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Building upon a correspondence between N = 2 SU(N) supersymmetric (SUSY) gauge
theories on C? and Ay _;-Toda conformal field theories (CFTs) known as AGT-W, we study
a conjectured correspondence for N’ = 2 SU(N) gauge theories on C?/Z,, which we refer to
as coset AGT. In this case, the dual CFT is a combined system whose symmetry algebra has
3 factors: A free boson, a s?[(n) ~N-Wess-Zumino-Witten (WZW) model, and what is known
as an n-th Wy-parafermion model. We specialize this last factor to its minimal models and
show that, in this case, both sides of the duality have interesting combinatorics defined in

terms of Young diagrams which are coloured.

For the SUSY gauge theories AGT dual to these minimal models, we show that the usual
definition of their fundamental object to this conjecture, known as Nekrasov’s instanton
partition function, is ill-defined and has non-physical poles. We remove these poles by a
redefinition of this instanton partition function, encoded by combinatorial conditions known

as the Burge conditions.

We use these combinatorial conditions to check our proposal against well-known results for
the CFT characters and conformal blocks of E,A[(n) N-WZW models. Having checked our
dictionary, we then obtain new conjectural combinatorial expressions for coset branching
functions and sA[(N )n characters. As a corollary to these, we also obtain new combinatorial
relationships between certain pairs of what is known as coloured cylindric partitions. We
finish by checking our conjectured combinatorial expressions through explicit computations

to a given order.
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Chapter 0

Introduction

0.1 Background and Approach

In 2009, Alday, Gaiotto, and Tachikawa conjectured a correspondence between certain 4D
N = 2 SU(2) class S superconformal field theories on C2, first discovered by Gaiotto [1],
and 2D Liouville conformal field theory [2], a duality commonly referred to as the AGT
conjecture. The AGT conjecture built on the pioneering work of Seiberg and Witten in
obtaining an exact solution for the prepotential in 4D N = 2 supersymmetric Yang-mills
theories [3] and Nekrasov’s subsequent computation of the instanton partition function Zjys:

[4, 5], by identifying Z;,s; with Liouville conformal blocks.

Subsequently, this was generalised to a correspondence known as AGT-W between SU(N)
gauge theories on C? and Ay_1-Toda CFTs [6], and further again to theories on C? with
more general gauge groups and CFTs related to more general W-algebras [7, 8, 9]. An-
other generalization was made in [10], conjecturing a correspondence between SU(N) gauge
theories on the ALE spaces C?/Z, [11] and a combined CFT of a free boson, an ;[(n) N
Wess-Zumino-Witten model and a so-called n-th Wy-parafermion [12]. In this thesis, we
consider this last generalisation which links SU(N) gauge theories on C?/Z,, to CFTs with
the symmetry algebra

A(N,n;p) = —————, (0.1.1)
gl
a correspondence we refer to as coset AGT.

Being a correspondence between two different theories, AGT dualities link many distinct
areas of mathematics and physics. This includes integrability [13, 14, 15] (of special note,
Hitchin systems [16]), topological strings and matrix models [17, 18], combinatorics and

symmetric functions [19] (including new special polynomials based on algebras generalizing
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A(N,n;p) [20, 21, 22]), and the geometric Langlands correspondence [23, 24|, among the

other more obvious links to CFTs and N = 2 gauge theories.

When working on AGT correspondences, one will either work on providing evidence for the
conjecture, such as in [19, 25, 26], or use a conjectured correspondence to perform calculations
on one side of the duality using the objects and tools of the other, as in [27]. In this thesis,

we will take both of these approaches at certain stages.

The initial proposal of the AGT conjecture was supported by explicit term-by-term compar-
isons of the instanton partition function for the gauge theory and the conformal blocks of
Liouville CFT, under the proposed dictionary between parameters. This approach was then
extended to As-Toda CFT and SU(3) gauge theories on C? [25]. Alternatively, evidence was
also obtained directly for the original AGT conjecture by proving that the bifundamental

multiplet contribution to Z SU(2)

ot (which gives all other contributions in special cases) can be

obtained in the dual CFT using a special basis of states parameterized by Jack polynomials
[19].

This approach where AGT is used to derive special bases for CFTs was generalised to AGT
involving A(2,n;p) in [28, 27]. In this setting, the special basis for A(2, n; p)-modules is de-
scribed in terms of pairs of checkerboard (2 coloured) Young diagrams. This linked the coset
AGT conjecture to quantum toroidal algebras, which can also be approached combinatorially

[29, 30, 31]. This work has not been generalized for n > 2.

Evidence for the case of AGT involving .A(2,4;p) has been obtained by comparison of the
first few terms of Zj,s with conformal blocks of the S3 parafermion algebra [32]. In this
case, the conformal blocks were obtained through an algorithmic computation up to a small

level, although these CFT calculations quickly grow cumbersome for higher levels.

In this thesis, we provide first further evidence for coset AGT with a more general procedure.
We assume the existence of n-th Wy-minimal models and then follow the approach of [33, 34].
We consider a subset of 4D gauge theories that are conjectured to be AGT dual to CFT
minimal models, and show that in these theories Z;,s has non-physical poles and must be
redefined from a sum over N-tuples of coloured Young diagrams to a sum over coloured
cylindric (Burge) multipartitions [35]. The computation of the Burge conditions for gauge

theories on C?/Z, is found in proposition 3.4.2.1.

Then under the special choice p = N, the CFTs with symmetry algebra A(N,n; N) reduce
to a combined CFT of a ﬁA[(n) ~N-WZW model and a free boson, allowing us to check Z;,s¢
against the KZ differential equation for si(n)y-WZW conformal blocks [36]. The formalism
for this idea is found in conjectures 4.3.3.1, 4.3.3.3, and 4.3.3.4.



3 Structure

Subsequently we use this generalized correspondence to calculate character functions for
A(N, n; p)-minimal models using the combinatorics implied by the gauge theory in conjecture
5.4.0.1. We consider theories with generic parameter p and use the Burge conditions we
have derived to obtain new combinatorial identities for the branching functions of A(N,n;p)
involving coloured cylindric multipartitions. Through this, we also obtain new expressions
for sA[(N )n string functions in the corollary to the conjecture 5.5.2.1. These expressions can
be seen to generalize those obtained from the Kyoto school [37, 38, 39] and those obtained
in [40, 41].

0.2 Structure

The thesis is organized as follows: In chapter 1 we will cover all the necessary background
material required to understand these results. This will cover basic combinatorics, highest
weight representation theory of finite and affine Lie algebras, 2D CFTs, and a generalization
of the ADHM construction for instantons on C2?/Z,,. This material will be mostly standard,
except when otherwise noted. Of particular note are the new concepts of Dynkin rings and

dual weights in section 1.1.

Chapter 2 will review AGT and AGT-W for SU(2) and SU(N) gauge theories on C2 re-
spectively. This will include reviewing the form of Zggfm obtained in [4], the original AGT
conjecture for SU(2) gauge theories and Liouville CFT [2], the generalization of this AGT
correspondence to AGT-W for SU(N) gauge theories and Ay _1-Toda CFT [6], and the con-
nection of both of these to CFT minimal models in [33] and [27]. Importantly, this connection

to minimal models is the work which we generalize in subsequent chapters.

Chapter 3 describes AGT for SU(N) gauge theories on C2?/Z,, (formalized in 3.3.0.1). We
begin by reviewing the computation of the instanton partition function for these theories
[42]. Then using this dictionary, we find gauge theories AGT dual to minimal models which
have ill-defined partition functions. we then remove the poles of these partition function by

calculating the Burge conditions.

Chapter 4 focuses on the case of p = N, which we use to check this proposed correspondence
against known results for ;[(n) ~N-WZW models. We prove that the character function of the
CFT matches the generating function of the instantons (proposition 4.2.2.2), and show that
the first few terms in the series expansions of the instanton partition function and solutions
to the KZ equation agree for some simple examples (section 4.4). The work in chapters 3
and 4 is based on [43] which the author co-authored with Omar Foda, Masahide Manabe,
and Trevor Welsh.
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Chapter 5 then considers the branching functions of CFTs with symmetry algebra A(N, n;p)
for generic p. Inspired by the arguments in [27], we conjecture expressions for the coset
branching functions as sums of products of Wy-minimal model characters which we can
compute efficiently using newly introduced objects called B-matrices (5.2.39). We then
propose that these are equal to the generating functions of coloured Burge multipartition
associated to the 4D gauge theory. Finally, we provide evidence for this through explicit
calculations in sections 5.5.1 and 5.6.1. This work is based on [44], which is in collaboration
with Trevor Welsh. Chapters 4 and 5 rely heavily upon Mathematica, and code is available

upon request.

The main novel scientific results of the thesis are contained in chapters 3-5. The author’s
contribution to these collaborative efforts was to calculate Burge conditions for gauge theories
on C%/Z, in chapter 3, and their reduction to cylindrinic plane partitions in section 4. The
author also wrote code to compute series expansions for the instanton generating function
and instanton partition functions up to a given order to both calculate and check the results

in section 4.4.

In chapter 5 the author is responsible for calculating the coset branching functions, all cal-
culations involving Dynkin rings, their duals, and their classes, the form of the coset-Burge
conjecture, the formalism of sections 5.4.2 and 5.4.3, the proof of how to obtain conjec-
ture 5.5.0.1 from the coset-Burge conjecture, all explicit computed examples in the chapter,
and the checks of the cases (N,n) = (2,3),(3,2) up to O(¢'2), (N,n) = (2,4) to O(q'?),
(N,n) = (3,4),(4,3) to O(q%), (N,n) = (3,6) as described in section 5.6.1, while indepen-
dently checking selected examples of all other cases. All code used for the computations
noted was also due to the author. All results and computations throughout this chapter

were developed through collaborative effort with Welsh.



Chapter 1

Preliminaries

This chapter will cover all the background material necessary to understand the content of
chapters 2, 3, 4, and 5 for AGT on C? and C?/Z,. We will focus on defining all notation
and results we will use, while being light on proofs. This material is not pedagogic, although

references will be provided to learn any of the material covered here.

1.0.0.1 Outline of Chapter

We will begin with the mathematical background required. In section 1.1, we introduce the
basic notion of (coloured) partitions and (coloured) Young diagrams, cylindric, Burge Par-
titions and their generating functions. In sections 1.2 and 1.3, we review the representation
theory of finite and affine Lie algebras. We discuss in detail the branching rules, and the
Littelwood-Richardson rule for tensor product decompositions. We then define a new object,
called a Dynkin ring, which gives a correspondence between the dominant integral weights
of s?[(n) of level N and the dominant integral weights of ;[(N ) of level n. Next we review
the technology of crystal graphs for affine Lie algebras, and use them to calculate characters
for tensor products of representations. We connect these two areas in section 1.4, where we

apply the combinatorics of Young diagrams to the highest weight representation theory of

The rest of the chapter covers the physics background we will use, mostly from a mathemati-
cal viewpoint. In section 1.5, we axiomatically define the main concepts of 2D conformal field
theories (CFTs), importantly we define the 4-point conformal blocks. We then define the
specific CFT models we will work with, that being the minimal models, Liouville and Toda
CFTs, Wess-Zumino-Witten (WZW) models, and coset models. This will include the sl(n)-
WZW fusion rules and the Knizhnik-Zamolodichikov (KZ) differential equation. We will also
discuss the relation between WZW models and the theory of integrable affine Lie algebra
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representations. We will also cover the Coulomb-gas formalism which we will use for AGT
involving CFT minimal models. In section 1.6 we construct the asymptotically locally Eu-
clidean (ALE) spaces associated to C?/Z, and we review the Atiyah-Drinfeld-Hitchin-Manin

(ADHM) construction of instantons on C? and its generalisation to these ALE spaces.

1.1 Young Diagrams and Colourings

This section will constitute a brief review of the necessary combinatorics required to un-
derstand SU(N) AGT for gauge theories on C? or C?/Z, corresponding to CFT minimal
models. We will focus on partitions of integers and the equivalent Young diagrams. This
material will be standard and can be found in more depth in [45] and [46], and both of these

references cover some other common applications of this theory.

We will then extend this material in two ways: First, by colouring our Young diagrams,
which will be used in AGT for SU(N) gauge theories on C2/Z,, in chapters 3, 4, 5. This

combinatorial material can be found in [45].

Second in section 1.4, we will discuss cylindric partitions (or Burge multipartitions depending
on the source), which first appeared in [35]. Cylindric partitions are used to define the
partition function for SU(N) gauge theories which are AGT dual to minimal model CFTs
[33, 34]. We will first encounter this in sections 2.2.4 and 2.3.3, and this will be fundamental
to all subsequent work throughout the thesis. The exposition on cylindric multipartitions is
non-standard, but is based on [34] and [47].

1.1.1 Basic Definitions and Notation

A partition I of n € Z>g, is a sequence of weakly decreasing! positive integers I = (p1,p2,...)
such that Y p; = n. As p; € Z>o, only finitely many p; are non-zero. Due to this, we take
partitions to have an infinite tail of 0’s. A Young diagram A = (A1, A\2,...,An,0,0,...),
where N € Z>o and Ay > 0, is a visual representation of I using left-justified stacked rows
of boxes extending down the page, where the number of boxes in the i-th row of A is defined

by A; = p;. When N = 0, we denote the empty partition by A = (0,0,...) = 0.

We refer to the numbers \; as the parts of A so that the i-th part is equal to the number of
boxes in the i-th row. A Young diagram has only finitely many parts of non-zero size and

infinitely many empty rows stacked at the bottom of the diagram.

We define the number of non-zero parts of a Young diagram to be its length so that for
A= (A, A, .., AN, 0,0,...) with Ay # 0, we have [(A\) = N. In the sequel, we will

LA sequence (an)nez of weakly decreasing numbers, satisfy ax11 < ag.
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notate our Young diagrams using only their non-zero parts, that is A = (A1, Ag, ..., AN).
We will sometimes use the alternate notation for Young diagrams A = (k{"*, k5", ...) where
k1 > ko > ... is a sequence of strictly positive integers, and m; € Z~( is the number of parts

Aj = k;. The diagram X = (K", k5", ... k") can expressed in our original notation as

A= (kn, ki, k1 Koy Koy ke ), (1.1.1)

my ma mys

note that N = [(\) = Zi\:l m;. Under this second notation we have n = ) . m;k;, and
example 1.1.1.2 below uses both of these notations explicitly. One can always determine the
notation we are employing to describe a Young diagram by the presence of exponents on the

parts, no exponent means we are employing the original partition-like notation.

We consider a Young diagram to be placed on a semi-infinite lattice. We will label the x axis
extending from top to bottom and the y axis from left to right with positive numbers, this is
referred to as the English convention. Some texts employ the French convention where the
x axis is labelled from bottom to top and with boxes extending up the page. In figure 1.1

we have attached a visual of the axes for the English convention we employ.

T

FiGURE 1.1: The z and y axes we place Young diagrams on, and their positive directions.

We refer to a box O € A by the (z,y) coordinates of its bottom right corner, so that the j-th
box [J in the i-th row is referred to as O = (4,5). The transpose Young diagram? ' is a
Young diagram whose rows are equal to the columns of A, which is the reflection of A across

the line z = y.

We define the size of a Young diagram || to be its total number of boxes (this is equal to n,
the integer being partitioned), and define the arm length Ax(O) and leg length Lx(O) of a
box O = (i, j) to be distance from [J to the end of the i-th row and j-th column respectively,

ANO) =X —j, LyO)=Al —i. (1.1.2)

2Some sources refer to this as a conjugate Young diagram.
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We will sometimes use formulas involving the quantities Ay(O) + 1 and Ly(O) + 1. In these
instances we will employ the notation of adding a superscript + sign to A)(O) or Ly(O) to

indicate this value. Using this notation we have:

Remark 1.1.1.1. This notation is not uniform across the literature. For example in [41], they

employ the similar notation of

AF(O) = A\O) + 5,

ATH(O) = A\O) +1.

We will never use this notation involving half integers within this thesis, but care must be

taken by the reader to check the convention when encountering this notation in the literature.

We allow the definition of arm and leg length to extend to boxes [J that are not in a Young
diagram A. In this case, we have that the arm and leg length of [ are negative numbers. The
converse is also true, if the arm and leg length of a box are negative then [J ¢ . Formally, a
box cannot exist on its own without being in a Young diagram, and when we have a negative
arm or leg length we are treating the situation informally as a convenient tool to pick specific

negative integers.

Finally, we define the outline of a Young diagram X to be a lattice path £y = { (%0, jo), (%0, Jo),
ooy (i, Jk)}, where k = I[(A\)+ A1 +1, of south and west steps, which begins at (i1, j1) = (0, \1)
and ends at (i, jx) = (0,1())) and traces the outline of A. Formally, (4, jm) — (bm+1, Jm+1) =
(—=1,0) if (4t Jmr1) = (', Air) for some 0 < @' < I(N), and (4, Jm) — (fma1s Jma1) = (0,1)
if (imt1, Jmy1) # (7', Air) for some /. Note that it is perfectly reasonable to extend these
outlines infinitely along the z- and y-axes, although we will not need this. We can easily

obtain the outline of the transpose diagram by reversing the ¢ and j-coordinates and order

of steps, so that E}\T = {(]k, ik), (jk:—la ik—l)a ce, (jo,io)}.
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Ezxample 1.1.1.2. If we consider all the possible ways of partitioning 5 and their corresponding

representations as Young diagrams we have:

We now focus on visualising the partition (3,1,1,0,...) of 5 by the following Young diagram
A= (3,1,1) = (3,1?), in which we have labelled two boxes as o and 3. Remember that the
positive y axis points along the first row left to right and the positive x axis along the first

column top to bottom.

Ble| |

The box « has coordinates (1,2) and the box 3 has coordinates (1,1). We have Ay(a) =1,
Ly(a) = 0, and Ly(B) = Ax(B) = 2. We also have A} () = 2. Note, that we do not visually

represent the infinite empty rows in any way. Finally, the outline of X is the lattice path
Ly = {(05 3)7 (17 3)> (L 2)7 (17 1)7 (2> 1)a (37 1)7 (37 0)}

1.1.2 Coloured and Cylindric Partitions

The combinatorics of the AGT correspondences considered within this thesis will involve
two generalizations of the basic Young diagrams described above. In this section, we will
describe coloured Young diagrams and cylindric partitions. In chapter 2, when considering
SU(N) gauge theories that are AGT dual to minimal model CFTs we will see that instanton
partition function is defined as a sum over cylindric partitions. While in chapters 3, 4, and

5 the partition function will be a sum over coloured cylindric partitions.

Let A be a Young diagram. Denote by Y () the set of ordered pairs (z,y) € Zsg X Zso
corresponding to the coordinates of the boxes in A\. A coloured Young diagram with charge
o € Zy is the data of the Young diagram ) together with a colouring map® ¢ : Y/(\) — Z,

which associates to a box 0 = (z,y) a colour ¢(0J) = 0 +y —x mod n. Under this colouring,

3This definition can be generalised to arbitrary colouring maps, although we will never consider them in
this thesis.
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the colours increase from left to right in the rows and from bottom to top in the columns,

and stay constant along the diagonals.

Denote the coloured Young diagram by A°. We let the total number of boxes coloured
i€{0,1,...,n—1}in A? to be k; € Z>0, and we have [A\7| = Z?:_ol k;. We will alternatively
characterise the colour content of A% by the differences §k; = k; — kg fori =1,...,n—1 and

the size |\7], it is clear that if we included ¢ = 0 we would have dko = 0.

Define the boundary of a Young diagram A to be all 0 = (4,5) € A such that (i+1,7+1) ¢ \.
A boundary n-strip B is a set of n contiguous boxes in the boundary of A such that if we

remove B from A we are left with another Young diagram.

If X is coloured with n colours, a boundary n-strip contains exactly 1 box of each colour 0
through n — 1. To see this, we note that if we begin at the top right box in B and move
through to the bottom left box in a continuous fashion, each consecutive box in B lies either
directly to the left or below the previous one. By definition of the colouring, this means that
if a box is coloured i € {0,...,n — 1}, the next box obtained in this process is coloured i — 1

mod n. As there are n boxes in B, it must then contain one box of each colour.

Let A be a Young diagram coloured with n colours, with colour data specified by 0k =
(0k1,...,0kn—1), and B be a boundary n-strip in A. Since B contains 1 box of each colour,
the Young diagram )\ obtained by removing B has colour data also defined by the vector dk
with [A\| —n = |N|.

We can then repeat this process successively until we are left with a Young diagram ™A
that contains no boundary n-strips to remove and has the same colour difference vector as
the original Young diagram. A Young diagram that has no boundary n-strips is called an
n-core, and we say that "A? is the n-core of A. It is known (see for example [45]) that the
n-core of Young diagram is unique, and is independent of the choice of boundary n-strip
removed at each step. We also note that for each n and each dk there exists an unique
n-core’. Sometimes it is convenient to think of a coloured Young diagram as constructed
from the reverse of this process, where we begin with an n-core and add boundary n-strips.

Ezample 1.1.2.1. If we consider the Young diagram A = (3,1,1) of the example 1.1.1.2 and

assign it a charge o = 1 € Z3. We obtain the coloured charged Young diagram A(=1):

2] 0]

’w|o =

4We will not prove this, and to do so is not clear from what we have covered. The simplest proof involves
the use of James’ n-abacus.
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For A(®=1 we have, ko = 2, k1 = 1 and ks = 2. Alternatively, we have dk; = —1, 6ks = 0, and
INe=D| = |X\| = 5. Note that the colours are all defined modulo 3. There are no boundary

3-strips in A so it is a 3-core.

In the sequel, we will deal with objects which are described by N-tuples of coloured Young
diagrams subject to certain inequalities between parts. We will formalise this using cylindric
partitions [35], closely following the exposition in [47]. We define a partial ordering on the
set of Young diagrams of length N or less, where p = (u1,...,pn) and o/ = (@), ..., ty)

(where we allow some amount of parts equal to 0) are ordered p < p’ if

wi <pp, 1<i<N. (1.1.5)
5

Using this can define cylindric partitions®.

Definition 1.1.2.2. Given N € Zsq, two partitions g = (p1,...,un) and @/ = (¢, ..., ty)
such that p < 4/, and an integer d > p1, a cylindric partition 7 of shape u'/p/d is an array
mij, 1 <i < N,p; +1 < j < pul, of non-negative integers of the form

Tlpi+1 - 7T17M/1

T2 uo+1  +++ T2p+41 .- 7T2:/$/2
TNun+1 - Tan“/N
such that the entries are weakly decreasing across rows and down columns, that is

Ti,j Zﬁi-i-l,j? I<i<N-1, ;i +1<5< M;+1 (118)

Tig >+, L1<i<N, p+1<j<p;—1 (1.1.9)
while also satisfying the cyclic condition

TN > T4, max(un+1—d,pn +1) < j <min(y) —d, @) (1.1.10)

®This is not strictly true, and is only a subset of all cylindric paritions as described in [35]. Fully generalized
cylindric partitions allow for a weakening of the weakly decreasing conditions by a further set of positive
integral numbers o = (a1, a2, ...). This allows successive elements in the array to be larger by at most one
of these integers. For example when we enforce the weakly-decreasing conditions on 7; ., +1 and m; u, 42 we

have
T,y +1 > Ti,u1+1) (1‘1'6)

for cylindric partitions in full generality this condition is modified to
Ti,u+1 T Q1 > Ti,uq+1- (1.1.7)

When necessary to refer to fully general cylindric partitions in this thesis we will notate them as (c, 8)-cylindric
partitions.
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We define the size of a cylindric partition 7 to be the sum of its entries, [ =}, ; m; ;. Note
that when using a Young diagram p = (uq,...,un) of length [(u) = m < N to define a
cylindric partition, one must ensure to add N — m parts of size 0 to u, as these are relevant
to the cyclic condition. The cyclic condition can be interpreted as placing a copy of the array

below itself such that the row (my ;) ; is directly below the row (7 ;)

j:/‘tl+17"'7lu/1
and the entry m ,, 1 in the copy is d spots to the left of my 4,11 in the original diagram,

and repeating this process ad infinitum. Using this point of view, the cyclic condition then
amounts to a weakly non-decreasing condition for the columns on this infinite size array,
and we can imagine that our array is wrapped around an infinite cylinder. Viewing cylindric
partitions as arrays wrapped on an infinite cylinder give the cylindric interpretation of their

data.

In subsequent sections, we will only consider cylindric partitions m whose rows can be ar-

bitrarily long. As such, we will take y/ = (k,k,..., k) for k >> 0, which we will denote
—_————

N

N). In practice, this means that we ignore x’ in the definition of a cylindric

by p' = (o0
partition’s shape and consider all arrays whose rows are displaced according to p that satisfy

the weakly-decreasing and cyclic conditions.

Ezample 1.1.2.3. Consider the following cylindric partition shape (00®)/(1,1,0)/4. The

Young diagram g = (1,1,0) is visualized as

5

and we note that for the purposes of cylindric partitions we consider u to have one zero
length row. The following array 7 satisfies the weakly-decreasing and cyclic conditions as
described above and is an example of a cylindric partition of shape (00®)/(1,1,0)/4:

5 4
3 2
2 2

— N
S NN

4

The reader should note that we can see the Young diagram for p = (1,1,0) in the relative

shifts in the first element of each row. We can visualise the cyclic condition, using the
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following infinite size array

5 4 4 2 2 0
3 2 2 2 1 0 0
4 2 2 1 0 0
5 4 4 2 2 1 1 0
3 2 2 2 1 0 0
4 2 2 1 0 O
5 4 4 2 2 1 1 0
3 2 2 2 1 0 0
42 2 1 0 O
54 4 2 2 1 1 0
322 21 0 0
4 2 2100

where it is understood that the array repeats infinitely above and below the top and bottom
rows in the same pattern. Note that the weakly-decreasing condition is satisfied along the

rows and down the columns of this infinite array.

We can also think about cylindric partitions from the perspective of their composite rows,
which leads us to an equivalent formulation. Given a cylindric partition (co?¥)/u/d, define
N separate vectors of integers ()\(0), e )\(N_l)), where the i-th vector is defined by A =
(Ti41,i+15 Tit+ 1,542, - - - )- The condition (1.1.9) for each row of non-negative integers to be
weakly decreasing implies A(?) is a Young diagram. Using this perspective, we stack the
Young diagrams adjacent to each other in a newly introduced z-axis, such that the i-th
diagram has z-coordinate i and the difference in y-coordinate of the top left boxes (that
is 0 = (1,1) when considering each diagram individually on its own z and y axes) of the
(i — 1)-th and i-th diagrams is defined by the difference p; — p;q1 for 1 <i < N, and d — 3
for the (N — 1)-th and Oth diagrams.

The condition (1.1.8) corresponds to demanding there is a weakly decreasing condition across
adjacent rows of these Young diagrams along the z-axis. If we define all superscript labels
modulo N, this is formalised by the following cylindric inequalities
(@) (i+1)
AT Z A (1.1.11)
where (; = pip1 — pige for 0 < ¢ < N —2 and (y_1 = d — p1 + pn. We can then
capture the numbers in this array as one N-tuple of Young diagrams, which we denote by

A= (AO  XN=D) “and a vector of positive integers ¢ = ((p,...,(y—1). This allows us
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to think about cylindric partitions as tuples of regular Young diagrams subject to certain

relations. This is how we will approach cylindric partitions in the sequel.

Remark 1.1.2.4. By introducing a z-axis to stack Young diagrams which live in the zy-plane,
we have introduced a notion that cylindric partitions live in 3 dimensional space. Some
authors have referred to cylindric partitions as cylindric plane partitions (CPPs) in this

sense, as an analogy to plane partitions which are 3D generalizations of Young diagrams.

Ezample 1.1.2.5. We consider the cylindric partition 7 of shape (003)/(1,1,0)/4 from the
example 1.1.2.3 above. It corresponds to the triple of Young diagrams A = (A0, XD A(2))

where

A0 =(5,4,4,2,2,1,1)
A =(3,2,2,2,1)
A2 =(4,2,2,1)

and (p =0, (; = 1, and {3 = 3, giving the 3 inequalities

AD >\ (1.1.12)
AP > A2 (1.1.13)
AP > A0, (1.1.14)

When discussing cylindric partitions in the sequel, we will refer to the formal finite array
as the fundamental domain, and we will refer to the data of u and d (and equivalently the
cylindric inequalities) as the fundamental domain shape. Note that the cylindric inequalities,
and hence fundamental domain shapes, are determined by one vector of positive integers
¢ = (¢oy---,CN—1), as this tells us both the number of Young diagrams and their relative
heights.

When visualising the fundamental domain of a cylindric partition in terms of N Young
diagrams in 3D space, one should view the array 7 as a projection along the y axis onto the
xz plane. This means that the Young diagram y-axis extends into and out of the page and
we choose to view the boxes of the component Young diagrams as coming out perpendicular
to the page. The entries m;; then tell one the number of boxes extending out of the page

along the y axis.
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1.2 Review of Finite Semi-Simple Lie Algebras and Their

Representations

In this section, we review the basic notion of finite dimensional Lie algebras and their rep-
resentation theory. We will assume familiarity with the content and only fix notation. The
content and notation here is drawn from [48, 49] and [50]. A standard reference such as [51]
or [52] will be useful.

1.2.1 Basic Definitions and Notation

Let g be a complex simple Lie algebra and b its corresponding Cartan subalgebra. The rank
of g is equal to dim(h) and we will often denote it by r € Z~(. Denote by A C h* the set of
roots of g and A, the set of positive roots (see [50, §13] for a definition). Let {aq,--- ,an}
be a set of simple roots, and let (, ) be the Killing form of g. Let [X,—] € End(g) be the
element Y — [X,Y]. We can define the Killing form explicitly as

(X,Y) =tr([X,[Y,-]])), X, Y €g, (1.2.1)

note that this is a trace over the endomorphism

Remark 1.2.1.1. The map Y — [X,Y] above defines a representation of g which we call
the adjoint representation ad : g — End(g). This adjoint action is sometimes notated as
ad(X)(Y) =[X,Y].

We can identify h with its dual h* via (, ) and this induces a positive-definite scalar product
on h*, which we also denote by (, ). We use this scalar product as a normalisation to define

the coroot o¥ € b associated to o € A by

Vg @ 1.2.2
“ = a) (1232
The Cartan matrix A = (Aij)1<ij<r of g is defined to be
Ay = p 00 ) (1.2.3)
(o, )

One can classify the allowed configurations of simple roots by Dynkin diagrams, which are
directed graphs with vertices labelled 1,...,r and where the number of arrows from vertex
i to vertex j is equal to the entry A;; of the Cartan matrix. There is a highest root § € A
defined by the property that o; + 60 ¢ A, for each .
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Let Q(9) = Zspan{aa, - .., ar} C b* be the root lattice of g and QV(g) = Zspan{ay, ..., )} C
b the coroot lattice. Denote by P(g) C bh* the weight lattice which is dual to the coroot
lattice. Let {Aq,...,A,} be the set of fundamental weights which is the dual basis of the

simple coroots {ay,...,a)}, so that we have
P(g) =ZA1 & --- D ZA,. (1.2.4)
A Weyl reflection s : b* — b* is defined to be
seh = A — (oY, A)a, (1.2.5)

and the Weyl group W of g is the group generated by the simple Weyl reflections s, o € A.

To finish this brief review, here we show a presentation of g using the Cartan-Weyl basis
with the generators H', i = 1,...,r (which generate b), E% and E~° for a € A,. We also

define the additional notation

=1

In this presentation, the defining Lie brackets are

[H',H’) =0 (1.2.7
[H', E“] = (a, H;) E“ (1.2.8)
N, B8, at+pBeA
[E*EP) = (B*, E=)a- H, a=—8 (1.2.9)
0, else
together the Serre relations
ad(E)1~4i (BY) = ad(E~) "4 (E=%) =0, i # j, (1.2.10)

where N, g is a constant.

1.2.2 Highest Weight Representations of Semi-Simple Lie Algebras

A representation of g is a complex vector space V together with a Lie algebra homomorphism
p:g — End(V). We define a weight A of V to be a linear functional on h such that the

following weight space V3 has nonzero dimension

Vi={veVI|Vhebh, h-v=A(h)v}, (1.2.11)
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and we define the space of weights Qy to be all A satisfying the above. In the sequel, we will

say a vector v € V is a weight vector of weight A, if h-v = A(h)v.

Remark 1.2.2.1. The weights of the adjoint representation are the roots of g.
We say a weight A of a representation is integral, if
Ay = (A aY) €Z, (1.2.12)

for any root «, and we say it is dominant if A, > 0.

By acting on a vector v of weight A in a g representation with E%, and using the relation
(1.2.8), we have H'(E“) = (E“H' + o' EY)v = (o’ + A)(E%). From this we can see that if
the action of E% (resp E~%) on a state with weight A is non-zero, it produces a state with

weight A + a (resp A — «).

Thus for a finite dimensional, irreducible, representation of a simple Lie algebra g, there
must be a vector v of dominant integral weight A such that E%v = 0 for all & € A* (as the
dimension of the representation is at least equal to the number of distinct weights, and if there
were no weight satisfying this property the representation would have infinite dimension).
We call this special weight A the highest weight and the representation a highest weight
representation. We will also often use the physics notation of representing a highest weight

vector of weight A by a ket |A).

Alternatively, we will consider such a representation as generated by the highest weight vector
vy, by the action of the operators corresponding to the negative roots E~¢ in the Cartan-
Weyl basis for o € Ay. These basis elements are sometimes referred to as lowering ladder
operators, which is an alternative terminology borrowed from physics (the generators E< are
similarly referred to as the raising ladder operators). We will henceforth drop the ”ladder”,

and refer to E*% as the raising and lowering operators.

The converse is true, we can generate a finite-dimensional, irreducible g representation start-
ing from a dominant integral weight as we now describe: A Verma module V3 of highest
weight A is constructed by taking a highest weight state |A), and then constructing an

infinite dimensional vector space by taking the span of elements
E-YE % E %k |A), k€ Zs>o, (1.2.13)

and imposing the defining Lie bracket relations of g. This space V3 is obviously a g-

representation.

We can construct a finite-dimensional, irreducible, highest weight module Lj of highest

weight A by taking a suitable quotient of V5 by a maximal submodule M (see [51, §VI] for
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the details of this construction, and a proof of the irreducibility and finite-dimensionality of
Ly). Thus states in Ly are of the form (E~21)" . (E~ )" |A).

Importantly, there is an algorithm to calculate all possible n; € Z>g, given a specific A. The
algorithm is phrased in terms of Dynkin labels, which we now define. Let A be a highest
weight, and write A = >°_, l;A;, where A; are the fundamental weights of g. The coefficients
l; for 1 <4 < r are the Dynkin labels of a representation. We will also denote (by an abuse

of notation) the weight A by its Dynkin labels as A = [l1,...,1,].

We are now ready to describe the algorithm to construct the states in Lj. Beginning from
A we form sequences of weights for each i such that [; > 0 that are of the form A — no; for
n=1,...,1;. Then we repeat this process for each weight A —na; in these sequences that we
have generated, and iterate until we have no more states that have at least 1 positive Dynkin
label. This algorithm always terminates as dim(Ljz;) < oo, although we will not prove this

fact, and Ly is the span of all states we have generated in all of these sequences.

Using these definitions Elie Cartan classified the finite dimensional irreducible representations
of simple Lie algebras to be in correspondence with dominant integral weights in 1914 (see

[53] for a modern distillation of his proof).

Theorem 1.2.2.2. ([54]) There is a one-to-one correspondence between the set of dominant
integral weights and the isomorphism classes of finite dimensional irreducible g-modules,

where the pairing is A «— Lj.

We define the multiplicity of a weight i in a highest weight representation of weight A to be
the dimension of the weight space (L3 ) of fiin Lz. We denote this by mult(z) = dim((Lz)z)-
The multipliticty of a weight will be equal to the number of unique sequences in the algorithm
described above that end at the weight . For w € W we have mult(wji) = mult(z). We
can summarise the information about all i € Qf; (the space of weights for Lz) and their

multiplicities into a formal sum xf—\, called a character, which is defined as

Zmult el € Z[P(g)], (1.2.14)

where we treat e” to be a formal exponential.

1.2.3 Embeddings and the Littlewood-Richardson Rule

Let g be a Lie algebra and p C g be a Lie subalgebra. In general, an irreducible represen-

tation Lz of g breaks down into a direct sum of irreducible representations of p with some
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multiplicities bz, € Z>o. We represent this by

Lilp = @bauLa, biy € Z, (1.2.15)
I

where Ly are representations of p. The multiplicities bz, are the branching coefficients and

the whole system (1.2.15) is called the branching rules.

When discussing how to calculate the f?[(n)k fusion rules for Wess-Zumino-Witten models,
we will need to understand how to combinatorially calculate the branching rules for g =
sl(n) ® sl(n) and p = sl(n) C sl(n) ® sl(n). That is, determine the coefficients in the

decomposition
Ly ® Ly, = P brenr pLa- (1.2.16)
i

To do this we use an algorithm that is called the Littelwood-Richardson rule. This algorithm
is defined in terms of Young diagrams associated to highest weights of Lie algebra representa-
tions. To a sl(n) dominant integral weight A = [I1,...,l,_1], we associate a Young diagram

par(A), with parts

n—1
par(A); = Y ;. (1.2.17)
j=i

To calculate the tensor product multiplicities (branching coefficients) for the tensor product
Lz ® Ly, we form the two Young diagrams par(A) and par(A’) and then fill the first row of
boxes in par(A’) with 1s, the second with 2s etc. Then for each i = 1,2,...,n — 1 in order,
we add all boxes with an i in them (that is the i-th row of par(A’)) to par(A) in all possible

ways subject to the following conditions:

1. We must form standard Young diagrams (parts must be weakly decreasing down the

rows).
2. Each column can only contain 1 box with an ¢ in it.

3. When counting from right to left and top to bottom (in this order), the number of
boxes with an ¢ in it must be less than or equal to the number of boxes with an 7 — 1

in them.

When performing step 3 as described above, we count the numbers as they appear in one
row from right to left, then move onto the next row and repeat the procedure. Once we have
formed all possible Young diagrams subject to these conditions we then delete any columns

of length n.

We can then reconstruct the dominant integral weights associated to each of the Young

diagrams. Let A = (A1,...,Ax) be a Young diagram produced by this process. We define the
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Dynkin labels [l1,...,1,_1] of the associated weight through the equations {; = \; — A\j4; for
each i =1,...,n — 1, note that if j > k, we substitute \; = 0.

The weights we obtain from this are the highest weights that appear in the tensor product
decomposition. The multiplicities are obtained by counting how many times the same Young

diagram is formed.

Ezample 1.2.3.1. Here we recall the example from [50, §13.5.3], for the tensor product of
irreducible sl(3)-modules. Let A = [2,0] and A’ = [1,1] so that we have par(A) = (2) and
par(A’) = (2,1). After filling the boxes of par(A’) we can then represent the tensor product

Li ® Lz, using the two associated Young diagrams as

L1 Jelt]] (1.2.18)
12
We now add both boxes labelled 1 to par(A) to obtain
HEER 1] . (1.2.19)

1 111

We then add the box labelled 2 in all possible ways to these diagrams, subject to 3 rules

above, to obtain

(1]t L, 1] : (1.2.20)
2 1] 2 1 11

9] 9

note that rule 3 means that we cannot place the box labelled 2 at the end of the first row.

We now delete all columns of length 3, which gives us the diagrams

) L \,H. (1.221)

We read off the weights that appear in the branching rules from this as

L) @ L) = L © Ly © Lizo) @ Lioyy (1.2.22)

Remark 1.2.3.2. Note that in this example, all the branching coefficients are equal to 1. This
is not true in general, where it is possible to have multiply copies of the same highest-weight

module in a tensor product decomposition.
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1.3 Affine Lie Algebras

This section constitutes a review of affine Lie algebras and their representations, similarly to
the one above for finite Lie algebras. As they are more complicated objects than their finite
cousins, and play a central role in this thesis, this review will be longer and more in depth
than the previous one for the finite case. Much of the first part of this review will cover
standard material, where, as we will mostly encounter affine Lie algebras in connection to
conformal field theory, much of the presentation is again based on that in [50]. Discussion
of characters and explicit formula for them will follow standard results from the canonical
reference [55]. The author also found [48] to be very useful when learning the material

presented.

1.3.1 Basic Definitions and Notation

Untwisted affine Kac-Moody Lie algebras (or just affine Lie algebras), are infinite-dimensional
Lie algebras constructed from finite Lie algebras. In our case, we will only construct affine
Lie algebras from finite semi-simple Lie algebras. We construct the affine Lie algebra g
from the finite semi-simple Lie algebra g in two steps: First we form the algebra of Laurent
polynomials g @c C[t,t~!] (commonly referred to as the loop algebra for g). Then we adjoin
a central element k and a derivation d = t%. We say that an element Xt" € g ®c C[t,t71],

for X € g, is of grade n € Z. The construction (and form) of the algebra g is summarized as
g~ g=9®cC[t,t"|®CkoCd (1.3.1)

On this algebra we define the following Lie bracket

(X @t"Y @t"] = [X,Y]; @ t" ™ + kn(X,Y) g0 1m0, (1.3.2)
[k,38] =0, (1.3.3)
[d, X ®1"] = nX @ t". (1.3.4)

Here [, ]g and (, )4 are the Lie bracket and Killing form on the finite Lie algebra g. We will
denote the elements of the affine algebra g by Xt" = X,,. From this construction we can see

that g has infinite dimension due to the presence of the loop algebra g ®c C[t,t~1].

We define a Killing form on g on such that

(X, Yin) = (XY g m=m (1.3.5)

0, else.
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We have that (X,,k) = (k,d) = (X,,,d) = 0 and (d, k) = 1, and supplement (d,d) = 0.
As before the Killing form is non-degenerate and identifies H with its dual 6*, and therefore

defines a scalar product on H*

We define the affine roots @ to be the vector of eigenvalues for the adjoint action of H{ for

i=1,...,r, the central element 12:, and the derivation d on g.
& = (G(HY), .., a(Hy); a(k); a(d)). (13.6)

Since k commutes with g, and the eigenvalues of d (here we are denoting the eigenvalue of d

by n) are integers, we can rewrite this as
a=(o;0;n), (1.3.7)

for a finite root o € Ay and n € Z. We refer to the eigenvalue n of d as the grade of a vector.
It is convenient to write the affine roots in a nice basis for use in applications. Since the
first 7 components are defined using the finite roots, it is natural to use finite simple roots to
describe them. The eigenvalue of d, is an integer so the natural basis element is 6 = (0;0; 1),
which is called the imaginary root. Using this basis, we can write an element @ of the space

of affine rootsﬁasa:a—i—néforaeAgU{O} and n € Z.

The scalar product induced on the space of affine roots by the Killing form is

(A7) = (A, ) + A(B)A) + BR)AD). (13.8)

This informs the name imaginary root for d, as since (J,d) = 0 its length vanishes.

Our next step is to define the set of simple roots of g, which we take to be the set of finite
simple roots «a; for i = 1,...,r supplemented with the affine root ag = (—6;0;1) = —0 4+ §
(the finite root @ is the highest root as defined in section 1.2.1). Where there is no confusion

we will denote the affine simple roots by {a;}i=0,1,. . The affine simple coroots are defined

to be @;" = (@27&\_)6[@- for i = 0,...,7. Associated to an affine Lie algebra we have an affine
Cartan matriz A;; = (ai,a}/), i,7 =0,1,...,r, and we have (A;;)1<ij<r = A, where A is

the Cartan matrix associated to g.

It will always be clear from context whether roots in this thesis are affine or finite, as such we
shall henceforth remove the hat notation for affine roots. We define the fundamental weights
A; to be dual to the simple affine coroots and of grade zero, and we define the affine root

and weight lattices Q(g) and P(g) respectively as

Q@) =Zag® - @ Loy (1.3.9)
P(g) =ZAy® - - ® ZA, (1.3.10)
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For any 0 < 4,5 < r, we have (Ai,a}/) = ;5. We take the 0-th fundamental weight to be
Ao = (0;1;0), and using this we can write the affine fundamental weights as A; = A; —a) Ao,
where a; are the r coefficients of = >_7_; a)’a; expanded in the basis of coroots, which are

referred to as the comarks.
The Cartan-Weyl presentation for g together with the affine Lie brackets (1.3.2), (1.3.3), and
(1.3.4) implies the following affine Cartan-Weyl presentation for g. We use the generators

E% Hifori=1,...,7,« € A and n € Z, with the derivation cz, and central element k. The

presentation has the following defining relations

[H},, H},] = kné" 6y 4m,0 (1.3.11)

[Hy, B = "B, (1.3.12)
NEmESD a+BeA

B, B =1 2 (a Hypim + l%nén+m,0) . a=-8 (1.3.13)

0, else

[k, ] =0 (1.3.14)

[d,H!] = nH! (1.3.15)

ld, E})) = nE;, (1.3.16)

together with the Serre relations

ad(EY) 4 (BY) = ad(E, %) 44 (E4) =0, i#j (1.3.17)

m m

Note that in these relations A is the set of roots for the finite Lie algebra g, and «, 8 € A.
The affine Cartan subalgebra E is generated by k, ci, and Hé fori=1,...,7. We will also
let Ji = J'@t™ for i =1,...,dim(g) and m € Z denote a generic basis for g, where the set

{J'},, denotes a generic basis for the loop algebra of g.

1.3.2 Dynkin Labels of Affine Weights and Highest Weight Representa-

tions

Analogously to finite Lie algebras, we define a representation of g to be a vector space V
together with a Lie algebra homomorphism p: g — End(V). We define an affine weight A

of a vector v in V, to be the vector of eigenvalues

A= (AHY),...,AH})): Ak); A(d)), (1.3.18)
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of v. The first r components of A comprise a finite weight A for g, and we call the last
two the level and the grade respectively. We also define weight spaces V and the space of
weights, as for finite Lie algebras but with the finite Cartan algebra b replaced by the affine
Cartan algebra H Writing an affine weight A in terms of the fundamental weights and the
imaginary root as A = Sl _oliAi + 16 (note that A = [ly,...,l,] defines the Dynkin labels
of a finite g weight) allows us to define the level k of a weight by its action on the central

element k of § as

—R(h) = Zaw (1.3.19)

Due to the above relation, if we specify a level k and a finite g weight A, we have specified
an affine weight A by solving for lo = k — Y ._; a/l;. Finally, the affine roots are seen to be

of level zero. We will write g, to represent a g representation of level k.

We call the coefficients [; for ¢ = 0,...,r the affine Dynkin labels, and we will often write
affine weights using their Dynkin labels, for example A = [lg,l1,...,[,] (note we begin our

indexing with zero), but this notation does not keep track of the grade of weights.

We will say an affine weight A is dominant if I; > 0 and mtegml if ; € Z, and we will denote
the set of dominant integral weights of level &k for ;[( ) by P,.. We will sometimes denote
the subset of these whose Dynkin labels satisfy {; > 0 for all t=0,...,7r, by P: ,:r. We will
also use P;m and P to denote the set of all dominant integral and strictly positive integral
sl(r) weights respectively. Associated to a dominant integral weight A = [l, ..., 1], we will

define a Young diagram par(A) = (par(A)j, par(A)a,...), whose parts are

"L 1<i<n-—1,
par(A); = 2=l - (1.3.20)
0 i>n,

which is the partition associated to A the finite part of the weight we defined when describing
the Littelwood-Richardson rules.

Consider the level k = lg + > ..
definition of 6 so that for dominant, integral weights k € Z>o. As in the finite case, highest

'y a]l; of a weight A, the comarks satisfy af > 0 by the
weight representations of dominant integral weights are of particular interest. We again
denote the irreducible highest weight module (produced by a quotient of an affine Verma
module analogous to the finite case) by Lj for dominant, integral A. This module L, is not
in general finite-dimensional (and as such our algorithm described above for the finite case

will not in general terminate), instead it is integrable which we define below.

Definition 1.3.2.1. (4.2 and 4.8 in [56]) A representation p : g — End(V) is said to be
integrable if
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o Vis E—diagonalizable, that is it decomposes into weight spaces Vj of H as

V=EVa. (1.3.21)

e For A €b, dim(Vy) < oc.

e Recall Qy denotes the weight space of V(defined in 1.2.1). For all A € Qy, there exists
M > 0 such that for any m > M, A+ma; ¢ Qy and A—ma; ¢ Qy, foralli =0,...,r.

In chapter 5, we will need to find sequences of raising and lowering operators that when
applied on a vector of weight A in a representation, gives us a vector of weight A. Stated
another way, we wish to find sequences of affine roots, that when added together, form the
difference between two dominant integral affine weights. Here we describe how we will do

this, by mapping Dynkin labels of level 0 weights into sets of affine roots.

Since k is central in g, we see that the level is constant across all vectors in a highest weight
module. The Dynkin labels of the simple root «; are equal to the i-th row of the affine
Cartan matrix

o; = [Aio, Ait, - -, Air], (1.3.22)

and this gives us an easy way to calculate the weight of the state E+% [[lo,...,l.]) by A+a; =
[lo £ Ao, ..., 1. £ A;], and we can extrapolate this to (E%)" ... (E%)" |A) by linearity.

This is just the matrix multiplication A - (ng,...,n,)T.

We can invert this process using the finite Cartan matrix A for the finite Lie algebra g

associated to g. In the irreducible module Ly, consider the two weights A" = [If),...,[.] and
A" =1, ...,1”] such that A’,A” € Q, and A” is a descendant state of A’, where we then
have .
A =N =Y nio;. (1.3.23)
=0

Note that since A” is a descendant of A’, we wish to find an expansion in terms of roots such
that n; > 0 for i = 0,...,r. We define the finite weights A’ = [I},...,l.] and A" = [I{,... 1]

associated to A’ and A”. First we calculate
ATV = =T (1.3.24)

which gives us an r-dimensional vector R = (Ry, ..., R,), whose entries give a root expansion
between A’ and A”. If we have that R; > 0 for i = 1,...,r, then the weights A’ and A” first

appear at the same grade and

A=A — Z Ria. (1.3.25)
=1
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In this case, we have ng = 0 and n; = R; for ¢ = 1,...,r. If one or more R; < 0, then we
define min;—; _,{R;} = m and R’ = (R; + m, Ry +m,..., R, +m), for which R, + m > 0
for i =1,...,r. Then m is the difference of grades for which A’ and A” first appear at. We
then have that if A’ first appears at grade g € Zso, there exists a vector v{, ™ of weight A’
at grade (g + m) for which we have a vector v}}, of weight A” at grade (g + m) which is
obtainable by some sequence of lowering operators where we use exactly R; applications of

E~% foreachi=1,...,r.

Thus to obtain the positive integers n; for i = 0, ..., r defining the weight A” as a descendant
of A’ through a sequence of of n; applications of E~% for i =0, ...,r, we need to first move
from A" at grade g to A’ at grade (m + g) and then follow the sequence defined by R. Since

the affine root ap takes us one grade higher we can then use ap =Y ;_; o to see that

r

A" =N —mag =Y (Ri + m)a, (1.3.26)
i=1
and in this situation we have ng = m and n; = R; + m for i = 1,...,r. This approach to

moving from roots to Dynkin labels and vice versa using the A and A~! will be crucial to

our conjecture in chapter 5.

Remark 1.3.2.2. These computations rely on the fact that for a fixed level k, we can fully
specify g weights by defining their finite parts. In this case, since roots are of level 0 and

we are considering two descendant states, we know the level of their difference will also be 0.

Abstractly, we say that two level k weights A1, Ay are in the same congruence class, if
A = Ay + Y77 ymya; for m; € Z, and this means that all weights in a highest weight
representation are in the same congruence class. To determine the congruence class of a

weight A = [lp,...,[,;] we define

cls(A) =) " bil; mod (det(A)), @ # $0(4n),° (1.3.27)

i=1
and if cls(A1) = cls(A2), they are in the same congruence class. The numbers b; are specific
to g, and they can be found for all simple affine Lie algebras in [48, Fig 6.7]. We define
an affine Weyl reflection w, with respect to an affine root o # nd on a weight A (it should

always be clear from context if s, is a finite or affine Weyl reflection) as

sa(A) = A — (A, aY)a, (1.3.28)

5We will never consider § = 50(4n) in this thesis. The interested reader can find the formula for congruence
classes in this case in [48].
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and for o = (¢/;0;m) and A = (A’; k;n) we can make this explicit as

Sa = (Sar (A + kma/); k;n — [(A, ) + km]%) (1.3.29)
We define the affine Weyl group W to be generated by the set {Sa}aeA\{né}nez- W divides
the space of affine weights into affine Weyl chambers defined by

Cw = {A|(wA, ;) > 0,0 =0,1,...,7}, (1.3.30)

for each w € W. We define the fundamental chamber Ce to be the chamber corresponding
to the identity e in W, and for A € C, we can see that A is a dominant weight. Orbits of
the Weyl group have infinitely many weights and have a unique dominant weight within the

fundamental chamber.

1.3.3 Characters

We define the character X?\ of the affine highest weight module L, similarly to the finite case,
although character functions for affine Lie algebras are more involved to calculate. A central
problem being the computation of infinite multiplicities, and as such affine characters will
therefore involve infinite series. Recall for a representation V' that y is the set of weights
of V.. We say a weight p € Qy is mazimal if (u+9) ¢ Qy, and denote the set of all maximal

weights by Q7*%*. Note that if u € Qp,,, cls(p) = cls(A). We collect the information of states
g Yy Sy K A 2

A

. (q) of multiplicities which we

with weight pu, 0 — §, p — 26,... into a generating function o
call the string function of u in Ly, defined by

Jﬁ(q) = Z mult(p — nd)g™. (1.3.31)
n=0

It is clear that knowing all of the string functions for a highest weight representation is
equivalent to knowing the character, because if p/ € Q, we have that y' is either maximal

or of the form ' = p —nd for p € Q7 and some n € Zso. However, we can calculate

A
m

each p € QF'**. To see this we use the following lemma which is a generalisation of a similar

the affine character without explicitly calculating each string function o7} (g) associated to

result for finite Lie algebras

Lemma 1.3.3.1. ([50]) Let w € W and p € Qr,, then mult(p) = mult(w(pw)).

Thus, the complete information needed for an affine character of Ly is contained in the string

functions of all the dominant maximal weights in Ly, and the full information is obtained
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by Weyl reflections. We write the affine character for Ly with A a level k weight as

A= D mult@er = 3 oi(e?) e (1:3.32
HERL peQer

In section 1.5.9, and subsequently chapter 4, we will use the Weyl-Kac character formula

57, eq (10.4.5)]
e(w)ew(A+p)
e(w)ew®) -

NEDY

wew

(1.3.33)

We now specialise to the case of g[(r) and define vectors e; € C" by embedding the roots

of 5A[(7") into C" in the fundamental representation. We then have that o; = e; — ;11 for

i=1,...,r—1. with ayp = e, — e; + . We then write the character function using the
convenient notation e™® = q, €% = x; for i = 1,...,r — 1, and define x = (x1,...,2,_1) S0
that

0 (g53) = ey (1.3.34)

e 0q,e®1x1,...,e°7—lisx,_

We will also need a different form for the ;[(7") characters, using a set of variables t =

({1, - ,{r_l). The t parameters will be associated to the fundamental weights instead of the
simple roots. The relation o; = —A;—1 + 2A; — A; 41 then gives us the change of variables
AN {i‘}f“ s gy = aztbr (1.3.35)
Tit1 t; Lt

where 1 < i < r and we set t, = tg = 1. This gives us an explicit form of the E/:\[(’r‘) character

as [41]

° r—1
Ar, 2 h Na(g,t) 2 d;
Xa g t) =q™ — — — %, (1.3.36)
A (695" [h<icj<r(timiti/titi—15 @)oo (g titj—1/tim1tj5 @)oo }:[1

where, with A\ = par(A),

: : TRk AN —F—Aiti (A )it L 2
Nale )= 3 det (bt PRI gk ) (1.7)
ki,..kr€Z T T
k1++kr:O

We also define the principal character Prxa(q) as

sl _A sl
Prxf\(r) (q)=e Axi(r)(q;x)‘ qg” . (1.3.38)
zi—q, t=1,...,r
We will refer to the principal character as the 5A[(r) g-character in the sequel, and when it is
clear to do so we will write the principally specialised character as a character Xf\[(r) (¢) which

is a function of only ¢. In principle, the multiplicity of weight © € Qr, can be calculated
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using Freudenthal’s recursion formula (see [51, §22.3])

o
(A + ol — |+ pPymult(e) =2 S 3 (1 + j, a)mult(s + ja), (1.3.39)
Ot€£+ J:]‘
where p = [1,...,1] is the affine Weyl vector, and £+ are the positive affine roots which we

count with their multiplicities (that is 1 for real roots and r for imaginary roots). In practice
this calculation is too involved for most highest weight representations, and when we need
the coefficients of string functions for computations we will use the tables in [49] (themselves

based on the formulas found in [55]).

1.3.4 Integrable sA[(n) Highest Weight Representations

Central to this thesis is the structure of integrable 5A[(n) highest weight representations, which
we will explore in more depth here. The finite Lie algebra g = sl(n) is of rank (n — 1) with
highest root § = a3 + -+ + an—1 [58], so that ;[(n) has n simple roots {a;}i=o,.. n—1 and
Cartan matrix (A;;); j=o,. n—1 defined by’

-----

2 i =],
Aij =14 -1 i=j+1 modn, (1.3.40)
0 else.

We let A = [lo,...,lh—1] € P: . be a dominant integral weight of level k£ and consider the
integrable highest weight representation L with highest weight vector |A). When computing

congruence classes in g[(n) representations (see equation (1.3.27)) we have b; = ¢ so that for

n= [l67 71;1—1] € QLA

n—1 n—1
cs(p) = Zzl; = Zili = cls(A) mod n (1.3.41)
i=1 i=1

From this we can see that there are n congruence classes of weights for ;[(n)

Example 1.3.4.1. Consider the possible highest weight ;[(2)2 representations. We have 3
dominant integral weights [2,0], [1,1], and [0,2] which are of class 0, 1, and 0 respectively.

Thus, for Ly g and Ly 5) we need the two string functions J[g 0 and o ., for weights in class

[0,2]
0, that is A = [2,0], [0, 2], to calculate the character function x, where [2,0] is the highest
weight of Lz}, and [0,2] is obtained by [2,0] — ag = [2,0] — [2,—2]. Similarly, [0,2] is the

highest weight of Ly o], and [2, 0] is obtained by [0,2] — a1 = [0, 2] — [~2,2]. Notice that two

"It is easy to check that this has the sl(n) Cartan matrix as a submatrix for 4,7 = 1,...,n — 1, one can
then calculate the zeroth row and column using (ao, ;) = (—6, ;) and (a;, a0) = (o, —0).
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weights [2,0] and [0, 2] are not in the same W-orbit. For Ly 1), there is only one weight of

class 1 so that we only need the one string function O‘HH
For A = [ly, ..., ln—1] € P, we define a dual weight AT = [lj,...,1,_,] € P as follows. We

first define the set o = (01, ..., 0,) where 0 = Zf;& l; (note that (k—o1,k—09,...,k—0p) =
par(A)), and define

AT =)"A,, (1.3.42)
j=1

where we define the subscripts modulo k. Note that this ensures that the zeroth label [j > 1
as o, = Z?:_ol lop =k =0 mod k. We can visually represent a dominant integral weight
A€ PT:T . and its dual weight A e P,: ,, using a closed ring with beads placed on it, which
we call a Dynkin ring. We consider (n + k) equidistant slots for beads which we label

1,2,...,n+ k, and then fill the slots corresponding to the set
7j—1
wA)={j+> Llj=1,2..n} (1.3.43)
i=0

The dual weight Af is then obtained by interchanging beads and spaces and then calculating
the I;’s, although cyclic permutations of labels are equivalent in this process due to the
rotational symmetry of the ring. We fix a convention of labelling the beads in a clockwise
manner, beginning below the 3 o’clock position. It should be clear to the reader that the

double dual (A)! is some cyclic permutation of A.

Ezample 1.3.4.2. Consider s[(2);. Let A = [2,1] € P;:3, so that 0 = (2,3). We obtain the
dual weight AT = [1,0,1] € P;z of 5A[(3)2 (note that I = 1) and we see that w(A) = {3,5}
and w(AT) = {2,3,5}. We see that A and AT are obtained from each other by interchanging

beads and empty slots and a cyclic relabelling of slots.

4 4

FIGURE 1.2: The Dynkin rings of A = [2,1] and AT = [1,0,1], the labelling convention
employed in this thesis is shown in this example.

Later, when discussing minimal model coset characters arising from the AGT conjecture for
gauge theories on C2/Z,,, we will use this process of computing dual weights when translating

from gauge theoretic to CFT objects and vice versa.
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Analogously to the finite case, if we have an affine Lie algebra g with p C g an affine
subalgebra, the highest weight representation L has branching rules as follows where k €
Z>q
Lals = @D ba(u—ks) Lu—rs:  ba,(u—ts) € Zz0, (1.3.44)
1,k

for 4 a p dominant integral weight. We call the integers bA,(u—ks) the affine branching
coefficients. More care must be taken in affine branching, as the imaginary root does not
change the Dynkin labels of an affine weight, we must consider every possible variation of
applying & when calculating branchings. We collect the information of an affine branching

into the g¢-series branching function using the branching coefficients as

b (@) =D ba k)" (1.3.45)
k=0

Branching will be important when discussing coset characters, as these character functions

are extremely similar to branching functions. We will exploit this in chapter 5.

1.3.5 Crystal Bases and Paths for ;[(n)

We wish to introduce canonical bases for our integrable ;[(n) modules that will allow a
systematic study of certain module tensor products. As such we will use the crystal (or
canonical) bases of the Kyoto school which were introduced independently in [37] and [59].
There is an alternative approach to these structures using paths as a basis for E:A[(n) which
originated in [60]. The path model was subsequently further developed by Littelmann (see
[61, 62]), and we will tend to refer to the paths in this approach as Littelmann paths.

Here we will describe the data involved in defining the crystal basis and crystal graph associ-
ated to an integrable E;A[(n) representation and the structure of these under tensor products.
We will not prove any formula, nor the existence and uniqueness of any crystal graph related
data for integrable g[(n) representations. Aside from the references above, the interested

reader is referred to [38, 63, 39, 64] and the more modern review [65].

Before we continue, we must point out that although crystal graphs and bases are associated
to modules of the quantum group Uy(sl(n)) at ¢ = 0, we will treat them as associated to
;[(n) modules (as is common) due to their role in the Littlemann path formulation®. We will
focus on crystal graphs associated to the affine Lie algebras 5A[(n), but also note that this

same structure exists for finite Lie algebras (such as sl(n)).

81n the Littelmann path formulation there are operators e, and f, equivalent to the Kashiwara raising and
lowering operators [66], and one can also define the Littelmann coloured graph G(m) which was independently
proven to be isomorphic to the crystal graph in [38] and [67], and as a corollary to the work in [68].
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Let La be the irreducible highest weight module of sA[(n) of highest weight A € PF. We
now describe the crystal graph, denoted by Ba, of Ly. The nodes of By are labelled by
special basis elements {b}yep, for Ly, the crystal (or canonical) basis By. We also define
the Kashiwara raising and lowering operators e; and f; for ¢ = 0,...,n — 1 that act on Ljy.
We denote the edge set for By by Ej. For each i-coloured edge (b N b') € Ep between
two nodes b,b’ € By, which we will denote as an ordered pair (b,b');, there is an action of
Kashiwara operators between the corresponding vectors in Ly. We have the following action

among corresponding basis elements b, € Ly
fib) =V, e(t)) =0, (1.3.46)

and f;(b) = 0 (equivalently e;(b') = 0) if there is no (b,0'); € E for some b/ € By (respectively
b € By). Using this, we identify an action of e; and f; on B U {0} such that e;(b') = b and
fi(b) = b’ if there exists (b,0'); € Ep and e;(V') = fi(b) = 0 otherwise.

Crystal graphs can also be defined starting from the action of operators f; and e; on a set
of nodes. In that case, we define the data of a set of nodes B and operators f;,e; : B —
BuU{0} for i =0,1,...,n — 1 and define a crystal graph B with nodes B and edges (b,b’);
corresponding to f;(b) = b’ (equivalently e;(d') = b).

Ezample 1.3.5.1. We consider the s[(3) highest weight representation Vj with highest weight
A =[1,0]. If we denote the highest weight vector by v, this module has a basis composed of
v, fiv, and fs fiv, and we have the following crystal graph B.

v 1 fiv 2 fafiv
.H . H .

Here the numbers over the edges denote their colours.

Due to the absence of mono-coloured cycles, the graph Bj\, with nodes B and the i-coloured
edges which we denote Ej\, is composed of disjoint finite directed paths which we call i-strings.
For fixed 7 =0,1,...,n—1, each node b is part of one ¢-string, which we split into two halves,
the sequence of edges (e;(b),b);, (€2(b),ei())i,- .-, (e?(b)(b), efi(b)_l(b))i and the sequence of
edges (b, f;(b)), (fz»(z)"(b)_l(b)i, ey ffsi(b)(b))i, where we have defined €;(b), ¢;(b) € Z>¢ to be
the minimum integers such that e=(®+1(p) = f%(+1(h) = 0. These numbers are always

finite since L, is integrable.

Using this, we associate to a node b € By an i-signature w;(b), which is a sequence of ;(b)
number of minus signs followed by ¢; number of plus signs, and an integer ;(b) = ¢;(b) —&;(b)
which we will refer to as a label. Below we will see that these labels [; form the Dynkin
labels for states in the module Ly. We can visualise the application of e; on a node b using

i-signatures, where applying e; to b flips the right most minus sign in w;(b) to a plus in
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w;(e(b)) and the action of f;(b) as flips the left most plus sign in w;(b) to a minus sign in
wi(f(b)).

Example 1.3.5.2.
bi(b)=2

SO _ A0 _ ) — b 4 b 4 20
. H . . —>.H . H .

l

(1.3.47)

-~

€i(b)=3
In the example above, we have an i-string of 5 edges, corresponding to 3 possible applications
of e; and 2 of f; on the node b. This gives us ¢;(b) = 3 and ¢;(b) = 2, the i-signature as
wi(b) = — — — + +, and the label [; =2 -3 = —1.

We use ¢;, ¢;, and I; to make contact with the representation theory of L as follows

Definition 1.3.5.3. ([64, 2.1] specialised to sl(n) integrable representations) Let A; for i =
0,1,...,n — 1 be the fundamental weights of fsA[(n) For each b € By define the following 3
elements of the weight lattice P(sl(n)):

L ¢(b) := 22150 () A,
2. e(b) == X1 eilb)A

3. wt(b) = Z?:_()l lez

The weight wt(b) is equal to the weight of the corresponding vector by € Ly, and the I;
form the Dynkin labels of wt(b). Let B} be the crystal graph of the highest weight module
Lj and Bi, the one of Ly, with corresponding nodes B}\ and B?,. We define the product
crystal graph By s/ as the graph with nodes By or = {b1 ® ba|b1 € Bj, bs € B%,} and edges’
(b1 ®ba, b ®@0)); € Ep pr corresponding to f;(bi ®bs) = b} @b, The crystal graph defined this
way is the crystal graph of the tensor product Ly ® Ly [69]. The action of the Kashiwara
operators is defined as follows for the node (b; ® by) € B}X’i, where by € B}\ and by € Bi,,

ei(by ® by) = ilb) @bz, 9ilhr) 2 eilbr) (1.3.48)

b1 ® ei(ba), else

Fi(by © by) = fi(b1) ® by, @i(b1) > €i(b2) (1.3.49)

b1 ® fi(ba), else

9Here the pairs of nodes in each factor, that is by with b} and by with b5 are not necessarily distinct from
each other.
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Ezxample 1.3.5.4. We consider again the module V) and crystal graph Bj from example
1.3.5.1. We have the following values for ¢; and ¢; for i =1, 2:

v | fiv | fafiv
€1 10| 1 0
e l1] 0] o
e 0] 0 1
élol 1] o

Using these we can build the crystal graph By a using the crystal graph tensor product rules
(1.3.48) and 1.3.49. We borrow this example and diagram from [70] and will match this

notation by defining v — vy, fiv — vo, and fofiv — vs. In this picture we have placed all

%4
1 fo
V1 V2 V3
bil fo
U1 V] ® V] ———————V9 ® V] ———— U3 @ U]
bil fll fll
fo
Vv Vo V1 X U2 Vo & V9g——— V3 K V9
fo le f2l
bil
U3 V1 ® VY3——— V2 K U3 V3 X U3
VeVv

the nodes v; ® v; € Ba A on a lattice and then placed arrows corresponding to the action of

f1 and fy according to our rules from above.

Remark 1.3.5.5. Drawing the tensor product in this way, where we have the crystal graphs
of the two factors on the outside, allows one to clearly see some features of its structure.
For instance, one can only have arrows corresponding to f; parallel and in line with one
of the f; occurring in one of the factors. Furthermore, the disjoint connected components
of the product graph correspond to the tensor product decomposition into highest weight
modules. From this simple diagram we can easily see that we have the following tensor

product decomposition of sl(3) highest weight modules:

L[I,O] ® L[l,o] = L[2,0] & L[o,u. (1.3.50)

The utility of this construction is much clearer when considering the i-signatures in the tensor
product. The i-signature w;(b; ® by) of a node by ® by € le\i is obtained by placing the
i-signature w;(b1) to the left of w;(b2) and successively eliminating pairs of signs where a +

sign is to the left of a — sign, a process we will denote by bracketing.
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Ezxample 1.3.5.6. Consider two nodes b; € B}\ and by € Bﬁ with i-signatures

wz-(bl) - - — — — ++, (1'3'51)
wibs) = — — —+, (1.3.52)

the i-signature of the node b; ® by € B}\i is
wib1®b)=————(+H-)-)—+=————— +. (1.3.53)

We will use notion of the generalised i-signatures later. A generalised i-signature is a sequence
of + signs, — signs and empty slots [] with an infinite cyclic tail condition. For a highest
weight 5(n)j-module with highest weight A = [dy, . .., dn_1], the infinite cyclic tail condition
is such that for sufficiently large m the m-th slot, denoted by wj,,, in the generalised i-

signature is defined to be

- —+...+ 0...00, m =1 mod n
—_— N —~—
Wim = d; diy1r  k—di—dipa (1.3.54)
...0, else
k

Remark 1.3.5.7. These generalised i-signatures are equivalent to the Kyoto (and Littelmann)
path models for integrable highest weight f/,\[(n)k modules, see [37, 38] and [66, 61, 62]. We
use them as a way to capture the combinatorics of tensor products of highest weight 5A[(n)—

modules.

For us, the utility of the crystal graph construction comes from the interpretation of the
i-signatures combinatorially. Having done so, we can easily calculate characters for tensor
products of integrable ;[(n)—modules by taking products of the generating functions for i-
signatures. These generating functions have been shown to be the characters of CFT minimal
models (explained in section 1.5), building on the ABF path approach to restricted solid-on-

solid integrable models [71]. This forms the basis for our arguments in chapter 5.

1.4 Young Diagrams and sl(n)

Here we will describe a connection between highest weights of qu[(n) N-Tepresentations and

cylindric partitions. This section builds on the content of sections 1.1, 1.2, and 1.3.
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1.4.1 Cylindric and Burge Partitions and ;[(n) Representations

Let {Ao,...,An—1} be the fundamental weights of s?[(n), so that they form a basis of the
weight lattice P(sl(n)) of sl(n). Let A = S aihi, a; € Zsg, be a dominant integral
weight. We can rewrite A as A = 25\501 Ao, where 0 < g9 < --- < ony_1 < n, uniquely.

The number N is referred as the level of A. Under this prescription we have explicitly

o= (00,...,0on-1) =(0,...,0,...,n—1,...,n—1). We define {; = 0541 —0; for 0 < i <

— ~
ao an—1

N —1 and {y—1 = n+ on—1 and use these to specify the cylindric inequalities (1.1.11) for

¢ = (¢o,...,¢n_1) that are equivalent to the fundamental domain shape (co®)/(n%, (n —

1), ..., 19-1) /n.

This process also works in reverse, given a set of cylindric inequalities we can associate a
dominant integral a(n) ~ weight. We will denote the set of all cylindric partitions whose
cylindric inequalities are associated to an ;[(n) weight A in this way by Cp. Note that the
level of the affine weight is equal to the number of rows of the fundamental domain shape

(the parameter N), and the rank is the cyclic shift (the parameter n).

Example 1.4.1.1. Consider again the cylindric partition 7 with fundamental domain shape
(003)/1/4, where = (1,1,0), from examples 1.1.2.3 and 1.1.2.5 above. We can read off
the level and rank of the associated weight using d = 4 = n and N = 3, which is the
number of rows of p. Using the above prescription, we can use (g = 3 —pue =1—-1=0,
(i=po—pus=1—0=1and (o =d— 1 + u3 =4 — 1+ 0 = 3. Therefore, the associated
;[(4)3 weight corresponding to these ¢; is A = Ag + Ao + A1 = [2,1,0,0]. The interested

reader can easily check that this gives the cylindric inequalities from the previous example.

Example 1.4.1.2. We now work in the reverse direction, and begin with an fsA[(n) weight
to obtain the associated cylindric inequalities. Consider the fundamental domain shape
associated to the sl(3); weight A = Ag 4+ Ag + Ay + Ay = [2,1,1]. Using the prescription
above we find that (=0, (1 =1, (o =1, and (3 =3 — 2 = 1 so that we have the following

cylindric inequalities

A >0,
RPN
A 2 a7
A=A
We then choose a specific example of this fundamental domain by using the following quadru-
ple of Young diagrams A = (A® XD A A where A = (6,4,1), AV = (4,2,1),
A2 = (3,2,1) and A® = (5,1,1). One can easily check the parts of these satisfy the cylin-

dric inequalities above and visually we can represent this quadruple of Young diagrams and
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cylindric inequalities by the cylindric partition:

= N e O
— N
—_ =

— =W

Remark 1.4.1.3. The fundamental domain in the infinite array picture could begin on any
row, thus domains defined by a cyclic permutation of the labels and (;’s are equivalent. This

changes the associated weight by a cyclic permutation of the labels ¢y through ox_1 and

relabelling op = n — ony_1. Moreover we see that the weights A = [dy,dy,...,d,—1] and
N =[di,ds,...,d,_1,dy] have equivalent associated fundamental domain shapes.
We can define a natural colouring on a cylindric partition A = (A, ..., X(N=1) using its

associated E:A[(n) ~ weight. We colour its component Young diagrams with n-colours such that

the diagram A\ has a charge o;.

There is no reason to restrict only to this natural colouring, and we can also define other
colourings on a cylindric partition A in m colours by the charge maps o : {0,1,... ,N—1} —
Zom, where we denote o; = (i), and define 0 = (0y,...,0n_1) € (Zm)" to be the vector of
charges. Note that this general colouring works on any N-tuple of Young diagrams, and we
will not restrict this process to apply to only cylindric partitions. Once we have assigned a
Zm-charge to each component Young diagram, we colour them as described above and this
defines a colouring on the N-tuple A. We will sometimes denote the m-coloured N-tuple
by A7 = (()\(O))"O, e ()\(N_l))”Nfl), although it is usually obvious if we are discussing an

N-tuple A that is coloured or not.

We will let k:j(-i) denote the number of j-coloured boxes in A#) and 6kj(.i) = kj(.i) — k:(()i), we
then define k; = Zi]i_ol k‘j(-i) and 0k; = Ziji_ol 5k](-i) for 5 = 0,1,...,m — 1, and let & =
(ko,...,km—1) and 0k = (dko,...,0kn—1). By defining the size of a N-tuple of Young

diagrams to be [A| = SN 1 A@)|, we have that [A| = Z?”;Ol k;.
We will also consider more general cylindric style partitions by introducing a second vector
of positive integer parameters & = (&o,...,En_1) € (Zx0)V 1.

Definition 1.4.1.4. Let X = (A\©, ..., A=1)) be an N-tuple of Young diagrams and ¢ =
(Coy---yCn=1) £ = (&,...,&n—1) be N-tuples of positive integers. If A satisfies

(i) < y(i+1)
A > AN g, (1.4.1)



Preliminaries 38

we say it is a Burge multipartition of weight ((, &)

In the spirit of the connection between cylindric partitions and s?[(n)—representations, we
choose to take both ¢ and £ as defining ;[(n) weights. In this case, we have that { € P]J\;n

and £ € P]J\; ;. for some level k.

Remark 1.4.1.5. Building on our discussion of the 3D interpretation of cylindric partitions,
we can think of the presence of non-zero ¢ as a 3D shift of Young diagrams. Cylindric
multipartitions only depend on (, which was visualised as a shift in the 2-dimensional xy-
plane, as demonstrated in our visualization of them as arrays of numbers. The extra shift

introduced by £ can be thought of as an additional shift along the z-axis.

We consider Burge multipartitions to be generalisations of restricted partition pairs [72],
as considered by Burge hence the name, which are N = 2 Burge multipartitions in this
language. The cylindric partitions and Burge multipartitions themselves are special cases of
(a, B)-cylindric partitions. In the language of [35], Burge multipartitions are (0, 3)-cylindric

partitions, where 3 carries the information of both ¢ and &.

1.4.2 Generating Functions

From an AGT perspective, the combinatorial objects we have just defined will be taken to
represent physical states that we will sum over when defining the instanton partition function.

For our purposes it will be useful to count these states using a generating function.

Recall that Cp denotes the set of all cylindric partitions associated to a weight A € PJ N

We define the generating function X} of coloured cylindric partitions associated to A by

n—1
Xi(gz)= Y q" J] 2" (1.4.2)

AeCp =1

Here the exponent of q counts the 0-coloured boxes and the exponent of z; counts the differ-
ence between i-coloured boxes and 0-coloured boxes. We will also define a specialised version
of the generating function depending on only the parameter ¢ by first sending q — ¢" and
then z; — ¢

Xalg)= Y g@imo k= 3 gl (1.4.3)

AECA AECH
this specialised version ignores the colouring data, and thus counts uncoloured cylindric

partitions.
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Lemma 1.4.2.1. ([47]) For an fsA[(n) weight A we have the following explicit expression for the

specialised generating function Xx(q),

Xala) = Y a* =

AECA (7 9)5% Ki+-+Kp=0

> det (q(ut—t)(nKs+s—t>+KS(%nKs+s)(n+N)) ’

1<s,t<n
(1.4.4)
where p = (n, (n — 1)%,...,1% 1) is the partition par(A) associated to A (see 1.3.20 for

a definition).
In this lemma we have used the following notation
k .
(a;q)x = [[(1 - ag), (1.4.5)
i=1

for the ¢-Pochammer symbol. We will frequently make use of the g-Pochammer symbol

throughout this thesis in the guise of

=14q¢+2¢°+3¢3+5¢"+ ..., (1.4.6)

(45 @)oo

which is the generating function for partitions

DO L —— (1.4.7)

A€Par <q; Q)oo

Remark 1.4.2.2. As explained in [47], this expression for the generating function X, (q) is
a special case of [35, Th 2], where a more general expression is obtained in terms of the
parameters notated as bs and a;. We can then obtain (1.4.4) by substituting the value b = 0

and sending a; — oo for all ¢ and s.

Consider an N-tuple of Young diagrams A = (A ... A®N=1) Define k;()\) to be the
O _

number of rows with i number of boxes (that is Ay, = i for some 1 < m < I(AW) and

0 <1< N —1) such that the box at the end of the row is j-coloured, in all diagrams!®.

Definition 1.4.2.3. ([73]) A is said to be highest lift if for each ¢ > 0, there exists at least
one j > 0 such that k:;()\) = 0. If X is also a cylindric partition, we call it a FLOTW!!

multipartition.

Ezample 1.4.2.4. In the case of N = 1 and arbitrary n, every Young diagram A = (A1, A2,...)
is a cylindric partition by the weakly decreasing property on its parts. In this case, k;()\) =0
implies that no more than (n — 1) parts can be equal to each other. This condition defines

the n-regular partitions and they are the highest lift FLOTW multipartitions for N = 1.

10Note that this is a different object to k:](-i) which we defined above. These two notations are differentiated
by the presence of the brackets on the superscript i.
HNELOTW is an acronym for the first letter of the surnames of the authors in the referenced paper.
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The following lemma shows how the concept of highest lift multipartitions is useful when

computing generating functions of cylindric partitions.

Lemma 1.4.2.5. ([47]) The generating function for FLOTW multipartitions (XX)*(q;z) is
related to the generating function X}\‘(q; z) for cylindric partitions by

(XX)*(a;2). (1.4.8)

XR(a2) = (q;il)oo

Importantly, the generating function of FLOTW multipartitions gives the character (1.3.34)
for irreducible integrable ET[(n) ~ highest weight modules, denoted by Ly, as

" (a:2) = M) (a:2) (1-4.9)

where q = € and z; = e for i = 1,...,n — 1. Explicitly, let A = ngl A,,, where

o9 > -+ > on—1, and define the partition o = (09,...,on_1). In chapter 4, we will match
the character for ;[(n) ~ highest weight modules with a generating function for coloured
cylindric partitions with charges defined by ¢. Due to this, it will be convenient to consider

a weight A to be defined using o.

We define M? to be the set of N-tuples of coloured Young diagrams A = (A0 ... AV-1))

that satisfy the following inequalities between their rows

AP > A forj>1, 0<i< N -2 (1.4.10)
ANV S A0 for > 1, (1.4.11)

it is clear that these are the cylindric partitions associated to A so that M = C,, but
here we think of them as defined by the charges 0. We take each o; to be the natural
charge described above to colour A(*) with n colours and denote the resulting coloured Young

diagram by (A())?. We will identify (A())% with A(*) when it is clear to do so.

We define MJ C M7 to be the FLOTW multipartitions and have the following explicit

expressions for the character formula Xj\[(n)N (which we defined in (1.3.34)).

Lemma 1.4.2.6. ([60]) The character formula Xf\[(n)N has the following forms as sums over

M forg=e%and t; =e® and t = (t;,...,ty_1)

sl(n) oA ey P s
1
Xy N (g, t > g™ (gﬂ) (1.4.12)

AEMY 1=0
A3 o ()
ko(A
q ( ) . (1.4.13)
N tit1

Where e; — e;+1 = «a; are the weights of the fundamental representation Ly, of sl(n).
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As described in [47], the set M of all cylindric multipartitions is isomorphic to the product
of M? and the set of partitions
M7 < MY x Par. (1.4.14)

Under this isomorphism, an N-tuple of coloured Young diagrams A is mapped to (\*, )
where 0k;(\) = 0k;(A*) and ko(N\) = ko(A\*) + |u|. We can then use the generating function

for partitions to obtain the following expression for the character of Ly

AN (4,6) = (43 9) 0 <€A > V] ( ) ) ’ (1.4.15)

Nyt ey tir1

and it is this form of the character that we will compare against in chapter 4.

1.5 2D Conformal Field Theory

In this section we will review the necessary 2D conformal field theory notation, objects, and
results for studying an AGT style correspondence. As such, this will not form an in-depth
or comprehensive review of 2D conformal field theory as a whole. We will focus mostly
on collecting results and fixing notation except where we deem it enlightening to expand

calculations for the subsequent work presented in chapters 3, 4, and 5.

Most of this material is standard and taken from [50] with some sections, especially our
discussion of the free boson in section 1.5.6, supplemented by [74]. Our discussion of Liouville
theory in section 1.5.7 also draws on the notes [75], and we have also used this when writing
about axiomatic foundations for CFTs in section 1.5.1. Each of these three references are
excellent resources to learn CFT, although we single out [50] as the bible of CFT and [75]

for the reader without much of a background in quantum field theory.

This section is large, as most of the thesis centres on the CFT side of AGT correspondences.
We will begin in sections 1.5.1 and 1.5.2 by briefly reviewing two separate formalisms for
conformal field theory: the algebraic approach which is similar to what we have already
covered in sections 1.2 and 1.3, and the operator formalism. They are equivalent, as we
will describe. In sections 1.5.3 and 1.5.4 we will discuss the main objects of CFT in the
AGT context, the correlation functions and especially conformal blocks. The rest of the
sections focus on all the specific CFTs we will encounter in the context of AGT within
this thesis including: the free boson, minimal models (for both the Vir and Wy algebras),
Wess-Zumino-Witten models, coset models, Liouville CFT, and Toda CFT.
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1.5.1 Basic Definitions and Notation - Algebraic Formalism

We will begin by reviewing what we mean by conformal field theory (CFT) in this thesis,
and give a formal definition. We will then discuss some of the basic objects, definitions, and
algebraic structure of CFTs. Within this thesis, we will always take the word algebra to

mean a Lie algebra or a vertex operator algebra (VOA) unless otherwise stated.

Let (M, g) be a pseudo-Riemannian manifold referred to as space-time where g : TM xTM —
R is the pseudo-Riemannian metric. Throughout this section, we will always work locally,
unless otherwise stated, and take a function ¢(x) at the point z € M to be a function defined
for a local coordinate on M. Also let H be a vector space '? equipped with a scalar product
that is called the space of states or spectrum of the theory. We will sometimes notate an
element o € H as a ket |0). As of now, this ket notation is different from used in sections
1.2 and 1.3 as it represents any element in H and there is no Lie algebra action yet defined

on it. Below, we will link these two notations together.

Next, we recall the definition of a conformal transformation. Let C : M — M be an invertible
transformation on (M, g), and denote by g, the metric tensor on the tangent space T, M to
the point x € M. Denote by C*g¢ the pullback of g, and (C*g), the pullback at the point
z. The transformation C' is conformal if the pullback of g is locally invariant up to a scale

factor, that is
9oz = Mz)(C* ), (1.5.1)

where A(z) is a scalar, dependent only on the local coordinates for M. Here we note that

this ensures that angles are locally preserved, hence the name conformal.

In the case where M = R% and G = M is a metric of signature (p,q), the group of
global conformal transformations is the Lie group SO(p + 1,¢ + 1). Its Lie algebra so(d +
1,1) is generated by: translations P,, dilatations D, rotations L,,, and special conformal
transformations K,,. We will never need the explicit form or brackets of these generators,
although the reader can find them in [50, §4] or [74, §1]. For the rest of this section, we
will focus on the algebra of local conformal transformations for the case where M = X is a

Riemann surface.

We now discuss the algebraic structure of CFTs before providing a more formal definition.
The generating algebra of local conformal transformations in 2-dimensions is a tensor prod-
uct of analytic and anti-analytic transformations, which are generated by the differential
operators I, = —2"t10, and [,, = —2"T10; for n € Z respectively. This is isomorphic to

two commuting copies of the Witt algebra, a Lie algebra with generators [, for n € Z and

127y pically in a quantum field theory, # is a Hilbert space. We relax this property to allow us to consider
CFTs that could be non-unitary.
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defining brackets
[y ln) = (M — n)lpgn. (1.5.2)

In a 2D theory with conformal symmetry, it is then natural to choose local coordinates

1

2z =z' +iz? and Z = 2! — iz?, holomorphic and anti-holomorphic coordinates, and we will

employ this in the sequel.

Due to the commutativity of the two isomorphic algebras, we will focus all our subsequent
discussion on just the holomorphic sector and notate objects as only depending on the holo-
morphic coordinate z. The reader should note that although most objects in the sequel will
be notated as depending on z, they will also have an anti-holomorphic factor dependent on
Z, unless otherwise stated, which we will not notate. Similarly, for any result or computa-
tion in the holomorphic sector there is usually an analogous result or computation for the

anti-holomorphic sector.

We define the Virasoro algebra (which we will denote by V'ir) as the unique central exten-

sion'? of the Witt algebra with generators L,, for m € Z that satisfy the Lie bracket

C
[Lons L] = (m — 1) Lypin + E(m3 — M)6n+m.0, (1.5.3)

where ¢ is central in the algebra. When considering a specific representation of Vir, the
eigenvalue ¢ € C of the central element ¢ on that representation will be called the central

charge.

We denote a set of functions F' = {¢1, ¢2, ...} on ¥ which are referred to as the fields of the
theory. In general, there are infinitely many such fields in a CF'T. We also note that if ¢ € F
we also have 0¢ € F'. These fields generate a vector space, called the space of fields. We take

as an axiom the state-field correspondence:

Aziom 1.5.1.1. ([75, 1.1]) There is an injective linear map from the spectrum # to the space
of fields which we notate as
loy = V(lo),2). (1.5.4)

Remark 1.5.1.2. This is not true for other fields theories, so that the state-field correspon-
dence is a special property of conformal field theories. We also note that while this axiom
usually goes by the name of the state-field correspondence in the literature it is also some-

times referred to as the operator-field correspondence, for example in [50].

13The appearance of the Virasoro algebra instead of the Witt algebra in CFT comes from the concept of
quantization in physics. We only ever consider quantum (quantised) CFTs in this thesis so will always deal
with Virasoro not the Witt algebra.



Preliminaries 44

A CFT on (%, g) with spectrum #, is a collection of functions called the n-point correlation

functions for all n € Z~
n

<H V(loi), zi)), (1.5.5)

i=1
where 21, -+ ,z, € ¥ and o; € H, that are linear on the set F' of fields, associated to H
through the state-field correspondence, and invariant under conformal transformations. In
section 1.5.4, we will discuss more of the structure of the correlation functions. Our goal is
to solve (or partially solve) CFTs, which is defined to be a determination of the spectrum

and all the correlation functions.

We collect all the data contained in this informal discussion into one formal definition for a
CFT.

Definition 1.5.1.3. (Paraphrased slightly from [12]) A meromorphic CFT (mCFT) defined
on a compact Riemann surface ¥ is composed of a vector space H and a map V (|o) , 2z), that
maps a state |o) € H and point z € ¥ to the space of fields on ¥ and H. Furthermore, there

is a distinguished state |L) which has an operator valued Laurent expansion

V(IL),2)=> Lnz "2 =T(2), (1.5.6)
nez

whose modes {L,, },cz generate the Virasoro algebra for some central charge ¢ € C.
The map V satisfies the following properties:
1. There exists a unique state |Q) € H, called the vacuum state, such that V(|o), z) |Q) =
e*l=10).
2. The scalar product'* (01| V (|0}, 2) |o2) for 01,09 € H is a meromorphic function of z.
3. (01| V (o), 2)V(|¢) ,w) |o2) is @ meromorphic function for |z| > |w].
1 (1| V(Io) 2)V(6) ) [02) = e (1] V{19, 2)V ([0, w) fra) where e = 1. TF ey =

1 we say the fields are bosonic and if €,4 = —1 we say the fields are fermionic.

Of note, property one of this definition gives us the state-field correspondence. By taking
z — 0 we obtain
V(lo),0)[Q2) = o), (1.5.7)

which is the usual form of the state-field correspondence encountered in textbooks.

The map V is called the vertex operator map. Although we have notated fields as depending

on only z, in general most fields depend on z and z (this is an example of notating only the

Y This is physics notation for (o1, (V(|o),2) - 02)) = (o1 - V(|0),2)),¥2), where ( , ) = is the scalar
product on H. We will use it throughout this thesis. In section 1.5.4, we will discuss this scalar product for
the Verma modules of CFTs and its relation to the correlation functions in more depth.
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holomorphic sectors as we noted above). Any fields that only depend on z or z are referred

to as chiral or anti-chiral respectively.

T'(z) is refered to as the (holomorphic) Virasoro energy-momentum tensor and the existence
of T'(z) ensures that H forms a representation of Vir. When clear, we will sometimes notate
V([Y),z) = Vi(z) or V(|¢),2) = ¥(z) depending on context. This is the state-field map
from axiom 1.5.1.1. While this notation is useful when developing the theory axiomatically
and using the state-field correspondence, we will usually explicitly specify fields and their
corresponding states separately for clarity in actual computations. Finally, we will drop the

meromorphic prefix and henceforth refer to mCFTs as CFTs.

We will call {L_,} and {L,} for n > 0 the raising and lowering operators'® respectively,
analogous to what was described for semi-simple Lie algebras in sections 1.2 and 1.3. We
will only consider the case where the spectrum H will be a product of highest weight Verma
modules for Vir, where each Verma module will form a representation of the same central

charge c.

As for simple Lie algebras, we define a Vir highest weight state |h) by the following two
properties
Lo|h) =h|h), L,|h)=0, n>0. (1.5.8)

The eigenvalue h of the Lg operator is what is known as the conformal dimension '°. We can
then create the descendant states of |h) by the raising operators. Explicitly, a descendant

state |1) is of the form
W) = Lp,Lpy...Lon |h), ni€ Zso. (1.5.9)

Through the state-field correspondence, we can define analogous descendant fields. In CF'T,
highest weight states are usually referred to as primary states, and their corresponding fields
as primary fields. We will only consider the case where h > 0. Analogously, the descendant

states correspond to descendant fields.

We define the Verma module V. ;, to be the Vir-module generated by the highest weight state
|h) and its descendant states, with central charge c¢. Generally, the highest weight Verma
modules generated by primary fields may form reducible Vir representations and will contain
infinitely many subrepresentations. Physicists refer to the set of a primary field and all its

descendant fields as a conformal family. If we let ¢(z) be a primary field, the conformal

15Physicists refer to these as creation and annihilation operators, due to their action on highest weight
states and the vacuum.

16The notation h for conformal dimension is not uniform across the literature. Throughout much of this
review of material we will defer to the canonical sources we have cited in the introduction and use h. When
discussing AGT correspondences, we will instead tend to use A, in line with the bulk of the AGT literature.
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family of ¢(z) is notated as [¢]. Finally, non-primary, or descendant fields in a CFT are also

referred to as secondary fields by physicists.

From the Vir commutation relations (1.5.3), we see that the raising operators, L,, for n < 0,
increase the conformal dimension (Lg eigenvalue) of a state and the lowering operators, L,
for n > 0, reduce it. We also note that even though Lg is not central in the algebra Vir,
it acts diagonally (and is the only non central generator that does so) on highest weight
representations. We will refer to ), n; as the level of a descendant state, and all states of

level [ will form the [-th level V(% of a Vir Verma module V..

Analogously to Lie algebras, CF'Ts have their own character functions which count the states

in a Vir-module. We will calculate these using AGT combinatorics in chapters 2, 4 and 5.

Definition 1.5.1.4. The character x.4(q) of a Vir Verma module V., with central charge ¢
acting on a highest weight state |h) of conformal dimension A is defined to be the trace over

the module of states weighted by their conformal dimension

Xen(q) :=Try,, g0/ (1.5.10)
=Y dim(V g, (1.5.11)
n=0

In the second line of this definition we have defined dim VC(Z) as the number of linearly

independent states in V., at level n.

Finally, we say a field is a current if it is a chiral field of conformal dimension h = 1. We

will sometimes refer to the conformal dimension of a current as its spin'”.

1.5.2 Basic Definitions and Notation - Operator Formalism

Above, we discussed the basic objects and structure of CFTs from an algebraic perspective,
focusing on the states. We now look at the fields of a theory, taking the operator perspective.

This discussion follows the necessary material in [50, §6].

Let ¢(z) be a primary field associated to a primary state |h) of conformal dimension h. We

define a mode expansion of ¢(z) by

$(z) =V(|h),2) =) ¢z " ", (1.5.12)

17Spin in a CFT is defined to be the difference Ly — Lo of the two chiral Lo operators. For a chiral field,
one of these operators (which we take to be the anti-holomorphic Lg) must act trivially so that spin in this
case is simply equal to the eigenvalue of the other (Lg).
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where the sum runs over n € Z (bosonic fields) or n € 3Z (fermionic fields). We can invert

this expansion to obtain an expression for the modes

1
=_— dz 2" 1g(2). 1.5.13
=5 b o(2) (15.13)
We now postulate two more axioms, that are essential to our operator approach to CFT. In

the sequel, we only consider theories containing bosonic fields.

Aziom 1.5.2.1. (Radial Ordering) The fields appearing within an N-point correlation are

radially ordered. Here the radial ordering operator is defined to act on pairs of fields as

) AR)B(w) if 2] > [wl,
R (A(z)B(w)) = ' (1.5.14)
B(w)A(z) if |z| < |w].

Aziom 1.5.2.2. There exists an operator product expansion (OPE) between two fields A(z)

and B(w)

A(z)B(w) = Y W

r=—00

(1.5.15)

for some rg € Z, and where the coefficients (AB), are well defined as z — w. The OPE is
understood to only hold within correlations functions, and as such radial ordering is always
assumed to hold. Usually we will deal with OPEs where rg > 0 so that there are singular

terms in the expansion.

We define the normal ordered product at the point w as the non-singular terms (AB)(w) =
Yoo o(AB)(w)(w — w)" = (AB)g(w). This is the CFT generalisation of the usual normal
ordering from physics, which we define now. The normal ordering of two free fields'® ¢1(2)
and ¢9(w) is notated as : ¢1¢2 : and means we place all raising operators involved in the
product to the left and all lowering operators to the right. Note that while normal ordering

and the normal ordered product are similar, they are not identical.

We define one final piece of notation for OPEs, where we take the singular terms to be called

a contraction, which we notate as

A(T)B(w) => m. (1.5.16)
r=1

Using this notation, the normal ordered product at w is the difference of the OPE and the

contraction of a product of fields

(4B)(0) = (A()Bw) - AG)Bw)) (15.17)

Z—w

18A free field in a CFT is taken to be a field whose OPE has only one singular term.
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The equivalence between the algebraic and operator formalism goes as follows: Consider
two fields A and B with mode expansions A(z) = Y. a,27""" and B(z) =Y, b,z " "5,
respectively. We can calculate the commutator of the modes a, and b, for n,m € Z using

contour integrals as

[, by

B < <£=0 * %”:0 dw) |2]>|w]| - (fiu:o e i:o dz> ) AT R(A(2) B(w))

BN
(1.5.18)

_ édwf;dz (wm—1+thn_1+hAA(z)B(w)> , (1.5.19)

where we have deformed the contours in between the first and second lines. Conversely, we
can reverse this and begin by calculating the right-hand side above for two fields A(z) and
B(w). Note that it is standard to drop the notation for radial ordering in such integrals, as

radial ordering is always assumed.

We have the following two examples, which we will need in the later subsections of this

section.

Ezample 1.5.2.3. The Virasoro energy-momentum tensor 7'(z) has the following OPE with

itself
c/2 2T (w) n oT (w)

T(2)T(w) = 1 5

+O0((z — w)"). (1.5.20)

(z —w) (z —w) z—w
This is equivalent to the modes L,, of T'(z) generating a V'ir representation with central charge
¢, so that a theory containing any field with this singular OPE possesses Vir symmetry and

is a CFT.

Ezample 1.5.2.4. The OPE of T'(z) with a primary field ¢(w) of conformal dimension h is

(zhf(fu)y + fqﬁ_(z)} +0((z — w)"), (1.5.21)

T(z)p(w) =
This OPE gives an action of the Vir modes on primary fields.

We can perform a consistency check on the OPEs given in these two examples, by checking
the consistency of the operator formalism with the algebraic formalism for Vir and primary

fields discussed in the previous section. In this case, we have that

€ (3

2| <[w]

=(m—n)Lpin + E(m — M) 4m,0, (1.5.22)
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by using the OPE (1.5.2.3) inside the integral. For the second, we again take ¢(z) to be a

primary field of conformal dimension h and calculate

Lod(w) = = f:o dz T (2) ()

2

= h(n+ Dw"p(w) + w" H(h+ 1)dp(w), n > —2 (1.5.23)

here we reverse the contour and calculate the residue at z = w instead of z = 0. We see
from this that indeed Lo¢(0) = h¢(0) and L,¢(0) = 0 for n > 0, and that both OPEs are
equivalent contain the same information contained within the representatinon theory and Lie
brackets we previously discussed. We also see that L_;¢(w) = d¢(w), and in section 1.5.10
we will use this to derive a differential equation satisfied by n-point correlation functions in
WZW models.

We now focus on the case where ¥ = P! is the Riemann sphere, and discuss the structure of
the OPE between primary fields. Let |h) € H be a primary state that generates a highest
weight representation of Vir, with associated primary field ¢(z). We define the notation ng
for a vector k = (k1,...,kr) € ZL, of r positive integers, to denote a descendant field in the

Vir Verma module generated by ¢ as

-

O (2) = L g L_py ... Ly, &(2). (1.5.24)

We can use this notation to write the OPE for two primary fields ¢(M(z) and ¢ (0), with
conformal dimensions h; and hs respectively. Let ¢® be a primary field with coformal weight
hy, and denote by QS(”?E)(O) the descendant field ¢(p;1€)(0) =L_j,L_py... L}, ¢®(0). Then

6D (2)6@(0) = 33 B o —hi—hat Sk g@F) (), (1.5.25)
B P

where p runs over the labelling set of primary fields in the theory, k runs over vectors of
positive integers of arbitrary size, and C’ﬁk are some coefficients to be determined. This

OPE structure is referred to as the operator algebra of the CFT.

Obtaining the coefficients in the OPE above is equivalent to determining the spectrum of the
model and allows one to reduce all higher point correlation functions to 2-point functions.
In the next section, we will discuss the correlation functions in CFTs and, specifically, the

conformal blocks which are the subject of our focus in chapters 2, 3, and 4.

Within the context of CFTs we have one more product to discuss. We call the process of
taking an OPE of two families of local fields in a CFT fusion. We say the fusion rules
are conditions on the possible conformal dimensions of conformal families that appear with

non-zero coefficients in an OPE between two fields in a CF'T. Schematically we represent the
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rules by
(0] % [05] = > Ny [¢n], (1.5.26)

k

where ¢;, ¢;, and ¢y, are primary fields, the coefficients N/ i}, are integers, and the x symbol
means to take an OPE. Note that the summation range is over all primary fields in the

theory, and as such the coefficients can vanish.

We note here that fusion rules are similar to the operator algebra defined in 1.5.25 above,
although not precisely the same. Fusion works at the level of conformal families, and only
states the possibility of fields appearing in an OPE. It has information about which Verma
modules can be included in the spectrum of the theory, and how they can be obtained through
OPEs. The full operator algebra can be used in the context of correlation functions for the
purpose of computation, it not only has information about which families appear but also

differentiates each individual state within the Verma modules obtained through the OPE.

1.5.3 Correlation Functions and Conformal Blocks

We begin by briefly reviewing the 2- and 3-point functions of CFTs, this material is a
summary of [74, §2]. We will denote a primary field of conformal dimension h; by )
throughout this section. First, consider the 2-point correlation function of two primary fields
#(2) and ¢U)(w), with conformal dimensions h; and hj, located at z and w respectively.

Conformal symmetry restricts this to be of the form

(6D(2)6 (w)) = (Z_Oim%mw (1.5.27)

where Cj; is some constant. This is obtained by acting on the theory with the generators
of the global conformal group and demanding the correlation function be invariant. For
example, invariance under translations and rotations implies the 2-point function can only
have dependence on the distance between the two coordinates. As noted in [50, §6], the
coefficients C;; are symmetric C;; = Cj;, and as such we are free to pick a normalized basis

for the primary fields of the theory such that Cj; = 0;;.

Similarly, the 3-point correlation functions of primary fields ¢ (z;), ¢(j)(zj), and ¢ (z;)
are constrained to be of the form
(40 (1) (0 )y — Cih 1.5.28
Zij Zik “ki

where we have employed the notation z;; = (2; — ;). The constants Cjj;, are called the

3-point structure constants, and can be used to calculate the coefficients Cﬂk of the operator
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algebra from (1.5.25). Of note, the 3-point structure constants are not fixed by conformal

invariance, they are model dependent.

Remark 1.5.3.1. The fusion coefficients, (1.5.26) above, can be thought of as selection rules
for the 3-point correlation function. Fusion of two primary fields ¢ and ¢ onto a third

#B) is possible if the correlation function (gf)(l)gb(z)qb(?’)) does not vanish.

After considering conformal invariance, N-point functions, where N > 3, for fields located

at points z; for i = 1,..., N have a general dependence on the cross-ratios of coordinates of
the form
ziillz
M, 1<4,j,k1<N, (1.5.29)
|Zik |21l

where 4, j, k,l are distinct. The number of independent cross-ratios for N coordinates for
theories of dimension greater than 2 is N(N — 3)/2 [76]. We now use this knowledge and

turn to the 4-point function of four primary fields ¢ (z) for : =1,...,4, which we write as

(01 (21)0@ (22)0®) (23) 0 (24)). (1.5.30)

In this case, there is only one independent cross-ratio'”

g = 2o (1.5.31)

213224

To make the dependence of the 4-point function on the cross ratio explicit, we perform a
global conformal transformation on the sphere. This allows us to fix any 3 points and we
choose a transformation such that z; = oo, 29 = 1, 23 = ¢, and z4 = 0. The 4-point
correlation function is now of the form

GFi(g) = lim 21" (61 (00)d® (1)) ()61 (0)). (1.5.32)

21—00

We can now use the OPE of primary fields within this correlation function form a sum over
3-point functions using the operator algebra (1.5.25). In this case, we use an OPE involving
¢(3)(q) and ¢(4)(0), which we write as a sum over the conformal families, represented by the

subscript p, as

¢ (2)pW(0) =Y L2, (g|0), (1.5.33)
P
where U, (¢|0) = Ezzi ki(;ﬁ(p;’;) (0). In this equation, the coefficients C%, only encode the

4) | and the conformal families represented

relationship of the operator algebra between 3, o
by the subscript p and as such are the 3-point structure constants. All other information

relating to the descendant fields within the operator algebra is contained within the function

"In this case we have |z;;| = 2i;, as we are considering 1-dimensional complex vectors of coordinates.



Preliminaries 52

VU, (¢|0). This allows us to reduce the calculation of the 4-point correlation function to a sum

of 3-point correlation functions.

As discussed previously, the 3-point correlation functions have two factors: the 3-point struc-
ture constants, which are model dependent, and what is left that is fixed by conformal invari-
ance. We choose to write the 4-point correlation function in a new form, where we separate

the model dependence from the factors that are fixed by conformal invariance as
G3i(g) = D LN P (pla). (1.5.34)
P

In this equation, we have a function }'3?41 (plg) which contains all the dependence of the 4-point
function fixed by conformal invariance, and this function is called a conformal block. Note
that this contains only the holomorphic dependence, and for the full correlation function be-
tween non-chiral fields there is also an anti-holomorphic conformal block factor. Throughout

this thesis we will write the conformal blocks as a power series in ¢ as

)
Fiilplg) = """ Fid'. (1.5.35)
i=0

The approach to 4-point functions we have just described is dependent on the conformal

transformation we picked. We instead could have chosen a conformal transformation which

fixed z5 = 0 and z4 = 1, and in this case we would have had z3 = 1 — ¢q. As the correlation

functions of a theory are required to be invariant under conformal transformations, we have
that

G3i(g) = G33(1 — q). (1.5.36)

We can then repeat our arguments but interchange the roles of ¢ and ¢*) and obtain a

different conformal block F33 (1|1 — q).

We can represent the specific conformal block (or equivalently, OPE used when calculating
4-point correlation functions) diagrammatically. In figure 1.3 we represent the calculation

involving the conformal block F2}(p|q). We also represent the calculation involving the

¢(2) ¢(3)

¢>(1) ¢(s) ¢(4)

F1GURE 1.3: A 4-point correlation function between primary fields represented pictorially.
In this case we are considering the s-channel.

conformal block f§21 (I]1—q) in figure 1.4. These diagrams form an analogy to the perturbation

theory of quantum field theory, and due to this we refer to the calculation involving F2{ (p|q)
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(z,(l) ¢(4)

¢(2) ¢(3)

FIGURE 1.4: A 4-point correlation function between primary fields represented pictorially.
In this case we are considering the ¢-channel.

as the s-channel, and the one involving F4)(I|1 — ¢) as the t-channel. In both diagrams, we
have notated the conformal families that result from the OPE expansions as ¢ and ¢(*)

respectively. We will sometimes refer to these families as flowing in the channel.

The invariance of the correlation functions in a CF'T under conformal transformations guar-
antees that the result of the calculation in the s- and ¢-channel agree. Thus we obtain the

consistency condition
> CLChFii(pla) = ) ChOLFh (11— ), (1.5.37)
p l

for the conformal blocks. In principle, we can solve these equations to determine the con-
formal blocks and solve all the conformal dependence of the correlation functions in the
theory, although in practice the algorithm to do so is tedious. This method is called the
conformal bootstrap, and is a historic alternative to what is presented within this thesis.
The AGT correspondences provide a direct way to compute these conformal blocks from 4D

supersymmetric gauge theories without the need for such an algorithm.

1.5.4 Scalar Product on the Space of States

Before discussing minimal models, the main family of CFTs we will consider within this
thesis, we will need to briefly touch on the structure of the scalar product on the spectrum
‘H. In particular, this scalar product between two states is the 2-point correlation function
between their respective fields. The N-point correlation functions are similarly defined, where
one first acts on a state with (N — 2) field operators and then takes the scalar product. In
the section below, we will use this scalar product to determine which CFTs are Vir-minimal

models.
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Let |h) € H be a primary state of conformal dimension h that generates a Verma module
Ve,n for a representation of Vir with central charge c. This may or may not be a reducible

Vir-module. We define the normalized pairing of |h) with itself as
(h|h) = 1. (1.5.38)
We extend this to a scalar product on H as follows. For a descendant state
Ly L _p,...L_y, |h)=Y)€Ven, ni1,...,n;>0, k>0, (1.5.39)

we define the dual state, which we notate as a bra, using the Hermitian dual Vir operators
(Lfn)T = L, by
(| = (h| Ln,, ... L, La,. (1.5.40)

Note that this allows us to define a highest weight state with its dual definition
L,|h)y=(h|L_, =0, n>0. (1.5.41)

We first extend this to a scalar product on V. space by bilinearity. As we assume that
the #H is a direct sum of Verma modules and their quotients?’, we can extend this scalar
product again to the full spectrum H through bilinearity. This defines the scalar product on
H. We will not need this full formalism, as we will only consider scalar products between
single primary and descendant states within one Verma module, together with any operators

acting on them.

By convention, when there is an operator inside the bra and ket states, we take it to act
on the ket |1)). We can then calculate the scalar products of the descendant states from |h)
using the commutation rules obtained from the Lie bracket of Vir (1.5.3). From this, we
note that two states |¢1),|¢2) € V. have a non-zero scalar product only if they are the
same level [ in the same Verma module.

Ezample 1.5.4.1. Let |¢p;) = L%, |h) and |1)2) = L_5|h). We can calculate the scalar product
(1)) by

(1[the) = (h| L1LyL—3 |h)
= (h| L1([L1, L—2] + L—2Ly) )
= (h| L1(3L-1) |h)
= 3(h|2Lg |h) = 6h.

20We will explain these quotients in the next section.
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1.5.5 Minimal Models

In general, CFTs tend to necessitate an infinite number of conformal families, although this
is not clear from what we have covered so far. Minimal models are CFTs composed of a
finite number of conformal families. Later in this section, we will give an idea why this occurs

within certain CFTs.

The primary fields in a minimal model are formed as an irreducible quotient of a full Verma
module by the maximal non-trivial highest weight submodule?'. We will first begin by
discussing how to identify the primary states of submodules??. Using this identification, we
will state which highest weight Vir-representations (defined by their central charge) have
Verma modules with these submodules, and state the conformal dimensions of their primary
states and fields. We will construct the minimal models using these primary fields. Finally,
we will briefly describe why the minimal models have a spectrum composed of finitely many

conformal families.

Let |h) be a primary state that generates a Verma module V, ;. A descendant state |yx) €
Ve of |h) that satisfies the highest weight condition (1.5.41) is called a singular vector.
Singular vectors generate non-trivial Verma submodules. To construct an irreducible Vir
representation, we must identify all singular vectors and form a quotient that identifies them
and their descendants with the zero vector. This ensures that all singular states and their

descendants decouple from the theory.

Not all Vir representations have singular vectors, so we must first establish which represen-
tations do. We begin by noting that singular vectors have a vanishing scalar product with

themselves. We do so by representing a singular vector |x) as a descendant state of |h)

<X‘ = <h‘ Ln;c,Ln’ oLy n’l, .. ,n;/ > 0, K > 0, (1.5.42)

K —1 ny
where we have defined |x) using its dual definition, and note that
XIx) = (Al Loy Loy, - Ly |x) = 0,

as nj > 0. Moreover, by repeating this argument for the descendant state (1.5.39) of |h), we

see that |¢)) has a vanishing scalar product with |x) since

2n fact this is similar to the process to construct the highest weight module Ly for simple Lie algebras.
22In the language of Lie algebras, this is a vector obtained from a highest weight vector in a Verma module,
that generates its own highest weight submodule.
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By similar arguments, we also note that any descendant states of |y), at level [, have a

vanishing scalar product with themselves and other level [ states in V..

We fix a basis {|i)} for V., using an index set ¢ € Z. Here we have introduced new notation
where 7 is a formal label, not in anyway related to conformal dimension of states. Note that
these states can be primary or descendants. Using this notation, we define the Gram matrix
M = (M;;) by

M;; = (ilj) , (1.5.44)

which, by the commutation relations (1.5.3), is block diagonal. We will denote the blocks by
M® where | € Z+ refers to the states Vc(l,)l C V. of level [ in the Verma module. Since M

is Hermitian (by definition of the dual states), it is diagonalizable by a unitary matrix U.

If the state |7) is a singular vector in the [-th block, we know that (i|j) = 0 for all j in the [-th
block. Therefore the i-th row in Gram matrix vanishes. Hence, the question of reducibility
of V. as a Vir representation can be reduced to the existence of a zero eigenvalue for
some M® . As the determinant of the block MW" is equal to the product of its eigenvalues,
an eigenvalue of zero is equivalent to the determinant vanishing. Therefore V. ) contains a

singular vector and is reducible if and only if det(M (l)) = 0 for some | € Z~y.

Lemma 1.5.5.1. ([50, eq (7.28)]) The determinant of the Gram matrix has the following

formula, the so-called Kac determinant

det(M©D) = oy J[ (h = hps(e))PET. (1.5.45)

r,s>1

rs<l
Remark 1.5.5.2. The Kac determinant was first proposed in [77], and its first published proof
is in [78].

In the formula for the Kac-determinant, o4 is a non-zero constant, r, s € Z~( are parameters
that we will fix further below, h; s(c) is a function of the central charge ¢ that will be the
conformal dimension of minimal model primaries, and p(l — rs) is the number of partitions

of the number (I —rs).

We give three forms for the central charge and conformal dimensions of minimal models.
These are all useful in different applications, and we will use each of them in subsequent

sections.

For unitary CFTs,the functions h, s(c) have the following form

1 1
hy.s(c) = ﬂ(c —-1)+ Z(rour +sa_), (1.5.46)
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where we have parameterised

V1—c+v25—c¢
a4+ = .
* V24

We note that for ¢ > 1, this parameterization implies that h, s is a complex number. Thus,

(1.5.47)

we only consider unitary Vir-minimal models where ¢ < 1.

Equivalently, we can introduce the parameter

1 25— ¢
=—[1 1.5.48
P 2(~F 1_C>, ( )

and write the conformal dimensions as

(p+1)s—pr)? -1
dp(p+1)

has(c) = , (1.5.49)

where r and s are positive integers such that rs < 1. We will only consider the case where
p € (0,00). We will mostly consider the unitary minimal models®3, whose characters we will
use in chapter 4. The unitary minimal models are a discrete subset of these Vir-minimal

models where p € Z~o.

Using the Kac determinant we can now follow the arguments made above. By noting the
form of (1.5.45), we can see that the Gram matrix has vanishing eigenvalues if and only if
h = hys(c). This fixes the necessary form of h and ¢ so that V. j contains singular vectors.
Thus, if we have a unitary CFT which forms a representation of Vir with central charge
¢p.p+1, whose primary fields have conformal dimensions A, s(c) we have a CFT with singular

vectors.

We have one final parameterization, which will be useful for the AGT correspondences in-
volving minimal models in chapter 2. We let b =i,/ [% and write the conformal dimensions

and central charge as

Cppr =1 +6(b+b71)2, (1.5.50)

1
mw@):1(®+b—w2—ob+sb4f). (1.5.51)
Relaxing our focus from unitary minimal models, we note that the CFTs described above

are a special case of a more general family of minimal models. These are described by two

coprime integers p and p’, and have central charge and conformal dimensions which generalize

23In unitary CFTs, the scalar product on A is a Hermitian inner product and makes H a Hilbert space.
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our second parameterization for minimal models by

6(p—p')?
Cp7p/ :1 - T’ (1-5-52)
(p'r —ps)> — (p—p')?
hyo(c) = : 1.5.
s(c) oy (1.5.53)

where 1 < r < p/, and 1 < s < p. We note that hrs = hp_rp—s = Npirpis, and we will
use this fact, referred to as a periodicity property, below. This class of minimal model CFTs
was shown to be rational (have finitely many primary fields) in [79]. The unitary minimal

models above correspond to the case p’ = p + 1.

We will label all minimal model by the coprime integers p,p’ € Z~( that parameterize its
central charge (for unitary minimal models we take p’ = p + 1). The primary fields of the
Vir-minimal models are the highest weights states of the irreducible Vir-modules created
by taking the quotient of ch’p/,hr,s with the maximal non-trivial submodule. These highest
weight modules are sometimes referred to as degenerate representations. We will also label
the primary fields of a minimal model by the integers r and s parameterizing their conformal
dimension as ¢, ;. We notate the Vir-minimal model, which is the CFT of central charge

Cpp With the primary fields ¢, ,, for p and p’ by M(p,p';2).

To finish this section on minimal models, we will briefly talk about their fusion rules and
how this impacts their spectrum. It provides our first example of fusion, a process we will
do in chapter 4 for WZW models, and allows us to see why the spectrum of minimal models

only contains finitely many irreducible Vir representations.

The fusion rules (1.5.26) for the minimal model M (p, p'; 2), which first appeared in [80], are

min(r+m—1,2p’ —1—r—m) min(s+n—1,2p—1—s—n)

[¢r,s] X [¢m,n] = Z Z [¢k,l]a (1.5.54)

k=1+|r—m)| I=1+|s—n]|
k+r+m=1 mod 2 k+s+n=1 mod 2
where ¢, and ¢y, , represent minimal model primary fields of dimension h,s and hp,p

respectively.

We are now ready to understand where the name minimal modes come from. Fusion rules of
the form above, imply that there is an infinite number of fields in the spectrum of a theory,
as we could successively fuse ¢, with itself and keep generating fields of new conformal
dimension. In the case of M(p,p';2), the periodicity property hy.s = hyjp st ensures that
this process is cyclic and there are only a finite number of fields created from this iterative

fusion process.
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1.5.6 The Free Boson and Vertex Operators

Here we review the free boson in the setting of CFTs. The purpose of this is twofold, it is
the simplest example we can use to illustrate the machinery of CFTs, and we will use it in
sections 1.5.7 and 1.5.14 to build the CFTs that form the 2D side of the AGT correspondences
we will consider in chapter 2. This section will just collect results we need, and show how

they fit in with the general theory developed above.

We define the free boson to be a scalar field ¢ on a Riemann surface. For simplicity, we
restrict to the complex plane?*, so that ¢ : C — C. The mode expansion of the free boson
reads
©(z) = o — iaglog(z) + i Z %anz_". (1.5.55)
n£0
The free boson itself is not a conformal field, but its derivative?®> 9y is. For our purposes,

we take the singular OPE of d¢ with itself to be

! 5+ 0((z —w)?), (1.5.56)

(- w)

I (2)0p(w) = —
as an axiom. We can use the field dp to construct the energy-momentum tensor
1
T(z) = —5 0p(2)0p(2) -, (1.5.57)
whose OPE with itself can be shown to be

()T (w) =L 9p(2)00(2) = p(w)dp(w) :
- 1_/1)4 + (iT_(Z”U;Q + inww) +O((z — w)") (1.5.58)

e

Note that to obtain this result, one needs to use Wick’s theorem (see [50, §2.3.5]).

By comparing the OPE of T'(z) with (1.5.20), we see that the theory of the free field (defined
in footnote 18) OJp is a conformal field theory with central charge ¢ = 1. We can then

calculate the OPE of T'(z) with dp, by again invoking Wick’s theorem, as

Op(w)  Ope(w)

—U]O. 0.
owr sy T OG- w)) (1.5.59)

T(2)0p(w) =

241t is perfectly reasonable to define the free boson on other Riemann surfaces as a CFT, or general pseudo-
Riemannian manifolds as a field theory.

25To see this would take us outside the scope of this thesis. For the reader who is familiar with quantum
field theory, this is explained in [50] and [74]. In both references this is achieved by calculating the OPE using
Lagrangian field theory.
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This shows that indeed 0y is a primary field with conformal dimension h = 1, with mode

expansion

i0p(z) = Zanzfnfl. (1.5.60)

nel

The Vir modes for T'(z) can be calculated in terms of the modes of dp(z) as

1
Ln=3 > tn-mam, n#0, (1.5.61)
mEZ
1
Lo = §a§ +) anan. (1.5.62)
n>0

Remark 1.5.6.1. The free boson modes generate the Heisenberg (u(1)) algebra H. That is,

they satisfy the commutation relations
[an, m)] = N0y tm.- (1.5.63)

The additional factor of i used when defining the mode expansion (1.5.60) of d¢ makes this
‘H-symmetry apparent.

Finally, we can define another primary field using the exponential of a free boson. Using a

parameter o € C, which we call the conformal charge?® we define the vertex operators
Va(2) =1 exp(vV2iayp(2)) 1, (1.5.64)

which are fields in the CFT of the free boson. The normal ordering for the exponential
reminds us that when we calculate OPE’s using Wick’s theorem, we are not to contract the

fields appearing within its series form

 eV2iar(s) = i  (V2iap(z)" (1.5.65)

n! ’
n=0 ’

with each other. When writing these vertex operators, we will adopt the standard convention

that the normal ordering will always be assumed, and therefore will not be notated.

We claim the vertex operators V,, are primary fields of the CFT defined using the free boson.
To show this we calculate the OPE of V,,(w) with T'(z), again using Wick’s theorem, as

T(z)eV2iew(w) — —% <[8<p(z)2ia<p(w)]2 eV2iow(w) 4 agoacp(z)zmgp(w)eﬁiw(w)) . (1.5.66)

26This is also referred to as the conformal momentum in the literature. We defer to [50] here, which refers
to this parameter as charge. This will also allow us to follow the notation of [34] later in section 2.3.3, which
reserves the term momentum for a related vector which we define in (1.5.73) and (1.5.162).
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This calculation then involves the OPE formed by contracting ¢ and dp. We can obtain this
by integrating the OPE of 0y with itself and find
1 0
do(z)p(w) = — +O0((z —w)"). (1.5.67)

Z—w

Using this, the singular OPE of T'(z) and eV2iap iy

. 2V Ziaup(w) .
T(z)eVeel) — 2a(: o7t - — 9V 1 0((z — w)"). (1.5.68)

From this, we see that
Va(z) == eV2iow(z), (1.5.69)

is a primary field of conformal dimension h = o%. These vertex operators are the fields used

for the CFT side of the original AGT correspondence which we will cover in chapter 2.

For later use, we note that the field V_, has the same conformal dimension as the field
V. Since correlation functions in CFTs depend only on the coordinates and conformal
dimensions of the fields, this symmetry a — —a can be exploited in theories involving these

vertex operators to obtain information about correlation functions involving them.

Remark 1.5.6.2. Since their introduction, vertex operators have been subsequently gener-
alized into the concept of vertex operator algebras (VOAs). VOAs provide an alternative,

axiomatic framework to study CFTs to the one we have presented here.

Remark 1.5.6.3. These vertex operators are the first place we have to be mindful about the
chiral nature of our CFTs. In the mode expansion of the free boson (1.5.55), we note the
presence of the, not purely holomorphic, zero-mode term ¢g. Due to this, naievely combining
two chiral free bosons ¢*(z, %) = ¢(2)+®(Z), in an attempt to obtain the full CFT, duplicates
this zero-mode. We must instead think of ¢(z) as containing the holomorphic dependence of
the free boson, where the full CFT is obtained through the equation ¢(z,%z) = ¢(2)+@(Z)—po.
The corresponding vertex operator is commonly notated as V,,(z,z). This behaviour naturally
carries over to our constructed vertex operators. In this case, purely holomorphic or anti-
holomorphic vertex operators only make sense when paired their respective other parts in a
full vertex operator within a correlation function. With this caveat in mind, we will continue

to write our vertex operators as purely holomorphic in the sequel.

1.5.7 Liouville Conformal Field Theory

Liouville field theory is a model which has conformal symmetry in special cases. Of interest
to us is the fact that, although Liouville is an interacting field theory (that is, not a free field

theory), we can study it using free fields. To do so, we will build the theory using copies of
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the free boson vertex operator , and in doing so will obtain a free-field realization. Although
the idea of free-field realizations for intereacting theories is an interesting one, we will not
delve into it in any detail outside of our need of it here. The interested reader can read, for

example, [81].

This material is mostly a brief review of [75, §3]. To define a Liouville field theory, we need
two parameters: the background charge Q@ € C, and coupling constant b € C. The field theory

is conformal when

1
Q:b—l—g, (1.5.70)
and in this case has Vir central charge
c=1+6Q%. (1.5.71)

In this sense, we think of Liouville CFT as a family of CF'Ts, parameterized by a central

charge c € C.

Liouville theory will form the CFT side of the original AGT correspondence, and we will
consider the case where the Liouville theory has a minimal model central charge (1.5.52) and
the case where the central charge is generic (non-minimal). In both cases, we will consider
functions that involve the three Liouville parameters ¢, ), and b and study their analytic
properties. Due to this, we think it is valuable to understand the relationship between these
parameters for different ranges of ¢. To collect this information, we reproduce a nice table
of these relationships here [75, eq (2.1.22)]:

central charge clC|<1|1-— 6% 1][1,25]|25|>25
background charge | Q || C | iR iZ ;Z : 0([0,2] | 2| >2 (1.5.72)
coupling constant | b || C* | iR iy /5 il e® |1 R

)2

The reader should take particular notice of the values when ¢ = 1 —6% which correspond
to minimal models. The new results presented within this thesis hinge on analysis of a gauge
theory object dependent on a the corresponding () and b values for miniaml models, which

we will introduce in chapter 2.

For a fixed value of ¢, the spectrum of a Liouville CFT is continuous. In fact, we will take
the definition of Liouville as a CFT to be the presence of a continuous spectrum where
each representation of Vir occurs with multiplicity zero or one, and one other assumption
we will clarify below. This means that in Liouville CFT we can have primary fields with
a continuum of conformal dimensions. The primary fields will be the vertex operators we

constructed for the free boson above for a continuous charge parameter «. In this setting,
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the vertex operators are often referred to as Liouville exponentials, and form the free-field

realization of Liouville theory.

It is also common to parameterize the conformal dimension of a Liouville exponential by a

new parameter P € C, called the momentum. In this case we have that

Q2

o? = h(P): 1

P2 (1.5.73)
When utilizing this parameterization one has the symmetry P — —P. This terminology is
not uniform across the literature, some sources refer to the parameter o as momentum, so
one must always confirm which convention is being used. Our final axiom to define Liouville
CF'T is that the correlation functions are also meromorphic functions of the coupling constant

b and the momenta.

The spectrum of primary fields is defined by

c—1

P ciR h
EZ<:>€24

+ R>o, (1.5.74)

and is one where the holomorphic and anti-holomrphic representations for a primary field

are isomorphic. Such a CFT is said to have a diagonal spectrum.

We note that when ¢ <1 (Q € iR), the presence of fields with minimal model momenta h,. s
(see (1.5.46)) create poles in the s-channel conformal blocks. To fix this, the spectrum is

perturbed to contain only fields with
PeiR+e e€R\{0}, (1.5.75)

and can be shown to be independent of the perturbation parameter € chosen. We must
therefore add in the minimal model primary fields as an additional assumption, and restrict
the OPEs of the theory, so that the minimal model primary fields do not appear and cause

a pole in the calculation of the conformal blocks.

These fields and parameters form the data for the basic form of the CFTs that are AGT
dual to generic SU(2) gauge theories, as we shall see in chapter 2. More importantly in
section 2.2.4, we will consider gauge theories that are dual to CFTs with central charge
c=1-— 6% for two coprime integers p, p’. By comparison with (1.5.52), we see that in
this case we can have degenerate primary fields that form minimal models. This will be the

main focus of this thesis.
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1.5.8 The Coulomb-Gas Formalism for Minimal Models

When discussing the minimal model primary fields in this thesis, we will use the Coulomb-
gas formalism, originally introduced in the series of papers [82, 83, 84]. The utility of the
Coulomb-gas formalism is that, as we did for Liouville above, we can realize the minimal
models using the free boson. Many of these results and arguments will be repeated when
we discuss the Coulomb-Gas for Toda CFTs in section 1.5.15, and again in chapter 3 when
deriving the Burge conditions for our generalized AGT conjecture. In this section we will

collect the notation, objects, and results from [50, §9] we will require.

The motivation for this framework is derived from physical concerns, and as such, to go into
them would be outside the scope of this thesis. Instead we will take as an axiom that the

N-point correlation function of Liouville exponentials®”

N

(I Ve (20)), (1.5.76)

=1

can only be non-zero if we have the charge neutrality condition

N
> = 2qy, (1.5.77)
i=1

where 4048 = —@2. In the Coulomb-gas formalism, ayq is often referred to as the background

charge instead of Q. With this background charge, the vertex operator V, = eV2iae hag
conformal dimension®®

Ala) = a? — 209 (1.5.78)

In this case, the conformal dimension of V,, and Va,,—o are the same. We will exploit this

symmetry o — 2ag — « when discussing correlation functions below.

We now investigate what the neutrality condition seems to imply for the spectrum of a
Liouville CFT, realized using vertex operators. Consider, for instance, the 2-point function
(Vo (2) Vo (w)) of two vertex operators with the same charge «, located at two distinct points
z and w. Under the symmetry a — 2a9 — a we expect that this should be equivalent to the

2-point correlation function

1
(Vaag—a(2)Va(w)) = (2 —w)h@’ (1.5.79)

2"While we use the Coulomb-Gas formalism for minimal models not Liouville, the two models are limits of
each other. The reader unfamiliar with this should consult [75, §1].

28We have notated the conformal dimension here using A instead of h. Here and in chapter 2, the chapters
which constitute a review of standard material, we will endeavour to match our notation to the cited references
that we most closely follow, for the ease of the reader who is learning this material using these references. In
all subsequent chapters we will notate conformal dimension only using A.
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for any allowed values of « in our CFT. We also note that this correlation function satisfies
our charge axiom (1.5.77). On the other hand, the neutrality condition suggests that the only
vertex operators who have a non-vanishing 2-point function with themselves (V,,(z)Vqy(w))
are for a = «aq, so that our theory only has two primary fields. This shows an incongruity
between the charge neutrality condition, and the form of the 2-point correlation functions

(1.5.27), which is determined by conformal symmetry.

Since we wish to consider CFTs with many distinct primary fields, we must find a way to
change the charges associated to the fields in the correlation function without changing their
conformal dimensions. This leads to the idea of screening operators or screening charges,
operators which have conformal dimension 0 and non-zero charge. The insertion of these
operators will allow us to change the charge associated to correlation functions without
changing the conformal dimension. In this way, we can construct correlation functions that

satisfy both the charge neutrality condition and the form determined by conformal symmetry.

To construct such an operator A, we can use the zero mode of a primary field ¢ of conformal

dimension Ay = 1, with non-zero charge. We can extract this using the contour integral?’

A= fdng(z). (1.5.80)
z
In our case, the vertex operators
Vi(2) == Vay(2), ax:=ap+Vag+ 1, (1.5.81)
have the conformal dimension
Alay) = af + af +1£2vap + Lag — 208 F 2vag + lag = 1, (1.5.82)

required. We say that a4 are screening charges, and we note that they are the same as the
parameters (1.5.47) that we used in our calculation of the Kac determinant. The screening

operators are then defined to be

Q+ = fdzvi(z). (1.5.83)

We can now insert the operators Q4 to a correlation function any amount of times so that,

for instance, the 2-point correlator

(Va(2)Va(w)QTQY), (1.5.84)

29The specifics on this contour integral can get quite technical (see [85, §5]), for our purposes we will assume
this operation is well-defined and well-behaved.
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now has the neutrality condition
200+ ma— +noy =200 = aq + . (1.5.85)

We note that this equation means that the charge of a highest weight state and a vertex
operator insertion differ by 2a and we will use this fact when considering AGT involving

minimal models.

We also interpret this equation as meaning that if we have a theory where « is going to
be equivalent to 2cyp — a within the 2-point correlation functions, 2a must be some integer
multiple of oy and a—. One can then consider a variety of different correlators to arrive at
the conclusion that this condition on 2« is necessary for any primary field in this CFT to

have non-trivial correlation functions. Thus we parameterise
1 1
Qg 1= —5(7" —Dag — 5(5 —1a_, (1.5.86)

and we will sometimes refer to c,. s as degenerate charge. The corresponding vertex operator

Va,.. has conformal dimension

1
Alays) = 1(7”04 +sa_)? —ad, (1.5.87)

which is of the same form as (1.5.51) for the primary fields in the minimal models, although
it is not precisely the same as r and s are not restricted. To connect to the minimal models,

we consider the case where we have a; /a_ € Q, or equivalently
pay +pa_ =0, (1.5.88)

and further restrict to p > p’. This second condition has the solution

/
ay =2 o =—|E (1.5.89)
P \ »

which further implies that

1 p—7
ars=——(p(l—r)—p'(1-35)), ap= . (1.5.90)
2 /pp/ ( ) 2 /pp/

We can use these to calculate the central charge and conformal dimensions of primary fields

in the Liouville conformal field theory, where all correlators are assumed to have Coulomb-gas
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screening charges inserted into them to satisfy the neutrality condition (1.5.77), as

6(p — p')?
Cpp =1 - oy (1.5.91)
o N2 N2
’ dpp’

These are the central charge (1.5.53) and conformal dimension (1.5.53) of minimal model

primary fields.

Remark 1.5.8.1. Fixing the possible values of the integer parameters to r = 1,2,...,p and

s=1,2,...,p, can be done by calculating the 3-point function

<V;”1,51VT2782‘/1”3753QT+QS—>- (1593)

This process is necessary to realize the minimal models using the Coulomb-Gas formalism, as
a priori we could insert more screening charges than this and obtain non-trivial correlation
functions with fields that do not have the correct minimal model conformal dimension. To
do so would be outside the scope of this thesis, although it can be found in [50, §9.2] The
result of this calculation is that 1 <r <pand 1<s<p'.

1.5.9 Wess-Zumino-Witten Models

The exposition in this section and the one below are a review of the material in [50, §15]. A
Wess-Zumino-Witten (WZW) model is a theory that exhibits Lie algebra symmetry. For a
simple Lie algebra g a gx-WZW model is a field theory which has a current J(z) of g-valued
modes (a g-symmetry). To define the theory, we fix the OPE of this current, and this is what
gives the WZW model its gy-structure.

In this section we will describe the Sugawara construction, which shows that g,-WZW models
contain the Virasoro energy-momentum tensor 7'(z) and are therefore not just field theories,
but also CFTs. Mathematically, this is equivalent to saying that the completion of the
universal enveloping algebra U(g) of any affine Lie algebra g contains a Vir subalgebra. As
discussed in the previous sections, a WZW model contains two commuting copies of Vir,
and all statements below should be read as applying to a pair of commuting holomorphic

and anti-holomorphic sector simultaneously.

We begin by making precise the defining properties of an gi-WZW model we described
above. Let J(2) = >, 7 Jnz"""! be a current of g-valued modes on a Riemann surface
Y. (for our purposes, ¥ will always be the Riemann sphere). Let {t“},c; be a basis for

a g-representation labelled by an index set I. Using this basis we write the current as
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J(z)=>,J% )t = Zn’a Jot?2~"" We define the structure constants f* for g by

[, 7] = > ifetee, (1.5.94)

[

and fix the OPE of the mode J%(z) with itself to be

o +Z f“b ( )+O() (1.5.95)

T (W) =

We can then use this OPE to obtain an OPE for the current J(z) with itself. Then, re-
membering our discussion in section 1.5.2, the current J(z) generates an gi-representation
in the CFT by its action on the space of states, where the modes {J¢}, for fixed n € Z are
identified with the generators for g at grade n. Here the constant k in the O((z —w)~2) term
of the OPE is the level of the representation, and we will always assume that & is a positive

integer3?. Mathematically, we will treat the fields in g,-WZW models as gj, representations.

We begin by showing that a CFT containing J(z) also contains the Vir energy-momentum
tensor. The Sugawara energy-momentum tensor Tak(z) is constructed using the modes of
J(z) by

-1 a ja
= w;u J(2), (1.5.96)

where k is the level of the g representation, g is the dual Coxeter number, (J%J%) represents
the normal ordered product as defined in 1.5.2, and the modes J2 are assumed to be or-

thonormal with respect to the Killing form. This generates a Vir representation of central

charge
~ kdim(g)

_ hamig) 1.5.97
(@) = T (15.97

and the Virasoro modes {Ly }necz for Tj, (2) are

1
L,=—— I i+ Jo_nde ] (1.5.98)
g o \ 2

Note that J% and J?_, commute for n # 0, and that for n = 0 we are simply placing the
terms with larger subscript on the right. This is just the definition of normal ordering, so
we can write
L, = g +g Z (Z JeJe ;) . (1.5.99)
mEZL

This construction ensures that a g-WZW model has a Vir energy-momentum tensor and
hence is a CFT.

390ne can see this from a physics perspective, and the reader familiar with classical field theory can find
this calculation in [50, §15.1]
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We define an gi- WZW primary field ¢ to be associated to an irreducible finite-dimensional
representation of g. Such representations are the modules L from section 1.2.1 associated to
dominant integral weights A € P*(g). Let ¢3(2) be an gi-WZW primary field and denote its
corresponding primary state by [¢3). If we let {¢§} be a basis for Lz we have the following
defining properties of the WZW primary state |¢3)

J§ lox) = =t loa),  Jiloa) =0, n>0. (1.5.100)

Such states are also Vir primaries, although the converse is not true (Vir primary states are

not necessarily WZW primaries). The conformal dimension of |¢3) is

(A, A +2p)
hy = ———-—~. 1.5.101
A 2(k+g9) ( )
The descendant states are then constructed as
T Iy |08) s ma,ma, - > 0. (1.5.102)

Note that we do not need to use the Vir modes L_,, for n > 0 as the Vir energy-momentum

tensor (and hence Vir modes) were constructed out of J(z).

We now fix the basis for g to be the Cartan-Weyl basis from section 1.3, for which the
primary field definitions (1.5.100) translate to

Hy |A) = Hi(A) [A), (1.5.103)
EXY|A) = H! |[A) = E§|A), n>0,acA,. (1.5.104)

We will assume that all gp-WZW model primary fields in any theory we consider will be
such that the level k affine weight A with finite part A is dominant and integral3'. Then the
equations (1.5.103) and (1.5.102) ensure that all states in these theories form the highest
weight integrable gi-modules Ly we discussed in section 1.3. Due to this, we identify the
primary states |A) as states defined by the level k affine weight A, whose finite part is A, and
when doing so we notate the primary state as |A). Thus, gx-highest weight modules generate
the spectrum for gr-WZW models, for which only the finite algebra g is a symmetry (as the

Vir modes do not commute with all the modes J2).
The OPE of J%(z) and a WZW primary field ¢ (w) associated to a primary state |[A) is

J3()on(w) = —A2AW) o), (1.5.105)

zZ—Ww

3'In fact, one can show that in a WZW model with at least one such state (which can be taken to be the
vacuum), all states that do not correspond to integrable g modules in this way decouple from the theory. To
do so is unnecessary for us, and would take us outside the scope of this thesis.
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where we note that t§ are the basis t* in the g-representation whose highest weight A is the

finite part of A.

Finally, we define the character for the state |A) to be

n—1
XN (g, t) = Trp, g T H", (1.5.106)
i=1
and a corresponding gp-WZW g-character as
. oo
X% (q) = TrLAqLofc/24 _ thfc/24 Zdim(L(A"))q", (1.5.107)
n=0

where we have notated the number of linearly independent states at level n (with regards
to the Vir generators) in Ly as dim(LE\n)). We will focus on the case of gy = ;[(n)N and
consider the module Ly, whose Vir-character we shall need in chapter 4. Here, Ly acts as
Lo — hald — d, where Id is the identity operator and we recall that d is the derivation on
sl(n). Then (1.5.106) yields

n—1
Xf\[(n)N(q’?‘) =g Trp ) g P H {lHl . (1.5.108)
i=1
Now note that (1.5.108) can be written as a sum of terms exp(f) with § of the form
B:A—ké—Zej(lj—lj_l) :A—kd—leOzj (1.5.109)
j=1 j=1
for some k € Z. Then, because 8(D) = —k and 5(H;) = d;+1;—1 —2l;+ 141, (1.5.108) yields:
N n—1
Xj\[(n)N((L%) _ th Z 5'1/\((]) H {idz‘+li—1*21i+li+1 7 (1.5.110)
lezn—1 i=1

where 51A(q) are normalized sA[(n) string functions. Alternatively, this may be expressed using

the usual s[(n) string functions J,{/\(l) (q) as

R n—1
A =a" 3 oo T (15.111)
lezn—1 =1

after defining (1) = [v0,71, ..., Y~-1] € Py N, by setting

n—1
vi =di +li—1 — 2l + i1 = d; — Z Aijl]’, (15112)
j=1
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for each ¢ € Z,,. Then using a combinatorial expression for f?[(n) string functions

oh (@) = (@G0 Y ¢V, (1.5.113)
AEMY

we can also express (1.5.110) as

N-1
~ 7 a; (S 7 — - 5 7 6 7
Xf\[(n)N(qa ) = ¢™ (¢:q)oo Z PGy H tid +0ki—1(X)—20ki (M) + k+1(/\)’ (1.5.114)

AEM® i=1

where we set dko(A) = dkn(A) = 0. This final expression will be used in chapter 4 to check

our proposed AGT correspondence.

We have therefore shown that gp-WZW models are also CFTs. Moreover we can apply the
machinery described for CFTs described throughout this section on gg-WZW models. In the
subsection below, we will use this line of thinking to derive differential equations satisfied by
the correlation functions for WZW models. In our case, we will focus on the 4-point function

for the case g; = sl(n)y.

1.5.10 The KZ Differential Equation for WZW Models

We can derive a differential equation that must be satisfied by WZW n-point functions, which
we will use to test our generalized AGT hypothesis in chapter 4. To do so, we will construct
an affine null vector which decouples from the theory (analogously to the singular vectors
for minimal models in section 1.5.5). This singular vector will have a form involving Vir and
g-modes. We will then substitute the action of the Vir modes as differential operators from
section 1.5.2 to a correlation function involving this singular vector to obtain a differential

equation.

We begin by using the WZW expression for the Vir modes (1.5.98) to obtain the following
action by L_; on a WZW primary field |A)

L 1]A) = kig SO IA)) = k;lg SO ) [A). (1.5.115)

We can use this to construct the null vector

) = (L_1 + kig Z(J“g@) IA) = 0. (1.5.116)

a
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We can obtain the action of J*; on a WZW primary field ¢(z) in an n-point correlation

function as

(B1(e1) - (2168(a1) - bulen)) = 5 § e T (o) Gl

2w Z— 2k

= omi 27{ Z — 2z — <¢1<21) - On(2n)),

Zj

where we have used the compactness of X to reverse the contour and encircle all poles except
the one at z;. We substitute this expression, together with the differential operator expression
for L_; from (1.5.23), to obtain the Knizhnik-Zamolodchikov (KZ) differential equation for

correlations functions [36]

1 2o}, @1,
azi + k+ g ; Zi— 2 <¢1<21) s ¢n<zn)> = 0. (1'5'117)

In the case of the sA[(n)k—WZW 4-point correlation function®? of primary fields, we follow
our discussion from section 1.5.3. First we fix the three points zo = 0, 23 = 1, 24 = o0
so that there is only one independent variable z; = ¢, which is the cross-ratio. We restrict
the four primary fields to be two transforming in the fundamental representation and two

transforming in the anti-fundamental.

The Casimir ¢} ® t}, acts on the tensor product of a fundamental and anti-fundamental
representation. Using the Littlewood-Richardson rules (see section 1.2.3), these tensor prod-
ucts decompose into two factors. In this setting, the KZ equation has solutions built using a
basis of two solutions. For a 4-point correlation function composed of two fundamental and
two anti-fundamental primary fields, the KZ differential equation reduces to a second order

ordinary differential equation®?

g1 —q
(M Nﬁﬁﬁ+A@@+B@»ﬁ@:Q (1.5.118)
where k = k+n, ¢"(1 — q)®f1 is one of the linearly independent conformal blocks, and s and
r are to be determined. The functions A(q) and B(q) are rational functions involving all the
other parameters and their specific form is irrelevant for our purposes. Explicit expressions
can be found in [50, eqs (15.161), (15.162)].

32Note that the n here which defines the rank of the affine Lie algebra, is not related to the number of
primary fields in the correlation function, which we have confusingly notated as n throughout this section.
Here, we are considering a 4-point correlation function for the sl(n),-WZW model of arbitrary rank.

33 Although this derivation consists of standard algebraic manipulation for differential equations, and using
some basic Lie algebra representation theory identities, it is very long and not so enlightening. As such we
will omit it in this text, but point the reader to [50, §15.4] to see the full details.
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This ODE has 3 singular points so can be transformed into the hypergeometric differential
equation
(q(1 = )07 + [c— (a+b+1)]dy — ab) f(q) =0, (1.5.119)

where a, b, ¢ are functions of k and n, and ¢ is the cross ratio

g= )z z) (1.5.120)

(21— 24)(22 — 23)

Doing so involves fixing the parameters r and s to

1 21
r—p.=—, orr—r.=——2_2 (1.5.121)
KN RN
1 21
s=8=—, Oors=s_=1-— 1 (1.5.122)
RN RN

Since this is a linear second-order ordinary differential equation, we can construct general
solutions to it out of a basis of two linearly independent solutions as expected. Solutions to

the hypergeometric differential equation are built out of the hypergeometric function

2Fi(a,bc2) = ) RORET (1.5.123)
HEZZO n ’

where (z), = z(x —1)...(x —n+1) is the falling Pochammer symbol. In the case of the KZ

equation (1.5.118), the two linearly independent functions are

gy = (L L1
fl (Q) _2F1 (Kl’ H’l K:aq> y (15124)

n—1n+1 n
7 (0) =R ( ) 1+ ;q) : (1.5.125)
K K K

This process is generic in that solutions of the KZ equations can be expressed in terms
of generalized hypergeometric functions (see [86] and [87]). In chapter 4, we will use the

following known series expressions for specific f/,\[(n) g-WZW 4-point conformal blocks.
Ezample 1.5.10.1. The sA[(n) N-WZW conformal blocks (note that here we have notated the
level by N not k to keep in line with our notation in [88]), for the 4-point function on the
Riemann sphere of primary fields with fundamental and anti-fundamental representations
(which we denote by [0 and [ respectively), schematically denoted by

(B(00) 0(1) () BO))I™ | (1.5.126)
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were obtained in [36], as solutions to the Knizhnik-Zamolodchikov equation (1.5.117), as

0 —2h hg—2h 1 1 N
Fe) =270 (=) (_n+N’n+N;n+N;Z>’

O L a-ong g yhe-2g @ (1 L L N
‘7:2 (Z) NZ ( Z) 2471 TL—FN’ +7’L+N7 +n+N’z )
n—1 n+1 n

; 1+ 12
n+N n+N n+ N
n—-1 n+1 n )

(1.5.127)

(), — _p Sho—2hg (] _ yhe—2hp )
Fa(z) =—mnz (1-2) U AN n+Nn+N'~

n?—1 n
2n(n+N) n+N

is the conformal dimension of the adjoint field with weight 6 = [N —1,1,0,...,0,1]. These

where hg = is the conformal dimension of the four primary fields, and hy =

four solutions correspond to two choices of the representations of states in the internal chan-
nel which follow from the fusion of o and O, and ]-"1(0)(,2), 2(0)(2) (resp. ]:1(1)(2), 2(1)(2))
corresponds to the identity (resp. adjoint) field conformal block in the s-channel. Under a

hypergeometric transformation

- = 1.5.128
z q:=_——7 ( )
the Gauss hypergeometric function transforms as

2F1 (o, Bi7:2) = (1= q)% 2 F1 (a7 = B5730) (1.5.129)

and the s?[(n) N-WZW 4-point conformal blocks (1.5.127) are expressed, in the g-module, as

~ ntl 1 N-1 N
FOa) =0 () = (- q)e TR (‘ ' ;q> ,

n+N n+N' n+N

2Oy o 2o Oy 4 2o o (N1, 1 N

Fala) =270 F7(2) N( 9 ek n+ N’ n+ N’ +n+N’q ’
2h hg

FO () w20 F 0y = GOV gt g (n 2L

‘Fl (q) n ]:1 (Z) n ( q) TN ol 7’L+N7 TL+N’ +n+N7q )

2h
M)y . F B 1) (] — 2o [ 1 n—1 n
Fy(a): T Fy (%) (=)™ (1 —q) TN 2l I N nE N nENY)

(1.5.130)

1.5.11 Fusion in WZW Models

We will now describe fusion in WZW models and present a combinatorial method to calculate
the fusion rules in WZW models [89, 90]. In chapter 4, we will calculate series expansions
for simple 4-point conformal blocks of primary fields in s:A[(n) n-models. The primary fields in
these correlation functions must respect the .f:\[(n) N-WZW fusion rules, and we will use this

algorithm to determine the possible combinations primary fields we can consider.
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First, we describe the fusion of two gi-WZW primary fields. As primary fields in WZW
models are labelled by g dominant integrable weights, we will schematically represent fusion

of conformal families associated to primary fields of highest weight A1 and Ay by

[Da,] % [Bna) = Y N3y, 6], (1.5.131)
A3

where the sum is over dominant integral g weights A3. In an g-WZW model the algorithm

for fusion is as follows:

1. Add the finite part of A; to the finite part of each weight Ao in the representation.
Denote the finite g weight produced by this by As.

2. Extend the finite weight A3 to an affine weight A3 of level k.

3. Check the action of affine Weyl group W on each As. If we have (s;w)As3 = wAg for
some w € W, then we ignore the weight in this algorithm?*. Otherwise we take the

weight wAg such that wAgz € Pkf ., to appear in the fusion rules.

This is easier to see combinatorially, where we can describe fusion as an extension to the
Littlewood-Richardson rules for tensor products we described in section 1.2. To calculate
fusion, we first calculate the tensor product decomposition for the finite parts of A; and Ao
using the Littlewood-Richardson rules (leaving the tensor product decomposition in terms

of Young diagrams).

Then, consider a weight A that appears in this decomposition. If par(A3); < k then A}
extends to a dominant integrable affine weight A3, otherwise we remove a boundary strip of
length

t =par(Az); — k — 1, (1.5.132)

from par(A3) beginning at the end of the first row and moving down and to the left and
place it at the n-th row moving up and right. We then eliminate any rows of length n. If this
process produces a standard Young diagram A that corresponds to an gy weight Ag (that is if
A = par(A3)) then the weight Ag appears in the fusion rules for A; and As. We will illustrate
this process performed after the Littlewood-Richardson rules with an example from ;[(4)5

fusion, which shows the generic behaviour of this combinatorial algorithm.

Ezample 1.5.11.1. Consider the candidate weight A" = [3,6,4] from a tensor product decom-
position using the LR rules. We have par(A’) = (13,10, 4), and the algorithm at each step

31We cannot see why this is true from the combinatorial algorithm presented here. This method is a
combinatorial representation of the algorithm giving the Kac-Walton formula [91, 92], for which such weights
appear with a weight of opposite parity and thus cancel with each other. A pedagogical introduction to the
WZW fusion rules, the Kac-Walton formula, and this combinatorial representation is the subject of [50, §16].
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gives us

(13,10,4) —» (9,7,6,5) —> (4,2,1) (1.5.133)

In terms of Young diagrams this can be visualised as

Lo L e T

BN (1.5.134)

where we have used 0’s to visually represent the boundary strip we have moved in between
the first and second diagrams. The third diagram is then obtained by deleting the 4 columns
of length 4.

1.5.12 The GKO Construction and Cosets

Originally used to prove the unitarity of the M (p, p+1;2) minimal models [93], the Goddard-
Kent-Oliver (GKO) construction [94] is a method to construct new CFTs out of WZW
models. Consider an affine Lie algebra g of rank r, with generators J for n € Z and
i=1,...,dim(g) (note that J} for i = 1,...,dim(g) are the generators of the subalgebra g
in g). Let p C g be an affine Lie subalgebra, with generators denoted by J. Since p C @,

each J! can be expressed as a linear combination of the J},.

Recall that in an g-WZW mode, we can construct a Vir energy-momentum tensor by
the Sugawara construction that we will denote by T5(z). We can also define a second Vir
energy-momentum tensor T3 associated to the p subalgebra in this way. Now consider the

coset energy-momentum tensor Ty defined by
L =15 - T (1.5.135)

We can take the OPE of Ty with itself (see (1.5.2.3)) and see that it generates a Vir

representation of central charge®® G5 = Cg — ¢, and we denote its Virasoro generators by

35Not strictly true, for general cosets we must be careful about the embedding z. index of p in g. The
embedding index is defined as the ratio of the projection of the norm-square of longest root 65 for g to the
norm-square of 05 for p
_ (65,65)

Te = .

(05, 05)
We will only consider diagonal coset models for which z. = 1 and we can use this equation for the coset
central charge without fear.

(1.5.136)
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Lg/ P for n € Z. Informally, we say the coset model % is a CFT whose energy-momentum
tensor is Tg ;. Formally, one defines®® the coset algebra % as the largest Lie algebra A such

that A®p C g. By an abuse of terminology, we will use the terms coset model and coset
algebra interchangeably throughout this thesis. In general, we will refer to coset models and
algebras as simply cosets. We will sometimes refer to the algebras g and p as the numerator

and denominator of the coset respectively.

Objects related to the subalgebra p decouple from a coset model, lending validity to the

name coset. By considering % as a subalgebra of g, we see that & commutes with p since

=3 =1

LY T =0 Vi jm (1.5.137)

This commutativity3” is what decouples p in the coset model.

We have not discussed the fields of coset models, nor will we in much depth, as we wil never
directly consider coset fields when considering the cosets present in our work in chapters 4
and 5. In chapter 4, we will trivialize the coset factor in our generalized AGT correspondence,
leaving only an f/z\[(n) N-WZW model. While in chapter 5, we will work with coset models,
but only at the level of characters. As such, we will not need to use the fields of a coset

theory, although we will briefly touch on them when discussing coset characters below.

General cosets are quite complicated, and in this thesis we will only study diagonal cosets,
which are cosets of the form N N
X
g= 2 X Ok (1.5.138)
Ok1+ko

If we let (J¢)M) and (J2,)® denote the @, and @k, generators respectively, diagonal cosets

correspond to embedding G, &, using the generators (J2)(1) x (J2)3).

We will finish this section by discussing the character functions of coset models. In practice,
to describe the states in a coset representation, we branch from the integrable representations
of the numerator algebra g to the denominator algebra p. We know that if g contains a p
subalgebra, the highest weight g-module L decomposes into p-modules by the branching

rules
Ly — P WLy, (1.5.139)
I

where ; are dominant integral p weights. This suggests that the coset characters y*/* should
be taken to be the branching functions bf\L for g to p. This brief discussion misses some of

the subtleties in this argument, and the reader should consult [50, §18.2] for a more in depth

360One can also define cosets using the modern framework of vertex operator algebras. To understand the
work in this thesis we will only need to understand the GKO construction of Ty 5.
3"When considering cosets from a VOA perspective, the coset g/p is defined to be the commutant of p

within g.
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discussion. Throughout this thesis we will take the coset characters and branching functions

in (1.5.139) to be interchangeable.

We will consider only the case where g = ;[(n)kl X f/,\[(n)kz and p = E,A[(n)ks in chapter 5. This
is described by the branching of 5A[(n) representations to other gl(n) representations, and we

will not need to worry about these subtleties.

We have the following example to illustrate the use of the GKO construction to understand
the minimal models in terms of WZW models. This example also presents an important

character function expression that we will use in chapters 4 and 5.

Ezample 1.5.12.1. The GKO construction of the minimal model M (p + 2, p + 3;2) is via the
coset [94]

~ ~

s1(2), x s1(2);

X
Mp+2,p+3;2) ~ —=
sl(2)p+1

(1.5.140)

The branching function/character formula for the M (p + 2,p + 3;2) minimal model with
conformal weight parameterised by 1 < r < pand 1 < s < p+ 1 can be calculated by the
Rochi-Caridi expression [95]

,p+1

X2t (q) = k2p(p+1)+k((p+1)r—ps) _ gkP ) (E(p+1)+s), (1.5.141)

1
Tk
(4 ) £
We will generalize this construction in (1.5.143) below, with a corresponding generalized

character expression in (1.5.144).

1.5.13 W-Algebra Minimal Models

Here we discuss a generalisation of the Virasoro minimal models, the W-algebra minimal
models. This will mostly constitute a brief review of W-algebras, before defining certain
principal W,-algebra minimal models as cosets of diagnoal sA[(n) cosets in (1.5.143). The
presentation of the material in this section will be non-standard as an introduction to W-

algebras.

Throughout this thesis, we will only see W-algebras in two settings: Indirectly, through the
W-minimal model characters, and directly as a symmetry of Ay_1-Toda field theories. As
such, we present only enough material to understand both cases. The reader who wishes to
understand W-algebras as algebraic objects should consult [96]. The reader interested in a
review from the perspective of CFTs should see [97]. An older review on their application
in integrable models can be found in [98], whereas the reader who wishes to see a review
covering these different approaches should see [99]. We begin by defining what we mean

when we say a W-algebra.
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Definition 1.5.13.1. ([12]) A quantum W-algebra is a mCFT, whose Hilbert space H contains
a finite number of distinguished chiral states |i) including |T'), whose corresponding vertex op-
erators W) (z) = V(|i), z) (where the Virasoro energy-momentum tensor T'(z) = W®)(2))
are quasiprimary fields of integer conformal dimension h; = s;. Furthermore, the entire space

of fields is generated by normal ordered products of W) (z) and their derivatives.

A quantum principal W,-algebra (or just W,-algebra) is a quantum W-algebra where s; =
i+1fori=1,...,7r —1 (in the notation of [12] W, is W(2,3,...,7)). These states, and
their OPEs, define an action of an algebra on the spectrum # of this CFT, generated by the
states |i). The algebra of this representation can be defined through relations that can be
obtained, in theory, through the OPEs of the distinguished states in this CFT. This algebra
is a Wh-algebra. Throughout this thesis, when we say a W-algebra we will always mean a

principal W,-algebra obtained in this way.

Ezxample 1.5.13.2. The Vir algebra can be obtained in this way through the action of the
energy-momentum tensor T(z) = W®)(z). Therefore Vir is the Wh-algebra.

This is one primary motivating factor for studying W, algebras (and more general W-
algebras), as generalizations of Vir. The W-algebras were first introduced in [100], where
the principal algebra W3 was studied. In more modern applications, W-algebras are created

through quantum Hamiltonian reduction, see [101] and [102].

When considering AGT correspondences involving an SU(N) gauge theory on C?, the central
CFT object will be the correlation functions of W,.-primary fields. For CFTs with W,-
symmetry, we define the W,-primary fields by the properties

Lola) = Ala) o), W) =wP®(a)|a), Lnla)=W®H|a)=0, n>0, (1.5.142)

where Wj(k) is the j-th mode of the current W®*), A(a) is the conformal dimension of |a),

and the eigenvalues w¥)(a) are the quantum numbers for the W-algebra currents.

Originally conjectured in [103, 104] and proven in [105], the W,-minimal models, which we
notate by M (p,p’;r), are CFTs parameterized by two coprime integers p and p’. Of note,
the so-called unitary minimal models®® M (n + p,n + p+ 1;n) have a coset construction for
pE L R R
sl(n), x sl(n)y
sln)py1

We will only be concerned with the unitary minimal models in this thesis, and in chapter 5 we

Mn+pn+p+1;n)~ (1.5.143)

will use this coset construction when calculating coset characters. From this, we can see that
primary fields in the unitary W,.-minimal models are labelled by two dominant integrable

;[(n) weights whose levels different by 1.

38Where we choose to notate the rank of the W-algebra by n, in line with our subsequent AGT notation.
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In the sequel, we will use a character expression from [47], for M (n + p,n + p’; n)-minimal
models. This formula is seen to generalize the Rochi-Caridi expression above (1.5.141). The

character for a unitary minimal model labelled by the two ;[(n) weights & € P; p—n and

CePy,_,is
n,p,p’ qu,c SO k(L pky—vi+i) (tt—t) (phs—vs+s+ve—t)
Xg’g’ (q) = =1 Z q i=1 Ml gPRi—Vi det <q it s—Vs + )7

(1.5.144)
where p = par(¢) = (#1,...,1n) and v = par(§) = (v1,...,v,) as defined in (1.3.20) and

Ape = gV (€ +p) = p(C+ )P = 55(r = 1).

In our case, we will be interested in using these to calculate other coset characters combi-
natorially using coloured cylindric partitions. To do so, we connect these minimal model
characters to the cylindric generating functions from 1.1. By comparing (1.4.4) to Xg’é) > (q)

we have the following equality

1
(a5 9)

X627 (@) = 40 Xa(a), (1.5.145)
o0

which will form a combinatorial basis for calculating characters and branching functions in

chapter 5.

1.5.14 Apy_;-Toda CFTs

Toda field theories (which we will refer to as Toda) are generalizations of Liouville field theory
that we met in section 1.5.7 and are defined for a simple Lie algebra g. While sharing many
similarities to Liouville theory, analysis of Toda is much more complicated, mostly due to
the presence of W-algebra symmetry, while for Liouville CF'T there is only a Vir-symmetry.
Due to this, this section will be light on explicit calculations and proofs, although we will
provide references for each result for the interested reader. We will also only consider the
case where g = sl(N), corresponding to the root system Ay_1, although many results are

phrased for general g.

As for Liouville theory, Toda is defined by a coupling constant b and background charge Q.
Toda is a CFT when

1
Q=b+y. (1.5.146)

We construct primary fields out of the (N — 1)-component field ¢ = (¢1,...,on—-1), where

each ¢; for i =1,..., N — 1 is a free boson (see section 1.5.6).
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Additionally, we postulate the existence of N — 1 holomorphic currents W¥(2) of spins k =
2,3, N — 1 where
1
W3(2) = T(z) = — : O +(Qp. D), (1.5.147)

is the Vir energy-momentum tensor, and p = % > aand ( , ) denote the Weyl vector

a€A (g)
and the scalar product on h* respectively. This Vir energy-momentum tensor, generates a

representation of Vir with central charge [106]

c=N—-1+12(Qp,Qp) = (N —1)(1 + N(N — 1)(b+ %)2). (1.5.148)

The currents W¥(z) generate a representation of Wy in Toda.

Remark 1.5.14.1. For the reader familiar with integrability we can provide a construction for
the currents. Note that while we can give an explicit expression for W?2(z), the higher spin
currents, for IV > 2, are too complicated to provide closed form expressions. These currents

are related to the field ¢ through the Miura transformation [104]

N-1 N k
11 ((b + %) + (hN_i,acp)> => WV H(z) ((b + 2)8) , (1.5.149)
k=0

1=0

where h; for i = 1,..., N are the weights of the fundamental representation (which is the
highest weight module Lg,) of sI(N). Thus, we have that hy = Ay and hy = Ay — Z;:ll o
This relation illustrates the link between the study of Toda (and more broadly, CFTs in

general) and integrability. Historically, this link was one motivating factor to study CFTs.

Again as for Liouville, the primary fields of Ax_1-Toda field theory are vertex operators. We
will construct these using tensor products between (N — 1) copies of the free boson, denoted

as @; fori=1,..., N — 1, and the simple roots «;.

Let ¢ = Zf\;l via; = (¢1,-..,9N-1) be a vector composed of (N — 1) copies of the free
boson in this way. We similarly define an (N — 1)-component charge vector o = >0 1" oWy,
where a® for i = 1,...,N — 1 are some scalar coefficients. We define the vertex operator
primary fields for Toda by

V, = eilw®), (1.5.150)

N-1

=1

behaviour of the singular OPE of V,, and the currents W¥(2) is of the form

where here we note that the Killing form acts as («, ¢) = > vi(a, a;). The leading order

w® (a)Va(2)

Wk<z)Va(w) = (z—w)k

... (1.5.151)



Preliminaries 82

The functions w®)(a) are known as the quantum numbers®® for the W-algebra CFT in

physics, and they are known explicitly [104]. In particular

w(2)(oz) _ A(oz) _ (04,262,0— Oé)

1.5.152
2 ) ( )

is the conformal dimension of the field V;,. One can obtain this OPE (and hence the quantum
numbers) using the OPEs for the free boson (from section 1.5.6), and the s[(N) Cartan matrix
(1.3.40) (to get the sI(N) matrix from the sI(N), we delete the 0-th row and column). The
singular OPE’s defined above imply that V,, is a Wy-primary field in Toda.

Example 1.5.14.2. Let hy = Ay, ho = Ay — Ay, and hs = —As be the three weights of the
highest weight sl(3)-representation Lz . We have the following closed form expression for
w® [107]

48

B)( o) — 7
wle) =1/ o5

(a = Qp, h1)(e — Qp, ha)(cr — Qp, h3). (1.5.153)

1.5.15 The Coulomb-Gas Formalism for Toda Field Theories

The material covered in this section is only a brief review of the results on Toda correlation
functions and minimal models. Most of the material covered can be found in [108] and
[109, 110] with more depth, and the interested reader should consult these works to fully

understand the derivations required to obtain these results.

As for theories whose primary fields are Liouville exponentials, a naive study of the corre-
lation functions in Toda seems to suggest that there are few primary fields with non-trivial
correlation functions. For instance, the n-point correlation function ([[;—; V. (2)) is non-

zero only if the neutrality condition

n

> W =2@p, (1.5.154)
i=1
is satisfied. We follow the same arguments as we did for the Liouville exponentials in section
1.5.8, and use the same method to form a theory with a continuum of primary fields. We again
introducing screening charges Qj, and Qy, that are the zero modes obtained by integrating

the fields V, ) = et @9) and Voo = et (@) of conformal dimension 1.

We then modify the n-point correlation functions by adding in these screening charges to
obtain ([[i"; Vom (2) H,ivz_ll QY Hiv:_ll Q;’% where now the the neutrality condition reads

n

2Qp = ol Ay) =bsp + by (1.5.155)
=1

39In physics, quantum numbers are used to classify states in a system, and are eigenvalues of operators.
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We now generalise the Coulomb-gas formalism for Liouville described in section 1.5.8 to
theories whose primary fields are the Toda vertex operators (1.5.150). By doing so, we will
obtain a description for the YWy-minimal models from the previous section. In this general

framework, the Coulomb-gas formalism for Liouville is the special W5 ~ V'ir case.

First we define the screening charge parameters

/
ay =2 o =—|E (1.5.156)
P \ »

where p,p’ € Z are coprime, and the new background charge
o) =a4 +a_. (1.5.157)

Note that we only consider the case where pa_ +p'ay = 0, as we will never use the Coulomb-
gas formalism for CFTs that aren’t minimal models. Using this, we parameterize the central

charge of the Vir subrepresentation in a minimal model manner as
AP = (N =1)(1 = N(N + 1)ad). (1.5.158)

In this case, the charges of the vertex operators are parameterized using two (N — 1)-tuples

of integers r = (r1,...,rn—1) and s = (s1,...,SNy—1) as
-1
ars=— Y ((ri—1ag + (s, — Da_) A, (1.5.159)
i=1

Under this parameterization, the vertex operator?’

Vo, = €/@re®), (1.5.160)

has conformal dimension
1
A(OZIHS) = 5 (Pr2,s - a(2)P2) ) (15161)

where p? = (p, p) and o = (ag, ), that is parameterized using the momentum vector

Pg=— (ricey + sja—) A;. (1.5.162)

We will use this formalism in section 2.3.3, and again in chapter 3.

4ONote, the additional factor of ¢ in the definition of the vertex operator when considering minimal models
with the Coulomb-gas formalism.
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1.6 Constructing the ALE Space of C?/Z, and the Instantons

In chapter 2 we will review minimal model AGT for SU(N) gauge theories on C2, while
the new results in chapters 3 4, and 5 will be based on extending this theory to the ALE
spaces. ALE spaces, first introduced to physics in [11] (see [111] for a review), are spaces
diffeomorphic to the minimal resolutions of singularities of C?/Z,, [112]. Though not essential

to understanding the results presented in the sequel, we will review their construction below.

Then, since the fundamental object on the 4D gauge side of AGT dualities is Nekrasov’s
instanton partition function, we will briefly review the ADHM construction of instantons
on C? [113] and a generalization to the ALE space diffeomorphic to C?/Z, [114] below
in sections 1.6.2 and 1.6.3. In principle, one does not need to understand the instantons
themselves to understand AGT dualities. Starting from the results of Nekrasov’s calculation
of the instanton partition function [4] is perfectly reasonable. In our case, we introduce these
two constructions to explain the rationale behind adding colours to multipartitions when
moving from AGT for gauge theories on C? to theories on the ALE space C2?/Z,, in chapter
3.

1.6.1 Constructing ALE space associated to C*/Z,

In this section we will follow the approach of [114] and [112] to construct the ALE spaces
diffeomorphic to C?/Z, as hyper-Kihler quotients. By an abuse of notation, we will denote
these ALE spaces as C?/Z,. For a more complete story, the interested reader is pointed
towards the paper [42]. We will closely follow the exposition in [115], but replace the Kleinian
subgroup®! T' of SU(2) with Z,.

Let pr : Z, — End(R) be the regular representation of Z,. That is, R is the complex
vector space whose basis is given by {e, | h € Z,}. The action of Z, on R is given by
g-en = egn, for any g,h € Z,. We use this action to define an action of Z,, on End(R) by
conjugation. Let ng(Q) : SU(2) — End(Q) be the defining representation of SU(2), where
Q = C? and SU(2) action is by matrix multiplication. Note that we denote C? by @ to
match the notation in [114]. Consider the representation pg : Z,, — End(Q) induced by
the embedding Z,, — SU(2) via

2mik
e n 0
0 e n

“' ALE spaces can be constructed for any Kleinian (discrete) subgroup T' of SU(2) as C?/T', although we
will only discuss I' = Z,. References for Kleinian subgroups can be found in [116, 117]. Importantly, the
construction presented here makes use of the McKay correspondence between Kleinian subgroups of SU(2)
and the ADE classification of Dynkin diagrams [118].

k:O,l,...,n—l}. (1.6.1)
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We will construct the ALE space associated to Z,, as a quotient of the manifold
= = (Q ® End(R))%", (1.6.2)

where we use the conjugation action of Z,, on End(R) from above, and where the Z,, super-
script means to restrict to the Zj,-invariant elements of @Q ® End(R). As a representation of

7, we decompose () as

Q >~ Q1 ® Q2 (1.6.3)

where @); = Ce; is a one-dimensional representation of Z,, and {ej,es} are the standard

basis for @ = C2. We now describe the Z,-invariant elements of Q ® End(R). Let ¢ =

e1Qa+es®f = (;) € QREnd(R) = (Q1®End(R))®(Q2®End(R)), where o, f € End(R),

@
be an arbitrary element. For any v € Z, we can write the action of v on ( ) as

(o) (R rapr()) _ (a) L6
gt (6) pQ(7) <(pR(v)_lﬁpR(ry))> PQ(V)Pr (V) 8 PR(7)- (1.6.4)

0

1
Note that pg(y) acts on the basis elements e; = <0> and eg = <1

), while leaving a and

o
invariant. Therefore, <B> is Zp-invariant if any only if

TR (g) YR =15 (;) : (1.6.5)

for each element v € Z,,, where yg = pr(y) and 79 = pg(7) are matrix representations of
v in End(R) and End(Q) respectively. This specifies the manifold Z. We now make explicit

the pairs of endomorphisms («, 5) on the manifold =, following the exposition of [119].

We note that matrix representatives for each basis element in the regular representation of

Zy, can be written as pgr(ex) = pr(e1)® for k=0,...,n — 1 where
0 0 1
1 ... 00
prle)=|(. . . . |- (1.6.6)
00 10

Using this, we can solve the invariance condition (1.6.5). First we make a change of basis on

R so that each matrix pr(ey) is diagonal. Let w, = e~2m/" he an n-th root of unity. The
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matrices pr(ex) are circulant*? matrices, so are diagonalized by discrete Fourier transform

matrices

1 ' 1 /
5= <wmm) L 5= <wmm> . (167
\/ﬁ " m,m’=0,1,....n—1 \/ﬁ " m,m’=0,1,....n—1

Under this change of basis we have
pr(ex) =S (diag(l,wk,wzk, e ,w(”_l)k)> St (1.6.8)

We let A = S~ 'aS and B = S~!35 be the matrix representations of o and 4 in this basis
respectively. We also denote Dy = diag(l,wk, . ,w("_l)k). The invariance condition for

v = ey, Zy, in this basis now reads
wh 0\ (SASTY\  [(SD_;S7'aSDyS!
0 w,*/ \sBS™! SD_1S~'8SD,S~!
KA D_,AD
L REZR (1.6.9)
wng D,kBDk

We note that for a matrix M = (M;;)o<i, j<n—1, We can write

D_yMDy = (w,(g—i)’fMij) (1.6.10)

0<i,j<n—1’

so that wﬁM = D_,M Dy, implies that M;; = 0 for j —i # 1. From this, we see that the
Zyn-invariance condition in this basis is satisfied by endomorphisms A and B such that the

matrix representation of A has only non-zero entries when j —i = 1, —n + 1 and that of B

has only non-zero entries when j —¢ = —1,n — 1. Therefore these matrices are parameterized
by 2n complex numbers ug, ..., u,—1 and vg,...,Vn—1 as
up 0 ... O 0 o 0 o0 ... 0 v
0O w ... 0 0 vi 0 0 ... 0 0
: ST Tl : 0 v 0 ... 0 0
A= .oB=. ] ey
0 0 0 ... 0 wupo
Up—1 0 ... ... O 0 0 0 ... ... wvp_1 O

We now describe the quotient we take of = to obtain the ALE space. We denote the quater-
nion algebra by H. We also choose an invariant hermitian metric ggr on R. Using this we can

define a real structure, an anti-linear involution, on End(R) by defining a hermitian adjoint

12 A circulant matriz is a matrix where the (i,) entry is equal to the (i — 1,§ — 1) entry.
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operator
gr(aX,Y) =gr(X,a'Y), X, Y €T,R, z€R, ocEndQR). (1.6.12)

We can give the space @ ® End(R) the structure of an H-module. This quaternion struc-
@
ture can then be seen by writing the pairs of endomorphisms p = (ﬂ) € Q ® End(R) as

quaternions of matrices. These quaternions of matrices represent a quaternion-valued matrix
as a complex valued matrix, where matrix multiplication is equivalent to multiplication of

quaternions. We associate to p the following quaternion of a matrix

p= <_O;T g) : (1.6.13)

Again, we represent o and § as complex matrices. We can then write each in terms of real
matrices as a = o +agi and 8 = 51 + f2i where aq, ag, 1, f2 € My xn(R). We also associate

the matrix quaternion®3

hp = a1 + @t + (ﬂl + ﬂgz)] = a1 + aoi + 17 + Bk, (1.6.14)
@
to the pair of endomorphisms (6) . Then, if the two quaternions of matrices p; and ps, as-

(1) ()
« o
sociated to pairs of endomorphisms (B (1)> and <B (2)> , have corresponding matrix quater-

nions hp, and hy,, the right matrix multiplication p;p> corresponds to right multiplication
of quaternions hy, - hp,. Note that we have notated quaternion multiplication using a dot to

differentiate it from matrix multiplication.

This is a generalization of the quaternion structure on C2, obtained by representing the

quaternion h = Re(z) 4+ Im(z)i + Re(w)j + Im(z)k by the 2 x 2 complex matrix

< : w), (z,w) € C2, (1.6.15)

-w Zz
with matrix multiplication corresponding to right multiplication of quaternions.

Let g= be the Riemannian metric tensor on =, and V the Levi-Civita connection. Since Z is
an H-module, it has 3 complex structures I, J, K that satisfy the quaternion algebra relations

and are covariantly constant with respect to V

P=J=K=-1, IJ=-JI=K, VI=VJ=VK =0. (1.6.16)

4 . . . .
3We take matriz quaternion to mean a quaternion valued matrix.
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Using these complex structures, we can define three symplectic (closed, non-degenerate 2-

Yforms wr, wy, and wx on Q ® End(R) as

wr (v, w) = g=(v, [w), (1.6.17)
wy (v, w) = g=(v, Jw), (1.6.18)
wi (v, w) = g=(v, Kw), (1.6.19)

where v, w € T,Z for x € = are vectors. A manifold with 3 symplectic forms defined from 3

complex structures in this way is called a hyper-Kdhler manifold**.

Let U(R) denote the set of unitary transformations on R with respect to gr and denote by
F C U(R) the ones that commute with the action of Z,. We also denote by § = Lie(F') the
corresponding Lie algebra to F. There is a natural action of F' on @ ® End(R) by

(;) ! (g) f. feF (Z) € Q ® End(R). (1.6.20)

As F' commutes with Z,, it defines an action on = that preserves the complex structures I,

J, and K, and hence leaves the associated symplectic forms w;, wy, and wg invariant.

To construct the ALE space from =, we will take a symplectic quotient with respect to F'.
Below we will briefly review symplectic quotients to remind the reader of what this means.
For the reader unfamiliar with the material below we recommend the reference text [121]
and the lecture notes [122]. The author also used [123] in their first foray into symplectic

geometry.

1.6.1.1 Symplectic Quotients

Let X be a symplectic manifold with symplectic form wx, and let G be a compact Lie group
with corresponding Lie algebra Lie(G) = g. Assume X carries a Hamiltonian G-action, that
is that the action preserves w. We can associate to each { € g a vector field Ve of G whose
flow lines correspond to the action of G (in this case by mapping §{ — exp(£)) on X. We
define the moment map p: X — g* by

d([p(@)](€)) = wae(Ve, ), (1.6.21)

where [u(x)](§) is the action of the map u(x) € g* on . By considering only ¢ € Z :=
(g9)¢ C g*, where Z is the G-invariant®® subalgebra (g*)¢ of g*, we have that p=1(¢) is

44 The reader unfamiliar with hyper-Kéhler geometry should first begin with Kéhler gemoetry, which is the
study of manifolds with one complex structure and one symplectic form, and is pointed to the lecture notes
[120].

45Here the G-action on g* is the co-adjoint action.
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invariant under the action of G. The space Z is the dual space to the centre of g. Assuming
the action is free, we can then form the symplectic quotient of this action by taking the

manifold
Xe=u"10)//G, (1.6.22)

on which the symplectic form wy descends to another symplectic form we (see [121] or [122]

for details).

This construction can be generalised to hyper-Kéhler manifolds as follows. Let G be a Lie
group acting on a hyper-Kahler manifold X which leaves the 3 symplectic forms invariant.
Denote again its Lie algebra by g = Lie(G). This action then has 3 associated moment maps
W1, g, i associated to the symplectic forms wy, wy, wg respectively. We then collect these

in one map p: X — g* x g* x g%, where u(z) = (ur(z), py(x), pr(x)) for x € X.

As above we denote the dual to the centre of g by Z. For ( € Z the symplectic quotient
X¢ is again a hyper-Kéahler manifold [124]. When performing a symplectic quotient on a

hyper-Kéhler manifold we refer to it as a hyper-Kdhler quotient.

1.6.1.2 Constructing the ALE Space as a Hyper-Kéahler Quotient

Thus to construct the ALE space associated to Z, from =, we perform a hyper-Kéahler
quotient on = using the Lie group F' of unitary transformations that commute with the
action of Z,,. The associated moment map is p = (pur, py, pr) : X — §* x §* x §*. Explicitly,
the specific moment maps on X are defined purely in terms of the associated endomorphisms
o and (:

pr(e, B) = %z ([a, al], [@BW) (1.6.23)
pyla, B) = % ([a,ﬁ}, [aT,BTD (1.6.24)
prcta §) = 5 (1o 8, Lo 1)) (1625

Following the notation of [124], we collect these maps into pur = puy and puc = py+ipk (note
uc(a, B) = [, 5]). We use these to perform a symplectic quotient by choosing a regular
point of the dual space which can be written as the triple { = ((1,(2,(3) € Z x Z x Z, where
Z C §* is the dual to the centre of f. This constructs the quotient hyper-Kahler manifold

Xc = H(Q)//F. (1.6.26)

The space X¢ is the ALE space and as shown in [112, Cor 3.12], is diffeomorphic to the

minimal resolution of C2/Z,.
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1.6.2 The ADHM Construction on C?

Central to this thesis is a study of the mathematical structure of the instanton partition
function, whose calculation involves integration over a moduli space My n, k € Zq (the
case k € Zo are the so called anti-instantons) of linear operators satisfying the ADHM
constraints. We will call these the k-instantons and say that My, y is the k-instanton moduli
space. The construction described here is for 4D U(N) super Yang-Mills on C? (or equiv-
alently R*). We also define My = Uz My N, which we refer to as the instanton moduli

space.

We begin by considering two complex vector spaces V and W, with complex dimensions k
and N respectively. Associated to these we introduce 4 linear operators, B; € End(V) for
i€ {1,2}, I € Hom(W,V), and J € Hom(V,W). The group GL(V') acts on the vector space

End(V) @ End(V) & Hom(W, V) & Hom(V, W), (1.6.27)

induced by the natural GL(V') action on V. An instanton is a quadruple (B, B, I, J) such
that the ADHM constraints

He :[Bl, BQ] +1J =0, (1628)
pr = [B1, Bl] + By, BY| + 111 — JTJ =0, (1.6.29)

are satisfied. Note that the dagger superscript denotes the hermitian conjugate.

Remark 1.6.2.1. The ADHM constraints notation has been chosen suggestively, and they are

in fact the moment maps of a hyper-Kéahler quotient as described in the previous section.

1.6.3 Constructing Instantons on the ALE Space

The instantons on X are constructed in a similar fashion to the ADHM construction on
C2. As before we have the data of (By, Bs,I,J) such that B; € End(V) for i € {1,2},
I € Hom(W,V), and J € Hom(V,W), with the added property that V and W are Z,-
modules and that By and Bs are Z,-equivariant endomorphisms (they commute with the

action of Z,). Since V and W are Z,-modules, they decompose under the Z, action as

n—1 n—1

V=@PVieR, W=PWieR, (1.6.30)
=0 =0
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where Ry, is the k-th irreducible representation of Z, (that is, generated by e2 /") and we
have
n—1 n—1
k=dim(V)=> v, N=dim)=> w. (1.6.31)
i=0 1=0
We then impose the generalised ADHM constraints on this data
(r = [B1,Ba] + IJ =0, (1.6.32)
(c = [B1,B + [B1, By — 11" + JJf = 0. (1.6.33)

where ((r,(c) € Z x Z x Z as described in the construction of the ALE space (that is, they

are the moment maps for GL(V')-action).






Chapter 2

AGT on C?

The original AGT conjecture [2], and the generalizations of AGT that we consider in this
thesis (AGT-W [6] and coset AGT [10]), proposed a duality between 2D conformal field
theories (CFTs) and certain 4D N = 2 supersymmetric (SUSY) gauge theories. We have
already covered the necessary CFT background material in section 1.5 that is required to
understand the 2D side of our results, and will not need such an in-depth discussion on SUSY
gauge theories to understand the 4D side. In this chapter, we will first define the objects
and tools that we will need for our work from the 4D side, and then discuss the original
AGT conjecture and its generalization to AGT-W for SU(2) and SU(N) gauge theories on

C? respectively.

Within this thesis, we will use AGT dualities to to calculate 4-point conformal blocks and
character functions for CFTs using Nekrasov’s instanton partition function (defined for
SU(N) theories on C? in (2.1.14)) from the dual 4D gauge theory. As such, we will endeavor
to only introduce the data required to mathematically define the SUSY gauge theories and
the instanton partition function we will use. The physics of AGT dualities is built on the
work of Seiberg and Witten [3, 125], and the reader interested in fully appreciating AGT first
needs to understand Seiberg-Witten theory and its subsequent developments. The review
[126] provides an introduction to Seiberg-Witten theory, and the thesis [127] has an in-depth
computation of Nekrasov’s partition function. Those unfamiliar with supersymmetry might

find use in the lecture notes [128], together with the standard reference [129].
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2.1 The Instanton Partition Function for N' =2 SU(N) Gauge

Theories

Central to our study of AGT correspondences will be Nekrasov’s instanton partition function
(which we will refer to as the instanton partition function, or partition function when clear),
which is associated to a sector of 4D N = 2 SUSY gauge theories. Specifically, the 4D
theories on the gauge side of the duality are special gauge theories referred to as class S

gauge theories, first introduced in [1].

In this section, we will introduce all the mathematical data needed to define the instanton
partition for the specified class S gauge theories we will encounter in this thesis. To do so,

we will need to know some of the mathematical data defining these class S gauge theories.

2.1.1 Coulomb Branch Data

Nekrasov’s instanton partition function is defined in the low-energy sector of N' = 2 SUSY
gauge theories. Specifically, in the low-energy sector we consider the theory on the Coulomb
branch. This is in contrast to the Higgs branch, or a mixing of the two (both of which we
will not consider in this work). Thus, when discussing class S theories with a pair of pants
decomposition (defined in 2.1.2) in the sequel, the reader should always note that we are not

discussing the full theory, only the Coulomb branch.

We will begin by discussing the SUSY gauge theories. Gauge theories are defined on a pseudo-
Riemannian manifold (M, g) which is referred to as space-time, If we define dimg (M) = d,
we will say that a gauge theory is a d-dimensional (dD) gauge theory. To specify the gauge
theory we require a Lie group G, called the gauge group, with its Lie algebra g = Lie(G).
In SUSY gauge theories we also need an integer N' = 1,2,4,8 which is referred to as the

amount of supersymmetry. In our case, we will only consider theories where N = 2.

We will only consider gauge theories with flavours of matter, which have an additional
associated set of groups G1, ..., Gy for some k > 0 which we use to define a group referred to
as a flavour symmetry group G X --- X G, (in our case each factor of the flavour symmetry
group will be of the form G; = U(M) or SU(M) for some M € Z() with associated
mass parameters' mq, ..., m; € C where [ + 1 is the sum of the dimensions of the defining

representations for each G1,...,Gg.

!Throughout this thesis, we will employ the non-standard convention that vectors of parameters in 4D
gauge theories start their labelling with 0. As we will be identifying gauge theory objects with sl(N) weights
on the CFT side, this convention will make our notation cleaner later.
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We specify the Coulomb branch by the parameters ao, . . ., Grank(g)—1 € C, called the Coulomb
parameters. The Coulomb parameters specify an element ¢ of the Cartan subalgebra § of g

in the adjoint representation.

Finally, we need to specify a collection of fields in our gauge theories. In supersymmetric
gauge theories, these are grouped into sets called multiplets, and we will only need to know
the multiplets in our theory to write down the instanton partition function. In this thesis, we
will only consider theories composed of a wvector multiplet> and a collection of other matter
multiplets associated to representations of g. We will refer to the matter multiplets by the
representations they are associated to. Specifically, our theories will be composed of some

combination of fundamental, anti-fundamental, and bifundamental multiplets.

The flavours of matter in our theories correspond to the matter multiplets. Each mass
parameter is associated to one matter field in the gauge theory, and each matter field is said
to be a flavour of matter. We will focus on theories with the flavour symmetry group U(N) x
U(N), which has 2N mass parameters m = (my,...,my—1) and m’ = (mg,...,mly_;). To
denote that our theory has 2N flavours of matter, it is common to collect the number of
flavours of matter in an integer Ny. Then in our case, we have Ny = 2N. We will also
sometimes associate flavours of matter to their representations, and this is reflected in the
flavour symmetry group. In this vein, the matter in our theory can be further classified into

N flavours of fundamental and N flavours of anti-fundamental matter.

Class S gauge theories are a subset of N' = 2 SUSY gauge theories on a 4D manifold M
that follow an ADE classification. They are defined in terms compact Riemann surface ¥, ,
of genus g with n punctures for (g,n) # (0,0),(0,1),(0,2), (1,0). Below in section 2.1.2, we
will describe the construction of compact Riemann surfaces via gluing pairs of pants that
shows these pairs (g,n) are not allowed. We note that these theories are obtained from 6D
SUSY gauge theories on M x ¥,,. The multiplets of the class S theories we will consider
are fully specified by the compact Riemann surface X, ,,, although to understand how this
works is outside the scope of this thesis. Instead we will just need the results of this, which
we will describe below. We will denote the class S theory with gauge group G on M = C?
associated to X, by ’7;(51

In this thesis, we will focus on Ax_1-type class S theories associated to the Riemann surface

N)

Y04, the Riemann sphere with 4 punctures, so that we are considering 76?4[]( . Since ¢ is

in the Cartan subalgebra of the adjoint representation of su(n) on the Coulomb branch, we

2The Cartan element ¢ defines one of the fields in the vector multiplet.
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can write it explicitly as a diagonal matrix

a 0
0 aq 0
6=1: . . . 0 |, ap...,an—1€C. (2.1.1)
0 e NN 0 anN_—1
Then the traceless condition for su(n) imposes Y a; = 0. The set {ag,...,an_1} are the

Coulomb parameters for the SU(N) gauge theories we will consider. We will often collect

the Coulomb parameters into a vector a = (ag,...,an—_1).

Remark 2.1.1.1. In physics, the Coulomb parameters are complex numbers that are referred
to as vacuum expectation values (VEVs). In the literature, making a choice of Coulomb

parameters is often called fixing the vacuum.

2.1.2 Gluing Pair of Pants and Quivers

The next step is to link the multiplet content of the theory 73794{] M o a pair of pants
decomposition of ¥ 4. Once we have done this, we will be able to write down the instanton
partition function. A pair of pants is a surface that is homeomorphic to the sphere with 3
punctures, a typical example of which is depicted in figure 2.1. In our case, we will take each

pair of pants to be a Riemann surface (have a complex structure).

FIGURE 2.1: A standard pair of pants surface.

We will briefly review the gluing (or sewing) procedure for Riemann surfaces here. Consider
two compact Riemann surfaces C1 and Co (which in our case will be two copies of a pair
of pants), each with punctures (or marked points) p; € C] and py € Cy. We define closed
disks around each puncture p; € D1 C C7 and p2 € Dy C Cy with radii p; € R and ps € R

respectively.

For a compact Riemann surface C;, a complex closed disk D; \ {p;} C C; of radius p; with

the centre point p; € D; removed is homeomorphic to a semi-infinite cylinder as we will now
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review. We pick a local coordinate z; on C}, such that in this coordinate we have
D\ {pi} = {zi =71 + zi(p;)) € Cl0 <7 < p1, 0 < 0 < 27} (2.1.2)

The points in D; \ {p;} are now parameterized by 6 and r, and we notate the point ret +p; =
w € D; as (r,0). We then define the homeomorphism between D; \ {p;} and the semi-infinite
cylinder S* x [1/p;, 00) by (r,0) ~ (e, 1/r).

Remark 2.1.2.1. The pair of pants pictured in figure 2.1 is a visual representation of CP' \
{w1, ws,ws}, the Riemann sphere with punctures at the points wy, ws, ws € CP!, with this

cylinder homeomorphism applied to a disk around each puncture.

We note that as p; € Cy and ps € Co are punctures, the two disks Dy \ {p1} and D3 \ {p2}
are homeomorphic to cylinders. We define two complex parameters z; and ze around p; and
p2 such that z; = 0 at p; for ¢ = 1,2. We can then glue these two cylinders by using a
parameter ¢ € C\ {0} to identify neighbourhoods of p; and ps in D; and D through the
imposed relationship 2129 = ¢. Doing so allows us to define a new Riemann surface C, where

the two cylinders are glued.

The coordinates z; and 29 are local and therefore we cannot have 21,29 = oco. Thus, we
cannot allow ¢ — oo either. We note that the phase of ¢ tells us how the two ends of the

cylinders are rotated in relation to each other before being glued.

Each compact Riemann surface 3, , where (g,n) # (0,0),(0,1),(0,2),(1,0) can be con-
structed by gluing some number of pair of pants in this way, and this is how the restriction
of Riemann surfaces used to define class S theories is determined. Thus, we can associate
a pair of pants decomposition® and set of gluing parameters qi, ..., ¢n € C to any Yyn In

our case, we decompose Y 4 into two glued pairs of pants.

We now apply this gluing procedure to two pairs of pants and glue them along one of each of
their punctures to obtain X 4, the compact Riemann surface of genus 0 with four punctures.
The pair of pants decomposition for g 4 is represented in figure 2.2. In this setting, we have

one sewing parameter that we will denote by ¢ € C.

FIGURE 2.2: Two pairs of pants being glued along cylinders around punctures.

3There may be more than one pair of pants decomposition for one ,,. We only consider Yo 4 in this
thesis, which has only one such decomposition, so that we need not worry about this.
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Finally, we will also associate a generalized quiver to a pair of pants decomposition of a com-
pact Riemann surface. A generalized quiver is a directed graph for which loops and multiple
arrows between nodes is allowed, with extra data associated to the nodes. Quiver gauge
theories were first introduced in [114], although we will not need the full formal description
of them. The definition we provide here is not the conventional definition of a quiver gauge
theory, and is instead sufficient to describe the data we require for the AGT calculations

within this thesis.

Let ¥ be constructed by gluing n pairs of pants which we number 7 = 1,...,n. We will
let the graph Qyx = (E,V), with edge set E and vertices V', be the associated quiver. The
vertices V' will be further split into two types, which we will refer to as circular nodes V,
or rectangular nodes V,.. The circular nodes will correspond to each gluing operation and
the rectangular nodes will correspond to the remaining unglued punctures. In our case, we
will only consider quivers with one circular node and four rectangular nodes. We further
associate each v, € V. an additional label ¢ corresponding to the pair of pants the puncture
initially lay on. Finally, the edges will be between nodes corresponding to one pair of pants,

specifically between the circular and rectangular nodes.

When drawing the quiver @y, we will draw a pair of edges corresponding to a pair of punc-
tures originally on one pair of pants as one edge that splits into two rectangular nodes, shown

below in figure 2.3. When using this convention, each edge that is attached to the circular

L]
[ ]

FIGURE 2.3: Drawing a pair of edges associated to unglued punctures on a pair of pants as
one edge splitting into two.

node corresponds to one pair of pants, and the number of rectangular nodes it connects to
tells one of the number of any punctures. This eliminates the need to track the label ¢, as
it is now clear which punctures correspond to which pair of pants originally. An example
of this is shown for Yo 4 in figure 2.4. The utility of this will be clear when we describe the

AGT correspondence in section 2.2.

Having formalized this process, it is clearer to think about it in an informal way. Informally,
we can think of the quiver in the following way from our pair of pants decomposition for ¥ 4:
The round node represents the Riemann sphere, and each rectangular node represents punc-

tures. The split edges then correspond to the individual pairs of pants in the decomposition.
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L 1 ~ L[
L1 ~— [

FIGURE 2.4: The quiver diagram associated to ¥¢ 4 the Riemann sphere with 4 punctures.
Note that the punctures corresponding to each pair of pants are on the left and right side
of the circular node respectively, cf: figure 2.2 above.

2.1.3 Class S Quiver Gauge Theories for the Riemann Sphere

We can now describe how to associate a gauge group G and flavour symmetries to the quiver
for 3o 4. To each circular node we associate a Lie group GO = SU (n;) such that the gauge
group is the product of groups in circular nodes G = G x ... x G Flavour symmetries
are then associated to the rectangular nodes. In our case, we place G = SU(N) in the
circular node and a flavour symmetry factor of U(N) ~ U(1) x SU(N) split between the
top and bottom boxes on both the left and right side of the quiver. The vector multiplet
is associated to the circular node, while the N flavours of fundamental (anti-fundamental)

matter multiplets are associated to the left (right) pairs of rectangular nodes.

In this thesis, we will take the Riemann surface and quiver associated to class S theories as
being descriptive of the gauge theory. The reader should be aware that they are actually
prescriptive instead. To understand these constructions involves a thorough understanding
of work of Seiberg and Witten, which is outside the scope of this work. The excellent review
of AGT [130], and the references therein, covers this construction for the reader already
familiar with Seiberg-Witten theory. With this caveat in mind, we are ready to define what

we mean when we say class S gauge theory in this work.

Definition 2.1.3.1. A class S gauge theory is a gauge theory defined by gauge group G =
G x ... x G® flavour symmetry group G1 X - - x Gy, a 4D manifold M, and a compact
Riemann surface ¥, for (g,n) # (0,0),(0,1),(0,2),(1,0) together with a pair of pants

decomposition of ¥, ,. We denote this theory by Tﬁl when clear to do so.

In practice, we will describe our theories by filling in the nodes of the quiver diagram asso-
ciated to X, , with the gauge and flavour symmetry group factors. The purpose of this is
twofold. Firstly, it allows us to see all the data of our gauge theory. Secondly, as we will
describe below in section 2.2, the structure of the quiver is diagrammatically similar to the
correlation function that is AGT dual to the gauge theory. The theory ’76?4U(N) is represented
by the quiver in figure 2.5.

In this case, we associate to G; = U(N) the fundamental representation p; : su(N) —
End(Lg,) of su(N) and to G2 = U(N) the anti-fundamental representation py : su(N) —
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SU(N) SU(N)

FIGURE 2.5: The quiver diagram for the SU(N) class S theory associated to o4 the
Riemann sphere with 4 punctures.

End(Lg,,_,), where we recall that Lz refers to the highest weight su(N) = sl(N)-module of
highest weight A as described in section 1.2.2. This theory has N ¢ = 2N flavours of matter.

2.1.4 Nekrasov’s Instanton Partition Function

In this section we will define Nekrasov’s instanton partition function for N' = 2 U(N) gauge
theories on C?, which we will use to compute conformal blocks in Liouville and Ax_; Toda
CFTs on C?. The instanton partition function is associated to the instantons in 76”?4U(N),
which we constructed in section 1.6.2. Below in section 2.3, we will use this for the AGT(-W)

correspondence.

The instanton partition function has only been calculated directly for U(N) gauge theories,

N) In section 2.2.1, we will discuss how

while we are interested in it for the 4D theory 76“?4U(
to obtain the instanton partition function we will need from the U(N) one. Until then, we
will refer to the 4D U(N) theory with the same multiplets as 76‘?4U(N) as 76%2(]\[) for ease of

notation.

To understand the mathematical definition of the instanton partition function we need to
understand some geometry of gauge theories. Mathematically, the matter fields are sections
of a bundle V over C2, which carries a G = U(N) action*. We refer to V as the gauge
bundle. The ADHM construction defines a self-dual connection on V', which then defines an
instanton. We additionally associate the mass parameters to these fields by taking the tensor
product of V with the flavour space M = CNf = CN @ C¥, which contains the complex mass

parameters.

We define the instanton partition function for %i(N) as the integral ([4, eq (1.7)])

Zinst(a, m, m’; ) := Z/ Eu(V ® M)q", (2.1.3)
kZO Mk,N

over the k-instanton moduli spaces My, x from section 1.6.2, where the parameter ¢ is the
gluing parameter for the pair of pants decomposition of ¥y 4. In this definition, M has

an action of the flavour symmetry group U(N) x U(N), while both M and M, x have

4Formally one can think of them as sections of associated bundles to a U (N)-principal fibre bundle. The
bundle V is then the sum of all these individual bundles.
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an action of the gauge group U(N). The notation Eu denotes the U(N) x U(N) x U(N)-
equivariant FEuler class. The 3N parameters contained in the vectors a = (ag,...,an_1),
m = (myg,...,my—1), and m’ = (m,...,mly_;) are the equivariant parameters coming
from the U(N) x U(N) x U(N)-action. The moduli space is non-compact and a calculation

of the integral was not possible until the work of Nekrasov [4].

By implementing a so-called topological twist (which we will not discuss, but is explained in
the original papers [4, 5] and the reviews [130, 131]) and the Q-deformation (see [5, §2.2]),
Nekrasov was able to calculate Z;, for a wide variety of U(N) gauge theories. To do so,
he used equivariant cohomology or what physicists call supersymmetric localization. Local-
ization in this case is very technical (see [132] and [133] for reviews) and an understanding
of these technicalities is unnecessary for our purposes. We only need the results of this

calculation, which we will describe here.

The Q-deformation (or Q-background) is parameterised by two numbers €1,e3 € R which

~Y

are called the deformation parameters. They parameterize the action of the torus 7?2 =
U(1) x U(1) on C?% by

(21, 22) — (%121, €™ 2y). (2.1.4)
It is a deformation of the metric of the 6D space C? x Y4n that the class S theories are
obtained from. The instanton partition function of 76[7]4(]\7) can be calculated for theories with

the Q-deformation applied to them.

Considering the Q-deformation as the action of the torus T2 on C? (that is on the base space
of V), the integrals over M, n localize to the fixed points of the combined action of T2
with the actions of the gauge group® and flavour symmetry group, denoted by T2 x U(N) x
U(N) x U(N). This procedure then reduces the integrals over the moduli spaces My, y to

regular contour integrals, by invoking the Duistermaat-Heckman formula [134].

After transforming (2.1.3) into regular contour integrals, the coefficient of ¢* for a fixed k can
be found by a residue calculation. These residues are rational functions of the parameters
and thus the expression (2.1.3) is a power series in ¢ whose coefficients are rational functions.
We can write the results of this calculation in terms of N-tuples of Young diagrams \ =
AO . AN=D) with k boxes, that is |A\| = k, where each term in the series defining
Zinst(a,m,m’; ) (note that Z;,,s also depends on the deformation parameters) corresponds
to one N-tuple A\. For a fixed N-tuple of Young diagrams A, the function defining the
coefficient of ¢* has a factorized form corresponding to the multiplets present in our gauge
theory. We will refer to each of these factors as the contribution of the multiplet. The residues

are sometimes referred to as the instantons that contribute to the partition function.

SNote again that although we discuss the Coulomb parameters as being associated to U (N) they are
actually parameterizing elements of the Cartan subalgebra of the Lie algebra u(/N). When discussing the
torus action above, we are in a situation where the group U(N) has been broken to U(1)".
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Here we will define the contributions from each multiplet for the G = U(N) theories on C?
we consider in the sequel (see [126]). All multiplet contributions to Zj,s will be built using
the building block function E(x, 5\, A'), which depends on the deformation parameters ¢; and
€2 and takes in as its arguments: a parameter z € C, two Young diagrams A and )\ that are
not necessarily distinct, and a box O = (i, j) in either X or . Explicitly, the building block

function is defined to be

E(:C, A, )\/, D) =T — 61L>\/(|:|) + GQA;(D) (215)

We recall that Lym) () and A,q) are the leg and arm length respectively, defined in (1.1.2),
while the superscript + notation is also defined in (1.1.3). In all cases we will consider, x
will be the difference of two Coulomb parameters or a mass parameter and the pair of Young
diagrams X and X will both be from the N-tuple of Young diagrams A. Due to this second
property, we will notate X and X as A and A™ in the sequel, where it is always assumed
that 0 <I,m < N — 1.

Remark 2.1.4.1. We recall from our discussion in section 1.1, that if O ¢ A we have

AT, <0, and if O ¢ A™ we have Ly(m) < 0.

All results obtained in this thesis will be predicated on a strategy of finding pairs of Young
diagrams ()\(l), )\(m)) for which the building block function vanishes for fixed €1, €2, x, and a
box [ contained in either A or A(™). We will then restrict the summation in the definition
of Z;,st to avoid any N-tuples A containing these pairs. As such, we note that due to A;l) (0),
Ly (O) € Z, the equation

0=E(z, A\, A™.0) =2 — e1Lyom (O) + 45 (D), (2.1.6)

implies that
x=kMe + kWey, (2.1.7)

for some integers k(™ and k(). As we will see, gauge theories where this relation is true are
special, and in the sequel we will provide evidence that they are AGT dual to minimal model
CFTs.

We will split the discussion of the gauge theories ’73?5 (N), their instanton partition functions,
and AGT relations into two cases: N = 2 and N > 2. This is due to multiple reasons, one is
that for su(2) the highest weight fundamental representation Ly, is isomorphic to its complex
conjugate, the anti-fundamental representation. Furthermore, the AGT correspondence for
SU(2) and SU(N) gauge theories have subtle differences that we will discuss in section
2.3. All the subsequent expressions we reproduce in the review below are originally due to
Nekrasov [4].
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2.1.4.2 G=U(2)

We note that in this case, the partition function is defined as a sum over pairs A = ()\(0), )\(1))
of Young diagrams. Similarly, we have a pair of Coulomb parameters a = (ag,a1), and two

pairs of mass parameters m = (mg, m1) and m’ = (my, m}).

The summands of the partition function for 76%2) have factors corresponding to three types
of multiplets, the vector multiplet (consisting of fields in the adjoint representation of U(2)),
fundamental multiplets (consisting of fields in the highest weight 1(2) representation Ly, ),
and anti-fundamental multiplets (consisting of fields in complex conjugate of fundamental

representation, note that this is isomorphic to Ly, ).

We begin by defining the contribution of the multiplet containing the matter in the funda-
mental representation, or the fundamental contribution. We let m € R be the mass parameter

associated to this multiplet. The contribution can be written as

Zun(a, \;m) == H H <al+€1A)\()( )+€2LA()(D)*m>. (2.1.8)
1=00e\()

Similarly the contribution from the multiplet containing the matter in the anti-fundamental

representation, called the anti-fundamental contribution, can be written as

1
Zafun(aa )\; m) = qun(a7 )\a €1+ €2 — m) = H H ((li + elA)\(j)(D) + 6QL)\(J') (D) - m) .
J=00e\()
(2.1.9)

In sections 2.2 and 2.3, and later in chapter 3, we will often work with the function Z,..(a, A),
which is the inverse of contribution of the vector multiplet, when looking at non-physical
poles in Z;,s for certain gauge theories. For ease of notation and terminology, we will refer

then refer to Zye. iteslf as the contribution of the vector multiplet. This can be written as

vec H H E —CLJ, (i)a)‘(j)alj)

4,5=0 e

H <€1 + €9 *E(CL]' *ai,)\(j),)\(i),.)> , (2110)
Wc)()

where the products run over pairs of (not necessarily distinct) boxes [ and B in pairs of
(not necessarily distinct) Young diagrams. Note that the boxes [J and B are not related to
any colouring of the Young diagrams, which are all uncoloured, they are just used to notate

different boxes®. Using these, we can write the instanton partition function for 76(714(2) gauge

5We will also use this notation to differentiate boxes in products in chapter 3, where we will be considering
coloured Young diagrams. Within this thesis, all coloured boxes will be labelled by numbers and not shadings..
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theories on C2 as

qun(aa A ml)qun(aa A m?)Zafun(a> A mll)Zafun(aa A; mIQ)
Zvec(37 )\)

Zinst(a7 m, m/7q) - Z q|)\‘7

A
(2.1.11)

where the summation runs over all pairs of Young diagrams A = ()\(0), )\(1)). By comparing
this expression to (2.1.3), we see that the residues of the poles contained in My, x can be

described by pairs of Young diagrams A with k& boxes as claimed.

2.1.4.3 G = SU(N) for N > 2

In this case, the partition function is written as a sum over N-tuples of Young diagrams

A= (A(O),...,)\(N *1)) of Young diagrams. Similarly, we have N Coulomb parameters
a = (ag,...,an—1), and two N-tuples of mass parameters m = (mg,...,my_1) and m’ =
(mg, ..., mhy_,), corresponding to Ny = 2N.

The form of the partition function for 76’U4(N) has a factorized form corresponding to two
types of multiplets, a vector multiplet (again consisting of fields in the adjoint representa-
tion of U(N)) and two bifundamental” multiplets (consisting of fields in the bifundamental
representation of U(N)). In our case, the bifundamental multiplets will have either a trivial
fundamental or anti-fundamental factor, so that the fields belonging to these multiplets will

only be in an anti-fundamental or fundamental representation of U(N) respectively.

We begin by defining a function Zj;r, that depends on two vectors of N complex numbers

a=(ap,ai,...,an_1), b= (bg,b1,...,bx_1) € CN71 and two N-tuples of Young diagrams®

— (\0) (N-1) — 0 (N-1)
/\(1) = ()\(1), ey )\(1) ) and )\(2) = ()\(2), ey )\(2) )

-1

—_

N
Zif(a, A\1); b, A(2)) =

I 11 (5ot

[T (a+e—E(b-argA)m). (2112

()
mer )

We will use Zp;; to define the contribution of the N fundamental and N anti-fundamental
multiplets in one concise form. The contribution of the vector multiplet Z,.. depends on the

Coulomb parameters a = (ag, a1, ...,an—_1), and one multipartition A = (A, .. AWV=1)

"A bifundamental representation of a Lie algebra is the tensor product of a fundamental representation
and an anti-fundamental representation.

8Note that we have notated these multipartitions using subscripts with brackets to differentiate this nota-
tion from that corresponding to their rows.
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and can be written as

N-—1
Zoeela,\) = Zyip(a i, 30) = [ ]I E(W — a;, A\, D)
=0 CeA(
H <61 + e — E(aj — a;, AW A I)) (2.1.13)
Wc)(G)

Using these we can write the instanton partition function for U(N) gauge theories on C? as

Zbif(a, Ay —m, @)Zbif(m’, T a, \; m)

Zinst(a,m,m’; q) = q|)“7 2.1.14
ZnSt( ) ; Zvec(aa A) ( )
where the summation runs over all N-tuples of Young diagrams A = (/\(0), AW *1)).

We again remind the reader that these instanton partition functions we have just defined are
for U(N) gauge theories. Whereas the AGT correspondences we will meet in the subsequent
sections and chapters are between 2D CFTs and SU(N) gauge theories. An important part
of performing AGT style computations is extracting the SU(N) partition function from the
U(N) one, and in chapter 3 we will perform our own generalization of this for gauge theories
on C2/Zy,.

Finally, we define a generating function for the instantons”, which we take to be generating
function for the N-tuples of Young diagrams defining Z;,s;. Thus for generic U(N) and
SU(N) gauge theories on C? we define

XU(N)(q) — XSU(N)(q) — Z g™ (2.1.15)
AeParN

In subsequent chapters, we will generalise this definition to gauge theories on C2?/Z,.

2.2 AGT for SU(2) gauge theories with N; =4 on C?

We are now ready to understand the original AGT correspondence. In 2009 Alday, Gaiotto,
and Tachikawa suggested a link between the class S theories 76?4(](2) and 7-{791U(2) on C? and
CFTs on the Riemann sphere and torus respectively [2]. They found that under a suitable
parameter identification, the instanton partition function we discussed above agrees with the
conformal blocks (see section 1.5.3) of Liouville CFT (section 1.5.7) on the compact Riemann

surfaces ¥ = CP!, T2 defining class S gauge theories.

Remark 2.2.0.1. In fact they found a stronger result than this. They conjectured that one

could obtain the full Liouville correlation functions from the gauge theory. As part of their

9Formally, the residues resulting from supersymmetric localization.
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conjecture they obtained he DOZZ factors (named for Dorn and Otto, and A. and Al
Zamolodchikov, who first found them independently in [135] and [136]) of Liouville CFT
(see [75, §3]) in the gauge theory.

In this section, we will review their results, with most of this material taken from the original
work [2]. The reader unfamiliar with AGT but familiar with CFT and SUSY is recommended
the excellent (physics-slanted) review [130] and references therein. While the for reader
unfamiliar with SUSY gauge theories, CFTs, and AGT we recommend the thesis [131] and

references within.

We will focus here on the conformal blocks of Liouville theory on the Riemann sphere, which

corresponds to 76*?4(](2) .

All subsequent material will also be for CFTs on the sphere, and
our results will be for this case. We will develop the dictionary of parameters necessary
to identify Nekrasov’s instanton partition function with the conformal blocks of Liouville

theory.

2.2.1 Gauge Theory Parameters and Stripping the U(1) Factor

We begin by motivating a specific reparameterization for the mass parameters of the gauge
theory. This will also begin the process of stripping the U(1) factor for the instanton partition
function. We note that this parameterization is for a 4D U(N) gauge theory, and stripping the
U(1) factor from its instanton partition function allows us to obtain the instanton partition

function for a 4D SU(N) gauge theory.

We begin by showing this parameterization explicitly for 76?4[](2). This was done in the

. . : . . . . SU(N

original paper [2], which we will follow when discussing AGT involving 77, ™) We choose
to parameterize the mass parameters mg, mi, m(, and m} using new mass parameters no,
ni, ng, and nj as

!/ / /! / / !/
mo = no +ng, M1 =ng—ngy, My=ni+ny, m;=mn;—n. (2.2.1)

These n and n/ parameters will be identified with the conformal momentum for fields in the

Liouville theory. Importantly, we have the relations

1 1 1 1
3(mo —mi) =mng,  S(mo+m)=no, 5(mo—my)=ni, g(mg+mi)=ni. (222)
We will use generalizations of these relations when discussing AGT-W, which involves 4D

SU(N) gauge theories, without making this explicit reparameterization.

N)

We now explain the general idea of this reparameterization fo 76?4[]( , which has flavour

symmetry U(N) x U(N). Note that we begin here simply to obtain the correct multiplet
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arrangement for our U(N) theory. In this setting, one U(N) flavour symmetry factor acts
on N complex valued fields as a matrix. We claim that it acts on the fields as if they are
in the adjoint representation of U(N) on its Lie algebra u(N). We then treat the matrix
of mass parameters as being from the adjoint representation of U(/N) and split it into two
terms corresponding to the factorization U(N) ~ U(1) x SU(N). To do so, we recall the Lie

algebra su(N) is the subpace of the complex-valued traceless matrices in u(N).

Following the arguments of the paragraph above, we can now understand this reparameter-
ization from a representation theory perspective. To illustrate this, we review the example
from [131, §7.3]. We consider the pair of matter multiplets with mass parameters mg and

mq, which we write in the matrix M = diag(mg, m1). We then decompose as

0 / 0 10 1 0
o _ (Moo = no ) (2.2.3)
0 my 0 no — ny 01 0 -1

U(1) SU(2)

where we view ng term as coming from the U(1) Cartan subalgebra (where we have taken the
adjoint action of U(1) to act as diagonal 2 x 2 matrices on the space of diagonal matrices),
and the n{ term as coming from the Cartan subalgebra of SU(2) (represented on its Lie
algebra su(2)). Note that the parameters my and m; correspond to one factor of U(2)

flavour symmetry and m{, and m/ to the other.

Note that the parameters ng, n; corresponding to the U(1) factor still appear in the SU(2)
partition function. As we will see below, they also appear in the U(1) factor. This reasoning

generalizes to 7BS4U(N) as we will see in section 2.3.

We recall that the Coulomb parameters in a U(2) gauge theory parameterize an element
¢ in the Cartan subalgebra of u(2). The element ¢ is then a complex valued diagonal
matrix, and we have two independent complex parameters which we collect in the vector
a = (ap,a;) € C%. To move from the U(2) gauge theory to the SU(2) gauge theory, we must
restrict to the case where ¢ is in the Cartan subalgebra of su(2). Then ¢ will be a complex
valued traceless diagonal matrix so that ZLO a; = 0. Due to this, we set the Coulomb

parameters (aj,az) on the gauge side to (a, —a).

Once we have parameterized the gauge theory in the manner described above we can strip the
U(1) factor in the U(2) instanton partition function to obtain the SU(2) instanton partition
function, which is a process we will use this in every AGT correspondence and conjecture
we consider in this thesis. In general AGT relations involving gauge groups SU(N), we are
looking for an equation of the form

ZV0) — (U(1) factor) x Z5UN), (2.2.4)

inst inst
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In each case we consider in this work, and in most cases for AGT!Y, the U(1) factor is
a geometric series, raised to some power involving the deformation parameters and mass

parameters corresponding to the U(1) factor of the flavour symmetry group.

For U(2) gauge theories, Alday, Gaiotto, and Tachikawa found that the correct factorization
was [2, eq (3.9)]:
U(2),Np=4 _ sU(2
Zzn(st) ! (aan07n61n17n/1;Q) = (1 - q)2n0(61+62 n1) X Zznst( )(aan(]an{)vnlanll;Q)a (225)
where we note that the U(1) factor is a geometric series raised to a power involving only the

deformation parameters and the mass parameters corresponding to the U(1) factor.

Remark 2.2.1.1. In the original paper [2], the mass parameters are denoted by p; for i =
1,...,4 and the parameters we have denoted by n; and n for ¢ = 0, 1 are denoted by m; and
m;. In this case, we have instead deferred to the notation of [33] and [34], which the work in

this thesis directly builds on.

2.2.2 Liouville Conformal Blocks from SU(2) Gauge theories

In this section, we will provide the AGT dictionary that identifies the SU(2) instanton

partition function with the Liouville 4-point conformal block of primary fields.

We begin by looking at the parameters needed to define the Liouville conformal block. We
recall our visual representation of conformal blocks in figure 1.3, which we have reproduced
here in figure 2.6. Note that we have represented the insertion of primary fields by their
conformal dimensions, here notated by A’s. With A; corresponding to vertex operators
¢i(2) =V, )(z) for i =1,2,3,4 and A being the conformal weight of primary field defining

the conformal family flowing in the channel.

As Az

A
Ay Ay

FIGURE 2.6: A 4-point Liouville conformal block, with primary fields labelled by their
conformal dimensions.

10The author is not aware of any case where this is not true. When considering the dual expression involving
conformal blocks for 2D CFTS, this U(1) factor can be considered as corresponding to the free field correlation
function of chiral vertex operators (see [19, §4]). This correlation function has the form of a geometric series,
which suggests that the dual U(1) factor in the 4D gauge theory should also have this form.
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We recall that the central charge c of Liouville is parameterised using the background charge

Q@ € C and coupling constant b € C as

1
c=1+6Q Q=b+7. (2.2.6)

The background charge and coupling constants are the Liouville objects that are identi-
fied with the Q-deformation parameters of the gauge theory in the AGT correspondence.

Explicitly, we identify
1

€1=>b, eg = 7 — Q=€+ €. (2.2.7)

Next, we specify the Liouville exponentials in the 4-point block using gauge theory data.
The four legs have conformal dimensions determined from the mass parameters of the gauge
theory. The primary field for the internal conformal family that flows in the channel, has
conformal dimension determined from the Coulomb parameters. In this case, we identify
the gauge theory parameters with the conformal charge of the CFT (see sections 1.5.6 and
1.5.7). The identification is

A =ap(Q —an), Az =no(Q—no), Az=n1(Q—n1), Ay =a1(Q—), A=a(Q-a),
(2.2.8)
where the Liouville charges «, g, and a; are defined in terms of the mass and Coulomb
parameters as
Q Q Q

aozi—i-né], a1:§+n’1, a:§+a- (229)

We note that our reparameterization makes clear the asymmetry between the mass parame-
ters ng and n; corresponding to the U(1) in the flavour symmetry group and the parameters

ng and n) corresponding to the SU(2) factor on the CFT side of the correspondence.

Identifying the Coulomb parameters with the conformal family flowing in the channel and
the mass parameters with the primary fields of the block is a general feature of AGT style
correspondences. Comparing figure 2.5 with 2.6 we can see this diagrammatically. We
associate the mass parameters to the flavour symmetries (legs of the quiver) and the Coulomb
parameters to the gauge group (the internal node of the quiver), this structure is similar to

the conformal block.

We have made this correspondence explicit in figure 2.7, where we have placed a quiver
and conformal block side-by-side with the parameters associated to each object labelled.
Note that we have drawn the conformal block in a slightly modified form here to make this
identification clearer. The external legs are still labelled by Ay and Ay, while the internal
are labelled by Ay and As. Furthermore, the Riemann surface ¥y 4 can be thought of as the
Riemann sphere, which contains the 2D Liouville CFT, with 4 punctures corresponding to

the insertion of the 4 primary fields.
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T > >
- A
a —
!/ /
ny i
Al A4

FIGURE 2.7: A comparison between the diagrammatic structure and parameters associated
to a quiver diagram for a 4D SUSY gauge theory and a 2D Liouville conformal block.

2.2.3 AGT for U(2) Gauge Theories

In this section we review [19], which proved the AGT correspondence for SU(2) gauge theories
and a special set of primary fields on the CF'T side from first principles in the CFT. We will
also review their exposition on the AGT interpretation of the full U(2) instanton partition
function in CFT terms. This explicit proof, for the AGT correspondence in one context

provides both tools to attempt more general proofs and validity to conjecture.

Until now, we have spoken only of a connection between SU(2) gauge theories and CFTs with
symmetry algebra Vir. We now discuss the connection between the full U(2) theory and a
2D CFT. To do so, we interpret the U(1) factor in the U(2) instanton partition function from
a CFT perspective. Following [19], on the CFT side we take the U(1) factor to correspond

to a copy of the Heisenberg algebra ‘H with generators {a, },ecz and relations

n

[an, am] = §5n+m, (2.2.10)
in the symmetry algebra. Under this identification, the CFT that is AGT dual to U(2) gauge
theories on C? has the combined symmetry algebra A = H ® Vir, with the usual generators

an € H, Ly, € Vir for n,m € Z, and additional relation
[an, L] = 0. (2.2.11)

We now construct such a theory and its primary fields, using the Liouville vertex operators.

As before, we parameterise the central charge in Liouville form

1
c=1+6Q Q=b+ =ea+e (2.2.12)

We now define new free fields using the Heisenberg modes (note that these are free fields

built out of the positive or negative modes of the free boson from section 1.5.6)

pri=i Y %"z*", (2.2.13)
+n>0
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which we use to define the free exponential
Vo = 20 Q)= 200+ (2.2.14)

Then, the A-primary fields V,, of conformal charge o € C are constructed as the product of

a free and Liouville exponential as
Vo =V, - VE, (2.2.15)

where V.I' are Vir primary fields of conformal dimension A = a(Q — a).

We now use these primary fields to build highest weight modules. We build an A-highest
weight Verma module with highest weight vector |P), where we recall that P is the mo-
mentum vector described in (1.5.73). The conformal dimension of this state is the eigen-
value of Ly, constructed using the Heisenberg modes as for the free boson, defined by
Lo|P) = (Q%/4 — P)|P). As usual we define the highest weight state by the relations
an |P) = Ly, |P) = 0 for n > 0, and the inner product (P|P) = 1. The highest weight module

is then built using the basis of descendant states
a—i,, -- 'a—l1L—kn .. ~L—k1 |P> , k> >k, >0, 1> > 1y > 0. (2.2.16)

As the labels {l;}icz., and {k;}jez., are sequences of weakly decreasing integers, it is natural
to define this basis in terms of Young diagrams of length m and n. We define the pair of
Young diagrams A = (I3, 15,..., 1) and A = (ky, ks, ..., k,) and define the new notation

involving Young diagrams for the descendant state defined above
&(_A(O))E(_A(l)) |P> =01, --- a,llL,kn e L,kl ’P> . (2217)

In this module one can construct a unique basis that reproduces the form of the instanton

partition function for the conformal blocks, leading us to the following proposition.

Proposition 2.2.3.1. ([19, Prop 2.1]) For A = (A9, X)), there exists a unique orthogonal
basis |P), for the Verma module of the form

W
Py= > o Ja o L_uwy [P, (2:2.18)
[ =[A]

with Hermitian conjugate

-3 P <Py( M(Q)))T(ﬁ(_uu)))T, (2.2.19)

ll=IAl



AGT on C2 112

such that the matrix elements for this basis have the following form

u (P Va [P)y ,
= Zyir (P, 11; P\ ). 2.2.20

The coefficients Cf\‘m)’“”(l) (P) in (2.2.18) and (2.2.19) are determined by the equation (2.2.20).

This proposition was proved by finding the coefficients for A = (@, A(1)) and (A(?), @), where
@ is the empty Young diagram. In this case, it was found that the coefficients C¥ @ ut (P)
involve special linear combinations of the Jack polynomials J )(\71/ bQ). Then the well known
properties of the Jack polynomials (see for example [46]) were used to describe an algorithm

to generate |P), for all .

This proposition provides an interpretation for the combinatorial form of the conformal blocks
purely through CFT considerations in a special case. That is, it proves the AGT conjecture
for this case. In doing so, we have more evidence for the validity of more complicated and

generalized AGT correspondences.

Before finishing this section, we will provide the dictionary for the SU(2) AGT conjecture
on C2, from [2], which will be useful to refer back to throughout this thesis.

Gauge Theory Conformal Field Theory
Deformation Parameters Liouville Parameters b, Q and Central Charge ¢
€1, €2 (e1,€2) = (b,1/b)
Q=b+1/b,c=1+6Q?
Flavour symmetry U(2) x U(2) A 4-point correlation function on the sphere
Mass Parameter m Insertion of a Liouville Exponential
associated to a flavour symmetry e2my
One SU(2) gauge group A thin neck (or channel) with sewing parameter
with associated sewing parameter ¢ = €2™*7
Coulomb parameters a for the complex Primary field €2*? flowing in the channel
scalar field for SU(2) gauge group a=Q/2+a
Linst Conformal blocks
(2.2.21)

2.2.4 SU(2) Gauge Theories and Minimal Models

In this section we will review an AGT correspondence between SU(2) gauge theories and
minimal model CFTs, first considered in [33]. All new results in chapters 3, 4, and 5 are

obtained utilizing a similar flow of logic and arguments as here. As such, this section should
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be well understood by the reader before attempting to understand the results presented in

this thesis.

This process will involve working on both sides of an AGT correspondence simultaneously.
The flow of logic goes as follows: First, we make use of the AGT dictionary above to choose
an ()-deformation on the gauge side such that the dual CFT is a minimal model. Then, we
fix the gauge theory through its mass and Coulomb parameters so that dual object to Z;,s¢
is a 4-point conformal block of minimal model primary fields. To do so, we make use of the
Coulomb gas formalism, reviewed in section 1.5.8, which describes the minimal model CFT
with screening charges. After using the Coulomb gas screening charges to parameterize the
conformal momentum of all primary fields in the conformal block, we return to the gauge
theory where the corresponding mass and Coulomb parameters are now parameterized in
terms of screening charges. By considering the usual definition of the instanton partition
function for these gauge theories, we obtain an expression for the instanton partition function
that contains non-physical poles and is ill-defined. Finally, we restrict the summation of the
partition function so that we remove these poles, by imposing the Burge conditions on pairs

(N-tuples in subsequent sections on SU(N) gauge theories) of Young diagrams.

To assist with understanding of this flow of logic, we have created a flow chart depicting
this process in figure 2.8. Note that in the flowchart, the calculation starts with an AGT
identificiation, then moves across the duality and back again. We have also colour coded

boxes depending on which side of the correspondence they occur on.

As described in section 1.5.5, the central charge ¢ and conformal dimensions A, s of primary
fields are constrained in the minimal models. When considering the dictionary above, we see
that there should be special values of the deformation parameters €; and ey (corresponding
to a minimal model central charge), Coulomb parameters a (corresponding to the conformal
dimension of the primary field flowing in the channel), and mass parameters m;, m; (corre-
sponding to the conformal dimensions of the legs of the conformal block) of the gauge theory,
for which the gauge theory has behaviour analogous to removing the null states in a minimal

model.

This line of thinking was considered in [33], and led to the idea that the summations defining
instanton partition functions of guage theories that are AGT dual to minimal models should
be restricted to special sets of Young diagrams. In the case of AGT for SU(2) gauge theories,

these are Burge pairs, as we shall now review.

We match the notation in [33], and choose to write the central charge ¢,,s of a minimal

model using the parameter a,, as

1 2 4
Cpp' = 1-6 Qp,p’ — y  Qpp/ =4[ —- (2222)
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Parameterize conformal
charge of primary fields
using screening charges as
s = —2(r — Dag — 3(s — Da_.

Bl

Fix €1, €5 so that
c=1—6(e; + €2)> I
corresponds to ¢p, in (1.5.52).

Identify mass parameters m; and m/
and Coulomb parameters ay
for 4,7,k =0,1
with the conformal charges «;
and « of primary fields.

Identify ¢; and ey with the
screening charges o and o_.

Eliminate poles of Z;,t
by restricting summation range to
Burge pairs of Young diagrams.

Substitute new values of gauge parameters
into Zjnst, which now contains poles.

FIGURE 2.8: A flowchart representing the flow of logic in our subsequent minimal model
calculations from AGT.

We then identify the parameter a, ,» with the screening charges {oy, a_} of the Coulomb-gas

formalism, from section 1.5.8, as

1

ap =apy, Q- =— (2.2.23)

Upy
When considering AGT involving minimal models, we make a slight modification to the AGT

identification for the deformation parameters, and identify them with the screening charges
€1 <0< e, €1 =a_, € =ay. (2.2.24)

Remark 2.2.4.1. Note that the identification of the deformation parameters here differs by
a factor of ¢ from the AGT dictionary described above. This factor comes from the form of

the coupling constant b (see (1.5.72)).

We then move to the CFT side of the correspondence and parameterize all conformal charges
parameterizing the vertex operator primary fields using the screening charges as in (1.5.86).
Then we identify these minimal model charges with gauge theory parameters using the
dictionary (2.2.21). In this case, we have two distinct objects that are parameterized in

terms of the Coulomb-gas formalism, the charge of a highest weight M (p, p; 2) state and the
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charge of the vertex operator insertions. Remembering our discussion in section 1.5.8 we are
led to identify the gauge theories that are dual to CF'T Vir-minimal models as ones where
the mass parameters m; and m; and Coulomb parameters a = (a, —a) have the following

expressions

-1 -1
o 'm’;’s S 5 04~ i 5 - a"® = _ga_l,_ - ga_, (2.2.25)

for 0 < r < pand 0 < s < p/. The superscripts for these parameters denotes their pa-
rameterization in terms of screening charges and represents the fact that these are identified
with minimal model CFT parameters. The instanton partition function is then expected
to be AGT dual to the 4-point conformal block of 4 minimal model primary fields. Gauge
theories whose parameters satisfy the above relations are central to this thesis, and show

unique behaviour (as we will see in the sequel), leading us to the following definition.

Definition 2.2.4.2. An N = 2 class S gauge theory with the Q-deformation, whose deforma-
tion parameters €1 and €9 satisfy (2.2.24), and mass and Coulomb parameters satisfy (2.2.25),
such that the theory is AGT dual to a minimal model CFT, is called a gauge theory under

a minimal model identification.

The expressions above both correspond to the conformal charges of fields, so are expected
to be symmetric, but we only consider the case of a correlation function where a field flows
in the channel. Due to this we must respect the fusion rules for Vir minimal models, so
that the the legs are arbitrary minimal model primary fields and the family that flows in the

channel is the product of the fusion of minimal model primary fields.

We now consider the instanton partition function Z;,s of the gauge theory under these
parameter identifications. As we will see, allowing Z;,s to be defined by an unrestricted
summation over pairs of Young diagrams leads to terms whose denominator vanishes. More-
over, each term where this would be true has a factor in the numerator that also vanishes
0

leading to indeterminate expressions of the form j.

To resolve this, we redefine the definition of Z;,s for gauge theories under a minimal model
identification to be a restricted summation of pairs of Young diagrams, where the restriction
is to pairs of Young diagrams for which there is no zero in the denominator. We will make
this restriction explicit below in proposition 2.2.4.3, where it is written as conditions on the

pairs of Young diagrams.

We recall the definition (2.1.14) of Zj,s for U(2) gauge theories with Ny = 4 flavours of
matter (2 fundamental and 2 anti-fundamental matter multiplets). Consider a summand
in its series definition, corresponding to a pair of Young diagrams A\ = ()\(0),)\(1)), whose

denominator term Zg.,, is the contribution of the vector multiplet (2.1.10) which we reproduce
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here

Zden(a,m, m/, A) = Zyee(a, \) = H ( H (E(CLZ — aj, )\(1), )\(j), |:|>

I1 (61 +ea — E(aj — ain A\, l)) ) (2.2.26)

Wc)G)

We specialise to the case of gauge theories under a minimal model identification, so that the
gauge theory parameters satisfy (2.2.25) and (2.2.24). Investigating the zeroes of Zg, leads

one to the following proposition.

Proposition 2.2.4.3. (/33, Prop 4.1]) For fixed r, s, such that 0 <r <p and 0 < s < p/,
the function Zge, (a™°,X) # 0 if and only if

)\1(1) > /\1(3-)5—1 —r+1, >\z('0) > )\Z(}l’)p/*sfl —(p=r)+1 (2.2.27)

for any i < 0 where = min(I(AM), IAO) — 5+ 1)).

In section 2.3.3 we will review a variation of this proposition, for SU(N) gauge theories,
which we will prove using similar methods. Then, in chapter 3, we will present a new
(although superficially similar) result for gauge theories on C?/Z,, again using a variation
on this proof. Due to this, we will reproduce the full proof, edited to align better with our
own proof for gauge theories on C2/Z,, of proposition 3.4.2.1, for this proposition here, which

will be beneficial to refer back to later.

Proof. We begin by considering the various factors present in Zg.,(a™*,\). Each factor
corresponds to a choice of an ordered pair of Young diagrams ()\(i), p\Y )) for i,7 = 0,1 and
a box 0 € A9 or B € A\U). We introduce new notation for these factors, which is a white
or black box with superscript (7,j). Under this notation we have, for instance, the factor
corresponding to the square B € A1) and the ordered pair ()\(0), )\(1)) notated as B Note

that this superscript is not related to the lattice coordinates of the box in question.

We also introduce new terminology for boxes that cause a factor of Zg, to vanish. If we
find a an condition equivalent to 09 = 0 or M®J) = 0 for some i, j respectively, we say
that condition is a wanishing or zero condition. On the other hand, if we can find some
condition that guarantees (27 £ 0 or M) £ 0, we say that we have found a non-vanishing
or non-zero condition. In our case, we will find zero conditions in the form of inequalities on
pairs of Young diagrams, and the corresponding non-zero conditions will involve reversing

these inequalities.
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Using this notation, we begin by considering the case where i = j, so that the factor (10

can be written as

E(a; — a;, \D, 20 0) = B0,A®, A0 ) (2.2.28)
= A, ([D)ay — Lyw (O)a-. (2.2.29)

Since 0 € A and ay > 0 and a_ < 0, we have A:\F(”(D) > 0 and L) (0) > 0 and hence

D(z,z) _ E(az — a;, )\(Z), )\(7'), D) > 0. (2230)

This means that the factor (%) can never vanish, and hence will never cause Zge,, to vanish.
Similarly, B gives us

B = — A, (W), + L (Wa_ <0, (2.2.31)

by the same argument as above, so that B®% also cannot vanish and hence cause Zg, to

vanish.

We now check the remaining factors of Zg., for zeroes. Consider, for instance, the equation
00D = At Dy — Lyo(@a- =0, (2.2.32)

which is of the form
Cioy +C_a_ =0, (2.2.33)

for Cy. € Z. Equations of this form, where the screening charges have the form (2.2.23), have
solutions of the following form
Cy=cp, C_=cp, (2.2.34)

where ¢ € Z is a constant that is to be determined for the specific equation in question''.

We will encounter equations of this form frequently within this thesis, and the subsequent

method of finding its solution will be invoked each time.

Substituting our minimal model parameterisation for a, and using ap — a1 = a — (—a) = 2a,

(0,1)

the vanishing [J = 0 is equivalent to the following two equations

A;«n O)—r=cp, —Lyn@)-s=cp, (2.2.35)

for some O € A0, Assuming this is true, we can then find the implications of the existence
of such a box [ = (4, 7). We know that there is a box [I' at the end of the i-th row of A\(?)
with coordinates O = (7,7 + A, (0)) so that the (j + A, (O))-th column has length at

1This notation may be confusing, as this ¢ is not the central charge of the Vir representation. It is simply
some integer constant which we will fix.
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least i, giving us the following inequality

(A(O))]TJFAA(U) @) = % (2.2.36)

We then solve the condition ¢p’ + Ly (0) + s = ¢ep’ + (/\(1))J-T — i+ s =0, to obtain

i=cp + (AN 45, (2.2.37)

and hence

O g 0 2 0 + O] s (2:235)
Similarly, we can substitute A, ) () = + cp — 1 into the inequality above to obtain
A = + AT + 5. (2.2.39)

This inequality is a property for the Young diagram A\ which is equivalent to the vanishing
of the factor OO for some O € A(9). Thus, we can reverse this inequality to guarantee that

no such O € A0 exists

O hriper <t/ + OO 49 2240
<:><)‘(O))?+r+cpfl < Cp/ + ()\(U)]T +s—1, (2.2.41)

which we write as
AT > (A(O))]TMJFCP_I —cp —s+1. (2.2.42)

We now determine the value of ¢ that will eliminate all possible boxes. We do this in two
steps, first we determine the largest set of possible values for ¢, then we choose the value
in this set corresponding to the strongest inequality. We can fix the set of all possible ¢ by
noting that, as 0 € A9, we have the bound A;O)(D) =cp+r >0, and since 0 < r < p we
have that ¢ > 0. Furthermore, we already know that ¢ € Z, so that the largest set of possible

values for c is ¢ € Zx.

The weakly decreasing property of Young diagrams states that (A(O))JTH,l > (A(O))JTH tep—1
since —s +1 > —cp’ — s+ 1 for ¢ > 0. Thus, the strongest bound is obtained for ¢ = 0,

allowing us to write our first non-zero condition as the inequality
AT > O — s+ 1. (2.2.43)

Finally, we translate this condition into an equivalent one involving the original Young dia-

grams, not their transposes. To do this, we note that this inequality is equivalent to saying
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that the last box in the j-th row of (A7 is to the right of the box (s — 2) boxes from the
end of the (j + r — 1)-th row of (AT,

We can visualise this condition by first shifting the Young diagram (A(O))T up and to the
left by (r — 1) and (s — 1) slots respectively on its lattice, so that the top left box now has
coordinates [0 = (—r + 1,—s + 1). We then define a new diagram X', which is composed of
all the boxes from the shifted diagram 0 = (4, 5) € (A\(?))7 that still lay in the positive z and
y-quadrant of the lattice. These are defined by ¢ —r+1 > 0 and j —s+ 1 > 0. Then the
boxes in the i-th row for ¢ = 1,...,1()\’) in the new shifted diagram are to left of the end of
the i-th row of (AT,

Said in a more geometric way, we can informally say that the outline £y (from section 1.1) of
X never lies to the right of the outline Lyayr of (AT More formally, we can say that if we
start £ya)yr at a point (a,b) € Z? and Ly at (a—1,b—1), the two paths are non-intersecting
lattice paths'2.

We now take the transpose of this relationship of shifts between diagrams, and consider how
these shifts act on the the non-transposed diagrams A®) and A(). The shifts are now (r — 1)
slots to the left and (s — 1) slots up, but the relationship between outlines is still the same.
Then by implementing this logic in reverse, we see that these inequalities on transposed
diagrams are equivalent to the following inequalities for the original diagrams
(1) (0)

AT 2N+ (2.2.44)

where we note, that this process interchanges the roles of s and r in the inequalities. This is

the first inequality claimed to be true in the proposition.

We now repeat the same argument as above for 019 to obtain
Al (@) +r=dp, —Lyo(O)+s=dp, (2.2.45)

where we define a new constant d € Z to be determined in the role of ¢ from before. By follow-
ing our previous arguments, a square (1 € A(1) satisfying these zero conditions is equivalent

to the following inequality
AN > (AD)T  1+s—dp. (2.2.46)

This time we have A,q)(0) =dp—1r—1 > 0 so that d € Z~, and as before we must choose

the smallest possible d to obtain the strongest bound, which gives the following non-zero

12 As Burge multipartitions (defined by the Burge conditions) are a subset of cylindric partitions (see section
1.1), we note that this idea of non-intersecting lattice paths forms the basis of Gessel and Krattenthalers
computation of the generating function of cylindric partitions [35].



AGT on C2 120

condition where d = 1

(/\(o))]r > (A(l))?+p_1_r +14s—7p. (2.2.47)

We again follow our previous arguments to obtain the inequality

AO > A0 14—, (2.2.48)

involving the non-transposed diagrams. This is the second inequality of the proposition.

The two inequalities obtained by considering the M) factors contributing zeros are weaker
than the bounds obtained here. For example B(®1) = 0 is equivalent to the following equa-
tions for some e € Z

—Ayo) (W) —r =ep, ng) (W) — s =ep, (2.2.49)

from which it is apparent that we obtain a similar inequality to the second non-zero condition
above where we replace s and r by s + 1 and r — 1 respectively. Thus this bound is weaker
than the second non-zero condition. The case M1 follows an analogous argument with the

first non-zero condition. O

This proposition tells us that to remove the poles that appear in instanton partition function
for SU(2) gauge theories under a minimal model identification, we must restrict our sum to
Burge pairs, and here lies our interest in Burge multipartitions. In this simple case, where
we are considering models that are AGT dual to the well understood Vir minimal models,
we can use the AGT correspondence to find interesting behaviour on the gauge side. In
chapters 3, 4, and 5 we will work in the reverse direction, we will aim to use the gauge
theory to study the less well understood ;[(n)—WZW models and, more generally, CFTs with
symmetry algebra A(N,n;p).

As a consequence of proposition 2.2.4.3, we define the Burge reduced instanton partition func-
tion Z for U(2) gauge theories with two multiplets of each fundamental and anti-fundamental

matter under a minimal model identification as follows

Z(avma m/; Q) = inst(a7 m, m/; Q)

_ Z qun(aaA§m1)qun(aa A mQ)Zafun(ap)\Qmﬁ)Zafun(aa>\§m/2)

1Al (2.2.50
Zvec(aa)‘) 5 ( )

)\ecr'fl,sfl

which is identical to (2.1.14), except we are restricting the sum to C,_1 s—1 which we define
to be the set of all Burge pairs (equivalently cylindric partitions). This process, where we
redefine the definition of Z;,s to be a sum of Burge multipartitions instead of all pairs of
Young diagrams, is interpreted as a gauge theoretic equivalent to removing null states with

Vir minimal models.
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2.2.5 The Instanton Generating Function and Minimal Model Characters

For gauge theories under a minimal model identification, we note that our redefinition of Z;;, s
implies we should similarly define the Burge-reduced instanton generating function XsU®)
using the usual instanton generating function (2.1.15). In this case, we go one step further
than for the partition function and factorize the U(1) (free boson) factor to obtain the SU(2)

Burge-reduced instanton generating function should be taken to be

X P@) = (60w x X/ (@) = (Ga)ox Y . (2.2.51)
)\ecr—l,s—l

Since it is known that XES(Q) () is equal to the character function x22%'(q) (1.5.141) for
Vir-minimal models, up to a factor of (g;q)5 [40, 20], we see that the Burge-reduced in-
stanton generating function is equal to x©% +1(q). Thus, we see the AGT dual object to the
instanton generating function is the character function of the dual 2D CFT. We will utilize
this correspondence when testing our proposed generalization in chapter 4, and in chapter

5 this will form the basis for our new combinatorial identities for ;[(n)—string functions and

coset characters.

2.3 SU(N) AGT-W with Ny = 2N on C?

We now discuss a generalisation of AGT to a correspondence between 4D A = 2 SUSY
gauge theories on C? with gauge group G = SU(N) and 2D Ay_1-Toda field theory, first
suggested in [6]. This generalized correspondence is commonly referred to as AGT-W due to
the W-algebra symmetry of Toda (see section 1.5.14). The AGT correspondence discussed in
the previous sections, between N = 2 SU(2) gauge theories on C? and Liouville CFT, is the
N = 2 case of this more general framework. In our case, we will restrict our focus to the class
S theory 76”?4U(N) and the 4-point conformal block for Ay _1-Toda field theory. We recall,
that the theory 76*?4U(N) has a U(N) x U(N) ~ U(1)? x SU(N)? flavour symmetry and has
Ny = 2N flavours of matter, composed of N flavours of fundamental and anti-fundamental

matter.

2.3.1 Wy-Chiral Blocks

The Apn_1-Toda conformal field theory on the 2D side of the correspondence, has a Wy
symmetry algebra, as explained in section 1.5.14. As such, we will begin by briefly discussing

Whyy-chiral blocks, which are the conformal blocks of this theory.
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The calculation of conformal (or chiral) blocks (and by extension, correlation functions) in
Wpn CE'Ts for N > 2 is more complicated than for Vir CFTs. The most important difference
is that the general n-point correlation functions of Wy primary fields can not be determined
in terms of only the 3-point functions of WWy-primaries (see (1.5.142) for the defining property
of Wy-primary fields).

This means that a full computation of all correlation functions in Wy CF'T's using the generic
Wi chiral blocks (this is the equivalent of Vir conformal blocks for Wy algebras) is so far
unknown. Thus, the SU(N) AGT-W relation follows from the results of [108, 109] and
restricts to a special class of n-point correlation functions which are determined in terms of

the 3-point functions of primary fields. In our case we will only consider n = 4.

We recall our discussion from section 1.5.14, where we constructed primary fields in Toda as
vertex operators. These fields are parameterized by a s[(/V) weight, which is their conformal
charge. We will calculate the same conformal block in this generalized correspondence as in
figure 2.6 for these primary fields. For Toda blocks, we will label the legs by the conformal
charges parameterizing the conformal dimensions of the primary fields. We depict this in

figure 2.9. In this case, the conformal dimension A of a Toda primary field is now calculated

2) 3)

o o

a0 a®

FI1GURE 2.9: A 4-point Apn_1-Toda chiral block, with primary fields labelled by their con-
formal charges.

by (1.5.152), which we reproduce here

(Oé, 2@:0 B Oé)

Afa) = 2L,

(2.3.1)

where we recall that p = %Z acA, @ is the Weyl vector. We allow the conformal charge of
the external legs, labelled by o and o, to be any s[(N) weights, while the internal legs

oM, a® are restricted to have conformal charge of the form
oW e {kAy, K¥Ay_1|k, K € R}, i=1,2, (2.3.2)

where we recall that A; denotes the i-th fundamental weight of s[(N). In the language of the
dual 4D gauge theory, we will take this special restriction to correspond to the factorisation of
the flavour symmetry group. We also recall that the central charge of Toda is parameterised

c=(N-1)(1+NN+1)(Qp,Qp)), Q=b+~. (2.3.3)
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As for SU(2) gauge theories, we make the AGT identification e¢; = b and ez = b~! and
Q = €1 + 2. We form the following conformal charges from the mass parameters of the

gauge theory [6]

NON/ Nz_l (mip1 —mi) Ay, o) = im'l_\l (2.3.4)
2 i=1 , =1 o

ORI S (m} —ml ) A, @ = g:m"/\ (2.3.5)
y 2 (mimmin) A 2 il 3.

and we can see here that a(®) and a(® have been restricted to the special values described

above in (2.3.2). We also note that form of a(?) and a® generalizes the formulas (2.2.2).

Remark 2.3.1.1. One can take the point of view of 4 dimensional gauge theory to explain
this lack of symmetry in the vertex operator momenta. Each puncture on the Riemann
sphere with four punctures in 76?}1 corresponds to the insertion of a vertex operator in a
correlation function via AGT. In the case of the class S theories we are considering, there is
extra information associated to each puncture. In the case of 7661, we have been considering
theories with two types of punctures, one on each pair of pants, which correspond to the two

different types of legs in the 4-point block.

Remark 2.3.1.2. We can also make a parameter matching argument. On the SU(N) gauge
side we have 2N mass parameters and N — 1 Coulomb parameters for a total of 3N — 1
parameters defining our theory, whereas on the CFT side for an unrestricted 4-point correla-
tion function, we have 5 weight labels with N — 1 components. We can then see that in the
case of N =2 we have 3N —1 = 5(N — 1) = 5 but that this is the only such case for N > 2.
This suggests that not every parameter on the CFT side that is AGT dual to SU(N) gauge

theories for N > 2 can be free.

We then identify the Coulomb parameters a = (ao, ...,any—1) with the charge of the internal
channel as follows. We recall our discussion in section 1.3.3, and embed the dual h* of the
Cartan algebra for su(N) into CV by fixing the basis {e;} and defining!® o; = e; —e;11. We
define ey = ﬁ ZZJ\L 1€ and €; = e; — eg and in this notation the internal momentum « is

related to the Coulomb parameters by

N
20=Qp+ > a5 (2.3.6)

i=1
To confirm that this is a natural generalization of SU(2) AGT, we take the N = 2 case of
what this setup, and we see that a© and a® reduce to a1+ ag and a; — g (in the language

of [2]) as expected, while a(V), a(?), and « also obviously reduce to their SU(2) counterparts.

3Note that here a; refers to the i-th root of su(N) not the conformal charge of a vertex operator.
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2.3.2 Gauge Theory Parameters and Stripping the U(1) Factor

Recall that our U(N) theory has 2N mass parameters and N Coulomb parameters collected
in the vectors m = (myg,...,my—_1), m’ = (my,...,m)y_;), and a = (ag,...,an—1). In the

SU(N) gauge theory we additionally have the relation ZZJ\L _01 a; = 0.

As before, we strip the U(N) instanton partition function of the U(1) factor to obtain the

SU(N) partition function. In this case, the factorization is conjectured to be [6]

(25" ma) (a+ea— & 5" mh)

=(1-q) <1°2 Z

ZU)

inst

(2.3.7)

Here we have written the U(1) factor in terms of the gauge theory parameters, whereas in the
AGT literature this factor is often written in terms of the () and « parameters of the CFT
side. We do so to match with our later notation and to emphasize this factor as naturally

occurring in the gauge theory.

Remark 2.3.2.1. Having stripped the U(1) factor and formed an AGT dictionary between
SU(N) theories on C? and Ay _1-Toda CFTs, it is natural to attempt to extend the approach
of the proof for AGT involving SU(2) gauge theories on C? reviewed in section 2.2.3, to the
case of SU(N) gauge theories. This was done in [137], where a special basis for the highest
weight modules of the corresponding Toda CFT symmetry algebra H ® Wy was constructed
using Jack polynomials. The matrix elements of this basis reproduced the bifundamental
multiplet contribution for the corresponding SU(N) gauge theory. As noted in section 2.1.4,
all other multiplet contributions in the gauge theory can be obtained as special cases of
the bifundamental multiplet contribution, so that the conformal blocks in the CFT can be

identified with the instanton partition function in the gauge theory.

2.3.3 SU(N) AGT and Wy-Minimal Models

As we did for the AGT correspondence between SU(2) gauge theories and CFTs with a
Vir symmetry algebra, we now consider the case of gauge theories that are AGT dual to
Why-minimal models, reviewing the results of [34]. We recall that the Wy minimal models
are labelled by two coprime integers p < p/, and we denote the Wy minimal models by
M (p,p'; N). We shall describe M (p, p; N') using the Coulomb-gas formalism of section 1.5.15,

analogously to our discussion of Liouville minimal models in section 2.2.4.

In the Coulomb-gas formalism, primary fields in M (p,p’; N) are labelled by their conformal

charges
1

Qrg = — z_: ((r; — Dy + (55 — Da_) Ay, (2.3.8)

=1
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where we recall that at are the screening charges (1.5.156). It is convenient to supplement

our r and s parameters with two strictly positive integers rg and sg, defined by

N-1 N—-1
Z T, = p’ Z S; = p/. (239)
i=0 i=0

Under this parameterization, the conformal charges of the internal legs are restricted to be

of the following two forms

ar s = ((r1 — Doy + (s1 —a—) Ay, (11— 1oy + (s1 — a—) An_;. (2.3.10)
The momentum vector P (see (1.5.162)) for the field with charge oy in this theory is

Prg=— (rioy + sja_) Ay (2.3.11)

Using this we can write the conformal dimension A, s of a primary field labelled by r and s
as

L (PZs — agp®). (2.3.12)

1
Ars = (Pr,s + agp) - (Pr,s —app) = )

2
Remark 2.3.3.1. In this equation «ag is denoting the background charge for the Coulomb-
gas formalism, not the affine root of ;[(N ). We have denoted both of these objects in this
confusing way throughout this thesis, as both of these notations are uniform across the
literature. When using the SU(N) AGT dictionary for correspondences involving minimal
models this notation will always reference the background charge. Importantly, the charge

vectors for Ay_j-Toda only involve s[(N) weights, never affine roots.

To identify the Coulomb parameters a = (ag,...,ay—1) with minimal model conformal

momenta, we parameterize

ai =al oy +a; o, (2.3.13)
and identify
N-1 N-1
= (Ajhig)rs, ap =Y (A hi)sg, (2.3.14)
7=1 7j=1
where hj for j = 1,..., N—1 are the weight vectors of the fundamental representation of s[(IV)

(defined in remark 1.5.14.1). Taking the fundamental representation to have highest weight
An_1, the weight vectors are hy = Ay_; and hj = An_1 — Z,?;l ag for j=2,...,N —1,
where we recall that the set {a;};—1,. n—1 is the set of simple roots for s[(/N). We then have

h; — hi+1 = «; which fixes (N — 1) of the Coulomb parameters.

Remark 2.3.3.2. Note that the weight vectors h; for the fundamental representation are the
embedded weight vectors we defined for (2.3.6) above.
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The final Coulomb parameter follows from the condition Z 0 Ya; = 0, where we substitute

(2.3.14), and the definition of the screening charges which we reproduce here

P’ p
ap ==, a_=—,]/—. 2.3.15
=45 Vo ( )

Solving these conditions, shows us that the difference of successive coulomb parameters is of
the form

af —aj =-ri, af —a,=—s, i=1,...,N—1, (2.3.16)

while the sum of all the differences must add to pai + p’a_, so that the final difference

involves the strictly positive integers ¢ and sg, defined in (2.3.9), and is of the form
af_y —af =—ro, ay_,—ay = —so. (2.3.17)

This finishes our parameterization of SU(N) gauge theories under a minimal model iden-
tification. We now use this identification and write the denominator of a term in nggjt\f)

as

-1

b

futomnt) =TT T (-3

rza-‘r + s;a ) )‘(2)7 )‘(j)7 D))
i,j=00e®

e
Il

7
j—1
11 <61 +eo— B (rioy + sion), AW, A0, l)) . (2.3.18)
W) k=i
In this formula we let the ¢ and j labels be defined modulo N so that if j — 1 < ¢ we have

-1 N-1 j-1
+ (2.3.19)
0

<.

~
I
>
Il

% k=i

Remark 2.3.3.3. We note that for (i,j) = (¢,7 + 1) the corresponding factors in Z, ( ) look
U(2)

analogous to the factors present in Z, 6(3 .

We can now see that, as for SU(2) gauge theories, using the usual definition for the instanton
partition function of SU(N) gauge theories under a minimal model identification will not
work. Under this parameterization of the gauge theory parameters, Zg., vanishes for some
N-tuples of Young diagrams. As before, we can create a well-defined partition function by
modifying the definition of Z;,s to eliminate these poles. To do so, we define it as a sum

over a restricted set of N-tuples of Young diagrams. This leads to the following proposition.

Proposition 2.3.3.4. ([34, Prop 4.1]) The denominator function Zge, in stt for gauge
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theories under a minimal model identification does not vanish for an N-tuple of Young dia-
grams A = ()\(0), ceey )\(N_l)) if and only if \ satisfies the following Burge conditions

AV > A 1, i=0,...,N -1, 1< 5 <min((AD),1(AFY) — ;4 1), (2.3.20)

where the Young diagram superscript labels are defined modulo N, and r;, s; fori =0,..., N—
1 are strictly positive integers that parameterize the conformal momentum of the conformal

family that flow in the channel.

The proof of this proposition is analogous to the proof of proposition 2.2.4.3. In this case,
the Burge conditions follow from eliminating the zeros in the products corresponding to the
pairs of Young diagrams ()\(i), )\(”1)), and the proof for these pairs is exactly the same as
for SU(2).

After showing this, we are left to show that the zeros occurring in the factors corresponding
to the other possible pairs of Young diagrams ()\(i), AR for k # 41 are also eliminated if
the Burge conditions are satisfied. This amounts to showing that the (A(), \(+5)) non-zero

conditions are weaker bounds than the Burge conditions.

Proof. Consider the pair of Young diagrams ()\(i), /\(”k)), for which there is a corresponding

factor in Zyec

itk—1
(ii+k) .— H (E(— Z (rjoy + sja_),)\(i)’)\(z‘+k),D)>

Oex® J=i

i+k—1
= 11 (E(— > (rja++sja),A“),A(Hk),m)). (2.3.21)

Oex® Jj=t

We note that this factor is of a similar form as the factor in the SU(2) which we notated
as OO, The differences being that there is a different parameter z in the building block
function E(x, AD A\ ) and the labels of the Young diagrams. Thus, we can follow the
arguments from our previous proof of proposition 2.2.4.3 with different Young diagram labels

and we replace our previous parameter with this new one, which amounts to replacing
itk—1 ith—1

T — Z T,  Si > Z S;. (2.3.22)
i=i j=i

After doing so, we see that to eliminate the zeros in this factor we find the same inequalities as

before except with the parameters replaced as above. Thus, we find the non-zero conditions

i+k—1
(i) < (i+k) .
A > Aj+<z§zf—1si)—1 - < > rz> + 1. (2.3.23)

=1
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We claim that the strongest bound one finds in this way is obtained using the non-zero
conditions found for the pairs of Young diagrams of the form (A, A(+1) which we will
refer to as sequential conditions. To show this, we will compare the bounds obtained for pairs
of diagrams of the form (A(®), A\()) for k > 1 using the sequential conditions against non-
zero conditions on (/\(i), )\(”k)) obtained using the arguments from the proof of proposition
2.2.4.3.

We begin by considering what the sequential conditions obtained for the pairs of diagrams
of the form (A®, A1) and (AGHD A+2)) imply as a restriction on pairs of diagrams of the

form ()\(i), )\(H'l)). Explicitly, we have the two sequential conditions

AW > AGE (2.3.24)
and
)\yﬂ) > )\gifill_l —Tit1+1, (2.3.25)
which together imply that
2@ > \(+2) 4l 1= )\0t2) o — 1 2 2.3.26
j 2 Ajsi—l4sia—1 — Ti T Pitl T 1= Ajsitsi—2 =T — Tkl + 2 (2.3.26)

We repeat this argument, using induction, and see that the sequential conditions imply the
following inequalities between pairs of diagrams of the form ()\(i), )\(”k))

itk—1
(4) (i+k) _ _
N2 AT ey ZZ (ry — 1). (2.3.27)
=1
If we now compare (2.3.23) to (2.3.27), we see that the second is stronger for k > 1, so that
the sequential conditions also imply all other non-zero conditions for this factor. Thus, if we
restrict to N-tuples of Young diagrams that satisfy (2.3.27) we remove all zeros from this

factor. We now repeat this process for the pair (/\(i), )\(”k)) and the corresponding factor

itk—1
mtk) H (61 +e— E( Z (ricy + siar ), AR\ I)) . (2.3.28)
W )\(itk) k=1

As before, this corresponds to a factor B in the SU (2) proof with a changed parameter
and a relabelling of the Young diagrams, so that, as above, we obtain the same inequalities
between this pair of diagrams to remove all zeros in this factor. As explained in the SU(2)
proof, these inequalities are actually weaker than those to eliminate the zeroes coming from

the other factor, so do not contribute any new information.

This is only half of the possible pairs of diagrams, and hence half the possible factors in Zge,,.

To repeat this argument for the other half, we substitute ¢ + k + 7 — k and consider the case
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of k > 0 under this substitution. We have that

i—1 i—k—1

k—
a; — Qi—f = Z (rjoy + sja_) =pay +pa_ — Z + (rjoy + sjo), (2.3.29)
j=i—k

z
L

=0 7

7

.

where in the second equality we have used the definitions of ry and sg

N-1 N-1
To=p— er, S0 =p— Zsj- (2.3.30)
j=1 j=1

We can now repeat the same arguments as for the pairs of diagrams of the form ()\(i), )\(Hk))
except we now compare the SU(N) factors =% and M~*) with the SU(2) factors we
notated as 009 and ME0) respectively. Thus, we obtain the non-zero conditions

i—k—1 N-1
)\(1) )\(1*’“)

k
Z Ay (DA e -1 P ]Z; +; (ri) +1, (2.3.31)

which compare with the non-zero conditions implied on the pair ()\(i), )\("*k)) by the sequential

conditions. In this case, we repeat the process described above. When using the inequality
(N=1) 5 1(0)
)\J /\HSO 1 —Tro+1, (2.3.32)

we substitute the definition of r¢ and sy to obtain
(N-1) (0)
N AL s TP Z i+ 1. (2.3.33)

Then, using induction as above, we see that the sequential conditions imply the following

inequalities between the pair (A, \(i=F))

i—k—1 N-1
(1) 5 \(i=F)
R S et Z +2 | (it 1), (2.3.34)
7=0 Jj=t
As before we see that (2.3.34) is a set of stronger bounds than (2.3.31). This shows that
we need only to restrict our summation to the Burge conditions implied by the adjacent
factors to eliminate all zeros in the denominator of Z;,s and completes our proof of the

proposition. [

Remark 2.3.3.5. In essence, relying on the N = 2 case and using the sequential conditions
works as each sequential condition compares the i-th and (i + s; — 1)-th row of sequential
diagrams. When repeatedly applied, we can think of this as moving down the rows of

diagrams repeatedly, where we move by s; down and then one back up the diagram. This is
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in contrast to the bounds on non-adjacent pairs, which move by s; down for each row but
then back up one only once. Similar arguments follow for the r; parameters, where we recall
our discussion in section 2.2.4 and interpret these as shifting along columns. We will use
this argument later when considering the case of AGT for gauge theories on the ALE space
C?/Zy,.

These Burge multipartitions, which are defined by the labels r and s of primary field defining
the conformal family that flows in the channel, are weight ({, £)-Burge multipartitions where
C(=1[so—1,...,sy—1— 1] and £ = [ro — 1,...,7n—1 — 1] in the notation of (1.1.11). When
discussing them in the context of physics, we will prefer the CFT notation involving r and
s and notate as C™* the set of Burge multipartitions of weight ({,&), when it is clear to do
so. When discussing these inequalities in the context of representation theory and algebraic
combinatorics, we will prefer to notate them using ( and £. Here we make a distinction
between the set of strictly positive integers r and s, and Dynkin labels £ and (. We will

sometimes refer to this set as the set of (r,s)-Burge partitions.

(N) which is conjectured

We now define the Burge-reduced instanton partition function ZV
to be in AGT correspondence with the 4-point comformal blocks of H & Wy minimal models

on the sphere

/!
U(N) 1oy . U oy A Zvif (@, m, A) Zy;r(a, m’, \)
Z (a,m,m’q) =2, '(a,mm’q) = )\EEC,,S q Zoee(@, ) . (2.3.35)

In [34], this was checked against the W3 minimal model M (8,9;3). To do this, they fixed
one of the Toda vertex operator insertions (in our notation, ay) to be a W5 null state, which
determines the labels of this vertex operator. A null-state is a descendant field of a degenerate
primary field, and by representing the action of the algebra generators of the Ws-symmetry
as differential operators, one can show that the correlation function satisfies a third-order
ordinary differential equation of Pochammer type, whose solutions are constructed using the

35 hypergeometric function.

By expanding the instanton partition function up to order |A| = 4 the authors confirmed that
ZUN) agreed with 3F5 term-by-term up to some overall ¢ factor, after stripping the U (1)
factor from ZUVWY), This allowed a tangible prediction to be tested and provides validity to
this process which we shall repeat for AGT on C?/Z,, in chapter 4. In our case, we will utilize
the KZ differential equation from (1.5.117), and check the instanton partition function on

C?/7Z,, space against it.

We finish by again checking the gauge theory instanton generating function against the CF'T

character function. Having defined a Burge-reduced partition function we again define the
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Burge reduced SU (2) instanton generating function as

XesM(q) = (@)oo ¥ X (@) = (G D)o x Y d, (2.3.36)
AECT:s

which is known to be equal to the character function (1.5.144) for Wy-minimal models [41].






Chapter 3

AGT for N =2 SU(N) Gauge
Theories on C?/7Z,

In this chapter we discuss a conjectured extension of the AGT correspondence to N = 2

SU(N) gauge theories on C?/Z,, with CFTs with symmetry algebra

A(N,n;p) = Agl(p—N)N gHEBBA[(n)NEBs[(N)n@E[(N)p*N

= : (3.0.1)
g[(p — N — n)N 5[(N)p+an

first suggested in [10], which we call coset AGT. We begin by reviewing the material of [42],
which calculated the instanton partition function for U(N) gauge theories on C?/Z,, as a
sum of N-tuples of coloured Young diagrams. We then propose how to strip the U(1) factor
and obtain the SU(N) instanton partition function.

We then propose an explicit dictionary between the mass, and deformation parameters of the
gauge theory and the conformal charge of primary fields in the CFT. We use this dictionary
to identify gauge theories that we conjecture are AGT dual to A(N, n; p)-CFTs that involve
minimal models (in a sense that we will make precise in section 3.4.1). We will then show that
in these gauge theories, the usual definition of the partition function contains non-physical
poles and is ill-defined. Finally, we eliminate these poles by imposing the Burge conditions,
calculated in proposition 3.4.2.1, on our N-tuples of coloured Young diagrams to obtain a
well-defined partition function for these theories. The material in this section is based on

the content from [43] co-authored by the author.

133
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3.1 Instanton Partition Function on C?/Z,

In this section, we discuss how the instanton partition function for N' = 2 SU(N) gauge
theories on C?/Z,, is defined using the building blocks of the instanton partition function on
C? (2.1.12) and the action of Z,. We begin by discussing the action of Z, on both C? and
the Coulomb parameters, and how this action affects the instantons. We will then see that
the residues that contribute to instanton partition function on C?/Z, are now characterized

by n-coloured N-tuples of Young diagrams.

3.1.1 Gauge Theories and Instantons on C?/Z,

We begin by considering the action of Z,, on the space C?, where we have an N' = 2 SU(N)
class S gauge theory with Ny = 2N flavours of matter (with N flavours of both funda-
mental and anti-fundamental matter) as described in chapter 2. We again introduce the

Q)-deformation parameters €7, €2 € R by the U(1)2-torus action (see (2.1.4))
C? = C%, (21,29) — (€021, €2 zy), (3.1.1)
and define the action of Z,, on C? to be

p: ZnxC*—C?

—2mi

(0,(21,22)) — (e%"zl,e n %29), 0 E Lp. (3.1.2)

Let a; € C,i=0,1,..., N — 1 denote the Coulomb parameters of the U(N) gauge theory.

These Coulomb parameters also transform under this Z,-action as
. 2mi o
Ly : €% en %" (3.1.3)

where each parameter a; has an associated Z,-charge o; € Z, for i = 0,...,N — 1. Note
that o = 0 is the trivial transformation. Below in section 3.1.2, we will use the invariance of
the instanton partition function on C?/Z, under the action of Z,, to restrict which possible

representations can appear in this way, as conditions on the charges o; for : =0,..., N — 1.

Remark 3.1.1.1. Mathematically, this involves associating irreducible Z,-representations to
the a; as follows. As the Coulomb parameters are complex numbers, we can consider the
circles

Cj={e"elreR}, j=0,1,...,N—1, (3.1.4)

. ; S . 2nic P .
where Zj,, acts on C; by the rotation (o,ee'*) +— e n ee'®. The action of Z,, on C; ex-

tends to a one dimensional complex representation of Z,. Note that there are n-distinct

one dimensional complex irreducible representations of the Z, labelled by the elements
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0,1,...,n —1 € Z,. The charge o; € Z, then determines which irreducible representa-

tion of the Z,-action we associate to each a;.

In [42], it was shown that the instanton partition function for these theories can again be
computed using localization. The new information for this calculation on C2?/Z,, is carried
in the Z,-charges o; of the Coulomb parameters a; for i = —0,..., N — 1, which appears as
the charges used to colour the N-tuples of Young diagrams A% = ()\(0"’0), ey )\(N*L"Nfl))
describing the residues of the contour integrals. When discussing AGT for gauge theories on
C2/Z, in the sequel, each Young diagram will be coloured in n-colours in this way. As such
we will drop the charge superscript o; for Young diagrams so that when discussing N-tuples
of Young diagrams A = (A0 ... . AN=1) we have

A = \Goi) (3.1.5)

except when we explicitly state that we are considering an uncoloured Young diagram.

We will assume (without loss of generality) that the charges satisfy
0'020'12'-'20']\[,1, (316)

as this can always be achieved by rearranging the labels of the Coulomb parameters a;.

We recall (see sections 1.6.2 and 1.6.3) that we can use the ADHM construction, and its
generalization to C?/Z,, to construct the instantons on C2/Z,. These solutions describe a
self-dual or anti-self dual connection on a U (N )-principal bundle, this is the gauge bundle (cf:
section 2.1.4), over C2/Z,. Mathematically, these self-dual and anti-self dual connections for
this bundle are the instantons [113, 112]. The instanton solutions are then classified by both
the first and second Chern classes, c1, co of the gauge bundle with these connections, which

is called the instanton bundle, over the space C%/Z,.

Following [112, 42], we can write down the Chern classes of the instanton bundle using
the Chern classes of a tautological Z,-bundle T = C? xz_ C[Z,] on C?/Z,. The fibres of
this bundle 7 are isomorphic to the regular representation C[Z,] of Z,,. We then decompose
ClZy] = ®i=0,... n—1Ri, where {R;}i—0,... n—1 are the 1-dimensional irreducible representations

of Z,, and the instanton bundles as follows

T = @ T:, where T; := C? x5, R;. (3.1.7)
=0, ,n—1

Recall from section 1.6.3 that when constructing the instantons on C?/Z,, we have two vector
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spaces V and W, that are also Z,-modules. These vector spaces decompose under the Z,-

action as ) )
V=PVieR, W=PW R, (3.1.8)
i=0 i=0

with dimensions k; = dim(V;) and N; = dim(W;) for i = 0,...,n — 1.

The first and second Chern classes ¢; and ¢ of the gauge bundle are defined in terms of the
Chern classes of the line bundles 7;, the dimensions of the vector spaces V; and W; under

the Z,-decomposition, and the instanton data on C? /Ly, as

n—1
C1 = Z cicl('ﬁ), (3.1.9)
=0

n—1
co = uca(Ti) + Z (3.1.10)
i=0 n

where k = Z?;ol ki, and c1(7;) and co(7;) are the first and second Chern classes of 7; for

i =0,...,n— 1 respectively. The coeflicients ¢; are functions of k; and N;, and are given by
¢ =N; —2k; + kip1 + ki—1, where kijyn=%k;, i=0,...,n—1 (3111)

Note that the 1-dimensional irreducible representation corresponding to ¢ = 0 is the trivial

representation, as such the Chern class vanishes, ¢1(7p) = 0.

Remark 3.1.1.2. Recall the ;[(n) Cartan matrix A, defined by (1.3.40), which we reproduce

here (remembering that we label our rows and columns by i,7 =0,1,...,n— 1)
2, =7,
Aj=4-1, i=j+1 modn, (3.1.12)
0, else.

By forming the vectors k = (ko,...,kn—1), N = (No,...,Np—1), ¢ = (¢g,...,¢p—1), We can

rephrase the n equations (3.1.11) into one matrix equation as
A-k=(N-—q). (3.1.13)
Then by defining 0k; = k; — ko we have the following (n — 1) equations

C; :Ni—2(5ki+5ki+1+5ki,1, 1=2,...,n—2, (3114)
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together with

¢1 = N1 — 20ky + 6ko, (3.1.15)
1 = Np_1 — 20kp—1 + 0kp—oa. (3.1.16)

In matrix form we can write this system of equations as

A6k = (N —7), (3.1.17)

where A is the sl(n) Cartan matrix, N = (Ny,..., N,_1), and ¢ = (c1,...,¢,—1). The utility
of this second form for this system of equations lies in the fact that the finite Cartan matrix

A is invertible.

By rephrasing the equations in this manner using A we see that classification of the instanton
solutions through the Chern classes uses the structure of ;[(n) As we will show in chapter
4, we can finetune the (2-deformation used to calculate the instanton partition function for
these theories on C?/Z, to obtain the characters and conformal blocks of ET[(n)—WZW models.
It then seems to be no coincidence that the Chern classes are of this form, when considering

that the primary fields of ;[(n)—WZW models form integrable highest weight f?[(n)—modules.

We will take the Chern classes ¢; and ¢y of the gauge bundle to be fixed parameters defining
the instantons. Through equations (3.1.11) this defines a set of possible solutions for N and
k, which we take to define the possible instanton solutions for our gauge theory. In this sense,
we will ignore the Chern classes and parameterize our theories using two sets of integers N
and k.

Ezample 3.1.1.3. ([32]) Let N = 2 be fixed and ¢; = 0. In this case we have the matrix

equation

Ak =N, (3.1.18)
which we can invert using the inverse sl(n) Cartan matrix
A = min(i, j) — 2, (3.1.19)

1] n
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to solve for the differences dk; fori =1,...,n— 1. For n = 2, 3,4 we have the following table
of integer solutions to this matrix equation:

n=2 {N} {6k}
(2,0) (0,0)
(0,2) (1,1)
n=3 {N} {6k}
2,0,0 0,0,0
( ) ( ) (3.1.20)
(0,1,1) (0,1,1)
n=4 {N} {0k}
(27 07 O’ 0) (07 07 07 O)
(07 ]‘70’ 1) (071717 1)
(07 07 2’ 0) (071727 1)

3.1.2 Defining the Partition Function

Here we will recall the form of SU(N) instanton partition function for C2/Z,, first derived
in [42]. The instanton partition function is defined as a series over the set of N-tuples
of coloured Young diagrams with fixed charges 0 = (0g,...,0n_1) € (Z,)" and colour
data 0k = (bko,...,0k,_1) € Z™ !, denoted by Ps\- The charges in the vector o are the
Zn-charges associated to the Coulomb parameters a = (ag,...,an—1) and the differences
0k = (0kq,...,0k,—1) are calculated using the dimensions of the vector spaces V; used when

constructing the instantons as
(Sk‘i = k‘i — k‘(), k‘l' = dlm(V;) (3.1.21)

To calculate the terms in this series, we will start with the terms from the partition function
on C? and project out all factors that are invariant under the action of Z, (we will make
this process explicit in example 3.1.2.2). Due to this, the instanton partition function on
C2/Z, is constructed using the building block E(z, \),;/ A" () function used to construct
the partition function on C? (2.1.5), which we reproduce below. We recall that E depends
on a complex parameter z, a pair of Young diagrams (A, A(™)) and a box O = (4,4) in
either A®) or A(™) and is defined as

E(z, X0\ 0) = 2 — e Ly (D) + e2 AT, (0), (3.1.22)

where Ly(O) and A(0) are the leg and arm length of the box O in the Young diagram
A respectively (see (1.1.2) and (1.1.3)). Using this, we can define Z; ., the contribution of

the bifundamental multiplet on C2?/Z,,, that depends on two vectors of N complex numbers
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a = (ag,ai,...,an_1) and b = (by,by,...,by_1) € CV~! and two N-tuples of Young

- _ (0 (N-1) _ (10 (N-1)
diagrams A(j) = ()\(1), .. .,)\(1) ) and A(g) = ()\(2), . ,)\(2) )

*

N-—1
* . _ (@) ()
ZiadayibAe) = [[ I E(ai—bj,/\(l),/\é)ﬂ)
-0 0ea)

*

I1 (61 te—E (bj —ai, A3 AL, l>> : (3.1.23)
mery)

where the asterisks mean to take a product over only the Z,-invariant factors modulo' 2.

Below we will explicitly describe what this means by calculating which boxes [ € )\8)) and

J

2
of the Z,-invariant factors of Z;, the contribution of the bifundamental multiplet on C?,
defined in (2.1.12).

| S /\E % for i,7 =0,...,N — 1 contribute as factors for Z{fif. Note that Z[fif is composed

We remind the reader that the colours of the two boxes [J € )\E% and B € )\8 are not
related to the colourings associated to /\8)) and )\8%, which we still denote by the integers

0,1,...,n — 1. In this case, we are denoting the boxes in these products to distinguish the

boxes [J which are from diagrams /\gl
B which are from the diagrams )\8 in the second.

‘1)) in the first N-tuple of Young diagrams and the boxes
Remark 3.1.2.1. In [42], the form of (3.1.23) was again calculated using supersymmetric
localization. The process to do so is similar to the calculation for N' = 2 SU(N) gauge
theories on C?, as the fixed points of the instanton moduli space for C?/Z, are also the fixed
points for C?. The difference between these two calculations is that the contribution of these
fixed points for the gauge theories on C2?/Z,, only comes from boxes whose contribution is

invariant under the action of Z,, on this gauge theory.

We will now calculate which boxes in the N-tuples of Young diagrams A(;) and A cor-
respond to Zy,-invariant factors. Under a Z,-transformation, the gauge theory parameter
transformations are generated by

2 2 2 2
€1 — €1 + i, €9 — €9 — l, a; — a; + ldi, bj — bj + IO’; (3124)
n n n n

We recall our notation from the proof of proposition 2.2.4.3, where for fixed 7,5 = 0,1,..., N—

1 and a box [ in either AE?) or )\g%, we denote the factor

@) ()
E (ai — b A0, D) : (3.1.25)

'Here and in the sequel, when we say modulo 27 we mean that two numbers are equal up to the addition
of a term of the form 27m for some m € Z.
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in (3.1.23) by 09, Similarly, we denote

e+e—E (bj —a M)A, l) , (3.1.26)
by W), To show 007 is invariant modulo 27 under a Z,-transformation it is sufficient
to show that it is invariant under (3.1.24). To do so, we apply (3.1.24) to the parameters
and then substitute these transformed parameters into (3.1.23). We denote by D(Zi;j ) and
.(Zi;j ) these factors after a Zp-transformation. In the following example, we follow these
steps explicitly for one such factor and derive the necessary conditions on a box [0 = (i, j),
in terms of the Coulomb parameter charges oy and o(), to correspond to a factor invariant

under the action of Z,, modulo 2.

Ezample 3.1.2.2. Consider the 009 factor

0o = g (bo — ap, \'0 A0 D) = by —ap — a1 Lo (0) + 24, (0), D€ A9 (3.1.27)

(1) @) © © (1

After applying the Z,-transformation and substituting in the transformed gauge parameters

we obtain

e 2%06 —a;— 2%00 — (e + ?)Lxég; (O) + (e2— 22)‘4152; (), Oe AE‘B. (3.1.28)
The asterisk product in (3.1.23) means to take only terms satisfying
009 = 0P mod 2, (3.1.29)
which we have shown in (3.1.28) is equivalent to the condition that
oh — 0o — Lkgg; (0) — A;LE?;(D) =0 mod n. (3.1.30)
The computation in example 3.1.2.2 can be generalized to all 7,5 =0,..., N — 1 and boxes

Oe /\8)) and W € )\8 After doing so, we obtain the following equations, which we refer to

as the orbifold conditions, that determine which boxes correspond to Z,-invariant factors:

o — o — Ly (@) - Ajg?)(m) =0 modn, OeAy, (3.1.31)

oi — o - Ly (W) - Aj\rg.;(l) =0 modn, WeAY. (3.1.32)

We use Zy; ; to define Z;
depends on a single N-tuple of Young diagrams A = (A(0) ... AN-1))

.., the inverse of the vector multiplet contribution on C2?/Z,,, which

*
Z’U@C

(a, ) = Zpip(a, \ya, \). (3.1.33)
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Using this we can define the instanton partition function 72PN for N = 2 U (N) class

inst
S gauge theories with N flavours of fundamental and anti-fundamental matter on C2/Z,,.
The partition function is defined using the mass parameters m = (mg,...,my_1) € CV
and m’ = (m,...,mly_;) € CV (defined in section 2.1.1) and Coulomb parameters a =
(ag,..., ay_1) € CN. We remind again that the SU(N) factor of this U(N) partition
function is conjectured to be equal to the conformal block of a CFT with symmetry algebra
A(N,n;p) under a suitable identification of parameters. The definition of Zgliiv) on C?/7Z,
will involve empty coloured N-tuples of Young diagrams @, where we will consider N-tuples
of Young diagrams which have no boxes. As they are coloured they will still have charges
b = (bo,...,bn_1) € (Z,)", which are referred to as the Z,-boundary charges.

Theorem 3.1.2.3. ([32]) Using equivariant localization, the U (V) instanton partition function
U(N)
Z

st for the class S theory with N fundamental and N anti-fundamental matter multiplets

on the ALE space C?/Z, can be written as the following sum over N-tuples of coloured Young

diagrams A with charge vector o = (09, ...,0n-1) and colour data dk = (dk1,...,0k,—1)

leif(ma o; a, /\)szif(aa A;—m, Qb/)

a 1.34
Zio(a, ) o (3134)

Z(ng)(a, m,m’,b,big) = Y
AEPS,

where Pg) is the set of all N-tuples of Young diagrams with charges ¢ = (09,...,0n-1)
and colour differences 6k = (8k1,...,0k,_1), @ = (ag,...,an_1) € CV are the Coulomb
parameters, m = (mg,...,my—1) € CV and m’ = (m{,...,mly_;) € CV are the mass
parameters for the fundamental and anti-fundamental multiplets associated to a U(N) x
U(N) flavour symmetry, and b = (b, ...,bn_1) € (Z,)N and b’ = (bf,..., by ;) € (Zn)
are the Z,-boundary charges, which are assigned to empty coloured Young diagrams @® and

ob
We assume the Z,-boundary charges are ordered as
bo>by > >by_y, by>b > >y (3.1.35)

Remark 3.1.2.4. Note that the instanton partition function for gauge theories on C?/Z, has
explicit dependence on the Z,-boundary charges b and b’. In the sequel, we will employ the

shorthand

ZU)

U(N)
b,b’ Z

(a,m,m’;q) := Z_ 5 (a,m,m’,b,b’;q), (3.1.36)

which is not Zi,s(a, m, m’; ¢), the instanton partition function on C? (2.1.14) (which has no
dependence on Z,-boundary charges). We will also always notate the multiplet contributions

with an asterisk superscript to differentiate them from the multiplet contributions on C2.
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3.1.3 Stripping the U(1) Factor in ZV)

inst

The coset AGT correspondence is between the instanton partition function for N' = 2 SU(N)
gauge theories on C2/Z, and the 4-point conformal blocks for a 2D CFT with symmetry
algebra A(N,n;p). As in the case of AGT for gauge theories on C?, only the U(NN) instanton
partition function (3.1.34) has been calculated explicitly [42]. As explained in chapter 2, we
therefore must find a U(1) factor in Z, U0 4o obtain Z SU(N), the SU(N) partition function

b,b’ b,b’
on C%/Z,.

To do so, we begin by recalling that we must impose the traceless condition

N-1
> ai=0, (3.1.37)
=0

on the Coulomb parameters a; for i =0,..., N — 1, so that they parameterize an element ¢
of the Cartan subalgebra of sl(n). Then following [2, 6, 26, 138] we propose a U(1) factor
for the instanton partition function of the following form

(ZZN:BI ﬂLi) (61+627% 21N261 ﬂL/i)

ZU(l) — (1 _ q) nejey . (3.1.38)

We regard this as a generalization of the form for the U(1) factor for SU(N) gauge theories
on C? (cf: (2.2.5) for the SU(2) case and (2.3.7) for the general SU(N) case, which we recall
was obtained in [6]), and of the form for SU(2) gauge theories on C2?/Zy. We will check this
proposal against the U(1) factors known for N = 3, n =1 and N = 2, n = 2 below. In
chapter 4, we will factorize the partition function as

ZU)

b,b’ (av m, 1’1’1,; Q) = ZU(l) X ZSU(N)

b,b’ (aa l’l’l, m,; q)’ (3139)

and identify the conformal blocks of the 4-point ;[(n)—WZW function with Zlf Z{)SN)

By doing so we will see that our proposed fator ZU() naturally corresponds to the Heisenberg

(a,m,m’; q).

algebra factor # for our CFT. Then by the arguments in chapter 2, we can identify ZV(1) as
the correct U(1) factor of the U(N) partition function.

Ezample 3.1.3.1. In the case of SU(3) for gauge theories C? (that is N = 3, n = 1), the

instanton partition function Z u(s)

st Was found to factorize in the form [139, 25]

ZUB) (a,m, m’; ¢) =7U0) 75U (@3) (a,m,m’; q) (3.1.40)

inst inst

(22 gmi) (e 2 omi)
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For SU(2) on C?/Zy (that is N = 2, n = 2) the instanton partition function Z;{bg) was found
to factorize in the form [26, 28, 140]

e SU(2
Z’Lngt) (a7 m? m,; b7 b,’ q) :ZU(I)Zlnst( )(a; m7 m,; q) (3142)
(Shoomi) (area-d 3wl mi)
:(1 - Q) 2e €9 ZZSTLZt(2) (a’ m7 m/’ b’ -I:)/7 q) (3143)

As we can clearly see by the form we have written the U(1) factors for both cases above, our

proposed U(1) factor (3.1.38) reduces to these for the specified choices of parameters.

3.2 The Algebra A(N,n;p)

In this section we consider the 2D CFTs with the symmetry algebra A(N,n;p), which have
been conjectured to be dual to our gauge theories on C2/Z,. The algebra A(N,n;p) is of
the following form [10, 32, 138, 34]

A(N,n;p) = Ag[(p—N)N %H@ﬂ(n)N@s[(N)”@s[(N)P—N

gllp— N —n)y SN ) pin- N

: (3.2.1)

where n, N,p € Zsg, n < p— N, and p > N, H is the Heisenberg algebra. We will
only consider the second presentation of the algebra A(N,n;p), which itself has 3 distinct
components, in the subsequent material of this chapter and chapter 4. We will then explore
the first presentation in chapter 5. On the CFT side, the parameter p is fixed in terms of
the Q-deformation parameters for the gauge theory by

a__nte (3.2.2)
€2 p

When the deformation parameters satisfy this for n, p € Z, they define what is referred to as

the rational Q-background.

A CFT with the symmetry algebra A(N,n;p) represents a combined system of three 2D
CFTs: a free boson (corresponding to H, see section 1.5.6), an ;[(n) N-WZW model, and a
diagonal coset model which is referred to as a n-th Wy-parafermion system that we notate
as Wﬁ%}a (see [141] and references therein). As explained in chapter 2, the Heisenberg factor
on the CFT side corresponds to the U(1) factor in the gauge group U(N) on the gauge side
of the correspondence. The U(1) factor appearing in the U(NV) instanton partition function

then appears as the correlator of a free boson on the CFT side.

There are two important special cases of this algebra A(N,n;p) to highlight, the case of
n =1 with p > N, and the case p = N with n > 1.
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3.2.01 n=1landp>N

For the first case, the symmetry algebra is

A(1,N;p) =H @ sl(1)n & SUN)1 © sUN)p-n (3.2.3)
[(N)p—N—H

As sl(1) y-WZW models are trivial (see [50]), for these choices of parameters the symmetry

algebra is of the form R R
sI(N)1 @ sl(N)p—n
SI(N)p—n+1

Since p > N we can redefine (p — N) — p and see that (3.2.4) is the same as (1.5.143) with

A(LN:p) =H ® (3.2.4)

one additional Heisenberg factor. Thus we obtain a combined CFT which describes one free
boson and M (N +p, N +p+1;N) (a (p,p+ 1)-Wx unitary minimal model). On the gauge
side, we see that for n = 1 we have that C%/Z, 5" €2 and this structure reduces to the

AGT-W correspondence for N' =2 SU(N) gauge theories on C? described in chapter 2.

Remark 3.2.0.2. We will base our proposed generalization around the form of the AGT-W
conjecture discussed in section 2.3. Thus, our identifications between the gauge theory and
CFT parameters will be of the same form as (2.3.4). When we further restrict to gauge
theories that are AGT dual to minimal model CFTs, the gauge theory parameters will be in
the form (2.3.8).

3.2.0.3 p=Nandn>1

For the second case, we trivialize the coset factor in the second presentation of A(N,n;p) in

(3.2.1) (as now p — N = 0). This leaves us with the symmetry algebra
A(N,n; N) = H @ sl(n) . (3.2.5)

In this case, we are considering a CF'T composed of a free boson and an ;[(n)—WZW model,
and this will be the topic of chapter 4. There we will show that one can calculate the char-
acters and conformal blocks of faA[(n)—WZW models using the instanton generating function
and instanton partition function of N/ = 2 SU(N) gauge theories with specific mass and

deformation parameters.

For later reference, we state here the central charge for a CFT with symmetry algebra
A(N,n;p), by adding the individual central charges of its factors. For the first two factors
we have [50]

N(n?-1)

c(Hoslin)y) =1+ ——

: (3.2.6)
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whereas the W? a]f,a central charge can be calculated string theoretically as [10]

n(N?—-1) nN(N?-1)

WPty = - 3.2.7
C( n,N) n+ N p(p+n) ( )
2 _ 2 _ 2
_ n(N*—1) N N(N?®—=1) (€1 + €2) . (3.2.8)
n+ N n €1€2

3.3 AGT Dictionary for ' = 2 SU(N) Gauge Theories on
C?/Z,

Here we provide a proposal [43] which identifies the parameters in (3.1.34) with those defining
the conformal blocks of the 4-point Wp correlation function on P! between primary fields
Ya,(zr), 7 = 0,1,2,3, which are labelled by the charge o, € PT(sl(N)) and where the
primary fields are inserted at z. € P!. After a PSL(2,C) transformation we can fix 3 of the

zr coordinates to 0, 1, 0o, so that the 4-point function

Wpa'ru

(Va0 (00) 0y (1)Pas (€)Pas (0))pa ™™ (3.3.1)

depends on one variable ¢, which is the cross-ratio (1.5.31). We identify the cross ratio ¢

with the variable ¢ used to define the series expansion of Z L, ) in (3.1.34).

Following the discussion of section 2.3 we again only consider special values of a1, as in the
4-point functions (3.3.1) on the CFT side of the conjectured correspondence below. As in
the case for CFTs whose symmetry algebras are the Wy algebras, we will restrict to the case
where the charge of the two internal legs are taken to be scalar multiples of A and Ay_;.

This leads to the following conjecture.

Conjecture 3.3.0.1. ([43]) The charges o, forr =0,1,2,3, which define the primary fields

/

for an A(N,n;p) 4-point function on C (3.3.1), are related to the mass parameters m;, m;

and the deformation parameters ¢, and ey for an N' =2 SU(N) gauge theory on C?/Z, as

follows:
N—2
2000 = Qp + (miy1 —mg) Aip1, 201 = ZmZAl (3.3.2)
=0
N—2
203 = Qp+ Y (mh—ml ) Niy1, 202 = Z miAn_1. (3.3.3)
i=0

Here Q = €1 + €9, p = %ZQGA+ a is the Weyl vector, and {/_\i}izl,”_,N_l are the sl(N)

fundamental weights. Furthermore, the internal charge o® (see section 1.5.3) for the 4-point
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function is related to Coulomb parameters a; as

20° = Qp + Z a;g;, (3.34)

where we have used the notation €; := e;+1 — eg we introduced for AGT-W involving SU(N)

gauge theories on C? in section 2.3.

Remark 3.3.0.2. Comparing these identifications to the C? identifications (2.3.4) and (2.3.5),
we see that this is a generalization of AGT-W for N' = 2 SU(N) gauge theories on C2. In
fact this is the same identification, as might be expected. The only difference is that the
levels of the associated Dynkin labels defining our minimal model representations have a
larger upper bound of (p+ n) compared to (p+1) for AGT for N' =2 SU(N) gauge theories

on C2.

We rewrite the conformal charge explicitly o, = Zz 1 oz,(n )Az+1 for r = 0,1,2,3 (note that

for the restricted charge a; and ao, the only non-zero labels are ong_l) and ag )), and invert

these relations to express the mass parameters in terms of the conformal charge as

i—1 N—
. N+1 (N-1)
m; = <z - 2) g ]04 E )+ a; , (3.3.5)
: j:
i—1 N—
N+1 2 (0)
m; = — (z — 2) Q N E ja gz —ay . (3.3.6)

As for the mass parameters we can invert the equation defining the internal charge (3.3.4)
above, to express the Coulomb parameters in terms of the conformal charge of defining the
conformal dimension of the family that flows in the channel by using the pairing on the root
lattice P(sl(N))

| N2
%= % Z% (20 — Qp, ei). (3.3.7)

3.4 Burge Conditions

We wish to consider AGT correspondences involving minimal models on the CFT side. Fol-
lowing section 2.3.3, we can achieve this by restricting the 2-deformation parameters so that
the conjectured corresponding central charge on the CFT side is that of a minimal model.
We then employ the Coulomb-gas formalism for the conformal charges (from section 1.5.15)
of the minimal model primary fields for a CFT with symmetry algebra W\ and identify
these CFT charge with the mass and Coulomb parameters of the gauge theory?. For ease of

2The WYy" models have not been proven to exist. We simply assume their existence and show through
calculation that our methods are consistent.
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notation, we will sometimes refer to the combined CFT involving these minimal models as a
A(N,n; p)-minimal model, although only the Wg%ﬂ factor is a minimal model in the usual
sense. In this case, we will see that the usual definition for the instanton partition will have
poles. In proposition 3.4.2.1, we will eliminate these poles by restricting the summation to
N-tuples of n-coloured Young diagrams with specified colour content that satisfy the Burge
inequalities. This is a new generalization of the results we reviewed in sections 2.2.4 and

2.3.3, and contains both as subcases.

3.4.1 Minimal Model Identification and Z,-Charge Conditions

By analogy with the known Jx-minimal model CFTs (see sections 1.5.13 and 1.5.15) and
our discussion on other AGT correspondences involving minimal models in chapter 2, we

ara

propose that the charge for primary fields in WP\ models should take the values

N-1

2058 = Z ((ri — 1)er + (ss — 1)ez) Ay, (3.4.1)

where r; > 0 and s; > 0, and Zf\:ll r; < pand Zfi}l s; < n+p = p’, which we call degenerate
charge. We note that our proposal for the degenerate charge is identical (up to a scalar) to
the known case of Wx-minimal models under the Coulomb-gas formalism of sections 1.5.15
and 2.3.3. We also note that the proposed degenerate charge also reproduces the singular
vectors for CFTs with the symmetry algebra A(2, 2; p) (the Neveu-Schwarz-Ramond algebra)
[28].

These values of the charge are conjectured to parameterize the conformal dimensions of min-
imal model primary fields with associated Vir-highest weight modules that have null states.

We define the additional parameters rg and sy such that Zfi 61 r; = p and Zfi 61 s; = p' and

we can collect these into the strictly positive E/;\[(N) Dynkin labels r = [ro,71,...,7nv-1] € P]J\F;
and s = [sg, S1,...,SN_1] € P;,“;er.

For N = 2 SU(N) gauge theories on C?/Z,,, we consider the so-called rational Q-background?®
pe1 +p'ea =0, (3.4.2)

where p > N, p and p’ are coprime, and we take p’ = p+ n. In our case, if ged(p,p) =d # 1
we see that in (3.2.2) we have that

ntp_ Kd_ K
»  kd K’

ged(k, k') =1, (3.4.3)

3Note that this is the same Q-background we considered in chapter 2. The reader should also note the
similarity of this formula to (1.5.88), which connected the Coulomb-gas formalism to minimal models.



AGT for N =2 SU(N) Gauge Theories on C?/Z,, 148

which corresponds to the rational -background kej+k’es = 0. This background is equivalent
to the minimal model identification we made for the deformation parameters in 2.2.4 and
2.3.3.

For the rational Q-background, the inverse of the vector contribution Z;,. (3.1.33), which
U(N)
Zp

This occurs for the special values of the Coulomb parameters corresponding to

appears as the denominator in the summand of (3.1.34), can vanish and cause a pole

. LU(N)
in Zb,b’ .

the degenerate charge

N-1 —1 N-1
~ 1 ,
a;® = — g (Aj,e) (rjer + sjea) = — (rjer + sjea) + N J(rjer +sje2).  (3.4.4)
j=1 j=t Jj=1

Remark 3.4.1.1. The second summation in (3.4.4) enforces the traceless property for the
Coulomb parameters, ensuring that the set {a;f’s}i:07_,_7 N_1 parameterize an element of the
Cartan subalgebra Eg[(N). Since the building block functions only involve the difference

(a; — a}), adding the same term to all Coulomb parameters does not change its value.

By restricting on the CFT side of the conjectured correspondence to minimal models, we have
been able to consider their AGT dual gauge theories to propose a specific parameterization
of the gauge theory parameters for a special subset of gauge theories. As we will show in the
sequel, the usual definition of the instanton partition function for these theories is ill-defined,
and must be altered to obtain a well-defined one. By parameterizing the mass and Coulomb
parameters, of an N = 2 SU(N) gauge theory on C?/Z, with the rational -background,
in this way by (3.3.5) and (3.4.1), and (3.4.4) respectively we have a gauge theory under
a minimal model identification, as it identifies this gauge theory as AGT dual to a CFT

minimal model.

Remark 3.4.1.2. By letting p’ = p+n we see that under our conjectured AGT correspondence
the rational Q2-background corresponds to the central charge of the algebra A(N,n;p). Thus
our conjectured AGT dual CFT to N' = 2 SU(N) gauge theories on C2/Z,, should have a
process dual to removing these non-physical poles. Remembering our discussion in sections
2.2.4 and 2.3.3, this suggests that the AGT dual CFT to SU(N) gauge theories on C?/Z,
with mass parameters defined by (3.3.5) and (3.4.1) and Coulomb parameters by (3.4.4)
should be a minimal model. In this CFT, the process that is dual to removing poles should
be the removal of null states. This supports our conjecture that the dual CFTs should have

the symmetry algebra A(N,n;p).

Under this minimal model identification, we obtain restrictions on the Z,-charges of the

U(N)
Zb,b’ .

Consider a Z,-transformation (3.1.24) on the minimal model Coulomb parameters (3.4.4).

Coulomb parameters gauge theory parameters by considering the Z,-invariance of

We see that the r and s parameters are related to the Z,,-charges o; associated to the Coulomb
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parameters a; for i =0,..., N — 1 by
0; — 041 =8 —r; mod n, (3.4.5)

where the relative between r; and s; is due to the differing transformation properties of €;

and ez. We refer to (3.4.5) as the Z,-charge conditions.

3.4.2 Eliminating the Poles in Zggy)

Below in the proof of proposition 3.4.2.1, we will show that when considering gauge theories
under a minimal model identification there are unphysical poles in the unrestricted instanton

partition function that we must eliminate. To eliminate them, we restrict the summation
range of Zg g}’) analogously to the case of Zglg)
in section 2.3.3. This process is then an AGT dual process to removing null states in the

minimal model CFT, and must be performed when comparing Zg g,v)

for gauge theories on C2, as discussed

to conformal blocks,

and when calculating CF'T characters.

We begin by discussing the poles themselves. The partition function Zt[)] gy) (3.1.34) is defined
as a sum over N-tuples of coloured Young diagrams A = ()\(0), D 7_1)), where each term
is a rational function of €1 and €3. Furthermore, the numerator of each term is finite for
any A, so that all the poles in Zg 9) are when 27,
(3.1.33), we can write the inverse7 vector multiplet contribution as

vanishes for some \. Using (3.1.23) and

N-1 *
Zi@s = [T TI B (@ - aj"2000.0)
,J=00eA®

.£[<j) <e1 +e—-F (ag’s —al® A0 A0 .)) _ (3.4.6)

Due to the similarity of Z

roe 10 Zyee (the vector multiplet contribution for gauge theories on
C?), we will use the same logic and terminology as we did in chapter 2, which we recall here.

U(N)
Zb,b’

an N-tuple of Young diagrams A = (A©, ... AN =1) and a box in one of the A() for some

i =0,...,N —1 as follows. Each term in the series (3.1.34) defining Zg gy) corresponds

to one N-tuple of Young diagrams, therefore we can associate the pole of one term to an

N-tuple X in this way. We also note that due to the factorized form of Z} .(a™*®,\), these

correspond to the zeroes of Z*, .(a™% \). We associate these zeroes to

vece

The poles in

poles are caused by the vanishing of a factor 07 or W) (notation from section 2.2.4),
and we use this to further associate the pole to a box in one of the diagrams of the N-tuple
A
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We will therefore think of individual boxes as causing zeros in Z},,. and hence poles in ZbU g,V’.

Thus a box O € A% such that E <af’s - a;’s, AD @), D) = 0 or such that (e + ez — E(a;’s
—af’s, A A, D)) = 0 is said to cause a pole in Zggy).

U(N)
Zb,b’

. For gauge theories with a minimal model identification we must then restrict the

We will then reduce our search to poles in to searching for O € A(*) which cause poles

. LU(N)
in Zb,b’

summation of Zg S,V) to N-tuples of coloured Young diagrams which have no boxes that cause

a pole.

To do so, we use the same argument that we used in chapter 2. In proposition 3.4.2.1 below,
we will see that to eliminate all poles we must again restrict the summation of Zg 9) to
N-tuples of Young diagrams that satisfy the Burge inequalities.

The proof will proceed analogously as in section 2.3.3, except we have a new condition on
which boxes we sum over defined by (3.1.31) and (3.1.32) and the new Z,-charge conditions
(3.4.5). We will also remove the restriction that p and p’ = n + p are coprime integers, that
we used for the SU(N) minimal model identification, and craft our proof to work for all
p' € Z such that p’ > p. We can do this without changing the rational Q-background of
the gauge theories we are considering since, as seen in (3.4.3), when p and (p + n) are not
coprime they still correspond to some rational Q-background with & and &’ coprime. While
this does not effect the computation of ZbU g) on the gauge side, it allows us to use this AGT
conjecture to compute conformal blocks ir’l a broader spectrum of CFTs.

Proposition 3.4.2.1. ([}3, Prop 4.3]) To eliminate the poles of the instanton partition
U(N)
b,b

fication, the summation in (3.1.34) must be restricted to N-tuples of coloured charged Young

function Z for an N' =2 SU(N) gauge theory on C%/Z,, under a minimal model identi-

diagrams that satisfy the Burge conditions

. ™
AP > AGE g, (3.4.7)
where r; and s; for i = 0,..., N — 1 parameterize the Coulomb parameters, a;’s for j =

0,...,N —1, corresponding to the degenerate charge (3.4.4).

We assume that the Coulomb parameters take the degenerate values a;°. Again our logic will
be as follows: We will first assume that some box [J in one of our coloured Young diagrams
A causes a pole in ZbUSY),
vanishes. We will then SilOW that the existence of [ is equivalent inequalities on the N-tuple

so that the denominator of a term in the instanton partition

of coloured Young diagrams A that we will calculate.

Recall that the conditions on an N-tuple of coloured Young diagrams A such that A contains

abox 0 € A% for some i € {0,..., N —1} which causes Zy. to vanish (equivalently, a pole in
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U(N)
Zb,b/

no such box exists are referred to as nonzero-conditions. We also refer to an equation which

) are called zero-conditions or vanishing-conditions. Similarly, conditions that ensure

is equivalent to Z,.. = 0 as a vanishing equation.

We will then restrict to the definition of Zg Ej,v)

that do not satisfy these zero-conditions. This will be Burge conditions, and by applying

U(N)
them to Zb,b’

to be a sum over N-tuples of Young diagrams
we will have therefore eliminated the non-physical poles.

Proof. For a gauge theory under a minimal model identification, Z,.. = 0 if and only if there

exists 0 = (z,y) € A®) such that one of the following equations

B(a}® = ai 5, AN 0) = o, (3.4.8)
€1+ e — B(al®, — al”, AR A@ Oy = 0, (3.4.9)

is true for some i € {0,1,..., N —1} and k € Z. Note that here we have substituted j = i+ k&

into (3.4.6). We can combine both of these equations into one for the rational Q-background

parameterized by pe; = —p’es with p’ —p =n, as
E:ﬁk(m) +n=0, n=0,n, (3.4.10)

where E;’Z‘:k(D) = %E(a:’s — a:fk’ A \GHR) ),

We begin again by considering the case N —i > k > 0, and later we will consider the case
where k > N — ¢ which is equivalent (as we define the labels of Young diagrams modulo V)
to —N — i < k < 0. Since the second term in our Coulomb parameter parameterization is a
constant for all ¢, we have that the difference of two Coloumb parameters under a minimal
model identification can be written as

ith—1

a® —aph = ) (rjer+sjea). (3.4.11)
J=t

Similarly by substituting k& with —k we have

i—1
af’s — affk = — Z (Tjﬁl + SjéQ) (3.4.12)
j=i—k
i—k—1 N-1
= —pe; —ples + + (rje1 + sje). (3.4.13)
=0 =i

After substituting these values for the differences of Coulomb parameters into Ezr %sik above,

we see that we have the same vanishing equations as we did for SU(N) on C? in 2.3.3. In this
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case, we must additionally constrain any solutions to this vanishing equation by the orbifold
conditions (3.1.31) and (3.1.32).

As before, we can immediately discount the case where k£ = 0 from introducing a pole as this

corresponds to the vanishing equation

E;7(O)+n=0 (3.4.14)

P
— 5 <_€1L,\(z‘>([’) + EQAI@)(D)) =1 (3.4.15)
= p'Lyo(0) +pAT, (O) = —n, (3.4.16)

for some O € M. As for the case of gauge theories on C2 we have that Ly (d) > 0 and

Aj\“(i)(D) > 0 for O € M), Therefore this equation can never be satisfied, and the zero
conditions can only come from factors where k # 0.
Case 1l k>0
For this case the zero condition becomes E:fk,l(D) +n =0, where 0 e A(tF) 0 <i < N -2,
and 1 < k < N — 1. Substituting the values (3.4.4) for a;”* and a;},, we have this zero
condition is explicitly
itk—1
> (rip’ = 8;p) + D' Lyarw (O) + pAj ) (D) + 1 =0. (3.4.17)
j=i

We now introduce a new element to the proof we described in section 2.3.3, and define
d = ged(p/, p) so that p’ = dp), and p = dpg, where pq,p); € Z~o and ged(pg, ;) = 1. We
then factor d out of the zero condition, leaving us with the same equations for the leg length

and arm length as before?

i+k—1
L}\(iJrk) (D) = — Z rj + ¢cpq + 577” , (3.4.18)
Jj=i
i+k—1
Ay (@) = D> sj+eply+ oy — 1, (3.4.19)
Jj=t

where ¢ € Z is an constant to be determined, and we have replaced p and p’ with pg and p/,

respectively.

We know that for any Young diagram A and O = (x,y) € A the definition Ly (OJ) = )\g —x

implies that
T
Ay =T (3.4.20)

“Note the d,, term comes from writing n = p’ — p.
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In our situation, we apply this to the box at the end of the z-th row (the one that contains

O = (z,y) that causes a pole) which has coordinates (z,y + A,u () and obtain
ALy, 2 (3.4.21)

We then substitute (3.4.19) into this inequality and solve equation (3.4.18) for = to obtain
the inequality

itk—1
i+k)\T iINT
()\( " ))y+Z§i'f*1 sj+epytogn—1 = ()\( ))y + Z i Pt Oy (3.4.22)
7=

which is a zero-condition for Z,...

We now consider how the Z,-charge conditions (3.4.5), and the two orbifold conditions,
(3.1.31) and (3.1.32), for [J restrict the possible values for the indeterminate constant ¢ in

(3.4.18) and (3.4.19). We telescope the Zy-charges of the Coulomb parameters by
Oi = 0i41 = 0; — O3yl — Oig2 ++ + 0ip1—1 — Oil, (3.4.23)
and note that

Oi — Ojtl = 0j — Ojp1 — Oip2 + -+ + Oitk—1 — Titk

=5, — T+ Sit1 — Tit1 + -+ Sith—1 — Titr—1 mod n, (3.4.24)

through (3.4.5). We now substitute (3.4.18) and (3.4.19) into the orbifold condition (3.1.31)
together with p’ — p = n to obtain the following condition satisfied by ¢

—c(ply — pa) = —% =0 mod n. (3.4.25)

As this is an equation between integers, we see that ¢ must be of the form ¢ = dcg for some

cq € Z, analogously to p and p’. This new parameter ¢4 then satisfies

—cgn =0 mod n. (3.4.26)

Now we wish to eliminate the poles caused by any [0 € \?). As the existence of such a
pole is equivalent to the zero-condition (3.4.22) defined by the inequalities, we can eliminate
these poles by restricting to Young diagrams that do not satisfy these inequalities. Thus, we
consider Young diagrams that satisfy the nonzero-conditions

i+k—1

(A(Hk))izéi’f—l sy+epl o1 S () + Z ERR LR (3:427)
J=1
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We then substitute the new parameter ¢4, which allows us to obtain a zero condition using
our original p and p’ parameters, and move from a strict bound a nonstrict one to obtain

(note the additional —1 term on the right-hand side)

i+k—1
i+k)\T INT
AU+ >)y+2§i,§,1 e 481 S AT+ Z rj 4 cgp + Opn — 1. (3.4.28)
J=t

The final step to obtaining the zero condition is to find the values of ¢4 and 7n that will give

us the strongest such bound. Since AT, (0) > 0 and 3 s; < p’ +n we can see from (3.4.19)

(@)
that we must also have cg4 > 0.

As for the case for theories on C?, we can use the weakly decreasing property of Young
diagrams to see that any inequality satisfied by the highest Young diagram row on the left-
hand side (that is, the one with the smallest row index) will imply all lower rows satisfy the
same inequality. Whereas the smallest number on the right-hand side of the bound implies
all larger numbers will also satisfy the bound. Using the equation satisfied by c¢g (3.4.28) and
both of these facts, we see that v4 = 0 and 1 = 0 give us the strongest bound.

We also note that once we have found the strongest zero condition that satisfies our Z,-
charge and orbifold conditions, we can safely follow the arguments we used for the C? to see
that the £ = 1 inequality implies all other inequalities. Finally, we translate this back into

a condition for the original Young diagrams, instead of the transposed ones, to obtain the

U(N)
Zyp

necessary condition to eliminate all the zeros from Z,., and hence poles from
AP > G s g, (3.4.29)
Case 2: k<0

In this case we will substitute k — —k so that we are considering vanishing equations of the

form

E(a}® — a7, AD R 0y =, (3.4.30)
€1+ e — E(al®, —al®, N0 A0 0y = o, (3.4.31)

for some [1 € A\,

We repeat the proof above, where we now have the vanishing condition:

Z rip = 5;p) + ' Lyw (0) + pAT, (D) +1 = 0. (3.4.32)
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To eliminate zeroes in Z,.. the N-tuples of Young diagrams must then satisfy

i—1

(/\(l_k)>f+2311 k5j+Cdp,+5nn—1 S <)\(1))Z; B Z Tj + Cdp + 61771 - 1 (3433)
= j=i—k

In this case we now have that ¢y > 1, where this bound is obtained from analogous equations
to (3.4.18) and (3.4.19). The equation satisfied by ¢4 is again (3.4.28), so that we see that
cg = 1 and n = 0 gives the strongest bounds. As before the & = 1 bound implies all

subsequent inequalities, so that we can eliminate all poles occurring in Zg L]Y) by imposing
. 1
AP > AT s (3.4.34)

Finally we can repeat these arguments for k = N — 4 and ¢ = 0 to obtain

(N-1)
)\j

v

A = s+, (3.4.35)

which completes the cyclic set of inequalities. O

We see that even though we only consider boxes with Z,-invariant contributions to the

partitions function, we can still eliminate the poles in Zg gy)

on the N-tuples of coloured Young diagrams we sum over. It is important to note that for

by imposing the Burge conditions

gauge theories on C2?/Z, we are considering coloured Burge multipartitions, whereas for

gauge theories on C? we consider uncoloured ones.

As a corollary to this proposition, we see that the generating function for the instantons
for N' = 2 SU(N) gauge theories on C?/Z, under a minimal model identification is the
generating function of Burge multipartitions (1.4.3) up to some g-factor. This fact is central

to the work in chapters 4 and 5.






Chapter 4

Instanton Counting on C?/Z, and
sl(n) y-WZW Models

In this chapter, we will test the specialization coset AGT conjecture to gauge theories under
a minimal model identification, discussed in chapter 3, against ;[(n) ~N-WZW models. We
will prove that a generalization of Burge generating functions, to a generating function of
coloured Burge multipartitions, can be used to calculate the ;[(n) N-WZW characters, using
the crystal graph techniques described in section 1.3.5. We will then compare simple cases
of the instanton partition function on C2?/Z,, with solutions to the KZ differential equation,
which will reduce to linear combinations of hypergeometric functions. Using the discussion in
1.5.9, special cases of ;[(n) ~N-WZW 4-point conformal blocks satisfy this differential equation

and this will test our proposed AGT identification from chapter 3.

4.1 Burge Conditions for N’ =2 SU(N) Gauge Theories when
p=N

Here we consider the N' = 2 SU(N) gauge theories under a minimal model identification
from chapter 3, and specialise to the case p = N (cf: section 3.2). We will then see that the
condition p = N specializes the Burge conditions, which we use have a well-defined instanton
partition function in these theories (see proposition 3.4.2.1), to a special case (4.1.8), which

we will refer to as cylindric Burge conditions.

As discussed in chapter 3, when the -deformation parameters ¢; and eo for the rational

Q-background are parameterized such that p = N by

€6 n+p n+N

N ez 4.1.1
€9 p N 9 n, S >0, ( )

157



Instanton Counting on C2/Z, and sl(n)y-WZW Models 158

the N/ = 2 SU(N) gauge theories on C?/Z, are conjectured, see 3.3.0.1, to be in AGT
correspondence with 2D CFTs that have the symmetry algebra (see section 3.2)

SI(N), @ sl(N)

_N ~
' — H @ 5l(n)y. (4.1.2)
S(N)Ntn—N

A(N,n; N) = H @ sl(n)y @

This symmetry algebra describes a CFT which is the combined system of an E:A[(n) N-WZW

model with a free boson.

Recall that for r = [ro,r1,...,7N-1] € PZJ\?;, and s = [sg, S1,...,SN-1] € P]J\;,;Jrn, we denote
the Coulomb parameters of theories under a minimal model identification by a™. We also
note that the parameters a™® correspond to the degenerate charge (3.4.4) of the conformal
family that flows in the channel. Since Zi]\if)l r, <p=Nandr;>0foralli=0,..., N—1,

the only choice for these parameters when p = N is

ri=1, i=0,1,...,N—1. (4.1.3)
In this case, r =1 =[1,1,...,1] € Py 5 and we denote the Coulomb parameters by a}’s or
aj fori =0,..., N — 1 when it is clear to do so.

As discussed in section 3.4.1, the labels r and s are linked to the Z,-charges assigned to the
Coulomb parameters, and equivalently, the charges of N-tuples of coloured Young diagrams,

through the Z,-charge conditions (3.4.5). When r = 1 the Z,-charge conditions become
0; — 011 =8; — 1 mod n. (4.1.4)

Remembering that we order the charges {o;}i=o,.. n—1 by size, so that o9 > 01 > -+ > on_1,

we have |0; — ;41| < n and we are free to define
si=o0;—oim1+1, i=1...,N—1, (415)

where oy = 0 and

so=00—01+n+1. (4.1.6)

Remark 4.1.0.1. When p = N = 1 so that r = [1], the contributing instantons for the
partition function are described by one coloured Young diagram A = ()\(0)). The singular

Burge condition (3.4.7) for this case, where we take s = sg, then reads
MO >N s p1 =100, (4.1.7)

for n4+1 > s > 1. This is true for any Young diagram since 1 —s < 0. ZV M) is then defined

wnst

as a summation over all Young diagrams. On the CFT side, this is equivalent to the fact
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that there are no null states to remove for the highest weight A(1, n; 1)-modules.

In the sequel we will specialise to p = N > 1. We substitute r = 1 into the Burge inequalities
(3.4.7) to obtain

AP > A s p1 i=0, N -1, =100, (4.1.8)

where we note that if j > l()\giﬂ)), we take )\giﬂ) =0.

Definition 4.1.0.2. A coloured cylindric Burge multipartition \ = ()\(0), ey )\(N_l)) is an N-
prt

tuple of n-coloured Young diagrams that satisfy the inequalities (4.1.8) for some s € Py, .
This definition uses a dominant integral sA[(N ) weight s with strictly positive Dynkin labels.
We can instead express coloured cylindric Burge multipartitions using the notation of section
1.1, defining cylindric Burge multipartitions using a dominant integral SA[(N ) weight ¢, which

does not necessarily have strictly positive Dynkin labels.

We define the following 5A[(n) weights, which are not strictly positive, ( = s —1 = [sg —
1,...,sy—1—1] and £ = 0 =[0,...,0], and A = Zi]ial As,. Then, a coloured cylindric

Burge multipartition for s € P;J]r\H_n is a coloured (0, ¢)-Burge multipartition.

We denote by C/(\";QO) the set of N-tuples of coloured cylindric Burge multipartitions. Below
in proposition 4.2.2.2, we will show that this set is equal to the set of cylindric partitions
M, with their natural colouring. Note that this set is equal to C} defined in section 1.1,
and is the coloured version of the set C*® defined in chapter 2. We have chosen to now
emphasize the weights (0, ¢) defining the Burge inequalities with this new notation. We will
also equivalently refer to this set as C5® when emphasizing the charges o = (09, ...,0Nn11)
and the CFT labels r and s.

When it is clear if we are considering N-tuples of coloured Young diagrams that satisfy
(4.1.8), we will refer to elements of an;g,o) as cylindric Burge multipartitions. Following
the proof of 2.3.3.4, the specialised Burge inequalities (4.1.8) are equivalent to cylindric
inequalities (1.1.11) on the transposed diagrams AT = ((AHT .. (AN=D)T) hence the

name cylindric Burge multipartitions.

4.2 Burge Generating Functions and s{(n)y-WZW Characters

As usual, it is expected that the generating functions for instantons will agree with the
characters of CFTs (1.5.10), up to some overall factors. When considering minimal model
CFTs, this will mean that the Burge generating functions are expected to correspond to

A(N, n; p)-minimal model characters (see discussion in section 3.2), and, in the case of p = N,
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to a product of Heisenberg (the generating function of partitions (1.4.7)) and f/,\[(n) N-WZW
characters (1.5.106). Since sl(n)y-WZW primary fields form irreducible ;[(n) n-modules, we
will use the work in sections 1.1 and 1.5.9 (based on [60, 142]) to write the WZW characters

using generating functions for highest-lift cylindric partitions.

4.2.1 Defining New Generating Functions

In this section, we introduce a refined Burge generating function of coloured Burge multipar-
titions which carries the information of the Chern classes on the instanton bundle (3.1.11).

Recall the Chern classes c1, co of the instanton bundle are given by

n—1 n—1
k
cl1 = Z c;iC1 (7;), Cy = Z C/L'CQ(’];) + — (421)
=0 =0

|Zn|’
where each line bundle 7; — C? /Zy, is associated to one of the 1-dimensional irreducible

representations of Z,, (see section 3.1.1), and

¢ =N; — 2k + kg1 + ki
= N; — 26k; + 0k;11 + 0k;—1, where 0k; := k; — ko. (4.2.2)

We introduce new formal parameters {¢;}i=1, . n—1 which we collect in a vector t = (¢1,...,
tn—1). We then refine the Burge generating function (1.4.3) using these parameters so that
the exponents of {t;}i=1 . n—1 in the refined generating function correspond to the values
¢; classifying the instanton solution through their Chern classes. Note, that for ¢ = 0 the
corresponding 1-dimensional irreducible representation is trivial so we do not introduce a

parameter, say tg, which corresponds to ¢g.

Recall that the contribution of a residue, corresponding to an instanton, to the partition
function is associated to an N-tuple of Young diagrams A. We therefore also associate the

Chern classes classifying this instanton solution to the N-tuple A, and denote them by ¢;(\).

Definition 4.2.1.1. The t-refined Burge generating function X5°(q;t) of coloured Burge mul-
tipartitions with colour content defined by dk = (dk1,...,0k,—1) (cf: (1.4.3)) for r € P]J\?;,

s € P]'\;;Jrn, and a partition o = (09, 01,...,0n-1) with o9 < n is defined by

n—1
1 i(A
xXrs(g) =Y ¢nM [, (4.2.3)
=1

Aecy®

where ¢; is defined by (4.2.2).
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Note that X5°(g;t) is the generating function of instantons for SU(N) theories under a min-
imal model identification on C?/Z,, where the Z,-charges o = (0g,01,...,0n_1) associated

to the Coulomb parameters are fixed.

We can use the t-refined Burge generating function to count the contributing instantons of
specific Chern classes. For fixed Chern classes, defined by fixed ¢; for ¢ = 1,...,n — 1, the
coefficient of [[;"; t M in X5%(q;t) (which is a series in ¢) counts the instantons classified

by these Chern classes (which correspond to many different N-tuples of coloured Young
diagrams \ = ()\(0), e )\(N_l))).

This leads us to define a second new generating function X;’,T(q), which counts coloured

cylindric Burge multipartitions with prescribed colour data defined by the vector of differ-

ences 0k. For a vector of integers 1= (I1,...,l,_1) € Z"! we define a generating function
of Burge multipartitions with fixed colour data dk; = I; for ¢ = 1,...,n (note that this is a
series only in q)
= 3 gl (4.2.4)
AeC]

The ¢; defining the Chern classes depend on two vectors of integers: N = (Np,..., Ny_1)
where NN; is the number of diagrams with charge ¢ € Z,, and the colour differences dk =
(0k1,...,0kn—1). From this, we can see that the Chern classes are fixed across sets of in-
stantons corresponding to Young diagrams with fixed charges o = (09, ...,on_1) and colour
data defined by dk. Thus, we can rewrite the t-refined Burge generating function (4.2.3) as
a sum over the Burge generating functions with prescribed colour data X;f(q) as (note that
we have substituted the definition (4.2.2), with fixed 0k; = 1; for i =1,...,n— 1, of ¢; in the

exponent of t; here)

XI‘S q7 Z XI‘S H tN —21; +ll+1+lz 1 (425)
lezn—1 i=1

4.2.2 Calculating f?[(n)N-WZW Characters Using the Instanton Generating
Function

In this section we will prove that the generating function of instantons for N’ = 2 SU(N)
gauge theories on C? / Zy, with a minimal model identification can be identified with the Vir

character function XSI(n) (1.5.114) for integrable s?[(n) n-modules when p = N.

We begin by recalling some facts about integrable sA[(n)N—modules. Let A = [dy,...,dn—1] €
Pty and Ly be the irreducible highest weight 5A[(n) ny-module with highest weight A. As

explained in section 1.5.9, Ly is a Vir-module and we can write its conformal dimension hp
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(as the eigenvalue of Ly € Vir (1.5.96)) and central charge ¢ (1.5.97) as

— i ot = 7 4.2.

where p = %Za€A+ « is the Weyl vector. Using the parameter t = (f1,...,%,_1), the
(graded-) character for Ly as a Vir-module is defined to be

~ n—1
Xj\[(n)N(q, t) = Trp,q"° H %f{i, (4.2.7)
i=1

where H; € b C f:A[(N) for i =1,...,n — 1 are the Chevalley basis elements for the Cartan
subalgebra. We will use this form of the character function to identify the c;, defining the
Chern classes classifying the instanton solutions on the gauge side of the conjecture 3.3.0.1,
for p = N with elements of the Cartan subalgebra of ;[(N) for the CFT side, below in
proposition 4.2.2.2.

Having discussed the form of the character function on the CF'T side, we now discuss the form
of the instanton generating function we will use on the gauge side. We begin by noting that
the Burge conditions for p = N (4.1.8) have the form )\E-i) > )\;Hl) —s;+1, which compares the
size of the j-th row of i and (i+1)-th Young diagrams with a shift defined by the i-th element
of the vector s. We shall refer to pairs such as this as sequential Young diagrams (cf: the

proof of 2.3.3.4). On the other hand, the set M7 of cylindric multipartitions in the formula

of Xf\[(n)N satisfies the inequalities )\gi) > )\Eij;j)_ S forj>1, 0<i:< N-2and )\E.N*l) >
)‘S'Ojazv_lfown’ for j > 1 (which are equations (1.4.10) and (1.4.11)), which compare different

parts of sequential Young diagrams with no shift. To compare the generating function of
(n)

instantons with the character function Xf\[ N we will use following the following lemma.

Lemma 4.2.2.1. ([43]) The map of Young diagrams A — AT gives the following equality of

sets of Burge multipartitions

Crs = CoT. (4.2.8)

Proof. This proof uses an idea from the proofs of the propositions 2.2.4.3, 2.3.3.4, 3.4.2.1.
Consider an N-tuple of Young diagrams A\ = (A0 ... XN=1)) ¢ s satisfies the Burge
inequalities

AP > AT s (4.2.9)

The N-tuple of its transposes AT = (AT, .. (AN=I)T) then satisfy different Burge
inequalities given by
AT > AT = +1, (4.2.10)

so that AT € C5*. Thus, the map A — AT provides a bijection between C™% and CS* as

required. O
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Putting together both sides of this discussion leads us to the following proposition.

Proposition 4.2.2.2. ([43]) For a partition o = (0¢,01,...,0N-1) for which oy < n, define
s =[s0,S1,...,sn-1] by (4.1.5) and (4.1.6), and set A = Zi]ial Ao,. Then

AU (g, ), (4.2.11)

where t = (11,...,t,_1) is related to t = (t1,...,t,_1) by

=gq miny, (4.2.12)
for1 <i<n, and
1 n—1
wy = 5 Z; i(n — i) N; (4.2.13)
1=

where A = [Ng, N1, ..., Np_1].

Remark 4.2.2.3. The partition o defines the charges of the component partitions of the Burge

multipartitions.

Proof of Proposition 4.2.2.2. Comparison of the conditions (1.4.10) and (1.4.11) with (3.4.7)
for r = 1 shows that there is a bijection M? — C%1 (note that in this case, we have reversed
the usual order of r and s), with the map A\? + X from the former to the latter being the
forgetful map, which maps a coloured Young diagram A° to the uncoloured Young diagram

obtained by forgetting its colouring.

We have chosen to notate the charges for A to emphasize the contrast between the uncoloured
A € C>! and coloured nature of A% € M?. Combining this with the bijection described by
(4.2.8) then yields a bijection M? — C® described by A7 — X — AT,

Because of the differing ways in which the colours are ordered in M? and C;’S, colouring AT to
give an element of C(}’S, results in the coloured Young diagram (A7)?. As explained in lemma
4.2.2.1 we are free to describe Burge, and therefore cylindric, multipartitions using diagrams
A or their transposes AT Thus, in the expression (4.2.3), cst = ¢2® can be replaced by M°.
Noting that [A| = Y774 ki(\) = nko(\) + 317} 6k;(\), and using (4.2.2), then gives

n—1

15k, N;+06k;_1(N)—20k; (\)+6k; A

X0 = 3 g0 ] Ot Ok
AEME =1

n—1 . . 5’61()\)
= Y g T (q}btz—i;z-‘rl) ’
=1

AEMC t

(4.2.14)
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where we set tg = t,, = 1. Substituting for each t; using (4.2.11) then shows that

n—1 o\ B
X}S(g,t) =q" ) q’“O(*)H%iNi( ‘%2 “) (4.2.15)
remMe =1 7

which yields (4.2.11) using (1.5.114). O

We now recall that the primary fields of f;A[(N )-WZW models form integrable highest weight
representations of ;[(N ), so that the WZW characters are also 5A[(N ) characters for a highest
weight module Lj. We can use this fact to re-express the cylindric Burge generating function
for fixed colours X;ls(q) in (4.2.4) in terms of the sA[(n) string functions af}(q) in (1.3.32)
through the identification (4.2.11). To do so, we define a different notation for the ;[(n) N
string functions, using a vector of integers 1 = (Iy,...,l,_1) € Z"!, which parameterizes the

weight u of the descendent state in Ly while ignoring the grade as,
(q). (4.2.16)

The descendant state A — Z?:_ll l;a; is obtained by a sequence composed of [; applications
of the lowering operators f; for i = 1,...,n — 1. Using this, we have the following corollary

to proposition 4.2.2.2:

Corollary 4.2.2.4. For a partition o = (0¢,01,...,0n-1) for which oy < n, define s =
[s0,51, --.,SNn—1] by (4.1.5) and (4.1.6), and set A = Zf\il As,. Then for each 1= (ly,...,
ln_1) € Z" 1,

x53(g) = 2 i oMq), (4.2.17)

where we set [I| = 3.1 ;.

Proof. This results from reexpressing the left and right sides of (4.2.11) using (1.5.110) and
(4.2.12), and then using the fact that the finite Cartan matrix A is invertible. O

Until now, we have considered the Burge generating function (that is, the generating function

for instantons) X3°

to be defined for a fixed vector of charges for an N-tuple of Young
diagrams o = (0, . ..,onN_1), while we have considered the sl(n)y characters to be defined
for a dominant integral weight A € P+(£:\[(n)) Thus, to connect both sides of (4.2.12) (or

equivalently (4.2.17)), we will instead define Xo*® for a dominant integral ;[(n) weight.

This will give us a uniform way of notating character and generating functions on both
sides of our generalized conjecture, allowing one to see that our proposed identifications are
natural. In the sequel, we will be notating both the generating function of instantons and

the g[(n) ~ character functions using one dominant integral weight.
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To do this, we use the vector of integers N = (Np,...,N,—1) used to define the Chern
classes of the instanton bundle through (3.1.11). In terms of the N-tuples of coloured Young
diagrams labelling an instanton, each N; corresponds to the number of Young diagrams of
charge 7. Then, as each N; > 0, we can instead consider N to be a dominant integral ;[(n) N

weight.

Since we have ordered the Young diagram charges by size, specifying the vector N is equiv-
alent to specifying the vector of charges o = (0y,...,0n-1). So, we let N = [Ny, Ny,...,
N,—_1] € PIN be such that each N; > 0 with 37" N; = N. If we regard N as an sl(n) weight,
then N = Z;L;Ol N;A\; € Pan. We rewrite N = Z;V:_Ol A;; and define o0 = (09,01,...,0n-1).
Then o = A7, the partition conjugate to A = par(N) defined by (1.3.20).

Remark 4.2.2.5. Note that in this case, N is a cyclic permutation of the dual weight (s—1)T €
Pty (see (1.3.42)). In chapter 5, we will extend this process for identifying the generating

function of cylindric Burge partitions with a CFT character to general Burge partitions.

Now define s = [sg, s1, ..., sny—1] by (4.1.5) and (4.1.6), and define the SU (V) t-refined Burge-
reduced generating function of coloured Young diagrams, by factoring out the Heisenberg

factor H, whose character is x#(q) = (g; q)_1 by

oo !
R0, 1) 1= (2, 9)o0 X X25(q. ). (4.2.18)

We choose to factorize the Burge generating function in this way to match the form of
A(N,n; N) (4.1.2). This factorization leads us to propose that )?f\?d is the natural gauge
theoretic object to be identified with the s?[(n) N-WZW characters (that is, not with the
character of the combined system H EBsA[(n) ~) through the coset AGT conjecture 3.3.0.1 for
gauge theories under a minimal model identification when p = N. This is shown through

the following corollary to proposition 4.2.2.2.

Corollary 4.2.2.6. If N ¢ PT;LN, then
X5ed(g,t) = qN N RN (g gy, (4.2.19)

where t is related to t by (4.2.12), and hx and wy are given by (4.2.6) and (4.2.13).

From this corollary we see that )?f\?d is the natural object to use in our generalized AGT
conjecture, as we predicted, since it is equal term-by-term, up to a factor of ¢“N""N_ with
an sA[(n) N-WZW character.

This corollary implies that the Chern classes (3.1.11) on the gauge side are AGT dual objects
to the eigenvalues of Cartan elements H; of f?[(n) on the CFT side, by identifying the ¢; with
the H;. To see this, we expand both sides of (4.2.19) term-by-term and note that in the
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factorization (4.2.18) we have not factorized out any function of the parameters {t;};—=1, . n—1.
Thus in the ¢-series expansion of )A(f(‘}’d, we retain the form of the t factors of X, °. By using
the t factors in (4.2.3), which carry the information of the Chern classes, and comparing
them to the t factors in (4.2.7), we see that we can identify the Chern classes with the
Cartan eigenvalues. This natural identification between the Chern classes on the gauge side
and the Cartan eigenvalues on the CFT side of the generalized AGT conjecture, provides
strong evidence for its validity. We note that this identification supports our observations in
remark 3.1.1.2.

Ezample 4.2.2.7. In the case of N = 1, (4.2.19) is particularly simple, because then hxy = wn.

For instance, for (N,n) = (1,2) we have

Xiea(@) = (60) s Y Xop-p(@) ' = Zq” 7 =xj) f (4. 9),

€7 (459 OO JEZL
Sred 2041 _ 25 siin)n 2 (4.2.20)
Xih(0:8) = (600 D Xy-n(@)t — > =V (e ),

lez OO jez+i

where t = qfi t.

In section 4.4, we will give explicit examples of corollary 4.2.2.6 for (N,n) = (2,2), (2,3)
and (3,2) by comparing with the g[(n) N-WZW characters computed using the Weyl-Kac
character formula (1.3.36).

Note that when t = (1,...,1), we have that
Xred( ,(1,...,1) = (q,9)00 X X;’s(q), (4.2.21)

gives the 5A[(n) principally specialised character (1.3.38). Therefore we say t = (1,...,1) is

the principally specialised case of the t-refined Burge reduced generating function.

4.3 Burge-reduced instanton partition functions and f?[(n) N-

WZW conformal blocks

In this section, we use the generalized AGT conjecture 3.3.0.1 for N' = 2 SU(N) gauge
theories on C2/Z,, under a minimal model matching for p = N to extract integrable sA[(n) N-
WZW conformal blocks from the well-defined instanton partition function Z = 75UV(N) We
then make explicit conjectures of this nature for specific choices of parameters, such that on
the CFT side we extract conformal blocks that satisfy the KZ differential equation (1.5.117)
when it reduces to the hypergeometric differential equation (specifically, those of example

1.5.10.1). Finally, we show that the series expansions of the instanton partition function
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for these cases matches the of solutions to the KZ equation, and hence integrable ;[(n) N

conformal blocks, up to a given order.

4.3.1 U(1) instanton partition function

We begin by considering U(1) gauge theories on C?/Z,, which are conjectured to be AGT
dual with CFTs whose symmetry algebra is the N = 1 algebra A(1,n;p) = H @s?[(n)l. Note
that since NV = 1, the instantons are labelled by one coloured Young diagram. Equivalently,
we consider cases where N is a fundamental ;[(n) weight. We choose to notate this level 1

weight N = N, where o is the charge of Young diagram.

We now consider the instanton partition function for this gauge theory. Following corollary
4.2.2.6, the corresponding module in f?[(n)l is the highest-weight module with A = A,. For
b,b € Zpn, m,m’ € C, and N, € P;fl we define

28 (m,m's q) = 22 (0,0, ,m, ,m'; q), (4.3.1)

and make the following conjecture.

Conjecture 4.3.1.1. The U(1) instanton partition function (4.3.1) on C2/Z, with b’ = b
and Ny = [1,0,...,0] s

m(€1+627m/)

Zymomlsq) = (1=q) " (1= g2, (132)

b(n—>b)
2n

sl(n)1-WZW model. The first factor is the U(1) factor Zy (m,m’;q) in (3.1.38) for N = 1,
and the second factor is the 2-point function (see (1.5.27)) of ;[(n)l—WZW primary fields
with highest-weights Ay and Ay, _p

where hy = hn, = is the conformal dimension of the highest-weight state |Np) in the

Note that in this case the Burge conditions are vacuous. We also note that we have a closed
form expression for the CFT (right-hand) side. In general, only the 2-point function is
sufficiently restricted by conformal invariance which gives one simple closed form expressions
such as these on the CFT side, while on the gauge side only when N = 1 will the instanton

partition function involve an unrestricted sum over Young diagrams.

4.3.2 SU(N) Burge-reduced instanton partition functions

For N > 2, in the same way that we defined the Burge-reduced generating function (4.2.18)

of coloured Young diagrams, we now introduce a reduced version of the instanton partition
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function (3.1.34) by imposing the specialized Burge conditions (3.4.7) with r = 1 € Py,

++
and s € PN7N+n,

Zit (m, 0®;a, X’) it (a, A7 —m’, Qb/)

23 (amm'ig) = Y ¢l @33

ATECS, Zvec (a> >\U)
where Z?LBI a; = 0 is assumed. The Coulomb parameters a = (ay, ...,any—_1), and the mass
parameters m = (mo,...,my—_1), m’ = (mg,...,mly_,), are related to the internal charge

o®, and the external charge ay—0,1,2,3, of a 4-point conformal block in a WP® CFT, by the
relations (3.3.7) and (3.3.5) respectively. The gauge theory in the rational Q-background
(3.2.2) for p= N,

d_ 4= (4.3.4)

is expected, via the proposed AGT correspondence, to describe a minimal model CFT whose

charge take the degenerate values (3.4.1) when r; =1 for i =0,...,N — 1,

N-1
20482— (81—1)62/\1,
=1
N1 N1 (4.3.5)
(3.3.7 s n 1 n
= === Y (w-l-glety i(u-1-g)e
Jj=t 7j=1
parametrized by s = [sg, $1,...,5N-1] € P;J]rv+n. Using these degenerate values, we write the

charge of the 4 primary fields on the CFT side using the new parameters s(9) = [séo), 550), ey

SS\?)_J € P;,J]r\f—i-n’ s®) = [5(()3)’553)a . '755\?)—1} € P;,JJrV-i-n’ and
¢! 1 1 1
S(l) — [Sé ),Sg ),..-,ng)_l] = [Sé )717"‘71785\/)—1] € P]—Vi_’—;["'n’ (4 3 6)
2) (2 2 2) (2 -
s(2>:[sé),sg),...,sg\,),l]Z[sé),sg)ylw-wl]GP;JF,JJFVM’

which parameterize the mass parameters m and m’ for a gauge theory under a minimal

model identification

20 = — S (SZ(-O) — 1) €9 Ki, 200 = — (55\1,)_1 — 1) eaAN_1,
o (4.3.7)
23 = — (SZ(S) — 1) e Ni, 2a9=— (s?) — 1) e A.
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Note that we have oy oc Ay_1 and a1 o< Ay. This allows us express the dual gauge theory

mass parameters using (3.3.2) and (3.3.5) as

sOs <Z N+ 1) n

Mi+1 =My - T NEQ
+ i Zz_i (0) 1) — = N — o) (.
N J (SJ ) (N —7) (SJ 1) (SN—I 1) €,
j=1 j=i
(4.3.8)
;s (. N+1\n
R U b
E 5 ((3)—1 NﬁlN—' @ 1) - (s -1
N AN ) + ( ) (SJ ) (51 ) €2
Jj=1 j=i
(4.3.9)

By using (4.1.5), we can fix the s parameters defining the Coulomb parameters for gauge
theories under a minimal model identification as s; = 0;,_1 — 0; + 1, from the ordered Z,-
charges o9 > ... > on_1. Similarly, we now fix the s parameters s(?) and s(® defining the
mass parameters using the Z,-boundary charges as follows. Taking a shift by the central
U(1) factor in the U(N) flavor symmetry (from (3.3.5)) into account, one obtains the Z,-
boundary charge conditions (note the similarity to the Z,-charge conditions obtained for the

Coulomb parameters in (3.4.5))
(0) —1 , (3) — ! L
s;’ —1=bji—1—b; modn, s~ —1=b_;—b; modn, i=1,...,.N—-1. (4.3.10)
We can then determine the independent parameters in s(9) and s® as

s$O =ty —bi+1, ¥ =, —b+1, i=1,.. N-1 (4.3.11)

The remaining independent parameters 55\})_1 and 352) in (4.3.6) will be determined below in

(4.3.15), by imposing that these parameters satisfy the ;[(n)—WZW fusion rules on the CFT

side in the conformal blocks, when applying the conjecture.

By factorizing out the U(1) factor (3.1.38), as in the case of the t-refined Burge-reduced
generating function (4.2.18), we define a Burge-reduced instanton partition function labelled
by N = [No,...,Np_1] € Phy, 1= (lh,...,ln—1) € Z", and Z,-boundary charges b =

(bo,--.,bn_1) and b' = (b)), ..., by_;) as follows.
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Definition 4.3.2.1. The SU(N) Burge-reduced instanton partition function is defined by [43]

-1
Sb,b’ 1) g2 (3) g(®) :b,b’ 1) g2 3) g@)
th\’{: (q) = Zy (ms ST m's TS ;q> X Zj’;]lo’b <as, m* 57 m'sTS ;q) . (4.3.12)

Here the Coulomb parameters a®> = (af, ..., a% _,) are given by (4.3.5) with s; = 051 —0;+1

. 0) g(1) (0) g(1)

in (4.1.5), and the mass parameters m* " = (m so..,my_p ) and m/s? s =
(2) (3 (2) (3 . . .

(mg> 7, ... miy_° ) are given by (4.3.8) and (4.3.9) with 81(0)’ 553) in (4.3.10) and sg\l,)_l,

S

determined below in (4.3.15) with the fusion rules.

By corollary 4.2.2.6, the set {N;}i—o,.. n—1, determined from the Z,-charges o, is identified
with the eigenvalues of the action of the ;[(n) ~ Cartan algebra. Therefore we take the vector
N to define a level N highest weight for the faA[(n) ~N-WZW model.

We now use the preceding discussion to conjecture which ;((n) N-WZW 4-point conformal
blocks are dual to §§’_?,(q). We begin by forming two new ;[(n) ~ weights associated to the

Zy-boundary charges by (note that this defines two sets of Dynkin labels as well)
N N
B=[By,Bi,...,Boa] =) Ay, B =[By,B,...,B,_1]:=) Ay. (4.3.13)
i=1 i=1

We recall our discussion of 4-point conformal blocks in section 1.5.3. We consider the con-

formal blocks from the 4-point correlation function between primary fields

(oo (00) s (1) (0 ()", (4.3.14)

which we calculate by taking an OPE between ), (1)4,(q), so that our calculation is for the
s-channel. We also recall that this 4-point function satisfies the KZ differential equation, and
that we can reduce this KZ differential equation to the hypergeometric differential equation

for special choices of primary fields (see section 1.5.10).

We propose that for the ;[(n) N-WZW 4-point conformal blocks, the integrable representa-
tions of the primary fields for the two external legs are of highest weight, with the highest
weights being B and B, the ;[(n) ~ weights corresponding to the Z,-boundary charges b and
b’ defined above. We then notate the highest weights of the primary fields corresponding
to the internal legs as B, B € P(;[(n)) (note that as of now, we have not fixed these) and
now represent the Burge-reduced instanton partition function ZAIE’I’;?/(q) (4.3.12) pictorially in
figure 4.1 (cf: figure 1.3).
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In this diagram, we have labelled the primary fields by their associated dominant integrable

a(n) ~ highest weights. In terms of the labelling of primary fields used for figure 1.3, we have
BN¢17 BCN¢25 B/CN¢37 B,N¢47 NN¢S

We have additionally included the associated vectors of Z,-charges on the gauge side, which
are used in the definition of the instanton partition function, directly below their associated
sl(n) weights (through (4.3.13)).

B. B/

B N B’

o b’

~

FIGURE 4.1: Pictorial representation of a 4-point conformal block in sl(n)y-WZW models
obtained from the instanton partition function for N = 2 SU(N) gauge theories on C?/Z,
under a minimal model identification when p = N.

We also represent figure 4.1 schematically by b — b, — (N) — b., — b’, where the vectors
be, bl € (Z,)N are associated to the weights B, and B/, through equations analogous to
(4.3.13). The representations with highest weights B. and B, of the remaining two of the
four external primary fields need to be taken so that the highest weights B. and B, respect
the WZW fusion rules from section 1.5.11, which apply from right to left in this diagram, of
the sA[(n) N-WZW model when N, b and b’ are fixed. The choice of the integers 1 for ZA;’:, (q),
which indicate the states of internal channel following corollary 4.2.2.6, is also restricted by

the fusion rules of b’ and bY.

In (4.3.10) and (4.3.11), the parameters in s(*) and s were fixed using the Z,-boundary
charge conditions. We now fix the remaining parameters sg\l,)_l, 552) in (4.3.6) using the fusion
rules. Let by = (b0, ..., be,n—1) and b, = (bi;,oa . ,b’QN_l) be boundary charges associated

with B. and B, respectively.! We propose that they satisfy the same type of boundary

charge conditions with (4.3.8) as sl(»l) —1=bc;—bei—1 (mod n) and 31('2) —1=b,; b,
(mod n) for the parameters in (4.3.6). As a result, these boundary charges are
be = (besbes -, be be + 588 - — 1) (mod n),
Gt V=1 (modn) s
b, = (b, + s —1,b.,b.,,...,b.) (mod n),
where b, b, € {0,1,...,n— 1}, and 35\1])_1, s?) should be determined by the fusion rules. For
definiteness, we restrict 853)71, 553) e {l,...,n}, and if N = 2 we take bc+8§2) <mn, bg+s§3) <n

so that the boundary charges are b, = (b, b, + 352) —1) and b, = (V.. + 353) —1,b)).

1 We will not assume the ordering of the boundary charges b, and b..
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4.3.3 Conjectured ;[(n)—WZW Conformal Blocks from Instanton Partition

Functions

We propose the following conjectures on the relation between the SU(N) Burge-reduced
instanton partition functions (4.3.12) on C?/Z,, and the s?[(n) N-WZW conformal blocks. To
describe our conjectures, we represent A = [do,d1,...,d,—1] € PJ N as a Young diagram by

a partition A\ = par(A) using (1.3.20).

Conjecture 4.3.3.1 (The case corresponding to the diagram 0 — @ — (0) — 0 —0). The trivial
f?[(n)N— WZW correlation function of the type

(0(1) 0(q)) 3™ (4.3.16)
agrees with the following Burge-reduced instanton partition function
éﬁ%WMm@) = (1-¢ =1 (4.3.17)

Here s = 81 = 85 = 8¢ = s& = [n+1,1,...,1] are fized by (4.1.5), (4.3.11) and (4.3.15),
and hg = 0 is the conformal dimension for the representation ) = [N,0,...,0].

Visually this is represented as

b=(0,...,0) oc=(0,...,0) b'=(0,...,0)

Remark 4.3.3.2. The 4-point correlation function in this case reduces to the the 2-point
function (4.3.16) as it is a pairing between the states (((1)| and |@(q)) together with the
insertion of two empty vertex operators. In this case, the vertex operators are trivial so we

are left with the trivial 2-point function.

Conjecture 4.3.3.3 (The case corresponding to ) — [N —

1,0,...,0,1] - () —a — ). The
sl(n)n-WZW 2-point conformal block of the type ((1) o(q e

1(n = (1—q)"*"0 agrees with
the Burge-reduced instanton partition function Z[N 1.1.0...0; 0( ). That is
20,0 —2h
Z[N 1,1,0... 0]0( q) = (1—-¢ 0. (4.3.18)

Here s = s =[n,2,1,...,1], sy = s = [n+1,1,...,1] and s§\2,)71 =n are fized by (4.1.5),
(4.3.11) and (4.3.15), and hg = % is the conformal dimension for the representation
0=[N-11,0...,0]
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B=10 N=0 B =0

FIGURE 4.2: The conformal block for conjecture 4.3.3.3.

Visually this is represented in figure 4.2.

Conjecture 4.3.3.4 (The case corresponding to o — o — (§ or [N —2,1,0,...,0,1]) — o—
[N —1,0,...,0,1]). The ;[(’I’L)N—WZW 4-point conformal blocks of the type

(B(c0) (1) 0(q) BO))™~ |

agree with, up to certain overall factors, the following Burge-reduced instanton partition

functions,?
1,0,...,0),(n—1,0,...,0
2o '(g) (4.3.19)
2h _ n+1 _
_ (1—¢q)" B N o Fy <—n+1N,,JLV+A1;;nJ+VN;q), for 1=0,
B 1 _ntl _
% gnr (1 — Q)ZhD nt+N 2F1 (fl\;]\l/'a 1- n+1N7 1+ niVN?q> ) fO’)” l= (_17 EERE _1)7
and
A(lvov'"70)7(”‘71»07"'70)
Z[N—2,1,0 ..... 0,1);1 (9) (4.3.20)
hg— 2L _
_ (1—q)*'o~nin oy (—niN,:Hi;;an;q), for 1=0,
B 1 _ntl _
ha (=M LR (B - i tie) or 1= (L1,

Here, by (4.1.5), (4.3.11) and (4.3.15), for (4.3.19) s = [n + 1,1,...,1], sy = s®) =
n,2,1,...,1], s® = [2,n,1,...,1] and 553)71 = 2 are fized, and for (4.3.20) s = [2,n —
1,2,1,...,1], sy = s®) = [n,2,1,...,1], s = 2,n,1,...,1] and 8%2[)_1 = 2 are fized, where
when N =2, [2,n—1,2,1,...,1] means [3,n — 1]. The integers l = 5k are taken so that the
corresponding modules on the CFT side, following corollary 4.2.2.6, are in the fundamental

chamber under the action of affine Weyl group ofs/a\[(n), and the second ones in (4.3.19) and

2(4.3.19) and (4.3.20) correspond to, respectively, the 4-point WZW conformal blocks ~7-\‘1-(2)1Y2(q) and
FL, 1 (g) in (1.5.130)
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(4.3.20) respect the fusion rules by

N=[N,0,. ..,0=0 " (—(nv-21,0,...,0,1],

St (4.3.21)
—

N=[N-21,0,...,0,1] ¢=[N,0,...,0] =0,

where ¢ = [¢g, €1, ..., cn—1] are defined by the Chern classes (3.1.11). Whenn =2, [N—2,1,0,
...,0,1] means [N — 2,2] = m and then o = (1,1,0,...,0).

Visually we represent 2[(]1,’7%”'.'_'_’7%3257%1’0""’0)(q) as

B.—| | B —| |

b=(1,0,...,0)| o= (n,0,0,...,0) b’ = (0,0,...,1)

B:D N=1{ B/ZD

n—1

5(1,0,...,0),(n—1,0,...,0)
and Ziy 75500 (@) by

B N B’

FIGURE 4.3: Pictorial representation of the fusion rules respected for the 4-point conformal
block in sl(n)n-WZW models obtained from the instanton partition function for N' = 2
SU(N) gauge theories on C?/Z,, under a minimal model identification when p = N.

Here we include an example of the fusion calculations required to determine which arrange-
ments of highest weights (in terms of ;[(n) weights) are allowed in these conformal blocks.
We begin by noting that the fusion rules needing to hold from right to left is represented in
figure 4.3. There are two vertices in the diagram, and both represent fusion between primary

fields. The arrows pointing towards a vertex are the two fields fusing and the arrow pointing



175 Examples of SU(N) Burge-reduced instanton counting on C2/Z,,

away from the vertex represents the product of this fusion. Our example will focus on the

right hand vertex of the block.

Ezxample 4.3.3.5. Consider the fusion in conjecture 4.3.3.4, involving the primary fields

of weights A® = [1,0,...,0] and A®) = [0,...,1] with corresponding Young diagrams

par(A®) = (1) and par(A®) = (1,...,1). We first use the Littlewood-Richardson rules
——

n—1

for A® @ A®) which gives the two Young diagrams A = (2,...,1) and p = (1,...,1). We
N—— S~——

n—1 n
now use the fusion rules for 5A[(n) ~ and remove all columns of length n. This leaves the two
diagrams A\ = (2,...,1) and u = (@) corresponding to the weights [1,0,...,1] and [0,...,0].
——

n—1
This correctly gives the two cases in the conjecture.

4.4 Examples of SU(N) Burge-reduced instanton counting on
C?/Z,

We illustrate the statement of corollary 4.2.2.6 and check conjectures 4.3.3.1, 4.3.3.3 and

4.3.3.4 for (N,n) = (2,2),(2,3) and (3,2). In particular we demonstrate how one can extract

their sA[(n) N-WZW conformal blocks from the Burge-reduced instanton partition functions.?

4.4.1 (N,n)=(2,2) and sl(2),-WZW model

For (N,n) = (2,2), there are three highest-weight representations

0= [270]7 0= [17 1]7 = [072]7 (441)
with conformal dimensions
ki (k1 +2) 3 1
hrow) = —1g ¢ h=0, ho=1 hm=3. (4.4.2)

3 The computations in this section heavily rely on Mathematica. We have also checked conjectures 4.3.3.1,
4.3.3.3 and 4.3.3.4 for (N,n) = (2,4) up to O(¢").
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4.4.1.1 Burge-reduced generating functions of coloured Young diagrams

The t-refined Burge-reduced generating functions (4.2.18) for (N,n) = (2,2) are obtained as

Xi55 (0. 1) = ;:ﬂ%hl 0 = X280 fola. b + X2 (@) 110, D,
E€Z

X400 = (@) X L)@ €2 = X000 10 D) + X5 (@) fola D (443)
leZ

Wmemmeﬂﬁ(ﬂWm=4ﬂ@mﬁ,
leZ

where t = qfi t,

=14 q+3¢° +5¢> +10¢* +16¢° + 28¢5 + 43¢" + 70¢® +105¢° + 161¢'° + - - -,

(9)
[2,0] 1 3 5 7 9 1 13 15 17 19
X[07’2](q):q2 +2q2 +4qg2 +7q2 +13q2 + 2192 4+ 3592 +55¢2 +86¢g2 + 1302 + --- |
(q)
(q)

X[[i’ll]] q) =14 2q+4¢% + 8¢ + 14¢* + 24¢° + 40¢° + 64¢7 + 10045 + - - - ,
0.2 \ _ (20 0.2 \ _ (20
X[()Q] q) = X[270] (Q)a X[270] (Q) = X[og] (Q)v
(4.4.4)
and
ST, 0=01 gah= > ¢ (4.4.5)

JEAZA20 JE2Z+1

The Burge-reduced generating functions (4.4.3) agree with the Q(Z)Q—WZW characters com-
puted by (1.3.36),

Xisd(@0 = xho (@), Xi5%(@.0 = xja (@), X400 = ¢ X[, D), (446)

and corollary 4.2.2.6 is confirmed. Up to an overall factor, the functions (4.4.4) are the ;[(2)
string functions of level-2 in [57] and given by (cf. Corollary 4.2.2.4),

1 1 1
_q§,q qi;q? 2. .2
xhola) + Xpa) = (o), X““@w—xmmm»—<)m g = L)

2,00 \4 0,21 \4 (¢:9) ’ 2,0] [0,2] (q;q)2 ) L \4 = (4 q)z
(4.4.7)
Using the Jacobi triple product identity
(-1 — . Y. :
>ty = (o) (<L) @30, (4.48)

leZ
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one can easily obtain (4.2.21) for the principal characters of E:\[(z),

~ ~ ol 1 1

X5h(a ) = X3(a 1) = Prag @) = (~¢%:0%) _(~6:)

> | 77(2) [1’} 1 1 ~ (4.4.9)
X[Pg)(a:1) = Prxg 'y (a) = (—qi;qi)oo (—cﬁ;q)oo-

4.4.1.2 Burge-reduced instanton partition functions

For N = 2 with general n, the Burge-reduced instanton partition functions (4.3.12) are
determined by the parameters in s = [sg, s1] € P;;JFQ and s, = [sp0,5r1] € P;;:Q, r =
1,2, 3,4, fixed by the relations (4.1.5), (4.3.11):

si=o0—o1+1, sV =bp—b+1, s =p)—p+1, (4.4.10)
and (4.3.15) from the ordered charges ooy > o1, by > by and b’O > b. The Coulomb parameters

are then determined from the parameter s := s; by (4.3.5):

1 1
CLO:_§ (3_1_g> €2, alzi(s_l_g> €2, (4411)

and the mass parameters m = (mg, m1) and m’ = (my, m}) are determined from the param-

eters in s1, 89 and s, s, respectively, by (4.3.7).

Let us consider the case of (N,n) = (2,2) with the rational Q-background €;/es = —2 in
(4.3.4).4

Ezample 4.4.1.3 (0—0— (0) —0—0). Consider the Burge-reduced instanton partition function
2[(; ’(%);&ES)’O)((]) and take [ = 0 in the fundamental chamber, which respects the fusion rules,
as in conjecture 4.3.3.1. Here s = s; = sy = s(® = s(¥ = [3,1] are fixed. Then, the
Burge-reduced instanton partition function is obtained as

Zooty @ =1-q) M =1 hy=0, (44.12)

which agrees with conjecture 4.3.3.1.

Ezample 4.4.1.4 ()—o—(o)—o—0). Consider the Burge-reduced instanton partition function
2[(10’1(}),&59’0)((]) and take [ = 0 in the fundamental chamber as in conjecture 4.3.3.3. Here
s = sy =s®) =[2,2] and s; = s(¥ = [3,1] are fixed. Then we see that the Burge-reduced

instanton partition function is

2 3 4 5
2(0.0,00) .y _ (1 — 2P0 — 1 3¢ | 33¢q 209¢q 5643¢q 39501q
Zao) @ =0-q) T8 T 1os T 1024 T 32768 T 962144 T

(4.4.13)

4 Examples 4.4.1.3, 4.4.1.4 and 4.4.1.5 are confirmed up to O(q®).
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where hy = 3/16, which agrees with conjecture 4.3.3.3.

Ezample 4415 (b —o— () —o—o and o — o — (m) — o — o). For conjecture 4.3.3.4,
first consider the Burge-reduced instanton partition function 2[(210%)(5)1 ’0)(q), where s = [3,1]
and s; = sy = s(3) = s = [2,2] are fixed. Then we find that the Burge-reduced instanton
partition functions for [ = 0, —1 in the fundamental chamber are

260 = =00t (<1 i)
11¢>  35¢° 949¢* 3333¢°  47909¢°

q
-1+ 1
T4 61 T o56 T 102 T 32768 T Bodoss
. s s (4.4.14)
(1,0),(1,0) _ 9% o \2hg-3 19 9
Z[g,o};(,l) (q) = 5 (1-q)™'0 10 <47 1 27Q)
> q> 23¢> 37¢5 2013¢>  3537q>
=0 T r T s T o56 T iessa T mames

where hg = 3/16, and the second one respects the fusion rules by (4.3.21). Next consider
the Burge-reduced instanton partition function 2{&%3&870)((]), where s = [3,1] and 51 =s3 =
s = s = [2, 2] are fixed. Then we obtain the Burge-reduced instanton partition functions
for [ = 0,1 in the fundamental chamber as

-~ _3
ELO00(g) - (1 - g0 1, R (—

(4.4.15)

1
=(1,0),(1, q2 _3 133 =(1,0),(1,
200500 =% - oo tan (1.5 34) = 20000,

where the second one respects the fusion rules by (4.3.21). The above results (4.4.14) and
(4.4.15) support conjecture 4.3.3.4. By

1 1 1
111\ (1+vI=g¢\2 q° 133 \ _ [1-yT—q\?
2F1< 474,2,Q)—( 2 ) ) 2 2F1 474 q| = 9 y (4416)

they are also consistent with the results in [27].°
4.4.2 (N,n)=(2,3) and sl(3),-WZW model

For (N,n) = (2,3), there are six highest-weight representations

®:[2’0’0]7 D:[l,l,O], ED:[O,Q,OL B:[l’oa”v Bj:[oa]-a]-]v Hﬂ:[ouoazL
(4.4.17)

® More precisely, in [27], the generic Q-background, without the Burge conditions, was discussed. Then
the first one of (4.4.14) and the second one of (4.4.15), with ¢ = 0, were obtained as prefactors combined with
the N = 1 super-Virasoro Ramond conformal blocks H+(q), Fi(q), Hx(q) and Fi(q). What we found is
that, when we impose the specific Burge conditions, the conformal blocks are trivialized as H+(q), F+(¢) — 1
and Hy(q), F1(q) — 0, and only the prefactors are obtained.
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with conformal dimensions

k? + k2 + k1ko + 3k + 3k2
h[ko,khkz} = 15 :

4 2 3

(4.4.18)

4.4.2.1 Burge-reduced generating functions of coloured Young diagrams

The t-refined Burge-reduced generating functions (4.2.18) for (N,n) = (2,3) are obtained as

XS (,0) = @0)e D Xgycn, 1@ G2 5"
(ll,lz)€Z2

X[[ggg]( ) foo(g, t1,t2) + X[%?f]] goo(q, t, ),

vre j : 4,1
(I1,l2)€Z?

= X[[((]LQZ’([))]( ) fio(g, b1, t2) + X[[fo’?]]( ) 910(¢; b1, t2),

4,1 1 o
X[002]< (t,t2)) = (60 Z X[QQ]) 117712)(q)’cfl1 f2 2=lit2h
(I1,l2)€Z?

X[[gg;]( ) for(g, b1, 2) + X[[?l 3}( ) go1 (g, b1, t2),

3,2 o
X[l 10)(@ (t1:42)) = (6 @) Z X[1 0]) () AR L
(I1,l2)€Z2

X[[l’l’&] go1(q, b1, t2) +X[[0’0’§]( ) for(g, b, t2),

3,2 li—1 1421
Xty () = @) D) X[2 1]);(—11,—12)((1) R
(I1,l2)€Z

X[[g’ll’ﬂ( )goo(q,t17t2)+X[[§’é’é]( ) foo(g, b1, ta),

re 2,3
Xile () = (60)s Y. X[2 0]) (@ G0 g
(l1,l2)€Z?

= X1l (@) 910, 01, ) + X[g 901 () frola, b, ),

(4.4.19)

where t; = q_% t, o = q_% to,

X{ifjé”(q) =1+ 2q + 8¢ + 20> + 52¢* 4 116¢° + 256¢° + 522¢" + - - |

X[[gff](Q) = 3 +4q5 + 12q5 +32¢73 5 +77q3 +172¢73 5 + 365q 73 B +740q 7 4.

X[[g’ll’ll](q) =1+ 4q + 13¢* + 364> + 89¢* + 204¢° + 441¢° + 908¢" + -

X[[g’é’é](q) = 2¢5 + 7q% +22¢5 + 5603 + 136¢3 +300¢3 + 6363 + 1280¢% + -+
{3;31@ = X[Sé’% (q) = X[[QQS&](Q) X[[f’g’%](q) = X[[ffﬁ]}(q) X[[g,ff]](q)

Xfin0 @ = X (@) = Xgr/ (@), Xo) (@) = Xigi/(0) = Xy (@),

(4.4.20)
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and foo, f10, fo1, goo, 910, go1 are

7 1 1/(:2, 22, + .~ N
= it J11J
fUIO'Z(qatlatQ)_ Z qo(h J32 J132) tll f22,
(j1,j2)€{2Z}>
J1—j2€6Z+2(c1—032)
i1 120 2+ 1 mv o~
= sl tint +5 1J1 7
90102((]’ tlatQ) — Z qﬁ(h J3 J1J2) 5 tll ’t22
(j1.J2) {2 Z4+1}?
J1—j2€6 Z+2(c1—032)
1(:20 :2 : 1 fmi s e
sUitiatinge)+5 (11 {I2 J2 i1
+ Z q6(1 2 )G(tl t° + t2>.
(j1,42)€{2Z} x{2Z+1}
J1—J2€6 Z+142(01—02)

(4.4.21)

The Burge-reduced generating functions (4.4.19) agree with the ;[(3)2—WZW characters com-
puted by (1.5.114), using the change of parameters

ik ]
Lot e gy, (4.4.22)
xi+1 tl tl tM_]_

as

Ris80)(@, (61, 2)) = o002 (g, (b1, ), K5y (0 (11, 12)) = o0 (g, (b, ),
Xre sl 11 vre 1 g A
R0, (41,)) = X2 (g, (10, 2)), X (4, (1, 12)) = 475 X122 (g, (1, 1)),

Xre & ol i1 vre 1 g A
X[O,dll,l] (¢, (t1,t2)) = 75 Xfé(f)f} (q,(t1,t2)), X[l,%,l](q’ (t1, ) = 15 Xﬁfg?ﬂ(q, (i1, 1)),
(4.4.23)

which agrees with corollary 4.2.2.6. Up to an overall factor, the functions (4.4.20) are the
5l(3) string functions of level-2 in [57] and given by (cf. Corollary 4.2.2.4),

X200q) —qv X0 (q) = (Q%;Q%>oo (g;q%)oo (q%?q%)w (q%;qg)oo

[27070] [0,1,1] i 1 ,
(@9
XPO%g) = g3 (0% 9%) o0 (¢%0") o (0% 4%°) o (0" 4"°)
. 2. 2 4. 10 (ng)%} 10. 10 (4.4.24)
o (4:9)% ’

0% X1} (@) = X5y (a) = v (¢ ﬁ)oo <q%;qg)m (¢* qg)oo (o qg)oo.
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By taking t; = to = 1, the principal characters of ;I(B) are obtained as in (4.2.21):

Kisd (0, (1L,1)) = X 10, (1, 1)) = KI5 (0. (1,1)) = Proci® (g)
(45 0) o

gé ¢8) (d%:a%)_(wd?)_

54 4(a (1L,1) = X158 (0, (1,1)) = Prog T (@)

(4.4.25)
el (g, (1,1)) =

4.4.2.2 Burge-reduced instanton partition functions

For (N,n) = (2, 3), the rational Q-background (4.3.4) yields €;/e2 = —5/2. The parameters

ins=[sgs1] € P2+5+ and s, = [$,,0,Sr,1] € P{;, r = 1,2,3,4, which determine the Burge-

reduced instanton partition functions, are fixed as in (4.4.10).°

Ezample 4.4.2.3 (0—0— (@) —0—0). Consider the Burge-reduced instanton partition function
2[(2()”(%’](;(();?7)12)@) and take (I1,l2) = (0,0) in the fundamental chamber as in conjecture 4.3.3.1.
Here s = s; = sp = s(® = s = [4,1] are fixed. Then we see that the Burge-reduced
instanton partition function is

B @ == e =1, by =0, (4.4.26)

which agrees with conjecture 4.3.3.1.

Ezample 4.4.2.4 ()—H—(o)—o—0). Consider the Burge-reduced instanton partition function

2[(10,710,2)7](;((2’?,)@)(‘1) and take (I1,l2) = (0,0) in the fundamental chamber as in conjecture 4.3.3.3.

Here s = s = [3,2], sy = s = [4,1] and sy = [2,3] are fixed. Then the Burge-reduced

instanton partition function is

20000 (v (1 _ 2o _ 1+8£+92q2 34964  46322¢*  3149896¢°
[1,1,0:(0,0) 4 q - 15 225 10125 151875 11390625 ’

(4.4.27)

where hg = 4/15. This expansion agrees with conjecture 4.3.3.3.

Ezample 4.4.2.5 (b—o—(0)—o—H and o—o— () —o—H). For conjecture 4.3.3.4, consider,

first, the Burge-reduced instanton partition function Z[(2 0)0](?1?)12)( ), where s = [4,1], s1 =

so = s(® =[3,2] and s = [2,3] are fixed. Then we find that the Burge-reduced instanton

5 Examples 4.4.2.3, 4.4.2.4 and 4.4.2.5 are confirmed up to O(q®).
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partition functions for ({1,l2) = (0,0) and (=1, —1) in the fundamental chamber are

2(1.0),2.0) [\ _ oh 4 112
Zpoio0 (0 =1 -a70 5k <_5’5’5’q

342  67¢°  49309¢*  254267¢°
=1+ % + 31q5 81% 72292q5 433755610 T
) L4 (4.4.28)
5(1,0),(2,0) _ 93 . \2hg-2 L= 1
2[27070};(_17_1)( ) - 9 (1 Q) o5 2F1 <57 5a 5aq>
1 4 T 10 13
_ g3 4¢3 | 79¢5 | 4619¢ n 16237qs +
2 21 630 48195 206550 ’

where hg = 4/15, and the second one respects the fusion rules by (4.3.21). Consider next, the
Burge-reduced instanton partition function 2/,7\[(01 ’10)1’](?;?)[2)((1), where s = 51 = sy = s(®) = [3, 2]
and s = [2, 3] are fixed. Then we see that the Burge-reduced instanton partition functions

for (I11,12) = (0,0) and (1,1) in the fundamental chamber are

57 55 5, q
% 13q2 8792(]3 218507q4 n 54190157q5 n
15 150 131625 3948750 1135265625 ’

2
Zpinan(@ =5 1=¢)7 075 F <5, 554
2 5 8 11 14
g3 7g3  1867¢3  32582¢g3  18575621¢s
e+ + + +oe
3 45 17550 394875 272463750

2(1,0),(2,0 _4 1 23
Z[(o,1,)1](;(0,()))(Q) =(1- Q)th 59l (— : )

=14+
(4.4.29)

where the second one respects the fusion rules by (4.3.21). The above results (4.4.28) and
(4.4.29) support conjecture 4.3.3.4.

4.4.3 (N,n) = (3,2) and s((2);-WZW model
For (N,n) = (3,2), there are four highest-weight representations

D =1[3,0, o=1[2,1, m=][1,2], oo=][0,3], (4.4.30)

with conformal dimensions

ki1 (k1 +2 3 2 3
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4.4.3.1 Burge-reduced generating functions of coloured Young diagrams

The t-refined Burge-reduced generating functions (4.2.18) for (N,n) = (3,2) are obtained as

Xi8(0,0 = (@:0)0 Y Xy @ = X0 (@) folg, D) + X5 (9) go(a, D),
leZ
X580, 0) = (60)e D X1y (@ €% = X03@) fi(a, D) + X571 (@) 91(0, D),
leZ
xred (0 ) = (g xl2:21] 21— X[21] X[21] (4.4.32)
X590 = (@00 Y X o0yn(@) o1@ a0, D) + Xoyl(a) Ai(a, b,
leZ
X500 = (@00 D Xy (@) € = X[15(9) g0, D) + X575 () fola, D),
lEZ

where t = q_i t,

[30](q)=1+q+3q +6¢° +12¢* + 21¢° + 39¢° + 6447 +108¢° + - - -,
[12](q) = 2 +2q2 +5q2 +9q2 +18q2 +31q2 +55q2 +90q2 +149q2 +--
[12](q): + 2q + 5¢% + 10> + 20¢* + 36¢° + 64¢5 +108¢" 4 180¢% + - - - |
Xfyol() = g7 + 342 +6¢% +13¢% + 24¢% + 44¢ +76¢2 +129¢% +210q1
30] [0,3] . [3,0] [2,1] [1,2] [2,1] [1,2]
[03](Q) [30](97) X[Ql]( )_X[LQ} (Q)v X[27 }( ) X[l 2]( ) X[()g]( ) X[go]( )
(4.4.33)
and

. 1 2. . L2ylag
[ = > qulV, g(g)= > gl Tet, o=0,1. (4.4.34)

jE6Z+30 JEBZE (2—0)

The Burge-reduced generating functions (4.4.32) agree with the ;[(2)3—WZW characters com-
puted by (1.3.36),

re al 2 v re [
REb@0) = Xl (@b, Xpd(a.0 = x*{o(if( D),

V) N - (4.4.35)
re = .9 1 re 5 2
X4 (@0 = a0 x50 (@0, X5, = a9 x5 (0, D),



Instanton Counting on C2/Z, and sl(n)y-WZW Models 184

and corollary 4.2.2.6 is confirmed. Up to an overall factor, the functions (4.4.33) are the ﬁA[(2)
string functions of level-3 in [57] and given by (cf. Corollary 4.2.2.4),

XBY (o) — b xB9(g) = (a0t (i) (aFiat)

37
0 A (4 9)% ’
3. 15 12. 15 15. 15
30 1 (6%4")  (@'%4d®)  (6"%54)
X[[LQ]}(q) =q?2 (q. q)g s
Lo (4.4.36)
x12(g) = (¢%4") . (a%4") . (¢":4")
2 (7:9)2%
1 5 4 5 5 5
g3;q3 q3;q3 q3;q3
sy s () (dhied) (i)
qs X[]_72} (q) — X[370} (q) = g5 (¢ q)g .
By taking t = 1, the principal characters of E,A[(Z) are obtained as in (4.2.21):
11
vre vre sl(2 <_QQ;q2>oo
Xish(a,1) = Xi5%(a,1) = Progyo) (@) = ORI
q;q?2 qz;q:2
RN (4.4.37)
vred vred f:\[(Q) <_q2;q2>oo
Xion (e, 1) = Xi75(q, 1) = Prixy 5y (g

= (q%;qg>m (q2;qg>oo'

Note that, these principal characters are related to the principal characters of 57[(3) in (4.4.25)
by

si(2) si(3) /- sl(2) si(3)
Progeo (@) _ Prpog(@)  Pragy (@) _ Prxfl,w}(q?’)‘ (£.438)
(4% ¢%) o (@363 (4% 4%) o (@3 ¢%) o

4.4.3.2 Burge-reduced instanton partition functions

For N = 3 with general n, the Burge-reduced instanton partition functions (4.3.12) are
determined from the parameters in s = [sq, s1, S2], 81 = [s(()l),sgl),sgl)], So = [8(()2), 1,552)],
s = [8(()3)7 3(13), 1] and s = [364), 354), 3%4)] in P75 that are fixed by the relations (4.1.5),

(4.3.11):

sipi=oici—oi+ 1, s =bi b1, sV =0 b1, i=1,2,  (4.4.39)

)
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and (4.3.15) from the ordered charges op > o1 > o2, bg > by > be, by > by > b,. The

Coulomb parameters are then determined from s by (4.3.5):

a02%2(1_3)<51_1_g>527

I=12
1 n
a1:g Z (3—-2I) <S[—1—§) €2, (4_4.40)
I=172
DIRICEEEE)
as = = s;i—1——Je¢
273 I 3)
=172
and the mass parameters m = (myg,...,my_1) and m’ = (mg,...,m/y_;) are determined

from the parameters in s;,ss and s(3),s®) | respectively, by (4.3.7).

We now consider the case of (N,n) = (3,2) with the rational Q-background €;/e; = —5/3 in
(4.3.4).7

Ezxample 4.4.3.3 (0—0—(0)—0—0). Consider the Burge-reduced instanton partition function

A(O,O,O),(O,O,O)
23,00

as in conjecture 4.3.3.1. Here s = s; = sp = s(®) =s(* = [3,1,1] are fixed. Then we see that

(¢) and take I = 0 in the fundamental chamber, which respects the fusion rules,

the Burge-reduced instanton partition function is

ZOOOO00 () — (1 gy =1, hy =0, (4.4.41)

which agrees with conjecture 4.3.3.1.

Ezxample 4.4.3.4 ()—o—(o)—o—0). Consider the Burge-reduced instanton partition function

2(00,0),(0,0.0)
(2,1];(1)
s =50 =1[2,2,1], sy =s® =[3,1,1] and sy = [2,1,2] are fixed. Then the Burge-reduced

instanton partition function is obtained as

(¢) and take 1 = 0 in the fundamental chamber as in conjecture 4.3.3.3, where

~ _ 3¢  39¢> 299¢° 9867¢*  424281¢°
2(070’0)7(07070) — 1 _ 2h[] — 1 P e
[2,15(0) (9)=(1-9) 10" 200 " 2000 T 30000 " 2000000 ’

(4.4.42)

where hg = 3/20. This series expansion agrees with conjecture 4.3.3.3.

Ezample 4.4.3.5 (o0—o—())—o—o and o—o—(m)—o—n). For conjecture 4.3.3.4, consider,

first, the Burge-reduced instanton partition function ZA[(;”(S’;((?)’(LO’O) (), where s = [3,1,1],

s;1 =s® =s® =1[2,2,1] and sy = [2,1,2] are fixed. Then, we find that the Burge-reduced

" Examples 4.4.3.3, 4.4.3.4 and 4.4.3.5 are confirmed up to O(q%).
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instanton partition functions for 1 = 0, —1 in the fundamental chamber are
%(1,0,0),(1,0,0 _3 123
Z[(S,o];(g)( ()= (1-q*"075 R (—57 E 5;61)
13¢>  87¢% 8669¢*  344797¢°
¢ 13¢  87q q LA
6 120 1040 124800 = 5740800

. ) 4 (4.4.43)
(1,0,0),(1,0,0) _ 9% 0 \2hg-32 < x O
2[3,0};(—1) (¢) = 3 (1—-q)™"" 752 (5, 5 5#])
3¢5 6lgs  289¢5  222529¢>  25723¢ 2
_a>  ¢» Glg a q az
3 + 6 + 520 + 3120 + 2870400 + 382720 + ’

where hg = 3/20, and the second one respects the fusion rules by (4.3.21). Consider, next,
the Burge-reduced instanton partition function 2[(117’2(}’;%))’(1’0’0)(@[), where s = sy = [2,1,2] and
s; = s =s® =[2,2 1] are fixed. Then we find that the Burge-reduced instanton partition
functions for 1 = 0,1 in the fundamental chamber are

~(1,0,0),(1,0,0 _3 112
Zig () = (1= 90755 R <_5, =i Q>

41 183¢> 353¢%> 796073¢*  17182143¢°
1 5 1400 ~ 3500 9520000 238000000 ’
—~, 2
Z00) = L - 9o R (5,5 L)
1 3 5 T 9 11
_ e, 29¢2 N 393q2 N 51949¢2 N 1725293q2  74432711q>2 L
2 140~ 2800 476000 19040000 952000000 ’

(4.4.44)

where the second one respects the fusion rules by (4.3.21). The above results (4.4.43) and
(4.4.44) support conjecture 4.3.3.4.



Chapter 5

The Full Algebra A(N,n;p)

We now consider the coset AGT correspondence conjectured in the previous two chapters
between gauge theories under a minimal model identification and CFTs with the symmetry
algebra A(N,n;p), and let p # N with p > n. In this case, we choose to consider A(N,n;p)

using the first form

gl
A(N, nip) = 0N (5.0.1)
gllp —n)n
In the following, we reindex and use the convention
gl
AN nin+p) = BRIV (5.0.2)
gl(p)n

instead, where p #£ N — n.

Following the ideas presented in 4.2, we will use our conjectured AGT correspondence be-
tween 2D CFTs and 4D A = 2 SU(N) gauge theories on C2/Z, to calculate the character
functions for representations of A(N,n;n + p) using the generating functions for coloured
Burge multipartitions. We propose a non-trivial identification between the minimal model
parameters on the CFT side and the parameters defining the Burge inequalities and their

colourings for the instantons on the gauge theory side.

We will then provide evidence of this identification in examples where N, n and p are small.
We will then discuss new f/,\[(n) string function identities that arise as a consequence of this
conjecture, and provide evidence of their existence. These string functions identities will come
in two forms: as expressions involving Wy-minimal model characters and as g-generating

functions of Burge multipartitions, the latter of which we define in (5.3.4).

187
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5.1 Some Coset Character Identities

We begin by recalling that we denote by Py, the ;[(N )-weight lattice of level a € Z~, and

by P]—V’—,a the level a dominant integral weights. For &, € PJJ\?’G, & € P]J\;yb, and &,y € P;7a+b,

we also recall, from section 1.3, that we denote the branching functions, describing L, , as

Ea X &

a submodule in the decomposition of the tensor product L¢, ® L¢,, by b5a+b .

We also have the following equality of the branching functions [143]

Z bgaX€bb£a+bX§C — bfaXEbX€C’ (511)

§a+b €a+b+c - §a+b+c
+
5a+bEPN,a+b

where £, € P]J\?ya, & € P]J\Eb, and &g ypic € P]J\?,a+b+c'

&b

. are closely associated with diagonal coset

As diagonal branching functions of the form bgzr
characters (see section 1.5.12), we choose to represent the equation (5.1.1) with a formal

product of coset algebras

SUN)a x SNy SN )ays X SIN)e _ sU(N)q x SIN), x I(N).

a
f’A[(N)aer ;[(N)a-l-b-l—c SI(N)atbe

(5.1.2)

We find this is an efficient way to manipulate branching functions, as this formal product of
cosets resembles the usual rules for multiplying fractions. This formal product of diagonal
cosets only exists if the level of the denominator of one factor is equal to the level of one of
the numerator factors of the other. In this case we say the two coset factors are compatible.
In (5.1.2), the presence of 5A[(N )a+b in the denominator of the first factor and numerator of

the second factor ensures that these two cosets are compatible.

Remark 5.1.0.1. This notation is inspired to be of similar style to the coset arguments used in
[143, 27]. In particular in [27], the non-minimal model characters of A(n, 2; p) were calculated
and found to agree with the non-Burge reduced generating functions of instantons, which
are generating functions of pairs of coloured Young diagrams where the Burge inequalities

are not enforced.

As the authors of [27] did not consider minimal model CFTs they had to first enlarge the
symmetry generating currents of the product of cosets on the left-hand side of (5.1.2) to
obtain a realization of the algebra A(n,2;p). As we will see in the subsequent text, the
minimal model characters for A(N,n;n + p) are equal to the branching functions of left-
hand side without consideration of additional holomorphic currents. We also note that in
the context of minimal models, these coset manipulations have been shown to correspond to
constructions of CF'Ts and some primary fields [144]. Due to this, we motivate our forms for

the branching functions through these formal coset arguments.
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We have the following level-rank duality! identity

gl(p+)n SN x si(N), (5.1.3)

al(1)y x gl(p)n SN )yt

which is an equality between algebras and is used in similar coset manipulations in [138, 28].
We can then use (5.1.2) and (5.1.3) to obtain a formal expression for the branching functions
of the A(N,n;n + p)-minimal models. This is a conjectured equality, which will imply our
conjecture 5.4.1. The examples we have computed in section 5.6.1 will provide evidence for

its validity.

We begin with an n-fold product of compatible cosets

gin+p)y _ glntpy  gllntp—Dy  glp+ Dy
gy glntp— Ly glntp—2)y glp)n
(5.1.4)

A(N,n;n +p) =

For each factor, we formally multiply and divide by gA[(l) ~ which gives us

/\[ N . N A[ _ .
_gl(n+p ' DN _ g1y x — St ZW , 0<i<n—1. (5.15)
glln+p—i—1)n gl(l)y xglln+p—i—1)x

We now use the level-rank identity (5.1.3) on the right-hand side of this equality and substi-
tute 5[(1) as the Heisenberg algebra H to obtain

gl()y x gl(n+p—i—1)y

(N)ntp—i-1

x sl
—= H X
( )n-i—p—i

(5.1.6)

m)

We substitute this expression into our compatible coset product expression for A(N, n;n+p)

to obtain

A(N,n;n +p) = (7—[ X ;[(N)l,\x EI(N)nerl) X e X <’H X g[(]\i)l x ;[(N)p> (5.1.7)
SI(N)n+p SI(N)p+1

We now note that the diagonal cosets in each factor represent the GKO construction for the
minimal models as described in section 1.5.12. Thus, we can express the i-th factor in terms

of minimal models as

SN X SN i
5[(N)n—i+17

! As the name implies, level-rank duality refers to dualities between the conformal blocks of g[(n) ~ and
s[(N),-WZW models, so that the representations sl(n)y and si(N), are in a sense dual to each other.
The reader interested in learning about level-rank and its origins from conformal embeddings is pointed to
[145, 146]. For an example of the application of level-rank duality to cosets see [147].

=M(N+n+p—i,N+n+p—i+1;N). (5.1.8)
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We substitute this in above to obtain

AN nsn+p) =H"x M(N+n+p—1,N+n+p;N)
XMN+n+p—2,N+n+p—1;N)x---x M(N+p—1,N+p;N).
(5.1.9)

Now the expression (5.1.1) for the branching function of a product of diagonal cosets is in
terms of minimal model factors. It is then natural to expect that there will be an expression
for the minimal model characters of A(N,n;n + p) in terms of a sum of products of Wy-

N-+k,N+k+1

minimal model characters Xec for k € {p—1,n,...,n+p—1}. In the following section,

we use the explicit series expansion (1.5.144) for X?CJFIC’NHCH to obtain series expansions for

A(N,n;n 4+ p)-minimal model characters.

5.2 Calculating Coset Branching Functions

In this section, we discuss how we will calculate the coset branching functions as sums of
products of minimal model characters. To do this, we will calculate the branching functions
of the tensor product

SI(N); @ - @ sl(N); @ sl(N), (5.2.1)

n

to irreducible f/s\[(N )ntp-modules.

To calculate this combinatorially, we will use the i-signatures of crystal graphs described
in section 1.3.5. In this case, as we are only taking tensor products of level 1 irreducible
representations, this greatly simplifies computation. As we will see below, this process is
straightforward but tedious and long. To find these branching functions efficiently we intro-

duce new objects called B-matrices in section 5.2.3.

5.2.1 Rules for £1A[(N) Branching

We begin by describing which highest weights appear in the branching of the tensor prod-
uct of two sA[(N )-modules, calculated using the i-signatures of crystal graphs. Let £ =
[0y - .-, EN—1] € P]J\Zp and ¢ = [Co,.-.,CNn-1] € PJJ\?,n-I—p and consider the branching of the
tensor product L¢ ® L¢ to irreducible s{(NN')2;,4p-modules.

Proposition 5.2.1.1. Let i be a dominant integral weight such that L, is an irreducible

;[(N)2n+p—subm0dule of L¢ ® L¢, then

cls(p) = cs(& + Q). (5.2.2)



191 Calculating Coset Branching Functions

Although this result is standard in the usual theory of affine Lie algebras, we believe the
proof will be instructive to the reader. We will prove this using crystal graph techniques,

and the methodology presented will be used to calculate the branching rules below.

Proof. Let B¢ and B¢ be the crystal graphs with respective node sets B¢ and B¢ of the
irreducible highest weight modules L¢ and L respectively. We recall that €17, denotes the
weight space of the module Ly. Let ¢ € Qp, and (' € Q. be two weights with Dynkin

labels & = [€),..., & ] and ¢ = [, -, Chv_y]-

The i-signatures of the nodes ber € Be and by € B¢ corresponding to vectors ver € L¢ and
ver € Le with weights £ and (' respectively are

€ (O
@2/:_..._‘4_...4_7 @z’,/:_..._‘+...+7 (5.2.3)

(€ (On

where the i-th Dynkin labels of the weights ¢ and ¢’ are & = &~ — &1 and ¢/ = ¢ — ¢t
respectively. We can associate these parameters C{i and égi to the vectors vg € L¢ and

v¢r € L¢, which will be assumed in the sequel.

Now we consider the node b = (bg x ber) in the product crystal graph Beye. If b € Beye
corresponds to a highest weight vector v, € L¢ ® L¢ then

ey =0, fori=0,1,...,N—1. (5.2.4)

In terms of i-signatures, this means that the signatures d)é for each i = 0,..., N — 1 must
not contain a plus sign. To calculate the signature @2, we concatenate the signatures d}é, and
d)é, and cancel ordered pairs of (+—). From this we can see that for & to correspond to a

highest weight vector d)él must also contain no plus signs so that

Ve =@k =— 5.2.5
Wer = we —— (5.2.5)

and therefore the node b corresponds to the highest weight vector of L.

Having constrained bo we can determine the different forms of (be x b¢r) by considering the
different forms of bes. Each weight ' € Qp, is such that cls({) = cls(£), and you can obtain
the node ber corresponding to & by a sequence of applications of the Kashiwara raising {e; };
and lowering {f;}; operators on the highest weight node b¢. Thus if we can show that the
action of Kashiwara operators on the nodes B is equivalent to the action of Kashiwara
operators on Bgy ¢ then we have shown that each highest weight vector (ber x b¢r) has weights
u that are in the same class as (£ + ().
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The action of a Kashiwara operator can do three things to an i-signature: flip the right most
plus sign to a negative sign, add a negative sign (if it flips a plus sign to a negative sign in
the (¢ — 1)-th or (i + 1)-th signatures), or remove a negative sign (flipping a negative sign to
a plus sign in the (i — 1)-th or (i + 1)-th signatures). Let us consider how these three options

effect the Dynkin labels associated to a node.

Let p be the weight associated to b, assuming b is a highest weight vector p; = &~ +(— (f’)j.
Flipping a plus to a minus sign in d)é, changes &~ — &~ — 1 and &% — €7 4+ 1 so that
& +— & + 2. When concatenating i-signatures this additional plus is paired off so that
pi = (€)7 =1+ (¢C—1)— (&)} = p; — 2. When adding or removing a negative sign we
change (&); — (&)7 £1 and & ~— ¢/ £ 1. From this we have that p; — p; =1 and we
see that the action of a raising or lowering operator on b is equivalent to the action raising
or lowering operator on b. Since weights that are obtained from a sequence of raising and

lowering operator actions are in the same class, we can conclude that

cs(p) = cls(§ + ), (5.2.6)

as desired. ]

Using this we can write down the branching rules (see (1.3.44)) L¢y ¢ as

Lex S = @ b(gxc),(u—ké)Ly—kéa ngg(ufk(s) € Z>o. (5.2.7)
P ds(u)=cls(6+C)
kGZzO

5.2.2 Determining the si(N) Branching Functions

In this section, we calculate the branching functions of

~

SI(N)L @ -+ @ 5l(N); @ sI(N),. (5.2.8)

n

We begin by considering the character of
s[(N)1 ® sl(N)y, (5.2.9)

which is the n = 1 case of (5.2.8). As this product will branch to 5A[(N )p+1-representations,

we have the following identity

Mnd™g) = 3 B (g), (5.2.10)

sl
XA,
Cep]i”,p«kl
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where A; € Py, is the i-th s/:\[(N ) fundamental weight and £ € Py ,- To determine the

branching function bé\ixg we represent the branching from Ly, x¢ to L¢ by the coset

~ ~

sl(N)1 x sl(N),
SI(N)pi1

; (5.2.11)

whose character is the branching function bé\ixg. As per our discussion in section 1.5.12, this
represents the minimal model M (N + p, N + p+ 1; N) so that the branching function is the
minimal model character XévéNﬂo NHPHL when els(¢) = cls(A; + €) and vanishes otherwise.

We therefore have the equality of characters

@My = 3 IR NN N () AN () (5.2.12)

Cep]‘\t,p#»l
cls(Q)=cls(§+Aq)

The powers of ¢ in an sA[(N ) character count the grade at which states occur as discussed in
section 1.3. To obtain the exponent of the extra g-factor in this expression we consider the
occurrence of the weight ¢ in the representation L¢ ® Ly, where cls(¢) = cls(§ + A;). This

can be found first at grade

(I — &P = M), (5.2.13)

DO | =

and this gives the g-exponent.

We now repeat this process and consider characters of the associative 3-fold tensor product

of s[(N) representations

o~

SN )1 @ §I(N)1 @ SI(N), = s(N)1 @ (SN @8I(N), ) (5.2.14)

which we perform in two steps indicated by the brackets. To compute the character of
this, we first branch the bracketed tensor product to sA[(N )p+1 and then tensor the result of
this with the final ;[(N )1 representation. As described above, this gives us the equality of
characters

AV (AN @ @) =A@

J

1 _ 12 IAL|2 A[N
« oo qplePoaR) NN N () SN (g) | L (5.2.15)

CEPN 1
cls(¢)=cls(€+A;)
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We then do this branching procedure again on the right-hand side to obtain

sl(N sl(N sl(N
M@ (A @0V @) =
1 .
Z q§(lcf§|27|Al\2)Xé\7/&N+p,N+p+1(q)

CEPN b1
cls(C)=cls(€+A;)

(16— 12— AL 12 SNV
X ( Z q2(|( ¢IF—1A4] )Xé\f&{V+P+1,N+p+2(q)> XZ’( )(q) (5.2.16)
C/

+
EPN,p+2

cs(¢)=cls(¢+A )
By induction on the 3-fold branching function process we have described, we can algorithmi-
cally obtain the branching functions of the n-fold tensor product (5.2.8). It is clear that the
resulting expressions will be products of minimal model characters that are contracted over
their subscripts, which will be ;I(N) weights of levels l = p+1,p+2,...,n+p— 1. This

allow us to calculate the branching functions of

o~

SI(N), @ -+ @ sI(N); @ sl(N),, (5.2.17)

n

using matrix multiplication.

Ezxample 5.2.2.1. When p = 0, we calculate the characters similarly of an n-fold product of

sI(N); representations

S(N) @ @ sI(N)y, (5.2.18)
"
which we represent by
n—1
sI(N P Ao, sV
Gl =y bl A ()8 g), (5.2.19)
0 CePy.,

els(¢)=cls(n)

where p = """ A,,. As we will see in section 5.5, this will give us the sI(IN) string functions.

5.2.3 B-Matrices

In this subsection, we introduce the B-Matrices to compute the branching functions of n-fold
products of sA[(N )1 representations. An individual B-matrix will represent one step of the

recursive process described in (5.2.16).

We will refer to each step step of this process as the level, as after the I-th step we are
considering branching to level [ representations. The B-matrices of level | will be a set of
matrices {By, | i = 0,1,..., N — 1} labelled by the ;[(N) fundamental weights. We define
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the matrix By, = B/(\]:]’l)(q) of level | € Z>1, for N € Z>9, 9 =0,1,...,N — 1, with rows

labelled by weights £ € PJ'\,F ; and columns by ¢ € PJ'\,F j41 88

2(IC€P=IN) ) VNFENFERL () if els(¢ — € — A) = 0,

N q ,
(foi )(q)> = (5.2.20)
& 0 else,
and supplement these with the 1 x NV level 0 matrices
(BY) =0 (5.2.21)
1 1]
We see that non-zero B-matrix entries are minimal model characters X?&NH’NHH with a ¢

prefactor whose exponent is equal to the grade at which ( first appears in the module ¢ x A;.

Ezample 5.2.3.1. The N = 3 matrices for [ = 1 are

XﬁigO],[zoo] 0 0 0 qx?l’gomon] 0
B/(\:zl) = 0 X?d?o],[no] 0 0 0 qx?éi)o],[oom
0 0 qx?dou,[mo] X?dSl},[lOl] 0 0
(5.2.22)
0 X?fgo],[no] 0 0 0 qx?fgo],[om]
B = 0 0 X?d?o],[(mo] X?dio],[mu 0 0 (5.2.23)
X?Ogl],[mo] 0 0 0 X?dgu,[on] 0
0 0 qxﬁfgo],[ozo] X?{go},[mu 0 0
B/(xiyl) = X?O?O],DOO] 0 0 0 X[010],[011] 0 , (5:2.24)
0 X?dou,[no] 0 0 0 X[001],[002]

Note here that we have labelled the rows and columns by 5A[(3) dominant integral weights.
When writing down an explicit B-matrix, one must make a choice of ordering the row and
column weights, in this case we ordered by size of Dynkin labels in numerical order (that is,
from the Oth to 2nd).

Let n € P]J\? ,, be a dominant integral weight and decompose 7 into a sum of the fundamental

weights as n = >~

n+p—1 :
_[f) Ag,;, where we order 0, < opp1 < -+ < 0pqp—1, and let p be as in

(5.2.17). We define a n-fold product of B-matrices to be

n+p—1
BN () = ] Bg;”(q), (5.2.25)
l=p

where the order of the matrix multiplication is according to o, < op11 < -+ < opyp-1. The
weight n carries the information of the highest weights of each sA[(N )1 factor in the tensor

product (5.2.18) for the fixed ordering of the weight labels {o;}i—p,  ntp—1. The matrix
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. Ao, X..As
elements of B,(,N’n+p #) then give the branching functions bC P Bonty ~!, where ¢ € PJJ\;JZ )
for this branching.
For p = 0 we can associate the product B-matrix
. N,0 N,1 N,n—1
B,'(]N’n’O) (q) = B/(\JQ )<q)B/(\o'1 )(q) T B/(\O'rzil )(q)7 (5'2.26)

to an n-fold tensor product of s{(N); representations (5.2.18), which we represent using their
highest weights as
Aoy ® - ®Ag,_ 4, (5.2.27)

where again n = Z?:_()l Ao,. In this case, the entries of By(,N’n;O) (q) are the branching functions

for 5A[(N )n. Explicitly, the entry labelled by (A, ) will give the branching function for the
weight ¢, that is

n—1
izo Moy

(B ()

This p = 0 case reproduces the character expressions in chapter 4.

= ! (q). (5.2.28)

Up until this point we have just introduced formalism, but we can use this to derive identities
between minimal model characters. As mentioned above, the product B-matrix (5.2.25) for

fixed n € Py, ,, represents the tensor product of 5A[(N ) representations
Aoy ® Aoy ® . Mgy, 1 ®E, EE€PY, (5.2.29)

where we have ordered o, < --- < 0,4 1. In this case, we can use the well known commuta-
tivity isomorphism between tensor products of irreducible 5A[(N )-modules to obtain identities

between B-matrices.

By commuting two or more factors in the tensor product above, we obtain two branching
functions for each tensor product that are identical by the commutativity isomorphism. We
can then calculate these equivalent branching functions using inequivalent products of B-
matrices. The matrix elements of these matrix products are inequivalent sums of products
of minimal model characters, which must be equal. We illustrate this below with a simple

example.

Example 5.2.3.2. We consider the isomorphism of tensor products of 57[(2)1 representations
ANOANRAMEARIAMRA), i=0,1. (5230)

We have the following relevant B-matrices

(2,1) Xit0 s (2,1) 0 Xy 0

, 1,1 1,3 ) _ 1,2

By, () = < 5.4 ) , By(q) = ( 54 374> (5.2.31)
0 X2,2 0 X2,1 0 X2,3



197 Calculating Coset Branching Functions

4,5 4,5 45 4,5
x11 0 axy3 O 0 xi2 0 q2X1,4
(22) 0 \ _ 45 45 (2,2)/ \ _ 45 45
By, (q) = 0 Xoy 0 axol4 |> By a) = X210 axos
45 45 45 45
axs; 0O X3.,3 0 0 X35 0 X3,4

(5.2.32)
The branching functions of each tensor product are obtained by the two inequivalent products
Bf\%’o)(q)Bg’l)(q)Bﬁ’m (¢) and Bf\%’o)(q)Bﬁ’l)(q)Bff) (q) respectively. By the commutativity
isomorphism we must then have

B (q)BE (0)BY? (a) = BEV(0)BE (0) B (), (5.2.33)

3

which is true if B/(\QI’I)(q)BJ(\QO’Q) (q) = Bl(i’l)(q)B/(\%Q)(q). By considering the non-zero matrix

elements we obtain the following identities between minimal model characters

2() (5.2.34)
(@) x24(a) (5.2.35)

By generalizing this process we have the following identity between B-matrices for A, A’ €
P]-\i/_,l:
N, N,i+1 Nl N,I+1
B (@)BY" MV (q) = BU (@) BV (9), (5.2.36)

which correspond to the following isomorphism of tensor products
QAN ®... 2 QN RAR... (5.2.37)

These identities appear to be generalizations of those in [148] to Wy-minimal models for

N > 2, and our generalization contains these previously known identities as the N = 2 case.

5.2.4 Using the B-Matrices to Calculate A(N,n;n + p) Minimal Model

Characters

We now consider the branchings for an n-fold product of 5A[(N )1 representations with a 5A[(N )p
representation by the formal coset product
g[(N)l ®5A[(N)n+p—1 v ;[(Nﬁ ®5A[(N)n+p—2 N f:\[(N)pﬂ ®;[(N)1 % a(N)p ®5/‘\[(N)1

—~

SNty SN )nip SI(N)po EI<N>%12 "

Following our discussion in section 5.2.3 above, we can calculate the branching function

represented by this coset product using the B-matrix product quN’ner #) Note that here
we begin the sA[(N ) product with a level p representation, so that we must begin our matrix

product with a B-matrix of level p.
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For this calculation, e will need to understand the generic structure of B-matrices, which we

now discuss. We have the following properties of the B-matrix product BgN’ner ).

e [ts rows are labelled by & € P;p and columns by ¢ € P;,ner'

e Its matrix elements vanish when cls(¢ — §) # cls(n).

e Its non-zero elements are sums of products of minimal model characters with some

additional g-factors.

Let (Ag,,..., A ) be a sequence of f:A[(N) fundamental weights such that o; < ;44 for

) O0n4p—1
p<j<n+p-—1landn= Z;:r; ! A,, a corresponding sI(N),, dominant integral weight.

The products of minimal model characters in the non-zero matrix elements (B,(?N’nﬂ? iP) )

&¢
can be defined by sequences pt = (ftp41, - - - , hntp—1) Of [(N) weights such that p; € P]J\;j and

cs(pj) = cls(§+zg:p A,,) for p < j <n+p—1. The non-zero elements are then formed as a
summation over each possible sequence of weights satisfying those conditions, with suitable
q factors. Therefore, the branching functions for (5.2.17), which we can represent by the

formal coset product (5.2.38), are given by matrix elements of B7(7N’"+p 2

To obtain the minimal model characters of A(N,n;n+p) from these branching functions, we
must include another factor for the n-copies of the Heisenberg algebra . Since the character

of H is the generator of partitions, % we define the hatted B-matrix product

%90’

1

B(n+pip) q) =
! @ ()%

BNt (g), (5.2.39)

so that the matrix elements of 37(,"+p P )(q) are coset characters for A(N,n;n + p). These

elements are labelled by & € P]J\?’n and ¢ € Pﬁ’ and combined with 7 these weights fully

n+p’
determine the coset branching, as there are no additional parameters coming from H". In
the hatted notation Bffﬁp in) (q), we drop the superscript N since the rank of the algebras

BAI(N ) used to calculate the branching is clear from the length of the weight 7.

5.3 Burge Generating Functions and Dual Dynkin Rings

The AGT conjecture in chapter 3 predicts a relationship between the generating function for
the instantons in N' = 2 SU(N) supersymmetric gauge theories on C?/Z,, and the character
functions for A(N,n;p). The latter are identified as the matrix entries of Eénﬂ) m)(q) in
section 5.2.4 above. We will view this identification as a relationship between two combina-
torial objects, the (£, ()-Burge multipartitions and the sums of products of minimal model

characters.
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5.3.1 Coloured Burge Generating Functions

We only consider coloured (&, ¢)-Burge multipartitions that satisfy the Z,-charge conditions
(3.4.5), which are satisfied by imposing a colouring defined by the charges o = (09, ...,0n-1) €

(Z,)N, where

j
oj=o00+Y (G—&), j=0,....N—1. (5.3.1)
=0

Remark 5.3.1.1. These coloured Burge multipartitions can be thought of as skew 3D plane
partitions built from Young diagrams stacked besides each other, with an additional cyclic
condition. In this view point, the box 00 = (1,1) in the j-th diagram is lined up with the
box B = (1+ (;,1+¢&;) in the (j + 1)-th diagram. The charge o; ensures this skew plane
partition is coloured so that the colour of adjacent boxes in distinct diagrams are the same.
Skew plane partitions are outside the scope of this thesis, the interested reader should refer
to [149].

We recall some of the notation from section 1.1. We denote the set of coloured (¢,()-
multipartitions with charge o = (0o, ..., on-1) by Cg.. Given a multipartition A = MO
AN=D)Y coloured with n colours, we define the total number of i-coloured boxes to be k;(\)
and collect them in the vector k = (ko,...,k,—1). We then define the generating function

for (&, ¢)-Burge multipartitions with the colouring o to be

ko(A) n—1 .
Xecn(a52) = Z HZZ'Z( )- (5.3.2)
AGC& i=1

As this generating function counts the number of total coloured boxes, we also define a second

generating function using the variables q = q/(x1...2p—1) and z; = x; for i = 1,...,n — 1
by
P
Xecn(@/(mr. o 1)ix) = > qfo@® T, (5.3.3)
)\EC‘gC i=1

where we recall that dk;(\) = k; — ko is the difference of coloured boxes. Finally, for a fixed
6k = (0ky,...,6k,_1) € Z" ! we define a third generating function

X%(q) = K™ Xecn(a/ (21 2p1);%) zimg) (5.3.4)

q—q
where here the prefix [x°¥] means to take only the terms where the exponent of z; is 6k; for
eachi = 1,...,n—1. We will refer to this last generating function as the coloured (¢, ¢)-Burge
g-generating function. The function Xglzm counts n-coloured (&, ()-Burge multipartitions
with colouring data specified by dk = (dki,...,dk,—1) where the exponent of ¢ counts the

number of boxes in the multipartition A\. We conjecture that Xglz,n equals to the matrix
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elements of BT(]ner i) (¢) under some identification of parameters. In the sequel, we will make

this identification explicit.

Our notation so far has been used suggestively intentionally, and this equivalence will involve
identifying the weight labels £ and ¢ used to define the Burge inequalities with the labels

7(7n+10;17) ( q)

of matrix elements for B . Identifications for n and dk are more involved and will

require the dual weights and Dynkin rings from section 1.3.

We will split this discussion into two distinct cases where possible, one where the level and
rank are coprime integers and one where they are not coprime. The reason we do this is
due to the rotation invariance of Dynkin rings, which means that Dynkin rings represent
multiple different ;[(n) weights whose Dynkin labels are cyclic permutations of each other.
When taking a dual of a weight, this rotation invariance will lead to an ambiguity related to

classes of weights that needs to be fixed as we will see below.

This combinatorial identification will involve finding the sequence of raising and lowering
operators to obtain a descendant state from a highest weight in an ;[(N )-module. Since all
weights in a highest weight module have the same class, this will necessitate that we choose

a cyclic permutation of a dual weight with a prescribed class.

5.3.2 Dual Dynkin Rings and Fixing Classes

Proposition 5.3.2.2 below shows that we can fix which weight a Dynkin ring should represent,
when the level and rank of the weight are coprime, by fixing its class. We first define the
automorphism 7 : P(sI(N)) —s P(sl(N)) that acts on the weight A = [mo,...,mn—_1] as

T(A) = 7([mo, . ..,mn—_1]) = [mN_1,M0,...,mN_2]. (5.3.5)

Clearly, 7 has order N. This proposition is then a consequence of the following lemma.

Lemma 5.3.2.1. Let A = [myg,...,mn_1] be an ;[(N)n weight. For any j € Z, the class of
the weight 77(A) is related to the class of A by

cls(17(N)) = cls(A) + jn mod N. (5.3.6)
Proof. The class of A is:
N-1
cs(A) = Z im; mod N. (5.3.7)
=0

We begin with the j = 1 case. As above we have that

T(A) = T([mo, ces ,mN_l]) = [mN_l,mo, oo ,mN_g]. (5.3.8)
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So that we can calculate the class of 7(A) as

N—2
cs(T(A) =) (i + )m; mod N (5.3.9)
i=0
N-1 N-2
= imi+ Y mi—(n—1)my_ mod N (5.3.10)
=0 1=0
N-1 N—2
= im; + Z m; + my_1 —mny—1 — (N —1)my_1 mod N (5.3.11)
i=0 =0
N-1 N—1
= im; + m; — Nmpy_1 mod N (5.3.12)
i=0 =0
=cls(A)+n mod N. (5.3.13)

We now apply this result recursively j number of times to obtain
cls(1?(AN)) = cls(A) + jn mod N. (5.3.14)

O]

Proposition 5.3.2.2. Let D be a Dynkin ring that represents a set W of sT[(N)n weights.

The class of each weight £ € W is unique if N and n are coprime.

Proof. Let A = [mo,...,my—_1] be an ;[(N)n weight in W, and fix the numbering of the slots
of D so that A is the canonical choice of weight for D (that is that there are mg empty slots
starting with the 1st slot before the 1st bead, m; empty slots after that until the 2nd bead
etc). The last slot of a Dynkin ring corresponding to an ;[(N ) weight must be occupied, so
there are N different weights associated to D. We will define each weight in turn by rotating
D clockwise so that the (N — 1)-th bead is now the N-th bead, and represent this operation
on A by the automorphism 7 which cyclically permutes Dynkin labels defined above.

Two E:\[(N )n are in the same class if the difference of their classes vanishes modulo N. We
rotate the ring j < N times which corresponds to the weight 77(A). Using lemma 5.3.2.1
above we have that

cls(A) — cls(17(A)) = —jn mod N. (5.3.15)

There are only up to (N — 1) unique rotations of D possible, so that the classes of these
differ by n,2n,..., (N — 1)n. If gcd(N,n) = 1 then jn does not vanish modulo N for

j=1,...,N —1 and the classes of these rotations are all unique. O

From this we see that in the case where the level and rank for an sA[(N )n weight are coprime,

we can uniquely fix j in 77(A") by specifying the value of cls(77(AT)).
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5.4 The Coset-Burge Character Conjecture

We can now formulate the coset-Burge character conjecture which identifies the matrix ele-
ments of the truncated product of B-matrices with the generating function of coloured Burge

multipartitions.

Conjecture 5.4.0.1. The matrixz elements of the truncated B-matriz Rgnﬂj;p)(q), defined

in (5.2.39), are equal to the q-generating functions Xé’“c,n)(q) of (&, C)-Burge multipartitions
with prescribed colour data 6k = (Ok1,...,0kn—_1), where & € Pﬁp, S P]J\?nﬂ), n € P]J\;n.

That is, we have
(B (@)

where A is some constant. The parameters on both sides are identified using

£C = X?fk,g“,n) (Q)qAa (541)

ok=A7" ((C- Ot = 777(h) . (5.4.2)

where A is the ET[(n) Cartan matriz, T means to take the dual weight, T cyclic permutes
Dynkin labels, and® j = Zij\;l (G — & —mi).

Remark 5.4.0.2. In section 5.6.1, we will discuss our evidence for the coset-Burge character
conjecture. We will also provide 3 fully worked examples of these calculations that include

2 examples for the simpler non-coprime case and one of the coprime case.

Below we motivate the form of the coset-Burge character conjecture and then move on
to simple checks that reproduce previous known results in [49]. The specific form of the

conjecture was derived through experimentation on Mathematica using the motivation below.

5.4.1 Motivation

We will refer to the combinatorial objects in the coset-Burge character conjecture by their
positions in (5.4.1). We will therefore refer to the branching functions of tensor products
of ;[(N ) representations, calculated as hatted B-matrix elements, as the left-hand side and

g-generating functions for coloured (&, ()-Burge multipartitions as the right-hand side.

We now describe the parameters on both sides of (5.4.1). On the left-hand side we have
matrix elements labelled by two E:A[(N ) weights £ € PZJ\;,p and ¢ € PZJ\;JL +p» Which defines two
integer parameters n € Zo and p € Z>q, and a product of a sequence of B-matrices defined
by a weight n € Pﬁn. The weights £ and ( define the irreducible ;[(N Jn+p-module we are
branching from and the 5A[(N )p-module we are branching to. Whereas 7 tells one the sequence

of level 1 modules we take successive tensor products of.

2This is the cls* operator which we will define later in (5.4.13).
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On the right-hand side the coloured Burge multipartitions are defined by the Burge inequal-
ities and prescribed colour data. We define the Burge inequalities by two E:A[(N ) weights, & €

PZJ\EP and (' € PJJ\E”JFP and the colour data by the vector of differences ¢k = (k1 ..., 0kn—_1).

Based on level-rank considerations the identification of weights

g=¢ (= (5.4.3)
is obvious.

We motivate the identification of colours by analogy to the work in [60] (see also [142] for more
details), which identifies cylindric multipartitions with states in irreducible ET[(N )-modules.
Under this identification we colour a cylindric multipartition X = (X(©, ... N(N=1) associ-
ated to a descendant state v" in an irreducible 5A[(N )-module L using the natural colouring
described in 1.1. Then each i-coloured box represents the application of the lowering opera-
tor f; for i =0,..., N —1 on the highest weight state. The descendant state associated with
)\ then has weight

n—1
N =A=> k), (5.4.4)
i=0
where A is the highest weight. Note that as Z?:_Ol «; = 6§, the Dynkin labels are then
completely determined by the differences ok.

We take the colour data on right-hand side of (5.4.1) to represent the simple roots in this
way. Thus, one can consider the vector of differences dk to represent a sum of simple
roots. This represents a level 0 weight of class 0. To naturally form such a weight from the
parameters on the left-hand side we therefore must consider the difference of the two dual
weights (¢ — &) € P;, N and nt e P; ~- There is a problem with simply considering the
difference

=9 —n' =9, (5.4.5)

as we are taking these to represent dual Dynkin rings, which have rotation invariance, it is
possible that ¢ may not be of class 0. Therefore, we must consider some cyclic permutation

of one of these dual weights so that both dual weights are of the same class.

5.4.2 The Case Where N and n are Coprime

As only the difference in class between these dual weights is important, we fix our convention
by fixing the orientation of the ring corresponding to ((—¢), and rotate the ring corresponding

to n. Thus we are trying to find j such that

cls ((C - §)T> =cls (Tj(T]T)> . (5.4.6)
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In the case of coprime N and n we can use proposition 5.3.2.2 to fix j by choosing the unique
solution k = 0,...,n — 1 such that cls(77(n')) = cls((¢ — €)T). We begin by discussing this

case. Explicitly, we then consider the level 0 weight

==t =", (5.4.7)

and expand it using the basis of simple roots so
n—1

1ﬁ = Z kiozi. (5.4.8)
i=0

This defines the colour data of the Burge multipartition to be k = (ko, k1,...,kn—1) and
using this we can calculate the dk’s for the right-hand side of our correspondence. Note that
as described in section 1.3, we can perform this process by multiplying the column vector of
(¢ —=&T—719(n")) by the inverse Cartan matrix A~'. When N and n are coprime we cannot

fix j using this argument, as we describe below.

5.4.3 The Non-Coprime Case

As explained in proposition 5.3.2.2, in the case of gcd(N,n) > 1 we have more than one such
choice j that satisfies (5.4.6), so that there exists multiple solutions j,j' = 0,...,n — 1 such
that

cls (Tj(T]T)> = ClS(Tj/(’I?T)), IE (5.4.9)

If we let 77(n) = [do, ..., d,_1] this means that for some k € 7Z

n—1 n—1
D idi =kn+ Y idj_ji, (5.4.10)
1=0 1=0

where we have defined d,4; = d;. This ambiguity is solved by fixing the ambiguity of the
equation

cs(C— &) = cls(n). (5.4.11)

If we ignore the modular behaviour in this equation for classes we have

N-1 N-1

D i(G-&) =kN+ i, (5.4.12)

=0 1=0

where k is the last natural integer parameter on the left-hand side. To formalise this we

introduce a generalized notion of class, which ignores the modular behaviour. We define the
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class star of a weight n = [no,n1,...,nv-1] to be
N-1
cs*(n) = Z ini, (5.4.13)
i=0

so that the class star is the usual class of a weight defined with no modular arithmetic. Then

the correct choice for the weight is I (nT), where
'—1 l*(C 5 ) (5414)
= —cls"((—&—mn). 4.
J N n

In fact this relationship does not apply only to the weights with non-coprime level and rank,
it describes the coprime case as well, as we will show in examples below. It is not immediately
clear that (¢ — &) and 777(n') are in the same class, which leads us to prove the following

proposition.

Proposition 5.4.3.1. Let ¢ € Pf\;nﬂj, ¢ e PJJ\FP, and n € Pf\gn be three dominant integral
f?((n) weights. If cls(¢ — &) = cls(n) then for

1
J= s (=€), (5.4.15)
the dual weights (¢ — &)1, 779 (nT) € P:’N satisfy

cls <(C — §)T> =cls (T_j(nT)) . (5.4.16)

Proof. For this we can treat the weight (( — &) as one weight 4 = ¢ — £ since only the
difference of ¢ and £ is relevant. We therefore have two weights p,n € P]'\,Fn such that

cls(u) = cs(n). (5.4.17)
We wish to show that for
1
j= Ncls*(,u -n), (5.4.18)
we have that
cs(ul) = cls(r7I(n") = els(u’) — cs(r77 (")) = 0 mod n. (5.4.19)

We note that (5.4.17) is equivalent to

N—

—_

i(pi —m3) = jN. (5.4.20)
=0
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We can calculate the dual weights pf and n' explicitly and give their Dynkin labels by

uf=1[1,0,...,0,1,0,...,0,...,1,0,...,0,1,0,...,0], (5.4.21)
—— — — —
1o H1 HN—2 MN-1
ot =11,0,...,0,1,0,...,0,...,1,0,...,0,1,0,...,0]. (5.4.22)
7o m IN -2 IN—-1

Alternatively, we can characterize these by sums of 5A[(N ) fundamental weights by

N-1
T .
ul = 3 A(Z;.:o ) (5.4.23)
N-1
T .
n = £ A(Z;‘:o Wj)' (5.4.24)
We can calculate the classes of the dual weights by
n—1
cls(uh) = Zz,u;r mod n (5.4.25)
i=1
=po- 1+ (po+p) - 14+--+(uo+--+pn—2) - 1 modn (5.4.26)
N
= (N —i)pi—1 mod n, (5.4.27)
i=1
and similarly
N
cls(nt) = Z(N —4)ni—1 mod n. (5.4.28)
i=1
We now apply lemma 5.3.2.1 to calculate the class of 777 (n') as
‘ N
cs(r7(n")) => (N —i)ni_1 — jN mod n. (5.4.29)
i=1
We can now calculate
' N
cls(p) — cls(r7 (")) = Z(N — ) (i —mi) + 7N mod n (5.4.30)
i=1
N N-1
=> (N —i)(ui —m) + > _ i(m — n;) mod n (5.4.31)
i=1 i=
N-1
=N >» (ui—mn;) modn (5.4.32)
i=0
= N(n —n) mod n, (5.4.33)

which vanishes. Thus p and 777 (') are in the same class. O
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5.4.4 Checks of the Coset Character Conjecture

In this subsection, we check the Coset Character Conjecture in the two cases where n = 1
with p € Z~¢ and n € Z with p = 0. In both cases, we verify the conjecture by reducing it
to the known results in [47] and [43].

5.4.4.1 The case: n =1 with p € Z-

The simplest such check is to let p be arbitrary and non-zero and let n = 1, so that we are
considering AGT-W for gauge theories on C? as in chapter 2. In this case, we show below

that we obtain the Wy-minimal model characters X?&Nﬂ’ ANFPHL

Under the assumption n = 1, we see that (¢ — &) — 77(n') is a one dimensional vector and

0k is therefore trivial. We are therefore considering uncoloured Young diagrams.

For n = 1, we consider the hatted product B/(\}zﬂ;p) = (q; q);olBg]:[’p) fori=0,...,N—1. We
recall the definition of B-matrices (5.2.20) to see that

A (p+1p) _ 1 (N.p)
(BAZ- (Q)>§C T (BAZ- (Q))sc (5.4.34)
2 (1€ -121%)

g2\">"> ) N N+p,N+p+1 : £ A =
- @) XEC () ifels(C=&= M) =0, (5.4.35)

0 else,

where £ € P]J\;p and ¢ € P]’;pﬂ.

coloured (&, ¢)-Burge multipartitions X¢ ¢(¢). In [47], it was shown that

The right-hand side is the g-generating function of un-

_ N,N+p,N+p’
024 DooXe (@) = xg g PN (5.4.36)
for the sI(N) weights & € ng'p and ¢ € P;;p, and A is some constant (cf. [47, 3.4]). By
choosing p’ = p+ 1 in (5.4.36) we can see that hatted B-matrix elements are equal to the

Burge g-generating functions up to an overall factor of ¢, which supports our conjecture.

5.4.4.2 The case: n € Z~y with p=20

The next simplest case is p = 0 with arbitrary n € Zsq, so that we are considering a full
(non-truncated) product of B-matrices on the left-hand side. In this case, the coset algebra is
isomorphic to A(N,n;n) and we obtain ;[(n) ~ characters as described in chapter 4. We will
now go a step further and show that the coloured (0, ¢)-Burge multipartitions as explained
in this chapter are in bijection with cylindric partitions, which provide a model for ;[(n) N

characters.
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Consider a coloured (0, ¢)-Burge multipartition A = (A® ..., \(N-1) such that the level of

¢ is the number of colours n. In this case we see that (5.3.1) simplifies to

7j—1
o= G (5.4.37)
1=0

and that 011 —o0; = (; for 0 < j < N, which we use this to define the weight

-1
A=Y A, (5.4.38)
=0

<

Recall from section 1.4.1, an element of Cy consists of an N-tuple of Young diagrams \ =
(5\(0), R S\(N_l)) and a vector ¢ = (d¢,...,0n-1) ordered by 69 < --- < on_1 withoy_1 =
n, where all subscripts are defined modulo N, which defines the Burge inequalities on .
We now construct a bijection between the n-coloured (0, ¢)-Burge multipartitions and Cp via
(A, 0) = (N, 7).

We begin by defining the vector &, which is very similar to the vector of charges o =
(01,...,0n) defined by (5.4.37). By definition, a cylindric partition must have oy_1 = n,
whereas we have o; < n for 0 < 7 < N. Thus, to obtain a vector ¢ defining a cylindric
partition A using the vector of charges o, we fix j/ = max{j = 1,...,N|oj < n} and then
define

0, 0<y<y,

ojjy1, J <Jj<N.
Here we have taken advantage of the invariance of the Burge and cylindric inequalities under
cyclic permutation of their labels. We then use this idea to define A in the same fashion, so

that
. AN=I"Hi+D 0 < j < §,
AW = - (5.4.40)
AUTTHD < j <N -1
One can easily check that the Burge inequalities on A imply the cylindric inequalities on
M. This process uniquely identifies every cylindric partition with a coloured (0,()-Burge

multipartition. This shows that the instanton generating function when p =0 and n € Z+

is equal to the characters of s:\[(n) N-

5.5 New f?[(n) String Function Identities

In this section, using the p = 0 case of conjecture 5.4.0.1, we obtain the following new

conjectural forms for .f:\[(n) N~ string functions involving minimal model characters using the

matrix elements of B;7(70;n) (q) forn € Py .
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Conjecture 5.5.0.1. For ( € P]'\}'n and n € Pg} we have the following equality, up to a

factor of a power of q, of matriz elements B,?(?O;n) and ;[(n)N string functions

n’

e _
( Béo;n)) _ ) @iy cs(C) = cls(n), (5.5.1)
0¢ 0, else
for
N
j= NCZS (C—n). (5.5.2)

Ezxample 5.5.0.2. When N = 1, we can only have an empty weight label n and (. In this
case, the left-hand side is simply (q; ¢)5} multiplied by an empty product. On the right-hand
side the string function is trivial, which leaves only the factor of (g; ¢)5!. In this trivial case,

the conjecture 5.5.0.1 is clearly true.

We now explain how to obtain the new identities in conjecture 5.5.0.1 from conjecture 5.4.0.1.
Since we are taking p = 0, the matrix Bin;n)(q) has only one row and has matrix elements
labelled by £ = 0 and ¢ € PJJ\; - In terms of g-characters, this situation corresponds to the

following product formula of sl(n) characters for n = Zf\i 1Ay € PR

n
SNV ®il sl

aw@= > b @ @), (5.5.3)

i=1 cert

cls(¢)=cls(n)

where j = +cls*(( —n) € Z is as in conjecture 5.4.0.1, 0 < p(i) < N — 1 is a sequence
of integers defining the order of tensor products of level 1 irreducible representations, and
iNoGs . . .
b? ?)(g) are branching functions from L,y ® -+ ® Ly to L. We notate the branching
of this tensor product in terms of the dual weight ¢t to match the form of the coset-Burge

conjecture (5.4.1).

From the right-hand side of the conjecture 5.4.0.1, we see that the matrix element labelled
(0,¢) of ( 357(70;71) (q)) is equal to the branching functions bf)ié\(” C(?)

tions Xg}‘c;n(q) of n-coloured cylindric partitions. To see that we should be comparing this

(¢) and the generating func-

element to generating functions of n-coloured Burge multipartitions, we note that the level

of ¢ and 7 is n so that their dual weights ¢t and n' are both of rank n.

As explained in section 1.4, the (0,()-Burge multipartitions are cylindric multipartitions
and provide a model for states in ;[(n) ~ irreducible modules. We can now go one step
further and use the identification for the generating functions of cylindric partitions and
;[(n) n characters (1.4.9), to identify the matrix elements of B,(,Om) with the string functions
of g[(n) characters. When performing this we will need to account for an additional factor

of (¢;q)oo, which comes from the relationship between the generating function of FLOTW
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multipartitions and cylindric partitions (equation (1.4.8), that we reproduce here)

XX(q32) = (XX)*(a;2). (5.5.4)

(45 9) o0

Note that the matching between a specific string function Uf’*j(nT) and cylindric generating
function X for 6k = A~} (C t— nT) is from the identification of coloured boxes as correspond-
ing to the action of lowering operators on f;. We recall the discussion of section 5.4.1 and

equation (5.4.4) which we reproduce here in form of
) =M= (Vo (5.5.5)

where A is a (0, ¢)-Burge multipartition (equivalently, cylindric plane partition). We are then
free to subtract Zji*ol ko(N)a = ko(A)d from both sides to obtain

n—1
T (n") = T+ ko (NS = Y dki(Nai. (5.5.6)
=1

All cylindric partitions with prescribed differences dk are obtained from the n-core defined
by 0k by adding lots of n blocks coloured 0 through n — 1 at a time and keeping only
multipartitions that again satisfy the cylindric inequalities. As we can see from (5.5.6) this
process is equivalent to counting weights with Dynkin labels 777(n') at each grade, and by
(1.4.8) this gives us precisely (q;ﬁafij (1)’ We thus have the identity (5.4.1) obtained from
conjecture 5.5.0.1.

Below, we will compute both sides of the identities in conjecture 5.5.0.1 in some examples
for n = 2 and N = 3 and show that their g-expansion coincide up to® O(¢®). This gives a
strong evidence of conjecture 5.5.0.1. In these, we are comparing series expansions of string
(03m) (q)

functions %ad_- which can be found in [48] with the series expansions of By
(@:9)00 ~ T3 (nt)

matrix elements obtained using (1.5.144).

5.5.1 Examples for f?[(2)3

As n = 2, there are only two distinct classes of weights. We will only show computation here
for one 7 € PQJ’r 53 of each class, namely = 3Ag and 7 = 2A¢ + A;. This corresponds to the

product of 3 B-matrices

2
. 1 N
B3 (q) = — [ B (). (5.5.7)

3Note that we have checked that these examples agree up to O(qlo), although for the sake of formatting
we have chosen to show only up to O(q®).
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where 1 = Zz2:0 As,. When matching with string functions we note that we can eliminate

the extra (¢; ¢)co factor by considering the matrix elements of BS\S) instead of 31(\0;3)’ where

A =3Ap,2A0 + A1, as these matrices have the same matrix elements up to this factor.

By taking the first B-matrix to correspond to Ay or A1, which translates to considering either

the first or second row of the matrix Békj) =@ ;)2 B/(i;g)

the matrix elements of one B-matrix, namely

(q)B/(if’;)(q), we only need consider

9. 34 45 , 34 45 34 45 34 45
3(1;3)( ) = 1 q°X13X31 T X11X11 0 aX11X13 T aX13X33 0
200 \ 1) = (4:9)2 3445 3445
% 9% 0 X2,2X2.2 0 aX22X2.4

(5.5.8)
Note that in this notation, a subscript integer label 7 on a minimal model character x;x
or xi, corresponds to a weight [k —r + 1,7 — 1], where k is the level of the weight*. This
is standard notation from 2D CFT, and using it ensures that the subscripts of minimal
model characters coincide with the usual labels for matrix elements. Thus, we have that
Xf{{?j"’kﬁn = X[by—r1+1,r1 1], [ka—ra-+1,ra—1]- FOr example, the top left entry (usually labelled

as (1,1) in a matrix) is labelled by x¢ ¢ in our notation, where £ = [2,0] and ¢ = [4,0].

To compute the string function for sl(3)s, we note that for p, A € PT(s(3)2) with cls(A) =
cls(u) we have that
TN () = oA
(q) =0,(q), deZ. (5.5.9)

T ()
We can then check the tables in [48, §31], which we will refer to by their root system, class,

and level. As discussed in chapter 4, we can also compute these string functions using the

expressions from [57].

5.5.1.1 1 =[3,0]

In this case we consider the first row of BS\?

The (1,1) entry corresponds to ( — Ay =
[3,0] = 1. Expanding the g-series (note the appearance of the (q;q)32 factor instead of a

(¢;¢)=2 in line with our discussion above) we obtain

1
T (q2xi’;§x§j’ + xi’;‘fx?;i’) = 142¢+8¢%+20¢°+52¢* +116¢°+256¢°+522¢7 +1045¢°+. ..

I o0
(5.5.10)

12000 411 the

Taking [3,0]" = [2,0,0] we can see that this matches the series expansion of T200]

table for A2, level 3, class 0 as expected.

4This connects the r and s parameters for Vir-minimal models from section 1.5.5 with that of the more
general description as cosets and W-algebras in sections 1.5.12 and 1.5.13.
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The (3, 1) entry corresponds to ¢ — Ag = [1,2]. Expanding the g-series gives

1
(5.5.11)
In this case we have that 7([1,2]1) = [0,1, 1], and the series expansion of the hatted B-matrix
[011]

elements matches 7'_1(0'[200]) in the table for A2, level 2, class 0 as expected.

5.5.1.2 7 =][1,2]

> (0;3)

In this case we are considering the second row of B, Ao - The (2,2) entry corresponds to

¢ — A1 = [3,0]. We expand the g-series to obtain

1
e (X;’ gxgg) = 1+4g+13¢2+36¢° +89¢* +204¢° +441¢°+908¢" +1798¢5 +. .. (5.5.12)
Y o0

As expected this matches the string function 0511}] in the table for A2, level 2, class 0. Here
[200]

we note that although [3,0]T = [0,0,2] and [1,2]" = [1,1,0], we are free to use Tjo11]>

[002] [200]
[110] [011]

as by

(5.5.9) the string function o is equivalent to o

Finally the (2,4) entry corresponds to ¢ — A = [1, 2], and we obtain the g-series

1
o X Xa = 1+ 4q+12¢7 +32¢° + 77" +172¢° +365¢° + 740¢" +1445¢° +. .. (5.5.13)

This series matches a{gﬁ}] also found in the table for A2, level 2, class 0. Note that nf = ¢f =

110} _ o]
[1,1,0], and Tl10] = Tpor1]-

5.5.2 New Combinatorial f/;\[(n) String Function Identities

A (3;1)

In the previous section, we used a truncated product B;;”" to calculate the matrix elements

of the full product of Bf7 v A) This approach generalizes for arbitrary n. If we consider the
;(n;1)

right-hand side of coset-Burge conjecture for B, "/, we see that we can calculate the E.A[(n)
string functions using a (A;, ¢)-Burge multipartition generating function X Ay, instead of a
(0, ¢)-Burge multipartition with an additional Heisenberg factor. We formalize this idea with

the following corollary to 5.4.0.1.

Conjecture 5.5.2.1. For ( € P]'\’,'n and n € P]'\‘} we have the following equality, up to a

n—1’

factor of q, between the generating functions of (A;, ¢)-Burge multipartitions, matrixz elements
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Béﬁ}x)i, and g[(n) string functions
(C—Ay)T
. o eds(C— Ay) = cls(n),
X = (By), =1 7 () =t (5.5.14)
Aic 0, else
for
1
j= Ncls*(( — A, —n). (5.5.15)

The above identity 5.5.14 gives a new combinatorial interpretation of ;[(n) ~ string functions
using (n+1) coloured Burge generating functions This is in contrast to the previously known
expressions for qu[(n) N~ string functions, which are in terms of n coloured Burge generating

functions as in conjecture 5.5.0.1.

Importantly, we have found a combinatorial model for ;[(n) characters defined only in terms
of the Burge inequalities and colourings of Young diagrams, without having to introduce
the FLOTW conditions. Viewed another way, we can use the coloured Burge multipartition
framework to calculate ;[(n) characters without having to put in either an additional factor

of (¢;q)5} as seen in [47] or enforcing the highest-lift condition (1.4.2.3).

Interestingly, if we equate the two possible Burge generating functions for the matrix elements
of B and B{™ we find
1

(@) N0cld) = Xila) = XRe(a), (5.5.16)

which suggests there may be a map between FLOTW multipartitions, which are naturally
coloured in n colours, and (n — 1) coloured (A;, ¢)-Burge multipartitions. As of now, we have

not been able to find such a map.

The FLOTW multipartitions are cylindric partitions which only satisfy inequalities along one
axis. They are therefore analogous to plane partitions. The (A;, ()-Burge multipartitions
have inequalities along two axes and are analogous to skew plane partitions. We find it

interesting that there may be some equivalence between these two types of objects.

5.6 Some Coset Character Examples

Here we discuss the evidence we have found for the validity of the coset-Burge character
conjecture 5.4.0.1. We will also discuss a selection of simple worked examples explicitly
showing the details involved in calculating (5.4.1). The examples are of increasing order of
complexity, beginning with the simplest case (N,n) = (2,3) before moving onto (N,n) =
(3,4) and finally having a non-coprime case for (N,n) = (3,6).



The Full Algebra A(N,n;p) 214

5.6.1 Evidence For the Coset Burge Character Conjecture

To develop the parameter matching for the coset Burge character conjecture (5.4.1), we only
used a selection of weights n € PJJ\EH for the level-rank pairs (N, n) = (2, 3), (2,4), (3,2),(3,4),
(3,6),(3,7), (4,3),(4,6). Of these pairs we used all possible weights for (N,n) = (2,3),(2,4),
(3,2), where series expansions of B-matrix elements and coloured Burge g-generating func-
tions were found to agree up to O(q'%). As seen in the examples below, this involved counting

up to thousands of Burge multipartitions.

Having then developed the precise form (5.4.1) of the coset Burge character conjecture we
tested our proposed correspondence against all possible weights n € P]J\;’n for (N,n) =
(3,4),(3,6), (3,7),(4,3),(2,7),(2,8) in Mathematica and Maple, where the series expansions
of B-matrix elements and coloured Burge g-generating functions were seen to agree in every
case. We were able to check the cases® of (N, n) = (2,3),(3,2) up to O(¢*?), (N,n) = (2,4)
to O(¢'?), (N,n) = (3,4), (4,3) to O(¢%), (N,n) = (3,6),(3,7) to O(¢°), (N,n) = (2,7) to
O(q*), and (N,n) = (2,8) to O(¢%).

These checks provide strong evidence for the validity of (5.4.1). Below we will show a
selection of the examples, that are computed using the machinery developed in this chapter,

that demonstrate some of these checks we have described explicitly.

5.6.2 sl(2);

We will check a case for the values n = [3,0] and [2, 1] with p = 1, where these matrix entries
are equal to ;[(3)2 string functions. This expands on the examples presented in section 5.5.1
In this case we explicitly show that conjectures 5.5.1, and 5.5.14 hold, and their corresponding
identities between string functions and Burge generating functions. As previously described,

we obtain the string function g-series from [49].

First, let = [3,0] which gives Q(n) = {4,5}. The Dynkin rings of n and n' are shown in
figure 5.1.

FIGURE 5.1: The Dynkin ring for n = [3,0] its dual n' on the left and right respectively.

®Note, we state here the order of the series expansions when factorizing out the additional ¢ factor,
undetermined in the conjecture.
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There are 3 possible choices for 777 (n'), and since ged(2,3) = 1 there is one of each rank 3

class, we have:

[2,0,0] class=0, j=0,
TN =1¢10,02] cas=1 j=1, (5.6.1)
0,2, 0] class =2, j=2.

FIGURE 5.2: For n = [3,0], the Dynkin rings of each 777 (n') for j = 0, 1,2 respectively.

Next we consider specific matrix elements for the hatted B-matrix, which satisfy the equation

A(3;1) _ vk
(B[3,0] )514 = X (@)- (5.6.2)

Consider the entry labelled by (£, ¢) = ([1,0], [4,0]). Following (5.3.1), we obtain

oo =0 (5.6.3)
01=0+4—1=3=0mod 3 (5.6.4)
g9 = 00, (565)

and our weight vector of Burge charges is ¢ = [2,0,0]. We have cls(o) = 0, so we choose
9(n") =[2,0,0] and have

o—n' =1[0,0,0] = Zo o, (5.6.6)

thus k = (0,0,0) and dk = (0,0). On the left-hand side of (5.4.1) we have

5(3;1) 1 (3;5,6) 2. (3;3,4) (3;4,5) (3;3,4) (3;4,5)
(B[?»O] )[1 om0 (g% <X[370]7[4,0] (q X[1,01,021X[0,21,3.0] X[l,o],[2,0]X[2,0],[3,0]) (5.6.7)
(3:5.,6) (334) . (3:4.9) (334) | (3:4.5)
x5 (05 005 + X0 ool z) ) (5.6.8)
— 14 3¢+ 15¢% + 50¢° + 162¢* + 457¢° + .. .| (5.6.9)

and the right-hand side we have

(0,0) _ 2 3 4 5
X([170]7[470];3) (¢) =14 3q+ 15¢° + 50¢° + 162¢~ + 457¢° + .. ., (5.6.10)
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and our conjectured correspondence is satisfied up to O (qﬁ).

Our next example is the entry labelled by (&,¢) = ([0, 1], [1, 3]). We have

o0=0 (5.6.11)
61=0+1-0=1mod 3, (5.6.12)

and o = [1,1,0]. We have cls(c) = 1 so we choose 771(n) = [0,0,2]. We have
o—7'(n") = [1,1,-2] = —a,, (5.6.13)

so that k = (0,0,—1) and 0k = (0, —1) and

A(3:1) _ 1 (2:34) (245) _(255.6) 234) (245) _(25.6)
(B[3,0] )[071]7[173} T (qx[og],[l,l}X[1,1],[0,3]X[o,3},[1,3] + qx[o,l},[l,l]X[1,1],[2,1]X[2,1],[1,3})
(5.6.14)
= 2¢ 4+ 12¢* + 504> + 172¢* +522¢° + .. ., (5.6.15)
and
07_1 - - -
X[(O’l]’[l)g];g(q) = 2¢%/3 +12¢%/3 4+ 50¢/3 + 172¢'1/3 4+ 522¢™/3 + ... (5.6.16)
k. <2q 1262 + 5043 + 172* + 522¢° + ... ) (5.6.17)

and the conjecture (5.4.0.1) is satisfied up to a factor of ¢~'/3 (this comes from the number

of boxes in the 3-cores divided by the number of colours).

Remark 5.6.2.1. We can also easily see that this fits the generic class star structure. In this
case, for = [3,0] we have n' = [2,0,0] and taking (&,¢) = ([1,0], [4,0]) gives

cs* (¢ —€¢—mn) =0, (5.6.18)
so that j = 0 as above. For (&,() = ([0, 1], [1, 3]) we have
cds*((—&—n) =2, (5.6.19)

and j =2/2 =1 as above.

5.6.3 sl(3),

We begin by noting that ged(3,4) = 1, so that we can use the coprime structure. We will
first consider the n = [4,0,0] case. We have Q(n) = {5,6, 7}, where the relevant Dynkin
rings are depicted figure 5.4
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6 6

1 1
2

FIGURE 5.3: The Dynkin rings for n = [3,0,0,0] and its dual ' on the left and right
respectively.

We have the 4 possible choices for 777(nT)

[3,0,0,0] class=0, j=0,
o [0,0,0, 3] class=1, j=1,
G ES (5.6.20)
[0,0,3,0] class=2, j=2,
[

0,3,0,0] class =3, j=3.

Similarly to above, the entry labelled by (¢,¢) = ([5,0,0],[1,0,0]) has ¢ = [3,0,0,0] with
cls(o) = 0 so that we choose 7°(nT = [3,0,0,0]). This gives 6k = (0,0, 0) and we have

B ) — 14 4q + 24¢% + 120¢° + 545¢* + . .. 5.6.21
( 14001 Lo pog - T dE A A IR O, ( )
and

X0 oa = 1+ 4 +24¢7 +120¢° + 545¢* + .., (5.6.22)

as expected. We can then easily see that
cls™(¢ =& —mn) = cls*([0,0,0]), (5.6.23)
giving j = 0.

Next, we consider the entry (¢,() = ([0,1,0],[2,2,1]). We have ¢ — ¢ = [2,1,1] so that
o = [1,0,1,1] and we choose n' = [0,0,0,3]. Then ¢ — n' = —a3 and ék = (0,0, —1)5. We

have

A (4;1) 2 3 4 5
B = 264 14 .6.24
( [47070])[0,1,0]42,2,1] 34+ 364" +264¢° + 1485¢" + O (¢°) (5.6.24)
and
X oo =0 /4 (30 + 367 + 264¢° + 1485¢" + .. ), (5.6.25)
The class star in this case is
cs*(( —&§—n) =cs*([-2,1,1]) =3, (5.6.26)

5As one moves to higher rank and levels, you can easily calculate the necessary dk values by using the
inverse finite Cartan matrix (A_l)l_j = min{i, j} — %. This will directly give you the dk values.
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and we see that j = 1 as expected.

5.6.4 sl(3)s

We have ged(6,3) = 3, so we are in the non-coprime case and we have an ambiguity due to
the rotation invariance of the Dynkin ring for the dual weight (n'). This is the only example

we provide that we cannot determine 777 (n') purely from class considerations.

FIGURE 5.4: The Dynkin ring for = [6,0,0,0] and its dual ' on the left and right
respectively.

We will only consider the case where n = [6,0,0]. For this case, we fix £ = [1,0,0] and choose
three values for ¢ to obtain different values of j and hence dk in the conjecture. We have
Q(n) = {7,8,9} so that Q(n') = {1,2,3,4,5,6} which gives

[3,0,0,0,0,0] class=0, j=0,
[0,0,3,0,0,0] class =0, j =4,
. [0,0,0,0,3,0] class =0, j=2,
(") = (5.6.27)
[0,3,0,0,0,0] class =3, j =25,
[0,0,0,3,0,0] class =3, j =3,
[

0,0,0,0,0, 3] class=3, j=1.

Consider the matrix element (B[(g ;01)0}

. We note that cls*(n—£—() = ¢ls*(|0,0,0]) =
) oo Wenote that cls™(n—E-~) = els*(0,0,0)
0, so that 5 = 0. Then ({ — &)t —nf =[0,0,0,0,0,0] so that 6k = (0,0,0,0,0). We now
check the matrix element against the generating function of coloured Burge multipartitions.
We have

BT — 1+ 6q 4 482 + 33643 + 2142¢* + . .. 5.6.28
( [670’0])[1,0,01,[7,0,0] +0g 4 48q7 + 530" + ¢t ( )

and the coloured Burge generating function

0,0,0,0,0
X0 i e = 1+ 6 +48¢% + 336¢° +2142¢" + .., (5.6.29)

which match as expected.
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Next, we consider the entry corresponding to (£, ¢) = ([4,3,0],[1,0,0]). In this case, we have

that cls*(n — & — ) = ¢ls*([3,3,0]) = 3 so that j = 1. Now, we also have that

([4,3,0] — [1,0,0)" — 771 (n") = [2,0,0,1,0, —3] = —ay — 205

and we see that 0k = (0,0,0, —1, —2). The matrix element
By ) = 15¢% + 230¢% + 2190¢* + . ..
< (6,0,0] 1,0,0],[4,3,0] ¢+ 7 q ’
and corresponding generating function

0,0,0,—1,~2
X[(Lo,o],[4,3,0];)6 = 15¢*/% + 230¢°/% + 2190¢"/* + . ..

= ¢"/? (15¢% + 230¢° +2190¢* +...) ,

agree, as expected, up to a factor of ¢%/2.

(5.6.30)

(5.6.31)

(5.6.32)
(5.6.33)

Finally, we consider the entry ([1,6,0], [1,0,0]). In this case, we have that cls*(( —&§—n) =6

so that j = 2. Then

([1,6,0] — [1,0,0])" — 772(n") = [3,0,0,—3,0,] = —a1 — 2003 — 33 — 4oy — 205, (5.6.34)

so that 0k = (=1, -2, -3, —4, —2). Then the matrix element
Bon) = 21¢" + 378¢° + 3767¢° + . ..
( (6,001 ) 11,0,07,[1,6,0] ¢+ 305+ CF
and corresponding generating function

—1,-2,-3,-4,-2
X ootone 2 =21g>+378¢° + 3767¢" + ...

=q ? (21¢" + 378¢° + 3767¢° +...),

agree, as expected, up to a factor of ¢ 2.

(5.6.35)

(5.6.36)
(5.6.37)






Chapter 6

Conclusion and Outlook

In this thesis, we have provided two distinct approaches to studying coset AGT: First, by
providing new evidence for its existence using its connection to g[(n) N-WZW models, and
second, by calculating branching functions for coset CFTs with symmetry algebra A(N,n;p)
from the instanton generating functions for N' = 2 SU(N) theories on C2?/Z,. In both
approaches, we have utilized the combinatorics suggested by coset AGT for gauge theories

under a minimal model identification.

To obtain the necessary combinatorics for our study, we have shown that N” = 2 SU(N) gauge
theories on C?/Z,, under a minimal model identification have ill-defined instanaton partition
functions due to the presence of non-physical poles. We then obtained the Burge conditions
in these theories, which we used to obtain a well-defined instanton partition function as a
sum over coloured Burge multipartitions. In doing so, we introduced the combinatorics of
coloured cylindric partitions to the AGT correspondences we considered, which was essential

for all results obtained thereafter.

Then, by fine-tuning the (2-deformation parameters €; and ez used to calculate the instanton
partition function on C2/Z, and fixing the gauge theory parameters in a minimal model
fashion, we were able to conjecture an AGT duality involving f?[(n) N-WZW models. We

have then provided evidence for this correspondence in two ways.

First, we have proved that it is possible to obtain WZW characters corresponding to inte-
grable highest weight ;[(n) n-modules by applying the combinatorics implied by this corre-
spondence to the instanton generating function. To do this, we compared with expressions
for WZW characters using the concept of highest lift cylindric partitions, as developed by the
Kyoto school [60, 150, 39]. The evidence obtained in this manner applies to all g[(n) N-WZW

primary fields corresponding to arbitrary dominant integral sA[(n) N-weights.

221
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The second set of evidence is from considering the correlation functions of WZW models
involving primary fields corresponding to the fundamental and anti-fundamental highest
weight irreducible f:\[(n) n-representations. Here we compared series expansions of Z;,s to
known expressions for conformal blocks in s?[(n) ~N-WZW theories involving hypergeometric
functions term-by-term, by way of the KZ differential equation [36], and showed they agreed
to small order for (N,n) = (2,2), (2,3), and (3,2).

Further work could be done in this direction by extending this program to conformal blocks
involving other primary fields. This could then be used to obtain solutions, defined in terms
of coloured Burge multipartitions, to the KZ differential equation. Furthermore, any proof
of this subcase of AGT would link the partition function for this theory, and by extension

coloured Burge multipartitions, to hypergeometric functions.

Previous proofs of other AGT subcases from a CFT perspective make use of special bases of
states in the representation theory of CFT symmetry algebras. When considering Liouville
CFT and N = 2 SU(2) gauge theories on C2, bifundamental multiplet contributions can
be derived in the CFT using a basis of states corresponding to the Jack polynomials (which
themselves are associated to Young diagrams) [19]. In the case of the cosets A(1,2;1) and
A(2,2;2) and N = 2 SU(2) gauge theories on C2/Zsy, a similar basis of states, defined in
terms of pairs of checkerboard (2 coloured) Young diagrams involving Ulgov polynomials
(first introduced in [151, 152]) has been obtained [27]. We can anticipate that to generalize
these results a similar basis of states involving n-coloured N-tuples of Young diagrams exists
for H @ g[(n) n-modules whose matrix elements reproduce the bifundamental multiplets of
N =2 SU(N) gauge theories on C?/Z,. We expect that in this basis, the singular vectors
will be described by N-tuples that do not satisfy the Burge conditions.

We then utilized our conjectured coset AGT correspondence involving minimal models to
calculate branching functions of the coset A(N,n;p) for generic values of the parameter
p. To do so we first introduced B-matrices, which allowed computation of the branching
functions efficiently from a representation theoretic viewpoint by utilizing the crystal graph
tools of Kyoto school and Littlemann [66, 61, 62]. We then related Burge multipartitions
coloured in n-colours to affine weights of level n (as apposed to the usual case of relating them
to weights of rank n) by introducing the new concept of dual weights and their corresponding

Dynkin rings.

Having done so, we were able to identify the coloured boxes in Burge multipartitions with
affine simple weights (or equivalently, the action of lowering operators) and formed a dictio-
nary between the weights defining the branching functions and the colour data of coloured
Burge generating functions. Within this dictionary, we fixed the ambiguity implied by the
rotation symmetry of dual Dynkin rings (or equivalently, the existence of multiple candi-

dates for a natural dual weight) by introducing a new property of Dynkin weights, called the
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class-star. The class-star of a Dynkin weight is related to its usual class and fixes the cyclic
invariance inherent to dual weights, allowing us to explicitly write down the coset-Burge con-
jecture, which was an identification between coset branching functions and coloured Burge

generating functions.

By fixing p = N in this conjecture, which corresponds to coset AGT involving only the WZW
models, we then showed that, due to the form of the B-matrix formulation of branching
functions, we obtained new conjectural combinatorial expressions for ;[(n) n-string functions
as a corollary to the coset-Burge conjecture. Previous expressions for these (again using the
crystal graph approach of the Kyoto school) involved generating functions of cylindric plane
partitions, or in our language (0, ¢)-Burge multipartitions, which are coloured in n colours,

with an additional factor of (¢; ¢)z}

~ (or in the language of AGT, a free boson or Heisenberg

factor). Our new conjectural expressions are instead a equality between generating functions

of (A;, {)-Burge multipartitions coloured with (n — 1) colours and f/,\[(n) n-string functions.

Since our expressions have no Heisenberg factor, it is natural to conjecture that the (A;, ()-
Burge multipartitions coloured with (n — 1) colours may form a natural labelling of states in
highest weight E:\((n) ~-modules. Furthermore, as a corollary to our corollary, we obtain a new
conjectural combinatorial expression that states that the generating function of (A;, {)-Burge
multipartitions coloured with (n — 1) colours is equal to a product of a Heisenberg character

and the generating function of (0, 4+ A;)-Burge multipartitions coloured in n-colours.

To provide evidence for the coset-Burge conjecture and our two corollaries to it, we again
took two approaches. The first was to check that it is a genuine generalization of the results
in both AGT-W and coset AGT for p = N. By fixing n = 1, we showed that the coset-
Burge conjecture reduced to AGT-W results involving the uncoloured Burge generating
function (associated to SU(N) theories on C?) and characters of WWy-algebra minimal models
(associated to Apy_1-Toda theories). Similarly, by taking p = N we reproduced our own
results identifying generating functions of cylindric Burge multipartitions coloured with n

colours with WZW characters.

We then provided further evidence by comparing explicit series expansions of coloured Burge
generating functions to known series expressions for sI(IV),-string functions (derived in [57],
but more easily obtained in the tables of [49]) and our own expressions for branching func-
tions using B-matrices to small order. We performed this on a computer, which allowed
us to check the coset-Burge conjecture for all pairs (N,n) = (2,3),(2,4),(3,2), (3,4),(3,6),
(3,7),(4,3),(2,7),(2,8) of level and rank up to a given order. Furthermore, this data set was
also checked against all string functions and found to agree. This evidence is quite strong
and gives us strong belief that we have found the correct dictionary for the coset-Burge

conjecture.
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Currently we are optimistic that a proof of the conjecture is possible, and we are working
towards one. The natural obstruction is in a lack of closed form expression for the coloured
Burge generating functions, where a combination of both specified colouring and Burge style
conditions has not been obtained in the literature. Closed form expressions for cylindric
Burge multipartitions and coloured tuples of Young diagrams typically involve novel counting
methods which often take the form of yokes (in the case of cylindric Burge multiparitions
[41]) and abaci (in the case of coloured Young diagrams [45]). Work is ongoing in generalizing
these procedures to obtain a counting method suitable for coloured Burge multipartitions.
Once obtained, once could then in principle compare this closed form expression against

known forms for minimal model characters, such as (1.5.144).

Smaller steps towards a conclusive proof of the coset-Burge conjecture could involve a proof
of the (n — 1) to n coloured Burge relation purely from a combinatorial viewpoint. Similar
expressions have been obtained in the concept of FLOTW partitions [40], which also involved
novel counting operations to construct certain multipartitions from a smaller set. This pro-

cess also introduced the presence of a factor of (¢;¢q)5t

o 1n their expressions. Finding such a

procedure may allow one to prove the coset-Burge conjecture without a need for a closed for

expression for the coloured Burge generating function.

The author is interested in linking this work to the broader literature in two main ways. In
a CFT setting, linking this computational structure to a study of non-integer level ET[(N )-
modules is one (see [153, 154, 155] and the introductions [156, 157]). This study of AGT
would provide new computational tools for their characters, and by extension their characters
modular transformation properties, as well as facilitating conjectural expressions for their
conformal blocks. Along this line of reasoning, it would be interesting to compare the results
of chapter 4 with that of [158], where sI(2)-WZW conformal blocks were obtained for SU(2)
gauge theories on C? (not the ALE space C2/Z,,), and a conjecture was made that one could
similarly obtain s?[(N )-WZW conformal blocks at level (=N — €;/€2) from SU(N) theories
on C2. We also note that when —N — €1 /es € Z~q, this conjecture would then obtain the
same ;[(N )-WZW conformal blocks we computed in chapter 4. This method then suggests
an equality between partition functions of certain SU(N) gauge theories on C? and C?/Z,,
while also allowing one to obtain conformal blocks which are not able to be computed using

our method on the orbifold.

In an algebraic combinatorial setting, the expressions for coloured Burge multipartitions are
similar to those obtained in the study of quantum toroidal algebras [30, 31|, and their so-
called resonance modules. These algebras are known to relate (in a conformal limit) to AGT,
and hopefully our expressions make elucidating this link, and the role of these algebras in

AGT, clearer. In this second setting, utilizing these larger algebraic structures and their
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relationship to the results presented in this thesis should illuminate the connection between
both sides of coset AGT.
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