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A Matrosov theorem with an application to Model
Reference Adaptive Control via approximate

discrete-time models
Dragan Nesi¢'and Andrew R. Teel?

Abstract

A version of Matrosov’s theorem for parameter-
ized discrete-time time-varying systems is pre-
sented. The theorem is a discrete-time version of
the continuous-time result in [1]. Our result facil-
itates controller design for sampled-data nonlinear
systems via their approximate discrete-time mod-
els. An application of the theorem to establishing
uniform asymptotic stability of systems controlled
by model reference adaptive controllers designed
via approximate discrete-time plant models is pre-
sented.

1 Introduction

The prevalence of computer controlled systems and
the fact that the nonlinearities in the plant model
can often not be neglected strongly motivate con-
sideration of the class of nonlinear sampled-data
models. One of the main difficulties in dealing with
this class of models is that it is not clear what is
the model one should use when designing the con-
troller. For example, the exact discrete-time model
of this class of systems is typically not available
for the controller design and one can only use an
approximate model for this purpose.

This has motivated us to present checkable condi-
tions [4, 6] on the controller, approximate model
and the continuous-time plant model that guar-
antee that if the controller stabilizes the approx-
imate model then it would also stabilize the ex-
act discrete-time model in an appropriate sense
(semiglobal-practical) for sufficiently small sam-
pling periods. These results provide a framework
for controller design for sampled-data nonlinear
systems via their approximate discrete-time mod-
els. In particular, [4, Theorem 2| gives Lyapunov
like conditions on the approximate model to pro-
vide such a framework. It is the purpose of this
paper to extend the results in [4, 6] in the follow-
ing way. We prove a version of Matrosov’s theorem
for establishing uniform asymptotic stability using
several Lyapunov like functions that typically have
negative semi-definite first difference (in [4] and [6]
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we required a negative definite first difference of the
Lyapunov function; moreover in [4] we considered
only time-invariant systems).

The classical Matrosov theorem establishes UGAS
via two Lyapunov like functions (see [3], [9, The-
orem 5.5], [10, Theorem 2.5] and [7, Appendix]).
Certain extensions of Matrosov theorem can be
found in [12] and more recently in [1] where it was
shown how it is possible to combine an arbitrary
number of Lyapunov like functions to test UGAS of
time-varying continuous-time systems. Our main
result extends the main result from [1] to parame-
terized families of time-varying discrete-time sys-
tems that naturally arise when an approximate
discrete-time model is used to design a controller
for a sample-data system. An application to sys-
tems for which a model reference adaptive con-
troller is designed via an approximate discrete-time
model is presented (a continuous-time analogue of
this result can be found in [2]).

The paper is organized as follows. First, we present
preliminaries and definitions in Section 2. The
main result is presented and proved in Section 3.
Finally, in Section 4 we show how our result can be
used to analyze systems controlled by model refer-
ence adaptive controllers that are designed via their
approximate discrete-time plant models.

2 Preliminaries

We denote sets of real and integer numbers respec-
tively as R and Z. A function a : R>g — R>g
is said to be of class K (a € K), if it is continu-
ous, strictly increasing and zero at zero; o € K
if, in addition, it is unbounded. A function g :
R>g x R>g — Ry is of class KL if for all ¢ > 0,
B(,t) € K, for all s > 0, 8(s,) is decreasing to
zero. We denote by |-| the Euclidean norm of vec-
tors. Given arbitrary L > 0 and T > 0 we use the
following notation:

L L
= —_ = N <— .
1%s {TJ max{zEZ ZT}

Also, we denote Ba = {z : |z|] < A} and
H(5,A) :={z:6 < |z| <A}

Consider the class of parameterized time-varying
discrete-time systems:

2(k + 1) = Fr(k, (k) . (1)

These systems arise naturally when an approximate
discrete-time model of a sampled-data plant is used



to design a controller (see Section 4 and [4, 6] for
more details). The trajectory of the system (1) at a
time k starting at an initial time k, and emanating
from the initial state z, is denoted ¢r(k, ko, o).
Often ko, and z, are clear from the context and
we use the shorthand notation ¢r(k). T > 0 is a
parameter that can be arbitrarily assigned (most of
the time T represents the sampling period).

The following € — § stability definitions will be used
in the sequel.

Definition 1 Let v € Ky be given. The system
(1) is uniformly semiglobally practically asymptoti-
cally stable (USPAS) if for each pair of strictly pos-
itive real numbers (r, €) there exists L = L(r,e) > 0
and for each strictly positive (A,v) there exists
T = T*(A,v) > 0 such that for all ks > 0,
2(ko) = o, T € (0,T%) and r < A we have

wl A = |or(®)] < y(|zo]) + v,V > ko (2)
ol <7 = 167(R)] < e+ 1, Yk > ko + L1 1(3)

The system (1) is uniformly semiglobally asymptot-
ically stable (USAS) if for each A > 0 there exists
T = T*(A) > 0 such that ko > 0, (ko) = wo,
T € (0,T7*) and r < A the inequalities (2) and
(3) hold with v = 0. The system (1) is uniformly
globally asymptotically stable (UGAS) if there ex-
ists T* > 0 such that for all ko > 0, z(ko) = 2o,
T € (0, T*) the inequality (2) holds for all x, € R™
with v = 0 and (83) holds for all v > 0 and with
v=0.

The stability definitions in Definition 1 are suitable
for the purposes of our paper. However, in [4, 6]
we have used definitions that make use of KL func-
tions. These are presented next. As Proposition
1 below points out, the properties in Definitions 1
and 2 are equivalent.

Definition 2 Let § € KL be given. The system
(1) is B-uniformly semiglobally practically asymp-
totically stable (B-USPAS) if for each strictly pos-
itive (A, v) there exists T* = T*(A,v) > 0 such
that for all ke > 0, z(ks) = xo, with |zo| < A and
T € (0,T*) we have

[or (k)| < B(lzol, (k= ko)T) +v,Vk = ko (4)

The system (1) is B-uniformly semiglobally asymp-
totically stable (B-USAS) if for each A > 0 there
exists T* = T*(A) > 0 such that for all ks > 0,
z(ko) = o, with |zo] < A and T € (0,T*) the in-
equality (4) holds with v = 0. The system (1) is 8-
uniformly globally asymptotically stable (3-UGAS)
if there exists T* > 0 such that for all ks > 0,
(ko) = o, with xo € R™ and T € (0,T*) the
inequality (4) holds with v = 0.

The proof of the following result follows very sim-
ilar steps to the proof of [11, Proposition 1] and is
therefore omitted.

Proposition 1 The system (1) is:

1. UGAS iff there exists a continuous 3 € KL such
that (1) is B-UGAS;

2. USAS iff there exists a continuous 3 € KL such
that (1) is 3-USAS;

3. USPAS iff there exists a continuous § € KL
such that (1) is 3-USPAS.

We also need the following definition for the state-
ment of our main result.

Definition 3 Let v, € K be given. The sys-
tem (1) is said to be semiglobally bounded on com-
pact time intervals (SB) if for each triple of strictly
positive real numbers (A, L,0) there exists T* =
T*(A, L,§) > 0 such that for all ko > 0, x(ko) = xo
with |zo| < A and T € (0,T*) we have that trajec-
tories of (1) satisfy:

|07 (F)] < A(|lwo]) + (6T (k — ko)), (5)

for all k € [ko, ko + £r 1]. If for each A > 0 there
exists T* = T*(A) > 0 such that for all ko > 0,
x(ko) = xo with |zo] < A and T € (0,T*) the bound
(5) holds with § = 0 and for all k > ko, then the
system 1is uniformly semiglobally stable (USS). If
there exists T* > 0 such that for all ko > 0, x(ko) =
To with xo € R™ and T € (0,T*) the bound (5)
holds, with § = 0, then the system (1) is uniformly
globally stable (UGS).

3 A type of Matrosov Theorem

The following theorem is an adaptation of the
Matrosov Theorem given in [1] to parameter-
ized discrete-time time-varying systems that natu-
rally arise when one uses an approximate discrete-
time model of the sampled-data plant to design
a discrete-time controller. A comparison between
the statement of this theorem and the statement
of Corollary 2, the latter of which is essentially a
translation of the result in [1] to discrete-time, indi-
cates the complications that arise from considering
parameterized systems.

Theorem 1 The system (1) is USPAS if the fol-
lowing conditions hold:

1. The system (1) is SB.

2. There exist integers j,m > 0 and a real num-
ber T > 0 such that for each T € (O,T) and i €
{1,2,...,j} there exist functions Vi : RxR" — R,
xr : R x R" — R™ and continuous functions
Y; : R" x R™ — R and for each A > 0 there exists
w >0 such that

(a) for all T € (0,T), || <A and k € Z:

ma{[VE(k, )|, er (b0} < (6)
(b) For each integer k € {1,...
(2,6) € Ba x By, Yi(z,6) = 0,¥i € {1,... .k —1}
imply Yi(2,€) < 0. (¢) We have that
(2,€) € Ba x By, Yi(2,6) = 0,Vi € {1,... ,j}

,j} we have that



imply z = 0.

3. For each pair of strictly positive real numbers
(A,v) there exists T* > 0 such that for all T €
0,7%), i € {1,... ,7}, || < A and k € Z we have

that: AV
TT S K(anT(k7x)) +v )

where AVyp = Vi(k + 1, Fr(k,z)) — Vi(k, x).

Note that Condition 2 of Theorem 1 concerns only
the properties of the functions VI, yr and Y;
whereas Conditions 1 and 3 also involve the system
(1). The significance of Condition 2 is the conse-
quence given in the next proposition. (The proof is
the same as that for continuous-time systems, as in
[1], and thus is omitted.) This consequence is typi-
cally much more difficult to check than Condition 2
(see Example 1 which follows the proposition, and
also the discussion in [1]):

Proposition 2 Let A > 0 be given and let it gen-
erate (1 > 0 via Condition 2 of Theorem 1. Then,
for each 6 € (0,A) there exist o > 0 and numbers
K; >0,i=1,...,7—1 such that the function

j—1
Z(2,€) =Y KiYi(z,€) + Y;(2,€)
=1

satisfies for all (z,€) € H(0,A) X B,:

(0%
271"

Z(va) S -

Example 1 The following functions Y; will arise
in the analysis of the model reference adaptive
control problem Y1(z,£) = —as(z1); Ya(z,€) =
21los(2) + (o1 (D) + pa(lza D] ARG — IeP;
Y3(2,€) = €] + exp(Dpa(|z))pr(l21]) — 5allze]);
where p; : R>o — R>q are continuous, nondecreas-
ing, pi(0) =0 fori = 1,2, and az,«a are continu-
ous, positive definite. We note that, from the prop-
erties of as, Y1(z,£) < 0. Moreover, Y1(z,§) = 0
implies z7 = 0. Thus, from the properties of py
and p2, Y1(z,€) = 0 implies Ya(2,€) = —|¢* < 0.
In turn, Y1(2,€) = Y2(2,€) = 0 imply 21 = 0 and
€ = 0 and thus imply Y3(z,£) = —3a(z) < 0.
Thus Condition 2(b) of the Theorem is sat-
isfied. Finally, from the properties of «,
5/1(25,5) = }/2(275) = YS(Z’g) =0 4mply z = 0. So
Condition 2(c) of the Theorem is satisfied. On
the other hand, it is a nontrivial task to solve for
the numbers K; > 0 and o > 0 indicated in the
Proposition.

The following results are corollaries of the proof
used to establish Theorem 1.

Corollary 1 The system (1) is USAS if:

1. The system (1) is USS.

2. Condition 2 of Theorem 1 holds.

3. For each A > 0 there exists T* = T*(A) > 0

such that for all T € (0,T%), i € {1,...,5}, |z] <
A and k € Z the bound in Condition 3 of Theorem
1 holds with v = 0.

The following corollary is applicable to non-
parameterized discrete-time time-varying systems.
Indeed, we can write any non-parameterized sys-
tem z(k + 1) = f(k,x(k)) as a particular system
obtained from a parameterized family of systems
(1) with a fixed value of T, such as T'= 1. If all
conditions of the below given theorem hold for the
non-parameterized system then we can conclude
its UGAS. We are not aware of a reference that
presents Matrosov theorem for non-parameterized
systems. This result is interesting in situations
when the exact discrete-time model of the system is
known. Hence, the following result can be also re-
garded as a discrete-time (non-parameterized) ver-
sion of the continuous-time result [1, Theorem 1].

Corollary 2 The system (1) is UGAS if:

1. The system (1) is UGS.

2. Condition 2 of Theorem 1 holds.

3. There exists T* > 0 such that for allT € (0,T%),
ie{l,...,j}, x € R" and k € Z the bound in
Condition 8 of Theorem 1 holds with v = 0.

Proof of Theorem 1: We will establish the
characterization of USPAS given in Definition 1.
Namely, we will construct v € K, (in fact it comes
directly from Condition 1 of Theorem 1), and for
each pair of strictly positive real numbers (r,€) we
will construct L > 0 and for each pair of strictly
positive numbers (A, v) we will construct 7% > 0 so
that (2)-(3) hold. While the construction of L > 0
and T* > 0 is somewhat technical (see the calcula-
tions below) the main idea is this: We use Condi-
tion 1 of Theorem 1 to derive a bound like (2) on
finite time intervals, and we use Conditions 2 and
3 of Theorem 1 (and their consequence in Propo-
sition 2) to establish that trajectories converge to
a small neighborhood of the origin at the end of
the finite horizon. After this, an induction argu-
ment can be used to derive the bounds (2)-(3) for
all appropriate time steps.

Let v come from Condition 1 of Theorem 1. For
arbitrary a > b > 0 we define:

(a) 0(b) := 1/2y"1(b/2); 7#(a) := y(a) + 1. Note
that since v(s) > s, we have that 6(b) < b/4,
Vb > 0;

(b) Let 7(a) generate fi(a) via Condition 2 of The-
orem 1, with A = 7(a). Let #(a),i(a) and &(b)
generate K;(a,b) > 0 and &(a,b) via Proposition
2;

(c) Let

7(a,b) := fi(a,b) (1 + z_:f(i(a,b)> ;

=0



(d) Let L(a,b) be such that

27+ 15(a, b)

L(a,b) > a(a,b)

+1.

Note: For any positive numbers satisfying 0 <
b1 < by < as < a; we have that H(bz,az) -
H(b1, a1) and consequently we can choose the above
given numbers so that:

aa1,by) < alag,by)
i(a1,b1) = 7z, bs) (7)
E(a17b1) Z &(ag,bg) .

Using the above given functions we generate all the
numbers needed in the proof.

(i) Let (7, €) be strictly positive given numbers and
without loss of generality assume r > ¢;

(ii) Let &6y := d(e); r1 = 7(r), wa = f(r),
ar = a(re), K} = K;(r,e), q1 = 7j(r,e) and

K2

Ly := L(r¢);

(iii) Let (A, 1/) be given and let vy := v/2;

(iv) Let 8y = 0(11); A == F(A), py = fi
ag = a(A, ul) K? = K; (A1), m2 == (A
and L2 = L(A I/1),

(v) Define 7 := min{ay /27,11 /2,1};

(vi) Let (A, D) generate T} > 0 via Condition 3 of
the theorem:;

(vii) Let L := Ly + 1 and 7; be such that v; <
0 1(7)/L, where ¢ comes from Condition 1 of the
theorem;

(viii) Let (A, L, ) generate Ty > 0 via Condition
1 of the theorem:;

(ix) Let T* := min{T}, T3, T, 1}, where T comes
from Condition 2 of the theorem.

Before we proceed with the proof, note that if
|zo| < 01402 <A, T € (0,T%) and k € [ko, ko +
01, 7] the following holds:

lor(k)] < A(|zo]) +7 < (01 +02) +7
< 2 (3@ + ) + 2
< %+V1, (8)

where the last inequality follows from the weak
triangle inequality for the class K function -, i.e.
~v(a +b) < ~(2a) + v(2b),Va,b > 0.

As in Definition 1, A > r, T € (0,T*), ko > 0,
x(ko) = xo with |z,| < r and the corresponding
trajectory is denoted as ¢ (k). Now we consider
two cases € > v and € < v;.

Case 1: € > v;. We consider two sub cases |zo| <
91 + 02 and z, € H (01 + 02, 7).

Case la: |zo| < 01 + 09

From Condition 1 and the definitions (a), (ii), (iv)
and (v) and the inequality (8) we can write for all
k€ ko ko + L 1)

|¢T(k)| < 6/2+V1§6+V. (9)

Case 1b: o € H (61 + d2,7)
From r < A, Condition 1 of the theorem, (vii) and
(viil), we have for all k € [ko, ko + ¢1 7]:

[or(F)] < y(zo]) + (M T (k — ko))
< (o) + ( L)
< (o) +
< ’y(|xo|)+mln{lj21,l} ,  (10)

which together with (iv), (v) and (vi) implies that
d1(k) € By, € [ko, ko + (1 1).

We claim that there exists kT € [ko + 1, ko + £, 7]
such that

@7 (k)| < 01+ 02 . (11)

To prove this define the function Wr(k,z) :=
ST K}V (K, 2)+ Vi (k, ). From Condition 2 and
(ii) we have that for all (k,x) € Z x B,, that the
following holds:

(Wr(k, 2)] < (1 + ZK11> =m. (12)

=1

Moreover, since 0 < v1 < e < r < A, we have
that H(81,71) C H(d2,A) and we can always pick
ay,09, L1, Ly such that oy > as and Lo > Ly
(see (7) and the preceding text). Hence, for all
(k,x) € ZXxH (01 + d2,71) C Z x H(d1,71) we have
Z(z,xr(k,z)) < =572 and consequently:

AW
7 < Zaxr(ko) o
(651 (65
S Tty
aq
where AWy = Wr(k + 1, Fr(k,z)) — Wr(k, ).

Suppose for the purpose of showing contradiction
to (11) that for all k € [ko, ko + {1, 7] we have
|7 (k)| > 01 4 62 > 61. Then using (13) along the
trajectories of the system we can write:

Wr(k+1,0r(k+ 1)) - Wr(k,or(k) _ a1
T - 27
for k € [ko, ko + ¢1, 7). Adding both sides of the

above inequality for k € [ko, ko + ¢r,, 7 — 1] and
rearranging it we obtain:

T%ng,T < &VVT < 2m,

where AW = WT(k‘o + le’T,qu(ko + ELl,T)) —
Wi (ko, o). From our choice T* < 1 and definition
of £1, v we have that L; —1 < T, v and hence
we obtain §}(L; — 1) < 271, which contradicts our
choice of L1 in (ii) with (d).

Now the proof of (3) for € > vy is completed using
induction. We let for all initial states with |z,| <
01 + 62 that k7 = 0. There are two possibilities,



either |pr (k)| < 61+ 02 < e/d+wvy/4 for all k >k
or there exists ky > ki such that }d)T kg | > 01 +0o.
For definiteness assume that ko is minimum such
integer. Hence, we have that |¢7 (k)| < 61402, Vk €
[kf, ko—1] and ‘¢T ko) ‘ > 01+02. Then there exists
k3 € [ka+1, ka+£y, 7] such that the following hold:

lpr (k)| < (01 +d2) +11/2 < €/2 + v,

Vk € [ka, ko + 01, 7] (14)
lpr(k3)] < 61+ (15)

Indeed, (14) is proved using the same calculations
as in Case la starting at the initial state ¢z (ko —1)
and the fact that the bound in (9) holds on intervals
of length ¢ 1 (note also that since L = Ly +1 >
L1+1 and T* < 1, we have that £, > {r,, 7+1).
Inequality (15) is proved using the same calcula-
tions as in Case 1b starting from the initial state
é7(ks). One can generate a sequence of such inter-
vals and by induction we prove that:

To €By, k> ko+ Ll 7 = |or(k)| <e/24+14
<e+v, (16)

which shows that (3) holds since kf < ¢r, 7 and L
depends only on (r,¢€).

Since (16) holds for all e > vy and r < A,
it holds in particular for r = A and ¢ = vy.
Hence, for this choice we have from previous cal-
culations that: |z.| < Ak € [ko, ko + {L, 7] im-
ply |¢r (k)] < y(lzo]) + 11 < y(|zo]) + v; and
|Io| < A)k > ko +€L27T lmply |¢T(k)| < 2Vl =V
which shows that (2) holds.

Case 2: ¢ < v1. Again since the above calculations
hold for all € > vy, they hold, in particular, for
€ =11. Let Ly := E(r, v1). Then, since € < v; we
can write using (8) that for all k > ko + {p,

|¢T(k)‘ §6/2+V1 §1/1/2+l/1 <211 =vV.

Note that the time ¢; r needed for ¢r(k) to con-
verge to the ball B, ;. is smaller than the time 1,
needed to converge to the ball By,, = B,. This
completes the proof of (3).
4 Application to MRAC via approximate
models

We consider the problem of sampled-data, adaptive
tracking control (sometimes called model reference
adaptive control or MRAC for nonlinear systems in
the form

E=F(O) +9(&) [uth(©)Te] . (17)

The parameter vector 6 is unknown. The functions
f,g and h are supposed to be locally Lipschitz. We
will assume we can find a family of certainty equiv-
alence discrete-time, tracking feedback laws for the
Euler approximation of the system (17):

§k+1) = &k)+Tf(ER) (18)
+Tg(E(K))) [ulk) + h(E(K)) 0] -

In other words, we will assume:

Assumption 1 For a given family of uniformly
bounded reference state trajectories &, satisfying

&Erlk+1) =& 7r(k)+Ts(&r(k),k,T) (19)

for some function s, there exists a family of feed-
backs u(§, &1, T) such that, with the definition,
Pr(k,e) = e+ T[f(e+ & (k) +g(e+&r(k))ii(e+
&r(k), & k), T) — s(& (k) k,T)], there exist
a1,02,04 € Koo and a continuous positive definite
ag : R — R>q such that for every pair of strictly
positive real numbers (ﬁ, v, 1) there exists T* > 0
and for each T € (0,T*) there exists Wy : Z x R"
such that the following hold:

ar(le]) < Wr(ke) < as(lel)
WT(k +1, FT(/;:e)) — WT(k,e) < —623(6) >
IVeWr(k,e)] < aulle]) + 5,

Jor all T € (0,T%), k>0, |e| < A.

Under this assumption, we will implement the fol-
lowing discrete-time controller

u(k) = a(€(k), & r (k) — h(E(R)) TO(k) (20)
O(k +1) = 6(k) = Th(E(k)g T (£(k)VeWr(k) (21)

where V. Wr(k) := V . Wr(k, Fr(k,§(k) —&.1(k)))
For the purposes of obtaining USPAS, we will as-
sume the following persistency of excitation condi-
tion:

Assumption 2 There exists T* > 0, L > 0 and
> 0 such that, for allk € Z and T € (0,T%), we
have

k+lr T

T Z frT

Under Assumptions 1 and 2, and with the defini-
tions: x1 := & — &5 w2 = 0 — 0; x = [z1 2]
A:= ATk, z) := FT(#M B := B(T,k,x) :
g1 + &r(E)h(z1 + &r(k) Tz Bo =
Bo(T,k,x9) := B(T,k,x)|z,=0; C := C(T,k,z) :=
~hT(x1 + &r(k)glrr + &r(R)TV WL (B +
1,FT(/{‘,$1)); Bj_ = B:(T7k7$2) = BO(T,]C +
1,29+TC(T, k,x)); the Euler approximation of the
closed-loop system consisting of (18), (19), (20) and
(21) in (z1, z2) coordinates has the form

(i) 22| 2 plza| . (22)

zi(k+1) = w(k)+TAT k,x(k)) (23)
YTB(T, k, (k)
xo(k+1) = xo(k)+TC(T, k,x(k)) (24)

and the following three properties hold:

Property 1 There exist ay, s € Koo and a con-
tinuous positive definite oz @ R™ — Rsg such
that for every pair of strictly positive real numbers
(A, v) there exists T* > 0 and for each T € (0,T*)



there exists Vi : Z x R™ such that the following
hold:

ar(lz]) < Vr(k,z) < as(|z])
Vr(k+ 1,FT(k;x)) — Vr(k,z) < —aslm) 4,
for all T € (0,T*), k>0, |z| < A.

Property 2 There exist continuous nondecreasing
functions p; : R>g — Rsg,i = 1,2,3 such that
pi(0) = 0,i = 1,2 and for any strictly positive num-
bers Uy, Do, U3 there exists T > 0 such that for all
T c(0,T), k>0 and z € R" we have:

‘B:’_ - Bo|
’ T

max{|Bo|,\B: < pa(lal) + 7

|Bo(T, k,x9 + TC) — B
T

< pa(|z])pr(|z1]) + D2

|B = Bo| < ps(|z])par(|2]) + v2 (25)

max{[Al, |C1} < pa(|a])p(le1 ) + 75

Property 3 There exists a continuous, positive
definite function o : Rsg — Rso, and T > 0 such
that for all x5 € R™, T € (0,T) and k > 0 we have
Ty 52, e =T By(T,i,22)| > a(|za]).

The reason why we introduce Properties 1-3 is be-
cause the main result of this section (Theorem 2
given below) applies to more general problems than
the MRAC problem we introduced in the begining
of this section. Moreover, it is obvious that As-
sumption 2 implies Property 3 and we can further
prove the following:

Proposition 3 If Assumption 1 holds with W
such that V . Wr is locally Lipschitz, uniformly in
small T'. Then Property 1 holds for the system
(18), (19), (20) and (21) (in (z1,x2) coordinates)
with Vi (k, z) = Wr(k, 1) + $28zs.

Proposition 4 If Assumption 1 holds with Wy
such that ¥V . Wrp is locally Lipschitz, uniformly in
small T. Then Property 2 holds for the system
(18), (19), (20) and (21) (in (x1,x2) coordinates).

Remark 1 The condition stated in Property 3 is
like the so called uniform § persistency of excitation
(ud-PE) that was introduced in [8] (see also [1, 2]
for more recent developments using this notion,).

We can now establish the following result which
covers the solution to the MRAC problem (the
proof is omitted for space reasons):

Theorem 2 Suppose that Properties 1, 2 and 3
hold. Then the system (23), (24) satisfies all con-
ditions of Theorem 1 and hence it is USPAS.

Finally, using [4, Theorem 2] and conclusion of
Theorem 2, we can conclude that the sampled-data
system consisting of continuous-time dynamics (17)
and discrete-time controller (20) and (21) that are
interconnected via a sampler and zero-order-hold is

USPAS.

5 Conclusions

We presented a Matrosov theorem for parameter-
ized discrete-time time-varying models that facil-
itates controller design for sampled-data nonlin-
ear systems via their approximate discrete-time
models. Our main theorem is an analogue of
the continuous-time result in [1] that generalized
the classical Matrosov theorem for continuous-time
systems. We presented an application of our results
to a class of models that arise when an approximate
discrete-time model of the plant is used to design
a model reference adaptive controller.
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