CHENTSOV’S THEOREM FOR EXPONENTIAL FAMILIES

JAMES G. DOWTY

ABSTRACT. Chentsov’s theorem characterizes the Fisher information metric on statistical
models as the only Riemannian metric (up to rescaling) that is invariant under sufficient
statistics. This implies that each statistical model is equipped with a natural geometry, so
Chentsov’s theorem explains why many statistical properties can be described in geometric
terms. However, despite being one of the foundational theorems of statistics, Chentsov’s
theorem has only been proved previously in very restricted settings or under relatively strong
invariance assumptions. We therefore prove a version of this theorem for the important case
of exponential families. In particular, we characterise the Fisher information metric as the
only Riemannian metric (up to rescaling) on an exponential family and its derived families
that is invariant under independent and identically distributed extensions and canonical
sufficient statistics. We then extend this result to curved exponential families. Our approach
is based on the central limit theorem, so it gives a unified proof for discrete and continuous
exponential families, and it is less technical than previous approaches.

1. INTRODUCTION

Chentsov’s theorem is a foundational theorem of statistics that characterizes the Fisher
information metric on statistical models as the only Riemannian metric (up to rescaling)
that is invariant under certain, statistically important transformations [10, 20, 9, 2, 7]. This
effectively means that the Fisher information metric is the only natural metric on a statistical
model, so many statistical properties of these models should be describable in terms of this
metric. Known examples of this correspondence between statistical and geometric properties
include: the Cramér-Rao lower bound for the variance of an unbiased estimator in terms
of the inverse of the Fisher information metric [1, Thm. 2.2]; orthogonality as a criterion
for first-order efficiency of estimators [1, Thm. 4.3]; the central role of statistical curvature
in the information loss of an efficient estimator [13, §3.3] and in second-order efficiency [13,
§3.4]; and the spontaneous emergence of the Fisher information volume [18] in the minimum
description length (MDL) approach to statistical model selection [6].

The original version of Chentsov’s theorem [10, 20, 9] or [1, Thm. 2.6] only applied in the
restricted setting of statistical models with finite data spaces. This version of the theorem says
that the Fisher information metric is the only metric (up to a multiplicative constant) that
is defined on all models with finite data spaces and is invariant under all sufficient statistics.
Recall that a statistical model M is a (sufficiently regular) set of probability measures on the
same measurable space X', which we call the data space of M, and that a sufficient statistic
for M is a function on X for which the conditional distribution of any measure P in M, given
the sufficient statistic, is the same for all P. Sufficient statistics induce corresponding maps on
statistical models (the measure-theoretic push-forward maps) and the invariance assumption
above is that all of these maps are isometries (i.e., distance-preserving maps).

Since the assumption of finite data spaces is very restrictive, Ay et al. [2] proved a version
of Chentsov’s theorem that applies to models whose data spaces are measurable subsets of a
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smooth manifold X (though in later work [19], X is allowed to be an arbitrary measurable
space). Their version says that the Fisher information metric is the only metric (up to
rescaling) that firstly exists on all statistical models with this underlying space X and secondly
is invariant under all sufficient statistics, including discontinuous ones. These results have
subsequently been generalised to higher-order Amari-Chentsov tensors [19] and proved using
an alternative approach [15]. The version of Chentsov’s theorem in [2] applies to many
interesting statistical models but it assumes the existence of metrics on a large class of models
and very strong invariance properties for these metrics. Therefore Bauer et al. [7] proved a
version of Chentsov’s theorem that says the Fisher information metric is the only metric (up
to rescaling) that firstly is defined on the space of all smooth, positive densities on a compact
manifold X of dimension 2 or higher and secondly is invariant under all diffeomorphisms from
X to itself (where diffeomorphisms are smooth maps with smooth inverses, so they are a
special type of sufficient statistic). The proof of Bauer et al. [7] was based on results from
the theory of generalized functions, especially the Schwartz kernel theorem [12, §6.1], and it
made far weaker invariance assumptions than the proof of Ay et al. [2]. The assumption that
X is a compact manifold without boundary excludes many cases of interest to statisticians,
though Bauer et al. [7] say this assumption can be weakened.

Despite their beauty and generality, the results of Ay et al. [2] and Bauer et al. [7] leave
open the possibility that there might exist a natural metric other than the Fisher information
metric on an individual statistical model M. This could occur, for example, if there is a nat-
ural metric on M that does not (invariantly) extend to a metric on the infinite-dimensional
models of [2] and [7] that contain M and many unrelated models. Also, exponential fam-
ilies have a distinguished, finite-dimensional set of sufficient statistics, called the canonical
sufficient statistics, which are related to their natural affine structures ([1, Thm. 2.4] and |3,
Lemma 8.1]). Therefore, the invariance assumptions of [2] and [7] are arguably too strong
for exponential families, and instead it would be more natural to consider invariance under
canonical sufficient statistics rather than all sufficient statistics.

In this paper, we prove a refined version of Chentsov’s theorem in the important case of
(curved) exponential families. Instead of considering metrics defined on an infinite-dimensional
statistical model, as in [2] and [7], we consider metrics defined only on a given exponential
family M and some of its derived families, namely its independent and identically distributed
(IID) extensions and their corresponding natural exponential families. Instead of assuming
these metrics are invariant under all sufficient statistics or all diffeomorphisms, we assume
invariance under canonical sufficient statistics and IID extensions. This assumption of invari-
ance under IID extensions has no analogue in previous work, but IID extensions are natural
and important transformations between statistical models (perhaps more so than sufficient
statistics), so this invariance assumption is arguably more natural than invariance under suf-
ficient statistics. Also, this extra invariance assumption is offset by the fact that we restrict
our sufficient statistics to the canonical ones. Then, under a mild regularity condition, we
prove that metrics with these invariance properties are multiples of the Fisher information
metric (see Theorem 5.1 in Section 5). This result therefore gives a new characterisation of
the Fisher information metric as the only metric on an exponential family and its derived
families that is invariant under canonical sufficient statistics and IID extensions.

Our approach has a number of advantages: as discussed above, we only assume that the
metric is defined on an individual model and its related models, and our invariance assump-
tions respect the natural affine structures of exponential families; we only consider metrics on
a collection of finite-dimensional models (similar to the original version of Chentsov’s theorem
[10, 20, 9]), which allows us to avoid the technicalities encountered in [2] and [7] because of the
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infinite-dimensionality of their statistical models; our proof is unified for discrete and contin-
uous distributions, unlike the proofs of [10, 20, 9] and [7], so there is some hope of extending
our proof to general statistical models; our proof shows that Chentsov’s theorem is a corol-
lary of the central limit theorem, which makes this result more understandable and intuitive;
and our results complement those of [7], since curved exponential families are essentially the
only statistical models with smooth sufficient statistics that are not diffeomorphisms, by the
Pitman-Koopman-Darmois theorem [5].

The rest of this paper is set out as follows. In Section 2 we define the Fisher information
metric and some relevant notions from differential geometry, as they apply in our main case
of interest. In Section 3 we briefly recall the definition of an exponential family and some of
its derived families. We then give precise descriptions of our assumptions in Section 4, before
using these assumptions and the central limit theorem to prove our characterisation of the
Fisher information metric in Section 5. Section 6 then describes extensions of our results to
curved exponential families and higher-order symmetric tensors. We compare our version of
Chentsov’s theorem with previous versions in Section 7 before finishing with a discussion of
our results and a non-technical summary of our proof in Section 8.

2. THE FISHER INFORMATION METRIC

This section briefly recalls the definitions of tangent vectors and the Fisher information
metric of a statistical model. General references for the notions from Riemannian geometry
described here are [13, Appendix C] and, for infinite-dimensional manifolds, [14].

In all later sections of this paper, we will take M to be a regular exponential family and © to
be its natural parameter space, but in this section we let M be a more general statistical model
and let ©® be the parameter space for any smooth parameterisation of M. More precisely,
suppose O is an open subset of R? and that u is a measure on R™ with support X. Then our
statistical model is M = {pgu | 6 € O}, where each py : X — Ry is a p-integrable, strictly
positive function that is normalized, meaning 1 = [ pgdu. Note that M is a set of probability
measures on R”. We assume that the parameterisation of M by © is smooth, in the sense
that 0 — pp(z) is a smooth (i.e., infinitely differentiable) function for p-almost all . We also
assume that the parameterisation is non-singular, meaning that the parameterisation map
© — M given by 6 — pgu is injective and that it maps non-zero tangent vectors to non-zero
tangent vectors, in a sense that will become clear below.

Because © is an open subset of R?, any tangent vector u to © is a pair u = (6, a) for some
6 € © and some a € R%, where 6 is called the base-point of u. The set of all such tangent
vectors, which is denoted 7O and is called the tangent bundle of ©, is therefore 70 = © x R%.
The tangent bundle is not a vector space in general, but the set of all tangent vectors with
the same base-point is. The vector space Ty© consisting of all vectors with base-point 6 is
called the tangent space to © at #. Addition and scalar multiplication in this vector space
are given by

su+tv = (0, sa + tb) (2.1)

for any u,v € Ty® and any s,t € R, where u = (,a) and v = (6,b). Note that addition and
scalar multiplication in Ty© effectively ignore the shared base-point 6.

Similarly, we can view each tangent vector to the statistical model M as a pair (P, A),
where the base-point P is an element of the model M and A is essentially the score in a
particular direction [17, §3.3]. More precisely, for each tangent vector u = (6,a) to ©, there
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is a corresponding tangent vector u = (P, A) to M given by

Jpe

“Po 2.9
20, " (2.2)

d
P =pou andA:Zai
i=1
(The function taking u to 4 is the differential, or tangent map, of the parameterisation 6 — pyu
[14, p. 52].) Let the tangent bundle T M of M be the set of all such tangent vectors, i.e., let
TM={u|ueTO}. Also, let the tangent space Tp.M to M at P € M be the vector space
consisting of all tangent vectors (P, A) € T’M with base-point P. Even though we have used
a particular parameterisation of M to define Tp. M, this tangent space is natural, in the sense
that TpM is the same for all smooth parameterisations [14, p. 52].
The Fisher information metric gf on M is given by
Foe ~ dA dB
g (u,v)—/dpdp dpP (2.3)
for any tangent vectors @ = (P, A) and © = (P, B) in the tangent space Tp.M [7, §3], where
dA/dP and dB/dP are Radon-Nikodym derivatives [8, §3.2]. It is straightforward [11, Ap-
pendix A] to show that definition (2.3) for the Fisher information metric reduces to the usual,
parameterisation-dependent definition [1, eq. 2.6]. However, the formulation (2.3) will be
more useful to us than the usual definition. Also, because (2.3) is phrased only in terms
of natural constructions, this formula makes it clear that ¢*" does not depend on arbitrary
choices, such as the choice of parameterisation.

A Riemannian metric on a set is just a function that puts an inner product on each of the
set’s tangent spaces (if the set is suitably regular and the inner products vary smoothly with
the base-point). For example, a Riemannian metric on © can be thought of as a smooth,
matrix-valued function on © whose value at 6 € © is a d x d, symmetric, positive-definite
matrix gy, since this defines an inner product on each Ty©® with the inner product of any
u,v € TpO being g(u,v) = a’ ggb, where u = (6,a) and v = (6,b).

In our main case of interest, where M is an exponential family, the integral in (2.3) always
converges [13, Thm. 2.2.5]. Then it is not hard to see that (2.3) defines an inner product
on each tangent space to M (and this varies smoothly with the base-point), so the Fisher
information metric g¥" is a Riemannian metric on M.

3. EXPONENTIAL FAMILIES AND THEIR DERIVED FAMILIES

Partly to establish our notation, this section briefly recalls the definitions of an exponential
family, its IID extensions and their corresponding natural exponential families.

3.1. Exponential families. Let i be a measure on R™ and let T : X — R? be a measurable
function, where X C R™ is the support of y. Let

/exp(@ -Tdp < oo} ,

where the dot (-) denotes the Euclidean inner product on R?. For each # € O, define py :
X — R>0 by

@:{HeRd

po(x) = exp(0 - T(x))/Z(0) (3.1)

for any x € X, where Z : © — R is the partition function Z(0) = [exp(f - T)du. Assume
that © is a non-empty, open subset of R? and that 7T is full rank, in the sense that the image
of T is not contained in any (d — 1)-dimensional hyperplane in R?. Then M = {pgu | 6 € O}
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is a regular exponential family of order d with dominating measure y and canonical sufficient
statistic 7', and all regular exponential families are of this form [3, §8.1]. Note that each
element of M is a probability measure on R™.

3.2. IID extensions. The n-fold IID extension M"™ of M is the set M™ = {P" | P € M}
of all measures of the form P" for some P € M, where P" = P x --- x P (with n copies of
P) is the product measure on X" [8, §3.3]. In terms of the parameterisation (3.1), M™ is the

set of all measures of the form pén)u” for some 6 € ©, where pén) : X" — Ry is given by

pé”)(xl,...,xn) = po(z1)...po(xy) and p™ = p X -+ X p is the product measure on X™ [3,

Example 8.12(ii)]. So by (3.1),
pi" = exp(nf - T, — nlog Z(6)), (3.2)

where Tj, : X — R%is given by Ty, (x1,...,2,) = (T(x1)+---+T(2,))/n for any z1,...,z, €
X. Therefore M" is an exponential family with dominating measure u™ and sufficient statistic

T, (and natural parameter nf, see [13, Thm. 2.2.6]). Note that M! = M, T} = T and
1

p((g ) = Pg-

3.3. Natural exponential families. Recall that if ) and Z are measurable spaces, ¢ : Y —

Z is a measurable function and P is a measure on ) then the push-forward of P via ¢ is the

measure ¢, P on Z given by

(6.P)(U) = P(¢~"(U)) (3.3)

for any measurable set U in Z [8, §3.6]. This immediately implies that if Y is a Y-valued ran-
dom variable with distribution P then ¢(Y') is a Z-valued random variable with distribution
¢+ P, which in symbols we write as

Y ~ P implies ¢(Y) ~ ¢, P. (3.4)

Then the natural exponential family corresponding to M™ and T,, is the set N, = {T,, P" |
P € M"} of measures on R%. By [3, Examples 8.12(ii) and 8.12(iii)], N;, = {qjvy | 0 € ©},
where v, is a measure on R? that does not depend on 6 and qp : R? — Ry is given by

g4 (y) = exp(nd -y — nlog Z(0)) (3.5)

for any y € R%. The formula (3.5) shows that the superscript in qy is actually an exponent,
so we will write gp for ¢} (and then the notation ¢ is unambiguous).

Note that even though M, M2 M3, ... and Ni,No, N3, ... are families of measures on
different spaces (namely, X', X2, X3,... and R R? R?, ..., respectively), they are all param-
eterised by © C R? so they are all d-dimensional families of measures.

3.4. The family of Bernoulli distributions. To illustrate the general framework above,
let M be the family of all Bernoulli distributions. This is the 1-dimensional exponential family
with data space X = {0,1}, the counting measure on X as its dominating measure, the log-
odds 6 as a natural parameter, canonical sufficient statistic 7': X — R given by T'(x) = = and
partition function Z on the natural parameter space © = R given by Z(0) = 1 4 ¢’ (though
this description of M is not unique). So by (3.1), the distribution P in M corresponding to 6
puts a mass of pg(1) = €? /(1 + €%) on the data-point 1 € X (so 6 is the log-odds, as claimed).
Then the n-fold IID extension M" of M has data space X™ = {0, 1}" consisting of all binary
sequences of length n and the distribution P™ in M" corresponding to 6 puts a mass of

po(1)"F (1 — pg(1))""*
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on = (1,...,2,) € X", where & = (3.1, 2;)/n and pg(1) = €/ /(1 + €?), as above. Lastly,
the sufficient statistic T;, is given by T, (z) = Z for any x € X™, so the distribution @,, in N,
corresponding to 6 is the binomial distribution Bin(n, ps(1)) up to a linear transformation of
the data space (so that @, has support {0,1/n,2/n,...,1} instead of {0,1,2,...,n}). Since
M, M™ and N,, are all parameterised by © = R, they are all 1-dimensional statistical models.

4. INVARIANCE AND REGULARITY CONDITIONS

Let M, M™ and N,, be as in Section 3 and suppose now that these spaces have been
equipped with Riemannian metrics g, ¢g" and g,, respectively. In this section, we will give
precise conditions that formalize the notion of these metrics being invariant under 11D exten-
sions and canonical sufficient statistics, as well as giving a mild regularity condition. These
conditions will then be used in Section 5 to prove our main theorem. See Section 4.4 for a
number of remarks about these assumptions.

Assumptions 1. We make the following assumptions, which are described precisely in the
subsections below:

A1 The metrics g and g™ are invariant under 11D extensions (up to a factor of n)

A2 The metrics g" and g, are invariant under canonical sufficient statistics

A3 The norms corresponding to the metrics g, can all be calculated by a function that
satisfies a weak continuity condition

4.1. Al: Invariance under IID extensions. Let IID, : M — M"™ be the function that
maps each P € M to the product measure P = P x --- x P (see Section 3.2). Then our first
assumption is that this map is an isometry (i.e., distance-preserving map) up to a factor of n.

More precisely, let u = (0,a) € TO be any tangent vector to O, as in Section 2. Then
similarly to (2.2), u corresponds under the smooth parameterisation (3.2) to a tangent vector
" to M™, where @ = (P™, AM) p" = p(gn),u" and A = Zle ai(apén)/aﬁi)u". Let
TM™ = {a" | u € TO} be the set of all such tangent vectors to M™. Then our first
assumption is that

g"(a",o") = ng(u,v) (4.1)

for all tangent vectors u,v € TO with the same base-point. Here, ¥ and 9" are the tangent
vectors to M and M" (respectively) corresponding to v € T'O, as for u above. Note that
(4.1) just says that ¢g" = ng under the identification of M with M" via IID,,.

The Fisher information metric is invariant under IID extensions in the sense of (4.1) by [1,
eq. 4.2], so assumptions (A1)—(A3) cannot characterize the Fisher information metric unless
the factor of n is included in (4.1) (though see Remark 4).

4.2. A2: Invariance under canonical sufficient statistics. Let 7, : X™ — R? be the
canonical sufficient statistic from Section 3.2 and let Tj,, : M™ — N, be the corresponding
(measure-theoretic) push-forward map of T,,, see Section 3.3. Then our second assumption
is that this map T, is an isometry (and that all other canonical sufficient statistics are
isometries, in a sense that will be made precise in Section 4.3).

More precisely, let © = (6,a) € TO be any tangent vector to ©, as in Section 2. Then
similarly to (2.2), u corresponds under the smooth parameterisation (3.5) to a tangent vector
Up, = (Qn, Apn) to N, where

d
Qn = qpvn and A, = Zai@qg/aﬂi)yn. (4.2)

=1
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Let TN,, = {a, | u € TO} be the set of all such tangent vectors. Then our second assumption
is that

Gn(tin, Un) = g" (a",0") (4.3)

for all tangent vectors u,v € TO with the same base-point. Here, " and ¥,, are the tangent
vectors to M™ and N, (respectively) corresponding to v € TO, as for u above. Note that
(4.3) just says that g, = ¢" under the identification of M™ with N, via T,,,.

4.3. A3: Calculability of norms by a function that satisﬁes a weak continuity
condition. Let h be the norm corresponding to g, so h(a) = +/g(@,a) for any o € TM.
Note that h determines g by the polarisation formula,

g9(a,9) = [h* (@ + 0) — h*(a — v)] /4

for any 4,0 € TM with the same base-point (which follows from the bilinearity of g), so
any question about g can be phrased in terms of h. However, it will be more convenient to
work with A than g, because h is a function defined on T'M, whereas ¢ is only defined on
certain pairs of tangent vectors (those with the same base-point). Similarly, let h, be the
norm corresponding to gy, so hy( = \/gn(Un, 0y) for any @, € TN,.

Let 77 be the set of all pairs (P, A), where P is a probability measure on R? and A is a
signed measure on R?, and note that TN,, C 7’ for every n. Then our regularity condition
(A3) is, partly, that there is subset 7 of 7’ and a function H : 7 — R so that, for each n,
TN, CT (ie. H is defined on each TN,,) and

hn(an) = H(an) (4'4)

for every @,, € TN,,. In other words, we assume that there is some function H whose restriction
to each TN, is the norm h,. For instance, we could take 7 = U2, TN, and then define H
by the requirement that (4.4) holds, which gives a well-defined H whenever the functions h,,
agree on any overlaps between the spaces TN,,.

Further, we assume that H has the following weak continuity property. Firstly, we require
that H is defined on all pairs of the form (®, f®), where ® is the probability measure for
the standard normal distribution on R? and f : R? — R is a linear function (with f(0) = 0).
Secondly, we require that

H(P,, fP,) = H(®, f®) (4.5)

for any sequence P, of probability measures on R for which H(P,, fP,) is constant in n,
P, = ® and each P, is standardized (i.e., P, has 0 mean and identity variance-convariance
matrix), where H(P,, fP,) is the value of the function H at (P,, fP,) € 7 and P, = ®
means P, converges to ® in the sense of the weak convergence of measures [16, Def. 1.2.1].
This condition is an extremely weak form of continuity, see Remark 1.

Lastly, as a consequence of our assumption (A2) that the metrics should be invariant under
all canonical sufficient statistics, we assume that H is affine invariant (see Remark 6). Here,
an invertible affine transformation of R? is a map L : R? — R? of the form L(z) = Mz + ¢
for some invertible d x d matrix M and some ¢ € R?. The push-forward L,A of any signed
measure A on R? is defined in a similar way to the push-forward of an (unsigned) measure, see
(3.3). We define the push-forward L..(P, A) of any (P, A) € T to be L..(P,A) = (L.P,L,A).
(In this notation, L, is the measure-theoretic push-forward, which is a map from the space of
signed measures on R? to itself, and L, is the differential of this map if (P, A) is interpreted
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as a tangent vector.) Then our condition that H is affine invariant means that L..(P,A) € T
and

H(L,.(P, A)) = H(P, A) (4.6)

for every (P, A) € T and every invertible affine transformation L of RY.
For future reference, we note that if L is an invertible affine transformation, P is a proba-
bility measure and f is a P-integrable, real-valued function then

L.fP)=(foL YHYL,P (4.7)
by the change of variables formula [8, Thm. 3.6.1].

4.4. Remarks on the assumptions.

Remark 1. Assumptions (A1) and (A2) say that the metrics on M, M™ and N,, are in-
variant under a countable set of transformations and, in a certain sense, under the finite-
dimensional group of affine transformations of R®. The third assumption (A3) is an extremely
weak form of continuity. Firstly, this condition says that the norms h, agree on any overlaps
between the spaces TNy, so that these functions can be pieced together into a single function
H. Secondly, this condition says that if f is linear and P, = ® is a sequence for which
(P, fPy,) all have the same norms then this shared norm must be H(®, f®). By comparison,
full continuity of H would require that im,, oo H(P,, fnPn) = H(P, fP) for every sequence
(P, fnPn) in T that converges to (P, fP) (with respect to some notion of convergence). So
our third assumption is the condition for the continuity of H in the very special case where
P=3®, H(P,, fuP,) is constant in n, f, = f for every n and f is a linear function.

Remark 2. Recent versions of Chentsov’s theorem [2, 7] consider metrics on infinite-dimensional
statistical models that are invariant under infinite-dimensional sets of transformations. This
infinite dimensionality introduces technical complications and it makes strong assumptions
about both the space on which the metric is defined and its symmetries. By contrast, our
approach allows us to only consider metrics on a collection of finite-dimensional models, as

in the original version of Chentsouv’s theorem [10, 20, 9]. This allows our characterisation of
the Fisher information metric to be relatively free from technicalities and it allows us to make
relatively weak invariance and regularity assumptions.

Remark 3. It is not hard to see that the Fisher information metric satisfies assumptions
(A1)-(A3). For it is well known that the Fisher information metric is invariant under both
IID extensions (in the sense of (4.1)) and sufficient statistics [1, eq. 4.2 and Thm. 2.1].
Also, given any probability measure P on RY, let Tp = {(P, fP) | f € L*(R% P)}, and let
T be the union of these spaces Tp as P ranges over the set of all probability measures on
RZ. Then by (2.3), the Fisher information norm HY (P, fP) of any (P, fP) € T is just the
L*(R%, P)-norm of f. So if f is a linear function on R%, say f(y) = c-y for some c € R?,
and Q is any standardized probability measure on R then

HY(Q,fQ) = \//(c -y)2dQ(y) = \/CT (/nydQ(y)) c=Vclle=|c|,

where ||c|| is the Euclidean norm of ¢ € R, So for any sequence P, of standardized probability
measures (whether weakly convergent to ® or not), HY (P, fP,) = |c| = HY (®, f®), so HI
satisfies the weak continuity condition (4.5). Also, this function HY is affine invariant (4.6)
by the change of variables formula (4.7).
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Remark 4. In some ways the factor of n in (4.1) is not essential, since we could instead
formulate our assumptions and theorems in terms of the metrics "™ = g"/n and g, = gn/n,
in which case (4.1) would be equivalent to the equation that describes exact invariance under
the map 11D, rather than invariance up to a factor of n (though H as in (4.4) might
not exist without the factor of n). However, it is natural to include the factor of n in our
formulation of IID invariance, firstly because the Fisher information metric is IID invariant
in the sense of (4.1) [1, eq. 4.2/, so assumptions (A1)-(AS3) would not characterise the Fisher
information metric without this factor, and secondly because the factor of n arises from a
natural construction from differential geometry (see Remark 5).

Remark 5. Given an arbitrary Riemannian metric g on M, a natural construction from
differential geometry gives a metric on the n-fold IID extension M™ of M equal to the metric
g" satisfying (4.1), as follows. The Cartesian product [[" M of M with itself n times is the
space whose points are n-tuples (Pi,...,P,) of measures Py,...,P, € M on X. Given such
an n-tuple, there is a corresponding product measure P, x --- X P, on X", and conversely
we can recover each P; from Py x --- X P, by marginalizing, so we can identify (Pi,...,P,)
with the product measure Py X --- X P, on X™. This product measure is the joint distribution
of independent random variables X1, ..., X, whose marginal distributions are Py,..., Py, re-
spectively. So if (Py,...,P,) € [[" M satisfies P, = --- = P, then Py X --- X P, is the joint
distribution of IID random wvariables X1, ..., X,. Therefore we can identify the diagonal

plz...:pn}

of [T" M with the n-fold IID extension M™ of M. But a Riemannian metric on M induces
a Riemannian metric on the Cartesian product [[" M, and then A inherits a metric from
[1" M. Under the above identification between A and M™, this metric is the metric g™ on
M that satisfies (4.1).

A:{(Pl,,Pn)EﬁM

Remark 6. The canonical sufficient statistics for an exponential family are only unique up to
affine transformations [3, Lemma 8.1], meaning that if L is an invertible affine transformation
of R* and T, : X — R? is a canonical sufficient statistic then L o T, is also a canonical
sufficient statistic (and every canonical sufficient statistic is of this form). Replacing T,, by
L o T, effectively replaces each tangent vector @, € TNy, by Ly, so (4.3), (4.4) and the
analogous equations for L o T, imply H(L.ty,) = H(ay,) for every @, € TN,. So since L is
arbitrary, H is affine invariant.

5. THE MAIN THEOREM

We can now prove our version of Chentsov’s theorem. This theorem characterises the Fisher
information metric as the only metric (up to a multiplicative constant) on an exponential
family that is invariant under IID extensions and canonical sufficient statistics.

Let g%, ¢g" and g be the Fisher information metrics on M, M™ and N,,, respectively.

Theorem 5.1. Suppose that assumptions (A1)-(A3) of Section 4 hold. Then there is some
c>0 so that g = cg”', g" = cg™ and g, = cgl’ for every integer n > 1.

Proof. Let any integer n > 1 and any 6 € © be given, and let Q1 = gyvy € N7 and Q,, =
qyvn € N, be the corresponding distributions in N7 and A,,. By Theorem 2.2.6 of [13] and
the comments preceding it, if Yi,...,Y, are independent random variables all distributed
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according to ;1 then their mean is distributed as @), which we write as
Y +--4+Y,)/n~Qn. (5.1)

Alternatively, it is not hard to prove (5.1). For if Xy,...,X,, ~ P are IID, where P = pypu,
and if Y/ = T(X;) then Y{,...,Y, ~ Q; are IID, since Q1 = T, P by definition. Therefore
Yi,..., Y, and Y{,... Y, both have the same joint distribution, so their means have the same
distribution, by an application of (3.4). But (Y{ +---+Y, )/n =To(X1,...,Xpn) ~ Qn, by
(3.4) and since @, = T,,. P"™ by definition, so (5.1) follows

By (5.1), the mean 7y for Q)1 is the same as that for Q,, i.e.

= / ydQu (y) = / ydQu(y), (5.2)

and the variance-covariance matrix gy for 1 is n times that for @, i.e.

So= [ =)= 1)d@i(w) =n [ (=)~ )40 (w) (5.3)

Now, let u = (0,a) € Tp© be any tangent vector to © at #, and define f : R? — R by
fly) = (Eéﬂa) -y for any y € R%. Here, the square root Eé/Q is defined in the standard way
via a diagonalisation of the symmetric, positive-definite matrix Xg. As before, let @ and 1,
respectively, be the tangents to M and N, that correspond to u under the parameterisations
(3.2) and (3.5).

Claim 1: h(a) = H(®, f®). By (3.5), (4.2) and the fact that 7y is the gradient of log Z at
6 [13, Thm. 2.2.1], @y, = (Qn, Ay,) with @, = gjv,, and

d

Zazaqe Zaz (i_ 610gZ> qun:na'([’_’m)@n’ (54)

where 1;(y) = y; and «(y) = y for any y € R?.
Let L be the affine transformation on R? given by L(y) = ﬁE;l/Q(y — 79), and note that

the inverse 29_1/ ? exists because X is positive-definite. By (5.2) and (5.3), this choice of L
ensures that L,Q, is standardised, i.e., that L.(Q, has mean 0 and variance-covariance matrix
equal to the d x d identity matrix. Note that L depends on n, so we could instead write this
as Ly, but for notational simplicity we will drop the subscript. Then by (4.7) and (5.4),

LA, =na-(to L™ —79)L.Qn = VnfL.Qn, (5.5)

where f is as in the statement of the claim.
So recalling the notation L.ty = L (Qn, Apn) = (LiQn, L+ Ay), we have

h(@) = n~"Y2h,(i,) by (4.1) and (4.3)
—1/2

>

= hp(n~"/*ay,) by the bilinearity of g,
(n~Y2a,) by (4.4)
(n"'/2L.iin) by (4.6)

= H(L.Qn, fL.Q,) by (2.1) and (5.5). (5.6)

I
mm
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By (5.1), the central limit theorem (e.g. see [16, Cor. 8.1.10]) and the fact that L.Q,, is
standardised, L,Q, = ®. Therefore,

h(u) = H(L«Qn, fL.Qy,) for all n, by (5.6)
= H(®, f®) by (4.5), (5.7)

so the claim is proved.

Now, let v = (¢,b) € TO be any tangent vector to O, not necessarily with the same
base-point as u, and let © € T’M be the corresponding tangent vector to M.

Claim 2: aT3pa = bTE¢b implies h(@) = h(7). To prove this, assume that a’ Sga = b7 4b,
i.e. that Eé/ %q and E;/ %p have the same Euclidean norm. Then there exists a d x d orthogonal
matrix M so that

M3y%a = 5. (5.8)
Also, M,® = & because M is orthogonal, so
Mo (®, f®) = (MO, M, (f®)) = (M, ®,(f o MM, D) = (0, ed) (5.9)
by (4.7), where e : R? — R is given by
ely) = FMT' W) = (£ %a) - M7y = (5" My = (5% -y (5.10)

for any y € R?, by (5.8) and M~1 = M7 (since M is orthogonal). So
h(v) = H(®,e®) by Claim 1 applied to v and by (5.10)

= H(M.(®, f®)) by (5.9)

H(®, f®) by (4.6)

h(w) by Claim 1,

which proves Claim 2.

Claim 3: There is some ¢ > 0 so that h(?) = ¢ h¥(¥) for all tangent vectors © € TM. It
is well known [13, Thms. 2.2.1 and 2.2.5] that the Fisher information metric on the natural
parameter space is the variance-covariance matrix of the corresponding sufficient statistic, so
g% (i, @) = a”Yga. Alternatively, this follows easily from setting n = 1 in (5.4) and combining
this with (2.3) and the invariance of g* under sufficient statistics [1, Thm. 2.1], since these
give

o (i) = g (i, ) = ( Jo-mw - >)a=aTzea, (5.11)

where @; € TN is the tangent vector to N7 corresponding to u € TO. So Claim 2 is equivalent
to

hE' (@) = hY (©) implies h(i) = (D), (5.12)

for all tangent vectors @, v € T'M, even if they have different base-points.

Now, fix @ to be some non-zero vector with hf' (@) = 1, and let ¢ = h(@). Note that ¢ > 0
because g is an inner product on each tangent space so the norm of any non-zero tangent
vector is strictly positive. Then for any non-zero @, hf' (3/h¥(9)) = h¥'(3)/hF(0) = 1 by
the bilinearity of g*. So hf' (@) = h¥'(9/hF (9)) and hence, by (5.12), k(@) = h(o/h¥ (7)).
Therefore ¢ = h(@) = h(0/h¥(9)) = h(t)/h¥ (?) by the bilinearity of g, so rearranging this
equation proves the claim for all non-zero tangent vectors v € T M. But the claim holds
trivially for any zero tangent vector 9, since 0 = h(¥) = hf'(9) by the bilinearity of g and g%,
so the claim is proved.
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The theorem now follows from Claim 3 and by (4.1), (4.3) and the analogous equations for
the Fisher information metrics g%, g"f" and g%, which hold by [1, eq. 4.2 and Thm. 2.1]. O

6. EXTENSIONS

6.1. Extensions to curved exponential families. The proof of Theorem 5.1, without
any essential changes, also characterises the Fisher information metric on curved exponential
families.

For suppose that M is a submanifold of the exponential family M of Section 3, meaning
that M = {pgu | 0 € ©}, where © is a submanifold of the natural parameter space © C R¢
of M (so © is either an open subset of © or a submanifold of lower dimension). The tangent
bundle 7O of © is usually more complicated than T© (see standard textbooks such as [13,
Appendix C] or [14]) but the tangent vectors to © are a subset of the tangent vectors to ©.
So given any 6 € © and a tangent vector u € Tg@ there is a corresponding tangent vector @
to M given by (2.2). The n-fold IID extension M?" of M is defined as in Section 3. 2, and M
is clearly a submanifold of M" (since it can be parameterised by @). The natural exponential
family N, is defined as in Section 3.3, and it is again clear that N, is a submanifold of N,,.
Assumptions (A1) and (A2) then just become equations (4.1) and (4.3) for all tangent vectors
u,v € TO with the same base-point. Assumption (A3) is also the same except that TN,
replaces TN, so the weak continuity property (4.5) is essentially unchanged. Also, given any
invertible affine transformation L of R%, if T}, : X" — R? is a canonical sufficient statistic
then so is L o T},, hence H is affine invariant (as in Remark 6).

The statement of Theorem 5.1 is exactly the same, though all metrics are now understood
to be on Mv, M" and -/\an rather than M, M"™ and N,,. For any Q; € le and any IID
Yi,..., Y, ~ Q1, we have

Yi+-+Ya)/n~ Qn,
as in (5.1). Therefore the mean and variance formulas ((5.2) and (5.3)) hold, and we can also
apply the central limit theorem to prove Claim 1 for any u € TO. Claim 2 then follows for
any tangent vector v € TO. Lastly, (5.11) holds for any @ in 7'M and hence for any @ in the
subset TM of T M, so Claim 3 follows and hence so does the theorem.

6.2. Extensions to higher-order symmetric tensors. The proof of Theorem 5.1 also
extends with almost no changes to characterise symmetric, order-k tensors ¢ and g, on M
and N, respectively, that satisfy conditions closely analogous to assumptions (A1)-(A3) of

Section 4. Given such tensors §,, define Hn(ﬂn) = /gn(Un, ..., Uy), where there are k copies
of @, in the right-hand side of this equation. Assume that

Gnlin, ... an) = nF2g, (@, ..., 01), (6.1)

which is a generalisation of (4.1) from k = 2 to general k. Then as in the proof of Theorem 5.1,
P (i) = \/_hl(ul) and hy, (atin) = @by (i) for any o > 0 (by (6.1) and the multi-linearity
of §,). So with h in place of h, the proof of Theorem 5.1 implies that h(@) = ¢ h¥(a) for
some ¢ € R, where hf" is the norm of the Fisher information metric. Raising this equation to
the power of k gives

(... a) = & [oF (a,a)] " (6.2)

If £ is odd then the left-hand side is an odd function of @ (i.e. it changes sign when @ is
replaced by —@) while the right-hand side is an even function, which is a contradiction unless
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both sides vanish, so ¢ = 0. If k is even, then since § is determined by (6.2) (by the polarisation
formula for symmetric tensors), § must be a constant times the symmetric part of (g¥ )k/ 2,
For example, when k = 4 then there is some ¢ € R so that

A~ F(

§(@,0,w,m) = c [¢" (@,0)g" (@, m) + ¢~ (@, @)g" (8,m) + " (@,m)g

for any @, v,w,m € TM.

Remark 7. It might also be possible to adapt the proof of Theorem 5.1 to characterise the
higher-order Amari-Chentsov tensors, which are symmetric, order-k tensors that coincide with
the Fisher information metric when k = 2 and in general are given by an equation similar to
(2.3), e.g. see [2, eq. 2.4] for the k = 3 case. Claim 1 in the proof of Theorem 5.1 does not
seem to hold for these tensors in general. However, if we replace the k/2 in (6.1) by other
powers and strengthen the weak continuity condition on H then it might be possible to replace
Claim 1 by h(@) = H(K®, fK®), where K is an Edgeworth polynomial (see [4] or [13, §4.5]).
Then a symmetry argument, similar to the one in the proof of Theorem 5.1, should give the
desired characterisation.

7. COMPARISON TO PREVIOUS VERSIONS OF CHENTSOV’S THEOREM

The original version of Chentsov’s theorem applied to statistical models with finite data
spaces, and these models are all (curved) exponential families. So in this section we compare
our version of Chentsov’s theorem to the original version.

The original version of Chentsov’s theorem [10, 20, 9] characterises the Fisher information
metric as the only metric (up to rescaling) that firstly is defined on all models with finite
data spaces and secondly is invariant under (the measure-theoretic push-forwards of) all suf-
ficient statistics. By comparison, our version characterises the Fisher information metric as
the only metric (up to rescaling) that firstly is defined on an individual exponential family
and its derived families and secondly is invariant under IID extensions and (the measure-
theoretic push-forwards of) canonical sufficient statistics. We now show that the two versions
of Chentsov’s theorem differ in both respects, i.e. they differ in both the set of models on
which the invariant metric is defined and on the assumed invariance properties of the metric.

Because IID extensions strictly increase the Fisher information metric (by a factor of n) [1,
eq. 4.2], these transformations of statistical models cannot be induced by sufficient statistics
(or any other Markov morphism) due to the monotonicity property of the Fisher information
metric, e.g. see [1, p. 30-31]. So the invariance assumption of our version of Chentsov’s
theorem and the original version are different. Also, the original version applies to metrics
defined on a countable collection of models of dimension 1,2, 3, ... whereas our version applies
to a countable collection of models that all have the same dimension (the dimension of ©).
So our assumption about the set of models on which the invariant metric is defined is also
different from the original version of the theorem.

More concretely, the original version of Chentsov’s theorem concerns a metric that is defined
on each probability simplex

An—l == {(p177pn) S Rn

n
pi>0and1:2pz}

i=1

(with (p1,...,pn) € AN,_1 putting mass p; on the i** point of the data space) and is invariant
under all sufficient statistics of all submodels of these probability simplices, e.g. see [9] or [1,
Thm. 2.6]. By contrast, our result applies to a metric that is only defined on an individual
exponential family M and its derived families. For example, let M be the family of all
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Bernoulli distributions and let M™ and N, be the corresponding the derived families, as
in Section 3.4. Then M, M"™ and N,, are all parameterised by © = R so they are all 1-
dimensional statistical models. In fact, M, M" and N, are 1-dimensional submodels of Ay,
Agn_1 and A, respectively. Our invariance assumptions (A1) and (A2) say that the maps
between these 1-dimensional submodels given by P +— P™ and P" — @Q,, are isometries (up
to a factor of m, for the first map), where P, P"™ and @Q,, are as given in Section 3.4 and all
correspond to the same value of . The map P" — (), is induced by a sufficient statistic
but, as argued above, the map P +— P" is not, by the monotonicity of the Fisher information
metric.

This shows that our version of Chentsov’s theorem and the original version differ in both
the set of models on which the invariant metric is defined and on the assumed invariance
properties of the metric. Similar considerations also apply to the more recent versions of
Chentsov’s theorem [2, 7].

8. DISCUSSION

Our version of Chentsov’s theorem characterises the Fisher information metric as the unique
Riemannian metric (up to rescaling) on a curved exponential family M that is invariant under
IID extensions and canonical sufficient statistics. We proved this by considering metrics g on
M, g™ on the n-fold IID extension M"™ of M, and g, on the natural exponential family
N, corresponding to M™. Then, under the above invariance conditions, g can be calculated
in terms of g,, for any n. But for large n, the central limit theorem and a property (5.1)
of exponential families imply that A, consists of distributions that are all approximately
normally distributed, so each distribution in A, is determined to a good approximation by
its mean and variance-covariance matrix. Further, each tangent vector to N, is essentially
a linear function f times a distribution in N,,. Combining these facts shows that (the norm
corresponding to) g is approximately equal to a simple function of f and the mean and
variance-covariance matrix of the relevant distribution in AV,,. Our regularity condition implies
that this approximation becomes exact in the limit as n — oo. Then our main result follows
from an identity (5.11) relating the variance-covariance matrix to the Fisher information
metric on an exponential family.

In general, Chentsov’s theorem characterizes the Fisher information metrics on statisti-
cal models as the only Riemannian metric (up to rescaling) that is invariant under certain,
statistically important transformations. Previous studies have taken these transformations
to be either all sufficient statistics or a large, regular subset of these. By contrast, we take
these statistically important transformations to be the IID extensions and canonical sufficient
statistics. This class of transformations is arguably more natural than the class of all suf-
ficient statistics, it is more appropriate for exponential families and it is a relatively small
class so our invariance assumptions are weaker than those of previous studies. Our regularity
assumptions also appear to be weaker than previous studies, ultimately due to the fact that
our approach only requires us to study a collection of finite-dimensional models, rather than
an infinite-dimensional model.

We have given a new characterisation of the Fisher information metric on an (curved)
exponential family and we have shown that this result is an intuitive consequence of the
central limit theorem. The main limitation of this paper is that our main result is only
proved for exponential families. However, these families are an important class of statistical
models, being well studied and widely used in applications. Also, our proof treats discrete
and continuous models in a uniform way, so there is some hope that our approach can be
adapted to give a proof of Chentsov’s theorem for general statistical models. Lastly, our focus
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on exponential families complements the focus of Bauer et al. [7] on diffeomorphism-invariant
metrics, since curved exponential families are essentially the only statistical models that have
smooth sufficient statistics that are not diffeomorphisms, by the Pitman—-Koopman—Darmois
theorem [5].
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