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0. Preliminaries

0.1. Introduction and overview

Chapter (1) starts with a review of deformation quantisation. We make the observation that
what is termed a generator for a cyclic DQ module, or a wavefunction in other literature,
for example in | ], should be viewed from a sheaf theoretic perspective, as modules over
a deformed sheaf of algebras. We also reprove an obstruction result for the existence of
quantisation with greater clarity. This chapter is reproduced mostly from our own paper

[Swa22].

Chapter (2) is a description of the topology required by Kontsevich and Soibelman to define
Airy structures in infinite dimensions. In particular we describe the Tate space of differentials.
Apart from an attempt at a clear exposition, we also incorporate details from our joint
paper [ | proving some geometrical details. Chapter (3) is an algebraic analog for the
coordinate rings on Tate spaces.

Chapter (4) gives the definition of an Airy structure. Airy structures were originally defined
by Kontsevich and Soibelman, [ ]. Our contribution is an attempt at describing them
from a more algebraic geometric perspective, and a graphical algorithm to compute terms in
some resulting power series.

Chapter (5) explains a process known as symplectic reduction. In particular, we investigate
the symplectic reduction of wavefunctions, which are defined in chapter (1).

Chapter (6) is based on our paper with Paul Norbury, Mehdki Tavakol and Wee Chaimanowong
[ ]. We mostly reproduce the contents of the paper, but it is appropriate here as it
represents a coalescence of the previous chapters into an interesting result.

Previous work, | : : : | studied various additional aspects of Airy
structures. | | was primarily concerned with aspects of symplectic reduction, while
[ | studies classifications of Airy structures. Following ideas from Kontsevich and
Soibelman, the overall goal of this thesis is to fill in a missing link, and relate aspects of
Airy structures and topological recursion using deformation quantisation. The deformation
quantisation aspect was not present in | | and [ |, and leads to interesting
insight into the objects known as wavefunctions.



0.2. Eynard-Orantin Topological recursion

, by Eynard and Orantin [ ], is a recursive algorithm in two non-
negative integers (g,n), which produces a collection of symmetric, poly-differentials, wy .
Many interesting invariants arising from problems in enumerative geometry and string theory
can be computed by topological recursion, via different choices of the initial data given by
wo,3 and wy ;. Topological recursion was first studied in the context of free energies of matrix
models | ]. The initial data can be encoded in an object called a

We give a slightly different definition of spectral curve to bridge the difference between the
definition in | | and | |. Let (X, Ox) be a scheme over a field k of characteristic
zero, usually C.

Definition 0.2.1 (Weil divisor). A divisor D on X is a formal Z-linear combination
D = Z k’ij,
J

where Z; is a codimension 1 subscheme, k; € Z.
Now let (X, Ox) be a complex algebraic surface. For any Weil divisor D there is an associated
sub-sheaf Ox (D), of the sheaf of rational functions x on X. D is called Cartier if Ox (D)
is an invertible sheaf. Let M x be the sheaf of meromorphic functions.
Definition 0.2.2 (Spectral curve). The tuple (X, z,y, B) is called a spectral curve where:
* ¥ is a Riemann surface.
» Dy is a Cartier divisor.

» z € Ox(Dx) is a meromorphic function, such that dz € QL(Ds) is algebraic, and zeros
of dr are simple. Note Dy, allows for arbitrary order poles at points.

» y € My is a meromorphic function regular at Dsy.
*» Be HY(E x I, (L X QL)(24)) is a global symmetric bi-differential, A = diag(X x X).
Later this data will be specified by a foliation on a symplectic surface X. ¥ becomes a curve

in X, ¥ — X. The foliation defines a divisor D, and then Dy, = DN X.

Remark 0.2.3. = and y give a local and possibly global embedding of ¥ into C2. In the latter
cases, this can be considered a subvariety generated by an ideal (P(z,y)), in k[z,y|, where
P(z,y) is a polynomial.

Consider a spectral curve (X, z,y, B). Define the divisor R as the simple zeros of dx:
R ={a:dz(a) =0}

Consider a € R, and U, C X be an open neighbourhood around a.
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Definition 0.2.4 (Local Galois involution). A local Galois involution is a map defined locally
around o € R, and must satisfy £(c4(p)) = z(p) for p € Uy, o4(a) = a, 0,(p) # p, for
p# a€el,.

This definition uniquely determines o,,.

Definition 0.2.5 (Recursion kernel). The recursion kernel is a locally defined function
K:U,xU,— C.

/p dw B(py,w)
Ua(P)

1
KuP) = =3046) - y00) &)

Note the cancellation of the differentials.

From the initial data of a spectral curve (X, z,y, B) define two meromorphic differentials,
wo,1(p1) = y(p1)dz(p1) and wo2(p1, p2) = B(p1,p2), and p is a local coordinate on 3.

Definition 0.2.6 (Topological recursion). Topological recursion is the collection of tensor
products of meromorphic differentials w,,, € H°((X\ Dg)™, (Q%)™"), which we call polydiffer-
entials, defined by the quadratic recursive formula as follows:

wg,n(pla .. pn) = Z E{:esK(plap) (wg—l,n+1(p7 Ua(p)>p27 v apn)
a€R

!/

+ Z wg1,#11+1(p, Il)w92,#12+1(0a(p)a I2))7
gi1+92=9
LU Ia={ps....pn}

where the ' denotes excluding (g,n) = (0,1) terms, o, is a local Galois involution around
a, and # denotes size of a partition.

The polydifferentials wy ,(p1, ..., Pn) are tensor products of meromorphic differentials, and are
symmetric in p; [ |. Furthermore they have zero residue poles at p; = « for any zero
a € R of dz, and are holomorphic outside R.

There is a natural choice of symmetric bi-differential B called the Bergman kernel on X. First
recall that associated to X is a choice of basis of homology:

Definition 0.2.7 (Torelli marked basis). A Torelli marked basis | ], is a choice of 2g
cycles of homology

{al, . .G,g,bl, .. bg} C Hl(E,Z)

Now let ¥ have a Torelli marked basis, with a choice of a-cycles, {a;}i=1,.. 4 C X.

7



Definition 0.2.8 (Bergman kernel). The Bergman kernel B(p, w), is a canonical, normalised,
symmetric B(w, p) = B(p,w), meromorphic, bi-differential on ¥ x X. It is normalised by

/ B(p,w)=0 i=1,...,g.
pEa;

In terms of a local coordinate u on %, it is given by

du(p)du(w)
(u(p) — u(w))

where holo means some holomorphic function.

13(Pa“0 =

5 + holo(u(p), u(w))

With the choice of Bergman kernel in topological recursion, the wy, inherit from B(z, w),
the property that

/ wy»”(pl’ T 7pn) = 0.
P1€ag

Topological recursion depends only on a neighbourhood of the zeros of dz, hence x, y and B
need only be defined locally in these neighbourhoods:

Definition 0.2.9 (Local spectral curve). When x, y and B are only defined locally in a
neighbourhoods of zeros of dx, or a point in R, (X, x,y, B) is said to be a local spectral curve.

In chapter (6), x and y will be coordinates around points « in a divisor R, @ € R. In this
situation we will use the notation z = u,, ¥ = v,.

Topological recursion can be represented graphically by figure (1). As seen in figure (1), each

wgb#ll

Wg—1,n+1 .
Wyn Q) ’ K
) - D+ 3 :
91+92=g9
I UTz={p2,...pn
) K ' (P2, pn} %

wg27#12

Figure 1: A diagrammatic overview of topological recursion. In this picture ¢ = n = 3, and
only one combination for g; and g is displayed. Boundaries, drawn as a shaded ellipses
represents the number n. Internal holes represent the genus g.

wy . can be thought of as having an extra boundary that is capped off. K is visualised as an
object with two free boundaries, no holes (the genus), and a capped boundary, like a pair
of pants. wg, has n free boundaries, and 1 capped boundary. When w.. is joined with a K
term, that cap is removed exposing a boundary which is glued with a leg of the K term. For
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the wy_1 n41 term the uncapped boundary, or a fixed boundary, and a free external boundary
join with the free boundaries of K to increase the genus, for example figure (2). The wy, .
and wy, . are joined at the uncapped boundary with a K increasing the free boundaries.

Figure 2: An w,, having a cap removed before being glued to K to increase the genus.

Visually, imagine setting the width of the tubes in the picture to zero, to produce graphs of
various genus, where a boundary becomes an external vertex in the graph, and the genus
of the blob matches the genus of the graph. Also consider the cap as a specially labelled
external vertex or a root. Of course, there is a potential ambiguity, there are multiple graphs
of genus g. One constraint that will need to be imposed is that all internal vertices will be
degree 3. Then instead of a single graph, it will then be the case that w,, is decomposed
into a weighted sum of these possible options. For example figure (3), we 3 will correspond
to a sum of these graphs plus permutations. These graphs are distinct from the graphical

sums considered usually for topological recursion | ]. Airy structures will describe this
procedure.
Lemma 0.2.10 (] ) wgn(p1,...,pn) are symmetric under permutations of the p;, where

p; coordinate on X.

This was originally proven by Eynard Orantin, but this will also be provable from the Airy
structure perspective.

A closely related object to the w,, are the symplectic invariants:

9



Figure 3: Primitives for wy 3. In particular the graphs will correspond to coefficients of the
function Sz 3(z) in chapter (4). The vertex connected to the unfilled circle is the root.

Definition 0.2.11 (Symplectic invariants).
Fy =) Res(p(p)wg,(p)),

a€R
where (p) is a locally defined function so dy(p) = wo1(p).

These appear in chapter (6). F; are called symplectic invariants because they are conjectured
to be invariant under a change of the (z,y) of the form

(z,y) = (az+ by, cx + dy).
where

( ‘C’ Z ) € SL(2,R).

Furthermore, they are independent of the foliation.

Example 0.2.12 (An elliptic curve). Let 7 be a complex number in the upper half plane.

Define p(z), Weierstrass’s elliptic function [ ] by
1 1 1
p(z) = 2z W;EZ ((z +m+nr)?  (m+ m')2) '
m2+n2#£0

Define z(z) = p(z), y(z) = ¢'(2). The Bergman kernel is given by
B(z1,22) = p(z1 — 23) + ¢(7) dz1d22,

where ¢(T) is chosen so a-periods vanish. x and y can be shown to satisfy a polynomial
equation of the form
y* = 42° + gox + g3,

10



where g2 and g3 € C depend on 7. This defines a spectral curve (3,z,y, B), where ¥ is a
complez torus C/A, where A is a lattice in C, A =7+ T7Z.

0.3. Poisson schemes

Recall the definition of a Poisson algebra [ |:

Definition 0.3.1 (Poisson algebra). Let k be a field. A Poisson algebra, P, is an associative
k-algebra, equipped with an extra operation called the Poisson bracket, {-,-} : P ®x P — P.
The Poisson bracket is bilinear, anti-symmetric, alternating, satisfies the Jacobi identity:

{fi{g,h}} +{h{f 93} + {9, {h, f}} =0
and the Leibniz rule:

{frg-h}y={f.9} -h+g-{f R}
Definition 0.3.2 (Poisson scheme). A scheme (X, Ox) is Poisson if Ox is a sheaf of Poisson
algebras.
Consider a Poisson variety (X, Ox) and a genus g curve ¥ inside X, so ¥ — X.
Let B be the deformation space of ¥ inside X. The cohomology group
H'(Z,vs) 2 H'(Z, Ky) & CY

where vy, is the conormal sheaf, gives first order deformations of 3 in X. For example, Nishinou
proves that any first order deformation can be lifted to any higher order deformations, so
deformations are unobstructed [ ]. Then B is a smooth deformation space, of dimension
g, where the tangent space at a point ¥ in B can be identified with the cohomology group:

TEB = HO(E, I/z).
Note that obstructions live in the cohomology group H!(Z, vs),
HY(Z,vs) 2 HY(Z,Ks) 2 C #0.

Trivial H'(X, vs) would immediately give unobstructed deformations. In this case however,
we can use, for example [ ], to show there are extra conditions, which gives unobstructed
deformations.

Further we have the isomorphism
HO(E, 1/2) = HO(E, KE),
by the adjunction formula:

Kz; ng/g@l/z = Us.

A particular case of interest is when ¥ — X, where X = T*S is the cotangent bundle of an
algebraic surface S. X is naturally equipped with a symplectic form, and singular points of
the symplectic form define a divisor.
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0.4. An example Airy structure in finite dimensions

Let k be a field of characteristic zero. Kontsevich and Soibelman formulated topological
recursion in terms of an Airy structure | ; ; ; ]. Consider a

(W,w). An characterises a quadratic Lagrangian subvariety L in
W. Quadratic means LL is defined by a collection of polynomials of degree < 2. Note W has
identified with a symplectic affine space.

Example 0.4.1. Consider the complex conic I in A? defined by the ideal:
I(L) = (-y+az®+2bzy+cy?),

S0

L = Spec (C[‘”’y]) .

(L)
L is a quadratic Lagrangian subvariety in the symplectic affine space W = A?

Example ( ) is more fully investigated in chapter (1), and provides interesting insight into
the more general problem. For generating the topological recursion invariants however, W
must be infinite dimensional. We consider a 2/N-dimensional analog first to give an overview
of Airy structures.

Consider a finite-dimensional symplectic space (W = k¥ w), and a quadratic Lagrangian
subvariety L. C¢ W = A?YN = Spec(k[z1,...,ZN,¥1,---,YUn]), With a Zariski tangent space
L =Tyl C W. Note the identification of points in W with an affine space.

Pick a complement V to L in W, so W = L @ V. Then observe that the exact sequence
0 LowS LV -0

gives a canonical isomorphism V = LV, and an isomorphism
w=vVeV=TH(VY),

where v denotes the

When V' C W is chosen to satisfy W = V@ V"V, the splitting of W by V is called a
of W. The polarisation defines Darboux coordinates, which are dual vectors:

B={z',...a" y,...,yn} C WV.
These coordinates are chosen so the symplectic form on W is given by
w = dx' A dy;,

where z° € V and y; € L. Naturally this gives coordinates on the base V'V, and on the fibre
V, of the bundle TV(VV). Tensor products of these dual vectors are also naturally identified
with polynomials

O(W) =k[B"] = S(W),

12



where S(WV) = S(W) is a symmetric algebra.
Finally L = (y;), and the Lagrangian L can be defined by
L = Spec(K[z*, ... 2,1, ... yn]/(H:))
where ¢ ranges from 1 to N, and
H; = —y; + agua?z* + b2y + Ly
Note repeated indices mean summation over 1 to N. The coefficients of the H; form tensors:
A= (aijk) c V®V®Vv,
B = (bfj) eEVVRVQRYV,
C=(" evVeVvVeV,
where
(aijk) = Qijk .’L'i ® .CL’j ® xk,
(bf_;) = bfj ' ® 17 @ yi,
() ="' @ y; @ ui,
after identifying polynomials with tensor products of dual vectors.

From the symplectic form w, define a Poisson bracket, via {z,y;} = &;; and {2%,27} =
{yi,y;} = 0. The defining functions of the Lagrangian L must satisfy

{H;,H;} = g} H;, (1)

where the gfj are scalars, and are determined from the coefficients of the H;. The gfj are
called structures constants, and determine a Lie algebra g = L with induced Lie bracket from
the gf; .

The requirement that the H; are closed under the Poisson bracket in equation (1), gives
constraints on the tensors A, B and C. First, equation (1) will give A € S*(V) = Sym?*(V),
where S is the symmetric algebra. This means the coefficients a;;; are symmetric, so:

Qijk = Qo (ijk)

for any permutation o of ¢, j and k. Further, the structure constants can be computed
explicitly in terms of bf;:

k k k
The remaining conditions, corresponding respectively to vanishing of coefficients z‘z?, 'y’
and y'y’ in (1), are homogeneous of degree two in the tensors and given explicitly in definition

(4.2.1),

13



Kontsevich and Soibelman, [ ; ; | define an to be the
collection of tensors, (A, B,C), on a possibly infinite dimensional vector space V satisfying
the appropriate generalisation of the quadratic relationships implied by (1). Contractions of
the tensors (A, B, C) are used to produce topological recursion.

Remark 0.4.2. In infinite dimensions, contractions of these tensors could possibly be ill-
defined, or produce infinite sums. One way to solve this problem is to define some notion of
convergence. An underlying theme in this thesis, is that these contractions will end up being
finite, with only finitely many non-zero terms.

For the case in infinite dimensions, N — oo, will require taking a limit and a colimit over the
y. and x°* variables respectively. In this case W becomes a scheme with ind and proinfinite
components.

The quadratic Lagrangian is described at the algebraic level, as an ideal generated by an
infinite collection of quadratic polynomials (although in infinitely many variables) analogous
to the H; in the example in this section. This is given in Chapter (4).

Remark 0.4.3. When W is infinite dimensional, although there are infinitely many variables,
terms in H; with only z* variables, for ezample a;jx'z", only use finitely many of the z°.
So this is still a polynomial in the normal use of the word. The x* have a strong finiteness
constraint. The reason is that the x° are constructed via a colimit, or depend on the topology
of the underlying vector space, see chapter (3) or chapter (2).

The y. on the other hand behave as polynomials, but are more formal. The y. will allow
arbitrary sums, but there is a finite bound on the degree of any expression involving y. We
still refer to these as polynomials.

Furthermore, taking a formal completion at the point 0, represented by completing the
coordinate ring at the maximal ideal (z°,.), and solving for y as a function of z, produces a
formal series which under symplectic reduction, explained in chapter (5), is identified with
an analytic function as seen in chapter (6).

Remark 0.4.4. Note we have identified a symplectic vector space W = k? with the affine
A?, via a choice of coordinates as usual in algebraic geometry k? = A%2. More generally,
from a vector space W, we can look at the symmetric algebra, R = S(W*) which is a ring of
polynomial functions on W. The spectrum of this ring is then some affine space. The affine
space and the vector space are potentially distinct objects. In particular the spectrum is the
data of ideals, while W is just a vector space. However, we can think of W as being k-valued
points, so there is a way to make an identification.

To avoid this issue we just think at the algebraic level in terms of the rings. Initially W
will be equipped with a particular topology, the Tate topology, that will enable us to construct
a symmetric algebra. From this we can consider ideals, and can take quotient rings. We
think of subvarieties, for example 1L, at this algebraic level in terms of quotients and ideals.

14



There is not a particular need to be specific about the underlying space. Indeed, in the infinite
dimensional case, the notion of points in I will be more subtle. It will be the case that formal
neighbourhoods of I in W will contain interesting information. But this is expressible at the
algebraic level as a completion of a ring.

Furthermore, deformation quantisation and the objects like wavefunctions constructed in
this thesis also only appear at the algebraic level. Deformation quantisation replaces a
commutative ring with a non-commutative ring, and the correct notion of space associated
with the non-commutative object is an even more challenging question.

0.5. Results

One key idea of Kontsevich and Soibelman is to study | | the deformation space B of
Y in X, with the aim to naturally define the recursive relations given in definition ( ).
Associated to X is an infinite dimensional vector space Vs of residueless differentials on X.
Consider the quotient vector space, which we denote with -, so Vy — Vy C H(Z,C) of
corresponding cohomology classes. There is an infinite dimensional analog from the example in
section (0.4), where W is now an infinite dimensional symplectic vector space, Wy = V5 @ V3,
a quadratic Lagrangian, and a collection of tensors Ay, By, and Cyx, defining an Airy structure.
Interestingly one purpose of the Airy structure, or the quadratic lagrangian, is to treat the
moduli space B algebraically, albeit in infinite dimensions.

0.5.1.0. Deformation quantisation and Airy structures

The following results explain the connection between deformation quantisation and topological
recursion as understood from the Airy structure perspective. We argue topological recursion,
or more specifically, how it arises from an Airy structure, can be seen as a result of the
deformation quantisation of a sheaf supported on a Lagrangian subvariety L. Deformation
quantisation replaces commutative rings with non-commutative rings.

We propose what is usually termed a wavefunction, which packages the topological recursion
invariants into a single generating function, naturally arises from considering a particular
dual module. In particular, a wavefunction on L, ¢, is an element of a dual module defined
from deformation quantisation.

Theorem ( ), shows how these wavefunctions behave under symplectic reduction. In
particular we study a wavefunction 1z, which is defined on a formal neighbourhood of an
intersection between I and another coisotropic space G. Further, conjectured by Kontsevich
and Soibelman | |, which we verify in a particular case, is an integral formula relating
several wavefunctions:

Theorem 0.5.1 (] D-
ve = [ Yo
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¥ is also a function on formal neighbourhoods of B.

Note that G needs to be mapped into a bigger space X = W & G/G*, where G* is the
symplectic complement. This is so the image of GG in the natural map W — X is a Lagrangian,
and then this is used to define ¥¢. In the particular example required for topological recursion,
G is not a graph in W, but with the extension from W to X, it can be written as a graph of
a differential.

In W, and hence in X, as L is a Lagrangian in W, it can locally be written as a generating
function

yi(a:')dxi = dSy(z"),
which we also write as
y = graph(dSy(z*)).

Similarly the image of G' as a Lagrangian in X, is also written as

(3., w.) = graph(dQ(z*, 2%)),

where w., 2* terms depend on the extension, and @ is a quadratic. The corresponding
wavefunctions contain a lot of geometric data, in particular they contain the integral of the
generating functions. To order 1/A:

Y(x*) = exp (%5’0 + O(ﬁ0)> ,

where we write O(1°) to mean some additional function expanded in a series of 7, starting
with order 7°. Also .
Ya(x®,2") = exp (EQ(J)', z)) .

The relationship between ¢, and ¥z, in theorem ( ), follows from an algebraic expression
of B in infinite dimensions, B = L. N G, where B — B is a formal neighbourhood of a point.

B embeds as a Lagrangian B — H = G/G*+ = H'(Z,C). B is also locally represented by the
graph of the prepotential Fy(z*), graph(dFp), with respect to the polarisation

H=T"H°(S, Ks).
So we prove the wavefunction on B is of the form:

Proposition 0.5.2.

1
v =exp (3 Fo +O(1)). (2)
This proposition is a new result, and appears later in chapter (6), in proposition ( ).
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This behaviour is captured exactly by an integral of the form:

exp (%Fo(z) + O(ﬁo)) = /Dz' exp % Ql(x', 2°) :i; Q2(2", z)l exp (%So(af) + O(ﬁo)) ,

where Dz* means integration over all the x* variables. This provides an alternative proof for
the next result, which is also a generalisation of work done by Baraglia and Huang | ]

0.5.2.0. Deformation of curves in surfaces

A new result, published in joint work of ours [ ], is that the tensor Ay can be used to
produce the Donagi-Markman cubic. This generalises the result of previous work by Baraglia
and Huang [ IE

Theorem 0.5.3. The image of the tensor As under the quotient map Vs — Vs, is the tensor
Ay, which is the Donagi-Markman cubic
Ve@Ve®Ve — VeV ®Vy (3)
Az — Az.

Theorem ( ) appears in chapter (6), theorem ( ).

However, understanding B as a reduction, and the associated wavefunction adds additional
insight into this theorem. The proof of theorem ( ) in | | is classical. In this thesis,
we understand this also as a consequence of quantisation.

Consider 2g coordinates {z',..., 2%, wi,...w,} on H*(Z, C), which are respectively given by
integrating along a; and b; periods of some differential [+J], which is given explicitly in chapter

(6)-

The prepotential is a function Fy(z*, w.), satisfying:

0Fy, .
Wi=W, t1=1,...,9
and also
0*Fy
97055
O3 F,

921021028  (Tidk
which defines the tensor ~ B B B
As, € Ve® Ve ® Vs,
SO

Ay & Eijkz’z]zk.
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Note that w, and F can be expanded purely in terms of z* which is the expression Fy(z*) in
the wavefunction g:
Proposition 0.5.4.
Yi(2h, ..., 2%) = exp (i (zjvv(z')) + O(ﬁo)) (4)
Y 2h I
This appears in chapter (6), proposition ( ).

In chapter (6) we explicitly compute some terms in F,. Now we note that the generating
function

1 .o
So(z") = gaijkxzxjxk +...,

for L, explicitly contains a degree 3 term giving Ay, = a;j,z'z/z*. The wavefunction on L is
of the form:

1 1 o
YL(x") = exp (ﬁSo(x') +.. ) = exp (ﬁaijkxzaﬂxk +.. ) .

It has to precisely be the case that the degree 3 term in Fy matches precisely with the
reduction of Ay, Ay = Gx;;32"% 2*. This is encoded in the wavefunction:

1 i 1 o
Y2t ..., 2%) = exp (%Tijzzz]> exp (ﬁagijkz’zjzk +.. ) )

Note the degree 2 term is from how B is defined as an intersection.
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1. Deformation quantisation

Broadly, quantisation is an algorithm that embeds a commutative algebra inside a non-
commutative algebra, preserving some structure. One approach to quantisation is deformation
quantisation | ; ; ; ; ; ], motivated by quantisation in
physics. Let k be a field of characterlstlc zero. Deformation quantisation seeks to replace
a commutative k-algebra A with a non commutative k[A]-algebra Aj;, such that under
the quotient map A;/(hA;) ~ A. Note that deformation quantisation is generally not a
quantisation rule for sections, a € A — a; € Ay, instead it is a global operation replacing an
entire algebra or sheaf of algebras.

Deformation quantisation can be applied to many different objects, for example the deforma-
tion quantisation of functions on a Poisson manifold by Kontsevich [ ]. More generally
for algebraic varieties and schemes one considers the deformation quantisation of sheaves,
such as in | ; ]. It is even possible to consider fields with positive characteristic

[ J

In this chapter we first give a brief overview of deformation quantisation. Next we discuss the
sheaf theoretic interpretation of a wavefunction. Not to be directly confused with the term
as used in physics, wavefunctions are generators of modules over a non-commutative algebra
analogous to Aj;. These wavefunctions are studied in the context of topological recursion and
quantum curves, where they contain interesting enumerative data | ].

In the context of quantum curves, a wavefunction 9 (x), is a WKB (an initialism for Wentzel
Kramers Brillouin) solution to a differential equation of the form H(z) = 0, where H is an
operator. The WKB method means looking for a series of the form

Y(z) = exp (Z ﬁgSg(x)) ,

where 7 is a formal parameter. One commonly asked question, for example in [ ; ;
], is if there is a canonical or natural way to relate an operator H'(x,/0) and a planar
curve H(z,y) € k[z,y|. In this paper, we try to motivate, with an example, a sheaf theoretic
explanation arising from deformation quantisation. From this perspective, the answer is no,
there are multiple choices of H which in the classical limit (a quotient by %) produces a curve
H(z,y). Deformation quantisation embeds a commutative algebra A within an algebra of
operators Ay, so there is not a natural isomorphism between A-modules and A;-modules.

Given a variety X = Spec(A), we consider when there exists a deformation quantisation of A,
given by Aj;. Inside X, consider a subvariety . C X, corresponding to the quotient £ = A/I.
The quantisation of LL is represented by a .A;-module, Ej; which under a quotient map by %
recovers E = A/I. The algebra E; is isomorphic with operators on L. Correspondingly a
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wavefunction is an element of the dual module E}, which is the space of maps from Ej to Aj.
Intuitively, the dual of an operator is something like a function, they pair with a function to
produce another function. Later X will be Poisson and L will be required to be coisotropic.

Deformation quantisation is commonly achieved by taking the equations of the defining ideal
I, and then looking at the quantisation Ij;, which is represented by differential operators on
X. A wavefunction is also seen as a solution, or an annihilator, to these differential equations.

So the purpose of this chapter is to highlight that wavefunctions arise from deformation
quantisation. As an example we construct a wavefunction for the planar conic in section
(1.5), which gives rise to the Airy equation | ].

Note this chapter is mostly based on our own paper | ], with some edits and corrections.

1.1. Non-commutative formal deformations of the structure sheaf

Let (X, Ox) be a scheme over Spec(k), where k is a field of characteristic zero.

Definition 1.1.1 (Formal deformation). A formal deformation of (X, Ox) is a sheaf A; of
k[A]-flat, associative k[h]-algebras on X with the constraint that

0— hA; > Ay — Ox — 0, (1.1)

18 ezxact.

In particular, for deformation quantisation, we consider when these are non-commutative
k[h]-algebras.

Alternatively, the formal deformation of Oy is a sheaf A, which fits into the pullback square,
induced from the sequence (1.1):

Ox @i An = Ox +—— Ay

| |

k < K[7]

Remark 1.1.2. Deformations are often seen in commutative contexts. For example in
[ |, a deformation refers to a family of commutative algebras giving rise to schemes. In
particular [ |, a deformation of a scheme Xy, is a flat map of schemes X — S such that
there is distinguished point in S, so Xy fits into the following pullback diagram:

Xg — X

L]

{pt} — S
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The similarity between the deformations in [ | and the deformations appearing here in
deformation quantisation is the flatness of A; as a k[h]-module, and the pullback square, even
though there is not necessarily a spectrum or space associated to Ay. The other difference is
that there is no requirement for commutativity. Deformations in general usually only require
some associative structure | |. Another example of a non-commutative deformation
could be super-schemes [ |, which are Zs-graded algebras. There is a similar notion of a
pullback square with a commutative algebra.

A formal deformation of (X, Ox) is a limit A, given by successive non-commutative k[h]/h"-
deformations, to give Ay, a k[h]- deformation.

Ox < Ay < Ay

| I [

k +—— k[h]/h? < k[7]

AN

Remark 1.1.3. The isomorphism A = Ox Q[ hA, in diagram (1.1) is called an augmen-
tation.

Definition 1.1.4 (Star-product). Let f,g € A; be sections. A star product, [ ], is a
k[n]-bilinear, associative, map x : A Qg An — Ap given by the formal sum:

frg=> wif gt (1.2)
k
such that wy = prod, and wy is a k[h]-bilinear map.

Corollary 1.1.5. A choice of star product gives a formal non-commutative deformation of
Ox.

In particular, for deformation quantisation, this star-product will be required to satisfy extra
constraints.

The requirement that x is associative, recursively places constraints on wy. Associativity of %
means that:

(fxg)xh=fx(gxh).

Substituting in the definition of x as a formal power series, and using the initial condition
wo(f,9) = fg, shows that wy, for £k > 1 must satisfy the recursive formula:

Zﬁ“’“ (wk(f, 9),h Zﬁ”kwk (f,w;(g, h))- (1.3)

For example, looking at order O(h) terms gives the condition that w; must satisfy:
wi(fg, h) +wi(f, g)h — wi(f, gh) — fwi(g,h) = 0.
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Remark 1.1.6. Note that in general, the existence of a star product is not guaranteed. At
some point, solving for wy can fail.

If we denote «9 as a star product truncated to powers of 7971, a formal deformation is given
by a limit lim,(Ox ®x k[h]/79,*%) = (Ox[h],*)

1.1.1.0. Deformations of sheaves of Ox-modules

Let (X, Ox) be a scheme over Spec(k). Let F be a quasicoherent sheaf of Ox-modules, and
so consider F as a sheaf of k-modules.

Consider a formal deformation Aj; of Ox. The formal deformation of F as a k-module is
given by:

Definition 1.1.7 (Formal deformation of a sheaf). A formal deformation of a sheaf F of
k-modules is a sheaf F of k[h]-modules, such that Fy is k[h]-flat and satisfies:

0= nFy—=Frn—=F —=0.

There are conditions on the existence of non trivial deformations. Theorem ( ) is an
obstruction to the existence of a particular formal deformation in the case of a Poisson scheme.
Further note that the flatness condition rules out Ox and similarly F as a deformation, as
Ox or F, is not flat as a k[h]-algebra.

There is the possibility of multiple deformations, Let &, and F, be sheaves of k[A]-modules. It
can be the case that & 2 F;, but &,/h&, = Fi/hF;, = E, where E is a sheaf of Ox-modules.

It is necessary to consider formal deformations in a neighbourhood of & = 0. Although
sometimes written as setting 7 — 0, this is not a well defined operation.

Definition 1.1.8 (Localisation). Define F;°° = F; Qi k((%)), as the localisation at h.

Example 1.1.9. Consider A; = k[h]. Then A° = k[A][h~1] = k[A][\]/(AX — 1) = k((A)).

It will be necessary to allow % to be invertible. Although in certain examples, deformation
quantisation will produce a space of operators, there is not necessarily a corresponding space
of solutions, unless 7 is allowed to be invertible or non-zero. We will show this in the example
of the conic, example ( ). This naively makes sense, as quantum objects do not necessarily
need to have a classical limit.

Example 1.1.10. The star product defines a Poisson bracket under restriction to Ox.
%L (f *xg— gx f) restricted to Ox is a Poisson bracket.

Deformation quantisation of a Poisson scheme/variety is the inverse problem to example

. Starting with the data of a Poisson scheme/variety, deformation quantisation is a
formal deformation such that the star product recovers the Poisson bracket mod A. An
example ( ) of such a star product is called the Moyal product.
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1.2. Deformation quantisation

Starting with the data of a Poisson scheme or variety, what is termed deformation quantisation

in the literature, for example | ], is a formal non-commutative deformation with a choice
of star product which recovers the Poisson bracket mod /. Deformation quantisation is the
inverse problem to example ( ). Deformation quantisation is a choice of star product

that agrees with the Poisson structure. Note that deformation quantisation occurs at the
level of functions, the meaning of some space associated to these non-commutative objects is
not clear.

Note in the following sections, for a module My, we use the notation that My[#] = lim,, (M, ®x
k[A])/(1 ®x )"

1.2.1.0. Poisson bi-vectors and bi-maps

Let (X, Ox) be a Poisson scheme over a field k, which means it is equipped with a Poisson
bracket, a skew-symmetric bilinear map on sections {-,-} : Ox ®x Ox — Oy, satisfying the
Leibniz rule and the Jacobi identity. The data of a Poisson bracket is captured in an object
called a Poisson bi-vector:

Definition 1.2.1 (Poisson bi-vector). A Poisson bi-vector is a choice Il € H°(X, \*> Tx),
such that for local sections f,qg : Ox, the Poisson bracket is computed via

{f,9} = (df ®w dg)(IT) = 3 70:f0;g. (1.4)

= 1nij 8 A 8 ij g - ;
where Il = m 3y /N 9o; 7 and © is skew-symmetric.

Example 1.2.2. A bi-vector identified with derivations acts as map Ox Qx Ox — Ox. It
takes a pair of functions and produces a function, via the formula

(XAY)(f @ g) = X(f)Y(g9) —Y()X(g).
Alternatively a bi-vector can be evaluated by a bi-differential to produce a function.

Consider a two dimensional example with canonical coordinates (x1,x2), s0 Tz =1, Ty =
—T12, 11 = T = 0, and
1 ..0 0 0 0
=z A = A .
271' sz 8.’13_7' 8.’131 6302
Taking the differential (df ® dg) and evaluating on I gives

of 0g Of Og

(df ® dg)(H) - 83’51 81172 B 611,'2 61’1 '
This matches the application
o 0 _Of 0g  Of 9g
81[!1 A 81}2 (f ®© g) N 6%1 8%2 81'2 (9:61 '
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Closely related to the bi-vector II, is an endomorphism 7, such that 7 : Ox®xOx — OxRxOx.
7 is built from the coefficients of II, as follows:

T(f ®x 9) = 77 8;(f) ®x 9;(9).

The difference between the two is an application of a natural linear map prod : Ox ®x Ox —
Ox, which is the pointwise product of functions:

prod(f ®x g) = fg.

Composing 7 with prod gives the Poisson bracket:

prod o 7(f ®x g) = {f, g}

Note that prod o 7 satisfies the property, prod o 7(f ®x g) = —prod o (g ®x f), by the
skew-symmetry of the 7%,

Definition 1.2.3 (Poisson endomorphism or bi-map). Define the map 7 : Ox ®x Ox —
Ox ®x Ox to satisfy:
prod o (£, g) = {f, g}.

Formal Poisson structures

Definition 1.2.4 (Formal Poisson structure). A formal Poisson structure, is any extension
of a , equation (1./), by a formal power series:

m, =S T, € HO(X, \ Tx)[H],

g=1
where II; = I, such that I1; is a Poisson structure on Ox[h].

There are corresponding endomorphisms or bi-maps associated with II, like the Poisson case.

There is the question of what formal Poisson structures correspond to a formal deformation
of a Poisson scheme. For example, does a formal Poisson structure correspond to a star
product. The next section we give one particular answer to this, in terms of a special star
product constructed as an exponential.

1.2.2.0. A deformation quantisation of Poisson schemes

A deformation quantisation of a Poisson scheme Oy, is a sheaf A; = Ox[h] equipped with a
star product | ; ; | that recovers the data of the Poisson bi-vector under the
quotient by £, and gives Ox[/] a formal Poisson structure. Note that this is not yet fully
analogous to a quantisation as used in physics, as there is no Hilbert space. A; = Ox[#] is
analogous to a phase space representation of operators in quantum mechanics. Looking for a
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Hilbert space of functions on which these operators act, or more specifically an A;-module is
a more complete analogy.

Given a Poisson bracket or bi-vector II, and an associated bi-map =, a star product x., is
constructed by requiring, that:

[f:9] = fxxg — g5« f = B{f, g} + R*TL(f, g) + O(R),
and the higher order terms correspond to a formal Poisson structure II;.

Higher order terms are chosen or constructed recursively to satisfy associativity. %, contains
half the information of the formal Poisson structure. One solution to this problem, when the
formal Poisson structure is simply iterated applications of II; = prod - 7, is the following
star product:

Definition 1.2.5 (Star-product associated to a Poisson bi-vector). Associated to II, define a
star product «r : Ay Q) An — Ap locally via the series:

h
f*xg = prod o exp (5 7r> (f®g9), (1.5)
frxg=fg+ §h ™ 0;f0;9 + Zﬁzﬁlkﬂﬂ 9,0, fOrD1g + O(1?). (1.6)

Non commutativity is given by the skew-symmetry of 7. This star product is chosen or
constructed because it gives a representation into a Weyl-algebra, as we see in example
( ). Let W, be a Weyl-algebra ¢ : A; — Wj. This star product is constructed to satisfy
o(f*g) = o(f) - p(g), where - is a product of operators.

Remark 1.2.6 (Notation in definition ( )). Note in this definition, exp is the formal sum
exp(s) =id+ s+ 1s? +.... Hereid is the identity map id(f ® g) = f ® g. prod is pointwise
function multiplication, prod(f ® g) = fg. Also - is function composition.

Powers of m refer to iterated application
™(f®g) =" (n(f ®9)).
The endomorphism m is needed because there is no natural way to compose bi-vectors II.

The coefficient of 7 in . is identified with a coefficient of II; in a formal Poisson structure.
The star product is also found by fixing wy = prod - id, w; = prod - 7, and wy = prod - 7* in
the definition of the star product (1.2). A good reference on expanding out the star product
and solving for explicit coefficients is | ]

Modulo 72, the star product *, recovers the Poisson bracket when applied to sections of Ox
in Alc, n: A — Ox, n(fxrg) = fg. Then

+(fxng = g1 f) = (£, 9} +O(0). (1.7
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A famous example of such a star product is the Moyal product, defined in the case of a linear
Poisson manifold.

Example 1.2.7 (Moyal product). Consider the smooth symplectic case X = T*C, dim(X) =
2n with local coordinates {z1,...,z,} on a fibre. Let m: O(X) @ O(X) —» O(X) ® O(X) be
skew-symmetric and written in terms of local coordinates as:

,Of 9
7f(f®g)—’af ajj

In this case there is a star product called the Moyal product, ) on Ay = O(X)[r]. So
expanding formula (1.5) gives:

of 59 n? w_ Of dg 3
= h WL —7¥ . O(h
farg =9+ S e, T AT ™ Gmom Omom T O
where repeated indices are summed over.
The Moyal product from example ( ), is representable as the formal expansion of a formal
Gaussian integral:
Lemma 1.2.8 (] D). If *ar is the Moyal product per example ( ), then:
1
feusla) = [ DpDs fp)g(s) exp (~5p0(p— 05— )

where w is the quadratic form given by w = (7~ ') , Z = [ DpDs exp (—%w( ,s)).

This result is originally due to | , P. 2199], equation (3”). In finite dimensions, Z is
given by a determinant.

Proof. Integrating over x = (p, s) as a Gaussian integral shows the correspondence:

%/DmprodO(f@)g)(x)eXp (—%Q(w—q@q,x—q@g)),

where () is represented as a block tensor, ) = % ( 7(: 7(; ), SO

= const * prod o exp (%(Q);laz ® 3j) (f®9)(z)

z—(g,q)

O

So, the deformation quantisation of (X, Ox) is a sheaf A; of k[A]-flat modules, equipped
with a star product, such that the star product recovers the Poisson bracket via equation

(1.7)-
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Definition 1.2.9 (Deformation quantisation of structure sheaf). Let (X, Ox) be a Poisson
variety with a bi-vector II. A deformation quantisation of Ox is given by the sheaf A;, = Ox[h],
equipped with a star product x.

This result can be found in | ]. Note that this does not necessarily correspond to
quantisation from physics. Deformation quantisation has simply produced a non-commutative
space of operators. In physics, quantisation also seeks to construct a Hilbert space of functions.
Correspondingly we need to look for duals of .4;-modules, which is analogous to a Hilbert
space. We give an example of the entire process in example ( ). The conditions on the
existence of these extra modules is also an interesting question | , section 2.4, page 15].

Flatness is a technical condition, required to exclude the classical objects Ox counting as a
deformation quantisation of itself. A good reference for flatness can be found in | ]. We
reproduce a definition here for modules over a ring R. Recall a functor is exact if it preserves
exact sequences. Let

0>K—>L—>S5—0,

be an exact sequence of R-modules. Let M be an R-module.

Definition 1.2.10 (Flatness). M is a flat R-module if the functor given by F(S) =S ®r M
is exact, for any R-module N. This means

0>KQRrM - LRrM —-SQM —0

1s also ezxact.

Ox is not sheaf of flat k[A]-modules.
Lemma 1.2.11. Oy is not a sheaf of flat k[h]-modules.
Proof. Let I, = (h). Consider the injective map of k[/]-modules:
0— I 5 k[],
where ¢(f) = f, is inclusion. Now tensoring by Ox:
Iy Qi Ox = k[11] @iy Ox-
Now k[A] ®xpip Ox = Ox, so the induced map m ® f — ¢(m) ® f cannot be injective. [

Lemma, ( ), describing flat k[#]-modules, requires an important result from commutative
algebra:

Lemma 1.2.12 (] ])- Let R be a Noetherian ring and I be an ideal. Then the completion
of R with respect to I, Ry is a flat R-module.
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Lemma 1.2.13. Let My be a k-module. Then My[h] is a flat k[h]-module.

Proof. The completion My[h] is flat over My ®x k[A] by lemma ( ), where we use
I =1Q® h. My[h] is the completion of My ®y k[A] by 1 ® h:

Mo ®x k[7] ~ 1 k[ﬁ] ~ l M, |h]

lim ——— M, = My|h].
im A& 1) 0 Bk P = o]
Then M, ® k[#] is flat over k[%], so My[A] is flat over k[A]. O

Properties of the exponential star product

There is a natural gauge transform for Poisson and formal Poisson structures. Let x, be a
star product associated to Poisson bi-vector II. Let II — H + I' be a gauge transform of a
Poisson bi-vectors, where I' € HO(X, A?Tx), ' = 247 2 A 2 Bac , and 7% = 49%, Define a bi-map
v:0x ® Ox - Ox ® Ox associated to I' as before. Then IT + T defines a corresponding
star product ., as follows:

Lemma 1.2.14. There is an isomorphism, (Ox[h],*r) = (Ox[A], *x+~), given by a map
¥ : Ox[h] = Ox[h]

P(f) = exp < 7+ 3k> f=exp (gﬂ) /. (1.8)

where § = %'ﬁkﬁjﬁk. Correspondingly the star product is given by:

frr+~9 = prod o exp (g(ﬂ + 7)) (f®g)

Proof. We are required to show:
h_. h h h_ h_
exp | =y | oprodoexp | —m| =prodoexp | =(m+7)|o|exp| =y | ®exp|=7] |-
2 2 2 2 2
First note, via the product rule,

) ) 1 1.
goprod(f ® g) =prodo (Jf @9+ fQyg+ E’YJkajf ® Okg + 5')’Jk8kf ® 0;9)
=prodo (§f ® g+ f ® Jg + v*0; f ® Org).
So

h h I
exp <§ﬂ> o prod o exp <§7T> = prod o exp (5(7r +id®y+7®id+ ”Y))

= prod o exp (g(w + 7)) o (eXp (g@) ® exp @17))
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This extends more generally. Suppose for now (X, Ox) is not necessarily Poisson. This
exponential form of the star-product in general does not rely on a Poisson structure, only
a bi-map, but there is always a skew-symmeterisation which may correspond to a Poisson
structure. Consider the star product associated to any bi-map 7: Ox ® Ox — Ox ® Ox (7
not necessarily skew-symmetric):

Definition 1.2.15 (Star product associated to a bi-map). Let 7 be non-symmetric.

f+rg = prod o exp <§7’) (f®g)

The star product *, is isomorphic to x

Tskew *

With the skew-symmeterisation of 7, so 7 —
Tokew = % (7‘ — TT), choose v = % (T + TT), then via the isomorphism in equation (1.8),

*r = Ko

One extra observation, for skew-symmetric bi-maps, composition with a permutation P :
Ox ® Ox — Ox ® Ox, where P(f ® g) = —g ® f also gives a Poisson structure.

Lemma 1.2.16. Let 7 be skew-symmetric. Then

T(f®g) =moP(f®g) = —7170(g9) ® 9;(f),

also defines a Poisson bracket.

7 also satisfies the Yang-Bazter equation:
(i[d®7)o(7F®id)o (Id®7) = (T®id) o (id ® 7) o (7 ®id),

applied to a section f @ g® h € Ox Rk Ox Rk Ox.

Further with II = prod - T, x> also defines a star product equivalent to x.

Proof. Check with direct computation and use skew-symmetry, —7% = 77¢, and then relabel
the terms. ]

So 7* terms in the star product are diagrammatically braiding two threads together k times.

In summary, the star product ., gives a way to replace the standard commutative product
of functions by a non commutative, associative product. The purpose of the star product
*, from definition ( ), is that when Oy is a ring of polynomial or formal polynomials
functions on a completion, (A, %), is representable by a Weyl-algebra or formal completion
of a Weyl-algebra in section ( ).
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1.2.3.0. Coisotropic subschemes and an obstructions to existence

Let (X,Ox) be a Poisson scheme. Let the deformation quantisation of Ox be given by
A = Ox[h] as sheaf of k[i]-algebras. Let A; be equipped with the star product per
definition ( ). An important question is what obstructions are there for the existence of a
sheaf F; of A; modules.

It is possible to find an obstruction, which has a geometric meaning, by considering torsion.
For a module M over a ring R:
Definition 1.2.17 (Torsion element). An element m in M is a torsion element, if there

exists an r in R such that rm = 0.

M 1is a torsion module if all its elements are torsion elements. M is S-torsion if the r form a
subring S.

Flatness implies torsion free, while the converse is only true in Prifer domains. For a flat
R-module M:

Lemma 1.2.18. If M is flat over R, then M is torsion free over R.

Proof. We sketch the commutative case first. This extends to non-commutative R by
considering left and right modules and annihilators. The goal is to show Anng(M) = 0.

Suppose for a contradiction M is flat, but there exists a non zero r € Anng(M). Consider
the sequence
0—-R—R

given by multiplication by r. If M is flat then
0O—+R®M— R® M.

But r is an annihilator, so this must be the zero map, and hence this is a contradiction. [J

Let the deformation quantisation of (X, Ox) be given by A; = (Ox[h], ) as before. Suppose
there exists a deformation quantisation of a sheaf F, given by F;. If F is flat over k[A], then
this implies that J;; must be Ai-torsion free. Then A-torsion free gives the constraint, proven
below in theorem ( ), that the support of the sheaf F = F;,/hF;; must be coisotropic.
Recall coisotropic means F is defined by an ideal sheaf closed under the Poisson bracket. A
maximally coisotropic sheaf corresponds to a Lagrangian subscheme.

Let F be a sheaf of Ox-modules, defined by a sequence
0—-J—>0x —>F—0.

Recall F is coisotropic if 7 is closed or involutive under the Poisson bracket. Consider a
sheaf F3.
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Theorem 1.2.19 (] ). Suppose the sheaf Fi, of Aj-modules is defined by an ideal
sheaf Jy:
0= T — Ay — Fr — 0.

For this quotient to restrict to the sequence for F, modulo h, such that F; is h-torsion free,
then the support of F in X must be coisotropic.

The idea of the proof is to show that given a deformation quantisation, and two elements
that restrict to elements of an ideal sheaf, their star product restricts to a Poisson bracket,
and then this forces the ideal sheaf to be closed under the Poisson bracket.

Proof. Consider the subsheaf 7 of A; which maps to 7 in the quotient by A7

Then J; acts on F via the star product, J; ®xn) Fr — Fr. The image of this action is iF.

This is because a section of J; can be written as f + O(h), where f € J. Acting on Fy, as f
annihilates any O(%°) terms in Fj, so elements of F, this leaves O(#) terms which is 7Fy.

Define the sheaf [J;, Ji] := {f*x 9 — g*+ f, f,9 € Ji}. Then similarly consider an action
[T» Tn] @y Fr — F, which has an image contained in h2F.

This is because successive applications of f and g on Fy, yield (fx.g)Fr = f(gFs) C f(hFs) C
7% F;, (where C means as a subsheaf).

Finally consider the action by ,%[jh, Jn) on Fy,. Similarly to above, this action has an image
hF.

Then under the quotient map by AF;, hF, — 0, [T, Ji] acting on F,, maps to {7, J } acting
on F.

However the image of {7, J} in the quotient is zero, so this says {7, 7} annihilates F.

Hence 7 is closed under the Poisson bracket. O

Remark 1.2.20. Note J, # J[h]. In some later examples J,(U) = >; An(U) % J; where
the J; are minimal collection of generators from J(U) = (J;), but it is important to note the
ring structure is different. J,(U) is generated with the star product, while J(U) just uses the
commutative product.

A further corollary of lemma ( ) is that we cannot find an A, h-torsion free module
supported at a point. An example is the sky scraper sheaf associated to a point.

Example 1.2.21. Consider the following non-example of theorem ( ). Let p=(0,0) €
X = C? be a point. Consider the skyscraper sheaf skysc,,, defined by the ideal of functions
x,y with the standard Poisson structure {x,y} = 1. Then in the previous proof we must
necessarily have h torsion.

The proof fails if there is £ torsion. If AF; = 0, then the only possibility is F;; = JF, which is
excluded by flatness.
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As expected, this torsion condition, lemma ( ), is equivalent to the statement that .4;
modules over k[#] are flat.

Lemma 1.2.22. If F;, is flat over k[h], then the support is coisotropic.

As a corollary of lemma ( ), if the support is isotropic, there must be h-torsion. In the
affine case, of a sheaf on a supported on a subvariety, if F is determined by an ideal sheaf, .7,
then an example would locally be trying to satisfy an overdetermined collection of equations.

1.3. Cyclic sheaves and cyclic DQ-modules

1.3.1.0. Weyl-algebras and D-modules

In physics, operators on a Hilbert space represent the quantisation of some classical theory.
For a scheme (X, Ox), the algebraic analog of operators on a Hilbert space is a ring of
differential operators [ |, as a Ox module. These rings of differential operators arise
from deformation quantisation.

Let X = T*C be a symplectic variety with local Darboux coordinates (z;,y;). Consider
the deformation quantisation of Ox, given by A; = (Ox[#A], ), and the localisation at h,
Alee. A; is isomorphic to a sheaf of rings of differential operators on X. These rings are
representable as a Weyl-algebra over k[#1]. Further the localisation .A1°° identifies differential
operators with vector fields.

Definition 1.3.1 (Weyl-algebra over k). The Weyl-algebra W, is an associative unital
k-algebra generated by n elements x* and n elements 8; with the constraints that 'z’ =
.’L'j.’l;'i, 310] = 8]82 and 8]-1'" — xiﬁj = 5;

Definition 1.3.2 (D-module). A D-module is a module over a ring D of differential
operators.

Example 1.3.3. Ezamples of D-modules are modules over D(X), where D(X) is the ring of
differential operators on a variety X.

If k is characteristic zero, there is an isomorphism between Weyl-algebras, and the ring of
differential operators, D(A,) acting on the ring (or module) O(A,) of functions of an n
dimensional affine space. Let A,, = Spec(R), R = Kk[z1,...z,]. Then

Lemma 1.3.4. D(A,) 2 W, = K[z1,...2,,01,...,0).
Proof. The ring of differential operators D(A,,), is generated by compositions of derivations,
Der(R, R), on A,,, which are k-linear maps satisfying Leibniz. Derivations on the polynomial

ring are given by a%i, which we identify with 0; in the Weyl-algebra. O
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For a subvariety X — A,,, X = Spec(R), R = k[z1,...x,]/1, the ring of differential operators
on X is given as follows:

Lemma 1.3.5. D(X) ~ {d € W, d(I) C I}/I-W,, where W,, = K[z1,...Zpn,01,...0y).

1.3.2.0. Weyl-algebras from deformation quantisation

These Weyl-algebras do not yet give a representation of a deformation quantisation. Consider
the case of a 2n dimensional Poisson algebraic variety W, with coordinates z* and ¥;, so
O(W) = k[z*,y;]. The Poisson bracket is given by {z*,y;} = &}, {zs,z;} = {mi,y;} = 0.
In this case the ring of differential operators D(W), is isomorphic to a Weyl-algebra in 4n
variables, D(W) = Ds,,,, where

0 0

Doy, = (xwyu£7@>
i OYj

Ignoring the issue of % coefficients, D(W') does not give a representation of a deformation
quantisation of O(W). There are an extra 2n generators. In the 2n dimensional case, a choice
of polarisation will give the correct result. Choosing a Lagrangian L in Ty, such that L = 7,
where L is a subvariety determined by an ideal with n generators, there is an isomorphism
D(L) 2 D,. For a coisotropic subvariety of codimension g, there is a natural identification
with Dgn_g

1.3.3.0. Cyclic sheaves

Let M be a module over a commutative ring R.

Definition 1.3.6 (Support). The support, Supp(M) is the set of prime ideals p in R such
that M, # 0.

The following result from commutative algebra is how we will think of cyclic modules. Let
be an ideal in R.

Lemma 1.3.7. R/I is a cyclic R-module.

Proof. First of all we show R/I is an R-module. Scalar multiplication as an R-module is
given by
r-(m+1)=rm+1I.

Now we show any cyclic R-module is expressible as R/J. Suppose M is cyclic. Then there
exists an m such that M = {rm,r € R}. Consider the map R — M, ¢(r) = rm. The
kernel of this map is an ideal J in R, so ¢(r + J) = ¢(r) = rm. This defines a module
homomorphism and a bijection R/J = M. O

Corollary 1.3.8. An R-module M is cyclic if there exists an ideal I such that M ~ R/1I.
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This says 141 generates M. Converserly, given m+1 € R/I, necessarily m+I = m-14+m-I =
m(1+1I). So 1+ 1 is a generator, M = (1 + I). Hence M is cyclic.

In the non-commutative case we can generalise this result for left and right R-modules.

Now recall some properties of sheaves. Let F be a sheaf over a space X.

Definition 1.3.9 (Stalk of a sheaf). The stalk at a point x € X is the limit

Fr= colim F(U).
USX|zeU

The support of a sheaf F over a topological X, is similar to the module case, but prime ideals
are replaced by points in X with non zero stalks:

Definition 1.3.10 (Support of a sheaf). The support of a sheaf is the collection of points in
X such that the stalks are non zero, {x € X, F, # 0c}.

Let (X, Ox) be a scheme, and let F be a sheaf of Ox-modules. Recall a sheaf of Ox-modules
F is defined by functorial compatibility with Ox maps:

F{U) — F(V)

| |

OU) —— OV)

For a sheaf of Ox modules to be cyclic, there has to be a single element which generates all
modules for all open sets, namely a global section H°(X, F).

Definition 1.3.11 (Cyclic sheaf). A cyclic sheaf of modules F, is a sheaf where every module
F(U) is cyclic as an Ox-module. Further every module is generated by a single element of
H(X,F).

Remark 1.3.12. A cyclic sheaf is different to a sheaf of cyclic modules. For example Opi(n),
is a sheaf of cyclic modules, but is not a cyclic sheaf, since it is not generated by a single
section.

Example 1.3.13. Ox is a cyclic sheaf over itself. Proof: the constant unit function.

An important example of cyclic arises from a subvariety or a morphism of schemes. Let
f:Y — X. Consider the pushforward sheaf f,Oy. As a Ox-module, f,Oy is cyclic if there
exists an extension of elements as follows:

Proposition 1.3.14. f.Oy is cyclic if given any g € f.Oy(U), there exists h € Ox(U) such
that h-1=g.
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So for example, in the affine algebraic case, when a regular function g on U N f(Y) extends
to a regular function on U, then f,Oy is cyclic.

Note 1.3.15. Note that often the f, is omitted if Y is an actual subvariety, Y — X, so if f
is simply the inclusion map, and similarly Ox — Oy is restriction.

The proposition is true in the affine algebraic case. Consider a subvariety Y — X, with
O(Y) = O(X)/I as a O(X) module. Pick h such that h — g in the quotient map O(X) —
O(X)/I.

In the Airy structure setting, this cyclic module encodes a wavefunction, which is an object
that is used to recover topological recursion. There is a cyclic sheaf, corresponding to a
subvariety, that is quantised giving a cyclic D-module. The generator of this module is
termed a wavefunction.

In general there are going to be extra requirements when a sheaf of modules is quantised
(replaced with some non commutative objects).

1.3.4.0. Cyclic DQ-modules

Let (X, Ox) be a Poisson scheme (possibly formal), and consider a flat deformation quantisa-
tion of Ox defined by a sheaf A;. What is termed a cyclic DQ-module in | ], can be
understood from a sheaf theoretic perspective. In particular a non-commutative version of a

. Instead of a cyclic sheaf of Ox-modules, there is a cyclic sheaf of .A;-modules.

In general finding deformation quantisation modules is a hard task. We construct a particular
example relevant for the application to Airy structures.

While quantisation is not an exact functor from the category of sheaves on X to some category
of non-commutative sheaves on X, there are cases where there exists cyclic .A;-modules, or a
cyclic D@Q-module, that corresponds to cyclic sheaves on X.

These cyclic DQ-modules naturally arise from the quantisation of subvariety or scheme.
Consider a sub-scheme (Y, Oy), in (X, Ox) defined by the sequence:

0—-J — O0x — 1.0y — 0.

Note Oy is a cyclic sheaf, ¢ is the natural inclusion map. Let A; = (Ox[h], *) be a deformation
quantisation of Oy, flat over k[#], with a star product ( ). Let the ideal sheaf 7 locally
be given by a minimal generating set {H;}, so J(U) = (H;). In general, a generator of an
ideal I in a ring R, is a subset S which generates I.

Furthermore, let Y be coisiotropic, so .7 is closed under the Poisson bracket. Locally this gives
each J(U) the structure of a Poisson ideal | |. Define the ideal sheaf 7; of A;-modules:

J(U) = ZAﬁ(U) * (H; + O(h)),
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where O(h) is some element in A k[A]. Naturally [ 75, Jx] C AJy. Note that the ideal 75 (U)
uses star multiplications of the H;. J; = J;(U) is an (right) ideal in the non-commutative
ring A, = A;(U). This means for j € J; and a € Aj; we require ax j € Jj;, not some classical
product aj.

Then consider the sheaf &; of A; modules given by

0— T, — Ay, — &, — 0.

Proposition 1.3.16. If &, is flat over k[h], then &; is a deformation quantisation of Oy .

We construct several examples of this in the following chapters. Kontsevich and Soibelman
[ | show this works for quadratic Lagrangians, where the ideal is given by a collection of

quadratic polynomials satisfying certain constraints, and showing the quotient is free over
k[A].

Corollary 1.3.17. The sheaf &, of Ai-modules is supported on' Y modulo h.
We prove this in the affine case, so A; = A;(U), Jp = X; Anx H;;, A= Ox(U).

Proof. The ideal Jj restricts to an ideal J = " A - H; = (J;), so we obtain the sequence
0>J—>A—A/J—0. O

Corollary 1.3.18. The sheaf & of Aj-modules is cyclic.
This simply follows by the definition of &.

Example 1.3.19 (Non example). Consider J = (x,y) in A = k[z,y], with Poisson bracket
{y,2} =1, {z,z} = {y,y} = 0. Let the deformation quantisation of A be given by A, =
(k[z,y][R],*), and consider the sum of ideals J, = A *x  + A xy, where x is the Moyal
product. Now we have

0—J,—> A, —-k—0,

but k is not flat over k[h], so this is not a deformation quantisation. Also note {y,z} =1,
and 1 ¢ J.

1.4. Wavefunctions

As seen in the preceding sections, deformation quantisation produces a non-commutative
algebra of operators. It is not necessarily yet a quantisation as used in physics. The question
to ask is, what do these operators act on. In physics this would be analogous to a Hilbert
space of functions. In this more algebraic context, it is a dual A;-module. These dual modules
define the objects known as wavefunctions, where the word has the same meaning in quantum
curves and topological recursion.

First, we recall some results from commutative algebra again as inspiration.
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1.4.1.0. A review of annihilators of modules

Recall some results from commutative algebra:

Lemma 1.4.1. Let R be a commutative ring, I an ideal in R. Then for the R-module R/I,
Hom(R/I, R) = Anng(I).

Proof. Consider the short exact sequence
0—-I—R—R/I—0.
Apply the left exact Hom functor Hompg(s, R) gives the left exact sequence:
0 — Hom(R/I, R) — Hom(R, R) — Hom(I, R).

So Hom(R/I, R) is the kernel of the map Hom(R, R) — Hom(I, R). Now Hom(R,R) = R
by the isomorphism given by evaluation at 1, f € Hom(R, R) — f(1) € R. Similarly for
Hom(Z, R). So explicitly as Hom(R/I, R) is the kernel of multiplication of elements of I by
elements of R, Hom(R/I,R) = {r € R|Vi € I, r -i = 0} = Anng(I). O
The same proof follows more generally for any R-module N by applying the functor Hom(+, N):

Corollary 1.4.2. Hom(R/I, N) = Anny(I).

Lemma 1.4.3. There is an isomorphism between the cyclic R-module M generated by x,
M = (z), and the quotient R/Anng(x), where Anng(z) is the ideal formed by all elements
in R that annihilate x:

M = R/Anng(z).

A version of these results generalise to the non-commutative case of rings of differential
operators. However the handedness of the modules and annihilators will be important.

Definition 1.4.4 (Left and right annihilators). Let £.Anng(z) denote left annihilators of x:
¢ Anng(z) = {l € R|lz = 0}.
Similarly let r.Anng(x) denote right annihilators of z:

r.Anng(z) = {r € R|zr = 0}.

Let R be a non-commutative ring or algebra, for example the ring of differential operators. A
wavefunction 1) is a generator of a cyclic right R-module, M = (¢) & R/£.Anng()). Also
£.Anng(v) = D, so Dy = 0.
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Example 1.4.5. Let O(X) be a ring of smooth functions, D(X) the ring of differential
operators on X. Consider a differential operator D : D(X). Then

represents solutions to D in X.

D(X)D is a right submodule of differential operators with a factor of D. The module quotient
can be represented by M = D(X)/D.

Then Homp(xy (M, O(X)) = r.Annpx)(D) = (), which are the solutions to the equation
Dy = 0.
1.4.2.0. Wavefunctions from deformation quantisation

Consider a Poisson scheme (X, Ox), and a deformation quantisation of Ox given by A; =
(Ox[nh],*), where x is a star product. In particular, for the examples where we construct
deformation quantisation modules x will be a Moyal product per example ( ).

Consider a coisotropic subscheme, Y in X, with the map ¢ : Y — X giving a sequence:
0—>J —Ox = 1.0y —0.

Locally the ideal sheaf is given by a minimal collection of generators {H;}, J(U) = (H;). In
finite dimensions if X is 2n dimensional there will be n generators or fewer. In the infinite
dimensional case, where Y is a quadratic Lagrangian, for Airy structures there will be a
special choice of H;.

Consider a sheaf &; of A;-modules corresponding to the deformation quantisation of the
coisotropic subscheme ¢,Oy, so

0— h& — & = 1Oy — 0.
Further suppose & is defined by a quotient:
0T —> Ay — & —0, (1.9)

where locally 7,,(U) = ¥; Ax(U) * H; is given by the generators from 7. Similarly, 7,/hJ; =
J. Consider the dual Aj; module:

5%/ = HOIIlAﬁ(gﬁ, OX [ﬁ]])

Necessarily there may be conditions on the existence of such an object, for example in | ,
section 2.4, page 15]. If this module exists, it represents annihilators of the generators of 7.
For example let H € 7, then w € £ are sections such that

H*w=0. (1.10)

Consider an isomorphism ¢ : A; — W, where W, is a Weyl-algebra. ¢ sends the non-
commutative star product of functions to the non-commutative composition of operators.
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Example 1.4.6. For example let A =XK[z1,...,Zpn,Y1,-..Yn], be equipped with the Poisson
bracket:

{vi 25} = b0y, {mi, 25} = {wi,u;} =0,
and consider the deformation quantisation A, = (K[z1,...,Zn, Y1, .. Yn|[R],*). Then there

is an isomorphism, ¢, between Aj; and the Weyl-algebra Wy = K[x1, ..., %, hO1, . .. hd,][1].
The map ¢ s defined on the generators by:

o(z;*xxj) = - xj, PYyixy;) =0;-0;, (x;*xy;) =z, ho;.

Under the isomorphism ¢ to the Weyl algebra, ¢ sends the star product equation (1.10), to
differential equation

p(Hxw) = p(H) - p(w) = 0,
where ¢(H) is an operator.

Furthermore ¢ defines isomorphisms J; = ¢(J;) and &, = (&), which commute at each
step of the sequence in equation (1.9), so

0— (p(jﬁ) — Wﬁ — QD((‘:;'L) — 0,

is also exact, via diagram chasing.

In previous work, for example in | ; ], these modules are examined at a point, or
at a formal completion, from the Weyl-algebra perspective. This is primarily to solve the
differential equation with the WKB method at that point. Globally £ does not have to be
cyclic, or generated by a single section. In the example ( ), & is defined as solutions
to the Airy equation, which is dimension two. A general question in algebra is how to
reconstruct more global information from infinitesimal local information, for example the
Artin reconstruction theorem.

Let p be a point in X, with a corresponding ideal sheaf m. In example ( ), this will be the
point 0. Denote A; as completion along m. Similarly we consider a completed Weyl-algebra
W.

Definition 1.4.7 (Wavefunction). A wavefunction w s an element of the module
w e HOIIlAh(gh, @Xﬂﬁ]]),
or alternatively in the Weyl-algebra perspective 1,

¢ € HomWn(SD(gﬁ)7 Wﬁ)

Of course the global objects could also be called a wavefunction. This definition is to be
consistent with others in the literature, for example the wavefunctions in [ , Page 52],
which are represented as a formal power series found by the WKB method at a point in
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X. Alternatively called D-modules in [ , page 148]. The formal power series also
often contains interesting enumerative data, for example in the case of the conic, example
( ), the wavefunction is the generating function for rooted planar graphs in various genus.
The important thing we emphasise is that these module in these examples all arise from
deformation quantisation, and are not constructed in an ad-hoc fashion.

There is the possibility that there are other deformation quantisation modules which restrict
to t,Oy under the quotient by /. We are not ruling out any possibilities, only constructing
modules in specific cases. Kontsevich and Soibelman find a particular generator in the case
where Y is a quadratic Lagrangian | ].

The deformation quantisation perspective highlights that wavefunctions as understood in
topological recursion and Airy structures are a module homomorphism. We want to emphasise
the importance of the deformation quantisation perspective, as these modules may be more
interesting than just a particular choice of generator.

The other primary use of the deformation quantisation perspective is to understand the origin
of the intersection formula for wavefunctions presented in | , section (7.2)]. The formula
presented there gives a wavefunction on the deformation space of curves. The concept of
wavefunction reduction can be understood as an intersection of sheaves which we explore in
section (5.3).

1.5. Deformation quantisation of the conic
We give an explicit construction of a deformation quantisation module, and an associated
wavefunction in the case of a conic in the plane.

Let W = A2, O(W) = k[z, y], with Poisson bracket defined on the generators

{y,2} = (dz@dy)(Il) = m; Oz Qjy = 1, {=z, 2} ={y,y} =0,

where for for clarity we use the notation i,j € {z,y}, mpy = —1, 7y = 1,7y = 1y, = 0, Or
alternatively as a matrix:
o ( 0 -1 )
1 0 /)

Example 1.5.1. Consider the conic L. C W, defined by the quotient O(L) = k[z,y|/(H =
—y+a*+2zy +¢°).
Wavefunctions associated to L are defined on a formal neighbourhood of the origin (z,y) =

(0,0).

Corresponding to L is a formal scheme Iﬁ, (respectively W), which is given by completion of
L by a maximal ideal m = (z,y). This is given by taking the colimit of the spectrum of the
quotient:

L= colim Spec (O(L)/m™).
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IL is representable by a formal series uy(z), so y(z) = uo(z),

L = Spf (k[z, y]/(y — uo(=))

Where ug(z) € k[z] is found by taking —y + 2z + 22y + y*> = 0 and solving for y(z). ue()
has a closed form, understood as a formal power series, given by:

1
uo(z) = 3 (1 -1 —4x—2x) ,
in a formal neighbourhood of y = z = 0.

Remark 1.5.2. The positive square root would correspond to completing around y = 1.

Expanding, ug(x) is the generating function for Catalan numbers:

_ 2 3 4 (2n)! n+1
u(z) =2+ 22"+ 5z +.“+(n+1)!n!$ +--e,

which counts rooted binary trees. Some terms and the corresponding binary trees are shown
in figure (1.1), up to isomorphism.

Yy Y

x? 23 5xt

Figure 1.1: Trees drawn up to . The unfilled vertex is the root. The number of pink vertices
correspond to the power of z. The coefficient of x counts the total number of trees with
n-edges.

Remark 1.5.3. Note, in chapter (/) we examine the conic:
—y+az’+2bry+cy’ =0,

with arbitrary (a,b,c). Solving for y produces a series in x, where coefficients of x are
combinations of (a,b, c), which distinguishes trees up to isomorphism. Here whena=b=c=1
solving for y just produces a generating function counting total number of trees, figure (1.1).

LL is locally representable in a formal neighbourhood of the origin as a primitive Sy, so

y(z)dz = up(x)dz = dSy(z).
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Consider the deformation quantisation of O(W) given by A; = (k[z, y][h], %), where * is the
Moyal product per example ( ). Correspondingly, after completion along (z,y) there is a
deformation quantisation of the formal scheme associated to W = Spf(k[z, y]), which gives
the formal non-commutative algebra

Ay = K[z, y][1], %) (1.11)

Duals to these formal completed algebras are used to investigate the wavefunctions.

The deformation quantisation of the conic, example ( ), on formal neighbour-
hoods

The corresponding deformation quantisation A, = (k[z, y] [7], %) of example ( ), (on the
formal completion) is representable by the Weyl-algebra W), = (k[z, ho,][#], -), where - is
ordinary composition, as follows. First, checking some terms of the star product:

1 1
pre=0’, zxy=ay—oh yxy=y’, yxz=sy+h,
where it is important to note a term like zy is another function in k[z, y|[h]. Checking the

anti-commutator: 1
S (§xd—2%9) = 1= {y,a},

which is the Poisson bracket as expected. Now there is a map between A; and the Weyl-algebra
W;. The map ¢ : Ay — W, is required to have the property:

o(fxg) = o(f) - v(9).

On monomials this is given by:

p(z) =z,
o(y) = hos.

This is the source of the quantisation rule x — =, y — h0,.

The map ¢ is an isomorphism. It sends star products of functions to products of operators.
For example z - (10,;) = ¢(z *y). An operator like (zy) is defined to be p(z xy) + %, or
o(yxz)— g The star product was defined to account for the potential ambiguity. The action
of both ways of writing the operator ¢(zy) on functions are equivalent.

This map is analogous to the Wigner-Weyl transform. The star-product is analogous to
constructing the phase-space picture of quantum mechanics, while the Weyl-algebra is more
analogous to operators in the Schrodinger picture from quantum mechanics | -

Now we consider a module supported on the deformation quantisation of O(LL) in O(W). The
purpose is to study A;-modules, which under the quotient map by %2, give the O(W)-module
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E =0(W)/O(W)H. Consider elements of k[x, y|[%], of the form H — hJ. Then the modules
of interest are

A

En= i (H = hi)

(1.12)

for different J € k|z,y|[h]. This module corresponds to operators acting on functions on L.
Also we consider the dual as a Aj;-module:

Ef\i/ = HOIIlAﬁ (Eﬁ, Aﬁ) 5 (113)

which is the module or vector space of solutions to the equation (H —hJ)xw = 0, for w € E}/.
Correspondingly we investigate the completions Fj; and its dual, but with corresponding
Weyl-algebras.

The purpose of the formal completion is a calculation tool to be able to write down a formal
series representation for w. The formal series for w contains interesting enumerative data.

Remark 1.5.4. There are possible constraints on the J. Consider a higher dimensional
example, where A, = K[z., y.][1] with the star-bracket [f,g] = fxg—g*f. Let 7 = {H;(z.,y.)}
be an ideal closed under the Poisson bracket. Consider the deformation J, = {H; + hJ;}. To
satisfy theorem ( ), Ji is also required to be closed, [Ty, Ji] C Ji. In the case where H;
are degree two in x. and y., one possibility is to find J; as a function of only h, for example
the quantisation of an Airy structure in [ /.

Remark 1.5.5. Deformation quantisation does not uniquely determine Aj-modules. For a
gwen Oy -module M, there are multiple A,-modules My, such that My/hM, = M.

This two dimensional case is less restricted than the example in remark . However we
consider when J is just a function in %, so elements of the module represent solutions to the
equation

H xwy(z) = ij(h)w(z),

where j(#) is the function j(%) = j1i + O(h?). In the classical limit, H — AJ restricts to H,
and the equation becomes Hw = 0, which is describing an element of the module

w e HOIH@(W)(O(W)/O(W)H, O(W)) = AnnO(W) (H) =0,

which is just zero, as zero is the only annihilator of H.

Using the isomorphism to the Weyl-algebra, this becomes an equation involving operators:

o(H) - p(wy) = p(H) - 1, = hjyr, (1.14)

where
o(H) = —h0, + 2%+ 2hx 8, + h*0% + .
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In the Weyl-algebra representation, the moduleAEﬁ is a quotient of the Weyl-algebra Wy, =
(k[z, 7 0,-][7], -). In particular the elements of Ej, ¢y, are called wavefunctions, | , bage
13]. In this case, E; (for a fixed J) is one dimensional, so 1, is a generator of a cyclic module:

WL ey
(¢) = Homyy, (A " : 7Wh> -
Wi(—ho, + x? + 2hz 0, + k202 + h — hyj)

This module is supported on formal neighbourhoods, L— {h = 0}, and elements are viewed
as the formal solutions to the equation:

d 9 d 5 d . .
(—h%—l-x +2ha o +h £+h—ﬁj) Yi(z) =0, (1.15)
where % = 0;, at x = 0. Writing this as an eigenvalue equation:
d 9 d o d s
( i 4@+ 2he da:) Yu(z) = i — 1) Yu(z).

Consider when j = 1, ¥, (z) = ¢ 0(z). Explicitly 91, o(x) is found via a formal series of the
form

YLo(z) = const exp (%S(w)) ,

where S(z) = Y #9S,(z), and const is a constant.

Remark 1.5.6. Note, in other work such as [ |, the solution is usually chosen to
correspond to the point x = y = 0, which is a choice of square root. Normally a second
order differential equation such as equation (1.15) has a two dimensional space of solutions.
Completing at (x,y) is analogous to picking a choice of square root. Completing VW only
along z, so k[hO|[z][h] , and then expanding as a power series in x would be analogous
for looking for both solutions. In this case the other solution would correspond to the point
z=0,y=1.

The S,(z) satisfy abstract topological recursion, | |, as the conic is a finite dimensional
example of a Airy structure, as defined in [ ]. Writing out some terms, when j = 1, and
where integration means formal integration of polynomials, we find:

So(x) = /dxuo(w), Si(z) = /dxul(w),

where @ (2n)
2uo(z)z 9 . ()t
ui(z) = - =2x4+10x*+--- + (4 — ()2 x4
is the generating function counting genus one Feynmann diagrams or genus one rooted maps
[ ; ]. Figure (1.2) gives the first few diagrams.
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2x 10 22

Figure 1.2: The first few un-directed, and un-rooted primitives for u;. Choosing an
orientation on the edges will determine the root vertex, but this is considered in chapter (4).
We draw these diagrams un-directed to contrast to figure (1.1).

Remark 1.5.7. In figure (1.2) there are 10 = 2 x (3 x 2) — 2 choices for orientations of
internal degree 3 edges corresponding to the 10z? term in u,. The labelling will determine the
root node, which we address in chapter (/).

Drawn in a style to the trees from figure (1.1), note how an extra vertex and edge has been
inserted at various levels.

Note the lack of the tadpole diagrams - which is a loop attached to only a single verter. An
additional (2n)!/(n!)? tadpole like diagrams would appear when j # 1, and their inclusion is
considered in chapter (/).

Proposition 1.5.8. When j =1, uy(z) is the generating function for numbers of genus g
Feynmann diagrams.

Note these are formal objects defined at the point y = x = 0, (which is a point on L).

Figure 1.3: An example of the types of tadpole diagram appearing when j # 1, which would
give contributions to the z? term in u;.

Solving the star-product equation directly

The purpose of the formal completion of Ay, in z,y, Ay = k[z,y][#], is to write down a
formal power series solution to the differential equation, in a series of x and A. Further this
solution is chosen at a single point.

However we can investigate the star-product equation H xw = 0, and hope to find a function
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for w as a series in A, where
H = —y+ 2%+ 22y + .

As H is degree 2, there are only two terms in the star-product to consider:

2

h h
Hxw=Hw+ Eprod . (ﬂ'maz(H) X 8J(w)) + ZpI‘Od . (Wijﬂkl(aiakﬂ) ® (83'8110)),

ow _ 8w) h? ( &%w 0w 8%) =0

ox 22+ 2y)8_y + 4 \"62y 48x8y Ox?

=Hw+g((2x+2y—1)

Instead of a second order ordinary differential equation in the completed case, equation (1.15),
in terms of z, this is a second order PDE in terms of z and y.

Suppose we have a solution of the form w(z,y) = A(H(x,y)). The entire equation reduces to

72 02 \(H)
AMH)H + — =
which is similar to the Airy equation | ], or the equation for a harmonic oscillator. Writing

out a series solution for A in powers of 1/h and H, around H = 0, gives

A3m m
MH) = Z ﬁgm—tiH3 +

where
-1

Any2 = A ’
2T (n+)n+2)
and )\, and \; € k. In this case the solution w(z,y) is an element of the module k[z, y|[A~'].

Question 1.5.9. Can the Sy(x) be recovered from \?

Remark 1.5.10. Naively, the equations defining the wavefunction vy, are a collection of
second order PDFEs. In an analytic setting, we would expect there to be a two dimensional
vector space of solutions, but this is a global statement. Investigating the wavefunction at a
point has restricted us to a single solution.
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2. Symplectic vector and Tate spaces

Tate spaces | ; | are a model for infinite dimensional symplectic vector spaces.
The main property of a Tate space W is that taking the topological dual, is an involution
(W*)* = W, in the category of topological vector spaces over k.

In chapter (4), we see that an Airy structure is equivalent to a Lagrangian subvariety L in a
Tate space W, which is originally due to [ ]. However we have to think of this from an
algebraic perspective.

The Tate topology lets us define a ring S(WW*), the symmetric algebra on W. The motivation
is to do algebraic geometry over W. S(W*) acts like a coordinate ring of functions on W,
O(W) = S(W*). Inside this ring we can define an ideal of quadratic polynomials, which is
how we think of the Lagrangian subvariety L. Furthermore we will identify the spectrum
of this ring, and W. However in infinite dimensions the notion of points in I will be more
subtle.

To produce the topological recursion invariants, w, ,, requires the deformation quantisation
of O(W) and finding a module supported on L (which is given by a quotient of a ring by an
ideal and a completion).

This chapter we review Tate topology. We will see that the Tate topology is a combination
of discrete and linearly compact topology.

Another important aspect of this topology is that this forces finiteness into the objects
considered in Airy structures. Kontsevich and Soibelman want to write down an infinite
dimensional analog of the functions

H, = az’jkxjxk + 2b§jxiyk + CZ"’yjyk,
where i € {1,..., N}, and a corresponding generating function
ydz’ = dSy(x")

Instead of trying to define some convergent sums of ¢, the solution is more algebraic. The
discrete topology forces finiteness into sums of z°.

2.1. Topological vector spaces

There are several different ways to realise vector spaces in infinite dimensions. In a way it
is possible to consider polynomials k[z] as a vector space over k. What this means is that
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there is a forgetful functor F : Alg(k) — Vect(k), and F'(k][z]) is a k-vector space. F'(k[z])
is countably infinite dimensional, but only allows for finite linear combinations of countable
basis elements (powers of z). To extend to allowing infinite sums of vectors we need to
equip the vector space with a topology or perhaps consider completions.

Definition 2.1.1 (Topological rings and fields). A topological ring R, (respectively field, F )
is a ring equipped with a topology, such that multiplication

():RxR—R

and addition
(+):RxR—R
are continuous, where R X R has the product topology.
For example k = C with the usual Euclidean topology is a topological field.

Definition 2.1.2 (Topological vector space). A topological vector space V is a vector space
over a topological field k equipped with a topology such that vector addition

(+): V>V xV
and scalar multiplication
():kxV o>V
are continuous, and where X of objects is equipped with the product topology.
Definition 2.1.3 (Topological algebra). A topological algebra A, is a topological vector space

with the additional requirement that multiplication is a continuous map (1) : A X A — A,
where A X A has the product topology.

Topological vector spaces and algebras over a topological field form a category TopVect (k).
Morphisms are continuous maps.

2.1.1.0. The different notions of duals

There are two possibly confounding notions of dual depending on which category one is
working with.

Definition 2.1.4 (Algebraic dual). The algebraic dual, is a contravariant functor v :
Vect (k) — Vect(k), given by V¥ = Homvect ) (V, k).

Consider a forgetful (covariant) functor toVec : Alg(k) — Vect(k) from the category
of k-algebras to the category of k-vector spaces. By the construction of k[z], we have
toVec(k[z]) 2 k®N =k ® k ® ..., which is a space of sequences which eventually terminate
with a zero, or in Vect(k) a co-product (which is a special case of a ). The algebraic
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dual of toVec(k[z]), is given by toVec(k[z])V = k*Y =k x k X ..., which are sequences with
no restrictions, which is a product (correspondingly a special case of a ). This is because
Hom is contravariant, it sends a co-product to a product:

Hom(A ® B,C) = Hom(A,C) x Hom(B, C),

so toVec(k[z])V = toVec(k[z]). However (toVec(k[z])")Y is not toVec(k[z]) again, as in
general Hom preserves products. This is why topological vector spaces were introduced in
[ ]. We want a more restrictive notion of dual, or a subset of the algebraic dual, so
there is an involution to be able to define a strong symplectic vector space. Ensuring the
topological dual produces another topological vector space is one resolution. Effectively an
element of toVec(k[z]) will pair with an element of toVec(k[z]) to produce an element of k.

For a topological vector space V' we have to restrict what it means to be a dual.
Definition 2.1.5 (Topological dual). Let k be a topological field. The topological dual of V' is

the collection V* of continuous linear maps V — k, also equipped with the weakest topology
such that V* is also a topological vector space.

Now consider the forgetful functor F' : TopVect(k) — Vect(k). For infinite dimensional
vector spaces in general F(V*) C F(V)Y. In finite dimensions however, where V' has the
discrete toplogy, it will be the case that F(V*) = F(V)V.

2.1.2.0. Discrete topology

A fundamental topology we consider is the discrete topology.

Definition 2.1.6 (Discrete topology). Let X be a set. The discrete topology on X is given
by defining every subset as open, (and equivalently closed).

Note that all the singleton subsets are open.

The discrete topology is the topology that best captures the set theoretic structure of a space.
Individual points in the discrete topology define open sets.

The algebraic-geometric viewpoint is that to describe a space, we consider functions on a
space. For a discrete topological space X, and any other topological space Y, all functions
f: X — Y are continuous. Further they are equivalent to maps between the underlying set:

Lemma 2.1.7. There is a bijection between continuous functions X — 'Y, and total functions
on the sets: set(X) — set(Y)

Proof. Briefly, this is because the pre-image of every set in Y under f is an open set. O

So functions on a discrete topological space encode a lot of information.
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Consider the functor Discr : Set — Top which equips a set with the discrete topology.
Then consider the natural extension to vector spaces and topological vector spaces, Discr :
Vect(k) — TopVect (k) which equips any vector space with the discrete topology. If V is
a vector space over k, then naturally Discr(V') is a topological vector space over Discr(k).
Recall a vector space over a field is a map (resp. continuous) k x V' — V.

Lemma 2.1.8. IfV is a discrete topological k-vector space, and dim (V') > 0, then necessarily
k must have the discrete topology.

Alternatively if V = {0}, then k can have any topology.

This is because scalar multiplication will not be continuous unless the underlying field is
discrete.

Proof. Suppose dim(V) > 0. Given the scalar multiplication map (-) : k x V' — V| construct
a continuous map ¢ : k — V', by composing the multiplication map with a point v # 0 € V,
d(A) = .

Further, ¢ is a bijection between the set k and the subspace of V' generated by v, for clarity
denote as a pair k x (v). Note by definition ¢ must be continuous.

In the pre-image (A;,v) and (A2,v) must be open sets, so ¢ is a homeomorphism onto its
image. However these must be discrete open sets in V', so A\; and A must be discrete open
sets.

If V = {0} then there is no restriction on the topology. In the previous argument A; and A,
simply collapse to 0 so no information is gained about the topology on k. m

Alternatively {0} is a terminal and initial object in Vect or TopVect.

Lemma 2.1.9 (Properties of the discrete topology). Let V' be a discrete topological k-vector
space.

» Convergent sequences of elements of V' are eventually constant.
» V is Hausdorff.
» If dim(V) > 0, then V is fully disconnected.

Proof. For the first item consider a sequence {v},;}. Convergence is defined as: vy, — v, if
for any neighbourhood U of v, there exists a N such that n > N, so vy, € U. However {v}
itself is an open neighbourhood of v, so v}, must be in {v}, which is only possible if v}, = v.
So sequences in the discrete topology must eventually stabilise vj,] = vj,41). The second
item follows by the definition. For the third item, one point sets are the only connected
component. O
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Remark 2.1.10 (Finiteness in discrete topological vector spaces). Elements of a discrete
topological vector space are always composed of finite sums.

Defining vn) = >f_q €k, there is some n such that vj,) = Vjpyq).

Discrete topological vector spaces have a basis which is analogous to the definition of basis
from finite dimensional vector spaces, called a Hamel basis:

Definition 2.1.11 (Hamel basis). B is a Hamel basis if every element of V' is a unique finite
linear combination of elements of B.

This is the definition of a basis from finite dimensional vector spaces. However it is not
possible to always constructively produce a Hamel basis for arbitrary infinite dimensional
topolgical vector spaces | ].

Remark 2.1.12. This finiteness is going to be particularly important for the Airy structures
considered in infinite dimensions. In that case V will be generated by an infinite collection
{z'} which act as coordinates on V*. Tensor products of x* will be identified with polynomials.
However these polynomials will only be allowed to contain a finite subset of the x* in each
degree.

Example 2.1.13. (Polynomials with discrete topology) We can equip the vector space
toVec(k[z]) with the discrete topology, and treat it as a topological vector space. toVec(k[z]) =
kY =k ®..., where each copy of k has the discrete topology, and k" has the natural product
topology. kY is a topological vector space over k.

Equipping the algebraic dual with a topology, and then defining the topological dual, , as
continuous linear functionals on this space can make * an involution. Then the topological dual
will recover the original topological vector space under involution. Essentially the topological
dual is picking a subset of the algebraic dual to avoid points that are not involutive, or
continuous.

In the case of the discrete topology, the weakest topology to equip the dual with such that
(V*)* ~ V is the , ; ; -
Remark 2.1.14. Let V be a finite dimensional vector space with a basis {e;}, where i € I

for a finite index set I C N. Then the dual vectors {e'} are basis of VV.

In infinite dimensions, for a topological vector space, the dual vectors {e'}, where i € N form
a Schauder basis, | | of V*, not a Hamel basis, because finite linear combination of {e'}
do not span V*. However, we will still refer to the dual vectors {e'} as a basis of V*.
2.1.3.0. Linear compact topology

Definition 2.1.15 (Finite intersection property). Let X be a set and consider a family
of subsets U = {U;}ic;- U has the finite intersection property if for any finite J C I,
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Njes Aj # 0, is not empty.
Definition 2.1.16 (Neighbourhood basis). Let X be a set, and consider for allp € X, a
collection F(p) of subsets containing p. F(p) is a neighbourhood basis at p if

» F(p) is non empty.

= F(p) is closed under finite intersections. For all U,V € F(p), there exists a W € F(p)
such that W CUNW.

» F(p) is closed downwards. For all U € F(p), there exists a V € F(p), such that for all
q €V thereis a W € F(q) such that W C U.

The last point means every neighbourhood U of p contains an open set V, containing z which
is contained in U.

Defining a neighbourhood basis at every point defines a topology on X. Open sets are defined
via the neighbourhood basis:

Definition 2.1.17 (Open). A set U C X is defined to be open if for all p € U, there exists
a F € F(p).

This definition is motivated by the intuition from metric spaces. An open set in a metric
space is a collection of nearby points.

Closed sets are defined as usual. A subset A C X is defined to be closed if it is equal to its
closure, A = C1(A). Recall p € CI(A) iff for all open U C X such that p € U, then UN A # 0.

Definition 2.1.18 (Linearly topologised). A topological vector space V is linearly topologised
at 0, if there exists a neighbourhood basis at 0 € V' consisting of sub-vector spaces (in terms
of linear algebra, closed under finite sums).

Under translation this defines a topology everywhere in V' called the linearly compact topology
[Die51; ; Ik
Definition 2.1.19 (Linearly compact topology). A topological vector space V has linearly
compact topology, [ , p. T4], if it satisfies the following properties:

* linearly topologised: A basis for the topology is given by open affine subspaces.

An affine subspace A CV is a subset of the form A =p+ U, where U is a sub-vector
space. U and hence A is open, if U is an element of the neighbourhood basis at 0.

A is closed if U is closed.

= linearly compact: Any collection of closed (as per the previous point) affine subspaces
with the additionally has an overall non empty intersection.

» V is Hausdorff.

52



If a topological vector space is equipped with the linearly compact topology, we say it is
linearly compact.

Lemma 2.1.20. Open affine subspaces in a linearly compact topological vector space are also
closed.

Proof. Let V be linearly compact. Consider an open affine subspace A C V. The idea is to
pick an element of the closure, and then show it translates via the vector space structure into

A.

First, points in A satisfy the definition of closure, so A C Cl(A). Now to show Cl(A) C A.
For a contradiction, suppose p € V' \ A, and pick open affine subspaces U = p + V, such
that U N A is non empty. If U N A = (), then p is not in the closure of A. Now consider a
geUNA,soqée€ A Then we must have g—p € A, and even p =g — (¢ —p) € A. So Cl(4)
must be contained in A. ]

For a discrete topological vector space, the natural choice of dual is a linearly compact
topological vector space | ]. While any map V' — k may be continuous, we require V* to
have a vector space structure.

Lemma 2.1.21 (Topological dual of a discrete space). If V' is equipped with the discrete
topology, then V* is linearly compact.

This result is due to Lefschetz, | ; ].

Lemma 2.1.22. Let V be equipped with the discrete topology, and dim(V) = oo. Then
(V)y*=2V

We give a brief sketch of the proof. In finite dimensions the proof follows immediately. We
consider the infinite dimensional case.

Proof. Assume V has an ordered basis {e;}. The overall goal is to find an isomorphism of
vector spaces, which sends e; to some f; € (V*)*, so (V*)* 2 V.

Pick a sequence {fjn} € V*, fio] = Bar1€™™ + X7 €', converging to a f = 32 aze’,
where €’ is dual to e;, and a continuous linear functional ¢ € (V*)*, and {83,,1} is an arbitrary
sequence in k.

The first objective is to show that ¢ must pair with only finitely many v°.
By continuity of ¢

0) = o (i ) = i (o) = Jimg (Bossier™) + 3 ngle)).

n—00 4
=0

However, since (3 is arbitrary, the only way this can converge is if p(e?) is non zero for finitely
many ¢.
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Now (V*)* is equipped with the weakest topology so ¢(v) is a continuous function for all v.
This has to be the discrete topology.

Finally the isomorphism (V*)* 2 V is given by the assignment e; = @i, where @.i(e?) =
el (e;) = 41. O

Note that not all topological vector spaces necessarily have this property. The discrete
topology is the coarsest topology that allows this duality.

Definition 2.1.23 (Codimension). For a topological vector space V , and a vector subspace
U, the codimension of U is defined as the dimension of the quotient space codim(U) =
dim(V/U) = dim(coker(U — V)).

In finite dimensions this reduces to dim(V) — dim(U).

Remark 2.1.24. There is a connection to algebraic geometry. This notion of codimension
will also give the height of a defining ideal.

2.1.4.0. Locally linearly compact topology

Locally linearly compact topological vector spaces were considered by | |, and are a
specialisation of a Tate space.

Definition 2.1.25 (Locally linearly compact). A topological k-vector space V is locally
linearly compact if there exists a neighbourhood basis at 0 consisting of
sub-vector spaces.

Theorem 2.1.26 (| ). If V is discrete, then V* is linearly compact, and then the space
Sp VOV isa topological vector space.

Example 2.1.27. A fundamental example is the infinite dimensional vector space represented
(with a slight abuse of notation), by

2 k[ @ k[z].

In particular we should think of these as sequences. z* just represents a vector, and has k
coefficients. z~'k[271] is the space of sequences that eventually terminate. k[z] is the dual,
and the pairing is defined by pairing sequences with the Cauchy product and looking at 1/z
coefficient. A sequence with only finitely many non zero terms, pairs with an infinite sequence
to produce a finite number. (27'k[271] has a Hamel basis represented by B= {z7% | k € Z, }.
k[z] has a (Schauder) basis represented by B' = {2* | k € Zx}.

54



2.1.5.0. Tensor products

Definition 2.1.28 (Algebraic tensor product). The algebraic tensor product of two vector
spaces V @ U consists of all finite sums of tensors u ® v.

If V and U are infinite dimensional topological vector spaces, then the algebraic tensor V @ U

product does not in general satisfy the universal properties of a tensor product.

Definition 2.1.29 (Universal property of tensor product). A tensor product, ®c of objects
U,V and the associated bilinear map ¢ : U XV — U ®¢ V, is characterised by the following
universal property.

The object U @c V and ¢ must have the property that any bilinear map ¥ : U XV — W,
factors through ¢ uniquely, so there is a unique map ¥ : U Q®:V — W, such that ¥ = ¥ Q¢ .

A topological tensor product, & is constructed by a choice of completion of the algebraic
product so it satisfies a universal property | ].

Given topological vector spaces U, V:
Definition 2.1.30 (Topological tensor product). The topological tensor product UQV is a

completion of the algebraic tensor product U ® V, so ® satisfies the universal properties of
tensor product in the category of topological vector spaces.

This can depend on the underlying topology.

2.2. Symplectic vector and Tate spaces

We review what it means for an infinite dimensional to be symplectic.

Definition 2.2.1 (Presymplectic vector space). A topological k-vector space W is presymplec-
tic, if there exists a continuous map w, called the symplectic form, where w : W — W — k,
which satisfies the following:

* alternating: w(v,u) = —w(u,v), for all u,v € W,
* bilinear: w(au; + Buz,v) = aw(u,v) + Bw(ug,v) for all u,v: W, and a, 5 : k,
* non-degenerate: w(u,v) =0, for all u implies v = 0.

Given a presymplectic space (W,w), define a map w’ : W — W*, via currying the symplectic
form: v — w(v,+). In infinite dimensions this map can have two types of behaviour, and this
determines what type of symplectic space W is.

Definition 2.2.2 (Strong symplectic). W is a strong symplectic topological vector space if
W’ is a bijection, so W = W*.
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Definition 2.2.3 (Weak symplectic). W is a weak symplectic topological vector space if w’
18 1njective.

b

Remark 2.2.4. In finite dimensions, w’ is naturally a bijection, and there is no distinction,

and so W is just termed symplectic.

Definition 2.2.5 (Polarisation). A polarisation, is a choice of a Lagrangian, L C W, such
that W =L & L* and L = (L*)*.

Lemma 2.2.6. A strong symplectic structure is equivalent to a choice of polarisation.

Proof. Take the dual of W equipped with a polarisation, and note that finite products/co-
products are equivalent. O

Definition 2.2.7 (Tate space). A Tate space, T, is a topological vector space (or more
generally topological module) of the form T' = P @ Q*, where P and @ are topological vector
spaces with the discrete topology.

A Tate space is therefore a slight generalisation of a symplectic topological vector space. By
lemma, ( ) Q* is linearly compact.

Let V' be a topological k-vector space where V' and k have the discrete topology. Then:

Lemma 2.2.8. The topological vector space given by W =V @ V* is a Tate space.
Proof. This follows from the definition of Tate space. m

W =V @ V* is the main type of Tate space we consider.
Remark 2.2.9. Alternatively the space W =V & V* is known as a Lefschetz space.

Lemma 2.2.10. The Tate space W =V @ V* is a strong symplectic vector space.

Proof. If V is finite dimensional, then W is automatically a strong symplectic vector space.

In infinite dimensions, per definition ( ), and lemma ( ), pick L := V*, where V is a
discrete topological vector space. Then as (V*)* by lemma ( ), it follows L = (L*)*. O

The purpose of introducing linearly compact topology in section ( ), was to define the
weakest topology for a strong symplectic structure in infinite dimensions.
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2.3. Tate space of differentials on a curve

Let toVec : Alg(k) — Vect(k) be a covariant, forgetful functor forgetting the product
structure. The first example of a Tate space is the vector space of formal Laurent differentials:

Example 2.3.1. Consider the vector space
W = toVec(z 'k[z7']) @ toVec(k[2]) C toVec(k((2))).

Set V = toVec(z7'k[27Y]), and L = toVec(k[z]). Fquip V with the discrete topology, and L
with the linearly compact topology. Then W with the corresponding product topology is a Tate
space.

Further V, L,W considered as objects in the category of topological vector spaces, we now
have L* =V and (W*)* = W. There is an ezact sequence

0O->L—->W-—>V =0,

in TopVect, defined by the natural pairing of series, (Cauchy product and looking at 1/z
coefficient). Then L = toVec(k[z]) is a Lagrangian in W.

A variation of example ( ) encountered in | | is the following (adapting the notation
of Kontsevich and Soibelman):

Definition 2.3.2. Let Wi, be the space of formal Laurent residueless differentials

d

WAiry= {J: Zan—n?z | Jk; S C,JOZO,HN s.t. Jn=0,‘v’n> N}
nez

Note Waiy C toVec(C((2)))dz, but there are no 2z~ terms in Wayy.

When k = C, note that there is an isomorphism of vector spaces Waiy, = W. However,
Kontsevich and Soibelman want to allow some holomorphic terms in V. So a different choice
of polarisation than in example ( ), which is a different choice of V' and L. Instead of the
natural pairing of polynomials, this polarisation will come from a symplectic form.

The corresponding Vairy will be realised as V' with a submodule of C[z], equipped with the
discrete topology, adjoined.

Proposition 2.3.3. Wiy, has a symplectic form:
WAiry (M1, M2) = I;{ZGOS fime,
where df; = n1, and n1,M2 : Way. Res,—o means the coefficient of 1/z.
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First note that wairy, is well defined, because there are only finitely many negative exponent
terms z~*, which can pair with a holomorphic term to give a coefficient of 1/z. So the
coefficient of 1/z is always a finite sum. To see wairy is skew-symmetric, first note

d(fif2) = fime +mfo,

where the product of functions is given by the Cauchy product of power series. Then
necessarily Res,—od(f1f2) = 0, as there are no 1/z terms in the differential. Therefore it
follows

Res,—o fim2 = —Res,—o foam.

Further wa;y is bilinear as

Wairy (T, an2 + b13) = aRes,—o(f1m2) + bRes,—o(f113) = awairy(M1, M2) + dwWairy (11, 73)-

Finally wairy is non degenerate because for any

dz
J = Z an—n? . WAiry;

n>k

kd
WAiry (Ja £ z) 7£ 0.

z

it follows that

Proposition 2.3.4. The form waiy is translation-invariant.
Proposition 2.3.5. The form waiy s closed.
Proof. This follows from translation invariance. O

Definition 2.3.6. The space of locally holomorphic differentials in Wiy, is given by:

Lyiry={J | Jo =0,n > 0} = L = toVec(k[z])dz.

Equipping Ly with the linearly compact topology, per section ( ):

Proposition 2.3.7. Wayy is a Tate space.

Wairy follows from example ( ). Given the exact sequence as per example ( ), it
follows
O-L-WeM—-VeM—0

is an exact sequence, where M C toVec(k[z])dz has the discrete topology. Instead of the dual
pairing, we use the symplectic form. Wi,y = W @ M is again a Tate space. M corresponds
to a subset of formal holomorphic differentials.
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As per the introduction, consider an algebraic surface (X, Ox) and ¥, a genus g complex
curve in X. Let R be a divisor on Y. There is a Tate space associated to X equipped with
the divisor R. Around each point « : R, there are local holomorphic coordinates z,. For each
point o : R define a copy of Wajy in coordinates z,.

Proposition 2.3.8. Wy, := (WAiry)@m' is a Tate space.

Wy, can be viewed as a bundle over X, with fibres Wy;y at points in R.

Definition 2.3.9. Define Ly, Ly := (LAiry)@IRI C Wy as the space of locally holomorphic
differentials.

Proposition 2.3.10. Ly, is linearly compact.

Proof. Via | |, direct sums of linearly compact topological vector spaces are linearly
compact. O
Proposition 2.3.11. Ly is a Lagrangian.

This follow from the fact direct sums of exact sequences are exact. Given
0A—->B—>C—0,

and
0->P—->Q—R—0,

it follows
0>ApP—->BoeQ—-Ce®R—0

is an exact sequence.

Rather than defining Vs & (Vay,)®!®l, immediately, Vx naturally arises from the space of
residueless meromorphic differentials G, which is in Wy. Showing V5 can be found via Gy
will be important for

Definition 2.3.12 (Residueless meromorphic differentials). Define Gx to be the space of
residueless, meromorphic differentials on %;

Gs={n: H'(3,Q'(2 - R)) | Resn = 0}.

Naturally there is an injective map ¢ : Gy — Wyx. A differential is representable by a formal
differential. Gy is naturally identified with its image in Wy, Gy = ((Gy), so Gy, is considered
a subset of Ws.

Then given a Torelli marked basis on X, {a1,...ag,b1,...b,}:
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Definition 2.3.13 (Vector space of zero a-periods). Define Vs, where Vs C Gy, as

Ve i={n:Gxg|Vie {1,...g9} 7({.17=0}.

Likewise identify V5 with the image under the map ¢ : Gy — Wy, Vs = «(V5). Finally in
Wy, Vs has the discrete topology.

We provide a proof of a result from [ ], reproduced also in | |, which is necessary
to show Gy is coisotropic:

Proposition 2.3.14. Gy, is transversal to Ly, in Wy, that is Gx + Ly, = Wx..

Proof. First note that Wy has a filtration by Laurent polynomials with a fixed negative
degree —d, or a pole of order d (a series starting with a cq2~? term). Define the subspace W,
of polynomials with poles of order d:

Wy ={J% € Wg|V¥n >d,a € R, JS =0},
Then W, is an ascending filtration,
o C Wy CWq C Wayq -+ C Wy,

with the extra property that:
Wy = U Wy.
d

Also Ly = Wy = Wy, are all the locally holomorphic terms, where W, = W; because W+, has
zero residue.

Consider the sequence
0—)Wd_1—>Wd—)Q—>O,

Necessarily dim(Q) = | R|, where R is a positive divisor on ¥. By Riemann-Roch, the quotient
space @ = W;/W,_; is representable by elements of Gy. For d > 2:

dim(Wd N Gg) - dim(Wd_l N Gz) = dim HO(E, Kz(d R)) — dim HO(Z, /Cg((d — 1) R))
= (d|R[+ (9 —1)) = ((d = D[R+ (9 - 1))
= |R].

So W, differs from W,_; by |R| degree d terms. Note that W; N Gs C H°(Z, Ks(dR)) is a
codimension |R| subset. The terms with residue are accounted for in the difference.

Now consider the exact sequence:
0— Hs —)WdﬂGg i)Wd/Wo —0
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where Hy is the space of holomorphic differentials on ¥. The map f is surjective because
dim(W3N Gg) = g + (d — 1)|R|, the kernel of f has dimension g, dim(Wy/Ls) = (d — 1)|R),
and Lg = Wo.

Therefore:
(WanGsg) + Ly =Wy,

where + is internal sum. Taking the union over all d:

U(Wd N Gg) = Gy,
d

gives the final result:
Gs + Ly = Ws.

Corollary 2.3.15. Vs @ Ly, = Ws.

Proof. The proof follows from the previous proposition with Vs in place of Gy, and Vs and
Ly have zero intersection. O

Proposition 2.3.16. Wy = Vs @ Ly, is a Tate space

Proposition 2.3.17. Wy, has a symplectic form ws, given by

ws (M1, 7m2) = Z Resa(f17m2),

acR
where f1 is a locally defined function such that n; = df;.

While Wy, was originally defined as an entirely formal object, it does contain interesting
analytic information. The presence of the formal holomorphic terms are necessary to allow
for duals.

The following proposition also follows from | ], also reproduced from | |:

Proposition 2.3.18. Gy is coisotropic in Wy, so Gy C Gy.

Where recall Gy is the symplectic complement:

Gy = {n € W |ws(n,v), for all v € Gs}.

With the symplectic form we show G§ C Vs, hence as V5 C Gy, the result follows:
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Proof. Consider a n; + £ € Gy where 1, € Vx and £ € Ly. Then for all 7, € Vs C G¥,
wz(”ll + ea 772) = Oa

as 1, + ¢ annihilates all elements of Gx. Then by linearity

WE("h, 772) + UJE(E, 772) =0.

By the Riemann bilinear relations, ws(ny,n2) = 0:
s(M,me) = ) Res fin, = 9 Zj’{ 771?{ e — j{ 772j{ m =0, (2.1)
a€ER

as the integration over a-periods of elements in Vy is zero, by the definition of V5. Also note
f1 is the locally defined function so df; = ;.

Therefore it must be that ws(¢,1:) = 0 for all 73 € V. But as wy is a symplectic form, and
Vs and Ly are a polarisation, then for any non-zero ¢ € Ly, there is 1, € V such that

Wy (E, 772) # 0.
Therefore it must be that £ =0, so 7, +£ =n, € Vx. So Gy C V, and hence

GL C Vs C Gs.

There are Darbouz coordinates: on Wx:

Definition 2.3.19 (Darboux coordinates). Darboux coordinates {z*,y;} on Ws, are elements
of Wy, such that _
wy = dz' A dy;,

where x* : Vs, and y; : Ly,.

Existence of Darboux coordinates uses the property that Wy is a Tate space which gives
W4 = Wy. Therefore Wy, is a

A convenient choice of Darboux coordinates has the following properties:

Proposition 2.3.20. There exist Darboux coordinates {z*,y;} on Wy that satisfy:
1. [z'] =0, fori>g.
2. y; = w;, the normalised holomorphic differential on %, fori =1, ..., g.

3.

1 . .
— =9; 1,... k e N.
Ii ﬁjx ik .76{ ) ag}a S
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Property (1), is particularly useful for . A finite dimensional analog is
given in section (5.6). The proof is from our joint work [ ):

Proof. The proof of the first item starts the property that

]{:vi=0,

J

for 1 < j < g, since z* € V5. Combining this with

}{ zt =0,
b.

J

all periods vanish, so does the cohomology class [z¢].

The second property uses '

wy = dz' A dy;,
and the Riemann bilinear relations to obtain that ws(w;, /) = 0ij. Theny; =w;,for1<i<g
by the non-degeneracy of ws.

The final property uses fact that the map
Gz — H'(Z,C)

is surjective. So there exists z%, i = 1,..., g satisfying

1 )
~ fai=s,
omi f{jx g

To obtain the rest of the coordinates when ¢ > g, satisfying the proposition, first complete
{z'|i=1,...,g} to a Hamel basis of meromorphic differentials for Wr.

Using the notation ¢ = i(«,n) where o € R and n € N, let
zh = d(2;™) + holo € Vx

(by the Hodge decomposition theorem) and also let

. , 9. .1 .
v __ b J 7
.'L'—.’L'O E.’L‘—é.’ﬁo
3

0 2m
Then, in terms of the z?, we have
1 g 1 ‘
0 n )
0 _ 24 3w ]{ ,
Y; n (Za) + = Wj omi b, )
where ¢ > g. Then define

g
Yi = y? - Zijz(y?,xj)-
j=1
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2.4. Symmetric algebra in finite dimensions

The symmetric algebra functor S : Vect - CommAlg, is a functor from the category of
modules or vector spaces to commutative rings. Given a module M, we can form a free
commutative algebra denoted S(M).

The symmetric algebra functor is characterised by the following universal property:
Definition 2.4.1 (Symmetric algebra functor universal property). Given a linear map between

modules and algebras, f : M — A, there is a unique algebra homomorphism g : S(M) — A
such that f =g -1, where v : M — S(M) is an inclusion map.

As a consequence of the unviversal property, given a module homorphism f : M — N, there
is an algebra homorphism S(f) : S(M) — S(N).

If V is a finite dimensional k-vector space, S(V) is a ring of polynomials in elements in V.
Given a basis B for V, there is an isomorphism S(V') = k[B]. Alternatively, the symmetric
algebra S(VV) = k[BY] is the ring of polynomial functions on V (here we are using the
algebraic dual V¥ = Hom(V, k)).

Lemma 2.4.2. The symmetric algebra is given by the coproduct:

S(V) := ]Z[ SH(V),

where S¥(V') are identified as degree k polynomials.

There is also a connection to the vector space of symmetric tensors denoted Sym(V). A
symmetric tensor is an element of Sym"™(V'), which are tensors Sym" (V) C T™(V), that are
invariant under a permutation o : S,:

'Ul®"'®vn_>,UU(1)®"'®UJ(17,)-

Definition 2.4.3 (Vector space of symmetric tensors). Sym(V') is the graded sum:

Sym(V) := € Sym*(V)

If V is a vector space over a field of characteristic zero, there is an isomorphism of vector
spaces Sym" (V) = S¥(V), given by the symmeterisation map

where - is the product in S(V). Note that this is an isomorphism of vector spaces, not
algebras.
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So for a finite dimensional vector space V', S(VV) serves as a coordinate ring for V. This
necessarily enables us to do algebraic geometry over V, for example define a subvariety as a
quotient of the polynomial ring.

If V is infinite dimensional this situation becomes more subtle. By the axiom of choice,
infinite dimensional vector spaces have a basis, but finding an explicit form is not always
possible. Further BY does not in general form a basis for the dual space.
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3. Infinite dimensional algebraic geometry

To talk about subvarieties, schemes, deformation quantisation and corresponding modules, we
want to model an infinite dimensional affine space W, on the infinite dimensional vector space
W = k®N @ k*¥. To do this we consider colimits and limits of rings. This naturally leads to
limits of schemes, which appear in other areas of maths such as geometric Langlands. Like
in finite dimensions where we make the identification k™ = A", via a choice of coordinates,
similarly we would like to think that W = W. However, we will just consider this at the
algebraic level. The rings constructed in this chapter are an algebraic version of S(W*). The
important part is that W will have coordinates {z’,y;}, where there are strong finiteness
constraints. Instead of using topological language, in this chapter, we construct the coordinates
using the notion of limits and colimits.

First we review the categorical generalisation of inverse limits and direct limits. Note the
objects constructed here are not necessarily mathematically novel, instead we explain why
they are relevant in the context of Airy structures.

3.1. Categorical Limits

A limit is a generalisation of an inverse limit, and a colimit is a generalisation of a direct
limit. The

Let (I, <) be an ordered set, for example N or Z. Treating I as a category, elements of the

set become objects, and for ¢ < j define a morphism as an arrow ¢;; : i — j.

Definition 3.1.1 (directed system). Let C be a category. A directed system is a functor
F:I—-C.

This means a directed system is a collection (X, fi;), where X; = F(i) is an object, and
fij = F - ¢4; is a morphism, in C.

As F' is a functor it preserves identity and composition:

" fu=1d

* fik = fik - fij, so X; = X; = X, is equivalent to X; — Xj.
Let F': I — C be a directed system.

Definition 3.1.2 (Cone). A cone to F, is a pair (C, ¢.), where C is an object in C, and .
is an indezed family of morphisms in C, ¢; : C — F(i), such that for a morphism ¢;j : i — j
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in I, F(¢i;) - i = 5.
A co-cone is the categorical dual of a limit. It is given by reversing the arrows in the previous

definition.

Definition 3.1.3 (Co-cone). A co-cone to F, is a pair (C,9"), where C is an object in C,
and ¥ is an indexed family of morphisms in C, & : F(i) — C, such that for a morphism

Note these definitions generalise to other categories in place of I. Now limits and colimits
are describable as a universal property involving cones.

3.1.1.0. Limit

Let F' be a directed system, so a functor F': I — C.

Definition 3.1.4 (limit). The limit L of the functor F' is a cone (L, f.) such that for every
cone (S, g.) there exists a unique morphism u : S — L such that f; - u = g;.

Limits are the terminal object in the category of cones to F'. Limits are used for completions,
so essentially an object that the diagram factors into. When limits exist they are unique up
to an isomorphism.

So when the limit of F' exists, it is given by an object X € C, and there are canonical
projection morphisms X — X;.

Remark 3.1.5. A limit is a generalisation of an inverse limit:

X =lim X;.
(—

Remark 3.1.6. We will use the notation lim,, X,, to denote a limit over objects X,,. Objects
are usually indexed by n € N, and morphisms will be specified.

Example 3.1.7. The formal power series ring k[h] is constructed via a limit.
k[n] = lim k[h]/h".

In this case the functor maps objects F(n) = k[h]/R", and morphisms n — n+ 1 as an
embedding.

3.1.2.0. Colimit

A colimit is a categorical dual of a limit, given by reversing all the arrows in definition for
limit. A colimit essentially glues together all objects in a diagram.
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Definition 3.1.8 (Colimit). The colimit C of the functor F' is a co-cone (C, f*) such that
for every co-cone (S, g°) there exists a unique morphism u : C — S such that u - f* = g'.

Colimits are initial objects in the category of cones from F'.

So when a colimit of a functor F' exists, it is given by an object X € C with inclusion
morphisms X; — X.

Remark 3.1.9. Note a colimit is a generalisation of a direct limit

—_

Lemma 3.1.10 (Colimit of rings). Consider a functor F' : N — Ring.

This gives an indexed family of rings, R;, with maps ¢;; : R, = R;, where i < j. Then there
exists a ring R, with a family of ring morphism ¢; : R, — R, such that ¢; - vi; = @i, for
1 < J, satisfying the following universal property:

For any ring S, and morphisms ¢; : R; — S, there exists a unique ring morphism ¥V : R — S
such that ¢, =V - ;.

Remark 3.1.11. We denote this as R = colim, R,, although we must also specify the
morphisms.

Lemma 3.1.12 (Spectrum and colimits). As Spec is a contravariant functor:

Spec(colim R) = lim Spec(R,) C I1Spec(R;).
J

3.2. Polynomial rings in infinite variables

Let k be a field of characteristic zero. It is possible to generate very different looking
polynomial or formal power series rings in infinite variables.

3.2.1.0. Ind-infinite rings

Taking a colimit:

Definition 3.2.1 (Polynomial ring in infinite variables). Define the ring:
k[z'] = collim k[z',...z"],

where transition maps are given by inclusion of rings.
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k[z] is a ring in which elements are sums of finitely many variables all bound in degree. Note
we can replace the indexing of the variables, labelled here by N, with any countable index set.

Let X be a countable set. A slight generalisation of the above is the ring k[X], which denotes
functions X — k with finite support.
Lemma 3.2.2. C[z*] has mazimal ideals of the form m,, = (=" — p.) = (z' — py,...).

Note while a maximal m is potentially infinitely generated, elements still only look like finite
combinations of the generators.

Proof. Consider an evaluation map ¢,, : C[z*] = C, ¢,.(f) = f(p.). Evaluation is well
defined as f(p.) is a finite sum for any f. The kernel is given by m,,. Then C[z*]/m,, = C is
a field and hence m,, is maximal. O

Note in the case where k = R there are extra maximal ideals describing conjugate points,
k[z*]/m & K, where K is a finite extension, so there are maximal ideals with degree two
elements.

Lemma 3.2.3. k[z*] is not Noetherian.
Proof. For a contradiction, the ideal (x!,...) is not finitely generated. O

Geometrically, as of writing, there is not much known about k[z*]. Prime ideals of the ring
k[z!,...,z"] are difficult to explicitly calculate | ].

Lemma 3.2.4. The prime ideals of k[z*] are (z* — p.), 0 and irreducible polynomials bound
in degree.

Definition 3.2.5 (Pro-infinite affine space). The limit A = Spec(k[z*]), equipped with the
Zariski topology, where w is the first ordinal, is called pro-infinite affinie space.

Note Spec is contravariant, so we have
Spec(collim k[z'...z"]) = lim Spec(k[z'...z"]),

so this is a pro-infinite scheme.

Recall the completion studies the structure of the space around an arbitrarily small neigh-
bourhood of a point. Completion of the ring k[z*] at the maximal ideal m = (z*) produces a
ring in which elements are formal series, but only contain a finite number of terms for each
degree:

Definition 3.2.6 (Completed polynomial ring in infinite variables).

k{[z*]} = lim k[z®]/m".
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Lemma 3.2.7. k{[z*]} is not flat as a k[z’]-module.

It is possible to identify the coefficients of these polynomials with tensors. For example
consider a polynomial:

f=ad +aja’" + a}g’d + ol aiaiat + ..

A term like a%a'a? is equivalent to the symmetric tensor a%a’ ® 2/ € Sym*(V), for some
vector space V. In particular, in infinite dimensions, this corresponds precisely with a discrete
topological vector space. If z is a vector in a discrete topological vector space, vectors are all
finite sums z + -- - + z°~. Taking algebraic tensor products will similarly give tensors with
finite combinations of z°. So naturally S(V') = k[z°]. Note S(V) is not the coordinate ring of
functions on V. In the case where W =V @ L =V @ V*, the ring k[z*] gives coordinates on
L.

Pro-infinite rings

Taking a limit of a polynimial ring, define:

Definition 3.2.8 (Bounded formal polynomials).
k{y.} =limkly:,...yal,

where projection maps n + 1 — n are given by truncating n + 1 variable terms by evaluating
them at 0.

We use the curly braces to make a distinction to the ind-infinite case.

Now elements of the limit are polynomials in infinitely many variables, but bound in degree,
for example p=1y; + 92 +---+ 4y + 9y + ..., p € k{y.}, and N, M are finite.

Elements of k{y.}, are also identified with tensors or symmetric products of elements of a
vector space, k{y.} = S(L). We claim that L has to be a linearly compact topological vector
space. Elements of a linearly compact topological vector space are naturally written as a
limit:
n
v=1lm} c'y;

Taking algebraic tensor products of these vectors will impose the finiteness in the degree. So
naturally tensor or symmetric products look like the bounded formal polynomials. Likewise
k{y.} does not give coordinates on L, but gives coordinates on V. Elements of V' are always
a finite sum of vectors. So evaluating some formal bounded polynomial on a finite sum
will always produce a finite value, for example, for v = Y~ ¢;z° € V, and an arbitrary

polynomial:
Z Yin, (U)yi2 (’U) o Ying ('U)

11,82, 001

y;, only pairs with finitely many of the z, so this is a finite sum.
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Maximal ideals of the ring k{y.} are more complicated than k[z*]. The main issue is that
evaluation is not necessarily well defined.

Definition 3.2.9 (Ind-infinite affine space). The limit A = Spec(k{y.}), equipped with the
Zariski topology, is called ind-infinite affine space.

Again as Spec is contravariant;:
Spec(limkly; ... yn]) = colim Spec(k[y: . . . yn)]),
so this is a ind-infinite scheme.

Completing k{y.} at a maximal ideal m = (y;, ... ), which is taking another limit, generates a
polynomial ring in infinitely many variables and degree, a formal power series ring in infinite
variables.

Definition 3.2.10 (Formal series in infinite variables). Denote the completion of k{y.} at a
mazimal ideal as:

k[y.] =limk{y.}/m"

3.3. Tensor products and vector spaces

Let R be a ring, and S,T be R-algebras. S and T are both R-modules. The tensor product of
these modules, S ®r T is also an R-module. This module is given a ring structure as follows:

Definition 3.3.1 (Tensor product of algebras). The algebraic tensor product, S ®g T, is an
R-module and furthermore an R-algebra with product

(51 ®@t1)(82 @ t2) = (5152 ® tita).
Remark 3.3.2. Note that every element of S @ T is able to be written non-uniquely as a
finite sum of the form:
Z 8 ® tj,
finite

fors;e S, t; eT.

Example 3.3.3. For ezample consider S = k[z1,y1]/{(—v1 + az2) and T = Kk[za, ya]/{(—y2 +
bxs) as schemes over R = k. The tensor product SQrT = k[x1,Z2,y1,Y2]/{(—v1 +ax1, —y2 +
bxs) corresponds to a surface = Ay.

Note this can also be used to compute an intersection

Example 3.3.4. Let R = k[z,y]. Consider the R-modules S = k[z,y]/{f) and T =
k[z,y]/{g), for f,g € R, which representing subschemes in Spec(R). In this case S @r T
represents the intersection of f and g.
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We use the tensor product in the sense of k-algebras.

Now consider various algebraic tensor products of pro and in-infinite rings:
klz'] @ k{y.}, klz']@cklz’], k{y'}ek{y.}.

Recall, we want to consider coordinates on the space W = k®N @ k*N. The natural choice in
this case is k[z°'] ®x k{v.}.

Lemma 3.3.5 (Coordinate ring on the Tate space W). We identify the symmetric algebra
on the Tate space W =V @ V* with the ring k[z*] ®x k{v.}.

Remark 3.3.6 (Notation). Note in later chapters we adopt a slight abuse of notation
kjz*,y.] = k[z'] ®k k{y.}, to try and account for the finite dimensional case. In infinite
dimensions this ring must have the special structure.

Remark 3.3.7. Note that the graded components of S(W*) = S(W), S"(W) are isomorphic
to Sym"™ (W), where Sym uses the algebraic tensor product. Completing the coordinate ring
at the maximal ideal is equivalent to completing the algebraic tensor product.

Underlying polynomial rings, and then the rings considered in the previous section is a the
covariant k-algebra functor

k[-]: Set - CommAlg(k).

For example to get polynomial rings we simply take a set {z1,...2,}, or {yn,...,Un}, tO
get a polynomial ring k[z1,...z,]. Then taking various limits or colimits of these sets is
preserved by the covariant functor k|- ].

Remark 3.3.8. Note in algebraic geometry, the notation k[X] often means functions on the
affine space X = A™. Then there is an isomorphism to a polynomial ring K[z, ..., x,], where
the x; are coordinates or functions on X.

Also note in finite dimensions, the choice of coordinates gives an isomorphism between A™
and then the coordinate space K", which is similar to the situation with vector spaces. In
infinite dimensions we must be more careful.

If X =V is now a finite dimensional vector space, writing k[V'| is perhaps confusing notation,
it does not represent what should be the coordinate ring O(V') = k[BY], which are functions
onV.
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4. Airy structures

Kontsevich and Soibelman introduce the notion of [ ], reproduced here in
definition ( ), to motivate the recursive formula for topological recursion. The data from
the Airy structure is then used to define , which then for the

correct choice of some initial data, specialises to give Eynard-Orantin topological recursion.

The geometric picture is that an Airy structure characterises a subvariety
L in an affine space. LL is analogous to the zero set of a collection of quadratic polynomials.
However we approach this from a more modern algebraic geometric perspective, L is the
spectrum of a polynomial ring quotiented by an ideal generated by a collection of quadratic
polynomials. However for the application to topological recursion, the IL is represented by an
ideal in a polynomial ring in infinite variables.

It is possible to identify coefficients of these polynomials with tensors, denoted A, B, and C.
The fact that L must be Lagrangian is encoded in these tensors. Constraints on (A, B, C) is
how an Airy structure is defined in | ]

To get to abstract topological recursion, requires a quantum Airy structure. Briefly, a quantum
airy structure is an Airy structure, but in a non-commutative ring of operators.

In particular, the quantum Airy structures necessary for topological recursion arises from an
underlying classical (in a commutative polynomial ring) Airy structure. The Poisson variety
containing IL is quantised via , as per chapter (1). Naturally this
gives rise to a module isomorphic to Oy, under a quotient by #. Along with (A, B,C) from a
classical Airy structure, there is an additional tensor &.

Finally looking for a particular module dual to Oy [h] gives rise to a wavefunction, per
chapter (1). This wavefunction is written as exp(S(z*)), where S(z*) is formal series in some
parameters z* with coefficients built out of (A, B,C), and ¢.

4.1. Lagrangian subvarieties

We consider an algebraic analog of a Lagrangian sub vector space in a symplectic vector
space. First, we recall the definition of Lagrangian in the symplectic vector space setting. Let
(W, w) be a symplectic vector space. Let L C W be a sub vector space. Recall the symplectic
complement, L+ of L is defined as:

Lt = {w € W|w(w,v) =0,Yv € W}.
Definition 4.1.1 (Coisotropic vector space). L is coisotropic if L* C L.

75



Then L is Lagrangian, if it is maximally coisotropic:

Definition 4.1.2 (Lagrangian vector space). L is Lagrangian if L = L*.

Note definition ( ), applies for arbitrary dimensional W. In finite dimensions it is a
consequence that L is half the dimension of W'.

Now consider a Poisson scheme (W, Oy/). For a closed subscheme L in W defined by an ideal
sheaf J of Oy-modules, L. = supp(Ow/J), L is coisotropic if J satisfies the following:

Definition 4.1.3 (Coisotropic subvariety). L. is coisotropic in W if the ideal sheaf J is
closed under the Poisson bracket

7,7} J.

Alternatively J acting as a Poisson derivation {.7,-} on Oy fixes [J. Like the vector space
example, Lagrangians in the algebraic picture are required to be coisotropic. To obtain what
it means to be Lagrangian, we will use something which is analogous to half-dimensional.

Now suppose there are Darboux coordinates on W, so O(W) = k[z.] ®x k[y.], and potentially
an ind or pro-infinite completion along the z and y directions respectively. In the case of
Airy structures, we consider Lagrangians to mean coisotropic varieties, which can locally be
solved for each y;:

Definition 4.1.4 (quadratic Lagrangian). L is a quadratic Lagrangian if its defining ideal,
choosing local coordinates (z',y;), is generated by irreducible quadratic polynomials, J(U) =
(H; : Ow (U)), of the form

Hi = =Y; —+ az-jkxjxk + 2bfjxjyk + Cgkyjyka

such that {H;, H;} = gfij for some gfj € k. Furthermore, there is a bijection between the
index set of the H; and the y;.

The bijection means there is an equation for each y;, and so this is analogous to half
dimensional.

So as long as there is a bijection between the set of y. coordinates, and a labelling of the
defining equations for a subvariety, and as long as they satisfy the coisotropic condition, we
consider this as a Lagrangian.

The important property is to be able to write the Lagrangian as a local generating function
y;dz’ = dSy(z*), which involves solving for each y; as a function of z°. This means having an
equation for each ;.

This definition naturally generalises to cubic, quintic and higher order Lagrangian. Instead
of —y; + Q;(z°,y.) where Q; is quadratic, it is possible to consider —y; + P;(z*,y.) for some
arbitrary order polynomial P. However there will be constraints on the coefficients. [ ]
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An insight of Kontsevich and Soibelman is that the coeflients a;;y, bfj, and c{ * have interesting
structure which they term an

4.2. Airy structures

4.2.1.0. Affine case

Consider a Tate space W, with possibily infinite dimensional coordinate ring (given by
pro or indinfinite completions, lemma ( )) O(W) = k[z*,y.], where z*, y. are Darboux
coordinates such that there is a Poisson bracket {y;,z’} = &/,{z", 2’} = {y;,y;} = 0 .
Consider the ideal I in O(W), defined by the irreducible quadratic polynomials:

I=(H=—-y; + awkxjcc + 2bk xjyk -+ c’ yiyr € O(W)),

with the requirement that I is closed under the Poisson bracket. Closure under the Poisson
bracket is computable in terms of H;:

{Hia Hj} = gZHk’
where gf; are constants. This puts constraints on the coefficients (a;x, bf;, ] 7.

Further the ideal defines a O(W)-module, O(W)/I, and the support of this module defines a
quadratic Lagrangian L:

L := supp(O(W)/I) = Spec(O(W)/I).

With respect to the polarlsatlon which is the choice of V' C W such that W =2V @ V*, the
coefficients (aq;x, b, c*) of H; can be identified with tensors:

i)
A = (a;,) = a'z'jkmi Q' @k Sym(VeVeV),
B=(t) =btie' s’ @y, : Sym(V*@V V),
= (") ="' ®y; @y : Sym(V*@V* V),
where repeated indices denote summation.
The closure of the Poisson bracket induces constraints on the tensors A, B and C. These

constraints are known as an Airy structure on V' | ; ]:

Definition 4.2.1 (Airy structure). An Airy structure on V is a collection of tensors
(aijn, O, ¥ satisfying the constraints:

2 (b, — b)) = g,
4 (ajksbzt azksbk ) gijakst7
2 (a,]ksckt azksckt + b bl — b’?kbk )
)

2<bskckt_b k:t_|_bt ks_bt ks
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These constraints are homogeneous in A, B and C. The constraints are computed in appendix
(A1)

We are interested in studying L in formal neighbourhoods of the origin. Corresponding to L.
is a formal scheme L which is given by completion of L by a maximal ideal m (zero in W).
Concretely this is given by taking the colimit of the quotient:

L= colim Spec (O(L)/m™).
The resulting formal power series describing this object contains useful information.

Proposition 4.2.2. The formal completion is given by

L = Spf (O(W)/{y: — uou(a"))
where the ug,; are given by solving H; = 0 for y; as a function of the x°, so y; = ug;(z").
Remark 4.2.3. This series contains the genus zero information of topological recursion.
Remark 4.2.4. The n-th formal neighbourhood corresponds to the quotient O(LL)/m™. We

think of L in terms of formal neighbourhoods.

Recall, fized point iteration of a function f is a sequence of points w,, such that w, = f(wp,_1).
If f is continuous then the fixed point w satisfies w = f(w). Completing the Hamiltonians at
the maximal ideal can be viewed as a fixed point problem

Yi = fi(y.,2")
where f; are the remaining degree 2 terms in z* and v..

In general, the formal series uo,; can be constructed via a fixed point iteration, which is
equivalent to the zero genus part of Theorem 2.4.2 in | ]. The point y* = 0 is satisfied by
the equation 0 = f;(0, z*).

Theorem 4.2.5. The formal completion is described by the fixed point iteration:

(0)

— qeopdpk
Ugi = QiK' T

u(()?i) = aijkxjxk + bej:cju(()?k_l) + Czku(()t;-_l)u((fk_l).
Proposition 4.2.6. Coefficients of this formal series stabilise: u(()"z)(x) converges to ug;(z°)
Converges mean the coefficients of corresponding terms for the same degree in x°* are equal.

This is originally proven in | | more generally in terms of abstract topological recursion.
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Example 4.2.7. Consider the conic —y + az? + 2bzy + cy? = 0 in k[z, y].

Any choice of (a, b, c) satisfies the Airy structure constraints. Solving for y(z) at (z,y) = (0,0),
there is a formal solution:

uo(z) = 2ic (1 —2bx — \/—4acx2+(—1+2bx)2) .

» If (a,b,c) = (1,1,1), this is the generating function for Catalan numbers:

(2n)!

_\= el
m+rym® "

up(z) = 2 + 22° + 5a* + 142° + 4225 + - - +

Y

as seen in chapter (1). These numbers count rooted binary trees [Sloa].

Alternatively multiplying by x, this is the generating formula for the number of tri-valent
graphs weighted by (a, b, c).

» If (a,b,c) = (1,1/2,1), this is the generating function for Motzkin numbers. The n-th
Motzkin number counts the number of ways of drawing non-intersecting chords between
n points on a circle [Slob].

Note at (z,y) = (0,1) there is another solution for the positive square root.

The two dimensional case with scalar coefficients (a, b, c), per example ( ) is suitable for
reconstructing any example.

Defining uo(z") = ug.i(z")x’, monomials can be identified with tensors in Sym(V'). The first
few coefficients of ugy are

k ik k1s
{aijk7 2bija'k'rsa CZ A jrsAketu + 4bz-jbk,,a,stu, ce }

Remark 4.2.8. Note that in the infinite dimensional case, we explicitly only consider tensors
such that contractions are terminating or finite sums. There is no convergence issue. In
particular this is a result of the discrete topology on V. Although there are infintiely many x°,
a term like a;jz'ziz* must only be a finite sum of different z*.

4.2.2.0. Generating function

Generally, any Lagrangian subvariety can be represented locally by a generating function.
This means take the formal completion of O(L), at a maximal ideal corresponding to a point.
In the case of the quadratic Lagrangian defined by some quadratic polynomials of z* and y°,
for example in one dimension ( ), this is analogous to solving for y. as a series ug(z").
Related to this generating function ug(z*) is a primitive:

Definition 4.2.9 (Primitive). Define the primitive So(z*) as the function such that dSy(z*) =
ug,i(z°)dz’.
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This primitive is related to the symplectic form.

The restriction of a primitive of a symplectic form to a Lagrangian subvariety is exact. In
the case of a symplectic variety, there is a symplectic form Q = d(—y;dz") = —dy; A dx'.

Restrict the primitive, —y;dz?, of €, to a formal neighbourhood of 0 € L to get a function Sy
defined in a neighbourhood in W of 0 € LL satisfying;:

ydz’ == dSp(x") = ug;(x")dz".
Explicitly writing out some terms gives:

1 . 1 o
So(z) = gaijkz’xjxk + 6 (bfjakgm + bfeakjm + bfmakjg) ziztz™ + .. ..

Lemma 4.2.10. Sy(z*) is symmetric under permutations of the xz*, which in finite and

infinite dimensions, corresponds to bijections of the index set I — 1.
The symmetry of Sp(z*) is a consequence of { H;, H,} = gF

to z; generates other identities involving the tensors

" Hj,. Differentiating Sp with respect

(az’jka blﬂ Cjk),

159 1

which also follow from the closure condition. For example:

k k k k k k
bijakém + bieakjm + bimakjl = bjiaklm + bjeakim + bjmakiéa

which agrees with the constraints in definition ( ). For example we see that
9 4 0k k k 3 ol k 3l (4)
pye Soa = g(bijaklm + bjyakjm + by arje) 2 "™ = 2b;;0pmT’ T ™ = Uy ;

as required.

4.2.3.0. Graphical representation

There is a diagrammatic, or graphical, algorithm to compute the monomials ug ().
Previously, topological recursion has been visualised as a graphical sum, for example | ],
so we outline a similar scheme for the function ug(x) encoding the Lagrangian in the case of
Airy structures.

In the case of the planar conic,
—y+ 22+ 2zy+y° €Kz, vy,

solving for y(x) = 0 as a power series in z, gives the generating function for Catalan numbers,
which count rooted binary trees. Associated to these numbers, in chapter (1), we drew the
trees up to isomorphism. A weighted count of these trees, returns the Catalan numbers,
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which are the coefficients of powers of z in y(x). The same process can be carried out with
the weighted conic

—y+az’+2zy+cy’

which assigns a particular weighting of certain trees. This conic is nearly sufficient for even
producing the coefficients of the 2n or even infinite dimensional case of solving for y. in the
quadratics H. in k[z!,...,y1,...]. To recover the tensor contractions in the coefficients of
products of z*, requires something like type-inference. The weighted conic gives the correct
structure but forgets information about the tensor contractions.

In this section we describe a procedure to find the coefficients in u ;. Coeflicients of z* in
up,; are identifiable with rooted trees, much like the 1 dimensional case —y+az?+2zy+cy?,
but we have to infer the tensor contractions.

To do this, we will consider building a directed graphs from the trees, and then use this to
assign a certain labelling to vertices.

Generating trees up to isomorphism type, and counting types weighted by number of
automorphisms will generate Catalan numbers. Furthermore, the purpose of considering
graphs instead of trees is to examine a generalisation required in the case of quantum Airy
structures.

Generating graphs

To build the graphs corresponding to ug ., for n > 3, we start with undirected graphs in
2n — 2 vertices, comprising of n degree 1 vertices, and n — 2 degree 3 vertices. Note that we
only consider graphs up to automorphism.

From the undirected graphs, generate a collection of graphs where an orientation is chosen on
every edge. The orientation of an edge in the graph is denoted with an arrow. Relative to a
vertex, we call an edge incoming if the arrow points in towards the vertex (— ), or outgoing
if pointing away (< +). Incoming edges we label with orientation —1, outgoing with +1.

Every degree 1 vertex in the original undirected graph must be given an incoming edge, for
example figure (4.1). Next we consider possible orientations for the edges of the degree 3

Ny,
>

apply orientation

Figure 4.1: Applying the orientation in the case of n = 4. There is only one possible graph.

vertices. Starting at a vertex with two outgoing edges, which are attached to two degree 1
vertices, edges are chosen for the degree 3 vertices in an ordered way, edges must be oriented
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so they form consecutive strings of +1 or —1, for example, for the graph in figure (4.2),
relative to the starting vertex, the orientations:

{+1,+1,+1}, {+1,+1,-1}, {+1,-1,-1},

are allowed, while
{+1,-1,+1},

is not. This effectively generates a unique internal vertex in the graph, that all internal edges
can be traversed to unambiguously. For more complicated graphs this means creating a vertex
that acts as a sink. A sink is a vertex that all (internal) paths, following the orientation of
the edges, lead to for example (4.2). The degree 1 vertex adjacent to this sink becomes the

sink

Figure 4.2: Deciding on the internal orientation.

root vertex. Flipping the direction of all the arrows from the root to the degree 3 vertices at
the edges (only attached to two degree 1 vertices), we can see produces a binary tree.

The same idea will extend to generate the graphs in the quantum case, but instead graphs,
we must consider multigraphs, where vertices are still all degree 1 or 3, but now can have two
edges between vertices. Edges will still be labelled to create sinks, except for the presence of
external tadpole like diagrams which decorate the edge of the graph.

While these graphs are a binary tree, they have a special decoration, which will be important
for deciding on how to label them with tensors to create the terms of ug(z*). Vertices with
three outgoing edges will associated with a,;; tensors, two outgoing and one incoming will be
bfj and finally one outgoing and two incoming a cZ k

Labelling graphs
To get the explicit monomials, for example
u0,5;i = (Cgkajrsaktu + 4b§7b]isajtu) x"'xsxtl‘u,

we label the graphs as described in the previous section, with tensors (a, b, c) and z. For the
term wug i, for n > 3, we consider the graphs in 2n — 2 vertices where there are n degree 1
vertices, and n — 2, degree 3 vertices as described in the previous section. The free index ¢
will correspond to the root vertex, and the other degree 1 vertices will represent an x°.
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Vertices are labelled by tensors. A vertex with an outgoing edge will correspond to a lower
index in the tensor labelling that vertex. An incoming edge corresponds to an upper index in
the tensor labelling that vertex.

In terms of a vector space V, lower indices corresponds to components of a tensor in V', and
an upper index corresponds to components in V*. An edge represents a tensor contraction.

o0

The graphs in the sum describing v ,,; will be labelled by the tensors (a..., b:,,, c*), and z°.
» All degree 3 vertices are labelled with one of the tensors (a...,b; ., c.*

»e» C"), where « represents
indices that need to inferred.

= Label vertices with 3 outgoing edges with the tensor a....

= Label vertices with 2 outgoing and 1 incoming edges by the tensor 20; ..

Label vertices 1 outgoing and 2 incoming edges with the tensor c¢’*.

* We use Einstein summation convention and infer the labelling of the indices on the
tensors. For tensors joined across an edge, which represents a contraction, an upper *
and a lower . are fill with the same symbol.

* The one unlabelled index on some tensor connecting to the root vertex is given the
unique external index, for example denoted i if we are considering the graphs for ug ..

* Note that apart from w3, & vertex connected to the root is never labelled with a.
So labelling every graph and then summing the labels together, gives ug ;.

Recall that Sp(z*) is defined as the primitive so

dSo(z") = u,i(z")dz’ = ugny(z")dz’.

n>3

So is found by the previous labelling algorithm for ug;, but instead now labelling the root
vertex with an z’, and then multiplying by 1/n.

Example 4.2.11. In the case of the conic, —y +ax?+2bxy + cy?, dim(V) =1,

1 1 1
So(z) = ga:v3—|- Z(2ba)w4+ g(ca2+4b2a)z5+....

4.3. Quantum Airy structures

Let (Ow[A], ) be the deformation quantisation of (W, Oy/). The idea is to find a Ow [A]-
module, such that under the quotient map 4 — 0, gives a module supported on a Lagrangian
L.
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4.3.1.0. Affine case

Consider a finite dimensional polynomial ring in 2n variables O(W) = k[z*,y;], with a Poisson
bracket defined on the generators by {y;, 2’} = 67, {z%, 2’} = {y;,y;} = 0. Note in infinite
dimensions, this ring has additional structure, lemma ( ).

We consider a deformation quantisation of O(W), given by (O(W)[A],*), where * is the
usual Moyal star product, definition ( ). On the generators we have the products:

' x ! =z'y?

; ) h o
yj *k:I,'Z = x’yj + 5(5;
Yi *Y; = YilY;
where terms like z'y; are a new function in O(W)[#], not a product.

We now consider the deformation quantisation of a subvariety £ defined by an ideal I = (H; €
O(W)) of quadratic polynomials H;, and a corresponding dual Oy [h]-module. Suppose in
local coordinates suppose H; take the form:

H; = -y, + ayr '’ + 2 bfj Ty, + cgk YiYk-
Necessarily any module of the form
&= OW)[h]/OW)[h] - (H — hJ)

restricts to £ under the quotient map by A. Furthermore we are also interested in the dual
Ow[h]-module

which encodes solutions to the equations

For now we consider the case where hJ; are elements of k[#].

To analyse this problem (O [1], %) is identified with a Weyl algebra WV, with an isomorphism
¢ : Ow[h] = W;. On the generators p(z;) = x; and ¢(y;) = h ;. Furthermore, star products
correspond to operator products:

o' x2?) = z'x’

o(z" *xy;) = ha'6;
o(y; * x*) = hoj;(z;)
o(y; xy;) = 10,0,
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To find the image of a function, for example (z'y;), in the Weyl algebra, we have to use the
definition of star product and try to work out which star products will give the desired term.
For quadratic terms this is relatively simple, and follows from the definition immediately, for
example:
i i
S0
0

o .
, 557 When h is

Remark 4.3.1. Note 0; can be identified with the vector field, or derivation
invertible.

So with the deformation quantisation procedure, there is no ambiguity of ordering, but there
are clearly many modules corresponding to different choices of #J, which have the same
classical limit. The map to the Weyl algebra however does introduce a constant term, but
this is not a choice, it follows directly.

So now we consider the image of ¢((H; — /iJ;) x w), which is used to define an operator
equation (H; — fiJ;)1) = 0. The image of the functions H; under the isomorphism to the Weyl
algebra are operators H; = ¢(H;):

H; = 10; + iz’ + 20 bf, 270, + h2cl*0;0), + h&; + hJ;,
where we must have _
& = bl61.

This is consistent with quantisation presented in | ].

Remark 4.3.2. The coefficients €; give a tensor € :V,

€ =¢g;x".

For a moment suppose the H; and W) exist independently of O(W) [#]. Kontsevich and
Soibelamn define an Airy structure on W; to be a choice of coefficients of H;, such that the
H; are closed under the Lie bracket:

Returning back to the case where there is an isomorphism to a space O(W)[%], Kontsevich
and Soibleman then define a quantum Airy structure as constraints on a particular tensor
€ € V, or a collection of numbers ¢; : k, so there is a correspondence between the Poisson
structure of H; and H;, L

[Hi, Hj] — h{H;, H;} + hgjex.

In our case, this may put extra constraints on the choice of J;.
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Definition 4.3.3 (quantum Airy structure, | ])- A quantum Airy structure is a collection
of tensors satisfying
st st\ _ k
2 (ajst ¢, — QistC; ) = 0;;€k-

See appendix (A.2) for the explicit calculation of this constraint.

Necessarily we must have
E; = gz + JZ

which means J; must be chosen to satisfy:

2 (ajst &t — agst C§t) = g5 (b3 — Ji)-

Quantisation in infinite dimensions and the trace of the B tensor

We see that the trace of the B tensor b}, is an obstruction to existence of quantisation in
infinite dimensions. This is where a choice of topology or the method of extension to infinite

dimensions becomes important.

In the case where we take a pro-infinite, or limit of the n, of the y® per chapter (3), this
allows a potentially infinite combination of separate gy, for example:

Y1+Y2+ys+...,

although note there are no infinite sums of powers of an individual y;. Simultaneously if
there is an ind-infinite extension, or a colimit in n of the z*, this still allows a pontentially
infinite sum from b;; because of the interaction with the y".

One solution is that b must only contain finitely many non zero terms. The other choice is
that bgj is a convergent series, in terms of partial sums.

Another solution is using the idea of renormalisation. As we increase the number of z* or y*
terms, although the sum bgj may be growing, it is possible to adjust Ji accordingly, so the

contribution from bZJ is cancelled in the operators H;.

Example 4.3.4. For example suppose for some fized i, b, =1+2+3+---+n. Then set
Ji =n(n+1)/2. Then as n — oo, bk — J; = 0. Note that the constraints on the a and c
tensors must also be satisfied.

Of course this is also conditional on the constraints for a and ¢, per definition ( ). In
chapter (6), is an example of this procedure. Overall, this suggests we should simply study
the renormalised Hamiltonians, were contributions of constants from quantisation have been
cancelled out:

Example 4.3.5 (Renormalised Hamiltonians).
?Ii = ﬁaz + aijkxixj + 2h bfj fL'jak + ﬁQCZk(?JBk
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Note that under the classical limit, these still reduce to the Hj, so it counts as a valid
deformation quantisation.

This also motivates the definition of calling €; a tadpole diagram when labelling some graphical
expression. When solving the equations Hyy = 0, in the form ¢ = exp(S(z)), where S(z)
is a series in the coefficients (a, b, c,€), z* and h, ¢; contributions are always identified with
graphs, which can be separated into a piece labelled from (a, b, c), and then a vertex with an
extra self loop.

4.3.2.0. Wavefunctions

A quantum Airy structure encodes an object called a wavefunction supported on L. As per
the example of the conic in chapter (1), we use the Weyl algebra representation and solve the
operator equations on a formal completion. Let

Wi = K[z*, hd.][#]

denote the completed Weyl algebra (which corresponds to completion at point (z,y) = (0,0).
Then we consider: PN _
Sﬁ = Hom (Wﬁ/Wﬁ . (Hk — ﬁJk>, Wﬁ) s

where 5 5 o
H; = —h— + a7 2" + 20 he! — + n2F
oz; + GigpTET o+ 20y Oy, thg Ox;0xy,

and g; = sz as before. The module S; encodes the solutions to the equations

+ ﬁgza

(Hy, — hiJi)yr = 0.

Proposition 4.3.6. S;; is cyclic, hence generated by a single element .

From now on, we use a change of notation, and define

€x = €k — Jk,

and then redefine Hj, to include these terms, be consistent with the notation in | ], so
= 0 : .0 x 0°
H; = —h=— + ajjpa’z" + 208 ha? — + 1*c* he;
’ ox; + i + 2 oy, TG Ox;0xy, + A&,

and consider the module Wy /W, - E, and its dual.

The wavefunction ¥ = 1y, is computed explicitly using the ansatz:
Yu(z") = exp(S(z*)),

where

S(a®) = 31715y (a%),

g
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and solving the partial differential equations:
H; exp(S(z*)) = 0.

Modulo A, 9, is a function supported on H:, (formal neighbourhoods of ). In the next section
we do this explicitly.

Remark 4.3.7. This equation is understood from an algebraic perspective, a solution is a
formal power series.

Example 4.3.8. Consider the quantised conic:

—ﬁg + az’® + 2bfm'2 + ﬁ2ca—2 + he|YL(z) =0
Ox ox 0%z A

The wavefunction is given by:

1
u(z) = exp (E [ o (uo(w) + s () + O(fﬂ))) ,
where integration is understood as formal integration. Note this wavefunction is defined at
the point (z,y) = (0,0).
» If (a,b,c,e) = (1,1,1,0), then up(x) is as example , and

1—+1—4z

2n)!
=2z + 100 +--- + 4”——( n) A SRR
1—4z

(n!)?

where uy 1s the generating function for counting numbers of rooted two-face n-edge maps
in the plane, (1-loop Feynman diagrams) [ ).

ui(z) =

4.4. Abstract topological recursion

A result of Kontsevich and Soibelman | | is that the coefficients of S, of S satisfy
. Denote Sg,n;il,...ik = 8ik e 8Z'1 ng.

Definition 4.4.1 (Abstract topological recursion). The recursive formula:

n—1

ik k
ngn‘;i,ilv'"ain—l - CZ Sg_lan+1;j:k7i17'~'in—l + 2 Z blZaS 7n_1;ki{1,...n—1}/{o¢}

a=1

ik
+ Z C’Z Sgl»#ll+1;j ng,#Iz"rl;k)
g1tg2=g
I1|_|12={1 ..... n—l}

is called abstract topological recursion, for g =0,n >3 and g > 1,n > 0.
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To see the definition, apply the H, to ¢, and solve for 0:
aijer’z® + 37 (2 i), D Symzt+
g n

n? Czk (Z Sgnijik + Z Sg,n;jsg,n;k) — hSg i + hsi) =0.

Gathering like O(h?) terms gives the formula from definition ( ). The sum of g — 1 and
g1 + g2 = g terms is analogous to topological recursion.

Corollary 4.4.2. S;,, can be computed from Sy, and €.

This just follows from the recursion directly.

Lemma 4.4.3 (] ). The S, are symmetric under permutations of x'.

This was proven by Kontsevich and Soibelman and follows from the properties of the tensors
A, B,C.

Remark 4.4.4. Note this recursion has explicitly made a choice. A bit like the conic
—y+ 22+ 2zy +y?, and solving for y gives two possible choices for the square root, this series
has made a similar choice, it corresponds to a completion at (x,y) = (0,0). This is why the
module is cyclic.

Eynard Orantin topological recursion | ], can be seen as a particular specialisation of
abstract topological recursion. With the right choice of V, restricting to the odd H; recovers
topological recursion. The identification with the tensors in Sym(V') proves the symmetry of

Wgn-

Closure of the Poisson bracket gives rise to the symmetry of the multi differentials in ordinary
topological recursion, as it can be considered a specialisation of abstract topological recursion.

4.4.1.0. Diagrams

The tensors S, ,, are treated in a very similar way to the Sy, case. As before there are graphs
labelled by (a, b, ¢), but we need multi-graphs, which are graphs with multiple edges between
nodes.

Contributions from € terms do not need to be considered. These correspond to tadpole
diagrams, which is a propagator looping around and reattaching to the vertex same vertex. e
tensors correspondingly only attach at the edge of a diagram.

All vertices are still degree 3 or 1, but the notion of genus is encoded in multiple edges
between nodes. A genus g = 1 graph corresponds to a pair of nodes with 2-edges between
them.
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5. Symplectic reduction

This chapter examines a transformation of wavefunctions associated with a process called
symplectic reduction. This transformation, observed in [ ], behaves like a Laplace or
Fourier transform, and we give an example in the case of a four dimensional variety in section
(5.3). This chapter is based on our own work, | -

First we recall the definition of symplectic reduction from differential geometry. Let (M, w)
be a symplectic manifold. Let G be a Lie group acting on M, with a corresponding Lie
algebra g. Consider the moment map u : M — g*. For any & : g, and a point p : M, define a
vector field on M:

Xelp) = 5 exp(t€) -

t—0

The moment map satisfies the property that:

w - Xe = d{p, ).

Definition 5.0.1 (Symplectic reduction). The symplectic reduction of M by G, denoted by
M || G, is defined as the quotient

M )G = u0)/G.
This quotient is a topological quotient given by identifying points in the same orbit.

Lemma 5.0.2. The symplectic form on M defines a symplectic form on the quotient M || G.

5.1. Symplectic reduction of vector spaces

The symplectic reduction of manifolds motivates reduction of symplectic vector spaces, Tate
spaces and more generally affine spaces by an isotropic subspace.

Let (W,w) be a strong symplectic vector (or Tate) space. Let G be a linear coisotropic
subspace, and consider the set G+ := {w € W|w(w,g) = 0, Vg € G}. As G is coisotropic
Gt CG.

The idea is to treat G+ as a group acting on W. To do this consider a representation of G* in
Aff(G), G+ — Aff(G). This subgroup acts on W by translation, W x G+ — G : (w,g*) —
w + gi.

91



This action preserves the symplectic form w. Then we identify a moment map u via the exact
sequence
0G-W5 (GH =0,

so G = p~1(0).

Definition 5.1.1 (Symplectic reduction of vector spaces). The symplectic reduction of W
by G+, W | G+, is defined as the quotient

W ) G+ = G/G+ = 1.

Lemma 5.1.2. The symplectic form on W || G+ is well defined.

Let . C W be a Lagrangian sub vector space.

Lemma 5.1.3 (Reduction of Lagrangians). The Lagrangian LL is mapped to a Lagrangian
BCcW )G+

So we are being asked to consider the image of L in the map W — G/G*.

5.2. Symplectic reduction of schemes

We now define a sheaf theoretic version of symplectic reduction. We call this Poisson reduction,
because it is on the level of algebras.

Let (W, Ow) be a Poisson scheme over Spec(k), where k is a field of characteristic zero. Let
L be a Lagrangian in W. Consider GG, a codimension g, linear, coisotropic subscheme in W.
The quotient W J G* is described sheaf theoretically as follows:

Definition 5.2.1 (Poisson reduction). The Poisson reduction of Ow by G+, is the sheaf
OgL of Ow -modules. Ogl is the sheaf of invariants defined by G+ action on Og.

The next question is how to obtain the image of L in H = G/G*. Define Ox = Oy ®x Ogl.
The image of L is obtained with the following fibre product:

Definition 5.2.2. The reduction of Oy, by G+, (when it exists) is the sheaf Op of Ox-modules
that makes the following diagram commute:

Ox — O¢

| |

OL —— OgnL = Op

Note that this gives a copy of O inside Ox.
Proposition 5.2.3. Op erists when L and G intersect transversally.
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We give an example in section (5.5). Note that intersections in general may not be defined,
for example in section (5.5) transversality is explicitly required.

When G and L are defined by ideal sheaves J; and Ji, then necessarily Op is defined as the
sum of the ideals Jg + Ji.. However this is as a Ox-module.

As before, define H = G/G+. We want to relate Oy as a Ox to a Oy-module. To do this
we look for a map Ox — Oy. In finite dimensions, for example (5.5), it is even possible for
this map to be algebraic. However in the case examined in [ |, W is replaced by an
infinite dimensional space. This map no longer is algebraic, and must necessarily be formal.

5.3. Symplectic reduction of the wavefunction

Now we examine how symplectic reduction interacts with deformation quantisation. Let
(W, Ow) be an affine symplectic space, G and L a coisotropic and Lagrangian subscheme
in W respectively. Suppose the Poisson reduction of Oy by G exists, and denote it O.
Likewise denote the reduction of Oy, by Op. Consider the extension of W, denoted X, so the
coisotropic space G is Lagrangian in X, denoted Gx.

There appears to be two interesting wavefunctions defined on B. The first is a wavefunction
wg, from the deformation quantisation of O inside 0. The second is defined by Kontsevich

and Soibelman in | , b- 53].

For the first definition, this means taking Ox, and looking for a deformation quantisation
module supported on the formal neighbourhoods of the intersection G N L.

Remark 5.3.1. In infinite dimensions in the case for topological recursion, the intersection
gives formal neighbourhoods of the deformation space B — B ~GNL.

From the fibre product, suppose the intersection Ogny, is defined by an ideal sheaf Jgn =
\7G + jL)
0— Jor — Ox = OgAL — 0. (5.1)

Then take the equations for G and L, represented by JgnL = (F;), and pick a Weyl-algebra
representation of the deformation quantisation of these equations, which gives a collection
of differential operators, (ﬁ’z — Jhy). ¢§ is the WKB solution to the resulting differential
equations:

(B — k)i~ =0,

g p
where J € k[7].

In more detail, the quantisation of Oy, be given by (Ow [h], %), where x is the Moyal product,
per definition ( ) . Suppose Ox is quantised to give (Ox[h], *gxt), Where xgy; is the
Moyal star product, defined on the extension Ox[h] ~ Ow[h] ®xpy O [A]. Then pick the
Weyl-algebra representation of (Ox[h], *gxt) = Wx. Finally we study the formal completion
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Wy along a maximal ideal. In example, section (5.5), this will be at the point 0 € X. The
wavefunction is finally a generator of the cyclic module

() = Hom (W /Wx 5[], Wx) -
The second, defined by Kontsevich and Soibelman, is the formal Gaussian integral:

1
V= [ vt

In | , page 53|, this is understood as an integral with 1 as a Gaussian measure and Zy
is some normalisation or constant. ¢ is defined as the wavefunction supported on the image
of G in the extension X of W. Individually:

(g) = Hom (WX/W)(JGX [A1, Wx) (5.2)
(¢r) = Hom (WX/WXjL[[ﬁ]], Wx) : (5.3)

where Jg, [#] is defined below.

Remark 5.3.2. We use ¢ to denote the wavefunction g, = exp(Q2(q,q’)) as written in
[ , p. 58]. We show that

va = Py, (5.4)

where P is a function depending on the choice of extension, and v is a function satisfying the
equations for G in W. The function depending on the extension, P, using the Kontsevich and
Soibelman notation, contributes terms of O(qq'). We claim P defines a Fourier or Laplace
like integral kernel. While g at most contributes O(q?) terms. So while ¢ is quadratic in
terms of the coordinates on the extension, we want to emphasise the important part is the P.
It is necessary that G is linear and coisotropic, or defined by a collection of linear equations.

We are effectively trying to verify two propositions:

Proposition 5.3.3. Symplectic reduction commutes with deformation quantisation.

Further:

Proposition 5.3.4.
1
vy =v5=7 [ Yot

B

We verify this explicitly for linear Lagrangians in section (5.5).

One way to define the integral is to treat

1
Z/V@ba
9



as a linear functional and define the action on coordinates and then extend to arbitrary
functions via Wick’s theorem.

Geometrically the integral can be thought of as a convolution. We want to pick out the
components of the function v, where G and L intersect, to get a function 5. A more basic
example of this situation is from linear algebra. Given a pair of linear operators L, Lo, we
want to find an element in the intersection of the kernels of L; and L,. If the intersection is
non trivial, and given v € ker(L;), and w € ker(Ls), the projection of v onto w would lie in
the intersection. We then want to project or reduce this down onto a smaller space.

Explicitly, the ideal sheaf Jg, [1] defining ¢, is found from the extension X = W & G/G*
of W, where G is embedded as linear Lagrangian in X. Note X has the opposite symplectic
form. Recall in finite dimensions G is defined by n — g equations, then for X to be a 2¢
dimensional extension, requires an extra 2 g equations, so G is sent to a Lagrangian defined
by n + g equations, or an ideal Jg,. On the level of rings this given by a map

OX — OW

For example, in the affine case, introduce the 2g coordinates z,... 24, w1, ... w,y, and then
look for linear functions so G in X can be represented as (y,w) + Q - (2,z) = 0. We go
through a full example in section (5.5).

5.4. Wavefunctions on linear Lagrangian and coisotropic subspaces

Let W be an 2n-dimensional symplectic space, with Darboux coordinates (z;, y;).

5.4.1.0. Linear Lagrangian

We review the idea that there is a unique wavefunction associated to a linear Lagrangian
subvariety in the symplectic space W. From the deformation quantisation perspective, there
is a module, supported on a formal neighbourhood of a point like example ( ).

Consider the case where L is a codimension n linear Lagrangian subvariety, which is written,
as a collection of equations in vector form, as:

y+Q-z=0, (5.5)

where @ is a (n,n)-dimensional symmetric tensor. More generally, given n equations defining
a Lagrangian L, we solve them for y;(z*). For quadratic and higher order Lagrangians, this
requires completing at a maximal ideal, so L is locally written as a generating function
yidz; = dSo(z*), or y can be written as a formal series in z at a point. But in the linear
Lagrangian case, we already have a form for y, so Sy is found directly from equation (5.5):

1
S():—Ea:-Q-x.
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If the equations are not full rank for y, it is sufficient to set y; = 0 at the point defined by
the maximal ideal. It will also be possible to eliminate the corresponding z; variables.

Sparing some details about star-products, quantisation is representable by the Weyl-algebra,
similarly to example ( ):

0
6—%.
Now, a wavefunction ¢ (z*), is a formal series, in defined on a formal neighbourhood, that is
the annihilator of the quantisation of the equations defining the Lagrangian subvariety. In
the linear case it is equivalent to consider the quantisation of (5.5):

ﬁagi/)-l—Q-aM/):O.
x

In the linear case any annihilator 1) is represented by the formal expression:

1 1
1) = const exp (f_iso> = const exp (—%w Q- a:) )

where const is an arbitrary constant. Note exp(f) is a formal object which is a way to store
information about the module homomorphism from section (1.4). Functions can be extracted
from exp via actions of ﬁa%i' Also const is some constant. Note d(Sy) = —(Q - x)dz, so
y = graph(dSp).

More generally consider if the equations for I can be written as
M-y+N-z=0

where either only one of M or N is not full rank. These equations must Poisson commute, as
L is a linear Lagrangian:

{M;;y; + Nijzj, Misys + Ny} = 0.

This gives the constraint —M;; Ny; + N;;My; = 0. For L to be Lagrangian, only one of M or
N is allowed to not be full rank.

Consider the case where N is not full rank, then M is still invertible so
y-l-(M_lN).’lI:O,
and the previous analysis follows where Q = (M~!N).

Now consider the cases where M is not full rank. First consider the case where a single y;
does not appear in any equations. So M has a zero column and row. Multiple missing y; will
follow inductively. As N still has full rank, it is still possible to solve for the corresponding z;,
so x; = fi(z1,...%i—1,Tit1,. .. Ty), where f is a linear function. We then consider a reduced
system of equations: N ~

M-y+N.-z=0, (5.6)
where M , N are the reduced tensors so there are no z; or y; terms. Now the previous analysis
follows. While quantisation of W still includes h0;, we only need to consider annihilators of
the quantisation of equation (5.6) in k[z1,...2Zi—1,Zit1, . - - Zn].
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5.4.2.0. A formula for Gaussian integrals

Let W a symplectic space with coordinates (z*,y;), and V be a Lagrangian with coordinates
x;. Recall the objective is to compare the wavefunctions, in the Weyl-algebra representation,
first from the scheme theoretic quotient, the second from the Gaussian integral:

1
Vg = 70/‘/ YL Y- (5.7)

Note that 1, depends on x coordinates, while 1¢ will depend on x and the coordinates of
the extension. So the integral can just be viewed as integrating over V.

The central identity of quantum field theory | ], is a useful formula for evaluating Gaussian
integrals, such as the integral for symplectic reduction of the wavefunction in equation (5.7):

Lemma 5.4.1 (Central identity of quantum field theory).

Zio / Dzexp (Qz, J)) = exp <_v <%)) exp (% J- (K7 J) : (5.8)

where )
Q(Z,J)=—§CL'-K/-CL'—V+J-ZE.

o(+(2)

is an operator, computed by expanding the exponential as a series. Also note these integrals
are all treated formally.

Note that

Remark 5.4.2. In the central identity, equation (5.8), J is called a source term.

Now when ¢ is given per equation (5.4), (for simplicity set S = 0, in general it will always
factor out of the integral, and rescale by K and J by h):

1
¢G=exp<—§x-K-x+J-x),

equation (5.8) is useful for computing 5. J, from the extension of G in X, is treated as the
source term, so:

1 1
g = Z)/Dxexp (—ix-K-m—l-Jw) YL.
Example 5.4.3. Let L be determined by a collection of quadratic functions:
I(L) = (=ys + aijn;Tr + 2bijeT;Yr + CijkYYn),
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in K[z.,y.]. Then there is a wavefunction of the form i1, = exp(S), where S =3 50 h971S,.
S contains quadratic and linear terms in x, so the formal integral for vz becomes:

1 1 _
V5 =Z)/D$exp [— 5" (K— Zﬁg 159,2;.,.) x4

g>0
-V'+|J- Z A9, 1. x]
g>0
where V' are the remaining terms of S cubic and greater order in x.

Using the central identity of quantum field theory, (5.8) let J be a source term giving a formula

Jor ¥g:

smenfe (1)

exp (% (J =D 17 Sg0e) - (K =Y B Sg00e) ™ - (J = D 1S, ’1;.)) l

g>0 g>0 g>0

In general this could be impractical to evaluate explicitly.

5.5. Deformation quantisation and reduction in 4-dimensions

We now give an explicit example of the reduction of a wavefunction, and show the integral
formula computes the same result as a deformation quantisation of the symplectic reduction
of schemes in the affine case. Although this is only a 4-dimensional example, the computation
would extend easily for arbitrary linear Lagrangians.

Example 5.5.1. Consider the symplectic space W, with coordinate ring
O(W) = k[z1, 22, y1, ¥
There is a Poisson bracket given by
{zi,z;} ={vi,y;} =0, {zi,0:} = 1.
Let . C W be a linear Lagrangian defined by the ideal I = (H,, Hs), where:

H, =y, + Az, + Bz,
Hy = yy+ Czqy + Dxs.

Recall I is required to be closed under the Poisson bracket, so B = C.

Let G be a linear coisotropic subspace of codimension n — g = 1. G is determined by the
equation:
I(G) = (HG’ =ar + b.’L'Q + CY1 + dy2>
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Further G and IL must intersect transversally at the origin, so 790G + TolL = ToW. In this
case, transversality is given by requiring at least one of following terms to be non zero:

a—cA—dB, (5.9)
b—cB — dD. (5.10)

If both are zero, then G and LL do not intersect transversally. Equation (5.9) can be found
by row reducing the coefficient of the equations defining G and L together. Alternatively
equation (5.9) can be found by requiring the wedge product of the differentials of the equations
for G and IL being non zero.

Now note as G is codimension n — g = 1, the extension X = W & G/G* necessarily must
have dimension 6. Let O(X) = k|[x1,x2, 21, Y1, Y2, w1]. Define a Poisson bracket on O(X) via
{z;,y;} = {z1, w1} = 1. Then on the algebraic level, the extension is defined by an opposite
map on rings:

K[z, za, 21, Y1, Y2, w1] — K[T1, T2, Y1, ¥2], (5.11)
such that the image of G in X, Gx is a linear Lagrangian (linear is the simplest Lagrangian,

and later quantisation will yield a Gaussian function), which in terms of rings means there is
an ideal I(Gx) in O(X) that is involutive under the Poisson bracket.

{I(Gx),I(Gx)} = I(Gx).
The map (5.11) is constructed on the generators. First
T = T;
Yi = Yi
Then finding Gx as a Lagrangian in X, requires finding two additional linear functions (,

and &:

21 = G, 4), (5.12)
wy = &1(2e, Y0), (5.13)

such that taking the equations z; — (; = 0,w; — & = 0, and Hg = 0 defines a Lagrangian
Gx in X. This means
I(Gx) = (=1 — G, w1 — &1, Ha),

is a Poisson ideal in O(X). Using the Poisson bracket on X, as they are all linear, we require

{HG,Zl - Cl} = {HGawl - fl} = {Zl — Gy wy — §1} =0.

One choice is !
Gt=azi+cy;, and & = d (dzq — cx2) .

Now we can quantise O(X), (and O(W)) to find )¢ and ¢, supported on formal completions
L and Grag at 0. With this choice of Gx in X, we construct a unique solution for vg.
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Consider the deformation quantisation of O(X) with a star product, per definition ( ).
The non-commutative algebra (O(X)[#], ) is isomorphic to a Weyl-algebra of operators with

the map
0

0
i — h—,w; = h—.
4 61‘1 ! 6z1
Then g (x1, 22, 21) is a generator of a module, given by equation (5.4), and on a formal
neighbourhood of z = 0, satisfies the equations:

0 0
(aml + bll?g)’l/JG + h <ca_fL‘1 + da—m) Q/}G = 0,
0
(21 — az1)yG — Cﬁ—amli/fc =0,
0 1
ha—h@bg — a(dl’l — CxQ)’l,bG =0.

Then looking for a solution of the form:
1
Ye(z1, xe, 21) = const exp (—Ez K-z+J- w) ,
on the completion around x = 0, we find:
_1(afc O 1 1/c
K‘ﬁ( 0 b/d)’ J‘ﬁz1<—1/d)'
where ¢,d # 0. Note const is just a generic constant term. Wavefunctions are elements of a

module over k[#]. Note unlike example ( ), there is no need to complete at y = 0 and
pick a particular solution.

Similarly in W, there is a unique solution for )y :

1
YL(21, z2) = const exp (_ix Q- x) ,

1/ A B
Qz_ﬁ(B D)’

and const is another arbitrary constant in k[#].

where

Now to finally perform the integration, 1y, is a Gaussian, and via the central identity, equation

(5.8):
¥5(21) = const /D$ Ve YL,

=const/Dxexp(—%x-(K—i—Q)—w-l—J-x),
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which gives

1 1
¥5(21) = const exp <§ J-(K+Q)™- J) = const exp <_§1 Co zf) ,

where

_ (ac—Ac?+d(b—2Bc—dD))

"~ cd(a(b—dD) — c(A(b— dD) + B2d))’

Note that this integral fails to exist when @ + K does not have an inverse. Checking for
where det(Q + K) = 0, this is equivalent to when

Co

B%cd = (a — cA)(b— dD),

which is equivalent to the fact L and G must intersect transversally.

As a first check on this formula, taking the equations for G, L in X and eliminating x. and
7., gives an equation
w1 = €121, (5.14)

which algebraically, represents the sum of the ideals of G and L, per sequence (5.1). The
sum of the ideals is the algebraic way to describe the intersection G N L. Also note

_ (—ac+ Ac® +d(—b+ 2Bc+ dD))
~ cd(dD(a — Ac) — ab+ Abc + B2cd)’

&1

Note that ¢; = —cy. As before, the quantisation O(X)[#], is isomorphic to a Weyl-algebra of
operators:

0 0
Ty = Ty, 21 — 21, Yi > I , W1 — h .
8:@- 62’1

Quantising equation (5.14), gives a differential equation,

0
ﬁa—;Zl’(/) = clzlw.

This equation has a solution of the form:

1
1 = const exp (%clzf) .

Now as ¢; = —cy, P53 = ¥, so quantising on the quotient agrees with the integral formula.
Both wavefunctions % and 15 are undefined in the case where G and L fail to intersect
transversally.

As an example, set {a, b, c,d} — 1. In this case both vz, and ¢ reduce to

¢=constexp<—1 (2-A4-2B—D) 2),

20 (B2 - (1- A)(1—- D))~
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as long as B? # (1 — A)(1 — D), which is the transversality requirement. So the quantisation

of the reduction can agree with the integral transform from | |. However we did pick
a particular deformation quantisation module for this to occur. In the case of the conic,
example ( ), there was an ambiguity up to a constant term AJ. In this example we chose

particular constants for the correspondence between the integral formula and the reduction
to work out cleanly.

5.6. A reduction in higher dimensions

In this section we consider a finite dimensional analog of Gy, in the Tate space of differentials
associated to a curve X. Inside a symplectic space W, consider a codimension n — g coisotropic
space G.

Example 5.6.1. Let O(W) = Kk[xy,...Zn,Y1,-.-Yn), with a Poisson bracket defined by
{z:,y;} = 6ij,{zs,z;} = {vi,y;} = 0. Let G be codimension n — g, so defined by n — g
equations: I(G) = (Tg41,...%n), and L is defined by n quadratics I(L) = (H; :== —y; +
@ik % Tk + Dijki Y + CijkY;Yk) -

W has dimension dim(W) = 2n. The extension X will have dimension dim(X) = 2n+2g. The
image of G in X, is naturally a Lagrangian in X, and must have codimension n—g+2g = n+g.
The extension of W to X, f: W — X is equivalently a map of rings f. : O(X) - O(W),

fetK[z1, .o Tny 2150 20, Y15 - - - Yny W, - W] = KX, Ty Y1y - - Un),

where the coordinates on X have Poisson bracket {z;,y;} = {2, w;} = ¢;;, and all other
combinations vanishing. This map needs to define the image of G, Gx = f(G) as a Lagrangian
in X. This means looking for an ideal I(Gx) which maps to I(G), and I(Gx) defines a
Lagrangian subvariety in X.

On the generators, the map f, between rings is necessarily given by x — =, y — y and an
extra g + g linear equations of the form:

zi = Gi(@., ¥e) = aijx; + bigy;, wi = &i(Te, ye) = 5T + dijy;- (5.15)
The requirement that this map defines Gx as a linear Lagrangian in X places constraints
on these equations. As Gy is required to be a linear Lagrangian, the Poisson brackets of
functions defining Gx must vanish:

{zi — aijTj — bijYj, Wk — CriTi — duyi} =0, {CE>g, ai;T; + bijyj} =0,
and
{Z>g,cijz; + dijy; } = 0.
The brackets with z-, terms give b; 4 = d; »4 = 0. Further
{2 — agz; — bijy;, wr — ez — duy} = {2, we} + agdu{z;, v} + bijeu{y;, o1},
= 0= d;x + aijdi; — bijc;.
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A solution is given by
G =Yk, & =Tk (5.16)

where k € {1,...,g}. Also note G and L intersect transversally.

As per the previous example from equation (5.12), solving for (y,w) as a linear function of z
and z, encodes Gx locally as a generating function, so

(y,w) = graph(dQ),

or ‘ .
yidx' + w;dz' = dQ),

Note however, as I(G) = (z,), along with equations (5.16), this does not give constraints
on some of the y,.

As per chapter (1), the deformation quantisation of O(X), is given by a non-commutative
ring (O(X)[A],*), where x is the Moyal star product per ( ). As before we take a
representation of this non-commutative ring into a Weyl-algebra Wx:

0 0 0

0

Wx =K[z1,...2n, 21,... 24, 1
via the map on generators:

0 0
Ty —> Tk, Bk — Rk, Yk — h , Wi — h .

Take I(Gx) in O(X), and consider the quantisation, which is an ideal I;(Gx) such that
E = O(X)[#]/I+(Gx) maps to O(X)/I(Gx) under quotient by /2. Then taking the map to
the Weyl-algebra, I;(Gx) gives a collection of differential operators.

Note that equations of the form z-49¢(x.,2.) = 0, so the z-, act as torsion elements. These
equations do not give a well defined . So setting z-, = 0 first, which means look for a
module over k[z1,. ..z, 21, . .. 24][R], will however give a wavefunction. This means there is
no z-, dependence in 1. Further the quantisation of the y-, automatically annihilate 9.

Then the wavefunction ¥g(z1,...,%,, 21, . . . 2,) satisfies:

0
(ﬁaxz - Zi) '(/)G = Oa

0

Which has a solution:

Y6 (., z.) = exp (% i iﬂkzk> = exp (%Q(m., z)) . (5.17)



Note the classical limit, or @) gives Gx as a graph, graphdQ(xyzy).

Then the wavefunction 1z is given by the Fourier like integral:

Vgl r%) = [ Dzexp (% ém%) exp(S(z)).

Now to compare this integral to taking the equations for Gx and L in X, and quantising.
Recall that z-, = 0, 2 = Yr<g, Wk = Ti<,. Taking the equations for L and substituting,
gives g equations of the form

@ik W Wy + 2bije2ew; + Cijrzize — 2i + iy, 2o, wa), (5.18)

where summation in the z and w terms are over the indices labelled by {1,...g}. The g
terms ®;, take the form

D@ (e, 20, We) = 2b;j5 WYk + Cijic 25Uk + Cijk Yj Yk,

where the indices of y; are in {g+ 1,9+ 2, ...}, while the indices of z and w are in {1,...g}.
However, on a formal neighbhourhood, making the substitution y; = dSp(z) = ug;(z),
(dropping the dz*) for i > g, and replacing all the z-, terms with 0, and zx<, = wy gives g
formal, equations describing B, purely in terms of z and w:

Ak W Wk + 2bijk REWj + Cijk %Rk — %5
+ (I)Z (yi>g — dSO’i(kag — Wk, Th>g — 0), Ze, w.) y

where in the argument the arrow of the form f — g means substitute f with g. Quantisation
gives operators which begin with O(%?) terms:
2

8282’ + Cijk Zj%k — %i + (I)ia
J

0
2h b;
+ ik 2k g 0z;

ﬁQ(Lijk-
but there is a series of higher order derivatives starting with O(%?) in ®.

Applying this operator to ¥z gives

0? 0 ~
(ﬁ%wk 92,0 + 2hbijk 25— o2 + Cijk %2k — % + <I>z-> Y5

1
= /Dx exp (Ez . x) laijk TiTr + 2 biji 2;Th + Cijk 2j2K — %
+2 bijk xde()’k(.’L'.) + Cijk Zde(),k(.’E.) + Cijk dS(),j (x.)dS(),k(x.)] exp(S(x.))
1
= /Dx exp (EZ . x> [aijk wijwg + 2 bk, zkw; + Cijk 252K — 2i + iz, w)] exp(S(z.)),
- / Dz0 =0,

as on the intersection (noting w is a function of z):

aijk ijk —+ 2bz]k Zk’w]' —+ Cijk ZjZk — Z + <I>z-(z., w.) =0.
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Remark 5.6.2. Note that although the integral is in all the x* variables, only the directions
in the intersection contribute. In this case this occurs for g of the z°.
5.7. Reduction of wavefunctions as a Fourier transform

For linear GG, the extension of W to X is producing a kernel,

1
P(J,z) = exp(J - ) = exp <%J,;szxz) :

where in finite dimensions J is an n-dimensional vector, dependent on z;, J' is (n,g)-
dimensional tensor, - denotes contraction. Then:

¥s(2) 2 vg()) = [ D P, 2)p(e)u(c),

such that 9 = P1. P is a component of the wavefunction on the extension, as found in
equation (5.4). If G is a graph in W, 1 satisfies the quantisation of the equations determining
G in W, as shown in equation (5.4). Note however, ¥ can be trivial, for example equation
(5.17) in section (5.6), as G is not a graph in W.

Denote integration with P as a transform F, so

Y5 (J) = F($ o).

F can be thought of as a generalisation of a Fourier transform, but note that there is a
difference in dimensions. There are several useful properties:

Proposition 5.7.1 (Shift theorem).

F(p(x — u)) = exp(J - u) F(y(x)).

There is a corresponding convolution theorem, but it is in terms of the source J. Keeping
the transform in terms of the source J, instead of writing explicitly in z coordinates, gives a
convolution theorem.

Proposition 5.7.2 (Convolution theorem).

F(@) * F(ypr) (J) = F(d o),

where * is function convolution.

Note the convolution must be in terms of J, so ¢ * 7,71}‘( J) # P * zﬁ(z), and equality is up to
a scalar constant.
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To start, the proposition is true in the finite dimensional case where I and G correspond
to linear coisotropic and Lagrangian subspaces. Using similar notation to the example in
(5.5), the transforms of the wavefunctions are given by:

F(¢) = exp (%J-K_l -J), F(¢r) = exp (%J-Q_l-J>,

where @, and K are 2-tensors, J is a 1-tensor, (-) denotes contraction.

Further, using the central identity, equation (5.8), the transform of the product is given by:

F(hyr) = exp (%J (K+Q)™*- J> .

Finally using the central identity again, equation (5.8), the convolution becomes:
1 1
F()* F(yu)(J) = /DJ'eXp (§(J ~J)- K (J - J’)) exp (§J' Q. J’) ,
—exp (5 (7K T T KT (KT Q)T K ).

Then use the identity (K + Q) '=K ' - K1 - (K71 4+ Q™)' K! to get the result. A
similar strategy will work for quadratic L., except the inclusion of potential terms in 1/ .
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6. Deformations of curves in surfaces

The main purpose of this chapter is to tie together the previous chapters and to give a new
result; to show that a tensor Ay, definition ( ), maps to a tensor Ay, also known as the
Donagi-Markman cubic, under symplectic reduction described generically in chapter (5). A
version of this chapter appears in our joint paper [ ].

Let (X,w) be a symplectic surface, and consider a curve ¥ in X, ¥ C X. A choice of
Torelli marked basis determines a space Vs, the topological vector space of residueless
differentials. From this we construct a Tate space Ws. Associated to Wyx we consider a
quadratic Lagrangian IL per chapter (4), as a subvariety in an infinite dimensional affine
space. One purpose of this chapter is to relate the deformation space of ¥ to Airy structures
[ ], using symplectic reduction as outlined in chapter (5).

Note in the following sections we will use the following notation:

Definition 6.0.1 (Normalised integral). We use the notation

$ ==t
& 2mi Jy

to represent the integral over v normalised by —2mi, where v € Hy(X,7Z), for example a
b-period in a Torelli basis.

Furthermore we also use the notation, for coordinates z* with upper indices, derivations use
lower indices %, so Einstein summation conventions can apply (summing over an upper and

lower index). Similarly for coordinates with lower indices.

6.1. Example of a formal Lagrangian subvariety

An example of a formal, infinite dimensional, Lagrangian subvariety, described in chapter (4),
arises from the Virasoro relations of the KdV hierarchy | |. Briefly, the KAV hierarchy
describes a collection of differential operators, and the Virasoro relations are a collection
of commutation relations. This space is used to construct the Airy structure related to
topological recursion of a curve X.

Central to this example is the Kontsevich-Witten tau function:

Definition 6.1.1 (Kontsevich-Witten tau function). The Kontsevich-Witten tau function is
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a formal exponential generating function:

ﬁg 1
ZEW (2%) = exp / TTvE (2k; + 1)zt |
g,nk. Mgn 75

Similar to exp(S(z*)), from chapter (4), ZX" stores the intersection numbers of tautological

classes 1; on the moduli space M, ,, inside the exponent, as coefficients of z* and #.

Closely related to ZXW is an infinite collection of differential operators {L_l, Lo,Ly,...}, by
1 9 ( 12 : 1
L,=— (5 + — izt P 217
2 8w2m+3 4h 2. §+1 8xi+2m 4. +JX_:2m ox; 81‘3

4,7 odd

where the sum ¥ denotes excluding the case m = 0 or —1. Also note % = 0, the zero
operator.

The operators L,, satisfy the Virasoro commutation relations:

Definition 6.1.2 (Virasoro commutation relations).

[LWH Ln] = (m - n)Lm-i-'m

In this particular example, the Lie bracket is given by [6%1-’ x’ ] = 5{ .

As originally conjectured by Witten [ ], and shown by Kontsevich | ], solving the
equation
L,Z(z)=0, m>-1,

for Z recursively, similar to the procedure for quantum Airy structures in chapter (4), gives
Z =75V (h, 2,323, ..., (2k + 1) 2%+ ).

Writing out the exponent as a series in # and z°, and solving recursively, determines any
intersection number with the initial condition [ ,1=1. Z KW is a wavefunction per chapter

(1)-

Consider a classical limit of the operators L,, — H,. First, multiply L,, by %, then mapping
L,, to a star product of functions with ha%i — y;, where composition of operators are replaced
by star products ( ). Then ignoring /2 terms, gives a collection of quadratic and linear
polynomials:

Example 6.1.3. The classical limit of the L,, are the quadratic polynomials:
Hy(z"y.) = -y, keZ},

even’

. 1 1 1
Hk(xay')=_§yk+ 5$$+ Z“Uymc 3+Z > yiyj+1_66]?c)a kel

i=1 i+j=k—3
i odd i,j odd
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also with the constraint y_; = 0. These polynomials then define an ideal I(Lgxw) =
(Hp), which defines a subscheme inside an infinite dimensional pro/ind-scheme W =2 W =
Spec (C[z*,v.]), where z terms are ind-infinite, y terms are pro-infinite, per lemma ( ),
equipped with a Poisson bracket {«*,y;} = 0% and {z*,27} = {5;,y;} =0, 4,5 =1,.... Note
the identification of the spectrum with W.

Completing at a maximal ideal (2°,.) defines a formal subscheme Lxw C Spf (C[z*,.]).
Furthermore this lets us write a series expansion for y:

Ye(2") = uok(z"),

which is done explicitly via fixed-point iteration on the equations y; = f(z*,y.), where f are
the quadratic and constant terms in the Hj per example ( )

The Hj, in example ( ) also define an Airy structure. Consider the coefficients a;;x, of the
coefficients of O((z")?) terms in the Hj, and consider the polynomials

. 1
A= aijkxlazja:k = le zt !,

B =ba'sy, = (:cl (3x3y1+...)+0+x3 (w1y1+3x3y3+...)+0+...),

RN

C=d'syye =7 (P +20"p1ys +22°yiys + 20 ysys + .. ) -

This gives a1 = i, aijr=0fori#j#k#1.

Remark 6.1.4. Note, if we tried to quantise these Hy, there would be terms that contribute
to the trace of the B tensor bj; = bj; 4+ b3 + ..., which has a divergent sum for i =3. In
this case however we started with renormalised Hamiltonians, L,, per chapter (/), they are
missing this divergent term, which has been cancelled out by a choice of J. Also note the a;jx
and cgk tensors satisfy the constraint imposed by the quantum Airy structure:

st stj __
AjstC; — QistC =

Remark 6.1.5. Note that solving for y, all terms in the resulting series for x contain
contractions between the tensors ajp, bfj, and cfk However as tensors contract between lower
and upper indices, note that as lower indices pair with x°, they are forced to have only finitely
many non zero terms, as the x* are ind-infinite, or correspond to a discrete vector space.

(A, B, C) are identified with tensors in completed tensor products of an infinite dimensional
vector space W = (z*,y;):
el e .. ..

These tensors (A, B, C) satisfy the conditions of an Airy structure, per chapter (4).
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Lgw is the basis for the work in | ], where formal neighbourhoods of Lk, are identified
with a neighbourhoods of a space Ly defined from residue constraints. As per chapter (2),
define an infinite dimensional symplectic vector space of residueless meromorphic differentials:

d
Wairy = {J = Z an_”f | Jo=0,J, € C,3N such that J, =0, n > N} , (6.1)
nez

with symplectic form
QWAiry (n17 n2) = lj:eg, f1772’ dfl =MN,MN € WAiry-

We consider Wy, to be contained in an affine space W with infinite ind and pro directions,
W — Wairy, so notion of subvariety makes sense. Consider a curve X inside a symplectic
surface X with a divisor R. Wi,y is identified with local residue free differentials, given by
sending global meromorphic differentials to their local expansions at each point in R with
respect to a given local coordinate. Then define dim(R) copies of Ly :

_TR ~TR
Lks = Ly, = Lgw

Taking dim(R) copies of Hj, is used to define a tensor Ay. Let «, 3,7 € R represent points in
the divisor. We construct a new bigger tensor from dim(R)? copies of A, which allows linear
combinations of points around the divisor:

Definition 6.1.6. )
Az; = Qijk,aBy zz,awj,ﬁxkﬁ — Z .’L‘l’azl’o‘xl’o‘,
4 a€ER

where (i, ) is a multi-index. Furthermore Ay, = w3 from topological recursion, which we
show in section ( ).

6.2. A short review of the Tate space of differentials

This section is mostly from chapter (2), section (2.3), reproduced here as a reminder. Consider
an algebraic curve ¥ C X, a divisor R, and local coordinates z, defined on ¥ — R around
each point @ € R. Define dim(R) copies of Wyiry:

WE = (WAiry)R-
Each copy of Wi, uses the local coordinate 2, around points in R. The subspace
LZ = (LAiry)R C WE

consists of locally holomorphic differentials, and satisfies the property Ly = %Lfiry.

As per chapter (2), define Gy, as the space of meromorphic differentials with zero residue:
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Definition 6.2.1 (Gy).

Gy = {n € H*(Z,Q'(X — R)) meromorphic on % | Ree}gn = 0}. (6.2)

Gy, is identified with the image under the injective map Gy — Wy, so Gy C Ws.

Given a choice of Torelli basis on ¥, define
V2={776Gg|j{4n=0,z'=1,...,g}. (6.3)

Vs, defines a polarisation of Wy. Equipping Wy with the Tate topology, Vs with discrete
topology, Ly, with the linearly compact topology, the topological dual gives V5 = Ly, and

We=2 Ly Vs =2V Vs,
which was shown in chapter (2).

6.2.1.0. Symplectic reduction of the Tate space of differentials

In chapter (2) we showed that Gy, equation (6.2), the space of meromorphic differentials is
coisotropic in Wy:

Gy = {n € H(Z,Q'(X — R)) meromorphic on ¥ | RGelgn = 0}, (6.4)
where Y is a symplectic surface X with divisor R satisfies the following;:

Lemma 6.2.2. Gy C Wy is coisotropic.
This was shown in chapter (2), section (2.3).

Let Gy denote the symplectic complement to Gx. Then:
Lemma 6.2.3. G5 is the vector space of exact differentials

Gy = {n = df, f holomorphic on ¥ — R}

Similarly this was shown in chapter (2), section (2.3).

Now the symplectic quotient of Wy by the coisotropic subspace Gy is given by
Wy || Gs = Gz /Gsx.
Lemma 6.2.4. There is a short exact sequence:
0+ Gy =Gy = Hs 2XH(X,C) =0
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Proof. The map Gx — H'(X, C) is surjective as any differential defines a cohomology class
on ¥, by integrating along periods. Further G — Gy is injective, by the definition of G*.
Furthermore Gy is precisely the kernel of G, — H'(X, C), as exact differentials in G5 have
all zero periods. m

So the quotient by exact differentials sends a meromorphic differential (with zero residues) to
its cohomology class, and the map is surjective. As a consequence Wy, | Gx = H'(X, C).

Lemma 6.2.5. Symplectic reduction of W, is given by a map [-] : Wx — HY(X,C), where

[ = (]in]{n)

and n € Wy.
Furthermore, we examine the image of Vs C Wy under symplectic reduction, or the map

Ws — HY(%,C) given by taking periods:

Lemma 6.2.6 (Reduction of Vs). The reduction of Vx is given by:

Vs & V5 /Gy,
Furthermore Vs C Hy & HY(3,C) consists of those cohomology classes with vanishing
a-periods.

This follows from the definition of V5 C Gy as the space of differentials with zero a-periods,
and Gy as the space of exact differentials.

6.3. Residue constraints

6.3.1.0. Foliations

Let X be a complex surface.

Definition 6.3.1 (Foliation). A foliation F on X, is a decomposition of X into a disjoint
union of 1-dimensional submanifolds {L} called leaves.

Let p € X, and let U be an open neighbourhood p € U, and let (z,y) be local holomorphic
coordinates. Leaves must satisfy the constraint that for each leaf L, LN U is represented by
{z = const}.

Let X be a symplectic surface with symplectic form (2, and equipped with a foliation F.
There are special coordinates on X called foliation Darboux coordinates:
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Definition 6.3.2 (Foliation Darboux coordinates). Foliation Darboux coordinates, are local
coordinates (u,v) on X which are Darboux coordinates, so

Q = du A dv,

and also define the leaves of the foliation via u = const.

Foliation Darboux coordinates are unique up to a symplectic change of coordinates which
preserves the foliation:

Lemma 6.3.3. Coordinate transforms of the form

(u,v) — (f(uw), 7wt 9(w), (6.5)

for f'(u) # 0 in the neighbourhood of X, preserve the foliation, and symplectic structure.
These preserve the symplectic form as

dv  vf'(u)du

d(f(u)) A d( frlw)  f(u)

g(u)) = f'(u)du A ( + g'(u)du) =du A dv=10Q.

KON

Now let X be a symplectic surface, with symplectic form 2, and equipped with a foliation
F. Consider a curve X C X, and let R be a divisor on ¥. Let o € R C ¥. We introduce a
choice of foliation Darboux coordinates, (uq,v,) on X in a neighbourhood of «, to define X:

Definition 6.3.4 (Spectral coordinates). Define local coordinates (uq,vq) in a neighbourhood
U, C X of a € R satisfying:

* (Uq,Vq) are foliation Darbouz coordinates.

* (Uq, Va)|a = (0,0).

» The equation u, — v2 = 0 locally defines X.

The purpose of these coordinates is to locally define 3., so we treat X as a local spectral curve,
definition ( ). Furthermore, any foliation Darboux coordinates can be transformed into
coordinates in definition ( ), via transforms of the form (6.5).

6.3.2.0. Residue constraints and Lagrangian foliations

Consider a curve ¥ C X in a foliated surface (X, Q, F), with divisor R.

Neighbourhoods of the Lagrangian Lxg associated with Wy, are alternatively described by a
collection of residue constraints, due to | ]. Pick foliation Darboux coordinates (uy, vy) in
a neighbourhood of @ € R C X. The Lagrangian Ly is described locally by the constraints:
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Definition 6.3.5 (Residue constraints).

Res (va - dnTa) uptdu, =0, m>1, (6.6)
n \?
Res (va - E) up'du,=0, m >0. (6.7)

These are called residue constraints, and are used to investigate the tensor As.

Lemma 6.3.6 (] D).
Az; = Wo,3 c VE ® VE X Vz).

Proof. n € Wy, is in Lkg if it satisfies the residue constraints (6.6). Let o € R. Pick foliation
Darboux coordinates u, = 22, and v, = 2,4, per | ; |, which satisfy the residue
constraints:

Res (L - va> updu, =0, m>1,
du,

n 2
Res (— — va> un'du,=0, m>0.
du,

To investigate the residue constraints, we construct a new basis for Wy:
{zkya)yk,a | ke N,O[ € R}

where %% has a pole of order k at a € R and is holomorphic on ¥ — R. yi, o = 2% is defined
only locally near o € R via the local coordinate z,.

The first residue constraint gives

Res (di — Ua) urdu, = Resnull = —2m (Yam-1.4,7)
a Ug, a

which uses the fact u, = 22 and d(uT) = 2m Yom—1,0-

The second residue constraint gives

n 2y e m m
Res | — —vo | uldu, = Res —uy’ — 2Resn z uy),
dug, a du,, o
_ N m
— RCSBS dua Ug, 2(y2m,aa T}>a
which is linear in Y2, «, plus a quadratic term.
Res %mm = Gijhapy 0T + UL 2Py + Y s gy (6.8)

The right hand side is the most general quadratic term with respect to the coordinates

™’ = (&7, )
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and
Yi,s = (Yi,8,M)-

The coefficients a,b and ¢ depend on m.

To determine the coefficient of z7#z*" evaluate equation (6.8) on any differential  which is
locally holomorphic. As 7 is holomorphic, it annihilates all y; terms, (y°,n) = 0.

Further, when 7 is locally holomorphic

Res uzm =0, form>0
o dx

since

has no pole.

Therefore, we are left with the case m = 0:

R,aeS u = az'jkﬁ,yl‘j’ﬁ.’lfk”y + ...,

dx
SO
1
Aijk,By = Zéijéik(saﬂéa»y.
Packaging the coefficients into a tensor, gives the tensor Ay:
1
4

1
Z xl,a ® xl,a ® xl,a — Z Z xl,a ® xl,a ® xl,a.
a€ER a€ER

Ag =

This agrees with definition ( ), the coefficient from R copies of Lajy. Finally, this
expression also agrees with the formula for wy3 given with the Bergman kernel from the

introduction: B( B B )
b, D1 D, P2 Db, D3
Wo,3\P1,P2;P3) = Res )
( ) ae% p=a du(p)dv(p)
for topological recursion locally on the Airy curve, where u(p) = p?, v(p) = p, a local spectral
curve, definition ( ) in chapter (0). O

6.4. Local deformation space

The local deformation space B of ¥ is a moduli space, parameterising smooth curves which
are deformations of ¥ inside X. As ¥ is a genus g curve, dim(B) = ¢g. A point, denoted
[X] € B represents a curve ¥ C X.

Over B is flat symplectic vector bundle H, H — B, where a fibre over a point X is given by
Hy = HY(XZ,C). H is equipped with the Gauss-Manin connection V&M,
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The linear embedding
H°(Z,Kx) — H(%,0),

sends a holomorphic differential to a cohomology class, and defines a Lagrangian sub-bundle
of H with fibres Ly = H°(Z, Ky).

Furthermore, the symplectic structure on X defines an exact sequence:

The normal bundle vs to ¥ C X is isomorphic to Ky, and so the tangent space Tjx)B =
H°(X%,vs) to B at a point [¥] is isomorphic to the vector space of holomorphic differentials
L = H°(%, Kx), via the adjunction

Ky =2 Kx|s Qus S vs.

Now consider the H-valued 1-form:
¢ €T (B,Q; @H) (6.10)
which is defined by the composition of morphisms

TeB — HY(Z,0L) — HY(Z,C) = Hs.

Lemma 6.4.1. ¢ is flat with respect to VEM,

VEMp = 0.
Proof. To do this, show ¢ is locally exact, we show that integrating ¢ along a small loop in
B is zero.

Let [X] € B, and choose a small enough loop v C B containing the point [¥]. Choose
[a] € Hi(X,Z) represented by an embedded closed curve o C ¥ and choose a family @ of
embedded closed curves representing the homology cycle in each fibre.

As ¥ — X, the choice of v gives a torus 72 — X which bounds a solid torus S! x D* — X
when + is chosen small enough.

Integrating ¢ along v gives an element of a fibre of H which pairs with [a] by

([o1)
([ota)= 0=

since dx = 0, as X is a curve, and T? is homologically trivial.

Then
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This applies to any homology class [«] hence

A¢:o

Therefore ¢ is locally exact, and hence closed or flat with respect to VM., O

So now as the H 1-forms are flat with respect to V&, tensoring forms on B with H gives
the complex:

0 —WRH IS QRN Ty BN T ...

Define a local section s, s € I'(Ujy), H), for a neighbourhood Ups; of a point [X] € B,

U (2] C B,
as the solution to the equation:
VMg = .
The solution s is a cohomology class
s([¥]) € Hy

for each [¥'] € Ujy), and is well-defined up to addition of a constant, independent of [>'].
Now consider a morphism [J] : Ujs) — Hsx, defined by the difference:
PI(ET) = s([Z]) — s([£]) € C* = M. (6.11)

[9] is a well-defined map from the open set Uy C B to C*. Note that the isomorphism of
the cohomology group H'(X, C) with C? uses a choice of Torelli basis.

Note in equation (6.11), s([2']) has been parallel transported from a nearby fibre Hs to Hyx
via the Gauss-Manin connection V&, By definition, the covariant derivative of [¥J] is given
by

VM9 =1,

for any n € H°(Z, Kx) = Tis;B. The linearisation
VMG : TisnB — Hyy,
has image given by the parallel transport of the Lagrangian subspace
H°(Z,Ky) C Hy,
so [¥] defines a local Lagrangian embedding of Uy C B into Hsy:
Up—Hs = C*. (6.12)
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[¥] is related to the cohomology class of the tautological 1-form vdulsy in the case X = T*C.
In particular it is given by the difference:

[FI([E]) = [vduls] — [vdu|] € C*.

As mentioned before, this difference is from parallel transport by the Gauss-Manin connection.

In section (6.6) there is a meromorphic differential ¥ which is defined only in a formal

neighbourhood of [X] € B with cohomology class given by an analytic expansion of the class
[9] defined here.

Using a choice of a-cycles on each X', the class [1J] defines holomorphic coordinates on Us) C B
by:

Definition 6.4.2 (Holomorphic coordinates). Define g coordinates z*,...29 on Uy C B by:
A=) = § BIID, i=1,...9. (6.13)

These coordinates satisfy 2*([X]) = 0, and coordinates defined with respect to any nearby
point are related via shift 2* — 2% + 2. From these coordinates we consider an affine space
modelled on B with coordinate ring C[2}, ..., 29], and the point ¥ corresponds to the maximal
ideal (2!,...,29).

A choice of b-cycles on each ¥’ give rise to functions w;(2!, ..., 29) defined by

w; = ]i[ﬁ]([ﬁ’]), i=1,...9. (6.14)

The derivatives of w; satisfy

(3

where the second equality uses the definition of the Gauss-Manin connection, where 7;; is a
symmetric tensor called the period matriz. The period matrix is defined in definition ( ).

Now H is treated as a variety with coordinate ring C[2',..., 29, wy,...w,]. Later we investi-
gate how B lives inside H from this algebraic perspective. It is not obvious if B is algebraic
inside ‘H, which means writing algebraic equations in terms of z* and w., which defines a map

Clz', ..., 2%, w1,...w,] = C[2, ..., 27,

describing O(B) in C[2%,..., 29, w,...w,]. However, what we do is investigate the situation
on formal neighbourhoods, or on a formal completion,

Clz',...,2% w1,...w,] = C[z},...,27],
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which represents what we call Bin H. Symplectic reduction will give a version of this map.

This will involve constructing a formal series ¥. Solving w;, in section (6.6), as a function of
z*, is analogous to completing a subvariety along a maximal ideal A(zl, 29, Wy, . wg). In
this way we examine formal neighbourhoods of B, represented by 5 inside .

Remark 6.4.3. This is analogous to the case of the conic, from example ( ) solving
—y + ax? + 2bzy + y* for y, and producing a series ug(z). In this case we do not necessarily
know how to write an original algebraic equation B in H, but we still use the analogy of a
series ugp(z).

Example 6.4.4 (Artin approximation theorem). Let z* be a collection of g-variables. Consider
the ring k[2°], and w. a different set of variables. Let f(z*,w.) =0 be a system of polynomial
equations in k[z*,w.]. The Artin approximation theorem says that given the formal power
series

#.(2") € k[,

there are algebraic functions w., such that
w. =W. mod (2°)".

By the Riemann bilinear relations 7;; is a symmetric tensor, hence there exists a function,
known as the prepotential, Fy:

Definition 6.4.5 (Prepotential). The prepotential is a function Fy, Fy : U — C satisfying

. 8F0(z1, .o .,Zg)
N aZZ' ’

wi(2,...,29)

50
0’Fy

—_— =T i
8Zi32j "
Higher order derivatives of the prepotential give the Donagi-Markman cubic, defined in lemma

(6.5.7):
PRy,

A A = Osijk-
6zﬁzjf)zk 9

The constants ax;;;, define the tensor
Az €V ®Vy® Vs,

where V7, is given by lemma ( ). Furthermore

Proposition 6.4.6.



Differentiating

81, 1. 1,8 11, 1 1,
8_2‘752 W; 2WJ + EZ a—szZ 2WJ + QZ Tij §W] + §Z Tjiy
1 1,0 11
ij + 2z a—ZiWJ 2Wj + QWJ Wy,

6.5. Period matrix

6.5.1.0. Definition and variations

Associated to the curve ¥ is a fundamental matrix of functions called the period matriz 7;;
[ ; ]. Period matrices are used to define 3.

Let {ai,...a,4,b1,...b,} be a Torelli marked basis for the homology group H;(2,Z). Associ-
ated to this basis is a basis of normalised differentials w;

Definition 6.5.1 (Normalised differentials). There is a unique basis
Wi, ...Wg

of g normalised holomorphic differentials satisfying

]{ w; = dij,
a;

Period matrices define a Riemann surface ¥ in terms of the b-periods.

for H'(Z, Q).

Example 6.5.2. A genus 1 Riemann surface 3, is expressible as a quotient

C C

= =

1Z+7Z ' §, i+ § nZ’

where the periods 1 = §, w1, T = §, w1 define a 2-dimensional lattice Z+7Z in C. Identifying
and gluing edges of the lattice we see generates a torus.

More generally a genus g Riemann surface is defined as a quotient of C9, by a 2g-dimensional

lattice:
Y

(fal Wiy 7§ag wg,fbl Wiy .- ,fwg>Z'

So the period matrix contains a lot of information about the surface X.

1%

)y

Definition 6.5.3 (Period matrix). The period matrix 7, is a symmetric matriz, defined
component-wise by the integral

Tii = P Wj.

ij f{, j
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Example 6.5.4 (Theta functions). One use of the period matriz is to define Theta functions
[ ; |, which are functions of g complex variables z. = (21, . ..2,):

O(z", 1) = Z exp (En’njnj + nzzi) ;

n®€z9
where repeated indices are summed over, and n' = (n',... ,n%), n' € Z. Theta functions
appear as the solution to the heat equations [ |
00 1 8% .
O =5 , J#k
Tik  2mi 0z;0z;
00 1 0%

8Tjj - H aZjaZj )

We examine how the period matrix varies with the curve ¥ as a point in the deformation
space B:

Lemma 6.5.5. The variation of the period matriz 7;; of a curve in a symplectic surface
Y C (X,Q) is given by:
"1 .
T O O S S
0z,..-0z, o] Sl Sy ] il

Note the integral over [b;] refers to a normalised period integral, definition ( ).

For example, in the case of n =1,

015 .
L = —271"1;% f f Wo,3-
0z, [6:] J[b;] Jbx]

When X = T*C, for a compact curve C, lemma ( ) was proven by Baraglia and Huang
in | ], and also by Bertola and Korotkin in | -

6.5.2.0. Relation to the Donagi-Markman cubic

The Donagi-Markman cubic [DM94], is the extension class defined by the exact sequence
(6.9), which gives rise to a tensor Ay, on B, and is closely related to the period matrix.

Definition 6.5.6. We define Ay, as the extension class:

Ay € Ext' (K5, TS) = H(S, K2*)" = (Tiy8)” .

This tensor was first studied in | |, in the context of integrable systems. [BI19] relate this
tensor to the variation of the period matrix. Consider the coefficients of Ay, so As, = (az;i):
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Lemma 6.5.7 (| ). The coefficients of the variation of the period matriz give the
coefficients of Asx:
_ 3Tz'j

axijk = 9z
J

6.6. Formal and convergent series

Let (X, 2, F) be a foliated symplectic surface, Let ¥, ¥ — X an algebraic curve in X, and B
the moduli space of deformations of ¥ in X. Define Wy, to be the symplectic vector space of
residueless meromorphic differentials on . Let V5 C Wy be the space of differentials with
zero a-periods.

Associated to Wy is a quadratic Lagrangian subvariety [Lxs generated by a collection of
quadratic polynomials, like section (4). We are interested in studying the symplectic reduction
of Lkg, described in chapter (5), to B. This process is representable as the commutative
diagram:

LKSﬂGg >G2 >V§;€BV§§W2

l l l (6.15)

B >7‘[2 = >V2@V;

The image of the Lagrangian L g maps to the deformation space B C Hy = H'(X, C), under
the symplectic reduction

WE //GJ' = GE/GJ' = 7‘[2.

Neighbourhoods of zero of Lkg are mapped to neighbourhoods of a point [¥] € B, Uz C B.
This process is carried out explicitly for formal neighbourhoods. A formal neighborhood of
zero of L&, maps to a formal neighbourhood of a point [%] in B,

To do this, we construct a series ¥, which represents functions on formal neighbourhoods of
Bisy, or the image of the map

O(Liw N Gs) = O(Byy).

Furthermore, under the quotient map, ¥ maps to a cohomology class [¢], which is an analytic
function.
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6.6.1.0. The formal section ¥ and corresponding vector fields

The purpose of this section is describing how B sits inside H as a Lagrangian, via formal
neighbourhoods.

Recall in chapter (5), we examined a reduction via a sum of ideals in a ring
1 1
k[z, ... y1,.. ., 2, ... 27, W, .. W),

which describes B as an intersection.

Taking a formal completion k[z?,...,y1,...,2,...29 w1,...w,], and using the equations
in the defining ideal, it was possible to eliminate z* and y*, and find a series w;(2"). This
described an analogous B as an ideal in k[2%,... 29, wy,...w,].

This section first constructs w;(z*) directly from the definition of B in Hy. Then later we will
show this same series for w;(2*) coincides with the series produced from reduction, establishing
these two objects are the same.

Represent functions defined on formal neighbourhoods of g[g] with respect to the coordinates
{7}, ..., 29} defined in (6.13) satisfying 2%([X]) = 0, where i € {1, ..., g}. For any residueless
meromorphic differential 17 defined on 3, recall the normalised periods of 7 are defined as:

for=-2
[b]kn'_ 2mi 77

per definition ( )

Definition 6.6.1 (). Define a formal series ¥:

1 . .
19—zwz——z17‘7{ ‘7{ ,——'zzzgzk]{ ?{ ‘7{ Wod — - -, (6.16)
[b]: J[b]; 3! [6); Jbl; J Bl

where w; is a normalised differential per definition ( ).

Remark 6.6.2. Although ¥ contains the topological recursion invariants, it is not constructed
via topological recursion, and it is an object that produces the reduction of the u;. In certain
examples it can be identified with a canonical differential @ = pdq, but this does not hold
generally.

Furthermore:

Theorem 6.6.3. ¥ satisfies the following properties:
1. 9 is in the pushforward 1,O(LE ) = 1,0(Lks).

2. The cohomology class [¥] is analytic in 2*,. .. 29.
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Proof. The proof of theorem ( ) is given by lemmas ( ) and ( ) in section

(6.10). O

9 is going to be a tool to associate vector fields on B to vector fields on Lig. In particular this
will relate the tensor Ay = a;a'c’ z*, from the Airy structure on Wy, As, € V5 ®@ Vs ® Vs,
to a tensor Ay € Vy ® Vg ® V' representing the Donagi-Markman cubic.

The formal cohomology class [¢] is the restriction of an analytic section ¢*[¢J] to a formal
neighbourhood of [X] in B. Recall that a cohomology class is characterised by its periods
along a Torelli marked basis. We integrate ¥ € C[2%,...,29] term by term, to get formal
expression [¢]

9] = (iﬂ,fiqﬂi:l,...,g) e C¥[Z4,..., 2%,

where the periods are given by:
7{ 9 =2, 7{ 9 = wy(2 ..., 29).
a; b;

Lemma 6.6.4. The expansion of w;(z',...,29) in a neighbourhood of z* = 0 is:

o 1
R R N I NI Er I S S Ve (AL
MR T R Ry S 00T 3T R S S (6.17)

Remark 6.6.5. Note that u; is analogous to u; for solving for y.(x*) as a function of z* via
fized point iteration from the H., as seen in chapter (/). Further [u;] = u;. Repackaging u;
into some implicit equation is not obvious to us from this expression.

Note in lemma ( , all but the first integral in each term is a normalised period integral,
definition ( ).

Note that if we substitute this expression into the prepotential Fy(z*, w.), we obtain a series
for Fy purely in terms of 2°.

Lemma 6.6.6 (Expansion of the prepotential).

Fy(2,...,29) = %z’wl(z) = %Tijzizj +0((2")?). (6.18)

As expected, this series will appear precisely in the wavefunction 5.

Lemma ( ) shows that

i’l" ——27rij{ 7{ j{ w
8z ol S0l S
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and more generally

8n—2
—Tin_in:—2ﬂ"i% f f Wo,|1|,
0z ... 0%, , " B By B

2

which proves lemma ( ) and generalises the result of | | to curves ¥ C X for any
foliated symplectic surface (X, Q, F).

Given any normalised holomorphic differential w;, its cohomology class [w;] gives a vector
field on B. The corresponding vector field associated to [w;] is represented by

0
3zi ’

with respect to the coordinates z', ..., 29.

Remark 6.6.7. In section (6.8), this is analogous to y; acting as a vector field a%i n a
symplectic space W.

This vector field maps naturally to a vector field on a formal neighbourhood of ¥, under the
pullback ¢ : By, — B, so [w;] = t*[w;]. Explicitly it is given by the Taylor expansion of [w;] at
[¥] in the coordinates 2!, ..., 29, giving a series in

0z "

Remark 6.6.8. Similarly in section (6.58), expanding y; as a series in x,, gives a series in

(%, in a formal neighbourhood of 0 of L.

There is a formal vector field defined on the image of Lgg, @;, which maps to [w;] under the
quotient map, defined from the differential

(0

and explicitly in coordinates z!,... 29:

0 ) 1 .
@i:——z]j{ ]{ w ——z’zk}{ }{ ]{ Wo4 — .-, 6.20
9z oo o 20 T J S (6:20)

where all integrals are normalised b-period integrals, as per definition ( ).

Integrating term by term, it is the case that
[@;] = [wi] € C¥[4,...,27],
but this is also an analytic function in z!,..., 29.

1

Lemma 6.6.9. [;] is analytic in 2',...,29.

125



The analytic expansion of [@;] is given by:

R 2!
1,2 = =37 1, fo, oy o
=Tij_zkf f f Wo3 — .-,
b; J[b]; J[blk

where 7;; is the period matrix, the integral over the index set represents:

f{b], B }fb]il j[{b]in ’

I is the index set: I = (4; ...,1%,), and the integrals with the square bracket [b;] are normalised
integrals, definition ( )-

6.7. The reduction of the Lagrangian

Now we are in the position to investigate the symplectic reduction of the Lagrangian Lxg.
A finite dimensional example of this was given in chapter (5), along with the symplectic
reduction of wavefunctions. The same results will follow from that section, except that we
need to take appropriate limits — this section now deals with an infinite dimensional example.

First note the intersection Lxg N Gy, is transversal since
Wz; = G2+L= GZ+TOLKS

which was proven in chapter (2).

To make sense of the quotient of Lxs N Gx by G, we need to use the ideas in chapter (5),
and investigate the process algebraically. This is because LLkg is defined in terms of formal
neighbourhoods.

First note, the quotient
0= Gy =Gy = Hsg =0

corresponds to the ring homomorphism:
O(Hz) — O(Gs)%s

which in terms of coordinates (2%, w;) is given by

(w) — (§ 191, § 1))

Next, O(Gy) is defined in terms of the Darboux coordinates
O(Gsx) = O(Wr)/(z**)
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since the restriction z*|g,,, for 7 € N depends only on its cohomology class [z'] € H'(X, C).
The ambiguity in the choice of coordinates z!,...,z9 disappears under restriction to Gfy.

Also recall Lgg is defined as a formal completion
O(Lks) = O(Ws)/(yi — uo,),
where g, is the formal series, defined in chapter (4):

ik k i £
Up,i = ik’ T° + 2b;apem T’ T + . .

From the commutative square

O(WE) _ O(GE)

l l (6.21)

O(LKS) E— O(LKS N Gg)
O(Lks N Gy) is given explicitly by:
O(LKS N Gz) == (9(VV)/<’yZ - U()J,.’L‘m>g> = k[[.'L‘l, couy ﬂ)g]].

Composing the arrow from

with the right vertical arrow in the commutative square, equation (6.21), to get a map

O(Hg) — O(Lgs N Gs) (6.22)

where _ _ .
(Zza Wz) — (wzgg’ yng + Tijszg)

This is a map from a formal neighbourhood of 0 € Hyx, to a formal neighbourhood of 0 € Wr.

In Section (6.6) it is proven that the kernel of (6.22) is given by the ideal

where u; represents expanding w; in a series for z°, which means completing at a maximal
ideal (w., 2*), similarly to the idea of expanding y; in a series for z* which was completing
the variety defined by the ideal generated by the quadratic polynomials

I(]L) = (—yi + CLz'jk.’Ej.’Ek + 2bfjx7yk + cfkyjyk>
at the maximal ideal (y.,z").

Therefore equation (6.22) defines an isomorphism

O(Bs) = O(Lgs N Gy).
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Note Lk is topologically a point in W. The intersection gives the formal neighbourhood of
a point [¥] € B which Kontsevich and Soibelman denote as By,

The big picture is that formal power series expansions of algebraic functions (albeit in infinite
variables) have been mapped into functions on formal neighbourhoods of a finite dimensional
space.

Remark 6.7.1. We conjecture that B is not algebraic in H. The entire process must be done
on formal neighbourhoods. Taking the quadratic polynomials:

—Y; + aijkxjxk + ...
and simply making a replacement like 9 = y;», = 0, to get a polynomial in 2*, w; does not
recover the same series for w;, which was built to recover topological recursion.
6.7.1.0. Symplectic reduction and vector fields

Consider the Lagrangian subspace Ly = TolLgxs C Wy, of locally holomorphic differentials
on X, defined on ¥ — R, where R is a divisor. The symplectic form on Wy, Qy., defines a
natural isomorphism

Ly = V5.

Similarly the symplectic form 2 on X, also defines an isomorphism of a Lagrangian subspace
in HE=H1(Z,C), B .
Ly = H'(Z,Kz) & Vs,

There is a natural map
h: HO(E,KE) — Lz

which expands any holomorphic differential locally in a series around R.

For any T' € Hom(Ly ® Ly, V) consider the commutative square:

Ly®Ly —F—— V5
h®hT | (6.23)
H'(Z,K5) ® H'(Z, Ky) —— Vs
This defines a map
T — [To(h®h)] € Hom(H°(Z, Ks) ® H(Z, Kx), Vs),

where [] is the map Vs — V5. Further, this defines the right vertical arrow in the following
commutative diagram:

Qws

V@ Ve ®Vy > Hom(Ly ® Ly, Vx)

l | (6.24)

Ve ®Vs@Vy — Hom (H(3, Ks) ® H'(%, Ks), V) .
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In the next section, we see that a quadratic Lagrangian subvariety, defined by an ideal:
I(L) = (Hy = apa’a® + O(z"y") + O((y")))

in a symplectic space, so L. C V @ V*, the tensor A built from the coefficients a;;z, defines a
map
L T,L—V

given by variation of a vector field with respect to another vector field on L.

This uses a canonical extension of any vector in T,IL to a local vector field, so that covariant
differentiation gives a tensor. By relating vectors, their canonical extensions to vector fields,
and covariant differentiation upstairs and downstairs in equation ( ) we prove

AE —)ZE

with the vertical map in (6.24).

6.8. Lie algebras and formal vector fields on quadratic Lagrangians

Let R be a ring, M an R-module, and let Der(R) be the ring of derivations on R. An
algebraic connection on M, is a R-module homomorphism

V : Der(R) — Der(M, M),

which takes a derivation f, which is a map f : R — R satisfying the Leibniz rule, to a
generalised derivation on M — M denoted Vy,

f — Vf.
V on M also obeys the Leibniz rule:
Vi(rm) = f(r)m +rV(n),

where r € R, m € M. The A tensor will be used to define an algebraic connection.

Let O(W) = k[z*,.], with Poisson bracket {y;, 2’} = 6. As per chapter (4) we consider a
quadratic Lagrangian subvariety defined by the ideal

I(L) = (H; == —y; + aga’=* + 265,27y + I yiyn),
in O(W). As L is Lagrangian there are constraints on the corresponding tensors
A= aijkwixjxk7 BZ bfszxjyh c= Czkxiyjyh

which determines an Airy structure. We consider this in the more general case before looking
later at vector fields on Lxg, and the relation to As.
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Now O(W) has a maximal ideal m = (z°,y.). Denote L; = —y;, the linearisation of H;. The
(Zariski) tangent space of L at 0 is given by

ToL = m/({L;) +m?) = L = (y;).

Further this gives {2’} as coordinates on L, and y; is identified with derivations -2

8_xi0nL'

The tangent space L = Tyl is equipped with the structure of a Lie algebra g = (L, [,],) as
follows. The constants gfj from the closure of the Poisson bracket on I = (H;), determine the
structure constants of g. This gives a Lie bracket on L defined as [y;, y;];, = gijk.

We have the usual Lie algebra homomorphism between Hamiltonian vector fields and functions.
On W, for the function H;, define a Hamiltonian vector field:

Xp = <8HZ- GHi) ,

Ay’ d;
where
O0H,; L im
C 6 4 b2+ 20,
oy’
0H, m_ pm
— oz, = —20ijmz™ — b Ym.-

Then the corresponding Lie bracket of vector fields is given by:
(X Xl = X by = Xt
Furthermore, these are dual to the differentials dz* on L.

The vector fields corresponding to the H;, are examined in a formal neighbourhoods. Denote
& as a vector field on a formal neighbourhood of L given by:

Definition 6.8.1 (Formal vector fields). Define the vector fields &; defined on formal neigh-
bourhoods of I by:

0 0
&:a_xi—l_fija_yj:(o,'”’_ \];_/ yoe e | fil,fiQa-'-)
i—th entry
such that
0

a—%EZ:(O,,O, |8jfi1,...)€‘/.

The functions f;; are determined by the invertible (infinite dimensional) linear system:

0= dH;(§;) = &(H;)
0 0
= (@ + fjka_yk> H;
= 2a;;57" + bijk + fie(—0i + bfjxj +2¢*y;).
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The functions f;; are expanded in a formal neighbourhood of zero in L. Given ydz = dSy,
evaluating the differential on a vector field

0
51' - dSO (axz) )

fii = 2a;2" + (47 Qiom + Qbﬂakgm)xkxé +....

gives

Overall this is describing the data of an algebraic connection on formal neighbourhoods.
Varying a vector field £ by a vector field % is encoded in a;jg.

Furthermore, using the normal identification between polynomials and symmetric tensor
products, and noting L = Ty,

Lemma 6.8.2. The tensor A = a;1z' ® 7/ @ z* defines a map:
A:ThL® ToL = V.

Proof. Differentiating f;; by z*, and looking at the constant term (so in the first formal
neighbourhood given by m = (z*, %.)):
0
205, — %fij =0.

Hence the tensor a;ji is defining a map A : o)L ® 7oL — V, or L ® L — V, via defining the
variation of a vector field with respect to another vector field:

0

@fij = 20
[

In particular, with the specialisation W = Wy and V' = Vg, this lemma is related to the
variation of a period matrix.

6.9. Connections on foliated surfaces

6.9.1.0. Connections on bundles
Let E = B be a fibre bundle over B, with fibres F. Connections on E are defined in terms
of a splitting.

Definition 6.9.1 (Parallel transport). The parallel transport of a connection V is a functor
I'y, which assigns for any path v : [0,1] — B, a smooth morphism (an isomorphism) between

ﬁbres Fv("y) : E,Y(O) — E’y(l)-
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Recall that functors preserve composition, so for composition of paths v, , y2, I'v(71 0 72) =
I'v(71) o I'v(72), which is well defined.

As before, let E 5 B be a smooth bundle. Then there is an exact sequence
0—>VE—-STE—-7TB—0

where V E is called the vertical bundle, which is the kernel of the induced map TE — 7n*T'B.

Consider the splitting:
0—->VE—->VE®H—»>7TB—0

so H = T B is a horizontal bundle. Define the bundle morphism p : H — TFE, and note
dm o p = id. Furthermore given VE = 7*E, there is an isomorphism

TE=n1"E® H.

The map p is equivalent to a connection V on FE.

6.9.2.0. Connections on a foliated surface

Now let ¥ C X be a curve in a foliated symplectic surface (X, 2, F), and let B be the
deformation space of ¥ in X. Let R C X be a divisor. Consider as before the bundle
H — B, where a fibre of a point ¥ in B, is given by Hyx = H'(X,C). H is equipped with
the Gauss-Manin connection V&, Following Kontsevich and Soibelman, in this section
we use the foliation to define a foliation dependent connection V7, which lives above the
Gauss-Manin connection so for a holomorphic differential 7,

(V7] = v [n).
This connection restricts to formal neighbourhoods so
[V7@;] = VM [wyl,

for the formal expansion of the vector field w; defined in equation (6.20). In section the
covariant derivative

e
gives rise to the tensor
As, eVe® Vs ® Vs,

and
Vi [w)

gives rise to the tensor -
As €V ® Vs ®Vy,

compatibility of the covariant derivatives of vector fields is used to prove that

AE—)A_E
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under the map
VE — Vz,

which is the map sending a differential to its cohomology class.

Towards constructing V7, above B is a universal space U/, the universal space of curves
in B. U is a smooth bundle over B, w : Y — B. There is a natural map &/ — X, which
induces a map ¥ — X on the fibre of ¢ over a point [X] € B. Fibres of &/ — B induce a one
dimensional, vertical, foliation on U/, denoted V.

The codimension one foliation F on X induces a codimension one foliation H on U, where
we use the notation

H,CT,U,
for a point p € U.

The foliation H gives a splitting:
TU=TYX®H, (6.25)

where z € U — Ug, I1(2) = [X], and Ug is the codimension one set where the foliation H
intersects the vertical foliation V' non-transversally. On U* = U — Ug, H, = Ti5B, the
splitting, equation (6.25), defines a horizontal lift of Tjx)B to T,U4.

This leads to a connection on U* — B, V7

Lemma 6.9.2. The splitting, equation (6.25), defines a connection V' on U* — B.

The connection lifts a vector in Tjx) 3, to a vector in T,U, for z € U*. The lifting is used to
take a Lie derivative of any tensor defined on U/, for example a relatively defined differential
1. Note 7 is allowed to be meromorphic.

Example 6.9.3. We consider an algebraic analog of parallel transport in a family. Define a
foliated surface by the family of curves parameterised by t:

r=y>+t

Leaves of the foliation x = const define a flat connection on the fibration defined by the family.

Consider parallel transport from a general fibre to the fibre over t = 0 given by T = y2.

[t 1t 1¢

2

Y(wo) =VYs —t=1vyo4/1 — =y <1—— - = —)
(30) ’ ’ v 2y5 8w

ezists analytically when |yo| > |t| whereas it exists formally in C[t], or in C[t]/t" for any n.

Then
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For example, in C[t]/t2, y(yo) = yo — % defines a path
0

C-{0} —C

t
Yo — Y " o
Yo

which is parallel transport in the first formal neighbourhood.

6.10. Relation between the formal series ¥ and an analytic series

This section verifies the following two lemmas.

Lemma 6.10.1. The section ¢ € I'(Bx, Gs) defines a map
9 B\E — LKS

where Lgg is the quadratic Lagrangian defined in equation (6.6) and (6.7).

Lemma 6.10.2. The cohomology class of 9 € T'(Bs, Gx) defined in ( ) is the local section
[¥] € I'(Us, H) defined in (6.11).

Proof of lemma ( ). The proof immediately follows from the fact that o} satisfies the
residue constraints | . O

Proof of lemma ( ). Let (va,uq) be foliation Darboux coordinates, definition ( )
describing ¥ in X.

Define a 1-form ¢, ¢ : TsB — H°(Z, Ky), as
0 =w; ®dz".
¢ is a section of Q} ® H. Under the quotient map, ¢ restricts to ¢,
¢ €T(B,0 H),
where ¢ is defined in equation (6.10), so [¢] = ¢.

Then .
V7 (voduy) = w; ® d2'

lives over
VM s = ¢
where s € I'(Us, H) defines the cohomology class [9],
I([Z]) = s([Z]) — s([Z]) € C* = Hy.
As shown before in section ( ), V7 lives above V&M 5o higher covariant derivatives

V7 (vaduy) live over higher covariant derivatives VEM[i].

Therefore the series ¥ lives above the series for [¢]. O
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6.11. Vector fields on Ly, and the relation to the tensor Ay

We consider a specialisation of the vector fields in section (6.8) to the case of Lgg = LE,,.
The following two lemmas are equivalent to proposition (4.9) from [ |:

Lemma 6.11.1 (| ). There are vector fields £ on Lkg, given by definition (6.5.1),
where x,y; in the definition are specialised to the Darbouz coordinates %, y; . on Wy, and
satisfy

where @; are the vector fields from equation (6.20).

Lemma 6.11.2. Under symplectic reduction:

VZ©; = Vi w)]. (6.27)
By | ], the image of the tensor Ay under the quotient map is identified with the

variation of a holomorphic differential by a holomorphic differential. The image of Ay is
given by:

— or;i . .
Ay 2 — Y 550k,

8zk

which is the Donagi-Markman cubic:

Theorem 6.11.3. The image of the tensor As under the symplectic reduction, which sends
Vs = V', is the tensor Ay, also known as the Donagi-Markman cubic,

VEeVe®@Vys 5 Vs®@Vs® Vs (6.29)
AE —> Zg.

6.12. Reduction, wavefunctions and the prepotential

One motivation of | ], is to study the deformation quantisation of B C Hy = H'(X,C)
by the wavefunction

F
¢B(z1,...,z9):exp<%+F1+hF2+---+hg_1Fg+...>,

where Fy(2!, ..., 29) is the prepotential, and the F, (2%, ..., 29) are called symplectic invariants,
which are defined from topological recursion, | ].

1 %
Fg(zl,, . .,Zg) = m/b wg,l(p)z .

?



Note a fixed choice of z* gives the invariants from the introduction.

Following | |, ¥5(2Y, ..., 29) is defined by an integral equation or from examining the
deformation quantisation of an intersection.

The wavefunction ¥5(2%,. .., 29) is annihilated to order O(%) by a quantisation of the local
defining equations for B C Hsy:
0
—h
8zi

Using similar ideas to chapter (5), the image of G, under the natural map of the extension
Ws — X = Wy @ Gs /G5, at the level of rings is defined by the ideal

+wi(2h ..., 29).

> % i< i<
(@79, 2" — 29, Wi — yicy — Ti;2’>Y),

as shown in section (6.7). We quantise these equations to determine t¢g. Similar to the
example in section (5.5), the equations 79 = 0 and 2* — z* = 0 are not used to directly
determine 1¢ in a differential equation. ¥g(z*,2*) is only determined explicitly from the
equations:

0 0 .
—_ R — .. ] ° ° =
(ﬁazi ﬁ@xi Tii T ) Ya(z, 2") =0,

where 1 < 4,5 < g. This equation has a solution ,

1

1 o1 o
Ya(xt, ..., 29 2", ... 29) = const exp (— T,;2'2 + _Tijzzx']) .

2h h
Note that the graph of d (%Tijzizj + 3 Tij 2@l ) does determine G in X.

From chapter (5), we see that reduction commutes with deformation quantisation. This
means starting with the equations or the ideal describing L. and Gy, then eliminating x*
and y. terms, leaves a series in terms of w, and 2°. This series is quantised, or turned into
an operator, to write out a differential equation for ¥. Alternatively vz is found from the
integral formula: [ |:

1

ig L .
Y2t ..., 29 = /wg 1, = const /Dacexp (ﬁ 7,522 + 7 Tij? x”) YL(S(z%)),

where Dz means integration over all the x* variables, but note that ¥g only contains fintiely
many: z',...,z9. 9¥(S(z")) is similarly defined in chapter (4). Immediately we pull out the
terms only dependent on z°, so

1 o 1
1 g\ — Y v ) —
ve(z,...,2%) exp(zhnjzz +O(ﬁ)).

Already this matches the quadratic term in the prepotential Fj, equation (6.18). Higher
order terms in z* and % are determined by the Fourier or Laplace like formal integral. Hence
we conclude
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Proposition 6.12.1.
1 g L i Lo i .
Yp(z7,...,2%) = exp o Ti% % /Dx exp | - TijZ'T PL(S(z%)). (6.30)

This integral is annihilated by the quantisation of the defining equations for B as an intersec-
tion, in a similar way to example (5.5).

Note S(z*) = +50(z") + Si(z") + ..., as defined in chapter (4), and is chosen to solve the
equations .
H;exp(S(z*)) =0

where the operators H, correspond to a quantisation of the quadratic polynomials H; defining
the Lagrangian L.

In the semi-classical limit treating Sy /h as large, we expect the following:

Proposition 6.12.2 (Transformation of Lagrangian generating functions).

1 . 1 . 1 1
exp (%Tijzlzj) /Dz exp <% Tijzzzj) exp (ESO(x')) ~ exp <%F0(z1, - ,zg))

where Fy is the prepotential, equation (6.18), and Sy is the generating function so y =
graph(dSy), describing LL.

The alternative approach to verifying this proposition, and investigating the prepotential Fj
is to take the ideal _ _ _
Js = <.,L.>g, 2t — xzég, Wi — Yi<g — Tijxjgg7 H’>’

describing B as an intersection of L and Gy in X, and
H; = —yi + agra’z* + 265,27y, + iy
Remark 6.12.3. Interestingly this defines B inside the infinite dimensional space X, as an

intersection, algebraically. However, eliminating variables to write B inside Hyx as purely
functions of z* and w; appears to at least be formal.

It is possible to eliminate z* and y. on a formal neighbourhood with the series expansion of
y;- In particular B is represented by the g formal equations:

j t ik k k j ik
{ —w; + 727 + (ai]’k —2b5Tsk + €} Tsztk) 22"+ (2 bi; + 2¢; Tsj) 2w + ¢ Wiwy

+ 2bszj(yk — ug (=Y = 2%, 279 — 0))|k>g

+ " (y; = u0(z"5 = 2,279 = 0)) (k= uok(z™? = 2°,279 = 0))}k>g

+ 2" (y; = uo,i (279 — 27,279 = 0)) (Wi — Tktzt))|k59,j>g},
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where 1 <4 < g, — denotes substitution, and note indices of w, and z* are restricted between
1 and g. Also note g, starts with strictly quadratic in z* (or after substitution, z°) terms.
Simplifying the equations slightly gives:

{Hi = — w; + T2 + o 2° + Bl Wy + Fwiwg + @(z‘,w.)},

where ®(z°*, w.) starts with cubic in z* and w. terms. Also set a;j, = (aijk -2 bfjrsk + cfthjTtk)
and Z = (2 bfj + 2 cfkTsj).

Equating the H; to zero, and solving for w;, and looking at the O(2?) terms would determine
the cubic term in Fp, in a similar way to the fixed point iteration for ug; in chapter (4). Doing

two rounds of fixed point iteration starting with W,EO] = 0, and using symmetry of 7 yields
WEO] =0
ng] = Tz-]-zj + aijkzjzk + 0(23)
Wi = 127 + a2 + KT 20 2% 4 T2 2t + O(2°)

This gives an O(2?) coefficient of:

S st _ S st S st st
Qiji + BijTsk + € TsjTek = Gk — 2b3;Tsk + €} TojTik + 2b3;Tsk, + 2¢] TsjTar + €] TsjTek

st
= ijk + 3C; TsjTek

Then for a Lagrangian, w; dz* = dFp, so
1 .. 1 o
Fy, = 57-z~jzzzj + 3 (aijk + 3cft7'sj7'tk) 22927 4+ 0(2Y),

where 1 < 14,7, k,s,t < g. So note that Fj in general is not simply found by setting x~9 terms
in Sy to zero, although the first g terms of a;;;, do appear. Computing higher order terms
would involve expanding out ® to the desired order, and performing fixed point iteration,
which would be practical on a computer.

Finally if we quantise the H; to obtain the formal operators:

_ 0 ‘ . . 5z 0 0 4 0
i = —he— 4 T f g+ R — + R + B2 h—
[ PR R L P o el SR = b

this will annihilate the integral for vz(z!,...,29). Note H; has arbitrary orders of the
operators ha% in ®, and starts with an order O(#?) term.
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7. Future speculation

There are several areas which should be investigated as a result of this thesis. The first is
the global or perhaps non perturbative wavefunction like object defined from deformation
quantisation. In chapter (1) deformation quantisation gives a star product equation

Hxw=0,

where w is some function in Ox[h]. Instead of trying to solve this equation, we looked at
a Weyl-algebra representation and then locally solved an operator equation with the WKB
method: _

Hexp(S) = 0.

It would be interesting to see if w exists as some global or even algebraic object, or if it could
be patched together from local wavefunctions exp(S).

Another area concerning deformation quantisation is the fact that there are multiple deforma-
tion quantisation modules which quotient to the same classical object. For example setting
other constants for J in chapter (1). In this thesis we often implicitly worked with whatever
choice of J would give the simplest equations. Different choices of J may be interesting in
applications like quantum curves.

Another direction would be to investigate the F, from the deformation quantisation of B,
realised as an intersection in an extension. We outlined a practical way to compute higher
order terms in Fy with fixed point iteration. Practically computing more terms in Fy with
this procedure could be done on a computer.

Similarly, F, could be derived from the WKB expansion of the quantisation of the equations
describing B in the intersection. Alternatively, the path like integral for s could be
investigated in more depth. Writing out Feynman like rules would be an interesting problem.

It would also be interesting to understand the integral in more depth. Although it looks
like a Gaussian on the bigger space, it qualitatively looks more like a Laplace transform.
Also, although it is integrating over infinitely many variables, it only depends on finitely
many of the variables defined on the intersection, or on the space described by the symplectic
reduction. A similar situation arises in physics.
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A. Constraints

A.l1. Airy structure constraints

Let
H; = —y; + agua'a’ + 20527y, + ™7y,
where the tensors a and c are symmetric under permutations of j, k. Recall {y;, 2’} = 6{ is

the only non vanishing Poisson bracket. So in {H;, H;}, there are possibly the following six
nonzero terms, plus (—1) times a permutation i <> j:

* —{¥i, ajrst T}

= —2{y;, b5, x"ys}

= 2{aysx"2%, bYyty, }

* {airs" 2%, Yy}

= 2{b5.2"Ys, i Ysyu }

4{bg.x"ys, bl xty. }

The Poisson bracket satisfies Leibniz rule:

{fg,h} ={f,h}tg+ f{g,h},

or alternatively
{f,gh} ={f. gth + g{f. h},

so we use this to find the Poisson bracket of higher degree terms.
The first term:
_{yu ajrszws} = _afjrs{yia :L'sz}7
= —Qjrs ({y'n xr}xs + xr{yia xs}) )
= —ajs (0]2° +2757),
=-2 Qjis xs’
by symmetry of a. So this will also vanish in {H;, H;}.
The second term
—2 {yi7 bjrxrys} = -2 b;'r{yia xrys}v
= —2 bj,’,. ({yl’ xT}ys + "L‘T{yi’ yz}) )
- _2 bjl yS'
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The other term gives 2bf;y,. Since {H;, H;} = g Hy, this gives g, = 2 (b;“Z — bfj) which

7.
matches Kontsevich and Soibelman’s calculation.

For the third term:

TS LU .t (2 T .8 t
2{airs$ T 05T yu} = 2 Qirs bjt{l‘ r,z yu}a

= 2 a5 b, ({a:’"xs, '}y, + 2 {z" 25, yu}> ,
= 2 a5 b, ' ({27, yu}2® + 2" {2°, 3 }) ,
= —2 a5 b}, ' (6,2° + 26},
= —2 Qs U, 3" 2% — 2 4505 b3,2"
= -2 (aikt b?s + Qitk b;cs) .’L‘S.CCt,
= —4a;p bfs fadind

So there is also a 4 a;s bﬁ % xt term.

The fourth term:
{airsmrxsa Czuytyu} = Qjrs c;u{xrl,s, ytyu}’
= Qjrs c;u ({xr, ytyu}xs + xr{xs’ ytyu}) )
= irs ¢ ({27, Yot + 9:{2", 9u}) 2° + 2" ({2°, e 3y + 9:{2°, 90}))
—Qirs & (Yu°0] + 12°0), + T Yu0; + 2"l

TU S tr, .s tu,.7 ts,.T
= - (airs cj T Yy + Qirs cj T Y + Qirg Cj T Yu + Qirs cj x yt) )

= - (aiks C;?twsyt + Qiks Czkﬂvsyt + Qisk C?twsyt + Qisk Cz-kﬁﬂsyt) ;
= —4as cft x° yy.

Likewise there is a 4 a;,s crt o yy.

The fifth term should give y, y; like terms:

§tu

2{b5.2"ys, ¢ Yy} = 205, {2 Y5, Ye Y}
=285 ¢ ({2", yeyu}vs) »
=205, ¢ ys ({2", ye Yy + ve{2", })
= —2b;, ¢j" ys (6;%u + %:07)
= _4bfk0§tysyt7

by symmetry of c. This also gives a 4b§rc§tysyt term.
Finally:
4{b;, 3" ys, 53"y} = 4b;,b5,2"ys — 4b5,5,3"ys,

= 4 (bE by, — BiybE,) 27y
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Assembling the results:
{Hi, Hy} = — 2 (b5 — b%) e + 4 (ajrably — ainsb},) 2°2"
+ 4 (s’ — @ina]’ + OEBY, — BOE,) 2oy + 4 (B, — b3.C5') yst,
which is meant to match:
g5He = — (gzkg) Yk + (gfjakst) z°zr + (ngbks) Y + (gf]czt) vyt
So reading off each term we find the constraints as listed:
2 (b, — b))
4 (a]ks it — Qiksh ) g At
4 (ajks r a/zksckt + b, by ) = Zgngksa

s kt s kt\ _ _k st
(bjkci _bzkc ) 93 -

gz]?

A.2. Quantum Airy structure constraints
We use the Weyl-algebra representation 2! — 2* and y; — h0;. In the Weyl-algebra picture
there is a Lie bracket of operators [f, g] = 3 (fg — gf). Then [1d;,27] = 6] and [27, hd;] = —4.
Consider the quantised Hamiltonians:

E = —ho; + aijkxixj + QHbZZ‘jak + h2cfk6j6k + he;.
The calculation of [ﬁz, 1/‘\[]] = gfj H, is very similar to the classical case, the only difference is
from terms involving an . € is determined by terms that give a non-symmetric constant (so

all the z* and 9, vanish) in the Lie bracket. This only happens with equal numbers of 9 and
x terms, so there is only one expression to check:

[airsz”z®, R3S 0,0.).
Therefore
[airsz2®, h2c§“8t8u]( f) = ha.sc “( x°0,0y, — 0;0,x" %) (f),
(172500, (f) — O4(Orx’ f + 2702 f + 2" 2°0u(f))),
= haz-mc;( 2°0,0u(f) — 6,63 f — 6,x°0u(f) — 6,85 — 2" 850,(f),
— 52°0u(f) — 2 5;0u(f) — 2" 2°B,0u(f) ).
Focusing on the terms which can give a constant

—Ripo ¥ (8765 + 6765) = =2 hagy .

= ha'zrs

So the other term will be 2 hia;q c5t. This gives an expression relating € to the other tensors

st st k
2 (ajst ¢ — Qist C; ) = gij€k-
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B. Gaussian integrals

B.1. Real Gaussian integrals in one dimension

Recall the real Gaussian integral

1 o1
oSy /Rdx exp(—A\z®) = 3

Now consider assigning a value to the (possibly formal) integral

1 2
I= e /Rdxl/J(:c) exp(—Az?),

2k+1

for some power series ¥(z) = Y ;> arz®. Contributions to I from z will vanish via

anti-symmetry. This leaves

> axz® exp(—Az?).
k>0

1
1=t
VT JR
In general, this integral may not exist, but it can be evaluated as a formal power series in A

(although it might indeed be analytic in A). We write a formal sum that at least encodes the
asymptotic expansion in powers of A. For a single coefficient

I'(k+1 '(k+32
j%/ﬂ{dxx% exp(—Az?) = \j% 2()\k+%2) - ;2}:1 S“(lf)

2
Where the quotient of I" functions gives 1,1/2,3/4,15/8,.... Therefore

b,
Ak’-{-l :

I(\) ~ Z

k>0

B.2. Real Gaussian integrals in higher dimensions
More generally,

(2m)"
det Q

/da:'f(x') exp (—%ﬂé%ﬂ) _

0 0
e (5@ g0 ) 1)
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