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ABSTRACT
We extend our recent study of winding number density statistics in Gaussian random matrix ensembles of the chiral unitary (AIII) and
chiral symplectic (CII) classes. Here, we consider the chiral orthogonal (BDI) case which is the mathematically most demanding one. The
key observation is that we can map the topological problem on a spectral one, rendering the toolbox of random matrix theory applicable. In
particular, we employ a technique that exploits supersymmetry structures without reformulating the problem in superspace.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0164352

I. INTRODUCTION
The topological classification of spectrally gapped Hamiltonians plays a major role in contemporary condensed matter physics. This is

due to the possible emergence of localized states at the boundary of the system, which arrive with a certain robustness against perturbations.1–5

The number of edge states is related to a topological invariant that is defined for the closed system with periodic boundary conditions, referred
to as the bulk. This relation is known as bulk-boundary correspondence and has been proven recently to have far-reaching validity.6,7

The symmetries of the system play an important role for the existence of a non-trivial topology, and hence of edge states. The presence
of disorder, i.e., spatially inhomogeneous perturbations of the system parameters, excludes spatial symmetries, such as rotations. There are
ten remaining symmetry classes, summarized in the tenfold way classification.8,9 In its framework, it can be predicted whether a non-trivial
topology is possible in dependence of the symmetry class and the dimension of the system,10,11 see Ref. 12 for an overview.

Chiral symmetry is one of the symmetries of the tenfold way classification. It finds its origin in quantum chromodynamics, where the
chiral symmetry of the Dirac operator is broken by the quark masses and is restored in the high temperature limit. In condensed matter systems
it appears either as a combination of time reversal invariance and a particle-hole constraint13 or as a sublattice symmetry.14,15 Assuming chiral
symmetry, one can further distinguish between three different chiral symmetry classes based on time reversal invariance: the chiral unitary
class with broken time reversal invariance, and the time reversal invariant chiral orthogonal and chiral symplectic classes (labeled AIII, BDI,
and CII, respectively, in the tenfold way).

In one-dimensional chiral symmetric systems the pertinent topological invariant is the winding number.15,16 In general, the topological
invariant is sensitive to the disorder configuration, which motivates a statistical description in which the invariant becomes a random vari-
able. We simulate disorder by setting up a parametric random matrix model for the Hamiltonian, in which we want to analyze the winding
number statistics. Random matrix theory is known to successfully model universal properties in systems with a sufficient degree of com-
plexity in the limit of large matrix dimensions.17,18 Our work is preceded by the fruitful application of chiral random matrices in quantum
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chromodynamics19–26 and of parametric random matrices in disordered systems.27–29 But unlike these earlier results using similar random
matrix models, we are not investigating spectral properties, but topological ones. This paper ties in directly with our previous works, where
we analyzed the statistics of the winding number in the chiral classes AIII and CII.30,31 Here, we want to catch up on the chiral orthogonal
class BDI.

Our goal is to calculate averages over ratios of determinants with parametric dependence. These will serve as generators for the
winding number statistics. The problem is related to averaging ratios of characteristic polynomials, which is a common task in random
matrix theory,32–43 because they entail information about the spectral statistics. Correspondingly, powerful methods, like the supersymmetry
method,44 have been developed to treat such ensemble averages. In this way, we are mapping a topological problem to a spectral one.

In this study, just as we did in Ref. 31, we employ a technique introduced by two of the present authors.34,35 It establishes exact expressions
for the ensemble averages while also revealing supersymmetric structures without actually mapping to superspace. For this reason it has been
coined supersymmetry without supersymmetry. The resulting expressions are determinants in the unitary case and Pfaffians in the orthogonal
and symplectic case containing simplified averages of only two determinants. The remaining task is to calculate these simplified averages over
the corresponding random matrix ensemble, which is the step we show in this paper.

The outline of the paper is as follows: in Sec. II we set up the random matrix model and define the problem we want to solve. In Sec. III
we present our results, while Sec. IV contains the derivations. We relegated some details to the Appendixes A–C. In Sec. V we conclude our
study.

II. POSING THE PROBLEM
Formally, chiral symmetry of a Hamiltonian H can be expressed as

{𝒞, H} = 0 with 𝒞2
= 𝟙, (1)

where {,} denotes the anticommutator and 𝒞 is the chiral operator. In its eigenbasis it reads as

𝒞 =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝟙 0

0 −𝟙

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(2)

and the Hamiltonian takes a block off-diagonal form

H =
⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 K

K† 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (3)

where the matrix K and its Hermitian adjoint K† have dimension N ×N. We want to consider the chiral orthogonal symmetry class, labeled
BDI in the tenfold way. In this class the time reversal operator 𝒯 is given by a complex conjugation, such that 𝒯 2

= +1, and the Hamiltonian
fulfills the equation

𝒯H𝒯 −1
= H∗ = H, (4)

with (⋅)∗ being the complex conjugation. This renders H and K real symmetric and real, respectively. In random matrix theory this case is
usually labeled as β = 1, where the Dyson index β is the dimension of the underlying number field. Correspondingly, class AIII, featuring
complex entries and class CII, featuring quaternion entries are labeled by β = 2 and β = 4, respectively.

In the following we choose the dimension N of the off-diagonal blocks as even. This is due to technical reasons, that exist exclusively for
the orthogonal case. However, this does not interfere with our goal to uncover universal behaviour in the large N limit as is outlined in more
detail further below.

Drawing all independent elements of H from a Gaussian probability distribution leads to the chiral Gaussian orthogonal ensemble
(chGOE), while at the same time K can be viewed as a member of the real Ginibre ensemble.45 The matrix probability densities of these
ensembles are invariant under orthogonal transformations.

To examine topological properties we endow the Hamiltonian with a parametric dependence, H = H(p) and thus K = K(p), that we
assume to be periodic H(p + 2π) = H(p). Physically, the parametric dependence emerges naturally when H(p) is interpreted as a Bloch
Hamiltonian that is obtained as the Fourier transform from real space to momentum space.12,46 The parameter p is then referred to
as a (quasi-)momentum taking its values in the one-dimensional Brillouin zone [0, 2π). Upon time reversal the parametric dependence
behaves as

𝒯K(p)𝒯 −1
= K∗(p) = K(−p). (5)

Consequently, K(p) will be complex in general and real only at the time reversal invariant momenta p = 0 and p = π, where p corresponds to
−p due to the 2π-periodicity. Then also H(p) will be non-real, despite being in the class BDI.

J. Math. Phys. 64, 111902 (2023); doi: 10.1063/5.0164352 64, 111902-2

© Author(s) 2023

 23 January 2024 02:25:52

https://pubs.aip.org/aip/jmp


Journal of
Mathematical Physics ARTICLE pubs.aip.org/aip/jmp

The pertinent topological invariant in the chiral classes AIII, BDI, and CII is the winding number of det K(p) around the origin. It can
be expressed as the integral15,16

W =
1

2πi∮det K(p)

dz
z
=

1
2πi

2π

∫

0

dp w(p), (6)

where the logarithmic derivative

w(p) =
d

dp
ln det K(p) =

1
det K(p)

d
dp

det K(p) (7)

is the winding number density. The integral (6) is an integer as can be shown by invoking Cauchy’s argument principle when writing the
integral as a contour integral in eip, see Ref. 47. The real- and imaginary parts of w(p) have different interpretations. While the real part
describes the radial part of det K(p) and always integrates to zero over a closed contour, the imaginary part describes its angle. Therefore the
latter would be sufficient to define the winding number.

In Fig. 1 we illustrate the spectral flow of K(p) = cos(p)K1 + i sin(p)K2 with generic real K1, K2 ∈ R4×4. We plotted the eight real eigen-
values of the Hamiltonian H(p), showing a reflection symmetry at E = 0 due to chiral symmetry, and the four complex eigenvalues of K(p) as
well as the determinant det K(p). Due to level repulsion no degeneracies occur in the spectrum of H(p), which implies that each eigenvalue
is a 2π-periodic function. This is not the case for the complex eigenvalues of K(p), which may experience a permutation when running from
p = 0 to p = 2π, as can be observed in Fig. 1. However, the determinant of K(p) is always a 2π-periodic function and therefore suitable to
define a winding number. For our specific choice of the parametric dependence we have K(p + π) = −K(p), which restricts the amount of
times det K(p) winds around the origin to be an even resp. odd number for even resp. odd matrix dimensions. This symmetry does not exist
in general as we also illustrated in Fig. 1 by means of another random matrix field K(p) = (a1 + a2eip

+ a3e2ip
+ a4e3ip

)K1 + (b1 + b2eip
+ b3e2ip

+ b4e3ip
)K2 with generic real K1, K2 ∈ R4×4 and real coefficients aj and bj. In this example we find an odd winding number.

The constraint (5) is also reflected in the spectral flow of the Hamiltonian when considering the symmetry class CII, like we did in
Ref. 31. The Bloch Hamiltonian becomes self-dual at the time reversal invariant momenta and therefore its eigenvalues show Kramers’
degeneracy at these points on the parameter manifold.

The simplest choice for a non-trivial parametric dependence on a one-dimensional manifold is the random matrix field

K(p) = a(p)K1 + b(p)K2, (8)

where a(p) and b(p) are smooth 2π-periodic and not simultaneously vanishing complex-valued functions and K1 and K2 are real Ginibre
matrices. For notational reasons we gather the coefficient functions in a complex two-dimensional vector

v(p) = (a(p), b(p)) ∈ C2
/{0}. (9)

In our case, where time reversal invariance is present, condition (5) translates to

v∗(p) = v(−p). (10)

However, the expressions we derive below remain valid for arbitrary non-zero a(p) and b(p). Therefore, our results may be of interest even
if p is not interpreted as a (quasi-)momentum.

We denote an average over the Ginibre matrices K1 and K2 as

⟨F⟩ = ∫ d[K1, K2]P(K1)P(K2)F(K1, K2). (11)

Our goal is to compute the ensemble average over a ratio of determinants

Z(1,N)
k∣l (q, p) = ⟨

∏
l
j=1 det K(pj)

∏
k
j=1 det K(qj)

⟩. (12)

The superscript refers to the Dyson index β = 1, i.e., it defines the symmetry class, and the dimension N of the block matrix K(p). Although
we are only interested in the case k = l we employ the more general definition with k ≠ l as this function can be traced back to averages of only
two determinants for which k + l = 2. This is shown in Sec. IV, see also Refs. 34 and 35 for more details and the derivation of this result. This
quantity is the key to the winding number statistics in form of the k-point correlation of winding number densities

C(1,N)
k (p1, . . . , pk) = ⟨w(p1) ⋅ ⋅ ⋅w(pk)⟩, (13)

generated by taking the derivative of (12)

C(1,N)
k (p1, . . . , pk) =

∂k

∏
k
j=1 ∂pj

Z(1,N)
k∣k (q, p)

RRRRRRRRRRRq=p

. (14)
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FIG. 1. A realization of a BDI Hamiltonian with K(p) = cos(p)K1 + i sin(p)K2 and some fixed 4 × 4 real matrices K1 and K2. The top left plot shows the real eigenvalues
of H(p), the top right one shows the generically complex eigenvalues of K(p), and the bottom left plot depicts the determinant det K(p). The bottom right plot shows the
determinant of a different random matrix field K(p) = (a1 + a2eip

+ a3e2ip
+ a4e3ip

)K1 + (b1 + b2eip
+ b3e2ip

+ b4e3ip
)K2 with fixed 4 × 4 real matrices K1 and K2 and real

coefficients aj and bj . All plots show the parametric dependence in p ∈ [0, 2π) where we have employed the step size 2π/100 and a B-Spline to obtain the curves. In the
parametric plots the starting points p = 0 are marked by black points and the directions are marked by a color gradient resp. arrows.

We relegate the evaluation of these derivatives and taking the large N limit in order to reveal universal properties of the statistics to a
subsequent paper.

III. RESULT
It is well known that the orthogonal case (as well as the symplectic one) is described by a Pfaffian point process.17 This means that the

eigenvalue correlations can be written as a Pfaffian of an ensemble dependent kernel function. This will also be reflected in our results. Via
the methods developed in Refs. 34 and 35 the ensemble average (12) for the two matrix model (8) evaluates to a Pfaffian

Z(1,N)
k∣k (q, p) =

1

det [ 1
ivT
(qm)τ2v(pn)

]
1≤m,n≤k

Pf

⎡
⎢
⎢
⎢
⎢
⎢
⎣

K̂1(pm, pn) K̂2(pm, qn)

−K̂2(pn, qm) K̂3(qm, qn)

⎤
⎥
⎥
⎥
⎥
⎥
⎦1≤m,n≤k

(15)
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of a k × k-matrix with 2 × 2 blocks. We chose the sign of the Pfaffian as

Pf[iτ2, iτ2, . . . , iτ2] = 1, (16)

where τ2 is the second Pauli matrix. The blocks are the three kernel functions

K̂1(pm, pn) =
N(N − 1)

4π
ivT
(pn)τ2v(pm)[vT

(pm)v(pn)]
N−2

,

K̂2(pn, qm) =
1

ivT
(pn)τ2v(qm)

N(N − 1)
4π

(
vT
(pn)v(pn)

ivT
(pn)τ2v(qm)

)

N

× ∫

C2

d[z] zN−2
1 g(1,N)

(z1, z2)(z2 +
vT
(pn)v(qm)

ivT
(pn)τ2v(qm)

)

−1

,

K̂3(qm, qn) =
1

[b(qm)b(qn)]
N

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∫

C2

d[z]
g(1,N)

(z1, z2)

(a(qm) + b(qm) z1)(a(qn) + b(qn) z2)

−
N(N − 1)

4π ∫

C4

d[z]
(z3 − z1)(z1z3 + 1)N−2

(a(qm) + b(qm) z2)(a(qn) + b(qn) z4)
g(1,N)

(z1, z2)g(1,N)
(z3, z4)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(17)

which are calculated in Sec. IV. We made use of the notation (9), which, except for the third kernel function, nicely reflects a symmetry of our
random matrix field, that we will illuminate more closely in a moment. The antisymmetric function

g(1,N)
(z1, z2) =

∣z2 − z1∣

z2 − z1

B(1/2, (N + 1)/2)δ(y1)δ(y2) + 2δ(x1 − x2)δ(y1 + y2)Q(z1, z∗1 )

[(1 + z2
1)(1 + z2

2)]
(N+1)/2 (18)

directly emerges from our random matrix problem as part of a joint eigenvalue probability density. For the complex integration variables we
use the notation zj = xj + iyj with x j , y j ∈ R. Furthermore, a lower incomplete Beta function appears in our results

Q(z, z∗) = B
⎛

⎝

4y2

∣1 + z2
∣
2
+ 4y2

; 1/2, (N + 1)/2
⎞

⎠
,

B(x; a, b) =
1

∫
x

dt ta−1
(1 − t)b−1

= 2
∞

∫
√

x
1−x

dt
t2a−1

(1 + t2
)

a+b , with x ∈ [0, 1],

B(0; a, b) = B(a, b) =
Γ(a)Γ(b)
Γ(a + b)

.

(19)

Inserting (18) into the second and third kernels yields the full expressions

K̂2(pn, qm) =
1

ivT
(pn)τ2v(qm)

N(N − 1)
2π

(
vT
(pn)v(pn)

ivT
(pn)τ2v(qm)

)

N

×

⎡
⎢
⎢
⎢
⎢
⎣

(−1)N/2π B(1/2, N+1
2 )

N − 1
(
(N − 1)/2

N
)2F1
⎛

⎝
1,

N + 1
2

; N + 1; 1 + (
vT
(pn)v(qm)

ivT
(pn)τ2v(qm)

)

2
⎞

⎠

+ i∫
C

d[z]
zN−2 sgn(Im z)Q(z, z∗)

∣1 + z2
∣
N+1 (z∗ +

vT
(pn)v(qm)

ivT
(pn)τ2v(qm)

)

−1⎤
⎥
⎥
⎥
⎥
⎦

(20)
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with the hypergeometric function 2F1 and

K̂3(qm, qn) =
1

[b(qm)b(qn)]
N

⎡
⎢
⎢
⎢
⎢
⎣

∫

R

dx
r(x, v(qn))

(a(qm) + b(qm)x)
+ ∫

C

d[z]
s(z, z∗, v(qn))

(a(qm) + b(qm)z)

⎤
⎥
⎥
⎥
⎥
⎦

−
N(N − 1)

2π[b(qm)b(qn)]
N−1

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∫

R2

d[x]r(x1, v(qm))r(x2, v(qn))(x2 − x1)(x1x2 + 1)N−2

+ ∫

R

dx∫
C

d[z]det

⎡
⎢
⎢
⎢
⎢
⎢
⎣

r(x, v(qm)) s(z, z∗, v(qm))

r(x, v(qn)) s(z, z∗, v(qn))

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(z − x)(zx + 1)N−2

+ ∫

C2

d[z]s(z1, z∗1 , v(qm))s(z2, z∗2 , v(qn))(z2 − z1)(z1z2 + 1)N−2
⎤
⎥
⎥
⎥
⎥
⎥
⎦

(21)

with the functions

r(x, v(q)) = B(1/2, (N + 1)/2)∫
R

dx′
sgn(x′ − x)

(a(q) + b(q)x′)[(1 + x2
)(1 + x′2)](N+1)/2 ,

s(z, z∗, v(q)) =
2isgn(Im z)Q(z, z∗)

(a(q) + b(q)z∗)∣1 + z2
∣
N+1 .

(22)

These expressions still contain integrals over up to four real dimensions. A further analytic computation of them is difficult due to the
singularities appearing at various points in the complex plane. However, an evaluation in the large N limit, which is our ultimate goal for the
correlation function (13), should be feasible.

IV. DERIVATION
We start by highlighting a symmetry of the parametric matrix model (8), that we will use to simplify the necessary integrals. We continue

by tracing the averages over the Ginibre ensembles back to an average over another random matrix ensemble. Then we give the expressions
for the three kernel functions, as obtained from the supersymmetry without supersymmetry technique and calculate those one by one.

The matrices K1 and K2 are drawn from a real Ginibre distribution, i.e., their joint matrix distribution is

P(K1)P(K2) = (2π)−N2

exp [−
1
2

tr (K1KT
1 + K2KT

2 )]. (23)

This function is invariant under O(2) transformations

K̂ =
⎡
⎢
⎢
⎢
⎢
⎢
⎣

K1

K2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

→ [U ⊗ 𝟙N]

⎡
⎢
⎢
⎢
⎢
⎢
⎣

K1

K2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (24)

where U ∈ O(2) acts on the two component matrix valued vector K̂. This invariance is inherited by the vectors v(p)

K(p) = a(p)K1 + b(p)K2 = vT
(p)K̂. (25)

Assuming for the moment b(p) ≠ 0, we may rephrase the random matrix field

K(p) = a(p)K1 + b(p)K2 = b(p)K1(κ(p)𝟙N + K−1
1 K2), with κ(p) =

a(p)
b(p)

, (26)

such that the generating function becomes

Z(1,N)
k∣k (q, p) =

⎛

⎝

k

∏
j=1

b(pj)

b(qj)

⎞

⎠

N

⟨
k

∏
j=1

det (κ(pj)𝟙N + K−1
1 K2)

det (κ(qj)𝟙N + K−1
1 K2)

⟩. (27)
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The random matrix Y = K−1
1 K2 defines the real spherical ensemble, which was studied in Ref. 48. The spherical ensemble is also well studied

for the complex and the quaternion case, see Refs. 49 and 50, which contain the results we used for our studies in the cases AIII and CII.30,31

Its matrix probability density function in the real case is

G̃ (1,N)
(Y) = π−N2

/2
N

∏
j=1

Γ((N + j)/2)
Γ(j/2)

1
N

det (𝟙N + YYT
)

. (28)

Unfortunately, in the literature the joint probability density of the eigenvalues (z1, . . . , zN) ∈ [C/{0}]N exists only in a form, that is
impractical for our purpose. Therefore we derive in Appendix A the following expression for N even

G(1,N)
(z) = C(N)ΔN(z)

N/2

∏
j=1

g(1,N)
(z2j−1, z2j),

C(N) =
2−N/2π−N/4

(N/2)!

N

∏
j=1

Γ((N + j)/2)
Γ(j/2)

N/2

∏
j=1

Γ((N + 1)/2)Γ(N/2 + 1)
Γ(N + 1/2 − j)Γ(N + 1 − j)

(29)

with the antisymmetric function (18). The eigenvalues of a real matrix are either real or come in complex conjugated pairs, which is what
(18) describes. Although the part of this function concerning the complex eigenvalues is complex valued, the full joint eigenvalue probability
density will be real as the corresponding phases drop out when considering the product with the Vandermonde determinant.

Only in the odd dimensional case we have to supplement this with an additional function for the unpaired eigenvalue, that must be
real. This would complicate our already cumbersome expressions even more, which is why we decided to limit ourselves to the even case.
This restriction is not an obstacle to our plan to deduce universal statistics in the large N limit as the number of expected real eigenvalues is
asymptotically given by

√
πN/2, regardless of the parity of N.48

In the supersymmetry without supersymmetry technique34,35 one starts from integrals in a joint eigenvalue density. These can be refor-
mulated by introducing superspace Jacobians, which in the present case are mixtures of Vandermonde and Cauchy determinants. This allows
the application of a generalized version of de Bruijn’s integration theorem35,51 resulting in a high dimensional block structured Pfaffian. After
reducing the dimensionality by working out the Schur complement, the blocks of the Pfaffian can be identified as simplified averages over
only two determinants.

Applying this method to (27) yields

Z(1,N)
k∣k (q, p) =

1
√

Ber(2)k∣k (κ)
Pf

⎡
⎢
⎢
⎢
⎢
⎢
⎣

K(1)1 (pm, pn) K(1)2 (pm, qn)

−K(1)2 (pn, qm) K(1)3 (qm, qn)

⎤
⎥
⎥
⎥
⎥
⎥
⎦1≤m,n≤k

, (30)

where the kernel functions are the simplified averages

K(1)1 (pm, pn) = [κ(pn) − κ(pm)][b(pm)b(pn)]
N Z̃(1,N−2)

0∣2 (pm, pn),

K(1)2 (pn, qm) = (
b(pn)

b(qm)
)

N Z̃(1,N)
1∣1 (qm, pn)

κ(qm) − κ(pn)
=

Z(1,N)
1∣1 (qm, pn)

κ(qm) − κ(pn)
,

K(1)3 (qm, qn) =
κ(qn) − κ(qm)

[b(qm)b(qn)]
N Z̃(1,N+2)

2∣0 (qm, qn).

(31)

We define for l − k even and 2M + l − k ≤ N

Z̃(1,2M)
k∣l (q, p) =

1
M!Pf D(2M+l−k)

× ∫

C2M

d[z]Δ2M(z)
M

∏
j=1

g(1,N)
(z2j−1, z2j)

2M

∏
j=1

∏
l
n=1 (κ(pn) + zj)

∏
k
m=1 (κ(qm) + zj)

(32)

with the moment matrix

D(d) = [Dab]1≤a,b≤d,

Dab = ∫ d[z]g(1,N)
(z1, z2) (za−1

1 zb−1
2 − zb−1

1 za−1
2 ) = 2∫ d[z]g(1,N)

(z1, z2) za−1
1 zb−1

2 .
(33)
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The Berezinian is a superspace analogue to the Jacobian. In this case it is given by a Cauchy determinant34,52

√

Ber(2)k∣k (κ) = det [
1

κ(qm) − κ(pn)
]

1≤m,n≤k
. (34)

In the following subsections we calculate more explicit expressions of the kernels (31). Furthermore, to arrive at the results (15) and (17) one
has to rearrange some factors in order to highlight the symmetry (24) of our problem.

A. The kernel K(1)1

The first kernel is determined by Z̃(1,N−2)
0∣2 (pm, pn), which is related to Z(1,N−2)

0∣2 (pm, pn). For the latter function we can use the O(2)-
symmetry to reduce the amount of determinants in the average by one. We obtain the proper normalization via the limits

lim
κ(p)→∞

Z̃(1,N−2)
0∣2 (pm, pn)

[κ(pm)κ(pn)]
N−2 =

Pf D(N−2)

Pf D(N)
, lim

a(p)→∞

Z(1,N−2)
0∣2 (pm, pn)

[a(pm)a(pn)]
N−2 = ⟨det2K1⟩. (35)

These limits are equivalent because κ(p) = a(p)/b(p) is directly proportional to a(p), see (26). Therefore the functions are related by

Z̃(1,N−2)
0∣2 (pm, pn) =

Pf D(N−2)

Pf D(N)
1

⟨det2K1⟩

Z(1,N−2)
0∣2 (pm, pn)

[b(pm)b(pn)]
N−2 . (36)

Here and also in the following equation, the angular brackets denote an average over the (N − 2)-dimensional real Ginibre ensemble,
see Eq. (11). Now let a1, b1, a2, b2 ∈ R and

Ξ1 =
⟨det (a1K1 + b1K2)det (a2K1 + b2K2)⟩

⟨det2K1⟩
. (37)

This function is a polynomial in a1, b1, a2, b2 and can thus be analytically continued to the partition function Z(1,N−2)
0∣2 (pm, pn), that has, in

general, complex coefficients. We are now finally in the position to exploit the O(2)-symmetry as we are allowed to rotate only real vectors.
We use

U =
1

√
a2

1 + b2
1

⎡
⎢
⎢
⎢
⎢
⎢
⎣

a1 −b1

b1 a1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

∈ SO(2) (38)

yielding

Ξ1 =
(a1b2 − b1a2)

N−2

⟨det2K1⟩
∫ d[K1]d[K2]P(K1)P(K2)det2K1 det(

a1a2 + b1b2

a1b2 − b1a2
+ K−1

1 K2). (39)

Up to the factor det2K1 appearing in the integrand this is almost an integral over the spherical ensemble. In fact, this type of measure leads to a
generalized form of the spherical ensemble of matrices K−1

1 K2, where one or both of K1 and K2 are drawn from a deformed Ginibre ensemble

Pμ(K) = 2−Nμ
(2π)−N2

/2
N

∏
j=1

Γ(j/2)
Γ(μ + j/2)

exp(−
1
2

tr KKT
)detμKKT. (40)

Matrix ensembles of such kind are called induced spherical ensembles. They are well studied for β = 1, 2, 4, see Refs. 53–55. In Appendix B we
show that the characteristic polynomial of the real spherical ensemble, induced or not, is given by a monomial. Thus, we find

Ξ1 = (a1a2 + b1b2)
N−2 (41)

and the partition function Z(1,N−2)
0∣2 (pm, pn) has the form

Z(1,N−2)
0∣2 (pm, pn)

⟨det2K1⟩
= [a(pm)a(pn) + b(pm)b(pn)]

N−2
= vT
(pm)v(pn), (42)
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which is indeed O(2)-invariant. The Pfaffians of the moment matrix can be related to the normalization of an induced spherical ensemble.
This is covered in Appendix A. We find

Pf D(N−2)

Pf D(N)
=

N(N − 1)
8π

(43)

and altogether for the first kernel

K(1)1 (pm, pn) =
N(N − 1)

8π
b(pm)b(pn)[a(pn)b(pm) − a(pm)b(pn)]

× [a(pm)a(pn) + b(pm)b(pn)]
N−2

=
N(N − 1)

8π
b(pm)b(pn) ivT

(pn)τ2v(pm)[vT
(pm)v(pn)]

N−2,

(44)

which by itself is not O(2)-invariant, just as the other kernels (31) will not be. However, the final expression for Z(1,N)
k∣k (q, p) will be, because

the non-invariant prefactor will be compensated.

B. The kernel K(1)2

The second kernel is essentially the generator Z(1,N)
1∣1 (qm, pn) of the one-point function. Once again we want to apply the O(2)-symmetry

to eliminate one of the determinants, for this purpose we consider

Ξ2 = ⟨
det (a1K1 + b1K2)

det (a2K1 + b2K2)
⟩. (45)

This function is a polynomial in a1, b1 and non-holomorphic in a2, b2. Therefore we may apply our arguments only to the numerator and have
to set a1, b1 ∈ R and a2, b2 ∈ C. We rotate with the same matrix (38) as for the first kernel and obtain an integral over the spherical ensemble

Ξ2 = (
a2

1 + b2
1

a1b2 − b1a2
)

N

∫ d[Y]G̃ (1,N)
(Y)

1
det (̂κ + Y)

(46)

with

κ̂ =
a1a2 + b1b2

a1b2 − b1a2
. (47)

We want to perform the integral in the joint probability density of the eigenvalues

Ξ2 = C(N)(
a2

1 + b2
1

a1b2 − b1a2
)

N

∫

CN

d[z]ΔN(z)
N/2

∏
j=1

g(1,N)
(z2j−1, z2j)

N

∏
j=1

1
κ̂ + zj

. (48)

First, we identify part of the integrand as a Berezinian

ΔN(z)
N

∏
j=1

1
κ̂ + zj

=

√

Ber(2)N∣1(z;−κ̂) = (−1)N+1 det [zb−1
a ∣

1
za + κ̂

]
1≤a≤N

1≤b≤N−1

, (49)

which in turn can be written as a determinant.34 We expand this determinant in the last column. Using its skew-symmetry under row
permutation and the antisymmetry of g(1,N)

(z2j−1, z2j) we find that each terms yields the same contribution, which is

Ξ2 = (−1)N+1N C(N)(
a2

1 + b2
1

a1b2 − b1a2
)

N

∫

CN

d[z]
ΔN−1(z1, . . . , zN−1)

zN + κ̂

N/2

∏
j=1

g(1,N)
(z2j−1, z2j)

= −
N(N − 1)

4π
(

a2
1 + b2

1

a1b2 − b1a2
)

N

∫

C2

d[z]
zN−2

1

z2 + κ̂
g(1,N)

(z1, z2).

(50)
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The integral over z1, . . . , zN−2 can be conceived as a characteristic polynomial of an induced spherical ensemble in the variable zN−1, which
gives up to a prefactor a monomial. The details of this calculation are covered in Appendix B. The integral over the remaining two eigenvalues
yields two contributions, one for the case in which they are real and one for the case in which they are a complex conjugate pair

Ξ2 = −
N(N − 1)

4π
(

a2
1 + b2

1

a1b2 − b1a2
)

N

[IR(̂κ) + IC(̂κ)]. (51)

The contribution of the real eigenvalues is

IR(̂κ) = B(1/2, (N + 1)/2)∫
R2

d[x]
sgn(x2 − x1)

[(1 + x2
1)(1 + x2

2)]
(N+1)/2

xN−2
1

x2 + κ̂

= B(1/2, (N + 1)/2)∫
x2>x1

d[x]
1

[(1 + x2
1)(1 + x2

2)]
(N+1)/2 (

xN−2
1

x2 + κ̂
−

xN−2
2

x1 + κ̂
),

(52)

where we treat the sign function by splitting the integral into two terms, that we calculate separately. In the first term we integrate x1 over
(−∞, x2] yielding

∞

∫
−∞

dx2

x2

∫
−∞

dx1
1

[(1 + x2
1)(1 + x2

2)]
(N+1)/2

xN−2
1

x2 + κ̂

=

∞

∫
−∞

dx2
1

(1 + x2
2)
(N+1)/2

1
x2 + κ̂

(−1)N
+ xN−1

2 (1 + x2
2)
(1−N)/2

N − 1

(53)

and in the second term we integrate x2 over [x1,∞)

∞

∫
−∞

dx1

∞

∫
x1

dx2
1

[(1 + x2
1)(1 + x2

2)]
(N+1)/2

xN−2
2

x1 + κ̂

=

∞

∫
−∞

dx1
1

(1 + x2
1)
(N+1)/2

1
x1 + κ̂

1 − xN−1
1 (1 + x2

1)
(1−N)/2

N − 1
.

(54)

For both integrals the antiderivative is

∫ dx
xN−2

(1 + x2
)
(N+1)/2 =

1
N − 1

xN−1

(1 + x2
)
(N−1)/2 . (55)

Considering N even one of the terms drops out and (52) results in an integral over the real axis

IR(̂κ) =
2 B(1/2, (N + 1)/2)

N − 1 ∫

R

dx
xN−1

(1 + x2
)

N
1

x + κ̂
. (56)

In the case that κ̂ is real it has to be understood as a principal value integral. We continue by symmetrizing the integrand and substituting
t = x2

IR(̂κ) =
2 B(1/2, (N + 1)/2)

N − 1

∞

∫

0

dx
xN−1

(1 + x2
)

N (
1

x + κ̂
+

1
x − κ̂

)

=
2 B(1/2, (N + 1)/2)

N − 1

∞

∫

0

dt
t(N−1)/2

(1 + t)N
1

t − κ̂ 2 .

(57)

The last integrand has a branch cut along the negative real axis. It is equivalent to an integral of the function

f (z) =
z(N−1)/2

(1 − z)N
−1

z + κ̂ 2 (58)
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over a keyhole contour around the negative real axis. Applying the residue theorem yields a truncated binomial series

IR(̂κ) =
(−1)N/22π B(1/2, (N + 1)/2)

N − 1
[

N−1

∑
l=0
(
(N − 1)/2

l
)
(−1)N−1−l

(1 + κ̂ 2
)

N−l +
(−κ̂ 2

)
(N−1)/2

(1 + κ̂ 2
)

N ]

=
(−1)N/22π B(1/2, (N + 1)/2)

N − 1
(
(N − 1)/2

N
)2F1(1, (N + 1)/2; N + 1; 1 + κ̂ 2

).

(59)

The second representation involves the hypergeometric function.56 The contribution of the complex conjugated eigenvalues is

IC(̂κ) = 2i∫
C

d[z]sgn(Im z)
zN−2

z∗ + κ̂
Q(z, z∗)

∣1 + z2
∣
N+1 . (60)

Therefore, we find for the second kernel

K(1)2 (pn, qm) =
N(N − 1)

2π
b(pn)b(qm)

ivT
(pn)τ2v(qm)

(
vT
(pn)v(pn)

ivT
(pn)τ2v(qm)

)

N

×

⎡
⎢
⎢
⎢
⎢
⎣

(−1)N/2πB(1/2, N+1
2 )

N − 1
(
(N − 1)/2

N
)2F1
⎛

⎝
1,

N + 1
2

; N + 1; 1 + (
vT
(pn)v(qm)

ivT
(pn)τ2v(qm)

)

2
⎞

⎠

+ i∫
C

d[z]sgn(Im z)
zN−2Q(z, z∗)

∣1 + z2
∣
N+1 (z∗ +

vT
(pn)v(qm)

ivT
(pn)τ2v(qm)

)

−1⎤
⎥
⎥
⎥
⎥
⎦

.

(61)

Once again we note the O(2)-invariance of this function in the vectors v(p) = (a(p), b(p)) up to a prefactor.

C. The kernel K(1)3

The third kernel is determined by Z̃(1,N+2)
2∣0 (qm, qn). Therefore we need to evaluate the following integral

Ξ3 =
1

(N/2 + 1)!Pf D(N) ∫
CN+2

d[z]ΔN+2(z)
N/2+1

∏
j=1

g(1,N)
(z2j−1, z2j)

N+2

∏
j=1

1
(κ1 + zj)(κ2 + zj)

. (62)

This time we cannot use the O(2)-symmetry to simplify the integral, because it cannot be traced back to the ensemble average (12). Instead,
we proceed by applying the identity34

ΔN+2(z)
N+2

∏
j=1

1
(κ1 + zj)(κ2 + zj)

=
1

κ1 − κ2

√

Ber(2)N+2∣2(z;−κ)

=
1

κ2 − κ1
det [zb−1

a ∣
1

za + κ1
∣

1
za + κ2

]
1≤a≤N+2

1≤b≤N

(63)

and expand the determinant in the last two columns. Similar to (50) we use the antisymmetry of g(1,N)
(z2j−1, z2j) to reduce the amount of

terms appearing in the integral

Ξ3 =
2 C(N)

(N + 2)(κ2 − κ1)
∫

CN+2

d[z]
N/2+1

∏
j=1

g(1,N)
(z2j−1, z2j)det [zb−1

a ∣
1

za + κ1
∣

1
za + κ2

]
1≤a≤N+2

1≤b≤N

=
2 C(N)

κ2 − κ1

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∫

CN+2

d[z]
ΔN(z)

(zN+1 + κ1)(zN+2 + κ2)

N/2+1

∏
j=1

g(1,N)
(z2j−1, z2j)

−N∫
CN+2

d[z]
ΔN(z1, . . . , zN−1, zN+1)

(zN + κ1)(zN+2 + κ2)

N/2+1

∏
j=1

g(1,N)
(z2j−1, z2j)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.

(64)
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In the first term the pair of eigenvalues zN+1, zN+2 is decoupled from z1, . . . , zN . Integration over the latter yields only a constant

C(N)∫
CN+2

d[z]
ΔN(z)

(zN+1 + κ1)(zN+2 + κ2)

N/2+1

∏
j=1

g(1,N)
(z2j−1, z2j) = ∫

C2

d[z]
g(1,N)

(z1, z2)

(z1 + κ1)(z2 + κ2)
. (65)

In the second term we expand the Vandermonde determinant in the last two variables

C(N)∫
CN+2

d[z]
ΔN(z1, . . . , zN−1, zN+1)

(zN + κ1)(zN+2 + κ2)

N/2+1

∏
j=1

g(1,N)
(z2j−1, z2j)

= C(N)∫
CN+2

d[z]ΔN−2(z)
zN+1 − zN−1

(zN + κ1)(zN+2 + κ2)

N−2

∏
j=1
(zN+1 − zj)(zN−1 − zj)

N/2+1

∏
j=1

g(1,N)
(z2j−1, z2j).

(66)

This allows us to identify the integral over z1, . . ., zN−2 as the function Ξ1, see Eq. (37), that we calculated for the first kernel, resulting in

N − 1
4π ∫

C4

d[z]
z3 − z1

(z2 + κ1)(z4 + κ2)
g(1,N)

(z1, z2)g(1,N)
(z3, z4)

⟨det (z1K1 − K2)det (z3K1 − K2)⟩

⟨det2K1⟩

=
N − 1

4π ∫

C4

d[z]
z3 − z1

(z2 + κ1)(z4 + κ2)
g(1,N)

(z1, z2)g(1,N)
(z3, z4) (z1z3 + 1)N−2.

(67)

Altogether the third kernel function is given by

K(1)3 (qm, qn) =
2

[b(qm)b(qn)]
N−1

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∫

C2

d[z]
g(1,N)

(z1, z2)

(a(qm) + b(qm)z1)(a(qn) + b(qn)z2)

−
N(N − 1)

4π ∫

C4

d[z]
(z3 − z1)(z1z3 + 1)N−2

(a(qm) + b(qm)z2)(a(qn) + b(qn)z4)
g(1,N)

(z1, z2)g(1,N)
(z3, z4)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.

(68)

Unlike for the first and the second kernel in this result the O(2)-symmetry is not visible. However, our end result has to entail this symmetry.
We define the functions

r(x, v(q)) = B(1/2, (N + 1)/2)∫
R

dx′
sgn(x′ − x)

(a(q) + b(q)x′) [(1 + x2
)(1 + x′2)](N+1)/2 ,

s(z, z∗, v(q)) =
2isgn(Im z)Q(z, z∗)

(a(q) + b(q)z∗)∣1 + z2
∣
N+1

(69)

Inserting (18) yields the cumbersome expression

K(1)3 (qm, qn) =
2

[b(qm)b(qn)]
N−1

⎡
⎢
⎢
⎢
⎢
⎣

∫

R

dx
r(x, v(qn))

(a(qm) + b(qm)x)
+ ∫

C

d[z]
s(z, z∗, v(qn))

(a(qm) + b(qm)z)

⎤
⎥
⎥
⎥
⎥
⎦

−
N(N − 1)

2π[b(qm)b(qn)]
N−1

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∫

R2

d[x]r(x1, v(qm))r(x2, v(qn))(x2 − x1)(x1x2 + 1)N−2

+ ∫

R

dx∫
C

d[z]det

⎡
⎢
⎢
⎢
⎢
⎢
⎣

r(x, v(qm)) s(z, z∗, v(qm))

r(x, v(qn)) s(z, z∗, v(qn))

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(z − x)(zx + 1)N−2

+ ∫

C2

d[z]s(z1, z∗1 , v(qm))s(z2, z∗2 , v(qn))(z2 − z1)(z1z2 + 1)N−2
⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

(70)

which contains six integrals over at most four real variables.
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V. CONCLUSIONS
The winding number is the pertinent topological invariant for chiral symmetric Bloch Hamiltonians over a one-dimensional parameter

manifold. We studied its statistics in the chiral orthogonal class BDI by calculating the ensemble averages for ratios of parametric determi-
nants. This is the key quantity for the winding number statistics as it generates the correlation functions of the winding number densities.
We did this by first mapping our problem to a spectral one, namely finding the ratios of characteristic polynomials in the spherical ensemble.
Then we applied the supersymmetry without supersymmetry technique to write the ensemble average as a Pfaffian of three kernel functions,
that are simplified averages over only two determinants. We could simplify the kernel function even further by employing a symmetry of our
random matrix model. This complements our recent studies on the chiral unitary and chiral symplectic class.30,31

For technical reasons we considered only the case of even matrix dimensions. This does not interfere with our goal to study the universal
behaviour in the limit of large matrix dimensions as the even and odd case behave equally in this limit. Universality is reached in the limit
of large matrix dimension when also considering the parametric dependence on proper scales. In Ref. 30 we additionally addressed this
question for the correlation functions of winding number densities in the chiral unitary class AIII. Obtaining the universal limits for the
correlation functions involves taking the derivatives of the here computed ensemble averages. Although the resulting expressions for the
ensemble averages are quite cumbersome, we are positive that in the universality limit the correlation functions are feasible. We want to
address this issue further in a future work.
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APPENDIX A: THE JOINT EIGENVALUE PROBABILITY DENSITY OF THE REAL INDUCED SPHERICAL ENSEMBLE

We consider the real induced spherical ensemble with the matrix probability density

G̃(1,N)
μ,ν (Y) = π−N2

/2
N

∏
j=1

Γ(j/2)Γ(μ + ν + (N + j)/2)
Γ(ν + j/2)Γ(μ + j/2)

det2νY
detN+μ+ν

(𝟙N + YYT
)

. (A1)

It is the ensemble of matrices Y = K−1
1 K2, where K1 and K2 are distributed according to deformed Gaussians

Pμ(K) = 2−Nμ
(2π)−N2

/2
N

∏
j=1

Γ(j/2)
Γ(μ + j/2)

exp(−
1
2

tr KKT
)detμKKT (A2)

for the parameters μ resp. ν. In the body of the text we omitted these indices, implying that they are zero, e.g., G̃(1,N)
0,0 (Y) = G̃ (1,N)

(Y), which
leads to the ordinary spherical ensemble. The induced spherical ensemble is well-studied for β = 1, 2, 4.53–55 Unfortunately, in the real case the
known joint eigenvalue probability density is available only in a form, that is impractical for our purpose. For this reason we will reproduce
this result once again. In doing so, we adhere to methods employed in the aforementioned works.

Generally for real matrices, we have to distinguish between even (Ñ = N/2) and odd (Ñ = (N − 1)/2) matrix dimensions. We apply a
real Schur decomposition

Y = U(D + T)UT , (A3)
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where D is a diagonal matrix of Ñ real 2 × 2-blocks Dj. In the odd case these are complemented by a real 1 × 1-block DÑ+1. The matrix T is
a real strict upper triangular matrix and U is orthogonal, U ∈ O(N)/O(2)Ñ resp. U ∈ O(N)/(O(2)Ñ

× O(1)) for even resp. odd N. Upon
this transformation the measure changes according to57,58

d[Y] = ΔN(z)
Ñ

∏
j=1

1
z−j − z+j

d[D]d[T]dμ(U), (A4)

where z+j and z−j are the eigenvalues of Dj and thus also of Y . First, one integrates over the upper triangular matrix T. Only the denominator
of the matrix density (A1) depends on T. The determinant is expanded and the free parameters are integrated out column wise. In the even
case this yields48,55

∫ d[T]
det2νY

detN+μ+ν
(𝟙N + YYT

)
=

Ñ

∏
j=1

πN−2j Γ(N/2 + μ + ν + 1/2)Γ(N/2 + μ + ν + 1)
Γ(N + μ + ν + 1/2 − j)Γ(N + μ + ν + 1 − j)

×
Ñ

∏
j=1

det2νDj

detN/2+μ+ν+1
(𝟙N +DjDT

j )

(A5)

and in the odd case

∫ d[T]
det2νY

detN+μ+ν
(𝟙N + YYT

)
=

Ñ

∏
j=1

πN−2j Γ(N/2 + μ + ν + 1/2)Γ(N/2 + μ + ν + 1)
Γ(N + μ + ν + 1/2 − j)Γ(N + μ + ν + 1 − j)

× h(N)μ,ν (z2Ñ+1)
Ñ

∏
j=1

det2νDj

detN/2+μ+ν+1
(𝟙N +DjDT

j )
.

(A6)

Here, we obtain an additional factor

h(N)μ,ν (z) =
z2ν

(1 + z2
)

N/2+μ+ν+1/2 δ(y) (A7)

which effectively renders the variable z2Ñ+1 real. We use the notation z = x + iy with x, y ∈ R for the generally complex eigenvalues. Next, we
work on the 2 × 2-blocks. Gathering all factors depending on the eigenvalues of Dj, except those in the Vandermonde determinant, we obtain

Aj =
1

z−j − z+j

det2νDj

detN/2+μ+ν+1
(𝟙N +DjDT

j )
. (A8)

Following Ref. 59, we start by diagonalizing the symmetric part

OT
j DjOJ =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

λ1j ρj

−ρj λ2j

⎤
⎥
⎥
⎥
⎥
⎥
⎦

Oj =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

cos φj sin φj

− sin φj cos φj

⎤
⎥
⎥
⎥
⎥
⎥
⎦

∈ SO(2). (A9)

The range of parameters is ρ j ∈ R, φj ∈ [0, π) and λ1 j , λ2 j ∈ R with λ1j ≥ λ2j. The flat measure of the four real independent variables
transforms as

d[Dj] = 2(λ1j − λ2j)dφjdρjdλ1jdλ2j. (A10)

Next, we want to change coordinates from the eigenvalues of the symmetric part λ1j, λ2j to the eigenvalues z±j of the full matrix. They are
related via

z±j =
λ1j + λ2j

2
±

¿
Á
ÁÀ
(

λ1j − λ2j

2
)

2

− ρ2
j λ1,2j =

z+j + z−j

2
±

√

(
z+j − z−j

2
)

2
+ ρ2

j. (A11)

According to the ordering of λ1 and λ2, the eigenvalues z±j also have to be ordered

z±j ∈ R : x+j ≥ x−j

z±j = z∗∓ j : y+j = −y−j > 0,
(A12)
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where we distinguished between the cases of real and complex conjugated eigenvalues. However, in the following we will disregard this
ordering, which can be compensated by an overall factor 1/2. We obtain the Jacobian

∣det
∂(z+j , z−j)

∂(λ1j , λ2j)
∣ =

λ1j − λ2j

∣z−j − z+j ∣
. (A13)

The determinants in the new coordinates are

det (𝟙2 +DjDT
j ) = 4ρ2

j + (1 + z2
+ j)(1 + z2

− j) det Dj = z+jz−j. (A14)

We also need to consider that in the case, where z±j are complex conjugates, the integration regime of ρj is confined to

ρ2
j ≥ −(

z+j − z−j

2
)

2
= y2
± j ⇒ ∣ρj ∣ ≥ ∣y±j ∣. (A15)

This is due to the condition λ1,2 j ∈ R. Gathering everything and integrating over φj and ρj we obtain for (A8)

2(λ1j − λ2j)dλ1jdλ2j∫
R

dρj

π

∫

0

dφj Aj

=
π
2

(z+jz−j)
2ν

[(1 + z2
+)(1 + z2

−)]
N/2+ν+μ+1/2

∣z−j − z+j ∣

z−j − z+j

× [B(1/2, N/2 + μ + ν + 1/2)Θ(x+j − x−j)δ(y−j)δ(y+j)

+ 2 Θ(y+j)δ(x+j − x−j)δ(y+j + y−j)Q(N)μ,ν (z+j , z−j)]dx+jdx−jdy+jdy−j ,

(A16)

where the function

Q(N)μ,ν (z+j , z−j) = 2
∞

∫

2∣y±j ∣
∣1+z2
± j ∣

dρj

(1 + ρ2
j)

N/2+μ+ν+1

= B
⎛

⎝

4y2

∣1 + z2
∣
2
+ 4y2

; 1/2, N/2 + μ + ν + 1/2
⎞

⎠

(A17)

emerges. Now only the integral over the Haar measure of the respective cosets remains to be computed. It yields the constants

Vol(O(N)/O(2)Ñ
) =

Vol(O(N))
(4π)N/2 =

1
(4π)N/2

N

∏
j=1

2πj/2

Γ(j/2)
,

Vol(O(N)/(O(2)Ñ
×O(1))) =

Vol(O(N))
2(4π)(N−1)/2 =

1
2(4π)(N−1)/2

N

∏
j=1

2πj/2

Γ(j/2)

(A18)

for N even resp. odd. We summarize this under

∫ dμ(U) =
1

(1 +N − 2Ñ)(4π)Ñ

N

∏
j=1

2πj/2

Γ(j/2)
. (A19)

As we not only disregard the ordering of the eigenvalues z±j in each 2 × 2-block, but also the ordering of the 2 × 2-blocks themselves, all of
this has to be supplemented with a factor 1/Ñ!.

Finally bringing everything together we obtain the correctly normalized joint eigenvalue density

G(1,N)
μ,ν (z) = C(N)μ,ν ΔN(z)

Ñ

∏
j=1

g(1,N)
μ,ν (z2j−1, z2j),

G(1,N)
μ,ν (z) = C(N)μ,ν ΔN(z)h(N)μ,ν (zN)

Ñ

∏
j=1

g(1,N)
μ,ν (z2j−1, z2j)

(A20)
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for N even resp. odd with the antisymmetric function

g(1,N)
μ,ν (z1, z2) = (z1z2)

2ν ∣z2 − z1∣

z2 − z1

×
B(1/2, N/2 + μ + ν + 1/2)δ(y1)δ(y2) + 2 δ(x1 − x2)δ(y1 + y2)Q(N)μ,ν (z1, z∗1 )

[(1 + z2
1)(1 + z2

2)]
N/2+μ+ν+1/2 .

(A21)

The antisymmetry of this function is due to us disregarding an ordering (A12). The normalization is

C(N)μ,ν =
2N−3Ñ π−Ñ 2

+Ñ(N−1)−N(N−1)/4

(1 +N − 2Ñ)Ñ!

N

∏
j=1

Γ(μ + ν + (N + j)/2)
Γ(ν + j/2)Γ(μ + j/2)

×
Ñ

∏
j=1

Γ(N/2 + μ + ν + 1/2)Γ(N/2 + μ + ν + 1)
Γ(N + μ + ν + 1/2 − j)Γ(N + μ + ν + 1 − j)

.

(A22)

Setting μ = ν = 0 one immediately finds the joint probability density of eigenvalues (29) of the ordinary real spherical ensemble.
The Pfaffian of the moment matrix (33) can be related to this constant. One finds for the even case59

∫

C2M

d[z]Δ2M(z)
M

∏
j=1

g(1,N)
(z2j−1, z2j) =M!Pf D(2M), (A23)

where M ≤ N/2. On the other hand by Eqs. (A20) and (A21) this integral is

∫

C2M

d[z]Δ2M(z)
M

∏
j=1

g(1,2M)
(N−2M)/2,0(z2j−1, z2j) =

1
C(2M)
(N−2M)/2,0

(A24)

and therefore
Pf D(2M)

=
1

M!
1

C(2M)
(N−2M)/2,0

. (A25)

We use this result at multiple points in the body of the text to evaluate the prefactors of our integrals.

APPENDIX B: CHARACTERISTIC POLYNOMIALS OF THE REAL INDUCED SPHERICAL ENSEMBLE

We are interested in integrals of the type

IM = ∫

C2M

d[z]Δ2M(z)
M

∏
j=1

g(1,N)
(z2j−1, z2j)

2M

∏
j=1
(x − zj), (B1)

where M ≤ N/2. Applying Eq. (A20) we may map them to integrals over a matrix density

IM =∫

C2M

d[z]Δ2M(z)
M

∏
j=1

g(1,2M)
(N−2M)/2,0(z2j−1, z2j)

2M

∏
j=1
(x − zj)

=
1

C(2M)
(N−2M)/2,0

∫ d[Y]G̃(1,2M)
(N−2M)/2,0(Y)det (x − Y).

(B2)

The matrix density G̃(1,N)
μ,ν (Y) is invariant under left and right actions of the orthogonal group, see (A1),

Y → O1YO2 with O1, O2 ∈O(N). (B3)

Let us choose O1 = 𝟙N and O2 and as diagonal with entries ±1. This effectively changes the sign of Y column-wise, Y jl → ±Y jl for all l.
Expanding the determinant we see that only one term survives the average

⟨det (x − Y)⟩ = ∑
σ∈SN

sgn σ⟨
N

∏
j=1
(xδjσ( j) − Yjσ( j))⟩ = ∑

σ∈SN

sgn σ xN
N

∏
j=1

δjσ( j) = xN , (B4)
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which is a monomial of power N. Therefore we obtain

IM =
x2M

C(2M)
(N−2M)/2,0

. (B5)

This result corresponds to the skew-orthogonal polynomial of even degree.31,60

APPENDIX C: ALTERNATIVE EXPRESSION OF K(1)3

Unlike in (64) we expand the determinant only in the last column

Ξ3 =
2 C(N)

κ2 − κ1
∫

CN+2

d[z]
1

zN+2 + κ2

N/2+1

∏
j=1

g(1,N)
(z2j−1, z2j)det [zb−1

a ∣
1

za + κ1
]

1≤a≤N+1
1≤b≤N

(C1)

and apply the identity [see (49)]

det [zb−1
a ∣

1
za + κ1

]
1≤a≤N+1

1≤b≤N

= (−1)N+2ΔN+1(z)
N+1

∏
j=1

1
zj + κ1

= (−1)N+2 ΔN(z)
zN+1 + κ1

N

∏
j=1

zN+1 − zj

zj + κ1
.

(C2)

This allows us to identify the integral over z1, . . . , zN as the function Ξ2, see Eq. (45), that we calculated for the second kernel, resulting in

Ξ3 =
2 C(N)

κ2 − κ1
∫

CN+2

d[z]
ΔN(z)

(zN+1 + κ1)(zN+2 + κ2)

N

∏
j=1

zN+1 − zj

zj + κ1

N/2+1

∏
j=1

g(1,N)
(z2j−1, z2j)

=
2

κ2 − κ1
∫

C2

d[z]
g(1,N)

(z1, z2)

(z1 + κ1)(z2 + κ2)
⟨

det (−z1K1 + K2)

det (κ1K1 + K2)
⟩.

(C3)

Inserting our result (51) for the ensemble average we find the following expression for the third kernel

K(1)3 (qm, qn) =
2

[b(qm)b(qn)]
N−1∫

C2

d[z]
g(1,N)

(z1, z2)

(a(qm) + b(qm)z1)(a(qn) + b(qn)z2)
⟨

det (−z1K1 + K2)

det (κ(qm)K1 + K2)
⟩

=
−N(N − 1)

2π[b(qm)b(qn)]
N−1∫

C2

d[z]
g(1,N)

(z1, z2)

(a(qm) + b(qm)z1)(a(qn) + b(qn)z2)

×

⎡
⎢
⎢
⎢
⎢
⎣

(−1)N/22πB(1/2, (N + 1)/2)
N − 1

(
(N − 1)/2

N
)

× 2F1
⎛

⎝
1, (N + 1)/2; N + 1; 1 + (

κ(qm) − z1

κ(qm) + z1
)

2
⎞

⎠

+ 2i∫
C

d[z]
zN−2sgn(Im z)Q(z, z∗)

∣1 + z2
∣
N+1 (z∗ +

κ(qm) − z1

κ(qm) + z1
)

−1⎤
⎥
⎥
⎥
⎥
⎦

.

(C4)
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Furthermore inserting (18) yields

K(1)3 (qm, qn) =
−N(N − 1)b(qm)

2πbN−1
(qn)

⎛
⎜
⎝
∫

R

dx
r(x, v(qn))

a(qm) + b(qm)x
(

x2
+ 1

a(qm) + b(qm)x
)

N

×

⎡
⎢
⎢
⎢
⎢
⎢
⎣

(−1)N/22πB(1/2, (N + 1)/2)
N − 1

(
(N − 1)/2

N
)

× 2F1
⎛

⎝
1, (N + 1)/2; N + 1; 1 + (

a(qm) − b(qm)x
a(qm) + b(qm)x

)

2
⎞

⎠

+ ∫

C

d[z]s(z, z∗,(
a(qm) − b(qm)x
a(qm) + b(qm)x

))zN−2
⎤
⎥
⎥
⎥
⎥
⎥
⎦

+ ∫

C

d[z1]
s(z1, z∗1 , v(qn))

a(qm) + b(qm)z1
(

z2
1 + 1

a(qm) + b(qm)z1
)

N

×

⎡
⎢
⎢
⎢
⎢
⎢
⎣

(−1)N/22πB(1/2, (N + 1)/2)
N − 1

(
(N − 1)/2

N
)

× 2F1
⎛

⎝
1, (N + 1)/2; N + 1; 1 + (

a(qm) − b(qm)z1

a(qm) + b(qm)z1
)

2
⎞

⎠

+ ∫

C

d[z2]s(z2, z∗2 ,(
a(qm) − b(qm)z1

a(qm) + b(qm)z1
))zN−2

2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎠

(C5)

with the functions (22). In this representation also a dependence solely in O(2)-invariants cannot be identified.
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