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Abstract

This thesis was motivated by related sojourn time and boundary crossing problems
for the Brownian motion process. In Chapter 1, we discuss these motivating prob-
lems, and outline how they led naturally to the research in subsequent chapters.

The available literature relevant to this thesis is reviewed in Chapter 2.

In Chapter 3, we extend the uniform law for sojourn times of processes with cycli-
cally exchangeable increments to the case of random fields, with general parameter

sets, that possess a suitable invariance property.

In Chapter 4, we consider several special cases of iterations of random i.i.d. linear
functions with beta distributed fixed points that describe a nested interval scheme
when iterated in a backward direction, and an ergodic Markov chain in the forward
direction. We find these points by extending a result due to E. J. G. Pitman (1937),
which allows us to solve the random equation by solving an equivalent random
equation with a gamma distributed solution. In each case, these fixed points are
the almost sure limit of the corresponding nested interval scheme and the stationary
distribution of the corresponding Markov chain. Using our new technique, we also
derive some new special cases of randomly weighted averages, and show how our
results define some new stick-breaking constructions of beta distributed random

variables.

In Chapter 5, we consider a class of discrete time Markov chains with state space
[0,1] and the following dynamics. At each time step, first the direction of the next
transition is chosen at random with probability depending on the current location.
Then the length of the jump is chosen independently as a random proportion of
the distance to the respective end point of the unit interval, the distributions of

the proportions being fixed for each of the two directions. Under simple broad



conditions, we establish the ergodicity of such Markov chains and then derive closed
form expressions for the stationary densities of the chains when the proportions are
beta distributed with the first parameter equal to 1. Examples demonstrating the
range of stationary distributions for processes described by this model are given,
and an application to a robot coverage algorithm is discussed.

In Chapter 6, using our extension of the result due to Pitman (1937) from Chap-
ter 4, we characterise the class of distributions of random stochastic matrices X
with the property that the products X (n)X(n —1)--- X(1) of i.i.d. copies X (k) of
X converge a.s. as n — oo and the limit is Dirichlet distributed. This extends a
result by Chamayou and Letac (1994) and is illustrated by several examples that
are of interest in applications.

In Chapter 7, we analyse the stability of the boundary crossing probability for
the multivariate Brownian motion process, with respect to small changes of the
boundary. Under broad assumptions on the nature of the boundary, we obtain an
analogue of the Borovkov and Novikov (2005) upper bound for the difference between
boundary hitting probabilities for “close boundaries” in the univariate case. We also

obtain upper bounds for the first boundary crossing time densities.

1



Declaration

This is to certify that:

1. the thesis comprises only my original work towards the PhD except where

indicated in the Preface,
2. due acknowledgement has been made in the text to all other material used,

3. the thesis is fewer than 100,000 words in length, exclusive of tables, maps,

bibliographies and appendices.

Signed,

o

Shaun Antony McKinlay

1l



Preface

The work contained in this thesis was carried out under the supervision of Professor
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Chapter 1
Introduction

This thesis presents the results of a research project motivated by three related
sojourn time and boundary crossing problems for the Brownian motion process. A
notable feature of our results is that the solution to one of these problems led us in

a natural way to study random equations and iterated random functions.

Many of the results we present extend known univariate results to a multidimen-
sional setting. In addition, we will often encounter beta distributions (and Dirichlet
distributions in the multidimensional setting) as the laws of the positive (or neg-
ative) sojourn times for the Brownian motion process and associated conditioned
processes such as the Brownian bridge, and as the limiting distribution in a number

of special cases of iterated random functions.

The first two motivating problems concern two well-known results on the positive
(or negative) sojourn time for the standard Brownian motion and bridge processes
on the unit interval. In the first, we explore the essential properties of the Brownian
bridge process that ensure that its sojourn time below the axis is uniformly dis-
tributed. This problem had actually been studied in several papers recently, where
it was shown that this uniform law is a property common to processes with cyclically
exchangeable increments (CEI) satisfying an additional condition ensuring that the
time spent at zero has zero Lebesgue measure. We sought a multivariate extension
of this result, obtaining a uniform law for sojourn measures of random fields with
general parameter sets that possess a suitable analogue of the CEI property in the

random fields setting.



Our second problem concerns the positive sojourn time of the standard Brown-
ian motion process. In particular, we searched for a simple probabilistic argument
relating that random time to the time of the last zero before time 1 (or, equiva-
lently, the maximum up to time 1). Apparently the simplest argument was that
used by P. Lévy [L39] in his original proof that the positive sojourn time has the
arcsine law. That approach involved decomposing the positive sojourn time of the
Brownian path into the segments before and after the last zero.

Our contributions originated by observing that Lévy’s decomposition yields a
random equation with an arcsine distributed solution. Extending a result due to
E. J. G. Pitman [P37], we solve the random equation by solving an equivalent ran-
dom equation with a gamma distributed solution. Observing that the backward
iterations of the random equation describe a nested interval scheme, while forward
iterations generate an ergodic Markov chain, we obtain that the limiting distribu-
tions of these processes is the arcsine distributed solution to the original random
equation. Generalising the original random equation in several ways, and armed
with our new technique, we prove a number of new results on the limiting distribu-
tions of such processes and generalisations thereof.

In our final problem, we consider boundary crossing probabilities for the multi-
variate Brownian motion process. The computation of these probabilities arise in
a number of applied problems, most notably in mathematical finance, where such
probabilities are used, for instance, in barrier options’ pricing. However, even in
the univariate case, closed form expressions for boundary crossing probabilities are
only available in a few special cases. An alternative approach is to approximate the
boundary crossing probability by computing that probability for another boundary
for which the computation is feasible. To use the approximation, one must bound
the difference between boundary crossing probabilities for the original boundary on
the one hand side and the approximating boundary on the other. The main goal in
the last problem was to provide such a bound.

The thesis is structured as follows. In the next section we introduce some key
definitions and results required for a more detailed discussion of our motivating
sojourn time and boundary crossing problems in Section 1.2.

In Chapter 2 we survey the available literature relevant to this thesis. We begin



by reviewing extensions of the uniform law for the sojourn time above the axis of
the Brownian bridge process to wider classes of processes. In Section 2.2 we discuss
several special cases of the nested interval schemes on the unit interval that have
appeared previously, while some relevant special cases of Markov chains on the unit
interval are discussed in Section 2.3. Sections 2.4 and 2.5 survey the literature on
randomly weighted averages and products of i.i.d. random stochastic matrices that
are related to the random equation from our second problem. Section 2.6 is devoted
to the literature review related to our last problem. First we review exact solutions
for boundary crossing probabilities for the multidimensional Brownian motion. Then
we consider some approximation methods for the univariate Brownian motion that

have appeared previously.

The original research presented in this thesis is contained in Chapters 3—7. In
Chapter 3 we solve our first problem by providing an extension of the uniform law
for the negative sojourn time of processes with cyclically exchangeable increments

to the case of random fields.

Chapters 4-6 contain the results of research related to our second problem. In
Chapter 4, we consider several special cases of a class of random equations that
includes the original equation obtained from Lévy’s decomposition of the Brownian
motion, and study the nested interval schemes and Markov chains generated in
each case. In Chapter 5 we consider a more general version of the Markov chains
generated by the forward iterations from Chapter 4, while in Chapter 6 we study
the forward and backward products of i.i.d. random stochastic matrices that arise

as the natural multivariate extension of the iterations from Chapter 4.

Chapter 7 is devoted to our third problem, where we provide a bound for the
difference between boundary crossing probabilities of two “close boundaries” for the

multivariate Brownian motion process.

The content of these chapters and how they arose from the motivating problems

introduced above are discussed further in Section 1.2 below.



1.1 Preliminaries

In this section we briefly review the material from probability theory that will be
fundamental to the sequel. This short review is intended to introduce the notation,
objects and some key results that we will require. As such, we assume the reader
is familiar with the fundamentals of probability theory and stochastic processes,
stochastic calculus and the Brownian motion process (see e.g. [F71], [O07], and

[MP10], respectively).

1.1.1 Brownian motion and related processes

A continuous time real-valued process {W;};>¢ is called a Brownian motion started

at x € R if the following properties hold (see e.g. p.7 in [MP10]):
(i) Wo ==,
(iii) for 0 < s <t, Wy — W is independent of o(W,,u < s),
(ii) for 0 < s <t, Wy —Wj is normally distributed with mean 0 and variance ¢ — s,
(iv) the sample paths of {W;} are continuous almost surely (a.s.).

We call the process {W;};>¢ a standard Brownian motion if x = 0.

There is a vast literature devoted to the study of functionals of the Brownian mo-
tion process (see e.g. [BS02]). One important functional is the time that a standard
Brownian motion first crosses an upper (or lower) linear boundary. The distribution
and density of that time is known explicitly. Specifically, for ¢ € R and ¢,t,z > 0,

and denoting by ® the standard normal distribution function, one has

IP’( sup (W5 —¢s) < 5) = CI)(C\/Z—F 5/\/%) - e’zcsq)(cx/g - e/\/f) (1.1)

0<s<t

and

P(inf{s Wy —cs=z} € dt> = miChs Ct>2) dt (1.2)

z
NGETE eXp( 2%

(see e.g. 1.1.4 on p.250 and 2.0.2 on p.295 of [BS02], respectively).
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An important functional of the Brownian motion process is its running maximum
{W}i>0 given by
W, := max W,, t>0. (1.3)

0<s<t
We will similarly denote by {B,;} the maximum process of the Brownian bridge
{B:}o<t<; which can be defined as follows. For x,y € R, the Brownian bridge from
x to y of length [ > 0 is the process {B;}o<i<; given by

t

Recall that the Brownian bridge can also be defined as the Brownian motion on [0, ]
conditioned on Wy = z and W, = y. We call the process {B;} a standard Brownian
bridge if (x,y,l) = (0,0,1).

The last problem we consider in this thesis concerns the boundary crossing prob-
abilities for the multidimensional Brownian motion process, which is defined as fol-
lows. Let WM, .. W be m independent Brownian motions stared at 1, . .., Zm,

respectively. The process {W}i>¢ defined by

W= W, o w™) (1.5)
is called an m-dimensional Brownian motion process started at @ = (z1,...,2,,). If
x=0:=(0,...,0), we call it a standard m-dimensional Brownian motion.

A process closely related to the m-dimensional Brownian motion is the m-

dimensional Bessel process {R;}:>¢ defined as the radial part of W:

Rt — \/(Wt(l))2+<m(2))2 4. +(Wt(m))2, + Z 0. (16)

It satisfies the stochastic differential equation (SDE)

m—1

AR, = dt +dW;, t>0, Ro=|z| >0, (1.7)

t

where {W;};>¢ is a standard univariate Brownian motion process (see e.g. p.148 in
[O07]; we assume that the reader is familiar with the fundamentals of It6 stochastic

calculus)



Similar to the above, we define the m-dimensional Brownian bridge {B;}o<t<

from € R™ to y € R™ of length [ by

t

It is the solution the SDE

y— B,
[ —t

dB, = dt+dW,, 0<t<lI, (1.9)

(see e.g. p.64 in [BS02]).

For ¢ > 0, we define the time-reversed Brownian motion {X}o<s<¢ by
Xs::Wtfs_Wty OSSSt

Note that { X s}o<s<: is a standard m-dimensional Brownian motion on [0, ¢] since it
is continuous and its finite dimensional distributions are Gaussian with the required

covariances.

1.1.2 Distributions and special functions

For positive integers r and ¢, denote by M, . the set of 7 x ¢ matrices (pi;)i—;5-;
such that all p; ; > 0, and by P, . C M, its subclass of matrices with 25:1 pij =1,
1=1,...,r. Let Mic and P,ffc be the subclasses of all positive matrices from M, .
and P,., respectively (by a positive matrix/vector we mean a matrix/vector with
all positive entries), and set Ry := (0,00). Clearly, P; := Py 4 consists of all d x d
stochastic matrices, with P := P;f ;4 its subclass of positive stochastic matrices. We
similarly define M, := Myq and M = M;Ed. For a matrix (Z;;) € M, ., we

denote its row sums by



and it column sums by

Similarly, for a vector (Yi,...,Y.), we denote the sum of its components by

Y.:ZZC;Yi-

For a random element X, we denote its distribution by £(X) and write X ~ F
if = L(X). If Y ~ Fy is independent of X ~ Fy, we write F'y ® Fy for the law
of (X,Y).

We denote by I', the gamma distribution with scale parameter 1 and shape

parameter a > 0, with density

where I'(a) is the gamma function. An important feature of the gamma distribution
that we will use in this thesis is that its characteristic function has a very simple

closed form. Specifically, for X ~ I',, one has
Ee'™ = (1—it)™, teR. (1.10)

A well-known property of the gamma distribution is that the sums of independent
gamma distributed random variables with the same scale parameter are also gamma

distributed. In particular, if
(Xp,.. 0, Xg) ~ Ty, @@, then X,~T,,. (1.11)

An important characterisation of the gamma distribution is as follows (cf. [L55]).

Theorem 1.1 ([L55]). Suppose that X1, Xy > 0 are independent non-degenerate
random variables. Then X1 and Xo are gamma distributed with a common scale

parameter if and only if X1 + Xo is independent of X1/(X1 + Xa).
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It follows that for (X, X5) ~ 'y, ® ['y,, one has

X4
X1+ X,

Il

X, (X; + X>), (1.12)

where ()Z'l, )?2) is an independent copy of (X, X5).

For parameters aj,as > 0, we denote by [(aj,as) the beta distribution with
density

Blay,a) 'u™ (1 —w)™=™ 0<u<l,

where B(ay, az) is the beta function defined by

1
B(ay,ap) = / u™ (1 —u)2 ! du.
0

A well-known relation between beta and gamma random variables is as follows. For

(X1, X5) ~ T, ® 'y, one has

X4

——— ~ B(ay, as).
X1 B(ai, az)

For a positive vector @ = (ay, .. .,aq), we denote by D, the Dirichlet distribution

on the standard simplex S; := P; 4 with density

F(a.)Hui : (u1,...,uq) € Sq,

with respect to d~'/2v, where v is the (d — 1)-dimensional Lebesgue measure on S,.

Alternatively, one can represent this distribution as having density

(li—l dil
U,
I'(as) H T(ar) ug:=1-— E U,
i=1 v i=1

on the projection
d—1
{(Ul, . ,Udfl) S Rfl,:l . Zuz < 1}
i=1
of S on the (d — 1)-dimensional space spanned by the first (d — 1) coordinates, with

respect to the (d — 1)-dimensional Lebesgue measure.
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We denote by G the distribution I'y, ® --- ® I'y, on M 4. It follows from
Theorem 1.1 that, for (Xi,...,X,) ~ Ty, ® --- ® ', one has that

L Xy Xy
Xe d dent of | —,...,— |, 1.13
is independent o ( X, X.> (1.13)
and so
i (Xi Xa\ &
Xy, Xg) = —, .-, = | X, 1.14
( 1 ) d) (X.’ ’X.) ( )

where (X1, ..., X,) is an independent copy of (X, ..., Xy).
For A = (CL,‘J‘) € M+

r,c’

matrix (X; ;) € Py, such that

the Dirichlet distribution D4 on P, is the law of the

X<Z> = (X’L',]J A 7Xi,C) ~ D(ai#l,...,ai,c)

and the row vectors X, ... X! are independent. Similarly, by G4 we denote the
law of the matrix (Z;;) € M, such that Z% = (Z;1,...,Zic) ~ Gasy,.ar.) and
ZW .. Z") are independent.

In Chapter 4 we will encounter random variables that are products of indepen-
dent beta and gamma distributed random variables. It turns out that the charac-
teristic functions of such random variables can be written in terms of the Gauss

hypergeometric function
1
oFi(a,b;c;n) = B(b,c—b)! / w1 — )N — un) T du, (1.15)
0

for n € C, Re(c) > Re(b) > 0, and |arg(l — n)| < 7 (see e.g. 15.3.1 in [AS64]).
This well-studied function is known to satisfy a large number of relations (see e.g.

Chapter 15 in [AS64]). In particular, we will use the relations

2F1(a, b;0;m) = (1 =)™, (1.16)
(b—a)oFi(a,b;¢;m) +asFi(a+1,b;¢;,m) = baoFi(a, b+ 15¢m), (1.17)

and
2P (a,biem) = (1= 0) 9 Fi(e — a,c = bye;m), (1.18)
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see e.g. 15.1.8, 15.2.14, and 15.3.3 in [AS64], respectively.

1.1.3 Iterated random functions

Iterated random functions are often useful in the study of the stationary distri-
butions of Markov chains, and can also be used to give bounds on the rates of
convergence. The basic idea is that Markov chains can be constructed by iterat-
ing random functions on the state space E. More specifically, suppose there is a
family {fy : 0 € ©} of functions that map F to itself (not necessarily injective or
bijective) with fp(z) jointly measurable in (0, x), and a probability distribution p
on ©. An i.i.d. sequence 61, 0,, ... with distribution u generates an i.i.d. sequence of
random functions fy,, fo,,... The forward iterations of the mappings are given by

the compositions

Xn() = (f%of@nq O"'Of91)(')7 n =1, XO() :id<’>7 (1'19)

while the backward iterations of the mappings are given by

Yo() = (for 0 fo, 00 fo,) (), Yo(-) =id("), (1.20)

where fog(:) := f(g(-)), and id(-) is the identity function. The theory of forward
and backward iterations of i.i.d. random functions is well-established (see e.g. [CL91,
DF99, L86]). Here we will only summarise the results relevant to this thesis.

It is clear that X, (-) has the same distribution as Y;,(+) for each n. However, the
properties of the forward and backward processes are very different. Under a broad
contraction condition, for any fixed x € E, the forward sequence {X,,(z)},>0 is an
ergodic Markov chain, while the backward sequence {Y,,(z)},>0 converges a.s. and
is not in general a Markov chain (see e.g. [DF99)).

The following theorem due to Letac [L86] gives a simple way to prove that the

Markov chain {X,,(x)},>¢ is ergodic and to obtain its stationary distribution.

Theorem 1.2 ([L86]). Assume that Y := lim,_ Y, (z) a.s. exists and does not
depend on x. Then the Markov chain { X, (x)}n>0 is ergodic with stationary distri-
bution L(Y).
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1.2 The three motivating problems

We will now discuss in more detail the sojourn time and boundary crossing problems

for the Brownian motion process that motivated the work in this thesis.

1.2.1 An equidistribution theorem

Among the most interesting and important problems on the pathwise behaviour of
random processes is the one on the distribution of the time spent by the trajectory of
the process below (or above) a given (possibly random) line. The simplest question
to be asked in that context is, of course, whether the trajectory of the process will
cross that line at all. Historically, the first problem of that kind was perhaps the
famous ballot theorem that effectively asserts that, for a simple symmetric random
walk conditioned to be at point —k < 0 at time n, the probability that the trajectory
will stay below zero on (0, n] is k/n (for a historical background and the development
of ballot theorems, see [T97]). That result is an immediate consequence of a simple
invariance property of the random walk and can readily be extended to random
walks with cyclicly exchangeable integer-valued jumps > —1 (see e.g. Theorem 7.6.1
in [T97]).

It turned out that there are more interesting distributional results for sojourn
times that are also simple consequences of some invariance properties of the processes
in question. One of them is the uniform law for the sojourn time of the positive half-
axis in a simple symmetric random walk conditioned to be at zero at the terminal
time. That result is called the Equidistribution Theorem in Feller’s textbook [F68]
(cf. Section 9 on p.94) and is as follows. Let n > 1 be an integer. Consider all the
polygonal paths with nodes at the points at (k, sg), k =0,...,2n such that sy = 0,
sp=s,t1for k=0,1,...,2n — 1, and s9, = 0. Then the number of such paths
such that exactly 2k of the paths edges lie above the axis is independent of k.

The continuous time analog of the above result is the uniformity of the distri-
bution of the time spent above zero by the standard Brownian bridge on [0, 1], the
result going back to [L39] (as discussed above, that paper also contained the arcsine
law for the positive sojourn time of the Brownian motion on [0, 1], see Section 1.2.2

below).
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Theorem 1.3 ([L39]). For a standard Brownian bridge {B;}icp1) with associated

Mazimum process {Ft}te[o,l]; the random variables
1
/ . 5) /
7 =inf{t: By =By} and 75 := / 1¢p,>01ds
0

are both uniformly distributed on [0, 1], where 14 denotes the indicator function for

event A.

In recent years a number of papers appeared that are devoted to extending the
uniform law for the positive sojourn time of the Brownian bridge process. That
research culminated in the observation that the uniform law for the positive sojourn
time is a property shared by bridge processes satisfying the CEI property (and satis-
fying an additional condition ensuring the the time spent at axis has zero Lebesgue
measure). We will now present a rather nice example illustrating that observation
for the empirical process E,(t) of n i.i.d. uniformly distributed points Uy, ..., U, on

[0, 1] which is defined by
1 n
E,(t) == n <ﬁ 21 Li<ty — t) :

En(®)
04+

02+

02 04 0. o.k\ 10

04|
Figure 1.1: A sample path of the Empirical Process E,(t) for n = 5.
Direct verification that the time spent by FE,, above zero is uniformly distributed
is trivial for n = 1, takes some work when n = 2, and is a rather difficult computation

12



for n = 3.
However, since F,,(0) = E,, (1) = 0, one can view the process F,, as given on the

unit circle S' using, say, the natural complex number parametrisation
E,(e¥™) = E,(t), te[0,1).

For a given trajectory E,, denote by v the sojourn time above the axis. Then for
that given realisation E,, the set of times {t € [0,1] : E,(t) > 0} corresponds to

those times for which the cyclically rotated process
Efl(e%i’) — En (627ri[-+t(mod 1)}) . E’n(e%it)

spends less than v time units below zero. In particular, we have that

1
V{t € [O, 1) : /(; 1{@%(62ﬁi“)>53(0)} du < 'U} =,

where v denotes the Lebesgue measure on [0, 1]. Since this equality holds for each
fixed F,, we obtain the desired result.

It is clear that essentially the same argument holds for the significantly larger
class of CEI processes. The recent literature on the uniform law for CEI processes

led us to consider the following problem.

Problem 1: Can the uniform law for CEI processes be extended to a multivari-

ate setting?

It turned out that one can, in a rather natural way, extend the uniform law of
CEI processes to the case of random fields. In particular, we prove a uniform law for
sojourn measures of random fields possessing an invariance property that is similar
to the CEI property in the univariate case.

In section Section 2.1 we review the literature devoted to the study of the uniform
law for CEI processes. Our extension to the case of random fields as well as two
interesting examples of random fields satisfying the required invariance property are

presented in Chapter 3.
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1.2.2 The arcsine laws for Brownian motion

The second problem we considered concerns the following celebrated results due to

P. Lévy [L39].

Theorem 1.4. (Lévy’s First Arcsine Law) For a standard Brownian motion {W;}iepo )

with mazimum W, = max;co,1] Wi, the random variables
T = inf{t €0,1]: W, = Wl} and Ty := sup{t €0,1]: W, = 0}

are both arcsine distributed.

Theorem 1.5. (Lévy’s Second Arcsine Law) For a standard Brownian motion

{Witicp,), the positive sojourn time

1
T3 ::/ 1{WS>0}CZS
0

has the arcsine distribution.

The fact that that the distributions of 71 and 75 coincide can be shown using a

simple probabilistic argument that follows from another theorem due to P. Lévy.

Theorem 1.6. (Lévy’s Theorem) For a standard Brownian motion {W,}i>o with

associated mazimum process {W}i>o, the process {Y; }i>o defined by
Yt::Wt_Wh tZOa

15 a reflected Brownian motion.

Indeed, using Theorem 1.6, we easily obtain that

P(ry, <t) = ]P(sup{s €[0,1]: Wy, =0} < t)
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A common approach to prove Lévy’s second arcsine law is to use a combinatorial
argument to establish a link between the first maximum and the number of posi-
tive or negative terms for a simple random walk, and then use Donsker’s invariance
principle to extend this to the Brownian motion process (see e.g. p.137 in [MP10]).

This apparent lack of a simple probabilistic argument led us to consider

Problem 2: Is there a simple probabilistic argument showing that 73 has the

same distribution as either 7; or 757

However, it turned out that there does exists a simple argument due to P. Lévy
[L39] in his original proof that 73 has the arcsine law (see also Section 1 of [PY92]
for a nice summary of Lévy’s approach). That approach involved decomposing the
positive sojourn time of the Brownian path into the segments before and after 7.
In particular, conditioning on 7 = ¢, Lévy showed that the process up to time ¢ (i.e.
{Ws}o<s<t) is a Brownian bridge of length ¢. Observing that the positive sojourn
time of the Brownian bridge is uniformly distributed (Theorem 1.3), and that the
trajectory after the last zero is equally likely to be positive of negative independently
of the trajectory segment prior to the last zero (see e.g. Section 3.1.2 in [MY06]),

we have that

1
T3 = / l{Wt>0} dt
0

T2 1
= / 1w, >0y dt —i—/ Liw,>o0y di
0

T2

d
= UTQ + [1/2(1 — T2>,

where (U, I1/2) ~ U[0,1] ® Be(1/2) is independent of 7, and Be(p) denotes the
Bernoulli distribution with success probability p € (0,1). It is not hard to show
that 73 is arcsine distributed by showing that the right hand side of the last equality

above is arcsine distributed.

Note that the same approach can be used to show that (73|W; < 0) ~ 3(1/2,3/2)
(and similarly that (73|W; > 0) ~ £(3/2,1/2)). Arguing as above, it suffices to show
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that
Uty ~ 5(1/2,3/2)

for (U, ) ~ U[0,1] ® £(1/2,1/2), which follows from the well-known fact that
AB £ C for (A, B) ~ B(a+b,¢) ® B(a,b), and C ~ B(a,b+ c) (see e.g. p.55 in
[GNO04]).

Now consider the random equation in X:
XLUX +15(1 - X), (1.21)

with (U, I12) ~ UJ[0,1] ® Be(1/2) independent of the random variable X on the
right hand side. We will say that a random equation in X has solution X ~ F if]
for X ~ I, the left and right hand sides of the equation are equal in distribution.

A number of our original contributions originated with the observation that the
above implies that X ~ ((1/2,1/2) satisfies the random equation (1.21). This

observation raised the following rather natural questions.

(i) Is the solution to (1.21) unique in distribution? More generally, if one considers

the random equation
XL AX +B(1-X), (A B)el0,1]?isindependent of X,  (1.22)
under what conditions on (A, B) will the solutions X be unique in distribution?

(ii)) What conditions on (A, B) would ensure that the solutions to (1.22) are beta
distributed?

(iii) Does equation (1.22) arise in other applications?

(iv) Are there meaningful and useful multivariate extensions of equation (1.22) ?

First we will address question (i). Rearranging (1.21) we obtain

X< (A-B)X + B,
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which is a special case of the perpetuity equation

VLDV, (D,C) € R? is independent of V. (1.23)

It turns out that the uniqueness of solutions to the perpetuity equation (1.23) is

related to the asymptotic, as n — oo, behaviour of the iterations
Vie=D,V,-1+Cpn, n>1, (1.24)

where (D,,,C,,) are i.i.d. R%valued random vectors with the same distribution as
(D, C). The key reference on the recursions (1.24) is [V79], where sufficient condi-
tions for the existence and uniqueness of the limiting distribution of V,, as n — oo

are given. In particular, if the condition

Zlog|Dk| 4 _00, n— oo, (1.25)
k=1
is met, then Lemma 1.5 in [V79] implies that any solution V of (1.23) is unique in

distribution and V,, converges in distribution to V for all Vj.

Another notable paper is [K73], where a multidimensional version of (1.24) is
studied (i.e. C}, and D,, are d x d matrices, and V,, is a d-dimensional vector). A
number of studies have also considered special cases of (1.24), where the stationary
distribution is found by solving random equation (1.23) (see [CL91, V79| and refer-
ences therein), however there are relatively few special cases where explicit formulae
for the stationary distributions are known. The processes we consider in Chapter
4 are generated by several special cases of perpetuity equation (1.23) that admit

closed form solutions that have not appeared in the literature.

Returning to our original equation (1.22), this implies that if the condition
P(|[A-B|=1)<1 (1.26)

holds (which is equivalent to £(A, B) not being concentrated on {(1,0),(0,1)} and
which ensures that (1.25) holds for D,, = A,, — B,,), then the solution X of (1.22) is
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unique (in distribution). Further, starting from a fixed X, = x € [0, 1] and setting
Xn = (4, — Bpy)Xpn1+ B, n>1, (1.27)
where (A, B,) are i.i.d. [0, 1]*-valued random vectors with distribution fi := L(A, B),
one has that X,, % X as n — oo for all z € 0, 1].
Note that the so defined process { X,,} can also be written as the forward iteration
Xni1(+) = Fy1(X,(+)) of i.i.d. random mappings
F, = fa,B,, n>1, (1.28)
which are random elements of the family

F = {fap(r) =az +b(1 —z): (a,b) € [0,1]*} : (1.29)

Xo() = FpoFyq0--0Fi(), n>1, Xo()=id(), (1.30)

where X, from (1.27) is given by X,,(x) from (1.30). Similarly, the backward itera-
tions Y, 11(-) = Yo (Fri1(+)) of these mappings are given by

Yo() = FloFyo-—0Fy(), n>1, Yo(-)=id(-), (1.31)

where clearly X,,(-) has the same distribution as Y,,(:) for each n. However, the
properties of the forward and backward processes are very different. Under a broad
contraction condition, for any fixed x € [0, 1], the forward sequence {X,(z)}n>0
is an ergodic Markov chain, while the ranges of the backward mappings (1.31) is
a sequence of nested intervals with lengths that converge to zero a.s., and for a
fixed = € [0, 1], is not in general a Markov chain (see e.g. [DF99]). In addition, the
limiting distributions for the two sequences coincide due to the following contraction

principle (cf. Theorem 1.2 above). If

lim Y, (z) ©% Y, Y does not depend on , (1.32)

n—oo
which follows from condition (1.26), then the Markov chain {X,,(z)},>0 is ergodic
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with stationary distribution given by the law of Y.

Further, observe that the right hand side of the random equation (1.22) has
the form of the randomly weighted average Z of random variables A and B by W,
defined by

Z =AW +B(1-W), (A, B) isindependent of W. (1.33)

One can consider a more general random weighting

Z:A1W1—|—A2W2+---+Ade, dz 2, (134)

where the random weight vector (Wi,...,Wy) € Sy (cf. p.8 above) is independent
of (Ay,...,Ag).

In Chapter 4, we consider several special cases of such Markov chains and nested
interval schemes related to the random equation (1.22). In particular, we establish
the equivalence between beta distributed solutions to random equation (1.22) and
gamma distributed solutions to another random equation. This proposition allows
us to easily establish the explicit form of the beta distributed solutions to (1.22) in
a number of special cases. We also provide some new examples of beta distributed

randomly weighted averages Z defined by (1.33) and (1.34).

It turns out that, under certain conditions on £(A, B), the forward process (1.30)
is a “donkey walk” on [0,1], the name originating from the well-known story of
Buridan’s donkey (attibuted to the French scientist and philosopher Jean Buridan
(1295-1358)), where an equally hungry and thirsty donkey that is halfway between
a food and water dies from indecision (see e.g. [SP00, L02]). In order to survive,
the donkey must move, and the model we will now describe can be thought of as a
donkey moving randomly towards food or water. Starting from a point x € [0, 1] and
for some fixed p € (0,1), the donkey moves left the distance Lz with probability p,
or right the distance R(1— x) with probability 1 —p, where L and R are [0, 1]-valued
random variables. The donkey continues moving in this way, each new step being

independent of the past.

In Chapter 5, we consider an extension of this donkey walk, where the probability
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p is a function of the donkey’s current location (see e.g. [P09, RL10]) . Under simple
broad conditions, we establish the ergodicity of this “extended donkey walk” and
then derive closed form expressions for the stationary densities of the chains when the

proportions L and R have beta distribution §(1,a) with second parameter positive.

Lastly, observe that the forward and backward process are also related to prod-
ucts of i.i.d. 2 x 2 random stochastic matrices since the processes can be written

equivalently as

Al 1—141 An 1_An
(Xa(2),1 = Xo(2)) = (2,1 —2) ,  (1.35)
B1 ].-Bl Bn ]-_Bn
and
Va1 =Yl = (1= [ D7) (A e
n\T), L = Ip(T)) =T, 1 =T ’ .
Bn 1—Bn Bl 1_Bl

respectively. If the contraction condition (1.26) holds, then (1.32) also holds, and
so it is clear that for the left product we have that

A
B

3

1— A, A 1-A .. (Y 1-V
PR _>
1- B, B, 1-B Y 1-Y

3

as n — 0o, where Y := lim,, ., Y,,(x) a.s., and for the right product we have that

B, 1-5B; B, 1-B, X 1-X Y 1-Y

A 1- A, Ay 1—A\ 4 (X 1-Xx\ , (Vv 1-Y
oo _)

as n — 0o, where X satisfies the random equation (1.22) that can be equivalently

written as

A 1-A
(X,1-X)L(X,1-X) . (1.38)
B 1-B

Clearly, the left and right products above are special cases of the left and right
products of i.i.d. d x d stochastic matrices M (1), M (2),... We study these products

in the general case when d > 2 in Chapter 6. In particular, we obtain an equivalence
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relation similar to that presented in Chapter 4, which allows us to characterise the
class of distributions of random stochastic matrices M with the property that the
products M(n)M(n—1)---M(1) of i.i.d. copies M (k) of M converge a.s. as n — 0o
and the limit is Dirichlet distributed.

1.2.3 Boundary crossing approximations

Let W = {W, = (Wt(l), ce Wt(m))}tzo be the standard m-dimensional Brownian
motion process, Wy = 0. For a fixed T < oo, let G be the class of open sets
G C (0,T) x R™ (the first component representing time), with (0,0) € G, where
0G denotes the boundary of G..

In a number of applied problems (one notable example being barrier options’

pricing), one needs to compute the probability
P(G):=P((t, W;) € G,t € (0,T)) (1.39)

for W' to stay within a given set G in the time-space during the time interval (0,7).
It is well known that that can be done by solving the respective boundary value
problem for the heat equation in m dimensions (see e.g. Section 4.3C in [KS98] for
a discussion of the univariate case and [PWO08] for an efficient numerical scheme for
computing P(G) for cylindric sets G).

In the case of general G' € G, a possible approach to approximate evaluation of
P(G) in nontrivial univariate cases is to approximate G with another set G € G for

which the computation of P(G) is tractable. For instance, when
G={(ta): 1€ (0,T), g_(t) <o < g4 ()}, (1.40)

where g_(t) < g.(t) are smooth enough continuous functions, one could use a G
of the same nature but with piece-wise linear boundaries g4 approximating g4,
respectively. Recall that, for such boundaries, the problem of calculating P(é)
reduces (by conditioning on the process’ values at the times where the boundaries’
have their “junction points”) to calculating the values of multivariate normal CDFs.

To justify the use of such approximations, however, one must provide bounds for
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the approximation error |P(G) — P(G)|. In the univariate case, rather tight bounds
of such type were obtained for the one-dimensional Brownian motion [BN05] and
then extended to time-homogeneous univariate diffusions process [DB08]. The third
problem we will consider in this thesis is an extension of the outlined approximation

approach to the multivariate case.

Problem 3: Provide a bound for the approximation error |P(G) — P(G)| for
the case of general G € G.

The above Problem 3 is the subject of Chapter 7, where under broad assumptions

on G, we obtain the desired bound for |P(G) — P(G)|. We also obtain upper bounds

for the first boundary crossing time densities.
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Chapter 2

Literature Review

In this chapter we briefly review the approaches and results found in the literature
that are relevant to the problems considered in this thesis. We present each topic in
chronological order so that the progression is clear to the reader. In some cases, we
will present proofs to illustrate the standard techniques used in the literature. We

do this to demonstrate how our approach differs from those standard techniques.

The notation used in this chapter is not intended to carry over to subsequent

chapters, unless referred to specifically at a later point.
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2.1 Sojourn times for bridge processes

We begin by reviewing the literature concerning extensions of Lévy’s uniform law
for the positive (or negative) sojourn time of the Brownian bridge process to wider

classes of processes.

2.1.1 Lévy processes

Let X = {X;}+>0, Xo = 0, be a process with stationary independent increments (i.e.
a Lévy process).

The uniform law for the positive sojourn time of the Brownian bridge pro-
cess was extended first to the case of Lévy bridges X® := {X;|X; = 0}o<i<1 by
Getoor and Fitzsimmons in [FG95]. That is, they showed that the occupation time
fol 1y (50} ds is uniformly distributed on [0, 1] (see Theorem 3.1 in [FG95]).

The proof of Theorem 3.1 in [FG95] is rather long and so we will not review it
here. However, it is based on the application of Fourier-Laplace transforms and an
entire function argument that was used in Kac’s derivation of the arcsine law for

symmetric stable processes (see [K51]).

2.1.2 Processes with exchangeable increments

Let X = {Xi}iepo), Xo = 0, be a process with exchangeable increments with tra-
jectories from the space D[0,1] of right-continuous, left-limited functions on [0, 1].

That is, processes { X;} such that, for each n, one has

d
{XE—X@} = {Xo(k) _Xo-(k)—l}
n n ) 1<k<n n n 1<k<n

for every permutation o of {1,2,...,n}.

In [K96], necessary and sufficient conditions are obtained for the sojourn time
of Y; := X; — tX; below zero to be uniformly distributed. The key results in [K96]
relevant to this thesis are formulated for an arbitrary measurable function f(t),

0 <t < 1. Introduce the sojourn function of f by

1
F(f, :C) = /0 1{f(t)§m} dt, xeR. (2.1)
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The value F(X,z) is the random duration of time the process X spent at or below

the level o during the time interval [0, 1].

For w € [0,1) and function f, let

Jw () == f((t+u)mod 1) — f(u). (2.2)

That is, the graph of f(,) is obtained by cutting the graph of f at the point ¢ = u,
interchanging the two segments and translating the result to get f(,)(0) = 0.

A crucial result in [K96] that is relevant to our study is

Lemma 2.1. ([K96]) Let f have continuous sojourn function, and U ~ UJ[0,1].
Then

P(F(fw),0) <p)=p, pe(0,1).

That 1is, F(f(U), 0) ~ U0, 1].

The above Lemma 2.1 is applied in [K96] to processes { X, }, Xo = 0 with trajecto-
ries in DJ0, 1] having exchangeable increments. In particular, [K96] uses a represen-
tation theorem to give necessary and sufficient conditions for such processes to have
continuous sojourn distributions (see Lemma 1.2 in [K96]), and for F'(Y,0) ~ U|0, 1],
where Y; := X; —tX;, 0 <t <1 (see Lemma 1.3(a) in [K96]).

It turns out that the argument from Knight [K96] also extends (with conditions)
to any measurable bridge process with cyclically exchangeable increments (or, equiv-
alently, any measurable stationary periodic processes on R, ), as discussed in the

next section.

2.1.3 Processes with cyclically exchangeable increments

For X = {X,}o<t<1, we say that X has cyclically exchangeable increments if, for

any u € [0, 1], the process

Xuat — Xy + X for0 <t<1-—u,
X (1) = ! ‘ (2.3)
Xl_Xu+Xu+t—1 fOI'l—UStS]_,
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has the same distribution as X. Note that the transformations X,y defined above
and X(,) defined by Knight in [K96] are equivalent in the case X, = X; = 0.

It appears that Kallenberg [K99] was the first to note that the argument from
Knight [K96] also extends to measurable bridge process with cyclically exchangeable

increments as follows.

Theorem 2.2. ([K99], [CHYO01]) If X has cyclically exchangeable increments, X (0) =
X (1) =0 and F(X,-) is continuous a.s., then F(X,0) ~ U|0, 1].

2.2 Nested interval schemes on the unit interval

In this section, we will review the existing literature on the limiting distributions of

interval splitting and nested interval schemes.

2.2.1 Split and choose the longest subinterval w.p. p

Consider the following interval splitting scheme. Choose a uniformly distributed
splitting point Sy in [0, 1], and select the larger of the subintervals [0, 5], [S, 1] with
probability p, and the smaller with probability 1 — p. Continuing this procedure in
the same way independently of the chosen subinterval, we obtain a random sequence
{Sn}n>1 that under broad conditions converges a.s. as n — oo to a random variable
which we denote by Y.

The above described scheme was apparently first studied in the papers [CLZ81,
CGZ84]. The former presented two proofs of the fact that Yy, ~ 3(1/2,1/2), and
the latter showed that Y; ~ 3(2,2) and also derived several properties of L(Y)).

We will now proceed to prove each of these theorems. Our purpose is to illus-
trate two of the standard techniques used in the literature as they differ from the

techniques we will employ to prove several similar results in Chapter 4.
Theorem 2.3. ([CLZ81]) The random variable Y12 has law £(1/2,1/2).

Proof. Let m(t) := Ee'*1/2 be the moment generating function of Y; 5. Conditioning
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on Sy, we have

1
m(t) = BE(c"2]S)) = / E(e™12)S, = 1) d
0

1 [ 1 [
= —/ m(tx)dx + —/ e"m(t(l —z))dz. (2.4)
2 Jo 2.Jo
Setting m®(t) := jt—l;m(t), k > 1, we obtain
1 [ 1 [
mW(t) = 5/ emW () da + 5/ (1 —x)e*mW(t(1 - z)) dz
0 0

1
+ —/ zem(t(1 — z)) dx,
2.Jo

by differentiating each side of (2.4). Using induction, we obtain
1 [t k ! o ,
m®) (1) = 5/ 2*m® (t) dx + 5 ( ) / (1 —z)a*Tetom)(t(1 — z)) da.
0 - J/ Jo

Therefore, since E(Y}),) = m®(0) and m©(0) = m(0) = 1, we have

1 ! 1N 7R\ L
B0 = 5m®(0) [ ot 53 (5B 41,541
0 =0
k—1 k—2 k—1 .
_ LS00 2 L2k Zm B Hj=1k(2] +1) _ fk)!
2k 2k2(k—1) M2 (.2

for k > 1, where the right hand side of the last equality is equal to E(Z*) for
Z ~ f(1/2,1/2). We conclude that Y, ~ 3(1/2,1/2) since Yi/, and Z are

bounded with identical moments. O
Theorem 2.4. ([CGZ84], [DLS86]) The random variable Y has law (2, 2).

Proof. We begin by deriving the density of Y7 on the interval (0,1/2]. Let F(y) be
the distribution function of Y;. Conditioning on S, for y € (0,1/2], we have

y 1/2 1
:(/ +/ +/ )P(Ylgy\sl:x)dx
0 y 1/2
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Y . 1
:/F(y x)da:+/ F(Q)dx.
0 11—z 1/2 T
Since by symmetry F(y) =1 — F(1 —y), y € R, one has F(%) =1- F(ﬂ),

and therefore

F(y)=y—/0yF(1:z)dx+/l;F(%)dx

=y—(1—y)/liy$d2+y/;ymd2-

22

Differentiating the above equation yields

f)= 2 rw =1+ [ Tay [T

dy —y z

F2y) Fly) F(-y)
+ 2wy 1y y € (0,1/2),

and differentiating once again we obtain the differential equation

d fy)  fly) | fly)
/W == T, ve01/2) (2.5)

For any constant ¢ € R, cy(1 —y) is a solution to (2.5). Therefore f(y) = cy(1 —1y),
y € (0,1/2) for some constant c¢. Since f(y) = f(1—y),y € (0,1), and fol f(y)dy =1,
we conclude that f(y) = 6y(1 —y), y € (0,1), which is the density of the £(2,2)
distribution. O

In the remark following the above proof of Theorem 2.4 in [CGZ84], the authors
note that R. Pyke had shown that

Vi £ (1= U/2)Ys + (U/2) L1, (2.6)

where on the right hand side (Y1,U, I12) ~ ((2,2) ® U[0,1] ® Be(1/2). Although
no derivation was given in [CGZ84|, presumably Pyke had observed that for

Y15, S; > 1/2,
Si+Yi(1—-51), S <1/2,
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one has that

wiz (2.7)

Indeed, conditioned on S7, the so defined Z is the limiting location for the sequence
of shrinking intervals, which by construction has the same distribution as Y;.

It is precisely the above observation that was used in [DLS86] as the basis of an
independent proof of Theorem 2.4. After establishing that Y; satisfies the random
equation (2.7) via the above argument (which is their Lemma 2), they show in their
Theorem 2 that the §(2,2) distribution satisfies (2.7). The proof of Theorem 2.4 is
completed by using random equation (2.7) to uniquely determine the moments of
Y] in their Theorem 3.

Another study considering the limiting distribution of Y, is [O88], where simu-
lations were used to test whether the limiting distribution of Y, is beta distributed.

That study indicated that the limiting distributions were not beta distributed unless
p € {1/2,1}. Indeed, that observation was proved in [DLS86].

Theorem 2.5. ([DLS86]) The random variable Y, is beta distributed if and only if
p € {1/2,1}.

The next paper to consider the properties of the distribution of Y}, was apparently
[JK95]. In that paper, the authors observe that Y, is a mixture of the distributions
of the random variables WY, W + (1 — W)Y,, (1 = W)Y, and 1 — W + WY, with
probabilities (1 — p), 3p, ip and £(1 — p), respectively, where W ~ U[0,1/2] is
independent of Y},. Therefore, setting p, := EY, we have, for r € N,

pr = 5= PEIIVY, )]+ SpE[W + (1 = W)Y,

2
+ %pE[((l - W)Y, + %(1 —p)E[1 =W+ WY,)]
= 50 W+ )03 ()BT - W

Bl = WYl 50 - PRI W0 32 ()i Wy Wl

1
- MT((l - p)Mr,O +PM0,7~) + §(er,0 + (1 - p)MO,r>
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N | —

r—1
.
+ () (pM,—j; + (1 — p)M; ;) s,

J=1 J

where M, := E[W%a — W)?]. We conclude that

= pM,o+ (1 —p)My, + Z;;i (;) (PM,—j 5+ (1 = p)Mj,—5)
" 2(1 - (1 - p)Mr,O +pM0,r> '

(2.8)

2.2.2 Other schemes

The following nested interval scheme was introduced in the elegant note [K88|. It
is an extension of the scheme considered in [CLZ81] (cf. Theorem 2.3). Let [A,, B,]
be the random subinterval of [0, 1] corresponding to the nth stage of the process
(n > 0), and set [Ag, By] := [0,1]. The scheme consists of choosing (n + 1)st
interval independently from the nth interval by the following rule using a fixed
number k£ € N. Take & i.i.d. points Ul(n), - U,gn) uniformly distributed on [A,,, B,],
and let C), := U((f)), D, = U((:)), where U, ((f)) <...<U ((;:)) are the order statistics of
U™, ... U™, Then the (n+1)st interval is taken to be [Cy, By], [An, Dn] or [Cy, Dy
independently at each stage with probabilities p, ¢, r, respectively, with p4+q+r = 1.
Clearly A,,, B,, converge a.s. to a random point Z. The distribution of Z is given by

the main result in [K88].

Theorem 2.6. ([K88]) The random variable Z has the 5(k(p+ 1), k(q+ 1)) distri-

bution.

The proof of this theorem in [K88] is similar to the proof of Theorem 2.3 above,
and so we will not repeat it in full here. However, rather than using the moment
generating function m(t) = Ee'? to compute the moments, the author of [K8§]
twice differentiates a relation for m(t) similar to (2.4) above to obtain a differential
equation for m(t). The proof is completed by showing that the moment generating
function of the B(k(p+7), k(¢+7)) distribution is the only solution to the differential
equation satisfying m(t) — 1 as t — 0.

The random variable Z was also considered in Section 4 of [JK95]. Similar to the
their derivation of the moments of Y, in Section 2.2.1 above, the authors of [JK95]

use the same approach to derive the moments of Z, thus providing an alternative
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proof of Theorem 2.6 above.

More recently, the following size-biased interval splitting scheme was considered
in [GHO6]. Take a point U,, uniformly distributed on the nth interval [4,, B,], and
set L, := U, — A,, R, := B, —U,. Choose the (n+ 1)st interval to be [A,, U,] with
probability Py := L§/(L§ + RS), and [U,, B,] with probability 1 — Py, for a fixed
c € R. Clearly [A,, By] converges almost surely to a random point Z. in [0, 1]. The

main result in [GHO6] relevant to this thesis is as follows.
Theorem 2.7. (|[GHO06]) Forr € N, ¢ € R, one has

Z;;(l) (;):ujac(ka n— k)

My 1= E(Zg) - 2(1 - G,C(T, 0)) ’

where ) ‘ .
, u (1 —u) :
j, k) =2 | —————du, j,keN.
ac(J k) /Ouc—i-(l—u)cu J
Using Theorem 2.7, the authors of [GHO06] prove the following theorem.
Theorem 2.8. ([GHO06]) One has
(i) Zo~ B(1/2,1/2),
(i) Z1~pB(1,1),
Remark 2.1. Note that parts (i) and (iii) of Theorem 2.8 are Thereom 2.3 and
Theorem 2.4, respectively.

2.3 Markov chains on the unit interval

In this section, we will discuss the existing literature relevant to our study of discrete

time homogeneous Markov chains with state space [0, 1].

2.3.1 Stochastic give-and-take

The first model we consider originated from the following deterministic process called

the game of give-and-take by C. C. Li in [LL61]. At the start of the process, two players
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(call them players 1 and 2, resp.) each have positive amounts xy and yo of capital,
respectively, where xg + yo = 1 for convenience. In the first step, player 1 gives
player 2 the proportion 1 —a of her capital x(, and player 2 gives the proportion b of
her capital yy to player 1. Continuing the process using the same rules of exchange,

at the (n + 1)st step, we have

Tpi1 = axy, + b(1 — xy,),

yn+1 - 1 - xn—‘,—h

for n =0,1,... It is not hard to show that if a € (0,1), one has x,, — b/(a+b— 1)

as n — o0.

The stochastic give-and-take model introduced in the pioneering paper [DR63]
is a modification of the give-and-take model when the proportions that the players
exchange at each step is random. More specifically, let A,, (resp. B,) be the random
proportion that player 1 (resp. player 2) retains at the (n + 1)st step of the process,
and let X, (resp. Y,) be the capital that player 1 (resp. player 2) holds at the nth
step. Then

Xni1 = A X, + Bo(1 = X)),
Yn—i—l =1- Xn—i—h

for n > 0. In addition, it is assumed that the random vectors (Ag, By), (A1, B1), .. .
are i.i.d., P(|4; — By| = 1) < 1, Xy and {(A,, By) }n>0 are independent. In that case
{X, }n>0 is a Markov chain, and the following result holds.

Theorem 2.9. ([DR63|) The Markov chain {X,}n>o is ergodic.

Several examples of stationary (or limiting) distributions of {X,} are given in
[DR63] for special cases of distribution of (Ag, By). The main example relevant to

this thesis is as follows.

Theorem 2.10. ([DR63]) Let (Ao, By) ~ B(a,b) @ 3(b,a) for some a,b > 0. Then
Xo 5 X ~Bla+ba+b).
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2.3.2 A random donkey walk in [0, 1]

We consider in this section the previous literature devoted to the study of the random
donkey walk introduced in [DF99, SP00] (see Section 1.2.2). We describe these
models in terms of a particle (the “donkey”) at location X,, € [0,1] after n > 0
steps, and moving according to the following rule. If X,, = x, we first choose a
direction of travel, either left to the interval [0, ], or right to the interval [z,1],
where the choice does not depend on z (we consider an extended version of this
model where the choice can depend on x in the next section). Secondly, we move to
a random (not necessarily uniformly distributed) point in the interval corresponding

to the chosen direction.

The first paper to consider special cases of the above described class of Markov
chains was apparently [DF99]. The motivating example in that study is as follows. If
the chain is at  in (0, 1), it chooses one of the two intervals (0, x) or (z, 1) with equal
probability 1/2, and then moves independently to a random y uniformly distributed

in the chosen interval. Therefore, the transition density is

= O<y<ax<l,

0—a) O<r<y<l.

The ergodicity of this chain is established in the rather general Theorem 1 in [DF99],
which considers Markov chains constructed by iterating random functions. The au-
thors of [DF99] identify the stationary distribution by guessing it has a continuously
differentiable density f(x). In that case we have
1
1) = [ ke = [ 5 f

0 1_1;

1 de.

T

Differentiating the above equation yields

flly) 1/ 1 1
f(y) _2(1—y y)’ (29)

and therefore f(y) = \/%, 0 < y < 1. The authors’ remark that the same
y(1-y

argument shows that choosing (0, z) with probability p and (x,1) with probability
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1 —pleads to a 5(1 — p, p) stationary distribution. That is, the following theorem
holds.

Theorem 2.11. ([DF99, SP00]) Consider a Markov chain with the following dy-
namics. If the chain is at x € (0, 1), with probability p, 1 —p it moves to a uniformly
distributed point in (0,x), (x,1), respectively. The process continues in the same
way, each step being independent of the past. Then the Markov chain is ergodic,
with stationary distribution B(1 — p,p).

The above theorem was also proved independently in [SP00] using the method
of moments. That same paper also considered two other special cases of random
donkey walks. The first special case had a deterministic rule for the direction chosen,
and a random rule for the distance travelled. In particular, the following theorem

was proved.

Theorem 2.12. ([SP00]) Suppose from its initial position Xy € (0,1), the particle
moves alternately in the direction of 0, of 1, of 0, of 1, etc, where the length of the
move is chosen uniformly from the corresponding interval. Then {X,},>0 does not
converge, however each of the subsequences {Xoni1}n>0 and {Xa, tn>o converges in

distribution:

Xops1 5 X ~ B(1,2) and Xan 5 X' ~ B(2,1) (2.10)
as n — o00.

The second special case considered in [SP00] had a random rule for the direc-
tion chosen, and a deterministic rule for the distance travelled. In particular, the

following theorem was proved.

Theorem 2.13. ([SP00]) Suppose from its initial position Xy € (0,1), the particle
moves in either direction with equal probability 1/2, and moves to the middle of the

corresponding interval. Then

XniXNU[O, 1] as n — oo. (2.11)

The paper [BWO02] was apparently the next to study special cases of random

donkey walks. In particular, that paper considered the following extension of the
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model described in Theorem 2.12 above. Starting from a uniformly distributed point
Xo € [0,1], the particle moves in the first step towards 0 or 1 with probability p,
1 — p, respectively. The particle then moves a distance chosen at random from the
corresponding interval. In subsequent steps, if the particle moved towards 1 at step
n>1 (e X, > X, 1), then X, is chosen uniformly from [0, X,,], otherwise X4
is chosen uniformly from [X,,, 1]. Then, similar to Theorem 2.12 above, the process

{X}n>0 does not converge, however the following result holds for subsequences

{X2n+1}n20 and {XQn}nzo-

Theorem 2.14. ([BWO02]) For the Markov chain described above, {Xo,}n>0 con-

verges in distribution to a random variable having the density
20 —p+ (2p—1u), 0<u<l,
and { Xop+1}n>0 converges in distribution to a random variable having the density
2p+ (1 —=2p)u), 0<wu<l.

The most recent paper to consider special cases of random donkey walks is ap-
parently [SP08]. In that paper, two special cases are considered, the first of which
is the following extension of the model presented in Theorem 2.11 above. Let FT,
and Fp be two fixed distributions on [0, 1]. Given the chain value X,, = z € [0, 1]
at time n, the next jump of the process is to the left with probability p or to the
right with probability 1 — p. If the jump is to the left, its length is given by an
independent random proportion L, 1 ~ Fy, of the length of the interval [0, x]. Oth-
erwise, the chain jumps to the right for a distance given by an independent random
proportion R, ; ~ Fpr of the length of the interval [z, 1]. Clearly, the chain con-
sidered in Theorem 2.11 is a special case of this model when F, = Fr = U|0, 1].

The following theorem is an extension of the result for that model to the case when

Fi = Fr=3(1,b), b > 0.

Theorem 2.15. ([SP08|) For the Markov chain described above, let F, = Fr =
B(1,b) for some b> 0. Then X, X ~ B(b(1 —p),bp) as n — co.

The second special case considered in [SP0§] is as follows.
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Theorem 2.16. ([SPO08]) For the Markov chain described above, let p = 1/2 and
F;, = Fr = f(a,a+1) for some a > 0. Then X, 4 X ~ Ul0,1] as n — oc.

2.3.3 An extension of the random donkey walk in [0, 1]

In this section, we will consider the following random donkey walk, where the rule
determining the direction of travel depends on the particle’s current location. As
above, let F, and Fg be two fixed distributions on [0, 1], and let p : [0,1] — [0, 1]
be a fixed measurable function. Given the chain value X,, = z € [0,1] at time n,
the next jump of the process is to the left with probability p(z) or to the right with
probability 1 — p(x). As above, if the jump is to the left, its length is given by
an independent random proportion L,.; ~ Fp of the length of the interval [0, x].
Otherwise, the chain jumps to the right for a distance given by an independent
random proportion R, 1 ~ Fg of the length of the interval [z, 1].

The first paper to consider a special case of the above described chain was
apparently [BWO02]. The authors of that paper describe their model as follows.
Starting from a random point X, ~ UJ0, 1], in consecutive iterations, choose with
probability p € (0, 1] a uniformly distributed point in longer of two subintervals
of [0,1] and with probability 1 — p a uniformly distributed point in shorter one.
Clearly, the so described model corresponds to the extended random donkey walk

with FL :FR:U[O,l] and

D, 0<xz<1/2

p(x) =
l—p, 1/2<z<1.

Theorem 2.17. ([BWO02]) In the scheme described above, the limit in distribution
of { Xy }n>o exists, and its density f, has the form

C(1—z)Pz= (=P 0<2<1/2,
fp(x) = 3 1
CorP(1—2) 0P 1/2<z<1,

where C' is a normalising constant such that fol fp(z)de = 1.

The case when F; = Fg has support on the whole [0,1] and p(z) = = was
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apparently the next model to be studied in the literature in [P09]. The first two
theorems in that paper show that the so described Markov chain { X, },>¢ is ergodic
and converges in distribution to the stationary distribution of the chain. The final

theorem in that paper is as follows.

Theorem 2.18. ([P09]) In the scheme described above, let p(x) = x, and Fj, =
Fr=B(1,b), b>0. Then X, % X ~ B(b,b) as n — co.

The most recent paper to consider special cases of the extended random donkey
walk is [RL10]. In that paper, the authors derive the form of the stationary density
(when it exists) for the chain {X,,},>o when I, = Fr = UJ0, 1]. Their main result

is as follows.

Theorem 2.19. ([RL10]) Suppose that for a given function p(-) the Markov chain
{Xu}ns0, Fr, = Fr = UJ0,1] described above has a stationary distribution, and
denote its density by f(x). Then the explicit form of f(z) is given by

fla) = Cexp(/i(z—f(gdm),

where C' is a normalising constant such that fol f(z)dx =1.

2.4 Randomly weighted averages

Let A and B be two independent random variables. In [V87], Van Assche introduced

the random variable Z uniformly distributed between A and B with distribution

1 for x > max(a, b)

P(Z<zl[A=a,B=b)=¢ 0 for x < min(a, b) (2.12)

z—min(a,b)

5oar for min(a,b) <z < max(a,b).

Using Stieltjes transforms, Van Assche proved the following characterisation theo-

rem.
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Theorem 2.20. ([V87]) Let A and B be i.i.d. random variables on [0, 1], and let Z
be uniformly distributed between A and B. Then Z ~ UJ0,1] iff A ~ 5(1/2,1/2).

The above theorem means that choosing a random variable uniformly on a ran-
dom interval with arcsine distributed end points is the same as choosing a random
variable uniformly on [0, 1].

A more basic approach was taken by Johnson and Kotz in [JK90a, who employ
the more direct method of moments to generalise Theorem 2.20. The following
excerpt from [JK90a] is indicative of several results in this thesis: “The cases studied
in this article serve as examples demonstrating that utilisation of first principles can
sometimes be more advantageous than more sophisticated techniques, such as those
employed in [V87]”.

The key to the approach in [JK90a] was the realisation that the definition of Z
with distribution (2.12) is equivalent to

1 1
Z = §(A+B)+<W—§) A B,

where W ~ U0, 1] is independent of (A, B). Then, if A LB (and therefore (A — B)
has a distribution symmetrical about 0), one has
a1 1
=AW + B(1-W), (2.14)
where (2.13) follows from
W—1/221/2-W. (2.15)

Johnson and Kotz then note that (2.14) has the same distribution as Z for any
random variable W satisfying (2.15), not only when it is uniformly distributed on
[0, 1].

From (2.14), setting p, := E[Z"], v, :== E[A"] = E[B"], r € N, we have

=3 (f)E[Wju — WYy, (2.16)
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since W, A, and B are mutually independent. Using relation (2.16), Johnson and
Kotz derive several relations for the variance and kurtosis of Z as a function of the
moments of £(A) in the special cases where L(W) is U[0, 1] and S(a,a) for a > 0,
and when W satisfies (2.15) with A and B normally distributed.

Johnson and Kotz then turn their attention to deriving the distribution of Z
using representation (2.14) for several special cases of distributions of W, A, and B.

We summarise their results in the following theorem.

Theorem 2.21. ([JK90a]) Suppose W, A, and B are mutually independent, and Z
is the random variable with distribution defined by (2.14). Then the following claims
hold true.

(i) If W, A, and B have distribution U[0, 1], then Z has density

fu)==2(1—u)In(1 —u) —2ulnu, wue(0,1).
(i) If W =1/2, and A and B have distribution U[0,1], then Z has the symmetric

triangular distribution on [0, 1], with density

4u, 0<u<1/2,

) ={ (2.17)

41 —-w), 1/2<u<1.

(iii) If W has density (2.17), and A and B have distribution U[0, 1], then Z has

distribution function

Fu)=1—4u*Inu—4(1 —u)*In2 —4(1 —u) +6(1 —u)?, ue€(0,1).

(iv) If A and B are Cauchy distributed, and W has support on [0,1], then Z is
Cauchy distributed.

(v) If A and B are normally distributed, then

P(Z < u|W) = @(\/W2+ 5 _W)2>,
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where the unconditional distribution of Z is obtained by taking expectations of

the above relation. In particular, if W ~ U[0, 1], then

Johnson and Kotz next observe that if W is symmetric around 1/2 (i.e. satisfies
(2.15)), then E[W"] = E[(1 — W)"], and therefore relation (2.16) can be written in
the form

wr = 2E[W" v, + (function of vy, va, ..., vp_1). (2.18)

If the moments of W and Z are known, then the moments of A can be computed
successively by (2.18). Therefore, the distribution of A is characterised by that of Z
when the distribution of A is determined by its moments. This is true, in particular,

when the support of A is bounded. That is, the following holds true.

Theorem 2.22. ([JK90a]) Suppose W, A, and B are mutually independent, A 2 B,
W satisfies (2.15), and the support of A is bounded. Then the distribution of A is
characterised by that of Z.

In a final remark in [JK90a], Johnson and Kotz observe that their method nat-
urally extends to random weighted averages of more than two independent random

variables Xy, Xo, ..., X, given by
Z =W X1 +WoXo+- -+ WyXy, d>2, (2.19)

where the random weight vector (Wh,..., W) € S, is independent of (X7, ..., Xy)

Recently, several related papers have considered the generalisation (2.14) sug-
gested in [JK90a] (see [SH09], [SR12], [H12], [HHM13], [RS13], [R14]). Similar to
that of Van Assche in [V87], the approach taken in these studies is to obtain a

relation between the Stieltjes transforms of the weighted average Z and X1, ..., Xj.
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2.5 Products of random stochastic matrices

In this section we will briefly review the literature on the left and right products of
i.i.d. random stochastic matrices that arise naturally from our Second Problem (cf.

(1.35) and (1.36) in the Introduction).

2.5.1 2 x 2 stochastic matrices

Let {(A,, B,)}n>1 be independent random vectors taking values in [0, 1]* with com-
mon distribution function F(z,y) = P(A; < x, B; < y). Each random vector (A;, B;)
defines the random 2 x 2 stochastic matrix

A 1-A;

L, i=1,2,...
B, 1- B,

Since the class of stochastic matrices is closed under multiplication, the left product

X, 1-X, A, 1-A, A1 1—-A4,4 A 1-4
Y, 1-Y, B, 1-B, B,.1 1—-DB, B, 1-5

is also a random stochastic matrix. Let F™(z,y) = P(X,, < 2,Y, < ). The carliest
results on the properties of the product (2.20) were perhaps due to U. Grenader in
the treatise [G63], who showed that if F is not concentrated on {(1,0), (0,1)}, then
F(™ converges to limit distribution concentrated on the diagonal {(z,z) : 0 < z < 1}
as n — oo. In that case, we will denote by G the distribution function of the first
element of the limiting random stochastic matrix. That is, G(z) = P(X < z),

where

X, 1-X,\ .. [X 1-X
—

(2.21)
Y, 1-Y, X 1-X

Some early results on the limiting distribution of the left product (2.20) as
n — oo are due to M. Rosenblatt in [R71], who showed that if F' assigns zero

probability on the diagonal set

{(z,y) €[0,1)* : 2 =y},
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co=[ o=y [ (1-6(5=5)) e

(2.22)
Unfortunately, there seems to be no general method for solving integral equation

(2.22). However, the following two examples were given in [R71]. Suppose

A, 1- A, 1/3 2/3 1 o0\ . N
= or with probability 1/2,
B, 1-B, 0 1 1/3 2/3

then G is the Cantor distribution on [0, 1]. However, if

A, 1-A, 1/2 1/2 1 0 , N
= or with probability 1/2,
B, 1- B, 0 1 1/2 1/2

then G the uniform distribution on [0,1]. The above two examples demonstrate
that it is not even clear when the distribution G is discrete, continuous singular or
absolutely continuous.

Some generalisations of Rosenblatt’s examples were given by T.-C. Sun in [S75],
who considered distributions concentrated at two points in the unit square, showing
that the limit is often a singular distribution or a uniform distribution.

The first study to consider an absolutely continuous F' with support on the
whole unit square was apparently [V86]. In that paper, W. Van Assche used integral
equation (2.22) and the properties of some special function to derive the distribution
of the limit G when A; and B; are i.i.d. with the symmetric beta distribution. In

particular, he proved the following theorem.

Theorem 2.23. ([V86]) Suppose F(x,y) = F(x)F(y) and F is the B(a,a) distribu-
tion for some a > 0. Then G is the B(2a,2a) distribution.

2.5.2 d x d stochastic matrices

Several studies have also considered the left and right products of i.i.d. copies

{X(n)}n>1 of a random d x d matrices X with non-negative entries (not necessarily
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stochastic). We denote the left products by
X(n,1):=Xn)X(n—-1)--- X(1), (2.23)
which clearly has the same distribution as the right product
X(L,n):=X(1)X(2)---X(n), (2.24)

and therefore any assertions concerning the distribution of (2.23) as n — oo apply

to that of (2.24) as well.

The asymptotic behaviour of the left products (2.23) was apparently first studied
by Bellman [B54], who showed, under certain conditions, that

lim n~'Elog X (n, 1),

n—o0

exists, where X (n,1);; is the entry in the ith row and jth column of X(n,1). This
result was later strengthened to almost sure convergence in [FK60], where the be-

haviour of the norms || X (n,1)|| ;= max;<4 Z?:1|X(n, 1); ;| was studied.

Several equivalent conditions for convergence in distribution of the right products
(2.24) without normalisation were given in [KS84]. See also [BL85] and [MO0O0] for
surveys on the properties of the products (2.23) and (2.24).

The study of the left products (2.23) in the case when the random matrix X is
stochastic (i.e., where all the row sums of X equal one) was apparently initiated by
Rosenblatt in [R65], who applied existing results for compact semigroups. Recent

results on the infinite product of deterministic and random stochastic matrices by

B. Touri can be found in [T12].

Since the class of stochastic matrices is a semigroup under matrix multiplication,
the products (2.23) and (2.24) generate left and right random walks on stochastic
matrices by

n— X(n,1) (2.25)

and

n— X(1,n), (2.26)
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respectively.

The right random walk (2.26) is central to several related problems involving
distributed averaging. These include distributed computation, distributed optimiza-
tion, distributed estimation, and distributed coordination (see [T12] and references
therein). They are also related to certain Markov processes called Potlatch mod-
els. These models were introduced in [HL81] and [LS81], and are described in their
simplest form in [KS84]. We will discuss these models further in Section 6.4.1. A
comprehensive reference for random walks on stochastic matrices and more general
semigroups is [HM11].

The study of the properties and distribution of the limit of the left products of
i.i.d. copies X (1), X(2),... of X given by

-~

X = lim X(n)X(n—1)---X(1) a.s., (2.27)

n—oo

was apparently initiated in [VKJ93]. In particular, the main result of that paper
is the following extension of Theorem 2.23 (although the authors of [VKJ93] were
apparently unaware of W. Van Assche’s paper [V86]).

Theorem 2.24. ([VKJ93]) Let Y@ (n) := (Yi1(n),...,Yig(n)) (i =1,....d, n =
1,2...) be i.i.d. random vectors and
Y (n)
Y(n):= :
Y (n)

Then the limit distribution of each row of Y (n)Y (n —1)---Y (1) is Dd,ad,..ad) if
and only if the distribution of each Y ¥ (n) is D q.a,...a)-

A novel feature of Theorem 2.24 is that it gives necessary conditions on a random
stochastic matrix X with i.i.d. rows for the product (2.27) to converge to a Dirichlet
distributed limit with all parameters equal.

In the paper [CL94], the authors consider the more general case when the rows of
X are independent and Dirichlet distributed, but not necessarily i.i.d. In particular,

they consider the case when X ~ Dy, A = (a;;) € M, in which case the following

r,c)
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theorems hold true.
Theorem 2.25. ([CL94]) If (Y, X) ~ Dia,.,..ape) ® Da, then Y X ~ Dia,, . a..)-

Theorem 2.26. ([CL94]) Let r =c=d, X ~ Dy, and

(ey -y Oge) = (aly - -+, Qog), (2.28)

If {X,,}n>1 is a sequence of i.i.d. random variables with same distribution as X,
then
lim Xan_l tee X1

n—oo

exists a.s. with all rows identical to someY € Sy, Y ~ D(qa,,, .. a4)- Furthermore, if

Y| is a random vector taking values in S, that is independent of X, then Y 1.X 4 Y,
Zﬁ Yl ~ ‘D(Oélh---,ado)'

2.5.3 Random nested simplices

Consider the following special case of the nested interval process introduced by
Kennedy in [K88] (cf. Theorem 2.6 above). Choose two points independently and
uniformly distributed on the interval [0, 1]. These random points are the extreme
points of a random interval. Consider two new points independently and uniformly
distributed on this random interval, and so on. The nested intervals of this sequence
shrink to a random point Y with distribution £(2, 2), corresponding the special case
of Theorem 2.6 above when r =1, k = 2.

The problem considered by Letac and Scarsini in [LS98] is an extension to any
dimension of the above process. They consider sequences of nested simplices with
dimension d—1 (d > 2), the above described process corresponding to the case d = 2.
Then, as above, if the extreme points of each simplex are uniformly distributed in
the previous simplex of the sequence, the sequence converges to a random point
Y € §; with distribution Dg, .. 4).

To describe the above model more precisely, we will first recall some definitions
from [LS98]. A real (d — 1)-dimensional affine space E is a set such that there
exists a real (d — 1)-dimensional linear space F and a map E x E — E denoted by

(a,b) — ab with the following two properties.
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(i) For all a € E, the map b +— ab is a bijection from E to E.

(ii) For all a,b,c € E, one has ac = ab + be.

An affine frame of E is a set (a1, ...,aq) of d points from E such that
(CLI\CI,Q, a';a/37 s 7a’;a'd)

is a linear basis of E. Taking (z1,...,z4) € R? with 21 + --- + x4 = 1, there exists

a unique a € F such that for a fixed O € E one has
Oa = xldal 4+ -+ xddad.

In particular, @ does not depend on the particular choice of O, and therefore a is
also written as

a:x1a1+---+xdad,

where (x1,...,24) are called the barycentric coordinates of a with respect to the
affine frame (ay,...,ay). If they are all non-negative (i.e. (x1,...,14) € Sy), then
a is in the convex hull of (a4, ..., a,).

Now return to the model of Letac and Scarsini [LS98] introduced above. They
consider a real (d — 1)-dimensional affine space E and a convex hull of d points
Dy, --,Py in E which forms a simplex S. Choosing d points p,(1),...,p,(1) in S
and taking their convex hull yields a new simplex S(1) C S. Similarly, choosing
points p,(2),...,p,(2) in S(1) to obtain S(2) spanned by them, and continuing in
this fashion, we obtain a sequence {S(n)},>1 of nested simplices.

Suppose that, in the above procedure, the points are chosen at random using the
following mechanism. Let {X(n)},>1 be a sequence of i.i.d. elements from the class
of stochastic matrices Py with distribution D4, A being from the class My of d x d
matrices with non-negative entries, and such that condition (2.28) holds. Then, for
each n = 1,2,... and k = 1,...,d, the point p,(n) is specified by its barycentric
coordinates given by X ¥)(n) with respect to (p,(n —1),...,py(n —1)). As shown
in Theorem 2.2 in [LS98], the so defined simplices S(n) shrink to a random point
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Y € Fasn — oo:

p(n) 22 Y, k=1,...,d, (2.29)
where the barycentric coordinates of Y with respect to (py,...,p,) are Dirichlet
distributed with parameter (o, ..., Qge)-

2.5.4 A random donkey walk in S,

The well-known story of Buridan’s donkey (cf. Section 2.3.2) motivated the authors
of [SP00] to consider the following model. Let py,...,p, be d > 2 given points in
the plane. Starting at a point R(0) inside the convex hull of (p,...,p,) at time 0,
at time td+r,t > 0, r € {1,...,d}, the donkey moves from the point R(td+r — 1)
to a point R(td + r) which is uniformly distributed on the straight line segment
connecting the points R(td+r —1) and p,. As noted in [L02], although it is easy to
prove existence of the stationary distributions for the d homogeneous Markov chains
{R(td + 7)}t>0, 7 = 1,...d, their computation for d > 2 is a difficult problem (the
authors of [SP00] focus on the case where d = 2, cf. Section 2.3.2 above).

A modification of that scheme in which the donkey travels inside a simplex S with
vertices py,...,p, in R¥! by choosing on step td + r its new position at random
inside the convex hull spanned by its current location and vectors from the set
{p1,- .., ps}\{p,} was considered in [L02]. The main result of [L02] establishing the
form of the stationary distribution of the thus modified donkey walk was actually
proved in that paper for yet another version of the model. Namely, rather than
the current position of the donkey determining the range for the next step, one
instead takes a point with barycentric coordinates (with respect to the affine frame

(py,-..,py)) taken from rows of i.i.d. random stochastic matrices.

Specifically, let X := (X, ;) be a random element of P,, and {X(k)}r>0 be a
sequence of i.i.d. random matrices with distribution £(X). The donkey’s position
at time n is specified by the vector B(n) = (B1(n), ..., Ba(n)) € S; of its barycentric
coordinates with respect to the affine frame (py,...,p,). Starting at a non-random

point B(0), for r = 1,...,d and k = 0,1,..., given B(kd +r — 1) = (x1,...,24),

47



one has
B(k’d + 7’) = (.Z'l, ey L1, O, Lptly--- ,l‘d) + Z‘T(an(k), N >Xr,d(k))~ (230)

In other words, setting p,. := Z;.lzl X, j(k)p;, the location of the donkey at time kd+
r will have the same barycentric coordinates in the frame (py,...,Dp,_1, P, Pry1, Py)
as those for the donkey’s location at time kd+r—1 in the original frame (py, ..., p,)-
It is clear that each of the sequences {B(kd+7)}r>0, 7 = 1,...,d, forms a homoge-

neous Markov chain.

The following assertion was actually proved in [L02] instead of the stated-there
Theorem 3 concerning the “true donkey walk” discussed at the beginning of this

section.

Theorem 2.27. ([L02]) Let A = (ay;) € M satisfy (2.28), and X ~ Dy. Then,
forr =1,...,d, the stationary distribution of the rth homogeneous Markov chain
{B(td + r)}i>0 given by (2.30) is Dirichlet with parameters (By1,...,Brq) defined
by

doiej iy forj <,

d+ ;
Yo g forg >,

Brj = (2.31)

with the convention that o, ; = o, j» when j = j' (mod d).

2.6 Boundary crossing probabilities for Brownian

motion

In this section we briefly review the literature concerning boundary crossing proba-
bilities for Brownian motion that is most relevant to this thesis. First we consider
some special cases in which exact solutions for the multidimensional Brownian mo-
tion exist, and then discuss the approximation methods for the univariate Brownian

motion which we will extend to the multivariate setting.
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2.6.1 Exact solutions

Closed form expression for the probability P(G) (cf. (1.39)) for W to stay within
a given set in the time-space G during the time interval (0,7) is only available in
a few special cases. Although not discussed here, there is vast literature devoted to
different approaches to computing boundary crossing probabilities and first hitting
time densities for the univariate Brownian motion. For a recent bibliography of the
published work on that topic see e.g. [K08].

Much less has been done in the multivariate case. A number of studies have

considered the probability
pe(C) = ]P(a: LW, el te (0,T)> - P((O,T) x (C — a:)), zed,

when C' C R™ is a cone, the simplest form of which is defined as follows. For y €
R™\{0}, let #(y) be the angle between y and the coordinate vector (1,0,...,0) € R™.
A cone of angle « € (0, 7) is defined as C, :={y € R™: 0 < 0(y) < a}.

It was apparently F. Spitzer who was the first to consider the probability p,(C.)
in the two-dimensional case. In [S58], he gave an integral transform for the function
pz(Cqa). This probability was later computed explicitly in [I85].

More recently, the case m > 3 has been considered for “generalised cones” defined
as follows. If D is a proper open connected subset of the unit sphere S™~! in R™, the
generalised cone Cp generated by D is the set of all rays emanating from the origin 0
and passing through D. Under some technical restrictions on D, a representation
for p(Cp) as an infinite series involving confluent hypergeometric functions and
eigenfunctions of the Lapace-Beltrami operator on S™~! was given in [D87]. This
result was later strengthened in [BS97], where the same analytic formula was shown
to hold for a larger class of generalized cones. An alternative technique based on

the reflection principle was used in [M11] to compute p,(C) in case of “wedges” C.

2.6.2 Univariate approximation rates

As discussed in the Section 1.2.3, due to the lack of closed-form expressions for

the probability P(G) in the general case, finding approximate solutions and their
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approximation rates is an important alternative approach. The literature to date on
this approximation method has focused on the univariate case, which we will briefly
review here. In particular, we will concentrate on the methods used by Borovkov and
Novikov in [BNO5], as we use a similar approach to prove an analogue of their main
result (Theorem 1) in the case of the multivariate Brownian motion (see Chapter
7). For the remainder of this section, we will denote by W' = {W, };>¢ the standard

univariate Brownian motion process.

Recall that, in the univariate case, piecewise linear boundaries are commonly
used to approximate general boundaries as the boundary crossing probabilities in
that case are relatively easy to compute. An explicit formula for the boundary

crossing probability

in the univariate one-sided case where

G={(tx):te(0,T), z<g®)} §0)>0, (2.32)

and g(t) is a piecewise linear function on [0,7] was given in [WP97]. In that case,
there are 0 =ty < t; < --- < t, = T such that g(¢) is linear on each of the intervals
[ti—1,t;],7 = 1,2,...,n. The approach in [WP97] is based on the observation that
the event that W does not cross §(t) on the interval [0, 7] is the intersection of n
conditionally independent (given the values of W at the points ¢;_1) events that W
does not cross §(t) on (t;_1,t;]. In particular, writing g; = §(¢;), they show that

P(G)=1—-P(G)=1—-Er(W,,..., W, :3), (2.33)

where

tj — tj—l

3 n 20aq: 1 — xi 0. — Ts
h(wy, .. 20 ) = Hl{xj@j} [1 — exp (— (9j—1 = 2;1)(9; ])>:| ‘
j=1

In the case of general continuous boundaries g(t), the authors of [WP97] then show
that for a sequence of piecewise linear functions §™ (¢) with 5™ () — g(t) asn — oo

uniformly in [0, 7], and denoting by G,, the set (2.32) with upper barrier §™ (¢), one
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has that
P(G) = lim P(G,). (2.34)

n—oo

As noted by the authors of [WP97], it is clear that one can obtain an upper (resp.
lower) bound for the probability P(G) by computing the probability (2.33) for a

dominating (resp. dominated) piecewise linear boundary for g(t).

A generalisation of (2.33) to the case of two-sided piecewise linear boundaries

was given in [NFK99]. In that case, G is given by

G={(t.x):te(0,T), §_(t) <z < §-(t)}, (2.35)

where for 0 =ty < t; < --- <t, =T, the functions g.(¢) are linear on each of the

intervals [t;_1,¢;], j = 1,2,...,n. For general boundaries g, and K € R, let
P(g—, g+, K) :=P(g_(s) < W, < g4(5),0 < s < T Wr > K).

Then, as shown in [NFK99], one has that

n—1
P(§—7§+?K) =E (1{WT>K} Hp(i’§—7§+|wti7wti+l)) ’

1=0

where

p(iagfang’xay) = ]P’(g,(s)— <Ws < ng(S)’ti <s< ti+1|Wti =, Wt¢+1 = y)

The authors of [NFK99] then give a simple bound for the approximation error
|P(g_,9+,K)— P(g_, g+, K)| in terms of the distance

/oT {d%(g(s) - 9(8))] s

If one also has g+ (it/n) = g+(it/n), 0 < ¢ < n, and g4 are twice continuously

differentiable, then following rate of convergence is given in [NFK99]:

In(n)

nd

|P(g—7g+7K) - P(§—7§+7K>| < const
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In [PWO01], the results obtained for one-sided boundaries in [WP97] are extended
to the two-sided case. The authors of [PWO01] first present a formula similar to (2.33)
that holds for two-sided piecewise linear approximating boundaries g+. It is then
observed that the convergence in probability (2.34) holds for sequences {én}n21
defined by the right hand side of (2.35) with upper and lower boundaries gi”), and
such that §" (t) — g+(t) as n — oo uniformly on [0,7]. That paper also gives
an asymptotic bound on the approximation error. Specifically, assuming that g4
are twice continuously differentiable, ¢’/ (0) # 0, with ¢/ having at most finitely
many roots in (0,7, the authors of [PWO01] propose a rule for choosing partition

points for the sequence of piecewise linear approximation upper and lower boundaries

{ g )}n21. Under that choice, for

one has

limsup n’A,, < A,

n—oo

where A is a constant that depends on the boundaries g+ and the partition rule.

To implement the approximation procedure in [PWO01], one must approximate
G with G,, for relatively small n (so that the computation of P(G,,) is feasible). In
that case, we require an exact (rather than asymptotic) upper bound for A,. In
[BNO05], the authors obtain the desired exact upper bound for A,, of the form C'/n?
(for constant '), that holds under more general conditions on the boundaries g,

and for arbitrary partitions of [0, 7] of rank O(n™1).

The key assumption used by the authors of [BN05] was a Lipschitz condition
on the boundary. Denoting by Lipy, K > 0, the class of functions ¢ : [0,7] — R
satisfying

lgit+h)—gt)| < Kh, 0<t<t+h<T,

they prove the following result.

Theorem 2.28. ([BNO05|) Let g+ € Lipx and consider functions f+ on [0,T] such
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that ||g+ — f+|| < € for some e > 0. Then
|P(—00,gs) — P(—o0, f1)|| < (2.5K +2T7%)¢

and

1P(g-,9:) = P(f-, [l < BK +4T?)e.
The same bounds also hold for the differences
where, for a Borel set B,

P(g_,g.;B) :=P(g_(t) < Wy < g.(t),t € [0,T]; Wr € B).

We will now give a sketch of the proof of Theorem 2.28 given in [BN05], as we
will use a similar argument in Chapter 7 to obtain analogue of that theorem in the

multivariate case. First, we note that

Plg-.g:+€) = Plg.g4) = P[0 < sup (W, — g4(t) <=, inf (W, — g (t)) > 0]

0<t<1 <t<l1

IA

P[O < sup (W; —g+(1)) < 5]

0<t<1

P(—00,94 +¢) = P(—00,9+) =: De(g+)
sup D.(f) =: D..

f€Lipg

IA

Using the same argument, one can show that
P(g— — &9+ +6) - P<g—7g+ +€) < D€7
and therefore

0<P(g-—¢,9++¢e)—Plg—,9+)
=[P(g- —¢,9+ +¢) = P(9-,9+ +¢)| +[P(9-,9+ +¢) — P(g—,9+)]
<92D..

23



Similarly,
0<P(g-,94) — P(g- +¢&,91 —¢) <2D,,

and using the last two inequalities and the relation

P(gy +e,9y —) < P(f-, f4) < P(g- —¢,94 +¢),

we conclude that

|P(g_’g+) - P(f—7f+)| S 2Ds

It remains to obtain a bound for D.(g).

Lemma 2.29. ([BNO05]) Let g be a function on [0,1] with g(0) > 0, such that, for
some K* >0,

~K h<g(t+h)—glt)<K'h, 0<t<t+h<l.

Then
D.(9) < (2KT + 05K +2)e, &>0.
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Chapter 3

The uniform law for sojourn

measures of random fields

In this chapter we present a rather natural extension of the uniform law for sojourn
times of processes with cyclically exchangeable increments (cf. Theorem 2.2) to
the case of random fields with general parameter sets. Our approach is based on
a suitably defined extension of the cyclically exchangeable increments property to
the random fields setting. Omne can obtain the uniform law for sojourn times of
processes with cyclically exchangeable increments as a special case of our more

general Theorem 3.1 below.
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3.1 Introduction

Let X = {X(¢)}o<t<1 be a measurable real-valued stochastic process. In what
follows, we will be interested in situations where X (0) = X(1), in which case the

definition of X,y (cf. (2.3)) simplifies to
Xwy(t) = X(u+t (mod 1)) — X(u) + X(0), te]l0,1].

In that case, it is more convenient to view the process X as given on the unit circle

S! using, say, the natural complex number parametrisation
X (™) = X(t), tel0,1).

Moreover, assuming integrability of X, observe that the cyclic exchangeability of
increments now translates into the invariance, with respect to rotations of the para-

metric set S!, of the distribution of the process {X°(u) : u € S'} given by
XO(e*y = X (t) — / X(s)ds, te0,1).
0

Now the point t = 0 ceases to be special since, for any fixed a € S!, the distribution
of the “time” spent by X° below the level X°(0) coincides with that of the time
spent by X below the level X %(a), and in view of the result of Theorem 2.2, that

distribution is uniform.

The objective of the present chapter is to demonstrate how the above result
can, in a natural (and rather elementary) way, be extended to the random fields
setting where the parametric set 7" of the field {X(¢) }ier is endowed with a finite
measure u. We show that, for a fixed a € T, provided that a certain invariance
property is satisfied, the p-measure of the subset of T on which the values of X
do not exceed that of X (a), is also uniformly distributed. In a sense, this result is
a “randomised” version of the well-known fact that, for a random variable ¢ with

continuous distribution function H, one has H (&) ~ U(0, 1).
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3.2 The main result

Let (T, 7, u) be a measure space with a finite measure and {X (t) }+er a real-valued
measurable random field on a probability space (€2,.%,P) with parameter set 7.

Without losing generality, we will assume that p(7') = 1. Further, let
FuX,2)=pteT: X(t)<z), zekR,

be the p-measure of the parameter values ¢ for which X (¢) was at or below the
level z.
Now suppose that G is a family of measurable transformations of T, endowed

with a g-algebra ¢ containing cylinders with bases from .7, i.e. such that
{9€eG:g(t)e B} €9 forany te€T, Be J.

Denote by X, () := X(g(-)) the composition of the random field X and argument
transformation g € G, and by p,(-) = p(g(-)) a similar transformation of the
measure fi.

A natural extension of Theorem 2.2 to this setting is given by

Theorem 3.1. Suppose that X, L X and tg = i for any g € G, and that there

exists a probability measure v on (G,9) such that, for some fized a € T,
v(9e G:gla) € B)=u(B), BeJ. (3.1)
If F,(X,-) is continuous a.s. then F,(X, X (a)) ~ U0, 1].

Remark 3.1. In the context of the situation discussed in the Introduction, we had
T = S, pu was the uniform distribution on S, the family G consisted of all rotations
of S' (with X, corresponding to “rotating” the field X by the angle 27u), v was
the Haar measure on G. Clearly, property (3.1) held true for any a € T.

There is a discrete parameter set analog of the above theorem. Prior to stating
it, observe that, in the case of a finite parameter set T, we can always take .7 = 27

and that, assuming that p is the uniform distribution on 7', we automatically have
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fty = p for any transformation g of 7. Moreover, in that case G is also necessarily
finite, so one can always take ¢ = 2¢.

The assertion has the following form.

Theorem 3.2. Suppose that X, L X for any g € G, card(T') = N < oo, u({t}) =
1/N, t € T, and that there exists a probability measure v on G such that, for some
fized a € T, relation (3.1) holds. If P(X(s) = X(t)) = 0 for any s # t, then
F(X,X(a)) follows the uniform distribution on {1,2,...,N}.

The demonstration of the above result uses the same type of argument as that
of Theorem 3.1 and is actually even simpler, and so we will only present here the

proof of the latter.

Proof of Theorem 3.1. For p € (0,1), introduce

qx(p) :=sup{z € R: F),(X,z) < p},
Qx(p)={teT: X(t) <qx(p)}.

By the continuity assumption,

and it is not hard to see that, for a fixed ¢ € T, one has
{F. (X, X(1) <p} ={t € Qx(p)} (3-3)
Observe also that, due to the invariance of g under g, we have
Fu(Xpy) = it : X,(t) < ) = iy(t : X, () < @) = (s : X(s) < 2) = Fy(X,)

forany g € G, x € R, and so ¢x(p) = qx,(p), p € (0, 1). Therefore, for any p € (0, 1),
g€G,
a € Qx,(p) it g(a) € Qx(p). (3.4)

Now consider the product probability space (2 x G,.# ® 4,P* = P x v), and

let v be the second coordinate random variable on the space, so that v is a random
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element of G independent of X and following the distribution v. Then we clearly

have X, 4 X, and so, for any p € (0,1),

P(F,(X,X(a)) < p) = P*(F.(X,, X,(a)) < p)
( )

=P*(a € Qx,(p)) (3.5)
=P*(v(a) € Qx(p)) (3.6)
=EP*(7(a) € Qx(p) | X)

=E u(@x(p)) (3.7)
=p, (3.8)

where (3.5), (3.6), (3.7) and (3.8) follow from (3.3), (3.4), (3.1) and (3.2), respec-

tively. The theorem is proved.

3.3 Examples

Example 3.1. Let Uy,...,U, be an i.i.d. sample of points uniformly distributed

over S d > 2 K :R? = R be a measurable function, and set
X(t)=>Y K(t-Uy), tesS"" (3.9)
k=1

Take G := SO(d), the special orthogonal group on R? and v the Haar measure on
it. Then it is clear that, for a nice enough K, the field X will satisfy the conditions
of Theorem 3.1 with u being the uniform distribution on S*! (due to symmetry).

To graphically illustrate this example, assume that d = 3 and let
K(z):=1—(||z||/2)V°, 2zeR3 (3.10)

where || - || is the Euclidean norm. It is clear that the conditions of Theorem 3.1 are

met with the above choice of K.

One can think of X as describing the relief (the surface altitude relative to

a fixed reference level, i.e. the surface of a sphere) of a “random planet” with n

29



mountains that have their summits at the sample points U, and possess symmetric
shape features. A simulation of such a surface, with n = 20, is depicted on the left

pane in Fig. 1.

B P, s "J\\f AV eV handhs
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Figure 3.1: A sample realisation of the field (3.9) with kernel (3.10), d = 3 and n = 20
(on the left pane) and the scaled histogram of a simulated sample of 10 independent
copies of F,(X, X (a)) for that field, a being the “North pole” (on the right pane).

The right pane in Fig. 1 depicts the scaled histogram (with 50 bins) for an i.i.d.
sample of 10° copies of F,(X, X (a)) for that field, a being the “North pole” (on the
“coordinate sphere” S?). The values of F),(X, X (a)) were computed using antithetic
Monte Carlo methods. The simulation confirms the assertion of Theorem 3.1 that
the area on the coordinate sphere where the terrain is below the height of the relief

at the North pole is uniformly distributed.

Example 3.2. Consider a rectangular array of random variables {X (t)};er with
T={1,2,...,m} x{1,2,...,n} for some n,m € N, such that P(X(s) = X(¢)) =0
for any s # t. In other words, X is a random m X n matrix whose entries are distinct
a.s. We will also assume that the distribution of the matrix is invariant w.r.t. cyclic
permutations of its rows and columns.

A real-life example of such a situation is provided by an n x n Latin square
experimental design, which is obtained by choosing at random a square from a
given isotopy class of n x n Latin squares (or, to simplify the procedure, starting
with a given n xn Latin square and then cyclicly permuting its rows and columns at
random), and then assigning the treatment factor levels to the respectively labelled

elements of the array.
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Introduce G as the collection of all compositions of the form g, o g., where g, is
a cyclic permutation of the rows, and g. a cyclic permutation of the columns of T'.
Then clearly X 2L X for any g € (G, and the uniform distribution v on G will have
the desired property (3.1) for any fixed a € T' (recall that, in the discrete case, we
assume that p is uniform on 7).

Now we see that all the conditions of Theorem 3.2 are met, and therefore, say,
the number of the entries of the matrix X that don’t exceed the first entry in its
first row (i.e. the random variable card(t € T : X(¢) < X((1,1))) has the uniform
distribution on {1,2,...,nm}).
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Chapter 4

Beta distributed limits of iterated

linear random functions

In this chapter we consider several special cases of iterations of random i.i.d. linear
functions that describe nested interval schemes when iterated in a backward direc-
tion, and ergodic Markov chains in the forward direction. All these cases will have
beta distributed fixed points, and we find these fixed points using an extension of a
result due to E. J. G. Pitman [P37] to solve for the beta distributed solution of a
random equation by reducing the latter to a random equation with a related gamma
distributed solution. In each case, these fixed points are the almost sure limits of
the corresponding nested interval schemes and the stationary distributions of the
corresponding Markov chains. We will also present some apparently new examples
of beta distributed randomly weighted averages and stick-breaking schemes with

beta distributed limits.
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4.1 Introduction

In this chapter, we study the classes of interval-valued processes and ergodic Markov
chains generated by the family .# (cf. (1.29)) of linear random functions. Our
approach is centred around the following two key observations. Firstly, every process
in one class has a corresponding “dual” process in the other class, with the same
limiting distribution (where the backward iterations converge a.s. and the forward
iterations converge in distribution). This observation enables us to immediately
obtain previously unknown limiting distributions of several processes of interest due

to their duality with well studied processes appearing in the literature.

Our second key observation is that one can show the limit is beta distributed by
using a related random equation with a gamma distributed solution, allowing for
simple analytic proofs. In addition, this random equation generates a corresponding

ergodic Markov chain with a gamma distributed stationary distribution.

These two key observations form the systematic approach used in this chapter,
whereby we prove assertions concerning the limiting distributions of random pro-
cesses we consider and provide solutions to two random equations by solving only

one of them.

We can interpret the forward process (1.30) in terms of the movement of a particle
in [0, 1], where X, is the location of the particle at time n, and the particle moves
from X, _; to X, by (1.27). In particular, we will consider those models where, for
each n, at least one of the following holds: one has A, = 1 (which would imply a
move to the right) or B, = 0 (implying a move to the left). See Section 2.3 for
a review of the literature concerning models of this type (where, at each step, a
particle at X, € [0, 1] moves at time n+ 1 either left to a random point in [0, X,,], or
right to a random point in [X,,, 1]) having in most cases beta distributed stationary

distributions.

We will interpret the backwards process (1.31) as generating a sequence of nested
intervals Iy = [0,1] D I; D I D -+ given by the ranges of the corresponding
backward mappings Yy, Y7, Y, ... (i.e. ¥, maps [0, 1] onto I,,), and consider only the

case when |I,,| = 0 as n — oo (i.e. when F] is a contraction).

In some of the cases we consider, the nested interval scheme generated by the
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backward iteration (1.31) is an interval splitting scheme of the following type.
Choose a random (not necessarily uniformly distributed) splitting point Sy in [0, 1]
and select according to a given (possibly random) rule one of the subintervals [0, 5],
[S1,1]. Continuing this procedure in the same way independently on the chosen
subinterval, we obtain a random sequence {S,},>1. When the law of the splitting
point 57 is not concentrated on {0, 1}, the length of the chosen interval tends to zero
a.s. as n — 0, and therefore S,, converges a.s. to a random variable Y. In several
cases considered previously, this limiting random variable Y turns out to be beta
distributed (see Section 2.2.1 for a review of the literature concerning these interval
splitting schemes). We call this scheme the CGZ model after Chen, Goodman and
Zame who first studied it in [CGZ84] under the conditions that S, ~ U[0, 1] and
the largest subinterval is selected with probability p at each step.

Most of the nested interval schemes considered in the literature can be classified

using a convenient notation of the form

<LN7 §\4’| /](/[”>7

where L, L', L", M’', M" represent letters and N is a natural number which have the

following meaning.

Imagine each step in a nested interval scheme Iy = [0,1] D I; D I D --- is
generated by the following two stage process. In the first stage of step n we choose
a fixed (one and the same for all n) number of subintervals of I,, 1, n > 1. In the

second stage, we select one of the chosen subintervals to be I,,.

We set L := S if the intervals from the first stage can be constructed by splitting
the interval I,_1, » > 1, into two or more subintervals (i.e. they form a partition of
I,,_1), otherwise we set L := G for general. The number N is equal to the number
of intervals generated in the first stage. We set L' := D if the rule for the first stage
is deterministic, or L := R if the rule is random. The subscript M’ of the second
component is equal to I if the rule is the same (i.i.d. after scaling and translation)
for each stage of the process, otherwise M’ := G for general. Similarly, in the final
component we set L” := D (resp. R) if the rule for the second stage is deterministic

(resp. random), and M"” := I if the rule is the same (i.i.d.) for each stage of the
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process, or M"” := G otherwise.

We will mostly be interested in nested interval schemes with M’ = M" = I since
in that case the scheme is completely determined by the rule for choosing the first
interval I; from [0, 1] (e.g. the CLZ model is an (S5, R;|R;) scheme in the general

case).

To illustrate our classification, consider the Kennedy’s nested interval scheme (cf.
Section 2.2.2) in the case p,q,r > 0. For k > 3 the above scheme is an (G3, R;|R;)
nested interval scheme, whereas for k = 3 it is an (S3, R;|R;) scheme. Note that
interval schemes can admit different classifications within the introduced notation.
For example, when p = 1, Kennedy’s scheme can be viewed as either (Ss, R;|Dy)
or (G1, Rr|Dr), where in the latter we only considered the middle interval [C,,, D,,],
rather than choosing the middle interval deterministically from the three intervals
in the former. Despite that, the classification may still be useful for understanding

of and distinguishing between the schemes we will consider.

The remainder of the chapter is structured as follows. In Section 4.2, we present
our main results, beginning in Section 4.2.1 with a description of the general nested
interval scheme generated by the backward iteration (1.31). We then devote Section
4.2.2 to proving an equivalence result for beta distributed solutions to (1.22) and
gamma distributed solutions to a related random equation. In Section 4.2.3 we
introduce several equivalent claims concerning limiting distributions for processes

and solutions to random equations we consider.

In Sections 4.2.4 and 4.2.5 we use the approach discussed above to find the
explicit form for the limiting distributions of nested interval schemes and Markov
chains on [0, 1] in two broad special cases. In the first one, at each step either 4, =1
or B, = 0. In the second more general case, the distribution of (A,, B,) can have
support on an arbitrary subset of the unit square [0, 1]?, with most cases considered
being closely related to the beta distribution. We conclude this chapter by showing
how the results obtained in Section 4.2 also imply some apparently new examples
of beta distributed randomly weighted averages in Section 4.3.1, and stick-breaking

schemes with beta distributed limits in Section 4.3.2.
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4.2 Main results

We start by describing the general nested interval scheme generated by the backward
iteration (1.31).

4.2.1 A general nested interval scheme

Recall that Fi, Fs, ... are the random functions from class .# which are generated
by a sequence of i.i.d. vectors (Ay, By), (Aa, Bs), ... with distribution /i (see p.18).
Plainly,

Fi(z)= (A — Bz + B

maps [0,1] onto I; = [min(A;, B;), max(A;, B1)]. So the nth backward iteration
from (1.31) maps [0, 1] onto the nth interval of the following nested interval scheme.
Starting with the unit interval [0, 1], select the interval I; with end points A; and
B;. For the second step, noting that the mapping F5 is linear, we see that the end

points of the second nested interval Iy C I; are given by
zg = Yé(l) = (Al - BI)AQ + Bl and EQ = Yé(O) = (Al - Bl)BQ + Bl.

It follows that

Ay — By,B,— B
£<< 2 Al ; ) Al—Bl>o>—£((AhBl>)7 (4.1)
1 — 1
£<(A2_;1’Bj_141> A1—B1<O>:£((1_A171_Bl>)'
1 — 1

This is, if Ay > By, after translating and scaling the real line so that I; turns into
[0, 1], the law of the end points of the interval I is the same as that of the end points
of I;. Otherwise, if A; < By, the law of (Ay, By) is the same (after translating and
scaling) as that of (1 — Ay, 1 — By). Similarly, the end points of the nth interval are
given by A, := Y, (1) and B, := Y,(0), with

r <(ﬁn —ZB;T:ID_EE;L - En—l) ﬁ(Aj — Bj) >0 > = ﬁ((Al, Bl)), (4'2)

n—1 j=1
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n—1

. <(Zn — A1, By — An) ‘ ﬁ(AJ‘ —B;) <0 > =L((1- A1, 1= By)).

Enfl - Anfl

Jj=1

We will mostly be interested in special cases where one of the following conditions

is met:

M1] A > B as.,

M2] =i = L((1 - A1~ B)),
M3] i = £((B, A).

If at least one of [M1]-[M3] holds the nested interval schemes generated by (1.31)
satisfy the following i.i.d. property.

[I] For all n > 1, the conditional distribution of

I, —minl, 4

‘Hn71|

given I,,_; does not depend on I,,_; and is one and the same for all n > 1.

4.2.2 A relationship between beta and gamma distributed

solutions to linear random equations

For a positive vector t € Ri, let & = (&1,...,&) ~ G¢. Then we have from Lukacs’s

characterisation of the gamma distribution (cf. Theorem 1.1) that

& is independent of (%’ o %) , (4.3)
and so
e (1.4)

where (51, o ,éd) is an independent copy of &.
A remarkable observation made by E. J. G. Pitman [P37] is the following ex-
tension of (4.3). Let, as above, £ ~ Gy, and f : R — R be a scale independent
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measurable function, i.e., for any a # 0,

flazy,. .. axg) = f(z1,...,2q), (21,...,24) € R

Then the random variable f(&y,...,&y) is independent of &,.

The following lemma is an extension of that observation to random functions.

Lemma 4.1. Let (0, F,P) be a probability space, (E,E) a measurable space, and
X : Q — E an E-valued random variable. Suppose H : R" x E — R, 1s jointly

measurable and

H(aylw"’ayrax) :H(ylv"'ayrax>

holds for all a # 0, (y1,...,y.) € R" and x € Ey C E, where P(X € Ey) = 1. If
V =W,...,V.) ~ Gy, t € R, is independent of X, then V, is independent of
H(V,X).

Proof. Denote by ¢(s,u), (s,u) € R% the joint Laplace transform of V, and H(V', X).
Then

gb(s u) Ee—s(Vit+Ve)—ul (Vi,....Vi, X)
)

_Ct/ / t1 1 tT 16—(1+s kaEequ( ,,,,, U, X)dv1 dUT,

where C; ' = [[,_, ['(tx). Making the substitution y = (1 + s)v, and observing
that H(vq,..., v, X) 4 H(yi,...,yr, X) by virtue of scale independence, we have
that

Qb(S, U) 1 + S Ztk / / tl 1 1€_ZykE€_UH(y1 ..... y”X)dyl e dyra

which is the product of two functions, one depending on s, and the other on wu.

Therefore V, and H(V, X) are independent as claimed. O

We will now use Lemma 4.1 to prove the following proposition that is fundamen-
tal to our approach as it provides a simple way to show that solutions to (1.22) are

beta distributed.
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Proposition 4.2. Random equation (1.22) has solution X ~ [(a,b) for some values

a,b >0 iff
Vi 2 AV + BVy,  where Vi, Vy, (A, B) are mutually independent, (4.5)

holds for (Vi, V) ~ Ty @ T

Proof. Suppose that relation (4.5) holds for (V3,V32) ~ T’y ® I',. Then

AV + BV,
AV + BVy = ———=(V; + V&
1+ 2 AT (Vi + Va)

4 AVi + BV~

, 46
Vi+V, (4.6)

where V ~ [.1p is independent of (A, B, V;,V4), the equality in distribution follow-
ing from Lemma 4.1. Similarly, we have that

Vi

R

Vi ~
L_1 vy (4.7)

Vi )
! Vi + Vs

(Vi +V2)

where V ~ ['44p is independent of (V4,V3). Taking logarithms of the right-hand
sides of (4.6) and (4.7), we obtain from (4.5) that

AVi+ BV e a [ T _
In{ ——= In(V) =1 In(V). 4.8
0 (B ) @) L1 () + () (1.

Denoting by 1, ¢ and x the characteristic functions of the first, second (and fourth),

and third terms in (4.8), respectively, we have

It is not hard to show that ¢(u) # 0. Therefore ¢) = x, and so

Vi a4 AVi+ BV,
Vi+Va V4V

We conclude that random equation (1.22) has solution Y 2 Vi/(Vi + Vo) ~ B(a,b).
Conversely, suppose that random equation (1.22) has solution Y ~ f(a,b). Fol-
lowing the same steps as above in reverse order, we conclude that (4.5) holds for

(V1,V2) ~ T, ® T',. Proposition 4.2 is proved. O
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Proposition 4.2 relates the original sequences of iterations of functions on [0, 1]
to the following forward and backward iterations defined on R,. For the family
{gac(2’) = azx’ +c: (a,c) € [0,1] x R} and an i.i.d. sequence {(A,, By, V,,)}n>1 of
random vectors with distribution i ® I'y, set G}, := ga, B,v,. Denote the forward

iterations of {G,,},>1 by
X () =GnoGuq10---0G(-), n>1, X)) =id("), (4.9)
and its backward iterations by
Y/():=GoGyo---0G,(-), n>1, Yi(-)=id(-). (4.10)

Starting from a fixed 2’ > 0 and writing X| = X/ (2'), the forward process (4.9) is
given by
X =A,X, +B,)V,, n>L (4.11)

This is also a special case of recursion (1.24), and so X/ converges in distribution to
a unique (in distribution) X’ when condition (1.25) is satisfied. In our case, since

Ay € [0, 1], this conditions is satisfied when

P(A; =1) < 1. (4.12)

4.2.3 Some equivalent claims

For (a,b) € R?%, we introduce the following claims to be used in the statements of

assertions in the remainder of this chapter:

[A1] Suppose Vo ~ I'y. Then Vi ~ T', is the unique solution to (4.5).
[A2] X ~ [(a,b) is the unique solution to (1.22).

[A3] For Y, (x) given by (1.31), as n — oo, one has Y,,(z) = Y ~ S(a, b) uniformly
in z € [0, 1].

[A4] For X, (z) being the location of the particle after the nth step of the Markov
chain (1.30) starting from x € [0, 1], one has X, () X ~ B(a,b) as n — oo.
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[A5] For X/ (2') being the location of the particle after the nth step of the Markov

chain (4.9) starting from 2’ € R, one has X (2') & X'~ T, as n — .

The next proposition shows that to establish [A1]-[A5], it suffices to just prove
[A1] (or [A2]).

Proposition 4.3. Suppose that the distribution i of (Ay, By) is such that the con-
vergence conditions (1.26), (4.12) hold, and at least one of [A1] or [A2] holds true.
Then all assertions [A1]-[A5] hold true.

Proof. Since the convergence conditions (1.26), (4.12) are satisfied, any solutions to
random equations (1.22) and (4.5) are unique. Therefore, by Proposition 4.2, [A1]
holds if and only if [A2] holds. Further, the law of V; from [A1] is the stationary
distribution of the Markov chain from [A5], and the law of X from [A2] is the
stationary distribution of the Markov chain from [A4] which coincides with the law
of the limiting location in the nested interval scheme from [A3] by the contraction

principle in [CLI1]. O

Now consider several classes of distributions i on [0,1]? satisfying convergence
conditions (1.26), (4.12), with beta distributed solutions to random equation (1.22).
Uniqueness of the solutions to (1.22) and (4.5) is implied by the convergence condi-

tions.

4.2.4 Model 1

In this model we assume that for some fixed p € (0,1), we have
(4.B) £ 1,1~ L,0) + (1~ L,)(L, R). (4.13)

where I, ~ Be(p) is independent of the random vector (L, R) € (0,1)? and Be(p)
denotes the Bernoulli distribution with success probability p. Clearly this model
satisfies the convergence conditions (1.26) and (4.12).

This model has two important features. Firstly, since A > B a.s., the nested
interval scheme generated by (1.31) satisfies the independence property [I] (see p.67).

Secondly, the representation (4.13) allows for a simple description of the nested
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interval scheme generated by (1.31), the Markov chain on [0, 1] given by (1.27), and
the Markov chain on R, given by (4.11). These processes are described respectively
in (1A), (1B), and (1C) below. In particular, the nested interval scheme ((Gq, Rr|R;)
in the general case) described by (1A) and the Markov chain described by (1B) are

dual in the sense of the contraction principle (Proposition 1) in [CLI1].

(1A) Starting with the unit interval, we choose the two subintervals [0,1 — L] and
[R, 1], i.e. by moving the right (resp. left) end point of the interval to the left
(resp. right) a distance given by the proportion L (resp. R) of the interval.
Next, select the interval [0, 1 — L] with probability p, or [R, 1] with probability
1 — p, continuing independently in the same way on the chosen subinterval. If

1 — L £ R, then this is the CGZ model ((Sa, Rr|Ry) in the general case).

(1B) A particle starts from a point « € [0,1] and moves left the distance Lz with
probability p, or right the distance R(1—z) with probability 1—p. The process

continues in this way, each new step being independent of the past.

(1C) A particle starts from a point 2’ € Ry and moves left the distance La’ with
probability p, or right the distance RV; with probability 1 — p, where V; ~ T',
for some @ > 0. The process continues in this way, each new step being

independent of the past.

Clearly, assertions [A3]-[A5] give the limiting distributions of the processes de-
scribed in (1A)—(1C), respectively.

To introduce our first special case of Model 1, consider the following (Ss, D7|R;)
version of the CGZ model. Fix a p € (0,1) and, starting with the unit interval,
choose the interval [0, p] with probability p, or [p, 1] with probability 1 — p. The
next nested interval is obtained in the same way from the first chosen interval, and
so on. It is clear that this scheme can be generated by a single uniform random
variable U~ UJ0,1] as follows. On the first step, of the two intervals [0, p]
and (p, 1], we choose the interval containing the value of U. At the next step, we
partition the chosen interval into two with the same ratio of lengths, and again

choose the subinterval containing the value of U, and so on. It is obvious from
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this representation that the limiting location of the nested intervals has distribution
Ulo, 1].
Thus [A2] holds for this scheme. It follows from Proposition 4.3 that [A1] will

also hold. That fact, however, admits an elementary direct proof as well.

Theorem 4.4. Under assumption (4.13), let L = (1 —p), R = p. Then [A1] holds
fora=0b=1.

Proof. Since the V;’s are independent exponential when a = b = 1, one has

Eeit(AViJrBVz) — pEe’itpVI + (1 _ p>E€it(V1+pV2)

=p(l—itp) ' + (1 —p) (1 —it) (1 —itp) ™' = (1 —it) ",

which is the characteristic function of V; as required. O

Note that assertion [A4] under the conditions of Theorem 4.4 extends Theorem
2 in [SP00] (which we presented as Theorem 2.13 above), where it was proved in the
special case p = 1/2. Likewise, assertion [A3] in this case when interpreted for the
products of 2 x 2 stochastic matrices (cf. (1.37)) extends the result of example on
p.160 of [R71] that also considered the special case when p = 1/2 (cf. Section 2.5.1).

The next case extends the situation considered in [SP08] where assertion [A4]
from Theorem 4.5 below was first proved (cf. Theorem 2.15), extending that assertion

in the case z = 1 from [SP00] and [DF99] (cf. Theorem 2.11).

Theorem 4.5. Under assumption (4.13), let L LR~ B(1,z) for a fized z > 0.
Then [A1]-[{A5] holds for (a,b) = ((1 —p)z,pz).

Proof. According to Proposition (4.3) it suffices to show that [A2] holds. Clearly,

random equation (1.22) can be written as
X<1-0)X+CD, (4.14)

where X is independent of

(C,D):(1—A+B,B/(1—A+B)):{ (L,0), =1, (4.15)

(R,1), I,=0,
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and (C, D) has distribution
(C,D) ~ B(1,2) @ Be(l —p). (4.16)

Therefore, it suffices to show that X ~ B((1—p)z, pz) is the unique solution to (4.14)
with (C, D) distributed as per (4.16). Uniqueness follows from Lemma 1.5 in [V79]
since condition (1.25) is satisfied for an i.i.d. sequence with the same distribution as
(1 — C). The fact that X ~ B((1 — p)z,pz) is the solution follows from Section 3
in [S94] (see also Proposition 1 in [SP08] where it was shown that (4.14) holds for
X ~ B((1 = p)z,pz) using the method of moments). O

Remark 4.1. Observe that, for z = 1, assertion [A3] under the conditions of
Theorem 4.5 gives the limit distribution of the following (S, R;|R;) version of the
CGZ model that was considered in [K93|. Choose a uniformly distributed point
Uy in [0, 1] and select (independently of Uy) the subinterval [0, U;] with probability
p, or [Uy, 1] with probability 1 — p. Continuing independently in the same way on
the chosen subinterval, the limiting location of this interval splitting scheme has

distribution S(1 — p, p).

One can also show that Theorem 4.5 holds by proving assertion [A1] analytically
using characteristic functions. In doing so now, we will establish the limiting distri-
bution in two cases that have not been considered previously in the literature, by
using the well-known properties of the Gauss hypergeometric function (cf. (1.15)).

Indeed, for (V4,V,) ~T', @'y with 2 = (1 —p)v, y = pv, L LR~ B(1,v) and
(A, B) given by (4.13), we have

Eeit(Avl +BVa)

— pEeit(l—L)Vl + (1 _ p)Eeit(Vl-i-RVQ)

1
__Y / (et 0-DVi[1 — [, = u)P((1 — L) € du)
y+zJo

1
+ = Eet / E(e™2|R = u)P(R € du)
y+=z 0

1
= j{ / (1 —itu) *u¥* ' By + 2,1) ' du
yT=zJo
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1
z
+ 1—z'tz/ 1—itu) (1 —w)?!™'B(l,y +2) tdu
y+z( ) i ( )71 —u) (Ly+2)
Y . 4 N— )
= Filz,y+z;y+2z+1;6t) + 1—at) "o (y, L,y + 2+ 14t
y+z2ﬂ y+2y ) y+z( )2 Fi(y, Ly )
(4.17)
Yy . z .
= Filz,y+z,y+ 2+ 1;4t) + Fiz+1Ly+zy+ 2+ 1) (4.18
y+221(y y ) y+Z21( y+zy ) (4.18)
= o1 (2, + 2+ Ly + 2 + 1;it) (4.19)
=(1—1dt)7, (4.20)

where (4.18), (4.19), and (4.20) follow from (1.18), (1.17), and (1.16), respectively.
The right hand side of (4.20) is the characteristic function of V;, and so [A1] holds
as claimed.

We will now use the expression (4.17) and the well-known identity
2F1(a, bscm) = o F1(b, a;¢:m) (4.21)

to establish the limiting distribution in our next case. Indeed, using (4.21) it is clear

that expression (4.17) is equal to

z
Fiz,y+zy+z+10t) + —— (1 —at) * o Fi (L, y;y + 2+ 1;4t). (4.22
y+221<y Yy ) y—l—z( ) o (L ysy ) ( )

Hence assertion [A1] holds under assumption (4.13) with L ~ B(1,y + z), R ~
Bly,z+1), p=1y/(y+ z2), and (V1,V2) ~ T, ® I';. We have proved the following

theorem.

Theorem 4.6. Under assumption (4.13), let L ~ B(1,y+2), R~ p(y,z+ 1), and
p=y/(y+z2),y,z>0. Then [A1]-[A5] hold for (a,b) = (2,1).

We can derive yet another case from (4.22) as follows. Recalling that (4.20) is
equal to (4.22), we have

z
1—at)* = Fi(zyy+zy+2+1;46) + 1—at) 2o (L, y;y+ 2+ 154t
( ) y+z2ﬂ y+2y ) y+z( )2 Fi(Lysy )
:yiz(l—it)l_ngl(l,y+1;y~|—z~|—1;it)
z

=" 2(1 —it) o1 (1,y;y + 2 + 1;4t),
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the second equality following from relations (4.21) and 15.3.3 in [AS64]. Therefore

z

(1—idt)' = ; i oFi(Ly+ Ly+z+15it) + (1—at) 'R (1, y;y + 2+ 1;it).

+ z y+z

The last equality implies that assertion [A1] holds under assumption (4.13) with
L~ Bzy+1), R~ Blyz+1), p=y/ly+2), and (Vi, Vi) ~ Ty @ Ty. The

following theorem is proved.

Theorem 4.7. Under assumption (4.13), let L ~ B(z,y+ 1), R~ [(y,z+ 1), and
p=y/(y+z2),y,z>0. Then [A1]-[A5] hold for a =b = 1.

Remark 4.2. Note that assertion [A4] under the conditions of Theorem 4.7 is an
extension of Proposition 2 in [SP08] (cf. Theorem 2.16 above), where it was proved
in the special case y = z. In that case, we can derive an interesting distributional
relation involving mixtures of gamma distributions from which we will obtain an
apparently new explicit form solution to the perpetuity equation as a special case.

Indeed, using the equivalent random equation (4.14), we have from assertion

[A2] under conditions of Theorem 4.7 that

4

ULU(1—C)+ 1, 5C,

for (U,C, I 2) ~ U0, 1]®@p(y, y+1)®Be(1/2). Therefore, for (Vi,Va) ~ T'y @7y /241

~ a UVa+LpVy ~ =

U(Vi+Vh) = W(Vﬁr%)
1 2
UV + 1, 5V)
4 %%//21(‘/1 + V) = UVo+ L1 5V1, (4.23)
1 2

where (‘71, ‘72) is an independent copy of (Vj, V3), and the second equality in distri-
bution follows from Lemma 4.1.

Let {v(t) }+>0, 7(0) = 0, be a gamma process with independent increments such
that y(t) — v(s) ~ T'4_s for 0 < s < t. Suppose also that {v1(-)}, {72()},... are
independent copies of the process {7(t)}i>0, U ~ U[0,1], and Jy, Ja, ... are i.i.d.

with distribution Be(1/2). Assuming independence of all the processes and random
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variables introduced above, we can rewrite random equation (4.23) as
d
Un(y +1) = Ux(y/2+1) + Jim(y/2).
By repeated substitution, we obtain

Un(y +1) £ U(1) + Y Jone(y/25),

where the series converges a.s. by Kolmogorov’s two series theorem (see e.g. p.386

in [S95]). By conditioning on {J;} we see that

J k) £ TR L (yUy),
; W (/2% = m (y;2k> n(yUs)

where U; ~ U|0, 1] is independent of ({7v(-)},{71(:)},U). So we obtained the follow-
ing curious relation:

Urn(y + 1) £ Uy(1) + y(yUy). (4.24)

In particular, for y = 1, the random variable

Uy(1) +71(Ur)

is exponentially distributed, and therefore V' ~ U|[0, 1] is the unique solution to the
perpetuity equation (1.23) with (D, C) = (U, v (Uy)).

Omne can also show that (4.24) holds by computing the Laplace transform (or
characteristic function) of each side. A search of the literature yielded only one
paper [J05] that considered the mixture v;(yU;). In that paper the explicit form for
the density of v(U)/~(1) was given.

The last special case of Model 1 we consider is as follows.

Theorem 4.8. Under assumption (4.13), let 2L L 9R ~ B(1,2), z > 0, and
p=1/2. Then [A1]-[A5] hold fora=b=2z+ 1.

Proof. In view of Proposition 4.3, we will only prove [Al]. For M ~ (1, z) inde-
pendent on (V7,V3), the characteristic function of the right-hand side of (4.5) with

77



a=b=2z+11s

Eeit(AV1+BV2) — lEeit(l—M/Q)‘ﬁ + lEeit(Vl-‘rMVQ/Q)

1 (1w 2 1. A
—— d _E thlE 74tMV2/2.
2/0 (= (1 —uj2)in)1 T gme ke

The last term above is equal to (1 — it)*~1(1 — it/2)~/2 due to the well-known
property of “beta-gamma algebra” that for (X,Y) ~ f(a,b)®I 1y, one has XY ~ I,
(cf. (1.12)). The integral in the second last term can be computed and is equal to
(1 —it)~*(1 — it/2)~ 1. Therefore, the characteristic function of AV} + BVj is equal
to

(1—dt)= (1—at)~=!

2(1—it/2) | 2(1—it)2) (-~

which means that equation (4.5) is satisfied. O

Assertion [A3] under conditions of Theorem 4.8 gives the limiting distribution

of an (S, R;|Ry) version of the CGZ model where the splitting point has density

2(1—2u)*"t 0<u<1/2,
flw)=q z(2u—1)"", 1/2<u<1/2 (4.25)

0, elsewhere,

and the larger of the intervals is chosen at each step. In particular, the following

corollary holds true.

Corollary 4.9. Starting with the unit interval, choose a random splitting point S
with density (4.25) and select the larger of the intervals [0,S1],[S1,1]. Continue
independently in this way on the chosen subinterval. Then the limiting location of

the scheme has distribution B(z + 1,z + 1).

Note that Corollary 4.9 extends the results in [CGZ84] and [DLS86], where its

claim was proved for z =1 (cf. Theorem 2.4 above).
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4.2.5 Model 2

Now consider a more general model where the support of fi can be an arbitrary
(closed) subset of the whole unit square [0,1]%. In this more general model, the
nested interval scheme, Markov chain {X,} on [0, 1] given by (1.27), and Markov
chain {X] } on Ry given by (4.11) are described respectively in (2A), (2B), and (2C)
below, with the limiting distributions given by assertions [A3]-[A5], respectively.

(2A) Starting with the unit interval Iy = [0, 1], the interval I is given by [min(A;, By),
max(Ay, By)] with (Ay, By) ~ i (cf. Section 4.2.1). For n > 1, the (n + 1)st

interval is chosen from I, using the distribution

A i, if A, > By,
Hn+1 =

< :
ft;, otherwise,

shifted and scaled to T2 (see [M2] on p.67), with fip := ji. Recall that if either
of the conditions [M1]-[M3] on /i is satisfied, then the independence property
[I] holds true.

(2B) A particle starts from a point € [0, 1] and moves to the point A;z+ B;(1—x).

The process continues in this way, each new step being independent of the past.

particle starts from a point z’ € and moves to the point Az’ + B,V)
2C) A ticle starts f int ' € R, and to th int Az’ + B1V;
for Vi ~ I',, for some a > 0. The process continues in this way, each new step

being independent of the past.

First we will consider a special case of Model 2 discussed in the pioneering work
of DeGroot and Rao [DR63]. The result of their Example 6 (which we presented as

Theorem 2.10 above) coincides with assertion [A4] in the following theorem.

Theorem 4.10. If (A, B) ~ f(w,y) ® 5(y, z) for some w,y,z > 0, then [A1]-[A5]
hold for (a,b) = (w +y,y + 2).

Proof of Theorem 4.10. As usual, will only prove [A1l]. By (1.12) we have that
AVy ~ Ty, and BV, ~ I'y. Hence, by independence, the sum AV; + BV, has the

same distribution as V; ~ I'y4,, as required. O]
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In particular, if w = z, then [M3] holds, and so assertion [A3] under the condi-
tions of Theorem 4.10 gives the limiting location of the (G, R;|D;) nested interval

scheme described in the following corollary.

Corollary 4.11. Starting with the unit interval, choose two independent points
Ay ~ B(z,y) and By ~ B(y, z) in [0, 1], and select the interval with these end points.
Continue independently in this way on the chosen subinterval. Then the limiting

location of the scheme has distribution B(y + z,y + 2).

Corollary 4.12. If A ~ [S(w,y) and B = 1, then assertions [A1]-[A5] hold for
(a,0) = (w+y,y).

Proof. To prove [A1], set B =1 in the proof of Theorem 4.10. H

Remark 4.3. The interval-valued process (2A) generated by /i from Theorem 4.12 is
the following (S5, Re|Dg) interval splitting model that apparently has not appeared
previously in the literature. The random rule represented by R prescribes to choose
the splitting point S,, with the shifted and scaled distribution (w,y) (resp. B(y, w))
on I,y if nis odd (resp. even). The deterministic rule represented by D¢ prescribes
to select the right (resp. left) interval if n is odd (resp. even). Then, by assertion

[A3] under the conditions of Theorem 4.12, the limiting location of this scheme has

law S(w + y,y).

Remark 4.4. Now consider the process X := {X,},>0 defined in terms of the
forward iteration (1.27) as follows. If n is even set X, := X,,, otherwise set X,, :=
1—X,,. Then X is described as follows. A particle starts from a fixed Xy = x € [0, 1]
and moves in alternating directions at each step. The particle first moves left to
X, with the shifted and scaled distribution 5(y,w) on [0, Xo]. In the next step, the
particle moves right to X5 with the shifted and scaled distribution 5(w,y) on [Xy, 1],
and then continues this cycle independently of the past. We have from assertion
[A4] under the conditions of Theorem 4.12 that the distribution of X5, converges
weakly to S(w +v,y) and that of Xy, converges weakly to B(w,w +y) as n — oo.
Although this result extends Theorem 1 in [SP00] (cf. Theorem 2.12 above) where
the special case when w = y = 1 was first proved, it is not a new one. It is a special

case of a more general model considered on p.2 in [L02].
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It turns out we can extend Corollary 4.12 when w = y = 1 as we will show in

our next theorem.

Theorem 4.13. If (A,B) ~ Ulp,1] ® Be(1 —p), p € (0,1), then [A1]-[A5] hold
for (a,b) = (2,1).

Proof. As usual, we will only prove [A1]. The characteristic function for the first

term of the right hand side of (4.5) is given by

poitavi _ L /1 du 1
1—-pJ, (I—dtu)? (1—it)(1—itp)
Similarly, for the last term in (4.5) we have that

, 1—p 1—uatp
Ee'BV2 = = . 4.26
¢ T (4.26)

Therefore, by independence, the characteristic function of the right hand side of

(4.5) is (1 —4t)~2. Assertion [A1] holds, and hence the theorem is proved. O

Our next result is a simple consequence of the following lemma.

Lemma 4.14. Suppose (A, B,V1,Va) ~ U[0,y/(w+y)] ® B(w,y) @ Ta @ Lyyysr1 for
w,y > 0. Then
AV + BV ~ s, (4.27)

Proof. The characteristic function for the first term on the left hand side of (4.27)

is given by

Eeitan _ WY /y“w”’d_u_ ity
oy L (1 —itu)> w+y

The characteristic function of the term BV is

1 —1 -1 .
. 3 w1 —u)Y o ity
Ec*BV2 — B 1/” ( du=(1—it) ™ 11— .
c (w, ) o (1 —idtu)wty+l u=(1-it) w+y

Therefore, by independence, we obtain that the characteristic function of the left

hand side of (4.27) is (1 —4t)~*~!, as required. O
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Corollary 4.15. If (A,B) ~ U[0,y/(y + 1)] ® B(1,y), then [A1]-[A5] hold for
(a,b) = (2,y +2).

Proof. Assertion [A1] follows by setting w = 1 in Lemma 4.14. O

Theorem 4.16. If (A,B) = (A", A'B’) for (A, B') ~ B(w + y,y) ® B(y,w), then
[A1]-[A5] hold fora=b=w+y.

Proof. Now we will only prove [A2]. For (V4,V,,V3) ~T'y ® 'y, ® Ty, one has that

i+ Vs Vi
A B)L ! : ).
( ) <%+%+%¥QH6

Therefore it suffices to show that

4 VWXtV

X—
Vi+Vo+ V3’

which by Lemma 4.1 is equivalent to showing that
X(Vi+ Vo + Vg) £ XV + V3.
The last relation follows from Theorem 2 (B) in [D98], as required. O

Remark 4.5. Clearly A > B a.s. under the conditions of Theorem 4.16, and so
setting
(C,D):=(1—-A+B,B/(1-A+B)),

it follows that X ~ f(w+y,w + y) satisfies perpetuity equation (4.14) for (C, D) ~
B2y, w) @ By, y).

Remark 4.6. Note that assertion [A3] under the conditions of Theorem 4.16 gives
the limiting distribution of the following apparently new (G, Rr| D) nested interval
scheme. The random rule represented by R; prescribes to choose the interval with
right end point A} ~ B(w+vy,y), and left end point with distribution 5(y, w) shifted
and scaled to [0, A}]. The deterministic rule represented by D; prescribes to select
I, as the interval generated from the first stage. We continue independently in the

same way on I; ad infinitum.
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In the special case where w and y are integers, the above nested interval scheme
corresponds to choosing an interval with end points taken from the uniform order
statistics Ugy, Uy, .., Uy as follows. For k = 1,2,...,|d/2], if one chooses I; =
[Uk), Uta—r+1)] and continues in the same way on I; independently of the past, then
the limiting location of this scheme has distribution 5(d — k + 1,d — k + 1). This
is an extension of Kennedy’s scheme in [K88] (cf. Section 2.2.2 above), where the

above claim was proved for k = 1.

4.3 Other applications

In this section we will apply the methods and results presented above to two closely
related areas of research. The first deals with randomly weighted averages intro-
duced by Van Assche in [V87] (see Section 2.4). The second is concerned with

stick-breaking constructions of beta distributed random variables.

4.3.1 Randomly weighted averages

Recall from Van Assche [V87] that choosing a random variable uniformly on a ran-
dom interval with arcsine distributed end points is the same as choosing a random
variable uniformly on [0, 1] (cf. Theorem 2.20 above). In this Section, we will apply
the results of Section 4.2 to provide several examples of triples (X, A, B) € [0,1]3
satisfying this property, i.e., the result of choosing a random variable with distri-
bution £(X) on a random interval with end points having distribution £((A, B)) is
the same as choosing a random variable with distribution £(X) on [0,1]. We will
call a random vector (X, A, B) with this property an invariant triple. Clearly, the

example from Van Assche [V87] coincides with the invariant triple
(X, 4, B) ~ U0,1] & 5(1/2,1/2) & 5(1/2,1/2).

Also recall the more basic approach taken by Johnson and Kotz in [JK90a] which
culminated in the observation that the random variable Z given by (2.14) defines a
randomly weighted average when A and B are i.i.d. However, it is clear that (2.14)

defines a randomly weighted average in the more general case when A and B are
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dependent and not identically distributed, the only required condition is that the
symmetric condition (2.15) holds for W. It follows that for X satisfying random
equation (1.22) and the symmetric condition (2.15), the random vector (X, A, B) is
an invariant triple. We will now present several examples of these invariant triples,
each following from assertion [A2] under the conditions of a theorem from Sec-

tion 4.2.

Example 4.1. For (A, B) under the conditions of Theorem 4.4 with p = 1/2, and
X ~ UJ0,1] independent of (A, B), the random vector (X, A, B) is an invariant
triple.

Example 4.2. For (A, B) under the conditions of Theorem 4.5 with p = 1/2, and
X ~ B(z/2,2/2), z > 0, independent of (A, B), the random vector (X, A, B) is an

invariant triple.

Example 4.3. For (A, B) under the conditions of Theorem 4.7 with p = y/(y + 2),
y,z >0, and X ~ U|[0, 1] independent of (A, B), the random vector (X, A, B) is an

invariant triple.

Example 4.4. For (A, B) under the conditions of Theorem 4.8 with p = 1/2, and
X ~B(z+ 1,24 1), z > 0, independent of (A, B), the random vector (X, A, B) is

an invariant triple.

Our next example appeared recently in [R14] and was proved using Stieltjes
transforms. A comment by the authors of [JK90a] that first principles can sometimes
be more advantageous than more sophisticated techniques, such as the method of
Stieltjes transforms in [V87], is also relevant here. Indeed, the next example follows
from the implied assertion [A2] under the conditions of Theorem 4.10, and that

assertion follows from elementary “beta-gamma algebra”.
Example 4.5. For (A, B) under the conditions of Theorem 4.10 with z = w, and
X ~ B(w+ y,w + y) independent of (A, B), the random vector (X, A, B) is an

invariant triple.

Example 4.6. For (A,B) = (A, A'B’) for (A, B’) ~ Bz + y,y) ® B(y,x), and
X ~ Bz + y,z + y) independent of (A, B), the random vector (X, A, B) is an

invariant triple.
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We will now consider the generalisation (2.19) proposed by Johnson and Kotz
[JK90a]. As discussed in Section 2.4, several recent papers have considered the
randomly weighted average Z given by (2.19) (cf. [SH09], [SR12], [H12], [HHM13],
[RS13], [R14]). These papers present several examples of random variables Z defined
by (2.19) that are beta distributed. In some instances, the special cases considered
are actually a result of the more general Theorem 1 in [CL94] (cf. Theorem 2.25
above). In particular, by setting ¢ = 2 in that theorem, we obtain the following

corollary.

Corollary 4.17 ([CL94]). Suppose (Xi,...,Xq) ~ B(a1,b1) @ -+ ® B(aq,ba) is
independent of (Wy,...,Wq) ~ D(a,+b,
has that Z ~ (e, bs).

agtbg)- Then, for Z given by (2.19), one

.....

In our next theorem, we will show that if the parameters (ay,...,aq4,b1,...,bq)
satisfy a1by = bia,, then there is another Dirichlet law, such that for a vector

(W1, ..., Wy) with that law one still has that Z ~ ((as,bs) as in Corollary 4.17.

Theorem 4.18. Suppose (Xi,...,Xq) ~ f(a1,b1) ® -+ @ B(aq,byq), arbe = bias, is
independent of (Wi, ..., Wg) ~ D(a,+b141,a0+bs,....agt+bs)- LReN, for Z given by (2.19),

one has that Z ~ [(ase,bs).

.....

Proof. We begin by presenting a distributional equality that we will use to prove
our claim. Recall from the proof of Theorem 4.5 that random equation (4.14) with
(C, D) given by (4.16) has unique solution X ~ B((1 — p)z,pz). It follows from
Lemma 4.1 that, for (Y7,Y5,1_,) ~I', ® I'1 ® Be(1 — p), one has

X(Yi+Ys) £ XVi+ LYy £ Y5 + 1, Ya, (4.28)

where Y3 ~ I'(1_). (by (1.12)) is independent of (/;_,,Y>), and (Y7,Y?%) is indepen-
dent of X.
It is clear from Lemma 4.1 that to prove Theorem 4.18 it suffices to show that
N d
ZV. £ VX, (4.29)

=1
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for (Z,Vi,.... V) ~ B(ae;bs) @ Tayspii1 @ Tagipy @ -+ @ Layrp, and (V4, ..., Vy)
independent of (X, ..., X;). Now the left hand side of (4.29) has the same form as
the left hand side of (4.28) for z = ae + bs and p = be/(ae + bs), and we conclude
that

ZVe £ Y + Lo jaein) Yo, (4.30)

where (Y2,Y3, Lo, /(ae+be)) ~ Lae @ 't @ Be(ae/(ae + bs)). For the right hand side of
(4.29), it is clear from (1.12) that 32, V;X; ~ T, _a,, and Vi X; has the same form
as the left hand side of (4.28) for z = a; + b; and p = by /(a; + by). Hence

d
d
5 ‘/ZXZ = }/2 + Ial/(al—&-bl)}%a (431>
i=1

where (Y2,Y5, 1o, /(ai481)) ~ Fae ® I't ® Be(aq /(a1 + by)).
Since the right hand sides of (4.30) and (4.31) are equal in law if and only if
ay/(ay + b1) = ae/(ae + bs) which holds iff a1bs = bya., the theorem is proved. [

In particular, Theorem 3.1 (b) in [H12] is a special case of our Theorem 4.18.
Our next theorem is a generalisation of Example 2 in [SR12], where it was proved

in the case when ¢y = ay =---=a4 = 1.
Theorem 4.19. Suppose
(Xl,...,Xd) ~ ﬁ(al + 1/2,&1 + 1/2) & - ®B(ad—|— 1/2,ad—i— 1/2)

is independent of (Wh,...,Wa) ~ Da,, .ap)- Then Z given by (2.19) is distributed
according to f(ae +1/2,ae +1/2).
Proof. As in the proof of Theorem 4.18, it suffices to show that

N d

Zv, L > XV, (4.32)

i=1

for (Z,Vi,...,Va) ~ Blae+1/2,a0+1/2) @ Ty, @ . .. ®@ Ly, and (V4,...,Vy) inde-
pendent of (Xi,...,Xy). The characteristic function of the left hand side of (4.32)
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is

1
]EeitZV. — B(a. + 1/27 (e + 1/2)—1/ (1 . itu)_a'ua'_l/2(1 o u)a.—1/2
0

= QFl(CL.,(l, + ]-/25 2a, + ]-alt)

= (#ﬂ)z (4.33)

where (4.33) follows from 15.1.13 in [AS64] (cf. (1.16)). Since the terms on the right
hand side of (4.32) are independent of each other, the characteristic function of the
sum is the product of the characteristic functions of all the terms. The characteristic

function of the ith term is given by

1
Ee™Vi = B(a; 4+ 1/2,a; +1/2)7! / (1 — dtu) %u®Y2(1 — u)®~1/2
0

= QFl(ai’ai + 1/2, 2(11' + 1;it)

9 2a;

:(1+\/1 —z't) !
and so the characteristic function of the right hand side of (4.32) is given by the
right hand side of (4.33), as required. O

4.3.2 Stick-breaking constructions

In this section, we will show that some special cases in Section 4.2 define stick-
breaking constructions of beta distributed random variables. We will begin by re-
viewing the stick-breaking process. A stick-breaking process {Y,}n,>1 is generated

by a sequence of [0, 1]-valued random variables Ay, A, ... by
Yi=A, Yo=(01-A)(1-A)A, n>2 (4.34)

That is, {Y, }n>1 is generated by recursively breaking off random fractions A,, of an
interval as follows. Starting with the unit interval, break off the random fraction
A; from the left end of the interval and set Y7 := A; to be the left-end point of the

remaining interval. This process is repeated by breaking off the random fraction A,
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from the left end of the remaining stick of length 1 — A;, where Y5 := As(1 — A4;) is
again the left-end point of the remaining interval. Continuing in the same way on
the remaining stick, we obtain (4.34), where clearly > >° | Y; = 1 when the A4;’s are
not identically equal to zero. In particular, when the A,’s are i.i.d. with law 5(1, 2),
the random vector (Y7,Y5,...) has the so-called GEM (Griffiths-Engen-McCloskey)
distribution with parameter z > 0. Letting }71 > }7'2 > ... be the ranked values
of the Y,’s, the random vector (171,172, ...) has the well-known Poisson-Dirichlet
distribution with parameter z > 0.

Now suppose that the A,’s are i.i.d. Then using the approach of Sethuraman in
[S94], one can construct a random variable X on [0, 1] by taking random proportions

Wi, Wy, ... of the intervals Y1, Y5, ... by

X = i WY (4.35)
i=1
o) i—1
= Z WiA; Z(l — 4j)
i=1 j=1

00 i—1
=Widi+(1— A WA Y (1—A4))
i=2 j=2

L WiA; + (1 — A))X.

That is, X satisfies random equation (4.14) for (C,D) = (A;, W), and so any
random variable satisfying (4.14) has a stick-breaking construction by (4.35). We
will now give four examples of these stick-breaking constructions, each following from
the implied assertion [A2] under the conditions of theorems from Section 4.2 (by
applying transformation (4.15) to the random variables (A, B) from that assertion).

Our first example is the well-known stick-breaking construction of X ~ ((a,b)
with arbitrary a,b > 0 that follows from the work of Sethuraman in [S94] (see also
Section 2.1 in [PZWGC10]). The result is implied by assertion [A2] of Theorem 4.5.

Example 4.7. The law of the random variable defined by (4.35) is 3(a,b) when
(A1, W), (A, Ws),. .. are i.id. with law B(1,a +b) ® Be(a/(b+ b)), and Y3,Y5, ...
are defined by (4.34).

Our second example follows from Theorem 4.6 when y = z.
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Example 4.8. For all a > 0, the law of the random variable defined by (4.35) is
U0,1] when (A, W), (Ag, W), ... are i.i.d. with law S(a,a + 1) ® Be(1/2), and
Y1,Ys, ... are defined by (4.34).

We note that the fact that X ~ UJ[0, 1] satisfies (4.14) for (C, D) = (A;, W) ~
B(a,a+ 1) ® Be(1/2) was first shown in the proof of Proposition 2 in [SPO0S|.

Our next example is an apparently new stick-breaking construction for a sym-
metric beta distributed random variable. The result is implied by assertion [A2] of

Theorem 4.8.

Example 4.9. The random variable defined by (4.35) is S(a + 1,a + 1) distributed
when (24, W), (245, W), ... are i.id. with law 5(1,a) ® Be(1/2), and Y7,Ys, ...
are defined by (4.34).

Our final example which follows from assertion [A2] of Theorem 4.16 also appears
to be a new stick-breaking construction for a symmetric beta distributed random

variable.

Example 4.10. The random variable defined by (4.35) is 5(a+ b, a+b) distributed
when (Ay, W7), (Ay, Wh), ... are i.i.d. with law §(2b,a) ® B(b,b), and Y7,Ys, ... are
defined by (4.34).
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Chapter 5

Stationary distributions for a class

of bounded Markov chains

In this chapter we consider an extended version of the donkey walk on [0, 1] from
Chapter 4, where the direction of the next move is chosen at random with probability
depending on the current location (see Section 2.3.3 for a review of the relevant
literature on models of this type). Under simple broad conditions, we establish the
ergodicity of such Markov chains and then derive closed form expressions for the
stationary densities of the chains when the proportions are beta distributed with
the first parameter equal to 1. Examples demonstrating the range of stationary
distributions for processes described by this model are given, and an application to

a robot coverage algorithm is discussed.
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5.1 Introduction

This chapter is mostly devoted to deriving explicit formulae for the stationary den-
sities for the following extended version donkey walk on [0, 1] that appear in some
interesting applications (see e.g. Section 4 in [IN03], Section 5 in [RL10], and Section
5.3 below). Recall that the chain dynamics are as follows. Let Fj and Fr be two
fixed distributions on [0, 1], p : [0,1] — [0, 1] a fixed measurable function. Given the
chain value X,, = = € [0,1] at time n, the next jump of the process is to the left
with probability p(z) or to the right with probability 1 — p(z). If the jump is to
the left, its length is given by an independent random proportion L, ~ Fp, of the
length of the interval [0, z]. Otherwise, the chain jumps to the right for a distance
given by an independent random proportion R, 1 ~ Fr of the length of the interval

[z, 1].

That is, the evolution of our Markov chain X = {X,,},,>0 is given by
Xn+1 == Xn - XnLn+1In+1 + (]. - Xn)Rn+1(1 - ]n+1), n = 07 1, ceey (51)

where XO =9 € [07 1]’ ]n+1 = 1{Un+1<p(Xn)}7 and {Ln}nZD {Rn}nZI and {Un}nZI
are independent sequences of i.i.d. random variables such that L, ~ Fp, R, ~ FRg,

and U, ~ UJ0, 1], the uniform law on [0, 1].

The above model was apparently first introduced in Section 2.1 of [DF99] for
p(z) = p and F, = Fr = UJ0,1] (see Theorem 2.11 above). The case of non-
constant p(x) was also discussed, but not pursued in [DF99]. As discussed in the
Sections 2.3.2 and 2.3.2, further special cases of that model for various choices of
p(z) and distributions Fy,, Fr were considered in [SP00, BW02, SP08, P09, RL10].
In particular, [P09] dealt with the case when p(z) = x and F, = Fr = f(1, 2),
z > 0. It was shown in [P09] that in that case X was ergodic with stationary law
B(z,z) (see Theorem 2.18 above). The case when F;, = Fr = U|0,1] and p(x) is

piecewise continuous was studied in [RL10].

In this chapter, in the case where F, = B(1,1), Fr = B(1,r) for some I, > 0,
we derive the stationary density for piecewise continuous p(x) satisfying a natural

condition that ensures ergodicity. In particular, for F, = Fr = (1, 2), z > 0, and
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linear p(x) = cx + (1 — b)(1 — x), b,c € (0, 1], the Markov chain X is ergodic with
stationary distribution (bz,cz) (see Section 5.3.1 below). We find that many of
the existing results on the form of the stationary density for the above model are
special cases of our more general Theorem 5.3 below. We also show how the same
approach can be used to compute (at least, numerically) the stationary distribution
when F; = 5(l,12), Fr = B(r1,r2), l1,711 € N, Iy, > 0, by solving a two-point
boundary value problem for a system of [; + r; ordinary differential equations.
One of the main reasons for considering such more general models is that the class
of their stationary laws is far richer than in the special case [ = r = 1. In particular,
a larger variety of unimodal and multimodal stationary densities can be obtained,
including densities with arbitrarily high and “sharp” peaks at any given locations
in the sample space (by choosing large enough [ and r and an appropriate p). We
will use this feature to generalise the robot coverage algorithm from [RL10] (see

Section 5.3.3 below).

The Markov chain X is also a special case of the so-called give-and-take model
that was introduced, in its deterministic form, in the context of human genetics in
[L61] and then studied in [DR63] (cf. Section 2.3.1 above). The Markov chain X is
a version of that model where at each step only one player exchanges her fortune
with the other. At time n > 0, if I,,; = 0, player 1 (whose fortune is given by X,,)
receives a proportion R, of player 2’s fortune (which is given by 1—X,,), otherwise
if I,,,1 = 1, player 2 receives a proportion L, of player 1’s fortune.

In Section 5.2, we establish the ergodicity of the Markov chain (5.1) under simple
broad conditions and derive the form of its stationary density in the ergodic case
when Fp, = B(1,1), Fr = B(1,7), I,r > 0. Some examples (extending results from
[BWO02, SP08, P09, RL10]) are presented in Section 5.3.

5.2 Main results

First we show that the following three conditions imply the ergodicity of the Markov
chain X. They are by no means necessary for ergodicity, but are quite suitable for

our model in the context of the present study.
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[E1] For some 0 € (0,1/2),

sup max{p(z),l —p(l—2)} =1—-ec < 1.
z€(0,4]

[E2] For some 6 € (0,1/2),

max{F,(1—0),Fr(1—8)} =1—-n<1.

[E3] There exist ¢ € (0,1/2) and non-empty interval (s,t) C (6,1 — 9), such that
Fp and Fg have densities f; and fr on the intervals (1 —t — 6,1 — s) and

(s — §,t), respectively. Moreover, for

. . y—=z : Y
= f — f t
g(’Z) min {ye[lln—é,l} fL( y >7yé1[%),§} fR(l — y) }7 KAS (‘97 )a

one has

t
v ::/ g(z)dz > 0.

Lemma 5.1. If the Markov chain X given by (5.1) satisfies conditions [E1]-[E3]

with a common 6, then X 1is ergodic.

Proof. Let tp(x) := inf{k > 1: Xy(x) € B}, where X,,(x) denotes the value of the
chain after n steps when Xy = z, and B € B([0, 1]) (the Borel subsets of [0, 1]). It
follows from Theorems 1.3, 2.1 in [B98| that X will be ergodic provided that there
exists a V' € B([0, 1]), a probability measure ¢ on ([0, 1], B([0,1])), and a ¢ > 0 such

that
(I P(ry(x) < o0) =1, Yx € [0,1],

(I)  sup,ey Erv(z) < oo,
(IT) P(Xi(z) € B) > qp(B), Y € V, VB € B([0,1])

(note that condition (IT) implies aperiodicity of X).
Setting V' :=[0,6] U [1 — 4, 1] we have by condition [E2] that

P(Xi(x) e V) =P(Xy(x) € V|, = 1)p(x) + P(X;(x) € V|I; = 0)(1 — p(x))
>P(Ly > 1= 9)p(x) +pr(R >1-6)(1—p(z))
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>

for all € [0,1]. Therefore, the standard argument yields that, for any zo € [0, 1]
and n > 1,

P(rv (o) > n) = 1@( ({Xk(xo) ¢ V}>

— /C Ce /C []j P(Xl(]}kfl) € dl’k)] P<X1(xn71) ¢ V)
n—1 =

<(1-1n) / o / [1:[ P(X, (25 1) € dmk)] P(X1(2n2) ¢ V)
e — Lk=1

< (1—n)"
Hence (I') and (I) hold true.
To show that (II) is also satisfied, let

o(B) = % / L dwds. B EB(o) (5.2)

Using conditions [E1] and [E3], we have, for B € B([0,1]) and = € [0, d],

P(Xi(z) € B) > P(Xy(x) € BN (s,t))

0pte) [ ()

> e / 9(y) dy
BnN(s,t)

= e7¢(B).

A similar argument shows that the above lower bound eyp(B) also holds when
z € [1 —0,1]. Therefore (II) is met with ¢ = ey and ¢ defined by (5.2). The lemma
is proved. [

Now we turn to deriving closed form expressions for stationary distributions

in the ergodic case when both F7 and Fr are absolutely continuous, with densities
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denoted by fr(x) and fr(x), x € (0,1), respectively. Since the transition probability
of X now has density

L (=), 0<z<y<1
—r JR\1=;)» = y <1,
f(z,y) =P(Xi(x) € dy)/dy = 1) (5.3)
o (=), 0<y<az<l,

the stationary distribution IT of X (when it exists) will also be absolutely continuous

with density 7(x) satisfying the usual integral equation

u(y) = /01 u(z)f(z,y)de, 0<y<l1. (5.4)

The existence of the stationary density is obvious from the standard relations

H(B):/OIIP’(Xl(:p) EB)H(dx):/Ol[éf(x,y)dy}ﬂ(dm)
=/B{/Olf(x,y)ﬂ(dx)}dyz/Bﬂ(y)dy, B € B([0,1]),

where 7(y) = fol f(z,y) I(dz) and the second last equality follows from Fubini’s
theorem.

The case when fr(z) = fr(x) =1, z € (0, 1), was studied in [RL10]. In that case,
one can differentiate integral equation (5.4) to obtain a simple separable differential
equation that is easily solved to give a closed form for the stationary density f(x)
(coinciding with our f from (5.15) below with [ = r = 1).

We extend this result to the case where f(z,y) has the semidegenerate form: for

some N, M > 1,

]-\ilai bi(x), 0<z 1,
Fony) = > i1 ai(y)bi(x) <z<y< (55)

Sie)di(z), 0<y<a<l,

and the factors satisfy the following conditions:
[C1] all a;(y),cj(y) are continuous on (0, 1);

[C2] all b;(x) are piecewise continuous on [0, 1);
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[C3] all d;(x) are piecewise continuous on (0, 1].

The next assertion shows that the stationary distribution of the Markov chain,

with transition density (5.5), solves a two-point boundary value problem for a system

of N 4+ M ordinary differential equations. Our result is an extension of Theorem 3.1

in [G72] that was proved under the more restrictive assumption that all a;(y), b;(z),

¢;(y), and d;(z) in (5.5) are continuous on [0, 1].

Theorem 5.2. Suppose that f(z,y) has the semidegenerate form (5.5) satisfying

[C1]-[C3] and let (5.4) have a solution u(y) that is integrable on (0,1).

following claims are true.
(i) Any such solution u(y) is continuous on (0,1).
(i) If
y
a;(y) = / bi(x)u(x)de, i=1,2,..., N,
0
1
Bi(y) = / dy(c)ulx) dz, j=1,2,... M,
Yy

then

u(y) = Zai(y)@i@) + ch(y)ﬁj(y), 0<y<l1.

Let S be the union of finite discontinuity sets for b;(x), i =
di(z), 7=1,2,...,M. Then

a;(04) =0, i=1,2...,N, B;(1-)=0, j=1,2...

Then the

(5.6)

(5.7)

(5.8)

1,2,...,N, and

Y

M.

(5.9)
(5.10)

(5.11)

(iii) Conwversely, let a;(y), i =1,2,...,N, and B;(y), j = 1,2,..., M, be continu-
ous solutions of (5.8)—(5.11) such that u(y) is integrable on (0,1). Then u(y)

given by (5.8) is a solution of (5.4).
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Remark 5.1.There appears to be a typo in Theorem 3.1 in [G72], which contains
¢;j(z) in the expressions on the right hand sides of (5.7) and (5.10) instead of d;(x),

as above.

Proof. (i) We have

= Z a;(y) /Oy bi(z)u(z) de + Z ci(y) / dj(x)u(zx)dz. (5.12)

Each a;(y) and ¢;(y) is continuous on (0, 1) by [C1], and so the continuity of u(y),
y € (0,1), follows since each integral on the right hand side above is absolutely
continuous as u(z) is integrable on (0, 1) and, by [C2] and [C3], for any € > 0, b;(z)
and d;(x) are bounded on [0,1 — €] and [e, 1], respectively.

(i) As the right-hand side of (5.12) coincides with that of (5.8) in view of (5.6)
and (5.7), relation (5.8) is obvious. Differentiating (5.6) and (5.7) at y € (0,1)\S
(which is possible as the integrands are continuous at such y), we obtain (5.9) and
(5.10), respectively. The boundary conditions (5.11) follow from the definitions
(5.6), (5.7).

(iii) Now suppose that a;(y), i = 1,2,..., N, and f;(y), j = 1,2,..., M, are
continuous solutions to (5.8)—(5.11). Since, as above, for any € > 0, b;(z) and d;(z)
are bounded on [0,1 — £] and [e, 1], respectively, and u(y) is integrable on (0, 1),
we have from (5.9)—(5.11) and the assumed continuity that the functions «;(y) and
B;(y) are given by the right hand sides of (5.6) and (5.7), respectively. Substituting
these representations into (5.8) shows that u(y) satisfies (5.4) with f(z,y) given by
(5.5). The theorem is proved. O

Theorem 5.2 allows us to easily derive the form of the stationary distribution

when

Fp =811, Frp=pB(,r), Lr>0. (5.13)

Indeed, in this case fr(y) = (1 — )L, frly) = r(1 —y)"1, y € (0,1), so that
the transition density (5.3) for the chain has the semidegenerate form (5.5) with
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N=M=1 and

ar(y) =r(l—y)"", bi(z) = %, aly) =l di(e)==7. (5.14)

Theorem 5.3. Assume that p(x) is piecewise continuous on [0, 1] and satisfies [E1],

and that (5.13) holds true. Then X is ergodic with stationary density

7(x) = Ca' ( N i) exp (—7“/ ») dt — l/ p(t) dt) , 0<x<l,
-z o 12l =t 12t
(5.15)

where C' > 0 s a normalising constant such that fol m(x)dx = 1.

Proof. 1t follows from the assumptions that X also satisfies [E2] and [E3] (all with
a common ¢) and so is ergodic by Lemma 5.1. Since the transition probabilities
have densities (5.3), X has a stationary density =.

Clearly, the set S of discontinuity points of the factors b; and d; (see Theorem 5.2)
coincides here with the finite set of all values x and 1—x such that x is a discontinuity
point of p(-), and the factors (5.14) satisfy conditions [C1]-[C3].

Substituting (5.14) into (5.9)—(5.10) with u(y) given by (5.8) and letting a(y) :=

a1(y), Bly) == Bi(y), we obtain

()1 —y)" =1—pw) (rA—y)aly) +1y'"By), ye(0,D\S,
—B' W)y =ply) (r(1—y) " aly) + 1y "'B(y)), e (0,1)\S. (5.16)

Adding the equations yields

()1 —y) —rl—y) " aly) =Wy +1 " By), ye(0,1\S,

which is equivalent to (a(y)(1 —y)") = (B(y)y')’. Integrating and assuming that o

and [ are continuous on (0, 1), we conclude that

a(y) 1 —y) =By +C1, ye(0,1), (5.17)

where the boundary condition «(0+) = 0 ensures that C; = 0.
Substituting (5.17) into the second relation in (5.16), we obtain the separable
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differential equation

with the general solution

B(y) = Cyexp (—r/ly &dt—l/ly jr@ahf) , ye€(0,1), (5.18)

where C is a constant. Now from (5.17) we also have

o e [ IO [0
oz(y)—C’g(l_y)T p( /1/21—tdt l/1/2 ; dt), y e (0,1). (5.19)

We see that both a(y) and f(y) are continuous and u(y) given by (5.8) is integrable
on (0, 1) indeed. It follows from (5.14), (5.18), (5.19) and Theorem 5.2 (iii) that the
right hand side of (5.15) is a solution to integral equation (5.4) and so is equal to
the stationary density of X when C' > 0 is chosen so that fol m(z)dr = 1. O

Remark 5.2. Note that the above approach can be used to compute (at least, nu-
merically) the stationary density of X when p(z) satisfies [E1], while F}, = (13, ls),
li €N, ly >0, and Fg = (r1,7r2), r1 € N, 75 > 0. Indeed, in this case we have

T —y 1 T —y ll—lyl2—1
— z 0 <1
() (7)) () vereesy

fr( =2 = ! y—r\" Loy 0<z<y<l
"1=2) Blri,rm)\1-—=z 11—z S

Since l1, 71 € N, the middle factors on the right-hand sides are polynomials in y with

and

coefficients that are functions of z. Therefore we see that the transition probabilities

(5.3) are semidegenerate with N = r;, M = [;. It remains to solve the two-point

boundary value problem for the system of /; + r; ordinary differential equations.
One could also use the same approach to compute the stationary density when

p(z) satisfies [E1] and the distributions Fy, Fr are finite mixtures of (1, z) with
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different z-values or, more generally, are of the form

Zujl—x Zuj/l_1 pER, ;>0 j=1,...,M,
and
fr(z) =) N1 —z), ZA/T,—l NeER, r; >0, i=1,..., N.

In this case, the transition density (5.3) is also semidegenerate, and it remains to
solve the two-point boundary value problem for the system of N + M ordinary

differential equations.

5.3 Examples

5.3.1 The case of polynomial p(z)
Suppose that the function p is polynomial: for a k£ € N, one has

k k

pla) = pua” = gulz—1)",
n=0 n=0
where, of course, p, = p™(0)/n! and ¢, = p™(1)/n!, n > 0, and p(x) > 0 for
z € [0,1]. Assuming that py < 1 and ¢y > 0 to ensure that condition [E1] is
satisfied, and that (5.13) holds true, we see that the conditions of Theorem 5.3 are
met, and so the Markov chain X is ergodic. A straightforward computation of the

integral in (5.15) shows that X has stationary density of the form

3|Q

k k
:Cl(lfpo)*ll 40— 1l —1 — 1) = &n
i) = Oy o= Dy (32 -1y -1 B ).
0<z <l
In particular, if p(z) is linear: p(x) = cx + (1 —b)(1 — z), where b, ¢ € (0, 1], and
l=r=z

FL:FRZB(LZ); z >0, (520)
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we immediately obtain that X has stationary distribution 5(bz,cz). This is a di-
rect extension of Theorem 3 in [P09] and Proposition 1 in [SP08] (stated above as
Theorems 2.18 and 2.16), where the special cases p(x) = z, and p(z) = p € (0, 1),

respectively, were considered.

5.3.2 The case of piecewise constant p(x)

Next we consider the case of piecewise constant p(z), under the assumption (5.20).
We will show, in particular, that in that case one can obtain multimodal stationary

densities, with modes located at the discontinuity points of p(z).

Suppose that
pl)=pi€0,1], s <z<s, i=1,...k,

where k € N, 0 = s < 51 < --- < s =1,and p; <1, pr > 0. Then p(z) satisfies

[E1], and Theorem 5.3 implies that the Markov chain X has stationary density
m(z) = Cix*t P Y1 — )Pt s <z<s, i=1,...,k, (5.21)

where C1, . .., Cy, are positive constants. That is, the (continuous) stationary density

of X is “glued” of pieces of different beta densities on disjoint intervals (s;_1, s;).

To find the constants C;, we note that, by the continuity of 7(z),

Si_1 2(pi—pi—1) i—1 s 2(pj+1—pj)
C;=C;_ 1<—_ > :OIH( J ) , 2<i<k. (522

1—8Z 1

Using notation By (a,b) := [ t**(1—¢)"~'dt, z € [0,1], a,b > 0, for the incomplete
beta function, we obtain from the relation fo m(z)dx =1, (5.21) and (5.22) that

k
1= Z C; [BSZ(Z(l _pi): Zpi) - BSi—l (Z(l - pi)’ sz)}
B k i-1 s (Pj+1-P5)
:Clz[BSz( (1 pl) Zpl) Bsz 1( (1_pi)’2pl>]H<1—]8j) ’
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thus yielding C as the reciprocal of the sum on the right-hand side, the values
of Cy,...,Cy being now given by (5.22). Note that the assertion of Theorem 1
in [BWO02] (stated above as Theorem 2.17) is a special case of the above general

formula, corresponding to (k, z, p1,p2,s1) = (2,1,0,1,1/2).

m(x) 7(x)
35; N
E T L= L R — 5, =05
30F 30 i !
: . Tz=2 250 FEAAN --- 5 =035
2.5F N =3 ! N \
[ SN - 7= / v -5 =02
20F SN 200 A4 1
r il N ! ,/ AN AN
15t 2 e N
E , PR N ! / N, \\
10F TR 1oF 7
[ .- o R, I S TN
05F e e 0.57/,’// Tl
o = x 2 L L L \T.::\'zv\ x
02 04 0.6 0.8 10 02 04 06 038 1.0
(a) p1=0,pa=1,8 =05 (b)) p1=0,p2=1,2=2
7(x) 7(x)
25¢ — (1.p2) = 0,1 25}
— P =
-=- (p1,p2) = (0.2,0.8) \
20F R pi-p 20k s =025
N\ Prp2) = 040.6) AN o
1.5+ ,,’/ ) LSE . ’_’ ______ \\\ TP =0
2 PR AN /// \\ N
10} e TR 10 7 N
o5y R 0st I
; i y NN
// \\I 4 ~\"\\\\
g . . . . y . . . LY
02 04 0.6 0.8 1.0 02 04 0.6 08 10"
(c) $1=0.5,2=2 (d) s1=05,p2=1,2=2

Figure 5.1: Some examples of peaked stationary densities generated by piecewise constant
p(z) with k = 2.

Some examples of peaked stationary densities of the form (5.21) with various
choices of s; and (k, z,p1,p2) = (2,1,0,1) were given in [RL10]. That, of course, is
a very special case producing a rather limited range of peaked stationary densities
(see Fig. 3 in [RL10]). In the more general case where the parameter z can assume
any positive value, one can create a much richer variety of (arbitrarily high-) peaked
stationary densities, see Fig. 5.1 for some examples of peaked stationary densities
generated by piecewise constant p(z) with & = 2. Moreover, such functions p(z) can
also generate bimodal stationary densities (see Fig. 5.2), while models with & > 2
can have more general multimodal stationary densities (see Fig. 5.3 for examples of

multimodal densities corresponding to models with k = 6).
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Figure 5.2: Some examples of bimodal stationary densities generated by piecewise con-
stant p(x) with k = 2.

5.3.3 A robot coverage algorithm and random search

In this example, we discuss a generalisation of the robot coverage algorithm sug-
gested in Section 5 of [RL10], where the following scenario was considered.

Suppose a robot is moving periodically in a rectangular room of size d; X dy. At
each location the robot stops, a measurement is taken, and then the robot moves to
the next location according to some rule. The objective of the rule is to ensure the
measurements cover the whole room, with certain areas in the room given higher
priority. To achieve that, one can make the robot move according to a D := [0, d;] X
[0, da]-valued Markov chain {(X; ,,, X2,)}n>0, with a given stationary density (that
will specify the degree of attention the robot will be paying to different areas of the
room).

Given that the robot is at (z1,22) € D at time n > 0, at time n + 1 it moves to

its next location in D according to the following algorithm.
Step 1: For two given measurable functions p; : [0,d;] — [0,1], i = 1,2, the ith
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Figure 5.3: Some examples of trimodal stationary densities generated by piecewise con-
stant p(z), where k = 6, p := (p1,...,p6), s1 = 1/6, so = 1/3, s3 = 1/2, s4 = 2/3,
S5 — 5/6

component of the displacement vector is negative with probability p;(z;)
(and positive with probability 1 — p;(x;)), i = 1,2, the signs of the two

components being independent of each other.

Step 2: The distances A; to be travelled in the ith dimensions, i = 1, 2, are selected

at random as follows:

R, ,(d; — x;) if moving in positive direction along axis 1,

(1 — L;n)x; if moving in negative direction along axis i,

where L;, ~ B(1,1;), R, ~ B(1,1;), i = 1,2, n € N, are all independent of each
other and of the choices made at Step 1.
Clearly, the stationary density on D of the robot location process { (X1 5, X2.) }n>0

is the product of the stationary densities of the component processes { X}, },>0 and
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{X2,n}n>0. The algorithm suggested in [RL10] used indicator functions p; and uni-
formly distributed L;,, R;, only, so that the above version allows one to design
much more general “preference functions” (i.e., stationary densities for the Markov
chain describing the robot’s movement) for the coverage algorithm.

Now suppose, as it was done in the example in Section 5 of [RL10], that there is

a single point of interest at (y1,ys) := (0.2dy, 0.5dy). Setting
Pi(:) = a5y i=1,2, (5.23)

we obtain a stationary density on D with a single peaked mode at the point (yi, y2)
when [y,7r1,ls,79 > 1. See Fig. 5.4 below for a plot of the stationary density when

l1:7"1:l2:7“2:3andd1:d2:1.

Figure 5.4: The stationary density of the robot converge algorithm with p; given by
(523), ll =Ty = lg = T9 :3, and d1 = dg =1.

Remark 5.1. To design a robot coverage algorithm for a general bounded connected
region D C R% d > 2, with piecewise smooth boundary (rather than just a rectangle)
and an arbitrary given “preference function”, one can use the Markov chain model
suggested in [B94] for simulating random vectors with given densities on such sets.
That model can also be used for constructing coverage algorithms on the boundaries

of the sets.

We also note that the above algorithm can be modified to adapt to the level
of measurements, which will basically turn it into a random sequential search algo-

rithm. More specifically, suppose that our robot measures a scalar quantity g(x)
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depending on the location x in the search space D = [0,1]¢, d > 1. The goal is
to find &* := argmax,.p, g(x) of the global maximum of the objective function
g : D — R. What distinguishes this setup from the usual optimisation problem is
that one now aims to minimise not the amount of computation required to find a
satisfactory approximation to the maximum point but, rather, the distance traveled
by the robot in the process.

In a typical sequential random search algorithm (see e.g. Chapter 1 in [Z03]),
given the current “best-found position” y (with the largest value of g among all the
points of D visited so far), a new candidate point « is generated at random according
to a distribution depending on the current position and the “past search history”. If
g(x) > g(y) then we move to the new position x, otherwise a new candidate point
is generated, according to the same distribution (or its modification). It is well un-
derstood that it is important to incorporate a “systematic search-domain reduction
into random optimisation” procedure (see e.g. [SL92]). In classical implementations
of the search procedure where the new candidate point is sampled from the uni-
form distribution on a sphere or cube centred at y (see e.g. [SC76, LJ73]), this is
achieved, roughly speaking, by “shrinking” the size of the respective set (sphere or
cube) at an exponential rate. Alternatively, one can try to achieve basically the
same effect by changing the shape of the sampling distribution (akin to changing
the “temperature” in simulated annealing). That can be achieved using our results
on the “peaked shape” of the stationary distribution of Markov chains.

One can construct such an algorithm as follows. Fix a value v € [0, 1/2] that will

specify our function p(x), and choose a sequence {z, > 0},>0, 2, T 00 as n — oc.

Step 0: Initialise algorithm parameters: an initial point X = (Xo1, ..., Xoq) and

the iteration index n := 0. Set Y := X,.

Step 1: Generate X, 1, of which the components X, ; are obtained from the

respective values of X, ; according to transitions in d independent Markov
chains of the form (5.1) with F, = Fr = B(1,2,), p(x) = 1 — v+ (2v —
1)1{x<}g}, j — 1, .. 7d.

Step 2: If g(X,11) > g(Y) then set Y := X,,;; to update the best-found point.
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Step 3: Set n:=n+1 and go to Step 1.

The procedure continues until a suitable stopping criterion is satisfied (e.g., the total

travel distance reaches a prescribed level etc.).
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Chapter 6

Products of 1.i.d. stochastic

matrices

In this chapter, we study the products of i.i.d. stochastic matrices that arise as
the natural multivariate extension of the iterations of linear random functions con-
sidered in Chapter 4. In particular, we will obtain a characterisation of the class
of distributions of random stochastic matrices X with the property that the prod-
ucts X(n)X(n—1)---X(1) of i.i.d. copies X (k) of X converge a.s. as n — oo and
the limit is Dirichlet distributed. Our characterisation follows from a multivariate
analogue of Proposition 4.2 and extends results by Chamayou and Letac [CL94]
(cf. Theorems 2.25 and 2.26 above). We will also present several examples that are

of interest in applications.
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6.1 Introduction

Let X be a random d x d matrix with non-negative entries, and {X(n)},>; be an
i.i.d. sequence of random matrices with the same distribution as X. In this chapter,
we study the limit of the left and right products given by X(n,1) and X(1,n),
respectively (see (2.23) and (2.24) above).

Recall that Chamayou and Letac [CL94] studied the left products (2.23) for

random stochastic matrices X satisfying the following conditions:

[R1] The rows of X are independent.
[R2] The rows of X are Dirichlet distributed.

[R3] Letting (a1, ..., a;q) be the Dirichlet parameters of the ith row of X, we have

— d _ d _ .
Qie =D 5y Qi = 5 i = g fori=1,....d.

It is shown in [CL94] (cf. Theorem 2.26 above) that the above conditions are sufficient

to ensure that:

[D1] The products X (n, 1) converge a.s. to some random matrix X as n — co.
[D2] The limit X has identical rows a.s.

(D3] The rows of X are Dirichlet distributed.

Unfortunately, conditions [R1]-[R3] are quite restrictive. Surprisingly, it turns out
assertions [D1]-[D3] remain true under much broader conditions, and that none of
the conditions [R1]-[R3] is necessary.

Denote by %5 the class of all distributions of a random d X d stochastic matrix
X such that [D1]-[D3] hold. In this chapter, we extend the result in [CL94] by
providing a charaterisation theorem (Theorem 6.4) for the class ;. We find that
g is much broader than the class of distributions satisfying [R1]-[R3]. In addition,
once the Dirichlet parameters of the limiting distribution are known, it is elementary
to verify if a given distribution belongs to the class 7.

Chamayou and Letac’s result above relies on Theorem 2.26 that admits a rather

elegant proof suggested by S. Lauritzen and also presented in [CL94]. The authors
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of [CL94] pointed out, using Erdds’s remark on the existence of God’s book for the
best proofs, that S. Lauritzen’s proof could be taken from that book. The proof of
our Theorem 6.3 which contains Theorem 6.1 as a special case, is also rather simple
and concise. Similar to S. Lauritzen’s proof, it is based on an insightful observation
(Lemma 4.1 above) that extends the well-known result by E. J. G. Pitman on scale
independent functions of gamma distributed random variables.

The Dirichlet distribution appearing in the limit [D3] is widely used in statistical
applications. These include the modelling of compositional data (see e.g. [A86]),
Bayesian analysis, statistical genetics, and nonparametric inference (see [NTT11]
for a recent survey on the Dirichlet distribution and its applications).

The main results are presented in Section 6.2, while their proofs are presented in
Section 6.3. Examples and applications to random exchange models, random nested

simplices, and a service network with polling are given in Section 6.4.

6.2 Main results

Let A = (ay;) € M. We will now restate for convenience the two main theorems

in [CL94] (presented as Theorems 2.25 and 2.26 in Chapter 2, see p. 45).
Theorem 6.1. ([CL94]) If (Y, X) ~ Da,,...are) ® Da, then Y X ~ Do, au)-

Theorem 6.2. ([CLY4]) Ifr=c=d, X ~ Da, and

(ey -y Oge) = (o, - -+, Qog), (6.1)

where X is the a.s. limit in [D1]. Fur-

~~~~~ do)’

thermore, if Y 1s a random vector taking values in S, that is independent of X, then

YX LY iff Y ~ Dpo....om)-

Theorem 6.2 is actually a simple consequence of Theorem 6.1. Likewise, our
extension of Theorem 6.2 (Theorem 6.4 below) is based on the following result that,

as we show at the end of this section, implies Theorem 6.1.

Theorem 6.3. Let t = (t1,...,1,) € R} and s = (s1,...,5.) € R} with t, = s,.
Suppose X is a random element of M,.. independent of both’Y ~ Dy and V' ~ G.
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Then
YX~D, iff VX~Gs. (6.2)

To state the next theorem, we will need the following conditions on the random

matrix X € Pjy.

[L1] There exists a vector t € R% such that, for a random vector V' ~ Gy indepen-

dent of X, one has VX ly.

[L2] For an i.i.d. sequence {X(n)},>1 with X (1) £ X, there exists an m < oo such
that P(X (m,1) € PJ) > 0.

Remark 6.1. Note that, unlike the conditions of Theorem 6.2 (under which [L1]
holds), condition [L1] does not mean that X must be positive. In Section 6.4, we

provide examples where [L1] is met, but most of the entries of X are zeros.

Theorem 6.4. (i) Relation
L(X) e Ay (6.3)

holds iff [L1] and [L2] are met for X.

(i) If (6.3) holds, then XV ~ Dy, where the vector t is the same as in [L1], and if
Y is a random element of Sq independent of X, then Y X 1y iff Y < xm,

We conclude this section by showing that the assertions of Theorems 6.1 and 6.2
do follow from those of our Theorems 6.3 and 6.4. Let & = (&,...,&;) ~ Gy for
some ¢t € R%. Then it is well-known that (see for instance formula 2.1.2 in [NTT11])

(g_ . g_) ~ D, (6.4)

We will now use (6.4) and relation (4.4) to show that Theorem 6.1 follows from
Theorem 6.3. Let A = (ay;) € M, and (V,2Z) ~ G(a,,
from (6.4) that

are) @ G 4. Then we have

-----

Zin . Zic
Zlo Zlo
X=|: - | ~Dy (6.5)
Z'r,l . Zr,c
Zre Zre
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and

Vi V.
Y =+ BT Da @ 6.6
<v.’ ; V.> (10sesctre) (6.6)
Therefore
(V7 X) ~ G(alo ----- aro) ® DA? (6 7)
and
(Y7X) ~ D(al. ,,,,, are) ® Dy. (68)
Now :
Zia Lie
VX= L [ V4 6.9
Z (Zk:o ) ) Zk.) ks ( )

and relations (4.4) and (6.7) imply that the random vector on the right hand side
of (6.9) is distributed as

r

Z(Zk,h ceey Zk,c) = (2017 sy Z.C) ~ G(a.1 ..... Qlec)* (6'1())
k=1

It follows from Theorem 6.3 that for Y satisfying (6.8), one has Y X ~ D,,,
thus establishing the claim of Theorem 6.1.

To see that Theorem 6.2 follows from Theorems 6.3 and 6.4, we suppose that
{X(n)}n>1 are i.i.d. with law D4, and A satisfies (6.1). By Theorem 6.1, if Y ~

~~~~~~

77777

with £ = (Qe1, ..., Qeq). Since P(X (1) € P;) = 1, [L2] is satisfied as well, and the
assertion of Theorem 6.2 follows by applying Theorem 6.4.

6.3 Proofs

We will begin with the following obvious consequence of Lemma 4.1.

Corollary 6.5. Let V. = (V4,...,V,) ~ Gt and X = (X,;) € M, be random

elements independent of each other, X having positive row sums a.s. Define the
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function H(v,...,v,, X) = (Hi(v1, ..., 00, X), ..., He(vr, ..., 0, X)) € RS by

—~ v X
Hy(vr, ... v, X) ::Z”U—J, 1<j<ec (6.11)

i=1

Then H(V,X) is independent of V.

Proof of Theorem 6.3. We will proceed in the same way as in the proof of Propo-
sition 4.2. Suppose the right relation in (6.2) holds, i.e., VX ~ G4 for V ~ G,
independent of X. Then, by Corollary 6.5, for the scale independent function H de-
fined in (6.11), the random vector H(Vy,..., V., X) = <V1 o VT) X is independent

Vo) 0 Ve
of V,, and therefore

(W V; d (V1 Vi\ v
VX_(7.,...,7.))(1/._<V.,...,V.>XV., (6.12)

where (‘Z,...,Vr) ~ Gy is independent of (V,X). Since VX ~ Gg, for Z =
(Z1,...,%Z.) ~ Gg, one has

d . d {2 Ze\ =
VX=Z=|—,...,5 | Ze, 1
(Z.’ ’Z.) (6.13)

(Z1,...,Z.) being an independent copy of Z (cf. (4.4)).

Equating the logarithms of the components of the vectors on the right hand sides

of (6.12) and (6.13), we obtain that

i1 ViXi i1 ViXic =
(ln (Zle‘./l) y.o,In (%)) +1In(Vy)e.

< <1n (?) ..., In (%)) +1n(Z)e., (6.14)

where e. := (1,...,1) € R“.
Since t, = S,, one has ‘7. 4 Z, as both follow I';, = [',, and so letting ¥, ¢
and x denote the characteristic functions of the first, second (and fourth), and third

terms in (6.14), respectively, we have

Y(ug, . ue)e(ug, .oy ue) = x(ur, - ue)e(ug, ..o Ue).
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Noting that

. 1 .
p(ur, ... up) = Ee V) — / e ple =l dy
'(t.) Jo

L bt g [(te +iu)
‘r<t.>/o e de =gy 70

for t, > 0, we conclude that ¢» = x and therefore the respective random vectors

have a common distribution. Hence one has

Vi Vi Y Yo ViXia 21 ViXic\ a (241 Ze D
‘/.,...,‘/. — ‘/. gy ‘/. - Z.)'.-,Z. S
(6.15)

from (6.4). Observing that the left hand side of (6.15) has the form Y X for Y ~ D,
independent of X (cf. (6.4)), we have that Y X ~ Dy, and so the left relation in
(6.2) holds.

Conversely, suppose that Y X ~ D, for Y ~ D, independent of X. Using the
same steps as above, but following them in the reverse order, one can easily conclude

that VX ~ G, for V ~ (G} independent of X. Theorem 6.3 is proved. O]

To prove Theorem 6.4, we need the following simple extension of Proposition 2.2

from [CL94].

Proposition 6.6. Let X (1) be a random element of Py satisfying [L2], and {X(n)}n>1

be an i.i.d. sequence. Then there exists a random element W of Sy such that
X(n,1) 2% elWw (6.16)

as n — oo, where el denotes the transpose of eq. Furthermore, if Y is a random

element of Sy that is independent of X (1), then Y X (1) LY ify Lw.

Proof. By Proposition 2.2 in [CL94], there exists a random element W of S, such
that
X(nm,1) 2% el W (6.17)
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as n — 0o, where m < oo is from [L2]. For k € (nm, (n+ 1)m) NN, one has

X(k,1) = X(k,nm + 1) X (nm, 1)
= X (k,nm+ 1)efW + X (k,nm + 1) (X(nm,1) — e] W)
=e/W +o(l) as.

as n — oo, since Xel = e} for any X € P,;. Hence, the limit in (6.16) exists and
coincides with that in (6.17). The second part follows immediately from the proof
of Proposition 2.2 in [CL94]. O

Proof of Theorem 6.4. (i) Suppose [L1] and [L2] hold. Then, by Proposition 6.6,

there exists a random element W of S; such that
X(n,1) 2% X =elw

as n — 0o, and therefore [D1] and [D2] hold. From condition [L1] and Theorem 6.3,
it follows that Y X (1) LY for Y ~ D, independent of X(1). By Proposition 6.6,
the law of Y coincides with the distribution of the limit )A(@,i =1,2,...,d, ie.

~

X _x@_...—xdLy D, (6.18)

and so [D3] holds. We have proved that £(X) € ;.

Conversely, let £(X) € #;. Observe that if X(m, 1) € PJ for some m € N, then
X(m+n,1) € PJ for all n € N. Then since X (m,1) converges a.s. to X e P,
there is an m < oo such that X (m,1) € P; a.s., and so [L2] holds. Furthermore,

clearly

X = lim X(n,1) = lim X(n,2)X(1) = X'X(1),

n—oo n—00

where X’ £ X is independent of X(1). In particular, one has X)X (1) £ X0 ~ D,
for some t € RZ. Applying Theorem 6.3, we have that V X (1) LV for V ~ Gy,
and so [L1] holds.

(ii) If (6.3) holds, then by (i) we have that [L1] and [L2] are satisfied, in which
case we have (6.18), where ¢ is the same as in [L1]. Furthermore, for Y a random

element of S; that is independent of X, one has by Proposition 6.6 that Y X 1y
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ifY £ X® where X0 ~ D, by (6.18). 0

6.4 Examples and applications

6.4.1 Random exchange models

Consider the following random exchange model, which is a discrete time analogue of
certain continuous time Markov processes, called Potlatch models (see for instance
[HL81] and [LS81]). Suppose we have d < oo bins labelled by numbers 1,2, ...,d,
that hold amounts qx(n), k = 1,...,d, of a homogeneous commodity at times n =
0,1,2,..., respectively. The dynamics of the model is as follows: at time n > 1,
the vector g(n — 1) := (¢1(n — 1),...,q4(n — 1)) changes to q(n) := q(n — 1) X (n),
where {X(n)},>1 are ii.d. random elements of P; with distribution £(X), which

generates the Markov chain
g(n) = q(O)X(1,n), n>1. (6.19)

Clearly °¢_ g, (n) = 3¢, ,.(0) for all n, and without loss of generality, we assume
that this quantity is equal to one.

As noted in [CL94], it is easy to prove that Markov chain (6.19) has a stationary
distribution when £(X) € J#;. Indeed, defining the random maps K, : S; — Sy by
K,(y) :== yX(n), one has that, for any y € S,

Applying Proposition 1 in [CL91|, we obtain that E()A( () is the stationary distri-
bution of Markov chain (6.19).

The random exchange model (6.19) is a higher dimension analogue of the stochas-
tic give-and-take model studied in [DR63] and introduced in its deterministic form
in the context of human genetics in [L61] (c.f. Section 2.3.1 above). This model
is applicable to the study of dynamical systems (see for instance [BJM10]), e.g. it
provides a model of a closed economy, where agents exchange real wealth at each

step in a random manner.
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Now we consider three special cases of random stochastic matrices X with
L(X) € #;. The purpose of these examples is to demonstrate that none of the
conditions [D1]-[D3] from [CL94] is necessary for £(X) € ;. We will also discuss
the respective special cases of random exchange model (6.19). Our first example
leads to a generalisation of the result in [CL94] to the case of “extended” Dirichlet
distributions, where the parameters of the distribution are permitted to be zero.

Our second example demonstrates that the rows of X need not be independent.

Example 6.1. For a vector a € M, 4, we set D, to be the weak limit of the
distribution D, as € | 0, with the usual interpretation of the sum a + ee; with
a € R? and € € R. In other words, the components of Y ~ D, that correspond
to zero components of a are identically zero, whereas the subvector of Y consisting
of the components Y; of that random vector that correspond to a; > 0 is a usual
Dirichlet distributed vector. Likewise, for a matrix A € M, ., we set D4 to be the
weak limit of the distribution of D4, as € | 0. We define the distributions G, and
G, fora € M; 4 and A € M, . in a similar way.

Let A = (aij) € My with cje = s > 0for i =1,....d. If X ~ Dy and X

satisfies [L2], then it turns out that £(X) € ¢ and XV ~ Dian.,...a0), and so

de

Diay......aq) is the stationary distribution of Markov chain (6.19).

Indeed, by Theorem 6.4 it suffices to show that VX LV for V.~ G(are,..00a0)
independent of X. To do that, let (V,Z) ~ Ga,.,...au) ® Ga, and define X € Py
by (6.5). Then V is independent of X, and VX ~ G(q,,...a.) by (6.9) and (6.10),

as required.

In particular, we have obtained the stationary distribution for the following sim-
ple model, which, to the best of the author’s knowledge, has not previously been
studied: at time n > 1, an independent uniform proportion of the commodity pre-

viously held in bin k, k = 1,2, ..., d, is shifted to the (neighbouring) bin £+ 1 (mod
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d). In this case vector g(n) is defined by (6.19) with

U, 1-U; 0 0
0 U, 1-U, :
X = : 0 ) (6.20)
0 0 Ugw 1—=Uzq
1—-U 0 0 Ua

where the U, k = 1,...,d, are i.i.d. U[0, 1]-distributed random variables. Observing
that X defined by (6.20) satisfies [L2] for m = d — 1, we have from above that

----------

Example 6.2. In this example, we consider a random stochastic matrix X with all
d > 2 rows dependent, which generates Markov chain (6.19) with the same stationary
distribution as that corresponding to the random stochastic matrix (6.20). The
behaviour of this model is controlled by the decisions of a “leader” as follows. At
time n > 1, the “leader” shifts a uniform proportion of the commodity held in bin
1 to bin 2. If the proportion shifted is greater than 1/2, then no other shifts occur
in the system at time n. However, if the proportion shifted is less than or equal
to 1/2, then all the commodity previously held in bin k, k = 2,3,...,d, is shifted
to the (neighbouring) bin k£ + 1 (mod d). In this model, the random vector q(n) is
given by (6.19), with the random element X € P, defined by

U 1-U 0 - 0
0 I 1-1

Xo=1 + 0 |, (6.21)
0 0 I 1-1
1-1 0 0 I

.....

show that [L1] and [L2] hold for X, ¢t = (2,...,2) being the vector from [L1]. It is
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not hard to directly verify that X defined by (6.21) satisfies [L2] for m = 2d—2. Now
let V.~ G(s, 2y be independent of X, and denote by ¢(us, ..., uq) the characteristic

77777

function of V X. Then, setting ug.1 := uy, we have

d
o(uy, ... ug) = Eexp{(u1U+u2(1—U))V1+¢Z(uj1+uj+1(1—f))v;}

i=2

d 1/2 ds
- ; LV
exp ZZUJ-I—I J /0 [1 _ i(uls I u2(1 _ S))]Q
ds
+ E
exp{ Zu] /1/2 1 —i(urs + uz(1 —s)))2

(1—ZU2
Hkll—zuk 1—Z’LL2 22+U1+U2)

(1 —zul
+
Hk L1 —dug)? J\ (L= i) (20 + ui + u)

(1 —dug) 2,

=

k

Il
—

which is the characteristic function of V' as well, and so we conclude that VX 1y,

Therefore [L1] holds with ¢ = (2,...,2), as required.

Example 6.3. In our final example, we will consider the following modification
of the model from our last example. At time n > 1, a uniform proportion of the
commodity held in bin 1 is shifted to bin 2 as in the previous model, but, indepen-
dentaly of that proportion, with probability 1/2 all the commodity previously held
in bin k, £ = 2,3,...,d, is shifted to the (neighbouring) bin k& + 1 (mod d). The
only difference in this model is that the shift from bin 1 to bin 2 is independent of
the shifts from bin & to bin £ 4+ 1 (mod d). In this model, the random vector g(n)
is given by (6.19), with X € P, given by (6.21) for (U, 1) ~ UJ0, 1] ® Be(1/2).

We claim that £(X) € J#; and XM ~ Dy,
show that [L1] and [L2] hold for X, with t = (1/2,...,1/2) being the vector from
[L1]. As in Example 1, clearly [L2] holds for m = d — 1. Now let

1/2)- By Theorem 6.4 it suffices to

V=WV1,....,Va) ~Guya..12
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be independent of X, and denote by ¢(uy, ..., us) the characteristic function of V X.

Then, setting ugy1 := uy, we have that

d(ury ..., uq)

d
= Eexp{ (ulU + u2(1 — U))Vl -f—iZ(uj] + Uj+1(1 — ]))V]}

=2

d 1
=Eexp {@'Z ujf+uj+1(1—1))vj}/0 E exp {[i(uyt + up(1 — ) V4 } dt

d d 1
dt
Eexp< i w1V ¢ +Eexp u; V;
< { ]Zg a j} {JZQ ’ ]}> 0 /1 —i(urt +us(l —t))

\/1—ZU1+\/1—ZUQ (2\/1—iu1—2v1—iu2>
2110, VT — iy i(uz — ua)

1

1 \/1 —iuk

|
P [\_'J|

I
=

k

is the characteristic function of V', and we conclude that VX < V. Therefore [L1]
holds with t = (1/2,...,1/2) as required.

6.4.2 Random nested simplices

The study of random triangles and, in particular, nested sequences of random tri-
angles, has been extensive in the probabilistic literature (see for instance [LS98] and
references therein). In one such study [LS98], the authors use Theorem 1.2 in [CL94]
(see Theorem 6.2 above) to prove that the limiting distribution of certain random
nested simplices is Dirichlet (cf. Section 2.5.3). We will briefly recall the setup from
[LS98]. Let py,...,p; be d points in a real (d — 1)-dimensional affine space E,
and take their convex hull to obtain a simplex S. Now suppose that X (1) ~ Dy,
A = (o ) € M satisfying

(ey -y Oge) = (aly - -+, Qod),

and one chooses d points p;(1),...,p,(1) in S with barycentric coordinates given by

XM(1),..., X9(1) with respect to (py, ..., py), taking their convex hull to obtain a
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new simplex S(1) C S. Continuing this processes independently on S(1), and so on,
the so defined simplices shrink a.s. to a random point Y € E as n — oo (cf. (2.29)

on p. 47). We extend this result as follows.

Theorem 6.7. If X (1) satisfies [L1] and [L2], then (2.29) holds true. Furthermore,
the barycentric coordinates of Y with respect to (py,...,py) have distribution Dy, t
being the vector from [L2].

Proof. The proof of Theorem 6.7 basically repeats that of Theorem 2.2 from [L.S98],
except we use Theorem 6.4 in place of Theorem 6.2 above. For B(0) € S,, define
Z(n) € S(n) as the point with barycentric coordinates B(0) with respect to the
affine frame (p,(n),...,py(n)), and denote by B(n) the barycentric coordinates of

Z(n) with respect to the affine frame (p,,...,p,;). Then, as shown in the proof of
Theorem 2.2 from [L.S98], one has

B(n) = B(0)X(n,1), n=0,1,...

Now suppose X (1) satisfies [L1] and [L2]. By Theorem 6.4, £(X (1)) € .#; with
XM = (v1,...,Y,) ~ Dy, t being the vector from [L2]. Then clearly B(n) <% X

as n — oo for any B(0). In particular, for any k = 1,...,d, we can set

where 1 is at the kth place, to obtain that p,(n) =% Y as n — oo, where Y has

barycentric coordinates (Y7, ...,Yy) with respect to (py,...,p,), as required. O]

6.4.3 Service networks with polling

Recall the random donkey walk in P, that was introduced in [L02] (cf. Section 2.5.4).
This model actually describes the progression of a customer in the following discrete-
time closed network with polling. Suppose there are d buffer nodes in the network,
accessed in cyclic order by a single server, with customers never leaving the network.
At time n = 1, the server accesses node 1 and moves customers from that node

to other nodes in the network randomly, with transition probabilities taken from
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the first row of a random X (1) € P;. At time n < d, the server accesses node
n, and similarly moves customers from that node to other nodes with transition
probabilities taken from the nth row of X(1). The same procedure is repeated in
a cyclical fashion, with the server accessing node 1 at time n = d + 1, and so on,
with transition probabilities taken from the rows of independent random elements
X(5) Lx (1) for the jth cycle. In this formulation, the vector B(n) represents the

distribution of customers in the network after n steps, with initial distribution B(0).

Markov chains with the cyclic property that each of the sequences { B(td+7)}+>o,
r = 1,...,d, forms a homogeneous Markov chain, were also considered in [D98],

where several examples of such Markov chains were provided.

For a matrix X = (X, ;) €e Mgand r =1,2,...,d, set
(TT(X))Z-]- 1= (045 + X j0ri — 6,505), 1 <1i,j <d,

d;; being Kronecker’s delta (i.e., T,(X) is the d x d identity matrix with the rth row
replaced by the rth row of X).

An extension of Theorem 2.27 is given by the following theorem.

Theorem 6.8. Let X be a random element of Py such that Ty(X) - - - T4(X) satisfies
condition [L2]. Let V = (V;;) ~ Gp be a random matriz independent of X, where
B € M has entries 3;; given by (2.31). Furthermore, suppose that

4

vin L yr-br(x), 1<r<d, (6.22)

where VO = V{d),
Then, forr =1,...,d, the stationary distribution of the rth homogeneous Markov

chain {B(td + 1) }1>¢ is Dirichlet with parameters (81, ..., Bra)-

Proof. Let {X(t)}i>0 be i.i.d. with law £(X), and fix r € {1,...,d}. Then

TUX () - Tu(X (1)) for r = d,

R(t) :=
Tra (X (1)) - Ta(X () T2 (X (1)) - - T(X(#))  for r < d,
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t=0,1,..., are i.i.d. random elements in P,;, and
B(td+r) = B(r)R(1,1),

where R(1,t) is given by (2.24). Clearly, R(1) satisfies [L2] since 71(X)-- - Ty(X)
satisfies [L2], and so by Proposition 6.6, there exists a random vector W € S, such
that

R(t,1) 2% el W

as t — oo. Using Proposition 1 in [CL91] applied to the space Sy and to the random
mappings from S; to Sy defined by @ — xZ(t), t > 0, it follows that {B(td+7r)}i>0
has a unique stationary distribution.

Now Vi £ VI R(1) by (6.22), and therefore Theorem 6.4 implies that
R ~ Dig, .-
Hence the stationary distribution of {B(td +1)}i>0 is Dig, ,....3,4), as required. [
The following remark shows that our Theorem 6.8 is indeed an extension of

Theorem 2.27.

Remark 6.1. Let A = (o, ;) € My be such that ae = ae; >0 fori=1,...,d, and
B = (B;;) € M, where the numbers f3; ; are given by (2.31). Let (V, Z) ~ Gp®Ga4,
and X ~ D, defined by (6.5) be such that 73 (X)) - - - T, (X ‘) satisfies [L2]. Then,

for r =1,...,d and using the convention that » — 1 = d for » = 1, one has

Z, Z,
VIUT(X) = Vicias s Vic1m1, 0, Vi g, - Vi a) + Vo, < = ’d>

Zro Y Zro
d
=Vicit, - Vi1, 0, Vist i, - Vina) + (Zony - oo Zia),

where the equality in distribution holds by (4.4) and the fact that V,_, 4 Zre, AS

both follow I'g,_, = I,,,. It remains to observe that ,, = a,, and, for j # r,

By; = Br_1; + ., hence the vector in the last line above is distributed as V(.
The conditions of Theorem 6.8 are met, and we conclude that, for all r =

1,...,d, the homogeneous Markov chain { B(td + r)};>o has stationary distribution
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D, ,...8,)- In particular, for X defined by (6.20), one has 3.; = 1 for j # r + 1
(mod d), and f,; =2 for j =7+ 1 (mod d).
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Chapter 7

Boundary crossing probabilities

for multivariate Brownian motion

In this chapter we provide a solution to Problem 3 from the Introduction by giving
an upper bound for the difference between boundary hitting probabilities for the
multivariate Brownian motion process for two different boundaries. Our bound
holds under broad assumptions about the nature of the boundary, including the
Lipschitz condition (in a Hausdorff-type metric) on its time cross-sections. As an
auxiliary result, we also give upper bounds for the first boundary crossing time

densities.
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7.1 The main results

Let W = {W, = (Wt(l), ce Wt(m))}tzo be the standard m-dimensional Brownian
motion process, Wy = 0. For a fixed T' < oo, let G be the class of open sets

G C [0, T] x R™ (the first component representing time) with (0,0) € 9G.

As discussed in the Introduction, it is important in a number of applied problems
to compute the probability P(G) (cf. (1.39)) for W to stay within G during the time
interval (0,7).

The aim of this chapter is to extend the approximation approach outlined in the
Introduction to the multivariate case and provide bounds for approximation errors.
The results in this chapter are also of interest for the theory of boundary value

problems for parabolic partial differential equations.

First we will introduce some notation which we will need to define a Hausdorfl-
type metric that proved to be the most natural one for measuring the closeness of

the sets G and G in the context of our problem.

For H C [0,7] x R™, let
Hy:={x=(x1,...,0,,) e R": (t,x) € H}, t€][0,T], (7.1)

be the time ¢ section of H. For A C R™ and € R™, let p(x, A) := infycallz — y|
be the distance from @ to the set A, ||-|| being the Euclidian norm in R™, A€ be the

complement of A, and let

A0 {x e R™: p(x, A) < v}, v >0,
{x e R™: p(x, A°) < —v}°, v <0,

denote the dilation (case v > 0) and erosion (case v < 0), respectively, of the set A
by the set B),((0), where B,(x) := {y € R™ : |[& — y|| < r} stands for the open ball

of radius r > 0 with centre at & € R™.

For H C [0,T] x R™, let

HY = {(t,x) : t€[0,T),z € H"}, veR.
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The Hausdorff distance between sets A, A C R™ is defined by
pn(A, A) :=inf{e >0: Ac A® and A c A®}.
It will be convenient for us to use the metric
pir (A, ) = max{on(A, ), (47, ).

For positive numbers K, 3,, introduce the class Gx g, C G of sets G satisfying

the following conditions on their cross-sections.

[G1] The following Lipschitz condition holds:

pu(Gs,Gy) < K(t—3s), 0<s<t<T.

[G2] For any t € (0,7) and g € 0Gy, there exists a y € R™ such that Bg(y) C Gf
and g € 0B3(y).

[G3] For any t € (0,7, there exists a vy > 0 such that

E(1+ ||W;0 < p(W,G) <v) <vv, 0<wv <.

Condition [G1] is a multivariate version of the Lipschitz condition on the bound-
aries g+ of the curvilinear strip (1.40) in the univariate case. It is easy to see that
[G1] implies that 0G; is a Lipschitz continuous function of ¢ in Hausdorff metric,
but the converse is not true. It turns out though that, in the multivariate case,
Lipschitz continuity of dG; in the ordinary Hausdorff metric p; will not suffice for
deriving the desired bounds.

Likewise, using just the Hausdorff metric p,(Gs, G;) for measuring the rate of
change of the sections G; with time, also proved to be inadequate. For example,
imagine a “Swiss cheese”-type set, e.g. the unit disc with a large number of small
holes in it. The Hausdorff distance between that set and the disc can be very small,
but a change of the time section from that disc at time ¢t to the “Swiss cheese set”

at time ¢ + h can clearly lead to a rather high probability of the first hitting time
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of 0G during (¢,t + h), making it impossible to obtain necessary for the derivation
of our results bounds for the first hitting time density (and leading to impassable
obstacles in other elements of the proof as well).

The role of [G2] is to ensure that the section boundaries 0G; do not have “tight
outside folds”. Together with [G1], it means that, for any fixed ¢t € (0,7), as the
point & approaches the boundary 0G,, the probability that the Brownian motion
starting at @ at time ¢ will not leave G during the residual time interval (¢, T") decays
as a linear function of p(x, 0G;), and it is exactly that rate of decay that is needed for
our main result (7.2). The above-mentioned linear bound follows from the fact that
the desired probability will not exceed the probability of hitting a cone with the axis
parallel to the time axis and the base of radius 5 on the left, which is disjoint with G
and which, due to conditions [G1] and [G2], one can “attach” to the boundary 0G at
a point with the time component equal to ¢ and space component p(x, 0G;)-distant
from x. The respective bound for the cone is obtained in Lemma 7.6 below.

Condition [G3] may be a bit more technical and less transparent. Roughly
speaking, it means that the boundary G, “cannot have too many folds”. It is only
used in the proof of Proposition 7.4 establishing an upper bound for the first hitting
time density. The condition enables one to “translate” the “local bounds” on the
conditional probability that the hitting time of OG belongs to (t,t + h) given the
value of W, to the required bound for the unconditional probability of the hitting
time being in that interval.

The main result of this chapter is the following bound.

Theorem 7.1. If G € Gk g, then there exists a ¢ = ¢(K, B,7) < oo such that
P(G(E)) < P(G) + ce for any € > 0. (7.2)

It turns out that, in the important special case of convex cross-sections Gy,
conditions [G2] and [G3] are superfluous. While that [G2] holds in this case for
arbitrary large 5 > 0 is obvious, the validity of [G3] is not hard to establish using
Cauchy’s surface area formula that implies that the volume of the portion of the
integration region {x : 0 < p(x, G¢) < v} that lies in the spherical layer {x : k <

||| < k + 1} cannot exceed cvk™ !, as demonstrated in the proof of the following
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assertion.

Corollary 7.2. Assume that G € G satisfies [G1] and Gy is convex for any time
t € (0,7). Then G also satisfies [G2] with any 5 > 0 and [G3] for some v < 0,

and so the bound from Theorem 7.1 holds true.

The next result is a trivial consequence of Theorem 7.1. We state it here be-
cause it is the natural multivariate extension of the main bound from [BNO05] (see

Theorem 2.28 above).

Corollary 7.3. Suppose G € Gi . For anye >0, if sets G',G" € G are such that
GCG cCcG®, GcG cGY, then

|P(G") — P(G")| < ce (7.3)
for some constant ¢ = c¢(K, B,7) < oo.

Remark 7.1. The form of the statement in the above assertion is somewhat different
from the one in the univariate case where we basically estimated the difference
P(G(E)) — P(G(*E)). This is because the multivariate situation is noticeably more
complicated. In particular, in m > 2 dimensions, for a set G € Gg g, it is not
necessarily true that G(=%) ¢ Ok, even if we allow the parameters of the class
Uk~ in the last instance to be different from those for the one containing G.
One implication of that observation is that, without some additional restrictive
assumptions, the estimation of P(G(g)) — P(G(_E)) becomes then impossible. On
the other hand, the framework of our Theorem 7.1 is quite simple and appears to

be the most natural in the multivariate setup.

7.2 Proofs

Without loss of generality, we can (and will) assume in this section that 7' = 1.
The proof is based on the same idea as in [BN05] and uses the total probabil-
ity formula representation (7.5) below for the difference between the probabilities

P(G®) and P(G). This difference is just the probability that the Brownian motion
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leaves the set G but does not leave the slightly bigger G). To estimate that differ-
ence, one needs bounds for both the integrand and the “integrator” in the integral

on the right-hand side of (7.5).

First we will deal with the latter, obtaining in Proposition 7.4 an upper bound
for the density of the first hitting time of 0G (of which the derivation relies on
Lemmata 7.5-7.9). For the former, one can expect that the integrand is O(e) as
e — 0, with the coefficient of € in the bound increasing as t approaches 1, as less
and less time will be remaining for the Brownian motion to leave G). The desired
bound for the integrand will follow from Lemma 7.10 which we use to bound the
tail of the distribution of the time the Brownian motion starting at time ¢ at a
boundary point of G, hits a cone located outside G} and “attached” to G at a
point with the time component equal to t. As we already pointed out, conditions
[G1] and [G2] make it possible to use that result to bound the probability of not
hitting 9G® during the residual time interval (¢, 1).

For a measurable H C [0, 1] x R™, let
7(H):=inf{t >0: (t, W;) € 0H}, (7.4)

setting 7(H) := 1 when W, ¢ 0H,, t € (0,1). Letting 7 := 7(G), 7 := 7(G©®),

we have from the Markov property of the Brownian motion that, for € > 0,

D.(G) == P(G¥) — P(G) = /(0 . P(r© = 1|7 = t)P(7 € dt). (7.5)

The following proposition, establishing absolute continuity of 7 and providing

upper bounds for its density, is of independent interest.

Proposition 7.4. The random variable T has density p on (0,1) satisfying

N e — + 2K + 2, t € (0,min{B/K,1}),

p(t) < 8m?y 4o X
\/ + 55 5/K+%+K, t € [min{g/K,1},1).

To prove the proposition, set 7; := inf{s > ¢ : (s, W) € 9G} for t € (0,1) and
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note that, for 0 < h <1 —t,

P(r € (4t +h)) = / P(r € (1t + h)[W, = 2)B(W, € dz)
Gy

_ / P(r > t|{W, = 2)P( < t + h|W, = 2)B(W, € d=). (7.6)
Gy

Next we will bound the two conditional probabilities appearing as factors in the

integrand on the right hand side of (7.6). It will be convenient to use the notation
r(z) := p(z,0G:) (7.7)
(for a fixed t). The following lemma gives a bound for the first factor.

Lemma 7.5. Fort € (0,1), one has

P(r> Wi =2) _ &+ 2R y omeL 9K < BYK,
Iefir() 552 ot
2r(z) Vit et At K, 6> 8K

The proof of Lemma 7.5 uses our next three lemmata. The main idea is that
the desired conditional boundary non-hitting probability cannot exceed the proba-
bility of not hitting a simple “more remote” set, namely, a cone “attached from the
outside” to the “nearest” to z point of dG;, with the axis parallel to the time axis
and such that its base is on the right. For that simpler boundary, the desired bound
is obtained in Lemma 7.6. This is done by reducing the problem to a univariate
straight line boundary crossing probability by a diffusion process, namely, by the
radial process of the m-dimensional Brownian bridge. To obtain the desired bound
for the latter problem, we use the comparison Lemma 7.7 and a simple reference
process (7.13), which is just a univariate arithmetic Brownian motion. For that

process, the respective bound is given in Lemma 7.8.

For w,v > 0, introduce the (possibly truncated) cones
C(v,u) :={(s,x) € [0,0] x R" : ||z| < u— Ks}, (7.8)

C*(v,u) :={(s,x) € [0,v] x R" : |z;| < (u— Ks)/v/m,i=1,...,m}.
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Clearly, C*(v,u) C C(v,u).

We will slightly abuse notation by denoting by P, the distribution on the canon-
ical space corresponding to the Brownian motion process that starts at the point
Wy =« € R™ and keeping the notation 7(H) for the stopping time (7.4) for that

process.

Lemma 7.6. For any x,y € R™ with |x| > 3, we have

Pz(r(C(t,8)) > ulW: = y)
]| —

+
<{ %+2<2(|Iyil—ﬁ)+2gn_—11<t+2]{> L u<t/2,t< B/K,

_ +
oMl K) T, w<B/(2K), ¢ 2 B/K,

where ™t := max{0,x}.

Note that the above upper bounds agree at t = /K.
To prove Lemma 7.6, we will require the following two additional lemmas. For

a univariate process X = {X;}>0 and = € R, set
ne(X) :=1inf{t > 0: X; = x}. (7.9)

Lemma 7.7. Let {W;}:>o be the standard univariate Brownian motion given on a
filtered probability space, {Y;} >0 a continuous adapted process on the same space.
Let Xt(l) and Xt(Q) be strong unique solutions of the stochastic differential equations
(SDEs)

dX = a;(t, X Y)dt + dW,, X =zo, i=1,2,

where a; are continuous. Suppose that, for a given | < xy, one has a;(t,x,y) <
as(t,xz,y) for all (t,x) € [0,00) x (I,00), y € R. Then Xt(l) < Xt@) a.s. for all
re (0,m(XW)).

The proof of Lemma 7.7 below follows the argument proving a somewhat weaker

assertion of Lemma 4 on p.120 of [GST72].

Proof. Define the continuously differentiable function
t
A(t) == Xt(z) — Xt(l) = / (az(s, XPY,) —ay(s, XV, Y))ds, t<mn.
0
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Then, for all points ¢ < 7, with A(¢) = 0, we have that Xt(l) = Xt@), and so at these
points

N(t) = as(t, XP,Y) — ar(t, XV, V;) > 0.

In particular, we have A(0) = 0, A’(04) > 0. Therefore we can find a § > 0 such
that A(t) > 0 for all 0 < ¢ <.

Now suppose the set {t € (0,7;) : A(¢t) = 0} is not empty. Then for ¢; := inf{t €
(0,m) : A(t) =0} we have t; > 0, A(t;) = 0, A’(t;) > 0, and so there exists a §; > 0
such that A(t) < 0 for t € [t; — d1,t1]. Therefore A(t) changes signs on the interval
[0,t1 — 1], i.e., it takes on the value zero there, which contradicts the definition of
t1. We conclude that {t € (0,7;) : A(t) = 0} is empty a.s., and since A(t) > 0 for
sufficiently small ¢, A(¢t) > 0 for all ¢ € (0,7;) as required. O

Recall that {W,};>¢ is the standard univariate Brownian motion process.

Lemma 7.8. Forc € R and ¢ > 0,

2
P( sup (W —cs) < ) Ss(\/—+20+), t>0.
0<s<t mt

Proof. The probability on the left hand side above is known explicitly (cf. (1.1)):

denoting by ® the standard normal distribution function,

P(sup (W5 —cs) <¢) = CID(C\/l_H— 8/\/%) - e’QCEQD(C\/g —e/Vt)

- <OV +e/VE) — e XD (eVE — £/ V)
B (VT +/VE) — BV —e/VE) + (1 — e >

up () x 2e/vt + 2cte
R

g(@ £ae),

IN

IA
8 W

O

Proof of Lemma 7.6. Fix at € (0,1) and let B = {B; = (Bgl), e Bém))}ogsgt
be an m-dimensional Brownian bridge process starting at @ € R™ at time 0 and

ending at y € R at time .
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In order to use Lemma 7.7, we will now derive an SDE for the radial process

Ss := ||Bs]| of B. Recall from (1.9) that B satisfies the SDE
- B
dB, = =" qs 4y aW,, 0<s <t (7.10)

t—s

By Ito’s formula, the squared radial process has stochastic differential
dS? =2 BYdBY +mds, 0<s<t. (7.11)
i=1

Setting &5 := B/Ss, we have ||€s]| = 1 and therefore

&(y) =&y < lyll, (7.12)

where yT denotes the transpose of y. Then, for 0 < s < ¢, we have from (7.10) and
(7.11) that
()

" [y — B .
ds? =2 Bl (ytTds + dWS(’)) +mds
=1

B T _ Q2
—9 (Zt’—s+%) ds + 2B, dWT
— S

Q2
(B S L) aseawt
— 8

_ Q2 —
) (% + %) ds + 25,dW,,

where {/Mv/t}tzo is a standard univariate Brownian motion, and the last equality

follows from Theorem 8.4.2 in [O07].

Using the above SDE for {S?} and Itd’s formula with f(z) = y/x, we have

1

dS, = f(S2)dS? + 5 £(S2)(dS?)’
. 1 Ssgs(y) B Sg m Tr7 1 2
- 35 [2( Ty ) ds o+ 28.dW, 85?(255) ds
_ fs(y> B Ss m—1 117
—( PR + 25, ds+dW,, 0<s<t.
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Now introduce, for a fixed a < ||z|| and t, € (0,t), the reference process

I lyl[—a  , m—1 774
S = ||x| + < r— + 5 s+ W, s20, (7.13)

Since ||ly|| > &5(y) by (7.12), Lemma 7.7 implies that, for all s € [0, min{to, 7,(5)}],
one has S, > S, a.s.
Consider first the case t > /K and set to := 3/(2K), a := /2. Then, for all

u < tg, one has

Po(T(C(¢,8)) > u[W; =y)
:IP< inf (SS—B+K3)>0)

0<s<u
gp( inf (S, — 8+ Ks) > o)

T

=¥ p (- (P27 + 5 4 )1) <ot
< (Il - 5) N% (2o +K)+]
by Lemma 7.8,

Now consider the case t < §/K and set to :=t/2, a := 3 — Kt/2. Then, for all

u < ty, we have

=P[0g£u(llw||+(”y” ‘f/; K2 | 2?:]1(t)s+Ws—5+Ks> . o}
B 2yl =8) , m—1
=], (W (T g g 2K )s) < el -]
2 2|y — —1 *
§(||w|y_5)[ —u+2( (Ilyll ﬁ)+2g’b_Kt+2K> ]

Lemma 7.6 is proved.
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Proof of Lemma 7.5. Fix t € (0,1) and z € G;. Reversing the time for the

conditional Brownian motion process, we have, for any fixed t' € (0, 1),

P(r > t|W,=2) =P(W, € Gs,s € (0,1)|W, = 2)
= ]PZ(WS S Gt_S,S € (O,t)’Wt = 0)
<P. (W e G5 s€(0,t)|W,=0). (7.14)

One can clearly choose a b € G, such that p(z,b) = r(z). Then by condition [G2]
there exists a ball Bz(c) C Gf with b € 0Bs(c). Using Bg(c) as the base for the

cone

€= (0,¢) +C(t, B),
it follows from Lipschitz condition [G1] that G;_, C C¢, s € [0,t]. Therefore,

P, (W, € Gis,s€(0,1)|W,;=0) <P, (W, eCse(0,t)W,=0)
=P, (7(C(t,B)) > t|W;=—c). (7.15)

Since ||—c|| < [|z]|4+7r(2z)+ S, we immediately obtain the bounds stated in Lemma 7.5

from Lemma 7.6 with

, { t/2, t < B/K,
t=u:=

8/(2K), t> B/K. .

Now we will turn to bounding the second factor in the integrand on the right

hand side of (7.6). Recall the definition (7.7) of r(z) (see p. 131).

Lemma 7.9. For and fized t € (0,1), z € Gy, one has

r(z)K  r(z)?
2hm

P, <t+hW,=2) < Qmexp( ), h € (0,min{r(z)/K,1—t}).

Proof. We will again use cones and reduction to univariate boundary crossing prob-

lems. For h from the specified interval, setting ®(z) := 1 — ®(z), we have

P(r, <t + h|W; = 2) < B(+(C(h,7(2))) < h)
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P(r(C*(h,r(2))) < h)
< 2mP( sup (W(s) + Ks/v/m) > r(z)/v/m)

0<s<h

_ Qm/ \/%33/2 (—(r(z)/\/n_”;s— Ks/\/ﬁf)ds
(7.16)

<r(z) %meﬂz)ff/m /0 gz exp( - 7"2(;:)615

= 4m " AE"P(r(2) /v hm) (7.17)

< 2m exp(r(jrzK - g;nj) (7.18)

where (7.16) follows from Kendall’s formula (see (1.2)), (7.17) follows by making the
substitution u = r(z)/y/sm, and (7.18) follows by using the bound ®(x) < %e_"’CQ/Q,

x > 0. The lemma is proved. O

Proof of Proposition 7.4. Suppose that t < /K. Then from (7.6) and the
bounds derived in Lemmata 7.5, 7.9, for 0 < h < 1 — ¢ we have

P(T € (t,t + h)) = / P(T > t‘Wt = Z)P(Tt <t+ h|Wt = Z)]P(Wt € dZ)
Gt

/1 2zl +7r(2)  m—1
<4 — 2K
= mGt< ol t Ty kT

(T(?LK . g(:?:)P(Wt € dz)

:4m<(\/g+ 2;”__}1@ +2K>11+ (I2+13)) (7.19)

X 1(z) exp

where
I o= /Gtr( )exp(r(ziK g:gj)xp(wt € dz),
I :/Gtr 2)| 2|l exp '2K 2;5)P(Wtedz),
Iy = /Gtr( z)? exp(r(fr)b g(hz)z)]?(Wtedz).
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Set
Z = T(Wt)l{Wtth}n

xK/m—x2/(2hm)

where 15 is the indicator of event E. Then, for u(z) := ze , we have

7K 72
h :EZGXP{W - 2hm}

_ /0 " w(@)dv(z),

where v(z) is the distribution function of Z. Integrating by parts and using the

bound v(z) < vz, x € (0,vp), from [G3], we obtain

I = [v(z)u(z)) — /OOO v(z)du(zr) = — /OOO v(z)du(z)
_ /Ooo mm(% _ % _ 1) exp(% _ ;;n)dx
i [t ( Y ae ([T [
< % ('y/ooof’exp(% — 22;)d:€+ /v:oxzexp(% — 22;)0[96)

o0

— fyhm/ 5365K h/m—s?/2 ds +vVhm 82€SK h/m—s2/2 ds
0 vo/Vhm

) dx

= 2yhm +o(h), h\,0,

where the second last relation follows by making the substitution s = x/+v/ hm.

Using [G3] and following the same steps as above, we conclude that
I, <2yhm +o(h), h 0.

Finally, it is even simpler to show that I3 = o(h) as h \, 0.

Then, from (7.19), we have

1 m—1

P 2 NI
(1€ (t,t+h)) <8m fyh( 7rt+26—Kt

2
+ 2K + ;) -+ O<h)

It follows that 7 has an absolutely continuous distribution specified by a density p

138



satisfying

p(t) < 8m 7(\/T+2ﬁ _[1(75+2K+%>, t € (0,min{p/K,1}).

Now consider the case when ¢t > /K. Then, from (7.6) and the bounds derived

in Lemmata 7.5, 7.9, we have

]P)(T € (t,t + h)) = / ]P)(T > t‘Wt = Z)]P(Tt <t+ tht = Z)P(Wt S dZ)
Gt

K zll+r(z)+8/2 m-—1
§4’”/Gt(\/%+ (—Bj2K) B *K)

xruymp(“2K -T@V)Pav¢eda

2hm

. K 6 m—1 IQ+I3
_4””‘{(\/%*%—&/1(* 5 +K>[1+t—5/(2f<')}

Therefore, for t € [/ K, 1),

P(r € (t,t+h)) < 8m2h7(\/?ﬁ+ 2t6—+53K mg ! +K).

As above, it follows that 7 has density p satisfying

K 2 -1
p(t) < 8m27<\/%+ 2756_—;/]( + mﬁ —I—K), t € min{8/K,1},1).

Proposition 7.4 is proved.

O

As we pointed our in the outline of the idea of the proof of Theorem 7.1, we will
also use the following lemma that provides a bound for the integrand on the right

hand side of (7.5).

Lemma 7.10. For x € R™ and 0 < r < ||x||, we have

Po(r(C(t, 7)) > ¢_+%M+Kt<wK
R \Eentik 1k
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Proof. Similarly to the proof of Lemma 7.6, we will reduce the problem to a univari-
ate straight line boundary crossing problem and then use the comparison Lemma 7.7

to obtain the desired bound for the latter problem.

Denote by R = {R;}s>0 an m-dimensional Bessel process started at ||z| at

time 0. Since R is defined by the radial part of W (cf. (1.6)), one has that

P (r(C(t,7)) > t) = IP( inf (R, — 1+ Ks) > o). (7.20)

0<s<t

As is well-known (cf. (1.7)), R satisfies the SDE

m—1 —~
dR, = 0 ds+dW,, s>0, Ro=|zl,

{Ws}s>0 being a standard univariate Brownian motion process.

Consider first the case t < r/K and let

— m —
R, = ||| +

2|.
5 KtS+WS’ s € [0,t/2]

Then, by Lemma 7.7, we have Ry > R, a.s. for all s € [0, min{t/2,n,_/2(R)}]
(cf. (7.9)). From here, (7.20) and Lemma 7.8, one has

P, (r(C(t,r)) > t) < IP’( inf (R, —7r+ Ks) > o)

0<s<t/2
o (Jl e 1))
0<s<t/2
su +K> >< zll — r
|:0<s<€/2< (2 — Kt el

1 m— 1
2(|]m||—r)(\/E+2r_Kt+K).

Now consider the case t > r/K and let

-1 —~
= |lz]| + s+ W, se[0,r/2K).

Then, by Lemma 7.7, we have Ry > R; a.s. for all s € [0, min{r/(2K),n,,2(R)}],
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and so from (7.20) and Lemma 7.8, a similar derivation yields the bound

P, > <20l 0 (5 + "L k),

r

as required. O

Now we can complete the proof of Theorem 7.1. The integrand on the right hand
side of (7.5) has the form

]P)(T(s) _ 1’7_ — t) :/ ]PJ(T(E) — 1,Wt & dZ|T = t)
0Gt

= / P, (W, e G se(0,1-1)P(W, cdz|r =1). (7.21)
oG

For any z € 0Gy, by [G2] there is a point y such that Bz(y) C G} and z € 0Bg(y).
Clearly, Bs.(y) C (Gf))c, where (. := § — ¢ (we assume without loss of generality
that € < 3/2), and so G c (Bs.(y))°. By condition [G1], we then also have

G'Ej‘)s C G§€+K$) C (Bﬁa*KS(y»C = ((Ovy) + C(l - tuﬁe))za 5 < %7

using notation (7.8). Therefore, since ||z — y|| — B = €, one has from Lemma 7.10

that

P, (W, e G, se(0,1-1)
<SP, y(T(C(1—t,5.) > 1—1)

1 m—1
—in Ty T K, 1-t<B/K,
<9 (1—t) " 2B-—K(1—t)
JE K, 1—t> B./K.

Now it follows from (7.5) and (7.21) that

=B/ K K m-1
DE(G)§2€/O < Wﬁs+ 5, —{—K)p(t)dt

: 1 m—1
+2€/1—65/K( m(1—1) +255—K(1—t) +K> p(t) dt
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K m-1 Loop(t)dt
§25< 7r56+ i +K>+25/0 —ﬂl_t).

Here

/m \[//m

+8m%y o+ ik
< Ernf7 (a2t o) <

where the second inequality follows by assuming without loss of generality that
B/K < 1/2 and applying the second bound from Proposition 7.4. Recalling that
Be > B/2, we conclude that

D(G)<25<c + ff;jtwjtf().

Theorem 7.1 is proved.

Proof of Corollary 7.2. Condition [G2] is clearly satisfied (with arbitrary large
£ > 0) due to the convexity of Gy, so we only need to verify [G3].

We can assume without loss of generality that there exists a 6 > 0 such that
Bs(0) C (0G), (for otherwise it is easy to see that, in view of [G1], one has P(G) =0

and the whole problem becomes trivial).
Consider first the case t >t := §/(2K) (assuming that ¢, < 1).
Introduce the sequence of spherical layers Cy := By(0)\Br-1(0), k =1,2,... As

the cross-section G is convex, it follows from Cauchy’s surface area formula (see
e.g. Theorem 5.5.2 on p.56 in [KR97]) that the ((m — 1)-dimensional) surface area of
9(G;N By (0)) does not exceed the surface area of By, (0) which is equal to k™ 1w, 1,

where w,,,_1 is the unit sphere area.

Therefore, again using the convexity of Gy, it follows that, for any ¢ > 0, the
volume of V;, ::(Gt\GfE)) NC} does not exceed k™ w,,_1. As the maximum value

of the density of W, on Vj, less than or equal to the density’s value on 0B;_1(0),
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we conclude that

E(1+ [W.|; W, € GA\GI™) = D> E(L+ [|[W,[; W, € Vi)

k=1

< ot Y (1 e
T m

< e
for some v = y(m, tg) < 0o, as we only consider t € (to, 1).

Now turn to the case t € (0,t). By [G1], for such ¢ one has Bs/»(0) C G;.
Choosing vy := 0/4 (which we can assume to be less than one without loss of
generality), one can employ the same argument as above but with the spherical
layers Cj := Bj5/4(0)\Bi—-11+5/4(0), k = 1,2, ..., making use of the observation that
the maximum value of the density of W, on the “innermost layer” C} is bounded

for t € (0,tp). The corollary is proved. 0
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