
Minerva Access is the Institutional Repository of The University of Melbourne

Author/s:
Mao, Jiadong

Title:
Nonparametric estimation for streaming data

Date:


Persistent Link:
https://hdl.handle.net//

Terms and Conditions:
Terms and Conditions: Copyright in works deposited in Minerva Access is retained
by the copyright owner. The work may not be altered without permission from the
copyright owner. Readers may only download, print and save electronic copies of whole
works for their own personal non-commercial use. Any use that exceeds these limits
requires permission from the copyright owner. Attribution is essential when quoting or
paraphrasing from these works.



Nonparametric estimation for
streaming data

Jiadong Mao

ORCID: 0000-0002-3818-1981

Submitted in total fulfilment of the requirements of the degree of

Doctor of Philosophy

School of Mathematics and Statistics
The University of Melbourne

February 2020





Abstract

Streaming data are a type of high-frequency and nonstationary time series data. The collection of

streaming data is sequential and potentially never-ending. Examples of streaming data, including

data from sensor networks, mobile devices and the Internet, are prevalent in our daily lives. An

estimator for streaming data needs to be computationally efficient so that it is relatively easy to

update the estimator using newly arrived data. In addition, the estimator has to be adaptive to

the nonstationarity of data. These constraints make streaming data analysis more challenging

than analysing the conventional non-streaming data sets.

Although streaming data analysis has been discussed in the machine learning community for

more than two decades, it has received limited attention from statistical researchers. Estimation

methods that are both computationally efficient and theoretically justified are still lacking. In

this thesis, we propose nonparametric density and regression estimation methods for streaming

data, where the smoothing parameters are chosen in a computationally efficient and fully data-

driven way. These methods extend some classical kernel smoothing techniques, such as the kernel

density estimator and the Nadaraya–Watson regression estimator, to address the theoretical and

computational challenges arising from streaming data analysis. Asymptotic analyses provide these

methods with theoretical justification. Numerical studies have shown the superiority of our

methods over conventional ones. Through some real-data examples, we show that these methods

are potentially useful in modelling real-world problems. Finally, we discuss some directions for

future research, including extending these methods to model higher-dimensional streaming data

and to streaming data classification.
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Chapter 1

Introduction

1.1 Motivation

Streaming data are a type of temporal data collected sequentially over a potentially infinite time

period with high velocity in a nonstationary environment. Different from conventional high-

frequency and nonstationary time series, the collection of streaming data may be never-ending

and real-time modelling is often required.

The ubiquity of mobile devices and sensor networks has made this type of data very common

in our daily lives. A typical example is the Phasor Measurement Units (PMUs) technology used

for monitoring large power grids (Zhou et al., 2016). Typically, measurements from PMUs are

reported at a standard rate of 60Hz (60 reads per second) and the ability to analyse these data

in real time is essential for the management of large power systems. Another example is the

NASA satellite Swift (Gehrels et al., 2004), which monitors a large number of celestial objects by

receiving from them certain kinds of electromagnetic waves, such as gamma-rays and x-rays. For

each object, an observed rate (measuring the level of a certain kind of wave) of, say, gamma-ray

is generated every few milliseconds. Due to various celestial activities, the distribution of the

detected rate is likely to be time-varying.

There are mainly two features that distinguish streaming data from the conventional inde-

pendent and identically distributed (i.i.d.) data. Firstly, the data arrive at a very high speed and
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CHAPTER 1

their collection is never-ending. Hence, storage of all past data is difficult and any estimator

has to be online, i.e. it has to be frequently updated using the newly arrived data. Secondly,

the data are likely to be nonstationary and hence the estimator has to be adaptive to the time

variabilities. For example, the distribution of the measurements from a sensor network can be

time-varying, either due to the evolving physical phenomena it monitors, or due to the ageing

of sensors (Ditzler et al., 2015).

Because of the above features, conventional nonparametric methods, such as the kernel den-

sity estimator (KDE), are often not directly applicable to streaming data. On the one hand, in

terms of computation, these methods are often offline. That is, they assume that all data have

been observed and stored in the computer memory, so that all data can be accessed for unlim-

ited number of times. In addition, these methods can be computationally intensive due to the

method they use for the selection of smoothing parameters. Conventional data-driven proce-

dures for this purpose, such as cross-validation (Hall, 1983; Härdle and Marron, 1985; Hall,

1987) and bootstrap (Taylor, 1989; Faraway and Jhun, 1990; Faraway, 1990; Hall, 1990; De-

laigle and Gijbels, 2004), are often too time-consuming for processing streaming data. On the

other hand, in terms of adaptivity to nonstationarity, these nonparametric methods are origi-

nally designed for stationary data (see e.g. Wand and Jones, 1995; Bosq, 1998), without taking

nonstationarity into consideration.

In this thesis, we develop computationally efficient nonparametric density and regression

estimation methods for smoothly time-evolving streaming data. The estimators are online and

smoothing parameters are selected by some computationally efficient cross-validation procedures.

Namely, the streaming cross-validation in §2.4 for density estimation and and the recursive cross-

validation in §3.2 for regression. We analyse the asymptotic properties of these estimators and

cross-validation procedures within the infill asymptotics framework used in Hall et al. (2006),

Vogt (2012) and Zhang and Wu (2015). Superior performances of these methods over com-

petitors are illustrated by simulations. Application of these methods to some real-data examples

show their potential use in modelling real-world problems. This thesis shows a possibility of ex-

tending classical kernel smoothing techniques to modelling big and complex data, which might

2



1.2 Data and models

be interesting for researchers in both nonparametric statistics and machine learning.

1.2 Data and models

In this section we first define some different types of streaming data and the corresponding density

and regression models. Then we define some other types of data that will be useful for the

literature review in §1.3.

1.2.1 Streaming data

We define a data stream {Zi}i=1,2,... as an infinite sequence of independent and non-identically

distributed (i.n.i.d.) or dependent and non-identically distributed (d.n.i.d.) random variables or

random vectors, where each observation Zi arrives at time

ti = i∆t, for some ∆t > 0 . (1.1)

Let nt denote the number of observations arriving up to a given time t > 0, so that

t/∆t− 1 ≤ nt = bt/∆tc ≤ t/∆t . (1.2)

Assuming equidistant arrival times is realistic since, in practice, many devices (e.g. traffic sensors)

make measurements regularly in time. A model assuming equidistant arrivals can readily be

applied to data with slightly irregular arrivals.

For the simplicity of theoretical derivations, in this thesis we only focus on the univariate

scenario (see Chapter 5 for a discussion on extensions to the higher-dimensional case). That is,

in the density estimation case, Zi = Xi ∼ f(·, ti) denotes a univariate random variable, where

f(·, ·) is a time-varying probability density function. In the regression case, Zi = (Xi, Yi) ∈ R2

3
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denotes a random vector from the following time-varying regression model:

Yi = m(Xi, ti) + ϵi , i = 1, 2, . . . , (1.3)

wherem(x, ti) = E(Yi|Xi = x) is a time-varying regression function and {ϵi}i=1,2,... is an error

sequence.

1.2.2 Other types of data

The i.n.i.d. (d.n.i.d.) streaming data defined above are different, both in nature and in the way

they can be analysed, from the standard data usually encountered in the literature, which we

refer to as offline i.i.d. data, denoted by {Zi}i=1,...,n. The data are called offline since they are

all available at once and each observation can be accessed for unlimited number of times. The

i.n.i.d. (d.n.i.d.) streaming data also differ from what we refer to as online i.i.d. data, where

the data {Zi}i=1,2,... are observed sequentially at times {ti}i=1,2,... satisfying (1.1), but where

the Zi’s have the same (non-time-varying) distribution. Another type of data encountered in

practice is what we refer to as offline i.n.i.d. data, where the data {Zi}i=1,...,n are independent

and all available at once, but have been observed at consecutive times {ti}i=1,...,n satisfying (1.1)

and are nonstationary. That is, Xi ∼ f(·, ti) and, in the regression problem, the regression

function m(x, ti) = E(Yi|Xi = x) is time-varying.

1.2.3 A bibliographic note on definition of streaming data

To the best of our knowledge, there is no consensus in the literature concerning the mathematical

definition of streaming data. Some works view online i.i.d. data as a kind of streaming data. For

example, Domingos and Hulten (2000) proposed a classification tree method for i.i.d. streaming

data and Luo and Song (2020) developed a recursive maximum likelihood estimation procedure,

also for i.i.d. streaming data. Assuming stationarity, they only focused on online modelling, i.e.

how to efficiently update the tree classifier or the maximum likelihood estimator when more and

4



1.3 Literature review

more data are available. However, since streaming data are potentially never-ending, it is less

realistic to assume that they are stationary. Hence, in line with the majority of existing works on

streaming data (see e.g. Ditzler et al., 2015, for a review of classification and clustering methods

for nonstationary streaming data), in this thesis we include nonstationarity in the definition of

streaming data and consider the i.n.i.d. and the d.n.i.d. case.

1.3 Literature review

Since streaming data analysis first arises in the machine learning community, in this section we

first give a brief introduction to the machine learning literature on streaming data. Then, we

turn to existing statistical works on streaming data, which are limited in number compared to the

machine learning literature. To conclude this section, we review some nonparametric statistics

techniques that will be the building blocks of our density and regression estimation methods

described in this thesis.

1.3.1 Machine learning literature on streaming data

Streaming data analysis has received attention from the machine learning community as a result

of the advances in hardware technologies such as network monitoring, web mining, sensor net-

works and manufacturing systems (Gama and Gaber, 2007; Sayed-Mouchaweh, 2019). Most of

these works focus on modelling tasks such as classification and clustering. See Gama (2010) and

Ditzler et al. (2015) for some more comprehensive reviews on the classification and clustering of

streaming data. Here we selectively review some methods that directly inspired our works in this

thesis.

1.3.1.1 Online learning

As mentioned in §1.1, one of the major challenges for streaming data analysis is that any esti-

mator has to be computationally efficient so that it is relatively easy to be frequently updated.

5
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However, most of the conventional machine learning algorithms are designed for offline data. For

streaming data, it is more desirable to use online methods, where the estimators can be frequently

updated using only one or a small number of newly arrived data points. Many earlier machine

learning works on streaming data focus on designing online versions of classic offline methods for

classification, clustering and regression. One of the pioneering works in this direction is the very

fast decision tree algorithm proposed by Domingos and Hulten (2000), which constructs clas-

sification trees that can be sequentially updated using each newly arrived data point. However,

their algorithm is designed for online i.i.d. data and hence is not appropriate for nonstationary

streaming data. Moreover, their work is about classification, whilst our focus in this thesis is on

nonparametric density estimation and regression.

1.3.1.2 Nonstationarity adaptation

As mentioned in §1.1, streaming data are often nonstationary. In the machine learning literature,

nonstationarity is often termed as concept drift and nonstationarity adaptation is one of the

most important topics in streaming data analysis (Gama et al., 2014). For an algorithm to be

adaptive to the nonstationarity, it has to reduce the influence of older data points to the current

estimator. Different approaches of discounting the past in the machine learning literature can be

summarised into three categories: windowing, weighting and ensemble learning.

Windowing. Using the notations in §1.2, to construct an estimator at time t ∈ R+, the win-

dowing approach uses only the most recent block of data {Zi}i=nt−wt+1,...,nt arriving on time

window (t− wt∆t, t], where ∆t is defined in (1.1) and wt is an integer called the window size.

This approach is also termed sliding window or rolling window, and is often used for modelling

nonstationary time series (e.g. Inoue et al., 2017).

Using the windowing approach, Hulten et al. (2001) modified the very fast decision tree

into the concept-adapting very fast decision tree algorithm. This modified algorithm also se-

quentially updates a classification tree, but at a time t ∈ R+ the tree model is computed using

only {Zi}i=nt−w+1,...,nt , i.e. data points arriving on a time window (t−w∆t, t], where the fixed

6
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window size w is chosen by hand. In addition, the algorithm periodically checks if any sub-tree

(part of the tree structure) has become ‘outdated’ according to a data-driven criterion computed

from {Zi}i=nt−w+1,...,nt . When a sub-tree fails to satisfy the criterion (hence viewed as outdated),

the algorithm starts building an alternative sub-tree. The alternative sub-tree is not used to re-

place the original sub-tree until the alternative admits lower classification errors than the original.

The windowing approach in Hulten et al. (2001) directly inspired the recursive cross-validation

procedure in Chapter 3, which is a key part of the nonparametric regression method described

therein.

The windowing approach has also been applied to nonparametric density and regression es-

timation to make the conventional estimators adaptive to nonstationarity, see §1.3.4.1 for more

details.

Weighting. For keeping the estimates up-to-date, the weighting approach assigns larger weights

to more recent data points and smaller weights to data from more distant past. A simple but

popular weighting approach is exponential smoothing, which is often used in the time series

literature for the forecast of a univariate time series (Harvey, 1990, pp. 25–26; Gijbels et al.,

1999). It recursively computes weights for all past data points, where the weights for data in

more distant past decreases exponentially fast.

To illustrate exponential smoothing, we consider the problem of estimating the time-

varying sample mean of streaming data. For data stream {Xi}i=1,2,... with time-varying means

{µi}i=1,2,..., exponential smoothing estimates the µi’s using recursive formulas µ̂0 = 0 and

µ̂i = (1 − γ)µ̂i−1 + γXi, for i = 2, 3, . . . . Here γ ∈ (0, 1) is a parameter called the step-

size, controlling how fast the estimator forgets the influence of past data points. Instead of using

a fixed γ value, we can also use a sequence of adaptive stepsizes {γi}i=1,2,.... This is because, when

the µi’s are changing fast (slowly), it is more appropriate to use a larger (smaller) γ value.

Exponential smoothing, with either fixed or adaptive stepsizes has been extensively used in

streaming data analysis. See e.g. Anagnostopoulos et al. (2009), Pavlidis et al. (2011), Anag-

nostopoulos et al. (2012) , Ross et al. (2012) , Bodenham and Adams (2017) and Noble and

7
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Adams (2018) for some applications of exponential smoothing to classification and changepoint

detection.

Exponential smoothing has also been applied to nonparametric density and regression esti-

mation. See §1.3.4.2 for more details.

Ensemble learning. The basic idea of ensemble learning is to build an estimator that combines

the strengths of a collection of base learners (Hastie et al., 2009, p. 605). Ensemble learning has

been widely used to model offline i.i.d. data. A classic example is the random forest proposed

by Breiman (2001). Instead of building only one classification tree using the whole data set,

Breiman (2001) proposes to draw a number of bootstrap resamples and build an overfitted

classification tree from each resample (as the base learner), thus forming an ensemble of tree

classifiers. To classify a new data point, each tree classifier computes a predicted class label and

then the class label receiving the highest number of votes will be chosen as the final predicted

class label for that data point. One of the keys to the success of ensemble learning is the variance

reduction induced by model averaging (such as the voting procedure in the random forest). In

the random forest case, due to overfitting, each tree classifier has low bias but high variance. Then

the voting can greatly reduce the variance, while only slightly increasing the bias (Hastie et al.,

2009, pp. 587–589).

In addition to modelling offline i.i.d. data, ensemble learning has become a popular ap-

proach for nonstationarity adaptation in streaming data analysis. See Gomes (2017) for a review

of ensemble methods for streaming data classification. At time t ∈ R+, we can incorporate infor-

mation from more recent data by adding base learners computed from these data, and, to forget

outdated information, we simply remove base learners computed from older data. To illustrate

the flexibility of ensemble learning in coping with nonstationarity, next we review an algorithm

proposed by Street and Kim (2001) in some detail. For some more recent examples of ensemble

methods for streaming data classification, see Kolter and Maloof (2007), Minku and Yao (2012)

and Bertini Jr. and Nicoletti (2002).

The streaming ensemble algorithm proposed by Street and Kim (2001) is one of the earliest
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ensemble learning algorithms designed for streaming data classification. It partitions the data

stream into consecutive blocksB1, B2, . . . , each containing b data points, and iteratively updates

an ensemble E = {Ei}i=1,...,G ofG base classifiers. The algorithm is iteratively defined as follows.

To initialise E , we first build classifiers C1, . . . , CG using the first G data blocks B1, . . . , BG,

respectively. Then, the initial ensemble is defined by Ei = Ci, i = 1, . . . , G, i.e. it contains

classifiers trained from the first G data blocks. When a new block BG+1 arrives, we use it to

build a classifier CG+1. Then we decide whether we replace some existing base classifier Ej ∈ E

with this new classifierCG+1. For this, we use another new blockBG+2 as the test set to compute

the classification errors ofCG+1 and allEi ∈ E . IfCG+1 yields lower test error than some existing

base classifier Ej ∈ E , let Ej ← CG+1. Otherwise we discard CG+1 and do not update E . The

above procedure is repeated to keep E up-to-date.

With an ensemble E of base classifiers, the streaming ensemble algorithm classifies a data

point by combining the prediction results of all Ei ∈ E , but not by simple voting as in the

random forest case. In the latter case, the data are i.i.d., so each base classifier is given the same

weight in voting. In contrast, the streaming ensemble algorithm uses weighted voting. That

is, it gives a base classifier Ei higher weight if it yields a lower test error on recent data blocks.

This is because the data are nonstationary and classifiers that classify the more recent data points

accurately are more useful for real-time classification. The reason that we limit the size of the

ensemble E to be some fixed integerG is because we cannot afford to store all classifiers, when the

number of them becomes overly large (recall that streaming data is never-ending so the number

of data blocks goes to infinity).

Inspired by the ensemble methods for streaming data classification, we propose to apply the

ensemble learning approach to adaptive nonparametric regression estimation for streaming data.

Instead of using just one estimator and continuously updating it with new data, we propose

to construct an ensemble of estimators, each with a different choice of smoothing parameters.

Then, we dynamically choose the best estimator from the ensemble, according to some data-

driven criterion computed from a recent block of data. See Chapter 3 for details.
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1.3.1.3 Nonparametric estimation for streaming data in machine learning literature

In the machine learning literature, discussions on nonparametric estimation for streaming data

mainly focus on the fast computation of the KDE. For example, Gray and Moore (2003), Zhou

et al. (2003) and Zheng et al. (2013) considered fastening the computation of the KDE for

modelling online stationary data. They proposed different methods to adaptively bin the data

and then compute the conventional KDE based on the binned data. Boedihardjo et al. (2008),

Heinz and Seeger (2008), Cao et al. (2012) and Qahtan et al. (2017) proposed different methods

to compute the binned KDE for nonstationary streaming data. Boedihardjo et al. (2008), Cao

et al. (2012) and Qahtan et al. (2017) computed the conventional KDE using binned data in a

sliding window, where the window size is fixed and chosen by hand. Heinz and Seeger (2008)

used a recursive KDE, where the weights for data points arriving at different times were computed

using exponential smoothing (see §1.3.4.2 for details). However, they did not provide any data-

driven method for selecting the stepsize. In Chapter 2 we will propose a recursive KDE for

streaming data, where the smoothing parameters are adaptively chosen using some theoretically

founded data-driven method.

In recent years, some works have emerged for using online kernel-based methods, such as the

online version of the support vector machine, for nonparametric regression estimation and the

classification of streaming data (Bedi et al., 2019; Shen et al., 2019). These works formulate the

nonparametric function estimation as a convex optimisation problem, where the goal is to find

a function in a reproducing kernel Hilbert space that minimises some penalised loss function.

However, in these works some key tuning parameters, including those for controlling nonsta-

tionarity adaptation, are chosen by hand. In addition, theoretical analyses there mainly focus on

proving optimisation theoretical properties of the proposed methods, while statistical properties

of these methods largely remain unclear.

10



1.3 Literature review

1.3.2 Statistical literature on streaming data

In contrast to the flourishing research in the machine learning community, streaming data analy-

sis has received much less attention from the statistics community. Moreover, it appears that the

majority of existing statistics literature on streaming data focuses on changepoint and anomaly

detections. For example, Talagala et al. (2019) considered the real-time monitoring of a large col-

lection of data streams from a sensor network and proposed a framework for the early detection

of anomalous streams. To adapt to the nonstationarity, their method employs a sliding window

of a user-defined window size. Data in the sliding window are viewed as up-to-date, and then

features of these data are extracted as the input to an anomaly detection procedure. Similar works

on the real-time monitoring of streaming data include e.g. Chan (2017), Chen (2019), Padilla

et al. (2019), Tveten and Glad (2019) and Zhang et al. (2019).

Statistical works on streaming data other than changepoint and anomaly detections have

emerged in recent years but are still relatively scarce. Anagnostopoulos (2010) proposed a para-

metric framework for streaming data analysis based on a recursive maximum likelihood estima-

tion procedure, motivating several other works on streaming data classification (Adams et al.,

2010; Pavlidis et al., 2011; Anagnostopoulos et al., 2012). However, to use this framework we

need to specify a parametric form for the density of the data, which is something we avoid doing

in this thesis, since we are concerned with nonparametric estimation.

Hofmeyr et al. (2016) proposed an online clustering method for high-dimensional nonsta-

tionary streaming data, which dynamically partitions the sample space into subspaces, each cor-

responding to a cluster. This procedure is based on an conventional KDE computed from the

one-dimensional projections of the data stream. To find the appropriate one-dimensional rep-

resentation of the data stream, they employed a recursive method to dynamically compute the

time-varying first principal component of the data stream. When a new observation arrives, the

first principal component is updated and the new observation is projected onto the updated prin-

cipal component. To reduce the computational cost for computing a conventional KDE from

an increasing number of data, Hofmeyr et al. (2016) proposed to bin the data and the new pro-

jected data point is only used to update the bin counts. Then a conventional KDE is computed
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from the updated bin counts. However, since their ultimate goal is clustering rather than den-

sity estimation, some key tuning parameters are selected in a way such that the KDE produces

meaningful clustering results. For example, the bandwidth for the KDE is chosen to ensure that

the density estimate has an appropriate number of modes. Hence their method is not very useful

for our problem.

Hall and Patil (1994) defined a class of online KDEs for online i.i.d. data and provided theo-

retical justifications for these estimators. They also proposed an online KDE for i.n.i.d. streaming

data, which is computed from a sliding window of a fixed window size w. They suggested that

w should be chosen in a way such that every w consecutive data points can be viewed as approx-

imately i.i.d. For example, for some wind speed datasets where one data point is observed every

6 seconds, it is reasonable to take w = 200, so that each sliding window contains data observed

in a 20 minute time interval. However, they did not provide any general data-driven method to

select the window size w.

For nonparametric density estimation for nonstationary streaming data, Caudle and Wegman

(2009) and García-Treviño and Barria (2012) proposed orthogonal series density estimators that

can be efficiently updated. Both of their estimators of the density f(x, t) at time t can be written

as

f̂OS(x, t) =
N∑
i=1

b̂nt,iψi(x) ,

where {ψi}i=1,2,... is a sequence of orthogonal base functions (e.g. the wavelets), N ≥ 1 is an

integer determining how many base functions are used to approximate the density f(·, t) and

b̂nt,i is the coefficient of ψi at time t. To update b̂nt,i while discounting the influence of past

data points, Caudle and Wegman (2009) proposed to use the following exponential smoothing

formulas:

b̂nt,i =


ψi(X1) , if nt = 1 ,

b̂nt,i = (1− γ)b̂nt−1,i + γψi(Xnt) , if nt ≥ 2 .

Motivated by Caudle and Wegman (2009), García-Treviño and Barria (2012) proposed to com-

pute the coefficient b̂nt,i from a sliding window of size w. That is, for nt = w + 1, w + 2, . . . ,
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b̂nt,i is updated by

b̂nt,i =
1

w

nt∑
j=nt−w+1

ψi(Xj) .

However, Caudle and Wegman (2009) and García-Treviño and Barria (2012) did not provide

any general data-driven method to select the stepsize γ or the window size w, which control how

fast we forget the influence of past data and the selection of which is crucial in practice. Moreover,

both of their works lack theoretical analysis of the orthogonal series estimator.

Hall et al. (2006) proposed a KDE for offline i.n.i.d. data, but the bandwidth selec-

tion method is computationally slow, making their method unsuitable for streaming data (see

§1.3.4.4). Harvey and Oryshchenko (2012) applied exponential smoothing to estimate the den-

sity of offline d.n.i.d. data. Their estimator is recursive, an hence can also be applied to i.n.i.d.

(d.n.i.d.) streaming data (see §1.3.4.2). However, their method for selecting smoothing pa-

rameters is offline, requiring the storage of all data points, hence cannot be directly applied to

streaming data.

In terms of regression, nonparametric methods are relatively abundant in the statistics liter-

ature, but few of them are directly applicable to i.n.i.d. (d.n.i.d.) streaming data. Grillenzoni

(2000) proposed a kernel regression estimator for offline d.n.i.d. data using exponential smooth-

ing (see §1.3.4.2). When applied to streaming data, his method suffers from the same problem

as that of Harvey and Oryshchenko (2012). Namely, although the estimator can be applied to

online data since it is efficient to update using new data points, the bandwidth selection method

requires the storage of all data points. Mokkadem et al. (2009a), Amiri (2012) and Huang et al.

(2014) discussed various recursive and semi-recursive kernel regression estimators for online i.i.d.

(d.i.d.) data (see §1.3.4.2). We will see in Chapter 3 how to apply a semi-recursive kernel re-

gression to nonstationary streaming data. Luts et al. (2014) proposed a class of semi-parametric

regression estimators for online i.i.d. data under the Bayesian framework. Vogt (2012) and Zhang

and Wu (2015) developed kernel regression estimators for offline d.n.i.d. data and investigated

their asymptotic properties, but their estimators cannot be efficiently updated in our streaming

data context and discussion on practical bandwidth selection is lacking.
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1.3.3 Summary

Our focus in this thesis is on nonparametric curve estimation, including density and regression

estimation, for streaming data. As discussed in §1.1, any estimator for streaming data should

be both online and adaptive to the time variabilities. In the machine learning and statistical

works we have reviewed in §1.3.1 and §1.3.2, there are some nonparametric curve estimators

satisfying both of these requirements (Hall and Patil, 1994; Grillenzoni, 2000; Hall et al., 2006;

Boedihardjo et al., 2008; Heinz and Seeger, 2008; Caudle and Wegman, 2009; Cao et al., 2012;

García-Treviño and Barria, 2012; Harvey and Oryshchenko, 2012; Hofmeyr et al., 2016; Qah-

tan et al., 2017; Bedi et al., 2019; Shen et al., 2019). However, all these works, except Hall

et al. (2006), lack theoretical justification for their methods (Hall and Patil, 1994 discussed the-

oretical properties of their density estimator for online i.i.d. data, but not for their estimator for

nonstationary data).

In addition to the lack of theoretical analysis, these works all have some problems concern-

ing the selection of smoothing parameters in our streaming data context. Most of these works,

including Hall and Patil (1994), Boedihardjo et al. (2008), Heinz and Seeger (2008), Caudle

and Wegman (2009), Cao et al. (2012), García-Treviño and Barria (2012), Bedi et al. (2019)

and Shen et al. (2019), did not provide any data-driven way to dynamically select the smoothing

parameter controlling how fast we discount the influence of past data, such as the window size

and stepsize (see §1.3.1.2). Grillenzoni (2000), Hall et al. (2006) and Harvey and Oryshchenko

(2012) proposed some data-driven ways to select the smoothing parameters, which are suitable

for offline data and are computationally heavy in our streaming data context. Since selecting

smoothing parameters is crucial in practice, these works leave room for improvement.

In view of the lack of suitable nonparametric curve estimation methods for streaming data,

in this thesis we develop nonparametric density and regression estimators that are easy to update

and designed to handle nonstationarity. Smoothing parameters for these estimators are selected

using some computationally efficient cross-validation procedures tailored for streaming data. As

the final part of the literature review, next we review some conventional nonparametric statistics

techniques that will be the building blocks for our streaming methodology.

14



1.3 Literature review

1.3.4 Building blocks for our methodology

In this section we review some nonparametric statistics techniques that will be used to build our

methodology. Recall the definitions of different types of data in §1.2.

1.3.4.1 Kernel density and regression estimators

For offline i.i.d. data, it is well known that we can consistently estimate the density f nonpara-

metrically by the conventional KDE, defined by

f̂(x) =
1

n

n∑
i=1

Kh(x−Xi) , (1.4)

whereK is a kernel function satisfying
∫
K = 1, h = hn ∈ R+ is a smoothing parameter called

bandwidth, andKh(·) = h−1K(·/h). Similarly, the regression functionm(x) = E(Yi|Xi = x)

of offline i.i.d. data can be consistently estimated by the Nadaraya–Watson (NW) estimator,

defined as

m̂(x) =
r̂(x)

f̂(x)
=
n−1

∑n
i=1Kh(x−Xi)Yi

n−1
∑n

i=1Kh(x−Xi)
, (1.5)

where r̂(x) can be viewed as an estimator of (m·f)(x). The conventional KDE is first introduced

by Rosenblatt (1956) and Parzen (1962). See e.g. Wand and Jones (1995) for discussions of the

conventional KDE and the NW estimator. Both estimators can also be applied to offline d.i.d.

data (see e.g. Bosq, 1998).

While these estimators can also be computed in the case of online i.i.d. (d.i.d.) data, using,

at each time t ∈ R+, only the nt data points available up to time t, a drawback of this approach

is that it is not fully recursive. Indeed, for a given data set of size nt, f̂ at (1.4) requires to

compute nt versions of K rescaled by the bandwidth h, where h = hnt depends (crucially) on

nt. Therefore, when a new observation becomes available, in order to update the estimator of f ,

taking the new observation into account, we not only need to compute a new rescaled version of

K corresponding to the new observation, but we also need to recompute the nt versions of K

corresponding to the previous nt observations, this time rescaled by a new bandwidth h = hnt+1.
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To apply the KDE at (1.4) and the NW estimator at (1.5) to online i.n.i.d. (d.n.i.d.) data, a

straightforward approach is to apply these estimators to data in a sliding window (Subramaniam

et al., 2006; Tasoulis et al., 2006; Boedihardjo et al., 2008; Lam and Bouillet, 2015). That is,

to estimate f(·, t) (respectively m(·, t)) for some time t ∈ R+, we compute the KDE from data

{Xi}i=nt−w+1,...,nt (respectively {(Xi, Yi)}i=nt−w+1,...,nt) arriving in (t − w∆t, t], where the

window size w is a positive integer chosen by hand, as if these data were identically distributed.

More formally, the sliding window KDE of f(x, t) used in Subramaniam et al. (2006), Tasoulis

et al. (2006) and Boedihardjo et al. (2008) is defined by

f̂w(x, t) =
1

w

nt∑
i=nt−w+1

Khnt
(x−Xi) . (1.6)

Here f̂w(x, t) is only defined for t ≥ w∆t, since this estimator has to be computed from no less

than w data points. Similarly, the sliding window NW estimator of m(x, t) used in Lam and

Bouillet (2015) is defined by

m̂w(x, t) =
w−1

∑nt

i=nt−w+1Khnt
(x−Xi)Yi

w−1
∑nt

i=nt−w+1Kh(x−Xi)
. (1.7)

The motivation for the sliding window KDE and NW estimator is straightforward. Namely,

to estimate f(x, t) and m(x, t), we use only data arriving in a recent time window instead of

all nt data arriving up to time t, since the data are nonstationary. In the simulation studies

in Chapter 4, we will compare the performances of these sliding window estimators and the

density and regression estimation methods described in Chapters 2 and 3. Our methods showed

superior performances than the sliding window estimators in most of the simulations settings. In

the remaining settings, the performances of our methods were comparable to those of the sliding

window estimators.
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1.3.4.2 Recursive and semi-recursive estimators

To estimate the non-time-varying density function f of online i.i.d. data, Wolverton and Wagner

(1969) introduced a recursive KDE, which has been studied by Yamato (1971), Davies (1973),

Devroye (1979), Wegman and Davies (1979), Hall and Patil (1994), Amiri (2009) and Mokka-

dem et al. (2009b), among many others. A generalisation of Wolverton and Wagner’s estimator,

given by Mokkadem et al. (2009b), is defined as follows. For a given time t ∈ R+, recall-

ing the definition of nt at (1.2), let γt = {γi}i=1,...,nt and ht = {hi}i=1,...,nt denote two se-

quences of smoothing parameters, called the stepsize and the bandwidth, respectively, where

(γi, hi) ∈ (0, 1)× R+. Then the recursive KDE has the form

f̂(x, t|γt,ht) =


Kh1(x−X1) , if nt = 1 ,

(1− γnt)f̂(x, tnt−1|γtnt−1 ,htnt−1) + γntKhnt
(x−Xnt) , if nt ≥ 2 .

(1.8)

Note from (1.1) that we have nt →∞ as t→∞. On this occasion, f̂(x, t|γt,ht) is a consistent

estimator of f(x) under some conditions, including hnt → 0 and γnt → 0. See Mokkadem

et al. (2009b) for details.

To estimate the non-time-varying regression function m of online i.i.d. data, we can use the

semi-recursive NW estimator (Györfi et al., 2002, Chapter 24). Motivated by Wolverton and

Wagner (1969) and Yamato (1971), the semi-recursive NW estimator was introduced by Ah-

mad and Lin (1976) and has been studied by Devroye and Wagner (1980), Krzyżak and Pawlak

(1984), Greblicki and Pawlak (1987), Krzyżak (1992), Walk (2001), Amiri (2012), Huang et al.

(2014) and Slaoui (2016), among many others. A generalisation of Ahmad and Lin’s estimator,

given by Slaoui (2016), is defined as

m̂(x, t|γt,ht) =
r̂(x, t|γt,ht)

f̂(x, t|γt,ht)
, (1.9)
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where γt and ht are defined above (1.8), f̂(x, t|γt,ht) is defined at (1.8) and where

r̂(x, t|γt,ht) =


Kh1(x−X1)Y1 , if nt = 1 ,

(1− γnt)r̂(x, tnt−1|γtnt−1 ,htnt−1) + γntKhnt
(x−Xnt)Ynt , if nt ≥ 2 .

(1.10)

As t → ∞, m̂(x, t|γt,ht) is a consistent estimator of m(x) under some conditions, including

hnt → 0 and γnt → 0. See Györfi et al. (2002, Chapter 24) for details.

The estimator m̂ at (1.9) is called semi-recursive since, although it cannot be computed di-

rectly recursively, both its numerator r̂ and its denominator f̂ can. In addition, there is a fully

recursive kernel estimator for estimating the non-time-varying regression function m of online

i.i.d. data, first introduced by Révész (1973). See Györfi et al. (2002, Chapter 25) for a discus-

sion on the recursive regression estimator and the bibliographic notes therein. A generalisation

of Révész’ estimator, given by Mokkadem et al. (2009a), is defined as follows. Given parameter

sequences γt and ht, defined above (1.8), the recursive kernel regression estimator is defined as

m̂rec(x, t|γt1 ,ht1) = Y1 ,

m̂rec(x, t|γt,ht) =
{
1− γntKhnt

(x−Xnt)
}
m̂(x, tnt−1|γtnt−1 ,htnt−1)

+ γntKhnt
(x−Xnt)Ynt , nt = 2, 3, . . .

The computation of the above recursive estimator m̂rec is slightly easier than the semi-

recursive NW estimator m̂ at (1.9), since m̂rec does not require computing a density estimator as

in (1.8). To the best of our knowledge, although the semi-recursive and the recursive estimators

both have the same convergence rate (Mokkadem et al., 2009a; Slaoui, 2016), comparison of

these two estimators using simulation or real data sets is still lacking in the literature. After some

preliminary simulation studies, we found that m̂rec was often less well-behaved compared to m̂,

especially in the areas where the design density (density of theXi’s) is low. Hence we shall use the

semi-recursive estimator, instead of the recursive one, to build our regression estimation method

for streaming data.
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By (1.8) and (1.10), the denominator f̂ and the numerator r̂ of the semi-recursive NW

estimator are recursively defined. Note that both of them can also be expressed as a weighted

sum as follows:

r̂(x, tnt |γt,ht) =
nt∑
i=1

wnt,iKhi
(x−Xi)Yi , f̂(x, tnt|γt,ht) =

nt∑
i=1

wnt,iKhi
(x−Xi) ,

(1.11)

where

wnt,i =


∏nt

j=2(1− γj) , for i = 1 ,

γi
∏nt

j=i+1(1− γj) , for i = 2, . . . , nt .

(1.12)

Here and throughout the thesis, we take the convention that for a sequence of real numbers {cj},∏b
j=a cj = 1 if a > b.

We conclude this section by making the observation that, with different choice of the stepsize

sequence γt, the weightswnt,i at (1.12) can behave very differently. In the special case where γi =

1/i, we have wnt,i = 1/nt, i.e. all past data are uniformly weighted. This is more appropriate

for online i.i.d. (d.i.d.) data, since density and regression functions there do not vary with time

(see §1.2). On the other hand, some works reviewed in §1.3.1 and §1.3.2, including Grillenzoni

(2000), Heinz and Seeger (2008) and Harvey and Oryshchenko (2012), used the recursive KDE

f̂(x, t|γt,ht) or the semi-recursive NW estimator m̂(x, t|γt,ht) with the choice γi ≡ γ ∈

(0, 1) (Grillenzoni, 2000 and Harvey and Oryshchenko, 2012 also took hi ≡ h ∈ R+). This

leads townt,1 = (1−γ)nt−1 andwnt,i = γ(1−γ)nt−i. That is, wnt,i decreases exponentially fast

as nt− i increases. This can be viewed as an application of exponential smoothing (see §1.3.1.2)

to kernel functions,

The recursive KDE and the semi-recursive NW estimator with weights computed using ex-

ponential smoothing may be applied to modelling streaming data, in cases where the density

and regression functions are time-varying. However, considering that the data stream is never-

ending, using the same γ or h throughout may be unsatisfactory. In Chapters 2 and 3, we will

introduce data driven ways to dynamically select the (γ, h) values for the recursive KDE and the
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semi-recursive NW estimator when they are applied to streaming data. Hence our methods will

be more flexible compared to the aforementioned ones based on exponential smoothing.

1.3.4.3 Infill asymptotics

In the literature on nonparametric estimation for offline i.n.i.d. (d.n.i.d.) data, asymptotics are

often derived in the so-called infill asymptotics setting. See e.g. Hall et al. (2006), Vogt (2012)

and Zhang and Wu (2015). For example, consider estimating the time-varying density f(·, t),

t ∈ [0, τ ], based on offline i.n.i.d. data {Xi}i=1,...,nτ , where τ > 0 is a fixed time. Instead of

keeping ∆t fixed and letting t→∞ as in §1.3.4.2, infill asymptotics assume that nτ →∞, so

that, recalling (1.2), the time ∆t between two consecutive arrivals is such that ∆t → 0 (recall

that τ is fixed). That is, more and more data are observed in a fixed time interval. In this setting,

for any t ∈ [0, τ ], we have access to more and more data, closer and closer to t, so that we can

estimate f(·, t) consistently. The same intuition for consistency also applies to estimatingm(·, t).

We will use ∆t → 0 to denote the infill asymptotics instead of nτ → ∞. Letting sample

size go to infinity is a more conventional way to talk about asymptotics and is used in Hall et al.

(2006), Vogt (2012) and Zhang and Wu (2015). This is because they consider observing data

only on a time interval of fixed length, i.e. on [0, τ ] with a fixed τ > 0. However, in this thesis,

the time domain R+ is never ending, since we consider a stream of data. Therefore, we need to

be able to refer to different time intervals. Therefore, to avoid confusion, we use the expression

∆t→ 0, which does not depend on a pre-determined value of τ .

As a bibliographic note, we briefly mention another asymptotic setting for nonparamet-

ric estimation for i.n.i.d. streaming data called quasi-stationarity, which is used in Rutkowski

(1982a), Rutkowski (1982b), Greblicki et al. (1983), Rutkowski (1984), Rutkowski (1989a),

Rutkowski (1989b), Rutkowski (2004a), Rutkowski (2004b), Duda, Jaworski et al. (2018) and

Duda, Rutkowski, et al. (2018). An i.n.i.d. sequence of random variables {Zi}i=1,2,... is said to

be quasi-stationary if the distribution of Zi stabilises as i becomes large. For example, Duda,

Rutkowski, et al. (2018) consider nonparametric density estimation for an i.n.i.d. data stream

{Zi}i=1,2,..., where Zi ∈ Rd, for some integer d ≥ 1, has a density function fi satisfying
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|fi+1(x) − fi(x)| → 0 for all x ∈ R as i → ∞. Hence, quasi-stationarity characterises a

very specific kind of nonstationarity, where the data become ‘ultimately stationary’. Although

this setting does not put any constraint on the arrival times of the data stream, such as the equidis-

tant arrival times assumption at (1.1), it may still be too restrictive for some practical problems

where the distribution of data does not stabilise in time. In contrast, in the infill asymptotics set-

ting, we only require that the density or the regression function to be estimated varies smoothly

in time.

1.3.4.4 KDE and NW estimator equipped with temporal kernels

In the infill asymptotics setting, Hall et al. (2006) considered the estimation of a time-varying

density function of offline i.n.i.d. data {Xi}i=1,...,nτ . In order to construct a consistent estimator

for f(·, t), Hall et al. (2006) used a temporal kernel so as to do smoothing of the data over time.

Hence we refer to this method as the temporal KDE. The idea is that densities f(·, s) and f(·, t)

with s close to t are close to each other, so we can use data with arrival times close to t to estimate

f(·, t). Furthermore, observations with arrival times closer to t should be given larger weights

than further observations.

The estimator of Hall et al. (2006) has the form

f̂(x, t) =
t

nt

nt∑
i=1

KT,λnt
(t− ti)Khnt

(x−Xi) , t ∈ [0, τ ] , (1.13)

where KT is a one-sided second-order temporal kernel supported on [0,M) for some M > 0,

satisfying
∫M

0
KT (u) du = 1,

∫M

0
uKT (u) du = 0 and

∫M

0
u2KT (u) du = C ∈ R+, and where

KT,λnt
(·) = λ−1

nt
KT (·/λnt), hnt is the bandwidth and λnt is a smoothing parameter called the

temporal bandwidth1. Since, to compute a density at a time t, their estimator uses only the data

1A straightforward adaptation of equation (2.1) of Hall et al. (2006) suggests f̂(x, t) = 1/nt

∑nt

i=1 KT,λnt
(t−

ti)Khnt
(x−Xi). However, the multiplier 1/nt should be replaced by t/nt, otherwise we will have

∫
f̂(x, t) dx ≈

1/t. Indeed, since
∫
Khnt

(x − Xi) dx = 1, we have
∫
f̂(x, t) dx = 1/nt

∑nt

i=1 KT,λnt
(t − ti). Noting from

(1.1) and (1.2) that ti+1−ti = ∆t ≈ t/nt, when nt is large, and viewing 1/nt

∑nt

i=1 KT,λnt
(t−ti) as a Riemann

sum, we have
∫
f̂(x, t) dx ≈ 1/t

∫ t

0
KT,λnt

(u) du = 1/t
∫ t/λnt

0
KT (u) du ≈ 1/t, when t/λnt

is large, since∫M

0
KT (u) du = 1.
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observed up to t, it can be used for online modelling, where the data arrive sequentially. However,

their estimator is not recursive. At each t, it requires computing Khnt
(x − Xi) for each Xi.

Moreover, to compute each λnt , they use a leave-one-out cross-validation based on all past data

{Xi}i=1,...,nt with hnt appropriate for estimating f(·, t) at time t. This makes computations very

heavy. In Chapter 4, we will compare the performances of the temporal kernel KDE at (1.13)

and our density estimation method described in Chapter 2.

Also in the infill asymptotics setting, Vogt (2012) considered the estimation of a time-varying

regression function of offline d.n.i.d. data {(Xi, Yi)}i=1,...,nτ . Similar to (1.13), his estimator also

employs a temporal kernel to do the smoothing over time. The estimator of Vogt (2012) has the

form

m̂(x, t) =

∑nτ

i=1KT,λ(t− ti)Kh(x−Xi)Yi∑nτ

i=1KT,λ(t− ti)Kh(x−Xi)
, t ∈ [0, τ ] , (1.14)

whereKT is a symmetric second-order temporal kernel defined on R and λ and h, independent

from t, are the temporal bandwidth and the bandwidth. Zhang and Wu (2015) modified (1.14)

into a local linear estimator, but also using symmetric KT and time-independent λ and h. This

implies that their estimators use data on both sides of t for estimatingm(x, t) and hence are not

suitable for real-time computation. Besides, recalling that the time domain R+ of streaming data

is never ending, using fixed λ and h for all t ∈ R+ seems inappropriate, since appropriate λ and

h values may be significantly different for different time periods.

1.4 Outline of the thesis

In Chapter 2, we shall apply the recursive KDE (1.8) to streaming data by incorporating it

with a streaming cross-validation (SCV) procedure which adaptively selects appropriate step-

sizes and bandwidths. The SCV is motivated by the conventional leave-one-out least-squares

cross-validation but is modified to estimate time-varying densities. The SCV updates the γ and

h values once in a while and is computationally efficient. We shall prove that the recursive KDE

can consistently estimate the time-varying density under infill asymptotics if the bandwidth and

stepsize are appropriately chosen. Asymptotic optimality results for the SCV procedure will also
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be provided.

In Chapter 3, we will propose a streaming regression algorithm (SRA) which applies the

semi-recursive NW estimator to streaming data. Stepsizes and bandwidths for the estimator are

selected using a recursive cross-validation (RCV) procedure. The SRA is inspired by the ensemble

learning approach for concept drift adaptation (see §1.3.1.2). Instead of using a single semi-

recursive NW estimator, the SRA computes an ensemble of them, each with different smoothing

parameters. At every time point an estimator is selected using the RCV procedure. The SRA

adaptively adjusts the ensemble to include up-to-date estimators and discard the outdated ones.

The ensemble always contains a fixed number of estimators, hence keeping the computational

cost low. Asymptotic properties of the estimator will be shown.

In Chapter 4 we shall illustrate the finite sample behaviour of our streaming density and

regression estimation methods using simulations and real-data examples. Simulation results show

the superiority of our methods over the the sliding window estimators introduced in §1.3.4.1.

Then we apply our methods to some astronomical and financial datasets.

In Chapter 5 we shall discuss some possible extensions of our streaming density and regression

estimation methods to modelling higher-dimensional data streams. These extensions will be

potentially useful for building nonparametric classifiers for streaming data. In particular, we

shall discuss the possibility of incorporating our density estimation method with naive Bayes to

build a computationally efficient classifier for higher-dimensional streaming data.

23



Chapter 2

Nonparametric density estimation for

streaming data

In this chapter, we propose a streaming kernel density estimator (SKDE) for a univariate i.n.i.d.

data stream {Xi}i=1,2,... with equidistant arrival times {ti}i=1,2,... defined at (1.1). The SKDE is

consistent under infill asymptotics and can be computed recursively. Following Hall et al. (2006),

we assume that {Xi}i=1,2,... is an i.n.i.d. sequence and Xi ∼ f(·, ti), where f(·, ·) is a slowly

time-varying density. The general idea of the SKDE is to partition the data stream into blocks of

observations, and apply the recursive KDE at (1.8) with the same bandwidth and stepsize for all

observations within a block.

One of the major motivations for updating the smoothing parameters block by block is for

improving the computational efficiency. Although the recursive KDE at (1.8) and the temporal

KDE at (1.13), computed with updated smoothing parameters at each ti, is very flexible, it is

very time-consuming to compute the smoothing parameters too often using data-driven methods

such as cross-validation and to recompute all terms of these estimators with those new parameters

each time a new observation arises. Instead, in the streaming data setting it is more practical

to recompute the smoothing parameters once in a while. This is reasonable since, when the

underlying density is evolving smoothly in time, we expect that appropriate values of smoothing

parameters do not change dramatically over a short period of time. This motivates us to identify
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blocks of data such that, within a block, the data are nearly i.i.d. so that it is reasonable to take the

same smoothing parameters. Updating tuning parameters block-wise to reduce computational

cost is a common practice in the streaming data literature. See, e.g., Qin (1998) and Eliseyev

et al. (2017), where the authors used this idea in recursive partial least squares regression.

2.1 Definition of SKDE

Let {τi}i=1,2,... be a sequence of positive numbers and, for ℓ = 1, 2, . . . , let Tℓ =
∑ℓ

i=1 τi

and take the convention that T0 = 0. Partition the time horizon R+ into consecutive fi-

nite intervals (0, T1], (T1, T2], . . . of respective lengths τ1, τ2, . . . For ℓ = 1, 2, . . . , let Bℓ =

{XnTℓ−1
+1, . . . , XnTℓ

} denote the block of data observed in the ℓ-th time interval, where nTℓ

denotes the number of data observed from time T0 to time Tℓ. Let bℓ = nTℓ
− nTℓ−1

be the

number of observations in Bℓ. Then, from (1.2), we have

bτℓ/∆tc ≤ bℓ ≤ bτℓ/∆tc+ 1 . (2.1)

A dynamic selection of the block sizes bℓ will be discussed in §2.4.2. For now, we assume that

they are given.

As mentioned above, we update (γ, h) block-wise for reducing computational cost. If bℓ is

chosen to be too small, then we still need to recompute (γ, h) frequently, so that the goal for

reducing computation is lost. Moreover, choosing bℓ small implies that we have to use a small

number of data in Bℓ to select (γBℓ
, hBℓ

). This may cause numerical instability for data-driven

methods such as cross-validation. On the other hand, if bℓ is chosen to be too large, then we

have to use the same (γ, h) for an overly long time, during which the density may have changed

significantly.

For each blockBj , we use a stepsize γBj
and a bandwidth hBj

(we will see later in §2.4.1 how

to select them). Recalling the definition of the recursive KDE f̂ at (1.8), we define the SKDE f̌
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at time t by

f̌(x, t) = f̂(x, t|γ̌t, ȟt) , (2.2)

where γ̌t = {γi}i=1,...,nt and ȟt = {hi}i=1,...,nt are defined by

(γi, hi) = (γBji
, hBji

) , for i = 1, . . . , nt , (2.3)

with Bji denoting the block that contains Xi. That is, for streaming data, the SKDE is defined

as the recursive KDE at (1.8) except that γ and h are defined blockwise by (2.3). Recall from

(1.8) that f̌(x, t) can be recursively computed by

f̌(x, t) =


Kh1(x−X1) , if nt = 1 ,

(1− γnt)f̌(x, tnt−1) + γntKhnt
(x−Xnt) , if nt ≥ 2 .

For now, we assume that the (γi, hi)’s are given and discuss some theoretical properties of the

SKDE.

2.2 Consistency of SKDE

In this section, we demonstrate that, under infill asymptotics (see §1.3.4.3), the SKDE at (2.2)

is asymptotically pointwise consistent. We assume that the following conditions hold:

(A1) For j = 1, 2, . . . , hBj
∈ [hm, hM ], γBj

∈ [γm, γM ], γBj
/γBj+1

− 1 = o(1) and

hBj
/hBj+1

− 1 = o(1), where hm = δ∆ta1 , hM = δ−1∆ta1 , γm = δ∆ta2 , γM = δ−1∆ta2 and

δ, a1, a2 are constants satisfying δ ∈ (0, 1) and 0 < a1 < a2 < 1.

(A2) f and all its partial derivatives with respect to x and t up to order 4 exist and their absolute

value is bounded by M for some constant M > 0.

(A3) K is symmetric and satisfies 0 ≤ K(u) ≤ M for all u ∈ R with M defined at (A2).

Furthermore,
∫
K(u) du = 1,

∫
K2(u) du < ∞,

∫
uK(u) du = 0,

∫
u2K(u) du < ∞ and∫

|u|3K(u) du <∞.
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(A4) For any integer i ≥ 1, τi ∈ [δ∆ta3 , δ−1∆ta3 ] for a3 ∈ (0, 1 − a2), where δ and a1 are

defined in (A1).

Recalling the block-wise definition of (γi, hi) at (2.3), we can see that (A1) implies that the hi’s

(the γi’s) converge to 0 at a rate ∆ta1 (∆ta2) as ∆t→ 0. This is different from requiring hk → 0

and γk → 0 at the rate k−c1 and k−c2 , where c1 ∈ (0, c2) and c2 ∈ (1/2, 1], as k → ∞, as in

Mokkadem et al. (2009b), where the goal is to estimate the density of online i.i.d. data. In the

latter case, as k →∞ we have more and more information about the non-time-varying density,

and hence can afford taking growingly smaller smoothing parameters. In the streaming data case,

as time t → ∞ (with ∆t fixed), locally in time we still have the same amount of information

about the underlying density, since the data are nonstationary. Hence (A1) requires that γi and

hi converge to 0 as ∆t→ 0, instead of as i→∞.

Also note that (A1) is in line with the conditions of Theorem 1 in Hall et al. (2006). There,

in order to prove the consistency of their temporal KDE at (1.13), they made the simplification

that λi ≡ λ and hi ≡ h and assumed that

h→ 0, λ→ 0 and n1−ϵ
τ hλ→∞ for some ϵ ∈ (0, 1). (2.4)

Now, if we take γi ≡ γ and hi ≡ h, then the SKDE at (2.2) can be written as a temporal KDE

with a temporal kernel KE and temporal bandwidth λ � ∆t/γ (see §2.3 for justification). In

view of the latter relation and taking γ � ∆ta2 , (2.4) implies that ∆t/γ = ∆t1−a2 → 0, so

that a2 < 1. Furthermore, from (1.2) we have n1−ϵ
τ � ∆tϵ−1. Plugging this into (2.4), we have

n1−ϵ
τ hλ � ∆tϵh/γ � ∆ta1−a2+ϵ → ∞ for some ϵ > 0, which implies a1 < a2 − ϵ. Hence

from the above derivations we have 0 < a1 < a2 − ϵ < 1 − ϵ. Since ϵ can be taken arbitrarily

small, assuming this latter relation is similar to assuming 0 < a1 < a2 < 1 as in (A1).

Furthermore, note that the condition γBj
/γBj+1

− 1 = o(1) only implies that neighbouring

blocks have similar γ’s, but the o(1) term is flexible enough for faraway blocks to have quite

different γ values. To see why, note that under (A4), the number of blocks in a time interval of

finite length is of order ∆t−a3 (reciprocal of the order ∆ta3 of the block length τ ). Suppose γBi
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and γBj
are two γ values for blocks Bk1 and Bk2 , where k1 > k2 and k1 − k2 � ∆t−a3 . Now,

(A1) implies that

γBk1

γBk2

=
γBk1

γBk1−1

γBk1−1

γBk1−2

· · ·
γBk2+1

γBk2

= {1 + o(1)}k1−k2 , (2.5)

which is not the same as requiring, for example, γBk1
/γBk2

= 1 + o(1). Indeed, in general,

{1 + o(1)}k1−k2 can be very large, as long as the o(1) term is not too small. For example, if the

o(1) term is taken as (k1−k2)−1, which tends to 0 at a rate∆ta3 , then {1+(k1−k2)−1}k1−k2 ∼ e

as ∆t→ 0. Note too that requiring γBj
/γBj+1

and hBj
/hBj+1

to be close to 1 is only so that we

can obtain the simple bias and variance formulas (2.7) and (2.8). Without these conditions, the

first order terms of the bias and variance would depend on γBℓt−1
, γBℓt

, hBℓt−1
and hBℓt

, instead

of just on (γBℓt
, hBℓt

), making those results harder to interpret.

Condition (A2) implies that the density function is sufficiently smooth in both the spatial

and the temporal dimensions. Condition (A3) is standard in the literature on KDE (see, for

example, Wand and Jones, 1995, pp. 19–20).

Condition (A4) implies that the block length τℓ goes to zero as ∆t→ 0 but not too fast. In

fact, if the goal here was just to prove the consistency of f̌(x, t) without caring about practice,

then we could relax (A4) to allow τi ∈ [∆t,∞]. However, if τi ≡ ∆t, then we have bi ≡ 1, i.e.

each block only contains one observation. This corresponds to the case where we update (γ, h)

each time we obtain a new data point, which is too time-consuming in practice. At the other

extreme, τ1 =∞ would correspond to a situation where we use pre-selected (γ, h) values for all

data, including future ones, and do not update them at all, which is unrealistic in practice.

The reason why we use a more stringent version of (A4) is that it makes it possible to derive

relatively simple expressions for the bias and variance of f̌(x, t), as shown in Proposition 2.1.

These expressions clearly show how these quantities depend on the choice of γ and h. On the

contrary, if we do not require a3 ∈ (0, 1 − a2), then virtually no meaningful results can be

obtained except that the estimator is consistent. Note that Hall et al. (2006), for the same pur-

pose, made the simplification in their theoretical derivations that the smoothing parameters for
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all observations are the same and only depend on nτ , the number of observations up to time τ

(recall from §1.3.4.3 that they only consider estimating f(·, t) for t ∈ (0, τ ]). Here we avoid

making this simplification since it is contradictory to what we actually do in practice. That is, we

update (γ, h) block by block. On the one hand, the block size cannot be too large (e.g. a3 = 0),

since updating (γ, h) once in an overly long time is virtually the same as not updating it at all.

On the other hand, the block size cannot be too small (e.g. a3 ≥ 1− a2), since updating (γ, h)

too often would be time-consuming.

For a fixed time t ∈ R+, let ℓt ≥ 1 denote the integer such that t ∈ (Tℓt−1, Tℓt ]. That is, t

is in the ℓt-th time interval corresponding to block Bℓt . Note that from (1.2), we have nt →∞

as ∆t→ 0. Then, the following proposition gives the asymptotic bias and variance of f̌(x, t) at

(2.2). Let

µK,2 =

∫
u2K(u) du, RK =

∫
K2(u) du, fxx =

∂2f

∂x2
, ft =

∂f

∂t
, (2.6)

and bias{f̌(x, t)} = E{f̌(x, t)} − f(x, t).

Proposition 2.1. Under (A1)–(A4), for any fixed (x, t) ∈ R× R+, we have, as ∆t→ 0,

bias{f̌(x, t)} = 1

2
fxx(x, t)µK,2h

2
Bℓt
− ft(x, t)

∆t

γBℓt

+ o(∆t2a1 +∆t1−a2), (2.7)

var{f̌(x, t)} = 1

2
RKf(x, t)

γBℓt

hBℓt

+ o(∆ta2−a1). (2.8)

Proposition 2.1 will be proved in §2.A.

Remark 2.1. As a consequence of Proposition 2.1, the mean squared error (MSE) of f̌(x, t),

defined by MSE(x, t) = bias2{f̌(x, t)}+ var{f̌(x, t)}, satisfies

MSE(x, t) = AMSE(x, t) + o{∆t4a1 +∆t2(1−a2) +∆t1+2a1−a2 +∆ta2−a1}, (2.9)
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where

AMSE(x, t) =
1

4
f 2
xx(x, t)µ

2
K,2h

4
Bℓt

+ f 2
t (x, t)

∆t2

γ2Bℓt

− fxx(x, t)ft(x, t)µK,2
∆t

γBℓt

h2Bℓt
+

1

2
f(x, t)RK

γBℓt

hBℓt

.

(2.10)

Finally, the bandwidth and stepsize that minimise AMSE(x, t) satisfy hBℓt
� ∆ta1 and γBℓt

�

∆ta2 , with

a1 = 1/7, a2 = 5/7. (2.11)

See §2.A.4 for a proof of (2.11).

Remark 2.2. Note that from Proposition 2.1 it is possible to derive a central limit theorem for

the SKDE f̌(x, t). This we leave for future work.

2.3 Remarks on convergence rate of f̌ (x, t)

Taking any hBℓt
and γBℓt

satisfying (2.11), we have MSE(x, t) � ∆t4/7. This implies, in

view of (1.2), that MSE(x, t) � n
−4/7
t . This order is slightly slower than the optimal order

MSETK(x, t) � n
−2/3
t of the temporal KDE f̂ of Hall et al. (2006), defined at (1.13). In this

section, we will show that the difference in the convergence rates of MSE(x, t) and MSETK(x, t)

is due to the difference in the way f̌ and f̂ do smoothing over time. Then we discuss how to

modify f̌ so that MSE(x, t) converges to 0 as fast as MSETK(x, t). However, we will argue that

although the SKDE f̌ has slower convergence rate, it should be preferred in the streaming data

setting. To simplify the notation, we temporarily assume that λnt ≡ λ, hnt ≡ h in (1.13) and

γi ≡ γ, hi ≡ h in (2.2), where λ, γ, h all tend to 0 as ∆t→ 0.

2.3.1 f̌ as temporal KDE

In this section we illustrate the difference in the way f̌ and f̂ do smoothing over time. For this,

we will demonstrate that f̌(x, t) is asymptotically equivalent to a temporal KDE equipped with
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a first-order temporal kernel KE . In contrast, recall from §1.3.4.4 that the temporal kernel KT

in (1.13) has order 2. It is precisely this difference in the order of temporal kernels that leads to

the difference in the convergence rates of MSE(x, t) and MSETK(x, t).

Next we show the asymptotic equivalence between f̌ and a temporal KDE equipped with a

first-order temporal kernel KE . First note that f̌(x, t) does smoothing over time t using recur-

sively computed weights {wnt,i}i=1,...,nt . When γi ≡ γ, the way we compute {wnt,i}i=1,...,nt

at (1.12) is the same as exponential smoothing (Harvey, 1990). As pointed out by Gijbels et al.

(1999) in the context of the forecasting of a univariate time series, if γ → 0 as ∆t → 0, then

{wnt,i}i=1,...,nt generated this way can be written as

wnt,i = {1 + o(1)} t

ntλ
KE

(
t− ti
λ

)
, (2.12)

where λ is a temporal bandwidth satisfying λ ∼ ∆t/γ and KE is a one-sided first-order kernel

supported on [0,∞), satisfyingKE(u) > 0 for u ∈ [0,∞),
∫∞
0
KE = 1 and

∫∞
0
uKE(u) du =

1. Recall from (1.11) and (2.2) that we have f̌(x, t) =
∑nt

i=1wnt,iKh(x − Xi). Hence we

conclude that

f̌(x, t) = {1 + o(1)} t

ntλ

nt∑
i=1

KE

(
t− ti
λ

)
Kh(x−Xi) .

That is, asymptotically, the SKDE f̌ can be viewed as a special case of the temporal KDE.

Recall from (1.13) that the temporal kernel KT used in f̂(x, t) has order 2. As a result of

the difference in the order of KE and KT , bias{f̌(x, t)} is larger than bias{f̂(x, t)}, although

var{f̂(x, t)} and var{f̌(x, t)} have the same order. Specifically, from Proposition 2.1 and Hall

et al. (2006) we have

var{f̂(x, t)} � var{f̌(x, t)} = O{(nthλ)
−1}

bias{f̂(x, t)} = O(h2) +O(λ2) and bias{f̌(x, t)} = O(h2) +O(λ) ,
(2.13)

where O(λ) is larger than O(λ2) (recall from under (2.12) that λ � ∆t/γ → 0 as ∆t→ 0).
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From (2.13), we conclude that MSE(x, t) converges to 0 slower than MSETK(x, t) because

f̌(x, t) has a larger bias than f̂(x, t). This difference in the bias is caused by the fact that the

recursively computed weights {wnt,i}i=1,...,nt used by f̌(x, t) for smoothing over time t mimics

those from a first-order temporal kernel KE , instead of a second-order one. Now a natural

question is this: can we recursively compute weights to mimic the behaviour of a second-order

temporal kernel, so that, using the new weights to do smoothing over time t, the temporal bias

of f̌(x, t) has the same order as that of f̂(x, t)? Next we show a possible way to do this.

2.3.2 Improving convergence rate of f̌(x, t) by double-exponential smooth-
ing

Motivated by Gijbels et al. (1999), we could use the so-called double-exponential smoothing

(see, e.g. Harvey, 1990, pp. 27–28) to recursively compute weights {w̆nt,i}i=1,...,nt in a way that

is asymptotically equivalent to using a second-order temporal kernel KD. That is,

w̆nt,i = {1 + o(1)} t

ntλ
KD

(
t− ti
λ

)
,

where KD is a one-sided second-order kernel.

Gijbels et al. (1999) investigated the properties of the double-exponential smoothing weights

{w̆nt,i}i=1,...,nt in the context of the smoothing of time series. They assumed model Xi =

m(ti) + ϵi, where m is a smooth function representing the trend of a time series {Xi} and

{ϵi} is a zero mean error sequence. They considered a smoother m̂(t) = m̂(tnt) which can be

recursively computed by

m̂(t2) = X2 , g(t2) = X2 −X1 ,

m̂(tk) = (1− γ)
{
m̂(tk−1) + g(tk−1)

}
+ γXk ,

g(tk) = (1− γ)g(tk−1) + γ
{
m̂(tk)− m̂(tk−1)

}
, k = 3, . . . , nt .
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2.3 Remarks on convergence rate of f̌(x, t)

These formulas, introduced by Holt (1957) and Winters (1960), are often used for smoothing

time series with a local linear trend (in contrast, the simple exponential smoothing introduced

in §1.3.1.2 is for time series with a local constant trend, see e.g. Harvey, 1990, pp. 25–28). The

smoother m̂(t) computed this way can also be written as m̂(t) =
∑nt

i=1 w̆nt,iXi. See Gijbels

et al. (1999) for the definition of {w̆nt,i}i=1,...,nt .

Instead of smoothing a time series, here we apply the weights {w̆nt,i}i=1,...,nt to kernel

functions Kh(x − Xi) to obtain an estimator of the time-varying density f(x, t) defined by

f̆(x, t) =
∑nt

i=1 w̆nt,iKh(x−Xi), which is asymptotically equivalent to the the following tem-

poral KDE:
t

ntλ

nt∑
i=1

KD

(
t− ti
λ

)
Kh(x−Xi) . (2.14)

Analogously, this estimator can be recursively computed by

f̆(x, t2) = Kh(x−X2) , g(x, t2) = Kh(x−X2)−Kh(x−X1) ,

f̆(x, tk) = (1− γ)
{
f̆(x, tk−1) + g(x, tk−1)

}
+ γKh(x−Xk) ,

g(x, tk) = (1− γ)g(x, tk−1) + γ
{
f̆(x, tk)− f̆(x, tk−1)

}
, k = 2, . . . , nt . (2.15)

Since the temporal kernel KD in (2.14) is of order 2, under certain regularity conditions,

we should be able to prove that bias{f̆(x, t)} = O(h2) + O(λ2). Recalling (2.13), this would

imply that bias{f̆(x, t)} � bias{f̂(x, t)} = o[bias{f̌(x, t)}], which could motivate us to use

f̆(x, t) instead of f̌(x, t) for estimating a time-varying density f(x, t). In addition, using (2.15)

to compute f̆(x, t) is only slightly more time consuming than computing f̌(x, t). Hence the

estimator f̆ looks promising. However, next we shall give some reasons why we still use f̌(x, t)

in this thesis.

First recall that we have only temporarily assumed that (γi, hi) ≡ (γ, h) in this section and

in practice we need to update (γ, h) block by block (see §2.1). Hence, in practice, a reliable

and computationally efficient method for selecting tuning parameters, including the block size

bℓ and smoothing parameters (γ, h), for the estimator is far more important than improving its

convergence rate. In fact, the weights {wnt,i}i=1,...,nt at (1.12) are easier to analyse in theory
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than the weights {w̆nt,i}i=1,...,nt produced by formulas in (2.15). We will exploit this simplicity

further in §2.4 to propose a streaming cross-validation procedure for updating (γ, h) block by

block, with automatically selected block sizes bℓ. This procedure is justified by theoretical results

in §2.4.3.

In addition, note that the weights {wnt,i}i=1,...,nt at (1.12) are always positive, hence the

resulting density estimate f̌(x, t) at (2.2) is always non-negative, provided that we use a non-

negative spatial kernel K. In contrast, some of the weights {w̆nt,i}i=1,2,... take negative values

(see e.g. Gijbels et al., 1999), hence the resulting density estimate f̆(x, t) could take negative

values for some x, even if we use a non-negative spatial kernel K. Indeed, the temporal KDE

at (1.13) proposed by Hall et al. (2006) suffers from the same problem. When we computed

the temporal KDE using the temporal kernel KT (u) = (4 − 6u)1{u ∈ [0, 1]}, the resulting

density estimates f̂(x, t) sometimes take negative values in some x regions. See §4.1.1 for some

illustrations. This is because, for a one-sided kernel KT to be of order 2, it has to take negative

values in some part of its support. This may be seen as the price to pay for the bias reduction

induced by using a one-sided second-order kernel (double-exponential smoothing) instead of a

one-sided first-order kernel (simple exponential smoothing). For the above reasons, we will still

use the estimator f̌ in this thesis and leave the investigation of f̆ to future work.

2.4 Selection of smoothing parameters

To select the smoothing parameters for the SKDE f̌ defined at (2.2), in this section we propose

an algorithm that iteratively partitions the data stream {Xi}i=1,2,... into consecutive blocks Bℓ

of size bℓ, where ℓ = 1, 2, . . . , and, for each ℓ, selects a stepsize γBℓ
and a bandwidth hBℓ

from a

finite set Iℓγ,h for all data in the ℓ-th block.

To start the algorithm, we choose the size b1 of the first block and the first set Iℓγ,h by hand.

The selection of b1 (e.g. b1 = 50) does not appear to be important since the algorithm employs

a data-driven method to dynamically adjust the subsequent block sizes (see §2.4.2), and as the

number of observations increases the effect of b1 disappears quickly. Moreover, we set I1γ,h =
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I1γ × Iℓh, where Iℓγ and Iℓh each contain g (an integer chosen by hand, e.g. g = 10) candidates for

each of γBℓ
and hBℓ

. In §2.4.2 we will discuss how to iteratively select b2, b3, . . . and construct

I2γ,h, I
3
γ,h, . . . for future blocks. At this stage we assume temporarily that bℓ and Iℓγ,h have already

been selected for ℓ = 1, 2, . . . and propose a streaming cross-validation (SCV) procedure to

select (γBℓ
, hBℓ

) ∈ Iℓγ,h.

2.4.1 Selection of γBℓ
and hBℓ

To introduce the SCV, we first briefly review a conventional cross-validation method for the

conventional KDE defined at (1.4), which is based on the integrated squared error (ISE). Next we

define two cross-validation procedures suitable in our setting of streaming data. Both procedures

are useful for the selection of γBℓ
and hBℓ

and in §2.4.2 we will show how to use them to select

the block size bℓ.

2.4.1.1 Least squares cross-validation

The standard least squares cross-validation for the conventional KDE defined at (1.4), computed

from offline i.i.d. data, aims at selecting the bandwidth by minimising an estimator of the ISE

(see e.g. Hall, 1983), which, for the offline KDE for i.i.d. data, is given by

ISEoff(h) =

∫
{f̂(x)−f(x)}2 dx =

∫
f̂ 2(x) dx−2

∫
f̂(x)f(x) dx+

∫
f 2(x) dx , (2.16)

noting that f̂(x), defined at (1.4), depends on h. Since the last integral in (2.16) does not depend

on h, minimising ISEoff(h) is equivalent to minimising
∫
f̂ 2(x) dx − 2E{f̂(X)|X1, . . . , Xn}

where X ∼ f is a random variable independent of the Xi’s. This can be estimated by

CVoff(h) =

∫
f̂ 2(x) dx− 2

n

n∑
i=1

f̂−i(Xi). (2.17)
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Here, f̂−i denotes the density estimator using a bandwidth h and constructed using all data

except Xi.

2.4.1.2 Two cross-validation procedures for streaming data

Now we return to the task of selecting (γBℓ
, hBℓ

) for block Bℓ, ℓ = 1, 2, . . . for computing the

estimator f̌(·, t) at a time t ∈ (Tℓ−1, Tℓ], when we have already selected (γBi
, hBi

) for data in

blocks Bj , j = 1, . . . , ℓ − 1. Since (γBi
, hBi

) have already been selected for i = 1, . . . , ℓ − 1

and we need to select (γ, h) for block Bℓ, we take f̌ as at (2.2), but take, on this occasion,

(γi, hi) =


(γBji

, hBji
) , if i = 1, . . . , nTℓ−1

,

(γ, h) , if i = nTℓ−1
+ 1, . . . , nTℓ

,

(2.18)

where Bji denotes the block that contains Xi. Note that in the case ℓ = 1 since T0 = 0

(see page 25) so that nT0 = 0, (γi, hi) is only defined by the second line above and we have

(γi, hi) ≡ (γ, h). Next we define two cross-validation criteria that are both useful extensions of

CVoff defined at (2.17) to the setting of streaming data.

Recall from page 25 thatBℓ is the block of data corresponding to the time interval (Tℓ−1, Tℓ].

So, ideally, to choose (γBℓ
, hBℓ

) we would like to minimise the ISE on (Tℓ−1, Tℓ], i.e.

ISE(Tℓ−1,Tℓ](γ, h) =

∫ Tℓ

Tℓ−1

∫
{f̌(x, t)− f(x, t)}2 dx dt . (2.19)

This leads to the following average cross-validation (ACV) criterion:

ACVℓ(γ, h) =
τℓ
bℓ

∑
Xi∈Bℓ

{∫
f̌ 2(x, ti) dx− 2f̌−i(Xi, ti)

}
, (2.20)

where f̌−i(x, ti) = f̌(x, ti) − wi,iKh(x − Xi) is the leave-one-out estimator of f(x, ti) with

wi,i defined as wnt,i in (1.12), taking nt = nti = i, and (γj, hj) defined as in (2.18) for j ≤ i.

See Appendix 2.B for the derivation of the ACV criterion.
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2.4 Selection of smoothing parameters

In addition to ISE(Tℓ−1,Tℓ] defined at (2.19), which measures the average behaviour of f̌ on

the time interval (Tℓ−1, Tℓ], we can also consider the following ISE:

ISEℓ(γ, h) =

∫
{f̌(x, sℓ)− f(x, sℓ)}2 dx , (2.21)

where sℓ = (Tℓ−1 + Tℓ)/2 denotes the centre of time interval (Tℓ−1, Tℓ] and where f̌(x, sℓ) is

defined as f̌(x, t) at (2.2), but replacing there t by sℓ and using (γi, hi) as defined by (2.18).

Note that (2.21) measures the behaviour of the SKDE at only one time point sℓ instead of on

the whole time interval (Tℓ−1, Tℓ]. This is reasonable when τℓ = Tℓ − Tℓ−1 is not too large so

that f(·, t) does not change too much within (Tℓ−1, Tℓ].

Now, observe from (2.21) that

ISEℓ(γ, h) =

∫
f̌ 2(x, sℓ) dx− 2

∫
f̌(x, sℓ)f(x, sℓ) dx+

∫
f 2(x, sℓ) dx , (2.22)

where the first integral can be computed directly from data and the third integral does not depend

on (γ, h), the parameters of interest. As for the second integral, we have

∫
f̌(x, sℓ)f(x, sℓ) dx = Esℓ{f̌(X0

sℓ
, sℓ) | X1, . . . , Xnsℓ

} , (2.23)

where nsℓ denotes the number of observations arriving up to time sℓ and Esℓ denotes the ex-

pectation with respect to f(·, sℓ), and where X0
sℓ
∼ f(·, sℓ) and is independent of {X1, . . . ,

Xnsℓ
}.

We can estimate (2.23) by the empirical mean

1

bℓ

∑
Xi∈Bℓ

f̌−i(Xi, sℓ) , (2.24)
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where

f̌−i(x, sℓ) =


f̌(x, sℓ)− wnsℓ

,iKh(x−Xi), for i = nTℓ−1
+ 1, . . . , nsℓ ,

f̌(x, sℓ), for i = nsℓ + 1, . . . , nTℓ
,

(2.25)

wnsℓ
,i is defined as wnt,i in (2.2), but with t substituted by sℓ and (γj, hj) defined as in (2.18)

for j ≤ nsℓ . In other word, like f̂−i at (2.17), f̌−i(x, sℓ) is a leave-one-out estimator of f(x, sℓ)

computed from the data {X1, . . . , Xnsℓ
}\{Xi}. However, we see from (2.2) that, for i > nsℓ ,

Xi is not used to compute f̌−i(x, sℓ), so that f̌−i(x, sℓ) = f̌(x, sℓ). We use observations with

arrival times on both sides of time sℓ at (2.24) to reduce the bias. Now we have derived the

following cross-validation criterion:

SCVℓ(γ, h) =

∫
f̌ 2(x, sℓ) dx− 2

bℓ

∑
Xi∈Bℓ

f̌−i(Xi, sℓ) . (2.26)

Given the block size bℓ and set Iℓγ,h, both ACVℓ and SCVℓ defined in this section are reason-

able for selecting (γBℓ
, hBℓ

). Moreover, when bℓ (or equivalently, τℓ, due to (2.1)) is chosen in a

way that the true density f does not vary too much on time interval (Tℓ−1, Tℓ], so that the data

in Bℓ are nearly i.i.d., the smoothing parameters selected according to ACVℓ and SCVℓ should

be close to each other. This is because, on this occasion, the behaviour of f̌ at sℓ (measured by

ACVℓ), the centre of the time interval (Tℓ−1, Tℓ], should be able to represent its behaviour on

the whole interval (measured by SCVℓ). Hence a choice of (γ, h) which minimises SCVℓ(γ, h)

should also yield a small ACVℓ(γ, h).

However, recall that in this section we only temporarily assume that the block sizes bℓ and the

sets Iℓγ,h, for ℓ = 2, 3, . . . , are already given, but a data-driven method for selecting bℓ and Iℓγ,h
is still lacking. In §2.4.2 we will discuss a method for constructing Iℓγ,h, which is motivated by

theoretical results in §2.2. Moreover, it turns out that the SCV criterion enjoys some theoretical

advantage which we can further exploit for the selection of bℓ. In §2.4.2 we will discuss a method

for selecting bℓ based on some theoretical properties of the SCV in §2.4.3, which makes use of

both SCVℓ and ACVℓ.
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2.4 Selection of smoothing parameters

2.4.2 Selection of bℓ and Iℓγ,h

We propose an iterative procedure for selecting the block size bℓ and the candidate set Iℓγ,h as

follows. Suppose that, for j = 1, . . . , ℓ − 1, we have selected γj, hj and bj . Now we need to

select bℓ and Iℓγ,h, and then can we select (γBℓ
, hBℓ

) using either ACVℓ at (2.20) or SCVℓ at

(2.26).

To construct Iℓγ,h, first note that, with block sizes bbℓ−1 and bℓ appropriately chosen, we do not

expect (γBℓ−1
, hBℓ−1

) ∈ Iℓ−1
γ,h and (γBℓ

, hBℓ
) ∈ Iℓγ,h to be significantly different. Motivated by

this fact, we let Iℓγ ⊂ [γBℓ−1
/M1, M1γBℓ−1

] and Iℓh ⊂ [hBℓ−1
/M2,M2hBℓ−1

] be two equidistant

grids around γBℓ−1
and hBℓ−1

, each containing g elements, and then, let Iℓγ,h = Iℓγ × Iℓh. Here

M1,M2 > 1 are some constants chosen by hand. In practice, we can take, e.g., M1 = M2 =

1.2. This is flexible enough since, if the initial I1γ,h is inappropriate, consecutive Iℓγ,h can be

gradually adjusted to have more appropriate range. Moreover, taking M1,M2 too large is likely

to cause numerical instability for some cross-validation procedures, since the corresponding cross-

validation criteria often have multiple local minima (Hall and Marron, 1991).

The procedure for selecting bℓ is motivated by theoretical results about SCVℓ in §2.4.3. There,

Proposition 2.2 and Theorem 2.1 together imply that minimising SCVℓ over γ and h is asymp-

totically equivalent to minimising ISEℓ at (2.21) or MISEℓ(γ, h) =
∫

MSE(x, sℓ) dx over γ

and h. This type of properties is sometimes referred to as the asymptotic optimality of a cross-

validation procedure (Hall, 1983), which justifies that using the corresponding cross-validation

criterion to select smoothing parameters is asymptotically effective.

In order for the asymptotic optimality of the SCV to hold, Conditions (A1)–(A4) and (B1)–

(B3) in §2.4.3 have to be satisfied. In particular, (A4) and (B3) imply that that τℓ � ∆ta3 with

a3 ∈ (4/21, 2/7), which, recalling (2.1), implies that bℓ � ∆t1−a3 . Since a3 here can only be

taken in a relatively narrow interval (4/21, 2/7), the latter results reflect the trade-off involved

in selecting bℓ. From there, using (A1), (B1) and (B3), we have

bℓ � γ
−(5+α)/5
Bℓ−1

, α ∈ (0, 2/3) . (2.27)
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This result suggests that, if we select an α ∈ (0, 2/3) (in the numerical examples in Chapter 4,

we choose α = 1/3), then we can let

bℓ = Cℓ
bγ

−(5+α)/5
Bℓ−1

(2.28)

for some constant Cℓ
b > 0. Given α in the right range, it remains to select Cℓ

b in practice.

Now, with (2.28), we still need to select the constant term Cℓ
b , whose value can be very im-

portant in practice. It is a difficult task since we do not have any analytical form for Cℓ
b and

it is hard to decide what is an appropriate value for it in practice. Here we propose a heuristic

solution to this problem, which, although cannot be justified by theory at this stage, is a prin-

cipled method. The main motivation is that, if the block size is appropriately chosen, then the

bandwidths chosen by the SCV at (2.26), i.e.

(γBℓ
, hBℓ

) = arg min
(γ,h)∈Iℓγ,h

SCVℓ(γ, h) , (2.29)

and those chosen by minimising the ACV criterion at (2.20), i.e.

(γABℓ
, hABℓ

) = arg min
(γ,h)∈Iℓγ,h

ACVℓ(γ, h) , (2.30)

should be relatively close. However, when bandwidths chosen by these two criteria are signif-

icantly different, then this suggests that the block size is not right and we should consider ad-

justing the future block sizes. The next example illustrates an important scenario where the SCV

bandwidths and the ACV bandwidths may be very different. We will discuss how to adjust the

constant term Cℓ
b accordingly.

Figure 2.1 illustrates the role of the block size. In both subplots, the true density f has the

form f(x, t) = f0(x− at), where f0 is a normal mixture with four components and a > 0 is a

constant. That is, f is a normal mixture density changing its location at a constant speed from

left to right on the x axis. The three density curves in different shades of grey in each subplot in

Figure 2.1 represent f(·, Tℓ−1), f(·, sℓ) and f(·, Tℓ), respectively, where Tℓ−1 and Tℓ are defined
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f(·, T`)

Figure 1: Example illustrating the role of block size. In both subplots: normal

mixture with four modes moving from left to right in different shades of grey, average

density
∫ T`
T`−1

f(·, t) dt in red. The left subplot corresponds to an over-sized block, the

right an appropriately small block.
fig:roleofblocksize

The left subplot corresponds to a large block length τ` (hence a large block size b`)

value and the right subplot corresponds to a small block length τ` (hence a small

block size b`) value.

Recall from Section 6.1 that the SCV at (6.11) measures the behaviour of the

estimator f̌ at the centre of the block s`. Also recall that, by using the empirical

mean (6.9) to estimate the integral (6.8), the SCV relies on the fact that data Xi ∼
f(·, ti) in B` are nearly i.i.d., that is, f(·, ti) ≈ f(·, s`), only when the block size b`

is appropriately chosen. In the case illustrated in the left subplot in Figure 1, where

the block size is too large, the average density
∫ T`
T`−1

f(·, t) dt, represented by the red

curve, is rather flat. On this occasion, the density at the centre f(·, s`) (grey curve

at the middle), is a very poor representation of the average density. In contrast, in

the case illustrated in the left subplot in Figure 1, where block size is appropriately

small, the average density (red lines) is relatively close to f(·, s`).

27

Figure 2.1: Example illustrating the role of block size. In both subplots: normal mixture with
four modes moving from left to right in different shades of grey, average density

∫ Tℓ

Tℓ−1
f(·, t) dt in

red. The left subplot corresponds to an over-sized block, the right an appropriately small block.

on page 25 and sℓ is defined below (2.21). The left subplot corresponds to a large block length

τℓ (hence a large block size bℓ) value and the right subplot corresponds to a small block length τℓ

(hence a small block size bℓ) value.

Recall from §2.4.1 that the SCV at (2.26) measures the behaviour of the estimator f̌ at the

centre of the block, sℓ. Also recall that, by using the empirical mean (2.24) to estimate the

integral (2.23), the SCV relies on the fact that data Xi ∼ f(·, ti) in Bℓ are nearly i.i.d., that is,

f(·, ti) ≈ f(·, sℓ), which holds only when the block size bℓ is appropriately chosen. In the case

illustrated in the left subplot in Figure 2.1, where the block size is too large, the average density∫ Tℓ

Tℓ−1
f(·, t) dt, represented by the red curve, is rather flat. On this occasion, the density at the

centre f(·, sℓ) (grey curve at the middle), is a very poor representation of the average density. In

contrast, in the case illustrated in the right subplot in Figure 2.1, where block size is appropriately

small, the average density (red line) is relatively close to f(·, sℓ).

Now, in the case of Figure 2.1, if the the block size is too large, how will the SCV and the

ACV behave? For the SCV, considering that its knowledge about f(·, sℓ) comes from a very

heterogeneous subsample Bℓ, whose density on average is represented by a flat curve, it tends

to choose a larger bandwidth. On the other hand, with the same block size, the ACV at (2.20)
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tends to choose a much smaller bandwidth. This is because the ACV measures the behaviour of

the estimator f̌ at different time points in (Tℓ−1, Tℓ] instead of focusing just on the centre.

The above example shows how SCV bandwidths can be different from the ACV bandwidths

when the true density has large curvature. However, when the true densities are very smooth,

the difference is not so significant since, in that case, even the average density over an overly long

time interval would look close to the density at the centre of the interval. This suggests that,

often, if the SCV bandwidths and the ACV bandwidths are very different, it is because the block

size has been chosen too large for the SCV.

Based on the above considerations, we propose the following iterative method to select Cℓ
b ,

ℓ = 1, 2, . . . First, to initialise the value of C1
b , we first choose b1 by hand as discussed at the

beginning of §2.4 and then use the SCV to select (γB1 , hB1) as at (2.29). Now, by (2.28), we

can take C1
b = b1γ

(5+α)/5
B1 . Then, to adjust future values of Cℓ

b , we select smoothing parameters

by the ACV using (2.30) and let H1 = {hB1 − hAB1
}, where, recalling from (2.29) and (2.30)

hB1 and hAB1
denote the h values for block B1 selected by SCV and ACV, respectively. For block

Bℓ, ℓ = 2, 3, . . . , let Hℓ = Hℓ−1 ∪ {hBℓ
− hABℓ

}. That is, Hℓ is a set containing the differences

between the bandwidths chosen by SCV and ACV.

Whenever Hℓ contains more than a certain number (e.g. 5) of elements, run a one-sided

Wilcoxon signed-rank test (Rey and Neuhäuser, 2011) to see if elements in Hℓ are significantly

larger than 0, for which we calculate the exact p-value. The null hypothesis is that the differences

hBi
− hABi

are independent and come from a continuous distribution symmetric about zero.

In contrast, the null hypothesis of the sign test does not assume symmetry, resulting in smaller

statistical power (Rey and Neuhäuser, 2011). Although in general the independence assumption

does not hold here, we can view the differences hBi
− hABi

as approximately independent, since

the bandwidths mainly use data from separate blocks.

Now, if the null hypothesis is rejected under significance level 0.05, we reduce the future

value Cℓ+1
b by a scale of 1.05, i.e. Cℓ+1

b = Cℓ
b/1.05, and then set Hℓ = ∅. Otherwise we let

Cℓ+1
b = Cℓ

b . When the values of the constant term have remained unchanged for a while, say, for

5 blocks, we increase Cℓ+1
b by a scale of 1.05, i.e. let Cℓ+1

b = 1.05Cℓ
b , and then setHℓ = ∅. The
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2.4 Selection of smoothing parameters

motivation of this iterative procedure is that, if there is enough evidence showing that bandwidths

selected by ACV are smaller than those by SCV, then we slightly reduce the constant term, so

that future block sizes may be smaller. Otherwise, we slightly increase it, so that future block

sizes may be larger. This is because, ideally we would want to use more data to compute the

cross-validation criteria, as long as the distributions of these data are not too different.

Note that when selecting Cℓ
b we carry out a nonparametric test with sample size as small as

5. On this occasion, the smallest p-value of the exact test can get is 0.03125, smaller than the

significance level 0.05, at which the null hypothesis can be rejected.

2.4.3 Some asymptotic results for SCV

In this section, we provide some asymptotic results about the SCV defined at (2.26), under the

same setting as in §2.2. These results will be useful to guide our selection of the block sizes bℓ,

ℓ = 2, 3, . . . , assumed given in §2.4.1 (see page 35).

As in §2.2, for a given time t ∈ R+, let ℓt denote the integer such that t ∈ (Tℓt−1, Tℓt ].

Recall from (2.29) that the SCV selects (γBℓt
, hBℓt

) from a candidate set Iℓtγ,h for blockBℓt using

the cross-validation criterion at (2.26), which measures the behaviour of the SKDE at the centre

sℓt of the time interval (Tℓt−1, Tℓt ] corresponding to Bℓt . In addition to conditions (A1)–(A4),

we assume that the following conditions hold:

(B1) a1 = 1/7 and a2 = 5/7, where a1 and a2 are defined in (A1). The cardinality #(Iℓtγ,h) of

Iℓtγ,h satisfies #(Iℓγ,h) ≤ C∆t−a for some constants C > 0 and a > 0.

(B2) For g being any of the partial derivatives of f with respect to x and t up to order 3,∫
|g(x, t)| dx < M for any t ∈ (0, Tℓt ], where M is defined in (A2).

(B3) a3 = (2− α)/7 for some 0 < α < 2/3, where a3 is defined in (A4).

In addition to (A1), (B1) assumes that (2.11) holds, so that AMSE(x, t) at (2.10) has the fastest

convergence rate ∆t4/7. In addition, (B1) requires that the candidate set Iℓtγ,h is finite but its size
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can increase polynomially fast as ∆t → 0. These are both standard conditions (see e.g. Marron

and Härdle, 1986, p. 96).

In addition to (A2), (B2) requires absolute integrability of some density derivatives, that is,

it ensures that the functions are all smooth enough.

Conditions (B1) and (B3) imply that a3 ∈ (4/21, 2/7). This is stronger than (A4) since,

under (B1), (A4) only requires a3 ∈ (0, 2/7). That is, by (B1) we further restrict τi � ∆ta3

to be not too large (a3 strictly no smaller than 4/21). Recall from §2.4.1.2 that this is because

SCVℓt estimates ISEℓt at (2.21). The latter is only a good measure of the behaviour of f̌ on the

time interval (Tℓt−1, Tℓt ] when τℓt = Tℓt − Tℓt−1 is not too large.

Now we present some standard theoretical results concerning the optimality of the SCV

similar to the main theorem in Fan et al. (1996). Recall the definitions of SCVℓ at (2.26) and

MSE(x, sℓt) (2.9). Let MISEℓt(γ, h) =
∫

MSE(x, sℓt) dx. Recall also the definition of ℓt above

(B1). Next we give some results regarding the relationships amongst ISEℓt , MISEℓt and SCVℓt .

Proposition 2.2. Under (A1)–(A4) and (B1)–(B3), we have

ISEℓt(γ, h) = MISEℓt(γ, h) + op(∆t
4/7) , (2.31)

uniformly (γ, h) ∈ Iℓtγ,h as ∆t→ 0.

Theorem 2.1. Under (A1)–(A4) and (B1)–(B3), we have

SCVℓt(γ, h) = ISEℓt(γ, h) +

∫
f 2(x, sℓt) dx− 2

bℓt

∑
Xi∈Bℓt

f(Xi, sℓt) + op(∆t
4/7), (2.32)

uniformly in (γ, h) ∈ Iℓtγ,h as ∆t→ 0.

See Appendices 2.C and 2.D for the proof of the above results. Here we give the intuition why

SCVℓt(γ, h) is a consistent estimator of ISEℓt(γ, h)−
∫
f 2(x, sℓt) dx with ISEℓt(γ, h) at (2.22).

Note that Xi ∼ f(·, ti) and f(·, ti) is close to f(·, sℓt) since, under (A2), (B2) and (B3), ti is

close to sℓt and f is smooth in t. Hence b−1
ℓt

∑
Xi∈Bℓt

f(Xi, sℓt) can be seen as an empirical mean
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consistently estimating
∫
f 2(x, sℓt) dx. This, together with (2.32), implies that SCVℓt(γ, h) is

indeed a consistent estimator of ISEℓt(γ, h)−
∫
f 2(x, sℓt) dx.

Now we state the major implication of Proposition 2.2 and Theorem 2.1. According to

Remark 2.1, ∆t4/7 is the smallest possible order of MSE(x, sℓt). Under some additional regu-

larity conditions, we can show that this order is also the smallest possible order of MISEℓt(γ, h)

(we will prove this in future work). Therefore, Proposition 2.2 implies that the smallest pos-

sible order of ISEℓt(γ, h) is also ∆t4/7. Furthermore, since the terms
∫
f 2(x, sℓt) dx and

2/bℓt
∑

Xi∈Bℓt
f(Xi, sℓt) in (2.32) do not depend on γ nor h, similar to Fan et al. (1996), we

conclude that minimising SCVℓt over γ and h is asymptotically equivalent to minimising ISEℓt

over γ and h.

Although SCV is designed for i.n.i.d. streaming data, it may be used to select smoothing

parameters for d.n.i.d. streaming data. Indeed, for density estimation for offline i.i.d. data, Hall,

Lahiri and Truong (1995) observed that ‘even for some strongly dependent data sequences, the

asymptotically optimal bandwidth for independent data is a good choice’. This encourages us to

investigate the behaviour of SCV for dependent data streams.

For an illustration of the finite-sample behaviour of the SKDE and the SCV, see §4.1.1 and

§4.2.1 for some simulation studies and real-data examples.
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Appendix

To simplify the notation, we suppress the subscript t of ℓt defined above Proposition 2.1 in all

appendices to Chapter 2. That is, for a given time t > 0, let ℓ = ℓt denote the unique integer

satisfying t ∈ (Tℓ−1, Tℓ].

2.A Proof of Proposition 2.1

2.A.1 Notation

First, we present a summary of notations that will be used in this section.

Times and sample sizes. For online i.n.i.d. data {Xi}i=1,2,..., let {ti}i=1,2,... denote the

equidistant arrival times defined in (1.1). The time horizon is partitioned into finite intervals

(T0, T1], (T1, T2], . . . of respective lengths τ1 = T1− T0, τ2 = T2− T1, . . . , where T0 = 0. For

k = 1, 2, . . . , Bk = {XnTk−1
+1, . . . , XnTk

} denotes the block of data observed in the k-th time

interval (Tk−1, Tk], where nTℓ
denotes the number of data observed up to time Tℓ. The number

of observations in Bk is denoted by bk = nTk
− nTk−1

. For a given time t > 0, nt denotes the

number of data observed up to t.

Smoothing parameters. When defining the streaming KDE in (2.2) and (1.12), we used two

notations {(γi, hi)}i=1,...,nt and {(γBi
, hBi

)}i=1,...,nt denoting stepsize and bandwidth used by

f̌(x, t).
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2.A Proof of Proposition 2.1

Convention on almost sure relations. We write Z ≤ c, for some random variable Z and real

number c, if Z is bounded by c almost surely.

Estimators. From (1.11), (1.12) and (2.2), we have

f̌(x, t) =
nt∑
i=1

wnt,iKhi
(x−Xi), (2.A.1)

where wnt,i is defined at (1.12) with blockwise-defined (γi, hi) at (2.3). In addition, let

f̄(x, t) =
nt∑

i=nTℓ−2
+1

wnt,iKhi
(x−Xi). (2.A.2)

2.A.1.1 Technical lemmas

The following formula, known as summation by parts, will be used repeatedly in all appendices.

Lemma 2.A.1. Let {fk} and {gk} be two sequences of real numbers. Then

n∑
k=0

fkgk = f0

n∑
k=0

gk +
n−1∑
j=0

(fj+1 − fj)
n∑

k=j+1

gk. (2.A.3)

Using the notation of Proposition 2.1, let t ∈ R+ be a given time and let ℓ ≥ 1 denote

the integer satisfying t ∈ (Tℓ−1, Tℓ]. The following lemma implies that f̄(x, t) at (2.A.2) is

asymptotically equivalent to f̌(x, t) at (2.2).

Lemma 2.A.2. Under (A1)–(A4), for any x ∈ R, we have,

f̌(x, t)− f̄(x, t) ≤ 2 exp(−3−1δ2∆ta2+a3−1), (2.A.4)

where f̄(x, t) is defined in (2.A.2).

Remark 2.A.1. From (A4), we have a2 + a3 − 1 < 0. Therefore, (2.A.4) implies that the

difference between f̌(x, t) and f̄(x, t) decreases to zero exponentially fast as ∆t→ 0.
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Proof of Lemma 2.A.2. Throughout the proof we assume that ∆t is small enough such that

nt ≥ 2. Recall from (2.2) that, for any i = 1, . . . , nt, we have γi = γBji
and hi = hBji

if Xi is

in block Bji . Then, note that f̌(x, t) = S1 + S2, where

S1 =
nt∏
j=2

(1− γj)Kh1(x−X1) and S2 =
nt∑
i=2

γi

nt∏
j=i+1

(1− γj)Khi
(x−Xi). (2.A.5)

Then we bound S1 and S2 as follows.

Bounding S1. Under (A3), we have Khi
(x −Xi) ≤ M/hi for i = 1, 2, . . . Under (A1), we

have, from (2.A.5),

S1 ≤
M

h1

nt∏
j=2

(1− γj) ≤
M

h1

nTℓ−1∏
j=nTℓ−2

+1

(1− γj) =
M

h1
(1− γBℓ−1

)nTℓ−1
−nTℓ−2 . (2.A.6)

Now, to bound (2.A.6), first note that it follows from a second-order Taylor expansion of ex

around 0 that

ex = 1 + x+ eξx2/2 (2.A.7)

for some ξ between 0 and x, so that 0 ≤ 1 − γBℓ−1
≤ exp(−γBℓ−1

). Recall from (1.2) that

nTℓ−1
= bTℓ−1/∆tc and nTℓ−2

= bTℓ−2/∆tc, so that Tℓ−1/∆t − 1 ≤ nTℓ−1
≤ Tℓ−1/∆t,

Tℓ−2/∆t−1 ≤ nTℓ−2
≤ Tℓ−2/∆t and nTℓ−1

−nTℓ−2
≥ (Tℓ−1−Tℓ−2)/∆t−1 = τℓ−1/∆t−1.

Note from (A4) that we have τℓ−1/∆t ≥ δ∆ta3−1, and hence τℓ−1/∆t− 1 ≥ (δ/2)∆ta3−1, for

∆t small enough, so that nTℓ−1
− nTℓ−2

≥ (δ/2)∆ta3−1. Then we have, from (A1) and (A4),

(1− γBℓ−1
)nTℓ−1

−nTℓ−2 ≤ exp
{
−γBℓ−1

(nTℓ−1
− nTℓ−2

)
}

≤ exp
(
−2−1δ2∆ta2+a3−1

)
. (2.A.8)

Note from (A4) that a2 + a3 − 1 < 0 and hence ∆ta2+a3−1 → ∞ as ∆t → 0. Applying (A1)
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and (2.A.8) to (2.A.6), we conclude that,

S1 ≤
M

δ
∆t−a2 exp(−2−1δ2∆ta2+a3−1) ≤ exp(−3−1δ2∆ta2+a3−1), (2.A.9)

where ∆t is small enough.

Bounding S2. From (2.A.5), we can write S2 = S21 + S22, where

S21 =

nTℓ−2∑
i=2

γi

nt∏
j=i+1

(1− γj)Khi
(x−Xi),

S22 =
nt∑

i=nTℓ−2
+1

γi

nt∏
j=i+1

(1− γj)Khi
(x−Xi).

(2.A.10)

Using (A1) and (A3), we have

S21 ≤
M

hm
γM

nTℓ−2∑
i=2

(1− γm)nt−i

=
M

hm
γM

nt−2∑
j=nt−nTℓ−2

(1− γm)j

=
M

hm
γM(1− γm)nt−nTℓ−2

1− (1− γm)nTℓ−2
−1

1− (1− γm)

=
M

hm

γM

γm
(1− γm)nt−nTℓ−2{1− (1− γm)nTℓ−2

−1}

≤ M

hm

γM

γm
(1− γm)nt−nTℓ−2 .

Then, using (A1), we have (1− γm)nt−nTℓ−2 ≤ (1− γm)nTℓ−1
−nTℓ−2 . Similarly to (2.A.8),

we have (1− γm)nt−nTℓ−2 ≤ exp(−2−1δ2∆ta2+a3−1). Therefore, using (A1), we have,

S21 ≤
M

δ3
∆t−a2 exp(−2−1δ2∆ta2+a3−1) ≤ exp(−3−1δ2∆ta2+a3−1), (2.A.11)

when ∆t is small enough. The lemma then follows from (2.A.5), (2.A.9), (2.A.10) and (2.A.11).
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2.A.2 Proof of (2.7) in Proposition 2.1

First, we show that the bias of f̄(x, t), defined at (2.A.2), satisfies

bias{f̄(x, t)} = 1

2
fxx(x, t)µK,2h

2
Bℓ
− ft(x, t)

∆t

γBℓ

+ o(∆t1−a2 +∆t2a1). (2.A.12)

Then, by Lemma 2.A.2, we have bias{f̌(x, t)} = bias{f̄(x, t)}+o(∆t), and hence (2.7) follows.

To prove (2.A.12), first note that, from (A2) and (A3), we have

E{Khi
(x−Xi)}

=
1

hi

∫
K
(x− y

hi

)
f(y, ti) dy

=

∫
K(u)f(x− hiu, ti) du

=

∫
K(u)

{
f(x, ti)− fx(x, ti)hiu+

1

2
fxx(x, ti)h

2
iu

2 − 1

6
fxxx(x− θihiu, ti)h3iu3

}
du

= f(x, ti) +
1

2
fxx(x, ti)h

2
iµK,2 − ri(hi), (2.A.13)

where θi ∈ [0, 1] and

ri(hi) =
1

6
h3i

∫
K(u)fxxx(x− θhiu, ti)u3 du, (2.A.14)

and where we used a second-order Taylor expansion of f(x− hiu, ti) around x.

Then, recall that the hi’s and γi’s are defined blockwise at (1.12). When ∆t is small enough,

we have nt > nTℓ−2
≥ 2. Then, from (1.12) and (1.12), since t ∈ (Tℓ−1, Tℓ], we have

wnt,i =

 γBℓ−1
(1− γBℓ

)nt−nTℓ−1 (1− γBℓ−1
)nTℓ−1

−i, if nTℓ−2
+ 1 ≤ i ≤ nTℓ−1

,

γBℓ
(1− γBℓ

)nt−i, if nTℓ−1
+ 1 ≤ i ≤ nt,

(2.A.15)
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Therefore, from (2.A.2), (2.A.13) and (2.A.15), we can write

E{f̄(x, t)} =
nTℓ−1∑

i=nTℓ−2
+1

wnt,i E{Khi
(x−Xi)}+

nt∑
i=nTℓ−1

+1

wnt,i E{Khi
(x−Xi)}

= γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i E{Khi
(x−Xi)}

+ γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−i E{Khi

(x−Xi)}

= S1 + S2 + S3 + S4 − S5 − S6, (2.A.16)

where

S1 = γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−if(x, ti), (2.A.17)

S2 = γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−if(x, ti), (2.A.18)

S3 =
1

2
µK,2h

2
Bℓ−1

γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−ifxx(x, ti), (2.A.19)

S4 =
1

2
µK,2h

2
Bℓ
γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−ifxx(x, ti), (2.A.20)

S5 = γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−iri(hBℓ−1
), (2.A.21)

S6 = γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−iri(hBℓ

). (2.A.22)

Then, we calculate S1, . . . , S6 as follows.

We assume that ∆t is small enough to guarantee that nTℓ−2
≥ 2 and nTℓ−1

− nTℓ−2
≥ 2.

For now, we also assume that nt − nTℓ−1
≥ 2. The assumption nt − nTℓ−1

≥ 2 will be needed

below, for example, at the fourth line of (2.A.42), to guarantee the summation by parts formula

51



CHAPTER 2

is applicable. Then, in §2.A.2.5, we discuss the cases where nt−nTℓ−1
= 0 and nt−nTℓ−1

= 1.

2.A.2.1 Calculating S1

Under (A2), it follows from a first-order Taylor expansion of f(x, ti) around t that, for some

ξi ∈ [ti, t],

S1 = γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i

×
{
f(x, t)− (t− ti)ft(x, t) +

1

2
(t− ti)2ftt(x, ξi)

}
= f(x, t)S11 − ft(x, t)S12 +

1

2
S13, (2.A.23)

where

S11 = γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i, (2.A.24)

S12 = γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i(t− ti), (2.A.25)

S13 = γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i(t− ti)2ftt(x, ξi). (2.A.26)

Then we calculate S11, S12 and S13 as follows.

Calculating S11. First, from (2.A.8), we have

γBℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i = γBℓ−1

nTℓ−1
−nTℓ−2

−1∑
j=0

(1− γBℓ−1
)j

= 1− (1− γBℓ−1
)nTℓ−1

−nTℓ−2

= 1 + o(∆t). (2.A.27)
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Hence, plugging (2.A.27) into (2.A.24), we have

S11 = (1− γBℓ
)nt−nTℓ−1 + o(∆t). (2.A.28)

Calculating S12. First note from (1.2) that

t−∆t < nt∆t ≤ t, (2.A.29)

and that, using (A4) and (2.1), we have

1 ≤ nTℓ
− nTℓ−1

∼ τℓ/∆t � ∆ta3−1. (2.A.30)

Then, using (A1) and summation by parts, we have

S12 = γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i{(nt − i)∆t+ (t− nt∆t)}

= ∆t γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(nt − i)(1− γBℓ−1
)nTℓ−1

−i +O(∆tS11)

= ∆t(1− γBℓ
)nt−nTℓ−1γBℓ−1

nTℓ−1
−nTℓ−2

−1∑
j=0

(j + nt − nTℓ−1
)(1− γBℓ−1

)j +O(∆t)

= ∆t(1− γBℓ
)nt−nTℓ−1 (nt − nTℓ−1

)γBℓ−1

nTℓ−1
−nTℓ−2

−1∑
j=0

(1− γBℓ−1
)j

+∆t(1− γBℓ
)nt−nTℓ−1γBℓ−1

nTℓ−1
−nTℓ−2

−2∑
i=0

nTℓ−1
−nTℓ−2

−1∑
j=i+1

(1− γBℓ−1
)j +O(∆t)

= ∆t(nt − nTℓ−1
)(1− γBℓ

)nt−nTℓ−1

+∆t(1− γBℓ
)nt−nTℓ−1

nTℓ−1
−nTℓ−2

−2∑
i=0

{(1− γBℓ−1
)i+1 − (1− γBℓ−1

)nTℓ−1
−nTℓ−2}

+O(∆t)

= ∆t(nt − nTℓ−1
)(1− γBℓ

)nt−nTℓ−1
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+
∆t

γBℓ−1

(1− γBℓ
)nt−nTℓ−1{1− γBℓ−1

− (1− γBℓ−1
)nTℓ−1

−nTℓ−2}

−∆t(1− γBℓ
)nt−nTℓ (nTℓ−1

− nTℓ−2
− 1)(1− γBℓ−1

)nTℓ−1
−nTℓ−2 +O(∆t)

=
∆t

γBℓ−1

(1− γBℓ
)nt−nTℓ−1 +∆t(nt − nTℓ−1

)(1− γBℓ
)nt−nTℓ−1 +O(∆t), (2.A.31)

where we used (1.1) to get the first equation, (2.A.24) and (2.A.29) to get the second, (2.A.28)

to get the third, (2.A.27) for the fifth, and (2.A.8) and (2.A.30) for the last.

Calculating S13. Under (A2), we have

|S13| ≤MγBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i(t− ti)2

=MγBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i{(nt − i)∆t+ (t− nt∆t)}2

≤M∆t2γBℓ−1
(1− γBℓ

)nt−nTℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)nTℓ−1

−i(nt − i+ 1)2

=M∆t2(1− γBℓ
)nt−nTℓ−1γBℓ−1

nTℓ−1
−nTℓ−2

−1∑
j=0

(j + nt − nTℓ−1
+ 1)2(1− γBℓ−1

)j

=M∆t2(1− γBℓ
)nt−nTℓ−1

[
(nt − nTℓ−1

+ 1)2γBℓ−1

nTℓ−1
−nTℓ−2

−1∑
j=0

(1− γBℓ−1
)j

+ γBℓ−1

nTℓ−1
−nTℓ−2

−2∑
i=0

{2(i+ nt − nTℓ−1
) + 3}

nTℓ−1
−nTℓ−2

−1∑
j=i+1

(1− γBℓ−1
)j

]

=M∆t2(1− γBℓ
)nt−nTℓ−1

[
(nt − nTℓ−1

+ 1)2

+

nTℓ−1
−nTℓ−2

−2∑
i=0

{2(i+ nt − nTℓ−1
) + 3}(1− γBℓ−1

)i+1

−
nTℓ−1

−nTℓ−2
−2∑

i=0

{2(i+ nt − nTℓ−1
) + 3}(1− γBℓ−1

)nTℓ−1
−nTℓ−2 +O(∆t)

]
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≤M∆t2(1− γBℓ
)nt−nTℓ−1

[
(nt − nTℓ−1

+ 1)2

+ 2(nt − nTℓ−2
)

nTℓ−1
−nTℓ−2

−1∑
i=0

(1− γBℓ−1
)i+1 +O(∆t)

]
=M∆t2(1− γBℓ

)nt−nTℓ−1

{
(nt − nTℓ−1

+ 1)2 + 2(nt − nTℓ−2
)γ−1

Bℓ−1
+O(∆t)

}
=M∆t2(1− γBℓ

)nt−nTℓ−1

{
(nt − nTℓ−1

)2 + 2(nt − nTℓ−1
) + 1

}
+ o(∆t1−a2)

=M∆t2(nt − nTℓ−1
)2(1− γBℓ

)nt−nTℓ−1 + o(∆t1−a2), (2.A.32)

where we used (1.1) to get the second line, (2.A.30) and (2.A.29) for the third, (2.A.8) for the

eleventh, and where, to get the second last and the last lines, we used the fact that, under (A4),

we have, similarly to (2.A.30), nt − nTℓ−2
� ∆ta3−1.

Shortly, to bound (2.A.32), we will show that

(nt − nTℓ−1
)(1− γBℓ

)nt−nTℓ−1 = O(∆t−a2), (2.A.33)

which, using (2.A.30), (2.A.32) and (2.A.33), implies that

S13 = o(∆t1−a2), (2.A.34)

under (A1) and (A4).

Now, to prove (2.A.33), letting g1(x) = x(1 − γBℓ
)x, where 1 ≤ x ≤ nTℓ

− nTℓ−1
, it

suffices to show that g1(nt − nTℓ−1
) = O(∆t−a2). Note that g1 reaches its global maximum at

x0 = −1/ log(1− γBℓ
). Hence, under (A1), we have

g1(nt − nTℓ−1
) ≤ g1(x0) ≤ −

1

log(1− γBℓ
)
∼ 1

γBℓ

� ∆t−a2 , (2.A.35)

where we used a first-order Taylor expansion of log(1−γBℓ
) around 1. Hence (2.A.33) is proved.
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Conclusion: Combining (2.A.23), (2.A.28), (2.A.31) and (2.A.34), we deduce that

S1 = f(x, t)(1− γBℓ
)nt−nTℓ−1 − ∆t

γBℓ−1

ft(x, t)(1− γBℓ
)nt−nTℓ−1

− ft(x, t)∆t(nt − nTℓ−1
)(1− γBℓ

)nt−nTℓ−1 + o(∆t1−a2). (2.A.36)

2.A.2.2 Calculating S2

Similarly to (2.A.23), we have

S2 = f(x, t)S21 − ft(x, t)S22 +
1

2
S23, (2.A.37)

where

S21 = γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−i, (2.A.38)

S22 = γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−i(t− ti), (2.A.39)

S23 = γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−i(t− ti)2ftt(x, ξi), (2.A.40)

where ξi is between ti and t. Then, we calculate S21, S22 and S23 separately.

Calculating S21. From (2.A.38), we have

S21 = γBℓ

nt−nTℓ−1
−1∑

j=0

(1− γBℓ
)j = 1− (1− γBℓ

)nt−nTℓ−1 . (2.A.41)

Calculating S22. Applying (1.1), (2.A.29) and (2.A.41) to (2.A.39), we have

S22 = γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−i{(nt − i)∆t+ (t− nt∆t)}
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= ∆t γBℓ

nt∑
i=nTℓ−1

+1

(nt − i)(1− γBℓ
)nt−i +O(∆tS21)

= ∆t γBℓ

nt−nTℓ−1
−1∑

j=0

j(1− γBℓ
)j +O(∆t)

= ∆t γBℓ

nt−nTℓ−1
−2∑

i=0

nt−nTℓ−1
−1∑

j=i+1

(1− γBℓ
)j +O(∆t)

= ∆t

nt−nTℓ−1
−2∑

i=0

{(1− γBℓ
)i+1 − (1− γBℓ

)nt−nTℓ−1}+O(∆t)

=
∆t

γBℓ

{1− γBℓ
− (1− γBℓ

)nt−nTℓ−1}

−∆t(nt − nTℓ−1
− 1)(1− γBℓ

)nt−nTℓ−1 +O(∆t)

=
∆t

γBℓ

{1− (1− γBℓ
)nt−nTℓ−1}

−∆t(nt − nTℓ−1
)(1− γBℓ

)nt−nTℓ−1 +O(∆t), (2.A.42)

where we used summation by parts and, to get the third line, we used (2.A.41) and the fact that

0 < γBℓ
< 1.

Calculating S23. Under (A1), (A2) and (A4), from (2.A.40), we have

|S23| ≤MγBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−i{(nt − i)∆t+ (t− nt∆t)}2

≤M∆t2γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−i(nt − i+ 1)2

=M∆t2γBℓ

nt−nTℓ−1
−1∑

j=0

(j + 1)2(1− γBℓ
)j

=M∆t2

{
γBℓ

nt−nTℓ−1
−1∑

j=0

(1− γBℓ
)j + γBℓ

nt−nTℓ−1
−2∑

i=0

(2i+ 3)

nt−nTℓ−1
−1∑

j=i+1

(1− γBℓ
)j

}

=M∆t2

{
1− (1− γBℓ

)nt−nTℓ−1
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+

nt−nTℓ−1
−1∑

i=0

(2i+ 3)(1− γBℓ
)i+1

− (1− γBℓ
)nt−nTℓ−1

nt−nTℓ−1
−1∑

i=0

(2i+ 3)

}

≤M∆t2

{
1 +

nt−nTℓ−1
−1∑

i=0

(2i+ 3)(1− γBℓ
)i+1

}

≤M∆t2{2(nt − nTℓ−1
) + 1}

nt−nTℓ−1
−1∑

i=0

(1− γBℓ
)i+1 +M∆t2

≤M
∆t2

γBℓ

{2(nt − nTℓ−1
) + 1}+M∆t2 = o(∆t1−a2), (2.A.43)

where we used the fact that 0 < γBℓ
< 1, and where we used (2.A.29) to get the second line,

summation by parts to get the fourth line, and (2.A.30) to get the last equation.

Conclusion: Combining (2.A.37), (2.A.41), (2.A.42) and (2.A.43), we deduce that

S2 = f(x, t){1− (1− γBℓ
)nt−nTℓ−1} − ft(x, t)

∆t

γBℓ

{1− (1− γBℓ
)nt−nTℓ−1}

+ ft(x, t)∆t(nt − nTℓ−1
)(1− γBℓ

)nt−nTℓ−1 + o(∆t1−a2). (2.A.44)

Now, under (A1), combining (2.A.36) and (2.A.44), we have

S1 + S2 = f(x, t)− ft(x, t)
∆t

γBℓ

{
1 +

( γBℓ

γBℓ−1

− 1
)
(1− γBℓ−1

)nt−nTℓ−1

}
+ o(∆t1−a2)

= f(x, t)− ft(x, t)
∆t

γBℓ

+ o(∆t1−a2). (2.A.45)

2.A.2.3 Calculating S3 and S4

Observe from (2.A.17)–(2.A.20) that S3 and S4 are exactly identical to S1 and S2, except that

f(x, ti) in S1 and S2 is replaced by ftt(x, ti) in S3 and S4 and that S3 and S4 contain an

additional multiplicative term (2−1µK,2h
2
Bℓ−1

for S3 and 2−1µK,2h
2
Bℓ

for S4). Therefore, S3 and

58



2.A Proof of Proposition 2.1

S4 can be computed in the exact same way as S1 and S2, except that we need to use a first-order

Taylor expansion of fxx(x, ti), instead of f(x, ti), around t at (2.A.23) and (2.A.37), which we

can do under (A2). Therefore, under (A1), we can write

S3 =
1

2
µK,2h

2
Bℓ−1

{
fxx(x, t)(1− γBℓ

)nt−nTℓ−1 − ∆t

γBℓ−1

fxxt(x, t)(1− γBℓ
)nt−nTℓ−1

− fxxt(x, t)∆t(nt − nTℓ−1
)(1− γBℓ

)nt−nTℓ−1 + o(∆t1−a1)

}
=

1

2
fxx(x, t)µK,2h

2
Bℓ−1

(1− γBℓ
)nt−nTℓ−1 + o(∆t2a1) (2.A.46)

and

S4 =
1

2
µK,2h

2
Bℓ−1

{
fxx(x, t){1− (1− γBℓ

)nt−nTℓ−1}

− fxxt(x, t)
∆t

γBℓ

{1− (1− γBℓ
)nt−nTℓ−1}

+ fxxt(x, t)∆t(nt − nTℓ−1
)(1− γBℓ

)nt−nTℓ−1 + o(∆t1−a2)

}
=

1

2
fxx(x, t)µK,2h

2
Bℓ−1

(1− γBℓ
)nt−nTℓ−1 + o(∆t2a1), (2.A.47)

where we used (2.A.33) and the fact that 0 < γBℓ
< 1. Under (A1), we deduce that

S3 + S4 =
1

2
fxx(x, t)µK,2h

2
Bℓ

[
1 +

{(
hBℓ−1

hBℓ

)2

− 1

}
(1− γBℓ

)nt−nTℓ−1

]
+ o(∆t2a1)

=
1

2
fxx(x, t)µK,2h

2
Bℓ

+ o(∆t2a1). (2.A.48)

2.A.2.4 Calculating S5 and S6

Under (A1), (A2) and (A3), for h = hBℓ−1
and h = hBℓ

, we have

|ri(h)| ≤
1

6
h3
∫
|K(u)||fxxx(x− θhu, ti)||u|3 du

≤ M

6
h3
∫
|u|3K(u) du ≤ C1∆t

3a1 , (2.A.49)

59



CHAPTER 2

where C1 =M/(6δ3)
∫
|u|3K(u) du.

Plugging (2.A.49) into (2.A.21) and recalling the definition of S11 at (2.A.24), we have

S5 ≤ C1∆t
3a1S11 = O(∆t3a1), (2.A.50)

where we used (2.A.28) and the fact that 0 ≤ γBℓ
≤ 1. Plugging (2.A.49) into (2.A.22), we also

find

S6 ≤ C1∆t
3a1γBℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−i = C1∆t

3a1γBℓ

nt−nTℓ−1
−1∑

j=0

(1− γBℓ
)j

= C1∆t
3a1{1− (1− γBℓ

)nt−nTℓ−1} ≤ C1∆t
3a1 , (2.A.51)

since 0 < γBℓ
< 1.

2.A.2.5 Conclusion

Combining (2.A.16), (2.A.45), (2.A.48), (2.A.50) and (2.A.51), we have

E{f̄(x, t)} = f(x, t) +
1

2
fxx(x, t)µK,2h

2
Bℓ
− ft(x, t)

∆t

γBℓ

+ o(∆t1−a2 +∆t2a1),

which proves (2.A.16) in the case where nt − nTℓ−1
≥ 2 (recall from the assumption we made

below (2.A.22) that the above calculations are only valid when nt − nTℓ−1
≥ 2).

It remains to prove that (2.A.12) holds also when nt−nTℓ−1
= 0 and when nt−nTℓ−1

= 1.

Note that in our calculations above, the assumption nt − nTℓ−1
≥ 2 has only been used for S2,

S4 and S6. In particular our calculations for S1, S3 and S5 remain valid and we only need to

recompute S2, S4 and S6 when nt − nTℓ−1
= 0 or 1.

When nt − nTℓ−1
= 0, we have nt = nTℓ−1

, and, from (2.A.16), we have E{f̄(x, t)} =

S1+S3−S5, where S1, S3 and S5 are defined at (2.A.17), (2.A.19) and (2.A.21). Hence, from
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(2.A.36), (2.A.46) and (2.A.50), we have, using (A1) and (A2)

bias{f̄(x, t)} = 1

2
fxx(x, t)µK,2h

2
Bℓ−1
− ft(x, t)

∆t

γBℓ−1

+ o(∆t1−a2 +∆t2a1) (2.A.52)

=
1

2
fxx(x, t)µK,2h

2
Bℓ
− ft(x, t)

∆t

γBℓ

+ o(∆t1−a2 +∆t2a1), (2.A.53)

where we used that fact that γBℓ
/γBℓ−1

= 1 + o(1) and hBℓ
/hBℓ−1

= 1 + o(1) in (A1). This

proves that (2.A.12) holds when nt − nTℓ−1
= 0.

When nt − nTℓ−1
= 1, we have nt = nTℓ−1

+ 1, so that, using (2.A.38), S21 = γBℓ
. From

(2.A.39), we haveS22 = γBℓ
(t−tnt) = o(∆t), where we used (A1) and (2.A.29). From (2.A.40),

we have S23 = γBℓ
(t− tnt)

2ftt(x, ξnt) = o(∆t), using (A1), (A2) and (2.A.29). Hence, using

(A1) and (2.A.37), we have S2 = γBℓ
f(x, t) + o(∆t). Now, from (2.A.20), we have S4 =

µK,2h
2
Bℓ
γBℓ

fxx(x, tnt)/2 = O(∆ta2+2a1), using (A1) and (A2). From (2.A.22), we also have

S6 = γBℓ
ri(hBℓ

) = O(∆ta2+3a1), using (A1) and (2.A.49). Now, from (2.A.36), (2.A.46) and

(2.A.50), we haveS1 = f(x, t)(1−γBℓ
)−∆tft(x, t)/γBℓ−1

−ft(x, t)∆t(1−γBℓ
)+o(∆t1−a2) =

f(x, t)(1− γBℓ
)−∆tft(x, t)/γBℓ−1

+ o(∆t1−a2), S3 = fxx(x, t)µK,2h
2
Bℓ−1

/2+ o(∆t2a1) and

S5 = O(∆t3a1). Combining the above results with (2.A.16), we obtain (2.A.52). Then, using

(A1) and (A2), we have (2.A.53), which proves that (2.A.12) holds when nt − nTℓ−1
= 1.

Combining §2.A.2.1 to §2.A.2.4 and the above calculations, (2.7) is proved.

2.A.3 Proof of (2.8) in Proposition 2.1

Shortly, we shall show that the variance of f̄(x, t) defined at (2.A.2) satisfies

var{f̄(x, t)} = 1

2
f(x, t)RK

γBℓ

hBℓ

+ o(∆ta2−a1). (2.A.54)

Using (2.2), (2.A.2) and Lemma 2.A.2, this proves that

var{f̌(x, t)} = var{f̄(x, t) + f̌(x, t)− f̄(x, t)}

= var{f̄(x, t)}+ var{f̌(x, t)− f̄(x, t)}
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= var{f̄(x, t)}+ o(∆t),

where we used the independence of X1, . . . , Xnt . Then, (2.8) follows from (2.A.54).

Next, we prove (2.A.54). First note that, under (A2) and (A3), we have

E{K2
hi
(x−Xi)} =

1

h2i

∫
K2
(x− y

hi

)
f(y, ti) dy

=
1

hi

∫
K2(u)f(x− hiu, ti) du

=
1

hi

∫
K2(u){f(x, ti)− fx(x− θihiu, ti)hiu} du

=
RK

hi
f(x, ti)−

∫
uK2(u)f(x− θihiu, ti) du,

where θi ∈ (0, 1) and RK is defined above Proposition 2.1, and where we applied the mean

value theorem to f(·, ti). Using (A2) and (A3), we also have |
∫
uK2(u)fx(x− θihiu, ti) du| ≤

M2
∫
|u|K(u) du <∞. Hence, we have E{K2

hi
(x−Xi)} = RK/hif(x, ti) +O(1) and

var{Khi
(x−Xi)} = E{K2

hi
(x−Xi)}− [E{Khi

(x−Xi)}]2 =
RK

hi
f(x, ti)+O(1), (2.A.55)

where we used the fact that E{Khi
(x−Xi)} = O(1), using (A2), (A3) and (2.A.13).

Recall that, for a given time t ∈ (0,∞) and a given ∆t, ℓ is the integer for which t ∈

(Tℓ−1, Tℓ]. Recall also that wnt,i is defined at (1.12) and, in particular recalling the blockwise

definition of γi and hi at (1.12), we have wnt,i = (1− γBℓ
)nt−nTℓ−1γBℓ−1

(1− γBℓ−1
)nTℓ−1

−i for

i = nTℓ−2
+ 1, . . . , nTℓ−1

, and wnt,i = γBℓ
(1− γBℓ

)nt−i for i = nTℓ−1
+ 1, . . . , nt. Now, using

(2.A.2), (2.A.55) and the independence of XnTℓ−2
+1, . . . , Xnt , we have

var{f̄(x, t)} =
nt∑

i=nTℓ−2
+1

w2
nt,i var{Khi

(x−Xi)}

=

nTℓ−1∑
i=nTℓ−2

+1

w2
nt,i var{Khi

(x−Xi)}+
nt∑

i=nTℓ−1
+1

w2
nt,i var{Khi

(x−Xi)}
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=
RK

hBℓ−1

S7 +
RK

hBℓ

S8 +O(S9 + S10), (2.A.56)

where

S7 = (1− γBℓ
)2(nt−nTℓ−1

)γ2Bℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)2(nTℓ−1

−i)f(x, ti), (2.A.57)

S8 = γ2Bℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)2(nt−i)f(x, ti), (2.A.58)

S9 = (1− γBℓ
)2(nt−nTℓ−1

)γ2Bℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)2(nTℓ−1

−i) (2.A.59)

S10 = γ2Bℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)2(nt−i). (2.A.60)

Here we have assumed that ∆t is small enough to guarantee that nTℓ−2
≥ 2 and we have also

assumed that nt − nTℓ−1
≥ 1. In §2.A.3.1 to §2.A.3.3, we calculate S7, . . . , S10 under these

assumptions. All calculations remain valid when nt − nTℓ−1
= 0 except that in that case, S8 =

S10 = 0.

2.A.3.1 Calculating S7

Under (A2), applying the mean value theorem to f(x, ti), we have that, with some ξi between

ti and t,

S7 = f(x, t)S71 − S72, (2.A.61)

where

S71 = (1− γBℓ
)2(nt−nTℓ−1

)γ2Bℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)2(nTℓ−1

−i), (2.A.62)
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S72 = (1− γBℓ
)2(nt−nTℓ−1

)γ2Bℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)2(nTℓ−1

−i)(t− ti)f(x, ξi). (2.A.63)

Next we calculate S71 and S72.

Calculating S71. We have

γ2Bℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)2(nTℓ−1

−i) = γ2Bℓ−1

nTℓ−1
−nTℓ−2

−1∑
j=0

(1− γBℓ−1
)2j

=
γBℓ−1

2− γBℓ−1

{
1− (1− γBℓ−1

)2(nTℓ−1
−nTℓ−2

)
}

=
γBℓ−1

2
+O(∆t2a2), (2.A.64)

where we used the fact that, under (A1), 1/(2− γBℓ−1
) = 1/2 +O(γBℓ−1

), and where we used

(2.A.8). Then, plugging (2.A.64) into (2.A.62), we find

S71 =
γBℓ−1

2
(1− γBℓ

)2(nt−nTℓ−1
) +O(∆t2a2). (2.A.65)

Calculating S72. Recalling the definition of S12 at (2.A.25) and the fact that 0 < γBℓ−1
, γBℓ

<

1, using (A1), (A2), (2.A.31), (2.A.33), we have

|S72| ≤M(1− γBℓ
)(nt−nTℓ−1

) γ2Bℓ−1

nTℓ−1∑
i=nTℓ−2

+1

(1− γBℓ−1
)(nTℓ−1

−i)(t− ti)

=MγBℓ−1
S12 = O(∆t) = o(∆ta2). (2.A.66)

Conclusion. Combining (2.A.61), (2.A.65) and (2.A.66), we conclude that

S7 =
γBℓ−1

2
f(x, t)(1− γBℓ

)2(nt−nTℓ−1
) + o(∆ta2). (2.A.67)
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2.A.3.2 Calculating S8

Using (A2) and (2.A.58), we have, using the mean value theorem for f(x, ·),

S8 = f(x, t)S81 − S82, (2.A.68)

where ξi lies between ti and t, and where

S81 = γ2Bℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)2(nt−i) (2.A.69)

S82 = γ2Bℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)2(nt−i)(t− ti)ft(x, ξi). (2.A.70)

Next, we calculate S81 and S82.

Calculating S81. From (2.A.69), under (A1), we have

S81 = γ2Bℓ

nt−nTℓ−1
−1∑

j=0

(1− γBℓ
)2j =

γBℓ

2− γBℓ

{1− (1− γBℓ
)nt−nTℓ−1}

=
γBℓ

2
{1− (1− γBℓ

)nt−nTℓ−1}+O(∆t2a2), (2.A.71)

where we used the fact that, under (A1), 1/(2− γBℓ
) = 1/2 +O(γBℓ

) and that 0 < γBℓ
< 1.

Calculating S82. Under (A2), from (2.A.33), (2.A.39), (2.A.42) and (2.A.63), we have, since

0 < γBℓ
< 1,

|S82| ≤Mγ2Bℓ

nt∑
i=nTℓ−1

+1

(1− γBℓ
)nt−i(t− ti) =MγBℓ

S22 = O(∆t). (2.A.72)

Conclusion. Combining (2.A.68), (2.A.71) and (2.A.72), we deduce, using (A1), that

S8 =
γBℓ

2
f(x, t)

{
1− (1− γBℓ

)2(nt−nTℓ−1
)
}
+ o(∆ta2). (2.A.73)

65



CHAPTER 2

2.A.3.3 Calculating S9 and S10

Using (A1) and (2.A.64), we have

S9 = (1− γBℓ
)2(nt−nTℓ−1

)

{
γBℓ−1

2
+O(∆t2a2)

}
= O(∆ta2), (2.A.74)

since 0 < γBℓ
< 1.

Note that S10 at (2.A.59) is equal to S81 at (2.A.69), and hence

S10 = O(∆ta2). (2.A.75)

2.A.3.4 Conclusion

Under (A1), combining (2.A.56), (2.A.67), (2.A.73), (2.A.74) and (2.A.75), we find

var{f̄(x, t)} = RK

2
f(x, t)

γBℓ

hBℓ

{
1 +

(
γBℓ−1

hBℓ

γBℓ
hBℓ−1

− 1

)
(1− γBℓ

)2(nt−nTℓ−1
)

}
+ o(∆ta2−a1)

=
RK

2
f(x, t)

γBℓ

hBℓ

+ o(∆ta2−a1).

As discussed just below (2.A.59), in the special case where nt−nTℓ−1
= 0, we have S8 = S10 = 0

and, from (2.A.56), (2.A.67) and (2.A.74), we have

var{f̄(x, t)} = RK

2
f(x, t)

γBℓ−1

hBℓ−1

(1− γBℓ
)2 + o(∆ta2−a1)

=
RK

2
f(x, t)

γBℓ

hBℓ

+ o(∆ta2−a1),

where we used (A1).

This completes the proof of (2.A.54).
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2.A.4 Proof of (2.11)

Writing ℓ = ℓt, we first differentiate AMSE(x, t), defined in (2.10), with respect to hℓ and γℓ

respectively to obtain

∂

∂hℓ
AMSE(x, t) = f 2

xx(x, t)µ
2
K,2h

3
Bℓ
− 2fxx(x, t)ft(x, t)µK,2

∆t

γBℓ

hBℓ
− 1

2
f(x, t)RK

γBℓ

h2Bℓ

,

∂

∂γℓ
AMSE(x, t) = −2f 2

t (x, t)
∆t2

γ3Bℓ

+ fxx(x, t)ft(x, t)µK,2
∆t

γ2Bℓ

h2Bℓ
+

1

2
f(x, t)RK

1

hBℓ

.

Equating ∂ AMSE(x, t)/∂hℓ and ∂ AMSE(x, t)/∂γℓ to 0, we get
C1h

3
Bℓ

+ C2
∆t

γBℓ

hBℓ
+ C3

γBℓ

h2Bℓ

= 0 ,

C4
∆t2

γ3Bℓ

+ C5
∆t

γ2Bℓ

h2Bℓ
+ C6

1

hBℓ

= 0 ,

where C1, . . . , C6 denote some constants.

Using the fact that, under (A1), we have hℓ � ∆ta1 and γℓ � ∆ta2 where 0 < a1 < a2 < 1,

the above systems of equations become
∆t3a1 +∆t1+a1−a2 � ∆ta2−2a1 ,

∆t2−3a2 +∆t1+2a1−2a2 � ∆t−a1 .

For the first equation in the above system of equations to hold, we must have either ∆t3a1 �

∆ta2−2a1 or ∆t1+a1−a2 � ∆ta2−2a1 ; for the second equation above to hold, we must have either

∆t2−3a2 � ∆t−a1 or ∆t1+2a1−2a2 � ∆t−a1 . This gives us the following 4 systems of equations:

{
3a1 = a2 − 2a1

2− 3a2 = −a1
,

{
3a1 = a2 − 2a1

1 + 2a1 − 2a2 = −a1
,

{
1 + a1 − a2 = a2 − 2a1

2− 3a2 = −a1
,

{
1 + a1 − a2 = a2 − 2a1

1 + 2a1 − 2a2 = −a1
,

which all give the same solution a1 = 1/7 and a2 = 5/7. Hence we conclude that, to minimise

AMSE(x, t) at (2.10), we should take (2.11).
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2.B Derivation of ACV

We write f̌(x, t; γ, h) instead of f̌(x, t) to highlight the dependence of f̌(x, t) on (γ, h).

To minimise ISE(Tℓ−1,Tℓ](γ, h) at (2.19), first note that ISE(Tℓ−1,Tℓ](γ, h) = I1 − 2I2 +

I3, where I1 =
∫ Tℓ

Tℓ−1

∫
f̌ 2(x, t; γ, h) dx dt, I2 =

∫ Tℓ

Tℓ−1

∫
f̌(x, t; γ, h)f(x, t) dx dt and I3 =∫ Tℓ

Tℓ−1

∫
f 2(x, t) dx dt. Here I1 is known and I3 does not depend on the parameters of interest

(γ, h). To use ISE(Tℓ−1,Tℓ](γ, h) to select (γ, h), it suffices to estimate I2.

For t ∈ (Tℓ−1, Tℓ], let X0
t ∼ f(·, t) denote a variable independent of the Xj ’s.

We approximate I2 by ∆t
∑

i:Xi∈Bℓ

∫
f̌(x, ti; γ, h)f(x, ti) dx = ∆t

∑
i:Xi∈Bℓ

E{f̌(X0
ti
,

ti; γ, h)|X1, . . . , Xi}, which we estimate by Î2 = τℓ/bℓ
∑

i:Xi∈Bℓ
f̌−i(Xi, ti; γ, h), where in

the last step we have used the fact that Xi ∼ f(·, ti), ∆t/τℓ ∼ b−1
ℓ as ∆t → 0 by (2.1), and

where the leave-one-out estimator f̌−i(x, ti; γ, h) is equal to f̌(x, ti; γ, h) − wi,iKh(x − Xi)

with wii as above (2.18), taking nt = nti = i.

In practice we can simplify the computation of I1 as follows. Note that with our choice of

bℓ, the Tℓ’s always correspond to time points ti where we have observed a data value Xi. Noting

too that for a fixed x ∈ R and some i = 1, 2, . . . , f̌(x, t) remains constant for t ∈ [ti, ti+1),

where ti is defined at (1.1). Therefore, we have

I1 =
∑

i:Xi∈Bℓ

∫ ti

ti−1

∫
f̌ 2(x, t; γ, h) dx dt =

∑
i:Xi∈Bℓ

∫ ti

ti−1

∫
f̌ 2(x, ti; γ, h) dx dt

=τℓ∆t
∑

i:Xi∈Bℓ

∫
f̌ 2(x, ti; γ, h) dx dt

≈b−1
ℓ ∆t

∑
i:Xi∈Bℓ

∫
f̌ 2(x, ti; γ, h) dx dt ≡ Î1 ,

since, using (2.1), we have ∆t/τℓ ∼ b−1
ℓ as ∆t → 0. Therefore, to simplify computations, in

practice we approximate I1 by Î1.

The above derivations suggest that, to use ISE(Tℓ−1,Tℓ] in practice, we can minimise ACVℓ =

Î1 − 2Î2, which is the same as (2.20).

68



2.C Proof of Theorem 2.1

2.C Proof of Theorem 2.1

The main idea of our proof follows from the proofs of equation (7) and (8) in Fan et al. (1996).

However, their problem is density estimation based on i.i.d. data and their estimator is a simple

average of kernel functions (observations have the same weight). Here, we have to use slightly

different probabilistic tools for the i.n.i.d. data and calculations are more complicated due to the

non-uniform weights used by our estimator. First we present some probabilistic results needed

in the proofs.

2.C.1 Some probabilistic tools

The first result is the Rosenthal inequality for martingales (Theorem 2.12 from Hall and Heyde

, 1980, p. 23). First we give the definition of a martingale (see, for example, Hall and Heyde ,

1980, p. 1).

Definition 2.C.1. Let I ⊂ Z be an index set and {Fi, i ∈ I} an increasing sequence of σ-

algebras. A sequence of random variables {Si, i ∈ I} is said to be a martingale with respect to

{Fi, i ∈ I} if: (i) Si is measurable with respect toFi, (ii) E |Si| <∞ and (iii) E(Si2|Fi1) = Si1

for all i1, i2 ∈ I such that i1 < i2.

Then the following Rosenthal’s inequality gives an upper bound for the higher moment of a

martingale.

Theorem 2.C.1. If {Si =
∑i

j=1Xj}i=1,...,n is a martingale with respect to {Fi}i=1,...,n and 2 ≤

p <∞, then there exists a constant Cp depending on p such that

E |Sn|p ≤ Cp

[
E

{
n∑

i=1

E(X2
i |Fi−1)

}p/2

+
n∑

i=1

E |Xi|p
]
. (2.C.1)

In the special case whereX1, . . . , Xn are independent zero-mean random variables with E |Xi| <
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∞ for i = 1, . . . , n, we have (see formula 9.7.c of Lin and Bai, 2010)

E |Sn|p ≤ Cp

{(
n∑

i=1

EX2
i

)p/2

+
n∑

i=1

E |Xi|p
}
. (2.C.2)

According to Hitczenko (1990), the constant Cp in (2.C.1) and (2.C.2) can be taken as

Cp = (C0p/ log p)p, (2.C.3)

where C0 > 0 is a constant that does not depend on p or the distribution of Sn.

The second result is formula (2.10) on p. 36 of Boucheron et al. (2013), also known as

Bernstein’s inequality.

Theorem 2.C.2. Let X1, . . . , Xn be independent random variables with finite variances such that

|Xi| ≤ A, i = 1, . . . , n, for some A > 0. Let Sn =
∑n

i=1Xi and σ2 =
∑n

i=1 E(X2
i ). Then, for

any η > 0,

P{|Sn − E(Sn)| ≥ η} ≤ exp
{
− η2

2(σ2 + Aη/3)

}
.

The third result is Marcus–Zinn inequality for weighted empirical processes of i.n.i.d. random

variables (Shorack and Wellner, 1986, p. 820).

Theorem 2.C.3. Suppose Xn1, . . . , Xnn are independent random variables with distribution func-

tions Fn1, . . . , Fnn. Let cn1, . . . , cnn be a sequence of constants. For x ∈ R, let

Zn(x) =
1√∑n
i=1 c

2
ni

n∑
i=1

cni
{
1(Xni ≤ x)− Fni(x)

}
be the weighted empirical process. Then, for any n ≥ 1 and η > 0,

P
{

sup
x∈R
|Zn(x)| ≥ η

}
≤
(
1 + 2

√
2πη

)
e−η2/8.

Let Fn(x) =
∑n

i=1 cni1{Xni ≤ x} and F̄n(x) =
∑n

i=1 cniFni(x) be the weighted empirical

distribution function and its mean. Then, since for any ε > 0, we can always find η > 0 large

70



2.C Proof of Theorem 2.1

enough such that
(
1 + 2

√
2πη

)
e−η2/8 ≤ ε, Theorem 2.C.3 implies that for any n ≥ 1,

P

{
sup
x∈R
|Fn(x)− F̄n(x)| ≥ η

(
n∑

i=1

c2ni

)1/2}
≤ ε,

which implies that

sup
x∈R
|Fn(x)− F̄n(x)| = Op

(
n∑

i=1

c2ni

)1/2

. (2.C.4)

2.C.2 Notation and technical results

Recalling the definition of Tℓ, Bℓ and bℓ at page 25, we denote the data in block Bℓ by

Xℓ1, . . . , Xℓbℓ with arrival times tℓ1, . . . , tℓbℓ . Without loss of generality, we assume that bℓ

is even and there are bℓ/2 observations within (Tℓ−1, sℓ], the first half of the time interval corre-

sponding to Bℓ. Then, by (1.1) and (1.2), we have, for i = 1, . . . , bℓ, Xℓi = Xnsℓ
−bℓ/2+i, and,

recalling that the tℓi’s are equidistant, we have

sℓ − (bℓ/2− i+ 1)∆t ≤ tℓi ≤ sℓ − (bℓ/2− i)∆t. (2.C.5)

Let f̃(x, sℓ) =
∑nsℓ

i=nsℓ
−bℓ/2+1wnsℓ

,iKhi
(x−Xi), where wnsℓ

,i is defined as wnti at (1.12),

but with t substituted by sℓ. Using (2.18), we have

f̃(x, sℓ) =

bℓ/2∑
j=1

w̃ℓjKh(x−Xℓj), (2.C.6)

where w̃ℓj = wnsℓ
,nsℓ

−bℓ/2+j = γ(1− γ)bℓ/2−j .

Recall that f̌(x, sℓ) is defined as f̌(x, t) at (2.2) with t replaced by sℓ. Then, under (A3),

(B1) and (B3), we have, when ∆t is small enough so that nsℓ ≥ 2,

f̌(x, sℓ)− f̃(x, sℓ) = Kh1(x−X1)

nsℓ∏
j=2

(1− γj) +
nsℓ

−bℓ/2∑
i=2

γi

nsℓ∏
j=i+1

(1− γj)Khi
(x−Xi)
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≤ M

hm
(1− γm)nsℓ

−1 +
MγM
hm

(nsℓ − bℓ/2− 1)

nsℓ∏
j=nsℓ

−bℓ/2+1

(1− γj)

≤ M

hm
(1− γm)bℓ/2 +

MγM
hm

nsℓ(1− γm)bℓ/2

=M

(
1

hm
+
nsℓγM
hm

)
(1− γm)bℓ/2

≤M

(
1

δ
∆t−a2 +

sℓ
δ2
∆ta2−a1−1

)
exp(−3−1δ2∆ta2+a3−1)

≤ exp(−4−1δ2∆ta2+a3−1) = exp(−4−1δ2∆t−α/7), (2.C.7)

where hm, γm, γM are defined in (A1) and we used (A1), (A4), (1.2) and the fact that, using (2.1)

and (2.A.7), we have

(1− γm)bℓ/2 ≤ exp(−γmbℓ/2) ≤ exp{−γm(2−1τℓ∆t
−1 − 1)} ≤ exp(−3−1δ2∆ta2+a3−1),

(2.C.8)

when ∆t is small enough, we also used (B1) and (B3) to get the last equation.

For i = 1, . . . , bℓ, let

f̌−ℓi(x, sℓ) = f̌−(nsℓ
−bℓ/2+i)(x, sℓ), (2.C.9)

where f̌−(nsℓ
−bℓ/2+i)(x, sℓ) is defined at (2.25) with i replaced by nsℓ − bℓ/2 + i there, that is,

f̌−(nsℓ
−bℓ/2+i)(x, sℓ) =

nsℓ∑
j=1

j ̸=nsℓ
−bℓ/2+i

wnsℓ
,jKh(x−Xj).

Then, from (2.26), we have

SCVℓ(γ, h) =

∫
f̌ 2(x, sℓ) dx− 2

bℓ

bℓ∑
i=1

f̌−ℓi(Xℓi, sℓ). (2.C.10)
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Furthermore, let

f̃−ℓi(x, sℓ) =

bℓ/2∑
j=1,j ̸=i

w̃ℓjKh(x−Xℓj), (2.C.11)

where w̃ℓj is defined below (2.C.6). Using the definition of w̃ℓj and the fact that Xℓj =

Xnsℓ
−bℓ/2+j , we have

f̃−ℓi(x, sℓ) =

nsℓ∑
j=nsℓ

−bℓ/2+1

j ̸=nsℓ
−bℓ/2+i

wnsℓ
,jKh(x−Xj),

and hence

f̌−ℓi(x, sℓ)− f̃−ℓi(x, sℓ) =

nsℓ
−bℓ/2∑
j=1

wnsℓ
,jKh(x−Xj)

= f̌(x, sℓ)− f̃(x, sℓ) ≤ exp(−4−1δ2∆t−α/7), (2.C.12)

where we used (2.C.7).

Now, using (2.22) and (2.C.10), we have

SCVℓ(γ, h)− ISEℓ(γ, h) +

∫
f 2(x, sℓ) dx = 2J + 2

∫
{f̌(x, sℓ)− f̃(x, sℓ)}f(x, sℓ) dx

+
2

bℓ

bℓ∑
i=1

{f̃−ℓi(Xℓi, sℓ)− f̌−ℓi(Xℓi, sℓ)},

where

J =

∫
f̃(x, sℓ)f(x, sℓ) dx− 1

bℓ

bℓ∑
i=1

f̃−ℓi(Xℓi, sℓ). (2.C.13)

Using (2.C.12) and noting that the upper bound exp(−4−1δ2∆t−α/7) there does not dependent

on (γ, h), we have

∣∣∣∫ {f̌(x, sℓ)− f̃(x, sℓ)}f(x, sℓ) dx
∣∣∣ ≤ exp(−4−1δ2∆t−α/7)

∫
f(x, sℓ) dx = o(∆t),
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uniformly in (γ, h) ∈ Iℓγ,h, where the last equality is due to (B3) and (2.C.7). Using (2.C.12),

(B3) and (2.C.7) again, we also obtain

∣∣∣∣ 1bℓ
bℓ∑
i=1

{f̃−ℓi(Xℓi, sℓ)− f̌−ℓi(Xℓi, sℓ)}
∣∣∣∣ ≤ exp(−4−1δ2∆t−α/7) = o(∆t),

uniformly in (γ, h) ∈ Iℓγ,h. Hence we conclude that

SCVℓ(γ, h)− ISEℓ(γ, h) +

∫
f 2(x, sℓ) dx = 2J + o(∆t), (2.C.14)

uniformly in (γ, h) ∈ Iℓγ,h.

The rest of the proof is devoted to calculating J . First, for i, j ∈ {1, . . . , bℓ}, let

U(x, y) = Kh(x− y), Ui(x) = Eℓi{U(x,Xℓi)}, Uij = Eℓj{Ui(Xℓj)}

Vij = U(Xℓi, Xℓj)− Ui(Xℓj)− Uj(Xℓi) + Uij,
(2.C.15)

where Kh is defined below (1.4) and Eℓi denotes the expectation with respect to Xℓi. Then,

recalling that K is symmetric from (A3), we have

U(x, y) = U(y, x), Uij = Uji, Vij = Vji, E(Vij) = 0. (2.C.16)

Using (2.C.11) and (2.C.15), we have

bℓ∑
i=1

f̃−ℓi(Xℓi, sℓ) =

bℓ∑
i=1

bℓ/2∑
j=1,j ̸=i

w̃ℓjU(Xℓi, Xℓj)

=

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

w̃ℓjU(Xℓi, Xℓj) +

bℓ/2∑
j=2

j−1∑
i=1

w̃ℓjU(Xℓi, Xℓj)

=

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

w̃ℓjU(Xℓi, Xℓj) +

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiU(Xℓj, Xℓi)

=

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)U(Xℓi, Xℓj), (2.C.17)
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where we used (2.C.16) to get the last equation, taking the convention that w̃ℓi = 0 for i =

bℓ/2 + 1, . . . , bℓ.

Plugging (2.C.15) and (2.C.17) into (2.C.13), we have

J = J4 − J1 − J2 − J3, (2.C.18)

where

J1 =
1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)Vij, (2.C.19)

J2 =
1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj){Ui(Xℓj)− Uij}, (2.C.20)

J3 =
1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj){Uj(Xℓi)− Uij}, (2.C.21)

J4 =

∫
f̃(x, sℓ)f(x, sℓ) dx− 1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)Uij. (2.C.22)

Then, we calculate J1, . . . , J4 as follows.

2.C.3 Calculating J1

2.C.3.1 Martingale construction

We first write bℓJ1 =
∑bℓ

i=2 Yi, where

Yi =

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)Vij. (2.C.23)

Then we show that {
∑k

i=2 Yi}k=2,...,bℓ is a martingale with respect to {Fk}k=2,...,bℓ , where Fk is

the σ-algebra generated by Xℓ1, . . . , Xℓk, so that we can apply Theorem 2.C.1 to bℓJ1. For this
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purpose, we only need to show the following: for i = 2, . . . , bℓ,

Yi is measurable with respect to Fi, E |Yi| <∞ and E(Yi|Fi−1) = 0. (2.C.24)

Now, we prove that (2.C.24) implies that {
∑k

i=2 Yi}k=2,...,bℓ satisfies Definition 2.C.1.

First note that, with (2.C.24),
∑k

i=2 Yi is measurable with respect to Fk and E |
∑k

i=2 Yi| ≤∑k
i=2 E |Yi| <∞. Then, for any two integers k1, k2 satisfying 2 ≤ k1 < k2 ≤ bℓ, we have

E

(
k2∑
i=2

Yi

∣∣∣Fk1

)
= E

(
k1∑
i=2

Yi

∣∣∣Fk1

)
+ E

(
k2∑

i=k1+1

Yi

∣∣∣Fk1

)

=

k1∑
i=2

Yi + E

{
E

(
k2∑

i=k1+1

Yi

∣∣∣Fk1+1

)∣∣∣Fk1

}

=

k1∑
i=2

Yi + E

(
k2∑

i=k1+2

Yi

∣∣∣Fk1

)

= · · · =
k1∑
i=2

Yi.

Therefore, Definition 2.C.1 is satisfied.

To show (2.C.24), firstly, note from (2.C.15) and (2.C.23) that, for i = 2, . . . , bℓ, Yi is a

function ofXℓ1, . . . , Xℓi so it is measurable with respect to Fi. Secondly, by (A3) and (2.C.15),

we have

U(x, y) =
1

h
K
(x− y

h

)
≤ M

h
, (2.C.25)

uniformly in x, y and hence |Vij| < ∞ for all i, j, which implies that |Yi| < ∞ and hence

E |Yi| <∞ for all i. Finally, we have

E(Yi|Fi−1) =

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)E(Vij|Fi−1)

=

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)
[
E{U(Xℓi, Xℓj)|Fi−1}
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− E{Ui(Xℓj)|Fi−1} − E{Uj(Xℓi)|Fi−1}+ Uij

]
=

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)
[
E{U(Xℓi, Xℓj)|Xℓj}

− Ui(Xℓj)− E{Uj(Xℓi)}+ Uij

]
= 0, (2.C.26)

where we used the independence of Xℓ1, . . . , Xℓbℓ to get the third equation and (2.C.16) to get

the last equation.

2.C.3.2 Moment inequalities of bℓJ1

Using Theorem 2.C.1, we have that for any p ≥ 2,

E |bℓJ1|p ≤ Cp

[
E

{
bℓ∑
i=2

E(Y 2
i |Fi−1)

}p/2

+

bℓ∑
i=2

E |Yi|p
]
. (2.C.27)

Note that g1(x) = xp/2 is convex on (0,∞) when p ≥ 2 and hence, by conditional Jensen’s

inequality (see, for example, Theorem A29 in McLeish, 2005), we have g1
{
E(Y 2

i |Fi−1)
}
≤

E{g1(Y 2
i )|Fi−1}, which leads to E(Y 2

i |Fi−1) ≤
{
E
(
|Yi|p|Fi−1

)}2/p. Hence, we have

E

{
bℓ∑
i=2

E(Y 2
i |Fi−1)

}p/2

≤ E

[
bℓ∑
i=2

{
E
(
|Yi|p|Fi−1

)}2/p]p/2

≤

(
bℓ∑
i=2

[
E
{
E(|Yi|p|Fi−1)

}]2/p)p/2

=

{
bℓ∑
i=2

(E |Yi|p)2/p
}p/2

, (2.C.28)

where we used conditional Minkowski’s inequality (see, for example, Theorem 2.16 in Boucheron

et al., 2013) to get the second inequality.

Now, by Minkowski’s inequality, we have
∑bℓ

i=2 E |Yi|p = E
(∑bℓ

i=2 |Yi|p
)
≤
{∑bℓ

i=2
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(E |Yi|p)2/p
}p/2 for any p ≥ 2. Combining (2.C.27) with (2.C.28) and the above result, we

have

E |bℓJ1|p ≤ 2Cp

{
bℓ∑
i=2

(E |Yi|p)2/p
}p/2

. (2.C.29)

Observe from (2.C.29) that, to obtain an upper bound for E |bℓJ1|p, it suffices to obtain an upper

bound for E |Yi|p.

To bound E |Yi|p for i = 2, . . . , bℓ, we first rewrite the definition of Yi at (2.C.23) as Yi =∑(i−1)∧(bℓ/2)
j=1 V 0

ij , where V 0
ij = (w̃ℓi + w̃ℓj)Vij . Next we show that {Yj}j=2,...,i is a martingale

with respect to filtration {Fij}j=1,...,i, where, for i = 1, . . . , bℓ/2, Fij is the σ-algebra generated

by {Xℓi;Xℓ1, . . . , Xℓj}. For this, Similar to (2.C.24), it suffices to show that

V 0
ij is measurable with respect to Fij, E |V 0

ij | <∞ and E(V 0
ij |Fi j−1) = 0. (2.C.30)

To show (2.C.30), note from (2.C.15) that V 0
ij = (w̃ℓi + w̃ℓj)Vij is a function of

{Xℓi;Xℓ1, . . . , Xℓj} and hence is measurable with respect to Fij . Second, note that we have

already showed under (2.C.25) that |Vij| < 0 and hence E |V 0
ij | < ∞ holds trivially. Finally,

note from (2.C.15) that, conditioning on Xℓi, Vi1, . . . , Vi (i−1)∧(bℓ/2) are independent random

variables and we have

E(Vij|Xℓi) = E{U(Xℓi, Xℓj)|Xℓi} − E{Ui(Xℓj)} − Uj(Xℓi) + Uij

= Uj(Xℓi)− Uij − Uj(Xℓi) + Uij = 0.

Hence, we have E(V 0
ij |Fi j−1) = E(V 0

ij |Xℓi;Xℓ1, . . . , Xℓ j−1) = E(V 0
ij |Xℓi) = 0. Now (2.C.30)

is proved.

Knowing that {Yj}j=2,...,i is a martingale, we apply (2.C.1) and obtain

E |Yi|p = Cp

[
E

{
(i−1)∧(bℓ/2)∑

j=1

E(|V 0
ij |2|Fi j−1)

}p/2

+

(i−1)∧(bℓ/2)∑
j=1

E |V 0
ij |p
]
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= Cp

[
E

{
(i−1)∧(bℓ/2)∑

j=1

(w̃ℓi + w̃ℓj)
2 E(V 2

ij |Xℓi)

}p/2

+

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)
p E |Vij|p

]
.

(2.C.31)

Hence, to bound E |Yi|p, it suffices to bound E(V 2
ij |Xℓi) and E |Vij|p.

Bounding E(V 2
ij |Xℓi). First, from (2.C.15), we have

E(V 2
ij |Xℓi)

= E{U2(Xℓi, Xℓj)|Xℓi}+ E{U2
i (Xℓj)}+ U2

j (Xℓi) + U2
ij

− 2E{Ui(Xℓj)U(Xℓi, Xℓj)|Xℓi} − 2Uj(Xℓi)E{U(Xℓi, Xℓj)|Xℓi}

+ 2Uij E{U(Xℓi, Xℓj)|Xℓi}+ 2Uj(Xℓi)E{Ui(Xℓj)} − 2Uij E{Ui(Xℓj)} − 2UijUj(Xℓi)

= E{U2(Xℓi, Xℓj)|Xℓi} − 2E{Ui(Xℓj)U(Xℓi, Xℓj)|Xℓi}

+ E{U2
i (Xℓj)}+ 2UijUj(Xℓi)− U2

j (Xℓi)− U2
ij

≤ E{U2(Xℓi, Xℓj)|Xℓi}+ E{U2
i (Xℓj)}+ 2UijUj(Xℓi). (2.C.32)

Next, we bound terms in (2.C.32).

Let φj(x) = E{U2(x,Xℓj)}, where U is defined in (2.C.15). Then, under (A2) and (A3),

we have

φj(x) =
1

h2

∫
K2
(x− y

h

)
f(y, tℓj) dy =

1

h

∫
K2(u)f(x− hu, tℓj) du

≤ M

h

∫
K2(u) du =

C1

h
,

where C1 =M
∫
K2(u) du, and hence

E{U2(Xℓi, Xℓj)|Xℓi} = φj(Xℓi) ≤
C1

h
. (2.C.33)
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Then, under (A2) and (A3), we have

Ui(x) =
1

h

∫
K
(x− y

h

)
f(y, tℓi) dy =

∫
K(u)f(x− hu, tℓi) du

≤M

∫
K(u) du =M, (2.C.34)

and hence, using (2.C.34), we have

E{U2
i (Xℓj)} ≤M2, UijUj(Xℓi) = E{Ui(Xℓj)}Uj(Xℓi) ≤M2 (2.C.35)

Combining (2.C.33) and (2.C.35), we have, when ∆t is small enough so that h−1 ≥ 1,

E(V 2
ij |Xℓi) ≤

C2

h
, (2.C.36)

where C2 = C1 + 3M2.

Bounding E |Vij|p. Applying (2.C.25) to Vij defined in (2.C.15), we have |Vij| ≤ C3h
−1 for

C3 = 4M . Hence, we have

E |Vij|p ≤
Cp

3

hp
. (2.C.37)

Conclusion. Now, plugging (2.C.36) and (2.C.37) into (2.C.31), we have

E |Yi|p ≤ Cp

[
C

p/2
2 h−p/2

{
(i−1)∧(bℓ/2)∑

j=1

(w̃ℓi + w̃ℓj)
2

}p/2

+ Cp
3h

−p

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)
p

]

≤ Cp(2
p/2C

p/2
2 h−p/2b

p/2
ℓ γp + 2pCp

3h
−pbℓγ

p)

≤ Cp
4Cp(b

p/2
ℓ γph−p/2 + bℓγ

ph−p), (2.C.38)

where, recalling the definition of w̃ℓi and w̃ℓj below (2.C.6) and the fact that 0 < γ < 1, the

second inequality follows from

w̃ℓi + w̃ℓj ≤ 2γ, (2.C.39)
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and where C4 = (2C2)
1/2 ∨ (2C3).

Plugging (2.C.38) into (2.C.29), we have, under (B1),

E |J1|p ≤ 2b−p
ℓ Cp

[
bℓ
{
Cp

4Cp(b
p/2
ℓ γph−p/2 + bℓγ

ph−p)
}2/p]p/2

= 2Cp
4C

2
p(γ

ph−p/2 + b
1−p/2
ℓ γph−p). (2.C.40)

To obtain a bound of bℓ, we use (2.1) to get

bℓ ≤ τℓ/∆t+ 1 ≤ δ−1∆ta3−1 + 1 = δ−1∆t−(5+α)/7 + 1 ≤ δ−2∆t−(5+α)/7,

where we used (A4) to get the the second inequality, (B3) to get the equality and, to get the last

inequality, we used the fact that δ−2 > δ−1 > 1 and ∆t−(5+α)/7 → ∞ as ∆t → 0. Using the

above bound for bℓ and (B1), we have

E |J1|p ≤ 2Cp
4C

2
p

{
δ−3p/2∆t9p/14 + δ−(p+2)∆t(13+α)p/14−(5+α)/7

}
, (2.C.41)

According to (2.C.3), we can takeCp = (C0p/ log p)p. Then, taking p ≥ 2(5+α)/(4+α) >

2, (2.C.41) becomes

E |J1|p ≤ 2C2p
0 C

p
4 (p/ log p)2p

{
δ−3p/2∆t9p/14 + δ−(p+2)∆t(13+α)p/14−(5+α)/7

}
≤ 4δ−2pC2p

0 C
p
4 (p/ log p)2p∆t9p/14,

where the last inequality follows from the fact that, since p > 2 and δ−1 > 1, both δ−3p/2 and

δ−(p+2) are bounded by δ−2p. Now, by the Markov inequality, we have, for any η > 0,

P
(
|J1| > η∆t4/7

)
≤ E |J1|p

(η∆t4/7)p
≤ 4

(
C2

0C4

ηδ2 log2 p

)p

(p2∆t1/14)p.

Taking p = ∆t−1/28/
√
e, we have, as ∆t→ 0,

P(|J1| > η∆t4/7) = o
{
exp(−∆t−1/28/

√
e)
}
,
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which implies that, under (B1), for any η > 0,

P

{
sup

(γ,h)∈Iℓγ,h

|J1| > η∆t4/7

}
≤

∑
(γ,h)∈Iℓγ,h

P(|J1| > η∆t4/7)

≤ #(Iℓγ,h) sup
(γ,h)∈Iℓγ,h

P(|J1| > η∆t4/7)

= o
{
∆t−a exp(−∆t−1/28/

√
e)
}
= o(1),

as ∆t→ 0. Hence, we have

J1 = op(∆t
4/7), (2.C.42)

uniformly in (γ, h) ∈ Iℓγ,h.

2.C.4 Expansion of J2

We first reorganise terms in J2 at (2.C.20) to get

J2 =
1

bℓ

bℓ/2∑
i=2

i−1∑
j=1

(w̃ℓi + w̃ℓj){Ui(Xℓj)− Uij}+
1

bℓ

bℓ∑
i=bℓ/2+1

bℓ/2∑
j=1

(w̃ℓi + w̃ℓj){Ui(Xℓj)− Uij}

=
1

bℓ

bℓ/2∑
j=1

bℓ/2∑
i=j+1

(w̃ℓi + w̃ℓj){Ui(Xℓj)− Uij}+
1

bℓ

bℓ/2∑
j=1

bℓ∑
i=bℓ/2+1

(w̃ℓi + w̃ℓj){Ui(Xℓj)− Uij}

=
1

bℓ

bℓ/2∑
j=1

bℓ∑
i=j+1

(w̃ℓi + w̃ℓj){Ui(Xℓj)− Uij}. (2.C.43)

Now, letWi(x) = Ui(x)−f(x, tℓi). Then, using (2.C.15) and (2.C.43), we have J2 = J21+J22,

where

J21 =
1

bℓ

bℓ/2∑
j=1

bℓ∑
i=j+1

(w̃ℓi + w̃ℓj)
[
Wi(Xℓj)− E{Wi(Xℓj)}

]
, (2.C.44)

J22 =
1

bℓ

bℓ/2∑
j=1

bℓ∑
i=j+1

(w̃ℓi + w̃ℓj)
[
f(Xℓj, tℓi)− E{f(Xℓj, tℓi)}

]
. (2.C.45)
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Let Z1j = b−1
ℓ

∑bℓ
i=j+1(w̃ℓi + w̃ℓj)[Wi(Xℓj) − E{Wi(Xℓj)}]. Then J21 =

∑bℓ/2
j=1 Z1j is a

sum of bℓ/2 independent random variables since each summand Z1j only depends on Xℓj . To

apply Theorem 2.C.2 on J21, we first derive the bounds on Z1j and
∑bℓ/2

j=1 E(Z2
1j).

Bounding Z1j . Note from (2.C.15) that, under (A2) and (A3), we have

|Wi(x)| =
∣∣∣∣∫ Kh(x− y)f(y, tℓi) dy − f(x, tℓi)

∣∣∣∣
=

∣∣∣∣∫ K(u)f(x− hu, tℓi) du− f(x, tℓi)
∣∣∣∣

=

∣∣∣∣∫ K(u)
{
f(x, tℓi)− hufx(x, tℓi)

+
1

2
h2u2K(u)fxx(x− θihu, tℓi)

}
du− f(x, tℓi)

∣∣∣∣
=

∣∣∣∣12h2
∫
u2K(u)fxx(x− θihu, tℓi) du

∣∣∣∣ ≤ C1h
2 (2.C.46)

uniformly in x, where θi ∈ [0, 1] and we used a first-order Taylor expansion of f(x − hu, tℓi)

around x to get the third equation, and where C1 = MµK,2/2 with µK,2 defined above Propo-

sition 2.1.

Hence, using (B1) and (2.C.46), we have

|Z1j| ≤
1

bℓ

bℓ∑
i=j+1

(w̃ℓi + w̃ℓj){|Wi(Xℓj)|+ E |Wi(Xℓj)|}

≤ 2C1h
2 1

bℓ

bℓ∑
i=j+1

(w̃ℓi + w̃ℓj) (2.C.47)

≤ 4C1h
2γ ≤ C2∆t, (2.C.48)

where we used (2.C.39) to get the third inequality and where C2 = 4C1/δ
3.
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Bounding
∑bℓ/2

j=1 E(Z2
1j). Recalling the definition of w̃ℓj below (2.C.6) and using (B1), (B3)

and (2.C.47), we have

bℓ/2∑
j=1

E(Z2
1j) ≤

4C2
1h

4

b2ℓ

bℓ/2∑
j=1

{
bℓ∑

i=j+1

(w̃ℓi + w̃ℓj)

}2

=
4C2

1h
4

b2ℓ

bℓ/2∑
j=1

{
γ

bℓ/2∑
i=j+1

(1− γ)bℓ/2−i + (bℓ − j)γ(1− γ)bℓ/2−j

}2

≤ 4C2
1h

4

b2ℓ

bℓ/2∑
j=1

{
1 + (bℓ − j)γ(1− γ)bℓ/2−j

}2
=

4C2
1h

4

b2

bℓ/2∑
j=1

{
1 + (bℓ − j)2γ2(1− γ)2(bℓ/2−j) + 2(bℓ − j)γ(1− γ)bℓ/2−j

}
=

4C2
1h

4

b2ℓ

{
bℓ
2
+

bℓ−1∑
i=bℓ/2

(iγ)2(1− γ)2(i−bℓ/2) + 2

bℓ−1∑
i=bℓ/2

iγ(1− γ)i−bℓ/2

}

≤ 4C2
1h

4

b2ℓ

[
bℓ
2
+

bℓ−1∑
i=bℓ/2

{
(iγ)2 + 2iγ

}
(1− γ)i−bℓ/2

]

=
4C2

1h
4

b2ℓ

[
bℓ
2
+
{
(bℓγ/2)

2 + bℓγ
} bℓ−1∑

i=bℓ/2

(1− γ)i−bℓ/2

+

bℓ−2∑
j=bℓ/2

{(2j + 1)γ + 2}γ
bℓ−1∑
i=j+1

(1− γ)i−bℓ/2

]

≤ 4C2
1h

4

b2ℓ

[
bℓ
2
+ γ(bℓ/2)

2 + bℓ +

bℓ−2∑
j=bℓ/2

{(2j + 1)γ + 2}

]

≤ 4C2
1h

4

b2ℓ

{
bℓ
2
+ γ(bℓ/2)

2 + bℓ + b2ℓγ + bℓ

}
≤ 10C2

1h
4

bℓ
(1 + bℓγ) ≤ 10C2

1h
4{(τℓ/∆t− 1)−1 + γ}

≤ 20C2
1

δ4
∆t4/7

{
∆t(5+α)/7 + δ−1∆t5/7

}
≤ C3∆t

9/7, (2.C.49)

where C3 = 40C2
1/δ

5 and where we used summation by parts to get the seventh line and (2.1)

for the second last line.
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Conclusion. With (2.C.48) and (2.C.49), we apply Theorem 2.C.2 to J21 at (2.C.44) and get

P
(
|J21| > η∆t4/7

)
≤ exp

{
− η2∆t8/7

2(C3∆t9/7 + ηC2∆t11/7/3)

}
.

Then, under (B1), we have

P

{
sup

(γ,h)∈Iℓγ,h

|J21| > η∆t4/7

}
≤

∑
(γ,h)∈Iℓγ,h

P
(
|J21| > η∆t4/7

)
≤ #(Iℓγ,h) sup

(γ,h)∈Iℓγ,h

P
(
|J21| > η∆t4/7

)
≤ C∆t−a exp

{
− η2∆t8/7

2(C3∆t9/7 + ηC2∆t11/7/3)

}
= o(1),

which implies that J21 = op(∆t
4/7) uniformly in (γ, h) ∈ Iℓγ,h. Hence, from (2.C.44) and

(2.C.45), we have

J2 = J22 + op(∆t
4/7), (2.C.50)

uniformly in (γ, h) ∈ Iℓγ,h.

2.C.5 Expansion of J3

Using (2.C.21) and recalling the definition of Wi(x) below (2.C.43), we have J3 = J31 + J32,

where

J31 =
1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)
[
Wj(Xℓi)− E{Wj(Xℓi)}

]
, (2.C.51)

J32 =
1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)
[
f(Xℓi, tℓj)− E{f(Xℓi, tℓj)}

]
. (2.C.52)

Next, we calculate J31 and postpone the calculation of J32 to §2.C.7.

Let Z2i = b−1
ℓ

∑(i−1)∧(bℓ/2)
j=1 (w̃ℓi + w̃ℓj)

[
Wj(Xℓi) − E{Wj(Xℓi)}

]
. Then J31 =

∑bℓ
i=2 Z2i

is a sum of bℓ− 1 independent random variables, since each summand Z2i only depends onXℓi.
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To apply Theorem 2.C.2 to J31, we need to bound Z2i and
∑bℓ

i=2 E(Z2
2i).

Bounding Z2i. Using (B1) and (2.C.46), we have

|Z2i| ≤
1

bℓ

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj){|Wj(Xℓi)|+ E |Wj(Xℓi)|}

≤ 2C1h
2 1

bℓ

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj) (2.C.53)

≤ 4C1h
2γ ≤ C2∆t, (2.C.54)

where we used (2.C.39) to get the third inequality and C2 is defined blow (2.C.48).

Bounding
∑bℓ

i=2 E(Z2
2i). Recall that w̃ℓj is defined below (2.C.6) and that below (2.C.17), we

took the convention that w̃ℓi = 0 for i = bℓ/2+1, . . . , bℓ. Then, using (B1), (B3) and (2.C.53),

we have

bℓ∑
i=2

E(Z2
2i)

≤ 4C2
1h

4

b2ℓ

bℓ∑
i=2

{
(i−1)∧(bℓ/2)∑

j=1

(w̃ℓi + w̃ℓj)

}2

=
4C2

1h
4

b2ℓ

[
bℓ/2∑
i=2

{
i−1∑
j=1

(w̃ℓi + w̃ℓj)

}2

+

bℓ∑
i=bℓ/2+1

(
bℓ/2∑
j=1

w̃ℓj

)2]

=
4C2

1h
4

b2ℓ

[
bℓ/2∑
i=2

{
(i− 1)γ(1− γ)bℓ/2−i

+ (1− γ)bℓ/2−i+1 − (1− γ)bℓ/2
}2

+
bℓ
2
{1− (1− γ)bℓ/2}2

]

≤ 4C2
1h

4

b2ℓ

{
bℓ/2∑
i=2

(iγ + 1)2(1− γ)2(bℓ/2−i) +
bℓ
2

}

≤ 4C2
1h

4

b2ℓ

{
(bℓγ + 1)2

bℓ/2∑
i=2

(1− γ)bℓ/2−i +
bℓ
2

}
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≤ 4C2
1h

4

b2ℓ

{
(bℓγ + 1)2

γ
+
bℓ
2

}
≤ 10C2

1h
4

b2ℓ

(
b2ℓγ + bℓ + γ−1

)
≤ 10C2

1

δ7
∆t(14+2α)/7

{
∆t−(5+2α)/7 +∆t−(5+α)/7 +∆t−5/7

}
≤ C4∆t

9/7, (2.C.55)

where C4 = 30C2
1/δ

7.

Conclusion. Using (2.C.54) and (2.C.55), we apply Theorem 2.C.2 to J31 and get

P
(
|J31| > η∆t4/7

)
≤ exp

{
− η2∆t8/7

2(C4∆t9/7 + ηC2∆t11/7/3)

}
.

Then, under (B1), we have

P

{
sup

(γ,h)∈Iℓγ,h

|J31| > η∆t4/7

}
≤

∑
(γ,h)∈Iℓγ,h

P
(
|J31| > η∆t4/7

)
≤ #(Iℓγ,h) sup

(γ,h)∈Iℓγ,h

P
(
|J31| > η∆t4/7

)
≤ C∆t−a exp

{
− η2∆t8/7

2(C4∆t9/7 + ηC2∆t11/7/3)

}
= o(1),

which implies that J31 = op(∆t
4/7) uniformly in (γ, h) ∈ Iℓγ,h. Hence, from (2.C.51) and

(2.C.52), we have

J3 = J32 + op(∆t
4/7), (2.C.56)

uniformly in (γ, h) ∈ Iℓγ,h.

2.C.6 Calculating J4

From (2.C.22), we have J4 = J41 + J42, where

J41 =

∫ [
f̃(x, sℓ)− E{f̃(x, sℓ)}

]
f(x, sℓ) dx, (2.C.57)
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J42 =

∫
E{f̃(x, sℓ)}f(x, sℓ) dx− 1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)Uij. (2.C.58)

For j = 1, . . . , bℓ, let F (·, tℓj) be the distribution function of Xℓj and

Fbℓ/2(y) =

bℓ/2∑
j=1

w̃ℓj1{Xℓj ≤ y}, F̄bℓ/2(y) =

bℓ/2∑
j=1

w̃ℓjF (y, tℓj), (2.C.59)

where w̃ℓj is defined below (2.C.6).

Now, by (2.C.4), we have

sup
y∈R
|Fbℓ/2(y)− F̄bℓ/2(y)| = Op

(
bℓ/2∑
j=1

w̃2
ℓj

)1/2

= Op(γ
1/2), (2.C.60)

where, recalling the definition of w̃ℓj below (2.C.6), we used the fact that

bℓ/2∑
j=1

w̃2
ℓj = γ2

bℓ/2∑
j=1

(1− γ)2(bℓ/2−j) ≤ γ2
bℓ/2∑
j=1

(1− γ)bℓ/2−j = γ2
bℓ/2−1∑
i=0

(1− γ)i ≤ γ,

since 0 < γ < 1.

Next we calculate J41 and J42.

2.C.6.1 Calculating J41

Note that, from (2.C.6) and (2.C.59), we have

f̃(x, sℓ)− E
{
f̃(x, sℓ)

}
=

∫
Kh(x− y) d

{
Fbℓ/2(y)− F̄bℓ/2(y)

}
.

Hence, under (A2) and (A3), we have

J41 =

∫∫
Kh(x− y)f(x, sℓ) dx d

{
Fbℓ/2(y)− F̄bℓ/2(y)

}
=

∫∫
K(u)f(y + hu, sℓ) du d

{
Fbℓ/2(y)− F̄bℓ/2(y)

}
88



2.C Proof of Theorem 2.1

=

∫∫
K(u)

{
f(y, sℓ) + hufx(y, sℓ)

+
1

2
h2u2fxx(y + θhu, sℓ)

}
du d

{
Fbℓ/2(y)− F̄bℓ/2(y)

}
= J411 + J412, (2.C.61)

where θ ∈ [0, 1] and we used a first-order Taylor expansion of f(y−hu, sℓ) around y, and where

J411 =

∫
f(y, sℓ) d

{
Fbℓ/2(y)− F̄bℓ/2(y)

}
, (2.C.62)

J412 =
h2

2

∫
u2K(u)

∫
fxx(y + θhu, sℓ) d

{
Fbℓ/2(y)− F̄bℓ/2(y)

}
du. (2.C.63)

Next we derive a bound for J412 and postpone the calculation of J411 to §2.C.7.

Bounding J412. Note that, from (2.C.59), we have Fbℓ/2(−∞) = F̄bℓ/2(−∞) = 0 and

Fbℓ/2(+∞) = F̄bℓ/2(+∞) = 1. Hence, using (A3), (B1), (B2), (2.C.60), (2.C.63), and by

integration by parts, we have

|J412| =
∣∣∣∣h22

∫
u2K(u)

∫ {
Fbℓ/2(y)− F̄bℓ/2(y)

}
fxxx(y + θhu, sℓ) dy du

∣∣∣∣
≤ h2

2

∫
u2K(u)

∫
|Fbℓ/2(y)− F̄bℓ/2(y)||fxxx(y + θhu, sℓ)| dy du

=
h2

2

∫
u2K(u)

∫
|Fbℓ/2(x− θhu)− F̄bℓ/2(x− θhu)||fxxx(x, sℓ)| dx du

≤ h2

2
sup
y∈R
|Fbℓ/2(y)− F̄bℓ/2(y)|

∫
u2K(u)

∫
|fxxx(x, sℓ)| dx du

= C1h
2 sup
y∈R
|Fbℓ/2(y)− F̄bℓ/2(y)| = Op(h

2γ1/2) = op(∆t
4/7), (2.C.64)

uniformly in (γ, h) ∈ Iℓγ,h, where C1 = 2−1µK,2

∫
|fxxx(x, sℓ)| dx with µK,2 defined above

Proposition 2.1.
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Conclusion. Combining (2.C.61) and (2.C.64), we have

J41 = J411 + op(∆t
4/7), (2.C.65)

uniformly in (γ, h) ∈ Iℓγ,h, where J411 is defined at (2.C.62).

2.C.6.2 Calculating J42

First note that, from (2.C.6),

∫
E
{
f̃(x, sℓ)

}
f(x, sℓ) dx =

bℓ/2∑
j=1

w̃ℓj

∫∫
Kh(x− y)f(x, sℓ)f(y, tℓj) dx dy. (2.C.66)

Then, note from (2.C.17) that we have

1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)Uij

=
1

bℓ

bℓ∑
i=2

bℓ/2∑
j=1,j ̸=i

w̃ℓjUij

=
1

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓjUij −
1

bℓ

bℓ/2∑
j=2

w̃ℓjUjj −
1

bℓ

bℓ/2∑
j=1

w̃ℓjU1j

=
1

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓj

∫∫
Kh(x− y)f(x, tℓi)f(y, tℓj) dx dy + o(∆t4/7), (2.C.67)

where we used the definition of Uij in (2.C.15) and the fact that, by (2.C.34), Uij =

E{Uj(Xℓj)} ≤M , so that, using (B3) and (2.1),

1

bℓ

bℓ/2∑
j=2

w̃ℓjUjj +
1

bℓ

bℓ/2∑
j=1

w̃ℓjU1j ≤
2M

bℓ
γ

bℓ/2∑
j=1

(1− γ)bℓ/2−j

=
2M

bℓ
γ

bℓ/2−1∑
i=0

(1− γ)i ≤ 2M

bℓ
= o(∆t4/7).
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Hence, from (2.C.58), (2.C.66) and (2.C.67), and by the symmetry of K in (A3), we have

J42 =

∫∫
Kh(x− y)g1(x)g2(y) dx dy + o(∆t4/7), (2.C.68)

where

g1(x) =

bℓ/2∑
j=1

w̃ℓjf(x, tℓj), (2.C.69)

g2(y) = f(y, sℓ)−
1

bℓ

bℓ∑
i=1

f(y, tℓi). (2.C.70)

Next, we calculate g1(x) and g2(y).

Calculating g1(x). Under (A2), by the mean value theorem, we have f(x, tℓj) = f(x, sℓ) +

ft(x, θj)(tℓj − sℓ) for some θj between tℓj and sℓ, and hence, recalling the definition of w̃ℓj

below (2.C.6),

g1(x) = f(x, sℓ)γ

bℓ/2∑
j=1

(1− γ)bℓ/2−j − r1(x)

= f(x, sℓ){1− (1− γ)bℓ/2} − r1(x), (2.C.71)

where

r1(x) =

bℓ/2∑
j=1

w̃ℓj(sℓ − tℓj)ft(x, θj). (2.C.72)

Now, using (A2), (B1) and (2.C.5), we have

|r1(x)| ≤M∆tγ

bℓ/2∑
j=1

(bℓ/2− j + 1)(1− γ)bℓ/2−j (2.C.73)

=M∆tγ

bℓ/2−1∑
i=0

(i+ 1)(1− γ)i

91



CHAPTER 2

=M∆tγ

bℓ/2−1∑
i=0

(1− γ)i +M∆tγ

bℓ/2−2∑
j=0

bℓ/2−1∑
i=j+1

(1− γ)i

≤M∆t+M∆t

bℓ/2−2∑
j=0

(1− γ)j+1

≤M∆t+M
∆t

γ
≤ C1∆t

2/7, (2.C.74)

where we used summation by parts to get the third line, and where C1 = 2M/δ.

Calculating g2(x). Using (A2) and (2.C.5), we have

f(y, tℓi) = f(y, sℓ) + ft(y, sℓ)(tℓi − sℓ) +
1

2
ftt(y, sℓ)(tℓi − sℓ)2 +

1

6
fttt(y, θi)(tℓi − sℓ)3

= f(y, sℓ)− ft(y, sℓ)∆t(bℓ/2− i) +
1

2
ftt(y, sℓ)∆t

2(bℓ/2− i)2

− 1

6
fttt(y, θi)∆t

3(bℓ/2− i)3 +O(∆t), (2.C.75)

uniformly in y, where θi is between tℓi and sℓ and we used a second-order Taylor expansion of

f(y, tℓi) around sℓ. Hence, using (A2), (B3), (2.C.70) and (2.C.75), we have

g2(y) = ft(y, sℓ)∆t

(
1

bℓ

bℓ/2−1∑
j=−bℓ/2

j

)
− ∆t2

2
ftt(y, sℓ)

(
1

bℓ

bℓ/2−1∑
j=−bℓ/2

j2

)

+
1

6
fttt(y, θi)∆t

3

(
1

bℓ

bℓ/2−1∑
j=−bℓ/2

j3

)
+O(∆t)

= −∆t

2
ft(y, sℓ)−

(
b2ℓ∆t

2

24
+

∆t2

12

)
ftt(y, sℓ)−

1

48
fttt(y, θi)∆t

3b2ℓ +O(∆t),

= −b
2
ℓ∆t

2

24
ftt(y, sℓ) +O(∆t), (2.C.76)
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uniformly in y, recalling that the remainder term in (2.C.75) is uniform in y, and where we used

the fact that

1

bℓ

bℓ/2−1∑
j=−bℓ/2

j2 =
2

bℓ

bℓ/2∑
j=1

j2 − bℓ
4
=

1

6
(bℓ/2 + 1)(bℓ + 1)− bℓ

4
=
b2ℓ
12

+
1

6
.

Conclusion. Now, plugging (2.C.71) and (2.C.76) into (2.C.68) and recalling that the remain-

der terms in (2.C.71) and (2.C.76) are uniform in x and y, we have

J42 = −
∫∫

K(u)
[
f(x, sℓ){1− (1− γ)bℓ/2} − r1(x)

]
×
{
b2ℓ∆t

2

24
ftt(x− hu, sℓ) +O(∆t)

}
du dx+ o(∆t4/7)

= −b
2
ℓ∆t

2

24
J421{1− (1− γ)bℓ/2}+ b2ℓ∆t

2

24
J422 +O(∆t)(J423 − J424) + o(∆t4/7),

(2.C.77)

since 0 < γ < 1, and where

J421 =

∫∫
K(u)f(x, sℓ)ftt(x− hu, sℓ) du dx, (2.C.78)

J422 =

∫∫
K(u)r1(x)ftt(x− hu, sℓ) du dx, (2.C.79)

J423 =

∫∫
K(u)f(x, sℓ) du dx, (2.C.80)

J424 =

∫∫
K(u)r1(x) du dx. (2.C.81)

We calculate J421, . . . , J424 as follows. Under (A2), (A3) and (B2), we have

J421 =

∫∫
K(u)f(x, sℓ)

{
ftt(x, sℓ)− hufxtt(x, sℓ) + h2u2fxxtt(x− θhu, sℓ)

}
du dx

=

∫
ftt(x, sℓ)f(x, sℓ) dx+ h2

∫∫
u2K(u)f(x, sℓ)fxxtt(x− θhu, sℓ) du dx

=

∫
ftt(x, sℓ)f(x, sℓ) dx+O

{
h2
∫∫

u2K(u)f(x, sℓ) du dx
}
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=

∫
ftt(x, sℓ)f(x, sℓ) dx+O(∆t2/7), (2.C.82)

where θ ∈ [0, 1] and we used a first-order Taylor expansion of ftt(x− hu, sℓ) around x.

Using (A2), (A3), (B2) and (2.C.72), we have

|J422| ≤M

bℓ/2∑
j=1

w̃ℓj(sℓ − tℓj)
∫
|ft(x, θj)| dx

≤M max
j

{∫
|ft(x, θj)| dx

} bℓ/2∑
j=1

w̃ℓj(sℓ − tℓj)

=M2∆tγ

bℓ/2∑
j=1

(bℓ/2− j + 1)(1− γ)bℓ/2−j = O(∆t2/7), (2.C.83)

where we used (2.C.73) and (2.C.74) to get the last line.

Finally, under (A3), we have

J423 = 1, (2.C.84)

and, from (2.C.72),

|J424| ≤
bℓ/2∑
j=1

w̃ℓj(sℓ − tℓj)
∫
|ft(x, θj)| dx

≤M∆tγ

bℓ/2∑
j=1

(bℓ/2− j + 1)(1− γ)bℓ/2−j = O(∆t2/7), (2.C.85)

where we used (2.C.73) and (2.C.74) to get the last line.

Note that, from (2.C.8),

(1− γ)bℓ/2 ≤ (1− γm)bℓ/2 ≤ exp(−3−1δ2∆t−α/7) = o(∆t). (2.C.86)
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Hence, under (B3), plugging (2.C.82)–(2.C.86) into (2.C.77), we have

J42 = −
b2ℓ∆t

2

24

∫
ftt(x, sℓ)f(x, sℓ) dx+ o(∆t4/7), (2.C.87)

uniformly in (γ, h) ∈ Iℓγ,h.

2.C.6.3 Conclusion

Now, combining (2.C.57), (2.C.58), (2.C.61), (2.C.64) and (2.C.87), we have

J4 = J411 −
b2ℓ∆t

2

24

∫
ftt(x, sℓ)f(x, sℓ) dx+ op(∆t

4/7) (2.C.88)

uniformly in (γ, h) ∈ Iℓγ,h, where J411 is defined at (2.C.62).

2.C.7 Remaining terms

Combining (2.C.18), (2.C.42), (2.C.50), (2.C.56) and (2.C.88), we have

J = J411 − (J22 + J32)−
b2ℓ∆t

2

24

∫
ftt(x, sℓ)f(x, sℓ) dx+ op(∆t

4/7), (2.C.89)

uniformly in (γ, h) ∈ Iℓγ,h.

From (2.C.59) and (2.C.62), we have

J411 =

bℓ/2∑
j=1

w̃ℓjf(Xℓj, sℓ)−
bℓ/2∑
j=1

w̃ℓj

∫
f(x, sℓ)f(x, tℓj) dx. (2.C.90)

From (2.C.45) and (2.C.52), we have

J22 + J32 =
1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)
[
f(Xℓi, tℓj) + f(Xℓj, tℓi)

−E{f(Xℓi, tℓj)} − E{f(Xℓj, tℓi)}
]

(2.C.91)
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Next, we reorganise terms in (2.C.91).

First note that E{f(Xℓj, tℓi)} =
∫
f(x, tℓi)f(x, tℓj) dx = E{f(Xℓi, tℓj)}. Then, similar to

(2.C.17), we have

1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)
[
E{f(Xℓi, tℓj)}+ E{f(Xℓj, tℓi)}

]
=

2

bℓ

bℓ∑
i=1

bℓ/2∑
j=1,j ̸=i

w̃ℓj E{f(Xℓi, tℓj)}

=
2

bℓ

bℓ∑
i=1

ℓ/2∑
j=1

w̃ℓj E{f(Xℓi, tℓj)} −
2

bℓ

bℓ/2∑
j=1

w̃ℓj E{f(Xℓj, tℓj)}

=
2

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓj

∫
f(x, tℓi)f(x, tℓj) dx+ o(∆t4/7), (2.C.92)

where the last equation follows from the fact that, under (A2) and (B3), we have

1

bℓ

bℓ/2∑
j=1

w̃ℓj E{f(Xℓj, tℓj)} ≤M
γ

bℓ

bℓ/2∑
j=1

(1−γ)bℓ/2−j =M
γ

bℓ

bℓ/2−1∑
i=0

(1−γ)i ≤ M

bℓ
= oa.s.(∆t

4/7).

Then, note that f(Xℓi, tℓj)+f(Xℓj, tℓi) is symmetric in i and j, so that, similar to (2.C.92),

we have

1

bℓ

bℓ∑
i=2

(i−1)∧(bℓ/2)∑
j=1

(w̃ℓi + w̃ℓj)
{
f(Xℓi, tℓj) + f(Xℓj, tℓi)

}
=

1

bℓ

bℓ∑
i=1

bℓ/2∑
j=1,j ̸=i

w̃ℓj

{
f(Xℓi, tℓj) + f(Xℓj, tℓi)

}
=

1

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓj

{
f(Xℓi, tℓj) + f(Xℓj, tℓi)

}
− 2

bℓ

bℓ/2∑
j=1

w̃ℓjf(Xℓj, tℓj)

=
1

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓj

{
f(Xℓi, tℓj) + f(Xℓj, tℓi)

}
+ oa.s.(∆t

4/7), (2.C.93)
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where the last equation follows from the fact that, under (A2) and (B3), we have

1

bℓ

bℓ/2∑
j=1

w̃ℓjf(Xℓj, tℓj) ≤M
γ

bℓ

bℓ/2∑
j=1

(1− γ)bℓ/2−j =M
γ

bℓ

bℓ/2−1∑
i=0

(1− γ)i ≤ M

bℓ
= oa.s.(∆t

4/7).

Plugging (2.C.92) and (2.C.93) into (2.C.91), we have

J22 + J32 =
2

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓj

∫
f(x, tℓi)f(x, tℓj) dx

− 1

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓj

{
f(Xℓi, tℓj) + f(Xℓj, tℓi)

}
+ oa.s.(∆t

4/7). (2.C.94)

Then, combining (2.C.89), (2.C.90) and (2.C.94), we have

J = S1 − S2 + 2S3 − S4 − S5 −
b2ℓ∆t

2

24

∫
ftt(x, sℓ)f(x, sℓ) dx+ op(∆t

4/7), (2.C.95)

uniformly in (γ, h) ∈ Iℓγ,h, where

S1 =

bℓ/2∑
j=1

w̃ℓjf(Xℓj, sℓ), (2.C.96)

S2 =

bℓ/2∑
j=1

w̃ℓj

∫
f(x, sℓ)f(x, tℓj) dx, (2.C.97)

S3 =
1

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓj

∫
f(x, tℓi)f(x, tℓj) dx, (2.C.98)

S4 =
1

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓjf(Xℓi, tℓj), (2.C.99)

S5 =
1

bℓ

bℓ∑
i=1

bℓ/2∑
j=1

w̃ℓjf(Xℓj, tℓi). (2.C.100)

Next, we calculate S1, . . . , S5 as follows.
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Calculating S5. First note from (2.C.70) and (2.C.76) that

1

bℓ

bℓ∑
i=1

f(x, tℓi) = f(x, sℓ) +
b2ℓ∆t

2

24
ftt(x, sℓ) + o(∆t4/7), (2.C.101)

uniformly in x. Plugging (2.C.101) into (2.C.100) and recalling the definition of S1 at (2.C.96),

we have

S5 =

bℓ/2∑
j=1

w̃ℓj

{
1

bℓ

bℓ∑
i=1

f(Xℓj, tℓi)

}

=

bℓ/2∑
j=1

w̃ℓj

{
f(Xℓj, sℓ) +

b2ℓ∆t
2

24
ftt(Xℓj, sℓ) + op(∆t

4/7)

}

= S1 +
b2ℓ∆t

2

24

bℓ/2∑
j=1

w̃ℓjftt(Xℓj, sℓ) + op(∆t
4/7). (2.C.102)

Then, using (B2) and (2.C.59), we have

∣∣∣∣∣
bℓ/2∑
j=1

w̃ℓjftt(Xℓj, sℓ)−
bℓ/2∑
j=1

w̃ℓj

∫
ftt(x, sℓ)f(x, tℓj) dx

∣∣∣∣∣
=

∣∣∣∣∫ ftt(x, sℓ) d
{
Fbℓ/2(x)− F̄bℓ/2(x)

}∣∣∣∣ = ∣∣∣∣∫ {Fbℓ/2(x)− F̄bℓ/2(x)
}
fxtt(x, sℓ) dx

∣∣∣∣
≤ sup

x∈R

∣∣Fbℓ/2(x)− F̄bℓ/2(x)
∣∣ ∫ |fxtt(x, sℓ)| dx = Op(γ

1/2),

where we used (2.C.60) to get the last equation, and hence, under (B1) and (B3), we have

b2ℓ∆t
2

24

bℓ/2∑
j=1

w̃ℓjftt(Xℓj, sℓ) =
b2ℓ∆t

2

24

bℓ/2∑
j=1

w̃ℓj

∫
ftt(x, sℓ)f(x, tℓj) dx+ op(∆t

4/7),

(2.C.103)

uniformly in (γ, h) ∈ Iℓγ,h.

98



2.C Proof of Theorem 2.1

Now, combining (2.C.102) and (2.C.103), we have

S5 = S1 +
b2ℓ∆t

2

24

bℓ/2∑
j=1

w̃ℓj

∫
ftt(x, sℓ)f(x, tℓj) dx+ op(∆t

4/7), (2.C.104)

uniformly in (γ, h) ∈ Iℓγ,h.

Calculating S3 − S2. Using (B1), (B3), (2.C.97) and (2.C.98), we have

S3 − S2 =

bℓ/2∑
j=1

w̃ℓj

∫ {
1

bℓ

bℓ∑
i=1

f(x, tℓi)− f(x, sℓ)
}
f(x, tℓj) dx

=
b2ℓ∆t

2

24

bℓ/2∑
j=1

w̃ℓj

∫
ftt(x, sℓ)f(x, tℓj) dx+ o(∆t4/7)

bℓ/2∑
j=1

w̃ℓj

∫
f(x, tℓj) dx

=
b2ℓ∆t

2

24

bℓ/2∑
j=1

w̃ℓj

∫
ftt(x, sℓ)f(x, tℓj) dx+ o(∆t4/7), (2.C.105)

where the second equation follows from (2.C.101) and the last equation from the fact that

bℓ/2∑
j=1

w̃ℓj

∫
f(x, tℓj) dx = γ

bℓ/2∑
j=1

(1− γ)bℓ/2−j = γ

bℓ/2−1∑
i=0

(1− γ)i ≤ 1,

since 0 < γ < 1 and f is a density.

Calculating S3 − S4. Let

Fbℓ(x) =
1

bℓ

bℓ∑
i=1

1{Xℓi ≤ x}, F̄bℓ(x) =
1

bℓ

bℓ∑
i=1

F (x, tℓi),

where F (·, tℓi) is defined above (2.C.59). Then, using (2.C.4), we have

sup
x∈R
|Fbℓ(x)− F̄bℓ(x)| = Op

(
bℓ∑
i=1

1

b2ℓ

)1/2

= Op(b
−1/2
ℓ ). (2.C.106)
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Using (A2) and applying the mean value theorem to fx(x, tℓj), we have fx(x, tℓj) =

fx(x, sℓ) + fxt(x, θj)(tℓj − sℓ) with θj between tℓj and sℓ, so that

bℓ/2∑
j=1

w̃ℓjfx(x, tℓj) = fx(x, sℓ)− r3(x)− (1− γ)bℓ/2fx(x, sℓ), (2.C.107)

uniformly in x, where r3(x) =
∑bℓ/2

j=1 w̃ℓjfxt(x, θj)(sℓ − tℓj). Combining (B1), (B2) and

(2.C.5), we have

∫
|r3(x)| dx ≤ ∆tγ

bℓ/2∑
j=1

(bℓ/2− j + 1)(1− γ)bℓ/2−j

∫
|fxt(x, θj)| dx

= O(∆t)γ

bℓ/2∑
j=1

(bℓ/2− j + 1)(1− γ)bℓ/2−j = O(∆t2/7), (2.C.108)

where the last equation follows from (2.C.74).

Now, using (2.C.98), (2.C.99) and (2.C.107), we have

S3 − S4 = −
bℓ/2∑
j=1

w̃ℓj

∫
f(x, tℓj) d

{
Fbℓ(x)− F̄bℓ(x)

}
=

∫ {
Fbℓ(x)− F̄bℓ(x)

}{bℓ/2∑
j=1

w̃ℓjfx(x, tℓj)

}
dx

=

∫ {
Fbℓ(x)− F̄bℓ(x)

}
fx(x, sℓ) dx

−
∫ {

Fbℓ(x)− F̄bℓ(x)
}{
r3(x) + (1− γ)bℓ/2fx(x, sℓ)

}
dx.

Using (B2), (2.C.86), (2.C.106) and (2.C.108), we have∣∣∣∣∫ {Fbℓ(x)− F̄bℓ(x)
}{
r3(x) + (1− γ)bℓ/2fx(x, sℓ)

}
dx
∣∣∣∣

≤ sup
x∈R
|Fbℓ(x)− F̄bℓ(x)|

{∫
|r3(x)| dx+ (1− γ)bℓ/2

∫
|fx(x, sℓ)| dx

}
= Op

(
∆t2/7b

−1/2
ℓ

)
= op(∆t

4/7),
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where, to get the last equality, we used the fact that, from (B3) and (2.1), we have bℓ � τℓ/∆t �

∆t−(5+α)/7, so that b−1/2
ℓ � ∆t(5+α)/14 = op(∆t

2/7). Hence

S3 − S4 =
1

bℓ

bℓ∑
i=1

∫
f(x, sℓ)f(x, tℓi) dx− 1

bℓ

bℓ∑
i=1

f(Xℓi, sℓ) + op(∆t
4/7)

=

∫
f(x, sℓ)

{
1

bℓ

bℓ∑
i=1

f(x, tℓi)

}
dx− 1

bℓ

bℓ∑
i=1

f(Xℓi, sℓ) + op(∆t
4/7)

=

∫
f(x, sℓ)

{
f(x, sℓ) +

b2ℓ∆t
2

24
ftt(x, sℓ) + o(∆t4/7)

}
dx

− 1

bℓ

bℓ∑
i=1

f(Xℓi, sℓ) + op(∆t
4/7)

=

∫
f 2(x, sℓ) dx+

b2ℓ∆t
2

24

∫
f(x, sℓ)ftt(x, sℓ) dx

− 1

bℓ

bℓ∑
i=1

f(Xℓi, sℓ) + op(∆t
4/7), (2.C.109)

uniformly in (γ, h) ∈ Iℓγ,h, where we used (2.C.101) to get third equation.

Conclusion. Combining (2.C.95), (2.C.104), (2.C.105) and (2.C.109), we have

J =

∫
f 2(x, sℓ) dx− 1

bℓ

bℓ∑
i=1

f(Xℓi, sℓ) + op(∆t
4/7), (2.C.110)

uniformly in (γ, h) ∈ Iℓγ,h. Combining (2.C.14) and (2.C.110), we have

SCVℓ(γ, h)− ISEℓ(γ, h) =

∫
f 2(x, sℓ) dx− 2

bℓ

bℓ∑
i=1

f(Xℓi, sℓ) + op(∆t
4/7), (2.C.111)

uniformly in (γ, h) ∈ Iℓγ,h, which proves Theorem 2.1.
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2.D Proof of Proposition 2.2

The proof of Proposition 2.2 is very similar to the proof of Theorem 2.1. First note from (2.22)

that

ISEℓ(γ, h)−MISEℓ(γ, h) =

∫ [
f̌ 2(x, sℓ)− E{f̌ 2(x, sℓ)}

]
dx

− 2

∫ [
f̌(x, sℓ)− E{f̌(x, sℓ)}

]
f(x, sℓ) dx

= I0 − 2J41 − 2

∫ [
f̌(x, sℓ)− E{f̌(x, sℓ)}

− f̃(x, sℓ) + E{f̃(x, sℓ)}
]
f(x, sℓ) dx

= I0 − 2J41 + op(∆t), (2.D.1)

where J41 is defined at (2.C.57) and I0 =
∫ [
f̌ 2(x, sℓ)− E{f̌ 2(x, sℓ)}

]
dx, and where we used

(2.C.7) to get the last equation.

Plugging (2.C.64) and (2.C.90) into (2.C.61), we have

J41 =

bℓ/2∑
i=1

w̃ℓif(Xℓi, sℓ)−
bℓ/2∑
i=1

w̃ℓi

∫
f(x, sℓ)f(x, tℓi) dx+ op(∆t

4/7), (2.D.2)

uniformly in (γ, h) ∈ Iℓγ,h, where w̃ℓj is defined under (2.C.6). Next, we show that

I0 = I + o(∆t), (2.D.3)

where

I =

∫ [
f̃ 2(x, sℓ)− E

{
f̃ 2(x, sℓ)

}]
dx, (2.D.4)

so that

ISEℓ(γ, h)−MISEℓ(γ, h) = I − 2J41 + op(∆t
4/7), (2.D.5)

uniformly in (γ, h) ∈ Iℓγ,h.

To show (2.D.3), recalling the definition of γj at (2.18) and the definitions of γm and γM in
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(A1) and using (A3), (B1), (2.C.6) and (2.C.7), we have

∫
{f̌(x, sℓ) + f̃(x, sℓ)} dx = 2

∫
f̃(x, sℓ) dx+

∫
{f̌(x, sℓ)− f̃(x, sℓ)} dx

= 2γ

bℓ/2∑
j=1

(1− γ)bℓ/2−j

+

nsℓ∏
j=2

(1− γj) +
nsℓ

−bℓ/2∑
i=2

γi

nsℓ∏
j=i+1

(1− γj)

≤ 2 +

nsℓ∏
j=nsℓ

−bℓ/2+1

(1− γj) +
nsℓ

−bℓ/2∑
i=2

γi

nsℓ∏
j=nsℓ

−bℓ/2+1

(1− γj)

≤ 2 + (nsℓγM + 1)(1− γm)bℓ/2

≤ 2 +
(sℓ
δ
∆t−2/7 + 1

)
exp(−3−1δ2∆t−α/7), (2.D.6)

where we used the fact that γj ∈ (0, 1) to get the third line, and where, to get the last inequality,

we used (1.2) and (2.C.8).

Hence, using (B1), (B3), (2.C.7) and (2.D.6), we have

∫
|f̌ 2(x, sℓ)− f̃ 2(x, sℓ)| dx =

∫
|f̌(x, sℓ) + f̃(x, sℓ)||f̌(x, sℓ)− f̃(x, sℓ)| dx

≤ 2 exp(−3−1δ2∆t−α/7)

∫
|f̌(x, sℓ) + f̃(x, sℓ)| dx = op(∆t),

and, similarly,
∫
|E{f̌ 2(x, sℓ)} − E{f̃ 2(x, sℓ)}| dx = o(∆t), which proves (2.D.3) and hence

also (2.D.5). Next, we calculate I .

2.D.1 Calculating I

First note from (2.C.6) that

∫
f̃ 2(x, sℓ) dx =

bℓ/2∑
j=1

w̃2
ℓj

∫
K2

h(x−Xℓj) dx
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+ 2

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓj

∫
Kh(x−Xℓi)Kh(x−Xℓj) dx. (2.D.7)

Then, for i, j ∈ {1, . . . , bℓ/2}, let

U(x, y) =

∫
Kh(z − x)Kh(z − y) dz, Ui(x) = E{U(x,Xℓi)},

Uij = E{Ui(Xℓj)}, Vij = U(Xℓi, Xℓj)− Ui(Xℓj)− Uj(Xℓi) + Uij.

(2.D.8)

Note that, with the new definitions in (2.D.8), (2.C.16) still holds.

Now, combining (2.D.4), (2.D.7) and (2.D.8), we have I = I1 + 2I2, where

I1 =

bℓ/2∑
i=1

w̃2
ℓi{U(Xℓi, Xℓi)− Uii}, (2.D.9)

I2 =

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓj{U(Xℓi, Xℓj)− Uij}. (2.D.10)

Note that I2 = I21 + I22 + I23, where

I21 =

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓjVij, (2.D.11)

I22 =

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓj{Ui(Xℓj)− Uij}, (2.D.12)

I23 =

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓj{Uj(Xℓi)− Uij}. (2.D.13)

Next, we calculate I1, I21, I22 and I23.

2.D.1.1 Calculating I1

Note from (2.D.9) that I1 is sum of independent centred random variables. To apply Theorem

2.C.2 to I1, we need bounds for w̃2
ℓiU(Xℓi, Xℓi) and

∑bℓ/2
i=1 w̃

4
ℓi E{U2(Xℓi, Xℓi)}. Recalling the
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definition of w̃ℓi below (2.C.6) and using (A3) and (B1), we have

w̃2
ℓiU(Xℓi, Xℓi) ≤

γ2

h2

∫
K2
(x−Xℓi

h

)
dx

≤M
γ2

h2

∫
K
(x−Xℓi

h

)
dx

=M
γ2

h
≤ C1∆t

9/7. (2.D.14)

where C1 =M/δ3.

Then, under (A3) and (B1), we have

bℓ/2∑
i=1

w̃4
ℓi E{U2(Xℓi, Xℓi)} =

γ4

h4

bℓ/2∑
i=1

(1− γ)4(bℓ/2−i) E
{∫

K2
(x−Xℓi

h

)
dx
}2

≤M2γ
4

h2

bℓ/2∑
i=1

(1− γ)bℓ/2−i E
{∫

1

h
K
(x−Xℓi

h

)
dx
}2

=M2γ
4

h2

bℓ/2−1∑
j=0

(1− γ)j ≤M2γ
3

h2
≤ C2∆t

13/7, (2.D.15)

where C2 =M2/δ5 and we used the fact that 0 < γ < 1.

Now, under (B1), applying Theorem 2.C.2 and using (2.D.14) and (2.D.15), we have, for

any η > 0,

P

{
sup

(γ,h)∈Iℓγ,h

|I1| ≥ η∆t4/7

}
≤ #(Iℓγ,h) sup

(γ,h)∈Iℓγ,h

P
(
|I1| ≥ η∆t4/7

)
≤ C∆t−a exp

{
− η2∆t8/7

2(C2∆t13/7 + C1η∆t13/7/3)

}
= o(1),

which implies that

I1 = op(∆t
4/7), (2.D.16)

uniformly in (γ, h) ∈ Iℓγ,h.
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2.D.1.2 Calculating I21

Let Yi =
∑i−1

j=1 w̃ℓiw̃ℓjVij for i = 2, . . . , bℓ/2. Then, from (2.D.11), we have I21 =
∑bℓ/2

i=2 Yi.

Next, we show that {
∑k

i=2 Yi}k=2,...,bℓ/2 is a martingale. Similar to §2.C.3, we only need to

show that (2.C.24) is true.

Firstly, by (2.D.8), Yi is a function of Xℓ1, . . . , Xℓi, and hence measurable with respect to

Fi defined above (2.C.24). Secondly, since, under (A3), we have

U(x, y) =
1

h2

∫
K
(z − x

h

)
K
(z − y

h

)
dz ≤ M

h

∫
K(u) du =

M

h
, (2.D.17)

so that |Vij| ≤ 4M/h. Finally, similar to (2.C.26), we have E(Yi|Fi−1) = 0.

Now, we can apply Theorem 2.C.1 to I21. Similar to (2.C.29), we have, for any p ≥ 2,

E |I21|p ≤ 2Cp

{
bℓ/2∑
i=2

(E |Yi|p)2/p
}p/2

. (2.D.18)

Note that, conditioning onXℓi, Yi is a sum of zero-mean independent random variables. Hence,

similar to (2.C.31), we use (2.C.2) to get

E |Yi|p ≤ Cp

[
E

{
i−1∑
j=1

w̃2
ℓiw̃

2
ℓj E(V 2

ij |Xℓi)

}p/2

+
i−1∑
j=1

w̃p
ℓiw̃

p
ℓj E |Vij|p

]
. (2.D.19)

Now, we need bounds for E(V 2
ij |Xℓi) and E |Vij|p.

Bounding E(V 2
ij |Xℓi). Note that (2.C.32) still holds for the new definition of U at (2.D.8).

Then, note that, under (A2) and (A3), we have, uniformly in x,

Ui(x) =
1

h2

∫∫
K
(z − x

h

)
K
(z − y

h

)
f(y, tℓi) dz dy

=
1

h

∫∫
K
(z − x

h

)
K(u)f(z − hu, tℓi) du dz

=

∫∫
K(v)K(u)f(x+ hv − hu, tℓi) du dv
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≤M

∫∫
K(v)K(u) du dv =M. (2.D.20)

Let φj(x) = E{U2(x,Xℓj)}. Then, under (A2) and (A3), we have, uniformly in x,

φj(x) =

∫
U2(x, y)f(y, tℓj) dy ≤ M

h

∫
U(x, y)f(y, tℓj) dy =

M

h
Uj(x) ≤

M2

h
,

where we used (2.D.17) to get the first inequality, the definition of Ui(x) in (2.D.8) to get the

second equation, and (2.D.20) to get the second inequality. Hence, we have

E{U2(Xℓi, Xℓj)|Xℓi} = φj(Xℓi) ≤
M2

h
. (2.D.21)

Now, using (2.D.20), (2.C.35) still holds. Combining the above results with (2.C.32), taking

there U as in (2.D.8), we have, when ∆t is small enough such that h−1 ≥ 1,

E(V 2
ij |Xℓi) ≤

C1

h
, (2.D.22)

where C1 = 4M2.

Bounding E |Vij|p. Applying (2.D.17) to Vij defined in (2.D.8), we have |Vij| ≤ C2h
−1 with

C2 = 4M . Hence, we have

E |Vij|p ≤
Cp

2

hp
. (2.D.23)

Conclusion. Recall the definition of w̃ℓj below (2.C.6). Now, using (B1) and plugging

(2.D.22) and (2.D.23) into (2.D.19), we have, for i = 2, . . . , bℓ/2 and p ≥ 2.5,

E |Yi|p ≤ Cp

{
C

p/2
1 h−p/2

(
i−1∑
j=1

w̃2
ℓiw̃

2
ℓj

)p/2

+ Cp
2h

−p

i−1∑
j=1

w̃p
ℓiw̃

p
ℓj

}

≤ Cp

[
C

p/2
1 h−p/2

{
γ4

i−1∑
j=1

(1− γ)bℓ/2−j

}p/2

+ Cp
2h

−pγ2p
i−1∑
j=1

(1− γ)bℓ/2−j

]

≤ Cp(C
p/2
1 h−p/2γ3p/2 + Cp

2h
−pγ2p−1) ≤ Cp{Cp/2

1 δ−2p∆tp + Cp
2δ

1−3p∆t(9p−5)/7
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≤ Cp(C
p/2
1 δ−2p + Cp

2δ
1−3p)∆tp, (2.D.24)

where we used the fact that 0 < γ < 1.

Plugging (2.D.24) into (2.D.18), we have

E |I21|p ≤ 2C2
p(bℓ/2)

p/2(C
p/2
1 δ−2p + Cp

2δ
1−3p)∆tp ≤ Cp

3C
2
pb

p/2
ℓ ∆tp, (2.D.25)

where C3 = 21/2(C
1/2
1 δ−2 + C2δ

−3) is a constant. By (2.C.3), we have E |I21|p ≤

{(C2
0C3p

2/ log2 p)b1/2ℓ ∆t}p. Now, by Chebyshev’s inequality, we have, for all η > 0,

P(|I21| > η∆t4/7) ≤ E |I21|p

(η∆t4/7)p
≤
(
C2

0C3

η log2 p

)p

(p2b
1/2
ℓ ∆t3/7)p.

Under (B3), taking p = b
−1/4
ℓ ∆t−3/14/

√
e, and then, recalling that b−1

ℓ � ∆t(5+α)/7 for some

0 < α < 2/3 using (B3) and (2.27), we have p→∞ as ∆t→ 0 and

P(|I21| > η∆t4/7) = o
{
exp(−b−1/4

ℓ ∆t−3/14/
√
e)
}
. (2.D.26)

Finally, using (B1), (B3) and (2.D.26), we have

P

{
sup

(γ,h)∈Iℓγ,h

|I21| > η∆t4/7

}
≤ #(Iℓγ,h) sup

(γ,h)∈Iℓγ,h

P(|I21| > η∆t4/7)

= o
{
∆t−a exp(−b−1/4

ℓ ∆t−3/14/
√
e)
}
= o(1),

which implies that

I21 = op(∆t
4/7), (2.D.27)

uniformly in (γ, h) ∈ Iℓγ,h.
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2.D.1.3 Calculating I22 and I23

The calculations of I22 and I23 are similar and we first calculate I22 as follows. Let Wi(x) =

Ui(x) − f(x, tℓi) for i = 2, . . . , bℓ/2, where Ui(x) is defined in (2.D.8). Then we have I22 =

I221 + I222, where

I221 =

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓj

[
Wi(Xℓj)− E{Wi(Xℓj)}

]
, (2.D.28)

I222 =

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓj

[
f(Xℓj, tℓi)− E{f(Xℓj, tℓi)}

]
. (2.D.29)

Next we show that I221 = op(∆t
4/7) uniformly in (γ, h) ∈ Iℓγ,h, which implies that

I22 = I222 + op(∆t
4/7), (2.D.30)

uniformly in (γ, h) ∈ Iℓγ,h.

Calculating I221. First note from (2.D.28) that

I221 =

bℓ/2−1∑
j=1

w̃ℓj

bℓ/2∑
i=j+1

w̃ℓi

[
Wi(Xℓj)− E{Wi(Xℓj)}

]
.

Let Zj = w̃ℓj

∑bℓ/2
i=j+1 w̃ℓi

[
Wi(Xℓj) − E{Wi(Xℓj)}

]
for j = 1, . . . , bℓ/2 − 1, so that I221 =∑bℓ/2−1

j=1 Zj is a sum of independent random variables since eachZj only depends on one random

variableXℓj . To apply Theorem 2.C.2 to I221, we first derive bounds for |Zj| and
∑bℓ/2−1

j=1 E(Z2
j ).

Using (A2), (A3) and (2.D.8), we have

Ui(x) =
1

h2

∫∫
K
(z − x

h

)
K
(z − y

h

)
f(y, tℓi) dy dz

=
1

h

∫
K
(z − x

h

)∫
K(u)f(z − hu, tℓi) du dz

=
1

h

∫
K
(z − x

h

)∫
K(u)

{
f(z, tℓi)
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− hufx(z, tℓi) +
1

2
h2u2fxx(z − θihu, tℓi)

}
du dz

=
1

h

∫
K
(z − x

h

)
f(z, tℓi) dz + r1i(x)

=

∫
K(u)f(x+ hu, tℓi) du+ r1i(x)

=

∫
K(u)

{
f(x, tℓi) + hufx(x, tℓi) +

1

2
h2u2fxx(x+ ξihu, tℓi)

}
du+ r1i(x)

= f(x, tℓi) + r1i(x) + r2i(x), (2.D.31)

where θi, ξi ∈ [0, 1], we used first-order Taylor expansions of f(z − hu, tℓi) and f(x+ hu, tℓi)

around z and x, and where

r1i(x) =
1

2
h

∫
u2K(u)

∫
K
(z − x

h

)
fxx(z − θihu, tℓi) du dz,

r2i(x) =
1

2
h2
∫
u2K(u)fxx(x+ ξihu, tℓi) du.

Note that, under (A2) and (A3), we have

|r1i(x)| ≤
M

2
h

∫
u2K(u) du

∫
K
(z − x

h

)
dz =

M

2
µK,2h

2, (2.D.32)

where µK,2 is defined above Proposition 2.1, and we also have

|r2i(x)| ≤
M

2
µK,2h

2. (2.D.33)

Now, plugging (2.D.31), (2.D.32) and (2.D.33) into the definition ofWi(x) above (2.D.28),

we have, under (B1),

|Wi(x)| ≤MµK,2h
2 ≤ MµK,2

δ2
∆t2/7,

and hence, recalling the definition of w̃ℓj below (2.C.6), we have

|Zj| ≤ 2
MµK,2

δ2
∆t2/7w̃ℓj

bℓ/2∑
i=j+1

w̃ℓi
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= 2
MµK,2

δ2
∆t2/7γ2(1− γ)bℓ/2−j

bℓ/2∑
i=j+1

(1− γ)bℓ/2−i

= 2
MµK,2

δ2
∆t2/7γ2(1− γ)bℓ/2−j

bℓ/2−j−1∑
i=0

(1− γ)i (2.D.34)

≤ 2
MµK,2

δ2
∆t2/7γ ≤ C1∆t, (2.D.35)

where C1 = 2MµK,2/δ
3, since 0 < γ < 1, and where we used (B1).

To bound
∑bℓ/2−1

j=1 E(Z2
j ), using (2.D.34) and (B1), we have

bℓ/2−1∑
j=1

E(Z2
j ) ≤ 4

M2µ2
K,2

δ4
∆t4/7γ4

bℓ/2−1∑
j=1

(1− γ)2(bℓ/2−j)

{
bℓ/2−j−1∑

i=0

(1− γ)i
}2

≤ 4
M2µ2

K,2

δ4
∆t4/7γ3

bℓ/2−1∑
j=1

(1− γ)bℓ/2−j

bℓ/2−j−1∑
i=0

(1− γ)i

= 4
M2µ2

K,2

δ4
∆t4/7γ2

bℓ/2−1∑
j=1

(1− γ)bℓ/2−j{1− (1− γ)bℓ/2−j}

≤ 4
M2µ2

K,2

δ4
∆t4/7γ2

bℓ/2−1∑
j=1

(1− γ)bℓ/2−j

≤ 4
M2µ2

K,2

δ4
∆t4/7γ ≤ C2∆t

9/7, (2.D.36)

where C2 = 4M2µ2
K,2/δ

5.

Applying Theorem 2.C.2 and using (2.D.35) and (2.D.36), we have, for any η > 0,

P
(
|I221| > η∆t4/7

)
≤ exp

{
− η2∆t8/7

2(C2∆t9/7 + ηC1∆t11/7/3)

}
.

Then, under (B1), we have

P

{
sup

(γ,h)∈Iℓγ,h

|I221| > η∆t4/7

}
≤ #(Iℓγ,h) sup

(γ,h)∈Iℓγ,h

P
(
|I221| > η∆t4/7

)
≤ C∆t−a exp

{
− η2∆t8/7

2(C1∆t9/7 + ηC2∆t11/7/3)

}
= o(1),
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which implies that

I221 = op(∆t
4/7), (2.D.37)

uniformly in (γ, h) ∈ Iℓγ,h. Hence (2.D.30) is proved.

Calculating I23. Note from (2.D.12) and (2.D.13) that I23 is the same as I22 except that

Ui(Xℓj) is replaced by Uj(Xℓi). Therefore, similar to (2.D.30), we have

I23 =

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓj

[
f(Xℓi, tℓj)− E{f(Xℓi, tℓj)}

]
+ op(∆t

4/7), (2.D.38)

uniformly in (γ, h) ∈ Iℓγ,h.

2.D.1.4 Conclusion

Plugging (2.D.27), (2.D.30) and (2.D.38) into the formula for I2 above (2.D.11), we have

I2 =

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓj

[
f(Xℓj, tℓi)− E{f(Xℓj, tℓi)}

]
+

bℓ/2∑
i=2

i−1∑
j=1

w̃ℓiw̃ℓj

[
f(Xℓi, tℓj)− E{f(Xℓi, tℓj)}

]
+ op(∆t

4/7). (2.D.39)

Then, plugging (2.D.16) and (2.D.39) into the formula for I above (2.D.9), we have

I = 2

(
bℓ/2−1∑
i=1

bℓ/2∑
j=i+1

+

bℓ/2∑
i=2

i−1∑
j=1

)
w̃ℓiw̃ℓj

[
f(Xℓi, tℓj)− E{f(Xℓi, tℓj)}

]
+ op(∆t

4/7)

= 2I ′ − 2I3 + op(∆t
4/7), (2.D.40)

where

I ′ =

bℓ/2∑
i=1

bℓ/2∑
j=1

w̃ℓiw̃ℓj

[
f(Xℓi, tℓj)− E{f(Xℓi, tℓj)}

]
, (2.D.41)
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I3 =

bℓ/2∑
i=1

w̃2
ℓi

[
f(Xℓi, tℓi)− E{f(Xℓi, tℓi)}

]
. (2.D.42)

Finally, we show that

I3 = op(∆t
4/7), (2.D.43)

uniformly in (γ, h) ∈ Iℓγ,h, which implies that, using (2.D.40), we have

I = 2I ′ + op(∆t
4/7), (2.D.44)

uniformly in (γ, h) ∈ Iℓγ,h.

Note that I3 is a sum of independent random variables. Recalling the definition of w̃ℓi

below (2.C.6) and using (A2) and (B1), we have w̃2
ℓif(Xℓi, tℓi) ≤ Mγ2 ≤ C1∆t

10/7, where

C1 =M/δ2, and, since 0 < γ < 1, we have

bℓ/2∑
i=1

w̃4
ℓi E{f(Xℓi, tℓi)}2 ≤M2γ4

bℓ/2∑
i=1

(1− γ)4(bℓ/2−i) ≤M2γ4
bℓ/2∑
i=1

(1− γ)bℓ/2−i

=M2γ4
bℓ/2−1∑
j=0

(1− γ)j ≤M2γ3 ≤ C2∆t
15/7,

Using the above results, by Theorem 2.C.2, we have, for any η > 0,

P
(
|I3| > η∆t4/7

)
≤ exp

{
− η2∆t8/7

2(C2∆t15/7 + ηC1∆t2/3)

}
,

and hence, under (B1), we have

P

{
sup

(γ,h)∈Iℓγ,h

|I3| > η∆t4/7

}
≤ #(Iℓγ,h) sup

(γ,h)∈Iℓγ,h

P
(
|I3| > η∆t4/7

)
≤ C∆t−a exp

{
− η2∆t8/7

2(C2∆t15/7 + ηC1∆t2/3)

}
= o(1),

which proves (2.D.43) and hence also (2.D.44).
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2.D.2 Remaining terms

Combining (2.D.1), (2.D.2), (2.D.3), (2.D.41) and (2.D.44), we have

1

2

{
ISEℓ(γ, h)−MISEℓ(γ, h)

}
= I ′ − J41 + op(∆t

4/7)

= S1 − S2 − S3 + S4 + op(∆t
4/7), (2.D.45)

uniformly in (γ, h) ∈ Iℓγ,h, where, using (2.C.90),

S1 =

bℓ/2∑
i=1

bℓ/2∑
j=1

w̃ℓiw̃ℓjf(Xℓi, tℓj), (2.D.46)

S2 =

bℓ/2∑
i=1

bℓ/2∑
j=1

w̃ℓiw̃ℓj

∫
f(x, tℓi)f(x, tℓj) dx, (2.D.47)

S3 =

bℓ/2∑
i=1

w̃ℓif(Xℓi, sℓ), (2.D.48)

S4 =

bℓ/2∑
i=1

w̃ℓi

∫
f(x, sℓ)f(x, tℓi) dx. (2.D.49)

Next, we derive some technical results which will be used to calculate S1, . . . , S4.

2.D.2.1 Technical results

Recalling the definition of w̃ℓj below (2.C.6) and using (B1), (B3) and (2.C.5), we have

bℓ/2∑
j=1

w̃ℓjf(x, tℓj) = γ

bℓ/2∑
j=1

(1− γ)bℓ/2−j

{
f(x, sℓ)− ft(x, sℓ)(sℓ − tℓj)

+
1

2
ftt(x, sℓ)(sℓ − tℓj)2 −

1

6
(sℓ − tℓj)3fttt(x, θj)

}
= f(x, sℓ)γ

bℓ/2−1∑
i=0

(1− γ)i
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− ft(x, sℓ)γ
bℓ/2∑
j=1

(1− γ)bℓ/2−j{(bℓ/2− j)∆t+O(∆t)}

+
1

2
ftt(x, sℓ)γ

bℓ/2∑
j=1

(1− γ)bℓ/2−j{(bℓ/2− j)∆t+O(∆t)}2

− 1

6
γ

bℓ/2∑
j=1

(1− γ)bℓ/2−j{(bℓ/2− j)∆t+O(∆t)}3fttt(x, θj)

= f(x, sℓ)−∆tft(x, sℓ)γ

bℓ/2−1∑
i=0

i(1− γ)i

+∆t2
1

2
ftt(x, sℓ)γ

bℓ/2−1∑
i=0

i2(1− γ)i

−∆t3
1

6
γ

bℓ/2−1∑
i=0

i3(1− γ)ifttt(x, θbℓ/2−i) + r1(x), (2.D.50)

where θj is between tℓj and sℓ and we used a second order Taylor expansion of f(x, tℓj) around

time sℓ, and where

r1(x) = −f(x, sℓ)(1− γ)bℓ/2 +O(∆t)γ

bℓ/2−1∑
i=0

(1− γ)i = O(∆t), (2.D.51)

using (2.C.86) and the fact that 0 < γ < 1.

Then, note that, using summation by parts,

γ

bℓ/2−1∑
i=0

i(1− γ)i = γ

bℓ/2−2∑
j=0

bℓ/2−1∑
i=j+1

(1− γ)i =
bℓ/2−2∑
j=0

(1− γ)j+1 − (bℓ/2− 1)(1− γ)bℓ/2

=
1

γ
{1− γ − (1− γ)bℓ/2−1}+ o(∆t) =

1

γ
+O(1), (2.D.52)

where we used (2.C.86).

Moreover, using (2.C.86), we have

γ

bℓ/2−1∑
i=0

i2(1− γ)i = γ

bℓ/2−2∑
j=0

(2j + 1)

bℓ/2−1∑
i=j+1

(1− γ)i
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=

bℓ/2−2∑
j=0

(2j + 1){(1− γ)j+1 − (1− γ)bℓ/2}

=

bℓ/2−2∑
j=0

(1− γ)j+1

+ 2

bℓ/2−3∑
i=0

bℓ/2−2∑
j=i+1

(1− γ)j+1 − 1

2
(1− γ)bℓ/2(bℓ/2− 1)2

=
2

γ

bℓ/2−3∑
i=0

{(1− γ)i+1 − (1− γ)bℓ/2−1}+O(γ−1)

=
2

γ2
{1− γ − (1− γ)bℓ/2−1}+O(γ−1) =

2

γ2
+O(γ−1). (2.D.53)

Finally, using (A2), (B1), (B3) and (2.D.53), we have

∣∣∣∣∆t36 γ

bℓ/2−1∑
i=0

i3(1− γ)ifttt(x, θbℓ/2−i)

∣∣∣∣ ≤ M∆t3

6
γ

bℓ/2−1∑
i=0

i3(1− γ)i

≤ Mbℓ∆t
3

6
γ

bℓ/2−1∑
i=0

i2(1− γ)i

= o(∆t2/γ2) = o(∆t4/7), (2.D.54)

uniformly in x.

Now, plugging (2.D.51), (2.D.52), (2.D.53) and (2.D.54) into (2.D.50), we have

bℓ/2∑
j=1

w̃ℓjf(x, tℓj) = f(x, sℓ)−
∆t

γ
ft(x, sℓ) +

∆t2

γ2
ftt(x, sℓ) + o(∆t4/7), (2.D.55)

uniformly in x.
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2.D.2.2 Conclusion

First, note from (2.D.46) and (2.D.48) that

S1 − S3 =

bℓ/2∑
i=1

w̃ℓi

{
bℓ/2∑
j=1

w̃ℓjf(Xℓi, tℓj)− f(Xℓi, sℓ)

}

= −
bℓ/2∑
i=1

w̃ℓi

{
∆t

γ
ft(Xℓi, sℓ)−

∆t2

γ2
ftt(Xℓi, sℓ)

}
+ op(∆t

4/7), (2.D.56)

where we used (2.D.55).

Then, note from (2.D.47) and (2.D.49) that

−S2 + S4 =

bℓ/2∑
i=1

w̃ℓi

∫ {
f(x, sℓ)−

bℓ/2∑
j=1

w̃ℓjf(x, tℓj)

}
f(x, tℓi) dx

=

bℓ/2∑
i=1

w̃ℓi

∫ {
∆t

γ
ft(x, sℓ)−

∆t2

γ2
ftt(x, sℓ)

}
f(x, tℓi) dx+ o(∆t4/7), (2.D.57)

where we used (2.D.55).

Now, recalling the definitions of Fbℓ/2(x) and F̄bℓ/2(x) in (2.C.59) and using (2.D.56) and

(2.D.57), we have

|S1 − S2−S3 + S4|

=

∣∣∣∣∫ {∆t

γ
ft(x, sℓ)−

∆t2

γ2
ftt(x, sℓ)

}
dx
{
Fbℓ/2(x)− F̄bℓ/2(x)

}∣∣∣∣
=

∣∣∣∣∫ {Fbℓ/2(x)− F̄bℓ/2(x)
}{∆t

γ
fxt(x, sℓ)−

∆t2

γ2
fxtt(x, sℓ)

}
dx
∣∣∣∣

≤ sup
x∈R
|Fbℓ/2(x)− F̄bℓ/2(x)|

{
∆t

γ

∫
|fxt(x, sℓ)| dx+

∆t2

γ2

∫
|fxtt(x, sℓ)| dx

}
= Op(∆t/γ

1/2) = op(∆t
4/7), (2.D.58)

uniformly in (γ, h) ∈ Iℓγ,h, where we used (2.C.60), (B1) and (B2) in the last line. Plugging

(2.D.58) into (2.D.45), Proposition 2.2 is proved.
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Nonparametric regression for streaming data

In this chapter we propose a streaming regression algorithm (SRA) to estimate the time-varying

regression model (1.3):

Yi = m(Xi, ti) + ϵi , i = 1, 2, . . . ,

wherem(x, ti) = E(Yi|Xi = x) is a time-varying regression function and {ϵi}i=1,2,... is an error

sequence.

The SRA is inspired by ensemble learning, an approach for nonstationarity adaptation com-

monly used by machine learning researchers in modelling streaming data (see §1.3.1.2). Specif-

ically, the SRA computes a mild-sized ensemble of semi-recursive NW estimators, defined at

(1.9), and adaptively selects the estimator that best fits the current data points. The ensemble is

updated once in a while with promising new estimators added in and outdated ones discarded.

Both the ensemble updating and the model selection are based on a computationally efficient

recursive cross-validation (RCV) procedure.

Instead of considering i.n.i.d. streaming data as in Chapter 2, in this chapter we relax the in-

dependence assumption and consider a d.n.i.d. data stream {(Xi, Yi)}i=1,2,..., with arrival times

{ti}i=1,2,... defined at (1.1). We assume that the data are sequentially available from the time-

varying regression model (1.3), where {Xi}i=1,2,... is a weakly dependent sequence satisfying

some mixing conditions (see §3.3). We also assume that the error sequence {ϵi}i=1,2,... is i.i.d.

and independent of {Xi}i=1,2,..., satisfying E(ϵi) = 0 and var(ϵi) = σ2 for all i. We make the
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i.i.d. assumption about the errors to simplify theoretical derivations. It will be relaxed in future

work, so that {ϵi}i=1,2,... may be d.n.i.d. as well. In that case, the regression methodology de-

scribed in this chapter can still be applied without substantial modification. See §5.2.3 for an

explanation.

To better illustrate the basic idea of the SRA, we first discuss a prototype algorithm, which is

a naive application of ensemble learning to the streaming regression problem. The prototype al-

gorithm is easier to interpret but difficult to implement due to its high computational cost. Then

we present the SRA as a computationally efficient approximation to the prototype algorithm.

Theoretical results in §3.3 will show that these two algorithms have some very similar asymptotic

properties.

3.1 Prototype algorithm

In this section, we introduce a prototype algorithm for estimating the time-varying regression

model (1.3) and then discuss how to make it more computationally efficient. Recalling the defini-

tion of the ti’s at (1.1), the goal here is to estimate the regression functionm(·, t) at t = t1, t2, . . . ,

whenever a new data point is observed. This requires us to update the estimator at each time step.

For that purpose, the prototype algorithm will compute the semi-recursive NW estimator, de-

fined at (1.9), with smoothing parameters (γ, h) on a grid. A cross-validation criterion is used to

select, for each ti, the most appropriate (γ, h), and thence the most appropriate estimator. This

algorithm can be viewed as a straightforward application of the ensemble learning idea with the

semi-recursive NW estimator as the base learner.

3.1.1 Definition of base learner

Consider estimating the time-varying regression function m(x, t) at (1.3) by

m̃(x, t|γ, h) = m̂(x, t|γ̃t, h̃t) , (3.1)
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where m̂ is defined at (1.9) and

γ̃t = {γ̃i}i=1,...,nt and h̃t = {h̃i}i=1,...,nt with (γ̃i, h̃i) ≡ (γ, h) , (3.2)

for some (γ, h) ∈ (0, 1)×R+. That is, m̃ is a semi-recursive NW estimator using fixed stepsize

γ and bandwidth h.

By (1.8)–(1.10), m̃(x, t|γ, h) = r̃(x, t|γ, h)/f̃(x, t|γ, h) can be semi-recursively computed

by

r̃(x, t|γ, h) =


Kh(x−X1)Y1 , if nt = 1 ,

(1− γ)r̃(x, tnt−1|γ, h) + γKh(x−Xnt)Ynt , if nt ≥ 2 ,

f̃(x, t|γ, h) =


Kh(x−X1) , if nt = 1 ,

(1− γ)f̃(x, tnt−1|γ, h) + γKh(x−Xnt) , if nt ≥ 2 .

(3.3)

The way we recursively compute r̃ and f̃ in (3.3) can be viewed as exponential smoothing (see

§1.3.1.2) applied to kernel functions. For a fixed γ ∈ (0, 1), the weights for past observations

decrease exponentially fast, so that effectively we are using only a number of recent observations

to estimate m(x, t). The stepsize γ plays a key role here since it controls how fast we ‘forget’ the

past.

3.1.2 Definition of prototype algorithm

Considering that the time domain R+ of data stream {(Xi, Yi)}i=1,2,... is never-ending, using

m̃(·, t|γ, h) defined at (3.1) with fixed (γ, h) for all t ∈ R+ is likely to be unsatisfactory, since

the appropriate γ and h values may be time-varying. For example, suppose the true regression

function m(x, t) = sin(x − att), where (x, t) ∈ R × R+ and at > 0, is a sine curve with

(non-time-independent) period 2π but time-varying locations. Here the time-variability of the

regression function m is controlled by the parameter at. Suppose for two different time points

s1, s2 > 0 we have as1 > as2 , i.e. m varies faster around time s1 than around time s2. Then
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it is more appropriate to take two different stepsizes γ1 > γ2 and use m̃(·, s1|γ1, h) to esti-

mate m(·, s1) and m̃(·, s2|γ2, h) to estimate m(·, s2). We use the same h at times s1 and s2

since m(·, s1) and m(·, s2) have the same curvature, but we use larger stepsize γ1 at time s1 so

that, recalling (3.3), the resulting estimator m̃(·, s1|γ1, h) weighs down past observations more

quickly.

The above considerations motivate us to compute an ensemble of m̃’s using (γ, h) on a grid

Iγ,h. At each tk, we compute an ensemble by updating the estimators of m(·, tk−1) computed

at the previous time tk−1, and then dynamically select the best estimator from the ensemble by

minimising a cross-validation criterion. This is the key idea of our prototype algorithm. Next we

iteratively define the algorithm.

At t = t1, we observe the first data point (X1, Y1). We initialise the ensemble E 0
t = E 0

t1
=

{m̃(·, t1|γ, h); r̃(·, t1|γ, h), f̃(·, t1|γ, h) : (γ, h) ∈ Iγ,h}, where each m̃ = r̃/f̃ with r̃ and

f̃ computed by (3.3). Here the regression estimator m̃ is the main quantity of interest in the

ensemble, but we also store r̃ and f̃ in the ensemble. In the prototype algorithm, the idea of

an ensemble E 0
t does not play a very important role, as the grid Iγ,h will be non-time-varying.

However, we will see in §3.2.1 that in our main algorithm we will use a time-varying ensemble.

At every consecutive time point tk, for k = 2, 3, . . . , we observe (Xk, Yk). We use this new

observation to update the ensemble E 0
tk−1

to the new ensemble E 0
tk

by updating r̃(·, tk−1|γ, h),

f̃(·, tk−1|γ, h) and m̃(·, tk−1|γ, h) to r̃(·, tk|γ, h), f̃(·, tk|γ, h) and m̃(·, tk|γ, h) using (3.3).

We see from (3.3) that this only involves computingKh(·−Xk) andKh(·−Xk)Yk and adding

them to the old estimators r̃(·, tk−1|γ, h) and f̃(·, tk−1|γ, h) using (3.3).

At time tk, we select the best estimator ofm(·, tk) from the ensemble E 0
t by minimising with

respect to (γ, h) ∈ Iγ,h the following cross-validation criterion:

CV0
tk
(γ, h) =

k−1∑
i=k−btk

{m̃(Xi+1, ti|γ, h)− Yi+1}2 , (3.4)
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where btk ∈ {1, . . . , k − 1}. That is, let

(γCV 0

k , hCV 0

k ) = arg min
(γ,h)∈Iγ,h

CV0
tk
(γ, h).

and we use m̃(·, tk|γCV 0

k , hCV 0

k ) to estimate m(·, tk). This implies that each time tk gives rise to

a potentially different choice (γCV 0

k , hCV 0

k ) of the (γ, h) value, and hence we are not using the

same (γ, h) value throughout.

Next we explain the motivation for the CV0
tk

criterion at (3.4). Since we want to select

(γ, h) to use at time tk, so that m̌(·, tk|γ, h) is a good estimator of m(·, tk), ideally at time

tk we would use a sample of i.i.d. data from the distribution at time tk to compute the cross-

validation. However, the only data point from that distribution we have is (Xk, Yk), so we

have to use data from the recent past {(Xi, Yi)}i=k−btk+1,...,k. This is reasonable since, when

the data distribution is smoothly time-varying and btk is appropriately small, these data should

be approximately distributed as (Xk, Yk). In addition, note from (1.3) that, since the ϵi’s are

independent and they are independent of the Xi’s, the Yi’s are conditionally independent from

each other given the Xi’s. This implies that, if btk is appropriately chosen, we can view the data

{(Xi, Yi)}i=k−btk+1,...,k used to compute CV0
tk

as nearly i.i.d., given {Xi}i=k−btk+1,...,k.

The summand {m̃(Xi+1, ti|γ, h) − Yi+1}2 in the cross-validation criterion (3.4) may be

termed as the one-step-ahead error. Similar cross-validation criteria are sometimes used in the

time series literature to evaluate the performance of prediction methods for time series. See, for

example, Gijbels et al. (1999), where the authors considered a univariate time series {Xi}i=1,...,n

observed at times t1, . . . , tn and coming from the model Xi = g(ti) + ϵi, where g is a smooth

function representing the trend of {Xi}i=1,...,n and {ϵi}i=1,...,n is an mean-zero error sequence.

To evaluate the performance of the one-step-ahead predictor ĝ, where ĝ(ti) computed from

X1, . . . , Xi is the predictor ofXi+1, Gijbels et al. (1999) considered the criterion
∑n−1

i=1 {m̂(ti)−

Xi+1}2.
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3.1.3 Issues with prototype algorithm

We claimed above §3.1 that the prototype algorithm is not directly applicable to streaming data

due to its high computational cost. To see this, note that the candidate set Iγ,h in (3.4) should

contain a large number of candidate (γ, h)’s on (0, 1) × R+, since appropriate γ and h values

may be very different for different times. This means that, to compute the ensemble E 0
tk

for

k = 2, 3, . . . , we have to update the m̃’s from time tk−1 to tk for all (γ, h) ∈ Iγ,h, where Iγ,h

is a very large set. Recall from (3.3) that this would involve computing a large number of Kh’s

and storing all the associated r̃’s and f̃ ’s. In addition, we have to compute a large number (one

for each (γ, h) ∈ Iγ,h) of CV0
tk

’s, in order to select the appropriate (γ, h).

To solve this problem, ideally we would dynamically adjust the grid Iγ,h so that it never

needs to be very large, which means that at each time tk we would only need to compute a

much smaller number of estimates and cross-validation scores. However, this would make the

situation even worse. This is because, to compute a new estimator m̃(·, tk|γ0, h0) for (γ0, h0) for

which m̃(·, tk−1|γ0, h0) is not in the previous ensemble E 0
tk−1

, we need to use all data observed

up to time tk and compute the r̃’s and f̃ ’s for the new values (γ0, h0). However, storing all past

data is generally impossible in our streaming data setting and is exactly what we try to avoid by

introducing the semi-recursive estimator at (3.3). We will solve this problem in §3.2.1, where a

new estimator m̌ is introduced to approximate m̃. There, to compute m̌(·, tk|γ0, h0) for some

(γ0, h0) for which m̌(·, tk−1|γ0, h0) is not in Etk−1
, we do not need to use all data up to tk.

As we will see, this approximation is based on the fact that, through the parameter γ, past data

receive exponentially decreasing weights and m̃(·, t|γ0, h0) is computed using essentially a small

number of recent data points.

Besides the computational issue, an additional challenge for the prototype algorithm is the

selection of btk at (3.4), i.e. the number of observations used to compute the cross-validation

score CV0
tk

. There is a trade-off involved in selecting btk . On the one hand, btk should not be

too small as this would make the cross-validation numerically unstable. On the other hand, if

btk is too large, then the data used to compute the cross-validation scores may have very different

distributions than at time tk. In this case, by minimising CV0
tk

, we would select a value (γk, hk)
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for which the estimator ofm(·, tk) may not be a very good one. Ideally, btk should be adaptive to

the time-variability ofm(·, tk), i.e. the slowerm(·, tk) changes in tk, the more data we should use

to compute CV0
tk

, and vice versa. This trade-off between numerical stability and time sensitivity

is sometimes referred to as the ‘stability–plasticity dilemma’ in the machine learning community

and is identified as one of the major difficulties in streaming data analysis (Ditzler et al., 2015).

Despite these computational issues and those of selecting btk discussed above, the prototype

algorithm enjoys good interpretability. In §3.2, we will describe the SRA, which mimics the

prototype algorithm, and hence shares its interpretability, but is free from the aforementioned

problems.

3.2 Streaming regression algorithm

Inspired by the concept-adapting very fast decision tree algorithm of Hulten et al. (2001) (see

§1.3.1.2), we modify the prototype algorithm in §3.1 into a more useful algorithm, the SRA.

Recall that the classification algorithm of Hulten et al. (2001) constructs alternative sub-trees that

may be used to update the tree classifier. For this purpose, whether a sub-tree is used is determined

by a data-driven criterion. Here we further exploit this idea to solve the computational issue of

the prototype algorithm.

The SRA computes a small (compared to the prototype algorithm in §3.1) ensemble of regres-

sion estimators while periodically checking if it is necessary to construct an alternative ensemble

according to a recursive cross-validation (RCV) criterion (so-called because it can be recursively

computed). When constructed, the alternative ensemble is not immediately used to replace the

original ensemble, but will continue to be updated with some observations. Then, if some estima-

tor from the alternative ensemble admits lower RCV score, we substitute the current ensemble

with the alternative one. We refer to this substitution as an ensemble substitution. However,

if using estimators in the alternative ensemble does not reduce the RCV score, we delete the

alternative ensemble and check again later if an alternative ensemble is needed.

As discussed in §3.1.3, due to exponential decay (through γ) of the influence of past data, we
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can approximate m̃(·, t|γ, h) by some estimator m̌(·, t|γ, h) (this argument will be made rigorous

in Proposition 3.1 in §3.3). Therefore, the modified algorithm can be seen as an imitation of the

prototype algorithm without the problems discussed in §3.1.3.

3.2.1 Definition of SRA

In this section we iteratively define the SRA, which sequentially processes the data

{(Xi, Yi)}i=1,2,... as they arrive at times {ti}i=1,2,... defined at (1.1). The goal here is to esti-

mate the regression functionm(·, t) at t = tN0+1, tN0+2, . . . , whereN0, a positive integer, is the

number of data points we use to initialise our algorithm. During the initialisation stage, we will

compute estimates and cross-validation scores for a range of (γ, h) values, but we do not choose

the best (γ, h) among them. Indeed,N0 is the minimum number of points needed to really start

our algorithm (before that, we have too few observations to be able to select a meaningful value

of (γ, h)).

3.2.1.1 Initialisation

We first choose an integer ν by hand, which determines how often we will check if it is necessary

to construct an alternative ensemble. Ideally, it should be the largest number such that we do not

expect the data stream to change significantly during a time period of ν∆t with ∆t defined at

(1.1). Hence the appropriate value of ν depends on the specific data set at hand. For example, for

some meteorological data sets, it is often reasonable to view observations arriving in a 20-minute

time interval as nearly stationary (Hall and Patil, 1994). We also choose the first candidate set

I1γ,h = I1γ × I1h as an equidistant grid on some rectangular range

⊏⊐1 = [γ0/L,Lγ0]× [h0/L,Lh0], (3.5)

where L > 1 is some constant and γ0 and h0 are some initial γ and h values, all chosen by hand.

Since the candidate set will be dynamically adjusted in the future, different from the prototype

algorithm in §3.1, it needs only contain a relatively small number of (γ, h) values.
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Next we use the first N0 = 2ν observations to create our initial ensemble and the initial

cross-validation scores. We do not check for alternative ensembles nor attempt to minimise the

cross-validation score yet, as too few data have been observed at this initialisation stage.

For the first ν data, i.e. for k = 1, . . . , ν, we compute the ensemble Etk =

{m̌(·, tk|γ, h); ř(·, tk|γ, h), f̌(·, tk|γ, h) : (γ, h) ∈ I1γ,h} iteratively as follows. Let Et1 =

{m̌(·, t1|γ, h); ř(·, t1|γ, h), f̌(·, t1|γ, h) : (γ, h) ∈ I1γ,h}, where

m̌(x, t1|γ, h) =
ř(x, t1|γ, h)
f̌(x, t1|γ, h)

(3.6)

with

ř(x, t1|γ, h) = Kh(x−X1)Y1 and f̌(x, t1|γ, h) = Kh(x−X1) .

Then, for k = 2, . . . , ν, let Etk = {m̌(·, tk|γ, h); ř(·, tk|γ, h), f̌(·, tk|γ, h) : (γ, h) ∈ I1γ,h},

where m̌(x, tk|γ, h) = ř(x, tk|γ, h)/f̌(x, tk|γ, h) with

ř(x, tk|γ, h) = (1− γ)ř(x, tk−1|γ, h) + γKh(x−Xk)Yk ,

f̌(x, t|γ, h) = (1− γ)f̌(x, tk−1|γ, h) + γKh(x−Xk) . (3.7)

Next, for k = ν +1, . . . , N0, we continue computing Etk by updating Etk−1
as at (3.7). We

also start computing the RCV scores iteratively as follows. At time tν+1, let

RCVtν+1(γ, h) =
{
m̌(Xν+1, tν |γ, h)− Yν+1

}2
. (3.8)

For k = ν + 2, . . . , N0, let

RCVtk(γ, h) = RCVtk−1
(γ, h) +

{
m̌(Xk, tk−1|γ, h)− Yk

}2
. (3.9)

Note that we start computing RCV only after N0 data have been observed, because

m̌(·, tk|γ, h) for k < N0 is not expected to be a good estimator of m(·, tk), as it is constructed

from too few data. Therefore, we do not use such poor estimators to compute RCV, which might
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otherwise perform too poorly.

3.2.1.2 Routine updates and checks

After the initialisation, for k = N0 + 1, N0 + 2, . . . , we continue computing iteratively

m̌(·, tk|γ, h) in Etk and the RCV scores RCVtk and, for each k, dynamically select the best

estimator by minimising the RCV criterion with respect to γ and h. In addition, we will check

regularly (every ν observations) whether the current candidate set for (γ, h), say Iℓγ,h, is still ap-

propriate. Hence the updates and checks will be the routine of our algorithm. If there is evidence

showing that Iℓγ,h might no longer be appropriate, we start computing an alternative ensemble,

corresponding to an alternative set, and the associated RCV scores. If there is evidence confirm-

ing that the new ensemble and candidate set are better than the current ones, we replace the latter

by the former. If that happens, we call it an ensemble substitution and use Iℓ+1
γ,h to denote the new

candidate set. Before the first ensemble substitution, the routine updates are essentially an appli-

cation of the prototype algorithm in §3.1, except that here the candidate set Iℓγ,h is significantly

smaller.

Recall that, after the initialisation step, we have computed Etk and RCVtk for k = 1, . . . , N0.

For k = N0+1, . . . , N0+ν, we initialise the routine updates and, at time tN0+ν we will check for

the first time if it is necessary to construct an alternative ensemble. These procedures are defined

as follows. The subsequent updates and checks will be discussed towards the end of §3.2.1.3.

Routine updates. For each k = N0 + 1, . . . , N0 + ν, we do the following updates.

(R1) For all (γ, h) ∈ I1γ,h, update RCVtk−1
(γ, h) to RCVtk(γ, h) by (3.9).

(R2) Compute the ensemble Etk = {m̌(·, tk|γ, h); ř(·, tk|γ, h), f̌(·, tk|γ, h) : (γ, h) ∈ I1γ,h},

where m̌(·, tk|γ, h) = ř(·, tk|γ, h)/f̌(·, tk|γ, h) with ř(·, tk|γ, h) and f̌(·, tk|γ, h) up-

dated from time tk−1 using (3.7).

(R3) Compute

(γCV

k , hCV

k ) = arg min
(γ,h)∈I1γ,h

RCVtk(γ, h) (3.10)
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and then select m̌(·, tk|γCV
k , hCV

k ) as the estimator of m(·, tk).

From (R1)–(R3), we can see that, for (γ, h) ∈ I1γ,h, we have m̌(·, tk|γ, h) = m̃(·, tk|γ, h),

where m̃ is defined at (3.1), and RCVtk(γ, h) is equal to CV0
tk
(γ, h) taking there btk = k − ν,

where CV0
tk
(γ, h) is defined at (3.4). Indeed, as we mentioned above, before the first ensemble

substitution the routine updates are the same as the prototype algorithm. After that, these equiv-

alences are no longer valid, but they will still hold in an asymptotic sense (see Proposition 3.1).

Routine checks. At time tN0+ν , we check if

(γCV

N0+ν , h
CV

N0+ν) ∈ ∂I1γ,h, (3.11)

where

∂I1γ,h =
{
(γ, h) ∈ I1γ,h : γ = min(I1γ), or γ = max(I1γ), or

h = min(I1h), or h = max(I1h)
}

(3.12)

denotes the boundary of I1γ,h.

If (3.11) holds, then this indicates that I1γ,h may no longer include the right range of (γ, h)

values. Therefore we start constructing an alternative grid Ialt
γ,h corresponding to a different range.

However, since the data evolve smoothly in time, we do not expect the appropriate range for

(γ, h) to change drastically. Hence it is often enough to only slightly shift the range ⊏⊐1 of I1γ,h,

defined at (3.5), and take the shifted range as the range of Ialt
γ,h.

Instead of criterion (3.11), another option is that we start to construct an alternative en-

semble once (γCV
N0+ν , h

CV
N0+ν) is close to the boundary ∂I1γ,h, rather than waiting until it hits the

boundary. This is because, when (3.11) holds, I1γ,h may have already become inappropriate. We

shall investigate the latter approach in future work.

However, criterion (3.11) is often not a strong enough evidence showing that I1γ,h has become

inappropriate, since it is only determined by (γCV
N0+ν , h

CV
N0+ν), which is chosen at a single time

point tN0+ν . Hence we should not discard I1γ,h yet immediately after (3.11) is satisfied. Instead, if
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(3.11) holds, all we do is to start constructing an alternative candidate set Ialt
γ,h and start computing

a corresponding alternative ensemble E alt
tN0+ν

using data arriving after tN0+ν , but we do not do

anything with it just yet. Analogous to the classification tree algorithm of Hulten et al. (2001)

(see page 124), we only replace I1γ,h by Ialt
γ,h later, when there is stronger evidence showing that

the latter is better. See §3.2.1.3 for details.

If (3.11) does not hold, then, for k = N0+ ν+1, N0+ ν+2, . . . , we continue the routine

updates (R1)–(R3) and check after every ν data points if (3.11) holds for those data, i.e. for

i = 2, 3, . . . if (γCV
N0+iν , h

CV
N0+iν) ∈ ∂I1γ,h holds, until it does hold, say at time tN0+λν for some

λ ∈ {2, 3, . . . }. Then we start constructing an alternative candidate set Ialt
γ,h and an alternative

ensemble, as described above.

The motivation for checking if we should create an alternative ensemble for very ν data,

instead of for every data point, is that we want to reduce the number of false alarms, since I1γ,h
may still be appropriate even when criterion (3.11) is satisfied. A similar idea is used in some

ensemble learning works on streaming data classification. For example, in Kolter and Maloof

(2007), the authors used an ensemble of base learners, each computed from a different block

of past data. To classify a new data point, they used a weighted vote of base learners. They

checked once in a while if some of the base learners have become inappropriate. Inappropriate

base learners were discarded whilst those trained from more recent data points were added into

the ensemble.

3.2.1.3 Alternative ensemble and ensemble substitution

If, at time tN0+λν for some λ = 1, 2, . . . , criterion (3.11) is satisfied with N0 + ν there replaced

by N0 + λν, then we construct an alternative set Ialt
γ,h and an alternative ensemble E alt

tN0+λν
as

follows.

Initialising alternative candidate set and ensemble. At time tN0+λν , we initialise the alternative

set Ialt
γ,h = Ialt

γ × Ialt
h by shifting the range of γ and h around γCV

N0+λν and hCV
N0+λν , respectively.
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Specifically we take the range

⊏⊐alt = [γCV

N0+λν/L,Lγ
CV

N0+λν ]× [hCV

N0+λν/L,Lh
CV

N0+λν ] , (3.13)

where L > 1 is some constant defined under (3.5). Then Ialt
γ and Ialt

h are taken as equidistant

grids on [γCV
N0+λν/L,Lγ

CV
N0+λν ] and [hCV

N0+λν/L,Lh
CV
N0+λν ].

Remark 3.1. An alternative way of constructing ⊏⊐alt is, instead of consulting (γCV
N0+λν , h

CV
N0+λν)

chosen by the RCV at just one time point, to use more than one (γCV , hCV ) values to determine

⊏⊐alt. Indeed, this alternative approach is reasonable and worth experimenting in future work.

However, we observed in the simulation studies in §4.1.2 that the way we construct ⊏⊐alt at

(3.13) already worked reasonably well. This might be due to the fact that, since the (γCV
i , hCV

i )’s

with similar i values are chosen by (3.10) using nearly the same data points, these (γCV , hCV )

are strongly correlated, so that even if we use just one particular (γCV
N0+λν , h

CV
N0+λν), it already

contains information from the (γCV , hCV ) values obtained at some nearby time points.

Next we initialise an alternative ensemble. Since we want to mimic the prototype algorithm

at §3.1 for the new grid Ialt
γ,h, ideally we would compute the alternative ensemble E alt

tN0+λν
con-

taining m̃(·, tN0+λν |γ, h) for (γ, h) ∈ Ialt
γ,h, where m̃ is defined at (3.1). However, computing

m̃(·, tN0+λν |γ, h)would require storing all data up to time tN0+λν . Indeed, Ialt
γ,h does not contain

the same (γ, h) as Iℓγ,h, so the computations need to start from (X1, Y1). However, we cannot

store all past data in the streaming data setting (recall that the data stream is never-ending).

Hence the alternative ensemble should be constructed in such a way that access to the past data

is minimised.

With the above constraint in mind, we construct an alternative ensem-

ble which does not require access to any past data point. Let E alt
tN0+λν

=

{m̌alt(·, tN0+λν |γ, h); řalt(·, tN0+λν |γ, h), f̌alt(·, tN0+λν |γ, h) : (γ, h) ∈ Ialt
γ,h}, where

m̌alt(·, tN0+λν |γ, h) = m̌(·, tN0+λν |γCV
N0+λν , h

CV
N0+λν) for all (γ, h) ∈ Ialt

γ,h. That is, the

initial m̌alt(·, tN0+λν |γ, h)’s are all equal to the estimator m̌ selected at time tN0+λν from the
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ensemble EtN0+λν
. More formally, for (γ, h) ∈ Ialt

γ,h, let

m̌alt(x, tN0+λν |γ, h) =
řalt(x, tN0+λν |γ, h)
f̌alt(x, tN0+λν |γ, h)

(3.14)

with
řalt(x, tN0+λν |γ, h) = ř(x, tN0+λν |γCV

N0+λν , h
CV

N0+λν) ,

f̌alt(x, tN0+λν |γ, h) = f̌(x, tN0+λν |γCV

N0+λν , h
CV

N0+λν) .
(3.15)

Letting m̌alt(·, tN0+λν |γ, h) = m̌(·, tN0+λν |γCV
N0+λν , h

CV
N0+λν) for all (γ, h) ∈ Ialt

γ,h as in (3.14)

and (3.15) facilitates the derivation of some simple formulas for both m̌ and m̌alt, as we will see

in §3.2.2, making their theoretical analysis easier.

After this initialisation step, for k = N0 + λν + 1, N0 + λν + 2, . . . , m̌alt(·, tk|γ, h) will

be updated using (γ, h) ∈ Ialt
γ,h (see the next two paragraphs). Recall from the first paragraph

under Remark 3.1 that, ideally, we would have computed an alternative ensemble containing

the m̃(·, tk|γ, h)’s for (γ, h) ∈ Ialt
γ,h, if we had access to all past data. Now, by updating the

m̌alt(·, tk|γ, h)’s in the above way, after some time, m̌alt(·, tk|γ, h) will be sufficiently close to the

m̃(·, tk|γ, h) we would have computed, since ‘old’ data would have contributed in a minimal

way to m̃.

Updating alternative estimators. After the initialisation of the alternative ensemble E alt
tN0+λν

, we

experience a ‘transition period’ for another 2ν data, i.e. for k = N0+λν+1, . . . , N0+(λ+2)ν.

During this transition period we continue the routine updates (R1)–(R3) with the ensemble

Etk = {m̌(·, tk|γ, h); ř(·, tk|γ, h), f̌(·, tk|γ, h) : (γ, h) ∈ I1γ,h}. That is, we still compute the

ensemble Etk and the RCV scores RCVtk and adaptively select m̌(·, tk|γCV
k , hCV

k ) from Etk at

each time tk. However, we do not do routine checks since we have already decided, at time

tN0+λν , to start constructing an alternative ensemble. In addition to the routine updates, we also

update the alternative ensembles and the alternative RCV scores as follows.

For the first ν data that arise after the initialisation of E alt
tN0+λν

, i.e. for k =

N0 + λν + 1, . . . , N0 + (λ + 1)ν, we compute the alternative ensemble E alt
tk

=

{m̌alt(·, tk|γ, h); řalt(·, tk|γ, h), f̌alt(·, tk|γ, h) : (γ, h) ∈ Ialt
γ,h}, where m̌alt(·, tk|γ, h) =
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řalt(·, tk|γ, h)/f̌alt(·, tk|γ, h) with

řalt(x, tk|γ, h) = (1− γ)řalt(x, tk−1|γ, h) + γKh(x−Xk)Yk ,

f̌alt(x, tk|γ, h) = (1− γ)f̌alt(x, tk−1|γ, h) + γKh(x−Xk) . (3.16)

As at the initialisation stage at §3.2.1.1, we wait for more data to start computing alternative

RCV scores. Specifically, for the next ν data, i.e. for k = N0+(λ+1)ν+1, . . . , N0+(λ+2)ν,

we calculate, for all (γ, h) ∈ Ialt
γ,h, the alternative RCV scores for the estimators in E alt

tk
using

RCValt
tk
(γ, h) =


{
m̌alt(Xk, tk−1|γ, h)− Yk

}2
, k = N0 + (λ+ 1)ν + 1 ,

RCValt
tk−1

(γ, h) + {m̌alt(Xk, tk−1|γ, h)− Yk}2 ,

k = N0 + (λ+ 1)ν + 2, . . . , N0 + (λ+ 2)ν .

(3.17)

Then we compute E alt
tk

by updating řalt(·, tk−1|γ, h), f̌alt(·, tk−1|γ, h) and m̌alt(·, tk−1|γ, h) to

řalt(·, tk|γ, h), f̌alt(·, tk|γ, h) and m̌alt(·, tk|γ, h) using (3.16). As for RCVt in §3.2.1.1, we do

not use RCValt
tk

to select (γ, h) at this stage since it is computed using too few data.

Now we have updated the alternative estimators m̌alt using 2ν data and updated the alterna-

tive RCV scores RCValt
tk

using ν data. This is when we decide if we replace I1γ,h and ensemble Etk

with Ialt
γ,h and alternative ensemble E alt

tk
for future tk’s, using the alternative RCV scores. This is

done as follows.

Criterion for ensemble substitution. At tN0+(λ+2)ν , let

(γalt, halt) = arg min
(γ,h)∈Ialt

γ,h

RCValt
tN0+(λ+2)ν

(γ, h). (3.18)

Then we check whether the newly selected (γalt, halt) still lies in ⊏⊐1 (recall that I1γ,h is a grid on

⊏⊐1). If this is the case, then there is not enough evidence supporting ensemble substitution,

since the RCV still selects some (γalt, halt) ∈ ⊏⊐1, so that continuing to use I1γ,h may still be

appropriate. Hence we delete E alt
tN0+(λ+2)ν

and Ialt
γ,h and continue the routine updates and checks
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using I1γ,h, RCVt and Et as in §3.2.1.2.

On the other hand, if

(γalt, halt) ∈ ⊏⊐alt\⊏⊐k , (3.19)

where⊏⊐alt, defined at (3.13), denotes the range of Ialt
γ,h, then it implies that the RCV selects some

(γalt, halt) falling outside ⊏⊐1, so that that using I1γ,h may no longer be appropriate. Recall that

the way we construct ⊏⊐alt at (3.13) guarantees that ⊏⊐1 ∩⊏⊐alt 6= ∅. When (3.19) holds, we do

the ensemble substitution as follows.

Ensemble substitution.

(ES1) Let N1 = N0 + (λ + 2)ν denote the number of observations up to the first ensemble

substitution.

(ES2) Use the new candidate set I2γ,h = Ialt
γ,h instead of I1γ,h. Let

m̌(·, tN1|γ, h) = m̌alt(·, tN1 |γ, h) for all (γ, h) ∈ I2γ,h. Let EtN1
=

{m̌(·, tN1|γ, h); ř(·, tN1|γ, h), f̌(·, tN1|γ, h) : (γ, h) ∈ I2γ,h}.

(ES3) Let RCVtN1
(γ, h) = RCValt

tN1
(γ, h) for all (γ, h) ∈ I2γ,h.

(ES4) Continue routine updates as in (R1)–(R3) at page 127 and routine checks as at (3.11),

except that N0 and I1γ,h there are replaced by N1 and I2γ,h.

Remark 3.2. Instead of considering whether (γalt, halt) lies in ⊏⊐1 or not as at (3.19), where

(γalt, halt) is chosen at (3.18) by minimising the alternative RCV scores at only one time point

tN0+(λ+2)ν , we may use more than one (γalt, halt) values to determine if we do an ensemble

substitution as in (ES1)–(ES4). We shall investigate the latter approach in future work. However,

since different (γalt, halt) values chosen at consecutive time points would be strongly correlated

(the RCValt
tk

’s with similar k values are computed using nearly the same data points), the benefit

of using more (γalt, halt) values may be limited.

With the above procedure we have defined the initialisation of the SRA and how to proceed

till the first ensemble substitution. When there have been ℓ− 1 ensemble substitutions for some
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ℓ = 2, 3, . . . , we proceed analogously till the the ℓ-th ensemble substitution. That is, replacing

N0, N1 and I1γ,h with Nℓ−1, Nℓ and Iℓγ,h, we do the following: routine updates as in (R1)–(R3)

at page 127, routine checks as at (3.11), initialisation of the alternative ensemble as under (3.13),

initialisation of the alternative estimators as at (3.14), updating the alternative estimators as at

(3.16), updating the alternative RCV scores as at (3.17), ensemble substitution as in (ES1)–(ES4)

at page 133 if (3.19) holds.

Hence an iterative procedure for the SRA has been defined. See Figure 3.1 at page 144 for a

flowchart illustrating the SRA and Appendix 3.F for the pseudocode.

3.2.2 Summary of the SRA

In §3.2, the estimator m̌ and the RCV score were iteratively defined at t1, t2, . . . For the con-

venience of theoretical analysis, here we present their definitions for a generic time t ∈ R+

satisfying

nt ≥ N0 + 1, (3.20)

where nt is defined at (1.2) andN0 = 2ν is the number of observations used at the initialisation

step (see §3.2.1.1). That is, we only consider m̌(·, t|γ, h) and RCVt after the initialisation. This

is because, recalling from §3.2.1.1, the initialisation stage is only a short warm-up period for the

SRA, during which we do not use the RCV to select any (γ, h).

At time t ∈ R+, let

ℓt denote the index of the candidate set in use at time t, (3.21)

so that the candidate set at time t is Iℓtγ,h and the ensemble at time is equal to Et =

{m̌(·, t|γ, h); ř(·, t|γ, h), f̌(·, t|γ, h) : (γ, h) ∈ Iℓtγ,h}. Using this notation, there have been

ℓt − 1 ensemble substitutions up to time t and the ℓt-th ensemble substitution has not taken

place yet. Recall that N0 = 2ν and Nj , for j = 1, 2, . . . , denotes the number of data observed

up to the j-th ensemble substitution.
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3.2.2.1 Definition of m̌(x, t|γ, h)

Recalling the definition of m̂ at (1.9), in this section we will show that

m̌(x, t|γ, h) = m̂(x, t|γ̌t, ȟt) , (γ, h) ∈ Iℓtγ,h , (3.22)

where γ̌t = {γ̌i}i=1,...,nt and ȟt = {ȟi}i=1,...,nt are some specific choices of γ and h values. For

this, we need to see what specific choices of γ and h m̌(x, t|γ, h) has taken.

First we discuss the case ℓt = 1, i.e. no ensemble substitution has happened up to time t. In

this case, recall from §3.2.1.1 and (R2) that m̌ is initialised at time t1 by (3.6) and then we use

the same (γ, h) ∈ I1γ,h to update m̌(x, tk|γ, h) by (3.7), for k = 2, . . . , nt. This implies that, in

the case ℓt = 1, we have

(γ̌i, ȟi) = (γ, h) for i = 1, . . . , nt . (3.23)

In the case ℓt ≥ 2, for ℓ = 1, . . . , ℓt − 1, m̌(x, t|γ, h) uses the same (γ, h) value

(γCV
Nℓ−2ν , h

CV
Nℓ−2ν), selected by the RCV at time tNℓ−2ν , for data arriving between times tNℓ−1−2ν

and tNℓ−2ν . For observations arriving after tNℓt−1−2ν , m̌(x, t|γ, h) uses (γ, h). That is,

(γ̌i, ȟi) =



(γCV

N1−2ν , h
CV

N1−2ν) , for i = 1, . . . , N1 − 2ν ,

(γCV

N2−2ν , h
CV

N2−2ν) , for i = N1 − 2ν + 1, . . . , N2 − 2ν ,

...

(γ, h) , for i = Nℓt−1 − 2ν + 1, . . . , nt ,

(3.24)

Hence by (3.23) and (3.24) we have obtained the definition of the (γ̌i, ȟi)’s for both the cases

ℓt = 1 and ℓt ≥ 2.

Thus by (3.22), (3.23) and (3.24) we have shown that m̌ can be written as a special case of

m̂ at (1.9), taking {(γ̌i, ȟi)}i=1,...,nt defined at (3.24). That is, for a given t ∈ R+, m̌(x, t|γ, h)

uses blockwise defined (γ, h) values for data arriving up to time t. In Proposition 3.1 we will
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see that, as long as ν is not too small, this guarantees that m̌(x, t|γ, h) is close to m̃(x, t|γ, h)

at (3.1). That is, although m̌(x, t|γ, h) takes some different (γ, h) values for data arriving up to

time tNℓt−1
, those (γ, h) values have very little influence on the estimator at time t.

3.2.2.2 Definitions of RCVt, RCValt
t and m̌alt

t

To deduce the definition of RCVt, first note that, in the case ℓt = 1, we initialise the RCV

scores using (3.8) and update them using (3.9). This implies that, in the case ℓt = 1, we have

RCVt(γ, h) =
∑nt−1

i=ν {m̌(Xi+1, ti|γ, h)− Yi+1}2.

In the case ℓt ≥ 2, recall from §3.2.1.3 that the last ensemble substitution happens at time

tNℓt−1
. For the last ν data arriving up to this ensemble substitution, we update the alternative

RCV scores by (3.17). That is, for k = Nℓt−1 − ν + 1, . . . , Nℓt−1, we have, for (γ, h) ∈ Ialt
γ,h,

RCValt
tk
(γ, h) =

k−1∑
i=Nℓt−1−ν

{m̌alt(Xi+1, ti|γ, h)− Yi+1}2 ,

where

m̌alt(x, ti|γ, h) = m̂(x, ti|γalt
ti
,halt

ti
) , (3.25)

with m̂ defined at (1.9) and γalt
ti

= {γalt
j }j=1,...,i, halt

ti
= {halt

j }j=1,...,i denoting some specific

choices of γ and h values (we will derive the definition of the (γalt
j , h

alt
j )’s towards the end of this

section). Then, at time tNℓt−1
, these alternative scores are redefined as the RCV scores (see (ES3)

at page 133). After time tNℓt−1
, we continue updating the RCV scores using (3.9).
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We summarise the above derivations into the following formula: for (γ, h) ∈ Iℓtγ,h,

RCVt(γ, h) =



nt−1∑
i=ν

{m̌(Xi+1, ti|γ, h)− Yi+1}2, if ℓt = 1 ,

Nℓt−1−1∑
i=Nℓt−1−ν

{m̌alt(Xi+1, ti|γ, h)− Yi+1}2

+
nt−1∑

i=Nℓt−1

{m̌(Xi+1, ti|γ, h)− Yi+1}2, if ℓt ≥ 2 .

(3.26)

where m̌alt(·, ti|γ, h) is defined at (3.25).

To conclude this section, we still need to derive what specific choices of γ and h

m̌alt(x, ti|γ, h) at (3.25) has taken. For this, it suffices to see that, since these m̌alt’s are go-

ing to be redefined as m̌’s in the ensemble substitution at time tNℓt−1
(see (ES2) at page 133),

m̌alt(x, ti|γ, h) takes the same (γ, h) values for data arriving up to time ti as m̌alt(x, tNℓt−1
|γ, h).

That is, we have (γalt
j , h

alt
j ) = (γ̌j, ȟj) for j = 1, . . . , i, where (γ̌j, ȟj) is defined at (3.24).

Specifically, we have obtained

(γalt
j , h

alt
j ) =



(γCV

N1−2ν , h
CV

N1−2ν) , for j = 1, . . . , N1 − 2ν ,

(γCV

N2−2ν , h
CV

N2−2ν) , for j = N1 − 2ν + 1, . . . , N2 − 2ν ,

...

(γ, h) , for j = Nℓt−1 − 2ν + 1, . . . , i ,

(3.27)

3.3 Theoretical analysis

In this section, we consider the asymptotic behaviours of m̌ at (3.22) and RCVt at (3.26) in the

infill asymptotics setting (see §1.3.4.3), i.e. as ∆t → 0. Recalling from (1.1) that this implies

that the arrival times {ti}i=1,2,... of the data stream are denser and denser on R+ and, by (1.2),

we also have nt → ∞ for any given time t ∈ R+. Although in practice ∆t is usually fixed,
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infill asymptotics allow us to investigate how the estimator will behave if we have more and more

observations locally in time.

We first present a result establishing that, for a time t ∈ R+, the difference between

m̌(x, t|γ, h) at (3.22) and m̃(x, t|γ, h) at (3.1) is small. Recall that m̃(x, t|γ, h) uses the same

(γ, h) for all past data and hence it is often simpler to analyse than m̌(x, t|γ, h). Indeed, we shall

make use of this result to establish the asymptotic normality of m̌(x, t|γ, h) in Theorem 3.1.

Recall that we observe a data stream {(Xi, Yi)}i=1,2,... from the model (1.3) with arrival times

{ti}i=1,2,... defined at (1.1) and eachXi ∼ f(·, ti). Also recall that ν defined at the beginning of

§3.2.1.1 determines how often we check for alternative ensembles. Let ⊏⊐ℓ denote the range of

the candidate set Iℓγ,h as at (3.5). Let #(Iℓγ,h) denote the cardinality of Iℓγ,h. For a given ∆t > 0,

let α(∆t, k) denote the k-th order α-mixing coefficient of {Xi}i=1,2,.... See Appendix 3.B.1 for

the definition of α(∆t, k).

For Proposition 3.1, we assume:

(C1) There exist constants δ ∈ (0, 1) and a1, a2 ∈ (0, 1) with 1/2 < a1 − a2 < 1 such that

for ℓ = 1, 2, . . . , we have ⊏⊐ℓ ⊂ ⊏⊐, where ⊏⊐ = [γm, γM ]× [hm, hM ] ⊂ (0, 1)× (0,∞) with

γm = δ∆ta1 , γM = ∆ta1/δ, hm = δ∆ta2 and hM = ∆ta2/δ.

(C2) There exists b ∈ (a1, 1) such that ν ∈ [δ∆t−b,∆t−b/δ], where δ and a1 are defined in

Condition (C1).

(C3) #(Iℓγ,h) = O(∆t−c) uniformly in ℓ with

0 ≤ c < max
{
(a+ 1)(2 + ς)(a1 − a2)

a+ 2 + ς
− 2a2 − 2, (a+ 1)(a1 − a2)− 2a2 − 2

}
, (3.28)

where a1 and a2 are defined in Condition (C1), ς is defined in Condition (C7) and a is defined

in Condition (C8).

(C4) m and all its partial derivatives up to order 3 exist and are uniformly bounded.

138



3.3 Theoretical analysis

(C5) f and all its partial derivatives up to order 3 exist and are uniformly bounded.

(C6) The kernel functionK is positive, continuous, symmetric, vanishes outside of [−1, 1] and

satisfies
∫
K(u) du = 1.

(C7) {ϵi}i=1,2,... is i.i.d. and independent from {Xi}i=1,2,... and satisfies E(ϵi) = 0, var(ϵi) =

σ2 > 0 and P(|ϵ1| > x) ≤ x−(2+ς) for some ς > max
{
0, (4a2 − 2a1 + 2)/(a1 − a2)

}
, where

a1, a2 are defined in Condition (C1).

(C8) For any integer k ≥ 1, sup∆t>0 α(∆t, k) ≤ Ck−a for some constants C > 0 and

a > max
{
3

2
,
2(a2 + 1)

a1 − a2
− 1,

(2 + ς)(2− a1 + 3a2)

(2 + ς)a1 − (4 + ς)a2 − 2

}
,

where a1 and a2 are defined in Condition (C1) and ς is defined in Condition (C7).

Condition (C1) implies that (γCV
k , hCV

k ) ∈ ⊏⊐, since by (3.10), (γCV
k , hCV

k ) is selected from

some Iℓγ,h. Hence (3.24) and (3.27) imply that

(γ̌i, ȟi) ∈ ⊏⊐ and (γalt
i , h

alt
i ) ∈ ⊏⊐. (3.29)

Note from (1.2) that Condition (C2) implies that, as ∆t → 0, ν increases to infinity faster

than γ−1
M . This guarantees that, when we do the substitution m̌(·, tNℓ

|γ, h) = m̌alt(·, tNℓ
|γ, h)

at (ES2) for ℓ = 1, 2, . . . , the alternative estimator m̌alt(·, tNℓ
|γ, h) is asymptotically equivalent

to m̃(·, tNℓ
|γ, h), where m̃ defined at (3.1) uses the same (γ, h) value for all past data points.

Indeed, recall from §3.2.1.3 that for k = Nℓ−2ν+1, . . . , Nℓ, m̌alt(·, tNℓ
|γ, h) is updated using

(3.16). That is, up to time tNℓ
, m̌alt(·, tNℓ

|γ, h) has been updated using the same (γ, h) value for

2ν data. Since the influence of old data decreases exponentially fast, when ν is large enough, the

difference between m̌alt(·, tNℓ
|γ, h) and m̃(·, tNℓ

|γ, h) becomes small. However, we still require

that ν∆t → 0 as ∆t → 0, which implies, recalling from (1.2), that ν is small compared to nt.

This is because ν also controls how often we check if we need to construct alternative ensembles,
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so that ν cannot be too large, otherwise we would use an inappropriate ensemble for too long

before we can finally substitute it with an alternative one.

We impose Condition (C3) on the cardinality of Iℓγ,h since Proposition 3.1 proves that m̌

and m̃ are close uniformly in (γ, h). Therefore, although #(Iℓγ,h) can either stay finite (c = 0) or

increases polynomially fast as ∆t→ 0 (c > 0) under Condition (C3), it cannot grow too fast.

Conditions (C4)–(C6) are some standard smoothness conditions, requiring that the regres-

sion function m, the density f and the kernel K are all smooth enough. See, for example, Vogt

(2012) and Zhang and Wu (2015).

Conditions (C3), (C7) and (C8) involve some complicated upper and lower bounds for the

constants c, ε and a. We use an example to show how these conditions can hold simultane-

ously. First, we take a1 = 5/7 and a2 = 1/7 satisfying Condition (C1) (we will show below

Theorem 3.1 that these choices of a1 and a2 lead to the optimal convergence rate for m̌). Then

Condition (C7) implies that ε > 2 and Condition (C8) requires a > 3+12/(ς − 2), where the

latter is comparable to a > 3+ 8/ς needed in Vogt (2012). Finally, under these restrictions, the

right hand side of (3.28) is strictly positive, so that Condition (C3) can also hold.

The next proposition shows that the difference between m̌(x, t|γ, h) at (3.22) and

m̃(x, t|γ, h) at (3.1) is small uniformly in x and (γ, h) ∈ Iℓtγ,h, where ℓt is defined at (3.21).

See Appendix 3.D for its proof.

Proposition 3.1. Assume that Conditions (C1)–(C8) hold. Suppose t ∈ R+ is a given time satisfying

(3.20). For any compact set K ⊂ R such that infx∈K f(x, t) > 0, there exists ζ > 0 such that

sup
x∈K

sup
(γ,h)∈Iℓtγ,h

∣∣m̌(x, t|γ, h)− m̃(x, t|γ, h)
∣∣ = op

{
exp(−ζ∆t−1)

}
, as ∆t→ 0. (3.30)

Note that the convergence rate op
{
exp(−ζ∆t−1)

}
in (3.30) is not the fastest possible and can

be further improved. However, since this exponentially fast convergence rate already serves our

purpose well (see discussions below), we leave the sharpening of the convergence rate to future

work.

The above proposition implies that, at time t, the estimators m̌(x, t|γ, h) ∈ Et used in the
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SRA in §3.2 is asymptotically equivalent to the estimators m̃(x, t|γ, h) ∈ E 0
t used in the pro-

totype algorithm in §3.1, taking Iγ,h = Iℓtγ,h. Hence, selecting an estimator from Et is asymp-

totically equivalent to selecting one from E 0
t . This is because the SRA mimics the prototype

algorithm, although the former is free from the computational issues mentioned in §3.1.3.

Proposition 3.1 is also useful for analysing asymptotic properties of m̌(x, t|γ, h), since

m̃(x, t|γ, h) uses (γ, h) for all observations and is simpler to analyse. Indeed, we shall make

use of Proposition 3.1 to establish the asymptotic normality of m̌(x, t|γ, h). For that, we will

need some additional conditions as follows.

For a given ∆t > 0, let ρ(∆t, k) denote the k-th order ρ-mixing coefficient of {Xi}i=1,2,...

(see Appendix 3.B.1 for the definition of ρ(∆t, k)). Let X and Y denote two random variables

with marginal densities fX and fY and joint density fX,Y . Following equation (1.12) of Bosq

(1998, p. 22), we define the local measure of dependence between two random variables X and

Y as

gX,Y (x, y) = fX,Y (x, y)− fX(x)fY (y). (3.31)

Now, let gij = gXi,Xj
denote the local measure of dependence between two covariates Xi and

Xj for some i 6= j. Then we have gij(x, y) = fij(x, y) − f(x, ti)f(y, tj), where fij denotes

the joint density of Xi and Xj .

In addition to Conditions (C1)–(C8), we make the following assumptions:

(C9) sup∆t>0 ρ(∆t, 1) < 1.

(C10) Given some i 6= j, there exists a constant L > 0 such that

|gij(x′, y′)− gij(x, y)| ≤ L(|x′ − x|2 + |y′ − y|2)1/2,

for any x, x′, y, y′ ∈ R.

Condition (C9) implies that the correlation coefficient between Xi and Xi+1 is bounded away

from ±1, which is sufficiently mild (Peligrad, 1996). Condition (C10), implying that the local

141



CHAPTER 3

measure of dependence gij is Lipschitz continuous, is standard in the literature of nonparametric

estimation for dependent data (Bosq, 1998, p. 23).

We introduce the following notations: for functions g, g1, g2 : R × R+ 7→ R, let gx =

∂g/∂x, gt = ∂g/∂t, (g1 · g2)(x, t) = g1(x, t)g2(x, t) and

µ2
K,2 =

∫
u2K(u) du, RK =

∫
K2(u) du. (3.32)

Then the next theorem establishes the asymptotic normality of m̌, defined at (3.22). See Ap-

pendix 3.E for its proof.

Theorem 3.1. Assume that Conditions (C1)–(C10) hold. Assume also that 1/7 ≤ a2 < a1 ≤ 5/7,

where a1 and a2 are defined in Condition (C1). Suppose (γ, h) ∈ Iℓtγ,h and (x, t) ∈ R × R+ is

given and satisfies f(x, t) > 0. Then we have

1√
V

{
m̌(x, t|γ, h)−m(x, t)−B

}
⇒ N(0, 1), as ∆t→ 0, (3.33)

where⇒ denotes convergence in distribution and where

V =
RK

2

γ

h

σ2

f(x, t)
+ o(γ/h) (3.34)

and

B =

{
1

2
mxx(x, t) +

(mx · fx
f

)
(x, t)

}
µK,2h

2

+

{(m · ft
f

)
(x, t)−mx(x, t)−

(m · fx
f

)
(x, t)

}
∆t

γ
. (3.35)

Equations (3.33)–(3.35) imply that the fastest convergence rate of m̌(x, t|γ, h) tom(x, t) is

attained when we take γ � ∆t5/7 and h � ∆t1/7 so thatB �
√
V � ∆t2/7, which implies that

the fastest convergence rate in distribution is ∆t2/7. Using (1.2), we have ∆t2/7 � n
−2/7
t , which

is slightly slower than the convergence rate in distribution n−1/3
t of the regression estimators in

Vogt (2012) and Zhang and Wu (2015). Recall from §2.2 that SKDE also has slower convergence
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rate compared to the temporal KDE (1.13) in Hall et al. (2006). Discussions on the different

convergence rates of density estimators in §2.3 are still applicable in the regression case.

For an illustration of the finite-sample behaviour of the SRA, see §4.1.2 and §4.2.2 for some

simulation studies and real data examples.
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Start

Sequentially read data points

Initialisation (§3.2.1.1)

Routine updates and checks (§3.2.1.2) Output estimates
m̌(·, t|γCV

k , hCV
k )

(3.11) satisfied?

Initialise & update
alternative ensemble (§3.2.1.3)

(3.19) satisfied?

Ensemble
substitution (§3.2.1.3)

Delete alternative
ensemble

yes

no

yes

no

Figure 3.1: Flowchart of the SRA defined in §3.2. There is no ‘end’ node since the data stream
might be never-ending.
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3.A Notation

We summarise the notations that will be used in the appendices.

Data. We observe a data stream {(Xi, Yi)}i=1,2,... from the model (1.3) with arrival times

{ti}i=1,2,... defined at (1.1) and each Xi ∼ f(·, ti). Let nt denote the number of observations

arriving up to time t satisfying (1.2).

Streaming regression algorithm (SRA). Appendix 3.F gives the pseudocode for the SRA de-

fined in §3.2. Note from there that ν is an integer determining how often the algorithm checks

for alternative ensembles. Also note that N0 = 2ν (line 2 in Algorithm F2) and Nℓ denotes the

number of observations arriving up to the ℓ-th ensemble substitution (line 7 in Algorithm F7).

In Algorithm F1, we can see that λ increases by at least 1 after the while loop (lines 11–14) and

it increase by 2 after the for loop (lines 16–23). Hence we have λ ≥ 3 in line 7, which implies

Nℓ − Nℓ−1 ≥ 3ν, for ℓ = 1, 2, . . . Finally, recall that for a time t > 0, ℓt denote the integer

satisfying (3.21).

Regression estimators. In view of (1.11) and (1.12), we obtain from (3.1), (3.22) and (3.25)

that

r̃(x, t|γ, h) =
nt∑
i=1

w̃nt,iKh(x−Xi)Yi, f̃(x, t|γ, h) =
nt∑
i=1

w̃nt,iKh(x−Xi), (3.A.1)
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ř(x, t|γ, h) =
nt∑
i=1

w̌nt,iKȟi
(x−Xi)Yi, f̌(x, t|γ, h) =

nt∑
i=1

w̌nt,iKȟi
(x−Xi), (3.A.2)

řalt(x, ti|γ, h) =
i∑

j=1

walt
i,jKhalt

j
(x−Xj)Yj, f̌alt(x, ti|γ, h) =

i∑
j=1

walt
i,jKhalt

j
(x−Xj), (3.A.3)

where

w̃nt,i =


(1− γ)nt−1, for i = 1,

γ(1− γ)nt−i, for i = 2, . . . , nt,
(3.A.4)

w̌nt,i =



nt∏
j=2

(1− γ̌j), for i = 1,

γ̌i

nt∏
j=i+1

(1− γ̌j), for i = 2, . . . , nt,

(3.A.5)

and

walt
i,j =



i∏
k=2

(1− γalt
k ), for j = 1,

γalt
j

i∏
k=j+1

(1− γalt
k ), for j = 2, . . . , i,

(3.A.6)

with (γ̌i, ȟi) defined by (3.23) and (3.24) and (γalt
j , h

alt
j ) defined by (3.27).

Essential supremum. Let ‖ · ‖∞ denote the essential supremum. That is, for a real-valued

random variable, ‖X‖∞ = inf{x > 0 : |X| ≤ x a.s.}; under Lebesgue measure, for a real and

measurable function f : R 7→ R, ‖f‖∞ = inf{C > 0 : |f(x)| ≤ C for almost every x}.

Asymptotic orders. Let a = a(∆t) and b = b(∆t) be two functions of ∆t and b 6= 0 for all

∆t > 0. We write a ∼ b if lim∆t→0 ab
−1 = 1, a = o(b) if lim∆t→0 ab

−1 = 0, a = O(b) if

lim sup∆t→0 |ab−1| <∞ and a � b if both a = O(b) and b = O(a).
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3.B Some known results

3.B.1 Mixing conditions

Mixing conditions are often used to characterise the dependence structure of time series (Bosq,

1998, Chapter 1; Bradley, 2005; Peligrad, 1996). Among various mixing conditions, α-mixing

and ρ-mixing are two commonly used ones. Here we present the definitions of the α-mixing and

the ρ-mixing coefficients.

Let (Σ,F , P) denote a probability space, theα-mixing coefficient, measuring the dependence

between two σ-algebras A,B ∈ F , is defined as

α0(A,B) = sup
A∈A,B∈B

| P(A ∩B)− P(A) P(B)|. (3.B.1)

The ρ-mixing coefficient is given by

ρ0(A,B) = sup
{
| corr(X,Y )| : X ∈ L2(A), Y ∈ L2(B)

}
, (3.B.2)

where corr(·, ·) denotes the correlation coefficient and L2(A) the space of all A-measurable

random variables X satisfying E(|X|2) < ∞. When A and B are independent, we have

α0(A,B) = ρ0(A,B) = 0.

Now consider the data stream {(Xi, Yi)}i=1,2,... with arrival times defined at (1.1). For a

given ∆t > 0, the k-th order α-mixing coefficient of the covariate sequence {Xi}i=1,2,... is

defined as

α(∆t, k) = sup
i=1,2,...

α0

{
σ(Xj, j ≤ i), σ(Xj, j ≥ i+ k)

}
, (3.B.3)

where σ(Xj, j ≤ i) and σ(Xj, j ≥ i+ k) denote the σ-algebras generated by {Xj}j=1,...,i and

{Xj}j=i+k,j+k+1,..., respectively. Note that we have∆t in (3.B.3) since, by (1.1), the arrival time

tj of Xj depends on ∆t, and hence its density f(·, tj) also depends on ∆t. Similarly, the k-th
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order ρ-mixing coefficient of {Xi}i=1,2,... is defined as

ρ(∆t, k) = sup
i=1,2,...

ρ0
{
σ(Xj, j ≤ i), σ(Xj, j ≥ i+ k)

}
. (3.B.4)

3.B.2 Technical results

The next lemma, known as summation by parts (Elaydi, 2005, pp. 62–63), will be frequently

used in the proofs.

Lemma 3.B.1. Let {ai}i=0,...,n and {bi}i=0,...,n denote two sequences of real numbers, then

n∑
i=0

aibi = a0

n∑
i=0

bi +
n−1∑
j=0

(aj+1 − aj)
n∑

i=j+1

bi.

The next lemma gives the asymptotic orders of the p-series
∑n

i=1 i
−p. See Goel and Rodriguez

(1987) for its proof.

Lemma 3.B.2. Let p ∈ (0,∞) denote a constant, then we have, as n→∞,

n∑
i=1

1

ip
=


O(1), if p ∈ (1,∞),

O(logn), if p = 1,

O(n1−p), if p ∈ (0, 1),

(3.B.5)

If p > 1, then we also have

∞∑
i=n

1

ip
= O(n1−p), as n→∞. (3.B.6)

The next lemma can be found in Chung (2000, p. 52).

Lemma 3.B.3. Let X be a positive random variable. Then

E(X) =

∫ ∞

0

P(X > x) dx.

148



3.B Some known results

The following two lemmas are Lemma 1.3 and formula (1.11) from Bosq (1998). The latter

is also known as Billingsley’s inequality. In both lemmas, let X and Y denote two real-valued

univariate random variables, σ(X) and σ(Y ) denote the σ-algebras generated by X and Y and

let α0{σ(X), σ(Y )} denote their α-mixing coefficient, defined at (3.B.1). Let g(X,Y ) denote

their local measure of dependence, defined at (3.31).

Lemma 3.B.4. If there exists a constant L > 0 such that

|g(X,Y )(x
′, y′)− g(X,Y )(x, y)| ≤ L

{
|x′ − x|2 + |y′ − y|2

}1/2
,

for any x, x′, y, y′ ∈ R, then there exists a constant C = C(L) such that

‖g(X,Y )‖∞ ≤ Cα
1/3
0 {σ(X), σ(Y )}.

Lemma 3.B.5. Suppose ‖X‖∞ <∞ and ‖Y ‖∞ <∞. Then

|cov(X,Y )| ≤ 4‖X‖∞‖Y ‖∞α0{σ(X), σ(Y )}.

The following result is Theorem 2.2 from Peligrad (1996). See also Theorem 1.1 in Bradley

and Tone (2017) for a more general version. Let {ξn,i : 1 ≤ i ≤ n} denote a triangular array of

zero-mean random variables. For each n, define the k-th order α-mixing coefficient of {ξn,i} by

α̃(n, k) = sup
1≤j≤n−k

α0

{
σ(ξn,i, 1 ≤ i ≤ j), σ(ξn,i, j + k ≤ i ≤ n)

}
, (3.B.7)

for k = 1, . . . , n − 1, where α0 is defined at (3.B.1). Similarly, define the ρ-mixing coefficient

of {ξn,i} by

ρ̃(n, k) = sup
1≤j≤n−k

ρ0
{
σ(ξn,i, 1 ≤ i ≤ j), σ(ξn,i, j + k ≤ i ≤ n)

}
, (3.B.8)
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for k = 1, . . . , n− 1, where ρ0 is defined at (3.B.2). Let

Sn =
n∑

i=1

ξn,i and σ2
n = var(Sn). (3.B.9)

Then the next theorem establishes a central limit theorem for {ξn,i}.

Theorem 3.B.1. Assume that the following two mixing conditions hold:

(C1) supn≥1 α̃(n, k)→ 0 as k →∞.

(C2) supn≥1 ρ̃(n, 1) < 1.

Assume also that the following Lyapunov condition holds:

(C3) There exists some constant c > 0 such that

lim
n→∞

1

σ2+c
n

n∑
i=1

E(ξ2+c
n,i ) = 0,

where Sn and σn are defined in (3.B.9)

Then we have
Sn

σn
⇒ N(0, 1), as n→∞,

where⇒ denotes convergence in distribution.

The following is the Fuk–Nagaev inequality forα-mixing sequences (Rio, 2013, p. 102–105).

Theorem 3.B.2. Let {ξn,i} denote a triangular array of zero-mean random variables with α-mixing

coefficients {α̃(n, k)} defined at (3.B.7). Assume α̃(n, k) ≤ Ck−a, for some constants C > 0 and

a > 1. Assume also that there exists some constant C0, C1 > 0 and p > 2 such that

P(|ξn,i| > x) ≤ C1x
−p, for any x > C0 . (3.B.10)
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Let σ̄2
n =

∑n
i,j=1 | cov(ξn,i, ξn,j)|. Then for any λ ≥ 1, there exists a constant κ = κ(λ, a, p) that

depends on λ, a and p such that for all η > 0,

P(|Sn| ≥ η) ≤ κ

{(
1 +

η2

λσ̄2
n

)−λ/2

+
n

λ

(
λ

η

)(a+1)p/(a+p)}
. (3.B.11)

Furthermore, if ‖ξn,i‖∞ ≤ 1 holds for all i, then for any λ ≥ 1, there exists a constant κ = κ(λ, a)

that depends on λ and a such that for all η > 0

P(|Sn| ≥ η) ≤ κ

{(
1 +

η2

λσ̄2
n

)−λ/2

+
n

λ

(
λ

η

)a+1}
. (3.B.12)

3.C Some technical lemmas

In this section we prove some lemmas needed the proofs of Proposition 3.1 and Theorem 3.1.

Lemma 3.C.1. Under Condition (C7), we have E |ϵ1|2+c <∞, for any c ∈ (0, ς).

Proof. For some c ∈ (0, ς), where ς is defined in Condition (C7), we have

E |ϵi|2+c =

∫ ∞

0

P
(
|ϵi|2+c > x

)
dx =

∫ ∞

0

P
{
|ϵi| > x1/(2+c)

}
dx

≤
∫ ∞

0

x−(2+ς)/(2+c) dx <∞, (3.C.1)

where we used Lemma 3.B.3 to get the first line and Condition (C7) and the fact that (2 +

ς)/(2 + c) > 1 to get the last inequality.

The following lemma states some standard arithmetic results, useful for the proof of some

other lemmas in this section.

Lemma 3.C.2. For γ ∈ (0, 1), we have

n∑
i=0

(1− γ)i = 1

γ
− (1− γ)n+1

γ
, (3.C.2)
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n∑
i=0

(1− γ)2i = 1

γ(2− γ)
− (1− γ)2(n+1)

γ(2− γ)
, (3.C.3)

n∑
i=0

i(1− γ)i = 1

γ2
− 1

γ
−
( 1

γ2
+
n

γ

)
(1− γ)n+1 , (3.C.4)

n∑
i=0

i2(1− γ)i = 2

γ3
− 3

γ2
+

1

γ
−
( 2

γ3
+

2n− 1

γ2
+
n2

γ

)
(1− γ)n+1 . (3.C.5)

Proof. We only demonstrate (3.C.4) and (3.C.5) below since the proof of (3.C.2) and (3.C.3)

are straightforward.

To show (3.C.4), note that in view of Lemma 3.B.1, we have

n∑
i=0

i(1− γ)i =
n∑

i=0

i(1− γ)i =
n−1∑
j=0

n∑
i=j+1

(1− γ)i

=
1

γ

n−1∑
j=0

{(1− γ)j+1 − (1− γ)n+1} = 1

γ

n−1∑
j=0

(1− γ)j+1 − n(1− γ)n+1

γ
.

From there, as (3.C.2) implies that the first term of the right hand side of the last equality can

be expressed as

1

γ

n−1∑
j=0

(1− γ)j+1 =
(1− γ)
γ

n−1∑
j=0

(1− γ)j = (1− γ)
γ2

{
1− (1− γ)n

}
,

it follows that

n∑
i=0

i(1− γ)i = (1− γ)
γ2

{
1− (1− γ)n

}
− n(1− γ)n+1

γ

=
1

γ2
− 1

γ
− (1− γ)n+1

γ2
− n(1− γ)n+1

γ
,

which proves (3.C.4).

Next we show (3.C.5). For this, using (3.C.4), we first compute that

n−1∑
j=0

(2j + 1)(1− γ)j+1 = (1− γ)
{
2

n−1∑
j=0

j(1− γ)j +
n−1∑
j=0

(1− γ)j
}
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= (1− γ)
{ 2

γ2
− 2

γ
− 2(1− γ)n

γ2
− 2(n− 1)(1− γ)n

γ
+

1− (1− γ)n

γ

}
= (1− γ)

{ 2

γ2
− 1

γ
− 2(1− γ)n

γ2
− (2n− 1)(1− γ)n

γ

}
Therefore,

n−1∑
j=0

(2j + 1)(1− γ)j+1 = 1− 3

γ
+

2

γ2
− 2(1− γ)n+1

γ2
− (2n− 1)(1− γ)n+1

γ
.

Since
n−1∑
j=0

(2j + 1) = n2 ,

we deduce from the above computations and combined with an application of Lemma 3.B.1 that

n∑
i=0

i2(1− γ)i =
n−1∑
j=0

(2j + 1)
n∑

i=j+1

(1− γ)i = 1

γ

n−1∑
j=0

(2j + 1){(1− γ)j+1 − (1− γ)n+1}

=
1

γ

n−1∑
j=0

(2j + 1)(1− γ)j+1 − (1− γ)n+1

γ

n−1∑
j=0

(2j + 1)

=
2

γ3
− 3

γ2
+

1

γ
− (1− γ)n+1

( 2

γ3
+

2n− 1

γ2
+
n2

γ

)
.

This concludes the proof of (3.C.5).

Recall the definition of ν at the beginning of §3.2.1.1 and the definitions of γm and γM in

Condition (C1).

Lemma 3.C.3. Let t > 0. Under Conditions (C1) and (C2), there exists a constant κ > 0 such that

for any γ ∈ [γm, γM ], it holds uniformly in s ∈ [tN0 , t] that as ∆t→ 0:

(1− γ)ns−1 ≤ (1− γ)ν ≤ exp
(
−∆t−κ

)
. (3.C.6)

Proof. By a first-order Taylor expansion of ex around 0, we have ex = 1 + x + eθx2/2 for

some θ between 0 and x, which implies 1 − x ≤ e−x. As under Condition (C1) we have
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γm = δ∆ta1 ≤ γ, and since Condition (C2) guarantees that ν ∈ [δ∆t−b,∆t−b/δ] for a given

δ ∈ (0, 1), we therefore have that

(1− γ)ν ≤ (1− γm)ν ≤ e−γmν ≤ exp
(
−δ2∆ta1−b

)
.

As by Condition (C2) δ > 0 and a1 − b < 0, taking any κ′ ∈ (0, b − a1) entails

exp(−δ2∆ta1−b) ≤ exp(−∆t−κ′
) as ∆t→ 0. Hence, we have proved that

(1− γ)ν ≤ exp
(
−∆t−κ′)

as ∆t→ 0 . (3.C.7)

To conclude the proof of the announced result, note from (3.20) that ns ≥ N0 for any s ∈

[tN0 , t]. Also, from the definition ofN0 at the beginning of §3.2.1.1, we haveN0 = 2ν ≥ ν+1

since ν ≥ 1, and hence (1− γ)ns−1 ≤ (1− γ)ν as γ ∈ (0, 1). Combining the latter inequality

to (3.C.7) yields (3.C.6).

Recalling the definitions of w̃nt,i, ti and nt at (3.A.4), (1.1) and (1.2), respectively, we have

the next lemma.

Lemma 3.C.4. For any γ ∈ (0, 1) and t > 0 satisfying nt ≥ 2, we have
∑nt

i=1 w̃nt,i = 1.

Proof. From (3.A.4), we have

nt∑
i=1

w̃nt,i = (1− γ)nt−1 + γ

nt∑
i=2

(1− γ)nt−i = (1− γ)nt−1 + γ

nt−2∑
j=0

(1− γ)j

= (1− γ)nt−1 + 1− (1− γ)nt−1 = 1,

where we used (3.C.2) with n = nt − 2.

Lemma 3.C.5. Let t > 0 satisfy (3.20). Then, under Conditions (C1) and (C2), for any γ ∈

[γm, γM ], where γm, γM are defined in Condition (C1), we have uniformly in s ∈ [tN0+1, t] and as
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∆t→ 0 that

ns∑
i=1

w̃2
ns,i =

γ

2
+ o(∆t) . (3.C.8)

Proof. Using (3.A.4), we compute that

ns∑
i=1

w̃2
ns,i = (1− γ)2(ns−1) + γ2

ns∑
i=2

(1− γ)2(ns−i) = γ2
ns−2∑
j=0

(1− γ)2j + (1− γ)2(ns−1)

=
γ

2− γ
+

(1− γ)2(ns−1)

2− γ
+ (1− γ)2(ns−1) ,

where the last line followed by an application of (3.C.3) with n = ns − 2.

From there, as γ ∈ (0, 1), and since by Condition (C1) we have γ � ∆ta1 with a1 >

1/2, it follows that γ/(2 − γ) = γ/2 + o(∆t) as ∆t → 0. Moreover, since γ < 1 implies

(2 − γ)−1(1 − γ)2(ns−1) ≤ (1 − γ)2(ns−1) ≤ (1 − γ)ns−1, we have in view of Lemma 3.C.3

that under Conditions (C1) and (C2) the second and third terms on the last line of the above

display are o(∆t) uniformly in s ∈ [tN0+1, t]. Plugging the latter results into the above equation

concludes the proof of the lemma.

Lemma 3.C.6. Let g : R+ → R denote a twice-differentiable function such that there exists a

constantM > 0 satisfying max{‖g‖∞, ‖g′‖∞, ‖g′′‖∞} ≤ M . Under Conditions (C1) and (C2),

for any γ ∈ [γm, γM ] and any t > 0 satisfying (3.20), we have uniformly in s ∈ [tN0+1, t] that as

∆t→ 0,
ns∑
i=1

w̃ns,ig(ti) = g(s)− ∆t

γ
g′(s) + o(∆t/γ) (3.C.9)

and
ns∑
i=1

w̃2
ns,ig(ti) =

γ

2
g(s) + o(∆t) . (3.C.10)

Proof. We first prove (3.C.9). In view of (3.A.4) and of Lemma 3.C.4, we obtain using first-order
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Taylor expansions of the g(ti)’s around s that there exist θ1, . . . , θns such that

ns∑
i=1

w̃ns,ig(ti) =
ns∑
i=1

w̃ns,i

{
g(s)− (s− ti)g′(s) +

1

2
(s− ti)2g′′(θi)

}
= g(s)− g′(s)S1(s) +

1

2
S2(s), (3.C.11)

where S1(s) =
∑ns

i=1 w̃ns,i(s − ti) and S2(s) =
∑ns

i=1 w̃ns,i(s − ti)
2g′′(θi). From there, to

show (3.C.9), we next derive the representations of S1(s) and S2(s) as ∆t→ 0.

We start with S1(s). As s− ti = (s− tns) + (tns − ti), we obtain from Lemma 3.C.4 and

(3.A.4) that

S1(s) = (s− tns) + γ
ns∑
i=2

(1− γ)ns−i(tns − ti) + (1− γ)ns−1(tns − t1) .

From there, in view of the fact that (1.2) entails 0 ≤ s − tns ≤ ∆t and of the inequalities

tns − t1 ≤ tns ≤ s, we deduce from Lemma 3.C.3 and (1.1) that, uniformly in s ∈ [tN0+1, t],

S1(s) = ∆tγ
ns∑
i=2

(ns − i)(1− γ)ns−i +O(∆t) = ∆tγ
ns−2∑
j=0

j(1− γ)j +O(∆t) .

An application of (3.C.4) with n = ns− 2 together with the inequality ns ≤ s/∆t in (1.2)

then yields that, uniformly in s ∈ [tN0+1, t],

S1(s) = ∆tγ
{ 1

γ2
− 1

γ
−
( 1

γ2
+
ns − 2

γ

)
(1− γ)ns−1

}
+O(∆t) =

∆t

γ
+O(∆t) , (3.C.12)

where the last equality is a consequence of the fact that Conditions (C1) and (C2) ensure the

result stated in Lemma 3.C.3.

We next turn our attention to S2(s) defined below (3.C.11). In view of (3.A.4) and of the

assumption that ‖g′′‖∞ ≤M in the lemma’s statement, we first compute that

|S2(s)| ≤M
{
γ

ns∑
i=2

(1− γ)ns−i(s− ti)2 + (1− γ)ns−1(s− t1)2
}
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=Mγ
ns∑
i=2

(1− γ)ns−i{s− tns) + (tns − ti)}2 + o(∆t) ,

uniformly in s ∈ [tN0+1, t], where we use Lemma 3.C.3 together with the fact that s − t1 ≤

t− t1 = O(1).

From there, as (1.2) implies s − ns = O(∆t) uniformly in s ∈ [tN0+1, t], it follows that,

uniformly in s ∈ [tN0+1, t],

|S2(s)| ≤Mγ
ns∑
i=2

(1− γ)ns−i{(tns − ti) +O(∆t)}2 + o(∆t)

=Mγ
ns∑
i=2

(1− γ)ns−i(tns − ti)2 +O(∆t)× γ
ns−2∑
i=0

(1− γ)i

=Mγ
ns∑
i=2

(1− γ)ns−i(tns − ti)2 +O(∆t)

=Mγ∆t2
ns−2∑
i=0

i2(1− γ)i +O(∆t) ,

where, to obtain the one-to-last line, we used (3.C.2) in Lemma 3.C.2, while the last equality

followed by the fact that tns − ti = ∆t(ns − i).

In view of Lemma 3.C.3, an application of (3.C.5) in Lemma 3.C.2 with n = ns−2 entails∑ns−2
j=0 j2(1 − γ)j = 2/γ3 + O(γ−2) as ∆t → 0. Thus, as Condition (C1) guarantees that

γ−1 = o(∆t−1), we obtain from the above computations, that

|S2(s)| = 2M
∆t2

γ2
+O(∆t2/γ +∆t) = o(∆t/γ) , uniformly in s ∈ [tN0+1, t] .

Plugging (3.C.12) and the above equation into (3.C.11) combined with the fact that

‖g′‖∞ ≤M concludes the proof of (3.C.9).

Next we prove (3.C.10). For this, note that an application of the mean-value theorem to
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g(ti) with θi between ti and s yields

ns∑
i=1

w̃2
ns,ig(ti) =

ns∑
i=1

w̃2
ns,i

{
g(s)− (s− ti)g′(θi)

}
=
γ

2
g(s)− S3(s) + o(∆t), (3.C.13)

uniformly in s ∈ [tN0+1, t], where we used Lemma 3.C.5 and the fact that ‖g‖∞ ≤ M , and

where we let S3(s) =
∑ns

i=1 w̃
2
ns,i(s− ti)g

′(θi).

Recalling (3.A.4) and using the fact that ‖g′‖∞ ≤M and 0 < γ < 1, we have uniformly in

s ∈ [tN0+1, t] that

S3(s) ≤M

{
(s− tns)

ns∑
i=1

w̃2
ns,i +

ns∑
i=1

w̃2
ns,i(tns − ti)

}
=M∆t

ns∑
i=1

w̃2
ns,i(ns − i) + o(∆t)

=M

{
∆t(ns − 1)(1− γ)2(ns−1) +∆tγ2

ns∑
i=2

(ns − i)(1− γ)2(ns−i)

}
+ o(∆t)

=M∆tγ2
ns−2∑
j=0

j(1− γ)2j + o(∆t)

≤M∆tγ2
ns−2∑
j=0

j(1− γ)j + o(∆t) = O(∆t), (3.C.14)

where we used (1.1) and (1.2) to get the first inequality, Lemma 3.C.3 to get the third equality,

and where the last equality followed from the fact that, under Conditions (C1) and (C2), Lemma

3.C.3 combined with (3.C.4) with n = ns − 2 yields
∑ns−2

j=0 j(1− γ)j = O(γ−2).

Now, plugging (3.C.14) into (3.C.13) concludes the proof of (3.C.10) and hence of

Lemma 3.C.6.

The next lemma gives the expectation and the variance of r̃ defined in (3.A.1).

Lemma 3.C.7. Let t > 0 satisfy (3.20). Under Conditions (C1), (C2), (C4)–(C8) and (C10), if

(γ, h) ∈ ⊏⊐ with ⊏⊐ defined in Condition (C1), then we have uniformly in (x, s) ∈ R× [tN0+1, t]

and as ∆t→ 0 that

E{r̃(x, s|γ, h)} = (m · f)(x, s)− ∆t

γ

{
(mx · f)(x, s) + (m · fx)(x, s)

}
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+
1

2
h2µK,2ψ1(x, s) + o(h2 +∆t/γ) (3.C.15)

and

var{r̃(x, s|γ, h)} = RK

2

γ

h
ψ2(x, s) + o(γ/h) , (3.C.16)

where µ2
K,2 and RK are defined in (3.32) and

ψ1(x, s) = (m · fxx)(x, s) + 2(mx · fx)(x, s) + (mxx · f)(x, s), (3.C.17)

ψ2(x, s) = (m2 · f)(x, s) + σ2f(x, s), (3.C.18)

with σ2 defined in Condition (C7).

Proof. We first prove (3.C.15). Using the model assumption in (1.3) that Yi = m(Xi, ti) + ϵi,

with ϵi in dependent of Xi (see Condition (C7)), we deduce from the definition of r̃ at (3.A.1)

that uniformly in (x, s) ∈ R× [tN0+1, t],

E{r̃(x, s|γ, h)} =
ns∑
i=1

w̃ns,i E{Kh(x−Xi)m(Xi, ti)}

=
ns∑
i=1

w̃ns,i

∫
K(u)m(x− hu, ti)f(x− hu, ti) du. (3.C.19)

To derive the asymptotic representation of the above expression under ∆t → 0, which im-

plies h→ 0 under Condition (C1), first note that Conditions (C4) and (C5) allow us to deduce

from a second-order Taylor expansions of m(x− hu, ti) and f(x− hu, ti) around x that there

exist θi1, θi2 ∈ [0, 1] such that

m(x− hu, ti) = m(x, ti)− humx(x, ti)

+
1

2
h2u2mxx(x, ti)−

1

6
h3u3mxxx(x− θi1hu, ti) ,

f(x− hu, ti) = f(x, ti)− hufx(x, ti)

159



CHAPTER 3

+
1

2
h2u2fxx(x, ti)−

1

6
h3u3fxxx(x− θi2hu, ti). (3.C.20)

Plugging the above equations into (3.C.19), and using the fact that under Condition (C6)∫
uK(u) du = 0 and that K vanishes outside of [−1, 1], we obtain that uniformly in x, and as

∆t→ 0,

E{Kh(x−Xi)m(Xi, ti)} = (m · f)(x, ti) +
1

2
h2µK,2ψ1(x, ti) + o(h2) , (3.C.21)

where ψ1 is defined at (3.C.17) and µK,2 is defined in (3.32).

From there, as under Conditions (C4) and (C5) both (m · f) and ψ1 as functions of t

satisfy the conditions of Lemma 3.C.6, the proof of (3.C.15) follows from (3.C.19), (3.C.21),

Lemma 3.C.6 and Lemma 3.C.4.

Next we prove (3.C.16). For this, first note that var{r̃(x, s|γ, h)} = V1 + V2, where

V1 =
ns∑
i=1

w̃2
ns,i var{Kh(x−Xi)Yi}, and |V2| ≤

∑
1≤|i−j|≤ns−1

w̃ns,iw̃ns,jcij, (3.C.22)

where, under (1.3) and Condition (C7),

cij =
∣∣ cov{Kh(x−Xi)m(Xi, ti), Kh(x−Xj)m(Xj, tj)}

∣∣ . (3.C.23)

In what follows, we show that, uniformly in (x, s) ∈ R × [tN0+1, t] and as ∆t → 0, V2 =

o(γ/h) and V1 is equivalent to the first term on the right hand side of the equality at (3.C.16).

We start by deriving the asymptotic order of V2. For this, recalling the definition of gij at

(3.31), we compute that under (C6), we have, on the one hand, that

cij =
∣∣∣ ∫∫ K(u)K(v)m(x− hu, ti)m(x− hv, tj)gij(x− hu, x− hv) du dv

∣∣∣
≤ ‖m‖2∞‖gij‖∞ .

In view of the above display, and since Condition (C4) implies ‖m‖2∞ <∞, we obtain from
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an application of Lemma 3.B.4 that under Condition (C8), there exists a constant C1 > 0 such

that

cij ≤ C1α
1/3
0

{
σ(Xi), σ(Xj)

}
≤ C1α

1/3(∆t, |i− j|), (3.C.24)

where α is defined at (3.B.3). On the other hand, in view of Lemma 3.B.5, we obtain from

(3.C.23) that under Conditions (C4) and (C6), there exists a constant C2 > 0 such that

cij ≤
C2

h2
α(∆t, |i− j|). (3.C.25)

From the definition of V2 at (3.C.22), and in view of the bounds at (3.C.24) and (3.C.25), we

use the fact that there exist constants C, a > 0 such that that α(∆t, k) ≤ Ck−a (see Condition

(C8)) to derive that, uniformly in (x, s) ∈ R× [tN0+1, t],

|V2| ≤
∑

1≤|i−j|≤ns−1

w̃ns,iw̃ns,j min
{
C1α

1/3(∆t, |i− j|), C2h
−2α(∆t, |i− j|)

}
≤ 2max(C1, C2)

ns−1∑
k=1

ns∑
j=k+1

w̃ns,j−kw̃ns,j min
{
α1/3(∆t, k), h−2α(∆t, k)

}
≤ 2C max(C1, C2)

ns−1∑
k=1

min
(
k−a/3, h−2k−a

) ns∑
j=k+1

w̃ns,j−kw̃ns,j . (3.C.26)

From there, to derive the asymptotic order of V2, we use (3.A.4) to compute that for any k,

and uniformly in s ∈ [tN0+1, t],

ns∑
j=k+1

w̃ns,j−kw̃ns,j = γ(1− γ)2ns−k−2 + γ2
ns∑

j=k+2

(1− γ)2(ns−j)+k

≤ γ(1− γ)ns−1 + γ2
ns−2∑
j=0

(1− γ)2j = O(γ) (3.C.27)

where we used (3.C.3) and the fact that under Conditions (C1) and (C2), the result stated in

Lemma 3.C.3 holds.
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Now let k0 = min
(⌊
h−3/a

⌋
, ns − 1

)
and observe that Conditions (C1) and (C8) guarantee

that k0 ≥ 1 and that k0 → ∞ as ∆t → 0. As under Condition (C8) we have a > 3/2, an

application of Lemma 3.B.2 entails, uniformly in s ∈ [tN0+1, t]:

ns−1∑
k=1

min
(
k−a/3, h−2k−a

)
≤

k0∑
k=1

k−a/3 + h−2

ns∑
k=k0+1

k−a = O(k
1−a/3
0 ) +O(h−2k1−a

0 ) .

Since Condition (C8) guarantees a > 3/2, and as h → 0 as ∆t → 0 (see Condition (C1)), we

deduce that as ∆t→ 0, and uniformly in s ∈ [tN0+1, t],

ns−1∑
k=1

min
(
k−a/3, h−2k−a

)
= o(h−1) . (3.C.28)

Plugging the latter result and into (3.C.26) proves that |V2| = o(γh−1) uniformly in (x, s) ∈

R × [tN0+1, t]. Hence, to derive (3.C.16), it remains to prove that V1 is equivalent to the first

term on the right hand side of the equality at (3.C.16).

In order to do this, using the definition of V1 at (3.C.22), we compute from (1.3) and Con-

dition (C7) that

E
[
{Kh(x−Xi)Yi}2

]
=

1

h2
E
{
K2
(x−Xi

h

)
m2(Xi, ti)

}
+
σ2

h2
E
{
K2
(x−Xi

h

)}
=

1

h

∫
K2(u)m2(x− hu, ti)f(x− hu, ti) du

+
σ2

h

∫
K2(u)f(x− hu, ti) du . (3.C.29)

Applying the mean-value theorem to m2(x − hu, ti) and f(x − hu, ti) in (3.C.29), there

exists constants θi1, θi2 ∈ [0, 1] such that the following equality holds uniformly in x ∈ R and

i ∈ {1, . . . , ns}:

E
[
{Kh(x−Xi)Yi}2

]
=

1

h

∫
K2(u)

{
m2(x, ti)− 2hu(m ·mx)(x− θi1hu, ti)

}
×
{
f(x, ti)− hufx(x− θi2hu, ti)

}
du
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+
σ2

h

∫
K2(u)

{
f(x, ti)− hufx(x− θi2hu, ti)

}
du

=
RK

h
ψ2(x, ti) +O(1) , (3.C.30)

where RK is defined at (3.32), ψ2 is as at (3.C.18) and where we used Conditions (C4) to (C6)

to get the last line.

Since h→ 0 as∆t→ 0 (see Condition (C1)), we have under Conditions (C4) and (C5) that

(3.C.21) implies E{Kh(x−Xi)Yi} = E{Kh(x−Xi)m(Xi, ti)} = O(1) uniformly in x ∈ R

and i ∈ {1, . . . , ns}. Hence from (3.C.30) we have uniformly in x ∈ R and i ∈ {1, . . . , ns}

that

var{Kh(x−Xi)Yi} =
RK

h
ψ2(x, ti) +O(1) . (3.C.31)

To conclude, note from (3.C.18) that under Conditions (C4) and (C5) t 7→ ψ2(·, t) satisfies

the conditions of Lemma 3.C.6. Hence, plugging (3.C.31) in (3.C.22) and using Lemma 3.C.6,

we have, uniformly in (x, s) ∈ R× [tN0+1, t] and as ∆t→ 0 that

V1 =
RK

h

ns∑
i=1

w̃2
ns,iψ2(x, ti) =

RK

2

γ

h
ψ2(x, s) + o(γ/h) (3.C.32)

This concludes the proof of Lemma 3.C.7.

The next lemma gives the expectation and variance of f̃ defined in (3.A.1).

Lemma 3.C.8. Let t > 0 satisfy (3.20). Under Conditions (C1), (C2), (C5)–(C8) and (C10), for

all (γ, h) ∈ ⊏⊐ with ⊏⊐ defined in Condition (C1), we have uniformly in (x, s) ∈ R × [tN0+1, t]

and as ∆t→ 0 that

E{f̃(x, s|γ, h)} = f(x, s) +
1

2
fxx(x, s)µK,2h

2 − ft(x, s)
∆t

γ
+ o(h2 +∆t/γ), (3.C.33)

var{f̃(x, s|γ, h)} = RK

2

γ

h
f(x, s) + o(γ/h), (3.C.34)

where µ2
K,2 and RK are defined in (3.32).
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Proof. We start with the proof of (3.C.33). From (3.A.1), we have uniformly in (x, s) ∈ R ×

[tN0+1, t] that

E{f̃(x, s|γ, h)} =
ns∑
i=1

w̃ns,i E[Kh(x−Xi)] =
ns∑
i=1

w̃ns,i

∫
K(u)f(x−hu, ti) du . (3.C.35)

Using that fact that under Condition (C5) the Taylor expansion of f at (3.C.20) holds, we

compute that under Condition (C6), E{Kh(x−Xi)} = f(x, ti)+2−1h2µK,2fxx(x, ti)+o(h
2)

uniformly in x ∈ R and in i ∈ {1, . . . , ns}. Therefore, as under Condition (C5), both f and

fx as functions of t satisfy the conditions of Lemma 3.C.6, (3.C.33) follows from (3.C.35) and

Lemma 3.C.6.

Next we prove (3.C.34). We first decompose var{f̃(x, s|γ, h)} = V3 + V4, where

V3 =
ns∑
i=1

w̃2
ns,i var{Kh(x−Xi)} and |V4| ≤

∑
1≤|i−j|≤ns−1

w̃ns,iw̃ns,jdij, (3.C.36)

with dij = | cov{Kh(x − Xi), Kh(x − Xj)}|. In what follows, to show that (3.C.34) holds

uniformly in (x, s) ∈ R × [tN0+1, t] as ∆t → 0, we will prove that, uniformly in (x, s) ∈

R × [tN0+1, t], we have V4 = o(γ/h) and that V3 is equivalent, up to a negligible term, to the

first term on the right hand side of (3.C.34).

To show that V4 = o(γ/h), note that taking m ≡ 1 at (3.C.23) allows us to deduce from

(3.C.24) and (3.C.25) that under our Conditions, there exists a constant κ > 0 such that

dij ≤ κmin
{
α1/3(∆t, |i− j|), h−2α(∆t, |i− j|)

}
≤ Cκmin

{
|i− j|−a/3, h−2|i− j|−a

}
,

(3.C.37)

where the last line is a consequence of Condition (C8). Therefore, we have, uniformly in (x, s) ∈

R× [tN0+1, t], that

|V4| = 2
ns−1∑
k=1

ns∑
j=k+1

w̃ns,iw̃ns,jdij ≤ 2κ
ns−1∑
k=1

min
(
k−a/3, h−2k−a

) ns∑
j=k+1

w̃ns,j−kw̃ns,j

= o(γ/h) , (3.C.38)
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where, to obtain the last line, we used (3.C.27) and (3.C.28).

We now turn our attention to V3. Recalling the definition of RK in (3.32), we apply the

mean-value theorem to f(x−hu, ti) in (3.C.36) to deduce that there exists a constant θi1 ∈ [0, 1]

such that the following equality holds uniformly in x ∈ R and i ∈ {1, . . . , ns}:

E
[
{Kh(x−Xi)}2

]
=

1

h

∫
K2(u)

{
f(x, ti)− hufx(x− θihu, ti)

}
du

=
RK

h
f(x, ti)−

∫
uK2(u)fx(x− θihu, ti) du

=
RK

h
f(x, ti) +O(1) , (3.C.39)

where, to get the last line, we used Conditions (C5) and (C6).

Now from similar computations we have under Condition (C5) and (C6) that E{Kh(x −

Xi)} = O(1) uniformly in x. Hence from (3.C.39) we have

var{Kh(x−Xi)} =
RK

h
f(x, ti) +O(1), uniformly in x and in i. (3.C.40)

Then, under Condition (C5), f as a function of t satisfies the conditions of Lemma 3.C.6. Hence,

plugging (3.C.40) in the definition of V3 at (3.C.36), and using Lemma 3.C.6, we deduce that

it holds uniformly in (x, s) ∈ R× [tN0+1, t] that

V3 =
RK

h

ns∑
i=1

w̃2
ns,if(x, ti) =

RK

2

γ

h
f(x, s) + o(γ/h). (3.C.41)

Hence, (3.C.34) follows from (3.C.36), (3.C.38) and the above equation. This concludes

the proof of Lemma 3.C.8.

The next lemma derives the uniform consistency of f̃ defined in (3.A.1). Recall from (3.21)

that ℓt defines the unique integer such that t ∈ [tNℓt−1
, tNℓt

), where Nk denotes the number of

observations arriving up to the k-th ensemble substitution.

Lemma 3.C.9. Assume that Conditions (C1) to (C3), (C5) to (C8) and (C10) hold. Suppose

(γ, h) ∈ ⊏⊐ with ⊏⊐ defined in Condition (C1). For any fixed t > 0 and any compact interval
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K ⊂ R, we have, as ∆t→ 0, that

sup
x∈K

sup
(γ,h)∈Iℓtγ,h

|f̃(x, t|γ, h)− f(x, t)| = op(1) .

Proof. Assume without loss of generality that K = [0, 1]. Set P∆t = blog(∆t−2)/∆t2a2c and

let K0 = {xi : xi = i/P∆t for i = 0, . . . , P∆t} be a grid of equally spaced points in [0, 1]. We

decompose

sup
x∈K

sup
(γ,h)∈Iℓtγ,h

∣∣f̃(x, t|γ, h)− f(x, t)∣∣ ≤ J1 + J2, (3.C.42)

where

J1 = sup
x∈K0

sup
(γ,h)∈Iℓtγ,h

∣∣f̃(x, t|γ, h)− f(x, t)∣∣, (3.C.43)

J2 = sup
|x−x′|≤P−1

∆t

sup
(γ,h)∈Iℓtγ,h

∣∣f̃(x, t|γ, h)− f(x, t)− {f̃(x′, t|γ, h)− f(x′, t)}∣∣. (3.C.44)

In what follows, to prove Lemma 3.C.9, we show that J1 = op(1) and J2 = op(1).

Dealing first with J1, note that under Conditions (C1), (C2), (C5) to (C8) and (C10), for

all (γ, h) ∈ ⊏⊐ with ⊏⊐ defined in Condition (C1), we have uniformly in x and as ∆t→ 0 that

E{f̃(x, t|γ, h)} = f(x, t) + O(h2 + ∆t/γ) (see Lemma 3.C.8). Therefore, since h → 0 and

∆t/γ → 0 as ∆t→ 0 (see Condition (C1)), we deduce that as ∆t→ 0,

J1 = sup
x∈K0

sup
(γ,h)∈Iℓtγ,h

∣∣f̃(x, t|γ, h)− E{f̃(x, t|γ, h)}
∣∣+ op(1) . (3.C.45)

In view of (3.C.45), to prove that J1 = op(1), it suffices to show that for any η > 0,

lim
∆t→0

P
[

sup
x∈K0

sup
(γ,h)∈Iℓtγ,h

∣∣f̃(x, t|γ, h)− E{f̃(x, t|γ, h)}
∣∣ > η

]
= 0 , (3.C.46)

i.e. the first term on the right hand side of (3.C.45) converges to 0 in probability as ∆t→ 0.
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To prove (3.C.46), our strategy is to apply (3.B.12) in Theorem 3.B.2. For this, recall that

under Condition (C6) ‖K‖∞ <∞, and set

ξnt,i =
w̃nt,i

2‖K‖∞
h

γ

[
Kh(x−Xi)− E{Kh(x−Xi)}

]
. (3.C.47)

Then by (3.A.1), we have

1

2‖K‖∞
h

γ

[
f̃(x, t|γ, h)− E{f̃(x, t|γ, h)}

]
=

nt∑
i=1

ξnt,i := Snt . (3.C.48)

From there, to apply (3.B.12) in Theorem 3.B.2 to Snt , and in view of Condition (C8),

we need to verify that |ξnt,i| ≤ 1. For this, in view of (3.A.4) and of Lemma 3.C.3, we have

under Condition (C1) and (C2) that w̃nt,i/γ = (1 − γ)nt−i ≤ 1, for i = 2, . . . , nt, and

w̃nt,1/γ = (1 − γ)nt−1/γ = o(1) as ∆t → 0. Hence, for small enough ∆t, w̃nt,i/γ ≤ 1, and

therefore form the definition of ξnt,i at (3.C.47), we have |ξnt,i| ≤ 1 for all i as ∆t→ 0.

Since we have just shown that |ξnt,i| ≤ 1 for all i when∆t is small enough, (3.B.12) in Theo-

rem 3.B.2 applies to Snt , i.e. for any (fixed) λ > 0, and letting σ̄2
nt

=
∑nt

i,j=1 | cov(ξnt,i, ξnt,j)|,

there exists some constant Υ = Υ(λ, a) > 0 that depends on λ and on the α-mixing rate a

defined in Condition (C8) such that for all η > 0,

P(Snt ≥ η) ≤ Υ

{(
1 +

η2

λσ̄2
nt

)−λ/2

+
nt

λ

(
λ

η

)a+1}
. (3.C.49)

As under Condition (C5) f is bounded, we obtain from (3.C.38) and (3.C.41) in the proof

of Lemma 3.C.8 that there exists a constant υ > 0 such that σ̄2
nt
≤ υh/γ when ∆t is small

enough. Therefore, we obtain from (3.C.49) that for any η0 > 0, and for sufficiently small ∆t,

P
{∣∣f̃(x, t|g, h)− E{f̃(x, t|g, h)}

∣∣ > η0
2‖K‖∞

}
= P

(
|Snt | > η0h/γ

)
≤ Υ

{(
1 +

η20h/γ

λυ

)−λ/2

+
ntλ

a

ηa+1
0 (h/γ)a+1

}
.

As Condition (C1) ensures that γ/h ∼ ∆ta1−a2 → 0 as ∆t → 0, and since nt ≤ t/∆t
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(see (1.2)), we deduce from the above equation that there exists a constant Υ′(λ, a, η0) > 0 that

depends on λ, a and η0, independent of (∆t, x, t, γ, h), such that for sufficiently small ∆t,

P
[∣∣f̃(x, t|g, h)− E{f̃(x, t|g, h)}

∣∣ > η0
2‖K‖∞

]
≤ Υ′(λ, a, η0)

{
∆tλ(a1−a2)/2 +∆t(a+1)(a1−a2)−1

}
.

We are now ready to show that (3.C.46) holds. For this, fix η > 0 and set λ ≥ 2{(a +

1)(a1 − a2)− 1}/(a1 − a2). From the inequality above, we deduce that

P
{∣∣f̃(x, t|γ, h)− E{f̃(x, t|γ, h)}

∣∣ > η
}
≤ 2Υ′(λ, a, 2‖K‖∞η)∆t(a+1)(a1−a2)−1 . (3.C.50)

Therefore, we obtain using the inequality above that

P
[

sup
x∈K0

sup
(γ,h)∈Iℓtγ,h

∣∣f̃(x, t|γ, h)− E{f̃(x, t|γ, h)}
∣∣ > η

]
≤
∑
x∈K0

∑
(γ,h)∈Iℓtγ,h

P
{∣∣f̃(x, t|γ, h)− E{f̃(x, t|γ, h)}

∣∣ > η
}

≤ (P∆t + 1)#(Iℓtγ,h)× 2Υ′(λ, a, 2‖K‖∞η)∆t(a+1)(a1−a2)−1

= O
{
P∆t∆t

−c∆t(a+1)(a1−a2)−1
}
,

where we used Conditions (C1), (C3) and (C8) to obtain the last equality. In view of the defi-

nition of P∆t above (3.C.42), it follows that the last line of the display above is o(1) as ∆t→ 0.

Hence we have proved (3.C.46), which also implies that J1 = op(1) (see (3.C.45)).

Next we prove that J2 = op(1). By Condition (C5), note that for any x, x′ ∈ R, an

application of the mean-value Theorem entails |f(x, t) − f(x′, t)| ≤ ‖f ′‖∞|x − x′|. Hence,

recalling the definition of P∆t above (3.C.42), we have

J21 := sup
|x−x′|≤P−1

∆t

∣∣f(x, t)− f(x′, t)∣∣ ≤ ‖f ′‖∞
P∆t

≤ ‖f
′‖∞∆t2a2

log(∆t−2)
. (3.C.51)
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Also, note that under Condition (C6), for any i and x, x′ ∈ R, we have |Kh(Xi − x) −

K(Xi − x′)| ≤ ‖K ′‖∞h−1|x − x′|, where ‖K ′‖∞ < ∞. Therefore, in view of (3.A.1), and

using again the definition of P∆t above (3.C.42), we have

J22 := sup
|x−x′|≤P−1

∆t

sup
(γ,h)∈Iℓtγ,h

∣∣f̃(x, t|γ, h)− f̃(x′, t|γ, h)∣∣
≤ sup

(γ,h)∈Iℓtγ,h

{
1

h

nt∑
i=1

w̃nt,i sup
|x−x′|≤P−1

∆t

∣∣∣∣K(x−Xi

h

)
−K

(
x′ −Xi

h

)∣∣∣∣}

≤ ‖K
′‖∞

h2P∆t

sup
(γ,h)∈Iℓtγ,h

( nt∑
i=1

w̃nt,i

)
= ‖K ′‖∞δ−2{log(∆t−2)}−1 , (3.C.52)

where δ is as in Condition (C1) and where we used Lemma 3.C.4 to get the last equality.

In view of (3.C.44), since J2 ≤ J21 + J22, we deduce from (3.C.51) and (3.C.52) that as

∆t→ 0 we have J2 = op(1). The announced result follows.

The next lemma proves the uniform consistency of r̃ defined in (3.A.1). Recall the definition

of ℓt at (3.21).

Lemma 3.C.10. Assume that Conditions (C1)–(C8) hold. Suppose (γ, h) ∈ ⊏⊐ with ⊏⊐ defined in

Condition (C1). For a given time t > 0 and a compact set K ⊂ R, we have

sup
x∈K

sup
(γ,h)∈Iℓtγ,h

|r̃(x, t|γ, h)− (m · f)(x, t)| = op(1), as ∆t→ 0.

Proof. As in the proof of Lemma 3.C.9, assume without loss of generality that K = [0, 1], set

P∆t = blog(∆t−2)/∆t2a2c and let K0 = {xi : xi = i/P∆t for i = 0, . . . , P∆t}. We have

sup
x∈K

sup
(γ,h)∈Iℓtγ,h

∣∣r̃(x, t|γ, h)− (m · f)(x, t)
∣∣ ≤ J3 + J4,
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where

J3 = sup
x∈K0

sup
(γ,h)∈Iℓtγ,h

∣∣r̃(x, t|γ, h)− (m · f)(x, t)
∣∣, (3.C.53)

J4 = sup
|x−x′|≤P−1

∆t

sup
(γ,h)∈Iℓtγ,h

∣∣r̃(x, t|γ, h)− (m · f)(x, t)− {r̃(x′, t|γ, h)− (m · f)(x′, t)}
∣∣ .

(3.C.54)

In view of the above, to prove Lemma 3.C.9, it suffices to show that J3 = op(1) and that

J4 = op(1) as ∆t→ 0.

Starting with the asymptotic order of J3, note that Lemma 3.C.7 ensures that under Condi-

tions (C1), (C2), (C4)–(C8), E{r̃(x, t|γ, h)} = (m · f)(x, t) + op(1) as ∆t→ 0 uniformly in

(h, γ) ∈ ⊏⊐ and x ∈ R. Hence to prove that J3 = op(1), it suffices to demonstrate that for all

η > 0,

P
[

sup
x∈K0

sup
(γ,h)∈Iℓtγ,h

∣∣r̃(x, t|γ, h)− E{r̃(x, t|γ, h)}
∣∣ > η

]
→ 0 , as ∆t→ 0. (3.C.55)

To prove that (3.C.55) holds, our goal is to apply (3.B.11) of Theorem 3.B.2. For this, recalling

the definition of w̃nt,i at (3.A.4), let ξnt,i = w̃nt,ihγ
−1[Kh(x − Xi)Yi − E{Kh(x − Xi)Yi}].

Then, in view of (3.A.1), we have

h

γ

[
r̃(x, t|γ, h)− E{r̃(x, t|γ, h)}

]
=

nt∑
i=1

ξnt,i := Snt . (3.C.56)

From there, to apply (3.B.11) in Theorem 3.B.2 to Snt , and in view of Condition (C8), we

need to verify that there exists p > 2 and constants C0, C1 > 0 such that P(|ξn,i| > x) ≤

C1x
−p, for any x > C0 .

To show that it is the case, first recall from below (3.C.48) that we have w̃nt,iγ
−1 ≤ 1

for all i ∈ {1, . . . , nt} as ∆t → 0. As Yi = m(Xi, ti) + ϵi (see (1.3)), it therefore follows that

w̃nt,ihγ
−1|Kh(Xi−x)Yi| ≤ ‖K‖∞(‖m‖∞+1)(|ϵi|+1) for all i ∈ {1, . . . , nt}. As under Con-

dition (C7) E{Kh(Xi−x)Yi} = E{Kh(Xi−x)m(Xi, t)} = m ·f(x, ti)+o(h) (see (3.C.21)),
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it follows that under Condition (C1), w̃nt,ihγ
−1|E{Kh(Xi − x)Yi}| ≤ h‖m‖∞‖f‖∞ = o(1)

as ∆t→ 0.

In view of the above arguments, we deduce that when ∆t is sufficiently small, |ξnt,i| ≤

2‖K‖∞(‖m‖∞ + 1)(|ϵi|+ 1). Therefore, for any x > 2‖K‖∞(‖m‖∞ + 1) := C0, we obtain

that under Condition (C7) and for sufficiently small ∆t,

P(|ξnt,i| > x) ≤ P(|ϵi| > C−1
0 x− 1) ≤ C−2−ς

0 (x− C0)
−2−ς ≤ C1x

−(2+ς) ,

for some large enough constant C1.

We have just shown that the ξnt,i’s fulfil the requirements of Theorem 3.B.2 with p = 2 + ς

when ∆t is small enough. Therefore, letting σ̄2
n =

∑n
i,j=1 | cov(ξn,i, ξn,j)|, we deduce from

Theorem 3.B.2 that for any (fixed) λ > 0, there exists a constant Υ = Υ(λ, a, p) > 0 that

depends on λ, p and on the mixing rate a defined in Condition (C8) such that for all η > 0,

P(Snt ≥ η) ≤ Υ

{(
1 +

η2

λσ̄2
n

)−λ/2

+
nt

λ

(
λ

η

)(a+1)(2+ς)/(a+2+ς)}
. (3.C.57)

Since under our conditions (3.C.26), (3.C.28) and (3.C.32) in Lemma 3.C.8 ensures

that as ∆t → 0 we have
∑n

i=1

∑n
j=1 |Cov{Kh(x − Xi)Yi, Kh(x − Xj)Yj}|w̃nt,iw̃nt,j =

γh−1RKψ2(x, t) + o(γh−1), where ψ2 is defined at (3.C.18), we deduce from the definition

of ξnt,i above (3.C.56) and Conditions (C4)–(C5) that there exist a constant ϑ > 0 such that as

∆t→ 0,

σ̄nt = h2γ−2

n∑
i=1

n∑
j=1

|Cov{Kh(x−Xi)Yi, Kh(x−Xj)Yj}|w̃nt,iw̃nt,j ≤ ϑhγ−1 .

We are now ready to show (3.C.55). For this, fix η > 0 and λ ≥ 2{(a + 1)(2 + ς)(a1 −

a2)/(a+ 2 + ς)− 1}/(a1 − a2). Using (3.C.57) and the above equation, we have

P
{∣∣r̃(x, t|g, h)− E{r̃(x, t|g, h)}

∣∣ > η
}
= P

(
|Snt | > ηh/γ

)
171



CHAPTER 3

≤ Υ

{(
1 +

η2

λϑ

h

γ

)−λ/2

+
nt

λ

(
λ

η0

γ

h

)(a+1)(2+ς)/(a+2+ς)}

From there, since Condition (C1) ensures that γ/h ∼ ∆ta1−a2 → 0 as ∆t → 0, and since

from (1.2) we have nt ≤ t/∆t, we deduce from the above equation that there exists a constant

Υ′ > 0, independent of ∆t (and of (x,t,g,h)), but that may depend on λ, a and η, such that for

sufficiently small ∆t,

P
{∣∣r̃(x, t|g, h)− E{r̃(x, t|g, h)}

∣∣ > η
}
≤ Υ′(∆tλ(a1−a2)/2 +∆t(a+1)(2+ς)(a1−a2)/(a+2+ς)−1)

≤ 2Υ′∆t(a+1)(2+ς)(a1−a2)/(a+2+ς)−1 , (3.C.58)

where the last line followed from the choice of λ.

Therefore, as ∆t→ 0, we have

P(J31 > η) ≤
∑
x∈K0

∑
(γ,h)∈Iℓtγ,h

P
{∣∣r̃(x, t|g, h)− E{r̃(x, t|g, h)}

∣∣ > η
}

≤ 2Υ′(P∆t + 1)#(Iℓtγ,h)∆t
(a+1)(2+ς)(a1−a2)/(a+2+ς)−1 = o(1) ,

where we used Conditions (C3), (C7) and (C8) and the definition of P∆t above (3.C.42) to get

the last equality. Hence we have proved (3.C.55) and J3 = op(1) follows.

We now turn our attention to J4. By Conditions (C4)–(C5) and the definition of P∆t above

(3.C.42), we obtain using the mean-value theorem that

J41 := sup
|x−x′|≤P−1

∆t

∣∣(m · f)(x, t)− (m · f)(x′, t)
∣∣ ≤ ‖(m · f)′x‖∞

P∆t

≤ ‖(m · f)
′
x‖∞∆t2a2

log(∆t−2)
,

(3.C.59)

where ‖(m · f)′x‖∞ ≤ ‖m′‖∞‖f‖∞ + ‖m‖∞‖f ′‖∞ <∞ (see Conditions (C4)–(C5)).

Next, from (3.A.1), and using the inequality |Kh(Xi−x)−Kh(Xi−x′) ≤ h−2‖K‖∞|x−
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x′|, we obtain that

J42 := sup
|x−x′|≤P−1

∆t

sup
(γ,h)∈Iℓtγ,h

∣∣r̃(x, t|γ, h)− r̃(x′, t|γ, h)∣∣
≤ sup

(γ,h)∈Iℓtγ,h

( nt∑
i=1

w̃nt,i|ϵi|
)

sup
|x−x′|≤P−1

∆t

|Kh(Xi − x)−Kh(Xi − x′)|

≤ ‖K
′‖∞

h2P∆t

sup
(γ,h)∈Iℓtγ,h

( nt∑
i=1

w̃nt,i|ϵi|
)
≤ ‖K ′‖∞
δ2 log(∆t−2)

sup
(γ,h)∈Iℓtγ,h

( nt∑
i=1

w̃nt,i|ϵi|
)
, (3.C.60)

where we used Conditions (C1) to get the last line.

Now, if we can show that

sup
(γ,h)∈Iℓtγ,h

( nt∑
i=1

w̃nt,i|ϵi|
)

= op
{
log(∆t−2)

}
, (3.C.61)

then J4 = op(1) will follow from (3.C.60). To show (3.C.61), first let n0 =

dlog(∆t−1)/γme, where γm is defined in Condition (C1). Then we have
∑nt

i=1 w̃nt,i|ϵi| =

T1 + T2, where

T1 =

nt−n0∑
i=1

w̃nt,i|ϵi|, T2 =
nt∑

i=nt−n0+1

w̃nt,i|ϵi|, (3.C.62)

noting from Condition (C1) and the definition of n0 below (3.C.61) that we have nt > n0 when

∆t is small enough. Note that T1 and T2 do not depend on h but only depend on γ though

w̃nt,i (see (3.A.4)). We next bound T1 and T2.

Starting with T1, using (3.A.4) and the fact as under Condition (C1) γ → 0 as ∆t→ 0, we

have 1 − γ ≥ 1/2 for sufficiently small ∆t, it follows that w̃nt,i ≤ 2γ(1 − γ)n0 ≤ γe−γn0 ≤

δ−1∆ta1+γ/γm for all i ∈ {2, . . . , nt − n0}, where we also used the inequality 1 − x ≤ e−x

(see e.g. below (3.C.6)), Condition (C1) and the definition of n0. In view of Lemma 3.C.3, we

have also have w̃nt,i ≤ δ−1∆ta1+γ/γm for sufficiently small ∆t. Since γ > γm, we deduce that

w̃nt,i ≤ δ−1∆ta1+1 for all i ∈ {1, . . . , n0} when ∆t is small enough, and therefore, unformly
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in (γ, h) ∈ Iℓtγ,h, we have

T1 ≤ δ−1∆ta1+1(nt − n0)
{
(nt − n0)

−1

nt−n0∑
i=1

|ϵi|
}
≤ t∆ta1

{
(nt − n0)

−1

nt−n0∑
i=1

|ϵi|
}
,

(3.C.63)

where we used (1.2) to get the last equality.

Since E(|ϵi|2) <∞ (see Condition (C7)), the weak law of large numbers (Chung, 2000, p.

114) ensures that as ∆t→ 0,

(nt − n0)
−1

nt−n0∑
i=1

|ϵi| = Op(1) . (3.C.64)

Combining (3.C.63) and (3.C.64) and noting that (3.C.64) does not depend on γ nor h, we

conclude that sup
(γ,h)∈Iℓtγ,h

T1 = Op(∆t).

Next we bound T2. From (3.A.4) and the fact that 0 < γ < 1 we have w̃nt,i ≤ γ for all

i > 1. Hence, we compute that as ∆t→ 0 we have

T2 ≤ γ
nt∑

i=nt−n0+1

|ϵi| ≤ 2γ log(∆t−1)/γm ×
(
n−1
0

nt∑
i=nt−n0+1

|ϵi|
)
,

From there, as the week law of large numbers implies that n−1
0

∑nt

i=nt−n0+1 |ϵi| = OP (1),

we deduce from the fact that γ/γm ≤ 1 (see Condition (C1)) that sup
(γ,h)∈Iℓtγ,h

T2 =

Op(log(∆t−1)). This shows that (3.C.61) holds as ∆t→ 0, and hence proves that J4 = op(1).

Since we have also shown J3 = op(1), Lemma 3.C.10 follows.

3.D Proof of Proposition 3.1

Throughout this section, for any A ⊂ Rp, let ‖ · ‖A = sup(a1,...,ap)∈A | · |.

To save space, let Aℓt = K × Iℓtγ,h. Recall that when ℓt = 1 with ℓt defined at (3.21), we

have m̌(x, t|γ, h) = m̃(x, t|γ, h) for all (γ, h) ∈ Iℓtγ,h, which implies that (3.30) holds trivially

when ℓt = 1. Hence, to prove Proposition 3.1 it suffices to show (3.30) in the case ℓt ≥ 2.
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For this, observe that as m̌ − m̃ = (f̃ ř − f̌ r̃)/(f̌ f̃), and since f̃ ≥ f − ‖f̃ − f‖Aℓt
,

combining Lemma 3.C.9 and the fact that infx∈K f(x, t) > υ for some υ > 0 guarantee that

for any t satisfying ℓt ≥ 2, and as ∆t→ 0, we have

‖m̌− m̃‖Aℓt
≤ ‖f̃ ř − f̌ r̃‖Aℓt

‖f̌−1‖Aℓt

{
υ − op(1)

}−1

≤
(
‖f̃ − f̌‖Aℓt

‖r̃‖Aℓt
+ ‖ř − r̃‖Aℓt

‖f̃‖Aℓt

)
‖f̌−1‖Aℓt

{
υ − op(1)

}−1

≤
(
‖f̃ − f̌‖Aℓt

‖r̃‖Aℓt
+ ‖ř − r̃‖Aℓt

‖f̃‖Aℓt

){
υ − op(1)− ‖f̌ − f̃‖Aℓt

}−1{
υ − op(1)

}−1
.

Further, as ‖r̃‖Aℓt
≤ ‖m · f‖∞ + ‖r̃ − m · f‖Aℓt

and ‖f̃‖Aℓt
≤ ‖f‖∞ + ‖f̃ − f‖Aℓt

,

and since the continuous mapping theorem entails {υ − op(1)}−1 = Op(1), we deduce from

Conditions (C4)–(C5), Lemma 3.C.9 and Lemma 3.C.10 that as ∆t→ 0,

‖m̌− m̃‖Aℓt
≤
(
‖f̃ − f̌‖Aℓt

+ ‖ř− r̃‖Aℓt

){
υ− op(1)− ‖f̌ − f̃‖Aℓt

}−1 ×Op(1) . (3.D.1)

In view of the above inequality, to prove to prove (3.30) in the case ℓt ≥ 2 it suffices to show

there exists ζ > 0 such that as ∆t→ 0

sup
(x,γ,h)∈Aℓt

|ř(x, t|γ, h)− r̃(x, t|γ, h)| = op
{
exp(−ζ∆t−1)

}
, (3.D.2)

sup
(x,γ,h)∈Aℓt

|f̌(x, t|γ, h)− f̃(x, t|γ, h)| = op
{
exp(−ζ∆t−1)

}
. (3.D.3)

We start by proving (3.D.2). Recall from (3.A.1) and (3.A.2) that

r̃(x, t|γ, h) =
nt∑
i=1

w̃nt,iKh(x−Xi)Yi, and ř(x, t|γ, h) =
nt∑
i=1

w̌nt,iKȟi
(x−Xi)Yi ,

where, from (3.A.4) and (3.A.5), we have w̃nt,i = w̌nt,i and ȟi = h for all i ∈ (Nℓt−1 − 2ν, nt]

(see (3.24)). Therefore, we compute that

|ř(x, t|γ, h)− r̃(x, t|γ, h)| =
∣∣∣∣Nℓt−1−2ν∑

i=1

(w̃nt,iKh(x−Xi)− w̌nt,iKȟi
(x−Xi))Yi

∣∣∣∣
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≤ ‖K‖∞
(

max
1≤i≤nt

|Yi|
)
×

Nℓt−1−2ν∑
i=1

(h−1w̃nt,i + ȟ−1
i w̌nt,i) . (3.D.4)

where we also used the inequality Nℓt−1 − 2ν ≤ nt.

As |Yi| ≤ ‖m‖∞ + |ϵi|, where under Condition (C4) ‖m‖∞ < ∞, and since Condition

(C7) ensures that for any κ > 0,

P
{

max
1≤j≤nt

|ϵj|
(nt lognt)1/(2+ε)

> κ
}
≤ ntP

{
|ϵj| > (nt lognt)

1/(2+ε)κ
}

≤ 1

(lognt)κ2+ς
→ 0 as∆t→ 0 ,

it follows that max1≤j≤nt |Yi| = op(nt lognt) = op{∆t−1 log(∆t−1)}. Plugging this result into

(3.D.4) entails that as ∆t→ 0 we have

|ř(x, t|γ, h)−r̃(x, t|γ, h)| =
Nℓt−1−2ν∑

i=1

(h−1w̃nt,i+ȟ
−1
i w̌nt,i)×op{∆t−1 log(∆t−1)} . (3.D.5)

In view of the latter display, to prove (3.D.2), it remains to derive a bound for the first term of

the product on the right hand side of the above equation.

To do this, observe that since under Conditions (C1) and from (3.29) we have (γ̌j, ȟj) ∈

[γm, γM ]× [hm, hM ], it follows that min(ȟi, h) ≥ h−1
m , that max(w̃nt,1, w̌nt,1) ≤ (1− γm)nt−1

and that max(w̃nt,j, w̌nt,j) ≤ γM(1−γm)nt−j ≤ (1−γm)nt−Nℓt−1+2ν for all j ∈ {2, . . . , iℓt−1}

(see (3.A.4) and (3.A.5)). Therefore, uniformly in (x, γ, h) ∈ Aℓt , we have

Nℓt−1−2ν∑
i=1

(h−1w̃nt,i + ȟ−1
i w̌nt,i) ≤ 2h−1

m

{
(1− γm)nt−1 + (Nℓt−1 − 2ν)(1− γm)nt−Nℓt−1+2ν

}
.

By the definition of ℓt at (3.21), we haveNℓt−1 ≤ nt, and hence nt−Nℓt−1+2ν ≥ 2ν > ν.

We therefore deduce from Lemma (3.C.3) and the above equation that there exists a constant
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ζ̃ > 0 such that as ∆t→ 0,

Nℓt−1−2ν∑
i=1

(h−1w̃nt,i + ȟ−1
i w̌nt,i) ≤ 2nth

−1
m exp(−ζ̃∆t−1) = o{exp(−ζ̃∆t−1/2)} . (3.D.6)

To obtain the last equality, we used Condition (C1) and the fact that nt ≤ t∆t−1.

Plugging (3.D.6) into (3.D.5) proves that (3.D.2) holds with ζ = ζ̃/4. Therefore, to con-

clude the proof of Proposition 3.1, it only remains to demonstrate (3.D.3).

For this, we proceed as before to deduce that

|f̌(x, t|γ, h)−f̃(x, t|γ, h)| =
∣∣∣∣Nℓt−1−2ν∑

i=1

{w̃nt,iKh(x−Xi)− w̌nt,iKȟi
(x−Xi)}

∣∣∣∣
≤ ‖K‖∞ ×

Nℓt−1−2ν∑
i=1

(h−1w̃nt,i + ȟ−1
i w̌nt,i) = o{exp(−ζ̃∆t−1/4)} , (3.D.7)

where we used the fact that Condition (C6) ensures ‖K‖∞ < ∞ and (3.D.6). This shows that

(3.D.3) holds with ζ = ζ̃/4 as above and concludes the proof of the announced result.

3.E Proof of Theorem 3.1

Since (γ, h) ∈ Iℓtγ,h ⊆ ⊏⊐k ⊂ ⊏⊐, we have under Condition (C1) that h/γ ≤ hM/γm ≤

2δ−1∆ta2−a1 . Hence, from the definition of V at (3.34), and since (C5) and (C7) respectively

imply ‖f‖∞ < ∞ and σ2 > 0, it follows that V −1/2 = O(∆t(a2−a1)/2). Therefore, we obtain

from Proposition 3.1 that as ∆t→ 0,

1√
V

{
m̌(x, t|γ, h)−m(x, t)−B

}
=

1√
V

{
m̃(x, t|γ, h)−m(x, t)−B

}
+ op(1) . (3.E.1)

Hence, to prove (3.33) it suffices to show that the first term on the right hand side of the

above equation converges in distribution to a normal random variable as ∆t → 0. To do so,
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recall that m̃ = r̃/f̃ , and observe that we can express m̃−m above as

m̃(x, t|γ, h)−m(x, t) =
1

f̃(x, t | γ, h)

nt∑
i=1

w̃nt,iKh(x−Xi){Yi −m(x, t)} .

Introducing the random variables ζnt,i = w̃nt,iKh(x − Xi){Yi − m(x, t)} and Jt =∑nt

i=1 ζnt,i and Jt = V −1/2{Jt − E(Jt)}, we can express the right hand side of (3.E.1) as

m̃(x, t|γ, h)−m(x, t)−B√
V

=
Jt + V −1/2[E(Jt)−B{f(x, t) + op(1)}]

f(x, t) + op(1)
, (3.E.2)

where we used to fact that f(x, t) > 0 and that Lemma 3.C.9 implies f̃(x, t | γ, h) = f(x, t)+

op(1) and f̃−1(x, t | γ, h) = f−1(x, t) + op(1).

In view of (3.E.2), to prove Theorem 3.1, it suffices to show that (i) Jt converges in distri-

bution to a normal random variable, (ii) that V −1/2{E(Jt) − Bf(x, t)} = o(1) and (iii) that

V −1/2B = O(1). Below we show (i), (ii) and (iii).

Starting with (ii), observe that as Jt = r̃(x, t | γ, h) − m(x, t)f̃(x, t | γ, h), it follows

from Lemma 3.C.7 and Lemma 3.C.8 that E(Jt) − Bf(x, t) = o(h2 + ∆t/γ). As V −1/2 =

O(∆t(a2−a1)/2) (see above (3.E.1)), and since under Condition (C1) we have h2 + ∆t/γ =

O(∆t2a2+∆t1−a1), it follows from the assumption that 1/7 < a2 < a1 < 5/7 that V −1/2(h2+

∆t/γ) = O(1). This concludes the proof of (ii).

Next we show (iii). For this, observe that under Condition (C5) and (C4), and since we have

assumed that f(x, t) > 0, we have |B| = O(h2 +∆t/γ) = O(∆t2a2 +∆t1−a1). Hence, (iii)

follows from the fact that V −1/2(h2 +∆t/γ) = O(1) (see the previous paragraph).

As we have just shown that (ii) and (iii) hold, to prove the announced result in Theorem 3.1,

it only remains to show that (i) is in force, i.e. that Jt is asymptotically normally distributed.

To prove that it is the case, our strategy is to apply Theorem 3.B.1 to J′t := V 1/2Jt. This will

allow us to prove that J′t/
√

var(J′t) is asymptotically distributed as a standard normal random

variable. From there, we will show that V f 2(x, t) = var(J′t) + o(1), which will conclude the

proof of the announced result.

Let ξnt,i = ζnt,i − E(ζnt,i), so that J′t =
∑nt

i=1 ξnt,i. In this notation, to apply Theo-
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rem 3.B.1, we need to show that (C1) the α-mixing coefficients of the sequence {ξnt,i} are such

that supn α̃(n, k) → 0 as k → ∞, where α̃ is as at (3.B.7); (C2) the ρ−mixing coefficients of

the sequence {ξnt,i} are such that supn ρ̃(n, 1) < 1, where ρ̃ is as at (3.B.8); and (C3) that there

exist a constant c > 0 such that

lim
∆t→0

1

{var(J′t)}1+c/2

n∑
i=1

E(|ξnt,i|2+c) = 0 . (3.E.3)

Since in view of Condition (C8) and (C9), (C1) and (C2) are trivially satisfied, to prove that

Jt is asymptotically normally distributed, we need to show that the ξnt,i’s satisfy (3.E.3). This is

what we do below.

Fix c ∈ (0, ς), where ς is defined in Condition (C7). As |ζnt,i| = w̃nt,iKh(Xi −

x)|m(Xi, ti) − m(x, t) + ϵi| ≤ w̃nt,iKh(Xi − x)(2‖m‖∞ + |ϵi|), where we used (1.3), it

follows that

E(|ζnt,i|2+c) ≤ w̃2+c
nt,i

E{K2+c
h (Xi − x)}E{(2‖m‖∞ + |ϵi|)2+c}

≤ w̃2+c
nt,i

h−1−c‖K‖1+c
∞ E{Kh(Xi − x)}E{(2‖m‖∞ + |ϵi|)2+c}

= w̃2+c
nt,i

h−1−c ×O(1) , (3.E.4)

where, to obtain the last equality, we used the fact that from Conditions (C6) and (C4) we have

max(‖K‖∞, ‖m‖∞) <∞ and Condition (C7) which ensures that E(|ϵi|2+c) <∞ since c < ς .

Using similar derivations, we also compute that

|E(ζnt,i)| ≤ E(|ζnt,i|) ≤ w̃nt,i E{Kh(Xi − x)}E(2‖m‖∞ + |ϵi|) = w̃nt,i ×O(1) . (3.E.5)

From the latter inequality, the result at (3.E.4) and the inequality |a + b|2+c ≤ 21+c(|a|2+c +

|b|1+c), we deduce that as ∆t→ 0,

E(|ξnt,i|2+c) ≤ 21+c{E(|ζnt,i|2+c) + |E(ζnt,i)|2+c} = w̃2+c
nt,i

(1 + h−1−c)×O(1) .
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Therefore, as the w̃nt,i’s are bounded by 1, and since Lemma 3.C.5 guarantees that as∆t→ 0

we have
∑nt

i=1 w̃
2
nt,i = O(γ), we obtain that as ∆t→ 0,

nt∑
i=1

E(|ξnt,i|2+c) = O(h−1−cγ) .

In view of the above equation, (3.E.3) will be proved if we show that as ∆t→ 0,

var(J′t) =
RKγ

2h
{σ2f(x, t) + o(1)} . (3.E.6)

To demonstrate (3.E.6), we decompose var(J′t) = V1 + V2, where

V1 =
nt∑
i=1

var(ζnt,i) V2 =
∑

1≤|i−j|≤nt−1

w̃nt,iw̃nt,jeij , (3.E.7)

with eij = cov[Kh(x−Xi){Yi −m(x, t)}, Kh(x−Xj){Yj −m(x, t)}] .

Mimicking the arguments presented below (3.C.23) in the proof of Lemma 3.C.7 allows to

conclude that there exists a constant κ > 0 such that |eij| ≤ κmin{α1/3(∆t, k), h−2α(∆t, |i−

j|)}, so that

|V2| ≤ κ
∑

1≤|i−j|≤nt−1

w̃nt,iw̃nt,j min
{
α1/3(∆t, |i− j|), h−2α(∆t, |i− j|)

}
≤ 2κ

nt−1∑
k=1

min
(
k−a/3, h−2k−a

) nt∑
j=k+1

w̃nt,j−kw̃nt,j .

From the above display, and in view of (3.C.27) and (3.C.28), we conclude that as ∆t → 0

we have |V2| = o(γ/h). Thus, to prove (3.E.6), it remains to show that V1 is asymptotically

equivalent to the term on the right hand side of (3.E.6).

To show that it is the case, we first compute that

E[K2
h(x−Xi){Yi −m(x, t)}2}

= E{K2
h(x−Xi)Y

2
i } − 2m(x, t)E{K2

h(x−Xi)Yi}+m2(x, t)E{K2
h(x−Xi)}
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=
RK

h
{2(m2 · f)(x, ti) + σ2f(x, ti)}+O(1)− 2m(x, t)E{K2

h(x−Xi)m(Xi, ti)} ,

(3.E.8)

where we used (3.C.30) and (3.C.39), and with RK as at (3.32).

Then, using the mean-value theorem, we obtain that for all i ∈ {1, . . . , nt}, there exists

θi1, θi2 ∈ [0, 1] such that

E
{
K2

h(x−Xi)m(Xi, ti)
}
=

1

h

∫
K2(u)

{
m(x, ti)− humx(x− θi1hu, ti)

}
×
{
f(x, ti)− hufx(x− θi2hu, ti)

}
du

=
RK

h
(m · f)(x, ti) +O(1) ,

where, to obtain the last line, we used Conditions (C4)–(C6).

Plugging the latter result into (3.E.8) entails, as ∆t→ 0, that

E[K2
h(x−Xi){Yi −m(x, t)}2} = RK

h
σ2f(x, ti) +O(1) . (3.E.9)

In view of the latter result and the one at (3.E.5), we compute that as ∆t→ 0,

V1 =
RK

h
σ2

nt∑
i=1

w̃2
nt,if(x, ti) +O(

nt∑
i=1

w̃2
nt,i) =

RK

h
σ2

nt∑
i=1

w̃2
nt,if(x, ti) +O(γ) ,

where we used (3.C.8).

To conclude the proof of that V1 is asymptotically equivalent to the term on the right hand

side of (3.E.6), note that by Conditions (C4) and (C5), (m · f) as a function of t satisfies the

conditions of Lemma 3.C.6, and therefore an application of that lemma yields, as ∆t→ 0, that

V1 =
RKγ

2h
σ2f(x, t) +O(∆t/h) +O(γ) =

RKγ

2h
σ2{f(x, t) + o(1)} ,

where, to obtain last equality, we used Condition (C1). Therefore, (3.E.3) is in force, and the

announced result follows from the fact that V f 2(x, t) = V1 + o(1).
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3.F Pseudocode for SRA

In this section we present the pseudocode for the SRA explained in §3.2.1. Algorithm F1 is the

framework of the SRA, consisting of several modules, such as Initialise for the initialisation

(§3.2.1.1). These modules are defined by Algorithms F2–F7. The function Boolean(x) returns

True (False) if the statement x is True (False), otherwise it returns False.

Algorithm F1 Streaming regression algorithm.

1: Inputs: ν, an integer determining how often we check for alternative ensembles;

2: S = {(Xi, Yi)}i=1,2,..., sequentially observed;

3: I1γ,h, initial candidate set;

4: L > 0, a constant used in (3.13);

5: g, cardinality of I1γ and I1h;

6: procedure SRA(ν, S, I1γ,h, L)

7: Initialise(ν,B0, I
1
γ,h); ▷ Algorithm F2

8: k ← 1 and λ← 0;

9: initialise.alt← False;

10: repeat ▷ repeat the following, could be never-ending

11: while initialise.alt == False do ▷ while (3.11) not satisfied

12: Routine(ν, k, Ikγ,h, Nk−1, λ, Bk,λ, L); ▷ Algorithm F3

13: λ← λ+ 1;

14: end while

15: InitialiseAlt((γCV
nt
, hCV

nt
), L, g); ▷ Algorithm F4

16: for i = 1, 2 do

17: if i == 2 then

18: UpdateAltCV(Bk,λ,E alt
t , I

alt
γ,h); ▷ Algorithm F6

19: end if

20: UpdateAlt(Bk,λ,E alt
t , I

alt
γ,h); ▷ Algorithm F5

21: Routine(ν, k, Ikγ,h, Nk−1, λ, Bk,λ, L);
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22: λ← λ+ 1;

23: end for

24: Let ES← Boolean(if (3.19) holds);

25: if ES == True then

26: EnsSubs(k, λ,E alt
t , I

alt
γ,h,RCValt

t ); ▷ Algorithm F7

27: end if

28: until data stream stops;

29: end procedure

The following algorithm defines the initialisation procedure described in §3.2.1.1.

Algorithm F2 Initilisation.

1: Inputs: ν, an integer determining how often we check for alternative ensembles;

2: B0 = {(Xi, Yi)}i=1,...,N0 , sequentially observed, where N0 = 2ν;

3: I1γ,h, initial candidate set;

4: procedure Initialise(ν,B0, I
1
γ,h)

5: for t = t1, . . . , tN0 do

6: if t ≥ tν+1 then

7: Compute RCVt(γ, h) defined by (3.8);

8: end if

9: Compute m̌(·, t|γ, h) ∈ Et by (3.6);

10: end for

11: return EtN0
, RCVtN0

(γ, h) for (γ, h) ∈ I1γ,h;

12: end procedure

The following algorithms defines the routine updates (R1)–(R3), described in §3.2.1.2.

Algorithm F3 Routine updates.

1: Inputs: ν, an integer determining how often we check for alternative ensembles;

2: k, number of already-happened ensemble substitutions plus one;
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3: Ikγ,h, the current candidate set;

4: Nk−1, number of observations up to (k − t)-th ensemble substitution;

5: λ, number of checks since tNk−1
;

6: Bk,λ = {(Xi, Yi)}i=Nk−1+λν+1,...,Nk−1+(λ+1)ν , sequentially observed;

7: L > 0, a constant used in (3.13);

8: procedure Routine(ν, k, Ikγ,h, Nk−1, λ, Bk,λ, L)

9: for t = tNk−1+λν+1, . . . , tNk−1+(λ+1)ν do

10: (R1) Update RCVt by (3.9);

11: (R2) Update m̌(·, t|γ, h) ∈ Et by (3.7);

12: (R3) Compute (γCV
nt
, hCV

nt
) by (3.10);

13: return m̌(·, t|γCV
nt
, hCV

nt
), estimate of m(·, t);

14: end for

15: initialise.alt← Boolean(if (3.11) holds);

16: return initialise.alt;

17: end procedure

The next algorithm defines the initialisation of alternative ensemble as described in §3.2.1.3.

Algorithm F4 Initialisation of alternative ensemble.

1: Inputs: γCV
nt
, hCV

nt
, γ and h values selected by RCV;

2: L > 0, a constant used in (3.13);

3: g, cardinality of I1γ and I1γ ;

4: procedure InitialiseAlt(γCV
nt
, hCV

nt
, L, g)

5: Let Ialt
γ,h = Ialt

γ × Ialt
h , where Ialt

γ and Ialt
h are equidistant grids of size g on [γCV

nt
/L,LγCV

nt
]

and [hCV
nt

/L,LhCV
nt

];

6: Let E alt
t = {m̌alt(·, t|γ, h) : (γ, h) ∈ Ialt

γ,h}, where m̌alt(·, t|γ, h) is initialised by (3.14);

7: return E alt
t and Ialt

γ,h;

8: end procedure
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The next algorithm defines the updating of alternative ensemble as described in §3.2.1.3.

Algorithm F5 Updating alternative ensemble.

1: Inputs: Bk,λ = {(Xi, Yi)}i=Nk−1+λν+1,...,Nk−1+(λ+1)ν , sequentially observed;

2: E alt
t , initial alternative ensemble;

3: Ialt
γ,h, alternative candidate set;

4: procedure UpdateAlt(Bk,λ,E alt
t , I

alt
γ,h)

5: for t = tNk−1+λν+1, . . . , tNk−1+(λ+1)ν do

6: Update m̌alt(·, t|γ, h) ∈ E alt
t by (3.16);

7: end for

8: return E alt
t ;

9: end procedure

The next algorithm defines the updating of alternative cross-validation scores as described in

§3.2.1.3.

Algorithm F6 Updating alternative cross-validation scores.

1: Inputs: Bk,λ = {(Xi, Yi)}i=Nk−1+λν+1,...,Nk−1+(λ+1)ν , sequentially observed;

2: E alt
t , updated alternative ensemble;

3: Ialt
γ,h, alternative candidate set;

4: procedure UpdateAltCV(Bk,λ,E alt
t , I

alt
γ,h)

5: for t = tNk−1+λν+1, . . . , tNk−1+(λ+1)ν do

6: Update RCValt
t (γ, h) for (γ, h) ∈ Ialt

γ,h by (3.17);

7: end for

8: return RCValt
t (γ, h) for (γ, h) ∈ Ialt

γ,h;

9: end procedure

The next algorithm defines the ensemble substitution as described in §3.2.1.3.

Algorithm F7 Ensemble substitution.
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1: Inputs: k, number of already-happened ensemble substitutions plus one;

2: λ, number of checks since tNk−1
;

3: E alt
t , alternative ensemble;

4: Ialt
γ,h, alternative candidate set;

5: RCValt
t (γ, h), (γ, h) ∈ Ialt

γ,h, alternative cross-validation scores;

6: procedure EnsSubs(k, λ,E alt
t , I

alt
γ,h,RCValt

t )

7: (ES1) Nk = Nk−1 + λν;

8: (ES2) Ik+1
γ,h ← Ialt

γ,h, m̌(·, t|γ, h)← m̌alt(·, t|γ, h) for all (γ, h) ∈ Ik+1
γ,h , delete E alt

t and

Ialt
γ,h;

9: (ES3) RCVt(γ, h)← RCValt
t (γ, h) for all (γ, h) ∈ Ik+1

γ,h , delete all RCValt
t (γ, h);

10: (ES4) k ← k + 1, λ← 0;

11: initialise.alt← False;

12: return k, λ, Ikγ,h, Nk−1, Et, RCVt(γ, h) for (γ, h) ∈ Ialt
γ,h and initialise.alt;

13: end procedure
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Numerical illustrations

In this chapter we present some simulation and real data examples to illustrate the performances

of the streaming density and regression estimation methods described in Chapters 2 and 3.

4.1 Simulations

4.1.1 Density estimation

We ran simulations to illustrate the performance of the SKDE defined at (2.2), with smooth-

ing parameters chosen by the SCV procedure described in §2.4. We simulated data streams

{Xi}i=1,...,n1 arriving on a finite time interval [0, 1] for 3 different sample sizes n1 = 5 × 103,

104 and 1.5× 104, where n1 is defined at (1.2), taking t = 1. These sample sizes are larger than

the sample size used in the simulation studies of Hall et al. (2006). This is to reflect the fact

that streaming data often have higher frequency than the conventional offline time series data,

and hence it is easier to collect a large number of streaming data within a short period of time.

Indeed, our sample sizes are comparable to those in the simulation studies of some works on

density estimation for streaming data (e.g. Zhou et al., 2003; Cao et al., 2012; García-Treviño

and Barria, 2012).

Suppose each Xi arrives at ti = i/n1 and has a density f(x, ti). Let ϕµ,σ denote the density
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function of a N(µ, σ2). We consider the following four data models:

(i) f(x, t) = ϕµt,σt(x), where µt = 100t and σt = 1 + 10t;

(ii) f(x, t) = ϕµt,σt(x), where µt = 5 sin(10tπ) + 5 and σt = 0.4 sin(10tπ) + 2;

(iii) f(x, t) = 2−1
∑2

k=1 ϕµt,k,σt,k
(x), where µt,1 = 5t, µt,2 = 10− 5t and σt,1 = σt,2 = 1;

(iv) f(x, t) = 4−1
∑4

k=1 ϕµt,k,σt,k
(x), where µt,1 = 100t, µt,2 = 1 + 100t, µt,3 = 2 + 100t,

µt,4 = 3 + 100t and σt,1 = σt,2 = σt,3 = σt,4 = 0.2.

In models (i) and (ii) the true densities are both Gaussian. In model (i) both the mean and vari-

ance are increasing; in model (ii) the mean and variance are both periodically varying. In models

(iii) and (iv) the true densities are mixtures of 2 and 4 normal densities with fixed variance, re-

spectively. In model (iii) the two normal densities approach each other and finally collide to form

one mode; in model (iv) the location of the true density with 4 modes changes monotonically.

See Figures 4.1–4.4 for an visual illustration of models (i)–(iv), respectively.

Figure 4.1: Illustration of density model (i), where x and t axes represent the spatial and temporal
domains of f(x, t) and z = f(x, t) represents the density values. For better visual effects, only
f(x, t), t ∈ (0, 0.1) are shown, with f(x, 0) at the front and f(x, 0.1) at the back.
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Figure 4.2: Illustration of density model (ii), where x and t axes represent the spatial and temporal
domains of f(x, t) and z = f(x, t) represents the density values, with f(x, 0) at the front and
f(x, 1) at the back.

Figure 4.3: Illustration of density model (iii), where x and t axes represent the spatial and tem-
poral domains of f(x, t) and z = f(x, t) represents the density values, with f(x, 0) at the front
and f(x, 1) at the back.
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Figure 4.4: Illustration of density model (iv), where x and t axes represent the spatial and tem-
poral domains of f(x, t) and z = f(x, t) represents the density values. For better visual effects,
only f(x, t), t ∈ (0, 0.1) are shown, with f(x, 0) at the front and f(x, 0.1) at the back.

Models (i) and (ii) are similar to those used in Hall et al. (2006), where data are simulated

from bivariate normal distributions with time-varying means and variances. However, Hall

et al. (2006) did not consider time-varying mixture normal densities such as models (iii) and

(iv). Many works on nonparametric density estimation for streaming data used simulated sam-

ples from time-varying mixture normal densities (Caudle and Wegman, 2009; Cao et al., 2012;

García-Treviño and Barria, 2012; Qahtan et al., 2017).

We first applied the SKDE f̌ equipped with the SCV procedure to data streams simulated

from models (i)–(iv). To initialise the SCV procedure, we need to select the first block size b1,

which depends on the specific data set at hand. Ideally, it should be the largest integer such that

the first b1 data points are nearly i.i.d. In the simulation studies we took b1 = 50. To initialise

the candidate set I1h for the h values, we applied the normal reference rule (Scott and Sain, 2004)

to the first b1 observations to obtain an initial bandwidth h0 = 1.06σ̂0b
−1/5
1 , where σ̂0 is the

sample standard deviation computed from the first b1 observations. Then I1h was chosen as an

equidistant grid of size g = 10 on the interval [0.2h0, 2h0], where the lower and upper limits

are chosen in a way to take into account the fact that the normal reference rule often produces
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overly large bandwidths. We selected the set I1γ as an equidistant grid of size g = 10 on the

interval [b−1
1 , 0.1], where b−1

1 is a value for γ we would take if the first b1 data were i.i.d. and

0.1 is the γ value we would take if the appropriate sample size used to calculate an up-to-date

density estimate is around 10. Hence we have initialised the set I1γ,h = I1γ × I1h of cardinality

#(I1γ,h) = g2 = 100. For the ACV and the SCV criteria at (2.20) and (2.26), we imposed the

restriction that bℓ ≥ 10, so that these cross-validation criteria have to be computed from more

than 10 data points. This is to prevent the ACV and the SCV from being numerically unstable.

To illustrate the superiority of our algorithm over the sliding window KDE at (1.6) and the

temporal KDE of Hall et al. (2006) defined at (1.13), we also applied the latter two methods

to the simulated data streams. We computed the sliding window KDE f̂w with four choices

of window sizes w = 25, 50, 100, 200. We tried a range of w values because, for streaming

data with different types of time variabilities, we did not expect that any particular choice of

w would always result in a good estimator f̂w. These particular w values were chosen to make

sure that, when estimating models (i)–(iv) with different sample sizes, there is at least one f̂w

performing reasonably well. At time t, we used the direct plug-in method proposed by Sheather

and Jones (1991) and the leave-one-out least squares cross-validation (LSCV, see e.g. Wand and

Jones, 1995, pp. 63–65) to select the bandwidth hnt , using data {Xi}i=nt−w+1,...,nt in the sliding

window. Let f̂PI
w and f̂CV

w denote the sliding window KDEs equipped with the plug-in and the

LSCV bandwidth selectors, respectively. We used the kde, hpi and hlscv functions from the

R package ks (Duong et al., 2019) to compute the KDE, the plug-in bandwidths and the LSCV

bandwidths.

We computed the temporal KDE of Hall et al. (2006), denoted by f̂HMW, with temporal

kernel KT (u) = 4 − 6u, for u ∈ [0, 1], as in Hall et al. (2006). The temporal bandwidth

λ was selected by the time dynamic least squares cross-validation procedure described in Hall

et al. (2006). However, since their cross-validation method is not designed for streaming data,

we made some modifications to it as follows, both to improve its performance and to reduce its

computational cost. First, for each nt, the temporal bandwidth λnt is selected from an equidis-

tant grid of size 20 on the interval [20∆t, 500∆t], instead of on [0, 1]. That is, the number of data
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falling in the time interval [t−λnt , t] is between 20 and 500. This is to prevent λnt from being ei-

ther too small, causing numerical instability for the estimator and the cross-validation procedure;

or being too large, making the computation of f̂HMW too time-consuming. We observed that

the performance of f̂HMW with this restriction was slightly better than without, while the average

computation time was significantly reduced compared to the original cross-validation method in

Hall et al. (2006). For selecting the spatial bandwidth hnt , we used the plug-in method instead

of the normal reference rule as in Hall et al. (2006), since the latter does not work well when the

true density is very different from the normal density (e.g. in model (iii) or (iv)).

To compare the performances of f̌ , f̂PI
w , f̂CV

w , for w = 25, 50, 100, 200, and f̂HMW, we

generated 100 data streams for each of models (i)–(iv) and the 3 different sample sizes (4×3×100

data streams in total). For each data stream and each estimator, we calculated the integrated

square error ISE(f̌) =
∫ 1

t200

∫ Dt

Ct
{f̄(x, t)− f(x, t)}2 dx dt, where f̄ denotes one of f̌ , f̂PI

w , f̂CV
w

and f̂HMW and [Ct, Dt] denotes an interval large enough such that
∫ Dt

Ct
f(x, t) dx ≈ 1. We

took Ct = min(Bℓt) − 3σ(Bℓt) and Dt = max(Bℓt) + 3σ(Bℓt), where, recalling from above

(2.6), Bℓt denotes the block of data arriving on a time interval containing t and where σ(Bℓt)

denotes the sample standard deviation computed fromBℓt . Note that ISE(f̌) is defined for time

interval [t200, 1] instead of [0, 1], since f̂PI
200 and f̂CV

200 can only be computed when there are 200

or more data. In our setting, t200 was close to time 0 anyway, and we cannot compute any of the

estimators well without at least some data to compute it.

Table 4.1 reports the median and the inter-quartile range (IQR) of the 100 ISEs for estimating

models (i)–(iv) with f̌ , f̂PI
w and f̂CV

w , forw = 25, 50, 100, 200. These results show that f̂PI
w signif-

icantly outperformed f̂CV
w , for w = 25, 50, 100, 200 and all data-generating models, in terms of

the median ISE. They also show that f̌ significantly outperformed f̂CV
w , forw = 25, 50, 100, 200.

Furthermore, in all except two cases (models (iii) and (iv) when n1 = 5 × 103), f̌ also signifi-

cantly outperformed f̂PI
w , for w = 25, 50, 100, 200. In the case of estimating model (iii) when

n1 = 5× 103, the median ISE of the SKDE f̌ is slightly larger than, but still comparable to, the

median ISE of f̂PI
200. For estimating model (iv) when n1 = 5× 103, the median ISE of f̌ is the

same as that of f̂PI
25.
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In addition to the superiority in performance, another strength of the SKDE f̌ is that, by

selecting the γ values using the SCV, it automatically selects an appropriate number of recent

observations to compute the density estimate (recall that, with different choices of the γ values

the effective number of data used to compute f̌ differs). In contrast, the sliding window KDEs

f̂PI
w and f̂CV

w only performs well when the window size w is carefully chosen by the user. For

example, from Table 4.1 we can see that models (ii) and (iv) require smaller w to obtain a small

median ISE compared to models (i) and (iii). This is because the time variabilities of the density

f in the latter two models are relatively mild compared to the former. Hence, the adaptivity to

different kinds of time variabilities makes our method more preferable in practice.

Table 4.1: Simulation results for estimating models (i)–(iv) with f̌ , f̂PI
w and f̂CV

w , for w =
25, 50, 100, 200, when n1 = 5 × 103, 104 or 1.5 × 104. The numbers show 103 ×
ISE(f̄)[1st quartile, 3rd quartile] calculated from 100 data streams, where f̄ denotes one of f̌ ,
f̂PI
w and f̂CV

w .

n1 = 5× 103 f̌ f̂PI
25 f̂PI

50 f̂PI
100 f̂PI

200
Model (i) 2.70[2.52, 2.94] 4.56[4.38, 4.72] 3.09[2.94, 3.29] 4.53[4.26, 4.78] 11.9[11.6, 12.3]
Model (ii) 13.0[12.6, 13.6] 16.1[15.5, 16.7] 18.1[17.5, 19.0] 39.2[38.3, 40.1] 74.9[74.0, 75.9]
Model (iii) 4.72[4.37, 5.06] 18.2[17.8, 18.6] 10.7[10.4, 10.9] 6.37[6.12, 6.60] 4.30[4.04, 4.57]
Model (iv) 135[134, 136] 134[134, 135] 145[144, 146] 179[178, 180] 234[232, 234]

n1 = 104 f̌ f̂PI
25 f̂PI

50 f̂PI
100 f̂PI

200
Model (i) 2.08[1.92, 2.26] 4.68[4.55, 4.88] 2.74[2.64, 2.88] 2.46[2.34, 2.66] 5.21[4.95, 5.47]
Model (ii) 9.04[8.88, 9.35] 14.0[13.6, 14.3] 10.1[9.78, 10.4] 15.3[14.9, 15.8] 39.0[38.5, 39.7]
Model (iii) 3.30[3.11, 3.49] 18.3[18.0, 18.7] 10.7[10.4, 11.0] 6.26[6.03, 6.41] 3.79[3.61, 3.98]
Model (iv) 111[110, 113] 128[127, 128] 127[126, 127] 144[143, 144] 178[177, 179]

n1 = 1.5× 104 f̌ f̂PI
25 f̂PI

50 f̂PI
100 f̂PI

200
Model (i) 1.71[1.62, 1.82] 4.75[4.63, 4.92] 2.68[2.60, 2.78] 1.97[1.86, 2.06] 3.04[2.89, 3.21]
Model (ii) 7.44[7.18, 7.70] 13.6[13.3, 13.9] 8.59[8.34, 8.86] 9.43[9.17, 9.72] 21.9[21.3, 22.2]
Model (iii) 2.65[2.53, 2.78] 18.3[18.1, 18.6] 10.7[10.5, 10.8] 6.24[6.10, 6.37] 3.70[3.59, 3.80]
Model (iv) 93.2[92.4, 94.0] 126[126, 127] 119[119, 120] 131[131, 132] 154[154, 155]

n1 = 5× 103 f̌ f̂CV
25 f̂CV

50 f̂CV
100 f̂CV

200
Model (i) 2.70[2.52, 2.94] 5.48[5.22, 5.71] 3.66[3.46, 3.87] 4.80[4.54, 5.08] 12.30[11.80, 12.70]
Model (ii) 13.0[12.6, 13.6] 19.0[18.2, 19.7] 20.0[19.2, 20.6] 40.7[39.7, 41.8] 83.2[82.0, 84.2]
Model (iii) 4.72[4.37, 5.06] 21.0[20.5, 21.6] 12.1[11.7, 12.6] 7.23[6.87, 7.55] 4.85[4.49, 5.26]
Model (iv) 135[134, 136] 154[153, 156] 150[149, 151] 185[183, 185] 264[262, 265]

n1 = 104 f̌ f̂CV
25 f̂CV

50 f̂CV
100 f̂CV

200
Model (i) 2.08[1.92, 2.26] 5.70[5.51, 5.95] 3.43[3.24, 3.57] 2.82[2.69, 3.01] 5.44[5.14, 5.83]
Model (ii) 9.04[8.88, 9.35] 16.9[16.4, 17.5] 12.0[11.5, 12.4] 16.2[15.7, 16.7] 39.1[38.7, 40.5]
Model (iii) 3.30[3.11, 3.49] 21.0[20.3, 21.5] 12.2[11.7, 12.6] 7.04[6.78, 7.35] 4.32[4.02, 4.67]
Model (iv) 111[110, 113] 132[131, 133] 148[147, 150] 147[146, 148] 185[184, 186]

n1 = 1.5× 104 f̌ f̂CV
25 f̂CV

50 f̂CV
100 f̂CV

200
Model (i) 1.71[1.62, 1.82] 5.81[5.65, 6.01] 3.38[3.27, 3.50] 2.34[2.25, 2.48] 3.37[3.16, 3.66]
Model (ii) 7.44[7.18, 7.70] 16.6[16.3, 17.1] 10.6[10.3, 10.8] 10.5[10.2, 10.7] 22.3[21.9, 23.0]
Model (iii) 2.65[2.53, 2.78] 20.90[20.40, 21.20] 12.00[11.80, 12.30] 6.99[6.76, 7.24] 4.24[4.00, 4.99]
Model (iv) 93.2[92.4, 94.0] 122[122, 123] 118[117, 118] 160[159, 161] 155[155, 156]

Table 4.2 reports the median and the inter-quartile range (IQR) of the 100 ISEs for estimating
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models (i)–(iv) with f̂HMW, when n1 = 5×103. It also reports the average computation times (in

seconds) for computing f̂HMW and f̌ from one sample. The computation time, averaged over 100

simulations, includes the time for selecting smoothing parameters. Since the time for computing

f̂HMW is already prohibitively long for even the smallest sample size n1 = 5 × 103 (f̂HMW takes

more than 11 minutes to process one data stream, nearly 30 times more time-consuming than

f̌ ), we did not compute it for larger sample sizes. Comparing Table 4.2 to Table 4.1, we can

see that the performance of f̂HMW is significantly worse than f̌ in terms of the ISE, although its

computation time is dozens of times longer.

Table 4.2: Simulation results for estimating models (i)–(iv) with f̂HMW and f̌ when n1 = 5×103.
Numbers in first two rows show 103 × ISE(f̄)[1st quartile, 3rd quartile], where f̄ denotes one
of f̂HMW and f̌ , calculated from 100 data streams. Numbers in the last two rows show average
computation time for one sample (in seconds).

n1 = 5× 103 Model (i) Model (ii) Model (iii) Model (iv)
f̂HMW 14.2[13.5, 14.8] 47.4[45.7, 49.1] 33.2[31.9, 34.6] 173[171, 174]

f̌ 2.70[2.52, 2.94] 13.0[12.6, 13.6] 4.72[4.37, 5.06] 135[134, 136]

Time of f̂HMW (sec) 717 708 732 675

Time of f̌ (sec) 24.6 25.3 24.2 25.7

To visually illustrate the superiority of f̌ over f̂PI
w for w = 25, 50, 100, 200 and f̂HMW, we

computed these estimators from the first of the 100 samples simulated from models (i)–(iv) and

plotted them in Figures 4.8–4.16. Recall that f̂PI
w outperformed f̂CV

w in all cases, so we did not

plot the density estimates generated by f̂CV
w . Since the computation time of f̂HMW for one sample

is already very long for the smallest sample size n1 = 5 × 103, we did not compute it for the

larger sample sizes n1 = 104, 1.5× 104. In each of Figures 4.8–4.16, the 9 subplots correspond

to 9 equidistant time points on the time interval [t200, 1]. The true density curves are plotted in

solid red lines, the estimated density curves produced by f̌ in solid blue lines, the f̂HMW curves

in dashed blue lines, the f̂PI
25 curves in dashed black lines, the f̂PI

50 curves in dotted black lines, the

f̂PI
100 curves in dotted dashed black lines and the f̂PI

200 curves in long dashed black lines.

From Figures 4.5–4.7, we can see that, expect for estimating the density at time t200 (the first

subplot), most of the estimated density curves are reasonably close to the true density curves. At
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time t200, f̂50 often produced the best results, whilst f̂200 often produced the worst. The f̌ curves

at time t200 in these plots capture the location of the true density quite accurately, but they are

somewhat oversmoothed.

Due to its complicated time variabilities, model (ii) is difficult to estimate, especially when

the sample size n1 = 5 × 103 is relatively small. From Figures 4.8–4.8, we can see that the

estimated density curves produced by the SKDE f̌ (solid blue line) are often closer to the true

density curves. In particular, in Figure 4.8, we observe that the f̂HMW estimates are sometimes

too wiggly, since the cross-validation procedure in Hall et al. (2006) sometimes chooses an overly

small temporal bandwidth λnt . Also observe that the f̂HMW estimates are sometimes negative.

This is because f̂HMW uses a one-sided second order temporal kernel KT (u) = 4 − 6u, for

u ∈ [0, 1], giving some data points negative weights.

For estimating model (iii), we can see from Figures 4.11–4.13 that, again, f̂HMW often pro-

duced very wiggly density estimates and negative density values. The estimator f̂200 sometimes

produced oversmoothed density estimates, whilst density curves produced by f̂25, f̂50 and f̂100

are often fairly close to the truth. Overall, however, f̌ produced the best density estimates for

model (iii).

Estimating model (iv) is very challenging since the true density has large curvature and its

location varies very fast in time. Indeed, from Figure 4.14 we can see that, when n1 = 5× 103,

all density estimates are oversmoothed. This might indicate that this particular sample size was

too small for estimating the fast-varying density well. We also observe that the density estimates

produced by f̂PI
200 are often very bad at capturing the location of the true density, since they were

computed using too many data points. As the sample size n1 increases (see Figures 4.15 and

4.16), we observe that the density curves produced by f̌ become much closer to the true curves.

In contrast, the other density estimates often fail to estimate the true number of modes (i.e. 4)

due to serious oversmoothing.

From the above simulation results we conclude that the SKDE f̌ with smoothing parameters

chosen by the SCV procedure has shown superior adaptivity to different types of time variabilities

of the underlying density function, compared to classic KDE f̂w equipped with sliding window
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Figure 4.1: Density estimates for model (ii) when n1 = 5 × 103. The 1-st subplot shows
curves representing µt (solid black line) and σt (dotted line). The 2-nd to the 9-th subplots,
corresponding to 8 equidistant time points on time interval [0, 1], show the true density curves
(red line) and density estimates produced by f̂25 (dashed black line), f̂50 (dotted black line), f̂100
(dotted dashed black line), f̂200 (long dashed black line), f̌ (solid blue line) and f̂HMW (dashed
blue line). fig:den-mod1-5000
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Figure 4.5: Density estimates for model (i) when n1 = 5 × 103. The 1-st to the 9-th subplots,
corresponding to 9 equidistant time points t = 0.04, 0.16, 0.28, 0.4, 0.52, 0.64, 0.76, 0.88, 1 on
time interval [t200, 1], show the true density curves (red line) and density estimates produced by
f̂25 (dashed black line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed
black line), f̌ (solid blue line) and f̂HMW (dashed blue line).
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Figure 4.2: Density estimates for model (ii) when n1 = 5 × 103. The 1-st subplot shows
curves representing µt (solid black line) and σt (dotted line). The 2-nd to the 9-th subplots,
corresponding to 8 equidistant time points on time interval [0, 1], show the true density curves
(red line) and density estimates produced by f̂25 (dashed black line), f̂50 (dotted black line), f̂100
(dotted dashed black line), f̂200 (long dashed black line), f̌ (solid blue line) and f̂HMW (dashed
blue line). fig:den-mod1-10000
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Figure 4.6: Density estimates for model (i) when n1 = 104. The 1-
st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.02, 0.1425, 0.265, 0.3875, 0.51, 0.6325, 0.755, 0.8775, 1 on time interval [t200, 1], show
the true density curves (red line) and density estimates produced by f̂25 (dashed black line), f̂50
(dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and f̌ (solid
blue line).
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Figure 4.3: Density estimates for model (ii) when n1 = 5 × 103. The 1-st subplot shows
curves representing µt (solid black line) and σt (dotted line). The 2-nd to the 9-th subplots,
corresponding to 8 equidistant time points on time interval [0, 1], show the true density curves
(red line) and density estimates produced by f̂25 (dashed black line), f̂50 (dotted black line), f̂100
(dotted dashed black line), f̂200 (long dashed black line), f̌ (solid blue line) and f̂HMW (dashed
blue line). fig:den-mod1-15000
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Figure 4.7: Density estimates for model (i) when n1 = 1.5 × 104. The
1-st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.0133, 0.1367, 0.26, 0.3833, 0.5067, 0.63, 0.7533, 0.8776, 1 on time interval [t200, 1],
show the true density curves (red line) and density estimates produced by f̂25 (dashed black
line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and
f̌ (solid blue line).
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Figure 4.4: Density estimates for model (ii) when n1 = 5 × 103. The 1-st subplot shows
curves representing µt (solid black line) and σt (dotted line). The 2-nd to the 9-th subplots,
corresponding to 8 equidistant time points on time interval [0, 1], show the true density curves
(red line) and density estimates produced by f̂25 (dashed black line), f̂50 (dotted black line), f̂100
(dotted dashed black line), f̂200 (long dashed black line), f̌ (solid blue line) and f̂HMW (dashed
blue line).
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Figure 4.8: Density estimates for model (ii) when n1 = 5× 103. The 1-st to the 9-th subplots,
corresponding to 9 equidistant time points t = 0.04, 0.16, 0.28, 0.4, 0.52, 0.64, 0.76, 0.88, 1 on
time interval [t200, 1], show the true density curves (red line) and density estimates produced by
f̂25 (dashed black line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed
black line), f̌ (solid blue line) and f̂HMW (dashed blue line).
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Figure 4.5: Density estimates for model (ii) when n1 = 5 × 103. The 1-st subplot shows
curves representing µt (solid black line) and σt (dotted line). The 2-nd to the 9-th subplots,
corresponding to 8 equidistant time points on time interval [0, 1], show the true density curves
(red line) and density estimates produced by f̂25 (dashed black line), f̂50 (dotted black line), f̂100
(dotted dashed black line), f̂200 (long dashed black line), f̌ (solid blue line) and f̂HMW (dashed
blue line).
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Figure 4.9: Density estimates for model (ii) when n1 = 104. The 1-
st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.02, 0.1425, 0.265, 0.3875, 0.51, 0.6325, 0.755, 0.8775, 1 on time interval [t200, 1], show
the true density curves (red line) and density estimates produced by f̂25 (dashed black line), f̂50
(dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and f̌ (solid
blue line).
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Figure 4.6: Density estimates for model (ii) when n1 = 5 × 103. The 1-st subplot shows
curves representing µt (solid black line) and σt (dotted line). The 2-nd to the 9-th subplots,
corresponding to 8 equidistant time points on time interval [0, 1], show the true density curves
(red line) and density estimates produced by f̂25 (dashed black line), f̂50 (dotted black line), f̂100
(dotted dashed black line), f̂200 (long dashed black line), f̌ (solid blue line) and f̂HMW (dashed
blue line).
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Figure 4.10: Density estimates for model (ii) when n1 = 1.5 × 104. The
1-st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.0133, 0.1367, 0.26, 0.3833, 0.5067, 0.63, 0.7533, 0.8776, 1 on time interval [t200, 1],
show the true density curves (red line) and density estimates produced by f̂25 (dashed black
line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and
f̌ (solid blue line).

201



CHAPTER 4 4.1 Simulations

-5 0 5 10 15

0.
0

0.
1

0.
2

0.
3

0.
4

evalP

tr
ue

de
n

t= 0.04

-5 0 5 10 15

0.
0

0.
1

0.
2

0.
3

0.
4

evalP

tr
ue

de
n

t= 0.16

-5 0 5 10 15

0.
0

0.
1

0.
2

0.
3

0.
4

evalP
tr

ue
de

n

t= 0.28

0 5 10

0.
0

0.
1

0.
2

0.
3

0.
4

evalP

tr
ue

de
n

t= 0.4

-2 0 2 4 6 8 10 12

0.
0

0.
1

0.
2

0.
3

0.
4

evalP

tr
ue

de
n

t= 0.52

-2 0 2 4 6 8 10

0.
0

0.
1

0.
2

0.
3

0.
4

evalP

tr
ue

de
n

t= 0.64

0 2 4 6 8 10

0.
0

0.
1

0.
2

0.
3

0.
4

tr
ue

de
n

t= 0.76

0 2 4 6 8 10

0.
0

0.
1

0.
2

0.
3

0.
4

tr
ue

de
n

t= 0.88

0 2 4 6 8

0.
0

0.
1

0.
2

0.
3

0.
4

tr
ue

de
n

t= 1

x

de
ns

ity

Truth
f̂25
f̂50
f̂100
f̂200
f̌
f̂HMW

Figure 4.7: Density estimates for model (iii) when n1 = 5× 103. The 1-st to the 9-th subplots,
corresponding to 9 equidistant time points t = 0.04, 0.16, 0.28, 0.4, 0.52, 0.64, 0.76, 0.88, 1 on
time interval [t200, 1], show the true density curves (red line) and density estimates produced by
f̂25 (dashed black line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed
black line), f̌ (solid blue line) and f̂HMW (dashed blue line).
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Figure 4.11: Density estimates for model (iii) when n1 = 5×103. The 1-st to the 9-th subplots,
corresponding to 9 equidistant time points t = 0.04, 0.16, 0.28, 0.4, 0.52, 0.64, 0.76, 0.88, 1 on
time interval [t200, 1], show the true density curves (red line) and density estimates produced by
f̂25 (dashed black line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed
black line), f̌ (solid blue line) and f̂HMW (dashed blue line).
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Figure 4.8: Density estimates for model (iii) when n1 = 104. The 1-
st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.02, 0.1425, 0.265, 0.3875, 0.51, 0.6325, 0.755, 0.8775, 1 on time interval [t200, 1], show
the true density curves (red line) and density estimates produced by f̂25 (dashed black line), f̂50
(dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and f̌ (solid
blue line).
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Figure 4.12: Density estimates for model (iii) when n1 = 104. The 1-
st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.02, 0.1425, 0.265, 0.3875, 0.51, 0.6325, 0.755, 0.8775, 1 on time interval [t200, 1], show
the true density curves (red line) and density estimates produced by f̂25 (dashed black line), f̂50
(dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and f̌ (solid
blue line).
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Figure 4.9: Density estimates for model (iii) when n1 = 1.5 × 104. The
1-st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.0133, 0.1367, 0.26, 0.3833, 0.5067, 0.63, 0.7533, 0.8776, 1 on time interval [t200, 1],
show the true density curves (red line) and density estimates produced by f̂25 (dashed black
line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and
f̌ (solid blue line).
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Figure 4.13: Density estimates for model (iii) when n1 = 1.5 × 104. The
1-st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.0133, 0.1367, 0.26, 0.3833, 0.5067, 0.63, 0.7533, 0.8776, 1 on time interval [t200, 1],
show the true density curves (red line) and density estimates produced by f̂25 (dashed black
line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and
f̌ (solid blue line).
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Figure 4.10: Density estimates for model (iv) when n1 = 5× 103. The 1-st to the 9-th subplots,
corresponding to 9 equidistant time points t = 0.04, 0.16, 0.28, 0.4, 0.52, 0.64, 0.76, 0.88, 1 on
time interval [t200, 1], show the true density curves (red line) and density estimates produced by
f̂25 (dashed black line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed
black line), f̌ (solid blue line) and f̂HMW (dashed blue line).
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Figure 4.14: Density estimates for model (iv) when n1 = 5× 103. The 1-st to the 9-th subplots,
corresponding to 9 equidistant time points t = 0.04, 0.16, 0.28, 0.4, 0.52, 0.64, 0.76, 0.88, 1 on
time interval [t200, 1], show the true density curves (red line) and density estimates produced by
f̂25 (dashed black line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed
black line), f̌ (solid blue line) and f̂HMW (dashed blue line).
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Figure 4.11: Density estimates for model (iv) when n1 = 104. The 1-
st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.02, 0.1425, 0.265, 0.3875, 0.51, 0.6325, 0.755, 0.8775, 1 on time interval [t200, 1], show
the true density curves (red line) and density estimates produced by f̂25 (dashed black line), f̂50
(dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and f̌ (solid
blue line).
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Figure 4.15: Density estimates for model (iv) when n1 = 104. The 1-
st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.02, 0.1425, 0.265, 0.3875, 0.51, 0.6325, 0.755, 0.8775, 1 on time interval [t200, 1], show
the true density curves (red line) and density estimates produced by f̂25 (dashed black line), f̂50
(dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and f̌ (solid
blue line).
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Figure 4.12: Density estimates for model (iv) when n1 = 1.5 × 104. The
1-st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.0133, 0.1367, 0.26, 0.3833, 0.5067, 0.63, 0.7533, 0.8776, 1 on time interval [t200, 1],
show the true density curves (red line) and density estimates produced by f̂25 (dashed black
line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and
f̌ (solid blue line).
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Figure 4.16: Density estimates for model (iv) when n1 = 1.5 × 104. The
1-st to the 9-th subplots, corresponding to 9 equidistant time points t =
0.0133, 0.1367, 0.26, 0.3833, 0.5067, 0.63, 0.7533, 0.8776, 1 on time interval [t200, 1],
show the true density curves (red line) and density estimates produced by f̂25 (dashed black
line), f̂50 (dotted black line), f̂100 (dotted dashed black line), f̂200 (long dashed black line) and
f̌ (solid blue line).
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and the temporal KDE f̂HMW of Hall et al. (2006).

4.1.2 Regression

We ran simulations to illustrate the performance of the SRA defined in §3.2.1 when the un-

derlying regression function has different types of time-variabilities. We simulated data streams

{(Xi, Yi)}i=1,...,n1 arriving on a fixed time interval [0, 1] for 3 different sample sizes n1 = 4×103,

8 × 103 and 1.2 × 104, where n1 is defined at (1.2), taking t = 1. We simulated {Xi}i=1,...,n1

from an ARMA(2, 2) model Xi = εi +
∑2

j=1 φjXi−j +
∑2

j=1 θjεi−j , where {εj}i=1,2,... is

an i.i.d. N(0, 0.1796) sequence and where φ1 = 0.8879, φ2 = −0.4858, θ1 = −0.2279 and

θ2 = 0.2488. These particular parameters were selected to make sure that the serial dependence

of {Xi}i=1,...,n1 is not particularly strong. See Figure 4.17 for one realisation of {Xi}i=1,...,n1

with n1 = 4× 103.

4.1 Simulations

4.1.2 Regression
sec:reg-simu

We ran simulations to illustrate the performance of the SRA defined in §3.2.1 when the un-

derlying regression function has different types of time-variabilities. We simulated data streams

{(Xi, Yi)}i=1,...,n1 arriving on a fixed time interval [0, 1] for 3 different sample sizes n1 = 4×103,

8 × 103 and 1.2 × 104, where n1 is defined at (1.2), taking t = 1. We simulated {Xi}i=1,...,n1

from an ARMA(2, 2) model Xi = εi +
∑2

j=1 φjXi−j +
∑2

j=1 θjεi−j , where {εj}i=1,2,... is

an i.i.d. N(0, 0.1796) sequence and where φ1 = 0.8879, φ2 = −0.4858, θ1 = −0.2279 and

θ2 = 0.2488. These particular parameters were selected to make sure that the serial dependence

of {Xi}i=1,...,n1 is not particularly strong. See Figure 4.13 for one realisation of {Xi}i=1,...,n1 for

n1 = 4× 103.

X

0 1000 2000 3000 4000

-2
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X
i

Figure 4.13: Time series simulated from an ARMA(2, 2) model Xi = εi +
∑2

j=1 φjXi−j +∑2
j=1 θjεi−j , where {εj}i=1,2,... is an i.i.d. N(0, 0.1796) sequence and where φ1 = 0.8879,

φ2 = −0.4858, θ1 = −0.2279 and θ2 = 0.2488. fig:ARMA

Furthermore, we simulated {Yi}i=1,...,n1 from the regression model (1.3) with σ2 =

var(ϵi) = 0.04 and m(x, t) = sin{At(x − Bt)} with different values of (At, Bt). Similar

201

Figure 4.17: Time series simulated from an ARMA(2, 2) model Xi = εi +
∑2

j=1 φjXi−j +∑2
j=1 θjεi−j , where {εj}i=1,2,... is an i.i.d. N(0, 0.1796) sequence and where φ1 = 0.8879,

φ2 = −0.4858, θ1 = −0.2279 and θ2 = 0.2488.

Furthermore, we simulated {Yi}i=1,...,n1 from the regression model (1.3) with σ2 =

var(ϵi) = 0.04 and m(x, t) = sin{At(x−Bt)} with different values of (At, Bt). Similar time-
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4.1 Simulations

varying regression models have also been investigated in the simulation studies of e.g.Zhang and

Wu (2015) and Bedi et al. (2019). We considered the following 4 models:

(i) At = 3, Bt = 6t, for t ∈ [0, 1];

(ii) At = 1 + 3t, Bt = 0, for t ∈ [0, 1];

(iii) At = 1 + 3 sin(πt), At = 6 sin(πt), for t ∈ [0, 1];

(iv) At = 3, Bt = 0, for t ∈ [0, 1].

In each model above, the truem is a sine function with time-varying or non-time-varying period

At and location Bt. In model (i) and (ii), one of At and Bt is fixed and the other parameter is

time-varying with a constant speed. In model (iii) bothAt andBt are time-varying and in model

(iv) both At and Bt are fixed.

Figure 4.18: Illustration of density model (i), where x and t axes represent the spatial and tem-
poral domains of m(x, t) and z = m(x, t), with m(x, 0) at the front and m(x, 1) at the back.

We first applied the SRA defined in §3.2.1 to data streams simulated from models (i)–(iv)

when n1 = 4×103, 8×103 or 1.2×104. To initialise the algorithm, we took ν = 50, 100, 150

when n1 = 4× 103, 8× 103 or 1.2× 104, respectively (recall from §3.2.1.1 that the modified
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Figure 4.19: Illustration of density model (ii), where x and t axes represent the spatial and tem-
poral domains of m(x, t) and z = m(x, t), with m(x, 0) at the front and m(x, 1) at the back.

Figure 4.20: Illustration of density model (iii), where x and t axes represent the spatial and
temporal domains of m(x, t) and z = m(x, t), with m(x, 0) at the front and m(x, 1) at the
back.
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Figure 4.21: Illustration of density model (iv), where x and t axes represent the spatial and
temporal domains of m(x, t) and z = m(x, t), with m(x, 0) at the front and m(x, 1) at the
back.

algorithm uses the first N0 = 2ν observations from the data stream for initialisation). Recall

from §3.2.1.1 that, ideally, ν should be the largest number such that every ν data can be viewed

as approximately stationary. We will see later in Table 4.4 that the SRA does not appear to be

very sensitive to the choice of ν.

To initialise I1γ,h, similar to §4.1.1, we took I1γ as an equidistant grid of size g = 10 on

intervals [N−1
0 , 0.1], whereN−1

0 is the γ value we would take if the firstN0 data were stationary.

To initialise I1h, we used the plug-in rule for the local linear regression estimator described in

Ruppert et al. (1995) to compute an initial bandwidth h0 from the first N0 data. Then I1h was

chosen as an equidistant grid of size g on the interval [0.2h0, 5h0]. Hence I1γ,h = I1γ × I1h had

cardinality #(I1γ,h) = g2 = 100. For numerical stability, we imposed the constraint Iℓγ ∈ (0, 0.1)

for all ℓ to prevent m̌ from selecting overly large γ values (recall from (3.7) that taking γ overly

large implies that m̌ is computed from very few data). Lastly, we took L = 1.2 at (3.13).

To illustrate the superiority of our algorithm over the conventional kernel smoothing method-

ology, we also computed the local linear regression estimators (Fan and Gijbels, 1996) for the

simulated data. Considering the time variability, we computed the local linear estimator m̂w
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using data from a sliding window of size w. That is, for time t ∈ [tw, 1], m̂w estimates m(·, t)

using data {(Xi, Yi)}i=nt−w+1,...,nt arriving on a sliding window (t − w∆t, t], as if they were

identically distributed. Since it is well known that the local linear regression estimator enjoys

some theoretical advantage over the NW estimator (see e.g. Wand and Jones, 1995, Chapter 5

and Fan and Gijbels, 1996, Chapters 2 and 3), we expected that the sliding window local lin-

ear estimator would perform better than the sliding window NW estimator at (1.7). Hence we

computed the sliding window local linear estimates and compared them to estimates produced

by our SRA.

To see the influence of the sliding window size w on the performance of m̂w, we computed

two local linear estimators m̂ν and m̂2ν , takingw = ν andw = 2ν, respectively. The bandwidths

for m̂ν and m̂2ν were selected by the leave-one-out LSCV. See Fan and Gijbels (1996, p. 44–45)

and Härdle (1991, pp. 152–159) for details. We used the R package locpol (Cabrera, 2018) to

implement the local linear regression methodology. In particular, the LSCV was implemented

by the regCVBwSelC function, which is programmed in C.

For each of models (i)–(iv) and each of the 3 different sample sizes n1 = 4×103, 8×103 and

1.2× 104, we generated 100 data streams (4× 3× 100 data streams in total). For each sample

and each estimator, we calculated the integrated squared error ISE(m̄) =
∫ 1

tN0

∫ D

C

{
m̄(x, t) −

m(x, t)
}2 dx dt, where m̄ denotes one of m̌, m̂ν and m̂2ν and C,D denote the 0.05 and 0.95

sample quantiles of the sequence {Xi}i=1,...,n1 .

Table 4.3 reports the median and the inter-quartile range (IQR) of the 100 ISEs for estimating

models (i)–(iv) with m̌, m̂ν and m̂2ν . These results show that, for estimating model (i), the

median ISE of m̌ is comparable to that of m̂ν and significantly smaller than that of m̂2ν . For

estimating model (ii), the median ISE of m̌ is comparable to that of m̂2ν and significantly smaller

than that of m̂ν . In all the remaining cases, m̌ significantly outperforms both m̂ν and m̂2ν in

terms of the median ISE.

Compared to m̂w, for w = ν and 2ν, our m̌ shows adaptivity to different kinds of time

variabilities. The estimator m̂w behaves reasonably well when w is appropriate but its perfor-

mance may dramatically worsen with an inappropriate w value. For example, note from Table
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Table 4.3: Simulation results of m̌, m̂ν and m̂2ν for estimating models (i)–(iv), when n1 = 4×
103, n1 = 8×103 or n1 = 1.2×104. The numbers show 103×ISE(m̄)[1st quartile, 3rd quartile]
calculated from 100 samples and the average computational time for computing each estimator
on a grid of 200 design points at all time points from one sample of size n1.

n1 = 4× 103, ν = 50 m̌ m̂ν m̂2ν

Model (i) 21.4[20.6, 22.3] 33.0[28.0, 42.6] 31.5[30.7, 32.7]
Model (ii) 5.26[4.90, 5.61] 19.3[16.8, 24.9] 6.36[5.80, 7.12]
Model (iii) 44.4[43.2, 45.9] 80.4[76.0, 87.3] 186[183, 190]
Model (iv) 3.14[2.46, 3.75] 23.5[20.1, 32.3] 7.42[6.79, 8.21]

Average time (min) 0.154 0.101 0.250

n1 = 8× 103, ν = 100 m̌ m̂ν m̂2ν

Model (i) 13.4[12.9, 13.9] 13.6[12.8, 14.3] 27.8[27.3, 28.4]
Model (ii) 3.53[3.28, 3.75] 6.39[6.00, 7.12] 3.33[3.15, 3.51]
Model (iii) 26.2[25.4, 26.9] 58.1[56.5, 59.2] 180[179, 182]
Model (iv) 2.21[1.85, 2.70] 7.67[7.29, 8.27] 3.83[3.56, 4.06]

Average time (min) 0.311 0.497 1.483

n1 = 1.2× 104, ν = 150 m̌ m̂ν m̂2ν

Model (i) 10.0[9.81, 10.2] 10.8[10.6, 11.1] 26.6[26.4, 26.7]
Model (ii) 2.69[2.54, 2.81] 4.08[3.94, 4.34] 2.36[2.24, 2.57]
Model (iii) 19.6[19.1, 20.2] 54.7[54.0, 55.1] 180[179, 182]
Model (iv) 1.83[1.61, 2.09] 4.96[4.75, 5.23] 2.67[2.54, 2.87]

Average time (min) 0.545 1.28 4.68
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4.3 that m̂2ν estimated model (ii) reasonably well but it always yielded the largest median ISE

or estimating model (iii), which does not improve even when n1 doubled or tripled. In contrast,

m̌ often yielded the smallest median ISE and its median ISEs for all models significantly reduces

when n1 increases.

Table 4.3 also shows how the average computation times of m̌, m̂ν and m̂2ν at all n1 time

points for one data stream varies when n1 increases. Except for the case n1 = 4 × 103, where

m̌ was slower than m̂ν , m̌ on average took significantly less time to process one data stream

compared to the other two estimators. Furthermore, the computation time of m̌ increased

roughly linearly as n1 increased, whereas the computation times of m̂ν and m̂2ν increased much

faster. Considering the fact that the bandwidth selection algorithm in the locpol package is

programmed in C (Cabrera, 2018) and our modified algorithm is programmed purely in R, the

difference in computational efficiency between m̌ and m̂w may have been underestimated.

Furthermore, we argue that the performance of m̌ did not appear to be very sensitive to the

selection of ν. Table 4.4 reports the median and the IQR of the 100 ISEs for estimating model

(i)–(iv) with m̌, when n1 = 4×103, 8×103 or 1.2×104, and ν took different values compared

to Table 4.3. These results show that, compared to Table 4.3, even when we halved or doubled

the ν values, the changes in the median ISEs were insignificant.

Finally, for a visual illustration of the superiority of m̌ over m̂ν and m̂2ν , we computed these

estimators from the first of the 100 samples simulated from models (i)–(iv) for all 3 sample sizes

and plotted them in Figures 4.22–4.33. In each of Figures 4.22–4.33, the 9 subplots correspond

to 9 equidistant time points on the time interval [t2ν , 1]. The true regression curves were plotted

in solid red lines. The estimated regression curves produced by m̌, m̂ν and m̂2ν were plotted in

solid blue lines, dotted black lines and dashed black lines, respectively.

For estimating model (i), (ii) and (iv), we can see from Figures 4.22–4.27 and 4.33–4.33 that

all 3 estimators produced some reasonable estimated regression curves. The f̌ curves are often

closer to the truth compared to the m̂ν and the m̂2ν curves, although they are sometimes a bit

wiggly. Moreover, m̂ν and m̂2ν occasionally produced oversmoothed estimates (e.g. the central

subplot corresponding to t = 0.5606 in Figure 4.23).
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Model (iii) is particularly difficult to estimate compared to the other 3 models, since, except

for a short time period around t = 0.5, both At and Bt in model (iii) change very fast. From

Figures 4.28–4.30, we can see that the m̌ curves are often fairly close to the truth, although

sometimes the curves can be somewhat wiggly. In contrast, the m̂2ν curves are often smoother

but more distant from the truth. Generally speaking, the m̂ν curves are closer to the truth

compared to the m̂2ν curves but further from the truth compared to the m̌ curves.4.2 Real data examples

closer to the truth compared to the m̂2ν curves but further from the truth compared to the m̌

curves.
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Figure 4.14: Comparison of m̌, m̂ν and m̂2ν for estimating model (i) when n1 = 4× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line). fig:mod1-4000-compare

4.2 Real data examples
sec:real-data

4.2.1 Density estimation
sec:den-real

The Kepler mission of NASA (Thompson et al., 2016) is designed to survey a region of the

Milky Way to detect Earth-size planets. This is done by observing changes in the brightness of

stars in the same region of the Milky Way for 4 years between May 2009 and May 2013. One
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Figure 4.22: Comparison of m̌, m̂ν and m̂2ν for estimating model (i) when n1 = 4× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line).
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Figure 4.15: Comparison of m̌, m̂ν and m̂2ν for estimating model (i) when n1 = 8× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line). fig:mod1-8000-compare
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Figure 4.23: Comparison of m̌, m̂ν and m̂2ν for estimating model (i) when n1 = 8× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line).
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Figure 4.16: Comparison of m̌, m̂ν and m̂2ν for estimating model (i) when n1 = 1.2 × 104.
The 9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line),
m̂ν (dotted line) and m̂2ν (dashed line). fig:mod1-12000-compare
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Figure 4.24: Comparison of m̌, m̂ν and m̂2ν for estimating model (i) when n1 = 1.2 × 104.
The 9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line),
m̂ν (dotted line) and m̂2ν (dashed line).
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Figure 4.17: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 4× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line). fig:mod2-4000-compare
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Figure 4.25: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 4× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line).
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Figure 4.18: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 8× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line). fig:mod2-8000-compare

217

Figure 4.26: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 8× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line).
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Figure 4.19: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 1.2 × 104.
The 9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line),
m̂ν (dotted line) and m̂2ν (dashed line). fig:mod2-12000-compare
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Figure 4.27: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 1.2 × 104.
The 9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line),
m̂ν (dotted line) and m̂2ν (dashed line).
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Figure 4.20: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 4× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line). fig:mod3-4000-compare
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Figure 4.28: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 4× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line).
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Figure 4.21: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 8× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line). fig:mod3-8000-compare
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Figure 4.29: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 8× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line).
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Figure 4.22: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 1.2 × 104.
The 9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line),
m̂ν (dotted line) and m̂2ν (dashed line). fig:mod3-12000-compare
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Figure 4.30: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 1.2 × 104.
The 9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line),
m̂ν (dotted line) and m̂2ν (dashed line).
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Figure 4.23: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 4× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line). fig:mod4-4000-compare
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Figure 4.31: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 4× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line).
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Figure 4.24: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 8× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line). fig:mod4-8000-compare
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Figure 4.32: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 8× 103. The
9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing the
true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line), m̂ν

(dotted line) and m̂2ν (dashed line).
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Figure 4.25: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 1.2 × 104.
The 9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line),
m̂ν (dotted line) and m̂2ν (dashed line). fig:mod4-12000-compare
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Figure 4.33: Comparison of m̌, m̂ν and m̂2ν for estimating model (ii) when n1 = 1.2 × 104.
The 9 subplots, corresponding to 9 equidistant time points on [tN0 , 1], show curves representing
the true regression curve (solid line) and the estimates corresponding to m̌ (dotted dashed line),
m̂ν (dotted line) and m̂2ν (dashed line).
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CHAPTER 4

4.2 Real data examples

4.2.1 Density estimation

The Kepler mission of NASA (Thompson et al., 2016) is designed to survey a region of the

Milky Way to detect Earth-size planets. This is done by observing changes in the brightness of

stars in the same region of the Milky Way for 4 years between May 2009 and May 2013. One

of the data types produced by the telescope is in the form of light curves, i.e. time series of the

level of electromagnetic waves, such as the X-ray. Real time density estimation for light curves

are potentially useful for tasks such as anomaly detection and analysis of the nature of certain

astronomical events (Bloom et al., 2012; Bhatt and Bhattacharyya, 2012).
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Figure 4.15: Kepler light curve kplr001026992-2009166043257.fig:den-kepler-raw

Here we apply the SKDE at (2.2) with smoothing parameters selected by the SCV procedure

described in §2.4 to a light curve with Kepler dataset name kplr001026992-2009166043257,

observed from 13 May 2009 to 15 June 2009 (retrieved from https://archive.stsci.edu/

kepler/data_search/search.php). The original dataset contains 15 missing values and

1624 measurements of the flux rate (units of electrons per second). When there is no missing

value, the time gap ∆t between two consecutive measurements is 30 minutes. However, since

the missing values are relatively scarce, we ignore the possible effects of them on the density

estimation. Figure 4.15 shows the raw data minus the sample mean 4590.44 and divided by the

sample standard deviation 14.29.

To test if the light curve data after detrending are serially correlated, we plotted the estimated

auto-correlation functions of the detrended data in Figure 4.16. We detrended the data by sub-

tracting from them the fitted values produced by a local linear regression, computed using the

locpoly function from the R package KernSmooth (Wand and Jones, 2019) with bandwidth

selected by the dpill function from the same package. Figure 4.16 shows the estimated lag 0–
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Figure 4.34: Kepler light curve kplr001026992-2009166043257.

Here we apply the SKDE at (2.2) with smoothing parameters selected by the SCV procedure

described in §2.4 to a light curve with Kepler dataset name kplr001026992-2009166043257,

observed from 13 May 2009 to 15 June 2009 (retrieved from https://archive.stsci.edu/

kepler/data_search/search.php). The original dataset contains 15 missing values and

1624 measurements of the flux rate (units of electrons per second). When there is no missing

value, the time gap ∆t between two consecutive measurements is 30 minutes. However, since

the missing values are relatively scarce, we ignore the possible effects of them on the density

estimation. Figure 4.34 shows the raw data minus the sample mean 4590.44 and divided by the
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4.2 Real data examples

sample standard deviation 14.29.

To test if the light curve data after detrending are serially correlated, we plotted the estimated

auto-correlation functions of the detrended data in Figure 4.35. We detrended the data by sub-

tracting from them the fitted values produced by a local linear regression, computed using the

locpoly function from the R package KernSmooth (Wand and Jones, 2019) with bandwidth

selected by the dpill function from the same package. Figure 4.35 shows the estimated lag 0–30

auto-correlation functions, where the blue dashed lines correspond to auto-correlation function

values ±0.05. From the plot we can see that the detrended data are not likely to be serially

correlated.

4.2 Real data examples

30 auto-correlation functions, where the blue dashed lines correspond to auto-correlation levels

±0.05. From the plot we can see that the detrended data are likely to be uncorrelated.

0 5 10 15 20 25 30

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Lag

Au
to

-c
or

re
la

tio
n

fu
nc

tio
n

Figure 4.16: Auto-correlation function estimation for detrended Kepler light curve data.fig:den-kepler-acf

Figure 4.17 shows the density estimates produced by f̌ and f̂w, for w = 25, 50, 100, 200, at

20 equidistant time points. The estimated density curves are sometimes fairly close to each other,

indicating that the time variability at those time points may be mild (recall that estimators f̂w is

computed from a sliding window of size w). For other time points the estimated density curves

show significant differences, indicating that the true density on those occasions may be varying

fast. Overall the density estimates produced by f̌ are fairly smooth and close to those produced

by f̂50.

Figure 4.18 is a mesh plot showing the density estimates produced by f̌ at 1600 time points,

where the x-axis represents time points, the y-axis represents the rescaled flux rate and the z-axis

represents the density value. Compared to Figure 4.15, we can see that these density estimates

have captured the changes in the location of the data. In addition, changes in the scale of these

density estimates may have reflected the changes in the variance of the underlying data distribu-

tion, which is difficult to observe directly from the raw data plot (Figure 4.15).
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Figure 4.35: Auto-correlation function estimation for detrended Kepler light curve data.

Figure 4.36 shows the density estimates produced by f̌ and f̂w, for w = 25, 50, 100, 200, at

20 equidistant time points. The estimated density curves are sometimes fairly close to each other,

indicating that the time variability at those time points may be mild (recall that estimators f̂w is

computed from a sliding window of size w). For other time points the estimated density curves

show significant differences, indicating that the true density on those occasions may be varying

fast. Overall the density estimates produced by f̌ are fairly smooth and close to those produced

by f̂50.

Figure 4.37 is a mesh plot showing the density estimates produced by f̌ at 1600 time points,

where the x-axis represents time points, the y-axis represents the rescaled flux rate and the z-axis

represents the density value. Compared to Figure 4.34, we can see that these density estimates
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Figure 4.17: Density estimates produced by f̂25 (dashed line), f̂50 (dotted line), f̂100 (dotted
dashed line), f̂200 (long dashed line) and f̌ (grey solid line), for the Kepler light curve data at 20
equidistant time points. fig:kepler_est_20
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Figure 4.36: Density estimates produced by f̂25 (dashed line), f̂50 (dotted line), f̂100 (dotted
dashed line), f̂200 (long dashed line) and f̌ (grey solid line), for the Kepler light curve data at 20
equidistant time points.
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4.2 Real data examples

have captured the changes in the location of the data. In addition, changes in the scale of these

density estimates may have reflected the changes in the variance of the underlying data distribu-

tion, which is difficult to observe directly from the raw data plot (Figure 4.34).

Figure 4.37: Density estimates produced by the SKDE f̌ for the Kepler light curve data as a 3D
mesh plot. X-axis represents the index of data points, y-axis represents the domain of the density
estimates and z-axis represents the density values.

4.2.2 Regression

We modelled the time-varying relationship between the hourly stock returns of Microsoft and

Intel, using data running from 1 January 2018 to 31 August 2019 (7 data points per day). The

data can be downloaded from https://www.dukascopy.com/trading-tools/widgets/

quotes/historical_data_feed. Excluding weekends and non-working hours, the data set

comprises of 2, 919 hourly observations. Let openi and closei denote the i-th open and close

prizes of a stock, then the i-th stock return is defined as 100× (closei− openi)/openi, where we

multiply by 100 for convenience.
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Luts et al. (2014) demonstrated their real-time semiparametric regression model using stock

prizes of Microsoft and Intel, without considering the possible time variability of the underlying

regression function. We modelled stock returns instead by applying m̌, m̂ν and m̂2ν to the hourly

data. To initialise the algorithm, we took ν = 28 (4 days of data), so that N0 = 2ν = 56, and

defined I1γ,h and L as in §4.1.2.

4.2 Real data examples
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Figure 4.19: Regression curves produced by m̌ (solid line), m̂ν (dashed line) and m̂2ν (dotted
line) for the Microsoft vs Intel stock returns data. The subplots, from left to right and top to
bottom, correspond to 9 equidistant time points. The grayscale points represent the most recent
2ν observations, the darker the more recent. fig:stocks

219

Figure 4.38: Regression curves produced by m̌ (solid line), m̂ν (dashed line) and m̂2ν (dotted
line) for the Microsoft vs Intel stock returns data. The subplots, from left to right and top to
bottom, correspond to 9 equidistant time points. The grayscale points represent the most recent
2ν observations, the darker the more recent.

Figure 4.38 shows the regression curves estimated by m̌ (solid line), m̂ν (dashed line) and

m̂2ν (dotted line) for 9 equidistant time points. The points in each subplot show the most recent
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4.2 Real data examples

2ν data points and their colours represent their arrival times, the darker the more recent. The

figure shows that the curves produced by m̌, m̂ν and m̂2ν are often close together, implying that

the time variability might be mild. However, the m̌ curves are often more bent towards the darker

(more recent) data points. For example, in the subplot at the top right corner in Figure 4.38, the

m̌ curve significantly differs from the m̂2ν curve towards the right boundary. This is because m̌

is less affected by the lighter (further in the past) point close to the right boundary.
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Conclusion and future works

5.1 Conclusion

In the era of big and complex data, statistical modelling faces new challenges arising from data

sets collected in unconventional ways. Streaming data are a type of big and complex data: big,

since the data arrive in high frequency and huge volume of data accumulate in relatively short

period of time; complex, due to the time variabilities of the data distribution on a potentially

infinite time horizon. Hence the major challenge of modelling streaming data is that any method

has to be computationally efficient while being adaptive to the nonstationarity. Considering

the lack of theoretically founded nonparametric estimation methods for streaming data, in this

thesis we have proposed some computationally efficient and theoretically justified algorithms for

nonparametric density and regression estimations for streaming data.

In Chapter 2 we proposed the SKDE for estimating nonparametrically the time-varying den-

sity of an i.n.i.d. data stream, with smoothing parameters selected by the SCV procedure. In

§2.2 we proved that the SKDE is consistent when the smoothing parameters were selected ap-

propriately. In §2.4.3 we showed the asymptotic optimality of the SCV procedure. Simulation

examples in §4.1.1 illustrated that the proposed method was adaptive to various types of nonsta-

tionarity of the simulated data and was superior, in terms of estimation accuracy, to conventional

offline KDE equipped with sliding windows and the plug-in bandwidth selector. In §4.2.1 we
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applied the proposed method to an astronomical data stream.

In Chapter 3 we proposed the SRA for adaptively estimating the time-varying regression

function of a d.n.i.d. data stream. The SRA consists of a semi-recursive NW estimator and a

RCV procedure for selecting smoothing parameters. We established the asymptotic normality of

the semi-recursive NW estimator in the streaming data settings. Simulation examples in §4.1.2

showed that the proposed method was adaptive to various types of nonstationarity of the sim-

ulated data and was superior to the conventional offline NW estimator equipped with the least

squares cross-validation bandwidth selector, in terms of computational time and estimation ac-

curacy. In §4.2.2 we applied the proposed method to financial and air quality data streams.

The major methodological innovation of this thesis is that it extends the conventional ker-

nel smoothing techniques, such as the KDE, the NW regression estimator and the least squares

cross-validation, which were originally proposed for offline i.i.d. samples of mild sample size, to

i.n.i.d. or d.n.i.d. data streams. Other techniques have been proposed before, e.g. in the machine

learning literature, but they were somewhat ad hoc and not theoretically founded. In addition,

the theoretical framework we use in this thesis, featuring the infill asymptotics and some mild

smoothness conditions, is flexible enough for the discussion of other modelling tasks. Consider-

ing the popularity of kernel smoothing in the machine learning community as a convenient tool

for visualisation and data reduction (see e.g. Gramacki, 2018), machine learning researchers may

also find these works interesting.

5.2 Future work

5.2.1 Improving convergence rates of density and regression estimators

As discussed in §2.3 and under Theorem 3.1, the SKDE f̌ and the semi-recursive NW estimator

m̌ discussed in this thesis have slightly slower convergence rate compared to some existing time-

varying nonparametric estimators, such as those in Hall et al. (2006), Vogt (2012) and Zhang and

Wu (2015). As analysed in §2.3, this is because the way f̌ (and analogously m̌) does smoothing
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over time is similar to using a one-sided positive (first-order) kernel on the temporal domain,

which leads to higher bias of f̌ . In §2.3, we also discussed a possible way to reduce the bias of

f̌ , using double-exponential smoothing (see §2.3.2). However, the resulting density estimator f̆

has an unsatisfactory feature, namely, it cannot guarantee the positivity of the density estimate

(the temporal KDE of Hall et al. (2006) also suffers from this problem, a side effect similar to

that of using a higher-order kernel in the conventional KDE).

Therefore, an interesting open problem for future research is whether we can modify f̌ to

reduce its bias while maintaining its positivity. This problem is somewhat similar to the boundary

correction problem in the literature of nonparametric density estimation for offline i.i.d. data (see

e.g. Jones, 1993b). It is well known that, for a density with bounded support, the conventional

KDE using two-sided kernels suffers from higher bias close to the boundary points than in the

interior of its domain. Reduction of bias (boundary correction) can be achieved by using one-

sided kernels close to the boundary points. However, since a one-sided second-order kernel may

take negative values, the resulting KDE with boundary correction may take negative values near

the boundary points. A simple approach for boundary correction maintaining the positivity

of the density estimator is discussed in Jones and Foster (1996), which is potentially useful for

developing a bias-corrected version of our SKDE f̌ .

While positivity of the density estimator is desirable for density estimation, it is far less of a

concern in the regression problem. We can use double-exponential smoothing, without positivity

correction, to construct estimators r̆(x, t) and f̆(x, t) of r(x, t) = m(x, t)f(x, t) and f(x, t),

respectively, and then define the regression estimator as m̆(x, t) = r̆(x, t)/f̆(x, t). Motivated

by the discussion in §2.3, we expect that the new estimator m̆ will have smaller bias compared to

m̌ at (3.22). This will be one of the main focuses of our future research. A related task for future

research is to investigate the minimax optimal convergence rates for the density and regression

estimation for streaming data.
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5.2.2 Density derivative estimation for streaming data

Density derivative estimation is an important topic in the nonparametric density estimation lit-

erature. For example, it is an essential component of different versions of plug-in bandwidth

selectors for the conventional KDE (see e.g. Section 3.5 of Wand and Jones, 1995). In Chap-

ter 2 we proposed a cross-validation procedure to select smoothing parameters (γ, h) for the

SKDE. Since, from the research on the conventional KDE for offline data (e.g. Park and Mar-

ron, 1990), we know that cross-validation is often less robust compared to the plug-in approach

in bandwidth selection, therefore an intriguing open question is to develop plug-in smoothing

parameter selectors for streaming data. From Proposition 2.1 we know that this will involve the

estimation of density derivatives fxx and ft. The main challenge here is to iteratively compute

these (time-varying) quantities.

Density derivative estimation also finds its application in various machine learning prob-

lems, such as mode-based clustering, mean-shift tracking and filament detection; see e.g. Chacón

(2015) and Chapter 6 of Chacón and Duong (2018). Considering that clustering is one of the

most important problems in streaming data analysis (see Aggarwal, 2018, for a review), it is also

intriguing to investigate the connection between density derivative estimation and clustering in

the streaming data setting.

5.2.3 More general assumption about error sequence in regression model

As mentioned on page 118, in future works we will relax the assumption that the error sequence

{ϵi}i=1,2,... in the regression model (1.3) is i.i.d. and independent from the covariate sequence

{Xi}i=1,2,.... Indeed, in a more general setting, ϵi may depend on Xi, as in the literature of

semiparametric and nonparametric nonlinear time series analysis (Fan and Yao, 2003, Chapter

8; Gao, 2007, Chapter 1). There, since the sequence {Xi}i=1,2,... is d.n.i.d., the error sequence

{ϵi}i=1,2,... is no longer i.i.d.
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One way to characterise the dependence of ϵi on Xi is to let

ϵi = ς(Xi, ti)ηi , (5.1)

where {ηi}i=1,2,... is a sequence of i.i.d. random variables independent from {Xi}i=1,2,... satisfy-

ing E(ηi) ≡ 0 and var(ηi) ≡ 1 and where ς(·, ·) is a smooth function. This assumption is used

in Vogt (2012) and Zhang and Wu (2015), where the goal is the offline estimation of model

(1.3). The i.i.d. assumption of error sequence used in this thesis can be viewed as a special case of

(5.1), taking ς(x, t) ≡ σ. Next we discuss how dependent and heteroscedastic errors may affect

the SRA described in Chapter 3.

5.2.3.1 Error dependence

It is well documented in the literature on nonparametric regression that dependent errors may

have a negative impact on bandwidth selection procedures such as the leave-one-out cross-

validation (Zhou et al., 2003; Altman, 1990; Chu and Marron, 1991; Hart, 1991, 1994; Hall,

Lahiri and Polzehl, 1995; Opsomer et al., 2001; Hall and Van Keilegom, 2003; De Brabanter et

al., 2018). However, as pointed out by Yao and Tong (1998) and Fan and Yao (2003, p. 273), this

negative impact is more prominent for fixed design regression models where the design points are

time points. For random design models, such as (1.3), where the errors are serially dependent,

i.e. the dependence between two error terms ϵi and ϵj decreases as their observational times ti

and tj are further apart, the bandwidth selection is very similar to that for independent data,

when the dependence is weak enough1.

To understand why serially dependent errors have a much smaller effect on random design

regression models, first consider the following fixed design model:

Yi = m(ti) + ϵi , i = 1, . . . , n , (5.2)
1Here we only consider serial dependence of errors. Opsomer et al. (2001) and De Brabanter et al. (2018)

considered spatially dependent errors, where the dependence between ϵi and ϵj decreases as the covariates Xi and
Xj are further apart. In the latter case, the bandwidth selection for random design regression models will also suffer
from the dependence of errors, as that for the fixed design models.
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where ti = i/n is the observational time of Yi and {ϵi}i=1,...,n is a stationary error sequence

satisfying E(ϵi) = 0 and var(ϵi) = σ2 for some σ ∈ R+. That is, the time series {Yi}i=1,...,n is

observed on a equidistant time grid on [0, 1] and it is composed by a deterministic trend m(·)

plus errors. Suppose the error sequence admits the following serial dependence structure:

corr(ϵi, ϵj) = ρ(|ti − tj|) , (5.3)

where corr(·, ·) denotes correlation and ρ : R+ → [0, 1] is a monotone decreasing function.

That is, the errors are positively correlated (positively correlated errors are much more common

in practice, see, e.g., Hart, 1991) and the correlation of two error terms ϵi, ϵj decreases as their

observational times ti, tj are further apart.

If we conduct leave-one-out cross-validation for model (5.2), then, due to due to (5.3), the

leave-out data point (ti, Yi) will be positively correlated with its neighbours (ti−1, Yi−1) and

(ti+1, Yi+1), since |ti − ti−1| and |ti − ti+1| are small. As a result, the cross-validation tend to

select an overly small bandwidth, causing undersmoothing. However, this problem will be less

significant for a random design model

Yi = m(Xi) + ϵi , i = 1, . . . , n , (5.4)

where {(Xi, Yi)}i=1,...,n is a weakly dependent random process and {ϵi}i=1,...,n satisfies (5.3).

This is because, in model (5.4), the nearest neighbour (Xji , Yji) of the leave-out data point

(Xi, Yi), may be only weakly correlated with (Xi, Yi), since |tji − ti| may be large.

To summarise, random design regression models suffer much less from serially dependent

errors, since the nearest neighbours in the state space (space of the regressor) may not be close in

the time space. Hence Yao and Tong (1998) suggests that leave-one-out cross-validation may still

be applicable for these models. Analogously, the RCV procedure at (3.26) may still be applicable

when the errors are dependent, since the one-step-ahead data point (Xi+1, Yi+1), although close

to (Xi, Yi) in the time space, may be far away from it in the state space.
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5.2.3.2 Heteroscedasticity

Jones (1993a) argues that nonparametric regression estimators often suffer much less from het-

eroscedasticity compared to linear regression model, so that we can afford to ignore heteroscedas-

ticity when the goal is simply to estimate the regression function nonparametrically. However,

Müller and Stadtmüller (1987) show that taking heteroscedasticity into account can improve the

performance of the kernel regression estimator, in terms of the MISE. They propose to estimate

the local error variance and to use variable bandwidth. That is, we use larger bandwidth (hence

more smoothing) where the error variance is larger, since higher error variance implies noisier

data. However, in the streaming data setting, such a procedure, involving estimation of the error

variance and selection of local bandwidth, may be computationally heavy.

Hence, to apply the SRA under the more general condition (5.1) on the error sequence,

we may safely ignore the heteroscedasticity when it is mild. Otherwise, we may estimate the

function σ(·, ·) in (5.1) and use the variance-stabilised data {(Xi, Yi/σ̂(Xi, ti))}i=1,2,... instead.

Estimating time-varying local variance is a challenging task by itself and we shall leave it for future

work.

5.2.4 Higher dimensions

For the convenience of theoretical derivations, in this thesis we have focused on univariate stream-

ing data. In this section we discuss possible ways of extending our density and regression estima-

tion methods to higher (than 1) dimensions. We consider two types of higher dimensionality,

namely, the low-dimensional case (e.g. 2 or 3) and the high-dimensional case (e.g. 100).

5.2.4.1 Low-dimensional case

Low-dimensional kernel smoothing is useful for visualisation. For example, a bivariate KDE

can be used to model spatial phenomena (Hall et al., 2006) or for object tracking (Qahtan et al.,

2017). Let {Xi}i=1,2,... denote a data stream with arrival times {ti}i=1,2,... defined at (1.1), where

eachXi = (Xi1, . . . , Xid) is a d-dimensional random vector with density f(·, ti), for some small
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integer d > 1 (e.g. d = 2). To estimate the time-varying density f , we can still use the recursive

KDE at (1.8) with a d-dimensional kernel K : Rd → R satisfying
∫
Rd K = 1 and Kh(·) =

h−dK(·/h). Then we can use a cross-validation procedure to select γ and h, similar to the SCV

in §2.4. However, the relation (2.28) needs to be modified based on a multivariate version of

Theorem 2.1. Similarly, by using a multivariate kernelK, we can modify the semi-recursive NW

estimator at (1.9) to estimate a time-varying regression function m with multivariate covariate.

5.2.4.2 High-dimensional case

Regression It is well-known that the kernel smoothing estimators suffer greatly from the curse

of dimensionality. Specifically, for i.i.d. data, the order of their convergence rate with respect to,

e.g. the MISE, decreases fast as dimension increases. See, for example, Chapter 4 and Section

5.9 of Wand and Jones (1995). A possible remedy for the curse of dimensionality for kernel

regression is the generalised additive models (GAM).

Let {(Xi, Yi)}i=1,2,... denote a data stream with arrival times {ti}i=1,2,... defined at (1.1),

where eachXi = (Xi1, . . . , Xid) is a d-dimensional random vector, for some large integer d > 1

(e.g. d = 100). Analogous to the GAM for offline i.i.d. data (see, e.g., Chapter 7 of Fan and

Gijbels, 1996), we may assume the following time-varying GAM

Yi = m0(ti) +
d∑

j=1

mj(Xij, ti) + ϵi, (5.5)

wherem0 is the time-varying intercept term,mj is a time-varying function for the j-th dimension

and ϵi is the error term. Model (5.5) has been investigated by Vogt (2012) for offline d.n.i.d. data,

where each mj is estimated by an estimator defined at (1.14) with a symmetric temporal kernel

KT . The model fitting is done by an adaptation of the smooth backfitting technique proposed

by Mammen et al. (1999). For streaming data, we may apply the semi-recursive NW estimator

defined at (1.9). However, developing a computationally-efficient model-fitting algorithm for

this ‘streaming GAM’ remains an open problem.
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Density estimation The nonparametric estimation of high-dimensional densities for i.i.d. data

has received attention of some recent statistical works. For example, Nagler and Czado (2016)

assume a simplified vine copula model to evade the curse of dimensionality. That is, they as-

sume that the multivariate density to be estimated has a special dependence structure among

the marginal densities, so that to estimate the original high-dimensional density we only need

to estimate all the marginal densities and all their pairwise joint densities. Then the convergence

rate of their density estimator has the same order as the estimator of the pairwise (bivariate) joint

densities. That is, the convergence rate is independent of the dimensionality. However, a draw-

back of their estimator is the computation – for a d-dimensional density their estimator requires

estimating d marginal densities and d(d − 1)/2 bivariate joint densities. This may prevent the

use of their estimator for high-dimensional streaming data.

Xu and Samworth (2019) propose a nonparametric method which evades the curse of di-

mensionality via symmetry and shape constraints. They assume that the density to be esti-

mated belongs to a class of log-concave densities on Rd satisfying some symmetry conditions.

The main symmetry condition is that the super-level sets of the density f (sets of the form

{x ∈ Rd : f(x) ≥ c} with some c > 0) are scalar products of some convex set K. In particular,

when K is known, their estimator computed from n i.i.d. data has a worst-case risk bound with

respect to, e.g., square Hellinger loss, of O(n−4/5), independent of d. The drawback of their

method is twofold. Firstly, in practice K is often unknown and hence needs to be estimated

from data. In this case the risk bound of their density estimator is no longer independent from

d, so that the curse of dimensionality will still be present. Secondly, the shape constraints that

their method relies on may be somewhat stringent in some cases, since they require, e.g., that the

data-generating density has to be unimodal and its super-level sets have to have the same convex

shape.

Due to their heavy computation or rather stringent shape constraints, the above-mentioned

two methods for high-dimensional density estimation cannot be directly applied to streaming

data. Furthermore, the potential nonstationarity of high-dimensional streaming data poses some

additional challenge to density estimation besides the curse of dimensionality. However, before
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discussing possible approaches for countering this double challenge, we first ask the question:

‘what is the purpose of high-dimensional density estimation?’ This is an important question

since it will directly affect the appropriate loss function to use for the estimation problem. We

shall discuss this question and its implications for our future research in more details in §5.2.5.

5.2.5 Density-based classification

Unlike the low-dimensional (e.g. d = 2) case, high-dimensional density estimators are not di-

rectly useful for, say, visualisation. A more straightforward application of those estimators is

density-based classification. For example, Nagler and Czado (2016) applied their copula-based

high-dimensional density estimator to the classification of some astrophysical imaging data. In

this section we briefly review the density-based approach for the binary classification of of-

fline i.i.d. data. Then we shall discuss their implications for constructing classifiers for high-

dimensional streaming data.

Let Z = {(Xi, Yi)}i=1,...,n denote a sample with n i.i.d. observations, where Xi =

(Xi1, . . . , Xid) denotes a random vector called the feature vector and where Yi ∈ {0, 1} denotes

a Bernoulli random variable called the (binary) class label. Let (X,Y ) denote a new random

vector that is i.i.d. as the data in Z . Then the goal of binary classification is to compute from Z

a classifier CZ : Rd → {0, 1} which accurately predicts the class label Ŷ = CZ(X) given the

feature vector X .

Mathematically, we seek to minimise the following misclassification risk given X = x:

R(x) = P{CZ(x) 6= y}

= P{CZ(x) = 0|X = x}1(Y = 1) + P{CZ(x) = 1|X = x}1(Y = 0), (5.6)

where y is the class label for feature vector x ∈ Rd. This risk is minimised by the so-called Bayes

rule

C(x) = 1{P(Y = 1|X = x) ≥ 1/2}. (5.7)
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See, e.g., Friedman (1997) for more detailed discussions of binary classification and the misclas-

sification risk.

The Bayes rule C(x) is an ideal classifier but it requires us knowing P(Y = 1|X = x). In

practice, of course, we can only estimate this probability from the sample Z . The density-based

classification seeks to do this in a straightforward way. Let f0 = fX|Y=0 and f1 = fX|Y=1 denote

the conditional densities of feature vector X given its class label Y . By the Bayes theorem, we

have

P(Y = 1|X = x) =
π1f1(x)

π0f0(x) + π1f1(x)
, (5.8)

where π0 = P(Y = 0) and π1 = P(Y = 1) are the unconditional probabilities of each class.

From (5.7) and (5.8), a density-based classifier has the form

CZ(x) = Ĉ(x) = 1

{
π1f̂1(x)

π0f̂0(x) + π1f̂1(x)
≥ 1

2

}
, (5.9)

where f̂0 and f̂1 are some density estimates. Comparing (5.9), (5.7) and (5.8), CZ(x) at (5.9)

can be viewed as a plug-in estimator of C(x).

Depending on how we estimate f0 and f1, (5.9) induces various classifiers. For example,

suppose f0 and f1 are multivariate normal densities of N(µ0,Σ0) and N(µ1,Σ1), where µ0, µ1

are mean vectors and Σ0,Σ1 covariance matrices. If we assume Σ0 = Σ1, then (5.9) leads to

the linear discriminant analysis (LDA); if we allow Σ0 6= Σ1, then (5.9) leads to the quadratic

discriminant analysis (QDA)2. See, e.g., Section 4.3 of Hastie et al. (2009) for details.

A prominent feature of LDA (QDA) is that the decision boundary it generates is linear

(quadratic). In contrast, naive Bayes, another density-based classification method, generates

more general decision boundaries. It is called ‘naive’ since it makes the following simplistic

2R. A. Fisher, who proposed LDA in Fisher (1936), did not derive LDA from the normality assumptions, but
from an analysis of variance (ANOVA) viewpoint. This partially explains why LDA and QDA still work reasonably
well even when the data are far from normally distributed. See (Hastie et al., 2009, p. 111) for a brief discussion on
the popularity of these methods and the role of the normality assumptions.
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assumptions: for x = (x1, . . . , xd) ∈ Rd,

fi(x) =
d∏

k=1

fik(xk), for i = 1, 2, (5.10)

where fik denotes the density of the k-th margin of the feature vector X . That is, naive Bayes

assumes that the different margins of X are conditionally independent given Y , which is often

untrue in practice. Then, the marginal density fik can be modelled either parametrically or

nonparametrically.

Despite its sheer ‘naivety’, naive Bayes proves to be one of the most efficient and effective

classification methods in practice (Zhang, 2004). Its competitive performance even extends to

the case when the dimension d of feature vector X is high (Hastie et al., 2009, pp. 210–211).

Bickel and Levina (2004) compare the asymptotic behaviours of LDA and parametric naive Bayes

(marginal densities assumed to be normal) in binary classification. They assume that the two

conditional densities f0 and f1 are normal and the dimension d grows faster than sample size

n as n → ∞. They find that naive Bayes classifier greatly outperforms LDA (even when the

normality assumptions for LDA are satisfied). One of the intuitions to the success of naive Bayes

is that the bias induced by its simplistic assumptions often does not harm the estimation of (5.8),

especially for x values close to the decision boundary (Hastie et al., 2009, pp. 210–211). Hence

a bad density estimator (in terms of pointwise behaviour measured by, e.g., the MISE) may still

lead to a good classifier (in terms of the classification riskR at (5.6)).

In addition to its competitive performance both in theory and in practice, another attrac-

tive feature of naive Bayes is its computational efficiency. Recall that the copula-based high-

dimensional density estimator proposed by Nagler and Czado (2016) is computationally heavy

since it requires modelling the complex dependence structure among the marginal densities of the

feature vectorX . Naive Bayes is free from this burden by assuming the conditional independence

of the margins. This is especially attractive for the classification of streaming data.

In our future research, we aim at developing some computationally efficient and theoretically

justified algorithm, using the naive Bayes approach, for the classification of streaming data. For
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the estimation of the time-varying conditional densities, we may apply the SKDE described in

Chapter 2. However, due to the change in the goal from density estimation to classification, the

SCV procedure proposed in §2.4 may no longer be appropriate for the selection of smoothing

parameters. Hence a key component of our future research is to develop an algorithm for the

selection of smoothing parameters for our streaming naive Bayes classifier.
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