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Abstract

This note corrects an error in the results of Subsection 3.1 in authors’ paper “On Eigenvalues of Laplacian Matrix for
a Class of Directed Signed Graphs”, which appeared in Linear Algebra and its Applications 523 (2017), 281 − 306.
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1. Preliminaries and Graph Notation

Throughout this paper, IN ∈ RN×N , 1N ∈ RN , and 0N ∈ RN denote the N × N identity matrix, the N-dimensional
vectors containing 1, and 0 in every entry, respectively. The standard bases in RN are represented by {e1, . . . , eN}
where ei is the ith column of IN . The 2-norm of a vector x ∈ RN is shown by ∥x∥. For a complex variable, vector or
matrix, R(⋅) and I(⋅) stand for the real and imaginary parts. For a matrix A ∈ RN×N , Spec(A) = {λi(A)}N

i=1 denotes
the set of eigenvalues of A where R(λ1) ≤ R(λ2) ≤ ⋅ ⋅ ⋅ ≤ R(λN). An eigenvalue λi(A) is called semisimple if its
algebraic and geometric multiplicities are equal. The operator diag(⋅) constructs a block diagonal matrix from its
arguments. The entry in the ith row and jth column of a matrix A is represented by [A]i j, while the ith entry of a vector
x is denoted by [x]i. For a set A, its cardinality is denoted by ∣A∣.

A weighted directed signed graph G is represented by the triple G(V ,E ,W) where V = {1, . . . ,N} is the nodes set,
E ⊂ V × V is the edge set, andW ∶ V × V → R is a weight function that maps each (i, j) ∈ E to a nonzero scalar ai j

and returns 0 for all other (i, j) /∈ E . The adjacency matrix A ∈ RN×N captures the interconnection between the nodes
in the graph where [A]i j = ai j ≠ 0 iff (i, j) ∈ E . For the edge (i, j), we follow the definition corresponding to a sensing
convention which indicates that node i receives information form node j or equivalently, the node j influences the node
i; see [13] for more information. For each node i ∈ V , Ni denotes the set of its neighbors, i.e., N(i) = { j ∣ ai j ≠ 0}.

For a given graph G(V ,E ,W) and a set V ⊆ V , the corresponding induced subgraph is denoted by G(V ,E ,W),
where the set E is defined as E = {(i, j) ∈ E ∣i, j ∈ V}, and W ∶ V × V → R is defined as W(i, j) = W(i, j).
In order to categorize edges in terms of the sign of their values, we define the sets E+ = {(i, j) ∣ai j > 0}, and
E− = E/E+ = {(i, j) ∣ai j < 0}. We call the edges in E+ and E− positive edges and negative edges, respectively.
Subsequently, for a signed graph G(V ,E ,W), we denote the subgraph with non-negative weights by G(V ,E+,W+)
where W+ ∶ V × V → R≥0 is defined as W+(i, j) = W(i, j) for all (i, j) ∈ E+ and W+(i, j) = 0 for all (i, j) ∉ E+.
Similarly, for a signed graph G(V ,E ,W), we denote the subgraph with non-positive weights by G(V ,E−,W−). The
superposition of two signed directed graphs G1(V ,E1,W1)⊕G2(V ,E2,W2) is a new graph G(V ,E ,W) where E =
E1 ∪ E2 and,W(i, j) = W1(i, j) +W2(i, j) for every (i, j) ∈ {V × V}.

For a directed graph, the in-degree and out-degree of node i are defined as din
i = ∑

j
a ji and dout

i = ∑
j

ai j respectively.

The Laplacian matrix* L ∈ RN×N is defined by L = D − A where D = diag{dout
1 , . . . ,dout

N }. Since the rows of the
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i = ∑
j
∣a ji∣ and dout

i = ∑
j
∣ai j∣ respectively [5].
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Laplacian matrix add to zero, 1N is always one of its eigenvector that corresponds to the eigenvalue 0. This eigenvalue
is called the trivial eigenvalue while the rest of eigenvalues is called non-trivial eigenvalues.

Let Π = IN −
1
N 1N1T

N denote the orthogonal projection matrix onto the subspace of RN perpendicular to 1N . The
matrix Π is symmetric and since L1N = 0, LΠ = L and ΠLT = LT for any graph. We define a matrix Q ∈ R(N−1)×N

whose rows are the orthonormal bases for span{1N}
⊥ where ⊥ denotes the orthogonal complement of the space.

Hence, QT is a full column rank matrix. On span{1N}
⊥, the Laplacian matrix is equivalent to the so-called reduced

Laplacian L̄ ∈ R(N−1)×(N−1) which is defined by [13],

L̄ ∶= QLQT . (1)

A path of length r from i1 ∈ V to ir ∈ V in graph G is a sequence (i1, i2, . . . , ir) of distinct nodes in V where i j+1 is
a neighbor of i j for all j = 1, . . . , r − 1. If there exists a path (no path) from the node j to the node i, then the node i
is (not) reachable from node j. We use j ↣ i ( j  i) to show the existence (absence) of path from j to i. A node i is
a globally reachable node if it is reachable from all other nodes of the graph. Similar to [13], we say that two nodes
i and j are connected if the graph contains two paths, one starting from node i and the other one from j that both
terminates at the same node. A graph G is connected if every pair of nodes is connected. This notion of a connected
graph corresponds to the scrambling matrices [9]. It has been shown that the graph is connected if and only if there
exists at least one globally reachable node; the node, to which, there exists at least one path from every node in the
graph [13]. A graph G is strongly connected if for every i ∈ V and j ∈ V , i ↣ j. Hence, the graph G is strongly
connected if and only if every node of the graph is a globally reachable node.

2. Adding an extra (un)directed negative edge to directed signed graphs

In this section, we correct the main result of Subsection 3.1 in [3] that aimed at answering the following question:

Question 1. Consider a signed graph G1(V ,E1,W1) with the Laplacian matrix L1. Construct a new graph G(V ,E ,W) =
G1(V ,E1,W1)⊕G2(V ,E2,W2), where E2 = {(u, v), (v,u)} andW2(u, v) = −δuv ≤ 0 andW2(v,u) = −δvu ≤ 0. Denote
L the Laplacian matrix of G. Find conditions on G1 and a bound on δuv and δvu such that

0 = λ1(L) < R(λ2(L)) ≤ ⋅ ⋅ ⋅ ≤ R(λN(L)). (2)

Unfortunately, Theorem 1 in [3, Subsection 3.1] and Lemma 6 in [3, Appendix A] are not correct in general.
We used continuity of eigenvalues of a matrix with respect to a single parameter δuv = δvu = δ to prove the lemma
and, subsequently, the sufficiency of the theorem. In the proof of Lemma 6 in [3, Appendix A], we claimed that the
continuity of eigenvalues of L̄ = QLQT with respect to δ states that

∃ δ∗ such that ∀ 0 < δ < δ∗, R{λi(L̄)}N−1
i=1 > 0, (3)

and also with δ = δ∗, R{λi(L̄)} = 0 for some i (this statement is true). We then claimed that det (L̄−1
1 L̄) = 0 for δ = δ∗.

This statement is true if and only if there exists at least one zero eigenvalue, i.e. λi(L̄) = 0. However, there can be a
case where all eigenvalues of L̄ with R{λi(L̄)} = 0 are complex. In this case, Theorem 1 in [3, Subsection 3.1] and
Lemma 6 in [3, Appendix A] are not valid. Here, we point out that the necessity of Theorem 1 in [3, Subsection 3.1]
is true since we used the result of Lemma 5 in [3, Appendix A] in the proof. We first state the following definition and
lemma that are used to prove the main results of this subsection.

Definition 1. Consider a signed graph G(V ,E ,W) with the Laplacian matrix L. For given two arbitrary nodes u and
v, and variables δuv, δvu, ω ≥ 0, we define r(ω, δuv, δvu) as follows

r(ω, δuv, δvu) ∶= (eu − ev)
T QT(L̄ − jωI)−1Q(δuveu − δvuev), (4)

where L̄ = QLQT is the reduced Laplacian matrix.
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Lemma 1. Assume for a given directed graph G(V ,E ,W) with Laplacian matrix L,

spec{L} = {0, . . . ,0
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

d

,Λ},

where the set Λ contains the non-zero eigenvalues of L. Then,

1. spec{L̄} = {0, . . . ,0
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

d−1

,Λ}. Furthermore, if d = 1, then L̄ is invertible.

2. Suppose further that all weights are non-negative. L̄ is invertible and R{λi(L̄)} > 0 for i = 1, . . . ,N − 1 if and
only if G is connected †.

Proof. The proof of the first part can be found in [14, Lemma1]. Even though the lemma deals with directed
graphs with non-negative weights, the same arguments are applicable to directed signed graphs, since L1N = 0. If G
is connected with non-negative weights, then Spec(L) = {0, λ2, . . . , λN} with R{λ2} > 0 [1]. Taking into account this
point along with the first part of the lemma proves the second part.

We now present a necessity result for the non-zero eigenvalues of Laplacian matrix to have positive real parts in
the presence of a negative weight.

Theorem 1. Consider a signed graph G1(V ,E1,W1) with the Laplacian matrix L1. Assume that L1 has only one
zero eigenvalue and the rest of its eigenvalues have positive real parts. Construct a new graph G(V ,E ,W) =
G1(V ,E1,W1)⊕G2(V ,E2,W2), where E2 = {(u, v), (v,u)} andW2(u, v) = −δuv, W2(v,u) = −δvu with δuv ≥ 0, δvu ≥
0. Denote L the Laplacian matrix of G. If the eigenvalues of L satisfy (2), then

r(0, δuv, δvu) < 1, (5)

Proof. Define L̄ = QLQT and suppose that the eigenvalues of L satisfy (2). We show the condition (5) holds. In
view of the first part of Lemma 3 in Appendix A, if r(0, δuv, δvu) > 1, then det (L̄−1

1 L̄) = det (L̄−1
1 )det (L̄) < 0. Hence

L̄ has at least one non-positive eigenvalue. If r(0, δuv, δvu) = 1, then det (L̄−1
1 L̄) = 0. Thus, L̄ has at least one zero

eigenvalue. This means that the condition (5) is necessary for the eigenvalues of L satisfy (2).
We now present a sufficiency theorem for the non-zero eigenvalues of Laplacian matrix to have positive real parts

in the presence of a negative weight.

Theorem 2. Consider a signed graph G1(V ,E1,W1) with the Laplacian matrix L1. Assume that L1 has only one
zero eigenvalue and the rest of its eigenvalues have positive real parts. Construct a new graph G(V ,E ,W) =
G1(V ,E1,W1)⊕G2(V ,E2,W2), where E2 = {(u, v), (v,u)} and W2(u, v) = −δquv ≤ 0, W2(v,u) = −δqvu ≤ 0 with
δ > 0 and given quv,qvu ≥ 0. Denote L the Laplacian matrix of G. Let δ∗ be obtained by,

min
δ1∈R>0,ω∈R≥0

δ1

subject to r(ω, δ1quv, δ1qvu) = 1.
(6)

Then, the eigenvalues of L satisfy (2) for all δ ∈ [0, δ∗).

Proof. Denote L2 the Laplacian matrix of G2. Since E2 = {(u, v), (v,u)}, L2 can be expressed as L2 = −(δuveu −
δvuev)(eu − ev)

T with δuv = δquv and δvu = δqvu. Under conditions of the theorem, L can be written as L = L1 + L2,
leading to the following expression for L̄,

L̄ = QL1QT

´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
L̄1

−Q(δuveu − δvuev)(eu − ev)
T QT . (7)

Since L1 has only one zero eigenvalue and the rest of its eigenvalues have positive real parts, all eigenvalues of L̄1− jωI
have positive real parts according to Property 1 in Lemma 1.

†For a graph with non-negative weights, the definition of connectivity, falls somewhere between the definitions of strong and weak connectiv-
ity [1; 13].
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We now prove the theorem for the case with quv,qvu > 0. The proof of theorem for the cases with quv > 0, qvu = 0
or quv = 0, qvu > 0 follows the same lines. Since quv,qvu > 0, we have δuv = δquv and δvu = δqvu. Note that for δ = 0,

L̄ = L̄1 and for sufficiently large δ, i.e. δ >
N
∑
i=1

[L1]ii, the sum of the diagonal entries of L becomes negative. This leads

L to have at least one eigenvalue with a negative real part, and consequently, in view of Property 1 in Lemma 1, L̄ has
that eigenvalue with negative real part. Hence, the continuity of eigenvalues of L̄ with respect to δ states that

∃ δ∗ > 0 such that ∀ δ ∈ [0, δ∗), R{λi(L̄)}N−1
i=1 > 0, (8)

and also with δ = δ∗, R{λi(L̄)} = 0 for some i. This means there exists at least one ω ∈ R≥0 such that λi(L̄) = jω for
δ = δ∗, or equivalently det (L̄ − jωI) = 0. Using the expression of L̄ in (7) and taking into account that L̄1 − jωI is
invertible, we have

det (L̄ − jωI) = det (L̄1 − jωI − Q(δuveu − δvuev)(eu − ev)
T QT)

= det (L̄1 − jωI) (1 − (eu − ev)
T QT(L̄1 − jωI)−1Q(δuveu − δvuev))

= det (L̄1 − jωI) (1 − δ∗(eu − ev)
T QT(L̄1 − jωI)−1Q(quveu − qvuev))

= 0,

(9)

where the last two equalities are obtained by applying Lemma 2 and taking into account δuv = δquv and δvu = δqvu.
Since L̄1 − jωI is invertible, we observe that det (L̄ − jωI) = 0 if and only if δ∗(eu − ev)

T QT(L̄1 − jωI)−1Q(quveu −
qvuev) = 1. By solving (6), we find the minimum value of δ∗ such that the eigenvalues of L satisfy (2) for all
δ ∈ (0, δ∗). The optimization problem (6) always has a solution since the continuity argument above guarantees that
the eigenvalues of L̄ cross the imaginary axis for some δ ∈ (0, δ1]. This completes the proof of the case quv,qvu > 0.

Remark 1. Theorem 2 includes three different cases that correspond to perturbing the edge (u, v) (quv > 0,qvu = 0),
the edge (v,u) (quv = 0,qvu > 0), or both edges (u, v) and (v,u) (quv > 0,qvu > 0). The variables quv,qvu allow to
incorporate all these cases in only one optimization problem as stated in (6).

The sufficiency condition (6) in Theorem 2 correspond to the minimum value of δ∗ such that the eigenvalues of L
satisfy (2) for all δ ∈ (0, δ∗). One of the following statements holds for δ∗ obtained from solving (6):

1. δ∗ is obtained with ω1, . . . , ωk where ωi ≠ 0 for i = 1, . . . , k and k is the number of solutions for (6) which is
finite since the constraint is a non trivial polynomial equation in ω by definition of r(ω, δuv, δvu).;

2. or, there exists at least one zero ωi.

In the second case, the matrix L̄ has at least one zero eigenvalue with δ = δ∗ (in the view of (8) ) which means that
det (L̄−1

1 L̄) = 0 for δ = δ∗. In this case, the condition (5) becomes necessary and sufficient for the non-zero eigenvalues
of Laplacian matrix have positive real parts in the presence of a negative weight according to the following theorem.

Theorem 3. Consider a signed graph G1(V ,E1,W1) with the Laplacian matrix L1. Assume that L1 has only one
zero eigenvalue and the rest of its eigenvalues have positive real parts. Construct a new graph G(V ,E ,W) =
G1(V ,E1,W1)⊕G2(V ,E2,W2), where E2 = {(u, v), (v,u)} and W2(u, v) = −δquv ≤ 0, W2(v,u) = −δqvu ≤ 0 with
δ > 0 and given quv,qvu ≥ 0. Denote L the Laplacian matrix of G. Let δ∗ be obtained from (6) with ω1, . . . , ωk being the
roots of the equality constraint. Assume further that there exists at least one zero ωi. The eigenvalues of L satisfy (2)
if and only if

δ (eu − ev)
T QT L̄−1

1 Q (quveu − qvuev)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

r(0,δquv,δqvu)

< 1.
(10)

Furthermore, δ∗ (eu − ev)
T QT L̄−1

1 Q (quveu − qvuev) = 1 and (eu − ev)
T QT L̄−1

1 Q (quveu − qvuev) > 0.

Proof. The necessity part results from Theorem 1, i.e. if the eigenvalues of L satisfy (2), then (10) holds. We
now show that the condition (10) is sufficient for the case with quv,qvu > 0. The cases with quv > 0, qvu = 0 or
quv = 0, qvu > 0 can be proven by using the same arguments.
In the proof of Theorem 2, it is observed from the continuity of eigenvalues of L̄ with respect to δ that

∃ δ∗ > 0 such that ∀ δ ∈ [0, δ∗), R{λi(L̄)}N−1
i=1 > 0, (11)
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and also with δ = δ∗, R{λi(L̄)} = 0 for some i. Since δ∗ is obtained from (6) with at least one zero ωi, then there exists
at least one zero eigenvalue λi(L̄) = 0 for δ = δ∗, meaning that det (L̄−1

1 L̄) = 0. From the definition of r(0, δquv, δqvu)
in (10), we have

rδ ∶= r(0, δquv, δqvu) = αδ, (12)

where α = (eu − ev)
T QT L̄−1

1 Q (quveu − qvuev).
Let assume α > 0. Using this assumption, (11) can be rewritten as

∃ r∗ > 0 such that ∀ rδ ∈ [0, r∗), R{λi(L̄)}N−1
i=1 > 0. (13)

We now need to show r∗ = 1. If r∗ < 1, according to (13), the real part of at least one eigenvalue of L̄ is negative for
rδ > r∗ and the real part becomes zero at rδ = r∗; however, from Lemma 3 in Appendix A, it is observed that L̄ can
have zero eigenvalue(s) if and only if rδ = 1. This contradicts the assumption r∗ < 1. Hence, r∗ = 1
To complete the proof, we should show the assumption α > 0. To do so, we show α cannot be zero or strictly negative
by considering two cases.

Case 1: To obtain a contradiction, assume α = 0. Then rδ = 0, and according to (A.2), det (L̄−1
1 L̄) cannot be zero

which means L̄ has no zero eigenvalue. This means that δ∗ = +∞ or equivalently all eigenvalues of L̄ have positive

real parts. However, this is not true, since for sufficiently large δ, i.e. δ >
N
∑
i=1

[L1]ii, the sum of the diagonal entries of

L becomes negative. This leads L to have at least one eigenvalue with a negative real part. Hence, in view of Property
1 in Lemma 1, L̄ has the same eigenvalue with negative real part. This is in contradiction with δ∗ = +∞. Therefore,
α ≠ 0.

Case 2: To obtain a contradiction, assume α < 0. Thus (11) and (12) imply

∃ r∗ > 0 such that ∀ rδ ∈ (−r∗,0], R{λi(L̄)}N−1
i=1 > 0. (14)

Furthermore, letting rδ = −r∗ yields R{λi(L̄)} = 0 for some i as r∗ is taken as the maximum value satisfying (14).
This means that det (L̄−1

1 L̄) = 0 for rδ = −r∗ < 0. However, according to (A.2), det (L̄−1
1 L̄) = 0 if and only if rδ = 1.

This contradicts rδ < 0. Hence, α cannot be negative. This completes the proof.
The key step to apply Theorems 2 and 3 is to numerically solve the optimization problem (6), which has at least

one solution as explained in the proof of Theorem 2. The feasible set of this optimization problem can be interpreted
in terms of the Nyquist plots of the following system Σuv,

Σuv ∶= {
d
dt xuv = L̄1xuv + Q(quveu − qvuev)uuv

yuv = (eu − ev)
T QT xuv

(15)

where xuv ∈ RN−1, uuv ∈ R and yuv ∈ R denote the state, the input and the output of the system Σuv. Consider the
optimization problem (6) and the system Σuv in a negative feedback structure with a proportional controller δ1. The
optimization problem (6) yields the minimum value of the gain for which the Nyqiust diagram of δ1Guv(s) crosses
the critical point −1 where Guv(s) is the transfer function from uuv to yuv. Hence, to attain δ∗, one can plot the Nyquist
diagram of Σuv and find frequencies ωi, i = 1, . . . , k, at which it crosses the real axis. Then, δ∗ = 1

∣Guv( jω∗)∣ where
Guv( jω∗) ≤ Guv( jωi) for i = 1, . . . , k. If ω∗ = 0, then we can use the results of Theorem 3; otherwise we should use
the results of Theorem 2. In the following examples, we illustrate how to apply the results of Theorems 2 and 3.

Example 1. Consider the graphs G1(V ,E1,W1), G2(V ,E2,W2) and G(V ,E ,W) depicted in Figure 1 with the Lapla-
cian matrices L1, L2, L respectively. In this figure, the solid arrows represent the positive weights which are set equal
to 2, and the dashed arrows represent the negative weights with a36 = a63 = a38 = −1. The graph G is constructed
from the graphs G1 and G2 by adding negative weights between two pairs of nodes, i.e. G = G1 ⊕ G2. We now add the
negative directed edge a38 = −δ. The Nyquist diagram plotted in Figure 2 crosses the real axis at ω1 = 0 and ω2 = ∞.
Furthermore, the magnitude of the Nyquist diagram at ω1 is smaller than of that at ω2. Hence, in view of Theorem 3,
the condition (10) is necessary and sufficient condition, leading to δ∗ = 1.94285. This means that the eigenvalues of
L satisfy (2) if and only if δ < 1.94285. △
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Figure 1: A directed graph studied in Example 1. The solid arrows represent the positive weight edges while the dashed arrows show the edges
with negative weights. All positive and negative weights are set equal to 2 and −1, respectively.

-1.2 -1 -0.8 -0.6 -0.4 -0.2 0 0.2
-0.3

-0.2

-0.1

0

0.1

0.2

0.3

Nyquist Diagram

Real Axis

Im
ag

in
ar

y 
A

xi
s

! = 0

Figure 2: The Nyquist diagram in Example 1.

Example 2. Consider the graphs G1(V ,E1,W1), G2(V ,E2,W2) and G(V ,E ,W) depicted in Figure 3 with the Lapla-
cian matrices L1, L2, L respectively. In this figure, the solid black arrows, the dashed red arrow and the solid read
arrows represent the positive weights, the negative weight and the perturbed edges, respectively. We assign the fol-
lowing weights to the edges of the graph G1: a12 = 1, a14 = 1, a15 = 1, a21 = 1, a23 = 1, a24 = 1, a31 = −1, a32 = 1,
a35 = −0.8, a42 = −0.3, a43 = 1.5, a45 = −2, a51 = 2, a52 = 1, a53 = 2, a54 = 1.
In the first scenario, the graph G is constructed from the graphs G1 and G2 by perturbing positive weights between
two pairs of nodes 1 and 2. According to the left Nyquist diagram plotted in Figure 4, the Nyquist diagram crosses the
real axis at ω1 = 0, ω2,3 = ±0.6 and ω4,5 = ±∞. Furthermore, the magnitude of the Nyquist diagram at ω2,3 is smaller
than others. Hence, in view of Theorem 3, the condition (10) is sufficient, leading to δ∗ = 0.52. This means that if
δ < 0.52 the eigenvalues of L meet (2). On the other hand, the necessary condition (5) holds for δ < 1.8.
In the second scenario, the graph G is constructed from the graphs G1 and G2 by perturbing positive weights between
two pairs of nodes 2 and 5. According to the right Nyquist diagram plotted in Figure 4, the Nyquist diagram crosses
the real axis at ω1 = 0, ω2,3 = ±0.63, ω4,5 = ±0.8 and ω6,7 = ±∞. Furthermore, the magnitude of the Nyquist diagram
at ω1 is smaller than others. Hence, in view of Theorem 3, the condition (10) is necessary and sufficient condition,
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leading to δ∗ = 2.3239. This means that the eigenvalues of L meet (2) if and only if δ < 2.3239. △

Figure 3: A directed graph studied in Example 2. The solid arrows represent the positive weight edges while the dashed arrows show the edges
with negative weights. All positive and negative weights are set equal to 2 and −1, respectively.
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Figure 4: The Nyquist diagrams in Example 2. The left Nyquist diagram corresponds to the first scenario with the graph in Figure 3(a), while the
right Nyquist diagram corresponds to the second scenario with the graph in Figure 3(b).

Remark 2. The results of this subsection are different from those in [7] where sufficient conditions for the upper
bound δ has been derived via Nyquist stability criteria. First, we provide the necessary result which considers the
case in which both edges between any arbitrary pairs of nodes are perturbed with negative weights. Secondly, our
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sufficiency result is more general than the main result of [7] since we also allow perturbing two edges between two
nodes with the same negative weight. Our results cover a more general set of graphs as a graph with multiple negative
edges might satisfy the assumption of the theorem, while [7, Theorem 1] only is applied to graphs with no negative
edges. Even though the results of this paper are interpreted via Nyquist criteria, the definitions of systems are different
from [7]. Finally, we highlight the case where the condition becomes necessary and sufficient.

In all theorems above, it is assumed that the original graph G1 satisfy (2). If G1 is connected and all of its weight
are non-negative, the second part of Lemma 1 provides the necessary and sufficient conditions for G1 to satisfy (2). In
this case, the following corollaries are obtained.

Corollary 1. Consider a signed graph G(V ,E ,W) with the Laplacian matrix L where it is decomposed into two
subgraphs G(V ,E+,W+) and G(V ,E−,W−) with the corresponding Laplacian matrices L+ and L−, respectively.
Assume E− = {(u, v), (v,u)} withW−(u, v) = −δquv ≤ 0 andW−(v,u) = −δqvu ≤ 0 with δ > 0 and given quv,qvu ≥ 0.
Assume also G(V ,E+,W+) is connected, and define L̄+ = QL+QT . Let δ∗ be obtained by,

min
ω∈R≥0

δ1

subject to δ1(eu − ev)
T QT(L̄+ − jωI)−1Q(quveu − qvuev) = 1, δ1 > 0.

(16)

Then, the eigenvalues of L satisfy (2) for all δ ∈ [0, δ∗).

Corollary 2. Consider a signed graph G(V ,E ,W) with the Laplacian matrix L where it is decomposed into two
subgraphs G(V ,E+,W+) and G(V ,E−,W−) with the corresponding Laplacian matrices L+ and L−, respectively.
Assume E− = {(u, v), (v,u)} withW−(u, v) = −δquv ≤ 0 andW−(v,u) = −δqvu ≤ 0 with δ > 0 and given quv,qvu ≥ 0.
Assume also G(V ,E+,W+) is connected, and define L̄+ = QL+QT . Let δ∗ be obtained from (6) with ω1, . . . , ωk for
i = 1, . . . , k. Assume further that there exists at least one zero ωi. The eigenvalues of L satisfy (2) if and only if

δ (eu − ev)
T QT (L̄+)−1 Q (quveu − qvuev)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
r(0,quv,qvu)

< 1.
(17)

Furthermore, δ∗ (eu − ev)
T QT (L̄+)−1 Q (eu − ev) = 1 and (eu − ev)

T QT (L̄+)−1 Q (eu − ev) > 0.

We end this subsection by commenting on the relationship between the aforementioned results and the concept
of effective resistance introduced in the literature e.g. see [15] and references there in. First, consider an undirected
graph G(V ,E+,W+) with non-negative weights and the Laplacian matrix L̄+. Assume that the graph is connected. We
construct an electrical network from the graph G(V ,E+,W+) by replacing each weighted edge (i, j) with a resistor
Ri j = a−1

i j as shown in Figure 5a. Then, a constant current source I is connected between nodes u and v, and the voltage
at its terminal is calculated. The effective resistance between nodes u and v is computed by ruv =

V
I . Using electrical

circuit theory, it was shown that ruv can be obtained by [6]

ruv = (eu − ev)
T QT (L̄+)−1 Q (eu − ev) , (18)

which has the same expression as (17) with quv = qvu = 1.
Now consider the case where a negative undirected edge is added between the nodes u and v to construct the undirected
graph G(V ,E ,W) with the Laplacian matrix L. The corresponding equivalent electrical circuit contains two parallel
resistors ruv and R− = −δ−1‡, which correspond to the aforementioned effective resistance and the added negative edge,
respectively (Figure 5b). In this case, the equivalent resistance between nodes u and v is calculated by

Rth =
−δ−1ruv

ruv − δ−1
.

‡Negative resistance has a practical meaning in electrical circuit theory as there exist electrical components with this property (see https:

//en.wikipedia.org/wiki/Negative_resistance).
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The interpretation of the inequality (17)§ from the electrical circuit perspective is as follows: the equivalent resistance
Rth is positive as long as (17) holds. Otherwise, Rth is either short circuit (if δ−1 = ruv) or negative (if δ−1 < ruv). By
taking into account this point and Corollary 1, it is concluded that the Laplacian matrix L satisfy the condition (2) if
and only if the equivalent resistance Rth of the corresponding equivalent electrical circuit is positive.

For directed graphs satisfying in the conditions of Corollary 2, one may be interested in interpreting the condi-
tion (17) using the concept of effective resistance similar to undirected graphs if directed graph satisfy assumptions
of Corollary 2. However, this is not directly possible. Indeed, the notion of effective resistance has been recently
introduced for both directed and undirected graphs as [13],

ruv = 2 (eu − ev)
T QTΣQ (eu − ev) , (19)

where Σ is a symmetric matrix obtained from the Lyapunov equation

L̄Σ + Σ (L̄)T
= IN−1. (20)

For a connected undirected graph G(V ,E+,W+), 1
2 (L̄+)−1

= 1
2 (L̄+)−T is a unique solution of (20) and ruv has the

same expression as (18). Unlike undirected graphs, the expression of ruv in (17) (even with quv = qvu = 1) cannot be
obtained from (19) and (20), since (L̄+)−1

≠ (L̄+)−T . This reveals that, unlike undirected graph, the upper bound of δ
cannot be interpreted by effective resistance defined in (19). As a result, it is not clear how to generalize the notion of
effective resistance for directed graphs with non-negative weights by using electrical circuit theory.

(a)

(b)

Figure 5: (a) An equivalent electrical circuit for a connected undirected graph G(V ,E+,W+) with non-negative weights to measure the effec-
tive resistance between two nodes u and v. (b) An equivalent electrical circuit for G(V ,E ,W) which is obtained by adding a negative edge to
G(V ,E+,W+) .

§Note that inequality (17) is necessary and sufficient for this case as the underlying graph is undirected.
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3. Application

In this section, we elucidate the application of our results to the consensus problem in social networks with
antagonistic interactions. The dynamic of the whole network with N node is written as

ẋ = −Lx, (21)

where x ∈ RN , x = [x1x2 . . . xN]
T is the stack vector consisting of the state of each node in the network. L is

the Laplacian matrix of the network graph. The network achieves consensus, i.e. lim
t→∞

∥xi(t) − x j(t)∥ = 0 for all

i, j = 1, . . . ,N and x(0) ∈ RN , if and only if the condition (2) holds [8, Lemma 2].
Consider a network with a graph network G1(V ,E1,W1) in Example 1. In Example 1, we have shown that the

Laplacian matrix L1 with these values for weights satisfies (2), and consequently, the network achieves consensus.
We have perturbed the network with negative directed edge a38 = −δ. We have pointed out that the eigenvalues of L
meet (2) if and only if δ < 1.94285.

With the choice of δ = 1.5, the eigenvalues of L satisfy (2) and network achieves consensus as shown in Figure 6a.
However, with δ = 1.95, the eigenvalues of L no longer satisfy (2) and network does not achieve consensus as shown
in Figure 6b.
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Figure 6: Evolution of node states over time for a network with the graph in Example 1. The perturbation between two nodes 3 and 8 set equal to
(a) δ38 = 1.5 (b) δ38 = 1.95.
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Appendix A.

The following lemmas are used in the proofs of Theorems 1 and 3.

Lemma 2 (Fact 2.16.3 in [4]). Let A ∈ Cn×n, assume that A is nonsingular, and let c,d ∈ Rn×1. Then

det(A + cdT) = det(A)(1 + dT A−1c). (A.1)
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Lemma 3. Consider a signed graph G1(V ,E1,W1) with the Laplacian matrix L1. Assume that L1 has only one
zero eigenvalue and the rest of its eigenvalues have positive real parts. Construct a new graph G(V ,E ,W) =
G1(V ,E1,W1)⊕G2(V ,E2,W2), where E2 = {(u, v), (v,u)} andW2(u, v) = −δuv, W2(v,u) = −δvu with δuv ≥ 0, δvu ≥
0. Denote L the Laplacian matrix of G. Then,

Spec{L̄−1
1 L̄} = {1, . . . ,1

´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
N−2

,1 − r(ω, δuv, δvu)}, (A.2)

where r(ω, δuv, δvu) = (eu − ev)
T QT L̄−1

1 Q(δuveu − δvuev), and L̄ = QLQT and L̄1 = QL1QT the reduced Laplacian
matrices for G and G1, respectively.

Proof. Denote L2 the Laplacian matrix of G2. Since E2 = {(u, v), (v,u)}, L2 can be expressed as L2 = −(δuveu −
δvuev)(eu − ev)

T . Furthermore,
Spec(L2) = {0, . . . ,0

´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
N−1

,−(δuv + δvu)}, (A.3)

with the set of eigenvectors {1N , e1, . . . , eN}/{eu, ev} that corresponds to the zero eigenvalues, and δuveu − δvuev that
corresponds to the eigenvalue −(δuv + δvu). Using the first property in Lemma 1 with (A.3), we have

Spec (L̄2) = {0, . . . ,0
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

N−2

,−(δuv + δvu)}, (A.4)

where L̄2 = QL2QT . The graphs G1 and G2 have the same set of nodes which means L can be written as L = L1 + L2
leading to the following expression for L̄,

L̄ = QL1QT

´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
L̄1

−Q(δuveu − δvuev)(eu − ev)
T QT . (A.5)

Since L1 has only one zero eigenvalue, L̄1 is invertible according to Lemma 1. By multiplying both sides of (A.5) by
L̄−1

1 and then (eu − ev)
T QT , we obtain

(eu − ev)
T QT L̄−1

1 L̄ = (eu − ev)
T QT − (eu − ev)

T QT L̄−1
1 Q(δuveu − δvuev)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
rδ∶=r(ω,δuv,δvu)

(eu − ev)
T QT

= (eu − ev)
T QT(1 − rδ),

(A.6)

or equivalently,
(eu − ev)

T QT (L̄−1
1 L̄ − (1 − rδ)IN−1) = 0T

N−1. (A.7)

Since QT is a full column rank matrix, (A.7) implies that the vector QE2 ∈ RN−1 is a left eigenvector of matrix L̄−1
1 L̄ ∈

R(N−1)×(N−1) that corresponds to the eigenvalue 1 − rδ. Showing (A.2) is equivalent to showing that X = IN−1 − L̄−1
1 L̄

has N − 2 zero eigenvalues. From (A.5), we obtain

L̄1X = L̄1 − L̄ = −L̄2, (A.8)

which means spec{L̄1X} = spec{−L̄2}. Using (A.4) and noting that L̄1 is non-singular, we conclude X has N − 2 zero
eigenvalues. This completes the proof.
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