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FINITE SIZE CORRECTIONS AT THE HARD EDGE FOR THE LAGUERRE p
ENSEMBLE

PETER J. FORRESTER AND ALLAN K. TRINH

ABSTRACT. A fundamental question in random matrix theory is to quantify the optimal rate
of convergence to universal laws. We take up this problem for the Laguerre  ensemble,
characterised by the Dyson parameter 8, and the Laguerre weight x%¢~P*/2 x> 0 in the hard
edge limit. The latter relates to the eigenvalues in the vicinity of the origin in the scaled variable
x — x/4N. Previous work has established the corresponding functional form of various
statistical quantities — for example the distribution of the smallest eigenvalue, provided that
a € Z>(. We show, using the theory of multidimensional hypergeometric functions based
on Jack polynomials, that with the modified hard edge scaling x — x/4(N + a/p), the rate
of convergence to the limiting distribution is O(1/N 2), which is optimal. In the case = 2,
general a > —1 the explicit functional form of the distribution of the smallest eigenvalue at
this order can be computed, as it can for 2 = 1 and general B > 0. An iterative scheme is
presented to numerically approximate the functional form for general a € Z>,.

1. INTRODUCTION

Random matrix theory abounds in limit laws. As an example, consider an ensemble
of N x N complex Hermitian matrices, diagonal entries independently chosen from a
distribution with mean 0 and variance 1/2, and off-diagonal entries have mean zero and
finite standard deviation. Assume too that all entries have finite (2 4 €)-th moment for
some fixed € > 0. Let Ex(0; (a,b)) denote the probability that the interval (a, b) is free of
eigenvalues. Then, independent of further details of the distributions, one has the limit
theorem [39, 17, 1]

lim Ex (0, (\ZLN \/”2%)) = det (Ty — KJs ), (1.1)

where ]K?B IS—a) is the integral operator on the interval (0, b — a) with kernel

sin7t(x — y)
(x —y)

With such a limit law established, one can ask for the rate, as a function of N, that the

K(x,y) =

limiting distribution is approached. In the theory of the central limit theorem for the scaled
1
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sum of independent scalar random variables, the rate of convergence is well known to be
proportional to 1/+/N, in accordance with the Berry-Esseen theorem [14].

Such a question is core not only from a probabilistic viewpoint on random matrix theory,
but also in the context of applications of random matrices, particularly to the Riemann zeros.
In this topic from number theory, the zeros of the Riemann zeta function {(s) =} ., n % in
the upper half complex s-plane are written as 3 +iE, (p =1,2,...) with0 < E; < E < - -~
in accordance with the Riemann hypothesis. For large E a model put forward by Keating
and Snaith [37] predicts that the zeros in intervals of size ﬁ log E behave statistically like
the eigenvalues of Haar distributed random matrices U € U(N) with N ~ % log E. This is
a refinement of the so-called Montgomery-Odlyzko law (see e.g. [36]) which asserts that for
E — oo the statistical properties of the Riemann zeros, scaled to have mean spacing unity,
coincide with the statistical properties of the bulk scaled eigenvalue of N x N complex
Hermitian matrices with N — co. It immediately draws attention to finite N corrections
to limit laws such as (1.1). Indeed, using the U(N) model, the leading finite N correction
to various statistical quantities can be computed exactly and compared against Odlyzko’s
high precision evaluation of large runs (over 10°) at very large heights (E ~ 1.3 x 10%) as
announced in [40] and subsequently made available to interested researchers; see [4, 26, 9]
for such studies, as well as the related works [33, 3].

The analysis of finite N corrections to bulk scaled statistical quantities for Hermitian
matrices, in contrast to matrices from U(N), is complicated by these corrections not being
translationally invariant. Thus for example one would expect that in (1.1) a dependence on
both end points a and b at this order, rather than their difference as is the case of the limit
law. This means that to obtain meaningful predictions the statistical quantity needs to be
averaged over some mesoscopic interval. If one considers instead finite N corrections at
the spectrum edge, this complication is not present. Appreciation of this point, together
with interest and earlier work within multivariate statistics [16, 35, 38], motivated our recent
studies [29, 30] at the soft edge of various random matrix ensembles. One recalls that
the defining feature of a soft edge of a random matrix spectrum is that at the spectrum
edge the spectral density is non-zero on either side. An unexpected effect was observed:
in all cases analysed a scaling and centring of eigenvalues could be found such that the
leading correction to the statistical quantities being analysed occurred at order N~2/3. One
description of this is as a weak universality, since the rate of convergence to the universal
laws is independent of the details of the random matrix model although the functional form
of the leading correction term is ensemble dependent.

Random matrix ensembles can also exhibit a hard edge. Thus for example a positive
definite matrix has its spectral density strictly zero for negative values, and so if the
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eigenvalue support borders the origin, this spectral boundary is a hard edge. Our interest in
this paper is on the form of the optimal scaling of eigenvalues at the hard edge for various
random matrix ensembles, chosen to make the leading correction term as small as possible.
In fact there is some previous literature on this issue. Consider an n x N (n > N) complex
Gaussian matrix X, and form the product X'X. Set a = n — N. Let Ey4(0; J; x"e F*/2)
denote the probability that the domain | C R+ contains no eigenvalues (the reason for the
argument x“e~P¥/2 will become apparent later). Here § is the so-called Dyson index, which
for complex entries equals 2. Edelman, Guionnet and Péché [15] conjectured the large N
expansion

. . ya,—x\ _ phard . a A had.. 1
En2(0;(0,s/4N); x"e™) = E3*™(s;a) + ﬁs%Ezar (s;a) +0O (NZ> , (1.2)

where
Eé‘ard(s;a) = Z\ljim En2(0; (0,5/4N); x"e™™)).
—00

Proofs were subsequently provided by Perret and Schehr [41], and by Bornemann [8].
Hachen, Hardy and Najim [34] gave a generalisation of (1.2) for the product X'£X, where
Y is a fixed positive definite matrix satisfying certain constraints on its eigenvalues — the
form of the 1/ N correction persists but with a renormalised.

Furthermore both the works by Bornemann [8], and by Perret and Schehr [41], observed
that the hard edge scaling can be optimally tuned to

A simple Taylor series expansion says that the term proportional to 1/N in (1.2) then cancels.
Therefore the leading non-trivial large N correction is O(N~2).

One immediate question is to give the functional form of this correction. We give two
such expressions in Section 2: one follows from an operator theoretic approach, and the
other makes use of differential equations and Painlevé transcendents. In light of the weak
universality observed at the soft edge, in the sense that optimal scaling gives the same order
for the leading correction term in all cases where analysis has been possible (see [30] and
references therein), it is natural to consider the large N form of Eng(0; J; x"e~P*/2), and
related statistical quantities, for other values of the Dyson index B. Our working in Section
3, using the theory of multivariable hypergeometric functions based on Jack polynomials
to analyse the hard edge asymptotics of En(0; J; x"e~P*/2) for general B > 0and a € Z™,
shows that the extension of (1.3) to

S
WNTa/p) (1.4)
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4 PETER ]J. FORRESTER AND ALLAN K. TRINH

gives an optimal convergence to the limiting distribution at rate O(N~2). Hence, as already
obtained at the soft edge, there is strong evidence for a weak universality of statistical
quantities at the hard edge of random matrix ensembles: by tuning the scaling there is an
optimal rate of convergence to the limiting distribution, which is the same for all ensembles
considered. This is further confirmed in Section 5, where the methods of Section 3 are
applied to analyse the hard edge asymptotics of the spectral density for even B and general
a>—1

In the case B = 2, and for general a > —1, the results of Section 2 give the explicit
functional form of the optimal correction term to the limiting hard edge scaled distribution
of the smallest eigenvalue. A (scalar) hypergeometric representation gives the functional of
the correction for general > 0, in the case a = 1. This is given in Section 3.3. In Section
4, an iterative scheme is presented to numerically approximate the functional form of the
correction for general a € Z>».

2. FUNCTIONAL FORM OF OPTIMAL CORRECTION TERM FOR COMPLEX WISHART MATRICES

2.1. Operator theoretic approach. The matrix product XX, where X is an (N +4) x N
(a € Z>p) matrix with complex standard Gaussian entries is referred to as a complex Wishart
matrix. The eigenvalue PDF has the functional form (see e.g. [21, Ch. 3])

N

ot 1 CCCI ) EST @)
< l= <j<k<N

with ws(x) = x"¢~*xy>0 known as the Laguerre weight. The function x4 = 1 if A is true

and 0 otherwise, while Zy > denotes the normalisation. It is the exponent 2 on the product

of differences which determines that the Dyson index here is f = 2.

For a general weight w(x), a PDF of the form (2.1) has the special feature of its general
k-point correlation function being given by a k x k determinant, fully determined by a single
function of two variables Ky (x,y). This kernel involves the orthogonal polynomials relating
to the weight (see e.g. [21, Ch. 5]). In the present case

p(x1,. .., xx) = det[Kn (xi, x))]ij=1,.. (2.2)

where ,with L") (x) denoting the Laguerre polynomials,

L N LY ()L ()

i hy =nT(a+n+1). (2.3)
hy

Kn(x,y) = (wa(x)wa(y)) »

Moreover the normalisation in (2.1) is given by Zy, = Hf;ol hy,. With use of the Christoffel-
Darboux formula (see e.g. [21, Prop. 5.1.3]), and the recurrence L%il)(x) + L%)_l(x) =

This article is protected by copyright. All rights reserved.
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Lg\?) (x), the correlation kernel (2.3) can be written

=) 2 (xy)2/2 L ()L (y) — LYV ()L ()
I'(a+ N) x—y

Ky (x,y) = N! (2.4)

A corollary of the determinantal structure (2.2) is that the gap probability Ex2(0; J; x"e™*; )
(the extra argument ¢ on top of the arguments used in (1.2) can be thought of as a thinning
parameter: each eigenvalue is deleted independently with probability (1 — &) and therefore
0 < ¢ < 1; see e.g. the recent works [23, 26, 9, 11, 2, 10] as well as the pioneering paper [5])
has the operator theoretic form

Enp(0; J;x%7%;¢)) = det(I — {Kyj), (2.5)

where I is the identity operator and Ky ; is the integral operator with the kernel (2.4) acting
on L2(]). As a consequence, the large N expansion of (2.5) for | = (0,s/4N) — referred to
as a hard edge scaling — can be deduced from knowledge of the corresponding large N
asymptotics of (2.4).

Lemma 1. For general a fixed, the large N expansion of the scaled Laguerre polynomials is given by

(2N) 2L (x/4N) = [o(V7) + — (”x“m_l(m _ 1xJa2<ﬁ>>

N \2 8
+ % <a(a8— 1)9%—2(\/;) + <214 - 1[16> 23 (V) + 1;8X2]a4(ﬁ)> +0 (1\1]3> ,
(2.6)

where the J,(x) are Bessel functions of the first kind. This holds uniformly in x in a compact set on
the positive half line.

Proof. Begin with the integral representation for the Laguerre polynomials,

N
E efxz/SN (Z + 2) a
¢ 27 ZzN+1

where C is a positively oriented Hankel loop contour that encloses the origin. Change

2719 (x /4N) =

variables z — 4Nz/+/x and use the elementary large N expansion
EARNY PR - A (A8
<1+N) —° (1 on T 9 \Re) )
Then (2.6) follows by recognising

dz «
— Ya 2 (z—1/z) ,—a-1
Ja(x) ¢ 27 ¢ : '

This article is protected by copyright. All rights reserved.



6 PETER ]J. FORRESTER AND ALLAN K. TRINH

Proposition 2. For large N, and valid uniformly for x and y contained in a compact set on the
positive half line,

L (X YN _ g 1 1 1
Ny <4N’4N) =Ko (oy) + gLt (oy) + @l () +0 (5 ). @7

where
Kgff)(x,y) _ ﬂ]n(ﬁ)]u(@iif]u(ﬁ)]ﬂ(ﬂ)/ (2.8)
L (x,y) = gle(VO I (1), (2.0)
and

L (5y) = — 105 | @ + 2+ D IVD(VE) + () (VD Ta(V)
- 0= 2) (VIR +VELVRLGD ) |- @0

In the above | (\/w) := %]a(uﬂu:\/@.

Proof. The expansion (2.6) can readily be substituted into (2.4). With use of Stirling’s formula
for the prefactor terms, and after simplification using the Bessel recurrences

2 ) = T 0) + Jasa (), 25 (0) = Jaa () = Jasa (),
(2.7) follows. 0

It can be observed that (2.9) is related to (2.8) by the simple derivative operation given by

4 a d d a
Lg )(x,y) =3 (xax —i—y@ + 1) Kc(,o)(x,y). (2.11)

The quantity K (x,y) is well known as the limiting hard edge kernel [19]. The task now is

to appropriately centre the hard edge scaling as in (1.3) so that the term in (2.7) proportional
to 1/ N cancels and explicitly express the leading correction term now proportional to 1/N2.
It should be noted that since the scaling factor is multiplicative, the term (2.10) is dependent
on the scaling variable up to O(1/N?). For this reason and for the ease of calculations, we
work with the rescaled hard edge variable

ro - 1—i+£+0 1 (2.12)
4N +2a 4N 2N  4N? N3 '

which agrees with (1.3) in the first two terms for large N. Making the replacement 4N >

4N 4 2a, then performing a Taylor series expansion of (2.7) making use of the relation (2.11)
eliminates the O(1/N) term in (2.7).

This article is protected by copyright. All rights reserved.



FINITE SIZE CORRECTIONS AT THE HARD EDGE FOR THE LAGUERRE B ENSEMBLE 7

Proposition 3. For large N,

1 X y K@ 7 (@) 1
iN 124N <4N+2a 4N+2a> Ke'(oy) + qala (v ) + 0 1@ (2.13)

L (5,9) = = g5 ( (8 + 5+ DLDLGE) + (60 (VDL
P2V + WILWDLWD ). (1

Immediate from (2.13) is that the spectral density (or the one-point correlation function)
at the hard edge has the large N expansion

1 x 1 1
4N—i—2apN <4N—|—261> _poo,O(x)“‘ﬁp ( )+O <N3> (2.15)

with

1

Peon(*) = 7 (o(VX)? = o1 (VX) Ja1 (V) (2.16)

. 1

Poop(x) = =155 (2x + @) [o(VX)? + 4V/X (V) [ (V) + X[ (VX)) - (2.17)
Remark 4. The functional form (2.17) appears as a sum of products of a special function (i.e.
the Bessel function) and its derivative. This is analogous to the known density in the soft
edge for both Gaussian and Laguerre cases where the special function of interest is the Airy
function (see e.g. [21, Ch. 7]).

As shown in [9], the integral operator formula (1.2) for a bounded interval | = (0,s/ (4N +
2a)) can be expanded in large N up to its first correction. Let K, () denote the integral
operator on L2(0,s) with kernel (2.8) and ]I:z,(o,s) denote the integral operator on L?(0,s)
with kernel (2.14). In keeping with the notation of [9], define

Q(]Koo,(o,s)) : ]IA-‘Z,(O,S) = - det(H - ]Koo,(O,s))Tr((H - Koo,(o,s))illf-‘Z,(O,s))' (2.18)
Then we have
1 . 1
det(Il — CKy, 0,5/ (an+24))) = det(I — (K (0,5)) + ﬁﬂ(gkw,(o,s)) ¢y os) +O <N3
(2.19)

This framework has the numerical advantage, in the methods demonstrated by Bornemann
[6, 7], in that the evaluation of det(I — {IK;) converges exponentially fast if the kernel is
analytic in a neighbourhood of J. Explicit methodology for the numerical computation of
Q(K) : L has been presented in [9] and later used in [29].

This article is protected by copyright. All rights reserved.



8 PETER ]J. FORRESTER AND ALLAN K. TRINH

2.2. Painlevé theory approach. The operator theoretic formula (2.5) can be reformulated in
terms of the T-function expression [43, 31]

det(I — {Ky,;) = exp </OS ul(\?)(x;g)if) , (2.20)

where UI(\? ) is a solution to the o-form Painlevé V differential equation

(x0”)2 = (0 — x0' +2(0")2 + (a+2N)o')? +4(c')2(¢’ + N) (¢! +a+ N) =0 (2.21)
subject to the boundary condition

(@) (1. ~ _
uN (X, é) 50+ §XKN(X, X). (2'22)
Under the hard edge scaled variable, the expansion
@ (X2 Z (6 8) 4+ Lo (68 + o 1
U (435€) = (6 8) + a0 + 1) +0 (5 (22)
is assumed for consistency with the results outlined in the operator theoretic approach (see
section 2.1).

Proposition 5. Let K9, Lga) be specified by (2.8), (2.9). Then oy(x; &) satisfies the o-form Painlevé
III equation [42, 31]

xo ) 4+0o(14+40")(x0 —0) = (ao 2.2
(xa")? +0'( ") (x¢' — o) = (ac’)? (2.24)
subject to the boundary condition
oo(x; &) ~ —CxKég)(x,x) (2.25)
x—0t

and o1 (x; §) satisfies the second order linear differential equation

A(x)o" (x) + B(x)d’ (x) + C(x)o(x) = D(x) (2.26)
where
A(x) = 4x%a) (x)
B(x) = 24x0}(x)? — 1600 (x)0h(x) + 4(x — a*)ab(x) — 200(x)
C(x) = —200(x) (4op(x) + 1)
D(x) = —aoy(x)(xog(x) — oo(x)) (2.27)

o (8 ~ —Cnga)(x,x). (2.28)

This article is protected by copyright. All rights reserved.
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Proof. Substitute the proposed expansion given by (2.23) and replace x with the usual
hard edge scaled variable x /4N into the o-form Painlevé equation (2.21). Comparing the
coefficients proportional to N 2and N gives the equations (2.24) and (2.26) respectively. The
boundary condition follows directly from (2.22). 0

It can be verified with use of (2.24) that
a
01(x;8) = 5x05(x; ) (2:29)

is a solution to (2.26). This is in keeping with the feature that the rescaled hard edge variable
(2.12) gives a correction term of O(1/N?). Therefore consider the new expansion

U (gt ) = 0(0) + qpoa(d) +0 (5 ) (230

and repeat the exercise outlined below Proposition 5 by substituting the above equation into
(2.21) and using the variable (2.12). This shows that ¢, too satisfies a second order linear
differential equation.

Proposition 6. The correction 0»(x; &) satisfies the second order linear differential equation (2.26)
but with D(x) replaced with

- 1
Da(x) = g(x% 00)?, (2.31)
subject to the boundary condition
02 (x) —exLy (x, %) (232)
x%OJr

with ﬁéa) specified by (2.14). Furthermore,

Enp (0; (0, 4Nj—2> ;xue_x,f)
—exp ([ an0) ) 4 ([0 T ) exp ([ 0m0) T ) +0 () @39

Remark 7. Results analogous to the above are known for the soft edge scaling of the Laguerre
and Gaussian unitary ensembles [29], although as emphasised in the Introduction, upon
optimal centring and scaling, the leading correction term is of order N=2/3. An equation
with a structure analogous to (2.26) has also appeared in a recent study of the two-point
diagonal spin-spin correlation function of the two-dimensional Ising model [27].

Let png(s; x"e™%; &) denote the probability density function for the smallest eigenvalue
in the ensemble (2.1) with ws(x) = x%¢ *Xy>0. As noted below (2.4) the parameter ¢ is a

This article is protected by copyright. All rights reserved.



10 PETER ]J. FORRESTER AND ALLAN K. TRINH

FIGURE 2.1. The leading correction term to the PDF of the smallest eigenvalue
given by (2.35) for N = 20, a = 1. The histogram uses 500 bins across the
interval 0 < s < 100 and is formed using 10'° samples. The functional form
of the solid line is given by (3.25).

thinning parameter: each eigenvalue is deleted independently with probability 1 — ¢. This
quantity relates to the gap probability Ey g according to

—-X d a,—x
pnp(s;xfe™;8) = —%EN,/}(O; (0,8);x"%; ). (2.34)

According to the above working, this probability density for B = 2 has a well defined hard
edge scaling limit, obtained by replacing s by sy g as specified by (2.12), and the use of this
variable gives an optimal rate of convergence at O(1/N?). Moreover the above working
gives formulas implying the functional form of the correction term at this order.

Figure 2.1 is a numerical demonstration of the theoretical correction after rescaling the
hard edge variables. Let as abbreviate the notation pN,,g(s; x%e ;&) inthecase f=2,a=1
and ¢ =1 as pn(s), and write limy_,c asa%PN,z(SN,z) = P (s). The figure given by the blue
steps is the difference

N2 (PN (sn.2) = Pooo(s)) - (2.35)
Here, in keeping with (2.34) and the leading term in (2.19),

d
P (s) = s det(I — Kq,(0,s))

is the limiting PDF of the smallest hard edge scaled eigenvalue and p¥%(s) is the normalised

a=1

histogram of the smallest eigenvalue from 10'° numerically generated complex Wishart

This article is protected by copyright. All rights reserved.
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matrices scaled by the factor (4N + 2a) with N = 20, a = 1. The red solid line is the
predicted leading correction term of O(1/N?) implied by either (2.19) or (2.33) substituted

in (2.34).
3. GENERAL 3 CASE

3.1. Background theory. It was noted above that the matrix product X' X, where X is an
n x N, n > N, matrix with complex standard Gaussian entries has the eigenvalue PDF (2.1)
(set a = n — N). In the same setting except that the entries are now real standard normals,
(2.1) requires modification to now read (see e.g. [21, Ch. 3])

1 N
—_— w1lx Xr — X; .1
ZN,1E () JT [ —xjl (3.1)

1<j<k<N

with wy (x) = x("=N-1)/2=x/2

interpolation between (2.1) and (3.1) is the PDF

Xx>0. Notice that here the Dyson index is § = 1. A natural

N
7y 1Tent) TT =l 52

PI=1 1<j<k<N
with the weight wg(x) = x%e P¥/2x,, referred to as the Laguerre  ensemble. For general
B > 0 it can in fact be realised as specifying the PDF of the squared singular values of
certain tri-diagonal matrices with independent entries [13].

The exact evaluation of Ey (0, (0,s); x"e P*/2) for a € Zx( has been studied using
methods of Selberg integral theory, and associated special functions (see [21, Ch. 13]). (Note
that in distinction to the results of the previous section, it is not possible to include a general
thinning parameter ¢ — the results below are restricted to the case ¢ = 1, which corresponds
to no thinning.) To summarise the findings, introduce the generalised hypergeometric
function

o
qu( )(al,...,ap;bl,...,bq;xl,...,Xm): T

where k denotes a partition with

Ve @ ' '
k= Lkl =1 ==

and C,E'X) (x1,...,xm) denotes the renormalised symmetric Jack polynomials (see [21, Eq. 13.1]).
In particular when m = 1, (3.3) recovers the usual definition of the classical hypergeometric
function.

This article is protected by copyright. All rights reserved.
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It was shown [20] (see also [21, Proposition 13.2.6]) that given a € Z,,

Enpl0, (0,5);x'e /%) = e N2, P2 (=N 20/ 5 (—s)"), G4)
where 1P1(ﬁ ’?) has the multi-dimensional integral representation
(B/2)(_N.2a/B: (—s)7) — 1 /1/2 /”2
F —N;2a/B;(—s)%) = dxq--- dx
R /Bi(=s)) M,(2/B—1,N,2/B) Jo12 " _12 "
a .
> HEZm'xl(Z//Sfl)(l + 672m‘x1)N+(2/ﬁ71)ese2””‘l H ‘ezmxk _ eZm‘xj‘4/ﬁ (3.5)
1=1 1<j<k<a
with
L I(1+A+B—-C+jO)I(1+jC)

Mi(4,B,C) = Em FA-C+jOT(1+B—C+jO)r(1+C) (5.6)

Here the notation (s)? appearing in (3.4) denotes the a-tuple (s, ...,s).

3.2. Hard edge scaling. We seek the large N asymptotic expansion of (3.5), after replacing
s with the hard edge scaling s/4N, and under the assumption that a is a positive integer.
Regarding the leading term, it is immediate from the definition (3.3), and the fact that C]S“)
is a homogeneous function of its arguments, that (see [21, Prop. 13.2.7])

Ef™(s;a) == lim En(0,(0,s/4N);x"e /%) = e P/3 KPP 20/ B;(s/4)).  (7)

Moreover, beginning with (3.5), and assuming 2/ € Z7, it is possible to express this

oFl(ﬁ /2 function as an a-dimensional integral,

T i . i —i
Rt 20/ i (s/4)) = o uzr/fﬂ [ den-o [ s, [Tem@/pbet e
- I=1
B e
1<j<k<a

This integral formula is a variant of the one given in earlier studies [20], [21]. In the latter

the integrand involves the variable s!/2

instead of s as above. The form given in (3.8) has
the advantage of being better suited to the analysis of subleading terms in the large N
expansion.

With z; = 2™, (I=1,...,a), the integrand in (3.8) can be written as multiple contour
integrals over the unit circle in the complex z;-plane involving analytic functions of z;, except
along the negative real axis. Deform the latter to the contour C, which starts at the origin,
runs along the negative real axis in the bottom half plane to z = —1 — 0, then along a
counter clockwise circle to z = —1 4 07, and finally back to the origin along the negative

real axis in the upper half plane. It is shown in [22] that the variant of (3.8) given in [20],
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[21] is then valid for general 2/ > 0. This same working shows that the same modification
of (3.8) itself is similarly valid for general 2/8 > 0. For ease of presentation, below we
will present formulas analogous to (3.8) under the assumption 2/ € Z*, but with the
knowledge that this assumption can be removed by adapting the modification as specified.
Most importantly, the final result of this section, Theorem o, is valid for general g > 0.

To see how to obtain (3.8) from (3.5), and to furthermore extend the expansion beyond
leading order, begin by changing variables z; = 2™ and then scaling z; — Nz;. Following
this prescription, and using Cauchy’s theorem to deform the contour back to the unit circle
v (see [21, Exercise 13.1 q4(ii)]) gives

B/2) ) nrm ral o Ne@/6-1) 1 dzy [ dz
1F7 (=N 20/ B; (—s/4N) )_Ma(Z/[;’—l,N,Z/,B) (2m’)ﬂ/7 7 /7 2

T 2/p-1 7\ 2\ P
x [ [22/P 1o +2/6-Dlos 11/ (N=)s2/4 T <1_‘> (1_211) . (9)

I=1 1<j<k<a

Expanding the logarithm then gives

Na(2/p-1)
1F1('B/2)(_N}211/;8; (_S/4N) ) Ma(Z/,B—l N, 2/'3 27-[ / dfy - - / d0q

Xﬁeiel(Z/ﬁ—l)eseml/4+e’i91 14 E—l et 167219!%—0 1 I1 ol — ¢i®][4/B
B N 2N N2 '

1=1 1<j<k<a

(3.10)

Additionally the normalisation appearing in (3.5) can be checked via Stirling’s formula to
have the large N form

1 _ ﬁF(ZJ'/ﬁ)F(l+N+2(j—1)/ﬁ)T(1+2/l3)
M.(2/B—1,N,2/B) ~ T(N +2j/B)T(1+2j/B)

= Nﬂzﬂ/ﬁm <1+ ;; <1 - Z) +0 <1\1,2>> - (311)

Substituting (3.11) into (3.10) gives the large N form

j=1

2 T
1P (=N;20/ B (—s/4N)") = n ar/fqta / W /— i

(e mDE 0D T o)

XHeiel(z/ﬁfl)eseiel/4+e*1'91 H e — e®i[4/F (3.12)

1=1 1<j<k<a
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14 PETER ]J. FORRESTER AND ALLAN K. TRINH

In particular, at leading order one reads off (3.8).
As an extension of (3.8), define

T a_ . . »
(..., 00) = B P o [ a0 e D
- =1

(27)*T (1 + a)
x [T 1% —e%[*F, (3.13)

1<j<k<a

co =5 (1-3) w-(1-3) <Z; 9> -2 <Iée—2”1> N

as the terms proportional to 1/N appearing in (3.12).

and denote

Proposition 8. We have

Ca(s) = —=asA,(s) + ZSA;(S) (3.15)
with Au(s) = oF PP (2a/B; (s/4)7).

Proof. Observe that

1 L(2/p) i01(2/p—1) po
4asAa(s)— 20T +a) / dey - - / de, He

(Ze_w] Iﬁlese,-ew;) H |eif — ¢ifi|4/P
1

] ! <j<k<a

(3.16)

where the second equality is the result of integration by parts. Note that interchanging the
indices 0; <+ 6 does not affect the value of the sum in the final term in (3.16). With some
manipulation this shows

i0; —if;
e'i e Wi
—io, .
2 e - a — 1 E e~ 10

]#k
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}LasAa(s) =-2 (2 -1- ) <Ii‘le—191> + <ie—2iez> ) (3.17)
1 =1

One can similarly find

A = T B " e [ e, Helf’zZ/ﬁl e

T(1+a)
a9 ; . .
(} l: 0 l I o5 i0) /4) l ] |ez(9k o 616j|4/ﬁ

1<j<k<a
= —a (2 — 1) (1) + <lée—f91> :

The result (3.15) then immediately follows from (3.14), (3.17) and (??). [

and thus

Substituting the result of Proposition in (3.12) shows that for large N,

1 / 1
(F/2(ZN;2a/B; (—s/AN)) = Aq(s) + N (—gsAu(s) + ZsAa(s)> +0 <N2) . (3.18)

Now substituting this equation into (3.4) gives the extension to (1.2) for general S.

Theorem 9. For a € Z, we have

d 1

Eng(0; (0,5/4N); x%eF¥/2) = Ep™d(s;a) + /TNSd Eg(s;a) + O <N2> (3.19)

As a consequence, with

5
SN’ﬁ — m (3.20)
we have
1

Eng(0,(0,sn,5); x" —Bx/2) = Elﬁard(s a)+ 0O <N2> (3.21)

3.3. The case a = 1. According to (3.4), and the fact contained in the sentence above the
latter, we have fora =1

EN,/S(O; (O,s/ALN);Jce,”ﬁx/2 = ¢ Ps/8 Z

i ) (—s/4)F. (3.22)
p=

Noting that

(—=N), = (—1)PNP(1 - p(’;;] Dy 245)\]2(—2%—9;7 —10p2 + 3p° )+o(§3))
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we obtain, after minor manipulation

1 d 1 1
. c = BX/2Y v
Enp(0(0,/4N);e#72) = V(5) + s 2. V(s) + o W(s )+o( N3) (3.23)
where
2 s S\P
_ ,—PBs/8 755/8 . 2 3\ [ °
V(s)=e oFl(ﬁ 4) W(s) Z 2/5 (=24 9p — 10p* + 3p )(4) .
Recalling the definition (3.20), it follows from (3.23) that
2 2
. e —Bx/2 _ _ S d 1 1
Enp(0 (Osnplixe P/2) = V() = 5 25V + pWE) +0(5) G2

Simplifying using computer algebra gives the explicit form of the 1/N? term.

Proposition 10. We have

2 s
EN,‘B(O} (O/SN,[S) xe ‘BX/Z) =e ‘55/80F1<[B 4)

1\1]24586 ﬁs/s(( 1—1—1/5)0F1(ﬁ 7) +((1—1/[3)+s,3/8))0F1<2+1;i)) +o(§3)
(3-25)

Remark 11. In the case B = 2, a = 1, taking minus the derivative of the term proportional to
1/N? in (3.25), one obtains the precise functional form of the curve displayed in Figure 2.1.

4. NUMERICS BEYOND 8 = 2, GENERAL 4, AND 4 = 1, GENERAL f3

Recursive relations [18, 25, 28] from the broader theory of the Selberg integral [21, Ch. 4]
allow for the computation of averages of the form

N
<H(x - xl)n> , (4.1)
I=1 LﬁE(xae—ﬁx/Z)

where (-); gp(yao-px/2) denotes the expectation with respect to the PDF (3.2). Specifically,
summarising results presented in [30] for the Laguerre even  ensemble, introduce fixed
parameters (A1, A, ) and the auxillary function

| — | oo ) N
Lp[t/he—/\t](x) _ P(N p) / dty - - / dtn l—[tl/\le—At1|x _ tl’zx—l
N! 0 0 T

x [T It—ti?ep(x—ti,...,.x —tn), (4.2)
1<j<k<N
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where e, (ty, ..., ty) are the elementary symmetric polynomials. Immediately it can be seen
that

N
Ln[wg(t)](x) = Waasppn { [ J(x—x)" , (4-3)
a=n,A=3/2 =1 LﬁE(xuef,Bx/Z)
where
N T(142j/B)T(14+a+ (j—1)8/2)
Wy, — W, ) ) _ (9/g)N(a+1+p(N-1)/2)
20/, N = W2, /ﬁ,ﬁ,NH T+ 5/2) Woa/pN = (2/B)

(4-4)
is the normalisation appearing in (3.2). The notation W, g v is taken from [21, Eq. (4.142)]
where it is defined as a multidimensional integral. The gamma function evaluation given in
(4.4) follows from Selberg integral theory; see e.g. [21, Prop. 4.7.3].
The key point for present purposes is that the integrals L,(x) = L,[t'1e~*](x) satisfy
the linear differential-difference equations

d
AN = p)Lpsa(x) = (AN = p)x + By)Lp(x) +x--Lp(x) = DpxLp-1(x) (4.5)
forp =0,1,...,N — 1, where
B, = (p—N)(M+a+A(N—p—1))
Dy = p(AM(N —p) +a).

We would like to use (4.5) to obtain a graphical approximation to the O(1/N?) correction
term in the generalisation of (3.25) to the weight x"¢~#*/2 for a > 1, a € Z*. From the
definitions,

1 (o) o0
Enp(0;(0,5); x"eF/%) = W, /ﬁﬁN/s ax /s axn
a/p,p,

]

N
_ o~Nps/2_MOBN <H(xz+s)”> , (4.6)
LIBE(E—ﬁx/Z)

N
we(x)) [T |xe—x50P
-1 <

Waa/ppN \1-1
where the second equality is the result of the change of variables x; — x; +s. Therefore by
setting A1 = 0, A = B/2 and using the property
Ln(x) = Lo(x)

7
a—a+1

the expectation in (4.6) can be computed iteratively using the recurrence (4.5) subject to the
initial condition Lo|s=1 = Wo g N-
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For B=6, a=2,
Solid Line:

502 [En=50,4(0: (0, sni=50,p); x? €™P*12) ~En-10000,5(0: (0, sN=10000,8): X% 6P /2)]
0.03- Dashed Line:

1002 [EN:1OO.B(03 (0. sn=100,8): e’ﬂ”z)—EN:qoooo‘g(U, (0, SN=10000,p); X e’B"/Z)]

FIGURE 4.2. The leading correction term to gap probability given by (4.7) for
N =50,100,a =2, B =6.

We would like to use our numerical procedure to plot

N? (EN,,S(O, (0,55,); X F*/2) — E};afd(s;a)). (4.7)

According to (3.21), for large N this should be of order unity and have a well defined limit.
We do this by first approximating Egard(s;a) by Eny (0, (0,5n,,8); X" F*/2), where N is
large relative to the value of N. Then we plot (4.7) for various values of N, expecting the
final results to be almost identical. As a test, we first did this fora = 1, B = 6. Since
a = 1, the exact value of (4.7) is known from (3.25). It was found that the graph obtained
by following the numerical procedure with N = 50, Ny = 10* was almost indistinguishable
from the theoretical curve. Having then some confidence in the accuracy of our methods,
we then set out to plot (4.7) in the case a = 2, § = 6. Now there is no theoretical prediction
of the limiting curve; instead different values of N (N = 50 and 100) were used to verify the
stability of the procedure. The results are displayed in Figure 4.2.

5. THE SPECTRAL DENSITY FOR ,B EVEN

In our recent work [30], the fact that for even B the spectral density of the Laguerre
B ensemble can be expressed as a generalised hypergeometric function based on Jack
polynomials with B variables [20], was used as the starting point for an analysis of the
optimal correction to the soft edge scaling of this quantity. For this same quantity, and from
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the same starting point, the methods of Section 3 will be used here to perform an asymptotic
analysis of the hard scaling, up to the order of the optimal correction.

Let the spectral density in the Laguerre 8 ensemble with weight x"¢~#*/2 be denoted
pN,p(s;a). We know from [20]

Waa/p+2,8N-1 s1p—Fs/2

F(ﬁ/z)(_N+1;2a/[3+2; (s)P), (5.1)
Waa/p.8N

pnp(s) =N

(B/2)

where 1F;"" " has the multi-dimensional integral representation

1 1/2 p 1/2 P
Mg(2a/B+2/B—1,N—1,2/B) /_1/2 xl"'/_l/z P

EPD(CN+1;20/p+2; (5)F) =

ﬁe2nix1 (2a/B+2/B-1) (1 + eme'xl )N+2ﬂ/ﬁ+2/ﬂ*2675327”*1 H ‘ezm'xk _ 327Tixj' ‘4/5 (52)
=1 1<j<k<p
(cf. (3.5)).
In relation to the normalisations, recalling (3.6) and (4.4), we see upon use of Stirling’s
formula and the multiplication formula for the gamma function that

Waa/p+2,8N-1 1 1 <47r
WZa/ﬁ,ﬁ,N Mﬁ(Zﬂ/‘B+2/ﬁ—1,N—1,2/‘B) 27T :B

P T(1+2/B) 1 a  a? 1
N =55 1+<a— >+O< >> (5.3)
Emm/ﬁ)( N\""p B N2
Consider next the multi-dimensional integral in (5.2), with the particular (but not optimal)

hard edge scaling variable corresponding to replacing s by s/4N. Upon following the
working which lead to (3.10), this exhibits the large N expansion

Zﬂ/ﬁ“/“/ doy - /_id9ﬁ<1+<ﬁ+ﬁ_2>£el\;j iﬁ 2 (1;))

j=1
‘B . .
X1—[eie,(za/5+2/571)6756’9l/4+€7191 H 6% — |4/, (5.4)
I=1 1Sj<k<p

p/2
> N=ZF1T (14 B/2)

As written this requires 2(a + 1)/ € Z>o. However by adopting the modification as
described in the paragraph below (3.8), this restriction can be removed. As done in §3.2,
for ease of presentation the multi-dimensional integral formulas written below will require
this restriction, with the above knowledge of how it can be removed. In particular, the main
formula of this section, equation (5.12), is valid for general a > —1.

This article is protected by copyright. All rights reserved.



20 PETER ]J. FORRESTER AND ALLAN K. TRINH

Combining (5.3) and (5.4) as required by (5.1) shows

1 s e 1 ,x 1
mPN,ﬁ (m;a) =S Aﬁ(s) + NS C/S( s)+0 <N2> (5-5)
where
P 1 (BT T(1+p/2) (8/2) . 5
Aﬁ(S) = 4ita <2> F(1+a)1“(1—i—a+,3/2) OFl <2ﬂ/ﬁ+2,(—5/4) ) (56)
with
BB n
(B/2) Y N I(1+2/p)I(2a/p+2j/B)
oFy" " (20/ B+ 23 (=s/4)") (2n> g T(1+2j/B) / 401 /_ndgﬁ
% ﬁeiel(za/mz/ﬁq)[sei‘*z /4+e~ 01 H |ei9k . eiej‘z;/ﬁ (5.7)
=1 1<j<k<p
(cf. (3.8)).

As a variant of (3.13) define

(FOr-05)), =@ p) [ dov-- [ dopf(en,.... o)

o 1—[619, 2a/B+2/B—1) y—se’l /d+e " [T €% —e®*F, (5.8)

1= 1<j<k<p

with ¢(a, B) chosen such that Ag(s) = (1),- The O(1/N) correction term in (5.5) can then be
written

o = El—g—ﬁ—E R : —ib, _ 2i6,
o= (=55 5) 0+ (545 2><§1 >p <D >p‘ 9

In this form, we can proceed as in the derivation of Proposition 3.2 to relate this correction
term to the leading term in (5.5). This in turn allows us to deduce that the optimal hard
edge scaling results by using the variable (3.20), and as for the distribution of the smallest
eigenvalue, the rate of convergence is then O(1/N?).

Proposition 12. We have

Cp(s) = (sAﬁ( )+ (1+ a)/%(s)) (5.10)

‘m\m

and thus

1 S N agx lad (1., 1
NN (E,a> =s"Ap(s) + NB% (s Aﬁ(s)> +0 <N2> (5.11)
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As a consequence, with sy g given by (3.20), and denoting pgard(s; a) := s"Ag(s), for large N we
have 5

SN.B .\ — ohard ..

s onp(snga) = pg" (s;a) +O <N7-> . (5.12)

Proof. Substituting

into (5.9) gives (5.10) and (5.11) follows from (5.10), (5.5). The result (5.12) follows by
applying an appropriate Taylor expansion to (5.11). U

The numerical evaluation of pyg(s), in the case B even, is straightforward for g = 2
and 4 due to there being evaluations involving only Laguerre polynomials (see e.g. [21]).
Moreover, the optimal leading correction to limiting hard edge scaled density is in the case
B = 2 given by (2.17). Beyond these cases the recurrence of Section 4 can be used to provide
numerical evaluations, at least for moderate values of BN, as the essential task is to evaluate
(4.1) with N replaced by N — 1 and n = B. The natural analogue of (4.7) is

aSN, aSN ,

where Nj is chosen much larger than N. According to (5.12), for large N this should have a
well defined limit. While we find that such plots are stable upon varying N, comparison in
the case B = 2 when we have available the exact result (2.17) indicates that these graphs do
not accurately predict the limit as s increases. In this regard, note that 2.17), in contrast to the
analogous exact expression (3.25) for the 1/N? correction in the case of the gap probability,
is itself an increasing function of s.

6. CONCLUDING REMARKS

The focus of attention in this work has been the optimal rate of convergence to the limit
at the hard edge for some specific random matrix ensembles. The latter are the class of
Laguerre B ensembles, specified by (3.2) with the weight wg(x) = x"e~P¥/2x . o. Using the
theory of multidimensional hypergeometric functions based on Jack polynomials, it has
been possible to analyse the probability that the interval (0, s) is free of eigenvalues (a € Z™,
general B > 0), and the eigenvalue density (even 3, general 2 > —1) for large N. By use of
the scaled variable (1.4) an optimal convergence to the limit was found at rate O(N~2).
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A curious feature of (1.4) is that, with a replaced by af/2 to conform to the convention
used for the Laguerre S-ensemble in [29, 30] and thus with 4(N +a/p) — 4N + 24, it is
this same quantity which appears in the optimal soft edge scaling. However it is now as an
additive quantity:

s+ 4N + 2a 4 2(2N)/3s. (6.1)

This observation is suggestive from another viewpoint. As noted in the Introduction,
in the case f = 2 and with a = n — N the Laguerre  ensemble is realised as the PDF
for the squared singular values of an n x N (n > N) standard complex Gaussian random
matrix. Edelman, Guionnet and Péché [15] have analysed the hard edge scaling limit of a
generalisation of this model, in which the complex Gaussians are modified by the addition of
another probability with measure dy(z). The latter is required to have mean zero, complex
variance 1, and with finite fourth moment (at least). Define the kurtosis by v = (pa/0%) — 3,
where g = [|z|*du(z) and 0} = [x*du(z). It was proved in [15] that (1.2) holds true
upon the replacement a — a + <. It is therefore tempting to speculate that for this same
model, but now analysed at the the soft edge, an optimal convergence to the limit would
again occur upon making the replacement a — a + <, but now in (6.1).

Similar speculations apply to the squared singular values of £1/2X, where X is an n x N
(n > N) standard complex Gaussian random matrix and X is a fixed positive definite
matrix. As remarked below (1.2), upon certain assumptions relating to the eigenvalues
of ¥, Hachem, Hardy and Najim [34] proved that the effect on the 1/N expansion is a
multiplicative renormalisation of 2 = n — N. The question suggested is thus if this same
multiplicative renormalisation of the parameter 4 in (6.1) provides an optimal convergence
rate at the soft edge.
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