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CONTROL OF NONLINEAR SAMPLED-DATA SYSTEMS WITH FIXED
SAMPLING PERIODS VIA THEIR APPROXIMATE DISCRETE-TIME
MODELS

D.Nesié

Department of Electrical and
Electronic Engineering,
The University of Melbourne,
Parkville, 3052, Victoria, Australia,

ABSTRACT
We present a framework for controller design for non-
linear sampled-data differential inclusions based on
their approximate discrete-time models. The results
are presented for the case of fixed sampling periods
and the considered stability is with respect to arbi-
trary (not necessarily compact) sets.

1. INTRODUCTION

One of the main stumbling blocks in sampled-data
nonlinear control is the absence of a good model for
controller design even in cases when a continuous-
time plant model is assumed to be known. This has
lead to a range of different methods for controller de-
sign of nonlinear sampled-data systems (see for in-
stance [1, 2, 3, 4, 9, 12, 14, 17, 19] and references
defined therein).

A possible approach is to base the controller de-
sign on a discrete-time model of the plant. A large
body of nonlinear discrete-time literature assumes that
the exact discrete-time model of the plant is known,
which is typically not true even if the continuous-
time plant model is known exactly. A more realis-
tic approach is to base the controller design on an
approximate discrete-time model, which can be ob-
tained using a numerical integration method, such as
Runge-Kutta. Approximate discrete-time models can
be generated in two distinctly different ways:

1. Sampling interval T of the sampled-data system
and the integration period h of the underlying
numerical integration scheme are equal (T = h)
and can be arbitrarily assigned. This typically
leads to a class of fast sampling results that lead
to semiglobal stabilization results.
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2. Sampling interval T of the sampled-data system
is fixed (or there is a fixed lower bound on T')
and the integration period h of the underlying
numerical scheme satisfies h € (0,7] and can
be arbitrarily assigned. In this case, fast sam-
pling is not possible and stabilization can only
be achieved on a bounded region of the state
space.

In both of these cases we obtain a family of approx-
imate discrete-time models that is parameterized by
the integration period h > 0.

The first approach was used in several control ap-
plications in [5, 6], in the context of adaptive control
in [11] and recently a general framework for stabi-
lization based on this approach was presented in [14].
Results in [14] apply only to the stabilization problem
for plants described by differential equations. These
results were further generalized in [15] and [16] to
deal respectively with stabilization of sampled-data
differential inclusions and input-to-state stabilization
of systems with disturbances. We have already re-
marked that these results require fast sampling which
means that they may not be implementable in prac-
tice in cases when the required sampling period is too
small to be realized with the available hardware.

The second approach has been used in literature
to address stabilization for a range of different ex-
amples (see for instance Section V in [9], Example
1 in [1] and Section V in [4]). However, we are not
aware of the general conditions that guarantee that
this method will work and presenting such conditions
is the main contribution of this paper.

We emphasize that whenever the controller de-
sign is based on an approximate discrete-time model,
it may happen that a family of controllers stabilizes
the family of approximate models for all integration
periods A > 0 but at the same time it destabilizes
the exact discrete-time model for all integration pe-



riods. This fact was illustrated by an example in [14]
for the first approach. Hence, a careful investigation
is needed when the controller design is based on an
approximate discrete-time model irrespective of the
way in which the approximate discrete-time model is
generated.

Consequently, there is a strong motivation for con-
sidering the problem of controller design for sampled-
data nonlinear systems based on approximate discrete-
time models with a fixed sampling period. In this pa-
per we present a general framework for stabilization of
sampled-data nonlinear systems based on the family
of approximate discrete-time plant models and for the
case of fixed sampling periods. Our results are pre-
sented for general differential inclusions and we con-
sider stabilization with respect to arbitrary (not nec-
essarily compact) closed sets. The proof techniques
that we use are closely related to the ones exploited
in [14] that deal with the stabilization problem of
sample-data differential inclusions for the case of fast
sampling. Moreover, our results are similar to results
in numerical analysis literature on global properties
of attractors under discretization (see Chapter 7 in
[18] and [8]).

The paper is organized as follows. In Section 3
we present preliminaries. Main results are stated in
Section 3.

2. PRELIMINARIES

A function v : Ry — Ry is of class-X if it is con-
tinuous, zero at zero and strictly increasing. It is of
class-K o, if it is of class-K and is unbounded. A con-
tinuous function £ : Ry x Ry — Ry is of class-KCL if
B(-,7) is of class-K for each 7 > 0 and f(s, -) is de-
creasing to zero for each s > 0. Given an arbitrary set
A C R" and a vector x € R™, the following notation
is used
|zl := inf |z — ],

where |z| denotes the Euclidean norm of the vector z.
Given two set valued maps F' and H, we often write
F(H(z)) to denote {F(w) : w € H(z)}. We will use
the following definition in the sequel: for a closed set
A and non negative real numbers 0 < § < A we define

Hu(0,A) = {z € R : 6 < |z[4 <A} . (1)

We present a framework for understanding the de-
sign of sampled-data control laws for differential in-
clusions

i€ F(z,u) , (2)

based on approzimate discrete-time models for (2),
where z € R” and u € R™ are respectively the state

and control input of the plant and F(-,-) is a set val-
ued map. We make the following assumption for the
set-valued map F'(-,u):

Assumption 1 For eachu € R™, the set-valued map
F(-,u) satisfies the following basic conditions: 1) it
s upper semi-continuous, i.e., for each x € R" and
each € > 0 there exists § > 0 such that, for all £ € R?
satisfying |§ — z| < & we have

F(§u) C F(z,u) +eBn 3)

where B, denotes the closed unit ball in R, 2) for
each * € R" the set F(x,u) is nonempty, compact
and convet. |

This assumption guarantees that for each fixed u there
exists at least one solution to (2). We will use S(x, u)
to denote the set of solutions to (2) starting at x with
u held constant.

We consider the case when the sampling period
T > 0 of the sampled-data systems is fixed. This fact
imposes fundamental limitations to the performance
of the closed-loop sampled-data system since it typi-
cally leads to a compact domain of attraction due to
the possibility of finite escape times for large initial
states.

For a given h > 0 and for each (z,u) € R" x R™
we use the following notation

Fi(z,u) :={£ € R" : { = ¢(h,z,u), ¢ € S(z,u)} .

We consider plants (2) for which we assume that the
control u is held constant between the sampling in-
stants kT, where T > 0 is a fixed sampling period,
and the exact discrete-time model (when exists) can
be written in the form:

Trt1 € Fp(or, uk) - (4)

Since T is fixed, we write F*® instead of F7. Note
that (4) is in general well defined only for a subset
of R" x R™ and it is in general unknown on the set
where it is defined. Hence, we introduce a family of
approximate discrete-time models that can be written
in the form:

Tpy1 € Fia(xkauk) ) (5)

where ¢ = 1,2,3,.... There are many possible ways
in which the family F;* can be obtained. For example,
choose an underlying numerical integration scheme,
such as Runge-Kutta, with integration period h €
(0,T]. We denote this integration scheme as follows:

Try1 € frlz,u) . (6)

For example, if the underlying integration scheme is
the Euler method we have fj,(z,u) := = + hF(z,u)



Then we can generate a family of numerically inte-
grated approximate models F? by letting h; = T'/i,i =
1,2,... and integrating the continuous-time dynam-
ics (2) over one sampling interval while keeping the
control constant. In particular, if we define

fl{(xau) fh(.fL',U)
;L+1(.Z',U) = fh(flzz(x7u)7u) ) i = 1727"' 7(7)

we can introduce the family of approximate discrete-
time models (5) where

F"La(a:7u) = f’z'lll(x7u) ’ Z: 1727"' 7 (8)

where h; = T'/i,i € N. We will assume that a family
of discrete-time controllers

Zk+1 € G,’(Zk,mk)
ur € Hi(zg,zk) 9)

has been designed based on (5), where z € R is
the controller state variable and G;, H; are set values
maps. The controller is designed so that practical sta-
bility with respect to a nonempty closed set A with
a certain domain of attraction has been achieved for
the closed loop system (5), (9). The question arises:
what would this imply for the exact closed-loop sys-
tem (4), (9). We use the following definitions:

Definition 1 Let A be a nonempty closed subset of
RP, T > 0 and let F;(-) be a family of set-valued
maps from RP to subsets of RP . For the parameterized
family of systems

k1 € Fie(&r), 1=1,2,... (10)

the set A is said to be (A, B)-practically asymptoti-
cally (A, B)-PA) stable in i, uniformly in small €, if
there exist A > 0, 8 € KL, and, for each § > 0,
there exist i* > 0 and €* > 0 such that, for all i > *,
€ € [0,€*] and all § € H 3(0,A), all solutions ¢;,c(-,§)
of (10) satisfy

i, (K, &) 7 < B(I¢] 7, KT) +6 . (11)

If (10) does not depend on a parameter €, and the

above property holds, we simply say that the set A is
(A, B)-PA stable, uniformly in i. [ ]

In the sequel we investigate stability of the system
(5), (9) or (4), (9) with respect to a nonempty closed

set A C R? 7. We also make use of the following
set:

A:={z € R" : 3z € R" such that (z,2) € A} .
(12)

Definition 2 The family F? is (T, A1, As)-upper semi-
consistent with F©, with respect to A if for the given
(T, Ay, As) and for any € > 0 there exists i* > 0 such
that for all (z,u) € HA(0,A1) X AsB,y, and all i > i*
we have

Fé(z,u) C F*(x,u) + TB, .
|

Sufficient checkable conditions for (T, Ay, As)-upper
semi-consistency are presented in the next section.

3. MAIN RESULTS

In this section we state and prove the main results of
the paper (Theorem 1 and Proposition 1). Theorem 1
is a straightforward consequence of Definition 2 and
an appropriate robust stability property of the sys-
tem (5), (9). In Proposition 1 we present Lyapunov
conditions on the family (5), (9) that guarantee the
appropriate robust stability property needed in The-
orem 1. The proof of Proposition 1 relies on Lemmas
1 and 2 that may be of independent interest. Finally,
we present sufficient conditions for the consistency
property of Definition 2 that is used in Theorem 1.
Due to space limitations most proofs are omitted.

The following stability result follows directly from
Definition 2.

Theorem 1 For a given T > 0, suppose that the fol-
lowing conditions hold:

1. There exists a nonempty closed set A C R T e,
A >0 and B € KL such that the parameterized
family of systems:

Tprr € Ff(wg,ur) + €TBy
Zk+1 € G; (Zk, .Z'k)
ur, € Hi(zg, k) , (13)

is (A, B)-PA stable in i with respect to A, uni-
formly in small €.

2. There exist M > 0, v > 0 and i* > 0 such that
with A := B(A,0) + v we have

_ sup |lw| < M .
{(2,2)€M 1(0,A) , weH;(z,2) , i>i*}
(14)

3. The family F? is (T, A, M)-upper semi-consistent
with F¢ with respect to A defined in (12).

Under these conditions the system (4), (9) is (4, B)-
PA stable in i with respect to A. [ ]



Proof of Theorem 1: Let ¢¢ (-, &) represent a solu-
tion of (13) starting at £ and let ¢ (-, £) represent a so-
lution of (4), (9) starting at £. Let § > 0 be given and
let v come from item 2. Define é; := min{d, v}. Since
the family (13) is (A, B)-PA stable in i with respect
to A, uniformly in €, there exists 8 € KL and, for the
given 43, there exist if > 0 and €* > 0 such that, for
all £ = (x,2) € Hz(0,A), i >4* and € € [0,€*], the
solutions of (13) satisfy (11). Let A := 8(A,0) + v
and with this A, let M and i3 > 0 come from item
2. Let item 3 with €* generate 3 from (T,K,M )-
upper semi-consistency. Choose i* := max{i}, 5,43}
Consider arbitrary ¢ > i*. Note that £ € ’HX(O,Z)
implies z € ’HA(O,A). Hence, for all ¢ > i* and all
¢ € H3(0,A), we have |¢¢(k,€)| 7 < A,Vk. This, in
turn, implies that the solutions of (4), (9) satisfy (11)
for all (z,2) € H 7(0,A) and i > i*. Hence, the sys-
tem (4), (9) is (A, §)-PA stable in ¢ with respect to
A. [ |

Proposition 1 Let A C R t " be a nonempty closed
set and T > 0. Suppose that there exist 1,09 € Ko,
as € K and a number D > 0 such that for any pair
of strictly positive real numbers (d1,02) with do < D
there exist i* > 0 and ¢ > 0 and for all i > *
there exists V; : R* T — R, such that for all
(x,2) € H ;(0,D), we have

ar(|(z,2)] ) < Vilz,2) < e2(|(z,2) 1)  (15)
for all wy € Ff(z, Hi(z, 2)), wa € Gi(z, z) we have

Vi(wy, w) = Vi(z,2) < —Tas(|(z,2)| g) + Ty ,
(16)

and, for all (x1,2), (w2,2) € H 5(62, D), with |v1 — x2| <

¢ we have
|Vi(z1,2) = Vi(z2,2)| <61 . (17)

Then there exists B € KL such that for any A, with
a;to a3(A) < D, we have for the system (13) that
the set A is (A, 3)-PA stable in i, uniformly in small
€. |

Remark 1 We emphasize that no regularity assump-
tions on H; and G; are needed in Proposition 1. In
particular, H; and G; may be discontinuous in x and
z. Moreover, we do not need a continuity assumption
on the z dependence of V;. |

The following two results are used in the proof of
Proposition 1 and they may be of independent inter-
est in stability investigations of difference inclusions.

Lemma 1 Let V : R® — Ry, let F : R" — subsets
of R™. Suppose 0 < ¢ < by, a € Ko s locally

Lipschitzt, £3 > 0 and T > 0 satisfy
V(z) = V(z) < —Ta(V(x)) (18)

for all x € V(l1,02) , T € F(x) N\ V(l1,Lls + 3),
where a is locally Lipschitz, and
V(zt)-V(z) <tz VzeV(0,4) 2t € F(z) .

Define B(yo,-) to be the mazimal solution of the dif-
ferential equation

g=-aly) y(0)=y,>0. (19)

(Note that 3 € KL.)
If ¢4 + U3 < £y then, for all zo € V(0,£2), the
solutions ¢(-,z,) of the difference inclusion

zt € F(x) (20)
satisfy for all k € {0,1,2,...}
V(g(k,x5)) < max{B(V(z.),kT), b1 + €3} . (21)

Lemma 2 Let V : R® — Ry, let Fy : R" — subsets
of R" and F» : R® — subsets of R". Let 0 < £; <
by, a € Koo and T > 0. Suppose that the following
conditions hold:

1. for all z € V(0,£5) and =} € Fy(x), we have
Viet) - V(@) < ~TRa(V () - 3a(t)]

2. for all x € V(0,42) and any 3 € Fy(x) with
V(2zd) > €, there exists x € Fy(x) such that

Vi) -V < galt) . (22)

3. 01 + max{l; + Ta(t),Ta(l)} <
Then, we have that:
V(zy) = V(z) < =Ta(V(z))
for all x € V(l1,02) , x5 € Fo(x) V(b1 L2+ £3) and
V(z3) = V(z) <ls

forallz € V(0,465), 3 € Fy(x), where f3 := max{f;+
%a(@l),Ta(Zl)}. ||

Now we present checkable sufficient conditions for
the consistency property of Definition 2. We do this
by introducing two appropriate consistency proper-
ties between the numerical integration scheme (6), de-
fined by f5, and the exact discrete-time model defined

IThere is no loss of generality in assuming that o is lo-
cally Lipschitz since if it is not we can always find another
function a3 € Ko that is locally Lipschitz and such that
a(s) > ai(s),Vs > 0 (see [7, pg. 139]).



by Fg. We use respectively notation Sf(z,u) and
S¢(x,u) to denote sets of solutions of the difference
inclusion (6) and differential inclusion (2). The solu-
tions of the difference inclusion (6) and differential in-
clusion (2) are respectively denoted as ¢ (k, z,u) and
¢°(t,z,u), that is ¢f € Si(z,u) and ¢¢ € S¢(z,u).

Definition 3 The family fy, is said to be one-step
upper semi-consistent with F} uniformly with respect
to A if, for each pair of positive real numbers (A, M)
there exist p € Koo and h* > 0 such that, for all
(z,u) € HA(0,A) x MB,, and all h € (0,h*), we
have

F,f(x,u) C fn (xau) + hp(h)Bn (23)
|

A sufficient condition for one-step upper semi-
consistency is stated below.

Lemma 3 [15] If
1. for each A > 0 there exists M > 0 such that

sup jw| <M,
{(z,u)€HA(0,A)xAB,, , wEF(z,u)}
(24)

2. there ezists a set-valued map F(-,-) such that

(a) for eachu € R™, the set-valued map F(-,u)
satisfies the basic conditions of Assump-
tion 1,

(b) fn is one-step upper semi-consistent with
e (@,u) = @ + hF (2, u)

uniformly with respect to A,

(c) for each A >0 there ezists p € Koo such
that (z,&,u) € Ha(0,A)xH (0, A)xAB,,
implies

F(&au) - ﬁ(a:,u) + ﬁ(|§ - .CL'DEn

then fn is one-step upper semi-consistent with Fy
uniformly with respect to A. |

Definition 4 The family f1, is said to be multi-step
upper semi-consistent with Fy, if, for each 4-tuple of
strictly positive real numbers (T, n, A1, As) there exist
a function o : Ry xRy — Ry U{oo} and h* > 0 such
that, for all h € (0,h*), (z,u),(y,u) € Ha(0,A1) x
AsB,, and |z —y| < & we have

Fﬁ(w,u) g fh(yau) + a(67 h)Bn
and i < T/h implies

. ——N—
a*(0,h) :==a(---a(a(0,h),h)---

A sufficient condition for multi-step upper semi-
consistency is given in the following:

Lemma 4 If, for each pair of strictly positive real
numbers (A1, Ay), there exist K > 0, p € K and
h* > 0 such that for all h € (0,h*) and all (z,u), (y,u)
Ha(0,A1) x AyB,, we have

Fy(@,u) C fuy,u) + [(1 + Kh) [z —y| + hp(h)]By
then fr, is multi-step consistent with Fy.

Remark 2 Relative to the one-step consistency con-
dition, the condition of Lemma 4 is guaranteed by
one-step consistency plus the following type of Lips-
chitz condition on either the family Fy or the family
fh:
for each (A1, As) there exist K > 0 and i* > 0 such
that for all (z,u), (y,u) € HA(0,A1) X AsB,, and all
P>,

fu(@,u) € frly,u) + A1+ Kh)lz —y[Bn . (25)

This condition is guaranteed for Ff¥ when F(z,u) is
locally Lipschitz. The condition given in Lemma 4 for
multi-step consistency is similar to conditions used in
the numerical analysis literature (e.g., see conditions
() and (i4i) of Assumption 6.1.2 in [18, pg.429]). W

In terms of trajectory error over “continuous-time”
intervals with length of order one, multi-step consis-
tency gives the following:

Lemma 5 If fy is multi-step consistent with Fy, then
for each 4-tuple of strictly positive real numbers
(T,n,A1,As) there exists h* > 0 such that, if h, 1,
u and & such that for all h € (0,h*), |u| < A,, ih €
[0,T], we have

O (i, & u) € Ha(0, A1) NSp(z,u) ,  (26)

then for any ¢§(i,&,u) € Spt(&,u) and ¢°(ih, & u) €
S¢(&,u) we have

|¢°(ih, &, u) — ¢3(i,&,u)| <n  Vi:ih €[0,T] .

A simple consequence of the above lemma is a
sufficient condition for consistency presented in Defi-
nition 2. Note that the family F}? is generated by the
numerical integration scheme using the formulas (7)
and (8) and the surrounding discussion.

Corollary 1 Let fr, be multiple-step upper

semi-consistent with FY,, let the family F? be defined
using (7) and (8). Given any (T,e, A1, As) there ex-
ists h* > 0 and i* > T/h* such that if the condition

(26) holds then for all (x,u) € HA(0,A1) X AsB,,
and all i > i*, we have

F¢(z,u) C Ff (z,u) + €T By (27)
|



Remark 3 We note that in order to verify that con-
sistency in Definition 2 holds, one needs to show that
the condition (26) holds. This may be hard to do in
general with a given triple (T, A1,As). However, if
the family fr satisfies a Lipschitz condition, uniform
in h, then given any (T, A1, Ay) there exist (A, Az)
and h* > 0 such that if (€,u) € H(0,A;) X AyBy,
and h € (0,h*), then ¢} (k,&,u) € Ha(0,Ar) for all
k such that kh € [0,T].
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