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Abstract Co-spectra and quadrature spectra are calculated for six pairs of7

tall offshore measurement masts near the Horns Rev I wind farm in the Danish8

North Sea and the Nysted wind farm in the Baltic sea. The mast-pairs are9

separated from one another by horizontal distances of 2.13 km to 12.4 km.10

Co-spectra and quadrature spectra for the two sites are classified in terms11

of the angle between the mean wind direction and the line connecting each12

pair of masts. The frequency axes of the spectra are normalized to remove the13

effect of mean wind speed and separation distance. Results indicate a larger14

contribution to the quadrature spectrum for flow from the sea than for flow15

from the land, and the patterns in the spectra are clearer and better defined16
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for Horns Rev I (which has a long uninterrupted sea-fetch from the west) than17

for Nysted (which is surrounded by a more complicated coast-line).18

The analysis is replicated based on 3 month simulations using the weather19

research and forecasting (WRF) model with a horizontal grid spacing of 220

km. For the sea-fetch directions, good agreement in spectral properties be-21

tween the model and observations is found. Analytical expressions based on22

the properties of the cross-correlation function and an exponentially decaying23

coherence function are fitted to the normalized co- and quadrature spectra.24

The expressions are shown to be a good fit to the spectra calculated from25

the WRF simulations and to the observed spectra for directions with a long26

sea fetch, which suggests that to a good approximation, the average co- and27

quadrature spectra over the sea can be written as functions of frequency, mean28

wind speed, separation distance and the angle between the wind direction and29

the orientation of the masts.30

Keywords Cross-spectrum · Mesoscale modelling · Wind power fluctuations ·31

Wind speed spectrum32

1 Introduction33

Successful implementation of high levels of wind energy within geographically34

limited areas such as the North Sea requires consideration of not only the35

mean wind and spectral properties of the wind at individual wind turbine36

locations, but also of the cross-spectral properties of the wind speed at multiple37

locations within a large wind farm or at multiple neighbouring wind farms.38
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This is because the aggregated power response of a number of turbines under39

fluctuating wind conditions depends on the extent to which fluctuations are40

correlated at individual turbine sites. This issue has been partly accounted for41

in wind farm power systems models such as those described in Sørensen et al42

(2002) and Vigueras-Rodrìguez et al (2010). Two different scenarios for the43

spatial distribution of wind fluctuations are illustrated in figure 1, where pairs44

of time series from two offshore meteorological masts near the Horns Rev I45

wind farm in the North Sea that are separated by a distance of 12.42 km are46

shown for 24 hour periods of longitudinal and lateral flow respectively. Here,47

longitudinal flow refers to flow where the mean wind direction is along the48

orientation of the two masts, and lateral flow refers to a mean wind direction49

perpendicular to the orientation of the masts. For the longitudinal case, there50

is an obvious lag between the time series, while for lateral flow case there is no51

obvious, systematic lag. In addition to differences caused by the systematic lag,52

the pairs of time series differ from one another due to the decay or development53

of eddies over the separation distance. Together, the co-spectrum and the54

quadrature spectrum quantify the contribution of in-phase and out-of-phase55

fluctuations to the overall covariance between pairs of time series as a function56

of frequency.57
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a b

Fig. 1 Examples of pairs of wind speed observations from two masts near the Horns Rev

I wind farm in the North Sea, separated by 12.42 km for longitudinal flow (a) and lateral

flow (b)

The spectral properties of the wind speed and other atmospheric variables58

in the mesoscale range have been documented using a variety of data sets and59

analysis techniques. For example, Gage and Nastrom (1986) used measure-60

ments from commercial aircraft to calculate spectra in wave-number space,61

and established that when plotted on a log-log axes, the zonal and meridional62

wind components and temperature followed a spectral slope of −5/3 in the63

mesoscale range.64

For length scales dominated by microscale fluctuations, the cross-spectral65

properties of pairs of wind speed observations have also been studied in detail.66

For example, Davenport (1961) calculated the coherence for pairs of vertically67

separated observations, and was the first to express the magnitude of the68

coherence, γ, as a function of vertical separation distance and a reference69

mean wind speed.70

|γ| =
|Co12(f) + iQu12(f)|

√

(P1(f)P2(f)
= e−k f

V0
∆z, (1)
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where Co12(f) and Qu12(f) are the real and imaginary parts of the cross-71

spectrum between the two time series, P1 and P2 are the power spectra of the72

two time series, k is a decay constant, ∆z is the vertical separation of the two73

observations and V0 is a reference velocity near the ground. Kristensen (1979)74

derived expressions for the longitudinal coherence in the inertial sub-range by75

considering the loss of coherence due to lateral diffusion and Kristensen and76

Jensen (1979) presented theoretical and experimental results for the lateral77

coherence of the lateral and longitudinal wind components. In both cases, the78

expressions were based on the exponential decay of the coherence, and results79

were presented as a function of the dimensionless frequency fd
V0

, where d was80

a separation distance between the observations. These results were based on81

separation distances of a few tens of metres. Schlez and Infield (1998) com-82

bined expressions for lateral and longitudinal coherence to formulate empirical83

expressions for the coherence as a function of mean wind speed, separation dis-84

tance and the angle between the mean wind direction and the orientation of85

pairs of masts for separation distances of 62–102 m. The decay factor in their86

expressions depended on the standard deviation of wind speed for lateral flow,87

and on standard deviation and mean wind speed for longitudinal flow.88

Calculating cross-spectra for longer separation distances up to a few kilo-89

metres is, however, more problematic due to the challenges in obtaining suit-90

able pairs of observations, particularly over the sea. Furthermore, for cross-91

spectra calculated for micro-scales one can easily find segments of time series92

for which stationarity is a good assumption. In contrast, cross-spectra based on93
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separation distances of several kilometres correspond to time scales on which94

the atmosphere can rarely be treated as stationary. Sørensen et al (2002) used95

an expression for exponential decay of coherence together with decaying sine96

and cosine terms to express the complex coherence for separation distances of97

around 1 km for the purpose of wind energy power production modelling over98

the sea. Sørensen et al (2008) used a similar approach, but updated the decay99

parameters of Schlez and Infield (1998) using observational evidence from tall100

meteorological masts separated by 300–1200 m at a coastal site in Denmark.101

Nanahara et al (2004) calculated decay factors for separation distances be-102

tween 100 m and 1700 m for flat and complex terrain sites. While they did103

not normalize the spectra by wind speed and separation distance, they also104

found that the decay factors were strongly dependent on the relative direc-105

tion between the wind and the orientation of the masts. Woods et al (2011)106

built on expressions similar to those of Schlez and Infield (1998) to propose107

models for the co-spectrum and quadrature spectrum based on an extensive108

data set of pairs of measurement masts separated by distances of 1–30 km in109

south-eastern Australia. Their expressions were more complex than those of110

Sørensen et al (2002) and Schlez and Infield (1998) and include several extra111

fitted parameters. Larsén et al (2011b) calculated power spectra, co-spectra,112

quadrature spectra and coherences for pairs of tall meteorological masts over113

the North Sea and the Baltic Sea for different seasons and stability classes,114

and in the presence of open cellular convection and gravity waves. While they115

found little dependence of the average spectra on the surface layer stability116
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itself, they showed that the presence of gravity waves in stable conditions117

and open cellular convection in unstable conditions (both of which introduce118

spatial variability on the scale of km) has a pronounced effect on the spectra.119

In this work, the co-spectra and quadrature spectra over the sea are studied120

from three different perspectives. Firstly, normalized co-spectra and quadra-121

ture spectra are calculated using data from six offshore measurement masts:122

three over the North Sea near the Horns Rev I wind farm, and three over123

the Baltic Sea near the Nysted wind farm. The two sets of masts provide six124

mast-pairs with separation distances ranging from 2.13–12.42 km. All data125

has a measurement resolution of 10 min, and our time scales of interest are126

20 min to 24 hr. Secondly, the analysis is replicated using mesoscale model127

simulations, where the focus is on conditions over the sea. Finally, mathe-128

matical models similar to those used by Sørensen et al (2002) are fitted to129

the normalized co-spectra and quadrature spectra from the mesoscale model,130

and it is implied that over the sea, the average spectra can be expressed as131

functions of frequency, wind speed, separation distance and angle between the132

mean wind direction and the orientation of the masts. The paper provides a133

methodology for the calculation of more accurate input to wind farm power134

system models such as that of Sørensen et al (2002), which rely on information135

about the spectral and co-spectral properties of the wind speed to calculate136

the power response of large wind farms or groups of wind farms. In particular,137

the results indicate that mesoscale modelling can be used to provide reason-138
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able estimates of the co-spectrum and quadrature spectrum over the sea in139

cases where suitable observations are not available.140

In section 2, the background to the normalized co-spectrum and quadrature141

spectrum is briefly outlined, and the formulation of an analytical model based142

on the Davenport equation and the properties of the complex cross spectrum,143

as applied by Sørensen et al (2002), is described. In sections 3 and 4, the144

observation data sets and mesoscale model simulations that were used in the145

analysis are described. In section 5, the normalized co-spectra and quadrature146

spectra based on observations and mesoscale modelling are presented, together147

with the proposed semi-empirical functions that relate the shape of the spectra148

to the wind direction, separation distance and relative angle of the mean wind149

to the orientation of the mast-pairs. Discussion and concluding remarks are150

given in sections 6 and 7 respectively.151

2 The co-spectrum and quadrature spectrum152

The co-spectrum and quadrature spectrum are the real and imaginary parts153

respectively of the complex cross-spectrum. When normalized by the power154

spectra of the two input time series, the normalized co-spectrum and quadra-155

ture spectrum make up the real and imaginary parts of the coherence, Coh,156

which is often expressed as an absolute value, γ = |Coh|.157
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γ(f) =
|C12(f)|

√

P1(f)P2(f)
, or, (2)

γ(f) =
|Co12(f) + iQu12(f)|

√

P1(f)P2(f)
, (3)

where C12 is the complex cross spectrum of two time series, P1 and P2 are the158

power spectra of the time series, and Co12 and Qu12 are the co-spectrum and159

quadrature spectrum. In this paper we work with the normalized co-spectrum160

and quadrature spectrum, Con and Qun, and the complex coherence, Coh:161

Con(f) =
Co12(f)

√

P1(f)P2(f)
(4)

Qun(f) =
Qu12(f)

√

P1(f)P2(f)
(5)

Coh(f) = Con(f) + iQun(f) (6)

Together, the normalized co-spectrum and the normalized quadrature spec-162

trum describe the in-phase and out-of-phase contributions to the covariance163

of the two time series. Time series that are perfectly correlated at a certain164

frequency have a normalized co-spectrum of one and a normalized quadrature165

spectrum of zero at that frequency, while identical time series with a half-cycle166

phase-shift have a normalized co-spectrum of -1 and a normalized quadrature167

spectrum of zero. Time series that are one quarter cycle out-of-phase have a168

normalized co-spectrum of zero and a normalized quadrature spectrum of ±1,169

depending on whether the first time series leads or lags the second.170
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If the coherence is calculated for a single pair of time series, then it will be171

identically equal to unity for all frequencies, since |C12(f)| ≡ |F1(f)F∗

2 (f)|,172

where F denotes a Fourier transform, which is identical to the denominator of173

the coherence. On the other hand, if the time series is divided into N segments,174

and the numerator and denominator are both calculated for each segment and175

averaged, then the correct formulation of the coherence is obtained. As dis-176

cussed by Kristensen and Kirkegaard (1986), this procedure is problematic177

for many time series from the geophysical sciences, since the time series are178

usually non-stationary and not available for sufficient time periods for the cal-179

culation of meaningful averages. This is a particular problem for the analysis180

of mesoscale coherence, where we generally have no more than 24 hr periods181

of even near-stationary conditions, and any subdivision of the available time182

series into shorter segments results in an impractical loss of data at low fre-183

quencies. A solution is proposed by Kristensen and Kirkegaard (1986), who184

show that the coherence calculated from a block averaged (smoothed) single185

realization of the spectra and cross-spectra is equivalent to averaging over a186

large number of segments. Analysis using the two methodologies suggests that187

the resultant co-spectra and quadrature spectra are relatively insensitive to188

the choice of analysis methodology, and to the degree of smoothing that is189

applied in the block averaging.190

For pairs of time series with systematic lag between them, such as pairs of191

wind speed observations separated in the longitudinal direction, there will be192

an offset in the maximum of the cross-covariance function, which introduces a193
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bias into the cross-spectrum (Madsen, 2008). Specifically, it appears as non-194

zero values in the quadrature spectrum. Removing the lag by adjusting the195

time series for the effect of advection means that the quadrature spectrum will196

be near-zero for most frequencies. On the other hand, apparently systematic197

phase differences between pairs of meteorological time series are never likely to198

be as simple as pure advection. On time scales such as the diurnal cycle, time199

series from masts separated by tens of kilometres will be perfectly in phase,200

while we expect a transition to phase differences dominated by advection for201

time scales of several hours. Furthermore, advection is not the only physical202

process responsible for the movement of mesoscale features, as evident by the203

steering of convective systems by wind well above the surface (eg. Sioutas and204

Flocas (1996)), anomalous propagation of severe thunderstorms (eg. Davies-205

Jones (2002)) or gravity waves (Larsén et al, 2011a). For these reasons, we206

choose not to adjust the lag in the pairs of wind speed time series.207

Sørensen et al (2002) proposes writing the cross-spectrum as:208

C(f) = γ
√

P1(f)P2(f)e2πfτ12i, (7)

where γ is the magnitude of the coherence, f is the frequency and τ12 is the209

delay time, which in this model is assumed to be dominated by advection and210

is therefore constant. The normalized complex cross spectrum (Coh) can then211

be written as:212

Coh(f) = γe2πfτ12i (8)
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Following the format of Davenport (1961), the magnitude of Coh can be213

expressed in the form ea fd
V0 , where d is a separation distance, f is the frequency,214

a is a constant and V0 is the mean wind speed over the time series under215

consideration, so the complex coherence becomes216

Coh(f) = e(adf/V0)e−2πfτ12i. (9)

By consideration of advection between the two points, the delay time can be217

written as218

τ12 =
dcos(α)

V0
, (10)

where α is the angle between the mean wind speed and the line connecting219

the two points and dcos(α) is the separation distance along the mean wind220

direction. Combining equations 9 and 10 gives221

Coh(f) = e(−adf/V0)e−2πf
cos(α)d

V0
i (11)

Equation 11 can be simplified by defining a dimensionless frequency, n =222

fd
V0

, which adjusts for differences in the spectra due purely to different advection223

rates. Using the normalized frequency, equation 11 becomes224

Coh(n) = eanebni, (12)

where a is an unknown constant and b = −2πcos(α).225

226
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Taking the logarithm of both sides, and equating real and imaginary parts227

shows that the constants a and b can be found empirically from the slope of228

the real and imaginary parts respectively of the log of the complex coherence.229

log(Coh(n)) = an + bni (13)

ℜ(log(Coh(n))) = an (14a)

ℑ(log(Coh(n))) = bn (14b)

The normalized co-spectra and quadrature spectra are then written as:230

Con =eancos(bn) (15a)

Qun =eansin(bn) (15b)

In section 5.3 of this paper, the parametrization in equations 15a and 15b231

is used to fit curves to the normalized co-spectrum and quadrature spectrum232

calculated from WRF simulations. It is shown that the parameters a and b233

both vary sinusoidally with the angle α, allowing Con and Qun to be written234

as functions of α, separation distance d and mean wind speed V0.235

3 Observation data236

The calculation of mesoscale co-spectra and quadrature spectra over the sea237

requires pairs of observations from offshore measurement masts separated by238
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distances of several kilometres up to tens of kilometres. The offshore measure-239

ment masts installed in association with the Horns Rev I and Nysted offshore240

wind farms satisfy these requirements, and provide a unique opportunity for241

calculating mesoscale co-spectra and quadrature spectra. At each site, three242

tall measurement masts operated continuously during the early stages of the243

wind farms’ operations. There are three mast-pairs for each site, separated by244

varying distances and aligned along various orientations (Table 1). Measure-245

ments of wind speed and direction were available at several heights for each246

mast. We focus on top-mounted wind speed observations, thereby avoiding247

difficulties associated with boom distortion at lower levels.248

Table 1 Mast pairs at the Horns Rev I and Nysted wind farms. The orientation refers to

the wind direction that would blow from the first to the second mast in the pair.

Mast Separation Orientation Measurement Measurement

distance (km) period heights (m)

Horns Rev M2-M6 8.72 295o 2003–2006 62 / 70

Horns Rev M2-M7 12.42 287o 2003–2006 62 / 70

Horns Rev M6-M7 3.99 269o 2003–2006 70 / 70

Nysted M1-M2 2.13 343o 2004–2008 69 / 69

Nysted M2-M3 8.90 280o 2004–2008 69 / 69

Nysted M1-M3 8.18 273o 2004–2008 69 / 69

Although the masts are offshore, the flow was influenced by the nearby249

land as well as the wind farm wakes. In figure 2, the positions of the masts in250
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relation to the turbines and the undisturbed flow from the sea sectors are is251

shown.252

Horns Rev I
Nysted

Fig. 2 The locations of the Horns Rev I and Nysted wind farms (top), and the meteoro-

logical masts (grey dots) and turbine locations (black dots) at the two sites (lower panels).

The undisturbed flow sectors for the two sites are indicated by the shaded arcs.

For calculation of co-spectra and quadrature spectra over the sea, it is253

preferable that both masts are free from wake and land effects. This restric-254

tive condition means that it is necessary to discard most of the data, and in255

particular it becomes nearly impossible to calculate spectra for longitudinal256

flow between the masts due to the turbines located between the masts. There-257
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fore, these conditions were relaxed, and all directions were included in the258

analysis. In fact, the wind farm wake may not actually influence the spectra259

on the time scales that we are interested in, since Larsen et al (2009) has260

shown that the wind speed in the wake of an 80-m diameter turbine rotor261

contains enhanced variance only for frequencies greater than about 0.004 Hz262

and Sørensen et al (2008) noted increased turbulence in wake affected wind263

speeds for frequencies greater than about 0.001 Hz. The interaction of wakes264

from multiple turbines is complicated, and as discussed by Troldborg et al265

(2011), dependent on ambient turbulence. On the other hand, Larsén et al266

(2011b) calculated cross-spectra and quadrature spectra using only data that267

was free of wake effects, and the results are highly consistent with those in268

the current paper, which suggests that the wake effects may not be significant.269

Furthermore, the power spectra at all three masts are similar to one another270

and follow expected spectral shapes, including masts 6 and 7 at Horns Rev271

which are often in the wake of the whole wind farm due to the prevailing west-272

erly winds, indicating no strong influence of the wake for our frequencies of273

interest.274

Pairs of time series were analyzed in 24 hour segments, each consisting275

of 144 ten minute observations. Due to missing data and large changes in276

meteorological conditions during some periods, it was necessary to reject many277

of the 24 hour segments. Although meteorological time series are never strictly278

stationary, a compromise between including sufficient data in the analysis and279

choosing the best possible time series for the analysis was sought. The following280
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segments were therefore rejected from the analysis: segments where more than281

one observation was missing from either of the two time series, segments where282

the average wind direction at the two sites differed by more than 15 degrees283

or the average wind speed differed by more than 2 m s−1 (indicating possible284

errors in one or both the data sets, since natural variability between the two285

sites is small), segments where the range of wind directions was greater than286

90 degrees and segments where the range of wind speeds was more than 12 m287

s−1. The single missing observation from some of the segments was filled by288

linear interpolation. Due to these restrictions, the mean of the time series, V0,289

makes physical sense as an advection velocity under relatively homogeneous290

conditions, and the segments do not contain changes of air mass due to large291

direction changes. Furthermore, the calculation of spectra and co-spectra is292

only valid for stationary time series, and the restrictions are an attempt to293

use near-stationary time series for the analysis. After applying these criteria,294

364, 371 and 476 segments remained for the mast pairs M2-M6, M2-M7 and295

M6-M7 at Horns Rev I respectively, and 305, 325 and 274 segments remained296

for the mast pairs M1-M2, M2-M3 and M1-M3 at Nysted respectively. These297

segments include both undisturbed flow from the sea, and land-influenced and298

wake-influenced flow.299

4 Mesoscale simulations300

For each region, a 90 day period was simulated using the WRF mesoscale301

model Version 3.3 (Skamarock et al, 2008). The North Sea simulation ran302
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for the period October–December 2004, and the Baltic Sea simulation ran for303

October–December 2006. The periods were chosen to match data for verifica-304

tion purposes, but since we deal with average spectra, the precise time periods305

of the model runs are not compared with equivalent time periods in obser-306

vational data anyway. The months October–December are chosen to cover a307

range of atmospheric conditions, including the cold air-outbreak situations308

found during these months, which are expected to be important for mesoscale309

coherence due to organized boundary structures such as convective rolls or310

cellular convection.311

The three-month simulation periods are in contrast to the observational312

time series of several years, and have the disadvantage that they do not repre-313

sent a long enough time period to be considered as a climatological average. On314

the other hand, Larsén et al (2011b) suggests that average spectra in the range315

10−5–10−3 Hz are not very sensitive to the seasonal or yearly scales, although316

the relative occurrence of mesoscale phenomena at certain times of year could317

affect the analysis. Furthermore, the mesoscale model has the advantage that318

we are not restricted to fixed observational sites. Due to the gridded nature319

of the model output, it is always possible to find pairs of points which are al-320

most upwind of one another, or pairs that are aligned in an almost cross-wind321

direction. This meant that it was possible to use every 24 hour period that322

satisfied the basic stationarity criteria described in section 3 for any direction323

of interest, so no additional subdivision into direction sectors was necessary.324
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After filtering for stationarity, 36 days remained for the North Sea, and 60325

days remained for the Baltic Sea.326

The WRF simulations used data from the National Centers for Environ-327

mental Prediction Climate Forecast System Reanalysis1 for initial and bound-328

ary conditions. Simulations ran in blocks of 11 days, with the first 24 hours329

discarded for spin-up purposes. Nudging was applied to the outer domain to330

keep the simulations close to the realistic evolution of the large scale weather.331

The model had 37 vertical levels, with the lowest five positioned close to 14 m,332

52 m, 103 m, 160 m and 224 m, and three nests with horizontal grid spacings333

of 18km, 6km and 2km (figure 3).334

The boundary layer parametrization was the MYNN scheme (Nakanishi335

and Niino, 2009), and the two larger domains used the Kain-Fritsch cumulus336

parametrization (Kain and Fritsch, 1990), while for the smallest domain the337

cumulus parametrization was turned off. It is expected that for a horizontal338

grid spacing of less than about 5 km, the effect of cumulus convection will339

be at least partly resolved (Molinari and Dudek, 1992), and we expect that340

explicit cumulus processes could make a significant contribution to mesoscale341

fluctuations and their spatial correlation.342

1 U.S. National Centers for Environmental Prediction [Environmental Modeling Center],

2010: NCEP Climate Forecast System Reanalysis (CFSR) Selected Hourly Time-Series Prod-

ucts, January 1979 to December 2010. Dataset ds093.1 published by the CISL Data Support

Section at the National Center for Atmospheric Research, Boulder, CO, available online at

http://dss.ucar.edu/datasets/ds093.1/.
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a

b

Height [m] Height [m]

Fig. 3 WRF simulation domains for the North Sea (a) and the Baltic Sea (b).

For calculation of cross-spectra equivalent to those from the observational343

data, the wind components for the lowest five model levels were saved every344

10 minutes. Model output from the third model level at a height of about 103345

m was used for the analysis. When compared with observed wind speeds, the346

simulations had correlation coefficients of 0.90 at Horns Rev M7 and 0.91 at347

Nystedk, although it is the spatial variability and not the absolute values of348

the model that are of primary consideration here, and we did not correct for349

the difference between the model level and the measurement heights. To assess350

whether the fast variations in wind speed are modelled correctly, spectra of the351

modelled time series are compared with observed spectra for the meteorological352

masts at Horns Rev I and Nysted (figure 4). The spectral slope is well modelled353

up to the highest resolvable time period of 20 minutes. Both the observed and354

the model spectra follow a spectral slope of -3 for time scales longer than about355
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Horns Rev I Horns Rev I Horns Rev I

Nysted Nysted Nysted

Fig. 4 Observed and modelled spectra of wind speed at Horns Rev I M2, M6 and M7 and

Nysted M1, M2 and M3 respectively for the 90 day climate runs. The observations are at

the heights described in table 1. The modelled wind speeds are from the third model level at

a height of about 103 m. The thick grey lines indicate a spectral slope of -3 (periods greater

than 24 hours) and −5/3 (periods less than 24 hours).

24 hours, and a spectral slope close to −5/3 for shorter time scales, following356

observational evidence of Nastrom and Gage (1985).357

5 Results358

As discussed in section 2, the frequency axes of the co-spectra and quadrature359

spectra were normalized by V0

d , where V0 is the mean wind speed and d is the360

separation distance, to give a non-dimensional frequency. The normalization361

of the frequency axis for longitudinal flow from the sea for the three pairs of362

meteorological masts at Horns Rev I is demonstrated in figure 5. The normal-363

ization causes the spectra to collapse onto a single curve, thereby removing364
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a b

c d

Fig. 5 Co-spectra (a and c) and quadrature spectra (b and d) of wind speed as a function

of frequency (a and b) and normalized frequency (c and d) for the three mast-pairs at Horns

Rev I for longitudinal flow from the sea.

the impact of wind speed and separation distance. The normalized frequency365

will be used for subsequent spectra in this paper.366
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5.1 Observed normalized co-spectra and quadrature spectra as functions of α367

The 24 hour segments that satisfied the stationarity criteria were grouped into368

8 direction bins according to the mean wind direction during the segment.369

Since the cases had already been selected on the basis that the range of wind370

directions was not more than 90o, the average wind direction was sufficient371

to further classify the cases. The direction bins each had width 45o, and were372

defined with respect to the direction of the line separating the two masts such373

that the angle α was 0o, 45o, 90o, 135o, 180o, 225o, 270o and 315o at the centres374

of the eight bins. This means that the first and fifth bins are both cases where375

the mast separation is longitudinal, but in opposite directions. Similarly the376

third and seventh bins are cases of lateral separation. The number of cases in377

the bins ranged between 9 and 89 for Horns Rev I and between 9 and 92 for378

Nysted. 9 cases is not large enough to form a representative sample, but all379

bins are retained for completeness.380

Figure 6 shows co- and quadrature spectra for the eight direction sectors381

for Horns Rev I M2 and M7 (separation 12.43 km) and Nysted M1 and M3382

(separation 8.13 km). It is important to realize that the directions labelled on383

the graphs are α (the angle between the wind direction and the separation of384

the masts), not the mean wind direction. Due to the orientation of the masts385

in a nearly east-west direction at Horns Rev I, α = 0o corresponds nearly to386

easterly wind directions and α = 180o corresponds nearly to westerly wind387

directions. Most direction sectors are influenced by the wind farm wake, the388

land or both. In this analysis, all directions have been included, but the only389
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sector that is completely uninfluenced by the land or the wake is α = 45o.390

At Nysted, α = 90o corresponds nearly to northerly flow from the land, while391

α = 270o corresponds nearly to southerly flow from the sea. All directions will392

be influenced by wind farm wake or the land or both.393

The normalized co-spectra are similar for each of the 8 direction bins,394

while the normalized quadrature spectra are strongly dependent on α. For the395

longitudinal cases, where there will be a maximum lag or lead between the two396

time series as a result of advection between the masts, the quadrature spectra397

reach a peak of around 0.4 for the westerly direction and -0.3 for the easterly398

direction at Horns Rev I. The difference in the magnitude of the longitudinal399

quadrature spectra may be because in easterly flow, the Horns Rev I wind400

farm is influenced by the land, 11 km to the east of the wind farm.401

At Nysted, the quadrature spectrum has a peak of around 0.4 for the402

westerly sector, but does not follow any obvious pattern for the easterly sector.403

This may reflect an effect of the coast line, the fact that there are only 17 cases404

for this sector, or the different meteorological conditions over the Baltic Sea405

as compared with the North Sea. Similarly, the normalized co-spectrum dips406

further below zero to -0.22 at Horns Rev I for longitudinal flow from the sea,407

while the Nysted spectra appear to level off to zero for all direction sectors for408

normalized frequencies greater than 0.25.409



Cross-spectra over the sea from observations and mesoscale modelling 25

a b

Fig. 6 Normalized co-spectra (a) and quadrature spectra (b) of wind speed for 8 different

direction sectors for the M2–M7 pair at Horns Rev I. The separation distances is 12.43 km.

The star indicates the only direction sector that is completely free from the influence of

the wind farm wake or the land. The number of 24-hour periods included in each direction

sector is indicated in brackets in the figure legends.

a b

Fig. 7 Normalized co-spectra (a) and quadrature spectra (b) of wind speed for 8 different

direction sectors for the M1–M3 pair at Nysted. The separation distances is 8.18 km. The

number of 24-hour periods included in each direction sector is indicated in brackets in the

figure legends.
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5.2 Normalized co-spectra and quadrature spectra from WRF as functions of410

α411

Calculation of co- and quadrature spectra from observations is complicated412

by the difficulties of data availability. For any direction of interest, there will413

only be a handful of 24 hour periods where the wind direction stays within a414

satisfactorily small range of the target direction. To obtain enough data for415

analysis, we are inevitably pushed to relax the conditions of stationarity and416

to consider a relatively wide window of wind directions.417

Mesoscale modelling can alleviate some of these problems, because for any418

wind direction, it is easy to choose grid points that correspond to a given419

α and separation distance. Therefore, any 24 hour periods that satisfy the420

stationarity criteria can be used to study a range of wind directions and sep-421

aration distances. On the other hand, mesoscale modelling is limited by its422

coarse resolution. Amongst other things, the parametrized vertical mixing in423

the boundary layer and the absence of explicit turbulent fluctuations and en-424

trainment at the top of the boundary layer make it impossible to use mesoscale425

modelling to study micro-scale processes in the atmosphere. In this paper, how-426

ever, we are concerned with cross-spectra for separation distances of several427

km. As demonstrated by Skamarock (2004), the WRF mesoscale model begins428

to lose spectral power for scales smaller than about 6-7 times the horizontal429

grid spacing of the model. This agrees with the model spectra for the 2 km sim-430

ulation in figure 4, which show excellent agreement between the observations431

and model up to the time scale of 20 min, which for an average wind speed of432
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around 10 m s−1 corresponds to a spatial scale of around 12 km. This suggests433

that it is indeed reasonable to use a model with a horizontal resolution of 2434

km to study co- and cross-spectra for separation distances longer than about435

12 km.436

A reference point was chosen in each domain, and for each 24-hour period,437

the grid-points corresponding to an angle α and separation distance d were438

chosen in relation to the reference point, as illustrated in figure 8. The choice439

of grid-points corresponding to different values of α is dependent on the wind440

direction, and changes with each 24 hour period.441

Unlike the co- and quadrature spectra calculated from observations, which442

were a mixture of easterly sector wind directions influenced by the nearby land,443

and westerly sector wind directions influenced by the sea, the WRF reference444

points were located slightly further out into the water so that both points had445

at least 10 km of sea fetch. Furthermore, we do not link a particular α value446

with a particular wind direction, since the grid points relating to a particular447

value of α varies as the mean wind direction varies. Therefore, systematic448

effects of the land or climatologically preferred weather regimes for certain449

values of α are less likely than for the observed spectra.450
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a
b

Fig. 8 The subset of domain 3 points used for the analysis (small grey dots). (a) North

Sea near the Horns Rev I wind farm. (b) Baltic Sea near the Nysted wind farm. The large

grey dot is the reference point, and the black arrow indicates mean wind direction. The grid

points chosen for α = 0
o, 90

o, 180
o and 270

o are indicated by the symbols open circle, closed

circle, cross and square respectively.

The co- and quadrature spectra calculated from the WRF simulations are451

shown in figure 9, using a 12 km separation distance between the pairs of452

points. The spectra show many features in common with the corresponding453

spectra from observations. The normalized co-spectra are not strongly depen-454

dent on α, while the quadrature spectra are close to zero for across-wind cases455

and reach the maximum amplitude for the along wind cases.456

The clear patterns in the spectra from the mesoscale simulations allow an457

obvious interpretation of the positions of the local extrema and zero crossings.458

At very low normalized frequencies, the two time series are perfectly in phase,459

since they are both governed by exactly the same large scale and diurnal forc-460

ing. Clearly, the normalized co-spectrum must start at 1, and the quadrature461

spectrum must start at 0. For the frequency associated with eddies of size four462
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times the separation distance, the time series at the two points are 90o out463

of phase, and the quadrature spectrum is at its maximum value and the nor-464

malized co-spectrum is exactly equal to zero. In this case, the period of the465

fluctuations is 4d
V0

, and the normalized frequency is 1/4. This is clearly seen on466

the plots - the extrema in the quadrature spectra match with the zero crossing467

in the normalized co-spectrum for a normalized frequency of 1/4. By similar468

reasoning, the minima in the longitudinal normalized co-spectra match with469

the zero crossing in the normalized quadrature spectra for a normalized fre-470

quency of 1/2, and the extrema in the longitudinal quadrature spectra match471

with the final zero crossing in the normalized co-spectra for a normalized fre-472

quency of 3/4.473
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a b

c d

Fig. 9 Normalized co-spectra (a and c) and quadrature spectra (b and d) for wind speed

for 8 different values of α based on WRF simulations over the North Sea (a and b) and the

Baltic Sea (c and d). The separation distance is 12 km. Thick lines: Spectra calculated from

WRF simulations. Thin lines: Fitted spectra using equations 15a and 15b.

5.3 Mathematical models for the normalized co- and quadrature spectra474

In equations 15a and 15b, it was shown that the co- and quadrature spectra475

could be expressed as functions of the normalized frequency and two fitted476

parameters a and b. Furthermore, it was shown that the two parameters could477
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be determined from the slope of the real and imaginary parts of the logarithm478

of the complex coherence when plotted against normalized frequency.479

Figure 10 shows the parameters a and b as functions of the angle α, for480

separation distances 12–18 km, which suggests that both parameters vary with481

α but are invariant to separation distance. Both parameters can be modelled by482

sinusoidal functions, which means that the co- and quadrature spectra can be483

expressed as functions of only α and the normalized frequency, or alternatively484

as functions of α, wind speed, separation distance and frequency. The solid line485

shows a sinusoidal fit to the data for the parameter a. For parameter b, it was486

found that the theoretically derived 2πcos(α) gave an excellent fit.487

Fig. 10 a and b parameters as a function of α for wind speed for separation distances 12,

14, 16 and 18 km.

Based on the fitted curves, the two parameters have the forms:488



32 C L Vincent et al.

a(α) = 1.8cos(
2πα

180
) − 5.9 (16)

b(α) = 2πcos(
πα

180
) (17)

and489

Con(α, d, V0, f) = ea(α) fd
V0 cos(b(α)

fd

V0
) (18)

Qun(α, d, V0, f) = ea(α) fd
V0 sin(b(α)

fd

V0
) (19)

In other words, if the wind direction and wind speed are known for a pair490

of points separated by a distance d, then the co- and quadrature spectra can491

be estimated. The behaviour of the functions are demonstrated in figure 11,492

where α, d and V0 are systematically varied.493
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a b

c

Fig. 11 (a) Normalized co- and quadrature- spectra as a function of separation distance

for constant wind speed (12 m s−1) and α (0 degrees). (b) Normalized co- and quadrature

spectra as a function of wind speed for constant separation distance (10 km) and α (0

degrees). (c) Normalized co- and quadrature spectra as a function of α for constant wind

speed (12 m s−1) and separation distance (10 km).

Finally, the analytical models in equations 18 and 19 are fitted to two ex-494

amples of observed flow from the sea for Horns Rev I and Nysted respectively.495

We choose conditions that are well represented in the data, and which are496

indicative of flow from the sea. The conditions for selection of the data, and497

the parameters used in equations 18 and 19 are described in table 2.498
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Table 2 Example conditions of flow from the sea for chosen for illustrating the models

proposed in equations 18 and 19

Mast αobs V0,obs αmodel V0,model dmodel

m s−1 m s−1 m

Horns Rev M2-M7 > 337.5o, < 22.5o 7–9 0o 8 12420

Nysted M2-M3 > 337.5o, < 22.5o 7–9 0o 8 8920

Figure 12 shows the modelled and observed spectra for the two sets of con-499

ditions described in Table 2. Both of the cases are representative of conditions500

over the sea, where the analytical model performs well. For flow that is more501

influenced by the land than the sea, the analytical models do not perform as502

well, and we expect that for conditions over land, the spectra are more difficult503

to relate to the simple advection and exponential decay terms that were used504

in deriving equations 18 and 19.505

a b

Fig. 12 Normalized co-spectra and quadrature spectra calculated from observations (solid

lines) and from analytical models in equations 18 and 19 for the conditions described in

table 2 at Horns Rev I (a) and Nysted (b).
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6 Discussion506

The normalized co-spectra and quadrature spectra for Horns Rev I and Nysted507

show the expected patterns with respect to the relative angle between the wind508

direction and the separation of the mast-pairs. For lateral flow, where there509

should not be any systematic phase shift at the two sites, the normalized510

quadrature spectrum is close to zero for all frequencies, while the normalized511

co-spectrum (in this case, equivalent to the coherence) decreases exponentially.512

For longitudinal flow, there is a systematic phase shift in the wind speed at the513

two sites as reflected in the peak in the normalized quadrature spectrum and514

zero-crossing in the normalized co-spectrum at a normalized frequency close515

to 0.25. The normalized frequency of 0.25 corresponds to eddies or structures516

that have a length scale 4 times the separation distance, which will bring517

about a phase shift of 90o. Similarly, the normalized co-spectrum reaches a518

local minimum and the quadrature spectrum crosses the frequency axis at a519

normalized frequency of about 0.5, corresponding to eddies or structures with520

a length scale of twice the separation distance that will result in a phase shift521

of 180o . Thus the normalized co-spectra and quadrature spectra form a pair522

of exponentially damped cosine and sine functions. The eddies or boundary523

layer structures corresponding to each frequency continue to cause in-phase or524

out-of-phase fluctuations at pairs of sites as the frequency increases, depending525

on the ratio between the length scale of the eddies and the distance between526

the sites. At the same time, as the eddies get smaller in relation to the distance527

between the sites, they are more likely to have undergone changes in their size528



36 C L Vincent et al.

or amplitude as they are advected between the sites, causing the coherence to529

decrease.530

There was general agreement in the shape of the normalized co-spectra and531

quadrature spectra for Horns Rev I and Nysted, but there were important dif-532

ferences. At Nysted, the quadrature spectrum has the characteristic peak at a533

normalized frequency of 0.25 only for the longitudinal westerly case, and does534

not show any peak at all for the longitudinal easterly case, and the magnitude535

of the quadrature spectrum is larger at Horns Rev I than at Nysted. Simi-536

larly, the normalized co-spectra decrease to zero as expected for normalized537

frequencies of about 0.25 at Nysted, but do not pass far below the zero axis.538

This is likely to be due to the complex coastline at Nysted, which also affects539

the spectra calculated from the WRF simulation over the Baltic Sea - even540

though the grid points have been shifted southwards to avoid the land itself,541

the region is surrounded by coastlines. Also, different meteorological condi-542

tions exist over the North Sea and the Baltic Sea (Larsén et al, 2011b), and543

some of the differences may be attributable to the different boundary layer544

phenomena that dominate the near-surface wind conditions.545

In the WRF model output, the patterns in the normalized co-spectra and546

quadrature spectra are somewhat better defined and easier to relate to the547

simplistic conceptual model of eddies of various sizes being advected past the548

pair of sites while simultaneously decaying or deforming. For example, the549

longitudinal normalized co-spectra from the model output dip further below550

zero than the observed longitudinal normalized co-spectra. Furthermore, the551
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quadrature spectra from the model are nearly symmetrical about the hori-552

zontal axis for supplementary pairs of angles, while the peak in the observed553

quadrature spectrum is larger for flow from the sea than for flow from the554

land. There are several reasons for these differences. First, the model spectra555

are based on data that are further away from the land than the observed data,556

which means that the model spectra are less influenced by surface inhomo-557

geneities. Secondly, the model is simpler than the real world, since there are558

no sub-grid scale processes. Real-world phenomena such as rain showers from559

individual cumulus clouds, entrainment at the top of the boundary layer and560

microscale turbulent eddies do not exist in the model, and it therefore seems561

more likely that mesoscale eddies that have length scales of tens of kilometres562

could be advected between the masts in a relatively undisturbed way.563

The expressions in equations 18 and 19 were shown to be an excellent564

fit to the spectra from the WRF model output, which are representative of565

conditions over the sea. The expressions were also shown to be a good fit for566

the observed spectra from both Horns Rev I and Nysted for selected cases567

where the wind was blowing from the sea with a relatively uninterrupted sea568

fetch. The additional input of the mesoscale model thus made it possible to569

extend limited observational evidence to derive useful expressions for the shape570

of the normalized co-spectrum and quadrature spectrum over the sea, and to571

describe the underlying physics behind the shape of the spectra. Although572

the prohibitive computational costs of mesoscale models are often cited as573

problematic for such work, we found physically reasonable and robust results574
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using wind speeds saved every 10 minutes from simulations of length 3 months,575

with a horizontal grid spacing of 2 km. The results suggest that mesoscale576

models could be used for conducting similar studies over land, although un-577

resolved sub-grid-scale topographic effects might have serious consequences at578

some sites.579

The decay factors, a(α), in equations 18 and 19 are 4.1 and 7.7 for longi-580

tudinal and lateral flow respectively. These values can be compared, to some581

extent, to the decay factors in Schlez and Infield (1998). For separation dis-582

tances between 62 and 102 m and a sampling frequency of 0.2 Hz, they suggest583

decay factors of 15σ/V0 for longitudinal flow, and 17.5σ for lateral flow, where584

σ is the standard deviation of the time series. Applying the expressions to our585

time series, which are longer and consist of ten minute averages, is problematic586

due to the sensitivity of the standard deviation to the averaging and sampling587

frequency. However, with a nominal wind speed of 10 m s−1 and a standard588

deviation of around 1 m s−1 , the expressions of Schlez and Infield (1998) give589

decay factors of 1.5 and 17.5 for longitudinal and lateral flow respectively.590

Sørensen et al (2008) proposed the values 4 and V0/2 (5 for a nominal wind591

speed of 10 m s−1 ) for the longitudinal and lateral decay factors in the ex-592

pressions of Schlez and Infield (1998) based on measurements separated by593

between 300 m and 1200 m at a flat coastal site in Denmark. The values found594

in this paper are quite close to those suggested by Sørensen et al (2008), de-595

spite the fact that they are calculated for separation distances of 12–18 km596

and for conditions over the sea.597
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The calculation of normalized co-spectra and quadrature spectra is actu-598

ally a useful model verification tool, since it is insensitive to errors in the599

phase of high frequency fluctuations in the model with respect to the ob-600

served fluctuations, which are not possible to forecast in a deterministic sense.601

Instead, it addresses the amplitude and spatial patterns in the fluctuations.602

The results presented here show good agreement between modelled and ob-603

served spectra for time scales up to 20 minutes, and spatial scales up to 12 km604

for average, near-stationary conditions. On the other hand, the precise spec-605

tral performance of the model in terms of simulating the spatial covariance606

during special meteorological conditions or topographically driven phenomena607

depends on whether the model is able to accurately reproduce the physical608

processes and the correct length scales associated with the conditions, and609

this is an open area for further investigation.610

The results are climatological averages that include several years of ob-611

servations, or 3 months of model data. Obviously many and varied physical612

processes are contained within the reasonable stationary and homogeneous sit-613

uations that were identified according to the stationarity criteria. The general614

spectral shapes that were calculated therefore incorporate various dynamic615

and convective processes for unstable conditions, and turbulence and grav-616

ity wave processes for stable conditions. For example, Larsén et al (2011b)617

demonstrated that the co-spectrum and quadrature spectrum for 24 hour pe-618

riods where open cellular convection was observed over the North Sea appear619

to show both a larger peak in the quadrature spectrum and a deeper trough620
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below zero in the co-spectrum than cases where cellular convection was not621

observed. In stable conditions, gravity waves also affect the spectral properties622

of the wind speed, as demonstrated in Larsén et al (2011a,b). The shape of623

the spectra under specific meteorological conditions is an important area for624

further study, although finding sufficient data from pairs of tall masts under a625

narrowly defined set of conditions makes this difficult. Furthermore, by filter-626

ing out cases where there was a large wind speed or direction change, many627

situations that are of great scientific and practical interest have actually been628

excluded from this analysis. In particular, large changes in wind speed (often629

referred to as ‘ramp events’ in a wind energy context (Potter et al, 2009)) and630

the way they propagate through wind farms or groups of wind farms are of631

obvious relevance to wind energy control and integration.632

The normalized co-spectra and quadrature spectra presented here are based633

on the scalar wind speed, despite the fact that cross-spectral analysis of wind634

time series on microscales is traditionally separated into u (along wind) and635

v (across wind) components (eg. Kristensen (1979); Kristensen and Jensen636

(1979)). Decomposition into u and v components is considerably more diffi-637

cult for mesoscale time scales, where the wind direction is rarely even nearly638

constant for a 24 hour period, and fluctuations in wind direction can have a639

disproportionately large impact on the v wind component. Although the de-640

composition could be achieved with a very strict set of filtering criteria for641

wind direction, we restricted the analysis to the scalar wind speed. Careful642

analysis of the spectral and cross-spectral properties of u and v wind com-643
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ponents, as performed in Larsén et al (2011b), can reveal important results644

about the isotropy of the wind field.645

The results in this paper focused on conditions over the sea. However,646

it was implied that conditions may not be the same over the land as over647

the sea. For example, the shape of the quadrature spectrum for Horns Rev I648

was less pronounced for easterly sector winds than for westerly sector winds,649

and the quadrature spectrum for Nysted (which is closer to coastlines from650

all directions) did not show the clear or systematic patterns that were seen651

for Horns Rev I. Woods et al (2011) found that the advection speed of wind652

fluctuations was only weakly related to the mean wind speed for pairs of near-653

surface meteorological masts over the land, which might reflect the stronger654

impact of local features over the land in modulating the surface wind conditions655

compared to the relatively homogeneous conditions over the sea. That is, the656

application of Taylor’s hypothesis for mesoscale wind fluctuations is likely657

to be more straightforward over the sea than over the land. Meteorological658

conditions over the sea are different to conditions over the land due to the659

low surface roughness, the absence of topographic effects, the ample supply660

of moisture and the stability conditions driven by advection of air masses661

rather than the radiation balance. Such differences can influence the spectral662

properties of the wind speed, particularly in the mesoscale range. For example,663

organized mesoscale structures such as cellular convection, convective rolls or664

gravity waves may have a strong influence on the mesoscale wind speed over665

the sea. These differences are important for the planning and operation of666



42 C L Vincent et al.

offshore wind energy, where the spatial correlation in wind speeds at a certain667

frequency can undermine the potential for smoothing of the aggregated power668

output from spatially distributed turbines.669

7 Conclusions670

Normalized co-spectra and quadrature spectra were calculated using 10 min671

wind speed observations from pairs of offshore meteorological masts over the672

North Sea and the Baltic Sea respectively. Separation distances between the673

masts ranged from 2.13 km to 12.4 km, and results were binned according to674

the relative direction between the mean wind and the orientation of the mast675

pairs. Co-spectra and quadrature spectra were also calculated using 3 month676

mesoscale model simulations over the North Sea and the Baltic Sea, and good677

agreement was found between the observed and modelled spectra when the678

flow was coming from the sea.679

For flow over the sea, the co-spectrum and quadrature spectrum could680

be effectively modelled using damped cosine and sine functions based on a681

constant delay time associated with advection between the two sites. The682

simple analytical models were found to be an excellent fit to the spectra derived683

from mesoscale modelling over the sea, and for observed spectra where the flow684

had a long sea fetch. For flow that did not have a long sea fetch, the patterns685

in the spectra were less clear, although there was still a greater contribution to686

the quadrature spectrum for longitudinal flow than for lateral flow. The extent687
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to which the analysis presented here for flow over the sea could be extended or688

adapted to flow over a relatively homogeneous land area has not been tested.689

The results are unique because they are based on pairs of tall offshore690

measurement masts, which are much less common than onshore measurement691

masts. The situation of Horns Rev I, with a long sea fetch to the west, and692

a North-South coastline to the east, provided a particularly simple and useful693

analysis site. Furthermore, the use of the WRF model to expand the scope694

of the observation analysis was a useful and novel application of mesoscale695

modelling.696

Like most spectral analysis of geophysical time series, the results were697

limited by the assumptions of stationarity. This meant that many interesting698

meteorological cases were not included in the analysis, because they contained699

large changes in wind speed or wind direction. The precise impacts of the wind700

farm wakes, and of different classes of synoptic and mesoscale conditions on701

the spectra are interesting areas for future work.702
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