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A Framework for Simplification of PDE-Based
Lithium-Ion Battery Models

Changfu Zou, Student Member, IEEE, Chris Manzie, Senior Member, IEEE, and Dragan Nesié, Fellow, IEEE

Abstract— Simplified models are commonly used in battery
management and control, despite their (often implicit) limitations
in capturing the dynamic behavior of the battery across a wide
range of operating conditions. This paper seeks to develop a
framework for battery model simplification starting from an
initial high-order physics-based model that will explicitly detail
the assumptions underpinning the development of simplified
battery models. Starting from the basis of a model capturing
the electrochemical, thermal, electrical, and aging dynamics in a
set of partial differential equations, a systematic approach based
on singular perturbations and averaging is used to simplify the
dynamics through identification of disparate timescales inherent
in the problem. As a result, libraries of simplified models with
interconnections based on the specified assumptions are obtained.
A quantitative comparison of the simplified models relative to
the original model is used to justify the model reductions.
To demonstrate the utility of the framework, a set of battery
charging strategies is evaluated at reduced computational effort
on simplified models.

Index Terms— Averaging, battery models, charging strategy
evaluation, lithium-ion (Li-ion) battery, model simplification,
singular perturbation.

I. INTRODUCTION

ATTERIES are widely used in applications ranging from

portable electronic devices to automotive and smart
electrical grids. Lithium-ion (Li-ion) batteries that exhibit
high energy and power density along with no memory effect
and low self-discharge relative to other cell chemistries
like lead-acid and nickel-metal hydride batteries are the
leading technology enabling further mobile electrification [1].
Common to all these applications is a desire to maintain
battery lifetime without unduly sacrificing the performance of
the battery. Battery models are used for evaluation of existing
charging strategies, estimator and controller development,
simulation, and optimization.
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The existing models currently used in most battery man-
agement systems are equivalent circuit models due to their
low computational complexity. These models are essentially
derived from empirical knowledge and experimental data in
which the battery is idealized as an open-circuit voltage
source connected with resistors, capacitors, and/or hysteresis
voltage [2]-[4]. However, they are generally limited to low
accuracy in predicting battery characteristics across a range of
operating conditions, which leads to conservative utilization
or excessive aging of the battery. In addition, the physical
interpretation behind the system states and parameters is
lost so that the models cannot provide insight into battery
internal information such as the state of health (SOH). These
shortcomings have spurred the development of physics-based
battery models.

An electrochemistry-based model of a Li-ion cell was
initially proposed in [5] based on porous electrode theory
and concentrated solution theory. This pioneering work in
modeling battery dynamics has been extensively reformu-
lated [6]-[10]. Temperature plays an important role in battery
management for both safety and optimal utilization, so it
is necessary to include thermal dynamics. A general form
of battery thermal models is developed in [11] to predict
spatially distributed temperature variations. However, none of
these papers have considered the dynamics of potentials and
currents as they are fast time-varying states in a battery system.
Furthermore, the dynamics of SOH are not covered by these
models.

Since knowledge of SOH may be helpful in maintaining cell
utility over the lifetime, considerable effort has been devoted to
modeling battery degradation in the past decade. Empirical or
semiempirical models derived by fitting experiment data [12]
can capture SOH change at some conditions for a certain
battery but are restricted by their system specific nature.
An alternative approach in [13] and [14] proposed that the
degradation process is proportional to the charge throughout
a battery, and was shown to be accurate in predicting the
calendar life or cycling life at low charging rates. To improve
the range of model validity, Ramadass et al. [15] proposed
a physics-based SOH model incorporating the growth of
solid—electrolyte interface (SEI) film in the battery electrode,
which is associated with capacity fade and active Li-ion
consumption. The SEI film-based aging has been charac-
terized as a dominant mechanism inducing electrochemi-
cal parasitic reaction [16]-[18], and the developed general
model is widely employed in SOH simulation and control
applications [19], [20].
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Starting from the electrochemical model of [6], the thermal
model of [11], and the SOH model of [15], a physics-based
high-fidelity Li-ion battery model is proposed as the first
contribution of this paper. This model captures the coupled
electrochemical, thermal, electrical, and aging dynamics in a
Li-ion battery system. The proposed battery model consists of
a set of coupled nonlinear partial differential equations (PDEs)
in multiple timescales. In view of this, model simplification
is of significant importance for many real-world applications
such as charging strategy evaluation, residual capacity and
lifetime estimation, thermal management, cell balancing,
and fast charging control. Partial simplifications were
previously conducted on the temperature model [21] and
the electrochemical model [22], [23]. To date, however, no
rigorous simplification methodologies have been proposed for
this high-fidelity battery model.

Singular perturbation theory for timescale separation of
ordinary differential equation (ODE) systems has been well
established [24]. However, for applications subject to sin-
gularly perturbed nonlinear systems in infinite dimensions,
there are no available formal analysis tools, as far as we
are aware. In other domains such as semiconductor optical
amplifiers, where PDEs are necessary to describe the system
models, a heuristic multiple-scale technique [25] is used to
construct analytical solutions for the gain recovery dynamics,
and the simulation results are shown to work well. To capture
the spatially distributed nature but simplify the system com-
plexity for feedback control applications, singular perturbation
approaches have been used in thermal chemical vapor depo-
sition reactor and crystal growth process through formulating
PDE:s in Hilbert space [26], [27]. Due to the proven efficacy
in the previous work, similar approaches in the infinite dimen-
sional Li-ion battery modeling problem may be applicable.

Consequently, the second contribution in this paper is
the development of a model simplification framework for a
Li-ion battery. The original PDE-based battery model is first
reformulated in Hilbert space to precisely characterize its
mathematical structure. Model simplification is systematically
conducted using a singular perturbation approach and
averaging theory. Families of battery models under different
assumptions are thus obtained and associated with each
other within a battery model simplification framework.
This methodology for simplification of high-fidelity battery
models is applicable to other battery types and models. The
assumptions imposed on the system’s physical and dynamic
characteristics are quantitatively justified by simulation. The
simplified models are not only well suited for analyzing the
battery behavior but also beneficial for the development of
model-based controllers and optimization algorithms.

The rest of this paper is organized as follows.
In Section II, the full-order Li-ion battery model is described.
Sections III and IV present our key contributions including
the proposed model reformulation and model simplification
framework. The derived simplified models are compared with
the original model through simulations and implemented for
assessing charging strategies in Sections V and VI separately.
This is finally followed by the conclusion and future work
in Section VII.
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Fig. 1. Anatomy and schematic of a LiCoO,/LiC¢ battery cell during the
charging process (modified from [6]).

II. FULL-ORDER BATTERY MODEL

In a Li-ion battery cell as provided in Fig. 1, the system
dynamics represent the flow of Li-ions from the solid particles
to the electrolyte along the radius direction r and from the
positive electrode (cathode) to the negative electrode (anode)
along the thickness direction x. Such Li-ion diffusion results
in electrochemical, thermal, electrical, and aging phenomena
associated with the main intercalation reaction and the side
reaction.

In this section, a high-fidelity battery model that captures
all these system dynamic characteristics is formulated. This
initial model formulation will be a test bed measuring the
accuracy and computational complexity for all later model
simplifications. The interconnection of subsystems including
the electrochemical (2°), thermal (27), electrical (£¢), and
aging dynamics (Z5OH) is summarized in Fig. 2. In the rest
of this section, each of these battery subsystems is elaborated
using the notations in Table I.

A. Dynamics of Mass Diffusion

Under the battery potential difference, the Li-ions diffuse
from the center to the surface of spherical solid particles where
most of them undergo the main intercalation reaction, while
a small part of them are involved in the side reaction that
triggers battery degradation.

During the side reaction of a battery, a passive SEI film
forms and grows leading to increased film resistance in the
negative electrode, and this is accompanied by consumption
of the active Li ions in the positive electrode [15]. Based on
the mass conservation law applied to the Li-ion concentration,
the lost number of Li ions per volume Cltss in the positive
electrode is given by

Ose(x, 1)
Omax

Cross (s 7 1) = C(x,r1) (1)
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TABLE I
NOMENCLATURE
A Equivalent cross-sectional area of the battery cell Ry SEI film resistance
a Interfacial area at the surface of solid particles Ry Radius of the solid particles
Cs Li-ion concentration in solid particles T Distance along radius direction of solid particles
Css Li-ion concentration at the surface of solid particles T Temperature
Closs Li-ion concentration lost Ty Temperature at the surface of battery cell
Clsmax Maximum possible solid-phase Li-ion concentration U Open circuit potential of the normal reaction
C. Li-ion concentration in the electrolyte Ugr Open circuit potential of the side reaction
c Specific heat capacity Vv Terminal voltage
Deff Effective electric diffusion coefficient x Distance along battery thickness direction
Dfo Effective ionic diffusion coefficient an,0p  Anodic/cathodic charge-transfer coefficient
F Faraday’s constant Qgr Charge-transfer coefficient of side reaction
h Heat transfer coefficient between the cell and ambient Ag Entropy change
I Applied current at terminal n Overpotential of the normal reaction
e Local current in the electrolyte Nsr Overpotential of the side reaction
10 Exchange current density of the normal reaction - Transference number of the anion
10sr Exchange current density of the side reaction et Effective ionic conductivity in the electrolyte
J Total Li-ion flux at the surface of solid particles A, ds Heat conductivity/entropy change
Jr Li-ion flux of the normal intercalation Us Volume fraction of solid particles in the electrode
Jsr Li-ion flux of the side reaction e Volume fraction of electrolyte in the electrode/separator
L Total length of the battery cell (28 Electric potential in solid particles
L—,Lt The length of the negative/positive electrode [0 Electric potential in the electrolyte
My Average molecular weight of SEI film P Mass density of battery cell
Qsr Capacity fade Pr Average density of SEI film
Qmax Maximum capacity of the battery o¢ff Effective electronic conductivity in the electrode
R Universal gas constant of Effective conductivity of SEI film
—,+,sep  Superscript denoting the negative electrode, positive electrode, and separator, respectively
- - end of each charging operation to capture the aging effect.
DT state: T > s0t states: |son (2,) To describe th . . ion b Livion 1
— , ——>SOH 0 describe the continuous interaction between Li-ion 10SS
T°,7,7 R, Q.- R, and capacity fade, the concentration dynamics in the positive
o j‘ electrode based on the concentration conservation property is
,0
TEser e proposed here as
q);.wp _
¢ + + +
o o oC (x,r, 1) _ 0CS (x,r, 1) B 0C, (x, 1, 1) 3)
»Pe ot ot ot
I D¢ states: R, v The combination of (1)—(3) results in a dynamic equation
T . o i . . .
D, D70 @' (L, L, t)—<I>f(0, t) mmultaneously describing the Li-ion concentration diffusion
®° D'via and consumption
boundary | i* | .., - o At
conditor | € e oC (x,r,t) _ oCS (x,r, 1) B Qu(x,1) 0C (x, 1, 1)
T-dependent] ot ot Omax ot
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Fig. 2. Block diagram representation of a high-fidelity Li-ion battery model
including the system input, outputs, state variables, and coupling relationships
among the electrochemical, electrical, thermal, and aging subsystems.

where C; is the ideal solid-phase Li-ion concentration in the
absence of battery aging.

In the absence of battery aging, the mass transport in the
solid particles can be described by Fick’s law of diffusion and
is given as [6], [28]

Gc_’si(x,r, t) D?H’i 0 ZGC_'SZ'E(x,r, )
= — =)
ot r2 or or

)

In the existing models of capacity fade, the initial cathode
Li-ion concentration is updated in a discontinuous jump at the

where the first term of the right-hand side of (4) represents
the normal Li-ion diffusion, and the last two terms denote the
Li-ion loss caused by battery side reaction.

Inside the negative electrode, the active Li-ion loss is
typically ignored [15], [16], allowing the state behavior of
Li-ion concentration to be presented as (2), namely

oC; (x,r,1) D™ 0 (26Cs_(x»r’t))
= —\r—-.

5
ot r2  or or ©)

In the electrolyte, the change of Li-ion concentration is
related to its gradient-induced diffusive flow and the local
electrolyte current and is governed by [5], [6]

oCl,n o (D™ acl(x,1) yi oil ©
ot ox \ ul ox Ful ox

where j € {+, —, sep}.
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B. Dynamics of Electrical States

The signal transmission of local potentials and currents
in the solid particles and the electrolyte is very fast. Their
steady-state behaviors can be modeled by applying Ohm’s law,
modified Ohm’s law, and the law of charge conservation,
respectively, as provided in [6]. Here, the dynamic equations
that explicitly describe the transient behavior of the state vari-
ables of potentials and currents are proposed in the following:

1) —iF(x, 1)

o00E(x,1)  00F(x,1)

€O ox oot E @
6(I)£(x,t) 8CD£(x,t) iej(x,t)
€0 T ox coft,j
2Ry T (x,0) anCl(x,1) ®
F 0x
eieai;t(x,t) _ dig(x,n Fa* 1% (. 1) ©
ot 0x

where €y, €pe, and €;, are small positive parameters and their
reciprocals are, respectively, related to the transmission speeds
of electric potential, ionic potential, and electrolyte current.
Based on Kirchoff’s current law applied in the x-direction,
the input current through the cross section of a cell is uniform,
so that the local solid-phase and electrolyte currents satisfy

is(e,t) +ielx, ) =1(1). (10)

The total Li-ion flux J consists of the normal intercalation
reaction flux J; and side reaction flux Jg. J; is governed by
the Butler—Volmer kinetic equation and can be expressed as a
function of @y, ®,, C;, C,, T, and Ry [29]

i+ Frt@n apFrt.n
I ig(x,1) [ @byt _
J; (x,1) = — e RTE(.) — ¢ RTEG (11)

where the exchange current density ip and the overpotential #
are described as

iy (x, 1) = kECE(, 0" (Che — CE(, 1)) CE(x, )™
nE(x, 1) = OF (x, 1) — OF (x, 1) — UF(x, 1)
— FRy(x,0)J%(x, 1).

Here, k is the reaction rate constant and Cgg is the Li-ion
concentration at the surface of these particles
+ . + +
Ci(x, 1) == C; (x,r:Rp,t). (12)
The open-circuit potential U can be evaluated as a nonlinear
function of the surface Li-ion concentration [8], [28].

C. Thermal Dynamics

The heat sources inside a cell include the reaction heat
generation, reversible heat generation, and ohmic heat
generation. The generated heat is transported through the
battery internal conductivity and convection between the
battery surface and the surrounding environment. To capture
temperature distribution and evolution in a Li-ion battery cell,
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the thermal balance equation is provided as [11]

CATi(,1) 0TI (x, 1) : oD} (x,1)
Tl =) L (I(t) =i (x, 1)) ——=
e oxr (70)—ie (v, 1) — 7
. oD (x.t - .
C i, 22D i g iyl (v, )
X

+ Fal J7 (x, )T (x, ) AL, (13)

On the right-hand side of (13), the second and third terms
represent the reaction heat, and the last two terms are sep-
arately the ohmic heat and reversible heat. From the above
equation, it follows that the electrical states ®g, ®@,, and i, are
directly involved in heat generation. The elevated temperature
in turn affects the main intercalation reaction through (8) and
accelerates the dynamics of battery aging via (16).

D. Dynamics of Battery Aging

The main terminal product resulting from side reaction is
a resistive and insoluble SEI film that forms in the graphite
anode [15], [16]. As battery operating cycles increase, such a
film grows and leads to successive capacity fade and internal
resistance rise.

A lumped capacity fade has been formulated in the initial
SOH model of [15]. However, physically, the side reaction as
well as its resulting parasitic flux and SEI film may exhibit
strong spatial variations. To model this process accurately,
a spatially distributed aged capacity Qg (x, t) is considered in
establishing the full-order battery model. With this in mind,
the dynamic equations of capacity fade and internal resistance
are proposed in the following form:

00 (x,1) _

o =—Fa ATL Jg(x,1) (14)
OR¢(x,t M

1@ Mg e, (15)

ot pPfof

In (14) and (15), by assuming the side reaction to be
irreversible, the side reaction flux Jg can be modeled by the
Tafel equation [15], [29]

—Fosrysr (x,1)

ﬂe RT—(x,1)

Jsr(xat) = (16)

where the overpotential that determines the rate of side
reaction is provided by

Nor(x, 1) = @ (x, 1) — @, (x,1) = Usy — FRy(x,1)J ™~ (x,1).

E. Boundary Conditions

The complete battery cell over the negative electrode,
separator, and positive electrode is linked through the SEIs
and the electrode—separator interfaces. At the center of the
solid particles, where r = 0, the Li-ion diffusion rate is zero
due to symmetry of spherical diffusion. While, at the surface
of solid particles, where r = R, the Li-ion concentration
flux is governed by the diffusion rate between the solid
particles and electrolyte. At the current collectors, namely,
x =0 and x = L, the electrolyte currents and the electrolyte
diffusion rates are all zero, and the thermal transport is deter-
mined by Newton’s cooling law. At the electrode—separator
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interfaces, where x = L™ and x = L™ + L5°P, the electrolyte
concentration and temperature are continuous and preserve
mass and energy conservation properties. Particularly, in the
separator, there is no solid particle as well as solid-phase
Li-ions so that for their governing equations, C; = ¥y =
Qs = Rf =0 and ie(x,t) = I(l).

FE. System Outputs

The system outputs of interest are the terminal voltage V (¢),
state of charge (SOC), and SOH. The terminal voltage is
presented as the difference between the positive and negative
electrical potentials at the terminals, and is a measurable
output. The SOC in each electrode is defined as the ratio
between the averaged available Li-ion concentration and max-
imum possible concentration [6]. SOC represents the averaged
available charge contained in active materials and is used to
evaluate the energy left in the battery. SOH is quantitatively
evaluated by the average capacity fade in the anode electrode
and the initial maximum available capacity [18]. With this in
mind, these system outputs are formulated as follows:

va)—®+@z)—®*mt) (17)
L* Ci(x r,t)
SOC*(r) = e 3i/1 / R = 2 P drdx (18)
L~
SOH(r) = 1 — Qﬂgiﬂdx (19)

0 Qmax

It is worth mentioning that the outputs in (17)—(19) are finite
dimensional, whereas the states are all infinite dimensional.

G. Summary of the Battery Model

To sum up, the initial high-fidelity battery system (referred
to as X) is composed of four subsystems that, respectively,
describe the electrochemical, thermal, electrical, and aging
phenomena. The dynamic characteristics are represented
by (4)-(16), leading to a set of 17 coupled nonlinear PDEs
over two spatial dimensions. Besides incorporating all these
relevant system dynamics and their coupling relationships into
an individual model, three modifications have been proposed.
First, the continuous coupling effects between the normal
electrochemical reaction and the side reaction with respect
to the solid-phase Li-ion concentration have been captured,
as provided in (4). The dynamic equations of potentials and
currents rather than their steady states are explicitly formulated
in (7)~(9). In addition, the spatially distributed capacity fade
has been introduced in (14) to reflect the physical nature of
battery degradation.

III. MODEL REFORMULATION IN HILBERT SPACE

In this section, the full-order battery model is reformulated
in Hilbert space in order to precisely characterize its math-
ematical structure and to uncover the singular perturbation
structure underlying this model. The key idea is to present
the PDE system in an operator differential equation form
using function mappings between the Euclidean space and the
Hilbert space.

To do so, the common features of the battery dynamic
equations are first extracted. Define the state variables as a

Vector X =[x, xT, _SeP]T, where in the negative electrode

=[C,C,0,,Q,,i,, T, er,Rf] in the separator
X5P = [Czep,fl)zep, 7517, and in the positive electrode
xt = [CF,CF, of, ©f,if, TT]T. The system input u is

defined as u := I(¢). The domain of definition for all the
state variables is D(x,r) = {(x,r)|x € [0, L],r € [0, R,]}.
yc and y, separately denote the unmeasurable outputs and
the measured output with g(-) being a column vector func-
tion defined as y. := [SOC™(¢), SOC*(¢), SOH(¢)]" and
Ym = V().

Then the PDE-based battery system X may be rewritten in
the general form

X _p ai-}-s ai+F 62i+S X + H(X,u) (20)
— =F— — — X, U
or ~ lar T7lex T ez T %aN2
Ye = 8(X) 21
Ym = q(X) (22)
subject to the boundary conditions
CiX|x=0 =0, C3x"|,=L =0
X~ oxt
Cr— =Dy, Ci— =D
ox x=0 ox x=L
X~ ox ™t
Cs— =0, Co— =0
or r=0 or r=0
X~ oxt
C7— = D3, C8— = D4
or r=R or r:R;
X |y=p- = DsXP| -
ox~ _ ox5¢P
ox x=L~ - ox x=L~
Pl _p e = DIXFimp s
ox5°P oxt
= Dg—— (23)
OX |y=p—tLsep 0X |y=p—tLsp
The initial conditions are given by
X(t =1y, x,r) = Xp. (24)

In (20), Fy, F», S1, S2, and H are all matrix functions and
can be derived from the battery dynamic equations (4)—(16).
In (23), Cy,...,Cg and Dy, ..., Dg are parameter matrices.
The explicit forms of all these functions and parameter matri-
ces are provided in the Appendix.

To present the PDE system precisely and also simplify the
notation, the infinite-dimensional system (20)—(22) is reformu-
lated within the Hilbert space ¢ (D, R"). It is a space of n-D
vector functions defined on a spatial interval and being square
integrable [27]. Define the state function x on 7 as

x(t) =x(x,r,t) Vt>0 V(x,r) e Dx,r)
the operator F in (D, R") as

o%x
0x2

ox ox a2
Fx = F1—+Sl—+F2

o P + S
xeD(F)={x¢e %”(D,R"), Eqgs: (23)}
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Fig. 3. Flowchart to elucidate the procedure of battery model simplification.

and the output operators as
Ox =q.

Then, the battery system (20)-(24) may be represented
compactly in the form

gx=g,

PO x = Fx+ H(x,u), x(0)=xg
Ye = gx
ym = QX (25)

where H (x(¢), u(t)) = HX(x, r, t),u(t)) and x9 = Xg.

IV. MODEL SIMPLIFICATION PROCEDURE

The initial physics-based model presented in the previous
section is capable of capturing battery system dynamics but
is generally too complex for most model-based applications.
In the following, we use a systematic procedure to develop a
battery modeling framework. Assumptions imposed on battery
physical and chemical properties are gradually introduced,
justified, and remarked.

The modeling complexity is predominantly attributed
to the mathematical representation of nonlinear PDEs and
coupled electrical dynamics, mass and thermal diffusion, and
battery aging in different timescales associated with oscillated
trajectories. With this in mind, model simplifications
are systematically executed and the exact sequence is
schematically interpreted in Fig. 3. First, by the application of
a singular perturbation approach, the fast states are eliminated
to derive a simplified (reduced) model Esz. In the sequel,
based on Esz, a singular perturbation approach and averaging
theory are appropriately combined to decouple the medium
and slow timescale variables. As a consequence, a boundary
layer system 231 and a reduced system 23 are obtained.

IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY

A. Theory for Model Simplification 1: Models Z;- and ZSZ

In the first stage, model simplification is motivated by
insight into the battery dynamics. The electrical dynamics are
much faster than the mass and thermal diffusion process. The
difference in the magnitudes stems from the small parameters
€ps, €Ede, and €, in (7)—(9). Based on the physical meaning of
them, these parameters are assumed to have the same magni-
tude without loss of generality. Define €| := €ps = €pe = €ie,
where € is a small positive parameter. To investigate the
timescale separation, the system (25) can be written in the
standard form of singularly perturbed systems

e %, = Foxy + H(Xs, X7, 1), Xs(0) = X50
eXr = Frxp+ Hr(Xs, X7, u),X7(0) =Xp0

Ye = GIxq, Xf]T

Ym = Qlxs, x71" (26)
where in the negative electrode, the state function x
can be expressed more explicitly to include x; :=
[Cy,Co T, Qu, Ry1 and x; := [@F, @, i, ]". Similar
cases can be done for the positive electrode and the separator.
The functions H; and Hy are continuous and bounded in their
arguments for (Xy, X7, u) € 4 x 7 x U, where J¢; and S
are subspaces of J7.

Assumption 1: Within battery operating processes, the
parameter €] involved in electrical dynamics satisfies €] < 1.

Justification for Assumption 1: Typically, a charge or dis-
charge operation associated with the diffusion process and
the chemical reaction is completed within several minutes or
hours. Meanwhile, the signal transmission speeds of potentials
and currents are very large quantities leading to time constants
of microseconds order [30]. Thus, in comparison with the
electrochemical and thermal states, which are nominally of
order 1 in X!, the dynamics of potentials and currents result
in a sufficiently small €.

Remark 1: With the parameter € justified to be sufficiently
small, the model structure of (26) guides the use of singular
perturbation approaches for model simplification of the
battery system. Christofides [26] has some results using
a singular perturbation approach on other classes of PDE
systems. And a similar approach was pursued in [25] for
photonics applications. However, without rigorous theoretical
justification, this work will investigate the validity of singular
perturbation techniques via simulations.

Assumption 2: In the timescale t measured from the fast
electrical dynamics, the variation of the input current u is
sufficiently slow.

Justification for Assumption 2: For practical utilization of
Li-ion batteries, due to physical limitation of battery chargers
or power converters, the operating current typically changes
in a time period of seconds or longer. Compared with the fast
dynamics, the change of u is negligibly slow so that it can be
considered as a constant in the fast timescale.

Based on Assumption 1, €] is set to zero, leading to a
fundamental and abrupt change in the dynamic properties of
the fast state xy. The differential equation of Xy in (26) is
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replaced by an algebraic equation

0=Frxp+ Hp(Xs,Xf,u). 27)

The real root of (27) is known to exist in the arguments V¢ > 0
and V(x,r) € D(x, r) and is derived as x% = h(x;s, u).

As a result, the fast dynamics for x; are excluded from
the original battery system and instead its quasi-steady state
h(xg, u) is considered. The full-order model >lis simplified
to the slow (reduced) model with respect to the slow states X;
and is further presented as

Z? DXy = Fxyg + Hy(Xs, h(X5, u), u), X:(0) = X0
Ye = Glxs, h(xs, u)]T
Ym = Qlxs, h(xs, w)]". (28)

Remark 2: The slow model (28) with lumped battery degra-
dation and without consideration of temperature dynamics is
typically used as a starting point for model order reduction
in [19] and [23]. A complete battery model is considered in
this paper and demonstrates the use of a singular perturbation
approach for PDE-based battery model simplification. The
underlying assumption imposed on the simplified model is
explicitly stated and justified.

Having established the reduced battery system, we now
investigate the boundary layer system regarding to the state
variables X 7. In the fast timescale 7 := (t —19) /€1, the battery
model of (26) is readily modified to

dxg
d_f = 61FSXf +61HS(XS5Xf9 I/t) (29)
dxy
T = Frxyp + Hr (X5, X7, 1). (30)

By setting €17 =
degenerated into

0, the differential equation (29) is

dxg
dt

Through (31), the dynamics of the slow state X are eliminated
by freezing its value on X,o. This allows the battery model X!
to be described by less state variables as well as less governing
PDEs.

Based on Assumptions 1 and 2, there exists
u(t) = u(to + €17) =~ u(ty). In view of this, the boundary
layer method [31] can be applied here to investigate the fast
dynamics individually in the battery system. Combining this
and (30), the fast state x; can be therefore decoupled from
the original model and results in the following boundary
layer (fast) system:

=0 = x,(7) = X0. (3D

dx
E?‘ : d—Tf = fof + Hf(XS()» Xf; uO)»

To shift the quasi-steady state of X7 to the origin, we define
zy = X7 — h(Xs0, up) and (32) can be reformulated as

x7(0) =xr0. (32)

dz
=L = Frlay +hixo, u0))

+ Hf (XS()a zf + h(XS()a M()), u()) (33)

Assumption 3: The boundary layer battery system given
in (33) is uniformly globally exponentially stable.

Justification for Assumption 3: As there is no established
theory to analytically justify this assumption, it will be tested
numerically in Section V.

Remark 3: Assumption 3 for the boundary layer system has
the similar structure with the classical singular perturbation
theory of [24]. When this assumption holds, the trajectories
of the fast state variables x ¢ in the original battery model z!
will exponentially converge to its quasi-steady state governed

by (27).
In this section, the electrical phenomenon and
electrochemical-thermal-aging phenomenon have been

identified to exhibit two timescales. A systematic procedure
for developing simplified models with interconnections based
on clearly specified assumptions has been proposed.

B. Application to Battery Models: Stage 1

With simplified models obtained using a singular perturba-
tion approach in Section IV-A, these theoretical results are
applied to the Li-ion battery system.

The reduced battery system 232 containing electrochemical,
thermal, and aging dynamics is explicitly provided with battery
states and parameters

aCT (x,r,1) Dt 5 ( ,0CT (x,, t))
= pe—2— - - -

ot 2 or or
oCT (x,r,t)  0CH(x,r,t)  Qu(x,1) dCT (x,r,1)
ot - or  Omm ot
_C_';“(x,r, 1) 0Q0s(x, 1)
Omax ot
oC (x,r,t) DI 6 [ ,0CT (x,r,1)
ot - E(r or )
oCit,t)y o (D oci(x,1) v ail
ot :a( Wl ox )+F#g§
pjcjaTj(x,t) _ 02T (x,1) B (I(t)_iej(x,t))a(bg(x,t)

ot ox2 ox

+ Fal J7 (x, )n/ (x, 1)

, oDl (x, 1
_ié(x’ l‘)ﬂ
0x

+ Fal J7 (x, )T/ (x, t)Aé

b t
% = —Fa " A"L" Jy(x,1)
ORf(x,1) M

f = — ! Jse(x, 1).

ot PfOf

In the above equations, the fast electrical state variables,
namely, ®F, @7, and iF, converge to their quasi-steady states
instantaneously and are governed by

00 (x, 1) 1) —ig(x,1)

ox oo .
oD (x,1)  il(x,1) N 2RyITI &InCl(x,1)
ox B K/ F ox
BiF(x,t
M = FatJ*(x,1).
ox

To reflect the result of model simplification in (32)

explicitly, the fast battery system Z} representing the
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electrical dynamics is further obtained in the following:

00T (x, 1) _ 0DF(x,1) LI —iF(x,1)
ot ox . ot
oDl (x, 1)  0DY(x,1) n il (x,1)
ot - Ox K/
diF(x,t diF(x,t
Ly ()C, ) — le ()C, ) . Faiji(x,t)
ot ox
where
£ anFyE(x.0) apFrt(x,n
JE(x, 1) = o (e T )
F
.+ + e £\t ~E O
Iy = k Ceoa (Csmax - CsO) CSO !

ni(x, 1) = (I)f(x, t)—(I)jc(x, t)—Ui(C;%)—FRfoJi(x, 1).

Hf;re, the system input current / and the state variables C ;t
Ccf , T/, Qg, and Ry are all set to their initial values.

C. Theory for Model Simplification 2: Models Eﬁ, and Ef

Possible model simplification is further investigated in this
section for the battery model 2. The normal intercalation
reaction and side reaction simultaneously occur during battery
operation. However, the normal diffusion involved in mass and
thermal phenomena is much faster than the aging progress
that is typically quantified on the magnitude of months or
years. This difference is essentially attributed by the normal
intercalation reaction flux and side reaction flux where
Jr > Jg. Studies on (11) and (16) further show that iy >> iggr,
in which igg is a positive parameter on the order of le — 6,
and in contrast, the value of ip is as large as 1 [15]. With
this in mind, define €3 := ips, then the system of (26) is
rewritten as

)'(S/ = ezfsxxs/ =+ Gsz/(Xs/, X, h(XS/, Xm » M), M)

xy(0) = xy0
Xm = FnXm + Hp (X, X, B (X, Xpy, 1), 1)
Xm (0) = Xmo
Ye = G[Xy, Xpn, h(Xgr, X, )]
Y = QIXy', Xm, h(Xy/, X, u)]” (34)
where the state functions Xy = [Cyy, O, Rf]T and
Xm = [Cs.m,Ce, T]!. Given the solid-phase Li-ion concen-

tration Cy simultaneously participates in normal diffusion and
SEI film growth, it becomes two states after decomposition,
i.e., Cs;m and Cy . The functions Hy and H,, are continuous
and bounded in their arguments for (Xy,X;,,u) € 5 X
Iy, x U and I, 7, C H.

Assumption 4: The parameter €, involved in battery SOH
dynamic characteristics satisfies €3 < 1.

Justification for Assumption 4: This can be readily justified
using typical Li-ion batteries. During charge and discharge
processes, the electrochemical and thermal states in a battery
cell have significant change within a couple of minutes or
hours. By comparison, the degree of battery degradation para-
meterized by e is several orders of magnitude slower than the
normal intercalation reaction. Thus, in the timescale measured
by the normal intercalation reaction, the parameter €, as well
as the change of battery SOH is negligibly small.
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The battery system of Zsz has been identified to exhibit
in the medium and slow timescales corresponding to
the electrochemical, thermal, and aging phenomena. The
smallness of e, permits the SOH to work as a small
perturbation for the normal intercalation reaction. According
to Assumption 4, €, is assumed to be 0, and as a result, the
battery system (28) is simplified to the following boundary
layer system with respect to the medium timescale state X,;:

2,3,, Xy =0, x¢(0) = x40
Xm = FmXm + Hm(xs’» Xim h(xs’, X, U), U)
X (0) = X0

yc = g[XS/a Xim h(xs/, Xm » u)]T

Y = OIXy/, X, B (Xg/, X, )] 35)

In the battery system (35), the differential equation in terms
of xy from (34) is approximated by an algebraic equation
through which the slow timescale state xy is fixed to be a
constant, i.e., Xy/9. After elimination of the dynamics of x,,
the state x,, is decoupled from the full-order battery system.
To individually investigate the behavior of the slow state x/
that is governed by (34), further model simplification is needed
as the medium and slow timescales are still simultaneously
involved leading to undesirable computational complexity.
In the usual practice of singular perturbation approaches, the
slow system is derived by approximating the fast dynamics
with their quasi-steady state values. However, the dynamics in
the medium timescale do not approach a constant steady state,
and this requires an alternative approach to analyze them.
From Assumption 2 and its justification, the system
input u(¢) is known to the behavior in the medium timescale,
which is the same as the state x,, does. Consideration of this
and the smallness of €3 imposed by Assumption 4 motivates
us to use averaging theory of [24] and [32] to simplify the
process of deriving the slow battery model with the state x;.
With this in mind, the solution of xy in the battery
model (34) is considered to obtain by averaging the steady-
state behavior of the medium battery system (35). Define a
static average mapping X, (t) — Hay(Xs/(¢)) as
Ty

1
Hay(Xy) := lim — FnX,

Ty—oo Ty Jo

+ Hpn (X510, X5y, h (X570, X5, u™), u*)dt  (36)

where u*() is the specified system input and x},(¢) is the
solution of the battery model (35) under the specified system
input u*(¢t). In this general average mapping, it is worth
mentioning that H,y is independent of ¢, and (x,,(0), u(0)) €
Hn x U/{0}.

Therefore, in the slow timescale ¢ = €3¢, the dynamics
of xy from (34) is approximated by the following slow
(average) battery system:

g3. X
s d
o
T
yc = g[xsl, X;;’ h(Xs/, X:;p M*)] .
To enable the above utilization of averaging theory in battery
model simplification, an assumption is posed on the medium

= 'Hav(xs/), XS/(O) = X0 (37)

(38)
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timescale dynamics. Define a manifold X, = h'(Xyq, u) pre-
senting the quasi-steady state of the medium state variables x,,
from battery system of (35). Then X, is the solution of

im(t) = FnXm (t) + Hp (X (1), u(t)) (39
where u(t) = u(t + k7;),Vk =0,1... N.
Assumption 5: There exists an integral manifold

Zn, ‘= X — Xy, where X,, is defined in (39), and a
class-ICL function f;, such that, for all initial conditions in
the domain D, the solutions of x,,, in 231 exist and satisfy

1Zim| < Bn(|12m (0)], 1) Vi > 0. (40)

Justification for Assumption 5: It is quantitatively investi-
gated via simulations in Section V.

The state of x» has been decoupled from the original highly
nonlinear battery system. To solve the developed mapping
Xy — Hav(Xy), only the behavior of x,, governed by the
battery system 231 is required. Once such a mapping Hay is
obtained, the slow battery system becomes very straightfor-
ward from (37) and (38).

Remark 4: To investigate battery SOH characteristics
through the slow battery system, the input current u(#) needs
to be provided in advance. For any given profile of u*(¢)
including periodically or nonperiodically time-varying input
current, there is a corresponding mapping defined by (36) and
averaging theory can be used to simplify the battery model.

D. Application to Battery Models: Stage 11

By applying the theoretical results in Section IV-C to the
Li-ion battery system, the corresponding medium timescale
battery model 2,3,, is provided in complete detail as

oC (v.r) DI & ( L 0CE 5,7, 9-)
: oo (e

ot r2  or or
oC; (x,r,1) D 5 ,0CT (x,1,1)
ot ) E(r or )
oC] (x, 1) _i(DSff’f acg'(x,r))Jr yd ail
ot Ox wl ox Fuj 0x
pjcjaTj(x,t) _ O*TI(x,1) (1) _ig(x’t))acbf(x,t)

ot ox2 ox

—iej(x,t) +FajJIj(x,t)17j(x,t)

oD (x, 1)
+ FajJIJ(x, DT/ (x, t)AjS

where J,i(x, 1), igt (x,1), and 5% (x, 1) are formulated by the
following algebraic equations:

T+ 4 +
i x.t an Fn™(x,1) _apF'Y (x,1)
Jli(x’ 1) = % (e RTE() — ¢ RTEGD)

iy (x, 1) = kECe (e, 1) (Cx — C (e, ) CE

ni(x, 1) = CD;t(x, t) — (I);t(x, t) — Ui(CS:'SE(x, t))
— FRy(x,10)J;5(x, 1).

(e, )

In this battery model, the electrochemical-thermal dynamics
are described, while the slow state variables, namely, Cs s, O,
and Ry, are all constant.

After sequential elimination of the electrical,
electrochemical, and thermal dynamics, the slow battery
model E? describing the battery aging behavior has
been obtained in (37) and its dynamical equations in the
corresponding Euclidian space are provided as

a ,t 1 Ts
er(x ) = 6a AL lim _/ e¢(x’t)dl
ot T,—oo Ty Jo
8R ,t M 1 Ts
pen o My _/ RIS
ot Fpfoy Ti—o0 Ts Jo
oC It AL Ty
ss (6,10 1) _ & lim Clnx,r, Ne? N dy
ot OmaxTs  Ts—o0 Jo ’
Deff,+ Ts

0
Ky .

——— lim X, 10)—
ermasz =00 Jo er( 0)81‘

oCk (x,rt
X (rzis’m( )) dt

or
where the function ¢ (x, t) has the form of
—ag Fn*(x,t)
RT*(x, 1)

and the overpotential #*(x, r) is governed by

Px, 1) =

n*(x, 1) = O (x,1) — ®;(x, 1) — Uss — FRy(x, 10)J[ (x,1).

So far, the electrical, electrochemical, thermal, and aging
dynamics within the battery states have been separated
with families of simplified models obtained. The applied
Assumptions 1-5 are similar to the timescale separation pro-
cedure of the singular perturbation approach and averaging
theory in [24] and [32]. Given there is no formal tool to rigor-
ously justify this model simplification framework, numerical
solutions will be presented in the next section to validate these
simplified models and their associated assumptions.

V. VALIDATION VIA SIMULATIONS

The approximating properties of the simplified models E;,
x>, and X3 in comparison with those of the full-order model
as well as their underlying assumptions are examined in this
section through comprehensive simulations.

All the simulations are implemented in Modelica. To vali-
date the established model simplification framework, different
Li-ion cell chemistries can be used. Typical battery parameters
listed in Table II are adopted from [15], [28], [33], and [34]
and employed in this work. These parameters are related to a
cylindrical LiCoO,/LiCg¢ battery cell with a 1.8-Ah nominal
capacity.

The constant-current constant-voltage (CCCV) protocol is
commonly used in current battery management systems and is
considered here for battery model simulation. In this method,
batteries are charged with an initial constant current for a
period until its terminal voltage reaches a predefined threshold,
and then the terminal voltage remains at its maximum value
until the current drops below a given threshold. The design
parameters in CCCV charging including initial current and
current/voltage thresholds are, respectively, set up as 1.5C,
4.2 'V, and 360 mA. C is a normalized metric indicating the
input current utilized for operations in amperes relative to the
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TABLE 11
PARAMETERS OF Li-ION BATTERY USED IN THE SIMULATION

Symbol Unit Anode Separator Cathode
brug - 4 4 4
Clmax mol/m3 30555 - 50555
Cso mol/m?3 917 - 48977
Ceo mol/m3 1000 1000 1000

c J/K kg 1750.3 1329.3 2041.6
D, m?/s 3.9x10~14 - 1.0x10—14
D, m?/s 75x10710  75%x10710  7.5%x10-10
h W/(K-m?2) 5 - 5

i0sr A/m? 1.5x106 - -

L pum 88 20 80

k Am2-5/molt®  4.854x1076 - 2.252%107
Ry pm 2 - 2

To K 298 298 298
Usr \Y 0.4 - -

o - 0.5 - 0.5
sy - 0.5 - 0.5

Ag J/mol-K 0 0 0

~ - 0.637 0.637 0.637

A W/K-m 0.809 1.172 0.553

p kg/m? 1233.3 1108.7 1356.7

o S/m 100 - 100

€s - 0.49 - 0.59

e - 0.485 1 0.385

A m? 0.0596 0.0596 0.0596
F C/mol 96487

R J/mol- k 8.314

battery maximum rated capacity in ampere-hours. As such,
1C implies that a battery can be fully charged/discharged
in 1 h. This set of parameters represents one of the fastest
charging speeds as well as the crucial operating conditions
utilized for most applications in the market including electric
vehicles. Following the charging operation, a small constant
current of 0.5C is applied for discharging with 3.2 V as the
terminal condition.

Other charging schemes like the constant-current (CC) in
different C-rates, multistage CC (MCC) [35], and the Urban
Dynamometer Driving Schedule (UDDS) charging are also
employed and these may warrant higher operating C-rates.
To test the model fidelity at high C-rates, the initial UDDS
data in [36] are augmented by a factor of three through which
the maximum charging rate has been pushed to 3C. For CC
charging, 1C, 2C, 3C, and 5C are, respectively, considered.

To demonstrate multiple battery charging and discharging
cycles through methods of simulation, an assumption regard-
ing the input currents is applied.

Assumption 6: The input current u(¢) for battery system is
known a priori and is periodically time varying at different
operating cycles.

Remark 5: The validity of Assumption 6 is tightly related
to the practical utilization of a Li-ion battery. The charging
process at each operating cycle can be controlled with its
strategies predetermined in battery chargers. This makes it
plausible to assume that the system input u(f) is identical
for battery charging at different cycles. For discharging cases,
typical battery-powered devices are generally repeatedly used
for similar tasks like UDDS for electric vehicles. Therefore,
this is a good assumption for the purpose of simplifying the
simulation process.

IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY

= 040
=
o2t
8 |immmim—
=
0 i
0 1 2 3 4 5
0 x10™
Z
gﬁ -0.1 b
& 2p—im - =TT
0 1 2 3 4 5
1 1 k k x10”
g
h‘ __________
T 051 b
\Z: 0 ; ; ; . ; ; ; . Unit: C-rate
0 0.5 1 1.5 2 25 3 3.5 4 45 5
Time (second) x 107
Fig. 4. Investigation of trajectories of the fast states @5, @, and i, via the

fast battery model Z% (black solid lines) and the quasi-steady state model
(red dashed lines) in (27).

The integrator DASSL associated with Newton’s method
is used at each time step. Flexible integration stepsize and
0.0001 integration tolerance are chosen for these simulations.
The spatial discretization method detailed in [37] is adopted
in solving the PDE system with each electrode and separator
discretized into 15 elements. The estimate error in SOC, SOH,
or state variables is defined in the following form:

() := (0, (t) — () /Omax

where w,(¢) and w(t) represent solutions from the simplified
models and the benchmark model, respectively, and wpax is
the maximum value of w(t).

A. Justification for Assumption 3

To justify Assumption 3 as well as to study trajectories of
the fast state variables X7, the battery model E? is employed.
In the fast timescale 7, the sampling time is chosen as le™8 s,
which ensures that the maximum error in state prediction intro-
duced by temporal discretization is within 0.01%. Based on the
theoretical results in (27)-(33), simulations are implemented
where the battery is charged in 1.5C within the considered
time interval, and the results are shown in Fig. 4.

It can be clearly seen that the dynamics of the fast
states @, @, and i, all decay very quickly (within 0.0002 s).
These states exponentially converge to their steady states in
the corresponding timescale. The obtained results illustrate the
existence of different timescales within the battery internal
states and also qualitatively justify Assumption 3.

B. Justification for Assumption 5

To verify Assumption 5 and study the characteristics of the
state variables x,, individually, simulations are implemented
using the battery system of (35) and its quasi-steady state
governed by (39).

The sampling time in studying the medium states cor-
responding to Li-ion diffusion dynamics is chosen as 1 s,
which also ensures that the maximum error in state prediction
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Fig. 5. Investigation of trajectories of the medium timescale states X, Procedure 1:

using the battery model Zf’n (black solid lines) and its quasi-steady state X,
(red dashed lines) defined in (39).

introduced by temporal discretization is within 0.01%.
To investigate the trajectories of x,, from the model X 31 and its
quasi-steady state, different thresholds of the terminal voltage
during operations can be chosen. Fig. 5 provides the simulation
results regarding to the states, C Si and C;t, for five operating
cycles with 4 and 3.6 V as the voltage limits.

The medium state variables are shown to almost periodically
vary in the course of battery operations. Although large
deviations between Xx,, and X,, are detected in the beginning,
X, — X, 1s asymptotically reducing and approaching zero at
about 7000 s. This result echoes our previous analysis on the
medium timescale states used in the justification of Assump-
tions 1 and 4. Further observation finds that these states
converge to their quasi-steady states, which are presented as
periodically time-varying curves. Therefore, Assumption 5

that underpins the simplified models, E} and 23 , is plausible.

C. Justification for the Simplified Models

So far, all the assumptions behind the proposed model
simplification framework have been justified. In the following,
the closeness of solutions of the simplified models and the
original model is examined. Given the fast electrical dynamics
exhibit in microseconds, the full battery model that includes
all the dynamics is involved in numerical stiffness issue and is
impractical to simulate. In view of this, to study the behaviors
of x,,, and Xx;, the model Esz that well approximates the original
model in the slow and medium timescales is used as a test
bed. The sampling time in this process is chosen as 1 s, in the
similar way as in Section V-B.

To examine the model fidelity under the specified CCCV,
a CC or an UDDS charging strategy, the following evaluation
procedure using the averaged system 23 and the simplified

1) Specify initial conditions of the states [X,/9, X0] and the
cycle number k = 1.

2) Run the battery model (35) under the specified charging
strategy.

3) Calculate the static mapping X — Hay (X,/) using (36).
For arbitrary initial conditions, a sufficiently large value
of T; can be chosen to approach the infinite time interval.
If the initial values Xy;9 and X,,0 are within the limit
cycles of the steady state of the x,,, then in practice,
T can be set to T,.

4) Run the averaged battery system (37)—(38) and record
X, at the time t = k7.

5) Calculate SOH using (19).

6) If SOH > 80%, then increment k, update X/ and go to
Step 2, or else go to Step 7.

7) Output the battery lifetime SOH(k).

To further illustrate the implementation of the simplified
models X3 and X} in Procedure 1 for the investigation
of battery SOH characteristics, a flowchart depicting this
sequence is provided in Fig. 6.

Fig. 7 shows the simulation results under the CCCV
charging. It can be seen that good agreement between the
model X} and the benchmark X2 is obtained for all the
medium timescale states including CF,C¥E, and T55P.
The electrolyte concentrations whose dynamics are often
ignored at low charging rates [7] are studied. Here, it is
demonstrated that their changes in both the negative and posi-
tive electrodes are as large as 70% and are thus not negligible
under the applied charging conditions. Indeed, the developed
simplified model 2,3,, accurately captures the electrolyte
concentration characteristics. The approximation error in SOC
prediction is seen to be less than 0.2%. Further examination of
this model under UDDS and CC charging protocols is given
in Figs. 8 and 9(a), where small errors are again observed.
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At this scale of modeling error and over the time intervals of
the driving cycles, the derived medium timescale model 2,3,1
is able to capture the electrochemical-thermal dynamics well.

In some circumstances, such as limited operating range
of the cell, further model reductions may be possible. For
example, with additional assumptions of constant temperature
and/or electrolyte concentration (as might be observed from
low charge/discharge rates), the model 2,3,1 degenerates into
the single particle model (SPM) with two lumped states in the
battery system or SPM with additional electrolyte states, as
used in [37]-[40].

The percentage error in SOH prediction under the
CCCV charging approach is plotted in Fig. 7(f). For
automotive applications, 20% capacity loss from the initial
maximum capacity is often considered as the end of battery’s
life (EOL), which corresponds to 223 operating cycles in this
case. Although it becomes larger with the increased cycles,
the modeling error in SOH at EOL is less than 5%. Such a
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small magnitude of error tells that the SOH dynamics can be
well approximated by the developed slow model Eg. Further
validations of this model under CC charging in different
C-rates are given in Fig. 9(b). These show that the model E?
is able to follow the higher order model X2 over a range of
operating rates including the case of 5C. In addition, the aging
indicated by the simplified model is slightly faster than 252.
This is not as concerning as the alternative, as it will likely
lead to algorithms that protect batteries when the simplified
model is used in model-based optimization and control
applications.

VI. APPLICATION FOR CHARGING
STRATEGY EVALUATION

With the theoretical result with regard to the battery model
simplification framework, we are now in the position to put it
into practice. The simplified models X3 and X3 have various
applications including the following:

1) assessment on the effects of different charging strategies

by means of simulation instead of the original model or
experiments;
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2) model-based estimation, control, and optimization for
battery dynamic performance and lifetime.
An example given in the following demonstrates the analysis
capability of the proposed framework for charging strategy
evaluation.

An MCC charging strategy was shown to have significant
improvement relative to the CCCV charging method in the
SOH and required charging time through a large number of
experiments in [35] and [41]. Based on this charging method
and a boost charging algorithm of [42], an alternative MCC
charging strategy is proposed for the purpose of comparison.
While the proposed strategy is ad hoc in terms of the determi-
nation of C-rate, voltage limit, and duration during each stage,
it is useful to demonstrate the potential differences in battery
states that may be observed from the simplified models.

The simulation environment and setup being used are the
same as in Section V. To ensure that the temporal discretiza-
tion error is within 0.01%, the sampling time is chosen as
1 and 1000 s separately for the medium and slow timescale
states. All the simulations are conducted on a desktop
computer with a 3.4-GHz processor and an 8-GB RAM. The
CPU time for integration is recorded for the assessment of
computational efficiency.

Using Procedure 1, simulations of the CCCV, MCC, and the
proposed method are implemented with the results provided
in Fig. 10. It is found the MCC is able to support 60%
more life cycles and save 17.6% charging times relative to the
CCCV. Another way to test the proposed model simplification
framework is to implement it in experiments. It is worthy men-
tioning that the simulation results with regard to the advantages
of the MCC method compared with the CCCV are consistent
with the experimental outputs observed from [35]. Meanwhile,
the proposed charging method can transfer similar capacity to
the battery, but achieves 13% more lifetime and 11.6% less
charging times compared with the MCC. This may be useful
information for developing optimal charging strategies.

These three charging strategies have been compared using
simplified battery models from the proposed modeling frame-
work. Here, it is important for the reader to note that the
developed procedure for charging strategy evaluation is suffi-
ciently general as to be equally applicable to other charging
strategies.

In addition, battery characteristics can be analyzed based
on the simulation results of Fig. 10. From the static
map QO — Ha(Q), the aging rate is found to slow down
gradually with the decreased available capacity. This is poten-
tially because the passive SEI film gets thicker with battery
degradation and suppresses further active Li-ion corrosion and
reductive electrolyte decomposition.

The benefit of using simplified battery models for
charging strategy assessment rather than the full-order battery
model and experimental approaches would be the reduced
computational effort. To show this, Table III compares the
computational times for simulating 400 cycles associated
with different battery models. It can be seen that with model
simplification proceeded, the required times are greatly
decreased. Using 231 and E? as proposed in Procedure 1
rather than the high-order model 252, the time of 29.8% can
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TABLE III

COMPARISON OF COMPUTATIONAL TIMES ASSOCIATED
WITH DIFFERENT BATTERY MODELS

Models Sampling time (s) Simulation time (mins)
for 400 cycles
2 1 171
3433, 1 120
%3, 1 105
=3 1000 1.8x1074

be saved. While for the calculation of electrochemical-thermal
dynamics, the model X7 is able to offer 38.6% computational
time saving. For SOH prediction, if the static mapping as
shown in Fig. 10(c) is available a priori, simulations using 23
become extremely fast. Thus, this proposed evaluation system
based on simplified models is able to significantly expedite
the analysis of different charging strategies.

The accuracy of these simplified models has been
validated in the previous section against the initial battery
model. Indeed, the accuracy of charging strategy evaluation
greatly depends on the fidelity of the initial model.
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Factors contributing to battery degradation are various and
complex [18]. Although a dominant aging mechanism,
namely, SEI film-based aging, has been considered in this
model, the identification and quantification of other aging
mechanisms are still an ongoing work. It is worth noting
that the methodology developed in the work for PDE battery
model simplification is general.

VII. CONCLUSION

In this paper, a physics-based model for Li-ion battery that
accurately captures the electrochemical, thermal, electrical,
and aging dynamics has been proposed. Starting from this
initial system formulation, a novel framework for PDE battery
model simplification was developed by judicious use of a
singular perturbation approach and averaging theory. The
novelty arises from the systematic simplification procedure
through which the underlying assumptions imposed on sim-
plified models can be explicitly stated.

Through comprehensive simulations, the simplified models
have been observed to be capable of efficiently predicting
battery dynamic characteristics. The developed model sim-
plification framework including families of battery models is
sufficiently general covering different battery types and a range
of applications.

To demonstrate the analysis capability of this framework,
a model-based evaluation procedure for battery charging
strategies was proposed. This procedure, synthesized from
the simplified models, rather than other higher order model
was illustrated as a useful tool for quickly and accurately
evaluating different charging strategies. The development of
more complete aging models can be integrated into the initial
battery model to achieve higher accuracy for SOH prediction.

Opportunities for future work include analytical justifi-
cation of Assumptions 3 and 5, which were shown to
hold using numerical methods here. Furthermore, there are
opportunities to apply the simplified models in the design
of multiple timescale observers for battery SOC and SOH.
Similarly, potential research gaps exist in optimization and
controller design for battery fast charging using simplified
electrochemistry-based models.

APPENDIX

The matrix functions and parameters involved in battery
model reformulation of Section III are explicitly provided in
the following.

In (20), Fy, F>, S1, 82, and H are all matrix functions and
can be decomposed into

Fy = diag(F;, F)**, F}Y), F, =diag(F, ,F,", F,)
S = diag(S;, S;P, S)), 82 = diag(S;, 557, Sy )
H = diag(H™, H*P, H™).
In these matrices, the vector functions can be derived from the

battery dynamic equations (4)—(16) and are further explicitly
provided as

F[ = diag(2D¢™~/r,0,0,0,0,0,0,0)
Fi' = diag(2D™ (1 — Qg/ Omax), 0, 0,0,0,0)
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F; = diag(D™~,0,0,0,0,0,0,0)

Fy" = diag(DE™T (1 — Qs / Qmax), 0,0, 0,0, 0)
FlSep = F2Sep = zeros(3, 3)

S, = diag(0, D™ /p,;7,0,0,0, 27 /(p~c7),0,0)
S5 = diag(0, D /1S, 0,0,0, 27 /(pte))

537 = diag(D" T/, 0, 4P (p*PeP))
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In (23), the parameter matrices Cy, ...,

Cg and Dy, ..., Dg

are provided in the following:

[1]
[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

(10]

(11]

[12]

[13]

(14]

C; = diag(0,...,0,1,0,0,0)

C, = diag(0,1,0,0,0, —27,0,0)

C; = diag(0,...,0,1,0)

C4 = diag(0,1,0,0,0, —1T)

Cs = C7 = diag(1,0,...,0)

Ce = Cg = diag(1,0,...,0)

Dy =1[0,...,0,h- (Tamp — T7),0,01"
[0, ..., 0, (=Tamp + THI"
[- 0]

[ J+/Deff+ 0,. O]T

D7 = diag(0,1,0, 1, 1, 1)

Dg = diag(0, D™ /D™=, 0,0,0, 2P /37)

D;

Ds ~/D 0, ..

Dy =
Ds =

Dg = diag(0, DS /DI, 0,0,0, A% /25P).
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