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Abstract
Thedynamics and thermal equilibriumof spinwaves (magnons) in aquantumferromagnet aswell as the
macroscopicmagnetisation are investigated.Thermalnoisedue to an interactionwith lattice phonons and
the effects of spatial correlations in thenoise are considered.Wefirst present aMarkovianmaster equation
approachwith analytical solutions for anyhomogeneous spatial correlation functionof thenoise.Wefind
that spatially correlatednoise increases thedecay rate ofmagnonswith lowwavevectors to their thermal
equilibrium,which also leads to a faster decayof the ferromagnet’smagnetisation to its steady-state value.
For long correlation lengths andhigher temperaturewefind that additionally there is a component of the
magnetisationwhichdecays very slowly, due to a reduceddecay rate of fastmagnons.This effect couldbe
useful for fast andnoise-protectedquantumorclassical information transfer andmagnonics.We further
compare ferromagnetic andantiferromagnetic behaviour innoisy environments andfindqualitatively
similar behaviour inOhmicbut fundamentally different behaviour in super-Ohmic environments.

1. Introduction

The investigation of spinwaves andmagnons has lead to the emerging field ofmagnonics [1–3]which aims to
enablemagnons as information carriers for both classical [4, 5] and quantum [6] information technology. Since
magnons do not carry charge their interaction and dissipation isminimal compared to electronic circuits and
thusmagnonics could enable information processingwith hugely reduced power consumption [3, 4].
Furthermoremagnonics could enable transport [7–10], processing [11, 12] and storage of quantumbits in the
same platformof spin systems, since single-spin systems, such as the nitrogen- or silicon-vacancy centre in
diamond, are strong candidates for future quantumbits.Magnons also enable new approaches to entanglement
and quantumprocessing since (unlike photons) they can be createdwith a simple spin-gate operation on a spin.
A rigorous investigation of their response to quantumnoise including spatially correlated noise is therefore an
important step towards further progress andminiaturisation ofmagnonic systems and devices.

Using quantummaster equations to calculatemacroscopic properties of solid state systems can yield details
about thematerial properties and dynamics. This is a distinctly different application from the calculation of
expectation values in small quantum systems of only a few states. For certain systems such as the quantum
ferromagnet, analytical solutions can be obtained frommaster equation approaches. Numericalmethods for
large systems are possible viamapping ofmaster equations to a quantum jump formalism [13]. The effects of
uncorrelated noise in a quantumantiferromagnet have been investigated analytically [14] and shown the
applicability and usefulness of this technique. In addition,master equations techniques have been applied in
other condensedmatter scenarios such as topologically ordered systems [15–17].

The effects of spatially correlated noise are increasingly relevant for quantum technology devices, which aim
for an increasing density of controlled quantum systems and thus the simplifiedmodel of uncorrelated noise are
more likely to break down. Spatially correlated noise has shown to produce interesting and fundamentally
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different dynamics to uncorrelated noise, even in theMarkovian regime. In ion traps for example the occurrence
of decoherene-free subspaces has inspired quantum computation solutions [18, 19]. In thefield of quantum
metrology a re-instatement of the superiorHeisenberg precision scaling has been proven possible in the
presence of spatial noise correlations [20]. In spin chains and light-harvesting complexes spatial noise
correlations have shown to enable robust transport through protected states [21–23]. These results pose the
question how correlated noise affects the dynamics ofmagnons andmacroscopic quantities in a quantum
ferromagnet

This paper is structured as follows: in section 2we introduce the spin-waveHamiltonian, in section 3we
discuss its interactionwith a thermal environment, in section 4we derive and solve amaster equation for
magnons, in section 5we discuss themacroscopicmagnetisation, in section 6we point out relevant differences
between ferro- and antiferromagnetic behaviour and reach our conclusions in section 7.

2. Spin-waveHamiltonian

Webegin by introducing the key concepts and theHeisenbergmodelHamiltonian for spins in real spacewith
nearest-neighbour interaction.We then showhow thisHamiltonianmaps via theHolstein–Primakoff
transformwith a spin-wave approximation to a bosonic system. Subsequent transformation into k-space via
Fourier lattice transformof the operators diagonalises theHamiltonian and yields the dispersion relation of the
system. This is theHamiltonian describing ‘magnons’, the elementary collectivemagnetic excitations.

We start with aHeisenbergmodel for the spins in the quantum ferromagnet with only nearest-neighbour
interaction and a uniformmagnetic fieldB in the negative z-direction:

å å g= -
á ¢ñ

¢· ( )H J BSS S , 1S
z

r r
r r

r
r

,

where J<0 for a ferromagnet. Antiferromagnetic behaviour (J>0) has been investigated similarly [14]. Here
g m= ge B is the gyromagnetic ratio and = ( )S S SS , ,x y zr is the vector spin-operator of at position r=(x,

y, z).
ThisHamiltonian can bemapped to a systemof interacting bosons via theHolstein–Primakoff

transformation [24, 25] for spins S�1/2:

f

f
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=

=
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-

( )
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This function is then approximated by a series expansion tofirst order in the normal-ordered number operator
[25]:

f » - - - á ñ ( ) ( )†S n a a S1 1 1 1 2 for 2 . 4r r r

Wenote that this linear spin-wave approximation limits the regime to low excitation numbers ofmagnons
relative to theirmaximum set by the spin S2 . This is fulfilled both in the ordered ferromagnetic equilibrium state
aswell as in the equilibration processes considered here, as long as the bath temperature is ‘cold’ relative to the
Debye temperature of thematerial, i.e.such that the bath fluctuations cannot excite large numbers ofmagnons
into the system. Furthermore, wewill beworking in a 3D system, leading to spontaneous symmetry breaking at
finite temperature further justifying the spin-wave treatment to be qualitatively correct.

With the linear spin-wave approximation theHamiltonian (1) becomes (for aD-dimensional system):

å åg= + - + +
á ¢ñ

¢ ¢( ) ( ) ( )† † †H E B JDS a a JS a a a a2 , 5
r

r r
r r

r r r rLSW 0
,

where the constant energy shift g= +E JNDS BSN0
2 with the total number of spinsN originates from a

summation over a constant.
TheHamiltonian is then diagonalized forD=3 by replacing ar and

†ar with their three-dimensional
Fourier lattice transform [26–28]:
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Taking into consideration a simple cubic lattice as the discrete spin lattice, the detailed expression for thewave
vector elements is = pk nx N d x

2

x x
and = ˜r d nx x x, whereNx is the number of sites in x-direction, dx is the lattice

constant in x-direction and Î˜n n,x x are the integer summation indices. Analogous expressions apply to y-
and z-directions. For theHamiltonian, equation (5), we choose the three-dimensional nearest-neighbour
parameterisation å  å åmá ¢ñ =r r r, 1

3 and ¢  + m mˆdr r r , where mr̂ is the unit vector in x-, y- or z-direction and
dμ the respective lattice constant. One then diagonalises theHamiltonian in k-space using

d d då - ¢ = ¢ ¢ ¢[ ( ) · ]k k rexp i k k k k k kr , , ,x x y y z z
andfinds:

å w= + ( ) ( )†H E a ak , 7
k

k kLSW 0

åw g= + -
m

m m
=

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥( ) ( ) ( )B JS k dkwith 2 cos 1 . 8

1

3

This is the diagonal linear spin-waveHamiltonian. The excitations of these uncoupled harmonic oscillators are
calledmagnons as they represent the elementarymagnetic excitation. The k-dependent energy of themagnons
ω(k) defines their dispersion relation.

3. Interactionwith a thermal environment

In this sectionwe extend ourmodel of the systemof a ferromagnet to be an open quantum system, which allows
us tomodel the interaction between the spins and the lattice phonons, whichwewill assume to be in a thermal
equilibrium. Instead of assuming an ad hocmaster equationwewill show amore rigorous treatment and start by
assuming an interactionHamiltonian between the ferromagnetic system and an environment of bosonic
phonon-modes, figure 1. This is the basis for the derivation of amaster equation. Any general interaction
Hamiltonian [29] can always bewritten in themathematical form = åH s Bj j jint , wheremultiple system
operators sj couple to environmental bath operatorsBj. Defining these operators sj andBj in this formof the
coupling is the starting point for a treatment with the Bloch–Redfield formalism, which allows us towrite down
themaster equation directly from this form [30–33].

Wewill start with an interactionHamiltonianwith spin-operators in real space and include an arbitrary
spatial correlation function - ¢(∣ ∣)f r r of the system-environment couplings, which defines how the coupling
between a spin and an environmentalmode behaves as a function of distance - ¢∣ ∣r r between them.We then
showhow this form simplifies by transformation into k-space such thatmagnons only couple to environmental
modeswith the samewave vector k. The spatial correlation function is then contained in the k-dependent
coupling constant. This simplification is essential in order to solve the resulting Bloch–Redfield equations
analytically later.

Figure 1. Ferromagnetic spins (symbolised by arrows) interact with a noise environment of lattice phonons (symbolised by dots).
Close spins couple to similar phononic sites and hence experience spatially correlated noise.
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Wenote that introducing this spatial decay function - ¢(∣ ∣)f r r in the system-environment couplings is
subtly different to the definition of a spatial decay function in the environmental noise correlations as done
elsewhere [30]. In the latter case the decay function is bound bymultipartite correlation rules while here the
decay function of couplings is unrestricted in its functional form andwill always result in a Lindblad form and a
physical time evolution.

We assume that our systemof spins couples to a large number of bosonic environmentalmodes, such as
phonons. This coupling of the spins to the lattice phonons is the common spin-bosonmodel [34–38]where the
spin operator = ( )S S SS , ,x y z couples linearly to the lattice displacement operator = ( )X Y ZR , , . Details of an
underlyingmicroscopicmodel have been discussed [39] as a local exchange interaction between the electron
spin andmagneticmoment and the local couplings between the electronic charge and lattice displacements. The
interaction of the form = +( )†S X S A Ax x , with the local position operatorX of the environmentalmode, is one
of the common spin-bosonmodels [34, 35].We chose this as the relevant example since an interaction S Yy

yields completely analogous dynamics and an interaction S Zz would lead to termswhich are negligible in the
spin-wave regime in analogy to the antiferromagnetic case [14], see appendix A for details.We adopt capital
letters for the environmental creation operators †A jr, ofmode j at spatial position r to distinguish them from the

systemmodes †ar . At each position there is a collection of phononmodes with different energies wj and
respective coupling strength w( )g j :

å åw= - ¢ +
¢

¢ ¢( ) (∣ ∣) ( ) ( )†H g f S A Ar r . 9
j

j r
x

j j
r r

r rint
,

, ,

After theHolstein–Primakoff transformationwith linear spin-wave approximation this interaction reads:

å åw= - ¢ + +
¢

¢ ¢( ) (∣ ∣)( )( ) ( )† †H S g f a a A Ar r2 . 10
j

j j j
r r

r r r rint
,

, ,

Using the secular approximation this can be simplified further. The secular approximation allows us to neglect
coupling or noise terms (i.e. off-diagonal superoperator elements)which are small relative to the difference of
two on-diagonal superoperator elements. For aweak system-environment coupling g(ωj) relative to themagnon
energywe can neglect those terms that create both amagnon and an environmental phonon, i.e. terms
proportional to † †a A and aA, since these terms create small off-diagonal superoperator elements proportional to
g(ωj) corresponding to diagonal elements separated by themagnon energy.We only take into account terms
where amagnon is created and an environmental phonon annihilated or vice versa, i.e. †a A and †aA terms. This
ismore intuitively understood in the interaction picture of the system and environment where the † †a A and aA
terms become fast oscillating termswith a frequency corresponding to the sumofmagnon and phonon energy.
The fast oscillation averages out their effect. The †a A and †aA terms are slow or non-oscillating terms since two
counter-rotating factors cancel each other out. In this way the secular approximation can also be regarded as a
rotating-wave approximation.Neglecting the † †a A and aA terms is a fairly commonprocedure inmaster
equation approaches [40, 41], mathematically due to the Riemann–Lebesgue lemma [29]. The interaction
Hamiltonian becomes:

å åw= - ¢ +
¢

¢( ) (∣ ∣) ( )†H S g f a Ar r2 h.c. 11
j

j j
r r

r rint
,

,

Wenote that for this approximation to be generally correct the condition w g( )g Bj is required since there are
otherwise systemmagnonswith an energy that is not large enough to justify the separate scales required for the
secular approximation. In this case the exact formof the coupling becomesmore relevant and † †a A terms aswell
as aA terms need to be considered. However, this condition can be fulfilled even formagnetic fields small
compared to the spin–spin coupling g w  ( )J B g j .

Againwemake use of the Fourier lattice transform, equation (6), and rewriting
=¢ ¢- ¢ ¢- ¢-( · · ) ·( ) ( )·e e ek r k r k r r k k ri i i we find:

å ååw= - ¢ +
¢ ¢

¢ ¢- ¢-
¢( ) (∣ ∣) ( )·( ) ( )· †H S g f

N
a Ar r2 e

1
e h.c. 12

j
j j

k k r r

k r r k k r
k kint

, ,

i i
,

We then substitute = ¢ -u r r andwrite:

å å- ¢ =
¢=

¢ ¢-

=-

-
¢(∣ ∣) (∣ ∣) ( )·( ) ·f fr r ue e 13

N

N

N

r

k r r

u

k u

1

i

2

2 1
i

or, to bemore precise, we substitute for each component ¢ - = ¢ - = =m m m m m m m m m˜ ˜ ˆr r d n d n d n u , where dμ is the

lattice constant of dimensionμ, the variables ¢ Îm m m˜ ˜ ˆn n n, , are the integer summation indices andμ takes the
values of the three dimensions:
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å å- ¢ =
¢=
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m m m(∣ ∣) (∣ ∣) ( )
˜

( )

ˆ

ˆf fr r ue e . 14
n

N
k d n n

n N

N
k d n

1

i

2
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In doing sowe have assumed that the expression is independent of r, and that the summation over ¢r always runs
over all possible values of the difference ¢ -r r. Physically this assumptionmeans that all edge effects are
neglected, which occur, when any rμ is close to 1 orNμ.We then identify the remaining summation over r as a
Kronecker delta and after performing the summation over ¢k , the interactionHamiltonian then becomes
(appendix B):

å å åw= +
  

( ) (∣ ∣) ( )·

( )

†H S g f a Au2 e h.c. 15
j

j

F

j
k u

k u

k

k kint
i

,

This is the interactionHamiltonian in k-space inwhichwefind thatmagnons of thewave vector k only couple to
environmentalmodes of the samewave vector. The respective coupling strength is given by the three-
dimensional Fourier transformof the coupling correlation function - ¢(∣ ∣)f r r . This Fourier transform ( )F k is
explicitly:

å å å=
=

-

=

-

=

-
+ +( ) (∣ ∣) ( )

ˆ ˆ ˆ

( ˆ ˆ ˆ )F f uk e . 16
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2

2 1

2

2 1

2

2 1
i

x x

x

y y

y

z z

z

x x x y y y z z z

For largeN and smooth (∣ ∣)f u one can take the continuous limit and integrate. Sincewe neglected edge effects
and assumed the difference = - ¢u r r to go over all possible values, this is the thermodynamic limit and
integration should go from-¥ to¥, where the normalisation of (∣ ∣)f u does not need to be adapted if it decays
on a small scale relative to the crystal lengths m md N .

= + +∭( ) ˆ ˆ ˆ (∣ ∣) ( )( ˆ ˆ ˆ )F n n n f uk d d d e 17x y z
k n k n k ni d d dx x x y y y z z z

= ∭ (∣ ∣) ( )·
d d d

u u u f u
1

d d d e , 18
x y z

x y z
k ui

where =V d d dd x y z is the volume of the unit cell and u carries the unit lengthwhile mn̂ is dimensionless.
Therefore, the Fourier transformof (∣ ∣)f u depends only on themagnitude of thewave vector, =( ) ( )F F kk ,

allowing further simplifications, appendix C.Wenote that this isotropy follows from the assumed isotropy of
the noise correlation function (∣ ∣)f u for thewhole lattice. It is not connected to any isotropy of the individual
site’s system-bath coupling operators.

With this theHamiltonian is:

å åw= +( ) ( ) ( )†H S g F k a A2 h.c. 19
j

j j
k

k kint ,

This interactionHamiltonian in k-space ismuch simpler as it only couplesmagnons of wave vector k to
phonons of the samewave vector and thus there is only one summation over k , despite two summations
occurring in the spatially correlated real-space form, equation (11).We therefore use this as the starting point for
ourmaster equation.

4.Master equation and thermalisation ofmagnons

For the standard Bloch–Redfield approachwe can now identify the full Hamiltonian = + +H H H Hsys int env,
where the systemHamiltonianHsys is given by the linear spin-waveHamiltonian from equation (7), the
interactionHamiltonianHint is given by equation (19) and the environmental Hamiltonian is defined as the
bosonic environmentalmodes:

= + + ( )H H H H , 20sys int env

å w= = + ( ) ( )†H H E a ak , 21
k

k ksys LSW 0

åw g= + -
m

m m
=

⎡
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⎥⎥( ) ( ) ( )B JS k dkwith 2 cos 1 22

1

3

å åw= +( ) ( ) ( )†H S g F k a A2 h.c., 23
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j j
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k kint ,

å w= ( )†H A A . 24
j

j j j
k

k k kenv
,

, , ,
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The interactionHamiltonianhas the form = åH s Bj j jint ,mentioned above, i.e.multiple products of system

operators sjwithbathoperatorsBj.We label the systemoperators = †s ak k1 andHermitean conjugate =s ak k2 with

the correspondingbathoperators w= å ( ) ( )B S g F k A2 j j jk k1 , and * *w= å ( ) ( ) †B S g F k A2 j j jk k2 , , respectively,
fromwhich themaster equation canbedirectly derived viaBloch–Redfield approach [13, 30, 31]. This is a convenient
versionof the equivalentmaster equation techniques [29, 34, 40, 41].

The Bloch–Redfieldmaster equation in k-space is then directly based on calculating the environmental
spectral functions using the bath operators ˜ ˜B B,k k1 2 in the interaction picture of system and bath. There are four
environmental spectral functions due to the four combinations of the two types of bath operators. However,
only two out of the four turn out to be non-zero6. These are the coefficients in themaster equation responsible
for absorption processes and emission processes. The spectral functionwhich corresponds to phonon
absorption is given by

òw t t¢ - = ¢
w t

-¥

¥
-  [ ( )] ⟨ ( ) ( )⟩( )C B Bk d e 0k

k
abs i

1

*ò åt w w t= á ñw t
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j j

j j j j
k

k k
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,

2
, ,

*ò åt w w w d d= w t w t
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¥
-

¢
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,

2 i
,

j

å w d w w w= -∣ ( )∣ ∣ ( )∣ [ ( ) ] ¯ ( )S F k g nk2
j

j j j
2 2

 w w= ∣ ( )∣ [ ( )] ¯ [ ( )] ( )S F k nk k2 , 252

where w w - -¯ ( ) ≔ [ ( ) ]n k Texp 1B
1 is the Bose–Einstein distribution and w w d w w= å -( ) ( ) ( )gj j j

2 is the

spectral density. In the above calculation the exponential w tei j comes from the interaction picture
t = =t t w t-˜ ( )† † †A A Ae e ej

H
j

H
jk k k,

i
,

i i
,

jkenv env , due to the environmental Hamiltonian w= å †H A Aj j j jk k k kenv , , , , with
an environmental dispersion relation w jk, which as a function of k is given by the Fourier transformof the
spatial coupling function between different environmental bosons. Consistent with phonons in the harmonic
approximation, we assumeuncoupled environmental bosons and hence w w=j jk, and w w=¯ ( ) ¯ ( )n nj jk, . In the
last step of equation (25)we simply change the argument of the Bose–Einstein distribution; this is allowed
because of the delta-function. Analogously we calculate the other spectral function, which describes emission
processes:

òw t t= á ñw t
¢

-¥

¥
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 w w= +∣ ( )∣ [ ( )]( ¯ ( ) ) ( )S F k nk2 1 . 26j
2

With this themaster equation for the densitymatrix ρ becomes (note that  = 1 throughout):
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2

where the Bose–Einstein distribution n̄k and the spectral density w( ) are as defined below equation (25) and
w g= + - + åm m m=( ) [ ( )]B JS D k dk 2 cos1

3 is the system’s dispersion relation, derived in equation (8).
For solid state environments, the spectral density of the bath is usually parameterised in the continuous limit

[34, 35] as:

 w aw w= w w- -( ) ( )e , 28s
c
s 1 c

whereα accounts for the strength of the coupling and wc is the cut-off frequency of the bath (typically it would be
theDebye frequency of thematerial). Typically three cases are distinguished, >s 1 (super-Ohmic), s=1
(Ohmic) and <s 1 (sub-Ohmic).

Thismaster equation is of Lindblad-type andwe can identify the coefficient as a singlemagnon decay rate
towards thermal equilibration for each k value:

g w= ∣ ( )∣ [ ( )] ( )S F k k2 . 29k
2

6
Similar calculation see e.g.p 50 in [31].
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We solve equation (27) for the expectation value á ñ( )†a a tk k by using the adjointmaster equation in the
Heisenberg picture7. The solution is given by8:

wá ñ = á ñ + -g g- -( ) ( ) ¯ [ ( )]( ) ( )† †a a t a a n k0 e 1 e . 30t t
k k k k k k

This result has several very important implications: we have found thatmagnons decay to their thermal
equilibriumwith a single exponential rate gk andwe have found an analytical expression for this decay rate for
anymagnonwith a givenwave vector k and any given spatial noise correlation function (∣ ∣)f u . Thismagnon
decay rate shows how fast different plane spinwaves thermalise in the Brillouin zone, and equally applies to
singlemagnonwave packets big enough to behave like planewaves. Thismagnon decay rate determines their
decoherence. This, togetherwith themagnon speed, determines the coherence range of themagnons and is an
important indicator for their usefulness as quantumand classical information carriers. Figure 2 shows the
magnon decay rate for spatially uncorrelated noise.Wewill investigate themagnon decay rate for different
temperatures, and noise correlation lengths below.

Furthermore the thermal equilibriumdistribution ofmagnons as a function of temperature is given by the
long-time limit wá = ¥ ñ =( ) ¯ [ ( )]†a a t n kk k which gives the average number ofmagnons for anywave vector k .
It is obtained by inserting the system’s dispersion relation w ( )k (which is itself defined by the Fourier transform
of the spatial homogeneous spin–spin coupling) into the Bose–Einstein distribution w¯ ( )n .

5.Magnetisation

Beyond the investigation of singlemagnons, ourmaster equation approach also allows us to calculate the time
evolution of the averagemagnetisation of an entire crystal.Wewill sumover all sites and obtain the
magnetisation of the entire ferromagnet rather than themicroscopic expectation value of a single site. The ability
to obtain the dynamics of amacroscopic solid-state quantity from calculations of amicroscopic quantum
master equation shows the versatility of thismaster-equation approachwhich can be used beyond the usual
applications of nanoscale quantities. Themagnetisation is furthermore an experimentallymore accessible
quantity than the time evolution of singlemagnons.

Themacroscopicmagnetisation á ñmz is converted to bosonic operators via theHolstein–Primakoff
transform:

å åá ñ = á ñ = - á ñ†m
N

S S
N

a a
1 1

z
r

r
r

r r

Figure 2.Magnon decay rate g ( )k as a function of kx and ky in theOhmic case s=1, for the ferromagnetic case with kz=0. The
ferromagnetic case for p=kz looks very similar inOhmic environments with only a slightly different z-axis. The noise is
uncorrelated.

7
An example of the same technique for a single harmonic oscillator can be found in section 3.4.6.2 of [40]. The solution here is analogous

oncewe keep inmind the bosonic commutation relation d=¢ ¢[ ]†a a,k k kk and details can be found in section 3.1.3 of [31].
8
The solution is analogous to equation (3.319) in [40] and equation (40) in [14].
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å= - á ñ ( )†S
N

a a
1

. 31
k

k k

Accordingly the time-evolution of a non-equilibrium state of themagnetisation is given by:

å wá ñ = - á ñ + -g g- -( ) [ ( ) ¯ [ ( )]( )] ( )†m t S
N

a a n k
1

e 0 1 e . 32z
t t

k
k kk k

This describes the relaxation of the system for example fromone (system) temperature to another (bath)
temperature or fromonemagnetic field to another. Assuming thatwe start from an equilibrium state with some
magnetic field ¹B B0 and then evolve to the equilibrium state withmagnetic fieldB, we have

w gá ñ = = + å -m m m=( ) ¯ [ ( )] ¯ [ ( )]†a a n n B JS k dk0 2 cos 1k k 0 0 1
3

å åw wá ñ = - - á ñ - g-( ) ¯ [ ( )] ( ( ) ¯ [ ( )]) ( )†m t S
N

n a a nk k
1

0 e . 33z
t

k k
k k k

The discrete summations are explicitly given by a summation over the Brillouin zone, where each kμ (where
m = x y z, , ) is discretised as =m

p

m m
k nn N d,

2 with thewhole numbers Î - -m m{ }n , ..., 1
N N

2 2
. For large enoughN

we can change the summation to an integral over the Brillouin zone volume:

å å å w wá ñ = - + á ñ -
p

p

p

p

p

p
g

=- =- =-

-( ) { ¯[ ( )] ( ( ) ¯ [ ( )]) } ( )†m t S
N

n a a nk k
1

0 e , 34z
k d

d

k d

d

k d

d
t

k k

x y z

k

ò ò òp
w wá ñ » - + á ñ -

p

p

p

p

p

p
g

- - -

-( )
( )

{ ¯[ ( )] ( ( ) ¯ [ ( )]) } ( )†m t S k k k n a a nk k
d

2
d d d 0 e . 35z

d

d

x
d

d

y
d

d

z
t

k k

3

3
k

As an examplewe choose as the initial state the equilibriumdistributionwhichwould occur at high external
magnetic field wá ñ =( ) ¯ [ ( )]†a a n k0k k and regard the decay to a new equilibriumposition for lowmagnetic field.
For a saturated, i.e.fullymagnetised initial state wá ñ = =¥( ) ¯ [ ( )]†a a n k0 lim 0Bk k because themagnetic field
B aligns all spins to the ground state of zeromagnons present. In otherwords themagnetic field (by appearing in
the dispersion relation, equation (8)) effectively increases the energy offset of the system energies so that there are
no excitedmagnon states populated in the thermal equilibriumof infinitemagnetic field. This simplifies the
initialmagnetisation á ñ =( )m t Sz and the time-dependentmagnetisation:

òp
wá ñ » - -

p

p
g

-

-( )
( )

¯ [ ( )]( ) ( )m t S k n k
d

2
d 1 e . 36z

d

d
t

3

3
3 k

The continuous limit for the calculation of themagnon decay rate equation (29) and themagnetisation
equation (35) facilitates finding an analytical expression. The change fromdiscrete to continuous is justified by
smoothness, and smoothness in k-space is guaranteed by large enough number of spinsN in real space as this
means ‘high resolution’ in the Brillouin zone in k-space.

However we need to keep inmind, that the Fourier-transform of the spatial correlation function,
equation (16) is a separate discrete calculation. This can only be changed to a continuous Fourier transform
equation (18) for a correlation lengthwhich is not too short (otherwise the correlation function is not smooth
enough to change the sum to an integral) and not too long (otherwise the correlations do not decay over the
length of the entire crystal and afinite summation cannot be changed to an infinite Fourier transform).
Uncorrelated noise and nearest-neighbour correlations are therefore investigated by discrete Fourier
transformation, while functional forms are only investigated as continuous Fourier transforms for correlation
lengths not shorter than the spin spacing.

Next wewill regard the dynamics in theOhmic case at different temperatures and for several different cases
of spatial correlation functions f (u). In each case we give the corresponding Fourier transform F(k),
equation (18), themagnon decay rate gk, equation (29), and a numerical plot of the decay of themagnetisation
to its equilibrium value, equation (35). Note thatmost variables are dimensionless in the following and the plots
hencemake relative statements about the effects of spatial correlations. For those spatial correlation functions
with a correlation length ξ this length is given in units of the spacing d between the system’s (equally spaced
= = =d d d dx y z) sites, i.e.x = 10 means a correlation length of 10 spins.
In theOhmic case the spectral density, equation (28), becomes:

 w aw= w w-[ ( )] ( ) ( )( )k k e 37k c

åw = - +
m

m m
=

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥( ) ( ) ( )JS k dkwith 2 3 cos . 38

1

3

For a sufficiently high cut-off frequency (w = ∣ ∣J100c in the following calculations), the spectral density as a
function of k is essentially proportional to the system’s dispersion relation.Note that a large cut-off frequency
wc does not contradict a weak system-environment coupling w( )g j mentioned in section 3.
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5.1. Thermal noise in spatially uncorrelated environments
For spatially uncorrelated thermal noise we have:

d g d d d= =( ) ( )( )f u , 39u u uu,0
3

0 ,0 ,0 ,0x y z
=( ) ( )F k 1, 40

g w= ∣ ( )∣ [ ( )]S F k k2k
2

åa= - +
m

m m
w w

=

-
⎡
⎣
⎢⎢

⎤
⎦
⎥⎥( ) ( )( )S J k d4 3 cos e . 41k2

1

3
c

Figure 3 shows the decay ofmagnetisationwith time from a fullymagnetised ferromagnet to its thermal
equilibrium in the absence of externalmagnetic field. The speed of the dynamics is governed by the noise
intensity, which is set by the energy exchange between system and environmentα (i.e. the square of their
coupling) aswell as J, since in theOhmic case regarded here, the spectral density scales linearly with frequency
w ( )k , which in turn is linear in ∣ ∣J in the absence of externalmagnetic field. Thus the time is given in units of a∣ ∣J .

Increasing temperature decreases the equilibrium value of themagnetisation as increased thermal noise
disturbs themagnetic order increasingly. For low temperatures the equilibrium value reaches close to saturation
magnetisation. The relevant scale of temperature k TB is set by the system energies which in the absence of
externalmagnetic field are defined by  ∣ ∣J . Apart from changing the equilibriummagnetisation, temperature
also changes the decay slightly, which can be seen infigure 3 by rescaling the decay curves at different
temperatures to start at the same initial and final values. Increasing temperature leads to an overall slightly faster
decay of themagnetisation as it increases the thermally populated phonons, which in turn increases the
interactions between system and environment.

5.2. Spatial nearest-neighbour correlations in the noise
Anuncorrelated noise environment is only found in the limit where the noise correlation length is far below the
lattice constant. This is the case when the phononic noise signal varies randomly on those short length scales.We
first investigate a correction to this limit, where the spatially decaying interaction between a phononic site and
the spins is long enough to reach not just one spin but also the nearest neighbour spin.We therefore compare
spatially uncorrelated noise with an environment where the noise of nearest-neighbours of the cubic lattice has a
small correlation. This will develop afirst understanding of how the introduction of any spatial correlations in
the noise changes the decay characteristics of themagnetisation.We introduce the parameter η, which quantifies
the amount of nearest neighbour noise correlation, where h = 0 is the limit of uncorrelated noise:

d h d= +( ) ( )( ) ( )f u , 42uu,0
3

,1
3

åh= +
m

m m
=

( ) ( ) ( )F k dk 1 cos . 43
1

3

Figure 4(A) shows the change to themagnon decay rate by introducing nearest-neighbour correlations in the
noise: The decay rate increases for low k-values, while it reduces for high k-values, i.e. for fastmagnons. This can
be useful in the context ofmagnonics, where typically fastmagnons are used for information transport and slow
decay is desirable. For the change of themagnetisation fromone equilibrium state to another the increased decay

Figure 3. (A)Thermal noise at different temperatures relative to the spin–spin coupling strength J for spatially uncorrelated noise. The
magnetisation decays from saturation to the thermal equilibrium á ¥ ñ( )mz , which has reducedmagnetisationwith increasing
temperature as expected. (B)The normalised decay from initial to finalmagnetisation shows furthermore a slightly faster decaywith
increasing temperature. Themagnetisation is in reduced units corresponding to an ensemble average sá ñz , i.e. 0.5 being a fully
magnetised ferromagnet.
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ratewill be the dominant effect since the Bose–Einstein distribution is heavily weighted towards low k-values.
Indeedfigure 4(B) shows that themagnetisation decays faster to its equilibrium valuewith increasing nearest-
neighbour correlations in the noise than in the uncorrelated case. Themagnon decay rates in the Brillouin zone
change considerably with the introduction of noise correlations. At lower values the decay rates increase, which
is the strongest effect as the thermal distribution is weighted towards =k 0. At the edges of the Brillouin zone
however spatial noise correlations strongly reduce the decay rates of fastmagnons. This leads to amaximumof
the decay rate for intermediate k-values.

5.3. Gaussian spatial decay of noise correlations
Rather than the simple but unrealistic nearest-neighbour correlations, we now consider Gaussian spatial decay
of noise correlationswith a correlation length ξ. This also allows us to investigatemuch stronger spatial
correlations, since correlations between all pairs of spins are considered and since a correlation length of x = 1.3
spin spacings already implies that nearest neighbours have a correlation above 0.5. The spatial correlation
function is:

x= -( ) ( ∣ ∣ ) ( )f u uexp , 442 2

p x x= -
+ +⎛

⎝
⎜⎜

⎞
⎠
⎟⎟( ) ( )F k

k k k
exp

4
. 45

x y z3 2 3
2 2 2

2

Wefind that F(k) and hence themagnon decay rate becomes peaked around zerowith a peakwidth inversely
proportional to the correlation length ξ.

Figure 5 shows themagnon decay rate for spatial noise correlations with different correlation lengths ξ. Since
a strong increase of the decay rate is observed for small k-values we have plotted the y-axis with logarithmic
scaling.We can see that the decay rate very close to =k 0 increases very strongly and the fact that this same
decay rate remains close to zero in the case of only nearest-neighbour correlations (figure 4(A)) seems to be
resulting from the nearest-neighbour restriction of noise correlations.

We have seen that the introduction of spatial correlations and the increase of the correlation length in the
phononic noise of a quantum ferromagnet leads to an increasedmagnon decay for small wave vectors and a
decreased decay for largewave vectors in the Brillouin zone. It is interesting to point out thatwithin the
approximations of ourmodel the introduction of spatial noise correlations, can be entirely reflected in k-space
only by a change in the decay rate γkwhile different k-modes do not experience correlated noise. This shows that
fundamentally noise correlations are dependent on the operator basis and that a Fourier lattice transform can
mathematically change a system from experiencing correlated noise to uncorrelated noise. This is
mathematically parallel to the fact that the system’s spatial couplings (i.e. off-diagonal elements in the
Hamiltonian) are only reflected in the dispersion relation of the diagonal k-spaceHamiltonian, which does
mathematically not show any ‘coupling’ between different k-modes ofmagnons.

The effect of both increased and decreased decay rates due to spatial noise correlations in aHeisenberg-
model ferromagnet can be considered an extension to the effect of super- and sub-radiance in an atomic gas,first
discussed byDicke [42]. Super- and sub-radiance are phenomenawith increasingly rich relevance and
applications: sub-radiance due to correlated noise has been shown to enable undisturbed classical information

Figure 4. (A)Themagnon decay rate g ( )k for uncorrelated and nearest-neighbour correlated noise on the diagonal through the cubic
Brillouin zone = =k k kx y z .With the introduction of nearest-neighbour correlationswe see an increase in the decay rate for small
k-values and a reduction for high k-values. The Bose–Einstein distribution of themagnons is heavily weighted towards lower
k-values, thus the increase in decay rate is the dominating effect in the time evolution. (B)Themagnetisation decays faster for nearest-
neighbour correlated noise. The temperature was set = ∣ ∣k T JB , the nearest-neighbour correlation strength to η=0.2.
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transport in spin chains [21]. Recently super-radiance has beenmeasured in ensembles of nitrogen-vacancy
centres [43].

The occurrence of super-radiance around small wave vectors and sub-radiance for large wave vectors can be
understood by regarding the single-magnon states which are given by (see equation (7.244) in [25])
ñ = å ñ∣ ∣rk er

kri , where ñ∣r represents the statewith only the one spin at position rflipped against the external
magnetic field and all others aligned. These states are the eigenvectors of theHamiltonian and correspond to the
decay rate γk.We can therefore regard these states at small and large k values as corresponding to the occurrence
of super- and sub-radiance, respectively, in the ferromagnet. These singlemagnon states in the limit of k≈0
and p» k d become very similar to the prototypical super- and sub-radiant states ñ + ñ∣ ∣ and
ñ - ñ∣ ∣ , respectively. The sub-radiance originates from the relative phase of = = -pe e 1kri i which leads to
a cancellation in the environmental coupling. In this context it is also interesting tomention that the
introduction of classical noise into a quantum evolution has been associatedwith sustaining a broader
momentumdistribution in the time evolution [44].

Figure 6 shows themagnetisation as a function of time for different temperatures and correlation lengths.
Since the equilibriummagnetisation á = ¥ ñ( )m tz is dependent on the temperature as shown in the inset of
figure 3(A), we plot the relativemagnetisation to focus on the spatial correlation effects and compare these at
different temperatures.

 =
á ñ - á ¥ ñ
á ñ - á ¥ ñ

( ) ( )
( ) ( )

( )m t m

m m0
. 46z z

z z

At low temperatures we find a similar result to nearest-neighbour correlations: increasing correlation length
leads to a faster decay of the correlations, i.e. super-radiance is dominating. At higher temperatures however, we
start to notice a second effect: there is also a very slowly decaying part, which becomes increasingly important
with longer correlation length. Correlated noise pushes themagnetisation decay rate into both extremes: a fast
decaying part and a slowly decaying part. Infigure 5we saw that super-radiance occurs around =k 0 and sub-
radiance occurs for large k-values. At low temperatures, where the distribution ofmagnons is peaked at zero, it
thereforemakes sense that this super-radiant effect is dominant. At higher temperatures, where the distribution
ofmagnons is wider the sub-radiant effect becomesmore prominant. For longer correlation lengths, where the
magnon decay rate is peakedwith a smaller width eventually sub-radiance dominates at high temperatures.

6. Comparing ferromagnet and antiferromagnet

The antiferromagnet has been discussed in detail in [14]. It can be calculated in a similar way, however an
additional Bogoliubov transformation is required after theHolstein–Primakoff transform. The resulting
dispersion relations andmagnon decay rates are different from the ferromagnetic case.Wewill show below a
short comparison in uncorrelated noise environments andwant to point out that this comparison is strongly
dependent on the type of spectral density. ForOhmic spectral density themagnon decay rate in the Brillouin
zone behaves qualitatively the same. Figure 2 showed the ferromagnetic case and figure 7 compares this to the (in
theOhmic case) similar antiferromagnetic behaviour.

Figure 5.Magnon decay rate γ(k) in the Brillouin zone for uncorrelated noise andGaussian noise correlations with different
correlation length ξ.Withmore correlations in the noise the decay rate increases strongly at low k-values (super-radiance)while it
decreases for high k-values (sub-radiance).
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Figure 6.Decay of a fullymagnetised 3D-ferromagnet to the thermal equilibrium for different correlation lengths ξ at (A) low
temperature, (B)medium temperature and (C)high temperature. Note that all curves start at relativemagnetisation 1 for t=0, but
due to logarithmic scalingwe cut off time scales below a =- -( ∣ ∣)J 101 4.

Figure 7. (A)Dispersion relationω(k) andmagnon decay rate γ(k) for a ferromagnet (B) the same for an antiferromagnet.
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6.1.Ohmic versus super-Ohmic spectral densities
Figure 7 compares the decay rates of the super-Ohmic andOhmic case and allows a comparison to the
dispersion relation. For ease of displaywe have plotted all functions as a function of a diagonal line through the
Brillouin zone.While themagnon decay rate as a function of thewave vector k behaves quite similar inOhmic
spectral density, this is no longer the case for super-Ohmic spectral densities, where themagnon decay rate in the
antiferromagnetic case goes to zero formagnonswithmaximal k . Figure 8 shows this behaviourwith two
kz-slices of the Brillouin zone. This strongly reduced decay rate of fastmagnons in the antiferromagnet is an
interesting result. In the context of quantum information transport a fastmagnonwith a slow decay ratemeans
that informationmight be transported robustly. Note that this is true independent of temperature and the
number of spins.

The cause of the different behaviour lies in the antiferromagnetic dispersion relation, which goes to zero for
magnons atmaximal p p p=   ( )d d dk , ,x y z . The antiferromagnetic dispersion relation is given by [14]:

åw = -
m

m m
=

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟( ) ( )J S D k dk 2 cos . 47AF AF

2

1

3 2

This behaviour translates to the decay rate due to the spectral density in the super-Ohmic case. In theOhmic case
the behaviour of the dispersion relation does not translate to the decay rates because the linear scaling of the
dispersion relation is counteracted by an additional factor in the antiferromagneticmagnon decay rate [14]
which scales as + åm m m

-( )D k d 1 and leads tofinite values of the decay rate formaximal k in theOhmic case.

7. Conclusion

In conclusion, we found an analytical solution for the time-evolution ofmagnons in a quantum ferromagnet
with spatially correlated phononic noise. Themagnons decaywith a single exponential decay rate to their
thermal equilibrium. This remains true for both spatially uncorrelated and correlated phononic noise

Figure 8.Magnon decay rate γ(k) as a function of kx and ky in the super-Ohmic case s=3, for the ferromagnetic case (top) and
antiferromagnetic case (bottom)with kz=0 (left) and kz=π (right)
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environments andwe have found an analytical expression for this decay rate as a function of wave vector k and
the noise correlation function - ¢(∣ ∣)f r r . The introduction of noise correlations causes faster decay (super-
radiance) of slowmagnons and slow decay (sub-radiance) of fastmagnons.

We also calculated the totalmacroscopicmagnetisation of the entire quantum ferromagnet from the
microscopicmaster equation. Themagnetisation decays from a fullymagnetised state to its thermal equilibrium
faster with higher temperature and shows less remainingmagnetisation in the equilibrium state with higher
temperature. Introducing nearest-neighbour correlations in the noise leads to an overall slightly faster decay of
themagnetisation.However, considering themore generalmodel of spatial correlationswith a correlation
length ξ and aGaussian profile wefind that spatial correlations not only introduce faster decay of the
magnetisation but for stronger correlations and higher temperatures there also appears a slowly-decaying part to
themagnetisation. Thus strong spatial noise correlations split the decay of themagnetisation into both extremes:
instead of one typical time scale there appears a fast and slow decaying part of themagnetisation.

In the comparison between a ferromagnet and an antiferromagnet wefind qualitatively similar behaviour in
themagnon decay rate inOhmic environments. However in super-Ohmic noise environments, i.e. when the
noise spectral density scale superlinear with the frequency, the antiferromagnet (in contrast to the ferromagnet)
shows amagnon decay rate that goes to zero at the largest ∣ ∣k values in the Brillouin zone, whichmay be an
interesting regime formagnonics and quantum information transport.
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AppendixA.Master equationwith the full spin-boson interaction

Herewe show in detail whywe simplified the formof the system-environment interaction in themain article as
S Xx .We take the full interactionHamiltonian and show that the resultingmaster equation is equivalent.

The full interactionHamiltonian is given by µ ·S RHint , where = ( )S S S S, ,x y z is the spin vector and
= ( )R X Y Z, , the position operators of the bosonic environment. Herewe assume a local environmental

model,

åå w= +

+ + + +

( )[ ( )
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hereA and †A stand for annihilation and creation operators of the environmental bosonmodes, andwe have
assumed that the coupling function w( )g j is isotropic and the same for everymember of the lattice. On the other
hand, theHamiltonian of the environment is
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which is written as
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after taking Fourier transform.
After theHolstein–Primakoff transformationwith linear spin-wave approximation, the interaction term

reads
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Wenow can consider several simplifications of thisHamiltonian based on the following facts,
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• The term †a ar r is negligible in comparison to the others in the regimewhere the spin-wave theory is
valid: á ñ †a a S2r r .

• We ignore the terms +( )†S A Ar rj j, , because they are fast oscillators in a rotating-wave approximationwhich
wemay neglect in theweak coupling limit.

Therefore, we arrive at

åå w= + - - + + + +( )[ ( ) ( )] ( )† † † † †H S g a A A A A a A A A A2 i i i i , A.5
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and by taking the Fourier transform this interaction becomes

åå w= + - - + + + +- - --( )[ ( ) ( )] ( )† † † † †H S g a A A A A a A A A A2 i i i i , A.6
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Because of the Riemann–Lebesgue lemma [45], for small coupling w( )g j we can safely neglect the counter-
rotating terms in (A.6) and arrive at:

åå w= - + +( )[ ( ) ( )] ( )† † †H S g a A A a A A2 i i . A.7
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Now the problembecomes equivalent to a collection of uncoupled harmonic oscillators given by their operators
ak, which are coupled to two sets of independent environments (x and y) characterised by k .

We assume that the environments are in theGibbs state at some temperatureT,

r =

=
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where = b-( )Z Tr e HE is the partition functionwith b = k T1 B . Fromnowonwe shall use natural
units  = =k 1B .

The standard tools to obtain amaster equation for aweak interactionwith the environment can be found in
[45–48]. The bath correlation functions split in two different types, depending onwhich kind of process are
associated to them, emission or absorbtion.We have
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where

w w - -¯ ( ) ≔ [ ( ) ] ( )n Texp 1 A.10k j j
1

is the number of quanta in the bath labelled by ‘k ’ at frequency wj. In the continuous limit, we introduce the
spectral density function, w w d w wå -( ) ≔ ( ) ( )gj j

2 (formally), and change the sumby an integral
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where w - -¯ ≔ [ ( ( ) ) ]kn Texp 1 .k
1

Similarly we obtain that


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Wecan see that the inclusion of the S Yy term in the spin-boson coupling of system and environment has
indeed simply led to an additional noise term analogous to the one from the S Xx term. The S Zz termhas led to
negligible terms in the linear spin-wave regime.
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Appendix B. Further details from equations (12)–(15)

After changing the summation index from ¢r to u the interactionHamiltonian reads:

å åå åw= +
¢

¢
¢
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u2 e
1

e h.c. B.1
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We then identify the last summation over r as aKronecker-delta in each dimension by inserting =m
p m

m m
k

n

N d

2
and

=m m m˜r d n for each component:
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TheHamiltonian then becomes equation (15) from themain article after performing the summation over ¢k .

AppendixC. Further simplification of equation (18)

Since the function (∣ ∣)f u only depends on themagnitude ∣ ∣u , we can simplify this three-dimensional Fourier
transform to a one-dimensional integral using polar coordinates. The result is also sometimes called a 3D
Hankel transformor 3DFourier-Bessel transform. For this integrationwe choose without loss of generality the
polar direction to coincidewith the k direction, such that q=· ( )kuk u cos and then simplify by substitution

q=v cos :
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