⟨ū0⟩ ⟨τw⟩

(C is a dimensionaless constant of order 1)

The ejection model is a further refinement to the SG model. It attempts to include

the effects of sweeps and ejections (fluid motion towards and away from the surface)

on the wall-shear-stress. Piomelli et al. (1989) observed an increase in wall-shear

during a sweep event and a decrease during an ejection event. Testing has been

limited to plane channel flows (Piomelli et al., 1989), with similar results to the

shifted model (similar limitations regarding eddy dynamics).

Instantaneous

Model

ū∥
uτ

= 1
κ
ln[y0uτ

ν
E]

v̄w = 0

(ū∥ is the velocity parallel tothe surface)

Mason & Thomson (1992) propose the

following condition on the location of y0:

y0
∂p
∂x

≪ ζτ (ζτ is the standard dev. of τ)

The above models based on the SG model rely on a space and time averaged

value of the streamwise velocity at the first off-wall grid point, and assume that

the average velocity approaches a finite non-zero value as averaging intervals are

increased. This is not always the case. The instantaneous model was first pro-

posed by Mason & Callen (1986) and assumes that the velocity at y0 satisfies the

law of the wall locally and instantaneously. This means that the velocity-stress

relationship is not guaranteed to satisfy the log-law on average. The condition on

y0 ensures the correlation between u∥ and τw remains high.

Spalding’s

Model

y+ = u+ + 1
E

[eκu
+

− 1 − κu+ − 1
2
(κu+)2

− 1
6
(κu+)3]

κ = 0.42 and E = 9.1

The above equilibrium stress models rely on the standard log-law, which is limited

due to its lack of pressure gradient sensitivity, its requirement on the minimum

value of y+0 ≈ 30, and its ability to account for non-equilibrium effects. Spalding’s

law (Spalding, 1961) provides a more advanced equation for the velocity profile.

It is a fit for the laminar, buffer and log-regions. This means that y0 can be placed

in the buffer or viscous region (y+0 > 30). This allows for local mesh refinement

without the need to switch from one wall-function to another.

Reichardt’s

Model

u+ = 1
κ

ln (1 + κy+) +R1 (1 − e−y+/R2 −
y+

R2
e−y+/R3)

R1 = 7.8, R2 = 11 and R3 = 3
A similar formulation to Spalding’s model (see Reichardt, 1951).
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Two-layer Models

Thin Boundary

Layer Equations

(TBLE)

∂ũi
∂t

+∇ ⋅ (ũiũ) = −
∂p̃
∂xi

+ ∂
∂y

[(ν + νt
∂ũi
∂y

] , (i = 1,3)

ṽ = − ∫
y

0 (∂ũ
∂x

+ ∂w̃
∂x

)dy

⋅̃ denotes space and/or time averaging

The TBLE are the most commonly used equations for two-layer models and essen-

tially describe a 2D RANS flow near the wall. They are derived from the full NSE

(no requirement for the equilibrium stress assumption like previous models) and

assume that the wall-parallel length scales are much larger than the wall-normal

scales, and that the wall-normal derivatives are much greater than those in the

wall-parallel directions. The equations shown are solved on a fine wall-normal

sub-layer mesh (see figure 3.6). The pressure gradient is calculated from the LES

solution at the matching point, meaning a pressure solution is not required in the

sub-layer. See de Villiers (2006) for more two-layer models.

Detached Eddy Simulation (DES)

Spalart-

Allmaras

Model

The eddy viscosity is given by:

νt = ν̃fv1; fv1 =
χ3

χ3+c3v1 ; χ = ν̃
ν

ν is the molecular visc. & ν̃ obeys:

Dν̃
Dt

= cb1S̃ν̃ +
1
cσ

[∇ ⋅ ((ν + ν̃)∇ν̃) + cb2 (∇ν̃)
2
] − cw1fw [ ν̃

yw
]
2

where S̃ ≡ ω + ν̃
κ2y2w

fv2; fv2 = 1 − χ
1+χfv1 .

ω is the vorticity magnitude, and fw is given by:

fw = g [
q1+c6w3

g6+c6w3
]
1/6

; g = r + cw2 (r6 − r) ; r = ν̃
S̃κ2y2w

Spalart et al. (1997) use the Spalart–Allmaras (S–A) one-equation eddy viscosity

model (Spalart & Allmaras, 1992) as the base RANS turbulence model (shown

in the adjacent equations, the values of constants are given in de Villiers (2006)).

To transition from near-wall RANS to LES in the interior of the flow in one

formulation, the near-wall distance, yw, is replaced by d̃ = min (yw,CDES∆),

which causes the formulation to act as the S–A model for yw ≪ ∆ and an SGS

model for ∆ ≪ yw (in DES, ∆, is defined as the largest cell edge length). The S–A

DES model has been tested in flows over aerofoils at high angles of attack (Shur

et al., 1999), channel flows (Nikitin et al., 2000), and flow over cylinders at high

Re (Travin et al., 1999).

Table 3.2: A brief summary of common wall-models. Note that y is used as the
wall-normal coordinate in this table. Information summarised from de Villiers (2006).
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3.2.2 Subgrid-scale modelling

Subgrid-scale (SGS) models are required in LES since the grid spacings used are typ-

ically far greater than the viscous length scale at which kinetic energy is dissipated

(Higgins et al., 2004). The scales of motion that are not resolved by the grid are re-

sponsible for mixing and energy transfer, typically from larger- to smaller-scales in the

turbulent energy cascade (Meneveau & Katz, 2000). SGS-models therefore account

for the scales of motion that are not resolved by the grid by introducing a ‘dissipa-

tion’ to reproduce the expected energy transfer. In many wall-modelled LES studies,

the resolution of the outer-region—and therefore, the influence of the SGS-model—is

given insufficient attention. The coarseness of the mesh near the wall is often seen

as justification to use an excessively coarse mesh everywhere (Piomelli, 2008). Many

LES studies have shown, however, that sufficient resolution of the integral scale in the

outer-region is necessary to obtain accurate results. Indeed, the tangential velocities

used as input to wall-models directly depend on the accuracy of the SGS-modelling.

Just as wall-models can be grouped into general classes, so too can SGS-models.

de Villiers (2006) provides a comprehensive overview of many popular SGS-models and

groups them into algebraic models; differential subgrid models; scale similarity and

linear combination (mixed) models; and dynamic models. The review by Meneveau

& Katz (2000) focuses on scale similarity (or, scale invariance) models. All of these

models attempt to reproduce the impact of the small-scales on the large-scale physics.

The reader is referred to the reviews by de Villiers (2006) and Meneveau & Katz (2000)

for a thorough overview of SGS-modelling approaches. The aim of the remainder of

this section is to outline only the three models that have been used in this dissertation.

One of the most commonly used modelling approaches is the eddy-viscosity as-

sumption. In this assumption, the SGS-stress tensor is written as (Pope, 2000):

τSGS
ij − 1

3
τSGS
kk δij = 2ρνSGS (⟨Sij⟩ −

1

3
⟨Skk⟩δij) , (3.23)

where ⟨Sij⟩ = 1
2 (∂⟨ui⟩∂xj

+ ∂⟨uj⟩
∂xi

) is the rate of strain tensor of the resolved scales, and ⟨ui⟩
is the i-th component of the resolved velocity. It can be seen that equation (3.23) is

similar to the Boussinesq approximation as shown in equation (3.12). From dimensional
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analysis, the SGS viscosity can be modelled as:

νSGS = (Cm∆)2Dm (⟨u⟩) , (3.24)

where Cm is a model constant, ∆ is the subgrid characteristic length scale, and Dm
is a frequency operator based on the resolved velocity field, ⟨u⟩ = ⟨ui⟩. The three

SGS-models used in this study are all eddy-viscosity models.

3.2.2.1 Smagorinsky SGS-model

One of the first and most widely used eddy-viscosity models is the Smagorinsky model

(Smagorinsky, 1963). For a description of this model, the reader is referred to the work

of Moin & Kim (1982), Rogallo & Moin (1984), Meneveau & Katz (2000), and Pope

(2000). With reference to equation (3.24), for the Smagorinsky model, the constant

and the frequency operator are given, respectively, as:

Cm = Cs ≈ 0.18 (3.25)

Dm = Ds =
√

2⟨Sij⟩⟨Sij⟩. (3.26)

The Smagorinsky model suffers from several limitations. Although SGS dissipation

is often negative (Piomelli & Zang, 1991; Liu et al., 1994; Meneveau & Katz, 2000),

the Smagorinsky model—like all eddy-viscosity models—is always purely dissipative.

If the grid is too coarse, that is, when the grid scale approaches the integral scale,

then in addition to the obvious issues associated with insufficient resolution, the mean

SGS stress can contribute significantly to the mean momentum transport (Meneveau &

Katz, 2000). And when the grid scale approaches the limits of the inertial range, if the

flow is laminar, the standard value of Cs overestimates the SGS-stress and dissipation,

which can prevent transition to turbulence (Piomelli & Zang, 1991; Meneveau & Katz,

2000). Indeed, the model parameter, Cs is not a constant and may be a function of

Reynolds number and flow geometry. To illustrate the large variability of this param-

eter, it has been shown that in order to accurately simulate channel flow, the value

of Cs in the bulk flow must be reduced from 0.2 to approximately 0.065 (Ferziger &

Perić, 2002). This reduces the eddy viscosity in the bulk flow by at least an order of

magnitude. Even greater changes may be required in near-wall regions.
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In the viscous sublayer, the streamwise-wall-normal stress should go to zero as z3.

However, the Smagorinsky model with a fixed coefficient remains finite. Therefore, the

model is too dissipative very close to the wall and often requires damping functions in

this region. Damping functions, such as the van Driest damping function, act to reduce

the value of Cs as a function of wall-normal distance (Moin & Kim, 1982; de Villiers,

2006). The van Driest damping function can be written as:

CS = CS0 (1 − e−z+/A+)2
, (3.27)

where z+ is the non-dimensional wall-normal distance, scaled by viscous wall units, and

A+ is a constant with a value usually around 25 (Ferziger & Perić, 2002). It is possible,

however, that with proper choice of length scale for the SGS-model, ∆, a damping

function would become unnecessary (Piomelli et al., 1989).

Despite its limitations, the Smagorinsky model is still widely used because of its

simplicity, numerical robustness, and lack of numerical instabilities (Meneveau & Katz,

2000). It is used in this study as a ‘reference’ model to assess any improvements af-

forded by the other SGS-models. Although the evidence suggests that using a dynamic

procedure (Germano et al., 1991) improves the Smagorinsky model (Meneveau & Katz,

2000; de Villiers, 2006), a static formulation is used throughout this study. This choice

was predicated on the assumption that the coarseness of the near-wall region would

negate the influence of non-zero values of the SGS-stress tensor in this region. That is,

since the first off-wall grid point is far from the wall, the wall-model is more important

than the SGS-model in the near-wall region. This assumption will be checked and

discussed in chapters 4 and 5. Indeed, dynamic models have been shown to become

quite inaccurate in simulations with badly resolved wall-regions since the assumptions

of scale similarity do not hold (de Villiers, 2006). Additionally, the static procedure is

less complicated to implement and is less computationally expensive.

The definition of the Smagorinsky model in OpenFOAM is slightly different to

the typical definition given in equations (3.25) and (3.26). In OpenFOAM, all eddy

viscosity SGS-models (including the Smagorinsky model and the one-equation eddy

viscosity model) refer to a general equation to calculate the SGS-stress tensor:

τij = −2νSGS⟨Sij⟩ +
2

3
kδij. (3.28)
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This is similar to the standard definition (equation (3.23)) and the Boussinesq approx-

imation as outlined in the description of RANS methods, except for the second term

on the right-hand side. This term includes the SGS kinetic energy, k, which for the

Smagorinsky model is defined as:

k = 2
ck
ce

∆2 (⟨Sij⟩ −
1

3
⟨Skk⟩)

2

. (3.29)

ce and ck are constants with values of 1.048 and 0.094, respectively. Lysenko et al.

(2012) use a different value for ck since their simulations are compressible. Finally, the

SGS viscosity is defined as:

νSGS = ck
√
k∆. (3.30)

The relationship between the classical Smagorinksy constant, Cs, and the constants

ce and ck is Cs = (c3
k/ce)1/4 (Lysenko et al., 2012). This leads to Cs = 0.168, which is

within the aforementioned typical range for the Smagorinsky constant.

3.2.2.2 One-equation eddy viscosity model

The one equation eddy viscosity SGS-model, as the name suggests, is also an eddy

viscosity model. Therefore, the SGS-stress and SGS-viscosity are calculated using

equations (3.28) and (3.30), respectively. The SGS kinetic energy is calculated with a

transport equation:

∂k

∂t
+ ∂

∂xi
(uik) −

∂

∂xi
(νeff

∂k

∂xi
) = 2νSGS⟨Sij⟩2 − 1

∆
cek

3/2, (3.31)

where νeff is the effective viscosity and is equal to the sum of the SGS-viscosity and

molecular viscosity (i.e. νeff = ν + νSGS). The first term on the left-hand side of

equation (3.31) describes the time rate of change of the SGS kinetic energy; the second

term describes advection; and the third term describes diffusion. The right-hand side

contains two source terms. The first describes the decay of turbulence from resolved

scales to subgrid scales via the turbulent energy cascade (de Villiers, 2006); and the

second represents turbulent dissipation.

Further details for each of the SGS-models can be found in Fureby (1996), Fureby

et al. (1997) and Lysenko et al. (2012). These studies considered compressible flow, so
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there are some subtle differences to the models presented here.

3.2.2.3 σ-model

The third SGS-model investigated in this study is the σ-model. Nicoud et al. (2011)

derived this model with the aim of developing a static model with better intrinsic

properties than existing formulations. It is based on the singular values of the velocity

gradient tensor and satisfies the following properties: it considers only local gradients

of the resolved velocity field; its differential operator generates only positive values

(as mentioned previously, although negative values occur in reality, positiveness is

required for stability); the eddy viscosity decays in the near-wall region as the wall-

normal distance to the third power; and the differential operator is zero for any two-

dimensional or two-component flow where no subgrid-scale activity is expected (Nicoud

et al., 2011). Since the σ-model is able to reproduce the proper cubic behaviour of

the eddy-viscosity in the near-wall region, where the Smagorinsky model cannot, it is

expected that comparisons between the results from the two SGS-models will provide

a convenient means to assess the importance of this property for WMLES.

For the σ-model, the constant and frequency operator are given, respectively, as:

Cm = Cσ ≈ 1.35 (3.32)

Dm = Dσ =
σ3 (σ1 − σ2) (σ2 − σ3)

σ2
1

, (3.33)

where σ1 ≥ σ2 ≥ σ3 ≥ 0 are the singular values of the velocity gradient tensor.

Rieth et al. (2014) compared the performance of the σ and Smagorinsky models

in channel flow at Reτ = 395 and Reτ = 934. They implemented both models in

static and dynamic form and found that all models provided results of reasonable

accuracy. Specifically, the static σ-model performed well in all channel flow simulations,

showing better results than the static Smagorinsky model and comparable results to the

dynamic Smagorinsky model. In the near-wall region, it was found that the σ-model

provided more accurate results, and away from the wall in the core of the flow, the

dynamic Smagorinsky model was slightly more accurate. Rieth et al. (2014) concluded

that the σ-model is able to ameliorate the deficiencies in the classical Smagorinsky

model, and is also able to provide comparable results to the dynamic Smagorinsky
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model at a significantly reduced computational cost. These findings were in agreement

with those of Nicoud et al. (2011).

As Meneveau & Katz (2000) discuss, the most important function of any subgrid

closure is to accurately reproduce the drain of turbulent kinetic energy from the resolved

scales. Since the primary focus of this study is the efficacy of a new wall-model for

flows at physically significant Reynolds numbers, the SGS-models will only be analysed

insofar as they are able to reproduce the expected energy dissipation. In a recent study

by Stevens et al. (2014), who analysed the capabilities of large-eddy simulations to

predict the generalised logarithmic laws for high-order even moments (see Meneveau

& Marusic, 2013), the authors remark that the first-order means are largely resolved

and not very sensitive to the SGS contribution, where the accuracy with which the

second-order turbulence energy is captured is indicative of how well the energy cascade

from resolved to subgrid scales is reproduced. Therefore, variance profiles will be used

in the results section to assess the effect of the SGS-models.
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Chapter 4

Flow Over a Circular Cylinder

This chapter marks the end of the first part of this dissertation and the beginning

of its second. As mentioned in chapter 1, the aim of the first part was to introduce

the theories, concepts and equations necessary to understand the validation and test

cases presented in this and the next chapter. The aim of the second part, then, is

to investigate the application of these concepts in some computational fluid dynamics

problems. Although some further review material is necessary for each specific study,

the majority of the work presented herein is the result of original research carried out

during the course of this investigation.

The test case presented in this chapter was designed to provide a means to investi-

gate the fundamentals of the large-eddy simulation methodology. More specifically, this

study is designed to determine the sensitivity of the solution to different subgrid-scale

(SGS) models, grid resolutions, wall-models, and discretisation schemes. To facilitate

these objectives, the study focuses on a circular cylinder in cross-flow at a Reynolds

number of 3900. This problem is a challenging case for large eddy simulation since

it involves laminar to turbulent boundary layer transitions, a separating shear layer,

a large recirculation zone behind the cylinder, and a fully turbulent wake. In addi-

tion, this flow provides an insight to the dominant turbulent motions in a separating

flow, which relates directly to the choice of mesh resolution and boundary conditions

required for accurate predictions of the flow-field for this, and, other bluff-body flows.

It should also be noted that the majority of the work presented in this chapter relies

heavily on the following publications and presentation:
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W. Sidebottom, A. Ooi, and D. Jones. A parametric study of turbulent flow past a

circular cylinder using large eddy simulation. Journal of Fluids Engineering, vol. 137,

p. 091202, 2015.

W. Sidebottom, A. Ooi, and D. Jones. Large eddy simulation of flow past a cir-

cular cylinder at Reynolds number 3900. In Proc. 18th Australasian Fluid Mechanics

Conference, Launceston, Australia, 2012.

4.1 Introduction

This section presents simulations of the flow over a circular cylinder at a subcritical

Reynolds number (based on the cylinder diameter: ReD = DU∞/ν where D is the

cylinder diameter, and U∞ and ν have their usual meanings) of 3900. Numerous similar

studies have previously been conducted, both numerically and experimentally. The

results of these studies are the subject of several comprehensive reviews, such as those

by Beaudan & Moin (1994), Kravchenko & Moin (2000), and Ma et al. (2000), amongst

others.

The prevalence of simulations of flow over a cylinder is due in great part to two

reasons—the simple geometry; and, as will be explained in the ensuing discussion, the

many complex and interesting flow phenomena that occur in the wake of the cylinder.

Additionally, because of its commonality, there are a lot of data from various studies

and methods for comparison when validating numerical techniques. Indeed, numerical

investigations of flow over a cylinder in two-dimensions are commonly used for vali-

dation of numerical codes. However, three dimensionality becomes important above

Reynolds numbers of approximately 250 (Kravchenko & Moin, 2000), so more recent

numerical studies at higher Reynolds numbers have necessarily been three-dimensional.

This study was completed using the open-source computational fluid dynamics pack-

age OpenFOAM (Weller et al., 1998). It is hoped that this study provides useful

information for researchers when choosing parameters for incompressible simulations

of complex separating flows in OpenFOAM.

The more specific motivations of this study were to assess several of the numerical

parameters of LES. These include the effect of the grid resolution; the sub-grid scale
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turbulence model; the wall-model; and the discretisation scheme used for the advective

terms in the governing equations. All of these parameters are central to the accuracy

of large-eddy simulations, yet all have not been comprehensively studied for separating

flows around bluff bodies, particularly with OpenFOAM.

A thorough discussion of the advantages and limitations of OpenFOAM, and indeed

LES, is provided by Lysenko et al. (2012) in their study of the flow dynamics in the wake

of a cylinder. An important limitation of OpenFOAM mentioned is the lack of high-

quality documentation and references. Thus, validation and verification studies using

OpenFOAM are perhaps more important than for other widely used fluid dynamics

software.

Several computational techniques have been used to study cylinders in cross-flow.

These include those based on the Reynolds–averaged Navier–Stokes and unsteady

RANS (URANS) equations (Young & Ooi, 2007); large-eddy simulations (Beaudan

& Moin, 1994; Kravchenko & Moin, 2000; Ma et al., 2000; Blackburn & Schmidt,

2001); and direct numerical simulations (Ma et al., 2000). URANS methods are sim-

ilar to RANS methods, with the addition of a time-dependent term in the governing

equations. This time dependence makes URANS methods more accurate for turbulent

flows than RANS methods. However, the transient solution still fails to account for

unsteady fluctuations in many separating flows. Indeed, URANS methods are gener-

ally unable to predict the complex separated flow in the cylinder wake at Re = 3900

(Young & Ooi, 2007).

There is no universal way to characterise the flow regimes in the wake of a circular

cylinder. The comprehensive review by Williamson (1996) discusses at length the

vortex dynamics in the wake of a circular cylinder over a wide range of Reynolds

numbers. The review by Beaudan & Moin (1994) also discusses the effect of Reynolds

number on the vortex dynamics and provides the following classification. The flow

remains attached to the cylinder when the Reynolds number is below about 6; for the

Reynolds number range of about 7 to 40, the flow is steady, laminar and the wake is

symmetric about its centreline (Roshko, 1954); between 40 and 150 the flow remains

laminar and is associated with a regular vortex shedding frequency, which increases

with Reynolds number; at approximately 180 the flow becomes three-dimensional in

the near wake; and between 300 and 2×105 the flow around the surface of the cylinder

is laminar and there is transition to turbulence in the separated free shear layers. The
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Reynolds number range Characteristics

Re < 40 Steady, laminar and symmetrical flow

40 < Re < 150 Laminar flow associated with regular vortex shedding

Re > 180 Flow in wake becomes three-dimensional

300 <Re < 2 × 105

Subcritical range. Laminar boundary layer with
transition to turbulence in separated free shear
layers. Fully turbulent wake 30 to 40 diameters
aft of cylinder.

2 × 105 < Re < 3.5 × 106

Critical range. Laminar separation of the boundary
layer, transition to turbulence, reattachment, a final tur-
bulent separation, and a decrease in the width of the
near wake.

Table 4.1: Summary of the characterisation of the cylinder wake at different Reynolds
numbers. The Reynolds number for this study is in the subcritical range.

range between 300 and 2 × 105 is known as the subcritical range, and is the subject

of the present study. For the lower Reynolds numbers in this range, the wake is fully

turbulent 30 to 40 diameters downstream of the cylinder, and for the higher Reynolds

numbers, the wake is fully turbulent close to the rear of the cylinder. The range of

Reynolds numbers between 2 × 105 and 3.5 × 106 is classified as the critical range and

is characterised by laminar separation of the boundary layer, transition to turbulence,

reattachment, a final turbulent separation, and a decrease in the width of the near

wake to less than one diameter (Beaudan & Moin, 1994). Additionally, there are two

distinct transitions in the drag coefficient. First in the range between 2 × 105 and

5 × 105, the drag coefficient drops abruptly from 1.2 to about 0.3 and then between

5 × 105 and 3.5 × 106 it increases from 0.3 to 0.7 (Beaudan & Moin, 1994). This is

sometimes referred to as the drag crisis. The characterisation of the flow regimes in

the wake of a cylinder are summarised in table 4.1.

Alternatives for characterising the flow regimes are provided by Mittal & Balachan-

dar (1995) who detail slight differences in Reynolds number ranges and the character-
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istics of each range. The disagreement between different schemes of classification arises

from the sensitivity of experimental results to conditions such as blockage ratio, free-

stream turbulence intensity, and the cylinder aspect ratio (Norberg, 1987).

Just as there is no universal way to characterise the flow regimes, there are no

established definitions of the different regions in the cylinder wake. Henceforth, the

convention adopted by Ma et al. (2000) will be employed. In this, the near wake,

defined as less than ten diameters behind the cylinder (i.e. x/D < 10, where x is

the streamwise direction), is subdivided into the very near wake (x/D < 3) where the

dynamics of the shear layer dominate, and the near wake (3 < x/D < 10).

The choice of Reynolds number for this study was motivated by several factors.

First, flow at ReD = 3900 exhibits the interesting flow characteristics of the subcritical

range, as mentioned previously. Second, there are experimental data for comparison

at this Reynolds number, which provide measurements of the velocity and Reynolds

stresses in the cylinder wake. The experimental data from two experimental studies in

particular are used extensively throughout this section—the data of Lourenco & Shih

(1993) and Ong & Wallace (1996). The data of Lourenco & Shih (1993) were obtained

from a particle image velocimetry (PIV) experiment and provide phase-averaged statis-

tics within three diameters behind the cylinder. These data have some inconsistencies

with the expected wake-centreline symmetries according to Beaudan & Moin (1994),

as will be discussed later. The data of Ong & Wallace (1996) were obtained from single

sensor measurements in the wake of the cylinder and include measurements of mean

velocities and Reynolds stresses between the closure point of the recirculation bubble

and ten diameters behind the cylinder. The experimental results of Norberg (1987)

are also referred to. Third, and finally, there is an abundance of data from numerical

simulations—particularly LES—for comparison (Beaudan & Moin, 1994; Kravchenko

& Moin, 2000; Ma et al., 2000; Blackburn & Schmidt, 2001; Young & Ooi, 2007).

4.2 Previous Studies

An overview of widely cited LES studies of the cylinder wake at Reynolds number 3900

is provided by Franke & Frank (2002) and the previously mentioned reviews (Beaudan

& Moin, 1994; Kravchenko & Moin, 2000; Ma et al., 2000). A short summary of these

will be provided here. The aforementioned simulations of Beaudan & Moin (1994)
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solved the compressible Navier–Stokes equations on an O-grid with a high-order upwind

scheme, which was found to be very dissipative in regions where the mesh coarsened.

Beaudan & Moin (1994) also studied the effect of the SGS-model. They found that

simulations with a dynamic SGS-model were in better agreement with experimental

results than simulations with the Smagorinsky model, and without an SGS-model.

However, the effect of the model was found to be not very significant. Indeed, Lysenko

et al. (2012) comment that the details of the SGS-model are of little importance if the

grid and near-wall treatment of the flow are appropriate. It should be noted that both

SGS-models used by Beaudan & Moin (1994) are eddy viscosity-type models. This

type of model is used for almost all of the LES studies cited here. A more recent LES

study using a dynamic Smagorinsky model can be found in Krajnović (2014).

Mittal & Moin (1996) performed LES of incompressible flow on a C-mesh with a

second-order central difference scheme. The mean flow results of this study were similar

to those of Beaudan & Moin (1994), however, the power spectra in the near wake were in

better agreement with experimental data (Ong & Wallace, 1996). Kravchenko & Moin

(2000) performed LES of incompressible flow on an O-grid with a high-order scheme

based on B-splines and achieved even better agreement with the experimental power

spectra. This study also predicted a larger recirculation zone than that obtained from

the experiment of Lourenco & Shih (1993). Breuer (1998) used a finite volume method

with five different numerical schemes and the dynamic and Smagorinsky SGS-models

to solve the incompressible equations on an O-grid and found a shorter recirculation

length than did Lourenco & Shih (1993). Importantly, however, both the study by

Breuer (1998) and that by Kravchenko & Moin (2000) found that doubling the spanwise

domain from πD to 2πD, while maintaining the same resolution, did not cause a

significant change in the results. Further to the discussion of the spanwise domain,

Ma et al. (2000) varied the spanwise extent as Ly/D = π/2, π, 3π/2 and 2π, where

Ly is the spanwise length of the domain, and concluded that there was no significant

improvement in the results beyond Ly/D = π, provided the resolution remained the

same. The number of grid points in the spanwise direction has also been studied.

Beaudan & Moin (1994), Kravchenko & Moin (2000), and Mittal & Moin (1996) used

48 grid points, which is significantly more than the number used by Franke & Frank

(2002) and Breuer (1998), who used 33; and Blackburn & Schmidt (2001), who used

32 in the same direction.
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In a similar study to the current study, Lysenko et al. (2012) performed LES in

OpenFOAM. Importantly, however, this study considered the compressible Navier–

Stokes equations and neglected the effect of the wall-model. Simulations were con-

ducted at a Mach number of 0.2 with second-order central discretisation to approxi-

mate the advective terms, and the Smagorinksy and dynamic k-equation eddy viscosity

SGS-models (k is kinetic energy). The total number of cells from other studies are sum-

marised in table 4.2.

Study Number of cells

Lysenko et al. (2012) 5,760,000

Young & Ooi (2007) 4,320,000

Kravchenko & Moin (2000) 1,333,472

Franke & Frank (2002) 1,138,688

Blackburn & Schmidt (2001) 855,040

Table 4.2: Number of cells used in previous computational studies.

The discretisation scheme used in LES plays a dominant role in the quality of the

solution. In the case of simulating flow around a cylinder, the discretisation scheme

relates directly to how accurately the length of the recirculation region is predicted.

As previously mentioned, the effect of the discretisation scheme was studied by Breuer

(1998), who concluded that simulations conducted with central differencing schemes

were in better agreement with experimental results than those conducted with dissipa-

tive methods, such as upwind differencing. This conclusion was in agreement with the

findings of the previous studies of Beaudan & Moin (1994) and Mittal & Moin (1996).

Indeed, in all studies, it was found that low-order upwind schemes could not predict

the size of the recirculation zone, the base pressure coefficient, or the separation an-

gles accurately. Additionally, Breuer (1998) concluded that the numerical dissipation

produced by a scheme is more crucial for LES than its formal order of accuracy.

All previous studies have reported that simulations of the flow around a circular

cylinder at ReD = 3900 are very sensitive to many numerical aspects. As reported

by Franke & Frank (2002), these include the boundary conditions, the cylinder span,

small disturbances caused by insufficient resolution and/or increased viscosity, and free-
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stream turbulence. This is in accordance with the sensitivity of experimental results

to factors such as free-stream disturbances, acoustic noise levels, cylinder vibrations,

surface roughness, and blockage ratio (Beaudan & Moin, 1994). Additionally, Ma et al.

(2000) report that experimental results are sensitive to the cylinder aspect ratio and

the cylinder diameter.

Franke & Frank (2002) showed that the mean integral values depend strongly on

the averaging time. Using an averaging time of 7 vortex shedding cycles (TU∞/D =
35, where T is the averaging time), Franke & Frank (2002) found that their results

approached those of Kravchenko & Moin (2000) and Mittal (1996). However, with

longer averaging times, their results approached the DNS and LES results of Ma et al.

(2000). The increased averaging time resulted in a substantially longer recirculation

region, with an associated increase in the base pressure coefficient and decrease in the

drag coefficient (Franke & Frank, 2002). Lysenko et al. (2012) used a long averaging

time, sampling data during 150 shedding periods. In contrast, Beaudan & Moin (1994),

Kravchenko & Moin (2000) and Mittal (1996) obtained statistics from approximately

only 7 vortex shedding cycles. More recently, Franke & Frank (2002) found that their

results did not reach convergence even with an averaging time of T = 200D/U∞, and

that the difference in the results becomes smaller as the averaging time increases. They

concluded that more than 40 shedding periods are required to obtain converged mean

flow statistics.

For more recent studies of the cylinder wake the reader is referred to Parnaudeau

et al. (2008), Mani et al. (2009), Meyer et al. (2010), Ouvrard et al. (2010).

4.3 Numerical Method

The governing equations used for this study are the filtered incompressible Navier–

Stokes equations (equation (3.22) and the filtered continuity equation). Recall that this

equation requires a turbulence model (SGS-model) to predict the SGS-stress tensor,

τ , based on the resolved-scale velocity. Two SGS-models were used in this study—the

Smagorinsky model and the one-equation eddy viscosity model (as described in section

3.2.2). The Smagorinsky model was chosen since it is one of the most commonly used

SGS-models and provides a baseline for comparison with other simulations. The one

equation eddy viscosity model was chosen in order to determine if its extra complexity,
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4. Flow Over a Circular Cylinder

when compared to the Smagorinsky model, is able to provide more accurate results.

Static SGS models, such as the two just mentioned, were preferred for this study since

the more common dynamic types (see Germano et al., 1991, for example) require spatial

averaging that cannot be performed in this case. The wall-model used in this study is

Spalding’s law (Spalding, 1961) as described in table 3.2.

Although the evidence that central differencing is the most desirable discretisation

scheme is compelling (Beaudan & Moin, 1994; Mittal & Moin, 1996; Breuer, 1998),

both upwind and central differencing were employed in this study for completeness.

For consistency, however, the majority of the results presented are obtained with cen-

tral differencing. Central differencing schemes typically have no numerical dissipa-

tion, but have dispersion error, where low-order upwind-biased discretisation schemes

have significant numerical dissipation. Although this upwind-biasing is desirable in

convection-dominated flows, in complex separating flows, such as the flow over a cylin-

der, significant numerical dissipation suppresses the small and medium scales in the

flow leading to an erroneous flow field (Beaudan & Moin, 1994). The discretisation

scheme chosen for the time derivative in equation (3.22) is a backward second order

accurate implicit scheme.

Since part of this validation study was motivated by ascertaining the effect of the

grid resolution, three different meshes were considered. The computational domain is

depicted in figure 4.1, and the three different meshes are shown in figure 4.2. The

spanwise extent of the domain was chosen to be Ly/D = π in accordance with the

aforementioned previous studies (Beaudan & Moin, 1994; Kravchenko & Moin, 2000;

Young & Ooi, 2007; Blackburn & Schmidt, 2001; Ma et al., 2000); and the number of

grid points in the spanwise direction was chosen to be 48 in accordance with Beaudan

& Moin (1994), Kravchenko & Moin (2000), and Mittal & Moin (1996). As mentioned

previously, this is significantly more than other similar studies and preliminary simula-

tions with 33 grid points in the spanwise direction showed only small differences to the

present results. 48 was therefore chosen to be consistent with the main studies used

for comparison only. The domain extends ±7D in the vertical (or cross-flow) direction,

−7D in the inflow, and 17D in the outflow. The relevant statistics of each mesh are

shown in table 4.3. With reference to table 4.2, it can be seen that the numbers of cells

used in the present study are comparable to the number of cells used in previous stud-

ies. It should be noted that, while it is expected that the coarse mesh cannot provide
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Figure 4.1: Schematic of the computational domain.

accurate results, it is included to investigate the efficacy of the wall-model when used

with large values of z+ (where z here is the direction normal to the cylinder surface).

Figure 4.2: The three different meshes considered; (from left to right) coarse, medium,
and fine.

The inflow condition was specified to be equal to the free-stream velocity, U∞, with

a turbulence intensity of 2% and a Neumann condition for the pressure (i.e. zero

gradient). The outflow condition was specified to change the velocity between the free-

stream value and zero gradient depending on its direction to allow for flow recirculation

at the boundary. The pressure at the outflow was specified as the free-stream value.

The front and back faces of the mesh were given a periodic boundary condition.

The simulations were allowed to reach a statistically steady state before any data

was collected. The data were then averaged temporally and across twenty planes

in the spanwise direction. Statistics were originally collected over 7 vortex shedding

cycles, in accordance with Beaudan & Moin (1994), Kravchenko & Moin (2000), and

Mittal (1996), however, the data that are presented were obtained from 28 vortex

shedding cycles. Only small differences between results from 7 and 28 shedding cycles

were noticed. The simulations were run with a variable timestep and a fixed Courant
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4. Flow Over a Circular Cylinder

Mesh name Ncirc Ny Ntotal z+ d/D

Coarse mesh 160 48 733,440 55 6.9444

Medium mesh 160 48 1,171,200 6 0.0111

Fine mesh 240 48 1,929,600 5 0.0105

Table 4.3: Mesh statistics. Ncirc is the number of cells around the circumference
of the circle; Ny is the number of grid points in the spanwise direction; Ntotal is the
total number of hexahedral control volumes in the mesh; z+ is the approximate inner-
normalised wall-normal distance from the wall to the first off-wall grid point; and d/D
is the non-dimensional distance between the cylinder and the first circumferential grid
line (D is the cylinder diameter).

number of 0.75 to ensure stability.

4.4 Results

Table 4.4 defines the labels for the various simulations that will be used throughout

this section. Results are presented in two main sections—the first analyses the bulk

quantities; and the second analyses the distribution of mean and fluctuating quantities

throughout the domain. The bulk quantities provide an insight to large-scale measures

used to determine the accuracy of the simulation, including the pressure and drag

coefficients. The second section provides greater detail of the features of the flow at

specific points in the domain.

4.4.1 Bulk quantities

Some of the bulk quantities that characterise flow over a circular cylinder are shown in

table 4.5. Results within experimental uncertainty of the comparison data are shown

in black, results not within experimental uncertainty are shown in grey. The results

are from the current simulations, two previous large-eddy simulations, and available

experimental data. The experimental data and the previous LES results are the same

as those presented by Kravchenko & Moin (2000) for consistency. The experimental

results are from several sources, as listed in the table caption, since the experiments
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Label Mesh Discretisation scheme Wall-model

Case 1 (FCW) Fine Central yes

Case 2 (FCN) Fine Central no

Case 3 (FUW) Fine Upwind yes

Case 4 (MCW) Medium Central yes

Case 5 (MCN) Medium Central no

Case 6 (CCW) Coarse Central yes

Case 7 (CCN) Coarse Central no

Table 4.4: Mesh labels for the results section. The discretisation scheme refers to the
scheme used for the convection terms.

of Ong & Wallace (1996) and Lourenco & Shih (1993) did not provide values for the

mean drag coefficient, base pressure coefficient, and separation angle (Kravchenko &

Moin, 2000). Additionally, because of inconsistencies in the value of mean recirculation

length provide by Lourenco & Shih (1993), as noted by Kravchenko & Moin (2000),

the value given by Cardell (1993) is cited. The final column in table 4.5 provides an

estimate of the relative computational time for each simulation—see table caption for

explanation of t̃. It should be noted that Case 7 is only mentioned in tables 4.4 and

4.5. It is ignored from the subsequent discussion since the results from this case are

rather inaccurate and do not provide a meaningful contribution to the analysis.
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Data CD −Cpb St θsep Lrec/D Umin z+ t̃ (×104)

Experiment 0.99 ± 0.05 0.88 ± 0.05 0.215 ± 0.005 86.0o ± 2o 1.4 ± 0.1 −0.24 ± 0.1 − −

Upwind 1.00 0.95 0.203 85.8o 1.36 −0.32 − −

Central 1.04 0.94 0.210 88.0o 1.35 −0.37 − −

Case 1 (FCW)
one eq. eddy 0.92 0.72 0.194 89.4o 1.42 −0.28 5.23 12.09
Smagorinsky 0.97 0.75 0.204 86.6o 1.42 −0.30 5.19 11.33

Case 2 (FCN)
one eq. eddy 1.23 0.91 0.209 83.4o 1.16 −0.29 6.58 12.59
Smagorinsky 1.28 0.93 0.209 80.4o 1.09 −0.26 6.85 11.90

Case 3 (FUW)
one eq. eddy 0.94 0.79 0.174 104.1o 0.80 −0.28 5.49 13.59
Smagorinsky 0.98 0.83 0.174 103.1o 0.80 −0.28 5.47 12.87

Case 4 (MCW)
one eq. eddy 0.86 0.71 0.260 95.4o 1.29 −0.30 5.65 5.18
Smagorinsky 0.90 0.72 0.250 90.9o 1.38 −0.32 5.56 4.93

Case 5 (MCN)
one eq. eddyEddy 1.25 0.92 0.204 84.9o 1.14 −0.28 7.29 5.31
Smagorinsky 1.32 0.97 0.199 83.9o 1.03 −0.25 7.68 5.14

Case 6 (CCW)
one eq. eddy 2.43 1.89 0.148 117.9o 0.65 −0.21 41.47 3.27
Smagorinsky 2.35 1.86 0.143 118.9o 0.65 −0.22 39.70 3.09

Case 7 (CCN)
one eq. eddy 2.35 1.91 0.148 117.0o 0.65 −0.20 − 3.22
Smagorinsky 2.25 1.84 0.143 117.6o 0.65 −0.20 − 3.00

Table 4.5: Flow parameters obtained from the data collected. Results shown in black are within experimental
uncertainty (or in agreement with the other numerical studies). The experimental value of −CPb is from Norberg
(1987) at ReD = 4020; St is from Ong & Wallace (1996) at ReD = 3900; Lrec/D is from Cardell (1993) at ReD = 3900;
θsep is from Son & Hanratty (1969) at ReD = 5000; Ūmin is from Lourenco & Shih (1993) at ReD = 3900; Upwind
data are from Beaudan & Moin (1994); and Central data are from Kravchenko & Moin (2000). It should be noted
that some numerical data used for comparison are also not within the error given by the experiments. t̃ is the non-
dimensional computational time for 28 vortex shedding periods (t̃ = tsimD/U∞, where tsim is the total dimensional
time of the simulation (i.e. number of CPUs multiplied by total time for the simulation)).
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The drag coefficient values from the various cases are shown in the third column

of table 4.5. In addition to the reference LES data given in the table, drag coefficient

values from incompressible LES studies are typically in the range 0.99− 1.07 (Lysenko

et al., 2012). For compressible studies (Franke & Frank, 2002; Mani et al., 2009), the

values range between 0.97 and 0.99. The values in agreement with the experimental

and numerical data (Case 1 and 3) from the present simulations are, in general, lower

than these values. Lysenko et al. (2012) also found a lower CD of 0.97. For the present

study, CD is accurate to within experimental uncertainty for both cases on the fine

mesh when the wall-model is used (Case 1 and Case 3). The Smagorinsky model is in

better agreement with the comparison data for both of these cases. The discretisation

scheme appears to have little effect, although the upwind scheme (Case 3) produces

marginally better agreement with experimental data than the central scheme (Case 1

and Case 3)—particularly for the one equation eddy sub-grid model. None of the cases

on the medium or coarse grids provides accurate results (Cases 4-7).

The mean base suction coefficient, −Cpb (shown in the fourth column of table 4.5),

is the mean pressure coefficient on the surface at the back of the cylinder (i.e. θ = 180o;

θ = 0o is at the stagnation point where Cp = 1). Since this parameter is measured on

the surface of the cylinder, it was expected that the wall-model would affect its value.

Indeed it does. Data obtained from the fine and medium grids with both sub-grid

scale models and no wall-model (Case 2 and Case 5) were in good agreement with

experimental data. Further, the results on the fine mesh without the wall-model agree

well with the value obtained by Lysenko et al. (2012), which was 0.91. When the wall-

model is used on the fine and medium grids, however, the results are erroneous (Cases

1, 3 and 4). The coarse mesh again does not produce accurate results.

Figure 4.3 shows the variation of the mean pressure coefficient (Cp) with angle

around the cylinder (θ). Both cases without the wall-model (Case 2 (FCN) and Case 5

(MCN)) are able to predict the separation angle (θsep) and the base pressure coefficient

(Cpb), and agree well with the data from previous studies. The cases with the wall-

model (Case 1 (FCW) and Case 4 (MCW)) are not able to accurately predict these

parameters. It is surprising that the results with the wall-model are less accurate than

those without the wall-model since the pressure coefficient is calculated on the surface

of the cylinder. The effect of the discretisation scheme can be seen in figures 4.3(a) and

(c), which are both on the fine mesh and both use the wall-model. It can be seen that
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(a) Case 1 (FCW) (d) Case 4 (MCW)

(b) Case 2 (FCN) (e) Case 5 (MCN)
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Figure 4.3: Pressure coefficient on the cylinder surface: , one equation eddy;
− − −, Smagorinsky; △, experiment of Norberg (1987); ⋅ − ⋅−, B-spline simulations of
Kravchenko & Moin (2000) (dynamic Smagorinsky turbulence model).

the central scheme is more accurate. Finally, the effect of grid resolution is evident,

particularly in figure 4.3(f), which shows almost no correlation with the comparison

data at all. The SGS-model can again be seen to have a negligible effect on the results.

It was also noted that there is no link between the location of minimum pressure on

the cylinder surface and the mean wake length in the present simulations.

The Strouhal number is the non-dimensional vortex shedding frequency and is de-

fined as St = fD/U∞. It is calculated by taking a Fourier transform of the lift coefficient

time history. As shown in the fifth column of table 4.5, the Strouhal number is most

accurately predicted with central discretisation and without the wall-model (Case 2
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and Case 5). The results from Case 2 agree with the value obtained by Lysenko et al.

(2012) with the k-equation eddy viscosity SGS-model (0.209). The results on the fine

mesh with these parameters are more accurate than the similar case on the medium

mesh. The wall-model appears to adversely affect the prediction of the Strouhal num-

ber (Case 1, Case 3 and Case 4).

The mean separation angle from experiment is about 86o, and the range of values

in LES studies is about 87o − 88o (Lysenko et al., 2012). The separation angle from

the present simulations is shown in the sixth column of table 4.5. It was calculated

from the distribution of surface pressure and was not well predicted in this study. The

value of θsep is significantly affected by the choice of discretisation (Case 1 compared

to Case 3), with central providing the more accurate prediction. The results with and

without the wall-model do not provide conclusive evidence as to which is better for the

prediction of the separation location.

The recirculation length, Lrec, is defined as the distance from the back of the cylin-

der to the point in the wake where the mean streamwise velocity changes sign. The

approximate location of this point is readily visible in figure 4.4, where ⟨u⟩/U∞ changes

from negative to positive. The recirculation length is perhaps the most variable param-

eter from the various experimental and numerical studies. This variability is illustrated

in table 4.6. A thorough discussion of the reasons for the variability of both the numer-

ical and the experimental studies is provided by Lysenko et al. (2012), and Piomelli

(2008) concludes that all CFD provides poor predictions of circulation. Numerical

variability may be due to averaging time. Parnaudeau et al. (2008) used 420 vortex

shedding periods to reach a converged value of Lrec/D. Franke & Frank (2002) found

that Lrec/D increased when going from 10 shedding periods to 42. They also found

that 42 shedding periods was not sufficient to reach a fully converged result. Lysenko

et al. (2012) used an averaging time of 150 shedding periods but found that 75 were

enough to reach a converged result.

The main cause of variability in experimental studies appears to be the aspect ratio

of the cylinder. Norberg (1987) found that measurements of Lrec/D were variable for

aspect ratios less than 60−70. Results from different experiments with the same aspect

ratio can also be variable. Ong & Wallace (1996) and Parnaudeau et al. (2008) both

used an aspect ratio of approximately 21 but found distinctly different values of the

recirculation length.
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Study Method Lrec/D

Lourenco & Shih (1993) EXP (PIV) 1.19

Parnaudeau et al. (2008)
EXP (PIV) 1.36 − 1.51

Dong et al. (2006)

Ma et al. (2000)
DNS 1.41 − 1.59

Dong et al. (2006)

Parnaudeau et al. (2008) LES 1.67

Franke & Frank (2002) LES 1.64

Lysenko et al. (2012) LES (TKE) 1.67

Lysenko et al. (2012) LES (Smag) 0.90

Table 4.6: Summary of values for Lrec/D from various experimental and numerical
studies. Here, EXP denotes an experimental result; and TKE and Smag denote the
k-equation eddy viscosity and Smagorinsky SGS-models, respectively, from Lysenko
et al. (2012).

In general, the recirculation length, Lrec, was not well predicted by the present sim-

ulations when compared to the comparison data in table 4.5. However, good agreement

with the data of Lourenco & Shih (1993) is obtained with the wall-model and central

discretisation (Case 1 and Case 4).

Figure 4.4 shows the time mean streamwise velocity on the wake centreline. The

effect of the wall-model is obvious. Figures 4.4(b) and (e), which do not use a wall-

model, show good agreement with the experimental data of Lourenco & Shih (1993)

in the very near wake (x/D < 2). Interestingly, results from simulations that use the

wall-model (figures 4.4(a) and (d)) show good agreement with the numerical results of

Beaudan & Moin (1994) and Kravchenko & Moin (2000). The case with the upwind

discretisation (Case 3 (FUW)) fails to capture the correct velocity profile immediately

behind the cylinder. There are some small differences between the two SGS models,

particularly for Cases 1 (FCW), 4 (MCW), and 5 (MCN). Finally, the results from the

coarse mesh are inaccurate, but the medium mesh is able to provide reasonable results.
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Figure 4.4: Time mean streamwise velocity on the wake centreline: , one equation
eddy; − − −, Smagorinsky; ◻, experiment of Lourenco & Shih (1993); ○, experiment
of Ong & Wallace (1996); ⋅ − ⋅−, B-spline simulations of Kravchenko & Moin (2000)
(dynamic Smagorinsky turbulence model); ⋯, upwind FD simulations of Beaudan &
Moin (1994).

All cases provide results to within experimental uncertainty for the minimum ve-

locity, Umin (as shown in the eighth column of table 4.5). Because of this, the value

of this parameter does not hold much significance. LES results of Breuer (1998), Par-

naudeau et al. (2008), and Meyer et al. (2010) for the minimum velocity were between

−0.26 and −0.23. The cases on both the fine mesh and the medium mesh tend to be

in better agreement with the numerical results used for comparison—both upwind and

central—while the results on the coarse mesh are closer to that obtained by experiment.
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4.4.2 Distribution of mean and fluctuating quantities

4.4.2.1 Instantaneous flow fields

Figures 4.5–4.16 illustrate the vortical flow structures, including the von Kármán vor-

tex street, behind the cylinder for each case. The first figure for each case shows

vorticity iso-surfaces to demonstrate the three-dimensionality of the flow structures.

The second figure for each case presents contours of vorticity magnitude on a spanwise

slice throughout a single shedding period. Both sets of images show the fine structures

immediately behind the cylinder and the larger structures further downstream. The

thin separating shear layers are also visible on all cases.

Comparison of figures 4.6 and 4.8 demonstrates the effect of the wall-model. The

iso-surfaces and contours from both cases show the development of the von Kármán

vortex street, but the case without the wall-model predicts much shorter separating

shear layers on the cylinder surface.

Figures 4.9 and 4.10 illustrate the effect of upwind discretisation on the vorticity

field. The smooth iso-surfaces and contours clearly show the dissipative nature of

upwind discretisation.

The cases on the medium mesh are shown in figures 4.11–4.14. Similar to the cases

on the fine mesh, much longer separating shear layers are predicted when the wall-

model is used (Case 4 (MCW)). The development of the von Kármán vortex street is

also evident, however, it is not as clear as it is on the fine mesh.

Finally, the inaccuracy of the coarse mesh is demonstrated in figures 4.15 and 4.16.

It can be seen that the shear layers on the cylinder surface are grossly under predicted

and consequently, the development of the turbulent wake is not as it should be.
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Figure 4.5: Instantaneous isosurfaces of vorticity magnitude for the Smagorinsky
subgrid-scale model of Case 1 (fine, central, wall-model). 14 contours from ωD/U∞ =
1.8 (blue) to ωD/U∞ = 10.0 (red) are shown.
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t = t0
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Figure 4.6: Contours of vorticity magnitude during a single shedding period (T ) for
the Smagorinsky subgrid-scale model of Case 1 (fine, central, wall-model). 16 contours
from ωD/U∞ = 0.5 (dark) to ωD/U∞ = 10.0 (light) are shown.
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Figure 4.7: Instantaneous isosurfaces of vorticity magnitude for the Smagorinsky
subgrid-scale model of Case 2 (fine, central, no wall-model). 14 contours from ωD/U∞ =
1.8 (blue) to ωD/U∞ = 10.0 (red) are shown.

133



4. Flow Over a Circular Cylinder

t = t0

t = t0 + T /8

t = t0 + 2T /8

t = t0 + 3T /8

t = t0 + 4T /8

t = t0 + 5T /8

t = t0 + 6T /8

t = t0 + 7T /8

Figure 4.8: Contours of vorticity magnitude during a single shedding period (T )
for the Smagorinsky subgrid-scale model of Case 2 (fine, central, no wall-model). 16
contours from ωD/U∞ = 0.5 (dark) to ωD/U∞ = 10.0 (light) are shown.

134



4.4. Results

Figure 4.9: Instantaneous isosurfaces of vorticity magnitude for the Smagorinsky
subgrid-scale model of Case 3 (fine, upwind, wall-model). 14 contours from ωD/U∞ =
1.8 (blue) to ωD/U∞ = 10.0 (red) are shown.
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Figure 4.10: Contours of vorticity magnitude during a single shedding period (T ) for
the Smagorinsky subgrid-scale model of Case 3 (fine, upwind, wall-model). 16 contours
from ωD/U∞ = 0.5 (dark) to ωD/U∞ = 10.0 (light) are shown.
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Figure 4.11: Instantaneous isosurfaces of vorticity magnitude for the Smagorin-
sky subgrid-scale model of Case 4 (medium, central, wall-model). 14 contours from
ωD/U∞ = 1.8 (blue) to ωD/U∞ = 10.0 (red) are shown.
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Figure 4.12: Contours of vorticity magnitude during a single shedding period (T )
for the Smagorinsky subgrid-scale model of Case 4 (medium, central, wall-model). 16
contours from ωD/U∞ = 0.5 (dark) to ωD/U∞ = 10.0 (light) are shown.
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Figure 4.13: Instantaneous isosurfaces of vorticity magnitude for the Smagorinsky
subgrid-scale model of Case 5 (medium, central, no wall-model). 14 contours from
ωD/U∞ = 1.8 (dark) to ωD/U∞ = 10.0 (red) are shown.
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Figure 4.14: Contours of vorticity magnitude during a single shedding period (T ) for
the Smagorinsky subgrid-scale model of Case 5 (medium, central, no wall-model). 16
contours from ωD/U∞ = 0.5 (dark) to ωD/U∞ = 10.0 (light) are shown.
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Figure 4.15: Instantaneous isosurfaces of vorticity magnitude for the Smagorinsky
subgrid-scale model of Case 6 (coarse, central, wall-model). 14 contours from ωD/U∞ =
1.8 (dark) to ωD/U∞ = 10.0 (red) are shown.
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t = t0
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t = t0 + 2T /8

t = t0 + 3T /8

t = t0 + 4T /8

t = t0 + 5T /8

t = t0 + 6T /8

t = t0 + 7T /8

Figure 4.16: Contours of vorticity magnitude during a single shedding period (T )
for the Smagorinsky subgrid-scale model of Case 6 (coarse, central, wall-model). 16
contours from ωD/U∞ = 0.5 (dark) to ωD/U∞ = 10.0 (light) are shown.
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4.4.2.2 Force history

The time history of the lift and drag forces for each case are shown in figure 4.17.

The effect of the various numerical parameters on the magnitude of both the lift and

drag is significant. Similar to the results in table 4.5, the wall-model—or absence

of—has a significant effect on the magnitude and distribution of CD, as well as CL

(comparing Case 1 (FCW) to Case 2 (FCN); and Case 4 (MCW) to Case 5 (MCN)).

The magnitudes of both force coefficients are larger without the wall-model. This may

be due to larger values of SGS eddy viscosity near the surface when the wall-model

is not present. It can also be seen by comparing Case 1 (FCW) with Case 3 (FUW)

that the choice of discretisation scheme significantly affects the force histories. The

discretisation scheme appears to impact both the magnitude and distribution of CL,

but only the distribution of CD (which is consistent with the results in table 4.5). In

all cases, there is little difference between the Smagorinsky and one equation eddy

viscosity SGS-models. The results in table 4.5 imply that Case 1 (FCW) and Case 3

(FUW) agree best with experimental data for CD.

The power spectral density of both the lift and drag are shown in figure 4.18.

Results presented in Kravchenko & Moin (2000) and Widjaja (2010) suggest that the

spectra should contain a single dominant frequency for both the lift and the drag, with

the frequency of the drag twice that of the lift. This is true for the two cases on the fine

mesh with the wall-model (Cases 1 and 3), but it can be seen that the other spectra

from the lift coefficient contain more than one peak. The results in table 4.5 suggest

that Case 1 (FCW), Case 2 (FCN) and Case 5 (MCN) provide the best estimate of the

Strouhal number. It is difficult to discern this from the plots in figure 4.18. It can also

be seen that there is little difference between the results from the two SGS-models—

the peak locations resulting from both SGS-models in each case are approximately the

same.

The force phase diagrams are shown in figure 4.19. Several of the observations

made from the other figures in this section are confirmed in this figure. The larger

amplitudes of CL and CD for Cases 2 and 3 compared to the other cases are again

evident in this figure (see also figure 4.17). The phase diagrams for Cases 2 (FCN)

and 5 (MCN) are very similar; as are the diagrams for Cases 1 (FCW) and 4 (MCW).

The magnitude of fluctuations in CL and CD for Cases 1 and 4 are significantly less
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than they are for Cases 2 and 5. This suggests that use of the wall-model decreases

the fluctuations in coefficients of lift and drag. It can also be seen that CL fluctuates

around 0 in all cases, where the mean value of CD varies in the different cases.
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Figure 4.17: History of lift and drag coefficients at Re = 3,900. Smag. denotes a row
of data from simulations with the Smagorinsky SGS-model; and OEE denotes a row
of data from simulations with the one equation eddy viscosity SGS-model.
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4.4.2.3 Time averaged flow fields

Figure 4.20 shows the mean streamwise velocity at three locations in the very near

wake: x/D = 1.06, 1.54, and 2.02. All cases agree well with previous work, except Case

3 (FUW) and Case 6 (CCW). The upwind discretisation scheme—figure 4.20(c)—
under-predicts the minimum velocity at all downstream stations, which demonstrates

its dissipative nature. The profile from this case is also more of a ‘V’-shape than the

‘U’-shape of the other cases. Ma et al. (2000) and Lysenko et al. (2012) provide a

comprehensive discussion of the shape of the velocity profile in the very near wake.

They discuss such a ‘V’-shape opposed to a ‘U’-shape and conclude that the studies

by Beaudan & Moin (1994), Mittal & Moin (1996), and Kravchenko & Moin (2000) all

converge to a ‘U’-shape—that is, a flatter shape—which is also true with the present

results. Lysenko et al. (2012) also discuss ‘V’- and ‘U’-shape profiles. They find that

simulations with the Smagorinsky model result in a ‘V’-shape, where simulations with

the k-equation eddy viscosity model result in a ‘U’-shape profile. This was not found

in the present results. The results on the coarse mesh are reasonably accurate. Again,

there is little difference between the SGS-models.

Figure 4.21 shows the mean spanwise velocity at three locations in the very near

wake. Before discussing this figure, it is interesting to consider the accuracy of exper-

imental measurements of spanwise velocity compared to measurements of streamwise

velocity. Beaudan & Moin (1994) contend that the experimental uncertainty in the

streamwise velocity measurements is about 5%, while for the spanwise measurements,

it can be more than 50%. This sentiment is reiterated by Ma et al. (2000), who base

their conclusions on streamwise velocity measurements.

As shown in figure 4.21(a) and (d), both cases with the wall-model agree well with

the simulations of Kravchenko & Moin (2000). This is particularly evident when looking

at the results at x/D = 1.06 near the wake centreline (y/D ≈ 0). Results from both

SGS-models capture well the ‘double-hump’ shape near the wake-centreline. Results

without the wall-model, in contrast, do not capture the change in velocity as accurately

in this region. Results with upwind discretisation, Case 3 (FUW), and results with the

coarse mesh, Case 6 (CCW), are again inaccurate.

Figure 4.22 shows the mean streamwise velocity at three locations in the near wake.

It can again be seen that the velocity profiles from the cases with the wall-model are
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Figure 4.20: Mean streamwise velocity at three locations in the very near wake: ,
one equation eddy; −−−, Smagorinsky; ◻, experiment of Lourenco & Shih (1993); and
⋅ − ⋅−, B-spline simulations of Kravchenko & Moin (2000).
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Figure 4.21: Mean cross-flow velocity at three locations in the very near wake: ,
one equation eddy; −−−, Smagorinsky; ◻, experiment of Lourenco & Shih (1993); and
⋅ − ⋅−, B-spline simulations of Kravchenko & Moin (2000).
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marginally more accurate than those without the wall-model. This is apparent when

comparing Cases 1 (FCW) and 4 (MCW) with Cases 2 (FCN) and 5 (MCN). There is

also little difference between the SGS scale models.

Figure 4.23 shows the variance of streamwise velocity, u′u′, at three locations in

the near wake. The results with the wall-model—Fig. 4.23(a) and (d)—are again in

better agreement with the comparison data than those without the wall-model—figure

4.23(b) and (e). At the furthest downstream station of x/D = 10, some inaccuracies

appear near the wake centreline. This suggests that the present simulations are more

dissipative than the Kravchenko & Moin (2000) simulations due both to the numerical

schemes used in the simulation, and coarsening of the grid away from the cylinder (see

figure 4.1).

Figure 4.24 shows the Reynolds shear stress—or the covariance of streamwise ve-

locity, ⟨u⟩, and spanwise velocity, ⟨v⟩—at three locations in the near wake. The obser-

vations from these plots are similar to those from the previous figure. Both cases with

the wall-model (figure 4.24(a) and (d)) are again more similar to the comparison data

than those without (figure 4.24(b) and (e)). There is also little difference between the

SGS-models.

Figure 4.25 shows the distribution of the skin friction coefficient on the surface of

the cylinder. As mentioned previously, the primary reason for including the coarse

mesh in this study was to determine whether the wall-model was able to maintain an

accurate solution at the surface for a large value of z+ (z+ >∼ 30). The distribution of

skin friction coefficient on the surface provides a means for determining this. The value

of z+ for the coarse mesh is ∼ 55, and the value of z+ for the fine and medium grids is

∼ 6. The data used for comparison are from Breuer (1998), who used a Smagorinsky

turbulence model with van Driest damping (l = Cs∆(1 − exp(−y+/25)3)1/2)) near solid

walls.

Cases on the fine and medium grids with the wall-model (figures 4.25(a), (c) and

(d)) show reasonable comparison to the data of Breuer (1998). However, these cases

fail to capture the small recirculation zone, that is suggested by the comparison data,

for 90o < θ < 160o. Nonetheless, the peak is at a similar location and is of similar

magnitude. The cases on the fine and medium grids without the wall-model (figures

4.25(b) and (e)) are less similar to the data of Breuer (1998). The peak is at a similar

location, θ ∼ 50o, however, it is of much larger magnitude. This is probably due to
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Figure 4.22: Mean streamwise velocity at three locations in the near wake: , one
equation eddy; −−−, Smagorinsky; ○, experiment of Ong & Wallace (1996); and ⋅ − ⋅−,
B-spline simulations of Kravchenko & Moin (2000).
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Figure 4.23: Mean of streamwise velocity fluctuations at three locations in the near
wake: , one equation eddy; − − −, Smagorinsky; ○, experiment of Ong & Wallace
(1996); and ⋅ − ⋅−, B-spline simulations of Kravchenko & Moin (2000).

153



4. Flow Over a Circular Cylinder

−0.01

0.00

0.01

u
′ v

′ /
U

2 ∞ x/D = 6.00

−0.01

0.00

0.01

u
′ v

′ /
U

2 ∞ x/D = 7.00

−0.01

0.00

0.01

u
′ v

′ /
U

2 ∞ x/D = 10.0

x/D = 6.00

x/D = 7.00

x/D = 10.0

−0.01

0.00

0.01

u
′ v

′ /
U

2 ∞ x/D = 6.00

−0.01

0.00

0.01

u
′ v

′ /
U

2 ∞ x/D = 7.00

−0.01

0.00

0.01

u
′ v

′ /
U

2 ∞ x/D = 10.0

x/D = 6.00

x/D = 7.00

x/D = 10.0

−0.01

0.00

0.01

u
′ v

′ /
U

2 ∞ x/D = 6.00

−0.01

0.00

0.01

u
′ v

′ /
U

2 ∞ x/D = 7.00

−3 −2 −1 0 1 2 3
y/D

−0.01

0.00

0.01

u
′ v

′ /
U

2 ∞ x/D = 10.0

x/D = 6.00

x/D = 7.00

−3 −2 −1 0 1 2 3
y/D

x/D = 10.0

(a) Case 1 (FCW) (d) Case 4 (MCW)

(b) Case 2 (FCN) (e) Case 5 (MCN)

(c) Case 3 (FUW) (f) Case 6 (CCW)

Figure 4.24: Reynolds shear stress at three locations in the near wake: , one
equation eddy; −−−, Smagorinsky; ○, experiment of Ong & Wallace (1996); and ⋅ − ⋅−,
B-spline simulations of Kravchenko & Moin (2000).
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larger SGS viscosity near the wall for the case without the wall-model.

Figure 4.25(f) shows the skin friction coefficient distribution from the coarse mesh

(large z+). It was hoped that the presence of the wall-model on the coarse mesh would

allow accurate prediction of the distribution, while reducing the computational cost.

The computational cost was indeed reduced, but the accuracy was not maintained

with large z+. Finally, for all cases, there is very little difference between the two

SGS-models.
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Figure 4.25: Skin friction coefficient on the surface of the cylinder: , one equation
eddy; −−−, Smagorinsky; ⋅−⋅−, finite volume simulation of Breuer (1998) (Smagorinsky
turbulence model).
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4.4.2.4 Spanwise correlations

Correlations of velocity and pressure fluctuations serve as a convenient method to

determine whether the spanwise extent of the computational domain is sufficient to

contain the longest spanwise flow structures (i.e. whether the domain exceeds the

turbulence integral scale). The two-point correlation coefficient, Ruu, between two sets

of data (u
′ (x, y) and u

′ (x + δr, y), where δr denotes some distance from the original

position, (x, y)) may be written as:

Ruu(x + δr, y; y) = u
′ (x, y)u′ (x + δr, y)√

u′2
√
u′2

. (4.1)

When u
′ (x, y) and u

′ (x + δr, y) tend to have the same sign, the variables are said to

have a strong positive correlation and the correlation coefficient will be close to unity

(Ruu ≈ 1). When they tend to be of opposite sign, the variables are said to have

a strong negative correlation and the correlation coefficient will be close to negative

unity (Ruu ≈ −1). Finally, if the variables have no relationship, they are said to be

uncorrelated and the correlation coefficient tends to zero (Ruu ≈ 0).

Correlations were calculated from full time histories of velocity and pressure at

points along a spanwise line in the wake of the cylinder. These spanwise lines were

placed along z = 0 (z is the vertical coordinate of the domain) at x/D = 1,2,3,4,5,6,7

and 8 (x is the streamwise direction) and at 32 points in the spanwise direction, y.

Figure 4.26 shows the spanwise correlations at eight distinct (x, y) locations. Only

cases on the fine mesh that use the Smagorinsky SGS-model are shown. Similar simu-

lations with the one equation eddy SGS-model look essentially identical to these, and

simulations on the medium mesh (Cases 4 (MCW) and 5 (MCN)) look similar to their

equivalent cases on the fine mesh (Cases 1 (FCW) and 2 (FCN), respectively). The

spanwise length scale is indicated by the distance at which the correlations first reach

zero. Both Rvv and Rpp remain well correlated in all cases. This is due to the large

spanwise modes associated with vortex shedding. On the Ruu plots, the correlations

approach zero quickly in the very near wake (x/D = D). This suggests that the span-

wise length scales are smaller in the near wake than further downstream. The same can

be concluded from the Rww plots. The distribution of the spanwise velocity component
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w provides a good indication of the spanwise structure length. Since Rww goes to zero,

it can be assumed that the spanwise length of the domain is adequate to capture the

largest spanwise structures.

It can also be seen that there are only small differences between the various cases

with the exception of the case with upwind discretisation. In this case (Case 4), Rvv

and Rpp remain near 1 for almost the entire spanwise length, except at x/D = 1.
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Figure 4.26: Spanwise correlations for the velocity fluctuations u, v and w, and the pressure fluctuation, p. Results
are only shown for cases on the fine mesh with the Smagorinsky SGS-model (results with the one equation eddy
SGS-model are essentially identical).
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4.4.2.5 One-dimensional energy spectra

One-dimensional energy spectra are shown in figures 4.27 (Smagorinsky SGS-model)

and 4.28 (one equation eddy SGS-model). Time histories of the fluctuating velocities

and the fluctuating pressure were recorded at each mesh point in the spanwise direction

at three stations in the wake ((x, y) = (2,0), (5,0), and (10,0)) over a time interval of

TU∞/D ∼ 140, or 28 shedding cycles. Spectra at each point in the spanwise direction

were then calculated and averaged to give the energy spectra at a particular (x, y) lo-

cation. The frequency on the abscissa is non-dimensoinalised by the Strouhal shedding

frequency.

From the figures, it is evident that the spectral energy decreases with increasing x.

This is likely due to a combination of natural diffusion from molecular viscosity and

turbulent dissipation introduced by the LES SGS-model (Widjaja, 2010). It is also

evident that the SGS-model does not significantly affect the spectra (i.e. figures 4.27

and 4.28 are very similar).

The black dashed line in each plot has a slope of −5/3. According to Kolmogorov’s

law, a slope of −5/3 is strictly only applicable in the inertial range of scales of a tur-

bulent flow (i.e. away from the viscous regions near a solid boundary). Many previous

studies (Beaudan & Moin, 1994; Ong & Wallace, 1996; Kravchenko & Moin, 2000;

Parnaudeau et al., 2008; Lysenko et al., 2012) were able to reproduce this expected

slope in the inertial subrange. The slope of the spectra in the inertial subrange from

the present simulations is approximately −5/3 for the spanwise velocity, but steeper

for the streamwise velocity, transverse velocity and pressure spectra. For these spectra

the slope is between about −7/3 (shown by the grey dashed lines in figure 4.27) and

about −3.

Beaudan & Moin (1994) found that numerical dissipation of upwind discretisation

schemes suppresses the medium to small scales. This was indeed evident on the spectra

from Case 3 (FUW). Mittal & Moin (1996) showed that spectra from simulations with

non-dissipative finite-difference schemes were in agreement with the experimental data.

Finally, Kravchenko & Moin (2000) showed that simulations with the non-dissipative

and more accurate B-splines match experimental data over a larger range of wave

numbers than the finite-difference simulations.

Spectra from the experiment of Ong & Wallace (1996) and the B-spline simulations
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4. Flow Over a Circular Cylinder

of Kravchenko & Moin (2000) show a small peak at approximately the shedding fre-

quency (i.e. where ω = ωSt). A similar peak is present on the velocity spectra from the

current simulations, especially for the streamwise (u) and spanwise (v) velocities.
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Figure 4.27: One-dimensional energy spectra at locations (x, y) = (2,0), (5,0), and (10,0). Arrows indicate
direction of increasing x. Dashed black line shows a slope of −5/3, and dashed grey line shows a slope of −7/3.
Results are only shown for cases on the fine mesh and with the Smagorinsky SGS-model.
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Figure 4.28: One-dimensional energy spectra at locations (x, y) = (2,0), (5,0), and (10,0). Arrows indicate
direction of increasing x. Dashed black line shows a slope of −5/3, and dashed grey line shows a slope of −7/3.
Results are only shown for cases on the fine mesh and with the one equation eddy SGS-model.
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4.5 Discussion

This discussion will concentrate predominately on the four numerical parameters that

are the main subject of this chapter. The discretisation scheme was investigated by

comparisons between Case 1 (FCW) and Case 3 (FUW), and was shown to have sig-

nificant impact on the accuracy of the bulk flow quantities. Upwind discretisation ap-

peared to adversely affect the predicted parameters, particularly St, θsep and Lrec/D.

However, the upwind scheme improved the prediction of CPb . The effect of the dis-

cretisation scheme was also clearly demonstrated in figures 4.10 and 4.9. The vortical

structures from the case with upwind discretisation in this figure are smooth and lack

small-scales. These observations lead to the conclusion that second-order central finite-

difference schemes are preferred when compared to similar upwind biased schemes. This

agrees with almost all previous LES studies that have been cited in this work. Central

schemes have no numerical dissipation, yet have dispersive error.

It was expected that the one equation eddy viscosity SGS-model would provide

more accurate results owing to its more complex formulation. This was true for the

majority of the figures shown in this chapter. The one equation eddy model captured

the finer features of the flow more accurately, such as the double hump near the wake

centreline in figure 4.21 and the minimum velocity in figure 4.20. However, the results

in table 4.5 suggest that the Smagorinsky model provides a more accurate description

of the bulk quantities. Because of this, a definitive conclusion as to which model is

more accurate is difficult to substantiate. This is in agreement with the findings of

Beaudan & Moin (1994) who found no significant difference between simulations with

the dynamic SGS-model and the Smagorinsky model. However, this is in disagreement

with the findings of Lysenko et al. (2012), who found much improved results with the

k-equation eddy viscosity model compared to the Smagorinsky model.

Further to this discussion, it was mentioned previously that the Smagorinksy model

typically requires some treatment at the wall. In this study, simulations were run

without a wall-model and without a damping function near the wall. Accurate results

were still obtained, which is probably due to sufficient mesh refinement near the surface

of the cylinder.

Ma et al. (2000) and Lysenko et al. (2012) discuss at length the existence of flow bi-

furcation in the near wake. That is, the existence of ‘V’- and ‘U’-shape profiles of mean
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streamwise velocity. The majority of LES and DNS studies have reached the conclusion

that the ‘U’-shape profile is more likely to persist (Breuer, 1998; Kravchenko & Moin,

2000; Lysenko et al., 2012). In other studies, it has been found that an ill-resolved shear

layer is the cause of the ‘V’-shape bifurcation state. Additionally, Lysenko et al. (2012)

found that the bifurcation state was dependent on the SGS-model, with the Smagorin-

sky model leading to a ‘V’-shaped profile, where the k-equation eddy viscosity model

led to a ‘U’-shape profile. No such SGS-model dependence was found in this study.

The only change in the shape of the profile was due to the discretisation scheme, with

central discretisation providing a ‘U’-shape profile and upwind discretisation leading

to a more ‘V’-shaped profile.

The wall-model, or lack thereof, had a profound effect on the results. This effect

is difficult to quantify as it seemed to be inconsistent. For the bulk flow quantities,

on the fine mesh, the case with the wall-model was in better agreement with the

experimental data (with the exception of CPb) than the case without the wall-model.

Yet, the opposite was true for the case on the medium mesh (which has a similar z+ to

the fine mesh).

Similar to the discussion of the bulk flow quantities, the wall-model also had a

significant impact on the distribution of mean and fluctuating quantities throughout

the domain. It affected the magnitude of both force coefficients; the distribution of the

pressure coefficient on the surface of the cylinder; the distribution of the skin friction

coefficient; the mean streamwise velocity along the wake centreline; and the mean

spanwise velocity, variance of streamwise velocity, and the Reynolds stress in the near

wake. The influence of the wall-model was investigated by comparing Case 1 (FCW)

with Case 2 (FCN) and by comparing Case 4 (MCW) with Case 5 (MCN). Case 1

(FCW) was much more accurate with the exception of CPb , when compared with Case

2 (FCN). Thus, it could be concluded that the inclusion of the wall-model improves the

results (on the fine mesh). However, when comparing the results from Case 4 (MCW)

with the results from Case 5 (MCN), it is evident that the results without the wall-

model are more accurate, with the exception of Lrec/D. Thus, it could be concluded

that the results are more accurate without the wall-model (for the medium mesh),

which is not the expected result. Inclusion of the wall-model on the medium mesh was

expected to provide results of similar accuracy to the fine mesh, but importantly, with

a reduced computational cost. This result suggests that Spalding’s law requires a fine
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near-wall mesh in order to maintain accuracy, which renders Spalding’s law, and other

models like it, unsuitable for the applications of interest in this dissertation where it

is necessary to reduce the overall computational cost by reducing the resolution of the

near-wall region.

A similar study of wall-models was not found in the cited literature, so no precedent

can be referred to. Nonetheless, the variable results in this study are probably due

to the variability of the subgrid-scale viscosity near the surface, without a damping

function. This, however, does not explain why the wall-model provided more accurate

results in some cases, and less accurate results in others. These results advocate the

need for more investigation into appropriate wall-models for separating turbulent flows.

The effect of grid resolution was more intuitive than the effect of the wall-model.

The fine mesh provided more accurate results than the medium mesh. The medium

mesh, however, was still able to capture the small-scale features of the flow and, there-

fore, provided reasonable accuracy. It was perhaps obvious prior to conducting this

study that the coarse mesh would not provide accurate results. However, it was primar-

ily included to determine whether the wall-model in OpenFOAM was able to maintain

accurate results at the cylinder surface for large values of z+ (z+ >∼ 30). It was shown

that all results—including those at the cylinder surface—were inherently erroneous on

the coarse mesh. The results for the medium and fine grids were similar in almost

all figures. There was more differentiation between the medium and fine grids further

behind of the cylinder (x/D > 6.00). However, since the mesh coarsened due to uni-

form grading for both the medium and fine grids, both did not provide very accurate

results in this region. Thus, the fine mesh provided the most accurate results, as was

expected. If computational cost is of high importance, however, the medium mesh is

able to provide adequate results for most intents and purposes.

A finer mesh was not included in this study to prove true mesh independence for

two reasons: LES simulations are computationally expensive; and reasonable agreement

was found between the existing medium and fine grids.

4.6 Chapter Summary

This study sought to systematically assess the effect of four numerical parameters on

large-eddy simulations of turbulent separating flow over a circular cylinder. These
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four parameters were: the discretisation scheme (central and upwind); the sub-grid

scale model (Smagorinsky and one equation eddy viscosity); the wall-model (Spald-

ing’s law); and grid resolution (coarse, medium and fine). All parameters were shown

to significantly affect the turbulent flow-field. The incompressible Navier–Stokes equa-

tions were solved using a finite volume method and statistics were obtained during 28

vortex shedding periods. Bulk flow quantities, the distribution of mean and fluctuating

quatities, and one-dimensional energy spectra were presented and compared to previ-

ous experimental studies by Ong & Wallace (1996) and Lourenco & Shih (1993); and

several numerical studies, most notably those by Beaudan & Moin (1994), Kravchenko

& Moin (2000), and Mittal & Moin (1996).

In general, good agreement with the comparison data was found. It was found

that the central discretisation scheme is more accurate than the upwind scheme, which

was too dissipative to accurately calculate the small-scale flow features. Although

the SGS-models affected the flow-field, only small differences were found between the

results from the Smagorinksy model and the one equation eddy viscosity model. The

wall-model had a significant affect not only on the near-wall flow, but also on the flow

up to 10 diameters downstream of the cylinder. Quantifying the affect of the wall-

model, however, is difficult since it improved the results for some measures, but made

the results worse for others. Finally, the results from the medium and fine grids were

similar, but the results from the coarse mesh were inherently erroneous. Of note is the

result that Spalding’s law was not able to maintain an accurate solution for a z+ value

greater than 30.
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Chapter 5

New Wall-Model

From the results and analysis presented in chapter 4, and the discussion provided in the

introductory chapters (chapters 1-3), it is clear that one of the aspects of large-eddy

simulations that is most in need of further development is wall-modelling. To this end,

the following chapter provides a thorough analysis of a new wall-model for LES.

The chapter begins with an overview of the new wall-model by introducing studies

that have been instrumental in its development. These studies include many authored

by Marusic, Mathis and Hutchins, amongst others. Their work has predominately

been concerned with demonstrating the model’s validity and range of applicability,

rather than its actual implementation in an LES solver. Here, then, the model is

implemented in an LES solver, which has previously been validated for channel flow.

The implementation is described in detail, as well as the numerical details of the solver

itself.

Results are presented to investigate the model’s influence on the flow at the wall

(near-wall velocity, wall-shear-stress and pressure fluctuations), as well as in the centre

of the channel. Because its formulation is based on the spectral structure of the bound-

ary layer, much of the analysis concentrates on spectral quantities to assess its efficacy

compared to a standard wall-model. Moments up to fourth order (root-mean-square

values, skewness, and kurtosis) are also presented. This is done with caution, however,

since it is not practical to expect that a coarse LES study will be able to accurately

predict these moments. Therefore, they are presented here for completeness only.

This chapter relies heavily on the work presented in the following publications and

presentations:
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W. Sidebottom, O. Cabrit, I. Marusic, C. Meneveau, A. Ooi, and D. Jones. Mod-

elling of wall-shear-stress fluctuations for large-eddy simulation. Physics of Fluids,

(currently undergoing final revisions), 2015.

W. Sidebottom, O. Cabrit, I. Marusic, C. Meneveau, A. Ooi, and D. Jones. The

influence of subgrid-scale modelling on the performance of a new non-equilibrium wall-

model for large-eddy simulation. In Proc. 15th European Turbulence Conference, Delft,

The Netherlands, 2015.

W. Sidebottom, O. Cabrit, I. Marusic, C. Meneveau, A. Ooi, and D. Jones. Mod-

elling of wall shear-stress fluctuations for large-eddy simulation. In Proc. of the 19th

Australasian Fluid Mechanics Conference, Melbourne, Australia, 2014.

W. Sidebottom, O. Cabrit, I. Marusic, C. Meneveau, A. Ooi, and D. Jones. In-

vestigation of a wall shear-stress inner-outer interaction model for large-eddy simula-

tions. 67th Annual Meeting of the APS Division of Fluid Dynamics (abstract available

at: http://meetings.aps.org/link/BAPS.2014.DFD.M26.3), San Francisco, California,

2014.

5.1 Previous Studies

The new wall-model investigated in this chapter is based on the spectral structure of

the turbulent boundary layer. The spectral structure is described in detail in various

publications (see Hutchins & Marusic, 2007a), and was discussed in chapter 2. A con-

clusion of this discussion was that it is well accepted (Hutchins & Marusic, 2007a) that

there are two main energetic ranges of scales that interact within a turbulent bound-

ary layer—one defined by an inner-peak on the pre-multiplied energy spectrogram of

streamwise velocity fluctuations, which occurs near the wall (z+ ≈ 15); and the other

defined by an outer-peak on the spectrogram, which appears near the middle of the

logarithmic region (z+ ≈
√

15Reτ , for Reτ > 2000 (Hutchins & Marusic, 2007a)) and

becomes more prominent with increasing Reynolds number (Kim & Adrian, 1999; del
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Álamo & Jiménez, 2003; Tomkins & Adrian, 2003b; Hutchins & Marusic, 2007a). This

increasing prominence of the outer peak is the result of large-scale events becoming

more intense and energetic as Reynolds number increases.

The interaction between these two main energetic ranges of scales results in a cou-

pling between the small-scale structure of the turbulence in the vicinity of the wall

and the large-scale motions of the log-layer. More specifically, large-scale motions

occurring in the outer region of the turbulent boundary layer leave their “footprint”

near the wall. This interaction can be well described by a superposition mechanism

(Abe et al., 2004; Hutchins & Marusic, 2007b), and an amplitude-modulation effect

(Bandyopadhyay & Hussain, 1984; Mathis et al., 2009; Ganapathisubramani et al.,

2012), as described in chapter 2. Based on these observations, Marusic et al. (Marusic

et al., 2010a; Mathis et al., 2011) proposed a model capable of predicting time-series

of the streamwise velocity fluctuations near the wall given a large-scale single-point

signal taken in the outer layer. Recently, Mathis et al. (2013) extended the original

model to predict the wall-shear-stress fluctuations and showed that the model is able

to reconstruct the fluctuating wall-shear-stress with a good level of spectral/statistical

accuracy over a wide range of Reynolds numbers. This model will be referred to as

the inner-outer scale interaction (IOSI) model, due to the physical observations that

underpin its derivation. The input requirement for large-scale information taken away

from the wall makes this model well suited to large-eddy simulation.

Cabrit et al. (2012) investigated this model and its applicability to LES with a

series of a priori tests over two decades of Reynolds numbers. They concluded that, in

contrast to standard wall models, the IOSI model is able to reproduce the high-order

moments of the fluctuating wall-shear-stress and their Reynolds number dependence.

Cabrit et al. (2012) also conclude that the a priori tests highlight the well-posed nature

of the model for LES. One of the aims of this chapter is to provide complementary a

posteriori (see Meneveau & Katz, 2000, for a description of a priori and a posteriori

tests for LES turbulence models (i.e. SGS- and wall-models)) results by investigating

the efficacy of the IOSI model when used in large-eddy simulations.

The IOSI model is not the first model that has attempted to include the effect of

interactions between the inner- and outer-regions of a turbulent boundary layer. As

mentioned in chapter 3 (section 3.2.1), Piomelli et al. (1989) proposed a correction to

the early models developed by Schumann (1975) and Grötzbach (1987) (the ‘SG model’
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when combined) that attempts to improve the weak physical foundations of the SG

model with respect to the mean shear-stress. Piomelli et al.’s (1989) improvement was

to take account of the inclination angle of the vortical structures in the near-wall region

and their corresponding sweep and ejection events. They achieved this by introducing

a displacement between the location of the instantaneous velocity input and where the

wall-shear-stress was required (see Meneveau & Katz, 2000; Hultmark et al., 2013).

They argued that these sweeps—high-momentum fluid from the outer-layer carried

towards the wall—increase the instantaneous wall-shear-stress, while ejections—low-

momentum fluid from the inner-layer transported away from the wall—decrease the

instantaneous wall-shear-stress. Thus, to account for the effect of these events at the

wall, Piomelli et al.’s (1989) model is based on the wall-normal velocity, w, rather than

the streamwise velocity, u (as in the IOSI model).

Despite having a stronger physical foundation, the ejection model of Piomelli et al.

(1989) was shown to be worse than the SG model in the comparative analysis con-

ducted by Marusic et al. (2001). In this study, Marusic et al. (2001) also introduced

a new wall-model, which is known as the ‘MKP model’ and is a predecessor of the

IOSI model. It is based on correlations between velocity and wall-shear-stress from

experiments, and importantly, although it is based on the same physical observations

of inner-outer interactions in the boundary layer as Piomelli et al. (1989), it uses the

streamwise velocity (as an indicator of sweep and ejection events) instead of the wall-

normal velocity as in Piomelli et al.’s (1989) model (see Hultmark et al., 2013). In

addition to this, the MKP model separates the mean wall-stress from its fluctuat-

ing component, which can be multiplied by a constant to more accurately match the

wall-shear-stress fluctuations.

Since the mean wall-shear-stress is an input to the SG model, ejection model and

MKP model, they are all expected to correctly predict τw (Hultmark et al., 2013).

However, the modelled shear stress from all of these models scales as ⟨u⟩, where it is

expected to scale as ⟨u⟩2 at high Reynolds numbers. This limits their applicability

at high Reynolds numbers (which is important in the present study) and affects how

well the models predict the wall-shear-stress fluctuations, which in turn affects how

accurately the higher-order moments are predicted.
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5.2 Implementation

Cabrit et al. (2012) analysed the spectral structure of a turbulent boundary layer and

showed that the wavelength of the inner-peak scales with wall units (λ+x,inner ≈ 1,000),

which makes resolving this peak computationally demanding, especially with increasing

Reynolds number. The outer-peak, however, scales with the boundary layer thickness

(λ+x,outer ≈ 4δ (Cabrit et al., 2012); λ+x,outer ≈ 6δ (Hutchins & Marusic, 2007b)), which is

large enough to be resolved by LES. Additionally, many studies have suggested that the

inner-peak region (λ+x < 7,000; z+ < 30) is universal for all wall-bounded flows (Monty

et al., 2009; Cabrit et al., 2012). The IOSI model thus combines the resolvability of

the outer-peak with the assumed universality of the inner-peak and can be written as:

τ
′+
wp,x

±
predicted near-
wall signature

= τ
′∗
w,x{1 + αu′+OL}

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
amplitude

modulation

+ αu
′+
OL

²
superposition

. (5.1)

Here, τ
′+
wp,x is the predicted streamwise fluctuating component of the wall-shear-stress

normalised by wall variables; τ
′∗
w,x is the ‘universal’ streamwise wall-shear-stress signal

that would exist in the absence of any inner-outer interactions (Mathis et al., 2013); α

is the superposition/modulation coefficient (α = 0.1, Mathis et al., 2013); and u
′+
OL is the

fluctuating streamwise velocity normalised by wall variables. The O-subscript denotes

a variable taken in the outer- or log-region and the L-subscript denotes a variable that

has been filtered to only contain large-scales. For LES, u
′+
OL is replaced by ⟨u′+O ⟩, where

⟨⋅⟩ represents a (subgrid-scale) filtered quantity (note that in the amplitude modulation

framework, u
′+
OL results from low-pass filtering u

′+
O , with filter width approximately

λx/δ = 1). The first term on the right-hand side of equation (5.1) models the amplitude

modulation of the small scales, here τ
′∗
w,x, by the large-scale log-region motions, u

′+
OL;

and the second term models the superposition of the large-scales felt at the wall (Mathis

et al., 2013).

There are ostensibly two options when implementing this model in an LES code.

The first is to solve for the wall-shear-stress on a very fine grid and filter the results to

be commensurate with the LES grid for the rest of the simulation. This option is very

computationally expensive and is not aligned with the goal of this study. The second

option is to apply subgrid-scale filtering—the size of the grid spacing—to the model
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before implementing it. This is what has been done in this study. The filtered model

becomes:

⟨τ ′+wp,x⟩ = ⟨τ ′∗w,x⟩ + Cα⟨τ ′∗w,x⟨u′+O ⟩⟩ + Cα⟨⟨u′+O ⟩⟩, (5.2)

where C is a correction factor for the location of the input signal (which may not

necessarily be in the centre of the log-region) and is defined by Cabrit et al. (2012) as:

C = 1 + 0.05 [ln(
z+input√
15Reτ

)] . (5.3)

Note that as Reτ Ð→ ∞, C Ð→ 1 and equation 5.2 approaches the original model

equation (equation 5.1). The requirement that the wall-model input be in the centre of

the log-region is not strict. It is chosen since it corresponds well with the location of the

outer-peak, which is nominally the location of the most energetic large-scale structures

in the outer-region. It is these structures that are responsible for the modulation and

superposition effects felt near the wall.

Finally, the result of filtering the first two terms on the right-hand side of equation

(5.2)—⟨τ ′∗w,x⟩ and ⟨τ ′∗w,x⟨u′+O ⟩⟩—is assumed to be negligible when comparing with the

experimental database. This is illustrated in figure 5.1 where it can be seen that the

two terms containing the filtered universal signal are much less significant than α⟨u′+O ⟩.
This is reiterated by the values in table 5.1. Indeed, this is expected since by definition

the universal signal contains only small-scales, which do not appear when the SGS-filter

is applied to the model. Therefore, the model that is implemented is:

⟨τ ′+wp,x⟩ = Cα⟨u′+O ⟩, (5.4)

assuming that ⟨⟨u′+O ⟩⟩ = ⟨u′+O ⟩. As mentioned previously, the IOSI model is only able

to predict the fluctuating component of the streamwise wall-shear-stress and therefore

must be coupled with a model for the mean component when implemented in an LES

solver. Here, Reichardt’s law of the wall (Reichardt, 1951) is used for this purpose:

u+O = 1

κ
ln(1 + κz+O) +R1 (1 − e−z+O/R2 − z

+
O

R2

e−z+O/R3) . (5.5)

In this model, u+O is the mean inner-normalised streamwise velocity evaluated at the

input location for the IOSI model (i.e. in the middle of the log-layer); κ is the von
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Figure 5.1: Relative importance of the terms in equation 5.2. Time series of the
universal signal, τ

′+
w,x, calculated from the direct numerical simulation of del Álamo

et al. (2004) at Reτ = 934; the fluctuating velocity in the outer region, u
′+
O , from the

experiments of Talluru et al. (2012) at Reτ ≈ 7,000; and the three terms on the right-
hand side of equation 5.2—⟨τ ′∗w,x⟩, α⟨τ ′∗w,x⟨u′+O ⟩⟩, and α⟨u′+O ⟩.

Kàrmàn constant and is given a value of 0.384 (Mathis et al., 2013); and R1, R2 and

R3 are constants with values 7.375, 10 and 3, respectively. In the original derivation

of Reichardt’s law, R1 and R2 were given values of 7.8 and 11, respectively, however,

the values used in this study were found to be in better agreement with data from the

last decade (Cabrit et al., 2012). When implemented, the only unknown in equation

(5.5) is the mean wall-shear-stress, τwp, which is hidden by the normalisation of the

streamwise velocity by wall variables (uτ ).

Reichardt’s law is very similar to the standard log-law often used in wall-model

studies, such as Bou-Zeid et al. (2005). In addition to its use in calculating the instan-

taneous wall-shear-stress with the IOSI model, it is also used by itself as a benchmark,

or ‘standard’ wall-model for comparison. Importantly, a distinction must be made be-

tween the methods used to calculate the mean velocity input (u+O) when Reichardt’s

law is used with the IOSI-model and when it is used by itself. When used by itself, u+O is
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Mean % of total r.m.s.

a = (α⟨u′+O ⟩)2
0.0299 84.9 0.1718

b = (⟨τ ′∗w,x⟩)2
0.0052 14.8 0.0694

c = (α⟨τ ′∗w,x⟨u′+O ⟩⟩)2
0.0001 0.3 0.0002

Table 5.1: Relative importance of the terms on the right-hand-side of equation 5.2.
The columns show the mean of the square of each term over the time period shown
in figure 5.1; their relative importance as a percentage of the total (where the total
= a + b + c); and their root-mean-square values.

calculated by averaging velocity information at neighbouring grid points (see appendix

of Bou-Zeid et al., 2005); and when it is used with the IOSI-model, u+O is calculated

from a planar average (i.e. averaging across the entire plane at the wall-model input

location). In more general applications than channel flow (i.e. cases with separation

etc.), the ‘localised’ averaging method might be preferred since it does not assume that

turbulence homogeneity exists at the averaging plane. Since the IOSI-model is able to

control the wall-shear-stress fluctuations, the mean velocity used to calculate the mean

wall-shear-stress should be free of fluctuations. That is, it should be constant in space

(and time). Therefore, a plane-average procedure is used to calculate the mean velocity

at the wall-model input location when Reichardt’s law is employed in conjunction with

the IOSI-model. Indeed, if the IOSI-model was to be implemented over a complex

geometry, a temporal and spatial average could equivalently be used to calculate this

‘constant’ mean. When Reichardt’s law is used by itself, the need for a fluctuation-free

mean velocity input is not as apparent. Hence, a locally averaged velocity is used as

an input in this scenario.

In summary, the filtered wall-shear-stress is found from a combination of the new

IOSI wall-model (fluctuating component) and Reichardt’s law of the wall (mean com-

ponent). That is,

⟨τwp⟩ = ⟨τwp⟩
²

Reichardt

+ ⟨τ ′wp,x⟩
´¹¹¹¹¹¸¹¹¹¹¹¶

IOSI

. (5.6)

Neglecting the universal signal in the simplified IOSI wall-model is not expected
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to significantly affect the lower-order moments or spectra that are presented in this

chapter. However, the absence of the universal signal is expected to affect diagnostics

where phase information is important. It is hoped that future studies will consider the

effect of including the universal signal, perhaps by creating a synthetic signal with the

aid of a pseudo-stochastic model, or following the work of Cabrit et al. (2013).

5.3 Numerical Method

The LES code used to study the IOSI wall-model solves the filtered incompressible

Navier–Stokes equations. Pseudo-spectral discretisation is used in the horizontal di-

rections parallel to the wall; and an accurate centred-differencing scheme requiring a

staggered grid is used in the vertical direction. Temporal integration is performed

using the fully explicit second-order accurate Adams–Bashforth scheme and periodic

boundary conditions are used in the streamwise and spanwise directions. The code

has been documented and applied in numerous previous publications (Albertson &

Parlange, 1999a,b; Porté-Agel et al., 2000; Bou-Zeid et al., 2005; Chester et al., 2007;

Calaf et al., 2010; Chamecki & Meneveau, 2011; Stevens et al., 2014).

In the above-mentioned studies that have previously used this LES code, the top

boundary is defined with a zero-vertical-velocity and zero-shear-stress condition such

that the flow geometry resembles a ‘half-channel flow’ with an impermeable centreline

boundary (Stevens et al., 2014). In contrast to this, in the present study, the bottom

boundary is replicated at the top and therefore, the flow geometry more closely resem-

bles a full channel. Since periodic boundary conditions are used in the wall-parallel

directions, a sufficiently large domain is required to allow the flow to develop with

negligible correlation in these directions (Stevens et al., 2014). Stevens et al. (2014)

use a domain of up to (6π×3π×1)δ in the streamwise, spanwise and vertical directions,

respectively, where δ is the half-channel height. For simulations presented in this study,

the domain used is up to (8π × 2π × 2)δ.
In many standard wall-models, the velocity input is taken at the first off-wall grid-

point directly above the location where the estimate of wall-shear-stress is required.

However, to account for the inclination of near-wall structures and the requirement

that the input be near the middle of the logarithmic region, the large-scale velocity

input for the IOSI wall-model is taken at a point that has been shifted in both the wall-
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Reτ Nx Ny Nz Ntotal ∆x+ ∆y+ ∆z+ z+
1

z+wm z+
mid-log

2,740 36 24 96 82,994 1,913 717 57 29 143 203

4,810 60 32 96 184,320 2,017 946 100 50 251 267

10,100 128 32 96 393,216 1,985 1,985 211 105 527 389

21,000 256 64 96 1,572,864 2,247 2,247 477 238 1,192 586

Table 5.2: Summary of computational parameters.

normal and streamwise directions relative to the point at which the wall-shear-stress

is calculated.

5.3.1 Wall-normal shift

Previously, it was mentioned that it is desirable for the large scale streamwise veloc-

ity input to be at a wall-normal location between the inner- and outer-peaks on the

streamwise velocity spectrogram—that is, near the middle of the logarithmic region of

the boundary layer. It can be seen in table 5.2 that the wall-model input, z+wm, is close

to the geometric centre of the log-layer, z+mid-log =
√

15Reτ , in all simulations. In table

5.2, z+1 denotes the location of the first off-wall grid point. The wall-normal shift has

an associated benefit of reducing the “log-layer mismatch” commonly associated with

large-eddy simulations, as discussed by Piomelli (2008) and Kawai & Larsson (2012).

This error affects skin-friction predictions and results from the fact that LES is neces-

sarily underresolved in the first few off-wall grid points. This results in numerical and

subgrid modelling errors that cannot be avoided (Kawai & Larsson, 2012). Thus, a

wall-normal shift ensures that the wall-model input is well-resolved (because the scales

of motion increase in size away from the wall).

The effect of the wall-normal shift is illustrated in figure 5.2. This figure shows

the mean streamwise velocity profile from simulations using the first, third, fifth, and

sixth wall-normal grid points as the wall-model input location. It can be seen that

the simulations with nwm = 3,5 and 6 lie essentially on top of one another and are

distinct from the simulation with nwm = 1. This suggests that so long as z+wm is in the

log-region, the input location does not significantly effect the mean profile. nwm = 3
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Figure 5.2: Mean streamwise velocity profiles showing the effect of the wall-normal
location of the wall-model input. The dashed black line denotes the log-law (u+ =
1
κ ln(z+) + C) with κ = 0.384 and C = 4.173. The red crosses depict the location of
the wall-model input, nwm, which increases from left to right. The profile for nwm = 1
does not extend to the left-most red cross since the results from the staggered grid are
interpolated to a uniform grid when output from the code.

is used for all simulations presented in section 5.4. It should be noted that, unlike in

RANS simulations, an input location above the first-off-wall grid point does not alter

the way in which LES calculations are performed at the grid points below the input

location. Data presented in figures 5.2, 5.3 and 5.4 are from preliminary simulations

conducted with the original ‘half-channel flow’ code of Bou-Zeid et al. (2005); a domain

of (4π × 2π × 1)δ in the streamwise, spanwise and vertical directions, respectively; the

σ SGS-model; and a streamwise shift angle of 16○.

5.3.2 Streamwise shift

The streamwise shift is necessary due to the inclination angle of turbulent structures

near the wall. That is, events that occur in the logarithmic region of the boundary

layer—streamwise velocity fluctuations—are displaced some distance downstream of

the corresponding wall-shear-stress event. The inclination angle was investigated by

Marusic & Heuer (2007) using data from the boundary layer wind tunnel at the Uni-

versity of Minnesota and atmospheric surface layer (ASL) measurements at the Surface

Layer Turbulence and Environmental Science Test facility in western Utah. From these
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data, cross-correlations of streamwise fluctuating wall-shear-stress and the fluctuating

component of streamwise velocity at different wall-normal locations in the logarithmic

region of the boundary layer, denoted by Ru′+τ ′+w,x , were used to investigate the incli-

nation angle. The inclination angle is defined as θ = arctan(z/∆x∗), where z is the

wall-normal position (where the velocity is measured) and ∆x∗ is the spatial delay

corresponding to a peak in Ru′+τ ′+w,x . Marusic & Heuer (2007) conclude that the average

inclination angle from the wind tunnel measurements is 13.8o, with no discernible vari-

ation with changing wall-normal position; and the average angle from the ASL data is

14.4o. The angle obtained from the wind tunnel measurements agrees favourably with

the value from the experiments of Brown & Thomas (1977) at Reτ = 3400 of 12.3o.

Yet further experiments at Reτ = O(103) found the maximum correlation occurred at

an angle of approximately 16o in the log-layer (Robinson, 1986). The small variation

in these experimental results from Reynolds numbers ranging three orders in magni-

tude suggests that the structure inclination angle is essentially invariant with Reynolds

number. Anderson et al. (2015) have also studied the inclination angle associated with

hairpin packets above roughness elements.

Piomelli et al. (1989) investigated the influence of a streamwise shift on wall-

modelled large-eddy simulations. Based on experimental and numerical results, they

used an inclination angle—or streamwise shift—of 8○, but found their calculations were

not very sensitive to angles between 6○ and 13○. In the present simulations, an incli-

nation of 16○ is used. This is different from the value used by Mathis et al. (2013) of

14.1○, on whose work the simplified-IOSI model is based. Mathis et al. (2013) obtained

their value from DNS-like data; the value used in this study is based on data obtained

from filtering DNS data to obtain an LES-like database. The peak in the two-point

correlation, R⟨u′+⟩⟨τ ′+w,x⟩, for all Reynolds numbers in this LES-like database was found

to be at approximately 16○.

5.3.3 Simulation parameters

Similar to the study by Bou-Zeid et al. (2005), simulations were initialised with a

logarithmic profile near the surface merging with a zero gradient profile near the channel

centre (the top boundary in Bou-Zeid et al.’s (2005) study). Velocity fluctuations were

imposed randomly on the mean profile using a prescribed turbulent kinetic energy
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profile based on results from Andren et al. (1994). Simulations were converged to

a statistically steady state—until the mean values of fluctuating quantities were not

functions of time—over 500,000 iterations. Data were then obtained during a further

500,000 iterations for all cases.

Table 5.2 also shows the number of grid points used at each Reynolds number.

Nx, Ny and Nz denote the number of grid points in the streamwise, spanwise and wall-

normal directions, respectively, and Ntotal = Nx×Ny×Nz. The grid spacing is also shown

in this table with ∆x+, ∆y+ and ∆z+ denoting the inner-normalised spacing in the

streamwise, spanwise and wall-normal directions, respectively. All grids are deliberately

coarse in order to realise the goal of assessing the applicability of the IOSI wall-model

for simulations at physically significant Reynolds numbers. In practise, simulations

done at high Reynolds numbers over complex boundaries—such as simulations of ships

or aeroplanes—necessarily have coarse grids.

Of particular importance is the spacing in the streamwise direction, ∆x+. This

spacing effectively defines the size of the filter that is applied to the streamwise velocity

input for the IOSI wall-model. The filter width defines the cutoff between the large and

small scales and has typically been chosen to be exactly between the inner- (λ+x,inner ≈
1,000) and outer-peaks (λ+x,outer ≈ 4δ) on the streamwise velocity spectrogram, at a

wavelength of λ+x = 7,000 (Hutchins & Marusic, 2007b; Mathis et al., 2009; Cabrit

et al., 2012). It has been shown that results are not sensitive to the choice of this

cutoff wavelength, so long as the value is between the two peaks. Mathis et al. (2011,

§5.2) performed sensitivity tests on turbulent boundary layer data at Reτ = 19,000

with two different cutoff wavelengths, λ+x = 4,000 and λ+x = 10,000. They found very

little change between the prediction of high-order moments with each cutoff wavelength.

Similarly, Mathis et al. (2009) considered ten cutoff wavelengths logarithmically spaced

between the inner- and outer-peaks (from λ+x ≈ 2,000 to λ+x ≈ 30,000). They too found

that correlations between motions in the inner- and outer-regions were only weakly

dependent on the chosen cutoff wavelength. The cutoff wavelength in this study was

chosen to be λ+x ≈ 2,000 in order to provide reasonable resolution of the large-scales,

while maintaining a location between the inner- and outer-peaks. Additionally, results

from preliminary simulations with various cutoff wavelengths did not show significant

dependence on the filter size.

The effect of grid resolution is shown in figure 5.3. Data are plotted from simula-
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Figure 5.3: (a) comparison of stress profiles; and (b) mean velocity profiles for two

grid resolutions. (a) shows the distribution of viscous stress (⟨τmolec.
xz ⟩ + τSGS

xz ), Reynolds

stress (⟨u′w′⟩), and total stress (⟨u′w′⟩ + ⟨τmolec.
xz ⟩ + τSGS

xz ). The red vertical line in (a)
and the red cross in (b) show the location of the wall-model input.

tions with ∆x+ ≈ 2,000, which is the grid resolution used for all simulations presented

in section 5.4; and ∆x+ ≈ 1,000, which is used here to investigate the effect of grid

refinement. The horizontally averaged stress profiles in figure 5.3(a) demonstrate that

both simulations have reached a statistically stationary state given that the linear

shear-stress profile balances the driving pressure gradient (Stevens et al., 2014). Addi-

tionally, since both grids are relatively coarse, the viscous stress is dominant over the

Reynolds stress further from the wall than would occur in a wall-resolved simulation

(Baggett et al., 1997). Figure 5.3(b) shows that the effect of the grid resolution on the

mean streamwise velocity profile is negligible.

Results from simulations at four friction Reynolds numbers are compared to the re-
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Reτ , exp. Reτ , sim. SGS-model Wall-model

2,740
2,741 Smag. Rei.

2,740 σ Rei.

4,820
4,803 Smag. Rei.

4,814 σ Rei.

10,110

10,068 Smag. Rei.

10,091 Smag. Rei. + IOSI

10,107 σ Rei.

10,121 σ Rei. + IOSI

22,880

20,938 Smag. Rei.

20,988 Smag. Rei. + IOSI

20,962 σ Rei.

20,970 σ Rei. + IOSI

Table 5.3: Summary of simulations. Smag. and Rei. denote the Smagorinsky SGS-
model and the Reichardt wall-model, respectively.

sults of experimental measurements taken by Kulandaivelu (2012) in the High-Reynolds

Number Boundary Layer Wind Tunnel at the University of Melbourne (Nickels et al.,

2005). A summary of the simulations is shown in table 5.3. Reτ , exp. and Reτ , sim. de-

note the friction Reynolds numbers from the experiments and simulations, respectively.

In table 5.3, the Smagorinsky SGS-model and Reichardt wall-model are abbreviated

as ‘Smag.’ and ‘Rei.’, respectively.

5.3.4 Reynolds-stress-constrained framework

Finally, a Reynolds-stress-constrained (RSC) framework has been implemented in the

LES solver. RSC-LES was introduced for hybrid RANS/LES simulations by Chen

et al. (2012) in response to the discrepancy between the log-law intercepts in the

RANS and LES regions (the aforementioned so-called log-layer mismatch) (also see
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Figure 5.4: Mean streamwise velocity profiles showing the Reynolds-stress-
constrained framework. The dashed black line in both plots denotes the log-law
(u+ = 1

κ ln(z+) + A) with κ = 0.384 and A = 4.173. The red crosses depict the loca-
tion of the wall-model input, nwm.

Shi et al., 2008). In their method, LES is solved in the entire flow domain and a

Reynolds-stress constraint is imposed on the SGS-model in the inner-layer to ensure

that the prescribed Reynolds-stress condition is satisfied. This condition ensures that

the mean subgrid-scale stresses satisfy the RANS equations in the inner-layer, while

the fluctuating components of the subgrid-scale stresses are imposed by the SGS-model

itself. This constraint is applied only for z/δ ≤ 0.05. RSC-LES improves the mean

velocity profile for the first layers of points in the simulation and reduces the magnitude

of the velocity kink.

The effect of the RSC-LES procedure is illustrated in figure 5.4. It can be seen

that the profile from the case where no constraint is used (nRSC = 0) and the case

where only the first grid point is constrained (nRSC = 1) do not lie on the log-law for

z+ <∼ 300. This is improved when the constraint is placed on the first two grid points

(nRSC = 2).

5.4 Results and Discussion

To reiterate, the main aim of this chapter is to assess the effect of the IOSI wall-model

on the flow near the wall, as well as its influence on the structure of the boundary layer
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more generally. To this end, this section is split in three and will consider assessments

of the velocity away from the wall, the wall-shear-stress, and the wall-pressure.

5.4.1 Velocity

Figure 5.5 examines the fractional contributions to the mean-square fluctuation of

streamwise velocity, and in so doing, provides an insight to the structure of the bound-

ary layer at the first off-wall grid point. The area under each curve is equal to the

mean-square fluctuation, and is normalised to be unity. From the analysis presented

by Kim (1989), a larger peak for u
′+/(u′+)r.m.s. < 0 than for u

′+/(u′+)r.m.s. > 0 implies

that there is a larger contribution to the mean-square fluctuation from positive fluctu-

ations (than from negative fluctuations); and a larger peak for u
′+/(u′+)r.m.s. > 0 than

for u
′+/(u′+)r.m.s. < 0 implies that there is a larger contribution to the mean-square

fluctuation from negative fluctuations (than from positive fluctuations).

Similar analysis was performed by Kim (1989, see figure 6), where it was found

that positive fluctuations (associated with sweep-like events) provide a larger contri-

bution near the wall (z+ < 15); and negative fluctuations (associated with ejection-like

events) provide a larger contribution further from the wall (z+ > 15). Kim (1989) anal-

ysed data from DNS at Reτ = 179, which was deemed too dissimilar to the present

(relatively high-Reynolds number) simulations to provide meaningful comparisons if

plotted on the same plot. From the present simulations (z+ ≈ 105 for simulations at

Reτ ≈ 10,100); and z+ ≈ 238 for simulations at Reτ ≈ 21,000) it can be seen that there

is a larger contribution to the mean-square fluctuation from negative fluctuations for

all simulations. This agrees with the analysis of Kim (1989) for results ‘further’ from

the wall. It can also be noted that the wall-model increases the peak on the right-hand

side of the diagram, implying that it predicts stronger negative fluctuations relative to

positive fluctuations. The SGS-model does not appear to have a significant influence

on the shape or distribution of the curves.

Further verification of the validity of the simulations is provided through analysis

of the Reynolds-stress anisotropy throughout the boundary layer (as shown in figure

5.6). Pope (2000, see §11.3) provides a thorough discussion of the theory associated

with analysis of the Reynolds-stress anisotropy, a summary of this will be provided
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here. First, it is necessary to define the normalised anisotropy tensor, bij:

bij ≡
⟨uiuj⟩
⟨ukuk⟩

− 1

3
δij. (5.7)

It is then convenient to define two variables that are able to characterise the state of

anisotropy more simply than the six components of bij. The anisotropy tensor has a

trace of zero (i.e. bii = 0) and consequently it has just two independent invariants,

which can be used to represent the state of anisotropy graphically. The two invariants,

ξ and η, are defined by:

6η2 = −2IIb = b2
ii = bijbij, (5.8)

6ξ3 = 3IIIb = b3
ii = bijbjkbki. (5.9)
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Pope (2000) also notes that the sum of the eigenvalues (λ1, λ2 and λ3) of bij is zero,

so that in its principal axes, bij is:

bij =
⎡⎢⎢⎢⎢⎢⎢⎣

λ1 0 0

0 λ2 0

0 0 −λ1 − λ2

⎤⎥⎥⎥⎥⎥⎥⎦
. (5.10)

Thus, the state of anisotropy can be characterised by two invariants—ξ and η, which

can be determined from the Reynolds stresses at any point and time in any turbulent

flow. Pope (2000, see table 11.1) shows special states of the Reynolds-stress tensor

in terms of the invariants ξ and η, and describes the expected distribution in channel

flow as follows. Very close to the wall (z+ < 5, say) the turbulence is essentially two-

component (v′2 is much smaller than u′2 and w′2). The anisotropy (measured by η)

reaches a peak at z+ ≈ 7. Throughout the remainder of the channel the Reynolds-stress

is close to being axisymmetric with ξ positive. In figure 5.6, use is made of the Lumley

triangle to demonstrate the distribution of Reynolds-stress anisotropy throughout the

boundary layer. Indeed, every Reynolds stress that can occur in a turbulent flow

corresponds to a point in the Lumley triangle (see Choi & Lumley (2001) for further

discussion of the Lumley triangle). Points outside the triangle correspond to non-

realisable Reynolds stresses (negative or complex eigenvalues). The left-hand corner

depicts a two-dimensional state of turbulence—one component of turbulent kinetic

energy vanishes, with the remaining two being equal; the right-hand corner depicts a

one-dimensional state of turbulence—only one dominant turbulence component; and

the origin of the triangle depicts a three-dimensional isotropic state of turbulence.

Figure 5.6 shows the distributions of Reynolds-stress anisotropy for the present

simulations (channel flow), as well as from preliminary simulations conducted with the

original LES code (as detailed in Bou-Zeid et al. (2005)). The original LES code uses

a stress-free boundary condition at the top of the ‘half-channel’.

In the top half of figure 5.6 (full channel), it can be seen that near the wall, the

turbulence approaches ‘one-dimensional turbulence’. That is, one component of turbu-

lence is dominant over the other two (u′ much larger than v′ or w′). Between the wall

and the channel centre, the turbulence remains ‘axisymmetric’, depicted by one small

eigenvalue (this is characteristic of cigar-shaped turbulence). Near the channel cen-
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tre, the turbulence approaches the origin of the figure, or, ‘three-dimensional isotropic

turbulence’. That is, all three components of turbulence are of similar magnitude.

The SGS-model has a large influence on the distribution of anisotropy throughout

the boundary layer. The near-wall turbulence predicted by the Smagorinsky model

is much closer to ideal ‘1-component’ turbulence than that predicted by the σ-model.

Nonetheless, at the higher Reynolds number, the near-wall turbulence from the σ-

model approaches the ideal ‘1-component’ turbulence. Very little to no feedback from

the wall-model is evident (not shown in these plots).

Importantly, it can be seen by comparing the plots in the top half of figure 5.6 to

those in the bottom half, that the Reynolds-stress anisotropy from the simulations with

the ‘full channel code’ approach the origin, where the results from the ‘half channel

code’ deviate from the expected distribution for channel flow. Thus, the full channel

code was used throughout the remainder of this section.
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Figure 5.6: Plots of Reynolds-stress anisotropy showing the differences between the
‘full-channel’ simulations and the ‘half-channel’ simulations (similar to the original LES
code used by (Bou-Zeid et al., 2005)). Plots are shown for the two highest Reynolds
numbers considered (Reτ ≈ 10,100 and 22,884) and for both SGS-models. All plots
show results when the IOSI wall-model is used (essentially no difference was observed
when the Reichardt wall-model was used in isolation).
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The mean velocity profiles from the simulations are shown in figure 5.7. Results

from all simulations with the σ-model agree well with the expected profile in the log-

region (figure 5.7(b)); where the simulations with the Smagorinsky SGS-model appear

to deviate from the log-law in this region (figure 5.7(a)). This is most likely due to

the aforementioned velocity kink resulting from inappropriate matching between the

SGS- and wall-models and insufficient subgrid-scale dissipation. The IOSI wall-model

has a very marginal effect on the mean velocity profile, decreasing the predicted values

in the wake region slightly.

The predicted streamwise turbulence variance profiles are shown in figure 5.8.

Again, the simulations with the σ-model appear to follow the expected log-law slope

(see Townsend, 1976; Marusic & Adrian, 2013) more closely than the results with the

Smagorinsky SGS-model. The improvement afforded by the σ-model compared to the

Smagorinsky model is similar to the improvement shown in these profiles by Stevens

et al. (2014) when using the Lagrangian scale-dependent dynamic model (compared

to the regular Smagorinsky model). However, the comparison with data from bound-

ary layer experiments is not good (c.f. intensity plots at various Reτ in Mathis et al.

(2011)). This discrepancy with experimental results is expected, especially near the

wall, since only the resolved velocity is available. The IOSI wall-model does not have

a significant effect on the turbulence intensity profile.

It was mentioned in section 3.2.2 that the accuracy with which the second-order

turbulence energy is captured is indicative of how well the energy cascade from resolved-

to subgrid-scales is reproduced (Meneveau & Katz, 2000). Based on this criteria, the

σ-model is better able to reproduce the expected energy cascade when compared to

the Smagorinsky SGS-model. It should be noted that the log-law slope is not often

observed in the variance profiles resulting from large-eddy simulations. This suggests

that the present simulations are accurate to second order (at least).

Figures 5.9 and 5.10 show the predicted pre-multiplied energy spectra, kxφuu/u2
τ .

Figure 5.9 shows plots with filled contours for all simulations at the two highest

Reynolds numbers. Two key observations are readily visible when comparing these

plots: the location of the peak is affected strongly by the SGS-model; and the slope of

the iso-contours also depends strongly on the SGS-model. Further, it can be seen that

the wall-model does not have a significant effect on the spectrogram.

The data from the present simulations is compared to the data of Kulandaivelu
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Figure 5.7: Comparison of mean streamwise velocity profiles for the various SGS-
and wall-model combinations. The dashed black line in these plots denotes the log-law
(u+ = 1

κ ln(z+) +A) with κ = 0.384 and A = 4.173.

(2012) from boundary layer measurements in figure 5.10. The predicted peak location

and the shape of the iso-contour lines on the spectra map are both in better agreement

with the experimental results when the σ-model is used, than when the Smagorinsky

SGS-model is used. Although this observation is apparent for both Reynolds numbers,

it must be made with caution since the peak location may be grid dependent (which

has not been investigated here).

The shape of the iso-contours is important since it depicts the gradient of energy

transfer between different scales of motion at different wall-normal locations. Repro-

ducing the expected shape is particularly important near the cut-off wavelength and

the first off-wall grid point. As discussed by Hutchins & Marusic (2007a, see figure 11),

the flatter iso-contours above the outer-peak depict energetic motions that scale with
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Figure 5.8: Comparison of streamwise turbulence intensity profiles for the various
SGS- and wall-model combinations. The dashed black line in these plots denotes the
log-law for variance profiles (u′2+ = B1 −A1 ln(z/δ)) with A1 = 1.25).

the boundary layer thickness, δ (outer-scaling); the contours around the inner peak

are fixed with inner-scaling; and, of importance for the discussion of the LES results

in figure 5.10, the intermediate contours between the inner and outer energy sites (i.e.

λ+x < λ+x,outer-peak and ∼ 100 < z+ <∼ 0.15Reτ ) are expected to show k−1
x scaling (i.e. a

slope of 1 where kx is the streamwise wavenumber). This slope is significant of attached

eddies in the logarithmic region that scale with their distance from the wall. From this

discussion, it appears that the σ-model is better able to reproduce the expected scaling

of, and energy transfer between, the near-wall eddies in the logarithmic region.

One final note about the spectra shown in figures 5.9 and 5.10 is that the spectro-

grams resulting from channel flow (LES results from the present study) and boundary

layers (the experimental data shown) are expected to be slightly different. As dis-
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Figure 5.9: Pre-multiplied energy spectra map of the streamwise velocity fluctuations,
kxφuu/u2

τ , at the two highest Reynolds numbers (Reτ ≈ 10,100 and 21,000).

cussed by Monty et al. (2009), this difference is likely due to a redistribution of energy

from the smaller-scales dominant in boundary layers to longer wavelengths in channel

flows (or pipe flows). Nevertheless, for the purposes of the present analysis, this subtle

difference does not change the conclusions drawn from analysis of figures 5.9 and 5.10.
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Figure 5.10: Pre-multiplied energy spectra map of the streamwise velocity fluctua-
tions, kxφuu/u2

τ . Thin grey lines show the experimental data of Kulandaivelu (2012)
at Reτ = 10,111 ((a) & (b)), and Reτ = 22,884 ((c) & (d)); thick black lines show
data from simulations with the Reichardt wall-model; and red lines show data from
simulations with the Reichardt & IOSI wall-models. Numerical results are shown at
Reτ ≈ 10,100 ((a) & (b)), and Reτ ≈ 21,000 ((c) & (d)). Contour levels show kxφuu/u2

τ

from 0.2 to 1.6 in steps of 0.2. The vertical dashed lines shows the location of the first
off-wall grid point; and the horizontal dashed lines show the value of the cutoff wave-
length due to the grid spacing. Numerical data in (a) & (c) are from simulations with
the Smagorinsky SGS-model; and numerical data in (b) & (d) are from simulations
with the σ-model.

5.4.2 Similarity to current models

In simplifying the IOSI model from equation (5.2) to equation (5.4), the amplitude

modulation part of the original model has been neglected. This results in a simplified

model that is, at least upon initial inspection, similar to the result obtained after some

manipulation of the ‘standard equilibrium wall-model’ (see Bou-Zeid et al., 2005). The
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standard equilibrium wall-model can be written as:

⟨τwp⟩ = [κ ⟨u⟩
ln (z1/z0)

]
2

, (5.11)

where z1 is the height above the wall and z0 is the wall roughness. Upon substitution

of the velocity decomposition, u = ū + u′, and linearising the resulting equation, the

following equation for the fluctuating wall-shear-stress is obtained:

⟨τ ′wp⟩ = 2⟨u⟩⟨u′⟩ [κ 1

ln (z1/z0)
] . (5.12)

For comparison with the IOSI wall-model, it is convenient to write this equation in

non-dimensional form. Given that z1 is taken to be in the log region, this leads to:

⟨τ ′+wp⟩ = 2⟨u′+⟩. (5.13)

It is noted that equations (5.4) and (5.13) both predict that the fluctuating wall-shear-

stress is linearly proportional to velocity fluctuations away from the wall. This is true,

but the constants of proportionality are rather different. In the IOSI wall-model the

‘constants’ have been derived based on the assumption that the wall-model input is

in the centre of the logarithmic region. This is not necessarily true in the standard

equilibrium model where the LES velocity used is typically from the first near-wall

grid point (i.e. a numerical choice rather than the physically motivated distance in the

middle of the log-law that is used in the IOSI model).

To further illustrate the difference between the constants, consider the Reτ ≈ 21,000

simulations (see table 5.2). For these simulations, z+wm = 1192 and
√

15Reτ = 586,

which, when substituted into equation (5.3), result in C = 1.036. When combined with

α = 0.1 in equation (5.4), the ‘constant’ of proportionality is Cα = 0.1036 (c.f. 2 in

equation (5.13)).

The similarity between the form of the simplified IOSI wall-model (equation (5.4))

and that of the simplified standard equilibrium model (equation (5.13)) is reflected in

the similarities between the velocity (and mean wall-shear-stress) results from the IOSI

wall-model and Reichardt’s law. This similarity is perhaps not surprising given that

the flow analysed in this study respects the log-law in the mean (which is essential
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for application of standard models). This implies that the mean wall-shear-stress is

large compared to the fluctuations. Indeed, in order to derive equation (5.13), it

was necessary to make the assumption that u′/ū ≪ 1. Thus, in equation (5.6), the

contribution from the IOSI model is small compared to that from Reichardt’s law.

However, where the mean wall-shear-stress tends to zero (i.e. in separated flow), it is

expected that the contribution from IOSI wall-model will be large in comparison to

that from the mean component.

As a final comment, the results presented in this section so far have concentrated on

quantities concerned with the energetics of the flow-field, and have neglected diagnostics

in which phase information is important. This is because of the simplification made

when reducing equation (5.2) to equation (5.4). To reiterate, if phase information is

important for a particular application, then the complete IOSI model would need to be

included. Using the full model would increase the computational cost of the simulation.
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5.4.3 Wall-shear-stress

The predicted skin-friction coefficient, Cf , from each simulation is shown in figure

5.11(a). For reference, two empirical models are also shown in this figure—the Kàrmàn–

Nikuradse model (Nikuradse, 1933):

Cf = 0.046Re−0.2
b , (5.14)

and a model proposed by Petukhov (Petukhov, 1970):

Cf = 2(2.236 ln Reb − 4.639)−2. (5.15)

These models are functions of the bulk Reynolds number, which is defined as Reb =
4δubulk/ν where ubulk = 1

δ ∫
δ

z=0⟨u⟩dz. Functions of the bulk Reynolds number are used

for comparison since the friction Reynolds number, Reτ , is not a free parameter in

these simulations. Both the boundary layer thickness, δ, and the driving pressure

gradient term, ∂⟨p⟩
∂x = −ρu

2
τ,target

δ , are imposed in the code, which results in a fixed Reτ .

The velocity profile, and thus the bulk velocity, ubulk, are, however, free parameters

and can therefore be used when comparing the skin-friction coefficient. Note that the

Kàrmàn–Nikuradse model is not valid for the highest Reynolds number investigated,

while Petukhov’s function is.

All simulations, and particularly those at the two highest Reynolds numbers, agree

well with the empirical models and show the appropriate Reynolds number trend.

There is no discernible feedback from the IOSI wall-model on Cf . This is expected

since the IOSI model only solves for the fluctuations of wall-shear-stress, which pre-

sumably have a mean of zero and thus do not affect the mean value of shear-stress or,

consequently, Cf .

The root-mean-square (r.m.s.) values of the wall-shear-stress at the two highest

Reynolds numbers are shown in figure 5.11(b). It can be seen that the addition of the

IOSI wall-model significantly increases the predicted r.m.s. value. Indeed, using the

IOSI model with the σ SGS-model at Reτ ≈ 10,100, results in a 43% increase in the

predicted τw, r.m.s. value when compared to the value predicted by simulations with only

the Reichardt model; and similarly, when the IOSI model is used with the σ SGS-model

at Reτ ≈ 21,000, there is a 38% increase in the predicted value of τw, r.m.s. (compared
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Figure 5.11: (a) Skin-friction coefficient from all simulations, and (b) root-mean-
square values from simulations at the two highest Reynolds numbers. Symbols in both
plots denote the combination of SGS- and wall-model: ○, Smagorinsky & Reichardt;
×, σ-model & Reichardt; ♢, Smagorinsky & Reichardt + IOSI; and △, σ-model &
Reichardt + IOSI. In (a) empirical trend lines from Nikuradse (1933), ; and Petukhov
(1970), , are shown. In (b) an empirical trend line from Schlatter & Örlü (2010),

, is shown.

to the equivalent simulation with only the Reichardt model). The increases between

simulations that use the Smagorinsky SGS-model were of a similar magnitude. The

increased value of τw, r.m.s. is, however, still much less than the value predicted by the

relation given by Schlatter & Örlü (2010):

τ+w, r.m.s. = 0.298 + 0.018 lnReτ . (5.16)

Nonetheless, it is not expected that large-eddy simulations will reproduce this predicted
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Figure 5.12: Pre-multiplied spectra of wall-shear-stress from all simulations at the
two highest Reynolds numbers. The solid grey line indicates the reconstructed variance
profile using the full inner-outer scale-interaction wall-model and experimental data at
Reτ = 22,884 (Cabrit et al., 2012) and the shaded region represents the region that
is relatively independent of large-scales. (a) shows data from simulations using the
Smagorinsky SGS-model, and (b) shows data from simulations using the σ-model.

value since a significant amount of the fluctuating energy is contained in the small

unresolved scales, which is neglected by LES. Therefore, since LES codes typically

under-predict the fluctuating wall-shear-stress, an increase in the predicted value is a

positive result. It should also be noted that a higher value is provided by the σ-model

when compared to the Smagorinsky SGS-model in all simulations.

The premultiplied spectra of the wall-shear-stress at the two highest Reynolds num-

bers are shown in figure 5.12. For reference, the reconstructed profile for Reτ = 22,880

from Cabrit et al. (2012) is also shown. This was obtained using the full IOSI model

and experimental data. The IOSI wall-model again can be seen to significantly increase

the predicted stress spectrum for both SGS-models. The Smagorinsky SGS-model ap-
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pears to over-predict the variance for the larger scales, where the σ-model provides

a reasonable estimate of the variance profile. The grey shaded regions in figure 5.12

illustrate where the profile is relatively independent of large-scales—that is, this region

can be predicted if the small-scale, pseudo-universal wall-shear-stress signal is known

for the particular surface and flow scenario. Since the present simulations were con-

ducted on deliberately coarse grids, it is impractical to expect to resolve this part of

the profile. Indeed, directly resolving this part of the spectra may not be necessary if

the small-scale pseudo-universal signal is known, or can be reconstructed using the full

IOSI model as shown in equation 5.1 (see Cabrit et al., 2012; Inoue et al., 2012). It

can also be seen that the energy is strongly damped near the cut-off wavelength. This

is the result of the LES filtering operation and the amount of damping is dependent

upon the type of filter used (see §13.2.4 in Pope, 2000). Cabrit et al. (2012) and Inoue

et al. (2012) also discuss the effect of the LES filter on the predicted spectra.

Figure 5.13 shows the two-dimensional wall-shear-stress energy spectra for the four

simulations at Reτ ≈ 21,000. It can be seen that there is an absence of energy at the

small scales—small λx/δ and λy/δ—in both simulations with the standard wall-model.

This is because of the aforementioned local averaging procedure used with Reichardt’s

law, which effectively increases the minimum λx and λy that can be resolved by the

simulation. This small-scale information is available with the addition of the IOSI

model. Of most importance in this figure is the increase in stress energy that is imposed

by the IOSI wall-model, while the peak location is not altered. This result is expected

since the IOSI model provides information about the fluctuations of wall-shear-stress.

Indeed, this is consistent with the study by Cabrit et al. (2012), who anticipated that

a ‘standard’ wall-model would naturally filter out a non-negligible amount of the wall-

shear-stress energy. This increase in the peak variance observed is also consistent with

the results shown in figure 5.12.

The superposition of the large scales between the velocity fluctuations at the lo-

cation of the wall-model input, ⟨u′mid-log⟩, and the wall-shear-stress fluctuations, ⟨τ ′w⟩,
is examined in figures 5.14 and 5.15. It can be seen that the features of the shifted

(shifted to account for the inclination angle) streamwise velocity in the centre of the

logarithmic region are also present in the wall-shear-stress distribution when the IOSI

wall-model is used. That is, the low- and high-speed regions in the off-wall velocity

are spatially correlated to similar events in the wall-shear-stress distribution. There
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Figure 5.13: Two-dimensional energy spectra of the streamwise wall-shear-stress,
kxφτ ′+w,xτ ′+w,x , at Reτ ≈ 10,1000 and Reτ ≈ 21,000. Results are shown for all combinations

of SGS- and wall-models. Contours shown are from 0.001 (light) to 0.01 (dark) in steps
of 0.001.

appears to be much less correlation between the shifted streamwise velocity and the

wall-shear-stress in the simulations with just the Reichardt wall-model. Additionally,

there appears to be fewer fine-scale features in the wall-shear-stress distribution in
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5. New Wall-Model

these simulations.

In the bottom half of figures 5.14 and 5.15, the contours of ⟨u′mid-log⟩ and ⟨τ ′w⟩ are

plotted on top of one another. This clearly illustrates the high correlation between the

distributions of the mid-log velocity and wall-shear-stress when the IOSI wall-model is

used. It should be noted that this observation is more readily visible in the plots from

simulations at Reτ ≈ 10,100. To quantify this observation, the two-point correlation

profiles are shown at the bottom of the figures. The two-point correlation coefficient

is defined as:

Ru′+τ ′+w,x =
u′+ (x +∆x, y) τ ′+w,x (x, y)√

u′+2
√
τ ′+2
w,x

. (5.17)

These profiles show that the maximum normalised correlation is greater when the

IOSI wall-model is used (this is the expected result). The distribution of the correlation

coefficient throughout the boundary layer is as expected—high with a small streamwise-

shift near the wall, and decreasing with a large streamwise-shift at larger z/δ.
The correlation coefficient is further analysed in figure 5.16. The streamwise posi-

tion of the maximum correlation coefficient (denoted by the white circles) is generally

on or below the nominal 16○ value (shown by the dashed line in the figure) when the

Smagorinsky model is used; and generally above the nominal line when the σ-model

is used. It is also apparent that the correlation remains high further downstream with

the Smagorinsky model when compared to the σ-model (shown by the contour values).

The effect of the IOSI wall-model is not significant. However, the IOSI wall-model does

affect the location of the peaks near the channel centre, where the peak is closer to the

nominal 16○ value when it is used.
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Reτ ≈ 10,100; Smag.
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Reτ ≈ 10,100; σ-model
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Figure 5.14: Analysis of the linear superposition of large-scales. All data shown are from simulations at Reτ ≈
10,100; left plots show data from simulations that use the Smagorinsky SGS-modell; and right plots show data from
simulations that use the σ-model. The magenta contours on the superposition plots (third row from the top) show
the distribution of ⟨u′mid-log⟩shifted and the black contours show the distribution of ⟨τ ′w⟩—the ⟨u′mid-log⟩shifted contours
have been shifted in the streamwise direction to account for the inclination angle.
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Reτ ≈ 21,000; Smag.
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Reτ ≈ 21,000; σ-model
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Figure 5.15: Analysis of the linear superposition of large-scales. All data shown are from simulations at Reτ ≈
21,000; left plots show data from simulations that use the Smagorinsky SGS-modell; and right plots show data from
simulations that use the σ-model. The magenta contours on the superposition plots (third row from the top) show
the distribution of ⟨u′mid-log⟩shifted and the black contours show the distribution of ⟨τ ′w⟩—the ⟨u′mid-log⟩shifted contours
have been shifted in the streamwise direction to account for the inclination angle.
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Figure 5.16: Two-point correlations between wall-shear-stress fluctuations and streamwise velocity fluctuations at
all wall-normal positions for the two highest Reynolds numbers (Reτ = 10,111 and Reτ = 22,884)—using both wall-
models and both SGS-models. White circles show the streamwise position of the maximum correlation coefficient at
each wall-normal location. The dashed line in each plot shows the streamwise shift angle used for all simulations—16o.
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Figure 5.17: Mean inclination angle, θ, as a function of wall normal distance. (a)
results from simulations with the Smagorinsky SGS-model; and (b) results from simu-
lations with the σ-model.

Figure 5.17 shows the distribution of the inclination angle (θ) in all simulations at

the two highest Reynolds numbers. The dashed lines in this figure denote the nominal

value of 16○. It can again be seen that the calculated inclination angle is generally below

16○ when the Smagorinsky model is used; and generally above 16○ when the σ-model

is used (except at the first off-wall grid point). The IOSI wall-model can also be seen

to increase the calculated inclination angle with both SGS-models. The lower values

obtained with the Smagorinsky model may be due to its over-dissipative nature, and

thus it might attenuate peripheral shear layers that encapsulate large scale motions.

The wall-shear-stress fluctuations predicted by the IOSI wall-model are related to

the mid-log velocity fluctuations by two parameters—the superposition/modulation

coefficient, α, and the correction factor, C (shown in equation 5.3). The effect of the

IOSI wall-model on α is illustrated in figure 5.18.
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Figure 5.18: Superposition/amplitude modulation coefficient, α, as a function of wall
normal distance. (a) results from simulations with the Smagorinsky SGS-model; and
(b) results from simulations with the σ-model.

Figure 5.18 shows the distribution of the superposition/modulation coefficient through-

out the boundary layer. For reference, the value used by Mathis et al. (2013) is shown

by the vertical dashed line at α = 0.1. This value of α was imposed in simulations

with the IOSI wall-model, and is left free in simulations with the Reichardt wall-

model. It can be seen that the value of α is far from the reference in simulations with

the Reichardt wall-model, and is controlled as expected in simulations with the IOSI

wall-model. Explicitly controlling this parameter allows better representation of the

resolved wall-shear-stress energy (c.f. figure 5.12).

Figure 5.19 shows the wall-shear-stress auto-correlations in both the streamwise

and spanwise directions. In the streamwise direction, it can be seen that the auto-

correlation goes to zero more rapidly when the σ-model is used, compared to when the

Smagorinsky model is used. This relates to the contour plots in figures 5.14 and 5.15,
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Figure 5.19: Normalised wall-shear-stress auto-correlations in the streamwise (top
row) and spanwise (bottom row) directions.

where the results from the Smagorinsky model had large, streaky structures compared

to the smaller, less well organised structures that were present in the results from the

σ-model. The IOSI wall-model appears to cause the auto-correlations to go to zero

more rapidly than when only the Reichardt model is used. There are no significant

differences between the SGS-models in the spanwise auto-correlations. However, the

feedback from the IOSI wall-model causes the magnitude of the maximum negative

value of the auto-correlation to be less than that obtained with only the Reichardt

model.

It should be noted that, because of the coarse resolution of LES, it is not expected

that the distributions of wall-shear-stress auto-correlations will match those from DNS

(as shown in figure 9 of Cabrit et al. (2013)). In the DNS results, the streamwise auto-

correlation goes to zero at x+ ≈ 2000. This is the resolution of the present large-eddy

simulations (∆x+ ≈ 2000, see table 5.2), so it is not expected that the results will be
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similar to the DNS data. Similarly, the spanwise auto-correlations in the DNS data

go to zero at y+ ≈ 50, which is significantly less than the resolution of the present

simulations (∆y+ ≈ 2000).

The probability density functions (p.d.f.s) of the wall-shear-stress fluctuations for

all simulations at Reτ ≈ 10,100 and 21,000 are shown in figure 5.20. All p.d.f.s appear

to be nearly Gaussian with a small positive skewness (the Gaussian profile is shown

by the dashed curve in both (a) and (b)). The p.d.f.s from the simulations with the

σ-model (figure 5.20(b)) appear to more closely follow the Gaussian profile than the

p.d.f.s from the simulations with the Smagorinsky SGS-model. The influence of the

IOSI wall-model is also evident—p.d.f.s from simulations with the IOSI model appear

to have a lower skewness and higher flatness than the simulations with the Reichardt

model only. It should be noted that the p.d.f. of wall-shear-stress fluctuations is not

expected to follow the Gaussian profile. In DNS results, the distribution is positively

skewed (see figure 3 of Cabrit et al. (2012)), meaning negative fluctuations are more

prevalent than positive fluctuations. Again, it must be stressed that the results from

LES studies are not expected to replicate all of the statistics from DNS or experimental

studies. The absence of small-scale information in LES results must be considered when

making comparisons to ‘fully-resolved’ data.

The skewness and flatness (or, kurtosis) for all simulations are presented in table

5.4. The root-mean-square, skewness and kurtosis of a variable are known as its second,

third and fourth order moments, respectively. These can be defined (for fluctuating

wall-shear-stress) as:

(τ ′+w,x)r.m.s.
=

√
(τ ′+w,x)2

, (5.18)

Sk (τ ′+w,x) = (τ ′+w,x)3/{(τ ′+w,x)2}
3
2

, (5.19)

Ku (τ ′+w,x) = (τ ′+w,x)4/{(τ ′+w,x)2}
2

. (5.20)

It is impractical to expect to obtain accurate predictions of third and fourth order

moments using data from LES studies (Stevens et al., 2014). This is because these

‘higher’-order moments are heavily reliant on the small-scales of turbulence, which are

not resolved in LES. The arrows next to the values obtained from simulations with the
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Figure 5.20: Probability density functions of wall-shear-stress fluctuations, τ
′+
w,x. The

abscissa is normalised by the corresponding local root-mean-square and the ordinate is
normalised such that the area under the curve is equal to one. The dashed black line
in both plots is the Gaussian distribution.

IOSI wall-model in table 5.4 illustrate whether use of the IOSI wall-model has increased

(up arrow) or decreased (down arrow) that value relative to the similar simulation with

just the Reichardt model.

It has already been discussed that the IOSI wall-model is able to improve the r.m.s.

value of the wall-shear-stress (see figure 5.11), this is again evident in table 5.4. The

IOSI wall-model, however, consistently decreases the values of skewness and kurtosis

(as was observed in figure 5.20) compared to the values obtained from simulations with

the Reichardt wall-model only. This results in worse agreement with the expected

values (shown in brackets in table 5.4). Nonetheless, as stated previously, it is not

expected that these coarse large-eddy simulations will be able to predict the third and

fourth order moments. It is a positive result that the prediction of the second order

moment (r.m.s.) is improved with the IOSI wall-model.

Table 5.4 also shows the second, third and fourth order moments of the wall-pressure
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fluctuations. These will be discussed in the next section, which summarises the inves-

tigation of pressure throughout the channel.

209



5
.

N
e
w

W
a
ll-M

o
d
e
l

———————–Wall-shear-stress——————– ——————Pressure——————

Reτ,sim. SGS-model Wall-model (τ ′+w,x)r.m.s.
Sk (τ ′+w,x) Ku (τ ′+w,x) (p′+w)r.m.s.

Sk (p′+w) Ku (p′+w)

1,000 σ-model Rei. 0.177 (0.422†) 0.507 (1.050‡) 3.289 (5.125‡) 2.238 (2.923⋆) 0.133 3.009

2,000 σ-model Rei. 0.160 (0.435†) 0.483 (1.100‡) 3.256 (5.300‡) 2.561 (3.136⋆) −0.035 3.052

4,800
σ-model Rei. 0.117

(0.451†)
0.231

(1.175‡)
3.073

(5.375‡)
4.031 (3.386⋆) −0.058 2.496

Smag. Rei. 0.170 0.367 2.926 3.665 −0.257 2.514

10,100

σ-model Rei. 0.133

(0.464†)

0.416

(1.200‡)

3.261

(5.490‡)

4.441

(3.584⋆)

−0.123 3.009
σ-model Rei. + IOSI 0.225 ↑ 0.196 ↓ 2.818 ↓ 4.336 ↓ −0.297 ↓ 2.867 ↓
Smag. Rei. 0.178 0.462 3.028 3.608 0.067 2.595
Smag. Rei. + IOSI 0.254 ↑ 0.268 ↓ 2.627 ↓ 3.096 ↓ −0.507 ↓ 3.357 ↑

21,000

σ-model R 0.144

(0.477†)

0.419

(1.205‡)

3.022

(5.505‡)

3.667

(3.769⋆)

0.131 2.951
σ-model R + IOSI 0.216 ↑ 0.131 ↓ 2.665 ↓ 3.607 ↓ 0.193 ↑ 3.166 ↑
Smag. R 0.176 0.341 2.706 2.718 −0.108 2.990
Smag. R + IOSI 0.243 ↑ 0.004 ↓ 2.470 ↓ 2.722 ↑ 0.063 ↑ 2.648 ↓

†Values calculated using the relation of Schlatter & Örlü (2010) (equation (5.16)).
‡Values approximated from figure 6 of Cabrit et al. (2013).⋆Values calculated using the relation of Farabee & Casarella (1991) (equation (5.22)).

Table 5.4: Wall-shear-stress and wall-pressure moments. Arrows show direction of change (increase or decrease)
when the IOSI model is used compared to when only the Reichardt model is used. Values in brackets have been
calculated using empirical relations (equations (5.16) and (5.22)) and data from Cabrit et al. (2013).
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5.4.4 Pressure

Since one of the aims of this study is to assess the effect of the IOSI wall-model on

the flow variables at the wall, the final analyses that will be presented in this chapter

are concerned with the wall-pressure (and the pressure distribution throughout the

channel).

The mean pressure profiles from all simulations are shown in figures 5.21 and 5.22.

In these figures, results are compared to DNS channel flow data at Reτ = 1,000 (Perl-

man et al., 2007; Li et al., 2008; Graham et al., 2013). The effect of scaling by inner-

and outer-variables and the choice of reference pressure are also investigated in these

figures.

In their experimental investigation of turbulent boundary layers, Tsuji et al. (2007)

chose the reference pressure to be equal to the wall-pressure since its position is well

defined and it gave the most consistent results. Tsuji et al. (2007) also state that,

under ideal conditions, the free-stream pressure should match the pressure at the wall.

In their case, however, the wall-pressure is slightly lower than the free-stream pressure

(see figure 4 in Tsuji et al. (2007)). In the present study, both the free-stream pressure

(top two rows of plots in figures 5.21 and 5.22) and the wall-pressure (bottom two

rows of plots in figures 5.21 and 5.22) have been used as the reference pressure. Tsuji

et al. (2007) find that the pressure differences between Reynolds numbers are small

when inner-scaling (ρu2
τ ) is used, and the profiles all collapse reasonably well when

outer-scaling (ρU2
0 —the free-stream dynamic pressure) is used. They also find that the

peak in the mean pressure profile occurs at z/δ ≈ 0.3 and has a slight tendency to move

away from the wall as Reynolds number increases.

In figure 5.21, only results from simulations using the Reichardt wall-model are

shown to provide a comparison between the two SGS-models. It can be seen that

the σ-model appears to predict the Reynolds number trend of the peak location and

the collapse of the profiles with inner-scaling (and centreline pressure as reference

pressure—top right corner of figure 5.21). No such collapse is obtained when the wall-

pressure is used as the reference pressure, which agrees with the findings of Tsuji et al.

(2007). Further, the profiles do not collapse with outer-scaling (even with the σ-model),

which does not agree with Tsuji et al. (2007). In all simulations, the peak value of

pressure is under-predicted compared to the value obtained from DNS (dashed lines).
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Figure 5.22 shows profiles only from the two highest Reynolds numbers in order

to investigate the effect of the IOSI wall-model. It can be seen that for both inner-

and outer-scaling, and both reference pressures, the IOSI wall-model does not have a

significant affect on the mean pressure profile.

The profiles of the root-mean-square pressure throughout the boundary layer from

all simulations are shown in figure 5.23. Data from the DNS study of Hoyas & Jiménez

(2006) at Reτ = 2,000 is also shown for comparison. Again, Tsuji et al. (2007) pre-

sented a similar analysis in their study (see figures 7 and 8 in their paper). When

normalised by inner-variables (p+r.m.s.), Tsuji et al. (2007) find that there is a clear

Reynolds number dependence throughout the boundary layer. When normalised by

outer-variables (ρU2
0 ), the profiles essentially collapse on each other, with a small de-

pendence on Reynolds number for small Re. This dependence vanishes for Reθ > 7,000

(Reτ ≳ 2,020 using the relationship Reτ ≈ 0.435Re0.954
θ as given in Deck et al. (2014)),

and Tsuji et al. (2007) conclude that pr.m.s. is scaled well by outer-variables for high

enough Reynolds number. The peak (pr.m.s.,max) increases and moves closer to the wall

in terms of z/δ with increasing Reynolds number. This inner-peak, which is at z+ ∼ 30

according to DNS results (Spalart, 1988; Skote, 2001), is not resolved in the present

large-eddy simulations.

It can be seen in figure 5.23 that the expected r.m.s. profile is not captured when

the Smagorinsky model is used. The results from simulations using the σ-model show

the expected Reynolds number dependence when scaled by inner-variables, and a rea-

sonable collapse near the channel centre when scaled by outer-variables. Again, it is

worth reiterating that, because of the coarse grid used for LES, the near-wall region is

not captured. This may explain the discrepancies with the expected DNS profile. Since

pressure is a non-localised variable, meaning that pressure fluctuations at one point in

the flow are dependent on fluctuations at all other points, the ‘missing’ information in

the near-wall region directly affects the prediction of pressure at all other points in the

domain. If, for a particular application (such as an aeroacoustic problem), pressure

is an important outcome of the simulation, the wall-pressure model that is proposed

in the next section (section 5.4.4.1) might be useful. In the following, the proposed

pressure model is only subject to preliminary analysis to assess whether further investi-

gations are warranted. Here, it is simply used after the simulation has been completed,

and is not implemented as part of the LES solver itself.
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Figure 5.21: Mean pressure profiles showing a comparison of SGS-models (all profiles shown are from simulations
that use the Reichardt wall-model only). Markers are shown at every third grid point in the wall-normal direction.
Symbols denote the various simulations—☆, Reτ ≈ 1,000; ⊳, Reτ ≈ 2,740; ◻, Reτ ≈ 4,800; and for symbols of
simulations at Reτ ≈ 10,100 and Reτ ≈ 21,000 see legend of figure 5.20. Dashed lines show data from DNS channel
flow simulations at Reτ = 1,000 (Perlman et al., 2007; Li et al., 2008; Graham et al., 2013).
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Figure 5.22: Mean pressure profiles showing a comparison of wall-models. Markers are shown at every third grid
point in the wall-normal direction. Symbols denote the various simulations—see legend of figure 5.20. Dashed lines
show data from DNS channel flow simulations at Reτ = 1,000 (Perlman et al., 2007; Li et al., 2008; Graham et al.,
2013).
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Figure 5.23: Root-mean-square pressure profiles. The top two rows show data from all simulations with the
Reichardt wall-model (to compare SGS-models). The bottom two rows show data from all simulations at the two
highest Reynolds numbers (to compare wall-models). Dashed lines show DNS data at Reτ = 2,000 from Hoyas &
Jiménez (2006).
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5. New Wall-Model

5.4.4.1 Wall-pressure

Wall-pressure is not a direct output of the LES code used, and it is not considered

in the IOSI wall-model. Therefore, it is necessary to predict the pressure field at the

wall with an a posteriori model, which uses the available pressure data as an input.

A means by which to achieve this was not readily found in a survey of the relevant

literature and therefore, a model is proposed here to estimate the wall-pressure using

an off-the-wall pressure output from the simulation. The development of this model

was also motivated by the application of wall-modelled LES to aeroacoustics studies,

in which the fluctuations of pressure at the wall are an important source term in the

equations that govern acoustic propagation.

The model proposed to predict the instantaneous wall-pressure is similar to the

simplified IOSI wall-model (equation 5.6). This similarity is based on two main as-

sumptions: that the mean pressure at the wall is similar to the mean pressure in the

centre of the channel; and that there exists a high correlation between the pressure

fluctuations in the inner- and outer-regions. The first assumption is based on the work

of Tsuji et al. (2007) who suggest that, under ideal conditions, the free-stream pressure

(for a turbulent boundary layer) should match the pressure at the wall. The second

assumption is supported by the work of Sillero et al. (2014), who studied two-point

correlations of velocities and pressure in boundary layers and channels. Comparing fig-

ures 4 and 14 (crossflow (yz) sections of streamwise velocity and pressure correlations,

respectively), and figures 6 and 15 (wall-parallel (xy) sections of streamwise velocity

and pressure correlations, respectively) from Sillero et al.’s work, it can be seen that

the correlations of streamwise velocity and pressure are very similar. Thus, the model

proposed here to predict wall-pressure takes a similar form to that of the IOSI model

for wall-shear-stress—equation 5.6 (noting that the original IOSI wall-model, which

has the same form as the model used in this chapter for wall-shear-stress, was initially

derived to predict the near-wall velocity fluctuations (Marusic et al., 2010a; Mathis

et al., 2011)).

The proposed pressure model is:

⟨pw,p⟩ = Cα⟨p′mid-log⟩ + ⟨pw,p⟩, (5.21)

where Cα⟨p′mid-log⟩ = ⟨p′w,p⟩ is the predicted fluctuating component; ⟨pw,p⟩ is the mean
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5.4. Results and Discussion

pressure taken at the channel centre (i.e. the predicted mean wall-pressure); and ⟨pw,p⟩
is the predicted instantaneous wall-pressure. C is as shown in equation 5.3 and α is

interpolated from figure 3 of Mathis et al. (2011). The study by Mathis et al. (2011)

considered an early version of the IOSI model, which related the mid-log velocity to the

near-wall velocity (instead of the wall-shear-stress). Therefore, this (larger) value of α

is used because of the similarity observed between the streamwise velocity correlations

and the pressure correlations.

Figure 5.24 shows the root-mean-square (r.m.s.) values of wall-pressure. Similar

plots are also presented by Kim (1989, figure 1), Hu et al. (2006, figure 6), and Tsuji

et al. (2007, figure 14). For references to the data from other studies that are shown

in figure 5.24, the reader is directed to the caption of figure 14 in Tsuji et al. (2007).

In addition to the simulations mentioned in tables 5.2 and 5.3, data from simulations

at Reτ = 1,080 and Reτ = 2,160 are also shown in figure 5.24. The grid resolution of

the Reτ = 1,080 simulation is ∆x+ ≈ 200, ∆y+ ≈ 100 and ∆z+ ≈ 20; and the resolution

of the Reτ = 2,160 simulation is ∆x+ ≈ 400, ∆y+ ≈ 200 and ∆z+ ≈ 40.

Two relations between the r.m.s. of the wall-pressure normalised by inner variables

and the friction Reynolds number are shown in figure 5.24. The dashed line is from

Farabee & Casarella (1991):

(p′+w,r.m.s.)
2 = 6.50 + 1.86 ln (Reτ/333) , (5.22)

and the solid line is from Hu et al. (2006):

(p′+w,r.m.s.)
2 = 2.60 ln (Reτ) − 11.25. (5.23)

When scaled by inner variables, the wall-pressure r.m.s. is expected to increase

slowly with increasing Reynolds number. This trend is observed in the results from the

present simulations, except at the highest Reynolds number. In general, the σ-model

results in higher predicted r.m.s. values than the Smagorinsky SGS-model. The IOSI

wall-model is seen to have a small influence on the expected value. The two simulations

at Reτ = 1,080 and Reτ = 2,158 suggest that the predicted value of p+w,r.m.s. is less when

a finer grid resolution is used. Nonetheless, the coarse grids used for simulations at

Reτ > 2,740 provide reasonable estimates of p+w,r.m.s..
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Figure 5.24: Root mean square of wall-pressure for all simulations. Grey symbols
are from other studies—channel, boundary layer, and pipe flows—symbols with left-
half shaded are from experimental studies, symbols with right-half shaded are from
direct numerical simulations. See figure 14 of Tsuji et al. (2007) for a list of references.
Bold symbols denote the combination of SGS- and wall-model: ○, Smagorinsky &
Reichardt; ×, σ-model & Reichardt; ♢, Smagorinsky & Reichardt + IOSI; and △,
σ-model & Reichardt + IOSI.

Scaling by mixed- and outer-variables is also analysed in figure 5.24. When nor-

malised by mixed-variables (middle plot in figure 5.24), a small variation of the nor-

malised r.m.s. values is generally observed, but tends to increase slightly at high Re.

Results from the present simulations show this trend, except at Reτ ≈ 21,000, where

there is a step decrease in the normalised r.m.s. value.

When normalised by outer-variables (the bottom plot in figure 5.24), pr.m.s. is

expected to decrease with increasing Reynolds number until an asymptotic limit is

reached for high Reynolds numbers. Data from the present simulations do not approx-

imate this trend very well.

An interesting comment was made by Corcos (1964), who suggested that the inner
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5.4. Results and Discussion

part of the law-of-the-wall region, z+ ≤ 100, appears to be essentially free of pressure

sources, and that, within this region, the pressure can be given in terms of its boundary

value. Additionally, Corcos (1964) suggests that the local velocity field is dependent

upon, but not able to affect the turbulent pressures in this near-wall region. Based on

this assertion, more accurate wall-pressure estimates might be obtained if the pressure

input to equation 5.21 is taken at z+ ≤ 100.

Spectral analysis of the wall-pressure fluctuations is shown in figure 5.25. The

method used to calculate these spectra is similar to that detailed by Gloerfelt & Berland

(2013). The Welch method was employed with 500 samples from 500,000 iterations

(c.f. 19,500 samples in the study by Gloerfelt & Berland (2013)). The signal was

split into 10 segments, each with a 50% overlap. A Hann window was applied to

each segment and a factor of 8/3 was applied to compensate for the effect of the Hann

window. It should be noted that there are costs and benefits associated with the choice

of the number of segments. If more segments are used, some large-scale information

is lost, but the spectra of the small-scales gets smoother. Therefore, 10 was chosen to

provide a compromise between the two competing priorities. A factor of 1/2π was then

applied to change from “frequency spectra” (f or ξ) to “angular frequency spectra”

(ω = 2πf). The power spectral density (PSD) is defined by the square of the Fourier

transform of the modified signal, f(x). The Fourier transform is defined as:

f̂(ξ) = ∫
∞

−∞ f(x)e−2πixξdx, (5.24)

f̂(ω) = 1√
2π
∫

∞
−∞ f(x)e−iωxdx. (5.25)

A factor of 2 is also applied for the single-point spectrum for comparison with the

one-sided version that is generally used in experiments.

The calculated spectra are compared to a model proposed by Goody (2004). This

model is chosen based on the work of Hwang et al. (2009), who tested nine models

and found that Goody’s model was the best. It is a semi-empirical model and is an

extension to the Chase–Howe model (Howe, 1998) to include the expected Reynolds
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number dependence. The model for the wall-pressure spectra is given as:

φ (ω)U∞
τ 2
wδ

= C2 (ωδ/U∞)2

[(ωδ/U∞)0.75 +C1]
3.7 + [C3R−0.57

T (ωδ/U∞)]7
, (5.26)

where C1 = 0.5, C2 = 3 and C3 = 1.1 are empirical constants, RT = (δ/U∞/ (ν/u2
τ)) is the

ratio of the time-scales associated with the outer- and inner-regions of the boundary

layer and represents the Reynolds number since RT ∝ uτδ/ν.

Two different scalings are presented in figure 5.25—viscous (or inner) and outer.

It is expected that inner-scaling will collapse the high-frequency end of the spectra

since it is believed that turbulent velocity fluctuations in the near-wall region of the

boundary layer contribute to this part of the wall-pressure spectrum. Outer-scaling

is expected to collapse the low-frequency end since it is believed that this part of the

spectrum results from turbulent velocity fluctuations across the entire boundary layer.

From the figure, it can be seen that the results with the Smagorinsky SGS-model

appear to be in better agreement with the expected trend (as predicted by Goody’s

model) than the results from simulations with the σ-model. The high-frequency end

of the spectra collapse under inner-scaling and follow the predicted Reynolds number

dependence with outer-scaling. However, the low-frequency end does not collapse un-

der outer-scaling. From the preceding discussion concerning the SGS-models and their

performance in terms of the velocity and wall-shear-stress statistics, it is perhaps unex-

pected that the wall-pressure results from simulations with the Smagorinsky model are

in better agreement with the predicted trend than the results from simulations with

the σ-model. It is also observed that the IOSI wall-model does not significantly affect

the spectra.

As an aside, it is interesting to note that there is no ‘universal component’ in the

proposed pressure model (equation 5.21). This is dissimilar to the IOSI model used

to predict the wall-shear-stress (equation 5.1 (Mathis et al., 2013)). Inclusion of a

universal component might affect the slope of the spectra at high frequencies, and

might improve the spectra predicted by the σ-model.

The probability density functions of the wall-pressure fluctuations are shown in fig-

ure 5.26. Similar figures are presented in Kim (1989, see figure 5), Hu et al. (2006, see

figure 10) and Tsuji et al. (2007, see figure 16). In all of these studies, close agreement
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Figure 5.25: Frequency power spectra of wall-pressure for the two highest Reynolds
numbers. Dashed grey lines show Goody’s model for each Reynolds number—light to
dark for increasing Reτ . (a) & (b) scaling by inner variables: τw as the pressure scale
and ν/u2

τ as the time scale. (b) & (d) scaling by outer variables: τw as the pressure
scale and δ/U0 as the time scale (U0 is the mean velocity at the channel centre). (a)
& (c) show results from simulations with the Smagorinsky SGS-model; and (b) & (d)
show results from simulations with the σ-model.

is found with the Gaussian distribution, although most results show a slightly higher

peak than that of the Gaussian profile. Hu et al. (2006) find a weak Reynolds num-

ber dependence for Reτ > 180, however, Tsuji et al. (2007) find no Reynolds number

dependence for 5870 ≤ Reθ ≤ 16,700.
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Figure 5.26: Probability density functions of wall-pressure fluctuations, p
′+
w . The

abscissa is normalised by the corresponding local root-mean-square value and the or-
dinate is normalised such that the area under the curve is equal to one. The dashed
black line in both plots is the Gaussian distribution.

The results from the present simulations follow closely the Gaussian profile, and do

not show any significant Reynolds number dependence. The predicted peak is slightly

higher when the IOSI wall-model is used with the Smagorinsky model, compared to

when just the Reichardt model is used. There is no discernible difference between the

IOSI model and the Reichardt model when the σ-model is used. There is also very

little difference between the two SGS-models.

The skewness and flatness (or, kurtosis) factors for the wall-pressure fluctuations

are shown in table 5.4 (the r.m.s values are also presented, but have been discussed

with reference to figure 5.24). Values of the third and fourth order moments of wall-

pressure fluctuations at similar values of Reτ could not be found in a survey of the

literature. Values at lower Reynolds numbers have been presented by Schewe (1983),

Kim (1989), and Tsuji et al. (2007). From experimental measurements at Reτ ≈ 556,
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Figure 5.27: Fractional contributions to the mean-square fluctuation for pressure, p.
The abscissa is normalised by the corresponding local root-mean-square value and the
ordinate is normalised such that the area under the curve is equal to one.

Schewe (1983) found a skewness value of −0.2 and a flatness value of 4.9; from DNS

at Reτ = 179, Kim (1989) found a skewness of −0.1 and a flatness of 5.0; and from

experimental measurements at 5870 ≤ Reθ ≤ 16,700 (or, 1700 ≲ Reτ ≲ 4600 using the

approximation of Deck et al. (2014)), Tsuji et al. (2007) found skewness values between

−0.5 (Reθ = 5870) and 0.9 (Reθ = 16,700), and monotonically decreasing values of

flatness between 5.2 (Reθ = 5870) and 4.5 (Reθ = 16,700).

The values of skewness and flatness obtained from the present simulations have a

smaller magnitude in general when compared to the values just listed. This might be

the correct result for the values at the highest Reynolds numbers. It can also be seen

that the IOSI wall-model does not have a consistent influence on the values.

Similar to figure 5.5 in section 5.4.1 (velocity), figure 5.27 analyses the fractional

contributions to the mean-square fluctuation for wall-pressure. The area under the
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curve is again equal to the mean-square fluctuation, which is normalised to be unity. In

the study by Kim (1989), the mean-square pressure fluctuation is shown to take about

equal contributions from each side near the wall, and more from negative fluctuations

away from the wall. Since figure 5.27 presents the fractional contributions to the mean-

square fluctuation for wall -pressure, the results from the present simulations agree well

with the results of Kim (1989). That is, the two peaks from each simulation are of

approximately equal magnitude. This is clearly evident for all simulations with the

σ-model, but is only strictly true for some of the simulations with the Smagorinsky

model.

5.5 Chapter Summary

This chapter has explained the characteristics of a new wall-model for LES that is

able to predict wall-shear-stress fluctuations from large-scale velocity information in

the log-layer. The model was originally derived by Marusic et al. (Marusic et al.,

2010a; Mathis et al., 2011) and was assessed by Cabrit et al. (2012) who performed a

series of a priori tests and concluded that it was well posed for large-eddy simulation.

Thus, succeeding the work by Cabrit et al., the model is here implemented in an

LES code to assess its efficacy compared to a standard wall-model. Two subgrid-

scale (SGS) models—σ and Smagorinsky—were also investigated. It was found in this

study that the new IOSI wall-model does at least as well as other wall-models (and

it improves some statistics), but potentially its further advantage is that in principle

it is well suited to non-homogeneous wall-bounded flows (e.g. separated flows). The

model’s suitability for these flows is a consequence of the fact that the large-scale non-

homogeneous velocity field is used as its input, and it does not rely on the log-law.

Future work will be needed to demonstrate this, but the results from the present study

are encouraging (as summarised in table 5.5).

Preliminary simulations were used to show that both the input location and grid

resolution did not significantly affect the predicted velocity profile, so long as the wall-

model input was in the logarithmic-region. A Reynolds-stress constraint (RSC) was

also tested and shown to provide a better prediction of the mean velocity in the first

few off-wall grid points. Specifically, the RSC was shown to improve the velocity kink

often associated with LES.
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It was shown that the IOSI wall-model did not have a significant effect on the

skin-friction coefficient, Cf . This was expected since Cf is based on the mean wall

shear-stress, which should not be affected by imposing fluctuations with a mean of

zero. The IOSI wall-model did, however, have a significant effect on the fluctuations

of wall-shear-stress. This was evidenced by the root-mean-square (r.m.s.) values, one-,

and two-dimensional spectra of the wall-shear-stress. These spectra clearly show that

the IOSI model is able to resolve more energy when compared to the standard wall-

model, and that the resolved part of the spectra match the values predicted by the

experimental database. Importantly, using the IOSI wall-model (and the Reynolds-

stress constraint) did not have an appreciable effect on the computational cost of the

simulations.

The mean velocity profiles of simulations using the σ SGS-model were seen to

compare favourably with the expected profile, especially in the logarithmic region.

The mean velocity resulting from the Smagorinsky SGS-model showed the ‘velocity

kink’ that is often evident in LES studies due to a mismatch in the stress predicted

by the wall-model and that predicted by the SGS-model (Brasseur & Wei, 2010). The

wall-model was shown to have only a small effect on the mean velocity profile. The

velocity in the log-layer and wake-region was decreased when the IOSI model was used.

The resolved streamwise turbulence intensity with the σ-model was also shown to follow

the expected log-law more closely than the results with the Smagorinsky model.

Finally, a model to calculate the wall-pressure using an input from the middle

of the logarithmic region was proposed to assess the effect of the SGS- and wall-

models. The r.m.s. values of wall-pressure were shown to follow the expected Reynolds

number trend, with the exception of the simulations at Reτ ≈ 21,000. The values

from simulations with the σ-model were greater than the values predicted with the

Smagorinsky SGS-model and followed the projected trend of the empirical models

more closely. Frequency power spectra of the wall-pressure were also presented and

compared to an empirical model. The results with the Smagorinsky SGS-model were

shown to be in better agreement with the empirical model than the results from the

σ-model.

Thus, in summary, the IOSI wall-model has been shown to affect the character-

istics of the wall-shear-stress favourably, but the feedback on the flow further from

the wall is less significant. Data from simulations using the σ-model were shown to
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be more accurate than data from simulations using the Smagorinsky SGS-model in

all diagnostics used except the wall-pressure frequency power spectra. The two ad-

vantages of the simplified IOSI model that were initially proposed are its ability to

predict the fluctuations of wall-shear-stress and that its formulation is not based on

the logarithmic-law. This study has demonstrated the first of these advantages, but the

second is yet to be studied in detail. Indeed, improvements to this study in future work

might include using the model to simulate separating flow over heterogeneous surfaces.

Additional improvements might include implementation of the full IOSI model (i.e.

including the universal signal, or derivation of a pseudo-stochastic model in lieu of the

actual universal signal (see Cabrit et al., 2013)) to assess the validity of the assumption

that the filtered universal signal is negligible; and extending the model to predict the

spanwise component of the wall-shear-stress fluctuations. Talluru et al. (2014) provide

the foundations for predicting the spanwise component. In their study, they extended

the previous work of Marusic et al. to consider the amplitude modulation of small-

scale motions by large-scale events for all three components of velocity. They conclude

that the small-scale spanwise and wall-normal fluctuations are modulated in a similar

manner to the streamwise fluctuations. Thus, it might be possible to use a similar

model to the simplified IOSI wall-model that was used in this study for the streamwise

wall-shear-stress fluctuations to predict the spanwise component. Extension of the one-

dimensional IOSI model to two-dimensions was also considered by Cabrit et al. (2013).

A final important outcome of this study is that the IOSI wall-model did not increase

the computational cost of the simulations, yet was able to significantly improve the

predictions of wall-shear-stress fluctuations.
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———————— Wall-model ———————— — SGS-model —

Reynolds-stress Rei. & IOSI Streamwise Wall-normal Smag.
constraint c.f. Rei. shift shift c.f. σ-model

Computational No appreciable No appreciable No No No appreciable
cost increase increase with IOSI increase increase increase with σ

Mean wall-
-

No appreciable
- -

No appreciable
shear-stress change with IOSI change with σ

Wall-shear-stress
-

Increase in r.m.s.
- -

Marginally higher
fluctuations & spectra with IOSI with Smag.

Mean RSC improves Marginal improvement
-

Input required to Trend in log-region
velocity velocity kink in wake with IOSI be in log-region better with σ

Velocity
-

No feedback
- -

Trend in log-region
fluctuations from IOSI better with σ

Velocity
-

No feedback
- -

Trend in intermediate
spectrogram from IOSI region better with σ

Linear
-

Increase in Highest R⟨u′+⟩⟨τ ′+w,x⟩ - -
superposition R⟨u′+⟩⟨τ ′+w,x⟩ with IOSI with shift of 16○

Superposition/
-

α controlled
- -

Model affects value
modulation coeff. with IOSI at 1st off-wall pt.

Wall-pressure
-

No appreciable
- -

Agreement between
fluctuations change with IOSI ref. model & Smag.

Table 5.5: Summary of key outcomes from chapter 5.
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Chapter 6

Summary and Conclusions

The main goal of this study was to determine the influence of various turbulence models

on the prediction of aerodynamic and aeroacoustic properties with large-eddy simula-

tions (LES) in physically realistic flows (high Reynolds numbers, separation regions,

etc.). To achieve this objective, a variety of numerical experiments and analyses were

conducted, each aimed at assessing the range of applicability of various modelling and

numerical techniques. The culmination of these numerical studies was the derivation,

implementation and investigation of a new wall-model for LES.

6.1 Summary of Principal Results

Before investigating the various modelling approaches, an extensive review of the lit-

erature relevant to LES, wall- and subgrid-scale (SGS) modelling, and the inner-outer

scale interaction (IOSI) wall-model was presented. This review provided an overview

of the limitations of both LES and the current paradigm of wall-modelling approaches.

From the review, it was concluded that one of the largest limitations of LES is its

high computational cost, which is in great part due to the stringent resolution require-

ments near a surface in wall-bounded turbulent flow. Modelling of the near-wall region

was introduced as a means to reduce this impractical near-wall resolution requirement.

Wall-models act to approximate the effect of the small near-wall scales on the wall, as

well as on the flow more generally. Many of the current prevalent wall-models were re-

viewed and classified as equilibrium stress models; zonal approaches/two-layer models;

or hybrid RANS/LES methods. A key conclusion from this review of wall-models was
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that there is currently no wall-model that is apposite for all fluid mechanics applica-

tions. Indeed, the majority of current wall-modelling approaches rely on the logarithmic

law for their derivation. This renders them unsuitable for predicting fluctuating com-

ponents of velocity and wall-shear-stress. Additionally, their reliance on a formulation

for the mean velocity profile also makes these ‘standard’ wall-models inappropriate for

separating flows.

Two main validation cases were investigated in this dissertation—turbulent sepa-

rating flow over a circular cylinder; and plane turbulent channel flow. The first case

was used to study how several parameters affected the numerical solution for a complex

separated flow, and the second case was used primarily to assess the efficacy of a new

wall-model.

As well as providing an understanding of the LES methodology, the investigation of

the flow over a circular cylinder also provided a framework to study the effects of mesh

resolution, discretisation schemes, SGS-models, and wall-models. The main findings of

this study were:

• The first off-wall grid point should be located at z+ < 55 (and ideally

z+ < 10) if the Spalding wall-model is used for separating flow over a

bluff body. If the Spalding wall-model is used and the near-wall turbulence cycle

is not at least approximately reproduced, the wall-shear-stress and fluctuations

of velocity in the wake are not well predicted. Too coarse near-wall resolution

also led to unpredictable results in general. Indeed, the near-wall resolution was

found to be of more importance than the mesh resolution downstream of the

cylinder. Additionally, even with a fine near-wall resolution, the results were

somewhat inconsistent. This served as motivation for the investigation of a new

wall-model.

• Non-dissipative discretisation schemes (such as central schemes) are

more desirable than dissipative schemes (such as upwind schemes) for

flow over a bluff body. The additional dissipation from upwind schemes ad-

versely affects the turbulent structures in the cylinder wake, making them smooth

and lower in magnitude than they are expected to be.

• The effect of the SGS-model was apparent, but it was not as pro-

nounced as expected. Since the flow over a cylinder is dominated by large-scale
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flow features in the wake region, it was expected that the accuracy of the solution

would be heavily influenced by the subgrid-scale model. It was observed that the

more complicated one equation eddy viscosity SGS-model provided slightly more

accurate results when compared to the simple Smagorinsky model, but this dif-

ference was not significant for all statistics. Accurate results were obtained with

both SGS-models implying that grid resolution and sufficient mesh-refinement

near surfaces are as important as a sufficiently accurate SGS-model.

The investigation of plane turbulent channel flow provided a framework for assessing

the efficacy of the new IOSI wall-model. Channel flow was chosen for this task due to

its simple geometry and relatively undemanding computational requirements. These

two factors allowed the channel flow simulations to be conducted at high Reynolds

numbers, which allowed assessment of the wall-model—and SGS-models—in physically

realistic flow conditions. Additionally, there are lots of data for comparison for this

flow configuration. Notably, these data include results from high Reynolds number

measurements in the wind tunnel at the University of Melbourne. The key outcomes

from this study include:

• An analysis of the inner-outer scale interaction wall-model that was

originally proposed by Marusic et alia . This included an order of magnitude

assessment of the various terms in the full model using experimental data. The

outcomes of this assessment were used as justification for simplifying the original

model before implementing it in a large-eddy simulation code. The model was

implemented such that the input location could be changed and with a different

averaging procedure for the accompanying ‘standard’ wall-model.

• An investigation of the wall-model input location in order to account

for the inclination angle of near-wall structures. This included investi-

gation of shifting the input location in both the wall-normal and streamwise

directions. The ideal streamwise shift was found to be 16○ based on analysis of

a filtered DNS database (to obtain LES-like data). The ideal wall-normal loca-

tion was found to be in the centre of the log-region, since this is where the most

energetic outer-layer structures reside (near the outer-peak in the pre-multiplied

energy spectra map of the streamwise velocity fluctuations). These structures
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are responsible for much of the superposition and amplitude modulation of the

small-scale near-wall motions. Given the importance of this location, a correction

factor, C, was introduced to correct for the location of the input signal (which

may not necessarily be in the centre of the log-region due to the resolution of

the near-wall mesh). Results showed that the mean streamwise velocity profile

was not sensitive to the wall-normal location of the model input so long as it

was in the logarithmic region. This implies that C achieved its desired function.

Finally, it was concluded that a further advantage of requiring that the input

be in the centre of the log-region is that the input signal is well-resolved (which

it might not be in other wall-models where the input is taken closer to the wall

despite a coarse mesh in this region). Because the input signal is well-resolved,

the log-layer mismatch and the associated errors encountered when estimating

the wall-shear-stress are minimised.

• An a posteriori analysis of the effect of grid spacing. The grid spacing

is of particular importance when using the IOSI wall-model since it effectively

defines the size of the filter that is applied to the streamwise velocity (to obtain the

large-scale signal input to the model). Several previous studies have considered

the effect of the filter width by using filtered experimental data and the full IOSI

model (i.e. an a priori investigation of filter width—recall that a priori and

a posteriori have specific meanings in the context of testing models for LES).

The filter width defines the cutoff between the large and small scales and has

typically been chosen to be exactly between the inner- (λ+x,inner ≈ 1,000) and outer-

peaks (λ+x,outer ≈ 4δ) on the streamwise velocity spectrogram, at a wavelength of

λ+x = 7,000. The previous studies have found that the model is not sensitive

to the chosen filter width, so long as it is between the inner- and outer-peaks.

Results from the simulations presented in chapter 5 suggested that doubling the

streamwise grid spacing from ∆x+ ≈ 1,000 to ∆x+ ≈ 2,000 had a negligible effect,

thus agreeing with the findings of the previous studies.

• Implementation and investigation of a Reynolds-stress-constrained (RSC)

framework. The RSC-LES technique imposes a constraint on the SGS-model in

the inner-layer to ensure that the prescribed Reynolds-stress condition is satisfied.

This condition ensures that the mean subgrid-scale stresses satisfy the RANS
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equations in the inner-layer, while the fluctuating components of the subgrid-

scale stresses are imposed by the SGS-model itself. This technique was shown to

improve the mean velocity profile for the first layers of points in the simulations.

It was also able to reduce the pathology of the velocity kink.

• Implementation and validation of a contemporary static subgrid-scale

model for LES. Despite the popularity and many advantages of dynamic SGS-

models, static models are typically easier to implement and are less computa-

tionally expensive. Thus, a static model that is able to perform similarly to a

dynamic model is desirable. The static σ-model that was investigated in this

study has previously been shown to provide results of similar accuracy to those

from dynamic models. Indeed, the σ-model provided results that compared well

with the experimental data used for comparison in this study. Of note, the mean

streamwise velocity profiles resulting from simulations with the σ-model were in

good agreement with the experimental data, where the profiles from simulations

with the Smagorinsky model showed the velocity kink typical of many LES simu-

lations. The results from the σ-model at all Reynolds numbers were also shown to

follow the expected log-law slope for the resolved streamwise turbulence intensity.

It is not common to observe this slope in LES studies, especially in wall-modelled

simulations with a deliberately coarse mesh.

• Evidence that the IOSI wall-model is able to resolve more of the wall-

shear-stress energy when compared to a standard wall-model. This

result was expected by a priori studies that analysed the IOSI model before it

was implemented in an LES solver. The effect of the IOSI model on the root-

mean-square values of wall-shear-stress, and one- and two-dimensional spectra

was pronounced. Indeed, simulations that used the IOSI model provided results

that were in good agreement with experimental data. The IOSI wall-model was

shown to have a limited effect on the skin-friction coefficient. This result was

also expected since the IOSI model predicts the fluctuations of wall-shear-stress,

which presumably have a mean close to zero and therefore do not contribute

significantly to the mean wall-shear-stress or skin-friction coefficient.

• The proposal and preliminary investigation of a new model to predict
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the fluctuating wall-pressure from a pressure signal in the logarithmic

region. The proposed model is similar in form to the IOSI wall-model and uses

both fluctuating and mean pressure information from the logarithmic region to

predict the fluctuations of pressure at the wall. The model was not implemented

in the LES solver, rather, it was used after the simulations had finished. The

model was shown to predict the root-mean-square values and the frequency power

spectra of wall-pressure to a reasonable accuracy. It is hoped that the model can

be implemented in a LES solver to predict the wall-pressure during a simulation.

• The IOSI wall-model did not have an appreciable effect on the compu-

tational cost of the simulations. This is an important result since the model

is intended for use in simulations of high Reynolds number flow over inhomo-

geneous surfaces. Of great importance in such simulations is the computational

cost of the turbulence models that are used. The IOSI wall-model thus provides

improved accuracy—especially for fluctuations of wall-shear-stress—without an

associated increase in computational cost.

6.2 Suggestions for Future Work

While many aspects of this dissertation have been analysed extensively, many other

aspects would benefit from further exploration. These aspects have not been pursued

during the course of this project due to computational and time constraints, as well as

the fact that some are the logical next stage of the investigations carried out for this

dissertation. Some suggested avenues for future work include the following.

• A test case that involves flow separation. This is the logical next stage of

the investigation presented in chapter 5. The formulation of the IOSI wall-model

is not dependent on the logarithmic law and therefore, in principle, the model is

well suited to flows with separation. This assumption could be assessed using any

number of common test cases for numerical investigations. These include, but

are not limited to, a backward facing step, wall-mounted cubes and the trailing

edge of an aerofoil. The circular cylinder analysed in chapter 4 would also be a

suitable test case.
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• Implementation of the full inner-outer scale interaction model. This

could be used to assess the validity of the assumptions that were made in the

derivation of the simplified IOSI wall-model that was implemented in the LES

solver. As mentioned in the discussion at the end of chapter 5, implementation of

the full IOSI model would require including the universal wall-shear-stress signal

in the simulation, or the derivation of a pseudo-stochastic model in lieu of the

actual universal signal. This may increase the computational cost of the simu-

lation, although it might also increase the accuracy of some statistics, especially

those that require phase information.

• Investigation of the feasibility of extending the IOSI model to also

predict the spanwise component of the fluctuating wall-shear-stress.

As mentioned in chapter 5, experimental studies have considered extending the

IOSI model to predict all three components of the near-wall fluctuating velocity.

Further work is needed to assess whether the same superposition and amplitude

modulation mechanisms occur for the spanwise component of the wall-shear-

stress.

• Investigations at higher Reynolds numbers. Simulations were carried at

out Reynolds numbers commensurate with the highest Reynolds number data

available from experiments at the University of Melbourne. These Reynolds

numbers are high compared to many computational simulations, but simulations

at higher Reynolds numbers would be useful to assess whether the expected

Reynolds number trends continue as Reynolds number increases further. Addi-

tionally, the Reynolds numbers that occur in flow over full-scale aeroplanes and

other vehicles are much higher than those investigated in this dissertation.

• Using the IOSI wall-model in conjunction with an aeroacoustic solver.

One of the intended future uses for the IOSI wall-model is in the prediction of

turbulence-generated noise. Basic assessments of the model’s applicability to

aeroacoustic applications were conducted in this dissertation—assessment of the

model’s effect on wall-shear-stress and wall-pressure fluctuations—but it has not

yet been integrated in a dedicated aeroacoustic solver.

• Further development of the wall-pressure inner-outer scale interaction
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model. The model that was proposed to predict wall-pressure fluctuations from a

pressure signal in the logarithmic region was only subject to preliminary analysis

in this dissertation. Further development might include analysis of the superpo-

sition/amplitude modulation coefficient to assess the appropriateness of the value

taken from the inner-outer scale interaction model for velocity. It would also be

interesting to implement the model for wall-pressure in an LES solver in order

to get instantaneous values of wall-pressure during a simulation. This would be

especially interesting if implemented in conjunction with an aeroacoustic model

since wall-pressure fluctuations constitute an important source term for these

equations.
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in the atmospheric surface layer. Journal of Fluid Mechanics , 559, 117–149.

Andren, A., Brown, A.R., Mason, P.J., Graf, J., Schumann, U., Moeng,

C.H. & Nieuwstadt, F.T.M. (1994). Large-eddy simulation of a neutrally strati-

fied boundary layer: A comparison of four computer codes. Quarterly Journal of the

Royal Meteorological Society , 120, 1457–1484.

Arguillat, B., Ricot, D., Bailly, C. & Robert, G. (2010). Measured

wavenumber-frequency spectrum associated with acoustic and aerodynamic wall

pressure fluctuations. The Journal of the Acoustical Society of America, 128, 1647–

1655.

Baggett, J.S. (1998). On the feasibility of merging LES with RANS for the near-

wall region of attached turbulent flows. In Center for Turbulence Research Annual

Research Briefs , 267–277, NASA Ames/Stanford University.
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Mizuno, Y. & Jiménez, J. (2013). Wall turbulence without walls. Journal of Fluid

Mechanics , 723, 429–455.

Moin, P. & Kim, J. (1982). Numerical investigation of turbulent channel flow. Journal

of Fluid Mechanics , 118, 341–377.

Moin, P. & Kim, J. (1997). Tackling turbulence with supercomputers. Scientific

American, 276, 46–52.

Monkewitz, P.A., Chauhan, K.A. & Nagib, H.M. (2007). Self-consistent high-

Reynolds-number asymptotics for zero-pressure-gradient turbulent boundary layers.

Physics of Fluids , 19, 115101.

Monkewitz, P.A., Chauhan, K.A. & Nagib, H.M. (2008). Comparison of mean

flow similarity laws in zero pressure gradient turbulent boundary layers. Physics of

Fluids , 20, 105102.

Monty, J.P. (2005). Developments in smooth wall turbulent duct flows . Ph.D. thesis,

University of Melbourne, Department of Mechanical and Manufacturing Engineering.

Monty, J.P., Stewart, J.A., Williams, R.C. & Chong, M.S. (2007). Large-

scale features in turbulent pipe and channel flows. Journal of Fluid Mechanics , 589,

147–156.

Monty, J.P., Hutchins, N., Ng, H.C.H., Marusic, I. & Chong, M.S. (2009).

A comparison of turbulent pipe, channel and boundary layer flows. Journal of Fluid

Mechanics , 632, 431–442.

Moser, R.D., Kim, J. & Mansour, N.N. (1999). Direct numerical simulation of

turbulent channel flow up to Reτ = 590. Physics of Fluids , 11, 943–945.

Mull, H.R. & Algranti, J.S. (1956). Preliminary flight survey of aerodynamic

noise on an airplane wing . NACA RME55K07, National Advisory Committee for

Aeronautics.

Na, Y. & Moin, P. (1998). The structure of wall-pressure fluctuations in turbulent

boundary layers with adverse pressure gradient and separation. Journal of Fluid

Mechanics , 377, 347–373.

253



REFERENCES

Nagib, H.M. & Chauhan, K.A. (2008). Variations of von Kármán coefficient in
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