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Analysis of two and three dipolar bosons in a spherical harmonic trap
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As dipolar gases become more readily accessible in experiment there is a need to develop a comprehensive
theoretical framework of the few-body physics of these systems. Here, we extend the coupled-pair approach
developed for the unitary two-component Fermi gas to a few-body system of dipolar bosons in a spherical
harmonic trap. The long range and anisotropy of the dipole-dipole interaction is handled by a flexible and efficient
correlated Gaussian basis with stochastically variational optimization. Solutions of the two-body problem are
used to calculate the eigenenergy spectrum and structural properties of three trapped bosonic dipoles. This
demonstrates the efficiency and flexibility of the coupled-pair approach at dealing with systems with complex
interactions.
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I. INTRODUCTION

Advances in trapping of ultracold quantum gases have
enabled the realization of systems with significant dipolar
interactions. Experimentalists have been able to trap atoms
that have a naturally large magnetic dipole moment, e.g., 52Cr
[1,2], 168Er [3], and 164Dy [4,5]. These atoms have much
stronger magnetic dipole moments compared with alkali-metal
atoms [6]. Alternatively, clouds of polar molecules can be
trapped and their electric dipole moment controlled by an
external electric field [7–9]. This interest in dipolar gases is
due to the long range and anisotropy of the interaction between
dipoles, which is in distinct contrast to the contact interaction
[10]. Since the strength of the dipole-dipole interaction (DDI)
is proportional to the square of the dipole moment, and
combined with the use of Feshbach resonances to tune the
van der Waals interaction away from unitarity, it is possible
to create purely dipolar ultracold atomic gases [11,12]. This
opens up a rich spectrum of new physics [6,13,14] including
dipolar Bose-Einstein condensates [1] and control of chemical
reactions [15,16]. However, the dipolar interactions can also
inhibit the ability to trap a stable cloud [6].

Along with the experimental realization of ultracold dipolar
gases the many-body dipolar gas has been studied theoretically
[6,14]. Much work has also been done on the scattering
theory of the DDI [17–20], including the development of
anisotropic pseudopotentials [21], prediction of Efimovian
universal three-body bound states [22,23], and the scattering
of dipoles in one- and two-dimensional geometries [24–30].
Reduced dimensional systems are particularly interesting for
the appearance of dipolar confinement-induced resonances
[31]. The dipolar two-body problem has also been studied in a
spherically symmetric harmonic trapping potential [32,33].
However, the few-body physics of trapped dipolar atoms
is not as advanced as for neutral atoms with a contact
interaction. Here we extend techniques developed for the
two-component Fermi gas [34] to a system of two and three
dipolar bosons in a spherically symmetric harmonic trap.
This involves the application of a correlated Gaussian basis
optimized using the stochastic variational method [35,36] that

*cbradly@pgrad.unimelb.edu.au

allows matrix elements to be calculated quickly and efficiently.
We also employ the coupled-pair approach as a physically
consistent way to counter the increase in complexity of exact
diagonalization problems as the number of particles increases.
The DDI potential allows for many resonances across multiple
scattering channels, and choosing the important correlations
is a good test for extending these methods to more complex
systems.

II. DIPOLE-DIPOLE SCATTERING

Before considering trapped particles we look at the low-
energy scattering properties of two aligned dipoles with a view
to its application to the harmonically trapped system. The DDI
potential may be written

Vdd(r) = Cdd

4π

1 − 3 cos2 θ

r3
= −�

2

M

D

r3

√
16π

5
Y 0

2 (r̂), (1)

where θ is the angle to the axis of polarization (assumed to
be the z axis). In this work we choose the relative coordinates
so that all reduced masses are the same as the single-particle
mass M . The strength of the interaction is determined by the
type of particle. For magnetic dipoles with magnetic moment
dm, Cdd = μ0d

2
m; while for molecules with polarizability α in

an electric field E , Cdd = E2α2/ε0. In either case, it is useful to
parametrize the strength of the interaction with an associated
length scale, D = MCdd/4π�

2.
The DDI is both long range and anisotropic. The anisotropy

means that two dipoles can experience attraction, if their
collision axis is close to the z axis, or repulsion, if it is closer to
the transverse plane. Although we do not have global spherical
symmetry, since the anisotropy is expressed as a single
spherical harmonic the DDI neatly couples different partial
waves. Furthermore, since the dipoles are aligned with the z

axis, the system retains axial symmetry. Therefore, we sup-
pose that in each channel the asymptotic form of the wave
function is ψl(r) = rul(r)Ym

l (θ,φ) and the phase shifts are
found by integrating the radial Schrödinger equation with the
potential of Eq. (1) and matching the solutions to spherical
waves at large separation distance. This obtains a set of coupled
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radial equations
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where the angular integration has been performed to give the
coupling coefficients [33]
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expressed by Wigner 3-j symbols. These coefficients reveal
that the dipole interaction only allows coupling between chan-
nels for which l − l′ = −2,0,2. Since the DDI preserves the
axial symmetry of the system, different m channels decouple,
although they are not necessarily degenerate. However, since
higher m states cannot couple to lower l states (if |m| > l),
we expect that higher m channels will have little impact on the
bosonic ground state and here we restrict our study to m = 0.
The partial wave expansion not only handles the anisotropy of
the DDI, but also determines the parity of the wave function
and thus its symmetry. Aligned bosonic dipoles only admit
states with even angular momentum l, thus neatly matching
the allowed l couplings of the DDI.

Having dealt with the anisotropy, we now turn to the
long-range nature of the potential. Ignoring for the moment
the coupling to other channels, we must deal with an
attractive −1/r3 potential in each channel, since the coupling
coefficients Y(m; l′,l) are non-negative for m = 0. Recently,
some advanced methods have been developed including a
multichannel pseudopotential for dipolar scattering [21] and
exact solutions for the isotropic pure-repulsive 1/r3 potential
based on quantum defect theory [18]. However, in view of
the application of the coupled-pair approach to a system of
trapped dipoles we require a more straightforward approach
and replace Vdd(r) with tanh15(r/rc)Vdd(r) [33], where rc is
the cutoff distance. The cutoff avoids the unphysical 1/r3

potential at short distances and since it is smooth it will be
better handled by the correlated Gaussian basis, compared to,
e.g., a hard-sphere cutoff [32]. Note that apart from being large
enough to make the cutoff steep, the power of 15 is arbitrary
and the smoothness of tanh15(r/rc) is more important.

To solve Eq. (2) we employ the Johnson log-derivative
algorithm [37]. The algorithm is applied starting from the
inner boundary r = 0 out to some large rmax, at a fixed small
collision energy k = √

2 × 9.36 × 10−9/rc. This is much the
same as a single-channel problem but since the DDI is long
range, we must take extra care to ensure that rmax is sufficiently
large. For our purposes, the short-range cutoff rc serves as
a convenient length scale and the strength of the DDI is
parametrized by the ratio D/rc. Once the inner-region solution
is found it is matched to the solution in the outer region at rmax.
Although a log-derivative matrix is slightly more complicated,
this outer solution can still be expressed in terms of Bessel
functions, similar to single-channel scattering. The Johnson
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FIG. 1. Scattering lengths (a) a00/rc, (b) a20/rc, and (c) a22/rc for
two bosons with DDI showing the first few resonances as a function
of dipole length D.

log-derivative method then neatly allows the determination of
the K matrix from the solution at rmax. The elements of the K

matrix encode the phase shifts, which in turn can be expressed
as scattering lengths all′ , where the channels are labeled by
their angular momenta.

In Fig. 1 we plot the scattering lengths (a) a00/rc, (b) a20/rc,
and (c) a22/rc for two bosonic dipoles. There is a sequence of
resonances that appears over a large range of D/rc, beginning
with D/rc = 5.86,19.28,36.34. The resonances are broadest
in the s-wave channel in Fig. 1(a) but appear at the same
interaction strengths for higher partial waves. We can also see
in Figs. 1(b) and 1(c) that away from resonances the scattering
lengths change linearly with D/rc. This linear dependence in
the higher partial waves is predicted by the Born approximation
for the DDI [19]. However, it also predicts a00/rc = 0, which
is clearly not the case. The behavior of a00, including the width
and position of the resonances, is affected by the short-range
details of the potential, in particular, the cutoff distance rc as
well as the type of cutoff function. It is not expected that the
dipolar gas will display universal properties with respect to
the short-range physics and we have picked the tanh15(r/rc)
cutoff with the Gaussian basis in mind.

III. TRAPPED DIPOLAR BOSONS

Having mapped out the scattering properties of the DDI,
we now turn to the problem of dipolar atoms in a spherically
symmetric harmonic trapping potential. The focus here is to
test the application of a correlated Gaussian basis, and in
particular the coupled-pair approach, to a system with a more
complicated interaction potential. Thus, we will only look at
N = 2 and N = 3. The relative Hamiltonian for N trapped
dipolar atoms is

H =
N−1∑
i=1

[
− �

2

2M
∇2

i + 1

2
Mω2x2

i

]
+

∑
i<j

Vdd
(
wᵀ

ij x
)
, (4)
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where the first term is the kinetic energy and the second
is the external spherically symmetric trapping potential of
frequency ω. The coordinates are contained in x, which is a
supervector of all relative coordinate vectors. The coordinates
are similar to Jacobi coordinates but rescaled such that all
reduced masses are equal to the single-particle mass M .
The particular coordinates for each N are detailed later. The
last term in Eq. (4) contains the DDI potentials between all
possible pairs of particles. The selection vector wij , defined
by wᵀ

ij x = ri − rj , picks out the relative vector ri − rj from
the full set of relative coordinates x.

The harmonic trapping potential promotes the use of a
correlated Gaussian basis for the radial degrees of freedom,
and the long-range nature of the DDI is a good test for the
flexibility and efficiency of this basis. A Gaussian basis is
also effective for the short-range correlations in the system
provided we employ a smooth cutoff function, as opposed to
a hard-sphere boundary condition. The anisotropy of the DDI
means that the basis must also incorporate angular degrees of
freedom and, like the free-space scattering, this is done by
having basis elements with well-defined total relative angular
momenta {l,m}. The total (unnormalized and unsymmetrized)
basis element is therefore

〈x|A,u; l〉 = exp
(− 1

2 xᵀA x
)|uᵀx|lY m

l (ûᵀx), (5)

where l is the total relative angular momentum, A is an
(N − 1) × (N − 1) diagonal matrix whose ith entry is 1/α2

i ,
where αi is the Gaussian widths for the ith coordinate and
u is a normalized global vector with N − 1 components
that describes the distribution of internal angular momentum
among the angular degrees of freedom. The Gaussian widths αi

and the components of u are the 2N − 3 nonlinear variational
parameters of the basis. Since angular momentum is not
conserved in the presence of the DDI, it is preferable to
use a continuous variational parameter for describing the
angular degrees of freedom, as opposed to coupled sets
of discrete angular momenta. All relevant matrix elements
with this basis can be calculated analytically [35]. We note
that even though the evaluation of these matrix elements is
efficient, the inclusion of angular momentum and degrees of
freedom does require more operations than for the isotropic
Gaussian-only basis used for the two-component Fermi system
[34]. Furthermore, this basis can only describe states with
natural parity, precluding the investigation of three fermionic
trapped dipoles without significant extension.

We first consider N = 2 trapped dipolar bosons, since the
N = 3 system is built from these solutions. The DDI will
couple states with different angular momenta, but since there is
only a single relative coordinate, x = (r1 − r2)/

√
2, we do not

need the global vector. In fact, the angular degrees of freedom
manifest as a standard spherical harmonic in each basis
element. The machinery of the global vector representation
is simplified and is essentially equivalent to the use of the
coefficients Y(m; l′,l) of Eq. (3). Therefore, for N = 2, the
angular degrees of freedom are determined by the number
of angular momentum channels included. Like the free-space
scattering case, bosons are distinguished by restricting the
angular momentum channels to even l.

While the channel coupling is simplified, the two-body
problem is nonetheless a test of using a Gaussian basis
to tackle a system with long-range interactions. We apply
the stochastic variational method (SVM) [35] to choose the
Gaussian widths, but with some extra considerations as to the
allowed range they can take. For the trapped system, aho is
taken to be the standard length scale, but we now also have
D, characterizing the long-range strength of the DDI, and
rc, characterizing the short-range cutoff. Since the form of the
DDI in Eq. (1) is only valid at sufficiently large separations, we
do not want to examine the zero-range limit rc → 0. Instead,
we choose rc/aho = 0.01 (i.e., maintaining the limit rc 	 aho)
and examine changing D/aho. With rc given, we can use the
scattering results to consistently determine the strength of the
DDI. At the other end of the scale, the long-range nature of
the interaction means that aho is not as hard an upper limit as
for the unitary two-component Fermi system [34], where the
SVM would optimize the Gaussian widths to αi/aho � 1.1,
reflecting that aho was the largest physical correlation in the
problem. For dipolar particles, we still insist that αi 
 aho

would violate the idea that the particles have low energy,
but even for small D/aho it is necessary to allow the widths
up to αi/aho ≈ 3. Even if correlations larger than the size
of the trap contribute only a small amount to the problem,
it is physically meaningful to include them due to the long
range of the DDI. These bounds are used to semistochastically
select the trials in the SVM, meaning that while most trials
satisfy rc < αi < 3aho, 10% of trials satisfy rc > αi and 10%
satisfy 3aho < αi . This ensures that both long- and short-range
correlations are probed, subject to optimization.

The energy spectrum is calculated by solving a generalized
eigenvalue problem for a range of the DDI strength, D. The
correlated Gaussian basis allows fast and efficient calculation
of the matrix elements of the Hamiltonian, Eq. (4), and
the overlaps between basis elements. In Fig. 2(a) we plot
the energy spectrum for N = 2 trapped bosonic dipoles as
a function of the interaction strength D/aho near the first
resonance. The basis includes the first four angular momentum
channels l = 0,2,4,6 and uses a fixed short-range cutoff
parameter rc/aho = 0.01. On this scale, the position of the
first resonance occurs at D/aho = 0.0586, and is marked by
a vertical dotted line. Not all states are strongly affected by
the DDI resonance, with only one state in each level “stepping
down” by 2�ω across the resonance. If we characterize the
states by their angular momenta in the noninteracting limit
(D/aho = 0) then it is the l = 0 state which is most affected.
Away from resonance, the DDI has only a weak effect, which is
hard to see on this scale but is visible in Fig. 2(b), which shows
a close-up of the spectrum near E = 5.5 �ω. On this scale
we can see that these energies decrease as the DDI strength
increases. Note also the avoided crossing between the higher
states at small D/aho that is due to the short-range cutoff
imposed on the DDI. Recently, researchers [31] have shown
that confinement-induced resonances can occur in dipolar
systems that are confined by a quasi-one-dimensional external
trapping potential. However, the resonance that we study here
is not confinement induced but is the resonance from the DDI
only.

In principle, the SVM optimization should be performed
separately at each value of D/aho. In practice, however,
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FIG. 2. (a) Energy spectrum of N = 2 bosonic dipoles near the
first resonance. The short-range cutoff is fixed at rc/aho = 0.01 so
the resonance occurs at D/aho = 0.0586, as shown by the dotted
vertical line. (b) A close-up near E = 5.5�ω, which shows one
state decreasing much faster than the others. These states can be
characterized by their angular momenta in the noninteracting limit,
which are, from bottom to top, l = 0,2,4, respectively. Note also the
avoided crossing between the other two states at small D/aho, which
is due to the short-range cutoff imposed on the DDI.

we find that for a sufficiently large basis (more than 30
Gaussians in each angular momentum channel), refining the
SVM optimization does not obtain a different basis as D/aho

is varied. That is, provided that the basis contains terms at all
relevant length scales then it can efficiently handle the weakly
interacting and resonant regimes equally.

IV. RESULTS FOR N = 3

For N = 3 dipolar bosons, we employ the coupled-pair
approach [34] with the global vector representation. The rela-
tive coordinates are x1 = (r1 − r2)/

√
2 and x2 = √

2/3[(r1 +
r2)/2 − r3]. This means we allow the explicit interaction
between particles 1 and 2, but not between this pair and
particle 3. That is, the scattering channel for N = 3 has
one interacting pair correlation (IPC), where the range of
Gaussian widths must account for the DDI as discussed above,
and one noninteracting correlation (NIC), where the range of
Gaussian widths only needs to account for the noninteracting
length scales, chiefly aho. Within these ranges, the Gaussian
widths are optimized stochastically as two independent two-
body problems and then combined to calculate the matrix
elements for the N = 3 system. Other scattering channels
are accounted for by symmetrizing the basis by application
of S = 1 + P13 + P23 to the basis elements. As with the
free-space and N = 2 cases, bosons require even total relative
angular momenta to maintain the correct symmetry and this
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FIG. 3. (a) Energy spectrum of N = 3 bosonic dipoles for near
the first resonance at fixed short-range cutoff rc/aho = 0.01. The basis
includes the first four angular momentum channels. Many bound
states appear to cluster around the position of the two-body DDI
resonance at D/aho = 0.0586. The ground state diverges before this
point differently to the others as shown in (b).

means we do not need to explicitly apply P13. Stochastic
variation of the global vector u does the work in choosing
the internal angular momenta.

With these alterations for bosons and the DDI, we apply
the coupled-pair approach and the SVM as before. Each
two-body subsystem is solved independently using SVM to
determine the Gaussian widths. These are combined to make
the correlation matrices A for the three-body problem. The
Gaussian part of the basis is then replicated for each value
of l. Again, with a sufficiently large basis, it is not necessary
to repeat this procedure for different values of D/aho since
the refinement phase of the SVM does not improve upon
the basis as D/aho in changed by a small amount. Upon
solving the generalized eigenvalue problem, Fig. 3 shows the
energy spectrum for three bosonic dipoles. Here, the basis
includes the first four angular momentum channels l = 0,2,4,6
with u = (1,0) (as justified below). There are many more
bound states than for N = 2, but they mostly cluster around
the two-body resonance at D/aho = 0.0586. These states are
due to more particles being able to interact. However, the
ground state diverges at a smaller value of D/aho and behaves
differently to the others. This is best seen in Fig. 3(b), where
the bound-state energies are plotted on an |E|1/8 scale. Here we
see that most of the bound states converge in the deeply bound
limit but the ground state displays distinctly different behavior
and stays separate. We note also that although variational
optimization strictly applies to only the ground state, the
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N = 3 problem is small enough that a large basis can be used,
and the energies of excited states are converged within the line
width of Fig. 3.

The optimization of the global vector u is more compli-
cated. The spectrum presented in Fig. 3 used u = (1,0) for all
basis states, which requires some justification. For N = 3 the
global vector can be written as u = (cos ϕ, sin ϕ); essentially
reducing to the single variational parameter ϕ, for which it is
sufficient to consider 0 � ϕ � π/2. Since u does not appear
for N = 2, the coupled-pair approach does not apply to this
variational parameter. Instead, we must investigate the angular
degrees of freedom separately at the three-body level. We
still wish to avoid the labor of applying SVM to the entire
problem so, similar to the scan over interaction strength D,
we apply the coupled-pair SVM approach once with a large
basis and then reuse the Gaussian widths when varying ϕ. We
note that for a large enough basis, such that the radial part
has converged (in this work, at least 150 Gaussians were used
per angular momentum channel), the result is independent
of the initial value of ϕ used. It is also not necessary to
optimize ϕ stochastically because the coupled-pair approach
has decoupled the variational parameter ϕ from the Gaussian
widths αi .

In Fig. 4 we plot the spectrum at D/aho = 0.06, just above
the resonance, for 0 � ϕ � π/2. At ϕ = π/2 there are no
bound states, implying the resonance appears at a higher
D/aho. Bound states appear as ϕ is lowered, meaning that
the position of the resonance is lowered. This continues until
ϕ = 0 for which the energies are are at their lowest value. In
accordance with the variational principle, we should therefore
take ϕ = 0 as the optimal value. Since ϕ is a smooth variational
parameter, it is not generally clear how it determines the
internal distribution of angular momentum. However, for
extremal values it implies that all the angular momentum of a
state is in one two-body subsystem. For example, ϕ = 0, i.e.,
u = (1,0), means that the total relative angular momentum
l of a basis state is entirely found in the correlation of
particles 1 and 2, while the motion of particle 3 relative to
the pair is s wave. Although this effect is best visualized at
an interaction strength just above the resonance, we note that
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FIG. 4. N = 3 bosonic dipolar spectrum for varying global vector
parameter ϕ. The strength of the DDI is fixed just above the resonance,
at D/aho = 0.06. In this picture, more bound states (i.e., lower
energies) appear at ϕ = 0, meaning that this is the optimal value
of the variational parameter.

ϕ = 0 gives the lowest energy for all D/aho considered in this
work.

Finally, we can also look at the structural properties for
N = 3 trapped dipolar bosons. By diagonalizing the relative
Hamiltonian we not only obtain the energy spectrum but
also the relative wave function. Combining this with the
center-of-mass wave function we obtain the total wave function

(x). From 
(x) we can calculate a general structural
property

P (r) =
∫

dr′ δ(r − r ′)
4πr ′2

∫
dx δ(wᵀx − r′)|
(x)|2, (6)

where r (and r′) is a coordinate describing the property of
interest and P (r) is normalized to unity. Here x is a general
set of coordinates such as the center-of-mass plus relative
coordinates as defined above or the single-particle coordinates
and w is a selection vector that picks out r from x, much like for
the interaction potential. In particular we calculate the single-
particle reduced density P1(r)/a−3

ho , with r = r1 in Eq. (6)
and the (scaled) pair correlation function 4πr2P12(r)/a−1

ho ,
with r = r1 − r2 in Eq. (6). The wave function for dipolar
bosons includes contributions from higher angular momentum
channels, but since we are only looking at the m = 0 subspace,
both the single-particle density P1(r) and pair correlation
function P12(r) remain functions of r only.

In Fig. 5(a) we plot the single-particle density function
P1(r) for different values of D/rc. Below the resonance,
D/aho = 0.05 (solid black), the density is a low wide peak
extending over the whole trap. This reflects the regime of
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FIG. 5. (a) Single-particle density P1(r) and (b) pair-correlation
function P12(r) for N = 3 aligned dipolar bosons. The three curves
are for D/aho = 0.05 (solid black), D/aho = 0.0586 (dotted red), and
D/aho = 0.06 (dashed blue).
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weak interactions. At the first DDI resonance, D/aho = 0.0586
(dotted red), the single-particle density is more sharply peaked
with an exponential decay beyond r = aho. Just above the
resonance, D/aho = 0.06 (dashed blue), the density is more
sharply peaked still. This shows that the atoms are being
held closer together as the DDI strength increases and
becomes more attractive. The scaled pair-correlation function
4πr2P12(r) is shown in Fig. 5(b) for the same values of D/aho.
Below resonance (solid black) the pair-correlation function
has a single peak near r/aho ≈ 1.5, suggesting that without
strong interactions the particles are dispersed. Near resonance
(dotted red) the correlation is peaked near r/aho ≈ 0. In the
limit r/aho → 0, 4πr2P12(r) would go to a finite value except
that we have a short-range cutoff. This is similar to the
near-vertical drop seen for the two-component unitary Fermi
gas [34]. However, unlike the Fermi gas, there is no second
peak, which means that the atoms are not weakly bound.
Above resonance (dashed blue) the scaled correlation function
diverges as r/aho → 0 and decays to zero much quicker than
near resonance, which reflects that above resonance the ground
state is in a deeply bound regime, as expected from the energy
spectrum of Fig. 3.

V. CONCLUSION

The goal of this work was to apply the coupled-pair
approach to a system with a more complicated interparticle
interaction. The dipole-dipole interaction is both long-range
and anisotropic and we have considered the problem of
N = 2 and N = 3 bosonic dipoles in a harmonic trap by
extending the Gaussian basis to include angular degrees of
freedom. We have investigated the scattering properties of the
dipole-dipole interaction and then calculated the eigenenergy
spectrum and structural properties of N = 3 aligned dipoles
near a resonance. Like the Fermi gas, deeply bound states
appear near the resonance but here they form in all angular
momentum channels. The ground state is distinctly different
from the excited states in the deeply bound regime. The
structural properties, especially the pair-correlation function,
show that the DDI becomes more attractive as its strength
is increased, and across the resonance the atoms form more
deeply bound pairs, while on resonance the ground state has
similarities to the unitary Fermi gas. This demonstrates that
the coupled-pair approach can be applied to more complex
systems with long-range and anisotropic interactions.
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by R. Côté (World Scientific, Singapore, 2009).

[13] A. Micheli, G. K. Brennen, and P. Zoller, Nat. Phys. 2, 341
(2006).

[14] M. A. Baranov, M. Dalmonte, G. Pupillo, and P. Zoller, Chem.
Rev. 112, 5012 (2012).

[15] S. Ospelkaus, K.-K. Ni, D. Wang, M. H. G. de Miranda, B.
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