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0. Preliminaries

0.1. Introduction and overview

Chapter (1) starts with a review of deformation quantisation. We make the observation that
what is termed a generator for a cyclic DQ module, or a wavefunction in other literature,
for example in [KS18], should be viewed from a sheaf theoretic perspective, as modules over
a deformed sheaf of algebras. We also reprove an obstruction result for the existence of
quantisation with greater clarity. This chapter is reproduced mostly from our own paper
[Swa22].

Chapter (2) is a description of the topology required by Kontsevich and Soibelman to define
Airy structures in infinite dimensions. In particular we describe the Tate space of differentials.
Apart from an attempt at a clear exposition, we also incorporate details from our joint
paper [Cha+20] proving some geometrical details. Chapter (3) is an algebraic analog for the
coordinate rings on Tate spaces.

Chapter (4) gives the definition of an Airy structure. Airy structures were originally defined
by Kontsevich and Soibelman, [KS18]. Our contribution is an attempt at describing them
from a more algebraic geometric perspective, and a graphical algorithm to compute terms in
some resulting power series.

Chapter (5) explains a process known as symplectic reduction. In particular, we investigate
the symplectic reduction of wavefunctions, which are defined in chapter (1).

Chapter (6) is based on our paper with Paul Norbury, Mehdki Tavakol and Wee Chaimanowong
[Cha+20]. We mostly reproduce the contents of the paper, but it is appropriate here as it
represents a coalescence of the previous chapters into an interesting result.

Previous work, [Cha+20; And+17; Bor+18; EO07] studied various additional aspects of Airy
structures. [Cha+20] was primarily concerned with aspects of symplectic reduction, while
[And+17] studies classifications of Airy structures. Following ideas from Kontsevich and
Soibelman, the overall goal of this thesis is to fill in a missing link, and relate aspects of
Airy structures and topological recursion using deformation quantisation. The deformation
quantisation aspect was not present in [Cha+20] and [And+17], and leads to interesting
insight into the objects known as wavefunctions.
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0.2. Eynard-Orantin Topological recursion

Topological recursion, by Eynard and Orantin [EO07], is a recursive algorithm in two non-
negative integers (g, n), which produces a collection of symmetric, poly-differentials, ωg,n.
Many interesting invariants arising from problems in enumerative geometry and string theory
can be computed by topological recursion, via different choices of the initial data given by
ω0,3 and ω1,1. Topological recursion was first studied in the context of free energies of matrix
models [CE06]. The initial data can be encoded in an object called a spectral curve.

We give a slightly different definition of spectral curve to bridge the difference between the
definition in [EO07] and [KS18]. Let (X,OX) be a scheme over a field k of characteristic
zero, usually C.

Definition 0.2.1 (Weil divisor). A divisor D on X is a formal Z-linear combination

D =
∑
j

kjZj,

where Zj is a codimension 1 subscheme, kj ∈ Z.

Now let (X,OX) be a complex algebraic surface. For any Weil divisor D there is an associated
sub-sheaf OX(D), of the sheaf of rational functions KX on X. D is called Cartier if OX(D)
is an invertible sheaf. Let MX be the sheaf of meromorphic functions.

Definition 0.2.2 (Spectral curve). The tuple (Σ, x, y, B) is called a spectral curve where:

Σ is a Riemann surface.

DΣ is a Cartier divisor.

x ∈ OΣ(DΣ) is a meromorphic function, such that dx ∈ Ω1
Σ(DΣ) is algebraic, and zeros

of dx are simple. Note DΣ allows for arbitrary order poles at points.

y ∈MΣ is a meromorphic function regular at DΣ.

B ∈ H0(Σ×Σ, (Ω1
Σ �Ω1

Σ)(24)) is a global symmetric bi-differential, 4 = diag(Σ×Σ).

Later this data will be specified by a foliation on a symplectic surface X. Σ becomes a curve
in X, Σ→ X. The foliation defines a divisor D, and then DΣ = D ∩ Σ.

Remark 0.2.3. x and y give a local and possibly global embedding of Σ into C2. In the latter
cases, this can be considered a subvariety generated by an ideal 〈P (x, y)〉, in k[x, y], where
P (x, y) is a polynomial.

Consider a spectral curve (Σ, x, y, B). Define the divisor R as the simple zeros of dx:

R = {α : dx(α) = 0}

Consider α ∈ R, and Uα ⊂ Σ be an open neighbourhood around α.
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Definition 0.2.4 (Local Galois involution). A local Galois involution is a map defined locally
around α ∈ R, and must satisfy x(σα(p)) = x(p) for p ∈ Uα, σα(α) = α, σα(p) 6= p, for
p 6= α ∈ Uα.

This definition uniquely determines σα.

Definition 0.2.5 (Recursion kernel). The recursion kernel is a locally defined function
K : Uα × Uα → C.

K(p1, p) = −
1
2

∫ p

σα(p)
dwB(p1, w)

(y(p)− y(σ(p))) dx(p) .

Note the cancellation of the differentials.

From the initial data of a spectral curve (Σ, x, y, B) define two meromorphic differentials,
ω0,1(p1) = y(p1)dx(p1) and ω0,2(p1, p2) = B(p1, p2), and p is a local coordinate on Σ.

Definition 0.2.6 (Topological recursion). Topological recursion is the collection of tensor
products of meromorphic differentials ωg,n ∈ H0((Σ \DΣ)n, (Ω1

Σ)�n), which we call polydiffer-
entials, defined by the quadratic recursive formula as follows:

ωg,n(p1, . . . pn) =
∑
α∈R

Res
z=α

K(p1, p)
(
ωg−1,n+1(p, σα(p), p2, . . . , pn)

+
′∑

g1+g2=g
I1t I2={p2...,pn}

ωg1,#I1+1(p, I1)ωg2,#I2+1(σα(p), I2)
)
,

where the ∑′ denotes excluding (g, n) = (0, 1) terms, σα is a local Galois involution around
α, and # denotes size of a partition.

The polydifferentials ωg,n(p1, ..., pn) are tensor products of meromorphic differentials, and are
symmetric in pi [EO07]. Furthermore they have zero residue poles at pi = α for any zero
α ∈ R of dx, and are holomorphic outside R.

There is a natural choice of symmetric bi-differential B called the Bergman kernel on Σ. First
recall that associated to Σ is a choice of basis of homology:

Definition 0.2.7 (Torelli marked basis). A Torelli marked basis [Ber10], is a choice of 2g
cycles of homology

{a1, . . . ag, b1, . . . bg} ⊂ H1(Σ,Z).

Now let Σ have a Torelli marked basis, with a choice of a-cycles, {ai}i=1,...,g ⊂ Σ.
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Definition 0.2.8 (Bergman kernel). The Bergman kernel B(p, w), is a canonical, normalised,
symmetric B(w, p) = B(p, w), meromorphic, bi-differential on Σ× Σ. It is normalised by∫

p∈ai
B(p, w) = 0 i = 1, . . . , g.

In terms of a local coordinate u on Σ, it is given by

B(p, w) = du(p)du(w)
(u(p)− u(w))2 + holo(u(p), u(w))

where holo means some holomorphic function.

With the choice of Bergman kernel in topological recursion, the ωg,n inherit from B(z, w),
the property that ∫

p1∈ak
ωg,n(p1, · · · , pn) = 0.

Topological recursion depends only on a neighbourhood of the zeros of dx, hence x, y and B
need only be defined locally in these neighbourhoods:

Definition 0.2.9 (Local spectral curve). When x, y and B are only defined locally in a
neighbourhoods of zeros of dx, or a point in R, (Σ, x, y, B) is said to be a local spectral curve.

In chapter (6), x and y will be coordinates around points α in a divisor R, α ∈ R. In this
situation we will use the notation x = uα, y = vα.

Topological recursion can be represented graphically by figure (1). As seen in figure (1), each

+
g1+g2=g

ωg−1,n+1

ωg1,#I1

K

ωg2,#I2

K

=

ωg,n

I1tI2={p2, . . . pn}

Σ

Figure 1: A diagrammatic overview of topological recursion. In this picture g = n = 3, and
only one combination for g1 and g2 is displayed. Boundaries, drawn as a shaded ellipses
represents the number n. Internal holes represent the genus g.

ωg,n can be thought of as having an extra boundary that is capped off. K is visualised as an
object with two free boundaries, no holes (the genus), and a capped boundary, like a pair
of pants. ωg,n has n free boundaries, and 1 capped boundary. When ω•,• is joined with a K
term, that cap is removed exposing a boundary which is glued with a leg of the K term. For
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the ωg−1,n+1 term the uncapped boundary, or a fixed boundary, and a free external boundary
join with the free boundaries of K to increase the genus, for example figure (2). The ωg1,•

and ωg2,• are joined at the uncapped boundary with a K increasing the free boundaries.

K
glue K on

cut off
the cap

Figure 2: An ωg,n having a cap removed before being glued to K to increase the genus.

Visually, imagine setting the width of the tubes in the picture to zero, to produce graphs of
various genus, where a boundary becomes an external vertex in the graph, and the genus
of the blob matches the genus of the graph. Also consider the cap as a specially labelled
external vertex or a root. Of course, there is a potential ambiguity, there are multiple graphs
of genus g. One constraint that will need to be imposed is that all internal vertices will be
degree 3. Then instead of a single graph, it will then be the case that ωg,n is decomposed
into a weighted sum of these possible options. For example figure (3), ω2,3 will correspond
to a sum of these graphs plus permutations. These graphs are distinct from the graphical
sums considered usually for topological recursion [EO07]. Airy structures will describe this
procedure.

Lemma 0.2.10 ([EO07]). ωg,n(p1, . . . , pn) are symmetric under permutations of the pi, where
pi coordinate on Σ.

This was originally proven by Eynard Orantin, but this will also be provable from the Airy
structure perspective.

A closely related object to the ωg,n are the symplectic invariants:

9



ω2,3

Figure 3: Primitives for ω2,3. In particular the graphs will correspond to coefficients of the
function S2,3(x) in chapter (4). The vertex connected to the unfilled circle is the root.

Definition 0.2.11 (Symplectic invariants).

Fg =
∑
α∈R

Res
z=α

(ϕ(p)ωg,1(p)),

where ϕ(p) is a locally defined function so dϕ(p) = ω0,1(p).

These appear in chapter (6). Fg are called symplectic invariants because they are conjectured
to be invariant under a change of the (x, y) of the form

(x, y)→ (a x+ b y, c x+ d y).

where (
a b
c d

)
∈ SL(2,R).

Furthermore, they are independent of the foliation.

Example 0.2.12 (An elliptic curve). Let τ be a complex number in the upper half plane.
Define ℘(z), Weierstrass’s elliptic function [WW21] by

℘(z) = 1
z2

+
∑

m,n∈Z
m2+n2 6=0

(
1

(z +m+ nτ)2 −
1

(m+ nτ)2

)
.

Define x(z) = ℘(z), y(z) = ℘′(z). The Bergman kernel is given by

B(z1, z2) = ℘(z1 − z2) + c(τ) dz1dz2,

where c(τ) is chosen so a-periods vanish. x and y can be shown to satisfy a polynomial
equation of the form

y2 = 4x3 + g2x+ g3,

10



where g2 and g3 ∈ C depend on τ . This defines a spectral curve (Σ, x, y, B), where Σ is a
complex torus C/Λ, where Λ is a lattice in C, Λ = Z+ τZ.

0.3. Poisson schemes

Recall the definition of a Poisson algebra [JO12]:

Definition 0.3.1 (Poisson algebra). Let k be a field. A Poisson algebra, P , is an associative
k-algebra, equipped with an extra operation called the Poisson bracket, {·, ·} : P ⊗k P → P .
The Poisson bracket is bilinear, anti-symmetric, alternating, satisfies the Jacobi identity:

{f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} = 0
and the Leibniz rule:

{f, g · h} = {f, g} · h+ g · {f, h}.

Definition 0.3.2 (Poisson scheme). A scheme (X,OX) is Poisson if OX is a sheaf of Poisson
algebras.

Consider a Poisson variety (X,OX) and a genus g curve Σ inside X, so Σ→ X.

Let B be the deformation space of Σ inside X. The cohomology group
H0(Σ, νΣ) ∼= H0(Σ, KΣ) ∼= Cg

where νΣ is the conormal sheaf, gives first order deformations of Σ inX. For example, Nishinou
proves that any first order deformation can be lifted to any higher order deformations, so
deformations are unobstructed [Nis20]. Then B is a smooth deformation space, of dimension
g, where the tangent space at a point Σ in B can be identified with the cohomology group:

TΣB ∼= H0(Σ, νΣ).
Note that obstructions live in the cohomology group H1(Σ, νΣ),

H1(Σ, νΣ) ∼= H1(Σ, KΣ) ∼= C 6= 0.
Trivial H1(Σ, νΣ) would immediately give unobstructed deformations. In this case however,
we can use, for example [Nis20], to show there are extra conditions, which gives unobstructed
deformations.

Further we have the isomorphism
H0(Σ, νΣ) ∼= H0(Σ, KΣ),

by the adjunction formula:
KΣ ∼= KX/Σ ⊗ νΣ ∼= νΣ.

A particular case of interest is when Σ→ X, where X = T ∗S is the cotangent bundle of an
algebraic surface S. X is naturally equipped with a symplectic form, and singular points of
the symplectic form define a divisor.
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0.4. An example Airy structure in finite dimensions

Let k be a field of characteristic zero. Kontsevich and Soibelman formulated topological
recursion in terms of an Airy structure [KS18; And+17; HR21; Eyn19]. Consider a symplectic
vector space (W,ω). An Airy structure characterises a quadratic Lagrangian subvariety L in
W . Quadratic means L is defined by a collection of polynomials of degree ≤ 2. Note W has
identified with a symplectic affine space.

Example 0.4.1. Consider the complex conic L in A2 defined by the ideal:

I(L) = 〈−y + a x2 + 2 b x y + c y2〉,

so
L = Spec

(
C[x, y]
I(L)

)
.

L is a quadratic Lagrangian subvariety in the symplectic affine space W ∼= A2

Example (0.4.1) is more fully investigated in chapter (1), and provides interesting insight into
the more general problem. For generating the topological recursion invariants however, W
must be infinite dimensional. We consider a 2N -dimensional analog first to give an overview
of Airy structures.

Consider a finite-dimensional symplectic space (W ∼= k2N , ω), and a quadratic Lagrangian
subvariety L ⊂ W ∼= A2N = Spec(k[x1, . . . , xN , y1, . . . , yN ]), with a Zariski tangent space
L = T0L ⊂ W . Note the identification of points in W with an affine space.

Pick a complement V to L in W , so W ∼= L⊕ V. Then observe that the exact sequence

0→ L→ W
ω(·,·)→ L∨ → 0

gives a canonical isomorphism V ∼= L∨, and an isomorphism

W ∼= V ∨ ⊕ V ∼= T ∗(V ∨),

where ∨ denotes the algebraic dual.

When V ⊂ W is chosen to satisfyW = V ⊕V ∨, the splitting ofW by V is called a polarisation
of W . The polarisation defines Darboux coordinates, which are dual vectors:

B = {x1, . . . xN , y1, . . . , yN} ⊂ W∨.

These coordinates are chosen so the symplectic form on W is given by

ω = dxi ∧ dyi,

where xi ∈ V and yi ∈ L. Naturally this gives coordinates on the base V ∨, and on the fibre
V , of the bundle T∨(V ∨). Tensor products of these dual vectors are also naturally identified
with polynomials

O(W ) = k[B∨] ∼= S(W ),
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where S(W∨) ∼= S(W ) is a symmetric algebra.

Finally L = 〈yi〉, and the Lagrangian L can be defined by

L = Spec(k[x1, . . . xN , y1, . . . yN ]/〈Hi〉)

where i ranges from 1 to N , and

Hi = −yi + aijkx
jxk + bkijx

jyk + cjki yjyk.

Note repeated indices mean summation over 1 to N . The coefficients of the Hi form tensors:

A = (aijk) ∈ V ⊗ V ⊗ V,
B = (bkij) ∈ V ∨ ⊗ V ⊗ V,
C = (cjki ) ∈ V ∨ ⊗ V ∨ ⊗ V,

where

(aijk) = aijk x
i ⊗ xj ⊗ xk,

(bkij) = bkij x
i ⊗ xj ⊗ yk,

(cjki ) = cjki xi ⊗ yj ⊗ yk,

after identifying polynomials with tensor products of dual vectors.

From the symplectic form ω, define a Poisson bracket, via {xi, yj} = δij and {xi, xj} =
{yi, yj} = 0. The defining functions of the Lagrangian L must satisfy

{Hi, Hj} = gkijHk (1)

where the gkij are scalars, and are determined from the coefficients of the Hi. The gkij are
called structures constants, and determine a Lie algebra g ∼= L with induced Lie bracket from
the gkij .

The requirement that the Hi are closed under the Poisson bracket in equation (1), gives
constraints on the tensors A, B and C. First, equation (1) will give A ∈ S3(V ) ∼= Sym3(V ),
where S is the symmetric algebra. This means the coefficients aijk are symmetric, so:

aijk = aσ(ijk)

for any permutation σ of i, j and k. Further, the structure constants can be computed
explicitly in terms of bkij:

gkij = 2bkji − 2bkij.
The remaining conditions, corresponding respectively to vanishing of coefficients xixj, xiyj
and yiyj in (1), are homogeneous of degree two in the tensors and given explicitly in definition
(4.2.1).
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Kontsevich and Soibelman, [KS18; And+17; Bor+18] define an Airy structure to be the
collection of tensors, (A,B,C), on a possibly infinite dimensional vector space V satisfying
the appropriate generalisation of the quadratic relationships implied by (1). Contractions of
the tensors (A,B,C) are used to produce topological recursion.

Remark 0.4.2. In infinite dimensions, contractions of these tensors could possibly be ill-
defined, or produce infinite sums. One way to solve this problem is to define some notion of
convergence. An underlying theme in this thesis, is that these contractions will end up being
finite, with only finitely many non-zero terms.

For the case in infinite dimensions, N →∞, will require taking a limit and a colimit over the
y• and x• variables respectively. In this case W becomes a scheme with ind and proinfinite
components.

The quadratic Lagrangian is described at the algebraic level, as an ideal generated by an
infinite collection of quadratic polynomials (although in infinitely many variables) analogous
to the Hi in the example in this section. This is given in Chapter (4).

Remark 0.4.3. When W is infinite dimensional, although there are infinitely many variables,
terms in Hi with only x• variables, for example aijkxjxk, only use finitely many of the x•.
So this is still a polynomial in the normal use of the word. The x• have a strong finiteness
constraint. The reason is that the x• are constructed via a colimit, or depend on the topology
of the underlying vector space, see chapter (3) or chapter (2).

The y• on the other hand behave as polynomials, but are more formal. The y• will allow
arbitrary sums, but there is a finite bound on the degree of any expression involving y. We
still refer to these as polynomials.

Furthermore, taking a formal completion at the point 0, represented by completing the
coordinate ring at the maximal ideal 〈x•, y•〉, and solving for y as a function of x, produces a
formal series which under symplectic reduction, explained in chapter (5), is identified with
an analytic function as seen in chapter (6).

Remark 0.4.4. Note we have identified a symplectic vector space W ∼= k2 with the affine
A2, via a choice of coordinates as usual in algebraic geometry k2 ∼= A2. More generally,
from a vector space W , we can look at the symmetric algebra, R = S(W ∗) which is a ring of
polynomial functions on W . The spectrum of this ring is then some affine space. The affine
space and the vector space are potentially distinct objects. In particular the spectrum is the
data of ideals, while W is just a vector space. However, we can think of W as being k-valued
points, so there is a way to make an identification.

To avoid this issue we just think at the algebraic level in terms of the rings. Initially W
will be equipped with a particular topology, the Tate topology, that will enable us to construct
a symmetric algebra. From this we can consider ideals, and can take quotient rings. We
think of subvarieties, for example L, at this algebraic level in terms of quotients and ideals.
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There is not a particular need to be specific about the underlying space. Indeed, in the infinite
dimensional case, the notion of points in L will be more subtle. It will be the case that formal
neighbourhoods of L in W will contain interesting information. But this is expressible at the
algebraic level as a completion of a ring.

Furthermore, deformation quantisation and the objects like wavefunctions constructed in
this thesis also only appear at the algebraic level. Deformation quantisation replaces a
commutative ring with a non-commutative ring, and the correct notion of space associated
with the non-commutative object is an even more challenging question.

0.5. Results

One key idea of Kontsevich and Soibelman is to study [KS18] the deformation space B of
Σ in X, with the aim to naturally define the recursive relations given in definition (0.2.6).
Associated to Σ is an infinite dimensional vector space VΣ of residueless differentials on Σ.
Consider the quotient vector space, which we denote with ·, so VΣ → V Σ ⊂ H1(Σ,C) of
corresponding cohomology classes. There is an infinite dimensional analog from the example in
section (0.4), where W is now an infinite dimensional symplectic vector space, WΣ = VΣ⊕V ∗Σ ,
a quadratic Lagrangian, and a collection of tensors AΣ, BΣ, and CΣ defining an Airy structure.
Interestingly one purpose of the Airy structure, or the quadratic lagrangian, is to treat the
moduli space B algebraically, albeit in infinite dimensions.

0.5.1.0. Deformation quantisation and Airy structures

The following results explain the connection between deformation quantisation and topological
recursion as understood from the Airy structure perspective. We argue topological recursion,
or more specifically, how it arises from an Airy structure, can be seen as a result of the
deformation quantisation of a sheaf supported on a Lagrangian subvariety L. Deformation
quantisation replaces commutative rings with non-commutative rings.

We propose what is usually termed a wavefunction, which packages the topological recursion
invariants into a single generating function, naturally arises from considering a particular
dual module. In particular, a wavefunction on L, ψL is an element of a dual module defined
from deformation quantisation.

Theorem (0.5.1), shows how these wavefunctions behave under symplectic reduction. In
particular we study a wavefunction ψB, which is defined on a formal neighbourhood of an
intersection between L and another coisotropic space G. Further, conjectured by Kontsevich
and Soibelman [KS18], which we verify in a particular case, is an integral formula relating
several wavefunctions:

Theorem 0.5.1 ([KS18]).
ψB =

∫
ψG ψL
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ψB is also a function on formal neighbourhoods of B.

Note that G needs to be mapped into a bigger space X = W ⊕ G/G⊥, where G⊥ is the
symplectic complement. This is so the image of G in the natural mapW → X is a Lagrangian,
and then this is used to define ψG. In the particular example required for topological recursion,
G is not a graph in W , but with the extension from W to X, it can be written as a graph of
a differential.

In W , and hence in X, as L is a Lagrangian in W , it can locally be written as a generating
function

yi(x•)dxi = dS0(x•),

which we also write as
y = graph(dS0(x•)).

Similarly the image of G as a Lagrangian in X, is also written as

(y•, w•) = graph(dQ(x•, z•)),

where w•, z• terms depend on the extension, and Q is a quadratic. The corresponding
wavefunctions contain a lot of geometric data, in particular they contain the integral of the
generating functions. To order 1/}:

ψL(x•) = exp
(1
}
S0 +O(}0)

)
,

where we write O(}0) to mean some additional function expanded in a series of }, starting
with order }0. Also

ψG(x•, z•) = exp
(1
}
Q(x•, z•)

)
.

The relationship between ψL and ψB, in theorem (0.5.1), follows from an algebraic expression
of B in infinite dimensions, B̂ ∼= L ∩G, where B̂ → B is a formal neighbourhood of a point.

B embeds as a Lagrangian B → H = G/G⊥ = H1(Σ,C). B is also locally represented by the
graph of the prepotential F0(z•), graph(dF0), with respect to the polarisation

H = T ∗H0(Σ, KΣ).

So we prove the wavefunction on B is of the form:

Proposition 0.5.2.

ψB = exp
(1
}
F0 +O(}0)

)
. (2)

This proposition is a new result, and appears later in chapter (6), in proposition (6.12.1).
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This behaviour is captured exactly by an integral of the form:

exp
(1
}
F0(z•) +O(}0)

)
=
∫
Dx• exp

1
}

Q1(x•, z•) +Q2(z•, z•)︸ ︷︷ ︸
=Q


 exp

(1
}
S0(x•) +O(}0)

)
,

where Dx• means integration over all the x• variables. This provides an alternative proof for
the next result, which is also a generalisation of work done by Baraglia and Huang [BH19].

0.5.2.0. Deformation of curves in surfaces

A new result, published in joint work of ours [Cha+20], is that the tensor AΣ can be used to
produce the Donagi-Markman cubic. This generalises the result of previous work by Baraglia
and Huang [BH19]:

Theorem 0.5.3. The image of the tensor AΣ under the quotient map VΣ → V Σ is the tensor
ĀΣ, which is the Donagi-Markman cubic

VΣ ⊗ VΣ ⊗ VΣ −→ V Σ ⊗ V Σ ⊗ V Σ (3)
AΣ −→ ĀΣ.

Theorem (0.5.3) appears in chapter (6), theorem (6.11.3).

However, understanding B as a reduction, and the associated wavefunction adds additional
insight into this theorem. The proof of theorem (0.5.3) in [BH19] is classical. In this thesis,
we understand this also as a consequence of quantisation.

Consider 2g coordinates {z1, . . . , zg,w1, . . .wg} on H1(Σ,C), which are respectively given by
integrating along ai and bi periods of some differential [ϑ], which is given explicitly in chapter
(6).

The prepotential is a function F0(z•,w•), satisfying:

wi =
∂F0

∂zi
, i = 1, . . . , g

and also
∂2F0

∂zi∂zj
= τij

∂3F0

∂zi∂zj∂zk
= aΣijk

which defines the tensor
ĀΣ ∈ V Σ ⊗ V Σ ⊗ V Σ,

so
ĀΣ ∼= aΣijkz

izjzk.
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Note that w• and F0 can be expanded purely in terms of z• which is the expression F0(z•) in
the wavefunction ψB:

Proposition 0.5.4.

ψB(z1, . . . , zg) = exp
( 1
2 }

(
zj wj(z•)

)
+O(}0)

)
(4)

This appears in chapter (6), proposition (6.12.2).

In chapter (6) we explicitly compute some terms in F0. Now we note that the generating
function

S0(x•) =
1
3aijkx

ixjxk + . . . ,

for L̂, explicitly contains a degree 3 term giving AΣ = aijkx
ixjxk. The wavefunction on L is

of the form:

ψL(x•) = exp
(1
}
S0(x•) + . . .

)
= exp

( 1
3}aijkx

ixjxk + . . .
)
.

It has to precisely be the case that the degree 3 term in F0 matches precisely with the
reduction of AΣ, AΣ = aΣijkz

izjzk. This is encoded in the wavefunction:

ψB(z1, . . . , zg) = exp
( 1
2 }τijz

izj
)
exp

( 1
3 }aΣijkz

izjzk + . . .
)
.

Note the degree 2 term is from how B is defined as an intersection.
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1. Deformation quantisation

Broadly, quantisation is an algorithm that embeds a commutative algebra inside a non-
commutative algebra, preserving some structure. One approach to quantisation is deformation
quantisation [Che18; GJS19; Kon01; Bar+16; AE05; Kon03], motivated by quantisation in
physics. Let k be a field of characteristic zero. Deformation quantisation seeks to replace
a commutative k-algebra A with a non commutative k[[}]]-algebra A}, such that under
the quotient map A}/(}A}) ' A. Note that deformation quantisation is generally not a
quantisation rule for sections, a ∈ A→ a} ∈ A}, instead it is a global operation replacing an
entire algebra or sheaf of algebras.

Deformation quantisation can be applied to many different objects, for example the deforma-
tion quantisation of functions on a Poisson manifold by Kontsevich [Kon03]. More generally
for algebraic varieties and schemes one considers the deformation quantisation of sheaves,
such as in [Yek05; Kon01]. It is even possible to consider fields with positive characteristic
[Kon09].

In this chapter we first give a brief overview of deformation quantisation. Next we discuss the
sheaf theoretic interpretation of a wavefunction. Not to be directly confused with the term
as used in physics, wavefunctions are generators of modules over a non-commutative algebra
analogous to A}. These wavefunctions are studied in the context of topological recursion and
quantum curves, where they contain interesting enumerative data [Nor15].

In the context of quantum curves, a wavefunction ψ(x), is a WKB (an initialism for Wentzel
Kramers Brillouin) solution to a differential equation of the form Ĥψ(x) = 0, where Ĥ is an
operator. The WKB method means looking for a series of the form

ψ(x) = exp
(∑

}gSg(x)
)
,

where } is a formal parameter. One commonly asked question, for example in [Nor15; Dim13;
GS12], is if there is a canonical or natural way to relate an operator Ĥ ′(x, }∂) and a planar
curve H(x, y) ∈ k[x, y]. In this paper, we try to motivate, with an example, a sheaf theoretic
explanation arising from deformation quantisation. From this perspective, the answer is no,
there are multiple choices of Ĥ which in the classical limit (a quotient by }) produces a curve
H(x, y). Deformation quantisation embeds a commutative algebra A within an algebra of
operators A}, so there is not a natural isomorphism between A-modules and A}-modules.

Given a variety X = Spec(A), we consider when there exists a deformation quantisation of A,
given by A}. Inside X, consider a subvariety L ⊂ X, corresponding to the quotient E = A/I.
The quantisation of L is represented by a A}-module, E} which under a quotient map by }
recovers E = A/I. The algebra E} is isomorphic with operators on L. Correspondingly a
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wavefunction is an element of the dual module E∗} , which is the space of maps from E} to A}.
Intuitively, the dual of an operator is something like a function, they pair with a function to
produce another function. Later X will be Poisson and L will be required to be coisotropic.

Deformation quantisation is commonly achieved by taking the equations of the defining ideal
I, and then looking at the quantisation I}, which is represented by differential operators on
X. A wavefunction is also seen as a solution, or an annihilator, to these differential equations.

So the purpose of this chapter is to highlight that wavefunctions arise from deformation
quantisation. As an example we construct a wavefunction for the planar conic in section
(1.5), which gives rise to the Airy equation [Air38].

Note this chapter is mostly based on our own paper [Swa22], with some edits and corrections.

1.1. Non-commutative formal deformations of the structure sheaf

Let (X,OX) be a scheme over Spec(k), where k is a field of characteristic zero.

Definition 1.1.1 (Formal deformation). A formal deformation of (X,OX) is a sheaf A} of
k[[}]]-flat, associative k[[}]]-algebras on X with the constraint that

0→ }A} → A} → OX → 0, (1.1)

is exact.

In particular, for deformation quantisation, we consider when these are non-commutative
k[[}]]-algebras.

Alternatively, the formal deformation of OX is a sheaf A}, which fits into the pullback square,
induced from the sequence (1.1):

OX ⊗k[[}]] A} ∼= OX A}

k k[[}]]

Remark 1.1.2. Deformations are often seen in commutative contexts. For example in
[Har09], a deformation refers to a family of commutative algebras giving rise to schemes. In
particular [Har09], a deformation of a scheme X0, is a flat map of schemes X → S such that
there is distinguished point in S, so X0 fits into the following pullback diagram:

X0 X

{pt} S
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The similarity between the deformations in [Har09] and the deformations appearing here in
deformation quantisation is the flatness of A} as a k[[}]]-module, and the pullback square, even
though there is not necessarily a spectrum or space associated to A}. The other difference is
that there is no requirement for commutativity. Deformations in general usually only require
some associative structure [KY91]. Another example of a non-commutative deformation
could be super-schemes [CF07], which are Z2-graded algebras. There is a similar notion of a
pullback square with a commutative algebra.

A formal deformation of (X,OX) is a limit A} given by successive non-commutative k[}]/}n-
deformations, to give A}, a k[[}]]- deformation.

OX A1 . . . A}

k k[}]/}2 . . . k[[}]]

Remark 1.1.3. The isomorphism A} ∼= OX ⊗k[[}]] }A} in diagram (1.1) is called an augmen-
tation.

Definition 1.1.4 (Star-product). Let f, g ∈ A} be sections. A star product, [Col16], is a
k[[}]]-bilinear, associative, map ? : A} ⊗k[[}]] A} → A} given by the formal sum:

f ? g =
∑
k

ωk(f, g)}k (1.2)

such that ω0 = prod, and ωk is a k[[}]]-bilinear map.

Corollary 1.1.5. A choice of star product gives a formal non-commutative deformation of
OX .

In particular, for deformation quantisation, this star-product will be required to satisfy extra
constraints.

The requirement that ? is associative, recursively places constraints on ωk. Associativity of ?
means that:

(f ? g) ? h = f ? (g ? h).

Substituting in the definition of ? as a formal power series, and using the initial condition
ω0(f, g) = fg, shows that ωk, for k ≥ 1 must satisfy the recursive formula:∑

j,k

}j+kωj(ωk(f, g), h) =
∑
j,k

}j+kωk(f, ωj(g, h)). (1.3)

For example, looking at order O(}) terms gives the condition that ω1 must satisfy:

ω1(fg, h) + ω1(f, g)h− ω1(f, gh)− fω1(g, h) = 0.
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Remark 1.1.6. Note that in general, the existence of a star product is not guaranteed. At
some point, solving for ωk can fail.

If we denote ?g as a star product truncated to powers of }g−1, a formal deformation is given
by a limit limg(OX ⊗k k[}]/}g, ?g) = (OX [[}]], ?)

1.1.1.0. Deformations of sheaves of OX-modules

Let (X,OX) be a scheme over Spec(k). Let F be a quasicoherent sheaf of OX-modules, and
so consider F as a sheaf of k-modules.

Consider a formal deformation A} of OX . The formal deformation of F as a k-module is
given by:

Definition 1.1.7 (Formal deformation of a sheaf). A formal deformation of a sheaf F of
k-modules is a sheaf F} of k[[}]]-modules, such that F} is k[[}]]-flat and satisfies:

0→ }F} → F} → F → 0.

There are conditions on the existence of non trivial deformations. Theorem (1.2.19) is an
obstruction to the existence of a particular formal deformation in the case of a Poisson scheme.
Further note that the flatness condition rules out OX and similarly F as a deformation, as
OX or F , is not flat as a k[[}]]-algebra.

There is the possibility of multiple deformations, Let E} and F} be sheaves of k[[}]]-modules. It
can be the case that E} � F}, but E}/}E} ∼= F}/}F} = E, where E is a sheaf of OX-modules.

It is necessary to consider formal deformations in a neighbourhood of } = 0. Although
sometimes written as setting }→ 0, this is not a well defined operation.

Definition 1.1.8 (Localisation). Define F loc
}
∼= F} ⊗k[[}]] k((})), as the localisation at }.

Example 1.1.9. Consider A} = k[[}]]. Then Aloc
} = k[[}]][}−1] ∼= k[[}]][λ]/(}λ− 1) ∼= k((})).

It will be necessary to allow } to be invertible. Although in certain examples, deformation
quantisation will produce a space of operators, there is not necessarily a corresponding space
of solutions, unless } is allowed to be invertible or non-zero. We will show this in the example
of the conic, example (1.5.1). This naively makes sense, as quantum objects do not necessarily
need to have a classical limit.

Example 1.1.10. The star product defines a Poisson bracket under restriction to OX .
1
} (f ? g − g ? f) restricted to OX is a Poisson bracket.

Deformation quantisation of a Poisson scheme/variety is the inverse problem to example
1.1.10. Starting with the data of a Poisson scheme/variety, deformation quantisation is a
formal deformation such that the star product recovers the Poisson bracket mod }. An
example (1.2.7) of such a star product is called the Moyal product.
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1.2. Deformation quantisation

Starting with the data of a Poisson scheme or variety, what is termed deformation quantisation
in the literature, for example [Yek05], is a formal non-commutative deformation with a choice
of star product which recovers the Poisson bracket mod }. Deformation quantisation is the
inverse problem to example (1.1.10). Deformation quantisation is a choice of star product
that agrees with the Poisson structure. Note that deformation quantisation occurs at the
level of functions, the meaning of some space associated to these non-commutative objects is
not clear.

Note in the following sections, for a moduleM0, we use the notation thatM0[[}]] = limn(M0⊗k
k[[}]])/(1⊗k })n.

1.2.1.0. Poisson bi-vectors and bi-maps

Let (X,OX) be a Poisson scheme over a field k, which means it is equipped with a Poisson
bracket, a skew-symmetric bilinear map on sections {·, ·} : OX ⊗k OX → OX , satisfying the
Leibniz rule and the Jacobi identity. The data of a Poisson bracket is captured in an object
called a Poisson bi-vector :

Definition 1.2.1 (Poisson bi-vector). A Poisson bi-vector is a choice Π ∈ H0(X,∧2 TX),
such that for local sections f, g : OX , the Poisson bracket is computed via

{f, g} = (df ⊗k dg)(Π) =
∑
i<j

πij∂if∂jg. (1.4)

where Π = 1
2π

ij ∂
∂xi
∧ ∂

∂xj
, and πij is skew-symmetric.

Example 1.2.2. A bi-vector identified with derivations acts as map OX ⊗k OX → OX . It
takes a pair of functions and produces a function, via the formula

(X ∧ Y )(f ⊗k g) = X(f)Y (g)− Y (f)X(g).

Alternatively a bi-vector can be evaluated by a bi-differential to produce a function.

Consider a two dimensional example with canonical coordinates (x1, x2), so π12 = 1, π21 =
−π12, π11 = π22 = 0, and

Π = 1
2π

ij ∂

∂xi
∧ ∂

∂xj
= ∂

∂x1
∧ ∂

∂x2
.

Taking the differential (df ⊗ dg) and evaluating on Π gives

(df ⊗ dg)(Π) = ∂f

∂x1

∂g

∂x2
− ∂f

∂x2

∂g

∂x1
.

This matches the application
∂

∂x1
∧ ∂

∂x2
(f ⊗ g) = ∂f

∂x1

∂g

∂x2
− ∂f

∂x2

∂g

∂x1
.
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Closely related to the bi-vector Π, is an endomorphism π, such that π : OX⊗kOX → OX⊗kOX .
π is built from the coefficients of Π, as follows:

π(f ⊗k g) = πij∂i(f)⊗k ∂j(g).

The difference between the two is an application of a natural linear map prod : OX ⊗k OX →
OX , which is the pointwise product of functions:

prod(f ⊗k g) = fg.

Composing π with prod gives the Poisson bracket:

prod ◦ π(f ⊗k g) = {f, g}.

Note that prod ◦ π satisfies the property, prod ◦ π(f ⊗k g) = −prod ◦ π(g ⊗k f), by the
skew-symmetry of the πij.

Definition 1.2.3 (Poisson endomorphism or bi-map). Define the map π : OX ⊗k OX →
OX ⊗k OX to satisfy:

prod ◦ π(f, g) = {f, g}.

Formal Poisson structures

Definition 1.2.4 (Formal Poisson structure). A formal Poisson structure, is any extension
of a bi-vector, equation (1.4), by a formal power series:

Π} =
∞∑
g=1

Πg}g−1 ∈ H0(X,
∧2 TX)[[}]],

where Π1 = Π, such that Π} is a Poisson structure on OX [[}]].

There are corresponding endomorphisms or bi-maps associated with Πg like the Poisson case.

There is the question of what formal Poisson structures correspond to a formal deformation
of a Poisson scheme. For example, does a formal Poisson structure correspond to a star
product. The next section we give one particular answer to this, in terms of a special star
product constructed as an exponential.

1.2.2.0. A deformation quantisation of Poisson schemes

A deformation quantisation of a Poisson scheme OX , is a sheaf A} = OX [[}]] equipped with a
star product [CI05; Kon03; Gro46] that recovers the data of the Poisson bi-vector under the
quotient by }, and gives OX [[}]] a formal Poisson structure. Note that this is not yet fully
analogous to a quantisation as used in physics, as there is no Hilbert space. A} = OX [[}]] is
analogous to a phase space representation of operators in quantum mechanics. Looking for a
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Hilbert space of functions on which these operators act, or more specifically an A}-module is
a more complete analogy.

Given a Poisson bracket or bi-vector Π, and an associated bi-map π, a star product ?π, is
constructed by requiring, that:

[f, g] = f?πg − g?π f = }{f, g}+ }2Π1(f, g) +O(}3),

and the higher order terms correspond to a formal Poisson structure Π}.

Higher order terms are chosen or constructed recursively to satisfy associativity. ?π contains
half the information of the formal Poisson structure. One solution to this problem, when the
formal Poisson structure is simply iterated applications of Πg = prod · πg, is the following
star product:

Definition 1.2.5 (Star-product associated to a Poisson bi-vector). Associated to Π, define a
star product ?π : A} ⊗k[[}]] A} → A} locally via the series:

f?πg = prod ◦ exp
(
}
2 π

)
(f ⊗ g), (1.5)

f?πg = fg + 1
2} π

ij ∂if∂jg +
1
4}

2πikπjl ∂i∂jf∂k∂lg +O(}3). (1.6)

Non commutativity is given by the skew-symmetry of π. This star product is chosen or
constructed because it gives a representation into a Weyl-algebra, as we see in example
(1.5.1). Let W} be a Weyl-algebra ϕ : A} →W}. This star product is constructed to satisfy
ϕ(f ? g) = ϕ(f) · ϕ(g), where · is a product of operators.

Remark 1.2.6 (Notation in definition (1.2.5)). Note in this definition, exp is the formal sum
exp(s) = id + s+ 1

2s
2 + . . .. Here id is the identity map id(f ⊗ g) = f ⊗ g. prod is pointwise

function multiplication, prod(f ⊗ g) = fg. Also · is function composition.

Powers of π refer to iterated application

πk(f ⊗ g) = πk−1(π(f ⊗ g)).

The endomorphism π is needed because there is no natural way to compose bi-vectors Π.

The coefficient of } in ?π is identified with a coefficient of Πg in a formal Poisson structure.
The star product is also found by fixing ω0 = prod · id, ω1 = prod · π, and ωk = prod · πk in
the definition of the star product (1.2). A good reference on expanding out the star product
and solving for explicit coefficients is [KV08].

Modulo }2, the star product ?π recovers the Poisson bracket when applied to sections of OX

in Aloc
} , η : Aloc

} → OX , η(f?πg) = fg. Then
1
}
(f?πg − g?πf) = {f, g}+O(}). (1.7)
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A famous example of such a star product is the Moyal product, defined in the case of a linear
Poisson manifold.

Example 1.2.7 (Moyal product). Consider the smooth symplectic case X = T ∗C, dim(X) =
2n with local coordinates {x1, . . . , xn} on a fibre. Let π : O(X)⊗O(X)→ O(X)⊗O(X) be
skew-symmetric and written in terms of local coordinates as:

π(f ⊗ g) = πij ∂f

∂xi
⊗ ∂g

∂xj
.

In this case there is a star product called the Moyal product, ?M on A} = O(X)[[}]]. So
expanding formula (1.5) gives:

f?Mg = f · g + 1
2}π

ij ∂f

∂xi
· ∂g
∂xj

+ }2

4 π
ijπkl ∂f

∂xi∂xk
· ∂g

∂xj∂xl
+O(}3),

where repeated indices are summed over.

The Moyal product from example (1.2.7), is representable as the formal expansion of a formal
Gaussian integral:

Lemma 1.2.8 ([Bak58]). If ?M is the Moyal product per example (1.2.7), then:

f?Mg(q) =
1
Z

∫
X
DpDs f(p)g(s) exp

(
− 1
2}ω(p− q, s− q)

)
,

where ω is the quadratic form given by ω = (π−1) , Z =
∫
DpDs exp

(
− 1

2}ω(p, s)
)
.

This result is originally due to [Bak58, p. 2199], equation (3”). In finite dimensions, Z is
given by a determinant.

Proof. Integrating over x = (p, s) as a Gaussian integral shows the correspondence:

1
Z

∫
Dx prod ◦ (f ⊗ g)(x) exp

(
− 1
2}Q(x− q ⊗ q, x− q ⊗ q)

)
,

where Q is represented as a block tensor, Q = 1
2

(
0 π
π 0

)
, so

= const ∗ prod ◦ exp
( 1
2}(Q)

−1
ij ∂i ⊗ ∂j

)
(f ⊗ g)(x)

∣∣∣
x→(q,q)

.

So, the deformation quantisation of (X,OX) is a sheaf A} of k[[}]]-flat modules, equipped
with a star product, such that the star product recovers the Poisson bracket via equation
(1.7).
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Definition 1.2.9 (Deformation quantisation of structure sheaf). Let (X,OX) be a Poisson
variety with a bi-vector Π. A deformation quantisation of OX is given by the sheaf A} = OX [[}]],
equipped with a star product ?π.

This result can be found in [Yek05]. Note that this does not necessarily correspond to
quantisation from physics. Deformation quantisation has simply produced a non-commutative
space of operators. In physics, quantisation also seeks to construct a Hilbert space of functions.
Correspondingly we need to look for duals of A}-modules, which is analogous to a Hilbert
space. We give an example of the entire process in example (1.5.1). The conditions on the
existence of these extra modules is also an interesting question [GS12, section 2.4, page 15].

Flatness is a technical condition, required to exclude the classical objects OX counting as a
deformation quantisation of itself. A good reference for flatness can be found in [Lan05]. We
reproduce a definition here for modules over a ring R. Recall a functor is exact if it preserves
exact sequences. Let

0→ K → L→ S → 0,

be an exact sequence of R-modules. Let M be an R-module.

Definition 1.2.10 (Flatness). M is a flat R-module if the functor given by F (S) = S ⊗R M
is exact, for any R-module N . This means

0→ K ⊗R M → L⊗R M → S ⊗R M → 0

is also exact.

OX is not sheaf of flat k[[}]]-modules.

Lemma 1.2.11. OX is not a sheaf of flat k[[}]]-modules.

Proof. Let I} = 〈}〉. Consider the injective map of k[[}]]-modules:

0→ I}
φ→ k[[}]],

where φ(f) = f , is inclusion. Now tensoring by OX :

I} ⊗k[[}]] OX
Φ→ k[[}]]⊗k[[}]] OX .

Now k[[}]]⊗k[[}]] OX
∼= OX , so the induced map m⊗ f → φ(m)⊗ f cannot be injective.

Lemma (1.2.13), describing flat k[[}]]-modules, requires an important result from commutative
algebra:

Lemma 1.2.12 ([Sta22]). Let R be a Noetherian ring and I be an ideal. Then the completion
of R with respect to I, R̂I is a flat R-module.
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Lemma 1.2.13. Let M0 be a k-module. Then M0[[}]] is a flat k[[}]]-module.

Proof. The completion M0[[}]] is flat over M0 ⊗k k[[}]] by lemma (1.2.12), where we use
I = 1⊗ }. M0[[}]] is the completion of M0 ⊗k k[[}]] by 1⊗ }:

lim
n

M0 ⊗k k[[}]]
(1⊗k })n

∼= lim
n
M0 ⊗k

k[}]
}n
∼= lim

n

M0[}]
}n

∼= M0[[}]].

Then M0 ⊗k k[[}]] is flat over k[[}]], so M0[[}]] is flat over k[[}]].

Properties of the exponential star product

There is a natural gauge transform for Poisson and formal Poisson structures. Let ?π be a
star product associated to Poisson bi-vector Π. Let Π→ Π+ Γ be a gauge transform of a
Poisson bi-vectors, where Γ ∈ H0(X,∧2TX), Γ = 1

2γ
ij ∂

∂xi
∧ ∂

∂xj
, and γij = γji. Define a bi-map

γ : OX ⊗OX → OX ⊗OX associated to Γ as before. Then Π + Γ defines a corresponding
star product ?π+γ as follows:

Lemma 1.2.14. There is an isomorphism, (OX [[}]], ?π) ∼= (OX [[}]], ?π+γ), given by a map
ψ : OX [[}]]→ OX [[}]]

ψ(f) = exp
(
}
4 γ

jk∂j∂k

)
f = exp

(
}
2 ŷ
)
f. (1.8)

where ŷ = 1
2γ

jk∂j∂k. Correspondingly the star product is given by:

f?π+γg = prod ◦ exp
(
}
2(π + γ)

)
(f ⊗ g)

Proof. We are required to show:

exp
(
}
2 ŷ
)
◦ prod ◦ exp

(
}
2π
)
= prod ◦ exp

(
}
2(π + γ)

)
◦
(
exp

(
}
2 ŷ
)
⊗ exp

(
}
2 ŷ
))

.

First note, via the product rule,

ŷ ◦ prod(f ⊗ g) = prod ◦ (ŷf ⊗ g + f ⊗ ŷg + 1
2γ

jk∂jf ⊗ ∂kg +
1
2γ

jk∂kf ⊗ ∂jg)

= prod ◦ (ŷf ⊗ g + f ⊗ ŷg + γjk∂jf ⊗ ∂kg).

So

exp
(
}
2 ŷ
)
◦ prod ◦ exp

(
}
2π
)
= prod ◦ exp

(
}
2(π + id⊗ ŷ + ŷ ⊗ id + γ)

)

= prod ◦ exp
(
}
2(π + γ)

)
◦
(
exp

(
}
2 ŷ
)
⊗ exp

(
}
2 ŷ
))
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This extends more generally. Suppose for now (X,OX) is not necessarily Poisson. This
exponential form of the star-product in general does not rely on a Poisson structure, only
a bi-map, but there is always a skew-symmeterisation which may correspond to a Poisson
structure. Consider the star product associated to any bi-map τ : OX ⊗OX → OX ⊗OX (τ
not necessarily skew-symmetric):

Definition 1.2.15 (Star product associated to a bi-map). Let τ be non-symmetric.

f?τg = prod ◦ exp
(
}
2τ
)
(f ⊗ g)

The star product ?τ is isomorphic to ?τskew. With the skew-symmeterisation of τ , so τ →
τskew = 1

2

(
τ − τT

)
, choose γ = 1

2

(
τ + τT

)
, then via the isomorphism in equation (1.8),

?τ → ?τskew .

One extra observation, for skew-symmetric bi-maps, composition with a permutation P :
OX ⊗OX → OX ⊗OX , where P (f ⊗ g) = −g ⊗ f also gives a Poisson structure.

Lemma 1.2.16. Let π be skew-symmetric. Then

π̃(f ⊗ g) = π ◦ P (f ⊗ g) = −πij∂i(g)⊗ ∂j(f),

also defines a Poisson bracket.

π̃ also satisfies the Yang-Baxter equation:

(id⊗ π̃) ◦ (π̃ ⊗ id) ◦ (id⊗ π̃) = (π̃ ⊗ id) ◦ (id⊗ π̃) ◦ (π̃ ⊗ id),

applied to a section f ⊗ g ⊗ h ∈ OX ⊗k OX ⊗k OX .

Further with Π̃ = prod · π̃, ?π̃ also defines a star product equivalent to ?π.

Proof. Check with direct computation and use skew-symmetry, −πij = πji, and then relabel
the terms.

So πk terms in the star product are diagrammatically braiding two threads together k times.

In summary, the star product ?π, gives a way to replace the standard commutative product
of functions by a non commutative, associative product. The purpose of the star product
?π from definition (1.2.5), is that when OX is a ring of polynomial or formal polynomials
functions on a completion, (A}, ?π), is representable by a Weyl-algebra or formal completion
of a Weyl-algebra in section (1.3.1).
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1.2.3.0. Coisotropic subschemes and an obstructions to existence

Let (X,OX) be a Poisson scheme. Let the deformation quantisation of OX be given by
A} = OX [[}]] as sheaf of k[[}]]-algebras. Let A} be equipped with the star product per
definition (1.2.5). An important question is what obstructions are there for the existence of a
sheaf F} of A} modules.

It is possible to find an obstruction, which has a geometric meaning, by considering torsion.
For a module M over a ring R:

Definition 1.2.17 (Torsion element). An element m in M is a torsion element, if there
exists an r in R such that rm = 0.

M is a torsion module if all its elements are torsion elements. M is S-torsion if the r form a
subring S.

Flatness implies torsion free, while the converse is only true in Prúfer domains. For a flat
R-module M :

Lemma 1.2.18. If M is flat over R, then M is torsion free over R.

Proof. We sketch the commutative case first. This extends to non-commutative R by
considering left and right modules and annihilators. The goal is to show AnnR(M) = 0.

Suppose for a contradiction M is flat, but there exists a non zero r ∈ AnnR(M). Consider
the sequence

0→ R→ R

given by multiplication by r. If M is flat then

0→ R⊗M → R⊗M.

But r is an annihilator, so this must be the zero map, and hence this is a contradiction.

Let the deformation quantisation of (X,OX) be given by A} = (OX [[}]], ?π) as before. Suppose
there exists a deformation quantisation of a sheaf F , given by F}. If F} is flat over k[[}]], then
this implies that F} must be }-torsion free. Then }-torsion free gives the constraint, proven
below in theorem (1.2.19), that the support of the sheaf F ∼= F}/}F} must be coisotropic.
Recall coisotropic means F is defined by an ideal sheaf closed under the Poisson bracket. A
maximally coisotropic sheaf corresponds to a Lagrangian subscheme.

Let F be a sheaf of OX-modules, defined by a sequence

0→ J → OX → F → 0.

Recall F is coisotropic if J is closed or involutive under the Poisson bracket. Consider a
sheaf F}.
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Theorem 1.2.19 ([Bar+16]). Suppose the sheaf F} of A}-modules is defined by an ideal
sheaf J}:

0→ J} → A} → F} → 0.

For this quotient to restrict to the sequence for F , modulo }, such that F} is }-torsion free,
then the support of F in X must be coisotropic.

The idea of the proof is to show that given a deformation quantisation, and two elements
that restrict to elements of an ideal sheaf, their star product restricts to a Poisson bracket,
and then this forces the ideal sheaf to be closed under the Poisson bracket.

Proof. Consider the subsheaf J} of A} which maps to J in the quotient by }J}

Then J} acts on F} via the star product, J} ⊗k[[}]] F} → F}. The image of this action is }F}.

This is because a section of J} can be written as f +O(}), where f ∈ J . Acting on F}, as f
annihilates any O(}0) terms in F}, so elements of F , this leaves O(}) terms which is }F}.

Define the sheaf [J},J}] := {f ?π g − g ?π f, f, g ∈ J}}. Then similarly consider an action
[J},J}]⊗k[[}]] F} → F}, which has an image contained in }2F}.

This is because successive applications of f and g on F}, yield (f?πg)F} = f(gF}) ⊂ f(}F}) ⊂
}2F} (where ⊂ means as a subsheaf).

Finally consider the action by 1
} [J},J}] on F}. Similarly to above, this action has an image

}F}.

Then under the quotient map by }F}, }F} → 0, [J},J}] acting on F}, maps to {J ,J } acting
on F .

However the image of {J ,J } in the quotient is zero, so this says {J ,J } annihilates F .

Hence J is closed under the Poisson bracket.

Remark 1.2.20. Note J} 6= J [[}]]. In some later examples J}(U) =
∑

i A}(U) ? Ji where
the Ji are minimal collection of generators from J (U) = 〈Ji〉, but it is important to note the
ring structure is different. J}(U) is generated with the star product, while J (U) just uses the
commutative product.

A further corollary of lemma (1.2.19) is that we cannot find an A} }-torsion free module
supported at a point. An example is the sky scraper sheaf associated to a point.

Example 1.2.21. Consider the following non-example of theorem (1.2.19). Let p = (0, 0) ∈
X ∼= C2 be a point. Consider the skyscraper sheaf skyscp, defined by the ideal of functions
x, y with the standard Poisson structure {x, y} = 1. Then in the previous proof we must
necessarily have } torsion.

The proof fails if there is } torsion. If }F} = 0, then the only possibility is F} = F , which is
excluded by flatness.
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As expected, this torsion condition, lemma (1.2.19), is equivalent to the statement that A}
modules over k[[}]] are flat.

Lemma 1.2.22. If F} is flat over k[[}]], then the support is coisotropic.

As a corollary of lemma (1.2.19), if the support is isotropic, there must be }-torsion. In the
affine case, of a sheaf on a supported on a subvariety, if F is determined by an ideal sheaf, J ,
then an example would locally be trying to satisfy an overdetermined collection of equations.

1.3. Cyclic sheaves and cyclic DQ-modules

1.3.1.0. Weyl-algebras and D-modules

In physics, operators on a Hilbert space represent the quantisation of some classical theory.
For a scheme (X,OX), the algebraic analog of operators on a Hilbert space is a ring of
differential operators [Kon09], as a OX module. These rings of differential operators arise
from deformation quantisation.

Let X = T ∗C be a symplectic variety with local Darboux coordinates (xi, yi). Consider
the deformation quantisation of OX , given by A} = (OX [[}]], ?π), and the localisation at },
Aloc

} . A} is isomorphic to a sheaf of rings of differential operators on X. These rings are
representable as a Weyl-algebra over k[[}]]. Further the localisation Aloc

} identifies differential
operators with vector fields.

Definition 1.3.1 (Weyl-algebra over k). The Weyl-algebra Wn, is an associative unital
k-algebra generated by n elements xi and n elements ∂i with the constraints that xixj =
xjxi, ∂i∂j = ∂j∂i and ∂jxi − xi∂j = δij.

Definition 1.3.2 (D-module). A D-module is a module over a ring D of differential
operators.

Example 1.3.3. Examples of D-modules are modules over D(X), where D(X) is the ring of
differential operators on a variety X.

If k is characteristic zero, there is an isomorphism between Weyl-algebras, and the ring of
differential operators, D(An) acting on the ring (or module) O(An) of functions of an n
dimensional affine space. Let An = Spec(R), R = k[x1, . . . xn]. Then

Lemma 1.3.4. D(An) ∼= Wn
∼= k[x1, . . . xn, ∂1, . . . , ∂n].

Proof. The ring of differential operators D(An), is generated by compositions of derivations,
Der(R,R), on An, which are k-linear maps satisfying Leibniz. Derivations on the polynomial
ring are given by ∂

∂xi
, which we identify with ∂i in the Weyl-algebra.
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For a subvariety X → An, X = Spec(R), R = k[x1, . . . xn]/I, the ring of differential operators
on X is given as follows:

Lemma 1.3.5. D(X) ' {d ∈Wn, d(I) ⊆ I}/I ·Wn, where Wn = k[x1, . . . xn, ∂1, . . . ∂n].

1.3.2.0. Weyl-algebras from deformation quantisation

These Weyl-algebras do not yet give a representation of a deformation quantisation. Consider
the case of a 2n dimensional Poisson algebraic variety W , with coordinates xi and yi, so
O(W ) = k[xi, yi]. The Poisson bracket is given by {xi, yj} = δij, {xi, xj} = {yi, yj} = 0.
In this case the ring of differential operators D(W ), is isomorphic to a Weyl-algebra in 4n
variables, D(W ) ∼= D2n, where

D2n = 〈xi, yi,
∂

∂xi
,
∂

∂yj
〉.

Ignoring the issue of } coefficients, D(W ) does not give a representation of a deformation
quantisation of O(W ). There are an extra 2n generators. In the 2n dimensional case, a choice
of polarisation will give the correct result. Choosing a Lagrangian L in TW , such that L = TL,
where L is a subvariety determined by an ideal with n generators, there is an isomorphism
D(L) ∼= Dn. For a coisotropic subvariety of codimension g, there is a natural identification
with D2n−g

1.3.3.0. Cyclic sheaves

Let M be a module over a commutative ring R.

Definition 1.3.6 (Support). The support, Supp(M) is the set of prime ideals p in R such
that Mp 6= 0.

The following result from commutative algebra is how we will think of cyclic modules. Let I
be an ideal in R.

Lemma 1.3.7. R/I is a cyclic R-module.

Proof. First of all we show R/I is an R-module. Scalar multiplication as an R-module is
given by

r · (m+ I) = rm+ I.

Now we show any cyclic R-module is expressible as R/J . Suppose M is cyclic. Then there
exists an m such that M = {rm, r ∈ R}. Consider the map R → M , φ(r) = rm. The
kernel of this map is an ideal J in R, so φ(r + J) = φ(r) = rm. This defines a module
homomorphism and a bijection R/J ∼= M .

Corollary 1.3.8. An R-module M is cyclic if there exists an ideal I such that M ' R/I.
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This says 1+I generatesM . Converserly, givenm+I ∈ R/I, necessarilym+I = m·1+m·I =
m(1 + I). So 1 + I is a generator, M = 〈1 + I〉. Hence M is cyclic.

In the non-commutative case we can generalise this result for left and right R-modules.

Now recall some properties of sheaves. Let F be a sheaf over a space X.

Definition 1.3.9 (Stalk of a sheaf). The stalk at a point x ∈ X is the limit

Fx = colim
U→X|x∈U

F (U).

The support of a sheaf F over a topological X, is similar to the module case, but prime ideals
are replaced by points in X with non zero stalks:

Definition 1.3.10 (Support of a sheaf). The support of a sheaf is the collection of points in
X such that the stalks are non zero, {x ∈ X,Fx 6= 0C}.

Let (X,OX) be a scheme, and let F be a sheaf of OX-modules. Recall a sheaf of OX-modules
F is defined by functorial compatibility with OX maps:

F(U) F(V )

O(U) O(V )

For a sheaf of OX modules to be cyclic, there has to be a single element which generates all
modules for all open sets, namely a global section H0(X,F).

Definition 1.3.11 (Cyclic sheaf). A cyclic sheaf of modules F , is a sheaf where every module
F(U) is cyclic as an OX-module. Further every module is generated by a single element of
H0(X,F).

Remark 1.3.12. A cyclic sheaf is different to a sheaf of cyclic modules. For example OP1(n),
is a sheaf of cyclic modules, but is not a cyclic sheaf, since it is not generated by a single
section.

Example 1.3.13. OX is a cyclic sheaf over itself. Proof: the constant unit function.

An important example of cyclic arises from a subvariety or a morphism of schemes. Let
f : Y → X. Consider the pushforward sheaf f∗OY . As a OX-module, f∗OY is cyclic if there
exists an extension of elements as follows:

Proposition 1.3.14. f∗OY is cyclic if given any g ∈ f∗OY (U), there exists h ∈ OX(U) such
that h · 1 = g.
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So for example, in the affine algebraic case, when a regular function g on U ∩ f(Y ) extends
to a regular function on U , then f∗OY is cyclic.

Note 1.3.15. Note that often the f∗ is omitted if Y is an actual subvariety, Y → X, so if f
is simply the inclusion map, and similarly OX → OY is restriction.

The proposition is true in the affine algebraic case. Consider a subvariety Y → X, with
O(Y ) = O(X)/I as a O(X) module. Pick h such that h→ g in the quotient map O(X)→
O(X)/I.

In the Airy structure setting, this cyclic module encodes a wavefunction, which is an object
that is used to recover topological recursion. There is a cyclic sheaf, corresponding to a
subvariety, that is quantised giving a cyclic D-module. The generator of this module is
termed a wavefunction.

In general there are going to be extra requirements when a sheaf of modules is quantised
(replaced with some non commutative objects).

1.3.4.0. Cyclic DQ-modules

Let (X,OX) be a Poisson scheme (possibly formal), and consider a flat deformation quantisa-
tion of OX defined by a sheaf A}. What is termed a cyclic DQ-module in [KS18], can be
understood from a sheaf theoretic perspective. In particular a non-commutative version of a
cyclic sheaf. Instead of a cyclic sheaf of OX-modules, there is a cyclic sheaf of A}-modules.

In general finding deformation quantisation modules is a hard task. We construct a particular
example relevant for the application to Airy structures.

While quantisation is not an exact functor from the category of sheaves on X to some category
of non-commutative sheaves on X, there are cases where there exists cyclic A}-modules, or a
cyclic DQ-module, that corresponds to cyclic sheaves on X.

These cyclic DQ-modules naturally arise from the quantisation of subvariety or scheme.
Consider a sub-scheme (Y,OY ), in (X,OX) defined by the sequence:

0→ J → OX → ι∗OY → 0.

NoteOY is a cyclic sheaf, ι is the natural inclusion map. LetA} = (OX [[}]], ?) be a deformation
quantisation of OX , flat over k[[}]], with a star product (1.2.5). Let the ideal sheaf J locally
be given by a minimal generating set {Hi}, so J (U) = 〈Hi〉. In general, a generator of an
ideal I in a ring R, is a subset S which generates I.

Furthermore, let Y be coisiotropic, so J is closed under the Poisson bracket. Locally this gives
each J (U) the structure of a Poisson ideal [JO12]. Define the ideal sheaf J} of A}-modules:

J}(U) =
∑
i

A}(U) ? (Hi +O(})),

35



where O(}) is some element in }k[[}]]. Naturally [J},J}] ⊂ }J}. Note that the ideal J}(U)
uses star multiplications of the Hi. J} = J}(U) is an (right) ideal in the non-commutative
ring A} = A}(U). This means for j ∈ J} and a ∈ A} we require a ? j ∈ J}, not some classical
product aj.

Then consider the sheaf E} of A} modules given by

0→ J} → A} → E} → 0.

Proposition 1.3.16. If E} is flat over k[[}]], then E} is a deformation quantisation of OY .

We construct several examples of this in the following chapters. Kontsevich and Soibelman
[KS18] show this works for quadratic Lagrangians, where the ideal is given by a collection of
quadratic polynomials satisfying certain constraints, and showing the quotient is free over
k[[}]].

Corollary 1.3.17. The sheaf E} of A}-modules is supported on Y modulo }.

We prove this in the affine case, so A} = A}(U), J} =
∑

iA} ? Hi, A = OX(U).

Proof. The ideal J} restricts to an ideal J = ∑
A · Hi

∼= 〈Ji〉, so we obtain the sequence
0→ J → A→ A/J → 0.

Corollary 1.3.18. The sheaf E} of A}-modules is cyclic.

This simply follows by the definition of E}.

Example 1.3.19 (Non example). Consider J = 〈x, y〉 in A = k[x, y], with Poisson bracket
{y, x} = 1, {x, x} = {y, y} = 0. Let the deformation quantisation of A be given by A} =
(k[x, y][[}]], ?), and consider the sum of ideals J} = A} ? x + A} ? y, where ? is the Moyal
product. Now we have

0→ J} → A} → k→ 0,
but k is not flat over k[[}]], so this is not a deformation quantisation. Also note {y, x} = 1,
and 1 /∈ J .

1.4. Wavefunctions

As seen in the preceding sections, deformation quantisation produces a non-commutative
algebra of operators. It is not necessarily yet a quantisation as used in physics. The question
to ask is, what do these operators act on. In physics this would be analogous to a Hilbert
space of functions. In this more algebraic context, it is a dual A}-module. These dual modules
define the objects known as wavefunctions, where the word has the same meaning in quantum
curves and topological recursion.

First, we recall some results from commutative algebra again as inspiration.
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1.4.1.0. A review of annihilators of modules

Recall some results from commutative algebra:

Lemma 1.4.1. Let R be a commutative ring, I an ideal in R. Then for the R-module R/I,
Hom(R/I,R) ∼= AnnR(I).

Proof. Consider the short exact sequence

0→ I → R→ R/I → 0.

Apply the left exact Hom functor HomR(•, R) gives the left exact sequence:

0→ Hom(R/I,R)→ Hom(R,R)→ Hom(I, R).

So Hom(R/I,R) is the kernel of the map Hom(R,R) → Hom(I, R). Now Hom(R,R) ∼= R
by the isomorphism given by evaluation at 1, f ∈ Hom(R,R) → f(1) ∈ R. Similarly for
Hom(I, R). So explicitly as Hom(R/I,R) is the kernel of multiplication of elements of I by
elements of R, Hom(R/I,R) = {r ∈ R|∀i ∈ I, r · i = 0} = AnnR(I).

The same proof follows more generally for any R-module N by applying the functor Hom(•, N):

Corollary 1.4.2. Hom(R/I,N) ∼= AnnN(I).

Lemma 1.4.3. There is an isomorphism between the cyclic R-module M generated by x,
M = 〈x〉, and the quotient R/AnnR(x), where AnnR(x) is the ideal formed by all elements
in R that annihilate x:

M = R/AnnR(x).

A version of these results generalise to the non-commutative case of rings of differential
operators. However the handedness of the modules and annihilators will be important.

Definition 1.4.4 (Left and right annihilators). Let `.AnnR(x) denote left annihilators of x:

`.AnnR(x) = {l ∈ R | l x = 0}.

Similarly let r.AnnR(x) denote right annihilators of x:

r.AnnR(x) = {r ∈ R |x r = 0}.

Let R be a non-commutative ring or algebra, for example the ring of differential operators. A
wavefunction ψ is a generator of a cyclic right R-module, M ∼= 〈ψ〉 ∼= R/`.AnnR(ψ). Also
`.AnnR(ψ) ∼= D, so Dψ = 0.
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Example 1.4.5. Let O(X) be a ring of smooth functions, D(X) the ring of differential
operators on X. Consider a differential operator D : D(X). Then

HomO(X)

(
D(X)
D(X)D,O(X)

)
represents solutions to D in X.

D(X)D is a right submodule of differential operators with a factor of D. The module quotient
can be represented by M = D(X)/D.

Then HomO(X) (M,O(X)) ∼= r.AnnO(X)(D) ∼= 〈ψ〉, which are the solutions to the equation
Dψ = 0.

1.4.2.0. Wavefunctions from deformation quantisation

Consider a Poisson scheme (X,OX), and a deformation quantisation of OX given by A} =
(OX [[}]], ?), where ? is a star product. In particular, for the examples where we construct
deformation quantisation modules ? will be a Moyal product per example (1.2.7).

Consider a coisotropic subscheme, Y in X, with the map ι : Y → X giving a sequence:

0→ J → OX → ι∗OY → 0.

Locally the ideal sheaf is given by a minimal collection of generators {Hi}, J (U) = 〈Hi〉. In
finite dimensions if X is 2n dimensional there will be n generators or fewer. In the infinite
dimensional case, where Y is a quadratic Lagrangian, for Airy structures there will be a
special choice of Hi.

Consider a sheaf E} of A}-modules corresponding to the deformation quantisation of the
coisotropic subscheme ι∗OY , so

0→ }E} → E} → ι∗OY → 0.

Further suppose E} is defined by a quotient:

0→ J} → A} → E} → 0, (1.9)

where locally J}(U) =
∑

iA}(U) ?Hi is given by the generators from J . Similarly, J}/}J} =
J . Consider the dual A} module:

E∨} = HomA}(E},OX [[}]]).

Necessarily there may be conditions on the existence of such an object, for example in [GS12,
section 2.4, page 15]. If this module exists, it represents annihilators of the generators of J}.
For example let H ∈ J}, then w ∈ E∨} are sections such that

H ? w = 0. (1.10)

Consider an isomorphism ϕ : A} → W} where W} is a Weyl-algebra. ϕ sends the non-
commutative star product of functions to the non-commutative composition of operators.
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Example 1.4.6. For example let A = k[x1, . . . , xn, y1, . . . yn], be equipped with the Poisson
bracket:

{yi, xj} = δij, {xi, xj} = {yi, yj} = 0,
and consider the deformation quantisation A} = (k[x1, . . . , xn, y1, . . . yn][[}]], ?). Then there
is an isomorphism, ϕ, between A} and the Weyl-algebra W} = k[x1, . . . , xn, }∂1, . . . }∂n][[}]].
The map ϕ is defined on the generators by:

ϕ(xi ? xj) = xi · xj, ϕ(yi ? yj) = ∂i · ∂j, ϕ(xi ? yj) = xi · }∂j.

Under the isomorphism ϕ to the Weyl algebra, ϕ sends the star product equation (1.10), to
differential equation

ϕ(H ? w) = ϕ(H) · ϕ(w) = 0,
where ϕ(H) is an operator.

Furthermore ϕ defines isomorphisms J} ∼= ϕ(J}) and E} ∼= ϕ(E}), which commute at each
step of the sequence in equation (1.9), so

0→ ϕ(J})→W} → ϕ(E})→ 0,

is also exact, via diagram chasing.

In previous work, for example in [Nor15; KS18], these modules are examined at a point, or
at a formal completion, from the Weyl-algebra perspective. This is primarily to solve the
differential equation with the WKB method at that point. Globally E∨} does not have to be
cyclic, or generated by a single section. In the example (1.5.1), E∗} is defined as solutions
to the Airy equation, which is dimension two. A general question in algebra is how to
reconstruct more global information from infinitesimal local information, for example the
Artin reconstruction theorem.

Let p be a point in X, with a corresponding ideal sheaf m. In example (1.5.1), this will be the
point 0. Denote Â} as completion along m. Similarly we consider a completed Weyl-algebra
Ŵ}.

Definition 1.4.7 (Wavefunction). A wavefunction w is an element of the module

w ∈ HomA}(Ê}, ÔX [[}]]),

or alternatively in the Weyl-algebra perspective ψ,

ψ ∈ HomW}(ϕ(Ê}), Ŵ}).

Of course the global objects could also be called a wavefunction. This definition is to be
consistent with others in the literature, for example the wavefunctions in [KS18, page 52],
which are represented as a formal power series found by the WKB method at a point in

39



X. Alternatively called D-modules in [Hol09, page 148]. The formal power series also
often contains interesting enumerative data, for example in the case of the conic, example
(1.5.1), the wavefunction is the generating function for rooted planar graphs in various genus.
The important thing we emphasise is that these module in these examples all arise from
deformation quantisation, and are not constructed in an ad-hoc fashion.

There is the possibility that there are other deformation quantisation modules which restrict
to ι∗OY under the quotient by }. We are not ruling out any possibilities, only constructing
modules in specific cases. Kontsevich and Soibelman find a particular generator in the case
where Y is a quadratic Lagrangian [KS18].

The deformation quantisation perspective highlights that wavefunctions as understood in
topological recursion and Airy structures are a module homomorphism. We want to emphasise
the importance of the deformation quantisation perspective, as these modules may be more
interesting than just a particular choice of generator.

The other primary use of the deformation quantisation perspective is to understand the origin
of the intersection formula for wavefunctions presented in [KS18, section (7.2)]. The formula
presented there gives a wavefunction on the deformation space of curves. The concept of
wavefunction reduction can be understood as an intersection of sheaves which we explore in
section (5.3).

1.5. Deformation quantisation of the conic

We give an explicit construction of a deformation quantisation module, and an associated
wavefunction in the case of a conic in the plane.

Let W = A2, O(W ) = k[x, y], with Poisson bracket defined on the generators

{y, x} = (dx⊗ dy)(Π) = πij ∂ix ∂jy = 1, {x, x} = {y, y} = 0,

where for for clarity we use the notation i, j ∈ {x, y}, πxy = −1, πyx = 1, πxx = πyy = 0, or
alternatively as a matrix:

π =
(

0 −1
1 0

)
.

Example 1.5.1. Consider the conic L ⊂ W , defined by the quotient O(L) = k[x, y]/(H =
−y + x2 + 2x y + y2).

Wavefunctions associated to L are defined on a formal neighbourhood of the origin (x, y) =
(0, 0).

Corresponding to L is a formal scheme L̂, (respectively W ), which is given by completion of
L by a maximal ideal m = 〈x, y〉. This is given by taking the colimit of the spectrum of the
quotient:

L̂ = colim
n

Spec (O(L)/mn) .
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L̂ is representable by a formal series u0(x), so y(x) = u0(x),

L̂ = Spf (k[[x, y]]/〈y − u0(x〉)

Where u0(x) ∈ k[[x]] is found by taking −y + x2 + 2x y + y2 = 0 and solving for y(x). u0(x)
has a closed form, understood as a formal power series, given by:

u0(x) =
1
2
(
1−
√
1− 4x− 2x

)
,

in a formal neighbourhood of y = x = 0.

Remark 1.5.2. The positive square root would correspond to completing around y = 1.

Expanding, u0(x) is the generating function for Catalan numbers:

u0(x) = x2 + 2x3 + 5x4 + · · ·+ (2n)!
(n+ 1)!n! x

n+1 + · · · ,

which counts rooted binary trees. Some terms and the corresponding binary trees are shown
in figure (1.1), up to isomorphism.

x2 2x3 5x4

Figure 1.1: Trees drawn up to ∼=. The unfilled vertex is the root. The number of pink vertices
correspond to the power of x. The coefficient of x counts the total number of trees with
n-edges.

Remark 1.5.3. Note, in chapter (4) we examine the conic:

−y + a x2 + 2 b x y + c y2 = 0,

with arbitrary (a, b, c). Solving for y produces a series in x, where coefficients of x are
combinations of (a, b, c), which distinguishes trees up to isomorphism. Here when a = b = c = 1
solving for y just produces a generating function counting total number of trees, figure (1.1).

L is locally representable in a formal neighbourhood of the origin as a primitive S0, so

y(x)dx = u0(x)dx = dS0(x).
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Consider the deformation quantisation of O(W ) given by A} = (k[x, y][[}]], ?), where ? is the
Moyal product per example (1.2.7). Correspondingly, after completion along 〈x, y〉 there is a
deformation quantisation of the formal scheme associated to Ŵ = Spf(k[[x, y]]), which gives
the formal non-commutative algebra

Â} = (k[[x, y]][[}]], ?). (1.11)

Duals to these formal completed algebras are used to investigate the wavefunctions.

The deformation quantisation of the conic, example (1.5.1), on formal neighbour-
hoods

The corresponding deformation quantisation Â} = (k[[x, y]][[}]], ?) of example (1.5.1), (on the
formal completion) is representable by the Weyl-algebra Ŵ} = (k[[x, }∂x]][[}]], ·), where · is
ordinary composition, as follows. First, checking some terms of the star product:

x ? x = x2, x ? y = xy − 1
2}, y ? y = y2, y ? x = xy + 1

2},

where it is important to note a term like xy is another function in k[x, y][[}]]. Checking the
anti-commutator:

1
}
(ŷ ? x̂− x̂ ? ŷ) = 1 = {y, x},

which is the Poisson bracket as expected. Now there is a map betweenA} and the Weyl-algebra
W}. The map ϕ : A} →W}, is required to have the property:

ϕ(f ? g) = ϕ(f) · ϕ(g).

On monomials this is given by:

ϕ(x) = x,

ϕ(y) = }∂x.

This is the source of the quantisation rule x→ x, y → }∂x.

The map ϕ is an isomorphism. It sends star products of functions to products of operators.
For example x · (}∂x) = ϕ(x ? y). An operator like ϕ(xy) is defined to be ϕ(x ? y) + }

2 , or
ϕ(y ?x)− }

2 . The star product was defined to account for the potential ambiguity. The action
of both ways of writing the operator ϕ(xy) on functions are equivalent.

This map is analogous to the Wigner-Weyl transform. The star-product is analogous to
constructing the phase-space picture of quantum mechanics, while the Weyl-algebra is more
analogous to operators in the Schrodinger picture from quantum mechanics [Bak58].

Now we consider a module supported on the deformation quantisation of O(L) in O(W ). The
purpose is to study A}-modules, which under the quotient map by }2, give the O(W )-module
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E = O(W )/O(W )H. Consider elements of k[x, y][[}]], of the form H−}J . Then the modules
of interest are

E} =
A}

A} ? (H − }J) , (1.12)

for different J ∈ k[x, y][[}]]. This module corresponds to operators acting on functions on L.
Also we consider the dual as a A}-module:

E∨} = HomA} (E},A}) , (1.13)

which is the module or vector space of solutions to the equation (H−}J)?w = 0, for w ∈ E∨} .
Correspondingly we investigate the completions Ê} and its dual, but with corresponding
Weyl-algebras.

The purpose of the formal completion is a calculation tool to be able to write down a formal
series representation for w. The formal series for w contains interesting enumerative data.

Remark 1.5.4. There are possible constraints on the J . Consider a higher dimensional
example, where A} = k[x•, y•][[}]] with the star-bracket [f, g] = f?g−g?f . Let J = {Hi(x•, y•)}
be an ideal closed under the Poisson bracket. Consider the deformation J} = {Hi + }Ji}. To
satisfy theorem (1.2.19), J} is also required to be closed, [J},J}] ⊆ J}. In the case where Hi

are degree two in x• and y•, one possibility is to find Ji as a function of only }, for example
the quantisation of an Airy structure in [KS18].

Remark 1.5.5. Deformation quantisation does not uniquely determine A}-modules. For a
given OW -module M , there are multiple A}-modules M} such that M}/}M} =M .

This two dimensional case is less restricted than the example in remark 1.5.4. However we
consider when J is just a function in }, so elements of the module represent solutions to the
equation

H ? wL(x) = }j(})wL(x),

where j(}) is the function j(}) = j1}+O(}2). In the classical limit, H − }J restricts to H,
and the equation becomes Hw = 0, which is describing an element of the module

w ∈ HomO(W )(O(W )/O(W )H,O(W )) = AnnO(W )(H) = 0,

which is just zero, as zero is the only annihilator of H.

Using the isomorphism to the Weyl-algebra, this becomes an equation involving operators:

ϕ(H) · ϕ(wL) = ϕ(H) · ψL = }jψL, (1.14)

where
ϕ(H) = −}∂x + x2 + 2}x ∂x + }2∂2x + }.
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In the Weyl-algebra representation, the module Ê} is a quotient of the Weyl-algebra Ŵ} =
(k[[x, } ∂x·]][[}]], ·). In particular the elements of Ê∗} , ψL are called wavefunctions, [KS18, page
13]. In this case, Ê∗} (for a fixed J) is one dimensional, so ψL is a generator of a cyclic module:

〈ψL〉 = HomW}

(
Ŵ}

Ŵ}〈−}∂x + x2 + 2}x ∂x + }2∂2x + }− }j〉
, Ŵ}

)
.

This module is supported on formal neighbourhoods, L̂− {} = 0}, and elements are viewed
as the formal solutions to the equation:(

−} d
dx

+ x2 + 2}x d
dx

+ }2
d

dx
+ }− }j

)
ψL(x) = 0, (1.15)

where d
dx

= ∂x, at x = 0. Writing this as an eigenvalue equation:(
−} d

dx
+ x2 + 2}x d

dx
+ }2

d

dx

)
ψL(x) = }(j − 1)ψL(x).

Consider when j = 1, ψL(x) = ψL,0(x). Explicitly ψL,0(x) is found via a formal series of the
form

ψL,0(x) = const exp
(1
}
S(x)

)
,

where S(x) = ∑ }gSg(x), and const is a constant.

Remark 1.5.6. Note, in other work such as [KS18], the solution is usually chosen to
correspond to the point x = y = 0, which is a choice of square root. Normally a second
order differential equation such as equation (1.15) has a two dimensional space of solutions.
Completing at 〈x, y〉 is analogous to picking a choice of square root. Completing W} only
along x, so k[}∂][[x]][[}]] , and then expanding as a power series in x would be analogous
for looking for both solutions. In this case the other solution would correspond to the point
x = 0, y = 1.

The Sg(x) satisfy abstract topological recursion, [KS18], as the conic is a finite dimensional
example of a Airy structure, as defined in [KS18]. Writing out some terms, when j = 1, and
where integration means formal integration of polynomials, we find:

S0(x) =
∫
dx u0(x), S1(x) =

∫
dx u1(x),

where
u1(x) =

2u0(x)x
1− 4x = 2 x+ 10x2 + · · ·+

(
4n − (2n)!

(n!)2

)
xn + · · ·

is the generating function counting genus one Feynmann diagrams or genus one rooted maps
[PAP18; WL72]. Figure (1.2) gives the first few diagrams.
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2x 10x2

Figure 1.2: The first few un-directed, and un-rooted primitives for u1. Choosing an
orientation on the edges will determine the root vertex, but this is considered in chapter (4).
We draw these diagrams un-directed to contrast to figure (1.1).

Remark 1.5.7. In figure (1.2) there are 10 = 2 × (3 × 2) − 2 choices for orientations of
internal degree 3 edges corresponding to the 10x2 term in u1. The labelling will determine the
root node, which we address in chapter (4).

Drawn in a style to the trees from figure (1.1), note how an extra vertex and edge has been
inserted at various levels.

Note the lack of the tadpole diagrams - which is a loop attached to only a single vertex. An
additional (2n)!/(n!)2 tadpole like diagrams would appear when j 6= 1, and their inclusion is
considered in chapter (4).

Proposition 1.5.8. When j = 1, ug(x) is the generating function for numbers of genus g
Feynmann diagrams.

Note these are formal objects defined at the point y = x = 0, (which is a point on L).

Figure 1.3: An example of the types of tadpole diagram appearing when j 6= 1, which would
give contributions to the x2 term in u1.

Solving the star-product equation directly

The purpose of the formal completion of A}, in x, y, Â} = k[[x, y]][[}]], is to write down a
formal power series solution to the differential equation, in a series of x and }. Further this
solution is chosen at a single point.

However we can investigate the star-product equation H ?w = 0, and hope to find a function

45



for w as a series in }, where
H = −y + x2 + 2xy + y2.

As H is degree 2, there are only two terms in the star-product to consider:

H ? w = Hw + }
2prod · (πij∂i(H)⊗ ∂j(w)) +

}2

4 prod · (πijπkl(∂i∂kH)⊗ (∂j∂lw)),

= Hw + }
2

(
(2x+ 2y − 1)∂w

∂x
− (2x+ 2y)∂w

∂y

)
+ }2

4

(
2∂

2w

∂2y
− 4 ∂

2w

∂x∂y
+ 2∂

2w

∂x2

)
= 0.

Instead of a second order ordinary differential equation in the completed case, equation (1.15),
in terms of x, this is a second order PDE in terms of x and y.

Suppose we have a solution of the form w(x, y) = λ(H(x, y)). The entire equation reduces to

λ(H)H + }2

2
∂2λ(H)
∂2H

= 0,

which is similar to the Airy equation [Air38], or the equation for a harmonic oscillator. Writing
out a series solution for λ in powers of 1/} and H, around H = 0, gives

λ(H) =
∑
m

λ3m+4

}3m+4H
3m+4,

where
λn+2 =

−1
(n+ 1)(n+ 2)λn−1,

and λ0, and λ1 ∈ k. In this case the solution w(x, y) is an element of the module k[x, y][[}−1]].

Question 1.5.9. Can the Sg(x) be recovered from λ?

Remark 1.5.10. Naively, the equations defining the wavefunction ψL, are a collection of
second order PDEs. In an analytic setting, we would expect there to be a two dimensional
vector space of solutions, but this is a global statement. Investigating the wavefunction at a
point has restricted us to a single solution.
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2. Symplectic vector and Tate spaces

Tate spaces [Lef42; Dri06] are a model for infinite dimensional symplectic vector spaces.
The main property of a Tate space W is that taking the topological dual, is an involution
(W ∗)∗ ∼= W , in the category of topological vector spaces over k.

In chapter (4), we see that an Airy structure is equivalent to a Lagrangian subvariety L in a
Tate space W , which is originally due to [KS18]. However we have to think of this from an
algebraic perspective.

The Tate topology lets us define a ring S(W ∗), the symmetric algebra on W . The motivation
is to do algebraic geometry over W . S(W ∗) acts like a coordinate ring of functions on W ,
O(W ) = S(W ∗). Inside this ring we can define an ideal of quadratic polynomials, which is
how we think of the Lagrangian subvariety L. Furthermore we will identify the spectrum
of this ring, and W . However in infinite dimensions the notion of points in L will be more
subtle.

To produce the topological recursion invariants, ωg,n, requires the deformation quantisation
of O(W ) and finding a module supported on L (which is given by a quotient of a ring by an
ideal and a completion).

This chapter we review Tate topology. We will see that the Tate topology is a combination
of discrete and linearly compact topology.

Another important aspect of this topology is that this forces finiteness into the objects
considered in Airy structures. Kontsevich and Soibelman want to write down an infinite
dimensional analog of the functions

Hi = aijkx
jxk + 2bkijxiyk + cjki yjyk,

where i ∈ {1, . . . , N}, and a corresponding generating function

yidx
i = dS0(x•)

Instead of trying to define some convergent sums of xi, the solution is more algebraic. The
discrete topology forces finiteness into sums of xi.

2.1. Topological vector spaces

There are several different ways to realise vector spaces in infinite dimensions. In a way it
is possible to consider polynomials k[x] as a vector space over k. What this means is that
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there is a forgetful functor F : Alg(k)→ Vect(k), and F (k[x]) is a k-vector space. F (k[x])
is countably infinite dimensional, but only allows for finite linear combinations of countable
basis elements (powers of xn). To extend to allowing infinite sums of vectors we need to
equip the vector space with a topology or perhaps consider completions.

Definition 2.1.1 (Topological rings and fields). A topological ring R, (respectively field, F )
is a ring equipped with a topology, such that multiplication

(·) : R×R→ R

and addition
(+) : R×R→ R

are continuous, where R×R has the product topology.

For example k = C with the usual Euclidean topology is a topological field.

Definition 2.1.2 (Topological vector space). A topological vector space V is a vector space
over a topological field k equipped with a topology such that vector addition

(+) : V → V × V

and scalar multiplication
(·) : k× V → V

are continuous, and where × of objects is equipped with the product topology.

Definition 2.1.3 (Topological algebra). A topological algebra A, is a topological vector space
with the additional requirement that multiplication is a continuous map (·) : A × A → A,
where A× A has the product topology.

Topological vector spaces and algebras over a topological field form a category TopVect(k).
Morphisms are continuous maps.

2.1.1.0. The different notions of duals

There are two possibly confounding notions of dual depending on which category one is
working with.

Definition 2.1.4 (Algebraic dual). The algebraic dual, is a contravariant functor ∨ :
Vect(k)→ Vect(k), given by V ∨ = HomVect(k)(V,k).

Consider a forgetful (covariant) functor toVec : Alg(k) → Vect(k) from the category
of k-algebras to the category of k-vector spaces. By the construction of k[x], we have
toVec(k[x]) ∼= k⊗N = k⊗ k⊗ . . ., which is a space of sequences which eventually terminate
with a zero, or in Vect(k) a co-product (which is a special case of a colimit). The algebraic
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dual of toVec(k[x]), is given by toVec(k[x])∨ ∼= k×N = k× k× . . ., which are sequences with
no restrictions, which is a product (correspondingly a special case of a limit). This is because
Hom is contravariant, it sends a co-product to a product:

Hom(A⊗B,C) = Hom(A,C)× Hom(B,C),

so toVec(k[x])∨ ∼= toVec(k[[x]]). However (toVec(k[x])∨)∨ is not toVec(k[x]) again, as in
general Hom preserves products. This is why topological vector spaces were introduced in
[KS18]. We want a more restrictive notion of dual, or a subset of the algebraic dual, so
there is an involution to be able to define a strong symplectic vector space. Ensuring the
topological dual produces another topological vector space is one resolution. Effectively an
element of toVec(k[x]) will pair with an element of toVec(k[[x]]) to produce an element of k.

For a topological vector space V we have to restrict what it means to be a dual.

Definition 2.1.5 (Topological dual). Let k be a topological field. The topological dual of V is
the collection V ∗ of continuous linear maps V → k, also equipped with the weakest topology
such that V ∗ is also a topological vector space.

Now consider the forgetful functor F : TopVect(k) → Vect(k). For infinite dimensional
vector spaces in general F (V ∗) ⊆ F (V )∨. In finite dimensions however, where V has the
discrete toplogy, it will be the case that F (V ∗) = F (V )∨.

2.1.2.0. Discrete topology

A fundamental topology we consider is the discrete topology.

Definition 2.1.6 (Discrete topology). Let X be a set. The discrete topology on X is given
by defining every subset as open, (and equivalently closed).

Note that all the singleton subsets are open.

The discrete topology is the topology that best captures the set theoretic structure of a space.
Individual points in the discrete topology define open sets.

The algebraic-geometric viewpoint is that to describe a space, we consider functions on a
space. For a discrete topological space X, and any other topological space Y , all functions
f : X → Y are continuous. Further they are equivalent to maps between the underlying set:

Lemma 2.1.7. There is a bijection between continuous functions X → Y , and total functions
on the sets: set(X)→ set(Y )

Proof. Briefly, this is because the pre-image of every set in Y under f is an open set.

So functions on a discrete topological space encode a lot of information.
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Consider the functor Discr : Set → Top which equips a set with the discrete topology.
Then consider the natural extension to vector spaces and topological vector spaces, Discr :
Vect(k)→ TopVect(k) which equips any vector space with the discrete topology. If V is
a vector space over k, then naturally Discr(V ) is a topological vector space over Discr(k).
Recall a vector space over a field is a map (resp. continuous) k× V → V .

Lemma 2.1.8. If V is a discrete topological k-vector space, and dim(V ) > 0, then necessarily
k must have the discrete topology.

Alternatively if V = {0}, then k can have any topology.

This is because scalar multiplication will not be continuous unless the underlying field is
discrete.

Proof. Suppose dim(V ) > 0. Given the scalar multiplication map (·) : k× V → V , construct
a continuous map φ : k→ V , by composing the multiplication map with a point v 6= 0 ∈ V ,
φ(λ) = λv.

Further, φ is a bijection between the set k and the subspace of V generated by v, for clarity
denote as a pair k× 〈v〉. Note by definition φ must be continuous.

In the pre-image (λ1, v) and (λ2, v) must be open sets, so φ is a homeomorphism onto its
image. However these must be discrete open sets in V , so λ1 and λ2 must be discrete open
sets.

If V = {0} then there is no restriction on the topology. In the previous argument λ1 and λ2
simply collapse to 0 so no information is gained about the topology on k.

Alternatively {0} is a terminal and initial object in Vect or TopVect.

Lemma 2.1.9 (Properties of the discrete topology). Let V be a discrete topological k-vector
space.

Convergent sequences of elements of V are eventually constant.

V is Hausdorff.

If dim(V ) > 0, then V is fully disconnected.

Proof. For the first item consider a sequence {v[n]}. Convergence is defined as: v[n] → v, if
for any neighbourhood U of v, there exists a N such that n ≥ N , so v[n] ∈ U . However {v}
itself is an open neighbourhood of v, so v[n] must be in {v}, which is only possible if v[n] = v.
So sequences in the discrete topology must eventually stabilise v[n] = v[n+1]. The second
item follows by the definition. For the third item, one point sets are the only connected
component.
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Remark 2.1.10 (Finiteness in discrete topological vector spaces). Elements of a discrete
topological vector space are always composed of finite sums.

Defining v[n] =
∑n

k=0 ek, there is some n such that v[n] = v[n+1].

Discrete topological vector spaces have a basis which is analogous to the definition of basis
from finite dimensional vector spaces, called a Hamel basis:

Definition 2.1.11 (Hamel basis). B is a Hamel basis if every element of V is a unique finite
linear combination of elements of B.

This is the definition of a basis from finite dimensional vector spaces. However it is not
possible to always constructively produce a Hamel basis for arbitrary infinite dimensional
topolgical vector spaces [Hei11].

Remark 2.1.12. This finiteness is going to be particularly important for the Airy structures
considered in infinite dimensions. In that case V will be generated by an infinite collection
{xi} which act as coordinates on V ∗. Tensor products of xi will be identified with polynomials.
However these polynomials will only be allowed to contain a finite subset of the xi in each
degree.

Example 2.1.13. (Polynomials with discrete topology) We can equip the vector space
toVec(k[x]) with the discrete topology, and treat it as a topological vector space. toVec(k[x]) =
kN = k⊗ . . ., where each copy of k has the discrete topology, and kN has the natural product
topology. kN is a topological vector space over k.

Equipping the algebraic dual with a topology, and then defining the topological dual, ∗, as
continuous linear functionals on this space can make ∗ an involution. Then the topological dual
will recover the original topological vector space under involution. Essentially the topological
dual is picking a subset of the algebraic dual to avoid points that are not involutive, or
continuous.

In the case of the discrete topology, the weakest topology to equip the dual with such that
(V ∗)∗ ' V is the linearly compact topology, [Lef42; CG19; Ehr07].

Remark 2.1.14. Let V be a finite dimensional vector space with a basis {ei}, where i ∈ I
for a finite index set I ⊂ N. Then the dual vectors {ei} are basis of V ∨.

In infinite dimensions, for a topological vector space, the dual vectors {ei}, where i ∈ N form
a Schauder basis, [Hei11] of V ∗, not a Hamel basis, because finite linear combination of {ei}
do not span V ∗. However, we will still refer to the dual vectors {ei} as a basis of V ∗.

2.1.3.0. Linear compact topology

Definition 2.1.15 (Finite intersection property). Let X be a set and consider a family
of subsets U = {Ui}i∈I . U has the finite intersection property if for any finite J ⊂ I,
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⋂
j∈J Aj 6= ∅, is not empty.

Definition 2.1.16 (Neighbourhood basis). Let X be a set, and consider for all p ∈ X, a
collection F(p) of subsets containing p. F(p) is a neighbourhood basis at p if

F(p) is non empty.

F(p) is closed under finite intersections. For all U, V ∈ F(p), there exists a W ∈ F(p)
such that W ⊆ U ∩W .

F(p) is closed downwards. For all U ∈ F(p), there exists a V ∈ F(p), such that for all
q ∈ V there is a W ∈ F(q) such that W ⊆ U .

The last point means every neighbourhood U of p contains an open set V , containing x which
is contained in U .

Defining a neighbourhood basis at every point defines a topology on X. Open sets are defined
via the neighbourhood basis:

Definition 2.1.17 (Open). A set U ⊂ X is defined to be open if for all p ∈ U , there exists
a F ∈ F(p).

This definition is motivated by the intuition from metric spaces. An open set in a metric
space is a collection of nearby points.

Closed sets are defined as usual. A subset A ⊂ X is defined to be closed if it is equal to its
closure, A = Cl(A). Recall p ∈ Cl(A) iff for all open U ⊂ X such that p ∈ U , then U ∩A 6= ∅.

Definition 2.1.18 (Linearly topologised). A topological vector space V is linearly topologised
at 0, if there exists a neighbourhood basis at 0 ∈ V consisting of sub-vector spaces (in terms
of linear algebra, closed under finite sums).

Under translation this defines a topology everywhere in V called the linearly compact topology
[Die51; Lef42; Lei12]:

Definition 2.1.19 (Linearly compact topology). A topological vector space V has linearly
compact topology, [Lef42, p. 74], if it satisfies the following properties:

linearly topologised: A basis for the topology is given by open affine subspaces.

An affine subspace A ⊆ V is a subset of the form A = p+ U , where U is a sub-vector
space. U and hence A is open, if U is an element of the neighbourhood basis at 0.

A is closed if U is closed.

linearly compact: Any collection of closed (as per the previous point) affine subspaces
with the finite intersection property additionally has an overall non empty intersection.

V is Hausdorff.
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If a topological vector space is equipped with the linearly compact topology, we say it is
linearly compact.

Lemma 2.1.20. Open affine subspaces in a linearly compact topological vector space are also
closed.

Proof. Let V be linearly compact. Consider an open affine subspace A ⊂ V . The idea is to
pick an element of the closure, and then show it translates via the vector space structure into
A.

First, points in A satisfy the definition of closure, so A ⊂ Cl(A). Now to show Cl(A) ⊂ A.
For a contradiction, suppose p ∈ V \ A, and pick open affine subspaces U = p + V , such
that U ∩ A is non empty. If U ∩ A = ∅, then p is not in the closure of A. Now consider a
q ∈ U ∩A, so q ∈ A. Then we must have q − p ∈ A, and even p = q − (q − p) ∈ A. So Cl(A)
must be contained in A.

For a discrete topological vector space, the natural choice of dual is a linearly compact
topological vector space [Lei12]. While any map V → k may be continuous, we require V ∗ to
have a vector space structure.

Lemma 2.1.21 (Topological dual of a discrete space). If V is equipped with the discrete
topology, then V ∗ is linearly compact.

This result is due to Lefschetz, [Lef42; Lei12].

Lemma 2.1.22. Let V be equipped with the discrete topology, and dim(V ) = ∞. Then
(V ∗)∗ ∼= V

We give a brief sketch of the proof. In finite dimensions the proof follows immediately. We
consider the infinite dimensional case.

Proof. Assume V has an ordered basis {ei}. The overall goal is to find an isomorphism of
vector spaces, which sends ei to some fi ∈ (V ∗)∗, so (V ∗)∗ ∼= V .

Pick a sequence {f[n]} ∈ V ∗, f[n] = βn+1e
n+1 + ∑n

i=0 αie
i, converging to a f = ∑∞

i=0 αie
i,

where ei is dual to ei, and a continuous linear functional ϕ ∈ (V ∗)∗, and {βn+1} is an arbitrary
sequence in k.

The first objective is to show that ϕ must pair with only finitely many vi.

By continuity of ϕ

ϕ(v) = ϕ
(
lim
n→∞

v[n]
)
= lim

n→∞
ϕ(v[n]) = lim

n→∞

(
βn+1ϕ(en+1) +

n∑
i=0

αiϕ(ei)
)
.

However, since β is arbitrary, the only way this can converge is if ϕ(ei) is non zero for finitely
many i.
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Now (V ∗)∗ is equipped with the weakest topology so ϕ(v) is a continuous function for all v.
This has to be the discrete topology.

Finally the isomorphism (V ∗)∗ ∼= V is given by the assignment ei = ϕei , where ϕei(ej) =
ej(ei) = δji .

Note that not all topological vector spaces necessarily have this property. The discrete
topology is the coarsest topology that allows this duality.

Definition 2.1.23 (Codimension). For a topological vector space V , and a vector subspace
U , the codimension of U is defined as the dimension of the quotient space codim(U) =
dim(V/U) = dim(coker(U → V )).

In finite dimensions this reduces to dim(V )− dim(U).

Remark 2.1.24. There is a connection to algebraic geometry. This notion of codimension
will also give the height of a defining ideal.

2.1.4.0. Locally linearly compact topology

Locally linearly compact topological vector spaces were considered by [Dri06], and are a
specialisation of a Tate space.

Definition 2.1.25 (Locally linearly compact). A topological k-vector space V is locally
linearly compact if there exists a neighbourhood basis at 0 consisting of linearly compact
sub-vector spaces.

Theorem 2.1.26 ([Dri06]). If V is discrete, then V ∗ is linearly compact, and then the space
W ∼=top V ⊕ V ∗ is a locally linearly compact topological vector space.

Example 2.1.27. A fundamental example is the infinite dimensional vector space represented
(with a slight abuse of notation), by

z−1k[z−1]⊕ k[[z]].

In particular we should think of these as sequences. zk just represents a vector, and has k
coefficients. z−1k[z−1] is the space of sequences that eventually terminate. k[[z]] is the dual,
and the pairing is defined by pairing sequences with the Cauchy product and looking at 1/z
coefficient. A sequence with only finitely many non zero terms, pairs with an infinite sequence
to produce a finite number. (z−1k[z−1] has a Hamel basis represented by B = {z−k | k ∈ Z+}.
k[[z]] has a (Schauder) basis represented by B′ = {zk | k ∈ Z≥0}.
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2.1.5.0. Tensor products

Definition 2.1.28 (Algebraic tensor product). The algebraic tensor product of two vector
spaces V ⊗ U consists of all finite sums of tensors u⊗ v.

If V and U are infinite dimensional topological vector spaces, then the algebraic tensor V ⊗U
product does not in general satisfy the universal properties of a tensor product.

Definition 2.1.29 (Universal property of tensor product). A tensor product, ⊗C of objects
U, V and the associated bilinear map ϕ : U × V → U ⊗C V , is characterised by the following
universal property.

The object U ⊗C V and ϕ must have the property that any bilinear map ϑ : U × V → W ,
factors through ϕ uniquely, so there is a unique map ϑ′ : U ⊗C V → W , such that ϑ = ϑ′⊗C ϕ.

A topological tensor product, ⊗̂ is constructed by a choice of completion of the algebraic
product so it satisfies a universal property [Glö04].

Given topological vector spaces U, V :

Definition 2.1.30 (Topological tensor product). The topological tensor product U⊗̂V is a
completion of the algebraic tensor product U ⊗ V , so ⊗̂ satisfies the universal properties of
tensor product in the category of topological vector spaces.

This can depend on the underlying topology.

2.2. Symplectic vector and Tate spaces

We review what it means for an infinite dimensional topological vector space to be symplectic.

Definition 2.2.1 (Presymplectic vector space). A topological k-vector space W is presymplec-
tic, if there exists a continuous map ω, called the symplectic form, where ω : W → W → k,
which satisfies the following:

alternating: ω(v, u) = −ω(u, v), for all u, v ∈ W ,

bilinear: ω(αu1 + β u2, v) = αω(u1, v) + β ω(u2, v) for all u, v : W , and α, β : k,

non-degenerate: ω(u, v) = 0, for all u implies v = 0.

Given a presymplectic space (W,ω), define a map ω[ : W → W ∗, via currying the symplectic
form: v → ω(v, •). In infinite dimensions this map can have two types of behaviour, and this
determines what type of symplectic space W is.

Definition 2.2.2 (Strong symplectic). W is a strong symplectic topological vector space if
ω[ is a bijection, so W = W ∗.

55



Definition 2.2.3 (Weak symplectic). W is a weak symplectic topological vector space if ω[

is injective.

Remark 2.2.4. In finite dimensions, ω[ is naturally a bijection, and there is no distinction,
and so W is just termed symplectic.

Definition 2.2.5 (Polarisation). A polarisation, is a choice of a Lagrangian, L ⊂ W , such
that W = L⊕ L∗ and L ∼= (L∗)∗.

Lemma 2.2.6. A strong symplectic structure is equivalent to a choice of polarisation.

Proof. Take the dual of W equipped with a polarisation, and note that finite products/co-
products are equivalent.

Definition 2.2.7 (Tate space). A Tate space, T , is a topological vector space (or more
generally topological module) of the form T = P ⊕Q∗, where P and Q are topological vector
spaces with the discrete topology.

A Tate space is therefore a slight generalisation of a symplectic topological vector space. By
lemma (2.1.21) Q∗ is linearly compact.

Let V be a topological k-vector space where V and k have the discrete topology. Then:

Lemma 2.2.8. The topological vector space given by W = V ⊕ V ∗ is a Tate space.

Proof. This follows from the definition of Tate space.

W = V ⊕ V ∗ is the main type of Tate space we consider.

Remark 2.2.9. Alternatively the space W = V ⊕ V ∗ is known as a Lefschetz space.

Lemma 2.2.10. The Tate space W = V ⊕ V ∗ is a strong symplectic vector space.

Proof. If V is finite dimensional, then W is automatically a strong symplectic vector space.

In infinite dimensions, per definition (2.2.5), and lemma (2.2.6), pick L := V ∗, where V is a
discrete topological vector space. Then as (V ∗)∗ by lemma (2.1.22), it follows L ∼= (L∗)∗.

The purpose of introducing linearly compact topology in section (2.1.4), was to define the
weakest topology for a strong symplectic structure in infinite dimensions.
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2.3. Tate space of differentials on a curve

Let toVec : Alg(k) → Vect(k) be a covariant, forgetful functor forgetting the product
structure. The first example of a Tate space is the vector space of formal Laurent differentials:

Example 2.3.1. Consider the vector space

W = toVec(z−1k[z−1])⊕ toVec(k[[z]]) ⊂ toVec(k((z))).

Set V = toVec(z−1k[z−1]), and L = toVec(k[[z]]). Equip V with the discrete topology, and L
with the linearly compact topology. Then W with the corresponding product topology is a Tate
space.

Further V, L,W considered as objects in the category of topological vector spaces, we now
have L∗ ∼= V and (W ∗)∗ ∼= W . There is an exact sequence

0→ L→ W → V → 0,

in TopVect, defined by the natural pairing of series, (Cauchy product and looking at 1/z
coefficient). Then L = toVec(k[[z]]) is a Lagrangian in W .

A variation of example (2.3.1) encountered in [KS18] is the following (adapting the notation
of Kontsevich and Soibelman):

Definition 2.3.2. Let WAiry be the space of formal Laurent residueless differentials

WAiry =
{
J =

∑
n∈Z

Jn z
−n dz

z
| Jk ∈ C, J0 = 0,∃N s.t. Jn = 0,∀ n > N

}
.

Note WAiry ⊂ toVec(C((z)))dz, but there are no z−1 terms in WAiry.

When k = C, note that there is an isomorphism of vector spaces WAiry ∼= W . However,
Kontsevich and Soibelman want to allow some holomorphic terms in V . So a different choice
of polarisation than in example (2.3.1), which is a different choice of V and L. Instead of the
natural pairing of polynomials, this polarisation will come from a symplectic form.

The corresponding VAiry will be realised as V with a submodule of C[[z]], equipped with the
discrete topology, adjoined.

Proposition 2.3.3. WAiry has a symplectic form:

ωAiry(η1, η2) = Res
z=0

f1η2,

where df1 = η1, and η1, η2 : WAiry. Resz=0 means the coefficient of 1/z.
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First note that ωAiry is well defined, because there are only finitely many negative exponent
terms z−k, which can pair with a holomorphic term to give a coefficient of 1/z. So the
coefficient of 1/z is always a finite sum. To see ωAiry is skew-symmetric, first note

d(f1f2) = f1η2 + η1f2,

where the product of functions is given by the Cauchy product of power series. Then
necessarily Resz=0 d(f1f2) = 0, as there are no 1/z terms in the differential. Therefore it
follows

Resz=0 f1η2 = −Resz=0 f2η1.

Further ωAiry is bilinear as

ωAiry(η1, a η2 + b η3) = aResz=0(f1η2) + bResz=0(f1η3) = aωAiry(η1, η2) + b ωAiry(η1, η3).

Finally ωAiry is non degenerate because for any

J =
∑
n≥k

Jnz
−ndz

z
: WAiry,

it follows that
ωAiry

(
J,
zk dz

z

)
6= 0.

Proposition 2.3.4. The form ωAiry is translation-invariant.

Proposition 2.3.5. The form ωAiry is closed.

Proof. This follows from translation invariance.

Definition 2.3.6. The space of locally holomorphic differentials in WAiry is given by:

LAiry = {J | Jn = 0, n > 0} ∼= L = toVec(k[[z]])dz.

Equipping LAiry with the linearly compact topology, per section (2.1.4):

Proposition 2.3.7. WAiry is a Tate space.

WAiry follows from example (2.3.1). Given the exact sequence as per example (2.3.1), it
follows

0→ L→ W ⊕M → V ⊕M → 0

is an exact sequence, where M ⊆ toVec(k[[z]])dz has the discrete topology. Instead of the dual
pairing, we use the symplectic form. WAiry ∼= W ⊕M is again a Tate space. M corresponds
to a subset of formal holomorphic differentials.
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As per the introduction, consider an algebraic surface (X,OX) and Σ, a genus g complex
curve in X. Let R be a divisor on Σ. There is a Tate space associated to Σ equipped with
the divisor R. Around each point α : R, there are local holomorphic coordinates zα. For each
point α : R define a copy of WAiry in coordinates zα.

Proposition 2.3.8. WΣ := (WAiry)⊕|R| is a Tate space.

WΣ can be viewed as a bundle over Σ, with fibres WAiry at points in R.

Definition 2.3.9. Define LΣ, LΣ := (LAiry)⊕|R| ⊂ WΣ as the space of locally holomorphic
differentials.

Proposition 2.3.10. LΣ is linearly compact.

Proof. Via [Lef42], direct sums of linearly compact topological vector spaces are linearly
compact.

Proposition 2.3.11. LΣ is a Lagrangian.

This follow from the fact direct sums of exact sequences are exact. Given

0→ A→ B → C → 0,

and
0→ P → Q→ R→ 0,

it follows
0→ A⊕ P → B ⊕Q→ C ⊕R→ 0

is an exact sequence.

Rather than defining VΣ ∼= (VAiry)⊕|R|, immediately, VΣ naturally arises from the space of
residueless meromorphic differentials GΣ, which is in WΣ. Showing VΣ can be found via GΣ
will be important for symplectic reduction.

Definition 2.3.12 (Residueless meromorphic differentials). Define GΣ to be the space of
residueless, meromorphic differentials on Σ;

GΣ = {η : H0(Σ,Ω1(Σ−R)) | Res
α∈R

η = 0}.

Naturally there is an injective map ι : GΣ → WΣ. A differential is representable by a formal
differential. GΣ is naturally identified with its image in WΣ, GΣ ∼= ι(GΣ), so GΣ is considered
a subset of WΣ.

Then given a Torelli marked basis on Σ, {a1, . . . ag, b1, . . . bg}:
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Definition 2.3.13 (Vector space of zero a-periods). Define VΣ, where VΣ ⊂ GΣ, as

VΣ := {η : GΣ|∀i ∈ {1, . . . g}
∮
ai
η = 0}.

Likewise identify VΣ with the image under the map ι : GΣ → WΣ, VΣ ∼= ι(VΣ). Finally in
WΣ, VΣ has the discrete topology.

We provide a proof of a result from [KS18], reproduced also in [Cha+20], which is necessary
to show GΣ is coisotropic:

Proposition 2.3.14. GΣ is transversal to LΣ in WΣ, that is GΣ + LΣ = WΣ..

Proof. First note that WΣ has a filtration by Laurent polynomials with a fixed negative
degree −d, or a pole of order d (a series starting with a cdz−d term). Define the subspace Wd

of polynomials with poles of order d:

Wd = {Jα ∈ WΣ|∀n ≥ d, α ∈ R, Jα
n = 0},

Then Wd is an ascending filtration,

· · · ⊂ Wd−1 ⊂ Wd ⊂ Wd+1 · · · ⊂ WΣ,

with the extra property that:
WΣ =

⋃
d

Wd.

Also LΣ = W0 = W1, are all the locally holomorphic terms, where W0 = W1 because WΣ has
zero residue.

Consider the sequence
0→ Wd−1 → Wd → Q→ 0,

Necessarily dim(Q) = |R|, where R is a positive divisor on Σ. By Riemann-Roch, the quotient
space Q = Wd/Wd−1 is representable by elements of GΣ. For d ≥ 2:

dim(Wd ∩GΣ)− dim(Wd−1 ∩GΣ) = dimH0(Σ,KΣ(dR))− dimH0(Σ,KΣ((d− 1)R))
= (d|R|+ (g − 1))− ((d− 1)|R|+ (g − 1))
= |R|.

So Wd differs from Wd−1 by |R| degree d terms. Note that Wd ∩GΣ ⊂ H0(Σ,KΣ(dR)) is a
codimension |R| subset. The terms with residue are accounted for in the difference.

Now consider the exact sequence:

0→ HΣ → Wd ∩GΣ
f→ Wd/W0 → 0
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where HΣ is the space of holomorphic differentials on Σ. The map f is surjective because
dim(Wd ∩GΣ) = g + (d− 1)|R|, the kernel of f has dimension g, dim(Wd/LΣ) = (d− 1)|R|,
and LΣ = W0.

Therefore:
(Wd ∩GΣ) + LΣ = Wd,

where + is internal sum. Taking the union over all d:⋃
d

(Wd ∩GΣ) = GΣ,

gives the final result:
GΣ + LΣ = WΣ.

Corollary 2.3.15. VΣ ⊕ LΣ = WΣ.

Proof. The proof follows from the previous proposition with VΣ in place of GΣ, and VΣ and
LΣ have zero intersection.

Proposition 2.3.16. WΣ = VΣ ⊕ LΣ is a Tate space

Proposition 2.3.17. WΣ has a symplectic form ωΣ given by

ωΣ(η1, η2) :=
∑
α∈R

Resα(f1η2),

where f1 is a locally defined function such that η1 = df1.

While WΣ was originally defined as an entirely formal object, it does contain interesting
analytic information. The presence of the formal holomorphic terms are necessary to allow
for duals.

The following proposition also follows from [KS18], also reproduced from [Cha+20]:

Proposition 2.3.18. GΣ is coisotropic in WΣ, so G⊥Σ ⊆ GΣ.

Where recall G⊥Σ is the symplectic complement:

G⊥Σ = {η ∈ WΣ |ωΣ(η, ν), for all ν ∈ GΣ}.

With the symplectic form we show G⊥Σ ⊆ VΣ, hence as VΣ ⊂ GΣ, the result follows:
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Proof. Consider a η1 + ` ∈ G⊥Σ where η1 ∈ VΣ and ` ∈ LΣ. Then for all η2 ∈ VΣ ⊂ GΣ,

ωΣ(η1 + `, η2) = 0,

as η1 + ` annihilates all elements of GΣ. Then by linearity

ωΣ(η1, η2) + ωΣ(`, η2) = 0.

By the Riemann bilinear relations, ωΣ(η1, η2) = 0:

ωΣ(η1, η2) =
∑
α∈R

Res
α
f1η2 =

1
2πi

g∑
j=1

∮
bj
η1

∮
aj
η2 −

∮
bj
η2

∮
aj
η1 = 0, (2.1)

as the integration over a-periods of elements in VΣ is zero, by the definition of VΣ. Also note
f1 is the locally defined function so df1 = η1.

Therefore it must be that ωΣ(`, η2) = 0 for all η2 ∈ VΣ. But as ωΣ is a symplectic form, and
VΣ and LΣ are a polarisation, then for any non-zero ` ∈ LΣ there is η2 ∈ V such that

ωΣ(`, η2) 6= 0.

Therefore it must be that ` = 0, so η1 + ` = η1 ∈ VΣ. So G⊥Σ ⊆ V , and hence

G⊥Σ ⊂ VΣ ⊂ GΣ.

There are Darboux coordinates: on WΣ:

Definition 2.3.19 (Darboux coordinates). Darboux coordinates {xi, yi} on WΣ, are elements
of W ∗

Σ, such that
ωΣ = dxi ∧ dyi,

where xi : VΣ and yi : LΣ.

Existence of Darboux coordinates uses the property that WΣ is a Tate space which gives
W ∗

Σ
∼= WΣ. Therefore WΣ is a strong symplectic topological vector space.

A convenient choice of Darboux coordinates has the following properties:

Proposition 2.3.20. There exist Darboux coordinates {xi, yi} on WΣ that satisfy:

1. [xi] = 0, for i > g.

2. yi = ωi, the normalised holomorphic differential on Σ, for i = 1, ..., g.

3.
1
2πi

∮
bj
xk = δjk, j ∈ {1, ..., g}, k ∈ N.

62



Property (1), is particularly useful for symplectic reduction. A finite dimensional analog is
given in section (5.6). The proof is from our joint work [Cha+20]:

Proof. The proof of the first item starts the property that∮
aj
xi = 0,

for 1 ≤ j ≤ g, since xi ∈ VΣ. Combining this with∮
bj
xi = 0,

all periods vanish, so does the cohomology class [xi].

The second property uses
ωΣ = dxi ∧ dyi,

and the Riemann bilinear relations to obtain that ωΣ(ωi, x
j) = δij . Then yi = ωi, for 1 ≤ i ≤ g

by the non-degeneracy of ωΣ.

The final property uses fact that the map

GΣ → H1(Σ,C)

is surjective. So there exists xi, i = 1, . . . , g satisfying
1
2πi

∮
bj
xi = δij.

To obtain the rest of the coordinates when i > g, satisfying the proposition, first complete
{xi | i = 1, . . . , g} to a Hamel basis of meromorphic differentials for WΣ.

Using the notation i = i(α, n) where α ∈ R and n ∈ N, let

xi0 = d(z−nα ) + holo ∈ VΣ
(by the Hodge decomposition theorem) and also let

xi = xi0 −
g∑

j=1
xj

1
2πi

∮
bj
xi0.

Then, in terms of the xi, we have

y0i = 1
n
d(znα) +

g∑
j=1

ωj
1
2πi

∮
bj
xi0,

where i > g. Then define

yi = y0i −
g∑

j=1
yjωΣ(y0i , xj).
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2.4. Symmetric algebra in finite dimensions

The symmetric algebra functor S : Vect → CommAlg, is a functor from the category of
modules or vector spaces to commutative rings. Given a module M , we can form a free
commutative algebra denoted S(M).

The symmetric algebra functor is characterised by the following universal property:

Definition 2.4.1 (Symmetric algebra functor universal property). Given a linear map between
modules and algebras, f :M → A, there is a unique algebra homomorphism g : S(M)→ A
such that f = g · ι , where ι :M → S(M) is an inclusion map.

As a consequence of the unviversal property, given a module homorphism f :M → N , there
is an algebra homorphism S(f) : S(M)→ S(N).

If V is a finite dimensional k-vector space, S(V ) is a ring of polynomials in elements in V .
Given a basis B for V , there is an isomorphism S(V ) ∼= k[B]. Alternatively, the symmetric
algebra S(V ∨) ∼= k[B∨] is the ring of polynomial functions on V (here we are using the
algebraic dual V ∨ = Hom(V,k)).

Lemma 2.4.2. The symmetric algebra is given by the coproduct:

S(V ) :=
∐
k

Sk(V ),

where Sk(V ) are identified as degree k polynomials.

There is also a connection to the vector space of symmetric tensors denoted Sym(V ). A
symmetric tensor is an element of Symn(V ), which are tensors Symn(V ) ⊂ T n(V ), that are
invariant under a permutation σ : Sn:

v1 ⊗ · · · ⊗ vn → vσ(1) ⊗ · · · ⊗ vσ(n).

Definition 2.4.3 (Vector space of symmetric tensors). Sym(V ) is the graded sum:

Sym(V ) :=
⊕
k

Symk(V )

If V is a vector space over a field of characteristic zero, there is an isomorphism of vector
spaces Symn(V ) ∼= Sk(V ), given by the symmeterisation map

v1 · · · · · v2 →
1
n!

∑
σ∈Sn

vσ(1) ⊗ · · · ⊗ vσ(n),

where · is the product in S(V ). Note that this is an isomorphism of vector spaces, not
algebras.
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So for a finite dimensional vector space V , S(V ∨) serves as a coordinate ring for V . This
necessarily enables us to do algebraic geometry over V , for example define a subvariety as a
quotient of the polynomial ring.

If V is infinite dimensional this situation becomes more subtle. By the axiom of choice,
infinite dimensional vector spaces have a basis, but finding an explicit form is not always
possible. Further B∨ does not in general form a basis for the dual space.
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3. Infinite dimensional algebraic geometry

To talk about subvarieties, schemes, deformation quantisation and corresponding modules, we
want to model an infinite dimensional affine space W, on the infinite dimensional vector space
W ∼= k⊗N ⊕ k×N. To do this we consider colimits and limits of rings. This naturally leads to
limits of schemes, which appear in other areas of maths such as geometric Langlands. Like
in finite dimensions where we make the identification kn ∼= An, via a choice of coordinates,
similarly we would like to think that W ∼= W. However, we will just consider this at the
algebraic level. The rings constructed in this chapter are an algebraic version of S(W ∗). The
important part is that W will have coordinates {xi, yi}, where there are strong finiteness
constraints. Instead of using topological language, in this chapter, we construct the coordinates
using the notion of limits and colimits.

First we review the categorical generalisation of inverse limits and direct limits. Note the
objects constructed here are not necessarily mathematically novel, instead we explain why
they are relevant in the context of Airy structures.

3.1. Categorical Limits

A limit is a generalisation of an inverse limit, and a colimit is a generalisation of a direct
limit. The

Let (I,≤) be an ordered set, for example N or Z. Treating I as a category, elements of the
set become objects, and for i ≤ j define a morphism as an arrow φij : i→ j.

Definition 3.1.1 (directed system). Let C be a category. A directed system is a functor
F : I → C.

This means a directed system is a collection 〈Xi, fij〉, where Xi = F (i) is an object, and
fij = F · φij is a morphism, in C.

As F is a functor it preserves identity and composition:

fii = id

fik = fjk · fij, so Xi → Xj → Xk, is equivalent to Xi → Xk.

Let F : I → C be a directed system.

Definition 3.1.2 (Cone). A cone to F , is a pair (C,ϕ•), where C is an object in C, and ϕ•
is an indexed family of morphisms in C, ϕi : C → F (i), such that for a morphism φij : i→ j
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in I, F (φij) · ϕi = ϕj.

A co-cone is the categorical dual of a limit. It is given by reversing the arrows in the previous
definition.

Definition 3.1.3 (Co-cone). A co-cone to F , is a pair (C, ϑ•), where C is an object in C,
and ϑ• is an indexed family of morphisms in C, ϑi : F (i) → C, such that for a morphism
ϕij : i→ j in I, ϑj · F (ϕij) = ϑi.

Note these definitions generalise to other categories in place of I. Now limits and colimits
are describable as a universal property involving cones.

3.1.1.0. Limit

Let F be a directed system, so a functor F : I → C.

Definition 3.1.4 (limit). The limit L of the functor F is a cone (L, f•) such that for every
cone (S, g•) there exists a unique morphism u : S → L such that fi · u = gi.

Limits are the terminal object in the category of cones to F . Limits are used for completions,
so essentially an object that the diagram factors into. When limits exist they are unique up
to an isomorphism.

So when the limit of F exists, it is given by an object X ∈ C, and there are canonical
projection morphisms X → Xi.

Remark 3.1.5. A limit is a generalisation of an inverse limit:

X = lim
←−

Xi.

Remark 3.1.6. We will use the notation limnXn to denote a limit over objects Xn. Objects
are usually indexed by n ∈ N, and morphisms will be specified.

Example 3.1.7. The formal power series ring k[[}]] is constructed via a limit.

k[[}]] = lim
n

k[}]/}n.

In this case the functor maps objects F (n) = k[}]/}n, and morphisms n → n + 1 as an
embedding.

3.1.2.0. Colimit

A colimit is a categorical dual of a limit, given by reversing all the arrows in definition for
limit. A colimit essentially glues together all objects in a diagram.
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Definition 3.1.8 (Colimit). The colimit C of the functor F is a co-cone (C, f •) such that
for every co-cone (S, g•) there exists a unique morphism u : C → S such that u · f i = gi.

Colimits are initial objects in the category of cones from F .

So when a colimit of a functor F exists, it is given by an object X ∈ C with inclusion
morphisms Xi → X.

Remark 3.1.9. Note a colimit is a generalisation of a direct limit

X = lim
−→

Xi.

Lemma 3.1.10 (Colimit of rings). Consider a functor F : N→ Ring.

This gives an indexed family of rings, Ri, with maps ϕij : Ri → Rj, where i ≤ j. Then there
exists a ring R, with a family of ring morphism ϕi : Ri → R, such that ϕj · ϕij = ϕi, for
i ≤ j, satisfying the following universal property:

For any ring S, and morphisms ψi : Ri → S, there exists a unique ring morphism Ψ : R→ S
such that ψi = Ψ · ϕi.

Remark 3.1.11. We denote this as R = colimnRn, although we must also specify the
morphisms.

Lemma 3.1.12 (Spectrum and colimits). As Spec is a contravariant functor:

Spec(colim
n

R) = lim
n

Spec(Rn) ⊂
∏
j

Spec(Rj).

3.2. Polynomial rings in infinite variables

Let k be a field of characteristic zero. It is possible to generate very different looking
polynomial or formal power series rings in infinite variables.

3.2.1.0. Ind-infinite rings

Taking a colimit:

Definition 3.2.1 (Polynomial ring in infinite variables). Define the ring:

k[x•] = colim
n

k[x1, . . . xn],

where transition maps are given by inclusion of rings.
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k[x•] is a ring in which elements are sums of finitely many variables all bound in degree. Note
we can replace the indexing of the variables, labelled here by N, with any countable index set.

Let X be a countable set. A slight generalisation of the above is the ring k[X], which denotes
functions X → k with finite support.

Lemma 3.2.2. C[x•] has maximal ideals of the form mp• = 〈x• − p•〉 = 〈x1 − p1, . . . 〉.

Note while a maximal m is potentially infinitely generated, elements still only look like finite
combinations of the generators.

Proof. Consider an evaluation map φp• : C[x•] → C, φp•(f) = f(p•). Evaluation is well
defined as f(p•) is a finite sum for any f . The kernel is given by mp• . Then C[x•]/mp•

∼= C is
a field and hence mp• is maximal.

Note in the case where k = R there are extra maximal ideals describing conjugate points,
k[x•]/m ∼= K, where K is a finite extension, so there are maximal ideals with degree two
elements.

Lemma 3.2.3. k[x•] is not Noetherian.

Proof. For a contradiction, the ideal 〈x1, . . . 〉 is not finitely generated.

Geometrically, as of writing, there is not much known about k[x•]. Prime ideals of the ring
k[x1, . . . , xn] are difficult to explicitly calculate [Fer97].

Lemma 3.2.4. The prime ideals of k[x•] are 〈x• − p•〉, 0 and irreducible polynomials bound
in degree.

Definition 3.2.5 (Pro-infinite affine space). The limit Aω = Spec(k[x•]), equipped with the
Zariski topology, where ω is the first ordinal, is called pro-infinite affinie space.

Note Spec is contravariant, so we have

Spec(colim
n

k[x1 . . . xn]) = lim
n

Spec(k[x1 . . . xn]),

so this is a pro-infinite scheme.

Recall the completion studies the structure of the space around an arbitrarily small neigh-
bourhood of a point. Completion of the ring k[x•] at the maximal ideal m = 〈x•〉 produces a
ring in which elements are formal series, but only contain a finite number of terms for each
degree:

Definition 3.2.6 (Completed polynomial ring in infinite variables).

k{[x•]} = lim
n

k[x•]/mn.
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Lemma 3.2.7. k{[x•]} is not flat as a k[x•]-module.

It is possible to identify the coefficients of these polynomials with tensors. For example
consider a polynomial:

f = a0 + a1ix
i + a2ijx

ixj + a3ijkx
ixjxk + . . .

A term like a2ijxixj is equivalent to the symmetric tensor a2ijxi ⊗ xj ∈ Sym2(V ), for some
vector space V . In particular, in infinite dimensions, this corresponds precisely with a discrete
topological vector space. If xi is a vector in a discrete topological vector space, vectors are all
finite sums xi1 + · · ·+ xiN . Taking algebraic tensor products will similarly give tensors with
finite combinations of xi. So naturally S(V ) ∼= k[x•]. Note S(V ) is not the coordinate ring of
functions on V . In the case where W = V ⊕ L ∼= V ⊕ V ∗, the ring k[x•] gives coordinates on
L.

Pro-infinite rings

Taking a limit of a polynimial ring, define:

Definition 3.2.8 (Bounded formal polynomials).

k{y•} = lim
n

k[y1, . . . yn],

where projection maps n+ 1→ n are given by truncating n+ 1 variable terms by evaluating
them at 0.

We use the curly braces to make a distinction to the ind-infinite case.

Now elements of the limit are polynomials in infinitely many variables, but bound in degree,
for example p = y1 + y2 + · · ·+ yN1 + yM2 + . . ., p ∈ k{y•}, and N,M are finite.

Elements of k{y•}, are also identified with tensors or symmetric products of elements of a
vector space, k{y•} ∼= S(L). We claim that L has to be a linearly compact topological vector
space. Elements of a linearly compact topological vector space are naturally written as a
limit:

v = lim
n

n∑
i

ciyi

Taking algebraic tensor products of these vectors will impose the finiteness in the degree. So
naturally tensor or symmetric products look like the bounded formal polynomials. Likewise
k{y•} does not give coordinates on L, but gives coordinates on V . Elements of V are always
a finite sum of vectors. So evaluating some formal bounded polynomial on a finite sum
will always produce a finite value, for example, for v = ∑N

i=1 cix
i ∈ V , and an arbitrary

polynomial: ∑
i1,i2,...iM

yin(v)yi2(v) . . . yiM (v)

yin only pairs with finitely many of the xi, so this is a finite sum.
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Maximal ideals of the ring k{y•} are more complicated than k[x•]. The main issue is that
evaluation is not necessarily well defined.

Definition 3.2.9 (Ind-infinite affine space). The limit A∞ = Spec(k{y•}), equipped with the
Zariski topology, is called ind-infinite affine space.

Again as Spec is contravariant:

Spec(lim
n

k[y1 . . . yn]) = colim
n

Spec(k[y1 . . . yn]),

so this is a ind-infinite scheme.

Completing k{y•} at a maximal ideal m = 〈y1, . . . 〉, which is taking another limit, generates a
polynomial ring in infinitely many variables and degree, a formal power series ring in infinite
variables.

Definition 3.2.10 (Formal series in infinite variables). Denote the completion of k{y•} at a
maximal ideal as:

k[[y•]] = lim
n

k{y•}/mn

3.3. Tensor products and vector spaces

Let R be a ring, and S, T be R-algebras. S and T are both R-modules. The tensor product of
these modules, S ⊗R T is also an R-module. This module is given a ring structure as follows:

Definition 3.3.1 (Tensor product of algebras). The algebraic tensor product, S ⊗R T , is an
R-module and furthermore an R-algebra with product

(s1 ⊗ t1)(s2 ⊗ t2) = (s1s2 ⊗ t1t2).

Remark 3.3.2. Note that every element of S ⊗ T is able to be written non-uniquely as a
finite sum of the form: ∑

finite
si ⊗ tj,

for si ∈ S, tj ∈ T .

Example 3.3.3. For example consider S = k[x1, y1]/〈−y1 + a x2〉 and T = k[x2, y2]/〈−y2 +
bx2〉 as schemes over R = k. The tensor product S⊗R T = k[x1, x2, y1, y2]/〈−y1+ a x1,−y2+
b x2〉 corresponds to a surface ∼= A4.

Note this can also be used to compute an intersection

Example 3.3.4. Let R = k[x, y]. Consider the R-modules S = k[x, y]/〈f〉 and T =
k[x, y]/〈g〉, for f, g ∈ R, which representing subschemes in Spec(R). In this case S ⊗R T
represents the intersection of f and g.
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We use the tensor product in the sense of k-algebras.

Now consider various algebraic tensor products of pro and in-infinite rings:

k[x•]⊗k k{y•}, k[x•]⊗k k[x•], k{y•} ⊗k k{y•}.

Recall, we want to consider coordinates on the space W ∼= k⊗N ⊕ k×N. The natural choice in
this case is k[x•]⊗k k{y•}.

Lemma 3.3.5 (Coordinate ring on the Tate space W ). We identify the symmetric algebra
on the Tate space W = V ⊕ V ∗ with the ring k[x•]⊗k k{y•}.

Remark 3.3.6 (Notation). Note in later chapters we adopt a slight abuse of notation
k[x•, y•] ∼= k[x•] ⊗k k{y•}, to try and account for the finite dimensional case. In infinite
dimensions this ring must have the special structure.

Remark 3.3.7. Note that the graded components of S(W ∗) ∼= S(W ), Sn(W ) are isomorphic
to Symn(W ), where Sym uses the algebraic tensor product. Completing the coordinate ring
at the maximal ideal is equivalent to completing the algebraic tensor product.

Underlying polynomial rings, and then the rings considered in the previous section is a the
covariant k-algebra functor

k[ · ] : Set→ CommAlg(k).

For example to get polynomial rings we simply take a set {x1, . . . xn}, or {yn, . . . , yn}, to
get a polynomial ring k[x1, . . . xn]. Then taking various limits or colimits of these sets is
preserved by the covariant functor k[ · ].

Remark 3.3.8. Note in algebraic geometry, the notation k[X] often means functions on the
affine space X = An. Then there is an isomorphism to a polynomial ring k[x1, . . . , xn], where
the xi are coordinates or functions on X.

Also note in finite dimensions, the choice of coordinates gives an isomorphism between An

and then the coordinate space kn, which is similar to the situation with vector spaces. In
infinite dimensions we must be more careful.

If X = V is now a finite dimensional vector space, writing k[V ] is perhaps confusing notation,
it does not represent what should be the coordinate ring O(V ) = k[B∨], which are functions
on V .
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4. Airy structures

Kontsevich and Soibelman introduce the notion of Airy structures, [KS18], reproduced here in
definition (4.2.1), to motivate the recursive formula for topological recursion. The data from
the Airy structure is then used to define abstract topological recursion, which then for the
correct choice of some initial data, specialises to give Eynard-Orantin topological recursion.

The geometric picture is that an Airy structure characterises a quadratic Lagrangian subvariety
L in an affine space. L is analogous to the zero set of a collection of quadratic polynomials.
However we approach this from a more modern algebraic geometric perspective, L is the
spectrum of a polynomial ring quotiented by an ideal generated by a collection of quadratic
polynomials. However for the application to topological recursion, the L is represented by an
ideal in a polynomial ring in infinite variables.

It is possible to identify coefficients of these polynomials with tensors, denoted A, B, and C.
The fact that L must be Lagrangian is encoded in these tensors. Constraints on (A,B,C) is
how an Airy structure is defined in [KS18].

To get to abstract topological recursion, requires a quantum Airy structure. Briefly, a quantum
airy structure is an Airy structure, but in a non-commutative ring of operators.

In particular, the quantum Airy structures necessary for topological recursion arises from an
underlying classical (in a commutative polynomial ring) Airy structure. The Poisson variety
containing L is quantised via deformation quantisation, as per chapter (1). Naturally this
gives rise to a module isomorphic to OL under a quotient by }. Along with (A,B,C) from a
classical Airy structure, there is an additional tensor ε.

Finally looking for a particular module dual to OL[[}]] gives rise to a wavefunction, per
chapter (1). This wavefunction is written as exp(S(x•)), where S(x•) is formal series in some
parameters x• with coefficients built out of (A,B,C), and ε.

4.1. Lagrangian subvarieties

We consider an algebraic analog of a Lagrangian sub vector space in a symplectic vector
space. First, we recall the definition of Lagrangian in the symplectic vector space setting. Let
(W,ω) be a symplectic vector space. Let L ⊂ W be a sub vector space. Recall the symplectic
complement, L⊥ of L is defined as:

L⊥ = {w ∈ W |ω(w, v) = 0,∀v ∈ W}.

Definition 4.1.1 (Coisotropic vector space). L is coisotropic if L⊥ ⊂ L.
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Then L is Lagrangian, if it is maximally coisotropic:

Definition 4.1.2 (Lagrangian vector space). L is Lagrangian if L = L⊥.

Note definition (4.1.2), applies for arbitrary dimensional W . In finite dimensions it is a
consequence that L is half the dimension of W .

Now consider a Poisson scheme (W,OW ). For a closed subscheme L in W defined by an ideal
sheaf J of OW -modules, L = supp(OW/J ), L is coisotropic if J satisfies the following:

Definition 4.1.3 (Coisotropic subvariety). L is coisotropic in W if the ideal sheaf J is
closed under the Poisson bracket

{J ,J } ⊆ J .

Alternatively J acting as a Poisson derivation {J , ·} on OW fixes J . Like the vector space
example, Lagrangians in the algebraic picture are required to be coisotropic. To obtain what
it means to be Lagrangian, we will use something which is analogous to half-dimensional.

Now suppose there are Darboux coordinates on W , so O(W ) = k[x•]⊗k k[y•], and potentially
an ind or pro-infinite completion along the x and y directions respectively. In the case of
Airy structures, we consider Lagrangians to mean coisotropic varieties, which can locally be
solved for each yi:

Definition 4.1.4 (quadratic Lagrangian). L is a quadratic Lagrangian if its defining ideal,
choosing local coordinates (xi, yj), is generated by irreducible quadratic polynomials, J (U) =
〈Hi : OW (U)〉, of the form

Hi := −yi + aijkx
jxk + 2bkijxjyk + cjki yjyk,

such that {Hi, Hj} = gkijHk for some gkij ∈ k. Furthermore, there is a bijection between the
index set of the Hi and the yi.

The bijection means there is an equation for each yi, and so this is analogous to half
dimensional.

So as long as there is a bijection between the set of y• coordinates, and a labelling of the
defining equations for a subvariety, and as long as they satisfy the coisotropic condition, we
consider this as a Lagrangian.

The important property is to be able to write the Lagrangian as a local generating function
yidx

i = dS0(x•), which involves solving for each yi as a function of x•. This means having an
equation for each yi.

This definition naturally generalises to cubic, quintic and higher order Lagrangian. Instead
of −yi +Qi(x•, y•) where Qi is quadratic, it is possible to consider −yi + Pi(x•, y•) for some
arbitrary order polynomial P . However there will be constraints on the coefficients. [Bor+18].
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An insight of Kontsevich and Soibelman is that the coeffients aijk, bkij, and c
jk
i have interesting

structure which they term an Airy structure.

4.2. Airy structures

4.2.1.0. Affine case

Consider a Tate space W , with possibily infinite dimensional coordinate ring (given by
pro or indinfinite completions, lemma (3.3.5)) O(W ) = k[x•, y•], where x•, y• are Darboux
coordinates such that there is a Poisson bracket {yi, xj} = δji , {xi, xj} = {yi, yj} = 0 .
Consider the ideal I in O(W ), defined by the irreducible quadratic polynomials:

I = 〈Hi = −yi + aijkx
jxk + 2bkijxjyk + cjki yjyk ∈ O(W )〉,

with the requirement that I is closed under the Poisson bracket. Closure under the Poisson
bracket is computable in terms of Hi:

{Hi, Hj} = gkijHk,

where gkij are constants. This puts constraints on the coefficients (aijk, bkij, c
jk
i ).

Further the ideal defines a O(W )-module, O(W )/I, and the support of this module defines a
quadratic Lagrangian L:

L := supp(O(W )/I) ∼= Spec(O(W )/I).

With respect to the polarisation, which is the choice of V ⊂ W such that W ∼= V ⊕ V ∗, the
coefficients (aijk, bkij, c

jk
i ) of Hi can be identified with tensors:

A = (aijk) = aijkx
i ⊗ xj ⊗ xk : Sym(V ⊗ V ⊗ V ),

B = (bkij) = bkijx
i ⊗ xj ⊗ yk : Sym(V ∗ ⊗ V ⊗ V ),

C = (cjki ) = cjki x
i ⊗ yj ⊗ yk : Sym(V ∗ ⊗ V ∗ ⊗ V ),

where repeated indices denote summation.

The closure of the Poisson bracket induces constraints on the tensors A, B and C. These
constraints are known as an Airy structure on V [KS18; And+17]:

Definition 4.2.1 (Airy structure). An Airy structure on V is a collection of tensors
(aijk, bkij, c

jk
i ) satisfying the constraints:

2
(
bkji − bkij

)
= gkij,

4
(
ajksb

k
it − aiksbkjt

)
= gkijakst,

2
(
ajksc

kt
i − aikscktj + bkisb

t
jk − btikbkjs

)
= gkijb

t
ks,

2
(
bsjkc

kt
i − bsikcktj + btjkc

ks
i − btikcksj

)
= gkijc

st
k .
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These constraints are homogeneous in A, B and C. The constraints are computed in appendix
(A.1).

We are interested in studying L in formal neighbourhoods of the origin. Corresponding to L
is a formal scheme L̂ which is given by completion of L by a maximal ideal m (zero in W ).
Concretely this is given by taking the colimit of the quotient:

L̂ = colim
n

Spec (O(L)/mn) .

The resulting formal power series describing this object contains useful information.

Proposition 4.2.2. The formal completion is given by

L̂ ' Spf
(
Ô(W )/〈yi − u0;i(x•〉

)
,

where the u0;i are given by solving Hi = 0 for yi as a function of the xi, so yi = u0,i(x•).

Remark 4.2.3. This series contains the genus zero information of topological recursion.

Remark 4.2.4. The n-th formal neighbourhood corresponds to the quotient O(L)/mn. We
think of L̂ in terms of formal neighbourhoods.

Recall, fixed point iteration of a function f is a sequence of points wn, such that wn = f(wn−1).
If f is continuous then the fixed point w satisfies w = f(w). Completing the Hamiltonians at
the maximal ideal can be viewed as a fixed point problem

yi = fi(y•, x•)

where fi are the remaining degree 2 terms in x• and y•.

In general, the formal series u0;i can be constructed via a fixed point iteration, which is
equivalent to the zero genus part of Theorem 2.4.2 in [KS18]. The point y• = 0 is satisfied by
the equation 0 = fi(0, x•).

Theorem 4.2.5. The formal completion is described by the fixed point iteration:

u
(0)
0;i = aijkx

jxk

u
(n)
0;i = aijkx

jxk + 2bkijxju
(n−1)
0;k + cjki u

(n−1)
0;j u

(n−1)
0,k .

Proposition 4.2.6. Coefficients of this formal series stabilise: u(n)0;i (x•) converges to u0;i(x•)

Converges mean the coefficients of corresponding terms for the same degree in x• are equal.
This is originally proven in [KS18] more generally in terms of abstract topological recursion.
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Example 4.2.7. Consider the conic −y + ax2 + 2bxy + cy2 = 0 in k[x, y].

Any choice of (a, b, c) satisfies the Airy structure constraints. Solving for y(x) at (x, y) = (0, 0),
there is a formal solution:

u0(x) =
1
2 c

(
1− 2 b x−

√
−4 a c x2 + (−1 + 2 b x)2

)
.

If (a, b, c) = (1, 1, 1), this is the generating function for Catalan numbers:

u0(x) = x2 + 2x3 + 5x4 + 14x5 + 42x6 + · · ·+ (2n)!
(n+ 1)!n!x

n+1 + · · · ,

as seen in chapter (1). These numbers count rooted binary trees [Sloa].

Alternatively multiplying by x, this is the generating formula for the number of tri-valent
graphs weighted by (a, b, c).

If (a, b, c) = (1, 1/2, 1), this is the generating function for Motzkin numbers. The n-th
Motzkin number counts the number of ways of drawing non-intersecting chords between
n points on a circle [Slob].

Note at (x, y) = (0, 1) there is another solution for the positive square root.

The two dimensional case with scalar coefficients (a, b, c), per example (4.2.7) is suitable for
reconstructing any example.

Defining u0(x•) = u0;i(x•)xi, monomials can be identified with tensors in Ŝym(V ). The first
few coefficients of u0 are

{aijk, 2bkijakrs, c
jk
i ajrsaktu + 4bkijbskrastu, . . . }.

Remark 4.2.8. Note that in the infinite dimensional case, we explicitly only consider tensors
such that contractions are terminating or finite sums. There is no convergence issue. In
particular this is a result of the discrete topology on V . Although there are infintiely many xi,
a term like aijkxixjxk must only be a finite sum of different xi.

4.2.2.0. Generating function

Generally, any Lagrangian subvariety can be represented locally by a generating function.
This means take the formal completion of O(L), at a maximal ideal corresponding to a point.
In the case of the quadratic Lagrangian defined by some quadratic polynomials of x• and y•,
for example in one dimension (4.2.7), this is analogous to solving for y• as a series u0(x•).
Related to this generating function u0(x•) is a primitive:

Definition 4.2.9 (Primitive). Define the primitive S0(x•) as the function such that dS0(x•) =
u0,i(x•)dxi.
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This primitive is related to the symplectic form.

The restriction of a primitive of a symplectic form to a Lagrangian subvariety is exact. In
the case of a symplectic variety, there is a symplectic form Ω = d(−yidxi) = −dyi ∧ dxi.

Restrict the primitive, −yidxi, of Ω, to a formal neighbourhood of 0 ∈ L̂ to get a function S0
defined in a neighbourhood in W of 0 ∈ L̂ satisfying:

yidx
i := dS0(x•) = u0;i(x•)dxi.

Explicitly writing out some terms gives:

S0(x) =
1
3aijkx

ixjxk + 1
6
(
bkijak`m + bki`akjm + bkimakj`

)
xixjx`xm + . . . .

Lemma 4.2.10. S0(x•) is symmetric under permutations of the x•, which in finite and
infinite dimensions, corresponds to bijections of the index set I → I.

The symmetry of S0(x•) is a consequence of {Hi, Hj} = gkijHk. Differentiating S0 with respect
to xi generates other identities involving the tensors

(aijk, bkij, c
jk
i ),

which also follow from the closure condition. For example:

bkijak`m + bki`akjm + bkimakj` = bkjiak`m + bkj`akim + bkjmaki`,

which agrees with the constraints in definition (4.2.1). For example we see that

∂

∂xi
S0,4 =

4
6(b

k
ijak`m + bki`akjm + bkimakj`)xjx`xm = 2bkijak`mxjx`xm = u

(4)
0,i

as required.

4.2.3.0. Graphical representation

There is a diagrammatic, or graphical, algorithm to compute the monomials u0,n;i(x•).
Previously, topological recursion has been visualised as a graphical sum, for example [EO07],
so we outline a similar scheme for the function u0(x) encoding the Lagrangian in the case of
Airy structures.

In the case of the planar conic,

−y + x2 + 2x y + y2 ∈ k[x, y],

solving for y(x) = 0 as a power series in x, gives the generating function for Catalan numbers,
which count rooted binary trees. Associated to these numbers, in chapter (1), we drew the
trees up to isomorphism. A weighted count of these trees, returns the Catalan numbers,
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which are the coefficients of powers of x in y(x). The same process can be carried out with
the weighted conic

−y + a x2 + 2x y + c y2,

which assigns a particular weighting of certain trees. This conic is nearly sufficient for even
producing the coefficients of the 2n or even infinite dimensional case of solving for y• in the
quadratics H• in k[x1, . . . , y1, . . . ]. To recover the tensor contractions in the coefficients of
products of x•, requires something like type-inference. The weighted conic gives the correct
structure but forgets information about the tensor contractions.

In this section we describe a procedure to find the coefficients in u0,n,i. Coefficients of x• in
u0,i are identifiable with rooted trees, much like the 1 dimensional case −y+a x2+2x y+ c y2,
but we have to infer the tensor contractions.

To do this, we will consider building a directed graphs from the trees, and then use this to
assign a certain labelling to vertices.

Generating trees up to isomorphism type, and counting types weighted by number of
automorphisms will generate Catalan numbers. Furthermore, the purpose of considering
graphs instead of trees is to examine a generalisation required in the case of quantum Airy
structures.

Generating graphs

To build the graphs corresponding to u0,n;i, for n ≥ 3, we start with undirected graphs in
2n− 2 vertices, comprising of n degree 1 vertices, and n− 2 degree 3 vertices. Note that we
only consider graphs up to automorphism.

From the undirected graphs, generate a collection of graphs where an orientation is chosen on
every edge. The orientation of an edge in the graph is denoted with an arrow. Relative to a
vertex, we call an edge incoming if the arrow points in towards the vertex (→ •), or outgoing
if pointing away (← •). Incoming edges we label with orientation −1, outgoing with +1.

Every degree 1 vertex in the original undirected graph must be given an incoming edge, for
example figure (4.1). Next we consider possible orientations for the edges of the degree 3

apply orientation

Figure 4.1: Applying the orientation in the case of n = 4. There is only one possible graph.

vertices. Starting at a vertex with two outgoing edges, which are attached to two degree 1
vertices, edges are chosen for the degree 3 vertices in an ordered way, edges must be oriented
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so they form consecutive strings of +1 or −1, for example, for the graph in figure (4.2),
relative to the starting vertex, the orientations:

{+1,+1,+1}, {+1,+1,−1}, {+1,−1,−1},

are allowed, while
{+1,−1,+1},

is not. This effectively generates a unique internal vertex in the graph, that all internal edges
can be traversed to unambiguously. For more complicated graphs this means creating a vertex
that acts as a sink. A sink is a vertex that all (internal) paths, following the orientation of
the edges, lead to for example (4.2). The degree 1 vertex adjacent to this sink becomes the

sink

Figure 4.2: Deciding on the internal orientation.

root vertex. Flipping the direction of all the arrows from the root to the degree 3 vertices at
the edges (only attached to two degree 1 vertices), we can see produces a binary tree.

The same idea will extend to generate the graphs in the quantum case, but instead graphs,
we must consider multigraphs, where vertices are still all degree 1 or 3, but now can have two
edges between vertices. Edges will still be labelled to create sinks, except for the presence of
external tadpole like diagrams which decorate the edge of the graph.

While these graphs are a binary tree, they have a special decoration, which will be important
for deciding on how to label them with tensors to create the terms of u0(x•). Vertices with
three outgoing edges will associated with aijk tensors, two outgoing and one incoming will be
bkij and finally one outgoing and two incoming a cjki .

Labelling graphs

To get the explicit monomials, for example

u0,5;i =
(
cjki ajrsaktu + 4bkirb

j
ksajtu

)
xrxsxtxu,

we label the graphs as described in the previous section, with tensors (a, b, c) and x. For the
term u0,n;i, for n ≥ 3, we consider the graphs in 2n− 2 vertices where there are n degree 1
vertices, and n− 2, degree 3 vertices as described in the previous section. The free index i
will correspond to the root vertex, and the other degree 1 vertices will represent an x•.

82



Vertices are labelled by tensors. A vertex with an outgoing edge will correspond to a lower
index in the tensor labelling that vertex. An incoming edge corresponds to an upper index in
the tensor labelling that vertex.

In terms of a vector space V , lower indices corresponds to components of a tensor in V , and
an upper index corresponds to components in V ∗. An edge represents a tensor contraction.

The graphs in the sum describing u0,n;i will be labelled by the tensors (a•,•,•, b••,•, c•,•• ), and x•.

All degree 3 vertices are labelled with one of the tensors (a•,•,•, b••,•, c•,•• ), where • represents
indices that need to inferred.

Label vertices with 3 outgoing edges with the tensor a•,•,•.

Label vertices with 2 outgoing and 1 incoming edges by the tensor 2 b••,•.

Label vertices 1 outgoing and 2 incoming edges with the tensor c•,•• .

We use Einstein summation convention and infer the labelling of the indices on the
tensors. For tensors joined across an edge, which represents a contraction, an upper •
and a lower • are fill with the same symbol.

The one unlabelled index on some tensor connecting to the root vertex is given the
unique external index, for example denoted i if we are considering the graphs for u0,n;i.

Note that apart from u0,3;i, a vertex connected to the root is never labelled with a.

So labelling every graph and then summing the labels together, gives u0,n;i.

Recall that S0(x•) is defined as the primitive so

dS0(x•) = u0;i(x•)dxi =
∑
n≥3

u0,n;i(x•)dxi.

S0 is found by the previous labelling algorithm for u0,i, but instead now labelling the root
vertex with an xi, and then multiplying by 1/n.

Example 4.2.11. In the case of the conic, −y + a x2 + 2 b x y + c y2, dim(V ) = 1,

S0(x) =
1
3a x

3 + 1
4(2 b a)x

4 + 1
5(c a

2 + 4 b2 a)x5 + . . . .

4.3. Quantum Airy structures

Let (OW [[}]], ?) be the deformation quantisation of (W,OW ). The idea is to find a OW [[}]]-
module, such that under the quotient map }→ 0, gives a module supported on a Lagrangian
L.
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4.3.1.0. Affine case

Consider a finite dimensional polynomial ring in 2n variables O(W ) = k[xi, yj ], with a Poisson
bracket defined on the generators by {yi, xj} = δji , {xi, xj} = {yi, yj} = 0. Note in infinite
dimensions, this ring has additional structure, lemma (3.3.5).

We consider a deformation quantisation of O(W ), given by (O(W )[[}]], ?), where ? is the
usual Moyal star product, definition (1.2.5). On the generators we have the products:

xi ? xj = xixj

xi ? yj = xiyj −
}
2δ

i
j

yj ? x
i = xiyj +

}
2δ

i
j

yi ? yj = yiyj

where terms like xiyj are a new function in O(W )[[}]], not a product.

We now consider the deformation quantisation of a subvariety E defined by an ideal I = 〈Hi ∈
O(W )〉 of quadratic polynomials Hi, and a corresponding dual OW [[}]]-module. Suppose in
local coordinates suppose Hi take the form:

Hi = −yi + aijk x
ixj + 2 bkij xjyk + cjki yjyk.

Necessarily any module of the form

E} = O(W )[[}]]/O(W )[[}]] · 〈H − }J〉

restricts to E under the quotient map by }. Furthermore we are also interested in the dual
OW [[}]]-module

E∨} = Hom(E},O(W )[[}]]),
which encodes solutions to the equations

(Hi − }Ji) ? w = 0.

For now we consider the case where }Ji are elements of k[[}]].

To analyse this problem (OW [[}]], ?) is identified with a Weyl algebra W}, with an isomorphism
ϕ : OW [[}]]→W}. On the generators ϕ(xi) = xi and ϕ(yi) = } ∂i. Furthermore, star products
correspond to operator products:

ϕ(xi ? xj) = xixj

ϕ(xi ? yj) = }xi∂j
ϕ(yj ? xi) = }∂j(xj·)
ϕ(yi ? yj) = }2∂i∂j
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To find the image of a function, for example ϕ(xiyj), in the Weyl algebra, we have to use the
definition of star product and try to work out which star products will give the desired term.
For quadratic terms this is relatively simple, and follows from the definition immediately, for
example:

xiyj = xi ? yj +
}
2δ

i
j,

so
ϕ(xiyj) = ϕ(yjxi) = ϕ

(
xi ? yj +

}
2δ

i
j

)
= }xi

∂

∂xj
+ }

2δ
i
j.

Remark 4.3.1. Note ∂i can be identified with the vector field, or derivation, ∂
∂xi when } is

invertible.

So with the deformation quantisation procedure, there is no ambiguity of ordering, but there
are clearly many modules corresponding to different choices of }J , which have the same
classical limit. The map to the Weyl algebra however does introduce a constant term, but
this is not a choice, it follows directly.

So now we consider the image of ϕ((Hi − }Ji) ? w), which is used to define an operator
equation (Ĥi− }Ji)ψ = 0. The image of the functions Hi under the isomorphism to the Weyl
algebra are operators Ĥi = ϕ(Hi):

Ĥi := } ∂i + aijkx
ixj + 2} bkij xj∂k + }2cjki ∂j∂k + } ε̃i + }Ji,

where we must have
ε̃i = bkijδ

j
k.

This is consistent with quantisation presented in [KS18].

Remark 4.3.2. The coefficients ε̃i give a tensor ε̃ : V ,

ε̃ = ε̃ix
i.

For a moment suppose the Ĥi and W} exist independently of O(W )[[}]]. Kontsevich and
Soibelamn define an Airy structure on W} to be a choice of coefficients of Ĥi, such that the
Ĥi are closed under the Lie bracket:

[Ĥi, Ĥj] = gkijĤk.

Returning back to the case where there is an isomorphism to a space O(W )[[}]], Kontsevich
and Soibleman then define a quantum Airy structure as constraints on a particular tensor
ε ∈ V , or a collection of numbers εi : k, so there is a correspondence between the Poisson
structure of Hi and Ĥi,

[Ĥi, Ĥj]→ }{Hi, Hj}+ }gkijεk.

In our case, this may put extra constraints on the choice of Ji.
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Definition 4.3.3 (quantum Airy structure, [KS18]). A quantum Airy structure is a collection
of tensors satisfying

2
(
ajst c

st
i − aist cstj

)
= gkijεk.

See appendix (A.2) for the explicit calculation of this constraint.

Necessarily we must have
εi = ε̃i + Ji

which means Ji must be chosen to satisfy:

2
(
ajst c

st
i − aist cstj

)
= gkij(bsks − Jk).

Quantisation in infinite dimensions and the trace of the B tensor

We see that the trace of the B tensor bjij, is an obstruction to existence of quantisation in
infinite dimensions. This is where a choice of topology or the method of extension to infinite
dimensions becomes important.

In the case where we take a pro-infinite, or limit of the n, of the yi per chapter (3), this
allows a potentially infinite combination of separate yi, for example:

y1 + y2 + y3 + . . . ,

although note there are no infinite sums of powers of an individual yi. Simultaneously if
there is an ind-infinite extension, or a colimit in n of the x•, this still allows a pontentially
infinite sum from bjij because of the interaction with the y•.

One solution is that b must only contain finitely many non zero terms. The other choice is
that bjij is a convergent series, in terms of partial sums.

Another solution is using the idea of renormalisation. As we increase the number of xi or yi
terms, although the sum bjij may be growing, it is possible to adjust Jk accordingly, so the
contribution from bjij is cancelled in the operators Ĥi.

Example 4.3.4. For example suppose for some fixed i, bkik = 1 + 2 + 3 + · · ·+ n. Then set
Ji = n(n + 1)/2. Then as n → ∞, bkik − Ji = 0. Note that the constraints on the a and c
tensors must also be satisfied.

Of course this is also conditional on the constraints for a and c, per definition (4.3.3). In
chapter (6), is an example of this procedure. Overall, this suggests we should simply study
the renormalised Hamiltonians, were contributions of constants from quantisation have been
cancelled out:

Example 4.3.5 (Renormalised Hamiltonians).

Ĥi := } ∂i + aijkx
ixj + 2} bkij xj∂k + }2cjki ∂j∂k
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Note that under the classical limit, these still reduce to the Hk, so it counts as a valid
deformation quantisation.

This also motivates the definition of calling εi a tadpole diagram when labelling some graphical
expression. When solving the equations Ĥkψ = 0, in the form ψ = exp(S(x)), where S(x)
is a series in the coefficients (a, b, c, ε), x• and }, εi contributions are always identified with
graphs, which can be separated into a piece labelled from (a, b, c), and then a vertex with an
extra self loop.

4.3.2.0. Wavefunctions

A quantum Airy structure encodes an object called a wavefunction supported on L̂. As per
the example of the conic in chapter (1), we use the Weyl algebra representation and solve the
operator equations on a formal completion. Let

Ŵ} = k[[x•, }∂•]][[}]]

denote the completed Weyl algebra (which corresponds to completion at point (x, y) = (0, 0).
Then we consider:

S} = Hom
(
Ŵ}/Ŵ} · 〈̂Ĥk − }Jk〉, Ŵ}

)
,

where
Ĥi = −}

∂

∂xi
+ aijkx

jxk + 2bkij}xj
∂

∂xk
+ }2cjki

∂2

∂xj∂xk
+ }ε̃i,

and ε̂i = bjij as before. The module S} encodes the solutions to the equations

(Ĥk − }Jk)ψL = 0.

Proposition 4.3.6. S} is cyclic, hence generated by a single element ψL.

From now on, we use a change of notation, and define

εk = ε̃k − Jk,

and then redefine Ĥk to include these terms, be consistent with the notation in [KS18], so

Ĥi = −}
∂

∂xi
+ aijkx

jxk + 2bkij}xj
∂

∂xk
+ }2cjki

∂2

∂xj∂xk
+ } εi,

and consider the module W}/W} · Ĥi, and its dual.

The wavefunction ψ = ψL, is computed explicitly using the ansatz:

ψL(x•) = exp(S(x•)),

where
S(x•) =

∑
g

}g−1Sg(x•),
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and solving the partial differential equations:

Ĥi exp(S(x•)) = 0.

Modulo }, ψL is a function supported on L̂, (formal neighbourhoods of L). In the next section
we do this explicitly.

Remark 4.3.7. This equation is understood from an algebraic perspective, a solution is a
formal power series.

Example 4.3.8. Consider the quantised conic:(
−} ∂

∂x
+ ax2 + 2b}x ∂

∂x
+ }2c

∂2

∂2x
+ } ε

)
ψL(x) = 0.

The wavefunction is given by:

ψL(x) = exp
(1
}

∫
dx (u0(x) + }u1(x) +O(}2))

)
,

where integration is understood as formal integration. Note this wavefunction is defined at
the point (x, y) = (0, 0).

If (a, b, c, ε) = (1, 1, 1, 0), then u0(x) is as example 4.2.7, and

u1(x) =
1−
√
1− 4x

1− 4x = 2x+ 10x2 + · · ·+
(
4n − (2n)!

(n!)2

)
xn + · · · ,

where u1 is the generating function for counting numbers of rooted two-face n-edge maps
in the plane, (1-loop Feynman diagrams) [PAP18].

4.4. Abstract topological recursion

A result of Kontsevich and Soibelman [KS18] is that the coefficients of Sg,n of S satisfy
abstract topological recursion. Denote Sg,n;i1,...ik = ∂ik . . . ∂i1Sg,n.

Definition 4.4.1 (Abstract topological recursion). The recursive formula:

Sg,n;i,i1,...,in−1 = cjki Sg−1,n+1;j,k,i1,...in−1 + 2
n−1∑
α=1

bki iαSg,n−1;ki{1,...n−1}/{α}

+
∑

g1+g2=g
I1tI2={1,...,n−1}

cjki Sg1,#I1+1;j Sg2,#I2+1;k,

is called abstract topological recursion, for g = 0, n > 3 and g > 1, n ≥ 0.
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To see the definition, apply the Ĥi to ψL and solve for 0:

aijkx
jxk +

∑
g

(
2 } bjik

∑
n

Sg,n;jx
k+

}2 cjki

(∑
n

Sg,n;j,k +
∑
n

Sg,n;jSg,n;k

)
− }Sg,n;i + } εi

)
= 0.

Gathering like O(}g) terms gives the formula from definition (4.4.1). The sum of g − 1 and
g1 + g2 = g terms is analogous to topological recursion.

Corollary 4.4.2. S1,n can be computed from S0,n and ε.

This just follows from the recursion directly.

Lemma 4.4.3 ([KS18]). The Sg,n are symmetric under permutations of xi.

This was proven by Kontsevich and Soibelman and follows from the properties of the tensors
A,B,C.

Remark 4.4.4. Note this recursion has explicitly made a choice. A bit like the conic
−y+x2+2xy+ y2, and solving for y gives two possible choices for the square root, this series
has made a similar choice, it corresponds to a completion at (x, y) = (0, 0). This is why the
module is cyclic.

Eynard Orantin topological recursion [EO07], can be seen as a particular specialisation of
abstract topological recursion. With the right choice of V , restricting to the odd Hi recovers
topological recursion. The identification with the tensors in Ŝym(V ) proves the symmetry of
ωg,n.

Closure of the Poisson bracket gives rise to the symmetry of the multi differentials in ordinary
topological recursion, as it can be considered a specialisation of abstract topological recursion.

4.4.1.0. Diagrams

The tensors Sg,n are treated in a very similar way to the S0,n case. As before there are graphs
labelled by (a, b, c), but we need multi-graphs, which are graphs with multiple edges between
nodes.

Contributions from ε terms do not need to be considered. These correspond to tadpole
diagrams, which is a propagator looping around and reattaching to the vertex same vertex. ε
tensors correspondingly only attach at the edge of a diagram.

All vertices are still degree 3 or 1, but the notion of genus is encoded in multiple edges
between nodes. A genus g = 1 graph corresponds to a pair of nodes with 2-edges between
them.
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5. Symplectic reduction

This chapter examines a transformation of wavefunctions associated with a process called
symplectic reduction. This transformation, observed in [KS18], behaves like a Laplace or
Fourier transform, and we give an example in the case of a four dimensional variety in section
(5.3). This chapter is based on our own work, [Swa22].

First we recall the definition of symplectic reduction from differential geometry. Let (M,ω)
be a symplectic manifold. Let G be a Lie group acting on M , with a corresponding Lie
algebra g. Consider the moment map µ :M → g∗. For any ξ : g, and a point p :M , define a
vector field on M :

Xξ(p) :=
d

dt
exp(tξ) · p

∣∣∣∣∣
t→0

.

The moment map satisfies the property that:

ω ·Xξ = d〈µ, ξ〉.

Definition 5.0.1 (Symplectic reduction). The symplectic reduction of M by G, denoted by
M // G, is defined as the quotient

M // G := µ−1(0)/G.

This quotient is a topological quotient given by identifying points in the same orbit.

Lemma 5.0.2. The symplectic form on M defines a symplectic form on the quotient M //G.

5.1. Symplectic reduction of vector spaces

The symplectic reduction of manifolds motivates reduction of symplectic vector spaces, Tate
spaces and more generally affine spaces by an isotropic subspace.

Let (W,ω) be a strong symplectic vector (or Tate) space. Let G be a linear coisotropic
subspace, and consider the set G⊥ := {w ∈ W |ω(w, g) = 0, ∀g ∈ G}. As G is coisotropic
G⊥ ⊂ G.

The idea is to treat G⊥ as a group acting on W . To do this consider a representation of G⊥ in
Aff(G), G⊥ → Aff(G). This subgroup acts on W by translation, W ×G⊥ → G : (w, g⊥)→
w + g⊥.
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This action preserves the symplectic form ω. Then we identify a moment map µ via the exact
sequence

0→ G→ W
µ→ (G⊥)∗ → 0,

so G = µ−1(0).

Definition 5.1.1 (Symplectic reduction of vector spaces). The symplectic reduction of W
by G⊥, W // G⊥, is defined as the quotient

W // G⊥ := G/G⊥ = H.

Lemma 5.1.2. The symplectic form on W // G⊥ is well defined.

Let L ⊂ W be a Lagrangian sub vector space.

Lemma 5.1.3 (Reduction of Lagrangians). The Lagrangian L is mapped to a Lagrangian
B ⊂ W // G⊥.

So we are being asked to consider the image of L in the map W → G/G⊥.

5.2. Symplectic reduction of schemes

We now define a sheaf theoretic version of symplectic reduction. We call this Poisson reduction,
because it is on the level of algebras.

Let (W,OW ) be a Poisson scheme over Spec(k), where k is a field of characteristic zero. Let
L be a Lagrangian in W . Consider G, a codimension g, linear, coisotropic subscheme in W .
The quotient W // G⊥ is described sheaf theoretically as follows:

Definition 5.2.1 (Poisson reduction). The Poisson reduction of OW by G⊥, is the sheaf
OG⊥

G of OW -modules. OG⊥

G is the sheaf of invariants defined by G⊥ action on OG.

The next question is how to obtain the image of L in H = G/G⊥. Define OX = OW ⊗k OG⊥

G .
The image of L is obtained with the following fibre product:

Definition 5.2.2. The reduction of OL, by G⊥, (when it exists) is the sheaf OB of OX-modules
that makes the following diagram commute:

OX OG

OL OG∩L ∼= OB

Note that this gives a copy of OB inside OX .

Proposition 5.2.3. OB exists when L and G intersect transversally.
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We give an example in section (5.5). Note that intersections in general may not be defined,
for example in section (5.5) transversality is explicitly required.

When G and L are defined by ideal sheaves JG and JL then necessarily OB is defined as the
sum of the ideals JG + JL. However this is as a OX-module.

As before, define H = G/G⊥. We want to relate OB as a OX to a OH-module. To do this
we look for a map OX → OH. In finite dimensions, for example (5.5), it is even possible for
this map to be algebraic. However in the case examined in [Cha+20], W is replaced by an
infinite dimensional space. This map no longer is algebraic, and must necessarily be formal.

5.3. Symplectic reduction of the wavefunction

Now we examine how symplectic reduction interacts with deformation quantisation. Let
(W,OW ) be an affine symplectic space, G and L a coisotropic and Lagrangian subscheme
in W respectively. Suppose the Poisson reduction of OW by G⊥ exists, and denote it OH.
Likewise denote the reduction of OL by OB. Consider the extension of W , denoted X, so the
coisotropic space G is Lagrangian in X, denoted GX .

There appears to be two interesting wavefunctions defined on B. The first is a wavefunction
ψ∼
B
, from the deformation quantisation of OB inside OH. The second is defined by Kontsevich

and Soibelman in [KS18, p. 53].

For the first definition, this means taking OX , and looking for a deformation quantisation
module supported on the formal neighbourhoods of the intersection G ∩ L.

Remark 5.3.1. In infinite dimensions in the case for topological recursion, the intersection
gives formal neighbourhoods of the deformation space B → B̂ ' G ∩ L.

From the fibre product, suppose the intersection OG∩L is defined by an ideal sheaf JG∩L =
JG + JL,

0→ JG∩L → OX → OG∩L → 0. (5.1)

Then take the equations for G and L, represented by JG∩L = 〈Pi〉, and pick a Weyl-algebra
representation of the deformation quantisation of these equations, which gives a collection
of differential operators, 〈P̂i − J}〉. ψ∼

B
is the WKB solution to the resulting differential

equations:
(P̂i − }J)ψ∼

B
= 0,

where J ∈ k[[}]].

In more detail, the quantisation of OW be given by (OW [[}]], ?), where ? is the Moyal product,
per definition (1.2.5) . Suppose OX is quantised to give (OX [[}]], ?Ext), where ?Ext is the
Moyal star product, defined on the extension OX [[}]] ' OW [[}]]⊗k[[}]] OG⊥

G [[}]]. Then pick the
Weyl-algebra representation of (OX [[}]], ?Ext) = WX . Finally we study the formal completion
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ŴX along a maximal ideal. In example, section (5.5), this will be at the point 0 ∈ X. The
wavefunction is finally a generator of the cyclic module

〈ψ∼
B
〉 = Hom

(
ŴX/ŴXJB[[}]], ŴX

)
.

The second, defined by Kontsevich and Soibelman, is the formal Gaussian integral:

ψB̂ = 1
Z0

∫
W
ψG ψL.

In [KS18, page 53], this is understood as an integral with ψG as a Gaussian measure and Z0
is some normalisation or constant. ψG is defined as the wavefunction supported on the image
of G in the extension X of W . Individually:

〈ψG〉 = Hom
(
ŴX/ŴXJGX

[[}]], ŴX

)
(5.2)

〈ψL〉 = Hom
(
ŴX/ŴXJL[[}]], ŴX

)
. (5.3)

where JGX
[[}]] is defined below.

Remark 5.3.2. We use ψG to denote the wavefunction ψGΣ = exp(Q2(q, q′)) as written in
[KS18, p. 53]. We show that

ψG = Pψ, (5.4)

where P is a function depending on the choice of extension, and ψ is a function satisfying the
equations for G in W . The function depending on the extension, P , using the Kontsevich and
Soibelman notation, contributes terms of O(qq′). We claim P defines a Fourier or Laplace
like integral kernel. While ψG at most contributes O(q2) terms. So while ψG is quadratic in
terms of the coordinates on the extension, we want to emphasise the important part is the P .
It is necessary that G is linear and coisotropic, or defined by a collection of linear equations.

We are effectively trying to verify two propositions:

Proposition 5.3.3. Symplectic reduction commutes with deformation quantisation.

Further:

Proposition 5.3.4.
ψ∼
B
= ψB̂ = 1

Z0

∫
V
ψG ψL

We verify this explicitly for linear Lagrangians in section (5.5).

One way to define the integral is to treat

1
Z0

∫
V
ψG
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as a linear functional and define the action on coordinates and then extend to arbitrary
functions via Wick’s theorem.

Geometrically the integral can be thought of as a convolution. We want to pick out the
components of the function ψL where G and L intersect, to get a function ψB̂. A more basic
example of this situation is from linear algebra. Given a pair of linear operators L1, L2, we
want to find an element in the intersection of the kernels of L1 and L2. If the intersection is
non trivial, and given v ∈ ker(L1), and w ∈ ker(L2), the projection of v onto w would lie in
the intersection. We then want to project or reduce this down onto a smaller space.

Explicitly, the ideal sheaf JGX
[[}]] defining ψG, is found from the extension X ∼= W ⊕G/G⊥

of W , where G is embedded as linear Lagrangian in X. Note X has the opposite symplectic
form. Recall in finite dimensions G is defined by n − g equations, then for X to be a 2 g
dimensional extension, requires an extra 2 g equations, so G is sent to a Lagrangian defined
by n+ g equations, or an ideal JGX

. On the level of rings this given by a map

OX → OW .

For example, in the affine case, introduce the 2g coordinates z1, . . . zg, w1, . . . wg, and then
look for linear functions so G in X can be represented as (y, w) + Q · (z, x) = 0. We go
through a full example in section (5.5).

5.4. Wavefunctions on linear Lagrangian and coisotropic subspaces

Let W be an 2n-dimensional symplectic space, with Darboux coordinates (xi, yi).

5.4.1.0. Linear Lagrangian

We review the idea that there is a unique wavefunction associated to a linear Lagrangian
subvariety in the symplectic space W . From the deformation quantisation perspective, there
is a module, supported on a formal neighbourhood of a point like example (1.5.1).

Consider the case where L is a codimension n linear Lagrangian subvariety, which is written,
as a collection of equations in vector form, as:

y +Q · x = 0, (5.5)

where Q is a (n, n)-dimensional symmetric tensor. More generally, given n equations defining
a Lagrangian L, we solve them for yi(x•). For quadratic and higher order Lagrangians, this
requires completing at a maximal ideal, so L is locally written as a generating function
yidxi = dS0(x•), or y can be written as a formal series in x at a point. But in the linear
Lagrangian case, we already have a form for y, so S0 is found directly from equation (5.5):

S0 = −
1
2x ·Q · x.
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If the equations are not full rank for y, it is sufficient to set yi = 0 at the point defined by
the maximal ideal. It will also be possible to eliminate the corresponding xi variables.

Sparing some details about star-products, quantisation is representable by the Weyl-algebra,
similarly to example (1.5.1):

xi → xi, yi → }∂i =
∂

∂xi
.

Now, a wavefunction ψ(x•), is a formal series, in defined on a formal neighbourhood, that is
the annihilator of the quantisation of the equations defining the Lagrangian subvariety. In
the linear case it is equivalent to consider the quantisation of (5.5):

}
∂

∂x
ψ +Q · xψ = 0.

In the linear case any annihilator ψ is represented by the formal expression:

ψ = const exp
(1
}
S0

)
= const exp

(
− 1
2}x ·Q · x

)
,

where const is an arbitrary constant. Note exp(f) is a formal object which is a way to store
information about the module homomorphism from section (1.4). Functions can be extracted
from exp via actions of } ∂

∂xi
. Also const is some constant. Note d(S0) = −(Q · x)dx, so

y = graph(dS0).

More generally consider if the equations for L can be written as
M · y +N · x = 0

where either only one of M or N is not full rank. These equations must Poisson commute, as
L is a linear Lagrangian:

{Mijyj +Nijxj,Mksys +Nksxs} = 0.
This gives the constraint −MijNkj +NijMkj = 0. For L to be Lagrangian, only one of M or
N is allowed to not be full rank.

Consider the case where N is not full rank, then M is still invertible so
y + (M−1N) · x = 0,

and the previous analysis follows where Q = (M−1N).

Now consider the cases where M is not full rank. First consider the case where a single yi
does not appear in any equations. So M has a zero column and row. Multiple missing yi will
follow inductively. As N still has full rank, it is still possible to solve for the corresponding xi,
so xi = fi(x1, . . . xi−1, xi+1, . . . xn), where f is a linear function. We then consider a reduced
system of equations:

M̃ · ỹ + Ñ · x̃ = 0, (5.6)
where M̃, Ñ are the reduced tensors so there are no xi or yi terms. Now the previous analysis
follows. While quantisation of W still includes }∂i, we only need to consider annihilators of
the quantisation of equation (5.6) in k[[x1, . . . xi−1, xi+1, . . . xn]].
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5.4.2.0. A formula for Gaussian integrals

Let W a symplectic space with coordinates (xi, yi), and V be a Lagrangian with coordinates
xi. Recall the objective is to compare the wavefunctions, in the Weyl-algebra representation,
first from the scheme theoretic quotient, the second from the Gaussian integral:

ψB̂ = 1
Z0

∫
V
ψL ψG. (5.7)

Note that ψL depends on x coordinates, while ψG will depend on x and the coordinates of
the extension. So the integral can just be viewed as integrating over V .

The central identity of quantum field theory [Zee03], is a useful formula for evaluating Gaussian
integrals, such as the integral for symplectic reduction of the wavefunction in equation (5.7):

Lemma 5.4.1 (Central identity of quantum field theory).

1
Z0

∫
Dx exp (Q(x, J)) = exp

(
−V

(
∂

∂J

))
exp

(1
2 J · (K

′)−1 · J
)
, (5.8)

where
Q(x, J) = −1

2x ·K
′ · x− V + J · x.

Note that
exp

(
−V

(
∂

∂J

))
,

is an operator, computed by expanding the exponential as a series. Also note these integrals
are all treated formally.

Remark 5.4.2. In the central identity, equation (5.8), J is called a source term.

Now when ψG is given per equation (5.4), (for simplicity set S = 0, in general it will always
factor out of the integral, and rescale by K and J by }):

ψG = exp
(
−1
2x ·K · x+ J · x

)
,

equation (5.8) is useful for computing ψB̂. J , from the extension of G in X, is treated as the
source term, so:

ψB̂ = 1
Z0

∫
Dx exp

(
−1
2x ·K · x+ J · x

)
ψL.

Example 5.4.3. Let L be determined by a collection of quadratic functions:

I(L) = 〈−yi + aijkxjxk + 2bijkxjyk + cijkyjyk〉,
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in k[x•, y•]. Then there is a wavefunction of the form ψL = exp(S), where S = ∑
g≥0 h

g−1Sg.
S contains quadratic and linear terms in x, so the formal integral for ψB̂ becomes:

ψB̂ = 1
Z0

∫
Dx exp

[
− 1

2x ·
K −∑

g>0
}g−1Sg,2;•,•

 · x
− V ′ +

J −∑
g>0

}g−1Sg,1;•

 · x]

where V ′ are the remaining terms of S cubic and greater order in x.

Using the central identity of quantum field theory, (5.8) let J be a source term giving a formula
for ψB̂:

ψB̂ =exp
(
V ′
(
δ

δJ

))[

exp
1
2 (J −

∑
g>0

}g−1Sg,1;•) · (K −
∑
g>0

}g−1Sg,2;•,•)−1 · (J −
∑
g>0

}g−1Sg,1;•)
].

In general this could be impractical to evaluate explicitly.

5.5. Deformation quantisation and reduction in 4-dimensions

We now give an explicit example of the reduction of a wavefunction, and show the integral
formula computes the same result as a deformation quantisation of the symplectic reduction
of schemes in the affine case. Although this is only a 4-dimensional example, the computation
would extend easily for arbitrary linear Lagrangians.

Example 5.5.1. Consider the symplectic space W , with coordinate ring

O(W ) = k[x1, x2, y1, y2].

There is a Poisson bracket given by

{xi, xj} = {yi, yj} = 0, {xi, yi} = 1.

Let L ⊂ W be a linear Lagrangian defined by the ideal I = 〈H1, H2〉, where:

H1 = y1 + Ax1 +Bx2,

H2 = y2 + Cx1 +Dx2.

Recall I is required to be closed under the Poisson bracket, so B = C.

Let G be a linear coisotropic subspace of codimension n − g = 1. G is determined by the
equation:

I(G) = 〈HG := ax1 + bx2 + cy1 + dy2〉.
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Further G and L must intersect transversally at the origin, so T0G + T0L ∼= T0W . In this
case, transversality is given by requiring at least one of following terms to be non zero:

a− cA− dB, (5.9)
b− cB − dD. (5.10)

If both are zero, then G and L do not intersect transversally. Equation (5.9) can be found
by row reducing the coefficient of the equations defining G and L together. Alternatively
equation (5.9) can be found by requiring the wedge product of the differentials of the equations
for G and L being non zero.

Now note as G is codimension n− g = 1, the extension X = W ⊕G/G⊥ necessarily must
have dimension 6. Let O(X) = k[x1, x2, z1, y1, y2, w1]. Define a Poisson bracket on O(X) via
{xi, yi} = {z1, w1} = 1. Then on the algebraic level, the extension is defined by an opposite
map on rings:

k[x1, x2, z1, y1, y2, w1]→ k[x1, x2, y1, y2], (5.11)
such that the image of G in X, GX is a linear Lagrangian (linear is the simplest Lagrangian,
and later quantisation will yield a Gaussian function), which in terms of rings means there is
an ideal I(GX) in O(X) that is involutive under the Poisson bracket.

{I(GX), I(GX)} = I(GX).

The map (5.11) is constructed on the generators. First

xi → xi

yi → yi.

Then finding GX as a Lagrangian in X, requires finding two additional linear functions ζ,
and ξ:

z1 = ζ1(x•, y•), (5.12)
w1 = ξ1(x•, y•), (5.13)

such that taking the equations z1 − ζ1 = 0, w1 − ξ1 = 0, and HG = 0 defines a Lagrangian
GX in X. This means

I(GX) = 〈z1 − ζ1, w1 − ξ1, HG〉,
is a Poisson ideal in O(X). Using the Poisson bracket on X, as they are all linear, we require

{HG, z1 − ζ1} = {HG, w1 − ξ1} = {z1 − ζ1, w1 − ξ1} = 0.

One choice is
ζ1 = ax1 + cy1, and ξ1 =

1
cd

(dx1 − cx2) .

Now we can quantise O(X), (and O(W )) to find ψG and ψL, supported on formal completions
L̂ and ĜLag at 0. With this choice of GX in X, we construct a unique solution for ψG.
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Consider the deformation quantisation of O(X) with a star product, per definition (1.2.5).
The non-commutative algebra (O(X)[[}]], ?) is isomorphic to a Weyl-algebra of operators with
the map

yi → }
∂

∂xi
, w1 → }

∂

∂z1
.

Then ψG(x1, x2, z1) is a generator of a module, given by equation (5.4), and on a formal
neighbourhood of x = 0, satisfies the equations:

(ax1 + bx2)ψG + }
(
c
∂

∂x1
+ d

∂

∂x2

)
ψG = 0,

(z1 − ax1)ψG − c}
∂

∂x1
ψG = 0,

}
∂

∂z1
ψG −

1
cd

(dx1 − cx2)ψG = 0.

Then looking for a solution of the form:

ψG(x1, x2, z1) = const exp
(
−1
2x ·K · x+ J · x

)
,

on the completion around x = 0, we find:

K = 1
}

(
a/c 0
0 b/d

)
, J = 1

}
z1

(
1/c
−1/d

)
.

where c, d 6= 0. Note const is just a generic constant term. Wavefunctions are elements of a
module over k[[}]]. Note unlike example (1.5.1), there is no need to complete at y = 0 and
pick a particular solution.

Similarly in W , there is a unique solution for ψL:

ψL(x1, x2) = const exp
(
−1
2x ·Q · x

)
,

where
Q = −1

}

(
A B
B D

)
,

and const is another arbitrary constant in k[[}]].

Now to finally perform the integration, ψL is a Gaussian, and via the central identity, equation
(5.8):

ψB̂(z1) = const
∫
DxψG ψL,

= const
∫
Dx exp

(
−1
2x · (K +Q) · x+ J · x

)
,
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which gives

ψB̂(z1) = const exp
(1
2 J · (K +Q)−1 · J

)
= const exp

(
− 1
2} c0 z

2
1

)
,

where
c0 =

(ac− Ac2 + d(b− 2Bc− dD))
cd (a(b− dD)− c (A(b− dD) +B2d)) .

Note that this integral fails to exist when Q +K does not have an inverse. Checking for
where det(Q+K) = 0, this is equivalent to when

B2cd = (a− cA)(b− dD),

which is equivalent to the fact L and G must intersect transversally.

As a first check on this formula, taking the equations for G, L in X and eliminating x• and
y•, gives an equation

w1 = c1z1, (5.14)

which algebraically, represents the sum of the ideals of G and L, per sequence (5.1). The
sum of the ideals is the algebraic way to describe the intersection G ∩ L. Also note

c1 =
(−ac+ Ac2 + d(−b+ 2Bc+ dD))
cd (dD(a− Ac)− ab+ Abc+B2cd) .

Note that c1 = −c0. As before, the quantisation O(X)[[}]], is isomorphic to a Weyl-algebra of
operators:

xi → xi, z1 → z1, yi → }
∂

∂xi
, w1 → }

∂

∂z1
.

Quantising equation (5.14), gives a differential equation,

}
∂

∂z1
ψ = c1z1ψ.

This equation has a solution of the form:

ψ = const exp
( 1
2}c1z

2
1

)
.

Now as c1 = −c0, ψB̂ = ψ, so quantising on the quotient agrees with the integral formula.
Both wavefunctions ψ and ψB̂ are undefined in the case where G and L fail to intersect
transversally.

As an example, set {a, b, c, d} → 1. In this case both ψB̂, and ψ reduce to

ψ = const exp
(
− 1
2}

(2− A− 2B −D)
(B2 − (1− A)(1−D))z

2
1

)
,
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as long as B2 6= (1−A)(1−D), which is the transversality requirement. So the quantisation
of the reduction can agree with the integral transform from [KS18]. However we did pick
a particular deformation quantisation module for this to occur. In the case of the conic,
example (1.5.1), there was an ambiguity up to a constant term }J . In this example we chose
particular constants for the correspondence between the integral formula and the reduction
to work out cleanly.

5.6. A reduction in higher dimensions

In this section we consider a finite dimensional analog of GΣ in the Tate space of differentials
associated to a curve Σ. Inside a symplectic spaceW , consider a codimension n−g coisotropic
space G.

Example 5.6.1. Let O(W ) = k[x1, . . . xn, y1, . . . yn], with a Poisson bracket defined by
{xi, yj} = δij, {xi, xj} = {yi, yj} = 0. Let G be codimension n − g, so defined by n − g
equations: I(G) = 〈xg+1, . . . xn〉, and L is defined by n quadratics I(L) = 〈Hi := −yi +
aijkxjxk + bijkxjyk + cijkyjyk〉.

W has dimension dim(W ) = 2n. The extensionX will have dimension dim(X) = 2n+2g. The
image of G in X, is naturally a Lagrangian in X, and must have codimension n−g+2g = n+g.

The extension of W to X, f : W → X is equivalently a map of rings f∗ : O(X)→ O(W ),

f∗ : k[x1, . . . xn, z1, . . . zg, y1, . . . yn, w1, . . . wg]→ k[x1, . . . xn, y1, . . . yn],

where the coordinates on X have Poisson bracket {xi, yj} = {zi, wj} = δij, and all other
combinations vanishing. This map needs to define the image of G, GX = f(G) as a Lagrangian
in X. This means looking for an ideal I(GX) which maps to I(G), and I(GX) defines a
Lagrangian subvariety in X.

On the generators, the map f∗ between rings is necessarily given by x→ x, y → y and an
extra g + g linear equations of the form:

zi = ζi(x•, y•) = aijxj + bijyj, wi = ξi(x•, y•) = cijxj + dijyj. (5.15)

The requirement that this map defines GX as a linear Lagrangian in X places constraints
on these equations. As GX is required to be a linear Lagrangian, the Poisson brackets of
functions defining GX must vanish:

{zi − aijxj − bijyj, wk − cklxl − dklyl} = 0, {x>g, aijxj + bijyj} = 0,

and
{x>g, cijxj + dijyj} = 0.

The brackets with x>g terms give bi,>g = di,>g = 0. Further

{zi − aijxj − bijyj, wk − cklxl − dklyl} = {zi, wk}+ aijdkl{xj, yl}+ bijckl{yj, xl},
=⇒ 0 = δik + aijdkj − bijckj.
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A solution is given by
ζk = yk, ξk = xk (5.16)

where k ∈ {1, . . . , g}. Also note G and L intersect transversally.

As per the previous example from equation (5.12), solving for (y, w) as a linear function of x
and z, encodes GX locally as a generating function, so

(y, w) = graph(dQ),

or
yidx

i + widz
i = dQ,

Note however, as I(G) = 〈x>g〉, along with equations (5.16), this does not give constraints
on some of the y>g.

As per chapter (1), the deformation quantisation of O(X), is given by a non-commutative
ring (O(X)[[}]], ?), where ? is the Moyal star product per (1.2.5). As before we take a
representation of this non-commutative ring into a Weyl-algebra WX :

WX = k[x1, . . . xn, z1, . . . zg, }
∂

∂x1
, . . . }

∂

∂xn
, }

∂

∂z1
, . . . }

∂

∂zg
][[}]]

via the map on generators:

xk → xk, zk → zk, yk → }
∂

∂xi
, wk → }

∂

∂zi
.

Take I(GX) in O(X), and consider the quantisation, which is an ideal I}(GX) such that
E = O(X)[[}]]/I}(GX) maps to O(X)/I(GX) under quotient by }2. Then taking the map to
the Weyl-algebra, I}(GX) gives a collection of differential operators.

Note that equations of the form x>gψG(x•, z•) = 0, so the x>g act as torsion elements. These
equations do not give a well defined ψG. So setting x>g = 0 first, which means look for a
module over k[[x1, . . . xg, z1, . . . zg]][[}]], will however give a wavefunction. This means there is
no x>g dependence in ψG. Further the quantisation of the y>g automatically annihilate ψG.

Then the wavefunction ψG(x1, . . . , xg, z1, . . . zg) satisfies:(
}
∂

∂xi
− zi

)
ψG = 0,(

}
∂

∂zi
− xi

)
ψG = 0.

Which has a solution:

ψG(x•, z•) = exp
(
1
}

g∑
k=1

xkzk

)
= exp

(1
}
Q(x•, z•)

)
. (5.17)
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Note the classical limit, or Q gives GX as a graph, graphdQ(xkzk).

Then the wavefunction ψB̂ is given by the Fourier like integral:

ψB̂(z1, . . . , zg) =
∫
Dx exp

(
1
}

g∑
k=1

xkzk

)
exp(S(x)).

Now to compare this integral to taking the equations for GX and L in X, and quantising.
Recall that x>g = 0, zk = yk≤g, wk = xk≤g. Taking the equations for L and substituting,
gives g equations of the form

aijkwjwk + 2bijkzkwj + cijkzjzk − zi + Φi(y•, z•, w•), (5.18)

where summation in the z and w terms are over the indices labelled by {1, . . . g}. The g
terms Φi, take the form

Φi(y•, z•, w•) = 2bijk wkyk + cijk zjyk + cijk yjyk,

where the indices of yi are in {g + 1, g + 2, . . . }, while the indices of z and w are in {1, . . . g}.
However, on a formal neighbhourhood, making the substitution yi = dS0,i(x) = u0,i(x),
(dropping the dxi) for i > g, and replacing all the x>g terms with 0, and xk≤g = wk gives g
formal, equations describing B̂, purely in terms of z and w:

aijk wjwk + 2bijk zkwj + cijk zjzk − zi
+ Φi (yi>g → dS0,i(xk≤g → wk, xk>g → 0), z•, w•) ,

where in the argument the arrow of the form f → g means substitute f with g. Quantisation
gives operators which begin with O(}2) terms:

}2aijk
∂2

∂zj∂zk
+ 2} bijk zk

∂

∂zj
+ cijk zjzk − zi + Φ̂i,

but there is a series of higher order derivatives starting with O(}3) in Φ̂.

Applying this operator to ψB̂ gives(
}2aijk

∂2

∂zj∂zk
+ 2 } bijk zk

∂

∂zj
+ cijk zjzk − zi + Φ̂i

)
ψB̂

=
∫
Dx exp

(1
}
z · x

) [
aijk xjxk + 2 bijk zjxk + cijk zjzk − zi

+ 2 bijk xjdS0,k(x•) + cijk zjdS0,k(x•) + cijk dS0,j(x•)dS0,k(x•)
]
exp(S(x•))

=
∫
Dx exp

(1
}
z · x

) [
aijk wjwk + 2 bijk zkwj + cijk zjzk − zi + Φi(z•, w•)

]
exp(S(x•)),

=
∫
Dx 0 = 0,

as on the intersection (noting w is a function of x):

aijk wjwk + 2bijk zkwj + cijk zjzk − zi + Φi(z•, w•) = 0.
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Remark 5.6.2. Note that although the integral is in all the x• variables, only the directions
in the intersection contribute. In this case this occurs for g of the x•.

5.7. Reduction of wavefunctions as a Fourier transform

For linear G, the extension of W to X is producing a kernel,

P (J, x) = exp(J · x) = exp
(1
}
J ′kizkxi

)
,

where in finite dimensions J is an n-dimensional vector, dependent on zi, J ′ is (n, g)-
dimensional tensor, · denotes contraction. Then:

ψB̂ (z) ∼= ψB̂ (J) =
∫
DxP (J, x)ψ(x)ψL(x),

such that ψG = P ψ. P is a component of the wavefunction on the extension, as found in
equation (5.4). If G is a graph in W , ψ satisfies the quantisation of the equations determining
G in W , as shown in equation (5.4). Note however, ψ can be trivial, for example equation
(5.17) in section (5.6), as G is not a graph in W .

Denote integration with P as a transform F , so

ψB̂ (J) = F(ψ ψL).

F can be thought of as a generalisation of a Fourier transform, but note that there is a
difference in dimensions. There are several useful properties:

Proposition 5.7.1 (Shift theorem).

F(ψ(x− u)) = exp(J · u)F(ψ(x)).

There is a corresponding convolution theorem, but it is in terms of the source J . Keeping
the transform in terms of the source J , instead of writing explicitly in z coordinates, gives a
convolution theorem.

Proposition 5.7.2 (Convolution theorem).

F(ψ) ∗ F(ψL) ( J) = F(ψ ψL),

where ∗ is function convolution.

Note the convolution must be in terms of J , so ψ̂ ∗ ψ̂L( J) 6= ψ̂ ∗ ψ̂L(z), and equality is up to
a scalar constant.
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To start, the proposition is true in the finite dimensional case where L and G correspond
to linear coisotropic and Lagrangian subspaces. Using similar notation to the example in
subsection (5.5), the transforms of the wavefunctions are given by:

F(ψ) = exp
(1
2J ·K

−1 · J
)
, F(ψL) = exp

(1
2J ·Q

−1 · J
)
.

where Q, and K are 2-tensors, J is a 1-tensor, (·) denotes contraction.

Further, using the central identity, equation (5.8), the transform of the product is given by:

F(ψ ψL) = exp
(1
2J · (K +Q)−1 · J

)
.

Finally using the central identity again, equation (5.8), the convolution becomes:

F(ψ) ∗ F(ψL)( J) =
∫
DJ ′ exp

(1
2(J − J

′) ·K−1 · (J − J ′)
)
exp

(1
2J
′ ·Q−1 · J ′

)
,

= exp
(1
2
(
J ·K−1 · J − J ·K−1 · (K−1 +Q−1)−1 ·K−1 · J

))
.

Then use the identity (K +Q)−1 = K−1 −K−1 · (K−1 +Q−1)−1 ·K−1 to get the result. A
similar strategy will work for quadratic L, except the inclusion of potential terms in ψL.
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6. Deformations of curves in surfaces

The main purpose of this chapter is to tie together the previous chapters and to give a new
result; to show that a tensor AΣ, definition (6.1.6), maps to a tensor AΣ, also known as the
Donagi-Markman cubic, under symplectic reduction described generically in chapter (5). A
version of this chapter appears in our joint paper [Cha+20].

Let (X,ω) be a symplectic surface, and consider a curve Σ in X, Σ ⊂ X. A choice of
Torelli marked basis determines a space VΣ, the topological vector space of residueless
differentials. From this we construct a Tate space WΣ. Associated to WΣ we consider a
quadratic Lagrangian L per chapter (4), as a subvariety in an infinite dimensional affine
space. One purpose of this chapter is to relate the deformation space of Σ to Airy structures
[KS18], using symplectic reduction as outlined in chapter (5).

Note in the following sections we will use the following notation:

Definition 6.0.1 (Normalised integral). We use the notation
∮
[γ]

= − 1
2πi

∮
γ
,

to represent the integral over γ normalised by −2πi, where γ ∈ H1(Σ,Z), for example a
b-period in a Torelli basis.

Furthermore we also use the notation, for coordinates xi with upper indices, derivations use
lower indices ∂

∂xi
, so Einstein summation conventions can apply (summing over an upper and

lower index). Similarly for coordinates with lower indices.

6.1. Example of a formal Lagrangian subvariety

An example of a formal, infinite dimensional, Lagrangian subvariety, described in chapter (4),
arises from the Virasoro relations of the KdV hierarchy [DYZ18]. Briefly, the KdV hierarchy
describes a collection of differential operators, and the Virasoro relations are a collection
of commutation relations. This space is used to construct the Airy structure related to
topological recursion of a curve Σ.

Central to this example is the Kontsevich-Witten tau function:

Definition 6.1.1 (Kontsevich-Witten tau function). The Kontsevich-Witten tau function is
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a formal exponential generating function:

ZKW (x•) = exp
 ∑

g,n,k•

}g−1

n!

∫
Mg,n

∏
i

ψki
i (2ki + 1)!!x2ki+1

 .
Similar to exp(S(x•)), from chapter (4), ZKW stores the intersection numbers of tautological
classes ψi on the moduli space Mg,n, inside the exponent, as coefficients of x• and }.

Closely related to ZKW is an infinite collection of differential operators {L−1, L0, L1, . . . }, by

Lm = −1
2

∂

∂x2m+3
+ (x1)2

4~ δ−1m + 1
2

∑
i=2k+1

i xi
∂

∂xi+2m
+ }

4

′∑
i+j=2m
i,j odd

∂

∂xi

∂

∂xj
+ 1

16δ
0
m,

where the sum ∑′ denotes excluding the case m = 0 or −1. Also note ∂
∂x−1

= 0, the zero
operator.

The operators Lm satisfy the Virasoro commutation relations:

Definition 6.1.2 (Virasoro commutation relations).

[Lm, Ln] = (m− n)Lm+n,

In this particular example, the Lie bracket is given by
[

∂
∂xi
, xj

]
= δji .

As originally conjectured by Witten [Wit91], and shown by Kontsevich [Kon92], solving the
equation

Lm Z(x•) = 0, m ≥ −1,
for Z recursively, similar to the procedure for quantum Airy structures in chapter (4), gives

Z = ZKW (~, x1, 3x3, . . . , (2k + 1)x2k+1, . . . ).

Writing out the exponent as a series in } and x•, and solving recursively, determines any
intersection number with the initial condition

∫
M0,3

1 = 1. ZKW is a wavefunction per chapter
(1).

Consider a classical limit of the operators Lm → Hn. First, multiply Lm by }, then mapping
Lm to a star product of functions with ~ ∂

∂xi
→ yi, where composition of operators are replaced

by star products (1.2.5). Then ignoring }2 terms, gives a collection of quadratic and linear
polynomials:

Example 6.1.3. The classical limit of the Lm are the quadratic polynomials:

Hk(x•, y•) = −yk, k ∈ Z+
even,

Hk(x•, y•) = −
1
2 yk +

1
4 δ

1
kx

1x1 + 1
2

∞∑
i=1
i odd

i xi yi+k−3 +
1
4

∑
i+j=k−3
i,j odd

yi yj +
1
16δ

3
k, k ∈ Z+

odd
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also with the constraint y−1 = 0. These polynomials then define an ideal I(LKW ) =
〈Hk〉, which defines a subscheme inside an infinite dimensional pro/ind-scheme W ∼= W =
Spec (C[x•, y•]), where x terms are ind-infinite, y terms are pro-infinite, per lemma (3.3.5),
equipped with a Poisson bracket {xi, yj} = δij and {xi, xj} = {yi, yj} = 0, i, j = 1, . . .. Note
the identification of the spectrum with W .

Completing at a maximal ideal 〈x•, y•〉 defines a formal subscheme L̂KW ⊂ Spf (C[[x•, y•]]).
Furthermore this lets us write a series expansion for y:

yk(x•) = u0,k(x•),

which is done explicitly via fixed-point iteration on the equations yk = f(x•, y•), where f are
the quadratic and constant terms in the Hk per example (6.1.3).

The Hk in example (6.1.3) also define an Airy structure. Consider the coefficients aijk of the
coefficients of O((x•)2) terms in the Hk, and consider the polynomials

A = aijkx
ixjxk = 1

4x
1 x1 x1,

B = bkijx
ixjyk =

1
2
(
x1
(
3x3y1 + . . .

)
+ 0 + x3

(
x1y1 + 3x3y3 + . . .

)
+ 0 + . . .

)
,

C = cjki x
iyjyk =

1
4
(
x5 y1 y1 + 2x7 y1 y3 + 2x9 y1 y5 + x9 y3 y3 + . . .

)
.

This gives a111 = 1
4 , aijk = 0 for i 6= j 6= k 6= 1.

Remark 6.1.4. Note, if we tried to quantise these Hk there would be terms that contribute
to the trace of the B tensor bjij = b1i1 + b2i2 + . . ., which has a divergent sum for i = 3. In
this case however we started with renormalised Hamiltonians, Lm, per chapter (4), they are
missing this divergent term, which has been cancelled out by a choice of J . Also note the aijk
and cjki tensors satisfy the constraint imposed by the quantum Airy structure:

ajstc
st
i − aistcstj = 0.

Remark 6.1.5. Note that solving for y, all terms in the resulting series for x contain
contractions between the tensors aijk, bkij, and c

jk
i . However as tensors contract between lower

and upper indices, note that as lower indices pair with x•, they are forced to have only finitely
many non zero terms, as the x• are ind-infinite, or correspond to a discrete vector space.

(A,B,C) are identified with tensors in completed tensor products of an infinite dimensional
vector space W = 〈xi, yj〉:

xixj · · · → xi ⊗ xj ⊗ . . . .

These tensors (A,B,C) satisfy the conditions of an Airy structure, per chapter (4).
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LKW is the basis for the work in [KS18], where formal neighbourhoods of LKW are identified
with a neighbourhoods of a space LAiry defined from residue constraints. As per chapter (2),
define an infinite dimensional symplectic vector space of residueless meromorphic differentials:

WAiry =
{
J =

∑
n∈Z

Jnz
−ndz

z
| J0 = 0, Jn ∈ C,∃N such that Jn = 0, n > N

}
, (6.1)

with symplectic form

ΩWAiry(η1, η2) = Res
z=0

f1η2, df1 = η1, η2 ∈ WAiry.

We consider WAiry to be contained in an affine space W with infinite ind and pro directions,
W → WAiry, so notion of subvariety makes sense. Consider a curve Σ inside a symplectic
surface X with a divisor R. WAiry is identified with local residue free differentials, given by
sending global meromorphic differentials to their local expansions at each point in R with
respect to a given local coordinate. Then define dim(R) copies of LKW :

LKS = LR
Airy
∼= L̂R

KW

Taking dim(R) copies of Hk is used to define a tensor AΣ. Let α, β, γ ∈ R represent points in
the divisor. We construct a new bigger tensor from dim(R)3 copies of A, which allows linear
combinations of points around the divisor:

Definition 6.1.6.
AΣ = aijk,αβγ x

i,αxj,βxk,γ = 1
4
∑
α∈R

x1,αx1,αx1,α.

where (i, α) is a multi-index. Furthermore AΣ = ω0,3 from topological recursion, which we
show in section (6.3.2).

6.2. A short review of the Tate space of differentials

This section is mostly from chapter (2), section (2.3), reproduced here as a reminder. Consider
an algebraic curve Σ ⊂ X, a divisor R, and local coordinates zα defined on Σ− R around
each point α ∈ R. Define dim(R) copies of WAiry:

WΣ = (WAiry)R.

Each copy of WAiry uses the local coordinate zα around points in R. The subspace

LΣ = (LAiry)R ⊂ WΣ

consists of locally holomorphic differentials, and satisfies the property LΣ = T0LR
Airy.

As per chapter (2), define GΣ as the space of meromorphic differentials with zero residue:
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Definition 6.2.1 (GΣ).

GΣ = {η ∈ H0(Σ,Ω1(Σ−R)) meromorphic on Σ | Res
r∈R

η = 0}. (6.2)

GΣ is identified with the image under the injective map GΣ → WΣ, so GΣ ⊂ WΣ.

Given a choice of Torelli basis on Σ, define

VΣ = {η ∈ GΣ |
∮
ai
η = 0, i = 1, ..., g}. (6.3)

VΣ defines a polarisation of WΣ. Equipping WΣ with the Tate topology, VΣ with discrete
topology, LΣ with the linearly compact topology, the topological dual gives V ∗Σ ∼= LΣ, and

WΣ ∼= LΣ ⊕ VΣ ∼= VΣ ⊕ V ∗Σ ,

which was shown in chapter (2).

6.2.1.0. Symplectic reduction of the Tate space of differentials

In chapter (2) we showed that GΣ, equation (6.2), the space of meromorphic differentials is
coisotropic in WΣ:

GΣ = {η ∈ H0(Σ,Ω1(Σ−R)) meromorphic on Σ | Res
r∈R

η = 0}, (6.4)

where Σ is a symplectic surface X with divisor R satisfies the following:

Lemma 6.2.2. GΣ ⊂ WΣ is coisotropic.

This was shown in chapter (2), section (2.3).

Let G⊥Σ denote the symplectic complement to GΣ. Then:

Lemma 6.2.3. G⊥Σ is the vector space of exact differentials

G⊥Σ = {η = df, f holomorphic on Σ−R}

Similarly this was shown in chapter (2), section (2.3).

Now the symplectic quotient of WΣ by the coisotropic subspace GΣ is given by

WΣ // G
⊥
Σ = GΣ/G

⊥
Σ.

Lemma 6.2.4. There is a short exact sequence:

0→ G⊥Σ → GΣ → HΣ ∼= H1(Σ,C)→ 0
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Proof. The map GΣ → H1(Σ,C) is surjective as any differential defines a cohomology class
on Σ, by integrating along periods. Further G⊥Σ → GΣ is injective, by the definition of G⊥.
Furthermore G⊥Σ is precisely the kernel of GΣ → H1(Σ,C), as exact differentials in G⊥Σ have
all zero periods.

So the quotient by exact differentials sends a meromorphic differential (with zero residues) to
its cohomology class, and the map is surjective. As a consequence WΣ // GΣ ∼= H1(Σ,C).

Lemma 6.2.5. Symplectic reduction of WΣ is given by a map [·] : WΣ → H1(Σ,C), where

[η] =
(∮

ai
η,
∮
bj
η

)

and η ∈ WΣ.

Furthermore, we examine the image of VΣ ⊂ WΣ under symplectic reduction, or the map
WΣ → H1(Σ,C) given by taking periods:

Lemma 6.2.6 (Reduction of VΣ). The reduction of VΣ is given by:

V Σ ∼= VΣ/G
⊥
Σ,

Furthermore V Σ ⊂ HΣ ∼= H1(Σ,C) consists of those cohomology classes with vanishing
a-periods.

This follows from the definition of VΣ ⊂ GΣ as the space of differentials with zero a-periods,
and G⊥Σ as the space of exact differentials.

6.3. Residue constraints

6.3.1.0. Foliations

Let X be a complex surface.

Definition 6.3.1 (Foliation). A foliation F on X, is a decomposition of X into a disjoint
union of 1-dimensional submanifolds {L} called leaves.

Let p ∈ X, and let U be an open neighbourhood p ∈ U , and let (x, y) be local holomorphic
coordinates. Leaves must satisfy the constraint that for each leaf L, L ∩ U is represented by
{x = const}.

Let X be a symplectic surface with symplectic form Ω, and equipped with a foliation F .
There are special coordinates on X called foliation Darboux coordinates:
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Definition 6.3.2 (Foliation Darboux coordinates). Foliation Darboux coordinates, are local
coordinates (u, v) on X which are Darboux coordinates, so

Ω = du ∧ dv,

and also define the leaves of the foliation via u = const.

Foliation Darboux coordinates are unique up to a symplectic change of coordinates which
preserves the foliation:

Lemma 6.3.3. Coordinate transforms of the form

(u, v) −→ (f(u), v

f ′(u) + g(u)), (6.5)

for f ′(u) 6= 0 in the neighbourhood of X, preserve the foliation, and symplectic structure.

These preserve the symplectic form as

d(f(u)) ∧ d( v

f ′(u) + g(u)) = f ′(u)du ∧
(

dv

f ′(u) −
vf ′′(u)du
f ′(u) + g′(u)du

)
= du ∧ dv = Ω.

Now let X be a symplectic surface, with symplectic form Ω, and equipped with a foliation
F . Consider a curve Σ ⊂ X, and let R be a divisor on Σ. Let α ∈ R ⊂ Σ. We introduce a
choice of foliation Darboux coordinates, (uα, vα) on X in a neighbourhood of α, to define Σ:

Definition 6.3.4 (Spectral coordinates). Define local coordinates (uα, vα) in a neighbourhood
Uα ⊂ X of α ∈ R satisfying:

(uα, vα) are foliation Darboux coordinates.

(uα, vα)|α = (0, 0).

The equation uα − v2α = 0 locally defines Σ.

The purpose of these coordinates is to locally define Σ, so we treat Σ as a local spectral curve,
definition (0.2.9). Furthermore, any foliation Darboux coordinates can be transformed into
coordinates in definition (6.3.4), via transforms of the form (6.5).

6.3.2.0. Residue constraints and Lagrangian foliations

Consider a curve Σ ⊂ X in a foliated surface (X,Ω,F), with divisor R.

Neighbourhoods of the Lagrangian LKS associated with WΣ, are alternatively described by a
collection of residue constraints, due to [KS18]. Pick foliation Darboux coordinates (uα, vα) in
a neighbourhood of α ∈ R ⊂ X. The Lagrangian LKS is described locally by the constraints:
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Definition 6.3.5 (Residue constraints).

Res
α

(
vα −

η

duα

)
umα duα = 0, m ≥ 1, (6.6)

Res
α

(
vα −

η

duα

)2
umα duα= 0, m ≥ 0. (6.7)

These are called residue constraints, and are used to investigate the tensor AΣ.

Lemma 6.3.6 ([KS18]).
AΣ = ω0,3 ∈ VΣ ⊗ VΣ ⊗ VΣ.

Proof. η ∈ WΣ is in LKS if it satisfies the residue constraints (6.6). Let α ∈ R. Pick foliation
Darboux coordinates uα = z2α, and vα = zα, per [Cha+20; KS18], which satisfy the residue
constraints:

Res
(
η

duα
− vα

)
umα duα = 0, m ≥ 1,

Res
(
η

duα
− vα

)2
umα duα= 0, m ≥ 0.

To investigate the residue constraints, we construct a new basis for WΣ:

{xk,α, yk,α | k ∈ N, α ∈ R}

where xk,α has a pole of order k at α ∈ R and is holomorphic on Σ−R. yk,α = zkα is defined
only locally near α ∈ R via the local coordinate zα.

The first residue constraint gives

Res
α

(
η

duα
− vα

)
umα duα = Res

α
η umα = −2m 〈y2m−1,α, η〉

which uses the fact uα = z2α and d(umα ) = 2my2m−1,α.

The second residue constraint gives

Res
(
η

duα
− vα

)2
umα duα = Res

α

η · η
duα

umα − 2Res
α
η zαu

m
α ,

= Res
α

η · η
duα

umα − 2〈y2m,α, η〉,

which is linear in y2m,α, plus a quadratic term.

Res
α

η · η
dx

xm = aijk,αβγ x
j,βxk,γ + bk,γij,αβ x

j,βyk,γ + cjk,βγi,α yj,βyk,γ. (6.8)

The right hand side is the most general quadratic term with respect to the coordinates

xi,β = 〈xi,β, η〉
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and
yi,β = 〈yi,β, η〉.

The coefficients a,b and c depend on m.

To determine the coefficient of xj,βxk,γ evaluate equation (6.8) on any differential η which is
locally holomorphic. As η is holomorphic, it annihilates all yi terms, 〈yβi , η〉 = 0.

Further, when η is locally holomorphic

Res
α

η · η
dx

xm = 0, for m > 0

since
xm

dx
= z2m−1

dz
,

has no pole.

Therefore, we are left with the case m = 0:

Res
α

η · η
dx

= aijk,βγx
j,βxk,γ + . . . ,

so
aijk,βγ = 1

4δijδikδαβδαγ.

Packaging the coefficients into a tensor, gives the tensor AΣ:

AΣ = 1
4
∑
α∈R

x1,α ⊗ x1,α ⊗ x1,α = 1
4
∑
α∈R

x1,α ⊗ x1,α ⊗ x1,α.

This agrees with definition (6.1.6), the coefficient from R copies of LAiry. Finally, this
expression also agrees with the formula for ω0,3 given with the Bergman kernel from the
introduction:

ω0,3(p1, p2, p3) =
∑
α∈R

Res
p=α

B(p, p1)B(p, p2)B(p, p3)
du(p)dv(p) ,

for topological recursion locally on the Airy curve, where u(p) = p2, v(p) = p, a local spectral
curve, definition (0.2.9) in chapter (0).

6.4. Local deformation space

The local deformation space B of Σ is a moduli space, parameterising smooth curves which
are deformations of Σ inside X. As Σ is a genus g curve, dim(B) = g. A point, denoted
[Σ] ∈ B represents a curve Σ ⊂ X.

Over B is flat symplectic vector bundle H, H→ B, where a fibre over a point Σ is given by
HΣ = H1(Σ,C). H is equipped with the Gauss-Manin connection ∇GM .
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The linear embedding
H0(Σ, KΣ)→ H1(Σ,C),

sends a holomorphic differential to a cohomology class, and defines a Lagrangian sub-bundle
of H with fibres LΣ = H0(Σ, KΣ).

Furthermore, the symplectic structure on X defines an exact sequence:

0→ T Σ→ T X|Σ → KΣ → 0. (6.9)

The normal bundle νΣ to Σ ⊂ X is isomorphic to KΣ, and so the tangent space T[Σ]B =
H0(Σ, νΣ) to B at a point [Σ] is isomorphic to the vector space of holomorphic differentials
L = H0(Σ, KΣ), via the adjunction

KΣ ∼= KX |Σ ⊗ νΣ ∼= νΣ.

Now consider the H-valued 1-form:

φ ∈ Γ(B,Ω1
B ⊗H) (6.10)

which is defined by the composition of morphisms

TΣB
∼=−→ H0(Σ,Ω1

Σ)→ H1(Σ,C) = HΣ.

Lemma 6.4.1. φ is flat with respect to ∇GM ,

∇GMφ = 0.

Proof. To do this, show φ is locally exact, we show that integrating φ along a small loop in
B is zero.

Let [Σ] ∈ B, and choose a small enough loop γ ⊂ B containing the point [Σ]. Choose
[α] ∈ H1(Σ,Z) represented by an embedded closed curve α ⊂ Σ and choose a family α̃ of
embedded closed curves representing the homology cycle in each fibre.

As Σ→ X, the choice of γ gives a torus T 2 → X which bounds a solid torus S1 ×D2 → X
when γ is chosen small enough.

Integrating φ along γ gives an element of a fibre of H which pairs with [α] by〈∫
γ
φ, [α]

〉
.

Then 〈∫
γ
φ, [α]

〉
=
∫
T 2

ΩX = 0

since dΩX = 0, as X is a curve, and T 2 is homologically trivial.
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This applies to any homology class [α] hence∫
γ
φ = 0.

Therefore φ is locally exact, and hence closed or flat with respect to ∇GM.

So now as the H 1-forms are flat with respect to ∇GM , tensoring forms on B with H gives
the complex:

0 −→ Ω0
B ⊗H ∇GM

−→ Ω1
B ⊗H ∇GM

−→ Ω2
B ⊗H ∇GM

−→ . . . .

Define a local section s, s ∈ Γ(U[Σ],H), for a neighbourhood U[Σ] of a point [Σ] ∈ B,

U[Σ] ⊂ B,

as the solution to the equation:
∇GMs = −φ.

The solution s is a cohomology class

s([Σ′]) ∈ H′Σ

for each [Σ′] ∈ U[Σ], and is well-defined up to addition of a constant, independent of [Σ′].

Now consider a morphism [ϑ] : U[Σ] → HΣ, defined by the difference:

[ϑ]([Σ′]) := s([Σ])− s([Σ′]) ∈ C2g ∼= HΣ. (6.11)

[ϑ] is a well-defined map from the open set U[Σ] ⊂ B to C2g. Note that the isomorphism of
the cohomology group H1(Σ,C) with C2g uses a choice of Torelli basis.

Note in equation (6.11), s([Σ′]) has been parallel transported from a nearby fibre HΣ′ to HΣ
via the Gauss-Manin connection ∇GM . By definition, the covariant derivative of [ϑ] is given
by

∇GM
η [ϑ] = η,

for any η ∈ H0(Σ, KΣ) ∼= T[Σ]B. The linearisation

∇GM [ϑ] : T[Σ′]B → HΣ′ ,

has image given by the parallel transport of the Lagrangian subspace

H0(Σ, KΣ′) ⊂ HΣ′ ,

so [ϑ] defines a local Lagrangian embedding of U[Σ] ⊂ B into HΣ:

U[Σ]−→HΣ ∼= C2g. (6.12)
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[ϑ] is related to the cohomology class of the tautological 1-form vdu|Σ′ in the case X = T ∗C.
In particular it is given by the difference:

[ϑ]([Σ′]) = [vdu|Σ]− [vdu|Σ′ ] ∈ C2g.

As mentioned before, this difference is from parallel transport by the Gauss-Manin connection.

In section (6.6) there is a meromorphic differential ϑ which is defined only in a formal
neighbourhood of [Σ] ∈ B with cohomology class given by an analytic expansion of the class
[ϑ] defined here.

Using a choice of a-cycles on each Σ′, the class [ϑ] defines holomorphic coordinates on U[Σ] ⊂ B
by:

Definition 6.4.2 (Holomorphic coordinates). Define g coordinates z1, . . . zg on U[Σ] ⊂ B by:

zi([Σ′]) =
∮
ai
[ϑ]([Σ′]), i = 1, . . . , g. (6.13)

These coordinates satisfy zi([Σ]) = 0, and coordinates defined with respect to any nearby
point are related via shift zi → zi + zi0. From these coordinates we consider an affine space
modelled on B with coordinate ring C[z1, . . . , zg], and the point Σ corresponds to the maximal
ideal 〈z1, . . . , zg〉.

A choice of b-cycles on each Σ′ give rise to functions wi(z1, ..., zg) defined by

wi =
∮
bi
[ϑ]([Σ′]), i = 1, . . . g. (6.14)

The derivatives of wi satisfy

∂wi

∂zj
= ∂

∂zj

∮
bi
[ϑ] =

∮
bi
∇GM

∂
∂zj

[ϑ] =
∮
bi
ωj = τij,

where the second equality uses the definition of the Gauss-Manin connection, where τij is a
symmetric tensor called the period matrix. The period matrix is defined in definition (6.5.3).

Now H is treated as a variety with coordinate ring C[z1, . . . , zg,w1, . . .wg]. Later we investi-
gate how B lives inside H from this algebraic perspective. It is not obvious if B is algebraic
inside H, which means writing algebraic equations in terms of z• and w•, which defines a map

C[z1, . . . , zg,w1, . . . wg]→ C[z1, . . . , zg],

describing O(B) in C[z1, . . . , zg,w1, . . .wg]. However, what we do is investigate the situation
on formal neighbourhoods, or on a formal completion,

C[[z1, . . . , zg,w1, . . . wg]]→ C[[z1, . . . , zg]],
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which represents what we call B̂ in H. Symplectic reduction will give a version of this map.

This will involve constructing a formal series ϑ. Solving wi, in section (6.6), as a function of
z•, is analogous to completing a subvariety along a maximal ideal 〈z1, . . . zg,w1, . . . wg〉. In
this way we examine formal neighbourhoods of B, represented by B̂ inside H.

Remark 6.4.3. This is analogous to the case of the conic, from example (1.5.1) solving
−y + ax2 + 2bxy + y2 for y, and producing a series u0(x). In this case we do not necessarily
know how to write an original algebraic equation B in H, but we still use the analogy of a
series u0(x).

Example 6.4.4 (Artin approximation theorem). Let z• be a collection of g-variables. Consider
the ring k[[z•]], and w• a different set of variables. Let f(z•, w•) = 0 be a system of polynomial
equations in k[z•,w•]. The Artin approximation theorem says that given the formal power
series

ŵ•(z•) ∈ k[[z•]],
there are algebraic functions w•, such that

w• = ŵ• mod (z•)n.

By the Riemann bilinear relations τij is a symmetric tensor, hence there exists a function,
known as the prepotential, F0:

Definition 6.4.5 (Prepotential). The prepotential is a function F0, F0 : U → C satisfying

wi(z1, . . . , zg) =
∂F0(z1, . . . , zg)

∂zi
, i = 1, . . . , g,

so
∂2F0

∂zi∂zj
= τij,

Higher order derivatives of the prepotential give the Donagi-Markman cubic, defined in lemma
(6.5.7):

∂3F0

∂zi∂zj∂zk
= aΣijk.

The constants aΣijk define the tensor

AΣ ∈ V Σ ⊗ V Σ ⊗ V Σ,

where V Σ is given by lemma (6.2.6). Furthermore

Proposition 6.4.6.
F0 =

1
2z

iwi
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Differentiating
∂

∂zj

1
2z

iwi =
1
2wj +

1
2z

i ∂

∂zj
wi =

1
2wj +

1
2z

iτij =
1
2wj +

1
2z

iτji,

= 1
2wj +

1
2z

i ∂

∂zi
wj =

1
2wj +

1
2wj = wj,

6.5. Period matrix

6.5.1.0. Definition and variations

Associated to the curve Σ is a fundamental matrix of functions called the period matrix τij
[Gia+98; Ber10]. Period matrices are used to define Σ.

Let {a1, . . . ag, b1, . . . bg} be a Torelli marked basis for the homology group H1(Σ,Z). Associ-
ated to this basis is a basis of normalised differentials ωi

Definition 6.5.1 (Normalised differentials). There is a unique basis

ω1, . . . ωg

of g normalised holomorphic differentials satisfying∮
ai
ωj = δij,

for H0(Σ,Ω1
Σ).

Period matrices define a Riemann surface Σ in terms of the b-periods.

Example 6.5.2. A genus 1 Riemann surface Σ, is expressible as a quotient

Σ ∼=
C

1Z+ τ Z
∼=,

C∮
a1
ω1Z+

∮
b1
ω1Z

,

where the periods 1 =
∮
a1
ω1, τ =

∮
b1
ω1 define a 2-dimensional lattice Z+τZ in C. Identifying

and gluing edges of the lattice we see generates a torus.

More generally a genus g Riemann surface is defined as a quotient of Cg, by a 2g-dimensional
lattice:

Σ ∼=
Cg

〈
∮
a1
ω1, . . . ,

∮
ag ωg,

∮
b1
ω1, . . . ,

∮
ωg〉Z

.

So the period matrix contains a lot of information about the surface Σ.

Definition 6.5.3 (Period matrix). The period matrix τ , is a symmetric matrix, defined
component-wise by the integral

τij =
∮
bi
ωj.
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Example 6.5.4 (Theta functions). One use of the period matrix is to define Theta functions
[Fay06; Ber10], which are functions of g complex variables z• = (z1, . . . zg):

Θ(z•, τ) =
∑

n•∈Zg

exp
(1
2n

iτijn
j + nizi

)
,

where repeated indices are summed over, and n• = (n1, . . . , ng), ni ∈ Z. Theta functions
appear as the solution to the heat equations [Ber10]:

∂Θ
∂τjk

= 1
2πi

∂2Θ
∂zj∂zk

, j 6= k

∂Θ
∂τjj

= 1
4πi

∂2Θ
∂zj∂zj

.

We examine how the period matrix varies with the curve Σ as a point in the deformation
space B:

Lemma 6.5.5. The variation of the period matrix τij of a curve in a symplectic surface
Σ ⊂ (X,Ω) is given by:

∂nτij
∂zi1 ...∂zin

= −2πi
∮
[bi]

∮
[bj ]

∮
[bi1 ]

...
∮
[bin ]

ω0,n+2.

Note the integral over [bj] refers to a normalised period integral, definition (6.0.1).

For example, in the case of n = 1,

∂τij
∂zk

= −2πi
∮
[bi]

∮
[bj ]

∮
[bk]

ω0,3.

When X = T ∗C, for a compact curve C, lemma (6.5.5) was proven by Baraglia and Huang
in [BH19], and also by Bertola and Korotkin in [BK21].

6.5.2.0. Relation to the Donagi-Markman cubic

The Donagi-Markman cubic [DM94], is the extension class defined by the exact sequence
(6.9), which gives rise to a tensor AΣ on B, and is closely related to the period matrix.

Definition 6.5.6. We define AΣ as the extension class:

AΣ ∈ Ext1(KΣ, TΣ) ∼= H0(Σ, K⊗3Σ )∨ ∼=
(
T ∗[Σ]B

)⊗3
.

This tensor was first studied in [DM94], in the context of integrable systems. [BH19] relate this
tensor to the variation of the period matrix. Consider the coefficients of AΣ, so AΣ = (aΣijk):
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Lemma 6.5.7 ([BH19]). The coefficients of the variation of the period matrix give the
coefficients of AΣ:

aΣijk =
∂τij
∂zj

.

6.6. Formal and convergent series

Let (X,Ω,F) be a foliated symplectic surface, Let Σ, Σ→ X an algebraic curve in X, and B
the moduli space of deformations of Σ in X. Define WΣ to be the symplectic vector space of
residueless meromorphic differentials on Σ. Let VΣ ⊂ WΣ be the space of differentials with
zero a-periods.

Associated to WΣ is a quadratic Lagrangian subvariety LKS generated by a collection of
quadratic polynomials, like section (4). We are interested in studying the symplectic reduction
of LKS, described in chapter (5), to B. This process is representable as the commutative
diagram:

LKS ∩GΣ GΣ VΣ ⊕ V ∗Σ ∼= WΣ

B HΣ V Σ ⊕ V
∗
Σ

∼=

(6.15)

The image of the Lagrangian LKS maps to the deformation space B ⊂ HΣ = H1(Σ,C), under
the symplectic reduction

WΣ // G
⊥
Σ := GΣ/G

⊥
Σ
∼= HΣ.

Neighbourhoods of zero of LKS are mapped to neighbourhoods of a point [Σ] ∈ B, U[Σ] ⊂ B.
This process is carried out explicitly for formal neighbourhoods. A formal neighborhood of
zero of LR

KW , maps to a formal neighbourhood of a point [Σ] in B,

L̂R
KW,0 LKS

B̂[Σ] B

To do this, we construct a series ϑ, which represents functions on formal neighbourhoods of
B̂[Σ], or the image of the map

O(L̂R
KW ∩ ĜΣ)→ O(B̂[Σ]).

Furthermore, under the quotient map, ϑ maps to a cohomology class [ϑ], which is an analytic
function.

122



6.6.1.0. The formal section ϑ and corresponding vector fields

The purpose of this section is describing how B sits inside H as a Lagrangian, via formal
neighbourhoods.

Recall in chapter (5), we examined a reduction via a sum of ideals in a ring

k[x1, . . . , y1, . . . , z1, . . . zg,w1, . . .wg],

which describes B as an intersection.

Taking a formal completion k[[x1, . . . , y1, . . . , z1, . . . zg,w1, . . .wg]], and using the equations
in the defining ideal, it was possible to eliminate x• and y•, and find a series wi(z•). This
described an analogous B̂ as an ideal in k[[z1, . . . zg,w1, . . .wg]].

This section first constructs wi(z•) directly from the definition of B in HΣ. Then later we will
show this same series for wi(z•) coincides with the series produced from reduction, establishing
these two objects are the same.

Represent functions defined on formal neighbourhoods of B̂[Σ] with respect to the coordinates
{z1, ..., zg} defined in (6.13) satisfying zi([Σ]) = 0, where i ∈ {1, ..., g}. For any residueless
meromorphic differential η defined on Σ, recall the normalised periods of η are defined as:∮

[b]k
η := − 1

2πi

∮
bk
η,

per definition (6.0.1)

Definition 6.6.1 (ϑ). Define a formal series ϑ:

ϑ = zi ωi −
1
2!z

i zj
∮
[b]i

∮
[b]j
ω0,3 −

1
3!z

i zj zk
∮
[b]i

∮
[b]j

∮
[b]k

ω0,4 − . . . , (6.16)

where ωi is a normalised differential per definition (6.5.1).

Remark 6.6.2. Although ϑ contains the topological recursion invariants, it is not constructed
via topological recursion, and it is an object that produces the reduction of the ui. In certain
examples it can be identified with a canonical differential θ = pdq, but this does not hold
generally.

Furthermore:

Theorem 6.6.3. ϑ satisfies the following properties:

1. ϑ is in the pushforward ι∗O(L̂R
KW ) ∼= ι∗O(LKS).

2. The cohomology class [ϑ] is analytic in z1, . . . , zg.
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Proof. The proof of theorem (6.6.3) is given by lemmas (6.10.1) and (6.10.2) in section
(6.10).

ϑ is going to be a tool to associate vector fields on B to vector fields on LKS. In particular this
will relate the tensor AΣ = aijkx

ixjxk, from the Airy structure on WΣ, AΣ ∈ VΣ ⊗ VΣ ⊗ VΣ,
to a tensor AΣ ∈ V Σ ⊗ V Σ ⊗ V Σ representing the Donagi-Markman cubic.

The formal cohomology class [ϑ] is the restriction of an analytic section ι∗[ϑ] to a formal
neighbourhood of [Σ] in B. Recall that a cohomology class is characterised by its periods
along a Torelli marked basis. We integrate ϑ ∈ C[[z1, . . . , zg]] term by term, to get formal
expression [ϑ]

[ϑ] =
(∮

ai
ϑ,
∮
bi
ϑ | i = 1, . . . , g

)
∈ C2g[[z1, . . . , zg]],

where the periods are given by:∮
ai
ϑ = zi,

∮
bi
ϑ = wi(z1, ..., zg).

Lemma 6.6.4. The expansion of wi(z1, ..., zg) in a neighbourhood of zi = 0 is:

wi = ui = zjτij −
1
2z

jzk
∮
bi

∮
[b]j

∮
[b]k

ω0,3 −
1
3!z

jzkz`
∮
bi

∮
[b]j

∮
[b]k

∮
[b]`
ω0,4 − . . . . (6.17)

Remark 6.6.5. Note that ui is analogous to ui for solving for y•(x•) as a function of x• via
fixed point iteration from the H•, as seen in chapter (4). Further [ui] = ui. Repackaging ui

into some implicit equation is not obvious to us from this expression.

Note in lemma (6.6.4, all but the first integral in each term is a normalised period integral,
definition (6.0.1).

Note that if we substitute this expression into the prepotential F0(z•,w•), we obtain a series
for F0 purely in terms of z•.

Lemma 6.6.6 (Expansion of the prepotential).

F0(z1, . . . , zg) =
1
2z

iwi(z•) =
1
2τijz

izj +O((z•)3). (6.18)

As expected, this series will appear precisely in the wavefunction ψB.

Lemma (6.6.4) shows that

∂

∂zi
τjk = −2πi

∮
[b]i

∮
[b]j

∮
[b]k

ω0,3,
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and more generally

∂n−2

∂zi1 . . . ∂zin−2

τin−1in = −2πi
∮
[b]i1

∮
[b]i2
· · ·

∮
[b]in

ω0,|I|,

which proves lemma (6.5.5) and generalises the result of [BH19] to curves Σ ⊂ X for any
foliated symplectic surface (X,Ω,F).

Given any normalised holomorphic differential ωi, its cohomology class [ωi] gives a vector
field on B. The corresponding vector field associated to [ωi] is represented by

∂

∂zi
,

with respect to the coordinates z1, . . . , zg.

Remark 6.6.7. In section (6.8), this is analogous to yi acting as a vector field ∂
∂xi

in a
symplectic space W .

This vector field maps naturally to a vector field on a formal neighbourhood of Σ, under the
pullback ι : B̂Σ → B, so [ωi] = ι∗[ωi]. Explicitly it is given by the Taylor expansion of [ωi] at
[Σ] in the coordinates z1, . . . , zg, giving a series in ∂

∂zi
.

Remark 6.6.8. Similarly in section (6.8), expanding yi as a series in xo, gives a series in
∂
∂xi

in a formal neighbourhood of 0 of L.

There is a formal vector field defined on the image of LKS, ω̂i, which maps to [ωi] under the
quotient map, defined from the differential

ω̂i = dϑ

(
∂

∂zi

)
, (6.19)

and explicitly in coordinates z1, . . . zg:

ω̂i =
∂

∂zi
− zj

∮
[b]i

∮
[b]j
ω0,3 −

1
2z

jzk
∮
[b]i

∮
[b]j

∮
[b]k

ω0,4 − . . . , (6.20)

where all integrals are normalised b-period integrals, as per definition (6.0.1).

Integrating term by term, it is the case that

[ω̂i] = [ωi] ∈ C2g[[z1, . . . , zg]],

but this is also an analytic function in z1, . . . , zg.

Lemma 6.6.9. [ω̂i] is analytic in z1, . . . , zg.
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The analytic expansion of [ω̂i] is given by:
∮
bi
ω̂j = −

∑
I

zI

|I|!

∮
bi

∮
[b]j

∮
[b]I
ω0,|I|+2

= τij − zk
∮
bi

∮
[b]j

∮
[b]k

ω0,3 − . . . ,

where τij is the period matrix, the integral over the index set represents:∮
[b]I

=
∮
[b]i1
· · ·

∮
[b]in

,

I is the index set: I = (i1 . . . , in), and the integrals with the square bracket [bi] are normalised
integrals, definition (6.0.1).

6.7. The reduction of the Lagrangian

Now we are in the position to investigate the symplectic reduction of the Lagrangian LKS.
A finite dimensional example of this was given in chapter (5), along with the symplectic
reduction of wavefunctions. The same results will follow from that section, except that we
need to take appropriate limits – this section now deals with an infinite dimensional example.

First note the intersection LKS ∩GΣ is transversal since

WΣ = GΣ + L = GΣ + T0LKS

which was proven in chapter (2).

To make sense of the quotient of LKS ∩GΣ by G⊥Σ, we need to use the ideas in chapter (5),
and investigate the process algebraically. This is because LKS is defined in terms of formal
neighbourhoods.

First note, the quotient
0→ G⊥Σ → GΣ → HΣ → 0

corresponds to the ring homomorphism:

O(HΣ) −→ O(GΣ)G
⊥
Σ

which in terms of coordinates (zi,wi) is given by

(zi,wi) −→
(∮

ai
[ϑ],

∮
bi
[ϑ]
)

Next, O(GΣ) is defined in terms of the Darboux coordinates

O(GΣ) = O(WΣ)/〈xi>g〉
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since the restriction xi|GΣ , for i ∈ N depends only on its cohomology class [xi] ∈ H1(Σ,C).
The ambiguity in the choice of coordinates x1, . . . , xg disappears under restriction to GΣ.

Also recall LKS is defined as a formal completion

O(LKS) = O(WΣ)/〈yi − u0i〉,

where u0,i is the formal series, defined in chapter (4):

u0,i = aijkx
jxk + 2bkijak`mxjx`xm + . . .

From the commutative square

O(WΣ) O(GΣ)

O(LKS) O(LKS ∩GΣ)

(6.21)

O(LKS ∩GΣ) is given explicitly by:

O(LKS ∩GΣ) = O(W )/〈yi − u0,i, xm>g〉 ∼= k[[x1, ..., xg]].

Composing the arrow from
O(HΣ)→ O(GΣ)

with the right vertical arrow in the commutative square, equation (6.21), to get a map

O(ĤΣ) −→ O(LKS ∩GΣ) (6.22)

where
(zi,wi) −→ (xi≤g, yi≤g + τijx

j≤g)

This is a map from a formal neighbourhood of 0 ∈ HΣ to a formal neighbourhood of 0 ∈ WΣ.

In Section (6.6) it is proven that the kernel of (6.22) is given by the ideal

〈wi − ui(z1, ..., zg)〉,

where ui represents expanding wi in a series for z•, which means completing at a maximal
ideal 〈w•, z•〉, similarly to the idea of expanding yi in a series for x• which was completing
the variety defined by the ideal generated by the quadratic polynomials

I(L) = 〈−yi + aijkx
jxk + 2bkijxjyk + cjki yjyk〉

at the maximal ideal 〈y•, x•〉.

Therefore equation (6.22) defines an isomorphism

O(B̂Σ) ∼= O(LKS ∩GΣ).
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Note LKS is topologically a point in W . The intersection gives the formal neighbourhood of
a point [Σ] ∈ B which Kontsevich and Soibelman denote as B̂Σ

The big picture is that formal power series expansions of algebraic functions (albeit in infinite
variables) have been mapped into functions on formal neighbourhoods of a finite dimensional
space.

Remark 6.7.1. We conjecture that B is not algebraic in H. The entire process must be done
on formal neighbourhoods. Taking the quadratic polynomials:

−yi + aijkx
jxk + . . .

and simply making a replacement like xi>g = yi>g = 0, to get a polynomial in zi,wi does not
recover the same series for wi, which was built to recover topological recursion.

6.7.1.0. Symplectic reduction and vector fields

Consider the Lagrangian subspace LΣ = T0LKS ⊂ WΣ, of locally holomorphic differentials
on Σ, defined on Σ−R, where R is a divisor. The symplectic form on WΣ, ΩWΣ , defines a
natural isomorphism

LΣ ∼= V ∗Σ .

Similarly the symplectic form Ω on X, also defines an isomorphism of a Lagrangian subspace
in HΣ = H1(Σ,C),

LΣ = H0(Σ, KΣ) ∼= V
∗
Σ.

There is a natural map
h : H0(Σ, KΣ)→ LΣ

which expands any holomorphic differential locally in a series around R.

For any T ∈ Hom(LΣ ⊗ LΣ, VΣ) consider the commutative square:

LΣ ⊗ LΣ VΣ

H0(Σ, KΣ)⊗H0(Σ, KΣ) V Σ

T

h⊗h (6.23)

This defines a map

T → [T ◦ (h⊗ h)] ∈ Hom(H0(Σ, KΣ)⊗H0(Σ, KΣ), V Σ),

where [·] is the map VΣ → V Σ. Further, this defines the right vertical arrow in the following
commutative diagram:

VΣ ⊗ VΣ ⊗ VΣ Hom(LΣ ⊗ LΣ, VΣ)

V Σ ⊗ V Σ ⊗ V Σ Hom
(
H0(Σ, KΣ)⊗H0(Σ, KΣ), V Σ

)
.

ΩWΣ

Ω

(6.24)
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In the next section, we see that a quadratic Lagrangian subvariety, defined by an ideal:

I(L) = 〈Hk = aijkx
jxk +O(x•y•) +O((y•)2)〉

in a symplectic space, so L ⊂ V ⊕ V ∗, the tensor A built from the coefficients aijk, defines a
map

TpL⊗ TpL −→ V

given by variation of a vector field with respect to another vector field on L.

This uses a canonical extension of any vector in TpL to a local vector field, so that covariant
differentiation gives a tensor. By relating vectors, their canonical extensions to vector fields,
and covariant differentiation upstairs and downstairs in equation (6.15) we prove

AΣ −→ AΣ

with the vertical map in (6.24).

6.8. Lie algebras and formal vector fields on quadratic Lagrangians

Let R be a ring, M an R-module, and let Der(R) be the ring of derivations on R. An
algebraic connection on M , is a R-module homomorphism

∇ : Der(R)→ Der(M,M),

which takes a derivation f , which is a map f : R → R satisfying the Leibniz rule, to a
generalised derivation on M →M denoted ∇f ,

f → ∇f .

∇f on M also obeys the Leibniz rule:

∇f (rm) = f(r)m+ r∇f (n),

where r ∈ R, m ∈M . The A tensor will be used to define an algebraic connection.

Let O(W ) = k[x•, y•], with Poisson bracket {yi, xj} = δij. As per chapter (4) we consider a
quadratic Lagrangian subvariety defined by the ideal

I(L) = 〈Hi := −yi + aijkx
jxk + 2bkijxjyk + cjki yjyk〉,

in O(W ). As L is Lagrangian there are constraints on the corresponding tensors

A ∼= aijkx
ixjxk, B ∼= bkijx

ixjyk, C ∼= cjki x
iyjyk,

which determines an Airy structure. We consider this in the more general case before looking
later at vector fields on LKS, and the relation to AΣ.

129



Now O(W ) has a maximal ideal m = 〈x•, y•〉. Denote Li = −yi, the linearisation of Hi. The
(Zariski) tangent space of L at 0 is given by

T0L = m/(〈Li〉+m2) ∼= L ∼= 〈yi〉.

Further this gives {xi} as coordinates on L, and yi is identified with derivations ∂
∂xi

on L.

The tangent space L ∼= T0L is equipped with the structure of a Lie algebra g = (L, [, ]g) as
follows. The constants gkij from the closure of the Poisson bracket on I = 〈Hi〉, determine the
structure constants of g. This gives a Lie bracket on L defined as [yi, yj]g = gkijyk.

We have the usual Lie algebra homomorphism between Hamiltonian vector fields and functions.
On W , for the function Hi, define a Hamiltonian vector field:

XHi =
(
∂Hi

∂yj
,−∂Hi

∂xj

)
,

where
∂Hi

∂yj
= −δji + bjimx

m + 2cjmi ym,

−∂Hi

∂xj
= −2aijmxm − bmijym.

Then the corresponding Lie bracket of vector fields is given by:

[XHi , XHj ]g = X{Hi,Hj} = Xgk
ij
Hk
.

Furthermore, these are dual to the differentials dxi on L.

The vector fields corresponding to the Hi, are examined in a formal neighbourhoods. Denote
ξi as a vector field on a formal neighbourhood of L given by:

Definition 6.8.1 (Formal vector fields). Define the vector fields ξi defined on formal neigh-
bourhoods of L by:

ξi =
∂

∂xi
+ fij

∂

∂yj
= (0, . . . , 1︸︷︷︸

i−th entry

, . . . | fi1, fi2, . . . )

such that
∂

∂xj
ξi = (0, . . . , 0, . . . | ∂jfi1, . . . ) ∈ V.

The functions fij are determined by the invertible (infinite dimensional) linear system:

0 = dHi(ξj) = ξj(Hi)

=
(
∂

∂xj
+ fjk

∂

∂yk

)
Hi

= 2aijkxk + bkijyk + fjk(−δik + bkijx
j + 2cjki yj).
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The functions fij are expanded in a formal neighbourhood of zero in L. Given ydx = dS0,
evaluating the differential on a vector field

ξi = dS0

(
∂

∂xi

)
,

gives
fij = 2aijkxk + (4bmjkai`m + 2bmjiak`m)xkx` + . . . .

Overall this is describing the data of an algebraic connection on formal neighbourhoods.
Varying a vector field ξ by a vector field ∂

∂xj
is encoded in aijk.

Furthermore, using the normal identification between polynomials and symmetric tensor
products, and noting L = T0L,

Lemma 6.8.2. The tensor A = aijkx
i ⊗ xj ⊗ xk defines a map:

A : T0L⊗ T0L→ V.

Proof. Differentiating fij by xk, and looking at the constant term (so in the first formal
neighbourhood given by m = 〈x•, y•〉):

2aijk −
∂

∂xk
fij = 0.

Hence the tensor aijk is defining a map A : T0L⊗ T0L→ V , or L⊗ L→ V , via defining the
variation of a vector field with respect to another vector field:

∂

∂xk
fij = 2aijk.

In particular, with the specialisation W = WΣ and V = VΣ, this lemma is related to the
variation of a period matrix.

6.9. Connections on foliated surfaces

6.9.1.0. Connections on bundles

Let E π→ B be a fibre bundle over B, with fibres F . Connections on E are defined in terms
of a splitting.

Definition 6.9.1 (Parallel transport). The parallel transport of a connection ∇ is a functor
Γ∇, which assigns for any path γ : [0, 1]→ B, a smooth morphism (an isomorphism) between
fibres Γ∇(γ) : Eγ(0) → Eγ(1).
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Recall that functors preserve composition, so for composition of paths γ1 , γ2, Γ∇(γ1 ◦ γ2) =
Γ∇(γ1) ◦ Γ∇(γ2), which is well defined.

As before, let E π→ B be a smooth bundle. Then there is an exact sequence

0→ V E → TE → π∗TB → 0

where V E is called the vertical bundle, which is the kernel of the induced map TE → π∗TB.

Consider the splitting:
0→ V E → V E ⊕H → π∗TB → 0

so H ∼= π∗TB is a horizontal bundle. Define the bundle morphism ρ : H → TE, and note
dπ ◦ ρ = id. Furthermore given V E ∼= π∗E, there is an isomorphism

TE ∼= π∗E ⊕H.

The map ρ is equivalent to a connection ∇ on E.

6.9.2.0. Connections on a foliated surface

Now let Σ ⊂ X be a curve in a foliated symplectic surface (X,Ω,F), and let B be the
deformation space of Σ in X. Let R ⊂ Σ be a divisor. Consider as before the bundle
H → B, where a fibre of a point Σ in B, is given by HΣ = H1(Σ,C). H is equipped with
the Gauss-Manin connection ∇GM . Following Kontsevich and Soibelman, in this section
we use the foliation to define a foliation dependent connection ∇F , which lives above the
Gauss-Manin connection so for a holomorphic differential η,

[∇Fη] = ∇GM [η].

This connection restricts to formal neighbourhoods so

[∇F ω̂j] = ∇GM [ωj],

for the formal expansion of the vector field ωj defined in equation (6.20). In section 6.11 the
covariant derivative

∇F
i ω̂j

gives rise to the tensor
AΣ ∈ VΣ ⊗ VΣ ⊗ VΣ,

and
∇GM

i [ωj]
gives rise to the tensor

AΣ ∈ V Σ ⊗ V Σ ⊗ V Σ,

compatibility of the covariant derivatives of vector fields is used to prove that

AΣ → AΣ
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under the map
VΣ → V Σ,

which is the map sending a differential to its cohomology class.

Towards constructing ∇F , above B is a universal space U , the universal space of curves
in B. U is a smooth bundle over B, π : U → B. There is a natural map U → X, which
induces a map Σ→ X on the fibre of U over a point [Σ] ∈ B. Fibres of U → B induce a one
dimensional, vertical, foliation on U , denoted V .

The codimension one foliation F on X induces a codimension one foliation H on U , where
we use the notation

Hp ⊂ Tp U ,

for a point p ∈ U .

The foliation H gives a splitting:

Tz U ∼= TzΣ⊕Hz (6.25)

where z ∈ U − UR, Π(z) = [Σ], and UR is the codimension one set where the foliation H
intersects the vertical foliation V non-transversally. On U× = U − UR, Hz

∼= T[Σ]B, the
splitting, equation (6.25), defines a horizontal lift of T[Σ]B to TzU .

This leads to a connection on U× → B, ∇F :

Lemma 6.9.2. The splitting, equation (6.25), defines a connection ∇F on U× → B.

The connection lifts a vector in T[Σ]B, to a vector in TzU , for z ∈ U×. The lifting is used to
take a Lie derivative of any tensor defined on U , for example a relatively defined differential
η. Note η is allowed to be meromorphic.

Example 6.9.3. We consider an algebraic analog of parallel transport in a family. Define a
foliated surface by the family of curves parameterised by t:

x = y2 + t.

Leaves of the foliation x = const define a flat connection on the fibration defined by the family.

Consider parallel transport from a general fibre to the fibre over t = 0 given by x = y20.

Then

y(y0) =
√
y20 − t = y0

√
1− t

y20
= y0

(
1− 1

2
t

y20
− 1

8
t2

y40
− . . .

)

exists analytically when |y0| > |t| whereas it exists formally in C[[t]], or in C[t]/tn for any n.
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For example, in C[t]/t2, y(y0) = y0 −
t

2y0
defines a path

C− {0} −→ C

y0 −→ y0 −
t

2y0
which is parallel transport in the first formal neighbourhood.

6.10. Relation between the formal series ϑ and an analytic series

This section verifies the following two lemmas.

Lemma 6.10.1. The section ϑ ∈ Γ(B̂Σ, GΣ) defines a map
ϑ : B̂Σ → LKS

where LKS is the quadratic Lagrangian defined in equation (6.6) and (6.7).

Lemma 6.10.2. The cohomology class of ϑ ∈ Γ(B̂Σ, GΣ) defined in (6.6.1) is the local section
[ϑ] ∈ Γ(UΣ,H) defined in (6.11).

Proof of lemma (6.10.1). The proof immediately follows from the fact that ϑ satisfies the
residue constraints [Cha+20].

Proof of lemma (6.10.2). Let (vα, uα) be foliation Darboux coordinates, definition (6.3.4)
describing Σ in X.

Define a 1-form ϕ, ϕ : TΣB → H0(Σ, KΣ), as
ϕ = ωi ⊗ dzi.

ϕ is a section of Ω1
B ⊗H. Under the quotient map, ϕ restricts to φ,

φ ∈ Γ(B,Ω1
B ⊗H),

where φ is defined in equation (6.10), so [ϕ] = φ.

Then
∇F(vαduα) = ωi ⊗ dzi

lives over
∇GMs = φ

where s ∈ Γ(UΣ,H) defines the cohomology class [ϑ],
[ϑ]([Σ′]) := s([Σ′])− s([Σ]) ∈ C2g ∼= HΣ.

As shown before in section (6.9.2), ∇F lives above ∇GM , so higher covariant derivatives
∇F

I (vαduα) live over higher covariant derivatives ∇GM
I [ϑ].

Therefore the series ϑ lives above the series for [ϑ].
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6.11. Vector fields on LΣ, and the relation to the tensor AΣ

We consider a specialisation of the vector fields in section (6.8) to the case of LKS
∼= L̂R

KW .
The following two lemmas are equivalent to proposition (4.9) from [KS18]:

Lemma 6.11.1 ([Cha+20]). There are vector fields ξ on LKS, given by definition (6.8.1),
where xi, yi in the definition are specialised to the Darboux coordinates xi,α, yi,α on WΣ, and
satisfy

ξi = ω̂i, i = 1, ..., g, (6.26)

where ω̂i are the vector fields from equation (6.20).

Lemma 6.11.2. Under symplectic reduction:

∇F
ω̂i
ω̂j → ∇GM

[ωi] [ωj]. (6.27)
AΣ → AΣ. (6.28)

By [Cha+20], the image of the tensor AΣ under the quotient map is identified with the
variation of a holomorphic differential by a holomorphic differential. The image of AΣ is
given by:

AΣ ∼=
∂τij
∂zk

zizjzk.

which is the Donagi-Markman cubic:

Theorem 6.11.3. The image of the tensor AΣ under the symplectic reduction, which sends
VΣ → V Σ, is the tensor AΣ, also known as the Donagi-Markman cubic,

VΣ ⊗ VΣ ⊗ VΣ → V Σ ⊗ V Σ ⊗ V Σ (6.29)
AΣ 7→ AΣ.

6.12. Reduction, wavefunctions and the prepotential

One motivation of [KS18], is to study the deformation quantisation of B ⊂ HΣ = H1(Σ,C)
by the wavefunction

ψB(z1, . . . , zg) = exp
(
F0

~
+ F1 + ~F2 + · · ·+ ~g−1Fg + . . .

)
,

where F0(z1, . . . , zg) is the prepotential, and the Fg(z1, . . . , zg) are called symplectic invariants,
which are defined from topological recursion, [Cha+20].

Fg(z1, . . . , zg) :=
1

2− 2g

∫
bi
ωg,1(p)zi.
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Note a fixed choice of z• gives the invariants from the introduction.

Following [KS18], ψB(z1, . . . , zg) is defined by an integral equation or from examining the
deformation quantisation of an intersection.

The wavefunction ψB(z1, . . . , zg) is annihilated to order O(~) by a quantisation of the local
defining equations for B ⊂ HΣ:

−~ ∂

∂zi
+ wi(z1, ..., zg).

Using similar ideas to chapter (5), the image of GΣ under the natural map of the extension
WΣ → X = WΣ ⊕GΣ/G

⊥
Σ, at the level of rings is defined by the ideal

〈x>g, zi − xi≤g,wi − yi≤g − τijxj≤g〉,

as shown in section (6.7). We quantise these equations to determine ψG. Similar to the
example in section (5.5), the equations x>g = 0 and zi − xi = 0 are not used to directly
determine ψG in a differential equation. ψG(x•, z•) is only determined explicitly from the
equations: (

}
∂

∂zi
− }

∂

∂xi
− τijxj

)
ψG(x•, z•) = 0,

where 1 ≤ i, j ≤ g. This equation has a solution ,

ψG(x1, . . . , xg, z1, . . . zg) = const exp
( 1
2} τijz

izj + 1
}
τijz

ixj
)
.

Note that the graph of d
(
1
2τijz

izj + 1
} τijz

ixj
)
does determine G in X.

From chapter (5), we see that reduction commutes with deformation quantisation. This
means starting with the equations or the ideal describing L and GΣ, then eliminating x•
and y• terms, leaves a series in terms of w• and z•. This series is quantised, or turned into
an operator, to write out a differential equation for ψB. Alternatively ψB is found from the
integral formula: [KS18]:

ψB(z1, . . . , zg) =
∫
ψG ψL = const

∫
Dx exp

( 1
2} τijz

izj + 1
}
τijz

ixj
)
ψL(S(x•)),

where Dx means integration over all the x• variables, but note that ψG only contains fintiely
many: x1, . . . , xg. ψL(S(x•)) is similarly defined in chapter (4). Immediately we pull out the
terms only dependent on z•, so

ψB(z1, . . . , zg) = exp
( 1
2}τijz

izj +O
(1
}

))
.

Already this matches the quadratic term in the prepotential F0, equation (6.18). Higher
order terms in z• and } are determined by the Fourier or Laplace like formal integral. Hence
we conclude

136



Proposition 6.12.1.

ψB(z1, . . . , zg) = exp
( 1
2}τijz

izj
) ∫

Dx exp
(1
}
τijz

ixj
)
ψL(S(x•)). (6.30)

This integral is annihilated by the quantisation of the defining equations for B as an intersec-
tion, in a similar way to example (5.5).

Note S(x•) = 1
}S0(x•) + S1(x•) + . . ., as defined in chapter (4), and is chosen to solve the

equations
Ĥi exp(S(x•)) = 0

where the operators Ĥi correspond to a quantisation of the quadratic polynomials Hi defining
the Lagrangian L.

In the semi-classical limit treating S0/} as large, we expect the following:

Proposition 6.12.2 (Transformation of Lagrangian generating functions).

exp
( 1
2}τijz

izj
) ∫

Dx exp
(1
}
τijz

ixj
)
exp

(1
}
S0(x•)

)
' exp

(1
}
F0(z1, . . . , zg)

)
where F0 is the prepotential, equation (6.18), and S0 is the generating function so y =
graph(dS0), describing L.

The alternative approach to verifying this proposition, and investigating the prepotential F0
is to take the ideal

JB = 〈x>g, zi − xi≤g,wi − yi≤g − τijxj≤g, Hi〉,

describing B as an intersection of L and GΣ in X, and

Hi = −yi + aijkx
jxk + 2bkijxjyk + cjki yjyk

Remark 6.12.3. Interestingly this defines B inside the infinite dimensional space X, as an
intersection, algebraically. However, eliminating variables to write B inside HΣ as purely
functions of z• and wi appears to at least be formal.

It is possible to eliminate x• and y• on a formal neighbourhood with the series expansion of
yi. In particular B̂ is represented by the g formal equations:{

− wi + τijz
j +

(
aijk − 2 bsijτsk + csti τsjτtk

)
zjzk +

(
2 bkij + 2cski τsj

)
zjwk + cjki wjwk

+ 2bkijzj(yk → u0,k(x•≤g → z•, x>g → 0))|k>g

+ cjki (yj → u0,j(x•≤g → z•, x>g → 0))(yk → u0,k(x•≤g → z•, x>g → 0))|j,k>g

+ 2 cjki (yj → u0,j(x•≤g → z•, x>g → 0))(wk − τktzt))|k≤g,j>g

}
,
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where 1 ≤ i ≤ g,→ denotes substitution, and note indices of w• and z• are restricted between
1 and g. Also note u0,i starts with strictly quadratic in x• (or after substitution, z•) terms.
Simplifying the equations slightly gives:{

Hi :=− wi + τijz
j + αijkz

jzk + βk
ijz

jwk + cjki wjwk + Φ(z•,w•)
}
,

where Φ(z•,w•) starts with cubic in z• and w• terms. Also set αijk =
(
aijk − 2 bsijτsk + csti τsjτtk

)
and βk

ij =
(
2 bkij + 2 cski τsj

)
.

Equating the Hi to zero, and solving for wi, and looking at the O(z2) terms would determine
the cubic term in F0, in a similar way to the fixed point iteration for u0,i in chapter (4). Doing
two rounds of fixed point iteration starting with w[0]

i = 0, and using symmetry of τ yields

w[0]
i = 0

w[1]
i = τijz

j + αijkz
jzk +O(z3)

w[2]
i = τijz

j + αijkz
jzk + βk

ijτksz
jzs + cjki τjsτktz

szt +O(z3)

This gives an O(z2) coefficient of:

αijk + βs
ijτsk + csti τsjτtk = aijk − 2 bsijτsk + csti τsjτtk + 2bsijτsk + 2csti τsjτtk + csti τsjτtk

= aijk + 3csti τsjτtk

Then for a Lagrangian, wi dz
i = dF0, so

F0 =
1
2τijz

izj + 1
3
(
aijk + 3csti τsjτtk

)
zizjzk +O(z4),

where 1 ≤ i, j, k, s, t ≤ g. So note that F0 in general is not simply found by setting x>g terms
in S0 to zero, although the first g terms of aijk do appear. Computing higher order terms
would involve expanding out Φ to the desired order, and performing fixed point iteration,
which would be practical on a computer.

Finally if we quantise the Hi to obtain the formal operators:

Ĥi = −}
∂

∂zi
+ τijz

j + αijkz
jzk + } βk

ijz
j ∂

∂zk
+ }2 cjki

∂

∂zj

∂

∂zk
+ Φ̂

(
z•, }

∂

∂z•

)
,

this will annihilate the integral for ψB(z1, . . . , zg). Note Ĥi has arbitrary orders of the
operators } ∂

∂zi
in Φ, and starts with an order O(}3) term.
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7. Future speculation

There are several areas which should be investigated as a result of this thesis. The first is
the global or perhaps non perturbative wavefunction like object defined from deformation
quantisation. In chapter (1) deformation quantisation gives a star product equation

H ? w = 0,

where w is some function in OX [[}]]. Instead of trying to solve this equation, we looked at
a Weyl-algebra representation and then locally solved an operator equation with the WKB
method:

Ĥ exp(S) = 0.

It would be interesting to see if w exists as some global or even algebraic object, or if it could
be patched together from local wavefunctions exp(S).

Another area concerning deformation quantisation is the fact that there are multiple deforma-
tion quantisation modules which quotient to the same classical object. For example setting
other constants for J in chapter (1). In this thesis we often implicitly worked with whatever
choice of J would give the simplest equations. Different choices of J may be interesting in
applications like quantum curves.

Another direction would be to investigate the Fg from the deformation quantisation of B,
realised as an intersection in an extension. We outlined a practical way to compute higher
order terms in F0 with fixed point iteration. Practically computing more terms in F0 with
this procedure could be done on a computer.

Similarly, Fg could be derived from the WKB expansion of the quantisation of the equations
describing B in the intersection. Alternatively, the path like integral for ψB could be
investigated in more depth. Writing out Feynman like rules would be an interesting problem.

It would also be interesting to understand the integral in more depth. Although it looks
like a Gaussian on the bigger space, it qualitatively looks more like a Laplace transform.
Also, although it is integrating over infinitely many variables, it only depends on finitely
many of the variables defined on the intersection, or on the space described by the symplectic
reduction. A similar situation arises in physics.
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A. Constraints

A.1. Airy structure constraints

Let
Hi = −yi + aijkx

ixj + 2bkijxjyk + cjki y
jyk,

where the tensors a and c are symmetric under permutations of j, k. Recall {yi, xj} = δji is
the only non vanishing Poisson bracket. So in {Hi, Hj}, there are possibly the following six
nonzero terms, plus (−1) times a permutation i↔ j:

−{yi, ajrsxrxs}

−2 {yi, bsjrxrys}

2 {airsxrxs, bujtxtyu}

{airsxrxs, ctuj ytyu}

2{bsirxrys, ctuj ytyu}

4{bsirxrys, bujtxtyu}

The Poisson bracket satisfies Leibniz rule:
{fg, h} = {f, h}g + f{g, h},

or alternatively
{f, gh} = {f, g}h+ g{f, h},

so we use this to find the Poisson bracket of higher degree terms.

The first term:
−{yi, ajrsxrxs} = −ajrs{yi, xrxs},

= −ajrs ({yi, xr}xs + xr{yi, xs}) ,
= −ajrs (δri xs + xrδsi ) ,
= −2 ajis xs,

by symmetry of a. So this will also vanish in {Hi, Hj}.

The second term
−2 {yi, bsjrxrys} = −2 bsjr{yi, xrys},

= −2 bsjr ({yi, xr}ys + xr{yi, yi}) ,
= −2 bsji ys.
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The other term gives 2bsijys. Since {Hi, Hj} = gkijHk, this gives gkij = 2
(
bkji − bkij

)
which

matches Kontsevich and Soibelman’s calculation.

For the third term:

2 {airsxrxs, bujtxtyu} = 2 airs bujt{xrxs, xtyu},
= 2 airs bujt

(
{xrxs, xt}yu + xt{xrxs, yu}

)
,

= 2 airs bujt xt ({xr, yu}xs + xr{xs, yu}) ,
= −2 airs bujt xt (δruxs + xrδsu) ,
= −2 airs brjtxtxs − 2 airs bsjtxtxr,
= −2

(
aikt b

k
js + aitk b

k
js

)
xsxt,

= −4 aikt bkjs xsxt.

So there is also a 4 ajks bkit xs xt term.

The fourth term:

{airsxrxs, ctuj ytyu} = airs c
tu
j {xrxs, ytyu},

= airs c
tu
j ({xr, ytyu}xs + xr{xs, ytyu}) ,

= airs c
tu
j (({xr, yt}yu + yt{xr, yu})xs + xr ({xs, yt}yu + yt{xs, yu})) ,

= −airs ctuj (yuxsδrt + ytx
sδru + xryuδ

s
t + xrytδ

s
u) ,

= −
(
airs c

ru
j x

syu + airs c
tr
j x

syt + airt c
tu
j x

ryu + airs c
ts
j x

ryt
)
,

= −
(
aiks c

kt
j x

syt + aiks c
tk
j x

syt + aisk c
kt
j x

syt + aisk c
tk
j x

syt
)
,

= −4 ajks ckti xs yt.

Likewise there is a 4 ajrs crti xs yt.

The fifth term should give yr yt like terms:

2{bsirxrys, ctuj ytyu} = 2 bsir ctuj {xrys, yt yu},
= 2 bsir ctuj ({xr, ytyu}ys) ,
= 2 bsir ctuj ys ({xr, yt}yu + yt{xr, yu}) ,
= −2 bsir ctuj ys (δrt yu + ytδ

r
u) ,

= −4bsikcktj ysyt,

by symmetry of c. This also gives a 4bsjrcrti ysyt term.

Finally:

4{bsirxrys, bujtxtyu} = 4btirbsjtxrys − 4bsirbrjtxtys,
= 4

(
bkisb

t
jk − btikbkjs

)
xsyt.
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Assembling the results:

{Hi, Hj} =− 2
(
bkji − bkij

)
yk + 4

(
ajrsb

r
it − airsbrjt

)
xsxt

+ 4
(
ajrsc

rt
i − airscrtj + bkisb

t
jk − btikbkjs

)
xsyt + 4

(
bsjrc

rt
i − bsircrtj

)
ysyt,

which is meant to match:

gkijHk = −
(
gkij
)
yk +

(
gkijakst

)
xsxt +

(
2gkijbtks

)
xsyt +

(
gkijc

st
k

)
ysyt.

So reading off each term we find the constraints as listed:

2
(
bkji − bkij

)
= gkij,

4
(
ajksb

k
it − aiksbkjt

)
= gkijakst,

4
(
ajksc

kt
i − aikscktj + bkisb

t
jk − btikbkjs

)
= 2gkijbkks,

4
(
bsjkc

kt
i − bsikcktj

)
= gkijc

st
k .

A.2. Quantum Airy structure constraints

We use the Weyl-algebra representation xi → xi and yi → ~∂i. In the Weyl-algebra picture
there is a Lie bracket of operators [f, g] = 1

~ (fg − gf). Then [~∂i, xj ] = δji and [xj, ~∂i] = −δji .

Consider the quantised Hamiltonians:

Ĥi = −~∂i + aijkx
ixj + 2~bkijxj∂k + ~2cjki ∂j∂k + ~εi.

The calculation of [Ĥi, Ĥj] = gkijĤk is very similar to the classical case, the only difference is
from terms involving an ε. ε is determined by terms that give a non-symmetric constant (so
all the xi and ∂j vanish) in the Lie bracket. This only happens with equal numbers of ∂ and
x terms, so there is only one expression to check:

[airsxrxs, ~2ctuj ∂t∂u].

Therefore

[airsxrxs, ~2ctuj ∂t∂u](f) = ~airsctuj (xrxs∂t∂u − ∂t∂uxrxs) (f),
= ~airsctuj (xrxs∂t∂u(f)− ∂t(δruxsf + xrδsuf + xrxs∂u(f))) ,
= ~airsctuj

(
xrxs∂t∂u(f)− δruδst f − δruxs∂t(f)− δrt δsuf − xrδsu∂t(f),

− δrtxs∂u(f)− xrδst∂u(f)− xrxs∂t∂u(f)
)
.

Focusing on the terms which can give a constant

−~airsctuj (δruδst + δrt δ
s
u) = −2 ~ aist cstj .

So the other term will be 2 ~ ajst csti . This gives an expression relating ε to the other tensors

2
(
ajst c

st
i − aist cstj

)
= gkijεk.
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B. Gaussian integrals

B.1. Real Gaussian integrals in one dimension

Recall the real Gaussian integral

1√
πλ

∫
R
dx exp(−λx2) = 1

λ
.

Now consider assigning a value to the (possibly formal) integral

I = 1√
πλ

∫
R
dxψ(x) exp(−λx2),

for some power series ψ(x) = ∑
k≥0 akx

k. Contributions to I from x2k+1 will vanish via
anti-symmetry. This leaves

I = 1√
πλ

∫
R
dx
∑
k≥0

a2kx
2k exp(−λx2).

In general, this integral may not exist, but it can be evaluated as a formal power series in λ
(although it might indeed be analytic in λ). We write a formal sum that at least encodes the
asymptotic expansion in powers of λ. For a single coefficient

a2k√
πλ

∫
R
dx x2k exp(−λx2) = a2k√

πλ

Γ
(
k + 1

2

)
2λk+ 1

2
= a2k
λk+1

Γ
(
k + 1

2

)
Γ
(
1
2

) .

Where the quotient of Γ functions gives 1, 1/2, 3/4, 15/8, . . .. Therefore

I(λ) '
∑
k≥0

bk
λk+1 .

B.2. Real Gaussian integrals in higher dimensions

More generally,

∫
dx•f(x•) exp

(
−1
2x

iQijx
j
)
=
√
(2π)n
detQ exp

(
1
2(Q

−1)ij
∂

∂xi

∂

∂xj

)
f(x•)

∣∣∣∣∣∣
x•→0

.
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