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Abstract

REAL-TIME, accurate and seamless localization forms the backbone of various

location-aware applications such as autonomous navigation. For instance, in a

driverless car or in an autonomous robot operating outdoors or indoors, a navigation

system is responsible for providing location-related knowledge so that the system can

accomplish tasks with respect to this knowledge. Tasks such as finding an address, grip-

ping or tracking an object, making a location-based decision and so on so forth are highly

dependent on a localization. Global Navigation Satellite System (GNSS) is a key tech-

nology in meeting this demand, however, in indoor or densely built-up areas, GNSS

observations are not fully available. Intense efforts have been devoted to identifying a

localization approach which could complement GNSS with inertial sensors, laser scan-

ners, cameras, wireless technologies or the integration of these sensors . Among these

localization approaches, the use of cameras has gained popularity over recent years due

to their availability, affordability and operability. Applications of cameras range from

indoor environments to outdoor environments, micro-scale to macro-scale, under-water

to outer space. By having a sequence of images taken from a single camera or multiple

cameras, it is possible to estimate the location using multiple view geometry. This local-

ization can further be extended by benefiting from additional information acquired from

sensors such as Inertial Navigation Systems (INSs), GNSS observations or laser scanner

data.

Beginning with a discussion of limitations of current techniques, this research aims

to improve the performance of existing approaches that employ the integration of cam-
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eras with an INS, which is known as Visual-Inertial Odometry (VIO). The outcome is

the presentation of two novel VIOs: a stereo-VIO in which a stereo camera is exploited

to improve the robustness of localization by simultaneously taking advantage of visual

constraints across the stereo images and sequential images taken in time, and an Omnidi-

rectional VIO (OVIO) in which an omnidirectional camera with a field of view larger than

180 degrees is employed to explore a larger scene surrounding the system. This way, fea-

tures from a larger portion of the environment around the system will contribute to the

estimation resulting in more accurate localization. The proposed approaches have been

evaluated with photorealistic-synthetic and real-world data. The results demonstrate the

superiority of the proposed methods compared to their counterparts.

Keywords: Localization, Visual-inertial odometry, SLAM, Kalman filter, Stereo camera,

Omnidirectional camera, Multi-view geometry
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5.2 Different components of projection in a single view-point omnidirectional
camera and the triangulation between view C1 and Ci. . . . . . . . . . . . . 64

xix



6.1 Sample frames from the three tested KITTI datasets. (a) dataset 0001. (b)
dataset 0005. (c) dataset 0020. . . . . . . . . . . . . . . . . . . . . . . . . . . 73

6.2 Features tracked in mono vision (Top) and stereo vision (Bottom) from
KITTI dataset 0001. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

6.3 Statistics on the number of tracked features in each frame over the three
datasets 0001, 0005, and 0020 for both mono and stereo modes. . . . . . . . 74

6.4 Trajectories obtained by the stereo VIO as compared with the mono and
INS integration for the three KITTI traverses. (a) dataset 0001. (b) dataset
0005. (c)dataset 0020. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6.5 Cumulative distribution of errors for the stereo method compared with
mono and INS integration for the tested KITTI datasets 0001 (a), 0005 (b)
and 0020 (c). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6.6 Distribution of reprojection errors. . . . . . . . . . . . . . . . . . . . . . . . 80
6.7 Sample images used in the calibration including the projected points and

their corresponding reprojected points. . . . . . . . . . . . . . . . . . . . . 83
6.8 Estimated scene including checker-board corners (black dots) and the cam-

era pose (coloured axes). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
6.9 Left: Histogram of estimated residuals. Right: Normal probability plot of

estimated residuals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
6.10 Example images from the sequence recorded using a simulated perspec-

tive camera (top) and a simulated fish-eye camera (bottom). . . . . . . . . 85
6.11 Features after the tracking process in a perspective view (left) and fisheye

view (right). The green pluses show the features tracked along the image
sequence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.12 Top view of the estimated trajectory for perspective VIO (blue), and om-
nidirectional VIO (magenta) compared with the INS-only integration (red)
and the ground truth (green). . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.13 Left: Cumulative distribution of translational error for the perspective
VIO, the omnidirectional VIO and the INS-only integration. Right: Cu-
mulative distribution of rotational error for the perspective VIO, the om-
nidirectional VIO and the INS-only integration. . . . . . . . . . . . . . . . . 87

6.14 Sample images of the urban canyon dataset simulated by Zhang et al.
(2016) in different FoV cameras namely perspective (top), fish-eye (middle)
and catadioptric (bottom). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6.15 Left: Boxplot of the number of tracked features in each frame for per-
spective, fisheye and catadioptric views. Right: Boxplot of the number
of frames from which each feature is observed. . . . . . . . . . . . . . . . . 89

6.16 3D estimated trajectories from different integration in the global frame. . . 90
6.17 Left: Cumulative distribution of the translational errors for the urban canyon

synthetic dataset. Right: Cumulative distribution of the rotational errors
on the same trajectory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6.18 The sensors used in the real experiment, these being installed on a board
that was attached to the roof of a car using rubber magnets. . . . . . . . . 93

6.19 Left: A raw image captured by the fish-eye camera looking upward. Right:
Features tracked between two consecutive images. . . . . . . . . . . . . . . 94

xx



6.20 Top: 2D top view of the estimated trajectory in frame {E} (left), and the
comparison between the estimated trajectory and the GNSS ground truth
(right). Middle: Estimated velocity with respect to frame {E} (right), and
attitude with respect to local navigation frame (left). Bottom: Acceleration
and angular rate biases with respect to frame {B}. . . . . . . . . . . . . . . 95

xxi





List of Tables

2.1 Summary of INS and GNSS complementary characteristics according to
(Groves, 2013). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

6.1 Comparison of Tracking Performance in Mono and Stereo on KITTI Tra-
verses 0001, 0005 and 0020. . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

6.2 Comparison of Average Root Mean Square Error (ARMSE) of INS Integra-
tion, Mono VIO, and Stereo VIO on KITTI Traverses 0001, 0005 and 0020. . 79

6.3 RMSE of reprojection and the corresponding standard deviations. . . . . . 82
6.4 Comparison of Average and Total RMSE of the proposed spherical VIO on

fisheye and catadioptric VIOs against perspective VIO. . . . . . . . . . . . 91

xxiii





Chapter 1

Introduction

REAL-TIME, accurate and seamless localization is a primary requirement for many

modern location-based applications such as autonomous navigation in both in-

door and outdoor environments, mobile mapping systems and pedestrian localization.

The Global Navigation Satellite System (GNSS) is a key technology needed to meet this

demand in outdoor environments. However, in indoor or densely built-up areas, e.g. ur-

ban canyons, GNSS observations are not always available. To fill this gap, numerous lo-

calization approaches have been proposed for more than three decades. Some researchers

have exploited the potential of individual sensors such as accelerometers, gyroscopes,

laser scanners, cameras and so forth, while others have integrated data captured by dif-

ferent types of sensors. Despite these significant efforts, the provision of a localization

system that could complement GNSS is still an active research area. This introductory

chapter addresses the importance of localization and its place in many location-aware

applications motivating this work. This is followed by an identification of several objec-

tives and open challenges, as well as an overview of the presented contributions.

1.1 Research Problem and Motivation

Over the last few decades, truly real-time and continuous ego-motion estimation of mov-

ing entities such as vehicles, robots and pedestrians has drawn the attention of researchers

due to its contribution to many civilian applications including Location-Based Services

(LBS), Intelligent Transport Services (ITS) and Autonomous Navigation (AN). A location-
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2 Introduction

based service, which is a software service, employs location information to carry out tasks

for entertainment purposes as well as tasks targeting business or assistance in emergency

situations (Deuker, 2008). For example, in an accident scenario, both the location of the

incident and the location determination of local rescue centres are crucial to dispatch an

aid in the fastest time. Meanwhile, the location of the rescue team has to be real-time

and accurate for intercommunication purposes. In an intelligent transportation system,

accurate and real-time tracking of traffic features such as cars provide better information

of transportation for users leading to safer, better coordinated and smarter utilization of

transport networks. In an autonomous navigation system, which is, nowadays, a hot

topic for driverless cars, all three elements of accuracy, seamlessness and real-time oper-

ability are crucially required. On the basis of this location information, a driverless car is

able to communicate with other features, e.g vehicles or pedestrians, in its proximity and

accomplish its missions.

Since the advent of satellite positioning, known as GNSS, localization has become

achievable. Today, using the techniques of differential global Positioning, and Real-Time

Kinematic (RTK) positioning, it is feasible to locate static objects and track moving objects.

Nevertheless, in GNSS deprived environments such as urban canyons and indoor areas,

satellite observations are not always available. In these areas, GNSS signals are mostly

blocked or jammed by obstacles such as structures and their components, or they suffer

interference by wireless equipment. Moreover, using only GNSS observations, attitude,

which is crucial for dynamic platforms such as aerial vehicles, is not fully estimated.

For the purpose of motion estimation, many techniques have been proposed utiliz-

ing either inertial, optical or wireless sensors individually or in combination in a form

of sensor fusion or Cooperative Localization (CL). Figure 1.1 provides an overview of

different sensors commonly used for localization, as well as their integration via either

sensor fusion or cooperative localization.

Inertial sensors, including accelerometers and gyroscopes, are the most common sen-

sors that are used in conjunction with GNSS.
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Figure 1.1: Overview of sensors mostly used for localization, and their combination in
the form of either sensor fusion or cooperation.

Inertial localization is carried out by double integrating acceleration data from the ac-

celerometer and combining it with attitude measurements from the gyroscope. The ben-

efit of inertial localization is that it is purely self-contained and therefore does not require

any external references. Furthermore, inertial sensors can provide seamless localization.

Nevertheless, the pose estimated by these sensors suffers from drift over time due to the

incremental nature of localization (Groves, 2013). The combination of inertial sensors

that provide a navigation solution is known as an Inertial Navigation System (INS). By

integrating INS with GNSS, accurate 6D pose estimation can be achieved. However, the

solution will dramatically diverge after a short period of GNSS signal loss.

Recently, Lidar sensors are being increasingly used in mobile mapping systems to

generate the map and simultaneously estimate the sensor motion (Nüchter et al., 2007;

Taguchi et al., 2013). In Lidar-based localization systems, motion estimation is carried out

by registering successive laser scans (Khoshelham, 2015). A laser scanner integrated with

GNSS/INS, within the mobile mapping system developed by the Karlsruhe Institute and



4 Introduction

Toyota Technological Institute(KITTI) (Geiger et al., 2012) is illustrated in Figure 1.2. In

the driverless cars of Google and Ford, laser scanners will be used for detecting road

obstacles and navigation-related objects, and also for motion estimation in the absence of

GNSS observations (Hawkins, 2016). The drawback of laser scanners is their relatively

high cost for a large number of users.

A state-of-the-art approach for localization is cooperative localization. cooperative

localization systems use data fusion algorithms to integrate position-related information

from a group of sensors or entities surrounding the object of interest, which can exchange

data via radio signals (cf. Figure 1.1). Cooperative localization systems can be beneficial

for motion estimation in GNSS deprived environments due to their exploitation of the

maximum potential of position-related data. However, this technique is still not mature

and is strongly dependant on radio communication, which restricts the operability of the

method when sub-meter positioning accuracy is sought (Alam and Dempster, 2013).

Recent advances in the development of visual sensors have resulted in large-scale

production of digital cameras with high quality, small size and low cost. Today, cam-

eras can be mounted on any manned or unmanned vehicles due to their light weight and

small size. The four elements - low cost, light weight, small size, and moderate consump-

tion of electrical energy - make these sensors ideal for aiding navigation systems in areas

Figure 1.2: Left: Mobile mapping system used by KITTI (Geiger et al., 2012). Right: A
Lidar sensor integrated with GNSS/INS (A.Arnold and Persaud, 2012).
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where GNSS is neither fully functional nor its error tolerable.

Pioneers in photogrammetry and computer vision have long endeavoured to acquire

geometric information from stereo views or multiple views of a scene typically captured

by either a single or stereo cameras temporally, or using a multitude of cameras instantly.

In fact, the idea is understanding the mathematics of the projection of a 3D structure

onto the 2D image plane of imaging devices. This fact is not achievable to sufficient

accuracy and reliability unless the interior geometry of the cameras and a proper exterior

orientation with respect to a coordinate system are known. The parameters which define

the interior geometry of a camera are called intrinsic or interior orientation parameters,

while the parameters which describe the position and the orientation of a camera in space

are known as exterior orientation parameters.

A challenge in this domain is motion estimation using image observations, which

is known as Visual Odometry (VO). In general terms, VO aims at providing a 6D cam-

era pose at each image acquisition in a sequence of images by reconstructing the 3D

environment and back-projecting the scene points onto the image planes from which

the scene points are visible, eventually minimizing the 2D residual errors between the

back-projected points and their corresponding measurements through an optimization

method. If the camera pose parameters are simultaneously estimated with the structure

of the environment, the approach is known as Simultaneous Localization and Mapping

(SLAM) (Davison, 2003; Mur-Artal et al., 2015; Khoshelham et al., 2013; dos Santos et al.,

2016; Strasdat et al., 2010). In a typical visual SLAM algorithm (Davison, 2003), salient

features are extracted and matched between pairs of images to reconstruct a map of the

scene and estimate the sensor pose with respect to the reconstruction.

Despite the fact that in SLAM approaches the sensor position is estimated with respect

to the map, the procedure for reconstructing the map itself is incremental, resulting in

error accumulation and trajectory drift. Recent SLAM techniques such ORB-SLAM (Mur-

Artal et al., 2015) and RGB-D SLAM (Endres et al., 2012; Khoshelham et al., 2013; dos

Santos et al., 2016) detect loop closure and apply pose graph optimization (Strasdat et al.,



6 Introduction

2010; Kümmerle et al., 2011) to improve the global consistency of the map and correct

the trajectory drift. However, VO and SLAM are unlikely to achieve continuous pose

estimation in areas that lack sufficient texture and geometric features.

Through integration of image observations with inertial measurements from an INS,

the accuracy and resilience of localization in low-texture situations can be substantially

improved. This approach, which is known as Visual-Inertial Odometry (VIO), has been

an active research area for more than a decade (Mourikis and Roumeliotis, 2007; Kim

and Sukkarieh, 2007; Li and Mourikis, 2013; Forster et al., 2015). VIO employs visual

observations to compensate for INS error through an estimation model. Today, most VIO

systems utilize image observations from a perspective camera with a limited Field of

View (FoV), of generally less than 90◦. Achieving a robust localization performance by

the state-of-the-art VIO approaches remains a challenge in environments that lack salient

features due to illumination changes or insufficient texture in the entire image sequences,

as well as the presence of moving objects covering a significant area of the image from a

perspective camera.

Overall, a review of different localization approaches illustrates that providing ac-

curate, real-time and seamless localization remains a challenging problem and a fasci-

nating, active research field which mainly motivates this work. Also, because inertial

sensors and cameras are becoming increasingly more affordable, as illustrated by sensors

in light-weight and small-scale devices such as smartphones, this work mainly focuses

on exploring novel techniques to improve the positioning accuracy obtained by the com-

bination of these two sensors, i.e. localization by visual-inertial odometry.

1.2 Aims and Research Challenges

By focusing on inertial and visual sensors and the integration of their measurements, this

research aims to introduce novel VIO systems which can not only maintain localization

accuracy at an acceptable range, e.g. better than 1 meter in a 100 meter GNSS outage, but
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also provide continuous localization in real-time. To achieve these goals, in this study,

the robustness of state-of-the-art VIOs has to be improved. However, this improvement

imposes changes in the architecture of these systems. Therefore, a number of challenges

related to robustness, structure and efficiency of the computation need to be addressed:

• Robustness: Existing vision-aided navigation systems are still lacking robustness

in visually challenging environments. For instance, VOs cannot provide seamless

ego-motion estimation in complex environments that lack sufficient features. Al-

though the employment of an INS in VIOs resolves the issue of continuous pose

estimation, these systems are likely to drift, largely in environments that consist of

dynamic entities, e.g. vehicles and pedestrians. Indeed, all vision-aided navigation

systems are highly sensitive to the accuracy of feature observations. Solutions such

as sanitizing visual features and improving the vision geometry, or exploiting the

maximum visual information surrounding the sensors, lead to better robustness of

these systems.

• Structure: To improve the robustness of VIOs, a change in the architecture of these

systems is warranted. For instance, as described later in this dissertation, a state-

of-the-art VIO approach that employs a multitude of camera poses in ego-motion

estimation is known as the Multi-State Constraint Kalman Filter (MSCKF). Despite

the fact that this algorithm aims to exploit the maximum potential of constraints

that a feature visible from multiple camera poses contributes, it is only suited for

perspective cameras and not for cameras such as omnidirectional cameras. To in-

tegrate the omnidirectional images with an INS through MSCKF, a change in the

architecture of the MSCKF is necessary.

• Efficiency: Many frameworks defined for visual and visual-inertial ego-motion es-

timation still struggle with the trade-off between performance and real-time oper-

ation. Vision-based SLAM algorithms suffer from computational complexity and

in environments rich in features, some limitations exist in the form of employment
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of the maximum geometric constraints that each visible scene feature creates in a

sequence of images, thus resulting in a loss of information. This loss of information

leads to less accurate localization. Nevertheless, this limitation in the number of

camera poses in motion estimation is essential for real-time operability of the sys-

tem. Improving the performance of a VIO system having the potential of employ-

ing the maximum number of geometric constraints created by visual information,

while keeping the computational complexity linear in terms of the number of visual

features, can possibly retain the balance between high performance and real-time

operation.

1.3 Contributions

As mentioned earlier, the main focus of this thesis is upon providing localization by VIO

in a way that the above described goals are met. Therefore, the historical achievements to-

wards ego-motion estimation by visual and visual-inertial odometry systems have been

studied and are discussed here in terms of robustness and efficiency. Upon realizing the

best estimation approach, novel VIO systems, which contribute to the improvement of

ego-motion estimation, will be introduced. The major contributions from this research

comprise two new VIO approaches. One is based on the integration of a stereo camera

with an INS, while the second benefits from 360◦ images captured by an omnidirectional

camera. Both proposed systems constitute an enhancement of the very effective VIO

method. They target a broad field of location-based applications in both indoor and out-

door environments.

• Stereo Visual-Inertial Odometry

The first contribution of the conducted research is a stereo visual-inertial odom-

etry system based on the MSCKF. In the proposed MSCKF-stereo VIO, temporal

matching of features along the sequence of images constrains the estimated mo-

tion, while the stereo pair of images provides an additional constraint, leading to
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better motion estimation. This way, not only the problem of scale estimation, which

affects the performance of VOs with only a single bearing sensor, is resolved, but

also the reconstruction of small and large-scale environments becomes possible,

thus contributing to better accuracy of motion estimation.

• Omnidirectional Visual-Inertial Odometry (OVIO)

The second contribution comprises a novel VIO approach in which an omnidirec-

tional camera is integrated with an INS through the MSCKF. In theory, a camera

which provides observations from larger FoVs can contribute to better localization

due to the fact that more features from different angles are likely to be detected, re-

sulting in stronger geometry. Moreover, through use of an omnidirectional camera,

the likelihood of situations that the entire image is covered with dynamic entities

will decrease and more usable regions in images will exist for feature extraction and

matching. Since the images of an omnidirectional camera have high distortion, the

calibration of these cameras, and an introduction of a space in which the distortion

does not affect the estimation must be taken into account. To integrate the outputs

of an INS with omnidirectional images through the MSCKF, a new measurement

model is introduced.

The proposed systems developed in this research are evaluated using synthetic and

real data. The performance of each system is compared to the conventional perspective

VIO that uses the MSCKF, the INS-only integration and the ground truth.

1.4 Outline

The present dissertation is organised as follows: Chapter 2 provides a literature review

covering state-of-the-art localization systems with different classifications. Since the fo-

cus of this work is on VIO systems, one section is allocated to the investigation of these

systems from both hardware and estimation perspectives. Because the MSCKF filter-

ing method is utilized as the estimator in this research, this methodology is described
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in Chapter 3. Chapters 4 and 5 are then allocated to presentation of the formulation of

the proposed methodologies, namely stereo MSCKF and spherical MSCKF, respectively.

The evaluation of these novel approaches, based on their application to photorealistic-

synthetic and real-world data is discussed in Chapter 6. Finally, conclusions are drawn

and directions for future research are discussed in Chapter 7.



Chapter 2

Background

2.1 Introduction

THIS chapter discusses different localization systems with respect to a coordinate

system. The localization is defined as either absolute or relative localization. Ab-

solute localization refers to location estimation in a global or local coordinate system,

whereas relative localization addresses location estimation relative to a previous loca-

tion. The latter is sometimes called motion estimation. Typically, systems that provide

localization on the basis of a global coordinate system require external references such

as satellites as in the Global Positioning System (GPS) and Global Navigation Satellite

System (GNSS), or infrastructures such as beacons in wireless technologies. Systems that

are independent of external references are self-contained but provide localization in a

local coordinate system. Today, these systems consist of electromechanical sensors or op-

tical sensors. If various data captured by different on-board sensors is integrated, the

method is called sensor fusion and if observations from on-board and off-board sensors,

e.g. sensors surrounding the object of interest, are utilized via wireless technologies,

the approach is known as Cooperative Localization (CL). All these techniques are thor-

oughly investigated in this chapter. Finally, a separate section is devoted to visual-inertial

odometry to precisely investigate these systems in terms of hardware configurations and

estimation algorithms.

11
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2.2 Absolute Localization

Absolute localization systems endeavour to answer the question”Where am I?”. Correctly

answering this question is crucial for many Location-Based Services (LBSs) and mobile

mapping systems. To understand ”where I am”, the position must be defined with respect

to a reference coordinate system. This coordinate system can be either a global reference

system such as WGS84 in GNSS, or a local coordinate system in which the whole envi-

ronment of interest is defined. The former coordinate system is used for large-scale ap-

plications such as Intelligent Transport Systems (ITS) and Autonomous Navigation (AN)

in driver-less cars. The latter reference system is broadly used in small-scale applications

such as indoor localization or robotics when a robot, for instance, needs find its location

with respect to the environment in which it moves. In either of these situations, prior

knowledge about the known position of some external reference points is inevitable.

2.2.1 Absolute Localization in a Global Frame

As mentioned, satellite navigation systems that aim to provide a 3D localization solu-

tion world-wide are known as GNSS. GNSS-based location is carried out by receiving

radio signals transmitted from orbiting satellites. The solution is subject to prior infor-

mation about the satellite time and its orbiting parameters attained from a navigation

data message, known as the ephemeris (Hofmann-Wellenhof et al., 2012). As illustrated

in Figure 2.1, by simultaneously receiving observations from at least three satellites, the

three dimensional position of an object of interest can be calculated. The intersection

of ranging observations results in two positioning solutions, P1 and P2, one of which is

on the surface of the Earth and the other is far from the Earth in space (Groves, 2013).

However, because the receiver clock is not exactly synchronised with the satellite clock,

an additional parameter known as receiver time error needs to be estimated, therefore

the number of parameters that need to be estimated is four and consequently receiving

observations from at least four satellites is necessary to estimate 3D position.
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Figure 2.1: Positioning solution obtained from triple satellite ranging observations.

GNSS equipment receives observations from different satellite constellations. Cur-

rently, observations from GPS, GLONASS and Galileo are operational. In addition, the

integration of satellite observations from other constellations, including the BeiDou Nav-

igation Satellite System, is in progress. By benefiting from two types of observations, i.e.

pseudo ranges and carrier phases, GNSS enables positioning from a few meter to a few

millimetre accuracy (Hofmann-Wellenhof et al., 2012). However, low cost receivers that

are commonly available in commercial devices receive only pseudo ranging observations.

The millimetre accuracy is available from post processing techniques such as Differential

GPS (DGPS) in which two receivers are used. In DGPS, one receiver, called the base or

reference, is stationary with a known position, while the other, known as the rover can be

either stationary or moving. The rover position is calculated and corrected on the basis of

common observations received from the base. If the connection between the stationary

reference and the rover is via telemetry, i.e. radio link, the approach is known as Real

Time Kinematic (RTK). The advantage of RTK is that it is almost real-time , therefore it

can be used in real-time operations. However, the accuracy achieved by this method is at
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decimetre level. Recent advances in RTK have resulted in the achievement of centimetre

accuracy for positioning. The most recent approach is PPP-RTK which is an integer ambi-

guity resolution-enabled Precise Point Positioning (PPP) (Wübbena et al., 2005; Mervart

et al., 2008). PPP allows end users to compute their position with centimetre-level accu-

racy if precise satellite orbit parameters and time are provided (Zumberge et al., 1997;

Kouba and Héroux, 2001; Bisnath and Gao, 2009).

Despite the fact that GNSS can provide accurate and almost real-time positioning, it

is subject to the provision of clear line of sight between the receiver and a sufficient num-

ber of satellites. As illustrated in Figure 2.2, in environments such as indoor or densely

built-up areas, known as urban canyons, where GNSS signals are either fully obstructed

or affected by buildings, accurate positioning becomes impossible via GNSS alone. More-

over, GNSS is merely able to provide positioning and not attitude estimation. For pose

estimation, which includes the estimation of the sensor position and its attitude, the use

of other localization sensors is warranted. These sensors are described in the rest of this

chapter.

Sat 1Sat 2

Sat 3

Multipath

User 1

User 2

Figure 2.2: Effect of densely built-up environments on GNSS observations.
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Exploiting the history of locations provided by GNSS and constraining the locations

to navigable paths derived from a map of the environment is a solution to predict a plau-

sible path and infer the present location more precisely and accurately. This technique is

known as map-matching in which the estimated locations are matched to a network of

navigable paths (e.g., roads for vehicles), typically derived from a map or a Geospatial

Information System (GIS). A vast body of literature exists on map-matching to link the

GNSS observations with a road network to establish the route taken by a user (Alt et al.,

2003; Brakatsoulas et al., 2005; Greenfeld, 2002; Hummel, 2006; Krumm et al., 2007; Li

et al., 2007; Quddus et al., 2003). However, achieving a high accuracy by this technique

requires a high resolution map and, on the other hand, a higher resolution map leads to

the growth of computational cost of localization, thus affecting real-time operability.

2.2.2 Absolute Localization in a Local Frame

Systems that provide absolute localization in a local coordinate system can be grouped

into infrastructure-dependent and infrastructure-free localization systems.

Similar to satellite positioning, infrastructure-dependent localization requires exter-

nal references. However, these references are in the form of an infrastructure of transmit-

ters or beacons with known positions deployed in an environment. By simultaneously

receiving information, e.g. range or bearing/angle measurements, from a sufficient num-

ber of beacons, it is possible to compute the location of the object of interest in the local

coordinate frame of the beacons. The communication between the reference infrastruc-

ture and the object of interest is through wireless technology. Today, there exists a range

of wireless technologies employed mostly for Indoor Positioning Systems (IPSs). These

technologies include ZigBee, Dedicated Short Range Communication (DSRC), Radio Fre-

quency IDentification (RFID), Wireless Local Area Network (WLAN), Ultra Wide Band

(UWB) and Bluetooth. The contribution of selected technologies to localization is dis-

cussed in the following.

A midrange wireless technology is WLAN, which operates over a range of 50 to 100
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metres (Liu et al., 2007). A common sensing measurement used in WLAN is Received

Signal Strength (RSS). RSS refers to the intensity of a transmitted signal sensed by a re-

ceiver. The intensity of the received signal indicates the distance between two nodes. A

number of operational systems are based on this principle. Benefiting from mathemati-

cal models such as k nearest neighbourhood in (Saha et al., 2003), maximum likelihood in

(Youssef et al., 2003) and (Youssef and Agrawala, 2004), Bayesian networks in (Kontkanen

et al., 2004), neural networks in (Saha et al., 2003) or the Monte Carlo approach in (Siddiqi

et al., 2003), it has been reported in (Liu et al., 2007) that these systems enable position-

ing accuracy of roughly 3 to 30 metres to be achieved. In fingerprint-based methods, the

localization is carried out within two phases; off-line fingerprint mapping and an online

localization phase. In the former phase, the RSS, received from various access points, is

collected and the corresponding position is recorded. This information forms a finger-

print map of the area. In the latter phase, the RSS of each node is measured on the path

of interest and the measurements are matched with the fingerprint map to calculate sig-

nal strength and finally estimate the location. The principal shortcoming of this method,

however, is that the offline phase is time consuming and labour-intensive. In addition,

accurate matching of the RSS values with the fingerprint map is still a challenge.

UWB (Ingram et al., 2004) is a shorter-range radio technology than WiFi, which is

based on transmitting short pulses. In fact, UWB emits signals over a multitude of fre-

quencies in the range of 3.1 to 10.6 Ghz (Bandwidth > 500 MHz). The transmission of

multiple bands of frequency is the principal difference between UWB and other wire-

less technologies. Short pulses allow a precise determination of travel time of the wave

from a transmitter to a receiver, the Time of Arrival (ToA), which is the main measure-

ment of UWB. By receiving ToA observations from a sufficient number of UWBs and

time synchronising them, a localization accuracy of 20 cm is achievable (Liu et al., 2007).

Ubisense is a commercial localization system benefiting from UWB (Ubisense). This sys-

tem enables not only measurement of ToA, but also measurement of pulse waveform

angles, known as Angles of Arrival (AoA), and the Time Difference of Arrival (TDoA).



2.2 Absolute Localization 17

By taking advantage of the combination of these measurements, this system is reported

to achieve decimetre localization accuracy (Gu et al., 2009). If ToA is measured from the

transmitter to the corresponding receiver and back, the measurement is called Roundtrip

Time of Flight (RToF). This is the measurement that some UWB-based localization sys-

tems including Siemens Local Position Radar (LPR) (Vossiek et al., 2003) benefit from. In

the literature, it is reported that systems exploiting ToA suffer less from multipath error

than those using RSS. In addition, ToA resolves the issue of Line of Sight (LoS) to a con-

siderable extent. Nevertheless, the key issue in the use of UWB technology is its high

cost, which is precluding widespread use of this technology.

A common short-range wireless technology is Bluetooth which can exchange data

only in the range of 10 to 15 metres (Liu et al., 2007). Since each Bluetooth device has a

unique ID, it can be used for locating and tracking objects (Prasithsangaree et al., 2002). A

commercial location system based on Bluetooth is Topaz (Topaz) which enables location

of tags indoors. The reported accuracy for this system is about 2 metres if only Bluetooth

is employed as the wireless technology. Therefore, Topaz exploits the combination of

Bluetooth-based localization and IR-based localization, which uses Infrared Radiation

(IR) for data exchange, to provide an acceptable room level accuracy (Gu et al., 2009).

Other wireless technologies such as Zigbee (ZigBeeTMAlliance), RFID (Shepard, 2005),

DSRC (Yin et al., 2004; Ma et al., 2009) have been used in location systems for communi-

cation between transmitting and measuring units/bases. The details of these systems are

not discussed because they are outside the scope of this dissertation.

Infrastructure-free localization refers to localization systems that are independent of

infrastructure such as WiFi beacons. However, in order to provide absolute localization,

an external reference which provides information in a global coordinate system is re-

quired. These external references could be either a 2D map of the indoor environment

or a 3D model such as a Building Information Model (BIM), or a City Information Model

(CIM) in urban areas. Most of the infrastructure-independent localization systems ben-

efit from an optical sensor to match the visual observations with the content of external
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references. For instance, Qu (2017) provided a low cost absolute localization technique

on the basis of tracking visual landmarks such as traffic signs and road markings in a

sequence of images. This approach exploits the observations of visual landmarks and

their 3D global coordinates to estimate localization via Local Bundle Adjustment (LBA).

However, this approach currently assumes that there is no error in object detection and

all the visible landmarks are not tracked simultaneously. Moreover, this approach is not

suited for real-time operation due to the use of LBA.

2.3 Relative Localization

Relative localization involves location estimation with respect to the previous pose, given

the initial location of the user. Systems that work based on this technique are typically

self-contained, i.e. there is no requirement for external references. Among sensors that

are used for relative localization, inertial sensors such as accelerometers and gyroscopes,

and optical sensors such as cameras and laser scanners, have drawn attention in recent

years. In this section, approaches using these sensors are thoroughly reviewed.

2.3.1 Inertial Localization

Sensors operating on the principles of Newton’s first and second laws, i.e. bodies tend

to be at rest or travel in a straight line at uniform velocity unless a force compels this

state to change, and the variation of motion is proportional to the applied force (Newton

et al., 1850), are known as inertial sensors. Inertial sensors comprise accelerometers and

gyroscopes, which measure specific force and angular rates, respectively (Groves, 2013).

Typically, a combination of these sensors forms an Inertial Measurement Unit (IMU),

which is used for 3D localization. An IMU encompasses six sensors; three accelerome-

ters in three mutually perpendicular dimensions sensing accelerations in the x, y and z

axes, and three gyros measuring rotations in accordance with a specific axes frame. An

IMU that is equipped with an on-board processor to estimate the localization is called an
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Figure 2.3: An INS with its inertial components and their orientation.

Inertial Navigation System (INS) (Vectornav). Figure 2.3 shows an INS and its inertial

components.

A common approach to estimate localization using inertial sensors is dead reckon-

ing. In the dead reckoning approach, the location is estimated based on the outputs of

accelerometers and gyroscopes. As noted above, a key advantage of inertial localization

is that it is purely self-contained and therefore does not require any external infrastruc-

ture such as satellites or beacons. In addition, inertial sensors can provide continuous

localization. However, due to the incremental nature of estimation in the dead reckoning

approach, the location estimates drift over time (Groves, 2013).

In the pedestrian localization context, localization based on dead reckoning is known

as Pedestrian Dead Reckoning (PDR). Research, such as (Abdulrahim et al., 2010) has

exploited a Zero Velocity Update (ZUPT) methodology, in which pedestrian steps are

detected and the velocity is simply adjusted to zero during each stance phase when the

step of the user is on the ground, to add constraints on the INS mechanisation algorithm

in order to decrease drift. Nonetheless, this method is applicable only to foot mounted

systems, which are able to detect stance phase. State-of-the-art PDR approaches integrate

inertial measurements with step length estimation and use motion state recognition and

landmarks to constrain the drift of location estimates (Gu et al., 2016a,b). Step length

estimation is used when ZUPT is not applicable, i.e. when the IMU is not strapped to a

body part e.g. in smartphone based systems.
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2.3.2 Optical Sensor-Based Localization

Optical sensors, used broadly in ego-motion estimation, can be grouped into two classes:

passive and active systems.

Passive Systems

Passive optical sensors such as cameras receive emissions from objects existing in their

Field of View (FoV) and create a single image. Depending on the FoV, cameras are di-

vided into perspective and omnidirectional cameras. Cameras that have a FoV of 360◦ in

azimuth and 90◦ to 140◦ in elevation (Strelow and Singh, 2004) are known as omnidirec-

tional cameras. These include dioptric and catadioptric cameras. In a dioptric camera,

light beams pass through a combination of lenses, whereas in a catadioptric system, a

combination of lenses and curved mirrors is used to project the scene onto the image

plane. Figure 2.4 illustrates a catadioptric camera and a dioptric camera, along with their

projection process, as compared to a perspective camera.

In the last few years, omnidirectional cameras have gained popularity in ego-motion

estimation (Scaramuzza, 2008a; Zhang et al., 2016; Caruso et al., 2015) and a substantial

body of research has been devoted to modelling their imaging geometry (Barreto and

Araujo, 2001; Geyer and Daniilidis, 2000) and calibration (Kannala and Brandt, 2006; Mei

and Rives, 2007; Scaramuzza et al., 2006a). For instance, Geyer and Daniilidis (2000)

investigated various types of central catadioptric cameras and provided generic calibra-

tion models suitable for all these types of cameras. Central catadioptric cameras refer to

cameras whose projection viewpoint is unique. Scaramuzza et al. (2006a) introduced a

versatile technique for central omnidirectional camera calibration. This approach repre-

sents calibration parameters by a polynomial function whose coefficients are estimated

through a two-phase least-squares linear optimization.

Localization by a sequence of images falls into the category of either Visual Odometry

(VO) or Visual-Simultaneous Localization and Mapping (V-SLAM). VO, first proposed
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Figure 2.4: Omnidirectional cameras and their image projection compared to a perspec-
tive camera.

by Nistér et al. (2004), is a common approach to ego-motion estimation utilizing single

or multiple cameras. In a typical visual odometry approach, salient features are detected

and matched between pairs of sequential images. Relative poses between the images in a

sequence are estimated by employing matched feature points, and these are then refined

by using 3D points reconstructed from the image observations. VO is a special case of a

problem in computer vision known as Structure from Motion (SfM) (Hartley and Zisser-

man, 2003; Ma et al., 2012; Snavely et al., 2006, 2008). Regardless of the order of images,

SfM estimates camera poses and 3D structure of the visible scene from a multitude of

camera images typically in an off-line optimization. In SfM, the ego-motion estimation

can be conducted either in 2D space or 3D space. Based on the specification of feature cor-

respondences in two or three dimensions, VO approaches are classified into 2D to 2D, 3D

to 3D and 3D to 2D groups (Scaramuzza and Friedrich, 2011). As illustrated in Figure 2.5,

in a 2D-to-2D VO approach, features from one frame are used with their correspondences
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Figure 2.5: An illustration of different methods of VO.

on the next frame to estimate the essential matrix. From the decomposition of the essen-

tial matrix, it is possible to achieve the transfer matrix which includes the translation and

rotation components. Research by (Nistér, 2004) has been pioneering in this technique.

Contrary to the 2D-to-2D approach, the 3D-to-3D motion systems calculate the trans-

fer matrix in the 3D space where the scene is reconstructed. This technique is mostly

suitable for systems that use more than one camera such as stereo cameras, because the

scene must be reconstructed at each camera pose to be able to calculate the transfer ma-

trix from consecutive reconstructions. However, Moravec (1980), who is a pioneer of this

technique, designed a mono camera which slides on a rail, and in a stop-and-go fashion

it captures multiple images at equidistant intervals to reconstruct the scene. Finally, by

comparing the reconstructed scenes from two consecutive poses, the translation and ro-

tation parameters are estimated. A similar approach, but using a stereo pair of cameras

has been used by Lacroix et al. (1999), Olson et al. (2000) and Hannah (1974) to pro-

vide localization. The last approach, 3D to 2D, is the most common approach used for

ego-motion estimation. In this approach, the transformation is computed from the repro-

jection of a 3D reconstructed scene and the corresponding observations on a same image.

Nistér et al. (2004) noted that motion estimation by this technique is more accurate than

by 3D-to-3D approaches due to the minimization of residual errors on the image plane

instead of the feature position errors in the 3D space. Works such as (Moreno-Noguer

et al., 2007; Kneip et al., 2011; Nistér and Stewénius, 2007) have employed this technique
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for ego-motion estimation.

If motion parameters and scene structure are jointly estimated, the method is known

as Simultaneous Localization and Mapping (SLAM). SLAM has become a loaded term in

recent years, with much of the debate revolving around the idea of global map consis-

tency (Mur-Artal et al., 2015; Endres et al., 2012). Indeed, this is a key difference between

SLAM and VO, which concerns only local consistency of the trajectory. If cameras are

only the sensors used for localization and mapping, the method is defined as Visual-

SLAM (V-SLAM) (Scaramuzza and Friedrich, 2011). V-SLAM approaches operate on the

basis of either a filtering method (Aulinas et al., 2008), fusing visual information from

a window of camera poses with a probability distribution, or a non-linear optimization,

utilizing a global optimization (Rosen et al., 2015). In recent years, V-SLAM approaches,

employing either a mono or a stereo camera, have achieved successful performance in

small-scale (Newcombe et al., 2015) and large-scale environments using submap join-

ing (Ni and Dellaert, 2010; Zhao et al., 2013). In order to reduce the computational ef-

fort, some works such as (Pirchheim et al., 2013; Williams et al., 2007) benefit from the

keyframe optimization algorithm. Although V-SLAM outperforms VO in terms of drift

reduction, error accumulation is inevitable, affecting the ego-motion estimation after long

operation. Algorithms such as ORB-SLAM (Mur-Artal et al., 2015) and RGB-D SLAM

(Endres et al., 2012) detect loop closures and apply pose graph optimization (Strasdat

et al., 2010; Kümmerle et al., 2011) to improve the global consistency of the map and cor-

rect trajectory drift to a certain degree. However, loop closing and trajectory correction

impose a delay in localization affecting the real-time operability of the system.

What all vision-based localization systems have in common is that they are highly

sensitive to the quality of visual features. In environments with the presence of dynamic

features, e.g. pedestrians and cars, or insufficient salient features, VO and V-SLAM ap-

proaches can fail, resulting in discontinuity and inaccuracy in motion estimation. The

aforementioned problems are more common when a perspective camera, which normally

has a limited FoV, is utilized in the design of vision-based navigation systems. By con-
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trast, omnidirectional cameras, which provide super wide FoV, are less likely to end up

in situations where there are no salient features in the view, or a large portion of the

images is covered by dynamic entities. Moreover, using omnidirectional cameras, it is

more likely that features will be tracked over a longer sequence of images, resulting in

more accurate localization (Zhang et al., 2016). In recent years, omnidirectional cam-

eras have often been employed in the design of VO and V-SLAM systems to estimate

ego-motion (Caruso et al., 2015; Scaramuzza, 2008a). Scaramuzza (2008a) is amongst the

pioneers who used omnidirectional cameras for ego-motion estimation. He detailed a

2D VO using an omnidirectional camera to track robust scale invariant features, mostly

from the ground plane, and estimate high resolution estimates of the azimuth utilizing

an appearance-based approach. By combining the feature tracker with a visual compass,

more accurate pose estimation of a vehicle was achieved compared to use of the standard

feature-based approach. Tardif et al. (2008) presented an omnidirectional VO based on

a Ladybug 2 camera, which includes 5 perspective cameras, to estimate motion. Similar

to the work of Scaramuzza (2008a), the system developed by Tardif et al. (2008) was re-

stricted to planar motion. In a recent effort, Caruso et al. (2015) introduced a Large-Scale

Direct SLAM (LSD-SLAM) (Engel et al., 2014) for omnidirectional cameras and tested it

in several large-scale environments. Figure 2.6 shows the result of one of their evalua-

tions in a large-scale indoor environment. As reported, the omnidirectional LSD-SLAM

outperformed the traditional approach using a perspective camera. This implies that

additional information provided by omnidirectional cameras will contribute to better lo-

calization accuracy due to their super wide FoV. A downside of LSD-SLAM, however,

is that because photometric error is used instead of reprojection error, which is common

in indirect SLAMs, it is highly affected by a change in illumination. In addition, in or-

der to decrease the computational cost, many assumptions have to be considered. One

of the assumptions is that the camera rotation between two consecutive frames will be

small for propagation of inverse depth variance (colour-coded version of inverse depth

maps are shown in Figure 2.6), affecting the operability of the system on dynamic plat-
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Figure 2.6: Visual result for LSD-SLAM using an omnidirectional camera (Caruso et al.,
2015).

forms. Moreover, this technique requires several seconds of initialization which makes

the system unsuitable for quick response localization-aware applications.

Active Systems

Active sensors such as laser scanners measure the travel time of light transmitted by

these sensors and reflected from objects existing in the range of the sensor’s operation.

Recently, Lidar sensors have been increasingly employed in SLAM systems to generate

the map and simultaneously estimate the ego-motion (Nüchter et al., 2007; Taguchi et al.,
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2013). In Lidar-based SLAM, motion estimation is performed by registering successive

laser-scan epochs (Khoshelham, 2015, 2016), which is generally more accurate than local-

ization using image observations. In ITS, including driverless cars, Lidar sensors are used

for detecting road obstacles and navigation-related objects, but also for position estima-

tion in the absence of GNSS signals (Levinson et al., 2007; Kaijaluoto et al., 2015). They are

also broadly exploited in mobile mapping systems to map the environments in detail for

GIS purposes (Kim et al., 2017; Javanmardi et al., 2017; Manandhar and Shibasaki, 2001).

A principal disadvantage of Lidar sensors, which remains a challenge, is the expense of

the technology, which can limit their adoption.

There are also sensors, such as the Kinect, that exploit both technologies. Basically,

a Kinect consists of an RGB camera and a depth sensor which contains a structured-

light projector operating in the IR spectrum and a monochrome camera. By combining

observations from the monochrome camera and the IR projector, estimation of depth is

achieved and the scene can be reconstructed in 3D. This system, which is known as an

RGB-D sensor, has been broadly employed in robot localization (Ganganath and Leung,

2012; Biswas and Veloso, 2012; Henry et al., 2012; Sturm et al., 2012). Khoshelham and

Elberink (2012) analysed the accuracy and resolution of Kinect V1 depth data for indoor

mapping applications. According to their report, the random error of depth and its reso-

lution are quadratically in direct and inverse proportion to distance from the sensor, re-

spectively. In other words, an increase in distance from the sensor results in a quadratic

ascent in the random error of depth measurements, along with a quadratic descent in res-

olution. Similarly, Yang et al. (2015) investigated the accuracy error distribution of Kinect

for Windows V2 as well as its resolution. Comparing the results of evaluation of two ver-

sions, a substantial improvement was seen in the Kinect V2 both in terms of accuracy and

resolution within a distance between the sensor and target object of a few metres. For the

Kinect V1, data acquisition within 1 to 3 meters is recommended, whereas a range of 0.5

to 3.5 meter is advised for Kinect V2. Due to this short operating range, both systems are

not suitable for large indoor areas and outdoor environments.
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2.4 Multi-sensor Localization

Multi-sensor localization refers to methodologies in which more than one sensor, either

on-board or off-board, are employed for localization purposes. In this dissertation, local-

ization by only the use of on-board sensors, i.e. sensors which are attached to the agent of

interest, is called localization by sensor fusion. If the sensors are off-board, i.e. deployed

surrounding the agent and not necessarily attached to it, the localization is termed as co-

operative localization (CL). This section discusses both various sensor fusion approaches

used for localization, and CL techniques.

2.4.1 Sensor-Fused Localization

The most common navigation system integrated with other systems is INS due to its

complementary characteristics. Because INS is self-contained and provides inertial mea-

surements continuously at high rate, it is a perfect match for GNSS. As summarized in

Table 2.1, while INS provides short-term accurate localization including translation, ve-

locity and attitude, GNSS provides long-term localization accuracy, but the localization

components are limited to global location and velocity. By integrating GNSS with INS, a

global navigation system which operates seamlessly at high rates is possible. Neverthe-

less, this integration would likely fail in GNSS-deprived environments due to the rapid

error accumulation in INS (Groves, 2013).

The integration of an INS with optical sensors is another type of sensor fusion which

has drawn attention in location-aware applications (Mourikis and Roumeliotis, 2007; Kim

Table 2.1: Summary of INS and GNSS complementary characteristics according to
(Groves, 2013).

`````````````̀System
Characteristic

Accuracy Endurance Operating Rate Products

GNSS Long-term Low (10Hz) Position, Velocity

INS Short-term High (>50Hz) Position, Velocity, Attitude
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and Sukkarieh, 2007; Li and Mourikis, 2013; Forster et al., 2015). Similar to INS-GNSS

fusion, the integration of INS with a camera can overcome their individual shortcomings

and create a more robust localization system. While INS provides a good initialization

for camera motion, image observations acquired from a camera decrease the INS drift to

a considerable degree. The idea of a localization system based on the fusion of vision

and inertial measurements is known as Visual-Inertial Odometry (VIO). Since VIO plays

a fundamental role in this thesis, separate subsections are allocated to describing this

technique from a hardware perspective and an estimation perspective for existing VIO

approaches.

Other sensors, even though expensive, such as laser scanners, have been fused with

INS or cameras for localization and mapping purposes (Kaijaluoto et al., 2015; Talaya

et al., 2004; Grejner-Brzezinska et al., 2011). For instance, Kaijaluoto et al. (2015) intro-

duced a precise indoor localization system using a 3D mobile laser scanner. According

to their report, this integration can achieve a localization accuracy of a few centimetres.

As an example of camera and laser scanner integration, Lin et al. (2012) fused a 2D laser

scanner with a stereo camera for mapping and localization in 3D environments. An ad-

vantage of using a 2D laser scanner is its lower price compared to a 3D laser scanner. In

addition, since 2D laser scanners can provide highly accurate range and bearing measure-

ments, they have been utilized more broadly in SLAM. The integration of cameras with

2D laser scanners can provide a robust localization system for accomplishing localization

tasks in 3D environments.

2.4.2 Cooperative Localization

As shown in Figure 1.1, in the adopted classification, cooperative localization means the

use of sensors on-board and off-board for sharing information to estimate motion of an

agent. Measurements taken by off-board sensors are exchanged via wireless technolo-

gies. A common CL approach is Vehicular Ad hoc NETworks (VANETs) (Saha and John-

son, 2004), which are used for vehicle localization on the basis of vehicle-vehicle (V-V)
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and vehicle-infrastructure (V-I) communications. In a simple scenario, as illustrated in

Figure 2.7, the location of the car which is in a GNSS deprived environment can be ac-

quired with the aid of additional ranging measurements through V-V and V-I communi-

cations in a network in which vehicles and infrastructures form the vertices. Despite the

fact that CL researchers such as Benslimane (2005), Drawil and Basir (2010), Parker and

Valaee (2007), Patwari et al. (2005), Patwari et al. (2003) and Shao et al. (2010) reported

an achievement of sub-meter localization accuracy, there exist constraints and problems

of radio ranging/range rating and vehicular communication. Alam and Dempster (2013)

concluded that CL is still premature, therefore it is not capable to bridge the gap and

address the localization accuracy required for location-aware services such as Intelligent

Transport System (ITS).

Sat 1
Sat 2

Sat 3

User 1 I-V

V-V

User 2

Infrastructure

Figure 2.7: A CL scenario in VANET.
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2.5 Visual-Inertial Odometry (VIO)

As mentioned earlier, VO and visual-SLAM are likely to fail in environments with in-

sufficient texture and geometric features, resulting in discontinuities in localization. To

provide seamless motion estimation, visual observations can be fused with the outputs

of accelerometers and gyroscopes. This approach is known as Visual-Inertial Odometry

(VIO). A significant body of literature exists on VIO (Mourikis and Roumeliotis, 2007;

Kim and Sukkarieh, 2007; Li and Mourikis, 2013; Forster et al., 2015). This section dis-

cusses various VIO systems from both hardware and integration algorithm perspectives.

2.5.1 VIO: Survey from a Hardware Perspective

Many VIO systems comprise an INS and a single perspective camera forming their hard-

ware. Research by Mourikis (2006), Leutenegger et al. (2015) and Li and Mourikis (2013)

has employed the standard projection model to integrate image observations captured

from the single camera with inertial measurements. In fact these systems benefit from

epipolar constraints produced by consecutive images which are in the form of temporal

stereo-pairs to decrease the drift of the INS over time. To improve the motion estimation,

VIO systems using stereo cameras have been developed (Tardif et al., 2010; Oskiper et al.,

2007). By exploiting a stereo camera as a rigid body, depth information can be obtained

from both static and temporal stereos. Static stereo refers to the fixed-baseline images

of the stereo camera, whereas temporal stereo relates to images from the same camera

captured at different camera poses in time.

In addition, by combining static with temporal stereos, the system exploits the re-

construction of very small and very large scaled environments. This way, ego-motion

estimation can be significantly improved especially in indoor environments where it is

more likely that objects and features are very close to the agent. There are also several

VIO systems that have been developed on the basis of an integration of inertial measure-

ments with image observations captured by a rolling-shutter camera (Li and Mourikis,
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2014; Li et al., 2013).

In contrast with a global-shutter camera, in which all pixels of an image are captured

at once, in a rolling-shutter camera the image is captured row by row, usually with a con-

stant delay. Most works using a rolling-shutter camera and inertial measurements have

focused on the image rectification issue. Using inertial sensors, it is possible to remove

the distortion caused by the rolling shutter (Hanning et al., 2011; Karpenko et al., 2011; Jia

and Evans, 2012). In order to estimate ego-motion employing a rolling-shutter camera,

Klein and Murray (2009), employed the estimates of camera poses to remove the effect

of the rolling-shutter in the projection of the visual features and eventually considered

the image measurements as if they were captured from a global-shutter camera. This

method, however, leads to loss of accuracy in very dynamic camera motion with sig-

nificant accelerations (Li and Mourikis, 2014).To solve this issue, Li and Mourikis (2014)

considered the linear and rotational velocities of a perspective rolling-shutter camera at

the time of image capture as parameters to be estimated in order to model the rolling-

shutter effect in the measurement model.

Perspective cameras have limited Field of View (FoV). Due to this fact, VIO systems

based on a perspective camera, cannot exploit the maximum potential of visual informa-

tion surrounding the localization system. Moreover, it is more likely that images captured

by a perspective camera will lack sufficient salient features in the presence of moving en-

tities occupying large parts of the image format. An alternative that can reduce this issue

is the use of an omnidirectional camera. Despite the advantages of omnidirectional cam-

eras for ego-motion estimation, there is currently only a small body of research on the use

of these cameras in VIO. In (Li et al., 2014) an effort was made in order to fuse omnidi-

rectional vision with inertial sensors using an adaptive estimator. This method estimates

the position and linear velocity of a mobile robot, but not other pose parameters such as

orientation. Furthermore, the performance of the algorithm has not been tested in a large

scale environment.
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2.5.2 VIO: Survey from an Estimation Perspective

From an estimation perspective, existing VIO algorithms can be classified into non-linear

optimization and recursive methods. In non-linear optimization methods, the state vec-

tor, including parameters to be estimated, is obtained by iterative minimization of a least-

squares error function. In (Strelow and Singh, 2004), the sensor pose, scene structure and

other unknowns are estimated using all image observations and inertial measurements,

simultaneously. However, the motion estimation in this method is subject to the avail-

ability of all the observations from images, thus limiting the real-time operation of the

system. To tackle the real-time operability issue, Leutenegger et al. (2015) bounded the

size of the optimization window by discarding the older states. This method is defined

in (Sibley et al., 2010) as a Sliding Window Filter (SWF). The drawback of the approach,

however, is that owing to the discarding of multiple camera poses, some observations

of a visible feature will not contribute to the motion estimation, resulting in a loss of

constraints.

In contrast to non-linear optimization, recursive methods estimate sensor motion and

parameters recursively in a filter as inertial measurements and image observations be-

come available. Therefore, this methodology is appropriate for real-time applications

even in large-scale environments with very long sequences (Strelow and Singh, 2004). A

common filtering estimator is the Extended Kalman Filter (EKF) (Mourikis and Roumeli-

otis, 2007; Huster et al., 2002; You and Neumann, 2001; Kottas and Roumeliotis, 2013), in

which the state vector will be updated by visual observations extracted from the images

once it and its uncertainty have been propagated in a linear system model. Provided that

the scene structure is simultaneously estimated with the current INS pose, the approach

is termed EKF-based Simultaneous Localization and Mapping (SLAM) (Langelaan, 2007;

Strelow and Singh, 2004; Ong et al., 2003; Eade and Drummond, 2006). A benefit of EKF-

SLAM algorithms is that the correlations between sensor motion and 3D features are

taken into account since the camera pose and 3D coordinates of visual features are esti-

mated together. A rigorous handling of these correlations, however, imposes computa-
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tional complexity that can compromise this approach in areas rich in features (Mourikis,

2006).

Several filtering algorithms have been proposed in which, contrary to SLAM, the 3D

coordinates of features are not jointly estimated with the state vector (Mourikis, 2006;

Roumeliotis et al., 2002; Diel et al., 2005; Bayard and Brugarolas, 2005; Soatto et al., 1996;

Soatto and Perona, 1997; Prazenica et al., 2005). These methods exploit visual observa-

tions to impose epipolar constraints between either a pair of images (Roumeliotis et al.,

2002; Diel et al., 2005; Bayard and Brugarolas, 2005) or a multitude of camera poses

(Mourikis, 2006; Nistér et al., 2006). Amongst these methods, Multi-State Constraint

Kalman Filtering (MSCKF) (Mourikis, 2006) benefits from all geometric constraints that

a scene point produces when observed from multiple camera poses. This method will be

thoroughly introduced in Chapter 3. By employing all these geometric constraints, more

accurate motion estimation can be achieved.

2.6 Summary

In this chapter, different approaches of state-of-the-art localization systems have been

discussed. Based on localization with respect to a coordinate system, the localization sys-

tems have been classified as absolute or relative localization. GNSS with the integration

of sensors such as INS has been discussed as a means to provide an accurate solution for

localization in cases where there are sufficient GNSS observations. Other solutions have

been proposed to solve the localization problem in GNSS-denied environments such as

urban canyons and indoor areas. As noted, although numerous techniques employing

wireless technologies exist, each has its own shortcomings and providing a robust real-

time localization system remains a challenge. Using sensors such as laser scanners can

produce an accurate and robust localization. Nevertheless the problem of these sensors

is their high cost which currently precludes wider adoption. Recently, localization via

the integration of visual and inertial sensors within VIO frameworks has been studied,
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however, little attention has been paid to improving the robustness of the localization

solution via stereo and omnidirectional VIO.



Chapter 3

Visual-Inertial Odometry Using a
Single Camera

3.1 Introduction

THIS chapter describes the Multi-State Constraint Kalman Filter (MSCKF) (Mourikis

and Roumeliotis, 2007) and its full formulation. Because the MSCKF is the basis

of the stereo-VIO and OVIO approaches proposed in this thesis, allocation of one chapter

to this method is beneficial for better clarification of the following chapters.This estima-

tor is a recursive estimator in which an Extended Kalman Filter (EKF) plays a key role

in propagating INS parameters in time and augmenting them with camera poses at each

image acquisition. It also updates them with image observations through a measurement

model. A principal benefit of this method compared to others is its ability to use the max-

imum potential of constraints that a visible feature creates, while the complexity remains

linear in the number of features. A simulation is designed in the following of this chapter

to show the performance of the MSCKF compared to INS-only integration.

3.2 Conventional MSCKF

Basically, the MSCKF comprises three steps: 1- system model in which a state vector

including system position, attitude, velocity and INS biases is propagated in accordance

with the INS mechanism and it is augmented with camera poses at each time that an

35
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Figure 3.1: The genral workflow of the mono MSCKF.

image is taken; 2- measurement model which forms a mathematical model for image

observation according to the type of camera; and 3- update where visual measurements

influence the propagated state to minimize the error vector. The general workflow of the

mono MSCKF is illustrated in Figure 3.1.

3.2.1 Formulation of MSCKF State Vector

The state vector of INS, XINS ∈ R16, is described as:

XINS = [ qBT
E

EvT
B

EpT
B bT

a bT
g ]T (3.1)

where qBE is the 4×1 unit quaternion representing the rotation of the INS resolved in the

body frame {B}, vectors EvB , and EpB are the linear velocity and position of the INS

with respect to the Earth Centered Earth Fixed (ECEF) frame {E}, respectively. The 3×1

vectors bg and ba express the gyroscope and accelerometer biases, respectively. Follow-
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ing equation (3.1), the INS error-state, δXINS ∈ R15 is given by:

δXINS = [ δΦT
B

EδvT
B

EδpT
B δbT

a δbT
g ]T (3.2)

where the 3×1 vector δΦB defines the perturbation of the INS attitude in the body frame.

This vector can be linearly approximated by the quaternion error evolution (Sola, 2012):

δq ≈ [
1

2
δΦT 1]T (3.3)

The full EKF state vector includes the state vector of INS, and M camera poses from

which visual features are visible. This (16 + 7M)×1 EKF state vector is defined as:

X = [XT
INS qC1T

E
EpT
C1
· · · qCiT

E
EpT
Ci
· · · qCMT

E
EpT
CM

]T (3.4)

In this expression, the rest of the parameters are M camera poses encompassing the

camera quaternions, qCi
E , expressed in the camera frame {Ci}, and translations, EpCi

,

with respect to the ECEF frame {E}, where i = 1 · · ·M. Similar to equation (3.2), the

(15 + 6M)×1 error-state vector is defined as:

δX = [δXINS δΦT
C1
EδpT

C1
· · · δΦT

CM
EδpT

CM
]T (3.5)

3.2.2 INS state propagation

Errors involved in the INS error-state propagation include attitude error, velocity error,

position error, and biases.

1. Attitude error propagation (Sola, 2012):

We describe the attitude-error propagation resolved in the body frame.

δΦ̇B ≈ −b(ω̂)∧cδΦB − δbg (3.6)
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where ˙δΦB is the time derivative of the attitude error and the vector ω̂ is the esti-

mated angular velocity resolved in the body frame. ω̂ is obtained from the sensed

angular velocity, ωm, and the estimated gyroscope bias, b̂g:

ω̂ ≈ ωm − b̂g (3.7)

the operator b(x)∧c denotes the skew symmetric matrix of the vector x expressed

as:

b(x)∧c =


0 −xz xy

xz 0 −xx

−xy xx 0

 (3.8)

2. Velocity error propagation (Groves, 2013):

The velocity error, where it is referenced to and resolved in the ECEF frame, is

described as:

Eδv̇T
B ≈ b−(Ĉ

E
B f̂ )∧cĈEB δΦT

B − 2ΩE
EδvT

B +
2g0(L̂b)
E rS(L̂b)

E p̂B
| E p̂B |2

E p̂T
B
EδpB − Ĉ

E
BbT

a

(3.9)

where CEB is the rotation matrix from frame {B} to frame {E}, f̂ is the estimated

specific force in the body frame related to the measured specific force, fm, and the

estimated accelerometer bias, b̂a, and it is given by:

f̂ = fm − b̂a (3.10)

The matrix ΩE is the skew-symmetric of the Earth-rotation vector and |x| is the

Euclidean norm of the vector x. The scalar parameter, g0(L̂b) is the surface grav-

ity calculated from the Somigliana model (Hofmann-Wellenhof and Moritz, 2006),
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and E rS(L̂b) is the geocentric radius at the surface given by (Groves, 2013):

E rS(L̂b) = RE(L̂b)
√

cos2 L̂b + (1− e2)2sin2 L̂b (3.11)

In the previous expression, Lb is the geodetic latitude of the body and RE is the

transverse radius of curvature.

3. Position error propagation (Groves, 2013):

The time derivative of the position error in frame {E} is simply the velocity error

described as:

EδṗT
B = EδvT

B (3.12)

4. Propagation of biases:

The accelerometer and gyroscope biases are assumed not to vary in time. Thus:

ḃa = 0, ḃg = 0 (3.13)

3.2.3 Linearised System Model

The linearised continuous system model defined for the INS error-state, XINS(t) is:

δẊINS(t) = F(t)δXINS(t) + G(t)WINS(t) (3.14)
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where δẊINS is the time derivative of the INS error-state, F is the system matrix with

respect to the ECEF frame, given by:

F =



−b(ω̂)∧c 03,3 03,3 03,3 −I3,3

F21 −2ΩE F23 −Ĉ
E
B 03,3

03,3 I3,3 03,3 03,3 03,3

03,3 03,3 03,3 03,3 03,3

03,3 03,3 03,3 03,3 03,3


(3.15)

where

F21 = b−(ĈEB f̂)∧c, and F23 =
2g0(L̂b)
E rS(L̂b)

E p̂B
| E p̂B |2

E p̂T
B (Groves, 2013). The G matrix and WINS

reflect system noise and its propagation in time. Assuming the system noise is zero-mean,

white Gaussian, modelling the INS measurement noise, i.e. WINS = [wT
rg wT

rg wT
bdg wT

bda]
T,

where wrg, wra, wbdg, and wbda are gyro and accelerometer noises and their corresponding

bias variations, respectively, the matrix G is given by:

G =



−I3,3 03,3 03,3 03,3

03,3 03,3 −Ĉ
E
B 03,3

03,3 03,3 03,3 03,3

03,3 03,3 I3,3 03,3

I3,3 03,3 03,3 03,3


(3.16)

3.2.4 Discrete-time implementation

Considering that τs is the INS sampling time, the continuous time equation is trans-

formed into a discrete-time equation as (Groves, 2013):

X̂k = Πk,k−1X̂k−1 (3.17)
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where, Πk,k−1 is the 15×15 transition matrix from step k − 1 to k linked to the system

matrix, F, by:

Πk,k−1 ≈ I + F(tk, tk−1)τs (3.18)

Furthermore, the EKF covariance matrix, which has to be propagated, is introduced

as:

Pk|k =

PI Ik|k PICk|k

PCIk|k PCCk|k

 (3.19)

where PI Ik|k is the 15×15 covariance matrix of the evolving INS state, PCCk|k is the 6M×6M

covariance matrix of the camera pose parameters, ξCi = [ΦT
Ci
EpT
Ci
]T, i = 1 · · ·M, and PICk|k

is the correlation between the errors in the INS state and the camera pose estimates. Using

this notation, the propagated covariance matrix is given by (Mourikis, 2006):

Pk+1|k =

 PI Ik+1|k Π(k + 1, k)PICk|k

PT
ICk|k

Π(k + 1, k)T PCCk|k

 (3.20)

3.2.5 State Augmentation

As soon as an image is recorded, the corresponding camera pose parameters are added

to the state to augment it. These parameters are related to the INS pose estimate By:

q̂CE = qCB⊗q̂BE (3.21)

where q̂CE is the unit quaternion representing rotation from frame {E} to the camera

frame, {C}, and qCB defines the rotation from the body frame to the camera frame com-

puted off-line from the calibration between camera and INS. This calibration is possible

by ceaseless-time batch estimation and continuously incorporating time offset between

outputs of the INS and the camera within a maximum likelihood estimator (Furgale et al.,

2013). The symbol, ⊗, denotes the quaternion multiplication.

The position of the camera with respect to the ECEF frame is also defined as (Mourikis,
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2006):

E p̂T
C =

E p̂T
B + Ĉ

E
B
BpT
C (3.22)

where E p̂T
C is the position of the camera with respect to the ECEF frame and BpT

C is the

displacement vector between the camera frame and the body frame obtained through a

calibration process.

Eventually, the covariance matrix of the EKF is augmented, accordingly (Mourikis,

2006):

Pk|k ≡

I6N+15

J

Pk|k

[
I6N+15 JT

]
(3.23)

where J is the Jacobian matrix of equations (3.21) and (3.22) with respect to the state vector

at timestep k, given by (Mourikis, 2006):

J =

 CCB 03,3 03,3 03,6 03,6N

b(ĈEB BpC)∧c 03,3 I3,3 03,6 03,6N

 (3.24)

3.2.6 Measurement Model

In a standard EKF, the measurement vector, y is described as a linear model of the state

and the corresponding white noise sources:

y = HδX + n (3.25)

where n is white noise and H is the measurement Jacobian matrix determined from the

known properties of the system.

Considering a single feature observed from a set of Nj camera poses, i∈Sj, the position

of feature j in the frame {Ci} of a perspective camera is defined as:
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Ci pT
f j
=


Ci Xj

CiYj

Ci Zj

 = CCi
E (
EpT

f j
−E pT

Ci
) (3.26)

where, Ci pT
f j

is the position of feature f j with respect to the ith camera frame, CCi
E is the

rotation matrix from the Earth frame to the ith camera frame, EpT
Ci

is the position of ith

camera in the global frame, and EpT
f j

is the position of feature f j in frame {E}, which is

unknown and must be estimated (cf. Appendix).

Suppose that the camera is pre-calibrated, the visual measurement model is then de-

scribed as:

z(j)
i =

1
Ci Zj

Ci Xj

CiYj

+ η
(j)
i (3.27)

where, z(j)
i is the measurement of feature f j in the perspective camera frame Ci. η is

the 2×1 noise vector on image coordinates, with corresponding covariance matrix R =

σ2
im×I2,2.

Having estimated the global position of the feature, the related measurement residual

is described as:

r(j)
i = z(j)

i − ẑ(j)
i (3.28)

where z(j)
i is the measurement of feature f j in the camera frame Cli calculated from equa-

tion (3.27). Linearising the residuals with respect to camera pose parameters and the 3D

position of features, the previous equation is expressed as:

r(j)
i ' H(j)

Xi
δX + H(j)

fi

Eδp f j
+ n(j)

i (3.29)

where Eδp f j
is the error in the position estimate of f j, and H(j)

Xi
and H(j)

fi
are the Jacobian

matrices of measurement z(j)
i with respect to the state and the feature position, respec-



44 Visual-Inertial Odometry Using a Single Camera

tively, given by:

H(j)
Xi =

[
0 J(j)

i b(Ci p̂ f j
∧c −J(j)

i Ĉ
Ci
E 0

]
(3.30)

H(j)
fi

= J(j)
i Ĉ

Ci
E (3.31)

In equation (3.30), the dimensions of the left and the right zeros are 2×(15+ 6(i− 1)) and

2×6(Nj − i), respectively. The Jacobian matrix J(j)
i is expressed by:

J(j)
i =

1
(Ci Ẑj)2

Ci Ẑj 0 −Ci X̂j

0 Ci Ẑj −CiŶj

 (3.32)

By stacking the residuals r(j)
i , we obtain a 2Nj×1 residual vector, r(j) , where Nj is the

number of camera poses in which feature f j is visible. This block of residuals is defined

as:

r(j) ≈ H(j)
X δX + H(j)

f
Eδp f j

+ n(j) (3.33)

where H(j)
X and H(j)

f are vector blocks including H(j)
Xi and H(j)

f i , respectively.

Since the error state, δX, correlates with the error of feature position, Eδp f j
, the resid-

uals cannot be directly applied in an EKF estimation. To resolve this issue, the residual

vector, r(j) is projected onto the left null-space of the 2Nj×3 matrix H(j)
f (Mourikis, 2006):

ATr(j) ' ATH(j)
X δX + ATn(j) (3.34)

where, A is a 2Nj×(2Nj − 3) unitary matrix with the columns from the basis of the left

null-space of H f . With a slight change in notation, we define the standard measurement

model used is an EKF as:

r(j)
0 = H(j)

0 δX(j) + n(j)
0 (3.35)

where

r(j)
0 = ATr(j), H(j)

0 = ATH(j)
X , n(j)

0 = ATn(j) (3.36)
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Projecting r(j) onto the left null-space of the matrix H(j)
f , the term related to the error

in the position estimate of f j is cancelled out, and r0 can now be used in the filter update

step.

3.2.7 Update

Having matched salient features from pairs of images sequentially, and having tracked

them over a sequence of camera poses, the observations are entirely used as geometric

constraints to update the EKF state. By considering that K salient features are visible from

Nj sets of camera poses, j = 1 · · ·K , the block vector of the entire residuals is described

as:

r0 = H0δX + n0 (3.37)

where, r0 is a block vector including the vectors of residuals, r(j)
0 , and n0 is the measure-

ment noise comprising the components n(j)
0 . The measurement matrix H0 is a matrix with

block rows H(j)
0 .

Due to the fact that image observations can be considered as statistically independent

of each other, and their corresponding noise vectors are uncorrelated, the full noise co-

variance matrix is formed as a diagonal matrix, i.e. R0 = σ2
imIλ, where λ = ∑K

j=1(2Nj − 3)

is the length of the entire residuals.

In practice, a large number of observations leads to an exponential growth in the

computational cost, therefore affecting the real-time performance of the algorithm. To

increase the efficiency of the algorithm when many features are tracked, the QR decom-

position of matrix H0 is employed (Bayard and Brugarolas, 2005), which is defined as:

H0 = QR =

[
Q1 Q2

] RH

0

 (3.38)

where Q is an orthogonal matrix whose columns are orthogonal unit vectors, i.e. QTQ =
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I, R is an upper triangular matrix whose (λ−6M−15) lower rows are entirely zeros and

RH is a (15+6M)×(15+6M) upper triangular matrix. Q1 has dimensions λ×(6M+15)

and Q2 λ×(λ−6M−15) and both have orthogonal columns. Decomposing matrix H0

into two components, equation (3.37) is re-formed as:

r0 =

[
Q1 Q2

] RH

0

 δX + n0 (3.39)

QTr0 =

RH

0

 δX + QTn0 ⇒

QT
1 r0

QT
2 r0

 =

RH

0

 δX +

QT
1 n0

QT
2 n0

 (3.40)

In the preceding equation, the component QT
2 r0 conveys pure noise because the cor-

responding rows in the measurement matrix are zeros, so with no useful information.

Therefore, this component is discarded to allow the EKF state to be updated by the resid-

uals having reduced dimension.

Lastly, the EKF state is updated by the Kalman gain matrix, K, given by:

K = PRT
H(RHPRT

H + RN )−1 (3.41)

where P is the state covariance matrix and RN is the covariance matrix of the noise com-

ponent, QT
1 r0, computed from propagation of uncertainty, i.e. RN = QT

1 R0Q1.

The state vector is corrected with the reduced measurement using:

X̂k+1|k+1 = X̂k+1|k + KQT
1 r0 (3.42)

Simply, the posterior error covariance matrix is updated with:

Pk+1|k+1 = (I−KRH)Pk+1|k(I−KRH)T + KRNKT (3.43)

where, I is a (6M + 15)×(6M + 15) identity matrix.
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Figure 3.2: Left: The simulated indoor environment with the generated feature points.
Right: The top view of the simulated indoor environment and the estimated trajectory
(blue) compared with the INS trajectory (red) and the ground truth (green).

3.3 A Simulation Using Predefined Features

In order to evaluate the performance of mono-VIO a simulation using predefined features

has been carried out. In this simulation, a total of 3000 features were randomly generated

on the walls of a corridor along a ground truth trajectory with an approximate length of

77 meters. The image measurements of the features were recorded at 1 Hz simulating a

perspective camera moving at a constant velocity. The INS measurements were simulated

at 100 Hz using points on the ground truth trajectory. The INS measurements were added

with a constant error and a random noise for simulating the biases associated with the

inertial measurements. Figure 3.2 shows the simulated environment with the generated

features points, the ground truth trajectory, the trajectory obtained from the simulated

INS measurements only, and the trajectory estimated by the VIO approach. It is evident

that while the INS trajectory quickly drifts away, the VIO trajectory closely follows the

ground truth.

Figure 3.3 illustrates the cumulative distribution of translational and rotational errors

for the perspective MSCKF approach and for the INS integration. The total RMSE, de-

fined as the root mean square of RMSEs along the trajectory, for translation and rotation,



48 Visual-Inertial Odometry Using a Single Camera

is about 0.5 m and 0.04 rad, respectively, for the VIO approach, whereas these values for

the INS-only integration are 6.15 m and 0.24 rad. Considering the trajectory length, the

perspective VIO reaches an overall localization accuracy of 0.6% of the trajectory length

compared to 8% for the INS-only integration. Note that this accuracy is achieved without

considering any feature tracking error.

3.4 Summary

This chapter has introduced an EKF-based estimator for real-time visual-inertial odom-

etry. The formulation of this methodology was thoroughly described. As noted, this

methodology endeavours to benefit from the maximum potential of constraints that a

visible scene feature contributes to from a multitude of successive images. Moreover, the

computational complexity of the method is linear in the number of features. The result of

the simulation, which focuses on the performance of the MSCKF by using a set of prede-

fined features, shows the MSCKF capability to accurately estimate motion in large-scale

environments. In the following chapters, this method is compared to the result of the

proposed algorithms.

Figure 3.3: Left: Cumulative distribution of translational error for the perspective VIO
approach and the INS integration. Right: Cumulative distribution of rotational error for
the perspective VIO approach and INS integration.



Chapter 4

Visual-Inertial Odometry Using a
Stereo Camera

THIS chapter presents the first proposed methodology in this thesis, stereo-VIO,

using the multi-state constraint Kalman filtering method. Because the main dif-

ference of this approach with the mono-MSCKF is in the measurement model while the

formulation of the system model and update are the same as the mono-MSCKF, the de-

scription of the method focuses on the measurement model. In addition, a description of

feature detection, matching and tracking is given in this chapter.

4.1 Introduction

Although the MSCKF takes full advantage of the constraints that a scene point provides,

it has only been utilized for the integration of observations from an INS and visual ob-

servations taken from a single camera. To improve the quality of feature tracking and

effectiveness of measurements in the update step, a fixed baseline between pairs of cam-

eras in the stereo configuration is exploited in order to impose additional constraints on

the motion estimation. Figure 4.1 represents the principal steps of the stereo-MSCKF.

Features are extracted and matched between the left and right camera images. The state

is augmented with the pose parameters of the left camera. Given the calibration param-

eters between the two cameras, the pose of the right camera is calculated from the left.

Finally, the state is updated by the measurements obtained from both cameras at each

49
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Figure 4.1: The general workflow of the stereo MSCKF. Images captured from a pair
of cameras at each timestep are conducted to the stereo matching process. The stereo
matching imposes additional constraints resulting in better estimation.

timestep.

4.2 Methodology of the Stereo MSCKF

Similar to the mono-MSCKF, the state vector and the INS error-state vector are defined

according to equations (3.1) and (3.2), respectively. Since the poses of the left and right

cameras are dependent, only the poses of the left camera are concatenated into the state

vector forming the full error-state vector similar to equation (3.5):

δX = [δXINS δΦT
Cl1
EδpT

Cl1
· · · δΦT

ClM
EδpT

ClM
]T (4.1)

Each component of the INS error-state vector is propagated according to the pre-

sented equations (3.6) to (3.13) and the created system model is thereinafter linearised

in accordance with equations (3.14) to (3.20). Now, once a stereo image is captured, the

left camera pose parameters are adhered to the state vector using equations (3.21) and
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(3.22) and the covariance matrix is also augmented according to equation (3.23).

Using the standard perspective model, the global position of a feature f j is estimated

and used for the calculation of the measurement residual of the left camera :

r(j)
li = z(j)

li − ẑ(j)
li (4.2)

where z(j)
li is the measurement of feature f j in the left camera frame Cli calculated from

equation (3.27). Linearising the residuals with respect to camera pose parameters and the

3D position of features, the previous equation is expressed as:

r(j)
li ' H(j)

lXi
δX + H(j)

l fi

Eδp f j
+ n(j)

li (4.3)

where Eδp f j
is the error in the position estimate of f j, and H(j)

lXi
and H(j)

l fi
are the Jacobian

matrices of measurement z(j)
li with respect to the state and the feature position, respec-

tively, given by:

H(j)
lXi =

[
0 J(j)

i b(Cli p̂ f j
∧c −J(j)

i Ĉ
Cli
E 0

]
(4.4)

H(j)
l f ,i = J(j)

i Ĉ
Cli
E (4.5)

In equation (4.4), the dimension of the left and the right zeros are 2×(15 + 6(i− 1)) and

2×6(Nj − i) respectively. The Jacobian matrix J(j)
i is expressed by:

J(j)
i =

1
(Cli Ẑj)2

Cli Ẑj 0 −Cli X̂j

0 Cli Ẑj −CliŶj

 (4.6)

Now we define the pose of the right camera, ξCr = [qT
Cr
EpT
Cr
]T , with respect to the left

camera pose and the relative calibration parameters between them:

EpCr
= EpCl

− Ĉ
ClT
E CCrT

Cl

Cr pCl
(4.7)
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where, CCr
Cl

and Cr pCl
are the rotation matrix and displacement vector between the left and

the right camera, respectively. Matrix Ĉ
Cl
E represents the rotation between the left camera

and the Earth frame.

qCr
E = qCr

Cl
⊗ qCl

E (4.8)

where the unit quaternion qCr
Cl

represents the rotation from the left camera coordinate

system to the right. We also obtain the position of feature f j with respect to the right

camera frame at the ith camera pair:

Cri p̂ f j
= Ĉ

Cri
E ( E p̂ f j

− E p̂Cri
) = CCr

Cl

Cli p̂ f j
+ Cr pCl

(4.9)

The linearisation of measurement residuals in equation (4.2) around the estimates for

the left camera and the feature position is now defined as:

r(j)
ri ' H(j)

rXiδX + H(j)
r f i
Eδp f j

+ n(j)
ri (4.10)

where H(j)
rXi and H(j)

r f i are the Jacobians of the measurement of feature f j from the right

camera pose with respect to the error state and the global position of the feature, respec-

tively, given by:

H(j)
rXi =

[
0 J(j)

i b(Cri p̂ f j
)∧c −J(j)

i CCr
Cl

Ĉ
Cli
E 0

]
(4.11)

H(j)
r f i = J(j)

i CCr
Cl

Ĉ
Cli
E (4.12)

By stacking the residuals r(j)
li and r(j)

ri separately, a 4Nj×1 residual vector is obtained,

r(j) = [r(j)T
l r(j)T

r ]T , where Nj is the number of stereo camera poses in which feature f j is

visible. By combining equations (4.3) and (4.10), the block of all residuals is formed as:

r(j) ≈ H(j)
X δX + H(j)

f
Eδp f j

+ n(j) (4.13)
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where

H(j)
X =

H(j)
lX

H(j)
rX

 , H(j)
f =

H(j)
l f

H(j)
r f

 , n(j) =

n(j)
l

n(j)
r

 (4.14)

Since the error state, δX, correlates with the error of feature position, Eδp f j
, the resid-

uals cannot be directly applied in an EKF estimation. To resolve this issue, the residual

vector, r(j) is projected onto the left null-space of the 4Nj×3 matrix H(j)
f (Mourikis, 2006):

ATr(j) ' ATH(j)
X δX + ATn(j) (4.15)

where A is a 4Nj×(4Nj − 3) unitary matrix with the columns from the basis of the left

null-space of H f . With a slight change in notation, the standard measurement model

used is an EKF is defined as:

r(j)
0 = H(j)

0 δX(j) + n(j)
0 (4.16)

where,

r(j)
0 = ATr(j), H(j)

0 = ATH(j)
X , n(j)

0 = ATn(j) (4.17)

In projecting r(j) onto the left null-space of the matrix H(j)
f , the term related to the

error in the position estimate of f j is cancelled out, and r0 can now be used in the filter

update step.

The block vector of residuals from the pairs of images is used in the update step, (3.37)

to (3.43), to update the error-state vector as well as its relevant covariance matrix.

4.3 Feature Detection, Matching and Tracking

Vision-aided navigation systems, which utilize feature-based matching between images,

require the detection of distinctive features on each image and determination of their

correspondences on the next frame in a matching process so as to track identical features

in a sequence of images. Various steps of feature selection for mono and stereo images,

used in this thesis, are illustrated in Figure 4.2. In the mono mode, a feature is detected
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I'k I"k

I'k+1

I'k+N

I"k+1

I"k+N

1- Detection 

by SURF

3-Tracking

by KLT

2-Matching by approximate

nearest-neighbour lookup

Ik

Ik+1

Ik+N

1- Detection 

by SURF

2-Tracking

by KLT

Figure 4.2: Steps of feature detection and tracking in mono (Right) and stereo (Left)
sequence of images.

in the first image of a sequence of images from which the feature is visible and, in the

second step, it is tracked by using a feature tracker. In the stereo mode, features are

detected in the left and right images of the first stereo image of the tracking window.

The corresponding features are then matched by utilizing nearest-neighbour matching.

Finally, features are tracked, the same as in the mono mode, by employing a feature

tracker.

4.3.1 Feature Detection

Many feature detectors and descriptors have broadly been proposed and investigated in

the literature (Salahat and Qasaimeh, 2017; Lindeberg, 2015). In this work, the Speeded

Up Robust Features (SURF) detector (Bay et al., 2008) is utilised. Similar to the Scale In-

variant Feature Transform (SIFT) (Lowe, 2004), SURF is invariant not only to image scale

and rotation, but also to a significant range of distortions caused by affinity, addition of

noise and variation in illumination. Bay et al. (2008) based the SURF detector on the Hes-

sian matrix (Lindeberg, 2015) due to its effective performance in terms of computation
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time and accuracy. This is contrary to SIFT, which uses a Difference of Gaussian (DoG)

approach (Lindeberg, 2015) to provide a close approximation to the scale-normalized

Laplacian of Gaussian (LoG). Because the SURF detector relies on integral images for re-

duction of computation time, it is known as a fast Hessian detector. The descriptor of

SURF is on the basis of Haar-wavelet distribution around the interest point. Using Haar-

wavelets, only 64 dimensions are utilised to describe the descriptor, thus decreasing the

time of computation and matching compared to SIFT where the descriptor includes 128

dimensions.

4.3.2 Feature Matching

Upon extracting features from a pair of images in stereo vision, nearest neighbour match-

ing is employed to find the corresponding features. This approximate matching method

is based on finding the minimum Euclidean distance for the descriptor proposed by Lowe

(2004). In contrast with many techniques using a branch-and-bound approach that per-

forms searches in depth-first order, the method proposed by Muja and Lowe (2009) ap-

plies a priority search on hierarchical k-means trees resulting in a faster matching process

of high-dimensional vectors, up to several orders of magnitude, than that of linear search.

4.3.3 Feature Tracking

A common feature tracking method over a sequence of images is the Kanade-Lucas-

Tomasi (KLT) feature tracker (Tomasi and Kanade, 1991). The problem of feature tracking

in KLT can be characterized as follows: given two successive images whose intensities

are represented as a function of 2-D space vector x and the time variable t, I(x + t), KLT

endeavours to find the displacement d so that the following equation is minimized over

a specified windowW :

e =
∫
W
[I(x− d, t)− I(x, t + k)]2wdx (4.18)
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where, w is a function representing weight and k is the time shift when the next image is

taken.

By linearising equation (4.18) it is possible to calculate the displacement d on the im-

age precisely only if the two successive images are close to each other. However, the

existence of outliers is inevitable. Therefore, to remove outliers, an M-estimator Sam-

ple Consensus (MSAC) approach (Torr and Zisserman, 1998) has been applied in this

work. This method discards mismatches by randomly selecting samples of minimal sets

of points from plausible correspondences, and in a repetitive fashion it tries to find the

set which minimizes a cost function defined as:

C = ∑
i

λ(
vi

σ
) (4.19)

where vi are point errors, between the measured points and the maximum likelihood

estimates, λ is a robust function representing a fixed cost given to outliers and σ is the

standard deviation of points.

4.4 Summary

In this chapter, a stereo-VIO based on the multi-state constraint Kalman filtering method

has been presented. Since the static stereo adds epipolar constraints perpendicular to the

motion, it is expected that the stereo-MSCKF will outperform the mono-MSCKF. In addi-

tion, by simultaneously taking advantage of static stereo pairs and temporal stereo pairs

taken in time, the system exploits the reconstruction of very small and very large scaled

environments resulting in more accurate and robust motion estimation. To detect visual

features, SURF has been selected due to its repeatability, meaning that it can find the same

point of interest under different circumstances. In addition, it is robust in the presence

of noise, detection errors, and geometric and photometric deformations. To match the

feature points across pairs of images, the approximate nearest-neighbour approach has

been adopted because it is more efficient than linear searching methods. Finally, to track
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salient features over a sequence of images, KLT has been chosen due to its simplicity, high

speed and accuracy. However, because this tracking method is a window-based method,

the tracker only performs well if the window size is selected properly.





Chapter 5

Visual-Inertial Odometry Using an
Omnidirectional Camera

THIS chapter details the proposed method of Omnidirectional Visual-Inertial Odom-

etry (OVIO). Before the methodology is introduced, a discussion of omnidirec-

tional camera calibration is necessary due to the high image distortion of these cameras.

In the following, the proposed approach to integrate inertial measurements with spher-

ically visual observation through the MSCKF is presented. Since the feature selection is

similar to the previous approach, the steps of feature detection, matching and tracking

are not mentioned here.

5.1 Introduction

To integrate omnidirectional image observations with inertial measurements, the MSCKF

(Mourikis and Roumeliotis, 2007) algorithm is employed. However, the measurement

model defined in the conventional MSCKF involves the residual vectors of the image

features and their reprojection on the image plane. The image plane is not suited for

omnidirectional images, which have large distortion. To resolve this issue, the residual

vectors on a plane that is tangent to the unit sphere around each measurement ray can

be calculated. Because the system model is similar to the MSCKF detailed in Chapter

3, the following description of the OVIO focuses on the proposed measurement model.

However, because dealing with the distortion is crucial, the calibration of these sensors

59



60 Visual-Inertial Odometry Using an Omnidirectional Camera

is initially discussed.

5.2 Calibration

Camera calibration is a prerequisite for vision-aided localization systems. Since the dis-

tortion of omnidirectional images is quite high, a proper methodology for their calibra-

tion is crucial.

The projection of a scene point X onto the point u” is illustrated in Figure 5.1 for a

fisheye lens and a type of mirror used in catadioptric systems. The surface of either the

lens or the mirror is usually conical such as parabolic, hyperbolic, elliptical or planar.

Similar to a standard perspective camera, it is assumed that the omnidirectional cameras

employed have a single effective viewpoint. These types of cameras are known as central

omnidirectional systems.

The geometry of central omnidirectional image formation has been thoroughly dis-

4.2. Image formation
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Figure 4.4.: The mapping of a scene point X into a sensor plane to a point u′′ for (a) a
fish-eye lens and (b) a hyperbolic mirror.

19

Figure 5.1: Projection process from 3D space to the 2D sensor plane in a dioptric camera
(Left) and a catadioptric system (Right) (Micušık, 2004).
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cussed in (Barreto and Araujo, 2001; Geyer and Daniilidis, 2000). As seen in Figure 5.1,

in omnidirectional cameras, projection occurs in two steps: first the light travels straight

from a scene point X toward the surface of either the lens or mirror. All light beams

pass through the center of the lens or the mirror along vector p” = [x”T, z”]T. Vector p”

indicates the light beam between the projection center and the surface of the mirror or

lens. Then, depending on the geometrical surface of the lens or mirror, the light beam

is projected onto the sensor plane or the image plane if no misalignment exists between

the sensor plane and the image plane. In the cases shown in Figure 5.1, the light trav-

els vertically from the surface of the lens, which has a parabolic surface, to the sensor

plane (Left), whereas for the hyperbolic shape of the mirror, it travels such that it passes

through another focus which is typically the center of a perspective camera (Right).

Provided that there is a misalignment between the sensor plane and the image plane,

the vector u” can be well related to the point on the image plane u’, which is expressed

in pixels, by an Affine transformation:

u” = Au′ + t (5.1)

where, A ∈ R2 and t ∈ R are the components of an Affine transformation reducing mis-

alignments caused by rotation, scaling, shearing and translation.

Vector p” can now be related to vector u”, which is collinear to x”, using two highly

non-linear functions g and h:

p′′ =

h(||u”||)u′′

g(||u′′||)

 =

 u′′

g(||u′′||)
h(||u”||)

 (5.2)

where g and h are non-linear functions of the Euclidean distance ||u′′|| of the point u′′ to

the sensor axis origin, i.e. the centre of symmetry, and their parameters vary depending

on the type of refraction in dioptric systems or reflection in catadioptric systems (Scara-

muzza, 2008b). These functions and their proportion g/h are visualized in Figure 5.1.

In order to simplify these functions, Scaramuzza et al. (2006a) proposed a very flexi-
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ble, easy-to-use and independent-of-the-sensor calibration technique in which function h

is considered to be equal to 1, therefore equation (5.2) can be written as:

p′′ =

 u′′

g(||u′′||)

 (5.3)

Further, Scaramuzza et al. (2006a) used a polynomial to express function g:

g(||u′′||) =
N

∑
i=0

ai||u′′||i (5.4)

where coefficients ai, i = 1 · · ·N are the polynomial parameters which need to be esti-

mated within the calibration process.

By observing a planar pattern, e.g a chessboard, from various angles of view, the

affine parameters and the polynomial coefficients, which constitute the interior parame-

ters, are solved within a four-step optimization problem (Scaramuzza, 2008b). In the first

step, only the camera exterior parameters are estimated by assuming that A = I2 and

t = 0. In the second step, the interior parameters ai, i = 1 · · ·N are estimated. The third

step aims to refine both the interior and the exterior parameters estimated so far. These

three steps are performed via linear least-squares minimization. In the last step, the en-

tire parameters including affine components are refined iteratively through a non-linear

optimization which is defined on the basis of the maximum likelihood criterion.

Among several omnidirectional camera models (Kannala and Brandt, 2006; Mei and

Rives, 2007; Scaramuzza et al., 2006a; Urban et al., 2015), this generic model has been cho-

sen in this work to describe the relation between a scene point and its correspondence on

the image plane. As mentioned, the advantage of this model is its flexibility with various

types of central omnidirectional camera models through fitting a polynomial to the non-

linear function to find the relationship between the image point and the corresponding

point on the mirror or lens.
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5.3 Methodology of the Spherical MSCKF

Recall that the MSCKF comprises three main parts: the system model, the measurement

model and the update. In the system model, parameters in the state vector are propa-

gated in accordance with the INS mechanism and augmented with camera poses once

an image is captured. The measurement model in the MSCKF is defined on the image

plane, which is not appropriate for omnidirectional images due to their high distortion.

Therefore, a new measurement model must be defined. The following description of the

OVIO details the formulation of the proposed measurement model. The new measure-

ment model links the omnidirectional observations with the system model to update the

state vector and its covariance matrix. An overview of the proposed procedure for inte-

grating inertial measurements with omnidirectional image observations within a MSCKF

framework is given in Algorithm 1.

Algorithm 1 The proposed OVIO based on the MSCKF

System model

For each INS output,

• Propagate the state vector and its uncertainty.

Measurement model

For each omnidirectional image:

• Add the camera pose to the state vector and augment the covariance matrix.

• Detect, match and track the projected features corresponding to the scene point
on the image plane.

• Calculate the normalized points on the unit sphere as well as the corresponding
normalized reprojected points.

• Reduce the points to the tangential plane to calculate the residual.

• Stack the 2D residuals.

Update

Given the measurements of the scene point and the corresponding residuals:

• Update the state vector and its uncertainty.
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5.3.1 The Proposed Measurement Model

As noted, in the conventional MSCKF, which has been designed for only perspective

cameras, the measurement model is described on the image plane (Mourikis, 2006). From

the calibration section it can be seen that this plane is inappropriate for highly distorted

images acquired by omnidirectional cameras. To deal with this distortion a measurement

model on a plane around each measurement ray that is tangent to the unit sphere is

defined. As seen in Figure 5.2, central omnidirectional cameras have a single viewpoint

Ci, i = 1 · · ·Nj, that all rays pass through. Nj is the number of camera poses from which

the scene point Xj R3 is observed. The normalized ray direction xs
ij is the mapping of

the scene point to the unit sphere. Collinear with this vector, there exists a 3D vector p′′,

which is the map of the ray to the mirror in catadioptric cameras or the fish-eye lens in

dioptric systems (see Figure 5.1). This vector can be written as equation (5.3) and function

g is calculated via the calibration process described in the previous section.

Let us assume that the feature Xj is observed from a set of Nj camera poses Ci , i ∈ Sj.

Figure 5.2: Different components of projection in a single view-point omnidirectional
camera and the triangulation between view C1 and Ci.
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The normalized point xs
ij is the unit spherical point of Xj with respect to view Ci and it is

given by

xs
ij =


xs

ij

ys
ij

zs
ij

 = N (

 u′′ij

g(||u′′ij||)

) (5.5)

where N (.) maps points from the mirror or lens onto the unit sphere to spherically nor-

malize them:

xs = N (x) =
x
||x|| (5.6)

Given the covariance of a point on the sensor plane as Qu′′u′′ = σ2I2, the covariance

matrix of the spherically normalized point varies depending on the location of the point

on the sensor plane. According to (Förstner, 2012):

Qxsxs = Js

Qu′′u′′ 0

0T 0

 JsT (5.7)

where matrix Js is the Jacobian given by

Js =
∂xs

∂x
= (I3 − xsxsT)/||x|| (5.8)

Using the normalized ray direction, the collinearity equations are now formulated as

xs
ij = N ([I3|03,1]M−1

Ci
Xsj) (5.9)

where Xs = [X0; Xh] is the homogeneous vector of the world point and the matrix MCi is

the camera motion which consists of the rotation matrix of the Earth frame with respect

to the camera system CCi
E and the position of the projection center in frame {E}, EpCi

:

MCi =

CCiT
E

EpCi

0T
3,1 1

 (5.10)
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Equation (5.9) consists of three collinearity equations per measured camera ray and four

arrays for the feature point. Due to the redundancy in equation (5.9), the covariance

matrices corresponding to the spherical measurements are singular. Therefore, before the

spherical measurements can be used in the measurement model, they must be reduced

to the minimum parameters using (Förstner, 2012):

xr = (null(x̃sT))Txs =

rT

sT

 xs (5.11)

where vectors r and s express the 2D tangential plane of the unit sphere evaluated at the

reprojected point x̃s.

By mapping the omnidirectional measurements onto the tangential plane, as well as

their corresponding reprojected points, and assuming that the noise has a zero-mean

Gaussian distribution and is uncorrelated to the system model, the residuals can be de-

termined and linearized around the reprojected points on the tangential plane. The re-

projected points are obtained from their 3D estimated position with respect to frame {E}.

The linearization of the residuals can be written as

rij = JT
s (x̃

s
ij)C

Ci
E b(X̂

j
0)∧cδΦCi

−JT
s (x̃

s
ij)C

Ci
E X̂ j

h
EδpCi

+JT
s (x̃

s
ij)[I3|03,1]M−1

Ci
null(X̂sjT

)δXsj
r

(5.12)

In the preceding equation, vectors δΦCi and EδpCi
represent perturbations of the camera

pose that are augmented in the MSCKF and the vector δXsj
r is the error of the reduced

coordinate of the spherical scene feature Xj. The symbol b(X̂j
0)∧c is the skew-symmetric

of X̂
j
0:

b(X̂j
0)∧c =


0 −Ẑj

0 Ŷ j
0

Ẑj
0 0 −X̂ j

0

−Ŷ j
0 X̂ j

0 0

 (5.13)



5.3 Methodology of the Spherical MSCKF 67

The Jacobian matrix Js(x̃s
ij) is given by

Js(x̃
s
ij) =

1
||x|| (I3 −

xxT

xTx
)null(xT)|x=x̃s

ij
(5.14)

Equation (5.12) can then be rewritten as:

rij = Hj
XiδX + Hj

fi
δXsj

r + nij (5.15)

where δX is the error-state vector described in the system model and nij is the vector

of measurement noise. The Jacobian matrices Hj
Xi

and Hj
fi

are given by the following

equations:

Hj
Xi
=

[
0 JT

s (x̃s
ij)C

Ci
E b(X̂

j
0)∧c −JT

s (x̃s
ij)C

Ci
E X̂ j

h 0

]
(5.16)

where the dimension of the left and right zeros are 2× (15 + 6(i− 1)) and 2× 6(M− i),

with M the number of camera poses augmented in the state vector.

Hj
fi
= JT

s (x̃
s
ij)[I3|03,1]M−1

Ci
null(X̂sjT

) (5.17)

The residuals rij pertaining to the observations of the feature Xj for i ∈ Sj can now be

stacked to form a single block vector:

rj = Hj
XδX + Hj

f δXsj
r + nj (5.18)

where Hj
X and Hj

f are the block matrices of Hj
Xi

and Hj
fi
, respectively. The measurement

noise covariance matrix Rj is a block diagonal matrix including the individual covariance

matrices Rij , i = 1 · · ·Nj, given by (Förstner, 2012)

Rij = JT
s (x̃

s
ij)

Qu′′u′′ 0

0T 0

 Js(x̃
s
ij) (5.19)

Finally, the standard measurement model that can be used in a Kalman filter update
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is obtained by projecting equation (5.18) on to the left null space of the matrix Hj
f . The

reduced equation is

rrj = HrjδX + nrj (5.20)

where,

rrj = (null(HjT
f ))

Trj

Hrj = (null(HjT
f ))

THXj

nrj = (null(HjT
f ))

Tnj

(5.21)

Equation (5.20) is a standard linear measurement model that is used in an EKF esti-

mation to update the error-state δX, as well as the covariance matrix.

5.4 Summary

In this chapter, a novel approach for the integration of inertial measurements with omni-

directional image features using the multi-state constraint Kalman filtering method has

been proposed. Since the measurement model in the conventional MSCKF is only suit-

able for perspective cameras, a new measurement model on a plane tangent to the unit

sphere around each ray has been defined. An advantage of this space is that the distor-

tion of omnidirectional images can be well-defined, removing their effect from the image

observations. To find the relationship between points on the unit sphere and their corre-

sponding positions on the image plane, the calibration of these cameras is essential. To

do so, a flexible and easy-to-use calibration method has been described in this chapter.

The calibration process exploits a polynomial to find the interior parameters of any kind

of omnidirectional camera. This work has employed this method to calibrate the camera

used in the real experiments. The proposed method is implemented in Matlab and it has

been evaluated with various real and simulated datasets.

The presented approach enables motion estimation in 6 DoF. From this perspective,
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it is the first time that omnidirectional images have been integrated with inertial mea-

surements in a real-time pose estimation framework. Employing the MSCKF allows the

maximum potential that a visible feature creates to be exploited. In addition, utilizing an

omnidirectional camera, it is more likely that the greater number of features surrounding

the camera will contribute to the motion estimation, resulting in more accurate localiza-

tion.





Chapter 6

Experiments and Results

6.1 Introduction

THE algorithms described in Chapter 4 and Chapter 5 were tested in a series of ex-

periments. To evaluate the stereo VIO, several KITTI datasets were used. These

datasets were collected in urban environments. For evaluation of the OVIO approach, ex-

periments with synthetic data in both indoor and outdoor environments were conducted

along with a large-scale real-world experiment. The performance of both approaches as

compared with the perspective VIO was also assessed in terms of the accuracy of the

reconstructed trajectories. In this chapter, the term ”perspective VIO” refers to MSCKF-

VIO using a perspective camera and ”spherical VIO” refers to spherical MSCKF using

an omnidirectional camera named OVIO in this thesis. In all experiments, accuracy was

measured by computing the Root Mean Squared Error (RMSE), which represents the dif-

ference between the estimated pose and the ground truth. The results presented in this

chapter have been published in (Ramezani and Khoshelham, 2018) and (Ramezani et al.,

2018).

6.2 Stereo Visual-Inertial Odometry

To evaluate the performance of the VIO approach in the mono and stereo mode, an ex-

periment was conducted using KITTI datasets 0001, 0005, and 0020 (Geiger et al., 2012).

Datasets 0001 and 0005 contain 108 and 154 pairs of images, respectively, both captured

71
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on 26 September 2011. Dataset 0020 consists of 330 pairs of images recorded on 30

September 2011. Sample frames from the datasets are shown in Figure 6.1. The im-

ages in all datasets have the same size of 1392×512, and were recorded at approximately

0.1 second intervals. The baseline between the two cameras in the static stereo is 54 cm

which is sufficient for initial 3D point estimation. Moreover, the datasets include iner-

tial measurements recorded by an OXTS RT3003 inertial and GPS navigation system at a

measurement rate of 100 Hz. The RTK GNSS measurements serve as the ground truth in

these datasets. It is worth noting that the INS used by KITTI is a high quality inertial sen-

sor and its inertial data has been purified regarding gravity, biases and integration error.

Therefore, it is expected that the INS only solution will provide a good motion estimate,

competing with the visual-inertial integration.

The entire algorithm was implemented in MATLAB R2015a on an ordinary PC with

a 3.4 GHz Intel(R) Core(TM)i7 processor and 8 GB RAM.

6.2.1 Feature Detection, Matching and Tracking

As already mentioned, to extract and match features, the Speeded Up Robust Features

(SURF) detector (Bay et al., 2008) was used. In stereo vision, features were matched by

applying the approximate matching method described in (Lowe, 2004). Having matched

the features across the static stereo, the corresponding pairs of features along the image

sequence were tracked by employing the Kanade-Lucas-Tomasi (KLT) tracker (Tomasi

and Kanade, 1991). In the mono mode, features were tracked without a cross matching

step. Despite the fact that SURF is not the best choice for feature tracking in terms of real-

time operation, a comparison of various feature detectors indicated that this detector

provided the most robust and well-distributed features. The outliers were discarded by

using the M-estimator Sample Consensus (MSAC) approach (Torr and Zisserman, 1998)

with a 2-point similarity transform. Figure 6.2 shows an example of tracked features

indicated by green plus signs in the left camera, and red circles in the right camera.

Visual examination of feature extraction results showed that the majority of SURF
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(a)

(b)

(c)

Figure 6.1: Sample frames from the three tested KITTI datasets. (a) dataset 0001. (b)
dataset 0005. (c) dataset 0020.

keypoints were found at the center of the images where there was less motion blur. Also

fewer SURF keypoints were found in the stereo mode as some keypoints could not be

matched across the stereo image pair.

The number of tracked features varied between the mono and stereo mode. Figure 6.3

shows a boxplot of the number of tracked features in each frame over the three datasets

0001, 0005, and 0020 for both mono and stereo modes. Box plots are a useful statistical

tools to depict the distribution of data based on 5 parameters: minimum, 25th percentile,

median, 75th percentile and maximum. Pluses, in this Figure, are also outliers.The lower

number of features in stereo mode is due to the fact that not all SURF features can be
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Figure 6.2: Features tracked in mono vision (Top) and stereo vision (Bottom) from KITTI
dataset 0001.

Figure 6.3: Statistics on the number of tracked features in each frame over the three
datasets 0001, 0005, and 0020 for both mono and stereo modes.
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Table 6.1: Comparison of Tracking Performance in Mono and Stereo on KITTI Traverses
0001, 0005 and 0020.

Mono Stereo

KITTI Traverse 0001 0005 0020 0001 0005 0020

Total Tracked Features 750 1975 3500 300 950 1500

Processing Time(sec) 15 23 95 30 46 115

matched across the stereo pair. However, as can be seen, in the stereo mode the variation

in the number of tracked features is significantly less than that in the mono mode, which

indicates that the tracking performs more consistently along the image sequence.

Table 6.1 summarizes the average number of all tracked features along the sequence

of images in the mono and stereo modes on the datasets employed, as well as their pro-

cessing time averaged over 10 runs of the program. It is clear that cross matching rejects

approximately half of the features tracked along the image sequence. However, the over-

all time of feature tracking in stereo mode is almost two times more than that in mono

mode.

6.2.2 Accuracy of Stereo Visual-Inertial MSCKF

To assess the accuracy of the estimated trajectories, the translational RMSE, defined as

the Root Mean Square of the three translation errors at each timestep, was used. The

translational error at each timestep was calculated from the estimated position and the

ground truth. The total translational error was measured as the Euclidean norm of all

RMSEs, whereas ARMSE, noted in Table 6.2, was calculated as the average of RMSEs.

Since GNSS does not provide the attitude of the vehicle, there was no ground truth avail-

able for determination of rotational accuracy. For this reason, rotational accuracy of the

stereo VIO has not been considered in the evaluation.

Tracking salient features, the rectified image observations, i.e. features corrected with
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respect to the intrinsic parameters of the camera, were taken as input to estimate the

3D position using Gauss-Newton least-squares minimization (Montiel et al., 2006). In

contrast to the mono VIO in which scene features are reconstructed based on observations

over a sequence of images, the observations from both the static stereo and multiple

images over time were employed. This way, more 3D point estimates achieve sufficient

precision to contribute to the EKF update step. In addition, in order to have the best

initialization, the initial 3D position was calculated via triangulation between the first

and the last frame in which the feature was visible. Figure 6.4 shows the trajectories

obtained by the mono and the stereo VIO compared with the INS-only integration, as

well as the ground truth. While VIO in both modes performed much better than inertial

positioning, the stereo VIO provided a more accurate trajectory than the mono VIO.

Figure 6.5 shows the cumulative distribution of translational errors for the proposed

stereo method as compared with the mono and INS-only integration. The performances

brought here are for the optimum camera pose window. Stereo VIO performed better

than the other methods and reached an average accuracy of 0.9% of the trajectory length

compared to 1.3% and 2.5% for the mono and the INS only integration, respectively. Note

that the drift of INS-only integration is quite low because the KITTI inertial data was ob-

tained using a precise INS (OCTS RT3003), and the data was filtered for biases and inte-

gration errors. Using a low-grade INS, it is anticipated that INS-only integration would

have resulted in a larger drift, therefore the benefit of VIO would be more apparent.

Table 6.2 summarizes the performance of stereo VIO compared with mono and INS on

the basis of Translational Average Root Mean Squared Error (ARMSE) and RMSE values

over the entire sequence of frames for the tested KITTI datasets.

6.3 Omnidirectional Visual-Inertial Odometry

As noted earlier, for the evaluation of the new OVIO approach, both synthetic and real

datasets were employed. The purpose of experiments with synthetic images is that exact
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(a)

(b)

(c)

Figure 6.4: Trajectories obtained by the stereo VIO as compared with the mono and INS
integration for the three KITTI traverses. (a) dataset 0001. (b) dataset 0005. (c)dataset
0020.
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(a)

(b)

(c)

Figure 6.5: Cumulative distribution of errors for the stereo method compared with mono
and INS integration for the tested KITTI datasets 0001 (a), 0005 (b) and 0020 (c).
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Table 6.2: Comparison of Average Root Mean Square Error (ARMSE) of INS Integration,
Mono VIO, and Stereo VIO on KITTI Traverses 0001, 0005 and 0020.

KITTI Traverse 0001 0005 0020

INS Integration
Trans. ARMSE(m) 0.78 0.97 3.65

Total Trans. Error(m) 2.53 3.11 9.90

Mono VIO
Trans. ARMSE(m) 0.36 0.85 1.44

Total Trans. Error(m) 1.13 2.44 2.76

Stereo VIO
Trans. ARMSE(m) 0.25 0.70 1.22

Total Trans. Error(m) 0.66 2.14 2.25

ground truth can be obtained to evaluate the performance of the OVIO. The process of

feature extraction, matching and tracking is similar to that described in the previous sec-

tion, hence it is not explained here. To estimate the global position of features, a method

similar to that for stereo-VIO is utilized for the OVIO, with a slight difference in the image

observation which is instead of taking image points on the image plane, points on the the

unit sphere are considered. Because omnidirectional images have high distortion, cali-

bration of these cameras is essential. Therefore, this section begins with the calibration

results of the fisheye camera used in the conducted experiments.

6.3.1 Camera Calibration

As noted in Section 5.2, a pre-calibration of the used fisheye camera was conducted us-

ing OcamCalib Toolbox (Scaramuzza et al., 2006b). This Toolbox employs a polynomial

model to calculate the calibration parameters of any omnidirectional camera that has a

single effective point of view. In this experiment, a checker-board pattern was used and

several video streams were captured while the camera was fixed and the checker-board

was moving and facing toward the camera. The settings of the camera, including im-

age resolution, exposure time and focal length were selected so as to be similar to the

moment of the real experiment, since a change in camera parameters would necessi-
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Figure 6.6: Distribution of reprojection errors.

tate camera recalibration. Having taken the video streams, several frames covering the

checker-board from various angles, with different orientations were extracted and used

in the calibration process. As recommended in (Scaramuzza, 2008b), the adopted order

of the polynomial was 4 so as to attain a minimum value for the reprojection error. Fig-

ure 6.6 shows the distribution of reprojection errors, indicated with different colors for

different images.

Table 6.3 summarizes the RMSE computed between the projected corners of the checker-

board and their corresponding reprojected points as well as their standard deviations.The

average error, which is the average of RMSEs, was 1.11 pixels, verifying the success of

the calibration process. Figure 6.4 shows several sample images used in the calibration.

Projected points are marked with plus symbols whereas their corresponding reprojected

points are indicated by circles. The white circle shows the center of the image after cali-

bration.
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Following the calibration experiment, a test was conducted to assure that residuals

described in equation (5.12) follows Gaussian distribution, since it is a fundamental as-

sumption in the use of a Kalman filtering method (Groves, 2013). In this experiment, a

check-board was set to be fixed in front of the camera and the camera was moving while

facing toward the check-board. Observations were bundles of rays and the calibration

parameters, estimated from the previous experiment, were employed to calculate the co-

ordinates of image points on the unite sphere. The exterior orientation and the residuals

were estimated through a bundle adjustment. Figure 6.8 shows the camera position and

its orientation indicated by three coloured axes representing the x,y and z axes of the

fisheye camera.

In Figure 6.9 (Left), the histogram of all 6000 residuals is plotted and a normal density

function, green curve, fitted on the histogram is shown. This Figure verifies that residuals

followed a Gaussian distribution and because their expectation is around zero, therefore

they can be considered as unbiased. In addition, Figure 6.9 (right) displays a normal

probability of all residuals along a reference line. This figure, also, confirms the normality

of residuals since the majority appear along the reference line and their distribution is

symmetric around this line.

6.3.2 Experiments with Synthetic Data

Indoor Synthetic Dataset

To compare the performance of the proposed OVIO with VIO in an indoor environment,

an experiment was carried out in a synthetic corridor through the use of Blender 1, which

is a professional open-source 3D content creation suite. Photo-realistic synthetic images

were generated along a ground truth trajectory for both perspective and fish-eye cameras.

To render the perspective images, the built-in perspective module in Blender was used,

and for the omnidirectional images an open-source patch (Zhang et al., 2016), which is

1http://www.blender.org/
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Table 6.3: RMSE of reprojection and the corresponding standard deviations.

Image RMSE (pixel) σ (pixel)
1 0.53 0.27
2 0.77 0.35
3 0.81 0.40
4 1.04 0.59
5 1.10 0.57
6 1.28 0.64
7 1.00 0.48
8 1.08 0.59
9 1.10 0.63
10 2.26 1.17
11 0.96 0.63
12 1.02 0.48
13 2.19 0.73
14 0.55 0.30

based on the Scarramuzza’s model (Scaramuzza et al., 2006a), was applied. To stimulate

further research in vision-based indoor positioning, the authors publicly released this

dataset, which consists of synthetic images rendered with the perspective and fish-eye

cameras 2. The images were recorded at 30 Hz with the resolution of 640× 480 pixels,

looking in the forward direction. The FoV considered for the perspective images is 90◦

and for the fish-eye images 180◦. Figure 6.10 shows sample images of this dataset and

Figure 6.11 shows an example of feature matching results in both the perspective and

fish-eye views.

Ground truth comprising 3D position and 4D quaternion data resampled at 300 Hz

was used to generate the INS measurements. A constant error and normalized random

noise to simulate the static and dynamic bias of the accelerometers and gyroscopes were

added to the measurements.

A top view of the estimated trajectories compared to the ground truth is shown in

Figure 6.12.

It can bee seen that the trajectories estimated by the OVIO and the perspective VIO

closely follow the ground truth whereas the INS trajectory exhibits a significant drift. Fig-

2http://www.researchgate.net/profile/Milad Ramezani/contributions
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Figure 6.7: Sample images used in the calibration including the projected points and their
corresponding reprojected points.

ure 6.13 shows the cumulative distribution of the translation and rotation errors for the

perspective and the omnidirectional VIO, as well as for the INS-only integration. Clearly,

the OVIO outperforms the perspective VIO and results in more accurate motion estima-

tion. The difference in the performance of VIO and OVIO is more significant in terms

of rotational accuracy, where OVIO gives rotation estimates that are 3 to 4 times more

accurate than those obtained by VIO. The total length of the trajectory that the camera

travelled was about 47 meters. Comparing the length of the trajectory and the total error

for translation, the drifts for the INS-only integration, perspective and omnidirectional
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Figure 6.8: Estimated scene including checker-board corners (black dots) and the camera
pose (coloured axes).
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Figure 6.9: Left: Histogram of estimated residuals. Right: Normal probability plot of
estimated residuals
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Figure 6.10: Example images from the sequence recorded using a simulated perspective
camera (top) and a simulated fish-eye camera (bottom).

Figure 6.11: Features after the tracking process in a perspective view (left) and fisheye
view (right). The green pluses show the features tracked along the image sequence.
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Figure 6.12: Top view of the estimated trajectory for perspective VIO (blue), and omni-
directional VIO (magenta) compared with the INS-only integration (red) and the ground
truth (green).
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Figure 6.13: Left: Cumulative distribution of translational error for the perspective VIO,
the omnidirectional VIO and the INS-only integration. Right: Cumulative distribution
of rotational error for the perspective VIO, the omnidirectional VIO and the INS-only
integration.

VIO are 9%, 1.3% and 1.1%, respectively.

Outdoor Synthetic Dataset

To examine the effect of larger FoVs on the performance of VIO in an outdoor environ-

ment, photorealistic synthetic images of the urban canyon dataset generated by Zhang

et al. (2016) were used. Three sequences of 1500 images captured by the simulated per-

spective, fisheye and catadioptric cameras, along a trajectory of approximately 295 m,

were selected. Because the catadioptric images were rendered in an upward-looking ori-

entation, compared to the perspective and fisheye images rendered in a front-looking

orientation, it is possible to observe the effect of different camera orientations. However,

this synthetic dataset did not include INS measurements. Therefore, INS readings were

generated from the ground truth trajectory resampled at 300 Hz in a similar fashion to

that described in the previous section. Figure 6.14 shows sample images of the urban

canyon dataset.

Figure 6.15 (left) shows boxplots of the number of tracked features in each frame

for the perspective, fisheye and catadioptric views. The minimum number of tracked
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Figure 6.14: Sample images of the urban canyon dataset simulated by Zhang et al. (2016)
in different FoV cameras namely perspective (top), fish-eye (middle) and catadioptric
(bottom).
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Figure 6.15: Left: Boxplot of the number of tracked features in each frame for perspective,
fisheye and catadioptric views. Right: Boxplot of the number of frames from which each
feature is observed.

features for the fisheye and the catadioptric cases is the same, but is twice as large as

the minimum number of tracked features in the perspective view. However, the median

values show no significant increase in the number of tracked features in each frame for

the greater FoVs indicating that larger FoV does not necessarily provoke weaker features.

Figure 6.15 (right) shows boxplots of the number of frames from which each feature

is observed. Here the catadioptric camera with an FoV of 360◦ presents a much longer

feature tracking window as compared to the perspective and fisheye cameras. This can

also be attributed to the upward-looking orientation of the catadioptric camera resulting

in features being visible over longer sequences.

The 3D trajectories estimated from different data integrations are shown in Figure

6.16. As can be observed, while the drift of the INS-only integration is significant, the re-

constructed trajectories of VIO and OVIO closely follow the ground truth. In the follow-

ing, only the performance of the proposed OVIO with the perspective VIO is compared.

By computing the cumulative error distribution curves for rotational and translational

errors measured by RMSE at each time-step, as shown in Figure 6.17, it can be seen

that OVIO yields more accurate position and rotation estimates than perspective VIO.

In particular, a comparison of the translational errors of the two methods reveals that
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the spherical VIO results in a maximum error that is only half that generated by the per-

spective VIO. Also, from the rotational graph it can be seen that the spherical VIO results

in a larger percentage of smaller errors compared to the perspective VIO. Comparing the

translation errors for fisheye and catadioptric, there is no meaningful improvement when

a FoV larger than 180◦ is employed. This can be because of the lower angular resolution

that catadioptric cameras have, which can affect the translation accuracy. However, the

result of rotation errors shows an improvement in the attitude estimation when a cata-

dioptric camera is employed. This improvement is likely the effect of feature tracking

over a 360◦ FoV resulting in more accurate estimation of attitude.

Table 6.4 summarizes the performance of the spherical and perspective VIO as mea-

sured by the Total RMSE, defined as the root mean square of RMSEs, and Average RMSE,

defined as the average of RMSEs along the trajectory. It can be seen that the spherical VIO

outperforms the perspective VIO in terms of both Average and Total RMSE. Considering

the length of the trajectory and the total error for translation, the OVIO using the fisheye

images achieved a translational accuracy of 0.78% of the trajectory length and 0.84% for
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Figure 6.16: 3D estimated trajectories from different integration in the global frame.
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Figure 6.17: Left: Cumulative distribution of the translational errors for the urban canyon
synthetic dataset. Right: Cumulative distribution of the rotational errors on the same
trajectory.

Table 6.4: Comparison of Average and Total RMSE of the proposed spherical VIO on
fisheye and catadioptric VIOs against perspective VIO.

Fisheye Catadioptric Perspective

Average Translational RMSE (m) 1.31 2.1 2.86

Average Rotational RMSE (rad) 0.073 0.044 0.095

Total Translational RMSE (m) 2.3 2.5 3.5

Total Rotational RMSE (rad) 0.08 0.052 0.11

the catadioptric, compared to 1.2% for the perspective. This indicates that through use of

the proposed method a positional accuracy of better than 1 meter is achieved along a 100

meter trajectory. In comparison with similar translational errors submitted on the KITTI

website 3, the achieved accuracy by the OVIO is among the top four reported approaches,

which is a significant result.

3http://www.cvlibs.net/datasets/kitti/eval odometry.php
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6.3.3 Real-World Experiments

To test the OVIO algorithm in a real environment, a sensor board developed for the re-

search and shown in Figure 6.18 was strapped onto the top of a car and driven through a

built up area near the Parkville campus of the University of Melbourne. The sensor board

included a usb3 fish-eye camera providing 185◦ FoV, installed to be upward-looking. This

way, the negative effect of mobile objects (e.g. vehicles, pedestrians), whose presence is

inevitable in urban environments, was removed. Moreover, tracking features from both

sides of the motion trajectory could provide better geometry and thus more accurate po-

sition and rotation estimates. It is also worth noting that an upward-looking camera

ensures sufficient difference between the motion heading and the camera optical axis,

resulting in an imaging geometry which is more suitable for vision-based positioning

(Montiel et al., 2006). However, using a camera facing upwards can decrease the number

of tracked features in areas with low-level buildings, even though the camera is equipped

with a fish-eye lens.

A sample image from the real dataset, along with an image showing the tracked fea-

tures from both sides of the road between two consecutive images, are shown in Figure

6.19. The resolution of the images is 1280× 720 pixels, recorded at about 20 Hz. In total,

5260 sequential images were captured along a 1.3 km-long trajectory. For feature track-

ing, the same algorithm as employed in the synthetic environments was again used. On

average, features were tracked across about 30 sequential images. The maximum num-

ber of camera poses in the state vector was thus set as 30. This value is appropriate for

employment of constraints between the multitude of camera poses in the state vector of

the MSCKF.

The inertial measurements, consisting of accelerations and angular velocity in 3 di-

mensions, were obtained at a frequency of 100 Hz by utilizing MMQG-INS 4. GNSS ob-

servations were collected and used for the initialization of the INS. However, raw inertial

4http://www.unmannedsystemstechnology.c-
om/company/systron-donner-inertial/mmqg-ins-gps/, Accessed: 2017-02-20
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Figure 6.18: The sensors used in the real experiment, these being installed on a board that
was attached to the roof of a car using rubber magnets.

outputs were stored without being corrected by GNSS. In order to synchronize the in-

ertial readings with the images, the local time-stamp of the images was recorded and

precisely converted to GPS time. The difference between Coordinated Universal Time

(UTC) and local time, as well as the leap seconds value, which was 17 on the date of the

experiment, were accounted for. This allowed a comparison of the absolute accuracy of

the vehicle motion estimated by the proposed OVIO against the ground truth obtained

by the surveying grade GNSS antenna, GS 15 (See in Figure 6.18). The frequency of the

ground truth was 1 Hz, resulting in 242 points with centimetre level accuracy for the

evaluation.

In Figure 6.20, top left, a top view of the estimated trajectory overlaid on Google

Earth is shown. The trajectory estimated by the OVIO and the ground truth for the area
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Figure 6.19: Left: A raw image captured by the fish-eye camera looking upward. Right:
Features tracked between two consecutive images.

where precise GNSS was available is also shown in Figure 6.20, top right. The total RMSE

over this part of the trajectory, which was 600 m long, was about 2 m. Thus, a relative

accuracy of 0.33% was achieved, illustrating that the positioning can be kept to better

than 0.5 m within a 150 meter GNSS outage. This accuracy is appropriate for positioning

requirements of many location-based services in both indoor and outdoor environments.

As expected, two key reasons contribute to the development of the localization using

omnidirectional cameras. First, tracked features on a sequence of omnidirectional images

are more likely to be well-distributed surrounding the environment resulting in a more

robust geometry of the triangulation and the bundle adjustment. This can resemble the

position of the satellites for GNSS. The better distribution of the involved satellites over

the user, the more accurate positioning of the GNSS would be achieved. The second

reason, as seen in the experiments, the omnidirectional features are tracked over a longer

window of camera poses leading to more robust and accurate localization.

To assist the reader in understanding the motion characteristics, other estimated pa-

rameters are also shown in Figure 6.20. In the middle left side, the motion velocity is

shown with respect to frame {E}. On the right side, middle, the estimated attitude is

shown in the form of axis angle resolved in the local navigation frame for visualization

purposes only. The local navigation frame is defined with its origin located at the mobile
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Figure 6.20: Top: 2D top view of the estimated trajectory in frame {E} (left), and the
comparison between the estimated trajectory and the GNSS ground truth (right). Mid-
dle: Estimated velocity with respect to frame {E} (right), and attitude with respect to
local navigation frame (left). Bottom: Acceleration and angular rate biases with respect
to frame {B}.
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navigation system, the z axis being vertically downwards, and the x and y axes point to

north and east, respectively. The estimated INS biases associated with acceleration and

gyro outputs, with respect to frame {B}, are also depicted at the bottom of Figure 6.20.

6.4 Summary

In this chapter, two VIO modules, presented in Chapter 4 and 5, have been evaluated.

For stereo VIO, several datasets, collected by KITTI in an urban environment, were used.

As noted in Chapter 4, a key advantage of the stereo VIO is that, in addition to using

image observations along a single sequence of images, the epipolar constraint across the

static stereo pairs of images, captured by a stereo camera system, can be exploited. This

was carried out by matching the features across the stereo images using the approximate

matching method. Furthermore, for the 3D reconstruction, observations from both static

stereo and multiple images in time are used. This way, more robust features contribute to

the update step of the EKF resulting in a more accurate localization. Experimental eval-

uation using three KITTI datasets showed that the stereo VIO outperformed the mono

VIO using the MSCKF, despite the fact that the number of measurements in mono VIO

is generally larger than that in the stereo VIO. This indicates that features tracked from

both static and temporal stereo are more robust, therefore contributing to more accurate

estimation of parameters.

The second VIO module, introduced as OVIO, was experimentally applied on syn-

thetic datasets in both indoor and outdoor environments, so validated the new mea-

surement model projecting residuals onto the tangential plane around each ray. These

experiments highlighted the superior performance of the OVIO over mono VIO using

a perspective camera. However, the experiment using synthetic images taken from a

catadioptric camera showed that position estimation is not necessarily improved when

the FoV increases to more than 180◦, likely due to a reduction in angular resolution. On

the other hand, it can be seen that a significant improvement in attitude estimation was
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achieved, likely due to having features distributed over a larger area of the scene around

the system. The OVIO approach utilizing a real-world video stream captured by an up-

ward looking 180◦ fish-eye camera on top of a car was also experimentally evaluated.

Results showed a small 0.33% drift of the OVIO from the ground truth over the travelled

trajectory. In developing the proposed system, it was aimed to achieve a positional accu-

racy of better than 1 metre over 100 metre GNSS outages. The results of the experiments

with synthetic and real data have illustrated both that this goal was realised, and that the

performance is in accordance with design expectations.





Chapter 7

Conclusion and Future Work

7.1 Conclusion

THE thesis began with a literature review of existing localization approaches. Based

on the selection of a coordinate system attached either to the environment or to the

moving platform, the localization approaches were classified as either absolute or rela-

tive localization. In another classification, systems which exploit only on-board sensors

for a localization purpose were grouped as sensor-fused localization, whereas systems

which employ sensors on-board and off-board were grouped as cooperative localization.

Studying the advantages and disadvantages of each method, the integration of vision

with inertial readings was selected to achieve localization which is real-time, accurate

and continuous. Having investigated various linear and non-linear methodologies of

visual-inertial integration, the MSCKF method was selected due to the fact that this tech-

nique endeavours to utilize the maximum constraints that a visible feature creates from

a sequence of images, while the computation remains linear in the number of features

compared to non-linear methodologies in which the computation is at least quadratic.

The mathematics of this approach was fully described in Chapter 3 and performance of

the MSCKF was tested via a simulation.

In Chapter 4, an enhanced VIO method to robustly track visual features in a sequence

of stereo images was described. The MSCKF algorithm, described in Chapter 3, was fur-

ther improved to benefit from visual observations captured from a stereo camera instead

of a single camera. This way, additional constraints across the stereo images contribute to

99
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the localization resulting in better accuracy. Moreover, due to exploitation of the 3D scene

reconstruction from a stereo image, the system enables a fine initialization shortly before

motion is initiated. Also, combining static with temporal stereo images, the VIO system

benefits from the reconstruction of micro and macro-scale environments simultaneously

providing better localization.

In Chapter 5, a novel VIO approach was introduced that unlike other previous VIOs,

centred upon estimation of localization parameters including position, velocity and atti-

tude through the integration of an omnidirectional camera with inertial measurements.

Since omnidirectional cameras have high distortion, the image plane is not a suitable

space in which to describe the measurement model. Therefore, the measurement model

was introduced on the unit sphere whose centre is coincident with the center of the cam-

era lens. To link 3D scene points to their 2D projections on the image plane and their 3D

corresponding points on the lens, in dioptric cameras, or on the mirror, in catadioptric

cameras, a calibration method, described in Section 5.2, was used. By exploiting omni-

directional images, instead of a perspective camera, features from a larger portion of the

scene being imaged can contribute to the localization, thus improving pose estimation.

In addition, it is less likely that images captured by a camera with a FoV larger than 180◦

will fully covered by moving entities such as vehicles and pedestrians.

Finally, in Chapter 6, the novel new stereo-VIO and the OVIO methods were evalu-

ated. The performance of the stereo-VIO was evaluated using three KITTI datasets. As

seen, despite the fact that the number of measurements in mono-VIO is generally larger

than in the stereo-VIO, the stereo-VIO outperformed the mono MSCKF. This indicated

that features tracked from both static and temporal stereo are more robust, therefore con-

tributing to a more accurate estimation motion and localization of parameters. The per-

formance of the OVIO was experimentally evaluated and validated on synthetic datasets

in both indoor and outdoor environments. These experiments showed the superiority of

the OVIO over an mono-VIO system utilizing a perspective camera. The OVIO approach

utilizing a real-world video stream captured by an upward looking 185◦ fish-eye camera
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on top of a car was also successfully tested experimentally. Results of impressive robust-

ness and accuracy were achieved; these showing a small 0.33% drift over the OVIO from

the ground truth over the travelled trajectory.

7.2 Summary of Contributions

In aiming for the provision of a real-time, accurate and seamless localization system, this

thesis has addressed problems of existing localization systems, particularly the vision-

aided navigations systems. Towards this aim, the thesis made the following principal

contributions:

• A novel stereo-VIO system based on the MSCKF approach, which integrates iner-

tial measurements with visual observations extracted from both static and temporal

stereo pairs through the multi-state constraint Kalman filtering algorithm. The ex-

ploitation of a stereo camera and the MSCKF approach results in a more robust

localization system compared to the conventional MSCKF, which utilizes a mono

camera, and other stereo-VIOs employing a non-MSCKF approach. In fact, on the

one hand, the proposed stereo-VIO improves the robustness of feature tracking by

cross-matching features in static stereo pairs and on the other hand, additional con-

straints across the stereo pairs are fully employed for a visible feature through the

MSCKF approach, resulting in more accurate estimation.

• A novel omnidirectional VIO based on the MSCKF approach, which integrated in-

ertial measurements with visual observations extracted from omnidirectional im-

ages through the multi-state constraint Kalman filtering algorithm. This method,

which was introduced as OVIO, is one of the first vision-aided navigation systems

that estimate 6 DoF ego-motion from the integration of inertial measurements with

image observations taken by an omnidirectional camera. Moreover, because the

MSCKF method is used as an estimator, a large window of camera poses from

which a feature is visible can be augmented in the state vector which results in
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more accurate localization. Also, omnidirectional cameras capture features from a

greater proportion of the operating environment, thus providing better distribution

of features around the system which improves the geometry to a certain degree.

7.3 Perspectives

Although the experiments demonstrated the superiority of the proposed new systems

compared to conventional VIO systems, there exist several aspects that can be taken into

account to achieve better performance.

• Because incremental drift is inevitable in the mechanism of VIO, to completely re-

move the drift over time, the use of external references is necessary. For instance,

the exploitation of information extracted from a Building Information Model (BIM)

or City Information Model (CIM) for indoor and outdoor localization, respectively,

could remove the accumulation error. Another source of external reference could

be from visual landmarks deployed in indoor or outdoor environments. Visual

landmarks such as traffic signs or markings on roads with known coordinates with

respect to a global frame could be beneficial for drift reduction.

• Since the presented VIOs enable the provision of localization with an accuracy of

better than 1 meter over 100 meters, and usually in cities such as Melbourne one can

expect to reach an intersection in 100 meters where a sufficient number of satellite

observations can be received, the integration of the VIOs with the available GNSS

observations at road intersections could assist in correcting drift.

• So far, existing VIOs take advantage of only metric information extracted from the

cameras. Object recognition, known as semantic information, could be associated

with geometric information, resulting in a more reliable localization. Moving to-

ward autonomous navigation, robot operability will be significantly improved if

robot decisions are based not only on metric information, but also on the functional
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attributes and interconnections of the entities in different environments. To utilize

semantic information, the use of algorithms such as deep learning and reinforce-

ment learning are necessary.

• Apart from using a stereo camera or an omnidirectional camera, the integration of

inertial measurements with other types of cameras could be beneficial. One of these

types of cameras is the event-based camera, which is only sensitive to movement

and can capture images at a high frequency. Through integration of this type of

cameras with inertial readings, the precise localization of very dynamic platforms

such as drones will be quite possible.
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Appendix

A.1 3D Scene Reconstruction

In order to estimate the position of the tracked feature, f j, MSCKF uses an inverse-depth

least-squares Gauss-Newton optimization. The input of the optimization is the rectified

image coordinates of feature f j and the corresponding camera poses.

If C f is the first frame in which the feature f j is visible, the position of the feature with

respect to the camera frame {Ci} is given by:

Ci p f j
= CCi

C f

C f p f j
+Ci pC f

= (CCi
C f


C f Xj

C f Yj

C f Zj

+Ci pC f
) (A.1)

By considering αj =
C f Xj
C f Zj

, β j =
C f Yj
C f Zj

, and γj =
1
C f Zj

, (A.1) can be re-cast as:

Ci p f j
=

1
γj


hi1(αj, β j, γj)

hi2(αj, β j, γj)

hi3(αj, β j, γj)

 (A.2)

where hi1, hi2, and hi3 are scalar functions of αj, β j, and γj, respectively. Substituting (A.2)
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into (3.27), the model for a perspective camera is expressed as:

z(j)
i =

1
hi3

hi1

hi2

+ η
(j)
i (A.3)

The vector of camera measurement error used in the least-squares system is then de-

fined as:

r(j)
i (α̂, β̂, γ̂) = ẑ(j)

i −
1

hi3(α̂, β̂, γ̂)

hi1(α̂, β̂, γ̂)

hi2(α̂, β̂, γ̂)

 (A.4)

Computing the entire residuals of feature f j, the estimated value of α, β, and γ can

be obtained and finally the 3D position of feature f j can be estimated by Gauss-Newton

least-squares minimization as:

E p̂ f j
=

1
ρ̂j

CEC f

α̂j

β̂ j

+E p̂C f
(A.5)
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Micušık, B. Two-view geometry of omnidirectional cameras. PhD thesis, Czech Technical

University, 2004.

Montiel, J. M., Civera, J., and Davison, A. J. Unified inverse depth parametrization for

monocular slam. volume 9, P. 1. Robotics: Science and Systems, 2006.

Moravec, H. P. Obstacle avoidance and navigation in the real world by a seeing robot

rover. Technical report, STANFORD UNIV CA DEPT OF COMPUTER SCIENCE, 1980.



116 Bibliography

Moreno-Noguer, F., Lepetit, V., and Fua, P. Accurate non-iterative o (n) solution to the

pnp problem. In Computer vision, 2007. ICCV 2007. IEEE 11th international conference on,

Pp. 1–8. IEEE, 2007.

Mourikis, A. I. A multi-state constraint kalman filter for vision-aided inertial navi-

gation. Technical report, Dept. of Computer Science and Engineering, University of

Minnesota. Available at: www.cs.umn.edu/$\sim$mourikis/tech_reports/TR_

MSCKF.pdf, 2006.

Mourikis, A. I. and Roumeliotis, S. I. A multi-state constraint kalman filter for vision-

aided inertial navigation. In Robotics and automation, 2007 IEEE international conference

on, Pp. 3565–3572. IEEE, 2007.

Muja, M. and Lowe, D. G. Fast approximate nearest neighbors with automatic algorithm

configuration. VISAPP (1), 2(331-340):2, 2009.

Mur-Artal, R., Montiel, J. M. M., and Tardos, J. D. Orb-slam: a versatile and accurate

monocular slam system. IEEE Transactions on Robotics, 31(5):1147–1163. IEEE, 2015.

Newcombe, R. A., Fox, D., and Seitz, S. M. Dynamicfusion: Reconstruction and tracking

of non-rigid scenes in real-time. In Proceedings of the IEEE conference on computer vision

and pattern recognition, Pp. 343–352, 2015.

Newton, I., Motte, A., and Chittenden, N. W. Newton’s principia: The mathematical princi-

ples of natural philosophy. Geo. P. Putnam, 1850.

Ni, K. and Dellaert, F. Multi-level submap based slam using nested dissection. In Intelli-

gent Robots and Systems (IROS), 2010 IEEE/RSJ International Conference on, Pp. 2558–2565.

IEEE, 2010.

Nistér, D. An efficient solution to the five-point relative pose problem. IEEE transactions

on pattern analysis and machine intelligence, 26(6):756–770. IEEE, 2004.

www.cs.umn.edu/$\sim $mourikis/tech_reports/TR_MSCKF.pdf
www.cs.umn.edu/$\sim $mourikis/tech_reports/TR_MSCKF.pdf


117

Nistér, D., Naroditsky, O., and Bergen, J. Visual odometry. In Computer Vision and Pattern

Recognition, 2004. CVPR 2004. Proceedings of the 2004 IEEE Computer Society Conference on,

volume 1, Pp. I–I. IEEE, 2004.

Nistér, D., Naroditsky, O., and Bergen, J. Visual odometry for ground vehicle applica-

tions. Journal of Field Robotics, 23(1):3–20. Wiley Online Library, 2006.

Nistér, D. and Stewénius, H. A minimal solution to the generalised 3-point pose prob-

lem. Journal of Mathematical Imaging and Vision, 27(1):67–79. Springer, 2007.
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