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Abstract

This thesis was motivated by related sojourn time and boundary crossing problems

for the Brownian motion process. In Chapter 1, we discuss these motivating prob-

lems, and outline how they led naturally to the research in subsequent chapters.

The available literature relevant to this thesis is reviewed in Chapter 2.

In Chapter 3, we extend the uniform law for sojourn times of processes with cycli-

cally exchangeable increments to the case of random fields, with general parameter

sets, that possess a suitable invariance property.

In Chapter 4, we consider several special cases of iterations of random i.i.d. linear

functions with beta distributed fixed points that describe a nested interval scheme

when iterated in a backward direction, and an ergodic Markov chain in the forward

direction. We find these points by extending a result due to E. J. G. Pitman (1937),

which allows us to solve the random equation by solving an equivalent random

equation with a gamma distributed solution. In each case, these fixed points are

the almost sure limit of the corresponding nested interval scheme and the stationary

distribution of the corresponding Markov chain. Using our new technique, we also

derive some new special cases of randomly weighted averages, and show how our

results define some new stick-breaking constructions of beta distributed random

variables.

In Chapter 5, we consider a class of discrete time Markov chains with state space

[0, 1] and the following dynamics. At each time step, first the direction of the next

transition is chosen at random with probability depending on the current location.

Then the length of the jump is chosen independently as a random proportion of

the distance to the respective end point of the unit interval, the distributions of

the proportions being fixed for each of the two directions. Under simple broad
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conditions, we establish the ergodicity of such Markov chains and then derive closed

form expressions for the stationary densities of the chains when the proportions are

beta distributed with the first parameter equal to 1. Examples demonstrating the

range of stationary distributions for processes described by this model are given,

and an application to a robot coverage algorithm is discussed.

In Chapter 6, using our extension of the result due to Pitman (1937) from Chap-

ter 4, we characterise the class of distributions of random stochastic matrices X

with the property that the products X(n)X(n� 1) · · ·X(1) of i.i.d. copies X(k) of

X converge a.s. as n ! 1 and the limit is Dirichlet distributed. This extends a

result by Chamayou and Letac (1994) and is illustrated by several examples that

are of interest in applications.

In Chapter 7, we analyse the stability of the boundary crossing probability for

the multivariate Brownian motion process, with respect to small changes of the

boundary. Under broad assumptions on the nature of the boundary, we obtain an

analogue of the Borovkov and Novikov (2005) upper bound for the di↵erence between

boundary hitting probabilities for “close boundaries” in the univariate case. We also

obtain upper bounds for the first boundary crossing time densities.
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Chapter 1

Introduction

This thesis presents the results of a research project motivated by three related

sojourn time and boundary crossing problems for the Brownian motion process. A

notable feature of our results is that the solution to one of these problems led us in

a natural way to study random equations and iterated random functions.

Many of the results we present extend known univariate results to a multidimen-

sional setting. In addition, we will often encounter beta distributions (and Dirichlet

distributions in the multidimensional setting) as the laws of the positive (or neg-

ative) sojourn times for the Brownian motion process and associated conditioned

processes such as the Brownian bridge, and as the limiting distribution in a number

of special cases of iterated random functions.

The first two motivating problems concern two well-known results on the positive

(or negative) sojourn time for the standard Brownian motion and bridge processes

on the unit interval. In the first, we explore the essential properties of the Brownian

bridge process that ensure that its sojourn time below the axis is uniformly dis-

tributed. This problem had actually been studied in several papers recently, where

it was shown that this uniform law is a property common to processes with cyclically

exchangeable increments (CEI) satisfying an additional condition ensuring that the

time spent at zero has zero Lebesgue measure. We sought a multivariate extension

of this result, obtaining a uniform law for sojourn measures of random fields with

general parameter sets that possess a suitable analogue of the CEI property in the

random fields setting.
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Our second problem concerns the positive sojourn time of the standard Brown-

ian motion process. In particular, we searched for a simple probabilistic argument

relating that random time to the time of the last zero before time 1 (or, equiva-

lently, the maximum up to time 1). Apparently the simplest argument was that

used by P. Lévy [L39] in his original proof that the positive sojourn time has the

arcsine law. That approach involved decomposing the positive sojourn time of the

Brownian path into the segments before and after the last zero.

Our contributions originated by observing that Lévy’s decomposition yields a

random equation with an arcsine distributed solution. Extending a result due to

E. J. G. Pitman [P37], we solve the random equation by solving an equivalent ran-

dom equation with a gamma distributed solution. Observing that the backward

iterations of the random equation describe a nested interval scheme, while forward

iterations generate an ergodic Markov chain, we obtain that the limiting distribu-

tions of these processes is the arcsine distributed solution to the original random

equation. Generalising the original random equation in several ways, and armed

with our new technique, we prove a number of new results on the limiting distribu-

tions of such processes and generalisations thereof.

In our final problem, we consider boundary crossing probabilities for the multi-

variate Brownian motion process. The computation of these probabilities arise in

a number of applied problems, most notably in mathematical finance, where such

probabilities are used, for instance, in barrier options’ pricing. However, even in

the univariate case, closed form expressions for boundary crossing probabilities are

only available in a few special cases. An alternative approach is to approximate the

boundary crossing probability by computing that probability for another boundary

for which the computation is feasible. To use the approximation, one must bound

the di↵erence between boundary crossing probabilities for the original boundary on

the one hand side and the approximating boundary on the other. The main goal in

the last problem was to provide such a bound.

The thesis is structured as follows. In the next section we introduce some key

definitions and results required for a more detailed discussion of our motivating

sojourn time and boundary crossing problems in Section 1.2.

In Chapter 2 we survey the available literature relevant to this thesis. We begin

2



by reviewing extensions of the uniform law for the sojourn time above the axis of

the Brownian bridge process to wider classes of processes. In Section 2.2 we discuss

several special cases of the nested interval schemes on the unit interval that have

appeared previously, while some relevant special cases of Markov chains on the unit

interval are discussed in Section 2.3. Sections 2.4 and 2.5 survey the literature on

randomly weighted averages and products of i.i.d. random stochastic matrices that

are related to the random equation from our second problem. Section 2.6 is devoted

to the literature review related to our last problem. First we review exact solutions

for boundary crossing probabilities for the multidimensional Brownian motion. Then

we consider some approximation methods for the univariate Brownian motion that

have appeared previously.

The original research presented in this thesis is contained in Chapters 3–7. In

Chapter 3 we solve our first problem by providing an extension of the uniform law

for the negative sojourn time of processes with cyclically exchangeable increments

to the case of random fields.

Chapters 4–6 contain the results of research related to our second problem. In

Chapter 4, we consider several special cases of a class of random equations that

includes the original equation obtained from Lévy’s decomposition of the Brownian

motion, and study the nested interval schemes and Markov chains generated in

each case. In Chapter 5 we consider a more general version of the Markov chains

generated by the forward iterations from Chapter 4, while in Chapter 6 we study

the forward and backward products of i.i.d. random stochastic matrices that arise

as the natural multivariate extension of the iterations from Chapter 4.

Chapter 7 is devoted to our third problem, where we provide a bound for the

di↵erence between boundary crossing probabilities of two “close boundaries” for the

multivariate Brownian motion process.

The content of these chapters and how they arose from the motivating problems

introduced above are discussed further in Section 1.2 below.
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1.1 Preliminaries

In this section we briefly review the material from probability theory that will be

fundamental to the sequel. This short review is intended to introduce the notation,

objects and some key results that we will require. As such, we assume the reader

is familiar with the fundamentals of probability theory and stochastic processes,

stochastic calculus and the Brownian motion process (see e.g. [F71], [O07], and

[MP10], respectively).

1.1.1 Brownian motion and related processes

A continuous time real-valued process {Wt}t�0

is called a Brownian motion started

at x 2 R if the following properties hold (see e.g. p.7 in [MP10]):

(i) W
0

= x,

(iii) for 0  s  t, Wt �Ws is independent of �(Wu, u  s),

(ii) for 0  s  t, Wt�Ws is normally distributed with mean 0 and variance t�s,

(iv) the sample paths of {Wt} are continuous almost surely (a.s.).

We call the process {Wt}t�0

a standard Brownian motion if x = 0.

There is a vast literature devoted to the study of functionals of the Brownian mo-

tion process (see e.g. [BS02]). One important functional is the time that a standard

Brownian motion first crosses an upper (or lower) linear boundary. The distribution

and density of that time is known explicitly. Specifically, for c 2 R and ", t, z > 0,

and denoting by � the standard normal distribution function, one has

P
✓

sup
0st

(Ws � cs)  "

◆

= �
�

c
p
t+ "/

p
t
�

� e�2c"�
�

c
p
t� "/

p
t
�

(1.1)

and

P
⇣

inf{s : Ws � cs = z} 2 dt
⌘

=
zp

2⇡t3/2
exp

✓

�(z + ct)2

2t

◆

dt (1.2)

(see e.g. 1.1.4 on p.250 and 2.0.2 on p.295 of [BS02], respectively).
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An important functional of the Brownian motion process is its running maximum

{W t}t�0

given by

W t := max
0st

Ws, t � 0. (1.3)

We will similarly denote by {Bt} the maximum process of the Brownian bridge

{Bt}0tl which can be defined as follows. For x, y 2 R, the Brownian bridge from

x to y of length l > 0 is the process {Bt}0tl given by

Bt := Wt �
t

l
(Wl � y), 0  t  l. (1.4)

Recall that the Brownian bridge can also be defined as the Brownian motion on [0, l]

conditioned on W
0

= x and Wl = y. We call the process {Bt} a standard Brownian

bridge if (x, y, l) = (0, 0, 1).

The last problem we consider in this thesis concerns the boundary crossing prob-

abilities for the multidimensional Brownian motion process, which is defined as fol-

lows. Let W (1), . . . ,W (m) be m independent Brownian motions stared at x
1

, . . . , xm,

respectively. The process {W t}t�0

defined by

W t := (W (1)

t , . . . ,W (m)

t ) (1.5)

is called an m-dimensional Brownian motion process started at x = (x
1

, . . . , xm). If

x = 0 := (0, . . . , 0), we call it a standard m-dimensional Brownian motion.

A process closely related to the m-dimensional Brownian motion is the m-

dimensional Bessel process {Rt}t�0

defined as the radial part of W t:

Rt :=
q

�

W (1)

t

�

2

+
�

W (2)

t

�

2

+ · · ·+
�

W (m)

t

�

2

, t � 0. (1.6)

It satisfies the stochastic di↵erential equation (SDE)

dRt =
m� 1

2Rt

dt+ dWt, t > 0, R
0

= kxk > 0, (1.7)

where {Wt}t�0

is a standard univariate Brownian motion process (see e.g. p.148 in

[O07]; we assume that the reader is familiar with the fundamentals of Itô stochastic

calculus)
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Similar to the above, we define the m-dimensional Brownian bridge {Bt}0tl

from x 2 Rm to y 2 Rm of length l by

Bt := W t �
t

l
(W l � y), 0  t  l. (1.8)

It is the solution the SDE

dBt =
y �Bt

l � t
dt+ dW t, 0 < t < l, (1.9)

(see e.g. p.64 in [BS02]).

For t > 0, we define the time-reversed Brownian motion {Xs}0st by

Xs := W t�s �W t, 0  s  t.

Note that {Xs}0st is a standard m-dimensional Brownian motion on [0, t] since it

is continuous and its finite dimensional distributions are Gaussian with the required

covariances.

1.1.2 Distributions and special functions

For positive integers r and c, denote by Mr,c the set of r ⇥ c matrices (pi,j)ri=1

c
j=1

such that all pi,j � 0, and by Pr,c ⇢ Mr,c its subclass of matrices with
Pc

j=1

pi,j = 1,

i = 1, . . . , r. Let M+

r,c and P+

r,c be the subclasses of all positive matrices from Mr,c

and Pr,c, respectively (by a positive matrix/vector we mean a matrix/vector with

all positive entries), and set R
+

:= (0,1). Clearly, Pd := Pd,d consists of all d ⇥ d

stochastic matrices, with P+

d := P+

d,d its subclass of positive stochastic matrices. We

similarly define Md := Md,d and M+

d := M+

d,d. For a matrix (Zi,j) 2 Mr,c, we

denote its row sums by

Zi• :=
c
X

j=1

Zi,j, i = 1, . . . , r,
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and it column sums by

Z•j :=
r
X

i=1

Zi,j, j = 1, . . . , c.

Similarly, for a vector (Y
1

, . . . , Yc), we denote the sum of its components by

Y• :=
c
X

i=1

Yi.

For a random element X, we denote its distribution by L(X) and write X ⇠ F

if F = L(X). If Y ⇠ FY is independent of X ⇠ FX , we write FX ⌦ FY for the law

of (X, Y ).

We denote by �a the gamma distribution with scale parameter 1 and shape

parameter a > 0, with density

ua�1e�u

�(a)
, u > 0,

where �(a) is the gamma function. An important feature of the gamma distribution

that we will use in this thesis is that its characteristic function has a very simple

closed form. Specifically, for X ⇠ �a, one has

EeitX = (1� it)�a, t 2 R. (1.10)

A well-known property of the gamma distribution is that the sums of independent

gamma distributed random variables with the same scale parameter are also gamma

distributed. In particular, if

(X
1

, . . . , Xd) ⇠ �a1 ⌦ · · ·⌦ �ad then X• ⇠ �a• . (1.11)

An important characterisation of the gamma distribution is as follows (cf. [L55]).

Theorem 1.1 ([L55]). Suppose that X
1

, X
2

> 0 are independent non-degenerate

random variables. Then X
1

and X
2

are gamma distributed with a common scale

parameter if and only if X
1

+X
2

is independent of X
1

/(X
1

+X
2

).
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It follows that for (X
1

, X
2

) ⇠ �a1 ⌦ �a2 , one has

X
1

d
=

X
1

X
1

+X
2

( eX
1

+ eX
2

), (1.12)

where ( eX
1

, eX
2

) is an independent copy of (X
1

, X
2

).

For parameters a
1

, a
2

> 0, we denote by �(a
1

, a
2

) the beta distribution with

density

B(a
1

, a
2

)�1ua1�1(1� u)a2�1, 0 < u < 1,

where B(a
1

, a
2

) is the beta function defined by

B(a
1

, a
2

) :=

Z

1

0

ua1�1(1� u)a2�1 du.

A well-known relation between beta and gamma random variables is as follows. For

(X
1

, X
2

) ⇠ �a1 ⌦ �a2 , one has

X
1

X
1

+X
2

⇠ �(a
1

, a
2

).

For a positive vector a = (a
1

, . . . , ad), we denote by D
a

the Dirichlet distribution

on the standard simplex Sd := P
1,d with density

�(a•)
d
Y

i=1

uai�1

i

�(ai)
, (u

1

, . . . , ud) 2 Sd,

with respect to d�1/2⌫, where ⌫ is the (d� 1)-dimensional Lebesgue measure on Sd.

Alternatively, one can represent this distribution as having density

�(a•)
d
Y

i=1

uai�1

i

�(ai)
, ud := 1�

d�1

X

i=1

ui,

on the projection
⇢

(u
1

, . . . , ud�1

) 2 Rd�1

+

:
d�1

X

i=1

ui  1

�

of Sd on the (d�1)-dimensional space spanned by the first (d�1) coordinates, with

respect to the (d� 1)-dimensional Lebesgue measure.
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We denote by G
a

the distribution �a1 ⌦ · · · ⌦ �ad on M
1,d. It follows from

Theorem 1.1 that, for (X
1

, . . . , Xd) ⇠ �a1 ⌦ · · ·⌦ �ad , one has that

X• is independent of

✓

X
1

X•
, . . . ,

Xd

X•

◆

, (1.13)

and so

(X
1

, . . . , Xd)
d
=

✓

X
1

X•
, . . . ,

Xd

X•

◆

eX•, (1.14)

where ( eX
1

, . . . , eXd) is an independent copy of (X
1

, . . . , Xd).

For A = (ai,j) 2 M+

r,c, the Dirichlet distribution DA on Pr,c is the law of the

matrix (Xi,j) 2 Pr,c, such that

Xhii := (Xi,1, . . . , Xi,c) ⇠ D
(ai,1,...,ai,c)

and the row vectors Xh1i, . . . , Xhri are independent. Similarly, by GA we denote the

law of the matrix (Zi,j) 2 Mr,c, such that Zhii = (Zi,1, . . . , Zi,c) ⇠ G
(ai,1,...,ai,c) and

Zh1i, . . . , Zhri are independent.

In Chapter 4 we will encounter random variables that are products of indepen-

dent beta and gamma distributed random variables. It turns out that the charac-

teristic functions of such random variables can be written in terms of the Gauss

hypergeometric function

2

F
1

(a, b; c; ⌘) = B(b, c� b)�1

Z

1

0

ub�1(1� u)c�b�1(1� u⌘)�a du, (1.15)

for ⌘ 2 C, Re(c) > Re(b) > 0, and |arg(1 � ⌘)| < ⇡ (see e.g. 15.3.1 in [AS64]).

This well-studied function is known to satisfy a large number of relations (see e.g.

Chapter 15 in [AS64]). In particular, we will use the relations

2

F
1

(a, b; b; ⌘) = (1� ⌘)�a, (1.16)

(b� a)
2

F
1

(a, b; c; ⌘) + a
2

F
1

(a+ 1, b; c; ⌘) = b
2

F
1

(a, b+ 1; c; ⌘), (1.17)

and

2

F
1

(a, b; c; ⌘) = (1� ⌘)c�a�b
2

F
1

(c� a, c� b; c; ⌘), (1.18)
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see e.g. 15.1.8, 15.2.14, and 15.3.3 in [AS64], respectively.

1.1.3 Iterated random functions

Iterated random functions are often useful in the study of the stationary distri-

butions of Markov chains, and can also be used to give bounds on the rates of

convergence. The basic idea is that Markov chains can be constructed by iterat-

ing random functions on the state space E. More specifically, suppose there is a

family {f✓ : ✓ 2 ⇥} of functions that map E to itself (not necessarily injective or

bijective) with f✓(x) jointly measurable in (✓, x), and a probability distribution µ

on ⇥. An i.i.d. sequence ✓
1

, ✓
2

, . . . with distribution µ generates an i.i.d. sequence of

random functions f✓1 , f✓2 , . . . The forward iterations of the mappings are given by

the compositions

Xn(·) := (f✓n � f✓n�1 � · · · � f✓1)(·), n � 1, X
0

(·) = id(·), (1.19)

while the backward iterations of the mappings are given by

Yn(·) := (f✓1 � f✓2 � · · · � f✓n)(·), Y
0

(·) = id(·), (1.20)

where f � g(·) := f(g(·)), and id(·) is the identity function. The theory of forward

and backward iterations of i.i.d. random functions is well-established (see e.g. [CL91,

DF99, L86]). Here we will only summarise the results relevant to this thesis.

It is clear that Xn(·) has the same distribution as Yn(·) for each n. However, the

properties of the forward and backward processes are very di↵erent. Under a broad

contraction condition, for any fixed x 2 E, the forward sequence {Xn(x)}n�0

is an

ergodic Markov chain, while the backward sequence {Yn(x)}n�0

converges a.s. and

is not in general a Markov chain (see e.g. [DF99]).

The following theorem due to Letac [L86] gives a simple way to prove that the

Markov chain {Xn(x)}n�0

is ergodic and to obtain its stationary distribution.

Theorem 1.2 ([L86]). Assume that Y := limn!1 Yn(x) a.s. exists and does not

depend on x. Then the Markov chain {Xn(x)}n�0

is ergodic with stationary distri-

bution L(Y ).
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1.2 The three motivating problems

We will now discuss in more detail the sojourn time and boundary crossing problems

for the Brownian motion process that motivated the work in this thesis.

1.2.1 An equidistribution theorem

Among the most interesting and important problems on the pathwise behaviour of

random processes is the one on the distribution of the time spent by the trajectory of

the process below (or above) a given (possibly random) line. The simplest question

to be asked in that context is, of course, whether the trajectory of the process will

cross that line at all. Historically, the first problem of that kind was perhaps the

famous ballot theorem that e↵ectively asserts that, for a simple symmetric random

walk conditioned to be at point �k < 0 at time n, the probability that the trajectory

will stay below zero on (0, n] is k/n (for a historical background and the development

of ballot theorems, see [T97]). That result is an immediate consequence of a simple

invariance property of the random walk and can readily be extended to random

walks with cyclicly exchangeable integer-valued jumps � �1 (see e.g. Theorem 7.6.1

in [T97]).

It turned out that there are more interesting distributional results for sojourn

times that are also simple consequences of some invariance properties of the processes

in question. One of them is the uniform law for the sojourn time of the positive half-

axis in a simple symmetric random walk conditioned to be at zero at the terminal

time. That result is called the Equidistribution Theorem in Feller’s textbook [F68]

(cf. Section 9 on p.94) and is as follows. Let n � 1 be an integer. Consider all the

polygonal paths with nodes at the points at (k, sk), k = 0, . . . , 2n such that s
0

= 0,

sk = sk ± 1 for k = 0, 1, . . . , 2n � 1, and s
2n = 0. Then the number of such paths

such that exactly 2k of the paths edges lie above the axis is independent of k.

The continuous time analog of the above result is the uniformity of the distri-

bution of the time spent above zero by the standard Brownian bridge on [0, 1], the

result going back to [L39] (as discussed above, that paper also contained the arcsine

law for the positive sojourn time of the Brownian motion on [0, 1], see Section 1.2.2

below).
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Theorem 1.3 ([L39]). For a standard Brownian bridge {Bt}t2[0,1] with associated

maximum process {Bt}t2[0,1], the random variables

⌧ 0
1

:= inf{t : Bt = B
1

} and ⌧ 0
2

:=

Z

1

0

1{Bs>0}ds

are both uniformly distributed on [0, 1], where 1A denotes the indicator function for

event A.

In recent years a number of papers appeared that are devoted to extending the

uniform law for the positive sojourn time of the Brownian bridge process. That

research culminated in the observation that the uniform law for the positive sojourn

time is a property shared by bridge processes satisfying the CEI property (and satis-

fying an additional condition ensuring the the time spent at axis has zero Lebesgue

measure). We will now present a rather nice example illustrating that observation

for the empirical process En(t) of n i.i.d. uniformly distributed points U
1

, . . . , Un on

[0, 1] which is defined by

En(t) :=
p
n

 

1

n

n
X

i=1

1{Uit} � t

!

.

0.2 0.4 0.6 0.8 1.0
t

-0.4

-0.2

0.2

0.4

En HtL

Figure 1.1: A sample path of the Empirical Process En(t) for n = 5.

Direct verification that the time spent by En above zero is uniformly distributed

is trivial for n = 1, takes some work when n = 2, and is a rather di�cult computation
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for n = 3.

However, since En(0) = En(1) = 0, one can view the process En as given on the

unit circle S1 using, say, the natural complex number parametrisation

eEn(e
2⇡it) := En(t), t 2 [0, 1).

For a given trajectory En, denote by v the sojourn time above the axis. Then for

that given realisation En, the set of times {t 2 [0, 1] : En(t) > 0} corresponds to

those times for which the cyclically rotated process

eEt
n(e

2⇡i·) := eEn

�

e2⇡i[·+t(mod 1)]

�

� eEn(e
2⇡it)

spends less than v time units below zero. In particular, we have that

⌫

⇢

t 2 [0, 1) :

Z

1

0

1{ eEt
n(e

2⇡iu
)> eEt

n(0)}
du < v

�

= v,

where ⌫ denotes the Lebesgue measure on [0, 1]. Since this equality holds for each

fixed En, we obtain the desired result.

It is clear that essentially the same argument holds for the significantly larger

class of CEI processes. The recent literature on the uniform law for CEI processes

led us to consider the following problem.

Problem 1: Can the uniform law for CEI processes be extended to a multivari-

ate setting?

It turned out that one can, in a rather natural way, extend the uniform law of

CEI processes to the case of random fields. In particular, we prove a uniform law for

sojourn measures of random fields possessing an invariance property that is similar

to the CEI property in the univariate case.

In section Section 2.1 we review the literature devoted to the study of the uniform

law for CEI processes. Our extension to the case of random fields as well as two

interesting examples of random fields satisfying the required invariance property are

presented in Chapter 3.
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1.2.2 The arcsine laws for Brownian motion

The second problem we considered concerns the following celebrated results due to

P. Lévy [L39].

Theorem 1.4. (Lévy’s First Arcsine Law) For a standard Brownian motion {Wt}t2[0,1]
with maximum W

1

= maxt2[0,1] Wt, the random variables

⌧
1

:= inf
n

t 2 [0, 1] : Wt = W
1

o

and ⌧
2

:= sup
n

t 2 [0, 1] : Wt = 0
o

are both arcsine distributed.

Theorem 1.5. (Lévy’s Second Arcsine Law) For a standard Brownian motion

{Wt}t2[0,1], the positive sojourn time

⌧
3

:=

Z

1

0

1{Ws>0} ds

has the arcsine distribution.

The fact that that the distributions of ⌧
1

and ⌧
2

coincide can be shown using a

simple probabilistic argument that follows from another theorem due to P. Lévy.

Theorem 1.6. (Lévy’s Theorem) For a standard Brownian motion {Wt}t�0

with

associated maximum process {W t}t�0

, the process {Yt}t�0

defined by

Yt := W t �Wt, t � 0,

is a reflected Brownian motion.

Indeed, using Theorem 1.6, we easily obtain that

P(⌧
2

 t) = P
⇣

sup{s 2 [0, 1] : Ws = 0}  t
⌘

= P
⇣

sup{s 2 [0, 1] : |Ws| = 0}  t
⌘

= P
⇣

sup{s 2 [0, 1] : W s = Ws}  t
⌘

= P(⌧
1

 t).
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A common approach to prove Lévy’s second arcsine law is to use a combinatorial

argument to establish a link between the first maximum and the number of posi-

tive or negative terms for a simple random walk, and then use Donsker’s invariance

principle to extend this to the Brownian motion process (see e.g. p.137 in [MP10]).

This apparent lack of a simple probabilistic argument led us to consider

Problem 2: Is there a simple probabilistic argument showing that ⌧
3

has the

same distribution as either ⌧
1

or ⌧
2

?

However, it turned out that there does exists a simple argument due to P. Lévy

[L39] in his original proof that ⌧
3

has the arcsine law (see also Section 1 of [PY92]

for a nice summary of Lévy’s approach). That approach involved decomposing the

positive sojourn time of the Brownian path into the segments before and after ⌧
2

.

In particular, conditioning on ⌧
2

= t, Lévy showed that the process up to time t (i.e.

{Ws}0st) is a Brownian bridge of length t. Observing that the positive sojourn

time of the Brownian bridge is uniformly distributed (Theorem 1.3), and that the

trajectory after the last zero is equally likely to be positive of negative independently

of the trajectory segment prior to the last zero (see e.g. Section 3.1.2 in [MY06]),

we have that

⌧
3

=

Z

1

0

1{Wt>0} dt

=

Z ⌧2

0

1{Wt>0} dt+

Z

1

⌧2

1{Wt>0} dt

d
= U⌧

2

+ I
1/2(1� ⌧

2

),

where (U, I
1/2) ⇠ U [0, 1] ⌦ Be(1/2) is independent of ⌧

2

and Be(p) denotes the

Bernoulli distribution with success probability p 2 (0, 1). It is not hard to show

that ⌧
3

is arcsine distributed by showing that the right hand side of the last equality

above is arcsine distributed.

Note that the same approach can be used to show that (⌧
3

|W
1

< 0) ⇠ �(1/2, 3/2)

(and similarly that (⌧
3

|W
1

> 0) ⇠ �(3/2, 1/2)). Arguing as above, it su�ces to show
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that

U⌧
2

⇠ �(1/2, 3/2)

for (U, ⌧
2

) ⇠ U [0, 1] ⌦ �(1/2, 1/2), which follows from the well-known fact that

AB
d
= C for (A,B) ⇠ �(a + b, c) ⌦ �(a, b), and C ⇠ �(a, b + c) (see e.g. p.55 in

[GN04]).

Now consider the random equation in X:

X
d
= UX + I

1/2(1�X), (1.21)

with (U, I
1/2) ⇠ U [0, 1] ⌦ Be(1/2) independent of the random variable X on the

right hand side. We will say that a random equation in X has solution X ⇠ F if,

for X ⇠ F , the left and right hand sides of the equation are equal in distribution.

A number of our original contributions originated with the observation that the

above implies that X ⇠ �(1/2, 1/2) satisfies the random equation (1.21). This

observation raised the following rather natural questions.

(i) Is the solution to (1.21) unique in distribution? More generally, if one considers

the random equation

X
d
= AX +B(1�X), (A,B) 2 [0, 1]2 is independent of X, (1.22)

under what conditions on (A,B) will the solutionsX be unique in distribution?

(ii) What conditions on (A,B) would ensure that the solutions to (1.22) are beta

distributed?

(iii) Does equation (1.22) arise in other applications?

(iv) Are there meaningful and useful multivariate extensions of equation (1.22) ?

First we will address question (i). Rearranging (1.21) we obtain

X
d
= (A� B)X +B,
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which is a special case of the perpetuity equation

V
d
= DV + C, (D,C) 2 R2 is independent of V. (1.23)

It turns out that the uniqueness of solutions to the perpetuity equation (1.23) is

related to the asymptotic, as n ! 1, behaviour of the iterations

Vn = DnVn�1

+ Cn, n � 1, (1.24)

where (Dn, Cn) are i.i.d. R2-valued random vectors with the same distribution as

(D,C). The key reference on the recursions (1.24) is [V79], where su�cient condi-

tions for the existence and uniqueness of the limiting distribution of Vn as n ! 1
are given. In particular, if the condition

n
X

k=1

log|Dk|
d! �1, n ! 1, (1.25)

is met, then Lemma 1.5 in [V79] implies that any solution V of (1.23) is unique in

distribution and Vn converges in distribution to V for all V
0

.

Another notable paper is [K73], where a multidimensional version of (1.24) is

studied (i.e. Cn and Dn are d ⇥ d matrices, and Vn is a d-dimensional vector). A

number of studies have also considered special cases of (1.24), where the stationary

distribution is found by solving random equation (1.23) (see [CL91, V79] and refer-

ences therein), however there are relatively few special cases where explicit formulae

for the stationary distributions are known. The processes we consider in Chapter

4 are generated by several special cases of perpetuity equation (1.23) that admit

closed form solutions that have not appeared in the literature.

Returning to our original equation (1.22), this implies that if the condition

P(|A� B| = 1) < 1 (1.26)

holds (which is equivalent to L(A,B) not being concentrated on {(1, 0), (0, 1)} and

which ensures that (1.25) holds for Dn = An �Bn), then the solution X of (1.22) is
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unique (in distribution). Further, starting from a fixed X
0

= x 2 [0, 1] and setting

Xn := (An � Bn)Xn�1

+Bn, n � 1, (1.27)

where (An, Bn) are i.i.d. [0, 1]2-valued random vectors with distribution µ̂ := L(A,B),

one has that Xn
d! X as n ! 1 for all x 2 [0, 1].

Note that the so defined process {Xn} can also be written as the forward iteration

Xn+1

(·) = Fn+1

(Xn(·)) of i.i.d. random mappings

Fn := fAn,Bn , n � 1, (1.28)

which are random elements of the family

F = {fa,b(x) = ax+ b(1� x) : (a, b) 2 [0, 1]2} : (1.29)

Xn(·) := Fn � Fn�1

� · · · � F
1

(·), n � 1, X
0

(·) = id(·), (1.30)

where Xn from (1.27) is given by Xn(x) from (1.30). Similarly, the backward itera-

tions Yn+1

(·) = Yn(Fn+1

(·)) of these mappings are given by

Yn(·) := F
1

� F
2

� · · · � Fn(·), n � 1, Y
0

(·) = id(·), (1.31)

where clearly Xn(·) has the same distribution as Yn(·) for each n. However, the

properties of the forward and backward processes are very di↵erent. Under a broad

contraction condition, for any fixed x 2 [0, 1], the forward sequence {Xn(x)}n�0

is an ergodic Markov chain, while the ranges of the backward mappings (1.31) is

a sequence of nested intervals with lengths that converge to zero a.s., and for a

fixed x 2 [0, 1], is not in general a Markov chain (see e.g. [DF99]). In addition, the

limiting distributions for the two sequences coincide due to the following contraction

principle (cf. Theorem 1.2 above). If

lim
n!1

Yn(x)
a.s.�! Y, Y does not depend on x, (1.32)

which follows from condition (1.26), then the Markov chain {Xn(x)}n�0

is ergodic
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with stationary distribution given by the law of Y .

Further, observe that the right hand side of the random equation (1.22) has

the form of the randomly weighted average Z of random variables A and B by W ,

defined by

Z := AW +B(1�W ), (A,B) is independent of W. (1.33)

One can consider a more general random weighting

Z = A
1

W
1

+ A
2

W
2

+ · · ·+ AdWd, d � 2, (1.34)

where the random weight vector (W
1

, . . . ,Wd) 2 Sd (cf. p.8 above) is independent

of (A
1

, . . . , Ad).

In Chapter 4, we consider several special cases of such Markov chains and nested

interval schemes related to the random equation (1.22). In particular, we establish

the equivalence between beta distributed solutions to random equation (1.22) and

gamma distributed solutions to another random equation. This proposition allows

us to easily establish the explicit form of the beta distributed solutions to (1.22) in

a number of special cases. We also provide some new examples of beta distributed

randomly weighted averages Z defined by (1.33) and (1.34).

It turns out that, under certain conditions on L(A,B), the forward process (1.30)

is a “donkey walk” on [0, 1], the name originating from the well-known story of

Buridan’s donkey (attibuted to the French scientist and philosopher Jean Buridan

(1295–1358)), where an equally hungry and thirsty donkey that is halfway between

a food and water dies from indecision (see e.g. [SP00, L02]). In order to survive,

the donkey must move, and the model we will now describe can be thought of as a

donkey moving randomly towards food or water. Starting from a point x 2 [0, 1] and

for some fixed p 2 (0, 1), the donkey moves left the distance Lx with probability p,

or right the distance R(1�x) with probability 1�p, where L and R are [0, 1]-valued

random variables. The donkey continues moving in this way, each new step being

independent of the past.

In Chapter 5, we consider an extension of this donkey walk, where the probability

19



p is a function of the donkey’s current location (see e.g. [P09, RL10]) . Under simple

broad conditions, we establish the ergodicity of this “extended donkey walk” and

then derive closed form expressions for the stationary densities of the chains when the

proportions L and R have beta distribution �(1, a) with second parameter positive.

Lastly, observe that the forward and backward process are also related to prod-

ucts of i.i.d. 2 ⇥ 2 random stochastic matrices since the processes can be written

equivalently as

(Xn(x), 1�Xn(x)) = (x, 1� x)

0

@

A
1

1� A
1

B
1

1� B
1

1

A · · ·

0

@

An 1� An

Bn 1� Bn

1

A , (1.35)

and

(Yn(x), 1� Yn(x)) = (x, 1� x)

0

@

An 1� An

Bn 1� Bn

1

A · · ·

0

@

A
1

1� A
1

B
1

1� B
1

1

A , (1.36)

respectively. If the contraction condition (1.26) holds, then (1.32) also holds, and

so it is clear that for the left product we have that

0

@

An 1� An

Bn 1� Bn

1

A · · ·

0

@

A
1

1� A
1

B
1

1� B
1

1

A

a.s.�!

0

@

Y 1� Y

Y 1� Y

1

A (1.37)

as n ! 1, where Y := limn!1 Yn(x) a.s., and for the right product we have that

0

@

A
1

1� A
1

B
1

1� B
1

1

A · · ·

0

@

An 1� An

Bn 1� Bn

1

A

d!

0

@

X 1�X

X 1�X

1

A

d
=

0

@

Y 1� Y

Y 1� Y

1

A

as n ! 1, where X satisfies the random equation (1.22) that can be equivalently

written as

(X, 1�X)
d
= (X, 1�X)

0

@

A 1� A

B 1� B

1

A . (1.38)

Clearly, the left and right products above are special cases of the left and right

products of i.i.d. d⇥ d stochastic matrices M(1),M(2), . . . We study these products

in the general case when d � 2 in Chapter 6. In particular, we obtain an equivalence
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relation similar to that presented in Chapter 4, which allows us to characterise the

class of distributions of random stochastic matrices M with the property that the

products M(n)M(n�1) · · ·M(1) of i.i.d. copies M(k) of M converge a.s. as n ! 1
and the limit is Dirichlet distributed.

1.2.3 Boundary crossing approximations

Let W = {W t = (W (1)

t , . . . ,W (m)

t )}t�0

be the standard m-dimensional Brownian

motion process, W
0

= 0. For a fixed T < 1, let G be the class of open sets

G ⇢ (0, T ) ⇥ Rm (the first component representing time), with (0,0) 2 @G, where

@G denotes the boundary of G..

In a number of applied problems (one notable example being barrier options’

pricing), one needs to compute the probability

P (G) := P((t,W t) 2 G, t 2 (0, T )) (1.39)

for W to stay within a given set G in the time-space during the time interval (0, T ).

It is well known that that can be done by solving the respective boundary value

problem for the heat equation in m dimensions (see e.g. Section 4.3C in [KS98] for

a discussion of the univariate case and [PW08] for an e�cient numerical scheme for

computing P (G) for cylindric sets G).

In the case of general G 2 G, a possible approach to approximate evaluation of

P (G) in nontrivial univariate cases is to approximate G with another set eG 2 G for

which the computation of P ( eG) is tractable. For instance, when

G = {(t, x) : t 2 (0, T ), g�(t) < x < g
+

(t)}, (1.40)

where g�(t) < g
+

(t) are smooth enough continuous functions, one could use a eG

of the same nature but with piece-wise linear boundaries eg± approximating g±,

respectively. Recall that, for such boundaries, the problem of calculating P ( eG)

reduces (by conditioning on the process’ values at the times where the boundaries’

have their “junction points”) to calculating the values of multivariate normal CDFs.

To justify the use of such approximations, however, one must provide bounds for
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the approximation error |P (G)�P ( eG)|. In the univariate case, rather tight bounds

of such type were obtained for the one-dimensional Brownian motion [BN05] and

then extended to time-homogeneous univariate di↵usions process [DB08]. The third

problem we will consider in this thesis is an extension of the outlined approximation

approach to the multivariate case.

Problem 3: Provide a bound for the approximation error |P (G) � P ( eG)| for
the case of general G 2 G.

The above Problem 3 is the subject of Chapter 7, where under broad assumptions

on G, we obtain the desired bound for |P (G)�P ( eG)|. We also obtain upper bounds

for the first boundary crossing time densities.
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Chapter 2

Literature Review

In this chapter we briefly review the approaches and results found in the literature

that are relevant to the problems considered in this thesis. We present each topic in

chronological order so that the progression is clear to the reader. In some cases, we

will present proofs to illustrate the standard techniques used in the literature. We

do this to demonstrate how our approach di↵ers from those standard techniques.

The notation used in this chapter is not intended to carry over to subsequent

chapters, unless referred to specifically at a later point.
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2.1 Sojourn times for bridge processes

We begin by reviewing the literature concerning extensions of Lévy’s uniform law

for the positive (or negative) sojourn time of the Brownian bridge process to wider

classes of processes.

2.1.1 Lévy processes

Let X = {Xt}t�0

, X
0

= 0, be a process with stationary independent increments (i.e.

a Lévy process).

The uniform law for the positive sojourn time of the Brownian bridge pro-

cess was extended first to the case of Lévy bridges X(t) := {Xt|X1

= 0}
0t1

by

Getoor and Fitzsimmons in [FG95]. That is, they showed that the occupation time
R

1

0

1{X(s)>0} ds is uniformly distributed on [0, 1] (see Theorem 3.1 in [FG95]).

The proof of Theorem 3.1 in [FG95] is rather long and so we will not review it

here. However, it is based on the application of Fourier-Laplace transforms and an

entire function argument that was used in Kac’s derivation of the arcsine law for

symmetric stable processes (see [K51]).

2.1.2 Processes with exchangeable increments

Let X = {Xt}t2[0,1], X0

= 0, be a process with exchangeable increments with tra-

jectories from the space D[0, 1] of right-continuous, left-limited functions on [0, 1].

That is, processes {Xt} such that, for each n, one has

n

X k
n
�X k�1

n

o

1kn

d
=

n

X�(k)
n

�X�(k)�1
n

o

1kn

for every permutation � of {1, 2, . . . , n}.
In [K96], necessary and su�cient conditions are obtained for the sojourn time

of Yt := Xt � tX
1

below zero to be uniformly distributed. The key results in [K96]

relevant to this thesis are formulated for an arbitrary measurable function f(t),

0  t < 1. Introduce the sojourn function of f by

F (f, x) :=

Z

1

0

1{f(t)x} dt, x 2 R. (2.1)
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The value F (X, x) is the random duration of time the process X spent at or below

the level x during the time interval [0, 1].

For u 2 [0, 1) and function f , let

f
(u)(t) := f((t+ u)mod 1)� f(u). (2.2)

That is, the graph of f
(u) is obtained by cutting the graph of f at the point t = u,

interchanging the two segments and translating the result to get f
(u)(0) = 0.

A crucial result in [K96] that is relevant to our study is

Lemma 2.1. ([K96]) Let f have continuous sojourn function, and U ⇠ U [0, 1].

Then

P(F (f
(U)

, 0)  p) = p, p 2 (0, 1).

That is, F (f
(U)

, 0) ⇠ U [0, 1].

The above Lemma 2.1 is applied in [K96] to processes {Xt}, X0

= 0 with trajecto-

ries in D[0, 1] having exchangeable increments. In particular, [K96] uses a represen-

tation theorem to give necessary and su�cient conditions for such processes to have

continuous sojourn distributions (see Lemma 1.2 in [K96]), and for F (Y, 0) ⇠ U [0, 1],

where Yt := Xt � tX
1

, 0  t < 1 (see Lemma 1.3(a) in [K96]).

It turns out that the argument from Knight [K96] also extends (with conditions)

to any measurable bridge process with cyclically exchangeable increments (or, equiv-

alently, any measurable stationary periodic processes on R
+

), as discussed in the

next section.

2.1.3 Processes with cyclically exchangeable increments

For X = {Xt}0t1

, we say that X has cyclically exchangeable increments if, for

any u 2 [0, 1], the process

Xhui(t) :=

8

<

:

Xu+t �Xu +X
0

for 0  t < 1� u,

X
1

�Xu +Xu+t�1

for 1� u  t  1,
(2.3)
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has the same distribution as X. Note that the transformations Xhui defined above

and X
(u) defined by Knight in [K96] are equivalent in the case X

0

= X
1

= 0.

It appears that Kallenberg [K99] was the first to note that the argument from

Knight [K96] also extends to measurable bridge process with cyclically exchangeable

increments as follows.

Theorem 2.2. ([K99], [CHY01]) If X has cyclically exchangeable increments, X(0) =

X(1) = 0 and F (X, ·) is continuous a.s., then F (X, 0) ⇠ U [0, 1].

2.2 Nested interval schemes on the unit interval

In this section, we will review the existing literature on the limiting distributions of

interval splitting and nested interval schemes.

2.2.1 Split and choose the longest subinterval w.p. p

Consider the following interval splitting scheme. Choose a uniformly distributed

splitting point S
1

in [0, 1], and select the larger of the subintervals [0, S
1

], [S
1

, 1] with

probability p, and the smaller with probability 1� p. Continuing this procedure in

the same way independently of the chosen subinterval, we obtain a random sequence

{Sn}n�1

that under broad conditions converges a.s. as n ! 1 to a random variable

which we denote by Yp.

The above described scheme was apparently first studied in the papers [CLZ81,

CGZ84]. The former presented two proofs of the fact that Y
1/2 ⇠ �(1/2, 1/2), and

the latter showed that Y
1

⇠ �(2, 2) and also derived several properties of L(Y
0

).

We will now proceed to prove each of these theorems. Our purpose is to illus-

trate two of the standard techniques used in the literature as they di↵er from the

techniques we will employ to prove several similar results in Chapter 4.

Theorem 2.3. ([CLZ81]) The random variable Y
1/2 has law �(1/2, 1/2).

Proof. Let m(t) := EetY1/2 be the moment generating function of Y
1/2. Conditioning
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on S
1

, we have

m(t) = EE(etY1/2 |S
1

) =

Z

1

0

E(etY1/2 |S
1

= x) dx

=
1

2

Z

1

0

m(tx) dx+
1

2

Z

1

0

etxm(t(1� x)) dx. (2.4)

Setting m(k)(t) := dk

dtk
m(t), k � 1, we obtain

m(1)(t) =
1

2

Z

1

0

xm(1)(t) dx+
1

2

Z

1

0

(1� x)etxm(1)(t(1� x)) dx

+
1

2

Z

1

0

xetxm(t(1� x)) dx,

by di↵erentiating each side of (2.4). Using induction, we obtain

m(k)(t) =
1

2

Z

1

0

xkm(k)(t) dx+
1

2

k
X

j=0

✓

k

j

◆

Z

1

0

(1� x)jxk�jetxm(j)(t(1� x)) dx.

Therefore, since E(Y k
1/2) = m(k)(0) and m(0)(0) = m(0) = 1, we have

E(Y k
1/2) =

1

2
m(k)(0)

Z

1

0

xk dx+
1

2

k
X

j=0

✓

k

j

◆

m(j)(0)B(k � j + 1, j + 1)

=
1

2k

k�1

X

j=0

m(j)(0) =
1

2k

2k � 1

2(k � 1)

k�2

X

j=0

m(j)(0) =

Qk�1

j=1

(2j + 1)
Qk

j=1

2j
=

(2k)!

(
Qk

j=1

2j)2

= 2�2k

✓

2k

k

◆

for k � 1, where the right hand side of the last equality is equal to E(Zk) for

Z ⇠ �(1/2, 1/2). We conclude that Y
1/2 ⇠ �(1/2, 1/2) since Y

1/2 and Z are

bounded with identical moments.

Theorem 2.4. ([CGZ84], [DLS86]) The random variable Y
1

has law �(2, 2).

Proof. We begin by deriving the density of Y
1

on the interval (0, 1/2]. Let F (y) be

the distribution function of Y
1

. Conditioning on S
1

, for y 2 (0, 1/2], we have

F (y) =

✓

Z y

0

+

Z

1/2

y

+

Z

1

1/2

◆

P(Y
1

 y|S
1

= x) dx
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=

Z y

0

F

✓

y � x

1� x

◆

dx+

Z

1

1/2

F
⇣y

x

⌘

dx.

Since by symmetry F (y) = 1 � F (1 � y), y 2 R, one has F
�

y�x
1�x

�

= 1 � F
�

1�y
1�x

�

,

and therefore

F (y) = y �
Z y

0

F

✓

1� y

1� x

◆

dx+

Z

1

1/2

F
⇣y

x

⌘

dx

= y � (1� y)

Z

1

1�y

F (z)

z2
dz + y

Z

2y

y

F (z)

z2
dz.

Di↵erentiating the above equation yields

f(y) :=
d

dy
F (y) = 1 +

Z y

1�y

F (z)

z2
dz +

Z

2y

y

F (z)

z2
dz

+
F (2y)

2y
� F (y)

y
� F (1� y)

1� y
, y 2 (0, 1/2),

and di↵erentiating once again we obtain the di↵erential equation

d

dy
f(y) =

f(2y)

y
� f(y)

y
+

f(y)

1� y
, y 2 (0, 1/2). (2.5)

For any constant c 2 R, cy(1� y) is a solution to (2.5). Therefore f(y) = cy(1� y),

y 2 (0, 1/2) for some constant c. Since f(y) = f(1�y), y 2 (0, 1), and
R

1

0

f(y)dy = 1,

we conclude that f(y) = 6y(1 � y), y 2 (0, 1), which is the density of the �(2, 2)

distribution.

In the remark following the above proof of Theorem 2.4 in [CGZ84], the authors

note that R. Pyke had shown that

Y
1

d
= (1� U/2)Y

1

+ (U/2)I
1/2, (2.6)

where on the right hand side (Y
1

, U, I
1/2) ⇠ �(2, 2) ⌦ U [0, 1] ⌦ Be(1/2). Although

no derivation was given in [CGZ84], presumably Pyke had observed that for

Z :=

8

<

:

Y
1

S
1

, S
1

> 1/2,

S
1

+ Y
1

(1� S
1

), S
1

 1/2,

28



one has that

Y
1

d
= Z. (2.7)

Indeed, conditioned on S
1

, the so defined Z is the limiting location for the sequence

of shrinking intervals, which by construction has the same distribution as Y
1

.

It is precisely the above observation that was used in [DLS86] as the basis of an

independent proof of Theorem 2.4. After establishing that Y
1

satisfies the random

equation (2.7) via the above argument (which is their Lemma 2), they show in their

Theorem 2 that the �(2, 2) distribution satisfies (2.7). The proof of Theorem 2.4 is

completed by using random equation (2.7) to uniquely determine the moments of

Y
1

in their Theorem 3.

Another study considering the limiting distribution of Yp is [O88], where simu-

lations were used to test whether the limiting distribution of Yp is beta distributed.

That study indicated that the limiting distributions were not beta distributed unless

p 2 {1/2, 1}. Indeed, that observation was proved in [DLS86].

Theorem 2.5. ([DLS86]) The random variable Yp is beta distributed if and only if

p 2 {1/2, 1}.

The next paper to consider the properties of the distribution of Yp was apparently

[JK95]. In that paper, the authors observe that Yp is a mixture of the distributions

of the random variables WYp, W + (1�W )Yp, (1�W )Yp and 1�W +WYp with

probabilities 1

2

(1 � p), 1

2

p, 1

2

p and 1

2

(1 � p), respectively, where W ⇠ U [0, 1/2] is

independent of Yp. Therefore, setting µr := EY r
p , we have, for r 2 N,

µr =
1

2
(1� p)E[(WYp)

r] +
1

2
pE[(W + (1�W )Yp)

r]

+
1

2
pE[((1�W )Yp)

r] +
1

2
(1� p)E[(1�W +WYp)

r]

=
1

2
(1� p)E[W r]µr +

1

2
pE[W r] +

1

2
p

r
X

j=1

✓

r

j

◆

E[W r�j(1�W )j]µj

+
1

2
pE[(1�W )r]µr +

1

2
(1� p)E[(1�W )r] +

1

2
(1� p)

r
X

j=1

✓

r

j

◆

E[(1�W )r�jW j]µj

= µr

�

(1� p)Mr,0 + pM
0,r

�

+
1

2

�

pMr,0 + (1� p)M
0,r

�
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+
1

2

r�1

X

j=1

✓

r

j

◆

�

pMr�j,j + (1� p)Mj,r�j

�

µj,

where Ma,b := E[W a(a�W )b]. We conclude that

µr =
pMr,0 + (1� p)M

0,r +
Pr�1

j=1

�

r
j

��

pMr�j,j + (1� p)Mj,r�j

�

µj

2(1� (1� p)Mr,0 + pM
0,r)

. (2.8)

2.2.2 Other schemes

The following nested interval scheme was introduced in the elegant note [K88]. It

is an extension of the scheme considered in [CLZ81] (cf. Theorem 2.3). Let [An, Bn]

be the random subinterval of [0, 1] corresponding to the nth stage of the process

(n � 0), and set [A
0

, B
0

] := [0, 1]. The scheme consists of choosing (n + 1)st

interval independently from the nth interval by the following rule using a fixed

number k 2 N. Take k i.i.d. points U (n)
1

, . . . , U (n)
k uniformly distributed on [An, Bn],

and let Cn := U (n)
(1)

, Dn := U (n)
(k) , where U (n)

(1)

 · · ·  U (n)
(k) are the order statistics of

U (n)
1

, . . . , U (n)
k . Then the (n+1)st interval is taken to be [Cn, Bn], [An, Dn] or [Cn, Dn]

independently at each stage with probabilities p, q, r, respectively, with p+q+r = 1.

Clearly An, Bn converge a.s. to a random point Z. The distribution of Z is given by

the main result in [K88].

Theorem 2.6. ([K88]) The random variable Z has the �(k(p+ r), k(q + r)) distri-

bution.

The proof of this theorem in [K88] is similar to the proof of Theorem 2.3 above,

and so we will not repeat it in full here. However, rather than using the moment

generating function m(t) = EetZ to compute the moments, the author of [K88]

twice di↵erentiates a relation for m(t) similar to (2.4) above to obtain a di↵erential

equation for m(t). The proof is completed by showing that the moment generating

function of the �(k(p+r), k(q+r)) distribution is the only solution to the di↵erential

equation satisfying m(t) ! 1 as t ! 0.

The random variable Z was also considered in Section 4 of [JK95]. Similar to the

their derivation of the moments of Yp in Section 2.2.1 above, the authors of [JK95]

use the same approach to derive the moments of Z, thus providing an alternative
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proof of Theorem 2.6 above.

More recently, the following size-biased interval splitting scheme was considered

in [GH06]. Take a point Un uniformly distributed on the nth interval [An, Bn], and

set Ln := Un�An, Rn := Bn�Un. Choose the (n+1)st interval to be [An, Un] with

probability P
1

:= Lc
1

/(Lc
1

+ Rc
1

), and [Un, Bn] with probability 1 � P
1

, for a fixed

c 2 R. Clearly [An, Bn] converges almost surely to a random point Zc in [0, 1]. The

main result in [GH06] relevant to this thesis is as follows.

Theorem 2.7. ([GH06]) For r 2 N, c 2 R, one has

µr := E(Zr
c ) =

Pr�1

j=0

�

r
j

�

µjac(k, n� k)

2(1� ac(r, 0))
,

where

ac(j, k) := 2

Z

1

0

uc+j(1� u)k

uc + (1� u)c
du, j, k 2 N.

Using Theorem 2.7, the authors of [GH06] prove the following theorem.

Theorem 2.8. ([GH06]) One has

(i) Z
0

⇠ �(1/2, 1/2),

(ii) Z
1

⇠ �(1, 1),

(iii) Z1 ⇠ �(2, 2).

Remark 2.1. Note that parts (i) and (iii) of Theorem 2.8 are Thereom 2.3 and

Theorem 2.4, respectively.

2.3 Markov chains on the unit interval

In this section, we will discuss the existing literature relevant to our study of discrete

time homogeneous Markov chains with state space [0, 1].

2.3.1 Stochastic give-and-take

The first model we consider originated from the following deterministic process called

the game of give-and-take by C. C. Li in [L61]. At the start of the process, two players
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(call them players 1 and 2, resp.) each have positive amounts x
0

and y
0

of capital,

respectively, where x
0

+ y
0

= 1 for convenience. In the first step, player 1 gives

player 2 the proportion 1�a of her capital x
0

, and player 2 gives the proportion b of

her capital y
0

to player 1. Continuing the process using the same rules of exchange,

at the (n+ 1)st step, we have

xn+1

= axn + b(1� xn),

yn+1

= 1� xn+1

,

for n = 0, 1, . . . It is not hard to show that if a 2 (0, 1), one has xn ! b/(a+ b� 1)

as n ! 1.

The stochastic give-and-take model introduced in the pioneering paper [DR63]

is a modification of the give-and-take model when the proportions that the players

exchange at each step is random. More specifically, let An (resp. Bn) be the random

proportion that player 1 (resp. player 2) retains at the (n+1)st step of the process,

and let Xn (resp. Yn) be the capital that player 1 (resp. player 2) holds at the nth

step. Then

Xn+1

= AnXn +Bn(1�Xn),

Yn+1

= 1�Xn+1

,

for n � 0. In addition, it is assumed that the random vectors (A
0

, B
0

), (A
1

, B
1

), . . .

are i.i.d., P(|A
1

�B
1

| = 1) < 1, X
0

and {(An, Bn)}n�0

are independent. In that case

{Xn}n�0

is a Markov chain, and the following result holds.

Theorem 2.9. ([DR63]) The Markov chain {Xn}n�0

is ergodic.

Several examples of stationary (or limiting) distributions of {Xn} are given in

[DR63] for special cases of distribution of (A
0

, B
0

). The main example relevant to

this thesis is as follows.

Theorem 2.10. ([DR63]) Let (A
0

, B
0

) ⇠ �(a, b)⌦ �(b, a) for some a, b > 0. Then

Xn
d! X ⇠ �(a+ b, a+ b).

32



2.3.2 A random donkey walk in [0, 1]

We consider in this section the previous literature devoted to the study of the random

donkey walk introduced in [DF99, SP00] (see Section 1.2.2). We describe these

models in terms of a particle (the “donkey”) at location Xn 2 [0, 1] after n � 0

steps, and moving according to the following rule. If Xn = x, we first choose a

direction of travel, either left to the interval [0, x], or right to the interval [x, 1],

where the choice does not depend on x (we consider an extended version of this

model where the choice can depend on x in the next section). Secondly, we move to

a random (not necessarily uniformly distributed) point in the interval corresponding

to the chosen direction.

The first paper to consider special cases of the above described class of Markov

chains was apparently [DF99]. The motivating example in that study is as follows. If

the chain is at x in (0, 1), it chooses one of the two intervals (0, x) or (x, 1) with equal

probability 1/2, and then moves independently to a random y uniformly distributed

in the chosen interval. Therefore, the transition density is

k(x, y) =

8

<

:

1

2x
, 0 < y < x < 1,
1

2(1�x)
, 0 < x < y < 1.

The ergodicity of this chain is established in the rather general Theorem 1 in [DF99],

which considers Markov chains constructed by iterating random functions. The au-

thors of [DF99] identify the stationary distribution by guessing it has a continuously

di↵erentiable density f(x). In that case we have

f(y) =

Z

1

0

k(x, y)f(x)dx =
1

2

Z y

0

f(x)

1� x
dx+

1

2

Z

1

y

f(x)

x
dx.

Di↵erentiating the above equation yields

f 0(y)

f(y)
=

1

2

✓

1

1� y
� 1

y

◆

, (2.9)

and therefore f(y) = ⇡p
y(1�y)

, 0 < y < 1. The authors’ remark that the same

argument shows that choosing (0, x) with probability p and (x, 1) with probability

33



1 � p leads to a �(1 � p, p) stationary distribution. That is, the following theorem

holds.

Theorem 2.11. ([DF99, SP00]) Consider a Markov chain with the following dy-

namics. If the chain is at x 2 (0, 1), with probability p, 1�p it moves to a uniformly

distributed point in (0, x), (x, 1), respectively. The process continues in the same

way, each step being independent of the past. Then the Markov chain is ergodic,

with stationary distribution �(1� p, p).

The above theorem was also proved independently in [SP00] using the method

of moments. That same paper also considered two other special cases of random

donkey walks. The first special case had a deterministic rule for the direction chosen,

and a random rule for the distance travelled. In particular, the following theorem

was proved.

Theorem 2.12. ([SP00]) Suppose from its initial position X
0

2 (0, 1), the particle

moves alternately in the direction of 0, of 1, of 0, of 1, etc, where the length of the

move is chosen uniformly from the corresponding interval. Then {Xn}n�0

does not

converge, however each of the subsequences {X
2n+1

}n�0

and {X
2n}n�0

converges in

distribution:

X
2n+1

d! X ⇠ �(1, 2) and X
2n

d! X 0 ⇠ �(2, 1) (2.10)

as n ! 1.

The second special case considered in [SP00] had a random rule for the direc-

tion chosen, and a deterministic rule for the distance travelled. In particular, the

following theorem was proved.

Theorem 2.13. ([SP00]) Suppose from its initial position X
0

2 (0, 1), the particle

moves in either direction with equal probability 1/2, and moves to the middle of the

corresponding interval. Then

Xn
d! X ⇠ U [0, 1] as n ! 1. (2.11)

The paper [BW02] was apparently the next to study special cases of random

donkey walks. In particular, that paper considered the following extension of the
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model described in Theorem 2.12 above. Starting from a uniformly distributed point

X
0

2 [0, 1], the particle moves in the first step towards 0 or 1 with probability p,

1� p, respectively. The particle then moves a distance chosen at random from the

corresponding interval. In subsequent steps, if the particle moved towards 1 at step

n � 1 (i.e. Xn > Xn�1

), then Xn+1

is chosen uniformly from [0, Xn], otherwise Xn+1

is chosen uniformly from [Xn, 1]. Then, similar to Theorem 2.12 above, the process

{Xn}n�0

does not converge, however the following result holds for subsequences

{X
2n+1

}n�0

and {X
2n}n�0

.

Theorem 2.14. ([BW02]) For the Markov chain described above, {X
2n}n�0

con-

verges in distribution to a random variable having the density

2(1� p+ (2p� 1)u), 0  u  1,

and {X
2n+1

}n�0

converges in distribution to a random variable having the density

2(p+ (1� 2p)u), 0  u  1.

The most recent paper to consider special cases of random donkey walks is ap-

parently [SP08]. In that paper, two special cases are considered, the first of which

is the following extension of the model presented in Theorem 2.11 above. Let FL

and FR be two fixed distributions on [0, 1]. Given the chain value Xn = x 2 [0, 1]

at time n, the next jump of the process is to the left with probability p or to the

right with probability 1 � p. If the jump is to the left, its length is given by an

independent random proportion Ln+1

⇠ FL of the length of the interval [0, x]. Oth-

erwise, the chain jumps to the right for a distance given by an independent random

proportion Rn+1

⇠ FR of the length of the interval [x, 1]. Clearly, the chain con-

sidered in Theorem 2.11 is a special case of this model when FL = FR = U [0, 1].

The following theorem is an extension of the result for that model to the case when

FL = FR = �(1, b), b > 0.

Theorem 2.15. ([SP08]) For the Markov chain described above, let FL = FR =

�(1, b) for some b > 0. Then Xn
d! X ⇠ �(b(1� p), bp) as n ! 1.

The second special case considered in [SP08] is as follows.
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Theorem 2.16. ([SP08]) For the Markov chain described above, let p = 1/2 and

FL = FR = �(a, a+ 1) for some a > 0. Then Xn
d! X ⇠ U [0, 1] as n ! 1.

2.3.3 An extension of the random donkey walk in [0, 1]

In this section, we will consider the following random donkey walk, where the rule

determining the direction of travel depends on the particle’s current location. As

above, let FL and FR be two fixed distributions on [0, 1], and let p : [0, 1] ! [0, 1]

be a fixed measurable function. Given the chain value Xn = x 2 [0, 1] at time n,

the next jump of the process is to the left with probability p(x) or to the right with

probability 1 � p(x). As above, if the jump is to the left, its length is given by

an independent random proportion Ln+1

⇠ FL of the length of the interval [0, x].

Otherwise, the chain jumps to the right for a distance given by an independent

random proportion Rn+1

⇠ FR of the length of the interval [x, 1].

The first paper to consider a special case of the above described chain was

apparently [BW02]. The authors of that paper describe their model as follows.

Starting from a random point X
0

⇠ U [0, 1], in consecutive iterations, choose with

probability p 2 (0, 1] a uniformly distributed point in longer of two subintervals

of [0, 1] and with probability 1 � p a uniformly distributed point in shorter one.

Clearly, the so described model corresponds to the extended random donkey walk

with FL = FR = U [0, 1] and

p(x) =

8

<

:

p, 0  x < 1/2,

1� p, 1/2  x  1.

Theorem 2.17. ([BW02]) In the scheme described above, the limit in distribution

of {Xn}n�0

exists, and its density fp has the form

fp(x) =

⇢

C(1� x)�px�(1�p), 0 < x  1/2,

Cx�p(1� x)�(1�p), 1/2 < x < 1,

where C is a normalising constant such that
R

1

0

fp(x) dx = 1.

The case when FL = FR has support on the whole [0, 1] and p(x) = x was
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apparently the next model to be studied in the literature in [P09]. The first two

theorems in that paper show that the so described Markov chain {Xn}n�0

is ergodic

and converges in distribution to the stationary distribution of the chain. The final

theorem in that paper is as follows.

Theorem 2.18. ([P09]) In the scheme described above, let p(x) = x, and FL =

FR = �(1, b), b > 0. Then Xn
d! X ⇠ �(b, b) as n ! 1.

The most recent paper to consider special cases of the extended random donkey

walk is [RL10]. In that paper, the authors derive the form of the stationary density

(when it exists) for the chain {Xn}n�0

when FL = FR = U [0, 1]. Their main result

is as follows.

Theorem 2.19. ([RL10]) Suppose that for a given function p(·) the Markov chain

{Xn}n�0

, FL = FR = U [0, 1] described above has a stationary distribution, and

denote its density by f(x). Then the explicit form of f(x) is given by

f(x) = C exp

✓

Z

x� p(x)

x(1� x)
dx

◆

,

where C is a normalising constant such that
R

1

0

f(x) dx = 1.

2.4 Randomly weighted averages

Let A and B be two independent random variables. In [V87], Van Assche introduced

the random variable Z uniformly distributed between A and B with distribution

P(Z  x|A = a,B = b) =

8

>

>

>

>

<

>

>

>

>

:

1 for x � max(a, b)

0 for x < min(a, b)

x�min(a,b)
|b�a| for min(a, b)  x < max(a, b).

(2.12)

Using Stieltjes transforms, Van Assche proved the following characterisation theo-

rem.
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Theorem 2.20. ([V87]) Let A and B be i.i.d. random variables on [0, 1], and let Z

be uniformly distributed between A and B. Then Z ⇠ U [0, 1] i↵ A ⇠ �(1/2, 1/2).

The above theorem means that choosing a random variable uniformly on a ran-

dom interval with arcsine distributed end points is the same as choosing a random

variable uniformly on [0, 1].

A more basic approach was taken by Johnson and Kotz in [JK90a], who employ

the more direct method of moments to generalise Theorem 2.20. The following

excerpt from [JK90a] is indicative of several results in this thesis: “The cases studied

in this article serve as examples demonstrating that utilisation of first principles can

sometimes be more advantageous than more sophisticated techniques, such as those

employed in [V87]”.

The key to the approach in [JK90a] was the realisation that the definition of Z

with distribution (2.12) is equivalent to

Z :=
1

2
(A+B) +

✓

W � 1

2

◆

|A� B|,

where W ⇠ U [0, 1] is independent of (A,B). Then, if A
d
= B (and therefore (A�B)

has a distribution symmetrical about 0), one has

Z
d
=

1

2
(A+B) +

✓

W � 1

2

◆

(A� B) (2.13)

= AW +B(1�W ), (2.14)

where (2.13) follows from

W � 1/2
d
= 1/2�W. (2.15)

Johnson and Kotz then note that (2.14) has the same distribution as Z for any

random variable W satisfying (2.15), not only when it is uniformly distributed on

[0, 1].

From (2.14), setting µr := E[Zr], ⌫r := E[Ar] = E[Br], r 2 N, we have

µr =
r
X

j=0

✓

r

j

◆

E[W j(1�W )r�j]⌫j⌫r�j (2.16)
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since W , A, and B are mutually independent. Using relation (2.16), Johnson and

Kotz derive several relations for the variance and kurtosis of Z as a function of the

moments of L(A) in the special cases where L(W ) is U [0, 1] and �(a, a) for a > 0,

and when W satisfies (2.15) with A and B normally distributed.

Johnson and Kotz then turn their attention to deriving the distribution of Z

using representation (2.14) for several special cases of distributions of W , A, and B.

We summarise their results in the following theorem.

Theorem 2.21. ([JK90a]) Suppose W , A, and B are mutually independent, and Z

is the random variable with distribution defined by (2.14). Then the following claims

hold true.

(i) If W , A, and B have distribution U [0, 1], then Z has density

f(u) = �2(1� u) ln(1� u)� 2u ln u, u 2 (0, 1).

(ii) If W = 1/2, and A and B have distribution U [0, 1], then Z has the symmetric

triangular distribution on [0, 1], with density

f(u) =

⇢

4u, 0  u  1/2,

4(1� u), 1/2 < u  1.
(2.17)

(iii) If W has density (2.17), and A and B have distribution U [0, 1], then Z has

distribution function

F (u) = 1� 4u2 ln u� 4(1� u)2 ln 2� 4(1� u) + 6(1� u)2, u 2 (0, 1).

(iv) If A and B are Cauchy distributed, and W has support on [0, 1], then Z is

Cauchy distributed.

(v) If A and B are normally distributed, then

P(Z  u|W ) = �

 

u
p

W 2 + (1�W )2

!

,
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where the unconditional distribution of Z is obtained by taking expectations of

the above relation. In particular, if W ⇠ U [0, 1], then

P(Z  u) =

Z

1

0

�

 

u
p

w2 + (1� w)2

!

dw.

Johnson and Kotz next observe that if W is symmetric around 1/2 (i.e. satisfies

(2.15)), then E[W r] = E[(1 �W )r], and therefore relation (2.16) can be written in

the form

µr = 2E[W r]⌫r + (function of ⌫
1

, ⌫
2

, . . . , ⌫r�1

). (2.18)

If the moments of W and Z are known, then the moments of A can be computed

successively by (2.18). Therefore, the distribution of A is characterised by that of Z

when the distribution of A is determined by its moments. This is true, in particular,

when the support of A is bounded. That is, the following holds true.

Theorem 2.22. ([JK90a]) Suppose W , A, and B are mutually independent, A
d
= B,

W satisfies (2.15), and the support of A is bounded. Then the distribution of A is

characterised by that of Z.

In a final remark in [JK90a], Johnson and Kotz observe that their method nat-

urally extends to random weighted averages of more than two independent random

variables X
1

, X
2

, . . . , Xn, given by

Z = W
1

X
1

+W
2

X
2

+ · · ·+WdXd, d � 2, (2.19)

where the random weight vector (W
1

, . . . ,Wd) 2 Sd is independent of (X
1

, . . . , Xd)

Recently, several related papers have considered the generalisation (2.14) sug-

gested in [JK90a] (see [SH09], [SR12], [H12], [HHM13], [RS13], [R14]). Similar to

that of Van Assche in [V87], the approach taken in these studies is to obtain a

relation between the Stieltjes transforms of the weighted average Z and X
1

, . . . , Xd.
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2.5 Products of random stochastic matrices

In this section we will briefly review the literature on the left and right products of

i.i.d. random stochastic matrices that arise naturally from our Second Problem (cf.

(1.35) and (1.36) in the Introduction).

2.5.1 2⇥ 2 stochastic matrices

Let {(An, Bn)}n�1

be independent random vectors taking values in [0, 1]2 with com-

mon distribution function F (x, y) = P(Ai  x,Bi  y). Each random vector (Ai, Bi)

defines the random 2⇥ 2 stochastic matrix

0

@

Ai 1� Ai

Bi 1� Bi

1

A , i = 1, 2, . . .

Since the class of stochastic matrices is closed under multiplication, the left product

0

@

Xn 1�Xn

Yn 1� Yn

1

A :=

0

@

An 1� An

Bn 1� Bn

1

A

0

@

An�1

1� An�1

Bn�1

1� Bn�1

1

A · · ·

0

@

A
1

1� A
1

B
1

1� B
1

1

A

(2.20)

is also a random stochastic matrix. Let F (n)(x, y) = P(Xn  x, Yn  y). The earliest

results on the properties of the product (2.20) were perhaps due to U. Grenader in

the treatise [G63], who showed that if F is not concentrated on {(1, 0), (0, 1)}, then
F (n) converges to limit distribution concentrated on the diagonal {(x, x) : 0  x  1}
as n ! 1. In that case, we will denote by G the distribution function of the first

element of the limiting random stochastic matrix. That is, G(x) := P(X  x),

where
0

@

Xn 1�Xn

Yn 1� Yn

1

A

a.s.�!

0

@

X 1�X

X 1�X

1

A . (2.21)

Some early results on the limiting distribution of the left product (2.20) as

n ! 1 are due to M. Rosenblatt in [R71], who showed that if F assigns zero

probability on the diagonal set

{(x, y) 2 [0, 1]2 : x = y},
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then

G(t) =

Z

0y<x1

G

✓

t� y

x� y

◆

dF (x, y) +

Z

0x<y1

✓

1�G

✓

t� y

x� y
�
◆◆

dF (x, y).

(2.22)

Unfortunately, there seems to be no general method for solving integral equation

(2.22). However, the following two examples were given in [R71]. Suppose

0

@

An 1� An

Bn 1� Bn

1

A =

0

@

1/3 2/3

0 1

1

A or

0

@

1 0

1/3 2/3

1

A with probability 1/2,

then G is the Cantor distribution on [0, 1]. However, if

0

@

An 1� An

Bn 1� Bn

1

A =

0

@

1/2 1/2

0 1

1

A or

0

@

1 0

1/2 1/2

1

A with probability 1/2,

then G the uniform distribution on [0, 1]. The above two examples demonstrate

that it is not even clear when the distribution G is discrete, continuous singular or

absolutely continuous.

Some generalisations of Rosenblatt’s examples were given by T.-C. Sun in [S75],

who considered distributions concentrated at two points in the unit square, showing

that the limit is often a singular distribution or a uniform distribution.

The first study to consider an absolutely continuous F with support on the

whole unit square was apparently [V86]. In that paper, W. Van Assche used integral

equation (2.22) and the properties of some special function to derive the distribution

of the limit G when Ai and Bi are i.i.d. with the symmetric beta distribution. In

particular, he proved the following theorem.

Theorem 2.23. ([V86]) Suppose F (x, y) = F (x)F (y) and F is the �(a, a) distribu-

tion for some a > 0. Then G is the �(2a, 2a) distribution.

2.5.2 d⇥ d stochastic matrices

Several studies have also considered the left and right products of i.i.d. copies

{X(n)}n�1

of a random d⇥ d matrices X with non-negative entries (not necessarily
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stochastic). We denote the left products by

X(n, 1) := X(n)X(n� 1) · · ·X(1), (2.23)

which clearly has the same distribution as the right product

X(1, n) := X(1)X(2) · · ·X(n), (2.24)

and therefore any assertions concerning the distribution of (2.23) as n ! 1 apply

to that of (2.24) as well.

The asymptotic behaviour of the left products (2.23) was apparently first studied

by Bellman [B54], who showed, under certain conditions, that

lim
n!1

n�1E logX(n, 1)i,j

exists, where X(n, 1)i,j is the entry in the ith row and jth column of X(n, 1). This

result was later strengthened to almost sure convergence in [FK60], where the be-

haviour of the norms kX(n, 1)k := maxid

Pd
j=1

|X(n, 1)i,j| was studied.

Several equivalent conditions for convergence in distribution of the right products

(2.24) without normalisation were given in [KS84]. See also [BL85] and [M00] for

surveys on the properties of the products (2.23) and (2.24).

The study of the left products (2.23) in the case when the random matrix X is

stochastic (i.e., where all the row sums of X equal one) was apparently initiated by

Rosenblatt in [R65], who applied existing results for compact semigroups. Recent

results on the infinite product of deterministic and random stochastic matrices by

B. Touri can be found in [T12].

Since the class of stochastic matrices is a semigroup under matrix multiplication,

the products (2.23) and (2.24) generate left and right random walks on stochastic

matrices by

n 7! X(n, 1) (2.25)

and

n 7! X(1, n), (2.26)
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respectively.

The right random walk (2.26) is central to several related problems involving

distributed averaging. These include distributed computation, distributed optimiza-

tion, distributed estimation, and distributed coordination (see [T12] and references

therein). They are also related to certain Markov processes called Potlatch mod-

els. These models were introduced in [HL81] and [LS81], and are described in their

simplest form in [KS84]. We will discuss these models further in Section 6.4.1. A

comprehensive reference for random walks on stochastic matrices and more general

semigroups is [HM11].

The study of the properties and distribution of the limit of the left products of

i.i.d. copies X(1), X(2), . . . of X given by

bX := lim
n!1

X(n)X(n� 1) · · ·X(1) a.s., (2.27)

was apparently initiated in [VKJ93]. In particular, the main result of that paper

is the following extension of Theorem 2.23 (although the authors of [VKJ93] were

apparently unaware of W. Van Assche’s paper [V86]).

Theorem 2.24. ([VKJ93]) Let Y hii(n) := (Yi,1(n), . . . , Yi,d(n)) (i = 1, . . . , d, n =

1, 2 . . .) be i.i.d. random vectors and

Y (n) :=

0

B

B

@

Y h1i(n)
...

Y hdi(n)

1

C

C

A

.

Then the limit distribution of each row of Y (n)Y (n � 1) · · ·Y (1) is D
(ad,ad,...,ad) if

and only if the distribution of each Y hii(n) is D
(a,a,...,a).

A novel feature of Theorem 2.24 is that it gives necessary conditions on a random

stochastic matrix X with i.i.d. rows for the product (2.27) to converge to a Dirichlet

distributed limit with all parameters equal.

In the paper [CL94], the authors consider the more general case when the rows of

X are independent and Dirichlet distributed, but not necessarily i.i.d. In particular,

they consider the case when X ⇠ DA, A = (↵i,j) 2 M+

r,c, in which case the following
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theorems hold true.

Theorem 2.25. ([CL94]) If (Y , X) ⇠ D
(↵1•,...,↵r•) ⌦DA, then Y X ⇠ D

(↵•1,...,↵•c).

Theorem 2.26. ([CL94]) Let r = c = d, X ⇠ DA, and

(↵
1•, . . . ,↵d•) = (↵•1, . . . ,↵•d), (2.28)

If {Xn}n�1

is a sequence of i.i.d. random variables with same distribution as X,

then

lim
n!1

XnXn�1

· · ·X
1

exists a.s. with all rows identical to some Y 2 Sd, Y ⇠ D
(↵1•,...,↵d•). Furthermore, if

Y
1

is a random vector taking values in Sd that is independent of X, then Y
1

X
d
= Y

1

i↵ Y
1

⇠ D
(↵1•,...,↵d•).

2.5.3 Random nested simplices

Consider the following special case of the nested interval process introduced by

Kennedy in [K88] (cf. Theorem 2.6 above). Choose two points independently and

uniformly distributed on the interval [0, 1]. These random points are the extreme

points of a random interval. Consider two new points independently and uniformly

distributed on this random interval, and so on. The nested intervals of this sequence

shrink to a random point Y with distribution �(2, 2), corresponding the special case

of Theorem 2.6 above when r = 1, k = 2.

The problem considered by Letac and Scarsini in [LS98] is an extension to any

dimension of the above process. They consider sequences of nested simplices with

dimension d�1 (d � 2), the above described process corresponding to the case d = 2.

Then, as above, if the extreme points of each simplex are uniformly distributed in

the previous simplex of the sequence, the sequence converges to a random point

Y 2 Sd with distribution D
(d,...,d).

To describe the above model more precisely, we will first recall some definitions

from [LS98]. A real (d � 1)-dimensional a�ne space E is a set such that there

exists a real (d� 1)-dimensional linear space E and a map E ⇥E ! E denoted by

(a, b) 7! ~ab with the following two properties.
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(i) For all a 2 E, the map b 7! ~ab is a bijection from E to E.

(ii) For all a, b, c 2 E, one has ~ac = ~ab+ ~bc.

An a�ne frame of E is a set (a
1

, . . . ,ad) of d points from E such that

( ~a
1

a
2

, ~a
1

a
3

, . . . , ~a
1

ad)

is a linear basis of E. Taking (x
1

, . . . , xd) 2 Rd with x
1

+ · · · + xd = 1, there exists

a unique a 2 E such that for a fixed O 2 E one has

~Oa = x
1

~Oa
1

+ · · ·+ xd
~Oad.

In particular, a does not depend on the particular choice of O, and therefore a is

also written as

a = x
1

a
1

+ · · ·+ xdad,

where (x
1

, . . . , xd) are called the barycentric coordinates of a with respect to the

a�ne frame (a
1

, . . . ,ad). If they are all non-negative (i.e. (x
1

, . . . , xd) 2 Sd), then

a is in the convex hull of (a
1

, . . . ,ad).

Now return to the model of Letac and Scarsini [LS98] introduced above. They

consider a real (d � 1)-dimensional a�ne space E and a convex hull of d points

p
1

, . . . ,pd in E which forms a simplex S. Choosing d points p
1

(1), . . . ,pd(1) in S

and taking their convex hull yields a new simplex S(1) ⇢ S. Similarly, choosing

points p
1

(2), . . . ,pd(2) in S(1) to obtain S(2) spanned by them, and continuing in

this fashion, we obtain a sequence {S(n)}n�1

of nested simplices.

Suppose that, in the above procedure, the points are chosen at random using the

following mechanism. Let {X(n)}n�1

be a sequence of i.i.d. elements from the class

of stochastic matrices Pd with distribution DA, A being from the class Md of d⇥ d

matrices with non-negative entries, and such that condition (2.28) holds. Then, for

each n = 1, 2, . . . and k = 1, . . . , d, the point pk(n) is specified by its barycentric

coordinates given by Xhki(n) with respect to (p
1

(n � 1), . . . ,pd(n � 1)). As shown

in Theorem 2.2 in [LS98], the so defined simplices S(n) shrink to a random point
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Y 2 E as n ! 1:

pk(n)
a.s.�! Y , k = 1, . . . , d, (2.29)

where the barycentric coordinates of Y with respect to (p
1

, . . . ,pd) are Dirichlet

distributed with parameter (↵
1•, . . . ,↵d•).

2.5.4 A random donkey walk in S
d

The well-known story of Buridan’s donkey (cf. Section 2.3.2) motivated the authors

of [SP00] to consider the following model. Let p
1

, . . . ,pd be d � 2 given points in

the plane. Starting at a point R(0) inside the convex hull of (p
1

, . . . ,pd) at time 0,

at time td+ r, t � 0, r 2 {1, . . . , d}, the donkey moves from the point R(td+ r� 1)

to a point R(td + r) which is uniformly distributed on the straight line segment

connecting the points R(td+ r�1) and pr. As noted in [L02], although it is easy to

prove existence of the stationary distributions for the d homogeneous Markov chains

{R(td + r)}t�0

, r = 1, . . . d, their computation for d > 2 is a di�cult problem (the

authors of [SP00] focus on the case where d = 2, cf. Section 2.3.2 above).

A modification of that scheme in which the donkey travels inside a simplex S with

vertices p
1

, . . . ,pd in Rd�1 by choosing on step td + r its new position at random

inside the convex hull spanned by its current location and vectors from the set

{p
1

, . . . ,pd}\{pr} was considered in [L02]. The main result of [L02] establishing the

form of the stationary distribution of the thus modified donkey walk was actually

proved in that paper for yet another version of the model. Namely, rather than

the current position of the donkey determining the range for the next step, one

instead takes a point with barycentric coordinates (with respect to the a�ne frame

(p
1

, . . . ,pd)) taken from rows of i.i.d. random stochastic matrices.

Specifically, let X := (Xi,j) be a random element of Pd, and {X(k)}k�0

be a

sequence of i.i.d. random matrices with distribution L(X). The donkey’s position

at time n is specified by the vectorB(n) = (B
1

(n), . . . , Bd(n)) 2 Sd of its barycentric

coordinates with respect to the a�ne frame (p
1

, . . . ,pd). Starting at a non-random

point B(0), for r = 1, . . . , d and k = 0, 1, . . . , given B(kd + r � 1) = (x
1

, . . . , xd),
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one has

B(kd+ r) = (x
1

, . . . , xr�1

, 0, xr+1

, . . . , xd) + xr(Xr,1(k), . . . , Xr,d(k)). (2.30)

In other words, setting p̃r :=
Pd

j=1

Xr,j(k)pj, the location of the donkey at time kd+

r will have the same barycentric coordinates in the frame (p
1

, . . . ,pr�1

, p̃r,pr+1

,pd)

as those for the donkey’s location at time kd+r�1 in the original frame (p
1

, . . . ,pd).

It is clear that each of the sequences {B(kd+ r)}k�0

, r = 1, . . . , d, forms a homoge-

neous Markov chain.

The following assertion was actually proved in [L02] instead of the stated-there

Theorem 3 concerning the “true donkey walk” discussed at the beginning of this

section.

Theorem 2.27. ([L02]) Let A = (↵i,j) 2 M+

d satisfy (2.28), and X ⇠ DA. Then,

for r = 1, . . . , d, the stationary distribution of the rth homogeneous Markov chain

{B(td + r)}t�0

given by (2.30) is Dirichlet with parameters (�r,1, . . . , �r,d) defined

by

�r,j :=

8

<

:

Pr
i=j ↵i,j for j  r,

Pd+r
i=j ↵i,j for j > r,

(2.31)

with the convention that ↵i,j = ↵i,j0 when j = j0 (mod d).

2.6 Boundary crossing probabilities for Brownian

motion

In this section we briefly review the literature concerning boundary crossing proba-

bilities for Brownian motion that is most relevant to this thesis. First we consider

some special cases in which exact solutions for the multidimensional Brownian mo-

tion exist, and then discuss the approximation methods for the univariate Brownian

motion which we will extend to the multivariate setting.
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2.6.1 Exact solutions

Closed form expression for the probability P (G) (cf. (1.39)) for W to stay within

a given set in the time-space G during the time interval (0, T ) is only available in

a few special cases. Although not discussed here, there is vast literature devoted to

di↵erent approaches to computing boundary crossing probabilities and first hitting

time densities for the univariate Brownian motion. For a recent bibliography of the

published work on that topic see e.g. [K08].

Much less has been done in the multivariate case. A number of studies have

considered the probability

p
x

(C) := P
⇣

x+W t 2 C, t 2 (0, T )
⌘

= P
⇣

(0, T )⇥ (C � x)
⌘

, x 2 C,

when C ⇢ Rm is a cone, the simplest form of which is defined as follows. For y 2
Rm\{0}, let ✓(y) be the angle between y and the coordinate vector (1, 0, . . . , 0) 2 Rm.

A cone of angle ↵ 2 (0, ⇡) is defined as C↵ := {y 2 Rm : 0 < ✓(y) < ↵}.

It was apparently F. Spitzer who was the first to consider the probability p
x

(C↵)
in the two-dimensional case. In [S58], he gave an integral transform for the function

p
x

(C↵). This probability was later computed explicitly in [I85].

More recently, the casem � 3 has been considered for “generalised cones” defined

as follows. If D is a proper open connected subset of the unit sphere Sm�1 in Rm, the

generalised cone CD generated by D is the set of all rays emanating from the origin 0

and passing through D. Under some technical restrictions on D, a representation

for p
x

(CD) as an infinite series involving confluent hypergeometric functions and

eigenfunctions of the Lapace-Beltrami operator on Sm�1 was given in [D87]. This

result was later strengthened in [BS97], where the same analytic formula was shown

to hold for a larger class of generalized cones. An alternative technique based on

the reflection principle was used in [M11] to compute p
x

(C) in case of “wedges” C.

2.6.2 Univariate approximation rates

As discussed in the Section 1.2.3, due to the lack of closed-form expressions for

the probability P (G) in the general case, finding approximate solutions and their
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approximation rates is an important alternative approach. The literature to date on

this approximation method has focused on the univariate case, which we will briefly

review here. In particular, we will concentrate on the methods used by Borovkov and

Novikov in [BN05], as we use a similar approach to prove an analogue of their main

result (Theorem 1) in the case of the multivariate Brownian motion (see Chapter

7). For the remainder of this section, we will denote by W = {Wt}t�0

the standard

univariate Brownian motion process.

Recall that, in the univariate case, piecewise linear boundaries are commonly

used to approximate general boundaries as the boundary crossing probabilities in

that case are relatively easy to compute. An explicit formula for the boundary

crossing probability

P ( eG) := 1� P ( eG)

in the univariate one-sided case where

eG = {(t, x) : t 2 (0, T ), x < g̃(t)}, g̃(0) > 0, (2.32)

and g̃(t) is a piecewise linear function on [0, T ] was given in [WP97]. In that case,

there are 0 = t
0

< t
1

< · · · < tn = T such that g̃(t) is linear on each of the intervals

[tj�1

, tj], j = 1, 2, . . . , n. The approach in [WP97] is based on the observation that

the event that W does not cross g̃(t) on the interval [0, T ] is the intersection of n

conditionally independent (given the values of W at the points tj�1

) events that W

does not cross g̃(t) on (tj�1

, tj]. In particular, writing g̃j = g̃(tj), they show that

P ( eG) = 1� P ( eG) = 1� Eh(Wt1 , . . . ,Wtn ; g̃), (2.33)

where

h(x
1

, . . . , xn; g̃) =
n
Y

j=1

1{xj<g̃j}



1� exp

✓

�2(g̃j�1

� xj�1

)(g̃j � xj)

tj � tj�1

◆�

.

In the case of general continuous boundaries g(t), the authors of [WP97] then show

that for a sequence of piecewise linear functions g̃(n)(t) with g̃(n)(t) ! g(t) as n ! 1
uniformly in [0, T ], and denoting by eGn the set (2.32) with upper barrier g̃(n)(t), one
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has that

P (G) = lim
n!1

P ( eGn). (2.34)

As noted by the authors of [WP97], it is clear that one can obtain an upper (resp.

lower) bound for the probability P (G) by computing the probability (2.33) for a

dominating (resp. dominated) piecewise linear boundary for g̃(t).

A generalisation of (2.33) to the case of two-sided piecewise linear boundaries

was given in [NFK99]. In that case, eG is given by

eG = {(t, x) : t 2 (0, T ), g̃�(t) < x < g̃
+

(t)}, (2.35)

where for 0 = t
0

< t
1

< · · · < tn = T , the functions g̃±(t) are linear on each of the

intervals [tj�1

, tj], j = 1, 2, . . . , n. For general boundaries g± and K 2 R, let

P (g�, g+, K) := P(g�(s) < Ws < g
+

(s), 0  s  T ;WT > K).

Then, as shown in [NFK99], one has that

P (g̃�, g̃+, K) = E
 

1{WT>K}

n�1

Y

i=0

p(i, g̃�, g̃+|Wti ,Wti+1)

!

,

where

p(i, g̃�, g̃+|x, y) := P(g̃�(s)� < Ws < g̃
+

(s), ti  s  ti+1

|Wti = x,Wti+1 = y).

The authors of [NFK99] then give a simple bound for the approximation error

|P (g�, g+, K)� P (g̃�, g̃+, K)| in terms of the distance

Z T

0



d

ds

�

g̃(s)� g(s)
�

�

2

ds.

If one also has g±(it/n) = g̃±(it/n), 0  i  n, and g± are twice continuously

di↵erentiable, then following rate of convergence is given in [NFK99]:

|P (g�, g+, K)� P (g̃�, g̃+, K)|  const

r

ln(n)

n3

.
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In [PW01], the results obtained for one-sided boundaries in [WP97] are extended

to the two-sided case. The authors of [PW01] first present a formula similar to (2.33)

that holds for two-sided piecewise linear approximating boundaries g̃±. It is then

observed that the convergence in probability (2.34) holds for sequences { eGn}n�1

defined by the right hand side of (2.35) with upper and lower boundaries g̃(n)± , and

such that g̃(n)± (t) ! g±(t) as n ! 1 uniformly on [0, T ]. That paper also gives

an asymptotic bound on the approximation error. Specifically, assuming that g±

are twice continuously di↵erentiable, g00±(0) 6= 0, with g00± having at most finitely

many roots in (0, T ], the authors of [PW01] propose a rule for choosing partition

points for the sequence of piecewise linear approximation upper and lower boundaries
�

g̃(n)±
 

n�1

. Under that choice, for

�n := |P (G)� P ( eGn)|,

one has

lim sup
n!1

n2�n  A,

where A is a constant that depends on the boundaries g± and the partition rule.

To implement the approximation procedure in [PW01], one must approximate

G with eGn for relatively small n (so that the computation of P ( eGn) is feasible). In

that case, we require an exact (rather than asymptotic) upper bound for �n. In

[BN05], the authors obtain the desired exact upper bound for �n of the form C/n2

(for constant C), that holds under more general conditions on the boundaries g±,

and for arbitrary partitions of [0, T ] of rank O(n�1).

The key assumption used by the authors of [BN05] was a Lipschitz condition

on the boundary. Denoting by LipK , K > 0, the class of functions g : [0, T ] 7! R
satisfying

|g(t+ h)� g(t)|  Kh, 0  t < t+ h  T,

they prove the following result.

Theorem 2.28. ([BN05]) Let g± 2 LipK and consider functions f± on [0, T ] such
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that kg± � f±k  " for some " > 0. Then

kP (�1, g
+

)� P (�1, f
+

)k  (2.5K + 2T�1/2) "

and

kP (g�, g+)� P (f�, f+)k  (5K + 4T�1/2) ".

The same bounds also hold for the di↵erences

kP (�1, g
+

;B)� P (�1, f+;B)k and kP (g�, g+;B)� P (f�, f+;B)k,

where, for a Borel set B,

P (g�, g+;B) := P(g�(t) < Wt < g
+

(t), t 2 [0, T ];WT 2 B).

We will now give a sketch of the proof of Theorem 2.28 given in [BN05], as we

will use a similar argument in Chapter 7 to obtain analogue of that theorem in the

multivariate case. First, we note that

P (g�, g+ + ")� P (g�, g+) = P
h

0  sup
0t1

(Wt � g
+

(t)) < ", inf
0t1

(Wt � g�(t)) > 0
i

 P
h

0  sup
0t1

(Wt � g
+

(t)) < "
i

= P (�1, g
+

+ ")� P (�1, g
+

) =: D"(g+)

 sup
f2LipK

D"(f) =: D".

Using the same argument, one can show that

P (g� � ", g
+

+ ")� P (g�, g+ + ")  D",

and therefore

0  P (g� � ", g
+

+ ")� P (g�, g+)

= [P (g� � ", g
+

+ ")� P (g�, g+ + ")] + [P (g�, g+ + ")� P (g�, g+)]

 2D".
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Similarly,

0  P (g�, g+)� P (g� + ", g
+

� ")  2D",

and using the last two inequalities and the relation

P (g
+

+ ", g
+

� ")  P (f�, f+)  P (g� � ", g
+

+ "),

we conclude that

|P (g�, g+)� P (f�, f+)|  2D".

It remains to obtain a bound for D"(g).

Lemma 2.29. ([BN05]) Let g be a function on [0, 1] with g(0) � 0, such that, for

some K± � 0,

�K�h  g(t+ h)� g(t)  K+h, 0  t < t+ h  1.

Then

D"(g)  (2K+ + 0.5K� + 2)", " > 0.
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Chapter 3

The uniform law for sojourn

measures of random fields

In this chapter we present a rather natural extension of the uniform law for sojourn

times of processes with cyclically exchangeable increments (cf. Theorem 2.2) to

the case of random fields with general parameter sets. Our approach is based on

a suitably defined extension of the cyclically exchangeable increments property to

the random fields setting. One can obtain the uniform law for sojourn times of

processes with cyclically exchangeable increments as a special case of our more

general Theorem 3.1 below.
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3.1 Introduction

Let X = {X(t)}
0t1

be a measurable real-valued stochastic process. In what

follows, we will be interested in situations where X(0) = X(1), in which case the

definition of Xhui (cf. (2.3)) simplifies to

Xhui(t) := X(u+ t (mod 1))�X(u) +X(0), t 2 [0, 1].

In that case, it is more convenient to view the process X as given on the unit circle

S1 using, say, the natural complex number parametrisation

eX(e2⇡it) := X(t), t 2 [0, 1).

Moreover, assuming integrability of X, observe that the cyclic exchangeability of

increments now translates into the invariance, with respect to rotations of the para-

metric set S1, of the distribution of the process { eX0(u) : u 2 S1} given by

eX0(e2⇡it) := X(t)�
Z

1

0

X(s) ds, t 2 [0, 1).

Now the point t = 0 ceases to be special since, for any fixed a 2 S1, the distribution

of the “time” spent by eX0 below the level eX0(0) coincides with that of the time

spent by eX0 below the level eX0(a), and in view of the result of Theorem 2.2, that

distribution is uniform.

The objective of the present chapter is to demonstrate how the above result

can, in a natural (and rather elementary) way, be extended to the random fields

setting where the parametric set T of the field {X(t)}t2T is endowed with a finite

measure µ. We show that, for a fixed a 2 T, provided that a certain invariance

property is satisfied, the µ-measure of the subset of T on which the values of X

do not exceed that of X(a), is also uniformly distributed. In a sense, this result is

a “randomised” version of the well-known fact that, for a random variable ⇠ with

continuous distribution function H, one has H(⇠) ⇠ U(0, 1).
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3.2 The main result

Let (T,T , µ) be a measure space with a finite measure and {X(t)}t2T a real-valued

measurable random field on a probability space (⌦,F ,P) with parameter set T .

Without losing generality, we will assume that µ(T ) = 1. Further, let

Fµ(X, x) := µ
�

t 2 T : X(t)  x
�

, x 2 R,

be the µ-measure of the parameter values t for which X(t) was at or below the

level x.

Now suppose that G is a family of measurable transformations of T , endowed

with a �-algebra G containing cylinders with bases from T , i.e. such that

{g 2 G : g(t) 2 B} 2 G for any t 2 T, B 2 T .

Denote by Xg(·) := X(g(·)) the composition of the random field X and argument

transformation g 2 G, and by µg(·) := µ(g(·)) a similar transformation of the

measure µ.

A natural extension of Theorem 2.2 to this setting is given by

Theorem 3.1. Suppose that Xg
d
= X and µg = µ for any g 2 G, and that there

exists a probability measure ⌫ on (G,G ) such that, for some fixed a 2 T,

⌫
�

g 2 G : g(a) 2 B
�

= µ(B), B 2 T . (3.1)

If Fµ(X, ·) is continuous a.s. then Fµ(X,X(a)) ⇠ U [0, 1].

Remark 3.1. In the context of the situation discussed in the Introduction, we had

T = S1, µ was the uniform distribution on S1, the family G consisted of all rotations

of S1 (with Xhui corresponding to “rotating” the field X by the angle 2⇡u), ⌫ was

the Haar measure on G. Clearly, property (3.1) held true for any a 2 T .

There is a discrete parameter set analog of the above theorem. Prior to stating

it, observe that, in the case of a finite parameter set T, we can always take T = 2T

and that, assuming that µ is the uniform distribution on T , we automatically have
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µg = µ for any transformation g of T . Moreover, in that case G is also necessarily

finite, so one can always take G = 2G.

The assertion has the following form.

Theorem 3.2. Suppose that Xg
d
= X for any g 2 G, card(T ) = N < 1, µ({t}) =

1/N , t 2 T, and that there exists a probability measure ⌫ on G such that, for some

fixed a 2 T, relation (3.1) holds. If P(X(s) = X(t)) = 0 for any s 6= t, then

Fµ(X,X(a)) follows the uniform distribution on {1, 2, . . . , N}.

The demonstration of the above result uses the same type of argument as that

of Theorem 3.1 and is actually even simpler, and so we will only present here the

proof of the latter.

Proof of Theorem 3.1. For p 2 (0, 1), introduce

qX(p) := sup{x 2 R : Fµ(X, x)  p},

QX(p) := {t 2 T : X(t)  qX(p)}.

By the continuity assumption,

Fµ(X, qX(p)) ⌘ µ(QX(p)) = p, (3.2)

and it is not hard to see that, for a fixed t 2 T, one has

{Fµ(X,X(t))  p} = {t 2 QX(p)}. (3.3)

Observe also that, due to the invariance of µ under g, we have

Fµ(Xg, x) = µ(t : Xg(t)  x) = µg(t : Xg(t)  x) = µ(s : X(s)  x) = Fµ(X, x)

for any g 2 G, x 2 R, and so qX(p) = qXg(p), p 2 (0, 1). Therefore, for any p 2 (0, 1),

g 2 G,

a 2 QXg(p) i↵ g(a) 2 QX(p). (3.4)

Now consider the product probability space (⌦ ⇥ G,F ⌦ G ,P⇤ = P ⇥ ⌫), and

let � be the second coordinate random variable on the space, so that � is a random
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element of G independent of X and following the distribution ⌫. Then we clearly

have X�
d
= X, and so, for any p 2 (0, 1),

P
�

Fµ(X,X(a))  p
�

= P⇤�Fµ(X�, X�(a))  p
�

= P⇤�a 2 QX� (p)
�

(3.5)

= P⇤��(a) 2 QX(p)
�

(3.6)

= E⇤P⇤��(a) 2 QX(p) |X
�

= Eµ(QX(p)) (3.7)

= p, (3.8)

where (3.5), (3.6), (3.7) and (3.8) follow from (3.3), (3.4), (3.1) and (3.2), respec-

tively. The theorem is proved.

3.3 Examples

Example 3.1. Let U
1

, . . . , Un be an i.i.d. sample of points uniformly distributed

over Sd�1, d � 2, K : Rd ! R be a measurable function, and set

X(t) :=
n
X

k=1

K(t� Uk), t 2 Sd�1. (3.9)

Take G := SO(d), the special orthogonal group on Rd, and ⌫ the Haar measure on

it. Then it is clear that, for a nice enough K, the field X will satisfy the conditions

of Theorem 3.1 with µ being the uniform distribution on Sd�1 (due to symmetry).

To graphically illustrate this example, assume that d = 3 and let

K(x) := 1� (kxk/2)1/10, x 2 R3, (3.10)

where k · k is the Euclidean norm. It is clear that the conditions of Theorem 3.1 are

met with the above choice of K.

One can think of X as describing the relief (the surface altitude relative to

a fixed reference level, i.e. the surface of a sphere) of a “random planet” with n
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mountains that have their summits at the sample points Uk and possess symmetric

shape features. A simulation of such a surface, with n = 20, is depicted on the left

pane in Fig. 1.

Figure 3.1: A sample realisation of the field (3.9) with kernel (3.10), d = 3 and n = 20

(on the left pane) and the scaled histogram of a simulated sample of 105 independent

copies of Fµ(X,X(a)) for that field, a being the “North pole” (on the right pane).

The right pane in Fig. 1 depicts the scaled histogram (with 50 bins) for an i.i.d.

sample of 105 copies of Fµ(X,X(a)) for that field, a being the “North pole” (on the

“coordinate sphere” S2). The values of Fµ(X,X(a)) were computed using antithetic

Monte Carlo methods. The simulation confirms the assertion of Theorem 3.1 that

the area on the coordinate sphere where the terrain is below the height of the relief

at the North pole is uniformly distributed.

Example 3.2. Consider a rectangular array of random variables {X(t)}t2T with

T = {1, 2, . . . ,m}⇥ {1, 2, . . . , n} for some n,m 2 N, such that P(X(s) = X(t)) = 0

for any s 6= t. In other words, X is a random m⇥n matrix whose entries are distinct

a.s. We will also assume that the distribution of the matrix is invariant w.r.t. cyclic

permutations of its rows and columns.

A real-life example of such a situation is provided by an n ⇥ n Latin square

experimental design, which is obtained by choosing at random a square from a

given isotopy class of n ⇥ n Latin squares (or, to simplify the procedure, starting

with a given n⇥n Latin square and then cyclicly permuting its rows and columns at

random), and then assigning the treatment factor levels to the respectively labelled

elements of the array.
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Introduce G as the collection of all compositions of the form gr � gc, where gr is

a cyclic permutation of the rows, and gc a cyclic permutation of the columns of T .

Then clearly Xg
d
= X for any g 2 G, and the uniform distribution ⌫ on G will have

the desired property (3.1) for any fixed a 2 T (recall that, in the discrete case, we

assume that µ is uniform on T ).

Now we see that all the conditions of Theorem 3.2 are met, and therefore, say,

the number of the entries of the matrix X that don’t exceed the first entry in its

first row (i.e. the random variable card
�

t 2 T : X(t)  X((1, 1))
�

has the uniform

distribution on {1, 2, . . . , nm}).
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Chapter 4

Beta distributed limits of iterated

linear random functions

In this chapter we consider several special cases of iterations of random i.i.d. linear

functions that describe nested interval schemes when iterated in a backward direc-

tion, and ergodic Markov chains in the forward direction. All these cases will have

beta distributed fixed points, and we find these fixed points using an extension of a

result due to E. J. G. Pitman [P37] to solve for the beta distributed solution of a

random equation by reducing the latter to a random equation with a related gamma

distributed solution. In each case, these fixed points are the almost sure limits of

the corresponding nested interval schemes and the stationary distributions of the

corresponding Markov chains. We will also present some apparently new examples

of beta distributed randomly weighted averages and stick-breaking schemes with

beta distributed limits.
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4.1 Introduction

In this chapter, we study the classes of interval-valued processes and ergodic Markov

chains generated by the family F (cf. (1.29)) of linear random functions. Our

approach is centred around the following two key observations. Firstly, every process

in one class has a corresponding “dual” process in the other class, with the same

limiting distribution (where the backward iterations converge a.s. and the forward

iterations converge in distribution). This observation enables us to immediately

obtain previously unknown limiting distributions of several processes of interest due

to their duality with well studied processes appearing in the literature.

Our second key observation is that one can show the limit is beta distributed by

using a related random equation with a gamma distributed solution, allowing for

simple analytic proofs. In addition, this random equation generates a corresponding

ergodic Markov chain with a gamma distributed stationary distribution.

These two key observations form the systematic approach used in this chapter,

whereby we prove assertions concerning the limiting distributions of random pro-

cesses we consider and provide solutions to two random equations by solving only

one of them.

We can interpret the forward process (1.30) in terms of the movement of a particle

in [0, 1], where Xn is the location of the particle at time n, and the particle moves

from Xn�1

to Xn by (1.27). In particular, we will consider those models where, for

each n, at least one of the following holds: one has An = 1 (which would imply a

move to the right) or Bn = 0 (implying a move to the left). See Section 2.3 for

a review of the literature concerning models of this type (where, at each step, a

particle at Xn 2 [0, 1] moves at time n+1 either left to a random point in [0, Xn], or

right to a random point in [Xn, 1]) having in most cases beta distributed stationary

distributions.

We will interpret the backwards process (1.31) as generating a sequence of nested

intervals I
0

= [0, 1] � I
1

� I
2

� · · · given by the ranges of the corresponding

backward mappings Y
0

, Y
1

, Y
2

, . . . (i.e. Yn maps [0, 1] onto In), and consider only the

case when |In| ! 0 as n ! 1 (i.e. when F
1

is a contraction).

In some of the cases we consider, the nested interval scheme generated by the
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backward iteration (1.31) is an interval splitting scheme of the following type.

Choose a random (not necessarily uniformly distributed) splitting point S
1

in [0, 1]

and select according to a given (possibly random) rule one of the subintervals [0, S
1

],

[S
1

, 1]. Continuing this procedure in the same way independently on the chosen

subinterval, we obtain a random sequence {Sn}n�1

. When the law of the splitting

point S
1

is not concentrated on {0, 1}, the length of the chosen interval tends to zero

a.s. as n ! 0, and therefore Sn converges a.s. to a random variable Y . In several

cases considered previously, this limiting random variable Y turns out to be beta

distributed (see Section 2.2.1 for a review of the literature concerning these interval

splitting schemes). We call this scheme the CGZ model after Chen, Goodman and

Zame who first studied it in [CGZ84] under the conditions that Sn ⇠ U [0, 1] and

the largest subinterval is selected with probability p at each step.

Most of the nested interval schemes considered in the literature can be classified

using a convenient notation of the form

hLN , L
0
M 0 |L00

M 00i,

where L,L0, L00,M 0,M 00 represent letters and N is a natural number which have the

following meaning.

Imagine each step in a nested interval scheme I
0

= [0, 1] � I
1

� I
2

� · · · is

generated by the following two stage process. In the first stage of step n we choose

a fixed (one and the same for all n) number of subintervals of In�1

, n � 1. In the

second stage, we select one of the chosen subintervals to be In.

We set L := S if the intervals from the first stage can be constructed by splitting

the interval In�1

, n � 1, into two or more subintervals (i.e. they form a partition of

In�1

), otherwise we set L := G for general. The number N is equal to the number

of intervals generated in the first stage. We set L0 := D if the rule for the first stage

is deterministic, or L := R if the rule is random. The subscript M 0 of the second

component is equal to I if the rule is the same (i.i.d. after scaling and translation)

for each stage of the process, otherwise M 0 := G for general. Similarly, in the final

component we set L00 := D (resp. R) if the rule for the second stage is deterministic

(resp. random), and M 00 := I if the rule is the same (i.i.d.) for each stage of the
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process, or M 00 := G otherwise.

We will mostly be interested in nested interval schemes with M 0 = M 00 = I since

in that case the scheme is completely determined by the rule for choosing the first

interval I
1

from [0, 1] (e.g. the CLZ model is an hS
2

, RI |RIi scheme in the general

case).

To illustrate our classification, consider the Kennedy’s nested interval scheme (cf.

Section 2.2.2) in the case p, q, r > 0. For k > 3 the above scheme is an hG
3

, RI |RIi
nested interval scheme, whereas for k = 3 it is an hS

3

, RI |RIi scheme. Note that

interval schemes can admit di↵erent classifications within the introduced notation.

For example, when p = 1, Kennedy’s scheme can be viewed as either hS
3

, RI |DIi
or hG

1

, RI |DIi, where in the latter we only considered the middle interval [Cn, Dn],

rather than choosing the middle interval deterministically from the three intervals

in the former. Despite that, the classification may still be useful for understanding

of and distinguishing between the schemes we will consider.

The remainder of the chapter is structured as follows. In Section 4.2, we present

our main results, beginning in Section 4.2.1 with a description of the general nested

interval scheme generated by the backward iteration (1.31). We then devote Section

4.2.2 to proving an equivalence result for beta distributed solutions to (1.22) and

gamma distributed solutions to a related random equation. In Section 4.2.3 we

introduce several equivalent claims concerning limiting distributions for processes

and solutions to random equations we consider.

In Sections 4.2.4 and 4.2.5 we use the approach discussed above to find the

explicit form for the limiting distributions of nested interval schemes and Markov

chains on [0, 1] in two broad special cases. In the first one, at each step either An = 1

or Bn = 0. In the second more general case, the distribution of (An, Bn) can have

support on an arbitrary subset of the unit square [0, 1]2, with most cases considered

being closely related to the beta distribution. We conclude this chapter by showing

how the results obtained in Section 4.2 also imply some apparently new examples

of beta distributed randomly weighted averages in Section 4.3.1, and stick-breaking

schemes with beta distributed limits in Section 4.3.2.
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4.2 Main results

We start by describing the general nested interval scheme generated by the backward

iteration (1.31).

4.2.1 A general nested interval scheme

Recall that F
1

, F
2

, . . . are the random functions from class F which are generated

by a sequence of i.i.d. vectors (A
1

, B
1

), (A
2

, B
2

), . . . with distribution µ̂ (see p.18).

Plainly,

F
1

(x) = (A
1

� B
1

)x+B
1

maps [0, 1] onto I
1

= [min(A
1

, B
1

),max(A
1

, B
1

)]. So the nth backward iteration

from (1.31) maps [0, 1] onto the nth interval of the following nested interval scheme.

Starting with the unit interval [0, 1], select the interval I
1

with end points A
1

and

B
1

. For the second step, noting that the mapping F
2

is linear, we see that the end

points of the second nested interval I
2

⇢ I
1

are given by

A
2

:= Y
2

(1) = (A
1

� B
1

)A
2

+B
1

and B
2

:= Y
2

(0) = (A
1

� B
1

)B
2

+B
1

.

It follows that

L
✓

(A
2

� B
1

, B
2

� B
1

)

A
1

� B
1

�

�

�

A
1

� B
1

> 0

◆

= L((A
1

, B
1

)), (4.1)

L
✓

(A
2

� A
1

, B
2

� A
1

)

B
1

� A
1

�

�

�

A
1

� B
1

< 0

◆

= L((1� A
1

, 1� B
1

)).

This is, if A
1

> B
1

, after translating and scaling the real line so that I
1

turns into

[0, 1], the law of the end points of the interval I
2

is the same as that of the end points

of I
1

. Otherwise, if A
1

< B
1

, the law of (A
2

, B
2

) is the same (after translating and

scaling) as that of (1�A
1

, 1�B
1

). Similarly, the end points of the nth interval are

given by An := Yn(1) and Bn := Yn(0), with

L
 

(An � Bn�1

, Bn � Bn�1

)

An�1

� Bn�1

�

�

�

n�1

Y

j=1

(Aj � Bj) > 0

!

= L((A
1

, B
1

)), (4.2)
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L
 

(An � An�1

, Bn � An�1

)

Bn�1

� An�1

�

�

�

n�1

Y

j=1

(Aj � Bj) < 0

!

= L((1� A
1

, 1� B
1

)).

We will mostly be interested in special cases where one of the following conditions

is met:

[M1] A > B a.s.,

[M2] µ̂ = µ̂0 := L((1� A, 1� B)),

[M3] µ̂0 = L((B,A)).

If at least one of [M1]–[M3] holds the nested interval schemes generated by (1.31)

satisfy the following i.i.d. property.

[I] For all n � 1, the conditional distribution of

In �min In�1

|In�1

|

given In�1

does not depend on In�1

and is one and the same for all n � 1.

4.2.2 A relationship between beta and gamma distributed

solutions to linear random equations

For a positive vector t 2 Rd
+

, let ⇠ = (⇠
1

, . . . , ⇠d) ⇠ G
t

. Then we have from Lukacs’s

characterisation of the gamma distribution (cf. Theorem 1.1) that

⇠• is independent of

✓

⇠
1

⇠•
, . . . ,

⇠d
⇠•

◆

, (4.3)

and so

(⇠
1

, . . . , ⇠d)
d
=

✓

⇠
1

⇠•
, . . . ,

⇠d
⇠•

◆

⇠̃•, (4.4)

where (⇠̃
1

, . . . , ⇠̃d) is an independent copy of ⇠.

A remarkable observation made by E. J. G. Pitman [P37] is the following ex-

tension of (4.3). Let, as above, ⇠ ⇠ G
t

, and f : Rd ! R be a scale independent
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measurable function, i.e., for any a 6= 0,

f(ax
1

, . . . , axd) ⌘ f(x
1

, . . . , xd), (x
1

, . . . , xd) 2 Rd.

Then the random variable f(⇠
1

, . . . , ⇠d) is independent of ⇠•.

The following lemma is an extension of that observation to random functions.

Lemma 4.1. Let (⌦,F ,P) be a probability space, (E, E) a measurable space, and

X : ⌦ ! E an E-valued random variable. Suppose H : Rr ⇥ E ! R
+

is jointly

measurable and

H(ay
1

, . . . , ayr, x) = H(y
1

, . . . , yr, x)

holds for all a 6= 0, (y
1

, . . . , yr) 2 Rr and x 2 E
1

⇢ E, where P(X 2 E
1

) = 1. If

V = (V
1

, . . . , Vr) ⇠ G
t

, t 2 Rr
+

, is independent of X, then V• is independent of

H(V , X).

Proof. Denote by �(s, u), (s, u) 2 R2

+

the joint Laplace transform of V• andH(V , X).

Then

�(s, u) = Ee�s(V1+···+Vr)�uH(V1,...,Vr,X)

= C
t

Z 1

0

· · ·
Z 1

0

vt1�1

1

· · · vtr�1

r e�(1+s)
P

vkEe�uH(v1,...,vr,X)dv
1

· · · dvr,

where C�1

t

=
Qr

k=1

�(tk). Making the substitution yk = (1 + s)vk and observing

that H(v
1

, . . . , vr, X)
d
= H(y

1

, . . . , yr, X) by virtue of scale independence, we have

that

�(s, u) =
C

t

(1 + s)
P

tk

Z 1

0

· · ·
Z 1

0

yt1�1

1

· · · ytr�1

r e�
P

ykEe�uH(y1,...,yr,X)dy
1

· · · dyr,

which is the product of two functions, one depending on s, and the other on u.

Therefore V• and H(V , X) are independent as claimed.

We will now use Lemma 4.1 to prove the following proposition that is fundamen-

tal to our approach as it provides a simple way to show that solutions to (1.22) are

beta distributed.
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Proposition 4.2. Random equation (1.22) has solution X ⇠ �(a, b) for some values

a, b > 0 i↵

V
1

d
= AV

1

+BV
2

, where V
1

, V
2

, (A,B) are mutually independent, (4.5)

holds for (V
1

, V
2

) ⇠ �a ⌦ �b.

Proof. Suppose that relation (4.5) holds for (V
1

, V
2

) ⇠ �a ⌦ �b. Then

AV
1

+BV
2

=
AV

1

+BV
2

V
1

+ V
2

(V
1

+ V
2

)
d
=

AV
1

+BV
2

V
1

+ V
2

eV , (4.6)

where eV ⇠ �a+b is independent of (A,B, V
1

, V
2

), the equality in distribution follow-

ing from Lemma 4.1. Similarly, we have that

V
1

=
V
1

V
1

+ V
2

(V
1

+ V
2

)
d
=

V
1

V
1

+ V
2

eV , (4.7)

where eV ⇠ �a+b is independent of (V
1

, V
2

). Taking logarithms of the right-hand

sides of (4.6) and (4.7), we obtain from (4.5) that

ln

✓

AV
1

+BV
2

V
1

+ V
2

◆

+ ln(eV )
d
= ln

✓

V
1

V
1

+ V
2

◆

+ ln(eV ). (4.8)

Denoting by  , ' and � the characteristic functions of the first, second (and fourth),

and third terms in (4.8), respectively, we have

 (u)'(u) = �(u)'(u).

It is not hard to show that '(u) 6= 0. Therefore  ⌘ �, and so

V
1

V
1

+ V
2

d
=

AV
1

+BV
2

V
1

+ V
2

.

We conclude that random equation (1.22) has solution Y
d
= V

1

/(V
1

+ V
2

) ⇠ �(a, b).

Conversely, suppose that random equation (1.22) has solution Y ⇠ �(a, b). Fol-

lowing the same steps as above in reverse order, we conclude that (4.5) holds for

(V
1

, V
2

) ⇠ �a ⌦ �b. Proposition 4.2 is proved.
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Proposition 4.2 relates the original sequences of iterations of functions on [0, 1]

to the following forward and backward iterations defined on R
+

. For the family

{ga,c(x0) = ax0 + c : (a, c) 2 [0, 1]⇥ R
+

} and an i.i.d. sequence {(An, Bn, Vn)}n�1

of

random vectors with distribution µ̂ ⌦ �b, set Gn := gAn,BnVn . Denote the forward

iterations of {Gn}n�1

by

X 0
n(·) := Gn �Gn�1

� · · · �G
1

(·), n � 1, X 0
0

(·) = id(·), (4.9)

and its backward iterations by

Y 0
n(·) := G

1

�G
2

� · · · �Gn(·), n � 1, Y 0
0

(·) = id(·). (4.10)

Starting from a fixed x0 > 0 and writing X 0
n = X 0

n(x
0), the forward process (4.9) is

given by

X 0
n := AnX

0
n�1

+BnVn, n � 1. (4.11)

This is also a special case of recursion (1.24), and so X 0
n converges in distribution to

a unique (in distribution) X 0 when condition (1.25) is satisfied. In our case, since

A
1

2 [0, 1], this conditions is satisfied when

P(A
1

= 1) < 1. (4.12)

4.2.3 Some equivalent claims

For (a, b) 2 R2

+

, we introduce the following claims to be used in the statements of

assertions in the remainder of this chapter:

[A1] Suppose V
2

⇠ �b. Then V
1

⇠ �a is the unique solution to (4.5).

[A2] X ⇠ �(a, b) is the unique solution to (1.22).

[A3] For Yn(x) given by (1.31), as n ! 1, one has Yn(x)
a.s.�! Y ⇠ �(a, b) uniformly

in x 2 [0, 1].

[A4] For Xn(x) being the location of the particle after the nth step of the Markov

chain (1.30) starting from x 2 [0, 1], one has Xn(x)
d! X ⇠ �(a, b) as n ! 1.
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[A5] For X 0
n(x

0) being the location of the particle after the nth step of the Markov

chain (4.9) starting from x0 2 R
+

, one has X 0
n(x

0)
d! X 0 ⇠ �a as n ! 1.

The next proposition shows that to establish [A1]–[A5], it su�ces to just prove

[A1] (or [A2]).

Proposition 4.3. Suppose that the distribution µ̂ of (A
1

, B
1

) is such that the con-

vergence conditions (1.26), (4.12) hold, and at least one of [A1] or [A2] holds true.

Then all assertions [A1]–[A5] hold true.

Proof. Since the convergence conditions (1.26), (4.12) are satisfied, any solutions to

random equations (1.22) and (4.5) are unique. Therefore, by Proposition 4.2, [A1]

holds if and only if [A2] holds. Further, the law of V
1

from [A1] is the stationary

distribution of the Markov chain from [A5], and the law of X from [A2] is the

stationary distribution of the Markov chain from [A4] which coincides with the law

of the limiting location in the nested interval scheme from [A3] by the contraction

principle in [CL91].

Now consider several classes of distributions µ̂ on [0, 1]2 satisfying convergence

conditions (1.26), (4.12), with beta distributed solutions to random equation (1.22).

Uniqueness of the solutions to (1.22) and (4.5) is implied by the convergence condi-

tions.

4.2.4 Model 1

In this model we assume that for some fixed p 2 (0, 1), we have

(A,B)
d
= Ip(1� L, 0) + (1� Ip)(1, R), (4.13)

where Ip ⇠ Be(p) is independent of the random vector (L,R) 2 (0, 1)2 and Be(p)

denotes the Bernoulli distribution with success probability p. Clearly this model

satisfies the convergence conditions (1.26) and (4.12).

This model has two important features. Firstly, since A > B a.s., the nested

interval scheme generated by (1.31) satisfies the independence property [I] (see p.67).

Secondly, the representation (4.13) allows for a simple description of the nested

71



interval scheme generated by (1.31), the Markov chain on [0, 1] given by (1.27), and

the Markov chain on R
+

given by (4.11). These processes are described respectively

in (1A), (1B), and (1C) below. In particular, the nested interval scheme (hG
2

, RI |RIi
in the general case) described by (1A) and the Markov chain described by (1B) are

dual in the sense of the contraction principle (Proposition 1) in [CL91].

(1A) Starting with the unit interval, we choose the two subintervals [0, 1 � L] and

[R, 1], i.e. by moving the right (resp. left) end point of the interval to the left

(resp. right) a distance given by the proportion L (resp. R) of the interval.

Next, select the interval [0, 1�L] with probability p, or [R, 1] with probability

1� p, continuing independently in the same way on the chosen subinterval. If

1� L
d
= R, then this is the CGZ model (hS

2

, RI |RIi in the general case).

(1B) A particle starts from a point x 2 [0, 1] and moves left the distance Lx with

probability p, or right the distance R(1�x) with probability 1�p. The process

continues in this way, each new step being independent of the past.

(1C) A particle starts from a point x0 2 R
+

and moves left the distance Lx0 with

probability p, or right the distance RV
1

with probability 1� p, where V
1

⇠ �a

for some a > 0. The process continues in this way, each new step being

independent of the past.

Clearly, assertions [A3]–[A5] give the limiting distributions of the processes de-

scribed in (1A)–(1C), respectively.

To introduce our first special case of Model 1, consider the following hS
2

, DI |RIi
version of the CGZ model. Fix a p 2 (0, 1) and, starting with the unit interval,

choose the interval [0, p] with probability p, or [p, 1] with probability 1 � p. The

next nested interval is obtained in the same way from the first chosen interval, and

so on. It is clear that this scheme can be generated by a single uniform random

variable U ⇠ U [0, 1] as follows. On the first step, of the two intervals [0, p]

and (p, 1], we choose the interval containing the value of U . At the next step, we

partition the chosen interval into two with the same ratio of lengths, and again

choose the subinterval containing the value of U , and so on. It is obvious from
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this representation that the limiting location of the nested intervals has distribution

U [0, 1].

Thus [A2] holds for this scheme. It follows from Proposition 4.3 that [A1] will

also hold. That fact, however, admits an elementary direct proof as well.

Theorem 4.4. Under assumption (4.13), let L = (1� p), R = p. Then [A1] holds

for a = b = 1.

Proof. Since the Vi’s are independent exponential when a = b = 1, one has

Eeit(AV1+BV2) = pEeitpV1 + (1� p)Eeit(V1+pV2)

= p(1� itp)�1 + (1� p)(1� it)�1(1� itp)�1 = (1� it)�1,

which is the characteristic function of V
1

as required.

Note that assertion [A4] under the conditions of Theorem 4.4 extends Theorem

2 in [SP00] (which we presented as Theorem 2.13 above), where it was proved in the

special case p = 1/2. Likewise, assertion [A3] in this case when interpreted for the

products of 2 ⇥ 2 stochastic matrices (cf. (1.37)) extends the result of example on

p.160 of [R71] that also considered the special case when p = 1/2 (cf. Section 2.5.1).

The next case extends the situation considered in [SP08] where assertion [A4]

from Theorem 4.5 below was first proved (cf. Theorem 2.15), extending that assertion

in the case z = 1 from [SP00] and [DF99] (cf. Theorem 2.11).

Theorem 4.5. Under assumption (4.13), let L
d
= R ⇠ �(1, z) for a fixed z > 0.

Then [A1]–[A5] holds for (a, b) = ((1� p)z, pz).

Proof. According to Proposition (4.3) it su�ces to show that [A2] holds. Clearly,

random equation (1.22) can be written as

X
d
= (1� C)X + CD, (4.14)

where X is independent of

(C,D) = (1� A+B,B/(1� A+B)) =

⇢

(L, 0), Ip = 1,

(R, 1), Ip = 0,
(4.15)
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and (C,D) has distribution

(C,D) ⇠ �(1, z)⌦ Be(1� p). (4.16)

Therefore, it su�ces to show that X ⇠ �((1�p)z, pz) is the unique solution to (4.14)

with (C,D) distributed as per (4.16). Uniqueness follows from Lemma 1.5 in [V79]

since condition (1.25) is satisfied for an i.i.d. sequence with the same distribution as

(1 � C). The fact that X ⇠ �((1 � p)z, pz) is the solution follows from Section 3

in [S94] (see also Proposition 1 in [SP08] where it was shown that (4.14) holds for

X ⇠ �((1� p)z, pz) using the method of moments).

Remark 4.1. Observe that, for z = 1, assertion [A3] under the conditions of

Theorem 4.5 gives the limit distribution of the following hS
2

, RI |RIi version of the

CGZ model that was considered in [K93]. Choose a uniformly distributed point

U
1

in [0, 1] and select (independently of U
1

) the subinterval [0, U
1

] with probability

p, or [U
1

, 1] with probability 1 � p. Continuing independently in the same way on

the chosen subinterval, the limiting location of this interval splitting scheme has

distribution �(1� p, p).

One can also show that Theorem 4.5 holds by proving assertion [A1] analytically

using characteristic functions. In doing so now, we will establish the limiting distri-

bution in two cases that have not been considered previously in the literature, by

using the well-known properties of the Gauss hypergeometric function (cf. (1.15)).

Indeed, for (V
1

, V
2

) ⇠ �z ⌦ �y with z = (1 � p)v, y = pv, L
d
= R ⇠ �(1, v) and

(A,B) given by (4.13), we have

Eeit(AV1+BV2)

= pEeit(1�L)V1 + (1� p)Eeit(V1+RV2)

=
y

y + z

Z

1

0

E(eit(1�L)V1 |1� L = u)P((1� L) 2 du)

+
z

y + z
EeitV1

Z

1

0

E(eitRV2 |R = u)P(R 2 du)

=
y

y + z

Z

1

0

(1� itu)�zuy+z�1B(y + z, 1)�1 du
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+
z

y + z
(1� it)�z

Z

1

0

(1� itu)�y(1� u)y+z�1B(1, y + z)�1 du

=
y

y + z
2

F
1

(z, y + z; y + z + 1; it) +
z

y + z
(1� it)�z

2

F
1

(y, 1; y + z + 1; it)

(4.17)

=
y

y + z
2

F
1

(z, y + z; y + z + 1; it) +
z

y + z
2

F
1

(z + 1, y + z; y + z + 1; it) (4.18)

=
2

F
1

(z, y + z + 1; y + z + 1; it) (4.19)

= (1� it)�z, (4.20)

where (4.18), (4.19), and (4.20) follow from (1.18), (1.17), and (1.16), respectively.

The right hand side of (4.20) is the characteristic function of V
1

, and so [A1] holds

as claimed.

We will now use the expression (4.17) and the well-known identity

2

F
1

(a, b; c; ⌘) =
2

F
1

(b, a; c; ⌘) (4.21)

to establish the limiting distribution in our next case. Indeed, using (4.21) it is clear

that expression (4.17) is equal to

y

y + z
2

F
1

(z, y + z; y + z + 1; it) +
z

y + z
(1� it)�z

2

F
1

(1, y; y + z + 1; it). (4.22)

Hence assertion [A1] holds under assumption (4.13) with L ⇠ �(1, y + z), R ⇠
�(y, z + 1), p = y/(y + z), and (V

1

, V
2

) ⇠ �y ⌦ �
1

. We have proved the following

theorem.

Theorem 4.6. Under assumption (4.13), let L ⇠ �(1, y + z), R ⇠ �(y, z + 1), and

p = y/(y + z), y, z > 0. Then [A1]–[A5] hold for (a, b) = (z, 1).

We can derive yet another case from (4.22) as follows. Recalling that (4.20) is

equal to (4.22), we have

(1� it)�z =
y

y + z
2

F
1

(z, y + z; y + z + 1; it) +
z

y + z
(1� it)�z

2

F
1

(1, y; y + z + 1; it)

=
y

y + z
(1� it)1�z

2

F
1

(1, y + 1; y + z + 1; it)

+
z

y + z
(1� it)�z

2

F
1

(1, y; y + z + 1; it),

75



the second equality following from relations (4.21) and 15.3.3 in [AS64]. Therefore

(1� it)�1 =
y

y + z
2

F
1

(1, y+ 1; y+ z + 1; it) +
z

y + z
(1� it)�1

2

F
1

(1, y; y+ z + 1; it).

The last equality implies that assertion [A1] holds under assumption (4.13) with

L ⇠ �(z, y + 1), R ⇠ �(y, z + 1), p = y/(y + z), and (V
1

, V
2

) ⇠ �
1

⌦ �
1

. The

following theorem is proved.

Theorem 4.7. Under assumption (4.13), let L ⇠ �(z, y + 1), R ⇠ �(y, z + 1), and

p = y/(y + z), y, z > 0. Then [A1]–[A5] hold for a = b = 1.

Remark 4.2. Note that assertion [A4] under the conditions of Theorem 4.7 is an

extension of Proposition 2 in [SP08] (cf. Theorem 2.16 above), where it was proved

in the special case y = z. In that case, we can derive an interesting distributional

relation involving mixtures of gamma distributions from which we will obtain an

apparently new explicit form solution to the perpetuity equation as a special case.

Indeed, using the equivalent random equation (4.14), we have from assertion

[A2] under conditions of Theorem 4.7 that

U
d
= U(1� C) + I

1/2C,

for (U,C, I
1/2) ⇠ U [0, 1]⌦�(y, y+1)⌦Be(1/2). Therefore, for (V

1

, V
2

) ⇠ �y/2⌦�y/2+1

U(eV
1

+ eV
2

)
d
=

UV
2

+ I
1/2V1

V
1

+ V
2

(eV
1

+ eV
2

)

d
=

UV
2

+ I
1/2V1

V
1

+ V
2

(V
1

+ V
2

) = UV
2

+ I
1/2V1

, (4.23)

where (eV
1

, eV
2

) is an independent copy of (V
1

, V
2

), and the second equality in distri-

bution follows from Lemma 4.1.

Let {�(t)}t�0

, �(0) = 0, be a gamma process with independent increments such

that �(t) � �(s) ⇠ �t�s for 0  s < t. Suppose also that {�
1

(·)}, {�
2

(·)}, . . . are
independent copies of the process {�(t)}t�0

, U ⇠ U [0, 1], and J
1

, J
2

, . . . are i.i.d.

with distribution Be(1/2). Assuming independence of all the processes and random
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variables introduced above, we can rewrite random equation (4.23) as

U�(y + 1)
d
= U�(y/2 + 1) + J

1

�
1

(y/2).

By repeated substitution, we obtain

U�(y + 1)
d
= U�(1) +

1
X

k=1

Jk�k(y/2
k),

where the series converges a.s. by Kolmogorov’s two series theorem (see e.g. p.386

in [S95]). By conditioning on {Jk} we see that

1
X

k=1

Jk�k(y/2
k)

d
= �

1

 

y
1
X

k=1

Jk
2k

!

d
= �

1

(yU
1

),

where U
1

⇠ U [0, 1] is independent of ({�(·)}, {�
1

(·)}, U). So we obtained the follow-

ing curious relation:

U�(y + 1)
d
= U�(1) + �

1

(yU
1

). (4.24)

In particular, for y = 1, the random variable

U�(1) + �
1

(U
1

)

is exponentially distributed, and therefore V ⇠ U [0, 1] is the unique solution to the

perpetuity equation (1.23) with (D,C) = (U, �
1

(U
1

)).

One can also show that (4.24) holds by computing the Laplace transform (or

characteristic function) of each side. A search of the literature yielded only one

paper [J05] that considered the mixture �
1

(yU
1

). In that paper the explicit form for

the density of �(U)/�(1) was given.

The last special case of Model 1 we consider is as follows.

Theorem 4.8. Under assumption (4.13), let 2L
d
= 2R ⇠ �(1, z), z > 0, and

p = 1/2. Then [A1]–[A5] hold for a = b = z + 1.

Proof. In view of Proposition 4.3, we will only prove [A1]. For M ⇠ �(1, z) inde-

pendent on (V
1

, V
2

), the characteristic function of the right-hand side of (4.5) with
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a = b = z + 1 is

Eeit(AV1+BV2) =
1

2
Eeit(1�M/2)V1 +

1

2
Eeit(V1+MV2/2)

=
1

2

Z

1

0

(1� u)z�1z

(1� (1� u/2)it)z+1

du+
1

2
EeitV1EeitMV2/2.

The last term above is equal to (1 � it)�z�1(1 � it/2)�1/2 due to the well-known

property of “beta-gamma algebra” that for (X, Y ) ⇠ �(a, b)⌦�a+b, one hasXY ⇠ �a

(cf. (1.12)). The integral in the second last term can be computed and is equal to

(1� it)�z(1� it/2)�1. Therefore, the characteristic function of AV
1

+ BV
2

is equal

to

(1� it)�z

2(1� it/2)
+

(1� it)�z�1

2(1� it/2)
= (1� it)�z�1

which means that equation (4.5) is satisfied.

Assertion [A3] under conditions of Theorem 4.8 gives the limiting distribution

of an hS
2

, RI |RIi version of the CGZ model where the splitting point has density

f(u) =

8

>

>

<

>

>

:

z(1� 2u)z�1, 0 < u < 1/2,

z(2u� 1)z�1, 1/2  u < 1/2,

0, elsewhere,

(4.25)

and the larger of the intervals is chosen at each step. In particular, the following

corollary holds true.

Corollary 4.9. Starting with the unit interval, choose a random splitting point S
1

with density (4.25) and select the larger of the intervals [0, S
1

], [S
1

, 1]. Continue

independently in this way on the chosen subinterval. Then the limiting location of

the scheme has distribution �(z + 1, z + 1).

Note that Corollary 4.9 extends the results in [CGZ84] and [DLS86], where its

claim was proved for z = 1 (cf. Theorem 2.4 above).
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4.2.5 Model 2

Now consider a more general model where the support of µ̂ can be an arbitrary

(closed) subset of the whole unit square [0, 1]2. In this more general model, the

nested interval scheme, Markov chain {Xn} on [0, 1] given by (1.27), and Markov

chain {X 0
n} on R

+

given by (4.11) are described respectively in (2A), (2B), and (2C)

below, with the limiting distributions given by assertions [A3]–[A5], respectively.

(2A) Starting with the unit interval I
0

= [0, 1], the interval I
1

is given by [min(A
1

, B
1

),

max(A
1

, B
1

)] with (A
1

, B
1

) ⇠ µ̂ (cf. Section 4.2.1). For n � 1, the (n + 1)st

interval is chosen from In using the distribution

µ̂n+1

=

⇢

µ̂n if An > Bn,

µ̂0
n otherwise,

shifted and scaled to I2n (see [M2] on p.67), with µ̂
0

:= µ̂. Recall that if either

of the conditions [M1]–[M3] on µ̂ is satisfied, then the independence property

[I] holds true.

(2B) A particle starts from a point x 2 [0, 1] and moves to the point A
1

x+B
1

(1�x).

The process continues in this way, each new step being independent of the past.

(2C) A particle starts from a point x0 2 R
+

and moves to the point A
1

x0 + B
1

V
1

for V
1

⇠ �a, for some a > 0. The process continues in this way, each new step

being independent of the past.

First we will consider a special case of Model 2 discussed in the pioneering work

of DeGroot and Rao [DR63]. The result of their Example 6 (which we presented as

Theorem 2.10 above) coincides with assertion [A4] in the following theorem.

Theorem 4.10. If (A,B) ⇠ �(w, y)⌦ �(y, z) for some w, y, z > 0, then [A1]–[A5]

hold for (a, b) = (w + y, y + z).

Proof of Theorem 4.10. As usual, will only prove [A1]. By (1.12) we have that

AV
1

⇠ �w and BV
2

⇠ �y. Hence, by independence, the sum AV
1

+ BV
2

has the

same distribution as V
1

⇠ �w+y, as required.
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In particular, if w = z, then [M3] holds, and so assertion [A3] under the condi-

tions of Theorem 4.10 gives the limiting location of the hG
1

, RI |DIi nested interval

scheme described in the following corollary.

Corollary 4.11. Starting with the unit interval, choose two independent points

A
1

⇠ �(z, y) and B
1

⇠ �(y, z) in [0, 1], and select the interval with these end points.

Continue independently in this way on the chosen subinterval. Then the limiting

location of the scheme has distribution �(y + z, y + z).

Corollary 4.12. If A ⇠ �(w, y) and B ⌘ 1, then assertions [A1]–[A5] hold for

(a, b) = (w + y, y).

Proof. To prove [A1], set B ⌘ 1 in the proof of Theorem 4.10.

Remark 4.3. The interval-valued process (2A) generated by µ̂ from Theorem 4.12 is

the following hS
2

, RG|DGi interval splitting model that apparently has not appeared

previously in the literature. The random rule represented by RG prescribes to choose

the splitting point Sn with the shifted and scaled distribution �(w, y) (resp. �(y, w))

on In�1

if n is odd (resp. even). The deterministic rule represented by DG prescribes

to select the right (resp. left) interval if n is odd (resp. even). Then, by assertion

[A3] under the conditions of Theorem 4.12, the limiting location of this scheme has

law �(w + y, y).

Remark 4.4. Now consider the process X̄ := {X̄n}n�0

defined in terms of the

forward iteration (1.27) as follows. If n is even set X̄n := Xn, otherwise set X̄n :=

1�Xn. Then X̄ is described as follows. A particle starts from a fixed X̄
0

= x 2 [0, 1]

and moves in alternating directions at each step. The particle first moves left to

X̄
1

with the shifted and scaled distribution �(y, w) on [0, X̄
0

]. In the next step, the

particle moves right to X̄
2

with the shifted and scaled distribution �(w, y) on [X̄
0

, 1],

and then continues this cycle independently of the past. We have from assertion

[A4] under the conditions of Theorem 4.12 that the distribution of X̄
2n converges

weakly to �(w+ y, y) and that of X̄
2n+1

converges weakly to �(w,w+ y) as n ! 1.

Although this result extends Theorem 1 in [SP00] (cf. Theorem 2.12 above) where

the special case when w = y = 1 was first proved, it is not a new one. It is a special

case of a more general model considered on p.2 in [L02].
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It turns out we can extend Corollary 4.12 when w = y = 1 as we will show in

our next theorem.

Theorem 4.13. If (A,B) ⇠ U [p, 1] ⌦ Be(1 � p), p 2 (0, 1), then [A1]–[A5] hold

for (a, b) = (2, 1).

Proof. As usual, we will only prove [A1]. The characteristic function for the first

term of the right hand side of (4.5) is given by

EeitAV1 =
1

1� p

Z

1

p

du

(1� itu)2
=

1

(1� it)(1� itp)
.

Similarly, for the last term in (4.5) we have that

EeitBV2 = p+
1� p

1� it
=

1� itp

1� it
. (4.26)

Therefore, by independence, the characteristic function of the right hand side of

(4.5) is (1� it)�2. Assertion [A1] holds, and hence the theorem is proved.

Our next result is a simple consequence of the following lemma.

Lemma 4.14. Suppose (A,B, V
1

, V
2

) ⇠ U [0, y/(w+ y)]⌦ �(w, y)⌦�
2

⌦�w+y+1

for

w, y > 0. Then

AV
1

+BV
2

⇠ �w+1

. (4.27)

Proof. The characteristic function for the first term on the left hand side of (4.27)

is given by

EeitAV1 =
w + y

y

Z y/(w+y)

0

du

(1� itu)2
=

✓

1� ity

w + y

◆�1

.

The characteristic function of the term BV
2

is

EeitBV2 = B(w, y)�1

Z

1

0

uw�1(1� u)y�1

(1� itu)w+y+1

du = (1� it)�w�1

✓

1� ity

w + y

◆

.

Therefore, by independence, we obtain that the characteristic function of the left

hand side of (4.27) is (1� it)�w�1, as required.
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Corollary 4.15. If (A,B) ⇠ U [0, y/(y + 1)] ⌦ �(1, y), then [A1]–[A5] hold for

(a, b) = (2, y + 2).

Proof. Assertion [A1] follows by setting w = 1 in Lemma 4.14.

Theorem 4.16. If (A,B) = (A0, A0B0) for (A0, B0) ⇠ �(w + y, y) ⌦ �(y, w), then

[A1]–[A5] hold for a = b = w + y.

Proof. Now we will only prove [A2]. For (V
1

, V
2

, V
3

) ⇠ �y ⌦ �w ⌦ �y, one has that

(A0, B0)
d
=

✓

V
1

+ V
2

V
1

+ V
2

+ V
3

,
V
1

V
1

+ V
2

◆

.

Therefore it su�ces to show that

X
d
=

V
2

X + V
1

V
1

+ V
2

+ V
3

,

which by Lemma 4.1 is equivalent to showing that

X(V
1

+ V
2

+ V
3

)
d
= XV

2

+ V
1

.

The last relation follows from Theorem 2 (B) in [D98], as required.

Remark 4.5. Clearly A > B a.s. under the conditions of Theorem 4.16, and so

setting

(C,D) := (1� A+B,B/(1� A+B)),

it follows that X ⇠ �(w+ y, w+ y) satisfies perpetuity equation (4.14) for (C,D) ⇠
�(2y, w)⌦ �(y, y).

Remark 4.6. Note that assertion [A3] under the conditions of Theorem 4.16 gives

the limiting distribution of the following apparently new hG
1

, RI |DIi nested interval

scheme. The random rule represented by RI prescribes to choose the interval with

right end point A0
1

⇠ �(w+y, y), and left end point with distribution �(y, w) shifted

and scaled to [0, A0
1

]. The deterministic rule represented by DI prescribes to select

I
1

as the interval generated from the first stage. We continue independently in the

same way on I
1

ad infinitum.
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In the special case where w and y are integers, the above nested interval scheme

corresponds to choosing an interval with end points taken from the uniform order

statistics U
(1)

, U
(2)

, . . . , U
(d) as follows. For k = 1, 2, . . . , bd/2c, if one chooses I

1

=

[U
(k), U(d�k+1)

] and continues in the same way on I
1

independently of the past, then

the limiting location of this scheme has distribution �(d � k + 1, d � k + 1). This

is an extension of Kennedy’s scheme in [K88] (cf. Section 2.2.2 above), where the

above claim was proved for k = 1.

4.3 Other applications

In this section we will apply the methods and results presented above to two closely

related areas of research. The first deals with randomly weighted averages intro-

duced by Van Assche in [V87] (see Section 2.4). The second is concerned with

stick-breaking constructions of beta distributed random variables.

4.3.1 Randomly weighted averages

Recall from Van Assche [V87] that choosing a random variable uniformly on a ran-

dom interval with arcsine distributed end points is the same as choosing a random

variable uniformly on [0, 1] (cf. Theorem 2.20 above). In this Section, we will apply

the results of Section 4.2 to provide several examples of triples (X,A,B) 2 [0, 1]3

satisfying this property, i.e., the result of choosing a random variable with distri-

bution L(X) on a random interval with end points having distribution L((A,B)) is

the same as choosing a random variable with distribution L(X) on [0, 1]. We will

call a random vector (X,A,B) with this property an invariant triple. Clearly, the

example from Van Assche [V87] coincides with the invariant triple

(X,A,B) ⇠ U [0, 1]⌦ �(1/2, 1/2)⌦ �(1/2, 1/2).

Also recall the more basic approach taken by Johnson and Kotz in [JK90a] which

culminated in the observation that the random variable Z given by (2.14) defines a

randomly weighted average when A and B are i.i.d. However, it is clear that (2.14)

defines a randomly weighted average in the more general case when A and B are
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dependent and not identically distributed, the only required condition is that the

symmetric condition (2.15) holds for W . It follows that for X satisfying random

equation (1.22) and the symmetric condition (2.15), the random vector (X,A,B) is

an invariant triple. We will now present several examples of these invariant triples,

each following from assertion [A2] under the conditions of a theorem from Sec-

tion 4.2.

Example 4.1. For (A,B) under the conditions of Theorem 4.4 with p = 1/2, and

X ⇠ U [0, 1] independent of (A,B), the random vector (X,A,B) is an invariant

triple.

Example 4.2. For (A,B) under the conditions of Theorem 4.5 with p = 1/2, and

X ⇠ �(z/2, z/2), z > 0, independent of (A,B), the random vector (X,A,B) is an

invariant triple.

Example 4.3. For (A,B) under the conditions of Theorem 4.7 with p = y/(y+ z),

y, z > 0, and X ⇠ U [0, 1] independent of (A,B), the random vector (X,A,B) is an

invariant triple.

Example 4.4. For (A,B) under the conditions of Theorem 4.8 with p = 1/2, and

X ⇠ �(z + 1, z + 1), z > 0, independent of (A,B), the random vector (X,A,B) is

an invariant triple.

Our next example appeared recently in [R14] and was proved using Stieltjes

transforms. A comment by the authors of [JK90a] that first principles can sometimes

be more advantageous than more sophisticated techniques, such as the method of

Stieltjes transforms in [V87], is also relevant here. Indeed, the next example follows

from the implied assertion [A2] under the conditions of Theorem 4.10, and that

assertion follows from elementary “beta-gamma algebra”.

Example 4.5. For (A,B) under the conditions of Theorem 4.10 with z = w, and

X ⇠ �(w + y, w + y) independent of (A,B), the random vector (X,A,B) is an

invariant triple.

Example 4.6. For (A,B) = (A0, A0B0) for (A0, B0) ⇠ �(x + y, y) ⌦ �(y, x), and

X ⇠ �(x + y, x + y) independent of (A,B), the random vector (X,A,B) is an

invariant triple.
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We will now consider the generalisation (2.19) proposed by Johnson and Kotz

[JK90a]. As discussed in Section 2.4, several recent papers have considered the

randomly weighted average Z given by (2.19) (cf. [SH09], [SR12], [H12], [HHM13],

[RS13], [R14]). These papers present several examples of random variables Z defined

by (2.19) that are beta distributed. In some instances, the special cases considered

are actually a result of the more general Theorem 1 in [CL94] (cf. Theorem 2.25

above). In particular, by setting c = 2 in that theorem, we obtain the following

corollary.

Corollary 4.17 ([CL94]). Suppose (X
1

, . . . , Xd) ⇠ �(a
1

, b
1

) ⌦ · · · ⌦ �(ad, bd) is

independent of (W
1

, . . . ,Wd) ⇠ D
(a1+b1,...,ad+bd). Then, for Z given by (2.19), one

has that Z ⇠ �(a•, b•).

In our next theorem, we will show that if the parameters (a
1

, . . . , ad, b1, . . . , bd)

satisfy a
1

b• = b
1

a•, then there is another Dirichlet law, such that for a vector

(W
1

, . . . ,Wd) with that law one still has that Z ⇠ �(a•, b•) as in Corollary 4.17.

Theorem 4.18. Suppose (X
1

, . . . , Xd) ⇠ �(a
1

, b
1

)⌦ · · ·⌦ �(ad, bd), a1b• = b
1

a•, is

independent of (W
1

, . . . ,Wd) ⇠ D
(a1+b1+1,a2+b2,...,ad+bd). Then, for Z given by (2.19),

one has that Z ⇠ �(a•, b•).

Proof. We begin by presenting a distributional equality that we will use to prove

our claim. Recall from the proof of Theorem 4.5 that random equation (4.14) with

(C,D) given by (4.16) has unique solution X ⇠ �((1 � p)z, pz). It follows from

Lemma 4.1 that, for (Y
1

, Y
2

, I
1�p) ⇠ �z ⌦ �

1

⌦ Be(1� p), one has

X(Y
1

+ Y
2

)
d
= XV

1

+ I
1�pY2

d
= Y

3

+ I
1�pY2

, (4.28)

where Y
3

⇠ �
(1�p)z (by (1.12)) is independent of (I

1�p, Y2

), and (Y
1

, Y
2

) is indepen-

dent of X.

It is clear from Lemma 4.1 that to prove Theorem 4.18 it su�ces to show that

eZV•
d
=

d
X

i=1

ViXi (4.29)
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for ( eZ, V
1

, . . . , Vd) ⇠ �(a•, b•) ⌦ �a1+b1+1

⌦ �a2+b2 ⌦ · · · ⌦ �a2+b2 and (V
1

, . . . , Vd)

independent of (X
1

, . . . , Xd). Now the left hand side of (4.29) has the same form as

the left hand side of (4.28) for z = a• + b• and p = b•/(a• + b•), and we conclude

that

eZV•
d
= Y

3

+ Ia•/(a•+b•)Y2

, (4.30)

where (Y
2

, Y
3

, Ia•/(a•+b•)) ⇠ �a• ⌦ �
1

⌦ Be(a•/(a• + b•)). For the right hand side of

(4.29), it is clear from (1.12) that
Pd

i=2

ViXi ⇠ �a•�a1 , and V
1

X
1

has the same form

as the left hand side of (4.28) for z = a
1

+ b
1

and p = b
1

/(a
1

+ b
1

). Hence

d
X

i=1

ViXi
d
= Y

2

+ Ia1/(a1+b1)Y3

, (4.31)

where (Y
2

, Y
3

, Ia1/(a1+b1)) ⇠ �a• ⌦ �
1

⌦ Be(a
1

/(a
1

+ b
1

)).

Since the right hand sides of (4.30) and (4.31) are equal in law if and only if

a
1

/(a
1

+ b
1

) = a•/(a• + b•) which holds i↵ a
1

b• = b
1

a•, the theorem is proved.

In particular, Theorem 3.1 (b) in [H12] is a special case of our Theorem 4.18.

Our next theorem is a generalisation of Example 2 in [SR12], where it was proved

in the case when a
1

= a
2

= · · · = ad = 1.

Theorem 4.19. Suppose

(X
1

, . . . , Xd) ⇠ �(a
1

+ 1/2, a
1

+ 1/2)⌦ · · ·⌦ �(ad + 1/2, ad + 1/2)

is independent of (W
1

, . . . ,Wd) ⇠ D
(a1,...,ad). Then Z given by (2.19) is distributed

according to �(a• + 1/2, a• + 1/2).

Proof. As in the proof of Theorem 4.18, it su�ces to show that

eZV•
d
=

d
X

i=1

XiVi, (4.32)

for ( eZ, V
1

, . . . , Vd) ⇠ �(a• + 1/2, a• + 1/2) ⌦ �a1 ⌦ . . . ⌦ �ad , and (V
1

, . . . , Vd) inde-

pendent of (X
1

, . . . , Xd). The characteristic function of the left hand side of (4.32)
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is

EeitZV• = B(a• + 1/2, a• + 1/2)�1

Z

1

0

(1� itu)�a•ua•�1/2(1� u)a•�1/2

=
2

F
1

(a•, a• + 1/2; 2a• + 1; it)

=

✓

2

1 +
p
1� it

◆

2a•

, (4.33)

where (4.33) follows from 15.1.13 in [AS64] (cf. (1.16)). Since the terms on the right

hand side of (4.32) are independent of each other, the characteristic function of the

sum is the product of the characteristic functions of all the terms. The characteristic

function of the ith term is given by

EeitXiVi = B(ai + 1/2, ai + 1/2)�1

Z

1

0

(1� itu)�aiuai�1/2(1� u)ai�1/2

=
2

F
1

(ai, ai + 1/2; 2ai + 1; it)

=

✓

2

1 +
p
1� it

◆

2ai

,

and so the characteristic function of the right hand side of (4.32) is given by the

right hand side of (4.33), as required.

4.3.2 Stick-breaking constructions

In this section, we will show that some special cases in Section 4.2 define stick-

breaking constructions of beta distributed random variables. We will begin by re-

viewing the stick-breaking process. A stick-breaking process {Yn}n�1

is generated

by a sequence of [0, 1]-valued random variables A
1

, A
2

, . . . by

Y
1

= A
1

, Yn = (1� A
1

) · · · (1� An�1

)An, n � 2. (4.34)

That is, {Yn}n�1

is generated by recursively breaking o↵ random fractions An of an

interval as follows. Starting with the unit interval, break o↵ the random fraction

A
1

from the left end of the interval and set Y
1

:= A
1

to be the left-end point of the

remaining interval. This process is repeated by breaking o↵ the random fraction A
2
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from the left end of the remaining stick of length 1�A
1

, where Y
2

:= A
2

(1�A
1

) is

again the left-end point of the remaining interval. Continuing in the same way on

the remaining stick, we obtain (4.34), where clearly
P1

i=1

Yi
a.s.
= 1 when the Ak’s are

not identically equal to zero. In particular, when the An’s are i.i.d. with law �(1, z),

the random vector (Y
1

, Y
2

, . . .) has the so-called GEM (Gri�ths-Engen-McCloskey)

distribution with parameter z > 0. Letting eY
1

� eY
2

� · · · be the ranked values

of the Yn’s, the random vector (eY
1

, eY
2

, . . .) has the well-known Poisson-Dirichlet

distribution with parameter z > 0.

Now suppose that the An’s are i.i.d. Then using the approach of Sethuraman in

[S94], one can construct a random variable X on [0, 1] by taking random proportions

W
1

,W
2

, . . . of the intervals Y
1

, Y
2

, . . . by

X :=
1
X

i=1

WiYi (4.35)

=
1
X

i=1

WiAi

i�1

X

j=1

(1� Aj)

= W
1

A
1

+ (1� A
1

)
1
X

i=2

WiAi

i�1

X

j=2

(1� Aj)

d
= W

1

A
1

+ (1� A
1

)X.

That is, X satisfies random equation (4.14) for (C,D) = (A
1

,W
1

), and so any

random variable satisfying (4.14) has a stick-breaking construction by (4.35). We

will now give four examples of these stick-breaking constructions, each following from

the implied assertion [A2] under the conditions of theorems from Section 4.2 (by

applying transformation (4.15) to the random variables (A,B) from that assertion).

Our first example is the well-known stick-breaking construction of X ⇠ �(a, b)

with arbitrary a, b > 0 that follows from the work of Sethuraman in [S94] (see also

Section 2.1 in [PZWGC10]). The result is implied by assertion [A2] of Theorem 4.5.

Example 4.7. The law of the random variable defined by (4.35) is �(a, b) when

(A
1

,W
1

), (A
2

,W
2

), . . . are i.i.d. with law �(1, a + b)⌦ Be(a/(b + b)), and Y
1

, Y
2

, . . .

are defined by (4.34).

Our second example follows from Theorem 4.6 when y = z.
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Example 4.8. For all a > 0, the law of the random variable defined by (4.35) is

U [0, 1] when (A
1

,W
1

), (A
2

,W
2

), . . . are i.i.d. with law �(a, a + 1) ⌦ Be(1/2), and

Y
1

, Y
2

, . . . are defined by (4.34).

We note that the fact that X ⇠ U [0, 1] satisfies (4.14) for (C,D) = (A
1

,W
1

) ⇠
�(a, a+ 1)⌦ Be(1/2) was first shown in the proof of Proposition 2 in [SP08].

Our next example is an apparently new stick-breaking construction for a sym-

metric beta distributed random variable. The result is implied by assertion [A2] of

Theorem 4.8.

Example 4.9. The random variable defined by (4.35) is �(a+1, a+1) distributed

when (2A
1

,W
1

), (2A
2

,W
2

), . . . are i.i.d. with law �(1, a) ⌦ Be(1/2), and Y
1

, Y
2

, . . .

are defined by (4.34).

Our final example which follows from assertion [A2] of Theorem 4.16 also appears

to be a new stick-breaking construction for a symmetric beta distributed random

variable.

Example 4.10. The random variable defined by (4.35) is �(a+ b, a+ b) distributed

when (A
1

,W
1

), (A
2

,W
2

), . . . are i.i.d. with law �(2b, a) ⌦ �(b, b), and Y
1

, Y
2

, . . . are

defined by (4.34).
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Chapter 5

Stationary distributions for a class

of bounded Markov chains

In this chapter we consider an extended version of the donkey walk on [0, 1] from

Chapter 4, where the direction of the next move is chosen at random with probability

depending on the current location (see Section 2.3.3 for a review of the relevant

literature on models of this type). Under simple broad conditions, we establish the

ergodicity of such Markov chains and then derive closed form expressions for the

stationary densities of the chains when the proportions are beta distributed with

the first parameter equal to 1. Examples demonstrating the range of stationary

distributions for processes described by this model are given, and an application to

a robot coverage algorithm is discussed.
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5.1 Introduction

This chapter is mostly devoted to deriving explicit formulae for the stationary den-

sities for the following extended version donkey walk on [0, 1] that appear in some

interesting applications (see e.g. Section 4 in [IN03], Section 5 in [RL10], and Section

5.3 below). Recall that the chain dynamics are as follows. Let FL and FR be two

fixed distributions on [0, 1], p : [0, 1] ! [0, 1] a fixed measurable function. Given the

chain value Xn = x 2 [0, 1] at time n, the next jump of the process is to the left

with probability p(x) or to the right with probability 1 � p(x). If the jump is to

the left, its length is given by an independent random proportion Ln+1

⇠ FL of the

length of the interval [0, x]. Otherwise, the chain jumps to the right for a distance

given by an independent random proportion Rn+1

⇠ FR of the length of the interval

[x, 1].

That is, the evolution of our Markov chain X = {Xn}n�0

is given by

Xn+1

= Xn �XnLn+1

In+1

+ (1�Xn)Rn+1

(1� In+1

), n = 0, 1, . . . , (5.1)

where X
0

= x
0

2 [0, 1], In+1

:= 1{Un+1<p(Xn)}, and {Ln}n�1

, {Rn}n�1

and {Un}n�1

are independent sequences of i.i.d. random variables such that Ln ⇠ FL, Rn ⇠ FR,

and Un ⇠ U [0, 1], the uniform law on [0, 1].

The above model was apparently first introduced in Section 2.1 of [DF99] for

p(x) ⌘ p and FL = FR = U [0, 1] (see Theorem 2.11 above). The case of non-

constant p(x) was also discussed, but not pursued in [DF99]. As discussed in the

Sections 2.3.2 and 2.3.2, further special cases of that model for various choices of

p(x) and distributions FL, FR were considered in [SP00, BW02, SP08, P09, RL10].

In particular, [P09] dealt with the case when p(x) ⌘ x and FL = FR = �(1, z),

z > 0. It was shown in [P09] that in that case X was ergodic with stationary law

�(z, z) (see Theorem 2.18 above). The case when FL = FR = U [0, 1] and p(x) is

piecewise continuous was studied in [RL10].

In this chapter, in the case where FL = �(1, l), FR = �(1, r) for some l, r > 0,

we derive the stationary density for piecewise continuous p(x) satisfying a natural

condition that ensures ergodicity. In particular, for FL = FR = �(1, z), z > 0, and
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linear p(x) = cx + (1 � b)(1 � x), b, c 2 (0, 1], the Markov chain X is ergodic with

stationary distribution �(bz, cz) (see Section 5.3.1 below). We find that many of

the existing results on the form of the stationary density for the above model are

special cases of our more general Theorem 5.3 below. We also show how the same

approach can be used to compute (at least, numerically) the stationary distribution

when FL = �(l
1

, l
2

), FR = �(r
1

, r
2

), l
1

, r
1

2 N, l
2

, r
2

> 0, by solving a two-point

boundary value problem for a system of l
1

+ r
1

ordinary di↵erential equations.

One of the main reasons for considering such more general models is that the class

of their stationary laws is far richer than in the special case l = r = 1. In particular,

a larger variety of unimodal and multimodal stationary densities can be obtained,

including densities with arbitrarily high and “sharp” peaks at any given locations

in the sample space (by choosing large enough l and r and an appropriate p). We

will use this feature to generalise the robot coverage algorithm from [RL10] (see

Section 5.3.3 below).

The Markov chain X is also a special case of the so-called give-and-take model

that was introduced, in its deterministic form, in the context of human genetics in

[L61] and then studied in [DR63] (cf. Section 2.3.1 above). The Markov chain X is

a version of that model where at each step only one player exchanges her fortune

with the other. At time n � 0, if In+1

= 0, player 1 (whose fortune is given by Xn)

receives a proportion Rn+1

of player 2’s fortune (which is given by 1�Xn), otherwise

if In+1

= 1, player 2 receives a proportion Ln+1

of player 1’s fortune.

In Section 5.2, we establish the ergodicity of the Markov chain (5.1) under simple

broad conditions and derive the form of its stationary density in the ergodic case

when FL = �(1, l), FR = �(1, r), l, r > 0. Some examples (extending results from

[BW02, SP08, P09, RL10]) are presented in Section 5.3.

5.2 Main results

First we show that the following three conditions imply the ergodicity of the Markov

chain X. They are by no means necessary for ergodicity, but are quite suitable for

our model in the context of the present study.
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[E1] For some � 2 (0, 1/2),

sup
x2[0,�]

max{p(x), 1� p(1� x)} =: 1� " < 1.

[E2] For some � 2 (0, 1/2),

max
�

FL(1� �), FR(1� �)
 

=: 1� ⌘ < 1.

[E3] There exist � 2 (0, 1/2) and non-empty interval (s, t) ⇢ (�, 1 � �), such that

FL and FR have densities fL and fR on the intervals (1 � t � �, 1 � s) and

(s� �, t), respectively. Moreover, for

g(z) := min

⇢

inf
y2[1��,1]

fL

✓

y � z

y

◆

, inf
y2[0,�]

fR

✓

z � y

1� y

◆�

, z 2 (s, t),

one has

� :=

Z t

s

g(z) dz > 0.

Lemma 5.1. If the Markov chain X given by (5.1) satisfies conditions [E1]–[E3]

with a common �, then X is ergodic.

Proof. Let ⌧B(x) := inf{k � 1 : Xk(x) 2 B}, where Xn(x) denotes the value of the

chain after n steps when X
0

= x, and B 2 B([0, 1]) (the Borel subsets of [0, 1]). It

follows from Theorems 1.3, 2.1 in [B98] that X will be ergodic provided that there

exists a V 2 B([0, 1]), a probability measure ' on ([0, 1],B([0, 1])), and a q > 0 such

that
(I0) P(⌧V (x) < 1) = 1, 8x 2 [0, 1],

(I) supx2V E⌧V (x) < 1,

(II) P(X
1

(x) 2 B) � q'(B), 8x 2 V, 8B 2 B([0, 1])

(note that condition (II) implies aperiodicity of X).

Setting V := [0, �] [ [1� �, 1] we have by condition [E2] that

P(X
1

(x) 2 V ) = P(X
1

(x) 2 V |I
1

= 1)p(x) + P(X
1

(x) 2 V |I
1

= 0)(1� p(x))

� P(L
1

> 1� �)p(x) + pr(R
1

> 1� �)(1� p(x))
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� ⌘

for all x 2 [0, 1]. Therefore, the standard argument yields that, for any x
0

2 [0, 1]

and n � 1,

P(⌧V (x0

) > n) = P
 

n
\

k=1

{Xk(x0

) /2 V }
!

=

Z

V c

· · ·
Z

V c
| {z }

n�1

"

n�1

Y

k=1

P(X
1

(xk�1

) 2 dxk)

#

P(X
1

(xn�1

) /2 V )

 (1� ⌘)

Z

V c

· · ·
Z

V c
| {z }

n�2

"

n�2

Y

k=1

P(X
1

(xk�1

) 2 dxk)

#

P(X
1

(xn�2

) /2 V )

 (1� ⌘)n.

Hence (I0) and (I) hold true.

To show that (II) is also satisfied, let

'(B) :=
1

�

Z

B\(s,t)
g(y) dy, B 2 B([0, 1]). (5.2)

Using conditions [E1] and [E3], we have, for B 2 B([0, 1]) and x 2 [0, �],

P(X
1

(x) 2 B) � P(X
1

(x) 2 B \ (s, t))

= (1� p(x))

Z

B\(s,t)

1

1� x
fR
⇣y � x

1� x

⌘

dy

� "

Z

B\(s,t)
g(y) dy

= "�'(B).

A similar argument shows that the above lower bound "�'(B) also holds when

x 2 [1� �, 1]. Therefore (II) is met with q = "� and ' defined by (5.2). The lemma

is proved.

Now we turn to deriving closed form expressions for stationary distributions

in the ergodic case when both FL and FR are absolutely continuous, with densities
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denoted by fL(x) and fR(x), x 2 (0, 1), respectively. Since the transition probability

of X now has density

f(x, y) := P(X
1

(x) 2 dy)/dy =

8

<

:

1�p(x)
1�x

fR
�

y�x
1�x

�

, 0  x < y < 1,

p(x)
x
fL
�

x�y
x

�

, 0 < y < x  1,
(5.3)

the stationary distribution ⇧ of X (when it exists) will also be absolutely continuous

with density ⇡(x) satisfying the usual integral equation

u(y) =

Z

1

0

u(x)f(x, y) dx, 0 < y < 1. (5.4)

The existence of the stationary density is obvious from the standard relations

⇧(B) =

Z

1

0

P(X
1

(x) 2 B)⇧(dx) =

Z

1

0



Z

B

f(x, y)dy

�

⇧(dx)

=

Z

B



Z

1

0

f(x, y)⇧(dx)

�

dy =

Z

B

⇡(y) dy, B 2 B([0, 1]),

where ⇡(y) :=
R

1

0

f(x, y)⇧(dx) and the second last equality follows from Fubini’s

theorem.

The case when fL(x) ⌘ fR(x) ⌘ 1, x 2 (0, 1), was studied in [RL10]. In that case,

one can di↵erentiate integral equation (5.4) to obtain a simple separable di↵erential

equation that is easily solved to give a closed form for the stationary density f(x)

(coinciding with our f from (5.15) below with l = r = 1).

We extend this result to the case where f(x, y) has the semidegenerate form: for

some N,M � 1,

f(x, y) =

8

<

:

PN
i=1

ai(y)bi(x), 0  x < y < 1,
PM

j=1

cj(y)dj(x), 0 < y  x  1,
(5.5)

and the factors satisfy the following conditions:

[C1] all ai(y), cj(y) are continuous on (0, 1);

[C2] all bi(x) are piecewise continuous on [0, 1);
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[C3] all dj(x) are piecewise continuous on (0, 1].

The next assertion shows that the stationary distribution of the Markov chain,

with transition density (5.5), solves a two-point boundary value problem for a system

of N +M ordinary di↵erential equations. Our result is an extension of Theorem 3.1

in [G72] that was proved under the more restrictive assumption that all ai(y), bi(x),

cj(y), and dj(x) in (5.5) are continuous on [0, 1].

Theorem 5.2. Suppose that f(x, y) has the semidegenerate form (5.5) satisfying

[C1]–[C3] and let (5.4) have a solution u(y) that is integrable on (0, 1). Then the

following claims are true.

(i) Any such solution u(y) is continuous on (0, 1).

(ii) If

↵i(y) :=

Z y

0

bi(x)u(x) dx, i = 1, 2, . . . , N, (5.6)

�j(y) :=

Z

1

y

dj(x)u(x) dx, j = 1, 2, . . . ,M, (5.7)

then

u(y) =
N
X

i=1

ai(y)↵i(y) +
M
X

j=1

cj(y)�j(y), 0 < y < 1. (5.8)

Let S be the union of finite discontinuity sets for bi(x), i = 1, 2, . . . , N , and

dj(x), j = 1, 2, . . . ,M . Then

↵0
i(y) = bi(y)u(y), y 2 (0, 1)\S, (5.9)

��0
j(y) = dj(y)u(y), y 2 (0, 1)\S, (5.10)

↵i(0+) = 0, i = 1, 2, . . . , N, �j(1�) = 0, j = 1, 2, . . . ,M. (5.11)

(iii) Conversely, let ↵i(y), i = 1, 2, . . . , N , and �j(y), j = 1, 2, . . . ,M , be continu-

ous solutions of (5.8)–(5.11) such that u(y) is integrable on (0, 1). Then u(y)

given by (5.8) is a solution of (5.4).
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Remark 5.1.There appears to be a typo in Theorem 3.1 in [G72], which contains

cj(x) in the expressions on the right hand sides of (5.7) and (5.10) instead of dj(x),

as above.

Proof. (i) We have

u(y) =

Z

1

0

u(x)f(x, y) dx

=
N
X

i=1

ai(y)

Z y

0

bi(x)u(x) dx+
M
X

j=1

cj(y)

Z

1

y

dj(x)u(x) dx. (5.12)

Each ai(y) and cj(y) is continuous on (0, 1) by [C1], and so the continuity of u(y),

y 2 (0, 1), follows since each integral on the right hand side above is absolutely

continuous as u(x) is integrable on (0, 1) and, by [C2] and [C3], for any " > 0, bi(x)

and dj(x) are bounded on [0, 1� "] and [", 1], respectively.

(ii) As the right-hand side of (5.12) coincides with that of (5.8) in view of (5.6)

and (5.7), relation (5.8) is obvious. Di↵erentiating (5.6) and (5.7) at y 2 (0, 1)\S
(which is possible as the integrands are continuous at such y), we obtain (5.9) and

(5.10), respectively. The boundary conditions (5.11) follow from the definitions

(5.6), (5.7).

(iii) Now suppose that ↵i(y), i = 1, 2, . . . , N , and �j(y), j = 1, 2, . . . ,M , are

continuous solutions to (5.8)–(5.11). Since, as above, for any " > 0, bi(x) and dj(x)

are bounded on [0, 1 � "] and [", 1], respectively, and u(y) is integrable on (0, 1),

we have from (5.9)–(5.11) and the assumed continuity that the functions ↵i(y) and

�j(y) are given by the right hand sides of (5.6) and (5.7), respectively. Substituting

these representations into (5.8) shows that u(y) satisfies (5.4) with f(x, y) given by

(5.5). The theorem is proved.

Theorem 5.2 allows us to easily derive the form of the stationary distribution

when

FL = �(1, l), FR = �(1, r), l, r > 0. (5.13)

Indeed, in this case fL(y) = l(1 � y)l�1, fR(y) = r(1 � y)r�1, y 2 (0, 1), so that

the transition density (5.3) for the chain has the semidegenerate form (5.5) with
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N = M = 1 and

a
1

(y) = r(1� y)r�1, b
1

(x) =
1� p(x)

(1� x)r
, c

1

(y) = lyl�1, d
1

(x) =
p(x)

xl
. (5.14)

Theorem 5.3. Assume that p(x) is piecewise continuous on [0, 1] and satisfies [E1],

and that (5.13) holds true. Then X is ergodic with stationary density

⇡(x) = Cxl

✓

r

1� x
+

l

x

◆

exp

✓

�r

Z x

1/2

p(t)

1� t
dt� l

Z x

1/2

p(t)

t
dt

◆

, 0 < x < 1,

(5.15)

where C > 0 is a normalising constant such that
R

1

0

⇡(x) dx = 1.

Proof. It follows from the assumptions that X also satisfies [E2] and [E3] (all with

a common �) and so is ergodic by Lemma 5.1. Since the transition probabilities

have densities (5.3), X has a stationary density ⇡.

Clearly, the set S of discontinuity points of the factors bi and dj (see Theorem 5.2)

coincides here with the finite set of all values x and 1�x such that x is a discontinuity

point of p( · ), and the factors (5.14) satisfy conditions [C1]–[C3].

Substituting (5.14) into (5.9)–(5.10) with u(y) given by (5.8) and letting ↵(y) :=

↵
1

(y), �(y) := �
1

(y), we obtain

↵0(y)(1� y)r = (1� p(y))
�

r(1� y)r�1↵(y) + lyl�1�(y)
�

, y 2 (0, 1)\S,

��0(y)yl = p(y)
�

r(1� y)r�1↵(y) + lyl�1�(y)
�

, y 2 (0, 1)\S. (5.16)

Adding the equations yields

↵0(y)(1� y)r � r(1� y)r�1↵(y) = �0(y)yl + lyl�1�(y), y 2 (0, 1)\S,

which is equivalent to (↵(y)(1� y)r)0 = (�(y)yl)0. Integrating and assuming that ↵

and � are continuous on (0, 1), we conclude that

↵(y)(1� y)r = �(y)yl + C
1

, y 2 (0, 1), (5.17)

where the boundary condition ↵(0+) = 0 ensures that C
1

= 0.

Substituting (5.17) into the second relation in (5.16), we obtain the separable
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di↵erential equation

�0(y) = ��(y)p(y)
✓

r

1� y
+

l

y

◆

, y 2 (0, 1)\S,

with the general solution

�(y) = C
2

exp

✓

�r

Z y

1/2

p(t)

1� t
dt� l

Z y

1/2

p(t)

t
dt

◆

, y 2 (0, 1), (5.18)

where C
2

is a constant. Now from (5.17) we also have

↵(y) = C
2

yl

(1� y)r
exp

✓

�r

Z y

1/2

p(t)

1� t
dt� l

Z y

1/2

p(t)

t
dt

◆

, y 2 (0, 1). (5.19)

We see that both ↵(y) and �(y) are continuous and u(y) given by (5.8) is integrable

on (0, 1) indeed. It follows from (5.14), (5.18), (5.19) and Theorem 5.2 (iii) that the

right hand side of (5.15) is a solution to integral equation (5.4) and so is equal to

the stationary density of X when C > 0 is chosen so that
R

1

0

⇡(x)dx = 1.

Remark 5.2. Note that the above approach can be used to compute (at least, nu-

merically) the stationary density of X when p(x) satisfies [E1], while FL = �(l
1

, l
2

),

l
1

2 N, l
2

> 0, and FR = �(r
1

, r
2

), r
1

2 N, r
2

> 0. Indeed, in this case we have

fL

✓

x� y

x

◆

=
1

B(l
1

, l
2

)

✓

x� y

x

◆l1�1

✓

y

x

◆l2�1

, 0 < y < x  1,

and

fR

✓

y � x

1� x

◆

=
1

B(r
1

, r
2

)

✓

y � x

1� x

◆r1�1

✓

1� y

1� x

◆r2�1

, 0  x < y < 1.

Since l
1

, r
1

2 N, the middle factors on the right-hand sides are polynomials in y with

coe�cients that are functions of x. Therefore we see that the transition probabilities

(5.3) are semidegenerate with N = r
1

, M = l
1

. It remains to solve the two-point

boundary value problem for the system of l
1

+ r
1

ordinary di↵erential equations.

One could also use the same approach to compute the stationary density when

p(x) satisfies [E1] and the distributions FL, FR are finite mixtures of �(1, z) with

99



di↵erent z-values or, more generally, are of the form

fL(x) =
M
X

j=1

µj(1� x)lj�1,
M
X

j=1

µj/lj = 1, µj 2 R, lj > 0, j = 1, . . . ,M,

and

fR(x) =
N
X

i=1

�i(1� x)ri�1,
N
X

i=1

�i/ri = 1, �i 2 R, ri > 0, i = 1, . . . , N.

In this case, the transition density (5.3) is also semidegenerate, and it remains to

solve the two-point boundary value problem for the system of N + M ordinary

di↵erential equations.

5.3 Examples

5.3.1 The case of polynomial p(x)

Suppose that the function p is polynomial: for a k 2 N, one has

p(x) =
k
X

n=0

pnx
n =

k
X

n=0

qn(x� 1)n,

where, of course, pn = p(n)(0)/n! and qn = p(n)(1)/n!, n � 0, and p(x) � 0 for

x 2 [0, 1]. Assuming that p
0

< 1 and q
0

> 0 to ensure that condition [E1] is

satisfied, and that (5.13) holds true, we see that the conditions of Theorem 5.3 are

met, and so the Markov chain X is ergodic. A straightforward computation of the

integral in (5.15) shows that X has stationary density of the form

⇡(x) = Cxl(1�p0)�1(1� x)rq0�1(l + (r � l)x) exp

 

r
k
X

n=1

qn
n
(x� 1)n � l

k
X

n=1

pn
n
xn

!

,

0 < x < 1.

In particular, if p(x) is linear: p(x) = cx+ (1� b)(1� x), where b, c 2 (0, 1], and

l = r = z:

FL = FR = �(1, z), z > 0, (5.20)
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we immediately obtain that X has stationary distribution �(bz, cz). This is a di-

rect extension of Theorem 3 in [P09] and Proposition 1 in [SP08] (stated above as

Theorems 2.18 and 2.16), where the special cases p(x) ⌘ x, and p(x) ⌘ p 2 (0, 1),

respectively, were considered.

5.3.2 The case of piecewise constant p(x)

Next we consider the case of piecewise constant p(x), under the assumption (5.20).

We will show, in particular, that in that case one can obtain multimodal stationary

densities, with modes located at the discontinuity points of p(x).

Suppose that

p(x) = pi 2 [0, 1], si�1

 x < si, i = 1, . . . , k,

where k 2 N, 0 = s
0

< s
1

< · · · < sk = 1, and p
1

< 1, pk > 0. Then p(x) satisfies

[E1], and Theorem 5.3 implies that the Markov chain X has stationary density

⇡(x) = Cix
z(1�pi)�1(1� x)zpi�1, si�1

 x < si, i = 1, . . . , k, (5.21)

where C
1

, . . . , Ck are positive constants. That is, the (continuous) stationary density

of X is “glued” of pieces of di↵erent beta densities on disjoint intervals (si�1

, si).

To find the constants Ci, we note that, by the continuity of ⇡(x),

Ci = Ci�1

✓

si�1

1� si�1

◆z(pi�pi�1)

= C
1

i�1

Y

j=1

✓

sj
1� sj

◆z(pj+1�pj)

, 2  i  k. (5.22)

Using notation Bx(a, b) :=
R x

0

ta�1(1� t)b�1dt, x 2 [0, 1], a, b > 0, for the incomplete

beta function, we obtain from the relation
R

1

0

⇡(x) dx = 1, (5.21) and (5.22) that

1 =
k
X

i=1

Ci

⇥

Bsi(z(1� pi), zpi)� Bsi�1(z(1� pi), zpi)
⇤

= C
1

k
X

i=1

⇥

Bsi(z(1� pi), zpi)� Bsi�1(z(1� pi), zpi)
⇤

i�1

Y

j=1

✓

sj
1� sj

◆z(pj+1�pj)

,
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thus yielding C
1

as the reciprocal of the sum on the right-hand side, the values

of C
2

, . . . , Ck being now given by (5.22). Note that the assertion of Theorem 1

in [BW02] (stated above as Theorem 2.17) is a special case of the above general

formula, corresponding to (k, z, p
1

, p
2

, s
1

) = (2, 1, 0, 1, 1/2).
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(b) p1 = 0, p2 = 1, z = 2
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(c) s1 = 0.5, z = 2
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(d) s1 = 0.5, p2 = 1, z = 2

Figure 5.1: Some examples of peaked stationary densities generated by piecewise constant
p(x) with k = 2.

Some examples of peaked stationary densities of the form (5.21) with various

choices of s
1

and (k, z, p
1

, p
2

) = (2, 1, 0, 1) were given in [RL10]. That, of course, is

a very special case producing a rather limited range of peaked stationary densities

(see Fig. 3 in [RL10]). In the more general case where the parameter z can assume

any positive value, one can create a much richer variety of (arbitrarily high-) peaked

stationary densities, see Fig. 5.1 for some examples of peaked stationary densities

generated by piecewise constant p(x) with k = 2. Moreover, such functions p(x) can

also generate bimodal stationary densities (see Fig. 5.2), while models with k > 2

can have more general multimodal stationary densities (see Fig. 5.3 for examples of

multimodal densities corresponding to models with k = 6).
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(d) z = 10

Figure 5.2: Some examples of bimodal stationary densities generated by piecewise con-
stant p(x) with k = 2.

5.3.3 A robot coverage algorithm and random search

In this example, we discuss a generalisation of the robot coverage algorithm sug-

gested in Section 5 of [RL10], where the following scenario was considered.

Suppose a robot is moving periodically in a rectangular room of size d
1

⇥ d
2

. At

each location the robot stops, a measurement is taken, and then the robot moves to

the next location according to some rule. The objective of the rule is to ensure the

measurements cover the whole room, with certain areas in the room given higher

priority. To achieve that, one can make the robot move according to a D := [0, d
1

]⇥
[0, d

2

]-valued Markov chain {(X
1,n, X2,n)}n�0

, with a given stationary density (that

will specify the degree of attention the robot will be paying to di↵erent areas of the

room).

Given that the robot is at (x
1

, x
2

) 2 D at time n � 0, at time n+ 1 it moves to

its next location in D according to the following algorithm.

Step 1: For two given measurable functions pi : [0, di] ! [0, 1], i = 1, 2, the ith
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(a) z = 3, p = (0, 1, 0, 1, 0, 1)
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(b) z = 5, p = (0, 1, 0, 1, 0, 1)
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(c) z = 3, p = (1/5, 1, 1/5, 1, 1/5, 1)
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(d) z = 3, p = (1/5, 4/5, 1/5, 4/5, 1/5, 4/5)

Figure 5.3: Some examples of trimodal stationary densities generated by piecewise con-
stant p(x), where k = 6, p := (p

1

, . . . , p

6

), s

1

= 1/6, s

2

= 1/3, s

3

= 1/2, s

4

= 2/3,
s

5

= 5/6.

component of the displacement vector is negative with probability pi(xi)

(and positive with probability 1 � pi(xi)), i = 1, 2, the signs of the two

components being independent of each other.

Step 2: The distances �i to be travelled in the ith dimensions, i = 1, 2, are selected

at random as follows:

�i :=

8

<

:

Ri,n(di � xi) if moving in positive direction along axis i,

(1� Li,n)xi if moving in negative direction along axis i,

where Li,n ⇠ �(1, li), Ri,n ⇠ �(1, ri), i = 1, 2, n 2 N, are all independent of each

other and of the choices made at Step 1.

Clearly, the stationary density onD of the robot location process {(X
1,n, X2,n)}n�0

is the product of the stationary densities of the component processes {X
1,n}n�0

and
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{X
2,n}n�0

. The algorithm suggested in [RL10] used indicator functions pi and uni-

formly distributed Li,n, Ri,n only, so that the above version allows one to design

much more general “preference functions” (i.e., stationary densities for the Markov

chain describing the robot’s movement) for the coverage algorithm.

Now suppose, as it was done in the example in Section 5 of [RL10], that there is

a single point of interest at (y
1

, y
2

) := (0.2d
1

, 0.5d
2

). Setting

pi(xi) := 1{xi>yi}, i = 1, 2, (5.23)

we obtain a stationary density on D with a single peaked mode at the point (y
1

, y
2

)

when l
1

, r
1

, l
2

, r
2

� 1. See Fig. 5.4 below for a plot of the stationary density when

l
1

= r
1

= l
2

= r
2

= 3 and d
1

= d
2

= 1.

Figure 5.4: The stationary density of the robot converge algorithm with pi given by
(5.23), l

1

= r
1

= l
2

= r
2

= 3, and d
1

= d
2

= 1.

Remark 5.1. To design a robot coverage algorithm for a general bounded connected

regionD ⇢ Rd, d � 2, with piecewise smooth boundary (rather than just a rectangle)

and an arbitrary given “preference function”, one can use the Markov chain model

suggested in [B94] for simulating random vectors with given densities on such sets.

That model can also be used for constructing coverage algorithms on the boundaries

of the sets.

We also note that the above algorithm can be modified to adapt to the level

of measurements, which will basically turn it into a random sequential search algo-

rithm. More specifically, suppose that our robot measures a scalar quantity g(x)
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depending on the location x in the search space D = [0, 1]d, d � 1. The goal is

to find x⇤ := argmax
x2D g(x) of the global maximum of the objective function

g : D ! R. What distinguishes this setup from the usual optimisation problem is

that one now aims to minimise not the amount of computation required to find a

satisfactory approximation to the maximum point but, rather, the distance traveled

by the robot in the process.

In a typical sequential random search algorithm (see e.g. Chapter 1 in [Z03]),

given the current “best-found position” y (with the largest value of g among all the

points ofD visited so far), a new candidate point x is generated at random according

to a distribution depending on the current position and the “past search history”. If

g(x) > g(y) then we move to the new position x, otherwise a new candidate point

is generated, according to the same distribution (or its modification). It is well un-

derstood that it is important to incorporate a “systematic search-domain reduction

into random optimisation” procedure (see e.g. [SL92]). In classical implementations

of the search procedure where the new candidate point is sampled from the uni-

form distribution on a sphere or cube centred at y (see e.g. [SC76, LJ73]), this is

achieved, roughly speaking, by “shrinking” the size of the respective set (sphere or

cube) at an exponential rate. Alternatively, one can try to achieve basically the

same e↵ect by changing the shape of the sampling distribution (akin to changing

the “temperature” in simulated annealing). That can be achieved using our results

on the “peaked shape” of the stationary distribution of Markov chains.

One can construct such an algorithm as follows. Fix a value v 2 [0, 1/2] that will

specify our function p(x), and choose a sequence {zn > 0}n�0

, zn " 1 as n ! 1.

Step 0: Initialise algorithm parameters: an initial point X
0

= (X
0,1, . . . , X0,d) and

the iteration index n := 0. Set Y := X
0

.

Step 1: Generate Xn+1

, of which the components Xn+1,j are obtained from the

respective values of Xn,j according to transitions in d independent Markov

chains of the form (5.1) with FL = FR = �(1, zn), p(x) = 1 � v + (2v �
1)1{x<Yj}, j = 1, . . . , d.

Step 2: If g(Xn+1

) > g(Y ) then set Y := Xn+1

to update the best-found point.
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Step 3: Set n := n+ 1 and go to Step 1.

The procedure continues until a suitable stopping criterion is satisfied (e.g., the total

travel distance reaches a prescribed level etc.).
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Chapter 6

Products of i.i.d. stochastic

matrices

In this chapter, we study the products of i.i.d. stochastic matrices that arise as

the natural multivariate extension of the iterations of linear random functions con-

sidered in Chapter 4. In particular, we will obtain a characterisation of the class

of distributions of random stochastic matrices X with the property that the prod-

ucts X(n)X(n � 1) · · ·X(1) of i.i.d. copies X(k) of X converge a.s. as n ! 1 and

the limit is Dirichlet distributed. Our characterisation follows from a multivariate

analogue of Proposition 4.2 and extends results by Chamayou and Letac [CL94]

(cf. Theorems 2.25 and 2.26 above). We will also present several examples that are

of interest in applications.
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6.1 Introduction

Let X be a random d ⇥ d matrix with non-negative entries, and {X(n)}n�1

be an

i.i.d. sequence of random matrices with the same distribution as X. In this chapter,

we study the limit of the left and right products given by X(n, 1) and X(1, n),

respectively (see (2.23) and (2.24) above).

Recall that Chamayou and Letac [CL94] studied the left products (2.23) for

random stochastic matrices X satisfying the following conditions:

[R1] The rows of X are independent.

[R2] The rows of X are Dirichlet distributed.

[R3] Letting (↵i,1, . . . ,↵i,d) be the Dirichlet parameters of the ith row of X, we have

↵i• ⌘
Pd

j=1

↵i,j =
Pd

j=1

↵j,i ⌘ ↵•i for i = 1, . . . , d.

It is shown in [CL94] (cf. Theorem 2.26 above) that the above conditions are su�cient

to ensure that:

[D1] The products X(n, 1) converge a.s. to some random matrix bX as n ! 1.

[D2] The limit bX has identical rows a.s.

[D3] The rows of bX are Dirichlet distributed.

Unfortunately, conditions [R1]–[R3] are quite restrictive. Surprisingly, it turns out

assertions [D1]–[D3] remain true under much broader conditions, and that none of

the conditions [R1]–[R3] is necessary.

Denote by Kd the class of all distributions of a random d⇥ d stochastic matrix

X such that [D1]–[D3] hold. In this chapter, we extend the result in [CL94] by

providing a charaterisation theorem (Theorem 6.4) for the class Kd. We find that

Kd is much broader than the class of distributions satisfying [R1]–[R3]. In addition,

once the Dirichlet parameters of the limiting distribution are known, it is elementary

to verify if a given distribution belongs to the class Kd.

Chamayou and Letac’s result above relies on Theorem 2.26 that admits a rather

elegant proof suggested by S. Lauritzen and also presented in [CL94]. The authors
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of [CL94] pointed out, using Erdös’s remark on the existence of God’s book for the

best proofs, that S. Lauritzen’s proof could be taken from that book. The proof of

our Theorem 6.3 which contains Theorem 6.1 as a special case, is also rather simple

and concise. Similar to S. Lauritzen’s proof, it is based on an insightful observation

(Lemma 4.1 above) that extends the well-known result by E. J. G. Pitman on scale

independent functions of gamma distributed random variables.

The Dirichlet distribution appearing in the limit [D3] is widely used in statistical

applications. These include the modelling of compositional data (see e.g. [A86]),

Bayesian analysis, statistical genetics, and nonparametric inference (see [NTT11]

for a recent survey on the Dirichlet distribution and its applications).

The main results are presented in Section 6.2, while their proofs are presented in

Section 6.3. Examples and applications to random exchange models, random nested

simplices, and a service network with polling are given in Section 6.4.

6.2 Main results

Let A = (↵i,j) 2 M+

r,c. We will now restate for convenience the two main theorems

in [CL94] (presented as Theorems 2.25 and 2.26 in Chapter 2, see p. 45).

Theorem 6.1. ([CL94]) If (Y , X) ⇠ D
(↵1•,...,↵r•) ⌦DA, then Y X ⇠ D

(↵•1,...,↵•c).

Theorem 6.2. ([CL94]) If r = c = d, X ⇠ DA, and

(↵
1•, . . . ,↵d•) = (↵•1, . . . ,↵•d), (6.1)

then L(X) 2 Kd, and bXh1i ⇠ D
(↵1•,...,↵d•), where bX is the a.s. limit in [D1]. Fur-

thermore, if Y is a random vector taking values in Sd that is independent of X, then

Y X
d
= Y i↵ Y ⇠ D

(↵1•,...,↵d•).

Theorem 6.2 is actually a simple consequence of Theorem 6.1. Likewise, our

extension of Theorem 6.2 (Theorem 6.4 below) is based on the following result that,

as we show at the end of this section, implies Theorem 6.1.

Theorem 6.3. Let t = (t
1

, . . . , tr) 2 Rr
+

and s = (s
1

, . . . , sc) 2 Rc
+

with t• = s•.

Suppose X is a random element of Mr,c independent of both Y ⇠ D
t

and V ⇠ G
t

.
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Then

Y X ⇠ D
s

i↵ V X ⇠ G
s

. (6.2)

To state the next theorem, we will need the following conditions on the random

matrix X 2 Pd.

[L1] There exists a vector t 2 Rd
+

such that, for a random vector V ⇠ G
t

indepen-

dent of X, one has V X
d
= V .

[L2] For an i.i.d. sequence {X(n)}n�1

with X(1)
d
= X, there exists an m < 1 such

that P(X(m, 1) 2 P+

d ) > 0.

Remark 6.1. Note that, unlike the conditions of Theorem 6.2 (under which [L1]

holds), condition [L1] does not mean that X must be positive. In Section 6.4, we

provide examples where [L1] is met, but most of the entries of X are zeros.

Theorem 6.4. (i) Relation

L(X) 2 Kd (6.3)

holds i↵ [L1] and [L2] are met for X.

(ii) If (6.3) holds, then bXh1i ⇠ D
t

, where the vector t is the same as in [L1], and if

Y is a random element of Sd independent of X, then Y X
d
= Y i↵ Y

d
= bXh1i.

We conclude this section by showing that the assertions of Theorems 6.1 and 6.2

do follow from those of our Theorems 6.3 and 6.4. Let ⇠ = (⇠
1

, . . . , ⇠d) ⇠ G
t

for

some t 2 Rd
+

. Then it is well-known that (see for instance formula 2.1.2 in [NTT11])

✓

⇠
1

⇠•
, . . . ,

⇠d
⇠•

◆

⇠ D
t

. (6.4)

We will now use (6.4) and relation (4.4) to show that Theorem 6.1 follows from

Theorem 6.3. Let A = (↵i,j) 2 M+

r,c and (V , Z) ⇠ G
(↵1•,...,↵r•) ⌦GA. Then we have

from (6.4) that

X :=

0

B

B

@

Z1,1

Z1•
· · · Z1,c

Z1•
...

. . .
...

Zr,1

Zr•
· · · Zr,c

Zr•

1

C

C

A

⇠ DA, (6.5)
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and

Y :=

✓

V
1

V•
, · · · , Vr

V•

◆

⇠ D
(↵1•,...,↵r•). (6.6)

Therefore

(V , X) ⇠ G
(↵1•,...,↵r•) ⌦DA, (6.7)

and

(Y , X) ⇠ D
(↵1•,...,↵r•) ⌦DA. (6.8)

Now

V X =
r
X

k=1

✓

Zk,1

Zk•
, . . . ,

Zk,c

Zk•

◆

Vk, (6.9)

and relations (4.4) and (6.7) imply that the random vector on the right hand side

of (6.9) is distributed as

r
X

k=1

(Zk,1, . . . , Zk,c) = (Z•1, . . . , Z•c) ⇠ G
(↵•1,...,↵•c). (6.10)

It follows from Theorem 6.3 that for Y satisfying (6.8), one has Y X ⇠ D
(↵•1,...,↵•c),

thus establishing the claim of Theorem 6.1.

To see that Theorem 6.2 follows from Theorems 6.3 and 6.4, we suppose that

{X(n)}n�1

are i.i.d. with law DA, and A satisfies (6.1). By Theorem 6.1, if Y ⇠
D

(↵1•,...,↵d•) is independent of X(1), then Y X(1) ⇠ D
(↵•1,...,↵•d), and Theorem 6.3

implies that V X(1)
d
= V for V ⇠ G

(↵•1,...,↵•d) independent of X(1). Thus [L1] holds

with t = (↵•1, . . . ,↵•d). Since P(X(1) 2 P+

d ) = 1, [L2] is satisfied as well, and the

assertion of Theorem 6.2 follows by applying Theorem 6.4.

6.3 Proofs

We will begin with the following obvious consequence of Lemma 4.1.

Corollary 6.5. Let V = (V
1

, . . . , Vr) ⇠ G
t

and X = (Xi,j) 2 Mr,c be random

elements independent of each other, X having positive row sums a.s. Define the
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function H(v
1

, . . . , vr, X) = (H
1

(v
1

, . . . , vr, X), . . . , Hc(v1, . . . , vr, X)) 2 Rc
+

by

Hj(v1, . . . , vr, X) :=
r
X

i=1

viXi,j

v•
, 1  j  c. (6.11)

Then H(V , X) is independent of V•.

Proof of Theorem 6.3. We will proceed in the same way as in the proof of Propo-

sition 4.2. Suppose the right relation in (6.2) holds, i.e., V X ⇠ G
s

for V ⇠ G
t

independent of X. Then, by Corollary 6.5, for the scale independent function H de-

fined in (6.11), the random vector H(V
1

, . . . , Vr, X) ⌘
⇣

V1
V•
, . . . , Vr

V•

⌘

X is independent

of V•, and therefore

V X =

✓

V
1

V•
, . . . ,

Vr

V•

◆

XV•
d
=

✓

V
1

V•
, . . . ,

Vr

V•

◆

X eV•, (6.12)

where (eV
1

, . . . , eVr) ⇠ G
t

is independent of (V , X). Since V X ⇠ G
s

, for Z :=

(Z
1

, . . . , Zc) ⇠ G
s

, one has

V X
d
= Z

d
=

✓

Z
1

Z•
, . . . ,

Zc

Z•

◆

eZ•, (6.13)

( eZ
1

, . . . , eZc) being an independent copy of Z (cf. (4.4)).

Equating the logarithms of the components of the vectors on the right hand sides

of (6.12) and (6.13), we obtain that

✓

ln

✓

Pr
i=1

ViXi,1

V•

◆

, . . . , ln

✓

Pr
i=1

ViXi,c

V•

◆◆

+ ln(eV•)ec

d
=

✓

ln

✓

Z
1

Z•

◆

, . . . , ln

✓

Zc

Z•

◆◆

+ ln( eZ•)ec, (6.14)

where ec := (1, . . . , 1) 2 Rc.

Since t• = s•, one has eV•
d
= eZ• as both follow �t• = �s• , and so letting  , '

and � denote the characteristic functions of the first, second (and fourth), and third

terms in (6.14), respectively, we have

 (u
1

, . . . , uc)'(u1

, . . . , uc) = �(u
1

, . . . , uc)'(u1

, . . . , uc).
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Noting that

'(u
1

, . . . , uc) = Eeiu• ln(V•) =
1

�(t•)

Z 1

0

eiu• lnxxt•�1e�x dx

=
1

�(t•)

Z 1

0

xiu•+t•�1e�x dx =
�(t• + iu)

�(t•)
6= 0

for t• > 0, we conclude that  ⌘ � and therefore the respective random vectors

have a common distribution. Hence one has

✓

V
1

V•
, . . . ,

Vr

V•

◆

X =

✓

Pr
i=1

ViXi,1

V•
, . . . ,

Pr
i=1

ViXi,c

V•

◆

d
=

✓

Z
1

Z•
, . . . ,

Zc

Z•

◆

⇠ D
s

(6.15)

from (6.4). Observing that the left hand side of (6.15) has the form Y X for Y ⇠ D
t

independent of X (cf. (6.4)), we have that Y X ⇠ D
s

, and so the left relation in

(6.2) holds.

Conversely, suppose that Y X ⇠ D
s

for Y ⇠ D
t

independent of X. Using the

same steps as above, but following them in the reverse order, one can easily conclude

that V X ⇠ G
s

for V ⇠ G
t

independent of X. Theorem 6.3 is proved.

To prove Theorem 6.4, we need the following simple extension of Proposition 2.2

from [CL94].

Proposition 6.6. Let X(1) be a random element of Pd satisfying [L2], and {X(n)}n�1

be an i.i.d. sequence. Then there exists a random element W of Sd such that

X(n, 1)
a.s.�! eT

dW (6.16)

as n ! 1, where eT
d denotes the transpose of ed. Furthermore, if Y is a random

element of Sd that is independent of X(1), then Y X(1)
d
= Y i↵ Y

d
= W .

Proof. By Proposition 2.2 in [CL94], there exists a random element W of Sd such

that

X(nm, 1)
a.s.�! eT

dW (6.17)
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as n ! 1, where m < 1 is from [L2]. For k 2 (nm, (n+ 1)m) \ N, one has

X(k, 1) = X(k, nm+ 1)X(nm, 1)

= X(k, nm+ 1)eT
dW +X(k, nm+ 1)

�

X(nm, 1)� eT
dW

�

= eT
dW + o(1) a.s.

as n ! 1, since XeT
d = eT

d for any X 2 Pd. Hence, the limit in (6.16) exists and

coincides with that in (6.17). The second part follows immediately from the proof

of Proposition 2.2 in [CL94].

Proof of Theorem 6.4. (i) Suppose [L1] and [L2] hold. Then, by Proposition 6.6,

there exists a random element W of Sd such that

X(n, 1)
a.s.�! bX ⌘ eT

dW

as n ! 1, and therefore [D1] and [D2] hold. From condition [L1] and Theorem 6.3,

it follows that Y X(1)
d
= Y for Y ⇠ D

t

independent of X(1). By Proposition 6.6,

the law of Y coincides with the distribution of the limit bXhii, i = 1, 2, . . . , d, i.e.

bXh1i = bXh2i = · · · = bXhdi d
= Y ⇠ D

t

, (6.18)

and so [D3] holds. We have proved that L(X) 2 Kd.

Conversely, let L(X) 2 Kd. Observe that if X(m, 1) 2 P+

d for some m 2 N, then
X(m + n, 1) 2 P+

d for all n 2 N. Then since X(m, 1) converges a.s. to bX 2 P+

d ,

there is an m < 1 such that X(m, 1) 2 P+

d a.s., and so [L2] holds. Furthermore,

clearly

bX = lim
n!1

X(n, 1) = lim
n!1

X(n, 2)X(1) = bX 0X(1),

where bX 0 d
= bX is independent of X(1). In particular, one has bXh1iX(1)

d
= bX(1) ⇠ D

t

for some t 2 Rd
+

. Applying Theorem 6.3, we have that V X(1)
d
= V for V ⇠ G

t

,

and so [L1] holds.

(ii) If (6.3) holds, then by (i) we have that [L1] and [L2] are satisfied, in which

case we have (6.18), where t is the same as in [L1]. Furthermore, for Y a random

element of Sd that is independent of X, one has by Proposition 6.6 that Y X
d
= Y
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i↵ Y
d
= bXh1i, where bXh1i ⇠ D

t

by (6.18).

6.4 Examples and applications

6.4.1 Random exchange models

Consider the following random exchange model, which is a discrete time analogue of

certain continuous time Markov processes, called Potlatch models (see for instance

[HL81] and [LS81]). Suppose we have d < 1 bins labelled by numbers 1, 2, . . . , d,

that hold amounts qk(n), k = 1, . . . , d, of a homogeneous commodity at times n =

0, 1, 2, . . . , respectively. The dynamics of the model is as follows: at time n � 1,

the vector q(n� 1) := (q
1

(n� 1), . . . , qd(n� 1)) changes to q(n) := q(n� 1)X(n),

where {X(n)}n�1

are i.i.d. random elements of Pd with distribution L(X), which

generates the Markov chain

q(n) = q(0)X(1, n), n � 1. (6.19)

Clearly
Pd

k=1

qk(n) =
Pd

k=1

qk(0) for all n, and without loss of generality, we assume

that this quantity is equal to one.

As noted in [CL94], it is easy to prove that Markov chain (6.19) has a stationary

distribution when L(X) 2 Kd. Indeed, defining the random maps Kn : Sd ! Sd by

Kn(y) := yX(n), one has that, for any y 2 Sd,

K
1

� · · · �Kn(y) = yX(n, 1)
a.s.�! bXh1i as n ! 1.

Applying Proposition 1 in [CL91], we obtain that L( bXh1i) is the stationary distri-

bution of Markov chain (6.19).

The random exchange model (6.19) is a higher dimension analogue of the stochas-

tic give-and-take model studied in [DR63] and introduced in its deterministic form

in the context of human genetics in [L61] (c.f. Section 2.3.1 above). This model

is applicable to the study of dynamical systems (see for instance [BJM10]), e.g. it

provides a model of a closed economy, where agents exchange real wealth at each

step in a random manner.

116



Now we consider three special cases of random stochastic matrices X with

L(X) 2 Kd. The purpose of these examples is to demonstrate that none of the

conditions [D1]–[D3] from [CL94] is necessary for L(X) 2 Kd. We will also discuss

the respective special cases of random exchange model (6.19). Our first example

leads to a generalisation of the result in [CL94] to the case of “extended” Dirichlet

distributions, where the parameters of the distribution are permitted to be zero.

Our second example demonstrates that the rows of X need not be independent.

Example 6.1. For a vector a 2 M
1,d, we set D

a

to be the weak limit of the

distribution D
a+✏ as ✏ # 0, with the usual interpretation of the sum a + ✏ed with

a 2 Rd and ✏ 2 R. In other words, the components of Y ⇠ D
a

that correspond

to zero components of a are identically zero, whereas the subvector of Y consisting

of the components Yj of that random vector that correspond to aj > 0 is a usual

Dirichlet distributed vector. Likewise, for a matrix A 2 Mr,c, we set DA to be the

weak limit of the distribution of DA+✏ as ✏ # 0. We define the distributions G
a

and

GA for a 2 M
1,d and A 2 Mr,c in a similar way.

Let A = (↵i,j) 2 Md with ↵i• = ↵•i > 0 for i = 1, . . . , d. If X ⇠ DA and X

satisfies [L2], then it turns out that L(X) 2 Kd and bXh1i ⇠ D
(↵1•,...,↵d•), and so

D
(↵1•,...,↵d•) is the stationary distribution of Markov chain (6.19).

Indeed, by Theorem 6.4 it su�ces to show that V X
d
= V for V ⇠ G

(↵1•,...,↵d•)

independent of X. To do that, let (V , Z) ⇠ G
(↵1•,...,↵d•) ⌦ GA, and define X 2 Pd

by (6.5). Then V is independent of X, and V X ⇠ G
(↵1•,...,↵d•) by (6.9) and (6.10),

as required.

In particular, we have obtained the stationary distribution for the following sim-

ple model, which, to the best of the author’s knowledge, has not previously been

studied: at time n � 1, an independent uniform proportion of the commodity pre-

viously held in bin k, k = 1, 2, . . . , d, is shifted to the (neighbouring) bin k+1 (mod
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d). In this case vector q(n) is defined by (6.19) with

X :=

0

B

B

B

B

B

B

B

B

@

U
1

1� U
1

0 · · · 0

0 U
2

1� U
2

. . .
...

...
. . . . . . . . . 0

0 · · · 0 Ud�1

1� Ud�1

1� Ud 0 · · · 0 Ud

1

C

C

C

C

C

C

C

C

A

, (6.20)

where the Uk, k = 1, . . . , d, are i.i.d. U [0, 1]-distributed random variables. Observing

that X defined by (6.20) satisfies [L2] for m = d � 1, we have from above that

bXh1i ⇠ D
(2,...,2), and so D

(2,...,2) is the stationary distribution of Markov chain (6.19)

with X(n) distributed as (6.20).

Example 6.2. In this example, we consider a random stochastic matrix X with all

d � 2 rows dependent, which generates Markov chain (6.19) with the same stationary

distribution as that corresponding to the random stochastic matrix (6.20). The

behaviour of this model is controlled by the decisions of a “leader” as follows. At

time n � 1, the “leader” shifts a uniform proportion of the commodity held in bin

1 to bin 2. If the proportion shifted is greater than 1/2, then no other shifts occur

in the system at time n. However, if the proportion shifted is less than or equal

to 1/2, then all the commodity previously held in bin k, k = 2, 3, . . . , d, is shifted

to the (neighbouring) bin k + 1 (mod d). In this model, the random vector q(n) is

given by (6.19), with the random element X 2 Pd defined by

X :=

0

B

B

B

B

B

B

B

B

@

U 1� U 0 · · · 0

0 I 1� I
. . .

...
...

. . . . . . . . . 0

0 · · · 0 I 1� I

1� I 0 · · · 0 I

1

C

C

C

C

C

C

C

C

A

, (6.21)

where U ⇠ U [0, 1], and I := 1{U>1/2}.

We will show that L(X) 2 Kd and bXh1i ⇠ D
(2,...,2). By Theorem 6.4, it su�ces to

show that [L1] and [L2] hold for X, t = (2, . . . , 2) being the vector from [L1]. It is
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not hard to directly verify thatX defined by (6.21) satisfies [L2] form = 2d�2. Now

let V ⇠ G
(2,...,2) be independent of X, and denote by '(u

1

, . . . , ud) the characteristic

function of V X. Then, setting ud+1

:= u
1

, we have

'(u
1

, . . . , ud) = E exp

(

i(u
1

U + u
2

(1� U))V
1

+ i
d
X

j=2

(ujI + uj+1

(1� I))Vj

)

= E exp

(

i
d
X

j=2

uj+1

Vj

)

Z

1/2

0

ds

[1� i(u
1

s+ u
2

(1� s))]2

+ E exp

(

i
d
X

j=2

ujVj

)

Z

1

1/2

ds

[1� i(u
1

s+ u
2
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which is the characteristic function of V as well, and so we conclude that V X
d
= V .

Therefore [L1] holds with t = (2, . . . , 2), as required.

Example 6.3. In our final example, we will consider the following modification

of the model from our last example. At time n � 1, a uniform proportion of the

commodity held in bin 1 is shifted to bin 2 as in the previous model, but, indepen-

dentaly of that proportion, with probability 1/2 all the commodity previously held

in bin k, k = 2, 3, . . . , d, is shifted to the (neighbouring) bin k + 1 (mod d). The

only di↵erence in this model is that the shift from bin 1 to bin 2 is independent of

the shifts from bin k to bin k + 1 (mod d). In this model, the random vector q(n)

is given by (6.19), with X 2 Pd given by (6.21) for (U, I) ⇠ U [0, 1]⌦ Be(1/2).

We claim that L(X) 2 Kd and bXh1i ⇠ D
(1/2,...,1/2). By Theorem 6.4 it su�ces to

show that [L1] and [L2] hold for X, with t = (1/2, . . . , 1/2) being the vector from

[L1]. As in Example 1, clearly [L2] holds for m = d� 1. Now let

V = (V
1

, . . . , Vd) ⇠ G
(1/2,...,1/2)
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be independent of X, and denote by �(u
1

, . . . , ud) the characteristic function of V X.

Then, setting ud+1

:= u
1

, we have that
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is the characteristic function of V , and we conclude that V X
d
= V . Therefore [L1]

holds with t = (1/2, . . . , 1/2) as required.

6.4.2 Random nested simplices

The study of random triangles and, in particular, nested sequences of random tri-

angles, has been extensive in the probabilistic literature (see for instance [LS98] and

references therein). In one such study [LS98], the authors use Theorem 1.2 in [CL94]

(see Theorem 6.2 above) to prove that the limiting distribution of certain random

nested simplices is Dirichlet (cf. Section 2.5.3). We will briefly recall the setup from

[LS98]. Let p
1

, . . . ,pd be d points in a real (d � 1)-dimensional a�ne space E,

and take their convex hull to obtain a simplex S. Now suppose that X(1) ⇠ DA,

A = (↵i,j) 2 M+

d satisfying

(↵
1•, . . . ,↵d•) = (↵•1, . . . ,↵•d),

and one chooses d points p
1

(1), . . . ,pd(1) in S with barycentric coordinates given by

Xh1i(1), . . . , Xhdi(1) with respect to (p
1

, . . . ,pd), taking their convex hull to obtain a
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new simplex S(1) ⇢ S. Continuing this processes independently on S(1), and so on,

the so defined simplices shrink a.s. to a random point Y 2 E as n ! 1 (cf. (2.29)

on p. 47). We extend this result as follows.

Theorem 6.7. If X(1) satisfies [L1] and [L2], then (2.29) holds true. Furthermore,

the barycentric coordinates of Y with respect to (p
1

, . . . ,pd) have distribution D
t

, t

being the vector from [L2].

Proof. The proof of Theorem 6.7 basically repeats that of Theorem 2.2 from [LS98],

except we use Theorem 6.4 in place of Theorem 6.2 above. For B(0) 2 Sd, define

Z(n) 2 S(n) as the point with barycentric coordinates B(0) with respect to the

a�ne frame (p
1

(n), . . . ,pd(n)), and denote by B(n) the barycentric coordinates of

Z(n) with respect to the a�ne frame (p
1

, . . . ,pd). Then, as shown in the proof of

Theorem 2.2 from [LS98], one has

B(n) = B(0)X(n, 1), n = 0, 1, . . .

Now suppose X(1) satisfies [L1] and [L2]. By Theorem 6.4, L(X(1)) 2 Kd with

bXh1i = (Y
1

, . . . , Yd) ⇠ D
t

, t being the vector from [L2]. Then clearlyB(n)
a.s.�! bXh1i

as n ! 1 for any B(0). In particular, for any k = 1, . . . , d, we can set

B(0) := (0, . . . , 0, 1, 0, . . . , 0),

where 1 is at the kth place, to obtain that pk(n)
a.s.�! Y as n ! 1, where Y has

barycentric coordinates (Y
1

, . . . , Yd) with respect to (p
1

, . . . ,pd), as required.

6.4.3 Service networks with polling

Recall the random donkey walk in Pd that was introduced in [L02] (cf. Section 2.5.4).

This model actually describes the progression of a customer in the following discrete-

time closed network with polling. Suppose there are d bu↵er nodes in the network,

accessed in cyclic order by a single server, with customers never leaving the network.

At time n = 1, the server accesses node 1 and moves customers from that node

to other nodes in the network randomly, with transition probabilities taken from
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the first row of a random X(1) 2 Pd. At time n  d, the server accesses node

n, and similarly moves customers from that node to other nodes with transition

probabilities taken from the nth row of X(1). The same procedure is repeated in

a cyclical fashion, with the server accessing node 1 at time n = d + 1, and so on,

with transition probabilities taken from the rows of independent random elements

X(j)
d
= X(1) for the jth cycle. In this formulation, the vector B(n) represents the

distribution of customers in the network after n steps, with initial distribution B(0).

Markov chains with the cyclic property that each of the sequences {B(td+r)}t�0

,

r = 1, . . . , d, forms a homogeneous Markov chain, were also considered in [D98],

where several examples of such Markov chains were provided.

For a matrix X = (Xi,j) 2 Md and r = 1, 2, . . . , d, set

�

Tr(X)
�

i,j
:= (�ij +Xr,j�ri � �rj�ij), 1  i, j  d,

�ij being Kronecker’s delta (i.e., Tr(X) is the d⇥ d identity matrix with the rth row

replaced by the rth row of X).

An extension of Theorem 2.27 is given by the following theorem.

Theorem 6.8. Let X be a random element of Pd such that T
1

(X) · · ·Td(X) satisfies

condition [L2]. Let V = (Vi,j) ⇠ GB be a random matrix independent of X, where

B 2 M+

d has entries �i,j given by (2.31). Furthermore, suppose that

V hri d
= V hr�1iTr(X), 1  r  d, (6.22)

where V h0i := V hdi.

Then, for r = 1, . . . , d, the stationary distribution of the rth homogeneous Markov

chain {B(td+ r)}t�0

is Dirichlet with parameters (�r,1, . . . , �r,d).

Proof. Let {X(t)}t�0

be i.i.d. with law L(X), and fix r 2 {1, . . . , d}. Then

R(t) :=

8

<

:

T
1

(X(t)) · · ·Td(X(t)) for r = d,

Tr+1

(X(t)) · · ·Td(X(t))T
1

(X(t)) · · ·Tr(X(t)) for r < d,
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t = 0, 1, . . ., are i.i.d. random elements in Pd, and

B(td+ r) = B(r)R(1, t),

where R(1, t) is given by (2.24). Clearly, R(1) satisfies [L2] since T
1

(X) · · ·Td(X)

satisfies [L2], and so by Proposition 6.6, there exists a random vector W 2 Sd such

that

R(t, 1)
a.s.�! eT

dW

as t ! 1. Using Proposition 1 in [CL91] applied to the space Sd and to the random

mappings from Sd to Sd defined by x 7! xZ(t), t � 0, it follows that {B(td+ r)}t�0

has a unique stationary distribution.

Now V hri d
= V hriR(1) by (6.22), and therefore Theorem 6.4 implies that

bRh1i ⇠ D
(�r,1,...,�r,d)

.

Hence the stationary distribution of {B(td+ r)}t�0

is D
(�r,1,...,�r,d)

, as required.

The following remark shows that our Theorem 6.8 is indeed an extension of

Theorem 2.27.

Remark 6.1. Let A = (↵i,j) 2 Md be such that ↵i• = ↵•i > 0 for i = 1, . . . , d, and

B = (�i,j) 2 M+

d , where the numbers �i,j are given by (2.31). Let (V, Z) ⇠ GB⌦GA,

andX ⇠ DA defined by (6.5) be such that T
1

�

Xh1i� · · ·Td

�

Xhdi� satisfies [L2]. Then,

for r = 1, . . . , d and using the convention that r � 1 = d for r = 1, one has

V hr�1iTr(X) = (Vr�1,1, . . . , Vr�1,r�1

, 0, Vr�1,r+1

, . . . , Vr�1,d) + Vr�1,r

✓

Zr,1

Zr•
, . . . ,

Zr,d

Zr•

◆

d
= (Vr�1,1, . . . , Vr�1,r�1

, 0, Vr�1,r+1

, . . . , Vr�1,d) + (Zr,1, . . . , Zr,d),

where the equality in distribution holds by (4.4) and the fact that Vr�1,r
d
= Zr•, as

both follow ��r�1,r = �↵r• . It remains to observe that �r,r = ↵r,r and, for j 6= r,

�r,j = �r�1,j + ↵r,j, hence the vector in the last line above is distributed as V hri.

The conditions of Theorem 6.8 are met, and we conclude that, for all r =

1, . . . , d, the homogeneous Markov chain {B(td+ r)}t�0

has stationary distribution
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D
(�r,1,...,�r,d)

. In particular, for X defined by (6.20), one has �r,j = 1 for j 6= r + 1

(mod d), and �r,j = 2 for j = r + 1 (mod d).
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Chapter 7

Boundary crossing probabilities

for multivariate Brownian motion

In this chapter we provide a solution to Problem 3 from the Introduction by giving

an upper bound for the di↵erence between boundary hitting probabilities for the

multivariate Brownian motion process for two di↵erent boundaries. Our bound

holds under broad assumptions about the nature of the boundary, including the

Lipschitz condition (in a Hausdor↵-type metric) on its time cross-sections. As an

auxiliary result, we also give upper bounds for the first boundary crossing time

densities.
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7.1 The main results

Let W = {W t = (W (1)

t , . . . ,W (m)

t )}t�0

be the standard m-dimensional Brownian

motion process, W
0

= 0. For a fixed T < 1, let G be the class of open sets

G ⇢ [0, T ]⇥ Rm (the first component representing time) with (0,0) 2 @G.

As discussed in the Introduction, it is important in a number of applied problems

to compute the probability P (G) (cf. (1.39)) for W to stay within G during the time

interval (0, T ).

The aim of this chapter is to extend the approximation approach outlined in the

Introduction to the multivariate case and provide bounds for approximation errors.

The results in this chapter are also of interest for the theory of boundary value

problems for parabolic partial di↵erential equations.

First we will introduce some notation which we will need to define a Hausdor↵-

type metric that proved to be the most natural one for measuring the closeness of

the sets G and eG in the context of our problem.

For H ⇢ [0, T ]⇥ Rm, let

Ht := {x = (x
1

, . . . , xm) 2 Rm : (t,x) 2 H}, t 2 [0, T ], (7.1)

be the time t section of H. For A ⇢ Rm and x 2 Rm, let ⇢(x, A) := inf
y2Akx� yk

be the distance from x to the set A, k·k being the Euclidian norm in Rm, Ac be the

complement of A, and let

A(v) :=

8

<

:

{x 2 Rm : ⇢(x, A) < v}, v > 0,

{x 2 Rm : ⇢(x, Ac)  �v}c, v  0,

denote the dilation (case v > 0) and erosion (case v < 0), respectively, of the set A

by the set B|v|(0), where Br(x) := {y 2 Rm : kx� yk < r} stands for the open ball

of radius r > 0 with centre at x 2 Rm.

For H ⇢ [0, T ]⇥ Rm, let

H(v) := {(t,x) : t 2 [0, T ],x 2 H(v)
t }, v 2 R.
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The Hausdor↵ distance between sets A, eA ⇢ Rm is defined by

⇢h(A, eA) := inf{" > 0 : A ⇢ eA(") and eA ⇢ A(")}.

It will be convenient for us to use the metric

⇢H(A, eA) := max{⇢h(A, eA), ⇢h(Ac, eAc)}.

For positive numbers K, �, �, introduce the class GK,�,� ⇢ G of sets G satisfying

the following conditions on their cross-sections.

[G1] The following Lipschitz condition holds:

⇢H(Gs, Gt)  K(t� s), 0 < s < t < T.

[G2] For any t 2 (0, T ) and g 2 @Gt, there exists a y 2 Rm such that B�(y) ⇢ Gc
t

and g 2 @B�(y).

[G3] For any t 2 (0, T ), there exists a v
0

> 0 such that

E(1 + kW tk; 0 < ⇢(W t, G
c
t) < v) < �v, 0 < v < v

0

.

Condition [G1] is a multivariate version of the Lipschitz condition on the bound-

aries g± of the curvilinear strip (1.40) in the univariate case. It is easy to see that

[G1] implies that @Gt is a Lipschitz continuous function of t in Hausdor↵ metric,

but the converse is not true. It turns out though that, in the multivariate case,

Lipschitz continuity of @Gt in the ordinary Hausdor↵ metric ⇢h will not su�ce for

deriving the desired bounds.

Likewise, using just the Hausdor↵ metric ⇢h(Gs, Gt) for measuring the rate of

change of the sections Gt with time, also proved to be inadequate. For example,

imagine a “Swiss cheese”-type set, e.g. the unit disc with a large number of small

holes in it. The Hausdor↵ distance between that set and the disc can be very small,

but a change of the time section from that disc at time t to the “Swiss cheese set”

at time t + h can clearly lead to a rather high probability of the first hitting time
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of @G during (t, t + h), making it impossible to obtain necessary for the derivation

of our results bounds for the first hitting time density (and leading to impassable

obstacles in other elements of the proof as well).

The role of [G2] is to ensure that the section boundaries @Gt do not have “tight

outside folds”. Together with [G1], it means that, for any fixed t 2 (0, T ), as the

point x approaches the boundary @Gt, the probability that the Brownian motion

starting at x at time t will not leave G during the residual time interval (t, T ) decays

as a linear function of ⇢(x, @Gt), and it is exactly that rate of decay that is needed for

our main result (7.2). The above-mentioned linear bound follows from the fact that

the desired probability will not exceed the probability of hitting a cone with the axis

parallel to the time axis and the base of radius � on the left, which is disjoint with G

and which, due to conditions [G1] and [G2], one can “attach” to the boundary @G at

a point with the time component equal to t and space component ⇢(x, @Gt)-distant

from x. The respective bound for the cone is obtained in Lemma 7.6 below.

Condition [G3] may be a bit more technical and less transparent. Roughly

speaking, it means that the boundary @Gt “cannot have too many folds”. It is only

used in the proof of Proposition 7.4 establishing an upper bound for the first hitting

time density. The condition enables one to “translate” the “local bounds” on the

conditional probability that the hitting time of @G belongs to (t, t + h) given the

value of W t to the required bound for the unconditional probability of the hitting

time being in that interval.

The main result of this chapter is the following bound.

Theorem 7.1. If G 2 GK,�,�, then there exists a c = c(K, �, �) < 1 such that

P
�

G(")
�

 P (G) + c" for any " > 0. (7.2)

It turns out that, in the important special case of convex cross-sections Gt,

conditions [G2] and [G3] are superfluous. While that [G2] holds in this case for

arbitrary large � > 0 is obvious, the validity of [G3] is not hard to establish using

Cauchy’s surface area formula that implies that the volume of the portion of the

integration region {x : 0 < ⇢(x, Gc
t) < v} that lies in the spherical layer {x : k 

kxk < k + 1} cannot exceed cvkm�1, as demonstrated in the proof of the following
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assertion.

Corollary 7.2. Assume that G 2 G satisfies [G1] and Gt is convex for any time

t 2 (0, T ). Then G also satisfies [G2] with any � > 0 and [G3] for some � < 1,

and so the bound from Theorem 7.1 holds true.

The next result is a trivial consequence of Theorem 7.1. We state it here be-

cause it is the natural multivariate extension of the main bound from [BN05] (see

Theorem 2.28 above).

Corollary 7.3. Suppose G 2 GK,�,�. For any " > 0, if sets G0, G00 2 G are such that

G ⇢ G0 ⇢ G("), G ⇢ G00 ⇢ G("), then

|P (G0)� P (G00)| < c" (7.3)

for some constant c = c(K, �, �) < 1.

Remark 7.1. The form of the statement in the above assertion is somewhat di↵erent

from the one in the univariate case where we basically estimated the di↵erence

P
�

G(")
�

� P
�

G(�")
�

. This is because the multivariate situation is noticeably more

complicated. In particular, in m � 2 dimensions, for a set G 2 GK,�,� it is not

necessarily true that G(�") 2 GK,�,� , even if we allow the parameters of the class

GK,�,� in the last instance to be di↵erent from those for the one containing G.

One implication of that observation is that, without some additional restrictive

assumptions, the estimation of P
�

G(")
�

� P
�

G(�")
�

becomes then impossible. On

the other hand, the framework of our Theorem 7.1 is quite simple and appears to

be the most natural in the multivariate setup.

7.2 Proofs

Without loss of generality, we can (and will) assume in this section that T = 1.

The proof is based on the same idea as in [BN05] and uses the total probabil-

ity formula representation (7.5) below for the di↵erence between the probabilities

P
�

G(")
�

and P (G). This di↵erence is just the probability that the Brownian motion
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leaves the set G but does not leave the slightly bigger G("). To estimate that di↵er-

ence, one needs bounds for both the integrand and the “integrator” in the integral

on the right-hand side of (7.5).

First we will deal with the latter, obtaining in Proposition 7.4 an upper bound

for the density of the first hitting time of @G (of which the derivation relies on

Lemmata 7.5–7.9). For the former, one can expect that the integrand is O(") as

" ! 0, with the coe�cient of " in the bound increasing as t approaches 1, as less

and less time will be remaining for the Brownian motion to leave G("). The desired

bound for the integrand will follow from Lemma 7.10 which we use to bound the

tail of the distribution of the time the Brownian motion starting at time t at a

boundary point of Gt hits a cone located outside G(") and “attached” to @G(") at a

point with the time component equal to t. As we already pointed out, conditions

[G1] and [G2] make it possible to use that result to bound the probability of not

hitting @G(") during the residual time interval (t, 1).

For a measurable H ⇢ [0, 1]⇥ Rm, let

⌧(H) := inf{t > 0 : (t,W t) 2 @H}, (7.4)

setting ⌧(H) := 1 when W t /2 @Ht, t 2 (0, 1). Letting ⌧ := ⌧(G), ⌧ (") := ⌧(G(")),

we have from the Markov property of the Brownian motion that, for " > 0,

D"(G) := P
�

G(")
�

� P (G) =

Z

(0,1)

P
�

⌧ (") = 1|⌧ = t
�

P(⌧ 2 dt). (7.5)

The following proposition, establishing absolute continuity of ⌧ and providing

upper bounds for its density, is of independent interest.

Proposition 7.4. The random variable ⌧ has density p on (0, 1) satisfying

p(t)  8m2�

8

<

:

q

1

⇡t
+ m�1

2��Kt
+ 2K + 2

t
, t 2 (0,min{�/K, 1}),

q

K
⇡�

+ �+2

2t��/K
+ m�1

�
+K, t 2 [min{�/K, 1}, 1).

To prove the proposition, set ⌧t := inf{s > t : (s,W s) 2 @G} for t 2 (0, 1) and
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note that, for 0 < h < 1� t,

P(⌧ 2 (t, t+ h)) =

Z

Gt

P(⌧ 2 (t, t+ h)|W t = z)P(W t 2 dz)

=

Z

Gt

P(⌧ > t|W t = z)P(⌧t < t+ h|W t = z)P(W t 2 dz). (7.6)

Next we will bound the two conditional probabilities appearing as factors in the

integrand on the right hand side of (7.6). It will be convenient to use the notation

r(z) := ⇢(z, @Gt) (7.7)

(for a fixed t). The following lemma gives a bound for the first factor.

Lemma 7.5. For t 2 (0, 1), one has

P(⌧ > t|W t = z)

2r(z)


8

<

:

q

1

⇡t
+ 2(kzk+r(z))

t
+ m�1

2��Kt
+ 2K, t < �/K,

q

K
⇡�

+ kzk+r(z)+�/2
t��/(2K)

+ m�1

�
+K, t � �/K.

The proof of Lemma 7.5 uses our next three lemmata. The main idea is that

the desired conditional boundary non-hitting probability cannot exceed the proba-

bility of not hitting a simple “more remote” set, namely, a cone “attached from the

outside” to the “nearest” to z point of @Gt, with the axis parallel to the time axis

and such that its base is on the right. For that simpler boundary, the desired bound

is obtained in Lemma 7.6. This is done by reducing the problem to a univariate

straight line boundary crossing probability by a di↵usion process, namely, by the

radial process of the m-dimensional Brownian bridge. To obtain the desired bound

for the latter problem, we use the comparison Lemma 7.7 and a simple reference

process (7.13), which is just a univariate arithmetic Brownian motion. For that

process, the respective bound is given in Lemma 7.8.

For u, v > 0, introduce the (possibly truncated) cones

C(v, u) := {(s,x) 2 [0, v]⇥ Rm : kxk  u�Ks}, (7.8)

C⇤(v, u) := {(s,x) 2 [0, v]⇥ Rm : |xi|  (u�Ks)/
p
m, i = 1, . . . ,m}.
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Clearly, C⇤(v, u) ⇢ C(v, u).

We will slightly abuse notation by denoting by P
x

the distribution on the canon-

ical space corresponding to the Brownian motion process that starts at the point

W
0

= x 2 Rm and keeping the notation ⌧(H) for the stopping time (7.4) for that

process.

Lemma 7.6. For any x,y 2 Rm with kxk > �, we have

P
x

(⌧(C(t,�)) > u|W t = y)

kxk � �



8

<

:

q

2

⇡u + 2
⇣

2(kyk��)
t + m�1

2��Kt + 2K
⌘

+

, u  t/2, t < �/K,

q

2

⇡u + 2
⇣

kyk��/2
t��/(2K)

+ m�1

� +K

⌘

+

, u  �/(2K), t � �/K,

where x

+ := max{0, x}.

Note that the above upper bounds agree at t = �/K.

To prove Lemma 7.6, we will require the following two additional lemmas. For

a univariate process X = {Xt}t�0

and x 2 R, set

⌘x(X) := inf{t � 0 : Xt = x}. (7.9)

Lemma 7.7. Let {Wt}t�0

be the standard univariate Brownian motion given on a

filtered probability space, {Yt}t�0

a continuous adapted process on the same space.

Let X(1)

t and X(2)

t be strong unique solutions of the stochastic di↵erential equations

(SDEs)

dX(i)
t = ai(t,X

(i)
t , Yt)dt+ dWt, X(i)

0

= x
0

, i = 1, 2,

where ai are continuous. Suppose that, for a given l < x
0

, one has a
1

(t, x, y) <

a
2

(t, x, y) for all (t, x) 2 [0,1) ⇥ (l,1), y 2 R. Then X(1)

t < X(2)

t a.s. for all

t 2 (0, ⌘l(X(1))).

The proof of Lemma 7.7 below follows the argument proving a somewhat weaker

assertion of Lemma 4 on p.120 of [GS72].

Proof. Define the continuously di↵erentiable function

�(t) := X(2)

t �X(1)

t =

Z t

0

(a
2

(s,X(2)

s , Ys)� a
1

(s,X(1)

s , Ys)) ds, t < ⌘l.
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Then, for all points t < ⌘l with �(t) = 0, we have that X(1)

t = X(2)

t , and so at these

points

�0(t) = a
2

(t,X(2)

t , Yt)� a
1

(t,X(1)

t , Yt) > 0.

In particular, we have �(0) = 0, �0(0+) > 0. Therefore we can find a � > 0 such

that �(t) > 0 for all 0 < t  �.

Now suppose the set {t 2 (0, ⌘l) : �(t) = 0} is not empty. Then for t
1

:= inf{t 2
(0, ⌘l) : �(t) = 0} we have t

1

> 0, �(t
1

) = 0, �0(t
1

) > 0, and so there exists a �
1

> 0

such that �(t) < 0 for t 2 [t
1

� �
1

, t
1

]. Therefore �(t) changes signs on the interval

[�, t
1

� �
1

], i.e., it takes on the value zero there, which contradicts the definition of

t
1

. We conclude that {t 2 (0, ⌘l) : �(t) = 0} is empty a.s., and since �(t) > 0 for

su�ciently small t, �(t) > 0 for all t 2 (0, ⌘l) as required.

Recall that {Wt}t�0

is the standard univariate Brownian motion process.

Lemma 7.8. For c 2 R and " > 0,

P( sup
0st

(Ws � cs) < ")  "

✓

r

2

⇡t
+ 2c+

◆

, t > 0.

Proof. The probability on the left hand side above is known explicitly (cf. (1.1)):

denoting by � the standard normal distribution function,

P( sup
0st

(Ws � cs) < ") = �
�

c
p
t+ "/

p
t
�

� e�2c"�
�

c
p
t� "/

p
t
�

 �
�

c
p
t+ "/

p
t
�

� e�2c+"�
�

c
p
t� "/

p
t
�

 �
�

c
p
t+ "/

p
t
�

� �
�

c
p
t� "/

p
t
�

+ (1� e�2c+")

 sup
x2R

�0(x)⇥ 2"/
p
t+ 2c+"

= "

✓

r

2

⇡t
+ 2c+

◆

.

Proof of Lemma 7.6. Fix a t 2 (0, 1) and let B = {Bs = (B(1)

s , . . . , B(m)

s )}
0st

be an m-dimensional Brownian bridge process starting at x 2 Rm at time 0 and

ending at y 2 Rm at time t.
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In order to use Lemma 7.7, we will now derive an SDE for the radial process

Ss := kBsk of B. Recall from (1.9) that B satisfies the SDE

dBs =
y �Bs

t� s
ds+ dW s, 0 < s < t, (7.10)

By Itô’s formula, the squared radial process has stochastic di↵erential

dS2

s = 2
m
X

i=1

B(i)
s dB(i)

s +mds, 0 < s < t. (7.11)

Setting ⇠
s

:= Bs/Ss, we have k⇠
s

k ⌘ 1 and therefore

⇠s(y) := ⇠
s

yT  kyk, (7.12)

where yT denotes the transpose of y. Then, for 0 < s < t, we have from (7.10) and

(7.11) that

dS2

s = 2
m
X

i=1

B(i)
s

✓

yi � B(i)
s

t� s
ds+ dW (i)

s

◆

+mds

= 2

✓

Bsy
T � S2

s

t� s
+

m

2

◆

ds+ 2BsdW
T
s

= 2

✓

Ss⇠s(y)� S2

s

t� s
+

m

2

◆

ds+ 2Ss⇠sdW
T
s

= 2

✓

Ss⇠s(y)� S2

s

t� s
+

m

2

◆

ds+ 2SsdfWs,

where {fWt}t�0

is a standard univariate Brownian motion, and the last equality

follows from Theorem 8.4.2 in [O07].

Using the above SDE for {S2

s} and Itô’s formula with f(x) =
p
x, we have

dSs = f 0(S2

s )dS
2

s +
1

2
f 00(S2

s )(dS
2

s )
2

=
1

2Ss



2

✓

Ss⇠s(y)� S2

s

t� s
+

m

2

◆

ds+ 2SsdfWs

�

� 1

8S3

s

(2Ss)
2ds

=

✓

⇠s(y)� Ss

t� s
+

m� 1

2Ss

◆

ds+ dfWs, 0 < s < t.
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Now introduce, for a fixed a < kxk and t
0

2 (0, t), the reference process

Ss := kxk+
✓

kyk � a

t� t
0

+
m� 1

2a

◆

s+fWs, s � 0, (7.13)

Since kyk � ⇠s(y) by (7.12), Lemma 7.7 implies that, for all s 2 [0,min{t
0

, ⌘a(S)}],
one has Ss � Ss a.s.

Consider first the case t � �/K and set t
0

:= �/(2K), a := �/2. Then, for all

u  t
0

, one has

P
x

(⌧(C(t, �)) > u|W t = y)

= P
⇣

inf
0su

(Ss � � +Ks) > 0
⌘

 P
⇣

inf
0su

(Ss � � +Ks) > 0
⌘

= P


inf
0su

✓

kxk+
✓

kyk � �/2

t� �/(2K)
+

m� 1

�

◆

s+Ws � � +Ks

◆

> 0

�

= P


sup
0su

✓

Ws�
✓

kyk � �/2

t� �/(2K)
+

m� 1

�
+K

◆

s

◆

< kxk � �

�

 (kxk � �)

"

r

2

⇡u
+ 2

✓

kyk � �/2

t� �/(2K)
+

m� 1

�
+K

◆

+

#

by Lemma 7.8.

Now consider the case t < �/K and set t
0

:= t/2, a := � �Kt/2. Then, for all

u  t
0

, we have

P
x

(⌧(C(t, �)) > u|W t = y)

 P
⇣

inf
0su

(Ss � � +Ks) > 0
⌘

= P


inf
0su

✓

kxk+
✓

kyk � � +Kt/2

t/2
+

m� 1

2� �Kt

◆

s+Ws � � +Ks

◆

> 0

�

= P


sup
0su

✓

Ws�
✓

2(kyk � �)

t
+

m� 1

2� �Kt
+ 2K

◆

s

◆

< kxk � �

�

 (kxk � �)

"

r

2

⇡u
+ 2

✓

2(kyk � �)

t
+

m� 1

2� �Kt
+ 2K

◆

+

#

.

Lemma 7.6 is proved.

⇤
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Proof of Lemma 7.5. Fix t 2 (0, 1) and z 2 Gt. Reversing the time for the

conditional Brownian motion process, we have, for any fixed t0 2 (0, t),

P(⌧ > t|W t = z) = P(W s 2 Gs, s 2 (0, t)|W t = z)

= P
z

(W s 2 Gt�s, s 2 (0, t)|W t = 0)

 P
z

(W s 2 Gt�s, s 2 (0, t0)|W t = 0). (7.14)

One can clearly choose a b 2 @Gt such that ⇢(z, b) = r(z). Then by condition [G2]

there exists a ball B�(c) ⇢ Gc
t with b 2 @B�(c). Using B�(c) as the base for the

cone

C := (0, c) + C(t, �),

it follows from Lipschitz condition [G1] that Gt�s ⇢ Cc
s , s 2 [0, t]. Therefore,

P
z

(W s 2 Gt�s, s 2 (0, t0)|W t = 0)  P
z

(W s 2 Cc
s , s 2 (0, t0)|W t = 0)

= P
z�c

(⌧(C(t, �)) > t0|W t = �c). (7.15)

Since k�ck  kzk+r(z)+�, we immediately obtain the bounds stated in Lemma 7.5

from Lemma 7.6 with

t0 = u :=

⇢

t/2, t < �/K,

�/(2K), t � �/K. ⇤

Now we will turn to bounding the second factor in the integrand on the right

hand side of (7.6). Recall the definition (7.7) of r(z) (see p. 131).

Lemma 7.9. For and fixed t 2 (0, 1), z 2 Gt, one has

P(⌧t < t+ h|W t = z)  2m exp

✓

r(z)K

m
� r(z)2

2hm

◆

, h 2 (0,min{r(z)/K, 1� t}).

Proof. We will again use cones and reduction to univariate boundary crossing prob-

lems. For h from the specified interval, setting �(x) := 1� �(x), we have

P(⌧t < t+ h|W t = z)  P(⌧(C(h, r(z))) < h)
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 P(⌧(C⇤(h, r(z))) < h)

 2mP( sup
0sh

(W (s) +Ks/
p
m) � r(z)/

p
m)

= 2m

Z h

0

r(z)/
p
mp

2⇡s3/2
exp

✓

�(r(z)/
p
m�Ks/

p
m)2

2s

◆

ds

(7.16)

= r(z)

r

2m

⇡
er(z)K/m

Z h

0

s�3/2 exp

✓

� r(z)2

2sm
� K2s

2m

◆

ds

 r(z)

r

2m

⇡
er(z)K/m

Z h

0

s�3/2 exp

✓

� r(z)2

2sm

◆

ds

= 4mer(z)K/m�(r(z)/
p
hm) (7.17)

 2m exp

✓

r(z)K

m
� r(z)2

2hm

◆

, (7.18)

where (7.16) follows from Kendall’s formula (see (1.2)), (7.17) follows by making the

substitution u = r(z)/
p
sm, and (7.18) follows by using the bound �(x)  1

2

e�x2/2,

x > 0. The lemma is proved.

Proof of Proposition 7.4. Suppose that t < �/K. Then from (7.6) and the

bounds derived in Lemmata 7.5, 7.9, for 0 < h < 1� t we have

P(⌧ 2 (t, t+ h)) =

Z

Gt

P(⌧ > t|W t = z)P(⌧t < t+ h|W t = z)P(W t 2 dz)

 4m

Z

Gt

✓

r

1

⇡t
+

2(kzk+ r(z))

t
+

m� 1

2� �Kt
+ 2K

◆

⇥ r(z) exp

✓

r(z)K

m
� r(z)2

2hm

◆

P(W t 2 dz)

= 4m

✓✓

r

1

⇡t
+

m� 1

2� �Kt
+ 2K

◆

I
1

+
2

t
(I

2

+ I
3

)

◆

, (7.19)

where

I
1

:=

Z

Gt

r(z) exp

✓

r(z)K

m
� r(z)2

2hm

◆

P(W t 2 dz),

I
2

:=

Z

Gt

r(z)kzk exp
✓

r(z)K

m
� r(z)2

2hm

◆

P(W t 2 dz),

I
3

:=

Z

Gt

r(z)2 exp

✓

r(z)K

m
� r(z)2

2hm

◆

P(W t 2 dz).
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Set

Z := r(W t)1{W t2Gt},

where 1E is the indicator of event E. Then, for u(x) := xexK/m�x2/(2hm), we have

I
1

= EZ exp

⇢

ZK

m
� Z2

2hm

�

=

Z 1

0

u(x)d⌫(x),

where ⌫(x) is the distribution function of Z. Integrating by parts and using the

bound ⌫(x) < �x, x 2 (0, v
0

), from [G3], we obtain

I
1

= [⌫(x)u(x)]1
0

�
Z 1

0

⌫(x)du(x) = �
Z 1

0

⌫(x)du(x)

=

Z 1

0

⌫(x)

✓

x2

hm
� xK

m
� 1

◆

exp

✓

xK

m
� x2

2hm

◆

dx

<
1

hm

Z 1

0

⌫(x)x2 exp

✓

xK

m
� x2

2hm

◆

dx =
1

hm

✓

Z v0

0

+

Z 1

v0

◆

(· · · ) dx

<
1

hm

✓

�

Z 1

0

x3 exp

✓

xK

m
� x2

2hm

◆

dx+

Z 1

v0

x2 exp

✓

xK

m
� x2

2hm

◆

dx

◆

= �hm

Z 1

0

s3esK
p

h/m�s2/2 ds+
p
hm

Z 1

v0/
p
hm

s2esK
p

h/m�s2/2 ds

= 2�hm+ o(h), h & 0,

where the second last relation follows by making the substitution s = x/
p
hm.

Using [G3] and following the same steps as above, we conclude that

I
2

< 2�hm+ o(h), h & 0.

Finally, it is even simpler to show that I
3

= o(h) as h & 0.

Then, from (7.19), we have

P(⌧ 2 (t, t+ h)) < 8m2�h

✓

r

1

⇡t
+

m� 1

2� �Kt
+ 2K +

2

t

◆

+ o(h).

It follows that ⌧ has an absolutely continuous distribution specified by a density p
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satisfying

p(t)  8m2�

✓

r

1

⇡t
+

m� 1

2� �Kt
+ 2K +

2

t

◆

, t 2 (0,min{�/K, 1}).

Now consider the case when t � �/K. Then, from (7.6) and the bounds derived

in Lemmata 7.5, 7.9, we have

P(⌧ 2 (t, t+ h)) =

Z

Gt

P(⌧ > t|W t = z)P(⌧t < t+ h|W t = z)P(W t 2 dz)

 4m

Z

Gt

✓

s

K

⇡�
+

kzk+ r(z) + �/2

t� �/(2K)
+

m� 1

�
+K

◆

⇥ r(z) exp

✓

r(z)K

m
� r(z)2

2hm

◆

P(W t 2 dz)

= 4m

✓

s

K

⇡�
+

�

2t� �/K
+

m� 1

�
+K

◆

I
1

+
I
2

+ I
3

t� �/(2K)

�

.

Therefore, for t 2 [�/K, 1),

P(⌧ 2 (t, t+ h))  8m2h�

✓

s

K

⇡�
+

� + 2

2t� �/K
+

m� 1

�
+K

◆

.

As above, it follows that ⌧ has density p satisfying

p(t)  8m2�

✓

s

K

⇡�
+

� + 2

2t� �/K
+

m� 1

�
+K

◆

, t 2 [min{�/K, 1}, 1).

Proposition 7.4 is proved.
⇤

As we pointed our in the outline of the idea of the proof of Theorem 7.1, we will

also use the following lemma that provides a bound for the integrand on the right

hand side of (7.5).

Lemma 7.10. For x 2 Rm and 0 < r < kxk, we have

P
x

(⌧(C(t, r)) > t)

2(kxk � r)


8

<

:

q

1

⇡t
+ m�1

2r�Kt
+K, t < r/K,

q

K
⇡r

+ m�1

r
+K, t � r/K.
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Proof. Similarly to the proof of Lemma 7.6, we will reduce the problem to a univari-

ate straight line boundary crossing problem and then use the comparison Lemma 7.7

to obtain the desired bound for the latter problem.

Denote by R = {Rs}s�0

an m-dimensional Bessel process started at kxk at

time 0. Since R is defined by the radial part of W t (cf. (1.6)), one has that

P
x

(⌧(C(t, r)) > t) = P
⇣

inf
0st

(Rs � r +Ks) > 0
⌘

. (7.20)

As is well-known (cf. (1.7)), R satisfies the SDE

dRs =
m� 1

2Rs

ds+ dfWs, s > 0, R
0

= kxk,

{fWs}s�0

being a standard univariate Brownian motion process.

Consider first the case t < r/K and let

Rs := kxk+ m� 1

2r �Kt
s+fWs, s 2 [0, t/2].

Then, by Lemma 7.7, we have Rs � Rs a.s. for all s 2 [0,min{t/2, ⌘r�Kt/2(R)}]
(cf. (7.9)). From here, (7.20) and Lemma 7.8, one has

P
x

(⌧(C(t, r)) > t)  P
⇣

inf
0st/2

(Rs � r +Ks) > 0
⌘

= P
⇣

inf
0st/2

⇣

kxk+ m� 1

2r �Kt
s+fWs � r +Ks

⌘

> 0
⌘

= P


sup
0st/2

⇣

fWs�
⇣ m� 1

2r �Kt
+K

⌘

s
⌘

< kxk � r

�

 2(kxk � r)

✓

r

1

⇡t
+

m� 1

2r �Kt
+K

◆

.

Now consider the case t � r/K and let

Rs := kxk+ m� 1

r
s+fWs, s 2 [0, r/(2K)].

Then, by Lemma 7.7, we have Rs � Rs a.s. for all s 2 [0,min{r/(2K), ⌘r/2(R)}],
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and so from (7.20) and Lemma 7.8, a similar derivation yields the bound

P
x

(⌧(C(t, r)) > t)  2(kxk � r)

✓

r

K

⇡r
+

m� 1

r
+K

◆

,

as required.

Now we can complete the proof of Theorem 7.1. The integrand on the right hand

side of (7.5) has the form

P
�

⌧ (") = 1|⌧ = t
�

=

Z

@Gt

P
�

⌧ (") = 1,W t 2 dz|⌧ = t
�

=

Z

@Gt

P
z

�

W s 2 G(")
t+s, s 2 (0, 1� t)

�

P(W t 2 dz|⌧ = t). (7.21)

For any z 2 @Gt, by [G2] there is a point y such that B�(y) ⇢ Gc
t and z 2 @B�(y).

Clearly, B�"(y) ⇢
�

G(")
t

�c
, where �" := � � " (we assume without loss of generality

that " < �/2), and so G(")
t ⇢

�

B�"(y)
�c
. By condition [G1], we then also have

G(")
t+s ⇢ G("+Ks)

t ⇢
�

B�"�Ks(y)
�c

=
�

(0,y) + C(1� t, �")
�c

s
, s  �"

K
,

using notation (7.8). Therefore, since kz � yk � �" = ", one has from Lemma 7.10

that

P
z

�

W s 2 G(")
t+s, s 2 (0, 1� t)

�

 P
z�y

(⌧(C(1� t, �")) > 1� t)

 2"

8

<

:

q

1

⇡(1�t)
+ m�1

2�"�K(1�t)
+K, 1� t < �"/K,

q

K
⇡�"

+ m�1

�"
+K, 1� t � �"/K.

Now it follows from (7.5) and (7.21) that

D"(G)  2"

Z

1��"/K

0

 

s

K

⇡�"
+

m� 1

�"
+K

!

p(t) dt

+ 2"

Z

1

1��"/K

 

s

1

⇡(1� t)
+

m� 1

2�" �K(1� t)
+K

!

p(t) dt
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 2"

 

s

K

⇡�"
+

m� 1

�"
+K

!

+ 2"

Z

1

0

p(t) dt
p

⇡(1� t)
.

Here

Z

1

0

p(t) dt
p

⇡(1� t)

r

2

⇡
+

Z

1

1/2

p(t) dt
p

⇡(1� t)


r

2

⇡
+ 8m2�

r

2

⇡

 

s

K

⇡�
+ 2(� + 2) +

m� 1

�
+K

!

=: c⇤,

where the second inequality follows by assuming without loss of generality that

�/K < 1/2 and applying the second bound from Proposition 7.4. Recalling that

�" � �/2, we conclude that

D"(G)  2"

 

c⇤ +

s

2K

⇡�
+

2(m� 1)

�
+K

!

.

Theorem 7.1 is proved.

⇤

Proof of Corollary 7.2. Condition [G2] is clearly satisfied (with arbitrary large

� > 0) due to the convexity of Gt, so we only need to verify [G3].

We can assume without loss of generality that there exists a � > 0 such that

B�(0) ⇢ (@G)
0

(for otherwise it is easy to see that, in view of [G1], one has P (G) = 0

and the whole problem becomes trivial).

Consider first the case t > t
0

:= �/(2K) (assuming that t
0

< 1).

Introduce the sequence of spherical layers Ck := Bk(0)\Bk�1

(0), k = 1, 2, . . . As

the cross-section Gt is convex, it follows from Cauchy’s surface area formula (see

e.g. Theorem 5.5.2 on p.56 in [KR97]) that the ((m�1)-dimensional) surface area of

@(Gt\Bk(0)) does not exceed the surface area of Bk(0) which is equal to km�1!m�1

,

where !m�1

is the unit sphere area.

Therefore, again using the convexity of Gt, it follows that, for any " > 0, the

volume of Vk :=
�

Gt\G(�")
t

�

\Ck does not exceed "km�1!m�1

. As the maximum value

of the density of W t on Vk less than or equal to the density’s value on @Bk�1

(0),
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we conclude that

E(1 + kW tk;W t 2 Gt\G(�")
t ) =

1
X

k=1

E(1 + kW tk;W t 2 Vk)

 "!m�1

(2⇡t)m/2

1
X

k=1

(1 + k)km�1e�(k�1)

2/2t

 �"

for some � = �(m, t
0

) < 1, as we only consider t 2 (t
0

, 1).

Now turn to the case t 2 (0, t
0

). By [G1], for such t one has B�/2(0) ⇢ Gt.

Choosing v
0

:= �/4 (which we can assume to be less than one without loss of

generality), one can employ the same argument as above but with the spherical

layers Ck := Bk+�/4(0)\Bk�1+�/4(0), k = 1, 2, . . . ,making use of the observation that

the maximum value of the density of W t on the “innermost layer” C
1

is bounded

for t 2 (0, t
0

). The corollary is proved. ⇤
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Lévy processes. Sém. Prob. XXXV, 15, 334–347.

[CGZ84] Chen, R., Goodman, R. and Zame, A. (1984). Limiting distributions

of two random sequences. J. Multivariate Anal. 14, 221–230.

[CLZ81] Chen, R., Lin, E. and Zame, A. (1981). Another arc sine law. Sankhyā
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[KD04] Kotz, S. and van Dorp, J. R. (2004). Beyond beta: Other families of

distributions with bounded support and applications. World Scientific, Singa-

pore.

[L58] Lamperti, J. (1958). An occupation time theorem for a class of stochastic

processes. Trans. Amer. Math. Soc. 88, 380–387.

[L86] Letac, G. (1986). A contraction principle for certain Markov chains and its

applications. Contemp. Math. 50, 263–273.

[L02] Letac, G. (2002). Donkey walk and Dirichlet distributions. Statist. Probab.

Lett. 57, 17–22.

148



[LS98] Letac, G. and Scarsini, M. (1998). Random nested tetrahedra. Adv. in

Appl. Probab. 30, 619–627.
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[V79] Vervaat, W. (1979). On a stochastic di↵erence equation and a representa-

tion of non-negative infinitely divisible random variables. Adv. Appl. Prob. 11,

750–783.

[VKJ93] Volodin, N. A., Kotz, S. and Johnson. N. L. (1993). Use of moments

in distribution theory: a multivariate case. J. Multivariate Anal. 46, 112–119.
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