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ABSTRACT

Adjacent type-I and -1II proton superconductors in a rotation-powered pulsar are predicted to exist in a metastable state containing
macroscopic and quantized flux tubes, respectively. Previous studies show that the type-I and -II regions are coupled magnetically,
when macroscopic flux tubes divide dendritically into quantized flux tubes near the type-I-II interface, through a process known
as flux branching. The studies assume that the normal-superconducting boundary is sharp, and the quantized flux tubes do
not repel mutually. Here, the sharp-interface approximation is refined by accounting for magnetic repulsion. It is found that
flux tubes in the same flux tree cluster with a minimum-energy separation two to seven times less than that of isolated
flux tubes. Neutron vortices pin and cluster about flux trees. We find that the maximum characteristic wave strain s of the
current quadrupole gravitational radiation emitted by a rectilinear array of clustered vortices exceeds by (1 + N, )!/? the strain
ho ~ 10732(f /30 Hz)*/?(D /1 kpc)~! emitted by uniformly distributed vortices, where N, is the mean number of pinned vortices
per flux tree, f is the star’s spin frequency, and D is the star’s distance from Earth. The factor (1 4+ Ny,)!/? brings kg close
to the sensitivity limit of the current generation of interferometric gravitational wave detectors under certain circumstances,

specifically when flux branching forms relatively few (and hence relatively large) flux trees.

Key words: dense matter — gravitational waves —stars: interiors — stars: magnetic fields —stars: neutron — pulsars: general.

1 INTRODUCTION

Standard, rotation-powered pulsars, with magnetic field B ~
10> G « H. ~ H, ~ 10" G, are believed to host type-I and -II
proton superconductors in their inner and outer cores, respectively,
where H. is the critical magnetic field of the type-1 supercon-
ductor and H; is the first critical magnetic field of the type-
II superconductor (Sedrakian, Sedrakian & Zharkov 1997; Jones
2006; Glampedakis, Andersson & Samuelsson 2011; Haskell, Piz-
zochero & Seveso 2013; Haber & Schmitt 2017). Due to flux freezing,
the type-1 regions are threaded by macroscopic flux tubes,' while the
type-II regions are threaded by quantized microscopic flux tubes
(Baym, Pethick & Pines 1969a). A recent study (Thong & Melatos
2024) demonstrates that if the magnetic field lines in the type-I and
-II superconductors are connected, then macroscopic flux tubes in
the type-I region divide dendritically into quantized flux tubes in the
type-II region. This phenomenon, formally known as flux branching
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!For simplicity, we assume in this paper that the macroscopic flux tubes are
cylindrical, although realistically they depend on the magnetic evolutionary
history of the star, which is hard to predict theoretically (Tout, Wickramas-
inghe & Ferrario 2004; Ferrario, Melatos & Zrake 2015).
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(Landau 1943), arises as the type-I and -II superconductors compete
to minimize and maximize S, the normal-superconducting surface
area, respectively. Flux branching couples quantized flux tubes in the
outer core with macroscopic flux tubes in the inner core, forming a
macroscopic object known as a flux tree.

Thong & Melatos (2024) assumed that the normal-
superconducting interface is sharp and that flux-containing normal
regions do not mutually interact, as in many previous analyses
(Landau 1943; Andrew 1948; Hubert 1967; Choksi, Kohn & Otto
2004). Consequently, the mutual repulsion of the quantized flux tubes
in the type-II region is neglected. The sharp-interface approximation
is acceptable for investigating the overall energetics of flux branching
(Landau 1943; Andrew 1948). However, it does not lead to an
accurate estimate for the minimum-energy separation between the
quantized flux tubes in the outer core. Several interesting and related
questions arise. (i) Naively, without flux branching and neglecting
the proton’s strong coupling to the neutron superfluid, the flux-tube
separation, dg nb, in the outer core is assumed to be maximized due
to mutual repulsion, with dg 4 & 5 X 10~ cm, where the subscript
nb denotes no flux branching (Baym et al. 1969a; Glampedakis et al.
2011). Hence, with flux branching, does the flux-tube separation
in the outer core reduce compared to d¢ b, such that flux tubes
are distributed inhomogeneously in clusters in the outer core? (ii)
Does flux branching create an effective attractive length-scale for
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22 K. H. Thong and A. Melatos

Table 1. Approximate length-scales of the type-II supercon-
ductor at density p & 2.8 x 10'* gcm™3 in a standard, rotation-
powered pulsar with magnetic field B ~ 10'> G, proton gap
Ap ~ 1 MeV, proton fraction x, = 0.05, ratio of effective (m;;
and bare (mp) neutron mass, m; /mp ~ 1/2, and superfluid
transition temperature Tcp ~ 10° K. A, £, and do.pnp are the
London penetration depth, proton coherence length, and quan-
tized flux-tube separation without flux branching, respectively
(Baym et al. 1969a; Mendell 1991; Glampedakis et al. 2011;

Link 2012).
Scale Value
—1/2

-12 p
A 6x 10 <2A8><10]4gcm*3> cm
£ 2x 10712 (—Pp—— 3 cm

2.8x104 gem—3
—1/2

do 5% 10710 (ﬁ) cm

quantized flux tubes in the same flux tree, in addition to the attractive
length-scale found in the outer core due to strong coupling between
the proton superconductor and the neutron superfluid (Haber &
Schmitt 2017; Wood & Graber 2022)? (iii) Flux branching in a
type-I superconductor immersed in a weak applied magnetic field is
predicted to cause inhomogeneous clustering of flux (Choksi et al.
2004). Does this phenomenon extend to flux branching in adjacent
type-I and -II superconductors?

In this paper, we investigate if quantized flux tubes cluster as
a result of flux branching between adjacent type-I and -1I proton
superconductors. We extend the minimum-energy calculations in
Thong & Melatos (2024) by including magnetic repulsion between
quantized flux tubes in the type-II superconductor. For standard,
rotation-powered neutron stars (i.e. not magnetars), we take the quan-
tized flux tubes to be widely separated with separation de np > A,
where A is the density-dependent London penetration depth which
takes the value A ~ 6 x 1072 cmin the type-II superconductor (Link
2012); see the summary of characteristic length-scales in Table 1. In
this regime, the magnetic repulsion of quantized flux tubes in a
type-1I superconductor can be modelled by London’s theory, where
the flux tube cores can be neglected (Tinkham 2004; Glampedakis
et al. 2011). The paper is structured as follows. In Section 2, we
briefly review the energetics of a flux tree within the sharp-interface
approximation and demonstrate that the energy decreases with the
width of the tree. We then refine the sharp-interface approximation
by accounting for the mutual repulsion between the quantized flux
tubes in the type-II superconductor. In Section 3, we minimize
the refined energy of a flux tree with respect to its width and
find the preferred flux-tube separation. In Section 4, we apply the
results in an astrophysical setting to calculate the maximum current
quadrupole gravitational radiation emitted by a rectilinear array of
neutron superfluid vortices pinned to clustered flux tubes in a neutron
star.

2 FLUX TREE ENERGETICS IN A TYPE-I
SUPERCONDUCTOR

Type-I and -II proton superconductors are likely to be adjacent in
a neutron star, and coexist with and strongly couple to a neutron
superfluid (Sedrakian et al. 1997; Glampedakis et al. 2011). The
coupling to the superfluid leads to interesting modifications of the
superconducting phase diagram, a different set of critical fields,
and an inhomogeneous, non-metastable, non-Meissner equilibrium
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configuration (Haber & Schmitt 2017; Wood & Graber 2022). We
neglect these complexities in this paper. That is, we assume that the
type-I and -1I superconductors exist in Meissner states in equilibrium,
where the flux is completely expelled. However, due to the high
electrical conductivity of the core, flux expulsion takes longer than
the age of the star (Baym, Pethick & Pikes 1969b), so that equilibrium
is not reached; instead, the superconductors are in metastable
states threaded by flux. The surface energy per unit area, y, of
the normal-superconducting boundary satisfies y > 0 and y <0
in type-I and -1I superconductors respectively. Consequently, flux
threads a type-II superconductor with quantized flux tubes of width
~ & and magnetic flux quantum ®y = 74/2e = 2.07 x 1077 G cm?,
where £ is the proton coherence length, while flux threads a type-
I superconductor with macroscopic flux tubes of width > & and
flux > ®.

Near the type-I-Il interface, y is small, and macroscopic flux tubes
divide dendritically into quantized tubes, forming a macroscopic
structure called a flux tree (Thong & Melatos 2024). In Section 2.1,
we briefly review the flux branching formalism used by Thong &
Melatos (2024) to obtain the free energy of a flux tree in the type-I
superconductor as a function of its width. In Section 2.2, we discuss
the mutual repulsion between the quantized flux tubes in the type-1I
superconductor, and how this modifies the total energy of a flux tree
as a function of its width.

2.1 Sharp-interface approximation

Thong & Melatos (2024) assumed that the normal-superconducting
interface is sharp, and flux branching occurs near the type-I-II
interface in the type-I superconductor (i.e. not in the type-II supercon-
ductor), following previous literature (Landau 1943; Andrew 1948;
Huebener 2001; Choksi et al. 2004). That is, the superconducting
regions have magnetic field B = 0, while the normal regions have
uniform B = H.. This standard approximation is valid, when & and
A are much less than the size of the normal and superconducting
regions (Chapman 1995; Choksi et al. 2004).

The flux trees considered by Thong & Melatos (2024) have flux
tubes of N differentradii and N — 1 branching levels. The radii of the
flux tubes are labelled by a,,, with 1 < n < N. At the nth branching
level, there are 4"~! branching cells, each containing a flux tube of
radius a,, which splits into four smaller flux tubes of radius a,
with a2 = 4a?,, by flux conservation. Successive branching cells
are concatenated together, such that each flux tube with radius a,;
at branching level n connects to flux tubes of radius a,.; (not a,) at
branching level n + 1, in such a way as to form a square flux tree
when viewed in cross-section, as in Fig. 1b.

To illustrate the geometry of a flux tree with N — 1 branching
levels, Fig. 1 presents schematic diagrams of a N = 3 flux tree,
with distances a;, L, (green), d; (blue), de (red), and w (orange)
labelled graphically. a; is the radius of the largest macroscopic flux
tube (trunk), L, is the length of the flux tree in the direction of the
magnetic axis, denoted by B, w is the width of the flux tree, and | is
the distance between the points labelled A and B in Fig. 1b. Given a
branching cell at branching level n with flux tubes characterized by
a, and a, 1, it is easy to infer from Fig. 1b that d,, is the minimum
distance from the centre of a,, to the boundary of a,,.;, which is a key
branching parameter related to the branch opening angle. Following
Landau (1943) and Andrew (1948), we let the opening angle halve
at every successive branching level. i.e. d, = d,/2""!, ensuring that
the flux tubes do not overlap. One can infer diagrammatically [see
appendix B of Thong & Melatos (2024)] that d, relates to the width,
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Figure 1. Schematic diagrams of a N = 3 flux tree in adjacent type-I (no
shading) and type-II (yellow shading) superconductors, adapted from Andrew
(1948). (a) Lateral view. (b) Top view. The numbers 1-3 label the three
different flux tubes. Quantized flux tubes (labelled by 3) carrying a single
flux quantum begin from the type-I region, cross the type-I-II interface and
extend into the type-II region. L is the length of the flux tree, a; (green line)
is the radius of the largest macroscopic flux tube, d; (blue line) is the distance
between the points labelled A and B, w (orange line) is the width of the flux
tree and dg (red line) is the separation between the smallest flux tubes.

w, of the flux tree through
w = 2Q2d; + ay) 1)

and relates to the characteristic separation, dg, between the quantized
flux tubes (smallest branches) at the type-I-II interface through

Flux tube clustering in NS 23

do = 2N 2d, + a)) (2)
=21"Ny. (3)
Moreover, d; satisfies the constraint
2—1

to prevent the flux tubes from overlapping. We note that the branching
configuration leading to a square flux tree in Thong & Melatos (2024)
is only one possibility out of many, chosen simply out of convenience,
and further studies are required to investigate what configuration is
favoured energetically for any specific evolutionary history of the
star.

Assuming that the normal-superconducting interface is sharp,
the free energy of a flux tree with N branching levels in a type-
I superconductor comprises several terms. The dominant term that
depends on dg (and by extension, w and d;), Fy, is given by (Thong &
Melatos 2024)>

N 4cha|2d,2

L (&)

d
From (5), we see that F, is minimized by d; = W2 - Da;/2
(Thong & Melatos 2024). That is, a flux tree is as thin as possible,
and both w and dg are minimized. However, the calculation does
not account for the mutual repulsion between the quantized flux
tubes (terminating smallest branches) which extend into the type-II
superconductor, as explained in Section 2.2.

2.2 Interactions between quantized flux tubes in a type-II
superconductor

Quantized flux tubes exhibit mutual magnetic repulsion at a distance
~ ) and attraction at a distance ~ &. Attraction occurs because the
superconducting condensation energy decreases, when the cores of
flux tubes overlap. Thus, quantized flux tubes are mutually repulsive
in type-II superconductors with ¥ > 1/+/2 and attractive in type-I
superconductors with ¥ < 1/+/2, where k = A /£ is the Ginzburg—
Landau parameter. Near the type-I-II interface, one has « ~ 1/+/2
and the quantized flux tubes interact negligibly (Kramer 1971;
Tinkham 2004).

In this paper, we are interested in modelling the regions in the outer
core where magnetic repulsion dominates the interactions between
quantized flux tubes, e.g. the regions far away from the type-I-
II interface in the type-II superconductor. One has B <« H,; for a
neutron star, so quantized flux tubes in the type-II superconductor
are typically widely separated, with 5 x 10710 cm & dg > A &
6 x 107'2 cm (Baym et al. 1969a; Link 2012), where the subscript nb
denotes no flux branching. To calculate d¢ from (2), we add the free
energy, Fiy, of magnetic repulsion between quantized flux tubes in
the type-II superconductor to (5). Fordg, > A, the magnetic repulsion
can be approximated by solutions of the London equations (Tinkham
2004). The interaction free energy, Fiy, of a lattice of rectilinear and
widely separated quantized flux tubes is given by

(D(Z)Lz r,-j
Fn= 255 > Ko (7) , ©6)

2Equation (5) equals double the corresponding term in Thong & Melatos
(2024), because the latter reference analyses the top half of a flux tree, while
we consider the entire tree.

MNRAS 540, 21-29 (2025)
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where i, j are lattice site indices, L is the length of the quantized flux
tubes, r;; is the distance between the ith and jth sites, and K| is the
zeroth-order modified Bessel function of the second kind (Tinkham
2004; Glampedakis et al. 2011). K((x) decreases exponentially for
x > 1, so we approximate (6) by considering interactions between
nearest neighbours only. Specifically, Fi, for a square lattice can be
approximated by

ANTL, @2 [ A
Fy o —— =0 [ ZZ gmdo/2 7
" 47232\ 2dy M

where 4V~! is the number of quantized flux tubes in a flux tree with N
branching levels (Tinkham 2004). The total width-dependent energy
of a flux tree can be written as

Fy = Fy + Fi. ®

3 ENERGY MINIMIZATION LEADING TO
FLUX TUBE CLUSTERING

In this section, we minimize F, with respect to do from (8) to find the
minimum-energy separation of the quantized flux tubes. Minimizing
the function in (8) analytically is impossible due to its transcendental
nature, so we calculate the minimum F; numerically in Section 3.1.
We find that quantized flux tubes cluster. In Section 3.2, we discuss
briefly for context a related result obtained by Haber & Schmitt
(2017) and Wood & Graber (2022), whereby flux tube clustering
occurs in the outer core of a neutron star, albeit due to a different
mechanism.

3.1 Minimum-energy separation

In Fig. 2, we plot F; as a function of dg, for N = (28, 38, 48) and
(L1, L,)/(10°cm) = (1, 1), which corresponds to the radial thick-
nesses of the type-I and -II regions being equal, where L; + L, =
2 x 10° cm is the diameter of the core. The branching level, N — 1,
governs the radius of the largest macroscopic flux tube (trunk) of
a flux tree, with a; = 2V~ as well as the number, N = 4V~!, of
quantized flux tubes (smallest branches) per tree. Following Thong &
Melatos (2024), we study a representative range of special cases,
where N = 28 and N = 38 bracket roughly the order-of-magnitude
estimates in the literature for a uniform interior magnetic field,
viz. 1073 < ay/em < 107! (Buckley, Metlitski & Zhitnitsky 2004;
Sedrakian 2005), and N = 48 corresponds to 4V ~! = 2 x 10?® quan-
tized flux tubes per flux tree, which is close to the maximum allowed.
There are typically N; ~ 10°(B/10'2G) quantized flux tubes in
total in the type-II superconductor, implying N < 51 in a standard,
rotation-powered neutron star (i.e. not a magnetar). The values
(ay/cm, N) are approximately (I x 1073,2 x 10'%), (1,2 x 10?)
and (1 x 10,2 x 10%®) for N = 28, 38 and 48, respectively. We
expect a; to follow some distribution set by the initial conditions (e.g.
dynamo action) early in the star’s life, before the superconductors
condense, the study of which lies outside the scope of this paper
(Tout et al. 2004; Ferrario et al. 2015).

The dg values that minimize F; for each N are labelled with verti-
cal dashed lines in Fig. 2 and compared to 2 and the typical flux tube
separation without flux branching given by demp ~ 5 x 107%cm
(Baym et al. 1969a; Glampedakis et al. 2011). The minimum-energy
dg values are calculated to be (2.2, 1.4,0.65) x 10~"9cm for N =
(28, 38, 48), respectively. Hence (1) and (2) imply that the minimum-
energy w values are given by 2.9 x 1072cm, 1.9 x 10>cm and
9.1 x 10°cm for N = 28,38 and 48, respectively. For N = 38,
we also calculate the minimum-energy dg for (L, Lz)/(IO6 cm) =

MNRAS 540, 21-29 (2025)
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Figure2. Width-dependent free energy, Fi, of a N-level flux tree as a function
of flux tube separation, dg¢. Blue, red, and green solid curves correspond
to N =28, 38, and 48, respectively. Dashed, colour-coded, vertical lines
mark the minimum of each curve, i.e. the minimum-energy d¢. The orange
and black dashed lines represent 21 and do np, respectively, where 2 is
the minimum separation at which magnetic repulsion becomes significant.,
and dg np is the separation without flux branching. Parameters: L} = L, =
10%cm, H. = 101G, A = 6 x 1072 cm (Baym et al. 1969a).

(0.01, 1.99), (1.99, 0.01) to be (1.2, 1.2) x 1071%cm, respectively.
That is, the minimum energy do and w do not vary significantly with
L, and L,, assuming astrophysically plausible bounds on L/L,.

Fig. 3 illustrates what the foregoing results imply about the large-
scale geometric arrangement of the flux tubes. The top and bottom
panels of Fig. 3 are the same as in Fig. 1 but for four N = 3 flux
trees. It is apparent visually that quantized flux tubes cluster about
the same flux tree with dg < do b, leaving regions in the type-
II superconductor containing no quantized flux tubes, e.g. in the
vacant gaps between the four groups of flux tubes in Fig. 3b. Since
A decreases monotonically with increasing density (Glampedakis
et al. 2011; Link 2012), equation (7) tells us that Fj, also decreases
monotonically with increasing density for A < 2d4 /3. That is, flux-
tube repulsion is stronger at the type-II region far away from the
type-I-1I interface compared to the type-I-II interface, as one would
expect. We do not assume a particular equation of state in this paper
and make the conservative assumption that flux-tube repulsion is
constant throughout the type-II region, where A in F; corresponds to
the value at p ~ 2.8 x 10" gcm ™. In other words, we overestimate
flux-tube repulsion. Despite this, we find that quantized flux tubes
cluster about the same flux tree.

3.2 Flux tube clustering caused by superfluid—superconductor
coupling: an alternative mechanism

Flux tube clustering in neutron stars has been predicted elsewhere
to arise from a separate mechanism unrelated to the flux branching
mechanism in Section 3.1 (Haber & Schmitt 2017; Wood & Graber
2022). Specifically, it is argued that flux tube clustering arises in
neutron stars due to the strong coupling between the neutron su-
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Figure 3. Schematic diagrams as in Fig. 1, but with four flux trees to illustrate
the clustering of the smallest flux tubes (labelled by the numeral 3) within the
same flux tree.

perfluid and proton superconductor, a phenomenon related to ‘type-
1.5” superconductivity (Haber & Schmitt 2017; Wood & Graber
2022). Type-1.5 superconductivity was discovered experimentally
in two-component terrestrial superconductors (Moshchalkov et al.
2009; Silaev & Babaev 2011). A type-1.5 superconductor has two
coherence lengths, & and &, and one penetration depth, A, with
& < A < &. The ordering of the length-scales means that type-
1.5 superconductors resemble both type-I and -1I superconductors.
Quantized flux tubes in type-1.5 superconductivity (with core size
~ &) attract mutually when their separation distance, de_nb, €xceeds
&,. Long-range attraction also occurs between the mutually attractive
flux tubes in the intermediate states of type-I superconductivity
(Kramer 1971; Alford & Good 2008). On the other hand, for de n, ~
A, quantized flux tubes in type-1.5 superconductivity repel mutually,
just like the quantized flux tubes in type-II superconductivity. The

Flux tube clustering in NS 25

competition between the repulsive A and attractive &, leads to a
preferred intermediate length-scale between quantized flux tubes,
forming clusters of quantized flux tubes in type-1.5 superconduc-
tivity. Quantized flux tubes in type-1.5 superconductivity approach
each other but never coalesce in the flux tube region.’

We do not model the neutron superfluid in Section 3.1, as the flux
branching calculation is complicated enough without the neutrons.
Consequently, d¢ obtained in Section 3.1 is likely to be greater than
the realistic d, when the neutron superfluid is included, and type-1.5
behaviour becomes possible.

4 GRAVITATIONAL RADIATION

In this section, we study the astrophysical implications of flux
tube clustering on the persistent gravitational radiation emitted by
a neutron star. The neutron superfluid inside the star rotates with
N, ~ 10"(f/30Hz) quantized vortices, such that the superfluid
mimics macroscopically rigid-body rotation, where each vortex
carries a quantum of circulation k = m/i/m, = 1.98 x 1073 cm?s~!,
f is the neutron star’s rotational frequency and m,, is the mass of a
neutron. The vortices repel mutually and form an Abrikosov lattice
in the absence of pinning. In the outer core, vortices pin strongly to
quantized flux tubes (Muslimov & Tsygan 1985; Sauls 1989; Srini-
vasan et al. 1990), forming a non-axisymmetric vortex distribution
which generates persistent, quasimonochromatic, current quadrupole
gravitational radiation (Melatos, Douglass & Simula 2015; Haskell,
Antonelli & Pizzochero 2022; De Lillo et al. 2023; Cheunchitra et al.
2024).* The characteristic gravitational wave strain, A, depends on
the distribution of the quantized flux tubes, which serve as pinning
sites. Cheunchitra et al. (2024) considered pinning sites distributed
homogeneously over a length-scale longer than the typical vortex
separation, dy, ~ 2 x 1073(f/30)"/2cm. In contrast, the results in
Section 3.1 suggest that the homogeneity assumption is not always
valid, as vortices tend to cluster around flux trees, which may have
w > dy.

In Section 4.1, we review briefly the formalism to calculate &g
for continuous current quadrupole gravitational radiation from an
array of rectilinear superfluid vortices. In Section 4.2, we model the
inhomogeneous vortex clustering about flux trees using a Matérn
cluster point process to approximate k. We emphasize that the
calculations in this section are not fully self-consistent. The neutron
superfluid is a passive participant. Physical effects arising from
neutron—proton coupling, such as the type-1.5 superconductivity
discussed in Section 3.2, are therefore excluded from the calculation
(Haber & Schmitt 2017; Wood & Graber 2022). Additionally,
superfluid vortices cluster around flux trees without affecting the
structure of the flux trees. In other words, the neutron superfluid does
not modify the state of the proton superconductor self-consistently,
unlike in other work based on the coupled, time-dependent, Gross—
Pitaevskii and Ginzburg-Landau equations (Thong, Melatos &
Drummond 2023; Shukla, Brachet & Pandit 2024). Relaxing these
simplifications lies outside the scope of this paper and is postponed to
future work. We also follow Cheunchitra et al. (2024) and postpone

3In a small part of the neutron star’s parameter space, an intermediate state
exists in type-1.5 superconductivity, such that flux tube lattice regions are
interspersed with normal conducting regions, and flux tubes effectively merge
(Wood & Graber 2022).

4The vortex distribution is not axisymmetric locally, even though it is
approximately axisymmetric globally, when averaged over macroscopic
length-scales; see figs 1 in both Cheunchitra et al. (2024) and Melatos et al.
(2015), for example.
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the study of tangled (as opposed to rectilinear) neutron superfluid
vortices (Peralta et al. 2006; Andersson, Sidery & Comer 2007;
Drummond & Melatos 2017, 2018).

4.1 Current quadrupole moment

In the transverse traceless gauge, the far-field metric perturbation
generated by the time-varying current quadrupole moment of a recti-
linear array of quantized vortices in a neutron star with angular veloc-
ity Q@ = 27 f and radius R, is given by h}T = Tﬁz’z‘ﬂho cos(2t +
¢) (Thorne 1980; Warszawski & Melatos 2012; Melatos et al. 2015;
Haskell et al. 2022; De Lillo et al. 2023; Cheunchitra et al. 2024),
where ¢ is the retarded time, ¢ is a phase that depends on the vortex
position in the frame corotating with the star, and Tﬁf‘zil is the
angular beam pattern emitted by the (2, 1) multipole moment,
which depends on the observer’s orientation relative to the source,
defined in equation (2.30f) in Thorne (1980). Following Cheunchitra
et al. (2024), we have

5127\ '* G2 pkR?
ho =
405 D¢’

Q. C)]

where p is the density of the neutron superfluid, which is assumed
to be incompressible, D is the unperturbed spatial distance between
the star and Earth, G is the gravitational constant, c is the speed of
light, and one has

Ny R, R2 3/2 2
o {[EE (1) o

i=1

N g R2\ 32 24 172
+ —(1==L) sing , 10
2 a (%) el } a
where the sum is over the equatorial positions (R;, ¢; ) in polar
coordinates of the vortices in the corotating frame of the star.

Cheunchitra et al. (2024) estimated the median of Q for a uniform
Poisson distribution of vortices as

Omea = 0.18N, 172, (11)
implying
5/2
ho = 1.2 x 107 i
30Hz

(sotm) (v ()
X . 12)
10km 1.4Mg 1kpc

Equation (12) is an upper bound, when the mutual repulsion between
vortices is negligible compared to the pinning energy, which leads to a
Poissonian distribution of vortices. Numerical solutions demonstrate
that the expected Ay is likely to be orders of magnitude lower, with

- f 5/2
hg =73 x%x107%
0 x <30Hz

X (13)
10km 1.4M, ) \ Tkpc

because mutual repulsion pushes vortices into a more regular array,
which becomes approximately periodic, when the mutual repulsion
dominates. As the array becomes more periodic, additional can-
cellation occurs between positive and negative contributions to the
integrand of the current quadrupole moment, which is the source of
the gravitational radiation studied here; see section 6 in Cheunchitra
et al. (2024) for a thorough discussion.
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4.2 Vortex clustering

Vortex clustering, e.g. the arrangement illustrated in Fig. 3, modifies
the spatially homogeneous Poisson point process assumed when
deriving (11) (Cheunchitra et al. 2024). It is challenging to calculate
the moments of Q and hence estimate h( exactly, when vortex
clustering occurs, because the geometry in Fig. 3 does not possess
a straightforward analytic form. Instead, by way of approximation,
we assume that all vortices are rectilinear and cluster around flux
trees with the same branching level N and radius rg ~ w. We model
the position of the centres of flux trees (e.g. the centres of the four
groups of circles in Fig. 3b) as a uniform Poisson distribution with
average flux tree count Ny, = N;/4"~!, where N; ~ 10°°(B /102 G)
is the total number of flux tubes in a typical neutron star. In reality,
due to macroscopic flux freezing (Baym et al. 1969a), the spatial
distribution of flux trees is complicated and linked intricately to the
star’s formation history, the study of which is outside the scope of
this paper (see footnote 3). Within each flux tree, e.g. within each of
the four groups of circles in Fig. 3b, we assume that pinned vortices
are distributed according to a different uniform Poisson process,
with average vortex count per flux tree N, = N,/Nyg. That is, the
vortex positions are modelled using a Matérn cluster point process
(Baddeley, Rubak & Turner 2015). A Matérn cluster point process
process is composed of two nested Poisson processes. Specifically,
Ny parent points (the centres of flux trees) are uniformly Poisson
distributed in the equatorial plane, and N, offspring points (vortices)
are uniformly Poisson distributed in a circle with radius rg centred
on each parent.

We use Campbell’s theorem and a modified central limit theorem
(Kulperger 1987; Baddeley et al. 2015) to analytically derive the
median of Q, denoted by Qeq, in Appendix A for the Matérn cluster
point process above. The result is

Omea = 0.18N2(1 + Ny /%, (14)

which implies

30Hz

(o) (i) (i) a3
“\10km ) \14Mg ) \Tkpe

with 1 < Ny S Ny ~ 1017(f/30 Hz). Thus, clustered vortices are
expected to produce a median wave strain /g, which is (1 + N, )!/?
times larger than the A produced by a uniform Poisson distribution
of vortices.

If the star contains relatively few (and hence relatively large) flux
trees, the enhancement in 4, can reach astronomically significant
levels. As an illustrative example, let us take Ny ~ 103, This estimate
follows from magnetic flux conservation, if one substitutes L; ~
10°cm, a; ~ 10 cm, and B/ H, ~ 1073 into equation (18) for Ny in
Thong & Melatos (2024), viz.

1 f 5/2
ho= 12x 1072 (1+ N, )" ( )

B(L1/2)°
Ny = Ha® (16)
Then one obtains sy ~ 10~2% for the fiducial values of [, Ry, M,
and D quoted in (15). Wave strains of this magnitude are marginally
detectable as quasimonochromatic continuous wave signals by the
current generation of long-baseline interferometers like the Laser
Interferometer Gravitational Wave Observatory (LIGO) (Riles 2023;
Wette 2023).
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5 CONCLUSIONS

In this paper, we predict that quantized flux tubes form clusters
within the type-II proton superconductor in the outer core of a
neutron star, when it is adjacent to and magnetically coupled
with a type-I proton superconductor in the inner core. Previous
studies (Thong & Melatos 2024) find that macroscopic flux tubes
in the type-I superconductor divide dendritically into quantized
flux tubes in the type-II superconductor, a phenomenon referred
to as flux branching. We extend the free energy calculations of
flux branching in Thong & Melatos (2024) by incorporating the
magnetic repulsion between quantized flux tubes in the type-II
superconductor. By balancing the mutual repulsion against the
flux tree’s tendency to minimize its width, w, we determine the
minimum-energy separation, de, between quantized flux tubes in
the same flux tree to be two to seven times less than the separation,
dpnp ~ 5 x 1071% cm, without flux branching (Glampedakis et al.
2011). Specifically, we calculate the minimum-energy (de, w) val-
ues to be (2.2 x 107%cm, 2.9 x 10~%2cm), (1.4 x 10~"%cm, 1.9 x
102 cm) and (6.5 x 107" cm, 9.1 x 10% cm) for N = 28, 38, and 48,
respectively. That is, quantized flux tubes cluster within their own
flux tree, and the type-II superconductor is divided into regions with
and without quantized flux tubes, as illustrated in Fig. 3. For N =
38, we calculate the minimum-energy do for (L, L>)/(10%cm) =
(0.01, 1.99), (1.99, 0.01) to be (1.2, 1.2) x 10~'%cm, respectively;
flux clustering is insensitive to the radial thickness of the type-I
and -II regions. We note that flux tube clustering has also been
proposed to arise from density and current-current coupling between
the proton superconductor and the neutron superfluid, an alternative
mechanism independent of flux branching (Haber & Schmitt 2017;
Wood & Graber 2022).

In Section 4, we show that in a highly idealized, non-dynamical
model subject to the caveats itemized in Sections 2 and 3, flux tube
clustering enhances substantially the upper bound of the persistent,
quasimonochromatic gravitational radiation emitted by the array of
neutron superfluid vortices inside a neutron star. Neutron vortices
pin to quantized flux tubes non-axisymmetrically, emitting current
quadrupole gravitational radiation (Melatos et al. 2015; Haskell et al.
2022; De Lillo et al. 2023; Cheunchitra et al. 2024). Without flux tube
clustering, vortices form a rectilinear array distributed according to a
uniform Poisson point process, a good approximation when pinning
is stronger than vortex—vortex repulsion, if one neglects tangling.
With flux tube clustering, vortices cluster about flux trees and their
positions can be modelled with a Matérn cluster point process. In the
latter scenario, the median h is given by

1 f 5/2
ho= 12x 1072 (14 N,,)" (30H )
Z

X , a7
10km /) \1.4M, /) \ Tkpe

where 1 < N, <10'7(f/30Hz) is the mean number of vortices
pinned to each flux tree. For example, relatively large flux trees
with branching level N =48 and hence N, ~ 2 x 105, lead to
ho ~ 5.3 x 1072 for the fiducial values quoted above. This result
is important for gravitational wave astronomy, as it approaches the
sensitivity limit applying to continuous wave signals with the current
generation of interferometric gravitational wave detectors, such as
LIGO.

We emphasize that more work is needed to relax the idealizations
identified throughout the paper, before definitive statements about
the gravitational wave signal can be made. For example, in the
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paper we assume a Poissonian spatial distribution of flux trees. In
reality, magnetic evolution of the star may regularize the flux tree
distribution, e.g. through turbulent mixing shortly after birth (Tout
etal. 2004; Ferrario et al. 2015), which likely leads to a smaller /2o. We
also assume a Poissonian spatial distribution of vortices about each
flux tree. If vortices are arranged in a lattice about each flux tree, one
may expect a lower /¢ as implied by the arguments of Cheunchitra
etal. (2024). That said, the distribution of the parent points (flux trees)
is arguably more important than that of the offspring points (vortices)
in this context for /(. Suppose that N, , vortices are in a lattice about
each flux tree. One may approximate the contribution to the current
quadropole of these N, vortices as a giant vortex with vorticity
N,k at the centre of the flux tree (assuming ry < R,). Then, by
transforming ¥ — N,k in equation (9) and N, — Ny in equation
(11), the modified strain is given by equation (12) times a factor of
Nv11/12. In other words, if vortices form a lattice in each flux tree, then
one can approximate the current quadropole of this configuration
as Ny Poisson-distributed large vortices, each with vorticity Ny x,
consistent with (17). Additionally, results from Haber & Schmitt
(2017) and Wood & Graber (2022) indicate that flux tubes are likely
to be more clustered than just from flux branching alone, implying
more flux tubes per cluster. For a given total flux, this reduces
the number of clusters for vortices to pin to and hence increases
Ny, leading to a higher h( in equation (17). Quantifying the net
outcome of these competing effects lies outside the scope of this
paper.

This paper makes several other simplifying assumptions. (i)
The sharp-interface approximation (Landau 1943; Andrew 1948;
Huebener 2001) should be replaced more generally with the time-
dependent Ginzburg-Landau equation. Indeed, more generally, the
Ginzburg—Landau equation should be solved simultaneously with
the Gross—Pitaevskii equation, to treat self-consistently the coupling
between the proton superconductor and neutron superfluid (Thong
et al. 2023; Shukla et al. 2024) and accommodate important effects
such as type-1.5 superconductivity (Haber & Schmitt 2017; Wood &
Graber 2022). (ii) The radius, a;, of the largest macroscopic flux
tubes (trunks) is the same for all flux trees, whereas in reality, a;
varies from one flux tree to the next depending on the magnetic
history of the star, especially any dynamo activity early in its life
(Tout et al. 2004; Ferrario et al. 2015). (iii) All vortices in the outer
core are pinned to flux trees, overlooking that vortices can pin to
isolated quantized flux tubes in the type-II superconductor that are
not part of any flux trees (Thong & Melatos 2024).5 (iv) Vortex
clustering about flux trees is modelled by a Matérn cluster point
process, a statistical assumption which is reasonable but cannot be
tested experimentally under neutron star conditions now or in the
foreseeable future. (v) The inner core is entirely a type-I proton
superconductor, whereas in reality, it may coexist with other phases
of dense matter, such as hypersonic matter (Vidafia et al. 2000;
Nishizaki, Yamamoto & Takatsuka 2002; Schaffner-Bielich et al.
2002) and colour superconductivity (Alford, Berges & Rajagopal
2000; Alford 2001; Lattimer & Prakash 2004; Alford & Sedrakian
2010; Baym et al. 2018). In the latter scenario, however, the paper’s
conclusion still holds qualitatively and partially, if regions of type-I
and -II proton superconductivity exist somewhere adjacent to one
another.

5Due to the spherical geometry of the star, quantized flux tubes in the type-II
region can avoid the type-I region entirely, i.e. lines threading the outer core
may not cross the inner core. Such flux tubes are not part of any flux trees
and do not cluster (Thong & Melatos 2024).
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APPENDIX A: ANALYTIC PDF OF Q FOR A
MATERN CLUSTER POINT PROCESS

In this appendix, we calculate the probability distribution function
(PDF) of Q in (10) for vortex positions (R;, ¢; o) situated randomly
in the equatorial plane of the corotating frame according to a Matérn
cluster point process, X, on a two-dimensional region S, viz. a circular
disc of radius R,.

Suppose that the position of each flux tree axis is drawn in-
dependently from a uniform Poisson distribution with intensity
Ag = Ng/ (nRi). Each flux tree (or cluster) has a radius ry ~ w,
where w is estimated by a minimum-energy argument in Section 3.1.
Suppose that the vortex positions within a flux tree, i.e. within a disc
of radius ry, about the axis of a flux tree, are drawn independently from
another uniform Poisson process with intensity A, = N,/ (Jrrle),
The intensity, A, of the Matérn cluster point process, formed by
combining the above two Poisson processes, is independent of
position and is given by Baddeley et al. (2015)

A= Afth,l (Al)
thNvt

- t A2

R (A2)

where NyN, = N, is the total number of vortices, i.e. A is the
same as that of a Poisson point process, whereas the second moment
measure, which we get to below, is not the same.

We follow Cheunchitra et al. (2024) and re-express Q from (10)
as

0=,/s2+852 (A3)

with
Ny
Se=> Wi, (A4)
i=1
Ny
Sy=> Wiy, (AS)
i=1
R 2 3/2
Wi, =—" (1 - *’) cos & o, (A6)
R, R2
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Ri R2\?
Wi,_v = R7* (1 — R7%> sind),;o. (A7)

To find the PDF of Q, we first find the PDFs of S, and S. Cheunchitra
et al. (2024) treated W; , and W; , as independent and identically
distributed variables, constructed from a Poisson distribution of
vortex positions. For a Matérn cluster point process (or a general
Poisson cluster point process), vortex positions are not distributed
independently. In the regime N, >> 1, we apply a modified central
limit theorem (Kulperger 1987), where the PDFs of S, and S, are
normal distributions, whose means and variances differ from those of
a Poisson process in general. Campbell’s theorem implies (Baddeley
et al. 2015)

2 Ry
(SX):/ d¢/ dR ARW, (A8)
0 0
=0, (A9)
with
R R2\?
W=k (1 - ﬁ> cos 6, (A10)

and similarly (S,) = 0. Campbell’s theorem also implies

(Sf>=//V(dx,dX')Wxqu
sty

with v(dx, dx") = (Nx(dx)Nx(dx")), where v is the second moment
measure of X, and Nx(dx)Nx(dx') is the number of ordered pairs
(x, x") of points from the process X satisfying x € [x, x + dx] and
x" € [x’, x4+ dx’] (Baddeley et al. 2015). For a uniform Poisson
point process, like that assumed by Cheunchitra et al. (2024),
we have v(dx, dx’) = A%dxdx’ + A8(x — x')dxdx’. For a Matérn
cluster point process, we have

(Al1)

v(dx, dx') = dxdx'{A* + AS(x — x")
+AxAL A [bCx, ) NG, )] ] (A12)

where b(a, B) is a circle centred on « with radius g and A is
an area function. That is, A [b(x,rft)ﬂb(x/ ,rft)} is the area of
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the intersection of two circles centred at x and x’ with radii rg.
Substituting (A12) into (Al1), the first term is zero because we
have (S,) = 0 while the second term simplifies to NyN, /40; see
appendix B in Cheunchitra et al. (2024). The third term, /3, is more
complicated and has the form

I = / / dxdx’ W, W AgAT A [b(x, rg) VDG r)] . (A13)
sty
In (A13), A [b(x, re) N b(x’, rﬁ)} varies quickly with x and x’ and

vanishes for |x — x| > 2rg, while W, and W,/ vary slowly given
ri < R,. Hence, we can approximate W, &~ W,/ to obtain

I~ /dx W W AgA] 14 (Al4)
S

with

Iy = / dx" A [b(x, re) N b, r)] (A15)

where I, measures the overlap of the two circles. For § = § equal
to the equatorial cross-section of the star, we find /4, = Jrzré, and
hence

thN\?l
I; =~ 20 =, (A16)
and
2 thNv,t
(87) =~ a0 (I + Nyy). (A17)

Similarly, we have (Sﬁ) ~ NNy (1 4+ Ny,)/40. That is, the PDFs
of S, and S, are Gaussians with zero mean and variance given by
(A17). From (A3), the PDF of Q simplifies to

2
p(Q) = (% exp (—2<QS%)) , (A18)
with
Omea = 0.18N2(1 + N, )V2. (A19)

This paper has been typeset from a TEX/I&TEX file prepared by the author.
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