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Abstract

Streaming data are a type of high-frequency and nonstationary time series data. The collection of
streaming data is sequential and potentially never-ending. Examples of streaming data, including
data from sensor networks, mobile devices and the Internet, are prevalent in our daily lives. An
estimator for streaming data needs to be computationally eflicient so that it is relatively easy to
update the estimator using newly arrived data. In addition, the estimator has to be adaptive to
the nonstationarity of data. These constraints make streaming data analysis more challenging
than analysing the conventional non-streaming data sets.

Although streaming data analysis has been discussed in the machine learning community for
more than two decades, it has received limited attention from statistical researchers. Estimation
methods that are both computationally efficient and theoretically justified are still lacking. In
this thesis, we propose nonparametric density and regression estimation methods for streaming
data, where the smoothing parameters are chosen in a computationally efficient and fully data-
driven way. These methods extend some classical kernel smoothing techniques, such as the kernel
density estimator and the Nadaraya—Watson regression estimator, to address the theoretical and
computational challenges arising from streaming data analysis. Asymptotic analyses provide these
methods with theoretical justification. Numerical studies have shown the superiority of our
methods over conventional ones. Through some real-data examples, we show that these methods
are potentially useful in modelling real-world problems. Finally, we discuss some directions for
future research, including extending these methods to model higher-dimensional streaming data

and to streaming data classification.
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Chapter 1

Introduction

1.1 Motivation

Streaming data are a type of temporal data collected sequentially over a potentially infinite time
period with high velocity in a nonstationary environment. Different from conventional high-
frequency and nonstationary time series, the collection of streaming data may be never-ending
and real-time modelling is often required.

The ubiquity of mobile devices and sensor networks has made this type of data very common
in our daily lives. A typical example is the Phasor Measurement Units (PMUs) technology used
for monitoring large power grids (Zhou et al., 2016). Typically, measurements from PMUs are
reported at a standard rate of 60Hz (60 reads per second) and the ability to analyse these data
in real time is essential for the management of large power systems. Another example is the
NASA satellite Swift (Gehrels et al., 2004), which monitors a large number of celestial objects by
receiving from them certain kinds of electromagnetic waves, such as gamma-rays and x-rays. For
each object, an observed rate (measuring the level of a certain kind of wave) of, say, gamma-ray
is generated every few milliseconds. Due to various celestial activities, the distribution of the
detected rate is likely to be time-varying.

There are mainly two features that distinguish streaming data from the conventional inde-

pendent and identically distributed (i.i.d.) data. Firstly, the data arrive at a very high speed and

1



CHAPTER 1

their collection is never-ending. Hence, storage of all past data is difficult and any estimator
has to be online, i.e. it has to be frequently updated using the newly arrived data. Secondly,
the data are likely to be nonstationary and hence the estimator has to be adaptive to the time
variabilities. For example, the distribution of the measurements from a sensor network can be
time-varying, either due to the evolving physical phenomena it monitors, or due to the ageing

of sensors (Ditzler et al., 2015).

Because of the above features, conventional nonparametric methods, such as the kernel den-
sity estimator (KDE), are often not directly applicable to streaming data. On the one hand, in
terms of computation, these methods are often offline. That is, they assume that all data have
been observed and stored in the computer memory, so that all data can be accessed for unlim-
ited number of times. In addition, these methods can be computationally intensive due to the
method they use for the selection of smoothing parameters. Conventional data-driven proce-
dures for this purpose, such as cross-validation (Hall, 1983; Hirdle and Marron, 1985; Hall,
1987) and bootstrap (Taylor, 1989; Faraway and Jhun, 1990; Faraway, 1990; Hall, 1990; De-
laigle and Gijbels, 2004), are often too time-consuming for processing streaming data. On the
other hand, in terms of adaptivity to nonstationarity, these nonparametric methods are origi-
nally designed for stationary data (see e.g. Wand and Jones, 1995; Bosq, 1998), without taking

nonstationarity into consideration.

In this thesis, we develop computationally efficient nonparametric density and regression
estimation methods for smoothly time-evolving streaming data. The estimators are online and
smoothing parameters are selected by some computationally efficient cross-validation procedures.
Namely, the streaming cross-validation in §2.4 for density estimation and and the recursive cross-
validation in §3.2 for regression. We analyse the asymptotic properties of these estimators and
cross-validation procedures within the infill asymptotics framework used in Hall et al. (20006),
Vogt (2012) and Zhang and Wu (2015). Superior performances of these methods over com-
petitors are illustrated by simulations. Application of these methods to some real-data examples
show their potential use in modelling real-world problems. This thesis shows a possibility of ex-

tending classical kernel smoothing techniques to modelling big and complex data, which might

2



1.2 Data and models

be interesting for researchers in both nonparametric statistics and machine learning.

1.2 Data and models

In this section we first define some different types of streaming data and the corresponding density
and regression models. Then we define some other types of data that will be useful for the

literature review in §1.3.

1.2.1 Streaming data

We define a data stream {Z;},_; o . as an infinite sequence of independent and non-identically
distributed (i.n.i.d.) or dependent and non-identically distributed (d.n.i.d.) random variables or

random vectors, where each observation Z; arrives at time
t; = 1At, for some At > 0. (1.1)
Let n; denote the number of observations arriving up to a given time ¢ > 0, so that
t/At—1< n, = [t/At] < t/AL. (1.2)

Assuming equidistant arrival times is realistic since, in practice, many devices (e.g. traffic sensors)
make measurements regularly in time. A model assuming equidistant arrivals can readily be

applied to data with slightly irregular arrivals.

For the simplicity of theoretical derivations, in this thesis we only focus on the univariate
scenario (see Chapter 5 for a discussion on extensions to the higher-dimensional case). That is,
in the density estimation case, Z; = X; ~ f(-,t;) denotes a univariate random variable, where

f(-,-) is a time-varying probability density function. In the regression case, Z; = (X;,V;) € R?

3
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denotes a random vector from the following time-varying regression model:
YZ:m(XZ,tZ)—I—eZ, 221,2,, (13)

where m(z,t;) = E(Y;|X; = z) is a time-varying regression function and {¢; },—1 ... is an error

sequence.

1.2.2  Other types of data

The i.n.i.d. (d.n.i.d.) streaming data defined above are different, both in nature and in the way
they can be analysed, from the standard data usually encountered in the literature, which we
refer to as offline i.i.d. data, denoted by {Z;},—1 . The data are called offline since they are
all available at once and each observation can be accessed for unlimited number of times. The
in.id. (d.n.id.) streaming data also differ from what we refer to as online i.i.d. data, where
the data {Z;},—1 2, are observed sequentially at times {t;},—1 2, satisfying (1.1), but where
the Z,’s have the same (non-time-varying) distribution. Another type of data encountered in
practice is what we refer to as offline i.n.i.d. data, where the data {Z;};,—1__,, are independent
and all available at once, but have been observed at consecutive times {t;},—1___, satisfying (1.1)
and are nonstationary. That is, X; ~ f(-, ;) and, in the regression problem, the regression

function m(z, t;) = E(Y;|X; = x) is time-varying.

1.2.3 A bibliographic note on definition of streaming data

To the best of our knowledge, there is no consensus in the literature concerning the mathematical
definition of streaming data. Some works view online i.i.d. data as a kind of streaming data. For
example, Domingos and Hulten (2000) proposed a classification tree method for i.i.d. streaming
data and Luo and Song (2020) developed a recursive maximum likelihood estimation procedure,
also for i.i.d. streaming data. Assuming stationarity, they only focused on online modelling, i.e.

how to efficiently update the tree classifier or the maximum likelihood estimator when more and

4



1.3 Literature review

more data are available. However, since streaming data are potentially never-ending, it is less
realistic to assume that they are stationary. Hence, in line with the majority of existing works on
streaming data (see e.g. Ditzler et al., 2015, for a review of classification and clustering methods
for nonstationary streaming data), in this thesis we include nonstationarity in the definition of

streaming data and consider the i.n.i.d. and the d.n.i.d. case.

1.3 Literature review

Since streaming data analysis first arises in the machine learning community, in this section we
first give a brief introduction to the machine learning literature on streaming data. Then, we
turn to existing statistical works on streaming data, which are limited in number compared to the
machine learning literature. To conclude this section, we review some nonparametric statistics
techniques that will be the building blocks of our density and regression estimation methods

described in this thesis.

1.3.1 Machine learning literature on streaming data

Streaming data analysis has received attention from the machine learning community as a result
of the advances in hardware technologies such as network monitoring, web mining, sensor net-
works and manufacturing systems (Gama and Gaber, 2007; Sayed-Mouchaweh, 2019). Most of
these works focus on modelling tasks such as classification and clustering. See Gama (2010) and
Ditzler et al. (2015) for some more comprehensive reviews on the classification and clustering of
streaming data. Here we selectively review some methods that directly inspired our works in this

thesis.

1.3.1.1 Online learning

As mentioned in §1.1, one of the major challenges for streaming data analysis is that any esti-

mator has to be computationally efficient so that it is relatively easy to be frequently updated.
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However, most of the conventional machine learning algorithms are designed for offline data. For
streaming data, it is more desirable to use online methods, where the estimators can be frequently
updated using only one or a small number of newly arrived data points. Many earlier machine
learning works on streaming data focus on designing online versions of classic offline methods for
classification, clustering and regression. One of the pioneering works in this direction is the very
fast decision tree algorithm proposed by Domingos and Hulten (2000), which constructs clas-
sification trees that can be sequentially updated using each newly arrived data point. However,
their algorithm is designed for online i.i.d. data and hence is not appropriate for nonstationary
streaming data. Moreover, their work is about classification, whilst our focus in this thesis is on

nonparametric density estimation and regression.

1.3.1.2 Nonstationarity adaptation

As mentioned in §1.1, streaming data are often nonstationary. In the machine learning literature,
nonstationarity is often termed as concept drift and nonstationarity adaptation is one of the
most important topics in streaming data analysis (Gama et al., 2014). For an algorithm to be
adaptive to the nonstationarity, it has to reduce the influence of older data points to the current
estimator. Different approaches of discounting the past in the machine learning literature can be

summarised into three categories: windowing, weighting and ensemble learning.

Windowing. Using the notations in §1.2, to construct an estimator at time ¢ € R, the win-
dowing approach uses only the most recent block of data {Z; }i—p,—w,+1,...n, atriving on time
window (¢ — w;At, t], where At is defined in (1.1) and wy is an integer called the window size.
This approach is also termed sliding window or rolling window, and is often used for modelling
nonstationary time series (e.g. Inoue et al., 2017).

Using the windowing approach, Hulten et al. (2001) modified the very fast decision tree
into the concept-adapting very fast decision tree algorithm. This modified algorithm also se-
quentially updates a classification tree, but at a time ¢ € R the tree model is computed using

only {Z;}in,—w+1....n,» i-€. data points arriving on a time window (¢ — wAt, t], where the fixed

6
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window size w is chosen by hand. In addition, the algorithm periodically checks if any sub-tree
(part of the tree structure) has become ‘outdated” according to a data-driven criterion computed
from {Z; }icn,—w+1...n,- When asub-tree fails to satisfy the criterion (hence viewed as outdated),
the algorithm starts building an alternative sub-tree. The alternative sub-tree is not used to re-
place the original sub-tree until the alternative admits lower classification errors than the original.
The windowing approach in Hulten et al. (2001) directly inspired the recursive cross-validation
procedure in Chapter 3, which is a key part of the nonparametric regression method described

therein.

The windowing approach has also been applied to nonparametric density and regression es-
timation to make the conventional estimators adaptive to nonstationarity, see §1.3.4.1 for more

details.

Weighting. For keeping the estimates up-to-date, the weighting approach assigns larger weights
to more recent data points and smaller weights to data from more distant past. A simple but
popular weighting approach is exponential smoothing, which is often used in the time series
literature for the forecast of a univariate time series (Harvey, 1990, pp. 25-26; Gijbels et al.,
1999). It recursively computes weights for all past data points, where the weights for data in

more distant past decreases exponentially fast.

To illustrate exponential smoothing, we consider the problem of estimating the time-
varying sample mean of streaming data. For data stream {X;};—1 2 with time-varying means
{fi}i=12..., exponential smoothing estimates the j;’s using recursive formulas jip = 0 and
i = (1 —)ti—1 +vX;, fori = 2,3,.... Herey € (0,1) is a parameter called the step-
size, controlling how fast the estimator forgets the influence of past data points. Instead of using
a fixed 7y value, we can also use a sequence of adaptive stepsizes {7; };=1.2,... This is because, when

the 11;’s are changing fast (slowly), it is more appropriate to use a larger (smaller) 7y value.

Exponential smoothing, with either fixed or adaptive stepsizes has been extensively used in
streaming data analysis. See e.g. Anagnostopoulos et al. (2009), Pavlidis et al. (2011), Anag-
nostopoulos et al. (2012) , Ross et al. (2012) , Bodenham and Adams (2017) and Noble and

-
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Adams (2018) for some applications of exponential smoothing to classification and changepoint

detection.

Exponential smoothing has also been applied to nonparametric density and regression esti-

mation. See §1.3.4.2 for more details.

Ensemble learning.  The basic idea of ensemble learning is to build an estimator that combines
the strengths of a collection of base learners (Hastie et al., 2009, p. 605). Ensemble learning has
been widely used to model offline i.i.d. data. A classic example is the random forest proposed
by Breiman (2001). Instead of building only one classification tree using the whole data set,
Breiman (2001) proposes to draw a number of bootstrap resamples and build an overfitted
classification tree from each resample (as the base learner), thus forming an ensemble of tree
classifiers. To classify a new data point, each tree classifier computes a predicted class label and
then the class label receiving the highest number of votes will be chosen as the final predicted
class label for that data point. One of the keys to the success of ensemble learning is the variance
reduction induced by model averaging (such as the voting procedure in the random forest). In
the random forest case, due to overfitting, each tree classifier has low bias but high variance. Then
the voting can greatly reduce the variance, while only slightly increasing the bias (Hastie et al.,
2009, pp. 587-589).

In addition to modelling offline i.i.d. data, ensemble learning has become a popular ap-
proach for nonstationarity adaptation in streaming data analysis. See Gomes (2017) for a review
of ensemble methods for streaming data classification. At time ¢ € R, we can incorporate infor-
mation from more recent data by adding base learners computed from these data, and, to forget
outdated information, we simply remove base learners computed from older data. To illustrate
the flexibility of ensemble learning in coping with nonstationarity, next we review an algorithm
proposed by Street and Kim (2001) in some detail. For some more recent examples of ensemble
methods for streaming data classification, see Kolter and Maloof (2007), Minku and Yao (2012)
and Bertini Jr. and Nicoletti (2002).

The streaming ensemble algorithm proposed by Street and Kim (2001) is one of the earliest

8



1.3 Literature review

ensemble learning algorithms designed for streaming data classification. It partitions the data
stream into consecutive blocks By, By, . . ., each containing b data points, and iteratively updates
anensemble & = {E;},—1 ¢ of G base classifiers. The algorithm is iteratively defined as follows.
To initialise &, we first build classifiers C', . .., C using the first G data blocks By, ..., Bg,
respectively. Then, the initial ensemble is defined by E; = C;, ¢ = 1,..., G, i.e. it contains
classifiers trained from the first G' data blocks. When a new block B¢, arrives, we use it to
build a classifier C1. Then we decide whether we replace some existing base classifier F; € &
with this new classifier C ;. For this, we use another new block B¢ 2 as the test set to compute
the classification errors of Cyq and all E; € &. If Cp4q yields lower test error than some existing
base classifier E; € &, let Ej <= Cg41. Otherwise we discard Co11 and do not update &. The

above procedure is repeated to keep & up-to-date.

With an ensemble & of base classifiers, the streaming ensemble algorithm classifies a data
point by combining the prediction results of all £; € &, but not by simple voting as in the
random forest case. In the latter case, the data are i.i.d., so each base classifier is given the same
weight in voting. In contrast, the streaming ensemble algorithm uses weighted voting. That
is, it gives a base classifier F; higher weight if it yields a lower test error on recent data blocks.
This is because the data are nonstationary and classifiers that classify the more recent data points
accurately are more useful for real-time classification. The reason that we limit the size of the
ensemble & to be some fixed integer G is because we cannot afford to store all classifiers, when the
number of them becomes overly large (recall that streaming data is never-ending so the number

of data blocks goes to infinity).

Inspired by the ensemble methods for streaming data classification, we propose to apply the
ensemble learning approach to adaptive nonparametric regression estimation for streaming data.
Instead of using just one estimator and continuously updating it with new data, we propose
to construct an ensemble of estimators, each with a different choice of smoothing parameters.
Then, we dynamically choose the best estimator from the ensemble, according to some data-

driven criterion computed from a recent block of data. See Chapter 3 for details.

9
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1.3.1.3 Nonparametric estimation for streaming data in machine learning literature

In the machine learning literature, discussions on nonparametric estimation for streaming data
mainly focus on the fast computation of the KDE. For example, Gray and Moore (2003), Zhou
et al. (2003) and Zheng et al. (2013) considered fastening the computation of the KDE for
modelling online stationary data. They proposed different methods to adaptively bin the data
and then compute the conventional KDE based on the binned data. Boedihardjo et al. (2008),
Heinz and Seeger (2008), Cao et al. (2012) and Qahtan et al. (2017) proposed different methods
to compute the binned KDE for nonstationary streaming data. Boedihardjo et al. (2008), Cao
etal. (2012) and Qahtan et al. (2017) computed the conventional KDE using binned data in a
sliding window, where the window size is fixed and chosen by hand. Heinz and Seeger (2008)
used a recursive KDE, where the weights for data points arriving at different times were computed
using exponential smoothing (see §1.3.4.2 for details). However, they did not provide any data-
driven method for selecting the stepsize. In Chapter 2 we will propose a recursive KDE for
streaming data, where the smoothing parameters are adaptively chosen using some theoretically

founded data-driven method.

In recent years, some works have emerged for using online kernel-based methods, such as the
online version of the support vector machine, for nonparametric regression estimation and the
classification of streaming data (Bedi et al., 2019; Shen et al., 2019). These works formulate the
nonparametric function estimation as a convex optimisation problem, where the goal is to find
a function in a reproducing kernel Hilbert space that minimises some penalised loss function.
However, in these works some key tuning parameters, including those for controlling nonsta-
tionarity adaptation, are chosen by hand. In addition, theoretical analyses there mainly focus on
proving optimisation theoretical properties of the proposed methods, while statistical properties

of these methods largely remain unclear.

10
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1.3.2 Statistical literature on streaming data

In contrast to the flourishing research in the machine learning community, streaming data analy-
sis has received much less attention from the statistics community. Moreover, it appears that the
majority of existing statistics literature on streaming data focuses on changepoint and anomaly
detections. For example, Talagala et al. (2019) considered the real-time monitoring of a large col-
lection of data streams from a sensor network and proposed a framework for the early detection
of anomalous streams. To adapt to the nonstationarity, their method employs a sliding window
of a user-defined window size. Data in the sliding window are viewed as up-to-date, and then
features of these data are extracted as the input to an anomaly detection procedure. Similar works
on the real-time monitoring of streaming data include e.g. Chan (2017), Chen (2019), Padilla
etal. (2019), Tveten and Glad (2019) and Zhang et al. (2019).

Statistical works on streaming data other than changepoint and anomaly detections have
emerged in recent years but are still relatively scarce. Anagnostopoulos (2010) proposed a para-
metric framework for streaming data analysis based on a recursive maximum likelihood estima-
tion procedure, motivating several other works on streaming data classification (Adams et al.,
2010; Pavlidis et al., 2011; Anagnostopoulos et al., 2012). However, to use this framework we
need to specify a parametric form for the density of the data, which is something we avoid doing
in this thesis, since we are concerned with nonparametric estimation.

Hofmeyr et al. (2016) proposed an online clustering method for high-dimensional nonsta-
tionary streaming data, which dynamically partitions the sample space into subspaces, each cor-
responding to a cluster. This procedure is based on an conventional KDE computed from the
one-dimensional projections of the data stream. To find the appropriate one-dimensional rep-
resentation of the data stream, they employed a recursive method to dynamically compute the
time-varying first principal component of the data stream. When a new observation arrives, the
first principal component is updated and the new observation is projected onto the updated prin-
cipal component. To reduce the computational cost for computing a conventional KDE from
an increasing number of data, Hofmeyr et al. (2016) proposed to bin the data and the new pro-

jected data point is only used to update the bin counts. Then a conventional KDE is computed
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from the updated bin counts. However, since their ultimate goal is clustering rather than den-
sity estimation, some key tuning parameters are selected in a way such that the KDE produces
meaningful clustering results. For example, the bandwidth for the KDE is chosen to ensure that
the density estimate has an appropriate number of modes. Hence their method is not very useful

for our problem.

Hall and Patil (1994) defined a class of online KDEs for online i.i.d. data and provided theo-
retical justifications for these estimators. They also proposed an online KDE for i.n.i.d. streaming
data, which is computed from a sliding window of a fixed window size w. They suggested that
w should be chosen in a way such that every w consecutive data points can be viewed as approx-
imately i.i.d. For example, for some wind speed datasets where one data point is observed every
6 seconds, it is reasonable to take w = 200, so that each sliding window contains data observed
in a 20 minute time interval. However, they did not provide any general data-driven method to

select the window size w.

For nonparametric density estimation for nonstationary streaming data, Caudle and Wegman
(2009) and Garcia-Trevino and Barria (2012) proposed orthogonal series density estimators that
can be efficiently updated. Both of their estimators of the density f(z, ) at time ¢ can be written

as

N
fos(%ﬂ = Z Enm%(ﬁ) ;
i—1

where {1;},=12, is a sequence of orthogonal base functions (e.g. the wavelets), N > 1 is an
integer determining how many base functions are used to approximate the density f(-,¢) and
lA)nM- is the coeflicient of v; at time t. To update ZA)nt’i while discounting the influence of past
data points, Caudle and Wegman (2009) proposed to use the following exponential smoothing

formulas:

A %(Xl% ifn, =1,

~ ~

bnt,i = (1 - 7>bnt—1,i + Wﬁz(Xnt) 5 if‘nt > 2.

Motivated by Caudle and Wegman (2009), Garcia-Trevifio and Barria (2012) proposed to com-

pute the coeflicient b,,, ; from a sliding window of size w. That is, forn, = w + 1, w + 2,...,
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~

by, i is updated by

. 1 "t
bm,i = E Z wZ(X]) :
j=nt—w+1

However, Caudle and Wegman (2009) and Garcia-Trevifio and Barria (2012) did not provide
any general data-driven method to select the stepsize 7y or the window size w, which control how
fast we forget the influence of past data and the selection of which is crucial in practice. Moreover,

both of their works lack theoretical analysis of the orthogonal series estimator.

Hall et al. (2006) proposed a KDE for offline i.n.i.d. data, but the bandwidth selec-
tion method is computationally slow, making their method unsuitable for streaming data (see
§1.3.4.4). Harvey and Oryshchenko (2012) applied exponential smoothing to estimate the den-
sity of offline d.n.i.d. data. Their estimator is recursive, an hence can also be applied to i.n.i.d.
(d.n.i.d.) streaming data (see §1.3.4.2). However, their method for selecting smoothing pa-
rameters is offline, requiring the storage of all data points, hence cannot be directly applied to

streaming data.

In terms of regression, nonparametric methods are relatively abundant in the statistics liter-
ature, but few of them are directly applicable to i.n.i.d. (d.n.i.d.) streaming data. Grillenzoni
(2000) proposed a kernel regression estimator for offline d.n.i.d. data using exponential smooth-
ing (see §1.3.4.2). When applied to streaming data, his method suffers from the same problem
as that of Harvey and Oryshchenko (2012). Namely, although the estimator can be applied to
online data since it is efficient to update using new data points, the bandwidth selection method
requires the storage of all data points. Mokkadem et al. (2009a), Amiri (2012) and Huang et al.
(2014) discussed various recursive and semi-recursive kernel regression estimators for online i.i.d.
(d.i.d.) data (see §1.3.4.2). We will see in Chapter 3 how to apply a semi-recursive kernel re-
gression to nonstationary streaming data. Luts et al. (2014) proposed a class of semi-parametric
regression estimators for online i.i.d. data under the Bayesian framework. Vogt (2012) and Zhang
and Wu (2015) developed kernel regression estimators for offline d.n.i.d. data and investigated
their asymptotic properties, but their estimators cannot be efficiently updated in our streaming

data context and discussion on practical bandwidth selection is lacking.
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1.3.3 Summary

Our focus in this thesis is on nonparametric curve estimation, including density and regression
estimation, for streaming data. As discussed in §1.1, any estimator for streaming data should
be both online and adaptive to the time variabilities. In the machine learning and statistical
works we have reviewed in §1.3.1 and §1.3.2, there are some nonparametric curve estimators
satisfying both of these requirements (Hall and Patil, 1994; Grillenzoni, 2000; Hall et al., 2006;
Boedihardjo et al., 2008; Heinz and Seeger, 2008; Caudle and Wegman, 2009; Cao et al., 2012;
Garcia-Trevifio and Barria, 2012; Harvey and Oryshchenko, 2012; Hofmeyr et al., 2016; Qah-
tan et al., 2017; Bedi et al., 2019; Shen et al., 2019). However, all these works, except Hall
et al. (2006), lack theoretical justification for their methods (Hall and Patil, 1994 discussed the-
oretical properties of their density estimator for online i.i.d. data, but not for their estimator for
nonstationary data).

In addition to the lack of theoretical analysis, these works all have some problems concern-
ing the selection of smoothing parameters in our streaming data context. Most of these works,
including Hall and Patil (1994), Boedihardjo et al. (2008), Heinz and Seeger (2008), Caudle
and Wegman (2009), Cao et al. (2012), Garcia-Trevifio and Barria (2012), Bedi et al. (2019)
and Shen et al. (2019), did not provide any data-driven way to dynamically select the smoothing
parameter controlling how fast we discount the influence of past data, such as the window size
and stepsize (see §1.3.1.2). Grillenzoni (2000), Hall et al. (2006) and Harvey and Oryshchenko
(2012) proposed some data-driven ways to select the smoothing parameters, which are suitable
for offline data and are computationally heavy in our streaming data context. Since selecting
smoothing parameters is crucial in practice, these works leave room for improvement.

In view of the lack of suitable nonparametric curve estimation methods for streaming data,
in this thesis we develop nonparametric density and regression estimators that are easy to update
and designed to handle nonstationarity. Smoothing parameters for these estimators are selected
using some computationally efficient cross-validation procedures tailored for streaming data. As
the final part of the literature review, next we review some conventional nonparametric statistics

techniques that will be the building blocks for our streaming methodology.
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1.3.4 Building blocks for our methodology

In this section we review some nonparametric statistics techniques that will be used to build our

methodology. Recall the definitions of different types of data in §1.2.

1.3.4.1 Kernel density and regression estimators

For offline i.i.d. data, it is well known that we can consistently estimate the density f nonpara-

metrically by the conventional KDE, defined by
. l &
fa) = EZ;Kh(fE_Xi); (1.4)

where K is a kernel function satisfying [ K = 1, h = h,, € R is a smoothing parameter called
bandwidth, and K, (-) = A~ K(-/h). Similarly, the regression function m(z) = E(Y;| X; = x)
of offline i.i.d. data can be consistently estimated by the Nadaraya—Watson (N'W) estimator,

defined as
rlz)  nt Y K(r— X)Y;

) n XL Kale - X))

where 7(2) can be viewed as an estimator of (m- f)(x). The conventional KDE is first introduced

(1.5)

by Rosenblatt (1956) and Parzen (1962). See e.g. Wand and Jones (1995) for discussions of the
conventional KDE and the NW estimator. Both estimators can also be applied to offline d.i.d.
data (see e.g. Bosq, 1998).

While these estimators can also be computed in the case of online i.i.d. (d.i.d.) data, using,
at each time ¢ € R4, only the n; data points available up to time ¢, a drawback of this approach
is that it is not fully recursive. Indeed, for a given data set of size ny, f at (1.4) requires to
compute n; versions of K rescaled by the bandwidth h, where h = h,,, depends (crucially) on
n¢. Therefore, when a new observation becomes available, in order to update the estimator of f,
taking the new observation into account, we not only need to compute a new rescaled version of

K corresponding to the new observation, but we also need to recompute the n; versions of K

corresponding to the previous 7, observations, this time rescaled by a new bandwidth h = h,,, ;.
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To apply the KDE at (1.4) and the NW estimator at (1.5) to online i.n.i.d. (d.n.i.d.) data, a
straightforward approach is to apply these estimators to data in a sliding window (Subramaniam
et al., 2006; Tasoulis et al., 2006; Boedihardjo et al., 2008; Lam and Bouillet, 2015). That is,
to estimate f(-,t) (respectively m(-,t)) for some time t € R, we compute the KDE from data
{Xi}ticni—w+t1,. n, (respectively {(X;,Y:)} icn,—w+1,..n,) arriving in (¢ — wAt, t], where the
window size w is a positive integer chosen by hand, as if these data were identically distributed.
More formally, the sliding window KDE of f(z,t) used in Subramaniam et al. (2006), Tasoulis
et al. (2006) and Boedihardjo et al. (2008) is defined by

ne

folz,t) = % Y K, (r-X). (1.6)

i=n¢—w+1
Here f,,(z, t) is only defined for t > wAt, since this estimator has to be computed from no less
than w data points. Similarly, the sliding window N'W estimator of m(z,t) used in Lam and
Bouillet (2015) is defined by

oA w7 Kp(z — X;)

i=n¢—w-+1

(1.7)

'The motivation for the sliding window KDE and NW estimator is straightforward. Namely,
to estimate f(x,t) and m(x,t), we use only data arriving in a recent time window instead of
all n; data arriving up to time ¢, since the data are nonstationary. In the simulation studies
in Chapter 4, we will compare the performances of these sliding window estimators and the
density and regression estimation methods described in Chapters 2 and 3. Our methods showed
superior performances than the sliding window estimators in most of the simulations settings. In
the remaining settings, the performances of our methods were comparable to those of the sliding

window estimators.
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1.3.4.2 Recursive and semi-recursive estimators

To estimate the non-time-varying density function f of online i.i.d. data, Wolverton and Wagner
(1969) introduced a recursive KDE, which has been studied by Yamato (1971), Davies (1973),
Devroye (1979), Wegman and Davies (1979), Hall and Patil (1994), Amiri (2009) and Mokka-
dem et al. (2009b), among many others. A generalisation of Wolverton and Wagner’s estimator,
given by Mokkadem et al. (2009b), is defined as follows. For a given time ¢ € R, recall-

ing the definition of n; at (1.2), let v, = {7;}i=1 n, denote two se-

..........

quences of smoothing parameters, called the stepsize and the bandwidth, respectively, where

(i, hi) € (0,1) x R,. Then the recursive KDE has the form

. Kp, (z — Xy), ifn, =1,

f($’t|7tvht) = N

(1 - ,Ynt)f(x7tnt_1|’ytnt—l7 htnt—l) + ,yntKhnt (ZL’ - Xnt) ) ifnt >2.
(1.8)

Note from (1.1) that we have n; — oo ast — 0o. On this occasion, f(x, t|7¢, h¢) is a consistent
estimator of f(z) under some conditions, including h,,, — 0 and ~,,, — 0. See Mokkadem

et al. (2009b) for details.

To estimate the non-time-varying regression function m of online i.i.d. data, we can use the
semi-recursive NW estimator (Gyorfi et al., 2002, Chapter 24). Motivated by Wolverton and
Wagner (1969) and Yamato (1971), the semi-recursive NW estimator was introduced by Ah-
mad and Lin (1976) and has been studied by Devroye and Wagner (1980), Krzyzak and Pawlak
(1984), Greblicki and Pawlak (1987), Krzyzak (1992), Walk (2001), Amiri (2012), Huang et al.
(2014) and Slaoui (2016), among many others. A generalisation of Ahmad and Lin’s estimator,

given by Slaoui (2016), is defined as

(2, t|y., h
iz, ty, hy) = M (1.9)

f((E, th’ta ht)
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where «; and h; are defined above (1.8), f (x, t|ye, hy) is defined at (1.8) and where

A Ky, (x — X7)Y1, ifn, =1,
T<x7thlt7 ht) =
(1 ’ynt) (l’ tnt 1|’7tnt 1) htnt 1) + %%Khnt (':E Xnt)Ynt ) ifnt >2.

(1.10)
Ast — oo, m(x,t|y:, ht) is a consistent estimator of m(x) under some conditions, including

hyn, — 0and 7,, — 0. See Gyorfi et al. (2002, Chapter 24) for details.

The estimator 7 at (1.9) is called semi-recursive since, although it cannot be computed di-
rectly recursively, both its numerator 7 and its denominator f can. In addition, there is a fully
recursive kernel estimator for estimating the non-time-varying regression function m of online
i.i.d. data, first introduced by Révész (1973). See Gyorhi et al. (2002, Chapter 25) for a discus-
sion on the recursive regression estimator and the bibliographic notes therein. A generalisation
of Révész’ estimator, given by Mokkadem et al. (2009a), is defined as follows. Given parameter

sequences ; and h;, defined above (1.8), the recursive kernel regression estimator is defined as

mrec(xvﬂ’ytp htl) = Yi )
mrec<x7t|7t7h’t {1 ’Y’ruKhn - Xnt)}m(x7tnt—1|7tnt717h’tnt—1>
+ Yo Ky, (= X, ) Yoy s e = 2,3, ..

The computation of the above recursive estimator 7. is slightly easier than the semi-
recursive NW estimator 17 at (1.9), since 1, does not require computing a density estimator as
in (1.8). To the best of our knowledge, although the semi-recursive and the recursive estimators
both have the same convergence rate (Mokkadem et al., 2009a; Slaoui, 2016), comparison of
these two estimators using simulation or real data sets is still lacking in the literature. After some
preliminary simulation studies, we found that 772, was often less well-behaved compared to 1,
especially in the areas where the design density (density of the X;’s) is low. Hence we shall use the
semi-recursive estimator, instead of the recursive one, to build our regression estimation method

for streaming data.
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By (1.8) and (1.10), the denominator f and the numerator 7 of the semi-recursive N'W
estimator are recursively defined. Note that both of them can also be expressed as a weighted

sum as follows:

f(x7tnt|7t7 ht) - ant,iKhi ('I - Xl)}/?: fA(xJ tm"}’ta ht) - ant,lKhl(x - XZ) )
=1 =1

(1.11)

where

1, (1 — ;) fori=1,
Wi =4 0 ’ (1.12)

”yiH?tziH(l—’yj), fort=2,...,n;.

Here and throughout the thesis, we take the convention that for a sequence of real numbers {¢; },
H?:acj =1lifa>b.

We conclude this section by making the observation that, with different choice of the stepsize
sequence 7y, the weights w,,, ; at (1.12) can behave very differently. In the special case where y; =
1/, we have wy,, ; = 1/ny, i.e. all past data are uniformly weighted. This is more appropriate
for online i.i.d. (d.i.d.) data, since density and regression functions there do not vary with time
(see §1.2). On the other hand, some works reviewed in §1.3.1 and §1.3.2, including Grillenzoni
(2000), Heinz and Seeger (2008) and Harvey and Oryshchenko (2012), used the recursive KDE
f (x,t|vt, hy) or the semi-recursive NW estimator m(z, t|7;, h¢) with the choice 7, = v €
(0,1) (Grillenzoni, 2000 and Harvey and Oryshchenko, 2012 also took h; = h € R,). This
leads to w,, 1 = (1—7)™ tand wy,, ; = v(1—~)" " Thatis, w,, ; decreases exponentially fast
as ny — ¢ increases. This can be viewed as an application of exponential smoothing (see §1.3.1.2)
to kernel functions,

The recursive KDE and the semi-recursive NW estimator with weights computed using ex-
ponential smoothing may be applied to modelling streaming data, in cases where the density
and regression functions are time-varying. However, considering that the data stream is never-
ending, using the same 7 or h throughout may be unsatisfactory. In Chapters 2 and 3, we will

introduce data driven ways to dynamically select the (7, ) values for the recursive KDE and the
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semi-recursive NW estimator when they are applied to streaming data. Hence our methods will

be more flexible compared to the aforementioned ones based on exponential smoothing.

1.3.4.3 Infill asymptotics

In the literature on nonparametric estimation for offline i.n.i.d. (d.n.i.d.) data, asymptotics are
often derived in the so-called infill asymptotics setting. See e.g. Hall et al. (2006), Vogt (2012)
and Zhang and Wu (2015). For example, consider estimating the time-varying density f(-,%),
t € [0, 7], based on offline i.n.i.d. data {X;},—1__ ., where 7 > 0 is a fixed time. Instead of
keeping At fixed and letting ¢ — 00 as in §1.3.4.2, infill asymptotics assume that n, — oo, so
that, recalling (1.2), the time At between two consecutive arrivals is such that At — 0 (recall
that 7 is fixed). That is, more and more data are observed in a fixed time interval. In this setting,
for any ¢t € [0, 7], we have access to more and more data, closer and closer to t, so that we can
estimate f (-, t) consistently. The same intuition for consistency also applies to estimating m(-, t).

We will use At — 0 to denote the infill asymptotics instead of n, — oco. Letting sample
size go to infinity is a more conventional way to talk about asymptotics and is used in Hall et al.
(2006), Vogt (2012) and Zhang and Wu (2015). This is because they consider observing data
only on a time interval of fixed length, i.e. on [0, 7] with a fixed 7 > 0. However, in this thesis,
the time domain R is never ending, since we consider a stream of data. Therefore, we need to
be able to refer to different time intervals. Therefore, to avoid confusion, we use the expression
At — 0, which does not depend on a pre-determined value of 7.

As a bibliographic note, we briefly mention another asymptotic setting for nonparamet-
ric estimation for i.n.i.d. streaming data called quasi-stationarity, which is used in Rutkowski
(1982a), Rutkowski (1982b), Greblicki et al. (1983), Rutkowski (1984), Rutkowski (1989a),
Rutkowski (1989b), Rutkowski (2004a), Rutkowski (2004b), Duda, Jaworski et al. (2018) and
Duda, Rutkowski, et al. (2018). An i.n.i.d. sequence of random variables {Z; };—1 2 is said to
be quasi-stationary if the distribution of Z; stabilises as ¢ becomes large. For example, Duda,
Rutkowski, et al. (2018) consider nonparametric density estimation for an i.n.i.d. data stream

{Z;}iz12..., where Z; € R¢, for some integer d > 1, has a density function f; satisfying
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|fiz1(x) — fi(x)] — Oforall z € R as? — o0o. Hence, quasi-stationarity characterises a
very specific kind of nonstationarity, where the data become ‘ultimately stationary’. Although
this setting does not put any constraint on the arrival times of the data stream, such as the equidis-
tant arrival times assumption at (1.1), it may still be too restrictive for some practical problems
where the distribution of data does not stabilise in time. In contrast, in the infill asymptotics set-
ting, we only require that the density or the regression function to be estimated varies smoothly

in time.

1.3.4.4 KDE and NW estimator equipped with temporal kernels

In the infill asymptotics setting, Hall et al. (2006) considered the estimation of a time-varying
density function of offline i.n.i.d. data { X;},—1 .. In order to construct a consistent estimator
for f(-,t), Hall et al. (2006) used a temporal kernel so as to do smoothing of the data over time.
Hence we refer to this method as the temporal KDE. The idea is that densities f(+, s) and f(-, )
with s close to t are close to each other, so we can use data with arrival times close to £ to estimate
f(-,t). Furthermore, observations with arrival times closer to ¢ should be given larger weights
than further observations.

The estimator of Hall et al. (2006) has the form
. A
f(z,t) = — Z Krp,, (t =) K, (x = X;), te€0,7], (1.13)
t =1

where K7 is a one-sided second-order temporal kernel supported on [0, M) for some M > 0,
satisfying fOM Kp(u)du =1, fOM uKr(u)du = 0and fOM u?*Kr(u)du = C € R,, and where
Krp,, () = M K (-/An,)s hn, is the bandwidth and \,,, is a smoothing parameter called the

temporal bandwidth'. Since, to compute a density at a time ¢, their estimator uses only the data

'A straightforward adaptation of equation (2.1) of Hall et al. (2006) suggests f (z,t) = 1/n; Y7, Kr,, (t—
t:)Kn, (r—X;). However, the multiplier 1/, should be replaced by t/n;, otherwise we will have [ f(z,t) dz ~

ng

1/t. Indeed, since thm (r — X;)dz = 1, we have ff(x,t) de =1/n; > Kr,, (t — ti). Noting from
(1.1) and (1.2) that ¢;41 —t; = At & t/n;, when n is large, and viewing 1/n; Y it K7, (t—t;) asa Riemann

sum, we have [ f(z,t)dz ~ 1/t fg K, (u)du = 1/t fg”"t Kr(u)du =~ 1/t, when t/\,, is large, since
" ,
Jo Kr(u)du=1.
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observed up to ¢, it can be used for online modelling, where the data arrive sequentially. However,
their estimator is not recursive. At each ¢, it requires computing Ky, (r — X;) for each X;.
Moreover, to compute each A,,, they use a leave-one-out cross-validation based on all past data
{Xi}i=1,....n, with h,,, appropriate for estimating f (-, t) at time . This makes computations very
heavy. In Chapter 4, we will compare the performances of the temporal kernel KDE at (1.13)
and our density estimation method described in Chapter 2.

Also in the infill asymptotics setting, Vogt (2012) considered the estimation of a time-varying
regression function of offline d.n.i.d. data { (X}, Y;) };=1,__n,. Similar to (1.13), his estimator also
employs a temporal kernel to do the smoothing over time. The estimator of Vogt (2012) has the
form

Y Kra(t —t) Ky(x — X,)Y;

e t) = SR ey e, (1.14)

where K7 is a symmetric second-order temporal kernel defined on R and A and h, independent

from ¢, are the temporal bandwidth and the bandwidth. Zhang and Wu (2015) modified (1.14)
into a local linear estimator, but also using symmetric K1 and time-independent A and h. This
implies that their estimators use data on both sides of ¢ for estimating m(z, t) and hence are not
suitable for real-time computation. Besides, recalling that the time domain R of streaming data
is never ending, using fixed A and h for all ¢ € R} seems inappropriate, since appropriate A and

h values may be significantly different for different time periods.

1.4 Outline of the thesis

In Chapter 2, we shall apply the recursive KDE (1.8) to streaming data by incorporating it
with a streaming cross-validation (SCV) procedure which adaptively selects appropriate step-
sizes and bandwidths. The SCV is motivated by the conventional leave-one-out least-squares
cross-validation but is modified to estimate time-varying densities. The SCV updates the v and
h values once in a while and is computationally efficient. We shall prove that the recursive KDE
can consistently estimate the time-varying density under infill asymptotics if the bandwidth and

stepsize are appropriately chosen. Asymptotic optimality results for the SCV procedure will also
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be provided.

In Chapter 3, we will propose a streaming regression algorithm (SRA) which applies the
semi-recursive N'W estimator to streaming data. Stepsizes and bandwidths for the estimator are
selected using a recursive cross-validation (RCV) procedure. The SRA is inspired by the ensemble
learning approach for concept drift adaptation (see §1.3.1.2). Instead of using a single semi-
recursive NW estimator, the SRA computes an ensemble of them, each with different smoothing
parameters. At every time point an estimator is selected using the RCV procedure. The SRA
adaptively adjusts the ensemble to include up-to-date estimators and discard the outdated ones.
The ensemble always contains a fixed number of estimators, hence keeping the computational
cost low. Asymptotic properties of the estimator will be shown.

In Chapter 4 we shall illustrate the finite sample behaviour of our streaming density and
regression estimation methods using simulations and real-data examples. Simulation results show
the superiority of our methods over the the sliding window estimators introduced in §1.3.4.1.
Then we apply our methods to some astronomical and financial datasets.

In Chapter 5 we shall discuss some possible extensions of our streaming density and regression
estimation methods to modelling higher-dimensional data streams. These extensions will be
potentially useful for building nonparametric classifiers for streaming data. In particular, we
shall discuss the possibility of incorporating our density estimation method with naive Bayes to

build a computationally efficient classifier for higher-dimensional streaming data.
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Chapter 2

Nonparametric density estimation for

streaming data

In this chapter, we propose a streaming kernel density estimator (SKDE) for a univariate i.n.i.d.
data stream { X };—1 2 with equidistant arrival times {¢;},—1 o defined at (1.1). The SKDE is
consistent under infill asymptotics and can be computed recursively. Following Hall etal. (20006),
we assume that {X;};—12  is an i.n.id. sequence and X; ~ f(-,t;), where f(-,-) is a slowly
time-varying density. The general idea of the SKDE is to partition the data stream into blocks of
observations, and apply the recursive KDE at (1.8) with the same bandwidth and stepsize for all

observations within a block.

One of the major motivations for updating the smoothing parameters block by block is for
improving the computational efficiency. Although the recursive KDE at (1.8) and the temporal
KDE at (1.13), computed with updated smoothing parameters at each ¢;, is very flexible, it is
very time-consuming to compute the smoothing parameters too often using data-driven methods
such as cross-validation and to recompute all terms of these estimators with those new parameters
each time a new observation arises. Instead, in the streaming data setting it is more practical
to recompute the smoothing parameters once in a while. This is reasonable since, when the
underlying density is evolving smoothly in time, we expect that appropriate values of smoothing

parameters do not change dramatically over a short period of time. This motivates us to identify
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blocks of data such that, within a block, the data are nearly i.i.d. so that it is reasonable to take the
same smoothing parameters. Updating tuning parameters block-wise to reduce computational
cost is a common practice in the streaming data literature. See, e.g., Qin (1998) and Eliseyev

etal. (2017), where the authors used this idea in recursive partial least squares regression.

2.1 Definition of SKDE

.. l
Let {7;}i=1,2... be a sequence of positive numbers and, for ¢ = 1,2,...,letT) = > . |7
and take the convention that 7, = 0. DPartition the time horizon R, into consecutive fi-
nite intervals (0,71], (71, T3], ... of respective lengths 71, 75,... For ¢ = 1,2,..., let B, =
{X"Te_ﬁl’ . 7XnTg} denote the block of data observed in the /-th time interval, where ny,
denotes the number of data observed from time 7§ to time 7;. Let by = ng, — ng,_, be the

number of observations in By. Then, from (1.2), we have
LTg/AtJ Sbgﬁ LTg/AtJ —l—l. (2.1)

A dynamic selection of the block sizes by will be discussed in §2.4.2. For now, we assume that

they are given.

As mentioned above, we update (7, h) block-wise for reducing computational cost. If by is
chosen to be too small, then we still need to recompute (7, i) frequently, so that the goal for
reducing computation is lost. Moreover, choosing by small implies that we have to use a small
number of data in By to select (75,, hs,). This may cause numerical instability for data-driven
methods such as cross-validation. On the other hand, if b, is chosen to be too large, then we
have to use the same (77, k) for an overly long time, during which the density may have changed

significantly.

For each block Bj, we use a stepsize 5, and a bandwidth h;; (we will see later in §2.4.1 how

to select them). Recalling the definition of the recursive KDE f at (1.8), we define the SKDE f
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at time ¢ by

fz.t) = f(z, t|3, ), (2.2)

where 44 = {vi }i=1,.», and h;, = {hi}i=1,. n, are defined by
(leh’l) = (,YBji’thz)’ fOI"l. = 1ﬂ"'7nt7 (23)

with Bj, denoting the block that contains X;. That is, for streaming data, the SKDE is defined
as the recursive KDE at (1.8) except that v and h are defined blockwise by (2.3). Recall from

(1.8) that f(z,t) can be recursively computed by

Kp, (z — Xy), ifn, =1,

fla.t) = v
( ’ym)f(xatmfl) + ’VntKhnt (513' - Xnt)7 ifnt Z 2.

For now, we assume that the (;, h;)’s are given and discuss some theoretical properties of the

SKDE.

2.2 Consistency of SKDE

In this section, we demonstrate that, under infill asymptotics (see §1.3.4.3), the SKDE at (2.2)

is asymptotically pointwise consistent. We assume that the following conditions hold:

(Al) For j = 1,2,..., hg, € [hm,humls V5, € [Ym>Vae)s V5;/V8,.0 — 1 = o(1) and
th/hB]'+1 — 1 =o0(1), where h,, = 0At™, hy, = 6 LA™, v, = 0AL®, v,, = 6 ' At* and
d,ay, as are constants satisfying d € (0,1) and 0 < a; < ay < 1.

(A2) f and all its partial derivatives with respect to = and ¢ up to order 4 exist and their absolute

value is bounded by M for some constant M > 0.

(A3) K is symmetric and satisfies 0 < K (u) < M for all u € R with M defined at (A2).
Furthermore, [ K(u)du =1, [ K?(u)du < oo, [uK(u)du = 0, [w*K (u)du < oo and
JuPK(u)du < oc.
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2.2 Consistency of SKDE

(A4) For any integer i > 1, 7; € [0At* 61 At*] for ag € (0,1 — ay), where ¢ and a; are
defined in (A1).

Recalling the block-wise definition of (7;, h;) at (2.3), we can see that (A1) implies that the h;’s
(the 7;’s) converge to 0 at a rate At* (At*?) as At — 0. This is different from requiring hy, — 0
and 7, — 0 at the rate k' and k=2, where ¢; € (0,¢3) and ¢ € (1/2,1], as k — 00, as in
Mokkadem et al. (2009b), where the goal is to estimate the density of online i.i.d. data. In the
latter case, as k — 00 we have more and more information about the non-time-varying density,
and hence can afford taking growingly smaller smoothing parameters. In the streaming data case,
as time ¢t — oo (with At fixed), locally in time we still have the same amount of information
about the underlying density, since the data are nonstationary. Hence (A1) requires that ; and
h; converge to 0 as At — 0, instead of as i — oo.

Also note that (A1) is in line with the conditions of Theorem 1 in Hall et al. (2006). There,
in order to prove the consistency of their temporal KDE at (1.13), they made the simplification

that \; = X and h; = h and assumed that
h — 0, A — 0and n} “h\ — oo for some € € (0, 1). (2.4)

Now, if we take 7; = v and h; = h, then the SKDE at (2.2) can be written as a temporal KDE
with a temporal kernel K5 and temporal bandwidth A < At/ (see §2.3 for justification). In
view of the latter relation and taking v =< At“2, (2.4) implies that At/y = At'™%2 — 0, so
that ay < 1. Furthermore, from (1.2) we have n!=¢ < At<~1, Plugging this into (2.4), we have
nlTth\ =< Ath/y =< At17%2T¢ — oo for some € > 0, which implies a; < ay — e. Hence
from the above derivations we have 0 < a; < as — € < 1 — €. Since € can be taken arbitrarily
small, assuming this latter relation is similar to assuming 0 < a; < as < 1 asin (Al).
Furthermore, note that the condition 5, /7v5,,, — 1 = o(1) only implies that neighbouring
blocks have similar +’s, but the o(1) term is flexible enough for faraway blocks to have quite
different 7y values. To see why, note that under (A4), the number of blocks in a time interval of

finite length is of order At~ (reciprocal of the order At*® of the block length 7). Suppose 75,
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and 7y, are two 7y values for blocks By, and By, , where k1 > ko and k1 — ky < At™%. Now,
(A1) implies that

’yBkl _ /YBkl ,YBkl—l 751@2-0-1 _ {1+0<1)}k17k2 (25)

fVBkQ fVBqu 73k172 731@

which is not the same as requiring, for example, V5, /75, = 1+ o(1). Indeed, in general,
{1+ o(1)}*7*2 can be very large, as long as the o(1) term is not too small. For example, if the
o(1) term is taken as (ky — k) ™%, which tends to 0 at a rate At%, then {1+ (k1 —ko) 1 }F17%2 ~ e

as At — 0. Note too that requiring v, / Ve,., and D, /h to be close to 1 is only so that we

Bj+1
can obrtain the simple bias and variance formulas (2.7) and (2.8). Without these conditions, the
first order terms of the bias and variance would depend on v, ty—1> VBe,> hg 01 and hp 0 instead

of just on (75, , s, ), making those results harder to interpret.

Condition (A2) implies that the density function is sufficiently smooth in both the spatial
and the temporal dimensions. Condition (A3) is standard in the literature on KDE (see, for

example, Wand and Jones, 1995, pp. 19-20).

Condition (A4) implies that the block length 7, goes to zero as At — 0 but not too fast. In
fact, if the goal here was just to prove the consistency of f(z,t) without caring about practice,
then we could relax (A4) to allow 7; € [At, oo]. However, if ; = At, then we have b; = 1, i.e.
each block only contains one observation. This corresponds to the case where we update (7, h)
each time we obtain a new data point, which is too time-consuming in practice. At the other
extreme, 71 = 00 would correspond to a situation where we use pre-selected (7, /) values for all

data, including future ones, and do not update them at all, which is unrealistic in practice.

The reason why we use a more stringent version of (A4) is that it makes it possible to derive
relatively simple expressions for the bias and variance of f(x,t), as shown in Proposition 2.1.
These expressions clearly show how these quantities depend on the choice of v and h. On the
contrary, if we do not require a3 € (0,1 — as), then virtually no meaningful results can be
obtained except that the estimator is consistent. Note that Hall et al. (2006), for the same pur-

pose, made the simplification in their theoretical derivations that the smoothing parameters for
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2.2 Consistency of SKDE

all observations are the same and only depend on 7., the number of observations up to time 7
(recall from §1.3.4.3 that they only consider estimating f(-,t) for t € (0, 7]). Here we avoid
making this simplification since it is contradictory to what we actually do in practice. That is, we
update (7, k) block by block. On the one hand, the block size cannot be too large (e.g. a3 = 0),
since updating (y, ) once in an overly long time is virtually the same as not updating it at all.
On the other hand, the block size cannot be too small (e.g. a3 > 1 — as), since updating (7, h)

too often would be time-consuming.

For a fixed time t € R, let /; > 1 denote the integer such that t € (1},_1,7},]. Thatis, ¢
is in the ¢;-th time interval corresponding to block By,. Note that from (1.2), we have n, — oo
as At — 0. Then, the following proposition gives the asymptotic bias and variance of f(z,t) at
(2.2). Let
o0 f

ox?’

n=Y 2.6)

e = [ K du, Ric = [ K@) du, for = o8

and bias{ f(z,t)} = E{f(z,t)} — f(x,1).

Proposition 2.1. Under (A1)—(A4), for any fixed (x,t) € R x R, we have, as At — 0,

. 1 At
bias{f(:c, t)} = §f33x(l’, t)ﬂ;gghi[t - ft<.CE, t) —+ 0(At2a1 + Atl—m)’ (27)

Bgt

+ o(Atez—ar), (2.8)

var{f(z,t)} = %RKf(x, t) z?t

Proposition 2.1 will be proved in §2.A.

Remark 2.1. As a consequence of Proposition 2.1, the mean squared error (MSE) of f(z,1),
defined by MSE(x, t) = bias®{ f(x, 1)} + var{ f(x, )}, satisfies

MSE(z,t) = AMSE(z, t) 4+ o{ At*® 4 Af217a2) 4 Aplt2ai—az 4 Agaz—ar) (2.9)
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where
L o 2 g4 2 At?
AMSE(x,t) = 1 m(a:,t)uKQtht + f; (x,t)—2
Bgt

A (2.10)

1
- fzx(wa t)ft(xa t)ﬂK,Zrhézt + §f($at>RK
B

Lt

’szt

Finally, the bandwidth and stepsize that minimise AMSE(z, t) satisfy hp, =< At and 75, =
At*? | with
a1:1/7, a2:5/7. (211)

See §2.A.4 for a proof of (2.11).

Remark 2.2. Note that from Proposition 2.1 it is possible to derive a central limit theorem for

the SKDE f(x, t). This we leave for future work.

2.3 Remarks on convergence rate of f(x,t)

Taking any hp, and 7g,, satisfying (2.11), we have MSE(z,t) =< At*7. This implies, in
view of (1.2), that MSE(z,t) < n, /7 This order is slightly slower than the optimal order
MSErk(z,t) = n; *® of the temporal KDE f of Hall et al. (2006), defined at (1.13). In this
section, we will show that the difference in the convergence rates of MSE(z, t) and MSEr(z, )
is due to the difference in the way f and f do smoothing over time. Then we discuss how to
modify f so that MSE(x, t) converges to 0 as fast as MSErk (, t). However, we will argue that
although the SKDE f has slower convergence rate, it should be preferred in the streaming data
setting. To simplify the notation, we temporarily assume that A\,,, = A, h,,, = hin (1.13) and

i =, h; = h in (2.2), where A, 7, h all tend to 0 as At — 0.

2.3.1 f as temporal KDE

In this section we illustrate the difference in the way f and f do smoothing over time. For this,

we will demonstrate that f(x, t) is asymptotically equivalent to a temporal KDE equipped with
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a first-order temporal kernel K. In contrast, recall from §1.3.4.4 that the temporal kernel K
in (1.13) has order 2. It is precisely this difference in the order of temporal kernels that leads to

the difference in the convergence rates of MSE(z, t) and MSEx(z, t).

Next we show the asymptotic equivalence between f and a temporal KDE equipped with a
first-order temporal kernel K. First note that f(z,t) does smoothing over time ¢ using recur-

sively computed weights {wp, ;}iz1,.n,- When 7; = 7, the way we compute {wy, ; }iz1.. n,

at (1.12) is the same as exponential smoothing (Harvey, 1990). As pointed out by Gijbels et al.
(1999) in the context of the forecasting of a univariate time series, if ¥ — 0 as At — 0, then

{wn, i }iz1,.. n, generated this way can be written as

t t—1;
nei = 11 )} —K , 2.12
s = {1+ o0} (P 212

where A is a temporal bandwidth satisfying A ~ At/ and K is a one-sided first-order kernel
supported on [0, 00), satisfying K g(u) > 0 foru € [0,00), [~ Kg =1and [} uKg(u)du =
1. Recall from (1.11) and (2.2) that we have f(x,t) = Y M wy, JKp(z — X;). Hence we

conclude that

flx,t) = {14 0(1) nt% ZKE(t _Ati)Kh(g; - Xi).

That is, asymptotically, the SKDE f can be viewed as a special case of the temporal KDE.

Recall from (1.13) that the temporal kernel K7 used in f(, ) has order 2. As a result of
the difference in the order of K and K7, bias{f(x,t)} is larger than bias{ f(z, )}, although
var{f(z,t)} and var{ f(z,t)} have the same order. Specifically, from Proposition 2.1 and Hall
et al. (2006) we have

var{ f(z,t)} = var{f(z,t)} = O{(n;h\) ™"}
bias{ f(z,t)} = O(h*) + O(A\?) and bias{f(z,¢)} = O(h?) + O(\),

(2.13)

where O()) is larger than O()\?) (recall from under (2.12) that A < At/y — 0 as At — 0).
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From (2.13), we conclude that MSE(z, t) converges to 0 slower than MSErk(x,t) because
f(x,t) has a larger bias than f(z,t). This difference in the bias is caused by the fact that the
those from a first-order temporal kernel K, instead of a second-order one. Now a natural
question is this: can we recursively compute weights to mimic the behaviour of a second-order
temporal kernel, so that, using the new weights to do smoothing over time ¢, the temporal bias

of f(x,t) has the same order as that of f(z,t)? Next we show a possible way to do this.

2.3.2 Improving convergence rate of f(z,t) by double-exponential smooth-
ing

Motivated by Gijbels et al. (1999), we could use the so-called double-exponential smoothing

(see, e.g. Harvey, 1990, pp. 27-28) to recursively compute weights {wy, ; i1, », in a way that

.....

is asymptotically equivalent to using a second-order temporal kernel K'p. That is,

t t—1t;
Bos = {14 o))} ——K AN
Wy, {+0()nt)\ D( \ )

where K p is a one-sided second-order kernel.

Gijbels et al. (1999) investigated the properties of the double-exponential smoothing weights
{Wn, i }i=1,.n in the context of the smoothing of time series. They assumed model X; =
m(t;) + €;, where m is a smooth function representing the trend of a time series {X;} and
{€;} is a zero mean error sequence. They considered a smoother 7(t) = (¢, ) which can be

recursively computed by

m(ts) = Xo,  g(t2) = Xo — X1,
m(ty) = (1 —v){m(te-1) + g(t-1)} + Xk,

g(tk) = (1 — ’Y)g(tk_l) + y{m(tk) — m(tk_l)} s k= 3, ey Ny
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These formulas, introduced by Holt (1957) and Winters (1960), are often used for smoothing
time series with a local linear trend (in contrast, the simple exponential smoothing introduced
in §1.3.1.2 is for time series with a local constant trend, see e.g. Harvey, 1990, pp. 25-28). The
smoother 772(t) computed this way can also be written as m(t) = Y, Wy, ;X;. See Gijbels
et al. (1999) for the definition of {wy, ; }iz1.. n,-

Instead of smoothing a time series, here we apply the weights {wy, ;}i=1,. ., to kernel

functions Kj,(z — X;) to obtain an estimator of the time-varying density f(z,t) defined by
fla,t) = Yot W, i Kp (@ — X;), which is asymptotically equivalent to the the following tem-

poral KDE:

t — t—t;
m;KD( S )Kh(x—Xi). (2.14)

Analogously, this estimator can be recursively computed by

f(x, to) = Kp(x — X3),  g(z,ts) = Kp(x — X) — Kp(z — Xy),
flat) = Q= N{f(@ tim) + 9(@, i) } + 7 EKn(z — Xi),

g<x>tk) = (1 - ’y)g(itvtk’*l) + 7{f($,tk) - f(xatkfl)} > k= 27 ceey Ny (215)

Since the temporal kernel K in (2.14) is of order 2, under certain regularity conditions,
we should be able to prove that bias{ f(z, 1)} = O(h?) + O()2). Recalling (2.13), this would
imply that bias{f(x,¢)} = bias{f(x,t)} = o[bias{f(z,t)}], which could motivate us to use
f(x,t) instead of f(x,t) for estimating a time-varying density f(x, t). In addition, using (2.15)
to compute f(z,1) is only slightly more time consuming than computing f(z,t). Hence the
estimator f looks promising. However, next we shall give some reasons why we still use f(z, )
in this thesis.

First recall that we have only temporarily assumed that (7;, h;) = (7, h) in this section and
in practice we need to update (7, h) block by block (see §2.1). Hence, in practice, a reliable
and computationally efficient method for selecting tuning parameters, including the block size
by and smoothing parameters (7, ), for the estimator is far more important than improving its

convergence rate. In fact, the weights {w,,, ; }i—1 at (1.12) are easier to analyse in theor
8 g ntyi Ji n y y

1111
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than the weights {0, ; }i=1...n, produced by formulas in (2.15). We will exploit this simplicity

further in §2.4 to propose a streaming cross-validation procedure for updating (7, h) block by
block, with automatically selected block sizes b;. This procedure is justified by theoretical results
in §2.4.3.

In addition, note that the weights {wy, ;}i=1. ., at (1.12) are always positive, hence the

77777

resulting density estimate f(x,t) at (2.2) is always non-negative, provided that we use a non-

negative spatial kernel /. In contrast, some of the weights {10y, ;}i—1 2, take negative values

goon

197

(see e.g. Gijbels et al., 1999), hence the resulting density estimate f(z,t) could take negative
values for some x, even if we use a non-negative spatial kernel K. Indeed, the temporal KDE
at (1.13) proposed by Hall et al. (2006) suffers from the same problem. When we computed
the temporal KDE using the temporal kernel Kr(u) = (4 — 6u)1{u € [0, 1]}, the resulting
density estimates f(z,t) sometimes take negative values in some x regions. See §4.1.1 for some
illustrations. This is because, for a one-sided kernel K to be of order 2, it has to take negative
values in some part of its support. This may be seen as the price to pay for the bias reduction
induced by using a one-sided second-order kernel (double-exponential smoothing) instead of a
one-sided first-order kernel (simple exponential smoothing). For the above reasons, we will still

use the estimator f in this thesis and leave the investigation of f to future work.

2.4 Selection of smoothing parameters

To select the smoothing parameters for the SKDE f defined at (2.2), in this section we propose

an algorithm that iteratively partitions the data stream {X;};—1 2 into consecutive blocks By

of size by, where { = 1,2, ..., and, for each ¢, selects a stepsize 7y, and a bandwidth h, from a
finite set 1), for all data in the (-th block.

To start the algorithm, we choose the size b; of the first block and the first set [ f; ,, by hand.
The selection of by (e.g. by = 50) does not appear to be important since the algorithm employs

a data-driven method to dynamically adjust the subsequent block sizes (see §2.4.2), and as the

number of observations increases the effect of by disappears quickly. Moreover, we set I, =
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I i x I fL, where [ f; and / fL each contain ¢ (an integer chosen by hand, e.g. ¢ = 10) candidates for
each of vz, and hp,. In §2.4.2 we will discuss how to iteratively select bo, b3, ... and construct
12,13, for future blocks. At this stage we assume temporarily that by and I f;’ , have already

been selected for / = 1,2,... and propose a streaming cross-validation (SCV) procedure to

Se].eCt (fYB[? hBZ) S [g,h'

2.4.1 Selection of v;, and h,

To introduce the SCV, we first briefly review a conventional cross-validation method for the
conventional KDE defined at (1.4), which is based on the integrated squared error (ISE). Next we
define two cross-validation procedures suitable in our setting of streaming data. Both procedures

are useful for the selection of 7y, and h, and in §2.4.2 we will show how to use them to select

the block size b,.

2.4.1.1 Least squares cross-validation

The standard least squares cross-validation for the conventional KDE defined at (1.4), computed
from offline i.i.d. data, aims at selecting the bandwidth by minimising an estimator of the ISE

(see e.g. Hall, 1983), which, for the offline KDE for i.i.d. data, is given by

ISEq(h) = / (F(0)— f(a))? de = / () de -2 / f(@)f(x) de + / Pa)de, 216

noting that f (i), defined at (1.4), depends on h. Since the last integral in (2.16) does not depend
on h, minimising ISE.g(h) is equivalent to minimising | fQ (x)dz — 2 E{f(X) | X, ..., X}

where X ~ f is a random variable independent of the X’s. This can be estimated by

CVaslh) = [ Fla)do =230 Fa(X0). 2.17)
=1
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Here, f_; denotes the density estimator using a bandwidth h and constructed using all data

except Xj;.

2.4.1.2 Two cross-validation procedures for streaming data

Now we return to the task of selecting (vz,, hs,) for block By, £ = 1,2, ... for computing the
estimator f (-,t) atatimet € (Ty_1,7Ty|, when we have already selected (7s,, hy,) for data in
blocks B;, j = 1,...,¢ — 1. Since (7p,, hp,) have already been selected fori = 1,...,¢ — 1

and we need to select (7, h) for block By, we take f as at (2.2), but take, on this occasion,

("}/j‘,hj_), ifZ‘Zl,...,TLT717
(i, hi) = T ‘ (2.18)

(v,h), ifi=ng_, +1,...,n7,,

where Bj, denotes the block that contains X;. Note that in the case ¢ = 1 since Ty = 0
(see page 25) so that ny, = 0, (7, h;) is only defined by the second line above and we have
(i, hi) = (7, h). Next we define two cross-validation criteria that are both useful extensions of
CV,f defined at (2.17) to the setting of streaming data.

Recall from page 25 that B is the block of data corresponding to the time interval (71, T7].

So, ideally, to choose (73, h5,) we would like to minimise the ISE on (7;_1, Ty}, i.e

ISE(r, (7, h / /{f x,t) — flo,t)}*dzdt. (2.19)

This leads to the following average cross-validation (ACV) criterion:

ACV, (7, h) = {/f (2,8 do — 2f (Xl,t)} (2.20)

X €By

where f,i(:ﬂ, ti) = f(w, ti) — w; ; Kp(z — X;) is the leave-one-out estimator of f(x,t;) with
w;; defined as wy, ; in (1.12), taking n, = ny, = 4, and (7}, h;) defined as in (2.18) for j < i.
See Appendix 2.B for the derivation of the ACV criterion.
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2.4 Selection of smoothing parameters

In addition to ISE (7, | 1,) defined at (2.19), which measures the average behaviour of f on

the time interval (7}_1, 7], we can also consider the following ISE:

ISEs(7y, h) = /{f(x,Sg) — f(z, 50} dz, (2.21)

where s, = (Ty_1 + T})/2 denotes the centre of time interval (7;_1, 7y] and where f (x,8) is
defined as f (x,t) at (2.2), but replacing there t by s, and using (;, h;) as defined by (2.18).
Note that (2.21) measures the behaviour of the SKDE at only one time point s, instead of on
the whole time interval (7;_1,7y]. This is reasonable when 7, = T, — T;_; is not too large so

that f(-,t) does not change too much within (71, 77].

Now, observe from (2.21) that

ISE, (v, h) :/f2(x78f) dJI—Q/]E(I,Sg)f(I,Sg) dx+/f2(x,34) dz, (2.22)

where the first integral can be computed directly from data and the third integral does not depend

on (v, h), the parameters of interest. As for the second integral, we have

/f(ZL’,Sg)f(ZL’,Sg) dz = ESZ{]E(XSZ,Sg) | X1, X, (2.23)

where 15, denotes the number of observations arriving up to time s, and Ej, denotes the ex-
pectation with respect to f(-, s;), and where Xgé ~ f(-,s¢) and is independent of { X7, ...,

X, -

We can estimate (2.23) by the empirical mean

1 .
b_g Z f,i(Xi,Sg), (224)

X»;EBg
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where

5 f(x,Sg)—wns iKnp(r —X;), fori=mng_, +1,...,n,
foi(z,s0) = ‘ o ‘ (2.25)

f(z,s0), fori =ng,, +1,...,ng,
Wh,, i is defined as wy,, ; in (2.2), but with ¢ substituted by s, and (7, h;) defined as in (2.18)
for j < ny,. In other word, like f_z» at (2.17), f_i(l‘, S¢) is a leave-one-out estimator of f(x, s¢)
computed from the data { X, ..., X, }\{X;}. However, we see from (2.2) that, for i > n,,
X is not used to compute f_;(z, 5;), so that f_;(2,s,) = f(x, ;). We use observations with
arrival times on both sides of time s, at (2.24) to reduce the bias. Now we have derived the

following cross-validation criterion:

SCVi(vy,h) = /fQ(ZL‘,Sg) dz — b% Z fi(Xi, 80). (2.26)
X,€By

Given the block size by and set . f 5> both ACVy and SCV, defined in this section are reason-
able for selecting (Vs,, hs,). Moreover, when b, (or equivalently, 74, due to (2.1)) is chosen in a
way that the true density f does not vary too much on time interval (7}_1, 7], so that the data
in By are nearly i.i.d., the smoothing parameters selected according to ACV, and SCV; should
be close to each other. This is because, on this occasion, the behaviour of f at sy (measured by
ACV)), the centre of the time interval (7;_1, 7}, should be able to represent its behaviour on
the whole interval (measured by SCV/). Hence a choice of (7, h) which minimises SCV, (7, h)

should also yield a small ACV,(~, h).

However, recall that in this section we only temporarily assume that the block sizes by and the
sets 1. £7h’ for ¢ = 2,3, ..., are already given, but a data-driven method for selecting by and 1 f;,h

is still lacking. In §2.4.2 we will discuss a method for constructing I ¢

1> which is motivated by

theoretical results in §2.2. Moreover, it turns out that the SCV criterion enjoys some theoretical
advantage which we can further exploit for the selection of b,. In §2.4.2 we will discuss a method

for selecting b, based on some theoretical properties of the SCV in §2.4.3, which makes use of

both SCV, and ACV,.
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2.4 Selection of smoothing parameters

2.4.2 Selection of by and If,h

We propose an iterative procedure for selecting the block size b, and the candidate set I}, as
follows. Suppose that, for j = 1,...,¢ — 1, we have selected 7;, h; and b;. Now we need to
select b, and ]»l;,h, and then can we select (73, hp,) using either ACV, at (2.20) or SCV; at
(2.20).

To construct ¢

. first note that, with block sizes by, 1 and by appropriately chosen, we do not

expect (Vs,_,,hp,_,) € [f;;ll and (7yg,, hg,) € ]ﬁ,h to be significantly different. Motivated by
this fact, we let Iﬁ C [vs,_,/ M1, M17vs,_,] and Iﬁ C [hs,_,/Ms, Mahg, ] be two equidistant
grids around 5, , and hy,_,, each containing g clements, and then, let I, = I x Ij. Here
My, My > 1 are some constants chosen by hand. In practice, we can take, e.g.,, My = M, =
1.2. 'This is flexible enough since, if the initial I,ih is inappropriate, consecutive /. f;ﬁ can be
gradually adjusted to have more appropriate range. Moreover, taking M;, M, too large is likely

to cause numerical instability for some cross-validation procedures, since the corresponding cross-

validation criteria often have multiple local minima (Hall and Marron, 1991).

The procedure for selecting b, is motivated by theoretical results about SCV, in §2.4.3. There,
Proposition 2.2 and Theorem 2.1 together imply that minimising SCV, over y and h is asymp-
totically equivalent to minimising ISE; at (2.21) or MISE/(v,h) = [ MSE(z, s;) dx over
and h. This type of properties is sometimes referred to as the asymptotic optimality of a cross-
validation procedure (Hall, 1983), which justifies that using the corresponding cross-validation

criterion to select smoothing parameters is asymptotically effective.

In order for the asymptotic optimality of the SCV to hold, Conditions (A1)—(A4) and (B1)—
(B3) in §2.4.3 have to be satisfied. In particular, (A4) and (B3) imply that that 7 < At* with
ag € (4/21,2/7), which, recalling (2.1), implies that b, < A¢'7%. Since a3 here can only be
taken in a relatively narrow interval (4/21,2/7), the latter results reflect the trade-off involved

in selecting by. From there, using (A1), (B1) and (B3), we have

be < 50T 0 e (0,2/3). (2.27)
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This result suggests that, if we select an a € (0,2/3) (in the numerical examples in Chapter 4,

we choose v = 1/3), then we can let
by = Coypl P (2.28)

for some constant C¢ > 0. Given « in the right range, it remains to select C¥ in practice.
b g 8 b

Now, with (2.28), we still need to select the constant term C?, whose value can be very im-
portant in practice. It is a difficult task since we do not have any analytical form for C} and
it is hard to decide what is an appropriate value for it in practice. Here we propose a heuristic
solution to this problem, which, although cannot be justified by theory at this stage, is a prin-
cipled method. The main motivation is that, if the block size is appropriately chosen, then the

bandwidths chosen by the SCV at (2.26), i.e.

(Vs hs,) = argmin SCV,(v, h), (2.29)

14
(’YJZ)GI—%}L

and those chosen by minimising the ACV criterion at (2.20), i.e.

(7’;‘[, hy,) = argmin ACV,(7y, h), (2.30)

(vh)el ,
should be relatively close. However, when bandwidths chosen by these two criteria are signif-
icantly different, then this suggests that the block size is not right and we should consider ad-
justing the future block sizes. The next example illustrates an important scenario where the SCV
bandwidths and the ACV bandwidths may be very different. We will discuss how to adjust the

constant term Cy accordingly.

Figure 2.1 illustrates the role of the block size. In both subplots, the true density f has the
form f(x,t) = fo(z — at), where fj is a normal mixture with four components and a > 0 is a
constant. That is, f is a normal mixture density changing its location at a constant speed from
left to right on the x axis. The three density curves in different shades of grey in each subplot in

Figure 2.1 represent f(-,Ty_1), f(, s¢) and f(-,T}), respectively, where T;_1 and T} are defined
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Figure 2.1: Example illustrating the role of block size. In both subplots: normal mixture with
four modes moving from left to right in different shades of grey, average density fg ‘ ) f(-,t)dtin
red. The left subplot corresponds to an over-sized block, the right an appropriately small block.

on page 25 and sy is defined below (2.21). The left subplot corresponds to a large block length
7y (hence a large block size by) value and the right subplot corresponds to a small block length 7,

(hence a small block size b,) value.

Recall from §2.4.1 that the SCV at (2.26) measures the behaviour of the estimator f at the
centre of the block, s;,. Also recall that, by using the empirical mean (2.24) to estimate the
integral (2.23), the SCV relies on the fact that data X; ~ f(-, ;) in By are nearly i.i.d., that is,
f(-,t;) = f(-, s¢), which holds only when the block size b, is appropriately chosen. In the case
illustrated in the left subplot in Figure 2.1, where the block size is too large, the average density
ijZil f(-,t) dt, represented by the red curve, is rather flat. On this occasion, the density at the
centre f(-, s¢) (grey curve at the middle), is a very poor representation of the average density. In

contrast, in the case illustrated in the right subplot in Figure 2.1, where block size is appropriately

small, the average density (red line) is relatively close to f(-, s¢).

Now, in the case of Figure 2.1, if the the block size is too large, how will the SCV and the
ACV behave? For the SCV, considering that its knowledge about f(-, s;) comes from a very
heterogeneous subsample By, whose density on average is represented by a flat curve, it tends

to choose a larger bandwidth. On the other hand, with the same block size, the ACV at (2.20)
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tends to choose a much smaller bandwidth. This is because the ACV measures the behaviour of

the estimator f at different time points in (71, 7] instead of focusing just on the centre.

The above example shows how SCV bandwidths can be different from the ACV bandwidths
when the true density has large curvature. However, when the true densities are very smooth,
the difference is not so significant since, in that case, even the average density over an overly long
time interval would look close to the density at the centre of the interval. This suggests that,
often, if the SCV bandwidths and the ACV bandwidths are very different, it is because the block

size has been chosen too large for the SCV.

Based on the above considerations, we propose the following iterative method to select C’f,
¢ =1,2,... First, to initialise the value of C}}, we first choose b; by hand as discussed at the
beginning of §2.4 and then use the SCV to select (75,, hs, ) as at (2.29). Now, by (2.28), we

5+a)/5 . .
can take C bl = byyéfa)/ . 'Then, to adjust future values of C’f , we select smoothing parameters

by the ACV using (2.30) and let ' = {hj, — ki }, where, recalling from (2.29) and (2.30)
hy, and h%, denote the h values for block B selected by SCV and ACYV; respectively. For block
By, 0 =2,3,...,lec H* = H* U{hg, — hj }. Thatis, H" is a set containing the differences
between the bandwidths chosen by SCV and ACV.

Whenever H contains more than a certain number (e.g. 5) of elements, run a one-sided
Wilcoxon signed-rank test (Rey and Neuhiuser, 2011) to see if elements in H* are significantly
larger than 0, for which we calculate the exact p-value. The null hypothesis is that the differences
hs, — hi. are independent and come from a continuous distribution symmetric about zero.
In contrast, the null hypothesis of the sign test does not assume symmetry, resulting in smaller
statistical power (Rey and Neuhiduser, 2011). Although in general the independence assumption
does not hold here, we can view the differences /i, — h, as approximately independent, since

the bandwidths mainly use data from separate blocks.

Now, if the null hypothesis is rejected under significance level 0.05, we reduce the future
value C’f“ by a scale of 1.05, i.e. C’fﬂ = 05/1.05, and then set HY = @. Otherwise we let
C’fﬂ = C'If. When the values of the constant term have remained unchanged for a while, say, for

5 blocks, we increase C’g“ by a scale of 1.05, i.e. let C’f“ = 1.0505, and then set HY = . The
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2.4 Selection of smoothing parameters

motivation of this iterative procedure is that, if there is enough evidence showing that bandwidths
selected by ACV are smaller than those by SCV, then we slightly reduce the constant term, so
that future block sizes may be smaller. Otherwise, we slightly increase it, so that future block
sizes may be larger. This is because, ideally we would want to use more data to compute the
cross-validation criteria, as long as the distributions of these data are not too different.

Note that when selecting C}f we carry out a nonparametric test with sample size as small as
5. On this occasion, the smallest p-value of the exact test can get is 0.03125, smaller than the

significance level 0.05, at which the null hypothesis can be rejected.

2.4.3 Some asymptotic results for SCV

In this section, we provide some asymptotic results about the SCV defined at (2.26), under the
same setting as in §2.2. These results will be useful to guide our selection of the block sizes by,
¢ =2,3,...,assumed given in §2.4.1 (see page 35).

As in §2.2, for a given time ¢ € Ry, let ¢; denote the integer such that t € (73,1, T},].
Recall from (2.29) that the SCV selects (75 " hy et> from a candidate set [, jt , for block By, using
the cross-validation criterion at (2.26), which measures the behaviour of the SKDE at the centre
sy, of the time interval (7,1, 1},] corresponding to By,. In addition to conditions (A1)—(A4),

we assume that the following conditions hold:

(B1) a; = 1/7 and ay = 5/7, where a; and ay are defined in (Al). The cardinality #(If;fh) of

If;fh satisfies #(1 ,,) < C'At™ for some constants C' > 0 and a > 0.

(B2) For g being any of the partial derivatives of f with respect to x and ¢ up to order 3,

[ lg(z,t)|dz < M forany t € (0,T},], where M is defined in (A2).

(B3) a3 = (2 — «)/7 for some 0 < v < 2/3, where ag is defined in (A4).

In addition to (A1), (B1) assumes that (2.11) holds, so that AMSE(x, t) at (2.10) has the fastest

convergence rate At*7. In addition, (B1) requires that the candidate set f;th is finite but its size
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can increase polynomially fast as At — (. These are both standard conditions (see e.g. Marron
and Hirdle, 1986, p. 96).

In addition to (A2), (B2) requires absolute integrability of some density derivatives, that is,
it ensures that the functions are all smooth enough.

Conditions (B1) and (B3) imply that a3 € (4/21,2/7). This is stronger than (A4) since,
under (B1), (A4) only requires ag € (0,2/7). That is, by (B1) we further restrict 7; < At
to be not too large (a3 strictly no smaller than 4/21). Recall from §2.4.1.2 that this is because
SCVy, estimates ISEy, at (2.21). The latter is only a good measure of the behaviour of f on the
time interval (73,1, 1y,] when 7, = T}, — Ty,—1 is not too large.

Now we present some standard theoretical results concerning the optimality of the SCV
similar to the main theorem in Fan et al. (1996). Recall the definitions of SCV, at (2.26) and
MSE(z, s¢,) (2.9). Let MISEy, (v, h) = [ MSE(z, s¢,) dx. Recall also the definition of ¢; above
(B1). Next we give some results regarding the relationships amongst ISE,,, MISE,, and SCV,,.

Proposition 2.2. Under (A1)—(A4) and (B1)—(B3), we have
ISEy, (7, h) = MISEy, (v, h) + 0,(AtY7), (2.31)

uniformly (7, h) € ]eth as At — 0.
Theorem 2.1. Under (A1)—(A4) and (B1)—(B3), we have

SCVy, (v, h) = ISEy, (v, h /f T, Sy,) :L‘—— Z fXz,s&)—|-0p(A754/7)7 (2.32)

bee By,
uniformly in (v, h) € ]f;fh as At — 0.

See Appendices 2.C and 2.D for the proof of the above results. Here we give the intuition why
SCVy, (v, h) is a consistent estimator of ISEy, (7, h) — [ f*(x, sy, ) dz with ISE,, (7, h) at (2.22).
Note that X; ~ f(-,t;) and f(-, ;) is close to f(, S¢,) since, under (A2), (B2) and (B3), t; is

close to sy, and f is smooth in ¢. Hence bztl > x,en, f(Xi, s¢,) canbe seen as an empirical mean
g t

44



2.4 Selection of smoothing parameters

consistently estimating | f*(x, s, ) dz. This, together with (2.32), implies that SCV,, (v, h) is
indeed a consistent estimator of ISEy, (v, h) — [ f(z, s¢,) d.

Now we state the major implication of Proposition 2.2 and Theorem 2.1. According to
Remark 2.1, At*/7 is the smallest possible order of MSE(z, s,). Under some additional regu-
larity conditions, we can show that this order is also the smallest possible order of MISE,, (7, h)
(we will prove this in future work). Therefore, Proposition 2.2 implies that the smallest pos-
sible order of ISEy, (7, h) is also At*/7. Furthermore, since the terms [ f?(z,s,,)dr and
2/by, ZXiEBZt (X5, Se,) in (2.32) do not depend on 7 nor A, similar to Fan et al. (1996), we
conclude that minimising SCV/, over -y and h is asymptotically equivalent to minimising ISE,,
over 7y and h.

Although SCV is designed for i.n.i.d. streaming data, it may be used to select smoothing
parameters for d.n.i.d. streaming data. Indeed, for density estimation for offline i.i.d. data, Hall,
Lahiri and Truong (1995) observed that ‘even for some strongly dependent data sequences, the
asymptotically optimal bandwidth for independent data is a good choice’. This encourages us to
investigate the behaviour of SCV for dependent data streams.

For an illustration of the finite-sample behaviour of the SKDE and the SCV, see §4.1.1 and

§4.2.1 for some simulation studies and real-data examples.
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Appendix

To simplify the notation, we suppress the subscript ¢ of ¢; defined above Proposition 2.1 in all
appendices to Chapter 2. That is, for a given time ¢ > 0, let { = ¢; denote the unique integer

satisfying t € (Ty_1, Ty].

2.A  Proof of Proposition 2.1

2.A.1 Notation

First, we present a summary of notations that will be used in this section.

Times and sample sizes. For online i.n.i.d. data {X;}iz12 ., let {t;}i=12,.. denote the
equidistant arrival times defined in (1.1). The time horizon is partitioned into finite intervals
(To, 1], (T, T3], . . . of respective lengths 7y = Ty — Ty, 79 = T — T, . . ., where Tj) = 0. For
k=1,2,...,B, = {XnTk71+1, . ,XnTk} denotes the block of data observed in the k-th time
interval (T},_1, Tk], where ny, denotes the number of data observed up to time 7j. The number
of observations in By, is denoted by by, = ny, — ny,_,. For a given time ¢ > 0, n; denotes the

number of data observed up to ¢.

Smoothing parameters. When defining the streaming KDE in (2.2) and (1.12), we used two
notations { (i, hi) }i=1,.n, and {(7s,, hs,) }iz1.. n, denoting stepsize and bandwidth used by

f(z,t).
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Convention on almost sure relations. We write Z < ¢, for some random variable Z and real

number ¢, if Z is bounded by ¢ almost surely.

Estimators. From (1.11), (1.12) and (2.2), we have
f(z,t) = Z Wy, i K, (v — X5), (2.A.1)
i=1

where w,,, ; is defined at (1.12) with blockwise-defined (7;, h;) at (2.3). In addition, let

ng

flat)y= Y w Ky (r - X;). (2.A.2)
i:nT€72+1
2.A.1.1 Technical lemmas
The following formula, known as summation by parts, will be used repeatedly in all appendices.
Lemma 2.A.1. Let { fi.} and {gi} be two sequences of real numbers. Then
n n n—1 n
ko =1 o+ (Fin—1F) D o (2.A.3)
k=0 k=0 =0 k=j+1

Using the notation of Proposition 2.1, let ¢ € R, be a given time and let £ > 1 denote
the integer satisfying ¢t € (T;_y,Ty]. The following lemma implies that f(z,t) at (2.A.2) is
asymptotically equivalent to f(z, 1) at (2.2).

Lemma 2.A.2. Under (A1)—(A4), for any v € R, we have,
fx,t) — f(z,t) < 2exp(—37182 ATy, (2.A.4)

where f(x,t) is defined in (2.4.2).

Remark 2.A.1. From (A4), we have ay + a3 — 1 < 0. Therefore, (2.A.4) implies that the

difference between f(z,t) and f(z,t) decreases to zero exponentially fast as At — 0.
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Proof of Lemma 2.A.2. 'Throughout the proof we assume that At is small enough such that
ny > 2. Recall from (2.2) that, forany i = 1, ..., n;, we have v; = V5, and h; = hBh if X; is
in block Bj,. Then, note that f(m, t) = S1 + S, where

nt

Sy = H(l - %)Khl (r — Xy) and Sy = Z% H (1— ’Yj)Khi(iU - X). (2.A.5)

7=2 = J=i+1

Then we bound S; and S5 as follows.

Bounding S;. Under (A3), we have K}, (z — X;) < M /h; fori = 1,2,... Under (Al), we
have, from (2.A.5),

M & M M nr
S1 < —H(1 — %) < - | II a-w= h_l(l — Ypy) e (2.A0)

Now, to bound (2.A.6), first note that it follows from a second-order Taylor expansion of €*

around O that

e” =14z +e*2?/2 (2.A.7)

for some & between 0 and , so that 0 < 1 — 7, | < exp(—7s,_,). Recall from (1.2) that
nr,_, = |T-1/At| and ny, , = |Ti—a/At], so that Ty /At — 1 < ng,_, < Ty_1 /AL,
Tio/At—1<ng, , <Tyo/Atandnr, ,—nr, , > (Tpo1 —Tp—o)/At—1 =151 /At —1.
Note from (A4) that we have 7,_; /At > 6At*~!, and hence 7p_1 /At — 1 > (§/2)At*~1, for
At small enough, so that ny, | — ng,_, > (6/2)At*~ . Then we have, from (A1) and (A4),

(1 - W/Be—l)nTz_linTe_Q < exp{_’sz—l(nT(Z—l - nTe—z)}

<exp(—27'8 AT, (2.A.8)

Note from (A4) that a3 + a3 — 1 < 0 and hence At*2T%~1 — o0 as At — 0. Applying (A1)
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and (2.A.8) to (2.A.6), we conclude that,
M —a —152 agz+az—1 —1¢2 as+az—1
S; < FAt 2exp(—27 0" AT ) <exp(—37T9TALRTETH) (2.A.9)

where At is small enough.

Bounding S;. From (2.A.5), we can write S = Sa1 + Sag, where

Ty _o

521—2%1_[ ’Y]Kh x—X)

Jj=i+1

Saz = Z i H (1 =5, (z — Xi).

i=ng, ,+1 j=i+l

(2.A.10)

Using (A1) and (A3), we have

M NTy_o
So1 < EVM ; (1= ym)™™"

'rlt—Q
M .
= > (=)

J=nt—nT,_,

n —1
nt—nT£72 ]‘ - (]‘ - ’ym) Te—2

M
= h_7M(1 - Vm)

m 1_(1_7771)
M’Y]\/I — _1

= 71 = m"’f "Te 21 — (1 — m”T£72
hm%( Vi) {1 -1 —=7m) }
M vy, _

< =M mnt nTy_y

- hmvm( )

Then, using (A1), we have (1 — v,,,)"" "7e=2 < (1 — ~y,,,)"e-1""Te-2, Similarly to (2.A.8),
we have (1 — 7,,)" "Te-2 < exp(—27102A¢"279371) Therefore, using (A1), we have,

Sy < ﬁm 92 exp(—27 167 At 1) < exp(—3T 17 AT, (2.A.11)

when At is small enough. The lemma then follows from (2.A.5), (2.A.9), (2.A.10) and (2.A.11).
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O
2.A.2 Proof of (2.7) in Proposition 2.1
First, we show that the bias of f(z,t), defined at (2.A.2), satisfies
. I 1 2 At 1—as 2a1
bias{ f(z,t)} = éfm(x, s ahy, — filz, t)— + o(At ™" + At™). (2.A.12)

By

Then, by Lemma 2.A.2, we have bias{ f (2, t)} = bias{ f(z,t)}+0(At), and hence (2.7) follows.
To prove (2.A.12), first note that, from (A2) and (A3), we have

E{ K, (z — X,)}

:_/ x_ Jti)dy

= /K(u){f(x, ti) — fo(z, ti)hiu + %fm(:ﬂ, ti)h2u? — éfmx(x — O;hiu, t) R} du

1
= f(z,t:) + §fxx<x>ti)h?,U/K,2 —ri(hi), (2.A.13)
where ; € [0,1] and
— %hf’ / K () fege(x — Ohiu, t;)u® du, (2.A.14)

and where we used a second-order Taylor expansion of f(x — h;u,t;) around x.

Then, recall that the h;’s and ;s are defined blockwise at (1.12). When At is small enough,

we have ny > ny, , > 2. Then, from (1.12) and (1.12), since t € (T}_1, T}, we have

w — 73@—1(1 - ’VBe)ntinTé_l (1 - ’781{_1)nTl_1727 ifnTe—2 +1<i< NTy_15
nt,i —

Voo (1= v5,)" 7, ifng, | +1<i<n,
(2.A.15)
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2.A Proof of Proposition 2.1

Therefore, from (2.A.2), (2.A.13) and (2.A.15), we can write

Ty

i:nT£_2+1 i:nT2_1+1

NTy 4

E{f(r,0)} = D waB{Kp (e = X)b+ Y wa B{Kn(r - X))}

= VBe_1 (1 - ’VBz)minTz_l Z (1 - ’735—1)11%_171' E{Khz(x - Xl>}

i:nT[72 —+1

ng

+ Va, Z (1 - 'VBz)nt_i E{Khi (l’ - XZ)}

i=nt,_,;+1

=51+ 5+ 53+ 54— 55 — Sg,

where

nTy 4

Sl - ’}/Bg,l<]~ - ’}/Bg)Nt_nT271 Z (1 - ,YBz,l)nTeil_if(x7t’L’>7

7::TLT€_2 +1

ne

Sy = VB Z (1 - ’733>m_if(x’ ti):

i:nTg,1+1
1 NTp_q
S3 - 5“K,2h%4,1734_1(1 - VBg)nt_nTeil Z (1 - 732_1>nT471_lf$$(x5 tl))
i:nTé72+1
1 - ng—1
S4 = Q,UK,Z}LZB/YB[ Z (1 - P)/Bg) ‘ fmc(xatz)a

i:nTZ—l +1

Ty

55 = 73571(1 - WBe)nt_nTz_l Z (1 - 75271)nT€_1_i7ai<h13271)7

i:nTZ—2+1
ne
SG = VB, Z (1 - 732>nt_zri(th)°
i:nTZ—l+1
Then, we calculate Sy, . . ., Sg as follows.

(2.A.106)

(2.A.17)

(2.A.18)

(2.A.19)

(2.A.20)

(2.A.21)

(2.A.22)

We assume that At is small enough to guarantee that ny, , > 2 and ny, |, — np,_, > 2.

For now, we also assume that n; — ny,_, > 2. The assumption n, — ny,_, > 2 will be needed

below, for example, at the fourth line of (2.A.42), to guarantee the summation by parts formula
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is applicable. Then, in §2.A.2.5, we discuss the cases where ny —ng, | = Oandny —ng, | = 1.

2.A.2.1 Calculating Sy

Under (A2), it follows from a first-order Taylor expansion of f(x,t;) around ¢ that, for some

&i € [ti,t],
Ty ‘
S1 = 73#1(1 - ’quz)m_nTé*1 Z (1 - ’YBeq)nT[*l_z
i:nT£_2+1

< Fet) = (6= 0 Al t) + 50— 0l 6)}

1
= f(z,t)S11 — fi(x,t)S12 + 55137

where

nTy 4

S = 73é71(1 - ’YBe)nt_nTkl Z (1 - VBéfl)nTefl_i’

i:nTe_2+1

nTy

Sy = 735—1(1 — ’)/Bé)nt_nTe_l Z (1 - W/Befl)nTe_l_i(t - ti)’
i=ng, ,+1
nTy ‘
Stg = Yora (L=, )" 70 Y0 (1= )T (= 1) il )

i:nT272+1

Then we calculate S, Si2 and Si3 as follows.

Calculating S1;.  First, from (2.A.8), we have

Ty _q nTy_q—NT,_ o1
§ _ nr, =t _ _ J
VBe—1 (1 732-1) =t = VBe_q (1 ’735—1)
i:nT872+1 ]:O

=1 — (1 — VBZ_I)”Tz—lfnTz—z

=1+ o(At).
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2.A Proof of Proposition 2.1

Hence, plugging (2.A.27) into (2.A.24), we have

Sii= (1 —7p,)" "1 4+ o(At). (2.A.28)
Calculating S12.  First note from (1.2) that
t— At <n At <, (2.A.29)
and that, using (A4) and (2.1), we have
1< np —ng,_, ~ 7/ At < At (2.A.30)

Then, using (A1) and summation by parts, we have

Ty

S1o = Yoy (L=, "0 Y (L= )" T T (e — ) A+ (= n, AL}

i=nr,_,+1

nTy_q

= A (1= 3e)" T ST (= 0)(1 = )T+ O(AS)

i:nTZ_Q—Q—l

nTy_ T, 1

= AL =) T, Y (=g ) (1= s, ) 4 O(AY)

j=0
nT,_—NT, 51

- At(l - WBe)nt_nTe_l (nt - nTéfl)FyBefl Z (1

Jj=0

NTy_y ~NTy_y =2 NT,_y —NT,_

AL =) T Y, Y >

i=0 j=i+1

53

- 73571)]'

51

(1= 75,.,) +O(At)
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At ne—mn n —n
+ (1 - 732) ' Té_l{l — VBe_1 T (1 - 73571) e Te_2}
VBe_1
- At(l - 'VBe)nt_nTZ (nTe—l — N1y — 1)(1 - IVBz—1)nTZ_17nT£—2 + O(At)
At —n ng—n
- s (1 - %‘32>W Te-1 At(nt - nTeq)(l - 734) e O(At)v (2.A.31)
B¢—1

where we used (1.1) to get the first equation, (2.A.24) and (2.A.29) to get the second, (2.A.28)
to get the third, (2.A.27) for the fifth, and (2.A.8) and (2.A.30) for the last.

Calculating S13.  Under (A2), we have

Ty
|S13] < M'YBg_l(l - 'VBg)ntinTz_l Z (1- '735_1)71%_172@ - tz’)2
i:nT272+1
NTy_q '
= M’YB£_1(1 - VBe)ntinTz_l Z (1 - 735_1)71%_171{(7% - Z)At + (t - ntAt)}2
’L'ZTLT472+1
Ty '
< MAPyg, (1 —7p,)" e Z (1 =75, )1 (ny — i+ 1)°
i:nT£72+1
nT,_y T, 1
= MAP(L =) "ty Y (G =g, 1) (1=, )
=0
nry_y =Ty g1

= MAt2<1 — fyBé)nt_”Tefl [(m —nr,_, + 1)27&4 Z (1 - fYBé71>j

7=0
NTy_y =NT,_y—2 nTy_y =NTy_p—1
+ VBe—1 Z {2(2 + g — nTz-1) + 3} Z (1 - 735—1)]]
i=0 j=i+1

= MA*(1 - Yo, ) e | (g — g, + 1)?

NTy_y 1T, =2
+ > {204 —ng ) +3M1 = s, )T
1=0
Ny NIy 52

- Z {2(2 +n — nTe—1) + 3}(1 - 'VBz—l)nTe_linTe_Q + O(At)

=0
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2.A Proof of Proposition 2.1

< MAt2(1 —vg,)" e [ (g — g, + 1)2

nTy,_y T, 51

+ 2(7115 - nTpQ) (1 - 73z71)i+1 + O(At)

1=

= MAtQ(l - VBe)ntinTz_l {(nt —nr_, + 1)2 + 2(nt - nTe—z)lyE_szl_l + O(At)}

[en]

= MAP(1 — )" "1 { (0 = mg, )? +2(ng — np, ) + 1} + o( A7)

= MAtZ(nt — nT£71)2(1 — ’)/Be)nt_nTzfl + O(Atli(m), (2A32)

where we used (1.1) to get the second line, (2.A.30) and (2.A.29) for the third, (2.A.8) for the
eleventh, and where, to get the second last and the last lines, we used the fact that, under (A4),

we have, similarly to (2.A.30), n; — ng,_, < At® 1,

Shortly, to bound (2.A.32), we will show that
(ne —nr,_)(1 —7,)" "1t = O(AE?), (2.A.33)
which, using (2.A.30), (2.A.32) and (2.A.33), implies that
Sz = o At'7%2), (2.A.34)

under (A1) and (A4).

Now, to prove (2.A.33), letting ¢1(x) = x(1 — v;,)", where 1 < = < ng, — ng,_,, it
suffices to show that gy (n: — ng,_,) = O(At~?). Note that ¢; reaches its global maximum at

zro = —1/log(1 — v5,). Hence, under (A1), we have

L ~ L = At (2.A.35)

gi(ne —ng, ) < gi(zg) < ——i——
' o log(1 —7z,)  7s

where we used a first-order Taylor expansion of log(1 —5,) around 1. Hence (2.A.33) is proved.
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Conclusion: Combining (2.A.23), (2.A.28), (2.A.31) and (2.A.34), we deduce that

ne—nr At ni—nr
S1= fz, t)(1 —yg,)" "1 — fe(z, ) (1 —~z,) -1
Byg—1
— fi(z, ) At(ny — ng, ) (1 — 4,)" "1 + o At T92). (2.A.36)
2.A.2.2 Calculating S,
Similarly to (2.A.23), we have
1
Sy = f(2,1)S21 — fi(z,t)S2 + 55’23, (2.A.37)
where
Sor=7m, Y, (L—vs)"" (2.A.38)
i:nT271+1
S =7 Y. L=7p)" 7 (t—t), (2.A.39)
i:nT€—1+1
Sa3 = s, Z (1- VBz)nt_i(t - ti)tht(xv &), (2.A.40)
i:nTg,1+1

where &; is between ¢; and ¢. Then, we calculate Sa;, Sa2 and Sa3 separately.

Calculating S5;.  From (2.A.38), we have

ng—nr, —1

S21 = Vs, Z (L =75} =1~ (1= p,)" "1, (2.A.41)
=0

Calculating S22.  Applying (1.1), (2.A.29) and (2.A.41) to (2.A.39), we have

nt

Soo=m 3 (L) H{lne — DAL+ (1 — mAL))

i:nTe_ 1 Jrl
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2.A Proof of Proposition 2.1

= Atys, D> (=) (1 —75)" " + O(AtSy)
i:nT271+1
"t_nTg,1_1
= At VB, Z ](1 - 734)j + O(At)
7=0
TLt—TLT[_l—Z nt—nTe_l—l
=Aty,, Y. > (1—7,) +0(AY)
=0 Jj=i+1

L —2

—AE 3 (L) = (L= )T} 4 O(A)

At

= L=, = (1))
fsz
— At(ny —ng,_, — 1)(1 = 75,)" "1 + O(At)
At —
= {1 (L= )" )
P)/Bz

~ At(ng — ng, )1 — 7p,)" o1 + O(AY), (2.A.42)

where we used summation by parts and, to get the third line, we used (2.A.41) and the fact that

0<vs <1

Calculating S>3.  Under (A1), (A2) and (A4), from (2.A.40), we have

Sl < Moy 3 (1= (s — )AL+ (¢ — mADP
’L'ZTLTZ_1+1
< MAtQVBz Z (1- 'YBg)m_i(nt -1+ 1)2
i:nTg,1+1

ng—nT,_,; -1

= MA#/VB(& Z (.7 + 1)2(1 - ’sz)j

j=0
ntfnTe_lfl nthLTe_172 ntfnTe_lfl
= MAt2{rVBe Z (1 _732>j +%‘32 Z (2Z+3) Z (1 _%35)]}
j=0 i=0 Jj=it+1

= MAt2{1 — (1 = )T
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ntg 7’”/1"4_1 —1

+ (20 + 3)(1 — vp,)"™

nt_nTZ—l -1
— (L= )" (2i+ 3>}
=0
ng—nr,_, —1

< MAt2{1 + (20 +3)(1 — 755)”1}

nt—nT, —1

< MAPQR2(n —ng,_ ) +1} > (1—75,)" + MAP

=0

{2(ny — ng,_,) + 1} + MA* = o( At ™), (2.A.43)

=0

At?
’sz

<M

where we used the fact that 0 < 5, < 1, and where we used (2.A.29) to get the second line,

summation by parts to get the fourth line, and (2.A.30) to get the last equation.

Conclusion: Combining (2.A.37), (2.A.41), (2.A.42) and (2.A.43), we deduce that

A
Sy = f(CL’,t){l - (1 — ,YBl)nt—nTg,l} — ft(x, t)_t{l _ (1 _ ,yBe)nt—nTzfl}
+ ft(xy t)At(nt - nT£_1)(]- — ’yBg)ntinTe—l + O(Atl_(m)‘ (2A44)

Now, under (A1), combining (2.A.36) and (2.A.44), we have

$1+ 82 = flot) — filwt) = {14 (22 1) (1 )} oA )

By VBe—1
= f(x,t) — fi(z, t)ﬁ + o( A7), (2.A.45)

2.A.2.3 Calculating S5 and S,

Observe from (2.A.17)—(2.A.20) that S5 and Sy are exactly identical to S and Sy, except that
f(z,t;) in Sy and Sy is replaced by fi(x,t;) in S3 and Sy and that S3 and S, contain an

additional multiplicative term (27 ' pux 2 h? - for Sz and 27 jufc 0% , for S,). Therefore, S5 and
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2.A Proof of Proposition 2.1

Sy can be computed in the exact same way as 57 and Sy, except that we need to use a first-order

Taylor expansion of f,.(z,t;), instead of f(z,t;), around ¢ at (2.A.23) and (2.A.37), which we

can do under (A2). Therefore, under (A1), we can write

At
VBe—1

- fm:t(l', t)At(nt - nTE—l)(l - fYBe)nt_nTefl + O(Atl_al)}

1 ne—m ng—n
53 = §MK72hQBZ_1{fJ)JJ(m7t)<1 - ’734) I fth(m7t)<1 - 734) e

1 . a
= e, Ol (1= 7,)" 7" + o AP (2.A.46)
and
1 5 .
Sy = §MK,2hBLl fuz(z, t){1 — (1 — ’YBg) 1}
At -
= fran(2,8) —{1 = (L —y5,)" " }
By
+ f:mt(x’ t)At(nt o nT271)<1 - 732)7“_”%71 + 0<At1a2)}
1 - a
= 5 fan( iy, (1= 7a,)" "1 + o(A£), (2.A.47)

where we used (2.A.33) and the fact that 0 < 75, < 1. Under (A1), we deduce that

2
1 hB 1 nt—mn
Sy + Sy = §fm(m,t)uK,2h; 1+ {( . ) - 1}<1 — Y,)" "t | 4 o AtP)
Be
1
=5 foo (@, ) i 2%, + o(AE). (2.A.48)
2.A.2.4 Calculating S5 and S
Under (A1), (A2) and (A3), for h = hy,_, and h = hy,, we have
1
)] < G [ 1@ ol = b )] d
M., 3 3a
< Fh |u]” K (u) du < C1AE*, (2.A.49)
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where C = M /(66%) [ |u|*K (u) du.

Plugging (2.A.49) into (2.A.21) and recalling the definition of S1; at (2.A.24), we have
S5 < CLA S = O(AE3™), (2.A.50)

where we used (2.A.28) and the fact that 0 < 75, < 1. Plugging (2.A.49) into (2.A.22), we also
find

n¢ "t_nTg,l_l

Se < C1At3al”YBe Z (1- 'YBe)ntii = ClAt3a1736 Z (1 - 73‘)]'

i=np,_,+1 J=0

= C1AP 1 — (1 — 7,)" "1} < CLAP™, (2.A.51)

since 0 < 7y, < 1.

2.A.2.5 Conclusion

Combining (2.A.16), (2.A.45), (2.A.48), (2.A.50) and (2.A.51), we have

E{f(.iﬂ, t)} = f(xa t) + %fmx(xat),UK,Qh?ge - ft(ﬂ?,t)ﬁ + O(Atl_a2 + AtQal),

By

which proves (2.A.16) in the case where n, — ng, , > 2 (recall from the assumption we made

below (2.A.22) that the above calculations are only valid when n, — np,_, > 2).

It remains to prove that (2.A.12) holds also when n, — ny, | = 0 and whenn, —ng, | = 1.
Note that in our calculations above, the assumption n, — ng, | > 2 has only been used for S,
Sy and Sg. In particular our calculations for S, S5 and S5 remain valid and we only need to

recompute Sz, Sy and Sg when n, — np, , = 0or 1.

When n, — nr, , = 0, we have n, = ng,_,, and, from (2.A.16), we have E{f(x,t)} =
S1+4 S3 — S5, where Si, S3 and Sj are defined at (2.A.17), (2.A.19) and (2.A.21). Hence, from
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2.A Proof of Proposition 2.1

(2.A.36), (2.A.46) and (2.A.50), we have, using (A1) and (A2)

- 1 At
bias{ f(x,t)} = = fau(x, ) 2hy,  — fi(z,1) + oAt £ APPM) (2.A.52)

2 By¢—1
1 2 At 1—as 2a1
= §fmm(x7 t):uK,Qth - ft(‘r? t)’}/_ + O(At + At )7 (2A53)

where we used that fact that v5,/75,_, = 1+ 0(1) and hy,/hs, , = 1+ o(1) in (Al). This
proves that (2.A.12) holds when n; — ny, , = 0.

When n; — ng,_, = 1, we have n, = ng,_, + 1, so that, using (2.A.38), S21 = 7v5,. From
(2.A.39), we have Syy = 7z, (t—t,,) = 0o(At), where we used (A1) and (2.A.29). From (2.A.40),
we have Sa3 = 75, (t — tn,)? fu(x, &) = 0(At), using (A1), (A2) and (2.A.29). Hence, using
(A1) and (2.A.37), we have Sy = 75, f(z,t) + o(At). Now, from (2.A.20), we have S; =
12l Vo, foa (T, 10, ) /2 = O(At*724), using (A1) and (A2). From (2.A.22), we also have
Se = Vs,7i(hs,) = O(At*239) using (A1) and (2.A.49). Now, from (2.A.36), (2.A.46) and
(2.A.50), we have S; = f(z,t)(1—5,)—Atfi(x,t)/vs,_, — [i(z, ) At(1—75,)+o(AtT792) =
f@ ) (1 =s,) — At fi(w,t) /Yo,y +0(AE %), Sy = fou(w, t)px2hy, /24 0o(At*) and
S5 = O(At3™). Combining the above results with (2.A.16), we obtain (2.A.52). Then, using
(A1) and (A2), we have (2.A.53), which proves that (2.A.12) holds when n; — ny, , = 1.

Combining §2.A.2.1 to §2.A.2.4 and the above calculations, (2.7) is proved.

2.A.3 Proof of (2.8) in Proposition 2.1

Shortly, we shall show that the variance of f(z, ) defined at (2.A.2) satisfies

var{J (2,00} = 3.4, Rk 125 + o( At 2.A54)

By

Using (2.2), (2.A.2) and Lemma 2.A.2, this proves that

var{f(x,t)} - var{f(:t,t) + f(l’,t) - f(:L‘,t)}
= Var{f(x,t)} + Var{f(x,t) — f(x,t)}
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—var{(r,0)} + o(AM),
where we used the independence of X1, ..., X,,. Then, (2.8) follows from (2.A.54).

Next, we prove (2.A.54). First note that, under (A2) and (A3), we have

X

E{KZ(z — X;)} = hi?/KQ(
= hii/KQ(u)f(x—hiu,ti)du

,;y>f(y,ti)dy

1 2
— i [ K@) = Lo~ bt} du

-

flx,t;) — /uKQ(u)f(x — 6;h;u,t;) du,

where 0; € (0,1) and Ry is defined above Proposition 2.1, and where we applied the mean
value theorem to f(-,t;). Using (A2) and (A3), we also have | [ uK?(u) f,(x — 0;hyu, t;) du| <
M? [ |u|K (u)du < oo. Hence, we have E{ K} (x — X;)} = R /hif(x,t;) + O(1) and

var{ K, (z— X;)} = E{K}, (z— X;)} — [E{Kp,(z— X;)}]* = n f(z,t;)+0(1), (2.A.55)

where we used the fact that E{ K}, (v — X;)} = O(1), using (A2), (A3) and (2.A.13).

Recall that, for a given time ¢ € (0,00) and a given At, ¢ is the integer for which ¢ €
(Ty—1,Ty). Recall also that wy, ; is defined at (1.12) and, in particular recalling the blockwise
definition of ; and h; at (1.12), we have wy,, ; = (1 —75,)" "1, (1 — 73271)"”—1_1‘ for
i=nr,_,+1,...,n7, ,and wy,; = vp,(1 —y,)" " fori =ng, , +1,...,n. Now, using

(2.A.2), (2.A.55) and the independence of XnT£72+1’ ooy Xp,, we have

arlfa ) = Y wl var{K (r — X,))

i:”T5_2+1
nTZ*l ne
= Y wvar{Ky(e—-X) + Y wp, var{K, (z — X;)}
Z'ZnT(_2+1 Z‘ZTLTZ_1+1
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R R
= 5+ S+ 0(So + Sio),
hBeA hBe
where
Ty
Sp= (1=, eyl Y (L= m, )7 f(a,ty),
Z':TLT£72+1
SS = 7125’[ Z (1 - 73@)2(712&72')]0(1.7751')7
i:nTe_1+1
My

S9 = (1 - ’YBe)2(m_nT£_1)%23’e—1 Z (1 - 73271)2(TLT2_1_i)
i:nT£_2+1
nt
SIU - %ﬁe Z (1 - 73[)2(7‘&1—2)‘

i:nT£7 1 +1

(2.A.50)

(2.A.57)

(2.A.58)

(2.A.59)

(2.A.60)

Here we have assumed that At is small enough to guarantee that ny, , > 2 and we have also

assumed that n, — ny,_ , > 1. In §2.A.3.1 to §2.A.3.3, we calculate S7, ..., S under these

assumptions. All calculations remain valid when n; — ny, | = 0 except that in that case, Sg =

Sl() = 0.

2.A.3.1 Calculating S7

Under (A2), applying the mean value theorem to f(x,?;), we have that, with some &; between

t; and ¢,
Sy = f(x,t)S71 — Sqa,
where
nTy 4
S?]. - (1 - ’73()2(7” T 1)7]23’5_1 Z (1 - P)/Be 1)2(nT[_1 7‘)
Z—”Te_2+1

(2.A.61)

(2.A.62)
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NTy_y
Sty = (L= p,)" " 7m0t T (L=, )P T (= 1) (0, 6). (2A63)
i:nTe_2+1
Next we calculate S7; and S7s.
Calculating S7;. We have
nTy 4 ‘ nTy_ T, 1
Vo D, (=7 ) ™) =03, (1= v5,,)%
i:nTe_Q—i-l jZO
VBe—1 2(nt,_,—nT1,_,)
— 1—(1= -1 "2
2 - ,sz_l { ( 73471) }
= oA, (2.A.64)

where we used the fact that, under (A1), 1/(2 — 5, ,) = 1/2 4 O(vs5,_, ), and where we used
(2.A.8). Then, plugging (2.A.64) into (2.A.62), we find

VBo_1

Sn = —

(1 . ,YBZ)2(m—nT471) + O(At2a2). (2.A.65)

Calculating S75.  Recalling the definition of Si2 at (2.A.25) and the fact that 0 < v5,_,, Vs, <
1, using (A1), (A2), (2.A.31), (2.A.33), we have

nTy_q
[Sral < M=) g Y (=) (- )
i:nTé72+1
= M~p, ,S12 = O(At) = o( At*™). (2.A.66)

Conclusion. Combining (2.A.61), (2.A.65) and (2.A.66), we conclude that

S = 10 1, 1)1~ 5, P 4 o A15) 2.A67)
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2.A.3.2 Calculating Sg

Using (A2) and (2.A.58), we have, using the mean value theorem for f(z, -),

Sg = f(fl?, t)Sgl — 5827 (2A68)

where &; lies between t; and ¢, and where

nt

Sg1 = 'Yé[ Z (1- ’YBZ)Q(nt_i) (2.A.69)
i:nT£_1+1

S =72, > (1—=7s) "t —t;)filz,&). (2.A.70)
i:nT£71+1

Next, we calculate Sg; and Sgs.

Calculating Ss;.  From (2.A.69), under (A1), we have

ng—nT,_, -1

581 = %iz Z (1 - ’YBe)Qj - 2 jB’l;/ {1 - (1 - IYBe)minTé_l}
i=0 b

= B4 (1) + O, A7
where we used the fact that, under (A1), 1/(2 — v5,) = 1/2 4 O(73,) and that 0 < 75, < 1.

Calculating Sgo.  Under (A2), from (2.A.33), (2.A.39), (2.A.42) and (2.A.63), we have, since

0<s <1,

[Ssol < Mg, > (1=7s,)" 7't = ti) = Mys,52 = O(A). (2.A72)

i:nT£71 +1

Conclusion. Combining (2.A.68), (2.A.71) and (2.A.72), we deduce, using (A1), that

S = 22 fla, )1 = (1= 75, 20T} o), QA7
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2.A.3.3 Calculating S and S

Using (A1) and (2.A.64), we have
Se = (1— yBe)“"f”Te—J{% + O(At2a2)} = O(A1), (2.A.74)

since 0 < 7y, < L.

Note that Sy at (2.A.59) is equal to Ss; at (2.A.69), and hence

SlO - O(Ata2). (2A75)

2.A.3.4 Conclusion

Under (A1), combining (2.A.56), (2.A.67), (2.A.73), (2.A.74) and (2.A.75), we find

w0} = 51 (x’t)h{l ! <M B 1) (1= VBZ)Q("””T“)} + o(Atem)

hBe VBeMBo_y
R
= 2 1) L2 4 p(Arme),

As discussed just below (2.A.59), in the special case where n, —ny, , = 0, we have Sg = S19 = 0

and, from (2.A.56), (2.A.67) and (2.A.74), we have

r R Bp—1 _
Var{f(x,t)} = TK‘f(x’t) zB (1 _ ’YBe)Q + O(Ataz al)
_ Bk

F i, 8) 2 4 o( Ao,
hBe

2
where we used (Al).
This completes the proof of (2.A.54).

66



2.A Proof of Proposition 2.1

2.A.4 Proofof (2.11)

Writing £ = {4, we first differentiate AMSE(z, t), defined in (2.10), with respect to h; and ~,

respectively to obtain

o AN 1 VB

%AMSE(:C t) :?a:(xaﬂ/L%{Qh?ég - 2f:vx(x7t)ft(x7t)ul(,2fy_wh3e - §f(x7 t)RKh_QBZ )
0 At? At 1

=— AMSE(2,t) = =2f}(2,t) == + for(z, 1) fila, ) pirco—hiy, + f (2, ) Rx—

a,)% Bé ’7 By th

Equating 0 AMSE(z, t)/0hy and O AMSE(z, t) /07, to 0, we get

At
Cud, + Cy 2l hy, + 0322 — 0,

’sz h2
At? At
Oy + Cs 5 b2, + Co— —0,
Bg ’}/Bg hBZ

where (', ..

., Cg denote some constants.

Using the fact that, under (A1), we have hy < At and 7, < At® where 0 < a; < ay < 1,

the above systems of equations become

At3a1 + Atl—l—al—ag - Ata2_2a1

At273a2 + At1+2a172a2 =~ Atfal .

For the first equation in the above system of equations to hold, we must have either A?*t =<

At®27201 op Apltar—az — Apa2—2a1, {51 the second equation above to hold, we must have either

AP?73%2 =< Af=% or A¢tT2017202 = A= This gives us the following 4 systems of equations:
3a1 = as — 2a1 3a1 = as — 2a1 14+ a1 —as =as — 2a1 14+ a1 —as =az — 2a1
2 —3a2 = —ay ’ 1+ 2a1 —2a2 = —ay ’ 2 —3a2 = —ay ’ 1+ 2a1 —2a2 = —ay ’

which all give the same solution a; = 1/7 and as = 5/7. Hence we conclude that, to minimise

AMSE(z, t) at (2.10), we should take (2.11).
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2.B  Derivation of ACV

We write f(x,t;, h) instead of f(z,t) to highlight the dependence of f(x,t) on (v, k).

To minimise ISE(7, | 7,j(77, h) at (2.19), first note that ISE(r, | 7,)(v,h) = L — 21, +
I3, where I}, = f;;"_lf f(x, t;y,h)dxdt, I, = fTil_lf fx,t;v,h) f(z,t)dzdt and I5 =
f;;‘il [ f*(x,t)dz dt. Here I; is known and I3 does not depend on the parameters of interest

(7, h). To use ISE(7, , 1,1(7, h) to select (7, h), it suffices to estimate 5.

For t € (T;-1,Ti), let X? ~ f(-,t) denote a variable independent of the X;’s.
We approximate I» by Atzi:XiGBfo(x,ti;% h)f(z,ti)der = AtY . v cp, E{f(X?,
ti;v, h)|X1, ..., X;}, which we estimate by I = 70/b; > v, f-i(Xi ti37, h), where in
the last step we have used the fact that X; ~ f(-,t;), At/ ~ b;' as At — 0 by (2.1), and
where the leave-one-out estimator f_;(,t;;7, h) is equal to f(x,t;v, k) — wi; Kn(z — X;)

with w;; as above (2.18), taking n; = n;, = 1.

In practice we can simplify the computation of I; as follows. Note that with our choice of
b, the T}’s always correspond to time points ¢; where we have observed a data value X;. Noting

too that for a fixed z € R and some i = 1,2,..., f(x,t) remains constant for t € [t;,t;11),

where ¢; is defined at (1.1). Therefore, we have

t; . ti .
=¥ / /fQ(x,t;%h)d:vdt= Y / /f?(x,ti;mdxdt
ti—1 ti—1

i: X;EBy i: X;E€By

=7, At Z /j:Q(x,ti;%h)dxdt

i X;€By

by At Z /JEQ(I,tiW,h)dmdtzfl,

:X;€By

since, using (2.1), we have At/7y ~ bz_l as At — 0. Therefore, to simplify computations, in

practice we approximate /1 by ;.

The above derivations suggest that, to use ISE(7, | 1, in practice, we can minimise ACV, =

I, — 215, which is the same as (2.20).
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2.C Proof of Theorem 2.1

The main idea of our proof follows from the proofs of equation (7) and (8) in Fan et al. (1996).
However, their problem is density estimation based on i.i.d. data and their estimator is a simple
average of kernel functions (observations have the same weight). Here, we have to use slightly
different probabilistic tools for the i.n.i.d. data and calculations are more complicated due to the
non-uniform weights used by our estimator. First we present some probabilistic results needed

in the proofs.

2.C.1 Some probabilistic tools

The first result is the Rosenthal inequality for martingales (Theorem 2.12 from Hall and Heyde
, 1980, p. 23). First we give the definition of a martingale (see, for example, Hall and Heyde ,
1980, p. 1).

Definition 2.C.1. Let I C Z be an index set and {F;,7 € I} an increasing sequence of o-
algebras. A sequence of random variables {S;,7 € I} is said to be a martingale with respect to
{Fi,i € I}if: (i) S; is measurable with respect to F;, (ii) E |S;| < oo and (iii) E(S;,|Fi,) = S

for all 41,45 € I such that iy < i,.

Then the following Rosenthal’s inequality gives an upper bound for the higher moment of a

martingale.

77777777

p < 00, then there exists a constant C,, depending on p such that

ElS,|P < Cp

n p/2 n
E{Z E(Xfm_l)} +) E |Xi|p] : (2.C.1)
i=1 i=1

In the special case where X1, . .., X, are independent zero-mean random variables with E | X;| <
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oo fori =1,...,n, we have (see formula 9.7.c of Lin and Bai, 2010)

n p/2 n
E[S, [P < Op{ (ZE)(E> +ZE|X,-|?’}. (2.C.2)
i=1 i=1
According to Hitczenko (1990), the constant C), in (2.C.1) and (2.C.2) can be taken as
Cp = (Cop/ logp)?, (2.C.3)

where Cy > 0 is a constant that does not depend on p or the distribution of .S,,.
The second result is formula (2.10) on p. 36 of Boucheron et al. (2013), also known as

Bernstein’s inequality.

Theorem 2.C.2. Let Xy, ..., X,, be independent random variables with finite variances such that
|Xi| <A i=1,....n, forsome A>0. Let S, = > " | X; and 0* =% | E(X?). Then, for
anyn > 0,
2
n
P{|S, — E(S,)| > n} < —_—— 5.
{18, = B(5)1 > 1} < expf ~ 5

The third result is Marcus—Zinn inequality for weighted empirical processes of i.n.i.d. random

variables (Shorack and Wellner, 1986, p. 820).

Theorem 2.C.3. Suppose X1, . .., Xpn are independent random variables with distribution func-

tions F1, ..., Fop. Let Cpa, . . ., Cup be a sequence of constants. For x € R, let

Zn(z) = Zcm{ﬂ (X < ) — Fri()}

V zlnzzl

be the weighted empirical process. Then, for anyn > 1 andn > 0,

P{sup |Zn ()| > n} < (1+ 2\/271’77)6_772/8.

zeR

Let F(x) = >0 cl{ X < 2} and F,,(z) = Y. | caiFni(z) be the weighted empirical

distribution function and its mean. Then, since for any € > 0, we can always find 7 > 0 large
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enough such that (1 + 2\/271'77) e~ n’/8 < ¢, Theorem 2.C.3 implies that for any n > 1,
n 1/2
P{supm(x) - Fuo) 2 n(z ) } <e
z€R i=1

n 1/2
sup|Fy,(z) — F,(z)| = O, (Z ciz> . (2.C4)

which implies that

2.C.2 Notation and technical results

Recalling the definition of T}, By and by at page 25, we denote the data in block B, by
X, ..., Xw, with arrival times ty1,...,ts,. Without loss of generality, we assume that b,
is even and there are by/2 observations within (7,_1, S|, the first half of the time interval corre-
sponding to By. Then, by (1.1) and (1.2), we have, fori = 1,...,b,, Xy = Xy, —by /24> and,

recalling that the ;;’s are equidistant, we have
— (bg/? — 14+ I)At S tgi S Sy — (bg/Q — Z)At (2C5)

Let f(x, S¢) = Z?j@se—be/%l wnsNKhi(a: — X;), where Wy, ; is defined as wy,; at (1.12),

but with ¢ substituted by sy. Using (2.18), we have

be/2
fx, s0) Z’wg]Kh — Xy), (2.C.6)

where ’UNJgj = wnsyn%_be/g_._j = ")/(1 — ’)/)bl/Q_j.
Recall that f(x,s;) is defined as f(x,t) at (2.2) with ¢ replaced by s,. Then, under (A3),
(B1) and (B3), we have, when At is small enough so that n,, > 2,

ns, Nsp— be/2 ns,
f(%SZ)—f(I,Sz):Khl(x—Xl)H1—% + Z v T] (1 =) K (e = X0)
Jj=i+1
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M . My el
< h—(l—f)/m) sp 1—|— n (nsl—bg/Q—l) H (1—’)/])
m m j=ns,—be/2+1
M M
S h_(l - 7m)bé/2 + hIYMnse(l - m)b2/2

h
1
S M (gAt—tu + %Ataz—m—l) Cxp(—3_152Ata2+a3_1)

< exp(—4_152Ata2+“3_1) = exp(—4_152At_a/7), (2.C.7)

where Ay, Yim, Yas are defined in (A1) and we used (A1), (A4), (1.2) and the fact that, using (2.1)
and (2.A.7), we have

(1-— ’ym)b‘/Q < exp(—Ymbe/2) < exp{—q/m(2fngAt*1 -1} < exp(—3*1§2At“2+“3*1),
(2.C.8)

when At is small enough, we also used (B1) and (B3) to get the last equation.

Fori=1,..., by, let

f—éi(xv SZ) = f*(nséfbg/2+i) (:L‘y Sf)a (2C9)

where f,(nsfbe/gﬂ)(x, s¢) is defined at (2.25) with ¢ replaced by ng, — b;/2 + i there, that s,
- nsé
Ftnabepriy(@ose) = > wn, JKu(r — Xp).

j=1
sy —be/2+i

Then, from (2.26), we have

_ 9 G
SVl ) = [ Fas)de = 37 FulXas) 2.C.10)
=1
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Furthermore, let
be/2

f,gi<l’,85) = Z IngKh<LL’ — ng), (2C11)

Jj=1,j#1
where 1y, is defined below (2.C.6). Using the definition of w;; and the fact that X,; =

X, —b,/2+4j» We have

nse

Ny

f—Zi(‘r? SZ) - Z wnseyth(l‘ - X])’
J=ns,—bp/2+1
J#ns,—be/2+i

and hence

n327b4/2
foi(,50) — f—m z, 8¢) Z wngeth r — Xj)

= f(x,50) — f(x,80) < exp(—47162At /7)), (2.C.12)

where we used (2.C.7).

Now, using (2.22) and (2.C.10), we have

SCVy(~y, h) —ISE,(vy, h /f x,s)dr = 2J+2/{f T, Sp) (:L’ se)}f(x, sp)dx

+ b_e ;{f&(X@L, Sg) - fv—h'(Xf’h Sf)}7

where

= /];(xvsf)f(%sé )do — — Zf 0i( Xy S0). (2.C.13)

Using (2.C.12) and noting that the upper bound exp(—4"152At=%/T) there does not dependent
on (7, h), we have

/{f z,50) — f(x,50)}fx,50) dz| < exp(—4 152At_a/7)/f(1‘,84) dz = o(At),
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uniformly in (v, h) € [g,h’ where the last equality is due to (B3) and (2.C.7). Using (2.C.12),
(B3) and (2.C.7) again, we also obtain

by
1 ~ .
be Z{f—m(Xm', se) = fei(Xui, Sz)}‘ < exp(—47152At/T) = o(At),
timt
uniformly in (v, h) € I ~.n- Hence we conclude that
SCVi(7, h) = ISEe(v, h / Pz, s¢)dz = 2J + o(At), (2.C.14)

uniformly in (7, h) € [ﬁ,h‘

The rest of the proof is devoted to calculating J. First, fori, j € {1,..., by}, let

U(r,y) = Kp(z —y), Ui(z) =Eu{U(x, Xu)}, Uiy = Eg{Us(Xy5)} (2.C.15)
Vij = U(Xu, Xej) — Us(Xy5) — Uj(Xui) + Uy,

where K, is defined below (1.4) and E,; denotes the expectation with respect to Xy;. Then,

recalling that K is symmetric from (A3), we have
Ulx,y) = Uy, x), Uy=U;, Vi=V E(Vy)=0. (2.C.10)

Using (2.C.11) and (2.C.15), we have

be by be/2
Zf 0i( Xei, 50) Z Z We U(Xei, Xoj)
i=1 i=1 j=1,ji
by (i—1)A(be/2) be/2 j—1
:Z Z wg]U(Xg“Xg] —l—zzw@ Xgl,Xg])
71=2 =1
by (i—1) /\(be/Z) be/2 i—1
= Z Z ﬁ]ng(XZi, XZj) + Z Z UN}&'U(XEJV XEZ)
i=2 j=1
by (i— 1)/\(be/2)
=3 (b ) U (X, Xoj) (2.C.17)

i=2 j=1
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where we used (2.C.16) to get the last equation, taking the convention that w, = 0 for ¢ =

be/2+1,... b

Plugging (2.C.15) and (2.C.17) into (2.C.13), we have

J=Js—J1 — Jy— J3,

where
be (i=1)A(be/2)
bgz 321 (Wi + We;) Vi,
(i~1)A(be/2)
Jo = bEZ Y, (@ dg) {Ui(Xy) ~ Uy}
be (i- 1] Albe/2)
bZZ Z (165 + 0, {U3 (Xit) — U},
be (i—1)A(bg/2)
J4=/f(~’17732)f($751z x——z Z (Wi + i) Uy
Then, we calculate Jp, . . ., Jy as follows.

2.C.3 Calculating J;

2.C.3.1 Martingale construction

We first write by J; = ZZ , Y;, where

(i—1)A(be/2)
Y, = (We; + We;)Vij.
j=1

Then we show that {Zl o Yith=o

.....

, is a martingale with respect to {Fy }r—2

(2.C.18)

(2.C.19)

(2.C.20)

(2.C.21)

(2.C.22)

(2.C.23)

by» Where Fy, is

the o-algebra generated by X1, . .., Xy, so that we can apply Theorem 2.C.1 to b,.J;. For this
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purpose, we only need to show the following: fori = 2,..., by,

Y; is measurable with respect to F;, E|Y;| < co and E(Y;|F;—1) = 0. (2.C.24)

Now, we prove that (2.C.24) implies that {3F  Vi}i—s

i=2
First note that, with (2.C.24), ZLQ Y; is measurable with respect to Fy and E | 25:2 Y| <

b, satisfies Definition 2.C.1.

.....

Zf:z E|Y;| < oco. Then, for any two integers ki, ks satisfying 2 < k1 < ko < by, we have

k‘1 k‘2
=2 i=k1+1

= iY; —i—E{E( kZQ K’Fk1+1> “Fkl}
i=2

ko
E (Z Y;
i=2

i=k1+1
k?1 k2
zsz( S nfm)
=2 i=k1+2

k1
:"':ZYi'
i=2

Therefore, Definition 2.C.1 is satisfied.

To show (2.C.24), firstly, note from (2.C.15) and (2.C.23) that, fori = 2,...,by, Y; isa
function of X1, ..., Xy; so it is measurable with respect to F;. Secondly, by (A3) and (2.C.15),

we have

(2.C.25)

U(x,y):1K<$_y> <

M
o\ h n

uniformly in 2,y and hence |V;;| < oo for all 7, j, which implies that |Y;| < oo and hence

E|Y;| < oo for all i. Finally, we have

(i=1)A(be/2)
E(Y;|Fic1) = (We; + We;) E(V35|Fiz1)
-1
(i—=1)A(be/2)
= (We; + Wy;) [E{U(Xm Xej)| Fiz1}

j=1

J
)
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— E{Ui(Xj)|Fie1} — B{U;(Xai)| Fios} + Uy
(= 1)Abe/2)
= Y (@t dy) [ B{U(Xa, Xe)| Xes}

- Ui(Xej) - E{Uj(XEi)} + Uij}

o, (2.C.26)

where we used the independence of X1, ..., X, to get the third equation and (2.C.16) to get

the last equation.

2.C.3.2 Moment inequalities of b,.J;

Using Theorem 2.C.1, we have that for any p > 2,

E|bJi? < C, . (2.C.27)

be p/2 be
E{Z E(Yfm_o} +Y EP
=2 =2

Note that g;(z) = 27/? is convex on (0, 00) when p > 2 and hence, by conditional Jensen’s
inequality (see, for example, Theorem A29 in McLeish, 2005), we have g; {E(Y?|F;_1)} <
E{g:1(Y;?)|Fi—1}, which leads to E(Y?|F;_1) < {E(|Y;[?|Fi-1) }2/p. Hence, we have

p/2

be p/2 by
= . L\
< <Z[E{E<rw’ml>}] )

1=2

by p/2
= {Z(E |y2.|p)2/p} : (2.C.28)

=2

where we used conditional Minkowski’s inequality (see, for example, Theorem 2.16 in Boucheron

etal., 2013) to get the second inequality.
Now, by Minkowski’s inequality, we have Zf”: LE|Y;|P = E(Zf": ,YiP) < {Zf‘; )
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(E |YZ-|I")2/1”}p/2 for any p > 2. Combining (2.C.27) with (2.C.28) and the above result, we

have

be p/2
E [bi]? < QOP{Z@ |n|p>2/p} . (2.C.29)

=2
Observe from (2.C.29) that, to obtain an upper bound for E |b,J; [P, it suffices to obtain an upper

bound for E |Y;|P.

To bound E |Y;|? for i = 2,..., by, we first rewrite the definition of Y; at (2.C.23) as Y; =
Zy;l)“bl/m Vig, where Vlg = (Wg; + Wej)Vi;. Next we show that {Y}};—o ; is a martingale

with respect to filtration {F;; }j—1

.....

by {Xei; X, ..., Xe;}. For this, Similar to (2.C.24), it suffices to show that

Vi? is measurable with respect to F;;, E |V£| < 00 and E(Vi2|.7:ij_1) =0. (2.C.30)

To show (2.C.30), note from (2.C.15) that V;? = (Wy + We;)Vi; is a function of
{Xu; Xn, ..., X} and hence is measurable with respect to F;;. Second, note that we have
already showed under (2.C.25) that |Vj;| < 0 and hence E |V;}| < oo holds trivially. Finally,
note from (2.C.15) that, conditioning on Xy;, Vi1, ..., V;i—1)a@,/2) are independent random

variables and we have

E(Vij| Xe) = E{U(Xui, Xo5)| X} — E{Ui( X))} — U;(Xei) + Uy

Hence, we have E(V;?U:Z-j_l) = E(V;g’Xgi; Xo, oo, Xegjo1) = E(VZ-?|X&) = 0. Now (2.C.30)

is proved.

-----

(i—1)A(be/2) /2 (i—1)A(be/2)
Ew_c,,[-g{ 3 E<m2|2|ﬂj_1>} I ST

j=1 j=1
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::C%

(i—1)A(be/2) P/2Z (i=1)A(be/2)
E{ > (WHF@DM)QE(W?\XM)} + Y (W + ) BVl |

Jj=1 J=1

(2.C.31)

Hence, to bound E |Y;[?, it suffices to bound E(V;3|X;) and E [V; 7.

Bounding E(V?|Xy;).  First, from (2.C.15), we have

E(V3] Xei)
= E{UQ(X&-,X@-NXZZ-} + E{UZ-Q(X@)} + U]-Q(Xgl-) + Ufj
— 2E{Ui(X¢y)U(Xi, Xj)| X i} — 2U;(Xei) E{U (Xei, Xoj)| Xi }
+ 2U;; E{U (Xai, Xoj)[ Xei} + 2U(Xei) E{Us (X45)} — 2U35 E{Ui(Xy;) } — 2U3;U5(Xi)
= E{U*(Xui, X¢j)| Xei} — 2 B{Ui(Xj)U (X, Xoj)| Xei}
+ E{U} (X))} + 2U3;U;(Xes) — UZ (Xes) — U}

v

< E{U*(Xui, Xoj)| Xui} + E{UZ (Xe;)} + 2U3;U;(Xai). (2.C.32)

Next, we bound terms in (2.C.32).

Let ¢;(x) = E{U?(x, X;;)}, where U is defined in (2.C.15). Then, under (A2) and (A3),

we have

where C1 = M [ K*(u) du, and hence

C
E{U? (X, Xip) | Xai} = 0(Xas) < 7

(2.C.33)
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Then, under (A2) and (A3), we have

h
< M/K(u) du = M, (2.C.34)
and hence, using (2.C.34), we have
E{U?(Xy)} < M?,  UUi(Xy) = B{Ui( X)) YU (X)) < M? (2.C.35)
Combining (2.C.33) and (2.C.35), we have, when At is small enough so that h=t>1,
2 &
E(V;j|Xeu) < 7 (2.C.306)

where Cy = C; + 3M?2.

Bounding E |V;;|P.  Applying (2.C.25) to V;; defined in (2.C.15), we have |V;;| < C3h™! for
Cs3 = 4M . Hence, we have
P

E|V,|P < h—i (2.C.37)

Conclusion. Now, plugging (2.C.36) and (2.C.37) into (2.C.31), we have

(i=1)A(be/2) (i=1)A(be/2)

p/2
Cg/th/Q{ Z (e + ngj)Q} + CYh7P Z (We; + Wy;)*

j=1

ElY;[F < Cp

j=1
< Cy(2P2CE P hPRE PP 4 2P CERPhyP)

< CPCL (B *APh P12 4 byPhP), (2.C.38)
where, recalling the definition of wy; and wy; below (2.C.6) and the fact that 0 < v < 1, the

second inequality follows from

We; + ng < 27, (2.C.39)
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and where Oy = (2C5)/2 v (2C3).
Plugging (2.C.38) into (2.C.29), we have, under (B1),

/2
E[ AP < 26,7C, [b{ CLC, (B *47h 7" + by ) 7]

= 205C2(yPhP/% 4 by PPy, (2.C.40)
To obtain a bound of b, we use (2.1) to get

b < T /At+1 < 6IABT 41 = §TIAETOTOT L1 < §T2ALGH/T

where we used (A4) to get the the second inequality, (B3) to get the equality and, to get the last
inequality, we used the fact that 072> 61 > 1and At=6Gt9/7 5 60 as At — 0. Using the

above bound for b, and (B1), we have
E |J1 |P < 205;0;{5_317/2At9p/14 + 5—(p+2)At(13+a)p/14—(5+o¢)/7}’ (2C41)

Accordingto (2.C.3), we can take C;, = (Cop/ logp)P. Then, takingp > 2(5+a)/(4+a) >
2, (2.C.41) becomes

E |J1|p < ZC'ng'ff(p/ lng)Qp{5_3p/2At9p/14 + 5—(p+2)At(13+a)p/14—(5+a)/7}

< 407 CPCY(p/ logp) P AL/,

where the last inequality follows from the fact that, since p > 2 and §=! > 1, both 6 ~%*/2 and

§~P*2) are bounded by 6%, Now, by the Markov inequality, we have, for any 1 > 0,

P(|Ji| > nAtT) <

ElAP ( c2c,

P
2 A 11/14\p
(nAt4/Typ — "\ no? Iogzp) (AT

Taking p = At~1/28/, /e, we have, as At — 0,

D] > nAT) = ofexp(~ At/ /e ),
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which implies that, under (B1), for any n > 0,

P{ sup \J1!>77At4/7}§ > P4 > At
(’Y? (

0
h)EImh 'y,h)EI,‘;JL

<#(IL) sup P(A| > AT
('y,h)el,l;’h

= O{Atfa exp(—Atil/Qg/\/E)} =o(1),

as At — 0. Hence, we have

Jl = Op(At4/7),

uniformly in (v, h) € I} .

2.C.4 Expansion of J;

We first reorganise terms in .J5 at (2.C.20) to get

be/2 i—1 be be/2

(2.C.42)

Jo = b%}z > (e + @ ){U(Xgy) — Ui} + blg DD (o + ) {Ud(Xy) — Uy}

(2.C.43)

(2.C.44)

(2.C.45)

i=2 j=1 i=by/2+1 j=1
1 bg/Z b[/2 1 b2/2 be
= Y D (@ + @) (U Xey) = Uy} + o Y D (in+wg){UilXey) — Uy}
J=1 i=j+1 J=1 i=by/2+1
1 be/2 by
= Y D (@t ) {UdXey) = Uy
j=1 i=j+1
Now, let W;(x) = U;(x)— f(x, ts). Then, using (2.C.15) and (2.C.43), we have Jo = Jo1+Joo,
where
1 be/2 by
Jo1 = b Z Z (We; + 1g;) [VVi(XKj) - E{VVz‘(XZj)H»
t521 i1
| b2
Jaz = b DN G + 1) [f(Xegs tes) — E{f(Xij, tai) }].
j=1 i=j+1
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Let le = bzl Zbe (U~)gl + wg])[Wl(XgJ) - E{VVAX@)}] Then J21 = Zse:/f le isa

i=j+1
sum of by /2 independent random variables since each summand Z;; only depends on X;. To

apply Theorem 2.C.2 on Jy;, we first derive the bounds on Z;; and Z?[:/f E(Z3)).

Bounding Z;;. Note from (2.C.15) that, under (A2) and (A3), we have

Wi()| = / (e — )y, te) dy — £z, 1)

= /K(u)f(x — hu, ty) du — f(@, te)

= /K(u){f(x,tei) — hufs(2, te)

+ %h2u2K(u)fm(x — 6;hu, tgi)} du — f(z,ty)

< C1h? (2.C.406)

e
12

—p? /UQK(u)fm(x — 0;hu, ty;) du

uniformly in , where 6; € [0, 1] and we used a first-order Taylor expansion of f(z — hu, t)
around z to get the third equation, and where Cy = M 1 2/2 with i o defined above Propo-

sition 2.1.

Hence, using (B1) and (2.C.46), we have

by

1 Z15] < blg .leﬁ + W ){[Wi(Xej)| + E[Wi(Xej) [}
z—j—i—l .
< 201h2b—£ Z (i + ;) (2.C.47)
1=7+1
< A4C Ry < Gy, (2.C.48)

where we used (2.C.39) to get the third inequality and where Cy = 4C' /§°.
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Bounding Ebg/ 2 (Z%j). Recalling the definition of y; below (2.C.6) and using (B1), (B3)
and (2.C.47), we have

be/2 C2h4 be/2 be 2
Sy < LS S wvay
J=1 \i=j+1
2
402h4 bZ/Q b£/2 i - iy
== D 47 D (=) (b — )y (1 — )2
£ =1 i=j+1
40%4 22 |
< Z{1+ be — 7)Y 7)1”/2_]}2
40%4 ””2

= T {1 (e P P 2t g1 =) )

a2t (b, = | bzl |
::w5+2w%wwww2muww
{4

i=by /2 i=be/2
4021t b, %2
<29 0L S (i 2=y
L | i=by/2
aczpt | “
— b12 +{ bev/2)? + by} Y (1=n)
¢ i=be/2
4 Z (@j+1y+217 Y —7)"1"/2]
j=bz/2 =i+l
4C2h* <
< 5|5 /2 + bt Z{2J+1)’Y+2}
l j=bg/2
402h* (b
< b12 {;+7(b4/2) —l—bz-l—bZV‘f'be}
l
1002h4
< (L by) S 100 {(m/ At = 1) 49}
4
2 2
< (;31 At4/7{At(5+a)/7 —|—5_1At5/7} < CgAt9/77 (2C49)

where C3 = 40C% /6 and where we used summation by parts to get the seventh line and (2.1)

for the second last line.
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Conclusion. With (2.C.48) and (2.C.49), we apply Theorem 2.C.2 to Jo; at (2.C.44) and get

2 A48/
P(‘J21’ > nAt4/7) < CXP{—2 " }

(C5ALTT + nCy A7 3)

Then, under (B1), we have

P{ sup |J21\>77At4/7}§ Z P(|J21|>77At4/7)
(

Jh) eIt Y
(vh) ¥sh )eImh

>

7

IN

#<[$,h) sup  P(|Ja| > nAt")

(’y,h)E[ﬁﬂh

TIQAtS/'?
< CAF“expd — — (1
= oAt CXP{ 2(C5 AL/ +nCQAt11/7/3)} o(L)

which implies that Jy; = 0,(At*7) uniformly in (v,h) € I ! - Hence, from (2.C.44) and
(2.C.45), we have
Jy = Jog + 0p(AtYT), (2.C.50)

uniformly in (v, h) € If’h.

2.C.5 Expansion of .J;

Using (2.C.21) and recalling the definition of W;(z) below (2.C.43), we have J5 = J31 + J32,

where

1 .
Ja1 = » Z (Wi + ;) W (Xai) — E{W;(Xe)}, (2.C.51)
i=2 j=1
1 be G=DAC2)
J32 = b (We; + i) [ f(Xeis te;) — B{f (Xais tej)}] - (2.C.52)
=2 j=1

Next, we calculate .J5; and postpone the calculation of J39 to §2.C.7.
Let ZQZ' == bzl Z;i:_ll)/\(bZ/Q) ('IIJZZ + 7:[)5]') [WJ(X[J - E{WJ (ng)}} . Then ng = Z?iz ZQ/L'

is a sum of by — 1 independent random variables, since each summand Zs; only depends on X;.
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To apply Theorem 2.C.2 to J5, we need to bound Zy; and 30, E(Z3,).

Bounding Z;. Using (B1) and (2.C.46), we have

| GDAGe/2)
| Zai| < b Z; (Wei + e {|W;(Xei)| + E [W;(Xei) |}
s (i=1)A(be/2)
< 2011121)—(Z ; (We; + Wg;) (2.C.53)
< 4C1h2*y < CyAt, (2.C.54)

where we used (2.C.39) to get the third inequality and C5 is defined blow (2.C.48).

Bounding Zfi o, E(Z3;). Recall that wy; is defined below (2.C.6) and that below (2.C.17), we
took the convention that wy; = 0 fori = b;/2+1, ..., by. Then, using (B1), (B3) and (2.C.53),

we have
be
> E(73)
=2
; 2
402h4 be (i—=1)A(be/2) ) )
<A LS )
¢ =2 j=1
r i 2 b be/2 2
402 h4 be/2 1 ) ) ¢ 7 i
A S S i+ S (S
o Li=2 Uj=1 i=bg/2+1 \ j=1
10204 [ y
=—— | D_{ =1y -y
¢ =2

(1= )P — (1= )2} %{1 -1~ 7)”“2}2]

acepr (22 b
< {Z(W F (L2020 4
¢ i=2

AC2 A be/2 o
< 1 12 1— be/2—1 _é
< S8 1Y
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4C?h* | (b 12 b 10C2h*
<1 {(£7+)+—K}_ 7 (bjy + b+

- ¥ 2
10Cl (14+420) /7 (542a)/7 (54+a)/7 5/7 9/7
< = — L AIAR2)TEN = (51200/T o Ng=BFed/T 4 N¢=5/TH < Oy At (2.C.55)

where C; = 30C%/47.

Conclusion.  Using (2.C.54) and (2.C.55), we apply Theorem 2.C.2 to J3; and get

2 A8/
P(‘J31| > ﬁAt4/7) < CXP{— i/ }

2(C4 AT 1 nCL AT /3)

Then, under (B1), we have

P{ sup |J31‘ > ﬁAt4/7} Z P |J31| > nAt4/7)

¢
(e ), (v, h)e] h

< #([f/ h) sup P(|J31| > T]At4/7)

('Y h)eleﬂh

7)2At8/7
< CAt™ — =o(1
< CAt CXP{ 2(C4At9/7 + 7702At11/7/3> } O( )7

which implies that J3; = 0,(At*7) uniformly in (v,h) € I ! - Hence, from (2.C.51) and
(2.C.52), we have
Js = Jaz + 0, (AtY7), (2.C.56)

uniformly in (v, h) € If,h-

2.C.6 Calculating J,

From (2.C.22), we have J4 = J41 + Jyo2, where

Ju = /[f(x Sg) — {f(x,sﬁ}}f(x,w) dz, (2.C.57)

87



CHAPTER 2

by (i—1)A(be/2)

Jio = /E{f(x so)}f(x, s¢) da — —Z Z (We; + y;) Ui (2.C.58)

Forj=1,... by, let F(-,t4;) be the distribution function of X;; and

be/2 be/2
Fypoly) =Y i l{Xy <yt Foply) =Y g F(y, ty), (2.C.59)

where 0y; is defined below (2.C.06).
Now, by (2.C.4), we have

yeR

be/2 1/2
sup | Fy, /2(y) = Fiy/a(y (Z w@> = 0,(v'"?), (2.C.60)

where, recalling the definition of w;; below (2.C.6), we used the fact that

be/2 be/2 be/2 be/2—1

Y g = Z 2020 < 2 Z NPT =57 Y (L=9) <,
j=1 1=0

since 0 < v < 1.

Next we calculate Jy; and Jyo.

2.C.6.1 Calculating Jyy

Note that, from (2.C.6) and (2.C.59), we have

Jg(l’a s¢) — E{JZ(%SE)} = /Kh(l’ —y) d{Fb4/2(y) - sz/2(3/)}-
Hence, under (A2) and (A3), we have
Jn = / Kp(x —y)f(z, s¢) de d{Fy, )2 (y) — Fp,2(y) }

— //K(u)f(y+hu, se) dud{Fy,2(y) — Fy,p2(y) }
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//K { f(y, s0) + hufa(y, se)

1 _
+ §h2u2f$x(y + Qhu, Sg)} du d{Fbe/g(y) — Fbe/g(y)}

= Ju1 + Jao, (2.C.61)

where 6 € [0, 1] and we used a first-order Taylor expansion of f(y — hu, s;) around ¥/, and where

J411 = /f(y7 Sf) d{Fbe/Q(y) - Fb[/Q(y)}7 (2C62)
2
J412 = % U2K(U) /fm(y + Hhu, Sg) d{Fbg/2<y) — Fbg/Q(y)} du (2C63)

Next we derive a bound for Jy415 and postpone the calculation of Js1; to §2.C.7.

Bounding J415. Note that, from (2.C.59), we have Fbg/g(—OO) = Fbg/g(—OO> = 0 and
Fy,j2(+00) = sz/g(Jroo) = 1. Hence, using (A3), (B1), (B2), (2.C.60), (2.C.63), and by

integration by parts, we have

2
ol = |2 / K (u) / [Fyya(y) — Foyo () fraaly + 0, 57) dy du

< / CH () [ 1Fis(0) = Fopa0) ey + 00 50)] dy

ek / (Fy, o — Ohut) — By o — 0100)|| fum (2, 50)] d du

2
h2
< —sup |Fp, 2(¥) Fbg/g |/u K(u /|fxm(x,3g)| dx du
2 yeR
= C1h* sup | Fy, 2 (y) — Fip2(y)| = Op(B*4?) = 0, (ALYT), (2.C.64)

yER

uniformly in (v, h) € 157,1, where C1 = 27 i o [ | fuww(2, s¢)| dz with puf o defined above

Proposition 2.1.
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Conclusion. Combining (2.C.61) and (2.C.64), we have
Ju = Jun + o, (A7),

uniformly in (7, h) € 1'7 p» where Jy11 is defined at (2.C.62).

2.C.6.2 Calculating Jy5

First note that, from (2.C.6),

be/2

/E{fx S¢) }fx Sy dx—ngj/ Ky(x —y) f(z, se) f(y, te;) dz dy.

Then, note from (2.C.17) that we have

by (i—1)A(be/2)

bg Z ]Z; (Wei + we;)Usj

be be/2
= Z Z we; Ui
1=2 j=1,j7#i
by be/2 bz/2 be/2
Z Z wy; Uiy — Z we;Ujj — Z we; U
=1 j5=1
by be/2

= — ZZU}@/ Kh T — JZ tgz)f<y,tgj) dx dy + O(At4/7)

lel

(2.C.65)

(2.C.606)

(2.C.67)

where we used the definition of U;; in (2.C.15) and the fact that, by (2.C.34), Uj;

E{U;(X¢j)} < M, so that, using (B3) and (2.1),

| b2 | b2 be/2
Z wZ]UJJ + — Z U)Zj Ul] = b ’y Z bZ/Q*J
bg/2 1
2M 4 2M
= (1=7)" < 5= = o(At"7).
be — by
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Hence, from (2.C.58), (2.C.66) and (2.C.67), and by the symmetry of K in (A3), we have

Ji2 = / Ki(z —9)g1(x)g2(y) dz dy + o( ALY, (2.C.68)
where
be/2
=1
J 1 .
92(9) = [y, 0) = - > F ta). (2.C.70)
=1

Next, we calculate g; () and g2(y).

Calculating g1 (x). Under (A2), by the mean value theorem, we have f(x,t,;) = f(x,s;) +

fe(x,0;)(te; — s¢) for some 6; between t;; and sy, and hence, recalling the definition of wy;

below (2.C.6),

by /2
g1(x) = fz, 807> (1 =) —ri(x)
j=1
= [z, s0){1 = (1= 7)""} = ri(2), (2.C.71)
where

by /2
ri(a) =Y tby(se — tey) fil, 6)). (2.C.72)

Jj=1

Now, using (A2), (B1) and (2.C.5), we have

be/2
1 (z)] < MAEY Y (be/2 =+ 1)(1 = y)*/>7 (2.C.73)
Jj=1
be/2—1
=MAty > (i+1)(1-7)
1=0
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be/2—1 be/2—2 by /2—1

= M Aty Z (1 —7)" + MAty Z Z (1—7)
i=0 J=0 i=j+1
be/2—2
< MAt+ MAE Y (1—y)*

J=0

A
< MAt+ M ot < O1APT, (2.C.74)
gl

where we used summation by parts to get the third line, and where C; = 20 /4.

Calculating g2(z). Using (A2) and (2.C.5), we have

Ty te) = [(y,s0) + [e(y, se)(tei — s0) + %ftt(% se)(te — s0)* + éfttt(% 0;)(tei — se)’®

= f(y,50) = fily, se) At(be/2 — i) + %ftt(y, s0)At?(by/2 —i)?

- éfttt(ya 0) At (b /2 — i) + O(At),  (2.C.75)

uniformly in y, where 0; is between ¢; and s, and we used a second-order Taylor expansion of

f(y,te) around s,. Hence, using (A2), (B3), (2.C.70) and (2.C.75), we have

be/2—1 be/2—1
A 2
92<y) = ft(y, Sz)At (bl E j) - _275 ftt(% Sé) (b% E j2>

b i=—be/2 j=—be/2
1 1 be/2—1
+6fttt(y70i)At3 <b_ Z j3> + O(At)
¢ J==be/2
At b2AL? A2 1
= _Tft(ya Sz) - ( 624 E) ftt(yy Se) - Efttt(yaei)Atgb? + O(At>7
b2 At?
- 524 fuly, se) + O(AL), (2.C.76)
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uniformly in ¥, recalling that the remainder term in (2.C.75) is uniform in y, and where we used

the fact that

be/2—1 bg/Q

be 021
Z] ZQ bz/2+1)(bg—i—) T=15t%

J—*be/2

Conclusion. Now, plugging (2.C.71) and (2.C.76) into (2.C.68) and recalling that the remain-
der terms in (2.C.71) and (2.C.76) are uniform in x and y, we have

Jip = // K(u)[f (2, 5041 = (1= 7)"/2} = 1y(a)]

2 A 42
{beAt fue(x — hu, s) + O(At)} dudz + o AtY7)

U = (1= )2+ 0L+ O(AD) s — i) + ol A1),
(2.C.77)
since 0 < v < 1, and where
Jyo1 = //K (x, s¢) fu(x — hu, s¢) dudz, (2.C.78)
Jy00 = // K (u)ri(x) fu(x — hu, s;) dudz, (2.C.79)
Jao3 = //K (x,s¢) dudz, (2.C.80)

Jioq = // K(u)ri(z) dudz. (2.C.81)

We calculate Jy91, . . ., Jyo4 as follows. Under (A2), (A3) and (B2), we have

Jyo1 = // K(u)f(x, Sg){ftt(l', 50) — hufuu(, 50) + h2U? frpu (2 — Ohu, Sg)} dudzx

/ftt z,80)f(x,50) dx + h? // f(z,80) fowte(x — Ohu, sp) dudx

/ftt x,s0) f(x, s dx+0{h2// f(z, s dudx}
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N /ftt<x7 so)f (. s0) da + O(AE),

(2.C.82)

where 6 € [0, 1] and we used a first-order Taylor expansion of fi;(z — hu, s;) around z.

Using (A2), (A3), (B2) and (2.C.72), we have

be/2

il < 3Y 50— 1) [ Ve 03)] o
j=1

be/2

< Mlnjax{/ |ft<$, 9j)| dx} Zﬁ)gj(sg — tgj)
j=1
be/2
= MPAty S (b/2 — j+ 1)(1 — 1)/ = O(AL7),
j=1

where we used (2.C.73) and (2.C.74) to get the last line.

Finally, under (A3), we have
J423 = ]-7

and, from (2.C.72),

be/2

| Jy24] < waj(se —tej)/|ft($79j)|dx
j=1

be/2
< MAY Y (be/2 = j+1)(1 = 7)"* = O(A),

J=1

where we used (2.C.73) and (2.C.74) to get the last line.

Note that, from (2.C.8),

(1 —7)8% < (1 = 4)"? < exp(—=37182 A7) = o(At).
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2.C Proof of Theorem 2.1

Hence, under (B3), plugging (2.C.82)—(2.C.86) into (2.C.77), we have

b2 At?
Jio =

/ftt x,80) f(x,s0) de + 0(At4/7)

uniformly in (7, h) € [ih.

2.C.6.3 Conclusion
Now, combining (2.C.57), (2.C.58), (2.C.61), (2.C.64) and (2.C.87), we have

bQAtQ
Jy = Ja1 —

/ftt x,80) f(x,s0)dz + o (At4/7)

uniformly in (v, h) € I 7 »» where Jy11 is defined at (2.C.62).

2.C.7 Remaining terms
Combining (2.C.18), (2.C.42), (2.C.50), (2.C.56) and (2.C.88), we have

beAtz

J=Jur — (Ja2 + J32) — /ftt z,80) f(x,80) da + 0, (ALYT),

uniformly in (v, h) € If .
From (2.C.59) and (2.C.62), we have
be/2 be/2

J411—szg (Xoj,80) — Zwe]/f z,s¢) f(x,t) dz

From (2.C.45) and (2.C.52), we have

be (i—1)A(be/2)
Jog + Sz = b Z Z (Wei; + Wey) [ f(Xuir te;) + f(Xej, tei)
i— =1

— E{f(Xu, te;)} — E{f(Xyj, tu)}]
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Next, we reorganise terms in (2.C.91).

First note that E{ f(Xy;, te;)} = [ f(,te) f(z,te;) dzv = E{f (X4, t¢;)}. Then, similar to
(2.C.17), we have

by (i=1)A(be/2)

ble Z > (e + ey [E{f (Xei, te) } + E{Lf(Xej, tai) }]

by b[/?

= Z Z wé] E{f Xﬁzatej)}
i=1 j=1,j7#1¢
by £/2 b4/2

= — Z Zw@ E{f Xgl, tgj Zwﬁy E{f Xé]atfj)}

i=1 j=1
by be/2

= — ZZU}@ /f @, te) f(x,te) do + 0(At4/7) (2.C.92)

i=1 j=1
where the last equation follows from the fact that, under (A2) and (B3), we have

1 be/2 be/2 be/2—1

. v —j 7
b_e Zwéj E{f(Xyj,tej)} < Mb_g Z(l—V)blm T = Z (1-7)" < = Oa.s.(At4/7>'
j=1 j=1

°|§

Then, note that f (X, ts;) + f( Xy, te) is symmetric in 4 and j, so that, similar to (2.C.92),

we have

be (i—=1)A(be/2)
(Wes + Wey){ f (Xais teg) + f(Xejo ter) }

U
:_Z Y Wl f Xy teg) + f(Xej te) }
i=1 j=1,j7#1
N o /2
bzzzwe]{f Xoirteg) + f(Xej, tes) }——Zweg (Xej,tej)
=1 j5=1
be be/2

SN i { f(Xeitey) + F(Xojitu) } + 0as (A7), (2.C.93)

i=1 j=1

1
b
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where the last equation follows from the fact that, under (A2) and (B3), we have

1 by /2 5 be/2 y by/2—1 Y
— Wi f(Xpj te)) < M-LS (1 —4)%/27 = ML 1—7) < = =0, (AYT).
7j=1 j=1 1=0
Plugging (2.C.92) and (2.C.93) into (2.C.91), we have
o b be/2
<]22 + J32 = b_g Z Z lZ)gj / f(.%‘, t[i)f(l‘, t[j) dl‘
i=1 j=1
1 bg b[/?
- > i { f(Xei tg) + f(Xej ta) } + 0as (A7), (2.C.94)
i1 =1

Then, combining (2.C.89), (2.C.90) and (2.C.94), we have

b7 At?
J = Sl — SQ + 253 — 54 — 55 — 424 /ftt(f, Sg)f((L’, Sg) dx + OP(At4/7), (2C95)
uniformly in (7, h) € I },, where
be/2
St =Y 1 (X5, 50), (2.C.96)
j=1
be/2
Sy = iy / flx,s0) f(, ;) da, (2.C.97)
j=1
| be/2
Sg = b_g ZZI ]Zl U~)4j / f(ZE, tgi)f(x, tgj) dCL’, (2C98)
1 b[ bg/?
S, = » ; ; We; f(Xeis o), (2.C.99)
1 by be/?
S5 = b—ezzngf(ng,tgi). (2C100)
i=1 j=1
Next, we calculate S, .. ., S5 as follows.
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Calculating S5.  First note from (2.C.70) and (2.C.76) that

1 & B2AE
bjz fla te) = flx, se) + ﬁ2 —fu(@,s0) + o(AtYT), (2.C.101)
=1

uniformly in z. Plugging (2.C.101) into (2.C.100) and recalling the definition of S at (2.C.96),

we have
bz/2 1 bg
Ss = Z ﬁ)fj{b_g Z f(Xej, %‘)}
j=1 =1
be /2

b2At2 47
— Zw@ ng, Sg + ftt(ija 3[) + Op(At )

be/2
Z Wej fre(Xej, se) + Op(At4/7) (2.C.102)

J=1

b,?Aﬁ

=51+

Then, using (B2) and (2.C.59), we have

be/2 be/2

Zw@ftt Xoj,80) — ZweJ/ftt x,s¢) f(x,t) dz

_ '/ftt(x,é‘e) d{Fy,j2(x) = Fy, oz ' ‘/{Fbm — Fyypo(@)} faus(w, 5¢) da

S Sup|Fbg/2('T) - Fbg/?(l‘)| / |f$tt(x78€)| dI - Op(,yl/Q)y

zeR

where we used (2.C.60) to get the last equation, and hence, under (B1) and (B3), we have

be/2

Zwm /ftt z,80) f(x,te;) dx + 0, (ALYT),

be/2

bQAtQ
Z Wej fu(Xej, Se)

bgAtQ

(2.C.103)

uniformly in (7, h) € I,fyh.
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Now, combining (2.C.102) and (2.C.103), we have

AR 2
S5 = Sl + 624 Zﬁ)gj / ftt(l‘, Sz)f(l‘,tgj) dl‘ + OP(At4/7>, (2C104)
j=1

uniformly in (7, h) € If’h.

Calculating S5 — S5.  Using (B1), (B3), (2.C.97) and (2.C.98), we have

be/2 be
5 1
S0-50= 3 [ {05 rtot) = flosn b o) d
j=1 i=1
EINE be/2 be/2
_

S / fula50) (o tay) do -+ oA 3 i / F(@,ty) da

by /2
= Eot ZZW / fulw, s0) f (2, ty;) d + o( A7) (2.C.105)
24 J:1 ] ) 9 J bl

where the second equation follows from (2.C.101) and the last equation from the fact that
be/2 be/2 be/2—1

Z@ej/f(x,tgj)dx = 72(1 — v)be/2—j = Z (1— 7)z‘ <1,
=t J=1 i=0

since 0 < v < 1 and f is a density.

Calculating S5 — 5. Let

bg bl
1 _ 1
Fbe(x) = b_g E ﬂ{X&' < $}a Fbg($) = b_e E F(!E,tez‘)y
i=1

i=1
where F'(-, ;) is defined above (2.C.59). Then, using (2.C.4), we have

be 1/2
_ 1 _
sup |y, (z) — Fy,(2)] = O, <§ :?> = 0,(b, "), (2.C.106)
zeR l

i=1
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Using (A2) and applying the mean value theorem to f,(x,ts), we have f,(x,t;) =
fa(z,80) + for(z,0;)(te; — s¢) with 6; between ty; and sy, so that
be/2

> i folw,teg) = folw,se) = rs(a) — (1= 7)"? falx, s0), (2.C.107)

uniformly in z, where r3(x) = Zb‘f/f Wej fur(x,0;)(s¢ — ty;). Combining (B1), (B2) and
(2.C.5), we have

be/2
/ rs() [ dr < Aty (b2 — o+ 1)(1 = 7)e/2 / ol 0,)| da
j=1
be/2
O(AL)Y Y “(be/2 = j+ 1)(1 —)"/*7 = O(ALT), (2.C.108)
7=1

where the last equation follows from (2.C.74).

Now, using (2.C.98), (2.C.99) and (2.C.107), we have

be/2

S3— Sy = — szj/fx tﬁj d{Fbe Fbé )}

be/2
— /{Fbg Fbe {ngjfx xr tg] }

= O/P{ZTbg( — By (2)} falx, 5¢)
~ [{F(o) = Bu@) Hra(o) + (1= )" ol ) d

Using (B2), (2.C.86), (2.C.106) and (2.C.108), we have
' [4F @) = i) st + (=9 ot 50) d

< sup | By, (@) — Fy, (2 {/|7“3 )ldz + (1 b[/2/|fz x, ) ’dﬁ}
zeR
-0, (At2/7b;1/2) = 0, (A7),
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where, to get the last equality, we used the fact that, from (B3) and (2.1), we have b, < 7 /At <
At=0+)/7 50 that bg_l/2 = At+/14 = o (AtY/7). Hence

be
1
Sy — Sy = o Z/f(a:, so) f(x,ty)de — — Zf Xoiy Se) + op(At4/7)
i=1

/f x, Sy {bi f(a:,tgi)} dz — —Zf Xviy S0) +0p(At4/7)

= /f(x, Sg){f(l’, S¢) + b£2A4t fre(x, s0) + 0(At4/7)} dz

be
1
— b_ Z f(Xgi, 8@) + Op<At4/7)
=1

b2At2

:/fQ(x, s¢) dx + /f x,5¢) fu(, s¢) da

b Z F(Xaiy s¢) + 0p (A7), (2.C.109)
—1

uniformly in (v, h) € I 1> Where we used (2.C.101) to get third equation.

Conclusion. Combining (2.C.95), (2.C.104), (2.C.105) and (2.C.109), we have
J = /f2 x,s)dr — — Zf Xy, 8¢) + 0 (At4/7) (2.C.110)
uniformly in (7, h) € I . Combining (2.C.14) and (2.C.110), we have
SCVy(~y, h) —ISE,(y, h /f2 x,8¢)dr — — Zf Xoiy Se) + op(At4/7) (2.C.111)

uniformly in (7, h) € I,fyh, which proves Theorem 2.1.
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2.D Proof of Proposition 2.2

The proof of Proposition 2.2 is very similar to the proof of Theorem 2.1. First note from (2.22)

that

ISEy(y, h) — MISEy(v, h) = / [fQ(ac, s¢) — E{f*(, se)}] dx

=2 [ [f(o.50) = E{ (w50} fla 1) da

L2y 2 / [f(z. 50) — E{f(, 50)}

- f(l’, Sé) + E{f(l’, SZ>}]f(I7 55) dz

= Io — 2J41 —+ Op(At),

(2.D.1)

where Jy; is defined at (2.C.57) and [ = f [fQ (x,80) — E{f2(:n, S@)}:| dx, and where we used

(2.C.7) to get the last equation.
Plugging (2.C.64) and (2.C.90) into (2.C.61), we have

be/2 be/2

Ju = Z Wei f(Xeiy 50) — Z Wy / F(,80) f (2, ) d + 0, (ALYT),

uniformly in (v, h) € [ ,l;, n» where 0y; is defined under (2.C.6). Next, we show that

[0 = I —|— O(At),

where
_ / [F2(x, 5¢) — E{ F2(z, 50)}] da,

so that

ISE(7, h) — MISE, (v, h) = I — 2.J41 + 0, (AtY7),

uniformly in (v, h) € I} .

(2.D.2)

(2.D.3)

(2.D.4)

(2.D.5)

To show (2.D.3), recalling the definition of 7y, at (2.18) and the definitions of 7,,, and v/ in
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(Al) and using (A3), (B1), (2.C.6) and (2.C.7), we have

/{fycse +f(x55}dx—2/f:c54 dw+/{fms@ flx,s0)} da

be/2
— 2y 3
j=1
Nsy Nsy— b€/2 Ly
+H(1_’YJ Z %H 1_7]
j=2 j=i+1
ns, Nsp— bg/Z ns,
<2+ [ Ga-w+ Z v oI =)
J=ns,—be/2+1 J=ns,—bg/2+1

<2+ (ngyar + 1)(1 — )/

<2+ (%At’w +1) exp(—3712 A7), (2.D.6)

where we used the fact that v; € (0, 1) to get the third line, and where, to get the last inequality,

we used (1.2) and (2.C.8).

Hence, using (B1), (B3), (2.C.7) and (2.D.6), we have
17250 = Plasildo = [[1Fws0) + Fsoll ) = Fos0)| do

< 2exp(—3716%At7/T) / |f(z,50) + f(z,50)|dz = 0,(Al),

and, similarly, [ | E{f?(z,s/)} — E{f2(x,s¢)}| dz = o(At), which proves (2.D.3) and hence
also (2.D.5). Next, we calculate .

2.D.1 Calculating I

First note from (2.C.6) that

be/2

/f2 x, Sy dx—Zwej/Kh — Xy;)d
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be/2 i—1

+2zzwhng/Kh I—ng Kh(l’—ng)d . (2D7)

1=2 j=1

Then, fori,j € {1,...,b,/2}, let

Uz,y) = /Kh(z —2)Kp(z —y)dz, Uj(x) = E{U(x, Xu)},
(2.D.8)

Ui = E{Ui(Xy)}, Vij = U(Xu, Xoj) — Ui(Xyj) — Uj(Xai) + Ui

Note that, with the new definitions in (2.D.8), (2.C.16) still holds.
Now, combining (2.D.4), (2.D.7) and (2.D.8), we have I = I} + 215, where

be/2

th{U Xoi, Xei) — Ui}, (2.D.9)

b£/2 i—1

= ) it {U (X, Xoj) — Uy - (2.D.10)

=2 j=1
Note that ]2 = 121 + 122 + 123, where

be/2 i—1

Dy =) Y gV, (2.D.11)

i=2 j=1
be/2 i—1

Iy =Y ) B {Ui(Xey) = Uy}, (2.D.12)
i=2 j=1
be/2 i—1

Iy =Y Y bt {Us(Xii) — Uy} (2.D.13)

=2 j=1

Next, we calculate 11, I, I35 and Iss.

2.D.1.1 Calculating I;

Note from (2.D.9) that I; is sum of independent centred random variables. To apply Theorem

2.C.2 to I, we need bounds for w7, U (X, Xy;) and Zb[/g v E{U?(Xy;, X0i)}. Recalling the
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definition of wy; below (2.C.6) and using (A3) and (B1), we have

Xz
WU (X, Xoi) < / K2 “) da
Y Xh
<
MhQ/K< - >d93
:MESQNW. (2.D.14)

where C; = M /53,

Then, under (A3) and (B1), we have

be/2 A be/2 Xg )
>k E{U(Xas, X)) = 3 (1 =)'/ { / (228 g }
=1 i=1
4 be/2 )
=M 22 ‘ E{/EK< - )dx}
o bz/2 1 v
= M?* L —~) 271 13/7
=M 12 ; (I—7) <M 2 < Co ALY, (2.D.15)

where Cy = M?/6° and we used the fact that 0 < y < 1.

Now, under (B1), applying Theorem 2.C.2 and using (2.D.14) and (2.D.15), we have, for
any n > 0,

P{ sup  [[1] > 77A754/7} <#(I,) sup  P([L] > nAtT)
(

'Yvh)el—l;’h (’Y»h)elf;,h

< CAt™ AT = o(1
= P T2 ALIT L O AT 3) [ o)

which implies that

I = o, (AtY7), (2.D.16)
uniformly in (7, h) € I,fyh.
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2.D.1.2 Calculating 5,

LetY; = Zz:ll wzift}gj‘/;j fori = 2,...,by/2. Then, from (2.D.11), we have I5; = Zb’/2 Y.

.....

show that (2.C.24) is true.

Firstly, by (2.D.8), Y; is a function of Xy, ..., Xy, and hence measurable with respect to
Fi defined above (2.C.24). Secondly, since, under (A3), we have

Ulz,y) = ;/K(z;x)[((z;y) dz < %/K(u)du: %, (2.D.17)

so that |V;| < 4M /h. Finally, similar to (2.C.26), we have E(Y;|F;_1) = 0.

Now, we can apply Theorem 2.C.1 to I5;. Similar to (2.C.29), we have, for any p > 2,
be/2 p/2
E|In]” < 2CP{Z(E m|p>2/p} . (2.D.18)
i=2

Note that, conditioning on Xy;, Y; is a sum of zero-mean independent random variables. Hence,

similar to (2.C.31), we use (2.C.2) to get

E|Y;]” <C, (2.D.19)

p/2 i1
{Z w@z Zj E V2|XZ1)} + Z wﬁzwﬁj E |V;J |p
j=1

Now, we need bounds for E(V;7| Xy;) and E [Vj;]P.

Bounding E(V3|X ¢si).  Note that (2.C.32) still holds for the new definition of U at (2.D.8).
Then, note that, under (A2) and (A3), we have, uniformly in z,

i) = 35 [ K (55K () vt oy
—1//K () K ()£ (2 — b, 1) du d
//K f(z+ hv — hu, ty) dudv
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<M / / K () K (u) dudv = M. (2.D.20)

Let ,(z) = E{U?(x, Xy;)}. Then, under (A2) and (A3), we have, uniformly in x,

eile) = [ o)y < 3 [ UG dy =500 < 5

where we used (2.D.17) to get the first inequality, the definition of U;(z) in (2.D.8) to get the

second equation, and (2.D.20) to get the second inequality. Hence, we have

2

M
E{U2<X[Z',ij)|Xﬁ} = QOJ(X&) S T (2D21)

Now, using (2.D.20), (2.C.35) still holds. Combining the above results with (2.C.32), taking
there U as in (2.D.8), we have, when At is small enough such that h=t>1,

G

E(VZIX&) < 7 (2.D.22)

where C} = 4M?.

Bounding E |V;;[?.  Applying (2.D.17) to V;; defined in (2.D.8), we have |V;;| < Cyh ™! with

Cy = 4M . Hence, we have
&

(2.D.23)

Conclusion. Recall the definition of w;; below (2.C.6). Now, using (B1) and plugging
(2.D.22) and (2.D.23) into (2.D.19), we have, fori = 2,...,b,/2 and p > 2.5,

i—1 p/2 i—1
E|Y;]P < Op{cf/ 2prl? ( > w§w3j> + Oy i, }
j=1 j=1

% i—1

1 p/2
<C, (1- wa/?-f} OB

J=1

Cfﬂh"’”{v‘L (1- 7)1’”2‘1

=1

< Cp(Cf/Qh—p/273p/2 + CPh Py 1) < Cp{Cf/zé‘sztp 4 O AL OO/

107



CHAPTER 2

< C,(CPP6% 4 CP5 3P AP, (2.D.24)

where we used the fact that 0 < v < 1.

Plugging (2.D.24) into (2.D.18), we have
E |l [P < 2C2(by/2)P/2(CF57% 4 CRSP) At < CRC2W) P AP, (2.D.25)

where C3 = 21/2(011/25_2 + Cy073) is a constant. By (2.C.3), we have E|[y[P <
{(C2Csp?/ log® p)by *At}?. Now, by Chebyshev’s inequality, we have, for all n > 0,

E|L|? cic
D(|In| > a7y < El21 <( 0=

p
211/2 A 43/7
(AT = nlog2p> (p°b," " At

Under (B3), taking p = be_l/ dAE3/14 /+/€, and then, recalling that be_l = At/ for some
0 < o < 2/3 using (B3) and (2.27), we have p — 0o as At — 0 and

P(| 11| > nAEYT) = ofexp(—b, "/ At3/1 [ /e) ). (2.D.26)

Finally, using (B1), (B3) and (2.D.26), we have

P{ sup  |[9q] > nAt4/7} < #(ffyh) sup  P(|Iy] > nAt*7)
(

'y,h)EI,l;’h (’y,h)EI,l;,h

= of At exp(—b, ALY fe)} = o(1),

which implies that
121 = Op(At4/7), (2D27)
uniformly in (7, h) € I,fyh.
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2.D.1.3 Calculating /55 and I53

The calculations of I5; and I3 are similar and we first calculate I35 as follows. Let W;(z) =
Ui(x) — f(x,ty) fori = 2,...,by/2, where U;(x) is defined in (2.D.8). Then we have Iy, =

]221 + 1222, where
be/2 i—1
Ipy =) Y dgitig; [Wi(Xy5) — E{W;(Xy)}], (2.D.28)
i=2 j=1
be/2 i—1

Ipy =Y > dgstig; [f (Xoj tus) — E{f(Xoj, t) }]. (2.D.29)

i=2 j=1

Next we show that Iz, = 0,(At*7) uniformly in (v, h) € I* +.h» which implies that
Ipg = Ingy + 0, (ALY, (2.D.30)

uniformly in (7, h) € If’h.

Calculating I55;.  First note from (2.D.28) that

by/2—1 by /2
Iy = Z ’LUeJ Z wh X@g E{Wz<X€J)H
i=j+1

Let Zj = 'ngj Zfi/erl ?I)gl' [‘/I/Z(ng) — E{I/V,L(Xg])}} for ] = 1, . ,bg/2 — 1, so that 1221 =

be/2-1 1y . . : :
> f:/ 1 Zjisasum of independent random variables since each Z; only depends on one random

variable Xy;. To apply Theorem 2.C.2 to I291, we first derive bounds for | Z;| and 232/1271 E(Z3).
Using (A2), (A3) and (2.D.8), we have

Uil h?//
i)
i

x)K y)f(y,t&-) dydz

=
(h)/MWW—MMMmZ
K<2_ /K(u>{f(zat£i)

5??‘

8

h
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1
— hufy(z,tu) + §h2u2fm(z — 0;hu, tgi)} dudz

4 [R5t i

_ / K (u) f(x + hu, o) du + ry;()

/K { x,te) + hufe(x, tey) + 2h 0P fop (2 + &b, t&)} du + ry;(x)

= f(@,te) + r1i(x) + ros (), (2.D.31)

where 0, &; € [0, 1], we used first-order Taylor expansions of f(z — hu, ty;) and f(x + hu, ty;)

around z and z, and where

() = %h/uQK(u)/K(Z
1

(o) = 39 [ WK ol + it d

x)fm(z — O;hu, ty;) dudz,

Note that, under (A2) and (A3), we have

[r15()] < %h/uQK(u) du/K(Z ; x) dz = %u;{,gh{ (2.D.32)

where ik o is defined above Proposition 2.1, and we also have

M
ros()] < 7#K,2h2- (2.D.33)
Now, plugging (2.D.31), (2.D.32) and (2.D.33) into the definition of W;(x) above (2.D.28),
we have, under (B1),

M,UK,Q
(Wi(2)] < Mpgh® < Tﬁtzﬁ,

and hence, recalling the definition of wy; below (2.C.6), we have

MMKQ 2/7~ L
|Z | < 2 5 At Wej Z U)gZ

i=j+1
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be/2

Mp —j —i
i=j+1
M be/2—j—1
o MHK2 A 2/7 201 \b/2—j PRY
= 2 S AP (1 — )2 ; (1—7) (2.D.34)
M
< 2%&2% < O\ At (2.D.35)

where C] = 2M,LLK72/63, since 0 < v < 1, and where we used (B1).
To bound Z?[:/f_l E(ZJZ), using (2.D.34) and (B1), we have

be/2—1

M2M2 be/2-1 ' be/2—j—1 ' 2
> E(Z) S 4t ATyt Y (1—7)2(””2”{ S <1—w}
J=1 j=1 i=0

be/2—1 be/2—j—1

M3 j ;
< a2l s S (1Y (1)

j=1 i=0
M22 be/2-1 A ‘
= 4—5/:“ AT N T (1 =)L = (1= )27}
j=1
be/2—1

M? 12 .
SFLLL YRS ST

J=1

M 2#?{,2
54

<4 Aty < CL AT, (2.D.36)

where C5 = 4]\/[2;13(72/55.
Applying Theorem 2.C.2 and using (2.D.35) and (2.D.36), we have, for any n > 0,

QAt8/7
P(‘[ley > nAt4/7) S CXP{—2 ] }

(CoATT + nCL AT /3)

Then, under (B1), we have

P{ sup  |Ioo1] > T]At4/7} < #(Iih) sup  P(|loa1| > 77At4/7)

(v.h)el’ , (vh)EL]

CA AL 1
< - — =
> t exp{ 2(CLALT + nCyAt1/7/3) } o(1),
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which implies that

]221 = Op(At4/7>, (2D37)

uniformly in (v, h) € I{ ,. Hence (2.D.30) is proved.

Calculating /53. Note from (2.D.12) and (2.D.13) that I3 is the same as 55 except that
U;(Xy;) is replaced by U;(Xy;). Therefore, similar to (2.D.30), we have
be/2 i—1
Dy =Y > doustbe [ f(Xuis te) — B{LF (Xaiy 1) }] + 0,(AEY7), (2.D.38)

i=2 j=1

uniformly in (v, h) € If;’h.

2.D.1.4 Conclusion

Plugging (2.D.27), (2.D.30) and (2.D.38) into the formula for 15 above (2.D.11), we have

be/2 i—1
Iy = Z Z Wy We; [f(Xéja te) — E{f (X4, th’)}]
i=2 j=1
’ be/2 i—1
+ ) O bty [ (X teg) — B{S(Xi, tj)}] + 0p(ALYT). (2.D.39)
i=2 j=1

Then, plugging (2.D.16) and (2.D.39) into the formula for I above (2.D.9), we have

be/2-1 bo/2  be/2 i1
I = 2( Z Z + Z Z) Weite; [ f (Xoirte) — B{f (Xeais te) }] + 0p(ALYT)

i=1 j=i+l =2 j=1

= 2I' — 213 + o, (A7), (2.D.40)
where
be/2 by/2
i=1 j=1
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be/2
Z sz F( X, te) — E{f(Xu, tz@')}]- (2.D.42)

Finally, we show that

I3 = o, (AtY7), (2.D.43)

uniformly in (7, h) € If’h, which implies that, using (2.D.40), we have
I =2I" + 0,(AtY7), (2.D.44)

uniformly in (7, h) € If’h.

Note that /3 is a sum of independent random variables. Recalling the definition of wy;
below (2.C.6) and using (A2) and (B1), we have w7, f (X, to) < M~* < C1AHY7 where
Cy = M /&2, and, since 0 < v < 1, we have

be/2 by /2 be/2
2 OB (X )} < M2 (1 =)0 S MRS (1 =)
=1 i=1
be/2—1
=M Y (1—7) < M < GA™T,
7=0

Using the above results, by Theorem 2.C.2, we have, for any 7 > 0,

R e 772At8/7
P(|1 V) < B
(I75] > nAthT) < CXP{ 2(CyAt1S/T ﬁclAtQ/S)}

and hence, under (B1), we have

P{ sup  |[3] > 77At4/7} < #(L?h) sup  P(|[3] > nAt4/7)
(

Vvh)el—l;’h (’Yvh)el»l;yh

. 172At8/7
< - - B
= CAL Texp { 2(02At15/7+n01N2/3)} "

which proves (2.D.43) and hence also (2.D.44).
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2.D.2 Remaining terms

Combining (2.D.1), (2.D.2), (2.D.3), (2.D.41) and (2.D.44), we have

1
§{ISEZ(7, h) — MISEy(y,h)} = I' — Ju + 0 (A7)

=S) — Sy — S5+ Sy + 0, (A7),

uniformly in (7, h) € [ﬁ,h’

where, using (2.C.90),

be/2 be/2
S = Z Z Wi We; f (Xei, teg),
i—1 j—1
be/2 be/2
Sy = Z Z’JJ&"@@ / f(x,tu) f(z, ty) dz,
i—1 j—1
be/2

Sy =Y b f(Xa, 1),
i=1

be/2

Sy = ZUN)&' / [, s0) f(, te;) da.

Next, we derive some technical results which will be used to calculate Sy, . . ., S;.

2.D.2.1 Technical results

(2.D.45)

(2.D.46)

(2.D.47)

(2.D.48)

(2.D.49)

Recalling the definition of w;; below (2.C.6) and using (B1), (B3) and (2.C.5), we have

be/2 be/2

Zﬁlejf(fl?, tej) = 72(1 - ”Y)b‘/Q_j{f(l"a s¢) — [, 80) (50 — tej)

+ %ftt(x7 32)(54 - téj)z - é(sf - tﬂj)3fttt<x> 9]')}

be/2—1

= flz,s0)y > (1—7)

1=0
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be/2
sy 30 = 2= D+ O(a0)
be/2
+ ftt T, Se ”YZ bZ/Zij{(b£/2 — j)At + O(At)}2
7j=1
be/2
- —vz DI (b2 = )AL+ O(A Y fn(,6,)
be/2—1
— Flws) = Atfile, sy > i(1— )
i=0
1 be/2—1
+At2§ftt($73£)’7 Z (1 =)’
i=0
be/2—1
—At?’—fy Z V) fuui (2, O, j2i) + 11(), (2.D.50)

where 6; is between ;; and sy and we used a second order Taylor expansion of f(x,t;) around

time sy, and where

be/2—1
ri(z) = —f(x,50) (1= )"+ 0(At)y > (1—7)" = O(At), (2.D.51)
i=0
using (2.C.86) and the fact that 0 < v < 1.
Then, note that, using summation by parts,
be/2—1 be/2—2 by /2—1 be/2—2
Y il =) =y ) Y (=) = Y (=) = (be/2 = 1) (1)
i=0 J=0 i=j+1 =0
1 1
= ;{1 — = (1 =) 1) 4 o(At) = o O(1), (2.D.52)
where we used (2.C.86).
Moreover, using (2.C.86), we have
be/2—1 be/2—2 be/2—1
v ) P=) = Z (2 +1) ) (=)
=0 i=j+1
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be/2—3 by/2—2

£2 30 30 (1) = 1= 1P

=0 j=i+1

== Z{ R (e ROy

= Sl = (=" 4067 -

72

Finally, using (A2), (B1), (B3) and (2.D.53), we have

be/2—1

be/2—1
AL MAt3
< ¥ E i3 (1—+

_’V i ’Y)ifttt(%ebgﬂ i)

bg/2 1

M bgAt3’y Z

= o(A?/7%) = o( A7),

uniformly in .

Now, plugging (2.D.51), (2.D.52), (2.D.53) and (2.D.54) into (2.D.50), we have

be/2 )

Z@ngf(a:, te;) = f(x,80) — %ft(ﬂf, s¢) + %ftt(x, s¢) + o AT,

uniformly in 2.
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2.D Proof of Proposition 2.2

2.D.2.2 Conclusion

First, note from (2.D.46) and (2.D.48) that

be/2 be/2
— 53 = Z@ez{z Wej f(Xaiy tej) — [( X, sz)}
i=1 j=1

be/2
_ | At At?
= — E w[z{ y ft(XZz; Sg) — 'y_ftt<X£“S£)} + OP(A#L/?)’ (2D56)
=1

where we used (2.D.55).
Then, note from (2.D.47) and (2.D.49) that

be/2 be/2
—Sy + 8, = Zd)&-/{ T, Sp) ng] x, 1) } (x,ty) dz

i=1

/2
= Wy; /{ Avtft(x S¢) — AW_ftt(x Sg)}f(l’, te) dx + 0(At4/7), (2.D.57)

where we used (2.D.55).
Now, recalling the definitions of F}, /5(x) and sz /2() in (2.C.59) and using (2.D.56) and
(2.D.57), we have

|S1 — S2—S5 + S4|
2
‘/{Atﬁ T, Sp) — %ftt(x Sy }dx {Fbé/g(x) — Fb£/2(:v)}‘

_ ' / [Fyy () — sz/g(:c)}{% Furl, 50) — Aj Fous(, 3@)}dx

At At?
< sup Fia(e) — i) { 2 [ 1atesil o+ 25 [ el ao

zeR

= O,(At/y?) = 0, (AtYT), (2.D.58)

uniformly in (vy,h) € I* ~.n» where we used (2.C.60), (B1) and (B2) in the last line. Plugging
(2.D.58) into (2.D.45), Proposition 2.2 is proved.
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Chapter 3

Nonparametric regression for streaming data

In this chapter we propose a streaming regression algorithm (SRA) to estimate the time-varying

regression model (1.3):

Y;:m(Xl,tl)—i-Ez, i:1,2,...,

where m(z,t;) = E(Y;|X; = z) is a time-varying regression function and {¢; },—1 ... is an error
sequence.

The SRA is inspired by ensemble learning, an approach for nonstationarity adaptation com-
monly used by machine learning researchers in modelling streaming data (see §1.3.1.2). Specif-
ically, the SRA computes a mild-sized ensemble of semi-recursive NW estimators, defined at
(1.9), and adaptively selects the estimator that best fits the current data points. The ensemble is
updated once in a while with promising new estimators added in and outdated ones discarded.
Both the ensemble updating and the model selection are based on a computationally efficient

recursive cross-validation (RCV) procedure.

Instead of considering i.n.i.d. streaming data as in Chapter 2, in this chapter we relax the in-

goor

gooe

goon

gees
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3.1 Prototype algorithm

i.i.d. assumption about the errors to simplify theoretical derivations. It will be relaxed in future
work, so that {€;};—1 2. may be d.n.i.d. as well. In that case, the regression methodology de-
scribed in this chapter can still be applied without substantial modification. See §5.2.3 for an
explanation.

To better illustrate the basic idea of the SRA, we first discuss a prototype algorithm, which is
a naive application of ensemble learning to the streaming regression problem. The prototype al-
gorithm is easier to interpret but difficult to implement due to its high computational cost. Then
we present the SRA as a computationally efficient approximation to the prototype algorithm.
Theoretical results in §3.3 will show that these two algorithms have some very similar asymptotic

properties.

3.1 Prototype algorithm

In this section, we introduce a prototype algorithm for estimating the time-varying regression
model (1.3) and then discuss how to make it more computationally efficient. Recalling the defini-
tion of the ;s at (1.1), the goal here is to estimate the regression function m(-, t) att = t1,ts, ...,
whenever a new data point is observed. This requires us to update the estimator at each time step.
For that purpose, the prototype algorithm will compute the semi-recursive NW estimator, de-
fined at (1.9), with smoothing parameters (7, i) on a grid. A cross-validation criterion is used to
select, for each t;, the most appropriate (7, k), and thence the most appropriate estimator. This
algorithm can be viewed as a straightforward application of the ensemble learning idea with the

semi-recursive NW estimator as the base learner.

3.1.1 Definition of base learner

Consider estimating the time-varying regression function m(z, t) at (1.3) by

m(l‘,th/, h) = m($7t|’~)’taﬁt>7 (31)
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where 1 is defined at (1.9) and
Y = {Fitict,m and by = {hi}i1, o, with (3, By) = (7, h), (3.2)

for some (7, h) € (0,1) x R, Thatis, 7 is a semi-recursive NW estimator using fixed stepsize
~ and bandwidth h.

By (1.8)—(1.10), m(x, t|y, h) = 7(x, t|y, h)/f(x, t|y, h) can be semi-recursively computed
by

;

Kp(x — X1)Y1, ifn, =1,
’F(l‘,th/, h) -

(1 =7 (x, tn,—1]7, h) + YK (z — X)) Ya,, ifng>2,

> (3.3)
. Kp(x — Xy), ifn, =1,
f(ZL',th/, h) = -

(L =)f @ taaly h) + v Ko = X,), iy 2 2.

The way we recursively compute 7 and f in (3.3) can be viewed as exponential smoothing (see
§1.3.1.2) applied to kernel functions. For a fixed v € (0, 1), the weights for past observations
decrease exponentially fast, so that effectively we are using only a number of recent observations
to estimate m(z, t). The stepsize 7y plays a key role here since it controls how fast we forget’ the

past.

3.1.2 Definition of prototype algorithm

Considering that the time domain R of data stream {(X;,Y;)}i—1 2. is never-ending, using

m(-,t|y, h) defined at (3.1) with fixed (7, h) for all ¢ € R is likely to be unsatisfactory, since
the appropriate y and h values may be time-varying. For example, suppose the true regression
function m(x,t) = sin(x — ast), where (x,t) € R x Ry and a; > 0, is a sine curve with
(non-time-independent) period 27 but time-varying locations. Here the time-variability of the

regression function m is controlled by the parameter a;. Suppose for two different time points

s1,82 > 0 we have a5, > as,, i.e. m varies faster around time $; than around time so. Then
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3.1 Prototype algorithm

it is more appropriate to take two different stepsizes y; > 72 and use (-, 51|71, h) to esti-
mate m(-, s1) and (-, S2|72, h) to estimate m(-, s3). We use the same h at times s; and sy
since m(+, $1) and m(-, s3) have the same curvature, but we use larger stepsize 7, at time s; so
that, recalling (3.3), the resulting estimator m.(-, s1|71, h) weighs down past observations more

quickly.

The above considerations motivate us to compute an ensemble of 17’s using (7, k) on a grid
L, p. At each tj, we compute an ensemble by updating the estimators of m(-, tx_1) computed
at the previous time ¢;_1, and then dynamically select the best estimator from the ensemble by

minimising a cross-validation criterion. This is the key idea of our prototype algorithm. Next we

iteratively define the algorithm.

At t = t1, we observe the first data point (X1, Y7). We initialise the ensemble & = & =
{m( ta|y, h); 7 taly, h), FC talv, h) = (v, h) € I,4}, where each 7 = 7/ f with 7 and
f computed by (3.3). Here the regression estimator 772 is the main quantity of interest in the
ensemble, but we also store 7 and f in the ensemble. In the prototype algorithm, the idea of
an ensemble & does not play a very important role, as the grid I, ;, will be non-time-varying.

However, we will see in §3.2.1 that in our main algorithm we will use a time-varying ensemble.

At every consecutive time point t, for k = 2,3, ..., we observe (X}, Y;). We use this new
observation to update the ensemble & to the new ensemble & by updating 7 (-, tx_1|7, h),
FCtizily, h) and (-, te_y |y, h) to (- |y, h), f(- tkly, k) and (-, ]y, k) using (3.3).
We see from (3.3) that this only involves computing K, (- — X}) and K}, (- — Xj)Y% and adding
them to the old estimators 7(-, tx_1|7, h) and f(-,tx_1 |7, h) using (3.3).

At time },, we select the best estimator of m/(-, t) from the ensemble &° by minimising with

respect to (7, h) € I, , the following cross-validation criterion:

k—1
Cng (7, h) = Z {m(Xig1, tily, h) — Yi+1}27 (3.4)
i=k—be,
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where b, € {1,...,k — 1}. Thatis, let

(’y,fvo, h,fvo) = argmin CV?k (v, h).
('Y:h)el’y,h
and we use (-, t 7", h{"’) to estimate m(-, t;,). This implies that each time t;, gives rise to
a potentially different choice (y£"°, h$"") of the (7, h) value, and hence we are not using the

same (7, h) value throughout.

Next we explain the motivation for the C\/?k criterion at (3.4). Since we want to select
(7, h) to use at time tx, so that m(-, x|y, h) is a good estimator of m(-,t;), ideally at time
tr, we would use a sample of i.i.d. data from the distribution at time ) to compute the cross-
validation. However, the only data point from that distribution we have is (Xj, Y%), so we
have to use data from the recent past {(X, Y;)}i:k,btkﬂw,k. This is reasonable since, when
the data distribution is smoothly time-varying and b, is appropriately small, these data should
be approximately distributed as (X, Y%). In addition, note from (1.3) that, since the €;’s are
independent and they are independent of the X;’s, the Y;’s are conditionally independent from

each other given the X;’s. This implies that, if b;, is appropriately chosen, we can view the data

-----

The summand {m(X; 1,7, h) — Yi;1}? in the cross-validation criterion (3.4) may be
termed as the one-step-ahead error. Similar cross-validation criteria are sometimes used in the
time series literature to evaluate the performance of prediction methods for time series. See, for
example, Gijbels et al. (1999), where the authors considered a univariate time series {X; }i—1__»
observed at times t1, . .., t, and coming from the model X; = ¢(t;) + ¢;, where g is a smooth

function representing the trend of {X;},—1__, and {€;}i=1,_» is an mean-zero error sequence.

To evaluate the performance of the one-step-ahead predictor §, where §(¢;) computed from
X1, ..., X, is the predictor of X1, Gijbels etal. (1999) considered the criterion E?:_ll {m(t;)—
Xipa ).
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3.1 Prototype algorithm

3.1.3 Issues with prototype algorithm

We claimed above §3.1 that the prototype algorithm is not directly applicable to streaming data
due to its high computational cost. To see this, note that the candidate set I  in (3.4) should
contain a large number of candidate (7, ~)’s on (0,1) x R, since appropriate vy and h values
may be very different for different times. This means that, to compute the ensemble & for
k =2,3,..., we have to update the s from time t;_; to t;, for all (y,h) € L, j,, where 1, ,
is a very large set. Recall from (3.3) that this would involve computing a large number of K},’s
and storing all the associated 7’s and f ’s. In addition, we have to compute a large number (one
for each (v, h) € L) of CVY ’s, in order to select the appropriate (7, h).

To solve this problem, ideally we would dynamically adjust the grid I so that it never
needs to be very large, which means that at each time ¢; we would only need to compute a
much smaller number of estimates and cross-validation scores. However, this would make the
situation even worse. This is because, to compute a new estimator m.(+, tx|Yo, ho) for (Yo, ho) for
which 7+, tx_1|0, ho) is not in the previous ensemble &, we need to use all data observed
up to time t;, and compute the #s and fs for the new values (7o, ho). However, storing all past
data is generally impossible in our streaming data setting and is exactly what we try to avoid by
introducing the semi-recursive estimator at (3.3). We will solve this problem in §3.2.1, where a
new estimator 71 is introduced to approximate m. There, to compute 17(+, tx|v0, ho) for some
(70, ho) for which (-, tx_1]70, ho) is not in &}, |, we do not need to use all data up to t.
As we will see, this approximation is based on the fact that, through the parameter 7, past data
receive exponentially decreasing weights and m.(+, t|yo, ho) is computed using essentially a small
number of recent data points.

Besides the computational issue, an additional challenge for the prototype algorithm is the
selection of b, at (3.4), i.e. the number of observations used to compute the cross-validation
score CVY . There is a trade-off involved in selecting b;,. On the one hand, by, should not be
too small as this would make the cross-validation numerically unstable. On the other hand, if
by, is too large, then the data used to compute the cross-validation scores may have very different

distributions than at time ¢j. In this case, by minimising Cng, we would select a value (7, hy)
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for which the estimator of m(-, £;) may not be a very good one. Ideally, b;, should be adaptive to
the time-variability of m(-, t), i.e. the slower m(-, ;) changes in t;, the more data we should use
to compute CV?k, and vice versa. This trade-off between numerical stability and time sensitivity
is sometimes referred to as the ‘stability—plasticity dilemma’ in the machine learning community
and is identified as one of the major difficulties in streaming data analysis (Ditzler et al., 2015).

Despite these computational issues and those of selecting by, discussed above, the prototype
algorithm enjoys good interpretability. In §3.2, we will describe the SRA, which mimics the
prototype algorithm, and hence shares its interpretability, but is free from the aforementioned

problems.

3.2 Streaming regression algorithm

Inspired by the concept-adapting very fast decision tree algorithm of Hulten et al. (2001) (see
§1.3.1.2), we modify the prototype algorithm in §3.1 into a more useful algorithm, the SRA.
Recall that the classification algorithm of Hulten et al. (2001) constructs alternative sub-trees that
may be used to update the tree classifier. For this purpose, whether a sub-tree is used is determined
by a data-driven criterion. Here we further exploit this idea to solve the computational issue of
the prototype algorithm.

The SRA computes a small (compared to the prototype algorithm in §3.1) ensemble of regres-
sion estimators while periodically checking if it is necessary to construct an alternative ensemble
according to a recursive cross-validation (RCV) criterion (so-called because it can be recursively
computed). When constructed, the alternative ensemble is not immediately used to replace the
original ensemble, but will continue to be updated with some observations. Then, if some estima-
tor from the alternative ensemble admits lower RCV score, we substitute the current ensemble
with the alternative one. We refer to this substitution as an ensemble substitution. However,
if using estimators in the alternative ensemble does not reduce the RCV score, we delete the
alternative ensemble and check again later if an alternative ensemble is needed.

As discussed in §3.1.3, due to exponential decay (through ) of the influence of past data, we
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can approximate (-, t|y, h) by some estimator 12(+, |y, h) (this argument will be made rigorous
in Proposition 3.1 in §3.3). Therefore, the modified algorithm can be seen as an imitation of the

prototype algorithm without the problems discussed in §3.1.3.

3.2.1 Definition of SRA

In this section we iteratively define the SRA, which sequentially processes the data
{(Xi,Yi)}iz12... as they arrive at times {t;};—1 2, defined at (1.1). The goal here is to esti-
mate the regression function m(-,t) att = tn, 11, tng+2, - - - » where Ny, a positive integer, is the
number of data points we use to initialise our algorithm. During the initialisation stage, we will
compute estimates and cross-validation scores for a range of (7, h) values, but we do not choose
the best (7, h) among them. Indeed, Ny is the minimum number of points needed to really start

our algorithm (before that, we have too few observations to be able to select a meaningful value

of (7, h)).

3.2.1.1 Initialisation

We first choose an integer v by hand, which determines how often we will check if it is necessary
to construct an alternative ensemble. Ideally, it should be the largest number such that we do not
expect the data stream to change significantly during a time period of ¥At with At defined at
(1.1). Hence the appropriate value of v depends on the specific data set at hand. For example, for
some meteorological data sets, it is often reasonable to view observations arriving in a 20-minute
time interval as nearly stationary (Hall and Patil, 1994). We also choose the first candidate set

I, = I x I} as an equidistant grid on some rectangular range
El]- = [70/L7 LP)/O] X [h’O/La Lh0]7 (35)

where L > 1 is some constant and 7y and hg are some initial v and & values, all chosen by hand.
Since the candidate set will be dynamically adjusted in the future, different from the prototype

algorithm in §3.1, it needs only contain a relatively small number of (7, h) values.
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Next we use the first Ny = 21 observations to create our initial ensemble and the initial
cross-validation scores. We do not check for alternative ensembles nor attempt to minimise the

cross-validation score yet, as too few data have been observed at this initialisation stage.

For the first v data, ie. for £ = 1,...,v, we compute the ensemble &, =
{m(-, tely, h): 7 (-, tely, ), fC tely, h) (v, h) € I} iteratively as follows. Let &, =
{m('7t1|77 h)af(7t1|’77h>af(atl|’7a h) ( h) € I h} where

& h
(e, 1], b) = % 5.6

with

Pz, iy, h) = Kp(x — X1)Y1 and  f(z, 11|y, h) = Ku(z — X1) .

Then, for k = 2,...,v, let &, = {m(-, tely, h); (-, telv, h), f( tely, B) (v, h) € 11,3,

where 1(, t|v, h) = 7(x, te|y, )/ f(z, ti]7y, h) with

’f’(l’, tkh/v h) - (1 - ’Y)f(xa tk—lh/? h) + ’}/Kh(ZE - Xk‘)yk )

f@ tly,h) = (L= 9) f(z, tea |y, h) + v Kz — X5) . (3.7)

Next, for k = v +1,..., Ny, we continue computing &;, by updating &;, , asat (3.7). We

also start computing the RCV scores iteratively as follows. At time ¢,,41, let
2
RCth/+1 "7, {m v+1, ch/a h) - Yl/-‘rl} . (38)
Fork=v+2,..., Ny, let

RCV,, (7, h) = RCVy,_, (7, h) + {m(Xp, ty|y, h) — Vi ). (3.9)

Note that we start computing RCV only after Ny data have been observed, because
(-, tg|y, h) for k < Ny is not expected to be a good estimator of m(-, tx), as it is constructed

from too few data. Therefore, we do not use such poor estimators to compute RCV, which might
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otherwise perform too poorly.

3.2.1.2 Routine updates and checks

After the initialisation, for & = Ny + 1, Ny + 2,..., we continue computing iteratively
m(-, tg|v,h) in &, and the RCV scores RCV;, and, for each k, dynamically select the best
estimator by minimising the RCV criterion with respect to 7y and h. In addition, we will check
regularly (every v observations) whether the current candidate set for (7, ), say I 5 p 1s still ap-
propriate. Hence the updates and checks will be the routine of our algorithm. If there is evidence
showing that [ h might no longer be appropriate, we start computing an alternative ensemble,
corresponding to an alternative set, and the associated RCV scores. If there is evidence confirm-
ing that the new ensemble and candidate set are better than the current ones, we replace the latter

by the former. If that happens, we call it an ensemble substitution and use [ fﬁbl

to denote the new
candidate set. Before the first ensemble substitution, the routine updates are essentially an appli-

cation of the prototype algorithm in §3.1, except that here the candidate set 1 f; , s significantly

smaller.
Recall that, after the initialisation step, we have computed &}, and RCV,, fork =1,..., Ny.
Fork = Ny+1,..., No+v, we initialise the routine updates and, at time ¢, 1, we will check for

the first time if it is necessary to construct an alternative ensemble. These procedures are defined

as follows. The subsequent updates and checks will be discussed towards the end of §3.2.1.3.

Routine updates. Foreach k = Ny +1,..., Ny + v, we do the following updates.

(R1) Forall (v,h) € I}, update RCV,, _, (7, h) to RCV,, (7, h) by (3.9).

(R2) Compute the ensemble &, = {m(-, tx|y, h); (- tr7, h), f(- tely, B) = (7, h) € L
where (-, telv, h) = F( tily, h) [ f (-, tilvy, h) with #(-, tly, h) and f(- |, h) up-

dated from time ¢;_1 using (3.7).

(R3) Compute

(7", hiy") = argmin RCVy, (7, h) (3.10)
(y,h)eth
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and then select (-, t; 7", hi") as the estimator of m(-, tx,).

From (R1)—(R3), we can see that, for (v, h) € I ,, we have (-, ti|y, h) = (-, ti|7, h),
where 771 is defined at (3.1), and RCVy, (7, h) is equal to CV}, (7, h) taking there by, = k — v,
where CVY (7, h) is defined at (3.4). Indeed, as we mentioned above, before the first ensemble
substitution the routine updates are the same as the prototype algorithm. After that, these equiv-

alences are no longer valid, but they will still hold in an asymptotic sense (see Proposition 3.1).

Routine checks. At time ¢y, we check if

(YNgs Rg40) € L, 3.11)

where

(9[;,1 = {(7, h) € Ivlyh Dy = min(Ivl), ory = max([i), or

h = min(I}), or h = max([}ll)} (3.12)

denotes the boundary of I .

If (3.11) holds, then this indicates that I , may no longer include the right range of (, h)
values. Therefore we start constructing an alternative grid /, ;lth corresponding to a different range.
However, since the data evolve smoothly in time, we do not expect the appropriate range for
(7, h) to change drastically. Hence it is often enough to only slightly shift the range CJ; of I,
defined at (3.5), and take the shifted range as the range of I ihh

Instead of criterion (3.11), another option is that we start to construct an alternative en-
semble once (Y5, P, is close to the boundary 1. ,, rather than waiting until it hits the
boundary. This is because, when (3.11) holds, I} , may have already become inappropriate. We
shall investigate the latter approach in future work.

However, criterion (3.11) is often not a strong enough evidence showing that 1 ; ,, has become
inappropriate, since it is only determined by (V§",,, AR} ,), which is chosen at a single time

point t . Hence we should not discard I ;, yet immediately after (3.11) is satisfied. Instead, if
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3.2 Streaming regression algorithm

(3.11) holds, all we do is to start constructing an alternative candidate set / shh and start computing

a corresponding alternative ensemble &% using data arriving after ¢y, ., but we do not do

INg v

anything with it just yet. Analogous to the classification tree algorithm of Hulten et al. (2001)

(see page 124), we only replace I ;, by I, later, when there is stronger evidence showing that
the latter is better. See §3.2.1.3 for details.

If (3.11) does not hold, then, for k = Ng+v+1, Ng+ v +2,.. ., we continue the routine

updates (R1)—(R3) and check after every v data points if (3.11) holds for those data, i.e. for

= 2,3, it (VY PR i) € 3[717h holds, until it does hold, say at time ¢y, , for some
A € {2.3. ...}, Then we start constructing an alternative candidate set /% and an alternative
y s g ¥,h

ensemble, as described above.

The motivation for checking if we should create an alternative ensemble for very v data,
instead of for every data point, is that we want to reduce the number of false alarms, since I ; B
may still be appropriate even when criterion (3.11) is satisfied. A similar idea is used in some
ensemble learning works on streaming data classification. For example, in Kolter and Maloof
(2007), the authors used an ensemble of base learners, each computed from a different block
of past data. To classify a new data point, they used a weighted vote of base learners. They
checked once in a while if some of the base learners have become inappropriate. Inappropriate
base learners were discarded whilst those trained from more recent data points were added into

the ensemble.

3.2.1.3 Alternative ensemble and ensemble substitution

If, at time ¢y, 42, for some A = 1,2, ..., criterion (3.11) is satisfied with Ny + v there replaced

v, en we construct an alternative se and an alternative ensemble as
by No + v, th truct Iternat t ];‘th d Iternat ble &3

tNO +Av

follows.

Initialising alternative candidate set and ensemble. At time ¢, + ., we initialise the alternative

set [ ilth =1 ;h x I by shifting the range of 7 and h around 7§, ,, and hSY, . respectively.
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Specifically we take the range

O = [’YJ%XJF,\V/L L’YNO+AV] X [ +/\V/L L N0+)\u]7 (3.13)

where L > 1 is some constant defined under (3.5). Then [ At and I alt are taken as equidistant

grids on [71%5+AV/L7 Lrylc\%/—&-)\l/] and [ ]C\Vf‘(;—i—/\V/L? Lh]%z+Au]'

Remark 3.1. An alternative way of constructing CJ% is, instead of consulting (v<Y hSY
y g & \VNo+2v0 PNg+2v

chosen by the RCV at just one time point, to use more than one (7", h°") values to determine

3. Indeed, this alternative approach is reasonable and worth experimenting in future work.
However, we observed in the simulation studies in §4.1.2 that the way we construct [ at

(3.13) already worked reasonably well. This might be due to the fact that, since the (77", h{")’s

with similar ¢ values are chosen by (3.10) using nearly the same data points, these (7, h“")

are strongly correlated, so that even if we use just one particular (YgY, ., AR5y, ), it already

contains information from the (v°", h“Y) values obtained at some nearby time points.

Next we initialise an alternative ensemble. Since we want to mimic the prototype algorithm

at §3.1 for the new grid ;Ith, ideally we would compute the alternative ensemble (5" ale ., con-

taining (-, tny 1|7, h) for (v, h) € ;hh, where m is defined at (3.1). However, computing
(-, Ny w7, It) would require storing all data up to time 41, Indeed, 2%, does not contain
the same (7, h) as I ,t;ﬁ, so the computations need to start from (X7, Y7). However, we cannot
store all past data in the streaming data setting (recall that the data stream is never-ending).
Hence the alternative ensemble should be constructed in such a way that access to the past data
is minimised.

With the above constraint in mind, we construct an alternative ensem-

ble which does not require access to any past data point. Let cg’ﬁ; | =
{malt('a tN0+)\V|'7> h)a falt('v tNoJr)\Vh/a h), falt<'7 tNo+)\uh/7 h) : (77 h) € alt } Wl’lCI‘C
Mate(5 tng x|V, 1) = (e Eng | Vg s Pagay) for all (v,h) € Ialt That is, the

initial 77 (¢, tng+a0|Y, 1)’s are all equal to the estimator 77 selected at time ¢y, .+, from the
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ensemble & . ,,. More formally, for (v, h) € I, let

v:h?

5 Tac(x, t vy, h
malt(xa tN0+)\V|,Y7 h) - f*'i El‘ tN0+j\ }Z/ h’; (314)
ale\4Ly UNg+Av | )

with

fﬁalt(x> tN0+)\V|77 h) = f’(iL‘, tNO+AV‘7]%Z+AV7 ]CVZ—Q—)\V) ) (3 15)

falt(l‘y tN0+>\u|% h) = f(l', tNO+AV|7]€[X+AV7 %\0/—&—)\1/) .

Letting 171+, tng 1o |75 B) = 100, Egiaw YR 4 a0 PR 1an) for all (v, h) € 2% as in (3.14)
and (3.15) facilitates the derivation of some simple formulas for both 772 and m,,, as we will see
in §3.2.2, making their theoretical analysis easier.

After this initialisation step, for k = Ny + Av + 1, Ng + A\v + 2, ..., g (-, tg]y, h) will
be updated using (7, h) € I, (sce the next two paragraphs). Recall from the first paragraph
under Remark 3.1 that, ideally, we would have computed an alternative ensemble containing
the m(-, tg|v, h)’s for (v, h) € [;lfh, if we had access to all past data. Now, by updating the
(-, te|7, h)’s in the above way, after some time, 772, (-, tx|, h) will be sufficiently close to the
m(-, tk|v, h) we would have computed, since ‘old’ data would have contributed in a minimal

way to 1.

Updating alternative estimators.  After the initialisation of the alternative ensemble &, e e

INg+Av

experience a ‘transition period’ for another 2v data, i.e. for k = No+Av+1,..., No+ (A +2)v.
During this transition period we continue the routine updates (R1)—(R3) with the ensemble

&, = {m(, tily, h)i 7 (- telv, h), FC tely, B) = (v, h) € I3 ,,}. That is, we still compute the

C

ensemble &}, and the RCV scores RCV;, and adaptively select (-, tx|v5", hy") from &, at
each time t;. However, we do not do routine checks since we have already decided, at time
€ No+aw> tO start constructing an alternative ensemble. In addition to the routine updates, we also

update the alternative ensembles and the alternative RCV scores as follows.

ie. for k =

For the first v data that arise after the initialisation of & A
0 v

No + 2w + 1,...,Ny + (A + 1)v, we compute the alternative ensemble @j‘:t =

{malt('atk|’77h);falt(Wtkl’yuh):falt(’7tk|’77h) : (Vuh) S ];I;L}’ WhCl‘C malt('atkh/?h) =
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falt('a tkh/7 h)/falt(7 tkh/? h‘) with

ﬁalt(xa tkh/? h) = (1 - 7)7xalt<x7 tkflh/a h) + ’}/Kh(x - Xk>Yk )

falt<x7tk|7a h) = (1 - ’Y)falt<x7tk—1|7a h) + ’VKh(l" - Xk) . (316)

As at the initialisation stage at §3.2.1.1, we wait for more data to start computing alternative
RCV scores. Specifically, for the next v data, i.e. for k = Ng+(A+1)v+1,..., No+ (A +2)v,

we calculate, for all (y,h) € I ;hh, the alternative RCV scores for the estimators in ézlt using

{malt(katk—1|/y7 h) - Yk}2 ; k= NO + ()\ + 1)]/ + 1 )
RCV;:(/% h) = RCV;:,l(fy? h’) + {malt(Xka tk—llf}/a h’) - Yk}Q ) (317)

E=No+A+1v+2,...,No+ (A +2)v.

Then we compute 5&1‘ by updating 7(+, tx—1]7, h), fah(-, ti—1]7, h) and 1y (-, tk_1|7, h) to
Fac(, ey, B)s (s trly, h) and 1hg(-, ti]7y, h) using (3.16). As for RCV, in §3.2.1.1, we do
not use RCV;;Lt to select (7, h) at this stage since it is computed using too few data.

Now we have updated the alternative estimators 17, using 2v data and updated the alterna-
tive RCV scores RCV;Lt using v data. This is when we decide if we replace I }/ », and ensemble &,

with [ f;lth and alternative ensemble éat"‘l‘:t for future ¢;’s, using the alternative RCV scores. This is

done as follows.

Criterion for ensemble substitution. At x4 (a42)., let

(fYQh’ ht) = arg min RCV:£:10+(>\+2)V (7: 7). (3.18)

(’Yvh)elillth
Then we check whether the newly selected (v, h2t) still lies in [3; (recall that I 2 pisagrid on
[1y). If this is the case, then there is not enough evidence supporting ensemble substitution,

since the RCV still selects some (v, h3*) € 3%, so that continuing to use I 1, may still be

appropriate. Hence we delete &2 and 1%, and continue the routine updates and checks
No+(A+2)v s
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using I ;,, RCV; and &; as in §3.2.1.2.
On the other hand, if

(/yalt7 halt) c |:|alt\|:|k:7 (319)

where (3%, defined at (3.13), denotes the range of I j‘/lt , then it implies that the RCV selects some
(7, h) falling outside (3%, so thar that using I 2 » may no longer be appropriate. Recall that
the way we construct (I at (3.13) guarantees that (3! N (3% # &. When (3.19) holds, we do

the ensemble substitution as follows.

Ensemble substitution.

(ES1) Let Ny = Ny + (A + 2)v denote the number of observations up to the first ensemble

substitution.
(ES2) Use the new candidate set I2, = [ilfh instead of I}, Let
mitw |y, h) = sty h) for all (v,h) € 2,0 Let &,

{m('vt]\thh) ( tNlh/a )7 ( tN1|’V7 ) ( )€I2h}
(ES3) Let RCVyy, (v,h) = RCViy (7, h) forall (v, h) € I2,,.

(ES4) Continue routine updates as in (R1)—(R3) at page 127 and routine checks as at (3.11),
except that Ng and I} , there are replaced by N and 12,

Remark 3.2. Instead of considering whether (v, h?) lies in [J; or not as at (3.19), where
(v, ) is chosen at (3.18) by minimising the alternative RCV scores at only one time point
tNo+(r+2)v» We may use more than one (7, h*) values to determine if we do an ensemble
substitution as in (ES1)—(ES4). We shall investigate the latter approach in future work. However,
since different (7, h!) values chosen at consecutive time points would be strongly correlated
(the RCV;:’S with similar & values are computed using nearly the same data points), the benefit

of using more (7%, ht) values may be limited.

With the above procedure we have defined the initialisation of the SRA and how to proceed

till the first ensemble substitution. When there have been ¢ — 1 ensemble substitutions for some
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¢ =2,3,..., we proceed analogously till the the /-th ensemble substitution. That is, replacing
Ny, Ny and ]i,h with N,_1, N, and ],?h, we do the following: routine updates as in (R1)—-(R3)
at page 127, routine checks as at (3.11), initialisation of the alternative ensemble as under (3.13),
initialisation of the alternative estimators as at (3.14), updating the alternative estimators as at
(3.16), updating the alternative RCV scores as at (3.17), ensemble substitution as in (ES1)—(ES4)
at page 133 if (3.19) holds.

Hence an iterative procedure for the SRA has been defined. See Figure 3.1 at page 144 for a
flowchart illustrating the SRA and Appendix 3.F for the pseudocode.

3.2.2 Summary of the SRA

In §3.2, the estimator m and the RCV score were iteratively defined at ¢4, 5, ... For the con-
venience of theoretical analysis, here we present their definitions for a generic time ¢t € R,
satisfying

ng > Nog+ 1, (3.20)

where n; is defined at (1.2) and Ny = 2v is the number of observations used at the initialisation
step (see §3.2.1.1). That is, we only consider 72(+, t|y, h) and RCV; after the initialisation. This
is because, recalling from §3.2.1.1, the initialisation stage is only a short warm-up period for the

SRA, during which we do not use the RCV to select any (7, h).

Attimet € R, let
/; denote the index of the candidate set in use at time , (3.21)

so that the candidate set at time ¢ is Iiih and the ensemble at time is equal to & =
{mm(-,tly, h); 7 (-, tly, h), f(-.t}y, h) : (v, h) € If;fh}. Using this notation, there have been
¢; — 1 ensemble substitutions up to time ¢ and the ¢;-th ensemble substitution has not taken
place yet. Recall that Ny = 2v and Nj, for j = 1,2, ..., denotes the number of data observed

up to the j-th ensemble substitution.
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3.2.2.1 Definition of m(z, t|v, h)

Recalling the definition of 1 at (1.9), in this section we will show that
m(l’,ﬂ’}/, h) - m<x7t|ﬁ/t7ht) ) (’Y?h) Ir?h? (322)

where 44 = {%; }i=1._n, and h, = {Bi}izl ..... n, are some specific choices of v and h values. For

this, we need to see what specific choices of y and h 1z, t|7, h) has taken.

First we discuss the case ; = 1, i.e. no ensemble substitution has happened up to time ¢. In
this case, recall from §3.2.1.1 and (R2) that 7 is initialised at time ¢; by (3.6) and then we use
the same (7, h) € I}, to update (2, tx |y, h) by (3.7), for k = 2. .., n;. This implies that, in

the case ¢, = 1, we have

(%5, hi) = (7, h) fori =1,...,n. (3.23)

In the case ¢, > 2, for ¢ = 1,..., 0, — 1, h(x,t|7y,h) uses the same (7, h) value
(Y o hsY - 5, )> selected by the RCV at time ¢y, o, for data arriving between times t, |2,

and ty, g, For observations arriving after ty, _, 2., (7, t|y, k) uses (v, h). Thatis,

(

(IYN1 2V’h]%Y 21/)’ fori:]—v"'7N1_2Va

. (’chiwhcvil,), fori:N1—2V+1,...,N2—2V,
(Yi> hi) = N TR (3.24)

(v,h), fori =Ny 1 —2v+1,...,n4,
\

Hence by (3.23) and (3.24) we have obtained the definition of the (%, lvli)’s for both the cases
ly =1and ¥; > 2.

Thus by (3.22), (3.23) and (3.24) we have shown that /m can be written as a special case of
m at (1.9), taking {(%;, hi)}iﬂ ..... n, defined at (3.24). That is, for a given t € R, m(z, t|v, h)

uses blockwise defined (7, h) values for data arriving up to time ¢. In Proposition 3.1 we will
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see that, as long as v is not too small, this guarantees that m(x, |, h) is close to m(x,t|y, h)
at (3.1). That is, although m(z, t|y, h) takes some different (v, h) values for data arriving up to

time ¢y, _,, those (7, h) values have very little influence on the estimator at time ¢.

3.2.2.2 Definitions of RCV;, RCV" and 172"

To deduce the definition of RCV,, first note that, in the case ; = 1, we initialise the RCV
scores using (3.8) and update them using (3.9). This implies that, in the case £, = 1, we have

RCV, (7, h) = M Hm( X, tily, h) — Yigr }2

In the case ¢; > 2, recall from §3.2.1.3 that the last ensemble substitution happens at time

tN,,_,- For the last v data arriving up to this ensemble substitution, we update the alternative

RCV scores by (3.17). Thatis, for k = Ny, — v +1,..., Ny,_1, we have, for (7,h) € [;lfh,

k—1

ROV (. h) = Y {riaXipa iy, b) = Vi ¥,
i:Ngt,1711
where

tae(z, i)y, h) = m(z, 4]y, k) (3.25)

with 7 defined at (1.9) and ¥ = {2},_1 i, hi" = {h¥"};_1; denoting some specific

----------

choices of v and h values (we will derive the definition of the (”y;‘lt, h;l‘)’s towards the end of this

section). Then, at time ¢ Ni, 1> these alternative scores are redefined as the RCV scores (see (ES3)

at page 133). After time ¢ N,,_,» We continue updating the RCV scores using (3.9).
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We summarise the above derivations into the following formula: for (v, h) € Iﬁth,

ntl

Z{m z+17t |77 ) - }/Z'+1}27 lfgt - 1,
Ngt_l—l
RCVi(v, h) = Z {Mae(Xia, iy, h) — Vi }? (3.26)
i:Ngt_l—V
ng—1
+ > {m(Xig iy, h) = Vi Y, if 6 > 2.
1=Ng, -1

\

where 1,,(+, t;|7y, h) is defined at (3.25).

To conclude this section, we still need to derive what specific choices of v and A
(T, t;]y, h) at (3.25) has taken. For this, it suffices to see that, since these 77,,’s are go-
ing to be redefined as /s in the ensemble substitution at time ¢ Ny, (see (ES2) at page 133),
Ma (T, ti]y, h) takes the same (v, h) values for data arriving up to time ¢; as (7, tn,, _, |7, 1)
That is, we have (3", 3") = (7, h;) for j = 1,...,i, where (%, h;) is defined at (3.24).

Specifically, we have obtained

¢

<7N1 2V7h]6\}‘1/ 21/)’ fOI‘j:17...,N1—2]/,

(’chiy,hcviy), forj:N1—2V+l,...,N2—2V7
(i, iy = TR (3.27)

(v,h), forj =Ny 1—2v+1,...,1,

3.3 'Theoretical analysis

In this section, we consider the asymptotic behaviours of 772 at (3.22) and RCV, at (3.26) in the
infill asymptotics setting (see §1.3.4.3), i.e. as At — 0. Recalling from (1.1) that this implies

that the arrival times {#;};—1 2 of the data stream are denser and denser on R and, by (1.2),

gooe

we also have n; — 0o for any given time ¢ € R,. Although in practice At is usually fixed,
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infill asymptotics allow us to investigate how the estimator will behave if we have more and more
observations locally in time.

We first present a result establishing that, for a time ¢ € R., the difference between
m(z,t|y, h) at (3.22) and m(z, t|v, h) at (3.1) is small. Recall that m(z, t|, h) uses the same
(7, h) for all past data and hence it is often simpler to analyse than r(x, t|, h). Indeed, we shall
make use of this result to establish the asymptotic normality of 1m(x, |7, h) in Theorem 3.1.

Recall that we observe a data stream {(X;, Y;) };—1 ... from the model (1.3) with arrival times

{ti}i=12,.. defined at (1.1) and each X; ~ f(-, ;). Also recall that v defined at the beginning of

§3.2.1.1 determines how often we check for alternative ensembles. Let [J, denote the range of

the candidate set Ii,h as at (3.5). Let #([fﬁ) denote the cardinality of [£7h. For a given At > 0,

goee

the definition of a/(At, k).

For Proposition 3.1, we assume:

(C1) There exist constants § € (0,1) and ay,a2 € (0,1) with 1/2 < a; — as < 1 such that
for ¢ = 1,2, ..., we have 3° C O3, where 0 = [ym, Yar] X [Fim, hasr] € (0,1) x (0, 00) with
Y = OAL™, yyr = At* /6, by, = 0AL* and hy = At*? /4.

(C2) There exists b € (ay, 1) such that v € [§At~", At=°/5], where § and a; are defined in
Condition (C1).

(C3) #(I),) = O(At=°) uniformly in ¢ with

(a+1)(2+¢)(ar — as)
a+2+4+¢

O§c<max{ —2@2—2,(a+1)(a1—ag)—2a2—2}, (3.28)

where a1 and a5 are defined in Condition (C1), ¢ is defined in Condition (C7) and a is defined
in Condition (C8).

(C4) m and all its partial derivatives up to order 3 exist and are uniformly bounded.
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(C5) f and all its partial derivatives up to order 3 exist and are uniformly bounded.

(C6) The kernel function K is positive, continuous, symmetric, vanishes outside of [—1, 1] and

satisfies [ K (u)du = 1.

(C7) {€}iz12,.. isiid. and independent from {X;};—12 . and satisfies E(¢;) = 0, var(e;) =

goor

0% > 0and P(|e;] > z) < 2=+ for some ¢ > max{0, (daz — 2a1 + 2)/(a1 — az) }, where

a1, as are defined in Condition (C1).

(C8) For any integer k > 1, sup,. o a(At, k) < Ck™ for some constants C' > 0 and

{3 2(&24‘1) (2+§)(2—a1+3a2) }
a > max§ —, 1, ,
2 a1 —a (2+¢)ar — (4 +¢)az — 2

where a; and as are defined in Condition (C1) and ¢ is defined in Condition (C7).

Condition (C1) implies that (y£", h{") € O, since by (3.10), (75", k") is selected from
some [ ﬁ,h- Hence (3.24) and (3.27) imply that

(%, hi) € O and (¥, ) € . (3.29)

Note from (1.2) that Condition (C2) implies that, as At — 0, v increases to infinity faster
than 7;,'. This guarantees that, when we do the substitution 1m.(-, tx, |7, h) = (-, tn, |7, )
at (ES2) for ¢ = 1,2,. .., the alternative estimator 1 (-, tx,|7, k) is asymptotically equivalent
to (-, tn,|v, h), where m defined at (3.1) uses the same (7, h) value for all past data points.
Indeed, recall from §3.2.1.3 that for k = Ny —2v+1, ..., Ny, (-, tw,|7, k) is updated using
(3.16). That s, up to time ty,, (-, tn,|7, i) has been updated using the same (7, k) value for
2v data. Since the influence of old data decreases exponentially fast, when v is large enough, the
difference between 1. (-, tn, |7, k) and m(-, tn, |7y, h) becomes small. However, we still require
that vAt — 0 as At — 0, which implies, recalling from (1.2), that v is small compared to 7.

This is because v also controls how often we check if we need to construct alternative ensembles,
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so that v cannot be too large, otherwise we would use an inappropriate ensemble for too long
before we can finally substitute it with an alternative one.

We impose Condition (C3) on the cardinality of I! , since Proposition 3.1 proves that 77
and 77 are close uniformly in (+y, h). Therefore, although #(I' ;) can either stay finite (¢ = 0) or
increases polynomially fast as At — 0 (¢ > 0) under Condition (C3), it cannot grow too fast.

Conditions (C4)—(C6) are some standard smoothness conditions, requiring that the regres-
sion function m, the density f and the kernel K are all smooth enough. See, for example, Vogt
(2012) and Zhang and Wu (2015).

Conditions (C3), (C7) and (C8) involve some complicated upper and lower bounds for the
constants ¢, € and a. We use an example to show how these conditions can hold simultane-
ously. First, we take a1 = 5/7 and as = 1/7 satistying Condition (C1) (we will show below
Theorem 3.1 that these choices of a; and as lead to the optimal convergence rate for 1m). Then
Condition (C7) implies that ¢ > 2 and Condition (C8) requires a > 3+ 12/(s — 2), where the
latter is comparable to @ > 3 + 8/¢ needed in Vogt (2012). Finally, under these restrictions, the
right hand side of (3.28) is strictly positive, so that Condition (C3) can also hold.

The next proposition shows that the difference between m(x,t|y,h) at (3.22) and
m(z,t|y, h) at (3.1) is small uniformly in z and (v, h) € [ﬁfh, where /; is defined at (3.21).
See Appendix 3.D for its proof.

Proposition 3.1. Assume thar Conditions (C1)—(C8) hold. Supposet € R is a given time satisfying

(3.20). For any compact set K C R such that inf,exc f(x,t) > 0, there exists ( > 0 such that

sup sup |, t]y, k) — m(z,t]y, h)| = op{exp(—CAL )}, as At — 0. (3.30)

K umert,

Note that the convergence rate Op{exp(—C At‘l)} in (3.30) is not the fastest possible and can
be further improved. However, since this exponentially fast convergence rate already serves our
purpose well (see discussions below), we leave the sharpening of the convergence rate to future
work.

The above proposition implies that, at time ¢, the estimators 7(z, t|y, h) € &; used in the
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SRA in §3.2 is asymptotically equivalent to the estimators m(z,t|y, h) € &° used in the pro-
totype algorithm in §3.1, taking I, , = I 5fh- Hence, selecting an estimator from &; is asymp-
totically equivalent to selecting one from &°. This is because the SRA mimics the prototype
algorithm, although the former is free from the computational issues mentioned in §3.1.3.

Proposition 3.1 is also useful for analysing asymptotic properties of h(x,t|y, h), since
m(z,t|y, h) uses (7, h) for all observations and is simpler to analyse. Indeed, we shall make
use of Proposition 3.1 to establish the asymptotic normality of m(z, t|y, h). For that, we will
need some additional conditions as follows.

For a given At > 0, let p(At, k) denote the k-th order p-mixing coefficient of {X; }i—12
(see Appendix 3.B.1 for the definition of p(At, k)). Let X and Y denote two random variables
with marginal densities fx and fy and joint density fxy. Following equation (1.12) of Bosq

(1998, p. 22), we define the local measure of dependence between two random variables X and

Y as
gxy(T,y) = fxy(x,y) — fx(@)fr(y). (3.31)

Now, let g;; = gx, x, denote the local measure of dependence between two covariates X; and
X for some ¢ # j. Then we have ¢;;(z,y) = fij(z,y) — f(z,t;) f(y,t;), where f;; denotes
the joint density of X; and X.

In addition to Conditions (C1)—(C8), we make the following assumptions:

(C9) supp,-p(At,1) < 1.

(C10) Given some ¢ # j, there exists a constant L > 0 such that

19:(2',y) — gij(z,y)| < L' — 2> + |y — y|)'?,
forany x,2',y,y € R.

Condition (C9) implies that the correlation coefficient between X; and X is bounded away

from £1, which is sufficiently mild (Peligrad, 1996). Condition (C10), implying that the local
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measure of dependence g;; is Lipschitz continuous, is standard in the literature of nonparametric
estimation for dependent data (Bosq, 1998, p. 23).

We introduce the following notations: for functions g, 1,92 : R X Ry — R, let g, =

dg/0x, gy = 0g/0t, (91 - g2)(x,t) = gi1(x,t)g2(x,t) and
lio = / w?K (u) du, Rg = / K?(u) du. (3.32)

Then the next theorem establishes the asymptotic normality of 7, defined at (3.22). See Ap-
pendix 3.E for its proof.

Theorem 3.1. Assume that Conditions (C1)—(C10) hold. Assume also that 1/7 < ay < ay < 5/7,
where ay and ay are defined in Condition (C1). Suppose (7, h) € Iﬁfh and (z,t) € R x Ry is
given and satisfies f(x,t) > 0. Then we have

%{Th(l’, tly, h) — m(z,t) — B} = N(0,1), as At — 0, (3.33)

where = denotes convergence in distribution and where

. RK’Y 02
ERNEN) +o(v/h) (3.34)
and
B= {%mm(ﬂ%t) + (mxf fx)(xat)}ltmh?
m - ft m - fx At
+ {( 7 )(:E,t) —mg(x,t) — < 7 >(x7t)}7 (3.35)

Equations (3.33)—(3.35) imply that the fastest convergence rate of mh(x, t|y, h) to m(z, t) is
attained when we take v =< At%/7 and h =< At'/7 so that B =< vV = At?/7, which implies that
the fastest convergence rate in distribution is At2/7, Using (1.2), we have A7 = n, 2 7, which
is slightly slower than the convergence rate in distribution n, Y3 of the regression estimators in

Vogt (2012) and Zhang and Wu (2015). Recall from §2.2 that SKDE also has slower convergence
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rate compared to the temporal KDE (1.13) in Hall et al. (2006). Discussions on the different
convergence rates of density estimators in §2.3 are still applicable in the regression case.
For an illustration of the finite-sample behaviour of the SRA, see §4.1.2 and §4.2.2 for some

simulation studies and real data examples.
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Figure 3.1: Flowchart of the SRA defined in §3.2. There is no ‘end’ node since the data stream
might be never-ending.
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Appendix

3.A Notation

We summarise the notations that will be used in the appendices.

Data. We observe a data stream {(X;,Y;)}i—12, . from the model (1.3) with arrival times

geoe

{ti}i=12,. defined at (1.1) and each X; ~ f(-,%;). Let n; denote the number of observations

arriving up to time ¢ satisfying (1.2).

Streaming regression algorithm (SRA). Appendix 3.F gives the pseudocode for the SRA de-
fined in §3.2. Note from there that v is an integer determining how often the algorithm checks
for alternative ensembles. Also note that Ny = 2v (line 2 in Algorithm F2) and N, denotes the
number of observations arriving up to the /-th ensemble substitution (line 7 in Algorithm F7).
In Algorithm F1, we can see that A increases by at least 1 after the while loop (lines 11-14) and
it increase by 2 after the for loop (lines 16-23). Hence we have A > 3 in line 7, which implies
Ny — Ny—y > 3v, for ¢ = 1,2,... Finally, recall that for a time ¢ > 0, ¢; denote the integer
satisfying (3.21).

Regression estimators. In view of (1.11) and (1.12), we obtain from (3.1), (3.22) and (3.25)

that

$ t|77 ant th JT - )Y;, f x th/a ant th l‘ - Xz)a (SAI)
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7(x,t|y, h) ant K (v — X5)Y5, f x,t|y, h) anHKh r—X;), (3.A.2)
Tac(2, ti|7y, h) ZwaltKh (x — X;)Y; fah x, |y, h) Zwal‘Khh - X;), (3.A3)
where
(1—y)™ 1 fori=1,
Wy = | (3.A.4)
Y1 =) fori=2,...,ny
[T -4, fori=1,
Do =37 (3.A.5)
5[] A=%), fori=2,...n,,
j=i+1

and

[T =, forj =1,

wly =< (3.A.6)
I A=, forj=2,....4,
k=j+1

with (%, iLZ) defined by (3.23) and (3.24) and (’)/;‘1‘, hah) defined by (3.27).

Essential supremum. Let || - ||oo denote the essential supremum. That is, for a real-valued
random variable, || X ||« = inf{z > 0 : |X| < x a.s.}; under Lebesgue measure, for a real and

measurable function f : R — R, || f||cc = inf{C > 0: |f(x)| < C for almost every x}.

Asymptotic orders. Let a = a(At) and b = b(At) be two functions of At and b # 0 for all
At > 0. We write a ~ b if lima; 0ab™" = 1, a = o(b) if lima; soab™ = 0, a = O(b) if
limsup,, ,,|ab™!| < coand a < bif both a = O(b) and b = O(a).
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3.B Some known results

3.B.1 Mixing conditions

Mixing conditions are often used to characterise the dependence structure of time series (Bosq,
1998, Chapter 1; Bradley, 2005; Peligrad, 1996). Among various mixing conditions, -mixing
and p-mixing are two commonly used ones. Here we present the definitions of the a-mixing and

the p-mixing coefficients.

Let (X, F, P) denote a probability space, the a-mixing coefficient, measuring the dependence

between two o-algebras A, B € F, is defined as

ao(A,B)= sup |P(ANB)—P(A)P(B)|. (3.B.1)

AeA,BeB

The p-mixing coeflicient is given by
po(A, B) = sup{|corr(X,Y)| : X € L*(A),Y € L*(B)}, (3.B.2)

where corr(-,-) denotes the correlation coefficient and L?(.A) the space of all A-measurable
random variables X satisfying E(|X|?) < o0o. When A and B are independent, we have
Oé()(.A., B) = pO(Aa B) = 0.

Now consider the data stream {(X;,Y;)}i=12 . with arrival times defined at (1.1). For a
given At > 0, the k-th order a-mixing coeflicient of the covariate sequence {X;};—12 . is
defined as

a(At, k) = sup ao{a(Xj,j <i),0(X;,j >1+ k)}, (3.B.3)

i=1,2,...
where 0(X;,j <i)and 0(Xj,j > i+ k) denote the o-algebras generated by { X },-1_; and

{X;} =itk jtk+1,. respectively. Note that we have At in (3.B.3) since, by (1.1), the arrival time

t; of X; depends on At, and hence its density f(-,?;) also depends on At. Similarly, the k-th
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order p-mixing coefficient of {X; }i—1 2 is defined as

oo

p(At k) = sup po{o(X;,j <i),0(X;,5 >i+k)}. (3.B.4)

i=1,2,...

3.B.2 Technical results

The next lemma, known as summation by parts (Elaydi, 2005, pp. 62-63), will be frequently

used in the proofs.
Lemma 3.B.1. Let {a;}io. n and {b;}i—o. . n denote two sequences of real numbers, then
n n n—1 n
Z(l,’bi :aozbi—i‘Z(aj_H —CLj) Z b,
i=0 i=0 §=0 i=j+1

The next lemma gives the asymptotic orders of the p-series Y -, i~”. See Goel and Rodriguez

(1987) for its proof.

Lemma 3.B.2. Letp € (0,00) denote a constant, then we have, asn — o0,

0(1), ifp € (1,00),
— 1
o O(logn), ifp=1, (3.B.5)
i=1
O(n'=?), ifpe(0,1),
Ifp > 1, then we also have
oo 1 .
Z » = O(n""P), asn — 0. (3.B.6)

The next lemma can be found in Chung (2000, p. 52).

Lemma 3.B.3. Let X be a positive random variable. Then

E(X) = /000 P(X > z)dz.
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The following two lemmas are Lemma 1.3 and formula (1.11) from Bosq (1998). The latter
is also known as Billingsley’s inequality. In both lemmas, let X and Y denote two real-valued
univariate random variables, 0(X) and 0(Y") denote the o-algebras generated by X and Y and
let ap{o(X),0(Y)} denote their a-mixing coefficient, defined at (3.B.1). Let g(x y) denote

their local measure of dependence, defined at (3.31).

Lemma 3.B.4. If there exists a constant L > 0 such that

1/2
L9y (@, Y) — gy (@,y)| < L{j2" — 2|+ [y —y[*} ",

Jorany x, 2’ y,y € R, then there exists a constant C' = C(L) such that

lgcxy)lloe < Cag*{o(X),0(Y)}.

Lemma 3.B.5. Suppose || X ||oo < 00 and ||Y || < 00. Then

|cov(X, Y)] < 4[| X |oo|[Y [ et {o (X), o (Y)}.

The following result is Theorem 2.2 from Peligrad (1996). See also Theorem 1.1 in Bradley
and Tone (2017) for a more general version. Let {&,,; : 1 < i < n} denote a triangular array of

zero-mean random variables. For each n, define the k-th order a-mixing coefficient of {,,; } by

a(nk) = sup ap{o(n; 1 <i<j),0(nij+k<i<n)}, (3.B.7)
1<j<n—k

fork =1,...,n — 1, where ay is defined at (3.B.1). Similarly, define the p-mixing coefficient

p(n, k)= sup po{o(nis1<i<j),0(6nij+hk<i<n)}, (3.B.8)

1<j<n—k
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fork=1,...,n — 1, where py is defined at (3.B.2). Let
S, = Zn: €niand 02 = var(S,,).
i=1

Then the next theorem establishes a central limit theorem for {§,,; }.
Theorem 3.B.1. Assume that the following rwo mixing conditions hold:
(C1) sup,-, &(n, k) — 0ask — oo.

(C2) Sup,,>; p(n,1) < 1.

Assume also that the following Lyapunov condition holds:

(C3) There exists some constant ¢ > 0 such that

n

. 24c\ __
nh—>r20 O_TQLJrC ; E(gn,z ) - 07
where S,, and o, are defined in (3.B.9)
Then we have
S = N(0,1), asn — oo,
On

where = denotes convergence in distribution.

(3.B.9)

The following is the Fuk—Nagaev inequality for a-mixing sequences (Rio, 2013, p. 102-105).

Theorem 3.B.2. Let{&,,;} denote a triangular array of zero-mean random variables with a-mixing

coefficients {&(n, k) } defined at (3.B.7). Assume &(n, k) < Ck™%, for some constants C' > 0 and

a > 1. Assume also that there exists some constant Cy, Cy > 0 and p > 2 such that

P(|&ni| > x) < Cix™P, foranyx > Cy.
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Let 3% = szzl | cov(&ni, &n,j) |- Then for any X > 1, there exists a constant k = K(\, a, p) that

depends on \, a and p such that for all n > 0,

772 —A/2 n /N (a+1)p/(a+p)
P > < 1 — - . .B.11
szosef(o ) 0T s

Furthermore, if ||&,.illoo < 1 holds for all i, then for any X > 1, there exists a constant k = k(\, a)

that depends on \ and a such that for all n > 0

2\ —N/2 a+1
n n{A
> < —| — . .D.
P(]S,| _n)_n{(l%—)\&%) +)\(77) } (3.B.12)

3.C Some technical lemmas
In this section we prove some lemmas needed the proofs of Proposition 3.1 and Theorem 3.1.
Lemma 3.C.1. Under Condition (C7), we have E |¢,|*7¢ < oo, for any ¢ € (0, ).

Proof. For some ¢ € (0,¢), where ¢ is defined in Condition (C7), we have

E|6i|2+c :/ P(|€i|2+c > I) dr :/ P{|€z‘| > xl/(2+c)}dl‘
0 0

§/ 2~ @)/ ) 4 < o0, (3.C.1)
0

where we used Lemma 3.B.3 to get the first line and Condition (C7) and the fact that (2 +
§)/(2 4 ¢) > 1 to get the last inequality. [

The following lemma states some standard arithmetic results, useful for the proof of some

other lemmas in this section.

Lemma 3.C.2. Fory € (0, 1), we have

- ;1 (1= ’Y)n+1
§ 1— = - 3.C.2
i:O( g v v ( )
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n A 1 (1 — )2+
| = )2 = - , (3.C.3)
20 = T e
" 1 1 /1
il=y)'=5—--—(5+-)a-n"", (3.C.4)
=0 ( ) 72 Y <,72 'Y>( )
4 2 03 1 /2 -1 n?
Pl-y)f==-S+-— (= + — ) (1 =)™, (3.C.5)
i=0 ( ) oA G <73 V2 g )( )

Proof. We only demonstrate (3.C.4) and (3.C.5) below since the proof of (3.C.2) and (3.C.3)
are straightforward.

To show (3.C.4), note that in view of Lemma 3.B.1, we have

I SRRSO D) S
IR = ey — L gy =
_7]._0{(1 W= =) 7;(1 V) —

From there, as (3.C.2) implies that the first term of the right hand side of the last equality can

be expressed as

w1 (1= &3 ;1= .
_]Z:;(l_»y)+_ . Fo(l—v)— - {1—(1—7)}7

which proves (3.C.4).
Next we show (3.C.5). For this, using (3.C.4), we first compute that

—_

n— n—

(2j+1)(1—7)j+1—(1—7){2. JU=2) (1—7)]}

<
I

o
<
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2 2 20—y 2n—-1)(A—7y)" 1—-(1—79)"
:(1_7){¥_§_ ¢ g i g }
2 1 21—y (n-1)(1—9)"
:<1—v>{¥—;— - . !
Therefore,

SOUNVRSVIRE D ot L g o ¢ e
g v '

Since

n n—1 n n—1
. 7 ]' ) n
DPA=) =) 2D > (A=) == @2+ D{A =) = (=)}
i=0 =0 i=j+1 750
1 n—1 (1 . )n+1 n—1
== 2+ D1 =y (25 +1)
750 =0
2 3 wi1( 2  2n—1 n?
“m gty (G )
This concludes the proof of (3.C.5). O

Recall the definition of v at the beginning of §3.2.1.1 and the definitions of 7,,, and )/ in
Condition (C1).

Lemma 3.C.3. Lett > 0. Under Conditions (C1) and (C2), there exists a constant k > O such that

or any Y € [Ym, Ym |, it holds uniformly in s € [tn,, t| that as At — 0:
Y ly 0
(I=)™ < (1—79)" <exp(—At™"). (3.C.6)

Proof. By a first-order Taylor expansion of €% around 0, we have ¢* = 1 + z + ¢%2%/2 for

some 6 between 0 and x, which implies 1 — 2 < e™™. As under Condition (C1) we have
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Ym = 0At" < 4, and since Condition (C2) guarantees that v € [§At=, At=°/5] for a given

d € (0,1), we therefore have that
(1=7)" < (1—7p)" <e ™ <exp(—02At70).

As by Condition (C2) § > 0 and a3 — b < 0, taking any v € (0,b — a;) entails
exp(—62At" ) < exp(—At~*') as At — 0. Hence, we have proved that

(I—7)< exp(—At_”/) as At — 0. (3.C.7)

To conclude the proof of the announced result, note from (3.20) that ny, > Ny for any s €
[tny, t]. Also, from the definition of Ny at the beginning of §3.2.1.1, we have Ny = 2v > v+ 1
since v > 1, and hence (1 — )™ ! < (1 — )" asy € (0,1). Combining the latter inequality
to (3.C.7) yields (3.C.6). O

Recalling the definitions of w0, ;, t; and n; at (3.A.4), (1.1) and (1.2), respectively, we have

the next lemma.
Lemma 3.C.4. Forany~y € (0,1) andt > 0 satisfying ny > 2, we have y ;" | Wy, ; = 1.

Proof. From (3.A.4), we have

nt72

D == ) (A=) == Ty Y (=)
i=1 =2 §=0
=(1-" T Hl-(1—y)" =1,

where we used (3.C.2) with n = n; — 2. ]

Lemma 3.C.5. Lett > O satisfy (3.20). Then, under Conditions (C1) and (C2), for any v €
[Yim, Yz, where Y, Yar are defined in Condition (C1), we have uniformly in s € [tn,11,t] and as
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At — 0 that

Soaz,, = % 1 o(At). (3.C.8)

Proof. Using (3.A.4), we compute that

s s ns—2
Z?I)?Ls,i = (1 — 7)2(n571) + 72 Z(l B ,}/>2(n571) — 72 Z(l . ,V)QJ + (1 _ 7)2(774871)
i=1 P s
Y (1 - ,7)2(7%71) 2(ns—1
e 1 _ Ns )
ki v S i) :

where the last line followed by an application of (3.C.3) with n = ny — 2.

From there, as v € (0, 1), and since by Condition (C1) we have v =< At* with a; >
1/2, it follows that v/(2 — v) = v/2 + o(At) as At — 0. Moreover, since 7 < 1 implies
(2 —4)7H1 — 4)2=D) < (1 — 4)20s=D < (1 — )™~ we have in view of Lemma 3.C.3
that under Conditions (C1) and (C2) the second and third terms on the last line of the above
display are o(At) uniformly in s € [tn,+1,t]. Plugging the latter results into the above equation

concludes the proof of the lemma. ]

Lemma 3.C.6. Let g : RT — R denote a twice-differentiable function such that there exists a
constant M > 0 satisfying max{||g||oo, [|9 ||cos |¢"|cc} < M. Under Conditions (C1) and (C2),
Jor any y € [V, Y] and any t > O satisfying (3.20), we have uniformly in s € [tn,+1,t| that as
At — 0,

> niglt) = 9(s) = S (5) + olt/) 6.C9)

and
Z w2 gt g( )+ o(At) . (3.C.10)

Proof. We first prove (3.C.9). In view of (3.A.4) and of Lemma 3.C.4, we obtain using first-order
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Taylor expansions of the ¢(t;)’s around s that there exist 1, . .. , 0, such that

Zwm i wa{ (5~ 1)g/() + (s — 1% (6) }

=g(s) — ¢'(s)S1(s) + %&(s), (3.C.11)

where S1(s) = Y0 W, i(s — t;) and Sa(s) = D0, Wy, (s — ¢)?¢"(6;). From there, to
show (3.C.9), we next derive the representations of S1(s) and Sy(s) as At — 0.

We start with S1(s). As s —t; = (s — t,,,) + (tn, — t;), we obtain from Lemma 3.C.4 and
(3.A.4) that

Ns

$1(8) = (3 =t +7 2 (1 =)™ (tn, = 1)+ (1 =) (b, — ).

From there, in view of the fact that (1.2) entails 0 < s — ¢,,, < At and of the inequalities

tn, —t1 <t,, <5, wededuce from Lemma 3.C.3 and (1.1) that, uniformly in s € [tn,+1, ],

Ng ng—2

Si(s) = Aty Y (ny —i)(1 = 7)™ + O(At) = Aty Z (1 —7) +O(At).

An application of (3.C.4) with n = ng — 2 together with the inequality n, < s/At in (1.2)

then yields that, uniformly in s € [tn, 11,1,

,}/2

Sl(S)ZAtfy{%_l_(l HS;Z

At
1—)=" 1+ O(At) = =+ O(At), (3.C.12
b )=+ 0(an) = T 40, 6C12)

where the last equality is a consequence of the fact that Conditions (C1) and (C2) ensure the
result stated in Lemma 3.C.3.

We next turn our attention to So(s) defined below (3.C.11). In view of (3.A.4) and of the

assumption that ||¢” || < M in the lemma’s statement, we first compute that
p 9 lloo > p

Ns

1Sa(s)] < M{y 31 =) (s = 0" + (L= )" (s = 0)°

1=2
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= M3 (U= ) s = )+ (e, — )P+ oA,

1=2

uniformly in s € [tn,+1, 1], where we use Lemma 3.C.3 together with the fact that s — t; <

t—t =O0(1).

From there, as (1.2) implies s — ny = O(At) uniformly in s € [tn,+1,1], it follows that,

uniformly in s € [ty 11, 1],

12(5)] < My S (1 =) {(t, — ) + O(AD} + o(A)

i—2
Ng ng—2

=MyY (1 =) (t, —t:)* + O(At) x v > _(1—7)’
=2 1=0

= My Y (1 =7)" " (tn, — :)* + O(A1)
=2
ng—2
= MyAL ) 21— )" + O(At),

=0

where, to obtain the one-to-last line, we used (3.C.2) in Lemma 3.C.2, while the last equality

followed by the fact that ¢,,, — t; = At(ns — ).

In view of Lemma 3.C.3, an application of (3.C.5) in Lemma 3.C.2 with n = n; — 2 entails
2?262 72 (1 =) = 2/v* + O(y7%) as At — 0. Thus, as Condition (C1) guarantees that

7=t = o(At™1), we obtain from the above computations, that

At?
|Sa(s)] = QM? + O(A# /v + At) = o(At/7) , uniformly in s € [tyyi1,] .

Plugging (3.C.12) and the above equation into (3.C.11) combined with the fact that
1|0 < M concludes the proof of (3.C.9).

Next we prove (3.C.10). For this, note that an application of the mean-value theorem to

157



CHAPTER 3

g(t;) with 0; between t; and s yields

ans g(t ans {g(s) = (s —t;)g'(6:)} = %g(s) — S53(s) + o(At), (3.C.13)

uniformly in s € [tn,+1,t], where we used Lemma 3.C.5 and the fact that ||g||.c < M, and
where we let S3(s) = Y1 wp (s —t:)g'(6:).
Recalling (3.A.4) and using the fact that ||¢||cc < M and 0 < v < 1, we have uniformly in

S [tNO+1, t] that

53(3)SM{(s—tns)zwis’i+2ﬁ)is7i(t } MAtZ w2 (ns — 1) + o(At)

— M{At(ns —1)(1 — 7)Y Aty? Z 2(””)} + o(At)

ng—2

= MAty* ) (1= )% + o(At)
=0

ns—2

< MA? Y (1= ) + o(At) = O(At), (3.C.14)
j=0
where we used (1.1) and (1.2) to get the first inequality, Lemma 3.C.3 to get the third equality,
and where the last equality followed from the fact that, under Conditions (C1) and (C2), Lemma
3.C.3 combined with (3.C.4) with n = n, — 2 yields 37" j(1 — 7)7 = O(y7?).
Now, plugging (3.C.14) into (3.C.13) concludes the proof of (3.C.10) and hence of
Lemma 3.C.6. [

The next lemma gives the expectation and the variance of 7 defined in (3.A.1).

Lemma 3.C.7. Lett > O satisfy (3.20). Under Conditions (C1), (C2), (C4)—(C8) and (C10), if
(v, h) € O with O defined in Condition (C1), then we have uniformly in (x,s) € R X [tny41, ]
and as At — 0 that

E{r(z, s|y, h)} = (m - f)(z,s) — %{(mz )@ s)+ (m- fo)(z,8) }
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1
+ éhQ,UK’le(l’, s)+o(h* +At/vy) (3.C.15)

and

var{i(z, 5|7, h)} = %%wm, $)+o(v/h), (3.C.16)

where /L%Q and Ry are defined in (3.32) and

Ur(x,s) = (m- fo)(x,s) +2(my - fo)(x,8) + (Maw - )2, 5), (3.C.17)
Yo(z,8) = (m* - f)(z,s) + o f(z,s), (3.C.18)

with o? defined in Condition (C7).

Proof. We first prove (3.C.15). Using the model assumption in (1.3) that Y; = m(X;,t;) + €,
with ¢; in dependent of X; (see Condition (C7)), we deduce from the definition of 7 at (3.A.1)

that uniformly in (z,s) € R X [tny+1, 1],

E{r(z,s|y,h)} = Z’UNJnZ E{Kp(x — X;))m(X;,t;)}

i=1

= Zﬁ]’” / K(u)ym(z — hu,t;) f(x — hu, t;) du. (3.C.19)
i=1

To derive the asymptotic representation of the above expression under At — 0, which im-
plies h — 0 under Condition (C1), first note that Conditions (C4) and (C5) allow us to deduce
from a second-order Taylor expansions of m(x — hu, t;) and f(z — hu, t;) around x that there

exist 0;1, 0;2 € [0, 1] such that

m(x - hu> tz) = m(.ﬁE, tz) - humx(xatz)
1 1
+ §h2u2mm(x, ;) — 6h3u3mmm(:z: — O;1hu, ;) ,

flz —hu,t;) = f(x,t;) — hufo(z,t;)
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1

1
+ =k fop (2, t;) — 5

2

Plugging the above equations into (3.C.19), and using the fact that under Condition (C6)
J uK(u) du = 0 and that K vanishes outside of [—1, 1], we obtain that uniformly in 2, and as

At — 0,

where 11 is defined at (3.C.17) and jif 5 is defined in (3.32).

From there, as under Conditions (C4) and (C5) both (m - f) and v as functions of ¢
satisfy the conditions of Lemma 3.C.6, the proof of (3.C.15) follows from (3.C.19), (3.C.21),
Lemma 3.C.6 and Lemma 3.C.4.

Next we prove (3.C.16). For this, first note that var{r(z, s|v, h)} = V; + V5, where

Zw pvar{Ku(x — X;)Y;}, and [Va| < D il it oy, (3.C22)

1<|i—j|<ns—1

where, under (1.3) and Condition (C7),
cij = | cov{ K (x — Xi)m(Xi, 1), Kn(x — X;)m(X;, )} - (3.C.23)

In what follows, we show that, uniformly in (z,s) € R X [ty,+1,t] and as At — 0, V5 =
o(y/h) and V is equivalent to the first term on the right hand side of the equality at (3.C.16).
We start by deriving the asymptotic order of V5. For this, recalling the definition of g;; at

(3.31), we compute that under (C6), we have, on the one hand, that

’//K m(x — hu, t;)m(x — hv, t;)g;j(x — hu,x — hv) dudv

< lImlZllgislloo -

In view of the above display, and since Condition (C4) implies ||m||2, < oo, we obtain from
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an application of Lemma 3.B.4 that under Condition (C8), there exists a constant C; > 0 such

that
cij S ClOéé/S{O'(XZ'), O'(XJ)} S C’lozl/?’(At, |Z — ]|), (3C24)

where « is defined at (3.B.3). On the other hand, in view of Lemma 3.B.5, we obtain from

(3.C.23) that under Conditions (C4) and (C6), there exists a constant C'y > 0 such that

C
cii < h—ja(m, i —j|). (3.C.25)

From the definition of V5 at (3.C.22), and in view of the bounds at (3.C.24) and (3.C.25), we

use the fact that there exist constants C', @ > 0 such that that a(At, k) < Ck™* (see Condition

(C8)) to derive that, uniformly in (z,s) € R X [tn,41, ],

Val < ) i, ity min{Cra' (AL, i — ), Cah (At i — )}
1<|i—j|<ns—1
nsg—1 ng

<2max(Cy,Cy) Y Y iy, joktin, g min{a'/} (AL, k), (AL, k) }

k=1 j=k+1
ns—1 Ns

< 2C max(Cy,Co) Y min (k™5 h72k™") Y~ iy, joktin, ; - (3.C.26)
k=1 j=k+1

From there, to derive the asymptotic order of V5, we use (3.A.4) to compute that for any £,

and uniformly in s € [tn,41, 1],

> ol = (1= )R g2 Y (L= )RR
J=ktl j=k+2

ns—2

<AL=y Y (1=9)Y =0(9) (3.C.27)
=0

where we used (3.C.3) and the fact that under Conditions (C1) and (C2), the result stated in
Lemma 3.C.3 holds.
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Now let kg = min( Lh_3/ “J Mg — 1) and observe that Conditions (C1) and (C8) guarantee
that kg > 1 and that kg — oo as At — 0. As under Condition (C8) we have a > 3/2, an

application of Lemma 3.B.2 entails, uniformly in s € [ty, 11, t]:

ns—1
S min (k7% 1™ Zk o3 4 2 Z = Olky ") + O(h kg ™) -
k=1 k=ko+1

Since Condition (C8) guarantees a > 3/2, and as h — 0 as At — 0 (see Condition (C1)), we

deduce that as At — 0, and uniformly in s € [tn,+1, 1],

ns—1

Z min ( k=93 b h2k™") =o(h™"). (3.C.28)

Plugging the latter result and into (3.C.26) proves that V5| = o(yh™!) uniformly in (z,s) €
R X [tny+1,t]. Hence, to derive (3.C.16), it remains to prove that V} is equivalent to the first

term on the right hand side of the equality at (3.C.16).

In order to do this, using the definition of V; at (3.C.22), we compute from (1.3) and Con-
dition (C7) that

E[{Ku(z — X;)Vi}?] = ;ZE{Kz@—hXi)mz(Xi,ti)}+ﬁE{Kz<TXi>}
= E/KQ(u)mQ(x — hu, t;) f(x — hu, t;) du

2
+ % / K*(u)f(x — hu,t;) du. (3.C.29)

Applying the mean-value theorem to m?(x — hu, t;) and f(z — hu,t;) in (3.C.29), there

exists constants 0;1,0;2 € [0, 1] such that the following equality holds uniformly in 2 € R and
ie{l,...,ns}:
E[{Ky(z — X,)Y;}?] /K2 J{m?(z, t;) — 2hu(m - my)(z — ihu, t;) }
X {f z,t;) — hufy(x — Ophu, t;) }du
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+—/K2 W{f (@, t:) — hufo(z — Oihu, t;) } du

_ @%(x 1) +0(1) (3.C.30)

where Ry is defined at (3.32), 15 is as at (3.C.18) and where we used Conditions (C4) to (C6)
to get the last line.

Since h — 0as At — 0 (see Condition (C1)), we have under Conditions (C4) and (C5) that
(3.C.21) implies E{ K}, (x — X;)Y:} = E{K),(z — X;)m(X;,t;)} = O(1) uniformly inz € R
andi € {1,...,n,s}. Hence from (3.C.30) we have uniformly inx € Randi € {1,...,n}
that

var{ K, (2 — X))V} = R—;%@, t) +O(1). (3.C.31)

To conclude, note from (3.C.18) that under Conditions (C4) and (C5) t — 1)s(+, t) satisfies
the conditions of Lemma 3.C.6. Hence, plugging (3.C.31) in (3.C.22) and using Lemma 3.C.6,

we have, uniformly in (z,s) € R X [tyny+1,t] and as At — 0 that
R R
K Z (b)) = TK%%(:U,S) +o(v/h) (3.C.32)

This concludes the proof of Lemma 3.C.7. O
The next lemma gives the expectation and variance of f defined in (3.A.1).

Lemma 3.C.8. Lett > 0 satisfy (3.20). Under Conditions (C1), (C2), (C5)—(C8) and (C10), for
all (v, h) € O with O defined in Condition (C1), we have uniformly in (z,s) € R X [tn,+1,1]
and as At — 0 that

E{f(x, 5|y, h)} = f(z,s) + %fm(x, Sk ah?® — fi(z, 5)% +o(h* + At/y), (3.C.33)

var{ F(z, 5|7, h)} = %% F(w, ) +o(v/h), (3.C.34)

where |15 , and Ry are defined in (3.32).
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Proof. We start with the proof of (3.C.33). From (3.A.1), we have uniformly in (z,s) € R x

[tng+1,1] that
E{f(x,s|y,h)} = i:wnsyiE[Kh(x—Xi)] = i:u?n&i/[((u)f(x—hu, t;) du. (3.C.35)
i=1 =1

Using that fact that under Condition (C5) the Taylor expansion of f at (3.C.20) holds, we
compute that under Condition (C6), E{ K,(z — X;)} = f(z,t;)+2 ' h2uk o fou (2, t;)+0(h?)
uniformly in # € Rand ini € {1,...,n,}. Therefore, as under Condition (C5), both f and
f= as functions of ¢ satisty the conditions of Lemma 3.C.6, (3.C.33) follows from (3.C.35) and
Lemma 3.C.6.

Next we prove (3.C.34). We first decompose var{ f (x, 5|7y, h)} = V5 + Vi, where

ZU} Val‘{Kh I — Xz)} and |‘/4| S Z u?ns,iu?ns,jdij, (3C36)
1<[i—j|<ns—1

with d;; = | cov{K(z — X;), Kp(x — X;)}|. In what follows, to show that (3.C.34) holds

uniformly in (z,s) € R X [tn,41,t] as At — 0, we will prove that, uniformly in (z,s) €

R X [tng+1,t], we have Vy = o(y/h) and that V3 is equivalent, up to a negligible term, to the

first term on the right hand side of (3.C.34).

To show that V; = o(~y/h), note that taking m = 1 at (3.C.23) allows us to deduce from

(3.C.24) and (3.C.25) that under our Conditions, there exists a constant £ > 0 such that

dij < kmin {a*3(At, |i — j|),h2a(At, i — j])} < Crmin {]i — )73, h72]i — j|7*},
(3.C.37)
where the last line is a consequence of Condition (C8). Therefore, we have, uniformly in (z, s) €

R x [tN0+1, t], that

ns—1 ns ns—1

Vi =2 Z Z W, i W, jdij < 2K Z mm k=3 p2ke Z Wny j—kWn, j
k=1 j=k+1 j=k+1
=o(v/h), (3.C.38)
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where, to obtain the last line, we used (3.C.27) and (3.C.28).
We now turn our attention to V5. Recalling the definition of Ry in (3.32), we apply the
mean-value theorem to f(z—hu, t;) in (3.C.36) to deduce that there exists a constant 6;; € [0, 1]

such that the following equality holds uniformly in 2 € Rand i € {1,..., n,}:

E[{Ku(z — X;)}?] = 1 /KQ(U){f(.CE,ti) — hufy(z — 6;hu,t;) } du

— ﬁf(x t;) — /uK2(u)f$(:c — O;hu, t;) du

= Tf(:c, ti)+0(1), (3.C.39)

where, to get the last line, we used Conditions (C5) and (C6).
Now from similar computations we have under Condition (C5) and (C6) that E{ K,(x —

X;)} = O(1) uniformly in 2. Hence from (3.C.39) we have
Rk . . .
var{ Kj,(x — X;)} = Tf(x, t;) + O(1), uniformly in z and in 1. (3.C.40)

Then, under Condition (C5), f as afunction of ¢ satisfies the conditions of Lemma 3.C.6. Hence,
plugging (3.C.40) in the definition of V3 at (3.C.36), and using Lemma 3.C.6, we deduce that

it holds uniformly in (z,s) € R X [tn,+1,t] that

RKZ af (1) RQ Zf(:r s) +o(v/h). (3.C.41)

Hence, (3.C.34) follows from (3.C.36), (3.C.38) and the above equation. This concludes
the proof of Lemma 3.C.8. O

The next lemma derives the uniform consistency of f defined in (3.A.1). Recall from (3.21)
that /; defines the unique integer such that ¢t € [t Ne, 15ty ), where N}, denotes the number of

observations arriving up to the k-th ensemble substitution.

Lemma 3.C.9. Assume that Conditions (C1) to (C3), (C5) to (C8) and (C10) hold. Suppose
(v, h) € O with O defined in Condition (C1). For any fixedt > 0 and any compact interval
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K C R, we have, as At — 0, that

sup sup | f(w,ty, h) = flz,t)] = 0p(1).

K umert,

Proof. Assume without loss of generality that K = [0, 1]. Set Pa; = Uog(At_Q) /At?2 | and
let Ko = {w; : &y = i/Pasfori = 0,..., Pa;} be a grid of equally spaced points in [0, 1]. We

decompose
sup sup | f(z.t]y,h) — f(z,0)] < Ty + s, (3.C.42)
e (’y’h)e]ﬁfh
where
Ju=sup sup |f(xtly,h) = fl@,D)], (3.C.43)

€Ky (v,h) Elf;fh
Jy = sup sup | f(z,tly,h) — fx,t) — {f(a,t}y. h) — f(', )} (3.C.44)

—1 ¥4
je—a’|<Px} (vh)ellt,

In what follows, to prove Lemma 3.C.9, we show that JJ; = 0,,(1) and J5 = 0,(1).

Dealing first with /1, note that under Conditions (C1), (C2), (C5) to (C8) and (C10), for
all (, h) € O with (3 defined in Condition (C1), we have uniformly in = and as At — 0 that
E{f(x,t|y,h)} = f(x,t) + O(h?* + At/v) (sec Lemma 3.C.8). Therefore, since h — 0 and
At/y — 0as At — 0 (see Condition (C1)), we deduce that as At — 0,

Ju=sup sup |f(z,t|y,h) —E{f(z,t]y,h)}| + 0p(1). (3.C.45)

2€K0 (y,n)el’t,

In view of (3.C.45), to prove that J; = 0,(1), it suffices to show that for any n > 0,

lim P|sup sup |f(x, t|y, h) — E{f(z,t|, h)}} >nl =0, (3.C.40)

At—0
e £
v€Ko (v, nyer't,

i.e. the first term on the right hand side of (3.C.45) converges to 0 in probability as At — 0.
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To prove (3.C.46), our strategy is to apply (3.B.12) in Theorem 3.B.2. For this, recall that
under Condition (C6) || K||oo < 00, and set

w h
nei = = — | K, X;) — E{Ky(z — X;)}]. 3.C.47
5 ) QHKHoo’Y[ h( ) { h(x >}] ( )
Then by (3.A.1), we have
1 h=

From there, to apply (3.B.12) in Theorem 3.B.2 to S,,, and in view of Condition (C8),
we need to verify that |€,, ;| < 1. For this, in view of (3.A.4) and of Lemma 3.C.3, we have
under Condition (C1) and (C2) that w,,;/y = (1 — )" < 1, fori = 2,...,n;, and
W1 /7 = (1 — 7)1/ = 0(1) as At — 0. Hence, for small enough At, w,, ;/7 < 1, and
therefore form the definition of &,,, ; at (3.C.47), we have |, ;| < 1 forall i as At — 0.

Since we have just shown that |§,,, ;| < 1 forall i when At is small enough, (3.B.12) in Theo-

rem 3.B.2 applies to S,,,, i.e. for any (fixed) A > 0, and letting 5th = 2?3:1 | cov(&nyis Enii) >
there exists some constant T = Y(\,a) > 0 that depends on A and on the a-mixing rate a

defined in Condition (C8) such that for all > 0,

2 N\ —N/2 a+1

i ng [ A
PS. >n)<T(1 L . C4
(Sne 2 m) < {( +A<f%t) + A(ﬁ) } (3.C.49)

As under Condition (C5) f is bounded, we obtain from (3.C.38) and (3.C.41) in the proof

of Lemma 3.C.8 that there exists a constant v > 0 such that 62, < vh/v when At is small

enough. Therefore, we obtain from (3.C.49) that for any 7y > 0, and for sufficiently small At,

{1 7o tlg. ) ~ Bt )] > b = (] i)

2 _>\/2 a
noh/W A
< v
_T{(H AV ) i ““(h/v)““}

As Condition (C1) ensures that v/h ~ At“~% — (0 as At — 0, and since n; < t/At
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(see (1.2)), we deduce from the above equation that there exists a constant Y'(\, a,79) > 0 that
depends on A\, a and 779, independent of (At, x,t,~, h), such that for sufficiently small At,
P (|7 tlg, h) = B{F(z tlg. W)} >5 2 —]
| >3
< Y/ ()\, a, no){At)\(m—ag)/Z + At(a—l—l)(al—az)—l} .

We are now ready to show that (3.C.46) holds. For this, fix » > 0 and set A\ > 2{(a +
1)(a; — ag) — 1} /(a1 — ag). From the inequality above, we deduce that

P{| (.t h) = E{f (.t h)}| > n} < 2T (N, 0, 2] K | At T V@027t - (3.C.50)

Therefore, we obtain using the inequality above that

Plsup sup |F(wthy,h) — E{F(x.thy, m)}] > )
€K (%h)elﬁh

<> Y P{|f(wthy,h) —E{f(x,t], h)}| > n}

el (v,h)eljfh
< (Pac+ D#(I%,) x 2T/ (X, 0, 2| K [|son) At D@ —e2) =1
= O{ PacAt AgletDlm o)1

where we used Conditions (C1), (C3) and (C8) to obtain the last equality. In view of the defi-
nition of Px; above (3.C.42), it follows that the last line of the display above is 0(1) as At — 0.
Hence we have proved (3.C.46), which also implies that J; = 0,(1) (see (3.C.45)).

Next we prove that J, = 0,(1). By Condition (C5), note that for any z,2’ € R, an
application of the mean-value Theorem entails | f(x,t) — f(2',t)] < || |||z — 2'|. Hence,

recalling the definition of Pa; above (3.C.42), we have

! / 2a9
jo—a'|<P5 FPar ™ log(A17%)

(3.C.51)
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Also, note that under Condition (C6), for any i and z,2" € R, we have |K(X; — z) —
K(X; — )] < ||K'||ooh™ |z — 2|, where || K||o < o00. Therefore, in view of (3.A.1), and
using again the definition of Pa; above (3.C.42), we have

Jog 1= sup sup ‘f(l‘;th/a h) - f‘(x/)ﬂ’% h)|
lo—a'|<Px; (v.h)el,

ne

1
< sup {% Z Wy, i  sup

) ()l

(ﬁ/,h)eljfh i=1 \x—x’|<P71
| K[ oo =\ e s Ca\q-1
< sup E Wnyi | = | K'|oc0“{log(At™2)} 7, (3.C.52)
h2PAt A - ’
(77h)617’h =1

where 9 is as in Condition (C1) and where we used Lemma 3.C.4 to get the last equality.

In view of (3.C.44), since Jy < Jo; + Jao, we deduce from (3.C.51) and (3.C.52) that as

At — 0 we have J; = 0,(1). The announced result follows. O

The next lemma proves the uniform consistency of 7 defined in (3.A.1). Recall the definition

of /; at (3.21).

Lemma 3.C.10. Assume that Conditions (C1)—(C8) hold. Suppose (v, h) € [ with (1 defined in

Condition (C1). For a given time t > 0 and a compact set KC C R, we have

sup sup |F(z,tly,h) — (m- f)(z,t)] = 0p(1), as At — 0.

£
2K (yhyer,

Proof. As in the proof of Lemma 3.C.9, assume without loss of generality that K = [0, 1], set
Pay = |log(At™2)/At?2 | and let Ko = {z; : ; = i/ Pay fori = 0, ..., Pas}. We have

sup sup |z, thy k) — (m- f)(e )] < Jy + Ju,
(DGIC (77h)eljfh
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where

J3 = sup sup |f(:c,th/, h)— (m- f)(:v,t)}, (3.C.53)

£
TR0 (v el

Ji=sup  sup [F(x,tly, h) = (mo f)(@t) = {7ty h) = (m- f) (@ )}

—1 £
lz—z'|<Px, (’Yvh)elﬂﬁh

(3.C.54)

In view of the above, to prove Lemma 3.C.9, it suffices to show that J5 = 0,(1) and that
Jy = 0p(1) as At — 0.

Starting with the asymptotic order of J3, note that Lemma 3.C.7 ensures that under Condi-
tions (C1), (C2), (C4)—(C8), E{r(x,t|v,h)} = (m - f)(x,t) + 0,(1) as At — 0 uniformly in
(h,7) € O and « € R. Hence to prove that J3 = 0,(1), it suffices to demonstrate that for all

n >0,

P|sup sup |F(w,t|y,h) — E{F(z,t|y, h)}| > 77] — 0, as At — 0. (3.C.55)
v€ko (y,nyert,
To prove that (3.C.55) holds, our goal is to apply (3.B.11) of Theorem 3.B.2. For this, recalling
the definition of Wy, ; at (3.A.4), let &,, ; = Wy, ;hy ' [Kn(z — X;)Y; — E{K}(x — X;)Yi}].
Then, in view of (3.A.1), we have

o>

[f(l’,ﬂ’}/, ) E{T Z th/v an” =0 ng - (SCSG)

From there, to apply (3.B.11) in Theorem 3.B.2 to S,,, and in view of Condition (C8), we
need to verify that there exists p > 2 and constants Cy, C; > 0 such that P(|¢,;| > z) <
Cix7P, forany z > (.

To show that it is the case, first recall from below (3.C.48) that we have w,, 7' < 1
foralli € {1,...,n;} as At — 0. AsY; = m(X;,t;) + € (see (1.3)), it therefore follows that
Wy ihy KR (Xi—2) Y] < | K ||oo(||m]|co+1)(J€;|+1) foralli € {1,...,n;}. Asunder Con-
dition (C7) E{ K1,(X; —2)Y;} = E{K,(X; —2)m(X;,t)} = m- f(z, ;) +o(h) (see (3.C.21)),
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it follows that under Condition (C1), @y, ;A7 | E{ Ki(X; — 2)Yi} < A|m|lsll f]loc = o(1)
as At — 0.

In view of the above arguments, we deduce that when At is sufficiently small, |&,, ;| <
2||K||so(Jlmloo + 1)(|€;| + 1). Therefore, for any x > 2||K||oo(||m||cc + 1) := Co, we obtain
that under Condition (C7) and for sufficiently small At,

P(|&n,il > 7) < P(lg| > Cyle —1) < Cy*S(z — Cp) > < Cya~ ),

for some large enough constant Cj.

We have just shown that the &, ;’s fulfil the requirements of Theorem 3.B.2 withp =2 +¢
when At is small enough. Therefore, letting 52 = > ije1 [ €ov(§ni & )|, we deduce from
Theorem 3.B.2 that for any (fixed) A > 0, there exists a constant T = Y(\,a,p) > 0 that
depends on A, p and on the mixing rate a defined in Condition (C8) such that for all n > 0,

772 —A/2 ne A (a+1)(2+¢)/(a+2+5)
P(S, >n) <Y1+ — — - . .C.
(A RET0 R B

Since under our conditions (3.C.26), (3.C.28) and (3.C.32) in Lemma 3.C.8 ensures
that as At — 0 we have 320 32" | [Cov{EKy(z — X,)Y;, Kyy(z — X;)Y;}ib, i, ; =
Yh ' Rctby(x,t) 4+ o(yh "), where 1, is defined at (3.C.18), we deduce from the definition
of &,, ; above (3.C.56) and Conditions (C4)—(C5) that there exist a constant ¥ > 0 such that as
At — 0,

One = W72 Y |Cov{ Kz — Xi)Yi, Ky(x — X;)Y; i, i, ; < Ohy "

i=1 j=1

We are now ready to show (3.C.55). For this, fix n > 0and A > 2{(a + 1)(2 + ¢)(a; —
as)/(a+2+¢) —1}/(a; — ag). Using (3.C.57) and the above equation, we have

P{‘f(x,t]g, h) — E{f(ac,t|g,h)}‘ > 7]} = P(]Sm| > nh/v)
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. ) 772 h —-\/2 ng [ A ~ (a+1)(2+s)/(a+2+5)
> + - 4+ — =2

From there, since Condition (C1) ensures that v/h ~ At®~% — 0 as At — 0, and since
from (1.2) we have n; < t/At, we deduce from the above equation that there exists a constant
T’ > 0, independent of At (and of (x,t,g,h)), but that may depend on A, a and 7, such that for
sufficiently small At,

P{|7 (. tlg. ) — E7(z, tlg, m)}| > 0} < T(APEe)/2 . AflesDrolera/es2091)

< 2 /A e ma)/(at 2o =1 (3.C.58)
where the last line followed from the choice of .

Therefore, as At — 0, we have

xelCo (vh)eLy,

< 2Y/(Ppy + 1)#(]f;fh)At(a+1)(2+c)(a1—a2)/(a+2+<)—1 =o(1),

where we used Conditions (C3), (C7) and (C8) and the definition of Pa; above (3.C.42) to get
the last equality. Hence we have proved (3.C.55) and J3 = 0,(1) follows.

We now turn our attention to J4. By Conditions (C4)—(C5) and the definition of Px; above

(3.C.42), we obtain using the mean-value theorem that

10m - Filloe _ [0 £ o AE2
Pay - log(At=2) ’
(3.C.59)

where [|(m - ) [loo < 1M [loo [l flloo + Mol f']loo < 00 (see Conditions (C4)—(C5)).

Jui= sup |(m-f)a,t) = (m- ()] <

Next, from (3.A.1), and using the inequality | K, (X; — ) — Kp(X; —2') < h72|| K||oo|z —
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2’|, we obtain that

Jip '=  sup sup ’f(x,ﬂ% h) — (', t]y, h)}
o=/ |<Px) (1, h)el’,

sup (an”m) sup | Kn(X; —z) — Ku(X; — 2)|

(v, h)e[ £t |:pfz’|<P71
K[| ( ) [ ( )

< wnt 2’61 > o1 Ao SU-P wnt z|€z y (SCGO)
Al (Sautl) < il (3

where we used Conditions (C1) to get the last line.

Now, if we can show that

sup (Z ﬁ)nt,|ez|> = o,{log(At™?)}, 3.C.61)

(vh)EL!, Ni=1

then J;, = o0,(1) will follow from (3.C.60). To show (3.C.61), first let ny =
[log(At™")/¥m |, where 7, is defined in Condition (C1). Then we have Y " Wy, i|e;] =
T1 -+ TQ, where

ng—no n¢
T1 = Z @Dnt7,-|ei|, T2 = Z wnt’i\eﬂ, (3C62)
=1 i=n¢—no+1

noting from Condition (C1) and the definition of ny below (3.C.61) that we have n; > ng when
At is small enough. Note that 77 and 75 do not depend on & but only depend on 7y though
Wy, i (see (3.A.4)). We next bound 77 and 7T5.

Starting with 7}, using (3.A.4) and the fact as under Condition (C1) v — 0 as At — 0, we
have 1 — v > 1/2 for sufliciently small At, it follows that w,,, ; < 2y(1 — 7)™ < ye 7m0 <
STLAt /v forall i € {2,...,my — ng}, where we also used the inequality 1 — 2 < e
(see e.g. below (3.C.6)), Condition (C1) and the definition of ng. In view of Lemma 3.C.3, we
have also have w,, ; < SIAt Y/ for sufficiently small At. Since v > 7,,,, we deduce that

Wi < 6 TAE forall i € {1,...,n9} when At is small enough, and therefore, unformly
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n(vy,h) € [’Yth’ we have

nt no nt no

T < 5 'At (n, —no){ —ng)” Z €| } < tAt‘“{ ¢ —mng)” Z =1 }
YN
where we used (1.2) to get the last equality.
Since E(]¢;|*) < oo (see Condition (C7)), the weak law of large numbers (Chung, 2000, p.
114) ensures that as At — 0,

nt i)

(ny —mno)~ Z le;| = (3.C.64)

Combining (3.C.63) and (3.C.64) and noting that (3.C.64) does not depend on 7y nor h, we
conclude that SUP( el Ty = Oy(At).
Next we bound 75. From (3.A.4) and the fact that 0 < v < 1 we have w,,,; < 7 for all

i > 1. Hence, we compute that as At — 0 we have

ng ng
Ty Y lal <2vlog(At ) /m x (gt Y el
i=n;—no+1 i=ni—no+1
From there, as the week law of large numbers implies that ng' 7, not1 €1l = Op(1),

we deduce from the fact that v/v,, < 1 (see Condition (C1)) that sup o T
¥,h

(v,h)el
O, (log(At™1)). This shows that (3.C.61) holds as At — 0, and hence proves that J; = 0,(1).

Since we have also shown J3 = 0,(1), Lemma 3.C.10 follows. ]

3.D Proof of Proposition 3.1

Throughout this section, forany A C RP, let || - |4 = SUP(y, a)ed |- .
To save space, let Ay, = K X [gfh. Recall that when ¢, = 1 with ¢; defined at (3.21), we
have m(x, t|y, h) = m(x,t|y, h) forall (v,h) € [ifh, which implies that (3.30) holds trivially

when ¢; = 1. Hence, to prove Proposition 3.1 it suffices to show (3.30) in the case ¢; > 2.

174



3.D Proof of Proposition 3.1

For this, observe that as . — . = (fF — f7)/(ff), and since f > f —||f — fllag,»
combining Lemma 3.C.9 and the fact that inf e f(2z,t) > v for some v > 0 guarantee that

for any ¢ satisfying /; > 2, and as At — 0, we have

i — 1|, < |7 — Fllag 17 a, {v = 0,(1)}
< (1 = Fllag 17lLag, + 17 = 7lag 1 Lag I g, {0 = 0p(1)}
< (1 = Fllag 17lLa,, + 17 = 7llag 1 Fllag, ) {v = 0p(1) = ILf = fllag, } v —0p(1)}

Further, as |[7l[a,, < [|m - flloo + I7 = m - flla, and [|f]la, < [Fllec + 1f = flla,
and since the continuous mapping theorem entails {v — 0,(1)}~* = O,(1), we deduce from

Conditions (C4)—(C5), Lemma 3.C.9 and Lemma 3.C.10 that as At — 0,
L e L oz 1
I —1lla, < (If = Fllag, + 17 = Flla, ) {v —0p(1) = If = Flla, } x Op(1). B.D.1)

In view of the above inequality, to prove to prove (3.30) in the case ¢, > 2 it suffices to show

there exists ¢ > 0 such that as At — 0

sup |f($, t|7> h) - f(.T, t|’77 h)| = Op{exp<_CAt_1)} ) (SDZ)
($777h)€AZt

sup | f(w,tly, h) = Flx,t]y, h)| = op{exp(—CALT)} . (3.D.3)
(x7'7vh)EAZt

We start by proving (3.D.2). Recall from (3.A.1) and (3.A.2) that
7(x,t|y, h) ant Kp(r — X;)Y;, and  7(x,t|y,h) an”Kh r—X;)Y;,

where, from (3.A.4) and (3.A.5), we have w,,, ; = Wy, ; and h; = hforalli e (Ng,—1 — 2v,n4]
(see (3.24)). Therefore, we compute that

Ngt_1—2l/

=1
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Ngt,1—211

SHKHOO(max |n|) XN (W B+ by M) . BDA)

1<i<n .
=1

where we also used the inequality Ny,_1 — 2v < n,.

As |Y;| < ||m||eo + |€i|, where under Condition (C4) ||m||« < 00, and since Condition

(C7) ensures that for any x > 0,

71 1/(2+4¢)
PLEE, Grrlognu > =} S eP{lal > (mlogn) )
1
~ W — 0 as At — O,

it follows that max; <<y, |Y;| = 0,(nilogn:) = 0,{ At log(At~')}. Plugging this result into
(3.D.4) entails that as At — 0 we have

Ngt_l—QV

|7(z, t|y, h)—T(z, t|y,h)| = Z (WM, s+ D 0, 4) X 0, { At log(At ™)} . (3.D.5)
i=1
In view of the latter display, to prove (3.D.2), it remains to derive a bound for the first term of
the product on the right hand side of the above equation.

To do this, observe that since under Conditions (C1) and from (3.29) we have (¥;, iL]) €
[Yims Yar) X [um, B, it follows that min(ﬁi, h) > h,!, that max (W, 1, W, 1) < (1 =)™ !
and that max(Wy, j, Wy, ;) < Yar(1—=9m)™ 7 < (1—7m)™ N1t forall j € {2,... 45,1}
(see (3.A.4) and (3.A.5)). Therefore, uniformly in (x,v,h) € Ay,, we have

Ngt,1721/

S (B B By ) < 2 (1= 7)™ (N — 20) (1= ) Nt}

=1

By the definition of ¢; at (3.21), we have Ny,_; < n;, and hence ny — Ny, 1 +2v > 2v > v.

We therefore deduce from Lemma (3.C.3) and the above equation that there exists a constant

176



3.E Proof of Theorem 3.1

Z> 0 such that as At — 0,

Ngt_l—Ql/

> (W My + by N, ) < 204k, exp(—CAET) = ofexp(—CAE!/2)}. (3.D.6)

=1

To obtain the last equality, we used Condition (C1) and the fact that n; < tA¢~1.

Plugging (3.D.6) into (3.D.5) proves that (3.D.2) holds with = E /4. Therefore, to con-

clude the proof of Proposition 3.1, it only remains to demonstrate (3.D.3).

For this, we proceed as before to deduce that

Ngt,1721/
|]E<x> th/a h)_.f<x> th/a h)| = Z {wnt,i[(h(gj - Xz) - wnt,iKhi (-T - Xz)}
=1
Nét,1—21/
<Ko x> (WM, + by "1, i) = ofexp(—CAET'/4)}, (3.D.7)
=1

where we used the fact that Condition (C6) ensures || K| < 00 and (3.D.6). This shows that
(3.D.3) holds with ¢ = (, /4 as above and concludes the proof of the announced result.

3.E Proof of Theorem 3.1

Since (v,h) € ],l;fh C @F C O, we have under Condition (C1) that h/y < hy/ym <
2071 At*27%, Hence, from the definition of V" at (3.34), and since (C5) and (C'7) respectively
imply || f|lso < 00 and 0% > 0, it follows that V=2 = O(A#(@2791)/2)_ Therefore, we obtain

from Proposition 3.1 that as At — 0,
L{m(x, tly, h) —m(z,t) — B} = L{ﬁz(x, tly, h) —m(z,t) — B} 4+0,(1). (3.E.1)
VV VV

Hence, to prove (3.33) it suffices to show that the first term on the right hand side of the

above equation converges in distribution to a normal random variable as At — 0. To do so,
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recall that 7 = 7/ f, and observe that we can express m — m above as

m(z, ]y, h) — m(z,t) = Zwm Kz — X){Y; —m(z,t)} .
fla,t \ v, h) S
Introducing the random variables (,,,; = Wy, Kn(x — X;){Y; — m(z,t)} and J; =
Yot Coiand Jp = V_l/z{jt — E(J:)}, we can express the right hand side of (3.E.1) as

m(x,tly, h) —m(@,t) = B _ I+ VE(J) — B{f(z,t) + 0,(1)}]
vV [, 1) + 0p(1) ’
where we used to fact that f(z,t) > 0 and that Lemma 3.C.9 implies f(z,t | v,h) = f(z,t)+
op(1) and 1t | 3, ) = FH (1) + 0,(1).
In view of (3.E.2), to prove Theorem 3.1, it suffices to show that (i) J; converges in distri-
bution to a normal random variable, (i) that V=Y2{E(J;) — Bf(z,t)} = o(1) and (jii) that
V=128 = O(1). Below we show (i), (ii) and (ii).

(3.E.2)

Starting with (ii), observe that as J; = #(z,t | v, h) — m(z,t)f(z,t | 7,h), it follows
from Lemma 3.C.7 and Lemma 3.C.8 that E(J;) — Bf(z,t) = o(h® + At/7). As V712 =
O(At(®2721)/2) (see above (3.E.1)), and since under Condition (C1) we have h? + At/y =
O(At?%2 4+ At1=9), it follows from the assumption that 1/7 < ag < a; < 5/7 that V=/2(h2+
At/~) = O(1). This concludes the proof of (ii).

Next we show (iii). For this, observe that under Condition (C5) and (C4), and since we have
assumed that f(z,t) > 0, we have | B| = O(h* + At/v) = O(At**2 + At!~1), Hence, (iii)
follows from the fact that V=1/2(h? + At/~) = O(1) (see the previous paragraph).

As we have just shown that (ii) and (iii) hold, to prove the announced result in Theorem 3.1,
it only remains to show that (i) is in force, i.e. that J; is asymptotically normally distributed.

To prove that it is the case, our strategy is to apply Theorem 3.B.1 to J} := V'/2];. This will
allow us to prove that J;/+/var(J}) is asymptotically distributed as a standard normal random
variable. From there, we will show that V' f?(z,t) = var(J}) + o(1), which will conclude the
proof of the announced result.

Let &0 = Capi — E(Guyi)s so that J, = > &, ;. In this notation, to apply Theo-
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rem 3.B.1, we need to show that (C1) the a-mixing coefficients of the sequence {¢,,, ; } are such
that sup, &(n, k) — 0as k — 0o, where & is as at (3.B.7); (C2) the p—mixing coefficients of
the sequence {¢,,, ; } are such that sup, p(n, 1) < 1, where p is as at (3.B.8); and (C3) that there
exist a constant ¢ > 0 such that

1 n
lim W Z E(‘Snt,i’}'—c) =0. (3E3)
=1

At—0 {var

Since in view of Condition (C8) and (C9), (C1) and (C2) are trivially satisfied, to prove that
J; is asymptotically normally distributed, we need to show that the &, ;’s satisfy (3.E.3). This is

what we do below.

Fix ¢ € (0,¢), where ¢ is defined in Condition (C7). As |(y,i| = Wy, iKn(X; —
) m(X;, t;) — m(x,t) + | < W, i Kn(Xi — 2)(2||m|| + |€]), where we used (1.3), it

follows that

2

E(|Guyal ™) < 0§ E{RGT (X — 2)} E{(2]mlloc + [ei])*}

IN

Wy S 3 E{ KR (X — @)} E{(2llm | + €))7}

Nt 42

= w2 hT e x O(1) (3.E.4)

Nty

where, to obtain the last equality, we used the fact that from Conditions (C6) and (C4) we have

max(|| Koo, [|m|ls) < 0o and Condition (C7) which ensures that E(]¢;|**¢) < oo since ¢ < s.

Using similar derivations, we also compute that
| E(Cuvi)| < E(|Cnil) < Wny i B{KR (X — 2)} EQ2[|m|oo + |€i]) = 1, X O(1) . (3B.E.5)

From the latter inequality, the result at (3.E.4) and the inequality |a + b]**¢ < 217¢(|a|?T¢ +

|b]1¢), we deduce that as At — 0,

E(J€n,a""%) < 27 {E(|Guy 1) + [ E(Cun) 7} = 051+ 27177) x O(1).

nt,i
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Therefore, as the Wy, ;s are bounded by 1, and since Lemma 3.C.5 guarantees thatas At — 0

we have Y w2 ; = O(7), we obtain that as At — 0,

t:i

ng

Y E(&PT) = O(h 7).

=1

In view of the above equation, (3.E.3) will be proved if we show that as At — 0,

Ry

var(J}) = on

{0 f(z,t) +o(1)}. (3.E.6)

To demonstrate (3.E.6), we decompose var(J;) = Vi + Vs, where

ne

Vl == Zvar(gnt,i) Vg == Z UNJnt?ﬂZ}nhjel‘j s (3E7)
i=1 1<i—j|<ni—1
with e;; = cov[Kj(z — X;){Y; — m(x,t)}, Kp(x — X;){Y; —m(x,t)}].
Mimicking the arguments presented below (3.C.23) in the proof of Lemma 3.C.7 allows to
conclude that there exists a constant £ > 0 such that |e;;| < & min{a!/3(At, k), h2a(At, |i —

j)}, so that

|V2’ <K Z wnt,iwnt,j min{a1/3(At, |Z - j‘)7 h72Oé(A2f, |Z - J|)}

1<li—j]<n—1

ne—1 nt
<2k min (k"3 h 2k Wy i kW 7 -
9 t5] t5]
k=1 j=k+1

From the above display, and in view of (3.C.27) and (3.C.28), we conclude that as At — 0
we have |V2| = o(y/h). Thus, to prove (3.E.6), it remains to show that V), is asymptotically
equivalent to the term on the right hand side of (3.E.6).

To show that it is the case, we first compute that
E[K (2 — Xi){Y; — m(z, 4)}7}
= E{K(z — X))V} — 2m(z, t) E{ K (2 — X;)Yi} + m* (2, ) B{K(z — X))}
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— %{z(mz () + o f(x, )} + O(1) — 2m(x, t) B{K}7 (z — X;)m(Xs, 1)},

(3.E.8)
where we used (3.C.30) and (3.C.39), and with Ry as at (3.32).
Then, using the mean-value theorem, we obtain that for all i € {1,...,n;}, there exists
0,‘1, 91‘2 € [0, 1] such that
1
E{K;(z — X;)m(X;, t;)} = 7 / K?(u){m(z,t;) — humg(z — O hu, t;) }
X {f(ac, ti) — huf.(x — Ohu, tz)} du
R
= TK(m -, ) +0(1),
where, to obtain the last line, we used Conditions (C4)—(C6).
Plugging the latter result into (3.E.8) entails, as At — 0, that
2 Rk
E[K:(x — X){Y; —m(z,t)}?} = TU flz,t;) +0(1). (3.E.9)

In view of the latter result and the one at (3.E.5), we compute that as At — 0,

nt ng

- 3t ot +oz )= D S0 t) + 06),

where we used (3.C.8).

To conclude the proof of that V; is asymptotically equivalent to the term on the right hand
side of (3.E.6), note that by Conditions (C4) and (C5), (m - f) as a function of ¢ satisfies the

conditions of Lemma 3.C.6, and therefore an application of that lemma yields, as At — 0, that

Riry o2

Vl_RKV o’ f(x,t) + O(At/h) + O(y) = —— 2%h

i (G, t) +o(1)},

where, to obtain last equality, we used Condition (C1). Therefore, (3.E.3) is in force, and the

announced result follows from the fact that V' f2(z,t) = V) + o(1).
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3.F Pseudocode for SRA

In this section we present the pseudocode for the SRA explained in §3.2.1. Algorithm F1 is the

framework of the SRA, consisting of several modules, such as INITIALISE for the initialisation

(§3.2.1.1). These modules are defined by Algorithms F2—F7. The function Boolean(z) returns

True (False) if the statement x is True (False), otherwise it returns False.

Algorithm F1 Streaming regression algorithm.

1: Inputs: v, an integer determining how often we check for alternative ensembles;

2: S = {(X;,Y:) }iz1.2., sequentially observed;
3: 1 $7h, initial candidate set;

4: L > 0, a constant used in (3.13);

5: g, cardinality of 1 i and I};

6: procedure SRA(v, S, [ih’ L)

7: InrTaLIsE(v, By, I ,);

8: k< 1and \ « 0;

9: initialise.alt < False;
10: repeat
11: while initialise.alt == False do
12: RoutiNE(v, k, [ﬁh, Ni—1, A, Bia, L);
13: A=A+ 1
14: end while
15: INrTIALISEALT((7y, ", byt ), L, 9);
16: fori =1,2do
17: if i == 2 then
18: UprDATEALTCV (B, 3, é"tah, I ;lfh);
19: end if
20: UrpATEALT(B, 3, éata“, I j‘/'fh);
21: Routve(v, k, I¥,, Nx_1, A, By, L);

ko
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3.F Pseudocode for SRA

22: A=A+ 1

23: end for

24: Let ES < Boolean(if (3.19) holds);

25: if ES == True then

26: ExsSuss(k, A, &, I, RCV{); > Algorithm F7
27: end if

28: until data stream stops;

29: end procedure

The following algorithm defines the initialisation procedure described in §3.2.1.1.

Algorithm F2 Initilisation.

1: Inputs: v, an integer determining how often we check for alternative ensembles;

2: By = {(Xi,Y:) }iz1,.. Ny» sequentially observed, where Ny = 23
3: I i »» initial candidate set;

1
4: procedure INITIALISE(V, By, I o)

5: fort:tl,...,tNOdo

6: if t > 1, then

7: Compute RCV (7, h) defined by (3.8);
8: end if

9: Compute (-, t|y, h) € &; by (3.6);
10: end for

11: return & , RCVy, (v, h) for (7, h) € ];h;

12: end procedure

The following algorithms defines the routine updates (R1)—(R3), described in §3.2.1.2.

Algorithm F3 Routine updates.

1: Inputs: v, an integer determining how often we check for alternative ensembles;

2 k, number of already-happened ensemble substitutions plus one;
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10:

11:

12:

13:

14:

15:
16:

[k

- n» the current candidate set;

Ny.—1, number of observations up to (k — t)-th ensemble substitution;
A, number of checks since ¢y, ,;
By = {(Xi, Y) FimNy 1 42w+1,..,Np_1+(0+1)v» sequentially observed;

L > 0, a constant used in (3.13);

. procedure Routine(v, k, I, Ni_1, A, By, L)

A5 s
fort =tn,_ 1avs1,-- s tN, 441w doO
(R1) Update RCV; by (3.9);
(R2) Update m(+,t|y, h) € & by (3.7);
(R3) Compute (v, hy,)") by (3.10);

return 71(-, t|75Y

oV, heY), estimate of m/(-,t);

end for
initialise.alt + Boolean(if (3.11) holds);

return initialise.alt;

17: end procedure

The next algorithm defines the initialisation of alternative ensemble as described in §3.2.1.3.

Algorithm F4 Initialisation of alternative ensemble.

1: Inputs: 7., hSY, v and h values selected by RCV;

2:

3:

4

7:

ne TNt

L > 0, a constant used in (3.13);

g, cardinality of I} and I3;

cv hCV

: procedure INrTIALISEALT(7,, ", by, L, g)

Let [f‘yl‘h = [;1‘ x [, where I 2t and I are equidistant grids of size g on [

and [V /L, LhSY];

o /Ly Ly ]

t

Let &% = {ma(-,t|y,h) : (v,h) € Iilfh}, where 77, (+, t|7y, h) is initialised by (3.14);

alt ale
return & and I3 ;

8: end procedure
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The next algorithm defines the updating of alternative ensemble as described in §3.2.1.3.

Algorithm F5 Updating alternative ensemble.

1: Inputs: By \ = {(X;,Yi) ey 40041, N1 +(A+1)w> sequentially observed;

2: gflt, initial alternative ensemble;

3: I, alternative candidate set;

4: procedure UpDATEALT(By, 5, &, [;{}l)

5: fort =1tn, \1avt1s-- 5 tN 401y dO
6: Update (-, t]y, h) € & by (3.16);
7: end for

8: return éat“l‘;

9: end procedure

The next algorithm defines the updating of alternative cross-validation scores as described in

§3.2.1.3.

Algorithm F6 Updating alternative cross-validation scores.

1: Inputs: By \ = {(X;,Yi) Fim Ny 40041, Ne_ 1 +(A+1)w> sequentially observed;

2: éatalt, updated alternative ensemble;
3: I f‘flth, alternative candidate set;

4: procedure UpDATEALTCV (B, 5, &, ];lfh)

5: fOI't = tNk,1+/\V+17 . ,tNk71+()\+1)l, dO
6: Update RCV(v, ) for (v, h) € I;th by (3.17);
7 end for

8: return RCV?lt(’y, h) for (v,h) € I;I,th;

9: end procedure

The next algorithm defines the ensemble substitution as described in §3.2.1.3.

Algorithm F7 Ensemble substitution.
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1: Inputs: k, number of already-happened ensemble substitutions plus one;

2: A, number of checks since ¢y, ,;
3: & alternative ensemble;
4: I fylth, alternative candidate set;

5: RCV¥ (v, h), (7, h) € I2%,, alternative cross-validation scores;

6: procedure EnsSuss(k, \, &3¢, I f‘{lfh, RCV)

7: (ES1) Ny = Ni—1 + s

8 (ES2) IN}' « I, (-, thy, h) <= tha(-, tly, h) forall (v, h) € I§}}, delete £ and

alt |
I%h’

9:  (ES3) RCV,(y,h) <~ RCV;i"(y,h) forall (v, h) € I'}', delete all RCV}(v, h);
10: (ES4) k< k+1, A« 0;

11: initialise.alt < False;

12: return k, )\, If;’h, Ni_1, &, RCV (7, h) for (v, h) € If;lfh and initialise.alt;

13: end procedure
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Numerical illustrations

In this chapter we present some simulation and real data examples to illustrate the performances

of the streaming density and regression estimation methods described in Chapters 2 and 3.

4.1 Simulations

4.1.1 Density estimation

We ran simulations to illustrate the performance of the SKDE defined at (2.2), with smooth-
ing parameters chosen by the SCV procedure described in §2.4. We simulated data streams
10* and 1.5 x 10*, where n; is defined at (1.2), taking ¢ = 1. These sample sizes are larger than
the sample size used in the simulation studies of Hall et al. (2006). This is to reflect the fact
that streaming data often have higher frequency than the conventional offline time series data,
and hence it is easier to collect a large number of streaming data within a short period of time.
Indeed, our sample sizes are comparable to those in the simulation studies of some works on
density estimation for streaming data (e.g. Zhou et al., 2003; Cao et al., 2012; Garcia-Trevifio
and Barria, 2012).

Suppose each Xj arrives at ¢; = i/n and has a density f(z,;). Let ¢, » denote the density
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function of a N (1, 0?). We consider the following four data models:
@) f(z,t) = ¢u, 0. (x), where iy = 100t and 0, = 1 + 10¢;
(i) f(z,t) = u.00 (), where py = 5sin(10¢7) + 5 and 0y = 0.4 sin(10t7) + 2;
(i) f(x,t) =271 Zi:l Dy oo (), where pr1 = 5t, py0 = 10 = 5tand 041 = 010 = 15

(i) f(2,8) =47 302, Buuponn (1), where f11 = 1008, 15 = 1 + 100¢, pp3 = 2 + 100t
pea =3+100tand 041 = 040 = 043 = 044 = 0.2.

In models (i) and (ii) the true densities are both Gaussian. In model (i) both the mean and vari-
ance are increasing; in model (ii) the mean and variance are both periodically varying. In models
(iii) and (iv) the true densities are mixtures of 2 and 4 normal densities with fixed variance, re-
spectively. In model (iii) the two normal densities approach each other and finally collide to form
one mode; in model (iv) the location of the true density with 4 modes changes monotonically.

See Figures 4.1-4.4 for an visual illustration of models (i)—(iv), respectively.

Figure 4.1: Illustration of density model (i), where = and ¢ axes represent the spatial and temporal
domains of f(x,t) and z = f(z,t) represents the density values. For better visual effects, only
f(z,t),t € (0,0.1) are shown, with f(z,0) at the front and f(z,0.1) at the back.
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Figure 4.2: Illustration of density model (ii), where x and ¢ axes represent the spatial and temporal
domains of f(x,t) and z = f(z,t) represents the density values, with f(z,0) at the front and
f(z, 1) at the back.

i
\-\\}

Figure 4.3: Illustration of density model (iii), where x and ¢ axes represent the spatial and tem-
poral domains of f(x,t) and z = f(x,t) represents the density values, with f(x,0) at the front
and f(x, 1) at the back.
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|
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Figure 4.4: Illustration of density model (iv), where = and ¢ axes represent the spatial and tem-
poral domains of f(z,t) and z = f(z,t) represents the density values. For better visual effects,
only f(x,t),t € (0,0.1) are shown, with f(z,0) at the front and f(x,0.1) at the back.

Models (i) and (ii) are similar to those used in Hall et al. (2006), where data are simulated
from bivariate normal distributions with time-varying means and variances. However, Hall
et al. (2006) did not consider time-varying mixture normal densities such as models (iii) and
(iv). Many works on nonparametric density estimation for streaming data used simulated sam-
ples from time-varying mixture normal densities (Caudle and Wegman, 2009; Cao et al., 2012;

Garcia-Trevifio and Barria, 2012; Qahtan et al., 2017).

We first applied the SKDE f equipped with the SCV procedure to data streams simulated
from models (i)—(iv). To initialise the SCV procedure, we need to select the first block size by,
which depends on the specific data set at hand. Ideally, it should be the largest integer such that
the first b; data points are nearly i.i.d. In the simulation studies we took b; = 50. To initialise
the candidate set I} for the & values, we applied the normal reference rule (Scott and Sain, 2004)
to the first b; observations to obtain an initial bandwidth ko = 1.0660b; "/°, where &, is the
sample standard deviation computed from the first b; observations. Then I} was chosen as an
equidistant grid of size ¢ = 10 on the interval [0.2hq, 2hy|, where the lower and upper limits

are chosen in a way to take into account the fact that the normal reference rule often produces
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overly large bandwidths. We selected the set I as an equidistant grid of size ¢ = 10 on the
interval [b;",0.1], where b ' is a value for 7 we would take if the first b; data were i.i.d. and
0.1 is the y value we would take if the appropriate sample size used to calculate an up-to-date
density estimate is around 10. Hence we have initialised the set I, = IJ x I of cardinality
#([vl,h) = ¢g? = 100. For the ACV and the SCV criteria at (2.20) and (2.26), we imposed the
restriction that b, > 10, so that these cross-validation criteria have to be computed from more

than 10 data points. This is to prevent the ACV and the SCV from being numerically unstable.

To illustrate the superiority of our algorithm over the sliding window KDE at (1.6) and the
temporal KDE of Hall et al. (2006) defined at (1.13), we also applied the latter two methods
to the simulated data streams. We computed the sliding window KDE fw with four choices
of window sizes w = 25,50, 100,200. We tried a range of w values because, for streaming
data with different types of time variabilities, we did not expect that any particular choice of
w would always result in a good estimator fw. These particular w values were chosen to make
sure that, when estimating models (i)—(iv) with different sample sizes, there is at least one fw
performing reasonably well. At time ¢, we used the direct plug-in method proposed by Sheather
and Jones (1991) and the leave-one-out least squares cross-validation (LSCV, see e.g. Wand and
Jones, 1995, pp. 63-65) to select the bandwidth h,,,, using data { X; };—, w1, n, in the sliding
window. Let f? and fCV denote the sliding window KDEs equipped with the plug-in and the
LSCV bandwidth selectors, respectively. We used the kde, hpi and hlscv functions from the
R package ks (Duong et al., 2019) to compute the KDE, the plug-in bandwidths and the LSCV

bandwidths.

We computed the temporal KDE of Hall et al. (2006), denoted by finw, with temporal
kernel Kr(u) = 4 — 6u, for u € [0,1], as in Hall et al. (2006). The temporal bandwidth
A was selected by the time dynamic least squares cross-validation procedure described in Hall
et al. (2006). However, since their cross-validation method is not designed for streaming data,
we made some modifications to it as follows, both to improve its performance and to reduce its
computational cost. First, for each n;, the temporal bandwidth A, is selected from an equidis-

tant grid of size 20 on the interval [20A¢, 500A¢], instead of on [0, 1]. That is, the number of data
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falling in the time interval [t — \,,,, ] is between 20 and 500. This is to prevent \,,, from being ei-
ther too small, causing numerical instability for the estimator and the cross-validation procedure;
or being too large, making the computation of fiyy too time-consuming. We observed that
the performance of ]EHMW with this restriction was slightly better than without, while the average
computation time was significantly reduced compared to the original cross-validation method in
Hall et al. (2006). For selecting the spatial bandwidth A,,,, we used the plug-in method instead
of the normal reference rule as in Hall et al. (2006), since the latter does not work well when the

true density is very different from the normal density (e.g. in model (iii) or (iv)).

To compare the performances of f, f%, f<V, for w = 25,50, 100,200, and fiyy, we
generated 100 data streams for each of models (i)—(iv) and the 3 different sample sizes (4 < 3 x 100
data streams in total) For each data stream and each estimator, we calculated the integrated
square error ISE( f ftm {f(x,t) — f(x,t)}* dz dt, where f denotes one of f, fr ey
and fiyy and [C’t, D;] denotes an interval large enough such that | £ Cflzt)de =~ 1. We
took C; = min(By,) — 30(By,) and D; = max(By,) + 30(By,), where, recalling from above
(2.6), By, denotes the block of data arriving on a time interval containing ¢ and where o(By,)
denotes the sample standard deviation computed from By,. Note that ISE( f) is defined for time
interval [tag0, 1] instead of [0, 1], since fi}, and f200 can only be computed when there are 200
or more data. In our setting, t50 was close to time 0 anyway, and we cannot compute any of the

estimators well without at least some data to compute it.

Table 4.1 reports the median and the inter-quartile range (IQR) of the 100 ISEs for estimating
models (i)—(iv) with f, fgl and fgv, for w = 25,50, 100, 200. These results show that ff;l signif-
icantly outperformed fCV, for w = 25,50, 100, 200 and all data-generating models, in terms of
the median ISE. They also show that f significantly outperformed FEV, forw = 25,50, 100, 200.
Furthermore, in all except two cases (models (iii) and (iv) when n; = 5 x 10%), f also signifi-
cantly outperformed fF!, for w = 25,50, 100, 200. In the case of estimating model (iii) when
n; = 5 x 10, the median ISE of the SKDE f is slightly larger than, but still comparable to, the
median ISE of f21,. For estimating model (iv) when n; = 5 x 103, the median ISE of f is the

same as that of f25.
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In addition to the superiority in performance, another strength of the SKDE f is that, by
selecting the 7y values using the SCV, it automatically selects an appropriate number of recent
observations to compute the density estimate (recall that, with different choices of the v values
the effective number of data used to compute f differs). In contrast, the sliding window KDEs
fM and fSV only performs well when the window size w is carefully chosen by the user. For
example, from Table 4.1 we can see that models (ii) and (iv) require smaller w to obtain a small
median ISE compared to models (i) and (iii). This is because the time variabilities of the density
f in the latter two models are relatively mild compared to the former. Hence, the adaptivity to
different kinds of time variabilities makes our method more preferable in practice.

Table 4.1: Simulation results for estimating models (i)—(iv) with f , ff} and f;}", for w =

25,50, 100,200, when n; = 5 X 103, 10* or 1.5 x 10*. The numbers show 103 X
ISE(f)[1st quartile, 3rd quartile] calculated from 100 data streams, where f denotes one of f,

f2 and £V,

ni=5x103 f fgé fgé })[00 Agg)o
Model (i) 2.70[2.52,2.94] 4.56[4.38,4.72] 3.09[2.94, 3.29] 4.53[4.26,4.78] 11.9[11.6,12.3]
Model (ii) 13.0[12.6, 13.6] 16.1[15.5,16.7] 18.1[17.5,19.0] 39.2[38.3,40.1] 74.9[74.0,75.9]
Model (i) 4.72[4.37,5.06] 18.2[17.8, 18.6] 10.7[10.4,10.9] 6.37[6.12,6.60]  4.30[4.04,4.57]
Model (iv) 135[134, 136] 134[1347 135} 145[144, 146} 179[178 180} 234[232 234]
n1 =10* f 5}5 fl:(l) f100 f200
Model (i) 2.08[1.92,2.26]  4.63[4.55, 4.88] 2.74[2.64, 2.88] 2.46[2.34, 2.66] 5.21[4.95, 5.47]
Model (i) 9.04[8.88,9.35] 14.0[13.6, 14.3] 10.1[9.78,10.4] 15.314.9,15.8]  39.0[38.5,39.7]
Model (iii) 3.30[3.11,3.49]  18.3[18.0,18.7] 10.7[10.4,11.0]  6.266.03,6.41]  3.79[3.61,3.98]
Model (iv) 111110, 113] 128[127,128] 127126, 127] 144143, 144] 178[177,179]

m= 15 10" 7 ) 7z T
Model (i) 1.71[1.62,1.82] 4.75[4.63,4.92] 2.68[2.60, 2.78| 1.97[1.86, 2.06] 3.04[2.89, 3.21]
Model (i) 7.44[7.18,7.70] 13.6[13.3,13.9] 8.59[8.34, 8.86] 9.43[9.17,9.72] 21.9[21.3,22.2]
Model (iii) 2.65[2.53,2.78] 18.3[18.1, 18.6] 10.7[10.5, 10.8] 6.24[6.10, 6.37] 3.70[3.59, 3.80]
Model (iv) 93.2[92.4, 94.0] 126[126, 127] 119[119, 120] 131[131, 132] 154[154, 155

=5 107 7 I I o Ii

Model (i) 2.70[2.52,2.94]  5.485.22,5.71] 3.66[3.46,3.87]  4.80[4.54,5.08] 12.30[11.80, 12.70]
Model (ii) 13.0[12.6, 13.6] 19.0[18.2,19.7] 20.0[19.2, 20.6] 40.7[39.7,41.8] 83.2[82.0, 84.2]
Model (i) 4.72[4.37,5.06] 21.0[20.5, 21.6] 12.1[11.7,12.6] 7.23[6.87,7.55] 4.85[4.49, 5.26]
Model (iv) 135134, 136] 154[153, 156] 150149, 151] 185[183, 185] 264[262, 265]
m = 10° i o} oy i 5
Model (i) 2.08[1.92, 2.26] 5.70[5.51, 5.95] 3.43[3.24, 3.57] 2.82[2.69, 3.01] 5.44[5.14, 5.83]
Model (ii) 9.04[8.88,9.35] 16.9[16.4, 17.5] 12.0[11.5,12.4] 16.2[15.7,16.7] 39.1[38.7,40.5]
Model (iii) 3.30[3.11,3.49]  21.0[20.3,21.5] 12.2[11.7,12.6]  7.04[6.78,7.35]  4.32[4.02,4.67]
Model (iv) 111[110,113] 132[131, 133] 148[147, 150] 147[146, 148] 185[184, 186

ni =15 x 104 f' fCV fCV fIC(X) fCV
Model (i) 1.71[1.62,1.82]  5.81[5.65,6.01] 3.38[3.27,3.50]  2.34[2.25,2.48]  3.37[3.16, 3.66]
Model (i) 7.44[7.18,7.70] 16.6[16.3,17.1] 10.6[10.3,10.8] 10.5[10.2,10.7]  22.3[21.9,23.0]
Model (i) 2.65[2.53,2.78]  20.90[20.40,21.20]  12.00[11.80,12.30]  6.99[6.76,7.24]  4.24[4.00,4.99]
Model (iv) 93.2[92.4, 94.0] 122[122, 123] 118[117, 118] 160[159, 161] 155[155, 156]

Table 4.2 reports the median and the inter-quartile range (IQR) of the 100 ISEs for estimating
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models (i)—(iv) with fHMW, when n; = 5x 103, Italso reports the average computation times (in
seconds) for computing frnw and f from one sample. The computation time, averaged over 100
simulations, includes the time for selecting smoothing parameters. Since the time for computing
fHMW is already prohibitively long for even the smallest sample size n; = 5 x 103 ( fHMW takes
more than 11 minutes to process one data stream, nearly 30 times more time-consuming than
f), we did not compute it for larger sample sizes. Comparing Table 4.2 to Table 4.1, we can
see that the performance of fiy is significantly worse than f in terms of the ISE, although its

computation time is dozens of times longer.

Table 4.2: Simulation results for estimating models (i)—(iv) with fHMW and f whenn; = 5x10°.
Numbers in first two rows show 10° x ISE(f)[1st quartile, 3rd quartile], where f denotes one
of fHMW and f, calculated from 100 data streams. Numbers in the last two rows show average
computation time for one sample (in seconds).

ny =5 x 103 Model (i) Model (ii) Model (iii) Model (iv)
Jrmw 14.2[13.5,14.8] 47.4[45.7,49.1] 33.2[31.9,34.6] 173[171,174]
f 2.70[2.52,2.94] 13.0[12.6,13.6] 4.72[4.37,5.06] 135[134, 136]
Time of fipvw (sec) 717 708 732 675
Time of f (sec) 24.6 25.3 24.2 25.7

To visually illustrate the superiority of f over f*! for w = 25,50, 100,200 and frny, we
computed these estimators from the first of the 100 samples simulated from models (i)—(iv) and
plotted them in Figures 4.8—4.16. Recall that F™ outperformed £V in all cases, so we did not
plot the density estimates generated by fEV. Since the computation time of frnw for one sample
is already very long for the smallest sample size n; = 5 x 103, we did not compute it for the
larger sample sizes n; = 10%,1.5 x 10*. In each of Figures 4.8-4.16, the 9 subplots correspond
to 9 equidistant time points on the time interval [ta00, 1]. The true density curves are plotted in
solid red lines, the estimated density curves produced by f in solid blue lines, the fHMW curves
in dashed blue lines, the f5! curves in dashed black lines, the fE! curves in dotted black lines, the

[P curves in dotted dashed black lines and the f21; curves in long dashed black lines.

From Figures 4.5—4.7, we can see that, expect for estimating the density at time ¢9¢ (the first

subplot), most of the estimated density curves are reasonably close to the true density curves. At
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time ta00, f50 often produced the best results, whilst fog often produced the worst. The f curves
at time to9 in these plots capture the location of the true density quite accurately, but they are

somewhat oversmoothed.

Due to its complicated time variabilities, model (ii) is difficult to estimate, especially when
the sample size ny = 5 x 10% is relatively small. From Figures 4.8—4.8, we can see that the
estimated density curves produced by the SKDE f (solid blue line) are often closer to the true
density curves. In particular, in Figure 4.8, we observe that the fHMW estimates are sometimes
too wiggly, since the cross-validation procedure in Hall et al. (2006) sometimes chooses an overly
small temporal bandwidth A,,. Also observe that the fHMW estimates are sometimes negative.
This is because fHMw uses a one-sided second order temporal kernel Kr(u) = 4 — 6u, for

u € [0, 1], giving some data points negative weights.

For estimating model (iii), we can see from Figures 4.11—4.13 that, again, fHMW often pro-
duced very wiggly density estimates and negative density values. The estimator fa00 sometimes
produced oversmoothed density estimates, whilst density curves produced by f25, f50 and floo
are often fairly close to the truth. Overall, however, f produced the best density estimates for

model (iii).

Estimating model (iv) is very challenging since the true density has large curvature and its
location varies very fast in time. Indeed, from Figure 4.14 we can see that, when ny =5 x 103,
all density estimates are oversmoothed. This might indicate that this particular sample size was
too small for estimating the fast-varying density well. We also observe that the density estimates
produced by f21 are often very bad at capturing the location of the true density, since they were
computed using too many data points. As the sample size 1y increases (see Figures 4.15 and
4.16), we observe that the density curves produced by f become much closer to the true curves.
In contrast, the other density estimates often fail to estimate the true number of modes (i.e. 4)

due to serious oversmoothing.

From the above simulation results we conclude that the SKDE f with smoothing parameters
chosen by the SCV procedure has shown superior adaptivity to different types of time variabilities

of the underlying density function, compared to classic KDE fw equipped with sliding window
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Figure 4.5: Density estimates for model (i) when n; = 5 x 10°. The 1-st to the 9-th subplots,
corresponding to 9 equidistant time pointst = 0.04, 0.16, 0.28, 0.4, 0.52,0.64, 0.76, 0.88, 1 on
time interval [ta00, 1], show the true density curves (red line) and density estimates produced by
fa5 (dashed black line), f5o (dotted black line), fi0o (dotted dashed black line), fa0o (long dashed
black line), f (solid blue line) and fHMW (dashed blue line).
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Figure 4.6:  Density estimates for model (i) when ny = 10%. The 1-

st to the 9-th subplots, corresponding to 9 equidistant time points ¢ =
0.02,0.1425,0.265, 0.3875, 0.51,0.6325, 0.755,0.8775,1 on time interval [tago, 1], show
the true density curves (red line) and density estimates produced by f25 (dashed black line), f50
(dotted black line), f 100 (dotted dashed black line), f200 (long dashed black line) and f (solid
blue line).
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Figure 4.7: Density estimates for model (i) when n; = 1.5 x 10% The

1-st to the O9-th subplots, corresponding to 9 equidistant time points ¢ =
0.0133,0.1367,0.26,0.3833,0.5067,0.63,0.7533,0.8776,1 on time interval [t900, 1],
show the true density curves (red line) and density estimates produced by f25 (dashed black
line), f50 (dotted black line), fmo (dotted dashed black line), fggo (long dashed black line) and
f (solid blue line).
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Figure 4.8: Density estimates for model (ii) when ny = 5 X 103. 'The 1-st to the 9-th subplots,
corresponding to 9 equidistant time points t = 0.04,0.16, 0.28, 0.4, 0.52,0.64,0.76, 0.88, 1 on
time interval [t09, 1], show the true density curves (red line) and density estimates produced by
f25 (dashed black line), f50 (dotted black line), fIOO (dotted dashed black line), fgoo (long dashed
black line), f (solid blue line) and fHMW (dashed blue line).
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Figure 4.9:  Density estimates for model (ii) when n4 = 10%. The 1-
st to the 9-th subplots, corresponding to 9 equidistant time points ¢ =
0.02,0.1425,0.265, 0.3875,0.51,0.6325,0.755,0.8775,1 on time interval [ta, 1], show
the true density curves (red line) and density estimates produced by f25 (dashed black line), f50
(dotted black line), flgo (dotted dashed black line), fgoo (long dashed black line) and f (solid
blue line).
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t= 0.0133 : _ t=0.1367

Figure 4.10: Density estimates for model (ii) when n; = 1.5 X 104 The
1-st to the 9-th subplots, corresponding to 9 equidistant time points ¢ =
0.0133,0.1367,0.26, 0.3833,0.5067,0.63,0.7533,0.8776,1 on time interval [tago, 1],
show the true density curves (red line) and density estimates produced by f25 (dashed black
line), f50 (dotted black line), fmo (dotted dashed black line), fggo (long dashed black line) and
f (solid blue line).

201



CHAPTER 4

0,4

03

t= 0.04 o t=0.16 o t=0.28

0.2

0,1
0,1
0,1

=1 =1 J <]
I=} = =1
¥ & &
(=] =] =]
< < !
=] =] o
B=irs] | o
g < ° -
S | iy .
S IS S
=1 =1 =1
(=] (=] (=)
0 0 ~—
= = =
< < <
S S S

0.2
0.2
0.2

0,1
0,1

0,0
0,0

Figure 4.11: Density estimates for model (iii) when n; = 5 x 103. The 1-st to the 9-th subplots,
corresponding to 9 equidistant time points t = 0.04,0.16, 0.28,0.4,0.52,0.64, 0.76,0.88, 1 on
time interval [t09, 1], show the true density curves (red line) and density estimates produced by
fa5 (dashed black line), f5o (dotted black line), fi0o (dotted dashed black line), fa0o (long dashed
black line), f (solid blue line) and fHMW (dashed blue line).
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Figure 4.12: Density estimates for model (iii) when n;, = 10% The 1-

st to the 9-th subplots, corresponding to 9 equidistant time points ¢t =
0.02,0.1425,0.265, 0.3875,0.51,0.6325,0.755,0.8775,1 on time interval [tag, 1], show
the true density curves (red hne) and den51ty estimates produced by f25 (dashed black line), f50
(dotted black line), floo (dotted dashed black line), f200 (long dashed black line) and f (solid
blue line).
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Figure 4.13: Density estimates for model (iii) when ny = 1.5 x 10%. The
1-st to the 9-th subplots, corresponding to 9 equidistant time points ¢ =
0.0133,0.1367,0.26, 0.3833,0.5067,0.63,0.7533,0.8776,1 on time interval [togo, 1],
show the true density curves (red line) and density estimates produced by f25 (dashed black
line), f50 (dotted black line), floo (dotted dashed black line), fggo (long dashed black line) and
f (solid blue line).
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Figure 4.14: Density estimates for model (iv) when n; = 5 x 103. The 1-st to the 9-th subplots,
corresponding to 9 equidistant time points t = 0.04, 0.16, 0.28, 0.4, 0.52,0.64, 0.76, 0.88, 1 on
time interval [t09, 1], show the true density curves (red line) and density estimates produced by

f25 (dashed black line), f50 (dotted black line), fIOO (dotted dashed black line), fgog (long dashed
black line), f (solid blue line) and fivw (dashed blue line).
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Figure 4.15: Density estimates for model (iv) when n; = 10%. The 1-
st to the 9-th subplots, corresponding to 9 equidistant time points ¢ =
0.02,0.1425,0.265,0.3875,0.51,0.6325,0.755,0.8775,1 on time interval [tog0, 1], show
the true density curves (red line) and density estimates produced by f25 (dashed black line), f50
(dotted black line), floo (dotted dashed black line), fgoo (long dashed black line) and f (solid
blue line).
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Figure 4.16: Density estimates for model (iv) when n; = 1.5 X 10%. The
l-st to the 9-th subplots, corresponding to 9 equidistant time points ¢ =
0.0133,0.1367,0.26, 0.3833,0.5067,0.63,0.7533,0.8776,1 on time interval [tago, 1],
show the true density curves (red line) and density estimates produced by f25 (dashed black
hne) f50 (dotted black line), f100 (dotted dashed black line), f200 (long dashed black line) and
f (solid blue line).
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and the temporal KDE fHMW of Hall et al. (2006).

4.1.2 Regression

We ran simulations to illustrate the performance of the SRA defined in §3.2.1 when the un-

derlying regression function has different types of time-variabilities. We simulated data streams

.....
-----

an i.i.d. N(0,0.1796) sequence and where ¢ = 0.8879, @5 = —0.4858, 6; = —0.2279 and

0y = 0.2488. These particular parameters were selected to make sure that the serial dependence

of {X;}iz1, ., is not particularly strong. See Figure 4.17 for one realisation of {X;}i—1, .,

-----

with n; =4 x 103.

0 1000 2000 3000 4000
l
Figure 4.17: Time series simulated from an ARMA(2,2) model X; = ¢; + Z§:1 0; Xi—j +

2?21 0;ei—;, where {€;}i=12,. is an i.i.d. N(0,0.1796) sequence and where ¢; = 0.8879,
w9 = —0.4858, #; = —0.2279 and 0, = 0.2488.

Furthermore, we simulated {Y;},—; _,, from the regression model (1.3) with o’ =

.....

var(¢;) = 0.04 and m(z, t) = sin{ A¢(x — B;)} with different values of (A, By). Similar time-
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varying regression models have also been investigated in the simulation studies of e.g.Zhang and

Wu (2015) and Bedi et al. (2019). We considered the following 4 models:
(i) A; =3, B, =6t fort € [0,1];
(i) Ay =1+3t, B, =0,fort €|0,1];
(iii) A; = 1+ 3sin(nt), A; = 6sin(nt), for t € [0, 1];
(iv) A, =3,B, =0, fort €[0,1].

In each model above, the true m is a sine function with time-varying or non-time-varying period
A; and location B;. In model (i) and (ii), one of A; and B; is fixed and the other parameter is

time-varying with a constant speed. In model (iii) both A; and B, are time-varying and in model

(iv) both A; and B; are fixed.

Figure 4.18: Illustration of density model (i), where = and ¢ axes represent the spatial and tem-
poral domains of m(x,t) and z = m(x,t), with m(z, 0) at the front and m(x, 1) at the back.

We first applied the SRA defined in §3.2.1 to data streams simulated from models (i)—(iv)
when ny = 4 x 102, 8 x 102 or 1.2 x 10%. To initialise the algorithm, we took v = 50, 100, 150
when n; = 4 x 103, 8 x 10% or 1.2 x 104, respectively (recall from §3.2.1.1 that the modified
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Figure 4.19: Illustration of density model (ii), where = and ¢ axes represent the spatial and tem-
poral domains of m(z,t) and z = m(z,t), with m(z, 0) at the front and m(z, 1) at the back.

Figure 4.20: Illustration of density
temporal domains of m(x,t) and 2

back.

model (iii), where = and ¢ axes represent the spatial and

m(z,t), with m(x,0) at the front and m(x, 1) at the
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Figure 4.21: Illustration of density model (iv), where = and ¢ axes represent the spatial and
temporal domains of m(z,t) and 2 = m(x,t), with m(z,0) at the front and m(z, 1) at the

back.

algorithm uses the first Ny = 2v observations from the data stream for initialisation). Recall
from §3.2.1.1 that, ideally, v should be the largest number such that every v data can be viewed
as approximately stationary. We will see later in Table 4.4 that the SRA does not appear to be

very sensitive to the choice of v.

To initialise I;h, similar to §4.1.1, we took I% as an equidistant grid of size ¢ = 10 on
intervals [N *, 0.1], where Ny ! is the v value we would take if the first Ny data were stationary.
To initialise 7}/, we used the plug-in rule for the local linear regression estimator described in
Ruppert et al. (1995) to compute an initial bandwidth g from the first Ny data. Then I} was
chosen as an equidistant grid of size g on the interval [0.2h, 5ho]. Hence I , = IJ x I; had
cardinality #(I ,) = g = 100. For numerical stability, we imposed the constraint I, € (0,0.1)
for all £ to prevent m from selecting overly large v values (recall from (3.7) that taking v overly

large implies that m is computed from very few data). Lastly, we took L = 1.2 at (3.13).

To illustrate the superiority of our algorithm over the conventional kernel smoothing method-
ology, we also computed the local linear regression estimators (Fan and Gijbels, 1996) for the

simulated data. Considering the time variability, we computed the local linear estimator m,,
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using data from a sliding window of size w. That is, for time t € [t,, 1], 17, estimates m(-,?)

using data {(X;,Y;) }icny—wt1

77777 n, arriving on a sliding window (t — wAt, t], as if they were
identically distributed. Since it is well known that the local linear regression estimator enjoys
some theoretical advantage over the NW estimator (see e.g. Wand and Jones, 1995, Chapter 5
and Fan and Gijbels, 1996, Chapters 2 and 3), we expected that the sliding window local lin-

ear estimator would perform better than the sliding window N'W estimator at (1.7). Hence we

computed the sliding window local linear estimates and compared them to estimates produced

by our SRA.

To see the influence of the sliding window size w on the performance of 772,,, we computed
two local linear estimators 1M, and 1y, takingw = v and w = 2v, respectively. The bandwidths
for 1, and 1y, were selected by the leave-one-out LSCV. See Fan and Gijbels (1996, p. 44—45)
and Hirdle (1991, pp. 152-159) for details. We used the R package 1ocpol (Cabrera, 2018) to
implement the local linear regression methodology. In particular, the LSCV was implemented

by the regCVBwSelC function, which is programmed in C.

For each of models (i)—(iv) and each of the 3 different sample sizes n; = 4 x 103, 8 x 103 and
1.2 x 10%, we generated 100 data streams (4 x 3 x 100 data streams in total). For each sample
and each estimator, we calculated the integrated squared error ISE(m) = f;\fo J C? {m(z,t) —
m(x,t) }2 dx dt, where m denotes one of 11, 1, and My, and C, D denote the 0.05 and 0.95

sample quantiles of the sequence { X; };—;

Table 4.3 reports the median and the inter-quartile range (IQR) of the 100 ISEs for estimating
models (i)—(iv) with m, M, and 79,. These results show that, for estimating model (i), the
median ISE of 1 is comparable to that of 7, and significantly smaller than that of 7hy,. For
estimating model (ii), the median ISE of 772 is comparable to that of 7125, and significantly smaller
than that of 712,,. In all the remaining cases, 7 significantly outperforms both m,, and 79, in

terms of the median ISE.

Compared to My, for w = v and 2v, our 1 shows adaptivity to different kinds of time
variabilities. The estimator 1, behaves reasonably well when w is appropriate but its perfor-

mance may dramatically worsen with an inappropriate w value. For example, note from Table
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Table 4.3: Simulation results of 712, ™, and 7y, for estimating models (i)—(iv), when ny = 4 x
103, n; = 8x103 orny = 1.2x10%. The numbers show 103 x ISE(1m)[1st quartile, 3rd quartile]
calculated from 100 samples and the average computational time for computing each estimator
on a grid of 200 design points at all time points from one sample of size n;.

ny =4 x 103, v =50 m m, iy
Model (i) 21.4[20.6,22.3] 33.0[28.0,42.6] 31.5[30.7,32.7]
Model (ii) 5.26[4.90,5.61] 19.3[16.8,24.9] 6.36[5.80, 7.12]
Model (iii) 44.4[43.2,45.9] 80.4[76.0,87.3]  186[183,190]
Model (iv) 3.14[2.46,3.75] 23.5[20.1,32.3] 7.42[6.79, 8.21]
Average time (min) 0.154 0.101 0.250
ny =8 x 103, v =100 ™ m, iy
Model (i) 13.4[12.9,13.9] 13.6]12.8,14.3] 27.8[27.3,28.4]
Model (ii) 3.53[3.28,3.75] 6.39[6.00,7.12] 3.33[3.15, 3.51]
Model (iii) 26.2[25.4,26.9] 58.1[56.5,59.2]  180[179, 182]
Model (iv) 2.21[1.85,2.70] 7.67[7.29,8.27] 3.83[3.56,4.06]
Average time (min) 0.311 0.497 1.483
ny = 1.2 x 104, v = 150 m m, Moy,
Model (i) 10.0[9.81,10.2] 10.8[10.6,11.1] 26.6[26.4,26.7]
Model (ii) 2.69[2.54,2.81] 4.08[3.94,4.34] 2.36[2.24,2.57]
Model (iii) 19.6[19.1,20.2] 54.7[54.0,55.1]  180[179, 182]
Model (iv) 1.83[1.61,2.09] 4.96[4.75,5.23] 2.67[2.54,2.87]
Average time (min) 0.545 1.28 4.68
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4.3 that My, estimated model (ii) reasonably well but it always yielded the largest median ISE
or estimating model (iii), which does not improve even when 1, doubled or tripled. In contrast,
m often yielded the smallest median ISE and its median ISEs for all models significantly reduces

when n, increases.

Table 4.3 also shows how the average computation times of 172, 712, and My, at all n; time
points for one data stream varies when n, increases. Except for the case n; = 4 X 102, where
m was slower than 7, 7 on average took significantly less time to process one data stream
compared to the other two estimators. Furthermore, the computation time of 7 increased
roughly linearly as n; increased, whereas the computation times of 1, and My, increased much
faster. Considering the fact that the bandwidth selection algorithm in the locpol package is
programmed in C (Cabrera, 2018) and our modified algorithm is programmed purely in R, the

difference in computational efficiency between 1 and 1, may have been underestimated.

Furthermore, we argue that the performance of 7 did not appear to be very sensitive to the
selection of v. Table 4.4 reports the median and the IQR of the 100 ISEs for estimating model
()—(iv) with 7, when n; = 4 x 103, 8 x 10 or 1.2 x 10*, and v took different values compared
to Table 4.3. These results show that, compared to Table 4.3, even when we halved or doubled

the v values, the changes in the median ISEs were insignificant.

Finally, for a visual illustration of the superiority of m over m,, and my,, we computed these
estimators from the first of the 100 samples simulated from models (i)—(iv) for all 3 sample sizes
and plotted them in Figures 4.22—4.33. In each of Figures 4.22—4.33, the 9 subplots correspond
to 9 equidistant time points on the time interval [t5,, 1]. The true regression curves were plotted
in solid red lines. The estimated regression curves produced by 72, 7, and M9, were plotted in

solid blue lines, dotted black lines and dashed black lines, respectively.

For estimating model (i), (ii) and (iv), we can see from Figures 4.22—4.27 and 4.33—4.33 that
all 3 estimators produced some reasonable estimated regression curves. The f curves are often
closer to the truth compared to the 7, and the 1My, curves, although they are sometimes a bit
wiggly. Moreover, m, and 79, occasionally produced oversmoothed estimates (e.g. the central

subplot corresponding to ¢ = 0.5606 in Figure 4.23).
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CHAPTER 4

Model (iii) is particularly difficult to estimate compared to the other 3 models, since, except
for a short time period around ¢ = 0.5, both A, and B, in model (iii) change very fast. From
Figures 4.28-4.30, we can see that the 772 curves are often fairly close to the truth, although
sometimes the curves can be somewhat wiggly. In contrast, the 179, curves are often smoother
but more distant from the truth. Generally speaking, the 72, curves are closer to the truth

compared to the 79, curves but further from the truth compared to the m curves.

Figure 4.22: Comparison of 17, 711, and 171, for estimating model (i) when n; = 4 x 10%. The
9 subplots, corresponding to 9 equidistant time points on [ty , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to 1 (dotted dashed line), 12,

(dotted line) and 15, (dashed line).
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Figure 4.23: Comparison of m, m, and My, for estimating model (i) when n; = 8 x 103. The
9 subplots, corresponding to 9 equidistant time points on [tx,, 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m (dotted dashed line), m,,

(dotted line) and 1, (dashed line).
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10 0.5 0.0 0.5 1.0

Figure 4.24: Comparison of 11, 71, and 79, for estimating model (i) when n; = 1.2 x 10
The 9 subplots, corresponding to 9 equidistant time points on [ty,, 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to m (dotted dashed line),
m,, (dotted line) and 1M, (dashed line).
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Figure 4.25: Comparison of 11, 1, and 1My, for estimating model (ii) when ny = 4 X 103. The
9 subplots, corresponding to 9 equidistant time points on [tx,, 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to 1 (dotted dashed line), m,,

(dotted line) and M5, (dashed line).
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Figure 4.26: Comparison of 11, 1, and 1My, for estimating model (ii) when n; = 8 X 103, The
9 subplots, corresponding to 9 equidistant time points on [tx,, 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m (dotted dashed line), 1,

(dotted line) and 1, (dashed line).
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Figure 4.27: Comparison of m, m,, and 1y, for estimating model (ii) when n; = 1.2 X 10%.
The 9 subplots, corresponding to 9 equidistant time points on [t , 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to 1 (dotted dashed line),
m,, (dotted line) and 15, (dashed line).
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Figure 4.28: Comparison of 771, 1, and 7y, for estimating model (ii) when n; = 4 x 10%. The
9 subplots, corresponding to 9 equidistant time points on [tx,, 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to 772 (dotted dashed line), 1,

(dotted line) and 15, (dashed line).
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Figure 4.29: Comparison of 11, 1, and 1y, for estimating model (ii) when n; = 8 X 103, The
9 subplots, corresponding to 9 equidistant time points on [tx,, 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m (dotted dashed line), m,,

(dotted line) and 1, (dashed line).
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Figure 4.30: Comparison of m, 7, and 1My, for estimating model (ii) when n; = 1.2 x 10%.
The 9 subplots, corresponding to 9 equidistant time points on [ty,, 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to 1 (dotted dashed line),
m,, (dotted line) and 79, (dashed line).
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Figure 4.31: Comparison of 171, 11, and 7y, for estimating model (ii) when n; = 4 x 103, The

9 subplots, corresponding to 9 equidistant time points on [tx,, 1], show curves representing the

true regression curve (solid line) and the estimates corresponding to m (dotted dashed line), 1,

(dotted line) and M, (dashed line).
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Figure 4.32: Comparison of 11, 1, and 1My, for estimating model (ii) when n; = 8 X 103, The
9 subplots, corresponding to 9 equidistant time points on [tx,, 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m (dotted dashed line), m,,

(dotted line) and 115, (dashed line).
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Figure 4.33: Comparison of 17, 712, and 7, for estimating model (ii) when n; = 1.2 x 10,
The 9 subplots, corresponding to 9 equidistant time points on [ty,, 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to 1 (dotted dashed line),
m,, (dotted line) and 15, (dashed line).
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4.2 Real data examples

4.2.1 Density estimation

The Kepler mission of NASA (Thompson et al., 2016) is designed to survey a region of the
Milky Way to detect Earth-size planets. This is done by observing changes in the brightness of
stars in the same region of the Milky Way for 4 years between May 2009 and May 2013. One
of the data types produced by the telescope is in the form of light curves, i.e. time series of the
level of electromagnetic waves, such as the X-ray. Real time density estimation for light curves
are potentially useful for tasks such as anomaly detection and analysis of the nature of certain

astronomical events (Bloom et al., 2012; Bhatt and Bhattacharyya, 2012).

0 500 ; 1000 1500

Figure 4.34: Kepler light curve kp1r001026992-2009166043257.

Here we apply the SKDE at (2.2) with smoothing parameters selected by the SCV procedure
described in §2.4 to a light curve with Kepler dataset name kplr001026992-2009166043257,
observed from 13 May 2009 to 15 June 2009 (retrieved from https://archive.stsci.edu/
kepler/data_search/search.php). The original dataset contains 15 missing values and
1624 measurements of the flux rate (units of electrons per second). When there is no missing
value, the time gap At between two consecutive measurements is 30 minutes. However, since
the missing values are relatively scarce, we ignore the possible effects of them on the density

estimation. Figure 4.34 shows the raw data minus the sample mean 4590.44 and divided by the
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4.2 Real data examples

sample standard deviation 14.29.

To test if the light curve data after detrending are serially correlated, we plotted the estimated
auto-correlation functions of the detrended data in Figure 4.35. We detrended the data by sub-
tracting from them the fitted values produced by a local linear regression, computed using the
locpoly function from the R package KernSmooth (Wand and Jones, 2019) with bandwidth
selected by the dpill function from the same package. Figure 4.35 shows the estimated lag 0—30
auto-correlation functions, where the blue dashed lines correspond to auto-correlation function

values £0.05. From the plot we can see that the detrended data are not likely to be serially

correlated.
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Figure 4.35: Auto-correlation function estimation for detrended Kepler light curve data.

Figure 4.36 shows the density estimates produced by fand fw, for w = 25, 50, 100, 200, at
20 equidistant time points. The estimated density curves are sometimes fairly close to each other,
indicating that the time variability at those time points may be mild (recall that estimators fuis
computed from a sliding window of size w). For other time points the estimated density curves
show significant differences, indicating that the true density on those occasions may be varying
fast. Overall the density estimates produced by f are fairly smooth and close to those produced
by f 50-

Figure 4.37 is a mesh plot showing the density estimates produced by f at 1600 time points,
where the z-axis represents time points, the y-axis represents the rescaled flux rate and the z-axis

represents the density value. Compared to Figure 4.34, we can see that these density estimates
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Figure 4.36: Density estimates produced by f25 (dashed line), f50 (dotted line), f100 (dotted
dashed line), fo0 (long dashed line) and f (grey solid line), for the Kepler light curve data at 20
equidistant time points.
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have captured the changes in the location of the data. In addition, changes in the scale of these
density estimates may have reflected the changes in the variance of the underlying data distribu-

tion, which is difficult to observe directly from the raw data plot (Figure 4.34).

0

Figure 4.37: Density estimates produced by the SKDE f for the Kepler light curve data as a 3D
mesh plot. X -axis represents the index of data points, y-axis represents the domain of the density
estimates and z-axis represents the density values.

4.2.2 Regression

We modelled the time-varying relationship between the hourly stock returns of Microsoft and
Intel, using data running from 1 January 2018 to 31 August 2019 (7 data points per day). The
data can be downloaded from https://www.dukascopy.com/trading-tools/widgets/
quotes/historical_data_feed. Excluding weekends and non-working hours, the data set
comprises of 2,919 hourly observations. Let open; and close; denote the i-th open and close
prizes of a stock, then the i-th stock return is defined as 100 X (close; — open, ) /open,, where we

multiply by 100 for convenience.
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Luts et al. (2014) demonstrated their real-time semiparametric regression model using stock
prizes of Microsoft and Intel, without considering the possible time variability of the underlying
regression function. We modelled stock returns instead by applying 112, m,, and 1129,, to the hourly
data. To initialise the algorithm, we took v = 28 (4 days of data), so that Ny = 2v = 56, and
defined Ivl,h and L as in §4.1.2.
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Figure 4.38: Regression curves produced by m (solid line), 712, (dashed line) and my, (dotted
line) for the Microsoft vs Intel stock returns data. The subplots, from left to right and top to
bottom, correspond to 9 equidistant time points. The grayscale points represent the most recent
21 observations, the darker the more recent.

Figure 4.38 shows the regression curves estimated by 72 (solid line), 772, (dashed line) and

Mo, (dotted line) for 9 equidistant time points. The points in each subplot show the most recent
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2v data points and their colours represent their arrival times, the darker the more recent. The
figure shows that the curves produced by m, 1M, and 7, are often close together, implying that
the time variability might be mild. However, the 172 curves are often more bent towards the darker
(more recent) data points. For example, in the subplot at the top right corner in Figure 4.38, the
m curve significantly differs from the 1y, curve towards the right boundary. This is because ™

is less affected by the lighter (further in the past) point close to the right boundary.
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Chapter 5

Conclusion and future works

5.1 Conclusion

In the era of big and complex data, statistical modelling faces new challenges arising from data
sets collected in unconventional ways. Streaming data are a type of big and complex data: big,
since the data arrive in high frequency and huge volume of data accumulate in relatively short
period of time; complex, due to the time variabilities of the data distribution on a potentially
infinite time horizon. Hence the major challenge of modelling streaming data is that any method
has to be computationally eflicient while being adaptive to the nonstationarity. Considering
the lack of theoretically founded nonparametric estimation methods for streaming data, in this
thesis we have proposed some computationally efficient and theoretically justified algorithms for
nonparametric density and regression estimations for streaming data.

In Chapter 2 we proposed the SKDE for estimating nonparametrically the time-varying den-
sity of an i.n.i.d. data stream, with smoothing parameters selected by the SCV procedure. In
§2.2 we proved that the SKDE is consistent when the smoothing parameters were selected ap-
propriately. In §2.4.3 we showed the asymptotic optimality of the SCV procedure. Simulation
examples in §4.1.1 illustrated that the proposed method was adaptive to various types of nonsta-
tionarity of the simulated data and was superior, in terms of estimation accuracy, to conventional

offline KDE equipped with sliding windows and the plug-in bandwidth selector. In §4.2.1 we
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applied the proposed method to an astronomical data stream.

In Chapter 3 we proposed the SRA for adaptively estimating the time-varying regression
function of a d.n.i.d. data stream. The SRA consists of a semi-recursive NW estimator and a
RCV procedure for selecting smoothing parameters. We established the asymptotic normality of
the semi-recursive NW estimator in the streaming data settings. Simulation examples in §4.1.2
showed that the proposed method was adaptive to various types of nonstationarity of the sim-
ulated data and was superior to the conventional offline NW estimator equipped with the least
squares cross-validation bandwidth selector, in terms of computational time and estimation ac-
curacy. In §4.2.2 we applied the proposed method to financial and air quality data streams.

The major methodological innovation of this thesis is that it extends the conventional ker-
nel smoothing techniques, such as the KDE, the NW regression estimator and the least squares
cross-validation, which were originally proposed for offline i.i.d. samples of mild sample size, to
i.n.i.d. or d.n.i.d. data streams. Other techniques have been proposed before, e.g. in the machine
learning literature, but they were somewhat ad hoc and not theoretically founded. In addition,
the theoretical framework we use in this thesis, featuring the infill asymptotics and some mild
smoothness conditions, is flexible enough for the discussion of other modelling tasks. Consider-
ing the popularity of kernel smoothing in the machine learning community as a convenient tool
for visualisation and data reduction (see e.g. Gramacki, 2018), machine learning researchers may

also find these works interesting.

5.2 Future work

5.2.1 Improving convergence rates of density and regression estimators

As discussed in §2.3 and under Theorem 3.1, the SKDE f and the semi-recursive NW estimator
1 discussed in this thesis have slightly slower convergence rate compared to some existing time-
varying nonparametric estimators, such as those in Hall et al. (2006), Vogt (2012) and Zhangand

W (2015). As analysed in §2.3, this is because the way f (and analogously 772) does smoothing
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over time is similar to using a one-sided positive (first-order) kernel on the temporal domain,
which leads to higher bias of f. In §2.3, we also discussed a possible way to reduce the bias of
f , using double-exponential smoothing (see §2.3.2). However, the resulting density estimator f
has an unsatisfactory feature, namely, it cannot guarantee the positivity of the density estimate
(the temporal KDE of Hall et al. (20006) also suffers from this problem, a side effect similar to

that of using a higher-order kernel in the conventional KDE).

Therefore, an interesting open problem for future research is whether we can modify f to
reduce its bias while maintaining its positivity. This problem is somewhat similar to the boundary
correction problem in the literature of nonparametric density estimation for offline i.i.d. data (see
e.g. Jones, 1993b). It is well known that, for a density with bounded support, the conventional
KDE using two-sided kernels suffers from higher bias close to the boundary points than in the
interior of its domain. Reduction of bias (boundary correction) can be achieved by using one-
sided kernels close to the boundary points. However, since a one-sided second-order kernel may
take negative values, the resulting KDE with boundary correction may take negative values near
the boundary points. A simple approach for boundary correction maintaining the positivity
of the density estimator is discussed in Jones and Foster (1996), which is potentially useful for

developing a bias-corrected version of our SKDE f.

While positivity of the density estimator is desirable for density estimation, it is far less of a
concern in the regression problem. We can use double-exponential smoothing, without positivity
correction, to construct estimators #(2,t) and f(z,t) of r(x,t) = m(z,t) f(x,t) and f(, 1),
respectively, and then define the regression estimator as m(z,t) = 7(x,t)/ f(x,t). Motivated
by the discussion in §2.3, we expect that the new estimator m will have smaller bias compared to
v at (3.22). This will be one of the main focuses of our future research. A related task for future
research is to investigate the minimax optimal convergence rates for the density and regression

estimation for streaming data.
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5.2.2 Density derivative estimation for streaming data

Density derivative estimation is an important topic in the nonparametric density estimation lit-
erature. For example, it is an essential component of different versions of plug-in bandwidth
selectors for the conventional KDE (see e.g. Section 3.5 of Wand and Jones, 1995). In Chap-
ter 2 we proposed a cross-validation procedure to select smoothing parameters (7, h) for the
SKDE. Since, from the research on the conventional KDE for offline data (e.g. Park and Mar-
ron, 1990), we know that cross-validation is often less robust compared to the plug-in approach
in bandwidth selection, therefore an intriguing open question is to develop plug-in smoothing
parameter selectors for streaming data. From Proposition 2.1 we know that this will involve the
estimation of density derivatives f,, and f;. The main challenge here is to iteratively compute

these (time-varying) quantities.

Density derivative estimation also finds its application in various machine learning prob-
lems, such as mode-based clustering, mean-shift tracking and filament detection; see e.g. Chacén
(2015) and Chapter 6 of Chacén and Duong (2018). Considering that clustering is one of the
most important problems in streaming data analysis (see Aggarwal, 2018, for a review), it is also
intriguing to investigate the connection between density derivative estimation and clustering in

the streaming data setting.

5.2.3 More general assumption about error sequence in regression model

As mentioned on page 118, in future works we will relax the assumption that the error sequence
{€i}i=12... in the regression model (1.3) is i.i.d. and independent from the covariate sequence
{Xi}iz12,. . Indeed, in a more general setting, ¢; may depend on X, as in the literature of
semiparametric and nonparametric nonlinear time series analysis (Fan and Yao, 2003, Chapter
8; Gao, 2007, Chapter 1). There, since the sequence {X;};—1 2, is d.n.i.d., the error sequence

{€i}i=12... is no longer i.i.d.
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One way to characterise the dependence of €; on Xj is to let

€ = <(Xs, ti)ms (5.1)

where {7;}i=1.2, is a sequence of i.i.d. random variables independent from {X;};—1 2 satisfy-
ing E(n;) = 0 and var(7;) = 1 and where (-, -) is a smooth function. This assumption is used
in Vogt (2012) and Zhang and Wu (2015), where the goal is the offline estimation of model
(1.3). The i.i.d. assumption of error sequence used in this thesis can be viewed as a special case of

(5.1), taking ¢(x,t) = 0. Next we discuss how dependent and heteroscedastic errors may affect

the SRA described in Chapter 3.

5.2.3.1 Error dependence

It is well documented in the literature on nonparametric regression that dependent errors may
have a negative impact on bandwidth selection procedures such as the leave-one-out cross-
validation (Zhou et al., 2003; Altman, 1990; Chu and Marron, 1991; Hart, 1991, 1994; Hall,
Lahiri and Polzehl, 1995; Opsomer et al., 2001; Hall and Van Keilegom, 2003; De Brabanter et
al., 2018). However, as pointed out by Yao and Tong (1998) and Fan and Yao (2003, p. 273), this
negative impact is more prominent for fixed design regression models where the design points are
time points. For random design models, such as (1.3), where the errors are serially dependent,
i.e. the dependence between two error terms €; and €; decreases as their observational times ¢;
and ¢; are further apart, the bandwidth selection is very similar to that for independent data,
when the dependence is weak enough'.

To understand why serially dependent errors have a much smaller effect on random design

regression models, first consider the following fixed design model:

Y;-:m(ti)—l—ei,izl,...,n, (52)

"Here we only consider serial dependence of errors. Opsomer et al. (2001) and De Brabanter et al. (2018)
considered spatially dependent errors, where the dependence between €; and €; decreases as the covariates X; and
X are further apart. In the latter case, the bandwidth selection for random design regression models will also suffer
from the dependence of errors, as that for the fixed design models.
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where t; = i/n is the observational time of Y; and {¢;},—1__, is a stationary error sequence
satisfying E(¢;) = 0 and var(¢;) = o2 for some ¢ € R. That is, the time series {Yitici s
observed on a equidistant time grid on [0, 1] and it is composed by a deterministic trend m(-)

plus errors. Suppose the error sequence admits the following serial dependence structure:

COI'I'(EZ‘, 6]') = p<|tl — t]‘) s (53)

where corr(-, -) denotes correlation and p : Ry — [0, 1] is a monotone decreasing function.
That is, the errors are positively correlated (positively correlated errors are much more common
in practice, see, e.g., Hart, 1991) and the correlation of two error terms €;, €; decreases as their

observational times ¢;,¢; are further apart.

If we conduct leave-one-out cross-validation for model (5.2), then, due to due to (5.3), the
leave-out data point (t;,Y;) will be positively correlated with its neighbours (¢;_1,Y;-1) and
(tit1, Yig1), since |t; — t;—1| and |t; — t;41| are small. As a result, the cross-validation tend to
select an overly small bandwidth, causing undersmoothing. However, this problem will be less

significant for a random design model
Y;‘:m(Xi)—l-Ei,?::l,...,n, (54)

where {(X;,Y;) }iz1...n is a weakly dependent random process and {¢;};—1_,, satisfies (5.3).
This is because, in model (5.4), the nearest neighbour (Xj,,Y},) of the leave-out data point

(X, Y;), may be only weakly correlated with (X;,Y;), since |t;, — t;| may be large.

To summarise, random design regression models suffer much less from serially dependent
errors, since the nearest neighbours in the state space (space of the regressor) may not be close in
the time space. Hence Yao and Tong (1998) suggests that leave-one-out cross-validation may still
be applicable for these models. Analogously, the RCV procedure at (3.26) may still be applicable
when the errors are dependent, since the one-step-ahead data point (X1, Y1), although close

to (X;,Y;) in the time space, may be far away from it in the state space.
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5.2.3.2 Heteroscedasticity

Jones (1993a) argues that nonparametric regression estimators often suffer much less from het-
eroscedasticity compared to linear regression model, so that we can afford to ignore heteroscedas-
ticity when the goal is simply to estimate the regression function nonparametrically. However,
Miiller and Stadtmiiller (1987) show that taking heteroscedasticity into account can improve the
performance of the kernel regression estimator, in terms of the MISE. They propose to estimate
the local error variance and to use variable bandwidth. That is, we use larger bandwidth (hence
more smoothing) where the error variance is larger, since higher error variance implies noisier
data. However, in the streaming data setting, such a procedure, involving estimation of the error
variance and selection of local bandwidth, may be computationally heavy.

Hence, to apply the SRA under the more general condition (5.1) on the error sequence,
we may safely ignore the heteroscedasticity when it is mild. Otherwise, we may estimate the
function o (-, -) in (5.1) and use the variance-stabilised data {(X;, Y;/5(X;,t;)) }iz1,2,... instead.
Estimating time-varying local variance is a challenging task by itself and we shall leave it for future

work.

5.2.4 Higher dimensions

For the convenience of theoretical derivations, in this thesis we have focused on univariate stream-
ing data. In this section we discuss possible ways of extending our density and regression estima-
tion methods to higher (than 1) dimensions. We consider two types of higher dimensionality,

namely, the low-dimensional case (e.g. 2 or 3) and the high-dimensional case (e.g. 100).

5.2.4.1 Low-dimensional case

Low-dimensional kernel smoothing is useful for visualisation. For example, a bivariate KDE
can be used to model spatial phenomena (Hall et al., 2006) or for object tracking (Qahtan et al.,
2017). Let { X, };=1.2,.. denote a data stream with arrival times {t; },—1 o, defined at (1.1), where

each X; = (Xi1, ..., Xiq) isa d-dimensional random vector with density f (-, ¢;), for some small
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integer d > 1 (e.g. d = 2). To estimate the time-varying density f, we can still use the recursive
KDE at (1.8) with a d-dimensional kernel K : RY — R satisfying Jea K = 1and K;() =
h=@K (-/h). Then we can use a cross-validation procedure to select 7y and h, similar to the SCV
in §2.4. However, the relation (2.28) needs to be modified based on a multivariate version of
Theorem 2.1. Similarly, by using a multivariate kernel K, we can modify the semi-recursive NW

estimator at (1.9) to estimate a time-varying regression function m with multivariate covariate.

5.2.4.2 High-dimensional case

Regression It is well-known that the kernel smoothing estimators suffer greatly from the curse
of dimensionality. Specifically, for i.i.d. data, the order of their convergence rate with respect to,
e.g. the MISE, decreases fast as dimension increases. See, for example, Chapter 4 and Section
5.9 of Wand and Jones (1995). A possible remedy for the curse of dimensionality for kernel
regression is the generalised additive models (GAM).

Let {(X;,Y;)}iz12,.. denote a data stream with arrival times {¢;};—1 2 . defined at (1.1),
where each X; = (X1, ..., Xjq) is a d-dimensional random vector, for some large integer d > 1

(e.g. d = 100). Analogous to the GAM for offline i.i.d. data (see, e.g., Chapter 7 of Fan and
Gijbels, 1996), we may assume the following time-varying GAM

d
Y;; = m()(tl) -+ Zm](Xm,tz) + €, (55)
j=1

where my is the time-varying intercept term, m; is a time-varying function for the j-th dimension
and ¢; is the error term. Model (5.5) has been investigated by Vogt (2012) for offline d.n.i.d. data,
where each m; is estimated by an estimator defined at (1.14) with a symmetric temporal kernel
K. The model fitting is done by an adaptation of the smooth backfitting technique proposed
by Mammen et al. (1999). For streaming data, we may apply the semi-recursive NW estimator
defined at (1.9). However, developing a computationally-efficient model-fitting algorithm for

this ‘streaming GAM’ remains an open problem.
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Density estimation  The nonparametric estimation of high-dimensional densities for i.i.d. data
has received attention of some recent statistical works. For example, Nagler and Czado (2016)
assume a simplified vine copula model to evade the curse of dimensionality. That is, they as-
sume that the multivariate density to be estimated has a special dependence structure among
the marginal densities, so that to estimate the original high-dimensional density we only need
to estimate all the marginal densities and all their pairwise joint densities. Then the convergence
rate of their density estimator has the same order as the estimator of the pairwise (bivariate) joint
densities. That is, the convergence rate is independent of the dimensionality. However, a draw-
back of their estimator is the computation — for a d-dimensional density their estimator requires
estimating d marginal densities and d(d — 1)/2 bivariate joint densities. This may prevent the

use of their estimator for high-dimensional streaming data.

Xu and Samworth (2019) propose a nonparametric method which evades the curse of di-
mensionality via symmetry and shape constraints. They assume that the density to be esti-
mated belongs to a class of log-concave densities on R? satisfying some symmetry conditions.
The main symmetry condition is that the super-level sets of the density f (sets of the form
{x € RY: f(x) > ¢} with some ¢ > 0) are scalar products of some convex set K. In particular,
when /C is known, their estimator computed from 7 i.i.d. data has a worst-case risk bound with
respect to, e.g., square Hellinger loss, of O(n~%/%), independent of d. The drawback of their
method is twofold. Firstly, in practice K is often unknown and hence needs to be estimated
from data. In this case the risk bound of their density estimator is no longer independent from
d, so that the curse of dimensionality will still be present. Secondly, the shape constraints that
their method relies on may be somewhat stringent in some cases, since they require, e.g., that the
data-generating density has to be unimodal and its super-level sets have to have the same convex

shape.

Due to their heavy computation or rather stringent shape constraints, the above-mentioned
two methods for high-dimensional density estimation cannot be directly applied to streaming
data. Furthermore, the potential nonstationarity of high-dimensional streaming data poses some

additional challenge to density estimation besides the curse of dimensionality. However, before
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discussing possible approaches for countering this double challenge, we first ask the question:
‘what is the purpose of high-dimensional density estimation?” This is an important question
since it will directly affect the appropriate loss function to use for the estimation problem. We

shall discuss this question and its implications for our future research in more details in §5.2.5.

5.2.5 Density-based classification

Unlike the low-dimensional (e.g. d = 2) case, high-dimensional density estimators are not di-
rectly useful for, say, visualisation. A more straightforward application of those estimators is
density-based classification. For example, Nagler and Czado (2016) applied their copula-based
high-dimensional density estimator to the classification of some astrophysical imaging data. In
this section we briefly review the density-based approach for the binary classification of of-
fline i.i.d. data. Then we shall discuss their implications for constructing classifiers for high-
dimensional streaming data.

Let Z = {(X;,Y;)}i=1

..... n denote a sample with n i.i.d. observations, where X;, =
(Xi1, ..., Xiq) denotes a random vector called the feature vector and where Y; € {0, 1} denotes
a Bernoulli random variable called the (binary) class label. Let (X,Y’) denote a new random
vector that is i.i.d. as the data in Z. Then the goal of binary classification is to compute from Z
a classifier Cz : R? — {0, 1} which accurately predicts the class label Y =C 2(X) given the

feature vector X.

Mathematically, we seek to minimise the following misclassification risk given X = x:

R(z) = P{Cz(z) # y}
— P{Cs(z) = 0|X = 2}1(Y = 1) + P{Cs(2) = X =2}L(Y =0),  (5.6)

where ¥ is the class label for feature vector x € R?. This risk is minimised by the so-called Bayes

rule

O(z) = 1{P(Y = 1|X = z) > 1/2}. (5.7)
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See, e.g., Friedman (1997) for more detailed discussions of binary classification and the misclas-

sification risk.

The Bayes rule C'(x) is an ideal classifier but it requires us knowing P(Y = 1|X = z). In
practice, of course, we can only estimate this probability from the sample Z. The density-based
classification seeks to do this in a straightforward way. Let fo = fx|y—oand fi; = fx|y—1 denote
the conditional densities of feature vector X given its class label Y. By the Bayes theorem, we

have

7 f1(x)
mo fo(x) + w1 fi(x)’

where 19 = P(Y = 0) and m; = P(Y = 1) are the unconditional probabilities of each class.

P(Y = 1|X = 2) = (5.8)

From (5.7) and (5.8), a density-based classifier has the form

(5.9)

Cg(x):é(x)zﬂ{ _mfil@) 21},
mofo(z) +mfi(x) — 2
where fo and fl are some density estimates. Comparing (5.9), (5.7) and (5.8), C'z(z) at (5.9)

can be viewed as a plug-in estimator of C'(z).

Depending on how we estimate fj and fi, (5.9) induces various classifiers. For example,
suppose fo and f) are multivariate normal densities of N (pg, o) and N (1, 31), where pg, 111
are mean vectors and Y, X1 covariance matrices. If we assume g = X1, then (5.9) leads to
the linear discriminant analysis (LDA); if we allow ¥y # X1, then (5.9) leads to the quadratic
discriminant analysis (QDA)?. See, e.g., Section 4.3 of Hastie et al. (2009) for details.

A prominent feature of LDA (QDA) is that the decision boundary it generates is linear
(quadratic). In contrast, naive Bayes, another density-based classification method, generates

more general decision boundaries. It is called ‘naive’ since it makes the following simplistic

2R. A. Fisher, who proposed LDA in Fisher (1936), did not derive LDA from the normality assumptions, but
from an analysis of variance (ANOVA) viewpoint. This partially explains why LDA and QDA still work reasonably
well even when the data are far from normally distributed. See (Hastie et al., 2009, p. 111) for a brief discussion on
the popularity of these methods and the role of the normality assumptions.
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assumptions: for z = (x1,...,24) € RY,

d
fix) =[] fnlan), fori=1,2, (5.10)
k=1

where f;; denotes the density of the k-th margin of the feature vector X. That is, naive Bayes
assumes that the different margins of X are conditionally independent given Y, which is often
untrue in practice. Then, the marginal density f;; can be modelled either parametrically or

nonparametrically.

Despite its sheer ‘naivety’, naive Bayes proves to be one of the most efficient and effective
classification methods in practice (Zhang, 2004). Its competitive performance even extends to
the case when the dimension d of feature vector X is high (Hastie et al., 2009, pp. 210-211).
Bickel and Levina (2004) compare the asymptotic behaviours of LDA and parametric naive Bayes
(marginal densities assumed to be normal) in binary classification. They assume that the two
conditional densities fo and f; are normal and the dimension d grows faster than sample size
n asn — oo. They find that naive Bayes classifier greatly outperforms LDA (even when the
normality assumptions for LDA are satisfied). One of the intuitions to the success of naive Bayes
is that the bias induced by its simplistic assumptions often does not harm the estimation of (5.8),
especially for z values close to the decision boundary (Hastie et al., 2009, pp. 210-211). Hence
a bad density estimator (in terms of pointwise behaviour measured by, e.g., the MISE) may still

lead to a good classifier (in terms of the classification risk R at (5.6)).

In addition to its competitive performance both in theory and in practice, another attrac-
tive feature of naive Bayes is its computational efhiciency. Recall that the copula-based high-
dimensional density estimator proposed by Nagler and Czado (2016) is computationally heavy
since it requires modelling the complex dependence structure among the marginal densities of the
feature vector X . Naive Bayes is free from this burden by assuming the conditional independence

of the margins. This is especially attractive for the classification of streaming data.

In our future research, we aim at developing some computationally efficient and theoretically

justified algorithm, using the naive Bayes approach, for the classification of streaming data. For
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the estimation of the time-varying conditional densities, we may apply the SKDE described in
Chapter 2. However, due to the change in the goal from density estimation to classification, the
SCV procedure proposed in §2.4 may no longer be appropriate for the selection of smoothing
parameters. Hence a key component of our future research is to develop an algorithm for the

selection of smoothing parameters for our streaming naive Bayes classifier.
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