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Abstract

Molecular communications (MC) is a new communication paradigm that uses molecules
to transmit information. Since MC has similar mechanisms to signaling between cells
in nature and can overcome limitations of conventional communications, e.g., at a
tiny scale, MC is envisioned in many applications such as targeted drug delivery,
health monitoring, toxic environment monitoring, etc. To realize these applications, the
principle design of MC systems, comprised of transceivers and channels, first needs
to be investigated by using communication theory. In this thesis, we consider four
different scenarios of MC and investigate channel models and transceiver designs of
these systems. In particular, first, we model the channel between mobile transceivers
in MC systems with absorbing receivers. We apply the derived stochastic channel
model to the optimal release designs in drug delivery and MC systems. Second, we
optimize the detection interval in a system with an absorbing receiver and external
interference, e.g., a transmitter of another communication link. Third, we design
fractionally-spaced equalization and sequence estimation combined with impulse re-
sponse shortening to eliminate inter-symbol interference in MC systems. Fourth, we
propose a chemical-reaction based detection mechanism when signaling molecules
cannot be detected directly by the receiver. To design this detection mechanism, we
develop an algorithm to analyze the channel where the reaction occurs. In this thesis,
several analytical expressions are derived to analyze and design systems. Interesting
insights into system performance are obtained from numerical results. Moreover, the
transceiver designs proposed in the four scenarios can result in significant improvement

in system performance, e.g., bit error rate or the amount of released molecules.
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Chapter 1

Introduction

In 1895, Guglielmo Marconi tested the first successful radio transmission system,
which laid the ground for the massive development of wireless systems that we all
use today. Despite the wide range of applications, from sensors to satellites, from
household to industry, radio technology still has limitations. For example, radio waves
attenuate rapidly under salt water or through metallic structures [7,8]. Wireless systems
are also limited at a very small scale since antennas at this scale can only emit short
wavelength and thus, consumes a lot of power to operate [9]. So what can be used for

communications in these cases?

1.1 Molecular Communications

We do not have to look very far for the answer to these questions. Right in our bodies,
tiny cells are communicating with each other by using molecules. Inspired by that,
in 2005, molecular communications (MC) was proposed as a novel communication
paradigm that can overcome the limitations of wireless communications and has many
promising applications [10]. Previously, molecular communications only referred to
communication using molecules in biological systems. Nowadays, molecular communica-
tions also refers to artificial communication systems that use molecules to transmit information.
In molecular communications, information is encoded into the properties of molecules, which
are released from the transmitter and propagate through the environment. Some of the molecules

then arrive at the receiver, where the information is decoded. In this way, information is trans-

1



Introduction

mitted from the transmitter to the receiver by molecules. The technical background

of an MC system will be presented in more detail in the next chapter. The field of MC

currently focuses on understanding the mechanisms of MC systems in nature and,

based on that, designing artificial MC systems.

1.2

Molecular Communications Inspired by Nature

There are four common types of intercellular signaling in multicellular organisms, see

[11, Figure 15-2]. They illustrate the principles of MC in nature and inspire the design

of four typical MC systems as presented below.

(A)

(B)

©

Contact-dependent signaling occurs when the two cells are in direct contact. For
example, in animals, two adjacent cells can construct a tunnel, called a gap
junction, through their membranes to connect their cytoplasm and allow signaling
molecules to pass through. MC system models based on gap junctions were

considered in [12-14].

Paracrine signaling happens when the signaling cell releases molecules to the
surrounding liquid, in which they diffuse. Some of them arrive at the target cell,
which is usually a neighboring cell. Since the molecules randomly propagate in
the environment by diffusion, the directions of their movements are unpredictable.
Hence, the movement is called passive transport. This type of signaling is referred
to as diffusive signaling in MC. Diffusive signaling, unlike synaptic signaling,
does not depend on a specific structure of a biological system and thus has been
widely adopted for artificial MC systems, see [7,15] and references therein. This

thesis also focuses on diffusive MC systems.

Synaptic signaling occurs in long-distance communication where an electrical
impulse is sent along with the projection of a neuron, called an axon, to its end
but cannot pass through the space between the axon’s end and the target cell,
known as the synapse. The electrical signal is converted into a molecular signal

by triggering a release of molecules. The special structure of the synapse ensures
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the released molecules are received by the target cell. Synaptic signaling has been

studied for the design of MC systems in [16-20].

(D) Endocrine signaling also happens in long-distance communication in which the
signaling cell releases signaling molecules to the blood vessels. The bloodstream
carries the signaling molecules throughout the body to reach the target cells. This

motivates the design of MC systems using flow [1,21-25].

In addition to intercellular signaling, intracellular signaling in multicellular organ-
isms has also been considered for the design of MC systems [26,27]. An example of
intracellular signaling is where signaling molecules are carried by molecular motor
proteins, which walk on a track, called a microtubule. Since the motor proteins convert
chemical energy to mechanical energy to walk on a specific track, the walking-and-
carrying mechanism is called active transport, which is distinguished from passive
transport, i.e., diffusion. Intracellular signaling is usually activated by a receptor on
the surface of the cell when it receives an intercellular signal. In this case, intracellular
signaling distributes the intercellular signal to the appropriate intracellular targets to
change them and subsequently alter the cell behavior. Active transport potentially has
an advantage over passive transport in long range of communication since information

molecules can be transported as long as the energy is provided [28].

Furthermore, communication between unicellular organisms, e.g., quorum sensing,
has been adopted for designing MC systems, see [22,23,25,28-30]. In quorum sensing,
bacteria, for example, can gather together for a higher population density in response
to chemical signals that are emitted by their neighbors. Quorum sensing enables
bacteria to perform a collective task which needs to be completed synchronously
and thus inspired the design of a nano-network where information is transmitted

simultaneously between multiple connections.

These MC systems, which are inspired by communication in nature, can then be

applied beyond biological systems as discussed in the following section.



4 Introduction

1.3 Applications

To visualize the applications of MC, we first need to know its advantages and disad-
vantages. As mentioned above, MC has advantages at a small scale and in special
environments, e.g., under salt water and along metallic pipes. The most important
characteristic of MC is biocompatibility, which is why it commonly occurs in nature.
However, MC is often blocked by an impermeable layer, even a thin layer, e.g., wall of
a pipe, whereas radio waves can go through some non-metallic impermeable materials,
e.g., through wall of a glass or plastic pipe. Since the propagation of molecules is
much slower than that of radio waves, the latency in MC can be much higher than in
conventional communications. Due to these characteristics, applications of MC can be

envisioned in the areas listed below.

* Biomedical applications: MC can be used to manipulate communication in bio-
logical systems, create an interface between biological and man-made systems,
or connect nano-machines for health monitoring and disease treatments. For
example, some nervous system diseases, e.g., Alzheimer’s, Parkinson’s, and en-
docrine system diseases, e.g., diabetes, are due to the failure of signaling within
the body [31]. Thus, MC can be used to re-establish the signaling to treat those
diseases. Another example is that the growth and spread of cancer cells depends
on communication with cells named stromal cells [31]. Hence, MC can be used to
interrupt that communication in order to stop the spread of cancer cells. More-
over, nano-machines have been developed for targeted drug delivery and health
monitoring, e.g., monitoring heart rate, insulin concentration, or tumor develop-
ment. MC can be used to transmit information between two nano-machines and

between a nano-machine and the control system outside the body [7,32,33].

* Industrial applications: MC can be used for information transmission and control
in underground environments, e.g., mines or in tubes and ducting systems such
as oil and gas pipes [7]. MC can also be used in food and perfume industries,
e.g., to control the growth process of the food [33] or to attract customers to buy a

product. The human sense of smell is not fully understood [34] so in the future,
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! Transmitter

Figure 1.1: Tabletop testbed sending alcohol through space [1] © 2014 IEEE.

with MC, people may be able to receive information via aroma instead of sound

from a speaker.

* Environmental applications: MC can be used to connect sensors for detecting and
monitoring chemical reactions or toxic environments. MC can also be used to
guide rescue robots [7]. MC can be used to study and then modify and control the
behaviors of animals and trees since they also use molecules, i.e., chemicals, to
communicate. For example, ants navigate and track their routes by using chemical
trails [7]. Trees communicate by the chemicals sent through their mycorrhizal

networks [35, 36].

* Household: MC can be employed for connecting devices in the house. We can

also think of a television that can transmit smell in addition to vision and sound

[37,38]!

To bring these exciting applications into reality, the concepts need to be proved first

by building testbeds.

1.4 Testbeds

One of the first MC testbeds was built in 2013, see Fig. 1.1 [1,39]. It is a tabletop system.
In this testbed, alcohol is used as the signaling molecule. The alcohol molecules are
released to the open space by a sprayer and observed at the receiver by a sensor. Other

testbeds that operate in open space but with different signaling molecules, transmitters,
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and receivers were also built, see Figs 1.2 and 1.3 [2,3]. Moreover, testbeds in which
signaling molecules are sent through a tube were built in [4, 5], see Figs. 1.4 and 1.5.
In all testbeds mentioned above, except the testbed in Fig. 1.5 [5], on-off keying was
used, which means an amount of signaling molecules are released to send bit “1” and
no signaling molecules are released to send bit “0”. At the receiver, the amount of
signaling molecules is measured to detect transmitted information bits. Different ways
to encode information into the properties of molecules, i.e., modulation, and to detect
information will be discussed in more detail in Chapter 2. For now, we can see that
this process of sending and counting amounts of molecules leads to the problem that

some of the molecules released in a transmission of a bit can arrive simultaneously
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with molecules from another transmission. If the receiver cannot distinguish molecules
from different transmissions, it results in inter-symbol interference (ISI). To reduce the
impact of IS], the testbed in Fig. 1.5 [5] releases different types of molecules to transmit
bit “1” and bit “0”, respectively, while the other testbeds mentioned above use a fan or
a flow to speed up, i.e., wash out, the molecules so that fewer of them arrive in the later
transmissions. In the above-mentioned testbeds, the devices that release molecules are
at macro scale and connected directly to the controllers. For applications at micro scale,
the releasing devices are small and thus may not be connected directly to a controller.
Therefore, a biological optical-to-chemical conversion interface was developed in [6]
to convey the information to the micro transmitter. In this testbed, Escherichia coli
bacteria, serving as a transmitter, change the pH of the environment in response to
on-off light stimuli, representing bits “1” and “0”, respectively, and the pH change is

detected by a pH sensor at the receiver.

In addition to building testbeds for proof of concept, to develop real applications,
there are many other aspects to be investigated. Firstly, each physical component of an
MC system, i.e., a transmitter, a receiver, signaling molecules, and the channel, needs
to be analyzed and designed in detail. In particular, to do that, each component can be
divided into smaller modules which are in charge of a certain task in the system. For
example, the modules of a diffusive MC system, i.e., the system this thesis focuses on,
includes channel coding, modulation, synchronization, molecule storage, and molecule
releasing modules of the transmitter; the impacts of diffusion, advection, reaction, and
noise in the channel; the molecules reception, synchronization, sampling, equalization,
channel estimation, and detection modules of the receiver, see Fig. 1.7. Those modules
are discussed in Chapter 2. Secondly, to operate MC on a network scale, research on
architectures and protocols is essential. It is also necessary to develop simulation tools
and standards for MC system design. Moreover, visions on applications of MC also
need to be further explored. In fact, testbeds have only been built recently after a long
period of theoretical research and more theoretical studies still need to be done in order
to motivate more testbeds in different practical scenarios. This thesis considers different

problems that a practical MC system may face and the contributions are summarized
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in the following section.

1.5 Summary of Chapters and Contributions

This thesis focuses on channel modeling and transceiver design in different scenarios of
MC. The content of this thesis is organized in seven chapters, namely the introduction,
background on MC systems, four contribution chapters, and the conclusion. The four
contribution chapters are summarized in Fig. 1.8 and the following.

Chapter 3 - Diffusive Mobile Systems with Absorbing Receivers: This chapter
presents a stochastic analysis of the time-variant channel impulse response (CIR) of a
three dimensional diffusive mobile molecular communication system where the trans-
mitter, the absorbing receiver, and the molecules can freely diffuse. In our analysis,
we derive the mean, variance, probability density function (PDF), and cumulative
distribution function (CDF) of the CIR. We also derive the PDF and CDF of the proba-
bility p that a released molecule is absorbed at the receiver during a given time period.
The obtained analytical results are employed for the design of drug delivery and MC
systems with imperfect channel state information. For the first application, we exploit
the mean and variance of the CIR to optimize a controlled-release drug delivery system
employing a mobile drug carrier. We evaluate the performance of the proposed release
design based on the PDF and CDF of the CIR. We demonstrate significant savings in
the amount of released drugs compared to a constant-release scheme and reveal the
necessity of accounting for the drug-carrier’s mobility to ensure reliable drug delivery.
For the second application, we exploit the PDF of the distance between the mobile
transceivers and the CDF of p to optimize three design parameters of an MC system
employing on-off keying modulation and threshold detection. Specifically, we optimize
the detection threshold at the receiver, the release profile at the transmitter, and the time
duration of a bit frame. We show that the proposed optimal designs can significantly
improve the system performance in terms of the bit error rate and the efficiency of
molecule usage.

This chapter covers the papers [J1] and [C2], see Section 1.6.
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Chapter 4 - Optimal Detection Interval for Absorbing Receivers in Systems with
Interference: We consider a molecular communication system comprised of a transmit-
ter, an absorbing receiver, and an interference source. Assuming amplitude modulation,
we analyze the dependence of the bit error rate (BER) on the detection interval, which
is the time within one transmission symbol interval during which the receiver is active
to absorb and detect the number of information-carrying molecules. We then propose
efficient algorithms to determine the optimal detection interval that minimizes the BER
of the molecular communication system assuming no inter-symbol interference (ISI).
Simulation and numerical evaluations are provided to highlight further insights into
the optimal results. For example, we demonstrate that the optimal detection interval
can be very small compared to the transmission symbol interval. Moreover, our numer-
ical results show that significant BER improvements are achieved by using the optimal

detection interval for systems without and with ISI.
This chapter covers the papers [J3] and [C1], see Section 1.6.

Chapter 5 - Fractionally-spaced Equalization and Sequence Detection with Im-
pulse Response Shortening: We consider diffusive MC systems affected by signal-
dependent diffusive noise, inter-symbol interference, and external interference noise.
We design linear and nonlinear fractionally-spaced equalization schemes and a de-
tection scheme which combines impulse response shortening and sequence detection
(IRS&SD). In contrast to previous symbol-rate equalization schemes in the molecular
communication literature, the proposed equalization and detection schemes exploit
multiple samples of the received signal per symbol interval to achieve lower BERs than
existing schemes. The proposed IRS&SD scheme achieves a BER which is very close to

that achieved by maximum likelihood sequence detection, but with lower complexity.
This chapter covers the paper [J2], see Section 1.6.

Chapter 6 - Chemical Reactions-based Detection Mechanism: In MC, the direct
detection of signaling molecules may be challenging due to the lack of suitable sensors
and interference from co-existing substances in the environment. Motivated by exam-
ples in nature, we investigate an indirect detection mechanism using chemical reactions

between the signaling molecules and a molecular probe to produce an easy-to-measure
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product at the receiver. The underlying reaction-diffusion equations that describe the
concentrations of the reactant and product molecules in the system are non-linear and
coupled, and cannot be solved in closed-form. To analyze these molecule concentra-
tions, we develop an efficient iterative algorithm by discretizing the time variable and
solving for the space variables in each time step. We also derive insightful closed-form
solutions for a special case. The accuracy of the proposed algorithm is verified by
particle-based simulations. Our results show that the concentration of the product
molecules has a similar characteristic over time as the concentration of the signaling
molecules. We analyze the BER for a threshold detector and highlight that significant
improvements in the BER can be achieved by carefully choosing the molecular probe
and optimizing the detection threshold.

This chapter covers the papers [J4] and [C3], see Section 1.6.
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Chapter 2
Background

In the first chapter, we gave a brief introduction to MC. In this chapter, we discuss
the background of MC that is essential for designing an MC system. In particular, four
main components of an MC system, i.e., signaling molecules, a transmitter, a receiver,
and a channel between them, and how the information is conveyed and detected, i.e.,
modulation and detection, are discussed. The discussion focuses on a diffusive system
as its designs are considered in this thesis. For brevity, without explicitly saying, we

use molecules to refer to signaling molecules.

2.1 Signaling Molecules and Modulation

As an MC system uses molecules to transmit information, we first want to know what
kind of molecules can be used. The general answer is any type of molecules ranging
from small molecules, e.g. ethanol or calcium ions, to large molecules, e.g., DNA.
However, the choice of molecule type depends on the application, where and how
it will be used. For example, the molecules need to be biocompatible for biomedical
applications and might need to be inexpensive for industrial applications.

The second question is how molecules are used to convey information, i.e., modu-
lation. First, information needs to be divided into small parts, called symbols, to be
sent in periods of time, called symbol time intervals. For large and complex molecules
such as DNA, symbols can be encoded in the structure of the molecules, e.g., the orders

of the nucleotides in the two DNA strands. MC with DNA encoded information was

15
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considered in [40-43]. However, current research on MC focuses more on using small
molecules since they are more easy to store and use. Several modulation schemes for
small molecules have been proposed. Among them, the three typical modulations,
namely amplitude, type, and time modulation, are based on the number, types, and

time to release the molecules, respectively, as explained below.

* Amplitude modulation: a specific number of molecules is released to transmit a
symbol. A special case of amplitude modulation is on-off keying where there are
two symbols, N molecules are released to transmit bit “1”, and no molecules are

released to transmit bit “0”.

¢ Type modulation: each type of molecule is used to convey one information
symbol. For example, in two-symbol modulation, N molecules of type A or type

B are released to transmit bit “0” or bit “1”, respectively.

¢ Time modulation: the release time of the molecules in a symbol time interval
represents the transmitted symbol. Taking two-symbol time modulation as an
example, the molecules are released at the beginning or the middle of the symbol

time interval to transmit “0” or “1”, respectively.

These typical modulation schemes can be combined for hybrid modulation schemes
that use the resources more efficiently. For example, amplitude and type modulation
can be combined to convey four symbols by releasing N; or N, molecules of type A or
type B. Or type and time modulation can be combined by releasing type A or type B

molecules at the beginning or the middle of the symbol time interval.

2.2 Transmitters and Receivers

After determining the molecules and modulation schemes, a transmitter and a receiver
which emits and receives the molecules, respectively, need to be designed. As shown in
the testbeds discussed in Chapter 1, the transmitter can be at macroscale or nanoscale,
electronic devices or biological organisms. In any case, the transmitter requires at least

three elements as shown in Fig. 1.7: an element, e.g., a micro-controller, carrying out
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modulation as explained above; an element generating or storing molecules, e.g., a
container or bacteria; and an element with a mechanism to release molecules according
to the modulation scheme, e.g., a pump, a sprayer, or bacteria. In addition, the trans-
mitter may comprise a channel coding unit to improve the reliability of the system.
In Chapter 3, we optimize the released number of molecules in the MC system with

mobile transceivers.

At the other end of an MC system as shown in Fig. 1.7, the receiver has to be
equipped with: an element that receives molecules, e.g., receptors on the surface of
a cell or a sensor’s surface; an element, e.g., a processor, that samples the received
molecules, i.e., quantifies the molecules” properties such as the number of arriving
molecules or the time of arrival; a synchronization unit to decide when to sample;
and a detector to make the decision on the received symbol. The sampling process is
considered in Chapter 4, where the time interval to receive the molecules is optimized
for the system with external noise. When the available sensor of the receiving unit
cannot receive the molecules directly, we propose a solution in Chapter 6. Furthermore,
if the channel state information (CSI) is not stable and not known to the receiver, the
receiver requires a channel estimator to feed the CSI to the detection. Moreover, an
equalizer may be included in a receiver to improve the accuracy of the system, which

will be considered in Chapter. 5.

To analyze and have insight into the main impacts of the MC system, using an
abstract system model, a transmitter is usually assumed as a point source or a spherical
source that does not have any impact on the signaling molecules after releasing them.
Two common abstract models of a receiver are a passive receiver and an active receiver.
A passive receiver counts the number of molecules in its volume but does not affect
the movement of the molecules. For example, this phenomenon can be observed when
small, uncharged molecules, e.g., ethanol, urea, and oxygen enter and leave a cell
through the plasma membrane without interruption of their movement [44, Chapter
16]. In contrast, an active receiver counts the number of molecules reaching it in a
period of time and removes those molecules from the environment. For example, the

signaling molecules can bind to the receptors on the surface of the receiver, activate the
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receptors, and then change to another form which cannot activate the receptors again
[11, Chapter 15], [7,45]. An active receiver is a more practical model than a passive
receiver since the mechanism to convert signaling molecules to a measurable signal is

taken into account.

2.3 Channel Model

The channel in an MC system is the environment where the molecules propagate after
being released from the transmitter and before arriving at the receiver. The propagation
of the molecules is different in different channels and thus the channel has impact
on the received molecular signal at the receiver. Therefore, as mentioned above, the
receiver needs the CSI for the detection and thus modeling and analyzing the channel

is very important for designing an MC system.

The three main processes happening in the channel and affecting the propagation
of the molecules are diffusion, advection, and reaction, see Fig. 1.7. In addition to the
molecular propagation, noise also affects the receiving molecular signal at the receiver.
In the following, we will discuss those effects of the channel. Note that the channel
can be modeled in one, two, or three dimensions to feature a transmission in a tube, a
surface, or a volume, respectively. Unless otherwise explicitly stating, we will discuss
an unbounded three dimensional (3D) channel, which the other chapters of this thesis

also focus on.

2.3.1 Diffusion

In MC, diffusion is usually used to refer to normal diffusion, which is distinguished
from anomalous diffusion. Diffusion, i.e., normal diffusion in short, happens in ho-
mogeneous media, where there are no obstacles or external forces, at temperatures
above absolute zero due to thermal motion. Diffusion consists of independent random

movements of the molecules and is described by the diffusion equation, i.e., Fick’s
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second law, as follows [46]

0C(x,t)

_ 2
p DV2C(x, 1), (2.1)

where C(x, t) is the concentration of molecules at the position x, i.e., the average number
of solute molecules per unit volume centered on position x, at time ¢, D is the diffusion
coefficient which characterizes the effects of the environment on the movement of
molecules, and V denotes the gradient operator. In Cartesian coordinates, V2 = 6‘7722 +
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+ 52, where x = (x,9,z). In cylindrical coordinates, V= = 030 (p%) + 7 3¢ + 52,

where x = (o, ¢,z). D is given by [47]
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where kg = 1.38 x 10722 JK~! is the Boltzmann constant, T is the temperature in Kelvin,

17 is the (dynamic) viscosity of the fluid, and R, is the radius of the particle.

The solution of equation (2.1) depends on the initial and boundary conditions of
the environment. A typical example is when N molecules are released at the position
Xo at time ¢ = 0 and the environment in which they can diffuse is unbounded. The

solution of this case is given by [7]

Clxt) = —”""‘0”2> , (2.3)

—exp (
(47Dt)? 4Dt
where d is the number of dimensions of the considered environment.

In fact, diffusion equation (2.1) describes diffusion in a classical macroscopic theory,
i.e., considering many moving molecules. Instead, diffusion can be investigated with
kinetic molecular hypothesis, i.e., considering the movement of one molecule, which
was developed by Albert Einstein. In that case, p(x, t)dx is defined as the probability
of a molecule in a small volume dx centered on x at time ¢. The diffusion equation,

sometimes called the Einstein version, is then given by [46]

p(xt) 2
2~ DVRp(x ) (2.4)
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The solution of (2.4) when the molecule is released at position xg at time ¢t = 0 in an

unbounded environment is given by

"x_"O"Z) . (2.5)
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Since the movements of molecules are independent with each other, we can obtain
(2.3) from (2.5) by C(x,t) = %Np(x, t)Ydx = Np(x,t). (2.3) and (2.5) provide the CSI
for the detection. Since the molecular movements are independent and random, the
number of molecules in a volume V, denoted by n,, is a random variable follow-
ing a Binomial distribution with parameters N and SV p(x,t)dx, denoted by ny, ~
B(N, §,, p(x,t)dx). Note that if we assume molecules uniformly distributed in V, the ex-
pectation of 1y, is equal to C(x,t)V = Np(x, t)V, which means C(x,t) = Np(x,t). Since
the Binomial distribution is cumbersome and the number of considered molecules is
large, the Binomial distribution is usually approximated by the Poisson or Gaussian dis-
tribution, denoted by ny, ~ P(C(x,t)V)and nm ~ N (C(x, 1)V, Np(x, H)V (1 — p(x,1)V)),
respectively. The approximation helps to reduce the complexity of derivations and
may help to achieve closed-form expressions such that insightful conclusions can be
obtained. For passive receivers in an unbounded environment, n,, can be considered
as the received signal of amplitude modulation and (2.5) can be used to predict the

received signal, i.e., arriving time, of time modulation.

For absorbing receivers, the molecules that hit the surface of the receiver are imme-
diately removed from the environment and thus ny,, i.e., the number of molecules in a
volume at a time, cannot be defined. In this case, we need to consider the number of
molecules hitting the surface of the receiver during a period of time, i.e., the received
signal. We note that molecules can only hit the receiver once and thus the time that the
molecule hits the receiver is called first arrival time or first passage time (FPT). The
density rate of the FPT, i.e., the hitting rate, in an unbounded 3D environment is given

by [48]

. . 2
fit) = T exp (—(d o ) , @6)
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where aR, is the radius of the receiver and d is the distance between the centers of the
transmitter and the receiver. Then, the probability of a molecule arriving at the receiver

at time t after being released at the transmitter at time f = 0 is given by [48]

F(t) = fo f(BdF = %‘Xerfc <d\/_£X>. 2.7)

Similar to the passive receiver, since the molecular movements are independent, the
number of molecules hitting the surface of the receiver during a period of time, i.e., the
received signal, follows the Binomial distribution with parameters N and F(t), denoted
by B(N, F(t)). Here, N is the number of molecules released at the transmitter at time

t=0.

Note that F(t) does not go to 1 when t goes to infinity, which means the molecule

does not always hit the receiver, and f(t) is not a PDE

Normal diffusion is also known as Brownian Motion in honor of Robert Brown,
one of the first scientists observing normal diffusion, the movement of pollen grains in
fluid in 1828. Later, in the 1930s, extraordinary diffusion was observed in experiments
but could not be described by the known diffusion equation. Therefore, different mod-
els, e.g., fractional diffusion equations, were then proposed to describe the observed
phenomenon, which is called anomalous diffusion. The anomalous diffusion happens
in environments with obstacles or different-direction forces, e.g., in porous media or
turbulent flow. The key difference between normal diffusion and anomalous diffusion
is that the average squared displacement of the molecules is dependent linearly on
time for normal diffusion and exponentially on time for anomalous diffusion. Anoma-
lous diffusion channel in an MC system was investigated in [3,49,50]. Due to simple
closed-form expressions, normal diffusion can be applied to investigate and gain in-
sights on MC systems, see [7,15] and references therein. This thesis also considers MC
systems with normal diffusion. In the future when more complicated applications are

considered, anomalous diffusion may need to be used for system analysis and design.

In some applications, not only signaling molecules, but also the transceivers may

diffuse and thus affect the received signal. This will be investigated in Chapter 3.
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2.3.2 Advection

In addition to diffusion, advection may also have a significant impact on the propaga-
tion of the molecules in MC systems. Advection may naturally exist in the channel or
be added as part of the system design. For example, in the testbeds in Figs. 1.1-1.4, flow
is added to increase the speed of molecular movement in order to increase the data
rate and reduce the ISI. Let v(x, t) denote the velocity vector of the signaling molecule
at position x at time t. The velocity may result from the flow of the fluid or from an
external force that only acts on the signaling molecules, i.e., the solute, but not on the
solvent, for example, the electromagnetic force acting on the ferromagnetic solute in a
non-magnetic solvent.

Flow can either be laminar or turbulent flow. Laminar flow occurs when the velocity
vectors are parallel whereas turbulent flow happens when there is chaos and the velocity
vectors have different lengths and directions. The Reynolds number, denoted by Re, is
used to distinguish laminar and turbulent flow. The Reynolds number is defined as the

ratio of inertial forces to viscous forces within a fluid and is given by [15]

Re — Leffvveff, 2.8)

where dg is the effective length of the environment, v is the effective velocity, and v is
the kinematic viscosity of the fluid. Laminar flow occurs when the Reynolds number is
low and turbulent flow occurs when the Reynolds number is high. The absolute value
to determine whether the Reynolds number is low or high depends on the specific cases.
For example, laminar and turbulent flows are assumed for Re « 2100 and Re » 2100,
respectively, in a straight pipe with a circular cross-section of radius dg.

The movement of molecules due to diffusion and advection can be described by

adding a term for the advection effect to the diffusion equation (2.1) as follows

0C(x,t)

= DV2C(x,t) + V - (v(x,t)C(x, 1)), (2.9)

where V- is divergence operator. When one of the effects, diffusion and advection, is not

significant, the respective terms on the right hand side of (2.9) can be eliminated. The
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Péclet number, denoted by Pe, is used to determine which effect dominates. Diffusion
dominates advection when Pe « 1 and vice versa. When Pe ~ 1, diffusion and

advection both affect the molecular movements. The Péclet number is defined by

vd,
Pe = —, 2.10
e =5 210)

where v is the velocity strength and d, is the characteristic length.

2.3.3 Reaction

In complicated MC systems, the signaling molecules are not the only solute and thus
the reaction between the signaling molecules and other solutes may occur and affect
the concentration of the signaling molecules. A general reaction can be represented by

the balanced chemical equation as follows
ali+alp+---+aply 5 biJi +b2Jo +---+bgJs, (2.11)

where ay,a;,...,a4,b1,b2,- -+, bp are non-negative integer stoichiometric coefficients,
I, I, - ,14 are the reactants, Ji, |2, - - - , Jp are the products, and « is the rate constant.
The change of the concentration of the molecules over time is governed by the reaction

rate defined as

10C,(xt)  1Ch(xt) 1 0CL(x¢)
aq ot ay Ot  ax Ot
B _l GCh(x, t) B _l 6C]2(X, f) _l GC]B(X, t)

B - .. = b A [molecules s ']

rate = — (2-12)

where the subscript of C(x,t) indicates the reactants or the products. The reaction
rate depends on the concentrations of the reactants. Their dependence is determined

experimentally [51] but can be expressed in the following form

rate = « (Cr, (x, 1)) (Cp(x, 1)) - (Cp, (x,1))¥4, (2.13)
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where « is the rate constant, which is only affected by temperature. Here, y1,y2, - ,y4
are known as the order of reaction with respect to I, I, - - - , 14, respectively. The overall
order of the reaction is equal to y1 + > + - - - + y4. Note that, in general, there is no
relation between the reaction orders and the stoichiometric coefficients. For example,
the reaction 2] — | can be first order and have rate = kC;(x, t). For zero-order reaction,
the reaction rate is constant and does not depend on the concentration of the reactants.
Due to (2.13), the unit of « is different for different orders. For example, the units of « for
the zero, first, and second order reactions are [moleculess~!], [s~!], [molecules's~1].

To analyze the channel affected by both the diffusion and the reaction, similar
to (2.9), a term accounting for the reaction is added to the diffusion equation (2.1).
For example, for a second-order reaction I1 + I, % J, the reaction diffusion equation

describing the concentration of I; is given by

(9C11 (X, t)

pra DV2Cy (x,t) + V - (v(x, )Cp, (x, 1)) — kCy, (x,£)Cp (x, ). (2.14)

In Chapter 6, different use cases of reactions are briefly reviewed, the second-order
reaction in the channel is analyzed, and a new detection mechanism based on chemical

reactions in the channel is proposed.

2.3.4 Noise

Even when the concentration of the signaling molecules is known by analyzing the
impacts of diffusion, advection, and reaction in the channel, e.g., by solving (2.1),
(2.9), or (2.14), the received signal is not known at the receiver. As mentioned in
Subsection 2.3.1, since the movement of the molecules is random, the received signal is
a random variable whose distribution and/or expectation can be obtained. This is a
typical characteristic of an MC system and the randomness of the received signal can
be assumed as caused by signal-dependent noise. Moreover, the random movement of
molecules also results in different arrival times of the molecules at the receiver, which
means molecules released from one symbol interval can arrive at the receiver in a later

interval, leading to ISI. Furthermore, molecules which are the same type as the signaling
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molecules may exist in the environment or be released from other communications
links. Hence, these molecules can arrive at the receiver and interfere with the received
signal, which is recognized as external noise to the considered communications link. In
this thesis, external noise from another communications link is considered in Chapter 4,
ISI is considered in Chapters 4, 5, and 6, and of course signal-dependent noise always

exists and is considered in all contribution chapters (Chapters 4-6).

2.4 Detection

Based on the statistical information, i.e., the expectation and/or the distribution, of
the received signal at the receiver, we can demodulate the received signal and recover
the transmitted information. To this end, different detectors have been designed. Each
received signal can be called a sample. The detection of a symbol can depend on one or
multiple samples. For example, the absorbing receiver may obtain one sample which is
the number of molecules absorbed during a period of time within the symbol period.
The passive receiver may obtain multiple samples, e.g., the numbers of molecules in its
volume at multiple times. If only one sample can be obtained, we need to make sure
we obtain the optimal signal for the detection. We consider this problem in a specific
scenario in Chapter 4. Moreover, one-sample detection is also considered in Chapters 3

and 6 whereas multiple-sample detection is considered in Chapter 5.

The most simple detector is threshold detection, where the samples of the received
signal are compared directly with thresholds. For example, for two-symbol modulation,
one sample, the average of samples, the maximum of the samples, the difference
between two samples, or the maximum of the derivatives of the samples is compared
to a threshold [52-54]. In this case, bit “0” is detected if the sample is smaller than the
threshold and vice versa. Moreover, as in conventional communications, the maximum

likelihood detector is also used in MC [21].
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2.5 Conclusions

In this chapter, preliminaries to the design of diffusive MC systems were discussed.
In particular, the main components of the transmitter and the receiver, the three main
processes, i.e., diffusion, advection, and reaction, occurring in the channel, and the
noise characteristics of the system were described. Moreover, the types of molecules
used in MC systems, the three typical modulation schemes, and different detection
schemes was presented. This background facilitates the detailed designs of diffusive

MC systems in four different scenarios, which will be presented in the sequel.



Chapter 3

Diffusive Mobile Systems with
Absorbing Receivers

3.1 Introduction

As appropriate channel models are essential for the analysis and design of molecular
communication (MC) systems, MC channel modeling has been extensively studied
in the literature [7, 15,48, 55]. For example, the simple diffusive channel model of
an unbounded three-dimensional (3D) MC system with impulsive point release of
information carrying molecules [48] has been widely used for system analysis and
design [7,55]. Diffusion channel models with drift [56] and chemical reactions [57] have
also been considered. However, most of the previously studied MC channel models
assume static communication systems where the transceivers do not move.

Recently, in addition to applications with static transceivers, e.g., sensors mon-
itoring the environment [48] and communication in water pipes and underground
environments [7], many applications have emerged where the transceivers are mobile,
including drug delivery [58], mobile ad hoc nanonetworks [59], and detection of mobile
targets [60]. Hence, the modeling and design of mobile MC systems have gained
considerable attention, see e.g., [15,59-66]. In [59], a mobile ad hoc nanonetwork was
considered where mobile nanomachines collect environmental information and deliver
it to a mobile central control unit. The mobility of the nanomachines was described by

a 3D model but information was only exchanged when two nanomachines collided.

27
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In [60], a leader-follower-based model for two-dimensional mobile MC networks for
target detection with non-diffusive information molecules was proposed. The authors
in [61] considered adaptive detection and inter-symbol interference (ISI) mitigation
in mobile MC systems, while [62] analyzed the mutual information and maximum
achievable rate in such systems. However, the authors of [61] and [62] did not provide a
stochastic analysis of the time-variant channel but analyzed the system numerically. In
[63], a comprehensive framework for modeling the time-variant channels of diffusive
mobile MC systems with diffusive transceivers was developed. However, all of the

works mentioned above assumed a passive receiver.

On the other hand, for many MC applications, a fully absorbing receiver is con-
sidered to be a more realistic model compared to a passive receiver as it captures
the interaction between the receiver and the information molecules, e.g., the conver-
sion of the information molecules to a new type of molecule or the absorption and
removal of the information molecules from the environment [7,48]. Since the molecules
are removed from the environment after being absorbed by the receiver, the channel
impulse response (CIR) for absorbing receivers is a more complicated function of
the distance between the transceivers and the receiver’s radius compared to passive
receivers. Therefore, the stochastic analysis of mobile MC systems with absorbing
receivers is very challenging. For the fully absorbing receiver in diffusive mobile MC
systems, theoretical expressions for the average distribution of the first hitting time, i.e.,
the mean of the CIR, were derived for a one-dimensional (1D) environment without drift
in [64] and with drift in [65]. Based on the 1D model in [64], the error rate and channel
capacity of the system were examined in [66]. However, none of these works provides
a statistical analysis of the time-variant CIR of a 3D diffusive mobile MC system with
absorbing receiver. In this chapter, we address this issue and exploit the obtained
analytical results for the stochastic parameters of the time-variant MC channel for the
design of drug delivery and MC systems. The stochastic analysis for the absorbing
receiver presented in this work is much more challenging than the analysis for the
passive receiver presented in [63]. Furthermore, the application of stochastic analysis

to the design of drug delivery and MC systems was not considered in [63].
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In drug delivery systems, drug molecules are carried to diseased cell sites by
nanoparticle drug carriers, so that the drug is delivered to the targeted site without
affecting healthy cells [58]. After being injected or extravasated from the cardiovascular
system into the tissue surrounding a targeted diseased cell site, the drug carriers may
not be anchored at the targeted site but may move, mostly via diffusion [67-70]. The
diffusion of the drug carriers results in a time-variant absorption rate of the drugs
even if the drug release rate is constant. Furthermore, experimental and theoretical
studies have indicated that the total drug dosage as well as the rate and time period of
drug absorption by the receptors of the diseased cells are critical factors in the healing
process [69,71]. Therefore, to reduce drug cost, over-dosing, and negative side effects
to healthy cells yet satisfy the treatment requirements, it is important to optimize the
release profile of drug delivery systems such that the total amount of released drugs
is minimized while a desired rate of drug absorption at the diseased site during a
prescribed time period is achieved. To this end, the mobility of the drug carriers and
the absorption rate of the drugs have to be accurately taken into account. This can
be accomplished by exploiting the MC paradigm where the drug carriers, diseased
cells, and drug molecules are modeled as mobile transmitters, absorbing receivers, and
signaling molecules, respectively [7]. Release profile designs for drug delivery systems
based on an MC framework were proposed in [55,72-74]. However, in these works, the
transceivers were fixed and only the movement of the drug molecules was considered.
In this chapter, we exploit the analytical results obtained for the stochastic parameters
of the time-variant MC channel with absorbing receiver for the optimization of the

release profile of drug delivery systems with mobile drug carriers.

In diffusive mobile MC systems, knowledge of the CIR is needed for reliable
communication design. However, the CIR may not always be available in a diffusive
mobile MC system due to the random movements of the transceivers. In particular, the
distance between the transceivers at the time of release, on which the CIR depends, may
only be known at the start of a transmission frame. In other words, the movement of the
transceivers causes the CSI to become outdated, which makes communication system

design challenging. In this chapter, we consider a mobile MC system employing on-off
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keying and threshold detection and optimize three design parameters to improve the
system performance under imperfect CSI. First, we optimize the detection threshold at
the receiver for minimization of the maximum bit error rate (BER) in a frame when the
number of molecules available for transmission is uniformly allocated to each bit of
the frame. Second, we optimize the release profile at the transmitter, i.e., the optimal
number of molecules available for the transmission of each bit, for minimization of the
maximum BER in a frame given a fixed number of molecules available for transmission
of the entire frame. Third, we maximize the frame duration under the constraint
that the probability that a released molecule is absorbed by the receiver does not fall
below a prescribed value. Such a design ensures that molecules are used efficiently
as a molecule release occurs only if the released molecule is observed at the receiver
with sufficiently high probability. For the proposed design tasks, the results for the
stochastic analysis of the transceivers’ positions and for the probability that a molecule

is absorbed during a given time period are exploited.

The main contributions of this chapter can be summarized as follows:

* We provide a statistical analysis of the time-variant channel of a 3D diffusive
mobile MC system employing an absorbing receiver. In particular, we derive the
mean, variance, PDF, and CDF of the corresponding CIR. Moreover, we derive
the PDF and CDF of the probability that a molecule is absorbed during a given
time period. The stochastic channel analysis is exploited for the offline design of

drug delivery and MC systems.

e For drug delivery systems, we propose a framework for optimization of the
release profile for minimization of the amount of released drugs while ensuring
that the absorption rate at the diseased cells does not fall below a prescribed
threshold for a given period of time. We show that the optimal release profile can
be divided into three phases and that the proposed design requires a significantly
lower amount of released drugs compared to a design with a constant release rate.
We also propose and derive a metric for evaluation of the system performance,

namely the probability that the drug absorption rate satisfies the target rate.
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* For MC systems employing on-off keying modulation and threshold detection
based on imperfect CSI, we optimize three design parameters, namely the de-
tection threshold at the receiver, the release profile at the transmitter, and the
time duration of a bit frame. To this end, for simplicity of system design, we
assume that the symbol interval is large enough such that ISI is not significant. ISI
can be efficiently reduced by introducing chemical reactions in the environment
[57,75,76]. Our results show that, for MC systems, the optimal release profile is
increasing over the frame duration. Moreover, we show that the proposed designs
enable significant performance gains in terms of the BER and the efficiency of
molecule usage compared to baseline systems with uniform molecule release and

without limitation on time duration of a bit frame, respectively.

* Our results reveal that the transceivers” mobility has a significant impact on the
system performance and should be carefully taken into account for MC system

design.

We note that the derived analytical results for the time-variant CIR of mobile MC
systems with absorbing receiver are expected to be useful not only for the design of
the drug delivery and MC systems considered in this chapter but also for the design
of detection schemes and the evaluation of the performance (e.g., the capacity and
throughput) of such systems.

The remainder of this chapter is organized as follows. In Section 3.2, we introduce
the considered diffusive mobile MC system with absorbing receiver and the time-
variant channel model. In Section 3.3, we provide the proposed statistical analysis
of the time-variant channel. In Sections 3.4 and 3.5, we apply the derived results
for optimization of drug delivery and MC systems with imperfect CSI, respectively.

Numerical results are presented in Section 3.6, and Section 3.7 concludes the chapter.

3.2 General System and Channel Model

In this section, we first introduce the model for a general diffusive mobile MC system

with absorbing receiver. Subsequently, we specialize the model to drug delivery and
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Spherical Tx

ATx ¢ Drug molecule Diseased cells
% Spherical Rx

Figure 3.1: System model for drug delivery. The drug carrier and the diseased cells of a tumor are
modeled as diffusive spherical transmitter (Tx) and spherical absorbing receiver (Rx), respectively. The
drug molecules are absorbed by Rx, when they hit its surface. Different distances between Tx and Rx over
time are due to Tx’s diffusion.

communication systems with imperfect CSI. Finally, we define the time-variant CIR

and the received signal.

3.2.1 System Model

We consider a linear diffusive mobile MC system in an unbounded 3D environment
with constant temperature and viscosity. The system comprises one mobile spherical
transparent transmitter, denoted by Tx, with radius a1y, one mobile spherical absorbing
receiver, denoted by Rx, with radius agy, and the signaling molecules of type X.

The movements of the Tx, Rx, and X molecules are assumed to be mutually inde-
pendent and to follow Brownian motion with diffusion coefficients Dry, DRy, and D,
respectively. This assumption, which was also made in [63] and [64], is motivated by
the fact that the mobility of small objects is governed by Brownian motion.

We assume that Tx releases molecules at its center instantaneously and discretely
during the considered period of time denoted by T. Let t; and T;, denote the time
instant of the i-th release and the duration of the interval between the i-th and the
(i + 1)-th release, respectively. We have t; = (i —1)T, and i € {1, ..., I}, where [ is the
total number of releases during T. We denote the time-varying distance between the
centers of Tx and Rx at time ¢ by (). Furthermore, let a; and A = Zle «; denote the

number of molecules released at time t; and the total number of molecules released
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during T, respectively. For concreteness, we specialize the considered general model to

two application scenarios.

Drug Delivery Systems

A drug delivery system comprises a drug carrier releasing drug molecules and diseased
cells absorbing them. We model the drug carrier and diseased cells as Tx and Rx of
the general MC system, respectively, see Fig. 3.1. The drug carriers in drug delivery
systems are typically nanoparticles, such as spherical polymers or polymer chains,
having a size not smaller than 100 nm [68]. Moreover, drug carriers are designed to
carry drug molecules and interaction with the drug or the receiver is not intended.
Hence, the drug carriers can be modeled as mobile spherical transparent transmitters,
Tx. When the drug molecules hit the tumor, they are absorbed by receptors on the
surface of the diseased cells [69,71]. For convenience, we model the tumor as a spherical
absorbing receiver, Rx. In reality, the colony of cancer cells may potentially have a
different geometry, of course. However, as an abstract approximation, we model the
cancer cells as one effective spherical receiver with radius arx and with a surface area
equivalent to the total surface area of the tumor (see Fig. 3.1). Hence, the absorptions
on the actual and the modeled surfaces are expected to be comparable [67].

In a drug delivery system, the drug carriers can be directly injected or extravasated
from the blood into the interstitial tissue near the diseased cells, where they start to
move. ! We assume that the injection position can be estimated and thus 7(t = 0) is
known. The movement of the drug carrying nanoparticles in the tissue is caused by
diffusion and convection mechanisms but diffusion is expected to be dominant near the
tumor site in most cases [67-70]. This is because the abnormal physiology of tumors
causes outward interstitial pressure which counteracts the inward convective flow and

thus leaves diffusion as the main transport mechanism near tumors [67,70]. At the

1f the drug carriers are not injected near the tumor, modeling their delivery to the diseased area is
challenging due to the involved multi-scale channel where the molecules first have to travel a macro-scale
distance to reach the target area and then enter the capillaries whose size is at micro-scale. We leave the
consideration of this multi-scale problem for future work and focus here on the micro-scale delivery of the
drug molecules, where the drug carriers have arrived near the tumor, e.g., by direct injection or via the
capillaries.
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tumor site, the drug carrier releases drug molecules of type X, which also diffuse in
the tissue [69]. Hence, we can adopt Brownian motion to model the diffusion of Tx
and X molecules with diffusion coefficients Dy, and Dx, respectively [58]. We consider
a rooted tumor and thus Dry = 0, which is a special case of the considered general

system model.

We assume the instantaneous and discrete release of drugs. After releasing for a
period of time, the drug carrier may be removed by blood circulation or run out of
drugs. Thus, for drug delivery systems, T, Ty, t;, and I denote the release period of
the drug, the duration of the interval between two releases, the release instants of
the drug molecules, and the number of releases, respectively. A continuous release
can be approximated by letting T}, — 0, i.e., I — o. Moreover, A and «; denote the
total number of drug molecules released during T and the number of drug molecules

released at time ¢;, respectively.

Molecular Communication System

For the considered MC system, we assume Brownian motion of the transceivers and
signaling molecules. We assume multi-frame communication between mobile Tx and
Rx with instantaneous molecule release for each bit transmission. Hence, T, T;,, t;, and
I denote the duration of a bit frame, the duration of one bit interval, the beginning of
the i-th bit interval, and the number of bits in a frame, respectively. For an arbitrary bit
frame, let b;, i € {1, ..., I}, denote the i-th bit in the bit frame. We assume that symbols
0 and 1 are transmitted independently and with equal probability. Thus, the probability
of transmitting b; is Pr(b;) = 1/2, where Pr(-) denotes probability and b; € {0,1} is a
realization of b;. We assume that on-off keying modulation is employed. At time t;, Tx
releases a; molecules to transmit bit 1 and no molecules for bit 0. Then, A = Zle w; is

the total number of molecules available for transmission in a given bit frame.
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3.2.2 Time-variant CIR and Received Signal

Considering again the general system model, we now model the channel between
Tx and Rx as well as the received signals at Rx for drug delivery and MC systems,

respectively.

Time-variant CIR

Let h(t, T) denote the hitting rate, i.e., the absorption rate of a given molecule, at
time T after its release at time f at the center of Tx. Then, for an infinitesimally small
observation window AT, i.e., AT — 0, we can interpret h(t, T)AT as the probability of
absorption of a molecule by Rx between times T and 7 + AT after its release at time ¢.
The hitting rate h(t, T) is also referred to as the CIR since it completely characterizes

the time-variant channel, which is assumed to be linear.

For a given distance between Tx and Rx, (t), the CIR (¢, T) of a diffusive mobile

MC system at time 7 is given by [15,48]

a a r(t) — agy)?

b ) = \/47TR1>;1T3 (1 - ”(R;;) =P <_( ( ‘)lDlTRX) ) ' &1
for T > 0and h(t,7) = 0, for T < 0. Here, D; is the effective diffusion coefficient captur-
ing the relative motion of the signaling molecules and Rx. Since the signaling molecules
diffuse with diffusion coefficient Dx and Rx diffuses with diffusion coefficient Dgy, the
combined movement of the signaling molecules and Rx is characterized by diffusion
coefficient D1 = Dx + Dgy, see [77, Eq. (8)] for details. We recall that ¢ is the release
time at Tx and 7 is the time period between the release of the molecule at Tx and its
absorption at Rx. In the considered MC system, due to the motion of the transceivers,
the distance 7(t) is a random variable, and thus, the CIR k(f, T) is time-variant and

should be modeled as a stochastic process [63].
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Received Signal for Drug Delivery System

In drug delivery, the absorption rate ultimately determines the therapeutic impact of
the drug [69,71]. Thus, we formally define the absorption rate as the desired received
signal, and make achieving a desired absorption rate the objective for system design.
Recall that h(t, T)At, AT — 0, is the probability of absorption of a molecule by Rx
between times T and T + AT after the release at time t. If a; molecules are released
at Tx at time t;, the expected number of molecules absorbed at Rx between times ¢
and f + At, for At — 0, due to this release is a;h(t;, t — t;)At. During the period [0, t],
the total number of released drug molecules is A; = }}; a;, Vi|t; < t, and the expected
number of drug molecules absorbed between times t and ¢ + At, for At — 0 is given by
s(t) = > aih(ti, t —t;)At,Vilt; < t. Let g(t) denote the absorption rate of drug molecules
X at Rx at time ¢, i.e., g(t) = s(t)/At, At — 0. Then, we have

g(t) = Z aih (ti, t —t;). (3.2)

Vil <t
As mentioned before, the absorption rate g(t), i.e., the received signal, of the tumor
cells directly affects the healing efficacy of the drug. Hence, we will design the drug
delivery system such that g(t) does not fall below a prescribed value. Since g(t) is a
function of h(t;, t —t;), it is random due to the diffusion of Tx. Therefore, the design
of the drug delivery system has to take into account the statistical properties of g(t),

which can be obtained from the results of the statistical analysis of h(t;, t — t;).

Received Signal for MC System

For the MC system design, the received signal, denoted by g;, is defined as the number
of X molecules absorbed at Rx during bit interval T, after the transmission of the i-th bit
at t; by Tx as the received signal, denoted by g;. We detect the transmitted information
based on the received signal, g;. It has been shown in [57] that g; follows a Binomial
distribution that can be accurately approximated by a Gaussian distribution when «; is

large, which we assume here. We focus on the effect of the transceivers” movements on
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the MC system performance and design the optimal release profile of Tx to account
for these movements. We assume the bit interval to be sufficiently long such that most
of the molecules have been captured by or have moved far away from Rx before the
following bit is transmitted, i.e., ISI is negligible. For shorter symbol intervals, enzymes
[57] and reactive information molecules, such as acid /base molecules [75,76], may be
used to speed up the molecule removal process and to increase the accuracy of the
ISI-free assumption. When ISI is not negligible, the BER will be higher than the BER
expected based on the analysis and design developed in this chapter. Moreover, we
model external noise sources in the environment as Gaussian background noise with

mean and variance equal to # [15]. Thus, we have
qi ~ N (“l/li,gi,U'iZ’Ei) for bl' = El‘, (33)

where Hio = 0'12,0 =M, Hi1 = (Xip(ti, Tb) + 1, 0'12,1 = ocip(ti, Tb)(l — p(ti, Tb)) + . Here,
N (u,0?%) denotes a Gaussian distribution with mean  and variance 0. p(t, Ty,) denotes
the probability that a signaling molecule is absorbed during bit interval Ty, after its

release at time ¢ at the center of Tx. For a given distance r(t), p(t, Tp,) is given by [48]

_ T _ OGRrx T’(t) — ARx
p(t, Ty) = . h(t,T)dt = ) erfc (W) , (3.4)

where erfc(-) is the complementary error function. Since r(t) is a random variable and
p(t, Tp) is a function of r(t), p(t, Ty,) and any function of p(t, Ty,), e.g., the received signal
gi, are random processes. Moreover, p(t, Ty, ) is also a function of h(t, T). Hence, for MC
system design, we have to take into account the statistical properties of p(t, Tj,), which

can be obtained based on the proposed statistical analysis of 7(t) and h(t, T).

In summary, the design of both drug delivery and MC systems depends on the
statistical properties of the CIR, h(t, T), and r(t) including their means, variances, PDFs,

and CDFs, which will be analyzed in the next section.
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3.3 Stochastic Channel Analysis

In this section, we first analyze the distribution of the distance between the transceivers,
r(t), and then use it to derive the statistics of the time-variant CIR, k(t, T), and p(t, Ty,)
as a function h(t, 7). In particular, we develop analytical expressions for the mean,

variance, PDF, and CDF of k(t, ) and the PDF and CDF of p(t, Ty,).

3.3.1 Distribution of the Tx-Rx Distance for a Diffusive System

In the 3D space, r(t) is given by r(t) = \/Zde{x,y,z}(rd,Rx(t) —r41x(t))%, where g 1y (t)
and ;g (t), d € {x,y, z}, are the Cartesian coordinates representing the positions of
Tx and Rx at time ¢, respectively. Let us assume, without loss of generality, that the
diffusion of Tx and Rx starts at t = 0. Then, given the Brownian motion model for
the mobility of Tx and Rx, we have r;1y(t) ~ N (rg1<(t = 0),2D1xt) and 7 rx(t) ~
N (r4rx(t = 0),2Dg«t), where we assume that 7, 1 (t = 0) and 74 g, (f = 0) are known.
Let us define r4(t) = rjrx(t) — r41x(t). Then, we have r;(t) ~ N (ry(t = 0),2D,t),
where Dy = Dty + Dgy is the effective diffusion coefficient capturing the relative
motion of Tx and Rx, see [77, Eq. (10)]. Given the Gaussian distribution of r,4(t), we

know that [78]

_ r(t) B Zde{x,y,z} 1’5(1‘) (3.5)
1= aDst 2Dyt ‘
follows a noncentral chi-distribution, i.e., 7y ~ Xj(A), with k = 3 degrees of freedom
2(4_
and parameter A = Zde{x’g’g;f(t_o) = b, Where rg denotes r(t = 0). The statistical

properties of random variable r(t) are provided in the following lemma.

Lemma 3.1. The mean, variance, PDF, and CDF of random variable r(t), which represents the
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distance between the centers of the diffusive mobile Tx and Rx, are given by, respectively,

2D2t Tro
+ <7’0 + 0 > erf (\/m) ’ (36)
Var {r(t)} = r3 + 6Dyt —E> {r(t)}, (3.7)
o P+ ror
f?(t) (7’) = W exp (- 4D2t ) sinh <2D2t> ’ (38)
r
and Fl’(t) (1") = 1 - Q% </\, m) . (39)

where erf(-) is the error function, Qs (a,b) is the Marcum Q-function [79], E {-} denotes
statistical expectation, Var{-} denotes variance, and fi,(-) and Fyy(-) denote the PDF and

CDF of the random variable in the subscript, respectively.
Proof: Please refer to Appendix A.1. O

Remark 3.1. From (3.6) and (3.7), we can observe that when t — oo, we have exp (—%) —

1 and erf ( LODZt) — 0and, as a result, E {r(t)} — co. Intuitively, because of diffusion, the

transceivers eventually move far away from each other on average.

Remark 3.2. We note that (3.8) was derived under the assumption that Tx can diffuse in the
entire 3D environment. However, in reality, Tx cannot move inside Rx, i.e., it does not interact
with Rx, and thus will be reflected when it hits Rx’s boundary. Hence, the actual f,(r),
derived in [77], differs from (3.8), e.g., f,1)(r) = 0 for r < atx + arx. However, for very small
r e, r ~0,(3.8) approaches zero. Hence, (3.8) is a valid approximation for the actual f,)(r).
The validity of this approximation is evaluated in Section 3.6 via simulations, where, in our

particle-based simulation, Tx is reflected upon collision with Rx [80].

3.3.2 Statistical Moments of Time-variant CIR

In this subsection, we derive the statistical moments of the time-variant CIR, i.e., mean

m(t,T) and variance ¢?(t, 7). In particular, the mean of the time-variant CIR, m(t, 7),
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can be written as

mt7) = | BT - frn () (3.10)

A closed-form expression for (3.10) is provided in the following theorem.

Theorem 3.1. The mean of the impulse response of a time-variant channel with diffusive
molecules released by a diffusive transparent transmitter and captured by a diffusive absorbing

receiver is given by

ARx
44/ (DlT + th)}"oT P < 4Dt 4Dot
5 () ) erte T
—edltn + agy | erfc
[ <2“(t/ 7 8 2:/u(t, )

wtn® w(t, T) w(t, T)
4u(t,T) -~ 7
+e <2u(t, 7 + aRx> erfc (2 , (3.11)

2 2
a T,
m(t, ’L') Rx 0 >

where u(t, T), v(t, T), and w(t, T) are defined, for compactness, as follows

u(t, 1) = ——+ .
! N 4D1T 4D2t’
ARx ro
Fr) = — _
o(bT) = =3 " 2Dt
ARx ro
ET) = — . 3.12
Wt ) = =357 * 3Dy (312)

Proof: Substituting (3.1) and (3.8) into (3.10) and using the integrals given by
[81, Eq. (2.3.15.4) and Eq. (2.3.15.7)], we obtain the expression for m(t, 7) in (3.11). [J

Remark 3.3. m(t,T) is a function of time t. Hence, h(t, T) is a non-stationary stochastic
process. In general, at large t, m(t, T) decreases when t increases and eventually approaches
zero when t — oo. This means that as t increases, the molecules released by Tx, on average,
have a decreasing chance of being absorbed by Rx since the transceivers move away from each

other as mentioned in Remark 3.1.
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In order to obtain the variance of h(t, 7),
o (t,T) = ¢(t, T) — m?(t,T), (3.13)

we first need to find an expression for the second moment ¢(t, T), defined as ¢(t, 7) =

E {h?(t,T)}. The following corollary provides an analytical expression for ¢(t, 7).

Corollary 3.1. ¢(t, ) is given by

P(t,T) = c(t, 7) LOO [exp (—di(t, T)r] — O(t, T)r1) —exp (—i(t, T)rf — D(t, T)r1)]

2
v (m — Dag. + “f) dri, (3.14)
1
where
2 2
@2 e i Dy 1 1
c(t,T) = X , a(t,7) = — + ——, 3.15
(t,7) 8D tt3r9/ T Dot (t:7) 2Dt 4Dot (3.15)
A ARx 40 N ARx 1o
7)) = ——X t,T) = — .
e R TONT @t T) =5 T+ 3D,
Proof: From the definition, we have
2 *
¢(t,T) = E{h*(t, 1)} = Jo W2 (t,T) [r(ty=r, frry (r1) dry. (3.16)

Substituting (3.1) and (3.8) into (3.16) and simplifying the expression, we obtain (3.14).
U]

Remark 3.4. The expression in (3.14) comprises integrals of the form SSO exp (ax? + bx) /x dx,
where a and b are constants. Such integrals cannot be obtained in closed form. However, the

integrals can be evaluated numerically in a straightforward manner.

3.3.3 Distribution Functions of the Time-variant CIR

In this subsection, we derive analytical expressions for the PDF and CDF of & (t, 7). The
PDF of h (t, T) is given in the following theorem.
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Theorem 3.2. The PDF of the impulse response of a time-variant channel with diffusive
molecules released by a diffusive transparent transmitter and captured by a diffusive absorbing
receiver is given by
() frw (r2(h)) *
fh(t,’r) (h) T W) - W (ra(h),T) fOT" O0<h<h,
fito(h) = 0, for b =%, (3.17)

fuo)(h) =0, otherwise,

where I (r, T) denotes h (t,T), given by (3.1), as a function of (t) and T, frp)(r) is given by
(3.8), r1(h) and ra(h), r1(h) < ra(h), are the solutions of the equation hi (r,T) = h, h* is the

maximum value of i (r, T) for all values of r(t), and I (r, T) is given by

Y ™ _(r—aRx)2 arx  (r—agrx) [, ARx
W (r,7) —\/Wexp< b )(ﬂ b (1 r) . (318)

Proof: Please refer to Appendix A.2.
U

As stated in the proof of Theorem 3.2, there are two different values of r(t), rq
and 77, leading to the same value of fz(r, T),i.e., h(t,7), when 0 < h < h*. Hence, the
PDF of h(t, T) is a function of the PDFs of these two values of r(t). However, when
h(t, T) reaches its maximum, fy (k) approaches infinity and does not depend on
fr(t)(r(h)) since the probability of h = h*, i.e., Pr(h = h*) = fy 1) (h) dh, is finite and dh
approaches 0 at h = h*.

The CDF of h(t, T) is given in the following corollary.

Corollary 3.2. The CDF of the impulse response of a time-variant channel with diffusive
molecules released by a diffusive transparent transmitter and captured by a diffusive absorbing

receiver is given by
Fh(t,’r) (h) = Fr(t) (1’1 (h)) +1-— Fr(t) (Vz(h)),fOi’ 0<h<h, (3.19)

Fytry(h) =0, for h <0, and Fy; vy (h) = 1, for h > h*, where F,(;(r) is given by (3.9).
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Proof: From the definition of the CDF and (3.17), we have

h
Fyt,2)(h) :L fueto)(h)dh (3.20)
h

v

(" foti®)  fo®®)

0 Oh(#,T)/0F  Oh(Fa, T)/0F,
r1(h) e ra(h) o
=L fr(t)(rl)drlf fr(ry(F2)d72
o]

:Fr(t) (1’1 (h)) +1- Fr(t) (1’2(’1)),

where 71 and #;, 71 < 7, are the solutions of the equation h (F,t) = hi. This completes

the proof. O

Similar to the PDF, the CDF of & (t, T) also depends on the CDFs of two values of
r(t),ie., r1(h) and ra(h).

3.3.4 Distribution Functions of p(t, Tj,)

Calculating the mean of p(t, Ty, ) involves an integral of the form SSO erfc (ax) exp(—b%x? +
cx)dx, with appropriate constants a, b, ¢ > 0, for which a closed-form expression is not
known. However, based on the results in Subsections 3.3.1 and 3.3.3, we obtain the

PDF and CDF of p(t, Ty,) in the following corollary.

Corollary 3.3. The PDF and CDF of the probability that a diffusive molecule is absorbed by
a diffusive absorbing receiver during an interval Ty, after its release at time t by a diffusive

transparent transmitter are, respectively, given by

1 (F(p))
foem)(P) = _f(;))/(r?)p’ (3.21)
Fo,1)(p) = 1= F(F(p)), (3.22)

where f,y)(r) and F,(;(r) are given by (3.8) and (3.9), respectively. Here, 7(p) is the solution
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of the equation p(t, T,) = p and p'(¥) is given by

p(F) =— MR orpe T IR ) _ IR o (T —ar)® (3.23)
72 2DiTh)  ivraDiTy P\ 4D, ) ‘

Proof: The proof of Corollary 3.3 follows the same steps as the proof of Theo-

rem 3.2 and Corollary 3.2 and exploits that p(t, Tp,) is a function of r(¢) as shown in (3.4).
From (3.23), we observe that p'(7) < 0, so that the equation p(t, T,) = p has only one
solution. Then, we apply the relations for the PDFs and CDFs of functions of random
variables [82] to obtain (3.21) and (3.22). O
The mean, variance, PDF, and CDF of 1 (¢, T) and p(t, T,) can be exploited to design
efficient and reliable synthetic MC systems. As examples, we consider the design and

analysis of drug delivery and MC systems in the following two sections.

3.4 Drug Delivery System Design

In this section, we apply the derived stochastic parameters of the time-variant CIR
for absorbing receivers for the design and performance evaluation of drug delivery

systems.

3.4.1 Controlled-Release Design

The treatment of many diseases requires the diseased cells to absorb a minimum rate of
drugs during a prescribed time period at minimum cost [71]. To design an efficient drug
delivery system satisfying this requirement, we minimize the total number of released
drug molecules, A = Zle «;, subject to the constraint that the absorption rate g(t) is
equal to or larger than a target rate, 6(f), for a period of time, denoted by Try. We allow
6(t) to be a function of time so that the designed system can satisfy different treatment
requirements over time. Since g(f) is random, we cannot always guarantee g(t) > 6(t).
Hence, we will design the system based on the first and second order moments of g(t)
and use the PDF and CDF of g(t) to evaluate the system performance. In particular, we

reformulate the constraint such that the mean of g(f) minus a certain deviation is equal
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to or above the threshold 6(t) during Tgy, i.e., E{g(t)} — BV {g(t)} = 0(t), 0 <t < Tgy,
where V{-} denotes standard deviation and B is a coefficient determining how much
deviation from the mean is taken into account. Based on (3.2), the constraint can be

written as a function of «; as follows

Efg(t)) — BVI(} S S i (E{h(tt— 1)) — BV (h (6t — 1)) =6(),  (3:29)

Vi|t[<t

for 0 < t < Tgy. Inequality (a) in (3.24) is due to E{g(t)} = E{ > wih (i, t—t) } =
Vi‘ti<t
vit<t %E {h (ti, t — t;)} and Minkowski’s inequality [83]:

2y 112

Vig(t)} = [E{< >, (“ih(tirt_ti)_E{“ih (ti/t—ti)}>> }] (3.25)
Vl"t,‘<t

12

< Y {E{(h (tiyt —t;) —E{h(t;,t—t;)} )Z}]

Vi|fi<i’

= Z a;VA{h(ti,t—t;)}.

Vi|fi<i’

Note that we may not be able to find «; such that (3.24) holds for all values of
B and 6(t). For example, when B is too large, E{g(t)} — BV {g(t)} can be negative
and hence (3.24) cannot be satisfied for 6(t) > 0. However, when E {h (t;,t — t;)} >
BV {h(t;,t—t;)},ie., either Bor V{h(t;,t—t;)} are small, such that BV {h (¢;,t — t;)} is
sufficiently small, we can always find «; so that (3.24) holds for arbitrary 6(t). Since
time ¢t is a continuous variable, the constraint in (3.24) has to be satisfied for all values
of t, 0 < t < Tgy, and thus there is an infinite number of constraints, each of which
corresponds to one value of t. Therefore, we simplify the problem by relaxing the
constraints to hold only for a finite number of time instants t = t, = nAt,, where

n=1,...,Nand At, = Try/N. Then, the proposed optimization problem for the
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design of «; is formulated as follows

I
min A = ) & (3.26)
i=1

Dl,'ZO,Vl'
st Y a;(m(t, nAt, —t;) — Bo (ti, nAt, — ;)
iti<t

> 0(nAt,), forn=1,...,N,

where m (t,7) and o (f,T) are the mean (3.11) and the standard deviation (3.13) of
h (t,7), respectively. Since m(t, T) and o (¢, T) do not oscillate but are well-behaved
and smooth functions of t as shown in Section 3.6, a small value of N (e.g.,, N = 5)
is usually enough to meet the continuous constraint (3.24) for all t. Having m (¢, T)
in (3.11) and o (, 7) in (3.13) and treating the a; as real numbers, (3.26) can be readily
solved numerically as a linear program. We note that although the numbers of drug
molecules «; are integers, for tractability, we solve (3.26) for real «; and quantize the
results to the nearest integer values.

We note that the problem in (3.26) is statistical in nature and provides guidance for

the offline design of the drug delivery system.

3.4.2 System Performance

Since g(t) = 6(t) is required for proper operation of the system, we evaluate the system
performance in terms of the probability that the drug absorption rate satisfies the target
rate g(t) > 6(t), denoted by Py(t) = Pr{g(t) = 6(t)}. Ps(t) is given in the following

theorem.
Theorem 3.3. The system performance metric Py(t) can be expressed as
P@(t) =1— fﬂ]h(f],t—fl) (G(t)) Hoeenk f%iflh(tifl,t—fifl) (G(t)> * FDlil’l(f,‘,t—ti) (G(t)) 4 (327)

where = denotes convolution, and i = 1,2,... satisfies t; < t. In (3.27), we define

fai(tii—t) (O()) = /o X frp,1—ry (0(8) /i) and Fypr, i) (0(F)) = Fuqr,—r) (0(8)/a;).
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Proof: From the definition of the CDF, we have

o(t)
Pot) = 1=y 00} = 1= | fon (), (329)

Due to the summation of independent random variables in (3.2), i.e., independent

releases at t;, we have

fg(t) (&) = (fleh(tl,t—tl) *oee *fa,-h(t,—,t—t,-)) (&) (3.29)

Substituting (3.29) into (3.28), then using the integration property of the convolution,

ie.,

0(t) o(t)
L (quh(t1,t—t1) ook foc,-h(ti,t—t,-)) (g)dg = fuqh(tl,t—tl) (0(1‘)) ook 0 faih(ti,t_fi)(g)dg,

(3.30)

and using the definition of the CDF, we obtain (3.27). O

We note that the analytical expressions for the PDF and CDF of (¢, T) in Theorem 3.2
and Corollary 3.2, respectively, are not in closed form. Nevertheless, the evaluation of
the system performance in (3.27) can be approximated by a discrete convolution which

can be easily evaluated numerically.

Furthermore, we note that a minimum value of Py(t) can be guaranteed based on
the statistical moments of the CIR without knowledge of the PDF and the CDF as

shown in the following proposition.

Proposition 3.1. For a given solution of (3.24), a lower bound on Py(t) = Pr{g(t) = 6(t)}

is given as follows

Po(t) =1~ (3.31)

B



48 Diffusive Mobile Systems with Absorbing Receivers

Proof: By using (3.24) and the Chebyshev inequality [84], we obtain

Pi(t) 2 Pe{ lg() ~ E{g(0))] < E{g(0)) - 0(1)} (332)
O, Vg ©. 1

(E{g()—6(t)> B

where (a) can be obtained by expanding the absolute value on the right-hand side, (b)
is due to the Chebyshev inequality, and (c) is due to (3.24). This completes the proof. [

Remark 3.5. Proposition 3.1 is not only useful for evaluating the system performance, but
also provides a guideline for the design of the release profile of drugs in (3.26). For example,
to ensure a high absorption rate probability of Py(t) = 0.75, from (3.31), we need to set the B
coefficient in (3.26) as B = 2. Note that a useful bound can only be obtained based on (3.31)
when B > 1 and (3.24) is satisfied.

3.5 MC System Design for Imperfect CSI

In this section, we apply the stochastic analysis presented in Section 3.3 for the design
of MC systems with imperfect CSI. The CSI is imperfect due to the movement of the
transceivers and assumed to be known only at the beginning of a bit frame. In particular,
we optimize three design parameters of a diffusive mobile MC system employing on-
off keying modulation and threshold detection, namely the detection threshold at
Rx, the release profile at Tx, and the time duration of a bit frame. By choosing the
optimal values of those three parameters, we can improve the system performance
while keeping the overall system relatively simple. First, we optimize the detection
threshold for minimization of the maximum BER in a frame assuming a uniform release
profile. This approach can be employed in very simple MC systems where Tx is not
capable of adjusting the number of released molecules. Second, we optimize the release
profile at Tx for minimization of the maximum BER in a frame, assuming a fixed
detection threshold and a fixed number of molecules available for transmission in the
frame. This second approach to MC optimization improves the system performance in

terms of BER but requires a mechanism to control the number of molecules released
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at Tx. Third, we design the optimal duration of the bit frame satisfying a constraint
on the efficiency of molecule usage. Thus, this third approach improves the system
performance in terms of the efficiency of molecule usage. The three proposed designs
can be performed offline. Furthermore, they can be combined with each other or carried
out separately depending on the capabilities and requirements of the system. For all
three designs, as a first step, we need to derive the BER as a function of the number of

released molecules.

3.5.1 Detection and BER

We consider a simple threshold detector at Rx, where the received signal g; is compared
with a detection threshold, denoted by ¢, in order to determine the detected bit b; as
follows

o 1ifq,‘>¢, (333)

0ifg; <¢.

Given the assumption of no ISI and Pr(b;) = 1/2, from (3.3) and (3.33), the error
probability of the i-th bit, denoted by P, (b;), can be simplified as [77, Eq. (12)]

Po(bi) = — — Ler (5—’7> n i L Fun (riderf (G4(&, i) dry, (3.34)

2 4 \/ 21
where f,;(r;) is given in (3.8), r; is r(t;) for brevity, and {;({, ;) = g_l’i}%
S (ip(ti, Tp) +17) . Note that P, (b;) depends on i since the distance r(t;) be-

 V2(ip(t,To) (1—p(ti,Tp))+1)
tween the transceivers is a function of release time ¢;.

3.5.2 Optimal Detection Threshold for Uniform Release

We first consider system design for uniform release, where the number of available
molecules is uniformly allocated across all bits of a frame. To facilitate reliable commu-
nication, our objective is to optimize the detection threshold, ¢, such that the maximum

value of the error rate of the bits in a frame is minimized, given the total number of
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available molecules in a frame, A, i.e.,
mérin max { P, (b;)} sit. a; = A/l (3.35)
1
From (3.34), the problem is equivalent to
min max JOO frn (ri)erf (C;(C, a;)) dr; — erf il
c p 0 r(t)\i i\Gr i i \/ﬂ
st. a;=A/L (3.36)

The following lemma reveals the convexity of the problem in (3.36).
Lemma 3.2. For n < ¢ < p;1, the objective function in (3.36) is convex in ¢.

Proof: Please refer to Appendix A.3. O

Note that 7 < ¢ < ;1 is intuitively satisfied for typical system parameters since the
decision threshold should be higher than the average noise level when bit ”0” is sent
but should not exceed the mean of the received signal when bit “1” is sent. Otherwise,
a high error rate would result. Due to the convexity of problem (3.36), the global
optimum ¢ can be easily obtained by numerical methods such as the interior-point

method [82].

3.5.3 Optimal Release with Fixed Detection Threshold

For the second proposed design, we aim to optimize the release profile, i.e., the number
of molecules available for release for each bit, «;, such that max; {P,(b;)} is minimized

given a total number of molecules A that are available for release in a frame
1
main max {Py(b;)} s.t. Z; a; = A, (3.37)
i=

where & = [a;,a, ..., 1]
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Table 3.1: System parameters used for numerical results
Parameter ‘ Value H Parameter ‘ Value
D1y [m?/s] | 1 x 1071 || Dgy [m?/s] 0
Dx [m?/s] | 8 x 10711 ro [m] 10 x 107°
ary [m] 1x1077 arx [m] 1x10°°
T [h] 24 Trx [h] 24
I 3000 N 5
Ty [s] 28.8 0(t)[s™] 1
For a given threshold ¢, we can re-express (3.37) based on (3.34) as follows
Q0
minmax [ (rerf (4 &) b |
I
st Yaj= A (3.38)
i=1
The following lemma states the convexity of the optimization problem in (3.38).
Lemma 3.3. For 7 < ¢ < u;1, the objective function in (3.38) is convex in «.
Proof: Please refer to Appendix A.4. 0

Hence, the global optimum of (3.38) can be readily obtained by numerical methods
such as the interior-point method.
Note that, for tractability, similar to the proposed drug delivery design, we solve

(3.36) and (3.38) for real #; and quantize the results to the nearest integer values.

3.54 Optimal Time Duration of a Bit Frame

In the third proposed design, we consider the molecule usage efficiency for communi-
cation. We evaluate the efficiency based on p(t, Ty,), i.e., the probability that a signaling
molecule is absorbed during bit interval T;, after its release at time t. If p(t, Ty,) is too
small, none of the released molecules may actually reach the receiver and thus the
molecules are wasted, i.e., the system has low efficiency. Hence, we want to keep
p(t, Ty) above a certain value, denoted by ¢. Intuitively, as on average h(t, T) decreases
over time t, p(t, Ty ), which is the integral over h(t, T) with respect to 7, also on average

decreases over time. Therefore, our objective is to choose the maximum duration of a
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bit frame, denoted by T*, such that p(t, Ty,) > ¢ for t < T* — Tj,, where t is the release
time.

Since p(t, Ty) is a random process, we cannot enforce p(t, T,,) > ¢ but can only
bound the probability that p(t, Ty,) > v is satisfied, i.e., Pr (p(t, T,) > ) > P, where P

is a design parameter. Moreover, we have

Pr(p(t, o) > §) = 1= Fyom) ) & (7)), (339)
where equality (a) is due to (3.22). As such, we can re-express the problem as maxi-
mizing the duration of a bit frame such that F, ;) (7(¥)) = P holds. To this end, in the

following lemma, we analyze F,;)(7()) as a function of time .
Lemma 3.4. F,((7()) is a decreasing function of time t.

Proof: Please refer to Appendix A.5. O
Since Lemma 3.4 shows that F,(;)(7(¢)) is a decreasing function of time, the max-
imum duration of a bit frame satisfying F,;(7(¢)) = P can be found by solving

Eyr+—1,)(F(¢)) = P, where F,7+_1,,(7(1)) is given in (3.9).

Remark 3.6. If multiple frames are transmitted, the proposed design framework can be applied
to each frame, respectively. However, the optimal designs may be different for different frames
due to the moving transceivers, whose distances are assumed to be perfectly estimated at the

start of each frame.

Remark 3.7. Here, we discuss a system with an absorbing receiver. Nevertheless, the proposed
optimal design framework can also be applied to transparent receivers. For a transparent receiver,
p(t, Ty) is the probability that a molecule is observed inside the volume of the transparent receiver

at time Ty, after its release at time t at the center of Tx.

3.6 Numerical Results

In this section, we provide numerical results to evaluate the accuracy of the derived
expressions and analyze the performance of the MC systems in the considered applica-

tion scenarios. We use the set of simulation parameters summarized in Table 3.1, unless
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0.12 T T
t = {0, 60,420, 780,1140} s
0.1 |
0.08 - |
.
= 0.06 [ =
g
0.04 |
0.02 |-
— Analysis
0 Simulation
0 . ! ! !
0 0.2 0.4 0.6 0.8 1
7 [s]

Figure 3.2: Mean of the CIR h(r(t), T) as a function of time 7.

stated otherwise. The parameters are chosen to match the actual system parameters in

drug delivery systems, as will be explained in detail in Subsection 3.6.2.

3.6.1 Time-variant Channel Analysis

In this subsection, we numerically analyze the time-variant MC channel. For verifi-
cation of the accuracy of the expressions derived in Section 3.3, we employ a hybrid
particle-based simulation approach. In particular, we use particle-based simulation of
the Brownian motion of the transceivers to generate realizations of the random distance
between Tx and Rx, r(t). Then, we use Monte Carlo simulation to obtain the desired
statistical results by suitably averaging the CIRs (3.1) obtained for the realizations of
r(t). For particle-based simulation of the Brownian motion of Tx, Tx performs a random
walk with a random step size in space in every discrete time step of length At = 1ms.
The length of each step in space is modeled as a Gaussian random variable with zero
mean and standard deviation 1/2D1,Atst. Furthermore, we also take into account the
reflection of Tx upon collision with Rx. When Tx hits Rx, we assume that it bounces

back to the position it had at the beginning of the considered simulation step [80].
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Fig. 3.2 shows the mean of the CIR, m(t, T), as a function of 7. In general, for large
T, m(t, T) decreases when t increases as expected since the transceivers move away
from each other on average. For large 7, m(t, T) also decreases when T increases as
would be the case in a static system. In drug delivery systems, the decrease of m(t, T)
means that the average amount of drugs delivered to the tumor cells is reduced. In
MC, the decrease of m(t, T) corresponds to fewer received signaling molecules, and
thus a higher BER. Note that in the simulations, unlike the analysis, we have taken into
account the reflection of Tx when it hits Rx. Therefore, the good agreement between
simulation and analytical results in Fig. 3.2 suggests that the reflection of Tx does not
have a significant impact on the statistical properties of (t, T) and the approximation

in (3.8) and the analytical results obtained based on it are valid.

In Fig. 3.3, we plot the PDF of the CIR for time instances t = {36,360, 3600} s and
T = 0.17s. Fig. 3.3 shows that when t increases, a smaller value of k(t, T) is more
likely to occur since, on average, the transceivers move away from each other. When
t is very large, it is likely that the molecules cannot reach Rx, and hence, cannot be
absorbed, consequently k(t, T) — 0. We also observe that (¢, T) has a maximum value
and fyt,r) (h(t,T)) — o0 when h(t, T) approaches the maximum value as stated in (3.17).

For example, h(t = 36s, T = 0.17s) is random but its maximum possible value is 0.29

and f(1=365,=0.175) (0.29) — 0.

Figs. 3.2 and 3.3 show a perfect match between simulation and analytical results.
This confirms the accuracy of our analysis of the time-variant CIR in Section 3.3. Note
that although the derived analytical expressions for the statistical parameters of the
channel are quite involved, insight regarding the impact of the system parameters on
the behavior of the channel can be obtained by plotting the analytical expressions, see
Figs. 3.2 and 3.3. The same results can also be obtained via particle-based simulation.
However, this is very time consuming and evaluating the derived analytical expressions
is orders of magnitude faster. Since particle-based simulation is costly, in the following
subsections, we adopt Monte-Carlo simulation by averaging our results, i.e., g(t)
in Figs. 3.5 and 3.6, BER in Fig. 3.8, and p(t, Ty,) in Fig. 3.9, over 10° independent
realizations of both the distance 7(#) and the CIR. The distance r(t) is calculated from
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Figure 3.3: PDF of the CIR f},; 1) (h) for T = 0.17s and t = {36,360, 3600}s.

the locations of the transceivers, which are generated from Gaussian distributions, see

Subsection 3.3.1. In particular, r(t) = \/ Ddef vz} (rarx(t) — ra1x(t))?, where ry 1 (t) ~
N (razx(t = 0),2D1xt), raRru(t) ~ N (rarx(t = 0),2Drxt), razx(t = 0) = 0, and rapy(t =
0) = 1/4/3r¢. The CIR is given by (3.1) for each realization of r(t).

3.6.2 Drug Delivery System Design

In this section, we provide numerical results for the considered drug delivery system.
As mentioned above, the parameters in Table 3.1 are chosen to match real system
parameters, e.g., the diffusion coefficient Dx of drug molecules vary from 1077 to 10~ 14
m? /s [70], drug carriers have sizes atyx > 100nm [68], the size of tumor cells is on the
order of pm, and drug carriers can be injected or extravasated from the cardiovascular
system into the tissue surrounding the targeted diseased cell site [69], i.e., close to the
tumor cells. The dosing periods in drug delivery systems are on the order of days [85],
i.e., 24h. Given T = 24h, we choose I relatively large to obtain small intervals Tj,. For
simplicity, we set N = 5, as suggested in Subsection 3.4.1, and the value of the required

absorption rate is set to 8(t) = 1s71.
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Figure 3.4: Optimal number of released molecules «; as a function of release time ¢; [h] for different
system parameters and T = 24 h. The black horizontal dotted line is the benchmark when the «; are not
optimized.

In Fig. 3.4, we plot the number of released molecules «; versus the corresponding
release time t; [h] for different system parameters. The coefficients are obtained by
solving the optimization problem in (3.26) with g = {0,0.4,1, 2} for Dy = 107 m?/s
and B = {0,0.4} for Dty = {5,10} x 10~* m?/s. As mentioned in the discussion
of (3.24), we cannot choose large values of p when the diffusion coefficient is large,
i.e., the standard deviation is large, as the problem in (3.26) may become infeasible.
Fig. 3.4 shows that for all considered parameter settings, we first have to release a
large number of molecules for the absorption rate to exceed the threshold. Then, in
the static system with Dy = 0 m?2 /s, the optimal coefficient decreases with increasing
time, since a fraction of the molecules previously released from Tx linger around Rx
and are absorbed later. However, for the time-variant channel, Tx eventually diffuses
away from Rx as time ¢ increases and hence, molecules released at later times by Tx
will be far away from Rx and may not reach it. Therefore, at later times, the amount
of drugs released has to be increased for the absorption rate to not fall below the

threshold. For larger D1y, Tx diffuses away from Rx faster and thus, the number
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of released molecules «; have to increase faster. This type of drug release, i.e., first
releasing a large amount of drugs, then reducing and eventually increasing the amount
of released drugs again, is called a tri-phasic release [86]. Once we have designed the
release profile, we can implement it by choosing a suitable drug carrier as shown in
[86]. Moreover, as expected, for larger 5, we need to release more drugs to ensure that
(3.26) is feasible. The black horizontal dotted line in Fig. 3.4 is a benchmark where
the «;, Vi, are not optimized but naively set to a; = a1 = 5493. For this naive design,
A = a1l ~ 1.65 x 107, whereas with the optimal «;, for = 0 and Dy = 10-13 m2/s,
A =12 x 10, i.e., 27% less than the A required for the naive design, and for g = 1
and D, = 1071 mz/s, A =76x10° i.e., 54% less than the A required for the naive
design. This highlights that applying the optimal release profile can save significant
amounts of drugs and still satisfy the therapeutic requirements. Moreover, as observed
in Fig. 3.4, at later times, e.g., t; > 15h for Dy = 10~ 13m? /s, the values of «; required to
satisfy the desired absorption rate are higher than the fixed «; used in the naive design,
i.e., the benchmark, which means that the naive design cannot provide the required

absorption rate.

In Fig. 3.5, we plot the mean and standard deviation of the absorption rate, E {g(t)}
and V {g(t)}, between the 1000-th release and the 1002-th release for three designs.
For designs 1 and 2, we assumed Dty = 10~ 13 mz/s and B = 0, and for design 3, we
adopted D1y = 10~ m?/s and B = 1. Note that the considered time window, e.g.,
between the 1000-th release and the 1002-th release, is chosen arbitrarily in the middle
of T to analyze the system behavior between individual releases. For design 1, Tx
diffuses with D1, = 10713 m?/s but the release profile is designed without accounting
for Tx’s mobility, i.e., the adopted «; are given by the green line in Fig. 3.4 obtained
under the assumption of D, = 0m?/s. For designs 2 and 3, the mobility of Tx is
taken into account. The black dashed line marks the threshold 6(t) that g(t) should
not fall below. It is observed from Fig. 3.5 that when Tx diffuses but the design does
not take into account the mobility, the requirement that the expected absorption rate,
E{g(t)}, exceeds 6(t), is not satisfied for most of the time , i.e., the treatment might be

unsuccessful. For design 2 with B = 0, we observe that E {g(t)} > 0(t) always holds but
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Figure 3.5: E{g(t)} and V {g(t)} between the 1000-th release and the 1002-th release, i.e., at about 8 h, for
three different designs. Design 1 (green line): naive design without considering Tx’s movement with
Dty = 107 m?/s and B = 0; design 2 (blue line) and 3 (red line): optimal design for (Dry[m?/s], B) =
(10-13,0), and (10714,1), respectively.

E{g(t)} —V{g(t)} > 6(t) does not always hold, which means that while the received
amount of drugs on average exceeds the treatment requirement, it varies, and thus, at
some times, it may not satisfy the treatment requirement. For design 3 with f = 1, we
observe that E {g(t)} — V {g(t)} > 6(t) always holds since B > 0 enforces a gap between
E{g(#)} and 6(t). In other words, even if g(t) deviates from the mean, it can still exceed
6(t), i.e., even if the received amount of drugs varies, the treatment requirement is still
likely satisfied.

In Fig. 3.6, we present the system performance in terms of the probability that
g(t) = 0(t), Py(t), for the time period between the 1000-th and 1002-th releases, i.e., at
about 8 h. The lines and markers denote simulation and analytical results for different
values of g and Dy, respectively. To avoid overloading the figure, we show analytical
results, given by (3.27), only for the cases p = 0, D1y = 1 x 1073 m?/s, and Dy =
5 x 1071 m?/s. For these cases, Fig. 3.6 shows a good agreement between analytical
and simulation results. In Fig. 3.6, we observe that Py(t) increases with increasing 8

because the design for larger  enforces a larger gap between E {g(¢)} and 6(t), as can
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Figure 3.6: Py(t) as a function of time f [h] between the 1000-th release and the 1002-th release, i.e., at
about 8 h.

be seen in Fig. 3.5. Moreover, for a given 8, Py(t) will be different for different Dry.
In particular, for larger Dy, Py(t) is smaller due to the faster diffusion and increasing
randomness of the CIR. Moreover, in Fig. 3.6, the green line shows that the naive design,
i.e., design 1 in Fig. 3.5, has very poor performance. In Fig. 3.6, we also observe that
between two releases, Py(t) first increases due to the released drugs and then decreases
due to drug diffusion. Furthermore, in Fig. 3.6, we also show the lower bound on
Py(t) derived in Proposition 3.1 for Dty = 10~* m?/s and B = 2, where (3.31) yields
Py(t) = 0.75. Fig. 3.6 shows that the red dash-dotted line, i.e., Py(t) for Dr, = 10714
m?/s and B = 2, is indeed above the horizontal black dashed line, i.e., Py(t) = 0.75.

3.6.3 Molecular Communication System Design

In this subsection, we show numerical results for the second application scenario, i.e.,
an MC system with imperfect CSI. We apply again the system parameters in Table 3.1
except that here we set Dy = 107" m?/s, I = 30, n=1T=2300s,and T, = T/I = 10s
to also allow Rx to move and to reduce the transmission window compared to the drug

delivery system.
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when A = {10%,10%,10°} and T = 300s.

In Fig. 3.7, we consider the optimal release design, i.e., the optimal number of
molecules available for transmission of each bit in a frame, for an MC system with fixed
detection thresholds and fixed A, A = {103, 10%,10° } The fixed detection thresholds
¢ are obtained from Subsection 3.5.2 by assuming uniform release. Fig. 3.7 reveals
that in order to minimize the maximum BER in a frame, the optimal release profile
increases over the frame duration, i.e., the number of released molecules is smaller at
the beginning of the frame and gradually increases over time. This is expected since,
on average, for later release times, more molecules are needed to compensate for the
increasing distance between the transceivers.

Fig. 3.8 shows the maximum BER within a frame for uniform release and the pro-
posed release design obtained from (3.38), with a fixed detection threshold obtained
from (3.36), as a function of A for T = {100,300,3000} s. As can be observed, the pro-
posed optimal release profile leads to significant performance improvements compared
to uniform release, especially for large A. For example, for A = 10° and T = 3000s,
the maximum BER is reduced by a factor of 8 for optimal release compared to uni-

form release. On the other hand, to achieve a given desired BER, the total number of



3.6 Numerical Results 61

= = = Uniform release, analytical
—— Optimal release, analytical
o Simulation

10°

107!

% 100 : : : : :
M 10~3 --- Uniform release, analytical
§ — Optimal release, analytical
g o Simulation
B oq0-4| 1077}
= % A=10

1072 10—2 o —— _.-"eu

107° B

05590 15 20 25
10-7 Bit index ¢
10° 10* 10°

Total number of molecules A

Figure 3.8: Maximum BER in a frame as a function of A with uniform and optimal release. The inset
shows the BER for each bit in a frame for uniform and optimal release for A = 10* and T = 300s.

molecules A required for optimal release is lower than that for uniform release. In the
inset of Fig. 3.8, we show the BER as a function of bit index i in one frame for uniform
and optimal release for A = 10* and T = 300s. We observe that the optimal release
achieves a lower maximum BER compared to the uniform release. We also observe
that the optimal release leads to approximately the same BER for each bit in a frame
which highlights the benefits of the proposed design. Note that if the transceivers are
diffusive but the stochasticity of the channel is not taken into account, one may adopt a
uniform release, which is optimal for static transceivers. However, this would lead to a
considerable performance reduction compared to the optimized release. Furthermore,
for uniform release, for the static channel model, one would expect the BER to be
identical for all bits. This leads to incorrect results. For example, in the inset of Fig. 3.8,
for uniform release the BER of the 30-th bit would be predicted equal to the BER of the
1-st bit, i.e., 4 x 1073, instead of the real value of 2.6 x 10~ 1.

Fig. 3.9 shows the probability that p(t,Ty) is larger than a given value 1,
Pr(p(t, Ty) > ), as a function of time t. Pr (p(t, T,) > ¢) provides information about

the probability that a released molecule is absorbed at the Rx, i.e., the efficiency of
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Figure 3.9: The probability that p(t, Tp,) is larger than a given value 1 as a function of t for Ty, = 10s.

molecule usage. We observe from Fig. 3.9 that Pr (p(t, T,) > ) is a decreasing func-
tion of time as expected from the analysis in Subsection 3.5.4. Moreover, for a given ¢,
Pr (p(t, Ty,) > 1) is smaller for larger . Furthermore, we can deduce the maximum time
duration of a bit frame, T*, satisfying a required molecule usage efficiency from Fig. 3.9.
For example, for t < 300s, Pr (p(t, Ty,) > 0.02) > 0.8 holds. Thus, T* = t + T, = 310s

guarantees a molecule usage efficiency of Pr (p(t, T,) > 0.02) > 0.8.

3.7 Conclusions

In this chapter, we considered a diffusive mobile MC system with an absorbing receiver,
in which both the transceivers and the molecules diffuse. We provided a statistical
analysis of the time-variant CIR and its integral, i.e., the probability that a molecule
is absorbed by Rx during a given time period. We applied this statistical analysis
to two system design problems, namely drug delivery and on-off keying based MC
with imperfect CSI. For the drug delivery system, we proposed an optimal release

profile which minimizes the number of released drug molecules while ensuring a target
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absorption rate for the drugs at the diseased site during a prescribed time period. The
probability of satisfying the constraint on the absorption rate was adopted as a system
performance criterion and evaluated. We observed that ignoring the reality of the Tx’s
mobility for designing the release profile leads to unsatisfactory performance. For
the MC system with imperfect CSI, we optimized three design parameters, i.e., the
detection threshold at Rx, the release profile at Tx, and the time duration of a bit frame.
Our simulation results revealed that the proposed MC system designs achieved a better
performance in terms of BER and molecule usage efficiency compared to a uniform-
release system and a system without limitation on molecule usage, respectively. Overall,
our results showed that taking into account the time-variance of the channel of mobile

MC systems is crucial for achieving high performance.






Chapter 4

Optimal Detection Interval for
Absorbing Receivers in Systems with
Interference

4.1 Introduction

A promising platform for molecular communications is nano-machines, which will
be able to perform more complex tasks if they can mutually communicate. Since each
nano-machine can perform simple operations, an essential requirement in molecular
communications is simplicity. For example, only simple modulation techniques can be
used in molecular communications, such as amplitude modulation, where information
is embedded into the number of released molecules at the transmitter. In addition,
only simple receivers can be employed. Two types of simple molecular receivers for
amplitude modulation have been proposed in the literature so far; a passive and an
absorbing receiver.

Moreover, when a molecular communication system for nano-machines is deployed
in a real environment, the communication session may also experience interference
from various external sources such as biochemical processes, leaking vesicles, or other
unintended transmitters [87]. In this chapter, we consider the system is affected by an
unintended transmitter from another communication link. Since nano-machine require

simplicity, we need to find a simple solution to mitigate the impact of the interference.

65
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In general, the performance of a molecular communication system can be improved
by adjusting the sampling instants for passive receivers or the detection interval for
absorbing receivers. This chapter investigates the latter and proposes algorithms that
optimize the detection interval of an absorbing receiver in order to minimize the bit
error rate (BER) when the molecular communication system is affected by interference
from an external source. Related works on BER in molecular communication systems
with multiple transmitters include papers such as [87] and [88]. However, in these

works, the detection interval is equal to the transmission symbol interval.

For passive receivers, the optimal sampling instant at which the receiver observes
the largest number of molecules within one transmission symbol interval was derived
in [89] and [90]. In [91], a passive receiver that observes multiple sampling instants
during each transmission symbol interval was considered and maximum-likelihood
detection was applied across all observation samples. Thereby, it was observed that the
BER decreases when the number of samples increases, which is intuitive since more
information is received. Recently, approximate closed-form expressions for the optimal
number of samples and the optimal position of each sample within one transmission

symbol interval that minimize the BER were analyzed in [92].

For absorbing receivers, most existing works [93-95] assume that the detection
interval is equal to the transmission symbol interval. Exceptions are the works in
[92,96-98] which considered variable detection intervals. However, [92,96-98] did not
consider the impact of external interference from another communication link when
optimizing the detection interval in terms of the system performance. In particular,
inter-symbol interference (ISI) and external noise from the environment, which have
constant means, were considered in [92,96]. In [97,98], only ISI was considered. The
detection interval was optimized for minimizing the bit error rate (BER) in [92, 96,
98], and for maximizing the capacity in [97] 1. Moreover, [92,96,97] determined the
optimal detection time interval by exhaustive search whereas only [98] derives the

approximately optimal detection time interval. Therefore, in this work, we consider

IThe period length in which molecules are absorbed by the receivers and removed from the environ-
ment, i.e., the period that is not the detection interval, was investigated and defined in [96] as the cleanse
time.
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ISI and external interference from another communication link, whose mean varies
corresponding to the transmitted symbols in that link. We propose two efficient
algorithms to optimize the detection interval systematically for minimizing the BER.
We investigate both a one dimensional (1D) system, which can be applied in a long
narrow tube environment, and a three dimensional (3D) system, which can be applied
in a free space environment, whereas [97] only considered a 1D system. We consider
the most simple case, i.e., the 1D system, and the most general case, i.e., the 3D system,
as the two dimensional system can be straightforwardly analyzed by using the same
framework.

In this chapter, we use the Binomial distribution to accurately describe the number
of received molecules at the absorbing receiver [57,99]. In addition, the Poisson
and Gaussian distributions are also used since they provide an approximation of the
number of received molecules which is much easier to analyze [87,88,90-92, 94, 95,
100],[101]. However, note that the accuracy of the Poisson and Gaussian distributions
does not always hold, as discussed in [57] and [102]. We investigate the molecular
communication system both in an 1D space as in [103] and [104] as well as in a 3D
space as in [90-92]. In addition, we investigate the interesting case, from a practical
perspective, of an interference source with an unknown location in an 1D system, which
has not been considered in the literature so far. Our numerical results show that using
the optimal detection interval, obtained by our proposed algorithms, leads to high
performance in terms of BER.

The main contributions of this work can be summarized as follows:

* We analyze a MC system affected by external interference from another commu-
nication link in 1D and 3D environments. In particular, we analyze the BER of

systems without and with ISI using maximum likelihood (ML) detection.

* We optimize the detection interval and show that the system performance in
terms of BER is improved significantly by a simple design, i.e., choosing a suitable

detection interval.

* We also optimize the detection interval and improve the BER even when the
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interference is at an unknown location in a 1D system.

The remainder of this chapter is organized as follows. In Section 4.2, we introduce
the system and channel models for 1D and 3D environments. In Section 4.3, we
construct an optimization problem of the optimal detection interval and derive the BER
of the systems. Section 4.4 proposes algorithms that optimize the detection interval in
terms of BER. Section 4.5 extends the investigation of the optimal detection interval
to an interference source at an unknown location. Numerical results are provided in

Section 4.6, and Section 4.7 concludes the chapter.

4.2 System and Channel Models

In the following, we present the system and channel models for our proposed molecular

communication systems with interference.

4.2.1 System Model

We consider an 1D unbounded MC system and a 3D unbounded MC system. The 1D
system is comprised of a point transmitter Tx, a point absorbing receiver Rx, and a
point interference source Ix. The interference source Ix is assumed to be a transmitter in
another communication link using the same modulation and molecule type as Tx. This
is motivated in sensor networks since there should be a unified design for transmitters
and receivers for simple implementation. Rx is assumed to be at distances d and d;
from Tx and Ix, respectively, as shown in Fig. 4.1. The 3D system is comprised of a
spherical absorbing receiver Rx with radius agy, a point transmitter Tx at a distance 4
from the center of the receiver, and a point interference source Ix at a distance d; from
the center of the receiver. Note that the Tx and Ix do not need to be located on one side
of the Rx in an 1D system or be aligned with Rx in a 3D system. The analysis in this
chapter applies to any relative positions of the transceivers that satisfies their respective
distances. We assume that the movement of the molecules in space follows a Brownian

motion [105]. We assume that both the intended and interfering transmitters, Tx and
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Ix, do not affect the diffusion of the molecules after they are released at the transmitters

and that the receiver absorbs all molecules that reach it.

We assume amplitude modulation, i.e., that information bits are modulated by
the number of released molecules from the transmitter. Let the number of released
molecules at Tx during the j-th transmission symbol interval be denoted by X%J ) where
X%j ) ¢ {No, N1}, N1 > Nj. For brevity, we use Xt for arbitrary j, i.e., when there is
no need to specify j. When Xt = N, then bit “0” is assumed to be transmitted and
when Xt = Nj, then bit “1” is assumed to be transmitted. We consider Xt € {Np, N1}
instead of on-off keying to generalize the analysis so that it can be applied to higher-
order modulation, e.g., Xt € {No, N1, N2, N3}, in future work. We assume that the bits
transmitted by Tx are uncoded. As a result, the receiver is assumed to perform bit-by-
bit detection of the received molecules. For the interference transmitter, the number of
molecules released by Ix during the transmission symbol interval j is denoted by X 2
where Xl(j ) e {No, N1}. Similar to xU ), for brevity, we use Xj for arbitrary j, i.e., when
there is no need to specify j. We assume that the transmitted bits from Tx and Ix have

equal-probabilities of occurrence defined, respectively, as

1
Py, (x1 = No) = Px; (x1 = N1) = 5 (4.1)

and

1

PXI (XI = NO) = PXI (XI = Nl) = E

(4.2)

Let T;, denote the duration of the transmission symbol interval during which one
information bit is transmitted at Tx. We assume instantaneous release and molecules
are released at the beginning of Ty,. Let T; denote the duration of the detection symbol
interval during which Rx absorbs and counts the number of absorbed molecules in
order to detect a transmitted information bit. We assume that Tx, Ix, and Rx are
synchronized, which can be done using the proposed techniques in the literature such
as using the peak of the received molecular signal [106,107], the information of arrival

times of molecules [108], probability of molecules hitting a receiver [109], a two-way
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Figure 4.1: System model comprised of a transmitter, Tx, an interference source, Ix, and a receiver, Rx.

message [110], two types of molecules [111,112]. In particular, the transmission symbol
intervals of Tx and Ix have the same duration and start at the same instant, which is

also the starting instant of T;.

Remark 4.1. For a simple receiver without memory, the detection symbol intervals cannot
overlap with each other, i.e., each detection symbol interval must start after the previous one
has ended. In addition, T, must be less or equal to Ty, i.e., T, < Ty, has to hold. Otherwise, if
T; > Ty, the detection symbol interval for the j-th transmitted bit (j » 1) will start after a long
period from the start of the j-th bit transmission symbol interval. In that case, the probability of
receiving molecules belonging to the j-th bit approaches zero as j increases, since most of those
molecules would be absorbed in the previous detection symbol intervals. Note that, at time t,
where Ty < t < Ty, molecules should still be absorbed at Rx in order to limit ISI. However, we

assume that these molecules are not included in the decision of the considered bit.

4.2.2 Channel Model

At the receiver, the information bits are detected based on the number of absorbed
molecules during the detection symbol interval T;. Let YT(j ) and Yl(j ) denote the number
of received molecules at Rx during the interval T; of the j-th bit which are released
from Tx and Ix at the beginning of the j-th bit interval, respectively. Then, according
to [57], YT(j ) and YI(j ) follow Binomial distributions, i.e., Yg ) < Binom (X¥ ), pd) and
Yl(j ) < Binom (XI(] ), Pd1>/ respectively, where X¥ ), Pd Xl(j ), and p,, are parameters of the
distributions. In particular, p; and p;, are the probabilities that a molecule released
from Tx and Ix at the beginning of Ty, arrives at Rx, placed at distance 4 from Tx and d
from Ix, within the interval T;, respectively. Similar to Xt and Xj, for brevity, we use Yt

and Y7 for arbitrary j, i.e., when there is no need to specify j.
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The probability mass function (PMF) of Yt conditioned on Xt is given by

X

Py px (vrl 1) = (y

D pY (L= pa) T, (43)
The PMF of Y; conditioned on Xj is then given by

X _
PY1|X1 (y1| XI) = <yi> pg;(l — pdl)x[ yr (44)

In a 1D unbounded environment, p; and p;, are given, respectively, by [7]

d

pa = erfc <2\/W> , (4.5)
d

pa, = erfc (ﬁ) , (4.6)

where erfc(.) is the complementary error function and D is the diffusion coefficient.

In a 3D unbounded environment, p; and p,, are given respectively by [7,48]

r d—r
= —erfc | ——=— 4.7
& derc<zm)' *7)

—Lerfc di—1
Pa =7 2JDT. )"

(4.8)

Since we consider Ix from another communication link, another absorbing receiver
may exist in that communication link. In theory, the two absorbing receivers can affect
the absorptions of each other, i.e., molecules can be absorbed by one receiver instead of
reaching the other. Thus, the number of absorbed molecules at each receiver may be
reduced compared to when there is only one receiver. A few works have considered
this effect [113-115]. In [113], the interference receiver is assumed to be located at
specific positions, i.e., aligned on a line or on a circle on the same plane with the

transmitter and the target receiver. In [114], the impact of two receivers on each other
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was investigated by simulation. In [115], the channel model was proposed based on a
simulation fitting algorithm. However, in this work, we do not focus on investigating
this effect but focus on optimizing the detection interval. The results in the literature
can be applied in our proposed framework by using the corresponding expressions
of ps and p,, impacted by two receivers. In this work, we assume that impact is not
significant. For the parameters chosen in this work, it is shown in Section 3.6 that the
impact is not significant.

In the following, we first formulate the general problem for optimizing the detection
interval, T}, that minimizes the BER. We then assume the system without ISI to derive
a simple BER expression to be used for optimizing T;. Next, we consider the detection
of the system with ISI. The performance of the systems without and with ISI for the

optimal T, will be shown in Section 3.6.

4.3 Problem Formulation and Detections

4.3.1 Problem Formulation

The absorbing receiver detects the transmitted information based on the number of
received molecules. Moreover, the numbers of information and interference molecules
received at Rx, i.e., Y and Y;, depend on p; and py,, respectively, and thus depend on
T; due to (4.7) and (4.8). Therefore, the BER of the system, denoted by P, is a function
of T;. Since T, can be varied at the receiver, we can find the optimal detection interval
T} that minimizes the BER. More precisely, T is found from the following optimization

problem

T} = argminP,. 4.9)
0<T,<T,
In order to solve the optimization problem in (4.9), we need to find the expression of
the BER as a function of T;.
In order to focus on the effect of interference from Ix and find a simple expression of

the BER, we first assume that the ISI is negligible at the Rx. This assumption becomes
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valid by setting the transmission symbol interval Tj, to be long enough such that most
of the molecules transmitted from previous transmission symbol intervals arrive at
the Rx, such as in [104] and [116], or by using enzymes to react with the remaining
molecules in the environment, such as in [57].

In order for the detection process to be optimal, in terms of minimizing the BER, we
consider ML detection at the receiver. We first consider a ML detection for the system
assuming no ISI in order to solve the optimization problem (4.9). We then consider a

ML detection for the systems with ISL

4.3.2 Maximum Likelihood Detection without ISI

For the ML detection, the receiver decides whether Xt = Ny or X1 = Nj based on the

following decision function

Xt = argmax Pyx; (¥l x1), (4.10)
Xre{No, N1}

where X7 is the detection of X7, Y is the total number of molecules received at the

receiver during the detection symbol interval T; from both transmitters, given by
Y=Yr+Y, (4.11)

and Py, (y| x7) is the conditional PMF of the total number of received molecules, Y,
conditioned on the number of transmitted molecules from Tx being Xt. Assuming no

ISI, Py|x, (y| xT) can be obtained as

Py|x; (Yl x1) = Pyjxp,x, (¥] x1, 21 = No) Px; (x1 = Np)
+ PY|XT,X1 (y‘ XT, X[ = N]) PXI (xI = Nl) , (4.12)

where Py|x, x, (y| x1, x1) is the conditional probability of receiving Y molecules at the
receiver when Xt and X; molecules are released from the transmitters Tx and Ix,

respectively, and Py, (1) is the probability of releasing X; molecules from Ix.
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Let Zy and Z; be two sets comprised of numbers of received molecules, Y, for which
the probability Py x, (y|xr = Np) is larger than the probability Py|x, (y|xr = Ni) and

vice versa, respectively. Then, (4.10) is equivalent to the following

Xp = argmax Py|x; (y]x1)
Xre{No,N1}
.

No,if PY\XT (]/‘ XT = No) > PY\XT (]/‘ XT = Nl)
[ N1,if Pyjx; (ylxr = N1) = Pyjx (y| 21 = No)

.
No,ify e Zy
= < (4.13)

kNl,ifye Zl.

The sets Zy and Z; can be obtained by comparing Py|x, (y|xt = No) and
Py|x, (y| x1 = N1) for each y in the interval 0 < y < 2N;. Note that the sets Z,
and Z; can be calculated offline by the system designer and then stored at the receiver.
For optimal detection, the receiver only needs to compare whether the received number
of molecules, Y, belongs to the set Z or the set Z; and make a decision using (4.13).
Hence, the computational complexity of the proposed decision rule is low, which makes

it suitable for a simple receiver.

Having defined the decision rule, given by (4.13), the BER can be obtained as

Py = Py x, (21 = No| xT = N1) Px; (x7 = Ni)

+ P (f1 = Ni| x1 = No) Px; (x1 = No), (4.14)

where PXT| Xr (%1| xT) is the PMF of detecting X given that Xt was transmitted at Tx,

and Px, (xt) is the probability of releasing Xt molecules at Tx.

Now, to derive the BER as a function of T, from (4.14), we first need to find

PXTIXT (%t|xT). To this end, we use (4.13). Due to (4.13), we have

Py (#1=No) = > Py (y (4.15)
yeZy
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and
Py (#1=N1) = > Py (y (4.16)
yeZl
Thereby,
Py, 1x, (21 = Nolxr = N1) = ) Pyix, (y|xr = Ni), (4.17)
yGZO
and
Pg1x; (81 = Nilxr = No) = > Pyjx, (y]x1 = No). (4.18)
yeZl

Now, we need to obtain Py x, (y|xr) from (4.12) and insert it into (4.17) and (4.18).
To this end, we first need to find Py|x,,x, (y|xt, x1). Since YT and Y are independent,
the PMF of Y = Y1 + Y] can be found as a convolution of the PMFs of Yt given Xt and
the PMF of Y1 given Xj, as

Z Py, (i) Py, (y — ). (4.19)

Conditioning both sides of (4.19) on Xt and Xj, we obtain

y

Py x;,x, (] x1,x1) = Z Py %1%, (il X1, x1) Pyyyxp x, (¥ — 1| x1, X1) - (4.20)
i=0

Now, since Yt and Y7 are independent of X1 and Xr, respectively, (4.20) can be written

as

Pyx;x, (Y] x1,%1) = ZPYT\XT il x1) Py x, (y — il x1) - (4.21)

We now have all necessary expressions to write P, in (4.14) as a function of T;. To
this end, we insert the PMF expressions in (4.3) and (4.4) into (4.21), then insert (4.21)
and (4.2) into (4.12), and obtain the conditional PMF Py|x, (y| xt). Finally, inserting
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Py|x, (y| xT) from (4.12) into (4.17) and (4.18) and then inserting them and (4.1) into

(4.14), we derive the closed-form expression of the BER as

[ SE 0 (o

(2 amme) s 33 (Vo

)No zpdI

() a-parsen s (M) apaven) ],

We note that (4.22) is a general expression of the BER that holds for 1D and 3D envi-

ronments by substituting the corresponding distributions for p; and pg, given in (4.5),

(4.6), (4.7), and (4.8).

4.3.3 Maximum Likelihood Detection with ISI

We now relax the assumption of negligible ISI in the previous subsection and consider

ML detection for a channel with L memory, i.e., the molecules received at Rx during

one bit interval are released from Tx and Ix during the current and L — 1 previous bit

intervals. Since we now consider a sequence of multiple bits, we use the superscript to

denote which bit the parameter represented in. The total number of received molecules

during the detection interval of the j-th bit is then equal to

) L-1 (-1 L-1 G-1)
YO =3y Y
1=0 1=0

Pyx, (y| xT) is now given by

() ;
Py|x§f> <3/| xT] ) - 22L Z Y\XT(D,XI(;') (]/|XT(]);

Xt x;

(4.23)

n@, (4.24)
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where X1V = [X%J;LH), el X%j)], X = [XI(FLH), .. .,Xl(j)], and the summation in

(4.24) is over all possible values of Xt and X;1/. Py 1% 0) ) (y|xr, x¥)) is given by

Py iy 00 x, ) (y xr¥), xV )) (4.25)

(1) 1,0 (j—=L+1),.(G—L+1)
= PY§1>|X§J‘> (yT |xr ) o *Pyéf*L“Mx%f*L“) <yT |xy )

12U i—L+1), _(j—L+1
* Ly x 0 (}/I(])|x1(])> # o Pygsin v (yI(J + )|x1(1 + )) ,
where * denotes convolution. Substituting (4.25) into (4.24), we can obtain the ML

detection from (4.13) and the BER from (4.14), (4.17), (4.18), and (4.24), respectively.

The obtained BER expression is complicated for the ISI system and trying to op-
timize the BER in terms of T, is computational expensive. Therefore, optimizing T;
assuming non-ISI is more practical and can be considered as a suboptimal solution in

the system with ISI.

In the above derivation of the closed-form expression of the BER for the non-ISI
system, the probability Pyx, x, (y| xT, x1) in (4.21) can be derived using the Binomial,
Poisson, or Gaussian distribution. As explained in the introduction, the Binomial
distribution describes the number of received molecules most accurately. The Poisson
and Gaussian approximations are used in the literature due to their ease of analysis. In
the next sections, we detail our proposed algorithms to obtain the optimal T; according

to (4.9) and the corresponding BER for the three distributions.

4.4 Optimal Receiving Interval in a System Affected by Inter-
ference at a Known Location

In this section, we propose algorithms to obtain the optimal detection interval, T}, that
minimizes the BER of the considered system model when the location of the interference
source, Ix, is known to the receiver, Rx. We consider three cases, i.e., when the Binomial,

Poisson, and Gaussian distributions are used for the analysis, respectively.



78 Optimal Detection Interval for Absorbing Receivers in Systems with Interference

Algorithm 1 Gradient projection method with steepest line search for optimal detection
interval using Binomial and Poisson distributions

1: k<0, topt(0) < 0, Ty, to,e — 0,2 € (0,1), B€ (0,1),ce (0,1)

2: while topi(k) < Ty, do

3: tmin < fo

4: forye {0,...,2N;} do
5: if Py,|x (y| x = No) > Py, x (y| x = Ni) then
6: yeZy
7 else
8: yezZy
9: end if
10: end for
11: fmax © f < tmax|Zo&Z1 unchanged, fmax found by binary search
12: while |t —t;| > € do
13: t—t
14: if t —aVP,(t) > tmax then
15: d < tmax —t
16: else
17: if t — ocVPb(t) < tmin then
18: d «— tmin —t
19: else
20: d — —aVDP(t)
21: end if
22 end if
23: m «— 0
24: while P, (t) — P, (f + ,Bmd) < —c,BmVPb(t)d do
25: m—m+1
26: end while
27 t) —t+p"d

28: end while

29: topt(k) —th,k—k+1,t) < tmax
30: end while

31: t* « min(topt)

4.4.1 Optimizing T, Using the Binomial Distribution

In order to develop an algorithm to optimize T; in terms of P, we need the observe
the property of B, as a function of T;. From (4.22), we can see that P, is not a smooth
function of T; in general, since Z, and Z; change discretely as T; changes. However,

the following lemma will be useful for the algorithm development.

Lemma 4.1. There are intervals Tr(l) <T < Tr(l+1),for 1 =1,2,...,in which P, is smooth
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with respect to T;.

Proof: Please refer to Appendix B.1. J

Given Lemma 4.1, we can find the optimal T; in each of these intervals, Tr(l) <T <
Tr(lﬂ), and obtain the corresponding minimal B, for that interval and then compare the
values of B, from different intervals to find the global minimum. Algorithm 1 outlines
our proposed iterative algorithm to find the optimal detection interval. In particular,

we first specify the sets Zy and Z, for Tr(l) (line 4-10) and find Tr(lﬂ)

such that Zy and
Z. are fixed for Tr(l) <T; < Tr(lH) by binary search (line 11) [117]. We then use gradient
projection method (line 13-22) combined with steepest line search satisfying Armijo
rule (line 23-27) [118, Section 6.1] to find the optimal T; in the interval Tr(l) <T; < Tr(lH).
Finally, we find the global optimal T; by comparing optimal values of T; in all intervals
TV < T, < TV (line 31).

Note that Algorithm 1 requires the gradient of the cost function, i.e., BER, and thus
can only be used when the gradient of the BER is available. In other words, Algorithm 1

cannot be used to optimize the detection interval of the systems with ISI due to the

complicated BER expressions.

4.4.2 Approximation of the Optimal T; Using the Poisson Distribution

When the number of released molecules is very large, i.e., Xt » 1 and Xj » 1 hold,
the Binomial distributions of Yt and Y; conditioned on Xt and Xj, respectively, can be
approximated by Poisson distributions as Y1 ~ Poiss(Xtp,;) and Y1 ~ Poiss(Xipy,) [57].

Now, due to the fact that the sum of two Poisson random variables also follows a

Poisson distribution, we have Y ~ Poiss(Xtps + Xipg4, ). Therefore,

(xrpa + x1pa)” e~ (rP+1Pa)
! '

PY|XT,XI (y’ X1, X[) = (426)

Inserting (4.26) and (4.2) into (4.12), then inserting (4.12) into (4.17), (4.18), and then

inserting them and (4.1) into (4.14), we obtain a closed-form expression for the BER as
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follows

b b,Poisson (4.27)

_1 { 2 ((Nlpd + Nopy)” e (Pt ma) - (Nypg + Nlpdl)ye—(NWﬁNwl))
4

1 !
= y! y!

)

<(N0Pd + Nopa,)" e~ (Mot Nors) . (Nopa + Nipy,)’ e CorerNirs) >
yEZl ,

y! y!

where p; and py, are given respectively by (4.5) and (4.6) for an 1D system, or (4.7) and
(4.8) for a 3D system.
Since the Poisson distribution is discrete, we can use Algorithm 1 to find the optimal

T;.

4.4.3 Approximation of the Optimal T; Using the Gaussian Distribution

Since Xt » 1 and Xj » 1 hold, the Binomial distributions of Y1 and Y7 conditioned
on Xt and Xj, respectively, can also be approximated by Gaussian distributions as
Yr ~ N (Xtpa, Xtpa(1 — pa)) and Y1 ~ N (Xipa, Xipa, (1 — pa,)) [57]. In this case, since
the sum of two Gaussian random variables is also a Gaussian random variable, we

have Y ~ N (Xtps + Xipa, Xrpa(1 — pa) + Xipa, (1 — pa,)) and

1
\/27r (xrpa(l = pa) + xipa (1 - pay))

x _ (v = (xrpa + x1p4))" 4.28
o ( 2 (xrpa(l = pa) + xipa, (1= par)) ) .

Py x;,x, (] x1,x1) =

Then, Py|x, (y|xr) is found by inserting (4.28) and (4.2) into (4.12). Note that,
Py|x;,x, (Y| x1,%1) and Py|x, (y| xT) are now continuous functions with respect to Y
since Y follows the Gaussian distribution. Therefore, Zjy and Z;, and the BER now
have to be derived differently than when Y is discrete.

Since the set Zy, for k € {0, 1} is now a continuous set, we can present Z and Z,

as a combination of the ranges [;, ¥i+1], where i is even for k = 0 and i is odd for
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Algorithm 2 Implicit filtering algorithm for optimal detection interval using the Gaus-
sian distribution

1 Ty, max, € > 0, T —0a € (0,1),€(0,1),ce (0,1)

2: whilee > T do

3: increment < (

4: while increment = 0 do
5: § — (Po(t+e€) = P(t+e€))/(2€)
6: if |g|| < € then
7: increment «— 1
8: else
9: m«—1
10: d « Py, (t —p"g) (Projection of t — p™ ¢ on the value range of T, [0, Ty,])
11: while P, (d) > Py(t) — aB"g? and m < amax do
12: m—m-+1
13: d < P 1,1(t — B"g) (Projection of t — "¢ on the value range of T;,
[0, Ty ])
14: end while
15: if m = anax then
16: increment < 1
17: else
18: t=d
19: end if
20: end if
21: end while
22: € «— €c

23: end while

k =1, and 7; and ;41 are lower and upper bounds of the range i. Then, from (4.10), we
have Py|x, (y| x = No) > Py|x,; (y| xr = N1) when y belongs to [;,7i;1] and i is even.
Similarly, Py|x, (y|xt = N1) = Pyx, (y|xT = Np) holds when y belongs to [i, Yit1]
and i is odd. Therefore, y;, fori = 0,1,2,... are found by numerically solving the

following equation
Py|x; (y| x1 = N1) = Py|x, (y|x1r = No). (4.29)

The closed-form expression of the BER for this case is given in (4.33), where p; and
p4, are given respectively by (4.5) and (4.6) for an 1D system, or (4.7) and (4.8) for a
3D system (see Appendix B.2 for the detailed derivation). Since the bounds ;, for
i=0,1,2,..., of set Zy and set Z; are found by numerically solving (4.29), i.e., there
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is no closed-form expression of 7;, deriving the derivative of the BER function does
not lead to an insightful expression that can be used in Algorithm 1. Therefore, we
use implicit filtering [119] to find the optimal detection interval, T}, that minimizes the
BER given in (4.33) as outlined in Algorithm 2. In particular, we use implicit filtering
[119, Algorithm 9.6] combined with projection (line 10 and 13) to ensure the new value

of T; is within the range [0, T}, .

Remark 4.2. In general, the Poisson approximation is more accurate than the Gaussian
approximation when p; and py, are close to one or zero [101], [84]. In other cases, i.e., when
pa and pg, are not close to one or zero, the Gaussian approximation is more accurate than the
Poisson approximation. In practice, to keep the reliability of the system high, we must not design
the system with p4 close to zero, i.e., receiving very few information molecules, or py, close to
one, i.e., receiving too many interference molecules. Therefore, the Gaussian approximation may
be more accurate in these designs despite the fact that Poisson approximation can capture the

discreteness and non-negativity of the counting variable.

Remark 4.3. The optimal T, given by Algorithm 1 is a global optimum. Since the Binomial
distribution is approximated by the Poisson and the Gaussian distributions, the three distri-
butions result in similar behaviors of the BER (shown in the numerical section). Therefore,

we give proof for the global optimum of T, only for the case of the Poisson distribution (See

X

| =

B b,Gaussian =

S [ert [T (Nipa+ Novar) ) i — (N1pa + Nopa,)
53 Nipa(1—pa) + Nopa, (1 — pa,) Nipa(1—pa) + Nopa, (1 — pa,)

+ erf ( Yis1 — (N1pa + Nipg) ) erf ( ¥i — (N1pa + Nipa,) ))

Nips(1 —pa) + Nipg, (1 — pa,) Nipa(1 = pa) + Nipg, (1 — pa,)

N Z (erf ( Yis1 — (Nopa + Nopa,) )) erf < vi — (Nopa + Nopa,) )

= Nopa(1 — pa) + Nopa, (1 — pa, Nopa(1 — pa) + Nopa, (1 — pay)

+ erf Yiz1 — (Nopa + Nipa,) erf ¥i — (Nopa + Nipa,)
Nopa(1— pa) + Nipay (1 — pay) Nopa(1 —pa) + Nipa, (1 — pa,) ’

(4.33)
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Appendix B.3).

Remark 4.4. In order to optimize the detection interval, we proposed suitable algorithms
according to the properties of the optimization problems. In particular, Algorithm 1 and 2
handle the lack of the function smoothness and of the function derivative, respectively. The
optimization process using these algorithms can be done offline and the result can then be used
to set the optimal duration of the detection interval at the receiver. Hence, there is no complex
calculation required in the MC systems yet system performance is improved by the proposed

optimal design.

4.5 Optimal Receiving Interval in a System Affected by Inter-
ference at an Unknown Location

In this section, we generalize the investigation of the 1D system and consider that the
exact location of the interference source Ix is unknown to the receiver Rx. Instead, the
receiver has only statistical knowledge of the location.

We assume that the interference source is randomly located between distances a
and b from the receiver according to the uniform distribution. Thereby, the distance d;
from the receiver to the interference source, Ix, is now a random variable following the
uniform distribution, i.e., d; ~ U(a, b). Since the receiver does not know dj, the detection
process is optimal when the receiver uses maximum likelihood of the expectation of

the PMF of the number of received molecules, as follows

A

X = argmax [E [PY\XT (vl xT)]
XTE{NO/Nl}

= argmaxf —PY‘XT (y| xT) ddy, (4.34)
X1e{No,N1}

where Py|x, (y| xT) is given as in Section 3.4 for each corresponding distribution and
E [.] denotes the expectation.

For the detection rule in this case, we redefine Z; and Z; as the sets of
numbers of received molecules for which Ey [Pyx, (y|xr = No)] is larger than

Eg, [Py(x, (ylxr = N1)] and vice versa, respectively, when 0 < y < 2Nj. For both
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the Binomial and Poisson distributions, Zy and Z; can be found by comparing
Eq4, [Pyix; (¥l xr = No)] and Ey, [Py|x, (y| xr = Ni)]. On the other hand, for Gaussian

distribution, Z( and Z; can be found by numerically solving the following equation

b b
J Py, (y]x1 = No) dely = f Pyix, (vl x1 = Ny) ddy. (4.35)

Furthermore, from (4.34), we have

Py ix, (%1 = Nolxr = Ni) = ] J 5 Dvixe (ylxr = Ni)ddy (4.36)
yEZO
and
Pg 1%, (]1 = Ni|xr = No) = )] J 7PY|XT< | x1 = No) ddy. (4.37)
yEZl

Therefore, using similar derivation as in Section 3.4 with Py v given by (4.36) and
(4.37), we can obtain the BER P/ of the system affected by interference at an unknown

location as follows

J —Pbddl (4.38)

Note that (4.38) holds for the corresponding BER for Binomial, Poisson, and Gaussian

distributions.

We can use the algorithms developed in Section 3.4 to find the optimal detection

interval when Binomial, Poisson, and Gaussian distributions are used, respectively.

Note that the results in this section can be extended to the 3D case. In that case, the
derivation in (4.34)-(4.38) needs to evaluate the integration over the 3D space that the

interference is located in, instead of the 1D integral.
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Table 4.1: Parameters of the systems used for numerical results

Parameter ‘ Value ‘ ‘ Parameter ‘ Value
D [m?/s] 10~? r [m] 1x10°°
d [m] 1.5 x107° dy [m] 6x1075
Tp[s](1D) 712 Ty, [s](BD) 6.21
No = My(1D) 20 Ni = My(1D) 40

No = My(3D) 1000 N1 = M;(3D) 2000

1072

—— pd, analysis
O pg, simulation
----- Ddy, analysis

Appsorbsion rate
w

+  Dpq;, simulation

1 —
----------- T ~+
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0 0.2 0.4 0.6 0.8 1 o
Tr[S]

Figure 4.2: Absorption rates, p; and py,, as a function of Ty when there are two pairs of transceivers in a
3D MC system.

4.6 Numerical Results

In this section, we illustrate the dependence of the BER on the detection interval T, and
show the impacts of optimizing T; on the BER. Unless otherwise stated, we use the
default values of the parameters given in Table 4.1. In an unbounded 3D environment,
larger amounts of molecules are needed since the molecules diffuse in all dimensions
and only a small portion of them can reach the receiver. For the system parameters
in Table 4.1, to ensure that the ISI caused by the Tx is small, Ty, is chosen such that

the ratio between p; with T, = T, to py with T, — oo is equal to 90%. Eliminating
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1073
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Figure 4.3: BER as a function of T;/T,, in a 3D system affected by interference when the number of
received molecules is described by a Binomial distribution and approximated by Poisson and Gaussian
distributions.

interference caused by the Ix will be taken into account in the design of the optimal
detection interval. For smaller d, the ISI caused by the Tx will be higher compared
to the default value of 4 in Table 4.1. We will highlight in our results that the design
of the optimal detection interval to eliminate interference from Ix is still valid for
the performance improvement of the system with ISI. Unless otherwise stated, the
value of Ty, is fixed in order to investigate the impact of T;. The detection interval is
optimized with the assumption of no ISI. However, the performance of systems with
ISI is also shown numerically. For Fig. 4.2, we adopt the particle-based simulation of
Brownian motion, where the molecules take a random step in space for every discrete
time step of length At = 10~s. The length of each step in each spatial dimension
is modeled as a Gaussian random variable with zero mean and standard deviation
v/2DAt. In the other simulation, we adopt Monte-Carlo simulation by averaging the
BER over 10° transmissions. In particular, we generate released molecules according to

the modulation rule, counting the number of molecules absorbed during the detection
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Figure 4.4: The ratio of the optimal detection interval, T}, to the transmission symbol interval, Ty, as a
function of the ratio of dj to d in an 1D system when using the Binomial distribution, and Poisson and
Gaussian approximations.

interval. Then, the decoded bit is decided by comparing whether the number of

received molecules Y belongs to the set Zj or Z;, as in (4.13).

In Fig. 4.2, we consider a 3D MC system with two pairs of transceivers to present
the case when the impact of an absorbing receiver on the other is not significant and
thus verify our assumption. In Fig. 4.2, we plot p; and p, as functions of the detection
interval T; with analytical expressions given in (4.7) and (4.8), respectively. We observe
that p; given by (4.7) matches the simulation points. We also observe an exact match
for pg,.

Fig. 4.3 shows the BER of a 3D system as a function of the ratio of the detection
interval, T;, to the transmission symbol interval, Tj,, when the number of received
molecules is described by the Binomial distribution and when it is approximated by
Poisson and Gaussian distributions. As can be seen from Fig. 4.3, the BER in the system
affected by external interference does not decrease monotonically when T; increases.
Thereby the optimal detection interval, T}, that minimizes the BER is usually not equal

to the transmission symbol interval, Ty,. In fact, when T; increases and T, is constant,
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Figure 4.5: The BER of an 1D system as a function of the ratio of d; to d when T is optimized and when
T; = Tp. The systems with ISI use the optimal T; designed for the non-ISI system.

the BER decreases to a minimum value and then increases. The minimum value of
the BER matches with the BER of the optimal T; found by Algorithm 1, i.e., the black
dot in Fig. 4.3. The dependence of the BER on T; can be explained as follows. When
T, = 0, B, = 0.5 since there are no received molecules at the Rx. As T; increases,
more molecules from Tx are received at the Rx and thus the BER decreases from the
maximum of 0.5 when T;/T, = 0 and reaches a minimum value of 2 x 10~2 when
T:/T, = 0.2. When T; increases even more, more transmitted molecules from Tx and Ix
are received and the impact of molecules from Ix becomes more significant. Therefore,
the BER increases. Moreover, we observe a mismatch between the analysis results with
Poisson distribution and other results since Poisson is only an accurate approximation
when p; and py, are close to 0 or 1 [84]. The simulation results are in agreement since we
generate the number of received molecules following the true Binomial distribution and
only use the approximated distribution for detection designs. However, the analytical
results for the Poisson distribution display similar characteristics with other results as

a function of T;/T}, i.e., has the same minimum point.

In Fig. 4.4, the ratio of the optimal detection interval, T}, to a fixed transmission
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symbol interval, T}, is shown as a function of the ratio of d; to a fixed d for a 1D
system without ISI using the Binomial distribution and the Poisson and Gaussian
approximations. It is observed from Fig. 4.4 that the optimal detection interval can be
very short compared to the transmission symbol interval. When Rx is much closer to Ix
than to Tx, i.e., di < d, a large T; allows more molecules from Ix to be counted for the
detection so Ty should be much smaller than T;,. Even when Rx is closer to Tx than to
Ix, i.e., d < di, but Ix is still close to Rx, i.e., di is small, T} should be much smaller than
Ty, to avoid molecules from Ix. When Ix is farther from Rx, i.e., dj increases, T, becomes
larger. When Ix is very far from Rx as if it does not exist, we should have T, = Ty,
so that more molecules, which are only from Tx, are counted for a more accurate
detection. Moreover, when d; ~ d, T, = Ty, is a good choice because molecules from
Tx and Ix arrive at the receiver with equal probabilities and cannot be distinguished.
Hence, taking all molecules into account can be helpful for the detection. Furthermore,
we observe that the proposed algorithms accurately evaluates the global optimum
since the optimal detection intervals, T}, found by exhaustive search (shown by circle
markers) match T} obtained by the algorithms. Only when d; < d, the results for
Poisson distribution are different from other results since p,, is large and the Poisson

approximation is not accurate as explained in the discussion of Fig. 4.3.

In Fig. 4.5, we compare the BERs of 1D systems affected by external interference
when T; is optimal, i.e., T; = T}, and when T; = T, In particular, T} is designed for the
system without ISI and the BERs of the systems without ISI are presented. Moreover,
the BERs of the systems with ISI, L = 2 or L = 3, using T; and T, = T} are also
presented. From Fig. 4.5, we observe that when T, = T, the BER, B, is much higher
than the BER for T, = T;. The decrease in the BER for optimal T is more significant
when the interference source is far away from the transmitter. P, = 0.25 when d; = d
since information and interference molecules cannot be distinguished. The simulation
result confirms the analysis. Moreover, Fig. 4.5 shows that the BERs of the systems
with ISI are higher than that of the system without ISI, as expected. However, when the
systems with ISI use T} designed for the non-ISI system, their BERs are also reduced

compared to the BER when using T, = Tj,. The reduction of BER due to the T} in the
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Figure 4.6: The ratio of the optimal detection interval, T}, to the transmission symbol interval, Ty, as a
function of the ratio of dj to 4 in a 3D system when using Binomial distribution, and Poisson and Gaussian
approximations.

system with ISI is as significant as that in the system without ISI, for example, 10 time

reduction when dy/d = 6.

Fig. 4.6 shows the ratio of the optimal detection interval, T}, to a fixed transmission
symbol interval, T, as a function of the ratio of dj to a fixed d for the 3D system without
ISI using Binomial distribution and the Poisson and Gaussian approximations. We
observe from Fig. 4.6 that T can be much smaller than T, when Tx is closer to Rx than
Ix, i.e., d < d. The reason is similar to the 1D system, i.e., T} should be smaller than T,
so that fewer molecules from Ix are counted for the detection. However, when d; < d,
T} should be equal to Tj,, which is different from the 1D system. The reason is that
in a 3D system, p; and p,, are very small compared to the 1D system with the same
parameters, which means even when T; increases to infinity, all of the molecules cannot
be received. Therefore, when d; < d, T, = T, holds such that more molecules from the
Tx can arrive for the detection, with the compromise of receiving more molecules from
Ix. Moreover, the exhaustive search provides the same optimal T; as T} given by the

proposed algorithms. Poisson and Gaussian approximations give similar results to
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Figure 4.7: The BER of a 3D system as a function of the ratio of dj to d when T; is optimized and when
Ty = Ty, for ISI and no ISI

Binomial distribution since p; and py, are small in 3D systems.

Fig. 4.7 shows the BER as a function of d;/d when T, = T} and T; = T, for 3D
systems without ISI and with ISI, i.e., L = 2 or L = 3. Note that T} is optimized for
the system without ISI. In Fig. 4.7, we observe the improvement in the performance
of systems with and without ISI in terms of BER by optimizing T; compared to when
T; = Tp. The improvement is significant when Ix is not too close or too far from Tx,
e.g., di/d = 3. If Ix is far from Tx, molecules from Ix may not reach Rx and thus T}
approaches T;, as shown in Fig. 4.6, and the improvement is not significant. If Ix is
close to Tx, more molecules from Ix are received and thus optimizing T is not helpful.

Obviously, when d; < d, T} = T, and thus there is no improvement in the BER.

Fig. 4.8 shows the BER of 3D systems with ISI using the detection that assumes
L =2o0rL = 7as a function of T, for T, = T} and T, = Ty,. T} is obtained by
assuming no ISI in the system. The results are obtained by simulation. We consider
1000 sequences whose length is 100 symbols and ISI happens in the whole sequence.
For a practical detection, the ML detections assume only ISI from one and six previous

symbols, i.e.,, L = 2 and L = 7, respectively. In Fig. 4.8, we observe that when T,



92 Optimal Detection Interval for Absorbing Receivers in Systems with Interference

10° T

10—1 [

BER A,

10—2 [

10—3 | |
107! 10° 10! 102
T
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is small, ISI dominates the inference from Ix and BER is high. Hence, in this case,
optimizing T; cannot improve the system performance. However, the BER of systems
with ISI reduces significantly for T, = T} compared to T; = T, when T, is large, even
though T} is optimized for the system without ISI. This is because ISI impact decreases
when Ty, increases. This confirms the benefit of the proposed optimal detection interval

even in systems with ISI.

Fig. 4.9 presents the ratio of the optimal detection interval, T}, to the transmission
symbol interval, T, as a function of a/b, when the interference source is distributed
uniformly between distances a4 and b from the receiver. Since the uncertain position of
Ix reduces the system performance, we consider Ix far from the receiver compared to
the transmitter so that the BER is not too high. We choose 4 to vary from 3 x 10> m
to12x 10 °mand b = 12 x 10> m. As observed in Fig. 4.9, when a and b become
close and the area where the interference source is located becomes further from the
receiver, the ratio of T} to T}, increases. The BER of the system affected by interference
at an unknown location with optimal T; is an improvement on the system with T, = Ty,

as shown in Fig. 4.10. As can be seen, the BER of the system with optimal T; is much
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Figure 4.9: The ratio of the optimal detection interval, T}, to the transmission symbol interval, Tj,, as a
function of a/b in an 1D system with unknown-location interference.

lower than the BER of the system with T, = Tj,.

4,7 Conclusion

In this chapter, we investigated the optimal detection interval at a receiver in a molecu-
lar communication system impaired by external interference. In the 1D and 3D systems
affected by external interference, our results showed that the optimal detection interval
can be very small compared to the transmission interval. The BER is significantly
reduced by optimizing the detection interval compared to when the detection interval
is equal to the transmission interval. This also holds true for the system with ISI using
the optimal detection interval of the system without ISI. Moreover, we have extended
the 1D system model to the case where the exact location of the interference source
is unknown to the receiver. The idea of optimizing the detection interval is simple
but effective and thus practical for MC systems. Our results can also be extended to

MC multi-access networks to improve the network performance and to mobile system



94 Optimal Detection Interval for Absorbing Receivers in Systems with Interference

10°

— T; optimal, analysis
o T, optimal, simulation
=== T, =T, anaysis
e 7T,="1T;, smulation

10~4 \ \ \ \ | | |
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

a/b

Figure 4.10: The BER as a function of a/b when T; is optimized and when T; = T}, in an 1D system with
unknown-location interference.

where the transceivers and the interference are mobile, which can be considered for

future work.



Chapter 5

Fractionally-spaced Equalization and
Sequence Detection with Impulse
Response Shortening

5.1 Introduction

The diffusive channel has been widely considered for the design of molecular commu-
nication (MC) systems due to its simplicity without the need for special infrastructure
or external energy [15]. However, diffusion leads to signal-dependent noise and inter-
symbol interference (ISI). Various approaches have been proposed in the MC literature
to mitigate the impact of ISI including the use of more than one type of molecules
[120,121], enzymes to degrade the information molecules [57], adaptive threshold de-
tection [61,122], reactive signaling [123,124], matched filtering [125], and equalization
[126]. Among these techniques, adaptive threshold detection [122], matched filtering
[125], and equalization [126] do not require more than one type of chemical in the
system, which is beneficial for keeping the system design complexity low. For adaptive
threshold detection in [122] and equalization in [126], the received signal is sampled
only once per symbol interval. For adaptive detection in [61] and the matched filter in
[125], multiple samples within one symbol interval are used for the detection of that
symbol. In this work, we improve performance by designing equalizers and detec-

tors which exploit multiple samples per symbol interval as well as multiple symbol

95
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Figure 5.1: System model with input and output signals.

intervals for detection of one symbol. In particular, we design linear and nonlinear
fractionally-spaced equalizers and a detection scheme combining impulse response
shortening and sequence detection (IRS&SD). To the best of the authors” knowledge,
these schemes have not been considered for MC before.

Fractionally-spaced equalization and IRS&SD have been considered for the mit-
igation of ISI in conventional communications [127-130, Chapter 9]. However, the
corresponding schemes in [127-130, Chapter 9] are designed for independent additive
noise whereas MC is also affected by signal-dependent diffusion noise. Moreover, the
performance of fractionally-spaced equalizers and IRS&SD has not been investigated

for MC, yet.

5.2 System Model

We consider a diffusive MC system in an unbounded three dimensional environment
comprising a spherical transparent transmitter, denoted by Tx, a spherical passive
receiver, denoted by Rx, and information molecules, denoted by X. Let aryx and agy
denote the radius of the transmitter and the receiver, respectively. The distance be-
tween the transmitter and the receiver is denoted by r. We assume that the molecular
movement is caused by Brownian motion with diffusion coefficient Dx and a uniform
flow. Let v; and v, denote the parallel and perpendicular components of the uniform
flow from the transmitter to the receiver, respectively.

The Tx employs on-off keying modulation to convey information to the Rx. A
sequence of K symbols and one bit per symbol are transmitted. As shown in Fig. 5.1,
the transmitted symbol and the detected symbol at the Rx are denoted by si € {0,1} and
Sk, k=1,2,...,K, respectively. At the beginning of the k-th symbol interval, at time #; g,
the transmitter releases A molecules to transmit bit “1” or is silent to transmit bit “0”.

We assume that the probability of transmitting bit sy is Pr (s, = 0) = Pr(sy = 1) = 1/2.
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Let Tj, denote the length of the symbol interval. We assume that the receiver collects
M samples of the received signal during each symbol interval. The m-th sample of
the k-th symbol is denoted by g ,,,m = 1,2,..., M. Let t,, = (k —1)T, + mAt denote
the m-th sampling time in the k-th symbol interval, where At, At < Ty, is the sampling
interval. For a passive receiver, gi,, denotes the number of molecules observed in
the volume of the receiver at time t;,,. We assume that the k-th symbol is affected
by significant ISI from the L — 1 previous symbols. The combined impact of the ISI
originating from symbols transmitted before the (k — L 4 1)-th symbol and the noise
from external sources is modeled by an additive interference signal [87]. The additive
interference signal has a constant expected value, denoted by #. It is shown in [91]
that g ,, follows the Binomial distribution and that it can be well approximated as a
Poisson or Gaussian random variable, where for typical MC applications the Poisson
distribution is a more accurate approximation [15]. In this work, we use the Poisson

distribution to model the received sample and thus we have

L
(Z Sk—1+1M1,m) +77> (5.1)

where I ,,, is the expected number of molecules received at the receiver at ¢ ,, due to
the release of A molecules by the transmitter at time t = (k — [)Tj,. In other words, h; ,,
is received after a period, denoted by T; ,,, which is equal to T}, = ty,, — (k— )T}, =
(k—=1)T, + mAt — (k—1)T, = (I = 1)T, + mAt. For a passive receiver, hy ,, is given by
[125]

AVRx _(r_vlTl m)2+ (UZTlm)Z
My = ——— R ' ), 5.2
b = 4Dy Ty )32 F ( 4DyT, 62

where VR, is the volume of the receiver. We assume that the received numbers of
molecules from different transmissions are independent and gy ,,, is independent Vk, m

[15,91].

Remark 5.1. The expression in (5.1) shows that the MC system is affected by signal-dependent

noise. Eq. (5.1) holds for both passive receivers and absorbing receivers and only the values of
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Figure 5.2: Diagram of a receiver with a linear equalizer and a threshold detector.

hy ,, depend on the type of receiver. Therefore, the equalization and detection schemes proposed
in the following sections can be applied in systems employing passive receivers or absorbing

receivers. Here, we adopt a passive receiver for the numerical results shown in Section 5.5.

In the following, we design the equalization and detection schemes for the receiver

to mitigate the ISI.

5.3 Fractionally-Spaced Equalization for MC

In this section, we propose linear and nonlinear fractionally-spaced equalizers for MC
systems. Due to ISI, the to-be-detected symbol is influenced by previously symbols
and the to-be-detected symbol also influences the following symbols. To exploit the
resulting dependencies for detection of the considered symbol, we use the received
signal from the previous, to-be-detected, and following symbols for the design of the

equalizers.

5.3.1 Linear Fractionally-Spaced Equalization

In this subsection, we propose the linear fractionally-spaced equalizer. Let q; and vy
denote the input vector and the output of the equalizer for the detection of the k-th
symbol, respectively, see Fig. 5.2. Vector q is comprised of the elements g ,, spanning
T symbol intervals before and after the current symbol. Specifically, the i-th element of

qr, i ={1,---, (2T +1)M}, is defined as

o a ) Sk=r—1elimpfity 1 [ilm # 0,

q[i] (5.3)

Sk—1—1+li/m,m  if [ifm =0,
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where || is the floor operation and | - | is the modulo M operation. The output vy is

an affine function of the input sequence q; given by

T+1)M
oe= Y, blilgeli] +b° =bTq +05, (5.4)

i=1
where {b[i]} and b° are the (2T + 1)M + 1 tap weight coefficients of the equalizer, b[i] is
the i-th element of vector b, and b is the transpose of b. Coefficient b° is usually equal
to zero for conventional wireless communication applications due to the zero-mean
input and output signals. However, this may not be the case for MC applications.
Ideally, b and b¢ should be chosen to minimize the BER. However, the expression for
the BER is complicated and thus the corresponding optimal tap weight coefficients
cannot be obtained in closed form. Therefore, we optimize the tap weight coefficients
in terms of the minimum mean squared error (MMSE) between the equalizer’s output

and the transmitted symbol, which is expected to also result in a low BER.

Let ey = s; — v denote the error between the equalizer’s output and the transmitted
symbol. The linear fractionally-spaced equalizer that achieves the MMSE between the

equalizer’s output and the transmitted symbol is given as follows

{bopt/ bgpt} = arg min E {8%} = arg min E {(Sk _ Uk)z}
{b,bc} {b,bc}

2

= argmin E { (sk —b'qi— bc) } , (5.5)
{bb}

where xopt and E{-} denote the optimal value of x and expectation, respectively. The

solution of (5.5) is given in the following proposition. To this end, we define H and I as

follows. The element in the j-th row (1 < j < 2T + 1) and the m-th column (1 < m < M)

of matrix H is given by

H[jm|=hi_7,, #T+1<j<2T+1,
l = J (5.6)

H[j,m] =0, otherwise.
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The element in the i-th row and the 7/-th column of matrix I is given by

1%L 15l 2
3 21 i+ 1 22 g,

R T D Y e N O LN R (5.7)

+7 ifi =1

FS ST b i<

Proposition 5.1. The optimal coefficients of the linear fractionally-spaced MMSE equalizer

are given by

bopt = F_lé(,

bcopt = % - gTrilE {qk} ’

(5.8)

where § = Lvec (HT) and vec {H} denote the vectorization of matrix H. The i-th element of
vector E {qy}, i.e., the expectation of qi over all possible values of transmitted sequences, is

given by
1L
E{qili]} = 5 Dy 1 (5.9)
I=1

Proof: To obtain the optimal values of b and b°, we use the framework for
designing a linear MMSE estimator for a non-zero mean variable in [131]. Variables
{b, bc}opt are obtained by setting the partial derivatives of E { (sk —bTqx — bc)z} with
respect to b and b to zero, respectively. Note that E{s;} = 1/2 as Pr(sy =0) =
Pr(sy =1) = 1/2, whereas ¢ and T are obtained from E {(sy — E {s¢}) (qx — E{q«})}
and E {(qk —E {qk})z}, respectively, by using the independence of the received signal

samples and the independence of the s;. O

5.3.2 Symbol-Rate Equalizer Preceded by a Linear Filter

In this subsection, we consider the case where an equalizer is preceded by a linear filter.
The linear filter combines all samples observed in a symbol interval to a single output.

By doing that, less memory is required to store the received signal samples. The output
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of the linear filter is an input to the equalizer. The equalizer has 2T + 1 taps, i.e., inputs,
one tap per symbol, spanning from the T-th previous symbol to the T-th following
symbol of the current symbol. The equalizer taps are now spaced at the symbol rate

and the equalizer is called symbol-rate equalizer.

Let qi denote the input vector to the linear filter where the j-th element is given
by qi[m] = gkm,m = 1,---, M. Then, the output of the linear filter, denoted by y[k|,

which is the input to the symbol-rate equalizer, is given by

y[k] = £ qx, (5.10)

where f = [f[1], f[2], ..., f[M]]" is the coefficient vector of the linear filter. The linear

filter f can be a equally-sum-up filter or a matched filter given in [125].

With the input sequence {y[k — T],--- ,y[k + T]}, the output of the symbol-rate
equalizer is given by

2T+1

ve= > blilylk—T—1+j]+b", (5.11)
j=1

where b[j] and b° are tap weight coefficients of the equalizer.

Using the framework in the previous subsection to derive the optimal coefficients,

the design of the MMSE symbol-rate equalizer is given by

bope = @719 (5.12)

beopt = E{sk} — 4’T¢'_1E {ar},

where the element in the j-th row and the j’-th column of matrix ® is given by ®[j, ;'] =
f'T’f, T’ is the matrix taken from row j-th to row (jM)-th and from column j’-th to
column (j’M)-th of matrix I given in (5.7). The j-th element of vector ¢ is given by
¢[j] = £'&, where & is the vector of the j-th to (jM)-th elements of €.
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Figure 5.3: Diagram of a receiver with a decision feedback equalizer and a threshold detector.

5.3.3 Decision-Feedback Equalization

In this subsection, we propose a nonlinear fractionally-spaced equalizer. In particular,
we design a decision-feedback equalizer (DFE) employing two filters, a feedforward
filter and a feedback filter [130]. The input to the feedforward filter, denoted by qy,
is the vector of received samples from the k-th symbol and the L; following symbols.
The input to the feedback filter, denoted by 8 1,1, = [8k_1, - ,8k_1,]", is a vector
containing the L, symbols detected prior to the k-th symbol, see Fig. 5.3. For a simple
design, we use linear filters for the feedforward and feedback filters. The output of the

fractionally-spaced DFE is given by

(L1+1)M Ly
0 = blilgi[i] — D alt]ék—c +b° (5.13)
i=1 =1

T Ta
=b qr—a 15, + 15,

where b[i] and a[7] are coefficients of the feedforward and feedback filters respectively,
and b€ is a constant coefficient. In (5.13), b[i] and gi[7] are the i-th elements of vectors
b and qy, respectively, a[7]| and $;_; are the T-th elements of vectors a and 8;_1x_1,,

respectively. Here, gi[i] is given by

Sk+li/MJily  if [{lm # 0,

Il

qxli] (5.14)

Sk+limm  if [ilm = 0.

Due to the feedback of previous decisions in the DFE design, a closed-form expres-
sion of the BER cannot be obtained and thus the DFE filter cannot be optimized for

minimization of the BER. Therefore, we optimize the coefficients of the feedforward
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and feedback filters in terms of MMSE with the assumption that previous decisions are

correct as follows

{b,a, b}, = argmmE {ex} = argminE {(sk - vk)z} . (5.15)
a,be b,abc

The following proposition provides the solution of (5.15).

Proposition 5.2. The optimal coefficients, bopt, aopt, and b, of the fractionally-spaced DFE

opt/
in terms of MMSE with the assumption that previous decisions are correct are respectively

given as follows. The vector bopt can be found from
(T —4Hgq) bopt = h, (5.16)

where T is identical to T in (5.7) with1 < i < (L1 + 1)Mand 1 < i’ < (L1 + 1)M. The
element in the (j'M + m’)-th row and the (jM + m)-th column of Hsq in (5.16) is given by

Lo
sq[/M+m,]M+m ZH](,T y ](m), (5.17)
=1
where H](,T%, is given by
0 _1
H]'/,m/ = ihrﬂ"—i—l,m’- (5.18)

h = vec (§T> , Where the element in the j'-th row and the m’-th column of  is [j', m'] = HY .

Jm

The T-th element of vector aopy is given by

(Li+1)M
Aopt(T) = 4 Z bopt[i]1H (5.19)
Finally, bgy, is given by
(Li+1)M
opt - Z bopt E {qk} 2 Z aopt *- (520)

Proof: The coefficients of the DFE whose output is given by (5.13) are derived by
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setting the partial derivative of E {(sk — vk)z} with respect to a, b, and b° equal to zero,
respectively. A detailed framework can be found in [132]. The mean and variance of the
binary sy are given by E {s;} = 3 and Var {s;} = 1, respectively, due to the assumption

that bits “0” and “1” are transmitted independently and with equal probabilities. [

5.4 Detection

In this section, we first review the maximum likelihood sequence detector (MLSD),
which is the optimal detection scheme, and the simple symbol-by-symbol threshold
detector. MLSD is used as a benchmark. The threshold detector is used in combination
with the equalizers proposed in Section 3.3 and has a lower computational complexity
compared to MLSD. We then propose a detector combining impulse response shorten-

ing and sequence detection to achieve a better performance than threshold detection.

5.4.1 Maximum Likelihood Sequence Detection

Let p(q|s1,x) be the joint probability density function (PDF) of the received signal
vector q conditioned on the transmitted symbol vector s; x = [s1,52,- -, x]T. Here,
q = vec <0T> and the element in the k-th row and m-th column of matrix € is equal to

Skm- The MLSD is given by [130]

§1,k = argmax p(q|s1,k) (5.21)

S1,K

K M
(@)
= arg maxH 1_[ Paimlsix (Skm),

S1LK k=1m=1

where 8§ x = [51,52,---,8 K]T contains the detected symbols corresponding to vector
s1,x and (a) is due to the mutual independence of gy ,,.

Instead of waiting to receive the entire vector q to detect s x, we use the Viterbi
algorithm (VA) to detect sy after a delay of T symbols, with T < K, after reception of
Se1 [91,130].
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5.4.2 Symbol-by-Symbol Threshold Detection

The symbol-by-symbol threshold detection is given by

. 1, ifvp =
Sk = (5.22)

0, otherwise,

where v is the detection threshold. Considering (5.5) and (5.15), we choose v = E {sx} =

1 for both proposed equalizers.

As mentioned above, the BER of the system with a non-linear equalizer cannot be
given in closed-form. Hence, we will evaluate it numerically. Here, we derive the BER

of the system with the linear equalizer.

Due to the channel memory of L symbols and the input of the equalizer in-
cluding 2T + 1 symbols, the sequence that affects the detection of s; is s =
[SkL—T+1," " »Sk—T, " ,Sk,- - ,SksT] - Then, s;, which we want to detect from vy,

is the (L + T)-th element of s. From (5.22) , the BER is obtained as

1
Po =) Pi[sels]Pr{s} = Symp > Flsuls], (5.23)
Vs Vs
where
Pi[sk|s] = Pr{vx < |s,sx = 1} Pr{sy =1} (5.24)

+ Pr{vx = s, sy = 0} Pr{s; = 0}

and Pr{sy =0} = Pr{sy =1} = 1/2. In order to obtain the BER, we require
Pr{vx < y|s,sx = 1} and Pr{vx > 7[s,sx = 0}. Since the output of the equalizer is a
weighted sum of Poisson random variables, its PDF is not available in closed form.
Therefore, we approximate the Poisson distribution of the input of the linear equal-
izer in (5.1) by a Gaussian distribution. Then, since a linear combination of Gaussian
random variables is also Gaussian distributed, the output of the linear equalizer for a

particular sequence of information symbols, i.e., s, approximately follows the following
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Gaussian distribution
o ~ N (pta(s), 02(s)) ae{0,1}, (5.25)

where y,(s) and 02(s) are given by

-

Ho(s) = % + ("le"* (vec 1/0 —E {qk}) ,
pi(s) = 3+ &7 (vec(v]) —E{qy}), (5.26)
02(s) = E'T (diag {vec(v])}) (T"1) T ¢

) ¢

o2(s) = &I (diag {vec(v])}) (T*

/

T

7

where the element in the j-th row, j = 1,...,2T + 1, and the m-th column of v,, with

a = s, = {0,1}, is given by

—~

volj,m] = Z My mSk—T+j—1 1. (5.27)
Hence, we have
Pr{og <7ls,sp =1} =1—Q (W) (5.28)
and
Pr {o = 7]s,sp = 0} = <7;0P<‘2)(’*>> ) (5.29)

where Q is the Gaussian Q-function. From (5.28), (5.29), (5.24), and (5.23), we obtain
the approximate BER for MC with linear equalization.

5.4.3 Impulse Response Shortening and Sequence Detection

The complexity of VA depends on the channel memory. For MLSD, the number of states
of the VA for binary modulation is 2F. The complexity can be reduced by shortening

the impulse response of the channel with a prefilter. Hence, we consider DFE for
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Figure 5.4: Diagram of a receiver with impulse response shortening and sequence detection.

Table 5.1: System parameters used for numerical results

Parameter ‘ Nominal Value
Dy [m?/s] 4.3 x 10710

r [m] 5x 1077
Viy [m?] 47 (5 x 108)°
(v1,v2)[m] | (3 x1073,3 x 1073)
M 3

L 7

B 1.5

T 2

Ly 2

L, 6

A 2

prefiltering. The IRS&SD scheme is designed as follows. Let zj ,, be defined as

L
Zem = Skm — D, Sk—t41 . (5.30)
I=A+1

The expectation of zj ,, is given by

A L
Zem = D Sktethim + 1+ Y (Sko141 = Sk-141) Fime (5.31)
=1 122+

Assuming that 5;_;,1 in (5.31) is given by the DFE and threshold detection and
that the detection is correct, then z; ,, is a Poisson random variable with mean Z ,,, =
Z{\:l Sk—1+1M1m + 17. Therefore, zj ,,, on which the response of the channel is shortened
from L symbols to A symbols, is proposed as an input to the MLSD using VA, see
Fig. 5.4.
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Figure 5.5: BER as a function of the number of molecules for the proposed and benchmark schemes.

5.5 Numerical Results

In this section, we illustrate the performance of the proposed equalizers and detectors in
terms of the BER. For linear equalization, the results are obtained by both analysis and
simulation. The results of the nonlinear equalizers and sequence detectors are obtained
by simulation only since the BERs of these schemes cannot be derived in closed-form.
We set At = T,/M and Ty, is normalized by tpea as Ty = Btpeak, Where tpeqy is the
time when the expected number of molecules at the receiver peaks [90, Eq. (4), Eq. (6)].
We use the following system parameters Dx = 43 x 107%m/s? , r = 5x 107" m,
Vi = 271 (5% 1078)°m3, 01 = 0y = 3x10°m/s, M =3, L =7, = 15T = 2,
L1 =2,L, = 6,and A = 2. Note that the value of M cannot be arbitrarily large for
the independence between the observations to hold. We simulate 107 transmissions of
information bits to obtain the numerical results.

Fig. 5.5 presents the BER as a function of the number of molecules released by
the transmitter for the proposed schemes and the benchmark schemes. The proposed
schemes are the linear fractionally-spaced equalizer (Subsection 5.3.1), the matched

filter combined with a symbol-rate equalizer (Subsection 5.3.2), the fractionally-spaced
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DFE (Subsection 5.3.3), and the IRS&SD scheme (Subsection 5.4.3). The benchmark
schemes from the literature are the symbol-rate equalizer [126], matched filter [125],
and MLSD using the VA [130]. The symbol-rate equalizer [126] is a linear equalizer that
uses the received signals sampled at fpeak in T symbol intervals before and after the
symbol to be detected. The matched filter uses M samples taken in one symbol interval
for one symbol detection. As expected, in Fig. 5.5, the BER decreases with increasing
number of released molecules. We also observe that the BER for the combination of the
matched filter and symbol-rate equalizer is similar to that of using only the matched
filter. This is because the matched filter has eliminated ISI by using the information
extracted from the filter’s input samples and thus its output does not provide much
more information on the ISI to be eliminated by the equalizer. With the proposed
linear fractionally-spaced equalizer, the BER is reduced significantly compared to the
BER when using the matched filter or the symbol-rate equalizer. This demonstrates
that fractionally-spaced equalization effectively eliminates ISI in MC. Interestingly, the
fractionally-spaced DFE yields a BER that is not much lower than the BER for the linear
fractionally-spaced equalizer. This is because multiple samples of each symbol are
used which provides sufficient information on the ISI from the previous bits. In other
words, using the samples directly in a linear equalizer or in a feedback equalizer does
not result in a significant difference. When the IRS&SD is used, the BER is further
reduced compared to the BER when using fractionally-spaced equalization and is close
to the BER when the MLSE for the full channel memory is used. Note that the further
improvement in BER comes at the expense of an increase in complexity of the detection
schemes. However, IRS&SD and MLSE result in approximately the same BER whereas
the complexity of IRS&SD is much less than that of the MLSE for the full channel
memory. Moreover, for the linear equalizers, we observe that the analytical results
obtained by approximating the Poisson distribution by a Gaussian distribution matches

well with the simulation results.
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5.6 Conclusions

In this chapter, we designed fractionally-spaced equalization and detection techniques
for diffusive MC, namely linear fractionally-spaced equalizer, fractionally-spaced DFE,
matched filter combined with symbol-rate equalizer, and IRS&SD. Due to signal-
dependent noise in a diffusive MC channel, the designs of the equalizers and detector
for diffusive MC are different from those that have been derived for conventional
wireless communications. Significant reductions on the BER are obtained from the
fractionally-spaced equalizers compared to the symbol-rate equalizer or the matched
filter in MC literature. Albeit having a much lower complexity, the proposed IRS&SD
is able to achieve a similar BER as that of the MLSD.



Chapter 6

Chemical Reactions-based Detection
Mechanism

6.1 Introduction

In molecular communications (MC), information is typically encoded in the number,
type, or time of release of signaling molecules. The encoded information is detected
at the receiver by a sensor [15]. Therefore, sensor technology, in particular chemical
sensors, plays an important role for the design of receivers for MC systems.

Chemical sensors are designed to provide a measurable signal corresponding to
the concentration of the analyte or the existence of a chemical substance in the environ-
ment [133]. This measurement can be based on magnetic or electrical fields, resistance,
capacitance, inductance, or an optical response [133]. In MC, the selection of the sensor
technique depends on the specific requirements of the considered application. For
example, magnetic field based sensing was used in [4] and resistance based sensing
was applied in [39]. The systems in [4] and [39] have demonstrated the possibility of
realizing MC but they are fairly simple since there are no interfering sources impairing
the detection of the signaling molecules, i.e., no other magnetic [4] or alcohol sources
[39] besides the desired signal. Nevertheless, in many practical applications of MC, e.g.,
drug delivery and health monitoring, there usually exist other chemical substances
which may cause interference for the detection of the signaling molecules. Environmen-

tal monitoring applications also need to handle environments where many different

111
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chemicals and electromagnetic sources are present and potentially cause interference.
For example, chemicals such as zinc and copper have similar magnetic susceptibil-
ity and electrical resistivity and thus are difficult to distinguish at the receiver. In
such cases, one possible solution for detection is to harness unique chemical reactions
where only the signaling molecule, i.e., the analyte, can react with a specific reactant,
i.e., a molecular probe, to produce a product molecule which can be measured. This
approach has been an area of intense research in molecular biology, see [133] and refer-
ences therein. For example, zinc ions react with spiropyran and produce a merocyanine
metal complex, which exhibits florescence, i.e., it emits light of a wavelength that can
be measured via optical spectroscopy [133,134]. Furthermore, synthesizing molecular
probes that are matched to a given analyte and the considered environment has been
an active area of research which can be exploited for MC system design, see [133] and

references therein.

Note that, in some MC systems, the signaling molecules should be small and
lightweight, e.g., zinc ions or calcium ions, such that they can be easily stored at the
transmitter and can diffuse fast from the transmitter to the receiver. On the other hand,
the product molecules of the reaction, i.e., the combination of the probe and the analyte
[135], which can be detected directly by the receiver, are usually larger molecules
and thus may not be directly suitable as signaling molecules. Moreover, when the
reaction occurs, a measurable signal, e.g., light, corresponding to the reaction product
may be generated but then disappear quickly by a process referred to as quenching
[133,136,137], which is useful for reducing inter-symbol interference (ISI). Motivated
by these advantages, in this chapter, we propose a novel detection mechanism for MC

based on the reaction of signaling molecules with a molecular probe.

Chemical reactions have been studied in different contexts for MC. For example,
chemical reactions were used to generate signaling molecules at the transmitter [138]
and potent drugs on the surface of the receiver [139]. The reactions of signalling
molecules with enzymes in the environment and with receptors on the surface of
receivers were exploited to mitigate ISI in [57,140] and for detection in [141-143],

respectively. Chemical reactions have also been considered for coding and modulation
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in [123,144]. In fact, in [138], the chemical reactions were assumed to occur in a one
dimensional environment and the concentration of one reactant was known. The
enzyme in [139] and the receptors in [141-143], i.e., one of the reactants, were assumed
to be immobile. Moreover, [57,140] considered a fast reaction where the concentration of
the enzymes remained constant. The authors in [123,144] focused on the concentration
of the signaling molecules, i.e., the reactants, but the products of the reaction were of
no interest and not studied. In [145], the molecules emitted by the transmitter and the
product of the reaction during propagation were both considered, but the reaction was
a degradation reaction and thus modeled as a first-order reaction. In this chapter, we
consider the reaction between signaling molecules and molecular probes, which have
to be modeled by a second-order reaction. To the best of our knowledge, second-order
reactions with the reactants not being bound to the receiver and freely diffusing in
the environment have not been considered for detection design of MC systems, yet.
Moreover, the concentration of the reaction product in such systems, which is the
solution of a second-order reaction diffusion equation, has not been analyzed.

In this chapter, we consider a novel MC detection concept which is based on a

chemical reaction in the environment. We make the following main contributions:

¢ We propose a novel detection mechanism for MC systems for which the direct
detection of the signaling molecules is not possible or not efficient. A molecu-
lar probe is employed to convert the original signaling molecules into product

molecules which can be efficiently detected.

* We develop an iterative algorithm for evaluation of the spatio-temporal distribu-
tion of the product molecules by solving the underlying non-linear and coupled

reaction diffusion equations.

* We consider the special case where the concentration of the molecular probe
is not significantly affected by the chemical reaction. This applies, e.g., when
the probe is the main component of the environment and its concentration is
high compared to the concentration of the analyte. For this case, we derive a

closed-form expression of the concentration of the product molecules.
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Figure 6.1: Schematic illustration of the system model. A molecules are released from the transmitter, Tx,
and react with B molecules, released at position ug, in order to create C molecules, which can be measured
by the receiver, Rx.

* We analyze the performance of the proposed detection mechanism in terms of
the bit error rate (BER). Furthermore, we provide insight for system design with

regard to the choice of the molecular probe and the optimal detection threshold.

6.2 System Model and Detection Mechanism

We consider an MC system consisting of a point source transmitter, denoted by Tx, and
a transparent spherical receiver, denoted by Rx, in an unbounded three dimensional
(3D) diffusive environment with constant temperature and viscosity. Let R and rgy
denote the distance between Tx and Rx and the radius of Rx, respectively. Using
cylindrical coordinates, where position u is defined as u = (p,¢,z),p € [0,00),¢ €
[0,27), and z = (—, ), the location of Tx and Rx is given by urx = (0,0, R) and
ugrx = (0,0,0), respectively. Let T denote the duration of a symbol interval. We assume
on-off keying modulation and that Tx releases Ny molecules of type A to convey bit
“1” and no molecules to convey bit “0” at the beginning of the symbol interval, i.e., at
t=nT,n=0,1,...,N, where N is the length of the bit sequence. We assume that bits
“0” and “1” have equal probabilities.

We assume that the A molecules cannot be detected directly at the receiver as a
suitable sensor is not available. Hence, B molecules are introduced into the system to
react with the A molecules to create C molecules for which suitable sensors are available,
see Fig. 6.1. The B molecules are referred to as molecular probes [146]. The B molecules

can be released at a specific position, denoted by ug, or uniformly throughout the
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environment. We model the sensing process via a transparent receiver which counts the
number of the C molecules in its volume without affecting the molecules. For example,
for detection of the zinc ions mentioned in the introduction, optical spectroscopy is
used to measure the light intensity which is proportional to the number of product
molecules, i.e., the C molecules. We note that the effect of quenching, which could be
exploited for ISI reduction, is neglected and left for future work. We assume that the
chemical reaction between the A and B molecules is reversible and can be modeled as

follows
Kf
A+B=C, (6.1)
Kp

where x is the forward reaction rate constant of a second-order reaction and «j, is the
backward reaction rate constant of a first-order reaction. We assume that the A, B, and
C molecules diffuse in the unbounded 3D environment with diffusion coefficients Dy,
Dg, and Dc, respectively. Thereby, the concentrations of the A, B, and C molecules
at time f and position u, denoted by C;(u,t),i € {A, B, C}, are governed by the set of

reaction diffusion equations as follows

GCAa(tu,t) = Ga(u,t) + DAV?Ca(u,t) — kfCa(u,t)Cp(u,t) + 1,Cc(u, t), (6.2a)
aCBa(;l't) = Gp(u,t) + DBV2CB(u, t) — ksCa(u, t)Cp(u, t) + 1,Cc(u,t), (6.2b)
(9Cca(;1,t) — DcV2Ce(u,t) + KrCa(u, t)Cp(u,t) — x,Cc(u, t), (6.2¢)

where V2 is the Laplace operator and

Gi(u, t) = > > Nida(t — t;)da(u — u;) (6.3)
t; w;

represents the concentration of the type i molecules that are released into the channel. In

(6.3),64(+), N;, t;, and u; are the Dirac delta function, the released number molecules for

each release, the release times, and the release positions of the i molecules, respectively.

We note that Nc = 0 since the C molecules are not released. The partial differential

equations (PDEs) in (6.2) are non-linear and coupled, i.e., the concentration of the i
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molecules after n releases is not equal to the sum of the concentrations originating from
each release. Thus, the impact of all releases in (3) has to be accounted for when solving
(2).

Let s, and 8, (sy, 8, € {0,1}) denote the n-th transmitted bit and the n-th detected
bit, respectively. We assume threshold detection at the receiver where the receiver
makes the decision on the transmitted bit based on a signal which is proportional to
the number of C molecules in its volume, denoted by g, at the sampling time, denoted

by ¢, as follows

Oifg <7y, 6.4)

v
3
|

lifg > 17,

where 7 is the detection threshold. We assume that the movements of the molecules
are mutually independent, and thus, g approximately follows a Poisson distribution

with mean 7 [15]. The mean § is given by [125]

q= f Cc(u, t)du, (6.5)
ueVRx

where VR¥ is the set of points within the receiver’s volume. Note that since (6.2)
includes the impact of all releases, Cc(u,t) and thus g are affected by ISI and have

different values for different sequences of n bits, denoted by s, = [s1,52,...,5x].

The BER is given by
1
Pb=E(Pr(qg'ﬂsn=1)+1—Pr(q<’)f\sn=0)), (6.6)

where the cumulative distribution function of the Poisson distribution is given by

1 T sw
Prig <) - 5 3 (oo X L), ©67)
w=0 '

Sn_1€S

Here, S is the set of all possible values of s,,_; which affect j.

In order to design and evaluate the system, e.g., to design < and to calculate the
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Algorithm 3 Interative Calculation of the Concentration

Initialization: t = 0, At, T™®, and C;(u, t = 0).

while t < T™** do
Update t with t + At.
Compute G;(u) by (6.10), C#(u, t) by (6.11), and Ci(u, t) by (6.15).
Update C;(u, t) based on (6.9).

end while

Return C;(u, t).

BER, we need to determine Cc(u, f). This will be considered in the following section.

6.3 System Analysis Framework

In order to design the proposed MC system and to analyze its performance, we need to
obtain Cc(u, t). However, the non-linear coupled PDEs in (6.2) have no closed-form
solution in general [57,123,147]. Thus, in this section, we first present an efficient
numerical algorithm for determining C;(u, t), i € {A, B, C}, in the general case, before

deriving analytical expressions for C;(u, t) for a special case.

6.3.1 General Case

We adapt [123, Algorithm 1] to the problem at hand. The basic concept behind this
algorithm is to discretize the time variable and to solve the PDEs in the space variable.
Considering small time intervals allows us to decouple the diffusion and reaction
equations !. In particular, Algorithm 3 shown below summarizes the simulation steps
for calculating the concentrations of the A, B, and C molecules, where T™# is the
maximum simulation time. We will verify the accuracy of the resulting numerical

algorithm via particle-based simulation in Section 6.4.

In Algorithm 3, C;(u, t) is updated for i = {A, B, C} in each iteration by the following

For a detailed mathematical proof of the accuracy of the algorithm with respect to the decoupling of
diffusion and reaction, please refer to [123].
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rule [123]
Ci(u, t + At) = Gij(u) + CH(u, t + At) + C(u, t + At) — Ci(u, t), (6.9)

where G;(u) is the concentration of the i molecules released at u in the time interval
[t + At]. CH(u, t + At) and C(u, t + At) are the concentrations of the i molecules
assuming that in interval [, f + At| only diffusion and only reactions occur, respectively,
while the other phenomenon is absent. The updates of the concentrations in (6.9) are

given in the following.

Update of Release

As proved in [123], G;(u) is given by

Gi(u) = > Nida(t + At — € — ;)54 (u). (6.10)
ti
Update of Cf(u, t + At)
As shown in [123],
CH(u, t + At) zlf C;i(@,t) exp (-'““”2) da. (6.11)
P @anD;AHY Ja 4D;At

Due to the symmetry of the system, we choose cylindrical coordinates to simplify

the calculation of (6.11) in Corollary 6.1.

Corollary 6.1. Using cylindrical coordinates, C3(u, t + At) is given by

2 0] o0
w480 = | | ctzowieawiepams, 612
i p=0Jz=—0

where

2
Wi(z,2) = exp (— (ZZ;IZ ) , (6.13)
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2 =2 ~
WY (p, ) = exp <—iDiApt > pIo <2£fAt> , (6.14)

and Iy(-) is the zeroth order modified Bessel function of the first kind.

Proof: Please refer to Appendix C.1. O
Note that W7 (z, Z) and Wl.p (p, p) do not change over time, and thus, can be evaluated

offline and used online in order to reduce computational complexity.

Update of C“(u, t)

Since, in this chapter, the product of the reaction is used for detection whereas in [123]
it is of no interest for the considered system, the reaction diffusion equations in [123]
are different from those in this chapter. Hence, in order to use Algorithm 3, we require

Ci“(u, t), which is given in the following theorem.

Theorem 6.1. The concentration of the i € {A,B,C} molecules at time t and position u

assuming that only reactions occur and diffusion is absent is given by

c2(u) + xpcr1(u) — e, — (c2(w) — xpc11(u) + Kp) ca(u) exp (—ca(u)At)

Cx(u, t+At) = 2Kf (14 c4(u) exp (—c2(u)At))

(6.15a)

c2(u) — xper1(u) — ey — (c2(u) + K pc11(u) + x3) ca(u) exp (—c2(u)At)
2k7 (1 + c4(u) exp (—c2(u)At))

Cg(u, t+ At) =

(6.15b)

CC(u, t+ At) = cip(u) — Cx(u, £+ At), (6.15¢)
where

cr1(u) = Ca(u,t) — Cp(u,t), (6.16)

ci2(u) = Ca(u, t) + Cc(u, t), (6.17)

Cz(u) = \/(—Kfcll(ll) + Kh)z + 4.KbeC12(u), (6.18)

c3(u) = Ca(u,t) + Cp(u,t), (6.19)
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ca(u) — Kfca(u) — Kp

Cz(u) + KfC3 (u) + Kb' (6'20)

ca(u) =

Proof: Please refer to Appendix C.2. O
In some applications, the backward reaction can be very slow, i.e., k, — 0. When
kp — 0 and Ca(u,t) = Cg(u,t) hold, (6.15a) and (6.15b) have indeterminate forms. For

this case, the Cj°(u, t + At) are given in the following corollary.
Corollary 6.2. For x, = 0 and Ca(u,t = 0) = Cg(u, t = 0), we have

Ca(u,t
Ch(u,t+ At) =Cg(u,t + At) = T KfAA(tuCA>(u ) (6.21)

and CE& (u, t + At) is still given by (6.15¢).

Proof: When x;, — 0 and Ca(u,t) = Cg(u,t), (6.21) is obtained by using
L'Hospital’s rule in (6.15a) and (6.15b) for c11(u) — 0. O

6.3.2 Special Case

In this subsection, we consider the special case when Cg(u, t) is very large and thus
does not change significantly over time, i.e., Cg(u, t) is assumed to be constant over
time. This assumption is similar to the assumption of uniform enzyme concentration
made in [57]. The assumption is applicable when a large number of B molecules are
uniformly distributed in the environment or when the B molecules have been released
continuously over time from a position up such that a steady state is reached at the

beginning of information transmission. The steady state value of Cg(u, t) is given by

Cp(u) = lim tCB(u, f) df (6.22)

t—00 0
im N erfc 7\|u — us||
t—w047rDg||u — up]| \4Dgt

47TDBH11—HBH,

where erfc(-) is the complementary error function. Then, if x, = 0, and D = D¢, the

closed-form expressions for Ca (u, ) and Cc(u, f) given in the following corollary are
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Table 6.1: System parameters used for the numerical results.

Parameter ‘ Value ‘ ‘ Parameter ‘ Value
Dy [m?/s] 10 x 10~10 Ky [molecules™! - m3 - s~ 1] 10-%
D¢ [m?/s] 1010 i [s71] 1026
At [s] 102 T [s] 10
Ry [M3] 25 %1077 R [m] 5x 1075
Ny[molecules] | 5 x 108 Zmax [m] 6R =3 x10~*
ury [m] (0,0,R) URy [m] (0,0,0)
obtained.

Corollary 6.3. Under the above assumptions, the concentrations of the A and C molecules are

given respectively by

NA Hu — uB| |2
-4 S L 2
Ca(u,t) (@D 1)2 exp ( 1Dt K¢Cp(u, t)t (6.23)
~ Na ||lu — ugp|?
CC(u, t) == W eXp < TAt CA(u, t). (6.24)
Proof: Please refer to Appendix C.3. O

Remark 6.1. Due to (6.2¢c), Cc(u,t) in (6.24) increases fast when Cg(u, t) is large. For the

general case, where Cg(u, t) reduces over time, Cc(u, t) given in (6.24) is an upper bound.

6.4 Simulation Results

In this section, we first confirm the accuracy of Algorithm 3 by particle-based simulation.
We then use Algorithm 3 to analyze the concentration of the C molecules for different
numbers of released B molecules. We also evaluate the system’s performance in terms
of the BER by Monte-Carlo simulation. For Monte-Carlo simulation, we average our
results over 10° independent transmissions.

We simulate the system in a bounded environment using cylindrical coordinates
with the limits for p and z large enough to approximate an unbounded environment.
Let zmax characterize the boundary of the environment such that 0 < p < Zmax, —Zmax <

Z < Zmax. For all numerical results presented, we use the parameters provided in Table
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I, unless otherwise stated. For communication applications, we consider fast forward
reactions, e.g., reactions with half-life time on the order of minutes or seconds. The
half-life time of a reaction, denoted by t; /2,18 defined as the time for the concentration
of the reactant to decrease by half of its original value [51], assuming the reactant
is uniformly distributed. To select suitable parameter orders, we consider the case
when the reactants are uniformly distributed and assume that the most significant
change of concentration results from the forward reaction in (6.1), t;, = 1s, and
Ca(u,t) « Cg(u,t) so that the A molecules can react and be converted into the C
molecules without a noticeable reduction of the number of B molecules. Then, from
[51, Eq. (9.14)], we have

1. (CG§—3CR)Ch  In2

Kftl/Z =—1In

~ 22 (6.25)
G T q

where C? = C;(u, t = 0). Adopting C§ = 6 x 10*! molecules/m? and binding constant
Ky = K¢/ = 6 % 10* molecules™! - m® from [135], based on (6.25), we choose K¢ and Ky

as in Table 6.1 such that the resulting K, has the same order as the K, in [135].

In Fig. 6.2, we use the particle-based simulation described in [123, Appendix F]
to confirm the accuracy of Algorithm 3, i.e., the solution of the reaction diffusion
equation (6.2). We assume that the A, B, and C molecules are uniformly distributed
with Ca(u,t = 0) = Cg(u,t = 0) = 6 x 10"¥molecules/m?, and Cc(u,t = 0) =
0molecules/m? and have the same diffusion coefficient D5 such that diffusion does
not have any impact on the concentrations of the A,B, and C molecules. In order
to reduce the computational complexity for particle-based simulation, we choose

3.s7land x, = 1078571 In Fig. 6.2, since the value of

Kf = 107'* molecules™! - m
K¢ is larger than that of x; and Ca(u,t = 0) = Cg(u,t = 0), we observe that Ca(u, )
and Cg(u, t) are equal and decrease over time while Cc(u, f) increases over time as
expected. In general, the results obtained with Algorithm 3 are in good agreement with
the simulation results. The simulation results become more accurate for larger zmax,

when the assumption of an unbounded environment becomes more justified.

Fig. 6.3 presents the concentrations of the A and C molecules at the center of
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1013
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R
g
~
8
=
3 40 —— Ca(u,t), algorithm
i ----- Cg(u,t), algorithm
= —— Cc(u, t), algorithm
g3 +  Zmax = 2R, simulation
) O  Zmax = 4R, simulation
£ A Zmax = 8R, simulation
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g
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Time t [s]

Figure 6.2: Concentrations of the A, B, and C molecules versus time, where A and B molecules are
uniformly distributed in an approximately-unbounded environment limited by zmax.

the receiver versus time for the cases of direct and indirect detection, respectively.
For the latter case, the B molecules are released at the center of the receiver, i.e.,
ug = ug,, and we consider Dg = 1.1 x 107m?/s, Dy = 5 x 1071®m?/s and Np =
2.4 x 10° molecules, N = 2.4 x 109 molecules. We observe that when the A molecules
cannot be detected directly and thus the proposed indirect detection is used, the
concentration of the C molecules at the center of the receiver, Cc(ugy, t), has a similar
characteristic, i.e., a single peak and a long tail, as Ca (ury, t) when the A molecules
can be detected directly. Let max; C;(ury, t),i € {A,C}, denote the peak of C;(ugy, ),
i.e., the maximum value of C;(ugy, t) over time. For larger Np and a given Dg, e.g.,
D = 5 x 107 19m?/s, the peak of Cc(ugy, t) is larger and can even exceed the peak
of Ca(ugry, t). This is expected since larger amounts of the B molecules produce a
larger amount of the C molecules. However, the fact that Cc(ugryx, t) > Ca(ugx,t)
also means that the tail of Cc(ugy,t) is heavier than that of Ca(ugy,t). In particular,
for Ng = 2.4 x 10° molecules, although max; Cc(ury, t) < max; Ca(ugry, t), the tail

of Cc(ugy, t) is heavier than that of Ca(ugry, t). This may negatively effect system
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1020
6 T T I
Dp =1.1x 107" m?/s, — Cc(urx, t)
Ng = 2.4 x 10° molecules | .ears Ca(urx, t)
51 .

Dp =5x 10" m?/s,
Ng = 2.4 x 10° molecules

Dp =5x 10" ""m?/s,
Ng = 2.4 x 10'° molecules

Concentration [molecules/m?] at the center of the receiver

Time t [s]

Figure 6.3: Concentration of the A and C molecules at the center of the receiver versus time for the cases of
direct and indirect detection, respectively. For the latter case, different values of Dg and Np are considered.

performance due to the increased level of ISI as will be shown in Fig. 6.4. Nevertheless,
using the C molecules for detection is unavoidable when direct detection of the A
molecules is impossible. Similarly, for a given Ng, e.g, N = 2.4 x 10° molecules, and
smaller Dg, e.g., Dp = 1.1 x 10719m?/s, the peak of Cc(ugy, t) is also larger since the B
molecules released at the receiver diffuse away more slowly, i.e., they stay together, and
can react to produce more C molecules near the receiver. However, since more reactions
happen early for smaller Dg, the amount of the B molecules in the environment reduces
significantly and thus less C molecules are produced at later times, which results in a

lighter tail of Cc(ugry, t), i-e., less ISI.

Fig. 6.4 depicts the BER of the considered MC system versus detection threshold,
7, for the cases of direct and indirect detection. The B molecules are again released
at the center of the receiver. We take the ISI caused by the previous two symbols into
account, i.e., s, is interfered by s,_; and s,_», and the bit interval T = 10s is long
enough such that the contribution of other previous symbols, e.g., s,_3, to the ISI is

negligible. We choose the sampling time ¢; equal to the time when Cc(ugy, t) assumes its
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Figure 6.4: BER versus detection threshold <y for direct detection via the A molecules and indirect detection
via the C molecules.

maximum value, max; Cc(ugy, t). From Fig. 6.4, we observe that the analytical results
obtained by (6.6) and (6.7) are in excellent agreement with corresponding Monte-Carlo
simulation results. Furthermore, the BER can be reduced significantly by optimizing
the detection threshold. We also observe that although Cc(ugy,t) for the case of
D = 1.1 x 107 m?/s and N = 2.4 x 10° molecules has the highest peak in Fig. 6.3,
the corresponding optimal detection threshold is smaller than that for the case of Dg =
5x 1071m?/s and N = 2.4 x 10’ molecules. This is due to the fact that the optimal
threshold depends on both the peak and the tail of Cc(ury, t). Moreover, when Np
increases or Dg decreases, the optimal value of the BER decreases due to the reduced ISI.
When direct detection is not available, the addition of the B molecules makes detection
via the C molecules possible even if the resulting BER may be higher compared to the
case when direct detection is possible. However, when the released B molecules are
appropriately chosen, e.g., Dp = 1.1 x 1071m?/s and Np = 2.4 x 10° molecules, the
proposed indirect detection can even achieve a lower BER than direct detection. We
note that the higher BER of indirect detection for the other choices of Dg and Np is

also partly due to the suboptimal threshold detector. In the future work, we plan to
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consider more sophisticated detectors to further improve system performance.

6.5 Conclusions

In this chapter, we proposed a novel detection mechanism for an MC system where
the signaling molecules cannot be directly detected at the receiver. Therefore, a molec-
ular probe was introduced to react with the signaling molecules to produce product
molecules that can then be detected at the receiver. We developed an efficient iterative
algorithm for analyzing the spatio-temporal concentration of the product molecules
taking into account diffusion and reactions. Our results showed that the concentration
of the product molecules exhibits a similar characteristic over time as the concentration
of the signaling molecules. We also analyzed the performance of the MC system using
the proposed detection scheme in terms of the BER. Our results showed that the BER
for indirect detection can be significantly improved by optimizing the detection thresh-
old and can even be lower than the BER for direct detection if the molecular probe is

suitably chosen.



Chapter 7

Conclusion and Future Research

7.1 Conclusion

This thesis investigated channel models and transceiver designs for molecular commu-
nication systems in four scenarios. We first considered systems where the transmitter
and the absorbing receiver diffuse. We derived the mean, variance, PDF, and CDF of
the channel impulse response. The essence of the derived stochastic channel model was
shown as examples in the optimal release designs of drug delivery and MC systems.
Second, we considered a system affected by an external interference source, e.g., a
transmitter of another communication link. To mitigate the impact of the external
interference, we proposed a simple yet effective technique which is optimizing the
detection interval at the receiver. Third, we considered a typical end-to-end MC system
affected by ISI. To eliminate the ISI, we designed fractionally-spaced equalizers and a
sequence estimator combined with impulse response shortening. In the fourth scenario,
we considered a system where signaling molecules cannot be detected directly by
the receiver. Therefore, we proposed a chemical-reaction based detection mechanism
where the product of the reaction between signaling molecules and another type of
molecules can be detected by the receiver. For the design of this detection, we devel-
oped an algorithm for analyzing the concentration of the product molecules. In these
four scenarios, our transceiver designs showed significant improvement in the system
performance, for example in terms of molecule usage efficiency, BER, and enabling
the detection. Moreover, the analytical results of the channel models obtained in this

thesis are applicable in many more scenarios and not limited to the presented applica-
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Conclusion and Future Research

tions. Further investigations based on the achievements of this thesis and broader MC

research directions will be discussed in the following section.

7.2 Future Research

* Mobile Systems: In Chapter 3, we consider a system where the transceivers and

molecules diffuse in an unbounded 3D environment and applications in drug
delivery and MC systems. The derived channel model can be applied in analyzing
the capacity and the design of synchronization for mobile systems. It can also
be applied for the design of a mobile sensor network and target tracking. For
some applications, e.g., in pipes or tunnels, mobile systems in bounded and/or
2D environments need to be investigated.

Optimal Detection Interval: We optimized the time duration of a bit frame for a
mobile system and the detection interval for a fixed system affected by external
interference in Chapters 3 and 4, respectively. However, mobile systems affected
by external interference have not been studied and the detection interval in this
case also needs to be optimized. These can be done based on the analytical results
in Chapters 3 and 4. Optimizing the detection interval for the system using
type modulation with molecules having different diffusion coefficients is also an
interesting problem for future work.

Equalization and Detection: ISI affects most MC systems and thus appropriate
designs of equalizers and detectors in different systems are needed. In Chapter 5,
we design the equalizers and detector for a typical diffusive point-to-point system
based on the given channel response. Nevertheless, for example, in systems where
the transceivers are mobile, the channel response cannot be obtained and only
its statistical analysis is given, in Chapter 3. Another example is that the channel
response of different types of molecules in a system using type modulation can
be different. Hence, the design of equalizers and detectors in these systems has

to be adjusted.
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¢ Chemical-reaction channel: It is common that there is more than one chemical
existing in the environment of the applications and some chemicals can react
with the signaling molecules. In Chapter 6, we exploit the reaction of signaling
molecules to design a detection mechanism when the signaling molecules can-
not be detected directly. Furthermore, chemical reactions can also be used to
design different modulation schemes. Controlling reactions to optimize system
performance is also an important problem for future research.

¢ Channel model: Channel modeling is essential for any system design. Hence,
despite a large number of studies on modeling the channel in MC systems,
including this thesis, there are still many channels in different applications that
need to be studied, especially when more applications are proposed.

¢ Testbeds: Currently, testbeds have been built as a proof-of-concept for MC sys-
tems but they are not flexible to be used for verifying theoretical research results.
They have also not been built to satisfy any specific requirements of applications.
To verify the theory and building specific applications, building testbeds is an
essential direction for future research.

¢ Applications: In general, more applications of MC need to be envisioned. De-
tailed investigations on the requirement and limitation of state-of-the-art commu-
nications systems are need to be done in order to build applications of MC that

tulfill the demands of society.

When Marconi built the first radio system, he could not imagined the tremendous
impact of communications on the world in which we live. We also do not know yet

where MC will lead us to in the future.






Appendix A

Proofs of Chapter 3

A.1 Proof of Lemma 3.1

To prove (3.6), we have

E{r(t)} < V2D,tE {) (A1)
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= VaDsi2e Z_;)n!rg;lwiz) (2)
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where I'(-) denotes the Gamma function, equality (a) is due to (3.5), equality (b) is
due to [148, Eq. (1.5)], and equality (c) is obtained by applying [81, Eq. (5.2.11.6) and
Eq. (56.2.11.7)]. Simplifying the final expression, we obtain (3.6).
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To prove (3.7), we have

E{r2()} @ 2D,tE {4?} (A2)
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where equality (a) is obtained due to (3.5), equality (b) is due to [148, Eq. (1.5)], and
equality (c) is obtained by applying the Maclaurin series of the exponential function.
From (A.1) and (A.2), we obtain (3.7) since Var {r(t)} = E{r?(t)} — E>{r(t)}.

To prove (3.8), we have

—

a

fr(t) (r) = \/zlﬁztfw (7)
Q)

N

(A.3)

éex _1’2+1’% sinh ror
rov Tl’th p 4D2t 2D2t !
where f, () is the PDF of v. Equality (a) in (A.3) exploits the fact that <y is a function
of r(t) [84, Eq. (5-16)]. Equality (b) in (A.3) is obtained from the expression for PDF
fy (7) [78, Eq. (1.6)] and the relation I; 5(x) = 4/ % sinh(x), where I; »(x) is the Bessel
function of the first kind and order 1/2.

Moreover, since \/% follows a noncentral chi distribution, we obtain (3.9) as

[79, Eq. (1)]

r r
F = F r(t = 1 - )LI . A4
0 = Fy (am) =1-9 (M) (A4)

A.2 Proof of Theorem 3.2

For this proof, we keep in mind that /i (r, T) and & (t, T) are two functions of different
variables but give the same value & since r is a function of t. Taking the derivative

of (3.1) with respect to , we obtain (3.18). From (3.18), we observe that o (r, T)=0
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is equivalent to a cubic equation in 7, given by ar® + br? + cr +d = 0, with properly
defined coefficients a, b, ¢, d and discriminant A = 18abcd — 4b3d + b*c? — 4ac® — 27a%d2.
From (3.18), we have A < 0 and thus i (r,7) = 0 has only one real valued solution,
denoted by r*, which corresponds to the maximum value of /(r, ), denoted by h*.
Then, from (3.18), we observe that //(r,7) > 0 for r < * and /'(r,T) < 0 for r > r*.
Therefore, the equation /i (r, ) = h has two solutions 1 (/) and ry(h), 1 (h) < r2(h),
when h < h*, and has only one solution * when h = h* = fl(r*,T). Finally, we

derive (3.17) by exploiting [84, Eq. (5-16)] for the PDF of functions of random variables.

Moreover, for h = I*, i/ (r, T) = 050 f(; o) (h) = ir/(gf’;)) o

A.3 Proof of Lemma 3.2

To prove Lemma 3.2, we need to prove that erf ({;(¢, a;)) — erf <f/%> is convex in ¢.
erf(-) is a convex and non-decreasing function for negative arguments and a concave
and non-decreasing function for positive arguments. For 7 < ¢ < p;1, we have
Ci(¢, ;) <0and % > 0. Moreover, {;(¢, «;) and % are affine functions of ¢. Then,
erf (;(¢, «;)) is a convex and non-decreasing function of an affine function and thus
is convex in ¢ [82, Eq. (3.10)]. erf (f/_%) is a concave and non-decreasing function of
an affine function and thus is concave in ¢ [82, Eq. (3.10)]. Therefore, erf ({;(¢, «;)) —
erf (%) is convex, which concludes the proof.

A.4 Proof of Lemma 3.3

To prove Lemma 3.3, we need to prove that erf ({;(g, «;)) is convex in «. First, erf(-)
is a convex and non-decreasing function for negative arguments and ;(¢, ;) < 0 for
¢ < Mi1. Second, when 17 < ¢, (;(C, «;) is a convex function in « since its Hessian matrix
is positive semi-definite. Then, erf ({;(¢, «;)) is a convex and non-decreasing function
of a convex function, and thus, it is convex in « for 7 < ¢ < ;1 [82, Eq. (3.10)], which

concludes the proof.
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A.5 Proof of Lemma 3.4
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To prove Lemma 3.4, we need to prove < 0. Using the Taylor series expansion

of the sinh(-) function in (3.8), we obtain
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Appendix B

Proofs of Chapter 4

B.1 Proof of Lemma 4.1

When T, changes within the interval Tr(l) <T: < Tr(lH), the values of Py|x, (y|xT = No)
and Py|x; (y| x = Ni) also change. However, the relation between Py x, (y|xr = Np)
and Pyx, (y|xtr = N1), in terms of whether Py|x, (y|xr = No) > Pyjx, (y|xT = N1)
or Pyjx, (y|xr = No) < Pyjx, (y|xT = N1), is preserved within the interval Tr(l) <
T < Tr(lﬂ). Now, since Zy and Z; are the sets of discrete Y obtained by compar-
ing Py|x, (y|xt = Np) and Py|x, (y| xr = Ni), the elements of Zy and Z; also do not
change when T; changes within the interval Tr(l) <T: < Tr(l+1). On the other hand,
from (4.5), (4.6), (4.7), and (4.8), we can see that p; and p;, are smooth functions of T;.
Hence, for Tr(l) <T; < Tr(l+1), I =1,2,...,and Y belonging to Z, or Z;, P, in (4.22) is a
sum of smooth functions and therefore also a smooth function of T, within this interval.
This can be proved strictly by taking the derivative of P, with respect to T, when Y
belongs to the fixed sets, Zy and Z;, and when Tr(l) <T: < Tr(lH) holds. Note that, P,

is not smooth at the bounds of these intervals, i.e., Tr(l) <T, < Tr(l+1).
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B.2 Derivation of P, Gaussian in (4.33)

To derive the BER from (4.14), we need to find PXT| Xr (Xr|xT). Since Zy and Z; are now

continuous, we rewrite (4.17) and (4.18) as follows

Py ix (21 = No[x1 = N1) = j Pyx, (y| x1 = N1)dy
yeZy
(@) 1

== Pyx;,x, (Y| xT = N1, x1 = No) dy
2 yEZQ

1

+ ZJ . Py|x;,x, (Y| xT = N1, x1 = N1) dy, (B.1)
YeZy

Py ix; (21 = N1 xT = No) = f Py|x, (y| xr = No) dy
yEZl

1
© > Pyx;,x, (Y| xT = No, x1 = No) dy
2 yeZl
1
+ ZJ , Py|x;,x, (y| x1 = No, x1 = N1) dy, (B.2)
ye£y

where (a) and (b) follow from (4.12) and (4.2), respectively.

Moreover, we have

Yit+1
J Py xpx; (ylxt, x1) dy =Fyixp,x, (Vie1l X1, X1) — Fyixp, %, (il X1, 1), (B.3)
Yi

where Fy|x; x, (7] xr, x1) is the cumulative distribution function (CDF) of Y given Xt

and X1. Fy|x; x, (7| xT, x1) is given by

1 ¥ — (Xtps + X
Fyxp,x (v x1,x1) = > <1 + erf (XTPd (Xrpa + Xipa,) )) . (B4

(1—pa) + Xipa,(1 — pay)

Therefore, Zx = U [, vi+1] can be written as
1

f . Py|x7,x; (¥ x1, x1) dy =Z (Fyxp,x (Vi1 | 21, x1) = Fyjxp x, (7il X1, %1)) .~ (B.5)
YeZy ,

1

Inserting (B.4) into (B.5), then (B.5) into (B.1) and (B.2), we obtain Py . (£1]xT). Then
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inserting Pg_ x. (%r[xr) and (4.1) into (4.14), we obtain the closed-form expression of

the BER as in (4.33).

B.3 Proof of the global optimum of T; for the case of the Pois-
son distribution

To prove that T, obtained by Algorithm 1, for the Poisson distribution is globally
optimal, we need to prove that when Z, and Z; are fixed, P, has only one local
minimum. This is shown in the following.

Since the sets Zy and Z; can be obtained by comparing Py|x, (y| xt = Np) and
Py|x, (y| xT = N1) for each y in the interval 0 < y < 2Nj, as shown by (4.13), Z; and

Z, can be found by solving the following equation

Py|x, (y| xr = N1) = Py|x, (y|xr = No) . (B.6)

If equation (B.6) has one and only one solution, denoted by Yy, Zo and Z; can be
written as Zy = {0,..., ym} and Z; = {ym + 1,...,2N1}, respectively. Thus, we first
prove that (B.6) has one and only one solution, vy,. Then, we use 7y, to derive P, and

2
% > 0 with T; satisfying 2—% = 0 when Z( and Z; are fixed. Moreover,

prove that
since P, is continuous with respect to T, when Z, and Z, are fixed, P, has only one
local minimal point.

We set the left-hand side and the right-hand side of (B.6) equal to a constant m,
which is then presented by monotonic exponential functions. Thus, the solution of (B.6)

is the solution of the following set of equations

(Nlpd + Nopdl)ye—(N1Pd+N0Pdl) + (Nlpd + Nlpdr)ye_(Nlpd+N1pdl)

=m=u(Nips+ Nipys 4
< (Nopa+ Napa)” o)
(NOPd + Nopdl)ye—(N0Pd+NoPd1) + (NOPd + Nlpdl)ye_(Nopd+N1de>

=m =0 (Nopa+ Nipa)’,

where 1, v are constants. Since each equation of the set in (B.7) has only one solution,
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the solution of the set, i.e., the solution of (B.6), is unique.

Now, from (4.27) and the unique y,, we have

N (v + 1, Nipa + Nipg,)
Yin! Yin!
[(ym + 1, Nopa + Nopa;)  T(vm +1, Nopa + N1pa,)

. _ B.8
Yin! Yin! > (38)

o 1 1 (F(’Yth +1, Nipa + Nopa,)
bT27

and

0B, 1
0T, Ay

— (N1pa + Nipg) "™ e (NpatNiva) (Nyply + Nyl )

(_ (Nlpd + NOPdI)%h e*(NlderNOde) (Nlpfj + NOP;ZI)

+ (NOPd + NOPdI)%h e—(NoPd+NoPd1) (NOPZI + NOPQI)

+ (NOPd i Nlpdl)%h e_(NOPd+N1Pd1) (NOpii + Nlp;ﬁ)) . (B.9)
When g—%’ =0, we have

(Nipa + Nopdl)%h o~ (Nipa+Nopg)) (Nuply + NOP&I) _ (B.10)
~ (Nupa + Nlpdl)'Yth o~ (Nipa+Nipay) (Nuply + Nlpfil)
+ (Nopa + Nopa,) "™ e~ (NoratNoviy) (Nl + Nopg,)

+ (Nopa + Nipg,) "™ e~ (NoratNiv) (Noply + Nypl ) -

%P,

From (B.9), we can derive a;%. Then, substituting (B.10) into 12 We see that
o*D,
TT} > 0. (B.11)

Hence, the stationary point of B, is a minimum. On the other hand, since P, is contin-
uous when Z and Z, are fixed, P, has only one minimal point and thus the optimal

point given by Algorithm 1 is global optimal.



Appendix C
Proofs of Chapter 6

C.1 Proof of Corollary 6.1

We can derive (6.12) by expanding (6.11) in cylindrical coordinates and substituting
lu—@|? = (z — 2)* + p? + p — 2pp cos (P) (C.1)

into (6.11). Then, by using

2w (oppeos(f)) o5

we obtain (6.12).

C.2 Proof of Theorem 6.1

We obtain (6.15) by following similar steps as in [123, Appendix D] to solve the follow-

ing set of equations

aCI‘C ,t
Aa(tu) = —Kfof(u, t)CerC(u, i’) + KhCEC(u, t), (C3a)
0CK(u, t
Ba(tu) — K CIE (u, CE (u, £) + 1,CE (1w, B), (C.3b)
ach ,t
C;tu) = Kfof(u, HCE (u, t) — k,CE (u, t). (C.30)
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Subtracting (C.3b) from (C.3a) and adding (C.3a) and (C.3c), respectively, we obtain

2 (C(u, t) — CX(u, 1))
ot

~0, (C.4)

0 (Ci(u,t) + CE(u,t))
ot

=0. (C.5)

Equations (C.4) and (C.5) have solutions Ci(u, t) — Cg(u,t) = c11(u) and Cx(u, t) +
CE(w,t) = c2(u), where ci1(u) = C(u,t = tg) — Cg(u,t = ty) and cpp(u) =
CX(u, tg) + CE(u, tp), respectively. Hence, ty is the initial time for which the initial con-
ditions are known. Substituting Ci{(u, t) — Cg’(u, t) = c11(u) and C(u, t) + CE(u, t) =

c12(u) into (C.3a), we have

c?CrCa(tut) <Kf (C(u, 1)) + (xfc11(w) +xp) Ci(u, t) — KbC12(u)>, (C.6)

which can be written as

2 (C(u, 1))
K (Cx(u, t))2 + (xpe11(u) + 1) Ci(u, £) — Kpc12(u)

— —ot. (C.7)

Solving (C.7), we obtain

2(u) — 2x,C (u, )+Kfcll(u)Kb>’ C8)

—t+64(u) = c2(u) ln< 2(u) +2kC(u, t) — K5c11(w) + %

where ¢;(u) = \/(—Kfcn(u) + Kb)z + 4xsrpc12(u) and ¢4 (u) is a constant with respect

to time. Using the initial condition when t = 0 in (C.8) leads to

N | ca(u) — Kycs(w) — Ky
falw) = c2(u) " (Cz(u) +xfe3(u) + Kb) ' ()

where c3(u) = Ci(u,to) + C5(u, fg). Defining c4(u) = exp (c2(u)éi(u)), substituting
(C.9) into (C.8), and setting the initial time and the current time, denoted by ty and ¢
in this proof, equal to t and At + ¢, respectively, for each iteration in Algorithm 1, we

obtain (6.15a). Using Ci'(u,t) = Ci(u,t) — c11(u) and C¥(u, t) = cp(u) — Ci(u, t), it
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is straightforward to obtain (6.15b) and (6.15c), respectively.

C.3 Proof of Corollary 6.3

The expression in (6.23) is obtained from [57, Eq. (9)] with k_; = 0. Adding (6.2a) and

(6.2¢), we obtain

aC(u, t)
of

= Ga(u,t) + DAV?C(u,t), (C.10)

where C(u,t) = Ca(u,t) + Cc(u,t). From the solution C(u,t) of (C.10), we obtain
(6.24).
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